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Abstract

Many living biological tissues are known to grow in response to their me-
chanical environment, such as changes in the surrounding pressure. This
growth response can be seen, for instance, in the adaptation of heart cham-
ber size and arterial wall thickness to changes in blood pressure. Moreover,
many living elastic tissues actively maintain a preferred level of mechanical
internal (residual) stress, called the mechanical homeostasis. The tissue-
level feedback mechanism by which changes of the local mechanical stresses
a�ect growth is called a growth law within the theory of morphoelasticity,
a theory for understanding the coupling between mechanics and geometry
in growing and evolving biological material. The goal of this thesis is to de-
velop mathematical techniques to analyse growth laws that are biologically
plausible, and to explore issues of heterogeneity and growth stability.

Firstly, we review attempts based on the Second Law of Thermodynamics
(Coleman-Noll procedure) concluding that they cannot universally restrict
the mathematical form of growth laws. In light of these results we focus on
the phenomenological concept of homeostasis. We hypothesize that growth
laws are functions of homeostatic stress (homeostasis-driven growth).

Secondly, we demonstrate that for a static residually stressed network made
of elastic bars connected in series and parallel, the network response has
the same functional form as the response of individual bars (similarly to
electrical circuits). For a dynamically evolving network, on the other hand,
the macroscopic network response is a nonlinear function of microscopic
homeostasis-driven growth laws with no electrical counterpart. We charac-
terise the macroscopic growth dynamics as non-monotonic and non-oscillatory.

Thirdly, we discuss the growth dynamics of tubular structures, which are
very common in biology (e.g. arteries, plant stems, airways). We model the
homeostasis-driven growth dynamics of tubes which produces spatially in-
homogeneous residual stress. We show that the stability of the homeostatic
state nontrivially depends on the anisotropy of the growth response. The
key role of anisotropy may provide a foundation for experimental testing of
homeostasis-driven growth laws.

Fourthly, we apply our theoretical framework to the growth of Ammonites'
seashells. We demonstrate how homeostasis-driven growth produces seashell
morphology that is consistent with observation and that cannot readily be
captured with previous models.
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Chapter 1

Introduction

In 1926, the zoologist John S. Haldane began his essay �On being the right size� [37]

with the sharp statement:

�The most obvious di�erences between di�erent animals are di�erences

of size, but for some reason the zoologists have paid singularly little atten-

tion to them.�

In his playful language, he goes on to discuss how physics imposes constraints on the

proportion of animals, humans, and their organs. The relationship between mechanics

and biology was perhaps most deeply researched and most clearly articulated by D'Arcy

Thompson, who wrote in the Introduction to his epic and inspiring 1917 monograph

On Growth And Form [71]

�If we tried building ships, palaces or temples of enormous size, yards,

beams and bolts would cease to hold together; nor can Nature grow a tree

nor construct an animal beyond a certain size, while retaining the propor-

tions and employing the materials which su�ce in the case of a smaller

structure.�

The point these authors in the pre-genetics era are making is that living organisms are

constrained in their size and proportions (among other aspects) by their mechanical

environment. In the hundred years after Thompson's 1917 publication, geneticists have

uncovered many of the biomechanical pathways involved in growth and size regulation

[13], modern microscopy techniques have allowed insights in the elastic nature of the cy-

toskeleton of the cell and even the elastic properties of its constituents (microtubuli and
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actin �laments), and tissue level experimentation has allowed detailed understanding

of the large-scale response of some living tissues and provided a variety of constitutive

laws. But attempts to bridge these gaps from the biochemical up to the tissue level

still leave basic questions unanswered, such as how mechanics is involved in regulating

growth, and how cells integrate the information of their mechanical environment to

decide when it is time to stop growing and �being the right size�.

To put these ambitious but perhaps abstract questions into a more modern and

practical setting, we consider two examples from the study of properties of bones:

astronauts, after return from space �ights, have a lower bone density [28]. On a related

note, X-ray analysis of the humerus bone in tennis players reveal increased bone density

in the playing arm [70]. Similarly to bone, soft living tissues are documented to respond

to changes in the mechanical environment by localised growth. There are countless

documented examples, many of which are spectacular or anecdotal, or of practical

everyday relevance. Wound closure is a response to a change of tension in skin tissue

caused by injury [8]. More extremely, in some animals severed limbs regrow [48]. In

response to high blood pressure, human cardiac tissue thickens the walls to withstand

the increased pressure [25]. And, as hinted in Thompson's quote, trees grow more

stubby in windy areas [15].

Our aim in this thesis is to develop a mathematical framework to describe the

growth evolution over time of a soft elastic material as a response to its internal and

external mechanical environment. One of the di�culties is that soft tissues often ex-

hibit surprising responses to mechanical stimuli. This is in part due to the non-linear

constitutive response of soft material to large geometric deformations, and in part due

to the availability of pre-existing mechanical stresses in the tissue known as residual

stress. The latter is discussed in more detail in Section 1.1.

Another challenge is to understand how living tissues respond dynamically to me-

chanical changes in their environment, such as changes in loading conditions (which

may be as simple as switching o� gravity, as in the case of the astronaut example

described above). Growth dynamics is discussed in Section 1.2.

Experimental data on the temporal evolution of living tissue (including residual

stress distributions) is extremely sparse. The thermodynamic openness of living tis-

sue to exchange of energy with their environment (e.g. nutrients in the extracellular
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�uid) makes fundamental physical treatments of growth dynamics challenging, limit-

ing the insights such approaches allow into the inner workings of growth-mechanical

interactions (see Section 1.6 for a detailed discussion of a thermodynamical approach).

Another di�culty is the integration of micromechanical analysis with tissue level mod-

eling. Mircomechanical analysis is the attempt to build models based on microscopic

properties, such as the elastic properties of microtubuli and actin �laments of the cell

cytoskeleton (estimated in [29]). However, such models are di�cult to integrate to

the tissue level via homogenisation techniques [10], in part due to the lack of lattice

periodicity and crystal symmetry in biological tissue. Such a description of elastomers,

however, does not do justice to modern microscopic cell models and macroscopic growth

evolution laws, which are reviewed in Section 1.5.4.

Phenomenological models are of great help within the context of these di�culties

to obtain a fundamental description of growth-mechanical interaction. The most com-

mon of such phenomenological approaches to modelling the growth and evolution of

soft tissues is to assume that tissues have a preferred mechanical state (called home-

ostasis) which is regulated through growth and remodeling during regular physiological

conditions. The concept of homeostasis is further explained in Section 1.2, formally

introduced in Section 1.5.5, and homeostasis type models are reviewed in Section 1.5.4.

1.1 Residual stress in living systems

A key aspect that plays an important role in many living tissues is residual stress.

This is an internal stress that remains when all external loads of an originally unloaded

con�guration are removed. Tissues actively build these internal stresses both during

morphogenesis (when they rapidly change shape and add mass) and in the mature

physiological state (when mass and volume changes serve the purpose of maintenance

and are comparatively small). It arises in biological tissues as material is added or

lost in a non-uniform manner, forcing neighboring tissue to incorporate the newly

added material through elastic deformation. Geometrically, this concept is known as

incompatibility and is discussed in Section 1.5.1 in a more formal setting.

The mechanism behind the creation of residual stresses in biological tissue is known

as di�erential growth, in which the living tissue adds mass and volume heterogeneously,
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(a) (c)

(b)

in compression

in tension

at rest

Figure 1.1: Illustrative schematic of residual stress forming through di�erential growth.
A 2D lattice of linear Hookean springs is attached to equal mass points (circles), with
no forces applied at the domain boundary. In the unstressed reference con�guration
(a), the system is force-free (green) and all springs have the same length as their rest
length. In (b), the rest lengths of the highlighted cell are grown by a factor of 2, but the
rest of the lattice is left unchanged. This local change (emulating di�erential growth)
propagates through the whole system, introducing stress on the whole domain. In the
stressed con�guration (c), the red springs are in compression (as is the grown cell), the
blue springs in tension. The tissue is now residually stressed.

which leads to mechanical stresses globally. A basic illustrative1 schematic of this idea

is presented in Figure 1.1, showing how local growth in two selected regions causes the

formation of stresses in a piece of model tissue.

A classic example is the residual stress in arteries, which has been theoretically and

experimentally described by Fung and others [23, 72]. The observation is that arteries,

when radially cut, open up due to compressive stress built in the hoop (circumferential)

direction. The opening angle can be used to quantify residual stress [23]. Experiments

also suggest that arteries are residually stressed in the axial direction [31]. In a series of

seminal studies, Fung and co-workers demonstrated residual stress in other physiologi-

cal systems such as the heart [61], veins [75], and the trachea [41]. Other investigators

identi�ed residual stress in physiological tissues and organs such as the oesophagus

1Note that Figure 1.1 serves as a visual schematic of residual stress, but all modeling in this
thesis is done with continuum models, not lattice models. This is because the research question is
focused on characterising macroscopic growth response laws rather than characterising microstructure.
Ultimately, forming a connection between micromechamical models and macroscopic descriptions such
as growth laws is essential for a theory of mechanics and growth. This is usually mathematically very
challenging. Microscopic lattice models are typically not straightforward to homogenise to continuum
mechanical theories, and are often highly dependent on elementary cell geometry [10]. Reviews of
agent-based soft-tissue models, including lattice based models, can be found in [46, 30].
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[33], the aorta [5], the brain [9], bones [76], and the developing embryo [6]. It was also

found in pathological tissue such as solid tumors [4]. This list of examples of residual

stress in physiological tissue is not exhaustive, and the plant kingdom also o�ers a

rich pool of examples of residually stressed systems, of which the review of Taber [67]

(physiological tissue) and the book by Goriely [30] (physiological and plant tissue) o�er

comprehensive descriptions.

1.2 Stress as a regulatory feedback mechanism for

growth

Di�erential growth produces residual stress. But of equal important is that stress

can serve as a regulatory mechanism for growth. This idea of mechanical stresses

locally informing di�erential growth, and di�erential growth in turn producing residual

stress and changing the mechanical environment, is an informal description of the main

problem studied in this thesis, which we will formally introduce via mathematical

growth laws in Section 1.5.4 below. Experimental evidence of such mutual interactions

between growth and mechanics can be found at many length scales. At the cellular level,

it has been shown that axons can be grown by applying tension [43]. Another example

is the stress developed by �broblast cells on a silicone substrate, as demonstrated by

Harris and co-workers: initially, the cultured cell does not deform the soft substrate, but

after a while the substrate wrinkles, suggesting that the grown �broblast has developed

tension through growth [42].

The mechanism of mechanical feedback and growth has proven di�cult to break

down to universally applicable rules. As we will discuss in more detail in Section 1.6,

thermodynamical attempts to derive clear rules for mechanical feedback mechanisms

have been rather unsuccessful. We will focus on a helpful phenomenological principle

called homeostasis [14]. This principle states that organisms have the ability to self-

regulate some of their properties to adapt the conditions for its optimal function in a

physiological state, such as the ability of mammals to maintain a constant body temper-

ature. An example of homeostasis is the maintenance of constant internal temperature

of mammals. In some biological cases, homeostatically regulated systems appear to

adjust to the host animal (baboon livers transplanted into humans grow to the size of
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human livers, and the inverse holds for transplantation into smaller animals [74]); in

other cases, regulation appears to occur independently of the host (salamander limbs

transplanted into smaller or larger salamanders grow to the normal size of the donor

animal, [74]). The mechanism by which the proportions of the host organism inform

the size of homeostatically regulated subsystems is unknown, and lies very much at

the heart of the question of growth and size raised by Haldane and Thompson in the

introductory quotes.

In the context of mechanics, homeostasis can be understood as a living tissue's

ability to grow and remodel to accommodate a preferred (homeostatic) stress, i.e. to

reshape itself to reduce the di�erence between its actual stress and the a priori known

or genetically encoded homeostatic stress. At homeostasis, the preferred mechanical

environment within a tissue or an organ is present so that the tissue can function

at its optimal level. Growth evolves to keep the di�erence between the actual and

homeostatic stress �eld as small as possible, so that growth reaches an equilibrium

state and the tissue reaches its �nal observed size and morphology once the homeostatic

stress is fully accommodated.

Examples of mechanobiological homeostasis are arteries and their regulation of wall

thickness in response to pressure changes (Thomas' Law), bones and their trabecular

remodeling in response to loading (Wol�'s Law), and the heart and its ability to reg-

ulate wall thickness and chamber size in response to volume and pressure overload

(Wood's Law). These historic observations (`Laws'), as well as modern insights, are

discussed in [30, 67].

1.3 Accretive growth of seashells

In the previous examples, elastic tissues undergo bulk deformations. A di�erent type of

growth, in which mechanical feedback can play an equally important part, is accretive

growth [24, 65]. Among other processes, it underlies the formation of hard surfaces,

such as seashells, horns and teeth. A particularly iconic example of accretive growth

is the seashell. The growth of the hard mineralised shells of gastropod mollusks is the

result of a repeated secretion process of material via a soft elastic organ called the man-

tle. The secreted material subsequently calci�es in the shape of the mantle. The form
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and pigmentation patterning of seashells have been studied from many perspectives,

such as descriptive kinematics for shell geometry [63, 53], reaction-di�usion models

for pigmentation patterning [22, 34] and mechanics [38, 39]. In seashells, mechanical

interactions underlie a secondary structure called `ornamentation' on a primary coiled

structure such as a logarithmic spiral. The two basic mechanical ornamentation types

are commarginal and antimarginal ornamentation (see Section 4.1.3).

Ammonites are an extinct group of cephalopods with a nearly perfect logarithmic

spiral as their primary structure, and with secondary commarginal ornamentation with

a very good ribbing regularity. To uncover the mechanism behind the emergence of

commarginal ornamentation of Ammonite shells, Moulton and co-workers [57] devel-

oped a model based on physical interactions underlying mollusc shell secretion, building

on the stress regulating idea of [38]. A limitation of this model was that the growth pro-

cess was modulated within a �xed circular geometry of the growing shell edge. In [21],

we extended this model in multiple ways, including the situation of elliptical geometry,

and interpreted the e�ects of shell expansion (i.e. properties of observed logarithmic

spirals on Ammonites) and cross section curvature (i.e. circular vs. ellipse shaped) in

the context of evolutionary developmental biology. This work serves as a foundation

for the investigation of growth-mechanical feedback which we present in Chapter 4.

Our results show that mechanical feedback has a noticeable e�ect on the commarginal

ribbing pattern in Ammonites which cannot readily be captured with previous models.

In the presence of mechanical feedback, the juvenile stages of Ammonite morphogenesis

are more ribbed then the adult stages, which is consistent with observation.

1.4 The time scales of elasticity, growth and home-

ostasis

In this work, our focus is the characterisation of long-term behaviour of growth dynam-

ics, neglecting the relatively slow inertial and viscous e�ects. This approach is common

for the study of biological materials and is justi�ed when observing the time scales of

elastodynamics (inertial e�ects) vs. growth dynamics (growth-mechanical feedback).

Elastodynamic e�ects, which are typically characterised by the velocity of wave prop-

agation, have a timescale that is very short when compared to growth. To illustrate
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this point, let us assume that most tissues and organs have a typical lengthscale of

χ = 10cm and typical wave propagation velocities c in the order 10-100m/s. With

these assumptions, the time scale τ = χ/c of elasto-dynamics will range between 10−2s

and 10−3s. While there is great variety in the elastic properties of biological tissue, this

range can serve as a starting point for comparison with the timescale of growth. The

latter varies from minutes (doubling time of Escherichia coli) to years (slow growing tu-

mours), and is therefore typically several orders of magnitude larger than the timescale

of elasto-dynamics (see [30] for a detailed discussion of time scales of growth compared

to various elastic time scales). Upon neglecting inertial e�ects, growth dynamics can

be considered as a series of elastic equilibrium states. This quasistatic simpli�cation

is formalised in [32] and will form the foundation for our growth dynamical approach

in Chapters 2�4. Note also the excellent paper by Vandiver [73] and Chapter 14.6 of

Goriely's book [30] for detailed analysis of growth-dynamical systems.

It is also worth noting that homeostatic stresses may evolve on a much slower time

scale than growth. In fact, the homeostatic stress may in general be an inadmissible

quantity, that is it may not satisfy the boundary conditions of the mechanical prob-

lem (the term stress in `homeostatic stress' may be considered somewhat misleading).

Homeostatic stress should be thought of as a preferred mechanical state of the system,

genetically prescribed or otherwise informed (e.g. through chemical �elds). During

the growth process, we assume that homeostatic stress may be spatially varying but is

temporally constant �eld.

To summarise, the timescales are related to each other as follows:

elasticity (milliseconds)︸ ︷︷ ︸
very short: quasi-static

� growth (days to years)︸ ︷︷ ︸
focus of this study

� homeostasis (years)︸ ︷︷ ︸
very long: parameter variation

(1.1)

Within the community of morphoelasticity and related biomechanical growth theories

([67, 46, 30, 1]), the study of growth in biology is typically subdivided into growth

(mass change), remodeling (property change), and morphogenesis (shape change). In

the context of the community of morphoelasticity and related biomechanics, bone is

the preferred context of remodelling. In bones, trabeculae re-orientate, changing the

internal bone structure without much a�ecting mass. Our work o�ers no detailed

analysis of remodeling (we refer to classical work by [16]) but focuses on morphogenesis
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and growth. We refer to morphogenesis as signi�cant change in shape and mass over an

individual's lifetime (ontogenetic development process). Finally, we refer to growth as

a moderate change in mass in order to sustain a physiological state of adult tissue. This

work proposes models for the study of growth (Chapters 2 and 3) and morphogenesis

(Chapter 4). As we will demonstrate, homeostasis is a powerful concept that can play

a vital role in growth (Chapters 2, 3) and morphogenesis (Chapter 4).

1.5 Morphoelasticity and volumetric growth

To model the growth response to mechanical stimuli at the tissue level, and to in-

corporate concepts like homeostasis into the modelling, the framework of continuum

mechanics is essential [36, 27]. Furthermore, to incorporate the nonlinear response of

biological material to mechanical loading, nonlinear elasticity is essential [59, 45]. To

incorporate the e�ects of growth and the associated local changes in volume and mass

of tissues and to di�erentiate their in�uence on the observed morphology from purely

elastic deformations, extra care must be taken. In their seminal paper, Rodriguez

et al. [64] proposed a multiplicative decomposition of the deformation gradient into

contributions for growth and elasticity.

Their work was based on similar ideas from plasticity: The Kröner-Lee decomposi-

tion ([47, 50]) splits the deformation gradient into an elastic and a plastic part. In this

chapter, we formally introduce the theory of morphoelasticity, which is an evolution of

Rodriguez' deformation gradient decomposition. This introduction, much like a text

on traditional nonlinear solid mechanics, will include a part on kinematics (geometric

deformation, i.e. the study of strains, see Section 1.5.1), balance laws (balance of forces

and other physical quantities, see Section 1.5.2) and constitutive relationships (which

relate strains to stresses, see Section 1.5.3).

A challenging aspect of morphoelasticity is that (as opposed to traditional non-

linear solid mechanics) morphoelastic systems can be open to �uxes of mass, energy,

momentum and entropy. These quantities must be accounted for carefully. This will

be the subject of Section 1.5.2. It will result in a continuum formulation of the second

law of thermodynamics known as the Clausius-Duhem inequality. This formalism will

be picked up in Section 1.6 where we will derive a statement about growth laws based
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on this inequality.

1.5.1 Kinematics

In traditional continuum mechanics, it is common to consider the body in two di�erent

con�gurations, the initial reference con�guration and the current con�guration. The

initial reference con�guration describes the body in its initial state at t = 0 (i.e. before

deformation) and it is required to be stress-free. The current con�guration describes

the deformed body at time t. Mathematically, they are subsets of Euclidean space,

denoted B0 ⊂ E3 and Bt ⊂ E3, respectively. Material points in B0 are described by the

the vector X which are mapped to x in Bt. This deformation map is is

ϕ : B0 → Bt X 7→ x = ϕ (X, t) (1.2)

for which we assume the inverse ϕ−1 to exist. Strain, the geometric deformation of a

body Bt with respect to its reference state in B0, is quanti�ed through the deformation

gradient F. The latter is de�ned as the gradient of the deformation map with respect

to initial reference coordinates

F (X, t) = ∇Xϕ (X, t) =
∂x

∂X
(X, t) (1.3)

As mentioned in the introduction, in morphoelasticity we decompose the deforma-

tion gradient F into a tensor �eld G and an elastic deformation gradient A:

F (X, t) = AG (1.4)

This requires the introduction of the virtual reference con�guration Br, which is said to

be incompatible, which means that a body cannot be put into a one-to-one correspon-

dence with points in a region in Euclidean space, i.e. the body has holes and overlaps

see Figure 1.2).

We de�ne the determinants of the tensor �elds F, A and G as J := detF, JA :=

detA and JG := detG and of course we have J = JAJG. If the deformation is

incompressible (i.e. locally volume preserving), JA = 1.
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Figure 1.2: Deformation gradient decomposition. The fact that the virtual reference
con�guration Br does not �t into Euclidean space is highlighted.

Formally2, G maps vectors from B0 to Br and A maps from Br to Bt and their

composition F = AG maps vectors from B0 to Bt. On a physical level, the decompo-

sition can be interpreted as follows. Growth (geometrically speaking) is a map from a

stress-free con�guration B0 to another stress-free con�guration Br, but the latter will
in general not �t into Euclidean space as the grown material will overlap or (if locally

det G < 1, i.e. resorption) have holes. That is, G can break the continuity of the tissue.

The purpose of the elastic deformation is to restore continuity of the tissue, �lling the

holes at the expense of introducing tensile stress, and moving apart the overlapping

regions at the expense of introducing compressive stress. For this reason, the current

con�guration Bt is no longer stress free, even when it is unloaded. Stress that remains

even in the absence of loads is called residual stress.

The con�guration Br is not physically realised in a growing biological tissue, and

for this reason we refer to it as the virtual reference con�guration. Because of overlaps

of tissue, a bijective deformation map of the kind (1.2) cannot be de�ned between B0

and Br (i.e. it is impossible to keep track of material points if Br is Euclidean) and G

cannot be de�ned as a gradient of a deformation map in the fashion of (1.3)�things

are somewhat di�erent if Br is assumed non-Euclidean, see footnote 2 for literature on

2A more detailed di�erential geometric treatment of traditional continuum mechanics can be found
in [51]. Growth theories are presented in a di�erential geometric framework in [77] and [30].
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di�erential geometric growth theories.

1.5.2 Balance laws

In this section we state the balance laws for mass, linear momentum, angular momen-

tum, energy and the entropy imbalance. The energy balance and the entropy imbalance

are continuum formulations of the �rst and second law of thermodynamics, which will

lead to the Clausius-Duhem formulation of the second law. This section should not

only serve as a thorough study of morphoelasticity and the openness (with respect to

mass, momentum, energy and entropy �ow) of the systems it is intended for, but will

also pave the way for Section 1.6 of the present work. In this chapter, we will use the

framework of rational thermodynamics, in particular the Coleman-Noll procedure, to

draw conclusions about growth laws based on the Clausius-Duhem inequality stated in

1.5.2.7.

Generalising the conservation equations of traditional continuum mechanics to mor-

phoelasticity and open systems requires careful balance and the correct interpretation

of source terms. These equations have been studied by several authors and we will

keep our notation relatively close to [19].

Note that the overdot denotes derivatives with respect to the time variable. For

some quantity a, we denote the time derivative ȧ = da/dt. Also note that spatial

di�erentiation (divergence, gradient) is always implied with respect to the current

variable x ∈ Bt (unless speci�ed otherwise in the subscript of the nabla operator, for

instance in the de�nition of the deformation gradient F = ∇Xϕ, see (1.3)).

1.5.2.1 Slow growth assumptions of morphoelasticity

Having stated the kinematic assumptions of morphoelasticity in the previous section,

we now introduce some mechanical assumptions.

1. Separation of timescales: The timescale of growth is much slower than that

of elasticity.

2. Mass is added from the initial reference con�guration B0 to the virtual reference

con�guration Br and is constant throughout the elastic deformation (which maps

from Br to Bt).
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3. Mass is added through a volumetric source (i.e. no mass boundary �ux).

The �rst assumption is discussed in detail in Section 1.4.

We will now brie�y explore a consequence of the second assumption and explore the

third assumption when stating the mass balance. We assume that mass is added in the

growth process from B0 to Br, but no mass is added during the elastic deformation from

Br to Bt. To investigate the consequences of this assumption, suppose dMr = ρrdVr

is a mass element in the virtual reference con�guration Br, where ρr is the virtual

reference mass density and dVr is a virtual reference volume element. Similarly, let

dMt = ρdVt where ρ is the current density. Earlier, we introduced F = AG and

J = detF, JA = detA and JG = detG. Since no mass is added from Br to Bt,
dMt = dMr, and with appropriate coordinate transform dVt = JAdVr we obtain

JA ρ = ρr. (1.5)

We now make the additional assumption that ρr is constant in time. This implies that

the new, grown mass has the same density (locally) as the surrounding pregrown tissue.

This assumption allows for a simple coupling between the mechanics and geometry of

growth, as we will see in the statement of mass balance.

1.5.2.2 Mass balance

We think of a growing tissue as a collection of cells which take nutrients from the

extracellular �uid. In our continuum modeling approach, the tissue has a density

(mass per volume) ρ (x, t) in Bt. Nutrient uptake contributes a volumetric growth rate

function ρ (x, t) γ (x, t) in Bt. Physical laws are most naturally stated in the current

con�guration. We will present the mass balance for a volume Ωt ⊂ Bt. The mass

balance takes the form
d

dt

∫

Ωt

ρdVt =

∫

Ωt

ργdVt (1.6)

We now transform this balance equation which is integrated over Ωt into a local, point-

wise statement at x, t. Since Ωt is a region which evolves with time, it will prove useful

to transform to the corresponding region Ω0 ⊂ B0 and evaluate time derivatives in this
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static region. Volume elements and area elements transform as

∫

Ωt

dVt =

∫

Ω0

JdV0 (1.7)

Evaluating time derivatives in B0 and taking into account that JA ρ is constant in time

leads us to the local, pointwise statement

γ = tr
(
ĠG−1

)
(1.8)

The assumption that ρr is constant allows for a simple coupling between the mechanics

and the geometry of growth: The last equation relates the change in mass of a body

to properties of the growth deformation tensor.

1.5.2.3 Compatible and incompatible sources

In the following, we will present the integral statements over Ωt for the remaining laws

(energy, linear and angular momentum, entropy) and then the localised (pointwise)

statements of the same laws.

As we have discussed regarding the slow growth assumption, new mass (with the

same density as the surrounding material) enters the tissue with the local growth rate

ργ. This material will come with its own momentum, energy and entropy which may

or may not diverge from the surrounding tissue. One possibility is that indeed the

new material has the same properties as (locally) the surrounding tissue. We call these

type of sources compliant, using the terminology of [19], and they balance out and do

not appear in the local statements of the laws. Alternatively, the new material may

have sources that are di�erent from the pregrown material, having for instance locally

a higher energy density than the surrounding tissue, or due to microscopic organisation

possibly a lower entropy. We call these sources non-compliant, and they do appear in

the local statements. We denote non-compliant sources with an overbar.

1.5.2.4 Linear momentum balance

This is the balance between change in linear momentum and the forces that cause

it. We introduce the volumetric body force density (force per volume) b, the surface

traction (force per area) t which according to Cauchy's postulate can be decomposed

14



into the Cauchy stress T times the surface normal n, i.e. t = Tn. The non-compliant

momentum source (force per volume) is p:

d

dt

∫

Ωt

ρvdVt =

∫

Ωt

bdVt +

∫

∂Ωt

TndAt
︸ ︷︷ ︸

body and traction forces

+

∫

Ωt

γρvdVt
︸ ︷︷ ︸

compliant

+

∫

Ωt

p̄dVt
︸ ︷︷ ︸

non-compliant

(1.9)

The local (pointwise) statement is

ρv̇ = b +∇ ·T + p̄ (1.10)

1.5.2.5 Angular momentum balance

This is the balance between change in angular momentum and the moments (sometimes

also called torques) that balance it. Without loss of generality, we state moments with

respect to the coordinate system origin. Since the non-compliant linear momentum

source p enters the angular momentum balance, we require no additional non-compliant

angular momentum source (it could be included into p).

d

dt

∫

Ωt

ρx× vdVt =

∫

Ωt

x× bdVt +

∫

∂Ωt

x×TndAt
︸ ︷︷ ︸
moments through body and traction forces

+

∫

Ωt

γρx× vdVt
︸ ︷︷ ︸

compliant

+

∫

Ωt

x× pdVt
︸ ︷︷ ︸
non-compliant

(1.11)

From localising the angular momentum balance, we can derive symmetry of the Cauchy

stress tensor T = TT .

1.5.2.6 Energy balance (�rst law of thermodynamics)

This is the balance between the change in the total energy of the body and contributions

from mechanical power and heat. The total energy is made up of internal energy E
(i.e. elastic and chemical energy) and kinetic energy K. The mechanical power P is the

work per time which the body is exposed to through body force forces b and surface

traction t, introduced in the context of linear momentum balance. The heating Q is

composed of a volumetric heat source r (for radiation) and a surface �ux q called the

Fourier heat �ux. Apart from p, the non-compliant energy source ε enters the balance
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equation:

d

dt

∫

Ωt

ρ

(
ε+

1

2
|v|2
)

dVt
︸ ︷︷ ︸

˙E(Ωt)+K(Ωt)

=

∫

Ωt

b · vdVt +

∫

∂Ωt

n ·TvdAt
︸ ︷︷ ︸

P(Ωt)

+

∫

Ωt

ρr dVt +

∫

∂Ωt

q · ndAt
︸ ︷︷ ︸

Q(Ωt)

+

∫

Ωt

γρ

(
ε+

1

2
|v|2
)

dVt
︸ ︷︷ ︸

compliant

+

∫

Ωt

ε+ p · vdVt
︸ ︷︷ ︸

non-compliant

(1.12)

The local (pointwise) statement is

ρε̇ = T : ḞF−1 + ρr −∇ · q + ε̄ (1.13)

Note that to successfully derive this local form, the term b · v should be replaced

through the linear momentum balance according to (1.10), which is why p does not

appear in the local statement.

1.5.2.7 Entropy / free energy imbalances (second law of thermodynamics)

We will only be concerned with stating the entropy imbalance here. In Section 1.6, we

will discuss it from the perspective of rational thermodynamics, which we will apply

to obtain restrictions to constitutive relationships.

According to the entropy imbalance, the change in entropy density η is greater

than the heat supply (as de�ned in the energy balance) divided by the temperature

density θ. The non-compliant energy source ε and the entropy source η also enter the

imbalance.

d

dt

∫

Ωt

ρηdVt ≥
∫

Ωt

ρr

θ
dVt −

∫

∂Ωt

q · n
θ

dAt
︸ ︷︷ ︸

Q(Ωt)/Θ(Ωt)

+

∫

Ωt

γρηdVt
︸ ︷︷ ︸

compliant

+

∫

Ωt

ε̄− η̄
θ

dVt
︸ ︷︷ ︸
non-compliant

(1.14)

which locally takes the form

ρη̇ ≥ ρr

θ
−∇ ·

(q

θ

)
+
ε̄− η̄
θ

(1.15)

For our analysis of constitutive relationships, it is useful to Legendre transform to the
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free energy density ψ = ε − θη. After applying the time derivative and substituting

(1.13) for the internal energy, we obtain the free energy imbalance

ρψ̇ ≤ T : ḞF−1 − ρθ̇η − q · ∇xθ

θ
+ η (1.16)

This formulation of the second law of thermodynamics is known as the Clausius-Duhem

inequality in terms of the free energy density.

1.5.3 Constitutive relationships

In the context of nonlinear elasticity, a constitutive law or constitutive relationship

relates strains to stresses3. For a hyperelastic material, stresses can be derived from a

scalar �eld called the strain energy density W . Its independent variables depend on

the modeling assumptions at hand. Typical assumptions in the context of modelling

biological tissues are:

1. Hyperelastic and isothermal materials, i.e. strain energy density depends

only on the elastic deformation gradient, W = W (A).

2. Incompressible materials, det (A) = 1.

For incompressible, isothermal, hyperelastic materials the Cauchy stress T can be

derived from the strain energy density as

T (A) =
∂W

∂A
AT − p1 (1.17)

where p is a Lagrange multiplier which enforces incompressibility. Incompressibility is

a typical assumption for soft biological tissues.

