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1 Introduction

The fascinating discovery in 1989 by Pasquier and Saleur [1] of an open quantum spin
chain that is both integrable and quantum-group-invariant led to a long-running search for
more such models and their Bethe ansätze, see e.g. [2–5] and references therein. The bulk
interactions of these models are dictated by solutions (so-called R-matrices) [6–8] of the
Yang-Baxter equation that are associated with affine Lie algebras ĝ, while the boundary
interactions are prescribed by certain corresponding solutions (so-called K-matrices) [2, 4, 9–
11] of the boundary Yang-Baxter equation [12–14]. The Bethe ansatz for corresponding
models with periodic boundary conditions (BCs), and therefore without quantum-group
symmetry, was found by Reshetikhin [15]. Roughly speaking, the Bethe equations for the
quantum-group-invariant models [5] (depending on a discrete parameter p) are “doubled”
versions of those found by Reshetikhin, with an additional factor corresponding to deleting
the p-th node from the ĝ Dynkin diagram.1

1There exist more general K-matrices, which lead to models without quantum-group symmetry and with
more complicated Bethe ansätze, see e.g. [16–19] and references therein.
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Among the R-matrices associated with infinite families of affine Lie algebras, those
associated with D

(2)
n+1 [7] are the most complicated. It is therefore not surprising that, apart

from [11], there had been until recently relatively little work on models constructed with these
R-matrices. Interest in these models grew when it was realized [20, 21] that the D

(2)
2 R-matrix

can (roughly speaking) be factorized into a product of four A
(1)
1 R-matrices, implying that

D
(2)
2 models are related to lattice models (staggered 6-vertex model, antiferromagnetic (afm)

Potts model) that have non-compact degrees of freedom [22–24].
More precisely, the integrable boundary conditions for the quantum-group-invariant D

(2)
n+1

models in [4] depend on a parameter ε that can take values 0 or 1. For the simplest case
n = 1 (that is, D

(2)
2 ), it was found [25, 26] that continuous degrees of freedom appear only

for ε = 1, which opens up possibilities for studying aspects of the D-brane constructions for
non-compact boundary CFTs [27–29] starting from a lattice model. It is then natural to ask
what happens for n > 1; and the present work represents a first step towards addressing
this question. (As a warm-up for this challenging problem, we investigated the finite-size
spectrum of the quasi-periodic D

(2)
3 model in [30].)

Since the Bethe ansatz for the D
(2)
n+1 models with ε = 1 was heretofore not known except

for n = 1 [25, 31, 32], we begin in section 2 by reviewing the construction and symmetries
of these models, and by presenting their analytical Bethe ansatz solution. In section 3,
we briefly recall known results from the literature for the simplest case n = 1. We then
focus in section 4 on the case n = 2. We introduce the Hamiltonians for four distinct
quantum-group-invariant boundary conditions, and present the main numerical results of our
finite-size analysis. Finally, in section 5, we conclude with a brief discussion of our findings,
along with several conjectures and open problems.

2 The D
(2)
n+1 models

We consider integrable open quantum spin chains constructed [12, 13] with the D
(2)
n+1 R-

matrix [7], n = 1, 2, . . ., and with corresponding K-matrices [4] that depend on two discrete
parameters: p (which can take n+1 different values, namely, p = 0, 1, . . . , n) and ε (which can
take two different values, namely, ε = 0, 1). The transfer matrices for these spin chains have
quantum group (QG) symmetry Uq(Bn−p)⊗Uq(Bp), as well as a p ↔ n−p duality symmetry.

The eigenvalues of the transfer matrix and the corresponding Bethe equations for the
models with ε = 0 were proposed in [5]. We add here the corresponding results for the cases
with ε = 1, for all possible values of n and p, which had previously not been reported.

For the case n = 1 with ε = 1, a Bethe ansatz that accounts for part of the spectrum was
proposed in [31]. A modification of this Bethe ansatz that could account for the complete
spectrum was proposed in [25], and was subsequently proved (using the factorization [21]
of the R-matrix) by algebraic Bethe ansatz in [32]. Our Bethe ansatz for general n with
ε = 1 reduces for n = 1 to the one in [25, 32]. The continuum limit of this model is
described [25, 26, 33] by a non-compact CFT and is briefly reviewed in section 3.

After briefly reviewing the construction of the transfer matrix and its symmetries in
section 2.1, we present our proposed Bethe ansatz for general values of n, ε, p in section 2.2.

– 2 –



J
H
E
P
1
2
(
2
0
2
5
)
1
1
7

2.1 The transfer matrix and its symmetries

We consider the D
(2)
n+1 R-matrix R(u) (solution of the Yang-Baxter equation) given by (A.2),

with spectral parameter u and anisotropy parameter η. The right K-matrix KR(u, ε, p) (solu-
tion of the boundary Yang-Baxter equation [12, 14]) is the block-diagonal matrix given by [4]

KR(u, ε, p) =



k−(u)Ip×p

g(u)I(n−p)×(n−p)

k1(u) k2(u)
k2(u) k1(u)

g(u)I(n−p)×(n−p)

k+(u)Ip×p


,

(2.1)
where p = 0, 1, . . . , n, and

k±(u) = e±2u ,

g(u) =
cosh

(
u − (n − 2p)η + iπ

2 ε
)

cosh
(
u + (n − 2p)η − iπ

2 ε
) ,

k1(u) =
cosh(u) cosh

(
(n − 2p)η + iπ

2 ε
)

cosh
(
u + (n − 2p)η + iπ

2 ε
) ,

k2(u) = −
sinh(u) sinh

(
(n − 2p)η + iπ

2 ε
)

cosh
(
u + (n − 2p)η + iπ

2 ε
) , (2.2)

with ε = 0, 1. The left K-matrix KL(u, ε, p) is given by

KL(u, ε, p) = KR(−u − ρ, ε, p) M , ρ = −2nη , (2.3)

where the matrix M is given by (A.15), which corresponds to imposing the “same” boundary
conditions on the two ends.

The transfer matrix for an integrable open quantum spin chain of length N , with bulk
and boundary interactions dictated by these R- and K- matrices respectively, is given by [13]

t(u, ε, p) = tra KL
a (u, ε, p) Ta(u) KR

a (u, ε, p) T̂a(u) , (2.4)

where the single-row monodromy matrices are defined by

Ta(u) = RaN (u) RaN−1(u) · · ·Ra1(u) ,

T̂a(u) = R1a(u) · · ·RN−1a(u) RNa(u) , (2.5)

and the trace in (2.4) is over the “auxiliary” space, which is denoted by a. The dimension of
the local Hilbert space at each site is 2n + 2. The transfer matrix is engineered to satisfy
the commutativity property

[t(u, ε, p) , t(v, ε, p)] = 0 , (2.6)

– 3 –



J
H
E
P
1
2
(
2
0
2
5
)
1
1
7

... ...

0

1

23p

Bn
(1)

Bn-p Dp

... ...

012pn-2n-1n

...

A2n
(2)

Bn-p Cp

...

...

... ...

0

1

23pn-2n-1n

...

A2n-1
(2)

Cn-p Dp

...

... ...

012pn-2n-1n

Cn
(1)

Cn-p Cp

... ...

0

1

23pn-3n-2

n-1

n

Dn
(1)

Dn-p Dp

......

... ...

012pn-2n-1n

...

Dn+1
(2)

Bn-p Bp

...

n-2n-1n

...

......

Figure 1. Subalgebras of D
(2)
n+1 corresponding to removing the p-th node from the extended Dynkin

diagram. The “affine node” is black and labeled 0.

and contains the Hamiltonian and higher local conserved quantities. The transfer matrix
is also crossing invariant

t(u, ε, p) = t(−u − ρ, ε, p) . (2.7)

As discussed in [4, 5], the transfer matrix t(u, ε, p) has the QG symmetry Uq(Bn−p) ⊗
Uq(Bp), corresponding to cutting and removing the p-th node from the D

(2)
n+1 Dynkin diagram,

as shown in figure 1.
Hence, for 0 < p < n, the QG symmetry is given by a tensor product of two factors, to

which we refer as the “left” (Uq(Bn−p)) and “right” (Uq(Bp)) factors. For p = 0, the “right”
factor is absent; while for p = n, the “left” factor is absent. That is,[

∆N (H(ℓ)
i (p)) , t(u, ε, p)

]
=
[
∆N (E±(ℓ)

i (p)) , t(u, ε, p)
]

= 0 , i = 1 , . . . , n − p ,[
∆N (H(r)

i (p)) , t(u, ε, p)
]

=
[
∆N (E±(r)

i (p)) , t(u, ε, p)
]

= 0 , i = 1 , . . . , p , (2.8)

where H
(ℓ)
i (p) and E

±(ℓ)
i (p) are Cartan and raising/lowering operators of the “left” algebra

Bn−p ; H
(r)
i (p) and E

±(r)
i (p) are corresponding generators of the “right” algebra Bp ; and ∆N

denotes the N -fold coproduct, see appendix B.1 for details.
The transfer matrix also has a p ↔ n − p “duality” symmetry that exchanges the “left”

and “right” factors

U t(u, ε, p)U−1 = f(u, ε, p) t(u, ε, n − p) , (2.9)

with
f(u, ε, p) =

cosh(u − (n + 2p)η + iπ
2 ε)

cosh(u − (3n − 2p)η − iπ
2 ε)

cosh(u − (n − 2p)η + iπ
2 ε)

cosh(u + (n − 2p)η − iπ
2 ε)

, (2.10)

see appendix B.2 for the definition of U . In particular, for p = n
2 (n even), the transfer

matrix is self-dual [
U , t(u, ε, p = n

2 )
]

= 0 , (2.11)

since f(u, ε, n
2 ) = 1.

For p = n
2 (n even) and ε = 1, there is an additional (“bonus”) symmetry, which leads

to even higher degeneracies for the transfer-matrix eigenvalues [4].
Finally, the transfer matrix has the Z2 symmetry

t(u, ε, p) = U⊗N t(u, ε, p)U⊗N , U =


In×n

0 1
1 0

In×n

 , (2.12)

as for the closed chain [30].
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2.2 Analytical Bethe ansatz

We present here the generalization of the analytical Bethe ansatz from [5], which was for
ε = 0, to both values ε = 0, 1. It turns out that the analysis is very similar to the one
in [5], except for a key difference in (2.20) below. We therefore closely follow the latter
reference, and simply present the results.

2.2.1 Eigenvalues of the transfer matrix

The transfer matrix and Cartan generators can be diagonalized simultaneously

t(u, ε, p) |Λ(m1,... ,mn)(ε, p)⟩ = Λ(m1,...,mn)(u, ε, p) |Λ(m1,...,mn)(ε, p)⟩ ,

∆N (H(ℓ)
i (p)) |Λ(m1,...,mn)(ε, p)⟩ = h

(ℓ)
i |Λ(m1,...,mn)(ε, p)⟩ , i = 1, . . . , n − p ,

∆N (H(r)
i (p)) |Λ(m1,...,mn)(ε, p)⟩ = h

(r)
i |Λ(m1,...,mn)(ε, p)⟩ , i = 1, . . . , p , (2.13)

as follows from (2.6) and (2.8).
The transfer matrix eigenvalues Λ(m1,...,mn)(u, ε, p) are given by

Λ(m1,...,mn)(u, ε, p) = ϕ(u, ε, p) λ(m1,...,mn)(u, ε, p) , (2.14)

with

λ(m1,...,mn)(u, ε, p) = A(u) z0(u, ε) y0(u, ε, p) c(u)2N + Ã(u) z̃0(u, ε) ỹ0(u, ε, p) c̃(u)2N

+
{ n−1∑

l=1

[
zl(u, ε) yl(u, ε, p) Bl(u) + z̃l(u, ε) ỹl(u, ε, p) B̃l(u)

]
(2.15)

+ zn(u, ε) yn(u, ε, p) Bn(u) + z̃n(u, ε) ỹn(u, ε, p) B̂n(u)
}

b(u)2N .

