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ABSTRACT: We consider the quantum integrable spin chain models associated with the Jimbo
R-matrix based on the quantum affine algebra fo_&l, subject to quantum-group-invariant
boundary conditions parameterized by two discrete variables p =0,...,n and e =0,1. We
develop the analytical Bethe ansatz for the previously unexplored case € = 1 with any n, and
use it to investigate the effects of different boundary conditions on the finite-size spectrum
of the quantum spin chain based on the rank-2 algebra Dz(f). Previous work on this model
with periodic boundary conditions has shown that it is critical for the range of anisotropy
parameters 0 < v < /4, where its scaling limit is described by a non-compact CFT with
continuous degrees of freedom related to two copies of the 2D black hole sigma model. The
scaling limit of the model with quantum-group-invariant boundary conditions depends on the

(2)

parameter e: similarly as in the rank-1 D22 chain, we find that the symmetry of the lattice

model is spontaneously broken, and the spectrum of conformal weights has both discrete
and continuous components, for ¢ = 1. For p = 1, the latter coincides with that of the D§2)
chain, which should correspond to a non-compact brane related to one black hole CFT in the

presence of boundaries. For € = 0, the spectrum of conformal weights is purely discrete.

KEYWORDS: Bethe Ansatz, Lattice Integrable Models, Boundary Quantum Field Theory,
Sigma Models

ARX1v EPRINT: 2509.00610

OPEN AccEss, © The Authors.

Article funded by SCOAP® https://doi.org/10.1007/JHEP12(2025)117


https://orcid.org/0000-0003-4629-6612
https://orcid.org/0000-0002-9817-3000
https://orcid.org/0000-0003-1000-3400
https://orcid.org/0000-0003-0140-1239
mailto:frahm@itp.uni-hannover.de
mailto:sascha.gehrmann@physics.ox.ac.uk
mailto:nepomechie@miami.edu
mailto:retore.ana@gmail.com
https://doi.org/10.48550/arXiv.2509.00610
https://doi.org/10.1007/JHEP12(2025)117

Contents

1 Introduction 1
2 The D'?, models 2
n+1
2.1 The transfer matrix and its symmetries 3
2.2 Analytical Bethe ansatz 5
3 A sketch of the known results for the D§2) model 9
4 The D:(f) model 10
4.1 Boundary conditions of interest and their symmetries 10
4.2 The Hamiltonian of the D§2) model 11
4.3 Bethe equations for D:(f) 14
4.4 The thermodynamic limit 17
4.5 Finite-size analysis 18
5 Discussion 29
(2) _ :
A D,7}; R-matrix 30
B Quantum group and duality symmetries 32
B.1 Generators and their coproducts 32
B.2 Duality 34
C The root-density approach in the open case: deviations are important 35

1 Introduction

The fascinating discovery in 1989 by Pasquier and Saleur [1] of an open quantum spin
chain that is both integrable and quantum-group-invariant led to a long-running search for
more such models and their Bethe ansétze, see e.g. [2-5] and references therein. The bulk
interactions of these models are dictated by solutions (so-called R-matrices) [6-8] of the
Yang-Baxter equation that are associated with affine Lie algebras §, while the boundary
interactions are prescribed by certain corresponding solutions (so-called K-matrices) [2, 4, 9-
11] of the boundary Yang-Baxter equation [12-14]. The Bethe ansatz for corresponding
models with periodic boundary conditions (BCs), and therefore without quantum-group
symmetry, was found by Reshetikhin [15]. Roughly speaking, the Bethe equations for the
quantum-group-invariant models [5] (depending on a discrete parameter p) are “doubled”
versions of those found by Reshetikhin, with an additional factor corresponding to deleting
the p-th node from the § Dynkin diagram.!

!There exist more general K-matrices, which lead to models without quantum-group symmetry and with
more complicated Bethe ansitze, see e.g. [16-19] and references therein.



Among the R-matrices associated with infinite families of affine Lie algebras, those
(2)
n+1

from [11], there had been until recently relatively little work on models constructed with these

R-matrices. Interest in these models grew when it was realized [20, 21] that the DéQ) R-matrix

can (roughly speaking) be factorized into a product of four Agl) R-matrices, implying that

associated with D [7] are the most complicated. It is therefore not surprising that, apart

D22) models are related to lattice models (staggered 6-vertex model, antiferromagnetic (afm)
Potts model) that have non-compact degrees of freedom [22-24].

More precisely, the integrable boundary conditions for the quantum-group-invariant D7(7,2-‘1)-1
models in [4] depend on a parameter ¢ that can take values 0 or 1. For the simplest case
n =1 (that is, DéQ)), it was found [25, 26] that continuous degrees of freedom appear only
for € = 1, which opens up possibilities for studying aspects of the D-brane constructions for
non-compact boundary CFTs [27-29] starting from a lattice model. It is then natural to ask
what happens for n > 1; and the present work represents a first step towards addressing
this question. (As a warm-up for this challenging problem, we investigated the finite-size
spectrum of the quasi-periodic D:(f) model in [30].)

Since the Bethe ansatz for the D,(fll models with € = 1 was heretofore not known except
for n =1 [25, 31, 32], we begin in section 2 by reviewing the construction and symmetries
of these models, and by presenting their analytical Bethe ansatz solution. In section 3,
we briefly recall known results from the literature for the simplest case n = 1. We then
focus in section 4 on the case n = 2. We introduce the Hamiltonians for four distinct
quantum-group-invariant boundary conditions, and present the main numerical results of our
finite-size analysis. Finally, in section 5, we conclude with a brief discussion of our findings,
along with several conjectures and open problems.

2 The Dfﬁl models

We consider integrable open quantum spin chains constructed [12, 13] with the Dfﬂl R-
matrix [7], n =1,2,..., and with corresponding K-matrices [4] that depend on two discrete
parameters: p (which can take n+1 different values, namely, p = 0,1,...,n) and £ (which can
take two different values, namely, € = 0, 1). The transfer matrices for these spin chains have
quantum group (QG) symmetry Uy (By—p) ® Uy(By), as well as a p <> n — p duality symmetry.
The eigenvalues of the transfer matrix and the corresponding Bethe equations for the
models with € = 0 were proposed in [5]. We add here the corresponding results for the cases
with e = 1, for all possible values of n and p, which had previously not been reported.

For the case n = 1 with € = 1, a Bethe ansatz that accounts for part of the spectrum was
proposed in [31]. A modification of this Bethe ansatz that could account for the complete
spectrum was proposed in [25], and was subsequently proved (using the factorization [21]
of the R-matrix) by algebraic Bethe ansatz in [32]. Our Bethe ansatz for general n with
e = 1 reduces for n = 1 to the one in [25, 32]. The continuum limit of this model is
described [25, 26, 33] by a non-compact CFT and is briefly reviewed in section 3.

After briefly reviewing the construction of the transfer matrix and its symmetries in
section 2.1, we present our proposed Bethe ansatz for general values of n, e, p in section 2.2.



2.1 The transfer matrix and its symmetries

We consider the D( ) 1, R-matrix R(u) (solution of the Yang-Baxter equation) given by (A.2),
with spectral parameter u and anisotropy parameter 7. The right K-matrix K (u, ¢, p) (solu-
tion of the boundary Yang-Baxter equation [12, 14]) is the block-diagonal matrix given by [4]

K®(u,e,p) = ,

where p = 0,1,...,n, and
ki(u) = 2%,
cosh (u p)n+ 7 )
Cosh<u—|— n—2p 7]—78)
cosh(u) cosh ((n —2p)p 4 T )
cosh(u—l— n—2pn+ = )

)

kl(u) =

B sinh(u) sinh ((n —2p)n + %re)
folw) = - cosh (u + (n—2p)n+ %5) 7 22

with ¢ = 0,1. The left K-matrix K%(u,e,p) is given by
KL(U,E,p) :KR(—u—p,z’f,p)M, p= _277’777 (23)

where the matrix M is given by (A.15), which corresponds to imposing the “same” boundary
conditions on the two ends.

The transfer matrix for an integrable open quantum spin chain of length N, with bulk
and boundary interactions dictated by these R- and K- matrices respectively, is given by [13]

t(u,e,p) = tra Ko (u,,p) To(u) Kf (u,e,p) Tu(w), (2.4)
where the single-row monodromy matrices are defined by
T, (U) = R.n (’LL) RaN—l(u) Ry (U) >
,—fa(u) = Rla(u) T RN—la(u) RNa(U) ’ (25)

and the trace in (2.4) is over the “auxiliary” space, which is denoted by a. The dimension of
the local Hilbert space at each site is 2n 4+ 2. The transfer matrix is engineered to satisfy
the commutativity property

[t(u,e,p),t(v,e,p)] =0, (2.6)
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Figure 1. Subalgebras of DS _21 corresponding to removing the p-th node from the extended Dynkin

diagram. The “affine node” is black and labeled 0.

and contains the Hamiltonian and higher local conserved quantities. The transfer matrix

is also crossing invariant

t(u,e,p) = t(—u — p,e,p). (2.7)

As discussed in [4, 5], the transfer matrix ¢(u,e,p) has the QG symmetry Uy(By,—p) ®
U,(Bp), corresponding to cutting and removing the p-th node from the D,(fll Dynkin diagram,
as shown in figure 1.

Hence, for 0 < p < n, the QG symmetry is given by a tensor product of two factors, to
which we refer as the “left” (U,(By—,)) and “right” (U,(B,)) factors. For p = 0, the “right”

factor is absent; while for p = n, the “left” factor is absent. That is,

[ANH ) tuep)] = [AnETO @) tuep)] =0, i=1...,n—p,
[AvHT B) tu.e,p)| = [AvET ()t ep)] =0, =10, (28)

where H i(e) (p) and E:E © (p) are Cartan and raising/lowering operators of the “left” algebra
B, _p; Hi(r) (p) and EZjE ) (p) are corresponding generators of the “right” algebra B, ; and Ay
denotes the N-fold coproduct, see appendix B.1 for details.

