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Abstract

Two principal problems are pursued in this thesis: that of scaling inference for
Gaussian process regression to very large numbers of data points, and that of dif-
ferentially private co-training between multiple Gaussian processes with distinct
private views of the data.

The first chapter acts as an introduction to Bayesian nonparametric regression and
standard techniques for performing scalable inference and differentially private com-
munication with Gaussian Processes.

The second chapter explores the use of Tucker decomposition and Kronecker struc-
ture of variational distributions in order to use very large numbers of inducing points
for scalable variational Gaussian processes. The methods use a massive number of
gridded inducing points, enabling more expansive variational approximations, but
the computational cost of the methods developed scales sublinearly with m, the
number of inducing points used. Computational experiments are performed and
compared with standard variational Gaussian processes, and the new method is
demonstrated to be more efficient for data sets of moderate dimensionality.

The third chapter pursues the use of stochastic algorithms for evaluating unbiased
approximations to the gradients of the lower bound for a scalable variational Gaus-
sian process. Consequently, O(m2) inference is possible, in contrast to the O(m3)
inference for a standard variational Gaussian process. Systematic computational
experiments are performed and compared with a standard variational Gaussian
process, with mixed results.

The fourth chapter considers the problem of preserving privacy when engaging in
co-training for regression with multiple Gaussian processes, each trained on dif-
ferent sets of covariates or “views”. Information is exchanged between views with
predictions on unlabelled data: various methods are introduced to incorporate the
predictive distributions, and mechanisms for formally preserving the differential
privacy of the response variable are included. Analogies are drawn between the
Kronecker product across dimensions of the second chapter and the fourth chap-
ter’s co-training between views. Experiments are performed on simulated and real
data, and the results are presented and analysed. It is shown that differentially
private exchange of information between views via predictions on unlabelled data
can improve the performance of the models.

The fifth chapter concludes.
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Chapter 1

Introduction

Statisics and data-driven modelling are growing ever more important in our lives. The profusion
of data available across almost every field of study, be it from the medical, social or natural
sciences, poses a combination of challenges and opportunites for statisticians and machine
learning practitioners. There exist enormous practical benefits to having quantitative models
for decision making or data interpretation, but the problems of computational scalability and
data privacy consistently arise in many practical circumstances. In this thesis, I attempt to
address these two problems for the Gaussian Process (GP), a Bayesian nonparametric model
frequently used for various tasks in supervised and unsupervised learning.

In this chapter, I introduce the fundamentals of Bayesian modelling in Section 1.1, building
up to a definition of a Gaussian Process in Section 1.2, and then covering the existing literature
on scalability and privacy for GPs in Sections 1.3 and 1.4, respectively.

1.1 Bayesian Learning

The problem of Bayesian learning concerns itself with deriving posterior belief distributions
over parameters of interest, given observed data. The process of inference for a parameter θ
begins with a statement of p(θ), the prior belief distribution of the statistician. The posterior
distribution p(θ|D) of θ given the data D can be derived using Bayes’ theorem by multiplying
the prior with the data likelihood p(D|θ) and normalising with the model evidence p(D):

p(θ|D) = p(D|θ)p(θ)
p(D) . (1.1)

The posterior distribution can be used to characterise expected utilities and facilitate deci-
sion making: Bayes’ theorem can be derived from decision theory as an optimal belief update
(Bernardo and Smith, 2001).

A visual example of a Bayesian update can be seen in Figure 1.1.
Given a sufficient amount of data, the posterior distribution can converge to the true value

of θ. However, this assumes an accurate specification of the model, such that the true data
generating process is given non-zero weight by the prior. In cases of misspecification, the

1



Figure 1.1: A Bayesian update for a parameter θ. The prior p(θ) (dashed line) is multiplied with
the data likelihood p(D|θ) (dotted line) and then normalised to give the parameter posterior
p(θ|D) (dot-dashed line). The Gaussian prior is conjugate to the Gaussian likelihood, resulting
in an analytically tractable Gaussian posterior.

posterior converges to the point in the prior closest in Kullback-Leibler divergence to the true
model, under mild regularity assumptions (Grünwald, 2012).

Bayesian computation is often challenging: the posterior can be impossible to access an-
alytically, often due to the computation of the normalising factor p(D), frequently called the
“evidence” or the “marginal likelihood” (ML):

p(D) =
∫
θ∗
p(D|θ∗)p(θ∗)dθ∗. (1.2)

Approximate Bayesian inference is a vast and complex field. The most popular approaches
for characterising the posterior include Laplace approximations, Monte Carlo methods and
Variational inference.

1.1.1 Laplace Approximations

A Laplace approximation can be performed by optimising the posterior distribution to find
the maximum a posteriori (MAP) estimate θ̂MAP = arg max p(θ|D) for the parameter. This
is sometimes used by itself to represent an optimal estimate for the parameter, but for a full
Laplace approximation, the second derivative of the posterior distribution with respect to θ,
p′′(θ|D), is then evaluated at θ̂MAP to return a characterisation of the width of the posterior
distribution. The MAP estimate and MAP second derivative are then used to define a Gaussian
distribution which can be used as a proxy for the true posterior.

2



The reliance of this method on an optimisation makes it computationally appealing, as con-
vergence to a mode of the posterior is generally faster than characterising the entire distribution.
However, this introduces vulnerabilities to misrepresenting multimodal posterior distributions.
Similarly, use of information local to the MAP estimate might lead it to misrepresent a signif-
icantly non-Gaussian posterior, and it is completely unable to represent any skewness in the
distribution. However, for certain models it can represent a very powerful and computation-
ally appealing method if the model posterior’s properties can be adequately captured by the
approximation (Blangiardo et al., 2013).

1.1.2 Monte Carlo Sampling

Monte Carlo methods aim to generate a collection of samples from the posterior distribution,
used to act as a discrete representation of the continuous distribution (Robert, 2004). In
principle such methods should be able to characterise any posterior distribution, as they do
not make distributional assumptions about the posterior, although in practice this depends on
how well the stochastic algorithm converges or “mixes”. Reducing the variance of the generated
samples is one of the chief concerns for this family of methods.

Monte Carlo sampling will often demonstrate an error asymptotically scaling as O( 1√
N

) with
number of samples N . Such provable convergence diagnostics are often very useful, although
it is not always clear that the asymptotic limit is truly reached in practice. The inverse square
root scaling is also not very appealing: a well-mixed Monte Carlo solution can frequently be
considered an accurate but expensive option.

1.1.3 Variational Inference

A further method for approximately characterising a Bayesian posterior is that of variational
inference (Blei et al., 2017). Within this framework, an analytically accessible distribution is
introduced to represent the posterior. A lower bound to the marginal likelihood of the data p(D)
is then derived, which is used as a target function to optimise the parameters of the model and
variational distribution. Such an optimisation corresponds to minimising the Kullback-Leibler
distance between the variational distribution and the true posterior.

Variational methods have a strong connection to Expectation-Maximisation (EM) methods,
which derive proxy posterior distributions for some variables and point estimates for others. By
contrast, a fully variational method derives analytically realisable approximate posteriors for
variables of interest, and also a lower bound to the marginal likelihood, allowing for principled
model comparison. However, the method’s reliance on optimisation renders it vulnerable to
local minima and poor convergence diagnostics, and the derivation of the variational bound
and updates can be challenging. Further, the use of explicit distributions in place of the true
posterior introduces potentially flawed assumptions of how to capture the posterior uncertainty.
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1.2 Supervised Learning and Regression

One of the canonical problems in statistics is that of regression, in which a continuous response
variable with n observations y is predicted using a corresponding observed n by p matrix of
covariates X. Formally, we would like to characterise the conditional distribution p(y|X),
and the predictive distribution p(y∗|X,y,X∗) of the response variable y∗ corresponding to the
covariates X∗.

Within a Bayesian framework, it would be standard to introduce the model parameters or la-
tent variables θ to define a model likelihood p(y|X, θ) and predictive distribution p(y∗|X,y,X∗, θ).
The model posterior p(θ|y,X) is then learned and the parameters θ are integrated out, in order
to give the most accurate estimation of predictive means and variances.

1.2.1 Linear Regression

The simplest non-trivial Bayesian regression model is Bayesian linear regression, in which the
response variable is assumed to be a linear sum of the covariates with some additional Gaussian
noise. Formally speaking, the model for the conditional dependence can be written:

fi = β0 +
p∑
j=1

βjXij = βTxi, (1.3)

yi = fi + εi, (1.4)

where fi is a latent variable formed by the linear combination of covariates, β is a vector of
the coefficients βj and εi ∼ N (0, σ2) is Gaussian noise added to produce the response variable.
The model parameters are the coefficients β and noise parameter σ2. The corresponding model
likelihood for these parameters p(y|X,β, σ2) is:

p(y|X,β, σ2) ∝ (σ2)−n/2 exp
(
− 1

2σ2 (y−Xβ)T (y−Xβ)
)
. (1.5)

To perform Bayesian inference over the parameters β, it is possible to introduce Gaussian
priors p(β), and consequently an implicit prior over the latent variable f :

p(β) = N (µ,Σ), (1.6)

p(f |X) = N (Xµ,XΣXT ). (1.7)

We notice that we can derive an expression for the log marginal likelihood (ML) of the data
p(y|X, σ2) directly from the statement of the prior:

log p(y|X, σ2) = log
∫
p(y|f)p(f |X)df

=− 1
2(y−Xµ)T (XΣXT + σ2I)−1(y−Xµ)

− 1
2 log |XΣXT + σ2I| − n

2 log 2π. (1.8)
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We can then use Bayes’ Theorem to derive posteriors over β and f given the response
variable:

p(β|y,X, σ2) = N
(
µ+ ΣXT (XΣXT + σ2I)−1(y−Xµ),

Σ− ΣXT (XΣXT + σ2I)−1XΣ
)
, (1.9)

p(f |y,X, σ2) = N
(
Xµ+ XΣXT (XΣXT + σ2I)−1(y−Xµ),

XΣXT −XΣXT (XΣXT + σ2I)−1XΣXT
)
. (1.10)

These posteriors can be used to perform predictions or evaluate expectations of utilities. To
predict f∗ and y∗ at a given covariate x∗, we can use the following predictive distributions:

p(f∗|y,X,x∗, σ2) = N
(
x∗µ+ x∗ΣXT (XΣXT + σ2I)−1(y−Xµ),

x∗Σx∗T − x∗ΣXT (XΣXT + σ2I)−1XΣx∗T
)
, (1.11)

p(y∗|y,X,x∗, σ2) =
∫
p(y∗|f∗, σ2)p(f∗|y,X,x∗, σ2)df∗

= N
(
x∗µ+ x∗ΣXT (XΣXT + σ2I)−1(y−Xµ),

x∗Σx∗T − x∗ΣXT (XΣXT + σ2I)−1XΣx∗T + σ2
)
. (1.12)

We observe that the posteriors and predictives are analytically accessible, with an O(n3)
solution of a linear system and an O(np2) matrix product. An example of a Bayesian linear
model fitted on a simple regression problem can be seen in Figure 1.2.

We also notice that all of the posteriors and predictives are still conditioned on σ2. It
is possible to put a conjugate inverse gamma prior over σ2, but the subsequent analytical
posteriors are much less elegant, so it is common to use Maximum Likelihood estimates or
Gibbs sampling instead. In the examples presented in Figures 1.2, 1.3, 1.4 and 1.5, we perform
prediction with the Maximum Likelihood estimates of σ2.

1.2.2 Nonlinear Regression

We have successfully demonstrated how to perform a Bayesian analysis of a linear regression
model. However, we began the derivation with an assumption that the response variable is
formed by a linear sum of the covariates: this severely restricts the set of models under consid-
eration, and increases the probability of model misspecification.

Consequently, it is of interest to introduce nonlinearities into the model in order to increase
its expressive capacity. A clear expansion would be to suggest that the latent variable f is
formed from a sum of q known nonlinear functions or “features” φj(X) of the covariates X.
Common choices for these include polynomial functions, sinusoids or radial basis functions.
The following model is thus pursued:
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Figure 1.2: A plot of a one-dimensional simulated regression data set, shown with the posterior
of a linear model. The line displayed is the posterior mean predictive and the 95% credible
interval is shaded.

fi = β0 +
q∑
j=1

βjφj(xi) = βTΦ(xi), (1.13)

yi = fi + εi, (1.14)

where Φ(xi) is the vector of functions associated with data point i. The analysis above can
then be repeated, replacing the n by p data matrix X with the n by q data feature matrix ΦX,
producing the following log marginal likelihood and predictive distributions:

log p(y|X, σ2) =− 1
2(y− ΦXµ)T (ΦXΣΦT

X + σ2I)−1(y− ΦXµ)

− 1
2 log |ΦXΣΦT

X + σ2I| − n

2 log 2π, (1.15)

p(y∗|y,X,x∗, σ2) = N
(
Φx∗µ+ Φx∗ΣΦT

X(ΦXΣΦT
X + σ2I)−1(y− ΦXµ),

Φx∗ΣΦT
x∗ − Φx∗ΣΦT

X(ΦXΣΦT
X + σ2I)−1ΦXΣΦT

x∗ + σ2
)
. (1.16)

We see that the log ML and predictive distributions remain tractable, requiring O(n3),
O(n2q) and O(nq2) computations. The question remains how to choose which basis functions
to use: in principle the marginal likelihood p(y|X, σ2) can be used to perform model comparison
or optimisation of different basis functions. However, it would be desirable for a model to not
commit a priori to a particular set of basis functions in specific locations.
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Figure 1.3: A plot of a one-dimensional simulated regression data set, shown with the posterior
of a finite basis with 10 radial basis functions. The lines display is the posterior mean predictive
and the 95% credible interval is shaded.

An example of a finite basis model with radial basis functions run on a simple regression
problem can be seen in Figure 1.3.

1.2.3 Gaussian Processes and Nonparametric Regression

A solution to the problem of specifying basis functions might be to massively increase their
number: once the matrix ΦXΣΦT

X has been computed, then the cost of evaluating the marginal
likelihood and predictive distribution is independent of q. Further, if the prior covariance Σ is
diagonal, then the computation of this matrix is O(qn2), so the addition of new basis functions
exhibits cheap linear scaling.

For certain classes of basis functions then a “kernel trick” can be performed, in which the
number of basis functions q is taken to infinity, such that the inner product between feature
vectors for data points xi and xj is replaced with an analytical covariance function k(xi,xj).
Consequently, the covariance function can be evaluated without explicit reference to the basis
functions used and without computing the inner product.

The implicit use of an infinite number of uniformly populated basis functions ameliorates the
a priori commitment to specifying basis functions before seeing the data. The kernel-driven
method is able to adapt to new data and implicitly place basis functions at any potential
location, and as such represents a very flexible model. The presence of an infinite-dimensional
set of basis functions with a finite-dimensional representation in the form of the covariance
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Figure 1.4: A plot of a one-dimensional simulated regression data set, shown with the poste-
rior of a Gaussian Process with an exponentiated quadratic kernel. The line displayed is the
posterior mean predictive and the 95% credible interval is shaded.

function is characteristic of a “nonparametric” method, in contrast to the “parametric” finite-
basis models examined previously.

If we restate the marginal likelihoods and predictive distributions from the parametric mod-
els within the covariance-driven formalism, and set the prior µ to zero without loss of generality,
we achieve some canonical expressions for a Gaussian Process (GP) (Rasmussen and Williams):

log p(y|X, θ, σ2) =− 1
2yT (Kff + σ2I)−1y− 1

2 log |Kff + σ2I| − n

2 log 2π, (1.17)

p(y∗|y,X,x∗, θ, σ2) =N
(
kf∗f (Kff + σ2I)−1y, kf∗f∗ − kf∗f (Kff + σ2I)−1kff∗ + σ2

)
, (1.18)

where θ is a “hyperparameter” of the covariance function, Kff is an n by n matrix of the
covariance function evaluated between all the covariates X, kf∗f is a vector of the covariance
function evaluated between the predictive covariate x∗ and covariates X, and kf∗f∗ is the co-
variance function evaluated between the predictive covariate x∗ and itself.

Equations 1.17 and 1.18 correspond to a Gaussian latent variable model, with a latent vari-
able f with prior mean of zero and covariance Kff . This is combined with an independent mul-
tivariate Gaussian likelihood, with the latent variable f having been analytically marginalised
out i.e.:

8



p(f |X, θ) =N (f |0,Kff), (1.19)

p(y|f , σ2) =N (y|f , σ2I), (1.20)

p(y|X, θ, σ2) =N (y|0,Kff + σ2I). (1.21)

We can see an example of a Gaussian process fitted to a simple regression problem in Figure
1.4. The credible interval is smaller than that of the finite basis model, as the more general
nonparametric model can converge on the true data generating process used in this example.

It should be made clear that only certain covariance functions are admissible: the matrix
Kff is the model’s representation for the covariance matrix of the latent variable f evaluated at
the data. Consequently, we are constrained to using covariance functions that are guaranteed to
generate positive definite covariance matrices: such functions are themselves known as positive
definite.

Many valid covariance functions exist: some of the most commonly used are displayed in
Table 1.1.

Kernel name Function k(xi,xj, θ) Hyperparameters θ

Exponentiated Quadratic exp(− r2

2l2 ) l

Rational Quadratic (1 + r2

2αl2 )−α l, α

Matérn 1
2ν−1Γ(ν)(

√
2ν
l
r)νKν(

√
2ν
l
r) l, ν

Exponential exp(− r
l
) l

Linear ∑
d σ

2
d(xid − c)(xjd − c) σ2

d, c
Constant σ2 σ2

Periodic exp(−2 sin2(πr/p)
l2

) l, p

Table 1.1: Some of the most common covariance functions evaluated between data points xi
and xj. The functions written in terms of r = |xi − xj| are “stationary” covariance functions.
Γ is the gamma function, and Kν is the modified Bessel function of the second kind.

It is also possible to generate new positive definite functions by combining existing ones,
with the most common operations being a sum or product of the function evaluations. For
multidimensional data, it is common to use “separable” covariance functions, in which a mul-
tidimensional kernel is built by taking a product across multiple one-dimensional kernels. This
introduces the possibility of associating a different length scale with each dimension, enabling
Automatic Relevance Determination (ARD) to learn which dimensions are powerful predictors.

Each of the covariance functions mentioned are described by hyperparameters, often repre-
senting length scales, periodicities or kernel powers. These need to be learned for good model
performance. A fully Bayesian approach would characterise the posterior over the hyperparam-
eters given the data, then integrate them out. However, we can use optimised MAP estimates
for the hyperparameters and still claim to be performing Bayesian analysis as we are integrating
out all of the uncertainty in the latent variable f for a given value of θ.

Gaussian Processes have some potential disadvantages compared to parametric models:
there can be a loss of interpretability when moving from explicit basis functions to covariance

9



functions, and it is possible that the very broad prior implicit in a GP is not always appro-
priate. GPs also contain a strong smoothness assumption brought about by the infinite basis
function density limit, so often struggle to model discontinuities in data. However, if we have
prior information that motivates the use of a specific mean function, it is possible to run a
semiparametric model which combines an explicit mean function and a covariance function.

The model presented above assumed homoscedastic Gaussian noise relating the latent vari-
able f to the observed response data y. Work has been done to generalise this dependence, with
heteroscedastic or t-distributed noise used (Titsias and Lázaro-Gredilla, 2011; Jylänki et al.,
2011). Similarly, it is possible to use a sigmoid likelihood to use Gaussian Processes for clas-
sification of discrete data (Nickisch and Rasmussen, 2008). However, the use of non-Gaussian
likelihoods disturbs the conjugacy of the latent variable and the likelihood, making the posterior
inference much more challenging.

1.3 Scalability of Gaussian Processes

The computational cost of evaluating the marginal likelihood and predictive distribution is
O(n3) for the matrix decomposition, and the evaluation of the covariance matrix Kff is O(pn2)
for most common covariance functions. The quite strong cubic scaling means that running
inference or prediction for an exact, unstructured GP on a desktop computer is limited to
about n = 2, 000. The O(n2) memory demands also represent a significant challenge for many
widely used computational resources.

1.3.1 Inducing Points and Variational Inference

A well established method for scaling Gaussian Processes to large n is that of rank reduction, in
which the full covariance matrix is replaced with a low-rank approximation of size m, resulting
in O(nm2) complexity and O(nm) memory demands, with m < n (Quiñonero-Candela and
Rasmussen, 2005). There are principled variational Bayesian interpretations of this method,
initially developed in (Titsias, 2009). A version of the derivation following (Hensman et al.,
2013) is presented below. Another insightful tutorial for the variational inference can be found
in (Gal and van der Wilk, 2014).

The latent variable f , as defined over n data points, can be projected down to another
Gaussian variable u defined over m < n “inducing points” using the covariance matrix Kfu and
standard Gaussian identities:

p(y|f , σ2) = N (y|f , σ2I), (1.22)

p(f |u, θ) = N (f |KfuK−1
uuu, K̃), (1.23)

p(u|θ) = N (u|0,Kuu), (1.24)

where K̃ = Kff −KfuK−1
uuKuf . We can apply Jensen’s inequality to log p(y|u, θ, σ2):
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log p(y|u, θ, σ2) = log
∫
p(f |u, θ)p(y|f , σ2)df

≥
∫
p(f |u, θ) log p(y|f , σ2)df = L1. (1.25)

Further, if the likelihood p(y|f , σ2) can be factorised across the data points, then the vari-
ational bound p(y|u, θ, σ2) can also be factorised:

p(y|u, θ, σ2) ≥ exp(L1) =
n∏
i=1
N (yi|µi, σ2) exp(−1

2 k̃iiσ−2), (1.26)

where µ = KfuK−1
uuu. We are now in a position to calculate a variational lower bound on

the posterior p(y|X, θ, σ2) by marginalising over the latent variable at the inducing points:

log p(y|X, θ, σ2) = log
∫
p(y|u, θ)p(u|θ)du

≥ log
∫

exp(L1)p(u|θ)du

= logN (y|0,KfuK−1
uuKuf + σ2I)− 1

2σ2 Tr(K̃) = L2. (1.27)

The bound L2 can be used to learn the hyperparameters of the kernel in place of the exact
GP marginal likelihood. We see that this bound is no longer factorisable across the data,
but now contains no operations greater than linear in n, with general complexity O(nm2) and
memory demands O(mn). This representation introduces the presence of m inducing points, the
locations of which might need to be optimised. Since this introduces an extra mp variables to
the model learning stage, it is sometimes more convenient to instead use an a priori principled
subset of the data points without optimisation (Seeger et al., 2003).

The components of the bound L2 have an interesting interpretation: the first term minimises
the predictive error of the model on the observed data, and the second term − 1

2σ2 Tr(K̃) ensures
that the variational approximation remains close to the exact GP distribution.

A variational GP with 10 inducing points trained on a simple regression problem can be
seen in Figure 1.5.

It is valuable to observe that the only inversion is of O(m3), and the O(n) operations now
consist of multiplication and summation, such that they can be distributed across multiple
processors effectively. This was pursued in (Gal et al., 2014) and (Dai et al., 2014).

1.3.2 Stochastic Variational Inference

Further reduction in computational cost can be achieved by performing another variational
approximation which allows the variational bound to be factorised over the data points. At
this point, the log variational bound becomes a sum over the training data, such that stochastic
variational inference can be performed.
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Figure 1.5: A plot of a one-dimensional simulated regression data set, shown with the posterior
of a Variational Gaussian Process with 10 inducing points and an exponentiated quadratic
kernel. The line displayed is the posterior mean predictive and the 95% credible interval is
shaded.

Within the paradigm of stochastic optimisation, the summation over data points in the
target function is partially evaluated for b components in the summation, where b is the “batch
size”. Consequently, an unbiased approximation to the value of the target function is generated
and computational costs are reduced from O(n) to O(b) (Hoffman et al., 2013). The method
demands a set of global variables, which can be optimised independently of the data. Neither
Gaussian processes nor their standard rank-reduced versions possess such a structure, but a
further variational approximation enables such inference (Hensman et al., 2013).

The derivation is begun by writing the exact log marginal likelihood with the latent variable
u unmarginalised. The global variables are then provided by a distribution q(u) = N (u|m,S),
which is introduced by a factor of q(u)/q(u) within the integral:

log p(y|X, θ, σ2) = log
∫
p(y|u, θ)p(u|θ)du (1.28)

= log
∫
p(y|u, θ)p(u|θ)q(u)

q(u)du. (1.29)

Jensen’s inequality can then be used to draw the logarithm within the integral, creating a
lower bound:
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log
∫
p(y|u, θ)q(u)p(u|θ)

q(u) du ≥
∫
q(u) log

(
p(y|u, θ)p(u|θ)

q(u)
)
du (1.30)

=
∫
q(u)

(
log p(y|u, θ) + log p(u|θ)− log q(u)

)
du. (1.31)

The definition of L1 in Equation 1.25 can now be used to introduce a further inequality to
produce the final lower bound L3:

log p(y|X, θ, σ2) ≥
∫
q(u)

(
log p(y|u, θ) + log p(u|θ)− log q(u)

)
du (1.32)

≥
∫
q(u)

(
L1 + log p(u|θ)− log q(u)

)
du = L3. (1.33)

Consequently we have derived L3, a lower bound to the log posterior expressible as a sum-
mation over the data points:

L3 =
n∑
i=1

{
logN (yi|kfiuK−1

uum, σ2)− 1
2βk̃ii −

1
2tr(SΛi)

}
−KL(q(u)||p(u|θ))

=
n∑
i=1

{
logN (yi|kfiuK−1

uum, σ2)− 1
2βk̃ii −

1
2tr(SΛi)

}

+ 1
2 log |S| − 1

2 log |Kuu| −
1
2tr

(
K−1

uuS
)
− 1

2mTK−1
uum + m

2 , (1.34)

Λi =σ−2K−1
uukuikTiuK−1

uu. (1.35)

This log posterior can be stochastically optimised with respect to the kernel parameters and
the variational parameters m and S.

We see that this method reduces computational costs to O(m3 + bm2), while still targeting
the posterior associated with the complete data set. This is a good property, as it allows us to
handle arbitrarily large amounts of data with limited computational cost. This is demonstrated
in (Hensman et al., 2013), as the authors process data sets with n = 700, 000 training test points,
a large scale in Gaussian Process research.

However, this scalability comes at a cost, as the model optimisation problem has become
much more difficult: we have introduced a m×m matrix, the components of which need to be
optimised. Further, since this model includes a second variational approximation, we know that
there is a greater distance to the true model, compared to the rank-reduced model. Striking a
suitable balance between computational demands and model accuracy is left to the judgement
of the practising statistician.

1.3.3 Random Fourier Features

Another widely used method for Gaussian Process scaling is based on the use of Random Fourier
Features (Rahimi and Recht, 2007). Bochner’s theorem states that the Fourier transform of
any stationary positive definite covariance function has strictly positive measure, i.e.:
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k(xi,xj) =
∫
dωp(ω) exp(iω|xi − xj|), (1.36)

where p(ω) is a normalised probability distribution over frequencies ω. It is then possible to
stochastically sample the distribution p(ω) and hence generate a set of corresponding features
exp(iω|xi − xj|). These can then be used as features in a parametric model, which will be
equivalent to an exact GP run with unbiased approximations to the covariance matrix values.
However, the computational cost will be cheaper than for a truly nonparametric model, so the
model can be run for greater values of n.

