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1 Introduction

The development of the ΛCDM cosmology [1] is one of the great successes of fundamental
science over the last two generations (textbook accounts include [2–5]). In this Standard
Cosmology, the assumed history of the universe involves the following stages:

1. An early stage of inflation, terminating in reheating and a transfer of energy from the
inflaton into thermalised Standard Model degrees of freedom.

2. The long period of the Hot Big Bang, with radiation domination lasting from the
immediate post-inflationary epoch until matter-radiation equality.

3. A period of matter domination, in which inhomogeneities grow rapidly resulting in
structure formation.

4. The modern epoch of Dark Energy domination.

Primordial density perturbations are sourced during inflation, but do not (on any scale) grow
significantly until the era of matter domination.

Although the CMB gives a strong probe of physics around 50 - 60 efolds before the end of
inflation, much of the early history of the Standard Cosmology is relatively unconstrained. In
particular, little constrains the equation of state of the universe between the end of inflation
and the time of nucleosynthesis (a recent review is [6]).

Although the biggest single shortcoming of string theory is surely its lack of direct
connection with observation and/or experiment, the early universe offers one of the best
chances to rectify this situation. In particular, the long, relatively unconstrained, history
of the universe between inflation and Big Bang Nucleosynthesis, which can last as long as
tfinal

tinit
∼ 1030, offers a chance for stringy physics – especially that associated to the moduli

which are the ubiquitous low-energy footprint of compactifications – to dominate the universe
over an extended period, and perhaps, just perhaps, generate distinctive traces that can
subsequently be observed.

String cosmology (see [7] for a review) is especially relevant – indeed, required – when
fields evolve through transPlanckian distances in field space. This is the case in many sce-
narios in string models, where the final vacuum in field space may be many transPlanckian
distances away from the relevant locus during inflation. Such a scenario is particularly
motivated in the Large Volume Scenario [8, 9]. Here the final stabilised volume must be
exponentially large in order to generate the required hierarchies of particle physics, even
though inflation may have occurred at much smaller values of the volume.

However, such stringy UV completions are also required for control of several epochs
considered in pure cosmological model-building. For example, this is true of both kination
(this name was first used in [10]; see [11] for a recent review) and tracker epochs [12–14].
In the former, the kinetic energy of a scalar field dominates the overall energy density; in
the latter, it makes up an O(1) fraction of the overall energy density. In both cases, this
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field evolves through a Planckian distance in field space approximately once per Hubble
time. As any transPlanckian field excursions are associated with a breakdown of low-energy
effective field theory analyses, arising from modification of any operator by terms of the form(

∆ϕ
MP

)n
, extended kination or tracker epochs can only be controlled by embedding them into

a UV-complete (string theory) framework.
A further advantage of UV embedding is that any concrete string compactification will

imply correlations between very different areas of physics which could never be justified
simply through the tools of, say, cosmology and quantum field theory. An easy example is
provided by the volume modulus. In string compactifications, the vev of the volume modulus
may simultaneously determine the scale of the UV completion, the mass of the various moduli
fields, the scale of supersymmetry breaking and soft terms, the decay constant associated to
the QCD axion and the tension of any potential cosmic (super)strings (as well as many of
the various couplings of the Standard Model). Furthermore, concrete compactifications also
permit the computation of couplings, interactions and decay modes for the various particles
present in the theory.

Epochs where the universe is dominated by the physics of string theory moduli may last
a long time. String compactifications often contain light moduli Φ which come to dominate
the energy density of the universe. Moduli domination begins when H ∼ mΦ and t ∼ 1

mΦ
and

continues until the moduli eventually decay. As moduli are gravitationally coupled particles,
their typical expected lifetime is

τΦ ∼ 4π
M2
P

m3
Φ

. (1.1)

The epoch of moduli domination is characterised by

tend
tstart

∼ 4π

(
MP

mΦ

)2

. (1.2)

For a modulus mass mΦ ∼ 106GeV, this would give tend/tstart ∼ 1025: an enormous pe-
riod, which may also be bookended by other kination and/or tracker epochs. There are
also a variety of problems/opportunities associated to moduli reheating: these include the
Cosmological Moduli Problem [15–17] and also the Moduli Dark Radiation problem of string
compactifiations [18–28]. See [29] for a review focussing specifically on the moduli-dominated
epoch.

The upshot is that, instead of a radiation-dominated Hot Big Bang commencing shortly
after the end of inflation, much of the stage between inflation and BBN could instead consist
of a distinctively stringy cosmology where the energy density of the universe lies in compact-
ification modes such as moduli. Furthermore, this cosmology could persist for as long as half
the current lifetime of the universe (when measured on a logarithmic scale).

Our aim in this paper is to perform a detailed study of the cosmological evolution,
in particular including the growth in perturbations, for the full duration of such stringy
cosmologies. As extended kination and/or tracker epochs require, essentially by definition,
substantially transPlanckian field excursions, we focus on the Large Volume Scenario in which
the evolution of the volume modulus naturally allows for controlled large field excursions (in
ways entirely consistent with the Swampland Distance Conjecture [30, 31], as expected for
any stringy completion).

Earlier work along this direction includes [27, 32–50] in a stringy context and [11, 51–
69] in the context of pure cosmology. What is new here? The previous stringy literature
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largely focuses solely on the background cosmology (and so neglects perturbations; partial
exceptions are [66, 67] and [70], which look at perturbation growth in a kination epoch and
moduli-dominated epoch, respectively), and also tends to focus on partial epochs rather
than a consistent evolution of the full cosmology. In the cosmology literature, much of the
study of kination and tracker epochs treats them in the context of quintessence epochs in the
current universe. Many of these cosmology studies predate the arrival of controlled moduli
stabilisation scenarios; the cosmology literature also does not engage with the need for UV
completion in order to control transPlanckian field excursions and furthermore lacks the
periods of moduli domination and subsequent moduli reheating that are standard features
of string cosmologies (an exception here is [71–73]). Moreover, the cosmological implications
of similar non-standard epochs (such as axion kination) have received significant attention
recently [74–79], but with no specific reference to a string theory embedding. The time is ripe
for applying the full cosmological toolkit to histories of the early universe that are distinctly
stringy in nature.

In this paper, we focus in particular on a cosmology in which, after inflation, the volume
scalar rolls down the potential, before merging into a tracker solution which guides it into the
LVS minimum. As the fields approach the minimum, the volume modulus oscillates about it
before settling back and eventually decaying to radiation and initiating the Hot Big Bang.
This scenario is illustrated in Figure 1 (taken from [7]) and the various implied epochs of
the universe are shown in figure 2. Although the pictures suggests the volume modulus as
the inflaton, this is not intrinsically key to the scenario (the volume modulus could act as a
waterfall field).

V(𝝋)

𝝋
𝝋min

𝚫𝝋 ≤ 𝑴𝒑

𝚫𝝋 ≈ 𝟏𝟎𝑴𝒑

(1016 GeV)4

inflation

kination

Moduli 
domination
and reheating

V ≈ e-𝜆𝜑

Scaled by  
≈ 1030

Figure 1: A cartoon of how moduli can substantially modify the post-inflationary history of
the universe. Following early inflation at very high energies, several epochs occur. We illus-
trate the case of a kination period followed by a tracker epoch followed by moduli domination
period leading to reheating. Notice the large range of scales both in the scalar potential and
the scalar field. In particular the barrier after the minimum may be 20 orders of magnitude
smaller than the inflationary value (Vbarrier ≃ 10−20Vinflation). In this sense, the scale of
inflation may be substantially larger than the Standard Model scale.
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Figure 2: Schematic depiction of the alternative stringy cosmological timeline.

The paper is structured as follows. Section 2 describes the various epochs and describes
the background cosmology. While individual treatments of the various parts are in the
existing literature, this section brings these together into a unified account to cover the
stringy cosmology between inflation and BBN. Section 3 analyses cosmological perturbations
(through the framework of linear cosmological perturbation theory) generated during these
epochs; cases where perturbations go non-linear are beyond the scope of this work. Section 4
describes both how this cosmology motivates new approaches to old problems and also how
novel physics and model-building possibilities are opened up. In section 5 we conclude.

2 The Background Cosmology

This section is devoted to an analytic account of the background cosmology, before moving
on to study perturbations in section 3. While we do not claim originality for any of these
individual epochs, there is value in bringing these together into a single coherent account.

To commence, we assume an epoch of inflation at some scale Λinf , although we remain
agnostic about the precise mechanism of inflation or the nature of the inflaton. What we do
require is that, shortly after the end of inflation, the universe is rolling down the exponential
potential associated to the volume modulus. This will naturally occur if the volume modulus
itself is the inflaton (as in the models of [35, 39, 80, 81]); it could also occur if the volume
modulus acts as a waterfall field that terminates inflation (as in the recent model of [82]).

While we do not concern ourselves here with inflationary model building, we note that
as the volume modulus controls the string scale, it couples to all forms of energy density.
Therefore the question (which depends on the details of inflationary model building) is not
so much why the volume should be rolling at the end of inflation, but what would be capable
of preventing it rolling during inflation.

2.1 Kination

The first epoch is a kination one associated to the volume modulus rolling down a steep
exponential potential. It follows from the equation of motion for a canonically normalised
scalar field (notationally, we aim to use small ϕ to denote a generic scalar field and large Φ
to denote the specific volume field in LVS),

ϕ̈+ 3Hϕ̇+∇2ϕ = −∂V
∂ϕ

, (2.1)

that, when V is negligible, a kinating scalar within an FLRW cosmology evolves as

ϕ = ϕ0 +

√
2

3
MP ln

(
t

t0

)
, (2.2)
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where ϕ0, t0 denote the value of ϕ and the time when kination domination begins. During
this kination epoch, all energy is in the form of field kinetic energy, which evolves as

ρKE ∝ 1

a(t)6
. (2.3)

The logarithmic divergence in Eq. (2.2) at t = 0 reflects the formal divergence of the kinetic
energy at the point where a(t) = 0. During an epoch of pure kination, the scale factor and
Hubble rate behave as

a(t) = a0

(
t

t0

)1/3

, H =
1

3t
, (2.4)

where a0 ≡ a(t0). It is convenient to switch to conformal time η, which is related to t by
dη = dt/a(t), hence

η(t) =
3

2a0
(t2t0)

1/3 = η0

(
t

t0

)2/3

, (2.5)

which implies that the field evolution of Eq. (2.2) becomes

ϕ = ϕ0 +

√
3

2
MP ln

(
η

η0

)
with a(η) = a0

(
η

η0

) 1
2

. (2.6)

Denoting derivatives with respect to η by a prime, the conformal Hubble scale becomes

H ≡ a′

a
=

1

2η
. (2.7)

In our context of IIB string compactification with the volume modulus as the kinating field,
the extra-dimensional volume grows during kination as [42]

V
V0

∼ t

t0
. (2.8)

Here V is the dimensionless Calabi-Yau volume, i.e. the physical volume measured in units
of l6s , where ls = 2π

√
α′. This follows using the Kähler potential K = −3 ln

(
T + T̄

)
, where

the complexified Kähler modulus T = τR + ia and the canonically normalised field is Φ
MP

=√
3
2 ln τR =

√
2
3 lnV with τR ∼ V2/3 giving the relationship between 4-cycle volumes and the

overall volume. For the LVS potential, the modulus mass (or, strictly, the second derivative
of the potential), scales with the volume as mΦ ∼MPV−3/2; it therefore follows that during
kination the modulus mass behaves as mΦ ∼ MP

1
(t/t0)3/2

and so mΦ ≪ H: the field is

effectively massless.
Going back in time, one arrives at a point where the kination approximation is no longer

justified as the potential energy is comparable to the kinetic one (the end of inflation). In
particular, equating the two, one can approximate the beginning of kination to occur at a
time t0 such that

M2
P

3t20
∼ V (ϕ0) ∼ Λ4

inf . (2.9)

As mentioned above, during the kination epoch, the modulus field is (effectively) massless,
and from Eq. (2.4), we see that the comoving Hubble scale is increasing, (aH)−1 ∼ t2/3 and
modes of the Φ field re-enter the horizon.

Note that, provided there is an initial source of radiation or matter present, the kination
epoch is time-limited; as ρkin ∼ a−6 and ργ ∼ a−4, radiation will ultimately catch up with
and overtake the kinetic energy.

– 5 –



2.2 The Transition from Kination to Radiation

As initial radiation grows relative to kinetic energy, it catches up and comes to dominate,
before the fields evolve onto the tracker solution. For an analytic description, we consider the
FLRW metric in the presence of a scalar field, together with some other fluid with equation
of state P = (γ−1)ρ (in practical cases of interest, this fluid will generally be radiation, with
γ = 4

3). Following standard approaches [14, 83] we define the variables

x =
ϕ̇

MP

1√
6H

, y =

√
V (ϕ)

3

1

MPH
, (2.10)

for which the Friedmann equations can be recast as the dynamical system

x′(N) = −3x− MPV
′(ϕ)

V (ϕ)

√
3

2
y2 +

3

2
x
[
2x2 + γ(1− x2 − y2)

]
,

y′(N) =
MP V

′(ϕ)

V (ϕ)

√
3

2
xy +

3

2
y
[
2x2 + γ(1− x2 − y2)

]
,

H ′(N) = −3

2
H(2x2 + γ(1− x2 − y2)),

ϕ′(N) =
√
6MPx,

(2.11)

where the time variable is N = log a and x′(N) = dx
dN , V ′(ϕ) = dV

dϕ , etc. For concreteness of
computations, we focus on the specific case where the kinating scalar is the volume modulus in
an LVS compactification, but similar conclusions would apply more generally. In particular,
stringy kination scenarios could also manifest as runaway directions for other moduli (for
example, the dilaton) towards the boundary of moduli space. In the case of LVS, the scalar
potential during the runaway epoch takes the form (see [8], [84] for derivations of the LVS
potential)

V (Φ) =M4
P e

−
√

27
2

Φ
MP = Λ4

inf

(
V0

V

)3

, (2.12)

where Φ
MP

=
√

2
3 log (V) is the canonically normalised volume modulus. For more generic

runaway directions, the potential has the form V = V0e
−λϕ/MP .1

In this notation for generic exponential potentials, kination is represented by the (un-
stable) fixed point (x, y) = (1, 0), while the tracker solution is represented by the fixed point

(x, y) =

(√
3

2

γ

λ
,

√
3(2− γ)γ

2λ2

)
, (2.13)

which exists (and is a stable node or spiral) for λ2 > 3γ.
If the energy density of radiation (or any other fluid with γ < 2 is non-zero at early

times, the effects of redshift will ensure that it eventually catches up with the kinating scalar.
For radiation, if we assume an initial energy fraction

Ωγ(t0) ≡
ργ(t0)

3H2
infM

2
P

=
ργ(t0)

Λ4
inf

= ε≪ 1, (2.14)

1Exponential potentials arise in string theory when potentials are power-law in fields with logarithmic
Kähler potentials. This is satisfied for the classic runaway fields, the dilaton with K = − ln

(
S + S̄

)
and the

volume modulus with K = −3 ln
(
T + T̄

)
. Any perturbative expansion of the potential in either the string α′

or quantum gs expansions will, by construction, give power-law potentials in S or T moduli.
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where Hinf is the Hubble parameter at t0, the end of inflation and the start of kination, then,
radiation-kination equality is obtained at teq ∼ t0 ε

−3/2, or ηeq ∼ η0/ε.
Under the assumption that the potential can be neglected, i.e. y = 0, the system (2.11)

can be solved exactly. This represents a cosmological history which asymptotes to pure
kination at early times and pure radiation at late times. If y = 0, the first equation of (2.11)
becomes

dx

dN
= x3 − x, (2.15)

which can be integrated as

x(a) =
1√

1 + ε
1−ε

(
a
a0

)2 ≃ 1√
1 + ε

(
a
a0

)2 . (2.16)

Radiation-kination equality is obtained at x = 1√
2
, corresponding to ηeq = η0/ε

(
recall from

Eqs.(2.4) and (2.5), η
η0

=
(
a
a0

)2
during kination

)
. The equation for H(N) becomes

dH

dN
= −2H − H

1 + ε
1−εe

2(N−N0)
, (2.17)

and is solved by

H(a) = H0

√
1− ε

(
a

a0

)−3
√
1 +

ε

1− ε

(
a

a0

)2

. (2.18)

In turn, integrating (2.18) and switching to conformal time, the scale factor evolves as

a(η) = a0

√
1 + 2H0 (η − η0) + εH2

0 (η − η0)
2, (2.19)

with

H(η) = H0
1 + εH0(η − η0)

1 +H0(η − η0)(2 +H0ε(η − η0))
. (2.20)

Therefore, in the absence of a potential the background scalar obeys the equation

ϕ′′(η) + 2H0
1 + εH0(η − η0)

1 +H0(η − η0)(2 +H0ε(η − η0))
ϕ′(η) = 0, (2.21)

giving

ϕ(η) = ϕ(η0) +

√
3

2
MP log

((
εH0(η − η0) + 1−

√
1− ε

) (
1 +

√
1− ε

)(
εH0(η − η0) + 1 +

√
1− ε

) (
1−

√
1− ε

)) (2.22)

with

ϕ′(η) =

√
6(1− ε)H0MP

1 +H0(η − η0)(2 +H0ε(η − η0))
. (2.23)

We can always shift η by a constant so that quantities diverge at η = 0. This is equivalent
to the condition

H0η0 =
1−

√
1− ε

ε
, (2.24)
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which reduces to H0η0 =
1
2 for ε→ 0. We can then regard η0 as the smallest time for which

the kination approximation is valid, and treat this as the “beginning” of kination.
For η < η0, the above formulae no longer apply as the system transitions between

inflation and kination and so the potential term (which has been neglected above) matters.
Note that, having chosen our time coordinates to yield an apparent singularity at η = 0, we
can no longer perform shifts in η and inflation does not necessarily happen at η = 0 (but
rather at some time ηinf determined by the dynamics of the transient regime).

