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Kuranishi spaces as a 2-category

Dominic Joyce

Abstract

This is a survey of the author’s in-progress book [34]. ‘Kuranishi
spaces’ were introduced in the work of Fukaya, Oh, Ohta and Ono [T0HI9]
in symplectic geometry, as the geometric structure on moduli spaces of
J-holomorphic curves. We propose a new definition of Kuranishi space,
which has the nice property that they form a 2-category Kur.

Any Fukaya—Oh-Ohta-Ono (FOOO) Kuranishi space X can be made
into a compact Kuranishi space X’ uniquely up to equivalence in Kur, and
conversely any compact Kuranishi space X’ comes from some (nonunique)
FOOO Kuranishi space X. So FOOO Kuranishi spaces are equivalent to
ours at one level, but our definition has better categorical properties. The
same holds for McDuff and Wehrheim’s ‘Kuranishi atlases’ [39H42].

A compact topological space X with a ‘polyfold Fredholm structure’
in the sense of Hofer, Wysocki and Zehnder [23H29] can be made into a
Kuranishi space X uniquely up to equivalence in Kur.

Our Kuranishi spaces are based on the author’s theory of Derived
Differential Geometry [3IH33], the study of classes of derived manifolds
and orbifolds that we call ‘d-manifolds’ and ‘d-orbifolds’. There is an
equivalence of 2-categories Kur ~ dOrb, where dOrb is the 2-category
of d-orbifolds. So Kuranishi spaces are really a form of derived orbifold.

We discuss the differential geometry of Kuranishi spaces, and the au-
thor’s programme for applying these ideas in symplectic geometry.
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1 Introduction

Kuranishi spaces were introduced in the work of Fukaya, Oh, Ohta and Ono
[10H19], as the geometric structure on moduli spaces of J-holomorphic curves.
We will refer to their most recent definition [16], §4] as FOOO Kuranishi spaces.
They are used to define virtual cycles and virtual chains for such moduli spaces,
for applications in symplectic geometry such as Gromov—Witten invariants [19]
and Lagrangian Floer cohomology [11].

In related work, McDuff and Wehrheim [39H42] define Kuranishi atlases,
which are quite similar to FOOO Kuranishi spaces in [I0H19], and Dingyu Yang
defines Kuranishi structures [52H54], which are very similar to [I0HI9]. An
alternative theory, philosophically rather different, but which does essentially
the same job, is the polyfolds of Hofer, Wysocki and Zehnder [23H29].

Although FOOO Kuranishi spaces are well defined, and are adequate for
the applications in Fukaya et al. [I0HI9], they seem not very satisfactory as
geometric spaces. For example, there is currently no good notion of morphism
of FOOO Kuranishi spaces.



This is a partial survey of the author’s in-progress book [34]. In it we present
a new definition of Kuranishi spaces, which form a 2-category Kur. That is,
we have objects, the Kuranishi spaces X,Y, ..., and l-morphisms f: X — Y,
and also 2-morphisms 1 : f = g between 1-morphisms f,g: X — Y.

If X is a FOOO Kuranishi space, we can construct a compact Kuranishi
space X’ in our sense with the same topological space, uniquely up to canonical
equivalence in Kur. Conversely, every compact Kuranishi space X’ comes from
a (nonunique) FOOO Kuranishi space X. The analogue holds for compact
topological spaces with MW Kuranishi atlases.

Thus, our new Kuranishi spaces are on one level interchangeable with FOOO
Kuranishi spaces, or MW Kuranishi atlases. The author hopes that because
of its better categorical properties our new definition of Kuranishi space will
become accepted as final, replacing previous definitions.

Our theory of Kuranishi spaces is based on the author’s theory of Derived
Differential Geometry [31H33], the study of derived manifolds and derived orb-
ifolds, where ‘derived’ is in the sense of the Derived Algebraic Geometry of Jacob
Lurie and Toén—Vezzosi. The author’s derived manifolds and orbifolds are called
‘d-manifolds’ and ‘d-orbifolds’, and form strict 2-categories dMan,dOrb. For
alternative definitions of derived manifolds, see Spivak [50] and Borisov—Noel [6].
The relations between [31H33] and [6L[50] are explained by Borisov [5].

D-manifolds and d-orbifolds [31H33], and also the derived manifolds of [650],
are defined using C'*°-algebraic geometry, as in [30]: they are classes of derived
schemes and stacks over C'°°-rings. Their definition looks very different to that
of Kuranishi spaces. Nonetheless, there is an equivalence of 2-categories Kur ~
dOrb, so Kuranishi spaces and d-orbifolds are essentially the same thing. The
author used results on d-orbifolds in [33] to design the definition of Kuranishi
spaces below, so as to arrange that Kur ~ dOrb.

One moral is that Kuranishi spaces are really derived smooth orbifolds, which
does not seem to be well known amongst symplectic geometers. So we should
use ideas from derived geometry to understand Kuranishi spaces. One such
lesson is that ‘derived’ objects generally form higher categories. In fact, even
classical orbifolds are best defined to be a 2-category. Hence it should not be
surprising that Kuranishi spaces are also a 2-category.

One can turn Kuranishi spaces into an ordinary category by passing to
the homotopy category Ho(Kur), with objects Kuranishi spaces X,Y, ..., and
whose morphisms [f] : X — Y are 2-isomorphism classes of 1-morphisms
f: X — Y in Kur. But the definition of Ho(Kur) is not much easier than
that of Kur, and there are disadvantages to doing this:

e Morphisms [f] : X — Y in Ho(Kur) are not local on X, that is, they do
not form a sheaf on X.

e Important constructions such as fibre products X xg zn Y in Kur are
characterized by universal properties involving 2-morphisms in Kur. They
do not satisfy any universal property in Ho(Kur).

All the Kuranishi-type structures that we consider are given by an ‘atlas of



charts’ on a topological space X, where the ‘charts’, called Kuranishi neighbour-
hoods, are quintuples (V, E,T',s,4) for V' a manifold, E — V a vector bundle,
I' a finite group acting smoothly on V. E, s : V. — FE a I'-equivariant smooth
section, and 1 : s71(0)/T' — X a continuous map which is a homeomorphism
with an open set Imvy C X.

The important differences between FOOO Kuranishi spaces, and MW Ku-
ranishi atlases, and our Kuranishi spaces, are in the ‘coordinate changes’ be-
tween the charts in the atlas. Since our Kuranishi spaces are a 2-category, our
Kuranishi neighbourhoods must be a 2-category too, as one can regard a Kuran-
ishi neighbourhood as a Kuranishi space with only one chart. Thus, we define
1-morphisms ®; = (Vi, E;, Ty, s,¢:) — (V;, E;, Ty, 85,1¢;) between Kuranishi
neighbourhoods on X, which include FOOO and MW coordinate changes as
special cases, and also 2-morphisms A;; : ®;; = <I>’ij between 1-morphisms. A
coordinate change is a 1-morphism ®;; which is invertible up to 2-isomorphism.

Given Kuranishi neighbourhoods (V;, E;, Ty, s;, ¢:), (V;, Ej, T, 85,%¢;) on X,
our 1- and 2-morphisms between them have the crucial property that they form
a stack, or 2-sheaf, on Im ;NIm ;. This is a 2-categorical version of a sheaf, and
means that 1- and 2-morphisms glue nicely on open covers. The stack property
is crucial in defining compositions go f : X — Z of l-morphisms f: X — Y
and g : Y — Z of Kuranishi spaces. The main reason why FOOO Kuranishi
spaces and MW Kuranishi atlases do not have good notions of morphisms is
that their coordinate changes lack such a sheaf/stack property.

Our theory of Kuranishi spaces is part of a programme by the author to
rewrite the foundations of areas of symplectic geometry involving moduli spaces
of J-holomorphic curves. For such applications it will be an advantage that our
Kuranishi spaces form a well-behaved 2-category. Here are three examples:

(a) Defining a Kuranishi structure on a moduli space M involves making
many arbitrary choices, and it is helpful to know how different choices
are related. In our theory, different choices of Kuranishi structure on M
should yield equivalent Kuranishi spaces M, M’ in the 2-category Kur.

Equivalence of Kuranishi spaces should be compared with McDuff and
Wehrheim’s ‘commensurate’ Kuranishi atlases, as in §2.3] and Dingyu
Yang’s ‘R-equivalent’ Kuranishi structures, as in §2.5

(b) Fukaya, Oh, Ohta and Ono use finite group actions on Kuranishi spaces
in [I0], [14, §7], and T™-actions on Kuranishi spaces in [T2,[13]. In our
theory it is easy to define and study actions of Lie groups on Kuranishi
spaces, in a more flexible way than in [I0,[12HI4].

(c¢) Fukaya [10] §3, §5] (see also [I5] §4.2]) works with a forgetful morphism
forget : My 1(5) = M 0(B) of J-holomorphic curve moduli spaces, which
is clearly intended to be some kind of morphism of Kuranishi spaces,
without defining the concept. Our theory sets this on a rigorous footing.

We discuss our symplectic geometry programme in §5.4-§5.51
In this survey we will for simplicity restrict attention almost entirely to Ku-
ranishi spaces without boundary, which we just call Kuranishi spaces. Kuranishi



spaces with boundary, and with corners, are studied in [34].

Section [ reviews the definitions of Fukaya—Oh—Ohta—Ono’s Kuranishi spaces
[10-19], McDuff-Wehrheim’s Kuranishi atlases [39H42], and Dingyu Yang’s Ku-
ranishi structures [52H54], and we also discuss Hofer-Wysocki-Zehnder’s poly-
folds [23H29]. Section [ explains Kuranishi neighbourhoods and their 1- and
2-morphisms and coordinate changes. Section Ml defines the 2-category of Ku-
ranishi spaces, and explains their relation to FOOQO Kuranishi spaces, MW
Kuranishi atlases, DY Kuranishi structures, polyfolds, and d-orbifolds.

Section [B] discusses the differential geometry of Kuranishi spaces, how to
prove moduli spaces of J-holomorphic curves are Kuranishi spaces, and how
to construct virtual chains and virtual cycles for Kuranishi spaces. Finally,
Appendix[A] gives background on 2-categories, and stacks on topological spaces.

Some results in §4] and §5l are stated as theorems to be proved in the ‘in
preparation’ [36]. The author knows how to prove these, but has not yet written
them up. The proofs will appear in the final versions of [34[35].

Acknowledgements. 1T would like to thank Lino Amorim, Kenji Fukaya, Helmut
Hofer, Dusa McDuff, and Dingyu Yang for helpful conversations. This research
was supported by EPSRC grants EP/H035303/1 and EP/J016950/1.

2 Previous definitions of Kuranishi space

We explain Kuranishi spaces in the work of Fukaya, Oh, Ohta and Ono [T0HL9],
and the similar idea of Kuranishi atlases in the work of McDuff and Wehrheim
[39H42]. We also discuss Dingyu Yang’s Kuranishi structures [52H54], a minor
variation on Fukaya—Oh—Ohta—Ono Kuranishi spaces, and the rather different
polyfolds of Hofer, Wysocki and Zehnder [23H29]. We have made some small
changes in notation compared to our sources, for compatibility with §3}-§51 We
hope the authors concerned will not mind this.

2.1 Fukaya—Oh—Ohta—Ono’s Kuranishi spaces

Kuranishi spaces are used in the work of Fukaya, Oh, Ohta and Ono [T0HI9]
as the geometric structure on moduli spaces of J-holomorphic curves. Initially
introduced by Fukaya and Ono [19, §5] in 1999, the definition has changed
several times as their work has evolved [T0HI9].

This section explains their most recent definition of Kuranishi space, taken
from [16], §4]. As in the rest of our paper ‘Kuranishi neighbourhood’, ‘coordinate
change’ and ‘Kuranishi space’ have a different meaning, we will use the terms
‘FOOO Kuranishi neighbourhood’, ‘FOOO coordinate change’ and ‘FOOO Ku-
ranishi space’ below to refer to concepts from [I6].

For the next definitions, let X be a compact, metrizable topological space.

Definition 2.1. A FOOO Kuranishi neighbourhood on X is a quintuple (V, E,
T, s,) such that:

(a) V is a smooth manifold, which may or may not have boundary or corners.



(b) E is a finite-dimensional real vector space.

(¢) T is a finite group with a smooth, effective action on V, and a linear
representation on F.

(d) s:V — Eis a I'~equivariant smooth map.

(e) 1 is a homeomorphism from s~1(0)/T" to an open subset Im ¢ in X, where
Imvy = {1/)(IEF) tx € 571(0)} is the image of v, and is called the footprint
of (V,E,T, s,v).

We will write 1 : s71(0) — Imv¢ C X for the composition of 1 with the
projection s71(0) — s~1(0)/T.

Now let p € X. A FOOO Kuranishi neighbourhood of p in X is a FOOO
Kuranishi neighbourhood (Vj,, E,, 'y, sp, ¥p) with a distinguished point o, € V,,
such that o, is fixed by Ty, and s,(0,) = 0, and ¥, ([o,]) = p. Then o, is unique.
Definition 2.2. Let (‘/1, Ei, Fi, Si, 1/)1), (‘/J, Ej, Fj, Sj, 1/)J) be FOOO Kuranishi
neighbourhoods on X. Suppose S C Im1; NIme; C X is an open subset
of the intersection of the footprints Im;,Im; C X. We say a quadruple
D, = (Vij, hij, pij, $ij) is a FOOO coordinate change from (Vi, E;, Ty, s4,4;) to
(V;,E;,T,85,;) over S if:

(a) Vi; is a [;-invariant open neighbourhood of ¢; *(S) in V;.

(b) hi; : T'; = T'; is an injective group homomorphism.

(¢) wij : Vij — V; is an h;j-equivariant smooth embedding, such that the
induced map (¢i;)« : Vi; /Ty — V;/T; is injective.

(d) ¢ij : Vij x E; — V; x Ej is an h;j-equivariant embedding of vector bundles
over w;j : Vij = Vj, viewing Vi; x E; — Vj;, V; x E; — V; as trivial vector
bundles.

(e) Pij(silvi;) = cpfj(sj), in sections of cp;*](Vj7 x E;) = Vij.

(f) ¥ = ;0 (i5)s on (s7(0) N Viy)/Ti.
(g) hij restricts to an isomorphism Stabr,(v) — Stabr,(@;;(v)) for all v in
Vi;, where Stabr, (v) is the stabilizer subgroup {v € I'; : v(v) = v}.

(h) For each v € 5;1(0) NV;; CVi; CV; we have a commutative diagram

0——>T,V; T, 0V Nijlo 0
deijle I :
\Ldsilu . ‘ \Ldsj‘v:‘ij(v) Qdfibre5j|v (21)
@ijlo
0 Ei|'U Ej|<pz'j(v) Ej|v 0

with exact rows, where N;; — V;; is the normal bundle of V;; in Vj,
and Fy; = ¢};(Ej)/¢ij(Eilv,;) the quotient bundle. We require that the
induced morphism dgbres;|, in (2.1 should be an isomorphism.

Note that dapres;ly an isomorphism in (2) is equivalent to the following
complex being exact, which is how we write the analogous conditions in §3
dSiIueBdSOij‘v @ij‘v@-dsjlapij(u) (2 2)

0 —=T1T,Vi ———— Ei|U@ij(v) > Ljls,;(v) —0.




If we do not specify S, but just say that ®;; is a FOOO coordinate change
from (Vi, E;, Ty, s5,:) to (Vi, Ej, Ty, 84,%;), we mean that S = Im; NImp,.

Now let (Vp, Ep,T'p, sp, ¥p), (Vg Eq,Tq, Sq,%q) be FOOO Kuranishi neigh-
bourhoods of p € X and ¢ € Im, C X, respectively. We say a quadruple
Do, = (Vp, hap, ©ap, Pgp) 1s @ FOOO coordinate change if it is a FOOO coordi-
nate change from (Vg, Ey, Ty, ¢, ¥q) to (V, Ep, Ty, 8p, 1p) on Sy, where Sy, is
any open neighbourhood of ¢ in Im, N Im 4.

Remark 2.3. Fukaya et al. [16] only impose Definition 2:2(h) for Kuranishi
spaces ‘with a tangent bundle’. As the author knows of no reason for considering
Kuranishi spaces ‘without tangent bundles’, and the notation appears to be
merely historical, we will include ‘with a tangent bundle’ in our definitions of
FOOO coordinate changes and FOOO Kuranishi spaces.

Definition 2.4. A FOOO Kuranishi structure K on X of virtual dimension n
in Z in the sense of [16], §4], including the ‘with a tangent bundle’ condition, as-
signs a FOOO Kuranishi neighbourhood (V},, E,,,T'y, sp, ¢p) for each p € X and
a FOOO coordinate change @4, = (Vgp, hap, Pap, Pap) @ Vg, Eq, Tq, Sq, ¥q) —
(Vs Ep, Ty, 8p, 1p) for each g € Im1p, such that the following holds:

(a) dimV, —rank E, = n for all p € X.
(b) If ¢ € Im ¥y, 7 € the((Vgp N s, 1(0))/Ty), then for each connected compo-
nent (¢, (Vgp) N Vi) of o1} (Vyp) N Vi there exists 47, € T'p with

-1
hap © hrg = Vrgp - hrp - (/qup) ’ Pap © Prq = Vrgp * Prps

* ~ ~ « ~ (23)
a’nd ‘Prq(@qp) © 90"“(1 = FYrqp ' pra

where the second and third equations hold on (o5, (Vgp) N Vi)

The pair X = (X, K) is called a FOOO Kuranishi space, of virtual dimension
n € Z, written vdim X = n. If the V, for all p € X are manifolds without
boundary, or with boundary, or with corners, then we call X a FOOO Kuranishi
space without boundary, or with boundary, or with corners, respectively.

FOOO Kuranishi spaces are differential-geometric spaces, generalizations of
manifolds or orbifolds. Some of the differential geometry of manifolds extends
to FOOO Kuranishi spaces. Here are analogues of the notions of orientations,
smooth maps, and transverse fibre products of manifolds.

Definition 2.5. Let X be a FOOO Kuranishi space. Then for each p € X,
q € Imy, and v € sq_l(O) N Vyp, we have an exact sequence ([2.2). Taking top
exterior powers in (2.2) yields an isomorphism

(det T'U‘/‘I) ® det(EPL/’qp('U)) = (det Eq|v) ® (T‘PqP(U)VP)’
where det W means AY™W W, or equivalently, a canonical isomorphism

(det EY @ det TV, )|, (o) = (det B @ det TVy) . (2.4)



Defining the isomorphism (24]) requires a suitable sign convention. Sign con-
ventions are discussed in Fukaya et al. [I1], §8.2]. An orientation on X is a
choice of orientations on the line bundles

det By @ det TV, | s ) — 5, (0)

for all p € X, compatible with the isomorphisms (2.4]).

Definition 2.6. Let X be a FOOO Kuranishi space, and Y a manifold. A
smooth map f: X =Y is f = (f, : p € X) where f, : V, = Y is a I',-invariant
smooth map for all p € X (that is, f, factors via V,, — V,/T', — Y), and
foo@ap = fqlv,, : Vgp = Y for all ¢ € Im1),. This induces a unique continuous
map f : X — Y with fp|s;1(o) = fo forall p e X. We call f weakly
submersive if each f, is a submersion.

Suppose X', X? are FOOO Kuranishi spaces, Y is a manifold, and f' :
X' > Y, f2: X? - Y are weakly submersive. Then as in [II, §A1.2] one
can define a ‘fibre product’ Kuranishi space W = X' xy X2, with topologi-
cal space W = {(p',p?) € X' x X? : f1(p') = f2(»*)}, and FOOO Kuran-
ishi neighbourhoods (Vp1 p2, Ept 2, Tp1 p2, 5p1 p2, 1 4,2) for (p',p?) € W, where

—_ 1 2 N 1 * 2 71 2
Voipe = Vp1 ><f;1,Y,f;2 Vp27 Epip, = Ty (Epl) ® Tye, (Ep2)7 Dp1p2 = Fpl X Fp2=
P P

Sprps = w;‘/pll (811)1) ® W;‘/pzz (812)2), and 1 2 = wél o (myy )x X ¢§2 o (7TVP22)*. The

weakly submersive condition ensures that V), ,, = Vpl1 Xy Vp% is well-defined.

Remark 2.7. (i) Note that Fukaya et al. [I0HI9] do not define morphisms
between Kuranishi spaces, but only f : X — Y from Kuranishi spaces X to
manifolds Y. Thus, Kuranishi spaces in [I0HI9] do not form a category.
Observe however that Fukaya [10, §3, §5] (see also [15], §4.2]) works with a
forgetful morphism forget : M 1(8) — M, 0(8), which is clearly intended to
be some kind of morphism of Kuranishi spaces, without defining the concept.

(ii) The ‘fibre product’ X' xy X? in Definition 28] is not a fibre product in the
sense of category theory, characterized by a universal property, since Fukaya et
al. in [T0HI9] do not have a category of FOOO Kuranishi spaces in which to
state such a universal property (though we do, see §4] and §5.2)). Their ‘fibre
product’ is really just an ad hoc construction.