The random Fourier features approach has some advantages: it is easy to work using para-
metric approximations to a nonparametric model. It often performs fairly well in practice, and
as we are performing Monte Carlo sampling, there exist asymptotic theoretical results to guaran-
tee convergence to an exact GP. However, there exist some drawbacks: the method only provides
discrete parametric approximations to a true GP, there are few non-asymptotic guarantees on
how many features need to be sampled for good performance, and the unbiased approximation
to the covariance matrix does not correspond to unbiasedness of predictive distributions or the
marginal likelihood. Work has been done comparing random Fourier features approximations
to the rank-reduced “Nyström” methods, and concluded that the data-independence of the
sampled Fourier features leads to weaker generalisation ability (Yang et al., 2012).

1.3.4 Structured Covariance Matrices

Significant computational gains can be achieved for an exact GP if the covariance matrix
has an appropriate structure. For example, work has been pursued that developed a new
covariance function which brings about sparsity in the covariance matrix, resulting in cheaper
computational costs (Melkumyan and Ramos, 2009).

Of particular relevance to some of the work in this thesis is Kronecker Structure. As will
be explained in Chapter 2, if the covariates lie in a complete multidimensional grid and a
separable covariance function is used, then the covariance matrix evaluated between all the
covariates X will be expressible as a Kronecker product between dimensions. Consequently,
the matrix operations can be separated across dimensions, and the rate-limiting computation
for an exact GP becomes the O(n) multiplication with the data vector y.

1.4 Differential Privacy

Another important operational concern in practical Bayesian inference, other than computa-
tional cost, is that of privacy preservation. Some data sets are of considerable personal or
social sensitivity, and the maintenance of confidentiality of the contributors to the data is of
high importance. This complicates the role of the statistician: how is it possible to report
statistics derived from data or use insecure computational resources without revealing sensitive
details of individuals?
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(a) Unperturbed (b) Perturbed

Figure 1.6: A visual demonstration of perturbing a GP to ensure differential privacy. On the
left, we see the posterior mean of a GP trained on the plotted data points. On the right, we see
a dotted line representing a sample from the prior, a dashed line representing the unperturbed
posterior mean, and the dot-dashed line representing the weighted sum of the two: a perturbed,
differentially private posterior mean.

One approach to this question is the pursuit of “differential privacy”: if none of the statistics
or queries provided by the analysis reveal information that would distinguish specific individ-
uals, then we have taken relevant steps to protect confidentiality.

Ideally, we would abide by a differentially private framework, such that an algorithm M

returning an answer m would not betray the difference between the true data D, and a data
set D′ that differs in one row, i.e. individual queries cannot identify the values of individual
data points. Specifically, to be (ε, δ)-differentially private, we mean that if an algorithm M ,
returning an output m, runs on all neighbouring data sets D and D′, then:

P
(
M(D) = m

)
≤ eεP

(
M(D′) = m

)
+ δ (1.37)

We see that ε limits the amount of privacy forfeited with each query, and the inequality
holds with probability 1− δ.

Work has been done exploring how to maintain differential privacy for Gaussian Processes
(Smith et al., 2016), building on work looking at functional data (Hall et al., 2013). The
Gaussian property of the predictive lends it to the (ε, δ)-differentially private mechanisms, as
it is possible to maintain conjugacy when adding normally distributed noise.

The proposed method for maintaining differentially private response variables for a Gaussian
process involves drawing a sample from the GP prior and adding it to any queried values of the
mean, multiplied by a scaling factor ∆c(δ)

ε
, where c(δ) ≥

√
2 log 1.25

δ
, and ∆ is the sensitivity of

the algorithm. An example of this mechanism can be seen in Figure 1.6.
The reported predictive variance is left unchanged, as it has no dependence on the response

variable.
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The methods used ensure differential privacy for the response variable, as individual queries
will not reveal enough information to associate values of the response variable with individual
data points. The privacy of the covariates is a different consideration: the values of the private
covariates are not shared between experts, but no other steps are taken to ensure their privacy.
Further work would be more attentive to preserving the privacy of the covariates, although we
can claim some strength here by not sharing their values.

16



Chapter 2

Tucker Variational Gaussian Processes

The use of Tucker decomposition and Kronecker structure of the mean and variance
parametrisation of a variational Gaussian Process is explored, enabling the use of very
large numbers of inducing points. New variational distributions and lower bounds are in-
troduced, and computational experiments are systematically performed to evaluate their
predictive power. Experiments using standard unstructured variational Gaussian Pro-
cesses are performed, and the results are compared with the Tucker Variational Gaussian
Process. This work was a collaboration between Chris Holmes, Michalis Titsias and my-
self. All of the python code and all of this chapter were written by Owen Thomas.

In this chapter, we pursue the project of using huge numbers of inducing points, by defin-
ing them on a grid and using the mathematical formalism of Kronecker structure and Tucker
decomposition to provide principled structuring of the variational parametrisation for compu-
tational gain. In Section 2.1 we introduce the formalism of Kronecker Structure and Tucker
Decomposition and explain the potential computational accelerations. Section 2.2 discusses
the use of gridded structure within Gaussian Processes to achieve computational efficiency. In
Section 2.3 we introduce a variational Gaussian Process with a Kronecker structured mean
vector, and present some preliminary experiments. Section 2.4 introduces the formalism of
the full Tucker Variational Gaussian Process. In Section 2.5, a variety of computational ex-
periments are presented and performed, and results are discussed. Section 2.6 compares these
results against those taken on a standard unstructured stochastic variational Gaussian Process.
Section 2.7 concludes.

2.1 Kronecker Structure and Tucker Decomposition

2.1.1 Kronecker Structure

A Kronecker product A ⊗ B of an n0 ×m0 matrix A and an n′0 ×m′0 matrix B is defined as
the n0n

′
0 ×m0m

′
0 matrix:
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A⊗B =


a11B . . . a1m0B

... . . . ...
an01B . . . an0m0B

 . (2.1)

We can also extend the operator ⊗ to a multiple Kronecker product ⊗p
l=1 over p objects

indexed by l, by analogy to the multiple scalar product Πp
l=1. We note, however, that the order

of the indices is important for the noncommutative multiple Kronecker product, unlike for the
scalar equivalent.

A Kronecker product over p vectors of size m0 × 1 by the above definition would generate
a vector of size mp

0 × 1. However, a reshaping of the resulting vector could generate a matrix
of size mp/2

0 ×mp/2
0 , or a tensor object of order p, of size m0 in each dimension. With a given

reshaping scheme, then we can easily establish a one to one correspondence between each of
these objects, allowing us to consider them vectors, matrices or tensors, depending on context.

We observe that this notation allows us to represent an object of size m = mp
0 that is

exponentially large in dimension p, using components that scale linearly with the number of
components p. For this reason, operations on matrices with Kronecker structure can often
be much more computationally efficient than unstructured matrices. It is often possible to
separate computation across the components in the Kronecker product, effectively reducing the
computation from exponential to linear in p.

If we are able to express matrices A = ⊗p
l=1 A(l) and B = ⊗p

l=1 B(l) as Kronecker products,
then the following identities will help us represent common linear algebra operations on A and
B in a computationally efficient way (Saatci, 2011):

AB =
p⊗
l=1

A(l)
p⊗
l=1

B(l) =
p⊗
l=1

A(l)B(l), (2.2)

A−1 =
( p⊗
l=1

A(l)
)−1

=
p⊗
l=1

(A(l))−1, (2.3)

log |A| = log |
p⊗
l=1

A(l)| =
p∑
l=1

nl log |A(l)|, (2.4)

tr(A) = tr(
p⊗
l=1

A(l)) =
p∏
l=1

tr(A(l)). (2.5)

There is also a computationally effective way to evaluate the product of a Kronecker struc-
tured matrix of sized m×m and an unstructured vector of size m× 1 with computational cost
O(pm

p+1
p ) = O(pmp+1

0 ). This algorithm is described in (Saatci, 2011), where it is referred to as
kron mvprod. We will use it here: it is reproduced in Appendix A as Algorithm 1.
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2.1.2 Tucker Decomposition

A related method is Tucker decomposition, a higher order analogue of singular value decompo-
sition for tensors (Tucker, 1966). The decomposition reduces the number of parameters needed
to describe an exponentially large tensor, while imposing less structure than the Kronecker
decomposition.

Here we present the Tucker formalism in p dimensions. We wish to represent the pth order
tensor α of size m = mp

0 via a Tucker decomposition: we notate this by α = U (l) ×pl=1 W , by
which we mean:

αi1,i2,...,ip =
∑
j1

∑
j2

. . .
∑
jp

U
(1)
i1j1U

(2)
i2j2 . . . U

(p)
ipjpWj1,j2,...,jp , (2.6)

where W is the core tensor of size qp0, with q0 < m0, and the U matrices are factor matrices of
size m0× q0. The core tensor W still scales exponentially in size with the dimension. However,
we are free to choose a q0 much smaller than m0, heavily reducing the computational load.
Taking this to an extreme, if we choose q0 = 1, we remove all exponential scaling and recover
the Kronecker product to within a scalar multiplicative factor.

There exist similar identities to the Kronecker product to evaluate common linear algebra
operations with a Tucker-structured object. Most relevantly, it is possible to take products of
Tucker-decomposed objects and Kronecker-structured objects without evaluating anything of
size m. Specifically, if there is a matrix, A = ⊗p

l=1 A(l), then we can express the product A
with a vectorised α by the following:

Aα =
( p⊗
l=1

A(l)
)(

U (l) ×pl=1 W
)

=
(
A(l)U (l)

)
×pl=1 W.

We see that we have taken the product of an n × m object and an m × 1 vector by only
performing a series of matrix multiplications between each of the components of the Kronecker
product and the factor matrices of the Tucker decomposition.

There are strong analogies to a truncated Singular Value Decomposition (SVD) of a second
order matrix. A Tucker decomposition can be considered a similar operation performed on a
higher order tensor object: the relationship can be seen in Figure 2.1 and Figure 2.2.

Similarly, we can take the inner product of two Tucker-decomposed vectors efficiently:

αTα =
(
U (l)T ×pl=1 W

T
) (
U (l) ×pl=1 W

)
= W T

(
U (l)TU (l) ×pl=1 W

)
.

The matrix products U (l)TU (l) will generate p matrices of size q0 × q0 with computational
cost O(pm0q

2
0), avoiding evaluating any objects of size O(m). We can then use the efficient

Algorithm 1 to evaluate the object U (l)TU (l)×pl=1W , and then perform an inner product between
two objects of size qp0. Consequently, we have performed an inner product between two objects
of size m = mp

0 with computational cost O(pqp+1
0 ) +O(pm0q

2
0), which for q0 < m0 can represent

a substantial improvement.
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m0

m0

(a) A full square matrix of size m0 by
m0.

m0

m0

0q
0q

0q

0q

(b) A singular value decomposition (SVD) of a matrix of
size m0 by m0 with truncation of the core matrix to size
q0 by q0.

Figure 2.1: A representation of a truncated SVD of a matrix of size m0 by m0.

(a) A full tensor of size m0 by m0 by m0. (b) A Tucker decomposition (SVD) of a tensor of
size m0 by m0 by m0 with truncation of the core
tensor to size q0 by q0 by q0.

Figure 2.2: A representation of a Tucker decomposition of a tensor of size m0 by m0 by m0.
The diagram was taken with permission and some editing from (Kim et al., 2016).
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2.2 Gridded Structure in Gaussian Processes

2.2.1 Gridded Exact Gaussian Processes

Within the context of Gaussian Processes, work has been done using Kronecker structure to
accelerate exact Gaussian Processes. Two criteria need to be fulfilled. Firstly, the data need to
occupy a full rectangular grid of size n: such data often appear in image analysis and geospatial
statistics. Secondly, a covariance function must be used that is separable across dimensions,
i.e. k(Xi, Xj) = Πp

l=1k
(l)(X(l)

i , X
(l)
j ), a reasonably common property among widely used kernel

functions. If these conditions are fulfilled, the covariance matrix of the latent function evaluated
at all of the data takes on a Kronecker product structure, such that it can be expressed as a
multiple Kronecker product between the covariance matrices associated with each dimension,
i.e.:

K =
p⊗
l=1

K(l). (2.7)

We can see that the matrix operations in the marginal likelihood of an exact Gaussian
Process can be performed using matrix operations decomposed across the Kronecker product,
specifically the computation of the log determinant and the matrix inverses. The O(pn

p+1
p )

Algorithm 1 can be used to efficiently compute a product between a Kronecker-structured
matrix and a vector of length n. This is used in the marginal likelihood to calculate the
product between the matrix inverse K−1 and the data vector y.

We observe that the gridded structure of the data suggests that the computational cost
O(pn

p+1
p ) necessarily scales exponentially with dimension. (Saatci, 2011) demonstrates the

power of Kronecker methods to evaluate marginal likelihoods, but struggles with the constraints
of severe exponential O(pn

p+1
p ) + O(pn

3
p ) scaling with dimension, restriction of the covariates

to a grid and the use of a separable covariance function.

2.2.2 Gridded Approximate Gaussian Processes

It is tempting to extend the use of Kronecker structure to the inducing point framework to
allow for the computationally cheap use of many gridded inducing points. However, the com-
putational gains do not emerge automatically with standard inducing point methods.

If we simply take a variational Gaussian Process and impose Kronecker structure on the
inducing points, we encounter the following issue. Ordinarily, we would be compelled to perform
a matrix decomposition of:

Kuu + 1
σ2

n∑
i=1

KufiKfiu.

If we now introduce Kronecker structure into the inducing points, then the object of interest
becomes:
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p⊗
l=1

K(l)
uu + 1

σ2

n∑
i=1

p⊗
l=1

K(l)
ufiK

(l)
fiu.

However, the introduction of Kronecker structure does not help the decomposition of the
entire object: here we encounter the fact that sums of products are not equivalent to products
of sums.

However, it is possible to usefully introduce Kronecker structure to approximate Gaussian
Processes for computational advantage. In a variational context, work has been done that uses
Kronecker computational methods with the explicitly parametrised variational bound.

“Blitzkriging” imposes Kronecker structure on the variational covariance parametrisation
(Nickson et al., 2015). This uses subsampling of data for the inference, removing the dependence
of the computational scaling on n, and the dependence on the number of inducing points is
reduced to O(m). The model exhibits gains in performance compared to the state of the art,
but still contains implicit exponential scaling in dimension with fully gridded inducing points.

KISS-GP also has similar ambitions to use Kronecker structured inducing points, combining
them with local interpolation to reduce computational demands. However, it similarly exhibits
O(m) scaling that is implicitly exponential in the number of dimensions (Wilson and Nickisch,
2015).

2.3 Kronecker Structured Variational Mean Vector

Here we explore imposing Kronecker structure on the variational mean vector, reducing the
computation cost to linear in the number of dimensions, ideally without unduly compromising
the model’s expressive capability. We also pursue new preconditioning and representations for
the variational distribution parameters.

There are several ways of interpreting a product structure across the variational mean vector.
It should be stressed that this is not the same thing as performing a product of Gaussian
Processes across dimensions: the product of several GPs would not itself be a GP, whereas this
approximation is.

There are several existing statistical models which form a predictive distribution by taking
a product across dimensions. Log-linear models have a latent variable formed from a sum over
covariates, which is then combined with a logarithmic likelihood to form a posterior predictive
which is effectively a product across features (McCullagh, 1984). Similarly, the hazard function
for a Cox model in survival analysis features an exponentiated linear sum, bringing about a
product-like likelihood (Cox, 1992). It is worth noticing that each of these models have non-
negative response variables, whereas we are dealing with real-valued responses. This may have
the effect of destabilising the inference for the product GP model.

We introduce preconditioning to the variational mean, and a representation of the varia-
tional covariance inspired by (Opper and Archambeau, 2009). The new representation reduces
correlations between variational parameters, enabling more effective inference. The methods
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are compatible with introducing Kronecker structure, reducing the cost to O(pm3
0). We suggest

the following variational distribution:

q(u) = N
(
u
∣∣∣Kuuα,Kuu −Kuu(Kuu + Σ)−1Kuu

)
, (2.8)

where the variational parameters are α, a vector of length m, and Σ, a diagonal matrix,
the m diagonal components of which are positive. The introduction of preconditioning to
the mean representation should help decorrelate the elements of the variational mean vector
and also remove one of the matrix inversion operations in the variational bound. Similarly, the
introduction of the diagonal matrix Σ should help decorrelate the components of the variational
covariance representation, as the matrix Σ will be standing in for the diagonal elements of the
matrix KufKfu/σ

2. Additionally, reducing the number of variational parameters to 2m should
significantly simplify the optimisation process.

Recalling the bound introduced for a standard stochastic variational Gaussian Process in
Equation 1.35:

F =
n∑
i=1

{
logN (yi|kfiuK−1

uum, σ2)− 1
2βk̃ii −

1
2tr(SΛi)

}

+ 1
2 log |S| − 1

2 log |Kuu| −
1
2tr

(
K−1

uuS
)
− 1

2mTK−1
uum + m

2 , (2.9)

Λi =σ−2K−1
uukuikTiuK−1

uu, (2.10)

we now introduce the new parametrisation of m = Kuuα and S = Kuu − Kuu(Kuu +
Σ)−1Kuu:

F =
n∑
i=1

{
logN (yi|kfiuK−1

uuKuuα, σ
2)− 1

2βk̃ii −
1
2tr

(
(Kuu −Kuu(Kuu + Σ)−1Kuu)Λi

)}

+ 1
2 log |Kuu −Kuu(Kuu + Σ)−1Kuu| −

1
2 log |Kuu|

− 1
2tr

(
K−1

uu(Kuu −Kuu(Kuu + Σ)−1Kuu)
)
− 1

2α
TKuuK−1

uuKuuα + m

2 . (2.11)

After some algebra and cancellation, F becomes:

F =
n∑
i=1

logN
(
yi|kfiuα, σ

2
)
− 1

2σ2

n∑
i=1

(
kfiuK−1

uukufi − kfiu (Kuu + Σ)−1 kufi

)
− 1

2σ2

n∑
i=1

kfifi + 1
2σ2

n∑
i=1

kfiuK−1
uukufi −

1
2α

TKuuα

+ 1
2tr

(
(Kuu + Σ)−1 Kuu

)
+ 1

2 log |Σ| − 1
2 log |Kuu + Σ|. (2.12)

It is then possible to introduce gridded structure on the inducing points, bringing about
Kronecker structure of the matrices of covariance function evaluations, i.e.:
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Kuu =
p⊗
l=1

K(l)
uu, kfiu =

p⊗
l=1

k(l)
fiu. (2.13)

Further, we can introduce Kronecker structure into the variational parametrisation, resulting
in a new variational distribution:

q(u) = N
(

u|
p⊗
l=1

K(l)
uuα

(l),
p⊗
l=1

(
K(l)

uu −K(l)
uu

(
K(l)

uu + Σ(l)
)−1

K(l)
uu

))
. (2.14)

The Kronecker products within the scalar quantities in the bound resolve into scalar prod-
ucts, bringing about the final representation of the bound:

F =
n∑
i=1

logN
(
yi|

p∏
l=1

k(l)
fiuα

(l), σ2
)

− 1
2σ2

n∑
i=1

p∏
l=1

(
k(l)

fiu(K(l)
uu)−1k(l)

ufi − k(l)
fiu

(
K(l)

uu + Σ(l)
)−1

k(l)
ufi

)

− 1
2σ2

n∑
i=1

kfifi + 1
2σ2

n∑
i=1

p∏
l=1

k(l)
fiu(K(l)

uu)−1k(l)
ufi

− 1
2

p∏
l=1

(
(α(l))TK(l)

uuα
(l)
)
− 1

2

p∏
l=1

(
m0 − tr

((
K(l)

uu + Σ(l)
)−1

K(l)
uu

))

+ 1
2

p∑
l=1

mp−1
0 log |Σ(l)| − 1

2

p∑
l=1

mp−1
0 log |K(l)

uu + Σ(l)|+ mp
0

2 . (2.15)

We observe that every component in the bound is composed of products of separate com-
putations across the dimensions, such that it can be evaluated with complexity O(pm3

0). Con-
sequently, we can run a model with a number of inducing points that is exponential in the
number of dimensions, but with computational demands that are linear in p and n.

2.3.1 Sum of Kronecker Products

Initial experiments indicated that the above bound possesses limited expressive capability, as
it can only adequately capture data whose generating mean function forms a product across
dimensions. Consequently, we attempt to increase the generality of the bound by representing
the mean m and covariance S as a sum over K Kronecker products:

m = 1
K

K∑
k=1

p⊗
l=1

K(l)
uuαk

(l),

S = 1
K

K∑
k=1

p⊗
l=1

(
K(l)

uu −K(l)
uu

(
K(l)

uu + Σ(l)
k

)−1
K(l)

uu

)
.

This maintains the appealing O(pm3
0) scalability with a new linear scaling in K, while

increasing the flexibility of the variational distribution. Mathematically, this results in a new
variational distribution q(u) and variational bound F :
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q(u) = N
(

u| 1
K

K∑
k=1

p⊗
l=1

K(l)
uuαk

(l),
1
K

K∑
k=1

p⊗
l=1

(
K(l)

uu −K(l)
uu

(
K(l)

uu + Σ(l)
k

)−1
K(l)

uu

))
, (2.16)

F =
n∑
i=1

logN
(
yi|

1
K

K∑
k=1

p∏
l=1

(αk
(l))Tk(l)

fiu, σ
2
)

− 1
2σ2K

K∑
k=1

n∑
i=1

p∏
l=1

(
k(l)

fiu(K(l)
uu)−1k(l)

ufi − k(l)
fiu

(
K(l)

uu + Σ(l)
k

)−1
k(l)

ufi

)

− 1
2σ2

n∑
i=1

kfifi + 1
2σ2

n∑
i=1

p∏
l=1

k(l)
fiu(K(l)

uu)−1k(l)
ufi

− 1
2K

K∑
k=1

p∏
l=1

(
(αk

(l))TK(l)
uuαk

(l)
)
− 1

2K

K∑
k=1

p∏
l=1

(
m0 − tr

((
K(l)

uu + Σ(l)
k

)−1
K(l)

uu

))

+ 1
2K

K∑
k=1

p∑
l=1

mp−1
0 log |Σ(l)

k | −
1
2

p∑
l=1

mp−1
0 log |K(l)

uu + Σ(l)
k |+

mp
0

2 . (2.17)

The new bound should exhibit more generality than the simple Kronecker bound: there is no
individual product across dimensions in this model, so it should be possible to increase the size
K to increase the expressive capacity of the model. We also notice that the computations in the
sum over k are separable, which allows us to pursue a variety of different learning algorithms.

We explored the usage of learning multiple terms in the sum simultaneously, or pursue a
greedy algorithm to learn each new term in the variational sum on the residuals of the previous
models. It has not been clear which method is most efficient: there are good computational
reasons to greedily separate inference between components in the sum, but it will remove the
ability of the components to exchange information during learning, making inference more
challenging.

2.3.2 Preliminary Results

We present in Table 2.1 some initial results demonstrating the performance of the model on
the Boston housing data set. The covariates and response variable were standardised to have
zero mean and unit variance. We present the training and test RMSE on the unit variance
test response variable as we successively add components to the sum of Kroneckers variational
bound:

Number of components K Train RMSE Test RMSE
1 0.6722 0.8878
2 0.6790 1.0002
3 0.6897 1.1766
4 0.7050 1.3663
5 0.7232 1.5578

Table 2.1: The training and test RMSEs of the sum of Kroneckers variational bound on the
Boston data set, run with increasing values of K.
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The results are not competitive with other methods: it is not clear whether the bound is too
heavily structured, or whether the inference is too challenging for the methods being employed.
The heavy imbalance between training and test error suggests that overfitting is a problem. It
is also alarming that introducing more components to the sum produces a uniformly negative
effect on the RMSE performance. Consequently, alternative methods were pursued to exploit
product structure in a principled and inferentially tractable fashion.

2.4 Tucker Structured Variational Mean Vector

Some recent work has explored the use of Tucker decomposition within the “weight space” view
of GPs, introducing a new model called the “TuckerGP” (Kim et al., 2016). For the TuckerGP,
Tucker decomposition was used to efficiently represent the vector of weights in a random Fourier
features GP approximation: for our work, it can be used to represent the preconditioned mean
vector in a principled and efficient fashion.

Specifically, we redefine the preconditioned mean vector as α ∼ U (l) ×pl=1 W , where each
U (l) is a factor matrix of size (m0× q0) and W is a vector of length q0

p. We keep the variational
covariance parametrised with a Kronecker structure as before, giving the following variational
distribution:

q(u) = N
(

u
∣∣∣K(l)

uuU
(l) ×pl=1 W,

p⊗
l=1

(
K(l)

uu −K(l)
uu

(
K(l)

uu + Σ(l)
)−1

K(l)
uu

))
. (2.18)

2.4.1 Variational Bound

If we use the above variational parametrisation for the variational bound, and again assume
gridded structure on the inducing points, we derive the following expression:

F =
n∑
i=1

logN
(
yi|W T ×pl=1 U

(l)Tk(l)
ufi , σ

2
)

− 1
2σ2

n∑
i=1

p∏
l=1

(
k(l)

fiu(K(l)
uu)−1k(l)

ufi − k(l)
fiu

(
K(l)

uu + Σ(l)
)−1

k(l)
ufi

)

− 1
2σ2

n∑
i=1

kfifi + 1
2σ2

n∑
i=1

p∏
l=1

k(l)
fiu(K(l)

uu)−1k(l)
ufi

− 1
2W

T ×pl=1

(
U (l)TK(l)

uuU
(l)
)
×pl=1 W −

1
2

p∏
l=1

(
m0 − tr

((
K(l)

uu + Σ(l)
)−1

K(l)
uu

))

+ 1
2

p∑
l=1

mp−1
0 log |Σ(l)| − 1

2

p∑
l=1

mp−1
0 log |K(l)

uu + Σ(l)|+ mp
0

2 . (2.19)

Again, we see that much of the computation has been separated into products across p,
with the exception of the products with the vector W . Derivatives of this expression were
taken, enabling the use of stochastic gradient descent for the joint learning of the variational
parameters and the hyperparameters. We call the resulting model the Tucker Variational
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(a) An unstructured variational mean tensor
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(b) A structured variational mean tensor

Figure 2.3: A representation of the variational mean in three dimensions evaluated at data
point i, in a completely unstructured form on the left and in a Tucker-structured form on
the right. We see that the product between the variational bound and the covariances are
separated into products between each U (l) and the corresponding k(l)

ufi . The diagram was taken
with permission and some editing from (Kim et al., 2016).

Gaussian Process (TVGP). It is worth observing that with q0 = 1 we recover the Kronecker
bound earlier with a multiplicative constant: the Tucker bound is a principled generalisation
of the previous model.