There is generally very little information on constitutive relationships in soft bio-

logical tissues (see e.g. concluding remarks in [67]), and neo-Hookean materials have

proven very useful as modeling starting points. The strain-energy density function of

a neo-Hookean solid in three dimensions is W (A) = µ (I1 − 3) where µ is a material

parameter and I1 is the �rst principal invariant of the right Cauchy-Green strain ten-

sor C = ATA for which I1 = trC = α2
1 + α2

2 + α2
3 where αi, i = 1, 2, 3 are the three

3Note that in the context of rational thermodynamics, the notion of constitutive relationships
carries a wider meaning. This will be discussed in Section 1.6.
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principal elastic stretches. We obtain

W (α1, α2, α3) = µ
(
α2

1 + α2
2 + α2

3 − 3
)
. (1.18)

1.5.4 Growth laws and literature review

In morphoelasticity, the evolution of growth is described as a di�erential equation in

time

Ġ = G (T,F,G,µ; t,x,X) (1.19)

where the dot denotes time di�erentiation. Here, F is the deformation gradient and G is

the growth tensor �eld as described above, T is the Cauchy stress, µ can be biochemical

or other �elds and x and X describe positions in the undeformed and deformed body,

respectively. The growth law Ġ = G describes an active growth process which requires

energy and adds material, whereas the elastic accommodation (geometrically described

by A) is passive, adds no mass and consumes no energy (unless plasticity is involved).

The di�culty in stating growth laws is that the observed evolving form and mass of

the body are a result of both growth and its elastic accommodation. There is a lack of

data for constitutive relationships of biological tissues, let alone successfully retrieved

growth deformations G, which makes the growth law Ġ particularly di�cult to access.

Making restrictive statements about the form of G from �rst principles in physics is

the goal of Section 1.6.

The study of growth laws is in its infancy. Even the question of whether stress or

strain drives growth is not settled; every major review contains a debate on this topic

([67, 1, 46]). Here we take the view that growth laws should be functions of stress

Ġ = G (T) so that a stress-free con�guration can be chosen as reference (a reference

con�guration for strain is less obvious).

The simplest stress-dependent growth law which incorporates the idea of homeosta-

sis is a linear coupling with Cauchy stress

Ġ = K (T−T∗) G (1.20)

where K is a matrix of constant coe�cients and T∗ is the homeostatic stress. This
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was studied in [62]. The authors ran �nite element simulations on variations of two-

dimensional beams glued in parallel, �nding that (depending on choices of K and T∗)

the system either equilibrates or does not. Further, they studied a delay di�erential

equation version of (1.20) by replacing T (x, t) with T (x, t− τ) where τ is a small delay,

�nding that depending on the delay and the sti�ness ratio of beams glued in parallel,

either no oscillations, stress oscillations or both stress and curvature oscillations of the

beams occur. Finally, the authors studied invagination of cylindrical and spherical,

�uid-�lled or empty shells. Again, they used a �nite-element simulation in which the

shell consists of passive material with a small striped active region in the shell driving

the invagination. Overall, their analysis shows that (1.20) either leads to stationary

states of the growing system, or to unrealistic ever-growing systems, depending on the

choice of K and T∗, but stability is not analysed systematically.

In [68, 69], the previous growth law is modi�ed by adding evolution equations for

the target stress:

ĠG−1 = A (T−T∗) Ṫ∗ (T∗)−1 = B (T−T∗) (1.21)

where A,B are fourth-order tensors with constant entries. The systems analysed in

these papers are practically the same as in [62] and the conclusions are similar: For

some parameter choices of A,B,T∗ (t = 0) actually T and T∗ converge to the same

equilibrium value. In other cases, they converge to di�erent equilibrium values, and in

yet other cases the stresses diverge, reaching no equilibrium at all.

Based on the thermodynamic argument brie�y discussed above, and discussed in

more detail in Section 1.6, a growth law driven by Eshelby stress is proposed in [2]

Ġ = K (E− E∗) G (1.22)

where E and E∗ are Eshelby stress and homeostatic Eshelby stress, respectively, and

K is a matrix of constant coe�cients. The proposition that Eshelby stress drives is

supported by thermodynamical arguments ([20, 2, 3]).

In [3], the authors take as their starting point a growth law inspired by cardiovas-

cular mechanics, in which G is diagonal (i.e. no shear) and involves only the circum-

ferential components of Cauchy stress. For diagonal G and small deformations, they
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show that (1.22) coincides with (1.20) up to a sign. By showing results of particular

numerical simulations (but without a general stability result), the authors achieve con-

vergence to the homeostatic stress in the case of displacement boundary conditions but

obtain a divergent (ever-growing) in the case of prescribed load. Finally, they show

that by adding passive layers (analysing a three rather than one-layered system, with

inner and outer layers passive), convergence towards homeostasis is also possible when

the load is prescribed.

1.5.5 Formal description of homeostatic evolution laws

The growth law (1.20) is consistent with our assumptions about homeostasis and the

various time scales of the problem. However, even for growth dynamics cases with

homogeneous deformations, stating the growth law in terms of second order tensors

proves too restrictive (see Chapter 3). For this reason we generalise (1.20) to

Ġ = K : (T−T∗) G (1.23)

where K is a fourth-order tensor [30, 67]. In an orthonormal basis, the components

are

Ġij = Kikmn [Tmn − (T ∗)mn]Gkj. (1.24)

To elucidate the nature of the fourth order tensor K, we shall introduce basis vectors

in this section which are di�erent for B0, Br and Bt. Let the set of basis vectors in B0

be denoted by {Ei}, basis vectors in Br be {εi} and basis vectors in Bt be {ei} where
i ∈ {r, θ, z}. As the deformation gradient F maps F : B0 → Bt, it has a mixed basis,

taking the form F = F ijei⊗Ej. The elastic deformation gradient A maps A : Br → Bt,
taking the form A = Aijei ⊗ εj. The growth tensor �eld G maps G : B0 → Br, taking
the form G = Gijεi ⊗ Ej.

To satisfy the equality (1.23), the fourth order tensor K must have the form

K = Kijklεi ⊗ εj ⊗ ek ⊗ el. (1.25)

Note that summation over repeated indices is implied and all indices are elements of

the same index set as i.
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1.6 Thermodynamic restrictions of growth laws

In Section 1.5.2, we have stated balance laws for various quantities. As opposed to

traditional continuum mechanics, in which conservation of mass, momentum, energy

can be granted, in the context of morphoelasticity we are dealing with open systems.

For open systems, the various quantities are no longer conserved and sources of mass,

linear momentum and energy enter the equations, transforming conservation equations

into balance equations. Balance equations with sources present are given in 1.5.2, and

it is in this section that we will make full use of them, attempting to exploit the second

law of thermodynamics (in the Clausius-Duhem formulation) to derive restrictions to

and make statements about growth laws.

The standard procedure for for deriving restrictions to constitutive laws is known

as the Coleman-Noll procedure [12]. It was developed in the framework of rational

thermodynamics. While it is very appealing for its axiomatic buildup and mathemat-

ical elegance, some of its assumptions are rather unorthodox and have been criticised

as e.g. `adventurous' ([52]) and `out of touch with physical reality' ([49]). However,

for the treatment of thermoelastic solids, rational thermodynamics is quite elegant

and produces equations that are consistent with elasticity and traditional (equilib-

rium) thermodynamics. For this reason, rational thermodynamics is widely used in

the continuum mechanics community ([36]) and has found application to growing soft

biological tissues.

1.6.1 Relevant ideas from rational thermodynamics

In the following presentation, we will brie�y describe the most relevant ideas and

assumptions of rational thermodynamics for our purpose, also brie�y highlighting some

of its problems.

The most important and useful objective of rational thermodynamics is to place

restrictions on the constitutive relationships for free energy Ψ̂, entropy, η̂, Cauchy stress

T̂ and Fourier heat �ux q̂ by means of the Clausius-Duhem inequality in the form (1.16).

The di�erence between the previously de�ned �elds ψ, η, T q (without hats) and hatted

�elds Ψ̂, η̂, T̂, q̂ is that the latter speci�cally refer to the constitutive relationship. The

standard procedure by which restrictions of the constitutive relationships are achieved
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is the Coleman-Noll procedure. Its objective is to restrict the constitutive relationships

Ψ̂ (A, θ,∇θ) η̂ (A, θ,∇θ) T̂ (A, θ,∇θ) q̂ (A, θ,∇θ) . (1.26)

It should be said that typically in solid mechanics literature unrelated to thermodynam-

ics, the term 'constitutive relationship' relates to how strains are related to stresses,

which is the terminology we use in Section 1.5.3. For hyperelastic materials, as de-

scribed in Section 1.5.3, the constitutive relationship T̂ (A) can in fact be derived

from a strain energy density W (A). This is not assumed a priori in rational ther-

modynamics, but instead will be a result of the treatment of thermoelastic solids4.

In the context of rational thermodynamics, constitutive relationships characterise a

given material response. The Clausius-Duhem inequality, (1.16), with the constitutive

assumptions incorporated and multiplied by J , is

Jρ
˙̂
Ψ ≤ JT̂ : ḞF−1 − Jρθ̇η̂ − J

θ
q̂ · ∇θ + Jη (1.27)

It would be fair to ask at this point: If in this context the Fourier heat �ux q̂ is

considered a constitutive relationship, i.e. a material response, then why does this

not apply to the heat source r in (1.12)? After all, r is a volumetric heat source (r

stands for radiation) and q̂ represents heat entering through a volume boundary, see

1.12. Similarly, if T̂ is a constitutive relationship, why not the body force b̂ in (1.9)?

The answer is that rather than prescribing b and r as constitutive relationships about

which restrictions are to be inferred, they are de�ned in terms the linear momentum

balance (1.9) and energy balance (1.12), respectively. In other words, b and r are free

parameters making sure that the momentum and energy balance are always satis�ed,

ruling them out of the restriction process of constitutive laws. As r and b are usually

supplied in applications (b might be gravity, for instance), rational thermodynamics

takes a somewhat 'perplexing attitude', in the words of [49], with regard to these balance

laws.

To complete the chain of ideas of the Coleman-Noll procedure, we point out that

4Both the fact that Ψ̂, η̂, T̂ and q̂ have the same arguments and the fact that ∇θ appears as a
constitutive argument (in addition to the obvious thermo-elastic parameters θ, A) are the results of
Truesdell's principle of equipresence. In the words of G. A. Maugin, �This is simply a precautionary
measure to avoid missing any signi�cant dependence or coupling� ([52], p. 65). See also [36] p. 230
for a comment on equipresence.
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(1.27) is expected to hold for all admissible thermodynamic processes, which means

that it must hold for arbitrary deformation tensors and temperature �elds. Since the

momentum and energy balance laws are ruled out by the argument in the previous

paragraph, the fact that (1.27) must hold for all A and θ puts restrictions on the

constitutive relationships (1.26).

1.6.2 Coleman-Noll procedure for morphoelasticity

We now use the constitutive assumptions (1.26) to evaluate the Clausius-Duhem in-

equality (1.27). Let us separately analyse two important terms,
˙̂
Ψ and JT̂ : ḞF−1. By

chain rule, we obtain

˙̂
Ψ (A, θ,∇θ) =

∂Ψ̂

∂A
: Ȧ +

∂Ψ̂

∂θ
θ̇ +

∂Ψ̂

∂∇θ · ∇̇θ. (1.28)

Evaluating JT̂ : ḞF−1 with F = AG, we obtain

JT̂ : ḞF−1 = JT̂A−T : Ȧ + JATTA−T : ĠG−1 (1.29)

We now regroup the terms and divide by JG, taking into account JAρ = ρr and J =

JAJG. We obtain

(
ρr
∂Ψ̂

∂A
− JAT̂A−T

)
: Ȧ + ρr

(
∂Ψ̂

∂θ
+ η

)
θ̇ + ρr

∂Ψ̂

∂∇θ · ∇̇θ (1.30)

≤ AT
(
JAT̂A−T

)
: ĠG−1 − JA

θ
q̂ · ∇θ + JAη (1.31)

We have made the assumption of a constant reference density (see comment after 1.5),

which without loss of generality allows us to de�ne ρr := 1 e.g. by rescaling mass or

volume.

As pointed out in Section 1.6.1, the expression (1.31) is expected to hold for all

deformation tensors and all temperature �elds. But it easy to construct a deformation

gradient A and a temperature �eld θ which at a particular point and time X0, t0

take values A (X0, t0), Ȧ (X0, t0), θ (X0, t0), θ̇ (X0, t0), ∇θ (X0, t0), ∇̇θ (X0, t0) that

are independent5. For this reason, the coe�cients of Ȧ, θ̇ and ∇̇θ must vanish. Taking
5This is easy to show. Let us denote the values of A, Ȧ, θ, θ̇, ∇θ, ∇̇θ at the point X0, t0 by
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into account ρr = 1, it follows

Pr := JAT̂A−T =
∂Ψ̂

∂A
η = −∂Ψ̂

∂θ

∂Ψ̂

∂∇θ = 0 (1.34)

In this result rational thermodynamics shows itself from its most elegant side. It

shows how the �rst Piola-Kirchho� Pr stress and the entropy are derived from the

thermodynamic potential Ψ̂ which is consistent with traditional nonlinear elasticity

and thermodynamics. The Piola-Kirchho� stress is given with respect to the stress-

free con�guration Br, as one would expect from traditional elasticity. It also shows

that the free energy density is independent of the temperature gradient, suggesting

(by equipresence, see footnote 4) that (1.26) should be updated to Ψ̂ (A, θ), η̂ (A, θ),

T̂ (A, θ), q̂ (A, θ).

Taking into account (1.34), for (1.31) we obtain6

0 ≤Mr : ĠG−1 +
JA
θ

q̂ · ∇θ + JAη (1.35)

where we introduced the Mandel stress Mr := ATPr.

underlined symbols A, Ȧ, θ, θ̇, ∇θ, ∇̇θ. We dropped the subscript m in θ for simplicity. The gradient
is understood with respect to the reference variable X, which we also dropped. Then

A (X, t) = A + (t− t0)Ȧ θ (X, t) = θ + (t− t0) θ̇ +
[
∇θ + (t− t0) ∇̇θ

]
(X−X0) (1.32)

With this choice of A and θ, it simply follows

A (X0, t0) = A Ȧ (X0, t0) = Ȧ θ (X0, t0) = θ ∇θ (X0, t0) = ∇θ ∇̇θ (X0, t0) = ∇̇θ
(1.33)

This shows that at X0, t0, the quantitiesA, Ȧ, θ, θ̇, ∇θ, ∇̇θ can be chosen to have independent values

A, Ȧ, θ, θ̇, ∇θ, ∇̇θ.
6Note that another way of arriving at (1.35) is to consider the constitutive relationship of the free

energy density as a function of the growth �eld, Ψ̂ = Ψ̂ (A, θ,G). By the equipresence (see Footnote

4), the other constitutive relationships η̂, T̂ and q̂ would depend on the same �elds. This requires
us to treat G as an internal state variable, whereas A and θ are external state variables. Internal
variables are associated with con�gurational forces, which are the result of in�ow of free energy [35].
The con�gurational force associated with growth is related to the Mandel stress, ∂Ψ̂/∂G = MrG

−T

(see [19]). Con�gurational forces associated with internal variables (such as G) produce additional
terms in the Clausius-Duhem inequality. To summarise, while our analysis leading to (1.35) is close
to the treatment of thermoelastic solids of Coleman and Noll [12], one can arrive at the same result
by treating the growth �eld as an internal state variable. In the latter case, the term Mr : ĠG−1 in
(1.35) arises as a con�gurational force associated with growth (see [19]).
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1.6.3 Interpreting result of Coleman-Noll procedure

For simplicity, we assume that temperature is spatially homogeneous, such that the

q̂ · ∇θ term drops out, which leaves

Mr : ĠG−1 + JAη ≥ 0. (1.36)

In the spirit of rational thermodynamics, restrictive statements about the growth law

should only be the result of considering all possible deformations. We illustrate with

the simple growth law

Ġ =
(
T̂−T∗

)
G (1.37)

how such a restriction can be useful. Let us assume that G, Ġ, T̂ and T∗ are diagonal

and the material is incompressible (JA = 1). In this case, the Mandel stress coincides

with the Cauchy stress, Mr = T. Evaluating (1.36) yields

T̂ :
(
T̂−T∗

)
+ η =

(
t̂21 + t̂22

)
+
(
t̂1t
∗
1 + t̂2t

∗
2 + η

)
≥ 0. (1.38)

The �rst bracketed term is positive or zero for any deformation and therefore it cannot

contribute to a violation of the Clausius-Duhem inequality. In the second bracketed

term, however, t̂1t
∗
1 + t̂2t

∗
2 can potentially become negative at some point in space and

time X0, t0, and therefore requires an external source or sink of entropy to satisfy

the Clausius-Duhem inequality. This could be provided by some biochemically driven

self-organisation process. This suggests that a growth law of the form Ġ = T̂G is in

principle microscopically achievable at every time and position in the tissue without

further input or supporting mechanisms. However, no microscopic physical process

could achieve the contribution −T∗G without further supply of information.

1.6.4 Conclusion on Thermodynamics

Thermodynamics recovers the usual constitutive law for stress, but can contribute little

to the search for growth laws. The di�erence between the great success of rational

thermodynamics to restrict evolution laws in �elds like plasticity and thermoelasticity

[36] compared to the lack of success to achieve the same for growth laws in living elastic

tissues is due to the openness of these systems: the entropy sink −η is an unknown �eld.

25



It de�es the entropy increase by processing information at the cellular level, possibly

through genetically pre-programmed response. Living systems take up energy through

nutrients in the extracellular �uid in order to power such active (energy consuming)

processes. This idea is at the core of the study of self-assembly, i.e. the creation

of highly ordered structures via local entropy sinks in a system with global entropy

increase. This is the main di�erence between living tissues and arti�cial materials

such as rubber, elastomers or gels, which (in general) do not consume energy at the

microscale (passive processes). For such processes the Clausius-Duhem dissipation

inequality yields meaningful restrictions of evolution laws. In the context of biological

solid mechanics, the rational thermodynamics approach allows to identify Mandel stress

as a key quantity, but ultimately provides no compelling argument for growth laws of

the type (1.22).

1.7 An overview of this thesis

As the review of growth laws presented in Section 1.5.4 reveals, most authors have

taken the ability of growing systems to reach homeostasis for granted, but the conse-

quences of this assumption have never been carefully investigated mathematically. In

this thesis, we �rst investigate in detail the modelling of homeostasis for volumetric

growth models (Chapters 2 & 3). The goal is to uncover the exact conditions under

which growth dynamical systems striving for homeostasis are mechanically stable or

unstable. Stability describes the physiological state of a living biological tissue, whereas

instability could be interpreted as a failure of the homeostasis mechanism leading to

pathological scenarios such as tumour growth or cell apoptosis. In addition to address-

ing these conceptual questions mathematically, we also investigate in detail a direct

application of the description of growth and mechanical feedback to the morphology

of Ammonites' seashells (Chapter 4).

In Chapter 2, we propose a model of pieces of elongated elastic tissue connected

in series and in parallel. An inspiration is the �lamentary structure of muscle, for

example in cardiac muscle cells cardiomyocytes. A fascinating experimental observation

is that cardiomyocytes grow through the deposition of additional sarcomeres (elongated

bundles of actin/myosin) either in series or in parallel. Deposition of sarcomeres in
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series makes cardiomyocytes longer and the volume of the heart chambers larger and

has been observed as a response to a particular change in mechanical conditions of

the heart (volume overload), whereas deposition of additional sarcomeres in parallel

thickens the ventricular walls in response to pressure overload ([25], [67]). Inspired by

these observations, we consider an idealised model of growth driven by homeostasis in a

network of elongated morphoelastic tissues (we simply call them bars). Any number of

bars can be connected in series or in parallel to other bars. These interconnected bars

contribute to the elastic and dynamical behaviour of the entire network. In Section 2.1,

we establish rules to compute the e�ective elastic properties from individual network

components. Finally, in Section 2.3, we analyse the dynamical behaviour of the e�ective

network as a function of its individual parts.

Chapter 3 extends the idea of growth driven by a mechanism accommodating home-

ostatic stress to a setting of cylindrical geometry, inspired by the many tubular struc-

tures in biology, such as airways, arteries or axons. In particular, a motivating factor

is to understand the size of such systems (i.e. the radius and wall thickness) not sim-

ply as residually stressed passive tubes, but as dynamically growing actively evolving

structures. The observed size of a tubular structure can then be understood as a stable

equilibrium of a dynamical system in which the homeostatic stress is accommodated

by the system. The hope is that such a study can provide a foundational framework to

explain the observed size of tubular structures (modernising studies such as [17] in the

context of nonlinear elasticity and deformation gradient decomposition), and to o�er

a dynamical interpretation to various insights and hypotheses linking residual stress

in arteries to structural optimisation. In [23] it was hypothesized that the function

of residual stress is to �atten the circumferential stress pro�le across the arterial wall.

The lower the circumferential stress gradient is across arterial walls, the less structural

damage the tissue will su�er from shear forces between the cylindrical layers, avoiding

tissue separation. Residual stress also contributes to keeping axial strain nearly con-

stant under di�erent pressure values to avoid structural damage when blood pressure

�uctuates [31].

An additional complication of tubular structures is that wall stress is inhomoge-

neously distributed, leading to considerably di�erent stress levels at the inner and

outer walls of tubes. A key idea of Chapter 3 is to propose a discretisation scheme
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which simpli�es the dynamics of the system and enables the application of standard

techniques form dynamical systems theory to investigate the stability of the homeo-

static stress equilibrium. At the same time, we expect our discretised approach to

represent the true behaviour of the full inhomogeneous system if the discretisation is

su�ciently �ne.

Chapter 4 shifts the focus from a conceptual perspective to a speci�c biological

application, the growth of Ammonites' seashells. The focus of Chapter 4 is on the

implications of a homeostasis-like growth-mechanical feedback mechanism on the mor-

phology of Ammonites' shells. To isolate the in�uence of mechanical feedback, we �rst

focus on known morphological features of the shells and the underlying soft elastic

mechanism behind the oscillatory ribbing pattern that can be seen on Ammonites, as

presented previously by Moulton and co-workers [57]. As part of the study of these

morphological features, which are summarised succinctly as Buckman's Law, we extend

the previous work to incorporate a wider class of morphologies. We published these

results in [21]. Chapter 4 describes the results in [21], and also extends the system

to stress-driven growth, which we show to have a clear e�ect on the shell morphology

that cannot be replicated by the previous modelling results of [57] and [21], and which

is consistent with observed morphological trends in Ammonites.
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Chapter 2

Growth dynamics of elastic networks

Physics has often provided intriguing systems for the study of mathematics, and this

chapter is inspired by electric circuits and the simple rules with which relevant prop-

erties (resistance, voltage, current...) can be extracted. It also provides an insight

into the complexity of growth dynamics, showing that even simple systems can exhibit

intricate dynamics due to constitutive and/or geometric nonlinearities.

In electric circuits, there is a very simple way of computing an e�ective or total

resistance from a given arrangement of resistors. For a series circuit, the e�ective

resistance is computed as the sum of resistances. For a parallel circuit, on the other

hand, the rule is similar but involves a sum of reciprocal resistances. In analogy to

electric circuits, for soft tissues the question suggests itself: if we arrange a number of

homogeneous pieces of soft elastic tissue with individual properties (in particular, an

individual homeostatic stress), how will they contribute to the behaviour of the total

arrangement? The most interesting quantity for collective behaviour is the homeostatic

stress: Could there be a rule of computing an e�ective homeostatic stress t∗ at dynamic

equilibrium from a set of individual homeostatic stresses t∗ in a similar manner to the

electric resistance?

To answer this question, we study networks of soft elastic growing bars. To ex-

clude unnecessary complications such as buckling or torque, we assume that the bars

deform only in one dimension. In Section 2.1, we focus on an algebraic description of

static elastic networks. Static means that there is no growth dynamics; however these

networks nevertheless have a complex mechanical behaviour because they are locally

stressed. The general description of such networks in Section 2.1 states clear rules on
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initial configuration B0 current configuration Bt

virtual configuration Br

λi

γi αi

L0
i , unstressed li, stressed

Li, unstressed

Figure 2.1: Illustration of morphoelastic decomposition. In the virtual con�guration
Br, the bar is grown but not compatible with the physical environment, which in this
case means it does not �t between the walls. Elasticity restores the compatibility in
Bt, �tting the bar back between walls.

how such networks can be constructed.

In the following section, Section 2.2, we continue with an analysis of static networks

but turn our attention to the case of small deformations, i.e. deformations near the un-

deformed initial state of the network. This allows us to vastly simplify and analyse the

static description of our networks, and to suggest a homogenisation approach towards

computing an e�ective Hooke's Law for the entire network, in which we heavily draw

inspiration from electrical networks. We show an analogy between Ohm's Law and

Hooke's Law, and propose an elastic analogy to Kirchho�'s Laws for electrical circuits.

Finally, in Section 2.3, we consider growth dynamics. In this section we build on

the foundation established in our study of static networks with small deformations, and

propose a mechano-sensitive growth law which drives the individual network elements

towards their homeostatic levels. We analyse the dynamics both from an algebraic

approach (similarly to Section 2.1), as well as an inductive, electrical circuit-like ap-

proach similarly to Section 2.2. We attempt to establish rules to compute the e�ective

homeostatic stress of a dynamical network where individual network elements compete

to reach their own homeostasis.
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2.1 Static networks

2.1.1 Individual morphoelastic bars

Our network consists of n morphoelastic bars, which are labeled by an index i =

1, . . . , n. In this section, we consider one of those bars in isolation.

We assume that every bar is morphoelastic. Its initial state is described by the

initial reference con�guration B0, in which the i-th bar has length Li and is stress free

(no forces). The post-growth state of the bar is called the virtual reference con�guration

Br, in which the bar has1 the post-grown length Li. Finally, the current and physically

realised state of the bar is described by the current con�guration Bt, in which the bar

has length li. The con�gurations are illustrated in Fig. 2.1. In summary, the lengths

in B0, Br and Bt are, respectively

initial length L0
i , reference length Li, and current length li. (2.1)

The stress ti in Bt of an individual bar is described by a constitutive relationship

hi, which is a function of the elastic stretch li/Li (see eq. 2.4 below):

ti = hi

(
li
Li

)
(2.2)

We assume that the constitutive relationship hi is a monotonically increasing function

of li/Li and that hi (1) = 0 (i.e. no elastic strain deformation produces zero stress).

We call the quantity

µi = h′i (1) (2.3)

the Young's Modulus of the i-th bar.

All bars are homogeneous, which means that the stretches and stresses throughout

every individual bar are constant (dti/dx = 0), but can be di�erent from bar to bar

(ti 6= tj). For completeness, the homogeneity of the bars allows us to de�ne the elastic

stretches αi, growth stretches γi and morphoelastic stretches λi as

αi =
li
Li
, γi =

Li
L0
i

, λi =
li
L0
i

. (2.4)

1Note: We are not using Einstein summation convention (summation over repeated indices) in this
text.
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The kinematic and mechanical setup is summarised in Figure 2.1.

2.1.2 A network of morphoelastic bars

In the previous Section, we discussed individual morphoelastic bars, which are de-

scribed by their lengths in the respective con�guration and their constitutive behaviour

(2.2). We now connect these individual bars together in the form of an elastic network,

which will allow us to study their e�ective elastic properties. We start by considering

a simple case of three bars connected as shown in Figure 2.2. The bars have initial

reference lengths L0
1, L

0
2, L

0
3, current lengths l1, l2, l3, and forces t1, t2, t3. This network

has a total length of lΣ and a total force of tΣ. In this setup, every bar can only deform

in horizontal direction, buckling and torques are not possible. The height of the bars

does not in�uence the physics but only serves as an illustration of the linking. The

thickly drawn vertical walls balance the forces purely in horizontal direction.

initial configuration B0

L0
2

L0
Σ

L0
3

L0
1

current configuration Bt

l2

lΣ

l3
l1 tΣ

deformation

Figure 2.2: A schematic of the initial con�guration B0 and the current con�guration
Bt of an example system with n = 3 bars.

We can now discuss how the individual bars of this network are connected to the

e�ective properties of the network, i.e. its total length lΣ and total force tΣ. Bars 2

and 3 are connected in parallel, and they are also connected in series with bar 1. Bars

connected in parallel share the same length (l2 = l3) and bars connected in series share

the same force (t1 = t2 + t3). The length and force balance of the network is fully

described by

l1 + l2 = lΣ, l1 + l3 = lΣ, t1 = tΣ, t2 + t3 = tΣ . (2.5)

In this section, it will be our goal to present a consistent framework to describe the

length and force balance of similar networks with any number of series and parallel

connections. At the centre of this description are the matrices A and B. The matrix

A describes how individual lengths of the bars connect to the e�ective length of the

network. The matrix B describes how individual forces add up to the e�ective force of
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the network

In this Subsection we will de�ne A and B formally, thus presenting a description

of networks as algebraic equations between lengths and forces. In Subsection 2.1.3, we

present a way of obtaining the matrices A and B through a series of horizontal and

vertical cuts of a single initial bar. As the constitutive behaviour of the individual

bars, eq. (2.2) allows for nonlinear couplings between length and force, a mathemat-

ical analysis of the networks presented in this section requires additional simplifying

assumptions. We will discuss such simpli�cations and perform a mathematical analysis

of both static networks (L̇i = 0) and growing networks (L̇i 6= 0) in Subsections 2.2 and

2.3, respectively.

Notation

Let us consider a quantity qi relating to the bar with index i. For instance, this

could be the current length li or force ti. We note that as the domain of deformation

is one-dimensional, despite their di�erent unity we use the words stress and force

interchangeably in this chapter.

We denote an n-vector of the quantity qi with a bold letter notation as q:

q =




q1

...

qn


 . (2.6)

We will frequently require this quantity in the form of an n×n diagonal matrix, which

we denote by Dq, putting the appropriate vector quantity in the subscript:

Dq = diag (q1, . . . , qn) . (2.7)

Furthermore, we de�ne vp as a p-vector of ones where p is an integer p < n+ 1. In

components, this means that

vpi = 1 (2.8)

for all i ∈ {1, . . . , p}. For example, v2 = (1, 1)T and v5 = (1, 1, 1, 1, 1)T .
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Network description

Now we consider a network of single bars. The network is described by the quantities

total initial length L0
Σ, total reference length LΣ, and total current length lΣ .

(2.9)

These quantities are de�ned further below in terms of the initial, reference and current

lengths of the individual bars (see (2.1)). The geometric connections are described by

a matrix A and the force connections by matrix B, which are matrices of ones and

zeros,

A ∈ {0, 1}r×n , B ∈ {0, 1}s×n , (2.10)

that is A and B are matrices of zeros and ones which satisfy the following relationship:

r + s = n+ 1 . (2.11)

The matrices A, B satisfy the following linear systems:

lΣ =
n∑

j=1

Aijlj ∀i ∈ {1, . . . , r} and tΣ =
n∑

j=1

Bijtj ∀i ∈ {1, . . . , s} . (2.12)

Note that the subscript Σ refers to the summation over any given row of the network.

The entries of all matrix coe�cients are either 0 or 1, that is Aij ∈ {0, 1} and Bij ∈
{0, 1} ∀i, j. Alternatively, we can write the linear systems (2.12) in matrix form as

Al = lΣv
r and Bt = tΣv

s (2.13)

where v is de�ned in (2.8).

The equations (2.12)1 and (2.13)1 show how the total current length lΣ of the

network is a sum of all current lengths li of the individual bars over a given row of the

network. A similar summation holds for the total initial length L0
Σ, which is the sum

over all initial lengths L0
i of individual bars:

AL0 = L0
Σv

r. (2.14)
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A reference length LΣ will be de�ned further below.

When considering a network, there is a simple rule to connect the formal notation

laid out in this section with intuition. The matrix A can be obtained by summing up

the lengths of individual bars for every individual row. Similarly, the matrix B can

be obtained by evaluating the force balance at every force transmitting (i.e. vertical)

wall. Throughout this chapter, such force transmitting walls are highlighted as bold

vertical lines in drawings.

We can now return to the three bar example presented in Figure 2.2 and re-interpret

the system through the formalism developed here. The matrices A and B for the three

bar example are

A =


1 1 0

1 0 1


 , B =


1 0 0

0 1 1


 . (2.15)

As can be easily veri�ed, the linear systems (2.13) reproduce the force and length

balance (2.5).

2.1.3 Constructing networks through cutting a single bar mul-

tiple times

This section explores construction rules that give rise to networks consistent with the

description in the previous section. Consider, for instance, the network presented in

Figure 2.3.

current configuration Bt

lΣ

l1

l3

l5

l2 l4

tΣ

Figure 2.3: Network with n = 5 bars.

By following the rules of the previous section, we can construct the matrices A and
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B for this network:

A =




1 0 1 0 0

0 1 0 1 0

1 0 0 0 1


 , B =




1 1 0 0 0

0 1 1 0 1

1 0 0 1 0


 . (2.16)

This is an n = 5 bar network. The matrices A and B for larger networks quickly become

very cumbersome to assemble manually. In this Section, we change the viewpoint: How

can a network like (2.16) be obtained from simple construction principles? At the centre

of our approach is the idea of cutting a single elementary network element, i.e. a single

bar, into pieces. More speci�cally, we cut a single bar with n − 1 subsequent cuts,

to obtain a network with n bars in total. Every cut is either horizontal or vertical.

We formalise this idea of cuts by de�ning maps that append columns and rows to the

matrices A and B depending on the type of cut (horizontal or vertical). To do this, we

�rst make precise the notion of adding a column and appending a row in this particular

context, and then show how these maps are integrated to form maps that de�ne cuts.