2.2 How FOOO Kuranishi spaces are used
The next two theorems summarize some of the main results of [IT[I3LT6HT9).

Theorem 2.8. The following classes of moduli spaces of J-holomorphic curves
in symplectic geometry may be given the structure of compact FOOO Kuranishi
spaces of known dimension, after making many choices in the construction:

a) Moduli spaces Mg, (J, ) of stable maps v : ¥ — S from a prestable
9,
closed Riemann surface X of genus g with m marked points, to a compact

symplectic manifold (S,w) with compatible almost complex structure J,
with homology class u.([X]) = 8 € H2(S;7Z).



(b) Moduli spaces My(Ly,...,L;,J,3) of stable maps u : ¥ — S from a
prestable holomorphic disc X with k boundary marked points, to a compact
symplectic manifold (S,w) with compatible almost complex structure J,
such that u(0X) lies in the union Ly U ---U L; of pairwise transversely
intersecting, embedded, compact Lagrangians L1, ..., L; in S, with relative

homology class u.([X]) = € Ho(S, L1 U---ULi;;Z).

Here M ., (J, B) is a FOOO Kuranishi space without boundary used to define
Gromov-Witten invariants in [19], and My(L1,...,L;,J,3) a FOOO Kuran-
ishi space with corners used to define Lagrangian Floer cohomology in [11].
The ‘evaluation maps’ at marked points ev; : Jvlgﬁm(J, B) = S and ev; :
My (Ly,..., L, J,8) — Ly 0 --- 1 L; may be given the structure of weakly
submersive smooth maps.
After choosing orientations and relative spin structures for L1, ..., L; in (b),

there are canonical orientations on My, (J, ) and My(L1,..., L, J,B).

Theorem 2.9. Suppose X is a compact, oriented FOOO Kuranishi space of
virtual dimension k, and Y is an oriented manifold of dimension n, and f :
X — Y is a weakly submersive smooth map. Then, after making many choices,
one can construct a virtual (co)chain [ X for X, either:

(i) in the smooth singular chains C33(Y;Q) of Y over Q; or
(ii) in the compactly-supported de Rham cochains C°(A"~*T*Y).
If 90X =0 then [X]vit s a (co)cycle, and has a (co)homology class [[ X virt],

the virtual cycle, in smooth singular homology HZSi(Y;Q), or in compactly-
supported de Rham cohomology Hég’;s(Y;R). This [[X]virt] is independent of

choices in its construction, and depends on (X, f) only up to oriented bordism.

Thus, FOOO Kuranishi spaces are used as an intermediate stage in the con-
struction of virtual chains or virtual cycles for moduli spaces of J-holomorphic
curves. These virtual chains/cycles must also have other important proper-
ties which we have not stated — basically, geometric relationships between
moduli spaces should translate to algebraic relationships between their virtual
chains/cycles. The virtual chains/cycles are used to define Gromov—Witten
theory, Lagrangian Floer cohomology, Fukaya categories, and so on.

The original proofs of Theorems and [Z9in [TTL19] were widely criticized
as not wholly correct/complete. Recently, Fukaya et al. ([T6HI8] and to appear)
have been working on providing more careful, detailed, and complete proofs.

2.3 McDuff—-Wehrheim’s Kuranishi atlases

Next we discuss an approach to Kuranishi spaces developed by McDuff and
Wehrheim [39H42]. Their main definition is that of a (weak) Kuranishi atlas on
a topological space X. Here are [42] Def.s 2.2.2 & 2.2.8].

Definition 2.10. An MW Kuranishi neighbourhood (V, E,T,s,1) on a topo-
logical space X is the same as a FOOO Kuranishi neighbourhood in Definition
2.1, except that I is not required to act effectively on V.



Definition 2.11. Suppose (V, Ep,T'p,s5,v5), Vo, Ec,Te, s¢,¥c) are MW
Kuranishi neighbourhoods on a topological space X, and S C Im¢p NImyc C
X is open. We say a quadruple ®pc = (Vse, pBC, wBo, $Bc) is an MW
coordinate change from (Vg,Eg,Tp,sp,¥n) to Vo, Ec,Te, sc,ve) over S if:
(a) Vpc is a T'c-invariant embedded submanifold of Vo containing ¢ ().
(b) ppc :T'c — ' is a surjective group morphism, with kernel Age C T'¢c.

There should exist an isomorphism I'c 2 I'g x Ap¢ identifying ppc with
the projection I'g x Agc — I'.

(c) wBo : Ve — Vg is a ppc-equivariant étale map, with image Ve =
wpc(Vee) a T'p-invariant open neighbourhood of 1/1151(5) in Vg, such
that wpe : Ve — Ve is a principal Apc-bundle.

(d) ¢pc : Ep — E¢ is an injective I'g-equivariant linear map, where the
I'c-action on Ep is induced from the I'g-action by ppc, so in particular
Apc acts trivially on Ep.

(e) @BC 0SB OoOwWRC = Sc|‘*/BC : VBC — Fe.
(f) ¥B o (@pe)s = e on (s5'(0) N Vpe)/Te.

(g) For each v € Vg we have a commutative diagram

0 — T, Vao — T, Ve Naclo 0
|a@seemn Jascl, dsmmescl (2.5)
0 Ep PC -~ Ee Ec/¢pc(Ep) —=0

with exact rows, where Np¢ is the normal bundle of VBC in Vo. We
require the induced morphism dgpresc|y in (28] to be an isomorphism.

Definition 2.12. Let X be a compact, metrizable topological space. An MW
weak Kuranishi atlas K = (A, I, (VB, EB, FB, SBJ/)B)BEL (I)BC, B,Ccl, BQC) on
X of virtual dimension n € Z, as in [42 Def. 2.3.1], consists of a finite index-
ing set A, a set I of nonempty subsets of A, MW Kuranishi neighbourhoods
(Vs,Ep,T'p,sp,¥p) on X for all B € I with dimVp — rank Ep = n and
X = UBEI Im1/)B, and MW coordinate changes (I)BC = (VBc,ch,ch,gA)Bc)
from (Vg, Eg,I'p,sp,¥p) to (Vo, Ec,Ta,sc,¥c) on S = Imyp NIme for
all B,C € I with B C C, satisfying the four conditions:

(a) We have {a} € [ foralla€ A,and I = {0 # B C A:(,cpImep,y # 0},
Also Imp = (,c g Imepyqy for all B € I.

(b) We have I'p = [[,c5T(a) for all B € I. If B,C € I with B € C then
ppc : I'c — I'p is the obvious projection [[,ccT'(a} = [loep I'{a}, with
kernel ABC = HaeC\B F{a}.

(c) We have Ep = [[,c Efqy for all B € I, with the obvious representation
ofI'p = HaeB F{a}. If BC Cinl then ¢pc: Ep = HaeB E{a} — FEc =
[luco Eay is idE,,, for a € B, and maps to zero in Ey, for a € C'\ B.
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(d) If B,C,D € I with B C C C D then wpc o wep = wap on Vgep =
Vep Nwgh(Vee). One can show using (b),(c) and Definition 2T that
Vep and w1, (Vpe) are both open subsets in s, (¢5p(Eg)), which is a
submanifold of Vp, so Vigep is a submanifold of Vp.

We call K = (A,I, (VB;EB;FB;SBJ/)B)BEL(I)BC, BQC) an MW Kuranishi
atlas on X, as in [42] Def. 2.3.1], if it also satisfies:

(e) If B,C,D € I with BC C € D then wgp(Vee) € Vap.

McDuff and Wehrheim also define orientations on MW weak Kuranishi at-
lases, in a very similar way to Definition

Two MW weak Kuranishi atlases K, K’ on X are called directly commen-
surate if they are both contained in a third MW weak Kuranishi atlas K.
They are called commensurate if there exist MW weak Kuranishi atlases K =
Ko, Ki,...,Km = K’ with KC;_1,K; directly commensurate for i = 1,...,m.
This is an equivalence relation on MW weak Kuranishi atlases on X.

McDuff and Wehrheim argue that their concept of MW weak Kuranishi atlas
is a more natural, or more basic, idea than a FOOO Kuranishi space, since in
analytic moduli problems such as J-holomorphic curve moduli spaces, one has
to construct an MW weak Kuranishi atlas (or something close to it) first, and
then define the FOOO Kuranishi structure using this.

2.4 How MW Kuranishi atlases are used
McDuff and Wehrheim [40H42] prove analogues of Theorems 2.8 and

Theorem 2.13. Let (S,w) be a symplectic manifold with tame almost complex
structure J, and M(B,J) a compact moduli space of simple J-holomorphic maps
uw:CP' - S in homology class 8 € Hs(S;Z) with one marked point, modulo
reparametrization. Then one can construct an oriented MW weak Kuranishi
atlas K without boundary on M(S,J).

The construction depends on many arbitrary choices, but any two such at-
lases K, K’ resulting from different choices are commensurate.

McDuff and Wehrheim also announce an extension of Theorem 2.13 to mod-
uli spaces M(f, J) of genus zero prestable J-holomorphic maps u : ¥ — S,
without assuming > nonsingular or w simple.

Theorem 2.14. Let K be an oriented MW weak Kuranishi atlas without bound-
ary of dimension n on a compact, metrizable topological space X. Then K de-
termines a virtual fundamental class [X]]vire in H,(X;Q), where H.(—; Q)
is Cech homology over Q. Any two commensurate MW weak Kuranishi atlases
K,K" on X yield the same virtual fundamental class.

One should also expect that many other moduli spaces of J-holomorphic
curves admit MW weak Kuranishi atlases, and that if X is compact with an
oriented MW weak Kuranishi atlas K with boundary or corners then (X, K) has
(choices of) virtual chains [X]yirt, but these results are not yet available.
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2.5 Dingyu Yang’s Kuranishi structures, and
Hofer—Wysocki—Zehnder’s polyfolds

As part of a project to define a truncation functor from polyfolds to Kuranishi
spaces, Dingyu Yang [52H54] writes down his own theory of Kuranishi spaces:

Definition 2.15. Let X be a compact, metrizable topological space. A DY
Kuranishi structure K on X is a FOOO Kuranishi structure in the sense of
Definition 24 satisfying two additional conditions [53, Def. 1.11] the maximality
condition and the topological matching condition, which are designed to ensure
that the V,/I', in K for all p € X can be glued nicely using the hgp, pgp in K
for all p,q € X to make a Hausdorff topological space. There are a few other
small differences — for instance, Yang does not require vector bundles E, in
(Vo Ep, Ty, 8p, 10p) to be trivial.

The next definition comes from Yang [52, §1.6], [53] §5], [54] §2.4].

Definition 2.16. Let /C, K’ be DY Kuranishi structures on a compact topo-
logical space X. An embedding € : K — K’ is a choice of FOOO coordinate
change ¢, : (Vp, Ep, Ty, 5p, %) — (Vp, B, T, 8p,90,) with domain V,, for all
p € X, commuting with the FOOO coordinate changes qu,d);p in K,K" up
to elements of G,. An embedding is a chart refinement if the €, come from
inclusions of Gp-invariant open sets V,, < V.

DY Kuranishi structures K, K’ on X are called R-equivalent (or equivalent)
if there is a diagram of DY Kuranishi structures on X

K ~ ICl ’CQ ’C3

IC/

where arrows = are embeddings, and — are chart refinements. Using facts
about existence of good coordinate systems, Yang proves [52, Th. 1.6.17], [53]
§11.2] that R-equivalence is an equivalence relation on DY Kuranishi structures.

Yang emphasizes the idea, which he calls choice independence, that when
one constructs a (DY) Kuranishi structure X on a moduli space M, it should
be independent of choices up to R-equivalence.

One goal of Yang’s work is to relate the Kuranishi space theory of Fukaya,
Oh, Ohta and Ono [I0HI9] to the polyfold theory of Hofer, Wysocki and Zehnder
[2329]. Here is a very brief introduction to this:

e An sc-Banach space V is a sequence ¥V = (Vo D V4 D Vo D ---), where
the V; are Banach spaces, the inclusions V;4; < V; are compact, bounded
linear maps, and Voo = ;5 Vs is dense in every V;.

An example to bear in mind is if M is a compact manifold, £ — M a
smooth vector bundle, a € (0,1), and Vy, = C**(E) for k =0,1,....

e If V=WVwDOViD--)and W= Wy DW; D ---) are sc-Banach
spaces and U C Vy is open, a map f : U — W) is called sc-smooth roughly
speaking if f(UNV;) € W foralli =0,1,...and flunv,,, : UNVier = Wi
is a C*-map of Banach manifolds for all i,k > 0.

12



e Let V= (V) DV1 D ---) be an sc-Banach space and U C Vy be open.
An sc®>-retraction is an sc-smooth map r : U — U with ror = r. Set
O =Imr CcV. Wecall (O0,V) a local sc-model.

If V is finite-dimensional then O is just a smooth manifold. But in infinite
dimensions, new phenomena occur, and the tangent spaces T,,O can vary
discontinuously with € O. This is important for ‘gluing’.

e An M-polyfold chart (O, V, ) on a topological space Z is a local sc-model
(0,V) and a homeomorphism ¢ : O — Im ¢ with an open set Im¢ C Z.

e M-polyfold charts (O, V, ), (O, V, 1/;) on Z are compatible if )~ otpor:
U —V and 1 015 o : U — V are sc-smooth, where U C Vo, U C Vy are
open and r : U = U, 7:U — U are sc-smooth with ror =7, o7 = 7
and Imr = ¢~ *(Im ) C O, Im7 = ¢~ *(Im ) C O.

e An M-polyfold is roughly a metrizable topological space Z with a maximal
atlas of pairwise compatible M-polyfold charts.

e Polyfolds are the orbifold version of M-polyfolds, proper étale groupoids
in M-polyfolds.

e A polyfold Fredholm structure P on a metrizable topological space X writes
X as the zeroes of an sc-Fredholm section s : ¥ — € of a strong polyfold
vector bundle & — U over a polyfold .

This is all rather complicated. The motivation for local sc-models (O,V) is
that they can be used to describe functional-analytic problems involving ‘glu-
ing’, ‘bubbling’, and ‘neck-stretching’, including moduli spaces of J-holomorphic
curves with singularities of various kinds.

Yang proves [52] Th. 3.1.7] (see also [54, §2.6]):

Theorem 2.17. Suppose we are given a ‘polyfold Fredholm structure’ P on a
compact metrizable topological space X, that is, we write X as the zeroes of an
sc-Fredholm section s : 0 — € of a strong polyfold vector bundle & — U over a
polyfold U, where s has constant Fredholm index n € Z. Then we can construct
a DY Kuranishi structure KC on X, of virtual dimension n, which is independent
of choices up to R-equivalence.

2.6 How polyfolds are used

Hofer, Wysocki and Zehnder’s polyfold programme [23H29] aims to show that
moduli spaces of J-holomorphic curves in symplectic geometry may be given a
polyfold Fredholm structure, and that compact spaces with oriented polyfold
Fredholm structures have virtual chains and virtual classes. They will then use
these virtual chains/classes to define big theories in symplectic geometry, such
as Gromov-Witten invariants [I9,28] or Symplectic Field Theory [9].

Here is an analogue of Theorems 2.8(a) and in polyfold theory, proved
by Hofer, Wysocki and Zehnder [28]. The proof is generally considered more
reliable than the first proof of Theorem 2.8 given in [T1119].
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Theorem 2.18. Moduli spaces Mgy, (J,3) of stable maps u : ¥ — S from
a prestable closed Riemann surface X of genus g with m marked points, to
a compact symplectic manifold (S,w) of dimension 2n with compatible almost
complex structure J, with homology class u.([X]) = 8 € H2(S;Z), may be given
a ‘polyfold Fredholm structure’. That is, we may write ./\7lgﬁm(J, B) as the zeroes
of an sc-Fredholm section s : 0 — & of a strong polyfold vector bundle € — U0
over a polyfold 0, where s has Fredholm index 2(c1(S)- B+ (n—3)(1—g)+m).

The ‘evaluation maps’ at marked points ev; : Mg (J,8) — S lift to sc-
smooth maps of polyfolds ev; : B — S. The polyfold Fredholm structure (0, €, s)
has a natural ‘orientation’.

Hofer, Wysocki and Zehnder also announce the proofs of existence of poly-
fold Fredholm structures on other moduli spaces of J-holomorphic curves, in
particular those relevant to Symplectic Field Theory [9]. Constructing a poly-
fold Fredholm structure on a moduli space of J-holomorphic curves involves far
fewer arbitrary choices than defining a Kuranishi structure.

Combining Theorems 217 and 21§ gives a DY Kuranishi structure on
Mg m(J,8), uniquely up to R-equivalence. This is an example of a FOOO
Kuranishi structure, giving an alternative proof of Theorem 2.8(a). For the
polyfold analogue of Theorems and 214 Hofer et al. [25] prove:

Theorem 2.19. Let (U, €,s) be an oriented polyfold Fredholm structure with
corners of virtual dimension k on a compact topological space X. Then there
exist small perturbations § of § as an ‘sc-smooth multisection’, such that X =
5740) is a compact, oriented, branched, Q-weighted k-orbifold with corners.

We may triangulate X by Q-weighted k-simplices to define a virtual class
[[X]]virt in the relative singular homology HE (0,00;Q). Alternatively, using
relative de Rham cohomology we may define [[X]]V'"" € HEL (0, 00; R)* mapping
[w] = [ w. Both of [[X]lvir, [X]]""" are independent of the choice of 5X. If
OV =0 then 0X =0, [X]lvies € HP(T;Q), and [[X]]V" € HR (U;R)*.

3 Kuranishi neighbourhoods as a 2-category

FOOO Kuranishi spaces and MW Kuranishi atlases in §2] are each built out of
Kuranishi neighbourhoods (V, E, T, s,1) on a topological space X, and ‘coordi-
nate changes’ ®;; : (V;, E;, Ty, 85, %) — (V;, E;, T, s5,1;) between them.

Our Kuranishi spaces X will be built out of Kuranishi neighbourhoods
(V,E,T',s,¢) on X, and 1-morphisms ®;; between them (which include FOOO
and MW coordinate changes as special cases), and 2-morphisms A;; : ®;; = <I>§j
between 1-morphisms, so that Kuranishi neighbourhoods form a 2-category.

This section explains our notions of 1- and 2-morphisms of Kuranishi neigh-
bourhoods, and their properties. Section @ will then use these to define the
2-category of Kuranishi spaces. With the exception of §3.6] all of this section,
including proofs of quoted results, comes from [34].
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3.1 Kuranishi neighbourhoods, 1- and 2-morphisms
We will use following ‘O(s)” and ‘O(s?)’ notation very often:

Definition 3.1. Let V be a manifold, E — V a vector bundle, and s € C*°(E)
a smooth section.

(i) If F — V is another vector bundle and t1,t2 € C°°(F) are smooth sections,
we write t1 = to + O(s) if there exists « € C°(E* ® F) such that ¢t; =
to+a-sin C°(F), where the contraction «- s is formed using the natural
pairing of vector bundles (E* ® F) x E — F over V.

(ii) We write t; = to + O(s?) if there exists « € C*°(E* ® E* ® F) such that
t1 =t +a-(s®s) in C®°(F), where o - (s ® s) uses the pairing (E* ®
E*QF)x (E®FE)—F.

Now let W be another manifold, and f,g: V — W be smooth maps.

(iii) We write f = g + O(s) if whenever h : W — R is a smooth map, there
exists o € C°(E*) such that ho f =hog+a-s.

(iv) We write f = g + O(s?) if whenever h : W — R is a smooth map, there
exists o € C°(E* @ E*) such that ho f =hog+a- (s® s).

(v) If A € C®(E* @ f*(TW)), we write f = g+ A - s+ O(s?) if whenever
h: W — R is a smooth map, there exists a € C*°(E* ® E*) such that
hof =hog+A-(s® f*(dh)) + a- (s ®s). Here s ® f*(dh) lies in
C*™(E ® f*(T*W)), and so has an obvious pairing with A.

Next suppose f,g: V — W with f = g+ O(s), and FF —» V, G — W are
vector bundles, and t; € C®(F ® f*(Q)), t2 € C®(F ® g*(G)). We wish to
compare t1,ts, even though they are sections of different vector bundles.

(vi) We write t1 = to + O(s) if for all 8 € C*°(G*) we have t; - f*(8) =
ta - g*(8) + O(s) in sections of F' — V, as in (i).

Given any ¢ € C®(F ® f*(Q)), there exists to € C®(F ® ¢*(G)) with t; =
ta+O(s) in the sense of (vi), and if ¢/, is an alternative choice then ¢}, = ta+O(s)
in the sense of (i). The moral is that if f = g + O(s) and we are interested in
smooth sections ¢t of FF® f*(G) up to O(s), then we can treat the vector bundles
F® f*(G) and F ® g*(G) as essentially the same.

