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Abstract

Datalog is a prominent knowledge representation language whose popularity is mainly
due to its ability to express recursive definitions. Datalog applications typically require
efficient reasoning over datalog programs and facts. To support this, datalog systems often
materialise all consequences of a datalog program so that all queries can later be evaluated
directly over the materialisation. This style of reasoning is usually complemented with
an incremental maintenance algorithm that updates the materialisation whenever the
input facts change. Existing solutions to the incremental maintenance problem either
handle only nonrecursive rules or contain steps that evaluate rules “backwards” by
matching their heads to a fact and evaluating the partially instantiated rule bodies as
queries. We show that this can be a considerable source of overhead even on very small
updates, and we present two hybrid approaches that reduce or even eliminate “backward”
rule evaluation while still handling arbitrary datalog programs. Moreover, we observe
that for both materialisation and incremental maintenance, certain (combinations of)
rules can be handled much more efficiently using custom algorithms. To integrate such
algorithms into a general reasoning approach that can handle arbitrary rules, we propose
a modular framework for computing and maintaining a materialisation. We split a datalog
program into modules that can be handled using specialised algorithms, and we handle
the remaining rules using the seminaive evaluation strategy as in most existing solutions.
We also present two algorithms for computing the transitive and the symmetric—transitive
closure of a relation that can be used within our framework. Finally, we show empirically
that the proposed solutions are usually significantly faster than existing approaches,
sometimes by orders of magnitude.
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Introduction

Datalog [1] is a prominent rule language that has been extensively studied and used
across several communities over the past decades. In the database community, datalog
has been studied and implemented as a recursive query language [5], 12, |30 62]. In the
artificial intelligence community, datalog and its various extensions have been examined
for understanding their complexity and expressive power as knowledge representation
formalisms [23, 24, 41]. Datalog programs can be evaluated in time polynomial in
the size of the input data, which makes datalog a suitable language for reasoning over
large-scale data. Moreover, datalog captures OWL 2 RL [54] ontologies extended with
SWRL rules [37], so datalog-based implementations can be used in many Semantic Web
applications that require answering queries over such ontologies. An eminent feature
of datalog is its ability to declaratively model domain knowledge of an application as
‘if-then’ rules, over which implicit facts can be inferred. Despite its simple syntax and
straightforward semantics, datalog is rich enough to express many useful recursive queries

such as reachability and transitive closure.

Thanks to its favourable computational properties and its ability to declaratively
express complex definitions, datalog has recently found application in a wide range of
practical scenarios. For example, datalog can be used to support succint expression and

efficient execution of network protocols [45-47]. In the healthcare domain, datalog has
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been used to generate a complex set of quality measures from healthcare records [5§].
In the area of distributed computing, Datalog has been extended and implemented as
a data analytics language [2, 3]. It has also been used as a specification language for
information extraction tasks over both unstructured and semi-structured data [27, [64]. In
addition, variants of datalog have been used as languages for specifying program analysis
tasks [11}|73], and security policies [19, 40]. The growing interest in datalog has motivated
the development of many datalog systems, such as Oracle’s database [75], RDFox [55],
LogicBlox [4], VLog [68], Vadalog [7], GraphDB [28|, and Datomic [17].

1.1 Datalog Materialisation

A key computational task that datalog systems have to perform is to answer queries over
consequences derived from a set of datalog rules and a set of explicitly given facts. To
perform such a task, one common approach is to precompute and store all derived facts
so that queries can be directly evaluated over these facts without consulting the program.
This process, as well as its output, are called materialisation. Materialisation-based query
answering has been implemented in many systems, including but not limited to WebPIE

[69], VLog, Oracle’s RDF Store, OWLIM [8], and RDFox.

A naive approach to computing the materialisation is to repeatedly apply the datalog
rules to the given facts and the facts derived so far, until no new fact can be derived.
However, this can be very inefficient since each round of rule application has to repeat
all inferences performed in the previous rounds. Numerous algorithms and optimisation
techniques have thus been proposed to avoid such redundant inferences. Most of them
are based on the seminaive evaluation strategy [1]. In each iteration of rule application,
the seminaive algorithm considers only inferences involving facts newly derived in the
previous iteration. If implemented carefully, the seminaive algorithm completely avoids
redundant inferences in the sense that no inference is considered more than once [52].

Technical details of the seminaive algorithm are provided in Section [3.2]
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1.2 Incremental Materialisation Maintenance

The main drawback of materialisation-based query answering is that the materialisation
must be updated when the input facts change. Doing so ‘from scratch’ can be inefficient
if changes are small. Systems thus typically use an incremental maintenance algorithm,
which aims to avoid repeating most of the work. Fact insertion can be effectively
handled using the seminaive algorithm [1], but deletion is much more involved since one
has to check whether deleted facts have derivations that persist after the update. A
number of incremental maintenance algorithms have been proposed, among which the
Delete/Rederive (DRed) algorithm [35, [65], the Backward/Forward (B/F) algorithm [51],
and the Counting algorithm [35] are representative. We will present these algorithms and

briefly survey their variants in Chapter [3

The DRed algorithm handles deletion by first overdeleting all facts that depend on the
removed explicit facts, and then rederiving the facts that still hold after overdeletion. The
rederivation stage further involves rederiving all overdeleted facts that have alternative
derivations, and then recomputing the consequences of the rederived facts until a fixpoint
is reached. In contrast to DRed, the B/F algorithm searches for alternative derivations
immediately, rather than after overdeletion, using a combination of backward and forward
chaining. This makes deletion exact and avoids the potential inefficiency of overdeletion
(at the cost of eager search for alternative derivations). In practice, B/F outperforms

DRed in many cases.

1.3 Research Problems

In this thesis we study two research problems, i.e., the problem of computing the
materialisation of a program over a set of given facts, and the problem of maintaining the
materialisation of a program in response to changes in the given facts. Both problems
are of great practical importance. Materialisation computation helps speed up query
answering by precomputing all consequence of the program and the given facts, and this
is only possible when the materialisation can be correctly maintained. Hence, as the

performance of query answering is critical in many datalog applications, solutions to
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both problems have already been implemented in many datalog systems. Please refer to

Section [2| for a formalisation of these two problems.

1.4 Open Challenges

We next briefly outline several open challenges that remain to be addressed for datalog

materialisation computation and maintenance. These challenges will be discussed in more

detail with concrete examples later in Sections [4.1] and [5.1]

Challenges for Datalog Materialisation

Although the seminaive algorithm does not repeat inferences, it has to consider all
the applicable ones. However, for certain rules or rule combinations, considering all
applicable inferences is not necessary and there exist better algorithms for computing
all the consequences. For example, for a datalog program that axiomatises a relation
as transitive and symmetric and a set of facts that describe a connected graph with n
vertices, computing all consequences can be done straightforwardly by first identifying the
connected components of the graph and then enumerating each pair of nodes belonging
to the same component. These operations can be performed in O(n?) time. In contrast,
the seminaive algorithm requires O(n?) time to consider all applicable inferences since
the rule that axiomatises a relation as transitive has three variables, each of which can be
mapped to one of the n available constants. As another example, Nuutila’s algorithm [57]
for transitive closure computation can be used to efficiently materialise all consequences
of a rule aximotising transitivity [67]. Despite such custom algorithms, it remains unclear
whether and how they can be used in general-purpose datalog systems that are capable

of materialising arbitrary datalog programs.

Challenges for Incremental Materialisation Maintenance

Both DRed and B/F search for derivations of deleted facts by evaluating rules ‘backwards’:
for each rule whose head matches the fact being deleted, they evaluate the partially
instantiated rule body as a query; each query answer thus corresponds to a derivation.

This has two consequences. First, one can examine derivations that hold both before
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and after the update, which is redundant. Second, evaluating rules ‘backwards’ can
be inherently more difficult than matching the rules during initial materialisation: our
experiments show that this step can, in some cases, prevent effective materialisation

maintenance even for very small updates.

In contrast, the Counting algorithm [35] does not evaluate rules ‘backwards’, but
instead maintains the number of distinct derivations of each fact. A fact is deleted when
its counter drops to zero (i.e., no derivation for the fact still holds). The algorithm is
in a sense ‘optimal” on nonrecursive rules since it only considers derivations affected by
the update and never examines derivations that hold both before and after the update
(as opposed to DRed and B/F which do have to examine such derivations). The main
drawback of Counting is that, unlike DRed and B/F, it lacks generality and is applicable

only to nonrecursive rules [56].

In addition to the above issues, existing incremental maintenance algorithms also
suffer from deficiencies of the seminaive algorithm since these algorithms all apply certain
variants of the seminaive evaluation strategy. More specifically, they can be suboptimal
for certain rules and rule combinations. Indeed, approaches that can maintain the closure
of specific datalog programs have been already considered in the literature. For example,
maintaining transitive closure of a graph has been studied extensively [18} 39, 43, 59]. In
the database context, a transitively closed relation can be updated in response to insertions
by evaluating four nonrecursive first-order queries [21]. However, these approaches can
only handle datalog programs for which they have been specifically developed—that is,
the programs are not allowed to contain any additional rules. The presence of other
rules introduces additional complexity since updates computed by specialised algorithms
must be propagated to the remaining rules and vice versa. Thus, it is currently not clear
whether and how customised algorithms can be used in general-purpose datalog systems

to support incremental additions and deletions of facts for arbitrary programs.
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1.5 Contributions

To address the inefficiencies of the existing solutions, in this thesis we present optimised
solutions for both materialisation computation and incremental maintenance. Our
algorithms are not dependent on any specific data structure, which makes it easy for
them to be implemented either from scratch or on top of existing systems. In fact,
we have implemented our solutions on top of the RDFox system, and the extended
systems are available online.Eﬂ In our experiments, the proposed algorithms perform
consistently better than their unoptimised counterparts in a number of Semantic Web
benchmarks. Thus, our algorithms can be considered as an important addition to the
toolbox of techniques available to the datalog developers in the Semantic Web community.
Furthermore, while our implementation and tests have been carried out with RDFox,
which deals mainly with Semantic Web data, the proposed algorithms are general purpose
and are readily amenable to implementations in a wide range of application scenarios.
Applications of datalog in areas such as distributed computing, information extraction,
and program analysis often require efficient evaluation of datalog programs, so we believe
that our techniques could potentially be of interest. Below we summarise our technical

contributions.

First, in Chapter 4| we present two hybrid approaches to incremental materialisation
maintenance, DRed® and B/F¢, which combine DRed and B/F with Counting, respectively.
The DRed® algorithm tracks the nonrecursive and the recursive derivations separately,
which allows the algorithm to eliminate all ‘backward’ rule evaluation and also limit
overdeletion. The B/F¢ algorithm tracks nonrecursive derivations only, which eliminates
‘backward’ rule evaluation for nonrecursive rules; however, recursive rules can still be
evaluated ‘backwards’ to eagerly identify alternative derivations. Both combinations can
handle recursive rules, and they exhibit ‘pay-as-you-go’ behaviour in the sense that they
become equivalent to Counting on nonrecursive rules. Apart from the modest cost of
maintaining counters, our algorithms never involve more computation steps than their

unoptimised counterparts. Thus, our algorithms combine the best aspects of DRed, B/F,

'http://krr-nas.cs.ox.ac.uk/2017/counting/
’http://krr-nas.cs.ox.ac.uk/2018/modular/
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and Counting: with a modest cost, they eliminate or reduce ‘backward’ rule evaluation,
are optimal for nonrecursive rules, and can also handle recursive rules. Furthermore, we
have implemented our hybrid algorithms and have compared them with the original DRed
and B/F algorithms on several synthetic and real-life benchmarks. Our experiments
confirm that the cost of counter maintenance is negligible, and that our hybrid algorithms

typically outperform existing solutions, sometimes by orders of magnitude.

Second, in Chapter [5| we present a modular framework for the computation of datalog
materialisations that can integrate specialised reasoning algorithms with the seminaive
evaluation. The framework partitions the rules of a datalog program into disjoint subsets
called modules. For each module, a function computing the consequences of the module’s
rules must be made available; there are no restrictions on how this function is implemented,
as long as its outputs satisfy certain conditions. Moreover, if no specialised algorithm
for a module is available, the function can be implemented using seminaive evaluation.
Thus, our framework can efficiently handle certain combinations of rules, but it can

simultaneously handle arbitrary rules as well while avoiding repeated inferences.

Third, building upon the DRed® algorithm, we extend the modular framework for
modularised materialisation computation to handle incremental updates. More specifically,
in addition to the insertion function required by the modular materialisation framework,
two more functions responsible for computing other types of consequences need to be
made available for each module. Again, the implementation details of these functions are
not restricted as long as they satisfy certain conditions necessary for the correctness of

the framework.

Fourth, we examine two specific kinds of module axiomatising the transitive and the
symmetric—transitive closure of a relation. These capture node reachability in directed
and undirected graphs, respectively, both of which frequently occur in practice and
are thus highly relevant. We present custom algorithms that implement the functions
required by our framework and show that these algorithms satisfy the general correctness

properties. Moreover, we discuss the kinds of input on which one can expect significant
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performance improvements. Finally, our experiments show that our modular approach is

often orders of magnitude faster than DRed® and B/F*.



Preliminaries

We introduce datalog with stratified negation. A term is a constant or a variable. An
atom has the form P(ty,...,t), where P is a k-ary predicate with k > 0, and each t;,
1 <i<k, isaterm. A fact is a variable-free atom, and a dataset is a finite set of facts.
A negative literal has the form not B for B an atom. A [iteral is an atom or a negative

literal. A rule r has the form
ByN---ANB,, Anot B,;1 A---Anot B, — H,

where m >0, n >0, and B; and H are atoms. For r a rule, h(r) = H is the head,
b(r) = By A--- Anot B, is the body, b*(r) = {Bi,..., By} is the set of positive body
atoms, and b~ (r) = {B11, - .., By} is the set of negative body atoms. Each rule r must
be safe: each variable occurring in » must occur in at least one positive body atom. A
program is a finite set of rules. A program II is semipositive iff no predicate in the head

of a rule in II occurs in U, b~ (7).

A stratification A of a program Il maps each predicate occurring in II to a positive
integer such that, for each rule r € II with predicate P in its head, A(P) > A(R) holds
for each predicate R occurring in b™*(r), and A(P) > A(R) holds for each predicate R
occurring in b~ (r). Such r is recursive with regards to A if A(P) = A(R) holds for some

predicate R occurring in bt (r); otherwise, r is nonrecursive with regards to A. Program
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IT is stratifiable if a stratification A of II exists. For s an integer, the stratum s of II is
the program II* containing each rule r € II whose head predicate P satisfies \(P) = s.
Moreover, let II7 and II;, be the recursive and the nonrecursive subsets, respectively, of
IT°. Finally, let O° = {P(cy,...,¢,) | A(P) = s}. In other words, O® is the (infinite) set

of all facts whose predicate P satisfies \(P) = s.

A substitution o is a mapping of finitely many variables to constants. For « a term,
an atom, a rule, or a set thereof, ao is the result of replacing each occurrence of a variable

x in a with o(z), if the latter is defined.

If r is a rule and o is a substitution mapping all variables of r to constants, then
rule ro is an instance of r; moreover, we say that fact h(ro) is derived by rule instance
ro, and that ro is a derivation for h(ro). For I a dataset, we define the set inst, [I} of
instances of r obtained by applying a rule r to I, and the set H[I } of facts obtained by
applying a program II to I as follows. Each rule instance considered in computing H{[ }

is said to be applicable to I.

inst, m ={ro|bT(ro) C I and b~ (ro)N I =0} (2.1)
1] = J{h(r) | 7' € inst, [1]}. (2.2)

A query is a conjunction of literals
q=DBiN---ANB, Anot B,,,;1 A--- Anot B,

where m > 0 and n > 0. For g a query, b¥(q) = {B,..., B} is the set of positive
query atoms, and b~ (q) = {Bm1, - - -, By} is the set of negative query atoms. The safety
condition is defined in a similar way as for rules: each variable occuring in ¢ must also
occur in at least one of its positive query atoms b (¢). Given a dataset I and a query
¢, a substitution o is an answer of evaluating g over [ iff ¢ maps all variables in ¢ to

constants, and b*(go) C I and b~ (¢o) N I = () both hold.

It is easy to see that inst, m = {ro | 0 is an answer of evaluating b(r) over I/}, and
this shows us how H[[ } can be computed. For each rule r € II, we evaluate the body

of the rule as a query over I, and for each query answer o, we add h(ro) to the result



2. Preliminaries 11

set. Throughout the thesis we assume that rules are evaluated this way; in addition, we
assume that all facts are indexed in some way, and it takes O(1) time to check if a fact
belongs to a set or to add a fact to a set. Now let n = |I| be the number of facts in
I, and let m = |II| be the number of rules in II; moreover, let k be the largest possible
number of distinct variables in the body of one rule in II, let u be the largest possible
arity of a predicate that occurs in II, and let w be the largest possible number of atoms
in the body of a rule. We are now ready to analyse the cost of evaluating H[I } There
are a total number of u - n constants available in I; for each rule r € II, we evaluate its
body as a query over I by iterating through at most u* - n¥ substitutions; for each of
these substitutions, it takes O(w) time to check if the instantiated query atoms satisfy
the relevant conditions and to add the instantiated head to the result set if the conditions
are indeed satisfied. There are in total m rules to be considered, so the overall cost is

O(m - w - uk - nk).

We are now ready to formalise the two computational problems that this thesis
focuses on. Let F be a dataset of explicit facts and let A be a stratification of II with

maximum stratum index S. Then, we define the following sequence of datasets:
o let I° = E;
e foreach 1 <s< S,

— let I§ =I5,

— foreach ¢ > 1, let I} = I7 ; UII® {If_l}, and

—let I, = Uiso I

Set 15 is the materialisation of I1 with regards to E and . It is known that I3 does
not depend on \, so we write it as mat(Il, F'). Computing the materialisation mat(Il, )

given Il and F is the first problem that we are interested in.

In this thesis we also study solutions for the problem of updating a materialisation
in response to changes in the explicit facts. More specifically, given a program II, a set
of explicit facts E, the materialisation I = mat(Il, E), and sets of facts E~ and E™ to

remove from and to add to E, respectively, the problem of materialisation maintenance
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is to compute the new materialisation I’ = mat(Il, (E \ E~) U ET). A naive approach
to this problem is to recompute the materialisation ‘from scratch’ using a standard
materialisation algorithm such as the seminaive algorithm. However, such an approach
is very inefficient especially when E~ and ET are small compared to E: much of the
work performed during the initial materialisation will be repeated. Consequently, in this
thesis we focus on various incremental maintenance algorithms which aim at efficiently

computing I’ by taking advantage of what has already been computed in I.



Related Work

In this chapter we review existing solutions for datalog materialisation computation,
incremental maintenance, and other related problems. Moreover, we discuss in detail
several existing algorithms which lay the foundation for our work. This chapter is
organised as follows. Section provides an overview of existing approaches. Section
presents details of the seminaive algorithm, which underpins our modular materialisation
algorithm. The rest of the chapter formalises three important algorithms, Delete/Rederive,
Backward/Forward, and Counting, which form the basis of our optimised algorithms and

modular framework for incremental maintenance.

3.1 Overview

In this section we briefly survey existing solutions for related problems. It should be
noted that the problem of datalog materialisation maintenance can be seen as a special
case of view maintenance. Views are defined by queries over base relations and are
often materialised so that they could be efficiently accessed just as normal relations.
When base relations change, view maintenance algorithms compute only the incremental
changes to the views, rather than reevaluate the queries that define them. In our work,
datalog materialisations correspond to materialised views defined by queries written in

the datalog language. There is a large body of work on view maintenance, so for clarity

13
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we classify existing techniques according to whether the language that defines the views is
recursive. For the recursive group, which is more relevant to our work, we further divide
the relevant techniques into two categories based on whether additional information, such

as fact counts, has to be maintained.

Datalog Materialisation Computation

Bancilhon [6] proposed the seminaive evaluation strategy for evaluating recursively defined
relations. Abiteboul, Hull, and Vianu [1] presented an improved version of this method for
the bottom-up evaluation of datalog programs. Ramakrishnan, Srivastava, and Sudarshan
[61] studied the impact of rule orderings on the performance of seminaive evaluation,
and proposed two variants of the seminaive algorithm that are capable of handling
user-defined rule orderings, although it was unclear how promising rule orderings could be
automatically obtained. Ramakrishnan et al. [62] have also implemented the seminaive
evaluation strategy in their datalog system CORAL. Ganguly, Silberschatz, and Tsur
[25] and Zhang, Wang, and Chau [77] considered parallelising seminaive evaluation of
datalog programs by statically distributing rule instantiations to multiple processors. In
contrast, Motik et al. [53] implemented a parallel variant of the seminaive algorithm that
achieved dynamic partition of rule instantiations, which was less susceptible to skewed
workload distribution. Urbani, Jacobs, and Krotzsch [68] and Hu et al. [38] presented
adaptations of the seminaive algorithm for the materialisation of datalog programs over

column-oriented RDF data.

Maintenance of Nonrecursive Views

Blakeley, Larson, and Tompa |10] presented a derivation counting method for incrementally
updating materialised views defined by Select-Project-Join (SPJ) expressions. The idea
is to maintain for each tuple a counter which tracks the number of derivations for the
tuple. The counter gets incremented by one when a new derivation becomes available,
and it gets decremented by one when an existing derivation no longer holds. A tuple
could thus be safely deleted from the view when its counter drops to zero. Hanson [30]
presented a refined version of the algorithm and compared the performance of counting

to the performance of view rematerialisation with a cost analysis. Nicolas and Yazdanian
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[56] and Gupta, Mumick, and Subrahmanian [35] presented similar counting approaches
for maintaining views defined by nonrecursive datalog programs, which we will discuss in

more detail in Section 3.5l

Ceri and Widom [13] presented an approach that incrementally maintains duplicate-
free views by using production rules automatically generated from view definitions. Qian
and Wiederhold [60] considered relational algebra with set semantics and presented a
method that derives the minimal incremental relational expressions to be evaluated based
on relational expressions formed by the initial base relations and updates to these relations.
Griffin, Libkin, and Trickey [32] showed with a counter-example that this method does
not always compute the minimal expressions, and they provided an improved version that
preserves minimality. Griffin and Libkin [31] also extended this idea to relational algebra
with bag semantics, which then allows aggregate functions to be incrementally computed.
Compared with algorithmic solutions, a key advantage of such algebraic approaches is
that changes to the views are represented by expressions that can be optimised as queries.
As an example, Vista |71}, [72] implemented a query optimiser that extended standard

query optimisation techniques to support maintenance queries.

Maintenance of Recursive Views with Bookkeeping

Gupta, Katiyar, and Mumick [34] extended the counting approaches by Nicolas and
Yazdanian [56] and Gupta, Mumick, and Subrahmanian [35] to handle recursive datalog
rules. However, this approach might not work correctly in cases where a fact recursively
derives itself. Wolfson et al. [74] proposed a counting-based algorithm that overcomes
the above problem and is capable of handling recursion correctly for arbitrary datasets.
Dewan et al. [20] reformulated this algorithm and proved its correctness. The main idea
is to maintain for each fact multiple counters instead of just one. The 7th counter of
a fact tracks the number of times the fact is derived in the ith iteration of the initial
materialisation process. One major drawback of this algorithm is that it is devised based
on the naive evaluation strategy for datalog, which is inherently inefficient. Motik et al.
[52] described an optimised variant of this algorithm that is based on the more efficient

seminaive evaluation strategy.
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Maintenance of Recursive Views without Bookkeeping

Gupta, Mumick, and Subrahmanian |35] proposed the Delete/Rederive (DRed) algorithm
that update views defined by general datalog programs. To handle fact deletion (which
is usually more difficult than fact insertion), the algorithm first deletes all consequences
of the deleted facts and then uses what remains to rederive facts that still hold after
the update. Staudt and Jarke [65] presented a very similar algorithm, but formalised it
declaratively with maintenance rules. Motik et al. [52] identified several inefficiencies of
the DRed algorithm by Gupta, Mumick, and Subrahmanian [35] and Staudt and Jarke
[65], and presented an optimised version that addressed these issues. In Section we

discuss this version of the algorithm in more detail.

Motik et al. [51] proposed the Backward/Forward (B/F) algorithm for the incremental
maintenance of datalog materialisations. During the deletion phase, instead of computing
an overestimation of the deleted facts as in the case of DRed, the B/F algorithm eagerly
searches for alternative derivations of facts so that deletion can be made exact. We
provide details of this algorithm in Section . Motik et al. [52] further presented the
Forward /Backward /Forward (FBF) algorithm, which could be viewed as a generalisation

of both DRed and B/F algorithms.

3.2 The Seminaive Algorithm

Constructing the materialisation mat(Il, £') based on its definition in Section [2| can be
very inefficient. Consider an arbitrary stratification A of II with maximum stratum index
S, an arbitrary stratum index s with 1 < s < S, and an arbitrary ¢ > 1, to compute
I?, the program application II° {]f_l] will repeat all applicable rule instances previously
considered to compute [7 with 1 < j < (i.e., rule instances already considered by
I1° {If_Q] yoe ., 18 [I(ﬂ ). In contrast, the seminaive algorithm [1], formalised in Algorithm ,
eliminates this major source of inefficiency by considering each applicable rule instance

only once.

Algorithm (1| takes as input a set of explicit facts F, a program II, and a stratification

A of TI, and it computes mat(II, E'). To apply each applicable rule instance only once, it
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Algorithm 1 SEMINAIVE(IL, A, E)
1: I:=10
2: for each stratum index s with 1 < s < .S do
A= (EN0%) UTI,[1]
while A # () do
I:=1TUA
A=TE[TA|NT

identifies in each round of rule application ‘newly applicable’ rule instances (i.e., instances
that depend on a fact derived in the previous round) as shown in Algorithm . For each
stratum, the algorithm initialises A, the set of newly derived facts, by combining the
explicit facts in the current stratum (E N O®) with the facts derivable from previous
strata via nonrecursive rules (Hﬁr[[ }) Then, in lines ﬁ it iteratively computes all
consequences of A. To this end, in line @ it uses operator H[I : A}, which extends H{I }
to allow identifying ‘newly applicable’ rule instances. Specifically, given datasets I and

A C I, we define inst, [I : A} and H[I : A] as follows.

inst, [IEA} ={ro |b"(ro) CI, b= (ro)NI =10, and b"(ro) N A # 0} (3.1)
A = J{h(') [ €inst, [T:A]} (3.2)

II [I : A] returns a dataset containing the head of each rule instance 7’ that is applicable
to I and is affected by A (i.e., a positive body atom of 7" occurs in the set of facts A
derived in the previous round of rule application). H[I : A] can be evaluated as follows.
For each fact F' in A, we identify positive body atoms in II that could be matched to
F'. For each of these matches, we use the matched body atom as the pivot, evaluate the
partially instantiated rule body as a query, and apply the query answers to the head of
the rule to obtain the derived facts. It is not hard to see that the algorithm computes
I = mat(I1, E'). Moreover, since A is different between rounds of rule application, the

algorithm conisders each applicable rule instance only once.

We now analyse the running time of Algorithm (1] on input II, A, and E. To facilitate
our discussion, let n = |E| be the number of facts in £, and let m = |II] be the number

of rules in IT; moreover, let k£ be the largest possible number of distinct variables in the
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body of a rule in II; finally, let u be the largest possible arity of a predicate that occurs
in II, and let w be the largest possible number of body atoms for a rule in II. Consider
the execution of Algorithm . Line (1] clearly requires only O(1) time. We next look into
the cost of handling one stratum with index s, 1 < s < S. Line [3] involves evaluating
each nonrecursive rule of stratum s over dataset I. Each of these rules has a maximum
of k variables in the body, and the total number of constants available in [ is in the
order of u - n since each fact in E gives rise to a maximum number of u constants. Hence,
the total number of possible substitutions to be checked for each rule is bounded by
u® - n¥. Moreover, for each of these substitutions, it takes O(w) time to check whether
positive and negative body atoms of the rule satisfy the respective conditions against
I, assuming that all facts are indexed. Consequently, the cost of evaluating Hﬁ,[[ } is
O(|TL2,| - w - uF - n*). Now the size of the output, i.e., the number of facts derived from

“ and so the set operations in line

the above evaluation, is bounded by [IIZ | - u* - n
require O(n + |II%,| - u* - n*) = O(|II%,] - u* - n*) time. By definition we have u < k, and

|w - ukonk).

so the total running time for line |3|is simply O(|II2

Next, the algorithm enters the loop of lines dH6l As in the case of line [3] the overall
cost is dominated by the rule evaluation in line [6, and we can safely ignore the cost of set
operations. We examine the cost of handling a rule r € II? throughout the loop. The rule
could have at most w body atoms. Consider the ith body atom B of the rule, and let [
be the number of distinct variables in B. Since A is distinct among iterations, during the
execution of the loop, B could be used as the pivot atom in a maximum number of u' - n!
queries. For each of these queries, there are at most k — [ variables to be matched, leading
to a total number of u*~! . n*~! substitutions to be checked. Checking each of these
substitutions requires O(w) time, so the cost of evaluating rule r in the loop of lines
using B as the pivot is O(w - u! - n' - uF~t - n*~1) = O(w - u* - n¥). The number of positive
body atoms in 7 is at most w, and the number of recursive rules is |II?|, so the overall cost
for the loop of lines is O(|IT3| - w? - u* - n*). Hence, the running time for stratum I1° is
O(|TLE,| - w - uk - n¥ + |I15] - w? - u* - n*), which could be simplified as O(|II*| - w? - u* - n*). As

a result, the overall running time is O(X1<,<s|II| - w? - uF - n*) = O(m - w? - uk - nk).
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Seminaive evaluation is guaranteed to apply each applicable inference exactly once.
However, for certain rules or rule combinations, all consequences can actually be computed
without considering every applicable inference. For example, consider applying a program
that axiomatises a relation R as symmetric and transitive to input facts that describe a
connected graph of n vertices. In a later section we show that computing all consequences
using seminaive evaluation involves O(n?) rule applications, whereas a custom algorithm

that we discuss in a later section can achieve the same goal using only O(n?) steps.

3.3 The Delete/Rederive Algorithm

The DRed algorithm is a well-known known solution to the datalog materialisation
maintenance problem. The algorithm and its variants have been extensively used in
practice [63, 70]. Let IT be a program and let A be a stratification of II; moreover, let
E be a set of explicit facts; finally, let I denote the materialisation of II with regards
to E. Now, assume that we would like to update the explicit facts E by deleting £~
and adding E*. Then, the DRed algorithm efficiently modifies the ‘old” materialisation
I = mat(Il, E) to the ‘new’ materialisation I’ = mat(Il, (E'\ E~)U E™) by deleting some
facts and adding others. We call such facts affected by the update.

Due to the update, some rule instances that are applicable to I will no longer be
applicable to I’, and some rule instances that are not applicable to I will be applicable to
I"; we also call such rule instances affected by the update. A key problem in materialisation
maintenance is to identify the affected rule instances. Clearly, the body of each affected
rule instance must contain an affected fact. The operators inst, [I E A} and II [I E A} defined
in Section can only capture rule instances and consequences affected by changes to the
matching of positive body atoms. To identify rule instances and consequences affected by
changes to the matching of negative body atoms, we further generalise these operators.
In particular, let IP, I", P, and N be datasets such that P C IP and N N I" = (); then,
let

inst, [IP,[" ‘P, N} -

{ro | bT(r)o C I?P and b~ (r)e N I" = (), and (3:3)
b (r)o NP # 0 or b=(r)o NN # 0}
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and let

m[re, 1 P,N| = [J{h(') |+ € inst, [I°,I": P, N|}. (3.4)

rell

It should be noted that in both inst, [IP, I P, N] and H[[P, " P, N], operator ‘1’ has
lower priority than the comma operator. The application of the comma results in two
pairs of datasets, which are then distinguished by the ‘:’ operator. The first pair consists
of IP and I", the datasets in which the positive and the negative rule atoms are evaluated,
and the second pair of datasets, P and N, refer to the affected positive and negative
facts. Intuitively, inst,. [IP, I": P, N} are the affected instances of r; and H[Ip, I": P, N}
are the affected consequences of II. We define inst, [I P I “] and H[I Pl ”} analogously
to above, but without the condition ‘b*(r)e N P # () or b~ (r)o N N # (). We omit for
readability I" whenever IP = I", and furthermore we omit N when N = (). Sets H{] P T ”}
and H[I PI":P N ] can be computed efficiently in practice by evaluating the body of

each rule r € II as a conjunctive query and instantiating the head as needed.

Algorithm [2| formalises DRed. The algorithm processes each stratum s and accumu-
lates the necessary changes to I in the set D of overdeleted and the set A of added facts.
The materialisation is updated in line Therefore, prior to that, [ and (I \ D) U A are
the ‘old” and the ‘new’ materialisation, respectively. The computation proceeds in three

phases.

In the overdeletion phase, D is extended with all facts that potentially need to be
deleted due to the update. In line [14] the algorithm identifies the facts that are explicitly
deleted (E~ N O®) or are affected by deletions and insertions in the previous strata
(I [I D\ A A\ D} ), and then in lines it computes their consequences. It uses a
form of the seminaive strategy, which ensures that each rule instance is considered only
once. Please note that a fact derived in the overdeletion phase may still hold after the
update due to the presence of alternative derivations, so D is essentially an overestimation

of the facts that no longer hold after the update.

In the one-step rederivation phase, R is computed as the set of facts that have been

overdeleted, but that hold nonetheless. To this end, in line[I0] the algorithm considers each
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Algorithm 2 DRED(II, A\, E, I, E~,E™)
. D:=A:=(0), E-=(E NE)\ET, Et=ET"\FE
8: for each stratum index s with 1 < s < 5 do
9: OVERDELETE
10: R:={FeDnNO*|FeE\E" or there exist r € II* and
v inst,[1\ (D\ A), 1 U A] with F' = h(r")}
11: INSERT
122 E:=(E\E")UE", T:=(I\D)UA

13: procedure OVERDELETE
14: Npi=(E-NO*)UIF[[:D\ A, A\ D]

15: loop

16: Ap:=Np\D

17: if Ap = 0 then break

18: Np :=IE[I\ (D\ A),TUA:Ap|
19: D:=DUAp

20: procedure INSERT
2 Np:=RU(E*NO*)UIF[(I\D)UAIA\D,D\ A

22: loop

23: AA:NA\((I\D)UA)
24: if A4, = () then break

25: A:=AUAY

26: Ny :=TEE[(I\ D)U A:A4]

fact F'in D N O*, and it adds F' to R if F' is explicit or it is rederived by a rule instance.
The latter involves evaluating rules ‘backwards’: the algorithm identifies each rule r € II°
whose head can be matched to F', and it evaluates over the ‘new’ materialisation the
body of r as a query with the head variables bound; fact F' holds if the query returns at
least one answer. As we discuss shortly, this step can be a major source of inefficiency
in practice, and a main feature of our DRed® algorithm, which we discuss in detail in a
later section, is that DRed® completely eliminates ‘backward’ rule evaluation and thus

significantly improves the performance.

In the insertion step, in line 21] the algorithm combines the one-step rederived facts
(R) with the explicitly added facts (E* U O®) and the facts added due to the changes in
previous strata (II° [(I \D)UAIA\ D,D\ A}), and then in lines it computes all

of their consequences and adds them to A. Again, the seminaive strategy ensures that
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each rule instance is considered only once during insertion.

We now analyse the running time of Algorithm [2j on input II, A\, E, I, E~, and E*.
For simplicity, let n = |E| + |E~| + |E™| be the total number of facts in E, E~, and E*,
and let m = |II| be the number of rules in II. Note that we measure the performance in
the size of the explicit facts instead of I so that we can directly compare the running
time of Algorithm [2] with that of Algorithm [Il We define k, u, and w in the same way as
in Section [3.2] In particular, let k be the largest possible number of distinct variables in
the body of one rule in II; let u be the largest possible arity of a predicate that occurs in
IT; and let w be the largest possible rule body size. As in Section we assume that all
facts are indexed, and that it takes O(1) time to check if a fact is in a particular set or
to add a fact to a set. Consider the execution of Algorithm [2] It is straightforward to see
that line m requires only O(n) time. We next look into the cost of handling one stratum
IT* with 1 < s < S. More specifically, we will examine the running time for each of the

three phases, i.e., overdeletion, one-step rederivation, and insertion.

Overdeletion starts with line [I4] which identifies facts affected by changes in the
previous stratum by evaluating IT° [I D\ A A\ D} . We analyse the cost of handling one
rule r € II? in line The rule could have at most w positive and negative body atoms.
Consider the ith body atom B of the rule, and let [ be the number of distinct variables
in B. Then, whether B is a positive or a negative body atom, during the execution of
line , B could be used as the pivot atom in a maximum number of u' - n! queries; for
each of these queries, there are at most k& — [ variables left to be matched; hence, the
running time for using B as the pivot atom is O(w - u* - n*). There is a maximum number
of w body atoms in 7, and the number of rules in the current stratum is |II°|, so the
overall cost for line [14]is O(|II*| - w? - u* - n¥). The set operations in line [14] require only
O(n+ |II%| - u™ - n™) time, which is negligible compared to the cost of rule evaluation. The
algorithm then enters the loop of lines [I5HI9] We focus on the cost of rule evaluation
first, i.e., the cost of line [I8, and we start with examining the running time of handling
one rule r € II; throughout the loop. The rule could have at most w positive body atoms.
Consider the 1th body atom B of the rule, and let [ be the number of distinct variables in

B. Since Ap is distinct among iterations, atom B could be used as the pivot atom in at
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most u' - n! queries. Each of these queries require O(w - u*~t- n*~!) time to execute, so the
cost of evaluating rule r in the loop of lines using B as the pivot is O(w - u* - n*).
The number of positive body atoms in r is at most w, and the number of recursive rules
is |IT?|. Therefore, the overall cost for the rule evaluation in line [18| throughout the loop
is O(JIT¢| - w? - u* - n*). Finally, in each iteration of lines [15{{19] the cost incurred due
to set operations is linear in the size of Np, which is in turn bounded by the maximum
number of substitutions checked in line [18] Hence, the cost of overdeletion for stratum

I1° is simply O(|II*] - w? - u® - nk).