The transfer matrix also has a p <> n — p “duality” symmetry that exchanges the “left”
and “right” factors

Ut(u,e,p)U" = f(u,e,p) t(u,e,n —p), (2.9)

with ) ,
cosh(u — (n + 2p)n + T¢e) cosh(u — (n —2p)n + Te)
cosh(u — (3n — 2p)n — Ze) cosh(u + (n — 2p)n — Ze)

see appendix B.2 for the definition of . In particular, for p = § (n even), the transfer

: (2.10)

f(u?€7p) =

matrix is self-dual

UJW@ng)zo, (2.11)

since f(u,e,5) = 1.
For p = § (n even) and ¢ = 1, there is an additional (“bonus”) symmetry, which leads
to even higher degeneracies for the transfer-matrix eigenvalues [4].

Finally, the transfer matrix has the Zs symmetry

,,,,,,,,,,,,,,,,,,

1
t(u,e,p) = UPN t(u, e, p) US| U= 11 ! , (2.12)

as for the closed chain [30].



2.2 Analytical Bethe ansatz
We present here the generalization of the analytical Bethe ansatz from [5], which was for
€ = 0, to both values ¢ = 0,1. It turns out that the analysis is very similar to the one
in [5], except for a key difference in (2.20) below. We therefore closely follow the latter
reference, and simply present the results.
2.2.1 Eigenvalues of the transfer matrix
The transfer matrix and Cartan generators can be diagonalized simultaneously
t(u,e,p) AT (e, p)) = AL (g, p) AT (e, p))
AMHWp»mwwmw@m» WO | Amn) (2 p)y =1, n—p,
An(HT (p)) A7) (e, p)y = B | AGmma) (2 pYy =1 p,  (2.13)

as follows from (2.6) and (2.8).
The transfer matrix eigenvalues A1) (y, ¢ p) are given by

Al e, p) = G, 2,p) A1) (2, ), (214

(
7 (

with

2N A z ~ ~ 2N

)\(ml,...,mn)(u’ Evp) = A(U =+ A(U) Z()(U, 5) yO(ua 57p> C(U)

~—

20 (U, 6) Yo (u> &, p) C(u)

3
,_.

H{ X [t ue e ) B + 2w i ep) Biw)]  (2.15)
=1

0 2) i 0,228) B () + 20 1,) G 2,1) Bolu) b)Y

The overall factor ¢(u,e,p) is given by?

171'5)

cosh?(u — nn +

. 2.16
cosh(u + (n — 2p)n + 7€) cosh(u — (3n — 2p)n + 2¢) (2.16)

P(u,e,p) =

The tilde denotes crossing A(u) = A(—u— p), etc. The functions A(u) and B;(u) are given by

QW (u+n) QW (u +n +ir)

A(u) = QT (u— ) QW (u —n 1 i) (2.17)
BOO_Q”W—U+%)QWW—U+%n+m)

BUT QU -ty QU(u— Iy +im)

XQ“WU—U—D)QW”@—U—DU+M) 21 n_1
QU (u — (I 4 1)n) QU+ (u — (I + 1)n +in)’ S ’

B@U:Qwuwwn+%)QM(—%n—mn+m)

" QI (u — nm) QM(u —nn+ir)
By (u) = Bp(u +in) (2.18)

2For € = 0, the ¢ and y; here are mapped to the “old” ones in [5] in the following way
cosh?(u — nn)

cosh(u — (n — 2p)n) cosh(u — (n + 2p)n) ’

¢(old) ?JL(OId)~

¢ — ¢(01d)Z7 Y = (old)/Z 7 -

so that their products are the same ¢y; =



where QU(u) are given by
Q[”(u):ﬁsinh (;(uuy])> sinh (;(quugl])) , QU (—u)=Q(u), I=1,...,n—1, (2.19)
j=1
QM (u) zjljlsinh ( % (u—ug.”])> sinh (;(U+U£-n]+i7r5)> . QM (—utire)=QM (u). (2.20)

Note the appearance of ¢ in the highest-level Q-function (2.20), which is a key difference
with respect to the case € = 0 [5]. Another (related) difference with respect to the ¢ = 0
case is the presence in (2.15) of B, instead of B,,. The zeros uy] of Q¥(u) (and their number
my) are still to be determined. Corresponding results for the closed chain with periodic
BCs are given in [15].

The functions c(u) and b(u) are given by

c(u) = 4sinh(u — 2n) sinh(u — 2nn) ,
b(u) = 4sinh(u) sinh(u — 2nn). (2.21)

The functions z;(u,e) are given by

2 sinh(2u) sinh(2u—4nn) Sil’lh(u—(n—&-l)n—i%) cosh(u—(n—1)n+ i‘;a )

. . : 0<i<n-—-1
sinh(2u—2 sinh (2u—2In) sinh(2u—2({+1 ) — 7 =

Z[(’LL,E) = il usinl?(@—(n—l)n-{—%) (Bu2l)sinh(Zu=2(EH L) [ — (222)

“n—1 (u’ 6) sinh(uf(n+1)n+i”75) ? =n,
and the functions y;(u,e,p) are given by
. 2
cosh(u+(n—2p)1?+%) <l <p_

yi(u,e,p) = ( cosh(u—ni+5%) )  0sizp-l (2.23)

1, p<l<n

The duality property (2.9) of the transfer matrix implies that the corresponding eigen-
values satisfy

A(m17“.7mn)(u7 Evp) = f(u7 Eap) A(m17...7mn)(u7 & n— p) . (224)
It follows from (2.14) and (2.16) that
AmLeesmn) (g p) = AMLesmn) (4 g — p) (2.25)

2.2.2 Bethe equations

The Bethe equations can be determined, as usual, from the requirement that the expression
for the transfer-matrix eigenvalues (2.15) have vanishing residues at the poles. In this way,
we find that the Bethe equations are given for n = 1 with p = 0,1 by

2N B E] <u][<;1] + 277)

Tl (W)

. [1]

sinh(ug] —n)




and for n > 1 with p = 0,...,n by

sinh(ufl + )] 1] 3 ( + 277) 5 ( +2n+ ”T)
Lmhmgﬁ D] sl - (T 20) O (AT =20+ )
@[2( —n) Q¥ (u! —n+in)
" Qe (u +n) Q2 (! + 9+ i)
k=1,...,m, (2.27)
Qi1 (ug] _ 77) Qi1 ( [l _ n+ iﬂ')
QU1 ( (1 +77) QU1 (u +7I+I7T>
QP (! + 20) QY (ul” + 29 + i)
g (u%] 277) Q[l] ( T g+ m)
Qli+1) ( U 77) QUi+l ( ?7+17f)
8 Q[Hu( T ) QU (w4 + im)
k=1,...,m, 1=2,...,n—1, (2.28)
010 ) )
Q= 11( )Q[” 1(L]+7]+i7r)Q£€n (uLn]—2n)7
k=1,...,mn, (2.29)

(I)l,e,p,n (UL”) =

)

Opyepon (™) =

where Q(u) is given by (2.19)-(2.20), and QL” (u) is defined by

my

lw =TI sinh(;(u—u[l])> nh(;(u+uy])), I=1,...,n—1,
J=1,j#k

mn

- (e (o)

J=Lj#k

The factor ®;.,,(u) is defined by

cosh (u — dp(n—p)n+ %5)
cosh (u + 01 p(n —p)n + %6)

(2.31)

(I)l,a,p,n(u) = [

Note that ®;.,,(u) is different from 1 only if [ = p.



2.2.3 Eigenvalues of the Cartan generators
We assume that the Bethe states |A("1™n) (g, p)) are highest-weight states of both the
“left” and “right” algebras®

AN (B (p)) |A 1m0 (e p))

&p
An (BT () [ACm) e, )

0,
0, i=1,...,p. (2.32)

0

The eigenvalues of the Cartan generators h; ' and hgr) (recall eq. (2.13)) are given by

{4 .
hl():mp+i_1—mp+i, i=1,...,n—p, (2.33a)

h’ET) =Mmij—1 —my, izlv"'apa (233b>

where mg = N.
The “left” and “right” Dynkin labels of the Bethe states are given in terms of the
eigenvalues of the Cartan generators by

ol = n® — O i=1,....n—p—1,

o) =20 (2.34)
and

a =" — "), i=1,....p—1,

af) = 2n() (2.35)

respectively. The Dynkin labels of the Bethe states are therefore given in terms of m’s by

6)

(lz( :mp+i71_2mp+i+mp+’i+1’ i=1l....n—p-1,
aglp =2myp_1 — 2my,, (2.36)
and
az(,r):mi_l—Qmi—i-mi_A,_l, i=1,....,p—1,
al(f) =2mp_1 — 2m,. (2.37)

Since the Dynkin labels of an irrep determine its dimension, these formulas help determine
the degeneracies of the transfer-matrix eigenvalues. As discussed in [4], the degeneracies
can be larger than expected from the QG symmetry, due to additional discrete symmetries,
such as self-duality, bonus symmetry, etc.

2.2.4 Completeness

We have numerically verified the completeness of this Bethe ansatz for small values of n and
N (for e = 0,1 and all p = 0,...,n) along the lines in [34].

3Compared with [5], here we use a different definition of the “right” generators (B.3), hence the assumption
that the Bethe states are highest (instead of lowest) weights of the “right” algebra. A further consequence is
the change of sign in hy) in (2.33b) in comparison with eq. (4.1) in [5], which ensures hgm > 0.



3 A sketch of the known results for the D§2) model

Unlike the higher-rank models, the scaling limit of the Dg) model with various boundary
conditions is well understood by now. Following the observation [20] that the spectrum of the
periodic model is identical to that of the so-called staggered six-vertex (or afm Potts) model,
it has been shown that the DéQ) R-matrix as well as the K-matrices leading to the quantum
group invariant models with open boundary conditions for € = 0,1 [4, 11] can be factorized,
i.e. expressed in terms of products of these objects for the six-vertex (or Agl)) model after a
similarity transformation [21, 32]. This factorization carries over to the transfer matrices
with the corresponding boundary conditions.

The interest in the critical properties of the staggered six-vertex model was sparked by
the remarkable work of Tkhlef, Jacobsen and Saleur [22], who discovered that the spectrum of
scaling dimensions becomes dense in the thermodynamic limit: on a finite lattice, a class of
O(N) states is obtained by gradually changing Bethe roots starting from the configuration of
the ground state.” The energies of these states are separated by gaps AE o 1/(N log?(N))
and extend beyond the low-energy regime. In a series of further studies [23, 24, 41-43]
the advanced analytical techniques available for the six-vertex model have been applied to
establish that for anisotropies 7 = iy in the critical regime v € (0, §) the low-energy physics
is described by the 2D black hole sigma model, a conformal field theory with non-compact
target originally introduced by Witten [44]. In addition to the continuum of exponents, this
model also possesses a series of discrete states [27, 45, 46]. In the lattice model, states from
the continuum and discrete ones transform into each other under a twist [38, 43, 47]. This
relates to the truncation of the discrete series of levels in the CF'T by unitarity.