The overall factor ϕ(u, ε, p) is given by2

ϕ(u, ε, p) =
cosh2(u − nη + iπε

2 )
cosh(u + (n − 2p)η + iπε

2 ) cosh(u − (3n − 2p)η + iπε
2 )

. (2.16)

The tilde denotes crossing Ã(u) = A(−u−ρ), etc. The functions A(u) and Bl(u) are given by

A(u) = Q[1](u + η)
Q[1](u − η)

Q[1](u + η + iπ)
Q[1](u − η + iπ)

, (2.17)

Bl(u) = Q[l](u − (l + 2)η)
Q[l](u − lη)

Q[l](u − (l + 2)η + iπ)
Q[l](u − lη + iπ)

× Q[l+1](u − (l − 1)η)
Q[l+1](u − (l + 1)η)

Q[l+1](u − (l − 1)η + iπ)
Q[l+1](u − (l + 1)η + iπ)

, l = 1, . . . , n − 1 ,

Bn(u) = Q[n](u − (n + 2)η)
Q[n](u − nη)

Q[n](u − (n − 2)η + iπ)
Q[n](u − nη + iπ)

,

B̂n(u) = Bn(u + iπ) , (2.18)
2For ε = 0, the ϕ and yl here are mapped to the “old” ones in [5] in the following way

ϕ = ϕ(old)Z , yl = y
(old)
l /Z , Z = cosh2(u − nη)

cosh(u − (n − 2p)η) cosh(u − (n + 2p)η) ,

so that their products are the same ϕ yl = ϕ(old) y
(old)
l .

– 5 –
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where Q[l](u) are given by

Q[l](u)=
ml∏
j=1

sinh
(

1
2(u−u

[l]
j )
)

sinh
(

1
2(u+u

[l]
j )
)

, Q[l](−u)=Q[l](u), l=1,...,n−1, (2.19)

Q[n](u)=
mn∏
j=1

sinh
(

1
2(u−u

[n]
j )
)

sinh
(

1
2(u+u

[n]
j +iπε)

)
, Q[n](−u+iπε)=Q[n](u). (2.20)

Note the appearance of ε in the highest-level Q-function (2.20), which is a key difference
with respect to the case ε = 0 [5]. Another (related) difference with respect to the ε = 0
case is the presence in (2.15) of B̂n instead of B̃n. The zeros u

[l]
j of Q[l](u) (and their number

ml) are still to be determined. Corresponding results for the closed chain with periodic
BCs are given in [15].

The functions c(u) and b(u) are given by

c(u) = 4 sinh(u − 2η) sinh(u − 2nη) ,

b(u) = 4 sinh(u) sinh(u − 2nη) . (2.21)

The functions zl(u, ε) are given by

zl(u, ε) =


2 sinh(2u) sinh(2u−4nη)

sinh(2u−2nη)
sinh(u−(n+1)η− iπε

2 ) cosh(u−(n−1)η+ iπε
2 )

sinh(2u−2lη) sinh(2u−2(l+1)η) , 0 ≤ l ≤ n − 1

zn−1(u, ε) sinh(u−(n−1)η+ iπε
2 )

sinh(u−(n+1)η+ iπε
2 ) , l = n ,

(2.22)

and the functions yl(u, ε, p) are given by

yl(u, ε, p) =


(

cosh(u+(n−2p)η+ iπε
2 )

cosh(u−nη+ iπε
2 )

)2
, 0 ≤ l ≤ p − 1

1, p ≤ l ≤ n

. (2.23)

The duality property (2.9) of the transfer matrix implies that the corresponding eigen-
values satisfy

Λ(m1,...,mn)(u, ε, p) = f(u, ε, p) Λ(m1,...,mn)(u, ε, n − p) . (2.24)

It follows from (2.14) and (2.16) that

λ(m1,...,mn)(u, ε, p) = λ(m1,...,mn)(u, ε, n − p) . (2.25)

2.2.2 Bethe equations

The Bethe equations can be determined, as usual, from the requirement that the expression
for the transfer-matrix eigenvalues (2.15) have vanishing residues at the poles. In this way,
we find that the Bethe equations are given for n = 1 with p = 0, 1 by

[
sinh(u[1]

k + η)
sinh(u[1]

k − η)

]2N

=
Q

[1]
k

(
u

[1]
k + 2η

)
Q

[1]
k

(
u

[1]
k − 2η

) , k = 1, . . . , m1 ; (2.26)
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and for n > 1 with p = 0, . . . , n by

[
sinh(u[1]

k + η)
sinh(u[1]

k − η)

]2N

Φ1,ε,p,n(u[1]
k ) =

Q
[1]
k

(
u

[1]
k + 2η

)
Q

[1]
k

(
u

[1]
k − 2η

)Q
[1]
k

(
u

[1]
k + 2η + iπ

)
Q

[1]
k

(
u

[1]
k − 2η + iπ

)
×

Q[2]
(
u

[1]
k − η

)
Q[2]

(
u

[1]
k + η

)Q[2]
(
u

[1]
k − η + iπ

)
Q[2]

(
u

[1]
k + η + iπ

) ,

k = 1, . . . , m1 , (2.27)

Φl,ε,p,n(u[l]
k ) =

Q[l−1]
(
u

[l]
k − η

)
Q[l−1]

(
u

[l]
k + η

)Q[l−1]
(
u

[l]
k − η + iπ

)
Q[l−1]

(
u

[l]
k + η + iπ

)
×

Q
[l]
k

(
u

[l]
k + 2η

)
Q

[l]
k

(
u

[l]
k − 2η

)Q
[l]
k

(
u

[l]
k + 2η + iπ

)
Q

[l]
k

(
u

[l]
k − 2η + iπ

)
×

Q[l+1]
(
u

[l]
k − η

)
Q[l+1]

(
u

[l]
k + η

)Q[l+1]
(
u

[l]
k − η + iπ

)
Q[l+1]

(
u

[l]
k + η + iπ

) ,

k = 1, . . . , ml , l = 2, . . . , n − 1 , (2.28)

Φn,ε,p,n(u[n]
k ) =

Q[n−1]
(
u

[n]
k − η

)
Q[n−1]

(
u

[n]
k + η

)Q[n−1]
(
u

[n]
k − η + iπ

)
Q[n−1]

(
u

[n]
k + η + iπ

)Q
[n]
k

(
u

[n]
k + 2η

)
Q

[n]
k

(
u

[n]
k − 2η

) ,

k = 1, . . . , mn , (2.29)

where Q[l](u) is given by (2.19)–(2.20), and Q
[l]
k (u) is defined by

Q
[l]
k (u) =

ml∏
j=1,j ̸=k

sinh
(1

2(u − u
[l]
j )
)

sinh
(1

2(u + u
[l]
j )
)

, l = 1, . . . , n − 1 ,

Q
[n]
k (u) =

mn∏
j=1,j ̸=k

sinh
(1

2(u − u
[n]
j )
)

sinh
(1

2(u + u
[n]
j + iπε)

)
. (2.30)

The factor Φl,ε,p,n(u) is defined by

Φl,ε,p,n(u) =

cosh
(
u − δl,p(n − p)η + iπ

2 ε
)

cosh
(
u + δl,p(n − p)η + iπ

2 ε
)
2

. (2.31)

Note that Φl,ε,p,n(u) is different from 1 only if l = p.

– 7 –



J
H
E
P
1
2
(
2
0
2
5
)
1
1
7

2.2.3 Eigenvalues of the Cartan generators

We assume that the Bethe states |Λ(m1,... ,mn)(ε, p)⟩ are highest-weight states of both the
“left” and “right” algebras3

∆N (E+(ℓ)
i (p)) |Λ(m1,...,mn)(ε, p)⟩ = 0 , i = 1, . . . , n − p ,

∆N (E+(r)
i (p)) |Λ(m1,...,mn)(ε, p)⟩ = 0 , i = 1, . . . , p . (2.32)

The eigenvalues of the Cartan generators h
(ℓ)
i and h

(r)
i (recall eq. (2.13)) are given by

h
(ℓ)
i = mp+i−1 − mp+i , i = 1, . . . , n − p , (2.33a)

h
(r)
i = mi−1 − mi , i = 1, . . . , p , (2.33b)

where m0 = N .
The “left” and “right” Dynkin labels of the Bethe states are given in terms of the

eigenvalues of the Cartan generators by

a
(ℓ)
i = h

(ℓ)
i − h

(ℓ)
i+1 , i = 1, . . . , n − p − 1 ,

a
(ℓ)
n−p = 2h

(ℓ)
n−p , (2.34)

and

a
(r)
i = h

(r)
i − h

(r)
i+1 , i = 1, . . . , p − 1 ,

a(r)
p = 2h(r)

p , (2.35)

respectively. The Dynkin labels of the Bethe states are therefore given in terms of m’s by

a
(ℓ)
i = mp+i−1 − 2mp+i + mp+i+1 , i = 1, . . . , n − p − 1 ,

a
(ℓ)
n−p = 2mn−1 − 2mn , (2.36)

and

a
(r)
i = mi−1 − 2mi + mi+1 , i = 1, . . . , p − 1 ,

a(r)
p = 2mp−1 − 2mp . (2.37)

Since the Dynkin labels of an irrep determine its dimension, these formulas help determine
the degeneracies of the transfer-matrix eigenvalues. As discussed in [4], the degeneracies
can be larger than expected from the QG symmetry, due to additional discrete symmetries,
such as self-duality, bonus symmetry, etc.

2.2.4 Completeness

We have numerically verified the completeness of this Bethe ansatz for small values of n and
N (for ε = 0, 1 and all p = 0, . . . , n) along the lines in [34].

3Compared with [5], here we use a different definition of the “right” generators (B.3), hence the assumption
that the Bethe states are highest (instead of lowest) weights of the “right” algebra. A further consequence is
the change of sign in h

(r)
i in (2.33b) in comparison with eq. (4.1) in [5], which ensures h

(r)
i ≥ 0.
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3 A sketch of the known results for the D
(2)
2 model

Unlike the higher-rank models, the scaling limit of the D
(2)
2 model with various boundary

conditions is well understood by now. Following the observation [20] that the spectrum of the
periodic model is identical to that of the so-called staggered six-vertex (or afm Potts) model,
it has been shown that the D

(2)
2 R-matrix as well as the K-matrices leading to the quantum

group invariant models with open boundary conditions for ε = 0, 1 [4, 11] can be factorized,
i.e. expressed in terms of products of these objects for the six-vertex (or A

(1)
1 ) model after a

similarity transformation [21, 32].4 This factorization carries over to the transfer matrices
with the corresponding boundary conditions.

The interest in the critical properties of the staggered six-vertex model was sparked by
the remarkable work of Ikhlef, Jacobsen and Saleur [22], who discovered that the spectrum of
scaling dimensions becomes dense in the thermodynamic limit: on a finite lattice, a class of
O(N) states is obtained by gradually changing Bethe roots starting from the configuration of
the ground state.5 The energies of these states are separated by gaps ∆E ∝ 1/(N log2(N))
and extend beyond the low-energy regime. In a series of further studies [23, 24, 41–43]
the advanced analytical techniques available for the six-vertex model have been applied to
establish that for anisotropies η = iγ in the critical regime γ ∈ (0, π

2 ) the low-energy physics
is described by the 2D black hole sigma model, a conformal field theory with non-compact
target originally introduced by Witten [44]. In addition to the continuum of exponents, this
model also possesses a series of discrete states [27, 45, 46]. In the lattice model, states from
the continuum and discrete ones transform into each other under a twist [38, 43, 47]. This
relates to the truncation of the discrete series of levels in the CFT by unitarity.

