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Abstract— This paper presents novel results and observa-
tions on the analysis of tube-based controllers for Large-Scale
Systems. These systems group several, possibly heterogeneous,
interconnected subsystems into a single entity. Different sub-
groupings of subsystems lead to different coupling structures
that have an impact on the design of robust decentralised
controllers. We study the nesting properties of feasible regions
and robust positive invariant sets for different partitions of the
large-scale system in terms of partial order relations induced
by the power set of the elements composing it.

I. INTRODUCTION

Model Predictive Control (MPC) has reached a mature state
in its theoretical development, and has gained popularity in
many industrial applications [1] because it excels in situations
where off-line control laws are difficult to compute, i.e. in the
presence of hard constraints. However, the new challenges
for control point towards larger and more interconnected
phenomena where the system can have a large number of
states and/or be geographically spread [2]. In this context,
centralised control techniques have limited applicability
because the controllers would have to model, sense and
control the whole plant. One of the fundamental assumptions
for controlling Large-Scale System (LSS) lies in the partition
of the system itself. Most of the existing approaches for
LSS control consider a constant partition for the purposes of
distributed controller design, see for example [3].

Depending on the partition chosen for the LSS, the degree
of interconnectedness of the distributed controller changes;
the more elements the partition has, and the stronger the
interconnection between these elements, the more effort
is required for the controllers to coordinate their control
actions. In [4], the authors explore the effects of using
different partitions to control a chemical system using a
Distributed Model Predictive Control (DMPC) approach, and,
not surprisingly, have found that using different partitions
may boost aspects of system performance such as transient
behaviour. There are several papers in the literature on DMPC
attempt to exploit different partitions of the LSS at different
stages of its time evolution. For example, the problem of
switching between partitions is seen as a coalition formation
game in [5]. When viewed as a game, several new metrics
can be taken into account to assess each partition for the LSS,
such as the Shapley value in [6]. Another approach for DMPC
for this problem is [7], which proposes a cooperative DMPC

1 P. R. Baldivieso Monasterios and P. A. Trodden are with
the Department of Automatic Control & Systems Engineering,
University of Sheffield, Sheffield, UK {p.baldivieso,
p.trodden}@sheffield.ac.uk

2M. Cannon is with the Department of Engineering Science, University
of Oxford, Oxford, UK mark.cannon@eng.ox.ac.uk

strategy in order to promote different types of cooperation
between subsystems within an interconnection graph.

In this paper we investigate properties of feasible reagions
associated with tube MPC controllers for various possible
partitions, thus providing an analysis which, surprisingly, is
missing in the approaches described lines above. The possible
partitions of the LSS have a power set structure which equips
them with an order relation in terms of set inclusion. For
example, a LSS composed of three elements M = {1, 2, 3}
admits 5 possible partitions given by the power set 2M.
The number of elements of each partition determines the
number of independent controllers the LSS has. For example,
the partition {{1, 2}, {3}} has two elements, within which
subsystems 1 and 2 are joint in a single entity or coalition.
The number of coalitions determines the coupling properties
of the LSS, which is closely related to the Robust Positive
Invariant (RPI) sets used by tube-based controllers. We study
the nesting properties of these invariant sets and feasible
regions with respect to the possible partitions of the LSS.

The organisation and contributions of the paper are as
follows: Section II states the problem, challenges, and the
basic definitions and the first controllability results for
coalitions. Section III states the decentralised MPC problem.
In Section IV, we study the feasible regions for tube MPC
controllers; we state our main results regarding the nesting
of the feasible regions and RPI sets for the LSS with respect
to the partial order relation induced by the set of partitions.

Notation: The set of non-negative integers is N, and a
finite subset is Na:b where a is the lowest value, and b the
highest. For a square matrix A ∈ Rn×n, the spectral radius
(i.e. the largest absolute value of any of its eigenvalues) is
denoted ρ(A). A C-set is a compact and convex set; a PC-set
is a C-set that contains the origin in its non-empty interior.
The set of all PC-sets in Rn is Kn. The Minkowski sum of
sets A, B is A⊕B = {a+ b : a ∈ A, b ∈ B}.