In Figure 2.3, we demonstrate a step by step cutting process which begins with one

original bar 2.4 and produces the network (2.16). In Figure 2.3 at every step of the

iteration we provide a visual representation of the network (similarly to Figure 2.3) as

well as the matrices A and B.

We end this section with a note about degrees of freedom of the kinematic descrip-

tion of such networks which are not included in A and B. These degrees of freedom are

the initial reference lengths of the bars, of which n − r are independent. We provide

an example of an n = 7 network with given matrices A and B and demonstrate two

initial reference con�gurations compatible with this network.

Notation setup

We consider an m× n matrix

M ∈ {0, 1}m×n . (2.17)

We also introduce the indices

a ∈ {1, 2, . . . ,m+ 1} and b ∈ {1, 2, . . . , n+ 1} (2.18)
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which we use to label matrix elements, as well as the �xed indices

p ≤ m, k ≤ n (2.19)

which are not summed over and which label a speci�c �xed row (p) and column (k). In

the next subsection, we use these conventions to de�ne operations on A and B, which

will be used to de�ne cutting operations (as described above) in the Section thereafter,

thus giving the basic building blocks to generate networks.

Matrix operations

Add column We introduce a map Ck (M) which duplicates the k-th column of M ,

thus producing a matrix M̃ with n+ 1 columns:

Ck : {0, 1}m×n → {0, 1}m×(n+1)

M 7→ M̃ = Ck (M)

where M̃ = Ck (M) is de�ned as follows:

M̃ab =




Mab for a = 1, . . . ,m+ 1; b = 1, . . . , n

Mak for a = 1, . . . ,m+ 1; b = n+ 1

. (2.20)

In matrix block notation, this can be expressed as

M̃ab =
(
Mab |Mak

)
. (2.21)

Example: Application of Ck

M =


1 0

0 1


 , C1 (M) =


1 0 1

0 1 0


 , C2 (M) =


1 0 0

0 1 1


 . (2.22)

Add row We introduce a map Rk (M) which duplicates the p-th row of M . The

index p is a function of the column number k, and p is de�ned as the lowest value of a
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for which Mak is 1:

p = min {a ∈ {1, 2, . . . ,m} |Mak = 1} . (2.23)

The map Rk (M) produces a matrix M̃ with m+ 1 rows and n+ 1 columns:

Rk : {0, 1}m×n → {0, 1}(m+1)×(n+1) (2.24)

M 7→ M̃ = Rk (M)

where M̃ = Rk (M) is de�ned as follows:

M̃ab =





Mab for a = 1, . . . ,m; b = 1, . . . , n

Mpb (1− δbk) for a = m+ 1; b = 1, . . . , n

δa,m+1 for a = 1, . . . ,m+ 1; b = n+ 1

(2.25)

where δ is the Kronecker Delta. In matrix block notation, this can be expressed as

M̃ab =




Mab

Mpb (1− δbk)

∣∣∣∣∣∣∣∣∣∣∣∣

0
...

0

1



. (2.26)
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Example: Application of Rk

We consider the following matrix M :

M =


1 1 0

0 1 1


 . (2.27)

In the following results for R1 (M), R2 (M) and R3 (M) we highlight with a small

box the pivotal element M̃pk, where p is computed according to (2.23).

R1 (M)
p=1
=




1 1 0 0

0 1 1 0

0 1 0 1


 , R2 (M)

p=1
=




1 1 0 0

0 1 1 0

1 0 0 1


 , (2.28)

R3 (M)
p=2
=




1 1 0 0

0 1 1 0

0 1 0 1


 . (2.29)

Network operations

Networks are generated by taking a single bar and cutting it horizontally or vertically.

To increase the number of network elements, it is necessary to decide which bar to

operate on, and whether the operation is a horizontal or vertical cut. The de�nition of

these cuts relies on the maps Ck and Rk introduced in the previous section.

The vertical cut of the k-th network element (i.e. k-th bar) is the map Vk (A,B),

which is de�ned as

Vk : {A,B} 7→ {Ck (A) , Rk (B)} . (2.30)

In other words, Vk take takes the network composition (stored in A and B) and applies

a column addition map (as de�ned in eq. 2.20) to A and a row addition map (as de�ned

in eq. 2.25) to B.

The horizontal cut of the k-th bar Hk (A,B) reverses this relationship, applying
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row addition to A and column addition to B:

Hk : {A,B} 7→ {Rk (A) , Ck (B)} . (2.31)

Application to an example network

We now return to our original example at the top of this subsection in Figure 2.3. The

network operations (2.30) and (2.31) provide us with the tools to express the �ve bar

network as a series of four cuts. To show how this works, let us �rst consider a single

morphoelastic bar expressed in the networks formalism: It simply reads A = (1), B =

(1). In terms of the horizontal and vertical cut maps (eq. 2.30 and 2.31, respectively)

we can obtain the network from Figure 2.3 as

H3 ◦ V2 ◦ V1 ◦H1 (A,B) . (2.32)

Every step of the composition, that is H1 (A,B), V1 ◦H1 (A,B) etc. is shown in Figure

2.4. The network is given in terms of A and B at every step, and also in visual form.

Note that the pivot p (2.23) is also shown at every step.
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A
p=1
=

(
1 0
0 1

)
, B =

(
1 1

)

1 3

2 4

A =

(
1 0 1
0 1 0

)
, B

p=1
=

(
1 1 0
0 1 1

)

A =

(
1 0 1 0
0 1 0 1

)
, B

p=1
=



1 1 0 0
0 1 1 0
1 0 0 1




A =
(
1
)
, B =

(
1
)

A
p=1
=



1 0 1 0 0
0 1 0 1 0
1 0 0 0 1


 , B =



1 1 0 0 0
0 1 1 0 1
1 0 0 1 0




1 3

2 4

1 3

2

1

2

1

horizontal cut of 1st bar

vertical cut of 1st bar

vertical cut of 2rd bar

horizontal cut of 3rd bar

H1

V1

V2

H3

5

Figure 2.4: Every cut adds a new cell, which we draw in a new colour. The part of the
matrices A, B which contains information on the new bar is highlighted in the same
color, whereas the unchanged part of the matrix is shown in a white box. Note that
the �nal result is consistent with (2.16).

Input and output variables for full kinematic and mechanical description of

networks

The result (2.14) provides a description of the force and length balance of networks in a

mechanical equilibrium. Here, we brie�y describe what the input and output variables

are, and which constraints they are subjected to.

Inputs and outputs The kinematic input parameters are n initial reference lengths

L0
i > 0 and n post-grown reference lengths Li > 0 for i = 1, . . . , n. As we note below,

however, only n− r of the L0
i are independent. The mechanical input parameters are

the Young's Modulus values µi > 0 for i = 1, . . . , n. Finally, to close the system, we

require a functional relationship between the total length of the system lΣ and its stress
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at the boundary tΣ. The most common boundary conditions are prescribed length lΣ,

or alternatively prescribed pressure tΣ = P at the boundary. With the constitutive

relationships (2.2), we can compute the current lengths li for i = 1, . . . , n of the system,

which automatically satisfy (2.13).

Constraints on initial lengths The input variables are the n initial reference

lengths L0 which must satisfy the r constraints (2.14), which ensures that the lengths

are compatible (i.e. all network rows have the same length). This leaves n − r of the
Li > 0 independent. To illustrate this point, we consider the following example.

Example: Sampling initial reference values for a 7 bar network

Consider an n = 7 bar system,

A =




1 0 0 1 1 1 0

1 0 0 1 1 0 1

0 1 0 1 1 0 1

0 0 1 1 1 0 1



. (2.33)

For this system, r = 4. Through Gaussian elimination, identify the n − r = 3

independent variables as L0
1, L

0
4, L

0
5: which have the following dependence to the

remaining unknowns:

L0
2 = L0

1, L0
3 = L0

1, L0
6 = L0

Σ−L0
1−L0

4−L0
5, L0

7 = L0
Σ−L0

1−L0
4−L0

5. (2.34)

The following two con�gurations are compatible with these constraints:

1

2

3

4 5

6

7

1

2

3

4 5

6

7

lΣ lΣ
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2.2 Linear Analysis of static networks

2.2.1 Small deformations

In this Section, we focus on small deformations of the static network, i.e. deformations

close to its (unstressed) initial reference state. This will allow us to formulate a single

linear system which describes the static network completely, taking into account both

the geometric constraints and the mechanical constraints (see eq. 2.13). The bene�t of

such an analysis is the possibility to formulate a homogenisation theory for this system,

i.e. treating the elastic network as one single entity with an e�ective length and an

e�ective stress. In fact, the linear formulation allows to relate the e�ective length

and force in a constitutive law which is analogous to Hooke's Law for the e�ective,

homogenised network.

A powerful aspect of the linear treatment is that the elastic network can be analysed

from two perspectives, which mutually enrich each other. We �rst take an algebraic

perspective, which allows us to compute the e�ective properties of the network (the

e�ective Young's Modulus µΣ and e�ective unloaded length LΣ) as functions of the

network connections A, B and its boundary conditions lΣ, tΣ. This analysis naturally

leads to a particular choice of a reference con�guration for the homogenised network,

which we call the unloaded con�guration. The unloaded con�guration is residually

stressed, but unstressed at its boundaries (unloaded).

We explore another perspective to analysing the linear elastic network, which is

based on induction, and shares strong analogies with how electric circuits are tradi-

tionally studied. The idea here is to isolate a connection of two bars in series, as well as

a connection of two bars in parallel. Computing the e�ective quantities based on such

a pair of bars reveals a rule for that can be applied recursively to the whole network.

A similar problem appears in the study of electric networks, speci�cally networks with

resistors and batteries. A series connection of resistors can be treated as one e�ec-

tive resistance, with a resistance value equal to the sum of the individual resistance

values. Similarly, in a parallel connection, the e�ective resistance is calculated from a

reciprocal sum of individual resistances. In this Section we show how these ideas apply

to elastic networks, make explicit the analogy between electric circuits (described by

voltage, current and resistance) and elastic networks (described by length, force and
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Young's Modulus) and show how the unloaded reference con�guration (which we dis-

cuss explicitly in the context of our algebraic approach) naturally re-appears in this

induction based approach.

Kinematics

We now consider the deformations of all individual bars to be small, in the sense that

their current length li and reference length Li are close to their initial length L0
i :

li = L0
i + εl̃i +O

(
ε2
)

and Li = L0
i + εL̃i +O

(
ε2
)

(2.35)

where ε� 1 is a small parameter, and the quantities

reference displacement L̃i and current displacement l̃i (2.36)

of the i-th bar. As the individual bars are close to their respective initial lengths, we

assume the same for the total network, which means that its total reference length LΣ

and total current length lΣ are close to the total initial length L0
Σ de�ned in (2.14):

LΣ = L0
Σ + εL̃Σ +O

(
ε2
)

and lΣ = L0
Σ + εl̃Σ +O

(
ε2
)

(2.37)

where we have introduced the

total reference displacement L̃Σ and total current displacement l̃Σ . (2.38)

We note that the the linear system (2.12)1 allows us to write the total current length

of the network in terms of the current lengths of the individual bars. By using the

expansion (2.35)1 and (2.37)2, we can similarly de�ne the total current displacement

in terms of individual current displacements

Al̃ = l̃Σv
r . (2.39)

Mechanics

Given the assumption of small displacements presented in the previous subsection, the

stresses of individual bars are
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ti = hi

(
li
Li

)
= εµi

(
l̃i − L̃i
L0
i

)
+O

(
ε2
)

(2.40)

where we used the property hi (1) = 0 of constitutive relationships, as well as Young's

Modulus µi = h′i (1). We also de�ne the modi�ed Young's Modulus

µ̃i =
µi
L0
i

. (2.41)

In analogy with (2.36), we de�ne a linearised force

t̃i = µ̃i

(
l̃i − L̃i

)
. (2.42)

This is a Hookean stress-strain relationship, which is o�set by a reference displacement

L̃i due to growth. For simplicity, we will refer to this simply as Hooke's Law.

In analogy to the total current displacement (2.39), we de�ne a total small force as

Bt̃ = t̃Σv
s . (2.43)

2.2.2 A homogenised Hooke's Law for networks

As we have seen previously, for small deformations of individual bars the stress-strain

relationship is (2.42). In this Section, we establish a homogenised Hooke's Law, which

approximates the network's e�ective stress response t̃Σ to a displacement l̃Σ:

t̃Σ = µ̃Σ

(
l̃Σ − L̃Σ

)
(2.44)

It has the same form as Hooke's Law for an individual bar (2.42) if one replaces the

index i of an individual bar by the subscript Σ denoting the e�ective system. Previously,

we de�ned e�ective stress response t̃Σ in (2.43) and the e�ective displacement l̃Σ in

(2.39). However, the form of the e�ective reference length L̃Σ and e�ective Young's

Modulus µ̃Σ for a given network are not clear at this point. We will de�ne these

quantities as functions of the other network properties. This will allow us to return to

the example network introduced in Figure 2.2 and compute its e�ective Hooke's Law.

We now consider the linear systems (2.12) and rewrite them in terms of current
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displacement and small force:

Al̃ = l̃Σv
r and BDµ̃l̃ = t̃Σv

s +BDµ̃L̃ . (2.45)

This allows us to write a single linear system

M l̃ = m (2.46)

where the matrix M and vector m are of the following dimensions:

M ∈ R(n+1)×n and m ∈ Rn+1 . (2.47)

The matrix M is de�ned as

M =


 A

BDµ̃


 and m =


 l̃Σv

r

t̃Σv
s +BDµ̃DL̃


 (2.48)

Note that unlike A and B, some entries of M and m are dimensional. According to

Fredholm's Alternative, for a solution of M l̃ = m to exist, there must exist an n + 1

dimensional null space vector ξ such that MTξ = 0, from which it follows that

ξ ·m = 0 . (2.49)

This condition, which establishes an equation between the applied small force t̃Σ and

the displacement of the network l̃Σ, plays the role of Hooke's Law for the elastic network.

The null space vector ξ has the dependence ξi = ξi (A,B, µ̃). We can evaluate the

scalar product (2.49) explicitly:

0 = ξ ·m = l̃Σ

(
r∑

k=1

ξk

)
+ t̃Σ

(
n+1∑

k=r+1

ξk

)
+

n+1∑

k=r+1

ξk

(
n∑

j=1

Bk−r, jµ̃jL̃j

)
. (2.50)

This result is consistent with Hooke's Law in the form (2.44) and allows us to identify

the e�ective Young's Modulus µ̃Σ and e�ective reference displacement L̃Σ

µ̃Σ = −
∑r

k=1 ξk∑n+1
k=r+1 ξk

, L̃Σ = −
∑n+1

k=r+1 ξk

(∑n
j=1 Bk−r, jµ̃jL̃j

)

∑r
k=1 ξk

. (2.51)
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To provide some intuition for how µ̃ and L̃Σ are computed for a given network, we

return to the example network introduced in Figure 2.2 and compute its e�ective

Hooke's Law.

E�ective Hooke's Law for an example network

For the system presented in Figure 2.2, the matrices A and B are given in (2.15).

With this in mind, the M and m can be computed by evaluating (2.48):

M =




1 1 0

1 0 1

µ̃1 0 0

0 µ̃2 µ̃3



, m =




l̃Σ

l̃Σ

t̃Σ + µ̃1L̃1

t̃Σ + µ̃2L̃2 + µ̃3L̃3




(2.52)

The null space vector ξ which satis�es ξ ·m = 0 is

ξ =

(
−µ̃2,−µ̃3,−

−µ̃2 − µ̃3

µ̃1

, 1

)
. (2.53)

With this knowledge, the e�ective Young's Modulus µ̃Σ and e�ective reference

length L̃Σ can be obtained from (2.51):

µ̃Σ =
µ̃1 (µ̃2 + µ̃3)

µ̃1 + µ̃2 + µ̃3

and L̃Σ = L̃1 +
µ̃2L̃2

µ̃2 + µ̃3

+
µ̃3L̃3

µ̃2 + µ̃3

. (2.54)

This provides all the pieces needed to obtain the e�ective Hooke's Law of the

network given by (2.44).

2.2.3 Unloaded reference con�guration

In this Section we re-visit the morphoelastic decomposition F = AG, and how it ap-

plies to the speci�c demands of our homogenisation problem. For this, we consider the

schematic 2.5. In an elastic network, the initial, post-grown and current con�gurations

correspond to Figure 2.5(a), (b) and (d). These are perfectly in line with the con�gura-

tional picture drawn and explained in the introductory section. However, since our goal

is to describe the e�ective system as a morphoelastic single bar, we require a suitable

post-grown virtual con�guration for the e�ective bar. The traditional morphoelastic
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post-grown con�guration Br (see Figure 2.5b) is incompatible and can therefore not

satisfy this role.

initial configuration B0

L0
2

L0
Σ

L0
3

L0
1

current configuration Bt

l2

lΣ

l3
l1 tΣ

post-grown virtual reference configuration Br

L2

L0
Σ

L3

L1

Lu
2

LΣ

Lu
3

Lu
1

unloaded configuration

(a)

(b) (c)

(d)

Figure 2.5: Schematic drawings of the various con�gurations explained in the text. (a)
The initial reference con�guration is unloaded and unstressed. (b) The virtual refer-
ence con�guration is unloaded and unstressed. In general, it is also incompatible with
the boundary conditions of the system. (c) The unloaded con�guration is residually
stressed if growth is present, i.e. Li 6= 0. (d) The current con�guration is physically
realised. In general it is both residually stressed and loaded (i.e. exposed to a pressure
at the boundary, tΣ = P ).

To provide a compatible reference con�guration, we de�ne the unloaded con�g-

uration as the post-grown compatible con�guration 2.5(d), which in the presence of

growth will in general be residually stressed. The lengths of individual bars in this

con�guration is denoted by Lui for i = 1, . . . , n. Their sum for every is LΣ:

ALu = LΣv
r . (2.55)

The unloaded reference length provides a helpful quantity to understand the relation-

ship between growth and residual stress in the context of Hooke's Law (2.44). We

note that according to (2.51), if the system is not grown, L0
i = Li and L

0
Σ = LΣ, that

is the initial reference con�guration and the unloaded con�guration coincide. In this

particular case, Hooke's law reduces to

t̃Σ = µ̃Σl̃Σ . (2.56)
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In this case, when the current deformation vanishes (l̃Σ = 0), there is no force at the

boundary of the network (t̃Σ). On the other hand, when growth is present (L0
i 6= Li

and L0
Σ 6= LΣ), the e�ective system (2.44) is stress-free at the boundary (also called

�unloaded�) in the presence of a nonzero current deformation,

lΣ = LΣ. (2.57)

This statement de�nes the unloaded con�guration presented in 2.5(d). This con�gura-

tion is a well-de�ned virtual con�guration for the homogenised system and has a clear

role in Hooke's law to introduce residual stress.

2.2.4 An iterative approach to computing e�ective network quan-

tities

This section introduces an alternative approach to computing e�ective properties of

a static linear network. In the previous Section, we computed the e�ective network

quantities µΣ (Young's Modulus) and LΣ (length of unloaded system) by integrating

all available information about the network (A, B, µi and L
0
i for all i = 1 . . . n) in one

single step.The present section provides an alternative way of computing the e�ective

quantities based on an iterative approach. This method is inspired by the study of

electrical networks, to which we establish a formal analogy in a Section to establish

the computation of e�ective length and Young's Modulus between any two bars for

both connection types (series and parallel), which we do in the next subsections on

parallel and series connections. These rules can then be recursively applied to every

subsystem in the network, producing the e�ective quantities µ̃Σ and L̃Σ, which we

discuss in the subsection thereafter. We end this section by applying these rules to

the network given in Figure 2.2. We will show that the results match our previously

computed the e�ective quantities µ̃Σ and L̃Σ from (2.54).
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Series connections

We consider a setup of two bars connected in series, with current displacements l̃1 and

l̃2, and total current displacement

l̃Σ = l̃1 + l̃2 . (2.58)

Similarly, the bars have reference displacements L̃1 and L̃2, as well as a total reference

displacement L̃Σ which is to be determined. The total (small) force applied to the the

system is t̃Σ, which is equal in both bars connected in series,

t̃Σ = t̃1 = t̃2 . (2.59)

The bars have stress-strain relationships

t̃1 = µ̃1

(
l̃1 − L̃1

)
and t̃2 = µ̃2

(
l̃2 − L̃2

)
. (2.60)

We also postulate that the total system has the same form of stress-strain relationship,

t̃Σ = µ̃Σ

(
l̃Σ − L̃Σ

)
, (2.61)

and it is our goal to �nd µ̃Σ and L̃Σ for series connections.

We consider the total displacement l̃Σ = l̃1 + l̃2 (see2.58). To replace replace l̃1, l̃2

in terms t1, t̃2, we rearrange (2.60) to obtain l̃1 = t̃1/µ̃1 + L̃1 and l̃2 = t̃2/µ̃2 + L̃2. This

allows us to write the total displacement as

l̃Σ = l̃1 + l̃2 =
t̃1
µ̃1

+ L̃1 +
t̃2
µ̃2

+ L̃2 . (2.62)

Taking into account that t̃Σ = t̃1 = t̃2 (see 2.59), and that l̃Σ = t̃Σ/µ̃Σ + L̃Σ (as a simple

rearrangement of 2.61), we obtain

l̃Σ =
t̃Σ
µ̃Σ

+ L̃Σ =

(
1

µ̃1

+
1

µ̃2

)

︸ ︷︷ ︸
1/µ̃Σ

t̃Σ + L̃1 + L̃2︸ ︷︷ ︸
L̃Σ

. (2.63)

50



This means, in summary, that

1

µ̃Σ

=
1

µ̃1

+
1

µ̃2

and L̃Σ = L̃1 + L̃2 . (2.64)

Parallel connections

This setup is similar to the previous one, except that this time two bars are connected

in parallel. Their displacements satisfy

l̃Σ = l̃1 = l̃2 . (2.65)

Their forces satisfy

t̃Σ = t̃1 + t̃2 . (2.66)

The individual bars have stress-strain relationships (2.60) and we also postulate a

similar stress-strain relationship for the total system (2.61). Once again our goal is to

�nd µ̃Σ and L̃Σ for parallel connections.

We consider the total (small) force t̃Σ = t̃1 + t̃2 (see 2.66). We replace t̃1, t̃2 in terms

l̃1, l̃2 by using Hooke's law for individual bars (see 2.60). This allows us to write the

total force as

t̃Σ = t̃1 + t̃2 = µ̃1

(
l̃1 − L̃1

)
+ µ̃2

(
l̃2 − L̃2

)
. (2.67)

Taking into account that l̃Σ = l̃1 = l̃2 (see 2.65), and that t̃Σ = µ̃Σ

(
l̃Σ − L̃Σ

)
(see

2.61), we obtain

t̃Σ = µ̃Σ

(
l̃Σ − L̃Σ

)
= (µ̃1 + µ̃2)︸ ︷︷ ︸

µ̃Σ

l̃Σ −
(
µ̃1L̃1 + µ̃2L̃2

)

︸ ︷︷ ︸
µ̃ΣL̃Σ

. (2.68)

Solving for L̃Σ, this allows us to write

µ̃Σ = µ̃1 + µ̃2 and L̃Σ =
µ̃1L̃1 + µ̃2L̃2

µ̃Σ

. (2.69)

A formal analogy between electrical and elastic networks is established in Section A.2.
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A numerical example for two bars in parallel

Here we provide a numerical example for computing e�ective quantities from two bars

in parallel, and give the explicit lengths and Young's Modulus values for both the

individual and homogenised system.

Let us consider two bars in parallel. We assume that the two bars have the same

Young's Modulus,

µ1 = µ2 = µ. (2.70)

The initial reference lengths of the bars are

L0
Σ = L0

1 = L0
2 = λ (2.71)

and the virtual reference lengths are

L1 = 2λ, L2 =
λ

2
. (2.72)

Finally, the system is under external loading

t1 + t2 = P =
µ

2
(tensile). (2.73)

In a parallel connection, we have

µΣ = 2µ, LΣ =
5

4
λ. (2.74)

The current lengths are

l1 = l2 = lΣ =
tΣL

0
Σ

µΣ

+ LΣ =

(
P

2µ
+

5

4

)
λ =

3

2
λ (2.75)

The lengths of the bars (both individual and homogenised) are sketched in Figure

(2.6) in their respective con�gurations. We note that, as expected, the total lengths

of initial and current con�gurations in (a) and (b) coincide. As discussed in Figure

2.5, the pre-grown con�guration in (a) is unstressed and incompatible, whereas the

distinctly di�erent unloaded con�guration in (b) is residually stressed and compatible.
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initial config. B0

(a) lengths of individual bars

growth elasticity

elasticity

post-grown config. Br current config. Bt

L0
1 = λ

L0
2 = λ

L1 = 2λ

L2 = 1
2λ

l1 = 3
2λ

l2 = 3
2λ

L0
Σ = λ LΣ = 5

4λ lΣ = 3
2λ

initial config. B0 unloaded config. Bu current config. Bt

(b) lengths of homogenised system

growth &

residual
stress

P = µ
2

P = µ
2

Figure 2.6: Individual and e�ective lengths for two bars in parallel. The �rst column
(a) provides the lengths of the individual bars in initial, pre-grown and current con-
�guration. The second column (b) provides the lengths of the homogenised system.
Note that the con�gurations are initial, unloaded and current.

2.3 Growth of networks

In the previous sections, we formulated a framework for studying static networks.

We described the connection between bars in networks through the matrices A and

B, so that the length and force balance can be given by the linear systems (2.12).

The di�culty of studying such systems arises from the fact that length and force are in

general non-linearly related through constitutive laws 2.2. To better understand elastic

networks, we considered small deformations in which case all bars are close in lengths

to the undeformed network (see (2.35), (2.37)) and in which all forces in the network

are small and the constitutive laws are linear (see (2.42)). This linearisation near the

undeformed state permitted us to formalise both the length and force constraints of the

system into a single linear system (2.46), which lead us to a stress-strain relationship

(2.49) for the entire network system which plays the role of Hooke's Law for the network.

In this section, we incorporate growth dynamics into the network. The growth

dynamics is driven by a homeostasis mechanism in which the individual have growth

rates which are proportional to the di�erence between current stress and a homeostatic

stress level, which is consistent with the description of growth laws discussed in Section

1.5.4. We note that because of the one-dimensionality of the problem, we use force and
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stress interchangeably in this chapter.

We pursue two major trains of thought related to growth dynamics. The �rst idea is

related to the homogenisation of the network dynamics. In Section 2.3.4, we attempt to

homogenise the growth dynamics in a similar manner to our successful homogenisation

of static networks in Section 2.2.4. Given that an e�ective Hooke's Law allows us to

describe elastic properties of the network as one e�ective bar, is it also possible to

describe the growth dynamics of the network as the dynamics of a single bar? This

question is answered in Section 2.3.4.

We also consider the stability of growth dynamics networks in Section 2.3.1. Extend-

ing the framework of networks near the undeformed state of Section 2.2, we describe

the network dynamics as a linear set of ordinary di�erential equations and analyse the

stability in detail, focusing on an example system.

2.3.1 Network description of growth dynamics

To describe the dynamics of the network, we assume that every bar grows according

to the following growth law

L̇i = kiLi (ti − t∗i ) , i = 1, . . . , n (2.76)

where ki are the growth rates, ti are the stresses of the bars and t
∗
i are the homeostatic

stresses. The homeostatic stresses are assumed to satisfy the constraint (2.13)2:

Bt∗ = tΣv
s. (2.77)

In the growth law (2.76), the growth rate L̇i/Li of the bars is proportional to the

di�erence between their current stress ti and their homeostatic stress t∗i , which is con-

sistent with the description of homeostasis-driven growth in Section 1.5.4. The growth

law (2.76) is in general a dynamical system which is nonlinear in Li because of the

nonlinear dependence of ti on L1, L2, . . . , Ln. To make analysis of (2.76) feasible, we

assume that Li and li are in the neighborhood of the unstressed, ungrown network (see

(2.35), (2.37)), which implies that the stresses are of the order of the small parameter,

(see (2.40)). To ensure that the homeostatic level is consistent with small deformations
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and small stresses, we require that it is

t∗i = εt̃∗i +O
(
ε2
)
. (2.78)

The assumption of small deformations and small stresses implies that we can use the

linear system (2.46) to encode all network constraints.

We impose as a boundary condition that the total length of the network lΣ is a

prescribed constant. With the assumption of a Hookean stress-strain relationship of

the network t̃Σ = µ̃Σ

(
l̃Σ − L̃Σ

)
(see (2.44)), m (see (2.48)2) takes the form

m =


 l̃Σv

r

µ̃Σ

(
l̃Σ − L̃Σ

)
vs +BDµ̃L̃


 . (2.79)

The system M l̃ = m consists of n + 1 equations of which n are linearly independent.

We can therefore obtain a reduced linear system in whichM is a full rank n×n matrix,

and write M l̃ = m in the form

Mr l̃ = PrL̃+ qr (2.80)

where Pr and qr are constant coe�cient matrices independent of l̃ or L̃.

AsMr is invertible, it is possible to solve (2.80) for l̃ and to express the stress-strain

relationship (2.2) as

t̃ = Dµ̃

(
l̃− L̃

)
= Dµ̃

[(
M−1

r Pr − 1
)
L̃+M−1

r qr

]
. (2.81)

The growth dynamics (2.76) can be expressed as

˙̃L = SL̃+w , (2.82)

where

S = DkDL0Dµ̃

(
M−1

r Pr − 1
)

and w = DkDL0

(
Dµ̃M

−1
r qr − t̃

∗)
. (2.83)

We note that S and w are constants. The stability of (2.82) is encoded in the eigen-
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values of S. Note that S does not depend on the homeostatic stress, suggesting that

the stability of (2.82) is independent of t̃∗i .

2.3.2 Example system: Three bar network

At the beginning of this chapter, we introduced a three bar system (see Figure 2.2).

We provided the matrices A and B for force and length balance in (2.15), as well as

the matrices m and M of the linearised system (2.52).

In this section we extend the previous analysis of the network (2.15) to growth

dynamics, providing S and w for the system (2.83), as well as Pr and qr which are

required for the construction of (2.83):

Pr =
1

µ̃1 + µ̃2 + µ̃3




0 0 0

µ̃2
1 −µ̃1µ̃2 −µ̃1µ̃3

−µ̃1 (µ̃2 + µ̃3) µ̃2 (µ̃2 + µ̃3) µ̃3 (µ̃2 + µ̃3)


 ,

qr =
l̃Σ

µ̃1 + µ̃2 + µ̃3




µ̃1 + µ̃2 + µ̃3

µ̃1 (µ̃2 + µ̃3)

µ̃1 (µ̃2 + µ̃3)


 .

According to (2.83), S and w can be constructed from Pr, qr and Mr. The latter is

obtained by dropping the �rst row in (2.52). The values of S and w are

S =
DkDL0Dµ̃

µ̃1 + µ̃2 + µ̃3




−µ̃2 − µ̃3 −µ̃2 −µ̃3

−µ̃1 −µ̃1 − µ̃3 µ̃3

−µ̃1 µ̃2 −µ̃1 − µ̃2


 , w =




µ̃1(µ̃2+µ̃3)l̃Σ
µ̃1+µ̃2+µ̃3

− t̃∗1
µ̃1µ̃2 l̃Σ

µ̃1+µ̃2+µ̃3
− t̃∗2

µ̃1µ̃3 l̃Σ
µ̃1+µ̃2+µ̃3

− t̃∗3


 .

(2.84)

We note that S is not full rank, in fact rkS = 2. The vector λ of eigenvalues of S has

the form

λ =
1

−2 (µ̃1 + µ̃2 + µ̃3)




0

ρ+
√

∆

ρ−
√

∆


 (2.85)
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where

ρ := L0
1k1µ̃1 (µ̃2 + µ̃3)

+ L0
2k2µ̃2 (µ̃1 + µ̃3)

+ L0
3k3µ̃3 (µ̃1 + µ̃2) .

(2.86)

and

∆ := ρ2 − 4µ̃1µ̃2µ̃3 (µ̃1 + µ̃2 + µ̃3)
[
k2k3L

0
2L

0
3

+k1k2L
0
1L

0
2 + k1k3L

0
1L

0
3

]
. (2.87)

Figure 2.7: Region of k-values in which the dynamics is stable, i.e. the eigenvalues of
S are λ1 < 0, λ2 < 0, λ3 = 0 (as rkS = 2). The red dot corresponds to the choice of k
values eq. (A.5). We can see that the red point lies inside the blue region, indicating
stable growth dynamics. We show the full region plot on the left hand side, and the
plane k1 = 2.51 (on which the point eq. A.5 lies).

We further explore the dynamics of the network (2.15) by analysing the eigenvalues

of S given by (2.85). Figure 2.7 shows the region of k values for which the dynamics of

(2.82) is stable, i.e. Re λ1 < 0 and Re λ2 < 0 (note that λ3 = 0 because rk S = 2). We

notice that the stability of (2.82) is highly dependent on the growth inhomogeneity of

the growth law (2.76). The growth inhomogeneity is encoded in the growth rates k1,

k2, k3.
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Figure 2.8: (a) Interface dynamics. In blue, we plot the evolution of l1 (t) = L0
1 + εl̃1

and in green we plot l2 (t) = l3 (t). The total length of the system is l1+l2 = l1+l3 = lΣ,
which is guaranteed by the constraint Al̃ = l̃Σv

r. Notice how the linear and nonlinear
solutions agree well despite the large value ε = 0.5. As predicted by Fig. 2.7, the
dynamics is stable near the undeformed equilibrium. (b) We plot the nonlinear stress
ti and we can see that the homeostatic stress of every individual bar is achieved (t∗1
and t∗3 are negative i.e. compressive, t∗2 > 0 is tensile).