We next examine the one-step rederivation step that takes place in line [0} For each
rule r € 11, let [ be the number of distinct variables in its head. Then, the head of r is
matched to a fact in D for at most u' - n! times. For each of these matches, the body of
the rule will be partially instantiated and then evaluated as a query, with at most k& — [
variables to be mapped; hence, this query requires O(w - u*~! - n*=!) time to compute.
The overall running time for rule r is thus O(w - u* - n*). The total number of rules is
ITI*], so the overall cost of rule evaluation is O(|IT*| - w - u¥ - n¥). The cost of iterating

through D N O® and checking if each fact belongs to £\ E~ require O(|IT*| - u* - n*) time.

Since u < k, the running time for one-step rederivation is O(|II*| - w - u* - n¥).

As for the insertion stage, the behaviour of the algorithm in terms of running time is
similar to that of the overdeletion stage. In particular, line [21|is analogous to line [14] and
requires O(|IT%] - w? - u* - n*) time. The loop of lines is analogous to the loop of
lines , and thus requires O(|II¢| - w? - u* - n*) time. Hence, the overall complexity

for insertion is O(|IT%] - w? - u® - n*).

The overall cost of handling one stratum II* is O(|TI*| - w? - u* - n¥). As a result,
the loop of lines requires O(31<s<s|I¥] - w? - u¥ - n¥) = O(m - w? - u¥ - n¥). Finally,
line (12| requires O(m - u* - n*) time, which can be safely discarded. The algorithm thus
runs in O(m - w? - u* - n*) time. This is the same as the complexity of Algorithm [I} which
matches our expectation: if we take deletion as an example, in the worst case one will

have to delete everything, which means redoing all the work that has been carried out

during the initial materialisation.
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An interesting observation is that the worst-case complexity of one-step rederivation
is lower than that of overdeletion or insertion by a factor of w. This is so because during
overdeletion and insertion a rule could be evaluated with any body atom as the pivot,
whereas during one-step rederivation the evaluation of a rule could only start from its
head. In reality, however, one-step rederivation could still be the dominating source of
inefficiency in many cases. In a later section we present two examples for which the
time required for ‘backward’ rule evaluation in one-step rederivation dominates the total

running time.

In both overdeletion and insertion, DRed uses variants of the seminaive evaluation
strategy, which considers each applicable rule instance exactly once. In the context
of incremental maintenance, this means that DRed has to consider each affected rule
instance. This can be problematic even for small updates. For example, consider again
applying a program that axiomatises a relation R as symmetric and transitive to input
facts that describe a connected graph of n vertices. Then, deleting one fact from the
input facts using DRed involves considering O(n?) rule instances in overdeletion only,
whereas a custom solution that we discuss in a later section can achieve the same goal in

O(n?) steps.

3.4 The Backward/Forward Algorithm

In contrast to DRed which often generates an overestimation of the deleted facts, the
B/F algorithm searches for alternative derivations of a fact immediately after it is derived
during deletion by using a combination of backward and forward chaining. This makes
deletion precise and avoids the potential inefficiency of overdeletion. In practice, B/F

often, but not always, outperforms DRed [51]. Algorithm |3| formalises B/F.

Procedure DELETEUNPROVED plays an analogous role to the overdeletion step of
DRed. The main difference is that a fact F' is deleted (i.e., added to Ap) in line [39| only
if no alternative derivation can be found using a combination of backward and forward
chaining implemented in functions CHECK and SATURATE. If an alternative derivation is

found, F' is added to the set P of proved facts.
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Algorithm 3 B/F(IL, \, E, I, E—, E¥)

27: D:=A:=0, E - =(E NE)\Et, ET=ET\E
28: for each stratum index s with 1 < s < .5 do

29: C:=P:=Y :=0

30: DELETEUNPROVED

31: INSERT

32: E:=(F\E")UE", T:=({I\D)UA

33: procedure DELETEUNPROVED
34:  Np:=(E-NO*)UIl*[I:D\ A A\ D]

35: loop

36: AD = (Z)

37 for F € Np\ D do

38: CHECK(F)

39: if ¢ Pthen Ap :=Ap U{F}
40: if Ap = () then break

41: Np:=1IE[I\ (D\ A),IUA:Ap]
42: D:=DUAp

43: function CHECK(F)
44: if F' ¢ C then

45: if SATURATE(F') = f then

46: for cach r € II¥ and each 1’ € inst,. [\ (DU Ap)\ A),IUA] s.t. h(r') = F do
4T: for G € b*(r') N O* do

48: CHECK(G)

49: if F € P then return

50: function SATURATE(F)

51: C:=CU{F}

52: if Fe(E\E)UY or 3Ir € II5, and 7’ € inst, [I\ (D\A),IUA] s.t. h(r') = F then
53: Np = {F}

54: loop

55: APIZ(NPOC)\P, Y5:YUNP\C

56: if Ap = () then return t

57: P:=PUAp

58: Np =TI [PU(O<*N(I\(D\ A))),IUA:Ap]
59: else return f

60: procedure INSERT
61: NA::(E+ﬂOS)UHS[(I\D)UAEA\D,D\A]

62: loop

63: Ay =Ny \((I\D)UA)

64: if A4 = () then break

65: A=AUAYH

66: Na:=NaUILE[(I\D)UA:A4]

A call to CHECK(F') searches for the alternative derivations of F' using backward

chaining. The function maintains the set C' of checked facts, which ensures that each F' is

checked only once (line 4] and [51)). The procedure first calls SATURATE(F) to determine
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whether F' follows from the facts considered thus far; we discuss this step in more detail
shortly. If F'is not proved, the procedure then examines in lines each instance 7’ of
a recursive rule that derives F' in the ‘old’ materialisation, and it tries to prove all body
atoms of 7’ from the current stratum. The function terminates once F' is successfully
proved (line [49)).

Set P accumulates facts that are checked and successfully proved, and it is computed
in function SATURATE using forward chaining. Given a fact F' that is being checked, it
first verifies whether F' has a nonrecursive derivation. This is done by evaluating the
nonrecursive rules ‘backwards’ in the same way as in line [I0] of DRed. If F' does have a
nonrecursive derivation, then it is added to P via lines 53] and [55] The procedure then
propagates the consequences of F' (line [53H58). In particular, the procedure ensures that
each consequence F’ of P and the facts in the ‘new’ materialisation in the previous strata
with regards to the recursive rules is added to P if F’ € C, or is added to the set Y of
delayed facts if F' ¢ C'. Intuitively, set Y contains facts that are proved but that have
not been checked yet. If a fact in Y is checked at a later point, it is proved in line

without having to apply the rules again.

Since the deletion step of B/F is ‘exact’ in the sense that it deletes precisely those facts
that no longer hold after the update, rederivation is not needed. Thus, DELETEUNPROVED

is directly followed by INSERT, which is the same as in DRed.

The B/F algorithm evaluates recursive and nonrecursive rules ‘backwards’ in lines
and [52] respectively. This may constitute a major source of inefficiency due to similar
reasons as explained in Section for the DRed algorithm. Moreover, the deletion,
insertion, and saturation procedures all use variants of the seminaive evaluation strategy,
which has to consider each applicable rule instance. Therefore, the B/F algorithm is

likely to suffer from deficiencies outlined in Sections [3.2 and [3.3] as well.

3.5 The Counting Algorithm

The Counting algorithm is another well-known solution to the datalog materialisation

maintenance problem. For each fact in the materialisation, the algorithm keeps track
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of the number of applicable rule instances that derive this fact: the counter of a fact is
incremented when a new applicable rule instance for the fact is found; and it is decremented
when a rule instance is no longer applicable. A fact can thus be deleted when its counter

drops to zero, without the potentially costly ‘backward’ rule evaluation.

Counting can be made optimal (for nonrecursive rules) in the sense that it considers
precisely the rule instances that no longer hold after the update and the rule instances
that only hold after the update. Please note that the DRed and B/F algorithms are not
optimal in this sense: the ‘backward’ rule evaluation in line [L0] of the DRed algorithm and
line of the B/F algorithm try to identify alternative derivations for the deleted facts

and thus may consider rule instances that hold both before and after the update.

A major drawback of the Counting algorithm is that, unlike DRed and B/F which
are capable of handling arbitrary datalog programds, the Counting algorithm can be
incorrect when the program contains recursion. Intuitively, when there is recursion, the
counters may not be reliable during deletion: the counter of a fact being nonzero does
not necessarily imply that the fact still holds after the update since it may affect itself
via some recursive rules. Recursion is a key feature of datalog, allowing one to express
common properties such as transitivity. Thus, despite its favourable properties, the
Counting algorithm does not provide us with a general solution to the materialisation

maintenance problem.



Optimised Incremental Maintenance

In this chapter we present two novel algorithms, DRed® and B/F¢, for the incremental
maintenance of datalog materialisations. We begin in Section with two examples
that illustrate the drawbacks of existing approaches and thus motivate our work. In
Sections [4.2] and we describe our two new algorithms in full detail. Finally, in

Section we empirically compare our solutions to existing approaches.

4.1 Motivation and Intuition

As already mentioned in Section and Section [3.4) both DRed and B/F algorithms
involve steps that evaluate rules ‘backwards’ To our work, we next discuss how evaluating
rules ‘backwards’ can be a significant source of inefficiency during materialisation
maintenance. We base our discussion on the DRed algorithm for simplicity, but our

conclusions apply to the B/F algorithm as well.

The one-step rederivation in line [10| of Algorithm [2] evaluates rules ‘backwards’. In
this section we present two examples that demonstrate how this can be a major source of
inefficiency. It should be noted that Example (1| is derived from datasets we used in our
empirical evaluation that we present in Section [4.4} hence, these problems actually arise

in practice.

28
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Our discussion depends on several details. In particular, we assume that all facts are
indexed so that all facts matching any given atom (possibly containing constants) can
be identified efficiently. Moreover, we assume that conjunctive queries corresponding to
rule bodies are evaluated left-to-right: for each match of the first conjunct, we partially
instantiate the rest of the body and match it recursively. Finally, we assume that query

atoms are reordered prior to evaluation to obtain an efficient evaluation plan.

Example 1. Let I and E be the program and the dataset as specified in (4.1) and (4.2)),

respectively.

R(z,y1) N R(x,y2) — S(y1,y2) (4.1)

E ={R(a;,b), R(a;,c¢;) | 1 <i<n} (4.2)

The materialisation mat(Il, E') consists of E extended with facts S(b,b), S(b,¢;), S(ci,b),

and S(c;, ¢;) for 1 <i<n.

During materialisation, the body of rule can be evaluated efficiently left-to-right:
we match R(x,y,) to either R(a;,b) or R(a;, ¢;); this instantiates R(x,ys) as R(a;,y2),
and we use the index to find the matching facts R(a;, b) and R(a;, ¢;). Thus, R(x,y,) has
2n matches, each of which contributes to two matches of R(x,ys), so the overall cost of

rule matching is O(n). The rule body is symmetric, so reordering the body atoms has no
effect.

Now assume that we delete all R(a;,c¢;) with 1 <i <mn. DRed then overdeletes all
S(b,¢;), S(ci,b) and S(c;, ¢;) facts in lines[14H{19, and this can be done efficiently as in the
previous paragraph. Next, in one-step rederivation, the algorithm will match these facts
to the head of the rule (4.1) and obtain queries R(x,b) A R(x,¢;), R(x,¢;) A R(x,b), and
R(x,¢;) N R(z,¢;). All but the last of these queries contain atom R(z,b) and, no matter
how we reorder the body atoms of , we have n queries where R(x,b) is evaluated
first. Each of these n queries identifies n candidate matches R(a;,b) using the index
only to find out that the second atom cannot be matched. Thus, R(x,b) is matched to n?
facts in total, so the cost of one-step rederivation is O(n*)—one degree higher than for

materialisation.



4. Optimised Incremental Maintenance 30

Example [1| shows that evaluating a rule ‘backwards’ can be inherently more difficult
than evaluating it during materialisation, thus giving rise to a dominating source
of inefficiency. Below is another example where evaluating rules ‘backwards’ can be

problematic.

Example 2. Let program 11 consist of rules (4.3) and (4.4)). Note that a is a constant
in rule (4.3).

B(a,y,z) — D(y, 2) (4.3)

D(gjazl)/\B(xvyaZQ)/\O(ZbZZaz) _>D<y72) (44)
Let E be the dataset as specified below.

E = {B(a,bi,e1), B(a,ci, e;), B(bi, dj, €;), Cler, e en) | 1 <, j <n}

During materialisation, rule first derives D(by,e1) and all D(c;, e;) with1 < i <mn,
so the cost of this step is O(n). Next, atom D(z,z) in rule is matched to n facts
D(c;,e;) without deriving anything. Atom D(x,z) is also matched to D(by,e1) once,
so atom B(x,y, 20) is instantiated to B(by,y, z2) and matched to n facts B(by,d;,eq).
FEach of these matches instantiates C(z1, 22, 2) as C(ey, e1, z), which is then matched to
Cl(er,e1,e1). As a result, n facts D(dj,e1), 1 < j < n, will be derived, and the cost of

rule matching is O(n).

Now assume that B(a,by,e1) is deleted. Then, D(by,e1) and all D(d;, e1) can be
efficiently overdeleted as in the previous paragraph, but trying to prove them is much
more difficult. Matching each D(d;,e1) to the head of produces a query B(a,d;, eq),
which does not produce a rule instance. Moreover, matching D(d;,e) to the head of
produces a query D(x,z1) A B(x,d;, z2) N C(z21,29,€1). If we evaluate B(x,d;, z)
first, then we try n facts B(b;, d;, e;) with 1 <1i < n; for each of them, atom D(x,z) is
instantiated as D(b;, z1) and is not matched in the surviving facts. If we evaluate D(x, z)
first, then we try n facts D(c;,e;); for each of them, atom B(x,d;, z2) is instantiated
as B(c;,dj, z2) and is not matched. If we evaluate C(z1,22,€1) first, then we try n

facts C(e1, e;,e1) with 1 < i <mn; for each of them, atom B(z,d;, z2) is instantiated as
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B(z,dj, e;) and is matched to B(b;,d;, e;); but then, D(x,2) is instantiated as D(b;, e;)
and there is no match. Thus, regardless of how we reorder the body of (4.4)), the first

atom considers a total of n* facts, so the cost of one-step rederivation is O(n?).

4.2 Combining DRed with Counting

We now address the inefficiencies we outlined in Section [£.1] Towards this goal, in
Section we first present the intuitions, and then in Section we formalise our

solution.

4.2.1 Intuition

As we already mentioned in Section the Counting algorithm [35] does not evaluate
rules ‘backwards’; instead, it tracks the number of derivations of each fact. The main
drawback of Counting is that it cannot handle recursive rules. We now illustrate the
intuition behind our DRed® algorithm, which combines DRed with Counting in a way

that eliminates ‘backward’ rule evaluation, while still supporting recursive rules.

The DRed® algorithm associates with each fact two counters that track the derivations
via the nonrecursive and the recursive rules separately. The counters are decremented
(resp. incremented) when the associated fact is derived in overdeletion (resp. insertion),
which allows for two important optimisations. First, as in the Counting algorithm, the
nonrecursive counter always reflects the number of derivations from facts in earlier strata;
hence, a fact with a nonzero nonrecursive counter should never be overdeleted because
it clearly remains true after the update. This optimisation captures the behaviour of
Counting on nonrecursive rules and it also helps limit overdeletion. Second, if we never
overdelete facts with nonzero nonrecursive counters, the only way for a fact to still hold
after overdeletion is if its recursive counter is nonzero; hence, we can replace ‘backward’
rule evaluation by a simple check of the recursive counter. Note, however, that the recursive
counters can be checked only after overdeletion finishes. This optimisation extends the
idea of Counting to recursive rules to completely avoid ‘backward’ rule evaluation. The

following example illustrates these ideas and compares them to DRed.
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Example 3. Let I be the program containing rule (4.5)).
A(z) AN B(z,y) — A(y) (4.5)
Moreover, let E be defined as follows:
E ={A(a), A(b), A(d), B(a,c), B(b,c), B(c,d), B(d,e)}

The materialisation mat(ll, E) extends E with A(c) and A(e). Figure shows the

dependencies between derivations using arrows. For clarity, we do not show the B-facts.

Now assume that A(a) is deleted. The standard DRed algorithm first overdeletes A(a),
A(c), A(d), and A(e); it rederives A(d) since the fact is in E \ E~; it rederives A(c) by
evaluating rule (4.5) ‘backwards’; and it derives A(d) and A(e) from the rederived facts.

Now consider applying the DRed® to the same update. For each fact, Figure
shows a pair consisting of the nonrecursive and the recursive counter before the update
(row T1), after overdeletion (row T2), and after the update (row T3). Note that the
presence of a fact in E is akin to a nonrecursive derivation, so facts A(a), A(b), and A(d)
have nonrecursive derivation counts of one before the update. Now A(c) is derived from
A(a) and A(b) using the recursive rule (4.5)), so the recursive counter for A(c) is two.
Analogously, A(d) and A(e) have just one recursive derivation each. During overdeletion,
Al(a) is first removed from E, so the nonrecursive counter of A(a) is decremented to zero
and the fact is deleted. Since A(a) derives A(c) via rule ([4.5)), the recursive counter of
A(c) is decremented; since the nonrecursive counter of A(c) is zero, the fact is overdeleted.
Since A(c) derives A(d) via rule ([£.5), the recursive counter of A(d) is decremented. Now
the nonrecursive counter of A(d) is nonzero, so we know that A(d) holds after the update;
hence, the fact is not overdeleted, and the overdeletion phase stops. Thus, while DRed
overdeletes four facts, DRed® overdeletes only A(a) and A(c), and does not ‘touch” A(e).

Next, DRed" proceeds to one-step rederivation. The recursive counter of A(c) is
nonzero, which means that the fact has a recursive derivation (from A(b) in this case)

that is not affected. Thus, DRed® rederives A(c) without any ‘backward’ rule evaluation.
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T1: (1,0
T2: (0.0
3:(0.0) 1. (02) T1: (1,1) T1: (0,1
v Aa) T2 (01) T2 (10) T2 (0.1
~ T3 (0.1) T3: (111) T3: (01
Ae) — A(d) — Ale)
— A(b) !
T1: (1,0
T2: (1,0
T3: (1.0

Figure 4.1: Derivations for Example

Finally, DRed® applies insertion. Since A(c) derives A(d) via (4.5), the recursive
counter of A(d) is incremented. Fact A(d), however, was not overdeleted, so insertion

stops.

By avoiding ‘backward’ rule evaluation, DRed® removes the dominating source of
inefficiency in Examples [[]and 2] In fact, on the nonrecursive program from Example [1]
the recursive counter is never used and DRed® performs the same inferences as the

Counting algorithm.

4.2.2 Formalisation

We now formalise our DRed¢ algorithm. Our definitions use the standard notion of
multisets—a generalisation of sets where each element is associated with a positive integer
called the multiplicity specifying the number of the element’s occurrences in the multiset.
Moreover, @ is the multiset union operator, which adds the elements’ multiplicities. If
an operand of @ is a set, it is treated as a multiset where all elements have multiplicity
one. Finally, we extend the notion of rule matching to correctly reflect the number
of times a fact is derived: for IP, I", P, and N datasets with P C IP and N NI" = (),
we define H[[I PI":P N ]] as the multiset containing a distinct occurrence of h(r’) for
each rule r € II and its instance r’ € inst,.|IP, [": P, N } This multiset can be computed

analogously to II [Ip, I": P, N} .

Just like DRed, DRed® takes as input a program II, a stratification A, a set of

explicit facts F and its materialisation I = mat(II, ), and the sets of facts E~ and E*
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to remove from and add to E. Additionally, the algorithm also takes as input maps C,,
and C, that associate each fact F' with its nonrecursive and recursive counters Cy,[F]
and C,[F], respectively. These maps should correctly reflect the relevant numbers of
derivations. Formally, C,,, and C|, must be compatible with II, A\, and E, which is the case
if Co[F] = C/[F] =0 for each fact F' ¢ I, and, for each fact I’ € I and s the stratum

index such that F' € O° (i.e., s is the index of the stratum that F' belongs to),
o Cph[F] is the multiplicity of F'in E & II?, [[I]], and
« C\[F] is the multiplicity of F" in IT; [1].

For simplicity, we assume that C,,, and C, are defined on all facts, with C,,[F| = C,[F] = 0
for F' € I; thus, we can simply increment the counters for each newly derived fact in
procedure INSERT. In practice, however, one can maintain counters only for the derived

facts and initialise the counters to zero for the freshly derived facts.

DRed° is formalised in Algorithm[d Its structure is similar to DRed, with the following
main differences: instead of evaluating rules ‘backwards’, one-step rederivation simply
checks the recursive counters (line [70)); a fact is overdeleted only if the nonrecursive
derivation counter is zero (line [80)); and the derivation counters are decremented in
overdeletion (lines and and incremented in insertion (lines and
. The algorithm also accumulates changes to the materialisation in sets D and A by

iteratively processing the strata of A in three phases.

In the overdeletion phase, DRed® first considers explicitly deleted facts or facts
affected by the changes in earlier strata (lines . This is analogous to line [14] of
DRed, but DRed® must distinguish II? from II{ so it can decrement the appropriate
counters. Next, DRed¢ identifies the set Ap of facts that have not yet been deleted and
whose nonrecursive counter is zero (line : a fact with a nonzero nonrecursive counter
will always be part of the ‘new’ materialisation. Note that recursive derivations can
be cyclic, so we cannot use the recursive counter to further constrain overdeletion at
this point. Then, in lines the algorithm propagates consequences of Ap just like

Algorithm [2] with additionally decrementing the recursive counters in line [83]
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Algorithm 4 DRED(I, \, E, I, E=, E*, Cyy, C;)

6: D:=A:=0, E - =(ENE)\E", Et=FEt\FE
68: for each stratum index s with 1 < s < 5 do

69: OVERDELETE
70: R:={F e DnO*|C/F] >0}
71 INSERT

72: E:=(E\E)UE", T1:=(I\D)UA

73: procedure OVERDELETE

74: Np:=10

75: for Fe (E-NO°) @I [I:D\ A A\ D] do
76: Np:=NpU{F}, Cu[F]:=Cy[F]—-1
7 for F €I;[1:D\ A, A\ D] do

78: Np:=NpU{F}, C\[F]:=C/F]—-1

79: loop

80: Ap:={F e Np\D|Cy[F] =0}

81: if Ap = (0 then break

82: for F € IE[I\ (D\ A),IUA:Ap] do
83: ND ZZNDU{F}, Or[F] :Cr[F]—l
84: D:=DUAp

85: procedure INSERT

86: Ny =R

87: forFE(E*ﬂOS)@Hﬁ,[[([\D)UAEA\D,D\A]] do
88: NA = NAU{F}, Cnr[F] = Cnr[F]+1
89: for F € IE[(I\D)UA:A\ D,D\ A] do
90: Ny ::NAU{F}, Cr[F] :Cr[F]+1
91: loop

92: Ay:=Na\((I\D)UA)

93: if A4 = 0 then break

94: A=AUA,

95: for F € IE[(I\D)UAiA,] do

96: NA ZZNAU{F}, Cr[F] :Cr[F]+1

In the one-step rederivation phase, instead of evaluating rules ‘backwards’, DRed® just
checks the recursive counter of each fact F € DN O* (line[70): if C/[F] # 0, then some
derivations of I’ were not ‘touched’ by overdeletion so F' holds in the ‘new’” materialisation.
Conversely, if C/[F| =0, then F' € D guarantees that Cy,,[F] = 0 holds as well, so F'is

not one-step rederivable by a rule in II.

The insertion phase of DRed® just uses the seminaive evaluation while incrementing
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the counters appropriately.

Without recursive rules, DRed® becomes equivalent to Counting, and it is optimal in
the sense that only affected rule instances are considered during the update. Moreover,
the computational complexities of both DRed® and DRed are the same as for the semi-
naive materialisation algorithm: ExpTime in combined and PTime in data complexity
[16]. Finally, DRed® never performs more inferences than DRed and is thus more

efficient. Theorem [ states that our algorithm is correct, and its proof is given in
Appendix [A.T]

Theorem 4. Algorithm |4 updates dataset I from mat(Il, E) to mat(Il, (E'\ E~) U E™),
and it updates Cy, and C, so they are compatible with 11, A, and (E\ E~) U E*.

Theorem [f] states that Algorithm [4] has the same complexity as Algorithm [2] Please
refer to Appendix for the details of the complexity analysis. Although we are not able
to distinguish the two algorithms in terms of worst-case complexity. It is clear that the
cost of one-step rederivation drops by a factor of w - u*~! - n*=t, from O(|II*] - w - u* - n¥)
to O(|II°| - u* - n*). This shows that DRed® has the potential of performing better than

DRed, especially in cases where one-step rederivation dominates the overall cost.

Theorem 5. Let n, m, k, u, and w be defined as in Section[3.3 Then, Algorithm [4]

updates the materialisation I in O(m - w? - u¥ - nk) time.

4.3 Combining B/F with Counting

The B/F algorithm by Motik et al. [51] uses a combination of backward and forward
chaining that makes the deletion phase exact. More specifically, when a fact F' € Ap is
considered during deletion, the algorithm uses a combination of backward and forward
chaining to look for alternative derivations of F', and it deletes F' only if no such derivation
can be found. Backward chaining allows B/F to be much more efficient than DRed on
many datasets, and this is particularly the case if a program contains many recursive
rules. Thus, we cannot hope to remove all ‘backward’ rule evaluation without eliminating

the algorithm’s main advantage.



4.

Optimised Incremental Maintenance

37

Algorithm 5 B/F¢(II, \, E, I, E~, ET,C,,)

97:
98:
99:

100:
101:

102

103

104:
105:
106:

107:
108:
109:
110:
111:
112:

113:

114:
115:

116

117:
118:
119:

120:
121:
122:

123

124:
125:
126:
127:
128:
129:
130:
131:

132:

133

134:
135:
136:

137:
138:
139:
140:
141:
142:

D:=A:=(, E-=(E"NE)\Et, EtT=ET\FE
for each stratum index s with 1 < s < S do
C:=P:=Y =10
DELETEUNPROVED
INSERT
: E:=(F\E")UE", T:=({I\D)UA

: procedure DELETEUNPROVED
ND Z:@
for F € (E-NO*)UIL,[I:D\ A A\ D] do
Np:=NpU{F}, CnlF]:=Cnl[F] -1
Np = NpUIE[I:D\ A A\ D]
loop
AD 21@
for F € Np\ D do
CHECK(F)
if F ¢ Pthen Ap :=ApU{F}
if Ap =0 then break
Np = Hf[]\(D\A),IUAAD]
D:=DUAp

: function CHECK(F)
if F ¢ C then
if SATURATE(F) = f then
for each r € II} and each
' €inst, [T\ (DUAp)\ A),TUA] s.t. h(r') = F do
for G € bT(r')NO* do
CHECK(Q)
if F' € P then return

: function SATURATE(F)
C:=CU{F}
if €Y or Cy[F] >0 then
Np = {F}
loop
APZ:(NPQC)\P, Y:YUNP\C
if Ap =0 then return t
P:=PUAp
Np :=TI[PU(0<* N (I'\ (D \ A))),TU A: Ap]

else return f

: procedure INSERT
Na:=10
for F € (E+ﬂ05)@Hﬁr[[(I\D)UAEA\D7D\A]] do
Na:= Ny U{F}, Cu[F]:=CylF]+1
Ny = NAUHﬁr[(I\D)UAEA\D7D\A]
loop
Ag:=Na\((I\D)UA)
if A4 =0 then break
A=AUA,
Ny ::NAUHf[(I\D)UAEAA]




4. Optimised Incremental Maintenance 38

Still, there is room for improvement: backward chaining involves ‘backward’ evaluation
of both nonrecursive and recursive rules, and we can use nonrecursive counters to eliminate
the former. Algorithm [5| formalises B/F“—our combination of the B/F algorithm by
Motik et al. [51] with Counting. The main difference to the original B/F algorithm
is that B/F¢ associates with each fact a nonrecursive counter that is maintained in

lines [T05HI06] and [I35HI36], and, instead of evaluating nonrecursive rules ‘backwards’ to

explore alternative derivations of a fact, it just checks in line [125| whether the nonrecursive
counter is nonzero. We know that a fact holds if its nonrecursive counter is nonzero;
otherwise, we apply backward chaining to recursive rules only. We next describe the

algorithm’s steps in more detail.

Procedure DELETEUNPROVED plays an analogous role to the overdeletion step of
DRed and DRed¢. The procedure maintains the nonrecursive counter for each fact in
the same way as DRed®, and the main difference is that a fact F' is deleted (i.e., added
to Ap) in line only if no alternative derivation can be found using a combination of
backward and forward chaining implemented in functions CHECK and SATURATE. If an

alternative derivation is found, F'is added to the set P of proved facts.

A call to CHECK(F') searches for the alternative derivations of F' using backward
chaining. The function maintains the set C' of checked facts, which ensures that each
F' is checked only once (line and [124). The procedure first calls SATURATE(F) to
determine whether F' follows from the facts considered thus far; we discuss this step in
more detail shortly. If F'is not proved, the procedure then examines in lines [119H122
each instance ' of a recursive rule that derives F' in the ‘old’ materialisation, and it tries
to prove all body atoms of v’ from the current stratum. This involves evaluating rules
‘backwards’ and, as we already discussed in Section [4.3] this is the main advantage of the
B/F algorithm over DRed on a number of complex inputs. The function terminates once

F' is successfully proved (line [122]).

Set P accumulates facts that are checked and successfully proved, and it is computed
in function SATURATE using forward chaining. Given a fact F' that is being checked, it

first verifies whether F' has a nonrecursive derivation. In the original B/F algorithm, this
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is done by evaluating the nonrecursive rules ‘backwards’ in the same way as in line
of DRed. In contrast, B/F¢ avoids this by simply checking whether the nonrecursive
counter is nonzero (line [I2F)): if that is the case, then F' is known to have nonrecursive
derivations and it is added to P via lines and [128, If F is proved, the procedure
propagates its consequences (line . In particular, the procedure ensures that
each consequence I’ of P, the facts in the ‘new’ materialisation in the previous strata,
and the recursive rules is added to P if F’ € C, or is added to the set Y of delayed facts if
F' & C. Intuitively, set Y contains facts that are proved but that have not been checked
yet. If a fact in Y is checked at a later point, it is proved in line [125| without having to

apply the rules again.

Since the deletion step of B/F¢ is ‘exact’ in the sense that it deletes precisely
those facts that no longer hold after the update, rederivation is not needed. Thus,
DELETEUNPROVED is directly followed by INSERT, which is the same as in DRed and

DRed¢, with the only difference that B/F¢ maintains only the nonrecursive counters.

Algorithm [5| is correct in the same way as B/F since checking whether a fact has a
nonzero nonrecursive counter is equivalent to checking whether a derivation of the fact

exists by evaluating nonrecursve rules ‘backwards’

4.4 Evaluation

We have implemented the unoptimised and optimised variants of DRed and B/F and

have compared them empirically.

Benchmarks

We used the following benchmarks for our evaluation: UOBM [48] is a synthetic benchmark
that extends the well known LUBM |[33] benchmark; Reactome [15] models biological
pathways of molecules in cells; Uniprot [14] describes protein sequences and their functional
information; ChemBL [26] represents functional and chemical properties of bioactive

compounds; and Clarosﬂ describes archeological artefacts. Each benchmark consists of a

'http://www.clarosnet.org/
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Dataset |E| | S| |, |11, |
UOBM-U 2548 M | 5 135 144
UOBM-R 2548 M | 6 164 | 2,215

Reactome-U 125M | 9 814 28

Reactome-R 125M | 1 0| 21,385

Uniprot-R 123.1 M | 519,312 | 2,706

ChemBL-R 2802 M | 3| 1,766 499

Best
Claros-LE ~ Worst 18.8 M | 11 | 1,031 306
Average
Table 4.1: Benchmark statistics

Dataset DRed® DRed B/F¢ B/F
UOBM-U 179.24 | 1,185.87 1.18 31.96
UOBM-R 0.29 0.56 0.26 0.24
Reactome-U 0.06 1.03 0.05 1.00
Reactome-R 26.57 62.46 0.89 0.90
Uniprot-R 4.31 8.71 4.13 4.36
ChemBL-R 7.91 12.22 1.27 1.26
Best 0.33 | 5,788.75 0.43 8.03
Claros-LE ~ Worst | 5,720.57 | 5,759.92 | 2,802.86 | 3,227.05
Average | 1,143.55 | 1,741.66 560.61 653.04

Table 4.2: Average running times for deleting 1000 facts (seconds)

set of facts and an OWL 2 DL ontology, which we transformed into datalog programs
of different levels of complexity and recursiveness. More specifically, the upper bound
(U) programs were obtained using the complete but unsound transformation by Zhou
et al. [7§], and they entail all consequences of the original ontology but may also derive
additional facts. The recursive (R) programs were obtained using the sound but incomplete
transformation by Kaminski, Nenov, and Grau [42], and they tend to be highly recursive.
For Claros, the lower bound extended (LE) program was obtained by first taking the
datalog subset of the ontology and then manually introducing several ‘hard’ rules, and it
was already used by Motik et al. [51] to compare DRed with B/F. Finally, all the tested
programs are recursive, although the percentage of the recursive rules varies. Table
shows the numbers of facts (|F|), strata (S), the nonrecursive rules (|II,|), and the

recursive ones (|I1,|) for each benchmark.
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Dataset |[E~|/|E| | DRed®| DRed | B/F¢ B/F
UOBM-U 50% 1.54 k 3.66 k 1.64k | 311k
UOBM-R 36% | 328k | 57 k| 276k | 287k

Reactome-U 68% | 30.70 6.32 k | 39.16 6.33 k
Reactome-R 31% | 1.07k| 1.78k | 092k | 093k
Uniprot-R 47% | 157k | 347k | 192k | 286k
ChemBL-R 69% 474k | 722k | 3.25k | 4.18k
Claros-LE 8% 501k | 1781k | 349k | 16.74 k

Table 4.3: Running times for handling large deletions (seconds)

Dataset Remat | Remat-1C | Remat-2C
UOBM-U 1.56 k 1.60 k 1.61 k
UOBM-R 4.14 k 4.16 k 4.19 k

Reactome-U | 30.90 31.23 31.32

Reactome-R | 0.91 k 091 k 0.92 k
Uniprot-R 1.98 k 1.99 k 2.00 k
ChemBL-R 2.56 k 2.57 k 2.59 k
Claros-LE 3.36 k 3.49 k 3.60 k

41

Table 4.4: Running times for rematerialisation (seconds)

Test Setup

We conducted all experiments on a Dell PowerEdge R720 server with 256GB RAM and
two Intel Xeon E5-2670 2.6GHz processors, running Fedora 24, kernel version 4.8.12.
All algorithms handle insertions using the seminaive evaluation. The only overhead is
in counter maintenance, which we measured during initial materialisation (which also
uses seminaive evaluation). Hence, the main focus of our tests was on comparing the
performance of our algorithms on ‘small’ and ‘large’ deletions. In both cases, we first
materialised the relevant program on the explicit facts, and then we performed the

following tests.

To test small deletions, we measured the performance on ten randomly selected
subsets £~ C E of 1,000 facts. In all apart from Claros-LE, the running times did not
depend significantly on the selected subset of E, so in Table we report the average
times across all ten runs. On Claros-LE, however, the running times varied significantly,
so we report in the table the best, the worst, and the average times. The best number in

each row is highlighted in bold.



4. Optimised Incremental Maintenance 42

To test large deletions, we identified the largest subset £~ C E on which either
DRed® or B/F€ takes roughly the same time as computing the ‘new’ materialisation from
scratch. We measured the performance of all algorithms on E~. This test allows us to
assess the scalability of our algorithms. The running times as well as the percentages
of the deleted facts are reported in Table [£.3] with the best performance number in
each row highlighted in bold. Finally, to assess the overhead of counter maintenance, we
measured the performance of rematerialisation from (£ '\ F~) with no counters (Remat),
just the nonrecursive counter (Remat-1C), and both counters (Remat-2C). The results

are presented in Table

Discussion

DRed® outperformed DRed on all inputs for small deletions. In particular, on Reactome-U,
the improvement is by several orders of magnitude, albeit unoptimised DRed is already
quite efficient. The improvement is also significant in many other cases, including UOBM-
U, Reactome-R, and ChemBL-R. In fact, Reactome-U exhibits data and rule patterns
outlined in Examples [I], which clearly demonstrates the benefits of eliminating ‘backward’
rule evaluation. Moreover, the program of Claros-LE contains a symmetric and transitive
predicate relatedPlaces, so the materialisation contains several large cliques of constants
connected by this predicate [51]. When a fact relatedPlaces(a,b) is overdeleted, the DRed
algorithm overdeletes all relatedPlaces(c,d) where ¢ and d belong to the same clique as a
and b, which requires a cubic number of derivations. However, DRed® can sometimes (but
not always) prove that relatedPlaces(a,b) holds using the nonrecursive counter; as one can

see, this can considerably improve the performance by avoiding costly overdeletion.