We expect computational scaling of the form O(pqp+1
0 ) + O(pm0q

2
0) + O(pm3

0), with each
term being respectively introduced by the use of Algorithm 1, the p products U (l)TU (l) and the
p matrix decompositions of the K(l)

uu.
As an example, we notice in the variational bound that we need to calculate the quantity

Kuuα. Given gridded inducing points, we have Kronecker structure on the covariance matrix
Kuu, i.e.:

Kuu,{h1h2...hp,i1i2...ip} =
p∏
l=1

K(l)
uu,{hl,il}. (2.20)

We see that it is possible to evaluate the product Kuuα efficiently using the Tucker decom-
position. To evaluate the element [Kuuα]h1h2...hp , we have:

[Kuuα]h1h2...hp =
∑
i1

∑
i2

. . .
∑
ip

Kuu,{h1h2...hp,i1i2...ip}αi1i2...ip

=
∑
j1

∑
j2

. . .
∑
jp

p∏
l=1

(
∑
il

K(l)
uu,{hl,il}U

(l)
iljl

)Wj1j2...jp . (2.21)

We see that we have divided the computation of the product between the covariances and
the mean vector into separate sums for each dimension over each il. A visual representation
can be seen in Figure 2.3. The multiple summation over the indices jl of the core tensor is
exponential in dimension, but is now independent of the number of inducing points, so we

27



will not have to compromise coverage of covariate space for computational gains as we did
previously.

2.5 Computational Experiments

2.5.1 Experimental Design
2.5.1.1 Tucker Variational GP Experimental Design

There are several properties of the experiments that we are interested in varying, as they may
all affect the properties of the inference for the TVGP. Here we present the parameters that
were varied: experiments were performed exhaustively over every combination of these values.

Firstly, we use three different data sets to see how the model responds to different challenges.
Specifically, we sought data sets with a large number of data points, and varying dimensionali-
ties. The first data set is the “Jutland” data set, with n = 434, 874 data instances, with which
we predict the altitude of a given point given the p = 2 dimensions of longitude and latitude.
The second data set is the Combined Cycle Power Plant (“CCPP”) data set, by which we pre-
dict power plant energy output with p = 4 covariates and n = 9, 568 data instances. The third
data set is the household power consumption data set (“Household”), with which household
power consumption is predicted using p = 8 covariates and n = 2, 075, 259 data instances. The
data sets were partitioned such that 90% of the data were used for training and 10% for test-
ing predictions, and normalised such that the covariates and response variable each have zero
mean and unit variance. Consequently, test RMSEs will be reported as a consistent measure
of explained variance.

Secondly, we can vary the value of q0, which will determine the size of the core vector W .
q0 takes the values 1, 2 and 3. We notice that with q0 = 1, we recover the Kronecker regime as
explored earlier.

Thirdly, we vary the value of m0, which determines the number of inducing points m0
p in

the variational approximation. m0 takes on the values of 3, 5, 10 and 20 in these experiments.
Excitingly, for m0 = 20 and the 8 dimensional Household data set, we are implicitly using
m0

p = 25.6 billion inducing points, which to our knowledge is an unprecedented amount.
Fourthly, we can vary the batch size b. We will be performing Stochastic Variational In-

ference by taking batches of data of size b at each stage of optimisation. This will introduce
some noise into the evaluations of the gradients, with a smaller batch size introducing greater
variance to the gradient realisations and potentially making inference more challenging.

Finally, we can vary the random seed of the random number generator used with all integer
values from 0 to 9. This should ensure that there are sufficient quantities of results to allow for
bulk comparison between different experimental parameter regimes.

Some properties of the optimisation were held constant between the runs: the stochastic
optimisation algorithm used was Adagrad, run for 50, 000 iterations. The GP covariance uses an
ARD exponentiated quadratic kernel. The kernel power and noise variance were held constant
for all of the inference at values of 1.0 and 0.1, as allowing them to vary made the optimisation
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much less stable. The simulations were run on a desktop computer, with 8 cores and 7.69 GB
of memory. The simulations were coded in Python, using the standard NumPy libraries for the
numerics.

2.5.2 GPy SVIGP

We also present results taken using a standard SVIGP from the GPy package, following the
methodology in (Hensman et al., 2013). It uses a more general variational distribution, with
no structuring of the mean vector, and an O(m2) parametrisation of the variational covariance.
The GP covariance uses an ARD exponentiated quadratic kernel.

The optimisation was performed “out of the box” with GPy’s default optimisation of 25,000
iterations of the AdaDelta algorithm. The computation was performed on the same computa-
tional system as the TVGP inference, such that we can directly compare computational times
between methods.

Properties of the SVIGP results will be presented alongside the TVGP results, with means
and medians taken over all the experimental conditions considered. Further discussion of the
SVIGP results and comparison to the TVGP will occur when all results have been presented.

2.5.3 SVIGP Experimental Design

There were four properties of the experiments that were varied between runs for the SVIGP:
Firstly, the number of inducing points m took values of 10, 50, 200 and 500. These values

will represent a range of expressiveness of variational distributions, but also will explore the
anticipated O(m3) computational scaling.

Secondly, the batch size b was varied, taking values of 1, 10, 50 and 100. This should demon-
strate how robust the inference procedure is to various batch sizes, while also demonstrating
the expected O(b) scaling.

Thirdly, the data set was varied, using the same Jutland, CCPP and Household Power data
sets used for the TVGP experiments.

Finally, the random seed was initiated taking all the integer values from 0 to 9, ensuring
there are plenty of independent results for analysis.

2.5.4 Tucker Variational GP Results
2.5.4.1 Histogram of Test RMSEs

Here we present histograms of all of the Tucker Variational GP runs performed, separated by
data set. This will demonstrate the distribution of results across experimental regimes, and
give some insight into the challenges involved in the inference.

For the Jutland data set, we see in Figure 2.4 that there is a distribution of test RMSEs
between approximately 0.68 and 1.01. There are no spurious runs with values of test RMSE
much greater than 1, although we do observe a spike of poorly optimised runs at approximately
0.93. We do, however, observe a significant population of runs between 0.68 and 0.75.

29



(a) Jutland (b) CCPP

(c) Household

Figure 2.4: Histograms of all test RMSEs from the TVGP run on the Jutland, CCPP and
Household data sets. The CCPP and Household test RMSEs have been truncated to have
values less than 2.

For the CCPP data set in Figure 2.4, we see that the test RMSE is much more closely
grouped around the minimum values of approximately 0.25, with a long tail towards large
values of the test RMSE. The histogram is truncated with test RMSE < 2, as some of the runs
occasionally returned extremely high values of the test RMSE, with a worst-performing run of
44.60.

Finally, we see the histogram for the test RMSE of all the runs on the Household data
set, similarly truncated to have test RMSE < 2. The distribution is broadly bimodal, with
one set of runs clustered near the minimum values, and one set of poorly optimised runs at
approximately 0.8. The results also exhibited a very long tail to very large values of the test
RMSE, with the maximum value a surprising 9, 579.58.

Given the heavy skew and extreme outliers observed in some of the test RMSE results, we
will report the median with interquartile ranges along with the mean and standard deviation
of the test RMSEs from groups of runs. It is possible that the products taken across larger
number of dimensions can be very unstable, resulting in the few very large test RMSEs.
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2.5.4.2 Dependence of Results on q0

Here we represent the bulk statistics of the experimental results stratified by data set and the
variable q0, which determines the size of the core tensor W used in the Tucker decomposition.
We recall that a value of q0 = 1 reproduces the Kronecker structured mean as considered earlier.

We know that the computational cost will scale as O(pqp+1
0 )+O(pm0q

2
0), so we would expect

the timing data to reflect this appropriately for each data set, with p = 2, p = 4 and p = 8 for
each data set respectively.

Data set
Method Test RMSEs q0 Jutland CCPP Household

TVGP

Means ± stds
1 0.865± 0.0533 0.563± 0.664 1.16± 2.08
2 0.831± 0.0815 0.997± 1.99 7.83± 26.3
3 0.822± 0.0838 2.45± 5.26 110.0± 773.0

Medians ± iqrs
1 0.874± 0.118 0.361± 0.188 0.819± 0.402
2 0.851± 0.185 0.309± 0.718 0.64± 1.29
3 0.839± 0.189 0.398± 1.18 0.83± 2.86

SVIGP

Means ± stds

m = 10 0.723± 0.024 0.283± 0.0108 0.0489± 0.0127
m = 50 0.678± 0.0555 0.278± 8.02e− 3 0.105± 0.0448
m = 200 0.992± 1.8e− 7 0.296± 0.117 0.287± 0.236
m = 500 0.992± 1.93e− 8 0.276± 5.22e− 3 0.461± 0.251

Medians ± iqrs

m = 10 0.711± 0.0288 0.278± 7.88e− 3 0.0449± 0.0195
m = 50 0.658± 0.0889 0.275± 6.33e− 3 0.0954± 0.0727
m = 200 0.992± 8.59e− 9 0.275± 0.0151 0.161± 0.349
m = 500 0.992± 1.79e− 9 0.274± 4.6e− 3 0.57± 0.522

Table 2.2: The test RMSEs of the TVGP, stratified by data set and q0, compared to the test
RMSEs of the SVIGP, stratified by data set and m.

In Table 2.2, we observe a very significant difference between the means and the medians for
the test RMSE of the TVGP, especially for the data sets of larger dimensionality. Increasing
from q0 = 1 to q0 = 2 improves the results, but increasing further to q0 = 3 only improves
the test RMSE for the Jutland data set. It is likely that increasing the number of variational
parameters can make the inference more challenging, resulting in incomplete optimisation and
a high test RMSE.
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Data set
Method Times (s) q0 Jutland CCPP Household

TVGP

Means ± stds
1 179± 50.7 307± 114 775± 327
2 196± 65.4 383± 168 1.68e3± 1.30e3
3 218± 77.9 486± 262 2.12e4± 2.91e4

Medians ± iqrs
1 163± 72.0 267± 152 660± 428
2 173± 85.0 323± 230 1.16e3± 1.12e3
3 192± 106 389± 336 9.14e3± 2.21e4

SVIGP

Means ± stds

m = 10 187.0± 18.9 195.0± 34.6 188.0± 28.2
m = 50 203.0± 24.7 198.0± 24.1 201.0± 24.2
m = 200 779.0± 94.6 846.0± 152.0 824.0± 105.0
m = 500 8.2e3± 5.37e3 6.28e3± 327.0 6.56e3± 374.0

Medians ± iqrs

m = 10 190.0± 21.8 204.0± 46.8 186.0± 54.0
m = 50 202.0± 51.8 193.0± 33.9 194.0± 34.4
m = 200 776.0± 207.0 843.0± 241.0 796.0± 238.0
m = 500 6.7e3± 967.0 6.22e3± 576.0 6.62e3± 488.0

Table 2.3: The computational times of the TVGP optimisation, stratified by data set and q0,
compared to the computational times of the SVIGP, stratified by data set and m.

By contrast, in the timing results in Table 2.3, the difference between the means and me-
dians is not so pronounced, and suggests a minor skew in the opposite direction than the test
RMSE results. We observe that the computational time does increase with q0, but not with as
extreme a scaling as would be suggested by the theoretical O(qp0) scaling. It is likely that other
computations contribute rate-limiting steps to the algorithm, weakening the empirical scaling
with q0.

2.5.4.3 Dependence of Results on q0 and m0

Here we consider results stratified by the data set, the Tucker rank q0, and m0, the size of
the inducing point grid in each dimension. Again we analyse the means, standard deviations,
medians and interquartile ranges of the statistics of interest. The tables of the data stratified
to this level are quite bulky, so are presented in Appendix A

The test RMSE results in Tables A.1 and A.2 demonstrate an interaction between q0 and
m0: the optimisation is generally successful with a small value of m0 and a large value of q0,
or vice versa, but the extremely large outliers are achieved when both q0 and m0 are large. We
observe that the robust median statistic of the results also becomes very large in this regime,
suggesting that this is a systemic property of many of the results, and not the effect of a few
extreme outliers. This effect is most pronounced for the data with large dimensionality, which
will have far higher numbers of variational parameters for larger q0 and m0.

We would theoretically anticipate scaling withm0, q0 and p of the formO(pqp+1
0 )+O(pm0q

2
0)+

O(pm3
0). The observed timing results reflect this expected behaviour: In Tables A.3 and A.4,

we see computational time increasing with m0 and q0 in for all of the results, with more marked
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increase (especially of q0) in the higher-dimensional data sets. This suggests that the computa-
tions scaling with m0 are rate-limiting in lower dimensions, and the computations with q0 are
rate-limiting in higher dimensions, which is sensible given the theoretical scaling.

The difference between the median and mean values suggests a positive skew in the timing
results, and the very large values of the standard deviation and interquartile ranges for the
more expensive runs suggests a very broad distribution of results.

2.5.4.4 Dependence of Results on q0 and b

It is also of interest to consider the scaling of the algorithm with the data set, the Tucker
rank q0, and the batch size b. Increasing b will have the effect of reducing the variance of
the estimates of the gradient. We would expect a scaling in computational cost of the form
O(pbm2

0), as the summing over the batch is a linear operation. The results tables can again be
found in Appendix A.

We see from Tables A.5 and A.6 that increasing the size of the batch in general decreases
the test RMSE. The highest extreme values of the mean test RMSE come with small values
of b and q0 = 3 in the high-dimensional Household data set. Consequently, it seems that
using larger batch sizes has a positive effect when trying to optimise a heavily parametrised
variational distribution.

We see from Tables A.7 and A.8 that in general computational times weakly increase with
batch size, suggesting that the expected scaling is true, but not the rate-limiting step. An
interesting exception is for q0 = 2 and q0 = 3 for the Household data set, in which the compu-
tational times hugely increase for larger b. It is surprising that the batch computation would be
the rate-limiting step in this context, considering the large and separate operations performed
on the variational core tensor W .

2.5.4.5 Best Performing Experimental Conditions

In Tables 2.4 we present the combinations of q0, m0 and b that produce the lowest values of
test RMSE for each data set when averaged over the random seeds. These should give some
insight into the best values of these variables to use for the Tucker Variational GP within the
optimisation framework used.
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Data b q0 m0 Test RMSE Time (s) Log Bound

Jutland

100 3 10 0.713± 0.0138 242± 0.712 −3.25e6± 4.07e5
10 3 10 0.726± 0.0261 205± 0.564 −3.22e6± 5.63e5
50 3 10 0.726± 0.0352 246± 2.88 −3.36e6± 6.81e5
100 2 10 0.732± 0.0167 219± 0.605 −3.38e6± 4.07e5
10 2 10 0.739± 0.0238 186± 1.07 −3.6e6± 1.01e6

CCPP

10 3 5 0.25± 0.0834 260± 86.7 −9.27e3± 5.46e3
100 3 5 0.272± 0.00207 396± 1.27 −2.36e3± 1.27e3
100 3 3 0.273± 0.000869 305± 1.26 −8.22e3± 916.0
50 2 5 0.273± 0.00352 284± 1.23 −2.76e3± 2.12e3
10 2 5 0.273± 0.00397 258± 1.54 −8.54e3± 1.67e3

Household

100 2 3 0.092± 0.01 1170± 4.57 −2.06e6± 8.65e4
50 2 3 0.106± 0.00893 848± 1.64 −2.54e6± 1.77e5
10 2 3 0.12± 0.02 585± 0.974 −3.21e6± 3.88e5
100 2 5 0.139± 0.0432 1650± 5.79 −1.58e6± 1.34e6
50 2 5 0.15± 0.041 1150± 2.36 −1.85e6± 8.02e5

Table 2.4: The best performing experimental conditions for the TVGP, averaged over random
seeds. The results are presented as means and standard deviations of test RMSEs, times in
seconds and final evaluations of the log variational bound.

We see that for the 2 dimensional Jutland data set, the best performing runs have larger
values of q0, m0 and b: this is sensible, considering that the smaller dimensionality will give in
a smaller total number qp0 + pm0q0 of variational parameters, resulting in a tractable inference
problem. We also observe that the final evaluation of the variational bound generally increases
with predictive ability.

For the 4 dimensional CCPP data set, we observe that smaller values of m0 produce the
best results, although keeping b and q0 large still appears to be optimal. As we have increased
the dimension, it seems likely that large values of m0 result in inferentially intractable numbers
of variational parameters, consequently reducing overall performance. There is no clear link
between predictive ability and the final variational bound value

Finally, for the 8 dimensional Household data set, we observe that smaller values of both
m0 and q0 are best, but maintaining a large b is still optimal. It is again likely that the larger
value of p results in huge numbers of variational parameters with the biggest values of q0 and
m0, resulting in a very challenging optimisation. We again do not observe a clear relationship
between the optimised variational bound value and the test RMSE.

We observe that when averaged over random seeds, these results have quite small standard
deviations for the RMSE and the times, suggesting that the best performing regimes exhibit
consistent inference and the large positive skew and outliers encountered earlier are absent.

It is also of interest to consider the best performing individual runs for each data set, with
the progression of the value of the variational bound every 100 iterations over the course of
optimisation. These are presented in unsmoothed form, and also smoothed over a window of
10 values, in Figures 2.5, 2.6 and 2.7. The variational bound was evaluated stochastically using
batches of the data, contributing some noise to the values observed.
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(a) Unsmoothed (b) Smoothed

Figure 2.5: The TVGP run with lowest test RMSE on the Jutland data set, with m0 = 20,
q0 = 3, b = 100 and random seed equal to 8. The plot on the left shows the variational
bound being optimised, the plot on the right shows the same bound smoothed over a window
of ten iterations. The predictions had a test RMSE of 0.681 and took a time of 384 seconds to
optimise.

We can see that the best CCPP and Household follow a trajectory starting from a poor
initialisation and eventually converging, with some stochasticity, to a mode. By contrast, the
best Jutland run follows a slightly less clear optimisation path, not apparently converging to the
largest value explored. This is quite surprising: it is perhaps an demonstration that gradient
descent algorithms are not necessarily robust enough to ensure completely robust convergence in
practice, especially given the very high variance observed on the variational bound evaluations
in Figure 2.5.

We also see that the best run for the Jutland data set has the largest possible number of
variational parameters and batch size, which is likely a result of the small number of dimensions
keeping the inference tractable.

By contrast, the best run for the CCPP data set has moderate values of m0 and q0, which
should generate a manageable number of total variational parameters, given the slightly larger
dimensionality. Yet further, we see that the best run for the data set Household has a value
of q0 = 1, reproducing the Kronecker structure discussed earlier. This has the disadvantage
of being a less flexible variational representation, but the advantage of generating far fewer
parameters to optimise.

2.6 Comparison with SVIGP

2.6.1 SVIGP Experimental Results

Here we discuss the results of the experiments using the GPy SVIGP, presented stratified
across data sets, m and b. The means, medians, standard deviations and interquartile ranges
across runs of the test RMSE and the computational times are presented. These statistics
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(a) Unsmoothed (b) Smoothed

Figure 2.6: The TVGP run with lowest test RMSE on the CCPP data set, with m0 = 5, q0 = 3,
b = 10 and random seed equal to 9. The plot on the left shows the variational bound being
optimised, the plot on the right shows the same bound smoothed over a window of ten iterations.
The predictions had a test RMSE of 0.268 and took a time of 289 seconds to optimise.

(a) Unsmoothed (b) Smoothed

Figure 2.7: The TVGP run with lowest test RMSE on the Household power consumption data
set, with m0 = 10, q0 = 1, b = 50 and random seed equal to 7. The plot on the left shows the
variational bound being optimised, the plot on the right shows the same bound smoothed over
a window of ten iterations. The predictions had a test RMSE of 0.0508 and took a time of 793
seconds to optimise.
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should demonstrate the predictive power of the model, while also showing the consistency of
the inference algorithm. The tables of results can be found in Appendix A.

Observing the test RMSEs in Tables A.9 and A.10, some clear trends emerge. There is
generally no large difference between the mean and median of the results. The inference appears
to be much more consistent, with very small deviation between different random seeds, and no
extreme very large values of the test RMSE such as were observed with the TVGP results.

Increasing the batch size has an almost uniformly positive effect on the test RMSE. In
future work, it would be worth exploring larger values of b in order to see at what value such
improvements might asymptote.

The variation of the test RMSE with m is more complex. We see that in many circumstances
increasing m does not improve the performance of the model, most notably in the Jutland data
set, where all predictions with m > 50 are uninformative. The Jutland and Household data sets
reach optimal performance at m = 50, whereas there is little substantial improvement above
m = 10 for the CCPP data set.

Some trends are clear in the computational times shown in Table A.11 and A.12. The
means and medians are very similar, and the standard deviations and interquartile ranges are
very small, suggesting a consistent inference procedure. There is one exception, when using the
Jutland data set and b = 1 with m = 500, for which optimising a large variational distribution
with very small batches is clearly quite challenging.

We observe an increase in computational time with m, which would sit well with our O(m3)
expectations, and also an increase in time with b. We observe that the increase in computational
time with b becomes less marked as m becomes large, suggesting that the O(m3) computations
become the rate-limiting step in this regime.

Data m b Test RMSE Time (s) Log Bound

Jutland

50 100 0.624± 9.12e− 3 232± 0.691 −3.93e5± 3.67e4
50 50 0.641± 9.27e− 3 203± 0.378 −3.78e5± 4.44e4
50 10 0.683± 0.0149 180± 0.722 −5.34e5± 3.02e5
10 100 0.704± 3.22e− 3 203± 16.9 −4.35e5± 4.94e4
10 50 0.707± 2.4e− 3 192± 9.61 −4.15e5± 5.88e4

CCPP

200 100 0.269± 1.75e− 3 970± 40.9 −423.± 1.91e3
200 50 0.272± 2.14e− 3 937± 69.2 −54.7± 1.0e3
50 100 0.273± 1.18e− 3 235± 2.26 36.5± 386.0
50 50 0.274± 8.69e− 4 204± 0.481 103.0± 814.0
10 100 0.276± 7.8e− 4 212± 8.02 −672.± 1.27e3

Household

10 100 0.0396± 6.24e− 3 188± 25.2 2.92e6± 1.91e6
10 50 0.0403± 4.71e− 3 207± 17.8 3.72e6± 2.08e5
10 10 0.0536± 0.0147 204± 17.8 3.25e6± 7.85e5
50 100 0.0542± 6.63e− 3 238± 0.754 1.18e6± 1.64e6
10 1 0.0619± 4.64e− 3 154± 10.6 3.62e6± 3.0e5

Table 2.5: The best performing experimental conditions for the SVIGP, averaged over random
seeds. The results are presented as means and standard deviations of test RMSEs, times in
seconds and final evaluations of the log variational bound.
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(a) Unsmoothed (b) Smoothed

Figure 2.8: The SVIGP run with lowest test RMSE on the Jutland data set, with m = 50,
b = 100 and random seed equal to 0. The plot on the left shows the variational bound being
optimised, the plot on the right shows the same bound smoothed over a window of ten iterations.
The predictions had a test RMSE of 0.614 and took a time of 233 seconds to optimise.

The best performing experimental values, averaged over random seed are presented in Table
2.5. We see different conditions are preferred between different data sets. The Jutland data set
is best modelled using a moderate number of inducing points and a large batch size, the CCPP
data set is best modelled with a slightly larger m and large b, and the Household data set is
surprisingly best modelled with a very small number of inducing points and a large batch size.

The individual best runs for each data set can be seen in Figures 2.8, 2.9 and 2.10. We
see that each of the best runs is drawn from the optimally performing experimental conditions
observed in Table 2.5, and all follow a fairly clear schedule of starting from a poorly initialised
position and converging to a stable, stochastically evaluated, optimum.

2.6.2 Comparison of Tucker Variational GP and SVIGP Experimen-
tal Results

When we compare the best performing seed-averaged experimental regimes for the TVGP and
SVIGP methods, we see that the best SVIGP runs outperform the TVGP runs in both RMSE
and time for the Jutland and Household data sets, while for the CCPP data set the methods
achieve very similar test RMSEs but the TVGP has more preferable computational times.

Similarly, we can see in Figure 2.11 that for the CCPP data set, the Tucker Variational
GP and the SVIGP jointly occupy the leading curve describing the trade-off of performance
and time, whereas, for the other two data sets, the TVGP does not clearly exhibit a regime in
which it might be preferred to the SVIGP.

2.6.2.1 Hyperparameter Comparison

It is of interest to compare the optimised ARD length scales for the Tucker Variational GP and
the SVIGP. In Table 2.6 we present the optimised length scales for the runs of each model with
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(a) Unsmoothed (b) Smoothed

Figure 2.9: The SVIGP run with lowest test RMSE on the CCPP data set, with m = 200,
b = 100 and random seed equal to 4. The plot on the left shows the variational bound being
optimised, the plot on the right shows the same bound smoothed over a window of ten iterations.
The predictions had a test RMSE of 0.264 and took a time of 955 seconds to optimise.

(a) Unsmoothed (b) Smoothed

Figure 2.10: The SVIGP run with lowest test RMSE on the Household power consumption
data set, with m = 10, b = 100 and random seed equal to 7. The plot on the left shows the
variational bound being optimised, the plot on the right shows the same bound smoothed over
a window of ten iterations. The predictions had a test RMSE of 0.0343 and took a time of 161
seconds to optimise.
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(a) Jutland (b) CCPP

(c) Household

Figure 2.11: Scatter plots of test RMSE medians and log time medians taken across random
seeds. SVIGP results are presented as plus signs, and TVGP results as crosses.
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the lowest test RMSE on the CCPP data set.

p TVGP lp SVIGP lp

1 0.913 1.599
2 0.873 0.580
3 1.294 5.218
4 1.119 9.147

Table 2.6: The optimised ARD length scales of each dimension for the TVGP and SVIGP runs
with lowest test RMSE on the CCPP data set, i.e. the TVGP run with m0 = 5, q0 = 3, b = 10
and random seed equal to 9, and the SVIGP with m = 200, b = 100 and random seed equal to
4.

We see in Table 2.6 that both methods pick out the first two dimensions as the most powerful
kernel components, assigning them the shortest length scales. The length scales for the other
two dimensions found by the SVIGP are much larger than those for the TVGP, suggesting that
the SVIGP finds these much less useful as predictors. It is possible that the different variational
parametrisation of the TVGP means that the optimal hyperparameter values are not the same,
but it is also true that the inference is much more challenging.

2.6.2.2 Scalability with p

The success of the Tucker Variational GP on the 4-dimensional CCPP data set suggests that
there exists a moderate value of p for which the TVGP is best suited. For large p, the exponential
scaling in qp0 renders the computational time unfavourable, and for very small p, the commitment
to a Tucker decomposition is a parametric overcommitment.

More formally, we can consider the total number of variational parameters that we can
successfully optimise given the data, with qmax = qp0 being the maximum tractable number of
elements of the core tensor W , and Umax = pm0q0 the maximum tractable number of elements
of the factor matrices U . If we consider the computational complexity of the TVGP, treat-
ing the total number of mean variational parameters as a constant, we derive the following
computational complexity:

O(pqp+1
0 + pm0q

2
0 + pm3

0) = O(pq
p+1
p

max + Umaxq
1
p
max + U3

maxp
−2q

− 3
p

max). (2.22)

Examining the limits of the above term, we see that as p→ 0, the term Umaxq
1
p
max dominates,

taking the whole expression to infinity, and as p → ∞, the term pq
p+1
p

max → pqmax dominates,
resulting in positive linear scaling for the computation. Between these two limits, we observe
that there is a dimension with minimum computational cost for a constant number of tractable
variational parameters. This minimum suggests that there exists a value of p for which the
TVGP is operating with maximal computation efficiency for the size of variational distribution
used.
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When directly comparing the results from the TVGP and SVIGP methods, it is clear that
the inference is much less consistent for the structured variational method: this could be an
inherent property of the model, or it could be a result of an undertuned optimisation scheme.