Definition 1 (RPI sets): The set R ⊆ Rn is an RPI set
for the uncertain dynamics x+ = Ax + w with constraints
(X,W) if for any x ∈ R implies that x+ ∈ R for all w ∈W.

II. PROBLEM SETUP AND BASIC FORMULATION

A. System description and control objective

The LSS under consideration is discrete-time linear time-
invariant:

x+ = Ax+Bu, (1)

where x ∈ Rn, u ∈ Rm are the state and control input, and x+

is the state at the next instant of time. This system admits a



basic decomposition or partitioning of (1) into M subsystems.
Each subsystem i ∈M , {1, . . . ,M} has dynamics

x+
i = Aiixi +Biiui + wi where wi ,

∑
j∈Ni

Aijxj +Bijuj ,

where xi ∈ Rni , ui ∈ Rmi are the state and input of each
subsystem, such that x = (x1, . . . , xM ), u = (u1, . . . , uM ),∑

i∈M ni = n, and
∑

i∈Mmi = m. That is, the subsystems
are non-overlapping, which means they share no states or
inputs but are interconnected whenever A or B contains
nonzero off-diagonal block matrices. The resulting dynamic
and input coupling is accounted for by the exogenous term
wi, and we define the set of neighbours of subsystem i as

Mi ,
{
j ∈M \ {i} : [Aij Bij ] 6= 0

}
.

Assumption 1 (Controllability): For each i ∈ M the pair
(Aii, Bii) is controllable.
The LSS is constrained via local, independent constraints on
the states and inputs of each subsystem. For subsystem i,

xi ∈ Xi ui ∈ Ui.

Assumption 2 (Constraint sets): The sets Xi ⊂ Rni and
Ui ⊂ Rmi are polytopic PC-sets.

B. Coalitions of subsystems and partitions of the system

The setting of the paper is to consider how subsystems
may be grouped together into coalitions.

Definition 2 (Coalition of subsystems): A coalition of
subsystems is a non-empty subset of M.
The idea is that each coalition of subsystems operates and is
controlled as a single entity. A coalitional controller, which
is assumed to have access to the states and control inputs
of subsystems within its coalition, replaces local subsystem
controllers and may achieve better performance, albeit at a
higher cost of complexity and communication. The grouping
of subsystems into different coalitions induces alternative
partitions of the LSS.

Definition 3 (Partition of the LSS): A partition of the
LSS is an arrangement of the M subsystems into C ≤ M
coalitions: formally, a partition of M = {1, . . . ,M} is a set
C = {1, . . . , C}, satisfying the following properties:

1) Coalition c ∈ C contains subsystems Cc ⊆M, and the
cardinality of Cc is Mc.

2) Coalitions are non-overlapping: Cc ∩ Cd = ∅ for all
c 6= d.

3) Coalitions cover the set of subsystems:
⋃

c∈C Cc = M.

These definitions include the trivial cases of (i) a single, grand
coalition of all subsystems (C = 1, C1 = M) (the centralized
partition) and (ii) the basic partitioning of the system, in
which each subsystem is a coalition (C = M , C = M,
Ci = {i} for each i ∈M) (the decentralized partition). More
generally, the set of all possible partitions is

ΠM , {C : C is a partition of M}

Given a partition C, the state and input of coalition c
are, respectively, xc = (xi)i∈Cc and uc = (ui)i∈Cc

1. The
dynamics of coalition c are

x+
c = Accxc +Bccuc + wc, (2)

where xc ∈ Rnc , u ∈ Rnc , and where the matrices Acc and
Bcc comprise the relevant matrices of the subsystems within
the coalition: Acc = [Aij ]i,j∈Cc , Bcc = [Bij ]i,j∈Cc . Similar
to the basic decomposition of the systems into subsystems,
the coalitions remain coupled via their dynamics: coalition
c is coupled with coalition d via the matrices Acd and Bcd,
defined as

Acd =
[
Aij

]
i∈Cc,j∈Cd,d 6=c

Bcd =
[
Bij

]
i∈Cc,j∈Cd,d 6=c

so that

wc ,
∑

d∈Mc

Acdxd+Bcdud, Mc ,
{
d ∈ C : [Acd Bcd] 6= 0

}
.