An example trajectory of the dynamics is given in Figure 2.8(a). The trajectory

is shown for values of k for which the dynamics (2.82) is stable. We note that the

trajectories are non-monotonic and non-oscillatory, which we will further discuss in

Section 2.3.3.

Figure 2.9: Divergent dynamics due to inadmissible homeostatic stress. Simulation
parameters are provided in Section A.1.

The dashed trajectory in Figure 2.8(a) represents the linear growth dynamics ac-

cording to (2.82). The linear dynamics is compared with the nonlinear case (solid

line), which is computed from (2.76) with a constitutive relationship ti = µi log (li/Li),

see (2.2). As expected, the stresses ti converge towards their homeostatic stresses, as

demonstrated in Figure 2.8(b). We note that if the homeostatic stress is not consistent
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with the constraints of the network, i.e. if the homeostatic state is not a physically real-

isable state and (2.77) is not satis�ed, the dynamics cannot converge to the homeostatic

stress. In case of divergence, comparison between the linear and nonlinear solution is

demonstrated in Figure 2.9. In particular, in the divergent cases either one bar takes

over the whole network domain (Figure 2.9(c)) or shrinks to zero length (a). The case

Figure 2.9(b) is identical with (2.8)(a).

The studies presented in Figure 2.9 and (2.8) provide an intuition for the complexity

of growth dynamics for growing elastic networks for deformations in the neighborhood

of the undeformed network. They also demonstrate that trajectories can be non-

monotonic and raise the question of the possibility of oscillatory solutions, which we

address in Section 2.3.3. The numerical values for the simulations of Figures 2.9 and

(2.8) are given in Section A.1.

2.3.3 Can the system
˙̃L = SL̃+w have oscillatory solutions?

A natural question about the S matrix is: Are oscillations possible in the dynamics of

˙̃L = SL̃ + w, i.e. can S have imaginary eigenvalues? Given the complex algorithm

in which S is composed (see Subsection 2.1.3), as well as the constraint placed on the

initial reference lengths (2.14), we have no way of answering this question in a straight-

forward analytical way. However, a numerical approach can provide some preliminary

results.

In order to search for imaginary eigenvalues, we conducted a preliminary numerical

study. In this study we tested if there are any imaginary eigenvalues based on randomly

chosen simulation parameters for increasingly complex networks. The study was based

on a total of seven di�erent networks: One N = 15 bar network, one N = 10 bar

network, one N = 7 bar network, two N = 4 bar networks and two N = 3 bar

networks. For each network, we ran 100 simulations for a force length prescribed as

well as force prescribed boundary condition each �that is, 200 simulations in total

for every of the seven networks. In each simulation, the following 9 parameters were

drawn from a uniform distribution:

L0
i , µi ∈ [0, 20] , ki ∈ [−10, 10] \0 for i = 1, 2, 3. (2.88)
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For each simulation, the matrix S was constructed and its eigenvalues were tested to

have nonzero imaginary parts (any value below 10−12 was considered zero). Throughout

all 7 × 200 simulations, not a single imaginary eigenvalue was detected. While this

preliminary study cannot be considered exhaustive, its results lead us to suspect that

oscillations are not possible in the system ˙̃L = SL̃+w.

2.3.4 Inductive description of mechano-sensitive growth law

In this Section we expand the two setups for a series connection of two bars as described

in Section 2.2.4, and a parallel connection of two bars described in Section 2.2.4. In

these previous Sections, we obtained an e�ective Young's modulus µ̃Σ and an e�ective

reference length L̃Σ for the system of two bars connected in series and in parallel, which

gives us an e�ective Hooke's law t̃Σ = µ̃Σ

(
l̃Σ − L̃Σ

)
to describe the system as one bar.

Here, we add a growth dynamical description to the individual bars of these con-

nections, introducing growth rates k1, k2 as well as homeostatic stresses t̃∗1, t̃
∗
2 for the

individual bars. We investigate whether is possible to obtain an e�ective growth rate

kΣ and an e�ective homeostatic stress t̃∗Σ to describe the dynamics of one e�ective bar.

We assume that the growth dynamics of the two individual bars is described by the

growth law

˙̃L1 = k1

(
t̃1 − t̃∗1

)
and ˙̃L2 = k2

(
t̃2 − t̃∗2

)
(2.89)

and we postulate a growth law of the same form same for the total bar,

˙̃LΣ = kΣ

(
t̃Σ − t̃∗Σ

)
. (2.90)

Series connections

We consider the same setup as described in 2.2.4, so that the addition of lengths, forces,

and Hooke's law for individual and total bar (see (2.58)�(2.61)) are unchanged. The

e�ective quantities µ̃Σ and L̃Σ are given in (2.64).

We consider the time derivative of the total reference length ˙̃LΣ, which according

to (2.64) and (2.89) is

˙̃LΣ = ˙̃L1 + ˙̃L2 = k1

(
t̃1 − t̃∗1

)
+ k2

(
t̃2 − t̃∗2

)
. (2.91)
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Given that t̃Σ = t̃1 = t̃2 (see (2.59)) this can be rewritten as

˙̃LΣ = (k1 + k2)︸ ︷︷ ︸
kΣ

t̃Σ −
(
k1t̃
∗
1 + k2t̃

∗
2

)
︸ ︷︷ ︸

kΣ t̃
∗
Σ

. (2.92)

This means that two bars connected in series can indeed be written as one bar with

growth dynamics described by (2.90), for which the e�ective growth rate kΣ and e�ec-

tive homeostatic stress t̃∗Σ are

kΣ = k1 + k2 and t̃∗Σ =
k1t̃
∗
1 + k2t̃

∗
2

k1 + k2

. (2.93)

Parallel connections

We consider the same setup as described in 2.2.4, so that the addition of lengths and

forces is described by (2.65)�(2.66). The e�ective quantities µ̃Σ and L̃Σ are given in

(2.69).

We consider once again the time derivative of the total reference length, ˙̃LΣ, which

according to (2.69) and (2.89) is

˙̃LΣ =
µ̃1

˙̃L1 + µ̃2
˙̃L2

µ̃Σ

=
µ̃1k1

(
t̃1 − t̃∗1

)
+ µ̃2k2

(
t̃2 − t̃∗2

)

µ̃Σ

. (2.94)

We note that in the case of parallel connections, t̃Σ = t̃1 + t̃2 (see eq. 2.66) this

expression can only be reduced to the form ˙̃LΣ = kΣ

(
t̃Σ − t̃∗Σ

)
if

µ̃1k1 = µ̃2k2 . (2.95)

In this case, ˙̃LΣ can be rewritten as

˙̃LΣ =
µ̃1k1

µ̃Σ︸ ︷︷ ︸
kΣ

[t̃Σ −
(
t̃∗1 + t̃∗2

)
︸ ︷︷ ︸

t̃∗Σ

] (2.96)

In summary, two bars connected in parallel cannot be reduced to one e�ective bar (in

the sense (2.90)) unless the growth dynamics of individual bars (2.89) is constrained

by (2.95). In this special case, the e�ective growth rate kΣ and e�ective homeostatic
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stress t̃∗Σ are

kΣ =
µ̃1k1

µ̃Σ

=
µ̃2k2

µ̃Σ

and t̃∗Σ = t̃∗1 + t̃∗2 . (2.97)

We also considered the following strain-dependent growth laws: ˙̃Li = ki

(
L̃i − L̃∗i

)
in

which growth is driven by reference strain and ˙̃Li = ki

(
l̃i − l̃∗i

)
in which growth is

driven by current strain. We note that homogenisation (in the sense that microscopic

and macroscopic growth law have the same form) is only possible if strong restrictions

similarly to (2.97) are imposed.

2.4 Conclusion

In this Chapter, we have explored properties of growing elastic networks. These net-

works are governed by simple rules: Each row of the network must add up to the same

current length, and each column must add up to the same force. Our �rst result con-

cerns static networks, by which we mean that the networks do not evolve in time, but

can be locally stressed if growth is present in the system. We found that for small de-

formations of such networks, it is possible to describe elastic properties of the network

as a whole, homogenised object. This homogenised elastic bar has an e�ective Young's

Modulus µ̃Σ, and (if residual stress is present in the network) an e�ective nonzero dis-

placement of the unloaded con�guration L̃Σ (if no residual stress is present, L̃Σ = 0).

This allows us to state an e�ective Hooke's Law for the network (we are reproducing

eq. 2.44 here),

t̃Σ = µ̃Σ

(
l̃Σ − L̃Σ

)
. (2.98)

The homogenised quantities µ̃Σ and L̃Σ can be computed from the individual network

elements µ̃i, L̃i according to eq. (2.51).

This conclusion, that homogenisation of the network elements towards one e�ective

elastic bar is possible in the form described above, can be reached from a di�erent

perspective: By looking at the two possible connections between bars (series and par-

allel) separately and stating rules for computing the e�ective Young's Modulus µ̃Σ and

e�ective displacement of the unloaded con�guration L̃Σ for both of the two connection

types as functions of the properties of individual bars. These rules can then be ap-

plied recursively to the entire network. The rules for computing the e�ective e�ective
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Young's Modulus µ̃Σ from a series and parallel connection, respectively, are

1

µ̃Σ

=
1

µ̃1

+
1

µ̃2

and µ̃Σ = µ̃1 + µ̃2 . (2.99)

We reproduced (2.64)1 and (2.69)1 here. The rules for computing the e�ective displace-

ment of the unloaded con�guration L̃Σ as a function of L̃1, L̃2 are similar and can be

found in 2.642 and 2.692.

With these conclusions regarding static network in mind, we analysed the dynamics

of networks, in which every individual bar is growing towards its individual homeostasis

according to the growth law

L̇i = kiLi (ti − t∗i ) . (2.100)

We reproduced eq. (2.76) here. We focus on a growth law with a linear relationship

between growth rate and stress, which allows us to distill its dynamics near the unde-

formed state into a set of ordinary di�erential equations for the reference displacements

of individual bars

˙̃L = SL̃+w . (2.101)

We reproduced eq. (2.82) here. The matrix S is always a matrix of constant coe�cients

determined by the network, Young's Modulus and growth rates, whereas the vector w

can be a function of time and encodes the boundary conditions and homeostatic stress.

We also investigate whether the dynamics near the undeformed state can produce

oscillatory solutions. After a preliminary numerical study we suspect that oscillations

are not possible in the system ˙̃L = SL̃+w. The parameters which decide the stability

of the growing system, i.e. if an equilibrium close to the undeformed state is achieved,

are the growth rates k and the homeostatic stress t∗, which are both assumed to be

vectors of constant values.

Finally, we extend the question of homogenising a static network towards dynamic

networks. In the static case, we showed how to obtain an e�ective Young's Modulus

µ̃Σ and an e�ective displacement of the unloaded con�guration L̃Σ. In the context of

growth, this question extends to �nding an e�ective growth rate kΣ and an e�ective

homeostatic stress t̃∗Σ. We show how in the case of two bars connected in series, these
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quantities can be obtained as

kΣ = k1 + k2 and t̃∗Σ =
k1t̃
∗
1 + k2t̃

∗
2

k1 + k2

. (2.102)

We reproduced eq. (2.93) here. However, in the case of a parallel connection of two

bars, such a homogenisation is not possible unless one assumes a particular dependence

µ̃1k1 = µ̃2k2 between the growth rates of the two bars connected in parallel, which a

severe restriction. Only with this restriction is a homogenisation in which one obtains

e�ective dynamical quantities for the entire network possible.
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Chapter 3

A discrete model for growth dynamics

of multiple layered cylinders

In this chapter, we present a mathematical framework to study the growth dynamics

and stability of tubular structures, which are very common in biology. In the context of

biomechanics, tubular and cylindrical structures and their stresses are rarely considered

in a dynamical context but mostly analysed at a particular time t0. For example Fung's

opening angle method (see [23]) is a well-known method to compute residual stress at

the time t0 of the cut, and Wapas (�Killer Trees�) explode because the residual stress

present at time t0 is suddenly released ( see [46, 30]). The presence of residual stress

at t0 is typically attributed to di�erential growth, its history is usually irrelevant. The

model presented in this Chapter adds an additional layer of description in which the

observed stress at t0 (as well as residual stress and growth) are emergent features of

the homeostasis-driven growth dynamics of tubular structures.

Compared to growth dynamics on a one-dimensional domain (as discussed in Chap-

ter 2), growth on a cylindrical domain introduces a considerable complication: In cylin-

drical geometry stress is spatially inhomogeneous. The study of the growth dynamics

and stability of a cylindrical structure becomes that of a partial di�erential equation

(PDE). While the numerical solution of such a system is relatively straightforward by

the method of lines (as demonstrated in Section 3.1.4), linear stability analysis be-

comes intractable, as the homeostatic stress tensor is no longer a value but a nontrivial

spatially varying tensor �eld. Our goal in this chapter is to address the inhomogene-

ity of the system through a discretisation, which transforms the PDE to a system of

65



ordinary di�erential equations (ODEs) and allows the application of rigorous methods

from dynamical systems theory like linear stability analysis. At the same time, our goal

is to show the conclusions reached about the stability of the discrete system remain

unchanged as the discretisation is further re�ned. One of the inspirations behind our

discretisation approach is the observation that many biological tubular systems have

a distinct number of well-de�ned layers, each with e.g. distinct material properties.

With the discretisation approach outlined in this chapter, by construction every dis-

crete system is a self-contained physical system in its own right, and can be used as a

toy model for layered biological tubular structures with as low as N = 2 layers. Even

a system composed of as low as two layers shows remarkably rich dynamical behaviour

as we demonstrate in Section 3.2.

We approach the study of growth on a cylindrical domain in three parts. Firstly,

in Section 3.1, we present a boundary value problem and demonstrate by numerical

solution of the spatially continuous PDE the di�culty of characterising stability. Next,

in Section 3.2, we introduce our discretisation scheme and study in detail the growth

dynamics of a two layer system, �nding very rich dynamics. Finally, in Section 3.3, we

generalise the discretisation to N layers and characterise the stability of the dynamics,

which does not change for su�ciently large N .

3.1 Continuous growth dynamics in cylindrical geom-

etry

3.1.1 Kinematics

We consider a cylindrical tube. The inner wall of the tube is attached to an unmoving

solid nucleus, whereas the outer wall is movable (see Figure 3.1). We assume that

the tube is made from an incompressible isotropic material, does not grow in the axial

direction, and is not exposed to any external �elds (body forces). We also demand that

the tube's centreline remains unchanged, which implies that buckling in axial direction

is impossible, and we also do not permit buckling in the radial direction. Further, we

do not permit twisting of the cylinder, which means that there is no shear stress.

As a consequence of these assumptions, we can limit the analysis of the elastic tube
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Figure 3.1: Sketch of kinematic setup.

to its cross section without loss of generality. Geometrically, we describe the cross

section in a planar polar orthonormal coordinate basis
{
eR, eθ

}
where eR denotes the

radial and eθ the circumferential basis unit vector. We use the same basis vectors in

initial and current con�gurations. We refer to the elastic soft tissue attached to the

nucleus as a disk, annulus or layer (we will consider several layers attached to each

other in later sections).

In analogy to (1.2), the deformation map of an annulus is

x = r
(
R0
)

eR . (3.1)

The deformation gradient in a polar coordinate basis is

F = r′
(
R0
)

eR ⊗ eR + r/R0eθ ⊗ eθ (3.2)

where the prime denotes total derivative with respect to R0. The kinematic setup is

sketched in Figure 3.1.

The elastic deformation gradient is

A = αReR ⊗ eR + αθeθ ⊗ eθ. (3.3)
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circumferential growth
γR = 1, γθ > 1

isotropic growth
γR = γθ = γ, γ > 1

radial growth
γR > 1, γθ = 1

Figure 3.2: Illustration of isotropic and anisotropic growth.

Since A is isochoric (det A = 1), we de�ne α := αθ. The isochoric deformation then

requires that α−1 = αr. The growth tensor �eld is

G = γReR ⊗ eR + γθeθ ⊗ eθ. (3.4)

Whenever we use matrix notation, the basis
{
eR, eθ

}
is implied. The tensor �elds that

make up the morphoelastic decomposition (see 1.4) are

F =




dr
dR0 0

0 r
R0


 , A =


α

−1 0

0 α


 , G =


γ

r 0

0 γθ


 . (3.5)

An illustration of anisotropic growth for an annulus is shown in Figure 3.2. Note

that we use superscripts to denote the coordinate basis index and associated vector

and tensor components. Subscripts are reserved for the layer index which is relevant

in later sections.

In the initial reference con�guration B0, the inner cylinder wall is located at R
0 = A0

and the outer wall is located at R0 = A1. Evaluating the morphoelastic decomposition

F = AG, we �nd r′ = γR/α and r/R0 = αγθ. By eliminating α, we obtain

r
(
R0
)
r′
(
R0
)

= γR
(
R0
)
γθ
(
R0
)
R0, r (A0) = A0 , (3.6)

in which the boundary condition r (A0) = A0 represents the unmoving solid nucleus

(i.e. unmoving inner cylinder wall). We can integrate (3.6) as

r =

√
A2

0 + 2

∫ R0

A0

γR(R̃)γθ(R̃)R̃dR̃. (3.7)
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3.1.2 Mechanics

Given that all deformations are diagonal in the coordinate basis considered here, (1.17)

implies that the Cauchy stress will also be diagonal,

T = TRReR ⊗ eR + T θθeθ ⊗ eθ. (3.8)

The strain energy density describing the elastic energy density in terms of principal

stretches is W
(
αR, αθ

)
. The Cauchy stress tensor is given by

TRR = αr
∂W

∂αr
− p , T θθ = αθ

∂W

∂αθ
− p , (3.9)

where p is the Lagrange multiplier enforcing incompressibility. Cauchy's equation (1.10)

in a cylindrical coordinate basis takes the form

∂TRR

∂r
=
T θθ − TRR

r
(3.10)

We de�ne Ŵ (α) := W (α−1, α). Then

T θθ − TRR = αdŴ/dα. (3.11)

For a neo-Hookean strain energy density

Ŵ (α) =
µ

2

(
α2 + α−2 − 2

)
, (3.12)

and (3.10) becomes

dTRR

dR0
=

2µγR

R0γθ

[
1− (R0)

4 (
γθ
)4

r4

]

TRR (A1) = 0

(3.13)

The boundary condition TRR (A1) = 0 means that there is no pressure on the outer

cylinder wall for all time. Note that (3.6) and (3.13) together form a boundary value

problem, which we have broken down into two initial value problems, since (3.6) can be

independently integrated from Cauchy stress according to (3.7). Once the radial stress

component TRR has been integrated, the circumferential component can be obtained
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Figure 3.3: Kinematic setup two layer system. The innermost layer is attached to
an unmoving nucleus (a0 = A0) and the boundary condition at the outer layer is no
pressure TRR (A2) = 0.

as

T θθ = TRR +
2µr2

(R0)2 (γθ)2

[
1− (R0)

4 (
γθ
)4

r4

]
. (3.14)

3.1.3 Growth law

To be consistent with the above assumptions, all tensor �elds must have diagonal form

in the coordinate basis
{
eR, eθ

}
. Let the non-vanishing components of the fourth order

tensor K be KRR := KRRRR, KRθ := KRRθθ, KθR := KθθRR, Kθθ := Kθθθθ. Then the

growth law takes the form

γ̇R =
{
KRR

[
TRR −

(
TRR

)∗]
+KRθ

[
T θθ −

(
T θθ
)∗]}

γR ,

γ̇θ =
{
KθR

[
TRR −

(
TRR

)∗]
+Kθθ

[
T θθ −

(
T θθ
)∗]}

γθ .
(3.15)

The growth rates KRR, KRθ, KθR and Kθθ are constant in space and time.

3.1.4 Numerical simulation of inhomogeneous growth

In this section, we simulate the growth dynamics of the fully inhomogeneous system

(PDE) by the method of lines. We study a circumferentially driven growth law that

leads to stable behaviour, and a radially driven growth law that leads to unstable

behaviour. The growth tensor G here is anisotropic (γR 6= γθ). This demonstrates

the di�culty of predicting the PDE stability and motivates a discretisation approach

presented in the following sections.

We separate the soft tissue into two layers attached to each other: The inner layer
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is attached to the nucleus and is growing actively, while the outer layer is a passive

elastic material attached to the inner inner layer. In the initial reference con�guration

B0, the inner layer is de�ned by the region A0 ≤ R0 ≤ A1 with growth γ1 6= 1 (active

layer), while the outer layer is A1 < R0 ≤ A2 with growth γ2 = 1 (passive layer).

The necessity of the passive layer is rooted in the boundary condition (3.13), which

speci�es that the radial Cauchy stress component must vanish at the outer boundary

of the tube. In the absence of passive material at the outer boundary, the term TRR−
(
TRR

)∗
at the outer boundary in the growth law (3.15) would be nonvanishing unless

(
TRR

)∗
= 0. As a consequence, growth dynamics for nonvanishing homeostatic stress

could never reach an equilibrium because the outer wall would grow perpetually. The

addition of passive material mediates this problem.

The kinematic setup for a two-layered system is sketched in Figure 3.3. Here,

speci�cally, note that the inner layer is an inhomogeneously growing active layer, that

is γ̇1 6= 0, dγ1/dR
0 6= 0. The outer layer is passive, that is γ2 = 1 for all R0 and t.

3.1.4.1 Kinematic, mechanical and growth dynamical setup

We have the following growth tensor components

γR
(
R0
)

=




γR1 (R0) if A0 ≤ R0 ≤ A1

1 if A1 < R0 ≤ A2

(3.16)

γθ
(
R0
)

=




γθ1 (R0) if A0 ≤ R0 ≤ A1

1 if A1 < R0 ≤ A2

(3.17)

Evaluating the radial map (3.7) piecewise over the appropriate region with initial con-

dition r (A0) = A0, we obtain:

r
(
R0
)

=




r1 (R0) :=

√
A2

0 + 2
∫ R0

A0
γR1 (R̃)γθ1(R̃)R̃dR̃ if A0 ≤ R0 ≤ A1

r2 (R0) :=
√
r2

1 (A1) + (R0)2 − A2
1 if A1 < R0 ≤ A2

(3.18)
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Similarly, we evaluate the linear momentum balance (3.13)

dTRR

dR0
=





dTRR1

dR0 = 2µ
R0

[
1− (R0)

4
(γθ1)

4

r4
1

]
γR1
γθ1

if A0 ≤ R0 ≤ A1

dTRR2

dR0 = 2µ
R0

[
1− (R0)

4

r4
2

]
if A1 < R0 ≤ A2

(3.19)

TRR (A2) = 0. (3.20)

Once the radial stress component TRR has been integrated, the circumferential com-

ponent T θθ can be computed from (3.14). Note that while there is no growth in the

passive layer A1 < R0 ≤ A2, the growth in the inner layer builds residual stress in the

outer layer, that is TRR2 6= 0, T θθ2 6= 0.

Next, the growth law becomes

γ̇R1 = γR1

{
KRR

[
TRR1 −

(
TRR1

)∗]
+KRθ

[
T θθ1 −

(
T θθ1

)∗]}
for A0 ≤ R0 ≤ A1 (3.21)

γ̇θ1 = γθ1

{
KθR

[
TRR1 −

(
TRR1

)∗]
+Kθθ

[
T θθ1 −

(
T θθ1

)∗]}
for A0 ≤ R0 ≤ A1 (3.22)

3.1.4.2 Growth dynamics simulations

The growth dynamics of the problem (3.21) and (3.22) is anisotropic and inhomoge-

neous. It depends on many parameters, including four weighting coe�cientsKRR, KRθ,

KθR and Kθθ. It is beyond the scope of this work to obtain any general results about

its growth dynamics. But we can nevertheless study interesting features by numerical

example, such as the in�uence of radial vs. circumferential stress contributions on the

dynamics.

Growth dynamics driven by circumferential stress We �rst focus on the case

of growth dynamics driven purely by circumferential stress, that is KRR = KθR = 0

and KRθ = Kθθ = 1. The growth dynamics takes the form

γ̇R1 = γR1

[
T θθ1 −

(
T θθ1

)∗]
,

γ̇θ1 = γθ1

[
T θθ1 −

(
T θθ1

)∗]
,

(3.23)

for A0 ≤ R0 ≤ A1.

Next, we must specify an initial condition for γR1 (t = 0, R0) and γθ1 (t = 0, R0),
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which is the initial inhomogeneous growth deformation. We choose a small oscillation

near the unit growth tensor

γR1 = 1 + a sin
(

2πNR̂
)
,

γθ1 = 1 + a cos
(

2πMR̂
)
,

(3.24)

where R̂ = (R0 − A0) / (A1 − A0) for A0 ≤ R0 ≤ A1. Here, 0 < a � 1 is a small

amplitude of the perturbation and M , N are integer values.

As for the homeostatic stress, we choose a Gaussian with mean 1.25 and standard

deviation 0.05 and height 0.1 subtracted from the base value -0.5, that is

(
T θθ1

)∗
= −0.5 + 0.1e

(R0−1.25)
2

0.005 for A0 ≤ R0 ≤ A1 (3.25)

In Figure 3.4(a), we show the numerical results of the growth dynamics of the system

(3.23) with initial conditions (3.24) and homeostatic stress pro�le (3.25) of the active

layer. We repeated the growth dynamics simulation for several values of a, M and

N . While running the simulation repeatedly with changing initial conditions cannot

be considered a full stability analysis, this method reduces the likelihood for numerical

�uctuations. It is clear from the plots that the circumferential stress converges towards

its inhomogeneous target stress pro�le.

Growth dynamics driven by radial stress Next, we demonstrate an example

of dynamics driven by radial stress which does not converge. The growth rates are

KRR = KθR = 1 and KRθ = Kθθ = 0. The growth dynamics takes the form

γ̇R1 = γR1
[
TRR1 −

(
TRR1

)∗]
, (3.26)

γ̇θ1 = γθ1
[
TRR1 −

(
TRR1

)∗]
(3.27)

for A0 ≤ R0 ≤ A1.

For initial conditions γR1 (t = 0, R0) and γθ1 (t = 0, R0), we take the �nal state of the

previous system, with the addition of a small perturbation similar to (3.24) to ensure

that the initial state of the system is compatible with the boundary conditions of the
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t → ∞

t = 0

(a) Circumferentially driven growth

(b) Radially driven growth

t = 0

tend

homeost. stress (T θθ)∗

homeost. stress (TRR)∗

Figure 3.4: Dynamics of circumferentially and radially driven growth in inner layer,
with passive outer layer. (a) Circumferentially driven growth. The simulation starts
with TRR and T θθ nearly zero and evolves to an equilibrium state for t → ∞. The
homeostatic stress (dashed black) is fully accommodated at equilibrium. Parameters
for (3.24) are a = 0.002, N = M = 20. (b) Radially driven growth. The initial state
of this simulation is the �nal state of the circumferentially driven growth simulation,
with a small sinusoidal perturbation added to it. The dynamics does not converge
to the homeostatic stress (black dashed curve). Parameters for (3.24) are a = 0.002,
N = M = 10.
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system. As for the homeostatic stress
(
TRR1

)∗
, we take the �nal stress limt→∞ T

RR of

the previous system.

The initial conditions chosen here imply that the initial stresses are close to the

homeostatic stresses. As previously, we repeat the simulation for various values of a,

M and N . However, consistently over many simulations, the dynamics does not reach

an equilibrium. The results of numerical simulations of this growth dynamics problem

are shown in Figure 3.4(b).

However, as this type of numerical investigation cannot be expected to hold gen-

erally we introduce in the next sections a discretisation approach with which various

questions about stability can be answered exactly.

3.2 Stability of spatially discretised growth dynamics

with N = 2 layers

The central idea of this model is to simplify the complex growth dynamics of the

previous model, while preserving the principal idea of growth driven by stress which

attempts to accommodate its homeostasis. For this purpose, we propose a modi�ed

version of the growth law (3.15). Unlike in the previous model, we no longer consider

inhomogeneous radial and circumferential stress as the driving forces of growth dynam-

ics. Instead, we consider their averaged values over the respective layer. The averaging

implies that throughout the process of growth dynamics, the growth deformation ten-

sor also remains homogeneous within the respective layers. Overall, the inhomogeneity

of the previous model is replaced by a piecewise homogeneous model. This preserves

the key idea of inhomogeneity (allowing, for instance, circumferential growth to be

higher near the nucleus than far away from it). But at the same time, this model is

tractable and allows precise statements about its long-term dynamics, such as tracing

the in�uence of radial vs. circumferential stress contributions on the stability of the

system.

3.2.1 Kinematics

There are two soft layers attached to a solid nucleus. In the initial reference con�gura-

tion B0, the inner wall has the radial coordinate R
0 = A0, the middle wall at R0 = A1
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and the outer wall at R0 = A2. In the current con�guration Bt, the radial coordinates
are r (A0) = A0, r (A1) = a1 and r (A2) = a2, respectively.

We assume that in the initial reference con�guration the two rings enclose the same

area π∆2 . The initial reference radii of the two rings satisfy

∆2 = A2
2 − A2

1 = A2
1 − A2

0 . (3.28)

The tensor �elds of the morphoelastic decomposition are

F =




dr
dR0 0

0 r
R0


 , A =


α

−1 0

0 α


 , G = γI , (3.29)

where γ (R) is a piecewise homogeneous function

γ
(
R0
)

=




γ1 if A0 ≤ R0 ≤ A1

γ2 if A1 < R0 ≤ A2 .

(3.30)

That is, growth is homogeneous within every individual layer, and piecewise homoge-

neous overall: dγ1/dR
0 = 0, dγ2/dR

0 = 0. Note that growth is chosen to be isotropic,

that is γ1 = γr1 = γθ1 and γ2 = γr2 = γθ2 (we recall that the upper index denotes the

basis direction and the lower index identi�es the layer). The kinematics of this model

is summarised in Figure 3.3.

To obtain the deformation map (3.1), we integrate (3.7) over the appropriate layers,

in which the growth deformation tensor takes the values (3.30). The solid nucleus initial

condition is r (A0) = A0. We obtain

r
(
R0
)

=




r1 (R0) :=

√
A2

0 + γ2
1

[
(R0)2 − A2

0

]
if A0 ≤ R0 ≤ A1 ,

r2 (R0) :=
√
A2

0 + γ2
1∆2 + γ2

2

[
(R0)2 − A2

1

]
if A1 ≤ R0 ≤ A2 .

(3.31)

Note that at R0 = A1 we obtain r =
√
A2

0 + γ2
1∆2 making r continuous but not

di�erentiable.
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Figure 3.5: Radial (left) and circumferential (right) components of Cauchy stress for
A0 = 1, A1 =

√
5/2, A2 = 2, ∆ =

√
5/2, µ = 1, γ2 = 1 and γ1 as indicated. Computed

from (3.32) and (3.33).

3.2.2 Mechanics

The stress balance (3.13) can be integrated to obtain a result for radial stress TRR (R0):

TRR
(
R0
)

=





TRR1 (R0) := TRR1 (A1) + µ
∫ R0

A1

2
R̃

(
1− R̃4γ4

1

r4
1

)
dR̃ if A0 ≤ R0 ≤ A1 ,

TRR2 (R0) := TRR2 (A2)︸ ︷︷ ︸
0

+µ
∫ R0

A2

2
R̃

(
1− R̃4γ4

2

r4
2

)
dR̃ if A1 ≤ R0 ≤ A2 .

(3.32)

By (3.14), we obtain the circumferential stress T θθ (R0):

T θθ
(
R0
)

=





T θθ1 (R0) := TRR1 (R0) + µ
2r2

1

γ2
1(R0)2

[
1− (R0)

4
γ4

1

γ4
1

]
if A0 ≤ R0 ≤ A1 ,

T θθ2 (R0) := TRR2 (R0) + µ
2r2

2

γ2
2(R0)2

[
1− (R0)

4
γ4

2

r4
2

]
if A1 ≤ R0 ≤ A2 .

(3.33)

The expressions TRR1 and TRR2 as well as T θθ1 and T θθ2 can be determined analytically

as functions of A0, A1, A2, µ, γ1 and γ2. An example is shown in Figure 3.5.

3.2.3 Averaging

We de�ne the average stresses T1 and T2 (this applies to both radial and circumferential

stress) as

T1 =
2

∆2

∫ A1

A0

T1

(
R̃
)
R̃dR̃ , T2 =

2

∆2

∫ A2

A1

T2

(
R̃
)
R̃dR̃ , (3.34)

in the regions A0 ≤ R0 ≤ A1 and A1 ≤ R0 ≤ A2, respectively.
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3.2.4 Growth law

We study the growth law

γ̇1 = γ1

{
KRR

[
TRR1 −

(
TRR1

)∗]
+Kθθ

[
T θθ1 −

(
T θθ1

)∗]}
if A0 ≤ R0 ≤ A1 ,

γ̇2 = γ2

{
KRR

[
TRR2 −

(
TRR2

)∗]
+Kθθ

[
T θθ2 −

(
T θθ2

)∗]}
if A1 ≤ R0 ≤ A2 .