Specifically, systematic use of a different SGD algorithm such as Adam (Kingma and Ba,
2014) for the Tucker Variational GP would be an instructive exercise (Ruder, 2016), as would
further exploration of iteration schedules: we may be under-optimising the bound, and hence
misrepresenting the trade-off between performance and time.

The GPy method’s ability to optimise the inducing points represents a different solution to
the problem approached by the gridded inducing points. Instead of trying to systematically
cover all of covariate space using a grid, the SVIGP instead attempts to optimise its independent
inducing points towards the salient regions. This is much more tractable in lower dimensions,
possibly explaining its superior performance for small m in the p = 2 data set.

2.7 Conclusions and Future Work

In principle, it is a worthwhile ambition to attempt to maximise the number of inducing points
used by a variational Gaussian Process. Further, the Tucker decomposition is an effective
method of imposing structure on a tensor in order to reduce computational costs.

However, the associated inference with such model features becomes very challenging: large
variational models are difficult to optimise well, and the product structure of Tucker decompo-
sition introduces instabilities that can lead to the very extreme inaccuracies found in some of
the TVGP results.

It is interesting that the TVGP competes with standard SVIGP methods on the p = 4
method. As discussed in Section 2.6.2.2, we might expect the gridded methods to exhibit
inefficiencies for larger or very small dimensionality, so it is reasonable to see that exhibited
empirically.

As discussed earlier, further work is likely necessary for tuning the optimisation of the Tucker
variational bound: Exploring different update schedules and more efficient implementation
would be likely to have a significant effect on the performance of the model. The inability
of the TVGP to optimise the kernel and noise variance without instability also represents an
optimisation problem that needs to be addressed. From the observed results, it would also
appear that exploring larger values of the batch size b would be beneficial.

There is possible further theoretical work to be done as well. While the model does not
scale with the number of inducing points, there is still exponential scaling in the elements of
W of the form O(qp0).

There are multiple ways to address this: the core tensor W does not need to be hypercubic,
i.e. each dimension of W could have a size qp associated with it, such that the total scaling is
O(∏p

l=1 ql). If many of the ql are equal to 1, then the exponential scaling with p is overcome.
It would make sense to assign ql = 1 for dimensions that we would a priori expect to have
less complex structure, although it is not clear what criteria would be used to make such a
judgement.
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Similarly, it would be possible to impose a blocky structure on W : given that the TVGP
appears to work best for moderate values of p ∼ 4, the core tensor could be blocked into
segments of approximately this size. Consequently, the inference would be operating optimally
within each block, and all of the dimensions would be covered. This would be at the expense
of communication between blocks, which would only be able to interact through the response
variable residuals.

Such an approach would be similar to running an additive model, in which individual models
are run on each block and combined at the point of prediction (Hastie and Tibshirani, 1990).
Previous work from this field would suggest that a blocky W approach might struggle with
problems of multicollinearity and overfitting.

Alternatively, it would be possible to impose sparsity on the core tensor, such that only a
constant number of elements Q are allowed to be non-zero. This would impose a strong bound
on the computational complexity of O(Q): it is not clear how to choose the sparsity allocations,
or how this will effect the expressiveness of the variational bound.

It is conceivable that the entire project of attempting to use gridded inducing points is
overambitious. The benefit of systematically covering all of covariate space with inducing
points is only necessary if the data follow a space-filling process that systematically covers all
of covariate space, as in the gridded data points of voxel data or similar. In these situations,
it might be most efficient to develop methods that exploit the specific structure present in the
data for maximum algorithmic efficiency. Alternatively, if the data do not systematically cover
covariate space, then standard inducing point methods may be sufficient to target the sparsity
that exists in the data.
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Chapter 3

Randomised Numerics Variational
Gaussian Processes

The use of randomised numerical algorithms for O(m2) evaluations of the gradients of
the log variational bound of a Gaussian Process with m inducing points is pursued. A
new representation of the variational distribution is introduced and a corresponding lower
bound is derived. Systematic computational experiments are performed and compared
with a standard variational Gaussian Process. The results are discussed, and further work
is suggested. This work was a collaboration between Chris Holmes, Michalis Titsias and
myself. All of the python code and all of this chapter were written by Owen Thomas.

It is known that the value of the variational bound to a Gaussian Process monotonically
increases when more inducing points are added (Titsias, 2009). Consequently, it is of interest
to find computationally efficient methods to increase the number of inducing points. In the
spirit of previous work, here we generate unbiased approximations to the gradients of the
variational bound with O(m2) computational cost, in contrast to the O(m3) necessary for the
exact variational bound.

This work builds on the work of Filippone et al (Filippone and Engler, 2015), who use ran-
domised numerical algorithms to generate unbiased estimates to the gradients of the marginal
likelihood of an exact GP with complexity O(n2). Filippone et al then use these estimates to
perform Stochastic Gradient Langevin Dynamics sampling over the hyperparameters (Welling
and Teh, 2011). This permits computationally attractive Bayesian inference for an exact GP,
without the localised biases introduced by variational methods, or resorting to the parametric
representation of finite basis approximations.

Here we use similar computational approximations to evaluate the gradients of the varia-
tional bound of an inducing point framework, using a parametrisation of the variational distri-
bution that permits O(m2) evaluations. In doing so, we can generate unbiased approximations
of the variational bound, and use stochastic gradient methods to jointly optimise the variational
parameters and hyperparameters.

In Section 3.1, we introduce the stochastic numerical algorithms foundational to the work.
In Section 3.2, we introduce a variational distribution with O(m) parameters and corresponding
variational bound necessary to pursue the work. In Section 3.3 we describe the experiments
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performed and present the results. Section 3.4 compares the RNVGP results with a standard
variational Gaussian Process. Section 3.5 concludes and discusses potential future work.

3.1 The Randomised Algorithms

There are two randomised algorithms we will use to cheaply evaluate the relevant derivatives
of the log variational bound, developed in (Filippone and Engler, 2015). The first is a method
for terminating a conjugate gradient method for linear systems, such that it returns unbiased
results within a few iterations. The second is a method for evaluating traces of products of
matrices in O(m2) time, while introducing some unbiased noise to the value of the result.

3.1.1 Unbiased Conjugate gradients

Statisticians are often concerned with guaranteeing the unbiasedness of estimates of the quan-
tities used in their inference procedures: many stochastic gradient descent methods assume the
unbiasedness of the noisy gradients. One contribution from (Filippone and Engler, 2015) is the
description of an early stopping criterion for conjugate gradient solvers, such that the result
constitutes an unbiased estimate of the solution. We reproduce the algorithm here.

Standard conjugate gradient methods are used for solving the m-dimensional linear system
Ks = b, by considering the answer as the minimizer of L(s), defined as:

L(s) = 1
2s

TKs− sT b. (3.1)

We observe that evaluations of L(s) and gradients of L(s) with respect to s demand O(m2)
computational cost. The optimisation problem can be approached using standard conjugate
gradient optimisation methods, which will converge within m iterations, resulting in total com-
plexity of O(m3). However, in practice, the algorithm will converge to an accurate solution
within only a few iterations, if the problem is numerically well-conditioned. Consequently, it
would be useful to develop an early-termination criterion for the optimisation schedule.

We can consider the solution s of the conjugate gradient solver up to a convergence criterion
ε as a sum of an initial value s0 and T incremental terms δi generated by consecutive steps of
a conjugate gradient optimisation:

s = s0 +
T∑
i=1

δi. (3.2)

For computational reasons, we would like to partially evaluate this sum, with a guarantee
that we will evaluate the first L terms as defined by an early stopping criterion εL > ε. We can
rewrite the solution as a sum over the first L terms, plus a series of terms which we would like
to evaluate with some probability. We introduce a set of coefficients wr:
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s = s0 +
L−1∑
i=1

δi + 1
w0

(
w0δL+0 + 1

w1

(
w0w1δL+1 + 1

w2

(
w0w1w2δL+2 + ...

)))
, (3.3)

where set of coefficients wr can be defined as wr = exp(βr), for positive β.
The algorithm then proceeds as follows: Set the initial values of s̃ to s = s0 + ∑L−1

i=1 δi.
Iterating over incremental values of j, sample a uniform random variable uj ∼ U [0, 1]. If
uj <

1
wj

, then compute δL+j, set s̃ = s̃ +∏j
r=0wrδL+j and increment the value of j: else return

s̃ and terminate the algorithm.
The algorithm will generate an unbiased approximation to the solution K−1b, with a guar-

anteed accuracy of εL, and a further accuracy up to ε from extra terms defined by the decay
rate β. Calculating each iteration demands O(m2) computation, so the overall complexity of
the algorithm will be quadratic in m, and linear in the number of terms evaluated.

A linear system is considered poorly conditioned if there is a large “condition number”:
the ratio of the largest eigenvalue of K to the smallest. It is possible in poorly conditioned
systems for the number of iterations necessary for convergence to approach the size of the
system m. It may also happen that a large number of iterations will introduce cumulative
numerical instability that delays or prevents convergence. It is consequently necessary to pick
εL and ε appropriately: a trade off between speed and accuracy is clear, but numerical errors
will mean that arbitrarily small errors cannot be achieved for ill-conditioned systems.

3.1.2 Randomised Trace of Products of Matrices

When evaluating the derivatives of the marginal likelihoods of Gaussian Process models, it is
common to encounter terms of the following form:

tr
(
K−1∂K

∂θ

)
. (3.4)

We observe that to evaluate the above exactly, it is necessary to perform a computation
of O(m3). (Filippone and Engler, 2015) also used a method that can compute an unbiased
estimate of this expression in O(m2). We introduce a matrix r of size (m × d), the entries of
which are sampled from independent distributions with mean zero and variance 1, e.g. standard
normal distributions, or Bernoulli distributions. The expectation of the matrix rrT

d
is an identity

matrix of size (m×m), i.e. E[ rrT
d

] = I.
It is possible to use the matrix r to generate unbiased estimates of traces of products of

matrices. Consider the expectation of the trace with the inclusion of the term rrT
d

into the
product inside the trace:
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E
[
tr
(
K−1∂K

∂θ

rrT

d

)]
=tr

(
K−1∂K

∂θ
E
[rrT
d

])
(3.5)

=tr
(
K−1∂K

∂θ
I
)

=tr
(
K−1∂K

∂θ

)
.

We see that the expectation of the entire trace remains unaffected. However, it is further
possible to cyclically permute the terms in the unbiased approximation to reduce computational
costs:

tr
(
K−1∂K

∂θ

rrT

d

)
= 1
d

tr
(
rTK−1∂K

∂θ
r
)
. (3.6)

We now notice that if we use the above described O(m2) conjugate gradient solver, and
evaluate the above expression from the outsides in, we will only encounter computations of
O(m2). The method will also scale with O(d), as we are effectively taking the mean of d
independent approximations of the trace.

We also observe that by writing a component of the bound derivative in terms of ∂K
∂θ

, then
we are implicitly using forward mode differentiation. This is a mode of differentiation in which
the derivative of the full bound F with respect to the parameter θ is written as a product using
the chain rule: the product is then evaluated starting from the final derivative with respect to
θ, evaluated until the full derivative of the bound is achieved.

For example, if the bound F (g(θ)) can be written in terms of an interior function g(θ), then
we can write down the full derivative ∂F

∂θ
using the chain rule:

∂F

∂θ
= ∂F

∂g

∂g

∂θ
. (3.7)

In forward mode differentiation, the derivative ∂g
∂θ

is first evaluated, then multiplied with ∂F
∂g

to calculate the full expression.
By contrast, it is also possible to pursue reverse-mode differentiation, in which the product

of derivatives produced by the chain rule is evaluated from the first derivative of the bound
F until the derivative with respect to the parameter θ is encountered. In this situation, the
derivative ∂F

∂g
would first be evaluated, then multiplied with the term ∂g

∂θ
.

The distinction between forward and reverse mode differentiation is most acutely observed
when performing automatic differentiation: certain computational inference packages are able
to symbolically differentiate model likelihoods or losses, and it is in the interests of those
designing these programs to ensure that this operation is done as efficiently as possible. For
this project, the derivatives were encoded by hand, such that the gradient evaluations were
hand-tuned to be efficient for this problem, at the cost of greater implementation time.
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3.2 An O(m) Variational Parametrisation

It is not enough to introduce the randomised numerics to the general stochastic variational
bound to achieve O(m2) computation: evaluations of the gradient with respect to the standard
variational covariance will be O(m3), in a way that cannot be reduced by the methods described
above. Specifically, the term −1

2 log |S| in Equation 1.35 has a derivative with respect to S of
−1

2S−1: none of the randomised numerical methods described above are capable of reducing
the computational cost of this gradient term to O(m2).

Some reparametrisation is necessary: specifically, if we can introduce an O(m) parametrisa-
tion of the covariance, then gradient evaluations that are O(m2) in computation should become
viable. Having experimented with some rank-reduced representations of the covariance, we
derived a variational distribution with 2m parameters for the latent distributions evaluated at
the inducing points of the form:

q(u) = N (u|Kuuµ,Kuu −Kuu(Kuu + Σ)−1Kuu), (3.8)

or equivalently:

q(u) = N (u|Kuuµ, (K−1
uu + Σ−1)−1), (3.9)

where µ is a m×1 vector representing the preconditioned variational mean. The covariance
representation is motivated by (Opper and Archambeau, 2009): the m×m matrix Σ is diagonal,
and all of its m diagonal elements are positive.

3.2.1 Variational Bound

We recall the expression for the log variational bound for the stochastic variational Gaussian
Process introduced in Equation 1.35:

F =
n∑
i=1

{
logN (yi|kfiuK−1

uum, σ2)− 1
2βk̃ii −

1
2tr(SΛi)

}

+ 1
2 log |S| − 1

2 log |Kuu| −
1
2tr

(
K−1

uuS
)
− 1

2mTK−1
uum + m

2 , (3.10)

Λi =σ−2K−1
uukuikTiuK−1

uu. (3.11)

We now introduce the new parametrisation of the variational parameters m = Kuuα and
S = Kuu −Kuu(Kuu + Σ)−1Kuu, i.e.:

F =
n∑
i=1

{
logN (yi|kfiuK−1

uuKuuα, σ
2)− 1

2βk̃ii −
1
2tr

(
(Kuu −Kuu(Kuu + Σ)−1Kuu)Λi

)}

+ 1
2 log |Kuu −Kuu(Kuu + Σ)−1Kuu| −

1
2 log |Kuu|

− 1
2tr

(
K−1

uu(Kuu −Kuu(Kuu + Σ)−1Kuu)
)
− 1

2α
TKuuK−1

uuKuuα + m

2 , (3.12)

Λi =σ−2K−1
uukuikTiuK−1

uu. (3.13)
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After some algebra, the following simplified log variational bound emerges:

F = logN (y|Kfuµ, σ
2I)− 1

2σ2 tr (Kff) + 1
2σ2 tr

(
Kfu(Kuu + Σ)−1Kuf

)
− 1

2µ
TKuuµ + 1

2tr
(
(Σ + Kuu)−1Kuu

)
− 1

2 log |Σ + Kuu|+
1
2 log |Σ| (3.14)

=
n∑
i=1

(
logN (yi|kfiuµ, σ

2)− 1
2σ2 kfifi + 1

2σ2 kfiu(Kuu + Σ)−1kufi

)

− 1
2µ

TKuuµ + 1
2tr

(
(Σ + Kuu)−1Kuu

)
− 1

2 log |Σ + Kuu|+
1
2 log |Σ|. (3.15)

We observe that the bound can be expressed as a sum over the data points, and is hence suit-
able for stochastic subsampling of the data for inference, in the style of (Hensman et al., 2013).
At this stage, the bound is O(m3) in computation, and contains 2m variational parameters.

3.2.2 Derivatives of the Variational Bound

Here we present the derivatives with respect to a kernel hyperparameter θ:

∂F

∂θ
= 1
σ2 tr

(
∂Kfu

∂θ

(
µ(y−Kfuµ)T + (Kuu + Σ)−1Kuf

))
− 1

2σ2 tr
(
∂Kff

∂θ

)
(3.16)

− 1
2tr

(
∂Kuu

∂θ

(
(Kuu + Σ)−1(KufKfuσ

−2 + Kuu)(Kuu + Σ)−1 + µµT
))

We notice that each of the O(m3) terms in the derivatives are either products of matrices
within traces or solutions of linear systems. As such, they are amenable to the randomised
numerics described earlier.

Consequently, we are able to perform inference for the model using Stochastic Gradient De-
scent for optimisation, or Stochastic Gradient Langevin Dynamics for sampling. Given that we
are performing joint inference over hyperparameters and variational parameters, it is easiest to
use Stochastic Gradient Descent for all variables and find MAP estimates for hyperparameters.
We call this the Randomised Numerics Variational Gaussian Process (RNVGP).

3.3 Experimental Results

3.3.1 Experimental Design
3.3.1.1 RNVGP Experimental Design

There are multiple properties of the approximations and inference that can be varied in sim-
ulations. Here are presented the different values assigned during the runs of the algorithm:
experiments were performed systematically over every combination of these values.

Firstly, the data set was varied. The Boston housing data set was used, with n = 506
data points and p = 13 covariates. This was a good example of a small n data set to test
the properties of the algorithm without encountering the problems associated with very large
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numbers of observations. The data set SARCOS was also used, with n = 44, 484 training
examples, and p = 21 input covariates. This data set represented a more challenging inference
problem, with far more data points and more covariates to include in the model. The data
sets were partitioned such that 90% of the data were used for training and 10% for testing
predictions, and normalised such that the covariates and response variable each have zero
mean and unit variance. Consequently, test RMSEs will be reported as a consistent measure
of explained variance.

Secondly, m, the number of inducing points, was varied, with values of 50, 200 and 500 used
for the SARCOS data, and 50, 200 and 455 for the Boston data. We would expect a model
with more inducing points to be more expressive, but contain more variational parameters
and hence pose a more challenging inference problem. The difference in the largest value was
because the Boston data set had 455 total training data points, so having more than this would
be redundant.

Thirdly, b, the batch size of the stochastic inference algorithm, took values of 1, 10, 50 and
100. A smaller batch size will correspond to a larger variance for the estimates of the gradients.

Fourthly, d, the dimension of the matrix used to evaluate the randomised trace of the
product of matrices, took values of 1, 5 and 10. We would expect a smaller value of d to
produce a larger variance for the evaluations of the relevant terms.

Fifthly, the seed of the random number generator of the algorithm was given the integer
values from 0 to 9. This ensured enough runs of the algorithm to enable bulk comparison of
results between different experimental regimes.

Finally, the tolerances of the unbiased conjugate gradients algorithm were varied: for half
of the experiments they took the values εL = 1e− 1 and ε = 1e− 3 and for the other half they
were set to εL = 1e− 3 and ε = 1e− 6.

Some properties of the inference were held constant. Adagrad was used as the stochastic
optimisation algorithm, and was run for 500 iterations keeping the kernel variance constant
and then for 25, 000 iterations allowing all of the variables to vary freely. The GP kernel uses
an ARD exponentiated quadratic covariance function.

The simulations were run on a desktop computer, with 8 cores and 7.69 GB of memory.
The simulations were coded in Python, using the standard NumPy libraries for the numerics.

3.3.1.2 SVIGP Experimental Design

For comparison, we also present results run by a standard Stochastic Variational Inference
Gaussian Process (SVIGP) from GPy, following the work in (Hensman et al., 2013), run on the
Boston and SARCOS data sets. It should exhibit O(m3) computational complexity, with the
only stochasticity in the inference being provided by the use of batches of data for inference.

The optimisation was performed using GPy’s default settings of 25, 000 iterations of the
AdaDelta algorithm. The GP kernel uses an ARD exponentiated quadratic covariance func-
tion. The computations were performed on the same machine as the randomised numerics
experiments, allowing for comparison of computational times.
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(a) Boston (b) SARCOS

Figure 3.1: Histograms of test RMSEs from the RNVGP run on the Boston Housing and
SARCOS data sets.

The SVIGP experiments varied four experimental features:
Firstly, the data set was changed, using the same Boston and SARCOS data sets used for

the randomised numerics variational bound.
Secondly, the number of inducing points m took values of 10, 50, 200 and 455 for the Boston

data set, and 10, 50, 200 and 500 for the SARCOS data set.
Thirdly, different values of the batch size b was explored, with values of 1, 10, 50 and 100.

This should demonstrate the O(b) scaling and demonstrate the robustness of the algorithm to
batch sizes.

Finally, the random seed was varied between the integer values from 0 to 9, ensuring there
are independent results for bulk analysis.

The bulk properties of the SVIGP results will be presented alongside the RNVGP results. A
more thorough presentation of the SVIGP performance will follow, then a discussion comparing
the two.

3.3.2 RNVGP Bound Results
3.3.2.1 Histogram of Test RMSEs

The inference for the RNVGP was quite challenging, with the optimisation exhibiting large
dispersion. In Figure 3.1, we present histograms of all of the test RMSEs of the runs performed
on data sets Boston and SARCOS, respectively. As can be seen in Figure 3.1, the algorithm
frequently optimised successfully, with a large cluster of test RMSE close to 0.35, but sometimes
fails to optimise properly, producing other RMSEs closer to 0.5. For this reason, the distribution
is quite skewed, making the bulk properties difficult to communicate.

Similarly, we can see in Figure 3.1 that the distribution over the test RMSEs of all of
the randomised numerics runs on the SARCOS data set is quite skewed. We again observe
inconsistent optimisation, with a cluster at 0.65, but a large cluster of more successful results
at approximately 0.45. There is no long tail of results to very large values of the test RMSE.
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As a result, the mean test RMSEs are presented here with standard deviations, but the
median test RMSEs are also reported with the interquartile ranges. The latter statistics should
better represent where the bulk of the results are located, and indicate any skew present in the
results.

3.3.2.2 RNVGP Results Stratified by m

Data
Method Test RMSE m Boston SARCOS

RNVGP

Means ± stds
50 0.37± 0.0343 0.501± 0.0833
200 0.356± 0.027 0.450± 0.0327

455/500 0.351± 0.0277 0.467± 0.0481

Medians ± iqrs
50 0.357± 0.0441 0.465± 0.0594
200 0.348± 0.0228 0.449± 0.0458

455/500 0.342± 0.0253 0.463± 0.0622

SVIGP

Means ± stds

10 0.337± 0.0284 0.26± 0.0272
50 0.334± 0.0162 0.234± 0.022
200 0.324± 0.02 0.237± 0.0354
455 0.324± 0.021 0.242± 0.0402

Medians ± iqrs

10 0.331± 0.0175 0.256± 0.0479
50 0.332± 0.0125 0.229± 0.0389
200 0.322± 0.0272 0.230± 0.0584
455 0.326± 0.0286 0.235± 0.0713

Table 3.1: The test RMSEs of the RNVGP run on the Boston and SARCOS data sets, stratified
by m. The results are presented as means and medians across runs with standard deviations
and interquartile ranges, respectively. We also see the SVIGP results averaged across all runs
for each m and data set for comparison. The maximum value of m attainable for the Boston
data set was 455: the highest value used for the SARCOS data set was 500.

In Table 3.1 we see the test RMSE of the RNVGP results separated by the number of
inducing points m. We observe fairly marginal but consistent improvement of test RMSE
for the Boston data set with increasing m. However, the SARCOS results perform optimally
for m = 200, with the m = 500 variational distribution being perhaps too large to optimise
successfully.

We observe that the median test RMSEs are consistently smaller than the mean test RMSEs,
suggesting a positive skew in the results. The dispersion within each cell is relatively small for
the Boston data set, suggesting a fairly consistent inference, although it is considerably larger
for the SARCOS data set. Comparing with the average performance of the SVIGP, we see
that the mean SVIGP is slightly more successful than the best Boston RNVGP results, and
much more successful than any of the RNVGP SARCOS results. It is possible that the larger
dispersion in the SARCOS RNVGP test RMSEs suggests that the inference is less successful for
the data set with larger n and p, which would also explain the large difference in performance
with the SVIGP SARCOS experiments.
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Data
Method Time (s) m Boston SARCOS

RNVGP

Means ± stds
50 135± 65.7 163± 73.2
200 467± 210 585± 255

455/500 1.92e3± 776 2.76e3± 1.12e3

Medians ± iqrs
50 131± 98.4 153± 111
200 460± 306 560± 403

455/500 1.88e3± 1.24e3 2.8e3± 1.82e3

SVIGP

Means ± stds

10 302± 7.86 296± 11.8
50 331± 18.4 349± 20.4
200 995± 101.0 1.03e3± 120
455 4.72e3± 237 6.39e3± 396

Medians ± iqrs
10 302± 14.0 295± 23.5
50 327± 27.6 345± 30.9
200 969± 142 1.03e3± 161
455 4.72e3± 377 6.37e3± 881

Table 3.2: The computational times in seconds of the RNVGP run on the Boston and SARCOS
data sets, stratified by m. The results are presented as means and medians across runs with
standard deviations and interquartile ranges, respectively. We also see the SVIGP results
averaged across all runs for each m and data set for comparison. The maximum value of m
attainable for the Boston data set was 455: the highest value used for the SARCOS data set
was 500.

Considering the timing results for the RNVGP stratified by m in Table 3.2, we observe that
the computational time increases with m, although somewhat less strongly than the anticipated
O(m2) scaling. This perhaps suggests that this is not generally the rate-limiting step in the
computation.

There are relatively large dispersions in observed computation time, growing in proportion
to the total computation time. We see that the m = 50 and m = 200 computational times are
much faster than the average SVIGP times, whereas the RNVGP runs with larger values of m
match the mean values of the SVIGP computational time.
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3.3.2.3 RNVGP Results Stratified by d

Data
Method Test RMSE d Boston SARCOS

RNVGP

Means ± stds
1 0.368± 0.0338 0.494± 0.0705
5 0.354± 0.0299 0.466± 0.0538
10 0.354± 0.0263 0.459± 0.0557

Medians ± iqrs
1 0.356± 0.0387 0.474± 0.0578
5 0.346± 0.0242 0.456± 0.0475
10 0.346± 0.0268 0.447± 0.0529

SVIGP

Means ± stds

m = 10 0.337± 0.0284 0.26± 0.0272
m = 50 0.334± 0.0162 0.234± 0.022
m = 200 0.324± 0.02 0.237± 0.0354
m = 455 0.324± 0.021 0.242± 0.0402

Medians ± iqrs

m = 10 0.331± 0.0175 0.256± 0.0479
m = 50 0.332± 0.0125 0.229± 0.0389
m = 200 0.322± 0.0272 0.230± 0.0584
m = 455 0.326± 0.0286 0.235± 0.0713

Table 3.3: The test RMSEs of the RNVGP run on the Boston and SARCOS data sets, stratified
by d. The results are presented as means and medians across runs with standard deviations
and interquartile ranges, respectively. We also see the SVIGP results averaged across all runs
for each m and data set for comparison.

The test RMSEs of the RNVGP stratified by the trace product randomisation parameter
d are presented in Table 3.3. We observe for the Boston results that increasing d from 1 to 5
improves the test RMSE, but further increase offers no benefit. By contrast, the SARCOS test
RMSE is uniformly reduced by increasing d.