If instead f,g:V — W with f = g+ O(s?) and F, G, t1,t5 are as above

(vii) We write t; = ta + O(s?) if for all B € C°(G*) we have t1 - f*(8) =
ta - g*(B) + O(s?) in sections of F — V, as in (ii).

Given any t; € C°(F ® f*(G)), there exists ta € C°(F ® ¢*(G)) with t; = to +
O(s?) in the sense of (vii), and if ¢} is an alternative choice then t}, = t5 + O(s?)
in the sense of (ii).

Here is our notion of Kuranishi neighbourhood. It is very similar to FOOO
and MW Kuranishi neighbourhoods in Definitions 2.1] and 210} but it is more
general, in that we allow E to be a nontrivial vector bundle.
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Definition 3.2. Let X be a topological space. A Kuranishi neighbourhood on
X is a quintuple (V, E,T', s,) such that:

(a) V is a smooth manifold.

(b) m: E — V is a real vector bundle over V, called the obstruction bundle.

(c) T is a finite group with a smooth action on V' (not necessarily effective),
and a compatible action on F preserving the vector bundle structure.

(d) s:V — E is a I'-equivariant smooth section of E, called the Kuranishi
section.
(e) v is a homeomorphism from s~!(0)/I" to an open subset Im ¢ = {4 (I'v) :
v E 3_1(0)} in X, called the footprint of (V, E,T,s,1).
We will write ¢ : s7'(0) — Im¢ C X for the composition of 1 with the

projection s~1(0) — s~1(0)/T.
We call (V, E,T,s,v) a global Kuranishi neighbourhood on X if Im¢ = X.

The next two definitions are crucial to our programme.

Definition 3.3. Let X,Y be topological spaces, f : X — Y a continuous
map, (Vi, B, Ti, si,4:), (V;, E;, T, s4,1;) be Kuranishi neighbourhoods on X, Y
respectively, and S C Im; N f~*(Im+;) € X be an open set. A 1-morphism
i = (Pij, mijy bij» 4ij) © (Vi Biy Tiysisbi) — (Vy, By, Uy, s5,v5) of Kuranishi
neighbourhoods over (S, f) is a quadruple (P;j, mij, ¢ij, ¢i5) satistying

(a) Py; is a manifold, with commuting smooth actions of I';,T'; (that is, with
a smooth action of I'; x T';), with the I';-action free.

(b) mij : Pij — V; is a smooth map which is I';-equivariant, I';-invariant, and
étale (a local diffeomorphism). The image V; := 7;;(P;;) is a I';-invariant
open neighbourhood of 4, *(S) in V;, and the fibres wigl(v) of m;; for
v € Vi; are I';-orbits, so that m;; : P;; — Vj; is a principal I';-bundle.

We do not require ¢; (S) = Vi;Ns; *(0), only that ¢; 1 (S) C Vi;Ns; (0).

(€) ¢ij : Pij — Vj is a I'j-invariant and I'j-equivariant smooth map, that is,
Gij (vi-p) = i (p), ij(v;-p) = ;- iz (p) for all ; € Ty, v; € Ty, p € Pyy.

(d) i : 75 (Ei) — ¢5;(Ej) is a I'i- and T'j-equivariant morphism of vector
bundles on P;;, where the I';, I j-actions are induced by the given I';-action
and the trivial I';-action on E;, and vice versa for Ej.

(e) bij (755 (s:)) = &3 (s5) + O(m;(s:)?), in the sense of Definition B.11
() fothiomy =10y onm;t(s;'(0)) C Py.

If Y = X and f = idx then we call ®;; a 1-morphism of Kuranishi neigh-
bourhoods over S, or just a 1-morphism over S.

Let (V;, E;, Ty, 8:,1;) be a Kuranishi neighbourhood on X, and S C Im);
be open. We will define the identity 1-morphism over S

id(Vi,Ei,Fi,si,wi):(Piiaﬁiiv(biiv(fgii):(Vi7Ei;FiaSia1/}i)—>(viin7Fi75iﬂ/)i)- (3.1)
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Since P;; must have two different actions of I';, for clarity we write 1"% = 1"? =TI,
where I'} and I'? mean the copies of I'; acting on the domain and target of the
1-morphism in BI), respectively.

Define P; = V; x I';, and let T'} act on P; by ' : (v,79) = (v' - v,y(yH) 1)
and I'? act on P;; by 42 : (v,7) = (v,7%y). Define 7y, ¢i; : Py — Vi by mi; -
(v,7) = v and ¢;; : (v,7) = 7 -v. Then 7 is ['}-equivariant and I'?-invariant,
and is a I'?-principal bundle, and ¢;; is I'}-invariant and I'?-equivariant.

At (v,v) € Py, the morphism gZA)” s (B — ¢f(E;) must map E;l, —
E;|y... We have such a map, the lift of the y-action on V; to E;. So we define
gZ;ii on V; x {v} C P; to be the lift to E; of the vy-action on V;, for each v € T.

Remark 3.4. (i) We will use 1-morphisms of Kuranishi neighbourhoods for
two purposes in 4.1t Kuranishi spaces X involve ‘coordinate changes’, which
are 1-morphisms of Kuranishi neighbourhoods over idx : X — X satisfying
an invertibility condition. And 1-morphisms of Kuranishi spaces f: X — Y
involve 1-morphisms of Kuranishi neighbourhoods over f: X — Y.

(ii) As we will explain in §84 FOOO coordinate changes in §2.I1 and MW
coordinate changes in §2.3 give examples of 1-morphisms of Kuranishi neigh-
bourhoods over idy : X — X.

(iii) In a 1—H101‘phiSH1 (I)ij = (Bj,wij, ¢ij7 éij)v the data Bj,wij, (bij is actually
a standard way to write ‘smooth maps’ between orbifolds, using ‘bibundles’:

(Pijsmijs @ig) ¢ [Vig /Ta] — [V/14]

is a Hilsum—Skandalis morphism between the quotient orbifolds [V;; /T, [V; /T,
as in Lerman [38] §3.3] or Henriques and Metzler [21].
Thus, we can interpret ®;; as giving the following data:

e An open neighbourhood [V;;/T;] of 1; *(S) in the orbifold [V;/T}];
e A ‘smooth map’ of orbifolds ®;; = (Pi;, mij, ¢ij) : [Vij/Ti] — [V;/T;]; and
[Vi;/Ts] = ((I);])*(EJ)

e A morphism of orbifold vector bundles qgij - E;

In our theory, 2-morphisms between 1-morphisms will also be important.

Definition 3.5. Suppose X,Y are topological spaces, f : X — Y is a contin-
uous map, (Vi, E;, Ty, si,v4), (V;,E;,Tj,s;,1;) are Kuranishi neighbourhoods
on X,Y respectively, S C Im; N f~'(Ime;) € X is open, and D, P} -
(Vi, B, Ty, s5,¢:) — (V;,E;,T;,s5,1%;) are two 1-morphisms over (S, f), with
Dij = (Bij, mij, digy 0i5) and 5 = (B, mij, ¢i, 035)-

Consider triples (Pij, Aij, \ij) satisfying:

(a) Py is a T4~ and T'j-invariant open neighbourhood of 7@1(1571(5’)) in P;;.

K3
(b) A : P” — P/. is a I';- and I';j-equivariant smooth map with 7Tzl-j o\ =
i | Py This implies that A;; is an isomorphism of principal I';-bundles
over VZJ = Ty (P”), 50 Aj; is a diffeomorphism with a I';- and I' j-invariant
open set \i;(F;;) in Pj.
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(c) Aij 75 (Ey)

of vector bundles on Pij, satisfying

Py 9 (TV;)] p,; isal'- and I';-invariant smooth morphism

P o ) , (3.2)

A (035) = Gijlp,, + Aij - ¢ij(ds;) + O(m;(s:)) on Py,
in the notation of Definition 31l Here ds; is a shorthand for the derivative
Vs; in C*°(T*V; ® E;) with respect to any connection V on E;, and (3.2))
is independent of this choice.

Define a binary relation &~ on such triples by (Pij, \ij, \ij) =~ (Pz/a’ Aijs Aij)

if there exists an open neighbourhood P;; of wgl(d;;l(S)) in Py N PZ’] with

B, = Ngle, and Aglp, = Ajlp, +O0(m(s:)) on Py

Then = is an equivalence relation. We also write ~g for = if we wish to stress the
open set S. Write [P;;, Aij, Ai;] for the ~-equivalence class of (Py;, Aij, Aij). We
say that [Pij, Aij, Aij] : i = @}, is a 2-morphism of 1-morphisms of Kuranishi
neighbourhoods on X over (S, f), or just a 2-morphism over (S, f). We often
write Aij = [,Pij, )\ij7 S\ij].

If Y = X and f = idx then we call A;; a 2-morphism of Kuranishi neigh-
bourhoods over S, or just a 2-morphism over S.

For a 1-morphism ®;; = (Pi;, mij, ¢ij, qgij), define the identity 2-morphism

idq%j = [,Pij,idpij,()] : (I)ij — (I)U

Remark 3.6. This definition of 2-morphism probably seems rather arbitrary.
The best way the author knows to motivate it is via d-orbifolds, as we explain
in §3.6 It is also justified by the useful properties of 2-morphisms, in particular
Theorems [3.10] 3.14] and below.

3.2 Making Kuranishi neighbourhoods into a 2-category

Readers unfamiliar with 2-categories are advised to look at §AT] at this point.
We wish to make Kuranishi neighbourhoods on a topological space X into a weak
2-category. We have already defined the objects (Kuranishi neighbourhoods),
1-morphisms, 2-morphisms, and identity 1- and 2-morphisms, in §3.11 But there
remains quite a lot of structure to define, which we do in this section:

e Composition of 1-morphisms;

e Horizontal composition of 2-morphisms;

e Vertical composition of 2-morphisms;

e Coherence 2-isomorphisms ay, 4.7 : (hog)o f = ho(gof), By : foidx = f,
and vy :idy o f = f, as in (A5) and (A.7).
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Definition 3.7. Let X,Y,Z be topological spaces, f : X - Y, g:Y — Z
be continuous maps, (V;, E;, T, si,0:), (V;, Ej, Ty, 85, 95), (Vie, B, T, sk, i) be
Kuranishi neighbourhoods on X, Y, Z respectively, and 7" C Im¢; N g~ (Im Ui)
CY and S C Imep; N f~H(T) C X be open. Suppose ®; = (Pij, ij, Pijs Gij) :
(Vi, i, Ty, s5,¢:) — (V;, E5,T,85,%;) is a 1-morphism of Kuranishi neighbour-
hoods over (S, f), and (I)jk = (ijaﬂjka(bjka(bjk) : (Vj,Ej,l—‘j, Sjawj) — (Vk,Ek,
Tk, sk, ¥x) is a 1-morphism of Kuranishi neighbourhoods over (7, g).
Consider the diagram of manifolds and smooth maps:

~

Pij ><V]. ij

Q / \ QF XTIk

r; QV \O/ \ Qrk

Here the fibre product P;; Xy, Pji is transverse, and so exists, as 7, is étale.
We have shown the actions of various combinations of I';,I';,I'x, on each space.
In fact I'; x I'; x I'y, acts on the whole diagram, with all maps equivariant, but
we have omitted the trivial actions (for instance, I';, 'y, act trivially on V;).

As T'; acts freely on P, it also acts freely on P;; xv, Pk, so Py 1= (P Xv;
Pj)/T; is a manifold, with projection II : P;; Xy, Pjr. = Pjx. The commuting
actions of I';,I'y on P Xy, Pjx descend to commuting actions of I';,I'y on
P;j such that II is I';- and I'p-equivariant. As 7 o mp,, : Py Xy, Pjp — V;
and ¢jr o wp;, : Py Xy, Pjp — Vi are I'j-invariant, they factor through II, so
there are unique smooth maps m;; : Pz — V; and ¢, : P;p — Vi such that
mij o mp,; = Mk o Il and ¢k o mp;, = @y o 1L

Consider the diagram of vector bundles on P;; Xy, Pj:

FiXFj XFk

II* o W:k(EZ) ................................................ H*(¢) ............................................ > II* o qu‘k(Ek)
ik
‘ TFTDM(JH’J‘) . . oy k(dyk) . H
WPZJ o7 (Ei) — W}%j °¢;'kj(Ej) = Tp,, oﬂ—jk(Ej) — TPk © ]k(Ek)

There is a unique morphism on the top line making the diagram commute. As
¢Eij, (;Aﬁjk are I'j-equivariant, this is I'j-equivariant, so it is the pullback under IT*
of a unique morphism @, : 5 (E;) = ¢ (Ek), as shown. It is now easy to
check that (P, m, (bzk, (bzk) satisfies Definition [B.3|(a)—(f), and is a 1-morphism

(bik - (Pikaﬁlka¢lk7¢lk) (V17E17an51ﬂ/)z) (Vkka;Fkvska/l/}k) over (Svgof)
We write @, o ®;; = ®;1, and call it the composition of 1-morphisms.
If we have three such 1-morphisms ®;;, @1, ®y;, define

>\ijkl : [Rg ij ((ij XV Pkl)/Fk)} /Fj — [((P” ><V]. ij)/FJ—) XV Pkl] /Fk (33)
to be the natural identification. Then we have a 2-isomorphism

3,8, = [[Pij Xv; (Pjr ¥vi, Pu)/Tr)l/T, Aijwt, 0] -

3.4
(q)kl ¢} (I)jk) ¢} (I)ij = Py 0 ((I)jk ¢} (I)zj) ( )
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That is, composition of 1-morphisms is associative up to canonical 2-isomorph-
ism, as for weak 2-categories in A1l
For (I)ij : (‘/1, El', Fi, Si, ’L/)Z) — (‘/J, EJ—,FJ-, Sjﬂ/)j) as above, define

pij + (Vi x T4) xv; Pij) [T — P,
vig + (Big xv; (Vi x 1)) /T — Fij,

to be the natural identifications. Then we have 2-isomorphisms

Bs,, = [((Vi x Ts) xv; Pij)/Ti, pij, 0] : ®ij oidv, p, 1,80, = Pij

. (3.5)
Y., ‘= [(‘PZ] ><V]. (V} X I‘j))/l—‘j,yij,()} :1d(V7‘,E]‘,F]‘,S]‘,'¢Jj) @) (I)ij —— (I)ij,

ij

so identity 1-morphisms behave as they should up to canonical 2-isomorphism,
as for weak 2-categories in §A ]

Definition 3.8. Let X,Y be topological spaces, f : X — Y be continu-
ous, (Vi, B, Ty, s45,%;), (V3, E;, T, s5,%;) be Kuranishi neighbourhoods on X, Y,
S - Im1/)1 M f71(1m¢j) - X be open, and ‘I)ZJ,‘I);J,(I);/J : (‘/i;Ei;Fi;Si;1/}i) —
(‘/j,Ej,Fj,Sj,l/)j) be 1—IIlOI‘phiSH18 over (S, f) with (I)ij = (Bj,?'rij,d)ij,(ﬁij),
Oy = (B miys 03 93)s @iy = (B w5 00, 0fy). Suppose Ay = [Py, Aij, Aig] -
®;; = @}, and Aj; = [P];, \};, Ajj] : ®}; = @], are 2-morphisms over (S, f). We
will define the vertical composition of 2-morphisms over (S, f), written

A;j @Aij = [Pl N, 5\’- ]@ [Pija/\ija;\ij] : (I)ij — (I);/J

170 Mg Mg

Choose representatives (P, Aij, Aij), (H-'j, Njs 5\23) in the ~-equivalence cla-
sses [Piju)‘ijuj\ij]a [,PZI],)\;J,X;J] Define ,PZI]/ = )\;1 (‘PU) - Pl] - Pij, and )\;/J =
A%; © Aij| prr. Consider the morphism of vector bundles

ij
AL (N) - ij(EiﬂP;; =\jjom; (Ei)|1'3;]< — A5 0 ¢(TV;) = (¢} o )‘ij)*(TVjﬂP;;'

ij
Since ¢}; o )\ij|P{} = ¢’ij|P{J’- + O(};(si)) by (B.2), the discussion after Definition
BI(vi) shows that there exists 5\% 75 (Bl pr — #5(T'V;)| pr with
g ¥

Nij = gl (i) + O (51), (3.6)

as in Definition BJ{vi), and 5\23- is unique up to O(7};(s;)). By averaging over
the I'; x I'j-action we can suppose ;\;j is I';- and T'j-equivariant, as 5\;] is.
Define A} : w?‘.(Ei)|Pi,]( - &j; (TVJ')|P;J< by A, = )\ij|}‘3i/]( + Aj;- It is now easy

ij
to see that (P[;, A 5\;;) satisfies Definition[3.5(a)—(c) for ®;;, @, using (B.2)) for

Aij, /A\;J and (3.6)) to prove B.2) for 5\;’7 Hence Af; = [P VADVARE THES 7 is

g0 Yo g

a 2-morphism over (S, f). It is independent of choices. We define [Pi’j, Aljs ;\;J] ®
[Py, Aijs Aij] = [H’J’,)\;’J,S\;’J], or Al; ©® Ajj = A}, All 2-morphisms over (S, f)

are invertible under vertical composition, that is, they are 2-isomorphisms.
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Write H0m57f((V;,Ei,l"i,si,wi), (%,Ej,l"j,sj,z/}j)) for the groupoid with
objects 1-morphisms ®;; : (Vi, By, Ty, s6,0:) — (Vy, Ej, T, 85,1,) over (S, f),
and morphisms 2-morphisms A;; @ ®;; = @}, over (S,f). If X =Y and
f = ldx, we write thiS as Homs((‘/i,Ei,Fi,Si,d)i), (‘/j,Ej,Fj,Sj,l/}j)).

Definition 3.9. Let X,Y,Z be topological spaces, f : X - Y, g:Y — Z
be continuous maps, (V;, E;, ', si, ¥:), (V;, E;, Ty, 85, 95), Vi, Ex, Tk, Sk, ¥r) be
Kuranishi neighbourhoods on X,Y,Z, and T C Im4; N g~ '(Imey) C Y and
S C Imwy; N f~Y(T) € X be open. Suppose <I>ij,<1>§j : (Vi, B Tyysiyhi) —
(V;,E;,T';,s;,%;) are l-morphisms of Kuranishi neighbourhoods over (S, f),
and A;; : ®;; = @}, is a 2-morphism over (S, f), and <I>jk,<1>;.k - (V5,E;,Ty, 85,
;) = (Vi, Ex, Tk, Sk, ¥x) are 1-morphisms of Kuranishi neighbourhoods over
(T, g), and Ajy : ®j; = @’ is a 2-morphism over (T, g).
We will define the horizontal composition of 2-morphisms, written

Ajk * Aij : (I)jk 9] (I)ij — (I);k 9] (I);g over (S,g 9] f) (37)

Use our usual Potation for ®;;,. .., Ajx, and write (Pig, Tk, Pik, gZA)lk) =0,
(P, Ty Oy Oip) = <I>;-k o @}, as in Definition B7l Choose representatives
(Pijs Aigs Aig ) (Piies Ajies Aji) for Aij = [Pig, Aij, Aij] and A = [Py, Ajies Aji]-
Then Py = (P xv; Pj)/T'j, and P;; C Pjj, Py, € Pj; are open and
['j-invariant, so Pj; Xv; Pjj is open and I'j-invariant in P;; Xy, Pjx. Define
Py, = (Pij xv; Pj)/Tj, as an open subset of Py. It is I';- and I'y-invariant, as
Py, Pj, are I';- and. I'g-invariant, re§pectively. .
The maps Ai; : Pij = Pjj, Aji « Pjr — Pjy satisty ¢f; 0 Aij = dijlp,, : Pij —
Vjand 70Nk = 7jk|p,, : Pjr — V. Hence by properties of fibre products they
induce a unique smooth map Aix @ Pij Xg,; v;,m Pik — P Xt Vi P, with
7~Tp1_/j oXik = Aij oTp,. and TP, oNik = \jk OTp, - As everything is I'j-equivariant,

Air descends to the quotients by I';. Thus we obtain a unique smooth map
ik, : P = (Pij xv; Pyr) [Ty — (Pl xv; Pjy)/Tj = Py

with \;poll = H/OS\ik, for IT : H] Xvy; ij — (PU x‘/ijk)/l“j, Ir : HZ Xvy; P]/k —

(P; xv; P;k)/Fj the projections.