Substituting (2.24) in (2.22), we obtain the much simpler expression

ϕ(η) = ϕ(η0) +

√
3

2
MP ln

( (
1 +

√
1− ε

)
η(

1−
√
1− ε

)
η + 2η0

√
1− ε

)
. (2.25)

Therefore, taking η0 as small and considering the large η limit in which η ≫ η0
ε , the field

displacement during the kination and radiation dominated epochs asymptotes to

∆ϕ =

√
3

2
MP ln

(
1 +

√
1− ε

1−
√
1− ε

)
≃
√

3

2
MP log

(
4

ε

)
. (2.26)

The finiteness of Eq. (2.26) reflects the fact that once we enter radiation domination the
scalar field slows down and effectively stops, as in the η → ∞ limit, ϕ′(η) ∼ η−2 from Eq.
(2.23).

Although many of these expressions for the background evolution are exact for V (ϕ) = 0,
for the practical cases of interest the potential is always non-zero. We merely require ε≪ 1
for an extended period of kination to occur, and we can simplfy by expanding the coefficient
of each ηα term to leading order in ε. Making use of Eq. (2.24), Eq. (2.19) can then be
approximated as

a(η) = a0

√
η

η0
+
ε

4

(
η

η0

)2

, (2.27)

which provides the correct limiting behaviour for kination and radiation-domination respec-
tively,

a(η)

a0
≃

η≪ η0
ε

(
η

η0

)1/2

and
a(η)

a0
≃

η≫ η0
ε

√
ε

2η0

(
η

η0

)
. (2.28)

The corresponding (conformal) Hubble scale is

H(η) =
1

2η

1 + εη
2η0

1 + εη
4η0

, (2.29)

which again gives the two correct asymptotic behaviours.
These expressions provide good approximations throughout the kination and radiation

regimes. Outside of these regimes, the potential energy is relevant: in particular both at the
beginning of kination (as the field commences its fast-roll evolution after inflation) and also
at the end of the radiation epoch, as the tracker epoch commences.

We can make this quantitative. The effects of the potential compared to the kinetic
energy of the field can be neglected as long as

1

2
ϕ̇2 ≡ 1

2a(η)2
ϕ′2 ≳ V (ϕ) = V0e

− λϕ
MP . (2.30)
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In this regime of kination domination, the field acts as a stiff fluid with equation of state

w =
(
ϕ̇2−2V (ϕ)

ϕ̇2+2V (ϕ)

)
∼ 1. Substituting in, and making the approximation that ε ≪ 1, we find

that equality occurs at

3M2
P

4a20η
2
0x̃

3
(
1 + εx̃

4

) (
1 + εx̃

2 + ε2x̃2

16

) ∼ V0 e
−λϕ0

MP

(
4x̃

4 + εx̃

)−λ
√

3
2

. (2.31)

where x̃ = η/η0. By construction, x̃ = 1 defines the initial point at the end of inflation where
the kinetic energy of the field was comparable to its potential energy. This enables us to
equate

3M2
P

4a20η
2
0

∼ V0 e
−λϕ0

MP , (2.32)

a result consistent with section 2.1 which is for a purely kination dominated period. From
Eq. (2.31) we can see that during the kination epoch, for 1 ≲ x̃ ≲ ε−1, the potential
energy becomes progressively more subdominant to kinetic energy (provided that λ ≳

√
6).

Following this, the potential continues to grow relative to kinetic energy with equality at

ηt = η0ε
−λ

6

√
3
2
− 1

2 , (2.33)

provided that λ ≥
√
6 (otherwise the potential is too flat and the potential is never subdom-

inant). For LVS, with λ =
√

27
2 , this gives potential-kinetic equality at (we focus on the

dominant inverse powers of ε≪ 1)
x̃ ∼ ε−5/4. (2.34)

Note that if λ ≤
√
6, there is no solution to (2.31) satisfying εx̃ ≫ 1. This corresponds

to a much flatter potential, such that the potential energy does not become sub-dominant
to kination as the field rolls to large values. In this case, the system transitions directly
from kination to the tracker solution without undergoing an intermediate phase of radiation
domination.

We can also understand the factor of ε−5/4 in Eq. (2.34) another way. In LVS, during
kination, the volume grows as V ∼ t. As the potential ∼ V−3, the potential energy falls
during kination as t−3 ∼ a−9 ∼ η−9/2. As kinetic energy falls as ∼ η−3 during kination and
radiation-kination equality occurs at η ∼ η0/ε, at kination-radiation equality the potential-
kinetic ratio is ε3/2 : 1. During the radiation epoch, the potential is (effectively) frozen; as
a ∼ η in this epoch, ρKE ∼ η−6 while ρrad ∼ η−4 during this period.

The potential therefore catches up with kinetic energy at

η ∼
(η0
ε

)(
ε−3/2

)1/6
∼ η0ε

−5/4, (2.35)

consistent with the above results.
The same argument implies that during the radiation epoch, the potential will catch up

with radiation at

η ∼
(η0
ε

)(
ε−3/2

)1/4
∼ η0ε

−11/8. (2.36)

Taking this as the starting point of the tracker solution, we therefore have

x̃tracker ∼ ε−11/8 (2.37)

in LVS.
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2.3 The Tracker Solution

As radiation domination ends, the cosmological evolution will settle down into the tracker
solution. We first discuss the tracker solution itself and then, later, the transients present
as the solution settles down into the tracker. Recently, in [85], this type of approach to the
tracker regime has been used as a possible explanation of the early dark energy postulated
by many as a resolution of the Hubble tension. The tracker solution exists as a fixed point
of the evolution equations Eq. (2.11) with

(x, y) =

(√
3

2

γ

λ
,

√
3(2− γ)γ

2λ2

)
, (2.38)

which is stable as long as λ2 > 3γ. This trivially satisfies the x′ and y′ equations within Eq.
(2.11), while

H ′(N) = −3

2
Hγ, ϕ′(N) =

3γ

λ
MP . (2.39)

Thus, if we regard the tracker as starting with a scale factor at at time tt the rolling scalar
field has the solution

ϕ = ϕt +
3γMP

λ
log

(
a

at

)
, (2.40)

resulting in

H = Ht

(
a

at

)− 3
2
γ

, a = at

(
t

tt

)2/3γ

, η(a) = ηt

(
a

at

)3γ/2−1

. (2.41)

For a radiation background with γ = 4/3 we have η(a) = a/at.

As the most common types of fluid are radiation and matter, for reference we also give
very explicit expressions for the field evolution within radiation and matter trackers.

Radiation Tracker

In a radiation tracker epoch, the ratios of potential energy, kinetic energy and radiation
remain constant. As we know that ρrad ∼ 1

a4
and V (ϕ) = V0e

−λϕ, it follows that during a
radiation tracker,

ϕ = ϕt +
4MP

λ
ln

(
a

at

)
= ϕt +

2MP

λ
ln

(
t

tt

)
. (2.42)

If we specialise to LVS and put λ =
√

27
2 , we have

Φ = Φt +
4
√
2MP

3
√
3

ln

(
a

at

)
= Φt +

(
2

3

)3/2

MP ln

(
t

tt

)
. (2.43)

Note that, compared to the kination epoch, the speed of the LVS scalar field is only marginally
slower in the tracker epoch (by a factor of 2/3). This also implies that the scalar field continues
to move approximately one Planckian distance in field space each Hubble time (or e-folding).

During the tracker regime, the kinetic energy ρkin = ϕ̇2

2 retains a constant ratio com-

pared to both potential energy and radiation. As ϕ̇2 ∝ ȧ2

a2
, for this to to scale the same way
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as a−4, it follows that ȧ2 ∝ a−2 and so a(t) ∼ t1/2. During the tracker epoch we therefore

have (also including the specialisation to LVS with λ =
√

27
2 )

a(η) ∝ η, (2.44)

H =
1

η
, (2.45)

Φ(η) = Φt +
4MP

λ
ln

(
η

ηt

)
= Φt +

4
√
2MP

3
√
3

ln

(
η

ηt

)
. (2.46)

Matter Tracker

Although we mostly focus on the case of a radiation tracker, we also give expressions for
the case of a matter tracker (as could arise with e.g. the presence of primordial black holes
formed soon after inflation and providing an initial matter seed).

For a matter tracker, the ratios of potential energy, kinetic energy and matter also
remain constant. As we know that ρmatter ∼ 1

a3
and V (ϕ) = V0e

−λϕ/MP , it follows that
during a matter tracker,

ϕ = ϕt +
3MP

λ
ln

(
a

at

)
= ϕt +

2MP

λ
ln

(
t

tt

)
. (2.47)

If we specialise to LVS and put λ =
√

27
2 , we have

Φ = Φt +

√
2

3
MP ln

(
a

at

)
= Φt +

(
2

3

)3/2

MP ln

(
t

tt

)
. (2.48)

Somewhat surprisingly, the speed of the scalar field (as a function of time) is identical for
both matter and radiation trackers.

During a matter tracker, the kinetic energy ρkin = ϕ̇2

2 retains a constant ratio compared

to both potential energy and matter. As ϕ̇2 ∝ ȧ2

a2
, for this to scale the same way as a−3, it

follows that ȧ2 ∝ a−1 and so a(t) ∼ t2/3. During a matter tracker we therefore have (also
including the specialisation to LVS)

a(η) ∝ η2, (2.49)

H =
2

η
, (2.50)

Φ(η) = Φt +
6MP

λ
ln

(
η

ηt

)
= Φt +

2
√
2MP√
3

ln

(
η

ηt

)
(2.51)

2.4 Approach to the (Radiation) Tracker

Although the tracker solution is a stable fixed point, the system oscillates about it as it
settles down into the fixed point. We can interpret these as transient oscillations associated
to the volume scalar, which remains massive during the tracker. As (in terms of parameters

of the compactification) Φ
MP

∼
√

2
3 lnV it follows that during the tracker itself, V ∼ (t/t0)

2/3

with mΦ ∼ MPV−3/2 ∼ MP (t/t0)
−1 ∼ H. We therefore expect that during the tracker,
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the energy density associated to away-from-equilibrium k = 0 perturbations of the massive
volume mode will behave as

ρδΦ ∼ nδΦ(t)mδΦ(t) ∼
1

a3(t)

1

a2(t)
∼ 1

a5(t)
. (2.52)

The volume scalar remains massive during the tracker with a mass remaining at a constant
fraction of the Hubble scale. It follows from the scalar field equations of motion

ϕ̈+
3

2t
ϕ̇ = −∂V

∂ϕ
, (2.53)

Eq. (2.42) and the properties of the tracker fixed point Eq. (2.38) in LVS that

m2
δΦ(t) ≡

∂2V

∂Φ2
=

1

t2
= 4H2. (2.54)

Note that the mass of the volume perturbation, mδΦ = 2H, is actually independent of the
value of λ (even though we have specialised to LVS).

Although the volume scalar is coupled to the radiation fluid via the Einstein equations,
it is instructive first to study the simpler case of a scalar with minimal contribution to the
energy density, and for which the coupling to the radiation fluid can be neglected. For
illustration, we therefore consider the equations of motion for the k = 0 mode of a massive
scalar δϕ with mδϕ = µ

t where µ is a dimensionless constant (and so whose mass remains at

a constant ratio to H), within a scale factor a ∼ t1/2. The equations of motion for such a
scalar δϕ are

δϕ̈+ 3Hδϕ̇ = −µ
2

t2
δϕ, (2.55)

which are solved by

δϕ(t) = tα (A cos (ω̃ ln t) +B sin (ω̃ ln t)) , (2.56)

where α = 1
2(1 − 3Httt) = −1/4 for a radiation tracker (in more general trackers, α =

(γ − 2)/2γ) and ω̃ =
√
µ2 − α2. The energy associated to such oscillations,

ρδϕ =
δϕ̇2

2
+
m2
δϕ(t)δϕ

2

2
, (2.57)

indeed scales as ρδϕ ∼ 1
a(t)5

during the radiation tracker. A structural feature of such oscilla-

tions is that they are rather slow: the oscillation period lasts around one Hubble time and so
it takes a while for the system to settle down into the tracker (manifested by the logarithm
inside the sinusoids).

We now extend this to the case where the perturbed scalar field is actually that of the
tracker field, and so is coupled to the background fluid. In this case, we need to consider
perturbations in the full scalar field–background fluid system described by the tracker. If
there were no coupling to the background, then µ2 = 2(2 − γ)/γ (which equals unity for a
radiation tracker as per Eq. (2.54)) and

ω̃2 =
2− γ

4γ2
(9γ − 2). (2.58)
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To consider the full case, let the fixed point be (x, y) = (x0, y0) and so we can write x =
x0 + f(N) and y = y0 + g(N). Expanding the equation to first order in these functions gives
a system of linear first order differential equations,

d

dN

(
f

g

)
=

(
3
2(γ − 2 + 6γ2

λ2
− 3γ

3

λ2
) 3

√
(2− γ)γ(1− 3

2
γ2

λ2
)

3
√
(2− γ)γ(3γ

λ2
− 3γ2

2λ2
− 1

2)
9γ2

2λ2
(γ − 2)

)(
f

g

)
,

=

(
α β
γ δ

)(
f

g

)
.

(2.59)

These can be solved to give

x(N) = x0 + e
3
4 (γ−2)N [c1 cos(ωN) +

1

2ω
[2βc2 + (α− δ)c1] sin(ωN))]

y(N) = y0 + e
3
4 (γ−2)N [c2 cos(ωN) +

1

2ω
[2γc1 − (α− δ)c2] sin(ωN))],

(2.60)

where the frequency is

ω2 =

(
3γ

2

)2

ω̃2 − 27

2λ2
γ2(2− γ), (2.61)

showing that the oscillations of the rolling scalar field within the tracker are at a frequency
slightly lower than the frequency of a subdominant scalar field. This comes from the effect
that an oscillating scalar field has on the Hubble constant. This expression can then be used
to solve for the constants of integration.

The oscillations in the Hubble constant behave schematically (the derivation is provided
in the Appendix in section A.1) as

δH = H

[
c3 +A′e

3
4
(γ−2)N sin(ωN + α′)

]
, (2.62)

for some coefficients A′ and α′, with initial conditions fixing c3.

2.5 Moduli domination

As the tracker solution approaches the minimum of the moduli potential, the modulus con-
verts to a conventional massive field oscillating in a quadratic potential. These oscillations
can be viewed as coherent moduli quanta, whose decays ultimately reheat the universe and
initiate the Hot Big Bang. During this epoch, any high-energy radiation perturbations of the
ϕ field will redshift to become non-relativistic and convert into matter perturbations. There
is a large literature on the physics of moduli domination and reheating in string theory
(referenced in the introduction); our short summary here is largely for completeness.

If we assume a close-to-instantaneous transition to moduli domination, at time tmoduli
we can treat the scalar field potential as made up of quadratic fluctuations about some
background value ϕ̃ which represents the final vev of the modulus field,

V (ϕ) =
1

2
m2(ϕ̃− ϕ)2. (2.63)

Appendix A.2 includes a treatment that goes beyond the instantaneous-decay approximation.
Once H < m we can regard the field oscillations as rapid and treat the scalar field as a
harmonic oscillator with slowly varying amplitude

ϕ ≈ ϕ̃+A(a) sin(mt). (2.64)
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Averaging over the rapid oscillation cycles gives

⟨V ⟩ = 1

4
m2A2, ⟨K⟩ = ⟨12 ϕ̇

2⟩ = 1

4
m2A2, (2.65)

where the time average is given by ⟨V ⟩ ≡ 1
T

∫ T
0 V dt, and the period of oscillation is T . The

result corresponds to a cosmic fluid whose energy density and pressure is

ρ = ⟨K⟩+ ⟨V ⟩ = 1
2m

2A2, P = ⟨K⟩ − ⟨V ⟩ = 0, (2.66)

which behaves as matter with γ = 1 with the amplitude A(a) decreasing as A(a) ∝ a−3/2.

During matter domination the conformal time evolves as

η ∝ t1/3 ∝ a1/2, H =
2

η
. (2.67)

The universe remains in this moduli-dominated matter epoch until the time of moduli decay,
reheating to the Standard Model and initiating the Hot Big Bang. As moduli are gravita-
tionally coupled, the moduli life-time is long and the reheat temperature is low. For standard
couplings,

τΦ ∼
4πM2

P

m3
Φ

, Treheat ∼ 1GeV

(
MΦ

106GeV

)3/2

. (2.68)

2.6 Reheating

When the moduli decay, they reheat the universe and initiate the Hot Big Bang, at which
point the energy density now lies dominantly in relativistic Standard Model degrees of free-
dom. We then return to the Standard Cosmology. Although most of the physics of reheating
can be captured by the instantaneous decay approximation, in which a cold universe filled
only with moduli is instantaneously converted to the thermal Standard Model bath, this is
not completely accurate as moduli decay continuously (and so, in particular, the temperature
of the Standard Model sector actually decreases during reheating). This is described in e.g.
[86] and for completeness we also include an analysis of this in Appendix A, in particular
A.2.

2.7 Summary of Epochs and their Cosmological Evolutions

In Table 1 we summarise the wide ranging types of evolution the universe undergoes during
the various epochs. At this point, we have still not introduced any perturbations into the
system: this table summarises the evolution of the background cosmology consisting of the
scalar field together with a small initial amount of trace radiation.