We observe relatively small dispersion within each cell, again suggesting that the inference
is quite consistent. However, we observe that the median test RMSE is consistently smaller
than the mean RMSE, suggesting a positive skew in the results.
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Data
Method Time (s) d Boston SARCOS

RNVGP

Means ± stds
1 457± 438 632± 627
5 876± 858 1.19e3± 1.2e3
10 1.19e3± 1.12e3 1.69e3± 1.68e3

Medians ± iqrs
1 230± 884 292± 1.25e3
5 463± 1.61e3 560± 2.4e3
10 678± 1.87e3 864± 2.98e3

SVIGP

Means ± stds

m = 10 302± 7.86 296± 11.8
m = 50 331± 18.4 349± 20.4
m = 200 995± 101 1.03e3± 120
m = 455 4.72e3± 237 6.39e3± 396

Medians ± iqrs
m = 10 302± 14.0 295± 23.5
m = 50 327± 27.6 345± 30.9
m = 200 969± 142.0 1.03e3± 161
m = 455 4.72e3± 377 6.37e3± 881

Table 3.4: The computational times in seconds of the RNVGP run on the Boston and SARCOS
data sets, stratified by d. The results are presented as means and medians across runs with
standard deviations and interquartile ranges, respectively. We also see the SVIGP results
averaged across all runs for each data set for comparison.

In Table 3.4 we observe an increase in computational time with d, although weaker than
the anticipated O(d) scaling. This again suggests that this is not the rate-limiting step in
the computation. The dispersion in computational times is quite large, although the average
statistics are consistently smaller than the SVIGP.

3.3.2.4 RNVGP Results Stratified by b

Table 3.5 presents the RNVGP test RMSEs separated by the batch size b. We see that the
Boston test RMSEs are improved by the initial increase in b, but soon asymptote to an optimal
value. By contrast, the SARCOS runs continue to improve with larger b: this is perhaps to
be expected, as the SARCOS data set has far more data points, meaning that the variance
introduced by the batches will be larger. We also see that the dispersion within the cells
is smaller for the Boston than SARCOS runs, suggesting a more consistent inference for the
smaller data set.
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Data
Method Test RMSE b Boston SARCOS

RNVGP

Means ± stds

1 0.396± 0.0346 0.501± 0.0607
10 0.35± 0.0187 0.473± 0.0679
50 0.345± 0.015 0.462± 0.0529
100 0.345± 0.0143 0.455± 0.057

Medians ± iqrs

1 0.395± 0.0471 0.484± 0.0724
10 0.346± 0.0174 0.457± 0.0473
50 0.343± 0.0188 0.451± 0.0429
100 0.344± 0.0169 0.444± 0.0414

SVIGP

Means ± stds

m = 10 0.337± 0.0284 0.26± 0.0272
m = 50 0.334± 0.0162 0.234± 0.022
m = 200 0.324± 0.02 0.237± 0.0354
m = 455 0.324± 0.021 0.242± 0.0402

Medians ± iqrs

m = 10 0.331± 0.0175 0.256± 0.0479
m = 50 0.332± 0.0125 0.229± 0.0389
m = 200 0.322± 0.0272 0.23± 0.0584
m = 455 0.326± 0.0286 0.235± 0.0713

Table 3.5: The test RMSEs of the RNVGP run on the Boston and SARCOS data sets, stratified
by b. The results are presented as means and medians across runs with standard deviations
and interquartile ranges, respectively. We also see the SVIGP results averaged across all runs
for each m and data set for comparison.

Regarding the computational times stratified by b presented in Table 3.6, we observe a
weak increase with b, suggesting that this is not the computational bottleneck of the algorithm.
We also observe large but consistent dispersions within each cell, with the SARCOS data set
exhibiting more inconsistency in computational time. We observe that the average RNVGP is
smaller than the corresponding SVIGP average computational time.
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Data
Method Time (s) b Boston SARCOS

RNVGP

Means ± stds

1 749± 827 1.06e3± 1.25e3
10 818± 901 1.09e3± 1.24e3
50 844± 870 1.15e3± 1.25e3
100 951± 997 1.37e3± 1.5e3

Medians ± iqrs

1 384± 826 469± 1.18e3
10 437± 900 535± 1.24e3
50 486± 968 593± 1.38e3
100 550± 1.08e3 747± 1.55e3

SVIGP

Means ± stds

m = 10 302± 7.86 296± 11.8
m = 50 331± 18.4 349± 20.4
m = 200 995± 101 1.03e3± 120
m = 455 4.72e3± 237 6.39e3± 396

Medians ± iqrs
m = 10 302± 14.0 295± 23.5
m = 50 327± 27.6 345± 30.9
m = 200 969± 142 1.03e3± 161
m = 455 4.72e3± 377 6.37e3± 881

Table 3.6: The computational times in seconds of the RNVGP run on the Boston and SARCOS
data sets, stratified by b. The results are presented as means and medians across runs with
standard deviations and interquartile ranges, respectively. We also see the SVIGP results
averaged across all runs for each m and data set for comparison.

3.3.2.5 RNVGP Results Stratified by εL and ε

The test RMSEs for the RNVGP run on the Boston and SARCOS data sets are presented
in Table 3.7, stratified by εL and ε. We see that reducing the tolerances of the randomised
stopping algorithm improves the predictive performance of the models. The difference in the
means and medians of the results again suggests a positive skew in the RMSE distribution: the
Boston results exhibit a relatively small dispersion, whereas the SARCOS results have a larger
dispersion.

Considering the timing results stratified by εL and ε presented in Table 3.8, we see that
decreasing the tolerance of the algorithm moderately increases the computational time of the
algorithm, suggesting that this is not a computationally limiting step of the algorithm.
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Data
Method Test RMSE εL, ε Boston SARCOS

RNVGP
Means ± stds 0.1, 0.001 0.365± 0.0342 0.495± 0.0647

0.001, 1e− 06 0.352± 0.0255 0.451± 0.0511

Medians ± iqrs 0.1, 0.001 0.354± 0.0371 0.478± 0.0555
0.001, 1e− 06 0.345± 0.0234 0.441± 0.0406

SVIGP

Means ± stds

m = 10 0.337± 0.0284 0.26± 0.0272
m = 50 0.334± 0.0162 0.234± 0.022
m = 200 0.324± 0.02 0.237± 0.0354
m = 455 0.324± 0.021 0.242± 0.0402

Medians ± iqrs

m = 10 0.331± 0.0175 0.256± 0.0479
m = 50 0.332± 0.0125 0.229± 0.0389
m = 200 0.322± 0.0272 0.230± 0.0584
m = 455 0.326± 0.0286 0.235± 0.0713

Table 3.7: The test RMSEs of the RNVGP run on the Boston and SARCOS data sets, stratified
by εL and ε. The results are presented as means and medians across runs with standard
deviations and interquartile ranges, respectively. We also see the SVIGP results averaged
across all runs for each m and data set for comparison.

Data
Method Time (s) εL, ε Boston SARCOS

RNVGP
Means ± stds 0.1, 0.001 716± 729 1.05e3± 1.15e3

0.001, 1e− 06 965± 1.04e3 1.29e3± 1.46e3

Medians ± iqrs 0.1, 0.001 403± 933 505± 1.36e3
0.001, 1e− 06 515± 1.01e3 610± 1.43e3

SVIGP

Means ± stds

m = 10 302± 7.86 296± 11.8
m = 50 331± 18.4 349± 20.4
m = 200 995± 101 1.03e3± 120
m = 455 4.72e3± 237 6.39e3± 396

Medians ± iqrs
m = 10 302± 14.0 295± 23.5
m = 50 327± 27.6 345± 30.9
m = 200 969± 142 1.03e3± 161
m = 455 4.72e3± 377 6.37e3± 881

Table 3.8: The computational times in seconds of the RNVGP run on the Boston and SARCOS
data sets, stratified by εL and ε. The results are presented as means and medians across runs
with standard deviations and interquartile ranges, respectively. We also see the SVIGP results
averaged across all runs for each m and data set for comparison.

3.3.2.6 RNVGP Results Stratified by m, b, d, εL and ε

In Appendix B, we present the means and medians of the test RMSEs and computational
times, stratified by every experimental variable except for the random seed. These results can
be seen in Tables B.1, B.2, B.3, B.4, B.5, B.6, B.7 and B.8. We do not see any trends in the
results that were not evident from the singly-stratified results, but it is instructive to consider
the uncertainty in each cell, as it is an indication of how robust the inference is when varying
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just the random seed. We again see that the inference for the SARCOS data set was much
more variable than the Boston data set.

3.3.2.7 Best Performing RNVGP Experiments

In Table 3.9, we see the five best performing experimental conditions for the Boston data set,
averaged over random seeds. The test RMSEs and times both exhibit relatively low standard
deviations, suggesting that consistent optimisation is being achieved. We see that large values
of m = 455 and smaller values of εL = 0.001 and ε = 1e − 6 are generally preferred, but no
consistent preference for b and d among the best five runs. Curiously, the run with maximum
b and d is not found among the top runs, but neither was any run with small b and d. We also
observe an intriguing decrease in the log variational bound with performance for the conditions
with the five lowest test RMSE.

m b d εL, ε Test RMSE Time (s) Log Bound
455 100 5 0.001, 1e− 06 0.327± 5.55e− 3 2.45e3± 123 −3.12± 0.927
455 50 5 0.001, 1e− 06 0.328± 5.74e− 3 2.5e3± 93.1 −1.73± 0.688
455 50 10 0.001, 1e− 06 0.334± 6.54e− 3 2.97e3± 145 −1.92± 0.853
455 10 5 0.001, 1e− 06 0.334± 8.55e− 3 2.3e3± 86.1 −0.365± 0.118
455 10 10 0.001, 1e− 06 0.334± 6.97e− 3 3.19e3± 234 −0.485± 0.469

Table 3.9: The best performing experimental conditions for the RNVGP on the Boston data
set, averaged over random seeds. The results are presented as means and standard deviations
of test RMSEs, times in seconds and final evaluations of the log variational bound.

Similarly, in Table 3.10 we see the five best performing experimental conditions for the
SARCOS data set, averaged over random seed. The test RMSEs and times both exhibit higher
standard deviations than for the Boston data set, suggesting that the optimisation is less
consistent. All of the top five runs have the lowest values of εL and ε and moderate to large
values of m, b and d. We see the runs with maximum b and d feature three times, unlike for
the Boston experiments. We observe no clear link between the variational bound value and the
test RMSE.

m b d εL, ε Test RMSE Time (s) Log Bound
200 100 10 0.001, 1e− 06 0.413± 0.0134 1.15e3± 30.0 −8.68± 2.3
500 100 10 0.001, 1e− 06 0.413± 0.0156 5.19e3± 278 −9.56± 3.54
500 10 5 0.001, 1e− 06 0.415± 0.0201 2.96e3± 127 −0.698± 0.386
500 100 5 0.001, 1e− 06 0.415± 0.0281 3.48e3± 334 −9.66± 2.96
200 10 10 0.001, 1e− 06 0.417± 7.5e− 3 884± 24.8 −0.538± 0.158

Table 3.10: The best performing experimental conditions for the RNVGP on the SARCOS data
set, averaged over random seeds. The results are presented as means and standard deviations
of test RMSEs, times in seconds and final evaluations of the log variational bound.

In Figure 3.2 we see the optimisation of the RNVGP bound with the lowest final test RMSE
on the Boston data set. We see, more clearly with the smoothed results, that the optimisation
appears to gradually converge to a reasonably stable mode.
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(a) Unsmoothed (b) Smoothed

Figure 3.2: The RNVGP run with lowest test RMSE on the Boston data set, with m = 200,
d = 10, b = 1, εL = 0.001, ε = 1e− 6 and random seed equal to 9. The plot on the left shows
the variational bound being optimised, the plot on the right shows the same bound smoothed
over a window of ten iterations. The predictions had a test RMSE of 0.314 and took a time of
671 seconds to optimise.

The single best performing run of the RNVGP on the SARCOS data set is plotted in Figure
3.3. We see that it has a large value of m = 500, and moderate to large values of d = 5 and
b = 100. The trajectory of the optimisation appears to follow a clear, if noisy, convergence to
a stable mode.

3.3.3 SVIGP Experimental Results

For comparison, here we more thoroughly present the experimental results for the SVIGP on
the Boston and SARCOS data sets, given the experimental design explained earlier.

3.3.3.1 Boston Housing Data

m
Test RMSEs b 10 50 200 455

Means ±
stds

1 0.368± 0.0395 0.346± 0.0232 0.327± 0.025 0.334± 0.0272
10 0.324± 0.0137 0.323± 0.014 0.337± 0.0163 0.332± 0.0123
50 0.333± 5.98e− 3 0.335± 5.02e− 3 0.328± 5.18e− 3 0.33± 5.77e− 3
100 0.322± 4.72e− 3 0.330± 3.52e− 3 0.303± 6.49e− 3 0.299± 4.65e− 3

Medians
± iqrs

1 0.361± 0.0134 0.345± 0.0311 0.321± 0.036 0.334± 0.0268
10 0.323± 0.0177 0.325± 0.0225 0.338± 0.0234 0.327± 0.0195
50 0.333± 0.0111 0.337± 6.36e− 3 0.329± 5.75e− 3 0.328± 8.39e− 3
100 0.323± 6.3e− 3 0.331± 1.67e− 3 0.305± 0.012 0.297± 5.64e− 3

Table 3.11: The test RMSEs of the SVIGP run on the Boston data set, stratified by b and
m. Means across runs are presented with standard deviations, and medians with interquartile
ranges.
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(a) Unsmoothed (b) Smoothed

Figure 3.3: The RNVGP run with lowest test RMSE on the SARCOS data set, with m = 500,
d = 5, b = 100, εL = 0.001, ε = 1e− 6 and random seed equal to 3. The plot on the left shows
the variational bound being optimised, the plot on the right shows the same bound smoothed
over a window of ten iterations. The predictions had a test RMSE of 0.364 and took a time of
3,070 seconds to optimise.

In Figure 3.11 we observe the test RMSEs for the SVIGP on the Boston data set, stratified
by b and m. Consequently, the variation within each cell is solely due to differences in random
seeds. We can immediately observe very low variation within each cell, suggesting that there
is very consistent inference for the SVIGP bound. We also see that there is little difference
between the means and medians, suggesting that there is very little skew in the distribution of
the results.

Considering the variable b, we see that the increase of this variable generally improves the
performance of the methods, although the results for b = 1 still optimise reasonably successfully.
We observe that the test RMSE generally decreases with m, with some exceptions.

m
Time (s) b 10 50 200 455

Means ±
stds

1 297± 5.08 312± 1.57 892± 2.58 4.52e3± 178
10 301± 7.16 318± 1.71 919± 1.41 4.59e3± 162
50 309± 4.2 336± 0.989 1.02e3± 1.14 4.72e3± 16.0
100 303± 9.02 359± 0.833 1.15e3± 3.0 5.05e3± 21.3

Medians
± iqrs

1 296± 6.92 312± 2.54 892± 3.28 4.47e3± 313
10 299± 10.2 318± 1.59 920± 1.42 4.57e3± 284
50 309± 4.32 336± 1.66 1.02e3± 0.996 4.72e3± 27.2
100 307± 15.1 359± 1.05 1.15e3± 5.19 5.05e3± 18.5

Table 3.12: The computational times in seconds of the SVIGP run on the Boston data set,
stratified by b and m. Means across runs are presented with standard deviations, and medians
with interquartile ranges.

The computational times for the SVIGP run on the Boston data set are presented in Figure
3.12, stratified by b and m. We again notice small variation within cells brought about by
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(a) Unsmoothed (b) Smoothed

Figure 3.4: The SVIGP run with lowest test RMSE on the Boston data set, with m = 200,
b = 100 and random seed equal to 6. The plot on the left shows the variational bound being
optimised, the plot on the right shows the same bound smoothed over a window of ten iterations.
The predictions had a test RMSE of 0.292 and took a time of 1,150 seconds to optimise.

differences in random seeds. We also observe clear strong positive scaling with m, and weak
positive scaling with b, suggesting that it is the O(m3) computations which are the rate-limiting
operation.

m b Test RMSE Time (s) Log Bound
455 100 0.299± 4.65e− 3 5.05e3± 21.3 −153.± 30.3
200 100 0.303± 6.49e− 3 1.15e3± 3.0 −167.± 31.0
10 100 0.322± 4.72e− 3 303.0± 9.02 −263.± 43.7
50 10 0.323± 0.014 318.0± 1.71 −294.± 442.0
10 10 0.324± 0.0137 301.0± 7.16 −309.± 178.0

Table 3.13: The best performing experimental conditions for the SVIGP on the Boston data
set, averaged over random seeds. The results are presented as means and standard deviations
of test RMSEs times in seconds, and final evaluations of the log variational bound.

The most successful experimental conditions averaged over random seed for the Boston data
set are presented in Table 3.13. We see that the best two performing conditions feature the
largest value of b and the two largest values of m, although strangely the next best successful
conditions include much smaller and computationally cheaper values of m and b.

The single best run of the SVIGP on the Boston data set is seen in Figure 3.4, with the
variational bound plotted over the course of optimisation, in both a smoothed and unsmoothed
form. We see that the value of the bound quickly converges to a reasonably stable mode.

3.3.4 SARCOS Data
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m
Test RMSEs b 10 50 200 500

Means ±
stds

1 0.291± 0.0131 0.261± 6.33e− 3 0.286± 0.0162 0.297± 0.0102
10 0.278± 0.0134 0.248± 0.0112 0.251± 8.42e− 3 0.26± 0.0109
50 0.24± 8.06e− 3 0.217± 3.01e− 3 0.211± 6.36e− 3 0.212± 3.68e− 3
100 0.231± 5.4e− 3 0.211± 5.83e− 3 0.199± 3.36e− 3 0.197± 2.01e− 3

Medians
± iqrs

1 0.287± 0.0184 0.261± 7.81e− 3 0.291± 0.0317 0.299± 0.0152
10 0.278± 9.6e− 3 0.246± 9.48e− 3 0.254± 0.012 0.257± 0.0188
50 0.236± 8.15e− 3 0.216± 3.39e− 3 0.211± 0.0106 0.210± 2.18e− 3
100 0.231± 2.64e− 3 0.210± 8.54e− 3 0.200± 4.48e− 3 0.198± 2.7e− 3

Table 3.14: The test RMSEs of the SVIGP run on the SARCOS data set, stratified by b and
m. Means across runs are presented with standard deviations, and medians with interquartile
ranges.

In Table 3.14 we see the RMSE on the test data of the SVIGP run on the SARCOS data set,
stratified by b and m. We again observe very small variation within cells, and small difference
between the mean and median statistics.

Increasing b has a much more positive effect on the test RMSE than with the Boston
data set: this might be expected, as the Boston data set is far smaller, so the data will be
resampled more frequently and the batch-wise inference consequently contributes less noise to
the gradients. We again observe a general increase in performance with m, most markedly for
larger b. It appears that the larger variational distributions need more information to optimise
well.

m
Time (s) b 10 50 200 500

Means ±
stds

1 282± 1.2 327± 9.21 922± 41.9 6.09e3± 226
10 292± 6.29 340± 11.4 927± 1.83 6.04e3± 225
50 300± 8.69 350± 8.22 1.05e3± 0.871 6.58e3± 267
100 310± 4.83 377± 5.76 1.2e3± 1.75 6.84e3± 17.9

Medians
± iqrs

1 282± 2.03 331± 13.0 901± 7.76 5.92e3± 411
10 293± 7.28 340± 7.37 927± 2.4 5.94e3± 6.88
50 302± 16.4 345± 14.7 1.05e3± 0.498 6.38e3± 417
100 310± 6.24 375± 1.47 1.2e3± 2.06 6.84e3± 29.7

Table 3.15: The computational times in seconds of the SVIGP run on the SARCOS data set,
stratified by b and m. Means across runs are presented with standard deviations, and medians
with interquartile ranges.

In Table 3.15 we see the computational times for the SVIGP run on the SARCOS data,
stratified by b and m. There remains little variation within cells, and little difference between
the means and medians. There is strong positive scaling with m and weak scaling with b,
suggesting that the O(m3) computations are the rate limiting step.
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(a) Unsmoothed (b) Smoothed

Figure 3.5: The SVIGP run with lowest test RMSE on the SARCOS data set, with m = 200,
b = 100 and random seed equal to 8. The plot on the left shows the variational bound being
optimised, the plot on the right shows the same bound smoothed over a window of ten iterations.
The predictions had a test RMSE of 0.193 and took a time of 1,200 seconds to optimise.

m b Test RMSE Time (s) Log Bound
500 100 0.197± 2.01e− 3 6.84e3± 17.9 3.00e3± 2.47e4
200 100 0.199± 2.74e− 3 1.21e3± 34.6 −1.01e4± 8.58e3
200 50 0.211± 6.36e− 3 1.05e3± 0.871 −3.19e3± 1.91e4
50 100 0.211± 5.83e− 3 377.0± 5.76 −5.09e3± 2.85e4
500 50 0.212± 3.68e− 3 6.58e3± 267.0 −3.62e3± 1.26e4

Table 3.16: The best performing experimental conditions for the SVIGP on the SARCOS data
set, averaged over random seeds. The results are presented as means and standard deviations
of test RMSEs times in seconds and final evaluations of the log variational bound.

Examining the best performing experimental conditions for the SARCOS data set in Table
3.16, it is clear that the larger values of m and b are the most successful. The optimisation of
the bound for the single best run is presented in smoothed and unsmoothed form in Figure 3.5:
we see that the optimisation converges to a mode fairly quickly and stably.

3.4 Comparison of RNVGP and SVIGP Results

We can see from a comparison of the RNVGP results and the SVIGP results that the new
method exhibits mixed performance in comparison to the SVIGP. The medians taken across
random seed of the test RMSE and log computational time are presented as scatter plots for
the Boston and SARCOS data sets in Figure 3.6.

For the Boston data set, the RNVGP runs perform moderately less accurately than the
SVIGP method, with a corresponding average decrease in computation time. For the SARCOS
data set, the difference in test RMSE is much more stark, without a correspondingly large
trade-off in computational time. It appears that the inference for the RNVGP on the SARCOS
data set could be heavily suboptimal, as the difference in test RMSE with the SVIGP is very
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(a) Boston (b) SARCOS

Figure 3.6: Scatter plots of test RMSE medians and log time medians taken across random
seeds. SVIGP results are presented as plus signs, and RNVGP results as crosses.

pronounced and the large dispersion between different SARCOS experiments suggests that the
inference is inconsistent.

It might be expected that test RMSE will be worse for the RNVGP, as the inference was
performed with noisier gradients and a more restrictive variational bound. It is not clear that
the theoretical O(m2) computational cost is providing a sufficient timing trade-off to make the
RNVGP attractive in comparison to the O(m3) SVIGP. The difference in test RMSE for the
experiments performed on SARCOS suggests that for data sets with very large n or p, then
the extra gradient variance introduced by the RNVGP makes the inference intractable. For the
experiments performed on the smaller Boston data set, it is possible that the reduced accuracy
of the RNVGP can be conceded in favour of its more attractive computational time.

3.4.1 Hyperparameter Comparison

Here we compare the ARD length scales of the RNVGP and SVIGP runs with lowest test
RMSE on the SARCOS data set. The 21 optimised parameters are presented in Table 3.17.

p RNVGP lp SVIGP lp p RNVGP lp SVIGP lp p RNVGP lp SVIGP lp

1 3.802 15.185 8 21.455 13.987 15 4.185 10.456
2 12.525 17.157 9 8.545 16.624 16 12.283 29.498
3 9.381 27.174 10 7.621 31.061 17 11.799 22.806
4 3.141 13.705 11 9.893 17.191 18 8.772 11.650
5 8.757 6.872 12 6.426 28.415 19 8.889 26.885
6 9.542 21.592 13 6.447 25.295 20 8.662 26.582
7 4.792 11.588 14 4.262 19.808 21 4.622 16.737

Table 3.17: The optimised ARD length scales of each dimension for the RNVGP and SVIGP
runs with lowest test RMSE on the SARCOS data set, i.e. the SVIGP with m = 200, b = 100
and random seed equal to 8, and the RNVGP run with m = 500, d = 5, b = 100, εL = 0.001,
ε = 1e− 6 and random seed equal to 3.
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We see in Table 3.17 that the SVIGP length scales are on average larger than those found
by the RNVGP. We do not observe a strong correlation between the length scales found by each
method: it appears that they are not consistently selecting the same dimensions as powerful
predictors. It is plausible that the modified variational representation used by the RNVGP
demands different hyperparameters, but is is also possible that the hyperparameters are not
fully optimised for the more challenging RNVGP inference. However, it is worth asserting that
it is difficult to interpret ARD lengthscales in high dimensions, and differing values of kernel
hyperparameters do not necessarily imply that the models are at odds with one another.

3.5 Conclusions and Future Work

It can be seen that the new RNVGP is not clearly more successful than the standard SVIGP.
It is not clear whether the difference in performance is due to the more challenging inference
or the more heavily restricted variational bound.

Further work would involve systematically exploring these potential problems. It is clear
from the results that larger values of b and smaller values of εL and ε may yet improve per-
formance, and warrant further exploration. It is also possible that the optimisation updates
and schedule used could be improved: exploring the use of Adam, AdaDelta or other adaptive
methods for the RNVGP could prove beneficial (Ruder, 2016).

It would also be possible to explore different representations of the variational bound, al-
though it would need to be within a family of distributions that permits the use of the stochastic
computational methods that we are interested in exploiting.

It is possible that the new representation of the covariance is making the hyperparameter
inference challenging: the instability in the length scale and variance optimisation is a fairly
common problem with variational methods. Similarly, we have not explored the properties of
the predictive variance in this chapter, although it would be important future work to ensure
that the O(m) variational representation produces predictive distributions with well-calibrated
uncertainty.

The use of preconditioning and fast CMVPs is also explored in (Filippone and Engler,
2015), and they “observe that they yield little gain in computational speed compared to the
standard CG algorithm.” However, it is possible that the differing properties of the variational
inference will cause these methods to have greater power in this context. It would be possible
to investigate the relevance of these methods for the RNVGP.
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Chapter 4

Bayesian Co-Training with Differential
Privacy

The problem of model combination with Gaussian Processes is explored, specifically in a
context in which privacy is valued. Analogies to co-training are made, with information
exchanged between models by sharing predictions on unlabelled data, both with and
without enforcement of differential privacy of the data labels. Multiple model combination
methods are introduced and experimental results are presented and analysed. This work
was a collaboration between Chris Holmes and myself. All of the code and all of this
chapter were written by Owen Thomas.

In this chapter, we pursue the project of successful co-training between Gaussian Processes
under the constraint of differential privacy. In Section 4.1 we discuss Bayesian model combina-
tion and the co-training algorithm, leading to Section 4.2, in which we establish a framework
for co-training between Gaussian Processes without sharing data values. Section 4.3 follows
with some results using the framework on simulated data. In Section 4.4 we introduce concepts
of differential privacy, recalling the mechanisms discusses in Section 1.4, and also include some
similar experiments on simulated data. Section 4.5 consists of experiments and results run on
the real CCPP data set. Section 4.6 concludes and discusses future work.

4.1 Model Combination and Co-Training

4.1.1 Model Combination

The coherent treatment of probability within Bayesian inference lends it very naturally to
problems associated with model comparison. The posterior probabilities p(Mi|D) of models
Mi given data D can be compared, and Bayes factors can be used to judge the relative merits
of the models (Bernardo and Smith, 2001).