B/F¢ also outperformed B/F for small deletions in many cases: B/F¢ was more than
20 times faster for UOBM-U, Reactome-U, and the ‘best’ case of Claros-LE, which is in
line with our observation that ‘backwards’ rule evaluation can be quite costly. In contrast,
on the highly recursive datasets (i.e., all R-datasets), the performance of B/F¢ and B/F
is roughly the same: the main source of difficulty is due to the recursive rules, whose

evaluation is unaffected by the optimisations proposed in this paper.
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In terms of average running time, B/F¢ outperformed DRed® for small deletions on all
datasets. This is so because B/F¢ eagerly identifies alternative derivations of facts, which
is often easy, and is beneficial since it can considerably reduce overdeletion. However,
DRed¢ is still very competitive in many cases, e.g., UOBM-R, Reactome-U, and Uniprot-R.
DRed® is even faster than B/F¢ in the ‘best’ case of Claros-LE. As we discussed earlier
in Section backward rule evaluation can be a dominant source of inefficiency, and

DRed°® is efficient since it completely eliminates backward rule evaluation.

The tests for large deletions show that our algorithms can efficiently delete large
subsets of the explicit facts on all but one benchmarks, Claros-LE. Claros-LE is difficult
due to the presence of cliques as explained earlier. Nevertheless, DRed® always considerably
outperforms DRed; the difference is particularly significant on Reactome-U, where DRed®
is several orders of magnitude faster. Similarly, B/F¢ consistently outperforms B/F on all
inputs. While both approaches scale well to large deletions, neither algorithm performs
uniformly better than the other in all cases. B/F¢ can be more efficient than DRed® when
it is easy to identify alternative derivations of facts during deletion. In contrast, DRed®
can be more efficient than B/F¢ in cases where backward rule evaluation is a dominant
source of inefficiency: DRed® is able to completely eliminate backward rule evaluation

whereas B/F€¢ only avoids backward rule evaluation on nonrecursive rules.

Finally, the rematerialisation times show that counter maintenance incurs only modest

overheads: Remat-2C was in the worst case only several percent slower than Remat.



Modular Materialisation and Maintenance

Our optimised approaches to incremental maintenance achieves better performance than
existing solutions by reducing or completely eliminating ‘backward’ rule evaluation.
However, there is still room for improvement. In this chapter we present a modular
framework for the efficient computation and maintenance of datalog materialisations that
allows custom solutions to be integrated with standard datalog reasoning algorithms.
As motivation for this work, in Section we demonstrate with two examples how
seminaive evaluation can be suboptimal compared to custom solutions. In Section
we describe our modular materialisation and incremental maintenance algorithms, as
well as various requirements regarding the implementation of modules. In Section we
introduce an oracle function that provides an opportunity for further optimisation. In
Sections and we present customised implementations for two common types of
modules. Finally, Section presents our evaluation results. Detailed proofs for all the

theorems listed in this chapter are provided in Appendix [B]

5.1 Motivation

In this section we show how custom algorithms can handle certain rule combinations

much more efficiently than seminaive evaluation. We consider here only materialisation,

44
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but similar observations apply to incremental maintenance algorithms as most of them

use variants of seminaive evaluation.

Although seminaive evaluation does not repeat derivations, it always considers each
applicable rule instance. However, facts are often derived via multiple, distinct rule
instances; this is particularly common with recursive rules, but it can also occur with
nonrecursive rules only. We are unaware of a general technique that can prevent such
derivations. We next present two programs for which materialisation can be computed
without considering all applicable rule instances, thus showing how seminaive evaluation

can be suboptimal.
Example 6. Let £ = {R(c;,civ1) | 0 <i < n} and let I1 be the program containing rule
B
R(z,y) A R(y,z) = R(z,2) (5.1)

Clearly, I = mat(IL, E) = {R(c;,¢;) | 0 <i < j < n}, so each rule instance of the form

R(Ci, Cj) N R(Cj, Ck) — R(Ci, Ck) (52)
with 1 <1 < j <k <n s applicable to I. Algom'thm considers all of these O(n®) rule
instances.

We next present an outline of an approach that is still cubic in general, but on this
specific input runs in O(n?) time. The key is to distinguish the set X of ‘external’ facts
given to 11 as input from the ‘“internal’ facts derived by I1. We can transitively close R
by iteratively considering pairs of facts R(u,v) € X and R(v,w). That is, we require
the first fact to be in X, but place no restriction on the second fact. (We could have
equivalently required the second fact to be in X.) In our example, we have X = E, so the

algorithm considers only rule instances of the form
R(ci; cip1) A R(cigr, cx) — R(ci, cr) (5.3)

for 0 <i <k <mn, of which there are O(n*) many. Intuitively, this is analogous to

replacing the predicate R in all explicit facts with X, and using a linear rule

X(z,y) A R(y,z) — R(x, z) (5.4)
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instead of rule (5.1)). In our approach, however, other rules can derive R-facts so the
set X is not fized; thus, rule (5.1) cannot be simply replaced with (5.4)). Our approach
‘simulates’ such linearisation, and it can be expected to perform well whenever the other

rules derive fewer facts than rule (5.1]).

Example 7. Let E = {R(c;,cit1) |1 <i<n}U{R(c,,c1)} and let II consist of rules
E) and E3).

R(z,y) — R(y, ) (5.5)

Now I = mat(IL, E) = {R(c;, ¢;) | 1 <i,j < n}, so each instance of the form (5.2)) with

1 <i,5,k < n is applicable to I. Algorithm |1| considers all of these O(n®) rule instances.

However, we can view any relation R as an undirected graph with n vertices. To
compute the symmetric—transitive closure of R, we first compute the connected components
of R, and, for each connected component C, we enumerate all u,v € C' and derive R(u,v).
The first step is linear in the size of R and the second step requires O(n?) time, so the

algorithm runs in O(n?) time on any R.

5.2 Framework

In this section we present a general framework for materialisation and incremental
maintenance that can avoid the deficiencies outlined in Section [5.I More specifically, in
Section we define the notion of module and module function. Our framework splits
a program into modules that are subsets of the program. Each module is handled using
module functions that compute certain consequences of the module. These functions
can be implemented as desired, as long as their results satisfy certain properties that
guarantee correctness. We present our framework in two steps: in Section [5.2.2] we
consider materialisation, and in Section [5.2.3] we focus on incremental maintenance.
Finally, we observe that the order in which module functions are called is not arbitrary
but follows certain patterns. This leads us to the notion of call history and module

correctness, which we formalise in Section [5.2.4]
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5.2.1 Module Functions

Both materialisation and incremental maintenance algorithms typically process a program
in a stratum-by-stratum manner. Hence, we require that all rules of a module can be
assigned to one stratum so that our framework can handle a specific module in one stratum
only. Note that our notion of modules should not be confused with ontology modules [22,
29, 166]: the latter are subsets of an ontology that are semantically independent from each
other in a well-defined way, whereas our modules are just arbitrary programs that satisfy

the above constraint.
Definition 8. A module is a semipositive program.

We next define several operators which we use later to characterise properties
that module functions should satisfy. Intuitively, MT[I: AP, A" identifies consequences
produced by one round of rule application for fact insertion, whereas M [I:AP A"
identifies consequences produced by iterative application of rules. As we shall see later,
these two operators will be used to characterise the lower and upper bounds, respectively,
of the module function responsible for fact insertion. In a similar way, M [IP, I" i AP, A"]
and M°[IP, I": AP, A" are defined for fact deletion. Note that iterative application
of rules is often costly and constitutes a major source of inefficiency, as suggested
by examples [6] and Thus, defining the consequences of such rule application, i.e.,
M [T:AP, A" and M°[IP, I": AP, A"], allows us to optimise fact insertion and deletion:
we could replace the costly iterative application of rules with a custom algorithm as long

as the two produce the same results.

Definition 9. Let M be a a module and let I, AP, and A" be datasets such that AP C I
and A"N I =0 hold. Then, let MT[I:AP, A" = Ay, and MI[T: AP, A" = Ujicp A for
k the least integer such that J,, = J,_1, where Jo = 0, Ag = AP, and datasets N;, ;, and
Ji are defined fori > 1 as

Ni:{M[JuJOzAO,An] ifi=1
M[IuJi,lei,I] ifi>1,
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Definition 10. Let M be a module and let IP, I", AP, and A" be datasets such
that AP C IP and A"NI" =0 both hold. Then, let M[IP,I": AP, A" = Ay, and let
MPE[IP, 1M AP, AN = Us<i<k Ai for k the least integer such that J, = Ji_1, where Jy = 0,
Ag = AP, and datasets N;, J;, and A; are defined fori > 1 as

M Jo I A, AT ifi =1
t M[[P \ Ji_l,]"EAi_l] ifi>1,

Ji=Jis1 UA,
A, = (N;NIP)\ J;.

In Definition |§|, despite that Jy = 0 holds, we wrote M [[ U JOEAO,A“} instead
of M{IEAO, A”} for the sake of symmetry. Similarly, we wrote M{[p \ Jo, 1" Ay, A”}
instead of M{Ip, I": A, A”} in Definition .

Definition 11. The implementation for a module M consists of module functions Add™
Del”, and Red™. These functions can be used in calls shown in the first column of
Table[5.1], where datasets I, IP, I", AP, A", and A are arguments and J is the result of a

call. These datasets must satisfy the conditions from the second column of Table|5. 1,

Given a dataset E and a program 11 satisfying M C 11, a call to a module function is

correct in the context of £ and II if the condition from Table holds.

Definition [11] describes module functions and gives conditions that a call of a module
function should satisfy. Intuitively, function Add™ handles fact insertion for module M and
will be used in both our materialisation and incremental update algorithms; functions Del
and Red™ deal with fact deletion and rederivation, respectively, and will be used in our
incremental maintenance algorithm only. More specifically, call J := Add [I:AP AMA™]
tries to identify facts that need to be added to the materialisation due to the insertion
of facts in AP U A™ and the removal of facts in A". We distinguish AP the set of
inserted facts derived by other modules, from A™, the set of inserted facts derived by
the module itself, so that it becomes possible for the module to skip some work that it
has done before. This separation is unnecessary for facts in A" since each fact in A"
belongs to a lower stratum and is always derived by another module. Similarly, call

J := DelM[IP, I": AP, A" A™] tries to identify facts that need to be deleted from the
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Call Conditions on arguments and results
J:= AddM[T: AP, A" AM] APUA™C Tand A"NT =10
JNI=10

J:=DelM[IP I": AP, A" AM] APUA™C [Pand A"NI" =0
JCIP\ (APUA™)

J:= RedM[IP I": A] ANIP =1
JCA

Table 5.1: Module function calls

Call Call is correct in the context of
: E and T1 with M C IT if...

J:= AddM[T: AP, A" AM] JCJCJ, holds where
Jy= MI:APUA™ A" is the lower bound, and
Ju=MI[T:APUA™ A" is the upper bound.
J:=DelM[IP, I": AP, A"A™] | J,CJC J, holds where

Jy = M[IP, I": AP U A™ A"\ mat(I1, E)
is the lower bound, and
Ju= MXF[IP, I": AP U A™ A is the upper bound.
J:= Red™[IP, I": A] JCJCJ, holds where
J = M{Ip, I“} NA is the lower bound, and
J, =mat(Il, E)N A is the upper bound.

Table 5.2: Correctness of module function calls

materialisation due to the removal of facts in AP U A™ and the insertion of facts in A".

Finally, call .J := Red™[I?, I": A] tries to identify facts in A that can be recovered.

A module function call is only correct if it achieves the relevant goal as briefly discussed
above. We formalise this notion of correctness by providing lower and uppper bounds
for each type of module function calls. For a call of type Add" this is straightforward:
the lower bound is obtained by applying the rules of the module for one round, and
the upper bound is obtained by applying the rules iteratively until no more facts can
be derived. Regarding a call of type Del™, for the sake of generality, we would like to

allow the module function call to delete only those facts that do not hold in the new
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Program | Stratum | Module Rule
It M1 A(z) — B(x) (1)
P(z,y) Anot B(x) — R(x,y) (2)
H H2 M2’1 R<J;7 y) — S(Iv y) (3)
R(z,y) = T(z,y) (4)
M** | R(z,y) AR(y,z) = R(x,2) (5)
Table 5.3: A partition of the program II

materialisation. Hence, we define the lower bound by applying the rules for one round
while excluding the consequences that still hold in the new materialisation. For the same
reason, we allow calls of type Red” to recover from the set of deleted facts A as many
facts as possible so long as they belong to the new materialisation. To achieve such
generality, we discuss correctness of a module function call with respect to certain II and

E., which we refer to as context in Definition [T1]

In the next two sections we present our framework for datalog materialisation and
incremental maintenance. Let II be a program and let A be a stratification that partitions
IT into strata IT',... II°. To apply our framework, for each 1 < s < S, stratum II°
must be further partitioned into modules A, ... M®*"®): thus, n(s) is the number

of modules in stratum s. Each module M** is implemented using functions Add" o

DeIMS’k, and Red™”". Note that M*F N M= =) holds for all distinct modules M*>F
and M** . Before we move on to the details of our framework, we use Example |12 to

demonstrate a partition of a program that satisfies the above requirements.

Example 12. Let IT be the program containing rules (1)—~(5) in Table[5.5, and let X be a
stratification of 11 that partitions 11 into two strata, TI' and 112, where TI' contains rule (1)
and 11 contains rules (2)-(5). Then, we can partition these two strata into three modules.
For the first stratum, M' contains the only rule in II*. For the second stratum, modules
M?*' and M?? consist of rules (2)-(4) and rule (5), respectively. Such a partition clearly

satisfy the requirements outlined in the previous paragraph.
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5.2.2 Computing the Materialisation

Algorithm [0] formalises our approach to modular materialisation which uses module
functions of type Add™. It takes as input a program II, a stratification A of II, and a set
of explicit facts F, and it computes mat(Il, F'). The algorithm processes the program in
a stratum-by-stratum manner as in Algorithm [I} For each stratum of II, the algorithm
first adds the explicit facts in the current stratum (£ N O°) to the materialisation /
(line . Then, function Add" " is called once for each module to identify consequences
of I (line . This is followed by lines which are responsible for computing the
fixpoint. In each iteration, the algorithm first combines the consequences of all modules
(line and adds them to the materialisation I (line . Then, it computes for each
module all the consequences produced by other modules in the previous round (lines m—
153). Finally, function Add™ " is called for each module to identify new consequences of
M** that should be added to I. The loop terminates when no new fact can be derived
(line [150). As mentioned earlier in Section [p.2.1] we make the distinction between facts
derived by a module itself (A*) and those derived by others (P*) to provide the module
with additional information which could potentially be useful for improving reasoning

performance. Theorem [I3]states that Algorithm [0] is correct, and its proof is given in
Appendix [B.1]

Algorithm 6 MaT-MobD(II, A\, E)

143: [ :=10)

144: for each stratum index s with 1 < s < S do
145: I:=1U(ENO%

146: for each k with 1 < k < n(s) do

147: AF = AddM ™[I 0]

148: loop

149: A:=A"U---UA™

150: if A = () then break

151: I:=TUA

152: for each k with 1 < k < n(s) do
153: PF = Uicjcn(s) jpr N

154: for each k with 1 < k < n(s) do

155: AF = AddM [T PR AR
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Theorem 13. Algorithm@ computes I as mat(Il, E), provided that each call of a module

function made during the algorithm’s execution is correct in the context of E and II.

5.2.3 Incremental Updates

Our modular approach to incremental materialisation maintenance is based on the DRed®
algorithm presented in Section [4.2] and is formalised by Algorithm [} The algorithm takes
as input a program II, a stratification A of II, a set of explicit facts F, the materialisation
I = mat(II, E), two sets of facts E~ and E* to delete from and to add to E, respectively.
The goal of the algorithm is to update the materialisation I = mat(Il, F) to the new
materialisation mat(Il, (F \ £~) U E™). In addition to the module functions of type
AddM already used in Algorithm |§|7 our modular incremental maintenance algorithm also
employs module functions of type Del™ and Red™. As usual, the algorithm processes the
given program stratum by stratum. We next describe the two main steps of the algorithm

for a particular stratum.

In the deletion phase, function Del™ " is first called for each module to identify
facts that should be overdeleted due to changes in the previous strata (lines [162H163)).
Together with those to delete from the current stratum (E~ N O%), these facts derived by
independent modules are combined into A, the initial set of facts to overdelete (line .
Then, the algorithm computes for each module set P* containing all facts produced by
other modules (lines [L65}{L66]). As we shall see later, these sets will be used as arguments
in subsequent module function calls. Finally, the loop of lines compute all
consequences of A. In each iteration, function Del™ " is first called for each module to
identify new consequences of module M** that should be overdeleted due to the deletion
of P* and A* (lines [L68H169). Then, the algorithm merges A, which contains facts to
overdelete identified in the previous round, into D, which accummulates all the facts
to overdelete. Furthermore, the algorithm updates A with all consequences identified
in the current round, and it prepares P* for the next round (lines . The loop
terminates when no new fact can be produced by any module (line .

In the second step, the algorithm first identifies the rederivable facts by calling
Red™™" for each module (lines |[175H176]). These facts are put into A, the set of added
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Algorithm 7 DRED-MoD(II, \, E, I, E—, Et)

156: D:=A:=0, FE :=(FE NE)\E", Et:=ET\FE
157: for each stratum index s with 1 < s < S do

158: OVERDELETE

159: REDERIVE-INSERT

160: E:=(E\E")UE*, T:=(I\D)UA

161: procedure OVERDELETE

162: for each k with 1 < k <n(s) do

163: Ak :=DelM™*[I:D\ A, A\ D:(]

164: A= (E N0 )UA'U---UA"®

165: for each k with 1 < k <n(s) do

166: P* = (E7 N 0%) UUi<j<n(s) jun &

167: while A # () do

168: for each k with 1 < k < n(s) do

169: Ak = Del™"[I\ (D\ A),IU A: P*: A¥]
170: D:=DUA

171: A:=AlU.-..UA™

172: for each k with 1 < k < n(s) do

173: PP = Urgjn(s) iz &

174: procedure REDERIVE-INSERT

175: for each i with 1 < k < n(s) do

176: Ak := Red”™[I\ (D\ A),TUA:D\ A]

177: N:=[(E\E)N(DNOH]U(ETNO*\[I\ (D\A)]
178: A:=AUNUA'U---UA™®)

179: for each k with 1 < k < n(s) do

180: PF:=[(A\ D) NO=*TUN UUicjcn(s) jur A
181: for each k with 1 < k <n(s) do

182: AF = Add™ ™ [(I\ D)U A: PF D\ A: AF]
183: loop

184: A:=A"U-.-UA"E)

185: if A = () then break

186: A=AUA

187: for each k with 1 <k <n(s) do

188: PE = Uigjcn(s) jur A

189: for each k with 1 <k < n(s) do

190: AF = AddM™"[(T\ D) U A: P*: A¥]
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facts, together with those rederivable from the remaining explicit facts and those to
insert to the current stratum (lines . Then, function Add" " is called once for
each module (lines 182)), and this identifies consequences of the facts added to A in
line [178] as well as consequences of changes in the previous strata. Finally, the fixpoint is
computed in the loop of lines [I83HI90] analogously to Algorithm [6] Theorem [14] states
that Algorithm [7] is correct, and its proof is given in Appendix [B.2

Theorem 14. Algorithm[] updates dataset I from mat(Il, E) to mat(Il, (E\ E~) U ET),
provided that each module function call made during the execution of the algorithm is

correct in the context of (E\ E7)U E™ and II.

5.2.4 Correctness Conditions for Module Functions

To ensure the correctness of our modular materialisation and incremental maintenance
algorithms, Theorems and require each module function to be implemented in
such a way that each call of the function made during an execution of Algorithm [6] or
Algorithm [7] satisfies the relevant lower and upper bounds described in Section [5.2.1]
When we check an implementation of a module function against this requirement, there
are two issues that prevent us from examining each of its calls independently of the others.

We discuss these two issues separately.

First, the definitions of the lower and upper bounds for the outcome of module
function calls sometimes involve the use of E and II. In particular, set mat(Il, E') is used
in both the lower bound for Del calls and the upper bound for Red calls. Sets FE and II
are arguments of Algorithm [6] and Algorithm [7 rather than arguments of any module
function. This is so because (the implementation of) a module should only concern itself
with rules that belong to the module and facts that are relevant. As an example, if we
implement function Add for a module using iterative rule application as in the seminaive
algorithm, the implementation will apply the rules of the module to facts that have been
produced earlier, and it will never make use of E or II. As sets E and II are global,
to argue about the correctness of each call of a particular module function, we would

have to first quantify over all possible executions of the two algorithms with all possible
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combinations of modules and then check if the module function calls produced by an

arbitrary such execution satisfy the relevant conditions.

Second, as we shall see later, a module may maintain its own state, in which case
the correctness of a call depends on the state that the module has at the time of the
call, which in turn depends on the behaviour of previous module function calls made
both by the same module and by the others. For example, in Section [5.5) we implement
a module that axiomatises a relation as symmetric-transitive by treating the relation
as an undirected graph and maintaining the connected components of the graph. The
connected components are the state that the module has to correctly maintain. To prove
the correctness of such an implementation, we would have to show that the internal state
of the module is correctly maintained in an arbitrary sequence of module function calls

(for this module) produced by Algorithms @ and

In the remainder of this section, we discuss how these issues are addressed in our
framework. Our objectives are twofold. First, we would like to discuss the correctness of
a module without explicitly referring to the details of Algorithms [6|and [7} This will allow
us to discard the irrelevant aspects of Algorithms [6] and [7] when proving the correctness
of a module. Second, we would like to focus on one module at a time and avoid dealing
with multiple modules at the same time. This will simplify the proof of correctness for

modules and also greatly facilitate the analysis of module states.

To achieve the above objectives, we next analyse the behaviour of Algorithms [0]
and [7] and model module function calls produced by executions of these algorithms as
sequences that satisfy certain constraints. While the behaviour of the algorithms depend
on all modules, we shift the perspective to one module so that the correctness of one
module could be discussed without interfering with the other modules. More specifically,
Definition [15]| describes sequences of module function calls for a module that is generated
by one run of Algorithm [f, followed by arbitrary many runs of Algorithm [7] We consider
this to be the typical way in which our framework is used: one first applies Algorithm [0]
once to obtain the initial materialisation, and then applies Algorithm [7] arbitrarily many

times in order to accommodate changes in the explicit facts.
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Definition [I5] captures the structural aspects of Algorithms [6] and [7} It describes type
constraints that apply to each pair of adjacent calls for the same module. For example, a
Del” call may be followed by another Del™ call or a Red™ call, but not by a call of type
AddM. In addition, Definition |15 outlines conditions that the arguments and results of
two adjacent module function calls for the same module must satisfy. For example, for
two adjacent Add™ calls, the outcome of the first call will be used as the third argument

of the second call.

Definition 15. A call history H for a module M 1is a finite, nonempty sequence of the
form (5.6)). Fach Q;, 0 <i<m, is a finite, nonempty sequence of the form (5.7)), and

Cij, 1 <j < n, is a call to a module function for M.

HZQO)"')Qm (56)
Qi=Cia,..., Cip, (5.7)

FEach H must satisfy the following two conditions.
e Cuall Cy, is of type Add™ and, for each 1 < i < m, call Ci1 s of type Del™.

e Foreach0<1i<mand1l<j <n,, calls C;;—1 and C; ; must be of one of the forms

from Table with their arguments and results satisfying the respective conditions.

Intuitively, each () corresponds to a sequence of module function calls produced by an
execution of either Algorithm [6] or Algorithm [7} an H thus corresponds to a sequence of
module function calls produced by several such executions. When considering a call Cj ,

we often identify the arguments and the results using subscripts ¢ and j. For example,

AN AM

when we consider an Add™-call C; i, AT,

we refer to the arguments by 1 ;, AP

VE (N

and to the result by J; ;.

In addition to Definition [15] which captures the structural conditions imposed by
Algorithms [6] and [7] on sequences of module function calls, we use Definition [16] to describe
the semantic conditions imposed by these algorithms. Roughly speaking, the conditions
described in Definition [I6] will be satisfied if each module function call returns the correct
result during the execution of our framework, in which case the materialisation and

incremental maintenance algorithms work as expected. As an example, property ({5.12)
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requires that all facts (up to a certain stratum) that should be deleted after the update
are indeed deleted.

Definition 16. Let II be a program, let X be a stratification of 11, let M be a module,
let H be a call history for M of the form , and let E = Ey, ..., E, be datasets.
Then, 11, \, M, H, and E are compatible if there exists exactly one stratum s that
satisfies M C 1I°, and the following properties hold for each i with 0 < ¢ < m, where
U; = 0= N mat(IL, E;).

Fori =0, condition (5.8]) must hold. Moreover, if m > 0, then conditions (5.9)—(5.10))

must hold as well.

[071 = Ag,l and A?)jl = @ (58)

U= U (A5,UARy) (5.9)
1<k<ng

Jomg =0 (5.10)

For i with 1 <11 <m, condition (5.11)) must hold. Moreover, there exists exactly one
J with 1 < 5 <mn; such that call C;; is of type Red. Thus, all calls before j are of type
Del and there is at least one such call, all calls after j are of type Add, there is at least

one such call, and properties (5.12)—(5.14)) must hold.

0= N1Ii_1pn,_, = 0= NI and ATy =0 (5.11)

U \U;C |J (AP,UAT,) (5.12)
1<k<j—1

UNIL = |J (APL,UAT) (5.13)
jH1<k<n;

Jim; =0 (5.14)

Fori=m >0, condition (5.11) must hold. Moreover, there exists at most one j with
1 < j < ny,, such that C,,; is of type Red; if such a j does exist, then condition (5.12)
must hold.

Recall that when module functions are implemented, it is only necessary that they
return correct results when used in calls made during the execution of our framework.

Since such calls have already been modeled in Definitions [I5] and [I6] so we are now ready
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to define the correctness of a module based on these definitions (and without referring to

Algorithms |§| and .

Definition 17. Functions Add", Del™, and Red™ for a module M are correct if, for
each program 11, each stratification \ of 11, each call history for M of the form (5.6), and
each vector E = Ey, ..., E, of datasets such that II, \, M, H, and E are compatible,

each call C; ;, for 0 <i¢ <m and 1 < j <mn,;, in H is correct in the contexst of E; and II.

Now that we have all the relevant definitions, we are ready to formulate Theo-

rem which states that our modular framework is correct. The proof is given in
Appendix [B.3

Theorem 18. Consider an arbitrary program 11, stratification A of 11, dataset Ey, and
datasets E; and E;’ with1 <i<m. Let E; = E; 1\ E; U E;r for 1 <1 < m. Moreover,
let M** be the modules corresponding to 11 and X as described in Section and
assume that the module functions for each M** are correct. Let Iy be the result of applying
Algorithm[f to I1, X, and Ey, and let I; be the result of successively applying Algorithm [7
toll, \, E;, and E;" for 1 <i <m. Then, I, = mat(Il, E;) holds for each 0 < i < m.

5.3 Further Optimisation

Recall that both the DRed® Algorithm and the B/F¢ Algorithm presented earlier in
Chapter [4] make use of a nonrecursive counter to track the number of nonrecursive
derivations for a fact. This counter could be effectively used to limit overdeletion: if
the nonrecursive counter of a fact is positive, we know that the fact has an unaffected
nonrecursive derivation and thus does not have to deleted. In our work, this means that
nonrecursive and recursive modules have to exchange information about whether a fact is
derivable or not. We achieve this by introducing an oracle function (Definition that
is able to decide whether a fact still holds after an update. It could be straightforwardly
implemented using nonrecursive counters, so in the remainder of this chapter, we assume

the existence of such an oracle function when implementing a module.
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Definition 19. An oracle function T is correct if, whenever some module M makes a
call to some module function in the context of some E and Il, and T'(F') returns true

during the call, then F' € mat(Il, E') holds.

5.4 Transitive Closure

We now consider a module consisting of a single rule axiomatising a relation R as
transitive. Following the ideas from Example[6, we distinguish the ‘internal’ facts produced
by rule from the ‘external’ facts produced by other rules. We keep track of the latter
in a global set Xy that is initialised to the empty set. A key invariant of our approach
is that each fact R(ao,a,) is produced by a chain {R(ag, a1), ..., R(ay_1,a,)} € Xg of
‘external’ facts. Thus, we can transitively close R by considering pairs of R-facts where at
least one of them is contained in Xg, which can greatly reduce the number of inferences.
A similar effect could be achieved by rewriting the input program: we introduce a fresh
predicate X, and we replace by Xg each occurrence of R in the head of a rule, as well
as one of the two occurrences of R in the body of rule ([5.1). Such an approach, however,
introduces the facts containing the auxiliary predicate Xy into the materialisation and
thus reveals implementation details to the users. Moreover, the rederivation step can be

realised very efficiently in our approach.

Based on the above idea, function Add*“® shown in Algorithm , essentially

implements seminaive evaluation for rule (5.4)): the loops in lines [192H193| and [194{{197|

handle the two delta rules derived from (5.4). Function Del®“® shown in Algorithm |§|,
implements seminaive evaluation for rule analogously to Add®*®): it also implements
seminaive evaluation for the rule R(x,y) A X(y, z) — R(z, z). Another difference is that
only facts whose nonrecursive counter is zero are overdeleted, which mimics overdeletion
in DRed®. As a result, not all facts processed in lines and are added to J so, to
avoid repeatedly considering such facts, the algorithm maintains the set S of ‘seen’ facts.
Finally, function Red®® shown in Algorithm , identifies for each source vertex u all

vertices reachable by the external facts in Xg.
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Theorem 20. Functions Add®®) | Del*®) and Red™ ) are correct for the module that

axiomatises relation R as transitive, provided that the oracle function T is correct.

Algorithm 8 Add*®[I: AP A" AM]

191: J:=0, Q:=R[AP], Xr:=XgrUR[AP|
192: for each R(u,v) € AP and each R(v,w) € I \ AP do
193: if R(u,w) ¢ IUJ then add R(u,w) to @ and J

194: while Q # ) do

195: remove an arbitrarily chosen fact R(v,w) from @
196: for each R(u,v) € Xg such that R(u,w) & [ U J do
197: add R(u,w) to @ and J

198: return J

Algorithm 9 Del®([1p 7 AP AN AM]

199: J:=10, @Q:=5:= R[AP]
200: while Q # () do

201: remove an arbitrarily chosen fact R(u,v) from @
202: for each R(v,w) € Xg such that R(u,w) € I?\ S do
203: add R(u,w) to @ and S

204: if T(R(u,w)) = f then add R(u,w) to J

205: else add R(u,w) to Yg

206: for each R(t,u) € Xg such that R(t,v) € I?\ S do
207: add R(t,v) to @ and S

208: if T(R(t,v)) =f then add R(t,v) to J

209: else add R(t,v) to Yg

210: Xg:= Xgr\ (APUJ)
211: return J N ([P \ (AP U A™))

Algorithm 10 Red™“®[1? [ A]

212: Xp:=XpUYR, J:i=Yrp:=10

213: for each u such that there exist v with R(u,v) € A do
214: for each w reachable from u via R facts in Xz do
215: add R(u,w) to J

216: return J N A

5.5 Symmetric—Transitive Closure

We now consider a module consisting of two rules, (5.1]) and ([5.5)), axiomatising a relation
R as transitive and symmetric. As in Example[7] we can view relation R as an undirected
graph. To compute the materialisation, we extract the set C'r of connected components—

that is, each U € Cfj is a set of mutually connected vertices in the symmetric-transitive
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closure of R; finally, we derive R(u,v) for all u and v in each component U € Cg. Set

C' is global and is initially empty.

Based on this idea, function Add®“® shown in Algorithm uses an auxiliary
function CLOSEEDGES to incrementally update the set C'z by processing each fact
R(u,v) € A in lines [220 if either u or v does not occur in a component in Cg, then
the respective component is created in Cg (lines and ; and if v and v belong to
distinct components U and V', then U and V are merged into a single component and
all R-facts connecting U and V are added (lines . Function Del**® shown in
Algorithm [12] simply overdeletes all facts R(u/,v") whose nonrecursive counter is zero
and where both ' and v’ belong to a component U containing both vertices of a fact
R(u,v) in A. Those facts R(u',v") for which the nonrecursive counter is nonzero will
hold after overdeletion, so they are kept in an initially empty global set Yz so that they
can be used for rederivation later. Finally, function Red*  shown in Algorithm ,
simply closes the set Yg in the same way as during addition, and it empties the set Yx.
While this creates a dependency between Del*® and Red*“®  the order in which these

functions are called in Algorithm [7] ensures that the set Y5 is maintained correctly.

Theorem 21. Functions Add®*“® | Del**®)  qnd Red™*®) qre correct for the module that

axiomatises R as symmetric—transitive, provided that the oracle function T is correct.

Algorithm 11 Add**(®[T: AP AN A™]
217: return CLOSEEDGES(AP\ A™)\
218: function CLOSEEDGES(A)

219: J:=10

220: for each R(u,v) € A do

221: if no U € Cp exists such that © € U then

222: add {u} to Cg, and R(u,u) to J

223: if no V € Cj exists such that v € V' then

224: add {v} to Cg, and R(v,v) to J

225: if u and v belong to distinct U,V € Cp, resp. then
226: remove U and V from Cg, and add U UV to Cg
227: for each v/ € U and each v' € V do

228: add R(v/,v") and R(v',u') to J

229: return J
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Algorithm 12 Del®)[[p [7: AP A" AM]

230: J := ()
231: for each U € Cg where IR(u,v) € AP\ A™ s.t. u,v € U do
232: for each v/ € U and each v/ € U do

233: if T(R(v',v")) = f then add R(v/,v") to J
234: else add R(v/,v') to Yg
235: remove U from Cg

236: return J N (IP\ (AP UA™))

Algorithm 13 Red"*“®[[p [": A]
237: J := CLOSEEDGES(Yx) \ I°P
238: Yp =10

239: return J N A

Theorem [22] states that the module functions for symmetric-transitive modules have
quadratic running time. For each of these module functions, we consider as input the
arguments of the function. For example, the size of the input for module function Add**(*

is simply n = || 4+ |AP| 4+ [A"] + |A™|.

Theorem 22. Functions Add*®) | Del*®  and Red* ™) have running time O(n?) for

n the size of the input.

5.6 Evaluation

We have implemented our modular materialisation and incremental maintenance algo-
rithms, as well as the seminaive materialisation and the DRed® algorithms, and we have

compared their performance empirically.

Test Benchmarks

We used the following real-world and synthetic benchmarks in our tests. Claros-LE
was already described in Section 4.4 LUBM [33] is a well-known benchmark that
models individuals and organisations in a university domain. Similarly to Claros-LE,
we obtained the lower bound extended (-LE) program for LUBM by converting a subset
of the accompanying OWL ontology into datalog rules and manually extended them
with several ‘difficult rules’. We chose this dataset over the UOBM datasets used in
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Benchmark |E| || S I, |II,] |TC| |STC]
Claros-LE 18.8 M | 533.3 M | 11 | 1031 | 306 27 2
LUBM-LE 133.6 M | 3326 M | 5 86 | 22 1 2

DBpedia-SKOS 50M | 970 M | 5 26 | 15 2 1
DAG-R 0.1 M| 229M | 1 1 1 1 0
Table 5.5: Benchmark statistics
Benchmark Mat-Mod  Mat
Claros-LE 896.67 | 4034.92
LUBM-LE 404.99 | 1352.37
DBpedia-SKOS 121.60 | 4315.10
DAG-R 34.56 | 3727.62
Table 5.6: Running times for materialisation computation (seconds)
Benchmark Small Deletions Small Insertions Large Deletions
DRed®-Mod DRed® | DRed®-Mod DRed® | DRed®-Mod DRed®
Claros-LE 1.22 | 1216.86 0.25 1.11 358.47 | 4288.69
LUBM-LE 0.64 4.80 0.02 0.02 213.49 | 1612.28
DBpedia-SKOS 29.80 | 856.92 0.29 3.36 205.76 | 4669.25
DAG-R 101.10 | 3493.52 19.70 | 128.50 160.37 | 4807.37

Table 5.7: Running times for incremental maintenance (seconds)

Section since LUBM-LE contains rules that axiomatise a relation as both symmetric
and transitive, which allows us to evaluate the performance of our implementation for
symmetric-transitive modules. DBpedia [44] contains structured information extracted
from Wikipedia. DBpedia represents Wikipedia categories using the SKOS vocabulary
[50], which defines several transitive properties. We used the datalog subset of the SKOS
RDF schema. Moreover, the materialisation of DBpedia-SKOS is too large to fit into
the memory of our test server, so we used a random sample of the DBpedia dataset
consisting of five million facts. Finally, DAG-R is a synthetic benchmark consisting of
a randomly generated dataset containing a directed acyclic graph with 10k nodes and
100k edges, and a program that axiomatises the path relation as transitive. Table
shows the numbers of explicit facts (|E|), derived facts (|I|), strata (S), nonrecursive

rules (|II,,]), recursive rules (|II,|), transitivity modules (|TC|), and symmetric-transitive

modules (|STC]J) for each benchmark.
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Test Setup and Results

We conducted all experiments on a Dell PowerEdge R720 server with 256GB RAM and
two Intel Xeon E5-2670 2.6GHz processors, running Fedora 30, kernel version 5.0.17.
For each benchmark, we loaded the test data into our system and then compared the
performance of our modular algorithms with the seminaive and DRed® algorithms using

the following methodology.