3 Cosmological perturbations

We now analyse the propagation of fluctuations within this modified cosmology. We will
focus in particular on fluctuations in the volume field; at the end of the cosmology, this
comes to dominate the universe in the moduli epoch. As this decay, it reheats the universe
and all perturbations in this field will be transferred into the early universe at the time of
reheating. In our analysis of perturbations, we follow Baumann’s book [5] for conventions
and definitions of the various gauges.
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Epoch a(t) η Range of η H = a′(η)
a(η)

PE:KE:Rad

Inflation eHinf t ∼ −e−Ht −∞ < η ≲ 0 ∼ η0 Hinf
1
2 :

1
2 :ε (at end)

Kination t1/3 η ∼ t2/3 η0 ≲ η ≲ η0
ε

1
2η

ε3/2 : 1
2 : 1

2
(at end)

Radiation domi-
nation: PE ≤ KE

t1/2 η ∝ t1/2 η0
ε ≲ η ≲ η0

ε5/4
1
η

ε1/2:ε1/2:1 (at
end)

Radiation domi-
nation: PE ≥ KE

t1/2 η ∝ t1/2 η0
ε5/4

≲ η ≲ η0
ε11/8

1
η

1
2 :ε

3/4:12 (at
end)

Radiation Tracker t1/2 η ∝ t1/2 η0
ε11/8

≲ η ≲ m
−1/2
Φ

1
η

3(2−γ)γ
2λ2

:3γ
2

2λ2
:

1− 3γ
λ2

Matter domina-
tion

t2/3 η ∝ t1/3 m
−1/2
Φ ≲ η ≲ Γ

−1/2
Φ

2
η NA

Reheating to
Standard Model

t1/2 η ∝ t1/2 η ≳ Γ
−1/2
Φ

1
η 0:0:1 (at end)

Table 1: A table of the various events and times within the cosmological evolution we study.
Note that the tracker ends at H ∼ t−1 ∼ mΦ. In the table we focus on the case of LVS, where

the exponential potential is characterised by λ =
√

27
2 and also on the case of a radiation

fluid (although the relative fractions in the tracker are given for general γ and λ).

3.1 Perturbations during the Kination Epoch

In the kination epoch, with potential neglected, the dynamics of the universe is solely that
of a scalar field coupled to gravity. In this respect it is similar to the inflationary epoch, thus
allowing similar formalisms to be used.

We describe the form and evolution of perturbations in both flat space gauge and also in
Newtonian gauge, before moving to develop a physical understanding of these perturbations.

Flat space gauge

In flat space gauge, for a single scalar ϕ coupled to gravity, the rescaled perturbations
δϕk(η) = fk(η)/a(η) obey the Mukhanov-Sasaki equation,

f ′′k +

(
k2 − z′′

z

)
fk = 0, with z ≡ a(η)ϕ̄′

H
, (3.1)

where ϕ̄ refers to the background solution (in this case Eq. (2.6)), with a(η) and H given

here in section 2.1. During kination, z =
√
6
(
η
η0

)1/2
and so the Mukhanov-Sasaki equation

takes the form

f ′′k +

(
k2 +

1

4η2

)
fk = 0. (3.2)

The most general solution of (3.2) is in terms of Bessel functions,

fk(η) =
√
η [C1J0(kη) + C2Y0(kη)] , (3.3)

where the constants C1 and C2 are determined by the initial conditions.
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As a(η) ∝ η1/2 during kination, this implies (redefining the arbitrary constants C1 and
C2)

δϕk(η) = [C1J0(kη) + C2Y0(kη)] , (3.4)

and so (during the kination epoch, and again absorbing numerical factors into the arbitrary
constants C1 and C2)

Rk(η) =
δϕk(η)√
6MP

= [C1J0(kη) + C2Y0(kη)] , (3.5)

for the gauge-invariant curvature perturbation.

Newtonian gauge

Alternatively and equivalently, one can also use the Newtonian gauge, whereB = E = 0. This
will be our preferred gauge for most of the later calculations of cosmological perturbations.

In this case, for kination the gravitational potential Φ (which is equivalent to the
Bardeen potential in Newtonian gauge) obeys the equation

Φ′′ +
3

η
Φ′ −∇2Φ = 0. (3.6)

Note this Φ is distinct from the LVS volume modulus Φ; the difference should be clear from
context. In Fourier space, the solution for the gauge-invariant Bardeen potential Φ is given
by

Φk(η) =
C1

kη
J1(kη) +

C2

kη
Y1(kη). (3.7)

In Newtonian gauge, the comoving curvature perturbation is given by

R ≡ Φ−Hv = Φ− Hq
P̄ + ρ̄

, (3.8)

with q ≡ (P̄ + ρ̄)v and T 0
i = ∂iq. Furthermore, for a free scalar field the anisotropic stress Π

vanishes at leading order in perturbation theory, as

∂i∂
jΠ = Πij = T ij − δij(P̄ + δP ) = ∂iδϕ∂jδϕ = O(δϕ2) (3.9)

and so we can identify the two Bardeen variables Ψ = Φ, given that one of the (linearised)
Einstein equations implies

Φ−Ψ =
Πa2

M2
P

. (3.10)

A further component of the Einstein equations gives

a2q

2M2
P

= −
(
Φ′ +HΦ

)
, (3.11)

and so q can be substituted back in (3.8), (recalling we are in Fourier space) giving for the
comoving curvature perturbation2

Rk =
4

3
Φk +

Φ′
k

3H
=

2C1

3
J0(kη) +

2C2

3
Y0(kη), (3.12)

which indeed gives the same expression as Eq. (3.5) for the gauge-invariant curvature pertur-
bation (again absorbing constant factors into C1 and C2, which are set by initial conditions).

2Using the fact that dZ1(x)
dx

= Z0(x)− Z1(x)
x

for Z = J, Y .
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Initial Conditions for Perturbations: Flat Space Gauge

The above equations determine the propagation of perturbations throughput the whole of
the kination epoch (for both sub-horizon kη ≫ 1 and super-horizon kη ≪ 1 scales). However,
they do not specify the initial conditions for these perturbations at the start of the kination
epoch (which is what will fix the constants C1 and C2).

In this subsection we give a discussion of initial conditions from a perspective in which
the volume modulus was also the inflaton, and so starts the kination phase with a spectrum
of perturbations inherited from the nearly scale-invariant spectrum of primordial inflationary
fluctuations.

During single-field inflation, the scalar field perturbations of the inflaton field φ, namely
δφk(η) = fk(η)/a(η) also evolve according to the Mukhanov-Sasaki equation, which in this
case takes the form

f ′′k +

(
k2 − 2

η2

)
fk = 0. (3.13)

Here, the conformal time coordinate η ranges from −∞ (infinite past) to η = 0 (’infinite’
future, where inflation ends). Matching of inflationary and kination epochs is done by treating
(0 = ηend of inflation) ∼ (η0 = ηstart of kination).

Imposing suitable boundary conditions at η = −∞, the solutions to (3.13) are the
Bunch-Davies mode functions

fk(η) =
1√
2k

(
1− i

kη

)
e−ikη. (3.14)

At the end of inflation, the inflaton perturbations are therefore of the form

δφk = lim
η→0

fk(η)

a(η)
=
iHinf√
2k3

, (3.15)

where Hinf is the Hubble scale at the time when the perturbations are generated. In flat
space gauge, the comoving curvature perturbation at late times is then given by

Rk = lim
η→0

fk(η)

z(η)
=
H

φ̇

∣∣∣∣
inf

δφk. (3.16)

where |inf implies that this is to be evaluated at horizon crossing during inflation. For slow
roll-inflation, this can be approximated as

Rk =
1√
2εV

δφk
MP

, where εV =
M2
P

2

(
V,φ
V

)2

(3.17)

is the slow-roll parameter evaluated at the point of horizon crossing. Assuming the transition
between inflation and kination to be instantaneous, we can treat the curvature perturbation
as approximately conserved during the transient. Since, during kination,

Rk(η) =
δϕk(η)√
6MP

, (3.18)

we can equate (3.15) to (3.5) (and its first derivatives) at η = η0 to obtain the evolution of
the perturbations throughout the kination phase in the flat space gauge.

δϕk(η) = iHinf

√
3

2εV k3
J0(kη)

J0(kη0)
. (3.19)
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The super- and sub-horizon behaviours are approximately given by

δϕk(η) =

iHinf

√
3

2εV k3
super-horizon

iHinf

√
3

πεV η

cos(kη−π
4
)

J0(kη0)k2
sub-horizon

(3.20)

We note that the quantity δϕk in (3.19) and (3.20) is not gauge invariant, and is only
meaningful in a specific coordinate system (whereas the comoving curvature perturbation
(3.18) is a gauge invariant quantity; it equals δϕk in the flat space gauge, but not more
generally). We can then match the initial curvature perturbations at the end of inflation and
recover (3.19) by choosing (for scalar field in flat space gauge)

C1 =
3iHinf

4MP

1

J0(kη0)
√
εV k3

and C2 = 0. (3.21)

Gauge-Invariant Density Perturbations and Interpretation

It is useful to reformulate the above analysis in terms of gauge-invariant perturbations of
the fluid, in this case the kinating scalar. In general, such perturbations are encoded in the
gauge invariant quantity

ρ̄∆ ≡ δρ̄+ ρ̄′(v +B), (3.22)

where ρ̄ is the background energy density of the fluid, and δρ the density contrast. This is
known as the comoving density contrast (as it reduces to the density contrast in the gauge
where B = v = 0). It relates to the Bardeen variable Φ through the generalised Poisson
equation

∇2Φ =
ρ̄a2

2M2
P

∆ =
3H2

2
∆. (3.23)

During kination (in Fourier space)

∆k = −8k2η2

3
Φk, (3.24)

with the Bardeen potential given by Eq. (3.7). This gives the general form, during kination,
of the density perturbations:

∆k(η) = Akη J1(kη) +B kη Y1(kη), (3.25)

where A and B are arbitrary constants. In the case where the scalar ϕ has its initial pertur-
bation conditions set by inflation, we obtain3

∆k(η) = − 2iHinf

MP

√
εV k3

kη J1(kη)

J0(kη0)
. (3.30)

3An alternative derivation of (3.30) goes as follows (in flat space gauge). Since Rk = −H(v + B), the
comoving density contrast for the scalar fluctuations can be rewritten as

∆ϕ
k = δρ− ρ̄′

δϕ

ϕ′ . (3.26)

In this coordinate system,

δρ ≡ −δT 0
0 = δ

(
−1

2
g00ϕ′2

)
=

1

a2

(
ϕ′δϕ′ −Aϕ′2) , (3.27)
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Let us now analyse and understand the form of the perturbations of Eqs. (3.25) and
(3.30) a little more detail, and in particular determine how the evolution of the density
contrast compares to that of the background. The perturbations arise from the Fourier
modes of a scalar field where the potential is neglected. Given the field is effectively massless
during kination, can these perturbations be interpreted as radiation (which would behave as
ρrad ∝ a−4 within an overall ρ̄total ∝ a−6 within the kination epoch)?

During this epoch, the modes fall into three categories. There are the modes which are
already inside the horizon at the time kination starts (and so always have kη > 1). Then,
there are modes which enter the horizon during the epoch of kination, and so start with
kη < 1 and end with kη > 1. Finally, there are the modes which always have kη ≪ 1 and so
remain outside the horizon throughout the entire duration of kination.

We first consider the large-kη (kη ≫ 1) limit corresponding to modes always inside the

horizon. In the limit of kη → ∞, then J1(kη) ∼ sin(kη)√
kη

and so the large-kη behaviour of ∆k

is
∆k ∼

√
kη sin (kη) . (3.31)

Note that as limkη→∞ Y1(kη) ∼ cos(kη)√
kη

similar behaviour occurs if the Y1 mode is present and

their linear combinations would behave as
√
kη eikη and

√
kη e−ikη).

In the comoving gauge, ∆k reduces to the density contrast δρk
ρ̄ . If the Fourier modes

describe radiation, we might expect the energy associated to them to grow as ρ ∼ a−4 within
the ρ̄ ∼ a−6 kination background – and so we would expect ∆k ∼ δρ

ρ̄ ∼ a2 ∼ η.

Clearly, this is not the behaviour of Eq. (3.31), whose amplitude only grows as
√
kη

and also contains an oscillatory sinusoidal behaviour. How can we explain this result, given
that the mass of the scalar field is far smaller than the Hubble scale, and so we can treat it
as effectively massless? For the high-momentum modes well inside the Hubble radius, it is
reasonable to expect the field to behave as a massless scalar field with excited Fourier modes.

Indeed, this is how the field behaves, but the Fourier modes do not simply behave as
radiation. We can understand the issue by temporarily dropping gravity and considering a
single canonically normalised massless scalar field in Minkowski space,∫

d4x ∂µϕ∂
µϕ. (3.32)

The equation of motion ∂µ∂µϕ = 0 is solved by (note the explicit inclusion of the vt term)

ϕ(x, t) = ϕ0 + vt+

∫
d3k

(2π)3
1√
2ωk

(
αke

i(kx−ωt) + α∗
ke

−i(kx−ωt)
)
. (3.33)

In the presence of a significant velocity, the kinetic energy of the scalar field is

ϕ̇2 = v2 + 2v

∫
d3k

(2π)3
1√
2ωk

(
−iωαkei(kx−ωt) + iωα∗

ke
−i(kx−ωt)

)
+O

(
α2
k

)
.

where A = Φ can either be taken from the formulas above, or obtained from the flat-space gauge Einstein
equations as

A =
εH
ϕ′ δϕ =

ϕ′δϕ

2HM2
P

. (3.28)

Putting everything together (in Fourier space),

∆k = 3

√
3

2

MP

η
H2δϕ′

k = − 2iHinf

MP

√
εV k3

kη J1(kη)

J0(kη0)
, (3.29)

as in (3.30).
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As well as the dominant kinetic term, the next term (which is first-order in the mode ampli-
tude αk) involves a sinusoidal cross-coupling between the velocity and the Fourier modes.

This is consistent with what was observed in Eq. (3.31). In the case of dynamical
gravity, the velocity squared represents the dominant (kination) contribution to the energy
density and the leading perturbation, linear in the scalar field perturbation, contributes to
δρ with a sinusoidal oscillatory behaviour.

We can obtain a quantitative understanding of this by considering scalar fields inside a
kinating background, where the extension of Eq. (3.33) gives (as the solution to ϕ

′′
+2Hϕ′ =

−k2ϕ for high-momentum modes)

ϕk(η) = ϕ0 +MP

(
2

3

)3/2

ln η +
∑
k

(
Ak

eikη√
kη

+A∗
k

e−ikη√
kη

)
. (3.34)

The energy density of a scalar field is (although note we do not use the spatially dependent
(∇ϕ)2 term) as we focus on the η dependence

ϕ̇2

2
+

1

a2
(∇ϕ)2

2
≡ 1

a2
ϕ′(η)2

2
+

1

a2
(∇ϕ)2

2
. (3.35)

As η ∝ a2 and

ϕ′(η) =
MP

η

(
2

3

)3/2

+
∑
k

(
ikAk

eikη√
kη

− ikA∗
k

e−ikη√
kη

)
, (3.36)

(where we have focused on subhorizon terms with kη ≫ 1 and so have neglected terms

suppressed by (kη)−1), we see that while the leading term in 1
a2
ϕ′(η)2

2 indeed gives the expected
kination behaviour ρ ∝ a−6, the sinsuoidal cross-term between the velocity term and the
Fourier modes gives an energy density

ρcross term ∝ sin (kη + θ)

η5/2
, (3.37)

for some phase θ, and so
ρcross term
ρKE

∼
√
kη sin (kη + θ) , (3.38)

consistent with Eq. (3.31). It also follows from Eqs. (3.35) and (3.36) that the energy density
associated purely to the Fourier modes would scale as ρFourier ∝ a−4, consistent with the
expected behaviour of radiation, although note that this term is second-order in the scalar
field perturbation and so is not visible within first-order cosmological perturbation theory.
Note this is an advantage of the microscopic understanding of kination in terms of a scalar
field rather than simply as a cosmological fluid with w = 1 (i.e. γ = 2), as this understanding
provides an insight into dynamics at higher order in perturbation theory.

This gives us a full quantitative understanding of why the self-perturbations of the
massless scalar field do not appear to correspond to radiation: in the presence of a field
velocity, the leading (linear) contribution of these perturbations to the energy density in the
sub-horizon limit lies in their cross-coupling to the dominant velocity term, consistent with
the analogous behaviour observed in the flat space limit.

Another way of rephrasing the above is as follows. The kinetic energies of the back-
ground field and the scalar perturbations scale as

ρϕ ∼ a−2ϕ′2 ∼ a−6, ρδϕ ∼ a−2
(
δϕ′
)2 ∼ a−4, (3.39)
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where the kinetic energy of the scalar perturbations shows the expected radiation-like redshift.
The total perturbation in the energy of the scalar field on the other hand is given by

δρϕ = a−2
(
ϕ′δϕ′ +Φϕ′2

)
. (3.40)

Each of these contributions scale as follows

a−2
(
ϕ′δϕ′

)
∼ a−5, a−2

(
Φϕ′2

)
∼ a−9. (3.41)

The first contribution is the dominant one, and so the final behaviour,

ρδϕ ∼ a−2
(
ϕ′δϕ′

)
∼ √

ρϕ · ρδϕ ∼ a−5, (3.42)

averages the the scalings of the background and the perturbations in (3.39).
We next consider the super-horizon limit of the self-perturbations. Taking kη ≪ 1, then

J1(kη) ∝ kη. On super-horizon scales it therefore follows that

∆k ∝ (kη)2 ∼ a4, (3.43)

resulting in a fast growth of the density contrast for superhorizon modes (which again does
not correspond to radiation like behaviour). We can also understand this behaviour from the
perspective of the underlying scalar field dynamics. Each ∆k term is a Fourier mode and so
also associated to spatial dependence of the scalar field. The gradient term in the scalar field

energy of Eq. (3.35), (∇ϕ)2
2a2

, behaves as a−2. During the kination epoch, spatially separated
Hubble patches with misaligned vevs for the scalar fields, ϕpatch 1−ϕpatch 2 ̸= 0 maintain this
misalignment. This super-horizon gradient energy behaves as a−2 and so grows relative to
the kination background as a4, precisely as observed in Eq. (3.43), as long as the modes
remain outside the horizon.