Posterior probabilities can also be used for the task of model combination, in which we are
interested in combining the predictions of several models to produce a joint distribution. The
most immediate solution within a Bayesian framework is that of Bayesian Model Averaging
(BMA), in which the predictive distributions of each model are weighted proportionally to
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the posterior probabilities of each model (Clyde and Iversen, 2013). This has the intuitively
sensible property of giving more weight to models which have greater posterior probability, and
as such might be expected to exhibit greater predictive power. Formally, if we are predicting
the response variable y∗ given test covariates X∗, the following distribution is used:

p(y∗|X∗,D) =
∑
i

p(y∗|X∗,Mi,D)p(Mi|D). (4.1)

Bayesian Model Averaging can be shown to be optimal when the true model is known to fall
within the joint prior of the models M: this is known as the M-closed framework. There are
two other possible situations: the M-complete framework, in which the true model is known but
not included among the space of considered models M for practical reasons, and the M-open
framework, in which the true model is unknown, and we are compelled to use those in M
instead.

In the latter two frameworks, BMA can give poor results if all of the models within M
have very low likelihood (Monteith et al., 2011). It is known that BMA will select the model
that is asymptotically closest in Kullback-Leibler distance to the true model, rather than the
combination of models that is closest (Clyde and Iversen, 2013). As such, BMA can allow one
model to massively dominate at the expensive of the others: in a situation where all the models
have low likelihood, it is often suboptimal to select one model from a pool of poor models: it
would be preferable to combine the predictions in a more sophisticated way.

One such solution comes in the form of Bayesian Model Combination (BMC), in which the
posterior probabilities of the models are replaced by learned weights wi (Monteith et al., 2011;
Clyde and Iversen, 2013). This can be interpreted as extending the prior to the class of linear
combinations of models, which should not exhibit BMA’s behaviour of selecting one poor model
from many poor models. It is also possible to impose constraints on the values of the weights:
while it can be desirable to constrain the weights to be non-negative and sum to one, it is
worth stressing that they do not have an interpretation as posterior probabilities of the models
(Clyde and Iversen, 2013), as they have not been introduced within a probabilistic framework.
Formally:

E(y∗|X∗,D) =
∑
i

wiE(y∗|X∗,Mi,D) (4.2)

The weights wi can be learned using a loss function on the data, possibly including desired
regularisation terms.

The approach of learning weights associated with linear combinations of models has par-
allels in the Machine Learning literature, in which “stacking” takes a very similar approach
to combining predictions from various models (Wolpert, 1992). There are other approaches
commonly gathered under the title of “ensemble methods”, including bootstrap aggregating or
“bagging”, in which models vote for the most likely data label (Breiman, 1996), and “boosting”,
in which models are iteratively trained on the damped residuals of preceding models (Schapire,
2003).
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4.1.2 Co-Training

Model combination methods can be informed by a priori information about the relevant models,
or the data on which they have been trained. “Co-training” is one such method that combines
assumptions about the structure of the component models to give a principled combination
method.

The method considers several “views”, models built using different sets of covariates, in order
to perform supervised learning (Xu et al., 2013). The key assumption is that of conditional
independence between the views’ covariates, given the response variable, i.e. p(Xi,Xj|y) =
p(Xi|y)p(Xj|y). This brings about a factorisation of the likelihood between views, enabling
independent inference for each model. Consequently, this method is able to combine models
with very different structures, avoiding the need to build joint models in situations where
that would be challenging. Similar conditional independence assumptions are also used in
the development of Bayesian Classifier Combination methods (Ghahramani and Kim, 2003;
Simpson et al., 2011).

There are also often strong computational advantages to being able to build models over
subsets of data and recombine afterwards, potentially both from a distributed computing per-
spective, and to reduce the number of necessary operations for models with superlinear algo-
rithmic complexity.

It is also common to combine multi-view methods with large amounts of unlabelled data
in a semi-supervised manner (Blum and Mitchell, 1998). The different views are able to com-
municate by comparing predictions on the unlabelled data: constraining the models to have
similar predictions on unlabelled data can improve joint performance, especially if differences
in predictive uncertainty are successfully incorporated. This can be particularly effective if each
of the views is an expert in different regions of covariate space, such that the shared predictions
will be mismatched in confidence.

Co-training has been pursued with various degrees of rigour in the literature: some initial
efforts pursued greedy labelling of unlabelled data and point estimates for model parameters.
Later methods have attempted a successful quantification of uncertainty over model parameters
and unknown data values: this can be done either by Gibbs sampling, or with an Expectation-
Maximisation algorithm, treating the unknown data labels as latent variables and learning
point estimates for the model parameters (Nigam and Ghani, 2000).

4.1.3 Bayesian Co-Training with Gaussian Processes

In “Bayesian Co-Training”, Yu et al successfully pursue a combination of the co-training frame-
work with Gaussian processes (Yu et al., 2011).

Yu et al define Gaussian latent variables fi over each view separately with covariances Ki

which are combined into a consensus function fc. Conditional independence assumptions are im-
posed between the latent functions given the response variables, i.e. p(fi, fj|y) = p(fi|y)p(fj|y).
Potential functions Ψ(fi, fc) and Ψ(fc,y) are then used to impose agreement between each of
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Figure 4.1: A graphical model demonstrating the relationship between the covariates Xi and
latent functions fi of each of the m views, the joint consensus function fc and the observed
response variable y.

the latent variables fi and consensus function fc, and also the consensus function fc and the
response variable data y. A graphical model of the situation is presented in Figure 4.1.

In the context of regression, an exponentiated quadratic form for the potential function is
used, i.e. Ψ(fi, fj) = exp(− 1

2σ2 ||fi − fj||2). Consequently, for some problem-specific potential
function Ψ, the joint probability is defined as:

p(y, fc, f1, ..., fm) = 1
Z

Ψ(y, fc)
∏
i

Ψ(fi, fc) (4.3)

Following from this result, it is possibly to marginalise out the individual views’ latent
variables fi, resulting in a model with a single model with a single “co-training kernel” over
fc. The kernel offers a way of running a single Gaussian process model with a specific kernel,
while implicitly running GPs over each view, and constraining them to agree on unlabelled
data points. The kernel is defined as follows:

Kc =
[∑

i

(Ki + σ2
i I)−1

]−1
(4.4)

Each kernel component Ki consists of the covariance between all of the covariates visible
to view i, including any unlabelled and test data. Covariance components for data points not
visible to view i are left as zeros in Ki. The covariance matrix associated with each view
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has diagonal noise added and is then inverted to create a precision matrix for view i given
by (Ki + σ2

i I)−1. These are all then added to create a joint precision matrix over all views∑
i(Ki + σ2

i I)−1. Inverting the joint precision matrix then produces a joint covariance across
views Kc. When evaluating the marginal likelihood for training purposes, the submatrix of Kc

associated with the observed training data labels can be taken and used in the computation of
the marginal likelihood or predictive distributions.

If the data points associated with each view do not overlap, then the kernel can be built
by building a block-diagonal matrix from the precision matrices associated with each view.
The block matrix structure follows from the conditional independence assumption: zeroes in
precision matrices suggest the conditional independence of normally distributed variables.

The co-training kernel also provides an analytical solution to the problem of imputing the
unknown data labels, as the potential functions between latent functions constrain them to be
similar on all the observed covariates, even in the absence of observed response variables.

The kernel is unusual for its transductive property, in which all covariates (including test
covariates) are included in the kernel, even at training stages. Such a model will have poor gen-
eralisation power to unobserved data, and transductive methods are not universally embraced
by the data science community. However, the methods are still valid, as the test response
variables are not used during training, and it is their distribution that are being targeted.

Including the test covariates at training means that the computation cost scales cubically
with the total number of data: if the data points associated with each model overlap, then this
will be more expensive than a standard GP. There is also an inverse of the sum of precision
matrices from all of the views, so the operations do not distribute across views. For some data
configurations, it is possible to make judicious use of the Woodbury matrix identity to reduce
computational costs, but this is not always possible.

4.2 Combining with Predictions

4.2.1 Private Co-Training

The issue of privacy has been of increasing interest to the statistical community recently: prob-
lems associated with computing using sensitive data on shared computational resources force
statisticians to reconsider traditional methods in the interest of protecting private information.

Several approaches have been proposed to address the problem of privacy-preserving statis-
tics:

• It is possible to pursue statistical results after adding artificial noise to the data (Duchi
et al., 2013).

• It is possible to train the models normally but add noise to the results that have been
derived (Smith et al., 2016).

• It is possible to train certain models in an encrypted form using methods from homomor-
phic encryption (Aslett et al., 2015).
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A question that is pursued here asks if it is possible for two Gaussian processes to jointly
learn from one another via predictions, without compromising the privacy of their data. The
approach is close to the idea of co-training, in that we have distinct views of the data which
are only communicating using predictions.

We introduce the situation that we consider, illustrated in Figure 4.2: two statisticians are
performing supervised learning, predicting a response variable y. They each have realisations
of the response variable y, not necessarily corresponding to the same data points. However,
they have different views of the data, having access to their owns sets of covariates X1 and X2.
They each have a private set of labelled data, which they can use to build a private supervised
model, but which they are not willing to share with one another. The interpretation within
this work is that the agents cannot explicitly share their data labels or the covariance of the
latent variable evaluated at the private labelled data.

There is, however, a large amount of unlabelled data, on which they are happy to share
their predictions of the response variable. If all of the unlabelled data have covariates available
from each view, and the statisticians can agree on indices by which to refer to the unlabelled
data, then they will be able to request and communicate their predictions. The method of
selecting data points to query the other statistician can vary: here we simply have each GP
predict at all of the unlabelled data, select the prediction with highest variance, then query
the other statistician for their prediction at this point. Such a scheme based on selecting the
highest variance point is known as uncertainty sampling.

The work of Yu et al has established a principled way of performing co-training with Gaus-
sian Processes. However, the computations involved do not respect the privacy considerations
that we would like to introduce. Firstly, the computations involve concatenating the response
variable from both views into one vector, which would reveal the private response variable
to whoever performs the global computation. Secondly, the computation of the “co-training
kernel” uses all of the views’ covariances over their training covariates, which may violate the
privacy concerns involved. As such, the methods used in Yu et al will not fulfil the privacy
criteria that we are interested in maintaining.

Here we explore how to achieve successful co-training with Gaussian Processes within a
privacy-preserving framework. It is not clear how best to integrate information from one model’s
prediction into another: it is likely that there will be a trade-off between sharing useful infor-
mation and compromising personal privacy. It is possible that sharing point estimates of the
response variable at the predictive points will be sufficient for successful co-training, although
it is likely that including the marginal variances or joint covariance between the predictions will
help, albeit with the greater possibility of revealing more of the structure of the private data.

It is also interesting to consider this work from a computational perspective. The division
of data for privacy reasons has analogies with work done which divides data for computational
reasons. A substantial amount of the work considering scalability of statistical methods and
“Big Data” divide the data into subsets, perform computation on each separately, then combine
the results in a principled fashion (Tresp, 2000; Minsker et al., 2014). It is interesting to
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Figure 4.2: A diagram of the experimental setup considered. The three boundaries represent
the three degrees of privacy respected: the private response variables y behind the solid line
can be protected by guarantees of differential privacy, their associated covariates Xobs behind
the dashed line will not have their values or their joint covariance shared, and the unlabelled
covariates Xunobs behind the dotted line will not have their values shared.
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reconsider these methods in a privacy-motivated context, since they share structural features
with elements of that literature.

4.2.2 Different Combination Approaches

There are several potential methods for combining the predictions of one model with the private
observations of another. Ideally, the result would be a generative model that would be able
to predict at an arbitrary data point without further communication between statisticians,
although this may need to be relaxed to guarantee the coherence of the model.

Three different approaches are outlined here: the “Blocky” approach, the “Noisy” approach,
and the “Hybrid” approach.

4.2.2.1 “Blocky” Combination

A method that unambiguously respects the conditional independence of the variables would be
one in which the private covariance and the queried covariance are combined in a block-wise
fashion to create a joint, blocky covariance matrix for the observed response variables and the
queried labels. This should also provide substantial computational advantages, as the blocks
can be inverted separately.

Formally, from the perspective of statistician 1:

yaug = (y1, µ(ypred2 )), (4.5)

Kaug =
[

K1(Xtrain
1 ,Xtrain

1 , θ1) 0ntrain,nquery
0nquery,ntrain K2(Xquery

2 ,Xquery
2 , θ1)

]
+
[

0ntrain,ntrain 0ntrain,nquery
0nquery,ntrain Vpred2

]
,

(4.6)

where µ(ypred2 ) is the reported predictive mean of the second expert on the queried unlabelled
data, and Vpred2 is a representation of the uncertainty of the prediction of the second expert.

The “Blocky” kernel consists of a block diagonal matrix, with the blocks consisting of the
covariance matrix K1(Xtrain

1 ,Xtrain
1 , θ1) associated with the private labelled data of statistician

1 and the reported covariance matrix K2(Xquery
2 ,Xquery

2 , θ1) from statistician 2 at the queried
data points, including any predictive uncertainty Vpred2 .

The question remains how to perform prediction with the “Blocky” model. If the covariance
function from only one of the experts is used to evaluate kff∗ , then the predictive distributions’
covariance may not be informative, as the use of kernel between training data and test data will
be inconsistent. Using a different kernel during training and testing stages is not necessarily
an invalid procedure, but we might expect it to be less successful than a standard method.
Conversely, if the block-specific covariance is used, then the model cannot be used to predict
at arbitrary test points without reconsulting the other agents for further evaluation of their
kernel.

Here we pursue the former path: it is a necessary criterion of the augmented models that
they can be used as predictive models for arbitrary test points, and the single covariance for the
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test data points is the only one available. The experimental results will hopefully demonstrate
whether opting for generalisation over consistency is optimal for this situation.

4.2.2.2 “Noisy” Combination

An intuitively sensible solution to the problem would be to treat the shared prediction as a
data point, with a value given by that of the mean of the predictive distribution, and possibly
with added heteroscedastic uncertainty associated with the covariance of the distribution. The
covariance of the latent variable between all of the data can be evaluated using the kernel
function of one of the experts.

By using the same kernel to evaluate the covariance between the training and test data,
we should be able to predict on arbitrary data points with the augmented model, while also
maintaining positive-definiteness of the predictive distributions.

Formally, from the perspective of statistician 1, with µ(ypred2 ) and Vpred2 defined as earlier:

yaug = (y1, µ(ypred2 )), (4.7)

Kaug =
[

K1(Xtrain
1 ,Xtrain

1 , θ1) K1(Xquery
1 ,Xtrain

1 , θ1)
K1(Xtrain

1 ,Xquery
1 , θ1) K1(Xquery

1 ,Xquery
1 , θ1)

]
+
[

0ntrain,ntrain 0ntrain,nquery
0nquery,ntrain Vpred2

]
.

(4.8)

The “Noisy” kernel includes all of the covariance information available from view 1, while
including the predictive uncertainty of statistician 2 in the form of Vpred2 . This combination
method does not include any covariance information from statistician 2 except via the predictive
uncertainty Vpred2 which is treated as heteroscedastic noise from the perspective of statistician 1.
It is not clear that this method respects the conditional independence assumptions associated
with co-training: there is no sum over precisions that is present in the standard co-training
kernel.

4.2.2.3 “Hybrid” Combination

It is also of interest to pursue a method with some fidelity to the method from Yu et al (Yu
et al., 2011), albeit modified to respect the privacy constraints. A similar transductive kernel
was built, incorporating all of the covariance information available from the perspective of one
of the agents, using the subset of inverse of sum over inverses method. All that differs from the
Yu et al method is the omission of the covariance over the private training data of the other
expert, who is represented by their predictions and covariance evaluations on the unlabelled
data: these are treated as data points with added uncertainty to the covariance matrix.

Formally, again with µ(ypred2 ) and Vpred2 defined as earlier:
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yaug =(y1, µ(ypred2 )), (4.9)

K−1
aug =

(
K1(Xtrain

1 ,Xtrain
1 , θ1) K1(Xquery

1 ,Xtrain
1 , θ1)

K1(Xtrain
1 ,Xquery

1 , θ1) K1(Xquery
1 ,Xquery

1 , θ1)

)−1

(4.10)

+
 0ntrain,ntrain 0ntrain,nquery

0nquery,ntrain
(
K2(Xquery

2 ,Xquery
2 , θ1) + Vpred2

)−1

 .
The “Hybrid” method should respect the conditional independence associated with co-

training, as it consists of a sum over the precision matrices of each view. It should be able
to act as a generative model to predict at arbitrary test data, albeit with the transductive
property that the kernel necessitates. Unlike the previous two methods, this model incorporates
maximal covariance information from both agents, so we might a priori expect it to perform
more effectively. However, we can expect building and inverting the transductive kernel to be
more computationally expensive than either of the previous methods.

4.2.3 Uncertainty Integration

It is not clear how to integrate the uncertainty associated with the predictive distributions.
Here we pursue three different methods. Firstly, we could not use the uncertainty at all, and
treat the mean of the predictions as the data value. Specifically, the matrix Vpred2 as mentioned
above would simply be a matrix of zeros.

Secondly, we could use the marginal variance at each prediction, and add it to the cor-
responding diagonal of the covariance matrix. Formally, in the above notation, Vpred2 =
diag[Var(ypred2 )].

Thirdly, we could use the full predictive covariance and add it to the corresponding sub-
matrix in the covariance. In this case, Vpred2 = Cov(ypred2 ). It would be expected that including
more information about the predictive distribution to improve performance, but also reveal
more about the private data covariates.

4.3 Experiments with Simulated Data

4.3.1 Experimental Features

There are several features of the experimental design that we would like to vary, beyond the
above discussed combination methods. A one-dimensional exponentiated quadratic covariance
function was used for the GP kernel in every experiment.

4.3.1.1 Data Generation

We proceed with an experimental design, in which there are two views, each of which consists of
a single covariate. The covariates and response variable are generated from a known covariance
matrix, such that the true model is a linear model with a known correlation structure. Five
data properties are varied, which are explained here.
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Firstly, the correlation strength rXy between the covariates and the response variable can
be changed. It is possible that the methods will behave differently for different correlation
strengths. Here the two views are generated with equal correlation strength with the response
variable, but with varying correlation values equal to 0.5, 0.75, 0.9 and 0.99.

Secondly, the correlation between the different covariates can be changed. Either we can
enforce conditional independence by imposing zeros in the generative precision matrix, or we
can assign the correlation a value of 1, such that the two views are effectively the same variable.
It would be expected the methods which are more explicitly based on the assumptions of co-
training (i.e. “Hybrid” and “Blocky”) to perform better with the conditional independence
assumption enforced.

Thirdly, the correlated covariates can be masked for one to be positive and the other to
be negative. Given their positive correlation, this will make each of the initial models to be
experts in their regions of covariate space. Consequently, any increase in power associated with
combining the expertise of the models should be stronger in this situation.

Fourthly, we can change the number of private data points, using values of nobs equal to 25,
50 and 200: It would intuitively make sense for models that have seen fewer data to gain more
from learning from one another. We simulated 500 test data points and 500 unlabelled query
points for each experiment. Co-training consisted of 25 rounds of each GP alternately querying
single data points using uncertainty sampling: each model selected the unlabelled point upon
which it evaluated the highest predictive variance.

Finally, the random seed generating the data can be changed, providing ten randomised
iterations of the experiment.

4.3.1.2 Explainable Covariance

The data are generated from a known covariance matrix. As such, it is possible to establish the
maximum possible explainable variance of the response variable, given the information present
in the covariates, either separately or jointly. Given that in these experiments the covariates
have identical correlation properties with the response variable then the individual explainable
variance is identical for each.

Here are presented the unexplainable standard deviations of the response variable in each
experimental situation, as an example of what models built on the data can achieve in optimal
circumstances. The relevant experimental variables are:

• rXy: the correlation strength between the covariates and the response variable.

• Conditional independence: whether the precision between the covariates has been set to
zero.

• Masking status: whether each model sees data from all of covariate space.

Table 4.1 demonstrates the the square root of the variance remaining in the response vari-
able after each covariate has optimally individually removed the variance that it is capable of
explaining.
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Correlation Strength
Masking Cond. ind. 0.5 0.75 0.9 0.99

No
No 0.866 0.661 0.436 0.141
Yes 0.866 0.661 0.436 0.141

Yes
No 0.935 0.848 0.771 0.714
Yes 0.935 0.848 0.771 0.714

Table 4.1: The unexplainable standard deviation in the response variable y, given the covariates’
independent predictions.

Table 4.2 demonstrates the the square root of the variance remaining in the response vari-
able after the covariates have optimally jointly removed the variance that they are capable of
explaining.

Correlation Strength
Masking Cond. ind. 0.5 0.75 0.9 0.99

No
No 0.866 0.661 0.436 0.141
Yes 0.775 0.529 0.324 0.100

Yes
No 0.866 0.661 0.436 0.141
Yes 0.775 0.529 0.324 0.100

Table 4.2: The unexplainable standard deviation in the response variable y, given the covariates’
joint predictions.

4.3.2 Results
4.3.2.1 Pre Co-training Results

It is useful to see the predictive performance of the models trained on each view, after the initial
hyperparameter training but before the co-training and exchange of information. In Table C.1
in Appendix C we present the means and standard deviations between runs of the root mean
square error within each run. The models perform broadly as expected, with the GPs with
strong correlation, more data and less masking producing more accurate predictions.

4.3.2.2 Comparison of Combination Methods

We see in Figure 4.3 two diagrams representing a typical exchange of queries between two
statisticians. We see that the data queries are drawn from regions where the GP trained on
private data exhibits high posterior variance.

Table 4.3 presents the performance of the models after hyperparameter learning and co-
training. The results are the root mean square errors within each run, presented as a mean
and standard deviations between runs, taken over all of the experimental variables except for
the view combination methods:

The most immediately striking result is that the “Blocky” combination method performs
very poorly. Considering that the response variable is normalised to have unit variance, then
it is not possible to defend the properties of the predictions generated by this method. This is
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(a) View 1 before co-training (b) View 2 before co-training

(c) View 1 after one co-training query (d) View 2 after one co-training query

(e) View 1 after two co-training queries (f) View 2 after two co-training queries

Figure 4.3: A visual demonstration of the exchange of queries between two statisticians. The
private labelled data is indicated by crosses and the queried data as pluses. We also see the
posterior mean and 95% credible interval of the GP trained on updated data. The experiment
was performed with masked data, with 25 private labelled data, rXy = 0.9 and conditional
independence enforced.
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not a complete surprise: the method is not consistent in its use of covariance functions, so the
predictions are not guaranteed to be drawn from a consistent Gaussian distribution.

Combination Method
“Blocky” “Noisy” “Hybrid”

1.67± 3.03 0.574± 0.286 0.593± 0.280

Table 4.3: The test RMSEs of the GPs with trained hyperparameters after co-training, pre-
sented as means and standard deviations between runs. Results are stratified by combination
method.

In general, it was observed that the act of co-training improved the performance of the
models, with the exception of the “Blocky” combination method, which substantially worsened
the predictive RMSE of the models.

We observe that the “Noisy” and “Hybrid” methods have similar RMSE on the test data,
with the “Noisy” method exhibiting marginally more accuracy on average. This is perhaps
surprising, as the “Hybrid” method uses more covariance information, and is more closely
related to the previously derived work on the topic. The standard deviations of the errors are
very similar for each combination method.

When the difference in variance between “Noisy” and “Hybrid” methods is examined, it
becomes clear that certain subsets of the experimental results contribute more to the difference
in average predictive power. We see in Table 4.4 that there is an apparent interaction between
masking, combination method and correlation strength. The difference in performance between
“Noisy” and “Hybrid” methods is most marked when using masked data with high correlation
strength.

Combination Method
Masking rXy “Blocky” “Noisy” “Hybrid”

No

0.5 1.04± 0.304 0.901± 0.0502 0.895± 0.0669
0.75 1.32± 1.10 0.693± 0.0485 0.703± 0.0633
0.9 1.71± 2.91 0.458± 0.034 0.472± 0.0536
0.99 1.86± 2.93 0.147± 0.0134 0.151± 0.0186

Yes

0.5 1.07± 0.425 0.935± 0.0549 0.924± 0.0626
0.75 1.36± 1.26 0.752± 0.0917 0.765± 0.0892
0.9 1.74± 2.09 0.510± 0.0808 0.557± 0.129
0.99 3.25± 6.74 0.200± 0.0834 0.279± 0.183

Table 4.4: The test RMSEs of the GPs with trained hyperparameters after co-training, pre-
sented as means and standard deviations between runs. Results are stratified by combination
method, rXy and masking status.

We see that with unmasked data then “Noisy” combination is marginally more successful
than “Hybrid” data combination. With masked data, we see that “Noisy” combination is
substantially more successful than “Hybrid” combination at high correlation strength. We can
also see that the standard deviation of the “Hybrid” standard errors in this regime is also much
higher than the “Noisy” method. This suggests that the mean may be skewed by outliers.

80



Experience in training “Hybrid” models in this regime suggests that hyperparameter inference
is quite challenging.

4.3.2.3 Relation with Data Correlation Structure

The experiments were performed with views where the covariates had varying correlation struc-
ture. Half of the experiments were performed with view covariates that were conditionally in-
dependent given the response variable, and the other half used two views that were very highly
correlated, effectively being the same variable and containing the same information.

Each of the combination methods makes different assumptions regarding the data struc-
ture: the “Hybrid” structure relies on the co-training assumptions of conditional independence,
whereas the “Noisy” method uses a single covariance over all of the data, perhaps more suiting
the data with very similar covariates.

Combination Method
Cond. ind. “Blocky” “Noisy” “Hybrid”

No 1.65± 2.29 0.562± 0.28 0.579± 0.281
Yes 1.69± 3.62 0.587± 0.291 0.608± 0.278

Table 4.5: The test RMSEs of the GPs with trained hyperparameters after co-training, pre-
sented as means and standard deviations between runs. Results are stratified by combination
method and conditional independence status.

The results presented in Table 4.5 describing the performance of the two combination meth-
ods with the data structure do not show a change in the difference between methods when
comparing the two correlation structures.

Combination Method
Masking Cond. ind. “Blocky” “Noisy” “Hybrid”

No
No 1.41± 1.19 0.543± 0.278 0.552± 0.284
Yes 1.55± 2.82 0.557± 0.288 0.558± 0.281

Yes
No 1.89± 2.99 0.582± 0.28 0.606± 0.275
Yes 1.82± 4.27 0.617± 0.291 0.657± 0.266

Table 4.6: The test RMSEs of the GPs with trained hyperparameters after co-training. Results
are stratified by combination method, conditional independence status and masking status.

Some further structure becomes clear in Table 4.6 when further separating on the masking
status. It can be seen that when the data are not masked, then the difference between the
methods disappears when conditional independence is applied: this in accordance with the as-
sumptions made in deriving the methods, as we would expect the “Hybrid” combination method
to be better suited to conditionally independent data. A similar effect is not observed when
the data are masked, but that could be a result of the difficult hyperparameter optimisation
in the masked regime, rather than a fundamental property of the methods. This is implied
by the high variance of the “Noisy” method with masked and conditionally independent data,
suggesting the presence of a few poorly performing outliers.
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4.3.2.4 Comparison of Uncertainty Integration

Another main question of interest concerns how best to incorporate the uncertainty of the
other GP’s predictions into the model. The experiments explored three approaches: ignoring
the uncertainty completely, including the marginal variances or including the full covariance
matrix of the predictions. It would be intuitively sensible that including more information
about the distributions would generate a more powerful model.