We first computed the materialisation and measured the wall-clock time. The
results are shown in Table We then conducted two groups of incremental reasoning

tests.

In the first group, we tested the performance of our incremental algorithms on small
changes. To this end, we used uniform sampling to select ten subsets F; C E, 1 < i < 10,
each consisting of 1000 facts from the input dataset. We deleted and then reinserted
FE; for each ¢ while measuring the wall-clock times, and then we computed the average
times for deletion and insertion over the ten samples. The results are shown in the ‘Small

Deletions’ and ‘Small Insertions’ columns of Table [5.7] respectively.

In the second group, we tested the performance of incremental algorithms on large
deletions. To this end, we used uniform sampling to select a subset £~ C E containing
25% of the explicit facts, and we measured the wall-clock time needed to delete £~ from
the materialisation. The results are shown in the ‘Large Deletions’ column of Table [5.7]
We did not consider large insertions because our algorithms handle insertion in the same
way as materialisation, so the relative performance of our algorithms should be similar to

the performance of materialisation shown in Table [5.6]

Discussion

Mat-Mod significantly outperformed Mat on all test inputs. For example, Mat-Mod
was several times faster than Mat on Claros-LE and LUBM-LE. The programs of both
benchmarks contain transitivity and symmetric—transitivity modules, which are efficiently

handled by our custom algorithm. The performance improvement is even more significant

for DBpedia-SKOS and DAG-R: Mat-Mod is more than 30 times faster than Mat on
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DBpedia-SKOS, and the difference reaches two orders of magnitude on DAG-R. In
fact, DBpedia contains long chains/cycles over the skos:broader relation [9], which is
axiomatised as transitive in SKOS. Mat-Mod outperforms Mat in this case since our
custom algorithm for transitivity skips a large number of rule instances. The same

observation explains the superior performance of DAG-R.

Similarly, DRed“-Mod considerably outperformed DRed® on small deletions: the
performance speedup ranges around eight times on LUBM-LE to three orders of magnitude
on Claros-LE. The program of Claros-LE contains a symmetric-transitive closure module
for the predicate relatedPlaces, and the materialisation contains large cliques of constants
connected to each other via this predicate. Thus, when a relatedPlaces(a,b) fact is deleted,
DRed€ can end up considering up to n? rule instances where n is the number of constants
in the clique containing a and b. In contrast, our custom algorithm for this module
maintains a connected component for the clique and requires only up to n? steps. It is
worth noticing that, while DRed“-Mod significantly outperforms DRed® on DAG-R, the
incremental update times for small deletion were larger than the update times for the
initial materialisation. This is because deleting one thousand edges from the graph (‘Small
Deletion’) caused a large part of the materialisation to be overdeleted and rederived
again. For DRed® the situation is similar, but rederivation in DRed® benefits from a
global recursive counter (at the expense of considering each applicable rule instance),
which makes small deletion still faster than initial materialisation. Finally, as shown in
Table 5.7, DRed*-Mod scaled well and maintained its advantage over DRed® on large

deletions.

Incremental insertions are in general easier to handle than deletions since during
insertion the algorithms can rely on the whole materialisation to prune the propagation
of facts whereas during deletion the algorithms can only rely on the nonrecursive counters
of facts to do the same. This is clearly reflected in Table 5.7l Nevertheless, in our tests
for small insertions, DRed“-Mod was several times faster than DRed® in all cases but

LUBM-LE, for which both algorithms updated the materialisation instantateously.



Conclusion and Outlook

In this thesis we have proposed several novel approaches to the computation and
maintenance of datalog materialisations. Existing incremental maintenance algorithms
either lack generality, or involve costly ‘backward’ rule evaluation, so we have presented
two new algorithms, DRed® and B/F¢, which avoid these drawbacks. Moreover, we
have observed that for both materialisation computation and incremental maintenance,
certain types of rules and rule combinations can be handled much more efficiently using
custom solutions than using general purpose algorithms. To enable the integration of such
custom solutions into standard datalog reasoning methods, we have introduced a modular
framework that deals with both materialisation computation and incremental maintenance.
In addition, we have implemented custom solutions for programs axiomatising the

transitive and symmetric-transitive closure of a relation.

Both DRed® and B/F¢ are capable of updating materialisations of general datalog
programs. The DRed® algorithm combines DRed with Counting. It maintains two
counters for each fact: the maintenance of the nonrecursive counters captures the
behaviour of Counting on nonrecursive rules and also helps reduce overdeletion, whereas
the maintenance of the recursive counters allows the algorithm to completely eliminate
‘backward’ rule evaluation. The B/F¢ algorithm can be viewed as a combination of

B/F and Counting. It eliminates ‘backward’ rule evaluation for nonrecursive rules while

67
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still allowing backward chaining to be used on recursive rules in order to make deletion
exact. Our evaluation shows that both DRed® and B/F¢ are generally more efficient than
their optimised counterparts, DRed and B/F, respectively, often by orders of magnitude.
Moreover, our algorithms could handle both small and large updates efficiently, and have

thus been shown to be ready for practical use.

Building upon the seminaive algorithm for materialisation computation and the
DRed¢ algorithm for incremental maintenance, we have presented a modular framework
that allows specialised algorithms for certain types of programs to work in conjunction
with standard datalog reasoning methods. Our framework provides a clear interface to
application developers and thus permits smooth integration of custom solutions. More
specifically, it partitions a datalog program into separate modules and requires three
functions to be implemented for each of these modules: function Add is responsible for
fact insertion during both materialisation and incremental update; function Red and Del
deal with rederivation and deletion, respectively, during incremental update. There is no
restriction on how these functions are implemented for a module, so long as they return
results satisfying relevant lower and upper bounds when called by our framework. If no
custom solution is available for a module, these functions can always be implemented with
the seminaive evaluation strategy, which means that our framework is general enough to

handle arbitrary combinations of rules.

We demonstrate with two types of modules that the integration of custom solutions
and general datalog reasoning algorithms could indeed be achieved in a straightforward
manner through the use of our modular framework. In particular, we implement the first
type of modules, which axiomatises a relation as transitive, by distinguishing facts derived
by the module itself from facts derived by other modules. This allows us to simulate
the behaviour of linear rules and thus skip many superfluous derivations. Our second
type of modules, which axiomatises a relation as symmetric-transitive, is implemented by
treating the relation as an undirected graph and maintaining its connected components.
This custom solution needs O(n?) steps in the worst case, instead of O(n?) steps required
by the seminaive algorithm. It is worth pointing out that our modular framework

could work with any type of modules, but we chose to implement these two specific
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types of modules as a proof of concept for two main reasons. First, they represent two
basic types of recursive definitions that datalog is capable of expressing. Second, there
already exist (custom) algorithms that compute and maintain transive and symmetric-
transitive relations, so deemed it feasible to develop efficient module implementations
for transitive and symmetric-transitive modules. And this was indeed the case: we have
shown empirically that, with our custom solutions integrated, the materialisation and
incremental maintenance algorithms significantly outperform the existing ones, sometimes

by orders of magnitude.

We conclude by outlining several directions for future work. First, the recently
proposed FBF algorithms [52] can be seen as a generalisation of both the DRed and
the B/F algorithm. Since our DRed® and B/F¢ algorithms build upon DRed and B/F,
respectively, it would be interesting to see if a generalisation similar to FBF could be
obtained for these two new algorithms. Moreover, the evaluation results presented in
Section suggest that DRed® performs better than B/F¢ on some input while B/F¢
achieves better performance on others. When derivations of facts could be easily identified,
B/F¢ usually performs better since it avoids overdeletion by eagerly checking alternative
derivations of facts. In contrast, when it is difficult to identify derivations of facts and
backward chaining becomes a dominant source of inefficiency, DRed® is more efficient
since it does not involve any ‘backward’ rule evaluation. Thus, devising a strategy that
automatically decides which algorithm to choose for a given dataset might improve the

performance of datalog systems.

In this thesis we have implemented two types of modules as a starting point. To
widen the applicability of our modular framework, we hope to be able to implement
other types of modules in future. A particularly interesting type of modules is the class
of regular chain programs, whose materialisation and incremental maintenance can be
handled using custom algorithms [21} 49, 76]. Whether these custom algorithms could
be readily adapted to implementations of module functions that satisfy the relevant

constraints remains to be investigated.
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Proot of Theorems in Chapter

A.1 Proof of Theorem /4

Theorem 4. Algorithm |4 updates dataset I from mat(Il, E) to mat(Il,(E'\ E~) U E™),
and it updates Cy, and C, so they are compatible with 11, X\, and (E\ E7)U E*.

Proof. Let © be the multiset subtraction operator, and let Occ(F, M) be the multiplicity
of F'in multiset M. Due to line [67] of Algorithm [ without loss of generality we assume
that E~ C E and ETNE = 0. Now let E|, = F and let I°|, = . Moreover, for each
1 <s<8, let I§|y, I{],, ... be the sequence of sets where I§|, = I*7!|, U (E|, N O%), and
fori >0, I?], =17 ||, UII® {If_lw. Index k clearly exists at which the sequence reaches
the fixpoint (i.e., I5], = I} ],), so let I¥|, = I{|,. Finally, let I|, = I°|,; we clearly have
I|, = mat(II, E|,)—that is, I], is the ‘old’ materialisation. Now let E|,, = (E|,\E~)UE™,

and let I7|,, I*|,, and I|, be defined analogously, so I|, is the ‘new’ materialisation.

For each 1 < s < S and each F € I|,N 0%, let Cy/[F]|, = Occ(F, E|, ® 1L5, [1],] ) and
Ci[F]|o = Occ(F,II: [1],] ). For each 1 < s < S and each F € I|,,N0?, we define Cy [F]|,

and C\[F]|, analogously using E|, and [|,.

Now consider a run of Algorithm [4/on I|,, E~, and ET. Let D° = A° = RY = (), and
for each s with 1 < s < S, let D*, A%, and R® be the values of D, A, and R, respectively,

71
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after the loop in lines finishes for stratum index s. Note that during the execution

of Algorithm , the set I is equal to I|, up to before line . Furthermore, for each fact

F e I*|,Nn 0% let Cy[F]|s and C/[F]|s be the values of Cy,[F] and C,[F], respectively,

at the point when OVERDELETE finishes for stratum index s; similarly, for each fact

F e ((I*)], \ D*) U A*) N 0%, let Cy,[F]|, and C,[F]|, be the values of C,,[F]| and C,[F],

respectively, at the point when INSERT finishes for stratum index s.

I3, [[IS|O]] = Hﬁr[[[sL)EDS \ A5~ AL \ Ds]]
@ I, [ 1], \ (D5 \ A7), I, U A5

I [15],] = T [15],: D=\ AL, A1\ D*]
D Hf ]S|o \ (Ds \ A371)7]s|0 U Asfl]]

Coe[Flo — Cu[Flla = Occ(F, (B~ N O%) @ II5, [I%],: D* \ As~1, A*~1\ D*])
for each I € I*|,N O°

Ci[F]|o — Ci[Flla = Occ(F, 1L [I%|,: D\ A7, As=1\ D9])

for each F' € I*|,N O*

I\ I*], € D* C I°,

0° N D*NIE (%], \ (D°\ A1), I*|, U A*~}| € R* C I¥|,
¥, N A5 C D

(I, \ D*)U A® = I?|,
CulFlla — CurlFlla = Occ(F, (E* 1.0%) @ 113, [(1°], \ D) U A°]
S I [ 1]\ (D°\ A7), I°[, U A1)
for each F € ((I°|,\ D) U A%) N 15|, N OF
Cor[Flla = Occ(F, ((El, \ E7) U ET) @ II5, [(I%], \ D*) U A])
for each F' € (((I%|, \ D*) U A%) \ I*|,) N O®
ClF)la — ColFlla = Oce(F 1 [(1°),\ D) U 4]
& I[P, \ (D*\ A1), 1%, U A1])
for each F' € ((I°],\ D*)U A®) N I*|,N O?
CilFlla = Oce(F, 117 [(1°], \ D*) U A°])
for each F € (((I°], \ D*)U A®) \ I*|,) N O°

(A.10)

(A.11)

(A.12)

We shall prove that properties (A.5)), (A.7)), and (A.8)) hold for each s with 0 < s < S,
and that the other properties hold for each s with 1 < s < S. Then, property (A.8)

for s = S and line [72| of Algorithm [4] imply that I is correctly updated from I|, to I,.

Moreover, Co [F]|, = Occ(F, E|, ® 115, [ I],] ) and properties (A.8)), (A.1), (A.3) and (A.9)
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for 1 < s < .S jointly imply the following:

Cnr[F”a = Cnr[F”o - (Cnr[F” - Cy [ ]|d) (Cnr[F”a - Cnr[F”d)
= Occ(F, El, @ I, [1].]) = (A.13)
for each F e Is|n nIs, ﬂOS

In addition, (A.8) and (A.10) jointly imply that C,[F|l. = Cu[F]|. holds for each
F e (I*|,\ I*|,) N 0. Therefore, we have Cp,[F||s = Cy[F]|n for each F € I°|, N 0%,
which means the nonrecursive counts are correctly updated after the execution of the

algorithm. C\[F]|, = C\[F]|, can be shown analogously using properties (A.8), (A.2)),
(). (K1), and (K12,

We prove properties f by induction on s. The base case where s = 0 is
trivial since all relevant sets in , , and are empty. For the inductive step,
we consider an arbitrary s with 1 < s < S such that ( m , and (| m ) hold for
s — 1, and we show that properties (A.1] - hold for s. The proof is lengthy so we

break it into several claims. O

Claim 23. Properties and hold.

Proof. The way sets D and A are constructed ensures that (D*\ D*') N O<* = ) and
As71 C O<* hold, and so A*71\ D* = A*~1\ D*7! holds as well, which in turn implies
I#,U(As~ 1\ D?) = I*|,U(As~1\ D*71). Moreover, the induction assumption D*~t C 1571,
ensures I°|,U(A*~ 1\ D*71) = I°|,UA*~1. Therefore, we have I°|,U(A*~ 1\ D?) = I*| ,UA*"!
which together with the definition of rule application ensures the correctness of the two

properties. O
Claim 24. Property holds.

Proof. Consider an arbitrary F' € I*|, N O®, we have two cases here.

If F ¢ (E-NO%) @II [I%],: D\ A*~', A*=1\ D?] holds, then the right-hand side of
the equation in 3)) equals zero. Moreover, II° contains only nonrecursive rules, and
A1\ D* = As1\ D*7! holds for the same reason as explained in the proof of claim [23}
thus we have F' & (E- N O%) @ II;, [I°],: D~ \ A=, A*=1\ D*7']; but then, hne.of

Algorithm [4] ensures that the nonrecursive count of F' is not decremented during the
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execution of the OVERDELETE procedure, so the left-hand side of the equation is equal

to zero as well. Therefore the property holds in this case.

If F e (E-NO% @I [15,: D\ A1 A1\ D*] holds, then we clearly have
F e (E-NO%) @I, [I°],: D1\ A*~ !, A5\ D*7!] since the application of nonrecursive
rules will only match body atoms to facts from lower strata. Line [75]and line [76] guarantee
that each distinct occurrence of F in (E~ N O*) @ 115, [15],: D371\ A5, A7\ Do 1]
results in decrementing the nonrecursive count of ' by one. Thus the property also holds

in this case. O
Claim 25. Property holds.

Proof. Line and line ensure that Ap used in line is different between two
iterations of the loop in lines[79H84], so the rule instances considered in line [82| are different
between iterations. The total number of these rule instances is finite and is bounded by
the number of rule instances in U,/cps inst, [I SH. Thus the loop must terminate, and
we let T" be the total number of iterations. Moreover, for each 1 < i < T let D} be the
value of D at the beginning of the ith iteration of the loop, and let C,[F]|} be the value
of C\[F] for each F € I*|, N O at the same time point. We prove by induction on ¢ that
holds for 1 < ¢ < T. Then for i = T and A~ \ D57! = A1\ D* ensure
the correctness of property .

Ci[F]l, — GIF)ly = Oce(F, I [1%],: D3 \ A1, 451\ D*1])

for each F' € I*|, N O? (A-14)

For the base case, consider an arbitrary F' € I*|, N O%. It is easy to see that the
recursive count of I has never been changed and should be equal to C,[F]|, before line
of procedure OVERDELETE for stratum s. But then, line [77 and line ensure that
if e IE[I%],: D\ A=, As=1 \ D*7!'], then each distinct occurrence of F' in the
multiset results in decrementing the corresponding recursive count by one; moreover,
if ¢ IE[I°),: D=\ A71, A=t \ D*7'], then the corresponding recursive count will
not be changed; either way, Dj = D* ! implies that C,[F]|, — C,[F]|} is equal to
Occ(F, I [I%],: D5 \ A5, As~1\ D*71]), as required.
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For the inductive step, assume that (A.14)) holds for i — 1 where 1 < ¢ < T, and
consider arbitrary F' € I°|, N O®. Lines , and [84] jointly imply (A.15)).

CF]lq " = CilFlg = Oce(F IR [ 17|, \ (D \ A1), I*, UA™H:DF\ Dy, ) (A.15)

We now show that the following holds:
Occ(F I [I%],: D5, \ A5~ A5\ Ds71])
+ Oce(F, 1T} HIS\O \ (D \ A, I, u A7 iDE\ Dy ) (A.16)
= Occ(F, I [ I%],: D5 \ As=1, A1\ Ds71])
There is no rule instance repetition between U,y inst, [IS|O Di AT ASTLN Dsfl}
and U, ¢rs inst,s {13’0 \ (Df, \ A7H), I8, U A71iDs \ Df_l}, so it is sufficient to show
that holds.
Upers insty[I%], D5y \ As~1, A=\ D]
U Upem inst [ 1], \ (D34 \ A1), I*], U A== 1D\ D3| (A.17)
= Upens insty | I°]o: D\ AS71 A1\ Ds’l}
The C direction of trivially holds. Now consider the O direction, let " be an
arbitrary rule instance contained in the right-hand side of , then there exists
rule 1/ € IIf such that r” € inst, {ISIOEDf \ AT AT Ds_l} holds. If we have
" € inst,/ {IS|OED5;1 \ AL As—L Ds_l], then clearly " is also contained in the left-
hand side of . Otherwise, r” has all positive atoms in I%|, but no positive
atom in D{ ; \ A*"!; moreover, all negative body atoms of 7’ have to be matched
in I¥],U (A1\ D*7Y) = I°|,U A*~!; furthermore, 7" has at least one positive body atom
in Di \ Df ,; therefore, we have r” € inst, []S|O \ (Di_y \ A7), I5|, U A LiDs Df_l},
so r” is contained in the left-hand side of in this case as well.

(A.15), (A.16)) and the induction assumption that (A.14)) holds for ¢ — 1 imply the
correctness of ((A.14) for ¢, and this completes our proof. H

Claim 26. The right-hand inclusion of property holds.

Proof. For each rule r € I1°, procedure OVERDELETE for stratum index s considers in
lines , , and only instances of r that are contained in inst, [] 5|0}, so the facts
derived by these rule instances are in I°|,. Thus, the claim holds by a straightforward

induction on the construction of the set D?. O
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Claim 27. The left-hand inclusion of property holds.

Proof. We show by induction that (A.18]) holds for each i.

If|,\ I|, C D* (A.18)

For the base case, note that I§|, = I*"!|, U (E|, N O%) and that I*~!|, \ I*7|, C D!
holds for s — 1 by the induction assumption. Now consider an arbitrary fact F' € F|, N O*
such that ' ¢ I*|, holds. Then, the latter ensures F' ¢ E|, \ E~, which implies F' € E~
and so F' is added to Np in line [7T6l We next show that F' is added to D in line [84]
F ¢ I°|, and I*|, = I°|, UTII® [ISH imply Occ(F, 112 [[[s n]] = 0, which in turn implies
Occ(F, I8, [157,]) = 0; but then, 571, \ (D71 \ A*1) C (I, \ D" 1) U A~ and

the induction assumption (I°71|,\ D7) U A*~! = [*71|, ensure the following property.
Occ(F, I3, [157], \ (D=1 A4571)), 1], U A1) = 0

Together with (A.1]), (A.3)), and the definition of Cy,[F]|, this implies Cy[F]|ls = 0, so

the condition in line [80]is satisfied. Hence, ' € D?® holds, as required.

For the inductive step, assume that I ,|, satisfies ) for < > 0, and consider
arbitrary F € If|, \ I°|,. If F € I} ,],, then F' € D*® holds by the induction assumption.
Otherwise, there exist a rule r € II* and its instance 1’ € inst, {If_1|o] such that F' € h(r').
Definition ensures b* (') C I? |, € I*|, and b= (+') N I? ]|, = 0, and b= (r") C O<*
implies b=(r") N I*7Y, = b~ (') N I*|, = 0. Finally, F & I*|, implies r’ & inst, [[s\n], SO
by definition we have one of the following two possibilities.

o bT(r') € I?|,. There exists G € b (') N (I7_4], \ I*],). The induction assumption for
(A.18) implies G € D?, and G & I*®|,, implies G & I*7!|,,, so the induction assumption
for (A.8) ensures G & A*~!: hence, G € D*\ A*~1.

e b=(r)NI%|,=b(r')NI, #0. There exists G € b= (r') N (157, \ I*7Y,); but
then, the right-hand inclusion of (A.5]) implies G € D*!, and the induction assumption
for (A.8) implies G € A*™!; therefore, we have G € A*~1\ D*=! = As~1\ Ds.
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Either way, the right-hand side of (A.3)) or (A.4) is larger than zero. Hence, the count
for F'is decremented in OVERDELETE and F' is added to Np. Then, in the same way as

in the proof of the base case we have F' € D?, as required. n
Claim 28. The right-hand inclusion of property (A.6) holds.

Proof. Consider arbitrary F' € R®. F can only be added to R® in line [70, so we have
F e D*Nn0O* and C/[F||la > 0; FF € D°* N O° and property ensure F' € I°|, N O%;
but then, properties (A.4), and C,[F]|, = Occ(F,II{[I*|,]) jointly imply that
Ci[F]|a = Occ(F, I [I%], \ (D*\ A*™1), I*], U A*71]) holds, and so C,[F]|4 > 0 implies
that Occ(F, I [I%], \ (D* \ A*71), I*|,U A*~']) > 0 holds.

Next we show that II:[I°],\ (D*\ A7), I*|, U A*~'] CTI¢[7%],] holds: due to
stratification negative body atoms will only be matched against facts from lower strata, so
we have IIf [ I°|,] = II: [1¢|,, 15|, ] ; moreover, the left-hand inclusion of property
implies I*|,\ D* C I*|,, which together with the induction assumption for property
implies I°|, \ (D*\ A*™') C (I*|, \ D*) U A*~! C [I°|,; furthermore, the induction
assumption for property ensures I*7|, = (I*7Y|,\ DY) U A5~ C I¢|, U A5,
therefore we clearly have IIf[I°[, \ (D*\ A*7%),I*]|, U A*7'] C IIF[I°],]. But then,
Occ(F, I [I¢], \ (D*\ A*™1), I*],U A*7']) > 0 implies Occ(F, I [I%],]) > 0, so we have

F € I?|,, as required. ]
Claim 29. The left-hand inclusion of property (A.6) holds.

Proof. Consider arbitrary F' € O N D* N 1I¢ {Is|o \ (D% \ As—1), I%|, U As_l}, and we show
that F € R® holds. F' € O° N D* implies that Occ(F, I [I°], \ (D \ A7), I*], U A*71])
is equal to C,[F]|4 in the same way as in the proof of claim 28 but then, the fact that
F eII: {IS|0 \ (D$\ A5~ ¢, U A“”*l] holds implies C,[F]|4 > 0, so lineof Algorithm

ensures that F'is added to R*, as required. O

Claim 30. Property (A.7) holds.
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Proof. Consider an arbitrary fact F € I*|, N A%: if F € I*|, N A*"! holds, then the
induction assumption ensures that we have F € D*=' C D% if F € I*|, N (A°\ A5™1)
holds, then F'is added to Ay in line [92| of procedure INSERT for stratum index s, which
ensures F' & (I°|,\ D*) U A*~!; but then, F' € I*|, implies F' € D*, as required. O

Claim 31. The C direction of property (A.8)) holds.

Proof. We prove by induction on the construction of A that (/°|,\ D*) U A C I°|, holds.
We first consider the base case. Set A is equal to A°~! before the loop in lines ;
thus, property is equivalent to (I*],\ D*) U A*~! C I*|,; now I¥|,\ D* C I¢|, is
implied by the left-hand inclusion of property , whereas AS~! C I¢|,, holds by the

induction assumption.

For the inductive step, we assume that (1%, \ D*) U A C I°|,, holds, and we consider
ways in which Algorithm [4| can add a fact F to A. If F € ET N O*, then F € I*], clearly
holds. Moreover, if F' € R® holds, then F' € I*|, holds by . Otherwise, F'is derived
in line , or 95 so a rule r € II° and its instance r’ = inst, {(IS|O \ D*)U A] exist such
that F' € h(r’) holds. But then, definition ensures bt (r") C (I°], \ D*)UA C I?|,
and b~ (") N ((I%], \ D*) U A) = (), which together with b~ (r") C O<* and the induction
assumption for (A.8)) implies b~ (r') N I*|,, = b= (') N I*7!|,, = (. Consequently, we have

r’ € inst, [ISH, so F' € I?|, holds, as required. H
Claim 32. The D direction of property (A.8) holds.
Proof. We show by induction that (A.19)) holds for each i.

(I°lo\ D*) U A* 2 [7], (A.19)

For the base case, we have I§],, = I*7!],U(E|,N0®%) = (I*7!|,\ D" UA*U(E|,NO?)
by the induction assumption for (A.8)). I*71|,\ D*7! C I*|,\ D* and A*~! C A% clearly
hold. Now consider arbitrary F € E|, N O%. If F' € E*, then lines , , , and
ensure F' € (I*|, \ D*)UA*. f F € E|,\ ET = E|,\ E~, then we clearly have F' € I*|,;
but then, Cy[F]|, = Occ(F, E|, ® Hﬁr[[ﬂo]]) and property imply Cy,[F||a > 1; thus,
line [80] ensures F ¢ D*.
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For the inductive step, assume that I7 |, satisfies for 7 > 0, and consider
arbitrary F' € I?|,. If FF € I? |,, then holds by the induction assumption.
Otherwise, by definition a rule r and its instance ' € inst, [[f_l\n} exist where h(r') = F.
Definition and for i — 1 ensure bt (r") C I? 4|, C (I°|, \ D*) U A*. Moreover,
Definition also ensures b~ (r') N I7_;|, = 0, which together with the induction
assumption that property holds for s — 1 and the definition of I? |, implies
b=(r") N ((I*7 1|, \ D7) U A*~1) = 0; but then, b= (r') N ((I*], \ D*) U A%) = @ clearly

holds since we have b~ (r') C O<*. Now we consider the following cases.

o bT(r)N(A%\ A*71) #£ (. Facts in A%\ A*! are added to A via lines|92| and |94} so there
is a point in the execution of the algorithm where b™ (') N (A% \ A*~1) N A4 # 0 holds
in line [95| for the last time for A4. Since Ay C A holds at this point, we clearly have
b (r’) C (I°], \ D) U A; moreover, A C A% and b~ (r') N ((I¥], \ D*) U A®%) = () ensure
b~ ()N ((I*],\ D*)UA) = 0. But then, ' € inst, |(I°],\ D*)UA: A 4| holds; F = h(r)
will be added to N4 in line [96; and lines [92| and |94] ensure F' € (I°], \ D®) U A®.

o bT(r)N(As\ A1) =0, s0 bT(r'") C (I*], \ D) U A*~! holds. We have the following

two possibilities.

— bT(r') N (A5~1\ D*) or b= (') N (D*\ A*7!). By the definition of rule matching,
we clearly have r’ € inst, {(]SL, \ D) U As~1: As=1\ D* Ds\ Asfl]. But then,
lines ensure that F' = h(r’) is added to N4; and lines (92 and (94| ensure
F e (I8,\ D%) U As.

— bt ()N (A\ D%) =b ()N (D*\ A1) = 0. Then, b= ()N (D*\ A1) =10
and b~ (") N (I*], \ D) N A% = () imply b~ (') N (I*], U A*~') = (). Moreover,
we argue that each fact G with G € b*(r') C (I°|, \ D?) U A*"! satisfies
G e I*|,\ (D*\ A*71). This clearly holds if G € I®|,\ D*. If G € AL,
then G ¢ A*!'\ D* implies G € D?, which in turn implies G € I°|, by
claim 26} thus, G € I*|, \ (D*\ A*7!) holds. Now, definition (3.3) ensures
r' € inst, [I°], \ (D*\ A1), I°|, U A*71], which implies F' = h(r') € I*|,. If
F & D*, then F € (I°], \ D) U A® trivially holds. If F' € D*, property
implies F' € R*; then, lines [86] 92} and [94] ensure F € (I*|, \ D*) U A®. O
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Claim 33. The following two properties hold.

3, [(Po\ D7) U AT = T[], \ (D*\ A1), |, U 4]

& T, [(I°], \ D) U A* i A*\ D=1, D1\ 4*71]
03 [(1°lo\ DY U AT = T [7°], \ (D" \ A1), 7°], U A

& TE[(I7],\ D) U A*iA*\ D=1, D=1\ A*1]

(A.20)

(A.21)

Proof. By the definition of H[[I PI": P, N]] it is sufficient to show that for each rule
r € II°, properties (A.22)) and (A.23)) hold.

inst, [ 1°], \ (D*\ A*°1), I°|, U A*~1]n)

inst, | (1], \ D*) U A®: A\ D*=1, D71\ A1 = ¢

inst, [(1°], \ D*) U A®| = inst, [I°],\ (D*\ A1), I*|, U A57Y]
U inst, |(I°], \ D*) U A*: A*\ D*=1, D>\ A%~

(A.22)

(A.23)

To prove (|A.22)), consider arbitrary r’ € inst, {(]3|0 \ D¥)U As: A%\ Ds~1 D=1\ Asfl].
By Definition ([3.3) we have b™ (') N (A*\ D*71) % 0 or b=(r') N (D71 \ A5™) # 0; now

we examine these two cases separately.

For the first case, let F' be an arbitrary fact in b (r') N (A% \ D*71). Now if F' €
A7\ Ds71 holds, then the induction assumption for ensures F' ¢ I°71|,, which in
turn implies F' & I°|,\ (D*\ A571); if F € A*\ A*"! holds, then in the same way as in the
proof of claim [30{ we have F' & (I°|,\ D*) U A*~', which implies F' & I*], \ (D*\ A*™1);
cither way, we have b*(r) Z I°|,\ (D*\ A*™1), s0 7 & inst, [ I°],\ (D*\ A*~1), I*|,U A~
holds.

For the second case, b=(r') N (D1 \ A*7!) # () and the induction assumption for
property imply b~ (r") N I*7Y, # (), which clearly implies b~ (r’) N (1], U A5~1) £ 0;
thus, by Definition (3.3]) we have r’ & inst, [IS|O \ (D*\ As71), I?|, U AS’I}; this completes
our proof for .

Next we prove the O direction of property (A.23). Consider an arbitrary rule instance
r’" contained in the right-hand side of (A.23)).

o It €inst, |(I°],\ D*) U A*: A\ D*~1, D*=1\ A*~!] holds, then by definition (3:3) we
clearly have r’ € inst, {(I‘*]o \ D*) U AS].
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o If7 € inst,[I°],\(D*\A*1), I*[,uA*""] holds, then b* (') C I°|, \ (D*\ A*~") implies
b (r") C (I*],\ D*) U A%; moreover, b= (r') N (I*|,UA5™!) = () and b~ (') € O<* jointly
imply b= (r") N ((I%|, \ D*) U A%) = b= (+') N ((I*7], \ D7) U A571) = ; therefore,
r’ € inst, [(IS|O \ D*) U AS} holds by Definition (3.3]).

Finally, for the C direction, consider arbitrary r’ € instr[(I *l, \ D*) U As}. If
bT(r') N (A% \ D*71) £ 0 or b=(+") N (D1 \ A5™!) # ) holds, then we clearly have
r’ € inst, [(Islo \ D5)U A% A5\ D51 Ds=1\ As_l] by Definition (3.3). Otherwise, let
F be an arbitrary fact in b™ (') and let G be an arbitrary fact in b~ ('), then we have
Fe ((I*l,\ D) U A%)\ (A*\ D*71) and G & (I*|,\ D*) U A*U (D*~1\ A*71). We next
show that F € I*|,\ (D*\ A*™!) and G & I*|,U A*~! hold.

If e (I%],\ D%)\ (4°\ D*7') holds, then F € I*¥|,\ (D®\ A*™') trivially holds; if
F e A%\ (A*\ D*7') holds, then we have FF € A*N D* ! = As"1n D1 = A~ 0 D3,
which in turn implies ' ¢ D* \ A*"!: moreover, F € D® and property imply
F € I°|,; therefore, F € I°|, \ (D*\ A*™!) holds, as required.

G ¢ A* and G ¢ D*71\ A1 jointly imply G ¢ D*!; but then, G € O<* implies
G ¢ D#, which together with G & I¥|,\ D?® ensures G & I®|,; thus, G & I*|,U A*~! holds,
as required.

F and G are chosen arbitrarily, so b™ (') € I*],\ (D*\ A*™') and b~ (') & I*|, U A5}
hold; by Definition (3.3) we have ’ € inst, {IS|O\(DS\A5_1), [S|OUAS_1}. This completes
our proof for . ]

Claim 34. Property (A.9) holds.

Proof. Due to claim [33] it is sufficient to show that the following property holds for each
Fe((I*,\D)uUA®)nI*,NnO".
Cor[Flla — Cor[F]]a = Occ(F, (E* N O%)

o) Hﬁr [[([slo \ Ds) U AS: AS \ l)s—l7 D=1 \ As—l]]) (A24)
II;, contains only nonrecursive rules, so it is sufficient to prove
_ — + s
Co[Flla = Cue[F|a = Occ(F, (E+ N 0°) (A.25)

© I, [(1°], \ D) U A=A\ D Dot A,
which is ensured by line [87 and line 8§ of the algorithm. 0
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Claim 35. Property (A.10) holds.

Proof. F ¢ I°|, N O° ensures Cy[F]lg = Cw[F]l, = 0. Moreover, F ¢ II%, [I°],]
and property jointly imply F ¢ Hﬁr[[fsfo \ (D*\ A7), ¥, U As_l]]. Now if
F&(ETNO%) L [(I°,\ DF) U A i A7\ D=7t D=1\ A7'] | then by and
F ¢ (E|,\ E~)NO* we clearly have Occ(F, ((E|,\ E7)UE) &1L, [(1°],\ D*) U A?]) = 0;
moreover, line [87] ensures that the nonrecursive count for F' is not incremented in this
case, so the left-hand side of equals zero as well. Otherwise, each occurrence of F
in the multiset (E* N O%) @ II5, [(1°|, \ D) U A1 A*71\ D=1 D=1\ A%~ results in
incrementing the nonrecursive count of F' by one; together with F' ¢ (E|, \ E~) N O and
F @1 [ 18]\ (D*\ A5™1), I%], U As71] this ensures the correctness of the property. [

Claim 36. Property (A.11)) holds.

Proof. Line |92 and line [94] ensure that A4 used in line (95| is different between iterations
of the loop in lines 96}, so the rle instances considered in line [95| are different between
iterations. All these rule instances are in U,cq: inst, {([ 1, \ D*) U AS}, which is equal to
Upers inst, [I SH by property . Therefore, the loop will terminate. Now let T" be
the total number of iterations; moreover, for each 1 < i < T, let A? be the value of A
at the beginning of the ith iteration of the loop, and let C,[F]|; be the value of C\[F]
for each F' € ((I*], \ D*) U A*) N I®|, N O at the same time point. We next prove by
induction on ¢ that holds for 1 < ¢ < T'; then for © =T and property

ensure the correctness of the claim.

CilFle — CilFla = Oce(F I [(I°], \ D) U AT AP\ D1 DI\ A7) (A.26)

For the base case, we have Aj = A*~! by the definition of A$. Consider arbitrary
Fe ((I°l,\ D*) U A*) N I*|, N O®. Lines |89 and [90| ensure that each occurrence of F' in
IE[(15],\ D*) U AL A5\ D, D*\ A*7'] results in incrementing the corresponding
recursive count by one. Moreover, facts in A*~! belong to 0=~! whereas facts in D\ D*~!
belong to 0%, so we have A*~1\ D* = A*~1\ D*!. In addition, negative body atoms
will only be matched to facts from lower strata, i.e., facts in D¥~1\ A*~1. Consequently,

(A.26]) holds for i = 1, as required.
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For the inductive step, assume that (A.26]) holds for ¢ — 1 where 1 < i < T, and
consider arbitrary F € ((I*|, \ D*) U A*) N I¥|, N O°. Lines [92] [04] and [05 jointly
imply (A.27).

CilF]le — CF]le " = Oce(F I [(I7],\ D*) U AT A7\ A7) (A.27)

We now show that the following holds.