Note this differs from the behaviour of scalar fields oscillating about a quadratic poten-
tial (i.e. matter), where the overall amplitude of the field is constantly decreasing and so any
spatial misalignment reduces with time.

It is an interesting question (but one beyond the scope of this work) to study the
endpoint of a pure kination epoch (and also a pure scalar field on an exponential potential),
if the self-perturbations of the scalar field are allowed to grow until they become non-linear.
As such a endpoint would involve O(1) density contrasts, it can only be studied numerically
and requires going beyond the analytic treatment here.

3.2 Perturbations of other fields during the Kination Epoch

During the kination epoch, the volume scalar dominates the evolution. However, in any
string model there are many other fields. These include massless fields (for example, the
volume axion which partners the volume mode) and also other massive moduli such as the
complex structure moduli. One of the distinctive aspect of string cosmologies is that they fix
the masses and couplings of such fields as functions of the dominant fields. Given that the
presence of such fields is also an unavoidable feature of string cosmologies, it is important to
understand their behaviour.

Naively, one would expects the energy densities of perturbations associated to massless
and massive fields to redshift as ρ ∼ a−4 (radiation) and ρ ∼ a−3 (matter) respectively.
However, in string theory things are more subtle: the kinetic terms and masses for such
fields depend on the volume, and so are time-dependent throughout the kination epoch,
which will alter expectations based on having canonical kinetic energy terms.
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3.2.1 The Volume Axion

One additional field that will always be present in LVS cosmologies is the volume axion, the
axionic partner of the volume modulus. In presence of the volume axion, the equations of
motion (2.11) need to be modified to account for its background evolution, which is inex-
tricably linked to that of the saxion. We will assume that the initial velocity of the axion
(denoted by χ to avoid confusion with the scale factor a(t)) initially satisifies χ̇(t) ≪ ϕ̇(t),
being χ an approximately flat direction of the potential. In that case, its Lagrangian is

L =

∫
d4x

√
−g 1

V4/3
∂µχ∂

µχ (3.44)

(the non-trivial kinetic term follows straightforwardly from the standard Kähler potential
K = −3 ln

(
T + T̄

)
).

We assume that we can treat the volume evolution as a ‘slow’ background process against
which we study ‘fast’ modes of the axion. In particular, using Eq. (2.4) and Eq. (2.8), we
have V ∼ t and a(t) ∼ t1/3 leading to an action of the form

L =

∫
d4x

1

t1/3
∂µχ∂

µχ. (3.45)

The resulting equation of motion is ∂µ
(
t−1/3∂µχ

)
= 0, giving

χ̈− 1

3t
χ̇+

∇2χ

t2/3
= 0, (3.46)

to which the zero mode solutions are (in accordance with [87])

χ(t) = A+Bt4/3. (3.47)

When χ̇(t) ∼ ˙ϕ(t), the above approximation is no longer valid, as the axion kinetic energy is
then sufficient to backreact on the volume modulus. However, it was shown in [87] that for

the LVS potential, with λ =
√

27
2 , the late time solutions of the full, non-linear equations of

motion are still the tracker solutions described in Section 2.3 (for background radiation and
matter respectively), with χ̇(t) = 0.

To study perturbations in χ, the conformal time equation is (using η ∼ a2 and V ∼ η3/2

during kination) ∂µ

(
1
η∂

µχ
)
= 0, giving (in Fourier space),

χ′′
k −

1

η
χ′
k + k2χk = 0. (3.48)

The corresponding mode solutions are

χk = A (kη) J1(kη) +B (kη)Y1(kη). (3.49)

which, consistent with Eq. (3.47), reduces to

χ = A+Bη2 (3.50)

in the k → 0 superhorizon limit. For subhorizon modes with kη ≫ 1,

χk ∼ α
√
kη sin (kη + β) , (3.51)
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with arbitrary integration constants α and β. The energy density associated to the scalar
field is (note the non-trivial volume terms present),

ρχ =
1

V4/3

χ̇2

2
+

1

V4/3

(∇χ)2

2a2
. (3.52)

Using a ∼ η1/2, V ∼ η3/2 and kη ≫ 1, the mode energy density behaves as

ρχk
∼ |α|2

η2
∝ a−4, (3.53)

thus confirming that, despite the time-dependent kinetic term, the energy associated to the
volume axion indeed redshifts as radiation. This is particularly relevant for the cosmology, as
it shows that there is a new source of radiation present which has not been put in by hand,
but always arises from the fluctuations of the volume axion. This has important consequences
for the forthcoming cosmology of the system as such radiation provides a means to reach a
tracker solution.

3.2.2 Massive Moduli and other Massive Fields

As well as the modes of the volume axion, there are also other massive modes present in the
compactification. In the case of LVS, the simplest examples are those corresponding to all
the other moduli (i.e. the residual Kähler moduli and complex structure moduli in addition
to the rolling volume modulus). The masses of such fields are time-dependent; for example,
the complex structure moduli Ui have masses mU (t) ∼ MP

V (and so mU (t) ∼ MP
(t/t0)

during the

kination epoch).
This suggests that energy density stored in such massive modes will not redshift as

the conventional ρm ∼ n(t)m0 ∼ a−3, where n(t) is the number density and m0 the time-
independent mass, but will rather reflect the time-dependent masses (and so behave as e.g.
ρU (t) ∼ n(t)mU (t) ∼ a−6 for complex structure moduli).

We now verify this through study of the equations for massive scalar fields in a kinating
background. The Lagrangian is

L =

∫
d4x

√
−g
(
1

2
∂µU∂

µU − V (U)

)
(3.54)

As the Kähler potential for Calabi-Yau compactifications factorises as K(U, Ū) +K(T + T̄ ),
the kinetic terms for the complex structure moduli have no time dependence. Focussing on
the leading mass term, the Lagrangian is then

L =

∫
d4x

√
−g
(
1

2
∂µU∂

µU −
µ2U
2t2

U2

)
, (3.55)

where for simplicity we treat U as a real scalar field and we use mU ∼ µU
t for some fixed

constant µU .
The equation of motion for U (restricting to the zero mode) is

Ü + 3HU̇ = −
µ2U
t2
U, (3.56)

which is solved by

U(t) = α̃ cos
(
µU ln t+ β̃

)
(3.57)
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where α̃ and β̃ are arbitrary integration constants. The energy density in this scalar field is
then

U̇2

2
+
µ2UU

2

2t2
∝ 1

t2
=

1

a6
, (3.58)

consistent with earlier arguments involving particle number densities.

As this energy density of a−6 is a similar scaling to kination, it does not grow relative
to the kinating background. Furthermore, we also expect little initial energy density in such
modes in the post-inflationary epoch, and therefore we do not consider them further.

3.3 Perturbations including a Radiation (Matter) Background

The analysis of cosmology perturbations becomes more involved as soon as background ra-
diation (or matter) “catches up” with the kinating scalar and becomes relevant. We first
describe this for a radiation fluid but also give the formulae for a matter background in
section 3.3.2.

As radiation catches up, not only does the background evolution first change from purely
kination type behaviour to radiation domination and then tracker-like behaviour as described
in section 2.2, but we now have to also study the coupled evolution for the perturbations in
the radiation, the kinating scalar field, as well as in the metric. We will first write down the
general equations that describe such a system, and then specialise to the radiation domination
and tracker epochs. In this section, we will exclusively make use of the Newtonian gauge
B = E = 0. As a reminder, the metric is of the form

ds2 = −a2(η)(1 + 2Ψ)dη2 + a2(η)(1− 2Φ)(dx21 + dx22 + dx23). (3.59)

Given the extensive appearance of the gravitational potential Φ in this section, here we will
exclusively use lower-case ϕ for the scalar field, even when considering a specialisation to the
LVS potential.

We will describe two separate formalisms (giving the same answers) for the computations
applying for both the kination-radiation transition and also for the tracker epoch, one the
formalism based on [5] and the other (described in appendix C) an entropy formalism based
on [60].

In the tracker epoch, the presence of a potential for ϕ cannot be neglected, and is in fact
needed to ensure the precise balancing of all energy sources. In particular, the energy densities
stored in radiation, kinetic and potential energy are all of the same order of magnitude. For
the scalar field, the general expression for the density fluctuations is now

δρ ≡ −δT 0
0 = δ

(
−1

2
g00ϕ′2 + V (ϕ)

)
=

1

a2
(
ϕ′δϕ′ − Φϕ′2

)
+
dV (ϕ)

dϕ
δϕ, (3.60)

whereas the pressure perturbations are

δP ≡ δT ii = δ

(
−1

2
g00ϕ′2 − V (ϕ)

)
=

1

a2
(
ϕ′δϕ′ − Φϕ′2

)
− dV (ϕ)

dϕ
δϕ. (3.61)

We can formally treat the potential and kinetic energy contributions to be two separate fluids,
although there is energy transfer between the two and only their total energy-momentum
density is conserved. They are characterised by a constant equation of state (with wp = −1
and wk = 1 respectively), while perturbations in radiation have wr =

1
3 .
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Both fluids do not have anisotropic stress, so Π = 0 and Ψ = Φ from the linearised
Einstein equations in Newtonian gauge. The fluctuations in the field δϕ obey the perturbed
Klein-Gordon equation,

δϕ′′ + 2Hδϕ′ −∇2δϕ+
d2V (ϕ)

dϕ2
a2δϕ− 4ϕ′Φ′ + 2

dV (ϕ)

dϕ
a2Φ = 0, (3.62)

which is implied by the conservation of the stress energy tensor for a scalar field. Since
fluctuations in the scalar field and radiation are not directly coupled, the latter evolve as

δ′′r −
1

3
∇2δr −

4

3
∇2Φ− 4Φ′′ = 0, (3.63)

where δr =
δρr
ρr

, ρr being the background energy density in radiation, and δρr the fluctuations

in that energy density. They are complemented by the G0
0 and Gii Einstein equations, given

respectively by

∇2Φ− 3H
(
Φ′ +HΦ

)
=

a2

2M2
P

(δρk + δρp + δρr) (3.64)

Φ′′ + 3HΦ′ +
(
2H′ +H2

)
Φ =

a2

2M2
P

(
δρk − δρp +

1

3
δρr

)
. (3.65)

Together, Eqs (3.62)-(3.65) are a closed system of four differential equations in three un-
knowns (Φ, δϕ, δρr), and seemingly over-determined. However, they are not all independent,
since the Einstein equations imply the conservation of total energy-density; together with
either one of (3.62) or (3.63) they imply the other of the two.

For an exponential potential, V (ϕ) = V0e
−λϕ/MP , (3.62) reduces to (in Fourier space)

δϕ′′k + 2Hδϕ′k + k2δϕk + λ2a2
V (ϕ)

M2
P

δϕk = 4ϕ′Φ′
k + 2λa2

V (ϕ)

MP
Φk, (3.66)

whereas a linear combination of (3.64) and (3.65) gives

Φ′′
k + 4HΦ′

k + 2

(
H′ +H2 +

k2

6

)
Φk =

1

3M2
P

(
ϕ′δϕ′k − Φkϕ

′2 + 2λa2
V (ϕ)

MP
δϕk

)
. (3.67)

These two equations are then a closed system for the perturbations (δϕk,Φk), which only
depend on the background evolution for ϕ(η). In the following, we will look at their solution
during the radiation dominated and tracker epochs respectively. In what follows for con-
venience we drop the k subscripts in the Fourier mode equations, unless there is a need to
reinstate them, for example in Appendix B.2.5.

3.3.1 Transition from kination to radiation domination

We now give an analytic solution of the equations for the evolution of the perturbations
during the kination-radiation epoch (neglecting the potential). As before, we assume ε≪ 1,
and expand the coefficients of each ηα term to lowest order in ε. In this epoch, it is convenient
to define the ratio of the energy density in radiation compared to that in the scalar field,
through the variable y 4

y =
ρr
ρϕ

=
a2

a2eq
= εa2. (3.68)

4The variable y here should not be confused with the one defined in Eq. (2.10).
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From the definition of y in Eq. (3.68),
it follows that

dy

dη
= 2yH and H =

ε

2η0

√
1 + y

y
, (3.69)

where we have taken H from Eq. (2.29). In particular, by differentiating the latter with
respect to conformal time, one obtains

H′ = −H2

(
1 +

y

1 + y

)
. (3.70)

By the chain rule, the derivatives of a generic function F (η) with respect to η can be expressed
as

F ′(η) = 2yHdF

dy
F ′′(η) = 4y2H2d

2F

dy2
+

2y2H2

1 + y

dF

dy
. (3.71)

Then, the system Eqs. (3.66)-(3.67) can be recast as
2y d2Φ

dy2
+
(
4 + y

1+y

)
dΦ
dy +

2η20k
2

3ε2
y

1+yΦ =
√
6

3MP
√
1+y

dδϕ
dy

2y d2δϕ
dy2

+
(
2 + y

1+y

)
dδϕ
dy +

2η20k
2

ε2
y

1+y δϕ = 4
√
6MP√
1+y

dΦ
dy .

(3.72)

Thanks to an accidental cancellation (and to the fact that V (ϕ) ≡ 0), the only linear terms
in Φ and δϕ are those coming from their spatial gradient, proportional to k2.

Long wavelength modes

For long wavelenghts kη ≪ 1, the system reduces to
2y d2Φ

dy2
+
(
4 + y

1+y

)
dΦ
dy =

√
6

3MP
√
1+y

dδϕ
dy

2y d2δϕ
dy2

+
(
2 + y

1+y

)
dδϕ
dy = 4

√
6MP√
1+y

dΦ
dy .

(3.73)

Notice how, as a consequence of the accidental cancellations in Eq. (3.72), it reduces to a
first order system in terms of dΦ

dy and dδϕ
dy . In particular, it can be turned into a second order

ODE for q(y) ≡ dΦ
dy , namely

2y(1 + y)
d2q

dy
+ (8 + 11y)

dq

dy
+ 10q = 0. (3.74)

The general solution to Eq. (3.74) is

q(y) =−
9c1
(
y
(√
y + 1− 3

)
+ 4

(√
y + 1− 1

))
24y3

√
y + 1

−
8c3
(
y
√
y + 1− 3y + 4

√
y + 1− 4

)
+ 9c4(3y + 4)

24y3
√
y + 1

,

(3.75)

where the integration constants (only two of them are independent) have been chosen to
match with Eq. (C.12) with γ = 4

3 . Indeed, Eq. (3.75) can be integrated as

Φ(y) =
8c3
(
2y2 + y − 2

√
y + 1 + 2

)
+ 9c1

(
y − 2

√
y + 1 + 2

)
+ 18c4

√
y + 1

24y2
. (3.76)
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For an adiabatic solution that remains finite as y → 0 (kination domination), we need

c1 = c4 = 0 (3.77)

yielding
Φ(y → ∞)

Φ(y → 0)
=

8

9
, (3.78)

signifying that the gravitational potential drops by 8/9 during the kination-radiation tran-
sition. In Appendix B.1, we derive a general expression for the large-scale evolution of the
gravitational potential during a transition involving arbitrary cosmic fluids characterized by
parameters γ1 and γ2, along with the general magnitude by which the potential decreases.
We also have

R = Φ− y + 1

2y + 3

(
Φ+ 2y

dΦ

dy

)
=

3c1
8(2y + 3)

+ c3. (3.79)

One can also solve for δϕ to obtain5

δϕ(y) =
(9c1 + 8c3) (y − 2)

√
y + 1 + 2 (9c1 + 8c3 − 9c4)

4
√
6y2

+ c2, (3.80)

solving the system completely. Finally, from Eq. (3.60)

δϕ = 2
δϕ′

ϕ′
−2Φ =

−3c1
(
y2 − 3y + 6

√
y + 1− 6

)
+ 8c3

(
−y2 + y − 2

√
y + 1 + 2

)
+ 18c4

√
y + 1

4y2

(3.81)
and

δr = −
δϕ
y

− 2(y + 1)

y

(
Φ+ 2y

dΦ

dy

)
=

8c3
(
−y2 + y − 2

√
y + 1 + 2

)
+ 9c1

(
y − 2

√
y + 1 + 2

)
+ 18c4

√
y + 1

6y2
.

(3.82)

Short wavelength modes

For short (arbitrary) wavelengths, one needs to solve the full system Eq. (3.72), for which we
could not find any analytic solutions unless y ≫ 1. In that case, the system reduces to

2y d2Φ
dy2

+ 5dΦ
dy +

2η20k
2

3ε2
Φ =

√
6

3MP
√
y
dδϕ
dy

2y d2δϕ
dy2

+ 3dδϕ
dy +

2η20k
2

ε2
ϕ = 4

√
6MP√
y

dΦ
dy .