The finite-size spectrum of the D
(2)
2 model has also been analyzed for anti-diagonal

closed [48] and the two quantum-group invariant open BCs. Studies of the latter, originally
motivated by the possibility to identify non-compact branes for the 2D black hole CFTs, led
to the following observation: the lattice model with boundary conditions ε = 0 is in the same
universality class as the afm Potts model with central charge

c = 2 − 6γ

π
, (3.1a)

and has a purely discrete spectrum of conformal weights [21]

hS = γ

π
S (S + 1) , (3.1b)

labeled by the Uq(B1) spin S of primaries.6 Only for ε = 1 the continuous component of the
spectrum is preserved. In the scaling limit the spectrum of effective conformal dimensions

4In fact, the factorization of K-matrices can be generalized to even more general open BCs [18, 35].
5The precise mechanism depends on the model, see e.g. [36–40]. For the staggered six-vertex model, the

towers are obtained by increasing the disbalance between the numbers of Bethe roots on the real line and
with ℑm(uk) = π. For the D

(2)
3 model with boundary conditions (ε, p) = (1, 1), the mechanism is sketched in

table 1 and figure 5 below.
6For integer k = π/γ (3.1) are the central charge and a subset of the conformal spectrum of the Zk−2

parafermion CFT [49].
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has been found to be [25, 26, 33]

Xeff = − c

24 + hS,s = − 1
12 + γ

4π

(
2S + 1 − π

γ

)2
+ γ

π − 2γ
s2 , (3.2a)

where the real parameter s labels the continuous components of the spectrum. Note that (3.2a)
implies that the ground state of the model has a nonzero spin depending on the anisotropy
γ, and therefore the symmetry of the model is spontaneously broken. Under variation of
γ the lowest states in the continuum undergo the transmutation into discrete ones. The
corresponding conformal weights are again given by (3.2a) but now s takes the discrete
imaginary values [26, 33]

s = ±i
(
S + 1 + a − π

2γ

)
, a = 0, 1, 2, · · · <

π

2γ
− (S + 1) . (3.2b)

The characterization of the scaling limit is completed by an explicit formula for the density
of states characterizing the continuous spectrum computed in [33]. The resulting expression
for the partition function, however, does not seem to correspond to known results in the
literature on branes in the 2D black hole CFTs.

4 The D
(2)
3 model

In the rest of the manuscript we focus on the case where

n = 2 , (4.1)

and therefore the local Hilbert space at each site has dimension 2n + 2 = 6.

4.1 Boundary conditions of interest and their symmetries

Recall that ε and p can take the values ε = 0, 1 and p = 0, . . . , n; and duality (2.9) relates p

and n − p. For n = 2, we can therefore restrict our attention to the following four cases:

(ε, p) = (0, 0) : Uq(B2) + Z2 symmetry ;

(ε, p) = (0, 1) : Uq(B1) ⊗ Uq(B1) + Z2 + self-duality symmetry ;

(ε, p) = (1, 0) : Uq(B2) + Z2 symmetry ;

(ε, p) = (1, 1) : Uq(B1) ⊗ Uq(B1) + Z2 + self-duality + bonus symmetry . (4.2)

For each case, the symmetries are listed, as follows from section 2.1. All four cases have the
Z2 symmetry (2.12), as for the closed chain [30]. We conjectured in [30] that this symmetry
shifts all type-2 Bethe roots by iπ, and a similar result could also hold for the open chain.

For the closed chain, we found an additional Z2 symmetry if the twist angles satisfy
ϕ1 + ϕ2 = 0, see (2.25) in [30]. We can now understand that symmetry as a special case
of the self-duality symmetry (2.11) that appears for the open chain with p = 1 (and both
values of ε). Indeed, for the open chain with p = 1, the self-duality relates the two copies of
Uq(B1); for the closed chain, the Uq(B1)’s are broken to U(1)’s, which are related by the Z2
symmetry (see (2.24) in [30]), leading to the constraint ϕ1 + ϕ2 = 0. In other words, for p = 1
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(and both values of ε), the self-duality symmetry plays the role of the Z2 symmetry given by
(2.25) in [30]. (For p = 0, there is no such symmetry, since duality relates p = 0 to p = 2.)

For the case (ε, p) = (1, 1), in addition to self-duality, there is also bonus symmetry.
The self-duality and bonus symmetries presumably form a larger finite (discrete) group,
which remains to be identified.

4.2 The Hamiltonian of the D
(2)
3 model

In order to investigate the ground state and low-lying excitations, it is necessary to first
unambiguously define the Hamiltonian. To this end, we observe that the expression for the
eigenvalues Λ(u, ε, p) of the transfer matrix t(u, ε, p) (2.4) in terms of Bethe roots is given by

Λ(u, ε, p) = A(u) q0(u, ε, p) c(u)2N + Ã(u) q̃0(u, ε, p) c̃(u)2N

+
[
q1(u, ε, p) B1(u) + q̃1(u, ε, p) B̃1(u) + q2(u, ε, p) B2(u) + q̃2(u, ε, p) B̂2(u)

]
b(u)2N , (4.3)

see eqs. (2.14) and (2.15), where the functions ql(u, ε, p) are defined by

ql(u, ε, p) = ϕ(u, ε, p) zl(u, ε) yl(u, ε, p) . (4.4)

We wish to define the Hamiltonian in such a way that its eigenvalues in terms of the Bethe
roots are given by

E =
m1∑
k=1

ε0(u[1]
k ) = −

m1∑
k=1

2 sinh2(2η)
cosh(2u

[1]
k ) − cosh(2η)

, (4.5)

which is the same as for the twisted D
(2)
2 and D

(2)
3 models. We note that

E = 1
2 sinh(2η)A′(0)

A(0) , b(0) = c̃(0) = 0 , (4.6)

see eqs. (2.17), (2.19), (2.21). We now proceed to construct the Hamiltonians for the four
cases (4.2).

4.2.1 (ε, p) ̸= (1, 1)

For the three cases (ε, p) ̸= (1, 1), the function q0(u, ε, p) is nonzero for u = 0. We see that

Λ(0, ε, p) = q0(0, ε, p) c(0)2N , (ε, p) ̸= (1, 1) , (4.7)

and the energy (4.6) is given in terms of the first derivative of the transfer-matrix eigen-
value (4.3) at u = 0

E = 1
2 sinh(2η)

[Λ′(0, ε, p)
Λ(0, ε, p) − q′0(0, ε, p)

q0(0, ε, p) − 2Nc′(0)
c(0)

]
, (ε, p) ̸= (1, 1) . (4.8)

We therefore define the Hamiltonian H in terms of the transfer matrix by

H = sinh(2η)
2Λ(0, ε, p) t′(0, ε, p) − 1

2 sinh(2η)
[

q′0(0, ε, p)
q0(0, ε, p) + 2Nc′(0)

c(0)

]
I , (ε, p) ̸= (1, 1) . (4.9)

– 11 –



J
H
E
P
1
2
(
2
0
2
5
)
1
1
7

We observe, following Sklyanin [13], that

t′(0, ε, p) = ξ(0)2N
{2

(
tra KL

a (0, ε, p)
)

ξ(0) h +
(
tra KL

a (0, ε, p)
)

KR′
1 (0, ε, p)

+ 2
ξ(0) tra KL

a (0, ε, p)hN,a + tra KL′
a (0, ε, p)

}
, (4.10)

where

h =
N−1∑
k=1

hk,k+1 , hi,j = Pi,j R′
i,j(0) , (4.11)

and
ξ(u) = 4 sinh(u + 2η) sinh(u + 4η). (4.12)

We conclude that the Hamiltonian is given by

H= sinh(2η)
2q0(0,ε,p)

{2
(
traKL

a (0,ε,p)
)

c(0) h+
(
traKL

a (0,ε,p)
)

KR′
1 (0,ε,p)+ 2

c(0) traKL
a (0,ε,p)hN,a

+
[
traKL′

a (0,ε,p)−q′0(0,ε,p)−2Nc′(0)q0(0,ε,p)
c(0)

]
I
}

, (ε,p) ̸=(1,1). (4.13)

In the isotropic limit η → 0, the expression for the Hamiltonian (4.13) becomes quite
simple

H
∣∣
η→0 =


−1

2G + 3
2(N − 1)I (ε, p) = (0, 0), (0, 1)

b1 − 1
2G + bN + 3

2(N − 1)I (ε, p) = (1, 0)
, (4.14)

with

G =
N−1∑
k=1

gk,k+1 , (4.15)

where the 2-site Hamiltonian is given by

g = I + 2P −K , P =
6∑

a,b=1
eab ⊗ eba , K =

6∑
a,b=1

eab ⊗ e7−a,7−b , (4.16)

and the 1-site boundary term is given by

b = 1
2 (e33 + e44 − e34 − e43) . (4.17)

The ferromagnetic state |0⟩ = ((1, 0, 0, 0, 0, 0)t)⊗N is a ground state, with zero energy, of
the isotropic Hamiltonian

H
∣∣
η→0|0⟩ = 0 . (4.18)
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4.2.2 (ε, p) = (1, 1)

For the case (ε, p) = (1, 1), the function q0(u, ε, p) is zero for u = 0, and therefore the
transfer-matrix-eigenvalue vanishes Λ(0, ε = p = 1) = 0. Indeed, the transfer matrix is
zero for u = 0, since

tra KL
a (0, ε = p = 1) = 0 . (4.19)

Moreover,
Λ′(0, ε = p = 1) = A(0) q′0(0, ε = p = 1) c(0)2N . (4.20)

Hence, as is the case for D
(2)
2 with ε = 1 [25, 32], the expression for the energy (4.6) is now

given in terms of the second derivative of the transfer-matrix eigenvalue at u = 0

E = 1
2 sinh(2η)

[ Λ′′(0, ε = p = 1)
2Λ′(0, ε = p = 1) − q′′0(0, ε = p = 1)

2q′0(0, ε = p = 1) − 2Nc′(0)
c(0)

]
, (4.21)

cf. (4.8). We therefore define the Hamiltonian in terms of the transfer matrix by

H = 1
4 sinh(2η) t′(0)−1 t′′(0) − 1

2 sinh(2η)
[

q′′0(0)
2q′0(0) + 2Nc′(0)

c(0)

]
I , (4.22)

where it is now understood that ε = p = 1. After a long computation, we obtain

t′′(0) = ξ(0)2N
[ 2

ξ(0)2
{{

h , k(0)} , KR
1 (0)

}
− 8 sinh(2η)

ξ(0)
{
h , KR

1 (0)
}

+ 8 cosh(2η)KR
1 (0) − 8 sinh(2η)KR′

1 (0) + 4
ξ(0)k(2) KR

1 (0)

+ 2
ξ(0)k(1) KR

1 (0) + 2
ξ(0)2 k(3) KR

1 (0) + 4
ξ(0)k(0) KR′

1 (0)
]

, (4.23)

where, in addition to (4.11), we have defined

k(0) = tra KL
a (0)hN,a , k(1) = tra KL

a (0)h′
N,a , h′

N,a = PN,aR′′
N,a(0) ,

k(2) = tra KL′
a (0)hN,a , k(3) = tra KL

a (0)h2
N,a , (4.24)

and { , } denotes the anti-commutator. Moreover, we note the identities

t′(0)−1 = 1
ξ(0)2N

tanh(4η)
2 − 4 cosh(2η)KR

1 (0) KR
N (0) ,

KR(0)−1 = KR(0) =


1 0
0 −1

0 −1
−1 0

−1 0
0 1

 . (4.25)

We conclude that the Hamiltonian for ε = p = 1 is given by

H= sinh(2η)
4

tanh(4η)
2−4cosh(2η)KR

1 (0)KR
N (0)

[ 2
ξ(0)2

{{
h,k(0)},KR

1 (0)
}
−8sinh(2η)

ξ(0)
{
h,KR

1 (0)
}

+8cosh(2η)KR
1 (0)−8sinh(2η)KR′

1 (0)+ 4
ξ(0)k(2)KR

1 (0) (4.26)

+ 2
ξ(0)k(1)KR

1 (0)+ 2
ξ(0)2 k(3)KR

1 (0)+ 4
ξ(0)k(0)KR′

1 (0)
]
−1

2 sinh(2η)
[

q′′0(0)
2q′0(0)+2Nc′(0)

c(0)

]
I.
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In the isotropic limit η → 0, the expression for the Hamiltonian (4.26) simplifies con-
siderably

H
∣∣
η→0 = −1

8
(
G + KR

1 (0) G KR
1 (0) + KR

N (0) G KR
N (0) + KR

1 (0)KR
N (0) G KR

1 (0)KR
N (0)

)
+ 3

2(N − 1)I , (4.27)

where G is given by (4.15). The ground states of the isotropic Hamiltonian, with zero energy

H
∣∣
η→0|0⟩ = 0 , (4.28)

span the ferromagnetic multiplet (including the pseudo vacuum in the sector (h(ℓ), h(r)) =
(0, N)) with degeneracy dim (([0] ⊗ [N ]) ⊕ ([N ] ⊗ [0])) = 2(2N + 1). Here and below, we use
the notation [S] to denote a spin-S representation of B1, which has dimension 2S + 1.