(3.35)

While these equations appear super�cially similar to the growth law presented in

Section 3.1.3, there are a few di�erences we want to emphasise. The growth law (3.15)

is anisotropic and all �elds are functions of the position R0. The growth law (3.35), on

the other hand, is isotropic (γR = γθ). Growth in (3.35) is a function of stress averages

over a given layer. The spatial dependence of growth and stress is encoded in the

location of the layers, which are indexed with the subscript 1 and 2. Compared to the

anisotropic model (3.15), the isotropy in (3.35) enforces KRR = KθR and Kθθ = KRθ,

which is why only two (rather than four) growth rates KRR and Kθθ are present in

(3.35).

We make the additional assumption that the homeostatic radial stress values are

the same in layer 1 and 2, that is

(
TRR

)∗
:=
(
TRR1

)∗
=
(
TRR2

)∗
and

(
T θθ
)∗

:=
(
T θθ1

)∗
=
(
T θθ2

)∗
. (3.36)

We emphasise that while TRRi and T θθi for i = 1, 2 are averages over actual stresses

according to (3.34), the homeostatic values
(
TRRi

)∗
and

(
T θθi
)∗

for i = 1, 2 are pre-

scribed values. The latter should be seen as genetically encoded or otherwise informed

values, but are not necessarily averages over physically realisable stresses which satisfy

the boundary conditions of the system.

To facilitate the analysis, we rescale time t according to t̃ := tKθθ and introduce

K̃ := KRR/Kθθ and T ∗ := K̃
(
TRR

)∗
+
(
T θθ
)∗
. (3.37)

The parameter K̃ is a measure of anisotropy of the mechanical feedback, i.e. a weighting

of the contribution of radial vs. circumferential stress to the growth response of the soft

tissue. We emphasise here that K̃ characterises the anisotropy of the growth response
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� the growth tensor itself is isotropic. The rescaled growth law is:

γ̇1 = γ1

[
K̃TRR1 + T θθ1 − T ∗

]

γ̇2 = γ2

[
K̃TRR2 + T θθ2 − T ∗

] (3.38)

In the last equation, and from here for the rest of this Section, we have re-de�ned the

overdot as a total derivative with respect to rescaled time: ḟ := df/dt̃ for all scalar

functions f . Note that all stress averages depend nonlinearly on γ1 and γ2, but not

on the spatial coordinate R0, as it has been integrated out. The growth dynamics is

described by two coupled nonlinear ordinary di�erential equations (3.38). We can now

apply traditional methods of stability analysis to quantify the long-term behaviour of

this system.

3.2.5 Stability analysis

To investigate the growth dynamics of (3.38), we consider the following questions: How

many equilibria (γ̇1 = 0 and γ̇2 = 0) does the system have? What is their stability?

To address the �rst question, we de�ne an equilibrium state {γeq1 , γ
eq
2 } of (3.38) by

γ̇eq1 = 0, γ̇eq2 = 0. The nonlinear nature of the dependence of TRR1 , TRR2 , T θθ1 and T θθ2 on

γ1, γ2 makes it di�cult to predict by analytical methods the number and location of

equilibrium states as a function of the parameters K̃ and T ∗ and we shall use numerical

methods to this end.

To address the second question, given an equilibrium state, the characterisation of

its stability requires a linear expansion of the dynamical system near an equilibrium.

We expand as follows:

γ1 = γeq1 + εγ1 +O
(
ε2
)
,

γ2 = γeq2 + εγ2 +O
(
ε2
)
,

(3.39)

where 0 < ε � 1 is a small parameter. Introducing γ = (γ1, γ2) to describe the state

of the system (3.38), its linearly expanded version (to order ε) takes the form

γ̇ = Jγ (3.40)
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where the Jacobian has entries

Jij =

[
∂γ̇i
∂γj

]

γ=γeq
(3.41)

subscript γ = γeq means that the matrix entries are evaluated at the equilibrium

state. To assess the stability of this state, the eigenvalues of J provide the necessary

information. They are the solutions λ1 and λ2 to the characteristic equation

0 =

[(
∂γ̇1

∂γ1

− λ
)(

∂γ̇2

∂γ2

− λ
)
− ∂γ̇1

∂γ2

∂γ̇2

∂γ1

]

γ=γeq
(3.42)

We recall that an equilibrium state for which

Re (λ1) < 0, Re (λ2) < 0, and Im (λ1) = Im (λ2) = 0 (3.43)

is called a saddle node,

Re (λ1) > 0, Re (λ2) > 0, and Im (λ1) = Im (λ2) = 0 (3.44)

is called an unstable node and

Re (λ1) > 0, Re (λ2) > 0, and Im (λ1) = −Im (λ2) 6= 0 (3.45)

is known as an unstable focus. If

Re (λ1)Re (λ2) = 0, (3.46)

no conclusion can be reached. The bifurcation analysis in the following section pro-

vides information on how many equilibrium states the system (3.38) has for a set of

parameters
{
K̃, T ∗

}
, and what the stability (i.e. type of node) of these equilibria is.

3.2.6 Bifurcation diagram

We present a bifurcation analysis of (3.38) in Figure 3.6. In the presented parameter

region of K̃ and T ∗ we identify four regions with unique dynamical behaviour, see

Figure 3.6.
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• Region IV has no equilibrium state.

• Region I has four unique equilibrium states, of which only one is a stable node.

The other nodes are two saddles and either an unstable node or an unstable focus

focus. In Figure 3.6(b) we show phase portraits for two selected points P1 and

P2 which are contained in Region I of
(
K̃, T ∗

)
parameter space (see sub�gure

a).

• Region II has four unique equilibrium states: Two saddles and either two stable

nodes or said stable focus and a stable node. In Figure 3.6(b) we show phase

portraits for two selected points P3 and P4 which are contained in Region II of(
K̃, T ∗

)
parameter space (see sub�gure a). A Hopf bifurcation transforms the

unstable focus into a stable focus and occurs at the interface of Regions I & II.

• Region III has two equilibrium states, one of which is a stable node, the other

a saddle node. In Figure 3.6(b) we show phase portraits for two selected points

P5 and P6 which are contained in Region III of
(
K̃, T ∗

)
parameter space (see

sub�gure a). The annihilation between a stable node and saddle node from region

II to region III is a saddle-node bifurcation.

Note that while regions I, II and III contain the possibility of stable dynamics, mostly

the stable equilibrium states describe a body that is shrunk (γeq1 γ
eq
2 < 1). Only a small

parameter region for K̃ and T ∗ denoted by a dark blue island in Figure 3.6 contains

the possibility of forming a grown equilibrium state γeq1 γ
eq
2 > 1.

Interestingly, this suggests that stable growth is di�cult to achieve as it is only

occurs in a �nely tuned parameter region.

In summary, we have found that tubular structures growing towards their home-

ostasis mostly exhibit pathological growth. Such structures may grow unbounded (like

a tumour), or shrink until all cells have died. But under the right conditions, physio-

logical (healthy) growth is possible, as shown in Figure 3.6. Our model uncovers the

exact conditions under which tubular structures grow and adapt to their mechanical

environment in a stable way.
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Figure 3.6: (a) Bifurcation diagram for two layered actively growing piecewise homo-
geneous system. (b) Equilibrium states and their dynamical characterisation.
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3.2.7 Detailed dynamics of two layer system

Admissible and inadmissible homeostatic values In the Section (3.2.4), we con-

sidered the dynamics of a growth law in which the homeostatic stress values are equal

in both layers (see (3.36)). As pointed out in the same section, the homeostatic value

is in general not an average over a stress pro�le which satis�es the boundary condi-

tions of the system. We de�ne an admissible homeostatic value as an average over a

stress �eld which can be physically realised, i.e. which satis�es the boundary condi-

tions r (A0) = A0. T
RR (A2) = 0. An admissible homeostatic value, e.g. TRR1 (γ∗) is a

stress average (according to (3.34)) evaluated homeostatic strain values γ∗ = (γ∗1 , γ
∗
2)T .

Admissible homeostatic for a two-layered system are denoted as

TRRi (γ∗) and T θθi (γ∗) , i = 1, 2 . (3.47)

An inadmissible homeostatic value (such as discussed in Section 3.2.4) cannot be ex-

pressed as an average over actual stress, i.e. there exists no γ∗ such that T (γ∗) equals

the inadmissible homeostatic value. We use the term homeostatic stress and homeo-

static value interchangeably.

Growth law with admissible homeostatic values We now consider a growth

law with admissible homeostatic values. Because of the spatial inhomogeneity of the

Cauchy stress pro�le in the two layer cylinder (see for instance Figure 3.5), the home-

ostatic values in layer 1 and 2 cannot be equal. Unlike in (3.36), the inhomogeneity of

the Cauchy stress pro�le requires that TRR1 (γ∗) 6= TRR2 (γ∗) and T θθ1 (γ∗) 6= T θθ2 (γ∗).

The growth law with admissible homeostatic values reads

γ̇1 = γ1

{
K̃
[
TRR1 (γ)− TRR1 (γ∗)

]
+
[
T θθ1 (γ)− T θθ1 (γ∗)

]}

γ̇2 = γ2

{
K̃
[
TRR2 (γ)− TRR2 (γ∗)

]
+
[
T θθ2 (γ)− T θθ2 (γ∗)

]}
.

(3.48)

In Figure 3.7, we show the dynamics of a strongly anisotropic growth law in which

radial stress dominates mechanical feedback (K̃ = 23.5). The contour plot in Figure

3.7(a) shows that there are in total four four equilibrium states. The streamlines and

trajectory plots in Figure 3.7(b) and (c) reveal that the equilibria are a stable spiral,

two saddles, and one stable node. We focus on three trajectories (red, green and blue)
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Figure 3.7: Trajectories and layer sizes for highly anisotropic growth law with admis-
sible homeostatic state. (a) Contours for γ̇1 = 0 and γ̇2 = 0 for the system 3.7. As
can be con�rmed from the stream plots (b) and (c), there is one stable spiral, two
saddles, and one stable node. Notice the similarity to to the �P3� case in Figure 3.6.
The saddle point P4 in (b) is the homeostatic equilibrium (γ∗1 , γ

∗
2). Parameters: µ = 2,

∆ =
√

3 (A0 = 1, A2 =
√

7). K̃ = 23.5. Homeostatic growth: γ∗1 = 5.867, γ∗2 = 3.

and plot the domain size at di�erent times. The homeostatic equilibrium is de�ned

by TRRi (γ) = T θθi (γ∗) for i = 1, 2. At the homeostatic equilibrium, the average

of current stress coincides with the average homeostatic stress. In Figure 3.7(b) the

homeostatic equilibrium is denoted as P4 and is shown to be a saddle point (i.e. an

unstable equilibrium). Note that this dynamical behaviour is analogous to a case we

already discussed, that is point P3 in Figure 3.6. We conclude that in this example,

the di�erence between an admissible homeostatic state 3.7 and an inadmissible one 3.6

does not greatly a�ect the dynamics.

3.3 Growth of discrete N layer system

In this section, we generalise the dynamical system of the previous section from two to

N layers. This serves as a spatial discretisation, as growth and stresses are constant

throughout each layer, which similarly to (3.48) allows to describe growth dynamics

as a system of N (rather than 2) coupled ODEs. We will analyse the stability of this

system near the homeostatic equilibrium, and show to what extent these results remain

unchanged as the discretisation is re�ned (N increases), which informs the stability of
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Figure 3.8: Kinematic setup for isotropically growing N layered system. Consider
Figure 3.3 for comparison to the two layers system.

the continuous (N →∞) system.

A major di�erence compared to the two layer model from Section 3.2.7 is our method

to obtain homeostatic values. In Figure (3.7), they were prescribed via the homeostatic

growth values γ∗1 , γ
∗
2 . In the present model, homeostatic values are obtained from a

prescribed continuous homeostatic growth pro�le γ∗ (R0). The homeostatic values {γ∗i }
are obtained through averaging over the prescribed pro�le γ∗ (R0) in a fashion similarly

to (3.34). They are by de�nition admissible (see Section 3.2.7). By choosing a linear

homeostatic growth pro�le γ∗ (R0), we can characterise the homeostatic stress through

a single parameter, the slope of γ∗ (R0). Since the growth is taken as constant in each

layer, the stresses can be determined fully analytically and a stability analysis can be

performed. The stability analysis will inform under which conditions the dynamical

system will relax to a homeostatic state after a small perturbation.

3.3.1 Kinematics

We consider N perfectly connected annuli, separated by N + 1 interfaces, which in the

initial reference con�guration have the radial coordinate values {A0, A1, . . . , AN}. The
K-th annulus is de�ned by AK−1 ≤ R < AK for K ∈ {1, . . . , N}. The kinematic setup

is sketched in Figure 3.8.

The spacing between layers satis�es

A2
K − A2

K−1 := ∆2 = const. (3.49)
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Figure 3.9: Growth γ continuous vs. averaged. The continuous curve (3.52) is plotted
in blue, and the average over a particular discretisation according to (3.51) is plotted
in red. The gray shading helps to emphasise the di�erent layers, which do not scale
linearly in radius, but instead as A2

K − A2
K−1 = ∆2 = const. This is also illustrated

with the disk on the right hand side, which is limited by the nucleus at R0 = A0 and
the outer boundary R0 = AN . The layers are numbered from 1 to N = 8. The other
parameters are A0 = 1, AN = 5 and ∆ =

√
(A2

N − A2
0) /n =

√
3.

This �xes the area of every layer as π∆2. We can write AK explicitly as

A2
K = A2

0 +K∆2 . (3.50)

Given a continuous curve γ (R0) we de�ne the piecewise constant growth pro�le by

taking the average

γK := γ (R0) =
2

∆2

∫ AK

AK−1

γ
(
R̃
)
R̃dR̃ for R0 ∈ [AK−1, AK ] . (3.51)

The growth value γK is constant for the K-th layer. We demonstrate the computation

of the discrete pro�le {γK} from the continuous pro�le γ (R0) in Figure 3.9, in which

we consider as an example the continuous function

γ
(
R0
)

= 2− 3

2
sin

(
π
R0 − A0

AN − A0

)
. (3.52)

Once {γK} are obtained, we compute the radial map rK (R0) from the discrete

pro�le {γK}. Note that while γK is a constant throughout the K-th layer, the radial

map rK is a function of the radial coordinate R0:

r2
K

(
R0
)

= r2
K−1 (AK−1) + γ2

K

[(
R0
)2 − A2

K−1

]
, r2

0

(
R0
)

= A2
0. (3.53)
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Figure 3.10: Radial function rK (R0) for the case of discrete growth γi, computed
according to (3.54). The dashed line represents the case of no deformation r = R0;
everything below the dashed line is resorption (�shrinking�), everything above this line
is growth. Parameters are the same as in Fig. 3.9.

Explicitly, this implies

r2
K

(
R0
)

= A2
0 +

(
∆2

K−1∑

i=1

γ2
i

)
+ γ2

K

[(
R0
)2 − A2

K−1

]
. (3.54)

Notice that the recursive expression (3.53) and the explicit expression (3.54) are con-

sistent with the requirement

rK−1 (AK−1) = rK (AK−1) , (3.55)

which means that rK is continuous at the boundary layer AK−1.

3.3.2 Mechanics

Radial stress In the continuous version, TRR is obtained from (3.13). The discrete

version reads
∂TRRK
∂R0

=
2µ

R0

[
1− γ4

K (R0)
4

r4
K (R0)

]
, TRRN (AN) = 0 . (3.56)

As required,

TRRK (AK) = TRRK+1 (AK) . (3.57)
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We de�ne τRR (R0) as the inde�nite integral over the right hand side of (3.56) (dropping

the integration constant),

τRR
(
R0
)

:= −µr
2
K−1 (AK−1)− A2

K−1γ
2
K

r2
K (R0)

− µ log

[
r2
K (R0)

(R0)2

]
. (3.58)

The knowledge of the explicit form of τRR allows us to express the radial stress, i.e.

the solution to (3.56), in explicit form:

TRRK
(
R0
)

= τRRK
(
R0
)
− τRRN (AN) +

N−1∑

i=K

µ
A2
i

(
γ2
i+1 − γ2

i

)

r2
i (Ai)

(3.59)

The radial stress pro�le is depicted in Figure 3.11(a).

Circumferential stress In the continuous version, the circumferential stress T θθ is

related to the radial stress TRR through 3.14. The discrete version of the relationship

between TRR and T θθ is given by

T θθK
(
R0
)

= TRRK
(
R0
)

+ κK
(
R0
)

(3.60)

where the function κK is de�ned as

κK
(
R0
)

:=
2µr2

K (R0)

γ2
K (R0)2

(
1− γ4

K (R0)
4

r4
K

)
. (3.61)

The circumferential stress pro�le is depicted in Figure 3.11(b).

Average radial stress The average radial stress in the K-th layer TRRK is

TRRK = −τRRN (AN) +
N−1∑

i=K

µ
A2
i

(
γ2
i+1 − γ2

i

)

r2
i (Ai)

+
2

∆2
[νrrK (AK)− νrrK (AK−1)] (3.62)

where νK (R0) is de�ned as

νrrK
(
R0
)

:= µ

[
A2
K−1 −

r2
K−1 (AK−1)

γ2
K

]
log
[
r2
K

(
R0
)]
− 1

2
µ
(
R0
)2

log

[
r2
K (R0)

(R0)2

]
. (3.63)

The average radial stress is depicted as horizontal lines in the respective layers in Figure

(3.11)(a).
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Figure 3.11: Stress pro�le and stress averages for piecewise growth. (a) Radial stress
pro�le TRR and average stress pro�le TRR. The analytical curve was obtained from
(3.59) and the numerical curve (for validation) was obtained from (3.13). In both
the numerical and analytical case, the piecewise growth pro�le γi according to (3.51)
was used. The average stress was computed according to 3.62 with the same growth
pro�le as the other curves. (b) Circumferential stress pro�le T θθ and average stress
pro�le T θθ. The analytical curve was obtained from (3.60) and the numerical curve
(for validation) was obtained from (3.14). The growth pro�le is as in (a) . The average
stress was computed according to 3.64 with the same growth pro�le as the other curves.
All other parameters are as in Figure 3.9, with Young's Modulus µ = 1.

Average circumferential stress We have seen in (3.60) how the circumferential

stress T θθ relates to the radial stress TRR. The average over that expression is

T θθK = TRRK + κK , (3.64)

We have presented an expression for κK in (3.61). The average over κK is

κK =
2µ [r2

K (AK)− γ2
KA

2
K ]

∆2γK2
log

[
A2
Kr

2
K (AK)

A2
K−1r

2
K−1 (AK−1)

]
. (3.65)

According to (3.64), the expression for T θθK is the sum of κK (see (3.65)) and TRRK

(see (3.62)). The average circumferential stress is depicted as horizontal lines in the

respective layers in Figure (3.11)(b).

3.3.3 Generating a homeostatic state from prescribed growth

pro�le

We prescribe a growth pro�le γ∗ (R0) from which the homeostatic stress is computed

through averaging. The growth pro�le is linear and has a slope given by the parameter
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C1:

γ∗
(
R0
)

= 1 + C1

(
R0 − A0

)
, C1 (AN − A0) < 1. (3.66)

Note that this growth pro�le satis�es γ∗ (A0) = 1, i.e. no growth at the inner boundary.

For C1 = 0 there is no growth (γ∗ = 1).

To obtain the discrete homeostatic stress pro�le {γ∗i } from the continuous pro�le

γ∗ (R0), we compute the average according to (3.51). The homeostatic stress is T (γ∗)

is computed from the discrete homeostatic stress pro�le {γ∗i } according to (3.59) and

(3.60). The homeostatic values T (γ∗) are obtained as averages according to (3.62) and

(3.64). It is important to note that the homeostatic stress is generated by prescribing a

growth pro�le 3.66, which by de�nition makes the homeostatic stress is admissible (see

Section 3.2.7). The homeostatic values are averages of a Cauchy stress pro�le which

satis�es the system's boundary conditions.

3.3.4 Growth Dynamics

In this Section, we propose a growth law which is a generalisation of (3.48) from 2 to

N layers. Apart from the number of layers, the main di�erence between (3.48) and the

present growth law are the values for homeostatic stress: In the present case, homeo-

static stress is obtained from a linear growth pro�le in Section 3.3.3. The advantage

of the present approach is that for any number of layers, the homeostatic stress is

characterised by a single parameter C1 (see (3.66)). The growth law reads

γ̇K = γK

{
K̃
[
TRRK (γ)− TRRK (γ∗)

]
+ T θθK (γ)− T θθK (γ∗)

}
, K = 1 . . . N (3.67)

In order to consider the stability of (3.67) in the neighborhood of the homeostatic state,

we expand (similarly to eq. (3.39))

γK = γ∗K + εγ̃K +O
(
ε2
)
, K = 1, . . . , N. (3.68)

To linear order in ε, the dynamical system simpli�es to

˙̃γ = J γ̃ (3.69)
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The eigenvalues of the Jacobian J characterise the stability of (3.67) near the homeo-

static state. The components of the N ×N matrix J are

Jij =

[
γi

(
K̃
∂TRRi (γ)

∂γj
+
∂T θθi (γ)

∂γj

)]

γ=γ∗

. (3.70)

We characterise the stability in the neighborhood of the homeostatic state as a function

of two nondimensional parameters: The mechanical feedback anisotropy parameter K̃

and the slope of the homeostatic growth pro�le C1. The latter appears in (3.70) through

γ∗, see 3.3.3.

Figure 3.12(a) shows a bifurcation diagram of the stability of the dynamical system

(3.12) as a function of K̃−1 and C1 for N = 9 layers (note that unlike in Figure 3.6,

here we discuss the inverse of K̃ to focus on large circumferential stress, see (3.37)2).

The regions are coloured according to the largest real part of the eigenvalues λi of

J , that is Max(Reλ1, Reλ2, ... ReλN). This quantity is simply abbreviated as λ in

the �gure legend. There are three parameter regions: an unstable region (orange), a

stable region (blue), and an undecidable region (green) for which λ is within a small

tolerance of zero. This relatively shallow region of λ is further explored in Figure

3.13 and allows us to identify the clearly stable and clearly unstable regions of the

diagram. Figure 3.12(b)�(e) shows that for increasing values of N (that is, a re�nement

of the discretisation), the regions are practically unchanged (b�d), and that the largest

eigenvalue of four selected points converges reliably to a �nite positive (P1 & P2) or

negative (P3 & P4) eigenvalue.

The green shallow region is more explicitly visualised in Figure 3.13. This plot shows

in the vertical axis the value of the largest real eigenvalue computed at
(
K̃−1, C1

)
from

the Jacobian (3.70). The planes λ = tol and λ = −tol are shown in dark gray, and

eigenvalues between are assumed to be in the shallow (green) region in which stability

cannot be decided from an expansion of γ according to (3.68) to �rst order in ε.

Thus, for this example we see that in the N layer growth dynamics system there

exist a region of stability, and a region of instability, which both persist (for large

enough N) independently of the discretisation. A strongly anisotropic growth law

(K̃−1 close to zero or negative) is required for the system to be unstable. We showed

for a representative sample of points in the stable and unstable region that convergence
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of their eigenvalues for large N is very good. We expect that the stable and unstable

region represent the true behaviour of the full (inhomogeneous) system discussed in

section 3.1. The intermediate (green) shallow region of eigenvalues has a �ne structure

not expected in the full system, which is an artefact of the discretisation.

3.3.5 Discussion of possible model extensions

Boundary conditions prescribing pressure For all models presented in this chap-

ter, we chose a setup of soft elastic annuli surrounding an unchanging nucleus, with no

pressure applied at the boundary of the outer annulus (see (3.6) and (3.13)). Mathe-

matically, �xing the deformation at the inner layer and the pressure at the outer layer

has computational advantages. When the growth pro�le is prescribed, the boundary

value problem can be separated, so that the deformation map (3.7)can be integrated

independently of stress, and its result informs the stress integration (3.13). However,

the boundary conditions can be relatively easily generalised without changing most of

the analysis and meaning of our averaging approach to growth dynamics and stress

averaging. To accommodate a wider class of problems related to biological tubes, we

can set the boundary conditions of (3.7)and (3.13) to

TRR (A) = P, TRR (B) = 0, (3.71)

where P is once again a prescribed pressure (see e.g. [7] for an analysis of spherical

shells in this boundary value). In the boundary value problem 3.71, the integration of

r can no longer be executed independently from TRR, because the integration domain

is not known a priori. In analogy to (3.7), the radial map is

r =

√
a2 + 2

∫ R0

A

γr(R̃)γθ(R̃)R̃dR̃ (3.72)

where a = r (A) is unknown. Inserting (3.72) into (3.7) with boundary conditions (3.71)

requires numerical root �nding (e.g. Newton's Method) to solve for a. In practise, this

is a very minor di�erence and the techniques outlined in this chapter (stress-averaging,

N -layered cylinder) all apply unaltered � there is simply an additional calculation

required to numerically �nd the integration domain at every time step.
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Figure 3.12: Bifurcation diagram and convergence for N -layered cylinder system.
(a)�(d): The unstable (orange) and stable (blue) regions retain their shape for increas-
ing values of N . (e): For a representative sample of points P1 to P4, the convergence of

the largest eigenvalue is very good (see interpretation in text). The
(
K̃−1, C1

)
coordi-

nates are P1 (0.1, 2.5), P2 (−0.25,−0.5), P3 (0.5,−0.5), P4 (1,−0.5). Other parameters
are µ1 = 1, A0 = 1, AN = 2.
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Figure 3.13: Detailed depiction of the shallow (green) region from Figure 3.12. The
large shallow region has a �ne structure which is an artefact of discretisation and is not
expected in the full inhomogeneous system. For this reason, we choose a three colour
system in Figure 3.12(a)�(d), in which the shallow region and its �ne structure are
merged into one region de�ned by −tol ≤ λ ≤ tol. The two planes serving as upper
and lower bounds of this region are depicted in dark gray. Values above λ = tol are
stable, below λ = −tol are unstable.
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Alternative stress-strain relationships Another straightforward modi�cation to

the model would be the use of a di�erent stress-strain relationship. We used the

Neo-Hookean model throughout the chapter, which describes an isotropic elastomer.

To incorporate for instance strain-sti�ening properties observed in many biological

materials [18], a Fung material would be an appropriate choice for (3.12), that is

ŴFung =
µ

2β

[
eβ(α

2+α−2−2) − 1
]

(3.73)

where the parameter β controls the strain-sti�ening. A comprehensive list for nonlinear

constitutive laws for elastomers and soft tissues is described in [30].

Anisotropic growth tensor in addition to anisotropic growth laws A gen-

eralisation of the N -disk model to anisotropic growth would also be of interest. In

the model presented in Section 3.3, the growth law is already anisotropic, whereas the

growth tensor is isotropic. Allowing for an anisotropic growth tensor would increase

the size of the dynamical system (3.67) from N to 2N equations, as γ̇RRK and γ̇θθK would

need to be speci�ed for K = 1 . . . N . It would be interesting to see if the stability

results presented in 3.12 would be strongly a�ected by adding anisotropic growth on

top of an anisotropic growth law.

3.4 Conclusion

This chapter extends the ideas of growth dynamics driven by homeostasis, and its

implications on the stability of such dynamical systems, from a one dimensional to a

two dimensional system. The problem studied here, that of a morpho-elastic cylindrical

structure, introduces the problem of spatial inhomogeneity.

Table 3.1 shows an overview of the di�erent models presented here, and a succinct

summary of the insights they allow. In Section 3.1, we demonstrate numerical solutions

for growth dynamics of the full inhomogeneous problem, in which the growth law is a

function of the full spatially dependent tensor �eld T . We conclude that this approach

makes general statements about stability infeasible on a continuous spatial domain. We

therefore considered a simpli�cation of the spatial domain via discretisation (Sections

3.2 and 3.2.7). The focus of these sections was to characterise the dynamics of the full
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Sec 3.1 Sec 3.1.4 Sec 3.2 Sec 3.2.7 Sec 3.3

Idea
General
setup, no
analysis.

Simulate
dynamics

numerically.
General

statements
infeasible.

Fully
capture

dynamics for
two layers.
Include all
equilibria.

Dynamics
remains
intricate
even for
admissible
homeostasis.

For large N
stability of
homeostasis
has distinct
parameter
regions.

G
symmetry

anisotropic anisotropic isotropic isotropic isotropic

G spatial
depen-
dence

γ (R0)
continuous

γ1 (R0)
continuous,
γ2 = 1
(passive)

γ1, γ2

discrete
γ1, γ2

discrete
γ1, γ2, ... γN

discrete

Homeostatic
stress

admissive?
No No No Yes Yes

Table 3.1: Overview of model assumptions made in di�erent sections of this chapter.
Brief summary and properties of the models: Symmetry of G (isotropic γRR = γθθ

vs anisotropic γRR 6= γθθ), spatial dependence (continuous vs discrete, how many
layers?), and admissive property of homeostatic stress (does it satisfy system boundary
conditions?).

nonlinear system, and we conclude that the number of equilibria and their stability

varies greatly and gives rise to highly intricate dynamics which we organise via several

bifurcations. We �nd that only a rather narrow parameter region permits solutions

where the system is stable and grown (i.e. added mass). Whether or not the home-

ostatic state is admissive does not appear to change this conclusion. This complexity

of dynamics raises the question about stability of the homeostatic equilibrium. We

address this question in Section 3.3. We analyse the dynamics near the homeostatic

equilibrium, keeping the discretisation of the system (N) as a parameter. We show

that clear regions of stability and instability persist independently of the discretisation

(for su�ciently large N). We expect that these regions represent the true behaviour of

the full inhomogeneous system. This result allows us to characterise the stability of a

morphoelastic growing cylinder.
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Chapter 4

Morphomechanics of the Ammonites'

shell form

4.1 Introduction

In this Chapter, we apply the concept of mechanical feedback to the growth of Am-

monites' shells. Their morphology has been very well studied. A set of qualitative

observations known as Buckman's Law summarises how the features of the logarithmic

shell spiral and the shape of the shell cross-section correlate with the oscillatory ribbing

pattern. The shell cross-section is typically on a continuum between a circle and an

ellipse.

Our goal in this Chapter is to uncover how a mechanical feedback mechanism similar

to homeostasis-driven growth (as presented in Chapter 3) a�ects the morphology of

Ammonites. To achieve this goal, we use as a foundation the morphomechanical model

by Moulton et al. [57]. The model is capable of partially addressing Buckman's Law,

but cannot address changes to the shape of the shell cross-section and models shell

growth as a constant (mechanical feedback is not modeled). We extend in this chapter

the model [57] to describe a wider class of morphologies and show how the model

predictions are consistent with Buckman's Law. This extended morphomechanical

model serves as a foundation to incorporate mechanical feedback and to explore the

nuanced e�ect that a homeostasis-driven growth feedback mechanism has on the shell

morphology. Finally, we show that the morphological e�ect of mechanical feedback is

consistent with observation and cannot readily be captured by previous models.

97



Figure 4.1: Examples of shell ornamentation. Right: Shell of the Hexaplex family.
It is remarkable how the ornamentation exhibits a self-similar structure. Some of the
ornamentation is similar to a Koch curve iterated up to degree four (if you consider
a triangle as degree 1). Left: Shell of the Chicoreus family. The characteristic shape
of the sharp and regular growth outbursts is studied in [11]. Photographs courtesy of
Régis Chirat.

4.1.1 A natural 3D printer

Much like with 3D printers, the creation of seashells involves laying down new material

in thin, thread-like layers. However, in the case of Ammonites' shells, a soft creature

(mollusk) without a compass or access to mathematical software produces astonishingly

detailed patterns with great regularity and geometrical precision. Such patterns involve

for instance sharp spines and fractal-like ornamentation (see Fig. 4.1). This mollusk's

success of building the shell does not rely on speci�c spatial orientation or a support

mechanism for the shell it is building, and wastes no material on any redundant internal

sca�olding, which 3D printers tend to do very often. Nevertheless, the rigidity of

seashells is remarkable.

4.1.2 Seashell growth

In this Chapter we study the ornamentation, that is the ribbing patterns, of Am-

monites' shells. As mentioned before, the growth of these shells occurs layer by layer,

with approximately one layer created a day, over a period of time of several years to

create a full seashell. The mollusk has a soft elastic organ, the mantle, which lines the

inside of the shell, see Fig. 4.2. It is attached via a sti� elastic layer, the periostracum,
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Figure 4.2: Schematic of mantle attached via the periostracum to the shell edge. Re-
produced from [57] with permission.

to the already hardened (calci�ed) shell. For a growth increment to occur, the mantle

grows slightly beyond the shell edge, where it takes a particular equilibrium shape

governed by the forces in the mantle/periostracum system. In this equilibrium con�g-

uration, a chemical substance is secreted in the periostracal grove, which later calci�es

into a shell increment. The mantle/periostracum system (from now on referred to as

the mantle) acts as its own template in creating the seashell, where every individual

shell layer can be interpreted as an elastic equilibrium of the mantle attached to the

calci�ed seashell.