(3.83)

To obtain the asymptotic form of the solution, we can assume

Φ(x)

δϕ(x)
∼ O

(
x−b
)

with b > 0, (3.84)

and verify it a posteriori. If the above holds, for large y one can neglect the source term in
the second equation of (3.83), and solve it as

δϕ =
c1√
y
cos

(
2η0k

√
y

ε

)
+

c2√
y
sin

(
2η0k

√
y

ε

)
, (3.85)

5The constant c2 is different from the one defined in the Appendix, whereas c1, c3, c4 are the same.
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where the ci’s will always denote arbitrary constants. Substituting (3.85) back into the first
equation in (3.83), the latter can be solved for large y, as

Φ =
(
√
6πc2 + c3)

y
cos

(
2η0k

√
y

√
3ε

)
+
c4
y
cos

(
2η0k

√
y

√
3ε

)
+O

(
1

y2

)
. (3.86)

Since
√
y ≃ εη

2η0
for late times, the asymptotic behaviour reduces to

Φ ≃ c′3
a2(η)

cos

(
kη√
3

)
+

c′4
a2(η)

sin

(
kη√
3

)
(3.87)

and

δϕ ≃ c′1
a(η)

cos (kη) +
c′2
a(η)

sin (kη) . (3.88)

As expected, this matches with the behaviour of perturbations during the radiation era [5].
Since the perturbations in radiation are solely determined by the evolution of Φ (from (3.63)),
they also behave as during an epoch of radiation domination, namely

∆r ≃ c5 cos

(
kη√
3

)
+ c6 sin

(
kη√
3

)
. (3.89)

3.3.2 Transition from kination to matter domination

A similar computation for the perturbations can be carried out for the transition from ki-
nation to matter domination. In analogy with the previous subsection, we introduce the
variable

y =
ρm
ρϕ

=
a3

a3eq
= εa3, (3.90)

which satisfies6

dy

dη
= 3yH and H =

ε2/3

2η0

√
1 + y

y2/3
. (3.91)

Following the same prescription as (3.71), we see that

H′ = −H2 y + 4

2y + 2
, (3.92)

and derivatives of a generic function G(η) with respect to η can be expressed as

G′(η) = 3yHdG

dy
G′′(η) = 9H2y2

d2G

dy2
+ 3yH2 5y + 2

2y + 2

dG

dy
. (3.93)

For matter perturbations, equation (3.65) is replaced by

Φ′′ + 3HΦ′ +
(
2H′ +H2

)
Φ =

a2

2M2
P

(δρk − δρp) (3.94)

Together with (3.67), (3.94) gives a system that can be expressed as
3y d2Φ

dy2
+ 11y+8

2y+2
dΦ
dy =

√
6

2MP
√
1+y

dδϕ
dy

3y d2δϕ
dy2

+ 9y+6
2y+2

dδϕ
dy +

4k2η20
3ε4/3

y1/3

y+1 δϕ = 4
√
6MP√
1+y

dΦ
dy .

(3.95)

6The second equality is just a rewriting of the first Friedmann equation.
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Long wavelength modes

For long wavelength modes, kη ≪ 1, and (3.95) reduces to
3y d2Φ

dy2
+ 11y+8

2y+2
dΦ
dy =

√
6

2MP
√
1+y

dδϕ
dy

3y d2δϕ
dy2

+ 9y+6
2y+2

dδϕ
dy = 4

√
6MP√
1+y

dΦ
dy .

(3.96)

As in the case of the kination to radiation transition, it can be turned into a system of two
first order equations, and with the substitution r(y) ≡ dΦ(y)

dy it is equivalent to the ODE

6y(1 + y)
d2r(y)

dy2
+ (20 + 29y)

dr(y)

dy
+ 22r(y) = 0. (3.97)

The general solution is given by

r(y) =
8
(
c1 + 3c3(y + 2)− c4

√
y+1(5y+8)

y4/3

)
48y(y + 1)

+
1
5(5y + 8)

(
2F1

(
5
6 , 1;

7
3 ;−y

)
(3c3(y − 4)− 5c1)

)
− 18c3(y + 1) 2F1

(
5
6 , 2;

7
3 ;−y

)
48y(y + 1)

,

(3.98)

where the constants have been chosen to match with the notation in Appendix C.1. The
latter can be integrated to give

Φ(y) = − 1

24
(y + 1)(5c1 + 6c3) 2F1

(
1,

11

6
;
7

3
;−y

)
+
c1
3

+ c3 +
c4
√
y + 1

y4/3
, (3.99)

matching the results obtained with the entropy formalism (see in particular (C.12) in the
Appendix) for γ = 1. For an adiabatic solution that does not blow up for y → 0, we require
c1 = c4 = 0 (See Appendix C.1 for details), so that

Φ(y → ∞)

Φ(y → 0)
=

4

5
. (3.100)

Analogously to the case of radiation domination, this can then be used to compute the form
of all the other perturbations (R, δm, δϕ...), although we will not report here the explicit
expressions.

Short wavelength modes

As for the case of transitioning from kination to radiation domination, in this case where we
transition to matter domination, in the short wavelength limit, no analytic solution exists
for this system. However, approximate solutions can be obtained for y ≫ 1. In that case,
the equations reduce to

3y d2Φ
dy2

+ 11
2

dΦ
dy =

√
6

2MP
√
y
dδϕ
dy

3y d2δϕ
dy2

+ 9
2
dδϕ
dy +

4k2η20
3ε4/3y2/3

δϕ = 4
√
6MP√
1+y

dΦ
dy .

(3.101)

At leading order in y (where we can neglect the source term for the second equation), they
are solved by

Φ(y) = c1 +
c2

y5/6
+O

(
1

y

)
(3.102)
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and

δϕ(y) =
c3

y1/3
sin

(
4kη0y

1/6

ε2/3

)
+

c4

y1/3
cos

(
4kη0y

1/6

ε2/3

)
+O

(
1
√
y

)
. (3.103)

This matches with the behaviour during matter domination, since y ∼ a3 implies

Φ(a) = c1 + c2a
−5/2 (3.104)

for the Bardeen potential and ∆m ∼ a for the matter perturbations.

3.4 Perturbations within Tracker Epochs

Here we consider perturbations within tracker epochs, where the background solution is given
by the tracker solutions described in Section 2.3. As in section 2.3, our primary consideration
is a radiation tracker but for completeness we also give formulae for a matter tracker.

3.4.1 Perturbations about the Radiation Tracker

During the tracker epoch, the potential cannot be neglected anymore. Using the values of
the kinetic and potential energy densities for the radiation tracker (described in section 2.3),
Eqs. (3.66)-(3.67) reduce to the system

δϕ′′ + 2
η δϕ

′ +
(
k2 + 4

η2

)
δϕ = 8MP

λη

(
2Φ′ + Φ

η

)
Φ′′ + 4

ηΦ
′ + Φ

3

(
k2 + 16

λ2η2

)
= 4

3MPλη

(
δϕ′ + 2δϕ

η

)
.

(3.105)

The explicit dependence on the wave number can be eliminated by the following substitution
(where we have reintroduced the subscript k for clarity)7

x ≡ kη δϕ̃ ≡ δϕk(kη)

MP
Φ̃(x) ≡ Φk(kη). (3.106)

Then, Eq. (3.105) can be recast as
x2δϕ̃′′(x) + 2xδϕ̃′(x) +

(
x2 + 4

)
δϕ̃(x) = 8

λ

(
2xΦ̃′(x) + Φ̃(x)

)
x2Φ̃′′(x) + 4x Φ̃′(x) + Φ̃(x)

3

(
x2 + 16

λ2

)
= 4

3λ

(
xδϕ̃′(x) + 2δϕ̃(x)

)
,

(3.107)

where primes now denote derivatives with respect to x. Although the system of (3.105)-
(3.107) is hard to treat analytically, we can determine its behaviour in the super- and sub-
horizon limits respectively.

Long wavelength modes

In the super-horizon limit, kη ≪ 1 or equivalently x ≪ 1, we can neglect the x2δϕ̃ and x2Φ̃
terms in Eq. (3.107), which then reduce to homogeneous equations of degree two, and we can
try a power-law ansatz of the form

δϕ̃(x) = xα Φ̃(x) = Kxβ. (3.108)

7The variable x here should not be confused with the one defined in Eq. (2.10).
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Substituting in the above, we find that solutions only exist if α = β and{
(4 + α+ α2)λ− 8K(1 + 2α) = 0

(16 + 9αλ2 + 3α2λ2)K − 4(2 + α)λ = 0,
(3.109)

which admits the following exponents as a solution:

α =

0,−3,
−1±

√
64
λ2

− 15

2

 . (3.110)

For λ =
√

27
2 there are no growing modes, and the dominant mode is the constant one which

represents a shift along the tracker solution. For 2 < |λ| <
√
64/15, the last two modes

(which are non-adiabatic, see Appendix C) are polynomially decaying. These are the values
for λ for which the tracker is a stable node. For |λ| >

√
64/15 on the other hand (when the

tracker is a stable spiral), the last two values for α are imaginary and we get an oscillating
solution

δϕ(η) = caη
− 1

2 cos


√

15− 64
λ2

2
log (η)

+ cbη
− 1

2 sin


√

15− 64
λ2

2
log (η)

 , (3.111)

where ca and cb are integration constants. These oscillatory perturbations represent exactly
the transient settling down of the volume modulus in the approach to the tracker, at the
frequencies discussed earlier in section 2.4.

Short wavelength modes

For kη ≫ 1, or equivalently x≫ 1 one can expand (3.107) in powers of x and only keep
the fastest growing power in each equation, amounting to

x2δϕ̃′′(x) + 2xδϕ̃′(x) + x2δϕ̃(x) = 8
λ

(
2xΦ̃′(x) + Φ̃(x)

)
x2Φ̃′′(x) + 4x Φ̃′(x) + x2

3 Φ̃(x) =
4
3λ

(
xδϕ̃′(x) + 2δϕ̃(x)

)
.

(3.112)

However, the system Eq. (3.112) still does not admit an exact solution. To proceed, we shall
first assume that, asymptotically,

Φ̃(x)

δϕ̃(x)
∼ O

(
x−b
)

with b > 0, (3.113)

to be verified a posteriori. Then, in a large x expansion the source term can be neglected
in the first (but not in the second) equation in Eq. (3.112). The homogeneous equation for
δϕ̃(x) can then be solved by

δϕ̃(x) =
c1 cos(x) + c2 sin(x)

x
, (3.114)
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with c1 and c2 arbitrary constants. Using Eq. (3.114) as a source term, the second equation
in Eq. (3.112) is solved by

Φ̃(x) =
c3 sin

(
x√
3

)
+ c4 cos

(
x√
3

)
x2

+
8πc1 cos

(
x√
3

)
+ 2c1 sin(x)− 2c2 cos(x)

λx2
+O

(
1

x3

)
(3.115)

where the first term is the solution to the homogeneous equation for Φ̃(x) without any sources.
Indeed, for λ→ ∞ the two equations should decouple, and the homogeneous term is the only
one that survives in that limit. From Eq. (3.8), and using the Einstein equations (3.10)-(3.11)
in Newtonian gauge, the curvature perturbation can be expressed as8

R(η) =
3

2
Φ +

Φ′

2H
. (3.116)

To arrive at (3.116), we have used results about the background radiation tracker in Sec-
tion 2.3, and surprisingly all dependence on λ drops out. Then, the subhorizon curvature
perturbation becomes, at leading order in x,

R(η) =
c3 cos

(
kη√
3

)
− c4 sin

(
kη√
3

)
√
3kη

+
6c1 cos(kη) + 6c2 sin(kη)− 8

√
3πc1 sin

(
kη√
3

)
3λkη

(3.117)

One can also define an overall comoving density contrast Eq. (3.23) for the whole fluid from
the total stress-energy tensor, which is equal to

∆ =− 2

3
(kη)2Φ(η) = −2

3

(
c4 cos

(
kη√
3

)
+ c3 sin

(
kη√
3

))

+
4c2 cos(kη)− 4c1

(
sin(kη) + 4π cos

(
kη√
3

))
3λ

(3.118)

If we want to track the evolution of the perturbations in the individual components, we can
use Eqs (3.64) and (3.65) to express

δr ≡
δρr
ρr

=
3λ2

2(λ2 − 4)

(
Φ′′η2 + 4Φ

4− λ2

λ2
− (kη)2Φ− 4

λ
δϕ′η

)
. (3.119)

Plugging in the expressions obtained above, one gets

δr =
4(c4λ+ 8πc1) cos

(
kη√
3

)
3λ

− 4

3
c3 sin

(
kη√
3

)
(3.120)

A non-trivial check is provided by the fact that the sinusoidal terms in kη, present in both
Φ(η) and δϕ(η), precisely cancel out in δr: this is because δr must satisfy Eq. (3.63), where
the source terms are subleading.

Overall, the perturbations behave very similarly as during an epoch of radiation dom-
ination, with corrections parameterised by 1/λ. In particular, both the scalar field and
radiation perturbations behave as one would expect during a radiation dominated epoch,
both oscillating at their proper frequencies. However, the gravitational potential (Bardeen
variable) and the overall density contrast feel the effect of both components, and are the sum
of two oscillatory contributions with the two different proper frequencies. In any case, all
the perturbed quantities have the same power law scaling with kη (or a(η)) that one would
expect during radiation domination, so these are only O(1) differences.

8Notice that this expression is different from (3.12), because the background is different.
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Behaviour of the sub-horizon scalar perturbations in the radiation tracker

We can understand why the perturbations should redshift as radiation in a similar way to
our earlier discussion in Section 3.1 for a kination epoch. The solution to the equation
ϕ′′ + 2Hϕ′ + k2ϕ = −a2 dV (ϕ)

dϕ during the tracker, (where a(η) = η and dV
dϕ = − 4

η4λ
) can be

written as

ϕ(η) = ϕt +
4

λ
log (η) +

∑
k

a±k
e±ikη

(kη)
, (3.121)

where ϕt is a constant of integration determined by the initial conditions. For sub-horizon
scales (kη ≫ 1) we have

ϕ′(η) =
4

λη
+
∑
k

(±ik)a±k
e±ikη

(kη)
, (3.122)

and we see that both the velocity-term and the Fourier modes have the same dependence on
η. Hence all contributions to a−2ϕ′(η)2 will have the same radiation-like a−4 dependence on
the scale factor in contrast to the case of kination). The contributions to the amplitude of
the energy density of the scalar perturbations go like

1

a2
(
ϕ′δϕ′

)
∼ a−4,

1

a2
(
Φϕ′2

)
∼ a−6,

dV (ϕ)

dϕ
δϕ ∼ a−5, (3.123)

so the leading contribution indeed behaves like radiation.

3.4.2 Perturbations about the Matter Tracker

We now also consider the case where the background solution is the matter tracker described
in section 2.3, as may arise if e.g. primordial black holes are formed within the kination
epoch. The perturbations in this case can still be effectively described using the equations
(3.64), (3.65),(3.66), where we now substitute a matter contribution for that of radiation
contribution. As in the previous discussion, we proceed to calculate the perturbations across
various epochs, considering both sub- and super-horizon limits.

The equations for the gravitational potential and the scalar perturbations in the matter
tracker take the form 

Φ′′ + 6
ηΦ

′ + 18
λ2η2

Φ = 3
ληMp

(
3
η δϕ+ δϕ′

)
,

δϕ′′ + 4
η δϕ

′ + k2δϕ = 12
ληMp

(
2Φ′ + 3

ηΦ
)
.

(3.124)

Matter tracker, long wavelengths

Similarly as for the radiation tracker the system (3.124) has an exact power-law solution in
the superhorizon limit (k = 0), which reads

δϕ(η) = ηα, Φ(η) = Kηα, (3.125)

for a constant K, where α is given by

α =

0,−5

2
,
3
(
λ±

√
24− 7λ2

)
4λ

 . (3.126)
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The first solution is the leading constant adiabatic mode, which represents a shift along the
tracker, and there is also a second adiabatic decaying mode. The last two modes are non-
adiabatic. As long as |λ| >

√
3, which is the condition for a tracker to exist, these modes will

be decaying as well. More precisely, when
√
3 < |λ| <

√
24/7 (when the tracker is a stable

node [14]), the modes are power-law decaying. On the other hand, when |λ| >
√
24/7 (the

tracker is a stable spiral [14]), these modes are decaying oscillations on the approach of the
tracker, given by

δϕ(η) = caη
− 3

2 cos

(
3
√
7λ2 − 24

2λ
log η

)
+ cbη

− 3
2 sin

(
3
√
7λ2 − 24

2λ
log η

)
. (3.127)

where ca and cb are integration constants.

The amplitude of the energy density in each of the modes arising from Eq. (3.126) is
given by

ρδϕ1 ∼ a−3, ρδϕ2 ∼ a−8, ρδϕ3,4 ∼ a−9/2 (3.128)

where ρδϕ1 corresponds to the solution with λ1 etc..

Matter tracker, short wavelengths

For the sub-horizon limit kη ≫ 1, we consider the Ansatz solution

Φ(η) = A(kη)−a, δϕ(η) = B(kη)−bf(kη), (3.129)

for constants A,B, a and b, where f is a trigonometric function of amplitude equal to 1, and
we assume that a < b. For kη ≫ 1, the first equation is solved if

a =
5

2
±

√
25λ2 − 72

2λ
. (3.130)

The second equation is solved as well for large kη if

b = 2, f(kη) = cos (kη) or f(kη) = sin (kη) . (3.131)

In summary

Φ(η) = A1η
1
2

(√
25λ2−72

λ
−5

)
+A2η

1
2

(
−
√

25λ2−72
λ

−5

)

= A1(kη)

√
59
3

2
− 5

2 +A2(kη)
− 5

2
−
√

59
3

2 ≈ A1(kη)
−0.28 +A2(kη)

−4.72,

(3.132)

where we substituted λ =
√

27/2 in the second line, and for the scalar field

δϕ(η) =
B1 cos (kη) +B2 sin (kη)

(kη)2
. (3.133)

Hence, just as in the radiation tracker, the amplitude of these perturbations goes like 1/a.
These sub-horizon solutions (3.132), (3.133) are essentially solutions to the homogenized
system (3.124), meaning that far into the matter tracker the influence of the perturbations
of the scalar field, which is mimicking the matter background, on the gravitational potential
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can be neglected.
The curvature perturbation defined in Eq. (3.8) then equals

R(η) =

(
−A1

√
25λ2 − 72

6λ
+

5

6
A1

)
(kη)

√
25λ2−72

2λ
− 5

2 +

(
A2

√
25λ2 − 72

6λ
+

5

6
A2

)
(kη)−

√
25λ2−72

2λ
− 5

2 .

(3.134)
The equation for the matter perturbations is [5]

δ′′m +Hδ′m = 3Φ′′ + 3HΦ′ − k2Φ, (3.135)

leading to

δm ≈ k2λ2η

√
25λ2−72

2λ
− 1

2

18− 6λ2
A1,

(3.136)

by substituting the leading mode of Φ in (3.132) for large kη. Note that the tracker solution
only exists for λ2 > 3γ = 3, such that this is well defined.