4.3 Bethe equations for D
(2)
3

In the rest of the manuscript, we restrict ourselves to the parametric regime

η = iγ where γ ∈
(

0,
π

4

)
, (4.29)

which has been investigated for the periodic boundary conditions [30]. Below the explicit form
of the Bethe equations of the open D

(2)
3 chain in the parametrization (4.29) are given for the

different integrable boundary conditions parameterized by ε, p = 0, 1, see eqs. (2.27)–(2.31)
and (2.33). Changes compared to the (ε, p) = (0, 0) case are displayed in red. Recall that
all BCs have the same energy functional (4.5) in terms of the Bethe roots:7

E = −
m1∑
j=1

2 sinh2(2iγ)
cosh(2u

[1]
j ) − cos(2γ)

. (4.30)

4.3.1 (ε, p) = (0, 0) sinh(u[1]
j +iγ)

sinh(u[1]
j −iγ)

2N

=
m1∏
k≠j

sinh(u[1]
j −u

[1]
k +2iγ)

sinh(u[1]
j −u

[1]
k −2iγ)

sinh(u[1]
j +u

[1]
k +2iγ)

sinh(u[1]
j +u

[1]
k −2iγ)

×

×
m2∏
k=1

sinh(u[1]
j −u

[2]
k −iγ)

sinh(u[1]
j −u

[2]
k +iγ)

sinh(u[1]
j +u

[2]
k −iγ)

sinh(u[1]
j +u

[2]
k +iγ)

 , j =1...m1

1=
m1∏
k=1

sinh(u[2]
j −u

[1]
k −iγ)

sinh(u[2]
j −u

[1]
k +iγ)

sinh(u[2]
j +u

[1]
k −iγ)

sinh(u[2]
j +u

[1]
k +iγ)

× (4.31)

×
m2∏
k ̸=j

sinh 1
2(u[2]

j −u
[2]
k +2iγ)

sinh 1
2(u[2]

j −u
[2]
k −2iγ)

sinh 1
2(u[2]

j +u
[2]
k +2iγ)

sinh 1
2(u[2]

j +u
[2]
k −2iγ)

 , j =1...m2

with m1 = N − h1, m2 = N − h1 − h2. (To lighten the notation, we denote the eigenvalues
of the Cartan generators h

(ℓ)
j as hj .)

7For the BC (ε, p) = (1, 1), the possible presence of singular strings leads to a modification of this formula,
see (4.37) below.
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4.3.2 (ε, p) = (0, 1)sinh(u[1]
j +iγ)

sinh(u[1]
j −iγ)

2N

=

cosh(u[1]
j +iγ)

cosh(u[1]
j −iγ)

2
m1∏
k ̸=j

sinh(u[1]
j −u

[1]
k +2iγ)

sinh(u[1]
j −u

[1]
k −2iγ)

sinh(u[1]
j +u

[1]
k +2iγ)

sinh(u[1]
j +u

[1]
k −2iγ)

×

×
m2∏
k=1

sinh(u[1]
j −u

[2]
k −iγ)

sinh(u[1]
j −u

[2]
k +iγ)

sinh(u[1]
j +u

[2]
k −iγ)

sinh(u[1]
j +u

[2]
k +iγ)

 , j =1...m1

1=
m1∏
k=1

sinh(u[2]
j −u

[1]
k −iγ)

sinh(u[2]
j −u

[1]
k +iγ)

sinh(u[2]
j +u

[1]
k −iγ)

sinh(u[2]
j +u

[1]
k +iγ)

× (4.32)

×
m2∏
k ̸=j

sinh 1
2(u[2]

j −u
[2]
k +2iγ)

sinh 1
2(u[2]

j −u
[2]
k −2iγ)

sinh 1
2(u[2]

j +u
[2]
k +2iγ)

sinh 1
2(u[2]

j +u
[2]
k −2iγ)

 , j =1...m2

where m1 = N − h(r), m2 = N − h(r) − h(ℓ). (To lighten the notation, we drop the subscripts
of the eigenvalues of the Cartan generators, and therefore denote h

(ℓ)
1 and h

(r)
1 as h(ℓ) and

h(r), respectively.)

4.3.3 (ε, p) = (1, 0)sinh(u[1]
j +iγ)

sinh(u[1]
j −iγ)

2N

=
m1∏
k ̸=j

sinh(u[1]
j −u

[1]
k +2iγ)

sinh(u[1]
j −u

[1]
k −2iγ)

sinh(u[1]
j +u

[1]
k +2iγ)

sinh(u[1]
j +u

[1]
k −2iγ)

×

×
m2∏
k=1

sinh(u[1]
j −u

[2]
k −iγ)

sinh(u[1]
j −u

[2]
k +iγ)

sinh(u[1]
j +u

[2]
k −iγ)

sinh(u[1]
j +u

[2]
k +iγ)

 , j =1...m1

1=
m1∏
k=1

sinh(u[2]
j −u

[1]
k −iγ)

sinh(u[2]
j −u

[1]
k +iγ)

sinh(u[2]
j +u

[1]
k −iγ)

sinh(u[2]
j +u

[1]
k +iγ)

× (4.33)

×
m2∏
k≠j

sinh 1
2(u[2]

j −u
[2]
k +2iγ)

sinh 1
2(u[2]

j −u
[2]
k −2iγ)

cosh 1
2(u[2]

j +u
[2]
k +2iγ)

cosh 1
2(u[2]

j +u
[2]
k −2iγ)

 , j =1...m2

with m1 = N − h1, m2 = N − h1 − h2.

4.3.4 (ε, p) = (1, 1)sinh(u[1]
j +iγ)

sinh(u[1]
j −iγ)

2N−2

=
m1∏
k ̸=j

sinh(u[1]
j −u

[1]
k +2iγ)

sinh(u[1]
j −u

[1]
k −2iγ)

sinh(u[1]
j +u

[1]
k +2iγ)

sinh(u[1]
j +u

[1]
k −2iγ)

×

×
m2∏
k=1

sinh(u[1]
j −u

[2]
k −iγ)

sinh(u[1]
j −u

[2]
k +iγ)

sinh(u[1]
j +u

[2]
k −iγ)

sinh(u[1]
j +u

[2]
k +iγ)

 , j =1...m1

1=
m1∏
k=1

sinh(u[2]
j −u

[1]
k −iγ)

sinh(u[2]
j −u

[1]
k +iγ)

sinh(u[2]
j +u

[1]
k −iγ)

sinh(u[2]
j +u

[1]
k +iγ)

× (4.34)

×
m2∏
k≠j

sinh 1
2(u[2]

j −u
[2]
k +2iγ)

sinh 1
2(u[2]

j −u
[2]
k −2iγ)

cosh 1
2(u[2]

j +u
[2]
k +2iγ)

cosh 1
2(u[2]

j +u
[2]
k −2iγ)

 , j =1...m2

where m1 = N − h(r), m2 = N − h(r) − h(ℓ).

– 15 –



J
H
E
P
1
2
(
2
0
2
5
)
1
1
7

An important feature of the BC (ε, p) = (1, 1) is the existence of eigenstates whose Bethe
roots include one or more so-called singular roots of type-1 and/or type-2.8 The type-1
singular roots are exact 1-strings given by

u
[1]
j = i γ for j = 1, . . . , n

[1]
sing , (4.35a)

and the type-2 singular roots are arranged in exact 3-strings given by

u
[2]
j,k = i k γ , k = 0,±2 for j = 1, . . . , n

[2]
sing , (4.35b)

where n
[1]
sing and n

[2]
sing denote the number of type-1 and type-2 singular strings, respectively.9

Note that despite the close similarity of these Bethe equations to those for (ε, p) = (1, 0)
in (4.33), we have not found any instances of Bethe roots with singular strings (4.35) there.

Singular Bethe roots give rise to apparent zeros or poles in the Bethe equations, and poles
in the energy formula (4.5), but nevertheless lead to analytic transfer matrix eigenvalues.
These singular roots must be treated separately from the others such that the Bethe eqs. (4.34)
becomesinh(u[1]

j +iγ)

sinh(u[1]
j −iγ)

2N−2−n
[1]
sing

=

sinh(u[1]
j +3iγ)

sinh(u[1]
j −3iγ)

n
[1]
sing−2n

[2]
sing

×

×
m1∏

k>n
[1]
sing,k ̸=j

sinh(u[1]
j −u

[1]
k +2iγ)

sinh(u[1]
j −u

[1]
k −2iγ)

sinh(u[1]
j +u

[1]
k +2iγ)

sinh(u[1]
j +u

[1]
k −2iγ)

×

×
m2∏

k>3n
[1]
sing

sinh(u[1]
j −u

[2]
k −iγ)

sinh(u[1]
j −u

[1]
k +iγ)

sinh(u[1]
j +u

[2]
k −iγ)

sinh(u[1]
j +u

[2]
k +iγ)

 ,

j =n
[1]
sing+1,...,m1

1=

sinh(u[2]
j −2iγ)

sinh(u[2]
j +2iγ)

n
[1]
sing−n

[2]
sing
sinh(u[2]

j +4iγ)

sinh(u[2]
j −4iγ)

n
[2]
sing

×

×
m1∏

k>n
[1]
sing

sinh(u[2]
j −u

[1]
k −iγ)

sinh(u[2]
j −u

[1]
k +iγ)

sinh(u[2]
j +u

[1]
k −iγ)

sinh(u[2]
j +u

[1]
k +iγ)

×

×
m2∏

k>3n
[2]
sing,k ̸=j

sinh 1
2(u[2]

j −u
[2]
k +2iγ)

sinh 1
2(u[2]

j −u
[2]
k −2iγ)

cosh 1
2(u[2]

j +u
[2]
k +2iγ)

cosh 1
2(u[2]

j +u
[2]
k −2iγ)

 ,

j =3n
[2]
sing+1,...,m2 (4.36)

8This includes the ground state for π/6 < γ < π/4 for small N : the ground state of the system with up to
N = 6 sites is a doublet, 2 · ([0] ⊗ [0]) in terms of the Uq(B1)-spins, and its root configuration contains one
pair of singular roots on level-1 (n[1]

sing = 2) together with a pair of complex conjugate level-2 roots on the
imaginary axis. Around γ = π/5 we observe a level crossing between N = 6 and 8 after which the ground
state becomes tenfold degenerate (([0] ⊗ [2]) ⊕ ([2] ⊗ [0])) with a root configuration containing strings (4.41)
only (no singular roots), as discussed in section 4.5.4 below.

9We do not rule out the possible appearance of longer singular strings, which however we have not
encountered in our investigation of low-lying states.
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The contribution of the singular roots to the energy (4.5) can be given explicitly (for N > 2):10

E(ε,p)=(1,1) = n
[1]
sing cos(2γ) −

m1∑
j=n

[1]
sing+1

2 sinh2(2iγ)
cosh(2u

[1]
j ) − cos(2γ)

. (4.37)

4.4 The thermodynamic limit

The periodic model in the parameter range (4.29) is critical [30]. We expect that the property
of being at criticality is mainly a bulk property and so is unchanged by the change of BCs. For
a one-dimensional open critical lattice model it is expected that the spectrum of low-energy
excitations can be described within the framework of a two-dimensional boundary conformal
field theory. The following prediction for large-N asymptotics of the energy is expected to
hold [50, 51] from conformal field theory

E ≍ Ne∞ + f∞ + πvF

N

(
− c

24 + ∆ + d
)

. (4.38)

Here, e∞ is the bulk energy density, f∞ is the surface energy, while vF is the Fermi velocity.
These all are model-dependent quantities. The universal conformal field theory content is
contained in the N−1 correction in (4.38). We denote by c the central charge, by ∆ the
dimensions of the conformal primary fields, while d denotes the level of the descendant.
For the further analysis, it is useful to define the effective scaling dimension (or effective
conformal weight)

Xeff = − c

24 + ∆ + d . (4.39)

The methodology used in the rest of the paper is to use the Bethe ansatz to numerically
extract the energy E of a given Bethe state for larger and larger system sizes11 and then
use the following finite-size estimate

N

πvF
(E − Ne∞ − f∞) (4.40)

to extract the allowed values of (4.39). We remark here that the Hamiltonian is not
Hermitian. Nevertheless, we find numerically that for all low-energy states (i.e. states for
which E − EGS ∼ 1

N ) we have considered, the imaginary part of the energies decays to zero
faster than 1/N , yielding that the conformal data is real as usual, leading to a sensible
low-energy theory.

The first step to proceed via the above is to calculate the non-universal quantities, namely,
the bulk energy density e∞, the surface energy density f∞ and the Fermi velocity vF . This is
done by using the root-density formalism for the open model as sketched in the following.