4.1.3 Commarginal and Antimarginal Ornamentation

Seashells can typically be described as having a primary base structure and a secondary

ornamental structure. The base structure typically takes the form of a smooth coiling,

and in the case of Ammonites is very similar to a logarithmic spiral. We argue in this

chapter that the secondary (ornamental) structure of Ammonite shells has a mechanical

basis.

Shell ornamentation is typically subdivided into commarginal and antimarginal or-

namentation. Commarginal ornamentation takes the shape of an oscillatory component

to the dilation of the shell aperture (the opening or edge of the shell where new ma-

terial has most recently been deposited). Antimarginal ornamentation, on the other

hand, are patterns that are orthogonal to the shell aperture (see examples in Fig. 4.3).

The possibility of modeling antimarginal ornamentation is discussed in Section 5.2.2.

In this chapter we focus on commarginal ornamentation of Ammonites.
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commarginal
ornamentation

antimarginal ornamentation(a) (b)

Figure 4.3: Ornamentation types. (a) Commarginal ornamentation on Sonninia
Propinquans shell. Modelling details explored in Fig. 4.20 in Chapter 4. (b) An-
timarginal ornamentation on Lambis truncata. The author's implementation of the
surface growth framework [55, 56] applied to the model of sharp spines proposed in
[11]. Photograph provided by Régis Chirat.

4.1.4 Buckman's Law

Ammonites' shells have a characteristic spiral shape and ornamental ribbing pattern

(Fig. 4.4). They became extinct 65 million years ago (see [21]) and their form and

lineages have been very well studied. A standard set of observations about Ammonites

is known as Buckman's law, which relates ribbing oscillation pattern to the spiral

coiling, as well as the elliptic shape of the cross-section. It has received much attention

because the correlations it predicts are true not only for closely related Ammonite

species, but also for distantly related ones.

Buckman's Law relates the shell coiling and shell cross-section shape to the shell

ribbing pattern. To state Buckman's Law following the de�nition of [40], we �rst

introduce the notions of involution and compression.

The key feature in describing the coiling of the shell is called involution. We de-

scribe this feature in terms of its opposites, evolute and involute. Evolute means that

the outermost whorl (that is a 2π revolution), which is shown in red in Fig. 4.4 in red,
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is relatively small compared to all inner whorls (blue). The opposite term, involute,

means that the outer whorl is relatively large compared to all inner whorls.

Ammonites' shells have ellipse shaped cross-sections. The key feature in describing

the cross-section shape is compression. A compressed ellipse is thin, with the long

axis being in the plane of the coiled shell. On the opposite hand, the term 'circular'

describes the proximity to a circular cross-section (see Fig. 4.5). Overall Buckman's

statements relate compression and involution to the ribbing pattern of the seashell.

Paraphrasing [40], Buckman's Law comprises two statements:

1.The more evolute the coiling, the more ornamentation. (4.1)

2.The more circular the cross-section, the more ornamentation. (4.2)

The �rst statement relates the seashell spiral coiling to the ribbing pattern, the

second one relates the shape of the seashell cross-section (circle vs. ellipse) to the

ribbing pattern.

4.1.4.1 Buckman's �rst statement

Let us consider the �rst statement of Buckman, relating coiling to ribbing. In Fig. 4.4,

three Ammonite shells with varying degree of involution are depicted. Their degree of

compression is approximately the same. The shell to the left is the most evolute, as

can be seen from the ratio of the outer whorl (red) to the inner whorls (blue). This

shell is in fact the most ornamented (for a quantitative description of ornamentation

in terms of relative amplitude and wavelength, see below). In the shell to the right, on

the other hand, only the outer whorl is visible at all, which makes it strongly involute.

As Buckman's statement predicts, it is indeed very smooth (not ornamented).

4.1.4.2 Buckman's second statement

Buckman's second statement relates compression to ribbing. In Fig. 4.5, once again

three Ammonites' shells are shown, this time with varying degrees of compression and

approximately equal involution. The shell to the left is the least compressed, and has

the highest degree of ornamentation, as consistent with Buckman's second statement.
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Figure 4.4: Illustration of the �rst statement of Buckman's law. The shell to the left is
the most evolute and the most ornamented, whereas the shell to the right is the most
involute and the least ornamented, i.e. the smoothest.

The shell to the right, on the other hand, is the most compressed and has the lowest

degree of ornamentation, i.e. it is very smooth.

4.1.4.3 Quanti�cation of Buckman's Law

In [57], the authors proposed a morpho-mechanical model which addressed the �rst

of Buckman's statements very successfully. The authors propose a model based on a

force balance between the elastic forces in the mantle and the attachment forces of

the mantle/periostracum to the calci�ed shell. They clearly relate the involution and

ornamentation of shells to geometric and physical parameters in their model, proposing

that Buckman's law is likely a consequence of fundamental principles of mechanics and

growth.

However, the model [57] has some limitations preventing it from addressing Buck-

man's involution statement. The reason is that the model is built around a circular

cross-section, which by de�nition prevents from any statements about compression. To

overcome the limitations, we identi�ed the energy contributions which produce a force

balance consistent with the [57] model. This opens up the possibilities of treating more

complicated cross-section geometries and makes it possible to incorporate an elliptic

cross-section. This allowed us to address both statements of Buckman's law.
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Figure 4.5: Illustration of the second statement of Buckman's law. The shell to the
left is the most circular and the most ornamented, whereas the shell to the right is the
most compressed and the least ornamented, i.e. the smoothest.

4.2 The Lagrangian framework

4.2.1 Morphomechanical Model

The basic physical premise for the model is illustrated in Fig. 4.6. The shape of the

shell at any given point emerges as a balance between the elastic forces within the

shell secreting mantle/periostracum (hereafter referred to as simply the mantle) and

a generating zone force, akin to a torque spring, that describes the resistance of the

generative zone to change orientation from the portion of the calci�ed shell to which it

is continuously attached. The change to an elliptical geometry means that the stresses

within the soft tissue are not constant but rather vary with position along the mantle

edge. This added complexity renders a force-balance description, such as presented in

[57], impractical. Rather, our approach is to use a Lagrangian energy-based description,

which can be formulated in terms of three functions, two of which are independent:

the semi-minor axis b (z), the semi-major axis a (z) and the eccentricity e (z) (i.e. a

measure of how much it deviates from being circular) of the aperture ellipse, all written

as functions of shell arc length z (details are provided in Subsections 4.2.3 and 4.2.5).

In order to capture the stresses within the mantle, we also require as an input to the

model the reference shape of the mantle, i.e. the shape that it would take in the absence

of any interaction with the shell. In our formulation, this is accomplished by positing

the functions â (z), b̂ (z) and ê (z), such that the mantle is stress-free if and only if
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â(z)

b̂(z)

observed, stressed state stress-free, reference state

θ

ex

er(θ)

θ

a(z)

b(z)

centreline
curve rm (z)

Figure 4.6: Schematic of the model. The mantle and shell aperture are assumed to
have an elliptical shape, described by (semi-)major axis a and (semi-)minor axis b and
eccentricity e =

√
1− b2/a2, all functions of arc length z. The stress-free reference

state (dashed ellipse) is the shape the mantle would take if it did not interact with the

shell, and is described by â, b̂ and ê =

√
1− b̂2/â2, again functions of z.

a = â, b = b̂ and e = ê. The functions â (z), b̂ (z) and ê (z) characterize the expansion

of the growing mantle and allometric variation (a change in reference eccentricity). The

current and reference states of the mantle are illustrated in Figure 4.6.

4.2.2 Lagrangian approach

In this section we derive the Lagrangian formulation governing the ornamental pattern.

The shell cross section is assumed to have an elliptical shape. The governing equations

are derived from an energy minimisation point of view. This leads to a formulation

consistent with the previous force balance in the special case of a circle, but is more

amenable to analysis in the present case of an elliptical cross-section. Exploiting the

fact that the arc length of the shell aperture is much larger than the thickness of the

mantle, the mantle (and the growing shell) is modelled as a planar curve, and the energy

may be formulated within the framework of elastic rods [58]. The shape of the shell

at each point during development is then determined by minimizing the (quasistatic)

mechanical energy, arising due to a potential mismatch between the reference state of

the growing mantle and the calcifying rigid shell to which it is adhered.

There are three particular contributions to the total energy E:

E = Es + Eb + Eg. (4.3)
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stretching, no bending bending, little stretching generative,
”kinetic”

Es Eb Eg

Figure 4.7: Illustration of three energy contributions. The undeformed (reference)
shape is dashed. (a): Stretching is tangential to the cross-section curve such that
increasing the size of the ellipse builds up stretching energy Es. (b): High curvature
points contribute greatly to the bending energy Eb. (c): The resistance of the genera-
tive zone to change in orientation from the calci�ed shell is provided by the generative
zone energy Eg. Mathematically, this contribution shares a certain analogy with the
kinetic energy of a vibrating string, which accounts for inertial e�ects of motion.

Deformations of the mantle from its (stress free) reference shape to the current shape

(attached to the shell) induce both a stretching energy Es and a bending energy Eb.

The other energy contribution comes from the generative zone and is denoted Eg.

This term captures the resistance of the generative zone to changes in orientation. A

qualitative description of the energies is provided in Figure 4.7, whereas a quantitative

description is developed below.

Note that the model takes into account the contact of the mantle with calci�ed shell

material from the previous whorl, i.e. self-contact, creating an overlap region shown in

Figure A.5. Overlap is accounted for through a geometric overlap parameter τ which

is discussed in more detail in Appendix A.4.1. However, self-contact is considered in

our model purely geometrically, not mechanically, i.e. self-contact is not accounted

for in the energy balance. A possible extension of our model to an arbitrary aperture

shape, which would allow us to explore the simultaneous formation of commarginal

and antimarginal ornamentation (including self-contact), is discussed in Section 5.2.2.

4.2.3 Quantitative description of energy contributions

We �rst require a description of stretching and bending within the elliptical geome-

try. In planar Cartesian coordinates, an ellipse is parameterised by the curve r (θ) =

(a cos θ, b sin θ). An in�nitesimal arc length element of this curve is ds = rdθ where

r (θ) = |r (θ)|. The semi-major axis is r (0) = a and the semi-minor axis is r (π/2) = b.

The base assumption in this paper is that the ribbing pattern of the Ammonites' shell

105



is parameterised by

rs (θ, z) = (a(z) cos θ, b(z) sin θ, z) , (4.4)

where z is the growth axis. Note that this description treats the growing shell as a

ribbed cone or cylinder; coiling will be subsequently introduced in Sec. A.4 in order to

simulate 3D shells.

The objective then is to determine the functions a(z) and b(z). In order to do this,

we also require the reference shape, i.e. the shape of the mantle in the absence of any

external forces; this is described by the ellipse r̂ (θ) =
(
â cos θ, b̂ sin θ

)
with arc length

dS = r̂dθ. Explicitly,

ds = dθ
√
b2 cos2 θ + a2 sin2 θ , dS = dθ

√
b̂2 cos2 θ + â2 sin2 θ . (4.5)

The local elastic stretch is de�ned as α (θ) = ds/dS and takes the form

α (θ) =

√
b2 cos2 θ + a2 sin2 θ

b̂2 cos2 θ + â2 sin2 θ
. (4.6)

From this we introduce the quadratic stretching energy

Es =

∫ 2π

0

Ks

2
[α (θ)− 1]2 dθ, (4.7)

where Ks > 0 is a parameter characterizing stretching sti�ness. Note that when the

observed system coincides with its resting state (ds ≡ dS), the stretching energy

contribution is zero.

In order to de�ne the bending energy, we �rst compute the Frenet curvature κ:

κ (θ) =

∣∣∣∣
dr

dθ
× d2r

dθ2

∣∣∣∣ /
(

dr

dθ

)3

. (4.8)

The Frenet curvature of an ellipse in the parameterisation r (θ) is

κ (θ) =
ab

(
b2 cos2 θ + a2 sin2 θ

)3/2
. (4.9)

The reference curvature κ̂ is de�ned (as earlier) by replacing a by â and b by b̂. The
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bending energy is then given by

Eb =

∫ 2π

0

Kb

2
[α (θ)κ (θ)− κ̂ (θ)]2 dθ (4.10)

where Kb > 0 is a bending sti�ness parameter. Note that if the ellipse is scaled at �xed

aspect ratio (i.e. �xed eccentricity) the geometric curvature κ decreases. However, the

term ακ remains constant and ensures that a �xed aspect ratio deformation generates

a stretching energy but no bending energy. Details about the Frenet curvature and

the quantity ακ (the second component of the so called Darboux vector) and their

relationship to each other can be found in [58].

The �nal component is the generative zone energy Eg. Its form is

Eg =

∫ 2π

0

Kg

2
r′2dθ, (4.11)

where prime denotes a derivative with respect to the arc length z and Kg > 0 is the

generative zone sti�ness parameter.

As discussed in Section 4.2.1, the calci�ed shell is connected to the not yet calci�ed

shell edge via the mantle/periostracum system. This connecting region is the generative

zone.

The generative zone acts akin to a torque spring, resisting a change in angle, so

that work must be done to change its orientation with respect to the already calci�ed

shell. It could be thought of as a penalty which becomes greater if the tangent surface

of calci�ed shell material is misaligned with the tangent surface of the mantle.

Let us �rst consider the absence of generative zone energy. If dr (θ) /dz is constant

in z, the generative zone is perfectly aligned with old material. In this case, the

generative zone energy is Eg = 0 and no ribs are formed. This case is illustrated in

Figure 4.8(a) if growth is absent and in Figure 4.8(b) when growth is present.

In the presence of generative zone energy (Eg 6= 0), d2r (θ) /dz2 6= 0, which gives rise

to oscillations, see Figure 4.8(c). The term Eg captures the resistance of the generative

zone to changes in orientation from the already calci�ed portion of the shell to which it

is adhered. It provides the mechanical system with a memory of the shell orientation,

and is essential to the formation of ribbing.

Another physical interpretation of the generative zone energy is described in Sec-
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Figure 4.8: Illustration of the e�ect of generative zone energy Eg on the seashell mor-
phology. In the absence of generative zone energy, oscillations are not formed, even
in the presence of growth, as illustrated in (a)�(b). Ribbing is formed if Eg 6= 0, as
shown in (c). The process of transforming the expanding tube to the �nal morphology
is coiling, see (d). Coiling is discussed in detail in Section A.4.

tion 4.2.5, where an analogy between the growing shell and a vibrating elastic ring is

discussed.

4.2.4 Explicit form of the energy contributions

Here we provide the tools for obtaining explicit forms for Es, Eb and Eg as functions

of the major axis a(z), the minor axis b(z) and their derivatives with respect to arc

length z. We achieve this by expanding the expressions (4.7), (4.10) and (4.11) and by

integrating over θ. This allows us to present the energy contributions in a form amend-

able for a simpler variational approach using the Euler-Lagrange equations, which we

demonstrate in the following Subsection.

We start by expanding the bending energy contribution Eb according to (4.10)

Eb = I1
b + I2

b + I3
b , (4.12)

where the integrals I1
b , I

2
b and I3

b are
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Ib1 =

∫ 2π

0

a2b2Kb csc6 θ

2 (a2 + b2 cot2 θ)
2
(
â2 + b̂2 cot2 θ

)dθ, (4.13)

Ib2 =

∫ 2π

0

â2b̂2Kb

2
(
â2 sin2 θ + b̂2 cos2 θ

)3 dθ, (4.14)

Ib3 =

∫ 2π

0

− a â b b̂Kb csc6 θ

(a2 + b2 cot2 θ)
(
â2 + b̂2 cot2 θ

)2 dθ. (4.15)

We proceed to the generative energy Eg according to (4.11)

Eg = I1
g + I2

g + I3
g , (4.16)

where the integrals I1
g , I

2
g and I3

g are

I1
g =

∫ 2π

0

a2 (a′)2Kg cos2 θ

2a2 + 2b2 tan2 θ
dθ, (4.17)

I2
g =

∫ 2π

0

a b a′ b′Kg

a2 csc2 θ + b2 sec2 θ
dθ, (4.18)

I3
g =

∫ 2π

0

b2 (b′)2Kg sin2 θ

2a2 cot2 θ + 2b2
dθ. (4.19)

Finally, we consider the stretching energy Es according to (4.7)

Es = I1
s + I2

s + I3
s , (4.20)

where the integrals I1
s , I

2
s and I3

s are

I1
s =

∫ 2π

0

−Ks

√
a2 sin2 θ + b2 cos2 θ

â2 sin2 θ + b̂2 cos2 θ
dθ, (4.21)

I2
s =

∫ 2π

0

b2 cos2 θKs

2â2 sin2 θ + 2b̂2 cos2 θ
dθ, (4.22)

I3
s =

∫ 2π

0

a2 sin2 θKs

2â2 sin2 θ + 2b̂2 cos2 θ
dθ. (4.23)

Note that we neglected constant energy contributions, as these do not a�ect the
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variational solution of energy minimisation.

The only integral to which we were unable to �nd a closed form solution with the

Mathematica software is I1
s . To obtain a closed form approximation, we consider an

expansion in the proximity of the reference axes,

a = â+ εã+O
(
ε2
)
, b = b̂+ εb̃+O

(
ε2
)
. (4.24)

This allows us to express I1
s as

I1
s = −2πKs − ε

∫ 2π

0

Ks

(
âã sin2 θ + b̂b̃ cos2 θ

)

â2 sin2 θ + b̂2 cos2 θ
dθ

− ε2

∫ 2π

0

sin2(2θ)Ks

(
b̂ã− âb̃

)2

8
(
â2 sin2 θ + b̂2 cos2 θ

)2 dθ +O
(
ε3
)
,

(4.25)

and we can �nd closed form solutions to both integrands in Mathematica.

To summarise, we note that all integrals, that is I is (in the form (4.25)), I ib and I
i
g

(where i ∈ {1, 2, 3}) are closed form functions of a, b, a′, b′ and the reference quantities

â, b̂. The dependence on θ can be integrated out completely. We note that in future

models, it will be interesting to take into account a θ-integration over less than 2π in

the case of overlapping shells (τ > 1, see subsection A.4).

4.2.5 Euler-Lagrange equations

The energies (4.7), (4.10), and (4.11) de�ne the Lagrangian L, a functional of the major

and minor axes a (z) and b (z), their rates of change along the arc length a′ (z) and

b′ (z), as well as the reference functions â (z) and b̂ (z). It has the form

L [a (z) , a′ (z) , b (z) , b′ (z) , z] = Eg − (Es + Eb) . (4.26)

We note that we can express the Lagrangian in terms of the integrals I is, I
i
b and I

i
g as

L =
3∑

i=1

I ig −
(
I is + I ib

)
. (4.27)
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The ribbing pattern is then governed by solutions to the Euler-Lagrange equations

∂L

∂a
− d

dz

(
∂L

∂a′

)
= 0 and

∂L

∂b
− d

dz

(
∂L

∂b′

)
= 0 . (4.28)

The Lagrangian (4.26) is analogous with the dynamic mechanical problem of a vibrating

ellipse-shaped string. In this analogy, Eg would be identi�ed with the kinetic energy,

the arc length z would be identi�ed with time, and the term Es + Eb would describe

the potential energy of the vibrating string due to stretching and bending.

The Lagrangian framework allows us to illustrate the generative zone through a

classical mechanical analogy. If we replace the derivative d (. . .) /dz in (4.11) by a time

derivative d (. . .) /dt (also denoted by an overdot), we obtain a Lagrangian of the form

L = T − V, T =
Kg

2
ṙ2, V = Es + Eb (4.29)

where T is the kinetic energy and V is the potential energy (here it is the sum of bending

and stretching energy, i.e. the total elastic energy of the system). The classical system

(4.29) describes a vibrating elastic ring and o�ers the formal (albeit not necessarily

physical) analogy between the generative zone energy and kinetic energy. Formally,

the generative energy produces oscillations in the same way as inertia would produce

oscillations, which is by transforming elastic into potential energy and vice versa. While

the physical process of Ammonite morphogenesis is far too slow to be driven by inertia,

the formal analogy between generative energy in a slow growing system and kinetic

energy in a fast vibrating system may contribute to building intuition for the form of

the generative zone energy.

4.3 Ribbing oscillations

In order to simplify the study and obtain a clearer picture, it is also useful to consider

a reduced model, in which we make a simplifying restriction on the Lagrangian (4.26):

we consider the case e ≡ ê (z), that is, the eccentricity is prescribed as a given function

of the arc length z. This assumption allows us to remove the e�ect of bending energy

while preserving the elliptical geometry, enabling us to isolate the role of eccentricity in

the pattern.With this assumption, there is only one independent function, so that for
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example ribbing on the low curvature size automatically determines ribbing on the high

curvature side (a and b satisfy an algebraic relation). Below, we proceed to analyse the

trends predicted in the reduced model, which is more analytically tractable and enables

for direction comparison with our previous results in the circular geometry [57]. We

then return to the full model in Section (4.3.2) to consider synchronous variations and

to demonstrate numerically that the same general trends are captured by both models.

4.3.1 Reduced model - prescribed eccentricity

In this section we will describe the ribbing patterns of Ammonites' shells as solutions to

simpli�ed versions of (4.28). As an initial step, we make a simplifying restriction on the

Lagrangian (4.26) and consider the case e ≡ ê (z). This leads to a more analytically

tractable system and enables for direction comparison with [57]. This restriction is

later relaxed in Section (4.3.2).

To analyse the system under the restriction e = ê (z), we make the following variable

transformation

a (z) =
b (z)√

1− ê2 (z)
, and â (z) =

b̂ (z)√
1− ê2 (z)

. (4.30)

This allows us to express the functional as

L [b (z) , b′ (z) , z] . (4.31)

4.3.1.1 Constant eccentricity, linear expansion

To make further analytical progress, we �rst focus on the case e = ê = const. We also

assume that the reference length of the minor axis increases linearly according to

b̂ (z) = b̂0 + γbz, (4.32)

where b̂0 > 0 is the initial reference length and γb > 0 is the expansion rate. We also

introduce the two non-dimensional constants

k :=
Ks

Kg

, and f :=
2− 2ê2

0

2− ê2
0

. (4.33)
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With b̂ (z) according to (4.32), the Lagrangian (4.31) takes the form

L = b′2 (z)− fk
(
b (z)

b̂ (z)
− 1

)2

. (4.34)

Taking into account that the Lagrangian (4.34) only involves a single function b (z),

the lone Euler-Lagrange equation (4.28)2 is

b′′ (z) +
fk

b̂ (z)

(
b

b̂ (z)
− 1

)
= 0 . (4.35)

For initial values, we impose for simplicity

b (0) = b̂0 + δb, and
db

dz
(0) = γb, (4.36)

which �xes the initial slope to that of the reference geometry.

The initial value problem (4.35), (4.36) can be solved exactly. De�ning

ω =

√
4fk − γ2

b

2γb
, A =

√
1 + 4ω2

2ω
and ν = − arctan

1

2ω
, (4.37)

we obtain the solution

b (z) = b̂ (z) + δbA

√
b̂ (z)

b̂0

cos

(
ω log

b̂ (z)

b̂0

− ν
)
. (4.38)

We note that in the limit γb → 0 (i.e. no expansion of the reference shape) this solution

takes the form

b (z) = b̂ (z) + δb cos

(√
kf

b̂0

z

)
, (4.39)

i.e. simple harmonic motion. In the case of a circular cross-section, with ê0 = 0 (for

which eq. (4.33) implies f = 1), we �nd that (4.38) together with (4.37) reproduces

Equations (8) and (9) of [57]. In any case, given b(z), the function a (z) is obtained

from (4.30)1.

To quantify the increase/decrease in ornamentation referred to in Buckman's Law

(see Section 4.1.4), we introduce various quantities characterising the ribbing oscilla-

tion: The relative oscillation, the relative amplitude and the wavelength of the ribbing
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Figure 4.9: Wavelength during development for varying expansion. The wavelength in-
creases both with the expansion rate γb and the reference eccentricity ê0. All simulation
parameters can be found in Section A.5.

pattern.

Relative oscillation and relative amplitude of ribbing pattern The relative

oscillation is de�ned as the current minor axis divided by its reference length, b/b̂. For

the model given by (4.38), the relative oscillation b/b̂ coincides with a/â. If the relative

oscillation amplitude decreases over the lifetime of a shell (i.e. as a function of the arc

length z), the 3D morphology of the shell appears smoother (less ornamented).

The relative amplitude is de�ned as the distance between the upper and lower

enveloping curves (η+ and η−) of the relative oscillation. The enveloping curves can be

obtained from (4.38) and have the form

η± (z) = 1±
(
δbA√
b̂0

)
1√

b̂0 + γbz

. (4.40)

As the expansion rate γb increases, the relative amplitude decreases according to (4.40),

i.e. we expect a smoother shell morphology for larger expansion rates.

Wavelength of ribbing pattern

The wavelength λ (z) of the oscillation b (z) is 2π times the inverse of its frequency,

which is the derivative of the cosine-argument of (4.38) with respect to z:

λ (z) = 2π

[
d

dz

(
ω ln

b (z)

b̂0

− ν
)]−1

= 2π

[
Ks

Kg

(
2− 2ê2

0

2− ê2
0

)
− γ2

b

4

]− 1
2 (
b̂0 + γbz

)
(4.41)
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Figure 4.10: How various types of expansion in�uence the ribbing pattern. Comparison
between linear expansion (4.32) and quadratic expansion (4.43) for a circle (ê0 = 0).
All simulation parameters can be found in Section A.5.

The wavelength depends linearly on the arc length z, but its dependence on γb and

ê0 is nonlinear. In Figure 4.9(a), we plot the wavelength for three values of γb. In Figure

4.9(b), ê0 is varied instead of γb. The wavelength increases both with the expansion

rate and the reference eccentricity, which is a trend that persists even in more complex

cases when the wavelength cannot be explicitly computed analytically, as we will show

below. With increasing wavelength we expect a smoother shell morphology.

4.3.1.2 Allometric variation

In Section 4.3.1.1 we considered a constant eccentricity. In real shells, however, the

cross-section shape frequently changes over the life time of a shell, starting with a

circular cross-section and ending up with a more or less compressed ellipse in the adult

stages. This feature is captured in our model by allometric variation in which the

eccentricity is a non-linear function of the arc length:

â = â0 + γaz , b̂ = b̂0 + γbz , and ê (z) =

√
1− b̂2 (z)

â2 (z)
. (4.42)

We refer to this mode of expansion as allometric variation. The Euler-Lagrange equa-

tions of the reduced model (4.28)1 must be solved numerically to obtain the oscillations

of minor and major axis.
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4.3.1.3 Constant eccentricity, nonlinear expansion

In Section (4.3.1.1) we considered a linear expansion (4.32) with constant eccentricity.

This relationship may be further explored by considering a nonlinear expansion:

b̂ = b̂0 + γbz
2 (4.43)

To simulate the ribbing pattern for nonlinear expansion, we solve the resulting Euler-

Lagrange equation (4.28)2 numerically for b (z). Again, a (z) is obtained by (4.30)1.

Figure 4.10 compares the ribbing pattern of the quadratic expansion to the linearly

expanding case, showing that the increase in wavelength for quadratic expansion is

considerably larger compared to a linear expansion.

We extract from the linear expansion result 4.38 (which is illustrated in Figure 4.13)

and from the nonlinear expansion result of Figure 4.10 the trend that an increased

expansion leads to a diminished ribbing pattern. These results show that oscillations

tend to damp out more quickly (decrease in relative amplitude), when expansion rate

increases.

4.3.2 Full model

As noted in Section 4.3.1, in the reduced model the major axis a (z) and minor axis

b (z) are not independent functions. This is due to the fact that the eccentricity is

prescribed as a given function of the arc length z, which greatly simpli�es the analysis.

In this section we present the full model in which we relax the restriction of prescribed

eccentricity and treat a (z) and b (z) as independent variables. We show that the full

model displays the same general trends as the reduced model, justifying a posteriori the

use of the reduced model. The computational results of the full model shown in Figures

4.11 and 4.12 which compare directly with Figure 4.14, which shows computational

results of the reduced model

We now consider the Lagrangian of the full model (4.26) with two independent

functions and compare its solutions to the reduced one degree of freedom system (4.31).

The presence of bending energy (4.10) in the unconstrained Lagrangian (which is absent
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Figure 4.11: Comparison of full and reduced models for varying values of kb/ks. Other
parameters are as in Figure 4.14(I.b)�(III.b), i.e. γa = 0.1, see 4.3.1.2. The initial
conditions for the second degree of freedom are a (0) = â0 + δa and a′ (0) = γa.

for e = ê) requires that we introduce a new dimensionless parameter

kb =
Kb

Kg

(4.44)

in addition to (4.33)1.

Relationship between full and reduced systems In the reduced model, there is

no bending energy contribution. Hence the reduced model is obtained from the full

model in the limit kb/ks → ∞. That is, with in�nite bending sti�ness, the reference

ellipse will only deform in a manner that avoids bending, i.e. for which e(z) = ê(z).

To see this numerically, we produce in Figure 4.11 a version of Figure 4.14 (centre

column), comparing the full and reduced model for increasing values of kb/ks. This

gives clear numerical evidence of convergence of the models with increasing kb/ks.

General trends of full model To demonstrate that the full model preserves the

general trends of the reduced model, we plot in Figure 4.12 an analogous version of

Figure 4.14, but within the unconstrained Lagrangian and with a �xed (and relatively

low) value kb/ks = 6.45 throughout. Figure 4.12 shows the same trends as Figure 4.14.

Namely, the full model, while less amenable to analytical progress, predicts an in-

crease in ribbing wavelength and decrease in relative ribbing amplitude with increasing

expansion rate γa.
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Figure 4.12: Ribbing trends predicted by full model. Parameters are as in main text
Figure 4.14, see 4.3.1.2. The initial conditions for a(z) are a (0) = â0 + δa and a′ (0) =
γa. The value for kb/ks is 6.45.

4.4 Quanti�cation of Buckman's Law

4.4.1 Buckman's �rst statement: Relationship between expan-

sion rate and ribbing

In this Section, we examine simulation results of the model of constant eccentricity

4.3.1.1. The ribbing oscillation of the minor axis b (z) is described by (4.38), and the

major axis a (z) follows b (z) with a larger amplitude, as can be seen from (4.30). In

Figure 4.14, we show the oscillations of the major axis and minor axis plotted over

the arc length z of the centreline spiral. We can see from the 3D plots in Figure

4.14(III.a�III.c) that larger expansion rates γb produce more evolute shells (see Figure

4.4), which allows us to identify the expansion parameter γb with the involution de-

scribed in the context of Buckman's Law in Section 4.1.4. For large expansion rates

γb, the oscillation and amplitude in Figure 4.14(II.a�II.c) decreases most rapidly and

the wavelength increases most rapidly. This is consistent with our �ndings from 4.3.1.1

where we showed the dependence of the relative amplitude enveloping curve η± (z) on

γb (see (4.40)) as well as the dependence of wavelength λz on γb (see (4.41)). The

model simulations of Figure 4.14 are consistent with Buckman's �rst statement (4.1):

the more evolute the shell (larger expansion rate γb), the less ornamented it is (faster
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Figure 4.13: E�ect of expansion rate γb on the ribbing pattern at constant eccentricity.
In all three cases, the material properties are identical so that the variation in orna-
mental pattern is purely a manifestation of the growth mechanics and the di�erence in
geometry, that is, the expansion rate. I.a - I.c: Oscillations of major and minor axes.
A higher expansion rate causes a faster increase in wavelength (see Fig. 4.9). II.a -
II.c: Relative oscillation b/b̂ (which coincides with a/â), as well as relative amplitudes,
which are the enveloping curves. The larger the expansion rate γb, the faster is the
decrease in relative amplitude and increase in wavelength, leading to an increasingly
smooth shell (see Section 4.3.1). III.a - III.c: Rendering of coiled seashell surface,
in which the coiling properties result from the expansion rate (see Section A.4). All
simulation parameters can be found in Section A.5.
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decay of relative amplitude, increase of wavelength).

4.4.2 Buckman's second statement: Relationship between ec-

centricity and ribbing

In our examination of Buckman's �rst statement through our morphomechanical model,

we identi�ed the expansion rates γb with involution in Buckman's �rst statement 4.1.

Previously, we introduced the eccentricity (see Figure 4.6) to describe the shell cross-

section, which is addressed in Buckman's second statement 4.2. For the simulation in

Figure 4.14, we investigated the e�ect of the expansion rate γb on the ornamentation

while keeping the actual and reference constant e ≡ ê (z) = ê0. Buckman's second

statement can be described in our model as the opposite case in which γb is held

constant but ê0 is varied. In Figure 4.9(b) we investigate the e�ect of di�erent values

of ê0 on the wavelength λ (see (4.41)). We show that the smallest value of ê0 produces

smallest wavelength increase and therefore the most ribbed shell. The same correlation

between reference eccentricity and ribbing can be obtained by considering the relative

amplitude. We note that the highest value of ê0 will produce the greatest decrease in

relative amplitude (i.e. the smoothest shell), as can be seen from 4.40 if b̂0 = â0

√
1− ê2

0

is replaced according to (4.30)2. Our �ndings regarding the amplitude and wavelength

as functions of ê0 are consistent with Buckman's second statement (4.2) which predicts

that the most circular cross-section (lowest value of ê0) will correlate with the most

ornamented shell.