The disturbance set Wc ⊆ Rnc , by Assumption 2, is a C-set
satisfying Wc =

⊕
d∈Mc

AcdXd ⊕BcdUd. The arrangement
into coalitions, and subsequent control of each coalition as a
single entity, affects the control performance. Between the
extremes of the decentralised and centralised partitions, there
exists a trade-off between the size of the coalitions (and
the resulting dimension or complexity of the control law as
well as the communication network required to support it)
and control performance. The LSS satisfies a weak coupling
assumption for the decentralised partition in ΠM,

Assumption 3: For all i ∈M, the disturbance sets contain-
ing the interactions satisfy Wi ⊂ Xi.
Assumption 3, which implies weak interactions among subsys-
tems and is a standard assumption in DMPC approaches, is a
key ingredient to guarantee the existence of local controllers
for the decentralised partition of the LSS as proved in [8].

Lemma 1: Suppose Assumptions 1–3 hold. If the decen-
tralised partition M ∈ ΠM admits for each i ∈M a feedback
gain Ki such that ρ(Aii + BiiKi) < 1, and there exists
constraint admissible RPI sets Ri ⊂ Xi and KiRi ⊂ Ui;
then, the diagonal feedback gain K = diag(Ki) satisfies
ρ(A+BK) < 1.
The following proposition, the proof of which is in the
appendix, asserts that elements of ΠM inherit a weaker
version of controllability from the basic partition.

Proposition 1 (Stabilizability for coalitions): Suppose As-
sumptions 1–3 together with Lemma 1 hypotheses hold. Then,
the pair (Acc, Bcc) is stabilizable for all c ∈ C and C ∈ ΠM.

III. TUBE MPC FORMULATION

Considering the interaction free dynamics arising from (2)
for a coalition c ∈ C

x̄+
c = Accx̄c +Bccūc (3)

1Our intention is to make the notation as simple as possible by employing
a single subscript to denote both a variable of a subsystem and a variable
of a coalition; typically i for the former and c for the latter. Although there
is potential for confusion, the meaning will be clear from the context.



The DMPC formulation follows a conventional tube approach,
where the nominal model (3) is used to predict the future
behaviour of the system up to a horizon N . The corresponding
open-loop optimal control problem for each coalition c ∈ C

can be expressed as the optimization problem

P̄c(x̄c) : min
ūc

{
JN
c (x̄c, ūc) : ūc ∈ ŪN

c (x̄c)
}

(4)

where JN
c is the finite-horizon regulation cost

JN
c (x̄c, ūc) =Vf (x̄c)+

N−1∑
k=0

x̄>c (k)Qcx̄c(k) + ū>c (k)Rcūc(k),

and ŪN
c (x̄c) is defined by the following constraints for k ∈

N0:N−1:

x̄c(0) = x̄c, (5a)
x̄c(k + 1) = Accx̄c(k) +Bcūc(k), (5b)

x̄c(k) ∈ X̄c, (5c)
ūc(k) ∈ Ūc, (5d)

x̄c(N) ∈ X̄f
c . (5e)

The solution of this problem is a sequence of nominal control
actions ū0

c(x̄c) , {ū0
c(0; x̄c), . . . , ū

0
c(N − 1; x̄c)}.