10This result can be derived using the energy expression (4.6) and the expression for A(u) (see eqs. (2.17)
and (2.19)), and assuming that there are n

[1]
sing singular level-1 Bethe roots (4.35a). This formula does not hold

for the special case with N = 2 and n
[1]
sing = 2, in which case Λ′′(0) has an additional contribution involving

B1(u).
11We kindly refer the reader to section 3 of [30] where it is explained how a given Bethe state is extended to

higher system sizes.
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For all boundary conditions (ε, p), a small-system analysis by exact diagonalization yields
that the root configuration for the ground state consists of the following 2-strings on both
levels, similar to the periodic model [30]:

u
[1]
j = xj ± i

(
π

2 − γ − δj

)
, u

[2]
j = yj ±

iπ
2 . (4.41)

Here δj are some deviations from the lines with imaginary parts ±(π
2 −γ). We find numerically

that these deviations tend to zero as the system size N approaches infinity. Further, we
find that the real centers xj and yj become dense on the positive real line. The Fourier
transform of the bulk density is given by

σx(ω) = σy(ω) = 1
cosh((2γ − π

2 )ω) . (4.42)

As expected, we find for the bulk quantities e∞ and velocity vF the same expression
as in the periodic model [30]:

vF = π sin(2γ)
π − 4γ

, e∞ = −1
2

∫ ∞

−∞
dω

sin(2γ) sinh(2γω)
cosh((2γ − π

2 )ω) sinh(ωπ
2 ) . (4.43)

The surface energy f∞, however, depends on the BCs imposed. We have that

f∞ = −sin(2γ)
2

∫ ∞

−∞
dω

sinh(2γω)
sinh(πω

2 ) τx(ω) , (4.44)

where τx(ω) is the boundary contribution to the density of level-1 strings. We give explicit
formulae for f∞ for the different BCs in the following sections.

We would like to highlight a subtle technical point concerning the root-density approach
for the real centers of strings in the open case. In this setting, the scattering phase involving
the level-1 roots require a careful treatment. If one inserts the string hypothesis directly,
without accounting for deviations, the result will be incorrect. The correct procedure is to
first include the strings with small deviations, compute the relevant quantities, and only
then take the limit where the deviations vanish. We illustrate this procedure for the case
(ε, p) = (0, 0) in appendix C; the other cases of BCs follow analogously.

4.5 Finite-size analysis

We will not give a general classification of the Bethe root configurations leading to specific
conformal weights. This is simply due to the fact that, unfortunately, there is in general
no clear structure. We will discuss certain clear excitation mechanisms when possible. In
addition, we provide access to some representative examples of the Bethe roots used in this
section in the online repository found under [52].

4.5.1 (ε, p) = (0, 0)

We have that the surface contribution to the root density takes for this particular BC the
following form

τx(ω) =
(
1 + cosh(γω) − cosh((3γ − π

2 )ω)
)

cosh(γω) cosh((2γ − π
2 )ω) . (4.45)
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This yields the surface energy:

f∞ = −sin2(2γ)
cos(2γ) − sin(2γ)

4

∫ ∞

−∞
dω

(
1 + cosh(γω) − cosh((3γ − π

2 )ω)
)

sinh(2γω)
cosh(γω) cosh((2γ − π

2 )ω) sinh(πω
2 ) . (4.46)

The ground state is a singlet, h1 = h2 = 0, and the corresponding effective scaling dimension
is given by

X
(0)
eff = −1

6 + 10γ

4π
− γ

π − 2γ
. (4.47)

By considering various excited states, we conjecture that the low-energy states give rise
to the effective scaling dimensions:

Xeff = −1
6 + γ

π

(
h1 + 3

2

)2
+ γ

π

(
h2 + 1

2

)2
− γ

π − 2γ
+ d , (4.48)

where d ∈ N. We note that the dependence on the Cartan charges can be rewritten in
terms of the quadratic Casimir operator of the symmetry algebra: in the classical limit its
eigenvalue on a highest weight state (h1, h2) is

CB2(h1, h2) = 2 (h1(h1 + 3) + h2(h2 + 1)) = 2
((

h1 + 3
2

)2
+
(

h2 + 1
2

)2
)
− 5 .

Examples of the numerical data for the Bethe roots leading to the critical exponents (4.48)
are given in the online repository [52].

4.5.2 (ε, p) = (0, 1)

For this particular BC we have

τx(ω) =
2 sinh(γω)

(
cosh(γω) − cosh

(
1
2(π − 2γ)ω

)
+ 1

)
sinh

(
1
2(8γ − π)ω

)
+ sinh

(
πω
2
) . (4.49)

This leads to the surface energy:

f∞ = −sin(2γ)
2

∫ ∞

−∞
dω

sinh(2γω)
sinh(πω

2 )
2 sinh(γω)

(
cosh(γω) − cosh

(
1
2(π − 2γ)ω

)
+ 1

)
sinh

(
1
2(8γ − π)ω

)
+ sinh

(
πω
2
) . (4.50)

For the ground state, we have h(ℓ) = h(r) = 0 and

X
(0)
eff = −1

6 + γ

2π
. (4.51)

In general, we conjecture that the conformal spectrum can be described by the symmetry
algebra, i.e., the left and right Uq(B1) spins S(α) = h(α):

Xeff = −1
6 + γ

4π

(
2S(ℓ) + 1

)2
+ γ

4π

(
2S(r) + 1

)2
+ d . (4.52)
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Comparing this expression to the conformal spectrum of the D
(2)
2 model with Uq(B1) quantum

group symmetry for ε = 0 obtained in [21] we conjecture that the scaling limit of the D
(2)
3

model for (ε, p) = (0, 1) BC can be described by two antiferromagnetic Potts models with free
boundaries, each contributing (3.1) to the central charge and the conformal weights. Further,
the degeneracy of the conformal primaries, which we have investigated, is consistent with
the product of characters of two independent antiferromagnetic Potts models.

Examples of the numerical data for the Bethe roots are given in the online repository [52].

4.5.3 (ε, p) = (1, 0)

For this BC, we find that the surface root density takes the more complicated form

τx(ω) =
csch

(
πω
2
)

sinh
(

1
2(π − 8γ)ω

)
+ csch

(
πω
4
)

sinh
(

1
4(π − 8γ)ω

)
csch

(
πω
2
)

sinh
(

1
2(π − 8γ)ω

)
− 1

+
2 cosh(γω) − 2 coth

(
πω
2
)

sinh(γω)
csch

(
πω
2
)

sinh
(

1
2(π − 8γ)ω

)
− 1

,

(4.53)

such that the corresponding surface root density (4.44) is given by

f∞ = sin(2γ)
2

∫ ∞

−∞
dω

sinh
(

1
2(π−2γ)ω

)
+2cosh

(
1
4(π−4γ)ω

)
cosh(γω) sinh

(
1
4(π−8γ)ω

)
cosh

(
1
2(π−4γ)ω

)
sinh

(
ωπ
2
)

+ sin2(2γ)
cos(2γ) . (4.54)

By employing formula (2.33a), we deduce the ground state lies within the sector char-
acterized by h1 in the γ interval

π

2(h1 + 2) < γ <
π

2(h1 + 1) . (4.55)

A numerical analysis confirms these bounds. Hence, the symmetry algebra is spontaneously
broken. For the finite-size analysis, we group the low-energy states into two classes A and B.

Class A. In a given h1, h2 sector, we find that in the interval (4.55) and (4.29), the lowest-
energetic state consisting just of roots of the type (4.41) possesses the following effective
scaling dimension

Xeff(h1, h2) = −1
6 + γ

π

(
h1 + 3

2 − π

2γ

)2
+ γ

π

(
h2 + 1

2

)2
. (4.56)

Combining (4.56) and (4.55) yields the effective scaling dimensions of the ground state to be

X
(0)
eff = −1

6 + γ

4π
+ γ

π

(
frac

(
π

2γ

)
− 1

2

)2
, (4.57)

where frac(x) denotes the factional part of x. Some numerical data is displayed in figure 2.
Above the states (4.56) in the interval (4.55) for h1 = 1 and h2 = 0, we have numerically
estimated the effective scaling dimension of three other states labeled as n = 1, 2, 3, each one
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Figure 2. Effective conformal weight 24Xeff = 24N
πvF

(E(N) − Ne∞ − f∞) for states with different h1

of the D
(2)
3 chain with boundary conditions (ε, p) = (1, 0). The circles display numerical data obtained

from the Bethe ansatz. The dotted lines display the lowest state in the (h1, 0) continuum yielding
logarithmic correction flowing to (4.56) for h1 = 1, 2, 3 for blue, green and purple. The dashed states
are discrete states (4.60) having power law corrections (red h1 = 0). Note that the ground state is
never in the h1 = 0 sector.

generated by the same excitation mechanism present in the periodic model, i.e. by resolving
four-strings and placing the roots on the lines with fixed imaginary part:

ℑm(u[1]
j ) = π

2 , ℑm(u[2]
j ) = 0, π . (4.58)

For a sketch of the Bethe root configurations, see12 the figure 5. We have found that these
three states possess logarithmic corrections, see figure 3. Based on this analysis and the
presence of other states with similar Bethe root configurations for small system-sizes, it
is expected that there are an extensive number of such states possessing such logarithmic
corrections. Based on our numerical data for n = 1, 2, 3 we conjecture

Xeff(h1, 0|n) = Xeff(h1, 0) + (2 n + 1)2 A(γ)
log2(N/N0)

+ O(N−x) for n = 1, 2, 3, . . . . (4.59)

where n is the number of excitations in the continuum tower, and x stands for any remaining
power-law decay. Further, N0 is some non-universal length scale, and A(γ) is an amplitude
that we do not attempt to calculate here. The amplitude of the logarithmic corrections for
the lowest state in the continuum is too small to distinguish it from the power-law behavior in
the numerical data. Therefore, we analyze the finite-size differences between the states n = 2
and n = 0, and compare them with those between n = 3 and n = 1. From this comparison,

12This figure is actually for the BC (ε, p) = (1, 1). However, while the values of the Bethe roots for
(ε, p) = (1, 0) are different, the qualitative picture is the same.
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Xeff (1,0|0) ground state (N odd)

Xeff(1,0|1) ground state (N even)

◆ Xeff(1,0|2) excitation (N odd)

♢ Xeff(1,0|3) excitation (N even)

-- extrapolation

Xeff(1,0)

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

0.0

0.5

1.0

1/logN

X
ef
f(
N
)

Figure 3. Effective conformal weight Xeff = N
πvF

(E(N) − Ne∞ − f∞) for excited states in the sector
h1 = 1, h2 = 0 of the D

(2)
3 chain with boundary conditions (ε, p) = (1, 0). We see strong logarithmic

corrections.

we conjecture that (4.59) also holds for n = 0. Examples of the numerical data for the Bethe
roots are given in the online repository [52].

If we fix h1 and h2 and vary the anisotropy γ below the lower bound of (4.55) and we follow
the states (4.56) or the higher continuum states, we find transmutation from the continuum
states into discrete ones, also seen in figure 2. When γ is lowered below π

2(h1+2) for fixed h1,
the effective scaling dimension of the lowest state in the continuum in the sector h1 changes to

X∗
eff(h1, h2) = Xeff(h1, h2) − γ

π − 2γ

(
2 + h1 −

π

2γ

)2
. (4.60)

The logarithmic corrections are not present anymore. These states just possess power law
corrections to scaling. On the level of the Bethe roots, the transmutation can be seen as a
significant change of the Bethe roots: we see that some of the roots of the continuum state
tend to infinity as γ approaches the lower bound (4.55). Then the roots come back to a
finite real part, but the imaginary part is changed. Also here, we did not manage to find a
universal parameterization of these discrete states in terms of the Bethe roots. Hence, we
provide examples of the numerical data for the Bethe roots in the online repository [52].