Define a morphism of vector bundles on Pij Xy, ij
Nige - oy (Bi) = (mijomp, )" (By) — (djeomp, ) (TVi) =105y, (TVi)
by j\ik = F;jk (d¢jk o (dﬂ'jk)_l) o W;ij (XU) + F;jk (5\];@) o W;ij (éij)a

21



where the morphisms are given in the diagram

‘J/F;ij (Aij) TPy (:5) )
(¢ijOWP¢~)*(TVj) W;jk()\jk)
I ' iy ()7 w5 (o)

.)* A 5 ik . .)*
(ﬂ—jkoﬂ—ij) (TV;) W ijk(Tij) —_— ((bjkoﬂ—ij) (TVk)'
Here dr;, : TPj, — 77, (T'V;) is invertible as 7, is étale. As all the ingredients
are I';,I'j, I'g-invariant or equivariant, ik is I'j-invariant, and so descends to
Py = (Pw Xy, ij)/l"j. That is, there is a unique morphism Ay, : m|};ik (E;) —
¢z‘k|’;-3_k(TVk) of vector bundles on Pj; with IT*(A\;z) = Ajg. As A is I';- and

I'x-equivariant, so is ;\ik. . A
One can now check that (Pjx, Aik, Aix,) satisfies Definition B5(a)—(c), where
B2) for Ay, follows from adding the pullbacks to Pw Xy, ij of B2 for A\ij, Ajk,

s0 Nir = [Pik, ik, ik 18 a 2-morphism as in ([B.7), which is independent of
choices of (Bj, )\ij7 )\ij); (ij, )\jk; /\gk) We define Ajk * Aij = Azk in (B:ZD

We have now defined all the structures of a weak 2-category, except that our
1- and 2-morphisms are defined over an open set S C X, which is not part of
the 2-category structure. As in [34] §4.1], there are two ways to make a genuine
2-category out of this, either (a) working on a fixed topological space X and
open S C X, or (b) allowing X to vary but requiring S = X throughout.

Theorem 3.10. (a) Let X be a topological space and S C X an open set. The
definitions above give a weak 2-category Kurgs(X) of Kuranishi neigh-
bourhoods over S, with objects Kuranishi neighbourhoods (V;, E;,T;, s;,1;) on
X with S C Im;, and 1- and 2-morphisms 1-morphisms ®;; of Kuranishi
neighbourhoods over S, and 2-morphisms A;; over S.

(b) The definitions above also give a weak 2-category GKur of global Kuran-
ishi neighbourhoods, such that:

(i) The objects (X, (V,E,T,s,v)) in GKur are pairs of a topological space
X and a Kuranishi neighbourhood (V,E,T,s,v) on X with Im¢ = X.

(i) The 1-morphisms (f,®) : (X, (V,E,F,s,1/))) — (Y, (V[/,F,A,t,x)) in
GKur are pairs of a continuous map f: X — Y and a 1-morphism ® :
(V,E,T,s,¢) = (W, F,A,t, x) of Kuranishi neighbourhoods over (X, f).

the 2-morphisms A : (f,®) = (g,¥) in GKur ezist only if f = g, and
are 2-morphisms A : ® = U of Kuranishi neighbourhoods over (X, f).

All 2-morphisms in Kurs(X), GKur are 2-isomorphisms, that is, Kurg(X),
GKur are (2,1)-categories.
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Definition 3.11. Recall from A T] that an equivalence in a 2-category C is a
1-morphism f : A — B in C such that there exist a l-morphism g : B — A
(called a quasi-inverse) and 2-isomorphisms 7 : go f = id4 and ¢ : fog = idp.
A l-morphism f : A — B is an equivalence if and only if [f] : A — B is an
isomorphism (is invertible) in the homotopy category Ho(C).

A I-morphism ®;; : (V;, E;, Ty, 84,¢:) = (V;, Ej, T, 85,%,) on X over S is a
coordinate change over S if ®;; is an equivalence in the 2-category Kurg(X).

Definition 3.12. Let T C S C X be open. Define the restriction 2-functor
|7 : Kurg(X) — Kurp(X) to map objects (Vi, E;, T, s4, 1) to exactly the
same objects, and 1-morphisms ®;; to exactly the same 1-morphisms but re-
garded as 1-morphisms over T', and 2-morphisms A;; = [Pij, Aijs ;\ZJ] over S to
Aijlr = [Pij, Aijs Xij]|T, where [Pij, Aij, Xij]|T is the ~p-equivalence class of any
representative (Pij, Aijs j‘u) for the ~g-equivalence class [Pij, i j‘u]

Then |7 : Kurg(X) — Kuryp(X) commutes with all the structure, so we
may we regard |r as a weak 2-functor as in §AD] for which the additional 2-
isomorphisms Fy ¢ are identities.

IfUCTCSCX areopen then |yo|r = |y : Kurg(X) — Kury(X).

Also |g gives a functor |7 : Homs((%,Ei,l"i,si,@/Ji),(V},Ej,l"j,sj,wj)) —
HOIIIT((‘/;, Ei,l—‘i, Si,’lbi), (V}, Ej, Fj, S5, ’@/J])) when T' - S - Im’@/h N Im’t/Jj, in
the notation of Definition

Definition 3.13. So far we have discussed 1- and 2-morphisms of Kuranishi
neighbourhoods, and coordinate changes, over a specified open set S C X, or
over (S, f). We now make the convention that when we do not specify a domain
S for a 1-morphism, 2-morphism, or coordinate change, the domain should be
as large as possible. For example, if we say that ®;; : (Vi, E;, Ty, 85,¢:) —
(V;,E;,T;,8;,%;) is a l-morphism (or a 1-morphism over f : X — Y) without
specifying S, we mean that S = Imt; NIm; (or S =Imy; N f~ (Imap;)).

Similarly, if we write a formula involving several 2-morphisms (possibly de-
fined on different domains), without specifying the domain S, we make the
convention that the domain where the formula holds should be as large as pos-
sible. That is, the domain S is taken to be the intersection of the domains of
each 2-morphism in the formula, and we implicitly restrict each morphism in
the formula to S as in Definition [3.12] to make it make sense.

3.3 Properties of 1- and 2-morphisms

The next result [34) Th. 4.14] is very important in our theory. We will call
TheoremB.I4 the stack property. We will use it in §4.T1to construct compositions
of 1- and 2-morphisms of Kuranishi spaces. Stacks on topological spaces are the
2-category analogue of sheaves, and are defined in JA 4l
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Theorem 3.14. (a) Let (V;, By, Ty, s5,v:), (Vy, Ej, Ty, 85,%;) be Kuranishi nei-
ghbourhoods on a topological space X. For each open S C Im; NIm4p;, set

ﬂom((‘/“E“FZ,SZ,’I/)Z), (‘/Janvrjvsjij)) (S)
= Homs((‘/i;E’hFi; S’va’i)a (‘/JijaFja Sjij))v

as in Definition B8 for all open T C S CIm; NIm1p; define a functor

PST - %Om((‘/i;E’ivriasivwi)a (‘/JvEJaFJaSJa/l/}J))(S) —
%Om((m;E’LvFlaslvwl)a(‘/JvEJaFJaSJan))(T)

by psT = |1, as in Definition BI2l and for all open U C T C S C Imp; N
Im«p; take the obvious isomorphism nsru = idyg, : prv © pst = psu. Then
'Hom((Vi, Ei,Ti,si,04), (Vi, Ej, Ty, 85, z/Jj)) is a stack on Imtp; N Im;.
Coordinate changes (Vi, E;, Ty, si,¢:) = (V;, Ej,T,85,1%;) also form a stack
Squ((Vi, E; i, s:,%:),(V;, E;, Ty, s5, 1/13)) on Im1p; NImp;, which is a substack
Of ’Hom((V“ Ei, Fi, Si, 1/)1), (‘/J, Ej, Fj, Sj, 1/)3)) .
(b) Let f: X =Y be continuous, and (U;, D;, By, 7i,x:), (Vi, Ej, T, 85,%;) be
Kuranishi neighbourhoods on XY, respectively. Then 1- and 2-morphisms from
(Ui, Di,Bi, i, x3) to (Vi, E;, T, 85,%;) over f form a stack 'Homf((Ui,Di,Bi,
risXi)s (Vj, Ej, Ty, 55,15)) on Imx; N f~'(Imyy;) € X.

Here [34] Th. 4.16] is a criterion for recognizing when a 1-morphism of Ku-
ranishi neighbourhoods is a coordinate change, that is, is invertible up to 2-
isomorphism. Note the similarity of [B.8]) to equation (2.2]).

Theorem 3.15. Let ®;; = ( ”,mj,(b”,gbw) (Vi By, Tiysiy i) — (Vi Ej
Tj,s5,1%;) be a 1-morphism of Kuranishi neighbourhoods over S’ C X. Le
p € szl(wl- Y(S)) C Py, and set v; = m;(p) € Vi and v; = ¢i(p)
Consider the sequence of real vector spaces:

m
=

dsz'\vi@(dqﬁij\pOdﬂH;l) _éij‘PeBdsj‘vj
OéTlevz EZ|U»L EBT’U]V]

Ejly, —0. (3.8)

Here dmjl|p : TpPij — T, Vi is invertible as m;; is étale. Definition B3N e) implies
that (B8)) is a complex. Also consider the morphism of finite groups

pp: {(vi,vi) €Ti x Ty s (vi,;) -p=p} — {75 €T 75 -v5 =v;},

(3.9)
Py (Yir Vi) — ;-

Then ®;; is a coordinate change over S, in the sense of Deﬁmtwn BI1 4f
and only if (B.8) is ezact and [B3.9) is an isomorphism for all p € L1(9)).

3.4 Relation to Fukaya—Oh—Ohta—Ono’s work

We now relate our definitions in §3.1HJ3.3] to FOOO Kuranishi neighbourhoods
and FOOO coordinate changes from §2.T1
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Example 3.16. Compare Definition 2.1] of FOOO Kuranishi neighbourhoods
(V,E,T,s,v), and Definition B.2 of our Kuranishi neighbourhoods (V,E,T,5
¥). The differences are that F is a vector space, but E — V is a vector bundle
over V. Also T must act effectively on V, but T’ need not act effectively on V.

To make a FOOO Kuranishi neighbourhood (V, E, T, s,7) into one of our
Kuranlshl ‘neighbourhoods (V E,T,3 w) take V.= V, T =T, w = 1, let

: E — V be the trivial vector bundle my V. x E — V with fibre F, and
s=idxs:V =V x E. Thus, FOOO Kuran1sh1 neighbourhoods correspond
to spemal examples of our Kuranishi neighbourhoods (V,E,T,5 1/)) in which

: E — V is a trivial vector bundle, and T acts effectively on V.

By an abuse of notation, we will sometimes identify FOOO Kuranishi neigh-
bourhoods with the corresponding Kuranishi neighbourhoods in §3.01 That is,
we will use F to denote both a vector space, and the corresponding trivial vector
bundle over V', and s to denote both a map, and a section of a trivial bundle.
Fukaya et al. [16, Def. 4.3(4)] also make the same abuse of notation.

Example 3.17. Let (I)ij = (‘/;j, hij, Pij, QLA?U) : (‘/;, Ei,l—‘i, Si, ’g[]l) — (V}, Ej, Fj,
sj,%;) be a FOOO coordinate change over S, as in Definition[Z2l As in Example
B16] regard the FOOO Kuranishi neighbourhoods (V;, E;, Iy, s5,%5), (V;, E;, T,
sj,1;) as examples of Kuranishi neighbourhoods in the sense of §3.11

Set Pij = ‘/ij X Fj. Let Fl act on F)ij by Yi : (’U,"y) — (")/Z "U,"yhij("yi)_l). Let
I, act on P;; by 7, : (v,7) — (v,7;7). Define m;; : Pi; — V; and ¢ : Py = V;
by mi; + (v,7y) = v and ¢;; : (v,7y) = v - i;(v). Then 7;; is I';~equivariant and
I'j-invariant. Since @;; is hyj-equivariant, ¢;; is I';-invariant, and I'j-equivariant.

We will define a vector bundle morphism qgij e (E;) — o35 (Ej). At
(v,7) € Pij, this ¢;; must map Ei|, — Ejly.p,;()- We define (;Aﬁij|(vy,y) to be
the composition of Gij|y : Eily = Ejlys,; ) With v Ejlg. (o) = Ejly.e,;0) from
the I'j-action on E;. That is, gb”h/”x{ﬂ v - ¢ij for each v € T';.

It is now easy to see that ®;; = (PU,WU,QSU,¢U) (Vi, Ei, Ty, si,¢:) = (V;,
E;,T;,s;,1;) is a 1-morphism over S, in the sense of §3.11 Theorem B.IH shows
that ®,; is a coordinate change over S, in the sense of §3.21

We will show that the elements 7y, € I', in Definition 24fb) correspond in
the setting of §3lto a 2-morphism A,qp : gy © <I>Tq = @Tp

Example 3.18. (i) In the Fukaya-Oh-Ohta—Ono theory [I0HI9], one often
relates two FOOO coordinate changes in the following way. Let ®;; = (Vi;, hij,

Pij, Sbl])a (I); - (‘/;_/]7 hwu s07,_77 QOU) : (‘/;7 Ei7 Fia Si, d]l) — (V]u E]7 P]7 S5, ¢]) be
FOOO coordinate changes over S. Suppose there exists v € I'; such that

hij =" h;] . ’7717 ¢ij =7 ¢;j7 and éij =7" (Z;;ju (310)

where the second and third equations hold on V;; := V;; N Vi

Let éij,figj : (Vi, B, Ty, si,¢:) — (Vy, Ej, T, 85,1,) be the 1-morphisms in
the sense of MCorresponding to ®;;, ®;; in Example 3.7 Set Pij = Vi xT; C
Pi;. Define A\;; : P;; = Vw xI'; — VZ’J xI'; = Pi’j by Aij 1 (v,v) = (v,7"7), and
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Aij = 0. Then (B, Aij Xij) satisfies Definition B5(a)(c), so we have defined a
2-morphism Ay; = [Bij, Aij, Aij] - ij = @ZJ, in the sense of §3.11

(ii) This enables us to interpret Definition 24(b) in terms of a 2-morphism.
In the situation of Definition [Z4kb), the composition of the FOOO coordinate
changes @, ®gp is Pgpo Py = (ga;ql (qu), hapohrg, Pgp O¢Tq|ga:q1(qu)’ gp:q(@qp) o
Pral - (qu)) Thus, (23) relates @y, 0 D, to P, in the same way that B10)
relates ®;j to D,
ponents. Hence, if fI)Tq, fI)qp, <I)Tp are the coordinate changes in the sense of §3.2]
associated to ®,q, Pgp, Prp in Example B 1T, then the method of (i) defines a
2-morphism Apg, : i)qp o &Jrq = fi)rp, in the sense of §3.11

(iii) In the situation of Definition Z4(b), suppose v € (r; (Vgp) N Vip)® is
generic. Then Stabr_(v) = {1}, as ', acts (locally) effectively on V;. by Defi-
nition Z.T)(c). Hence Stabr, (¢, (v)) = {1} by Definition 2.2(g). Therefore the
point v, -+ @rp(v) = Pgp © Pre(v) in V,, determines ~y;, in I'y. So the second
equation of (23] determines %qp € I'p, uniquely, provided it ex1sts Thus the

except for allowing v,.4p to vary on different connected com-

2-morphism Apgy : <I>qp o <I>Tq = <I)Tp in (ii) is also determined uniquely.

3.5 Relation to McDuff and Wehrheim’s work

We can also connect our definitions in §3.TH§3.3] to MW Kuranishi neighbour-
hoods and MW coordinate changes from §2.31 As in Example[3.16] by an abuse
of notation we will regard MW Kuranishi neighbourhoods as examples of our
Kuranishi neighbourhoods in §3.11 We relate MW coordinate changes to ours:

Example 3.19. Let ®5c = (Vse, pBe,wse, ¢8c) : (Ve,E, ', sp,¥p) —
Vo, Ec,Te, sc, ) be an MW coordinate change over S, as in Definition
m Regard (VB, EB, FB, SB, 1/)3), (Vc, Ec, Fc, SC, 1/)0) as Kuranishi neigh—
bourhoods in the sense of §3.11

Set Pge = Ve x I'p. Let ' act on Pge by 75 : (v,9) = (v,v57). Let
I'c act on Pge by vo @ (v,7) = (vo - v,vpBc(Ye)™1). Define mpc : Pee — Vi
and ¢pc : Ppc — Ve by e @ (v,7) = v wpce(v) and ¢pc : (v,7) — v
Then mpc is I'g-equivariant and I'c-invariant, and ¢pc is I'g-invariant and
I'c-equivariant.

Define QASBC T5c(Ve X Eg) — ¢BC(VC x Ec), as a morphism of trivial vec-
tor bundles with fibres Eg, Ec on Pgc = Vo x I'p, by ¢BC|Vch{y} PBC ©

(y~1-—) for each v € I'p. It is easy to see that dpo = (Ppc,mBC, 9BC, QSBC)
(Vs,EB, T, sp,v5) = (Vo,Ec,Tc, sc,¥¢c) is a 1-morphism over S, in the
sense of §311 Combining Definition 2TTi(g) and Theorem shows that ® g¢
is a coordinate change over S, in the sense of §3.21

We relate Definition 2I2(d) to 2-morphisms in §3.1F

Example 3.20. In the situation of Definition 212{(d), let (i)BC, <i>BD, dop be
the coordinate changes in the sense of §3.2] associated to the MW coordinate
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changes P, Ppp,Pep in Example B.191 The composition coordinate change
dopodpe = (Ppep,sT™BCDs PBCD QSBCD) from Definition 3.7 has

Ppep = [(Vee x ') xve. (Vep xTe)] /Te

N i ! (3.11)
>~ (Ve Xv, Vep) X T'p 2 WEE(VBC) x I'p.
Define PBCD to be the open subset of Pgcp identified with VBCD x I'p by
m, and A\gcp : PBCD — Ppp = VBD x I'p to be the map identified by
(BI1) with the inclusion Veep x T's < Vgp x T, and Agep = 0. Then as
in Example BI8(i), we can show that (PBCD, ABCD, XBCD) satisfies Definition
(a)*(fj), so we have defined a 2- HlOI‘phlSHl ABCD = [PBCD; /\BCDa /\BCD] :
dopoPpe = Pgp on Sgep = Imypg NImyec NImp, in the sense of §3.11

3.6 Relation to d-orbifolds

The author has developed a theory of Derived Differential Geometry [31H33],
involving ‘d-manifolds’ and ‘d-orbifolds’, derived versions of smooth manifolds
and orbifolds, where ‘derived’ is in the sense of Derived Algebraic Geometry.
D-manifolds and d-orbifolds form strict 2-categories dMan, dOrb. For other
definitions of derived manifolds, which form co-categories, see Spivak [50] and
Borisov—Noel [6]. Borisov [5] explains how the d-manifolds of [3TH33] are related
to the derived manifolds of Spivak [50] and Borisov—Noel [@].

D-manifolds are a full 2-subcategory of the strict 2-category of ‘d-spaces’
dSpa, where a d-space X = (X, 0%) is a topological space X with a sheaf O%
of ‘square zero dg C*>°-rings’, satisfying some conditions. Here a square zero dg
C*-ring is a 2-categorical, differential-geometric analogue of the commutative
differential graded algebras (cdgas) used as basic objects in Derived Algebraic
Geometry. D-orbifolds are a Deligne-Mumford stack version of d-manifolds.

The initial definitions of d-manifolds and d-orbifolds broadly follow those
of schemes and stacks in algebraic geometry, and look nothing like §3.11-§3.21
But in order to describe d-manifolds and d-orbifolds in classical differential-
geometric language, the author [33, §3 & §10] proves results on ‘standard model’
d-manifolds and d-orbifolds, and ‘standard model’ 1- and 2-morphisms.

In terms of the ideas of §3.I] a ‘standard model’ d-manifold Sy g s or d-
orbifold Sy, g s is constructed from a Kuranishi neighbourhood (V, E, T, s, ),
with I' = {1} in the d-manifold case, and ‘standard model’ 1- and 2-morphisms
are constructed from the data in 1- and 2-morphisms of Kuranishi neighbour-
hoods. By comparing §8IH3.2 with results in [33] §3 & §10], we can deduce:

Theorem 3.21. (a) Suppose (V, E,T,s,1) is a global Kuranishi neighbourhood
on a topological space X, where ‘global’” means Im1y = X. Then we can define
a ‘standard model’ d-orbifold Sv g r,s, with underlying topological space X.

(b) Let (Vi, Ei, Ty, 84,44), (Vi, Ej, T, 84,15) be global Kuranishi neighbourhoods
on XY, and f: X =Y be continuous, and ®;; : (Vi, E;, Ty, s5,¢:) — (V;, Ej,
T, s5,%;) be a 1-morphism of Kuranishi neighbourhoods over (X, f). Then we
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can define a ‘standard model’ 1-morphism of d-orbifolds in dOrb
S‘bij : S‘/iinvriysi — SVj,Ej,Fj,sj,

with underlying continuous map f.

(c) Let f:Sv, g.r.s; = Sv,,E;r,,s; be a l-morphism in dOrb between stan-
dard model d-orbifolds. Then f is 2-isomorphic in dOrb to some standard
model 1-morphism Ss,;, as in (b).

(d) Suppose 5, ®}; : (Vi, By, Ui, sisbi) — (Vy, Ej, T, 85,95) are 1-morphisms
of Kuranishi neighbourhoods over (X, f), with associated 1-morphisms of d-
orbifolds S@ij,Sq%j. Then there is a canonical 1-1 correspondence between 2-
morphisms A : ®;; = @}, of Kuranishi neighbourhoods over (X, f), and 2-
morphisms X : S, = Sq;.éj of d-orbifolds.