Behavior of sub-horizon perturbations in the matter tracker

From (3.132), we observe that the leading order time evolution of the comoving density
contrast behaves as

∆ ∼ H−2Φ ∼ η2Φ ∼ η
1
2

(√
25λ2−72

λ
−1

)
. (3.137)

In the limit λ→ ∞, we recover matter-like behavior,

∆ ∼ η2 ∼ a, (3.138)

while for λ =
√
27/2, we obtain

∆ ∼ η

√
59
3
+ 1

6(−3−
√
177) ≈ η1.72 ∼ a0.86, (3.139)

indicating that the growth of perturbations is slightly suppressed compared to the matter
domination case.

Behaviour of the scalar perturbations in the matter tracker

The scalar equation of motion ϕ′′ + 2Hϕ′ + k2ϕ = −a2 dVdϕ (ϕ) in the matter tracker is solved
by

ϕ(η) = ϕt +
6

λ
log (η) +

∑
k

a±k
e±ikη

(kη)2
, (3.140)

where ϕt is a constant of integration, leading to

ϕ′(η) =
6

λη
+
∑
k

(±ik)a±k
e±ikη

(kη)2
. (3.141)

As expected, the leading term in a−2ϕ′(η)2 scales as a−3, the contribution from Fourier modes

scales as a−4, and there is a cross-term scaling as a−7/2. Denoting x = 1
2

(
5−

√
25λ2−72
λ

)
(where x ≈ 0.28 for λ =

√
27/2), the contributions to the energy density in the scalar per-

turbations, δρϕ = a−2
(
ϕ′δϕ′ − Φϕ′2

)
+ (dV (ϕ)/dϕ) δϕ, show the following scaling behaviors

1

a2
(
ϕ′δϕ′

)
∼ a−

7
2 ,

1

a2
(
Φϕ′2

)
∼ a−3−x

2 ,
dV (ϕ)

dϕ
δϕ ∼ a−4 (3.142)
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and we see that the first contribution indeed scales as the cross-term in a−2ϕ′(η)2. In this case
however, as the gravitational potential does not decay as rapidly as the scalar perturbations
for λ > 3/

√
2, the leading contribution to the amplitude of the energy density comes from

the second term,

δρϕ ∼ a−3−x
2 ≈ a−3.14, (3.143)

with λ =
√

27/2. Note that, as this gives the energy density perturbation in the scalar field
component, it differs from the behaviour of Eq. (3.139) which refers to the perturbation in
the overall energy density (including the matter).

3.5 Perturbations during Moduli domination

As the field reaches the bottom of the potential, we enter an era of moduli domination
(described in section 2.5). As the epoch of moduli domination is, in effect, an early matter
epoch, standard results apply. We briefly include these standard results for completeness.
During this epoch, the background energy density

ρ ∼ a−3 (3.144)

falls as in a matter-dominated phase and the perturbations hence behave accordingly. The
equation for the gravitational potential is thus given by

Φ′′ +
6

η
Φ′ = 0, (3.145)

with solution
Φ = c1 + c2η

−5, (3.146)

with η ∝ a1/2 and c1 representing the dominant, constant contribution. The comoving density
contrast grows linearly with the scale factor,

∆ ∼ η2 ∼ a. (3.147)

The effects of long moduli-dominated epochs on early structure formation are studied in e.g.
[70–72]. At the end of moduli domination, the universe reheats to the Hot Big Bang and
we re-enter the standard cosmology and the standard account of the growth of cosmological
perturbations.

3.6 Summary of the evolution

To close off this section, we report here the final results for the evolution of perturbations
during the various epochs that we considered, in order of appearance. Although we have
also obtained analytic results for some of the transients connecting these different epochs,
these will be omitted here for conciseness. We will be particularly interested in highlighting
differences (and similarities) with respect to a standard cosmological history. All results that
are gauge dependent will be reported in the Newtonian gauge, defined at the beginning of
this section.

Kination
During kination, the scale factor is proportional to a(η) ∼ √

η. The gravitational potential
evolves as

Φ(η) =
C1

kη
J1(kη) +

C2

kη
Y1(kη), (3.148)
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from which the short and long wavelength limits can be extracted straightforwardly. Assum-
ing kination to have taken place right at the end of inflation, the coefficients C1 and C2 can
be fixed as

C1 =
3iHinf

4MP

1

J0(kη0)
√
εV k3

and C2 = 0. (3.149)

Then, the density contrast of the field perturbations can be expressed as

∆(η) = − 2iHinf

MP

√
εV k3

kη J1(kη)

J0(kη0)
. (3.150)

On large scales, it grows as ∆ ∼ a(η)4, much faster than the behaviour of the density
contrasts9 during radiation or matter domination epochs (∆r,m ∼ a(η)2 and ∆r,m ∼ a(η)
respectively). On small scales, ∆ ∼ a(η) sin(kη), still faster than perturbations during a
radiation dominated epoch.

Radiation Tracker
The behaviour of perturbations in the radiation tracker (where a(η) ∼ η) is very similar
to those during a radiation dominated epoch. For super-horizon scales, the gravitational
potential Φ is constant, while on sub-horizon scales it evolves as

Φ(η) ≃
C3 sin

(
kη√
3

)
+ C4 sin (kη + C5)

a(η)2
, (3.151)

where the coefficient C4 is proportional to 1/λ. In the limit λ→ ∞, (3.151) correctly reduces
to the case of a radiation dominated epoch, but in general it will be the sum of two oscillatory
contributions with different frequencies, corresponding to fluctuations in the radiation fluid
and the scalar field. The coefficients C3, C4 and C5 are in general model-dependent, as they
depend on the specific seed of radiation that leads to the tracker (and the initial perturbations
in the radiation fluid). The comoving density contrast behaves as

∆ ≃ C3 sin

(
kη√
3

)
+ C4 sin (kη + C5) , (3.152)

on sub-horizon scales, while fluctuations in radiation (δr) and the scalar field (δϕ) only os-
cillate at their specific frequencies. On super-horizon scales, ∆ ∼ a2(η), as during radiation
domination.

Matter Tracker
On large (super-horizon) scales, the matter tracker (with a(η) ∼ η2) behaves as a matter
dominated epoch: the gravitational potential Φ is approximately constant and perturbations
grow as ∆ ∼ a. However, the matter tracker exhibits an anomalous growth of perturbations
with respect to its simpler counterpart of a matter dominated epoch on sub-horizon scales.
This is a crucial difference with respect to a radiation tracker, with potentially interesting
implications. Indeed, for kη ≪ 1,

Φ ≃ C6 a(η)
1
4

(√
25λ2−72

λ
−5

)
(3.153)

9Denoted as ∆r and ∆m for radiation and matter perturbations respectively.
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and

∆ ≃ C7 a(η)
1
4

(√
25λ2−72

λ
−1

)
, (3.154)

where λ is the exponent of the potential. For λ → ∞, these reduce to a constant Φ and
∆ ∼ a(η), as during matter domination.

Moduli domination
During moduli domination, perturbations behave as they would during a standard matter
domination epoch. Perturbations grow linearly with the scale factor in both the super- and
sub-horizon limits, i.e. ∆ ∼ a(η), whereas Φ is constant.

4 Particle Cosmology: Old Problems and New Approaches

The thrust of this paper is to emphasise the substantial differences between stringy cos-
mologies and the standard picture of the early post-inflationary universe. This cosmol-
ogy also motivates novel approaches to some of the important questions in particle cosmol-
ogy/astroparticle physics. These are the focus of this section; various aspects are outlined
here with full explorations left for future work.

To recap, in the Standard Cosmology, reheating occurs rapidly at the end of inflation,
directly transitioning into a radiation-dominated Hot Big Bang. The energy density quickly
takes the form of relativistic and thermalised Standard Model degrees of freedom which
subsequently cool.

It is standard in stringy cosmologies that there is a long period of moduli (matter)
domination prior to reheating through their decay. The evolution through kination and
tracker epochs offers something new and compelling. Additional radiation (or matter) is
an essential part of the tracker epoch, in order to catch the rolling modulus and prevent
overshoot. However, the nature of this seed radiation (or matter) is relatively unspecified.

There are various candidates for seed radiation: these include

• Gravitons (or gravitational waves), for example those emitted by cosmic strings or other
natural sources.

• Radiation modes associated to the volume axion which partners the universal volume
modulus.

• Relativistic degrees of freedom associated to the Standard Model itself, such as the
gauge bosons and chiral fermions including quarks and leptons (which are all either
massless or effectively massless).

The most plausible candidate for seed matter would be (small) primordial black holes formed
shortly after the end of inflation, either directly or through the growth of density contrast
during the kination epoch.

During the tracker solution, although the universe is not fully radiation dominated, the
radiation fraction is large (as per Eq. (2.38)). This realises a scenario where the universe
starts on the tracker solution (with a significant fraction of its energy in thermalised Standard
Model degrees of freedom), before passing into moduli (matter) domination and then return-
ing into a radiation-dominated epoch with energy in thermalised Standard Model degrees of
freedom.
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The last of these candidates then results in a cosmology in which the universe first
consists principally of a thermalised Standard Model Hot Big Bang plasma, then enters a
period of matter domination which dilutes this, before re-commencing the thermal Hot Big
Bang at a much lower temperature.

However, there is something rather unusual about the Standard Model plasma that
appears here.

4.1 The Standard Model: but not as we know it

In string theory, all couplings of the Standard Model are set by the moduli vevs; there are no
true coupling ‘constants’. This is true of the gauge couplings; it is true of Yukawa couplings;
it is true of the self-interactions present in the Higgs potential. As one simple example of
this, for non-Abelian gauge groups realised by 7-branes wrapping a 4-cycle Σi, the tree-level
gauge coupling is given by

2π

g2YM
=

∫
Σi

e−φ
√
g, (4.1)

where φ is the string dilaton with gs ≡ e−φ the string coupling and g is the 10-dimensional
string frame metric pulled back onto the worldvolume of the 7-brane. In principle, many
of these compactification moduli may have a role in setting the Standard Model couplings.
However, the presence of this dependence is clearest for the volume modulus (which is the
rolling field in the LVS tracker). The volume sets the foundational scale of the theory (the
string scale) and all e.g. gauge couplings, as above, depend on volumes of cycles. As in
a string cosmology all physics ultimately originates in string physics, the string scale (and
thus the volume) will, either directly or indirectly, enter all physical couplings.10 We can
therefore schematically write the Standard Model Lagrangian in terms of the rolling field Φ
(the dimensionless quantity is of course Φ/MP ) as

LSM =
∑
i

1

g2i (Φ)
Tr
(
Fi,µνF

i,µν
)
+
∑
i

Kf (Φ)ψ̄γ
i∂iψ+Kh(Φ)∂µH∂

µH∗ +
∑
i

Yab(Φ)Hψ̄
aψb,

(4.2)
where Kf and Kh are the kinetic terms.

Throughout kination, the tracker solution and the approach to the minimum, the volume
modulus Φ evolves through transPlanckian distances in field space. As an example, a post-
inflationary evolution in the volume from V ∼ 100 l6s to V ∼ 1010 l6s (as would be reasonable in

LVS) would involve a field excursion ∆Φ ∼
√

2
3 ln

(
108
)
MP ∼ 15MP . During this evolution,

although the particle content may remain that of the Standard Model, the actual couplings
present within the theory change and the Lagrangian is certainly not that of the Standard
Model.

This evolution continues until the modulus reaches its minimum. In the final approach
to the minimum, as the tracker settles down, the volume modulus approaches the minimum,
overshoots it and then settles back to start oscillating about the minimum and enter moduli

10One example of indirect dependence is the way the volume determines, via the string scale Ms, the
ultraviolet scale from which any coupling y starts to run to a low-energy scale µ. Using β to denote a
renormalisation group coefficient, the volume enters the low-energy couplings as

y(µ) = y(Ms) + β ln

(
Ms

µ

)
≡ y

(
MP√
V

)
+ β ln

(
Ms

µ

)
,

and so low-energy couplings will always implicitly depend on V even if there is no explicit dependence.
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domination. For an LVS potential of the form (restricting to the light volume modulus and
integrating out heavy fields; more detailed derivations of this as the form of the LVS potential
can be found in [7, 39])

V (Φ) = V0e
−
√

27
2
Φ
(
1− αΦ3/2

)
+ εe−

√
6Φ, (4.3)

(where α ∝ g
−3/2
s is the part of LVS that depends on flux quanta and results in exponen-

tially large volumes and the ε term is the more ad hoc uplift potential included to ensure a
Minkowski minimum), numerical evolution shows that the field overshoots the minimum by
around 0.2MP before it settles down to oscillate about the minimum.

One consequence of this evolution is that for any aspects of its Lagrangian where the
Standard Model itself is close-to-critical as a result of some sort of tuning or accidental
cancellation among more fundamental parameters, during the approach of the modulus to
the minimum the Standard Model will at some point pass through precise criticality and
cross over to the other side of the critical point, before returning to its final value.

We enumerate various places where this behaviour can be relevant.

• The size of the Higgs mass – If, as appears plausible, the Higgs mass arises as
a consequence of some fine-tuning, then away from the minimum it would attain its
natural, larger, value. In this case, the Higgs mass would scan over many values during
the cosmological evolution, and only be small at the actual minimum of the potential.

• The sign of the Higgs quartic – the λh4 term is close to marginal within the
Standard Model and the Standard Model parameters, evolved to high scales, appear
very close to critical [88, 89]. As the volume modulus runs, it can scan through the
possible values of λ: in particular, including negative values of λ. In this case, during the
evolution these instabilities in the Higgs potential would be triggered, causing the Higgs
potential to be temporarily unstable and the Higgs to run away to large vevs (before
eventually reverting to the current vev as the final modulus vacuum is reached).11

• Colour and charge breaking (CCB) minima – in phenomenological applications
of the MSSM, one potential danger is the need to avoid colour and charge-breaking
minima: soft terms, e.g. the trilinear A-terms, that cause the preferred minimum of
the theory to lie at a point that directly breaks charge and colour. In normal studies
of supersymmetry, these minima are problematic as they are incompatible with the
observed universe.

However, in the case that the Standard Model (or MSSM) parameters are scanned
during the cosmological evolution, such minima may represent an opportunity rather
than a problem. During the evolution of the volume modulus, the Standard Model
sector may pass through epochs in which its vacuum is a CCB minimum carrying large
B and L number and in which SU(3) and U(1)Y are badly broken, before returning to
the ‘standard’ minimum preserving colour and charge, as the moduli settle down. Such
a generation of B or L may be phenomenologically useful, as we now discuss.

11See [90] for a recent analysis of instabilities in the Higgs potential induced by a phase of kination for the
inflaton.
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4.2 Dark Matter, Baryogenesis and Dilution

If stable matter particles (of whatever nature) are produced prior to the moduli epoch, their
abundance will be diluted during the moduli dominated epoch. The dilution factor can be
computed as follows.

Suppose the number density of some species ψ is denoted by nψ. We use tmoduli to
denote the start of moduli domination and treheat to denote the end. Then,

nψ(treheat) = nψ(tmoduli)

(
a(tmoduli)

a(treheat)

)3

, (4.4)

and so as a(t) ∼ t2/3 during modulus (matter) domination,

nψ(treheat) = nψ(tmoduli)

(
tmoduli
treheat

)2

. (4.5)

At the point where the tracker reaches the minimum of the potential and transitions to
moduli domination, we have H ∼ mΦ. Given treheat ∼ Γ−1

Φ , we have

nψ(treheat) = nψ(tmoduli)

(
ΓΦ

mΦ

)2

. (4.6)

If we specialise to the case where the background radiation in the tracker is that of the
Standard Model, then at the transition an O(1) fraction of the energy density is in Standard
Model radiation. The temperature of this radiation bath is

T 4 ∼ 3H2M2
P , T ∼ (MPmΦ)

1/2 ∼ 1012GeV
( mΦ

106GeV

) 1
2
, (4.7)

and so the entropy density of the Standard Model is

smoduli ∼ T 3 ∼M
3/2
P m

3/2
Φ . (4.8)

The moduli dominated epoch lasts until t ∼ Γ−1
Φ , and soHreheat ∼ ΓΦ. After moduli complete

their decays, the reheat temperature of the universe is then

Treheat ∼ Γ
1/2
Φ M

1/2
P with sreheat ∼ Γ

3/2
Φ M

3/2
P , (4.9)

and so

sreheat = smoduli

(
ΓΦ

mΦ

)3/2

. (4.10)

It follows that
nψ (treheat)

s (treheat)
=
nψ (tmoduli)

s (tmoduli)

(
ΓΦ

mΦ

)1/2

(4.11)

and so the dilution factor in abundance is y =
(

ΓΦ
mΦ

)1/2
. For conventional moduli decays,

with Γ ∼ m3
Φ

M2
P
, the resulting dilution factor is

ydilution ∼ mΦ

MP
∼ 10−12

( mΦ

106GeV

)
. (4.12)
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However, note there are also scenarios where moduli decays can be much faster than the

naive rate of ΓΦ ∼ m3
Φ

M2
P
. For example, [27] provides a scenario where, in the presence of a

finely-tuned Standard Model Higgs mass, the rate of moduli decays is determined by the
untuned mass. This results in a decay rate (using the relation between m3/2 and V in LVS)

ΓΦ ∼
m4

3/2α
2
loop

mΦM2
P

∼ (αloopV)2
m3

Φ

M2
P

≫
m3

Φ

M2
P

, (4.13)

where αloop ∼ 1
16π2 is a loop factor. In this case, the dilution factor is

ydilution ∼ (αloopV)
mΦ

MP
∼ 10−12 (αloopV)

( mΦ

106GeV

)
, (4.14)

which is significantly enhanced compared to the standard estimate.

There are two physics problems where large dilution factors may be particularly inter-
esting. These are the origins of

• the baryon asymmetry of the universe,

• the dark matter content of the universe.