The finite-size spectrum of the DéQ) model has also been analyzed for anti-diagonal
closed [48] and the two quantum-group invariant open BCs. Studies of the latter, originally
motivated by the possibility to identify non-compact branes for the 2D black hole CFTs, led
to the following observation: the lattice model with boundary conditions € = 0 is in the same
universality class as the afm Potts model with central charge

C:2—61’ (31&)
T
and has a purely discrete spectrum of conformal weights [21]

hs=28(S+1), (3.1b)

™

labeled by the U,(B;) spin S of primaries.® Only for € = 1 the continuous component of the
spectrum is preserved. In the scaling limit the spectrum of effective conformal dimensions

“In fact, the factorization of K-matrices can be generalized to even more general open BCs [18, 35].

5The precise mechanism depends on the model, see e.g. [36—40]. For the staggered six-vertex model, the
towers are obtained by increasing the disbalance between the numbers of Bethe roots on the real line and
with Sm(ur) = 7. For the D§2> model with boundary conditions (e,p) = (1, 1), the mechanism is sketched in
table 1 and figure 5 below.

SFor integer k = 7/ (3.1) are the central charge and a subset of the conformal spectrum of the Zx_»
parafermion CFT [49].



has been found to be [25, 26, 33]

Cc

Xog=
eff 2%

1 v ™\ v 2
hss=——+—(25+1— — 3.2
+ s 12+4W< * 'y) +7r—2’ys’ (3.22)

where the real parameter s labels the continuous components of the spectrum. Note that (3.2a)
implies that the ground state of the model has a nonzero spin depending on the anisotropy
v, and therefore the symmetry of the model is spontaneously broken. Under variation of
~ the lowest states in the continuum undergo the transmutation into discrete ones. The
corresponding conformal weights are again given by (3.2a) but now s takes the discrete
imaginary values [26, 33]

T s
S 1 <S +1l+4+a 2'}/> , @ 07 ) < 2/}/ (S + ) (3 b)

The characterization of the scaling limit is completed by an explicit formula for the density
of states characterizing the continuous spectrum computed in [33]. The resulting expression
for the partition function, however, does not seem to correspond to known results in the
literature on branes in the 2D black hole CFTs.

4 The D:(f) model

In the rest of the manuscript we focus on the case where
n=2, (4.1)
and therefore the local Hilbert space at each site has dimension 2n 4 2 = 6.

4.1 Boundary conditions of interest and their symmetries
Recall that ¢ and p can take the values ¢ = 0,1 and p = 0,...,n; and duality (2.9) relates p

and n — p. For n = 2, we can therefore restrict our attention to the following four cases:

Uq(BZ)
(B1) ® Ug(By

(B2)

(B1)@Uq(B1)  +Zy + self-duality + bonus symmetry.  (4.2)

+ Z; symmetry;

Uy ) + Zy  + self-duality symmetry ;
U, + Z5 symmetry ;

=

For each case, the symmetries are listed, as follows from section 2.1. All four cases have the
Zo symmetry (2.12), as for the closed chain [30]. We conjectured in [30] that this symmetry
shifts all type-2 Bethe roots by im, and a similar result could also hold for the open chain.

For the closed chain, we found an additional Zs symmetry if the twist angles satisfy
1+ ¢2 = 0, see (2.25) in [30]. We can now understand that symmetry as a special case
of the self-duality symmetry (2.11) that appears for the open chain with p = 1 (and both
values of €). Indeed, for the open chain with p = 1, the self-duality relates the two copies of
Uq(By); for the closed chain, the Uy(B)’s are broken to U(1)’s, which are related by the Z,
symmetry (see (2.24) in [30]), leading to the constraint ¢ + ¢2 = 0. In other words, for p = 1

,10,



(and both values of ), the self-duality symmetry plays the role of the Z; symmetry given by
(2.25) in [30]. (For p = 0, there is no such symmetry, since duality relates p = 0 to p = 2.)

For the case (¢,p) = (1,1), in addition to self-duality, there is also bonus symmetry.
The self-duality and bonus symmetries presumably form a larger finite (discrete) group,
which remains to be identified.

4.2 The Hamiltonian of the D{®) model

In order to investigate the ground state and low-lying excitations, it is necessary to first
unambiguously define the Hamiltonian. To this end, we observe that the expression for the
eigenvalues A(u, e, p) of the transfer matrix ¢(u, e, p) (2.4) in terms of Bethe roots is given by

A(”a {-;p) = A(’LL) QO(ua 5,])) C(U)QN + A(u) QO(U7 €,p) é(u)ZN
+ [a1(w&,p) Bi(w) + @i (u,2,p) Bi(u) + a2(u,2,p) Bo(u) + da(u, £,p) Ba(w)] b(w)?, (4.3)

see egs. (2.14) and (2.15), where the functions g;(u,¢,p) are defined by
a(u,e,p) = ¢(u,e,p) z1(u,€) yi(u, €, p) (4.4)

We wish to define the Hamiltonian in such a way that its eigenvalues in terms of the Bethe
roots are given by

mi mi . 2
1 2sinh?(2n
=3 el - -y, 2D (45)
k=1 k=1 cosh(2u ") — cosh(2n)
which is the same as for the twisted Dg) and D:(;,Q) models. We note that
1 A'(0)
FE = —sinh(2 =c = 4.

s b0y =20) =0, (1)

see egs. (2.17), (2.19), (2.21). We now proceed to construct the Hamiltonians for the four
cases (4.2).

4.2.1 (e,p) # (1,1)
For the three cases (g,p) # (1, 1), the function go(u,e,p) is nonzero for u = 0. We see that
A(0.e.p) = q0(0,2,p) c(0)* . (e,p) # (1,1), (4.7)

and the energy (4.6) is given in terms of the first derivative of the transfer-matrix eigen-
value (4.3) at w = 0

/ / /
E = %smh(Qn) |:A (0,6,]9) - q0(07€ap) o 2Nc¢ (0):| ’

A(O,&,p) QO(ngap) C(O)

We therefore define the Hamiltonian H in terms of the transfer matrix by

i) 20
q0(0,,p) c(0) ’

(e,p) # (1,1). (4.8)

_ sinh(2n) , 1 [

(e,p) # (1,1). (4.9)
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We observe, following Sklyanin [13], that

2 (tra KL(0,2,p))

£(0,,p) = 5(0)2N{ h+ (trg K1(0,2,p)) K{¥(0,2,p)

£(0)
+ £0) tro K,/ (0,6, p)hng + tre K (0,€,p) ¢, (4.10)
where
N-1
h= > A, hij = Pi; R ;(0), (4.11)
k=1
and
¢(u) = 4sinh(u + 2n) sinh(u + 4n). (4.12)

We conclude that the Hamiltonian is given by

, 2
bt (tra K2 (0,,p) ) KIT (0,6,p) 4~ tra KL (0,,p) v

c(0)
2NC/(0)q0(0,€,p)
0 M (e.p)£(11). (4.13)

_ sinh(2n) {2 (traKaL(O,E,p))
2q0(0,¢,p) c(0)

+ [traK(f/ (07€7p)_q/0(07€7p) -

In the isotropic limit n — 0, the expression for the Hamiltonian (4.13) becomes quite

simple
—%G—F%(N—l)]l (e,p) =(0,0),(0,1)
"= 7 (4.14)
by — %G+ by + %(N - 1I (e,p) = (1,0)
with
N—1
G = Ik k+1 5 (4.15)
k=1

where the 2-site Hamiltonian is given by

6 6
g:]I—i-ZP—K:, P = Z Cab X €pa K= Z eab®e7,a,7,b, (4.16)
a,b=1 a,b=1

and the 1-site boundary term is given by

1
b= (ess+eas—esn—eas) . (4.17)

The ferromagnetic state |0) = ((1,0,0,0,0,0)")®" is a ground state, with zero energy, of
the isotropic Hamiltonian

H| )=0. (4.18)

77%0‘0
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4.2.2 (e,p) = (1,1)

For the case (¢,p) = (1,1), the function ¢o(u,e,p) is zero for u = 0, and therefore the
transfer-matrix-eigenvalue vanishes A(0,e = p = 1) = 0. Indeed, the transfer matrix is
zero for u = 0, since

tre KLX(0,e =p=1)=0. (4.19)

Moreover,
N(O,e=p=1)=A(0)gp(0,e = p = 1) ¢(0)*". (4.20)

Hence, as is the case for DgQ) with € = 1 [25, 32|, the expression for the energy (4.6) is now
given in terms of the second derivative of the transfer-matrix eigenvalue at v = 0

" _ _ ! _ _ /
FE = ESIHh(Qn) A (078 =p= 1) _ %/(075 =p= 1) _ 2Nc (0):| , (421>
2 2A/(07€ =pP= 1) QQO(()?E =pP= 1) C(O)
cf. (4.8). We therefore define the Hamiltonian in terms of the transfer matrix by
1. _ 1. qy(0)  2Nd(0)
= —sinh(2n) #'(0) ' #’(0) — = sinh(2n) | =2 }]1 4.22
H= s () 1(0)7(0) — gsinh(en) [ gy + TER L (422)
where it is now understood that e = p = 1. After a long computation, we obtain
8sinh(2n)
(0) = £(0)2N h, kO KE) - 2=y kR
/ 4
+ 8cosh(2n) KT (0) — 8sinh(2n) KT (0) + —k® KF(0)
£(0)
2 2 4 /
+ —kW KE0) + ——k® KE0) + —k©@ K (0], 4.23
where, in addition to (4.11), we have defined
k© = tr, KE(0)hna, kW = tr, KE(0)hly 4, hy.a = PnaBRi (0,
k@ = tr, K¥ (0)hya k) = tr, KE(0)h3 4 (4.24)
and {,} denotes the anti-commutator. Moreover, we note the identities
_ 1 tanh(4n)
#'(0)" = 0) K
0) CE(0)2V 2 — 4cosh(27]) 1(0) KN (0),
10
o-u
K®0)™! = KR(0) = s . (4.25)
o1
We conclude that the Hamiltonian for ¢ = p = 1 is given by
sinh(2n) tanh(4n) R R 2 0) R 881nh 27)
= K K h,k K ———Vfh KR
/ 4
+8cosh(2n) KT(0)—8sinh(2n) K (O)+@k(2) K (0) (4.26)
2 2 4 / qy(0)  2N(0)
+——kWEKf(©O G K 0)+ kO K (0 }blnh 2 [ O+ L.
gt O gt O g RO s 01 o)
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In the isotropic limit 7 — 0, the expression for the Hamiltonian (4.26) simplifies con-
siderably

#| < (0 + KFO) GEFO) + KE0) G KEO) + K O)KE0) G K0)KF(0)

n—>0 8
3

T3

(N —1)I, (4.27)
where G is given by (4.15). The ground states of the isotropic Hamiltonian, with zero energy
M|, l0) =0, (4.28)

span the ferromagnetic multiplet (including the pseudo vacuum in the sector (A9, A7) =
(0, N)) with degeneracy dim (([0] ® [N]) & ([N] ® [0])) = 2(2N + 1). Here and below, we use
the notation [S] to denote a spin-S representation of By, which has dimension 2§ + 1.