Class B: one non-matching state. We have identified in addition one single state which
possesses no logarithmic corrections but which does not fit in the family (4.60). It has a
conformal dimension of

X∗∗
eff(h1 = 1, h2 = 0) = Xeff(h1 = 1, h2 = 0) − γ

π − 2γ

(
2 − π

2γ

)2
+ 1 . (4.61)
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4.5.4 (ε, p) = (1, 1)

Adapting the root-density approach as presented in appendix C to the present case, the
boundary contribution to the density of level-1 strings (4.41) is found to be

τx(ω) = −
2 cosh(γω)(cosh(γω) + 1) + tanh

(
πω
4
)

sinh(2γω) + 2 coth
(

πω
2
)

sinh(γω)
csch

(
πω
2
)

sinh
(

1
2(8γ − π)ω

)
+ 1

, (4.62)

which gives a diverging contribution 1
2 − (π/2γ) to the total number of corresponding roots

as γ → 0 (cf. the D
(2)
2 -chain with quantum-group-invariant boundary conditions [25, 26, 33]).

This implies spontaneous broken symmetry of the D
(2)
3 -chain with boundary conditions

(ε, p) = (1, 1), as its ground state is realized in the sector (h(ℓ) = 0, h(r)), i.e. m1 = m2 =
N − h(r), with h(r) = 2, 3, 4 . . . for

π

2h(r) + 2
< γ <

π

2h(r) . (4.63)

Note that in the limit γ → 0 (or γ < π/2N for sufficiently large finite systems), the ground
state is the reference state with m1 = m2 = 0, see (4.28).

With (4.62), the surface energy (4.44) of the D
(2)
3 model with boundary conditions

(ε, p) = (1, 1) becomes

f∞ = sin(2γ)
2

∫ ∞

−∞
dω

2 (cosh(γω) + 1) sinh(1
2(π − 2γ)ω) + sinh(2γω)

2 sinh(π
2 ω) cosh(1

2(π − 4γ)ω)
. (4.64)

With the predicted scaling of energies (4.38) we can identify the operator content of the
boundary CFT describing the scaling limit of the lattice model from its finite-size spectrum.
It turns out that the effective conformal weights can be separated into two contributions
corresponding to the two factors in its symmetry algebra Uq(B1)⊗Uq(B1), similar as in (4.52)
for BC (ε, p) = (0, 1). Based on the characteristics of these contributions, we identify three
classes of conformal weights.

Class A: signatures of a non-compact critical degree of freedom. Based on our
numerical solution of the Bethe equations (4.34), we conjecture that the lowest state for
anisotropies (4.63) in the Cartan sector (h(ℓ), h(r)) is realized for lattice sizes N ≡ h(r) + h(ℓ)

(mod 2) and has an effective conformal weight

Xeff
(
h(ℓ), h(r)

)
= −1

6 + γ

π

(
h(ℓ) + 1

2

)2
+ γ

π

(
h(r) + 1

2 − π

2γ

)2
.

Numerical data from the exact diagonalization of small systems show that the multiplicities
of these levels is 2(2h(ℓ) + 1)(2h(r) + 1). Given that Bethe states are Uq(B1) ⊗ Uq(B1)
highest-weight states with left and right Uq(B1) spins S(α) = h(α), α = ℓ, r, this observation
can be understood from self-duality and quantum group symmetries alone: each weight
corresponds to a self-dual multiplet [S(ℓ),S(r)] ≡ (S(ℓ) ⊗S(r)) ⊕ (S(r) ⊗S(ℓ)) (hence 2(S ⊗ S)
for S(ℓ) = S(r) = S) and can be written in the explicitly self-dual form

X
[A]
eff

(
[S(ℓ),S(r)]

)
= −1

6 + γ

4π

(
2S< + 1

)2 + γ

4π

(
2S> + 1 − π

γ

)2
, (4.65)
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Figure 4. Effective conformal weights Xeff for some of the lowest class A states of the D
(2)
3 chain

with boundary conditions (ε, p) = (1, 1): full lines indicate the lower bounds (4.65) of the continua
in sectors [S(ℓ),S(r)], dashed and dash-dotted lines are the conjectures X∗

eff and X∗∗
eff for the discrete

levels emerging from these continua as given in (4.68), bullets are extrapolations of the numerical
finite size data [52].

where S< = min(S(ℓ),S(r)), S> = max(S(ℓ),S(r)). The conjectures (4.65) together with
extrapolations of our finite-size data [52] are presented in figure 4.

At the endpoints γ = π/(2k + 2), k = 2, 3, 4 . . . of the intervals (4.63) there is a level
crossing between the ground states of the sectors [S(ℓ),S(r)] = [0, k] and [0, k + 1]. Hence,
the effective central charge of the D

(2)
3 lattice model with boundary conditions (ε, p) = (1, 1)

becomes

ceff = −24 X
(0)
eff = 4 − 6γ

π
− 6γ

π

(
2 frac

(
π

2γ

)
− 1

)2
. (4.66)

We expect that (4.65) are the lower edges of continuous components of the spectrum
of conformal weights: in the spin sectors shown in figure 4 we have identified the root
configurations of the first few (the lowest of expected towers) excitations that extrapolate
to the same effective conformal weight in the scaling limit, see table 1. For the sector
[S(ℓ),S(r)] = [0, 2] we have visualized the mechanism for building this tower of excitations
in figure 5: in the center of the interval π/6 < γ < π/4 it is similar as in the periodic D

(2)
3

model. A pair of 2-strings (4.41) is replaced by level-1 roots with imaginary part π/2 and
two level-2 roots with the same real part and imaginary parts 0 and π, respectively (plus
a single root u

[2]
0 = 0 in the excitations for chains of length N ≡ S(r) + S(ℓ) + 1 (mod 2)).

This procedure can be repeated O(N) times, i.e. until no strings (4.41) are left, resulting in a
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[S(ℓ),S(r)] n no. of additional roots on
(4.41)-strings level 1 level 2

[0, 1] 0∗ (N − 1)/2 — —
1∗ (N − 2)/2 x[1] 0
2 (N − 3)/2 x

[1]
1 , x

[1]
2 + iπ/2 x[2], x[2] + iπ

3 (N − 4)/2 x
[1]
1 , x

[1]
k + iπ/2, k = 2, 3 0, x[2], x[2] + iπ

[0, 2] 0 (N − 2)/2 — —
1 (N − 3)/2 x[1] + iπ/2 0
2 (N − 4)/2 x

[1]
k + iπ/2, k = 1, 2 x[2], x[2] + iπ

3 (N − 5)/2 x
[1]
k + iπ/2, k = 1, 2, 3 0, x[2], x[2] + iπ

[0, 3] 0 (N − 3)/2 — —
1 (N − 4)/2 x[1] + iπ/2 0

[0, 4] 0 (N − 4)/2 — —
[1, 1] 0∗ (N − 4)/2 iγ, iγ, i y[1] ±i y[2]

1∗ (N − 3)/2 iγ, iγ 0
2 (N − 4)/2 iγ, iγ, x[1] + iπ/2 x[2], x[2] + iπ

[1, 2] 0 (N − 3)/2 x[1] —
1 (N − 4)/2 x

[1]
1 , x

[1]
2 + iπ/2 0

Table 1. Bethe root configurations for the lowest class A states around γ = π/5: x
[a]
k and y

[a]
k take

real values. In the scaling limit, the conformal weights with the same Uq(B1) spins [S(ℓ),S(r)] (but
different n) become degenerate, indicating the emergence of a continuous spectrum. An exception
are the lowest spin [S(ℓ) = 1,S(r)] states (with labels n = 0∗ and 1∗): they are no longer part of the
continuum but transmuted into pairs (realized for even and odd N , respectively) of discrete states for
this value of γ.

tower of states extending beyond the low energy regime.13 Note that the root configurations
change for values of γ outside the interval where the lowest of these states is the ground state.

As shown in figure 6, there are strong corrections to scaling to the corresponding
conformal weights. Analyzing these corrections in the [S(ℓ),S(r)] = [0, 2]-tower, we find that
they have both logarithmic and power-law contributions. Based on our numerical data [52],
we conjecture that the amplitudes of the logarithmic (leading) contributions are

Xeff ([0, 2]|n) = X
[A]
eff ([0, 2]) + (2n + 1)2 A(γ)

log2(N/N0)
+ O

(
N−x) for n = 1, 2, 3, . . . , (4.67)

while further contributions vanish as power laws with a γ-dependent exponent x > 0. Such
terms are expected to be generated by the presence of perturbations to the fixed-point
Hamiltonian by irrelevant operators in the lattice model [53–55]. In all states considered
the exponent x appears to vanish as γ → π/4, indicating that the perturbation becomes
marginally irrelevant in this limit.

13In the periodic model the “new” second level roots can be freely distributed on the real line and with
ℑm(u[2]

j ) = π which leads to the appearance of two continua related by the Z2 symmetry (2.12). Here a pair
of roots {u[2], u[2] + iπ} is mapped onto itself.
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Figure 5. Root configurations {u
[a]
k } for the [S(ℓ),S(r)] = [0, 2] levels shown in figure 6: ground

state for N = 16 (top left), ground state for N = 15 (top right), first excitation in the continuum for
N = 16 (lower left) and for N = 15 (lower right). Black (red) dots are first (second) level roots, the
dashed lines are at ℑm(u[a]

k ) = 0, π
2 − γ, π

2 and π.

0 0.2 0.4 0.6 0.8
1/logN

0.0

0.5

1.0

X
ef

f(N
)

X([0,2]|0): ground state (N even)

X([0,2]|1): ground state (N odd)

X([0,2]|2): excitation (N even)

X([0,2]|3): excitation (N odd)

extrapolation

X
eff

([0,2])

Figure 6. Scaling of the effective conformal weights Xeff(N) = N
πvF

(E(N) − Ne∞ − f∞) of the
lowest spin [S(ℓ),S(r)] = [0, 2] levels for γ = 1

5 π: extrapolation gives the same value (4.65) in the
thermodynamic limit but with different subleading (logarithmic) corrections (4.67).
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The amplitude of the logarithmic corrections to the effective weight Xeff ([0, 2]|n = 0)
of the lowest state in the continuum is too small to separate it from the power laws in
the numerical data. In the differences ∆n = Xeff ([0, 2]|n + 2) − Xeff ([0, 2]|n), however, the
amplitudes of the latter can be partially canceled. Based on their analysis we conjecture
that (4.67) holds for n = 0, too.

Following the finite-size scaling behavior of the weights Xeff([0,S(r)]|n) with n = 0, 1
beyond the range (4.63), i.e. to anisotropies γ ≲ π/(2S(r) + 2), we observe a non-analytic
change in the γ-dependence. At the same value of γ, the logarithmic corrections to scaling
disappear and the subleading terms become pure power laws. A similar behaviour has been
found in the D

(2)
2 (or staggered six-vertex) model, where this transmutation has been related to

the appearance of the discrete levels in the spectrum of the 2D black hole CFT [26]. Following
eq. (5.18) of ref. [30], we conjecture the corresponding effective conformal weight to be

X∗
eff([0,S(r)]) = X

[A]
eff ([0,S(r)]) − γ

π − 2γ

(
S(r) + 1 − π

2γ

)2
for γ <

π

2S(r) + 2
. (4.68a)

Upon lowering γ further, additional discrete levels emerge from the continuum, e.g.

X∗∗
eff([0,S(r)]) = X

[A]
eff ([0,S(r)]) − γ

π − 2γ

(
S(r) + 2 − π

2γ

)2
for γ <

π

2S(r) + 4
. (4.68b)

These levels are also displayed in figure 4. Similar transmutations of the lowest continuum
levels into discrete ones appear in the highest-weight class A states of all Cartan sectors
0 ≤ h(ℓ) ≤ h(r).

Summarizing our results for the class A states: we have identified towers of conformal
weights separated by gaps ∝ 1/ log2(N/N0) such as (4.67) which realize continuous components
of the conformal spectrum of the underlying theory starting at values (4.65) in the scaling
limit. Rewriting these lower edges as

X
[A]
eff

(
[S(ℓ),S(r)]

)
= − 1

12 + γ

4π

(
2S> + 1 − π

γ

)2

− 1
12 + γ

4π

(
2S< + 1

)2
,

(4.69a)

the first line coincides with the lower edge of the continuous parts of the spectrum of the
non-compact black hole boundary CFT as realized in the D

(2)
2 model with Uq(B1) quantum

group symmetry for ε = 1 (or one half of the CFT describing the D
(2)
3 model with periodic

boundary conditions [30]), see eq. (3.2a). The second line in (4.69a) is the contribution of
another (compact) critical degree of freedom with conformal weights as in (4.52) for boundary
conditions (ε, p) = (0, 1) in the universality class of the afm Potts model with free boundaries.