4.4.3 Conclusion: Both parts of Buckman's Law

Finally we can present a simulation in which Buckman's statements are acting to-

gether. Real Ammonites' shells have approximately circular cross-sections in their

juvenile stages [21], but then over their lifetime evolve to have a compressed ellipse

cross-section in their adulthood, or on the contrary remain fairly circular throughout

morphogenesis. We model the evolution of the cross-section shape over the shell's life-

time through allometric variation (see Section 4.3.1.2). In Fig. 4.14, the plots II.a-II.c

show the eccentricity plotted over arc length for shells with an increasing expansion

rate. To be consistent with the circular cross-section in the juvenile stages, all eccen-
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Figure 4.14: E�ect of allometric increase of eccentricity ê on ribbing pattern. Starting
from a circular cross-section in all three cases, the reference lengths â and b̂ increase
at unequal linear rates, creating a nonlinear increase in eccentricity. The faster the
eccentricity increases (see II.a - II.c), the faster is the increase in wavelength of the
oscillations of the major and minor axis (I.a - I.c), the decrease in relative amplitude
(III.a - III.c), and the stronger is the di�erence between high and low curvature points
in the �nal shell cross-section (IV.a - IV.c). All simulation parameters can be found
in Section A.5.
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Figure 4.15: A series of three Sonninia propinquans (Lower Bajocian, France) This
species shows a morphological trend commonly observed in not-closely-related species:
shell ornamented in the juvenile stages tend to become smoother during development.
Scale bar 10 mm.

tricities start with ê0 = 0 and then allometrically increase at di�erent rates. The 3D

shells IV.a-IV.c are consistent with Buckman's law: IV.a is the most involute and also

most circular shell, therefore it is most ornamented. IV.c is most evolute and most

compressed, and it is therefore the smoothest shell.

We have set up a morphomechanical model which identi�es the parameter expansion

rate γb with the involution of Buckman's �rst statement 4.1, and the eccentricity ê with

the shell cross-section in Buckman's second statement 4.2. Our model also quanti�es

Buckman's term �ornamentation� with the relative amplitude η± and wave length λ

of the shell ribbing pattern. The correlations in our model between γb and η±, λ and

between ê and η±, λ are consistent with Buckman's statements 4.1 and 4.2, respectively.

In the next Section, we will investigate how a mechanical feedback mechanism informed

from the concept of homeostatic-driven growth (Chapter 3) a�ects the morphological

pattern of seashells.

4.5 Mechanical feedback driving expansion

Buckman's Law focuses on certain features of of shells (coiling and aperture cross-

section) and describes their e�ect on ornamentation. However, some individuals of a

species have equal coiling and cross-section properties and yet exhibit di�erent ribbing

patterns. An example are the three shells presented in Figure 4.15. According to

Buckman's Law, their ribbing pattern should not be signi�cantly di�erent, and yet

di�erences are clearly visible. The shells in Figure 4.15. all have ribbed inner whorls,
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but the outer whorls clearly exhibit some di�erences. The shell in Figure 4.15(a) is

clearly ribbed in the outer whorl whereas the shell in Figure Figure 4.15(c) has a

completely smooth outer whorl.

To address the di�erences of ribbing patterns of shells with equal coiling and cross-

sections, we introduce mechanical feedback into the model of mechanical shell mor-

phogenesis presented in Sections 4.2 and 4.3. In this section we study two mechanical

feedback laws, which we refer to as the linear growth law and non-linear growth law,

respectively.

The hypothesis behind the linear growth law is that the mantle tissue of Ammonites

grows linearly in response to the force present in the mantle at the shell cross-section.

In other words, the linear growth law proposes a linear coupling between growth and

stress, similarly to the mechanical feedback laws presented in the previous chapters,

such as L̇i = kiLi (ti − t∗i ) (see (2.76)) and Ġ = K (T−T∗) G (see (1.20)). The linear

growth-law is discussed in detail in Section 4.5.2.

The non-linear growth law has a theoretical motivation, as it embeds the concept of

growth-mechanical feedback into the Lagrangian framework discussed in Section 4.2.

It allows us to establish a mathematical analogy to the system of a damped mass on a

spring in classical mechanics. Details on the non-linear growth law and its relationship

to Lagrangian mechanics are discussed in Section 4.5.3.

The goal of our analysis of mechanical feedback is to investigate whether mechanical

feedback laws can explain the observation of di�erent ribbing patterns of shells with

equal coiling and cross-section.

4.5.1 Notation for shells with circular cross-section

In the previous sections, shell expansion was prescribed to be a linear function of the

expansion rate linear (b̂ (z) = b̂0 + γbz, see 4.32). In this section, we explore the

possibility of expansion resulting from feedback rules between growth and mechanics,

rather than a prescribed linear expansion rule for growth. We refer to growth-mechanics

feedback mechanisms as growth laws. In order to isolate the e�ects of such a feedback

mechanism, we focus on shells with a circular cross-section. To be consistent with the

notation of [57], we refer to the current shell radius (as a function of arc length) as
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r (z), i.e.

r (z) := a (z) ≡ b (z) . (4.45)

Similarly, we refer to the reference radius as R (z) and the initial radius constant as

R0, i.e.

R (z) := â (z) ≡ b̂ (z) , R0 := â0 ≡ b̂0. (4.46)

Finally, we refer to the expansion rate as γ, i.e.

γ := γa ≡ γb. (4.47)

In this notation, the previously discussed case of a linearly expanding shell with no

mechanical feedback is described by a linear expansion of the reference radius con�g-

uration

R (z) = R0 + γz (4.48)

and the shell ribbing pattern is described by

r (z) = R (z) + δRA

√
R (z)

R0

cos

(
ω log

b̂ (z)

b̂0

− ν
)
, (4.49)

which can be obtained from (4.38) with ê0 = 0 and A, ω and ν de�ned as previously

(see 4.37).

4.5.2 Linear force-feedback law

In Chapter 2, we considered growth on a one-dimensional domain, which we described

in terms of a reference length L. For the systems described in Chapter 2, the generic

growth law is (see (2.76))

L̇ = kL (t− t∗) + β (4.50)

where t is the Cauchy stress, t∗ is the homeostatic stress and k is the growth rate. In

(4.50), we also introduced a new parameter β to describe basal growth (i.e. growth

of the base structure), which in Chapter 2 was not present (β = 0). In this Section,

we consider a linear growth law (also referred to as force feedback law) with a related
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form,

R′ (z) = M (n− n∗) + γ (4.51)

where the basal growth is β = γ and n (z) is the force in the shell cross-section (i.e.

the force experienced by the mantle),

n (z) = k
( r
R
− 1
)
. (4.52)

To simplify the analysis we choose n∗ = 0 for the homeostatic stress. Putting these

results together, we obtain a growth law in which the expansion of the reference radius

R is proportional to the sum of the expansion rate γ and the force in the cross-section:

R′ (z) = γ +Mk

[
r (z)

R (z)
− 1

]
. (4.53)

The parameter M controls the strength of the mechanical feedback. Note that for

M = 0, we retrieve the linear expansion (4.48). Also note that the term in brackets is

proportional to the force in the cross-section, n = k (r/R− 1).

In order to study the in�uence of the mechanical term in (4.53) (which is controlled

by M) on the ribbing pattern, we must solve the initial value problem

r′′ (z) +
k

R (z)

[
r (z)

R (z)
− 1

]
= 0, R′ (z) = γ +Mk

[
r (z)

R (z)
− 1

]
(4.54)

and

r (0) = R0 + δR, r′ (0) = γ, R (0) = R0 . (4.55)

We note that if no mechanical feedback is present, (M = 0), the initial value problem

(4.54) and (4.55)is solved by (4.49).

In Figure 4.16 we present 3D shells with ribbing patterns obtained as numerical

solutions from (4.54) and (4.55). Note that the parameter ε (which is de�ned in

(4.60)) is proportional to the mechanical feedback coupling M . While higher values

of ε appear to make the shell surface smoother, the exact e�ects on amplitude and

wavelength are unclear. In the next sections, we investigate these e�ects by means of

asymptotic expansions to answer the question exactly how mechanical feedback of the
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Figure 4.16: In�uence of mechanical feedback parameter ε on the ribbing pattern of
the seashell. The higher ε̃, the smoother the ribbing pattern. In (I.a)�(I.c), we
show the oscillation patterns of the current radius reduced by the linear expansion,
r (z)− (R0 + γz), whereas (II.a)�(II.c) in we show the same for the reference radius,
R (z) − (R0 + γz). Note that the latter oscillates only in the presence of mechanical
feedback. As previously, (II.a)�(II.c) we show 3D renderings of the coiled seashell. In
In all columns, the cross-section is a circle (e = 0) throughout the whole development
of the shell. The expansion rate is also the same for all columns. These simulations
are solutions of the initial value problem (4.54) and (4.55). The simulation parameters
can be found in Appendix A.5.

linear growth law in�uences the ribbing pattern.

4.5.2.1 Displacement and non-dimensionalisation

To obtain an analytical understanding of the in�uence of mechanical feedback (param-

eter M) on the ribbing pattern, we transform (4.54) and (4.55) to a form better suited

for analysis. First, we introduce the displacement

u (z) = r (z)−R (z) . (4.56)

The initial value problem (4.54) and (4.55) transforms to

u′′ (z) +R′′ (z) + k
u (z)

R (z)2 = 0, R′ (z) = γ +Mk
u (z)

R (z)
. (4.57)

The initial conditions read

126



u (0) = δR, R (0) = R0, R′ (0) = γ +Mk
δR

R0

, u′ (0) = −Mk
δR

R0

. (4.58)

Next, we nondimensionalise:

z̃ = ln

(
1 +

γ

R0

z

)
, ũ =

u

δR
, R̃ =

R

R0

. (4.59)

The bene�t of the transformation to z̃ will become obvious in the perturbation anal-

ysis shown in Subsection 4.5.2.2. In short, it transforms the problem of integrat-

ing u to a second order ODE with constant coe�cients. As we have seen previ-

ously, in the case of linear expansion (4.48) the ribbing pattern (4.49) oscillates with

cos
(
ω log

(
1 + γR−1

0 z
))
. With (4.59)1, the oscillation simpli�es to cos (ωz̃). Note

also that the relationship between z and z̃ is one-to-one, which allows us to de�ne

z = R0γ
−1
(
ez̃ − 1

)
as the inverse of (4.59)1.

To make analytical progress in solving the initial value problem (4.54) and (4.55),

we introduce the assumption that mechanical feedback couples weakly to the linearly

expanding model (4.48). To model the weak coupling, we assume in (4.57) that the term

Mku/R is relatively small compared to γ. Judging by Figure (4.16), it is reasonable to

assume that displacement u is relatively large such that u/R is of order 1. Therefore, in

the assumption of weak mechanical coupling we must haveMk � γ. We introduce the

small nondimensional parameter ε to quantify the strength of the mechanical coupling:

ε :=
Mk

γ
� 1. (4.60)

We also introduce the nondimensional parameter

ρ =
δR

R0

(4.61)

to quantify the relative initial displacement. In the new variables, (4.57) becomes

ũ′′ (z̃)− ũ′ (z̃) + ρ−1
[
R̃′′ (z̃)− R̃′ (z̃)

]
+ e2z̃ k

γ2

ũ (z̃)

R̃ (z̃)2 = 0

R̃′ (z̃)− ez̃
[
1 + ερ

ũ (z̃)

R̃ (z̃)

]
= 0

(4.62)
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with initial conditions

ũ (0) = R̃ (0) = 1, ũ′ (0) = −ε, R̃′ (0) = 1 + ερ . (4.63)

The model (4.62) has four nondimensional parameters (ρ, ε, γ, k) and coincides with

(4.35) for ε = ê0 = 0.

A perturbation series ansatz ũ ∼ ũ0 + εũ1 + . . . and R̃ ∼ R̃0 + εR̃1 + . . . does

not deliver a satisfying approximation1 because secular terms appear at O (ε).The

presence of secular terms allows us to identify two relevant length scales: The length

scale z̃ of fast oscillation, and the length scale εz̃ of slow oscillation, at which secular

terms become signi�cant and make a regular perturbation series approximation invalid.

Accordingly, we apply the method of multiple scales (see [44]).

4.5.2.2 Multiple Scales Approximation

We consider two length scales,

z1 = z̃, z2 = εz̃ . (4.64)

We de�ne2 ũ (z̃) = ũ (z1, z2) and R̃ (z̃) = R̃ (z1, z2). The �rst and second derivatives

ũ′ (z̃) and ũ′′ (z̃) transform as

ũ′ (z̃) =
dũ

dz̃
= ∂1ũ+ ε∂2ũ, ũ′′ (z̃) =

d2ũ

dz̃2
= ∂2

1 ũ+ 2ε∂1∂2ũ+ ε2∂2
2 ũ (4.65)

where we used the abbreviations ∂1 = ∂/∂z1 and ∂2 = ∂/∂z2. Note that (4.62)2 can

be integrated directly at every order. Secular terms do not arise here. For this reason,

derivatives of R̃ transform simply as

R̃′ (z̃) = ∂1R̃, R̃′′ (z̃) = ∂2
1R̃ . (4.66)

1This is, however, not true for the nonlinear growth law, as we demonstrate in Section 4.5.3.
2It should be clear from the context which variable dependence of ũ and R̃ is meant.
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Then (4.62) transforms as

(
∂2

1 + 2ε∂1∂2 + ε2∂2
2

)
︸ ︷︷ ︸

d2/dz̃2

ũ− (∂1 + ε∂2)︸ ︷︷ ︸
d/dz̃

ũ

+ρ−1
(
∂2

1R̃− ∂1R̃
)

+ e2z1
k

γ2

ũ

R̃2
= 0

(4.67)

and

∂1R̃− ez1
(

1 + ερ
ũ

R̃

)
= 0. (4.68)

Keeping in mind that according to (4.64) z2 is a function of ε, we now use a power

series expansion

ũ (z1, z2) = u0 (z1, z2) + εu1 (z1, z2) + . . .

R̃ (z1, z2) = R0 (z1, z2) + εR1 (z1, z2) + . . .

Analysis at O (1)

At O (1), (4.62)2 has the form ∂1R0 = ez1 where R0 = 1 at z1 = 0. This can be directly

integrated, obtaining R0 = ez1 . With this solution, we obtain a homogeneous ODE

with constant coe�cients for (4.62)1:

∂2
1u0 − ∂1u0 +

k

γ2
u0 = 0, u0 (0, 0) = 1, ∂1u0 (0, 0) = 0 . (4.69)

This has the solution

u0 = e
z1
2 [a0 (z2) sinωz1 + b0 (z2) cosωz1] , a0 (0) = − 1

2ω
, b0 (0) = 1 (4.70)

where (in agreement with (4.37)) the frequency ω is

ω =

√
4k − γ2

2γ
. (4.71)

As required, the O (1) analysis reproduces the model (4.48) without mechanical feed-

back.
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Analysis at O (ε)

At O (ε), (4.62)2 becomes

∂1R1 = ρu0, R1 (0, 0) = 0 (4.72)

The solution is

R1 = − 4ρ

4ω2 + 1
+ ρe

z1
2

[(
2a0 + 4ωb0

4ω2 + 1

)
sinωz1 +

(
2b0 − 4ωa0

4ω2 + 1

)
cosωz1

]
. (4.73)

With R1 we �nd the form of (4.62)1 is

∂2
1u1 − ∂1u1 +

k

γ2
u1 = f1, u1 (0, 0) = 0, ∂1u1 (0, 0) = −1 (4.74)

The homogeneous equation is the same as (4.69), with the solution

u1 = e
z1
2 [a1 (z2) sinωz1 + b1 (z2) cosωz1] . (4.75)

The inhomogeneous terms are

f1 = e
z1
2 (C1 sinωz1 + C2 cosωz1)

+e−
z1
2 (C3 sinωz1 + C4 cosωz1)

+ C5 sinωz1 cosωz1

+ C6 sin 2ωz1 + C7 (4.76)

We note that the terms in the �rst line are secular terms: They satisfy the characteristic

polynomial of (4.74), which contributes a particular solution term

z1e
z1
2 (K1 sinωz1 +K2 cosωz1) (4.77)

with some constant coe�cients K1, K2. A regular perturbation series approximation

breaks down at lengths of the order εz1 due to secular terms. The multiple scales

approximation allows us to remove the secular terms by demanding C1 = 0 and C2 = 0,
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which gives rise to two coupled �rst order ODEs in z2 to determine a0 (z2), b0 (z2):

a0 (z2) + 2ωb0 (z2) + 4ωb′0 (z2) = 0, b0 (0) = 1 (4.78)

−b0 (z2) + 2ωa0 (z2) + 4ωa′0 (z2) = 0, a0 (0) = − 1

2ω
. (4.79)

The solution is

a0 =
e−

z2
2

2ω

[
2ω sin

( z2

4ω

)
− cos

( z2

4ω

)]
, b0 =

e−
z2
2

2ω

[
sin
( z2

4ω

)
+ 2ω cos

( z2

4ω

)]
.

(4.80)

We neglect higher order terms and summarise the results of the multiple scales approx-

imation in the following section.

4.5.2.3 Results of multiple scales approximation

After using the result (4.80) in (4.70) and (4.73), and after rearranging the terms, we

obtain the approximate solution of (4.62) according to the multiple scales analysis:

ũ = Ae
1
2
z̃(1−ε) cos

[(
ω − ε

4ω

)
z̃ − ν

]
+ . . . (4.81)

R̃ = ez̃ + ερ

{
− 4

4ω2 + 1
+
e

1
2
z̃(1−ε)

ω
cos
[(
ω − ε

4ω

)
z̃ − φ

]}
+ . . . (4.82)

where the dots represent higher order terms in ε. The nondimensional constants A, ν

(which coincide with 4.37) and φ are

A =

√
4ω2 + 1

2ω
, ν = − tan−1

(
1

2ω

)
, φ = − tan−1

(
1− 4ω2

4ω

)
. (4.83)

As we show in Fig. 4.17, dropping the higher order terms in (4.81) and (4.82) gives a

very good approximation. With the parameters values from 4.17, the nondimensional

constants are ω, A, ν and φ are

ω = 18.25, A = 1.00, ν = −0.03, φ = 1.52. (4.84)

In the linear expansion model (4.48) described in Section (4.2.1) the mantle grows in

a linear pre-programmed manner such that the reference radius is a linear function of
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the expansion rate γ, see (4.48). The oscillatory ribbing pattern then arises from a

balance between the elastic forces within the shell secreting mantle and a generating

zone force.

The linear mechanical feedback model presented in Section (4.5.2) adds a growth

response to the forces present in the shell mantle. In other words, the mantle senses the

forces present and modulates its growth accordingly. Mathematically, we have modeled

the growth response of the mantle as a small correction to the pre-programmed linear

expansion from the model described in Section (4.2.1).

In (4.81) and (4.82), the e�ect of mechanical feedback is controlled by the parameter

ε (see 4.60). It causes a decay in amplitude by e−εz̃/2 and a decrease in frequency by

ε/(4ω), or (equivalently) an increase in wavelength by 8πω/ε. Figure 4.17 shows forms

of the solutions ũ (z̃) and R̃ (z̃) for various values of ε, demonstrating the e�ect of the

mechanical feedback mechanism (4.53) on the ribbing pattern and the quality of the

approximation (4.81) and (4.82) to the initial value problem (4.62) and (4.63).

4.5.2.4 Comparison of amplitude and frequency shifts induced by mechan-

ical feedback

The multiple scales analysis result (4.81) tells us how amplitude and wavelength of

ribbing pattern are modi�ed in the presence of mechanical feedback (ε > 0) compared

to the linear expansion model (see (4.48)) with no feedback (ε = 0). As can be seen

from Fig. 4.17, the displacement ũ undergoes a rather signi�cant qualitative change

at ε = 1 where the enveloping curve of ũ switches from exponential growth to decay.

In comparison, the change in frequency is almost negligible, as the plots Fig. 4.17 are

visually suggesting. Let us consider a numerical example: The seashell analysed in

column b of Fig. 4.13 has the parameters k = 155, γb = 0.057, ê0 = 0.7. According

to (4.37)1, we can calculate ω ≈ 17.09. The frequency change according to (4.81) is

∆ω = ε/ (4ω), so in this example the

∆ω

ω
≈ 7.7× 10−4ε , (4.85)

which makes the frequency change induced by mechanical feedback practically negligi-

ble compared to the amplitude change. In conclusion, the e�ect of the linear feedback

law on the shell morphology is captured by the function e
1
2
z̃(1−ε) which acts as an
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Figure 4.17: Plots of displacement ũ (left column) and reference radius R̃ (right col-
umn), comparing the numerical solution of (4.62) and (4.63) to the multiple scales
result (4.81) and (4.82). The multiple scales approximation is a very good �t even
for high values of ε. The nondimensional parameters for this simulation are γ = 0.3,
k = 30, ρ = 0.1 and ε as indicated in the sub�gures. Please note that in this simulation
the small term is ερũ/R̃ (see (4.62)), i.e. at z̃ = 0 the term ερũ (0) /R̃ (0) = ερ where
ρ = 0.1.
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enveloping curve for oscillations both in the displacement ũ and reference radius R̃.

4.5.3 Nonlinear force-feedback law

The motivation behind the nonlinear growth law (also referred to as nonlinear force

feedback law) is to embed the concept of growth-mechanical feedback into the La-

grangian framework discussed in Section 4.2. The nonlinear growth law can be derived

from the Lagrangian L proposed in (4.34) and a Rayleigh dissipation function D (see

[26]):

L = r′2 (z)− k
(
r (z)

R (z)
− 1

)2

, D =
1

M̃
[R′ (z)− γ]

2
. (4.86)

We treat both r and R as generalised coordinates and apply the Euler-Lagrange for-

malism (as demonstrated in detail in Section 4.5.3). The Euler-Lagrange equations of

(4.86) are

d

dz

∂L

∂r′
− ∂L

∂r
+
∂D

∂r′
= 0 and

d

dz

∂L

∂R′
− ∂L

∂R
+
∂D

∂R′
= 0. (4.87)

Explicitly, the Euler-Lagrange equations take the form

0 = r′′ (z) +
k

R (z)

(
r (z)

R (z)
− 1

)
(4.88)

R′ (z) = γ + M̃k
r (z)

R (z)2

[
r (z)

R (z)
− 1

]
. (4.89)

The initial conditions for this initial value problem are (4.55). The nonlinear growth

law is (4.89). Note that the main di�erence between the linear growth law (4.53) and

the nonlinear growth law (4.89) is the term r/R2.

Note that while in (4.54) the parameter M was dimensionless, in (4.88) the param-

eter M̃ has the dimension of length. For this reason, slightly di�erently from 4.60, we

de�ne the nondimensional parameter

ε̃ =
M̃k

γR0

(4.90)

and ρ = δR/R0 as previously.

After transforming (4.88) to displacement (4.56) and applying the non-dimensionalisation
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(4.59), in analogy to (4.62) we obtain

ũ′′ − ũ′ + ρ−1
[
R̃′′ − R̃′

]
+ e2z̃ k

γ2

ũ

R̃2
= 0,

R̃′ − ez̃
[
1 + ε̃ρ

ũ

R̃2
+ ε̃ρ2 ũ

2

R̃3

]
= 0

(4.91)

with initial conditions

ũ (0) = R̃ (0) = 1, ũ′ (0) = −ε̃ (1 + ρ) , R̃′ (0) = 1 + ε̃ρ (1 + ρ) . (4.92)

A multiple scales approximation similarly to Section 4.5.2.2 reveals that at least

up to O (ε2) no secular terms appear in (4.91). The time scale separation (4.64)

is unsuitable for the non-linear feedback law. For this reason, we choose a regular

perturbation series approximation

ũ (z̃) = u0 (z̃) + ε̃u1 (z̃) + ε̃2u2 (z̃) +O
(
ε̃3
)

(4.93)

R̃ (z̃) = R0 (z̃) + ε̃R1 (z̃) + ε̃2R2 (z̃) +O
(
ε̃3
)
. (4.94)

The solution of (4.91) and (4.92) at orders up to O (ε2) does not result in simple

corrections to the amplitude and frequency similarly to (4.81) and (4.82). We compare

the series perturbation (4.93) and (4.94) to the numerical solution of the initial value

problem (4.91) and (4.92) in Figure (4.18).

4.5.4 Comparison between growth laws

Here we compare the oscillation patterns of the linear growth law (4.54) and the nonlin-

ear growth law (4.88). In (4.60) and (4.90), we introduced the nondimensional param-

eters ε and ε̃ which are suitable for the direct comparison of the linear and nonlinear

growth laws. In Figure 4.19, we plot ũ (z̃) for the linear (green) and nonlinear (blue)

growth laws. As noted previously, because of an amplitude proportional to e
z̃
2

(1−ε) (see

(4.81)), the linear growth law switches from expanding to decaying displacement at

ε = 1. This is not true for the nonlinear growth law, which instead appears to develop

a local minimum in its amplitude curve somewhere between 1 < ε̃ < 1.5, and appears

to approximately ful�ll u (0) ≈ u (ε̃) (which appears to hold approximately true even
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Figure 4.18: Plots of displacement ũ (left column) and reference radius R̃ (right col-
umn), comparing the numerical solution of (4.88) to the series approximation result
(4.93) and (4.94). Parameters are as in Figure 4.17, with ε̃ as indicated in sub�gures.
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Figure 4.19: Plots of oscillations of displacement ũ for nonlinear and linear growth laws.
For ε = ε̃ = 0, the solutions coincide, as can be clearly seen from (4.62) and (4.88).
As the amplitude of the displacement of the linear growth law scales with ez̃(1−ε)/2, it
grows for ε < 1, remains constant for ε = 1 and decreases for ε > 1. The nonlinear
growth law does not share this property. Instead, for approximately 1 < ε̃ < 1.5, a
local minimum of the amplitude curve appears. The oscillations appear to be growing
exponentially, albeit slower than in the case ε̃ = 0. Parameters are as in Figure 4.17,
with ε and ε̃ as indicated in sub�gures.
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for tests up to ε̃ = 20).

In summary, Figure (4.19) shows for both growth laws that coupling of the linear

expansion model with mechanical feedback (quanti�ed through ε and ε̃, respectively)

dramatically a�ects the oscillation amplitude while leaving the frequency una�ected.

In case of the linear growth law, the amplitude is modulated by an exponential envelope

curve. In the nonlinear growth law, the form of the envelope curve is less clear. The

solutions of the nonlinear growth law exhibit some interesting mathematical properties,

but the feature of going from ribbed to smooth back to ribbed (because of the additional

minimum appearing 1 < ε̃ < 1.5) seems to be an unrealistic, whereas the linear growth

law captures realistic behaviour: Shells are ribbed in the juvenile stages, then smoothen

over the course of their development.

4.6 Ammonites' Morphospace and Conclusions

An observation from Ammonites' shells is that rapidly expanding shells in the juvenile

stages tend to become smoother during development while the slowly expanding shells

tend to remain more strongly ornamented at later stages of the development (see for

instance the photographs in Figure 4.20(a)�(c)). The morphomechanical model de-

scribed in Section 4.3.1.1 supports this observation: In (4.38), the relative amplitude

decreases and the ribbing wavelength increases as one moves away from the shell spiral

centre (the higher the arc length value z, the later the developmental stage).

However, as the simulations results in Figure 4.13 and Figure 4.14 show, the model

presented in Section 4.4 predicts that even rapidly expanding shells are not completely

smooth in late developmental stages. The photographs in Figure 4.20 show a represen-

tative sample of rapidly expanding Ammonites' shell fossils which do appear almost

completely smooth in adult stages.

In this Section, we have demonstrated how a mechanical feedback mechanism sim-

ilar to (1.23) a�ects the morphology of Ammonites' shells. The coupling of the the

morphomechanical model described in Section 4.3.1.1 to the mechanical feedback mech-

anism described in this Section retains strong ribbing in the juvenile stages of strongly

expanding shells, but smoothens the late developmental stages as the coupling strength

increases. This morphology is consistent with observation and cannot readily be cap-
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II.a II.b

I.a I.b

II.c

I.c

ε = 3.4 ε = 5 ε = 7

Figure 4.20: Photographs of Sonninia Propinquans and modelling results. The pa-
rameters for the surface II.a were �tted from the photograph I.a (see Section A.5).
The value for ε was also �tted. The other simulated shells, II.b and II.c, only di�er
in their increasing ε parameters, reproducing the trend of the Sonninia shells to sig-
ni�cantly reduce ribbing while having geometrically very similar properties (coiling,
cross-section). Photographs courtesy of Régis Chirat.

tured with previous models.

In Fig. 4.20, we return to the Sonninia Propinquans shells from Figure 4.15. The

three shells have very similar coiling (i.e. expansion rate γ) and cross-section shapes

(i.e. eccentricity ê0). Furthermore, since the samples are from the same species, we

assume that their sti�ness values k are approximately equal. According to Buckman's

law the shells should have the same ribbing pattern. However, there are clearly some

di�erences. The shell in Fig. 4.20(I.c) has a much smoother outer whorl than the shell

in Fig. (I.a). At the same time, the inner whorls of all shells show some ribbing. Our

model of the linear growth law produces the morphologies (II.a�c) and is consistent

with the observation of a ribbed inner whorl. The outer whorl, on the other hand,

depends strongly on the coupling of the linear expansion model to the linear mechanical

feedback model, which makes mechanical feedback a good candidate to provide the

underlying mechanism for the observation of shells with ribbed juvenile stages and
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smooth adult stages.

In Fig. 4.21, we present a set of shapes in the 3-dimensional morphospace that can

be investigated with our model. It can be thought of as a summary of Figures 4.13 (in

which ê and ε are constant), 4.14 (in which γa and ε are constant) and 4.20 (in which

γa and ê are constant). We recover the relationships between the parameters γa, ê and

ε and the shell shape, as discussed in this chapter: An increase in expansion rate γa

increases the involution of the shell (i.e. makes it coil faster) and makes the ribbing

pattern smoother. An increase in eccentricity ê makes the shell cross-section narrower

and smoothens the ribbing pattern. Finally, an increase in mechanical feedback εmakes

the shell smoother, while leaving all other properties of the shape unchanged.
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ε

ê

(0.0129, 0.8, 1)

(0.08, 0.8, 1)

(0.08, 0, 1)

(0.08, 0.8, 2)

(0.08, 0.8, 0.4)

(0.2, 0.8, 1)

(0.08, 0.98, 1)

γa

Figure 4.21: 3-dimensional morphospace that can be investigated with our model. The
numbers for each surface are given in the form (γa, ê, ε). The expansion rate γa increases
involution and decreases ornamentation. The eccentricity ê increases compression and
decreases ornamentation. The mechanical feedback ε decreases ornamentation. Indi-
vidual discussions can be found in Figures 4.21, 4.13 and 4.14.
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Chapter 5

Conclusion

The primary goal of this thesis has been to to build a mathematical framework for

the study of the growth response of soft biological tissues to changes in the mechan-

ical environment. An example from physiology is the wall thickening and ventricular

dilation of heart tissue in response to pressure and volume overload. We modeled bio-

logical tissue as nonlinear elastic material and described its growth process within the

theory of morphoelasticity, which is based on the multiplicative decomposition of the

deformation gradient F into an elastic tensor �eld A and a growth tensor �eld G. We

modeled the feedback of changes of the mechanical environment on the tissue growth

by prescribing evolution laws to G, which we refer to as growth laws. With the notion

of growth laws, we can make a more precise statement of the thesis goal. Our goal has

been to develop mathematical techniques to analyse macroscopic (tissue-level) growth

evolution laws that are biologically plausible, and to explore issues of heterogeneity

and growth stability.

We begin by brie�y describing how our ideas in the study of growth laws evolved

from a fundamental, thermodynamical perspective towards a phenomenological, home-

ostasis driven perspective. We motivate and summarise the main results of the thesis

in Section 5.1. We conclude this Chapter by discussing the impact of our work as well

as possible future extensions and applications of our models in Section 5.2.
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5.1 Evolution of ideas and main results

Our �rst step in studying growth laws was to review a commonly used analysis of

growth laws from the perspective of thermodynamics (Chapter 1). At the centre of

this analysis is the Coleman-Noll procedure, which relies on a continuum mechanical

statement of the Second Law of Thermodynamics (Clausius-Duhem inequality). Our

mathematical analysis of the Coleman-Noll procedure applied to active biological tissue

has yielded several interesting insights, as it provides a formal approach to distinguish

between active and passive contributions to a growth law, and highlights a speci�c stress

measure (Mandel stress) as a key quantity that emerges very naturally in the Clausius-

Duhem inequality. However, our conclusion is that ultimately the thermodynamical

approach provides no compelling way to restrict growth evolution laws, and does not

o�er compelling physical foundation for the frequently used Mandel and Eshelby driven

growth laws to model biological growth processes: The tools developed for the study

of passive (plastic) material have only a weak impact on active biological material.