4.3 Bethe equations for D:(f)

In the rest of the manuscript, we restrict ourselves to the parametric regime

n =iy where v E (O, Z) ) (4.29)

which has been investigated for the periodic boundary conditions [30]. Below the explicit form
of the Bethe equations of the open D:(f) chain in the parametrization (4.29) are given for the
different integrable boundary conditions parameterized by €, p = 0, 1, see eqs. (2.27)—(2.31)
and (2.33). Changes compared to the (g,p) = (0,0) case are displayed in red. Recall that
all BCs have the same energy functional (4.5) in terms of the Bethe roots:”

— 2sinh?(2iy)

E=— = . (4.30)
j=1 cosh(2u; ") — cos(27)
4.3.1 (e,p) = (0,0)
sinh(ul! i) N e — oY 4254 sinh (ol 9
u; +iy B sinh(u;" —uy" +2iv) sinh(u; —I—uk I+ i)
sinh( Eﬂ—iv) kz; \ sinh( gl]—uL] 2iy) sinh(u H+u —2i)
. (sinh ()l —iy) sin <Pﬂﬁlw .
AL\ o 0 o I=lem
k=1 \ sinh(u;" —up” +iy) sinh(u; —|—uk —|—17)
mi [ (21, 1] (2]
1 ginh(u? — o - h(u? 4
- sin (ufz} uf] i) sin (ué] uk —iv) y (4.31)
k=1 \ sinh(u; ) +iy) sinh(u; —|—uk —l—w)
m2 smh%( 52]—UL]—|-21’7) smhf( H—FUL]—FQi’)/) »
x LoD oo sih (e giy ) AT
ki \ Sinhg ()" —up” —2iy) sinhl 5 (U +uy —2iy)

with m; = N — hy, mg = N — hy — ha. (To lighten the notation, we denote the eigenvalues
of the Cartan generators hy) as hj.)

"For the BC (g,p) = (1, 1), the possible presence of singular strings leads to a modification of this formula,
see (4.37) below.
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4.3.2 (e,p) = (0,1)

coe v\ Y WA\ 7 mr [ it (1 11 n_, [
sinh (u;°+i7) cosh(u; " +iv) H sinh(u;* —uy " +2iv) sinh(u; ' +uy, " +2iy)

S e X
sinh(ug-l]—i’y) (osh(ugl] iv) } ki \ sinh( gl]—uL] 2iy) sinh(u H—i—um 2iy)

)
" 2 smh(ugﬂ_uf]_w) sinh( E]_H% iy) -
k=1 (Sinh(ugl _uk]‘H’Y) Smh( ! ]-i-uk +W)) S
¢=i \ sinh(u [2]—u,£]+w> sinh( L} “]m)

Uj
(smh%( 12 UL]+217) sinh (u []+u£]+21'y)) ‘
X s ]:1...m2
k#j

sinh % (u 52]— E—Qw) sinh (u 214, 2iy)

where my = N — b, mgy = N — h(") — p©. (To lighten the notation, we drop the subscripts
of the eigenvalues of the Cartan generators, and therefore denote hge) and hgr) as h® and

h(") | respectively.)
4.3.3 (e,p) = (1,0)

(sinh( El]—l—lfy)) m (smh( EI]—UL}—I—Qw) sinh(u gﬂ ]—1—217))
[ - [ (ull

1] 11,1

sinh(u;" —i7) ktj \ sinh( Jl]—up 21y) sinh(u;” +uy,° —2iy
m2 simh(ug1 —UL]—I’)/) sinh( g]—i-u —iv) -
X s J=1...mq
k1 sinh(ug1 ul? ]—I—l’y) sinh(u m—i—uk}—l—w)

(4.33)

- ! (smh( EQ} [ ] —i7y) sinh( g]—i—u[ ) 17))

k=1 \ sinh( [2}—u[]+w) sinh( E2]+u£9+w)

U

m2 (smh%( EQ] uL]—l—er) coshi 5 (u g]+u[2]+21’y)) i1
: , j=1...
g \u

sinh 5 ( ?]—UL} 2i7) cosh( ?]—FUL} 2iv)

X
k#j

WithmlzN—hl,mQZN—hl—hQ.

434 (e,p) =(1,1)
) A . )\ 2NV-2
sinh(u; " +iv) _H sinh(u
sinh(ugl]—i'y) kz; \ sinh(

[
pia
y l_i (smhiu

l}—uL]+21’y) sinh(u . ]+uk]+21fy)
! [1] —2i7) sinh(u m—i—u 2i)

gl]—uk —iy) smh( S [2] —iv) i=L.my
sinh gl] uk]—i-l")/) sinh(u; H [2]4—17)
mi sinh(ug- . ]—ify) sinh( 2 M—um—iv) (4.34)
k=1 sinh(ugz] ! ]—i-l’y) sinh( E} m—i—w) .
m2 sinh%(ug-} []+21’y) cosh3(u [-}+UL]+217) -
- sinhl(um—u[ I _9i shi (ul? + [2] -2 T
s \sinh (P —uf —2i7) cosh (ul -+ uf —2i9)

where m; = N — b, my = N — (") — p©),
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An important feature of the BC (g,p) = (1,1) is the existence of eigenstates whose Bethe
roots include one or more so-called singular roots of type-1 and/or type-2.8 The type-1
singular roots are exact 1-strings given by

ug-l] =iy forj=1,... nll (4.35a)

smg ’

and the type-2 singular roots are arranged in exact 3-strings given by

WPl =iky, k=0%2 forj=1,..,n},, (4.35b)
where ngﬂlg and nglglg denote the number of type-1 and type-2 singular strings, respectively.”

Note that despite the close similarity of these Bethe equations to those for (¢,p) = (1,0)
n (4.33), we have not found any instances of Bethe roots with singular strings (4.35) there.

Singular Bethe roots give rise to apparent zeros or poles in the Bethe equations, and poles
in the energy formula (4.5), but nevertheless lead to analytic transfer matrix eigenvalues.
These singular roots must be treated separately from the others such that the Bethe eqs. (4.34)

become
2N—2-nl!] L1 _gpl2)
Sinh(“?]“’y) e sinh(t £]+31A’) Msing ™ “sing
S e I e .
Sinh(ug-”—i’y) sinh( EI] 3iy)
Do (sl ) sl o)
. 1 1
k>nl kg Smh(ug]_uk —2iv) si h(uﬁ»@ukl 2iy)

mz(sinh(ul—uP —iy) sinh(ul 4 —iv)
X h( [1]_ [1}+. ) . h( ['1]_1_ [2]+ ) )
oty st =) st ol
j=n Eﬂlgﬂ
2] nH _pl2 2] 2]
. Glng sing . sing
e s i)
sinh(t EZ]+21A/) sinh(t EZ] 417)
AT
8 N 1) DS ) i
k>nlll sinh(u uj =y, +iv) sinh(u u;” g, +iy)
LT (sinba uP—u121y) coshd (ul +ul 4-2i)
k>g”51]137k7éj Sll’lh%( 52]_,“;6] 21,}/) (’Oih ( ;2] [ ] 21,}/)
] 377,[2} yeeey MY (436)

s1ng

8This includes the ground state for 7/6 < v < /4 for small N: the ground state of the system with up to
N = 6 sites is a doublet, 2 - ([0] ® [0]) in terms of the U,(B1)-spins, and its root configuration contains one
pair of singular roots on level-1 (ngig = 2) together with a pair of complex conjugate level-2 roots on the
imaginary axis. Around v = 7/5 we observe a level crossing between N = 6 and 8 after which the ground
state becomes tenfold degenerate (([0] ® [2]) @ ([2] ® [0])) with a root configuration containing strings (4.41)
only (no singular roots), as discussed in section 4.5.4 below.

9We do not rule out the possible appearance of longer singular strings, which however we have not

encountered in our investigation of low-lying states.
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The contribution of the singular roots to the energy (4.5) can be given explicitly (for N > 2):10

— 2 sinh?(2i
Ele p)=(1,1) = Nling €05(27) - ] Bo) |
cosh(2u; ") — cos(2v)

1]
J 7nsing+1

(4.37)

4.4 The thermodynamic limit

The periodic model in the parameter range (4.29) is critical [30]. We expect that the property
of being at criticality is mainly a bulk property and so is unchanged by the change of BCs. For
a one-dimensional open critical lattice model it is expected that the spectrum of low-energy
excitations can be described within the framework of a two-dimensional boundary conformal
field theory. The following prediction for large-N asymptotics of the energy is expected to
hold [50, 51] from conformal field theory

TUR c
ExNeoo+foo+N(24+A+d>. (4.38)
Here, ey, is the bulk energy density, fo is the surface energy, while vg is the Fermi velocity.
These all are model-dependent quantities. The universal conformal field theory content is
contained in the N~! correction in (4.38). We denote by c the central charge, by A the
dimensions of the conformal primary fields, while d denotes the level of the descendant.
For the further analysis, it is useful to define the effective scaling dimension (or effective
conformal weight)

C
Xg=——+A+4d. 4.
eff 24 + + ( 39)

The methodology used in the rest of the paper is to use the Bethe ansatz to numerically
extract the energy E of a given Bethe state for larger and larger system sizes'! and then
use the following finite-size estimate

751\);(E — New — foo) (4.40)
to extract the allowed values of (4.39). We remark here that the Hamiltonian is not
Hermitian. Nevertheless, we find numerically that for all low-energy states (i.e. states for
which F — Egg ~ %) we have considered, the imaginary part of the energies decays to zero
faster than 1/N, yielding that the conformal data is real as usual, leading to a sensible
low-energy theory.