This formulation, however, does not take into account
the interactions between the coalitions associated with the
partition C ∈ ΠM. To account for the input and dynamic
coupling, tube based methods rely on the concept of invariant
sets Rc(Wc) ⊂ Rnc . Traditional tube MPC methods use an
RPI set with a linear control law κ̂c(xc) = Kcxc to reject
the disturbances arising from interactions. A generalisation
of the RPI-based tube MPC is the homothetic tube approach
of [9], where the invariant sets are scaled and translated
accordingly to the disturbance action; on the other hand
[10] uses predictive laws and Robust Control Invariant (RCI)
sets to handle disturbances. These invariant sets are used to
appropriately tighten the constraints sets to ensure constraint
satisfaction, i.e. X̄c = Xc 	 Rc(Wc) ⊆ Xc ∀c ∈ C.

Remark 1: If subsystem i is to be controlled by its own
controller, then the interactions wi =

∑
j∈Ni

Aijxj +Bijuj
need to be accounted for in a robust way. However, when
a subsystem i is brought into a coalition with c, then the
new coalition Cd = Cc ∪ {i} includes in its dynamics the
interaction information given by the respective off-diagonal
blocks of A and B. This implies that this information is
available for feedback purposes.

Remark 2: The choice of a robust framework favours
flexibility in design, since the controllers rely on local
information to synthesise their control laws. This flexibility
is missing in classical decoupling methods relying on relative
gain and direct Nyquist arrays. Another benefit of a robust
approach is that process noise can be incorporated into the
framework seamlessly. However, the price to pay for this
flexibility is conservatism.

IV. CONTROLLABILITY SETS AND FEASIBLE REGIONS

In this section, we study the properties of the underlying
partition set, and its relation to the LSS invariance properties.

A. Feasibility regions

The region of feasibility for optimisation problem (4) can
be characterised by the set-valued controllability map

Q(A) , {zc ∈ X̄c : ∃ūc ∈ Ūc Acczc +Bccūc ∈ A} (6)

for any A ⊂ Rnc , and the recursion X̄k+1
c = Q(X̄k

c ) with
X̄0

c = X̄f
c . For every k ∈ N, the set X̄k

c characterises the
points that can be steered to X̄f

c in k steps or less. These
controllability sets represent the domain of the set-valued map
ŪN

c : X̄N
c ⇒ UN

c , defined by the constraints of problem (4),
the graph of which is a polyhedron in Rnc+Nmc and is
defined as

Z̄N
c = {(x̄c, ūc) : Akx̄c + B̃k

c ūc ∈ X̄c, k ∈ N0:N−1

AN x̄c + B̃N
c ūc ∈ X̄f

c , ūc ∈ ŪN
c },

(7)

where B̃k
c denotes the k-step controllability matrix. Let z =

(x̄c, ūc), then the H-representation Z̄N
c = {z : Pz,cz ≤ qz,c}

is available as a direct consequence of (7), taking the product
of each Z̄N

c defines the set for the overall partition Z̄N (C) :=∏
c∈C Z̄N

c . This, in turn, defines a map between the set of
LSS partitions ΠM and the compact sets Z̄N (C), and we
likewise define the map X̄N (C) :=

∏
c∈C X̄N

c .
Proposition 2: Suppose Assumptions 1 and 2 hold. The

mapping Z̄N : ΠM → Kn+mN and X̄N : ΠM → Kn are well
defined.

Lemma 2: Suppose Assumption 2 holds. If the constraint
sets X̄c and Ūc are symmetric, then the sets X̄N

c and Z̄N
c are

symmetric for all c ∈ C, C ∈ ΠM.