The conclusion that growth laws cannot be strongly restricted from thermodynamic

principles created the need for an alternative approach to identifying suitable growth

laws. The fact that experimental data on evolution of growth and residual stress is

sparse makes it di�cult to reverse-engineer growth laws directly from observations and

lead us towards a phenomenological principle called homeostasis. This principle states

that organisms have the ability to self-regulate some of their properties to adapt the

conditions for its optimal function in a physiological state, such as the ability of mam-

mals to maintain a constant body temperature. From the perspective of homeostasis,

the insight that many biological tissues maintain a residual stress �eld in physiological

operation (which we call homeostatic stress) makes it plausible that growth dynami-

cally evolves to accommodate the homeostatic stress. Our hypothesis is that growth

evolves to keep the di�erence between the actual and homeostatic stress �eld as small

as possible, so that growth stops and the tissue reaches its �nal observed size and

morphology once the homeostatic stress is fully accommodated.

In Chapter 2, we analysed a network of elastic bars connected in a network of series

and parallel connections. A biological inspiration comes from the previously mentioned
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behaviour of heart tissue: as a response to volume and pressure overload, the mature

heart grows by adding sarcomeres in series and parallel, respectively. In our model

we analysed a homeostasis-driven growth law of morphoelastic bars deforming in a

one-dimensional domain (they cannot bend, twist or shear). The network itself has

a particular growth response to loading which is a function of the growth response

of individual bars. We have shown that if all bars only undergo small deformations

(in the Hookean regime), the full mechanical network will also respond to loading

according to an e�ective Hooke's Law, and its e�ective Young's Modulus µe� and

e�ective reference length Le� can be computed as functions of the properties of all

individual bars. While such convenient homogenisation applies to static residually

stressed networks, the situation for dynamically evolving networks is somewhat more

complex. We also showed that if individual bars grow according to a homeostasis-driven

growth law (i.e. growth rate and stress are proportional), the dynamics of the overall

network cannot in general be broken down to a simple e�ective homeostasis-driven

growth law, i.e. an e�ective growth rate Ke� and an e�ective homeostatic stress T ∗e�

cannot be obtained in the general case. Growth dynamics has no analogous counterpart

in electrical networks and appears to be more complex than the sum of its parts.

Our numerical simulations show that the growth dynamics in the neighborhood of

the undeformed state (i.e. in the Hookean regime) exhibits non-monotonic behaviour,

but never oscillates. We also show for an example three bar system that the dynam-

ics near the homeostatic equilibrium in the Hookean regime is not always stable and

explicitly state under which conditions stability is guaranteed.

In 3, we outlined a growth dynamical framework for the study of tubular structures

in biology. As discussed previously, residual stress has been recognised to stabilise and

optimise tubular structures, for example by reducing the circumferential stress gradient

between arterial walls [23]or through axial residual stress [31]. However, while models

focusing on residual stress in tubes can often uncover �ne geometric and mechanical

details (such as circumferential buckling [54] or axial buckling [60]), they typically

cannot quantitatively describe the origin and evolution of such stresses. Our growth

model adds an additional layer of description in which the observed stress state is an

emergent feature of the homeostasis-driven growth dynamics, and our model enables
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us to explore growth towards a particular stress state (the homeostatic stress). The

key challenge of modeling the growth dynamics of tubular structures is that stress

can be spatially inhomogeneous in a cylindrical geometry. In our model we address

the inhomogeneity of the system through a discretisation in which the application

of quantitative methods from dynamical systems theory like linear stability analysis

becomes feasible. In the system considered, we found that the growth dynamics of

tubular structures in the neighborhood of the homeostatic equilibrium nontrivially

depends on the anisotropy of the growth response, and that the equilibrium becomes

unstable for highly anisotropic growth laws. We show that our model converges as

the discretisation becomes �ner and we expect that the stable and unstable region

represent the true behaviour of the full (inhomogeneous) system.

Having gained some intuition into the complex behaviour of growth dynamics driven

of conceptual systems, in Chapter 4 we considered the relevance of mechanical feedback

in a particular biological system, the morphogenesis of Ammonites' seashells. An ob-

servation from Ammonites' shells is that rapidly expanding shells in the juvenile stages

tend to become smoother during development while the slowly expanding shells tend to

remain more strongly ornamented at later stages of the development (see for instance

the photographs in Figure 4.20(a)�(c)). The morphomechanical model described in

Section 4.3.1.1 supports this observation: in (4.38), the relative amplitude decreases

and the ribbing wavelength increases as one moves away from the shell spiral centre

(the higher the arc length value z, the later the developmental stage).

However, as the simulations results in Figure 4.13 and Figure 4.14 show, the model

presented in Section 4.3 predicts that even rapidly expanding shells are not completely

smooth in late developmental stages. The photographs in Figure 4.20 show a represen-

tative sample of rapidly expanding Ammonites' shell fossils which do appear almost

completely smooth in adult stages.

In Chapter 4 we demonstrate how a mechanical feedback mechanism similar to

(1.23) a�ects the morphology of Ammonites' shells. The coupling of the morphome-

chanical model described in Section 4.3.1.1 to the mechanical feedback mechanism de-

scribed in Section 4.5 retains strong ribbing in the juvenile stages of strongly expanding

shells, but smoothens the late developmental stages as the coupling strength increases.
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This morphology is consistent with observation and cannot readily be captured with

previous models.

5.2 Future work and potential impact

5.2.1 Growth dynamics in tubes

In most models of tubular structures, residual stress is a result of a prescribed growth

�eld. The model we developed in Chapter 3 provides an underlying mechanism that al-

lows to re-interpret residual stress as an emerging feature of the underlying homeostasis-

driven growth dynamics. This point of view opens up new perspectives. We may

imagine a scenario in which we are presented with a biological tubular material in

physiological condition, of which we know the constitutive law and can measure the

pressure at the inner and outer tube wall. From the observed morphology of the tube,

our model would allow to �t the anisotropy of the growth rate and the approximate

shape of the homeostatic stress pro�le. These quantities may serve the design of an

experimental setup to test the validity of the growth law (1.23) driven by homeostasis

for a given tissue. This might be achieved by experimentally quantifying the anisotropy

of the growth response of the tissue and by obtaining estimates for the homeostatic

stress based on e.g. in vitro cultivated cells. An experimental protocol to assess the

validity of the growth law (1.23) to model a given tissue is undoubtedly challenging

to design, but the stability result shown in Figure 3.12 (or an adaptation thereof for a

particular type of material in particular boundary conditions, see Section 3.3.5) may

provide a stepping stone in the quest for the form of growth laws, which is a key piece

needed for establishing a mechanical theory of growth [69, 30].

The establishment of solid experimental results narrowing down the functional form

of growth laws may take decades to develop. Meanwhile, a more immediate application

of our theory may be in the setup and interpretation of computational models of biolog-

ical tubular structures. When modeling growth dynamics driven by growth laws similar

to (1.23), as has been done by many authors (see Section 1.5.4), our homogenisation

approach can be applied to inform parameter regimes in which stable dynamics is to

be expected (similarly to Figure 3.12). This could potentially inform computational

approaches to growth dynamics and provide insight with interpreting results such as
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divergent solutions, making it easier to distinguish numerical error from inherently di-

vergent dynamics (e.g. the hyper-restoration curve in Figure 5 of [69]). Models based

on the ideas developed here may also assist the development of more computational

models, providing a comparative framework in a simple geometry against which more

computational code can be tested.

5.2.2 Embedding mechanical feedback into a computational frame-

work of accretive growth

The model for growth of Ammonites' shells presented in Chapter 4 discusses circular

and ellipse shaped cross sections and their evolution and impact on the shell mor-

phology. An interesting extension would be to consider arbitrary aperture shape.

This would allow us to explore the simultaneous formation of commarginal and an-

timarginal ornamentation. A computational surface growth framework has been pro-

posed in [55, 56] and applied to the model of sharp spines of seashells in proposed

in [11]. The application of the framework [55, 56] to growth of seashells with both

antimarginal and commarginal ornamentation (see e.g. Figure 4 in [21]) would also

allow us to more clearly isolate the impact of mechanical feedback to the morphogene-

sis of seashells. For instance, modeling an arbitrary aperture shape would allow us to

incorporate the contact of the mantle with calci�ed shell material from the previous

whorl, which may have a great e�ect on the morphogenesis of tightly coiled shells (i.e.

if the overlap region in Figure A.5 is signi�cant). Finally, integrating biochemical or

biomechanical e�ects in a single framework would be an important step in bridging

between the molecular levels and our tissue level mechanical approach. A starting

point to integrating chemistry and mechanics may be to couple the local concentration

of a chemical evolving via reaction-di�usion type models with a mechanically relevant

parameter. For instance, pigmentation patterns (which can be very realistically repro-

duced with reaction di�usion models, see [22]) may be coupled to the elastic properties

of the mantle, which in turn a�ects the morphological pattern (see Figure A.9).
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5.2.3 Growth driven by Cauchy stress vs. Mandel stress

As discussed in Section 1.5.4, a number of authors have advocated Mandel (or Eshelby)

stress driven growth laws. The justi�cation for Eshelby driven growth is often based on

thermodynamical arguments as outlined in Section 1.6. Growth laws driven by Cauchy

stress are also frequently used, as discussed in Section 1.6. Interestingly, in the absence

of shear stress in incompressible materials, Mandel and Cauchy stress coincide (see

comment before 1.38). A construction of a growth dynamical system in which shear

stress is incorporated into the growth law might help highlight interesting features of

either growth law family and may reveal whether one or the other produces dynamics

in better agreement with physical observation. In [66], �uid shear stress is included

into a growth law of type (1.23) in the context of arterial modeling. This setup may

serve as a starting point for a focused analysis of what makes Cauchy and Mandel

stress driven growth dynamics di�erent.
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Appendix A

Appendix

A.1 Numerical study of growth dynamics in three bar

network

In this Section, we provide the numerical values and details on the simulations produc-

ing Figures 2.9 and (2.8) are given in Section A.1.

For this system (n = 3, r = 2, s = 2) we choose the following initial reference

quantities:

L0
Σ = 1, L0 = (0.61, 0.39, 0.39) . (A.1)

We note that the individual initial lengths L0
i are compatible with the total initial

length L0
Σ, i.e. AL

0 = LΣv
r.

For the modi�ed Young's Modulus, we choose

µ̃ = (0.62, 4.79, 1.91) (A.2)

which implies µ = (0.38, 1.86, 0.74) (we note that µ̃i = µi/L
0
i ).

We consider a boundary value problem in which the total length of the system is

prescribed lΣ = 0.95. The total length is de�ned as lΣ = L0
Σ+εl̃Σ, and in this particular

example we choose a relatively high value of ε, that is

ε = 0.5 . (A.3)

The total displacement is l̃Σ = (lΣ − L0
Σ) /ε = −0.1.
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Next, we choose the homeostatic stresses

t̃
∗

= (−3.82, 0.91,−4.74) . (A.4)

We note that the individual homeostatic stresses t̃i are compatible with the network,

adding up to a total homeostatic stress t̃∗Σ ≈ −3.82 , i.e. Bt̃
∗

= t̃∗Σv
s. Finally, we

choose the expansion rates

k = (2.51,−0.60, 1.86) . (A.5)

We note that k is chosen so that S has negative eigenvalues. With all the previous

information, the values of S and w are

S =




−0.89 −0.63 −0.25

0.1 0.39 −0.29

−0.12 0.9 −1.02


 , w =




5.81

0.22

3.42


 . (A.6)

We note that the linear dynamics near the unstressed state is described by ˙̃L = SL̃+w .

The eigenvalues of S are λ = (−1.1,−0.42, 0), i.e. the dynamics of L̃1 and L̃2 is stable

and the dynamics of L̃3 depends on the former two. The region of k-values in which

the dynamics is stable is explored in Fig. 2.7.

A.2 Analogy between electrical and elastic networks

In this section we develop a formal analogy between growing networks and electrical

circuits.

Parallel connections

µ̃Σ = µ̃1 + µ̃2 and L̃Σ =
µ̃1L̃1 + µ̃2L̃2

µ̃Σ

. (A.7)

The addition rule for Young's Modulus of this parallel connection of bars mirrors the

addition rule of resistors connected in series in electric circuits. If we consider an
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R1 R2IΣ

VΣ

IΣ
L0 + εl̃1

2L0 + l̃Σ

εt̃Σ

L0 + εl̃2

V1 V2

+ −

(a) (b)

Figure A.1: Relationship between elastic network in series and electric circuit in par-
allel.

L0
1 + εl̃1

L0
1 + L0

2 + l̃Σ

L0
2 + εl̃2

(a)

εt̃Σ

R1

IΣ

VΣ

(b)

I2

I1

R2
IΣ

+ −

Figure A.2: Relationship between elastic network in parallel and electric circuit in
series.

electric circuit just like in the previous case (current IΣ �owing from battery VΣ), we

�nd that the individual currents are the same (IΣ = I1 = I2) but the voltage drop is

additive (VΣ = V1 + V2, where once again V1 = R1I2 and V2 = R2I2). The e�ective

resistance RΣ which satis�es VΣ = RΣIΣ is

1

RΣ

=
1

R1

+
1

R2

, (A.8)

which is similar to (2.69)1. Figure A.1 compares these two setups.

Series connections

1

µ̃Σ

=
1

µ̃1

+
1

µ̃2

and L̃Σ = L̃1 + L̃2 . (A.9)

The addition rule for Young's Modulus of this series connection of bars mirrors the

addition rule of resistors connected in parallel in electric circuits. Consider an electric

circuit with a battery with voltage VΣ, from which the current IΣ �ows. At a parallel

connection of two resistors with resistances R1 and R2 the current IΣ splits into two

currents IΣ = I1 + I2. The voltage drop at both resistors is V1 = R1I2 and V2 = R2I2

such that VΣ = V1 = V2. This allows us to de�ne a rule for an e�ective resistance RΣ
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elastic networks electrical networks

current displacements l̃i, l̃Σ currents Ii, IΣ

(small) forces t̃i, t̃Σ voltages Vi, VΣ

(modi�ed) Young's Modulus µ̃i, µ̃Σ (inverse of) resistors Ri, RΣ

reference displacements L̃i, L̃Σ none

Hooke's Law t̃i = µ̃i

(
l̃i − L̃i

)
Ohm's Law Vi = RiIi

series connection µ̃Σ = µ̃1µ̃2

µ̃1+µ̃2
parallel connection RΣ = R1R2

R1+R2

parallel connection µ̃Σ = µ̃1 + µ̃2 series connection RΣ = R1 +R2

series connection L̃Σ = L̃1 + L̃2 none

parallel connection L̃Σ = µ̃1L̃1+µ̃2L̃2

µ̃1+µ̃2
none

Table A.1: Comparison between elastic and electrical networks.

which satis�es VΣ = RΣIΣ. Similarly to (2.64)1, the e�ective resistance satis�es

1

RΣ

=
1

R1

+
1

R2

. (A.10)

Figure A.2 compares these two setups.

The fact that a series connection in elastic networks mirrors a parallel connection

in electric circuits can be formally understood by comparing the role of resistances R

and Young's Modulus µ̃ in the respective networks. Their relationship is:

R←→ 1

µ̃
(A.11)

This is a consequence of Hooke's Law and Ohm's Law. The di�erences between elastic

and electrical networks are comprehensively shown in Table A.1.

A.3 Relative amplitudes of the major and minor axes

In Section 4.3.2, we have shown that the full model displays the same general trends

as the reduced model, justifying a posteriori the use of the reduced model. Here we

demonstrate that no implicit assumptions are made regarding the relative amplitudes

of the major and minor axes. In Figure A.3, we plot the relative ribbing amplitude

as a function of the reference eccentricity for oscillations around the �xed stress-free

states b̂ and â. For each eccentricity, we provide the same initial displacement δ for

both b̂ and â and observe that the higher curvature side a(z) automatically assumes
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Figure A.3: Relative ribbing amplitude between the high curvature side a(z) and low
curvature side b(z) as a function of reference eccentricity. Plot produced through
simulations using the full model and with equal initial displacement for a and b.

a higher oscillation amplitude than the lower curvature side b(z). In this Section we

demonstrate how the nonlinear shape of the curve presented in Figure A.3 is obtained.

In this section we provide details on Figure A.3, which plots the relative ribbing

amplitude Max(a − â)/Max(b − b̂) as a function of the reference eccentricity ê, for

constant reference states â and b̂ (γa = γb = 0). We impose equal initial displacements

a(0) = â+ δ, b(0) = b̂+ δ, (A.12)

thus giving no implicit increased amplitude on the major axis. We consider the Euler-

Lagrange equations (4.28), and de�ne

a (z) = â+ a1 (z) , b (z) = b̂+ b1 (z) . (A.13)

Under the assumption of small amplitude oscillations about the reference state, the

system can be linearised and exact solutions obtained (similar results may be obtained

numerically, but are less illustrative). Assuming that δ � 1 and a1 � 1, b1 � 1, the

system (4.28) can be approximated at �rst order by the matrix equation

Mx′′ (z) +Kx (z) = 0 (A.14)
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where

x =


a1

b1


 , (A.15)

and M , K are constant matrices given by

M =



−16â(â+2b̂)Kg

(â+b̂)
2 −16âb̂Kg

(â+b̂)
2

16â5b̂6Kg 16â4b̂6
(

2â+ b̂
)
Kg


 ,

K =



−16b̂3(2â+b̂)Ksâ4−ρKb

â5b̂3(â+b̂)
2

ρKb−16â4b̂4Ks

â4b̂4(â+b̂)
2

16â4b̂5Ks − ρb̂Kb 16â4
(
â+ 2b̂

)
Ksb̂

4 + ρâKb


 .

Here we have used the shorthand

ρ =
(
â+ b̂

)2 (
2â2b̂2 + 7â4 + 7b̂4

)
. (A.16)

The system, (A.14), admits solutions of the form

x = a cos (ωz − ϕ) , a =


a1

a2


 . (A.17)

i.e. a and b have the same frequency and phase but a di�erent amplitude. Equation

(A.14) then turns into the eigenvalue problem

M−1Ka = ω2a (A.18)

Here, a is an eigenvector and ω2 an eigenvalue. We have a nontrivial solution if and

only if det (M−1K − λ1) = 0. This allows us to determine the eigenvalues ω2
1, ω

2
2 and

the respective eigenvectors

e1 =


e

a
1

eb1


 , e2 =


e

a
2

eb2


 . (A.19)

Note that the subscript identi�es the eigenvector such that M−1Kei = ω2
i ei, i = 1, 2,

and the superscript identi�es the vector component. The general solution is

x = A1e1 cos (ω1z − ϕ1) + A2e2 cos (ω2z − ϕ2) . (A.20)
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Figure A.4: Oscillations of a and b near reference states â and b̂ for values of ê, 0.2
and 0.9. The upper limits Max (a) and Max (b) are plotted in red and the shaded
regions, which represent Max(a1) and Max(b1), are drawn side by side for comparison.
Parameters for this simulation can be found in Appendix A.5.

The constants A1, A2, ϕ1, ϕ2 are determined from initial conditions

a1 (0) = b1 (0) = δ, a′1 (0) = b′1 (0) = 0 . (A.21)

This gives the following form for the four unknown coe�cients:

A1 = δ

(
ea2 − eb2

eb1e
a
2 − ea1eb2

)
, A2 = −δ

(
ea1 − eb1

eb1e
a
2 − ea1eb2

)
, ϕ1 = ϕ2 = 0 . (A.22)

The maximum amplitudes Max(a − â) = Max (a1) and Max(b − b̂) = Max(b1) are

the upper bounds of a1 and b1, which can be computed numerically. The eigenvalues

ω2
1, ω

2
2 and eigenvectors e1, e2 are functions of â and b̂ and therefore can be formulated

as functions of b̂ and ê. The curve shown in Figure A.3 is a plot of Max(a1)/Max(b1)

over ê. For two values of the reference eccentricity, ê = 0.2 and ê = 0.9, the oscillations

â+ a1 and b̂+ b1 are plotted in Figure A.4. The shaded regions represent Max(a1) and

Max(b1) and are drawn side by side for comparison.
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A.4 Coiling and 3D seashell surface

In this section we relate the ribbing oscillations to the coiled 3D shells presented in

Figures 4.13 and 4.14 in the main text. We split this task into two parts: First,

we introduce coiling via a logarithmic spiral shape that forms the basis for the shell

surface (i.e. the shape in the absence of ribbing) and relate the coiling parameters

to the expansion rate γa of the major axis of the ribbing model. Then, we give a

parametric representation of the fully ribbed and coiled seashell surface that underlies

the �gures in the main text.

A.4.1 Description of shell coiling

A logarithmic spiral is a polar curve with radius ρ and angle φ by ρ (φ) = c1e
c2φ, char-

acterized by two coiling parameters c1, c2. In Cartesian coordinates {x, y}, the curve
takes the form x (φ) = ρ (φ) cosφ, y (φ) = ρ (φ) sinφ. The (unribbed) Ammonites' shell

surface is modeled by three logarithmic spirals: The centreline spiral ρm, the dorsal

spiral ρd, and the ventral spiral ρv. In polar coordinates, they are

ρm (φ) = c1e
c2φ , ρd (φ) = (c1 − â) ec2φ and ρv (φ) = (c1 + â) ec2φ . (A.23)

Here â = â(φ) is the half-distance between the dorsal and ventral side. If the low

curvature side of the elliptical shell margin is oriented along the lateral side, we identify

â with the reference major axis.

To characterise to what degree the coiling shell overlaps with itself, we introduce

a tightness-of-coiling parameter τ , following the ideas of [57] (see Figure 7 of that

reference). For coiling in perfect contact, in which the ventral side coincides with the

dorsal side of the previous whorl, we have τ = 1. Overlap between each whorl and the

previous whorls corresponds to a value of τ > 1. For an illustration see Figure A.5.

From the de�nition of τ , we have that ρv (φ) = τρd (φ+ 2π) which implies

ec22π =
1

τ

(
c1 + â0

c1 − â0

)
. (A.24)

To relate the coiling to the expansion rate γa, we must �rst compute the arclength of

the centreline spiral ρm. The centreline is described by the curve rm (φ) = ρm (φ) er (φ)
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overlap

Figure A.5: The logarithmic spirals (A.23) representing the shell centreline ρm, the
dorsal side ρd and the ventral side ρv. In the case of perfect contact between whorls,
the tightness of coiling parameter is τ = 1. In the case of overlap, τ > 1. Figure
adapted from [57].

where er is the radial direction which in a Cartesian basis {ex, ey, ez} is er (φ) =

cosφ ex + sinφ ey. Its arclength is

z (φ) =

∫ φ

0

∣∣∣∣
drm (ϕ)

dϕ

∣∣∣∣ dϕ =

√
1 + c2

2

c2

[ρm (φ)− c1] (A.25)

The reference length of the major axis satis�es by

ρv (φ)− ρm (φ) = â (z (φ)) , (A.26)

where â (z (φ)) = â0 + γaz (φ) in the case of linear expansion. Evaluating (A.26)

provides the following relationship between γa and the coiling parameters:

â0c2 = c1γa

√
1 + c2

2. (A.27)

In order to obtain the coiling parameters c1, c2 in terms of γ and τ , the equations

(A.24) and (A.27) must be solved simultaneously, which can be achieved numerically.

A.4.2 Number of ribs per whorl

The above connections, combined with the analytical results of ribbing in Subsection

4.3.1.1 implies a constant number of ribs per whorl. To see this, we consider the result
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er(φ)

ez

a(z(φ))

b(z(φ))

θ

φ

ez

er(φ)

θ

Figure A.6: Cross-section of 3D shell surface. The shell coiling parameter is φ, whereas
the ellipse parameter is θ. The surface parameterisation (A.30) can be interpreted as
an ellipse with major axis a and minor axis b added on top of the centreline curve rm
in a local basis {ez, er}.

(4.38) and parameterise it in terms of angle φ rather than arclength z. To do this,

we �rst note that (A.25) together with (A.27) imply c1c
−1
2

√
1 + c2

2 = b̂0/γb . With this

insight and ρm according to A.231, the arclength expression (A.25) then simpli�es to

z (φ) =
b̂0

γb

(
ec2φ − 1

)
. (A.28)

Then the result (4.38) transforms to

b (φ) = b̂0e
c2φ + δbAe

1
2
c2φ cos (ωc2φ− ν) (A.29)

which implies a �xed number N = ωc2 ribs per whorl.

A.4.3 Parametric form of shell surface

The coiling formulation above enables to �nd the coiling parameters c1 and c2 in terms

of the parameters γ and τ , while the morphomechanical ribbing model of Appendix

4.2 provides a (z) and b (z) . The full 3D seashell surface is then parameterised by

r (θ, φ) = rm (φ) + b (z (φ)) cos θ ez + a (z (φ)) sin θ er (A.30)

where θ is the cross-section ellipse parameter and φ is the coiling parameter, see Figure

A.6. This surface parameterisation was used to plot all 3D seashells in this paper.
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A.4.4 Shell �tting and 3D printing

When presented with a real life Ammonite, we are interested in extracting the relevant

parameters for our model, such as the expansion rate γa and the sti�ness parameter

k. To do this, we must �t the spirals produced by our model to real life Ammonite

photographs. Extracting the relevant parameters allows us to describe a 3D surface,

which represents a real life Ammonite through the framework of our model. This also

allows us to produce life-size versions of real Ammonites' shells on the basis of our

model through 3D printing. The procedure for this �tting is presented in detail in the

algorithm below. A visual illustration can be found in Fig. A.7.

Algorithm A.1 Shell �tting

1. Make a lateral photograph of an Ammonite shell such as the top left image in
Fig. A.7

2. Estimate the eccentricity ê0 of the cross-section.

3. By �tting the three spiral curves (A.23), obtain �t values for the initial major
axis â0 and coiling parameters c1, c2.

4. By solving the equations (A.24) and (A.27) simultaneously (numerically), com-
pute the expansion rate γa and the tightness of coiling parameter τ .

5. To �t the sti�ness parameter k, replace the smooth spirals ρv (φ) and ρd (φ) (see
A.23) by the ribbed spirals ρm + a (z (φ)) and ρm − a (z (φ)). The major axis
value a (z) results from a mechanical model, for instance a model of linear ex-
pansion ((4.30) and (4.38)), non-linear expansion (Subsection 4.3.1.3), allometric
variation (Subsection 4.3.1.2) or mechanical feedback (Section 4.5). Choose the
k parameter to best �t the ribbing pattern.

6. The �t is complete. Plot the parametric 3D surface according to (A.30).

A.4.5 Interactive web simulation of seashell surface

To better illustrate the results of our model, we created an interactive web simulation

in which the user can examine the parametric surface (A.30) as a function of various

parameters. The user can change the values of the sti�ness parameter k, the tightness

of coiling parameter τ , the expansion rate γa of the ventral side, and the constant

eccentricity ê (allometric variation is not considered here). The seashell surface updates

instantaneously. A screenshot can be seen in Fig. A.8. The simulation can be run from
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Figure A.7: Illustration of shell �tting method, which allows us to reproduce the three
dimensional shape of an Ammonite shell on the basis of our model. (a) By �tting the
spirals ρm, ρv and ρd to the Ammonite photograph, we can extract the parameters â0,
ê0, c1 and c2. (b) By adding a mechanical model, we obtain a ribbing pattern, which
allows us to �t the parameter k. (c) Once all parameters have been �tted, we obtain a
3D surface. (d) With the possibility of 3D printing, we can produce life-size versions
of real Ammonites' shells on the basis of our model. Photographs courtesy of Alain
Goriely. The details of this shell �tting procedure are given in Algorithm A.1.
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Figure A.8: 3D shell.

any browser on any desktop operating system at airlich.de/shell.

A.4.5.1 Interactive parameters

The interactive functionality of the simulation can be separated in three categories.

This can be seen in the interface categories in Fig. A.8). The categories are: Model

parameters, technical parameters and Paper �gure parameters. We give details the

meaning of the parameters of each category, which also serves to illustrate how the 3D

seashell is generated.

Model parameters

The ribbing pattern is calculated according to (4.38). In order to obtain the logarithmic

spirals (A.23), we require the coiling parameters c1, c2, which we obtain by numerically

solving (A.24) and (A.27) simultaneously. The parametric surface is then rendered

through (A.30).

Technical parameters

Note that the parameter â0 has a �xed value. The parameter δ, which can be chosen by

the user, sets the initial displacement to a(0) = (1 + δ)â0. The parameter no > 0 sets

the number of whorls in the outside or forward coiling direction (i.e. forward in time),
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whereas the parameter ni < 0 sets the number of whorls in the opposite direction and

can serve as a way to �ll the hole in the shell center for shells with small expansion

rate γa.

A.4.6 Computational realisation

In this subsection, we give some brief details on the technical realisation of this simu-

lation. The simulation is created with the Unity game engine (https://unity3d.com/),

which is responsible for translating high level code in C# into WebGL code which is

uploaded to a server. The mesh of the seashell is procedurally generated from ap-

proximately 65.000 vertices 130.000 triangles, half of which are used for the outward

facing part of the mesh, the other half facing inward. The shell aperture angle and the

shell arc length are discretised in an equidistant manner. Surface normals are calcu-

lated from all shared vertices and rendering is performed with Unity's default material

shader.

A.5 Parameters

A.5.1 Parameter values

Based on a study of images from Peltoceras schroederi, [57] determined a value of

k = 154.75 based on a least squares analysis determining the best �t of their model

to the empirically determined number of ribs produced over a particular shell length.

Also, the authors observed that in Peltoceras schroederi �the shell radius increases from

around 1mm to 3.5mm over a length of shell between 40mm and 100 mm�. On the other

hand, shells of the species Echioceras raricostatum have a subcircular cross-section and

are slowly expanding, within the range of shell coiling of Peltoceras schroederi, but ex-

hibits ribbing pattern with a wavelength two to three times greater. This interspeci�c

variation of ribbing wavelength among species with similar shell coiling allowed us to

determine a second value of k = 40 by best �t of the model to an Echioceras shell.

Our choice of dimensional parameters (such as â0, b̂0) and expansion rates (γa, γb) has

been guided by these estimated values of Peltoceras and Echioceras.
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In particular, the parameters used to produce the �gures of the main text are:

Fig. 4.13 b̂0 = 5.93mm, δb = 0.59mm, ê0 = 0.7, k = 155, τ = 1.03. Expansion rates

γb as indicated in the �gure.

Fig. 4.9 Same as 4.13.

Fig. 4.14 â0 = b̂0 = 8.3mm, δa = δb = 0.83mm, k = 40. Expansion rates γa and γb

as indicated in the �gure.

Fig. 4.16 γ = 0.16, τ = 1.03, k = 155, ε = 0.1, R0 = 8.3mm, ε as indicated in the

�gure.

Fig. A.4 b̂ = 4.3, δ = 0.1, Ks = 70Nm, Kb = 100Nm, Kg = 1Nm.

Fig. A.9 â0 = b̂0 = 8.3mm, δa = δb = 0.83mm, Kg = 1Nm, Kb = 105 Nm, γa = 0.10,

γb = 0.02. Ks (z) as indicated in the �gure.

Figs. 4.17, 4.18 & 4.19 γ = 0.1, k = 30, ρ = 0.1, R0 = 8.3mm, ε and ε̃ as indicated

in the �gure.

Fig. 4.20 γ = 0.067, τ = 1.5, k = 200, ρ = 0.7, R0 = 16.32mm, ε as indicated in the

�gure.

A.5.2 Sti�ness variation

A main point of the paper was to explore how the ribbing pattern depends on expansion

rate and eccentricity. However, since there is some uncertainty regarding the elastic

parameters, we brie�y consider whether variations in the elastic parameters might have

a signi�cant impact on the pattern. For this purpose, we consider the full nonlinear

model (4.28). In Figure A.9, we explore the in�uence of the stretching sti�ness Ks

on the ribbing pattern. Here the reference major and minor axis are prescribed as

â = â0 + γaz and b̂ = b̂0 + γbz, respectively. The stretching sti�ness has the form

Ks = K0
s e
mz, where K0

s is the initial sti�ness and m is a real number. Note that for

m = 0, we recover the case presented in Figure 4.11, see Figure A.9 column a. For

the case m < 0, we obtain a stretching sti�ness which decays exponentially, which

causes an increase in relative amplitude and wavelength, see column b. Finally, for

the case m > 0, we obtain an exponentially increasing sti�ness, which causes a faster
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Figure A.9: In�uence of stretching sti�ness Ks on ribbing pattern. The form of Ks

taken in all three columns is Ks = 155emz for di�erent values of m. I.a�II.a: Case of
m = 0, which is identical with Figure 4.11, right column. I.b�II.b: Case of m = −10

3
2 ,

which causes an increased amplitude and wavelength. I.c�II.c: Case ofm = 10
3
2 , which

causes a decreased amplitude and wavelength. Other parameters given in Appendix
A.5.

decaying relative amplitude and wavelength, column c. These results show a clear

e�ect of sti�ness variation on the pattern, though one that is not inconsistent with

the functional dependence on sti�ness, easily evident for instance in equation (4.39).

Physically, increasing sti�ness leads to a stronger mechanical feedback, which leads to

an increase in ribbing frequency.
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