Occ(F,II; [[(]S|o \D¥)UA;_ A5 \ D1 D\ Af—l]]
+ Occ(F, T |[(I%], \ D*) U A$: A3\ Af_l]]) (A.28)
= Occ(F, I [(15|, \ D) U A5 Ag \ D71 D=1\ As])

To this end, it is sufficient to show that for each r € II}, property holds.
inst,|(I*[,\ D*) U A3 ;1 A3\ D1, Ds"1\ A¢ ]

Uinst,|(1°],\ D*) U A1 A3\ A3 ] (A.29)

= inst, [(I°],\ D¥) U A3 A3\ D=1, Do 1\ A¢]
(A5 \D* HU(A3\A: ) = A5\ D1 and D71\ A5, = D51\ Af C O<* ensure that the
C direction of holds. To see that the O direction holds as well, consider arbitrary
v € inst, [(I°],\ D*)U A A3\ D71, D1\ A3|. If b* (') N (A®\ A°~1) # 0, then we clearly
have r’ € inst, [(IS|O\DS) UAS: Af\Af_l]. If bt (r')N(A$\ Ai_;) = 0, then definition (3.3))
ensures that we have b™(r) C ((I®|,\ D®) U A$) \ (A3 \ A% ) = (I%]|,\ D®) U A?_;. There
are two possibilities here: if b™ (/)N (A$\ D7) # 0, then b (r') N (A \ A3_,) = () implies
b (r)N(A_\D* 1) # 0; it b~ (7" )N(D* 1\ A$) £ (), then clearly b~ (r')N(D5 1\ A3 ;) £ 0
holds as well; either way, we have F' € inst, {([5|0 \ D) U As [ 1AS \ D=L D5\ Af_l}.
Therefore, the O direction of property holds. But then, property holds,
which together with and the induction assumption for (A.26]) ensures that
holds for 7 as well. O

Claim 37. Property (A.12) holds.

Proof. F ¢ I*|, and the definition of compatibility jointly imply C\[F]|; = 0, so we have
Ci[F]la = Occ(F, I [(1%],\ D¥) U A%: A*\ D*=1, Ds=1\ A*7']) in the same way as in the
proof for the previous claim. Moreover, Occ(F, I [1¢], \ (D*\ A7), I*|, U A*7']) =0
holds since we have F' ¢ I*|,. Therefore, C/[F]|, = Occ(F, I [(I°], \ D*) U A°]) holds

due to property (A.21)). O
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A.2 Proof of Theorem 5

Theorem 5. Let n, m, k, u, and w be defined as in Section [3.3. Then, Algorithm [J)

updates the materialisation I in O(m - w? - u® - n¥) time.

Proof. First we revisit the definitions of n, m, k, u, and w. More specifically, let
n=|E|+ |E~| 4 |E™| be the total number of facts in E, E~, and E*, and let m = ||
be the number of rules in II; moreover, let k£ be the largest possible number of distinct
variables in the body of one rule in II, let u be the largest possible arity of a predicate
that occurs in II, and let w be the largest possible rule body size. We assume that all
facts are indexed, and that it takes O(1) time to check if a fact is in a particular set or
to add a fact to a set. In addition, we assume that it takes O(1) time to access (read
or write) Cp [F] or C,[F] given a fact F. Consider the execution of Algorithm [4] It is
straightforward to see that line [67) requires only O(n) time. We next look into the cost of
handling one stratum II* with 1 < s < .S. More specifically, we will examine the running

time for each of the three phases, i.e., overdeletion, one-step rederivation, and insertion.

Overdeletion starts with line [74} which requires O(1) time. Then, the algorithm identi-
fies facts affected by changes in the previous stratum by evaluating I1°, [[I D\ A A\ D]] :
We analyse the cost of handling one rule r € II¥, in line [75] The rule could have at most
w positive and negative body atoms. Consider the ith body atom B of the rule, and let [
be the number of distinct variables in B. Then, whether B is a positive or a negative
body atom, during the execution of line [75] B could be used as the pivot atom in a
maximum number of u! - n! queries; for each of these queries, there are at most k — [
variables left to be matched; hence, the running time for using B as the pivot atom is
O(w - uF - n*). There is a maximum number of w body atoms in 7, and the number
of rules considered in line [75|is |[TI% |, so the overall cost for rule evaluation in line
is O(|ILZ,] - w? - u* - n*). The cost of iterating through the obtained multiset as well as
E N 0* and updating N4 and C,, require O(n + |II2,| - u* - n*) time, which can be safely
discarded. Hence, the cost of lines is O(|TI2,| - w? - u* - n¥). Similarly, the cost of
lines is O(|T?| - w? - u* - n¥). The algorithm then enters the loop of lines [79H84]

We focus on the cost of rule evaluation first, i.e., the cost of line 82 and we start with



A. Proof of Theorems in Chapter 85

examining the running time of handling one rule r € II; throughout the loop. The rule
could have at most w positive body atoms. Consider the ith body atom B of the rule,
and let [ be the number of distinct variables in B. Since Ap is distinct among iterations,
atom B could be used as the pivot atom in at most ' - n! queries. Each of these queries
require O(w - u*~! - n*~!) time to execute, so the cost of evaluating rule 7 in the loop of
lines using B as the pivot is O(w - u* - n*). The number of positive body atoms
in 7 is at most w, and the number of recursive rules is |II¥|. Therefore, the overall cost
for the rule evaluation in line |82] throughout the loop is O(|II¢] - w? - u* - n*). Finally,
during the execution of lines [T9H84] the additional cost incurred due to iterating through
the result multiset, manipulating sets, and accessing C',, and C| is linear in the total
number of distinct rule instances considered in lines [77, and [82] This is in the order
of O(|IT*| - u* - n*), which is negligible. Hence, the cost of overdeletion for stratum II* is
simply O(|II*] - w? - uF - nF).

We next examine the one-step rederivation step that takes place in line [70] For each

fact ' € D N O?, the cost of verifying if C\[F] > 0 is O(1). Hence, the cost of line 70| is
simply O(|IT*| - u* - n").

As for the insertion stage, the behaviour of the algorithm in terms of running time
is similar to that of the overdeletion stage. In particular, lines are analogous
to lines [74H{78] and thus require O(|II°| - w? - u* - n*) time. The loop of lines is
analogous to the loop of lines and thus requires O(|II¢| - w? - u* - n*) time. Hence,
the overall complexity for insertion is O(|II*] - w? - u¥ - n¥).

The overall cost of handling one stratum I1% is O(|II*] - w? - u¥ - n*). As a result, the
loop of lines requires O(Z1<,<s|IT*| - w? - u* - n*) = O(m - w? - u¥ - n¥). Finally,
line |72 requires O(m - u™ - n*) time, which can be safely discarded. The algorithm thus

runs in O(m - w? - u* - n¥) time. O
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B.1 Proof of Theorem 13

Theorem 13. Algorithm@ computes I as mat(Il, E), provided that each call of a module

function made during the algorithm’s execution is correct in the context of E and II.

Consider an execution of Algorithm [6] on program II, stratification A of IT with
maximum stratum index S, and dataset E. Let U’ = I° = (). Moreover, for each s
with 1 < s <8, let Us,U;, ... be the sequence of sets where U5 = U=t U (E N O%),
and U} = U, UII® {Uis_l} for each ¢ > 0; let U® = U; where U; = U;_; holds. It is
straightforward to see that U* = O=>* N mat(II, ) holds. Consider the execution of
lines [45HI5H for stratum s.

o Let /(s) be the number of iterations for the loop of lines [148155

« For each iteration 1 < j < /(s) and module 1 < k < n(s), let Aj-’k be the value of A*

after line in the j-th iteration.
o For each module 1 < k < n(s),

— let C%" be the Add™™" call made in line [147] and let T|3%, AP|SF, An|oF Amsk

and J |‘ik be the arguments and result of the call;

86
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— for each iteration 2 < j < /(s), let Cj’k be the Add™™" call made in line [155|in

the (j — 1)-th iteration of lines |148 and let [\j’k, Ap|j’k, A" j’k, A™ j-’k, and

J |jk be the arguments and result of the call.
e Let I° be the value of I after the loop of lines 155| finishes for stratum s.

We will now prove Theorem [38 which is more general then Theorem The additional
properties stated in Theorem |38 will be useful later when we establish the correctness of

Theorem

Theorem 38. Fach call of a module function made during the execution of Algorithm [0
onIl, \, and E satisfy the conditions specified in the second column of Table[5.1. Moreover,
for each 1 < s < S, each 1 <k <n(s), and each 2 < j < U(s), calls Cj’_kl and Cj’k are
both of type Add, with their arguments and results satisfying the respective conditions in
Table[5.4 Furthermore, if each call of a module function made during the algorithm’s
execution is correct in the context of E and 11, then the algorithm computes I as mat(Il, E),
and the following property holds for each stratum index s with 1 < s < S.
Us=U"tu(ENO)U | A (B.1)

1<j<t(s)
1<k<n(s)

Consider arbitrary s, k, and j with 1 < s < S, 1 <k <n(s),and 1 < j < {(s), we

dM*" call C; * satisfies the conditions specified

show that the arguments and result of Ad
in the second column of Table [5.1}—that is, the following properties hold. For simplicity,
we make the assumption that (B.4)) holds when (B.2)) and (B.3]) both hold. As we shall

see later, this can be easily guaranteed by the implementation of module functions.

APPER Y Am SR C |5t (B.2)
AMPEA TR =0 (B.3)
JFNIE =0 (B.4)

+ For the case where j = 1 holds, by definition call C * is made in line m, and so ([B.2))
and (B.3)) both hold. Consequently, property (B.4]) holds as well.
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« For the case where j > 1 holds, by definition call C} * is made in line , and so
A" j’k = () holds, which implies property (B.3]); moreover, lines |149|, |151|, |153L and |155|

jointly imply that property (B.3) holds. Consequently, property (B.4) holds as well.

The choice of s, k, and j is arbitrary, and so each call of a module function made during
the execution of Algorithm [6] on II, A\, and FE satisfies the conditions specified in the
second column of Table 511

Next we show that for each 1 < s < S, each 1 < k < n(s), and each 2 < j < {(s),
the arguments and results of Add calls Cs , and CY’ * satisfy the respective conditions in

Table [5.4—that is, the following properties hold.

AMF = gk, (B.5)

198 = I35 U APR U Am s (B.6)

J

To this end, consider arbitrary s, k, and j with 1 < s < 5,1 <k < n(s),and 2 < j < {(s).

We discuss the following two cases.

o For the case where j = 2 holds, line ensures As’k =J ]S’k; moreover, lineimplies

k k k .
AM3" = AT". Consequently, we have A" = J |5 7%, as required. Furthermore,

lines m, m, m, and Mjointly imply I\j = []] 1 UUi<w<n(s) AJ 1; lines (153
and JOlntly imply AP[2 kU A™[ k= = Ui<k<n(s) Aj’_l. Consequently, property

holds, as required.

o For the case where 2 < j < /(s) holds, hnelmphes A] 1= J|] ; and A”‘|§’k = A;fl.

Consequently, property (B.5|) holds. Furthermore, lines (149 (151} and (155 jointly imply

I| ]|J 1 UUi<w<n(s) A;fl. In addition, Ap|§’k UA™ jk = Ui<w<n(s) A;fl follows
from lines and m Consequently, property holds, as required.
The choice of s, k, and j is arbitrary, and so properties (B.5) and holds for each

pair of C’;fl and C;’k with 1 <s <8, 1<k<n(s),and 2 <j</{(s).

Next we show by induction on s with 0 < s < .S that property (B.8]) holds and that
if s > 0 holds, then property holds. For the base case where s = 0, property (B.8)

trivially holds since both sides of the equation are empty. For the inductive step, consider
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arbitrary s with 1 < s < S such that property (B.8) holds for s — 1, and we show
properties (B.7)) and (B.8)) for s. For clarity we break the proof into several claims.

Us=Utu(ENOYU | A (B.7)
1<5<L(s)
1<k<n(s)

I’ =U?° (B.8)

Claim 39. The C direction of property holds.

Proof. We show by induction on i that US € U*~' U (E N 0%) UUi<j<(s)1<k<n(s) Aj’k
holds for 7 > 0.

o For the induction base, by definition we have Uj = U* ' U (E N O%), and so
Us C U U(ENO%) UUi<j<us)1<k<n(s) Aj-’k clearly holds, as required.

» For the inductive step, consider arbitrary ¢ > 0 such that U’ is contained in the
right-hand side of (B.7): we would like to show that U} is contained in the right-
hand side of as well. By definition U} = U7 ; UII° [Uiil} holds, and so it is
enough to prove II* [Uis_l} C U U (ENO%) UUigj<us)1<k<n(s) A;k To this end,
consider arbitrary F' € II° [Uiil}. There exists a module with index k such that
F € Ms* [Uf_l}, and so there exist rule r and its instance 7’ such that r € Mk,
b*(r") CU? ;, and b= (r') NUZ ; = 0 all hold. By the induction assumption we have
b*(r') CU P U(ENO%) UlUi<j<r(s)1<k<n(s) A;k There are two possibilities.

— bT(r') CU*TU(ENO*) holds. b=(r') NU?_, = 0 implies b~ (r') N U§ = 0 and
b~ (') N (U~ U(EN0%)) =0, and so F' € M**[U*~1 U (EN 0°)] holds. Now if
F ¢ U*""U(ENO?) holds, then F € M*¥ [Us=1U(EN0%):U* U (EN 0%,
follows from Definitions [9] Together with the induction assumption /57 = U/~
this implies F € M [[*"1U (EN0%):I*"' U (E N 0%),0]. But then, the fact
that the Add™™" call made in line is correct and Definition [11] jointly imply
F € JI3* = AP*. Thus, we have F € U1 U (E N 0%) UUy<jcpe)1<hn(s) A5

— Otherwise, let m be the largest index such that b*(r') N Uicpens A5 # 0
holds. Then, F e Ms’k [U871 U (E N Os) U U1<j<m 1<k<n(s) A;’k UlSkSn(s) Afﬁk}

=J ML v >

holds. Now if F ¢ U1 U (EN0%) and F & Uycjcmi<ken(s A" both hold,

=J i >
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from Definitions |§| Together with the induction assumption I*71 = U*~1 this
implies F € M*'[[*1 U (EN0%) U Ui<j<m,1<k<n(s) Aj”“z Ur<hen(s) AF, 0]. But

then, the fact that each Add™ " call made in line is correct and Definition
jointly imply F € J |Sm]3r1 = Af,ﬁl, so F' belongs to the right-hand side of (B.7)).

Since the choice of F' is arbitrary, IT° [Uf’_l} C U U(ENO*) UUi<j<(s)1<k<n(s) Aj’k

holds, which completes our inductive proof. O

Claim 40. The DO direction of property holds.

Proof. First, U1 U (E N O%) C U* holds by the definition of U*. Next we prove by

=J i x>

=J L s >

For the base case m = 1, line m ensures Uy <j<m 1<k<n(s) Aj-’k = Ui<k<n(s) J|3F.
Consider arbitrary k and F' such that F' € J ﬁk holds. Call C} * is correct in the context
of E and I, and so by Deﬁnitionwe have F' € MS”“;[ISAU(EOOS) SETTU(ENOS).
Let A; and J; be defined with regards to M* [[*=1 U (E N O%):[*"1 U (E N O%)]
in the same way as in Definition [} We show by induction on ¢ that A; C U® and
J; C U? hold for ¢ > 1, which then implies F' € U*.

— For the induction base, we have A; C M** [IS*I UENO*):I*TU(EN OS)].
Then, M** C II* implies A; C II* [Is_l U(EN OS)}, which together with the
induction assumption 7°~' = U*~! and the definition of U implies A; C TI* {US]

Consequently, A; C U*® holds, as required. Moreover, J; = Ay C U® holds.

— For the inductive step, consider arbitrary ¢ > 1 such that A;_; C U?® and
Ji_y € U® hold. By Deﬁnition@we have A; = M**[UsUJio1 i A |\ (U§ U Jisa),
and so A; C M5+ [UguJi,l} holds. But then, the induction assumption J;_; C U*
implies A; C M5k {Us} C U?. Moreover, J; = J;_1 UA; C U? holds, as required.

For the inductive step, consider arbitrary m > 1 such that U< ;j<m—1,1<k<n(s) A;’k cU®

holds. Then, line ensures U <p<n(s) AsF = Urchen(s) J[57- Now consider arbitrary

m

k with 1 < k < n(s). Call C5* is correct in the context of F and II, and so we
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have Afr’lk Q Ms’klo[Ug U UlSjSm—l,lSk"Sn(s) Aj’k/ Ulgklgn(s) Af;blil] Let Al and Jz be
defined with regards to Ms’k; (U5 UUi<j<m—1,1<k'<n(s) A;f’k/ Ui <ir<n(s) Af,;]il] in the
same way as in Definition @ We show by induction on ¢ that A; C U® and J¢ C U*

hold for 7 > 1.

— For the induction base, M** C II* implies A; C II° [Ué UUi<j<m—1,1<k<n(s) Ajk]
Together with the induction assumption Uy <j<pm—1,1<k<n(s) Ajf’k C U? this implies

A CII° {Us} C U?. Moreover, J; = Ay C U? holds, as required.

— For the inductive step, consider arbitrary ¢ > 1 such that A; ; C U?® and
Ji—l Q U?® hold. We have Az Q I1° U(‘)S @) Ulgjgm—l,lgkgn(s) A;’k U Ji—l by Def-
inition [9] But then, the induction assumptions for m — 1 and i — 1 imply

A; CII® [US] C U?. Moreover, J; = J;_1 UA; C U*® holds, as required.

The choice of k is arbitrary, so A%* C U® holds for each 1 < k < n(s). But then,
Ur<k<n(s) A%F C U* holds. Together with the induction assumption for m — 1 this
implies U <j<m 1<k<n(s) A;’k C U?®. This completes our proof for Claim . O

>J L s>

Claim 41. The C direction of property (B.8) holds.

Proof. Consider arbitrary F' € I*. If F € I*"'U (E' N O%), then the induction assumption
I*=1 = U1 ensures F € U~ U (E N O%) C U*. Otherwise, F is added to I* at some
point in line during the execution of lines for stratum s. Consequently, due
to line there exists j and k with 1 < j < {(s) and 1 < k < n(s) such that F' € A;’k
holds. But then, Claim (0] ensures F' € U®. The choice of F' is arbitrary, so I® C U*

holds, as required. O
Claim 42. The D direction of property (B.8) holds.

Proof. Consider arbitrary F' € U®. Then, F' € U U (E N O%) UUi<j<u(s)1<k<n(s) A;’k
follows from Claim [39] Together with the induction assumption I°~' = U*~! this implies
FeIP"PU(ENO%) UUi<j<us)i<k<n(s) Ajk Now if F € I*'U (E N 0O%), then line m
ensures F' € I°. Otherwise, there exist j with 1 < j < /(s) and k with 1 < k& < n(s) such

that F' € Aj’k holds. But then, F' is first added to A in line and later added to [
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in line in the j-th iteration of line Consequently, F' € I° holds. Since the

choice of F' is arbitrary, we have U® C I*, as required. O

B.2 Proof of Theorem [14

Theorem 14. Algorithm[] updates dataset I from mat(Il, E) to mat(Il, (E\ E~) U ET),
provided that each module function call made during the execution of the algorithm is

correct in the context of (E'\ E7) U E™ and II.

Consider an execution of Algorithm [7] on program II, stratification A of II with
maximum stratum index S, and datasets E, I, E~ and E™ where I = mat(Il, F) holds.
Due to line [156] without loss of generality we assume that £~ C F and ET N E = ()
hold. Now let E|, = E and U, = 0. Moreover, for each s with 1 < s < S, let
Uslo, Uslo - - . be the sequence of sets where Us|, = U™, U (E|, N O%), and for i > 0,
Uslo = Us 4], UTI? [Uf_ﬂo] Index k clearly exists at which the sequence reach the
fixpoint (i.e., Ugl, = Ufiqlo), so let U, = Ufl,. It is straightforward to see that
U?|, = 0=* N mat(Il, E|,) holds. Now let E|, = (E|,\ E7)UE™, and let U¢|,, and U*|,
be defined analogously. Finally, let D° = A% = (; for each 1 < s < S, consider the

execution of lines [[58HI59 for stratum s.

e Let D and A® be the values of D and A, respectively, after lines [158 finish for

stratum s.

o Let £(s) be the number of iterations for the loop of lines 167 in the call of line[158|
and for each iteration 1 < j < /(s) and each module 1 < k < n(s), let D3, A%|; and
Aj’k]d be the values of D, A and A*, respectively, at the beginning of the j-th iteration

of the loop.
o Let If|g=1T1\(D*\ A571).

« Let m(s) be the number of iterations for the loop of lines|183 in the call of line[L59]
and for each iteration 1 < j < m(s), let A5, A%, and Aj’k]a, 1 < k < n(s), be the

values of A, A and AF, respectively, after line in the j-th iteration of the loop.

o Foreach 1 <k <n(s),
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— let C2* be the Del™™" call made in line , and let IP|3F InSF AP|SFAN|SE,

A™[5* and J[* be its arguments and result;

— for each 1 < j < {(s) + 1, let C’j’k be the Del™™" call made in line [169) in the

(7 — 1)-th iteration of lines |167 , and let Ip];’k, I" j’k, AP j-’k, A" j’k, A™ ;’k,

and J \jk be the arguments and result of the call;

— for j =0(s)+2, let C’;’k be the Red”™" call made in line 176, and let [P\j’k, I j’k,

A", and J|3* be the arguments and result;

— for j = £(s) +3, let C5* be the Add™"™ call made in line[182, and let I|3*, AP|**,

A" j-’k, AM j’k, and J|jk be the arguments and result;

— for each (s) +3 < j < £(s) + m(s) + 3, let Cj’k be the Add™"™" call made in

line in the (5 — ¢;(s) — 3)th iteration of lines (183 , and let I|§’k, Ap|j’k,

A”|j-’k, Am|j’k, and J|J8k be the arguments and result.

We will now prove Theorem [43] which is more general then Theorem The additional
properties stated in Theorem 43| will be useful later when we establish the correctness of

Theorem [18]

Theorem 43. Each call of a module function made during the execution of Algorithm[7 on
I, \, S, E|,, E~, and E™" satisfy the conditions specified in the second column of Table .
Moreover, for each 1 < s < S, each 1 < k < n(s), and each 2 < j < {(s) + m(s) + 2,
calls C’;;kl and Cj’k must be of one of the forms from Table with their arguments and
results satisfying the respective conditions. Furthermore, for each stratum index s with
1 <s <8, if each module function call made during the execution of Algorithm[7 before
line ﬁmshes for stratum s is correct in the context of E|, and 11, then the following
property holds.
U\ U, C (DTN ATHU(E-NOHU | A,

1<5<t(s)
1<k<n(s)
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If each module function call made before line finishes for stratum s is correct in the
context of E|, and 11, then the following property hold.
s s s s— s,k
U|n\l|d:(A1\D 1>U U Aj |a
1<i<m(s)
1<k<n(s)
Finally, if each module function call made during the execution of the algorithm is correct
in the context of E|, and I1, then the algorithm updates dataset I from mat(1l, E|,) to
mat(IL, E|,,).

First we show by induction on s with 0 < s < S that the following properties hold.
The induction base is trivial since D? = A° = () holds. For the inductive step, consider
arbitrary s with 1 < s < S such that properties hold for s — 1, and we show that
these properties hold for s as well. The proof is lengthy, so for clarity we break it into

several claims.

(a) If s > 0, then for each k with 1 < k < n(s) and each j with 1 < j < {(s)+m(s)+2,
the arguments and result of call C} * satisfy the conditions specified in the second

column of Table (.11
(b) D* C I.
(c) (As\D*)nI=40.

Claim 44. For each k with 1 < k < n(s) and each j with 1 < j < £(s) +m(s) + 2, the
arguments and result of call C; * satisfy the conditions specified in the second column of

Table [51l.

Proof. As in the proof for Theorem we make the assumption that whenever the
arguments of a call satisfy the conditions specified in the second column of Table [5.1] the
result of the call satisfies the corresponding conditions as well. We show by induction
on j with 1 < j < /{(s) +m(s) + 2 that the arguments and result of each call C;’k with
1 < k < n(s) satisfy the conditions specified in the second column of Table .

o For the induction base where j = 1, consider arbitrary k with 1 < k < n(s). Call
C’j’k is of type Del and is made in line Consequently, we have [ p|§’k = I and
AP jk UAm jk = D571\ A5~!. But then, the induction assumption D*~! C I implies
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AP|Z *y A kcr p| , as required. Moreover, by the induction assumption for
we have A“|§’k NI ”|jk = (). Therefore, the arguments and result of call C; * satisfy

the conditions specified in the second column of Table [5.1]

o For the inductive step, consider arbitrary 2 < j < {(s) + m(s) + 2 such that the
arguments and result of each call C;’k with 1 < k < n(s) satisfy the conditions

specified in the second column of Table 5.1 We discuss the following possibilities.

— 7 =2 holds. Consider arbitrary C;’k with 1 < k < n(s). The call is of type Del
and is made in line [I69} Line and the induction assumption for j — 1 jointly
imply A% |, = J3% C T\ (D*~1\ A*!). The choice of k is arbitrary, so we

have Uy <pr<p(s) A7 k1|d C T\ (D 1\ A5~ 1). Moreover, lines [166/ and [169| jointly

imply AP| U AR b= (E-n0O%)U Ui<k <n(s) A7 *'14. Consequently, we have
AP |jk U Am|j’k cIp j’k, as required. Finally, A”|j’ = (), and so A"|§’k N I"|§’k =0
holds. Therefore, the arguments and result of call C] * satisfy the conditions

specified in the second column of Table [5.1]in this case.

— 3 <7 </{(s)+1 holds. Consider arbitrary Cj’k with 1 <k <n(s). The call is of
type Del and is made in line [169] so the induction assumption for j — 1 implies
A% ke = J| L SIN (D5 \ A UUrerr <ns) A;f2|d). Together with line
this implies A% kla ST\ (D5_y \ A*71). The choice of k is arbitrary, so we have

U<k <n(s) AF FlaC I\ (D5, \ A*™1). Moreover, lines |173{ and (169 jointly imply

AP|D kUAm o = Ur<w<n(s) Q)2 1\d Consequently, we have AP|> kUAm|S ke k,
as required. Finally, A" jk = (), and so A" jk NnI" jk = () holds. Therefore, the
arguments and result of call C] * satisfy the conditions specified in the second

column of Table B.1] in this case.

— j = {(s) + 2 holds. Consider arbitrary C"?’k with 1 < k < n(s). The call is of
type Red and is made in line m, so IP[PF =T\ (D*\ A1) and A" = D*N0O®
holds. Now consider arbitrary F' € D* N O%. Then, I € Of implies F ¢ A*™!.

>k The choice of F

j

Consequently, F' € D*\ A*~! holds, and so we have F & I?
is arbitrary, so A|jk NI p\j’k = () holds, as required. Therefore, the arguments and

result of C * satisfy the conditions specified in the second column of Table .
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— j ={(s) + 3 holds. Consider arbitrary C’;’k with 1 < k < n(s). The call is of
type Add and is made in line . Consequently, we have T \jk = (I\ D*)U A45.
But then, lines and jointly imply AP|§’k U Am|;’k C A3, and so
APPF g Am|F C T1%F holds, as required. To see that A"|3* N I[5* = () holds as
well, consider arbitrary F' € A" jk = D*\ Aj. Then, F € D* implies F' ¢ I \ D?,
which together with F' ¢ Af implies F' ¢ (I \ D*) U Aj = I|§k The choice of F
is arbitrary, so A" jk NI |jk = () holds. Therefore, the arguments and result of

s,k . .. . .
C;" satisfy the conditions specified in the second column of Table .

— U(s) +4 < j<{(s)+m(s)+ 2 holds. Consider arbitrary C’;’k with 1 <k < n(s).

The call is of type Add and is made in line (190, Consequently, we have

[|jk =\ DU Al y(5)—o- But then, lines (184} 186|188, and [190] jointly imply

AP jk UAm jk C A5 5o and so AP jk UA™ jk - ]|j’k holds, as required.

Moreover, A" jsk = () implies A" jk NI \jk = (). Therefore, the arguments and

result of C ok satisfy the conditions specified in the second column of Table O
Claim 45. Pmperty holds.

Proof. Consider arbitrary F' € D*. If F' € D! holds, then the induction assumption
for @ ensures that ' € I holds. Otherwise, F' is added to D? in line at some point
during the execution of line for stratum s. Note that a fact can only be added to D?

via A. There are two possibilities.
e FF € E-NO?holds. Then, F € I clearly holds.

o Fis added to A via some AF. In this case, there exist k with 1 < k < n(s) and j
with 1 < 7 < /{(s) + 1 such that F' € J|jk holds. But then, Claim {44|implies F' € I,

as required.

The choice of F' is arbitrary, so D* C I holds. O
Claim 46. Pmperty holds.

Proof. Consider arbitrary F' € A*\ D*. If F € A*~! holds, then F' & D?® implies F' ¢ D*™!,
and so the induction assumption for ensures that F' ¢ [ holds. Otherwise, F' is added
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to A% in line or line at some point during the execution of line for stratum s.

There are two possibilities.
« Fisadded to N in line F & D* implies F € (ET N 0O®)\ I, and so F' ¢ I holds.

o Fis added to A° via some AF. Then, there exist k with 1 < k < n(s) and j with
l(s)+2 < j <{l(s)+m(s)+ 2 such that ' € J|Sk holds. But then, Claim [44| and
F & D? jointly imply F' & I, as required.

The choice of F' is arbitrary, so (A% \ D*) NI = ) holds. O

Next we show that for each 1 < s < S, 1 <k <n(s),and 2 < j <{(s)+m(s)+2,
the arguments and results of calls C? kl and C}’ * must be of one of the forms from Table
with their arguments and results satisfying the respective conditions. To this end, consider
arbitrary s, k, and j with 1 < s < S, 1 <k <n(s), and 2 < j < {(s) +m(s) +2. We

consider the following cases.

e 2< 7 </(s)+1 holds. Then, by definition C ) and C7 * are both of type Del. There

are two possibilities.

— 7 = 2 holds. Then, call C] | is made in line , and call C;’k is made in
line . Consequently, we have A™ 5- =J \ o= A;flld. Moreover, I P\jfl =1,
APPE U AMSF = D3I\ ASY and [PPY = 1\ (D*1\ A°7Y) jointly imply

Ip jk = Ip|j’_1 \ (Ap\j’_l UA™ jfl), as required.

— 3<j </{(s)+ 1 holds. Then, both CS kl and C’S * are Del calls made in line @
Consequently, we have A™|’ j =J | = j’,lld. Moreover, the way P* and A are
constructed implies IP\S-fl \ (APZ -;1 U Amfffl) =TI\ (D 3 \ A UAS ,g), s0
IPIP" =T\ (D, \ A*7!) and hnelmply IP|R = IPISR O\ (AP U AP SR,

— j =1{(s) + 2 holds. Then, C’ ", is a Del call made in line and C’ is a Red
call made in line [I76] The loop of lines [I67HL73| terminates after ¢(s) iterations,
so line W and the way A is constructed ensure J|** 7% = 0. Moreover, in the
same way as in the previous case we have IP[7* = IP|%F "\ (AP|25 U A™|3F)).

Finally, line and property |(b)| jointly imply A\jk = [P|PF\ P j’k, as required.
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— j ={(s) + 3 holds. Then, C’;’_kl is a Red call made in line , and C’;’k is a Add
call made in line . Consequently, we have A™ jk =J |Jsfl Next we prove that
1150 = 137 U APPF U A™|2F holds.

« For the C direction, consider arbitrary F' € [ |jk = (I'\ D*)U A;. There are

several cases.
F € I'\ D?® holds. Then, we clearly have F € I\ (D*\ A1) = ]|‘;_k1
F € A*71' N D? holds. Then, F ¢ D*\ A*~! holds, and so property @
implies F € I\ (D*\ A*™!) = I3,
F € As~1\ D# holds. Then, due to line we have F' € AP[5",
F € A3\ A*7! holds. Then, due to line we have F' € AP jk UA™ jsk
The choice of F'is arbitrary, so the C direction holds.
+ For the D direction, we have I[>*, = I'\ (D*\ A*~!) C (I\ D*) U A,

and so [ |j_kl cI |jk holds; moreover, we have already shown in the proof of

Claim 44| that AP jk UA™ jk C I|jk holds. Consequently, the D direction

holds as well.

—l(s)+4 < j < {(s) +m(s) + 2 holds. Then, C’jfl and C’;’k are both Add

calls with A™ jk = J]j,kl Moreover, lines |184|, |186|, and |188| jointly imply

[|jk = I|§f1 U Ap|j’k U Am\j’k, as required.

The choice of s, k, and j is arbitrary, so the required properties hold for each 1 < s < S|
each 1 <k <n(s), and each 2 < j < /{(s) +m(s) + 2.

Due to line of Algorithm [7, without loss of generality we assume that £~ C F
and EtNE = (. Now let E|, = E and let I°|, = (). Moreover, for each 1 < s < S, let
I§lo, I{]o, - .- be the sequence of sets where If|, = I*7!|, U (FE|,N0%), and for i > 0,
If|, =17 4|, UII® [Ifle. Index k clearly exists at which the sequence reaches the
fixpoint (i.e., Iflo = Iii1]o), so let I*|, = I{|,. Finally, let I|, = I®],; we clearly have
I|, = mat(Il, E|,)—that is, I, is the ‘old’ materialisation. Now let E|, = (E|,\E~)UET,

and let I7|,, I°|,, and I}, be defined analogously, so I|,, is the ‘new’ materialisation.
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Finally we show by induction on s with 1 < s < S that the following properties
hold. Then, property for s = S and the way [ is updated in line imply that

the algorithm correctly updates I from mat(II, E|,) to mat(Il, E|,,) provided that each
module function call is correct in the context of IT and E|,. The proof is lengthy, so we

break it into several claims.

(a) If each module function call made before line m finishes for stratum s is correct

in the context of E|, and II, then (B.9)-(B.10) hold.

DI\ AT = (DN ATHYU(ETNO0YU | AY (B.9)
1<5<t(s)
1<k<n(s)

US|, \U*|, € D%\ A5} (B.10)

(b) If each module function call made before line [159] finishes for stratum s is correct

in the context of F|, and II, then (B.11)—(B.12) hold.

AN\DP=(AT\D"Hu | A, (B.11)
1<j<m(s)
1<k<n(s)

Ul \ I°|lg = A°\ D** (B.12)

(¢) If each module function call made before line [159] finishes for stratum s is correct

in the context of F|, and II, then (B.13) holds.

U\ D*) U A* = U, (B.13)

Claim 47. Pmperty holds for s = 1.

Proof. Assume that each module function call made before line [I58] finishes for stratum 1

is correct in the context of El, and II. We show properties (B.9)~(B.10) for s = 1.

For the C direction of property , consider arbitrary F € D'\ AY = D!, Then,
F is added to D via A in line [I70] The way A is constructed in in line [I64] and line [T71]
implies F' € (E~ N 0") UUi<j<e(1)1<k<n(1) A}’k|d. The choice of F is arbitrary, so the C

direction holds.
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For the D direction, consider arbitrary F' € (E~NO") UU,<j<e1).1<k<n(1) Ajlfk|d. Now
if e (E-NO0"Y)UUi<kenn) A}"|4 holds, then lines and ensure that F € D!
holds. Otherwise, lines and ensure that /' € D' holds. The choice of F is

arbitrary, so the O direction holds as well.

To see that (B.10) holds for s = 1, we prove by induction on ¢ that (B.14]) holds.

Ull,\U', € D' (B.14)

For the base case where i = 0, consider arbitrary F' € U}|, \ U'|,. By defnition
we have U}|, = U°], U (E|,N0O') = E|,N 0!, and so F' € E|, N O' holds. Moreover,
F ¢ Ul|, implies F' € E|, N O'. Consequently, F € E- N O! C D! holds.

For the inductive step, assume that U} |, satisfies for ¢ > 0, and consider
arbitrary F' € U}, \ U®|,. If F € U ,|,, then by the induction assumption F € D!
holds. Otherwise, we have F € IT! {U},l\o}, so there exist a rule r € II' with only
positive body atoms and a substitution ¢ such that b*(r)oc C U!,|, holds. More-
over, F' ¢ U', implies F ¢ Hl[UlH, and so b™(r)o ¢ U'|, holds. Consequently,
we have b (r)o N (UL ,],\ U',) # 0, and so the induction assumption for i — 1 im-
plies b*(r)o N D' # 0. Now let j be the smallest index such that b*(r)o N D} # 0
holds. By definition D} is empty, so we have j > 2. Since j is the smallest such
index, we have b*(r)o N Dj ; = @), which together with b*(r)o C U!,|, implies
b*(r)o C U, \ (Dj_; \ A%). Moreover, b*(r)o N D;_, = () and b* (r)o N D} # 0 jointly
imply b*(r)o NA]_ |4 # 0. Let k be the index such that » € M"* holds. Then we have
Fe MW {U1|o \ (Dj_; \ A%, U, U A°: Agl‘—ﬂd]- Assume for the sake of a contradiction
that F ¢ D' holds, then Definitions [10] and [L1] ensure that F' is derived in line[169] which

is a contradiction. Consequently, F' € D! holds, as required. O]

Claim 48. Property holds for s = 1.