These maps from Kuranishi neighbourhoods, 1- and 2-morphisms to d-orbifolds,
1- and 2-morphisms are compatible with the rest of the 2-category structures.

This implies that the full strict 2-subcategory SMod C dOrb with ob-
jects ‘standard model” d-orbifolds is equivalent to the weak 2-category GKur
of global Kuranishi neighbourhoods in Theorem

In fact the author deliberately wrote §3.1HJ3.2] by translating facts about
d-orbifolds into Kuranishi-style, differential-geometric language, which makes
Theorem B2T] almost a tautology. But the facts about ‘standard model’ d-
manifolds and d-orbifolds on which Theorem B.21]is based are genuine theorems,
not just simple consequences of the definition of d-orbifolds.

4 The weak 2-category of Kuranishi spaces

We now define our 2-category of Kuranishi spaces Kur. The material of this
section, and the proofs of the theorems, have a different character to those of §3l
Section Bl was largely about differential geometry: in Kuranishi neighbourhoods
(Vi, Ei, Ty, 84,10;) it really mattered that V; is a manifold, and so on, and the
proofs of Theorems [3.10] B.14] and use many properties of manifolds.

This section involves a lot of stack theory from algebraic geometry, but very
little differential geometry. When we define Kuranishi structures in §4.11 in
Kuranishi neighbourhoods (V;, E;, T';, s;, ¥;) we do not care that V; is a manifold,
it only matters that (V;, F;, T';, s;, ;) is an object in a 2-category Kurg(X) for
open S C Im1); C X, which has a stack property as in Theorem [3.14

Because of this, the framework below works whenever we have some class of
‘charts’ on a topological space satisfying the analogues of Theorems [B.10] and
B.14 so for instance we can easily define Kuranishi spaces with boundary and
corners, or Kuranishi spaces associated to other categories of manifolds.

With the exception of Theorems.TIHA 2T below, all of this section, including
proofs of quoted results, comes from [34].
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4.1 Kuranishi spaces, 1-morphisms, and 2-morphisms
Here is one of the main definitions of the paper:

Definition 4.1. Let X be a Hausdorff, second countable topological space (not
necessarily compact), and n € Z. A Kuranishi structure K on X of virtual
dimension n iS data IC = (I, (‘/z; Ei, Fi, Si, 1/)1')1'6[, (I)ij, i,5€1 5 Aijk, i,j,ke]); where:

(a) I is an indexing set (not necessarily finite).

(b) (V;, E;, T, si,%;) is a Kuranishi neighbourhood on X for each i € I,
with dim V; — rank E; = n.

(¢) @45 = (Pij,mij, bij 0i5) « (Vi, Bi, i, 50,0:) — (Vj, B;, T, 85,1;) is a coor-
dinate change for all 4, j € I (as usual, defined over S = Im; N Im1);).

(d) Aijk = [Pijks Mijk, Aijk] © Pji 0 ®ij = Py is a 2-morphism for all 4,5,k € T
(as usual, defined over S = Im1; N Ime; N Imedy).
) Uiellmd)i = X.
f) P, = id(W,Ei,Fi,Si7¢i) for all i € 1.

) Aiij = Bo,, and Ayjj =g, for all i,j € I, for By, ,ve,, as in (B.5).

) The following diagram of 2-morphisms over S = Im; N Im; N Im ey N
Im4); commutes for all 4,5, k,l € I, for as,, s, e, as in ([B3.4):

DproDig) o Dy Di;o0d;,;
( kl ]k) ij Ajkl*idq)ij gl ij
ﬂa‘?kbq’jk’q’u Aijl\“/
idq’kl*Aijk Aikl
(bklo((bjko@ij)E@klO@ik @il'

We call X = (X, K) a Kuranishi space, of virtual dimension vdim X = n.
When we write x € X, we mean that z € X. We can define orientations on
Kuranishi spaces in a very similar way to Definition

Example 4.2. Let V be a manifold, E — V a vector bundle, I" a finite group
with a smooth action on V' and a compatible action on E preserving the vector
bundle structure, and s : V' — E a I'-equivariant smooth section. Set X =
s71(0)/T", with the quotient topology induced from the closed subset s~1(0) C
V. Then X is Hausdorff and second countable, as V' is and T is finite.

Define a Kuranishi structure K = ({O}, (Vb, Eo,To, s0,%0), ‘1’00,/\000) on X
with indexing set I = {0}, one Kuranishi neighbourhood (Vj, Ey, Lo, S0, %0)
with Vo =V, Ey = E, s =T, sp = s and 99 = idx, one coordinate change
Qoo = id(vy, Eg,To,s50,15), and one 2-morphism Aggo = idg,,. Then X = (X, K) is
a Kuranishi space, with vdim X = dim V' —rank . We write Sy g1, = X.

We will need notation to distinguish Kuranishi neighbourhoods, coordinate
changes, and 2-morphisms on different Kuranishi spaces. We will often use the
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following notation for Kuranishi spaces W, X,Y, Z:

W=W,H), H=(H (Th,Ch,Aisqner)ncr, Znr = (Onnr, This, O

Ohh )hh/eHs Ly = [Ohh’h”ath’h”aZhh’h”]h,h’,h”eH)a (4.1)
X =(X,I), I=(I,(Uy,D;,B;,ri,xi)ier, Tir = (Piir, Tir, Tasr
Tiir )iirel, Kirir = [Piivirn, Kigrirn l%ii/i“]i,ﬂ,z'“el), (4.2)
Y=.7), J=,E;Ty,85,%)er, Tig = (Qjjrsmjjr, v,
ﬁjj’)j,j’eJ, Ajj’j” = [ij’j”? Ajj’j”? ;\jj’j”]j;j’7j”€J)7 (43)

Z=(2,K), K= (K,(Wk,Fr,Ap,te,wr)rer, Perr = (R, T » P
ngk’)k,k’eKa Mg = [Rkk’k”aﬂkk’k”aﬂkk’k”]k,k’,k”eK)- (4.4)

Next we define 1- and 2-morphisms of Kuranishi spaces. Note a possible
confusion: we will be defining 1-morphisms of Kuranishi spaces f,g : X —
Y and 2-morphisms of Kuranishi spaces n : f = g, but these will be built
out of 1-morphisms of Kuranishi neighbourhoods f,;,g;; : (Ui, Di, Bi, i, xi) —
(Vj, Ej,Tj,55,%;) and 2-morphisms of Kuranishi neighbourhoods n,; : f;; =
g;; in the sense of §3.1] so ‘1-morphism’ and ‘2-morphism’ can mean two things.

Definition 4.3. Let X = (X,Z) and Y = (Y, J) be Kuranishi spaces, with
notation [@2)-3). A 1-morphism of Kuranishi spaces f: X — Y is data

_ g, 3€J g3, 3.3'€d
f— (f7 f’L] i€l, jeJ Fz‘z",i,z"elv Fi, el )’
satisfying the conditions:

(a) f:X — Y is a continuous map.

(b) fi; = (P, mijs fij, fis) + (Ui, Di,Bi,ri,xa) — (V3 Ej, Ty, s5,15) is a 1-
morphism of Kuranishi neighbourhoods over f for alli € I, j € J (defined
over S =Imy; N f~1(Im1;), as usual).

(c) FI, = [P}, F/, FJ] fijoTis = f;; is a 2-morphism over f for all
i,i € I and j € J (defined over S = Im x; N Imy; N f~1(Im1);)).

(d) Ffjl = [Pijjl,Fijjl,Fijjl] : Yjjr o f;j = fij is a 2-morphism over f for all
i € I and j,j’ € J (defined over S =Imy; N f~ (Im; NIm;)).

(e) Fﬁz = ﬁf” and Ffj = s, foralliel, j e J, for ﬁfij"yf”_ as in (B.5).

e following commutes for all 4,7',i” € I and j € J:
f) The followi for all ¢,i,4" € [ and j € J

(fi//j e} Ti'i”) o Tii' = - fi'j o T’ii/
Fi/i” *1dT”, R
\U/afi”j T T FJ..,\U/
. ; (23
ldfiuj *K 50500 F“zi,,
f’i”j [¢] (Ti’i” o Tii’) _ fi//j o Tii” fl]
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g e following commutes for all ¢,7" € I and j, 5" € J:
The followi for all i, € I and 7,5’ € J

(Tjj’ © fi’j) o Ty — fi/_j/ o Ty
sz *idT.., v
UaTjj’ Firgo T ) o F]..,\“/
idej/ «F7, Fii’ i
K2
T771 O (f’L’] @] Tii’) _—> T]]/ [e) fl_] fl]’

(h) The following commutes for all i € I and j,j’,j" € J:

(Tjrjr o Tjjr) 0 fiy — Tjjr o fij
43’ 3" 19 E i .
[k SRR SV 2Y L F’ \U/
\U/ 77 23 ide/j// *F‘Z]/ Fj/j” K3
i
Tj/j// o] (Tjj/ 0] f”) : Tj/j// (@] f”, fij”'

IfreX (ie. x € X), we will write f(z) = f(z) € Y.
When Y = X, define the identity 1-morphism idx : X — X by

i — (i o JeI J.g' el
idx = (lanTZJ-, 4,5€1 Kii/j, IRASE Kijj/, ieI)a

Then Definition [I(h) implies that (f)—(h) above hold.

Definition 4.4. Let X = (X,Z) and Y = (Y, J) be Kuranishi spaces, with
notation as in ([@2)-3), and f,g : X — Y be l-morphisms. Suppose the
continuous maps f,g: X — Y in f, g satisfy f = g. A 2-morphism of Kuranishi

spaces m : f = g is datan = (nim iel,jeJ)v where n;; = [Pij,mj,ﬁij] cfi =
gi; is a 2-morphism of Kuranishi neighbourhoods over f = g (defined over
S =TImy; N f~1(Im1;), as usual), satisfying the conditions:
(a) GL © (g, *idr,,) =n;; © Fl, : fi; 0Ty = g,; for all i,i' € I, j € J.
Note that by definition, 2-morphisms 1 : f = g only exist if f = g.
If f = g, the identity 2-morphism is idy = (idfw ie]_je‘]) =1
4.2 Making Kuranishi spaces into a 2-category

We will make Kuranishi spaces into a weak 2-category. We have already defined
the objects, 1-morphisms, 2-morphisms, and identity 1- and 2-morphisms in
9411 As for §3.2] it remains to explain:

e Composition of 1-morphisms;

Horizontal composition of 2-morphisms;

Vertical composition of 2-morphisms; and

Coherence 2-isomorphisms ap, g 7 : (hog)of = ho(gof), B : foidx =
f,and v :idy o f = f, as in (A.5) and (A.T).
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We will define composition of 1-morphisms in Proposition 4.5 and Definition
4.6l The definition involves some interesting issues, so we discuss these first.
Suppose f : X — Y, g:Y — Z are 1-morphisms of Kuranishi spaces. We
want to define the composition go f : X — Z. Use notation ([@2)—-(@4) for
X,Y,Z. Then Kuranishi neighbourhoods on X are parametrized by ¢ € I,
where {Im x; : ¢ € I} is an open cover of X, and similarly {Im); : j € J} is an
open cover of Y, and {Imwy, : k € K} is an open cover of Z.

To make go f, for each ¢ € I and k € K we need a 1-morphism of Kuranishi
neighbourhoods (g o f)ix defined on Im y; N (go f)~ ! (Imwy) € X. But we actu-
ally have 1-morphisms g .0 f;; defined on Im x; N f = (¢;)N(go f) ! (Imwi) € X
for all j € J. We will construct (g o f);x by gluing together the gji © f;; for all
j € J using the stack property of Kuranishi neighbourhoods, Theorem [3.14]

The stack property is crucial, as without it we could not define composition
of 1-morphisms of Kuranishi spaces, and could not make Kuranishi spaces into a
2-category. For FOOO Kuranishi spaces in §2.11 or MW weak Kuranishi atlases
in §2.3] one could write down notions of morphisms similar to Definition [£.3l
However, as FOOO/MW coordinate changes do not form sheaves or stacks,
there seems no obvious way to define compositions of such morphisms.

In the next proposition, taken from [34] §4.3], part (a) constructs candidates
h for g o f, part (b) shows such h are unique up to canonical 2-isomorphism,
and part (c) that f,g are allowed candidates for idy o f, g o idy-

Proposition 4.5. (a) Let X = (X,1),Y = (V,J),Z = (Z,K) be Kuranishi
spaces with notation (E2)-H4), and f : X =Y, g: Y — Z be 1-morphisms,
with f = (f, fij,in,,ng ), g = (g,gjk,ij,,G‘l;kl). Then there exists a 1-
morphism h: X — Z with h = (h, hay, H H¥), such that h=go f : X —

Z,and for all i€ I, j € J, k € K we have 2-morphisms over h
@ijk : gjk o fij — hik; (45)

where as usual [@H) holds over S =Imx; N f~1(Im;) N h~*(Imwy), and for
all i,i' €1, j,5' € J, k, k' € K the following commute:

(gjwo firj)oTiw hiry, o Ty

O,rjp*idr,

Qg . k
\U/ 9k 85T . H”/\H/
id, 7

91 Far Oijk

gjko(fi'joTii/) gjkofij hi,
(g0 Ljjr) o fij - 9k © fij
: G, xidy,
Uagj/kxjj/’fij id Fid’ eijkﬂ’
idg ., *£75 O,
i’k v ij'k
gj/ko(T]], Oflj)ﬁg]/kofl‘]/ h‘lku
(Prrs Ogjk)ofij T 9k ofij
G; *1dfi].
\U/a@kk/,gjk,fij .d o o (‘)i]‘k/\ﬂ/
de *Oijk H;
kk’ J i
Prr 0 (g © fij) Dppr o hg hipr.
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(b) If h= (h, ﬁik,ﬁfi,,ﬁfk/),éijk are alternative choices for h,©,;, in (a),

then there is a unique 2-morphism of Kuranishi spaces n = (i) + h = h

satisfying M, © Oijr = Oujk 1 gy, 0 fi; = hu forall i€ l, je J ke K.

(¢) If X =Y and f = idy in (a), so that I = J, then a possible choice for

h,0;;; in (a) is h =g and O, = ij.
Similarly, if Z =Y and g = idy in (a), so that K = J, then a possible

choice for h, 0, in (a) is h = f and O, = ka

Proposition[L.5|a) gives possible values h for the composition go f : X — Z.
Since there is no distinguished choice, we choose g o f arbitrarily.

Definition 4.6. For all pairs of 1-morphisms of Kuranishi spaces f: X — Y
and g : Y — Z, use the Axiom of Global Choice (a strong form of the Axiom
of Choice working for classes as well as sets, see Shulman [49, §7] or Herrlick
and Strecker [22] §1.2]) to choose possible values of h : X — Z and O;j;; in
Proposition L.5[a), and write go f = h,and forie I, je J, k€ K

@?j{ =0Oijk: gjp o fij = (go fir

We call g o f the composition of 1-morphisms of Kuranishi spaces.

For general f,g we make these choices arbitrarily. However, if X =Y and
f = idy then we choose g o idy = g and @?J?}(,:Y = G’?jl, and if Z =Y and
g = idy then we choose idy o f = f and @i?}”f = Ffj/. This is allowed by
Proposition E5c).

The definition of a weak 2-category in §A.J] includes 2-isomorphisms B :
foidx = f and v; : idy o f = f in (A1), since one does not require
foidx = f and idy o f = f in a general weak 2-category. We define

Bg=idg: foidx = f, ~vp=idg:idyo f= f.
Since composition of 1-morphisms g o f is natural only up to canonical 2-

isomorphism, as in Proposition E5(b), composition is associative only up to
canonical 2-isomorphism. The next proposition comes from [34], §4.3].

Proposition 4.7. Lete: W > X, f: X =Y, g:Y — Z be 1-morphisms of
Kuranishi spaces, and define composition of 1-morphisms as in Definition .6l
Then using notation [EI)-@Q), there is a unique 2-morphism

Qg fe:(gof)oe=go(foe)
with the property that for all he H, i€ 1, j € J and k € K we have
(g, 1 )i © O © (O] #ide,,) = O © (idg,, xOf5) O g, 5, -

hij

We define vertical and horizontal composition of 2-morphisms:
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Definition 4.8. Let f,g,h : X — Y be l-morphisms of Kuranishi spaces,
using notation [{2)-@3), and n= (n;;) : f =g, (=({;;) : 9= h be 2-mor-
phisms. Define a 2-morphism of Kuranishi spaces { ® n : f = h called the
vertical composition of 2-morphisms by

Next let e,f : X — Y and g,h : Y — Z be l-morphisms of Kuranishi
spaces, using notation [{2)-@4), and n = (n;;) : e = f, { = (¢;x) : g = h be
2-morphisms. As in [34], §4.3], using the stack property Theorem BI4(b) we can
show that there is a unique 2-morphism of Kuranishi spaces (*n:goe = ho f
called the horizontal composition of 2-morphisms, such that foralli e I, j € J
and k € K we have

(C*m)in © O%F = 08T © (Cj1 +myy).

We have now defined all the structures of a weak 2-category of Kuranishi
spaces Kur. As in [34] §4.3], the 2-category axioms are satisfied.

Theorem 4.9. The definitions and propositions above define the weak 2-cat-
egory of Kuranishi spaces Kur.

4.3 Manifolds, orbifolds, and m-Kuranishi spaces

By imposing conditions on the Kuranishi neighbourhoods (V;, E;, T';, s;,%;) on
objects X in Kur, we can define interesting 2-subcategories of Kur:

e There is a full and faithful (2-)functor FEU% : Man — Kur which iden-
tifies Man with the full 2-subcategory of objects X = (X,K) in Kur
in which K has indexing set I = {0}, and one Kuranishi neighbourhood
(Vb, Eo, To, o, %) with Ey the zero vector bundle and Ty = {1}.

e The full 2-subcategory Orbk,, of X = (X, K) in Kur for which E; is the
zero vector bundle for all Kuranishi neighbourhoods (V;, E;, Ty, s;, ;) in
K is equivalent as a 2-category to the 2-category of orbifolds Orb.

e Write mKur C Kur for the full 2-subcategory of X € Kur for which
I'; = {1} for all Kuranishi neighbourhoods (V;, E;, T';, s;,%;) in K. We call
such X m-Kuranishi spaces, where ‘m-’ is short for ‘manifold’. They are a
kind of derived manifold, in the sense of [BIH33], just as Kuranishi spaces
are a kind of derived orbifold.

e The full 2-subcategory of X = (X,K) in Kur with only one Kuranishi
neighbourhood (V;, E;, Ty, s;,1;) in K, so that |I| = 1, is equivalent to the
2-category of global Kuranishi neighbourhoods GKur from Theorem B.I0l

We discuss the first three in more detail. Weak 2-functors are defined in A2
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Definition 4.10. We will define a weak 2-functor Frs'% : Man — Kur. If X is
a manifold, define a Kuranishi space Fisur(X) = X = (X, K) with topological
space X and Kuranishi structure K = ({O}, (Vo, Eo,To, s0,%0), oo, Aooo), with
indexing set I = {0}, one Kuranishi neighbourhood (Vy, Eg, T, s0,%0) with
Vo = X, Eg — Vj the zero vector bundle, T'g = {1}, sp = 0, and ¢y = idx, one
coordinate change ®op = id(v;,Ey,T,s0,10), and one 2-morphism Apoo = ida,, -
On (1-)morphisms, if f : X — Y is a smooth map of manifolds and X =
FEUr(X), Y = FEUT(Y), define a 1-morphism FE(f)=f: X - Y by f=

(f, foo. Foo, FO'), where foo = (Poo, m00, foo, foo) With Poo = X, mo = idx,
foo = f, and foo is the zero map on zero vector bundles, and Fgo = Fgo =idg,,-
On 2-morphisms, regarding Man as a 2-category, the only 2-morphisms are
identity morphisms idy : f = f for (1-)morphisms f : X — Y in Man. We
define FRSUr (idf) = id pxcur (5.
If f: X —=>Y,g:Y — Z are (1-)morphisms in Man, there is a unique
2-morphism in Kur

(Frtan)g.f © Fhian(9) © Frtan(f) = Frian (90 f)-
For any object X in Man, define
(Frtan)x = idiax : Fagan (idx) = idx = idx = idpxur (x)-

As in [34] §4.3], this defines a full and faithful weak 2-functor Fsir : Man —
Kur. Thus we can regard manifolds X as special examples of Kuranishi spaces.
We say that a Kuranishi space X is a manifold if X ~ FKU (X') in Kur,

for some manifold X’.
The next remark reviews different definitions of orbifolds in the literature.

Remark 4.11. Orbifolds are generalizations of manifolds locally modelled on
R"/G, for G a finite group acting linearly on R™. They were introduced by
Satake [47], who called them ‘V-manifolds’. Later they were studied by Thurston
[51L Ch. 13] who gave them the name ‘orbifold’.