B. Robust invariant sets for coalitions

The characterisation of the region of attraction requires the
notion of an invariant set bounding the effects of the couplings
between subsystems and coalitions. Given a partition of the
LSS C ∈ ΠM and its corresponding uncertain dynamics
(2), the error ec = xc − x̄c and the tube linear control law
uc = ūc + κc(xc − x̄c) yields the error dynamics

e+
c = Accec +Bccκ(ec) + wc. (8)

As mentioned in the previous section, the structure of the
control law determines the type of invariant set used by
the tube controller. For clarity of exposition, we use linear
feedback laws and the minimal RPI set which is computed
via the infinite Minkowski sum2

Rc(Wc) =

∞⊕
k=0

(Acc +BccKc)
kWc. (9)

2The minimal RPI set is only computable for a nilpotent choice of the
feedback gain Kc, which yields a finite computation of the set. This, however,
has severe drawbacks in terms of performance of the closed-loop system.
Outer invariant approximations yielding finite time computation and polytopic
structures are used to circumvent this issue; we refer the reader to [11] and
[12] for methods for computing ε-outer approximations and fixed complexity
approximations respectively.



The gain Kc is chosen such ρ(Acc +BccKc) < 1 which, by
virtue of Proposition 1, is always possible. Following [13],
forcing the error to satisfy ec(0) ∈ Rc(Wc), or equivalently
xc(0) ∈ x̄c ⊕ Rc(Wc), and replacing (5a) ensures that the
feasible region for partition C is given by

XN (C) =
∏
c∈C

(
X̄N

c ⊕ Rc(Wc)
)
. (10)

We are interested in the way the different regions of attraction
XN (C) relate to each other. Each of these sets characterises
the initial states that can be steered to a neighbourhood of
the origin in N steps, specifically the neighbourhood given
by the product of invariant sets R(C) =

∏
c∈C Rc(Wc).

Remark 3: The overall invariant set for a partition C,
namely R(C) ⊂ Rn, is the product of the invariant sets
Rc(Wc) for each coalition c ∈ C. Similarly, the set ΠM

generates a family of invariant sets for the LSS.

C. Structure of the partition set

The set of partitions ΠM is a poset (in fact, a lattice) when
equipped with the following refinement order relation, denoted
by ‘�’: given C,C′ ∈ ΠM, the partition C � C′ (C refines C′,
or C′ coarsens C) if every member of C is contained in some
member of C′. The Hasse diagram in Figure 1 illustrates the
poset of partitions for a system with four subsystems, i.e.
M = {1, 2, 3, 4}. There are 15 possible partitions.

Because the ordering is partial, however, not all pairs of
partitions are comparable in this way: a chain of ΠM is a set
of comparable elements (partitions of M) and an anti-chain
of ΠM is a set of incomparable elements. The set of chains
of ΠM is C and the set of chains involving partition C ∈ ΠM

is C(C) ⊂ C; Figure 1 illustrates chains with solid lines and
anti-chains with dashed lines. The ordering of the set ΠM
satisfies the following Lemma.

Lemma 3 (Maximal elements): The partition set ΠM to-
gether with the refinement relation � admits unique maximal
(minimal) element C � Cmax (Cmin � C) for all C ∈ ΠM.

Intuition may argue that the relationship between the family
of feasible regions {XN (C)}C∈ΠM

follows a similar ordering
to that of ΠM. The line of thought is as follows: consider
a chain in C(C) ⊂ ΠM, then the maximal element Cmax of
that chain contains a larger region of the state space than any
other partition of that chain. This implies a nesting XN (D) ⊆
XN (Cmax) for all D ∈ C(C), which follows from the fact that
“⊆” is an ordering in Kn. However, this nesting does not hold
in general; the following result states the counter-nesting of
the invariant sets.

Proposition 3 (Counter-nesting of RPI sets): Suppose As-
sumptions 1 and 2 hold. Consider a partition C ∈ ΠM and
a chain C(C) containing it. If D ∈ C(C) and D � C, then
R(D) ⊆ R(C).