Similarly, we propose that (4.68) are the first two in a sequence of discrete levels emerging
from the continuum:14

X
[A]
eff

(
[S(ℓ),S(r)]|a

)
= − 1

12 + γ

4π

(
2S> + 1 − π

γ

)2
+ γ

π − 2γ
s2

a

− 1
12 + γ

4π

(
2S< + 1

)2
,

with sa = ±i
(
S> + 1 + a − π

2γ

)
, a = 0, 1, 2, · · · <

π

2γ
− (S> + 1) .

(4.69b)

14Note that X
[A]
eff

(
[S(ℓ),S(r)]|a

)
→ − 1

6 + a for γ → 0 independent of S(ℓ,r).
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Here the contribution of the compact critical degree of freedom (second line) is unchanged
while the first line of (4.69b), together with the restriction on the possible values of a, can be
identified with the spectrum of discrete states of the black hole boundary CFT allowed by
the unitarity condition. This provides further support for our interpretation of the finite-size
spectrum from the class A states.

One might speculate that the factor multiplying s2
a also enters in the amplitudes A(γ)

of the log. corrections of the continuum states (4.67). This is not easy to verify, however,
due to the (possibly strong) power law contributions coming from the second degree of freedom.

In addition to the class A levels discussed above, we have identified the conformal weights
of several other discrete states with purely power law corrections to scaling. These states are
characterized by Bethe root configurations containing one or two singular roots (4.35a) on
level one, i.e. n

[1]
sing ̸= 0, and the corresponding weights do not appear in the discrete part of the

spectrum of the 2D black hole CFT. Moreover, our numerical data for small systems indicate
that the multiplicities of these levels is in general larger that those for the class A states:
for S(r) ̸= S(ℓ) their representation content is k [S(ℓ),S(r)] = k

(
(S(ℓ) ⊗ S(r)) ⊕ (S(r) ⊗ S(ℓ))

)
with an even integer k.

Class B: additional discrete states with one singular root on level 1 (n
[1]
sing = 1).

The lowest-energy states with one singular first-level root (4.35a) and Uq(B1) spins S(ℓ,r)

have conformal weights

X
[B]
eff

(
[S(ℓ),S(r)]

)
= X

[B]
eff

(
[S(r),S(ℓ)]

)
= −1

6 + γ

4π

∑
α=ℓ,r

(
2S(α) + 1 − π

2γ

)2
+ 1

8 , (4.70)

see figure 7 for the states with S(α) ≤ 2. Also shown are some excited class B states with
conformal weights

X
[B]
eff

(
[S(ℓ),S(r)]

)
+ 1

2 .

For γ → π/4, i.e. at the boundary of the critical regime considered in this paper, the conformal
weights X

[B]
eff approach −1

6 + 2k+1
4 with non-negative integers k. Such values are absent in the

conformal spectrum obtained from the class A states. Therefore, they cannot be interpreted
in the context of the black hole CFT.

Class C: additional discrete states with two singular roots on level 1 (n
[1]
sing = 2).

Finally, we have identified a class of primaries and descendants with conformal weights
depending linearly on γ,

X
[C]
eff

(
[S(ℓ),S(r)]

)
= −1

6 + γ

4π

∑
α=ℓ,r

(
2S(α) + 1

)2
+ d . (4.71)

This coincides with the operator content (4.52) of the model with boundary conditions
(ε, p) = (0, 1) which we have identified with that of two afm Potts models with free boundaries.
All of these states have n

[1]
sing = 2 singular first level roots (4.35a). The corrections to

scaling are pure power laws indicating that they do not belong to a continuous part of
the conformal spectrum.
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Figure 7. Conjectured effective conformal weights X
[B]
eff for the class B states from the discrete

spectrum, see (4.70). Colors indicate the sector [S(ℓ),S(r)] as shown in the legend box, filled (open)
circles are extrapolations of the numerical data [52] for even (odd) length lattices. Grey lines indicate
the lower edges of the [0,S(r)]-continua.

5 Discussion

We have determined the spectrum of the transfer matrices and corresponding Bethe equations
for the quantum-group-invariant D

(2)
n+1 models with ε = 1 using the analytical Bethe ansatz.

Focusing on the case n = 2, we have explicitly constructed the spin-chain Hamiltonians for
the various boundary conditions (ε, p), which is nontrivial for the case (1, 1) as it involves
the second derivative of the transfer matrix.

We find that the Hamiltonian is critical in the parametric regime (4.29) for all four
boundary conditions (ε, p), just as for PBCs. We utilize our Bethe ansatz to investigate the
finite-size spectrum of the D

(2)
3 model for large system sizes N ≫ 1. In our previous study of

the periodic model this approach led to the identification of two critical non-compact degrees
of freedom, each described by the 2D black hole CFT in the scaling limit. Our numerical data
indicate that imposing different quantum group invariant boundary conditions on the lattice
model has a profound effect on its properties: for ε = 1 the continuous symmetries of the
model, Uq(B2) for p = 0 and Uq(B1)⊗Uq(B1) for p = 1, are spontaneously broken. Moreover,
we find signatures of a single non-compact degree of freedom only for BCs with ε = 1, while
the spectrum of conformal weights is purely discrete when ε = 0. The disappearance of the
continuous part of the spectrum has also been observed in the staggered six-vertex model.
Assuming that the scaling limit of the periodic D

(2)
n+1 chains is described by non-compact

CFTs for all n (as appears to be the case for the A
(2)
n+1 series of lattice models [38, 39]) this

leads us to conjecture that under quantum group invariant BCs (2.1), (2.3) only those with
ε = 1 lead to a continuous spectrum of conformal weights corresponding to non-compact
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branes. This could be checked based on our construction of the Bethe equations for the
rank n chains in section 2.2.

The conformal spectrum of the self-dual Uq(B1) ⊗ Uq(B1)-symmetric D
(2)
3 models, i.e.

with p = 1, allows for a partial interpretation when compared to the Uq(B1)-invariant D
(2)
2

chain: in the scaling limit the latter is known to be in the universality class of the (compact)
afm Potts model with free boundaries for ε = 0, while its low-energy effective description for
ε = 1 is a 2D black hole boundary CFT. Here we have found for BCs (ε, p) = (0, 1) that the
conformal weights (4.52) contain contributions of two afm Potts models. For (ε, p) = (1, 1)
the situation is more complicated, but part of the conformal spectrum can be decomposed
into contributions of an afm Potts model and a black hole boundary CFT, see (4.69). This
supplements our earlier observation for the periodic model [30].

Further insights into the scaling limit of the D
(2)
3 model and the possible conformal

boundary conditions might be gained by considering the spin chains with different choices
of the parameters (ε, p) in the K-matrices (2.1) and (2.3) on the two ends. Moreover, we
have restricted our attention in this paper on values of the anisotropy parameter γ in the
domain (4.29). We expect that the system remains critical for any real values of γ, so it
might be worthwhile to explore the finite-size spectrum in other domains.
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A D
(2)
n+1 R-matrix

We use the D
(2)
n+1 R-matrix given by Jimbo [7], except we use the variables u and η instead

of x and k, respectively, which are related as follows:

x = eu , k = e2η . (A.1)

We also multiply the Jimbo R-matrix by an overall factor e−2u e−2(n+1)η in order to have
nice crossing and unitarity properties. (See also [6, 8].) Hence, this R-matrix is given, as
in appendix A of [34], by

R(u) = e−2u e−2(n+1)ηRJ(u) (A.2)
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with

RJ(u)=
(
e2u−e4η

)(
e2u−e4nη

) ∑
α ̸=n+1,n+2

eαα⊗eαα+e2η
(
e2u−1

)(
e2u−e4nη

) ∑
α ̸=β,β′

αorβ ̸=n+1,n+2

·eαα⊗eββ−
(
e4η−1

)(
e2u−e4nη

) ∑
α<β,α ̸=β′

α,β ̸=n+1,n+2

+e2u
∑

α>β,α ̸=β′

α,β ̸=n+1,n+2

eαβ⊗eβα

−1
2
(
e4η−1

)(
e2u−e4nη

)(
(eu+1)

 ∑
α<n+1,β=n+1,n+2

+eu
∑

α>n+2,β=n+1,n+2


·
(
eαβ⊗eβα+eβ′α′⊗eα′β′

)
+(eu−1)

− ∑
α<n+1,β=n+1,n+2

+eu
∑

α>n+2,β=n+1,n+2


·
(
eαβ⊗eβ′α+eβ′α′⊗eα′β

))
+

∑
α,β ̸=n+1,n+2

aαβ(u)eαβ⊗eα′β′+1
2

∑
α ̸=n+1,n+2,β=n+1,n+2

·
(
b+

α (u)
(
eαβ⊗eα′β′+eβ′α′⊗eβα

)
+b−α (u)

(
eαβ⊗eα′β+eβα′⊗eβα

))
+

∑
α=n+1,n+2

(
c+(u)eαα⊗eα′α′+c−(u)eαα⊗eαα

+d+(u)eαα′⊗eα′α+d−(u)eαα′⊗eαα′

)
, (A.3)

where for α, β ≠ n + 1, n + 2

aαβ(u) =


(e4ηe2u − e4nη)(e2u − 1) α = β

(e4η − 1)(e4nηe2η(ᾱ−β̄)(e2u − 1) − δαβ′(e2u − e4nη)) α < β

(e4η − 1)e2u(e2η(ᾱ−β̄)(e2u − 1) − δαβ′(e2u − e4nη)) α > β

, (A.4)

b±α (u) =

±e2η(α−1/2)(e4η − 1)(e2u − 1)(eu ± e2nη) α < n + 1
e2η(α−n−5/2)(e4η − 1)(e2u − 1)eu(eu ± e2nη) α > n + 2

, (A.5)

c±(u) = ±1
2(e4η − 1)(e2nη + 1)eu(eu ∓ 1)(eu ± e2nη) + e2η(e2u − 1)(e2u − e4nη) , (A.6)

d±(u) = ±1
2(e4η − 1)(e2nη − 1)eu(eu ± 1)(eu ± e2nη) , (A.7)

and

ᾱ =



α + 1 1 ≤ α < n + 1
n + 3

2 α = n + 1
n + 3

2 α = n + 2
α − 1 n + 2 < α ≤ 2n + 2

, (A.8)

α′ = 2n + 3 − α . (A.9)

The elementary matrices eαβ have dimension (2n + 2) × (2n + 2) with

α, β = 1, . . . , 2n + 2 . (A.10)
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This R-matrix has the crossing symmetry

R12(u) = V1 Rt2
12(−u − ρ) V1 = V t2

2 Rt1
12(−u − ρ) V t2

2 , (A.11)

with the crossing parameter ρ = −2nη. The crossing matrix V is given by

V =
2n+2∑
k=1

vk ek,2n+3−k , (A.12)

where

vk =


e−(2n+1−2k)η k = 1, . . . , n

1 k = n + 1, n + 2
e−(2n+5−2k)η k = n + 3, . . . , 2n + 2

, (A.13)

and satisfies V 2 = I. The corresponding matrix M is defined by

M = V t V , (A.14)

and is given by a diagonal matrix

M = diag(e4(n+ 3
2−ᾱ)η) , α = 1, 2, . . . , 2n + 2 , (A.15)

where ᾱ is defined by (A.8).

B Quantum group and duality symmetries

We provide here further details about the quantum group and duality symmetries of the
transfer matrix. The explicit form of the quantum group generators and their coproducts are
given in section B.1. The definition of the duality operator and its action on the quantum
group generators are presented in section B.2.