As for Kuranishi spaces, defining orbifolds X, Q) and smooth maps f: X — %)
was initially problematic, and early definitions of ordinary categories of orbifolds
[475T] had some bad differential-geometric behaviour (e.g. for some definitions,
one cannot define pullbacks §*(&) of orbifold vector bundles € — 9)). It is
now generally agreed that it is best to define orbifolds to be a 2-category. See
Lerman [38] for a good overview of ways to define orbifolds.

There are three main definitions of ordinary categories of orbifolds:

(a) Satake [47] and Thurston [5I] defined an orbifold X to be a Hausdorff
topological space X with an atlas {(VZ—, Ty, ;)4 € I} of orbifold charts
(Vi, T4, 1), where V; is a manifold, T'; a finite group acting smoothly (and
locally effectively) on V;, and v; : V;/T; — X a homeomorphism with an
open set in X, and pairs of charts (V;,T, ¢;:), (V;,T';, ¢;) satisfy compati-
bility conditions on their overlaps in X. Smooth maps f : X — ) between
orbifolds are continuous maps f : X — Y of the underlying spaces, which
lift locally to smooth maps on the charts, giving a category Orbgr.
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(b) Chen and Ruan [7, §4] defined orbifolds X in a similar way to [47.51], but
using germs of orbifold charts (Vp,T'p, 1) for p € X. Their morphisms
f: X — 9 are called good maps, giving a category Orbcr.

(c¢) Moerdijk and Pronk [44,[45] defined a category of orbifolds Orbyp as
proper étale Lie groupoids in Man. Their definition of smooth map f :
X — 9, called strong maps [45, §5], is complicated: it is an equivalence
class of diagrams X «— ¥’ — ), where X’ is a third orbifold, and ¢, 1 are
morphisms of groupoids with ¢ an equivalence (loosely, a diffeomorphism).

A book on orbifolds in the sense of [7L[44l[45] is Adem, Leida and Ruan [I].
There are four main definitions of 2-categories of orbifolds:

(i) Pronk [46] defines a strict 2-category LieGpd of Lie groupoids in Man as
in (c), with the obvious 1-morphisms of groupoids, and localizes by a class
of weak equivalences W to get a weak 2-category Orbp, = LieGpd[W™!].

(ii) Lerman [38] §3.3] defines a weak 2-category Orbr,. of Lie groupoids in
Man as in (c), with a non-obvious notion of 1-morphism called ‘Hilsum—
Skandalis morphisms’ involving ‘bibundles’, and does not need to localize.

Henriques and Metzler [21I] also use Hilsum—Skandalis morphisms.

(iii) Behrend and Xu [3| §2], Lerman [38, §4] and Metzler [43, §3.5] define a
strict 2-category of orbifolds Orbyiansta as a class of Deligne-Mumford
stacks on the site (Man, Jyan) of manifolds with Grothendieck topology
JMan coming from open covers.

(iv) The author [30] defines a strict 2-category of orbifolds Orbeest, as a class
of Deligne-Mumford stacks on the site (C*°Sch, Joeesen ) of C>°-schemes.

As in Behrend and Xu [3, §2.6], Lerman [38], Pronk [46], and the author [30]
Th. 9.26], approaches (i)—(iv) give equivalent weak 2-categories Orbp,, Orbr,.,
Orbpansta, Orbeesta. As they are equivalent, the differences between them
are not of mathematical importance, but more a matter of convenience or taste.
Properties of localization also imply that Orbyp ~ Ho(Orbp,). Thus, all of
(c) and (i)—(iv) are equivalent at the level of homotopy categories.

We now give a fifth definition of a weak 2-category of orbifolds.

Definition 4.12. Define the weak 2-category Orbyk,, C Kur of Kuranishi
orbifolds, or just orbifolds, to be the full 2-subcategory of X = (X,K) in
Kur for which FE; is the zero vector bundle for all Kuranishi neighbourhoods
(‘/i, Ei, Fi, Siy 1/)1) in .

This allows us to simplify the notation a lot. Equations in §3.1] involving
error terms O(wfj (sz)) or O(wfj(si)Q) become exact, as s; = 0. As E;, s; are zero
we can take ‘orbifold charts’ to be (V;, T';, ;). As qgij = 0 we can take coordinate
changes to be ®;; = (P;;, mi;, ¢i;), and we can also take V;; = m;;(P;;) to be
equal to 1/3;1(5‘), rather than just an open neighbourhood of 1/7;1(5‘) in V;, since
z/?i_l(S) is open in V; when s; = 0. For 2-morphisms A;; = [Pij,)\ij,j\ij] :
Q;; = <I>’ij in 3.1, we have ;\ij = 0, and we are forced to take P” = Py,
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and the equivalence relation ~ in Definition becomes trivial, so we can take
2-morphisms to be just A;;.

We say that a Kuranishi space X is an orbifold if X ~ X' in Kur for
some X' € Orbky,, C Kur.

The next theorem is proved in [34, §4.5], by giving a full and faithful em-
bedding Orbyg,, — Orbr,., and showing it is surjective on equivalence classes.

Theorem 4.13. The weak 2-category of Kuranishi orbifolds Orbk,, above is
equivalent to the 2-categories of orbifolds Orbp,, Orbre, Orbyansta, Orbossta
in [3.B30,[B38,43L146) described in Remark EIIl Also there is an equivalence of
categories Ho(Orbky,y) ~ Orbyp, for Orbyp the category of orbifolds from
Moerdigk and Pronk [441[45].

Fukaya et al. [I6, §9] and McDuff [39] also define (effective) orbifolds as
special examples of FOOO Kuranishi spaces and MW Kuranishi atlases.

Definition 4.14. As in [34, §4.7], define the weak 2-category mKur C Kur
of m-Kuranishi spaces to be the full 2-subcategory of X = (X,K) in Kur for
which T'; = {1} for all Kuranishi neighbourhoods (V;, E;,T;, s;, ;) in K.

As in Definition [£12] this allows us to simplify the notation a lot. We take
‘m-Kuranishi neighbourhoods’ to be (V;, F;, s;, 1;) rather than (V;, E;, Ty, s4,%;).
In coordinate changes, m;; : Pj; — V;; in §3.11is a diffeomorphism, since it is
a principal I';-bundle for I'; = {1}, so we can replace P;; by V;; and take ‘m-
coordinate changes’ to be (Vij, di;,dij), and 2-morphisms to be [Vi;, Ai;] for
open VZJ C Vi; € V,. The m-Kuranishi space analogues mKurg(X), GmKur
of Kurg(X), GKur in §8T] are then strict 2-categories, as the canonical iden-
tification A;jk in (B3) is replaced by the identity map.

4.4 Relation to FOOO, MW, DY, polyfolds, d-orbifolds

The next four theorems are proved in [34] §4.8]. Theorem [L18is a corollary of
Theorem [L17 and Theorem 2T7 from Yang [52, Th. 3.1.7].

Theorem 4.15. Suppose X = (X,K) is a FOOO Kuranishi space without
boundary, as in Definition 24l Then we can construct a Kuranishi space X' =
(X,K) in the sense of LI with vdim X' = vdim X, with the same compact
topological space X, and X' is natural up to equivalence in the 2-category Kur.

Theorem 4.16. Suppose X is a compact, metrizable topological space with an
MW weak Kuranishi atlas K without boundary, of virtual dimension n € Z,
in the sense of Definition 212 Then we can make X into a Kuranishi space
X' = (X,K') in the sense of §LI with vdim X' = n, and X' is natural up to
equivalence in the 2-category Kur. Commensurate MW weak Kuranishi atlases
K,K on X vyield equivalent Kuranishi spaces X', X'.

Theorem 4.17. Suppose X is a compact, metrizable topological space with a
DY Kuranishi structure K without boundary in the sense of Definition 215
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Then we can construct a Kuranishi space X' = (X,K') in the sense of §&1I
with vdim X' = vdim X, with the same topological space X, and X' is natural
up to equivalence in the 2-category Kur. R-equivalent DY Kuranishi structures
K,K on X yield equivalent Kuranishi spaces X', X'.

Theorem 4.18. Suppose we are given a ‘polyfold Fredholm structure’ P on a
compact metrizable topological space X in the sense of [23H29], that is, we write
X as the zeroes of an sc-Fredholm section s : B — € of a strong polyfold vector
bundle € — U over a polyfold U, where s has constant Fredholm index n € Z.
Then we can make X into a Kuranishi space X = (X, K) in the sense of §41]
with vdim X = n, and X is natural up to equivalence in the 2-category Kur.

Here are converses to Theorems .T5] and [£16] which will be proved in [36].

Theorem 4.19. Suppose X = (X,K) is a compact Kuranishi space. Then we
can construct a FOOO Kuranishi structure K' on X, such that the construction
of Theorem 15| applied to (X,K') recovers X, up to equivalence in Kur.

Theorem 4.20. Suppose X = (X,K) is a compact Kuranishi space. Then we
can construct an MW weak Kuranishi atlas K' on X, such that the construction
of Theorem E16l applied to X, K’ recovers X, up to equivalence in Kur.

The constructions of Theorems are compatible with other geomet-
ric structures. In particular, orientations on FOOO Kuranishi spaces or MW
weak Kuranishi atlases or polyfold Fredholm structures correspond canonically
to orientations on the corresponding Kuranishi spaces X’. Also smooth maps
f: X =Y from a FOOO Kuranishi space X to a manifold Y correspond to
1-morphisms f' : X’ = Y in Kur, uniquely up to 2-isomorphism. Theorems
have applications to symplectic geometry, discussed in §5.4H§5.5

The next theorem will be proved in [36], using Theorem B21] and gluing
properties of Kuranishi spaces and d-orbifolds.

Theorem 4.21. There are equivalences of weak 2-categories

mKur ~ dMan and Kur ~ dOrb,

where dMan, dOrb are the strict 2-categories of ‘d-manifolds’ and ‘d-orbifolds’,
as in the author [31H33] and §3.6.

Thus, m-Kuranishi spaces and d-manifolds, and Kuranishi spaces and d-
orbifolds, are for most purposes interchangeable. This means that theorems
about d-manifolds and d-orbifolds proved in [3TH33] translate easily to theorems
about (m-)Kuranishi spaces.

To understand the relationship between Kuranishi spaces and d-orbifolds,
consider the two equivalent ways of defining ordinary manifolds:

(a) As a Hausdorff, second countable topological space X equipped with an
atlas of charts {(V;,¢;):i € I}; or
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(b) As a Hausdorff, second countable topological space X equipped with a
sheaf of R-algebras (9)0(00 which is embedded as a subsheaf (9)0(00 C Ogo
of the sheaf (’))C(O of continuous functions f : X — R, such that (X,0§")
is locally modelled on (R",0%. ), where Of. is the sheaf of smooth
functions f: R" — R.

If we try to define ‘derived manifolds’ and ‘derived orbifolds’ by generalizing
definition (a), we end up with (m-)Kuranishi spaces (or something similar); if
we try to do it by generalizing definition (b), we end up with d-manifolds and
d-orbifolds (or something similar).

Kuranishi spaces are more convenient than d-orbifolds if we wish to define
‘derived’ versions of categories of ‘manifolds’ which are not ordinary smooth
manifolds, for instance, C*-manifolds, or some classes of singular manifolds, or
manifolds with exotic boundaries and corners. This is because in the Kuranishi
neighbourhoods (V;, E;, T';, s;,%;) on a Kuranishi space X, it is easy to take V;
to be some different kind of ‘manifold’, but smooth manifolds are built into the
theory of d-manifolds and d-orbifolds at a deep level, in the notion of C*°-ring.

5 Differential geometry of Kuranishi spaces

We discuss some topics in the differential geometry of Kuranishi spaces, and
how they should be applied in symplectic geometry. Most of the results claimed
in this section are work in progress [36] for which the proofs are not yet publicly
available, but the material of §5.11-95.3] is analogues for Kuranishi spaces of
results proved for d-orbifolds in [33] §10], and can be deduced from this using
Theorem [£.2T] above (which is also work in progress).

5.1 Isotropy groups, and tangent and obstruction spaces

The next definition is taken from [34], §4.6].

Definition 5.1. Let X = (X,K) be a Kuranishi space, with I = (I, Vi, E;,
Ty, si,%)icr, Pij, ijer, Nijh, i,j,kel)a and let x € X. Choose an arbitrary ¢ € I
with x € Im);, and choose v; € 5;1(0) C V; with ¢;(v;) = .

Define a finite group G, X called the isotropy group of X at x by

G X = {7 el v -v; = ’Ui} = Stabr, (v;), (5.1)

as a subgroup of I';. Define finite-dimensional real vector spaces T, X, the
tangent space of X at x, and O, X, the obstruction space of X at x, to be the
kernel and cokernel of ds;|,,, so that they fit into an exact sequence

dsilv,

0 T, X T, V; Eilu, 0.X 0.
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The actions of I'; on V;, F; induce linear actions of G, X on T, X,0,X, by the
commutative diagram for each v € G, X:

0 T, X T,V —— Eil 0.X —>0
158 RIER) o | o
0 T.X T,.V; L By, 0, X —= 0.

This makes T, X, 0, X into representations of G, X . Definition ET|(b) yields
dim7T, X —dim O, X = vdim X.

The triple (G, X,T,X,0,X) depends on the choice of i, v;. In [34, §4.6] we
show that two choices i,v; and ', v}, yield triples (G, X,T,X,0,X), (G, X',
T, X',0,X") which have a finite, nonempty class of natural isomorphisms. Two
such natural isomorphisms (G, X, T, X,0,X) — (G,X,T.X,0, X) differ by
conjugation by an element of G, X, and behave as expected under composition.

We discuss functoriality of the G, X ,T,X,0,X under 1- and 2-morphisms:

Definition 5.2. Let f : X — Y be a 1l-morphism of Kuranishi spaces, with
notation (L2)-(L3), and let © € X with f(x) = y € Y. Then Definition (]
gives G, X, T, X,0,X, defined using ¢ € I and u; € U; with y;(u;) = z, and
G,Y,T,Y,0,Y, defined using j eJ and v; € V; with x;(v;) = y. In f we have
a l-morphism f,;; = (P, T, fij, fij) over f. Define

Sep={p€ Py :mij(p) =wi fij(p)=v;}.

Then S, ¢ is invariant under the commuting actions of Gz X = Stabg, (u;) C B;
and GyY = Stabr, (v;) € I'; on Pj; induced by the B;, I'j-actions on P;;, where
G,Y acts freely and transitively on S, s, but the action of G, X need not be
free or transitive. Choose an arbitrary point pg € S; ¢. Our definitions of
G.f,T.f,Of will depend on this choice.

Define morphisms G, f : G, X = G, Y, T, f : 1T, X = T,Y, O f : 0, X —
O,Y by G f(v) =+ if v-po = (/)" -po in Sy, ¢, using the actions of G, X, G, Y
on S; ¢ with G,Y free and transitive, and the commutative diagram

0 T,.X T, U; po Dily, —= 0, X —=0
éTmf ldfmpoo(dmﬂmrl lfijlpo Off
Y dsjluj Y

0 T, T, V; Ejly; — O0,Y ——0.

Then T, f, O, f are G, f-equivariant linear maps.

If py € Su,r is an alternative choice for py, yielding G, f, T, f,OLf, there
is a unique § € G,Y with & - po = pj), and then GLf(y) = (G, f(7))d7 1,
T f(v) =6 - Tuf(v), OLf(w) =0 -Oxf(w) for all vy € G, X, v € T, X, and
w € O, X. That is, the triple (G, f,T5f, O, f) is canonical up to conjugation
by an element of G, Y.
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Continuing with the same notation, suppose g : X — Y is another 1-
morphism and  : f = g a 2-morphism in Kur. Then above we define
G.g9,71.9,0.g by choosing an arbitrary point gy € S; g, where

Se.g=1{a€Qij : mij(q) =wi, gij(q) =v;},

with g,; = (Qij, Tij, 9ij, i) in g. In m we have n,; = [P,j, \ij, Aij] represented
by (P’ij7)\ij75\ij); where PZJ g F)ij and Aij : P’L] — Qlj From the definitions
we find that S, y C P, and Aijls, ;@ Se,g — Szg is a bijection. Since GY
acts freely and transitively on S; g, there is a unique element G,n € G, Y with
G2n - Aij(po) = go. Then we have

G29(7) = (Gam)(Go F () (Gam) ™!, Tog(v) = Gom - T f(v),  and
0,9(w) =Gzm-Oyf(w) forallye G, X,veT, X, andwe O, X.

That is, (Gzg,T2g9,0:9) is conjugate to (Gof,Tof, Oz f) under G,n € G, Y,
the same indeterminacy as in the definition of (G, f, T f, O, f).

Suppose instead that g : Y — Z is another 1-morphism of Kuranishi spaces
and g(y) = z € Z. Then in a similar way we can show there is a canonical
element G g+ € G, Z such that for all vy € G, X, v € T, X, w € O, X we have

Ga(g o £)(7) = (Gag.s)(Gyg 0 Gof ) (1)) (Gag,r) "
Te(g o f)(v) = Gogg - (Tyg o Tu f)(v),
Oz(g 0 f)(w) = Gug 5 - (Oyg © Os f)(w).

That is, (Gy(g o f),Tu(g © f),0:(g o f)) is conjugate to (Gyg,Tyg,0,9) o
(Gof , T f,O5f) under G, g5 € G.Z.

Since 2-morphisms n : f = g relate triples (G, f,T.f,O.f) and (G.g,
T.g,0.g) by isomorphisms, if f : X — Y is an equivalence in Kur then
G.f,T,f,0,f are isomorphisms for all z € X.

We could use the Axiom of (Global) Choice to choose particular values of
G. X, T,X,0,X,G.f,T.f,O.f,Gzm in Definitions for all X,z, f,n,
but there seems no need for this. All the definitions we give using G, X, ..., G0
will be independent of the arbitrary choices involved.

The next theorem will be proved in [36]. It also follows from results on
d-orbifolds in [33], §10] using the equivalence Kur ~ dOrb from Theorem [£.21]

Theorem 5.3. (a) A Kuranishi space X is a manifold, in the sense of Defini-
tion AIQ, if and only if G, X = {1} and O, X =0 for all z € X.

(b) A Kuranishi space X 1is an orbifold, in the sense of Definition EI2 if and
only if O, X =0 forall z € X.

(¢) A 1-morphism f: X — Y in Kur is an equivalence in Kur if and only if
Gmf : GIX — Gf(x)Y, Tmf T, X — Tf(x)Y and Omf : OIX — Of(z)Y are
isomorphisms for all x € X, and f: X — Y is a bijection.
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Definition 5.4. Write Kury,.¢ C Kur for the full 2-subcategory of Kuranishi
spaces X with G, X = {1} for all z € X. Note that the 2-subcategory mKur C
Kur in §43 has mKur C Kur,q, since if X = (X,K) € mKur then the
Kuranishi neighbourhoods (V;, F;, Ty, s;,%;) in K have T'; = {1}, which implies
that Gz X = {1} as G, X CT'; by (EI).

The next theorem is proved in [34] §4.7].

Theorem 5.5. The inclusion mKur — Kuri,.g is an equivalence of weak
2-categories.

Combined with Theorem 2] this gives an equivalence Kury,g ~ dMan of
weak 2-categories. That is, dMan, mKur, Kury,g are 2-categories of ‘derived
manifolds’, and the theorems say that they are all essentially the same. The
moral is that a derived orbifold (Kuranishi space) X is a derived manifold if
and only if the isotropy groups G, X for z € X are all trivial.

5.2 D-transverse morphisms and fibre products

Smooth maps of manifolds g : X — Z and h : Y — Z are called transverse
it Topg®Tyh : T, X @T,Y — T.Z is surjective for all z € X and y € Y with
g(x) = h(y) = z € Z. Tt is well known that if g, h are transverse then the fibre
product W = X x4 75, Y exists in the category Man, in the sense of category
theory, with dimW = dim X 4+ dimY — dim Z.

We now explain the analogue of this for Kuranishi spaces. We define two
notions of transverse 1-morphisms in Kur, a weak and a strong:

Definition 5.6. Let g : X — Z and h : Y — Z be l-morphisms of Kuranishi
spaces. Call g, h d-transverse if for all x € X, y € Y with g(z) = h(y) = z in
Z,and all v € G, Z, then O,g ® (v-Oyh) : 0, X ® 0, Y — O,Z is surjective.

We call g, h strongly d-transverse if for all z € X, y € Y with g(x) = h(y) =
z€Z,and ally € G, Z, then T,g® (v-Tyh) : T, X $T,Y — T.Z is surjective,
and O,g @ (y-Oyh) : 0, X & O,Y — O, Z is an isomorphism.

The next theorem will be proved in [36]. It also follows from results on
d-orbifolds in [33], §10] using the equivalence Kur ~ dOrb from Theorem [£.21]

Theorem 5.7. Suppose g: X — Z, h: Y — Z are d-transverse 1-morphisms
of Kuranishi spaces. Then the fibre product W = X X4z pn Y exists in the
2-category Kur, with vdim W = vdim X + vdimY — vdim Z. [t is unique up
to canonical equivalence in Kur.