Proof. Assume that each module function call made before line [I59 finishes for stratum 1

is correct in the context of E|, and II. We show properties (B.11))—(B.12|) for s = 1.
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For the C direction of (B.11]), consider arbitrary F € A'\ D° = A'. Now if
F € A} holds, then clearly F' belongs to the right-hand side of (B.11]). Otherwise, F is
added to A via A in line [I86] But then, the way A is constructed in line [I84] implies

F € Ui<j<m(1),1<k<n(1) A;’k|a. The choice of F' is arbitrary, so the C direction holds.

For the D direction of (B.11)), consider arbitrary F € Al U Ui<j<m(1)1<k<n(1) A;’k|a.
If F' € Al holds, then the definition of A ensures F' € A'. Otherwise, lines and

ensure that ' € A! holds. The choice of F is arbitrary, so the O direction holds as well.

To see that the C direction of (B.12)) holds for s = 1, we prove by induction on 17
that (B.15]) holds.

Uiln \ I'[a € A (B.15)

For the base case where i = 0, consider arbitrary F' € U}|, \ I'|s. By definition we
have U} |, = U°, U (E|,N0O') = E|, N0 and so F € E|, N O® holds. There are two

possibilities, which we discuss below.

e Fe(E\E")NO!holds. Then, we clearly have F' € I, which together with F' & I'|,
implies I’ € D'. Consequently, lines and ensure I’ € Al, as required.

e« FFe ETNO! holds. Then, F & I'|4, line , and line mjointly imply F € Al
The choice of F'is arbitrary, so the base case holds.

For the inductive step, assume that U} |, with i > 0 satisfies (B.17]), and consider
arbitrary F' € U}, \ I'|4. If F € U} |, holds, then by the induction assumption we
have F' € A'. Otherwise, F € II' {U¢1,1|n} holds, so there exist a rule r € II' with only
positive body atoms and a substitution o such that b™(r)o C U! ,|,, holds. We discuss

the following possibilities.

e b™(r)o C I'|y =1\ D" holds. Then, F = h(ro) implies F' € I, which together with
F & I'|; implies F € D'. Let k be the index such that r € M'* holds. We have
F e MY {I\ (D'\ A%, T U AO} N (D'\ A%). Consequently, the fact that Red call
C’Zl(’f) .o is correct in the context of £, and II and Definition |11] jointly imply that F
is derived in line |176, Then, line ensures that I € A' holds, as required.
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e bT(r)o € I'|4 holds. b (r)e CU}!,|, C (I\ D')UA! follows from the induction
assumption for 7 — 1. Let j be the smallest index such that b*(r)o C (I'\ D) U A]

holds. There are two cases.
— j =1 holds. Then, b™(r)e C (I \ D*) U A} and b*(r)o € I\ D' jointly imply
b*(r)o N A} # 0. Let k be the index such that » € M* holds. Lines[178] [180]

n 17k
+3,A 4(1)+3}' Assume

for the sake of a contradiction that F' & A! holds. Then, F & I\ D' implies

and [182 jointly imply F € M1+ [I|§Elf)+3 E Ap|z JUA™ |

Fagl |§(’f) +3- Consequently, Definitions @ and , and the fact that call Cl}(’f) L3 18
correct in the context of E|, and II jointly imply that F' is derived in line [182]
and so F' € A' holds due to lines and [186] which is a contradiction. Hence,

F € A! holds, as required.

— j >= 2 holds. j is the smallest such index, so b (r)o Z (I'\ D') U A}, holds.
Then, b*(r)o N A} |, = bT(r)o N (A} \ Aj_;) # 0 follows from the way A is
updated in line [I86] Consequently, lines [I84] [188 and [190] jointly imply
F e MY Iy 0 A7)

5 U Am]1 " A”]l " } In a similar way as in

Jj+e(1 J+He(1)+20 Jj+e(1

the previous paragraph, we have F' € A!, as requlred.
The choice of F' is arbitrary, and so this completes the inductive step.

To see that the D direction of (B.12)) holds for s = 1, we prove by induction on j

that (B.16]) holds.

1 1 1
U\ I'g 2 Al (B.16)

For the base case where j = 1, consider arbitrary F' € A}. Then, F is added to A in

line [I78] We discuss the following possibilities.

e Fe(E\E )N (D'NOY holds. Then, F € E|,N0O' =Uj|, C U'|, holds. Moreover,
F € D! ensures F ¢ I'|;. Consequently, we have F' € U!|, \ I'|4, as required.

e« Fe (ETNnOY\ (I\ D' holds. Then, F € ET N O! implies F € U}|, C U',.
Moreover, F' & I\ D' ensures F' ¢ I'|;. Consequently, F' € U!|, \ I'|; holds.
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o There exists k£ with 1 < k < n(1) such that F' € J|éﬁlf)+2 holds. Red call C’zl(’f)w is
correct in the context of E|, and II, so by Definition [L1] we have F* € mat(Il, E|,) N D'.
But then, D' C O! implies F' € mat(II, E|,) N O' = U'|,. Moreover, F' € D' implies

F & I'|;. Consequently, we have F' € Ul|, \ I'|;, as required.

For the inductive step, assume that A;_l with 2 < j < m(1) satisfies (B.16), and
consider arbitrary F' € Aj. If F' € A}, then by the induction assumption F' € U'[,,\ I'|4
clearly holds. Otherwise we have F' € A} \ A;_l. There are two cases.

e 5 = 2 holds. Then, F'is derived in line and added to A via A in line [186]
Consequently, there exists k with 1 < k < n(1) such that F' € J |§(11€) 43 holds. Add call
Cz}(’f)w is correct in the context of £, and II, so F € M _[(I\ D') U Al: Al, D]
holds. Due to stratification we have F € M [(T\ D')U Al: A1]. Let A; and J; be
defined with regards to MU' [(1\ D') U Al: A1] in the same way as in Definition @
We show by induction on i that A; C U, \ I'|; and J; C U|,, \ I'|4 hold for i > 1,
which then implies F' € U, \ '],

— For the induction base, we have A; = M”‘/’{(I \ DY U A} EAH \ ((I'\ DY) U A}).
Then, we clearly have A; N Iy = Ay N (I\ DY) = §. Moreover, M*F C TI!
implies A; C IT! {(Ul\o \ DY u Aﬂ, which together with property for
s =1 and A} C U!'|, implies A; C II! [Ul\n} C U!'},. Consequently, we have
Ay C UL, \ Iy Furthermore, J; = Ay C U, \ I'|4 holds.

— For the inductive step, consider arbitrary ¢ > 1 such that A;,_; C U|, \ I''|; and
Jioy © U, \ T'g hold. A; € MU, U Jig |\ ((1'\ DY) U ALU J;_y) follows
from Definition [9} But then, the induction assumption .J;_; C U!|,, \ I'|4 implies
A; C U, \ Iy Moreover, J; = J;_1 UA; C U, \ I']4 holds, as required.

e 3<j<m(l) holds. Then, F' is derived in line and added to A via A in line [L86]

Consequently, there exists k£ with 1 < k < n(1) such that F' € J’;ff(1)+1 holds. Add

call C;fz(l)ﬂ is correct, so we have F' € Ml’klo[(l \ DY UA] i A} ,la]. Let A; and
J; be defined with regards to M“*_[(I\ D) U Al iA],e) in the same way as in
Definition [9) We show by induction on i that A; C U, \ I'|g and J; C U, \ !4

hold for ¢ > 1, which then implies F' € U, \ I*|,.
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— For the base case, A; = Mk [(I \DHYu 4], EA;_QH \ ((I'\ D*) U A]_,) holds.
Then, we clearly have A; N I, = Ay N (I\ DY) = . Moreover, M*F C TI!
implies A; C IT* [(Ul\o \ DY U A}_l}, which together with property for
s = 1 and the induction assumption A} ; C U"[, implies A; C IT* [UIM C UY,.

Consequently, we have Ay C U, \ I'|q and J; = Ay C U, \ IY4.

— For the inductive step, consider arbitrary ¢ > 1 such that A;_; C U'|, \ I'|4 and
Jioy C U \ g hold. A; € MY UL, U Jiog |\ (T\ DY U AL, UJ;y) follows
from Definition @ But then, the induction assumption J; _; C U], \ I'|4 implies
A; CUY, \ I'g. Moreover, J; = J;_y UA; C U, \ I'|4 holds, as required.

The choice of F is arbitrary, so A} C U'|,, \ I'|4 holds, and this completes the inductive
proof for (B.16]). [

Claim 49. Pmperty holds for s = 1.

Proof. Assume that each module function call made before line [I59) finishes for stratum 1

is correct in the context of E|, and II. We show that property (B.13) holds for s = 1.

For the C direction, Claim 47| and A° = {) jointly imply U*|, \ D' C U'|,; moreover,
Claim {48 and D° = ) jointly imply A* C U?|,,. Hence, (U'],\ D*) U A' C U'|, holds.

For the D direction, consider arbitrary F' € U!|,. There are two possibilities.
o [ & I'|4 holds. Then, Claim |48|implies F' € A' C (U'|,\ D')uU A,

e Fellly=1\(D'\ A% = I\ D' holds. Then, F € U!'|, implies F € O!, so
F e U\ D' C (U'],\ DY) U A! holds.

The choice of F'is arbitrary, so the O direction holds as well. O

Claim 50. For each s with 2 < s < S, if properties J@ hold for s — 1, then
property holds for s as well.

Proof. Consider arbitrary s with 2 < s < S such that properties |(a)H(c)| hold for s — 1,

and assume that each module function call made before line 159 finishes for stratum s is

correct in the context of El, and II. We show that properties (B.9)—(B.10) hold for s.
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For the C direction of property , consider arbitrary F' € D*\ A1 If F € D!
holds, then clearly F' belongs to the right-hand side of . Otherwise, F' is added
to D via A in line [170, The way A is constructed in in line [164] and line [171] implies
F e (E-N0%) UlUi<j<a(s)1<k<n(s) A;’k|d-

For the D direction of property , consider arbitrary F' that belongs to the
right-hand side of . There are several cases.

e F e D'\ A*! holds. Then, D*~! C D? implies F € D*\ A*™'.

o e (E7N0%) UUi<kan(s) A$*|; holds. Then, lines and ensures that F' € D*
holds; moreover, each call for a module that belongs to stratum s only produces facts

in 0%, so F' & A*"! holds. Hence, we have ' € D*\ A5L.

o I € Us<j<i(s)1<h<n(s) Aj’k\d holds. Then, lines and ensure F' € D\ As~L.

The choice of F' is arbitrary, so the D direction holds as well.

To see that (B.10) holds for s, we prove by induction on ¢ that (B.17)) holds.

Uslo \ U®|,, € D\ A5 (B.17)

For the base case where i = 0, consider arbitrary F' € U§|, \ U?|,. By defnition we

have Us|, = US|, U (E|, N O%). There are two cases.

o F € U*, holds. Then, the induction assumption for s — 1 implies F' € D71\ A%72
so F' € D¢ holds. Moreover, F' ¢ U*|, ensures F ¢ U*7!|,, which together with
property for s — 1 implies F' ¢ A*~!. Consequently, we have F' € D%\ As~1.

e F € E|,Nn0O* holds. Then, F ¢ U®|, implies F ¢ E|, N O*. Consequently, we have
F € E-N0* C D*. Moreover, F ¢ U?|,, implies F' ¢ A*~! in the same way as in the
previous case. Hence, F' € D*\ A*~! holds.

The choice of F'is arbitrary, so the base case holds.

For the inductive step, assume that U7 ,|, satisfies (B.14]) for i > 0, and consider
arbitrary F' € Uf|, \ U®|,. If F € U? ], then by the induction assumption F' € D%\ A5~!
holds. Otherwise, we have F' € II° {Uf_1|o], so there exist a rule r € II* and a substitution

o such that b™(r)o C U7 |, and b~ (r)o N U7, = 0 hold. Moreover, F' ¢ U*|,, implies
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F & HS{U‘SM, and so b*(r)c € U®|, or b= (r)e N U*|,, # 0 holds. There are two

possibilities, which we discuss below.

e« b= (r)e NU®|, # 0 holds. Then, b=(r)c N U*7!|,, # (0 holds due to stratification.
Similarly, b= (r)o N Uf 4|, = @ implies b~ (r)o N U*!|, = 0. Hence, there exists
G € b~ (r)o such that G € U*7Y,, \ U7, holds. G € U}, implies G € 0=
which together with G & U™}, ensures G & I. Hence, G & D*~! holds. Moreover,
property for s—1 implies G € A*~!. Therefore, we have G € A1\ D7, Let k
be the index such that r € M** holds. F' € M** [Us|o, Us|, i Ds71\ As=1 As—1\ Ds_l}
clearly holds; moreover, F' € U?|, \ U’ |, implies F' € O which in turn implies
F ¢ D' Consequently, F € M** [U*|,,U|,: D=1\ A~ As=1\ Ds=1] follows
from Definition [I0] Furthermore, F' ¢ U*|, implies F ¢ mat(IL, E|,). Therefore,
Definition [11] and the fact that each call is correct in the context of E|, and II ensure
that F is derived in line [I63] and so F' € D* holds.

e b (r)oNU*|, = 0 and b*(r)o € U#|, both hold. Then, b*(r)oc C U ,|, implies
bt (r)oN(Us 4|, \U®|,) # 0, and so the induction assumption for ¢ — 1 implies b* (r)o N
(D*\ A*") # 0. Now let j be the smallest index such that b*(r)o N (D5 \ A*~) # 0

holds, and we discuss the following two cases.

— j =1 holds. Then, we have b™(r)o N (D51 \ A57!) = (). In the same way as in
the previous paragraph, F' will be derived in line [I63, and so F' € D?® holds.

— j > 2holds. Since j is the smallest such index, we have b* (r)oN(D;_;\ A*~) = 0,
which together with b*(r)o € U |, implies b*(r)o C U*|, \ (Dj_, \ A*7").
Moreover, b*(r)o N (D5 \ A*~') = ) and b*(r)o N (D5 \ A*~") # 0 jointly imply
b*(r)o N A3 [q # 0. Furthermore, b~(r)o N U 4|, =0, b~ (r)o NU*|, = 0, and
property for s — 1 jointly imply b= (r)e N (U*!|, U A*™!) = (), which in
turn implies b~ (r)o N (U*|, U A%) = 0. Let k be the index such that r € M*F
holds. Then we have F' € M*[U°|,\ (D5_; \ A*°1),U%|,U A*: A3 |4). Assume
for the sake of a contradiction that F' ¢ D* holds, then Definitions [10] and
ensure that F is derived in line [I69, which is a contradiction. Consequently,
F € D? holds, as required.



B. Proof of Theorems in Chapter@ 107

Finally, F' € U®|, ensures F ¢ U*"!|,,, which together with property (B.13)) for s — 1
implies F' ¢ A*~!. Consequently, we have F' € D*\ A*~! as required. The choice of F is
arbitrary, so (B.17)) holds for s as well, and this completes the inductive step. O

Claim 51. For each s with 2 < s < S, if properties @ hold for s — 1, then
property holds for s as well.

Proof. Consider arbitrary s with 2 < s < S such that properties |(a)H(c)| hold for s — 1,
and assume that each module function call made before line [[59 finishes for stratum s is

correct in the context of E|, and II. We show that properties (B.11)—(B.12) hold for s.

For the C direction of (B.11)), consider arbitrary F € A*\ D*'. If FF € Aj
holds, then clearly F' belongs to the right-hand side of . Otherwise, F' is added
to A via A in line [I86] But then, the way A is constructed in line [I84] implies
F € Uscjcm(s) a<kzn(s) A5 la-

For the D direction, consider arbitrary F' € (A5 \ D*™") U Ui<j<m(s)1<k<n(s) Aj’k|a.
If F € A5\ D*! holds, then the definition of A* ensures F' € A%\ D*~'. Otherwise,
lines and ensure that F' € A® holds; moreover, we clearly have F' € O° which

implies ' ¢ D*"1. The choice of F is arbitrary, so the D direction holds as well.

To see that the C direction of (B.12) holds for s, we prove (B.18]) by induction on i.

Ul \ If|g © A%\ D! (B.18)

For the base case where i = 0, consider arbitrary F' € Uj|, \ I°|4. By definition we

have Us|, = U7, U (E|, N O%). There are several possibilities.

e F € U, holds. Then, property for s — 1 implies F' € (U7, \ D*" 1)U A5~ 1.
Now D\ D*! C O° holds, so we have F € (U*7!,\ D*)U A~! C (I'\ D*) U A5~ L.
Together with F' ¢ I\ (D*\ A*™!) this implies ' € A*~!. Assume for the sake
of a contradiction that F' € D? holds, then D* C I and F € A*"! jointly imply
F e I\ (D*\ A*7!), which is a contradiction. Hence, FF € At \ D* C A*\ D!

holds, as required.
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o Fe(E\E)NO? holds. Then, we clearly have F' € I, which together with F' & I°|,
implies ' € D*\ A*! C D® Consequently, lines and ensure ' € A®.
Moreover, F' € Of implies F' & D*7!, so we have F € A®\ D*7!  as required.

e F e EfTNO*® holds. Then, F & |4, line , and line jointly imply F' € A°.
Moreover, F € Of implies F' & D*~!. Hence, F € A*\ D*~! holds, as required.

The choice of F' is arbitrary, so the base case holds.

For the inductive step, assume that US|, with i > 0 satisfies (B.18)), and consider
arbitrary F' € Uf|, \ I°|q. If F € U} |, holds, then by the induction assumption we have
F € As\ D*7'. Otherwise, F € II* [US | } holds, so there exist a rule r € II* and a
substitution o such that b™(r)oc C U |, and b= (r)o NU;_;|,, = 0 hold. By the induction
assumption for (B.18)) we have b*(r)o C (I'\ (D*\ As~Y)) U (A%\ D7) C (I'\ D%) U A°.
Moreover, by property for s — 1 we have b= (r)o N ((I'\ D7) U A1) = 0. We

discuss the following possibilities.

e bT(r)a CI¥lg=1\(D*\ A1) and b~ (r)o N (I U A*~ ') = () hold. Then, F = h(ro)
implies F' € I, which together with F' ¢ I*|; implies F' € D*\ A*~1. Let k be the index
such that » € M** holds. We have F' € M** [I \ (Ds\ A5~ TU As_l} N(Ds\ A1),
Consequently, the fact that Red call Cj(’f) Lo 18 correct in the context of £, and IT and
Definition [I1] jointly imply that F is derived in line [I76] Then, line ensures that
F € A® holds.

e bT(r)o C I*|gand b~ (r)oN(TUA*1) # ) hold. Then, b~ (r)oN((I\D*" 1) UA*~) =0
implies b~ (r)oN(D*"N\A*"") # 0,50 F € M** [—”e (s)43° AP |€(s +3 Y Am|e(s +3) An|§£)+3}
holds. Assume for the sake of a contradiction that F' ¢ A® holds. Then, F' ¢ I \ D?
implies F' & [ |Z(§) 3. Consequently, Definitions @ and (11} and the fact that call C, k) 43
is correct in the context of E|, and II jointly imply that F' is derived in line , 2, and
so F' € A® holds due to lines [I84] and [186], which is a contradiction. Hence, F' € A®

holds, as required.

« bt (r)o € I'|g holds. Let j be the smallest index such that b*(r)o C (I'\ D*) U A}

holds. There are two cases.
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— j = 1 holds. Then, b*(r)o C (I \ D*) U A5 and b™(r)oc € (I \ (D®\ A*™1))
jointly imply b (r)o N A # (. Assume for the sake of a contradiction that
b*(r)o N A5 C D*~! holds, which implies b™(r)o N A = b (r)o N At C O=s—1.
Then, together with D! C D* C I we have b™(r)o N A; C T\ (D*\ A*™1),
which is a contradiction. Hence, we have b (r)o N (A5 \ D*7') # 0. Let k

be the index such that » € M** holds. Lines [178] [180, and [182 jointly imply
s s,k . s,k m|s,k

()43 A" ‘Zk } Assume for the sake of a
contradiction that F' ¢ A® holds. Then, F' ¢ I\ D?® implies F' ¢ [ ’f(s 4
Consequently, Definitions @ and and the fact that call Ce(s) L3 18 correct in the
context of E|, and II jointly imply that F' is derived in line , and so F' € A?
holds due to lines and [I86], which is a contradiction. Hence, F' € A*® holds,

as required.

— j >= 2 holds. Since j is the smallest such index, b*(r)o Z (1\ D*)U A3_,
holds. Then, b*(r)o N A%_|, = b*(r)o N (A5 \ A35_;) # 0 follows from the way

A is updated in line [I86] Consequently, lines [I84] [I88], and [190] jointly imply
F e MoF[I15E, ) ot AP

U A™ 2 k A3y o ] In a similar way as in

G+e(s GE(s)+2 GHE(s)+2° GHe(s)+2

the previous paragraph, we have F' € A% as required.

Finally, F' € II* {Uis_1|n} implies F' ¢ D*~'. Hence, F € A\ D! holds. The choice of F

is arbitrary, and so this completes the inductive step.

To see that the O direction of (B.12)) holds for s, we prove by induction on j that

(B.19) holds.

U\ I°|la 2 A5\ D* (B.19)

For the base case where j = 1, consider arbitrary F' € A\ D*"!. Then, F either
belongs to AS~1\ D! or is added to A in line We discuss the following possibilities.

e F € A1\ D! holds. Then, D=2 C D*! implies F € A*~'\ D2 By

property (B.12) for s — 1 we have F' € U7, \ I*7!|4. Now U*~!|, C U?|, implies

F € U?|,,. Assume for the sake of a contradiction that F' € I°|; holds. Then, we have
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F € I, which together with F' ¢ I*7!|; implies F' € D*1\ A2 C D*7!. This is a

contradiction. Hence, F' € U?|,, \ I°|4 holds, as required.

« Fe (E\E )N (D*NO? holds. Then, F € E|, N 0* C U?|, holds. Moreover,
F € D*NO* implies F € D*\ A*7!, which in turn implies F ¢ I*|;. Consequently,

we have F' € U®|, \ I°|4, as required.

e e (ETNO?%\ I’ holds. Then, F' € ET N O?® implies F € U, C U?|,,. Hence,
F e U, \ I*|4 holds.

o There exists k with 1 < k < n(s) such that F' € J |Z(§) .o holds. Red call C’;(’f) Lo 18 correct
in the context of E|, and II, so by Definition[I1] we have F' € mat(II, E|,) N (D*\ A5~1).
But then, D* C O=* implies F' € mat(Il, E|,) N 0= = U?|,,. Moreover, F' € D*\ A5!

implies F' ¢ I*|;. Consequently, we have F' € U?|, \ I*|y, as required.

For the inductive step, assume that A5 ;| with 2 < j < m(s) satisfies (B.19)), and
consider arbitrary F' € A$. If F' € A3, then by the induction assumption I € U*|,\ I°[4
clearly holds. Otherwise we have I € A3\ A% ;. There are two cases.

e 5 = 2 holds. Then, F'is derived in line and added to A via A in line [186]
Consequently, there exists k& with 1 < k < n(s) such that F € J |Z(';) .3 holds. Add call
Cj(’f)+3 is correct, so we have F' € M*F_[(I\ D¥) U A3: A3\ D=1, Ds=1\ A*~1]. Let
A; and J; be defined with regards to M [(I\ D*)U A3: A3\ D=1, D=1\ A~ in
the same way as in Definition @ We show by induction on i that A; C U#|, \ I*|4 and

J; CU*|, \ I?|q hold for ¢ > 1, which then implies F' € U?|, \ I*|4.

— For the induction base, we have A; C M** [(I\Ds) UA;: A\ D=1 Ds! \Asfl}
and AN ((I\ DS)UAS) =0,s0 AyNI¥y=A,N(I\(D*\ A5 1)) =0 holds.
Moreover, Mk C TI* implies A; C HS[(USIO \ D*) U Aﬂ; due to stratification
we have A; C HS[(US|O \ D*) U A5 (U* Y, \ DY) U AS*I}, which together
with property for s — 1 implies A; C HS{(U5|O \ D%) U A3, U3_1|n]; then,
property for s and the induction assumption A5 C U?|, jointly imply
A CIIP {Us|n7 U5*1|n} =II° {U‘*’M C U?#|,,. Consequently, A; C U?|,, \ I*|4 holds.

Furthermore, we have J; = Ay C U®|,, \ I®|q.
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— For the inductive step, consider arbitrary ¢ > 1 such that A;_; C U®|,, \ I*|; and
Jio1 CU*|, \ I*|q hold. By Deﬁnition|§|we have A; C Mk [Us|n UJi_1, U5*1|n}
and A; N ((I'\ D*)U A5 U J;_1) = 0. But then, A; C U?|, \ I®|4 follows from the
induction assumption J;_1 C U®|, \ I®|4. Moreover, J; = J;_1 UA; CU*|,, \ I*|4

holds, as required.

e 3 <j <m(s) holds. Then, F'is derived in line and added to A via A in line m
Consequently, there exists & with 1 < k < n(s) such that F' € J|§f@(s)+1 holds. Add

call Ok (

he(s)41 18 correct, so we have F' € Ms’k;[(f \ D*)U A3 1 1AS ,]a]. Let A; and

J; be defined with regards to Ms’k;[(f \ D*) U A5 1A% ,],] in the same way as in
Definition [9] We show by induction on i that A; C U¢|,, \ I*|4 and J; C U], \ I*]4
hold for ¢ > 1, which then implies F' € U®|,, \ I*®|q.

— For the induction base, we have A; C M®%k [(I \ D*) U AjfliAj;QH and
AN(I\D*)UAS ) =0,50 AyNIlg = Ayn(I\ (D*\ A1) = 0 holds.
Moreover, M** C TI* implies A; C II* [(US\O \ D*)U A}’?_J; due to stratification

we have A; C HS[(US]O \D*)U A5, (U, \ D) U As_l}, which together

with property for s — 1 implies A; C II° [(US\O \ D*) U A5, Us_l\n};
then, property for s and the induction assumption Aj_; C U *|,, jointly
imply A, C II® {Us]n, Us_lln} = II® [USH C U?|,. Consequently, we have

Ay CU?|, \ I?|q. Furthermore, J; = Ay C U?|, \ I°]4 holds.

— For the inductive step, consider arbitrary ¢ > 1 such that A; ; C U®|, \ I*|; and
Jio1 CU*|, \ I?|q hold. By Deﬁnition|§|we have A; C Mk {U5|n U Ji_1, US_1|4
and A;N((I\D*)UA; UJi1)=0. But then, the induction assumption
Jio1 C U\, \ I?|q implies A; C U#|,,\ I*|4. Moreover, J; = J;_1UA; C U*|,,\ I®|4

holds, as required.

The choice of F is arbitrary, so A5 C U?|, \ I°|4 holds, and this completes the inductive
proof for (B.19)). [

Claim 52. For each s with 2 < s < S, if properties @ hold for s — 1, then
pmperty holds for s as well.



B. Proof of Theorems in Chapter@ 112

Proof. Consider arbitrary s with 2 < s < .S such that properties |(a)H(c)| hold for s — 1,
and assume that each module function call made before line [[59 finishes for stratum s is

correct in the context of E|, and II. We show that property (B.13) holds for s.

For the C direction, consider arbitrary F' € (U?®|,\ D*)UA®. There are two possibilities,

which we discuss below.

o [ € U?|,\ D* holds. Then, F ¢ D?* implies F' ¢ D%\ A*!, which together with
F € U], and Claim [p0] implies F' € U?|,,.

e I € A® holds. There are two cases. If I’ ¢ D! holds, then by Claim [51| we have
F € U?|,. Otherwise, F € A* N D*~! C A* N D* holds. But then, F' € D*~! implies
F € 0=571 which together with F' € A® implies F' € A*~!. Hence, F' ¢ D*\ A*~! holds.
Moreover, D*1 C [ and F € O=*"! jointly imply F € U*"!|, C U?|,. Consequently,
we have ' € U?|, \ (D*\ A*71), and so by Claim [50| we have F' € U?|,, as required.

The choice of F' is arbitrary, so the C direction holds.

For the O direction, consider arbitrary F' € U?|,. There are two possibilities.

« F ¢ I*|; holds. Then, Claim [51] implies ' € A* C (U*|, \ D*) U A®.

e F eI’y =1\ (D*\ A7) holds. Then, F € U?|, implies F € O°, so we have
FeUs|,\ (D\ A1), Now if FF € A*"! holds, then F € (U®|, \ D*) U A® trivially
holds. Otherwise, F' & D*\ A*~! and F ¢ A*~! jointly imply F' ¢ D*. Consequently,
we have F' € U*|,\ D* C (U?|, \ D*) U A®.

The choice of F' is arbitrary, so the O direction holds. O

B.3 Proof of Theorem [18

Theorem 18. Consider an arbitrary program 11, stratification A of 11, dataset Ey, and
datasets E; and E}f with1 <i<m. Let E; = E;_; \ E; UE;" for 1 <i <m. Moreover,
let M** be the modules corresponding to 11 and X as described in Section and
assume that the module functions for each M** are correct. Let I be the result of applying
Algorithm[g to I1, X, and Ey, and let I; be the result of successively applying Algorithm 7
toll, \, E;, and E;" for 1 <i <m. Then, I, = mat(Il, E;) holds for each 0 < i < m.
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We first define some additional notations which will be used later in the proof.

« Consider the execution of Algorithm [6]on II, A, and FEy. For each 1 < s < .S where S
is the maximum stratum index of A, let U§ = O=* N mat(I1, Ey); moreover, consider

the execution of lines [[45HI55] for stratum s.
— Let £y(s) be the number of iterations for the loop of lines 155

— For each 1 < j < {y(s) and each 1 < k < n(s), let ASZ? be the value of A¥ right
after line in the jth iteration of lines [148H155

— For each 1 <k < n(s),

* let 057{“ be the Add™™" call made in line|147, and let I[O 1 ]0 1, A" 8:’{, and

A" " be the arguments of the call;

x for each 1 < j < {y(s), let CS:;-“ be the Add™™" call made in line [L55(in the

(j — 1)th iteration of lines |148H155| and let I|0], |0]7 An|0;7 and Am|8’7';

be the arguments of the call;
s,k s,k
let HO — 0 CO 1’ ... 7007(0(8)-

o For each 1 < i < m, consider the execution of Algorithm |7l on II, A\, E; and E;r .
For each 1 < s < S, let Uf = O=* N mat(Il, E;); moreover, consider the execution of

lines [158H159 for stratum s.
— Let ¢;(s) be the number of iterations for the loop of lines [167H173]

— For each 1 < j < /;(s) and each 1 < k < n(s), let Asj |4 be the value of A¥ at
the beginning of the jth iteration of lines 173

— Let m;(s) be the number of iterations for the loop of lines [183H190}

— For each 1 < j < my(s), let A7, and Afjk ay 1 <k < n(s) be the values of A and

A respectively, right after line in the jth iteration of lines 190

— For each 1 <k < n(s),

* let C’f’lk be the Del™" call made in line [163] and let ]p|f”f, ]”|i’f, Ap|f,’f,

k
A7y, and Am|Z . be its arguments;
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« for each 1 < j < {;(s) + 1, let CZ’]»k be the Del™™" call made in line [169| in

the (j — 1)th iteration of lines 173, and let IP|SF I0|2F AP[SF An|SE

i lig s S By

and Am|f]k be the arguments of the call;

% for j = €;(s) +2, let C5F be the Red™™ call made in line [176] and let I°[3F,

k k
I"77, and A7} be the arguments;

« for j = {;(s) + 3, let C;’jk be the Add™"™" call made in line [182] and let I)5%

4h,J0)

k k k
APIZY AMPF, and A™[PF be the arguments;

% for cach £;(s) +3 < j < £i(s) +my(s) + 3, let CF be the Add™"™" call made

in line in the (j — ¢;(s) — 3)th iteration of lines |183 and let I[ff,

Ap|s,k An|s7k and Am'i’] be the arguments;

2,7 ) 2,7 )

« let Q7" |a=Cixs ., Oy and let H Vg = Q™. .., Qi7, Q7 |a

+10

s,k s,k s,k s,k sk s,k

We next prove by induction on ¢ with 0 < i < m that I; = mat(Il, £;) holds. The

proof is lengthy, so we break it into several claims.

Claim 53. II, A\, M**, Hg’k, and Eo are compatible for each s, 1 < s < S and each k,

1 <k <n(s).

Proof. Consider arbitrary s with 1 < s < S and arbitrary k£ with 1 < k < n(s). Note
that by definition Hg’k is a sequence of Add calls. In addition, theorem |38| ensures that
each call Cgf in Hg’k with 1 < j < {y(s) satisfy the conditions specified in the second
column of Table ; moreover, for each j with 2 < j < fy(s), calls Cg:f_l and CS:J]-“ are
both of type Add, and their arguments and results satisfy the respective conditions in
Table . Consequently, Hg’k is a call history by Definition . Now M#*k C II* holds,
and Hg’k clearly satisfies condition in Definition . Consequently, II, X\, M*F, HS’k,

and E, are compatible, as required O

Claim 54. Iy = mat(Il, Ey) holds.
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Proof. Consider arbitrary s, 1 < s < S and arbitrary k, 1 < k < n(s). Then, IT, X\, M**,
Hg’k, and F, are compatible by Claim . The module functions for M** are correct, and
so by Definition [17] each call Cp; with 1 < j < {y(s) is correct in the context of £y and II.
Since s and k are chosen arbitrarily, each call made during the execution of Algorithm [f]
on II, A, and Ej is correct in the context of Ey and II. Consequently, I, = mat(Il, Ey)
holds by Theorem [38] O

Claim 55. For each i, 1 <i <m, if II, \, M**, Hf;kl, and E;_; are compatible for each
s, 1<s5<S and each k, 1 <k <n(s), and I,_; = mat(Il, E;_1) holds, then II, X\, M**

Hf’k]d, and EZ are compatible for each s, 1 < s < S and each k, 1 < k < n(s).

Proof. Consider arbitrary i, 1 < ¢ < m such that II, X\, M**, Hf;kl, and E; ; are
compatible for each 1 < s < S and each 1 < k < n(s), and [;_; = mat(Il, £;_;) holds.
Now consider arbitrary 1 < s < S and arbitrary 1 < k < n(s). Then, by the induction
assumption II, A, M5k, Hkal, and Ei_l are compatible, and so Hflkl is a history. Note
that Theorem (43| implies that calls in ka| 4 satisfy the relevant conditions specified in
the second column of Table and those in Table , and so H; ’k\d is a history as well.
To show that IT, \, M**, Hf’k|d, and EZ are compatible. We discuss the following two

cases.

e i =1 holds. Then, the fact that II, A\, M*F, Hflkl, and E;_; are compatible implies
that condition in Definition |16 holds. Moreover, the definition of Hg’k implies
that condition holds as well. Furthermore, the induction assumption and the
fact that the module functions for each M** are correct imply that each call made in
the execution of Algorithm [6]on I, A, and Ej is correct in the context of II and Fy,
and so Theorem [38| implies that condition holds as well. Finally, condition ([5.11))
trivially holds for i. Consequently, II, X\, M** H ’k|d, and E; are compatible by
Definition 16l

e ¢ > 1 holds. Then, the fact that II, \, M5k, Hf;kl, and Ei—l are compatible implies
that conditions and in Definition holds for ¢+ — 1. Moreover, the
definition of Hf;kl implies that condition holds for ¢ — 1 as well. Furthermore,

the induction assumption and the fact that the module functions for each M** are
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correct imply that each call made in the execution of Algorithm |7|on II, A\, E;_,,
and E; | is correct in the context of I and FE;_;, and so Theorem [43| implies that
condition holds for ¢ — 1 as well. Finally, condition trivially holds for i.
Consequently, IT, X\, M** H? ’k|d, and E; are compatible by Definition . O

Claim 56. For each i, 1 <i <m, if II, \, M**, Hf;kl, and Ei—l are compatible for each
s, 1<s<S and each k, 1 <k <n(s), and I;_; = mat(Il, E;_,) holds, then I1, X\, M**

Hf’k, and EZ are compatible for each s, 1 < s < S and each k, 1 < k < n(s).

Proof. Consider arbitrary i, 1 < i < m such that II, X\, M**, Hf;kl, and E; ; are
compatible for each 1 < s < S and each 1 < k < n(s), and [;_; = mat(Il, £;_;) holds.
Now consider arbitrary 1 < s < S and arbitrary 1 < k < n(s). Then, II, X, M** His’k|d,
and EZ are compatible by Claim . Note that Theorem implies that calls in Q) ok
satisfy the relevant conditions specified in the second column of Table [5.1] and those
in Table , and so Hf’k is a history. The fact that IT, \, M**, Hf’k|d, and E; are
compatible jointly implies that the relevant conditions in Definition 16| hold. Moreover,
Theorem 43| implies that condition holds for i. Consequently, IT, \, Mk H’ ok
and E; are compatible by Definition , as required. O

Claim 57. For each i, 1 < i <m, if I, \, M*>*, Hf;kl, and E;_y are compatible for
each s, 1 < s < S and each k, 1 < k < n(s), and I,_1 = mat(Il, E;_1) holds, then
I, = mat(I, E;) holds as well.

Proof. Consider arbitrary 1 < i < m such that IT, X\, M**, Hf;kl, and Ei,l are compatible
for each 1 < s < .S and each 1 <k <n(s), and I,_; = mat(Il, £;_;) holds. Now consider
arbitrary 1 < s < S and arbitrary 1 < k < n(s). Then, II, \, M*>F, Hf’k, and E,
are compatible by Claim . The module functions for M** are correct, and so by
Definition (17| each call C;; with 1 < j < 4;(s) +m;(s) + 2 is correct in the context of
FE; and II. Since s and k are chosen arbitrarily, each call made during the execution of
Algorithm [7[on II, A\, E; and E; is correct in the context of E; and II. Consequently,
I; = mat(II, E;) holds by Theorem [43] O
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B.4 Proof of Theorem

Theorem 20. Functions Add®® | Del*®) and Red™“® are correct for the module that

axiomatises relation R as transitive, provided that the oracle function T is correct.