The first step to proceed via the above is to calculate the non-universal quantities, namely,
the bulk energy density e, the surface energy density fo, and the Fermi velocity vp. This is
done by using the root-density formalism for the open model as sketched in the following.

9This result can be derived using the energy expression (4.6) and the expression for A(u) (see eqgs. (2.17)
(1]

sing

= 2, in which case A”(0) has an additional contribution involving

and (2.19)), and assuming that there are n,
(1]

sing

singular level-1 Bethe roots (4.35a). This formula does not hold

for the special case with N = 2 and n,
B 1 (u) .

"We kindly refer the reader to section 3 of [30] where it is explained how a given Bethe state is extended to
higher system sizes.
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For all boundary conditions (e, p), a small-system analysis by exact diagonalization yields
that the root configuration for the ground state consists of the following 2-strings on both
levels, similar to the periodic model [30]:

2] im

1 [T 2
ug}:xjil(Q—’y—dj), u; —yjitE- (4.41)

Here d; are some deviations from the lines with imaginary parts (5 —~). We find numerically
that these deviations tend to zero as the system size N approaches infinity. Further, we
find that the real centers z; and y; become dense on the positive real line. The Fourier
transform of the bulk density is given by

1
cosh((2y — J)w)

0%(w) = 0¥ (w) = (4.42)

As expected, we find for the bulk quantities e, and velocity vp the same expression
as in the periodic model [30]:

op = 71'5111(27)’ o — _1/ dw sin(27) smh(2'7w) ' (4.43)
T — 4y 2J-c0  cosh((2y — §)w)sinh(%")
The surface energy fo, however, depends on the BCs imposed. We have that
sin(27) /OO sinh(2yw)
o = — do————= 7% (w), 4.44
/ 2 o u sinh(%?) W) ( )

where 7%(w) is the boundary contribution to the density of level-1 strings. We give explicit
formulae for fo, for the different BCs in the following sections.

We would like to highlight a subtle technical point concerning the root-density approach
for the real centers of strings in the open case. In this setting, the scattering phase involving
the level-1 roots require a careful treatment. If one inserts the string hypothesis directly,
without accounting for deviations, the result will be incorrect. The correct procedure is to
first include the strings with small deviations, compute the relevant quantities, and only
then take the limit where the deviations vanish. We illustrate this procedure for the case
(e,p) = (0,0) in appendix C; the other cases of BCs follow analogously.

4.5 Finite-size analysis

We will not give a general classification of the Bethe root configurations leading to specific
conformal weights. This is simply due to the fact that, unfortunately, there is in general
no clear structure. We will discuss certain clear excitation mechanisms when possible. In
addition, we provide access to some representative examples of the Bethe roots used in this
section in the online repository found under [52].

4.5.1 (e,p) = (0,0)

We have that the surface contribution to the root density takes for this particular BC the
following form

(1 + cosh(yw) — cosh((3y — §)w))
cosh(yw) cosh((2y — §)w)

(W) = (4.45)
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This yields the surface energy:

Jo = - cos(2y) 4 —o0 de cosh(yw) cosh((2y — §)w) sinh(%?) - (4.46)

sin?(2y)  sin(27) /00 (1 + cosh(yw) — cosh((3y — §)w)) sinh(2yw)

The ground state is a singlet, hy = ho = 0, and the corresponding effective scaling dimension
is given by
1 10y v

xQ == .
off 6 + 4t w—2y

(4.47)

By considering various excited states, we conjecture that the low-energy states give rise
to the effective scaling dimensions:

1 v 3\ 2 ol 1\? vy
Xg=—=+—|hM += —|hy+ =) — d 4.48
off 6+7r<1+2) +7r<2+2> 77—27+ ’ (4.48)

where d € N. We note that the dependence on the Cartan charges can be rewritten in
terms of the quadratic Casimir operator of the symmetry algebra: in the classical limit its
eigenvalue on a highest weight state (hy,hs) is

CP2(h1, ho) = 2 ( (b +3) + ha(hy + 1)) = 2 <(h1 * 2)2 # (2 ;>2> o

Examples of the numerical data for the Bethe roots leading to the critical exponents (4.48)
are given in the online repository [52].

4.5.2 (eg,p) =(0,1)

For this particular BC we have

B 2 sinh(yw) (cosh(’yw) — cosh (%(TF — 27)w) + 1)

T= sinh (%(S’y - w)w) + sinh (%2) (449
This leads to the surface energy:
g _sin(2y) /oo wsi.nh(2’yw) 2sinh(yw) (cosh('yw) — cosh (%(ﬂ' - 27)0.}) + 1) - (450)
2 —oo  sinh(%?) sinh (%(87 - W)W) + sinh (%)
For the ground state, we have h) = h(") = 0 and
x0- 1,7 (4.51)
6 27

In general, we conjecture that the conformal spectrum can be described by the symmetry
algebra, i.e., the left and right U,(B;) spins S@ = pl).

2 2
Xeg= 4L (23(@ + 1) +-L (28(” + 1) +d. (4.52)
6 4r 47
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Comparing this expression to the conformal spectrum of the Déz) model with Uy(B1) quantum

group symmetry for € = 0 obtained in [21] we conjecture that the scaling limit of the D:(J,Z)

model for (g,p) = (0,1) BC can be described by two antiferromagnetic Potts models with free
boundaries, each contributing (3.1) to the central charge and the conformal weights. Further,
the degeneracy of the conformal primaries, which we have investigated, is consistent with
the product of characters of two independent antiferromagnetic Potts models.

Examples of the numerical data for the Bethe roots are given in the online repository [52].

4.5.3 (e,p) = (1,0)

For this BC, we find that the surface root density takes the more complicated form

csch (%2) sinh (%(7? - 87)(4)) + csch (T) sinh (%(7‘(‘ - 87)w)
csch (%2) sinh (%(7? — 87)w) -1
2 cosh(yw) — 2 coth (%52) sinh(yw)
csch (%2) sinh (%(W — 87)w> 1’

T (w) =

(4.53)

such that the corresponding surface root density (4.44) is given by

sin(2y) [ sinh <%(7r — 27)&;) +2cosh (% (m— 47)(,0) cosh(yw) sinh (% (m— 87)(,0)
foo - T/ dw ; : —
—oo cosh (§(W—47)w) sinh (47)

By employing formula (2.33a), we deduce the ground state lies within the sector char-
acterized by h; in the « interval
™ T

o +2) 2

T (4.55)

A numerical analysis confirms these bounds. Hence, the symmetry algebra is spontaneously
broken. For the finite-size analysis, we group the low-energy states into two classes A and B.

Class A. In a given hy, hy sector, we find that in the interval (4.55) and (4.29), the lowest-
energetic state consisting just of roots of the type (4.41) possesses the following effective

scaling dimension

1~ 3 m\? ~ 1\?
X, =—— 42 h—— L . 4.
ot (h1, h2) st o (hl +5 27) + <h2 + 2) (4.56)

Combining (4.56) and (4.55) yields the effective scaling dimensions of the ground state to be

o©_ 1, 7 7 1 _1>2
Xoff = +—+ (frac <27> 5) (4.57)

where frac(x) denotes the factional part of . Some numerical data is displayed in figure 2.
Above the states (4.56) in the interval (4.55) for hy = 1 and hg = 0, we have numerically
estimated the effective scaling dimension of three other states labeled as n = 1,2, 3, each one
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24 Xt
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Figure 2. Effective conformal weight 24 X.g = 22Y (E(N) — Neoo — foo) for states with different hy

TUR
of the D§2) chain with boundary conditions (g, p) = (1,0). The circles display numerical data obtained
from the Bethe ansatz. The dotted lines display the lowest state in the (hy,0) continuum yielding
logarithmic correction flowing to (4.56) for hy = 1,2,3 for blue, green and purple. The dashed states
are discrete states (4.60) having power law corrections (red h; = 0). Note that the ground state is
never in the h; = 0 sector.

generated by the same excitation mechanism present in the periodic model, i.e. by resolving
four-strings and placing the roots on the lines with fixed imaginary part:

Sm(um) —_ Qm(u?}) =0,7. (4.58)

For a sketch of the Bethe root configurations, see!'? the figure 5. We have found that these
three states possess logarithmic corrections, see figure 3. Based on this analysis and the
presence of other states with similar Bethe root configurations for small system-sizes, it
is expected that there are an extensive number of such states possessing such logarithmic
corrections. Based on our numerical data for n = 1, 2,3 we conjecture

A(v)

Xog(h1,0n) = Xeg(h1,0) + (2n+ 1) —— 22—
eff( 1 |n) eff( 1 )+( n -+ ) logQ(N/No)

+O(N™*) forn=1,2,3,.... (4.59)
where n is the number of excitations in the continuum tower, and x stands for any remaining
power-law decay. Further, Ny is some non-universal length scale, and A(7) is an amplitude
that we do not attempt to calculate here. The amplitude of the logarithmic corrections for
the lowest state in the continuum is too small to distinguish it from the power-law behavior in
the numerical data. Therefore, we analyze the finite-size differences between the states n = 2
and n = 0, and compare them with those between n = 3 and n = 1. From this comparison,

2This figure is actually for the BC (g,p) = (1,1). However, while the values of the Bethe roots for
(e,p) = (1,0) are different, the qualitative picture is the same.
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® X.(1,0/0) ground state (N odd)
o X.(1,0]1) ground state (N even)
* X.(1,012) excitation (N odd)
o Xegr(1,0[3) excitation (N even)
-- extrapolation
Xerr(1,0)

1.0f

chf (N)

Figure 3. Effective conformal weight X = %(E(N ) — Neo, — foo) for excited states in the sector

h1 =1,hy = 0 of the D§2) chain with boundary conditions (e, p) = (1,0). We see strong logarithmic
corrections.

we conjecture that (4.59) also holds for n = 0. Examples of the numerical data for the Bethe
roots are given in the online repository [52].