This W is an orbifold if and only if g,h are strongly d-transverse.

The topological space W of W is given as a set by

W={(z,y,C):zeX, yeY, glx)=h(y)=z¢€ Z,
C € G,9(G. X)\G.Z/Gyh(G,Y)}.
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For (z,y,C) € W with v € C C G, Z, there is an exact sequence

0 — Tipy oy W ——————= T, XOT,Y T.Z

ng@('Y'Tyh)
o i (5.2)
0 0.2 <~ 0, X80,Y < Oy W.

Here fibre products in 2-categories are explained in §A.3l They are char-
acterized by a universal property involving 2-morphisms. In Theorem (.7, it
is essential that Kuranishi spaces Kur are a 2-category. The W described in
Theorem [5.7] generally does not satisfy a universal property in the homotopy
category Ho(Kur), and is not a fibre product in Ho(Kur) in the category-
theoretic sense. This is an important reason for making Kuranishi spaces into
a 2-category rather than an ordinary category.

Note that d-transversality is equivalent to exactness of (52 at O, Z, and ex-
actness of the rest of (5.2)) determines T{, . )W, O (5 ,cyW up to isomorphism.
Strong d-transversality is equivalent to (B.2]) being exact from T, Z onwards with
O(a,y,c)W = 0, so the claim that W is an orbifold if and only if g, h are strongly
d-transverse follows from Theorem B3|(b).

Ifg: X - Zand h:Y — Z are l-morphisms in Kur with Z a manifold
or orbifold then O,Z = 0 for all z € Z by Theorem[5.3] so g, h are d-transverse
by Definition [5.6] and Theorem (.7 yields:

Corollary 5.8. Supposeg: X — Z, h:Y — Z are 1-morphisms of Kuranishi
spaces, with Z a manifold or orbifold. Then the fibre product W = X Xg zpY
exists in Kur, with vdim W = vdim X + vdimY — dim Z.

In symplectic geometry it is often important to consider fibre products of
Kuranishi spaces over manifolds or orbifolds, so Corollary 5.8 is very useful.

Example 5.9. If XY are Kuranishi spaces, and Z = * is the point in Kur,
then X x, Y is the product X x Y, with vdim(X xY) = vdim X +vdim Y. We
can define a model for products of Kuranishi spaces explicitly: if X = (X,7),
Y = (V,J) with notation (£2)-(@3), then we may write X x Y = (X x Y, K),
where I has indexing set I x J and Kuranishi neighbourhoods

Wiagys Flaigys Dig)» ting) Waing)) =
(Ui X V},F;L(Dl) G 7T>‘k/j (EJ),Bl X Fj,F(*]i(T'i) P Fik/j(Sj),Xi X ’lﬂj)

The remaining data in K is also easy to write down explicitly.

5.3 Submersions and w-submersions

A smooth map of manifolds f : X — Y is called a submersion if T,f : T, X —
T,Y is surjective for all z € X with f(z)=yeY. Ifg: X 5 Zandh:Y —- Z
are smooth with g a submersion then g, h are transverse, so the fibre product
X Xg,z,n Y exists in Man. Here is the analogue of this for Kuranishi spaces.
We define two notions of submersion in Kur, a weak and a strong.
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Definition 5.10. A 1-morphism of Kuranishi spaces f : X — Y is called a
weak submersion, or w-submersion, if Oy f : O, X — Oy,)Y is surjective for
all z € X. It is called a submersion if T, f : T, X — Tp)Y is surjective and
Ozf : 02X — Og(,)Y is an isomorphism for all x € X. If Y is a manifold or
orbifold then any 1-morphism f: X — Y is a w-submersion.

Ifg: X - Z and h :' Y — Z are l-morphisms in Kur with g a w-
submersion then g, h are d-transverse. If g is a submersion and Y is an orbifold
then g, h are strongly transverse. Thus Theorem [B.7] implies:

Corollary 5.11. Suppose g : X — Z, h :' Y — Z are 1-morphisms in Kur
with g a w-submersion. Then the fibre product W = X x4 z n Y exists in Kur,
with vdim W = vdim X + vdimY — vdim Z.

If g is a submersion and Y is an orbifold, then W is an orbifold.

5.4 Moduli of J-holomorphic curves as Kuranishi spaces

To apply our theory of Kuranishi spaces in symplectic geometry, the first ma-
jor step is to show that moduli spaces of J-holomorphic curves in symplectic
manifolds have the structure of Kuranishi spaces.

The fact that our Kuranishi spaces form a 2-category offers several advan-
tages for discussing moduli spaces of J-holomorphic curves:

(a) If M is a moduli space of .J-holomorphic curves, then making M into a
FOOO Kuranishi space M (or choosing an MW weak Kuranishi atlas on
M, etc.) involves making many arbitrary choices, so one should consider
how M depends on these choices.

In our theory, it is clear that M ought to be unique up to equivalence
in Kur (possibly after choosing ‘gluing profiles’ to determine the smooth
structure near singular curves, as in Hofer, Wysocki and Zehnder [28]).

Equivalence of Kuranishi spaces should be compared with McDuff and
Wehrheim’s ‘commensurate’ Kuranishi atlases, as in §2.3] and Dingyu
Yang’s ‘R-equivalent’ Kuranishi structures, as in §2.5

(b) ‘Forgetful morphisms’ f; : M1 — M;j between moduli spaces which
forget a marked point, should be made into 1-morphisms f; : Myy; —
M, in Kur. We expect them to be w-submersions, in the sense of §5.31
Morphisms of this kind are used in [I0, §3, §5] and [I5] §4.2].

(¢) Relationships between moduli spaces may be expressed in terms of ‘fibre
products’ of moduli spaces. For example, the moduli spaces My(L, J, 3)
from [1I] in Theorem 2.8(b) for k£ > 0 are supposed to satisfy

6M7€(L7 J, ﬁ) = H 'A_/li-i-l (Lv J, /7) Xevii1,L,evit1 Mj-i-l (L7 J, 5) (5'3)
i+j=k
,327+6

In FOOO Kuranishi spaces, this ‘fibre product’ is an ad hoc construction.
But in Kuranishi spaces with corners, M, 1(L, J,v) xr Mj1(L, J,0)
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should be a genuine 2-category fibre product in Kur®, which exists by the
corners analogue of Corollary

One way to prove the existence of Kuranishi structures (in our sense) on
moduli spaces of J-holomorphic curves is to use existing results and techniques.
Theorems (.15, and [£.I8 show that any moduli space of J-holomorphic
curves M which can be made into a FOOO Kuranishi space, or given an MW
weak Kuranishi atlas, or given a polyfold Fredholm structure, can also be made
into a Kuranishi space. Thus, the moduli spaces of J-holomorphic curves de-
scribed in Theorems 2.8 2. T3] and are Kuranishi spaces.

The rest of this section is speculative, no theorems are proved yet. We
will discuss a different method of showing that moduli spaces of J-holomorphic
curves (and also other classes of differential-geometric moduli spaces, e.g. from
gauge theory) are Kuranishi spaces, a method which relies on the fact that our
Kuranishi spaces from a well-behaved 2-category.

It is based on Grothendieck’s method of representable functors in algebraic
geometry, so we discuss this in the next example.

Example 5.12. Write Affc for the category of affine C-schemes, and AffZP
for its opposite category, and Schc for the category of C-schemes, and Sets for
the category of sets. Then each C-scheme X defines a functor

Hom(—, X) : AffZP — Sets

mapping an object T in Aff¢ to the set Hom(7T, X ), and a morphism f : T — U
in Affc to the map of : Hom(U, X) — Hom(T, X). A functor F' : AffgP —
Sets is called representable if is naturally isomorphic to Hom(—, X) for some
X € Schg, which is then unique up to canonical isomorphism.

Suppose we have a moduli problem in complex algebraic geometry, and we
want to show that the moduli space is a C-scheme. For example, let Y be a
smooth projective C-scheme, and consider the moduli space M, of algebraic
vector bundles F — Y with fixed Chern character ch(E) = o € H*V**(Y; Q).

We should define a moduli functor F : AffZ® — Sets, such that F(T) is
the set of isomorphism classes of families of the objects we are interested in over
the base T', for each T' € Aff¢. In our example, we define

F(T) = {~-equivalence classes [E] of vector bundles E over Y x T
such that ch(F|y«:) = « for all C-points ¢t € T,
where E ~ E' if E =~ E' ® 7;.(L) for some line bundle L — T'},

and for morphisms f : T — U in Affc, we define F(f) : F(U) — F(T') to map
[E] = [(dy x f)*(F)]. We would then try to prove that the moduli functor F is
representable, by verifying some ‘representability criteria’. If it is, there exists
M € Schg, unique up to canonical isomorphism, such that F' = Hom(—, M),
and we call M the moduli scheme.

We propose using a 2-categorical version of the representable functor method
to prove that differential-geometric moduli spaces are Kuranishi spaces. Let
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GmKur be the strict 2-category of global m-Kuranishi neighbourhoods (V, E, s)
mentioned in .31 We may identify this with the full 2-subcategory of Kuranishi
spaces X = (X,K) in Kur which have only one Kuranishi neighbourhood
(V,E,T,s,%) in K, with T" = {1}.

Consider weak 2-functors F' : GmKur®® — Groupoids, where Groupoids
is the 2-category of groupoids. Each X € Kur defines a 2-functor Hom(—, X)) :
GmKur®® — Groupoids mapping an object T' € GmKur to the groupoid
Homg (T, X). We say that a weak 2-functor F' : GmKur®® — Groupoids
is representable if it is 2-naturally equivalent to Hom(—, X) for some Kuranishi
space X, which is then unique up to canonical equivalence in Kur.

The author expects that a weak 2-functor F' : GmKur®® — Groupoids is
representable if and only if it satisfies ‘representability criteria’ of the form:

(i) F should satisfy a sheaf/stack type condition, involving gluing over open
covers of objects in GmKur.

(ii) The set X of isomorphism classes of objects in the groupoid F'(*) has a
natural topology. We require this to be Hausdorff and second countable.

(iii) For some n € Z, we require that every z € X should have a ‘Kuranishi
neighbourhood’ of virtual dimension n, which describes the ‘germ’ of F' at
x by a universal property.

To apply this in symplectic geometry, suppose we are interested in a moduli
space M of J-holomorphic curves in (S,w). We should define a weak 2-functor
F : GmKur®® — Groupoids, such that F(T') is the groupoid of ‘families of
J-holomorphic curves in M over the base T°. Then we should try to verify
criteria (i)—(iii). Part (i) will follow from standard gluing results for Kuranishi
spaces. Part (ii) should give M with its usual topology, so Hausdorff and
second countable will follow from known results. Part (iii) is the most difficult,
particularly if the J-holomorphic curve corresponding to x has singularities.

If we prove (i)—(iii) hold, then F is representable, and so F' ~ Hom(—, M)
for some Kuranishi space M, which is unique up to canonical equivalence in
Kur. We call M the moduli space. If we can make this method work, it will
have several advantages over current techniques used in [1TL[19,284T]:

(a) Current techniques are basically ad hoc constructions. As in Theorem
213 for example, one can compare two MW weak Kuranishi atlases (etc.)
constructed by the same method, but using different arbitrary choices
along the way. However, why should a different method of defining a
geometric structure on the moduli space give an equivalent answer?

In our approach, the moduli Kuranishi space (if it exists) is the base of a
universal family of J-holomorphic curves, which tells us about all families
of J-holomorphic curves over a base T' in GmKur.

(b) In our approach, defining the moduli 2-functor F' is quite brief, once the
Kuranishi space language is set up. The hard work is in proving the
representability criteria (i)—(iii). So the effort is transferred, from a long
construction, to a short definition followed by a long proof.
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(c) In current approaches, one has to worry about ‘charts’ on moduli spaces
(FOOO Kuranishi neighbourhoods, etc.), but also about ‘double overlaps’
between charts (FOOO coordinate changes, etc.), and ‘triple overlaps’
between charts (e.g. making coordinate changes satisfy ®;, = ®;1 o ®;;).

In our approach, we only ever have to worry about single charts, namely,
constructing ‘Kuranishi neighbourhoods’ as in (iii) above. There is noth-
ing to prove about double and triple overlaps, this is taken care of auto-
matically by F being a 2-functor satisfying the stack condition (i).

(d) Suppose we have moduli spaces My, My of J-holomorphic curves with
marked points, with a ‘forgetful map’ f; : M1 — M, forgetting the
i marked point. Let F, Fry; : GmKur®® — Groupoids be the corre-
sponding moduli 2-functors. Then there should exist an obvious ‘forgetful’
2-natural transformation 7; : Fiy41 = Fy. If Fy, Fi41 are represented by
Kuranishi spaces My, My1, then 7; will correspond to a 1-morphism
f;: Mii1 — M, in Kur, natural up to 2-isomorphism.

Thus, in our approach, defining morphisms between moduli Kuranishi
spaces, such as forgetting marked points, is likely to be easy.

5.5 Virtual cycles and virtual chains for Kuranishi spaces

Next we discuss virtual cycles and virtual chains for Kuranishi spaces. One
can just use known results to construct these. That is, given a 1-morphism f :
X — Y in Kur (or in Kuranishi spaces with corners Kur®) with X compact and
oriented and Y an oriented manifold, we can combine Theorems 2.9 and .19 or
Theorems 2.14] and .20, to immediately define a virtual cycle or virtual chain
[X]virt in smooth singular homology H$*'(Y;Q), or in compactly-supported de
Rham cohomology Hjg . (Y;R), or in Cech homology H,(X;Q).

We will explain an alternative approach, which the author believes has tech-
nical advantages for areas of symplectic geometry involving a lot of homological
algebra with virtual chains, such as Lagrangian Floer cohomology [11], Fukaya
categories [48], contact homology [8], and Symplectic Field Theory [9]. It is
based on new (co)homology theories M H,.(Y; R), MH*(Y; R), ... of manifolds
or effective orbifolds Y defined by the author [35], called M-(co)homology, which
are specially designed for forming virtual chains for Kuranishi spaces.

As an example we define the simplest version of the theory, (integral) M-
homology M H,.(Y; R) of manifolds Y from [35] §4.1].

Definition 5.13. Let Y be a manifold, and R a commutative ring. Con-
sider quadruples (V,n, s, t), where V is an oriented manifold with corners, and
n=0,1,...,and s : V — R" is a smooth map which is proper over an open
neighbourhood of 0 in R™, and ¢ : V — Y is a smooth map.

Define an equivalence relation ~ on such quadruples by (V,n,s,t) ~ (V,
n',s',t') if n = n/, and there exists an orientation-preserving diffeomorphism
f: V=V withs=s0ofandt=1tof. Write [V,n,s,t| for the ~-equivalence
class of (V,n,s,t). We call [V,n,s,t] a generator.
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For each k € Z, define the M-chains M Cy(Y; R) to be the R-module gener-
ated by such [V,n, s, ] with dimV = n + k, subject to the relations:

(i) For each generator [V, n,s,t] and each i = 0,...,n we have
[V,n,s,t] = (=1)"" [V xR,n+1,s,tomy] in MCy(Y;R),

where writing s = (s1,...,8,) : V > R" with s; : V > Rforj=1,...,n
and 7y : VX R =V, g : V X R — R for the projections, then

s = (S10My,...,8 O Ty, MR, Si41 OTY,...,Spomy): V x R — R,

(ii) Let I be a finite indexing set, a; € R for ¢ € I, and [V;,n, s;,t;], i € I be
generators for MCy(Y; R), all with the same n. Suppose there exists an
open neighbourhood X of 0 in R™, such that s; : V; — R" is proper over
X for all i € I, and the following condition holds:

(x) Suppose (z,y) € X x Y, such that for all i € I and v € V; with
(si,ti)(v) = (z,y), we have that v € V° and

Ty(siti) : TV; — T, X & T,Y

is injective. We require that for all oriented (n + k)-planes P C
I, XaT,Y =R"$T,Y, we have

E a; =
1€l vEV, i (s4,t:) (v)=(x,y), Tw(si,t:)[TwVi]=P

Ty (sisti) : TyVi = Pis orientation-preserving

g a; in R,
1€1, vEV, i (s4,t:) (v)=(x,y), Tw(si,t:)[TwVi]=P

Ty (sisti) : TyVi L Pis orientation-reversing

(5.4)

where the injectivity and properness assumptions imply that there
are only finitely many nonzero terms in (54)).

Then
Zai [Vi,n,s:,t] =0 in MCy(Y; R).
i€l

Define 0 : MCy(Y; R) - MC_1(Y; R) to be the unique R-linear map with
[V, n, s, t] = [0V, n,soiy,toiy]. (5.5)

Then 000 =0: MCy(Y; R) - MCj_2(Y; R) for all k. Define the M-homology
groups (or integral M-homology groups) M H,.(Y; R) to be the homology of the
chain complex (MC,(Y;R),0).

If Y is compact and oriented with dimY = m, define the fundamental cycle
[Y]=1[Y,0,0,idy] € MC,,,(Y; R). We have 9[Y] = 0 as 9Y = 0, so passing to
homology gives the fundamental class [[Y]] € M H,,(Y; R).
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Now let f : Y7 — Y5 be a smooth map of manifolds. Define the pushforward
fe: MCy(Y1; R) = MCy(Y2; R) for k € Z to be the unique R-linear map defined
on generators [V,n, s, t] of MCy(Y1; R) by

fVin, s, t] =[V,n,s, fot]. (5.6)

Equations (&.5) and (5.6]) give fu0d = do f, : MCy(Y1; R) — MCj_1(Y2; R).
So the f. induce pushforwards f. : M Hy(Y1; R) — M Hy(Y2; R) on homology.

In [35, Th. 4.13] we show M-homology M H.(—; R) satisfies the Eilenberg—
Steenrod axioms, so there are canonical isomorphisms M Hy(Y; R) = H,(Y; R)
with ordinary homology (e.g. singular homology) for all Y, k, which commute
with pushforwards f., fundamental classes [[Y]], and so on. We also define
rational M-(co)homology MH2(Y; R), MHg(Y; R) over a Q-algebra R, which
has better symmetry properties under finite group actions.

M-(co)homology is very convenient for defining virtual chains of Kuranishi
spaces. To see this, let f: X — Y be a I-morphism in Kur (or Kur®) with X
compact and oriented with vdim X = k and Y a manifold. Let (V;, E;, Ty, s, ;)
be a Kuranishi neighbourhood in the Kuranishi structure K on X, so that V;
is an oriented manifold (perhaps with corners), and suppose for simplicity that
I'; = {1}. The morphism f includes a smooth map fio: V; =Y.

Suppose we choose a trivialization E; & V; x R™ of E;, and regard s; as a
smooth map s; : V; — R™. Then ignoring properness issues, [V;,n;, s;, fio] is a
generator in MCy(Y; R) for any commutative ring R. The relation Definition
BEI3(i) in MC(Y; R) implies that [Vi, ns, s;, fio] is unchanged under certain co-
ordinate changes replacing V;, E; by V; x R, 7y, (E;) @ R. Because of this, to
define a virtual chain [Xyirt in M-homology, we only need to choose trivializa-
tions E; 2 V; x R™ for each Kuranishi neighbourhood (V;, F;,T;, s;, ;) in K,
in a way compatible with coordinate changes in I in a strong sense.

In future work [36], the author will define a notion of strong Kuranishi space
X, which is a special example of a Kuranishi space X = (X,K) in which
E; = V; x R™ is trivial for all (V;, E;, T, s;,%;) in K, and T'; acts on E; by
permutations of the coordinates in R™, and the remaining data ®;;, A, in K
satisfy compatibility conditions with the trivializations E; = V; x R™. These
include strong m-Kuranishi spaces X, which have I'; = {1} for all i € I. We
will also define strong 1- and 2-morphisms of strong Kuranishi spaces, which are
special examples of 1- and 2-morphisms in Kur, so that strong Kuranishi spaces
form a non-full 2-subcategory Kurgy € Kur. We call a strong 1-morphism
f: X =Y submersive if the smooth maps f;; : P;; — V; in f are submersions.

Here are some sample results about these from [36]:

Theorem 5.14. (a) For any Kuranishi space X, there exists a strong Kuranishi
space X' and an equivalence i : X — X' in Kur.

(b) Any strong 1-morphism f: X =Y in Kurg is a w-submersion in Kur.

(c) Suppose that f : X — Y is a w-submersion in Kur and j :' Y = Y’
an equivalence in Kur, with Y’ a strong Kuranishi space. Then there exists a
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2-commutative diagram in Kur

X 7 Y
Ji ro,
X’ ! Y,

in which 1 : X = X' is an equivalence, X' is a strong Kuranishi space, and
f X' =Y is a strong 1-morphism, which we may take to be submersive.

(d) Suppose X is a compact, oriented, strong Kuranishi space with vdim X = k,
and f : X =Y is a strong 1-morphism with Y a manifold. Then there is a
canonical virtual chain [X]vir, € MC,?(Y; Q) in rational M-homology.