Let R be an arbitrary binary relation. tc(R) is the module that axiomatises R as
transitive. For each dataset I, let R[I] denote the set of all R facts in /. Now consider
arbitrary program II, stratification A of I, call history H for tc(R) of the form (/5.6]), and
vector E = Ey, ..., E,, of datasets such that II, A, tc(R), H, and E are compatible; let
s be the stratum index such that tc(R) C II° holds. Moreover, for each 0 < i < m and
each 1 < j < n,, let X, ; and Y ; be the values of Xy and Y, respectively, after call C; ;.
We show by induction on ¢ with 0 < ¢ < m that the following properties hold. Then,

Definition 17 implies the correctness of the theorem.

(a) For each 1 < j <y, if call C;; is of type Del, then the following properties hold.

R[Ii’jj \ (AZJ U AZ]] U Jz‘,j)] Q mat(tc(R), X,;’j) U }/i,j (BQO)

Xij CID\ (A, UAT)) (B.21)

tc(‘R)i[IEj? IZnJ AZ] U Az‘j, A'?,j] \ mat(H, Ez) Q Jz’,j (B 22)
- tc(R)io[[Ej, I Azj U AT, A;"j] '

(b) For each 1 < j < n,, if call C;; is of type Red, then the following properties hold.

mat(tc(R), X@j) = R[[ZF?J U Ji,j] (B23)

tC(R) |:Ip I! :| N Ai,j Q (]i,j Q mat(H, Ez) N Ai,j (B24)

6,57 74,5
(c) For each 1 < j <y, if call C;; is of type Add, then the following properties hold.

mat(tc(R), X@j) = R[Ii,j U Ji,j] (B25)
Xi,j - Ii,j (B26)

tc(R)"[I;, AP UAT AT C i C tc(R)1 L AP UAD AT (B.27)

7/7‘7, Z’]’

(d) If i # m, then X;,, C U; holds, where U; is defined as in Definition .

The proof is lengthy, so we break it into several claims.
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Claim 58. Properties @ hold for ¢ = 0.

Proof. H is a call history, so by Definition [15|each call Cy; with 1 < j < ng is of type
Add. Therefore, properties @ and trivially hold. We next show by induction on j
with 1 < j < ng that mat(TI*® X, ;) = R[Iy; U Jo ] holds.

« For the base case where j = 1, we show that mat(II*(%), Xo.1) = R[lp1 U Jo] holds.

— For the C direction, first note that for each R(u,v) € mat(IT*(®) Xo.1), v and v
can be connected using a chain of R facts in X ;. We show by induction on the
length of such chains that mat(TI*® X, ;) C R[Iy1 U Jo 4] holds, and that each

fact in mat(ITt(?), Xo,1) is added to @ at some point in the call of Cp ;.

+ For the base case, consider arbitrary R(u,v) € mat(IT*®) X ) where u and
v can be connected using just one R fact in Xy;—that is, R(u,v) € Xo;.
But then, line ensure that R(u,v) € R[Af,] holds, and so R(u,v) is
added to @ in line {191} Moreover, Definition (16| ensures Af; = Iy, and so
R(u,v) € R[ly1] C R[Ip1 U Jy,] holds, as required.

x For the inductive step, consider arbitrary [ that satisfies the following condi-
tion: for each R(u,v) € mat(I*"), X; ;) where u and v can be connected
using (I —1) or less facts in Xg 1, R(u,v) € R[ly1 U Jyi] holds, and R(u,v) is
added to @ at some point in the call of Cy;. Let R(ag, a;) € mat(IT*® X, ;)
be an arbitrary fact for which a chain, R(ag, a1), ..., R(a;—1,a;) € Xo1, exist.
Then, by the induction assumption R(ai,a;) € R[ly1 U Jyi1] holds, and
R(ay, ;) is added to @ at some point in the execution of Algorithm [§]
Consequently, when R(ai,q;) is considered in the loop of lines [194H197]
line[196|and [197] ensure that R(ao, a;) € R[Iy1 U Jy,] holds, and that R(ao, a;)
is added to Q.

— For the D direction, R[o1] = R[Af;] C X1 C mat(II'*®, X ;) follows from
line and Iy; = Af ;; moreover, it can be shown by a straightforward induction
on the construction of Jy; that R[Jy:] C mat(Htc(R),Xo,l) holds. Therefore,
R[Ip1 U Jo1] € mat(IT*) X, ) holds, as required.
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o For the inductive step, consider arbitrary j > 0 such that mat(IT*®) X, ;) and
R[Iy;-1 U Jo ;1] are equal; we would like to show that mat(IT*(®) X, ;) = R[Io ;U Jo ]

holds as well.

— For the C direction, first note that for each R(u,v) € mat(IT*" X, ), u and v
can be connected using a chain of R facts in Xy ;. We show by induction on the
length of such chains that mat(IT*®) X, ;) C R[Iy; U Jy,] holds, and that each
fact in mat(IT*(®) X, ;) is either in mat(IT*®) X, ; ;) or added to Q at some

point in the call of Cj ;.

* For the base case, consider arbitrary R(u,v) € mat(IT'*®) X, ;) where a
chain of length one exists in X ;. This implies R(u,v) € Xo ;. Then, there
are two possibilities. If R(u,v) € X _1, then the induction assumption on
j—1 and Definition [I5)imply R(u,v) € R[loj-1UJoj-1] € R[lo;]. Otherwise,
line ensures that R(u,v) € R[Af,] € R[lo;] holds, and that R(u,v) is
added to () in line 191}

x For the inductive step, consider arbitrary [ that satisfies the following
condition: for each R(u,v) € mat(IT*") X, .) where u and v can be
connected using (I —1) or less facts in Xy ;, R(u,v) € R[ly;UJy ;] holds, and
if R(u,v) ¢ mat(IT*), X, 1), then it is added to @ at some point in the
call of Cp ;. Let R(ag,a;) € mat(IT*®) X, ;) be an arbitrary fact for which
a chain of [ facts, R(ag,a1),..., R(ai—1,a;) € Xo, exists. There are three

possibilities, which we discuss below.

If R(ag,a1) € Xo,—1 and R(a1,q;) € mat(Htc(R),XOJ_l), then by the
induction assumption on j — 1 we have R(ao,a;) € mat(IT*®) X, ),

and so R(ao, al) € R[Io,j—l U JO,j—l] - R[IOJ‘] holds.

If R(ao,al) < X(]’j \ XO,jfl and R(al,al) < mat(Htc(R)7X07]’,1), then
R(a1, ) € R[Iyj—1 U Jo 1] holds. Definition [15]implies R(a1, @) € Io,
and so there are two cases. If R(a1, ;) € Io;\Ag ;, then, lines and

ensure that R(ag,a;) € R[Io; U Jo;] holds; otherwise, R(a1,a;) € Af;
holds, and so we have R(ao,a;) € R[Iy; U Jo ;] due to lines [194197]
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If R(ag,a1) € Xo; and R(ay,a;) € mat(ITH) | X, ;) \ mat(IT<H | X, )
hold, then by the induction assumption for I — 1 we know that R(ay, )
is added to @ at some point. Consequently, when R(a;,q;) is con-
sidered in the loop of lines [I94HI97] line [196] and [197] ensure that
R(ag, @) € R[1y; U Jp ] holds.

Finally, if R(ao,a;) & mat(II'*®) X ; 1), then R(ao,a;) € Af; U Jy; follows
from mat(Htc(R),X07j,1) = R[[o’j,1 U Jo,jfl] and R(ao,al) < R[IOJ U JO,j]-
Line [191], and the fact that @ and J are always updated together imply that

R(ag, a;) is added to @ at some point as well.

— For the D direction, R[Iy; 1 U Jo ;1] = mat(IT*H X, 1) C mat(IT®H X, )
holds by the induction assumption on j — 1; moreover, line [I91] ensures that
R[A] ;] € Xo; C mat(IT*®), X ;) holds; finally, it can be shown by a straightfor-
ward induction on the construction of Jy; that R[Jy ;] € mat(IT*(®) X, ;) holds.

Consequently, R[Iy; U Jo ;] € mat(IT*) X, ;) holds, as required.

Now we show that property (B.26]) holds for i = 0 and each 1 < j < ng. This is

achieved by an induction on j.

» For the induction base where j = 1, consider Add call Cy;. Definition (11| ensures
Ap; C 1o, and so line ensures Xo; C Ip;.

« For the inductive step, consider arbitrary j > 1 and the corresponding Add call Cj ;
such that Xy ;1 C Iy;_; holds. Then, consider arbitrary fact F' € X ;. There are
two cases. If F' € X ;_1, then the induction assumption for j — 1 and Definition
jointly imply F' € Iy;. Otherwise, I is added to Xj; in line , and so we have

F e Aj; C Iy;. Since F is chosen arbitrarily, we have Xy ; C Iy j, as required.

We next prove that the left-hand side C of property holds for ¢ = 0 and
each 1 < j < ng. To this end, consider arbitrary 5 with 1 < 5 < ng and ar-
bitrary fact F € tc(R)'[Io; i Af; UAR,, A,]. By the definition of tc(R)T we have
F e te(R)|In; A ; UAY,,

Ap; UAR; C Iy, holds by Definition . Consequently, F' € mat(tc(R), R[1o,]) \ Lo,
holds. Now mat(tc(R), R[Io;]) C mat(tc(R), R[1o; U Jo;]) = R[lo; U Jo | follows from

ABJ} \ Io;. Note that tc(R) involves only R facts; moreover,
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mat(tc(R),XOJ) = R[]()’j U J()J‘]. Therefore, Fe R[I()’j U J()J‘] \]O,j g J()’j holds. F' andj
are chosen arbitrarily, so the left-hand side C of property (B.27)) holds for i = 0 and each

1 < j < ng, as required.

Next, we show that the right-hand side C of property holds for ¢ = 0 and each
1 < 7 < ngp. To this end, consider arbitrary 7 with 1 < j < ng and the corresponding Add
call Cp ;. Let K be the total number of iterations for the loop of lines ; moreover,
let J% and Q° be the value of J and @, respectively, right before line , and for each
1 <k < K, let J* and Q¥ be the value of J and @), respectively, right after the kth iteration
of lines ; finally, let A; be defined with respect to tc(R)[ [lo; i Af ; U AG,, Af ]

as in Definition |§| We prove J* C tc(R)1 [Lo,; i Af; U AF,

Af ;] by induction on k.

« For the induction base where k = 0, consider arbitrary R(u,w) € J°. Lines[192]and [193]
ensure that there exist R(u,v) € Af; and R(v,w) € Iy ; such that R(u,w) & Iy ; holds.
Consequently, R(u,w) € tc(R)T[Io; i Af; UAF,, Af ] C te(R)L [To; i Af; U AG,, AG ]

holds, as required.

« For the inductive step, consider arbitrary k& > 0 such that J*~! is contained in
tc(R)1[Lo; i AG; U A, A ;). Let R(u, w) be an arbitrary fact in J*. If R(u, w) € J*!
holds, then by the induction assumption R(u,w) € tc(R)1 [Io; i Af; U Af,, Ag ;] holds.
Otherwise, R(u,w) is added to J* in the kth iteration of lines 197, Consequently,

there exist R(u,v) € Xo; C Iy; and R(v,w) € Q! such that R(u,w) & Io; U J*!

holds. But then, lines (191} {193} and [197|imply R(v,w) € R[Af;]U J*~!. We discuss

the following possibilities.

— If R(v,w) € R[Af;] holds, then R(u,v) € Ip; and R(u,w) & Iy; jointly imply
R(U,, w) € tC(R)T[]()’j ASJ U A0m,j7 AB,j] Q tC(R)go[IOJ‘ ASJ U AT A&j].

0,57
— If R(v,w) € J*1, then by the induction assumption for k — 1 and the defi-
nition of tc(R)!, there exists index k' such that R(v,w) € Ay holds. Conse-
quently, R(u,v) € Iy, R(u,w) & Iy , and the definition of tc(R)], jointly imply
Agl;

R(u,w) € Ur<icp 1 As, which ensures R(u,w) € tc(R)] [lo; i Af; U AR,

as required. O
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Finally, property (|(d))) is a direct consequence of condition (5.9)) in Definition |16{and
the way Xp is updated in line [I91]

Claim 59. For each 1 <1 < m, if properties @ holds for v — 1, then property

holds for i as well.

Proof. Consider arbitrary 1 < i < m such that properties |(a)H(d)| hold for i — 1, we show
that property @ holds for ¢ as well. To this end, we prove by induction on 1 < j < n;

that if call C;; is of type Del, then the following property holds.

R[I,Ej \ (AZJ U Arj U Ji,j)] g mat(tc(R), Xi,j) U Y;‘,j (B28)

For j = 1, we show that R[I};] \ mat(tc(R), X;1) € R[A}, U J;; UY;,] holds. Defi-
nition |16 ensures that C;_1 ,, , is of type Add with J;_1,, , = 0, and so the induction
assumption for ¢ — 1 implies mat(tc(R), X;—1, ,) = R[li—1,_,]. Moreover, there exists
exactly one stratum s such that tc(R) C II* holds, which implies A\(R) = s, and so by
condition we have R[I}] = R[I;_1,,_,]. Therefore, R[I}|] = mat(tc(R), X;_1,_,)
holds, and so for each R(u,v) € R[I}], u and v can be connected using a (finite)
chain of R facts in X;_1,, ,. We show by induction on the length of such chains that
R[I}\] \ mat(tc(R), X;1) € R[A}; U J;1 UY; 4] holds, and that each fact in R[I},] but not

in mat(tc(R), X; 1) is added to @) at some point during the execution of call C; ;.

+ For the base case, consider arbitrary R(u,v) € R[I};] \ mat(tc(R), X; ) where v and
v can be connected using just one R fact in X;_;,, ,—that is, R(u,v) € X;_1,, ,-
But then, R(u,v) ¢ mat(tc(R), X, 1) implies R(u,v) € X;_1,, , \ Xi1, and so line
ensures R(u, v) € R[A}; U J;1] € R[A?, U J;3 UY;,]. Together with lines 199} 203]{204]
and this ensures that R(u,v) is added to @) during the execution of C; ;.

o For the inductive step, consider arbitrary [ that satisfies the following condition: for
each R(u,v) € R[I};]\mat(tc(R), X; ) where u and v can be connected using (I —1) or
less facts in Xi_1,, ,, R(u,v) € R[A}; U J; 1 UY;,] holds, and R(u,v) is added to Q at
some point during the execution of C; 1. Let R(ag, a;) € R[I};]\ mat(tc(R), Xi1) be an

arbitrary fact for which a chain of [ facts, R(ag,a1),..., R(a;—1,a;) € X;_1,, , exists.
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Then, R(ay,a;) € mat(tc(R), X;_1n,_,) = R[I};] holds. There are two possibilities,

which we discuss below.

— R(a1,a;) ¢ mat(tc(R), X;1). In this case, by the induction assumption for [ — 1
we have R(ai,a;) € R[A}, U Ji1 UY;4], and that R(ai,q) is added to Q at
some point during the execution of C;;. Consequently, R(ag, a;) is considered
in line [206} since R(ag,a;) € R[I},], it is added to @ at some point in line W,
line , or line during the execution of C; ;; moreover, R(ag, a;) is guaranteed
to be in R[A, U J;1 UYi,].

— R(ag,a1) ¢ X;1. In this case, we show by induction on k with 1 < k <[ that
R(ag,ax) € R[Af,l U J;1 UY; 1], and that R(ao, ax) is added to ) at some point

during the execution of call Cj ;.

* For the base case where k = 1, we have R(ag,a1) € X;—1, , \ Xi1. Line
ensures that R(ag,a1) € R[A};UJ; 1] holds. Together with lines 204}
and this ensures that R(ag,a1) is added to @) at some point during

the execution of C; ;.

« For the inductive step, consider arbitrary k& > 1 such that R(ag, ax—1) belongs
to R[A}; U Ji1 UY;4], and that R(ag,ar—1) is added to @ at some point
during the execution of C;;. Then, consider the loop of lines 201209
where R(ag, ax_1) is removed from (). Line and R(ag—1,ax) € Xi—1n, ,
jointly imply that R(ag,ax) will be examined in line . We clearly have
R(ag, ax) € mat(tc(R), Xi_1,_,) = R[I},], and so R(ag, ax) is added to Q at
some point in line [I99} line or line during the execution of C; i;
moreover, R(ag,ay) is guaranteed to be in R[A?; U J;; UUY] ).

This completes our proof for R[IP;]\ mat(tc(R), X;1) € R[A}, UJ;1 UY; 1], which implies
the correctness of property (B.28|) for j = 1.

For the inductive step, consider arbitrary 1 < j < n; such that property holds
for j — 1 if call Cj;_; is of type Del, and we show that the property holds for j as well if
call C;; is of type Del. Assume that call C;; is indeed of type Del. Then, Definition
ensures that C; j_; is of type Del as well. Consequently, property holds for 7 — 1,
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and we would like to show that the property holds for j as well. To this end, we first show
that R[IF; \ AT]\ (mat(tc(R), X; ;) UYi;-1) C R[A}; U J;; UY;;] holds. Definition
implies R[I7; 1\ (A}, UAT, ; UJij1)] = R[IP;\ Jij—1] = R[I}; \ AT,]. But then, the
induction assumption for j — 1 implies R[I; \ AT,] € mat(tc(R), X; ;1) UY;; 1, and so
for each R(u,v) € R[If; \ AP]\ (mat(tc(R), X;;) UY;; 1), u and v can be connected
using a (finite) chain of R facts in X ;_1. We show by induction on the length of such
chains that R[I7; \ AT]\ (mat(tc(R), Xi;) UYi;-1) € R[A}; U J;;] holds, and that each
fact in R[ID; \ AT]\ (mat(tc(R), X;;) UY ;1) is added to Q at some point during the

execution of Cj ;.

« For the base case, consider arbitrary R(u,v) € R[I}; \ AT] \ mat(tc(R), X; ;) where
u and v can be connected using just one R fact in X, ;_;—that is, R(u,v) € X, ;1.
But then, R(u,v) ¢ mat(tc(R), X, ;) implies R(u,v) € X; ;-1\ Xi;, and so line
ensures R(u,v) € R[A}; U J;;]. Together with lines [199} 203204, and [207[{208] this

ensures that R(u,v) is added to @) at some point during the execution of C; ;.

o For the inductive step, consider arbitrary [ that satisfies the following condition:
for each R(u,v) € R[If; \ AT]\ (mat(tc(R), X;;) UY;; 1) where u and v can be
connected using (I — 1) or less facts in Xj;_1, R(u,v) € R[A}; U J;; UY] ;] holds, and
R(u,v) is added to () at some point during the execution of C; ;. Let R(ag,a;) be an
arbitrary fact in R[If; \ Al]\ (mat(tc(R), X; ;) UY;; 1) for which a chain of I facts,
R(ag,a1), ..., R(aj—1,a;) € X, j_1 exists. Then, R(a1,a;) € mat(tc(R), X; ;_1) holds,
which implies R(ai, ;) € mat(tc(R), X;—1n, ,). Together with Definition 16| and the
induction assumption for i — 1 this implies R(a1,a;) € R[I}; \ ATy]. We would like to
show that R(ag,a;) € R[Agj U J;; UY; ;] holds, and that R(ag,q;) is added to @ at
some point during the execution of C; ;. Since R(ag,a;) ¢ mat(tc(R), X; ;) holds, we

have the following possibilities.
— R(ay, ;) & mat(tc(R), X; ;). There are two cases.

* If R(ay, ar) € R[IF;\ (A, UY];-1)], then the induction assumption for (I —1)
implies R(a1,a;) € R[AY; U J;; UY];]; moreover, R(ay,a;) is added to @ at

some point during the execution of C; ;. Consequently, R(ao, @;) is considered
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in line ; since R(ao, a;) € R[IY; \ AT,] € R[I},], it is added to @ at some
point in line [I99] line 203} or line during the execution of C; ;; moreover,
R(ag, ;) is guaranteed to be in R[AP,; U J;; UY] ).

* If R(ay, ar) & R[IT;\(A;UY;;-1)], then we have R(ay, ;) € R[I};\ Af] and
R(ay,a;) & R[I}; \ (AT, UY;;_1)], and so Definitions 15 and [16| ensure that
there exists k with 1 < & < j such that R(ai,a;) € R[AY, U Jij UYig]
holds, and that R(aj,q;) is added to @ at some point during the exe-
cution of C;;. Consequently, R(ag,a;) is considered in line since
R(ao,a;) € R[I{; \ ATy € R[IP;] € R[I}], it is added to @ at some point
in line [199, line or line during the execution of C;j; moreover,
R(ao, a;) is guaranteed to be in R[A?, U J;x U Y], which is disjoint from

R[If; \ (AT, UY;;-1)]. This is clearly a contradiction.

— R(ag,a1) ¢ X, ;. First, it can be shown straightforwardly that for each 1 < k < [,
we have R(ag, ax) € R[I; \ (A, UYi;_1)] (otherwise, R(ao,a;) will be derived
before the call Cj; and R(ag,a;) ¢ R[IY; \ (A7, U Y;;1)] holds, which is
a contradiction). Then, we show by induction on k with 1 < k < [ that
R(ag, ay) € R[AEJ U J;; UY, ;] holds, and that R(ao,ay) is added to @) at some

point during the execution of C; ;.

* For the base case where k = 1, we have R(ag,a;) € X; ;-1 \ X;;. Line m
ensures that R(ao, a1) € R[A};UJ;;] holds. Together with lines , 204}
and this ensures that R(ag,a1) is added to @ at some point during

the execution of Cj ;.

« For the inductive step, consider arbitrary k& > 1 such that R(ag, ar_1) belongs
to R[A}; U J;; UY,;], and that R(ag,ax—1) is added to @ at some point
during the execution of C;;. Then, consider the loop of lines 201209
where R(ag,ar_1) is removed from . Line and R(ag_1,ax) € X; -1
jointly imply that R(ag,ax) will be examined in line . We clearly have
R(ag,ar) € R[IY; \ (AT UY];1)] € R[I};], and so R(ao, a;) is added to Q
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at some point in line 199} line 203}, or line during the execution of C; ;;

moreover, R(ag,ay) is guaranteed to be in R[AP, U J;; UY] j].
This completes our proof for R[If;\ AT]\ (mat(tc(R), X ;) UY;;-1) € R[A};UJ; ;UY ],
which implies property (B.28)) for j.

Now we prove by induction on 1 < j < n; that the following statement is true: if call

C;; is of type Del, then property (B.29) holds.
Xij CID; \ (Af; UAT)) (B.29)

« For the induction base where j = 1, by Definition (16| call C;_1 ,, , is of type Add, and
so by the induction assumption for ¢ — 1 we have X;_;,, , € I;_1,, ,; moreover, there
exists stratum s such that tc(R) C IT* and O=* N [;_y,, , = O=* N I}| hold. Thus,
Xitn_, CIy holds. Xiy = X1, , \ (A}, U Ji) C© 17\ (AP} U J;) follows from
line Definition |16/ ensures A7y = 0, and so X;; C I, \ (AP, UATY), as required.

o For the inductive step, consider arbitrary j > 1 such that the statement is true for
Jj — 1. If call Cj; is not of type Del, the statement is clearly true for j. Otherwise,
by Definition |15 call C; ;_; is of type Del as well, and so the induction assumption
ensures X; ;1 C If; 1\ (AY;_; UAT; ;). By Definition we have X; ;1 C I7;. Now
consider arbitrary F' € X;;. Line ensures X;; = X; ;1\ (A}; U Ji;), and so
F e If; \ A}, holds. Moreover, F' € Xj;_; implies F' ¢ J; ;1 due to line , which
together with Definition (15| implies ' ¢ AJ";. Consequently, F' € I}, \ (A?; U AT)

holds. Since the choice of F' is arbitrary, we have X;; C I, \ (Af; UAT), as required.

We next show by induction on 1 < j < n; that the following statement is true: if call

C;; is of type Del, then property (B.30) holds.

te(R) [IF;, I A, U AT, AR\ mat(I, ;) € Ji (B.30)
o For the induction base where j = 1, consider the corresponding Del call C; ;.

Let [ be an arbitrary fact in tc(R) [/}, [} 1A, UAT, A} ]\ mat(IT, £). Then

2,1

F € te(R)[IP,, Iy AP UAT, AL | NP and F ¢ AP, UAT, Umat(I1, E;) hold by the

)
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definition of tc(R);. Module tc(R) involves no negation in the body of its rules; more-
over, AT, = () holds by Definition . Consequently, we have F' € tc(R) [Iz LAY 1} NIf,

and we discuss the following possibilities.

— There exist R(u,v) € A}, and R(v,w) € I} such that F' = R(u,w) holds.
Definition [16{and property |(c)| jointly imply mat(tc(R), X;_1n,_,) = R[I};], and
so there exist a (finite) chain of R facts in X;_1,, , that connect v and w. Let
R(ag,aq),...,R(a;_1,a;) be such a chain where ay = v and a; = w hold, and we
show by induction on 0 < k <[ that R(u,q;) is added to @ at some point during

the execution of call C; ;.

* For the base case where k = 0, we have R(u,ag) = R(u,v) € A}, and so

line ensures that R(u, ap) is added to @) during the execution of C; ;.

« For the inductive step, consider arbitrary 0 < k <1 such that R(u,ax_1) is
added to @ at some point during the execution of C;;. Then, R(u, ay_,) will
be removed from @ in line 201] at some point during the execution of Cj 1, and
so R(ag_1,ax) € X;_1n, , implies that R(u, a;) will be considered in line .
Now property |(c)| for i — 1 and R(u,v) € R[A}|] € R[I}|] = R[li_1,, ]
jointly imply R(u,ax) € I};. Consequently, whether R(u, a;) € 1P\ S holds
or not in line , R(u,ay) is guaranteed to be added to @ in line m,
line , or line at some point during the execution of Cj ;.

Now since a; = w holds, R(u,w) is added to @) at some point during the execution
of C;1. Then, R(u,w) ¢ A, implies that R(u,w) is added to @ in either line
or line 207 Either way, T'(R(u,w)) will be examined. Assume for the sake of
a contradiction that T'(R(u,w)) = t holds. Then, Definition [19| ensures that
R(u,w) € mat(Il, E;) holds, which is a contradiction. Consequently, we have
T(R(u,w) = f, and so R(u,w) is added to J either in line or line 20§

Therefore, R(u,w) € J;1 holds, as required.

— There exist R(t,u) € I}, and R(u,v) € A}, such that F = R(t,v) holds. The

proof is analogous to the first case, so we omit the details.
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« For the inductive step, consider arbitrary 7 > 1 such that the statement is true for 7 —1.
Now if call Cj ; is not of type Del, then the statement is clearly true for j as well. Assume
that call C; ; is indeed of type Del, and we show that property (B.30]) holds. To this end,
consider arbitrary fact F' € tc(R) [IF;, I}, P AP, U AT, AR S]\ mat (I, ;). Similarly to

the base case, we have F' € tc(R) {Ii’fj A UA?H NIY; and F' ¢ AP, UAT Umat(T, E;).

We discuss the following possibilities.
— There exist R(u,v) € A; UAJ; and R(v,w) € If; such that F' = R(u,w) holds.

There are two cases.

x R(u,v) € AT holds. Since call C;; is of type Del, by Deﬁnitioncall Ci -1
is of type Del as well; moreover, R(u,v) € J;;—1 and R(v,w) € I, ; hold.
R(u,v) € J; j_1 implies that R(u,v) is added to () at some point during the
execution of C;;_1; R(u,v) could also be added to ) in a Del call before

Cij-1, and let C;,, be such a call with the smallest m, where m < j —1

holds. We discuss the following cases.

- m = 1holds. R(v,w) € I}; ; and Deﬁnitionimply R(v,w) € I},. But
then, as argued in the case for j = 1, we have F = R(u,w) € AY; U J; 1,

which is a contradiction to I € I\ AT;.

- m > 1and R(v,w) is not added to @) in any Del call C;,, with 1 < n < m.
Each fact added to J or Yy is guaranteed to be added to @, and
so we have R(v,w) € Jim-1 U Y;m_1. Now Definition implies
Rw,w) € I}, = I}, 1 \ (A}, UA,, _1). By property we
have R(v,w) € mat(tc(R), Xim-1) U Jim-1 U Y;m_1. Together with
R(v,w) & J; -1 U Y1 this implies R(v,w) € mat(tc(R), X; 1), and
so there exist a (finite) chain of R facts in X, that connect v and w.
Let R(ag,a1), ..., R(a;—1,a;) be such a chain where v = ag and w = q
hold. It can then be shown by induction on 0 < k <[ that R(u,ay)
is added to @) at some point during the execution of some C;,, with
1 <m’ < m. Assume without loss of generality that R(u,w) is added

to () at some point during the execution of C;,, with 1 <n < m. Then,
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Deﬁnitionand F = R(u,w) ¢ mat(Il, E;) jointly imply F € AP, UJ;,,.

i,
But then, we have ' ¢ I?; \ AT;, which is a contradiction.

- m > 1 and there exists n with 1 < n < m such that R(v,w) is added to Q
at some point during the execution of C;,,. If n = 1 holds, then similarly
to the case of m = 1 we have F € A}, U J;;, which is a contradiction.
Otherwise, R(u,v) € AP, C I, CIP, C 1P, =1IF, \ (A}, 1 UAT, )
follows from Definition . But then, property clearly ensures
R(u,v) € mat(tc(R), X;n-1) UYin_1UJ;n1. Note that m is the small-
est index such that R(u,v) is added to @ at some point during the
execution of C;,,, and so n < m implies R(u,v) € Y1 U Jino1.
Consequently, there exist a finite chain of R facts in X;,_; that connect
uw and v. R(v,w) is added to @ during the execution of C;,, and so
in a similar way as in the previous case there exists index 1 < n’ <n
such that R(u,w) € A}, U Ji, holds, which is a contradiction to
R(u,w) € IY; \ A}

* R(u,v) € A} holds. Line ensures that R(u,v) is added to @) during the
execution of Cj ;. Let C;,, be the Del call with the smallest m such that
R(u,v) is added to @ during the execution of C;,,, then m < j holds. We

discuss the following cases.

- m = 1 holds. R(v,w) € I},

4]

; and Definition |15 imply R(v,w) € I};.
But then, as argued for j = 1, we have ' = R(u, w) € A}, U J;1, which

is a contradiction to F' € I}, \ AT,

- m > 1and R(v,w) is not added to @ in any Del call C;,, with 1 < n < m.
Each fact added to J or Yy is guaranteed to be added to @, and
so we have R(v,w) € Jim-1 U Y;m_1. Now Definition implies
Rw,w) € I}, = I}, 1 \ (A},,_1 UAT,,_}). By property we
have R(v,w) € mat(tc(R), Xim-1) U Jim-1 U Y;m_1. Together with
R(v,w) & J; -1 U Y 1 this implies R(v,w) € mat(tc(R), X; 1), and

so there exist a (finite) chain of R facts in X, ,,—; that connect v and w.
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Let R(ag,a1),...,R(a;_1,a;) be such a chain where v = a9 and w = ¢
hold. It can then be shown by induction on 0 < k <[ that R(u,ay)
is added to @) at some point during the execution of some C;,, with
1 <m’ < m. Assume without loss of generality that R(u,w) is added
to () at some point during the execution of C;, with 1 <n < m. Then,
Deﬁnitionand F = R(u,w) ¢ mat(Il, E;) jointly imply F' € A} UJ; .
Since F' € If; \ AT holds, we have n =m = j. Then, F' ¢ Af; implies
F e

i,j» as required.

m > 1 and there exists n with 1 < n < m such that R(v, w) is added to @
at some point during the execution of C;,,. If n = 1 holds, then similarly
to the case of m = 1 we have F' € Af, U J;;, which is a contradiction.
Otherwise, R(u,v) € AP, C I, CIP, C 1P, =1, \ (A}, UAT, )
follows from Definition . But then, property clearly ensures
R(u,v) € mat(tc(R), X; 1) UY; 1 U J; 1. Note that m is the small-
est index such that R(u,v) is added to @ at some point during the
execution of C;,.,, and so n < m implies R(u,v) € Yipn_1 U Jin1.
Consequently, there exist a finite chain of R facts in X;,_; that connect
uwand v. R(v,w) is added to @ during the execution of C;,,, and so in
a similar way as in the previous case there exists index n/, 1 <n’ <n
such that R(u,w) € Af,, U Ji, holds, which is a contradiction to
R(u,w) € IY; \ A}

— There exist R(t,u) € If; and R(u,v) € AY; U A", such that F' = R(t,v) holds.

The proof is analogous to the first case, so we omit the details.

Finally, we show that for each 1 < j < n,, the following statement holds: if call C; ;
is of type Del, then property (B.31]) holds.

Ty Ce(R)PIP;, I0, AR, U AT AT ] (B.31)

4,57 74,5 (R

To this end, consider arbitrary j with 1 < j < n, such that call C; ; is of type Del. Let

L be the total number of iterations for the loop of lines [200H209} moreover, let J° and
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Q° be the value of J and Q, respectively, right before line , and for each 1 <[ < L,
let J' and Q' be the value of J and @, respectively, right after the Ith iteration of
lines [200209; finally, let A; be defined with respect to tc(R)°[IF;, I} P AF; U AT, A7 ]

as in Definition . We show by induction on I that J* C tc(R)°[I7;, I} A UAT A7 ]
and Q' C AP, Utc(R)°[I] FAPUAT, AT] holds.

1,79 zy 1,57
« For the induction base where [ = 0, we have J° = §) and Q" = R[A}}], and so the

required conditions clearly hold.

« For the inductive step, consider arbitrary { > 0 such that J'=!' and Q"' satisfy the
required conditions. Let R(u,w) be an arbitrary fact in Q'. If R(u,w) € Q'~* holds,
then by the induction assumption R(u,w) € tc(R){°[IF;, IT;: Af; U A;“J, A7 ] clearly

holds. Otherwise, R(u,w) is added to @' in the Ith iteration of lines [200H209l There

are two possibilities.

— There exist R(u,v) € Q" and R(v,w) € X;; U (A}; U J;;) C I}; such that
R(u,w) € I}; \ A}, holds. Then, by the induction assumption for / — 1 and the
AP UAD AT

2,7 ’L] zg? }

definition of tc(R)¢ we have R(u,w) € tc(R){°[I}

— There exist R(u,v) € I}; and R(v,w) € Q' such that R(u,w) € I}; \ A}; holds.

Similarly to the first case, we have R(u,w) € tc(R){°[IF;, I7; : A ; U AT, A7 .
The choice of R(u,w) is arbitrary, and so Q' C tc(R)°[I};, I}, AY; U AT, A ] holds,

as required. Now consider arbitrary R(u,w) € J'. If R(u,w) € J'~! holds, then by the

induction assumption for I — 1 we have R(u,w) € tc(R)°[I7;, I7; P AY; U AT, AL

otherwise, R(u,w) is added to J! in the [th iteration of lines [200{{209, and so
R(u,w) € Q" C tc(R)[I] AP UAT, ATL] holds.

4,37 Z] 4,57

AP UAD, AL L] holds for | = L,

4,57 zg 2,57

and so property (B.31]) holds. ]

This completes our inductive proof. J' C tc(R){°[I}

Claim 60. For each 1 < i < m, if properties J[@ holds for v — 1, then property

holds for i as well.

Proof. Consider arbitrary ¢ with 1 <4 < m such that properties |(a){{(d)| hold for ¢ — 1,
we show that property @ holds for 7 as well. In particular, we prove that the following
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statement is true for each 1 < j < n;: if call C;; is of type Red, then property (B.32)
holds.

mat(tc(R), X@j) = R[]Zp,] U Ji,j] (B32)

Note that Definition ensures that there exists at most one index k£ with 1 < k < n,
such that C;, is of type Red. Therefore, if no such £ exists, then the statement mentioned

above clearly holds for each 1 < j < n;. Otherwise, the statement holds for each j with
1 <j<mn;and j # k, and we show that mat(tc(R), X;x) = R[ng U J; ] holds.

For the C direction, Definition ensures that for each 1 < j < k, call C;; is of
type Del, and so by property we have Xj. 1 C If, 1 \ (A}, UAT, ;). Then,
Definitions @ and@ jointly imply X; x—1 C I;_1,, ,. Moreover, the way Yz is updated in
lines [205]and 209} and Definition [16|jointly imply Y; x 1 € I;—1n,_,. Consequently, line[212]
ensures X, = X;p-1 UYik1 C i1y, ,. Call Ci_q,, , is of type Add, and so we have
mat(tc(R), X, ) C mat(tc(R), Li—1m, ;Udicim, 1) = Licips Uizt - Deﬁnitionthen
ensures mat(tc(R), X;x) C If;. We next show that mat(tc(R), Xix) \ R[I},] C R[J;x]
holds. To this end, consider arbitrary R(u,v) € mat(tc(R), X;x) \ R[I};]. Then,
mat(tc(R), X; ;) C If; and Definition |15 ensure R(u,v) € A;). Consequently, R(u,v)
is considered in line during the execution of ;. Since R(u,v) € mat(tc(R), X k)
holds, v is clearly reachable from u via R facts in X;x, and so R(u,v) is added to J
in line But then, R(u,v) € Ay, and line [216] jointly imply R(u,v) € R[J;;]. The
choice of R(u,v) is arbitrary, so mat(tc(R), X;x) \ R[I};] C R[J;x] holds, which implies
mat(tc(R), X;x) € R[I}, U Jix], as required.