If we fix hq and hg and vary the anisotropy -y below the lower bound of (4.55) and we follow
the states (4.56) or the higher continuum states, we find transmutation from the continuum

states into discrete ones, also seen in figure 2. When + is lowered below 3 T2) for fixed hq,
the effective scaling dimension of the lowest state in the continuum in the sector hy changes to

2
* /7

Xog(h1, ho) = Xeg(hy, ho) — 24+h —— ) . 4.
ot (P11, h2) i (h1, ha) 27( 1 27) (4.60)

The logarithmic corrections are not present anymore. These states just possess power law
corrections to scaling. On the level of the Bethe roots, the transmutation can be seen as a
significant change of the Bethe roots: we see that some of the roots of the continuum state
tend to infinity as v approaches the lower bound (4.55). Then the roots come back to a
finite real part, but the imaginary part is changed. Also here, we did not manage to find a
universal parameterization of these discrete states in terms of the Bethe roots. Hence, we
provide examples of the numerical data for the Bethe roots in the online repository [52].

Class B: one non-matching state. We have identified in addition one single state which
possesses no logarithmic corrections but which does not fit in the family (4.60). It has a

conformal dimension of

2
. v 71'

hi=1,hy =0) = Xeg(h1 =1,ho =0) — 2— — 1. 4.61
off(h1 = 1,hy = 0) i (1 2 =0) 77_27< 27> + (4.61)
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454 (e,p) = (1,1)

Adapting the root-density approach as presented in appendix C to the present case, the
boundary contribution to the density of level-1 strings (4.41) is found to be
2 cosh(yw)(cosh(yw) + 1) 4 tanh (%) sinh(2yw) 4 2 coth (%) sinh(yw)

W) = , (4.62)
csch (%2) sinh (%(87 - w)w) +1

which gives a diverging contribution % — (m/2v) to the total number of corresponding roots

as v — 0 (cf. the D;Q)-chain with quantum-group-invariant boundary conditions [25, 26, 33]).
2)

This implies spontaneous broken symmetry of the D32 -chain with boundary conditions
(e,p) = (1,1), as its ground state is realized in the sector (h() = 0,h(")), i.e. m; = my =
N — h") | with h(") = 2,3,4... for

(4.63)

v2 ST S o

2h(r)

Note that in the limit v — 0 (or v < 7/2N for sufficiently large finite systems), the ground
state is the reference state with m; = mg = 0, see (4.28).

With (4.62), the surface energy (4.44) of the D§2) model with boundary conditions
(e,p) = (1,1) becomes

_ sin(27) /00 do 2 (cosh(yw) 4 1) sinh(3(m — 2v)w) + sinh(2yw) ‘

0o = 4.64
2 oo 2sinh(Zw) cosh(3(m — 4v)w) (4.64)

With the predicted scaling of energies (4.38) we can identify the operator content of the
boundary CFT describing the scaling limit of the lattice model from its finite-size spectrum.
It turns out that the effective conformal weights can be separated into two contributions
corresponding to the two factors in its symmetry algebra U, (B1) ® Uy(By), similar as in (4.52)
for BC (e,p) = (0,1). Based on the characteristics of these contributions, we identify three
classes of conformal weights.

Class A: signatures of a non-compact critical degree of freedom. Based on our
numerical solution of the Bethe equations (4.34), we conjecture that the lowest state for
anisotropies (4.63) in the Cartan sector (h(), h(")) is realized for lattice sizes N = h(") + h(0)
(mod 2) and has an effective conformal weight

2 2
Xett (h“), h(”) = —é + % (h“) + ;) + % (h(’“) + é — 27;) .
Numerical data from the exact diagonalization of small systems show that the multiplicities
of these levels is 2(2h() + 1)(2n(") 4 1). Given that Bethe states are U,(B1) ® U,(Bi)
highest-weight states with left and right U,(B) spins S@ = pl@) o = ¢, r, this observation
can be understood from self-duality and quantum group symmetries alone: each weight
corresponds to a self-dual multiplet [S(), 8] = (8 @ SM) @ (ST @ S©) (hence 2(S ® S)
for S¥) = S = &) and can be written in the explicitly self-dual form

1 2
X ([8(8)78(1”)]) :_6+%(2S<+1)2+% <25>+1_:> 7 (4.65)
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ef

Figure 4. Effective conformal weights X.g for some of the lowest class A states of the DéZ) chain
with boundary conditions (e, p) = (1,1): full lines indicate the lower bounds (4.65) of the continua
in sectors [S®), S("], dashed and dash-dotted lines are the conjectures Xz and X for the discrete
levels emerging from these continua as given in (4.68), bullets are extrapolations of the numerical
finite size data [52].

where §< = min(S®,8M), 8> = max(S®,S8)). The conjectures (4.65) together with
extrapolations of our finite-size data [52] are presented in figure 4.

At the endpoints v = 7/(2k + 2), k = 2,3,4... of the intervals (4.63) there is a level
crossing between the ground states of the sectors [S®), 8] = [0, k] and [0, k + 1]. Hence,
the effective central charge of the D§2) lattice model with boundary conditions (g,p) = (1,1)

becomes

2
cr=—24X0 =400 (2 frac (2”) = 1) . (4.66)

m T Y

We expect that (4.65) are the lower edges of continuous components of the spectrum
of conformal weights: in the spin sectors shown in figure 4 we have identified the root
configurations of the first few (the lowest of expected towers) excitations that extrapolate
to the same effective conformal weight in the scaling limit, see table 1. For the sector
[S), 8] = [0,2] we have visualized the mechanism for building this tower of excitations
in figure 5: in the center of the interval 7/6 < v < 7/4 it is similar as in the periodic D§2)
model. A pair of 2-strings (4.41) is replaced by level-1 roots with imaginary part 7/2 and
two level-2 roots with the same real part and imaginary parts 0 and 7, respectively (plus
a single root u%ﬂ = 0 in the excitations for chains of length N = S + S® +1 (mod 2)).

This procedure can be repeated O(N) times, i.e. until no strings (4.41) are left, resulting in a
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SO, 8] n no. of additional roots on

(4.41)-strings level 1 level 2
[0,1] 0*  (N—1)/2 - —
I (N-2)2 211 .
2 (N-3)/2 2 2+ ir /2 22, 22 4 in
3 (N 4)/2 $[11]7 xLﬂ + 171_/2’ k=23 0, .%'[2}, .%'[2] +ir
[0, 2] 0 (N-=2)/2 o —
1 (V-3)2 o 4 i 2 .
2 (N —4)/2 xL +in/2, k=1,2 2@ 2@ 4 in
3 (N-5)/2 dUtir2 k=123 020 22 +ix
[0, 3] 0 (N-—3)/2 o —
1 (N-4)/2 ol +im /2 0
[0,4 0 (N-4)/2 _ —
L 00 (N-4)/2 i, iy, iyl iy
1 (N-3)/2 iy, iy 0
2 (N —4)/2 iy, i, 20+ in/2 x[Q], 22 +ir
[1,2] (N —3)/2 21 -
(N —4)/2 2, 2l 4 iny2 0

Table 1. Bethe root configurations for the lowest class A states around v = w/5: xk] and ylE] take
real values. In the scaling limit, the conformal weights with the same U, (B;) spins [S*), S™] (but
different n) become degenerate, indicating the emergence of a continuous spectrum. An exception
are the lowest spin [S®) = 1,S(")] states (with labels n = 0* and 1*): they are no longer part of the
continuum but transmuted into pairs (realized for even and odd N, respectively) of discrete states for
this value of ~.

tower of states extending beyond the low energy regime.'® Note that the root configurations
change for values of v outside the interval where the lowest of these states is the ground state.

As shown in figure 6, there are strong corrections to scaling to the corresponding
conformal weights. Analyzing these corrections in the [S(), S(] = [0, 2]-tower, we find that
they have both logarithmic and power-law contributions. Based on our numerical data [52],
we conjecture that the amplitudes of the logarithmic (leading) contributions are

oA A(v) . _
Xer ([0,2]]n) = X2 ([0,2]) + (20 + 1)? o2 (N/No) +O(N™) forn=1,2,3,..., (4.67)

while further contributions vanish as power laws with a y-dependent exponent x > 0. Such
terms are expected to be generated by the presence of perturbations to the fixed-point
Hamiltonian by irrelevant operators in the lattice model [53-55]. In all states considered
the exponent x appears to vanish as 7 — 7/4, indicating that the perturbation becomes
marginally irrelevant in this limit.

13In the periodic model the “new”

second level roots can be freely distributed on the real line and with
%m(u?]) = 7 which leads to the appearance of two continua related by the Z> symmetry (2.12). Here a pair

of roots {ul?,ul? +ir} is mapped onto itself.
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Figure 5. Root configurations {ugf]} for the [S®),S(M] = [0,2] levels shown in figure 6: ground
state for N = 16 (top left), ground state for N = 15 (top right), first excitation in the continuum for
N =16 (lower left) and for N = 15 (lower right). Black (red) dots are first (second) level roots, the
dashed lines are at C\‘ym(ugf]) =0,% -7, 5 and 7.
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Figure 6. Scaling of the effective conformal weights X.gq(N) = ﬂi\fF (E(N) — New — foo) of the
lowest spin [S®¥), 8] = [0,2] levels for v = im: extrapolation gives the same value (4.65) in the

thermodynamic limit but with different subleading (logarithmic) corrections (4.67).
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The amplitude of the logarithmic corrections to the effective weight Xeg ([0, 2]ln = 0)
of the lowest state in the continuum is too small to separate it from the power laws in
the numerical data. In the differences Ay, = Xegr ([0, 2]|n + 2) — Xeqr ([0, 2]|n), however, the
amplitudes of the latter can be partially canceled. Based on their analysis we conjecture
that (4.67) holds for n = 0, too.