If f is submersive and Y is oriented of dimension n, we can instead define
[X]virt € MC’;T& (Y;Q) in compactly-supported rational M-cohomology.

If X is a strong m-Kuranishi space, we may instead define [ Xyt in M-
homology MCy,(Y;Z) or compactly-supported M-cohomology MCF(Y; Z).
(e) Suppose f : X =Y, g:Y — Z are strong 1-morphisms of strong Kuranishi
spaces, with X compact and oriented and Z a manifold, and suppose vdim X >
vdimY. Then the virtual chain of go f : X — Z is [X]yirt = 0.

For (strong) Kuranishi spaces with corners there are corresponding results,
including theorems on lifting strong Kuranishi structures from dX to X.

We stress the fact in part (d) that strong Kuranishi spaces have canonical
virtual chains in rational M-(co)homology. That is, a 1-morphism f : X — Y
with X, f strong already contains all the information needed to define a virtual
chain in M C?(Y; Q), without making any further arbitrary choices.

To define virtual chains for Kuranishi spaces in any homology theory, it
is necessary to make arbitrary choices. In our theory, these choices are made
when we choose strong Kuranishi spaces X’ and strong 1-morphisms f in the
equivalence classes of X, f, using Theorem E.I4(a),(c).

Here is how we would use our virtual chain theory in applications:

(i) Consider a theory, such as Lagrangian Floer cohomology for compact La-
grangians L in a compact symplectic manifold (S,w). To build this theory
we must consider some class of moduli spaces of J-holomorphic curves
M. There are also boundary formulae such as (5.3]), morphisms from
moduli spaces to manifolds, such as evaluation maps ev; : M — L, and
morphisms between moduli spaces, such as morphisms f; : My — My
forgetting a marked point.

As discussed in §5.4] we should show that all the relevant moduli spaces
M, can be made into Kuranishi spaces with corners M. Boundary
formulae should lift to equivalences in Kur®. Morphisms to manifolds
and between moduli spaces should lift to 1-morphisms ev; : My, — L,
fi: ./\_/lk+1 — My, in Kur®, which are w-submersions.

We expect that these M are independent of choices up to equivalence in
Kur®, and the ev,, f, are independent of choices up to 2-isomorphism.
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(ii) By an inductive argument using results like Theorem [B.14(a),(c), we prove
that all moduli Kuranishi spaces M, can be replaced by strong Kuranishi
spaces, and boundary formulae replaced by equivalences in Kurg,, and
morphisms ev;, f, replaced by submersive strong 1-morphisms.

This step involves many arbitrary choices. It has to be done carefully to
ensure that the choices can be made with all the required compatibilities.

(iii) As in Theorem B.I4(d), all our moduli spaces now have canonical virtual
chains in either rational M-homology, or compactly-supported rational M-
cohomology. For boundary formulae such as (53]), cohomology is prefer-
able, as the fibre products turn into cochain-level cup products of virtual
chains. Equivalences or morphisms of moduli spaces turn into algebraic
relations between virtual chains. We then do homological algebra with
virtual chains to construct the symplectic geometry theory that we want.

An advantage our our framework compared to others is that many of the
operations we are interested in (for instance, A, operations in Lagrangian Floer
cohomology) will be defined naturally at the (co)chain level, and will satisfy the
required identities on the nose, at the (co)chain level, rather than merely up to
homotopy or on (co)homology. For example, Theorem [B.14(e) can be used to
show that the ‘divisor axiom’ in Gromov—Witten theory and Lagrangian Floer
cohomology holds at the cochain level.

A Background from Category Theory and
Algebraic Geometry

Sections [A.THA 3] discuss 2-categories, and §A.4] defines sheaves and stacks on
topological spaces.

A.1 Basics of 2-categories

We discuss 2-categories, both strict and weak. Some references are Borceux [4]
87], Kelly and Street [37], and Behrend et al. [2, App. B].

Definition A.1. A strict 2-category C consists of a class of objects Obj(C),
for all X, Y € Obj(C) an essentially small category Hom(X,Y), for all X,Y,Z
in Obj(C) a functor uxy,z : Hom(X,Y) x Hom(Y, Z) — Hom(X, Z) called
composition, and for all X in Obj(C) an object idyx in Hom(X, X) called the
identity 1-morphism. These must satisfy the associativity property, that

pw,y,z © (pw,x,y X idtom(y,2)) = tw,x,z © (ldHomw, x) X ixy,z)  (A.1)

as functors Hom(W, X) x Hom(X,Y) x Hom(Y,Z) — Hom(W, X), and the
identity property, that

px,xy(idx, =) = px v,y (=, idy) = idgom(x,v) (A.2)
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as functors Hom(X,Y) — Hom(X,Y).

Objects f of Hom(X,Y') are called 1-morphisms, written f : X — Y. For
I-morphisms f,g : X — Y, morphisms 1 € Homgem(x,v)(f,9) are called 2-
morphisms, written n : f = g. Thus, a 2-category has objects X, and two kinds
of morphisms: 1-morphisms f : X — Y between objects, and 2-morphisms
1 : f = g between 1-morphisms.

A weak 2-category, or bicategory, is like a strict 2-category, except that
the equations of functors (A.T]), (A2) are required to hold only up to spec-
ified natural isomorphisms. That is, a weak 2-category C consists of data
Obj(C),Hom(X,Y), ux y,z,idx as above, but in place of (Al), a natural iso-
morphism of functors

a: pwy,zo (hw,x,y Xiduom(y,2)) == pw,x,z° (idaomw,x) X #ix,v,z), (A.3)

and in place of (A2), natural isomorphisms

B px.xy(dy, =) =idaom(x,v), 7:Hxy,y(— idy)=idHom(x,v). (A.4)

These «, 8, must satisfy identities which we give below in (A.6]) and (A.S)).
A strict 2-category C can be regarded as an example of a weak 2-category,
in which the natural isomorphisms «, 3,7 in (A3)-(A4) are the identities.

We now unpack Definition [A.1] making it more explicit.

There are three kinds of composition in a 2-category, satisfying various as-
sociativity relations. If f : X — Y and g : Y — Z are 1-morphisms then
pex,y,z(f,g) is the composition of 1-morphisms, written go f : X — Z. If
f,9,h: X = Y are l-morphisms and n : f = g, ( : ¢ = h are 2-morphisms then
composition of 7, ¢ in Hom(X,Y") gives the vertical composition of 2-morphisms
of n,(, written ( ® 7 : f = h, as a diagram

! '
< L
X — > Y > X \m Y.
W h
h
Vertical composition is associative.

If f,f : X - Y and g, : Y — Z are l-morphisms and n : f = f,

¢ : g = ¢ are 2-morphisms then px vy z(n,() is the horizontal composition of

2-morphisms, written ( xn:go f = go f, as a diagram

/ g gof
e . X7 Yo Z
7 7 57

As pxy,z is a functor, these satisfy compatibility of vertical and horizontal
composition: given a diagram of 1- and 2-morphisms

f g
X Y Z

f g
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we have

COO*Mon) =(Cxn)o((*n):gof=jof.
There are also two kinds of identity: identity 1-morphisms idx : X — X and
identity 2-morphisms idy : f = f.

In a strict 2-category C, composition of 1-morphisms is strictly associative,
(go f)oe = go(foe), and horizontal composition of 2-morphisms is strictly
associative, (( *n) xe = ( * (n*¢€). In a weak 2-category C, composition of 1-
morphisms is associative up to specified 2-isomorphisms. That is, ife : W — X,
f: X =Y, ¢g:Y — Z are 1-morphisms in C then the natural isomorphism «
in (A3) gives a 2-isomorphism

Qg.pe i (go f)oe=>go(foe). (A.5)

As «a is a natural isomorphism, given l-morphisms e,é: W — X, f,f : X =Y,
g,0:Y — Z and 2-morphisms e: e = ¢é,n: f = f,(: g = ¢gin C, the following
diagram of 2-morphisms must commute:

(gof)oe — go(foe)
{Jcomyse ¢x(nwe)|),
.4 . Yy, f.e . .
(gof)oe gol(foe.

The oy, must satisfy the associativity coherence axiom: if d: V — W is
another 1-morphism, then the following diagram of 2-morphisms must commute:

((gof)oe)od=——==(go(foe) od==—=>g0((f oc) o)
“/Olgof,c,d o idg*af’e,d\u/ (AG)
(gof)o(eod) e go(fol(eod)).

In a strict 2-category C, given a l-morphism f : X — Y, the identity 1-
morphisms idx,idy satisfy foidx =idy o f = f. In a weak 2-category C, the
natural isomorphisms 3, v in (A give 2-isomorphisms

By : foidx = f, v iidy o f = f. (A.7)
As 3,7 are natural isomorphisms, if n: f = f is a 2-morphism we must have

n© B =B (nridiay): foidx = f,

n© s =7;© (idia, *n) :idy o f = f.

The B¢, v¢ must satisfy the identity coherence axiom: if g : Y — Z is another
1-morphism, then the following diagram of 2-morphisms must commute:

(goidy)o f Bg*id s
U%,idy,f go f. (A.8)
go(idy o f) idgxay
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A basic example of a strict 2-category is the 2-category of categories Cat, with
objects small categories C, 1-morphisms functors F': C — D, and 2-morphisms
natural transformations n : F = G for functors F,G : C — D. Orbifolds
naturally form a 2-category (strict or weak, depending on the definition), as in
§4.3] and so do stacks in algebraic geometry.

In a 2-category C, there are three notions of when objects X,Y in C are
‘the same’: equality X =Y, and 1-isomorphism, that is we have 1-morphisms
f: X =Y g:Y — X withgo f=1idx and f og = idy, and equivalence,
that is we have l-morphisms f : X — Y, g : Y — X and 2-isomorphisms
n:gof=1idx and ¢ : f o g = idy. Usually equivalence is the correct notion.

When we say that objects X,Y in a 2-category C are canonically equivalent,
we mean that there is a nonempty distinguished class of equivalences f : X — Y
in C, and given any two such equivalences f, g : X — Y there is a 2-isomorphism
n: f = g. Often there is a distinguished choice of such 7.

Commutative diagrams in 2-categories should in general only commute up
to (specified) 2-isomorphisms, rather than strictly. A simple example of a com-
mutative diagram in a 2-category C is

X / EWX Z,

which means that X,Y,Z are objects of C, f : X — Y, g :Y — Z and
h: X — Z are 1-morphisms in C, and 1 : go f = h is a 2-isomorphism.

Let C be a 2-category. The homotopy category Ho(C) of C is the category
whose objects are objects of C, and whose morphisms [f] : X — Y are 2-
isomorphism classes [f] of 1-morphisms f : X — Y in C. Then equivalences
in C become isomorphisms in Ho(C), 2-commutative diagrams in C become
commutative diagrams in Ho(C), and so on.

A.2 2-functors between 2-categories

Next we discuss 2-functors between 2-categories, following Borceux [4l §7.2, §7.5]
and Behrend et al. [2] §B.4].

Definition A.2. Let C, D be strict 2-categories. A strict 2-functor F : C — D
assigns an object F'(X) in D for each object X in C, a l-morphism F(f) :
F(X) — F(Y) in D for each 1-morphism f: X — Y in C, and a 2-morphism
F(n) : F(f) = F(g) in D for each 2-morphism 7 : f = ¢ in C, such that F'
preserves all the structures on C, D, that is,

F(go f)=F(g)o F(f), F(idx)=idpx), F(Cxn)=F()xF(n), (A.9)
F(Con) =F() o F(n), F(dy)=idpgy). (A.10)

Now let C, D be weak 2-categories. Then strict 2-functors F' : C — D are
not well-behaved. To fix this, we need to relax (A.9) to hold only up to specified
2-isomorphisms. A weak 2-functor (or pseudofunctor) F : C — D assigns an
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object F(X) in D for each object X in C, a 1-morphism F(f): F(X) = F(Y)
in D for each 1-morphism f: X — Y in C, a 2-morphism F'(n) : F(f) = F(g)
in D for each 2-morphism 7 : f = ¢ in C, a 2-isomorphism F s : F(g) o F(f) =
F(go f) in D for all 1I-morphisms f : X - Y, ¢g:Y — Z in C, and a 2-
isomorphism Fx : F(idx) = idp(x) in D for all objects X in C such that
(A10Q) holds, and for alle: W — X, f: X - Y, g:Y — Z in C the following
diagram of 2-isomorphisms commutes in D:

(F(g) o F(f)) o F(e)

M/O‘F(y),F(f),F(ﬁ)

F(g)o (F(f) e Fle))

———— F(gof)oF(e)————=F((go f)oe)
g, f*¥1AF(e) gof.e
_ Play.g.0)]|
idpg)*Fy.e Fy soe
ﬁF(g)OF(foe)zF(go(foe)),

and for all 1-morphisms f: X — Y in C, the following commute in D:

F(f)o Flidx) =F—=F(foidx)  F(idy)o F(f) == F(idy o f)
fiidx idy , f
\U/idF(f)*FX F(ﬁf)U, \U,FY*idF(f) F(w)ﬂ

F(f) o idp(x) ——rd F(f), idpy o F(f)

andiff,f:X—)Yandg,g':Y—)Zarel—morphismsandn:f:>f,C:g:>g'
are 2-morphisms in C then the following commutes in D:

F(g)o F(f) T Flgof)
|F@rm N Ficsn)|)
F(g) o F(f) F(jof).

There are obvious notions of composition G o F of strict and weak 2-functors
F:C—D,G:D— €&, identity 2-functors ide, and so on.

If C, D are strict 2-categories, then a strict 2-functor F' : C — D can be
made into a weak 2-functor by taking all Fy ¢, F'x to be identity 2-morphisms.

We define a weak 2-functor F' : C — D to be an equivalence of weak 2-
categories, if for all objects X,Y in C, the functor Fxy : Home(X,Y) —
Homp (F(X), F(Y)) is an equivalence of categories, and the map induced by
F from equivalence classes of objects in C to equivalence classes of objects in
D is surjective (and hence a bijection). There is an alternative definition using
2-natural transformations of 2-functors, which we will not explain.

A.3 Fibre products in 2-categories
We define fibre products in 2-categories, as in Behrend et al. [2] Def. B.13].

Definition A.3. Let C be a strict 2-category and g : X — Z, h :' Y — Z
be 1-morphisms in C. A fibre product X xz Y in C consists of an object W,
1-morphisms 7x : W — X and ny : W — Y and a 2-isomorphism n: gonx =
homy in C with the following universal property: suppose 7y : W/ — X and
my : W' — Y are l-morphisms and ' : g o 7’y = h o} is a 2-isomorphism
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in C. Then there should exist a 1-morphism b : W’ — W and 2-isomorphisms
(x :mxob = 7%, (v : my ob = 7} such that the following diagram of
2-isomorphisms commutes:

=
gomxob — homy ob

Uidg*cx , idh,*cyu (A.11)

/ n
gOﬂ'X

!
homy.

Furthermore, if B, 5 X, fy are alternative choices of b, (x,(y then there should
exist a unique 2-isomorphism 6 : b = b with

(x =Cx @ (idny x0) and ¢y =y © (idry, *0).

If a fibre product X x zY in C exists then it is unique up to canonical equivalence.
That is, if W, W’ are two choices for X xz Y then there is an equivalence
b: W — W' in C, which is canonical up to 2-isomorphism.

If instead C is a weak 2-category, we must replace (AII)) by

(gOﬂ'X)ObT)(hoﬂ'y)Obﬁ}ho(ﬂ'yob)
\U/ag,ﬂx,b

idh*cyﬂ
go(mxob)

idg*Cx
homt
v

n

/
goTx

Orbifolds, and stacks in algebraic geometry, form 2-categories, and Definition
[A3]is the right way to define fibre products of orbifolds or stacks.

A.4 Sheaves and stacks on topological spaces

The next definition of sheaves on a topological space, as in Hartshorne [20] §I1.1],
will not actually be used in this paper, but we include it as motivation for the
following definition of stacks on a topological space.

Definition A.4. Let X be a topological space. A presheaf of sets £ on X
consists of the data of a set £(5) for every open set S C X, and a map pgr :
E(S) — &(T) called the restriction map for every inclusion T'C S C X of open
sets, satisfying the conditions that

(i) pss =idg(g) : £(S) — £(S) for all open S C X; and
(ii) psuv =pruopsr: E(S) = EU) for allopen U CT C S C X.
A presheaf of sets £ on X is called a sheaf if it also satisfies
(iii) If S C X is open, {T; : i € I} is an open cover of S, and s,t € £(S5) have
pst;(8) = pst,(t) in E(T;) for all ¢ € I, then s =t in £(S); and

(iv) If S C X is open, {T; : i € I} is an open cover of S, and we are given
elements s; € £(T;) for all i € I such that pp,(r,nr,)(5:) = pr; (101 (55)
in £(T; NTj) for all i, € I, then there exists s € £(S) with pgr,(s) = s
for all ¢ € I. This s is unique by (iii).
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Suppose £, F are presheaves or sheaves of sets on X. A morphism ¢ : &€ — F
consists of a map ¢(S) : £(S) — F(S) for all open S C X, such that the
following diagram commutes for all open T7C S C X

£(8) 79
j ™ o(7) o
(T) F(T),

where pgr is the restriction map for £, and pyp the restriction map for F.

Sheaves are basic objects in algebraic geometry. Informally, something forms
a sheaf if it can be defined locally and glued. For example, if X, Y are manifolds
then smooth maps f : X — Y form a sheaf on X, because an arbitrary map
f X — Y is smooth if and only if it is a smooth on an open neighbourhood of
each point in X. One uses the sheaf property of smooth maps all the time in
differential geometry without noticing.

Finally we define stacks on topological spaces. Stacks are the 2-category
version of sheaves, roughly, they are sheaves of groupoids rather than sheaves of
sets. Informally, something forms a stack if it can be defined locally and glued
up to 2-isomorphisms. For example, if X,Y are orbifolds then smooth maps
f:X =Y (ie. 1-morphisms of orbifolds) and their 2-morphisms form a stack
on X, but in general they do not form a sheaf on X.

Definition A.5. Let X be a topological space. A prestack (or prestack in
groupoids, or 2-presheaf) € on X, consists of the data of a groupoid &£(S) for
every open set S C X, and a functor psy : £(S) — E(T) called the restriction
map for every inclusion T'C S C X of open sets, and a natural isomorphism of
functors nsry : pru © pst = psu for all inclusions U C T C S C X of open
sets, satisfying the conditions that:

(1) pss = idg(s) : g(S) — E(S) for all open S C X, and nssT = NsSTT =
idyg, for all open T'C S C X; and

(i) nsuv © (idPUV *nsTU) = NsTv © (Mruv *idpST) P PUV OPTU O PST = PSV
forallopen VCU CT CS C X.

A prestack £ on X is called a stack (or stack in groupoids, or 2-sheaf) on X
if whenever S C X is open and {7} : i € I} is an open cover of S, then:

(ili) f o, B8 : A — B are morphisms in £(S) and psr, () = pst,(8) : pst,(4) —
pst,(B) in E(T;) for all i € I, then o = S.
(iv) If A, B are objects of £(S) and «; : pst,(A) = pst,(B) are morphisms in
E(T;) for all i € I with
nst.(rinty)(B) © pr, (101 (i) © nSTi(TiﬂTj)(A)71
= nst,(m:n1y) (B) © pry (i) () © sy (i) (A) 7

in £(T; NT;) for all i,j € I, then there exists & : A — B in £(S) (neces-
sarily unique by (iii)) with pgr,(a) = a; for all ¢ € I.
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(v) If A; € E(T;) for i € I and ayj : pryrnmy)(Ai) = pryrnm;)(A;) are

N,

morphisms in E(T; N T;) for all 4, j € I satisfying

(1, T ) (T 1) (Ak) 0 1y Ty (s 1) (k) Oy (1 Ty (s ) (A ) 71

© Ny (TinT3) (TiNT;3NT,) (45) OP(T:NTy)(T:NT;NTy) (cvij) ONT, (T:NT; ) (T;NT;NT) (Ai)71

=T (T:NTy) (T:NT;N Ty ) (Ak) OP(T;NTy ) (T:NT;NT,) (aik) ONT; (TN Ty ) (T;NT;NT,) (Ai)_l

for all 4,5,k € I, then there exist an object A in £(S) and morphisms
Bi+ Ai — pst,(A) for ¢ € I such that for all 4, j € I we have

nSTi(TiﬁTj)(A) © pTi(TiﬁTj)(ﬂi) = TNs1y (TmTj)(A) © PTj(TmTj)(ﬂj) O Q5.

If A, B; are alternative choices then (iii),(iv) imply there is a unique iso-
morphism v : A — A in £(S) with psz,(y) = Bi 0 8; * foralli € 1.

In the examples of stacks on topological spaces that will be important to us,

we will have pry o psT = psy and nsry = id,g, for allopen U CT C S C X.
So (ii) is automatic, and all the 7...(- - - ) terms in (iv),(v) can be omitted.
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