Proof: The proof consists of two parts: for the first part
we prove the counter-nesting occurs for the disturbance sets;
and the second part derives the desired result for RPI sets.
For an element of C ∈ ΠM, and a chain C(C) containing
it, there exists an element, following Lemma 3, such that

{1, 2, 3, 4}

{1, 2, 3}, {4}

{1, 2, 4}, {3}

{1, 3, 4}, {2}

{2, 3, 4}, {1}{2, 3}, {1, 4}

{1, 2}, {3, 4}

{1, 3}, {2, 4}

{1, 2}, {3}, {4}

{1, 3}, {2}, {4}

{3, 4}, {1}, {2}

{2, 4}, {1}, {3}

{1, 4}, {2}, {3}

{2, 3}, {1}, {4}

{1}, {2}, {3}, {4}

Fig. 1. Refinement relation defined over Π{1,2,3,4}. Each path of different
colour points towards the elements that are related to each other, through
refinement. Solid lines represent elements of chains whereas dashed lines
represent members of anti-chains.

Cmax is maximal in C(C), and C refines Cmax. The refinement
definition implies that for any d ∈ Cmax, there exists c ∈ C

such that Cc ⊆ Cmax
d , which in turn implies that the cardinality

of the elements of Cc is smaller than that of the elements
of Cmax

d , i.e. |Cc| ≤ |Cmax
d |. Now pick d ∈ Cmax so that

its set of dynamic neighbours has a cardinality |Md|, and
suppose (without loss of generality) that the set {i, j} is a
subset of Cmax

d with {i} ⊂ Cc, and {j} 6⊂ Cc. The number
of dynamic neighbours for coalition c is therefore |Mc| ≥
|Md|+ 1. The change in coupling structure when coarsening
C to Cmax is reflected in the disturbance set size and structure
Wd = (

⊕
e∈Md

AdeXe ⊕ BdeUe) ⊂ Rnd . The two new
coalitions c1 = {j} and c = Cmax

d \ {j} have disturbance sets
satisfying Wc1 = (

⊕
e∈Md∪{c}Ac1eXe ⊕ Bc1eUe) ⊂ Rnc1

and Wc = (
⊕

e∈Md∪{c1}AceXe ⊕ BceUe) ⊂ Rnc where
nd = nc + nc1 . Following the properties of the Minkowski
sum and the cartesian product, we obtain

W̃d = Wc ×Wc1

= (
⊕
e∈Md

AceXe ⊕BceUe)× (
⊕
e∈Md

Ac1eXe ⊕Bc1eUe)

⊕ (Acc1Xc1 ⊕Bcc1Uc1)× (Ac1cXc ⊕Bc1cUc)

= Wd ⊕Wcc1 ⊇Wd.

Therefore, the disturbance set for the finer coalition has
extra terms of the form Wcc1 for each of the missing
interconnections, and these result in the desired nesting∏

d∈Cmax Wd ⊂
∏

c∈C Wc.
For the second part of the proof, consider linear feedback

gains Kd and K̃d = diag(Kc,Kc1) that stabilise the pairs
(Add, Bdd) and

(Ãd, B̃d) = (diag(Acc, Ac1c1), diag(Bcc, Bc1c1))

respectively. What remains to be proven is that Rd(Wd) ⊆
R̃d(W̃d), where R̃d(W̃d) = Rc(Wc)×Rc1(Wc1) and Cmax

d =



Cc ∪ {j}. Let x ∈ Rd(Wd), then

Addx+Bddud + wd ∈ Rd(Wd)

so that

Addx+Bddud + wd + wcc1 − wcc1 ∈ Rd(Wd)

and hence

Ãdx+ B̃dud + w̃d ∈ Rd(Wd)

where w̃d = wd + wcc1 ∈ W̃d and ud = Kdx. Therefore, if
the control law changes to ũd = K̃dx, we must then obtain
Ãdx + B̃dK̃dx + w̃d ∈ R̃d(W̃d) which yields the desired
result.

The following Theorem provides a counter-example to the
intuitive argument that it is possible to obtain a nesting of
the feasible regions respect to the coarsening and refinement
operations defined on ΠM.