Following the finite-size scaling behavior of the weights Xeg([0, S]|n) with n = 0,1
beyond the range (4.63), i.e. to anisotropies v < 7/(28) 4 2), we observe a non-analytic
change in the v-dependence. At the same value of ~, the logarithmic corrections to scaling
disappear and the subleading terms become pure power laws. A similar behaviour has been
found in the Déz) (or staggered six-vertex) model, where this transmutation has been related to
the appearance of the discrete levels in the spectrum of the 2D black hole CFT [26]. Following

eq. (5.18) of ref. [30], we conjecture the corresponding effective conformal weight to be

2
* My = x A my - 7 (g1~ T
(10,5 = X[(0.50) - o (5 +1 27) for v < ss 5 (4652)
Upon lowering v further, additional discrete levels emerge from the continuum, e.g.
=(10,8M)) = xWj0,80)) - 2 (30") +2- ”)2 for 7 < ———— . (4.68b)
eff \[VY» — eff ) T — 2 2y v 25() +4 : :

These levels are also displayed in figure 4. Similar transmutations of the lowest continuum
levels into discrete ones appear in the highest-weight class A states of all Cartan sectors
0 < hO < pi),

Summarizing our results for the class A states: we have identified towers of conformal
weights separated by gaps oc 1/ log?(N/Ny) such as (4.67) which realize continuous components
of the conformal spectrum of the underlying theory starting at values (4.65) in the scaling
limit.  Rewriting these lower edges as

2
X (189, 8]) = —% + % <2S> +1- Z)
1 g 2
—E+E(2S<+1) :
the first line coincides with the lower edge of the continuous parts of the spectrum of the

(4.69a)

non-compact black hole boundary CFT as realized in the DgQ) model with Uy(B1) quantum
group symmetry for e = 1 (or one half of the CFT describing the D:(f) model with periodic
boundary conditions [30]), see eq. (3.2a). The second line in (4.69a) is the contribution of
another (compact) critical degree of freedom with conformal weights as in (4.52) for boundary
conditions (g,p) = (0,1) in the universality class of the afm Potts model with free boundaries.

Similarly, we propose that (4.68) are the first two in a sequence of discrete levels emerging

from the continuum:*

1 2
xg (189,8W)ja) = - + e (25> +1- 7T> S

47 0% 77—275
L 2
=4 " (98< 41 4.69b
ot 2ST+1)7, (4.69b)
withsazii<s>+1+a—”), a=0,1,2- < (8§ +1).
2y 2y

“Note that Xl’é] ([S(Z),S“)Ha) — —g +a for v — 0 independent of S,
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Here the contribution of the compact critical degree of freedom (second line) is unchanged
while the first line of (4.69b), together with the restriction on the possible values of a, can be
identified with the spectrum of discrete states of the black hole boundary CFT allowed by
the unitarity condition. This provides further support for our interpretation of the finite-size
spectrum from the class A states.

One might speculate that the factor multiplying s2 also enters in the amplitudes A(7)
of the log. corrections of the continuum states (4.67). This is not easy to verify, however,
due to the (possibly strong) power law contributions coming from the second degree of freedom.

In addition to the class A levels discussed above, we have identified the conformal weights
of several other discrete states with purely power law corrections to scaling. These states are
characterized by Bethe root configurations containing one or two singular roots (4.35a) on

(1]

sing
spectrum of the 2D black hole CFT. Moreover, our numerical data for small systems indicate

level one, i.e. ng'  # 0, and the corresponding weights do not appear in the discrete part of the

that the multiplicities of these levels is in general larger that those for the class A states:

for S0 # SO their representation content is k[S), SM] = k ((5(4) 28M) @ (SN e S(g))>

with an even integer k.

Class B: additional discrete states with one singular root on level 1 (ngllg =1).

The lowest-energy states with one singular first-level root (4.35a) and U,(B;) spins S(")
have conformal weights

r r 1 o ™\ 1
Xig] ([5(5)’5( )]) _ X,Lg] ([S( )75(6)]) =5 + % Z <2S( ) 41— 27> + 3 (4.70)

a={,r

see figure 7 for the states with S(® < 2. Also shown are some excited class B states with
conformal weights

x({ (189, 80) + % .

For v — m/4, i.e. at the boundary of the critical regime considered in this paper, the conformal

weights X ig] approach —% + %4—“ with non-negative integers k. Such values are absent in the

conformal spectrum obtained from the class A states. Therefore, they cannot be interpreted
in the context of the black hole CFT.

Class C: additional discrete states with two singular roots on level 1 (ngllg = 2).
Finally, we have identified a class of primaries and descendants with conformal weights
depending linearly on -,

x[7 ([s9,8M]) = —% + % > (284 1)2 +d. (4.71)
a=Ll,r

This coincides with the operator content (4.52) of the model with boundary conditions

(e,p) = (0,1) which we have identified with that of two afm Potts models with free boundaries.

All of these states have nLli]ng

scaling are pure power laws indicating that they do not belong to a continuous part of

= 2 singular first level roots (4.35a). The corrections to

the conformal spectrum.
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Figure 7. Conjectured effective conformal weights X C[g] for the class B states from the discrete
spectrum, see (4.70). Colors indicate the sector [S), S(")] as shown in the legend box, filled (open)
circles are extrapolations of the numerical data [52] for even (odd) length lattices. Grey lines indicate
the lower edges of the [0, S(")]-continua.

5 Discussion

We have determined the spectrum of the transfer matrices and corresponding Bethe equations
for the quantum-group-invariant D,(izl models with € = 1 using the analytical Bethe ansatz.
Focusing on the case n = 2, we have explicitly constructed the spin-chain Hamiltonians for
the various boundary conditions (g, p), which is nontrivial for the case (1,1) as it involves
the second derivative of the transfer matrix.

We find that the Hamiltonian is critical in the parametric regime (4.29) for all four
boundary conditions (e, p), just as for PBCs. We utilize our Bethe ansatz to investigate the
finite-size spectrum of the D:(,,Q) model for large system sizes N > 1. In our previous study of
the periodic model this approach led to the identification of two critical non-compact degrees
of freedom, each described by the 2D black hole CFT in the scaling limit. Our numerical data
indicate that imposing different quantum group invariant boundary conditions on the lattice
model has a profound effect on its properties: for € = 1 the continuous symmetries of the
model, Uy(Bz) for p = 0 and Uy(B1) ® Uy(By) for p = 1, are spontaneously broken. Moreover,
we find signatures of a single non-compact degree of freedom only for BCs with € = 1, while
the spectrum of conformal weights is purely discrete when ¢ = 0. The disappearance of the
continuous part of the spectrum has also been observed in the staggered six-vertex model.

Assuming that the scaling limit of the periodic Dgl chains is described by non-compact

CFTs for all n (as appears to be the case for the A1(12—+)-1 series of lattice models [38, 39]) this
leads us to conjecture that under quantum group invariant BCs (2.1), (2.3) only those with

e = 1 lead to a continuous spectrum of conformal weights corresponding to non-compact
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branes. This could be checked based on our construction of the Bethe equations for the
rank n chains in section 2.2.

The conformal spectrum of the self-dual U,(B1) ® U,(B1)-symmetric D:gz) models, i.e.
with p = 1, allows for a partial interpretation when compared to the U,(B;)-invariant Déz)
chain: in the scaling limit the latter is known to be in the universality class of the (compact)
afm Potts model with free boundaries for € = 0, while its low-energy effective description for
e =1 is a 2D black hole boundary CFT. Here we have found for BCs (¢, p) = (0,1) that the
conformal weights (4.52) contain contributions of two afm Potts models. For (g,p) = (1,1)
the situation is more complicated, but part of the conformal spectrum can be decomposed
into contributions of an afm Potts model and a black hole boundary CFT, see (4.69). This
supplements our earlier observation for the periodic model [30].

Further insights into the scaling limit of the D§2) model and the possible conformal
boundary conditions might be gained by considering the spin chains with different choices
of the parameters (g,p) in the K-matrices (2.1) and (2.3) on the two ends. Moreover, we
have restricted our attention in this paper on values of the anisotropy parameter v in the
domain (4.29). We expect that the system remains critical for any real values of ~, so it
might be worthwhile to explore the finite-size spectrum in other domains.
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A D7(12421 R-matrix

We use the fo_?_l R-matrix given by Jimbo [7], except we use the variables u and 7 instead
of x and k, respectively, which are related as follows:

x=e", k=e’. (A1)

—2u p—2(n+1)

We also multiply the Jimbo R-matrix by an overall factor e T in order to have

nice crossing and unitarity properties. (See also [6, 8].) Hence, this R-matrix is given, as
in appendix A of [34], by

R(u) = e 2 2T R 1 (1) (A.2)
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with

RJ(U) — (62u_€477) <e2u_€4nn> Z eaa®eaa+€2n (€2u_1) (€2u_€4nn)

>

a#B,6

a#n+1,n+2
'€aa®€gﬁ—<€4n—l) (e2u_€4nn) Z —|—62u Z 6a5®65a
R
, n ;T (e n ,n

—5 (=1 (e2e) (<e“+1>( DD

a<n+1,0=n+1,n+2 a>n+2,8=n+1,n+2

'(€aﬁ®eﬁa+e,ﬁ’a’®ea’ﬁ’)+(eu_1) (— Z +e* Z

a<n+1,6=n+1,n+2 a>n+2,8=n+1,n+2

1
'(eaﬂ®€6’a+66’a’®ea'5)>+ Z aap(U)eap@en g+

>

|

aorfB#n+1,n+2

a,B#n+1,n+2 a#n+1,n+2,f=n+1n+2

(B3 () (eap@eargFepar Bepa) +by (1) (as@ewrs+esa Desa) )

—|— Z <C+ (U)eaa®€a/a/+0_ (U)eaa®eo¢o¢
a=n+1,n+2

+d+ (u)eaa’®ea’a+d_ (u)eaa’®eaa’) )

where for o, # n+ 1,n+ 2

(647]€2u _ e4n7]>(e2u _ 1) a = 6
anp(u) = 4 (e*1 — 1)(647”76277(&_6)( 1) = Gup (e — ) a< B,
(M1 — 1) (1D (20— 1) — (2 — ) > f
b () = +e21(e=1/2) (41— 1)(e2 — 1) (e £ e2™7) a<n+l1
o e21(@=n=5/2) (¢4 _ 1)(e20 — 1)et(e" £ e2™) a>n+2
1
ctu) = :I:§(e4’7 — 1)(e® 4+ 1)e¥ (e F 1)(e* £ €2™) + e27(e* — 1) (e —
i (u) = i%(e‘m Z (€2 — 1)t (et £ 1)(e" £ 2),

a+l 1<a<n+1
n—i—% a=n+1

Qi
|

n—l—% a=n+2
a—1 n+2<a<2n+2

o =2n+3—a.