However, there is an increased privacy risk associated with sharing more information, so if
the extra uncertainty information does not prove useful, then it may be most appropriate not
to share it. We might expect the effects of adding uncertainty to appear more strongly when
the data have been masked, given that the two models will have strongly differing confidences
in their prediction.

Combination Method
Masking Covariance “Blocky” “Noisy” “Hybrid”

No
None 1.13± 0.816 0.551± 0.284 0.561± 0.286

Marginal 1.07± 0.72 0.548± 0.282 0.554± 0.281
Full 2.25± 3.47 0.549± 0.283 0.550± 0.281

Yes
None 1.44± 1.75 0.616± 0.27 0.646± 0.273

Marginal 1.26± 1.31 0.595± 0.29 0.630± 0.27
Full 2.86± 5.87 0.588± 0.298 0.619± 0.271

Table 4.7: The test RMSEs of the GPs with trained hyperparameters after co-training. Results
are stratified by combination method, uncertainty integration method and masking status.

We again observe in Table 4.7 that the “Blocky” method performs extremely poorly as
previously.

We observe that the predictive power increases with the integration of more uncertainty
information, with one marginal exception. We can also see that the uncertainty information is
more valuable when the data are masked: this is intuitively sensible, as each of the GPs will
have greater differences in predictive uncertainty when they are experts on different regions of
covariate space. It appears that a substantial amount of the increase in predictive performance
is brought about by sharing the marginal variances.

4.4 Differential Privacy

The above work concerns itself with the question of how to perform co-training between Gaus-
sian Processes without explicitly sharing the data. This is not sufficient to make claims of
differential privacy, wherein the individual data cannot be identified by individual queries. For
example, if one of the agents systematically queries the other for the value of the mean over all
of the covariate space, then they can identify low-variance locations and deduce the value of
the private response data at these locations. The mechanism for guaranteeing the differential
privacy of the response variables is covered in Section 1.4. We follow the example of (Smith
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et al., 2016), in which they choose ε = 1 and δ = 0.00625, giving a scaling factor of 0.42.
Similarly, we use a value of ∆ = 1, as the response variable has unit variance.

4.4.1 Differential Privacy Results

The same set of experiments was run as previously, except with the scaled samples from the
GP prior added to the communicated predictive mean, maintaining the differential privacy of
the response variable in the communication between GPs.

4.4.1.1 Pre Co-training Results

Again, we present in Table C.2 in Appendix C the predictive performance of the models trained
on each view, after the initial hyperparameter training but before the co-training and exchange
of information. The models again exhibit very similar behaviour to the previous pre-co-training
results. This is to be expected, as the new differentially private co-training methods have not
been used at this point in the algorithm.

4.4.1.2 Comparison of Combination Methods

Figure 4.4 represents differentially private exchange of queries in co-training. We again see
that the data queries are drawn from regions where the GP trained on private data exhibits
high posterior variance, although they exhibit less fidelity to the linear trend than the non-
differentially private queries presented in Figure 4.4.

Combination Method
“Blocky” “Noisy” “Hybrid”

4.11± 20.6 0.672± 0.256 0.758± 0.274

Table 4.8: The test RMSEs of the GPs with trained hyperparameters after differentially private
co-training, presented as means and standard deviations between runs. Results are stratified
by combination method.

Table 4.8 compares the behaviour of the combination methods under differential privacy,
averaging over every other experimental variable.

As before, we see that the “Blocky” method performs very poorly. However, we observe that
the “Noisy” combination performs substantially better than the “Hybrid” method on average
for the differentially private experiments, whereas previously there only existed a marginal
difference in the mean test RMSE. It remains surprising that the “Noisy” method is much
more successful, as it uses less covariance information than the “Hybrid” combination method.

We observe that, in contrast to the previous experiments, differentially private co-training
did not always improve performance for the “Noisy” and “Hybrid” methods. It would be
expected for the differentially private experiments to not perform as well as the others, but it
would still be desirable for the contribution of co-training to always be positive.
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(a) View 1 before co-training (b) View 2 before co-training

(c) View 1 after one co-training query (d) View 2 after one co-training query

(e) View 1 after two co-training queries (f) View 2 after two co-training queries

Figure 4.4: A visual demonstration of the differentially private exchange of queries between
two statisticians. The private labelled data is indicated by crosses and the queried data as
pluses. We also see the posterior mean and 95% credible interval of the GP trained updated on
the observed data. The experiment was performed with masked data, with 25 private labelled
data, rXy = 0.9 and conditional independence enforced.
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4.4.1.3 Comparison of Combination Method, Masking and Correlation Strength

Combination Method
Masking rXy “Blocky” “Noisy” “Hybrid”

No

0.5 1.28± 1.24 0.905± 0.052 0.900± 0.0694
0.75 2.68± 5.14 0.711± 0.0638 0.738± 0.0996
0.9 4.78± 12.2 0.513± 0.0924 0.621± 0.241
0.99 15.3± 54.8 0.464± 0.324 0.682± 0.51

Yes

0.5 1.14± 0.513 0.948± 0.0688 0.937± 0.077
0.75 1.49± 1.36 0.787± 0.11 0.838± 0.158
0.9 2.01± 2.23 0.606± 0.156 0.697± 0.197
0.99 4.21± 7.93 0.446± 0.304 0.650± 0.317

Table 4.9: The test RMSEs of the GPs with trained hyperparameters after differentially private
co-training, presented as means and standard deviations between runs. Results are stratified
by combination method, rXy and masking status.

Previously, we observed that a substantial proportion of the average difference between the
performance of the combination methods was drawn from a particular subset of experimental
conditions. In Table 4.9 we break the results down by the same structure to see if similar
structure existed under differential privacy. We observe that the methods perform similarly with
very weak correlation, with the difference in performance becoming very marked as correlation
increases, both with and without masked data.

We also observe that the variance of the RMSE greatly increases as the correlation increases,
suggesting that the average performance is being thrown off by some very inaccurate runs. This
could be a result of more challenging inference: if the marginal likelihood is very highly peaked
by more data, it may be more difficult to optimise the hyperparameters and kernel variances.

4.4.1.4 Comparison of Combination Method and Correlation Structure

Combination Method
Cond. ind. “Blocky” “Noisy” “Hybrid”

No 3.22± 9.42 0.663± 0.251 0.754± 0.284
Yes 5.01± 27.6 0.682± 0.260 0.761± 0.264

Table 4.10: The test RMSEs of the GPs with trained hyperparameters after differentially private
co-training, presented as means and standard deviations between runs. Results are stratified
by combination method and conditional independence status.

Given the assumptions of conditional independence used in deriving the “Hybrid” method,
we might expect the performance difference between “Noisy” and “Hybrid” to be less marked
when using conditionally independence data. We observe in Table 4.10 that the difference
between the two is slightly smaller when conditional independence is enforced. However, the
“Noisy” method still performs significantly better under either data correlation structure.
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4.4.1.5 Comparison of Combination Method, Correlation Structure and Masking

Combination Method
Masking Cond. ind. “Blocky” “Noisy” “Hybrid”

No
No 4.28± 12.3 0.639± 0.236 0.744± 0.329
Yes 7.75± 38.6 0.658± 0.255 0.727± 0.282

Yes
No 2.16± 4.87 0.686± 0.264 0.765± 0.23
Yes 2.26± 3.77 0.707± 0.262 0.796± 0.24

Table 4.11: The test RMSEs of the GPs with trained hyperparameters after differentially private
co-training, presented as means and standard deviations between runs. Results are stratified
by combination method, conditional independence status and masking status.

If the data are further stratified on masking status as in Table 4.11, we notice that the
“Hybrid” method performs markedly better when the conditional independence criteria are
enforced and the data are not masked, but performs worse under conditional independence
and the data are masked. This suggests that the situation is more complex than the “Hybrid”
method performing better under conditional independence, although it is not clear what other
effects may be influencing the results.

4.4.1.6 Comparison of Combination Method, Masking and Uncertainty Integra-
tion

Combination Method
Masking Covariance “Blocky” “Noisy” “Hybrid”

No
None 2.13± 3.48 0.662± 0.248 0.746± 0.323

Marginal 1.97± 3.23 0.647± 0.244 0.739± 0.304
Full 14.0± 48.5 0.636± 0.245 0.721± 0.291

Yes
None 1.76± 1.81 0.731± 0.254 0.794± 0.241

Marginal 1.41± 1.29 0.690± 0.261 0.780± 0.232
Full 3.46± 7.03 0.668± 0.27 0.768± 0.232

Table 4.12: The test RMSEs of the GPs with trained hyperparameters after differentially private
co-training, presented as means and standard deviations between runs. Results are stratified
by combination method, uncertainty integration method and masking status.

We see in Table 4.12 that including any predictive uncertainty improves the performance of
the models, more clearly when masked, as might be expected. Consequently, if we are solely
interested in preserving the integrity of the privacy of the response variable, then we can add
all the relevant uncertainty information without concern.

4.5 Experiments with Real Data

We follow the simulated data with a real data example. We used the Combined Cycle Power
Plant (“CCPP”) data set from the UC Irvine database. The response variable is the net
hourly energy output of a power plant, to be predicted using four covariates: the ambient
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temperature, ambient pressure, relative humidity and the exhaust vacuum. The covariates and
response variable were scaled to have mean zero and variance one.

The views were generated by dividing the covariates into two sets of two. Given that this
is real data, we cannot enforce conditional independence on the data precision matrix, so we
should not assume that the conditional assumptions relevant to co-training will be valid in this
context.

Masking was achieved by running a k-means algorithm on the covariates to generate two
clusters. This successfully separated the covariate space into two regions, such that a model
trained on each would be an expert on that proportion of the data.

All of the simulations used an ARD exponentiated quadratic kernel. Similarly, they all used
250 test data points, 250 unlabelled data points for querying, and co-training consisted of 25
rounds of alternately querying individual data points. The experiments explored the following
designs:

• The three combination methods of “Blocky”, “Noisy” and “Hybrid”.

• The number of labelled data observed in the training data nobs, with values of 25, 50, 100
and 200.

• The masking status of the data: whether each of the views has been trained on specific
clusters of the covariates, or the whole data space.

• Whether the predictive uncertainty is incorporated into the co-training algorithm. The
options involved were to disregard it, add the marginal variance or the full predictive
covariance.

4.5.1 Pre Co-Training Performance

The test RMSEs of each of the views on the test data, with optimised hyperparameters but no
co-training, are presented in Table 4.13.

View
Masking nobs 1 2

No

25 0.33 0.872
50 0.311 0.838
100 0.305 0.804
200 0.305 0.806

Yes

25 0.505 1.17
50 0.343 1.18
100 0.341 1.12
200 0.313 1.14

Table 4.13: The test RMSEs of the GPs with hyperparameters trained on CCPP data set, but
before co-training. Results are stratified by view, nobs and masking status.
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(a) View 1 (b) View 2

Figure 4.5: A visual demonstration of the exchange of queries between two statisticians. The
private labelled data is indicated by blue circles and the queried data as red triangles. We also
see the posterior mean of the GP trained on the private labelled data represented as a wire
grid. The experiment was performed with masked data and 50 private labelled data.

We see that view 1 is much more successful in prediction than view 2. We notice that view
2 is particularly poor when learning from masked data, returning RMSE values of greater than
one. This seems counter-intuitive when the response variable is normalised to have variance
one, but if the response variables of the two clusters of data have significantly different means,
then such high values of the test RMSE are possible.

4.5.2 Post Co-Training Results without Differential Privacy

An exchange of queries between statisticians without differential privacy is presented in Figure
4.5. We see that the data queries are drawn from regions where there is less training data, and
consequently the original GP has higher variance.

Having examined the results, it appeared that including the full predictive covariance in
co-training generated the lowest RMSE on average, so those results are presented in Table
4.14.

We observe that the “Blocky” method results in very poor performance, as in the experi-
ments with simulated data.

It is further clear that co-training is helpful for the weaker view 2, especially when it has
not seen much labelled data and is trained using masked data. However, co-training rarely
improves the performance of the stronger view 1, and can make the test RMSE substantially
worse.
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Combination Method
“Blocky” “Noisy” “Hybrid”

View View View
Masking nobs 1 2 1 2 1 2

No

25 1.00 1.57 0.403 0.806 0.473 0.803
50 0.970 1.62 0.379 0.806 0.515 0.818
100 2.00 1.14 0.307 0.810 0.362 0.809
200 1.42 1.47 0.306 0.810 0.324 0.808

Yes

25 0.611 4.76 0.498 1.08 0.643 0.898
50 2.16 2.40 0.345 0.998 0.472 0.912
100 1.30 2.23 0.334 0.96 0.540 0.934
200 4.88 0.883 0.327 1.07 0.416 1.04

Table 4.14: The test RMSEs of the GPs with hyperparameters trained on CCPP data set with
non-differentially private co-training. Results are stratified by view, nobs, Masking status and
combination method.

Comparing combination methods, the “Noisy” combination method is more successful than
“Hybrid”, with the exception of view 2 working with masked training data. It is possible that
simply capturing the mean of each cluster would be sufficient to substantially improve the
performance in this circumstance, which the “Hybrid” method may be communicating more
effectively.

4.5.3 Post Co-Training Results with Differential Privacy

Figure 4.6 represents an exchange of queries between statisticians while enforcing differential
privacy of the response variable. We again see that the data queries are drawn from regions
where there is less training data, with greater variation in the values of the queried response
variable in comparison to Figure 4.5.

Combination Method
“Blocky” “Noisy” “Hybrid”

View View View
Masking nobs 1 2 1 2 1 2

No

25 1.78 1.48 0.356 0.804 0.551 0.903
50 0.817 2.96 0.352 0.807 0.590 0.836
100 4.23 2.90 0.308 0.819 0.336 0.810
200 1.58 1.31 0.306 0.830 0.316 0.821

Yes

25 1.61 6.33 0.516 1.11 0.630 0.869
50 4.12 6.31 0.460 0.999 0.558 0.922
100 2.51 6.10 0.436 0.963 0.633 1.14
200 6.92 0.914 0.327 1.09 0.382 1.04

Table 4.15: The test RMSEs of the GPs with hyperparameters trained on CCPP data set
with differentially private co-training. Results are stratified by view, nobs, masking status and
combination method.
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(a) View 1 (b) View 2

Figure 4.6: A visual demonstration of the differentially private exchange of queries between
two statisticians. The private labelled data is indicated by blue circles and the queried data as
red triangles. We also see the posterior mean of the GP trained on the private labelled data
represented as a wire grid. The experiment was performed with masked data and 50 private
labelled data.

We observe in Table 4.15 that the results with differentially private co-sharing provide an
improvement on the pre co-training results in certain circumstances. Specifically, the “Noisy”
method improves the performance of view 2 both with and without masking, and the “Hybrid”
method helps when view 2 is masked.

These results are consistent with the results from the previous section: Co-training is often
more beneficial for the less informative view, and is more valuable when the data have been
masked between views. We again observe that the “Noisy” method is generally more successful
on real data.

4.6 Conclusions and Future Work

4.6.1 Combination Methods

When not enforcing differential privacy, it is observed that the “Noisy” combination will gen-
erally outperform the “Hybrid” method in the experimental contexts explored, although the
difference can be reduced or reversed if there is very weak correlation, or the data exhibit con-
ditional independence given the response variable. It is possible that the mean of the predictive
errors is skewed by a minority of poorly performing, badly optimised models: this is suggested
by the higher standard deviation of the RMSE in certain experimental regimes.

When differential privacy of the response variable is enforced, the “Noisy” method consis-
tently outperforms the “Hybrid” method in almost every experimental regime, making it the
preferable option in these circumstances.
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In any situation, the “Blocky” method performs very poorly, and is not at all competitive
compared to the other two combination methods.

4.6.2 Predictive Uncertainty Integration

Whether enforcing differential privacy or not, it is observed that including uncertainty infor-
mation of the predictive distributions improves the models’ performance. It is seen that a
substantial increase is brought about by including only the marginal variances: it is dependent
on the context as to whether the privacy risk associated with sharing more information is suit-
able. There is no information about the response variable in the predictive uncertainty, so it
will not affect the privacy of the response variable to share predictive covariance information.

If privacy concerns are compelling us to add extra variation to the shared predictive mean,
then it is possible that it is necessary to add to the shared predictive variance in order to char-
acterise the uncertainty properly. The treatment of the predictive uncertainty is an important
aspect of co-training, and it is possible that by underestimating the predictive variance we
are performing sub-optimal model combination. Such work has not been explored in previous
work on differentially private Gaussian Processes, and would be an interesting new research
direction.

It is also possible that performing fully Bayesian inference over the kernel hyperparameters
would help to better characterise the predictive uncertainty of the models. This would represent
a more expensive inference choice, but should add an appropriate amount of variance that would
facilitate co-training between models.

4.6.3 Differential Privacy of Covariates

This work has explored formally enforcing differential privacy of the response variable: it would
also be of interest to formally explore the privacy of covariates. This was respected here by
assuming that each expert did not have access to the others’ covariates, and would not share
the covariance of their latent variable over their private, labelled data set. There are other
stronger ways of treating the privacy of the covariates, either by using methods to strictly
ensure differential privacy as pursued in (Smith et al., 2016), or reconsidering what covariance
information would be appropriate to share during combination.
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Chapter 5

Conclusion

The task of increasing the number of inducing points used by a variational Gaussian Process
is in principle a productive one: drawing more information from across the covariate space will
provide a more informative variational approximation. However, the corresponding increase in
variational parameters in a stochastic variational GP will make the model optimisation more
challenging.

We can see in Tables A.9 and A.10 that even a standard SVIGP will struggle to optimise
properly on the 2-dimensional Jutland data set for large values ofm. As such, we should perhaps
proceed with caution when introducing modifications to the standard variational framework:
it is difficult to know a priori which configuration of variational distribution and optimisation
parameters will be successful for a given data set.

Considering the Tucker Variational GP, the structured variational distribution has signifi-
cant potential: it can capture information from huge numbers of implicit inducing points that
cover the covariate space, while maintaining a specifiable and manageable number of variational
parameters.

However, it seems that the product structure of the Tucker decomposition may introduce
some instability to the inference procedure, resulting in some very extreme outliers for the
test RMSE. It is possible that a blocky, additive style model over subsets of dimensions will
reduce some of the instability associated with large products, while also avoiding the problem
of dimensionally-cursed variational representations.

For the TVGP, it is likely that trying further optimisation schedules would help stabilise the
inference: AdaDelta and Adam can be more successful than Adagrad, and require less tuning.
Similarly, results suggest that being more generous with the batch size will contribute positively
to the optimisation.

The new O(pm0) covariance representation used in Chapter 2 has not been thoroughly
interrogated: it does not seem to have compromised the hyperparameter inference, but it
would be interesting future work to examine the resulting predictive variances to ensure that
they are well-calibrated. The “Blitzkriging” approximation has demonstrated that it is possible
to successfully impose Kronecker structure on the variational covariance (Nickson et al., 2015),
so it would only be the diagonal variational representation that may cause a problem.
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Appraising the Randomised Numerics Variational GP, it seems that heavily parametrised
variational methods need all the help they can get: it is possible that increasing the number of
computationally feasible inducing points by introducing gradient noise is tantamount to posing
a more challenging problem with less powerful tools.

It is likely that the optimisation schedule would appreciate further tuning. Using AdaDelta
or Adam could improve the situation, as might increasing the batch size and similar parameters.
It is possible that the optimisation will need to be customised for each new problem, which
may compromise the RNVGP’s general applicability.

For this work, the O(m) covariance representation is necessary for the O(m2) computation
to work. Further work would involve ensuring that the predictive variance accurately represents
the model’s uncertainty. The hyperparameter optimisation is quite challenging, although it is
likely that the noisy gradient evaluations are the primary cause of this problem.

There is a powerful conclusion to be drawn from Chapter 4: it is possible for GPs to
constructively communicate in a differentially private manner that reduces to analytical matrix
mechanics. The main problems encountered are associated with how to properly integrate the
predictive uncertainty of the one statistician into another’s model.

Two successful schemes have been introduced, although it is not exactly clear what as-
sumptions each is making. It is possible that neither are optimally treating the predictive
uncertainty: in Section 4.5 no method successfully included the weaker predictions within the
stronger GP, which would possibly have been improved by a more principled treatment of the
predictive uncertainty integration.

There is an element of trust in using another statistician’s predictive distribution in your
own analysis. It is possible for the variance to be poorly calibrated in situations of model mis-
specification: it is a problem from the theoretical foundations of Bayesian analysis to ensure
robustness in such circumstances. In this work, the use of nonparametric models aimed to
minimise this problem, but it would be worth remembering when extending this framework
to other models. It is also possible that introducing the perturbations necessary for differ-
entially private communication results in an underestimated predictive variance, which would
necessitate correction in future work.

There is more work to be done considering a more general framework for differentially private
co-training: exactly where the boundaries of privacy lie will vary according to the situation, and
may necessitate a more resilient defence of the privacy of the covariates. A general, adaptable
system for performing differentially private inference among multiple statisticians would be of
considerable value to the data science community.
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Appendix A

Algorithm and Results Tables for
Chapter 2

Algorithm 1 An algorithm for multiplying a Kronecker-structured matrix A = ⊗p
l=1 A(l)

with a vector b, following that found in Saatci (2011).
Precondition: p matrices [A(1) . . .A(p)], length-n vector b

1: function kron mvprod([A(1) . . .A(p)],b)
2: x ← b
3: for l← 1 to p do
4: nl ← size(A(l))
5: X ← reshape(x, nl, n/nl)
6: Z ← A(l)Z
7: Z ← ZT

8: x ← vec(Z)
9: end for

10: return x
11: end function

end
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Data
q0 m0 Jutland CCPP Household

1

3 0.933± 9.91e− 4 0.399± 0.123 0.66± 0.227
5 0.879± 9.28e− 3 0.368± 0.133 0.529± 0.297
10 0.832± 0.0326 0.44± 0.488 0.505± 0.263
20 0.816± 0.0432 1.04± 1.09 2.93± 3.58

2

3 0.928± 1.69e− 3 0.281± 0.0211 0.165± 0.181
5 0.853± 7.0e− 3 0.298± 0.106 0.24± 0.233
10 0.748± 0.0409 0.721± 0.672 1.25± 1.84
20 0.797± 0.0832 2.69± 3.38 29.7± 46.1

3

3 0.925± 4.42e− 3 0.314± 0.147 0.34± 0.295
5 0.842± 0.0134 0.355± 0.246 0.507± 0.387
10 0.742± 0.0663 0.919± 0.995 7.3± 30.9
20 0.78± 0.0657 8.2± 8.07 434± 1.5e3

Table A.1: The test RMSEs of the TVGP, presented as means and standard deviations across
runs, stratified by data set, q0 and m0.

Data
q0 m0 Jutland CCPP Household

1

3 0.932± 4.91e− 4 0.39± 0.0827 0.815± 0.267
5 0.875± 3.78e− 3 0.348± 0.0606 0.54± 0.604
10 0.817± 0.02 0.355± 0.0569 0.434± 0.511
20 0.805± 0.0307 0.945± 0.349 1.11± 2.66

2

3 0.928± 1.17e− 3 0.276± 5.0e− 3 0.11± 0.0351
5 0.851± 8.1e− 3 0.274± 0.0113 0.175± 0.074
10 0.731± 0.025 0.58± 0.555 0.828± 0.154
20 0.761± 0.131 1.65± 1.94 12.7± 29.3

3

3 0.926± 7.26e− 3 0.274± 7.39e− 3 0.152± 0.56
5 0.844± 0.0142 0.274± 0.0146 0.379± 0.629
10 0.719± 0.0274 0.68± 0.398 1.28± 1.01
20 0.773± 0.0893 5.11± 9.93 103± 196

Table A.2: The test RMSEs of the TVGP, presented as medians and interquartile ranges across
runs, stratified by data set, q0 and m0.
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Data
q0 m0 Jutland CCPP Household

1

3 134± 8.33 199± 7.99 461± 16.9
5 145± 8.71 232± 11.6 556± 23.1
10 183± 16.4 310± 23.9 790± 46.5
20 255± 30.2 486± 48.2 1.29e3± 95.8

2

3 137± 6.51 228± 15.9 786± 250
5 154± 9.25 274± 24.7 1.04e3± 402
10 197± 16.2 389± 47.9 1.72e3± 776
20 297± 34.2 639± 94.8 3.16e3± 1.58e3

3

3 146± 9.32 263± 35.7 6.47e3± 5.99e3
5 167± 12.1 330± 53.0 1.01e4± 9.38e3
10 223± 22.0 489± 95.5 2.19e4± 2.13e4
20 337± 38.6 861± 215 4.65e4± 4.28e4

Table A.3: The computational times in seconds of the TVGP optimisation, presented as means
and standard deviations across runs, stratified by data set, q0 and m0.

Data
q0 m0 Jutland CCPP Household

1

3 130± 8.58 199± 12.6 460± 35.8
5 143± 10.9 231± 17.6 557± 44.4
10 186± 30.8 307± 37.4 793± 74.4
20 256± 52.1 477± 71.1 1.29e3± 139

2

3 137± 10.7 228± 24.9 716± 350
5 154± 14.6 271± 38.6 947± 568
10 196± 27.4 382± 71.8 1.52e3± 1.1e3
20 296± 63.5 619± 140 2.72e3± 2.16e3

3

3 144± 14.0 254± 70.3 4.51e3± 7.72e3
5 164± 21.1 315± 97.7 7.0e3± 1.37e4
10 223± 39.9 468± 173 1.48e4± 2.87e4
20 336± 73.5 819± 349 3.36e4± 6.64e4

Table A.4: The computational times in seconds of the TVGP optimisation, presented as medi-
ans and interquartile ranges across runs, stratified by data set, q0 and m0.
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Data
q0 b Jutland CCPP Household

1

1 0.873± 0.058 0.793± 1.22 0.89± 0.826
10 0.86± 0.0521 0.472± 0.258 1.85± 3.55
50 0.863± 0.0509 0.485± 0.272 1.05± 1.52
100 0.864± 0.0509 0.503± 0.26 0.835± 1.02

2

1 0.853± 0.0776 1.51± 3.41 9.21± 35.8
10 0.834± 0.0792 0.869± 1.19 6.81± 21.9
50 0.82± 0.0815 0.817± 1.22 7.94± 25.8
100 0.818± 0.0827 0.791± 0.944 7.37± 18.4

3

1 0.845± 0.0816 4.43± 8.33 345± 1.51e3
10 0.817± 0.0854 1.73± 3.33 63.8± 141
50 0.816± 0.0805 1.87± 3.52 31.0± 69.5
100 0.811± 0.0836 1.76± 3.54 2.37± 6.74

Table A.5: The test RMSEs of the TVGP, presented as means and standard deviations across
runs, stratified by data set, q0 and b.