The baryon asymmetry is parametrised by the baryon-to-entropy ratio, nB/s ∼ 10−9. There
are, broadly, two approaches to obtaining the baryon-to-entropy ratio. In the first, the baryon
asymmetry is directly generated at the small, currently measured level (example mechanisms
are electroweak baryogenesis [91, 92] or baryogenesis via leptogenesis [93]). In the second, an
O(1) baryon asymmetry is initially generated, which is subsequently reaches the observable
value through dilution. As moduli cosmologies naturally lead to considerable dilution, the
second approach appears the most promising within stringy models.

The second approach is normally associated to Affleck-Dine baryogenesis [94], in which
an Affleck-Dine field (a susy D-flat direction carrying baryon number) acquires a vev during
inflation. This field experiences a torque about the origin from the trilinear A-terms, which
result in an eventual non-zero baryon number. As the Affleck-Dine field directly carries
baryon number, the Affleck-Dine mechanism can result in very large baryon numbers; an
epoch of dilution is therefore beneficial for reducing the baryon asymmetry to be consistent
with observed values. Given the presence of large dilution factors and low reheating tem-
perature, the Affleck-Dine mechanism is probably the most appealing in a stringy context
(although baryogenesis has not been extensively studied in a stringy context). A treatment
of Affleck-Dine baryogenesis in the context of LVS is [95], while also see [96] and [97] for
other stringy approaches to baryogenesis.

The cosmology outlined in this paper offers novel and beneficial features in terms of
Affleck-Dine baryogenesis. During the long evolution to the minimum, CCB minima may be
present and indeed the preferred vacuum of the Standard Model – thus triggering a vev for
the Affleck-Dine field – even though CCB vacua may be absent in the final minimum. This
mitigates some of the difficulties of Affleck-Dine model-building as it is no longer necessary
for the Affleck-Dine vev to be generated during inflation. Instead, the vev may be generated
during the transPlanckian post-inflationary evolution towards the final minimum, in a period
when the Standard Model couplings are very different from their final values in today’s
minimum.

– 42 –



The cosmology described in this paper offer a further clear general advantage for baryo-
genesis. As the tracker approaches, overshoots and eventually settles down in the minimum,
the changing time-dependent couplings define an explicit arrow of time when restricted to
the Standard Model sector, thereby violating Lorentz symmetry, CPT and ensuring that the
3rd Sakharov condition is satisfied.

In addition to baryogenesis, a large dilution factor may also be relevant for understand-
ing the origin of the dark matter content of the universe. The similarities in the baryon
(Ωb ∼ 0.05) and dark matter (Ωdm ∼ 0.25) energy densities have long been striking. In cases
where the dark matter mass is comparable to the baryonic mass, the number densities are
also comparable, and in this case a universal dilution factor from the moduli epoch could sit
behind both the dark matter number density and the baryon number density.

4.3 Primordial Legacies from Gravitational Waves

The holy grail of work in string cosmology are observational legacies that offer distinctive
signatures of stringy epochs or behaviour. There are several difficulties in obtaining these.
One is that of scales: in terms of Hubble horizons, post-inflationary epochs correspond to
scales that are much smaller than CMB scales today. In terms of density perturbations, such
galactic and sub-galactic scales are highly contaminated by non-linear and baryonic effects.
The other is that of particle lifetimes: even if they once dominated the universe, moduli and
other stringy particles eventually decay and are no longer present today.

For these reasons, one of the most promising approaches to such stringy legacies are
through relativistic particles that survive in the present universe. Prominent examples include
relic spectra of either axion-like particles (for example, through the notion of a Cosmic Axion
Background arising from moduli decays [18, 19, 21, 98–102]; also see [103] which considers
an early population of Primordial Black Holes as a source of relativistic axion-like particles)
or gravitational waves through non-linear structures (e.g. [70, 104–106]) or via axions (e.g.
see the recent paper [107]).

The cosmology described in this paper gives several mechanisms to produce and enhance
primordial gravitational wave signatures. The simplest is that of direct enhancement through
a kination epoch, where gravitational waves represent one candidate for the radiation that
grows relative to the kination background, and in principle could constitute the radiation
portion of the tracker solution with gravitational waves an O(1) part of the energy density
of the universe. Such gravitational waves could be formed, for example, from a high-tension
(Gµthen ≫ 10−7) cosmic string network (bounds on the string tension today which restrict
Gµtoday ≲ 10−7 are not applicable as the string tension will also evolve with the evolution
of the volume modulus). The difficulty is to ensure that this spectrum is not diluted to
unobservable levels during the period of moduli domination preceding reheating: this may
require the existence of ‘fast’ moduli decay channels as per the ideas of [27].

Other mechanisms exploit the rapid growth of small scale structure that is present
within kination, matter tracker and moduli domination epochs. In each of these, sub-horizon
density perturbations grow with powers of the scale factor. If these go non-linear (and note
the initial magnitude of these perturbations can be significantly larger than those present
on CMB scales) they can form non-linear structures, and potentially primordial black holes,
at very early scales. If formed at any stage prior to moduli domination, the density of such
PBHs will increase relative to the background.

Indeed, PBHs are a candidate to source a matter tracker during the modulus evolution
and, as matter dominates over radiation, may come to form an O(1) fraction of the universe
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during a long kination and tracker epoch.
A primordial black hole of mass MPBH has a lifetime

τHawking ∼
M3
PBH

M4
P

,

and typically forms with a horizon mass at time of formation,

MPBH ∼
M2
P

Hformation
.

With a standard modulus lifetime τ ∼ M2
P

m3
Φ
, it follows that PBHs formed as above prior to

the epoch of moduli domination, H > mΦ, will evaporate prior to moduli decay.
This does not mean that such early PBHs would be observationally irrelevant. There are

two ways such early PBHs can lead to gravitational waves. One is through their evaporation
and direct emission of gravitons: as early PBHs can survive deep into the moduli epoch,
effects of dilution will be greatly diminished. The other is through mergers of PBHs and
emission of gravitational waves from the merger. During the long epoch of moduli/matter
domination, all matter (including PBHs) will clump, which can (as with the present universe)
lead to mergers of black holes, albeit on much smaller scales.

The other clear origin of gravitational waves would be those emitted from networks of
cosmic (super)strings [108] (see [109] for an analysis also focusing on kination epochs). One
effect of the kination and tracker epochs is that the tension of such cosmic strings may vary
through the cosmic history: in particular, tensions Gµ ≫ 10−7 would be possible at earlier
stages in this evolution. This motivates a largely unstudied scenario in which the string
tension varies appreciably during the cosmic evolution, emitting gravitational waves as it
does so.

In principle, the form of the gravitational wave spectrum could provide evidence for
the non-standard evolution of string cosmologies due to the distinctive nature of the various
epochs the system passes through; however, we defer a detailed analysis of it to further work.

5 Conclusions and Open Directions

The epoch between the end of inflation and nucleosynthesis is poorly constrained observa-
tionally and also one where string models strongly motivate changes to the equations of
state. In this paper we have performed a detailed analysis of both the background cosmology
and perturbations to this cosmology for a string cosmology across this epoch. This analy-
sis reveals many striking features. These include the amplification of normally small effects
(such as background radiation or gravitational waves) during a long kination epoch, a detailed
understanding of perturbations during matter and radiation trackers, and the phenomenolog-
ical opportunities offered by changes in Standard Model coupling constants during these eras.

Directions of future work in this area include:

• In this paper, we have studied perturbations separately in each of the different eras the
string cosmology passes through. It would be good to extend this to a single unified
analytical or numerical treatment which matches the perturbations across all of these
epochs and carries the cosmology all the way from the end of inflation to match into
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BBN and ΛCDM. Such a treatment would also require an understanding of the initial
spectrum of perturbations within the radiation (or matter) seed that catches up with
the kinating scalar to bring the cosmology onto the tracker solutions.

• In the approach to the tracker, we have assumed that the seed radiation/matter is
separate to the rolling scalar field, and that self-perturbations in the scalar field remain
subdominant. In Eq. (3.31), we saw that scalar field self-perturbations do indeed grow
relative to the background. With the analytic perturbative techniques of this paper,
we are unable to study what happens if these perturbations reach the level of the
background with an O(1) density contrast. However, it is a well-defined problem in
numerical GR, which should be accessible with tools such as [110], to determine the end-
point of a kinating scalar with self-perturbations on an exponential potential. What
happens? Do the self-perturbations end up forming black holes? Does the system end
up in a tracker in which the self-perturbations of the scalar field can act as radiation?

• The development and analysis of vanilla test particle physics models for the scenarios
described in sections 4.1 and 4.2, in which the effects of explicit time dependence
of MSSM couplings on the vacuum structure of the Standard Model is studied. In
particular, this would enable a more quantitative study of the prospects of baryogenesis
in this fashion.

• A detailed study of the gravitational wave spectrum this non-standard cosmology gives
rise to, arising either from the evolution of cosmic string networks or through forma-
tion and decay/merger of primordial black holes: with the aim of determining any
unusual spectral features that could give distinctive signatures of the stringy cosmolog-
ical evolution, for example the correlation between gravitational wave production and
cosmic microwave background fluctuations induced by a network of cosmic superstrings
[111, 112].

In summary, the era between inflation and BBN offers one of the most promising op-
portunities for string cosmology in terms of chances to connect string theory to observations.
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A Additional Details on the Background Cosmology

This section contains extra details on the background cosmology.

A.1 Oscillations about the Tracker Solution

Here we give further details about the oscillations of the background about the tracker solu-
tion, as the system settles down into the tracker (i.e. section 2.4).

The result of Eq. (2.60) can be rewritten in a simpler form as

x(N) = x0 + e
3
4
(γ−2)Nη1 sin(ωN + α̃1),

y(N) = y0 + e
3
4
(γ−2)Nη2 sin(ωN + α̃2),

(A.1)

where (x0, y0) are the tracker values. Here

η1 =

√
c21 +

1

4ω2
[2βc2 + (α− δ)c1]2,

η2 =

√
c22 +

1

4ω2
[2γc1 − (α− δ)c2]2.

(A.2)

Meanwhile the angular shifts are given by

tanα1 =
2ωc1

2βc2 + (α− δ)c1
, tanα2 =

2ωc2
2γc1 − (α− δ)c2

. (A.3)

From x(N) we can also get the expression for the scalar field as

ϕ(N) = ϕ0 +
√
6MPx0N +

√
6MP η1√

ω2 + 9
16(γ − 2)2

e
3
4
(γ−2)N sin(ωN + α̃1 + α′), (A.4)

where

tanα′ = −4

3

ω

γ − 2
. (A.5)

Lastly, we can also calculate how the Hubble constant behaves during these tracker
oscillations by expanding its equation around the tracker solution H = H0e

−3γN/2 + δH,
then at linear order this gives

δH ′ = −3

2
γδH − 3

√
3

2

γ

λ
H0e

−3γN/2[(2− γ)(x(N)− x0)−
√

(2− γ)γ(y(N)− y0)]. (A.6)

Inserting our expressions for the perturbations yields a differential equation of the form

δH ′ = −3

2
γδH − 3

√
3

2

γ

λ
H0e

−3(γ+2)N/4[(2− γ)η1 sin(ωN + α̃1)−
√

(2− γ)γη2 sin(ωN + α̃2)].

(A.7)
This can be solved directly to give

δH = H

[
c3 +

12

9(γ − 2)2 + 16ω2

√
3

2

γ

λ
H0e

−3(γ+2)N/4h(N)

]
, (A.8)
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where c3 is an integration constant and h(N) is a trigonometric function given by

h(N) = 3(2− γ)[(2− γ)η1 sin(ωN + α̃1)−
√

(2− γ)γη2 sin(ωN + α̃2)]

+ 4ω[(2− γ)η1 cos(ωN + α̃1)−
√

(2− γ)γη2 cos(ωN + α̃2)].
(A.9)

Through appropriate trigonometric manipulations the Hubble constant can be re-expressed
in a simpler form which schematically behaves as

δH = H

[
c3 +A′e

3
4
(γ−2)N sin(ωN + α′)

]
, (A.10)

for some coefficients A′ and α′.

A.2 More Details on Reheating

Here we give, for completeness, an account of reheating that goes beyond the instantaneous
decay approximation.

In an initially completely matter dominated universe where the matter particles start
to decay into pairs of photons at time t0, the total number of matter particles in a volume
V is given by N = N0e

−α(t−t0), so then the energy density of the radiation component is

ργ =
Nγ

V
⟨Eγ(t)⟩ =

2N0(1− e−α(t−t0))

V0

a30
a3

⟨Eγ(t)⟩, (A.11)

where ⟨Eγ(t)⟩ is the average energy of the photon bath at a particular time.
The energy of a photon can be related to the scale factor through Eγ(λ) = 2π/λ =

mac/2a where ac is the scale factor at which the photon was created. The average energy
density is then given by

⟨Eγ(t)⟩ =
1

nγ,tot

∫ 4πa(t)
ma(t0)

4π/m
dλ ñ(t, λ)Eγ(λ), (A.12)

where ñγ(t, λ)dλ is the total number of photons per unit volume in the wavelength interval
dλ, while the total number density is

nγ,tot =

∫ 4πa(t)
ma(t0)

4π/m
dλ ñγ(t, λ) = 2n0(1− e−α(t−t0)), (A.13)

where n0 = N0/V0 is the initial number density of the matter particles.
To rewrite the average energy in a more useful form, consider photons originally created

with a wavelength of λ = 4π/m. Over time the change in their energy is due to the redshifting
of the wavelength with

dλ =
4π

m

a(t)

ac(tc)
− 4π

m

a(t)

ac(tc + dt)
≈ 4π

m

aHc

ac
dt, (A.14)

providing a relation between dλ and dt. Since ṅγdt|c photons are initially created in a time
interval dt, then this can be related to the number density per unit wavelength interval as

ñγdλ = ṅγ(ac)
m

4πHc

acdλ

a(t)
. (A.15)
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This formula states that the number density over a wavelength interval is given by the
number of photons created per unit time, together with a dt → dλ conversion factor, along
with stretching of the wavelength interval by a factor of ac/a.

The average energy of the radiation bath can now be written through a change of
integration variables dac/dλ = −ma2c/4πa as

⟨Eγ(t)⟩ =
1

nγ,tot

m

2a(t)

∫ a(t)

a(t0)
dac

ṅγ(ac)

Hc
=

1

nγ,tot

m

2a(t)

∫ t

t0

dtc a(tc)ṅγ(tc). (A.16)

Writing the production rate as

ṅγ(tc) = 2αn0e
−α(tc−t0). (A.17)

then the Hubble equation can be written as

H2 =
H2

0a
3
0

a3
eαt0

(
e−αt +

α

a

∫ t

t0

dtca(tc)e
−αtc

)
, (A.18)

where H0 is the initial Hubble constant at t0. This can be differentiated to give a differential
equation for a(t)

ä+
ȧ2

a
=
H2

0a
3
0

2a2
e−α(t−t0). (A.19)

B Cosmological perturbations for general equation-of-state parameters

B.1 Large-scale evolution of gravitational potential through transitions between
cosmic fluids

In this Appendix, we derive a general expression for the large-scale evolution of gravitational
potential through transitions between cosmic fluids characterized by parameters γ1 and γ2.
We consider the large-scale Einstein equation

−3H(Φ′ +HΨ) = 4πGa2(ρ1δ1 + ρ2δ2). (B.1)

Define

y ≡ ρ1
ρ2

∼ a−3(γ1−γ2), (B.2)

and assume adiabaticity

δ1
γ1

=
δ2
γ2

(B.3)

to obtain

−3H(Φ′ +HΦ) = 4πGa2ρ2δ2

(
1 +

1

y

γ1
γ2

)
=

3

2
H2 y

y + 1
δ2

(
1 +

1

y

γ1
γ2

)
, (B.4)

where we substituted the Friedman equation 8πGρ2/3 = (H2y)/(a2(y + 1)). This turns into

−3(3(γ1 − γ2)y
dΦ

dy
+Φ) =

3

2

y

y + 1

(
1 +

1

y

γ1
γ2

)
δ2 (B.5)

– 48 –



and with δ′2 ≈ 3γ2Φ
′,

−
(
γ1 (9γ1 − 6γ2 + 2) + (6γ1 − 3γ2 + 2) γ2y

2 + 2
(
6γ21 − 3γ2γ1 + γ1 + γ2

)
y
)
Φ′(y) (B.6)

− 6 (γ1 − γ2) y(y + 1) (γ1 + γ2y) Φ
′′(y) + 2 (γ2 − γ1) Φ(y) = 0. (B.7)

The general solution is

Φ(y) =
2 (γ1 − γ2)

(
3γ1 − 2

√
y + 1 2F1

(
1
2 ,

3γ1+2
6γ1−6γ2

; 3γ1+2
6γ1−6γ2

+ 1;−y
)
+ 2
)

3γ1 + 2
(B.8)

Then

lim
y→0

Φ(y) =
6γ1 (γ1 − γ2)

3γ1 + 2
(B.9)

and√
y + 1 2F1

(
1

2
, b; b+ 1,−y

)
= b
√
y + 1

∫ 1

0

tb−1

(1 + ty)1/2
→ b

∫ 1

0
tb−3/2 =

b

b− 1/2
(B.10)

as y → ∞ so that

lim
y→∞

Φ(y) =
6 (γ1 − γ2) γ2

3γ2 + 2
. (B.11)

Hence

lim
y→∞

Φ(y)/Φ(0) =
γ2 (3γ1 + 2)

γ1 (3γ2 + 2)
. (B.12)

As a different way to check this result, during an epoch dominated by a single fluid with EoS
parameter γi, the Bardeen variable Φ and curvature perturbation in the super-horizon limit
are related by [5]

R ≃ 3γi + 2

3γi
Φ for kη ≪ 1. (B.13)

Assuming adiabaticity, the curvature pertubation on super-horizon scales is conserved, and
one can deduce that in the transition between epochs dominated by different fluids Φ drops
exactly as predicted by (B.12).