The elementary matrices e,g have dimension (2n + 2) x (2n + 2) with

a,B=1,....2n+2.
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This R-matrix has the crossing symmetry

Riz(u) = Vi R%(—u — p) Vi = V32 Riy(—u— p) V3?

with the crossing parameter p = —2nn. The crossing matrix V is given by
2n+2
V= Z Uk €k, 2n+3—k »
k=1
where
e~ @12k | — 1 . p
v = 1 k=n+1,n+2 ;

e~ (@nHo=2km | — 4 3 . 2n+ 2
and satisfies V2 = I. The corresponding matrix M is defined by
M=V'V,
and is given by a diagonal matrix
M = diag(e!®+3-n) 4 =1,2,... 2n+2,

where & is defined by (A.8).

B Quantum group and duality symmetries

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

We provide here further details about the quantum group and duality symmetries of the

transfer matrix. The explicit form of the quantum group generators and their coproducts are

given in section B.1. The definition of the duality operator and its action on the quantum

group generators are presented in section B.2.

B.1 Generators and their coproducts

It was shown in [4] that the transfer matrix t(u,e,p) (2.4) has the U, (Bn—p) ® Uy (Bp)
quantum group symmetry, see (2.8). In order to define the quantum group generators, we

recall that the DnQ+1 generators in the fundamental representation corresponding to simple

roots can be written as

Hj = ejj = ants—j2m+3—j, i=1...
n
+ (_1)
Ey = (Ent1,1 = €nt2,1 + €2n42n+1 — €2n4+2,n+2) 5
V2
+ _ C_
Ej =ej 41+ eamto—j2n+3—j, J=1...
L1
En = ﬁ (en,n—i—l + ennt+2 — €nt2 — Ent2n43 — €n+1,n+3) ,
E- = ()
F=(5)'

where (€;j)ap = 0i,a05-
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A key point is that the p-th generator E;[ is broken; hence, the remaining symmetry is
described by the n remaining generators that form the “left” and “right” algebras. There are
n — p generators of the “left” algebra, denoted by a superscript (¢), which are given by

H90p) = H,,;, E-Y@p) =E*

; ] vtjs J=1l...,n—p; (B.2)

and there are p generators of the “right” algebra, denoted by a superscript (r), which can
be written as

r +(r .
H"(p)=Hyjp1, E V@) =ET,, j=1,...p. (B.3)

We note that the definition of the “right” generators in (B.3) differs from the one in egs.
(B.7) in [3] and (A.6) in [4]). While the two definitions are equivalent, the new choice ensures
non-negative values for the highest-weight-state eigenvalues hy), see (2.33b).

The “left” and “right” algebras are given by the following commutation relations

4 I r
(H ), 1 (p)] =0, (H ), 7 (p)] =0,
l + (¢ + r =+ (r =+ (r
7). B )| =+ EF O (p), (H ), B V)] = 40P B V), (B4)
n— p
Z —(r r
(5 Ow), B V)] =0 2 OOw), (B0 B V)] =6, o HD @),
1 k=1
where {a(l), ey a(m)} are the simple roots of B,,_, for m = n — p, and of B, for m = p.
Their explicit form in the orthogonal basis is
a(j):ej—ejH, j=1....m—1,
o™ =e,, (B.5)

where (€j)q = djq-
The 2-fold coproducts for the “left” generators are given, as in [4], by

A(m))=m) ett1emH?, j=1,...;n=p,
A<E]¢(e)):E]¢(z)®e<n+m HD i), |~ (nim) B H] +1®E O i1 np1,

() )
A(B ) =B e e g B, (B.6)

and satisfy

(A (80) & (55| = 200 (£50)
b (20577 00 A (1O
3(80) 8 (5, )], =, TR A ()

where

; (B.8)

i H©
Q(g) nax(id) @ 1T, li—j|=1land1l < min(i,j) <n—p—2
I®I, otherwise
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and

[45, Bjlow = Q0 4,B; — B;AQ . (B.9)
The 2-fold coproducts for the “right” generators are given by
A(HD)=H @T+10 H", j=1,...,p,
A(FEO) = 20 g -Omm sl | om0 0y
A(BED) = E§<>®e—w$“+em$”®ﬁgwp (B.10)

and satisfy
o (7). (57)] = 05 (557)

J J

sinh (—2n>0_, «a DA (H)
(5. (5], Tl A ) g
¢ 7 Q) ’ sinh 27
where
(r) eiﬂHI("TiX(W) @I, |i—jl=1landl < min(i,j) <p—2
Q) = ’ - = , (B.12)
IR, otherwise
All “left” generators commute with “right” generators.
In order to construct N-fold coproducts, one simply uses coassociativity
(I A)A=(AxIDA (B.13)

on the (N — 1)-fold coproduct.

B.2 Duality

It was shown in [4] that the transfer matrix t(u,e,p) (2.4) has the p <> n — p symmetry (2.9),
where U is given by

U=U,...Uy, (B.14)

and U is defined by

U — Z?:l €jn+2+j + €ntln+l — €nt2n+2 — Z?:1 €n+2+j5, for —neven (B.15)
D i=1€jm+2+j T entln+2 = €nt2n+1 — Dj—1 €nt2+jj, for n odd
and satisfies UU? = 1.
Duality maps “right” generators to “left” generators
_ J4
vH" () U =-H" (n—p),
UEFD (Ut =EF 9 n-p), i=1,...,p, (B.16)
and vice-versa
4 _
UH () U™ =—H" (n—p),
4 — .
UEii()(p)U 1:Vi(p)E;F(r)(n—p)7 i=1,....,n—p, (B.17)
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where

vi(p) = (B.18)

—1 nmevenandi=n—p
+1 otherwise '

The coproducts transform in a similar way.

C The root-density approach in the open case: deviations are important

In this appendix, we demonstrate a small subtlety for the root-density approach when
considering open BCs for string solutions whose imaginary part exactly cancels the additive
shifts, in our case +iv,+2i7v, in the scattering phase. This requires more careful handling
by taking into account the limit of vanishing deviations.

Let us consider as an example the case (¢,p) = (0,0). The other BCs follow analo-
gously. By inserting the string hypothesis (4.41) including the deviations into the Bethe
equations (4.31), we multiply together the equations of complex conjugated pairs and then
take the logarithm of the resulting equations, and introduce

T—j = —Zj, Y-5 = —Yj, (Cl)

to obtain:

2N [ cosh(id;
20" =+ 1n
A (cosh(16 +x;) )

1 sinh(2i6; —2z;)
n
ir  \ sinh(2i0;+2z;)

cosh(id;+2iy+z;)
cosh(id;+2iy—z;)

sinh(2id;+4iy+2x;)
sinh(2id;+4iy—2x;)

1 & [ ((sinh(i(6;48,)—(x;—1)) sinth(i(6;+05) +4iv-+ (2 — 1))
_kE_:ml {hl (Sinh(i(5j+5k)+(;pjxk;)) ) +In (sjnh(i(5j+5k)+4iv—(xj—ggk))>

n (ginh(m—i(éj—5k)+(x]-—xk))) I (Sinh(217+i(5j—5k)+(:17j—:vk

)
sinh(2iy—i(d;—0) — (zj—x1)) sinh(2iy+i(d;—0x)— (xj—:vk))> }

1 2 sinh(2iy+i0; —(z;—zx)) N sinh (id;+ (2, —yx))
”2_:{ (Sinh(2i'y+i§j+(:cj—xk))>+21 <sinh(15j(xjyk))>}7 (C.2)

1

oo Ly (coshlinty) | 1 22: o (SRR Gy =) | s (0 —y;)
7w\ cosh(iy—y;) ) im sinh(2iy+idy —y;+xr) sinh (0 — 2k +y;)

__m
k= 2

sinh(2iy—y;+yxk)
Bl 1 C.3
+ Z . <smh(2ry—|—yj —Yk) (C:3)

m2

where I,f’y are half integers for mq o even. Note that the red terms would not be present if one
blindly inserts the string hypothesis without the deviation into the Bethe equations, as they

,35,



would cancel out if one multiplies out the strings. Taking now the limit J; — 0 and using that

1 sinh(id — x)
“@ﬁ%mm@mmﬂﬂv (C-4)

we obtain

2N . [ cosh(2iy+x;) 1 sinh (4iy+2x;)
¥ =4+"In| ————L | 40(z;)+—In| —————~
A n(cosh(2i’y x;) - ($])+i7r " sinh(4iy—2x;)

L3 [ty (S 1) s ) |

T —(wj—wy)) (zj—x1))
1 Z sinh(2iy—(x; ))) ) }
- 21ln —2imf(z;—yk) ¢,
i kzgn;? { (smh( +(x; ) b
y_ 1 N cosh(iy+y; =z ir0(y;—a N sinh(2iy—x,+y;)
Ij_ml (COSh( yﬂ) E:{ Y=o+ (Sinh(217+$k?/j)>}

m2
oL 22: " (S?nh(??’YﬂL?/kyj)) . (C.5)
i M sinh (2iy—yx+y;)

From this point onward, everything follows again the stf(ilndard procedure: we introduce the
monotonic increasing counting functions as z,(a;) = % for = x,y. The root density is
obtained by differentiating the corresponding counting function p® = %z"‘(a). By using
0'(x) = 6(x) and applying the Euler-Maclaurin formula to approximate sums by integrals,
one obtains in the limit N — oo a linear integral equation with infinite boundaries:

3p7(x)=20(w) = <cos<i§i>n+(gih( ))jifw(coshizi:?)(fzz)s(éév))+Jif§(x)
+/;00de @ )(Tr cosh(;nSinZ(j; ) cos(zm))+w(cosh(2;iiléi;)—cos(sy)))
_2 dyp y (w cosh 2211123) cos(47)))’
and
W@W%)iwméﬁ&mw R e T
+/ 577G (cosh(zgsfl (21:7))— cos(d7))

Using the Fourier transform, these equations can be solved order-by-order in the system size
N by setting p® = 0% + +7%, yielding 0@ = ¢¥ and 7% as given by (4.42) and (4.45).
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