B.1 Generators and their coproducts

It was shown in [4] that the transfer matrix t(u, ε, p) (2.4) has the Uq (Bn−p) ⊗ Uq (Bp)
quantum group symmetry, see (2.8). In order to define the quantum group generators, we
recall that the D

(2)
n+1 generators in the fundamental representation corresponding to simple

roots can be written as

Hj = ej,j − e2n+3−j,2n+3−j , j = 1, . . . , n,

E+
0 = (−1)n

√
2

(en+1,1 − en+2,1 + e2n+2,n+1 − e2n+2,n+2) ,

E+
j = ej,j+1 + e2n+2−j,2n+3−j , j = 1, . . . , n − 1,

E+
n = 1√

2
(en,n+1 + en,n+2 − en+2 − en+2,n+3 − en+1,n+3) ,

E−
j =

(
E+

j

)t
, (B.1)

where (ei,j)a,b = δi,aδj,b.
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A key point is that the p-th generator E±
p is broken; hence, the remaining symmetry is

described by the n remaining generators that form the “left” and “right” algebras. There are
n − p generators of the “left” algebra, denoted by a superscript (ℓ), which are given by

H
(ℓ)
j (p) = Hp+j , E

± (ℓ)
j (p) = E±

p+j , j = 1, . . . , n − p ; (B.2)

and there are p generators of the “right” algebra, denoted by a superscript (r), which can
be written as

H
(r)
j (p) = Hp−j+1, E

± (r)
j (p) = E∓

p−j , j = 1, . . . , p . (B.3)

We note that the definition of the “right” generators in (B.3) differs from the one in eqs.
(B.7) in [3] and (A.6) in [4]). While the two definitions are equivalent, the new choice ensures
non-negative values for the highest-weight-state eigenvalues h

(r)
j , see (2.33b).

The “left” and “right” algebras are given by the following commutation relations[
H

(ℓ)
i (p), H

(ℓ)
j (p)

]
= 0 ,

[
H

(r)
i (p), H

(r)
j (p)

]
= 0 ,[

H
(ℓ)
i (p), E

± (ℓ)
j (p)

]
= ±α

(j)
i E

± (ℓ)
j (p) ,

[
H

(r)
i (p), E

± (r)
j (p)

]
= ±α

(j)
i E

± (r)
j (p) , (B.4)[

E
+ (ℓ)
i (p), E

− (ℓ)
j (p)

]
= δi,j

n−p∑
k=1

α
(j)
k H

(ℓ)
k (p) ,

[
E

+ (r)
i (p), E

− (r)
j (p)

]
= δi,j

p∑
k=1

α
(j)
k H

(r)
k (p) ,

where {α(1), . . . , α(m)} are the simple roots of Bn−p for m = n − p, and of Bp for m = p.
Their explicit form in the orthogonal basis is

α(j) = ej − ej+1, j = 1, . . . , m − 1 ,

α(m) = em , (B.5)

where (ej)a = δj,a.
The 2-fold coproducts for the “left” generators are given, as in [4], by

∆
(
H

(ℓ)
j

)
=H

(ℓ)
j ⊗I+I⊗H

(ℓ)
j , j =1,...,n−p,

∆
(
E

±(ℓ)
j

)
=E

±(ℓ)
j ⊗e(η+iπ)H(ℓ)

j −ηH
(ℓ)
j+1 +e−(η+iπ)H(ℓ)

j +ηH
(ℓ)
j+1⊗E

±(ℓ)
j , j =1,...,n−p−1,

∆
(
E

±(ℓ)
n−p

)
=E

±(ℓ)
n−p ⊗eηH

(ℓ)
n−p +e−ηH

(ℓ)
n−p⊗E

±(ℓ)
n−p , (B.6)

and satisfy [
∆
(
H

(ℓ)
i

)
, ∆
(
E

± (ℓ)
j

)]
= ±α(j)∆

(
E

± (ℓ)
j

)
,

[
∆
(
E

+ (ℓ)
i

)
, ∆
(
E

− (ℓ)
j

)]
Ω(ℓ)

= δi,j

sinh
(
2η
∑n−p

k=1 α
(j)
k ∆

(
H

(ℓ)
k

))
sinh 2η

, (B.7)

where

Ω(ℓ)
ij =

e
iπH

(ℓ)
max(i,j) ⊗ I , |i − j| = 1 and 1 ≤ min(i, j) ≤ n − p − 2

I⊗ I , otherwise
, (B.8)
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and
[Ai, Bj ]Ω(k) = Ω(k)

ij AiBj − BjAiΩ(k)
ij . (B.9)

The 2-fold coproducts for the “right” generators are given by

∆
(
H

(r)
j

)
= H

(r)
j ⊗ I + I⊗ H

(r)
j , j = 1, . . . , p ,

∆
(
E

± (r)
j

)
= E

± (r)
j ⊗ e−(η+iπ)H(r)

j +ηH
(r)
j+1 + e(η+iπ)H(r)

j −ηH
(r)
j+1 ⊗ E

± (r)
j , j = 1, . . . , p − 1 ,

∆
(
E± (r)

p

)
= E± (r)

p ⊗ e−ηH
(r)
p + eηH

(r)
p ⊗ E± (r)

p , (B.10)

and satisfy [
∆
(
H

(r)
i

)
, ∆
(
E

± (r)
j

)]
= ±α(j)∆

(
E

± (r)
j

)
,

[
∆
(
E

− (r)
i

)
, ∆
(
E

+ (r)
j

)]
Ω(r)

= δi,j

sinh
(
−2η

∑p
k=1 α

(j)
k ∆

(
H

(r)
k

))
sinh 2η

, (B.11)

where

Ω(r)
ij =

e
iπH

(r)
max(i,j) ⊗ I , |i − j| = 1 and 1 ≤ min(i, j) ≤ p − 2

I⊗ I , otherwise
, (B.12)

All “left” generators commute with “right” generators.
In order to construct N -fold coproducts, one simply uses coassociativity

(I⊗ ∆)∆ = (∆ ⊗ I)∆ (B.13)

on the (N − 1)-fold coproduct.

B.2 Duality

It was shown in [4] that the transfer matrix t(u, ε, p) (2.4) has the p ↔ n− p symmetry (2.9),
where U is given by

U = U1 . . . UN , (B.14)

and U is defined by

U =


∑n

j=1 ej,n+2+j + en+1,n+1 − en+2,n+2 −
∑n

j=1 en+2+j,j , for n even∑n
j=1 ej,n+2+j + en+1,n+2 − en+2,n+1 −

∑n
j=1 en+2+j,j , for n odd

, (B.15)

and satisfies U U t = I.
Duality maps “right” generators to “left” generators

U H
(r)
i (p) U−1 = −H

(ℓ)
i (n − p) ,

U E
± (r)
i (p) U−1 = E

∓ (ℓ)
i (n − p) , i = 1, . . . , p , (B.16)

and vice-versa

U H
(ℓ)
i (p) U−1 = −H

(r)
i (n − p) ,

U E
± (ℓ)
i (p) U−1 = νi(p) E

∓ (r)
i (n − p) , i = 1, . . . , n − p , (B.17)
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where

νi(p) =

−1 n even and i = n − p

+1 otherwise
. (B.18)

The coproducts transform in a similar way.

C The root-density approach in the open case: deviations are important

In this appendix, we demonstrate a small subtlety for the root-density approach when
considering open BCs for string solutions whose imaginary part exactly cancels the additive
shifts, in our case ±iγ,±2iγ, in the scattering phase. This requires more careful handling
by taking into account the limit of vanishing deviations.

Let us consider as an example the case (ε, p) = (0, 0). The other BCs follow analo-
gously. By inserting the string hypothesis (4.41) including the deviations into the Bethe
equations (4.31), we multiply together the equations of complex conjugated pairs and then
take the logarithm of the resulting equations, and introduce

x−j = −xj , y−j = −yj , (C.1)

to obtain:

2Ix
j =+2N

iπ ln
(

cosh(iδj−xj)
cosh(iδj+xj)

)
+2N

iπ ln
(

cosh(iδj+2iγ+xj)
cosh(iδj+2iγ−xj)

)

+ 1
iπ ln

(
sinh(2iδj−2xj)
sinh(2iδj+2xj)

)
+ 1

iπ ln
(

sinh(2iδj+4iγ+2xj)
sinh(2iδj+4iγ−2xj)

)

− 1
iπ

m1
2∑

k=−m1
2

{
ln
(

sinh(i(δj+δk)−(xj−xk))
sinh(i(δj+δk)+(xj−xk))

)
+ln

(
sinh(i(δj+δk)+4iγ+(xj−xk))
sinh(i(δj+δk)+4iγ−(xj−xk))

)

+ln
(

sinh(2iγ−i(δj−δk)+(xj−xk))
sinh(2iγ−i(δj−δk)−(xj−xk))

)
+ln

(
sinh(2iγ+i(δj−δk)+(xj−xk))
sinh(2iγ+i(δj−δk)−(xj−xk))

)}

− 1
iπ

m2
2∑

k=−m2
2

{
2ln

(
sinh(2iγ+iδj−(xj−xk))
sinh(2iγ+iδj+(xj−xk))

)
+2ln

(
sinh(iδj+(xj−yk))
sinh(iδj−(xj−yk))

)}
, (C.2)

and

Iy
j = 1

iπ ln
(

cosh(iγ+yj)
cosh(iγ−yj)

)
+ 1

iπ

m1
2∑

k=−m1
2

{
ln
(

sinh(2iγ+iδk+yj−xk)
sinh(2iγ+iδk−yj+xk)

)
+ln

(
sinh(iδk+xk−yj)
sinh(iδk−xk+yj)

)}

+ 1
iπ

m2
2∑

k=−m2
2

ln
(

sinh(2iγ−yj+yk)
sinh(2iγ+yj−yk)

)
, (C.3)

where Ix,y
k are half integers for m1,2 even. Note that the red terms would not be present if one

blindly inserts the string hypothesis without the deviation into the Bethe equations, as they
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would cancel out if one multiplies out the strings. Taking now the limit δj → 0 and using that

θ(x) = lim
δ→0

1
iπ ln

(sinh(iδ − x)
sinh(iδ + x)

)
, (C.4)

we obtain

2Ix
j =+2N

iπ ln
(

cosh(2iγ+xj)
cosh(2iγ−xj)

)
+θ(xj)+ 1

iπ ln
(

sinh(4iγ+2xj)
sinh(4iγ−2xj)

)

− 1
iπ

m1
2∑

k=−m1
2

{
iπθ(xj−xk)+ln

(
sinh(4iγ+(xj−xk))
sinh(4iγ−(xj−xk))

)
+2ln

(
sinh(2iγ+(xj−xk))
sinh(2iγ−(xj−xk))

)}

− 1
iπ

m2
2∑

k=−m2
2

{
2ln

(
sinh(2iγ−(xj−xk))
sinh(2iγ+(xj−xk))

)
−2iπθ(xj−yk)

}
,

Iy
j = 1

iπ ln
(

cosh(iγ+yj)
cosh(iγ−yj)

)
+ 1

iπ

m1
2∑

k=−m1
2

{
iπθ(yj−xk)+ln

(
sinh(2iγ−xk+yj)
sinh(2iγ+xk−yj)

)}

+ 1
iπ

m2
2∑

k=−m2
2

ln
(

sinh(2iγ+yk−yj)
sinh(2iγ−yk+yj)

)
. (C.5)

From this point onward, everything follows again the standard procedure: we introduce the
monotonic increasing counting functions as zα(αj) = Iα

j

N for α = x, y. The root density is
obtained by differentiating the corresponding counting function ρα = d

dαzα(α). By using
θ′(x) = δ(x) and applying the Euler-Maclaurin formula to approximate sums by integrals,
one obtains in the limit N → ∞ a linear integral equation with infinite boundaries:

3ρx(x)−2ρy(x)= 2sin(4γ)
π(cos(4γ)+cosh(2x))−

1
N

2sin(8γ)
π(cosh(4x)−cos(8γ))+ 1

N
δ(x)

+
∫ +∞

−∞
dx̃ρx(x̃)

( 2sin(4γ)
π(cosh(2x̃−2x)−cos(4γ))+ sin(8γ)

π(cosh(2x̃−2x)−cos(8γ))

)
−2
∫ +∞

−∞
dỹρy(ỹ)

( sin(4γ)
π(cosh(2x−2ỹ)−cos(4γ))

)
,

and

ρy(y) − ρx(y) = 1
N

sin(2γ)
π (cos(2γ) + cosh(2y)) −

∫ +∞

−∞
dx̃ ρx(x̃) sin(4γ)

π (cosh(2x̃ − 2y) − cos(4γ))

+
∫ +∞

−∞
dỹ ρy(ỹ) sin(4γ)

π (cosh(2ỹ − 2y) − cos(4γ)) .

Using the Fourier transform, these equations can be solved order-by-order in the system size
N by setting ρα = σα + 1

N τα, yielding σx = σy and τx as given by (4.42) and (4.45).

Data Availability Statement. This article has associated data in a data repository.
Available at https://doi.org/10.25835/2ovdfuq6.
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