Theorem 4 (Non Nesting of the feasible regions):
Suppose Assumptions 1 and 2 hold. The family of feasible
regions {XN (C)}C∈ΠM

is not partially ordered with respect
to the inclusion relation in Kn

Remark 4: The nesting and counter-nesting properties of
the invariant sets and feasible regions are important in
controllers capable of switching between these partitions.
A rearrangement of subsystems into fewer, larger coalitions
may lead to a loss of feasibility. This fact has not been
observed in the literature in coalitional control.
In order to prove the theorem it is enough to find an example
that does not exhibit the nesting property. We now consider
two examples illustrating the results of this section. For a
system composed of two subsystem M = 2, the induced
partition set is ΠM = {D,C}, where D represents the
decentralised partition and C the centralised partition. The
centralised dynamics are characterised by the matrices

Aex1 =

[
1.1 0.1
0.1 1.1

]
Bex1 =

[
1.5 0
0 1.5

]
with constraint sets Xi = {xi ∈ R : |xi| ≤ 2}, and Ui =
{ui ∈ R : |ui| ≤ 0.5}, and for simplicity we choose the
terminal set to be the origin X̄f

i = {0}.
For a prediction horizon of N = 2, Figure 2 shows that the

feasible region of the decentralised system is contained within
the feasible set for the centralised one, satisfying the property
X2(C) ⊇ X2(D). The feasible region for the decentralised
partition has a rectangular shape which characterises the
absence of coupling between both subsystems. On the other
hand, the shape of the centralised feasible region shows
how the coupling can be constructive or disruptive. The
flattened regions correspond to those states for which the
coupling pushes the state towards instability; whereas the
other two corners have a beneficial coupling that enlarges
the feasible region. However, for a different system with
centralised dynamics given by

Aex2 =

[
0.6 0.1
0.1 0.6

]
Bex2 =

[
1 0
0 1

]

−1.5 −1 −0.5 0 0.5 1 1.5

−1

0

1

x1

x
2

X2(C)

X2(D)

Fig. 2. Feasible regions for M = {1, 2}, ΠM = {D,C} and centralised
dynamics Aex1 and Bex1. ( ) represents the feasible region for C and
( ) represents the feasible region for D.

−1 −0.5 0 0.5 1

−1

−0.5

0

0.5

1

x1

x
2

Fig. 3. Feasible regions for M = {1, 2}, ΠM = {ΛD,ΛC} and dynamics
given by Aex2 and Bex2.( ) represents the feasible region for ΛC , ( )
represents the feasible region for ΛD for an LQR feedback gain, and ( )
is the feasible set for a nilpotent feedback gain.

The feasible regions are not nested, i.e. X2(C) 6⊇ X2(D) and
X2(D) 6⊇ X2(C), as is evident in Figure 3. The difference
between these two systems can be understood from the
spectral radius: for the first system ρ(Aex1) = 1.2 while for
the second ρ(Aex2) = 0.7. In the second case, the couplings
have a stronger effect on the evolution of the state, which is
in part the reason why the nesting is lost. Including the effect
of couplings, as invariant sets and constraint tightenings, into
the feasible region, following (10), does not guarantee the
nesting property either. Figure 3 shows how the choice of
invariant set affect the size of the resulting region of attraction:
for the nilpotent feedback gain the resulting feasible region
is the smallest, whereas for the LQR gain the feasible region
is the largest. The remaining cases lie in between these two
sets.

V. CONCLUDING REMARKS

In this paper we analyse feasibility regions for an LSS
subject to different subsystem partitions; the process of
partition refinement induces an order relation on the invariant
sets for the LSS but not on the feasible regions. We show
that a controllability assumption on the finest partition
implies stabilizability for coarser ones. These properties, both



controllability and nesting of invariant sets, may be useful for
designing controllers capable of switching between partitions.
Finding conditions that allow feasible switching between
partitions is part of our future work.