Data
q0 b Jutland CCPP Household

1

1 0.878± 0.112 0.372± 0.491 0.816± 0.359
10 0.868± 0.096 0.36± 0.084 0.819± 0.245
50 0.874± 0.095 0.36± 0.115 0.626± 0.544
100 0.874± 0.0998 0.365± 0.226 0.818± 0.526

2

1 0.863± 0.121 0.382± 1.09 0.806± 1.47
10 0.852± 0.172 0.299± 0.607 0.484± 2.44
50 0.845± 0.158 0.298± 0.759 0.306± 0.874
100 0.843± 0.147 0.291± 0.694 0.195± 0.919

3

1 0.858± 0.162 0.982± 2.26 1.14± 21.3
10 0.846± 0.172 0.323± 0.738 0.82± 35.8
50 0.824± 0.154 0.321± 0.829 0.812± 3.01
100 0.819± 0.179 0.311± 0.89 0.83± 1.18

Table A.6: The test RMSEs of the TVGP, presented as medians and interquartile ranges across
runs, stratified by data set, q0 and b.
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Data
q0 b Jutland CCPP Household

1

1 172± 40.2 282± 95.0 754± 301
10 163± 39.4 291± 98.7 726± 292
50 181± 54.2 315± 116 776± 324
100 201± 58.1 340± 135 842± 371

2

1 177± 50.2 332± 127 921± 407
10 184± 52.9 350± 136 1.11e3± 534
50 208± 71.6 399± 169 1.85e3± 1.02e3
100 217± 74.5 449± 205 2.83e3± 1.72e3

3

1 194± 60.6 375± 157 2.12e3± 1.29e3
10 202± 65.0 408± 176 5.32e3± 3.67e3
50 239± 83.3 538± 261 2.57e4± 2.08e4
100 238± 88.4 621± 333 5.18e4± 3.7e4

Table A.7: The computational times in seconds of the TVGP optimisation, presented as means
and standard deviations across runs, stratified by data set, q0 and b.

Data
q0 b Jutland CCPP Household

1

1 157± 58.1 251± 113 648± 385
10 150± 45.8 259± 117 632± 349
50 159± 69.3 278± 139 673± 390
100 181± 77.7 298± 161 723± 444

2

1 161± 58.8 291± 150 781± 479
10 167± 64.1 307± 163 936± 645
50 181± 82.6 346± 202 1.53e3± 1.25e3
100 193± 88.3 385± 245 2.27e3± 2.07e3

3

1 175± 74.8 326± 188 1.69e3± 1.55e3
10 182± 78.1 353± 211 4.07e3± 4.25e3
50 214± 110 446± 333 1.87e4± 2.33e4
100 210± 107 509± 386 3.99e4± 4.76e4

Table A.8: The computational times in seconds of the TVGP optimisation, presented as medi-
ans and interquartile ranges across runs, stratified by data set, q0 and b.
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m
Data b 10 50 200 500

Jutland

1 0.761± 0.0116 0.763± 0.0186 0.992± 3.43e− 07 0.992± 2.87e− 08
10 0.719± 0.00906 0.683± 0.0149 0.992± 2.15e− 08 0.992± 1.31e− 08
50 0.707± 0.0024 0.641± 0.00927 0.992± 3.69e− 09 0.992± 5.88e− 09
100 0.704± 0.00322 0.624± 0.00912 0.992± 5.58e− 09 0.992± 1.4e− 08

CCPP

1 0.298± 0.0114 0.289± 9.21e− 3 0.368± 0.22 0.283± 5.63e− 3
10 0.28± 3.95e− 3 0.278± 3.4e− 3 0.277± 3.62e− 3 0.276± 1.64e− 3
50 0.277± 1.18e− 3 0.274± 8.69e− 4 0.272± 2.14e− 3 0.273± 7.08e− 4
100 0.276± 7.8e− 4 0.273± 1.18e− 3 0.268± 2.28e− 3 0.272± 1.09e− 3

Household

1 0.0619± 4.64e− 3 0.163± 0.0233 0.663± 0.0896 0.685± 0.0525
10 0.0536± 0.0147 0.117± 0.0252 0.263± 0.0986 0.653± 0.0873
50 0.0403± 4.71e− 3 0.0858± 0.0197 0.121± 0.0225 0.348± 0.22
100 0.0396± 6.24e− 3 0.0542± 6.63e− 3 0.102± 0.0208 0.16± 0.0404

Table A.9: The test RMSEs of the SVIGP, presented as means and standard deviations across
runs, stratified by data set, m and b.

m
Data b 10 50 200 500

Jutland

1 0.764± 0.0131 0.756± 0.00708 0.992± 4.64e− 08 0.992± 2.96e− 08
10 0.717± 0.0151 0.681± 0.0156 0.992± 2.76e− 08 0.992± 2.95e− 09
50 0.707± 0.00424 0.642± 0.00844 0.992± 5.14e− 10 0.992± 4.53e− 11
100 0.703± 0.00307 0.621± 0.00675 0.992± 2.25e− 12 0.992± 1.38e− 09

CCPP

1 0.299± 0.0179 0.286± 0.01 0.293± 0.0176 0.282± 8.28e− 3
10 0.278± 1.57e− 3 0.277± 2.8e− 3 0.276± 4.02e− 3 0.276± 1.41e− 3
50 0.277± 1.23e− 3 0.273± 1.21e− 3 0.272± 2.6e− 3 0.273± 1.09e− 3
100 0.276± 1.1e− 3 0.273± 1.46e− 3 0.268± 1.08e− 3 0.272± 1.37e− 3

Household

1 0.0617± 8.89e− 3 0.166± 0.0374 0.673± 0.094 0.684± 0.0607
10 0.0457± 0.0139 0.115± 0.0336 0.228± 0.0609 0.669± 0.106
50 0.0384± 4.78e− 3 0.0827± 0.0313 0.118± 0.0203 0.263± 0.323
100 0.0375± 2.79e− 3 0.0542± 6.64e− 3 0.103± 0.0302 0.154± 0.0296

Table A.10: The test RMSEs of the SVIGP, presented as medians and interquartile ranges
across runs, stratified by data set, m and b.

99



m
Data b 10 50 200 500

Jutland

1 176± 14.9 198± 32.3 678± 11.1 1.28e4± 9.26e3
10 178± 18.5 180± 0.722 704± 19.3 6.66e3± 599
50 192± 9.61 203± 0.378 826± 33.7 6.4e3± 425
100 203± 16.9 232± 0.691 906± 5.13 6.91e3± 418

CCPP

1 146± 0.629 174± 0.648 755± 196 6.13e3± 195
10 210± 26.9 180± 0.639 722± 1.94 5.98e3± 256
50 213± 28.4 204± 0.481 937± 69.2 6.36e3± 269
100 212± 8.02 235± 2.26 956± 5.62 6.64e3± 12.3

Household

1 154± 10.6 178± 0.881 717± 7.12 6.24e3± 303
10 204± 17.8 182± 0.49 741± 7.32 6.66e3± 430
50 207± 17.8 207± 0.489 866± 46.4 6.6e3± 369
100 188± 25.2 238± 0.754 972± 4.35 6.73e3± 8.2

Table A.11: The computational time in seconds of the optimisation of the SVIGP, presented
as means and standard deviations across runs, stratified by data set, m and b.
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m
Data b 10 50 200 500

Jutland

1 177± 22.5 177± 51.5 677± 16.4 8.44e3± 6.75e3
10 183± 29.4 180± 1.03 697± 4.01 6.46e3± 706
50 192± 9.4 203± 0.718 814± 1.48 6.42e3± 815
100 205± 19.0 232± 0.91 907± 6.45 6.77e3± 424

CCPP

1 147± 0.718 174± 0.919 689± 6.05 6.12e3± 232
10 211± 25.6 180± 0.516 722± 2.63 5.86e3± 492
50 204± 11.1 204± 0.291 953± 126 6.15e3± 465
100 211± 11.7 234± 3.35 955± 10.1 6.64e3± 13.5

Household

1 150± 0.866 178± 0.786 716± 8.43 6.14e3± 394
10 207± 24.2 182± 0.834 744± 10.9 6.62e3± 703
50 212± 27.4 207± 0.817 847± 5.26 6.49e3± 526
100 182± 51.6 238± 1.11 971± 7.57 6.73e3± 14.4

Table A.12: The computational time in seconds of the optimisation of the SVIGP, presented
as medians and interquartile ranges across runs, stratified by data set, m and b.
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Appendix B

Results Tables for Chapter 3

d
εL, ε m b 1 5 10

0.1, 0.001

50

1 0.435± 0.0246 0.425± 0.0377 0.419± 0.0207
10 0.382± 0.0264 0.356± 9.61e− 3 0.365± 0.015
50 0.365± 0.0219 0.359± 0.0129 0.349± 0.0109
100 0.364± 0.0133 0.35± 7.68e− 3 0.345± 0.0159

200

1 0.424± 0.0301 0.403± 0.0355 0.386± 0.0253
10 0.36± 0.0209 0.34± 0.0116 0.344± 0.0143
50 0.354± 0.0146 0.341± 0.0119 0.345± 9.6e− 3
100 0.355± 0.011 0.34± 8.33e− 3 0.343± 8.97e− 3

455

1 0.414± 0.0274 0.397± 0.023 0.393± 0.0168
10 0.357± 0.0245 0.345± 7.5e− 3 0.342± 0.0145
50 0.345± 0.012 0.34± 0.0142 0.339± 0.0112
100 0.344± 0.0121 0.342± 9.82e− 3 0.352± 0.0245

0.001, 1e− 06

50

1 0.423± 0.0221 0.404± 0.0217 0.398± 0.0165
10 0.359± 0.0164 0.346± 6.61e− 3 0.351± 9.32e− 3
50 0.355± 0.0187 0.346± 0.0107 0.341± 6.42e− 3
100 0.357± 0.0134 0.341± 5.52e− 3 0.339± 0.0107

200

1 0.383± 0.0264 0.368± 0.0162 0.355± 0.0203
10 0.349± 7.13e− 3 0.338± 7.48e− 3 0.338± 7.45e− 3
50 0.353± 0.0109 0.34± 6.02e− 3 0.342± 7.25e− 3
100 0.35± 8.01e− 3 0.343± 0.0107 0.343± 6.9e− 3

455

1 0.388± 0.022 0.358± 0.0162 0.354± 0.0225
10 0.354± 0.0202 0.334± 8.55e− 3 0.334± 6.97e− 3
50 0.334± 9.2e− 3 0.328± 5.74e− 3 0.334± 6.54e− 3
100 0.337± 7.38e− 3 0.327± 5.55e− 3 0.338± 0.0141

Table B.1: The test RMSEs of the RNVGP run on the Boston data set, stratified by d, b, m, εL
and ε. The results are presented as means across runs with standard deviations between runs.

102



d
εL, ε m b 1 5 10

0.1, 0.001

50

1 0.431± 0.0187 0.433± 0.0323 0.419± 0.0276
10 0.381± 0.0483 0.355± 9.21e− 3 0.36± 0.0197
50 0.361± 0.0271 0.356± 0.0183 0.348± 0.0139
100 0.367± 0.0249 0.35± 0.0152 0.343± 0.0256

200

1 0.417± 0.0291 0.387± 0.0569 0.388± 0.0247
10 0.353± 0.0192 0.338± 0.0129 0.34± 0.0187
50 0.354± 0.01 0.34± 0.0142 0.343± 0.0131
100 0.357± 0.0173 0.338± 0.012 0.345± 0.0112

455

1 0.406± 0.0318 0.402± 0.0269 0.396± 0.0172
10 0.351± 0.0127 0.342± 0.011 0.337± 9.7e− 3
50 0.349± 0.0141 0.339± 0.0121 0.334± 0.0133
100 0.346± 0.0178 0.34± 0.0117 0.347± 0.0113

0.001, 1e− 06

50

1 0.419± 0.024 0.405± 0.0366 0.398± 8.73e− 3
10 0.356± 0.0198 0.345± 9.74e− 3 0.349± 0.0168
50 0.351± 0.0221 0.347± 0.0176 0.341± 6.45e− 3
100 0.353± 0.015 0.341± 7.38e− 3 0.334± 0.0116

200

1 0.386± 0.0293 0.364± 0.0194 0.358± 0.0228
10 0.35± 0.0112 0.339± 8.7e− 3 0.341± 9.7e− 3
50 0.353± 7.26e− 3 0.34± 7.67e− 3 0.345± 0.0116
100 0.349± 0.0136 0.342± 0.017 0.342± 0.0108

455

1 0.385± 0.0217 0.357± 0.0238 0.35± 0.0141
10 0.347± 8.39e− 3 0.337± 0.0135 0.333± 5.66e− 3
50 0.335± 8.27e− 3 0.327± 9.15e− 3 0.333± 9.16e− 3
100 0.339± 6.08e− 3 0.326± 9.35e− 3 0.334± 0.0171

Table B.2: The test RMSEs of the RNVGP run on the Boston data set, stratified by d, b, m,
εL and ε. The results are presented as medians across runs with interquartile ranges between
runs.
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d
εL, ε m b 1 5 10

0.1, 0.001

50

1 0.57± 0.0941 0.56± 0.0564 0.529± 0.064
10 0.589± 0.0903 0.545± 0.0975 0.506± 0.083
50 0.525± 0.105 0.516± 0.0683 0.47± 0.071
100 0.54± 0.0986 0.464± 0.021 0.495± 0.0904

200

1 0.488± 0.0373 0.48± 0.0338 0.484± 0.027
10 0.475± 0.0213 0.473± 0.0267 0.458± 0.022
50 0.466± 0.0176 0.456± 0.0187 0.463± 0.0337
100 0.465± 0.0383 0.464± 0.0187 0.444± 0.0263

500

1 0.562± 0.0233 0.546± 0.0256 0.531± 0.0353
10 0.483± 0.0328 0.471± 0.0198 0.484± 0.0288
50 0.484± 0.0226 0.476± 0.0247 0.467± 0.0339
100 0.484± 0.033 0.443± 0.0204 0.457± 0.0286

0.001, 1e− 06

50

1 0.534± 0.0769 0.482± 0.0468 0.46± 0.0103
10 0.546± 0.0937 0.443± 8.07e− 3 0.46± 0.0681
50 0.474± 0.0613 0.461± 0.027 0.45± 0.0688
100 0.496± 0.0773 0.457± 0.0387 0.453± 0.0736

200

1 0.461± 0.0258 0.435± 0.0184 0.447± 0.0242
10 0.444± 0.0282 0.431± 0.0175 0.417± 7.5e− 3
50 0.457± 0.0137 0.422± 0.015 0.418± 0.0129
100 0.433± 0.0257 0.418± 0.0152 0.413± 0.0134

500

1 0.525± 0.0247 0.467± 0.0293 0.453± 0.0244
10 0.454± 0.0198 0.415± 0.0201 0.424± 0.023
50 0.458± 0.0259 0.432± 0.0255 0.424± 0.0167
100 0.44± 0.0346 0.415± 0.0281 0.413± 0.0156

Table B.3: The test RMSEs of the RNVGP run on the SARCOS data set, stratified by d, b,
m, εL and ε. The results are presented as means across runs with standard deviations between
runs.
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d
εL, ε m b 1 5 10

0.1, 0.001

50

1 0.51± 0.135 0.582± 0.102 0.493± 0.0807
10 0.6± 0.173 0.488± 0.191 0.474± 0.0727
50 0.461± 0.158 0.493± 0.0456 0.449± 0.019
100 0.479± 0.168 0.463± 0.0309 0.457± 0.052

200

1 0.481± 0.0545 0.474± 0.0256 0.476± 0.034
10 0.477± 0.0235 0.463± 0.0248 0.461± 0.033
50 0.466± 0.0268 0.458± 0.0286 0.451± 0.0283
100 0.454± 0.0434 0.467± 0.0241 0.445± 0.0365

500

1 0.565± 0.0246 0.545± 0.0282 0.535± 0.0432
10 0.471± 0.0619 0.471± 0.0252 0.48± 0.023
50 0.49± 0.0281 0.483± 0.0285 0.477± 0.0514
100 0.484± 0.0506 0.441± 0.0286 0.451± 0.0467

0.001, 1e− 06

50

1 0.493± 0.09 0.464± 0.0113 0.456± 6.33e− 3
10 0.482± 0.182 0.443± 6.02e− 3 0.433± 0.02
50 0.462± 0.0191 0.459± 0.0322 0.425± 8.57e− 3
100 0.458± 0.0205 0.444± 0.0129 0.428± 0.0102

200

1 0.464± 0.0468 0.44± 0.0272 0.445± 0.0404
10 0.452± 0.0354 0.425± 0.0267 0.415± 7.58e− 3
50 0.458± 0.0261 0.427± 0.0261 0.417± 0.0123
100 0.432± 0.0188 0.417± 0.026 0.415± 0.0225

500

1 0.521± 0.042 0.468± 0.0297 0.459± 0.0332
10 0.45± 0.0255 0.412± 0.0318 0.424± 0.0374
50 0.46± 0.0267 0.432± 0.0456 0.427± 0.0286
100 0.445± 0.0641 0.423± 0.0465 0.414± 0.0248

Table B.4: The test RMSEs of the RNVGP run on the SARCOS data set, stratified by d, b, m,
εL and ε. The results are presented as medians across runs with interquartile ranges between
runs.
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d
εL, ε m b 1 5 10

0.1, 0.001

50

1 51.0± 0.52 98.6± 3.3 150± 7.56
10 56.2± 0.441 104± 4.1 161± 5.08
50 65.5± 0.911 116± 4.22 181± 5.58
100 76.5± 1.15 133± 3.42 198± 5.94

200

1 195± 1.97 328± 17.3 481± 19.0
10 200± 4.02 373± 14.7 538± 28.3
50 244± 5.13 422± 16.0 588± 30.3
100 300± 2.43 479± 17.0 668± 37.9

455

1 864± 20.9 1.56e3± 97.4 2.02e3± 194
10 929± 32.0 1.68e3± 80.3 2.2e3± 99.1
50 1.03e3± 23.5 1.91e3± 145 1.86e3± 112
100 1.15e3± 16.9 1.82e3± 51.2 2.54e3± 287

0.001, 1e− 06

50

1 57.4± 0.53 129± 6.15 214± 8.14
10 62.4± 0.934 139± 3.94 235± 7.97
50 73.3± 2.72 154± 5.72 261± 8.55
100 83.9± 1.64 170± 3.77 278± 11.2

200

1 217± 3.25 427± 16.8 700± 33.6
10 225± 2.23 492± 12.2 785± 19.2
50 269± 3.54 541± 18.6 859± 29.7
100 327± 4.08 607± 13.2 941± 33.1

455

1 980± 22.5 2.1e3± 98.7 2.92e3± 176
10 1.06e3± 26.9 2.3e3± 86.1 3.19e3± 234
50 1.16e3± 30.5 2.5e3± 93.1 2.97e3± 145
100 1.28e3± 16.9 2.45e3± 123 3.61e3± 197

Table B.5: The computational times in seconds of the RNVGP run on the Boston data set,
stratified by d, b, m, εL and ε. The results are presented as means across runs with standard
deviations between runs.
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d
εL, ε m b 1 5 10

0.1, 0.001

50

1 50.8± 0.748 99.0± 2.21 148± 10.3
10 56.2± 0.601 103± 6.72 162± 7.45
50 65.5± 1.46 115± 2.4 182± 6.31
100 76.5± 1.83 132± 5.45 197± 9.52

200

1 195± 1.61 329± 20.0 476± 20.7
10 202± 4.69 371± 25.4 534± 24.0
50 244± 2.86 416± 14.3 579± 25.6
100 300± 2.45 470± 23.8 668± 58.6

455

1 856± 22.7 1.52e3± 132 1.95e3± 277
10 923± 32.1 1.66e3± 116 2.18e3± 120
50 1.02e3± 20.2 1.88e3± 163 1.89e3± 117
100 1.16e3± 19.0 1.82e3± 45.2 2.5e3± 296

0.001, 1e− 06

50

1 57.5± 0.617 130± 6.14 216± 12.5
10 62.1± 1.37 138± 4.38 234± 15.6
50 72.0± 2.67 153± 5.63 263± 12.2
100 83.9± 1.14 170± 3.63 277± 19.2

200

1 217± 3.18 422± 11.8 694± 39.9
10 225± 3.81 490± 15.3 789± 29.4
50 270± 4.31 545± 29.5 855± 28.6
100 327± 4.41 606± 19.4 943± 42.1

455

1 974± 20.7 2.13e3± 193 2.85e3± 307
10 1.06e3± 54.4 2.33e3± 144 3.2e3± 384
50 1.16e3± 40.7 2.54e3± 104 2.95e3± 93.1
100 1.28e3± 29.8 2.4e3± 229 3.6e3± 278

Table B.6: The computational times in seconds of the RNVGP run on the Boston data set,
stratified by d, b, m, εL and ε. The results are presented as medians across runs with interquar-
tile ranges between runs.
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d
εL, ε m b 1 5 10

0.1, 0.001

50

1 67.5± 0.89 121± 2.58 189± 9.11
10 74.5± 0.561 131± 6.03 202± 9.76
50 85.9± 0.629 144± 4.96 221± 9.16
100 101± 0.512 162± 4.53 243± 12.3

200

1 229± 2.5 416± 11.7 621± 31.0
10 251± 5.68 459± 27.4 683± 31.0
50 307± 3.97 544± 25.9 794± 42.4
100 441± 5.65 680± 27.1 946± 57.5

500

1 1.25e3± 19.4 2.36e3± 199 3.34e3± 237
10 1.33e3± 21.9 2.44e3± 143 3.2e3± 172
50 1.48e3± 28.9 2.6e3± 97.1 3.04e3± 349
100 1.67e3± 20.7 2.84e3± 149 4.2e3± 257

0.001, 1e− 06

50

1 73.0± 1.49 150± 8.37 242± 12.2
10 79.8± 0.751 159± 8.82 280± 10.0
50 92.0± 0.938 178± 9.24 292± 12.3
100 107± 0.984 196± 5.81 318± 8.87

200

1 248± 3.32 511± 19.2 828± 31.8
10 273± 4.43 572± 22.2 884± 24.8
50 328± 4.61 643± 21.2 984± 32.5
100 462± 4.8 791± 26.1 1.15e3± 30.0

500

1 1.37e3± 21.7 2.87e3± 208 4.22e3± 468
10 1.45e3± 24.8 2.96e3± 127 4.23e3± 302
50 1.61e3± 22.6 3.23e3± 181 4.22e3± 269
100 1.79e3± 29.7 3.38e3± 161 5.19e3± 278

Table B.7: The computational times in seconds of the RNVGP run on the SARCOS data set,
stratified by d, b, m, εL and ε. The results are presented as means across runs with standard
deviations between runs.
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d
εL, ε m b 1 5 10

0.1, 0.001

50

1 67.4± 1.4 121± 4.06 186± 10.9
10 74.5± 0.871 130± 9.85 202± 12.2
50 85.9± 0.991 144± 9.35 223± 15.4
100 101± 0.349 160± 9.0 242± 16.4

200

1 228± 3.4 412± 6.08 612± 23.9
10 250± 3.45 451± 25.2 672± 14.2
50 307± 3.57 553± 36.1 799± 76.9
100 440± 5.51 678± 35.7 954± 69.4

500

1 1.25e3± 19.3 2.32e3± 172 3.35e3± 390
10 1.32e3± 37.2 2.38e3± 209 3.22e3± 163
50 1.47e3± 38.0 2.57e3± 90.9 2.93e3± 421
100 1.67e3± 15.6 2.85e3± 176 4.22e3± 315

0.001, 1e− 06

50

1 72.6± 1.95 148± 9.58 241± 8.34
10 79.8± 0.507 159± 12.8 278± 15.3
50 91.9± 1.01 178± 15.5 291± 12.5
100 106± 1.86 194± 10.3 323± 12.7

200

1 248± 2.04 507± 18.2 825± 42.8
10 273± 4.04 566± 34.7 886± 25.1
50 328± 7.36 643± 30.2 976± 39.0
100 462± 5.81 788± 41.1 1.15e3± 31.3

500

1 1.37e3± 27.5 2.87e3± 244 4.07e3± 386
10 1.44e3± 23.4 2.92e3± 151 4.15e3± 277
50 1.61e3± 34.5 3.25e3± 237 4.09e3± 448
100 1.79e3± 45.8 3.35e3± 192 5.15e3± 512

Table B.8: The computational times in seconds of the RNVGP run on the SARCOS data
set, stratified by d, b, m, εL and ε. The results are presented as medians across runs with
interquartile ranges between runs.
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Appendix C

Results Tables for Chapter 4

nobs
Cond Ind Masking rXy 25 50 200

No

No

0.5 0.925± 0.0757 0.883± 0.0483 0.867± 0.0367
0.75 0.707± 0.0475 0.682± 0.0414 0.663± 0.0286
0.9 0.479± 0.0403 0.456± 0.0337 0.438± 0.0219
0.99 0.155± 0.0112 0.146± 0.00949 0.142± 0.00703

Yes

0.5 1.00± 0.126 0.967± 0.0977 0.915± 0.0514
0.75 0.866± 0.135 0.821± 0.110 0.731± 0.0615
0.9 0.668± 0.180 0.649± 0.155 0.568± 0.147
0.99 0.440± 0.276 0.333± 0.185 0.317± 0.240

Yes

No

0.5 0.935± 0.0528 0.883± 0.0436 0.876± 0.0329
0.75 0.714± 0.0635 0.674± 0.0264 0.669± 0.0243
0.9 0.468± 0.0473 0.442± 0.0207 0.442± 0.0164
0.99 0.157± 0.0249 0.144± 0.00874 0.142± 0.00573

Yes

0.5 1.01± 0.0943 0.975± 0.0710 0.937± 0.0585
0.75 0.874± 0.132 0.849± 0.121 0.769± 0.100
0.9 0.695± 0.158 0.635± 0.146 0.598± 0.146
0.99 0.420± 0.196 0.406± 0.223 0.240± 0.114

Table C.1: The test RMSEs of the GPs with hyperparameters trained on simulated data, before
co-training. Results are stratified by nobs, rXy, masking status and conditional independence
of covariates.
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nobs
Cond Ind Masking rXy 25 50 200

No

No

0.5 0.925± 0.0757 0.883± 0.0483 0.867± 0.0367
0.75 0.707± 0.0475 0.682± 0.0414 0.663± 0.0286
0.9 0.479± 0.0403 0.456± 0.0337 0.437± 0.0197
0.99 0.155± 0.0112 0.146± 0.00949 0.142± 0.00695

Yes

0.5 0.996± 0.126 0.967± 0.0979 0.916± 0.0516
0.75 0.866± 0.135 0.822± 0.110 0.738± 0.0693
0.9 0.670± 0.180 0.649± 0.156 0.567± 0.147
0.99 0.413± 0.270 0.322± 0.183 0.316± 0.240

Yes

No

0.5 0.935± 0.0527 0.882± 0.0431 0.876± 0.0329
0.75 0.714± 0.0635 0.680± 0.0366 0.669± 0.0243
0.9 0.470± 0.0466 0.447± 0.0322 0.443± 0.0166
0.99 0.157± 0.0226 0.145± 0.00734 0.142± 0.00565

Yes

0.5 1.02± 0.115 0.979± 0.0744 0.937± 0.0586
0.75 0.873± 0.133 0.850± 0.121 0.768± 0.0993
0.9 0.695± 0.158 0.635± 0.146 0.598± 0.146
0.99 0.433± 0.208 0.366± 0.171 0.269± 0.116

Table C.2: The test RMSEs of the GPs with hyperparameters trained on simulated data,
before differentially private co-training. Results are stratified by nobs, rXy, masking status and
conditional independence of covariates.
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