B.2 Cosmological perturbations for γ-trackers

In this section, we discuss perturbations in tracker regimes, characterized by an equation-of-
state parameter γ. For super-horizon limits (long wavelength modes), the discussion is the
same for all values of γ, while for the sub-horizon limits (short wavelength modes), we need
to distinguish between the cases γ > 1 and γ < 1. The limiting case γ = 1 is described in
the main text.

For a γ-tracker, the scale factor goes like

a(η) = a0η
2

3γ−2 , (B.14)

and the evolution of the scalar field is described by

ϕ = ϕt +
6γ

(3γ − 2)λ
log (η) , (B.15)
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and the scalar potential V is expressed as

V = V0e
−λϕ = −18(γ − 2)γη

6γ
2−3γ

(2− 3γ)2λ2
. (B.16)

The Einstein equations, within a tracker background, take the form

∇2Φ− 3H
(
Φ′ +HΦ

)
=

a2

2M2
P

(δρϕ + δργ) (B.17)

Φ′′ + 3HΦ′ +
(
2H′ +H2

)
Φ =

a2

2M2
P

(δPϕ + (γ − 1)δργ) , (B.18)

where δρϕ and δPϕ are given by (3.60), (3.61):

δρϕ =
1

a2
(
ϕ′δϕ′ − Φϕ′2

)
+
dV (ϕ)

dϕ
δϕ

=
6γη

6γ
2−3γ ((3γ − 2)ηλδϕ′(η) + 3(γ − 2)λδϕ(η)− 6γΦ(η))

(2− 3γ)2λ2
,

(B.19)

δPϕ =
1

a2
(
ϕ′δϕ′ − Φϕ′2

)
− dV (ϕ)

dϕ
δϕ

= −6γη
6γ

2−3γ ((2− 3γ)ηλδϕ′(η) + 3(γ − 2)λδϕ(η) + 6γΦ(η))

(2− 3γ)2λ2
.

(B.20)

By combining the Einstein equations, we can eliminate the dependence on δργ , and we also
consider the Klein-Gordon equation (3.62), to obtain a system of second order equations for
Φ(η) and δϕ(η),

Φ′′(η) + 6γΦ′(η)
(3γ−2)η +Φ(η)

(
(γ − 1)k2 − 18(γ−2)γ2

(3γ−2)2η2λ2

)
= −3(γ−2)γ((3γ−2)ηδϕ′(η)+3γδϕ(η))

(3γ−2)2η2λ
.

δϕ′′(η) + 4δϕ′(η)
(3γ−2)η + δϕ(η)

(
k2 − 18(γ−2)γ

(3γ−2)2η2

)
= 12γ(2(3γ−2)ηΦ′(η)−3(γ−2)Φ(η))

(3γ−2)2η2λ
.

(B.21)

B.2.1 Long wavelength modes

In the limit k → 0, the system (B.21) can be solved analytically. When λ2 > 24γ2/(9γ − 2),
which is the condition for the tracker solution to be a stable spiral [14], the solution is given
by

Φ(η) = c1 + c2η
3γ+2
2−3γ + γη

3(γ−2)
2(3γ−2) (c3 cos (ω log η) + c4 sin (ω log η)) , (B.22)

δϕ(η) =
2c1
λ

− 3γc2η
3γ+2
2−3γ +

4(3γ − 2)λω

9(γ − 2)
η

3(γ−2)
2(3γ−2) (c3 cos (ω log η) + c4 sin (ω log η)) , (B.23)

where we defined

ω =
3
√
−(3γ − 2)2(γ − 2) ((9γ − 2)λ2 − 24γ2)

2(3γ − 2)2λ
. (B.24)

When λ2 < 24γ2/(9γ − 2), on the other hand, all solutions are power-law

Φ(η) = c1 + c2η
3γ+2
2−3γ + γη

3(γ−2)
2(3γ−2)

(
c3η

ω + c4η
−ω) , (B.25)
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δϕ(η) =
2c1
λ

− 3γc2η
3γ+2
2−3γ +

4(3γ − 2)λω

9(γ − 2)
η

3(γ−2)
2(3γ−2)

(
c3η

ω + c4η
−ω) , (B.26)

where

ω =
3
√
(3γ − 2)2(γ − 2) ((9γ − 2)λ2 − 24γ2)

2(3γ − 2)2λ
. (B.27)

We note that a special case of (B.25), (B.26) for γ = 0 with Φ(η) = c1 + c2η and δϕ(η) =
(2λ/3)c3η

3 + (2c1/λ+ 2λc4/3).
The solutions corresponding to the coefficients c3 and c4 are non-adiabatic, and for

γ > 2/3, these are decaying.

B.2.2 Small wavelength modes for trackers with γ > 1

We consider an Ansatz solution to Eqs. (B.21) of the form

δϕ(η) = (kη)
−2

3γ−2 f(kη), Φ(η) = (kη)
−3γ
3γ−2 g(kη), (B.28)

where f(kη) and g(kη) are assumed to be trigonometric functions. Plugging this Ansatz
into the equation for the scalar perturbations, and keeping the leading terms as kη ≫ 1, we
obtain

f ′′(kη) + f(kη) = 0, (B.29)

so that we can take

δϕ(η) = A1(kη)
−2

3γ−2 cos (kη) . (B.30)

The leading terms to both δϕ and δϕ′ go as 1/a, and hence the intrinsic kinetic energy in
the scalar field perturbations a−2δϕ′(η)2 ∼ a−4 will behave like radiation in all trackers.
Similarly, keeping the leading terms in the equation for the gravitational potential assuming
that γ ̸= 1, we obtain

(2− 3γ)2ηkλ
(
g′′(kη) + (γ − 1)g(kη)

)
= 3A1(γ − 2)γ sin(kη) (B.31)

which is solved by

g(kη) = A1
3γ sin(kη)

(3γ − 2)λ
+A2 cos

(
k
√
γ − 1η

)
, (B.32)

as long as γ > 1. We thus conclude that

Φ(η) = (kη)
−3γ
3γ−2

[
A1

3γ sin(kη)

(3γ − 2)λ
+A2 cos

(
k
√
γ − 1η

)]
, (B.33)

consists of a superposition of both modes characteristic to the fluid, and those following the
scalar field.

Behaviour of the energy density of the scalar perturbations To understand how the
scalar perturbations redshift, we consider the solution to the scalar equation ϕ′′+2Hϕ′+k2ϕ =
−a2V ′(ϕ),

ϕ(η) = ϕt +
6γ

(3γ − 2)λ
log (η) +

∑
k

a±k
e±ikη

(kη)
2

3γ−2

, (B.34)

and for sub-horizon scales we have

ϕ′(η) =
6γ

(3γ − 2)λ

1

η
+
∑
k

(±ik)a±k
e±ikη

(kη)
2

3γ−2

, (B.35)
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and we see that both the velocity-term and the Fourier modes have the same dependence on
η. Hence the leading contribution to a−2ϕ′(η)2 will scale like a−3γ , while the Fourier modes

go as a−4, and the cross-term mixes these behaviors: a−
4+3γ

2 .The contributions to the energy
density of the scalar perturbations δρϕ = a−2

(
ϕ′δϕ′ − Φϕ′2

)
+ (dV (ϕ)/dϕ) δϕ go like

1

a2
(
ϕ′δϕ′

)
∼ a−

4+3γ
2 ,

1

a2
(
Φϕ′2

)
∼ a−

9γ
2 ,

dV (ϕ)

dϕ
δϕ ∼ a−1−3γ , (B.36)

and we see that the first contribution matches with the behavior of the cross-term, and this
contribution is the leading one (as γ > 1).

B.2.3 Small wavelength modes for trackers with 0 < γ < 1

Here, we consider the Ansatz

Φ(η) = f(kη)e
√
1−γkη, δϕ(η) = g(kη)e

√
1−γkη, (B.37)

where we assume that

f(kη) ≫ f ′(kη), f ′′(kη), g(kη), g′(kη), g′′(kη) (B.38)

in the limit for large kη. In this limit the equation for the gravitational potential decouples
from the scalar perturbations, leading to

f(kη) =
(√

1− γ(3γ − 2)kη
) 3γ

2−3γ
c1. (B.39)

Substituting this in the equation for the scalar perturbations, we obtain

g(kη) = −
24γ

((√
1− γ(3γ − 2)kη

) 2
2−3γ − 3γ

(√
1− γ(3γ − 2)kη

) 3γ
2−3γ

)
(2− 3γ)2(γ − 2)λkη2

c1

+ e−
√
1−γ(kη)(c2 cos(kη) + c3 sin(kη)).

(B.40)

B.2.4 Small wavelength modes for trackers with γ = 0

For this value of γ, the equations (B.21) decouple, and we can solve without the need to go
to an asymptotic limit,

Φ(η) = c1e
kη + c2e

−kη, (B.41)

δϕ(η) = (c3kη + c4) cos(kη) + (c4kη − c3) sin(kη). (B.42)

B.2.5 Perturbations of the volume axion

The equation for the axion perturbations is

χ′′
k(η) +

[
2a′

a
+
f ′

f

]
χ′
k(η) + k2χk(η) = 0, (B.43)

where in a tracker background

a(η) = η
2

3γ−2 , f(η) = exp

(√
8

3

Φ

Mp

)
∼ η

− 4
√
6γ

(3γ−2)λ , (B.44)
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so that this equation takes the form

k2χk(η) + χ′′
k(η) +

4
(
λ−

√
6γ
)
χ′
k(η)

(3γ − 2)ηλ
= 0. (B.45)

The solutions are

χk(η) = η
− 3γλ+4

√
6γ−6λ

4λ−6γλ (c1Jα(kη) + c2Yα(kη)) , (B.46)

with

α = −

√
96γ2 + 9(γ − 2)2λ2 + 24

√
6(γ − 2)γλ

2(3γ − 2)λ
. (B.47)

The kinetic energy scales then scales like radiation

ρ =
f(η)χ′

k(η)
2

a(η)
∼ a−4. (B.48)

C Entropy formalism

We can alternatively express the second-order equations (3.66) and (3.67) as a set of four
first-order equations, employing the formalism introduced in [60]. In this approach we keep
the gravitational potential Φ as one of the variables. Additionally, we introduce the gauge-
invariant curvature perturbation R, along with the gauge-invariant entropy perturbations S
and Γ. For convenience we drop the subscript k in what follows for Φ,R,S and Γ, but it
is important to remember that the quantities are all being evaluated for a particular k in
Fourier space. S, denotes the relative entropy perturbation and is defined as

S =
3HγrγϕΩr

γ

(
δρϕ
ρ′ϕ

− δρr
ρ′r

)
= Ωr

γϕδr − γrδϕ
γ

, (C.1)

where γ = Ωϕγϕ + Ωrγr, where the equation of state γr = 1 + wr etc..., and the intrinsic
entropy perturbation of the scalar field is

Γ =
3Hγϕc2ϕ
1− c2ϕ

(
δρϕ
ρ′ϕ

−
δPϕ
P ′
ϕ

)
, (C.2)

where the adiabatic sound speed is c2ϕ = P ′
ϕ/ρ

′
ϕ, in terms of the background scalar field

pressure and energy density. The resulting first-order system in terms of these variables is
then expressed as [60]

dv

dN
=
(
M0 + k2H−2M1 + k4H−4M2

)
v, v = (Φ,R,S,Γ)T , (C.3)

with N = log(a), and the matrices are defined as follows

M0 =


−3γ

2 − 1 3γ
2 0 0

0 0
Ωϕ(ωr−c2ϕ)

γ

(1−c2ϕ)Ωr

γ

0 0
3γrΩr(ωr−c2ϕ)

γ + 3 (ωϕ − ωr)
3(1−c2ϕ)γrΩr

γ

0 0 −3γ
2 3

(
ωϕ − γ

2

)

 , (C.4)
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M1 =


0 0 0 0

−2c2

3γ 0 0 0

0 0 1
3

1
3

0 −γϕ −1
3 −1

3

 , M2 =


0 0 0 0
0 0 0 0

2γϕ
9γ 0 0 0

−2γϕ
9γ 0 0 0

 , (C.5)

with

c2 =
(ρϕ + Pϕ) c

2
ϕ + (ρr + Pr) c

2
r

(ρϕ + Pϕ) + (ρr + Pr)
. (C.6)

This formalism is mainly useful for efficiently solving superhorizon limits (k = 0) and iden-
tifying which are the adiabatic modes. We illustrate this in a couple of examples.

C.1 Example 1: Transition from kination to fluid domination

We consider the transition from kination to some fluid with parameter γ and introduce the
variable

y =
ργ
ρϕ

=
a3(2−γ)

a
3(2−γ)
eq

. (C.7)

and consider the system

3(2− γ)y
dv

dy
=

dv

dN
=
(
M0 + k2H−2M1 + k4H−4M2

)
v ≡ Mv, v = (Φ,R,S,Γ)T . (C.8)

The matrix M0 governs the large-scale evolution (k = 0), and because

Ωϕ(y) =
1

1 + y
, Ωr(y) =

y

1 + y
, (C.9)

this is given by

M0 =


−3(γy+2)

2(y+1) − 1 3γy+6
2y+2 0 0

0 0 γ−2
γy+2 0

0 0 −6(γ−2)
γy+2 0

0 0 −3(γy+2)
2(y+1) −3(γ−2)y

2(y+1)

 . (C.10)

This system has an exact solution equal to

S(y) =
c1y

γy + 2
, Γ(y) =

√
2c2
√
y + 1− c1

γ − 2
, R(y) =

c1
6γ + 3γ2y

+ c3, (C.11)

Φ(y) =

√
y + 1

8γ

(
3γ2c3 2F1

(
1

2
,

4

6− 3γ
; 1 +

4

6− 3γ
;−y

)
+ (c1 − 3(γ − 2)γc3) 2F1

(
3

2
,

4

6− 3γ
; 1 +

4

6− 3γ
;−y

)
+ 8γc4y

4
3(γ−2)

)
.

(C.12)

For adiabatic solutions that remain well-defines as y → 0, we require that c1 = c2 = c4 = 0.
For a transition to radiation domination (γ = 4/3), we then obtain

Φ(y) =
c3
(
2y2 + y − 2

√
y + 1 + 2

)
3y2

, (C.13)

while for a transition to matter domination (γ = 1), we have

Φ(y) = c3 −
1

4
c3(y + 1) 2F1

(
1,

11

6
;
7

3
;−y

)
. (C.14)

– 54 –



C.2 Example: γ-tracker

The behavior of long-wavelength perturbations within the tracker regime has been discussed
in [59] and [60]. These modes can be characterized by the following matrix

M0 =


−3γ

2 − 1 3γ
2 0 0

0 0 0 3(2−γ)
λ2

0 0 0 3(2− γ)
(
1− 3γ

λ2

)
0 0 −3γ

2 3
(γ
2 − 1

) .

 (C.15)

This matrix has constant coefficients, allowing us to express the solution as

v =
∑
i

civia
λi , (C.16)

where vi and λi are the eigenvectors and eigenvalues of M0. The eigenvalues are given by

λ1, λ2, λ3,4 =

0,−3γ

2
− 1,

3
(
(γ − 2)±

√
(γ − 2) (−24γ2 + 9γλ2 − 2λ2)λ

)
4λ

 . (C.17)

The first two modes are adiabatic (S(a) = Γ(a) = 0), with eigenvectors equal to

v1 =

(
3γ

3γ + 2
, 1, 0, 0

)
, v2 = (1, 0, 0, 0). (C.18)

The other two modes are non-adiabatic and the expressions for their eigenvectors are long
and not very illuminating. When λ2 > 24γ2/(9γ − 2), the real part of these eigenvalues are
negative, and so show an oscillatory behaviour.

C.2.1 Radiation tracker

For the radiation tracker, with γ = 4/3, this looks

M0 =


−3 2 0 0
0 0 0 2

λ2

0 0 0 2
(
1− 4

λ2

)
0 0 −2 −1

 , (C.19)

and we can express the solution as

v =
∑
i

civia
λi , v = (Φ,R,S,Γ)T (C.20)

where vi are the eigenvectors of M0, given by

v1,v2,v3,4 =

{
(2, 3, 0, 0), (1, 0, 0, 0),

(
− 4

5λ2 ± iλν − 16
,− 4

λ2 ± iλν
,
−λ± iν

4λ
, 1

)}
, (C.21)

and v3,4 refers to the plus and minus solutions in Eq. (C.21) respectively, with ν =
√
64− 15λ2

and the values for the eigenvalues λi are given by

λ1, λ2, λ3,4 =

0,−3,
−1±

√
64
λ2

− 15

2

 . (C.22)
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The first two modes are a leading λ1 = 0 constant and a subleading λ2 = −3 decaying mode,
both of which are adiabatic (S = 0, Γ = 0). The last two modes are non-adiabatic and
decaying (given that |λ| > 2 =

√
3γ), and these eigenvalues have an imaginary part when

λ >
√

64/15 ≈ 2.07.

C.2.2 Matter tracker

The discussion of super-horizon modes is qualitatively the same as for the radiation tracker.
The large-scale matrix in the matter tracker with γ = 1 is given by,

M0 =


−5

2
3
2 0 0

0 0 0 3
λ2

0 0 0 3
(
1− 3

λ2

)
0 0 −3

2 −3
2

 . (C.23)

We express the general solution as

v =
∑
i

civia
λi , (C.24)

where vi and λi are the eigenvectors and eigenvalues of M0. We find that

λ1, λ2, λ3,4 =

0,−5

2
,
3
(
λ±

√
24− 7λ2

)
4λ

 , (C.25)

and the respective eigenvectors are given by

v1 =

(
3

5
, 1, 0, 0

)
, v2 = (1, 0, 0, 0), v3,4 =

(
6

−7λ2 ± iλν + 18
,

4

λ(−λ± iν)
,−λ± iν

2λ
, 1

)
(C.26)

The last two eigenvalues represent non-adiabatic modes. These modes are subdominant
compared to the first mode as they exhibit decay over time as long as |λ| >

√
3 =

√
3γ,

which is a necessary condition for the tracker to exist.
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