APPENDIX

A. Proof of Proposition 1

To achieve this, we use a preliminary result on the
controllability of systems subject to bounded disturbances
developed in [14] and [15].3

Lemma 5 (Controllability under disturbances): The sys-
tem x+ = Ax+Bu+ w with bounded control input u ∈ U
and disturbance w ∈ W, where U and W are C-sets, is
controllable to the target set XT ⊆ Rn if and only if for
some k ∈ N the disturbance-free system y+ = Ay + Bu,
u ∈ U, is controllable to

YT (k) = {y ∈ Rn : a>y ≤ b(a, k), ∀a ∈ Rn with ‖a‖ = 1}

where b(a, k) = max
x∈XT

a>x−
k−1∑
j=0

max
w(j)∈W

a>Ak−1−jw(j).

The proof of Proposition 1 will be given for the case of
two subsystems i, j ∈ M that form a coalition Cc = {i, j}.
This case can easily be extended using induction on the
number of subsystems forming a coalition. By Assumption 1,
controllability follows trivially for the system

y+
c = Adiag

cc yc +Bdiag
cc uc, (11)

with Adiag
cc = diag(Ai, Aj) and Bdiag

cc = diag(Bi, Bj). How-
ever, the coalition dynamics are composed of block matrices
that do not, in general, have a diagonal structure but can
instead be written in terms of their diagonal components:

x+
c = Adiag

cc xc +Bdiag
cc uc + wc,

with wc = Ac
cxc + Bc

cuc, Ac
c = Acc − Adiag

cc and Bc
c =

Bcc −Bdiag
cc . The controllability of (11) implies the existence

of a linear feedback gain Kdiag
c such that the spectral radius

ρ(Adiag
cc +Bdiag

cc Kdiag
c ) < 1, the minimal RPI set corresponding

to Kc satisfy Rc ⊂ Xc and KcRc ⊂ Uc, and such that
P diag
c = P diag

c
>
� 0 satisfies the Lyapunov equation

P diag
c − (Adiag

cc +Bdiag
cc Kdiag

c )>P diag
c (Adiag

cc +Bdiag
cc Kdiag

c ) = Qc

for any given Qc = Q>c � 0. Then V diag
c (xc) = x>c P

diag
c xc

is a Lyapunov function demonstrating (local) asymptotic
stability of (11), and V diag

c (·) is Lipschitz continuous on XT

with constant LK . The descent property of the Lyapunov
function implies

V diag
c (x+

c )− V diag
c (xc) ≤ −x>c Qcxc

+ LK‖Ac
c +Bc

cK
diag
c ‖‖xc‖

≤ −γx>c Qcxc +
(
LK‖Ac

c +Bc
cK

diag
c ‖

− (1− γ)λmin(Qc)‖xc‖
)
‖xc‖

≤ −γx>c Qcxc

3The proof of Lemma 5 can be found in Theorem 1 of [14] which is
based on Theorem 4.1 of [15].

whenever ||xc|| ≥ (1−γ)−1λ−1
min(Qc)LK‖Ac

c+Bc
cK

diag
c ‖ and

γ ∈ (0, 1] which implies that xc converges asymptotically to
a neighbourhood of the origin dependent on Lk (and hence
on Xc := Xi × Xj) and on ‖Ac

c + Bc
cK

diag
c ‖. Note that the

property that V diag
c (xc) is decreasing outside of a compact

set containing the origin also implies that for sufficiently
small ‖xc(0)‖ the state and input constraints will be satisfied
provided LK‖Ac

c +Bc
cK

diag
c ‖ is sufficiently small.

Using Assumption 2, the interactions lie in a bounded set
Wc

c(k) = Ac
cXc ⊕Bc

cuc(k) where uc = {uc(0), . . . , uc(T −
1)} is a control sequence used to steer the diagonal system
to the origin in finite time. Given the controllability of
the diagonal dynamics, Lemma 5 implies that the coalition
dynamics can be steered to

XT =

T−1⊕
j=0

(Adiag
cc +BccKc)

T−1−j
(Ac

cXc ⊕Bc
cuc(j)),

which is a C-set by construction, and XT ⊂ Rc. The
controllability to the origin follows as a consequence of
Lemma 1.
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