For the D direction, Definition ensures that call C;;_; is of type Del, and so
RIIF,  \ (A 1 UAD, U Jig—1)] € mat(tc(R), Xix) follows from Claim By Defini-
tion (15| we have R[I},] € mat(tc(R), X;x). Moreover, due to line each fact R(u,v) in
Ji e must satisfy R(u,v) € mat(tc(R), X;x). Thus, mat(tc(R), X;x) 2 R[I}), U J; ] holds.

)

Next we show that tc(R) [Ifk,[i'jk] N A;x C Jix holds. To this end, consider
arbitrary R(u,w) € tc(R) {[Ek,]{:k} N A ;. R(u,w) € A;) implies that v will be

considered in line 213} moreover, we have already shown in the previous paragraph
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that R[I},] € mat(tc(R), X;) holds, and so there exist a finite chain of R facts in X
that connect u and w. Consequently, R(u,w) will be added to J in line , and so

R(u,w) € A, ), implies R(u,w) € J;x, as required.

Finally, we show that J; ; C mat(Il, £;) N A, ; holds. Consider arbitrary R(u,w) € J; ;,
line ensures R(u,w) € A;;. Next we prove that R(u,w) € mat(Il, E;) holds. Due
to lines [214] and there exist a chain of R facts in X, that connect u and w. By
property @ for + — 1 and condition (9.12)) we have X, ;1 C U;; Definition implies
Yi k-1 € mat(Il, E;). Consequently, we have X, = X ;1 UY;,—1 € mat(Il, E;), and so

we have R(u,w) € mat(Il, E;), as required. O

Claim 61. For each 1 < i < m, if properties @ holds for i — 1, then property

holds for i as well.

Proof. Consider arbitrary ¢ with 1 <7 < m such that properties |(a)H(d)| hold for i — 1,
we show that property holds for ¢ as well. In particular, we prove that the following
statement is true for each 1 < j < n,: if call C;; is of type Add, then properties (B.33))-

(B-35) holds.

mat(tc(R), X@j) = R[]i,j U Ji,j] (B33)
te(R)'[1;; i AP, U APLAY]C g C te(R) L [L; ;i AP, U Al A ] (B.35)

Note that Definition ensures that there exists at most one index k£ with 1 < k < n,
such that C;, is of type Red. If no such £ exists, then by Definition [15] each call C; ; with
1 < j < n;is of type Del, and so the statement trivially holds for each j. If such a k does
exist, then the statement is clearly true for each j with 1 < j < k since call C;; is not of
type Add; in constrast, each call C;; with k£ < j < n; is of type Add by Definitions
and , and we first show by induction on j that property holds.

« For the induction base where 7 = k + 1, note that call C;; is of type Red, and so
by Claim [60] we have mat(tc(R), X;x) = R[I, U Jix]. We would like to show that
mat(tc(R), X7;7k+1) = R[I»ij+1 U Ji’k+1].

)
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— For the C direction, first note that for each R(u,v) € mat(tc(R), X, ;+1), v and
v can be connected using a chain of R facts in X; ;1. We show by induction on
the length of such chains that mat(tc(R), X; k1) € R[I; j+1 U J; x+1] holds, and
that each fact in mat(tc(R), X x+1) is either in mat(tc(R), X; ;) or added to @

at some point in the call of C; ;.

« For the base case, consider arbitrary R(u,v) € mat(tc(R), X s4+1) where
a chain of length one exists in X;j;. This implies R(u,v) € Xjji1.
If R(u,v) € X, then mat(tc(R), X;x) = R[I}), U Jix] and Definition
imply R(u,v) € R[I}, U Jix] € R[l; j41]. Otherwise, line ensures that
R(u,v) € R[A}} 1] € R[I; 41 holds, and that R(u,v) is added to Q.

*x For the inductive step, consider arbitrary [ that satisfies the following
condition: for each R(u,v) € mat(tc(R), X;,41) where v and v can be
connected using (I — 1) or less facts in X; 41, R(u,v) € R[L; k11 U Jigs1]
holds, and if R(u,v) ¢ mat(tc(R), X; ), then it is added to @) at some point
in the call of C; x41. Let R(ag,a;) € mat(tc(R), X; x4+1) be an arbitrary fact
for which a chain of [ facts, R(ag,ay),..., R(ai—1,a;) € X 41, exists. There

are three possibilities.

- If R(ap,a1) € X, and R(ay, ;) € mat(tc(R), X, ), then Definition
and mat(tc(R), X;x) = R[IZ-”,/,C U J; k] imply R(ag,a;) € mat(tc(R), X, x),
which in turn implies R(ag, a;) € R[[p’k UJik) € R gt1] -

- If R(ag,a1) € X; 41\ Xix and R(aq, a;) € mat(tc(R), X; k), then we have
R(ay,a;) € R[I}, U Jig]. By Deﬁnitionwe have R(a1, ;) € I; k41, and
so there are two cases. If R(a1,a;) € I; 41\ Af ), then, linesand
ensure R(ag,a;) € R[; 41 U J; j+1]; otherwise, R(a1, ;) € A2k+1 holds,
and so we have R(ag,a;) € R[I; x+1U J; 41| due to lines [194H197]

- If R(ag,a1) € X, j+1 and R(ay, a;) € mat(tc(R), X; k1) \mat(tc(R), X x).
But then, by the induction assumption for [ — 1 fact R(aq, ;) is added to

@ at some point. Consequently, when R(aq,a;) is considered in the loop

of lines 197], line and ensure R(ag, a;) € R[L; g1 U Jigs1]-
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Finally, if R(ao,a;) & mat(tc(R), X, ), then mat(tc(R), X; ) = R[Lix U J; k]
and R(ag,a;) € R[l;p41 U Jigsa] jointly imply R(ag,a;) € Afy 1 U Jipy1.
Line [191} and the fact that () and J are always updated together imply that

R(ag, ;) is added to @ at some point as well.

— For the D direction, mat(tc(R), X;x) = R[I}, U Jix] and the way Xp is up-
dated imply R[I}, U Jix] € mat(tc(R), X;x41); moreover, line ensures
RIAY 1] € X pe1 € mat(tc(R), X p11); finally, it can be shown by a straightfor-
ward induction on the construction of J; x1 that R[J; x+1] € mat(tc(R), X k41)

holds. Consequently, R[I; y+1 U J; g4+1] € mat(tc(R), X; x+1) holds, as required.

» For the inductive step, consider arbitrary j > k + 1 such that property (B.33]) holds
for j — 1, and we show that the property holds for j as well. The proof is analogous

to the above, so we omit the details.
Now we show by induction on 7 with & < j < n; that property (B.34) holds.

« For the induction base where j = k + 1, note that call C; ;_; is of type Red, and call
Cij—2 is of type Del. Thus, by Claim [59| we have X;;_o C I}, , \ (A}, , UA ).

©,]—2
Then, by Definition (15 we have X;; o C If; | C I;;. Since Xg is not modified in
Algorithm , we have X; ;1 C I; ;. Now consider Add call C; ; and arbitrary F' € X ;.
If '€ X, ;-1 holds, then X, ;_; C I;; implies I’ € I; ;. Otherwise, F'is added to X ;
in line , which implies F' € Af;. But then, Definition [L1] ensures Af; C I; ;, and so

F € I, ; holds as well. The choice of F' is arbitrary, so X, ; C I, ; holds for i = k + 1.

o For the inductive step, consider arbitrary 7 > k 4 1 and the corresponding Add call
C; ; such that X; ;1 C I; ;_; holds. Then, consider arbitrary fact F' € X; ;. There are
two cases. If F' € X, ;_;, then the induction assumption for j — 1 and Definition
jointly imply F' € I; ;. Otherwise, F' is added to X;; in line , and so we have

F e A}; C I;. Since F' is chosen arbitrarily, we have X;; C I; ;,

as required.
We next prove that the left-hand side C of property (B.35) holds for each k£ < j < n;.
To this end, we first consider j = k + 1 and the corresponding Add call C; ;. Let F

be an arbitrary fact in tc(R)"[1;;: Af; U AT, A7.]. By the definition of tc(R)" we have
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F € tc(R) {Iz}j FAP UAT A;‘J} \ ; ;. Since tc(R) involves no negation in the body of its

9,7
rules, F' € tc(R) {Iz‘,j AR U AZ‘J} \ I; ; holds. We discuss the following possibilities.
o There exist R(u,v) € AY;UAT; and R(v,w) € Ij;\ (A} ;UAY;) such that F' = R(u, w)

holds. There are two cases.

— If R(u,v) € AP, then lines and ensure that ' € J; ; holds.

inj?
— If R(u,v) € AT}, then by Definition [15{ we have R(u,v) € J;;-1. Moreover,
Definition |15 implies R(v,w) € I;; \ (AY; U AT;) = If;_,. By Claim 60| we have
R(u,v) € mat(tc(R), X; ;1) and R(v,w) € mat(tc(R), X;,_1); consequently,
R(u,w) € mat(tc(R),X;;-1) = R[I}; ; U J;;_1], which is a contradiction to

R(u, w) g Ii,j'

e There exist R(u,v) € I;; and R(v,w) € Af;UAT; such that F' = R(u,w) ¢ I; ; holds.

There are several cases.

— If R(v,w) € AT, \ A}, and R(u,v) € Af; hold, then R(v,w) € I;; \ Af; follows

3J %,J

from Definition [11} But then, lines and ensure that F' € J; ; holds.

— If R(v,w) € AT\ AY; and R(u,v) € I;; \ A}, hold, then Definition (15 ensures

R(v,w) € Jij—1 and R(u,v) € I}; ;U J;;_1. Consequently, by Claim We have

F = R(u,w) € If;_; U J;;_1, which is a contradiction to R(u,w) & I; ;.

— If R(v,w) € A}; and R(u,v) € A}, hold, then lineensures that R(u,v) € X,
holds, and that R(v,w) is added to (). Consequently, R(v,w) will be examined
in line and so lines and ensure F' = R(u,w) € J; ;.

— If R(v,w) € A?

1,J

from Definition By Claim [60] there exist a chain of R facts in X ;_; that

and R(u,v) € I;; \ A}, then R(u,v) € I}; ; U J; ;1 follows
connects v and v. Let R(u,a,), R(a1,an_1),...,R(a;,v) be such a chain. We

show by induction on 1 < m < n that R(a,, w) € Af; U J;; holds.

* For the induction base where m = 1, line ensures that R(v,w) € A} is
added @; moreover, R(a;,v) € X; ;-1 C X;; holds. Consequently, R(a;,w)
will be examined in line [196] If R(ay,w) & I;;, we have R(ai,w) € J;;.

Otherwise, assume for the sake of a contradiction that R(ai,w) € I;; \ Af;
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holds, then by Definition (15| we have R(ay,w) € Izj_l U J; j—1. Consequently,
R(u,w) € If; U J; ;1 holds, which is a contradiction. Therefore, we have

R(&l,UJ) S Af,] U JZ'J'.

* For the inductive step, consider arbitrary m > 1 such that R(a,,—1,w)
belongs to AY; U J; ;. Then, R(am-1,w) is added to @ at some point during
the execution of the algorithm. In the same way as in the base case we have

R(am, w) € AY; U J; ;, as required.

R(an,w) € AY; U J;; and R(u,a,) € X; ;-1 jointly imply R(u,w) € AY; U J;;.
But then, R(u,w) & I; ; and AY; C I; ; ensure R(u, w) € J; ;.

The proof for £+ 1 < j < n; is analogous to the above, so we omit the details.

Finally, we show that the right-hand side C of property holds for each

k < 7 <mn;. To this end, consider arbitrary 7 with k < j < n; and the corresponding Add

call C; ;. Let L be the total number of iterations for the loop of lines moreover,

let J° and Q° be the value of J and @, respectively, right before line , and for each

1 <1< L, let J' and Q' be the value of J and @, respectively, right after the [th iteration

of lines 197 finally, let A; be defined with respect to tc(R)1[L;;: AY; U AT, AT ] as

in Definition @ We show by induction on [ that J' C tc(R)[L;;: AY; U A, A ] holds.

o For the induction base where [ = 0, consider arbitrary R(u,w) € J°. Linesand
ensure that there exist R(u,v) € Af; and R(v,w) € I;; such that R(u,w) ¢ I;; holds.
Consequently, R(u,w) € tc(R)1[L;; A, U AT AY] C te(R)] [ A7 U AT, AT ]
holds, as required.

« For the inductive step, consider arbitrary [ > 0 such that J'~! is contained in
te(R)L[L;; i AY; UAT, AT Let R(u,w) be an arbitrary fact in J'. If R(u,w) €
J'=! holds, then R(u,w) € tc(R)L[L;;: AY; U AT, A} ] follows from the induction
assumption. Otherwise, R(u,w) is added to J! in the Ith iteration of lines
. Consequently, there exist R(u,v) € X;; C I,; and R(v,w) € Q! such that
R(u,w) & I, ; U J"! holds. Lines , and imply R(v,w) € R[A};JUJ1.

We discuss the following possibilities.
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— If R(v,w) € R[A?,] holds, then R(u,v) € I;; and R(u,w) ¢ I;; jointly imply
R(u,w) € tc(R)[1; ;A ; UAT,, ALl Cte(R)L (L0 A7, UAT,, Al ], as required.
— If R(v,w) € J", then by the induction assumption for [ — 1 and the def-
inition of tc(R)! there exists index I’ such that R(v,w) € Ay holds. Con-
sequently, R(u,v) € I;;, R(u,w) & I;;, and the definition of tc(R)l, jointly
imply R(u,w) € Uj<j<p11 A, which in turn implies that R(u,w) belongs to
tc(R)L[L;; 1 AY; U AR, A7 ], as required. O

27-]7

Claim 62. For each 1 < i < m, if properties @ holds for i — 1, then property

holds for i as well.

Proof. Consider arbitrary ¢ with 1 < i < m such that properties hold for ¢ — 1,
we show that property @ holds for 7 as well. By the induction assumption we have
Xicin,, CU_. Deﬁnitionimplies that there exist exactly one k£ with 1 < k < n; such
that condition holds, and so the way X is updated in line ensures X; ,—1 C U;.
Furthermore, Definition {19 and tc(R) C II* jointly imply Y; 1 C U;. Therefore, line
ensures X, = X; ;-1 UY;,—1 C U;. Together with condition and the way Xpg is
updated in line we have X, ,, C U, as required. O

B.5 Proof of Theorem 21]

Theorem 21. Functions Add*®) | Del**®  qnd Red** ™ are correct for the module that

axiomatises R as symmetric—transitive, provided that the oracle function T is correct.

Let R be an arbitrary binary relation, and let stc(R) be the module that axiomatises
R as symmetric-transitive. For Cg a set of sets used in Algorithms [11}and [12] to represent
connected components, let Close(Cr) := Upecy Uuver {R(u,v)}. Now consider arbitrary
program II, stratification A of II, call history H for stc(R) of the form , and vector
E = E,,...,E,, of datasets such that II, ), stc(R), H, and E are compatible; let s be
the stratum index such that stc(R) C II° holds. Moreover, for each 0 < i < m and each

1 <5< ny,let C’gj and Yé’j be the values of C'r and Yjg, respectively, after the call of
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C;,j. We show by induction on 7 with 0 <4 < m that the following properties hold. Then,

Definition [I7) implies the correctness of the theorem.

(a) For each 1 < j <mn;, if call C;; is of type Del, then the following properties hold.

RIIP;\ (AP, UAT U J; )] € Close(C) U Yy (B.36)
Close(C') C IP; \ (AP, UAT, U J; ;) (B.37)
C stc(R)jo[Iij, I Af U AP AL ’

(b) For each 1 < j < n,, if call C;; is of type Red, then the following properties hold.

Close(Cy) = R[IP; U J; j] (B.39)
stc(R) [I7;, IT;| N Ay € Jiy € mat(IL E) N A, (B.40)

(c) For each 1 < j <n,, if call C;; is of type Add, then the following properties hold.

Close(Cy) = R[I;; U J; ] (B.41)

ste(R)T[L,; i AP, UAT Al C Ji; C stc(R)1 [ L AP, UAD A7) (B.42)

Z?], 1/7.7’

The proof is lengthy, so we break it into several claims.

Claim 63. Properties @ hold for i = 0.

Proof. H is a call history, so by Definition [15] each call Cp; with 1 < j < ny is of type
Add. Therefore, properties @ and trivially hold. We next show by induction on j
with 1 < j < ng that Close(Cy’) = R[Iy; U Jo ;] holds.

« For the induction base where j = 1, we show that Close(C%"') = R[Iy1 U Jy4] holds.

— For the C direction, consider arbitrary R(u,v) € Close(Cy'). There are two
possibilities. For the case where u = v, note that C'g is empty before the call
Co.1, and so u can only be introduced into Cy" via line or line . In the
first case, lines and ensure R(u,v) € R[ly; U Jy;]; in the second case,
lines and ensure R(u,v) € R[ly; U Jy,]|. For the case where u # v,

the definition of Close implies that there exists a component P &€ C%’l such
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that v € P and v € P hold. Since Cg is empty before the call, there exist a

component U containing u and a component V' containing v where U and V' are

merged in line during the execution of Cp ;. But then, lines 227] 228 and [217]

jointly ensure R(u,v) € R[Iy1 U Jy1]. The choice of R(u,v) is arbitrary, so the

C direction holds.

— For the D direction, consider arbitrary R(u,v) € R[ly1 U Jy1]. Definition

ensures R(u,v) € R[(Af; \ Af;) U Joa]. There are two posssibilities.

* For the case where R(u,v) € R[Af; \ Af], the fact will be considered in
line 220} Then, lines 22IH226] ensure that u and v are in the same component
in C%', and so R(u,v) € Close(C'y") holds.

« For the case where R(u,v) € R[.Jy1], note that the fact can only be added
to Jo1 via line 222] 224] or 28] In each of these cases, u and v will be in

the same component in C'y', and so R(u,v) € Close(C%") holds.
The choice of R(u,v) is arbitrary, so the 2O direction holds as well.

o For the inductive step, consider arbitrary index 7 with 1 < j < ng such that
Close(Cy’ ") = R[Iy;j_1 U Jo ;1] holds, and we show that Close(Cp’) = R[Iy,; U Jo ;]

holds as well.

— For the C direction, consider an arbitrary fact R(u,v) that belongs to Close(C%”).
If R(u,v) € Close(CH’™"), then R(u,v) € R[Iy;_1 U Jo 1] follows from the induc-
tion assumption; Definition {15 ensures Iy ; = Iy ;1 U Jo -1 UAG ;, and so we have
R(u,v) € R[Iy; U Jy;]. Otherwise, we have R(u,v) € Close(C%’) \ Close(Cy’ ™).
Now if u = v, then u belongs to a component in C’%j but does not belong to
any component in Cy’ ', and so u is introduced into C%’ in either line or
line 224 Either way, R(u,v) € R[Iy; U Jo;] holds. If u # v, then u and v are
put into the same component in line 226 and so R(u,v) € R[Iy; U Jo ;] holds as

well. The choice of R(u,v) is arbitrary, so the C direction holds, as required.

— For the D direction, consider arbitrary R(u,v) € R[Io;UJo;]. Then, Definition[15]

implies R(u,v) € R[Io;-1 U Jo;—1 UAF ;U Jo;]. There are three possibilities.
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x If R(u,v) € R[Io;_1 U Jo;_1], then R(u,v) € Close(CH’™") C Close(Cy’)
follows from the induction assumption for 7 — 1 and the way Cy is updated
in Algorithm

# If R(u,v) € R[AF; \ Joj-1] = R[Af; \ Af,], it will be considered in
line during the execution of Cp ;. If u = v, lines and ensure

R(u,v) € Close(C%); if u # v, lines and ensure that v and v are in

the same component in C’/, and so R(u,v) € Close(C%’) holds.

* If R(u,v) € R[Jo], then it must be added to Jy ; via line 222 [224] or [228] In

each of these cases, u and v will be guaranteed to be in the same component
in C%’, and so R(u,v) € Close(C5’) holds.
The choice of R(u,v) is arbitrary, so the 2O direction holds as well.
We next prove the left-hand side C of property (B.42) for i =0 and 1 < j < ny.

« Fori=0and j =1, consider arbitrary R(u,w) € stc(R)"[lo1:Af;, UAF,, Aj,]. By
the definition of stc(R)" we have R(u,w) € stc(R) [10,1 FAR, UARY, A&J \ Ip1. Note
that stc(R?) involves no negation; moreover, by Definition [16{ we have Af; = () and
Iy1 = Af ;. Consequently, R(u,w) € stc(R) [A&l \ AT AR Ag}l} \ Ip1 holds, and
so we discuss the following possibilities.

— R(u,w) is derived by the symmetric rule—that is, R(w,u) € Ag;\ Af; holds. In
this case, R(w,u) is considered at some point in line during the execution of
Co,. Then, lines 221} 22§ ensure that w and u belong to the same component in
C%', and so R(u,w) € Close(C%') holds. But then, Close(Cy') = R[Io1 U Jo,]
and R(u,w) & Iy, jointly imply R(u,w) € Jy;.

— R(u,w) is derived by the transitive rule—that is, there exist v such that
R(u,v) € Af; \ AFy, R(v,w) € Af; \ Afy, and R(u,w) & oy all hold. There
are two cases.

* R(u,v) = R(v,w). In this case, R(u,w) € Af; \ Af) ensures that R(u,w)

is considered at some point in line 220] during the execution of Cy;. Conse-
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quently, lines and ensure that R(u,w) € Close(C%") holds. But then,
Close(C%') = R[Io1 U Jo1] and R(u,w) & Iy, jointly imply R(u,w) € Jo 1.

* R(u,v) # R(v,w). In this case, let m and n be the indexes of the iteration
of lines in which R(u,v) and R(v,w) are considered, respectively.
Without loss of generality we assume that m < n holds. Lines 22T}22§]
ensure that v and v belong to the same component in Cg after the mth
iteration; similarly, v and w will belong to the same component after the
nth iteration. Consequently, we have R(u,w) € Close(Cy'), and so in the

same way as in the previous case we have R(u,w) € Jy;.

e Fori=0and 1< j < ny, consider arbitrary R(u,w) € stc(R)"[I; AR U AT,

Af ]
By the definition of stc(R)" we have R(u,w) € stc(R) {IOJ AGUARY, A&]} \Io;. Note
that stc(R) involves no negation, so we have R(u,w) € stc(R) [Io,j AR ;U Agjj} \ Io,;-

We discuss the following possibilities.
— R(w,u) € Af; UAF; holds. There are two cases.

* If R(w,u) € Af; holds, then by Deﬁnitionwe have R(w,u) € Jy;—1. We
have already shown Close(Cy’ ') = R[Iy;_1 U Jo;_1], and so w and u are in
one component in Cpy’ ', Thus, R(u,w) € Close(Cy ™) = R[I ;-1 U Jo 1]

holds. Then, Definition |15 ensures R(u,w) € Iy j, which is a contradiction.

+ If R(w,u) € Ag; \ Af); holds, then R(w,u) is considered at some point in
line 220] during the execution of Cp ;. Thus, lines P21}228] ensure that w and
u are in one component in Cy’, and so R(u,w) € Close(Cy’) = R[Iy; U Jo,]

holds. Then, R(u,w) ¢ I ; implies R(u,w) € Jy ;.
— There exists v such that R(u,v) € Ag; UAf; and R(v,w) € Ip; hold. Then,

Definition |15 implies R(v,w) € Iy j—1 U Joj—1 UAf ;. There are several cases.

« If R(u,v) € Af; and R(v,w) € Ip;-1 U Jo;-1 hold, then Definition
implies R(u,v) € Jy;_1. Now Close(Cy’") = R[Iy;_1 U Jo;_1] holds, so

R(u,v), R(v,w) € Close(C%~') holds. Thus, u, v, and w are all in one
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component in C3/ ™", so R(u,w) € Close(CH ") = R[Iy;_1 U Jy;_1] holds.

Then, by Definition |[15{ we have R(u,w) € Iy ;, which is a contradiction.

« If R(u,v) € A, = Joj—1 and R(v,w) € Af; \ Joj-1 = Af; \ AF
hold, then Close(Cy’~") = R[Iy;_1 U Jo_1] implies R(u,v) € Close(CH' ™).
Consequently, u and v belong to one component in C’Io%’j ~!. The way Cj is
updated in Algorithm [11] ensures that u and v still belong to one component
in C%. Now R(v,w) € Ap; \ Af; ensures that R(v,w) is considered at
some point in line during the execution of Cj;, and so lines 221}228
ensure that v and w end up in one component in C’%j . Since we have
already shown that u and v belong to one component in C’%j , we have
R(u,w) € Close(Cy’) = R[Iy; U Jo,]. But then, R(u,w) ¢ Io; implies

R(u,w) € Jy;, as required.

« If R(u,v) € Ag; \ Af; and R(v,w) € Ioj—1 U Jo -1 both hold, then
Close(Cy’ ™) = R[Ip;_1 U Jo;_1] implies R(v,w) € Close(Cy’"). In the
same way as in the previous case, v and w belong to one component in
C’%j; moreover, R(u,v) € Af; \ Af; ensures that u belongs to the same
component. Consequently, we have R(u,w) € Close(Cy’) = R[Iy; U Jo ],

and so R(u,w) & Iy ; implies R(u,w) € Jy;, as required.

+ If R(u,v) € Ag; \ AF; and R(v,w) € Af; \ Joj—1 = Af,; \ Af; hold, then
both R(u,v) and R(v,w) are considered at some point in line during the
execution of C ;. Consequently, u, v, and w all belong to one component in

0, . . .
Cg’, and so in a way similar to the previous cases we have R(u,w) € Jy ;.

Finally, we prove that the right-hand side C of property holds for 7 = 0 and
1 < j < ng. To this end, consider arbitrary 7 with 1 < 57 < ny and the corresponding
Add call Cy;. For 1 < k < |Af; \ Afl, let J* be the value of J right after the kth
iteration of lines during the execution of Cy ;. Moreover, let J; be defined
with respect to stc(R)[ [lo; i Af; U Af;, Af ;] as in Definition |§| We show by induction
on k that J¥ C Iy ; Ustc(R)1 [Io; i Af; UAf,, Aj;] holds. Then, line ensures
Joj C ste(R) [0 i Af; U AR, AG .

J 0,57
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« For the induction base where k = 1, let R(u,v) € Af; \ Af); be the fact considered

in this iteration of lines [221}1228 and consider arbitrary G € J!. We discuss the

following possibilities.

— G is added to J! in line , then clearly G = R(u,u) holds. Then, by the

definition of .J; we have R(v,u) € Iy ; U Ji. Consequently, R(u,v) € Af; \ Af;

implies that R(u,u) can be derived by the transitive rule, and so we clearly have

G:

R('LL, U) € [O,j U JQ - [O,j U StC(R)CT,o[[O,j AS’J U Ag:j, AB,]']? as required.

— G is added to J' in line 222 This is analogous to the previous case.

— @ is added to J' in line . Let G = R(u/,v"). There are several cases.

*

*

u' = wu and v' = v. In this case, G € Af; \ Af; C Io; clearly holds.

v # uw and v = v. Then, v/ and u must be put into the same com-
ponent during a previous call to Algorithm [II] Consequently, we have
R(u',u) € Close(C%'™") = R[Iy;_1 U Jo,_1]. By Definition [15 we have
R(u',u) € Io;. Together with R(u,v) € Af;\ Af; this clearly implies

R(u',v) € Iy; U Jy C Ip; Ustc(R) [lo; i AD; U AR, Af ], as required.
u' = wu and v # v. This is analogous to the above case.

v # w and v # v. It can be shown in a similar way as in previous
cases that R(u',v) € Iy; U J; and R(v,v") € Ipj—1 U Jpj—1 hold. Assume
for the sake of a contradiction that R(u',v) € I;_1 U Jy;—1 holds, then,
u', v, and v’ all belong to one component in C’%j ~! which is a contradic-
tion. Consequently, R(v',v) € (Af,; \ Af;) U Ji holds, and so we have

R(u',v") € Io; U Jo C I Uste(R)[To,;: AF ; U AF

; 075 A ;], as required.

o For the inductive step of the proof, consider an arbitrary index k& with k£ > 1 such

that J5! C Io; Ustc(R)T [To Af; U AT

in J*. If G € J* ! holds, then G € In; Ustc(R)] [Io; i Af; U AT

; 0> A ;] holds. Let G be an arbitrary fact

0, Af ;] follows from

the induction assumption. Otherwise, let R(u,v) be the fact considered in the kth

iteration of lines 22T}H228] and we discuss the following possibilities.
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— G is added to J* in line . This is analogous to the corresponding case for

k =1, so we omit the details.
— G is added to J* in line . This is analogous to the previous case.
— G is added to J* in line 228 Let G = R(u’,v'). There are several cases.
+ v =w and v = v. In this case, G € Af; \ Af); C Io; clearly holds.

x u' # u and v = v. Then, v/ and v must be put into the same component
during a previous call to Algorithm [IT] or in a previous iteration of lines 221}-
228| For the former case, we have R(u/,u) € Close(CH’™") = R[Io;_1UJo;_1].
By Definition [15{ we have R(u/,u) € I, and so R(u,v) € Af; \ Af; implies

R(u',v) € Io;UJy C Io;Ustc(R) [T ;i A ;UAF,

Af ], as required. For the
latter case, we have R(u’, u) € J*~1. By the induction assumption there exists
k" such that R(u',u) € Iy ;U Jy holds. Together with R(u,v) € Ag;\ Af;
AG -

we have R(u/,v) € Io; U Jyi1 C Io; Uste(R)] [T AD; U AT,

x u' = wu and v # v. This is analogous to the above case.

x u' # uand v # v. It can be shown in a similar way as in previous cases that
there exist k" and k" such that R(u',v) € Iy; U Ji and R(v,v") € I ; U Jyn
hold. Without loss of generality assume that £” > k' holds, then we have

R(u',v') € In; U Jyia C Ioj Uste(R)] [Io; i AF; U AFY, AG - O

Claim 64. For each 1 <1 < m, if properties @ hold for i — 1, then pmpe'rty

holds for i as well.

Proof. Consider arbitrary 1 < ¢ < m such that properties |(a)H(c)| hold for ¢ — 1, and
we show that property @ holds for i as well. To this end, we prove by induction on
1 < j < n, that if call C;; is of type Del, then the following property holds.

RIP\ (AP, UAT U J; )] C Close(CH) U Y5’ (B.43)

For the base case where j = 1, by Definition (16| call C;; is of type Del and call C;_1,, ,
i—1,n;_1

is of type Add. Consequently, Close(Cp )= R[Li—1n; , UJi_1n, ] follows from the
induction assumption for i — 1; by Definition [16] we have Close(Cl "™1) = R[I},].
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We now show that R[I7; \ (A}, UAM U J;1)] C Close(C%') UY4" holds. To this end,
consider arbitrary R(u,v) € R[I}; \ (A} UAT U J;1)]. Then, R(u,v) € R[I},] implies
R(u,v) € Close(Cl; "™, Assume for the sake of a contradiction that R(u,v) is not in
Close(C3')UY5". Then, u and v must be in a component that is removed in line [235|during
the execution of C;;. But then, R(u,v) is considered in line , and so R(u,v) ¢ Yé’l,
R(u,v) € R[I};\ (A}, UAT)], and line jointly imply R(u,v) € J;1, which is a
contradiction. Consequently, the base case R[IP; \ (AP; UAM U J;1)] C Close(Cy') UYy'

holds, as required.

For the inductive step, consider arbitrary 1 < j7 < n; such that property
holds for j — 1 if call C;;_; is of type Del, and we show that the property holds for j
as well if call C;; is of type Del. Assume that call C;; is indeed of type Del. Then,
Definition |15 ensures that C; ;_; is of type Del as well, and so property holds for
j — 1. Now consider arbitrary R(u,v) € R[I}; \ (A}; U AT U J;;)]. By Definition
we have R(u,v) € R[If; \ A\] = R[I}; ; \ (A, UAT, ;U J;;1)]. Consequently,
property for j — 1 implies R(u,v) € Close(C/ ") UY4’ ™', Assume for the sake of
a contradiction that R(u,v) ¢ Close(C’) UY3” holds. Since Y57 ~' C Y7 holds, we have

R(u,v) € Close(C} "), and so in the same way as in the base case we have R(u,v) € J;,

which is a contradiction. Therefore, the inductive step holds as well.

Next we prove by induction on 1 < j < n; that the following statement is true: if

call C; ; is of type Del, then property (B.44) holds.
Close(C’) C IP; \ (AP, UAT U J; ;) (B.44)

For the base case where j = 1, by Definition (16| call C;; is of type Del and call C;_1 ,, ,
is of type Add. Consider arbitrary R(u,v) € Cf;ll, then, the way Cg is updated in
Algorithm [12] ensures R(u,v) € C "™, By the induction assumption for i — 1 and
Definition [16| we have R(u,v) € I} = I}; \ AT. Assume for the sake of a contradiction
that R(u,v) € (AP, \ AT}) U J;1 holds, then, v and v must be in a component that is
removed in line , and so R(u,v) & Cf;zl holds, which is a contradiction. Consequently,

we have R(u,v) & (A7, \ A) U Ji1, and so R(u,v) € If; \ (AP} U AT U J;1) holds.



B. Proof of Theorems in Chapter@ 147

For the inductive step, consider arbitrary 1 < 7 < n; such that property
holds for j — 1 if call C; ;_; is of type Del, and we show that the property holds for j
as well if call C;; is of type Del. Assume that call C;; is indeed of type Del. Then,
Definition ensures that C;;_; is of type Del as well, and so property holds
for j — 1. Now consider arbitrary R(u,v) € Cf%’j, then, the way Cpg is updated in
Algorithm |12 implies R(u,v) € C’;%j ~!. Consequently, property for 7 — 1 ensures
R(u,v) € IY;_; \ (A}, UAP, U Ji;1). By Deﬁnitionwe have R(u,v) € ID; \ AT
Assume for the sake of a contradiction that R(u,v) € (Af;\ A;) U J;; holds, then u and
v must be in a component that is removed in line during the execution of Cj ;, which

is a contradiction to R(u,v) € Close(C’y/). Consequently, the inductive step holds as well.

We next show by induction on 1 < j < n; that the following statement is true: if call

C;; is of type Del, then property (B.45) holds.

StC(R) [Ip I, Ap uA™ An ]\mat(H, Ez) - le] (B45)

4,70 74,5 1,97

o For the induction base where j = 1, consider the corresponding Del call C; ;.

Let F be an arbitrary fact in stc(R)[I] FAY U AT, AL\ mat(TTL E;). Then,

2,57 z j INE
F € stc(R) {[ZPJ,IZ”] AP, UAD, AL } NIPy and F' ¢ AY) U AT U mat(Il, E;) hold by
the definition of stc;. Module stc(R) involves no negation; moreover, A", = () holds
by Definition . Consequently, we have F' € stc(R) [Iﬁl LAY 1} N I{;, and we discuss

the following possibilities.

— F is derived by the symmetric rule in the stc(R) module. Then, there exists
fact R(v,u) € A}, C I such that F = R(u,v) holds. Definition (16| and
property for i — 1 jointly imply Close(Cly ™) = R[I}]. Consequently,
we have R(v,u) € Close(C}; "™ ')—that is, v and u belong to a component
in C """ But then, AT, = () and line [231| ensure that this component is
examined in lines 2321235 and so F = R(u,v) will be checked in line 233
Now R(u,v) ¢ mat(Il, E;) holds, and so Definition [19| ensures T'(R(u,v)) = f.
Consequently, R(u,v) is added to J in line 233 W Then, F € I}, \ (A}, UAM)

and line 236] jointly imply F' € J;, as required.
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— F is derived by the transitive rule in the stc(R) module, and there exists v such
that R(u,v) € A}, R(v,w) € If}, and F' = R(u,w) all hold. Then, Deﬁn1t1on
and property |(c) ﬂ )| jointly imply that u, v, and w all belong to a component in
C "1 moreover, R(u,v) € APy = AP, \ AT implies that this component
is examined in lines 2321235 Consequently, F' = R(u,w) will be checked in

line In a similar way as in the previous case we have F' € J;, as required.

— F is derived by the transitive rule in the stc(R) module, and there exists v such
that R(u,v) € I}, R(v,w) € A}, and ' = R(u,w) all hold. This is analogous

to the previous case, so we omit the details.

o For the inductive step, consider arbitrary 1 < j < n; such that the statement is true for
Jj — 1. Now if call C; ; is not of type Del, then the statement is clearly true for j as well.
Assume that call C; ; is indeed of type Del, and we show that property (B.45|) holds.

P LD A UAT, AR\ mat(IT, E;). We

have F € stc(R) [[Ej AP U A;‘j]} NIY; and F' ¢ AY; UAT; Umat(IL, ;) in a similar

To this end, consider arbitrary F' € stc(R),[IF

way as in the base case. We discuss the following possibilities.

— F is derived by the symmetric rule in the stc(R) module. Then, there exists
fact R(v,u) € AY; UAL, C If; such that F' = R(u,v) holds. Definition
and property |(c)| for i — 1 jointly imply Close(Cl; "™") = R[I},]. Consequently,
we have R(v,u) € Close(Cl; ""*)—that is, v and u belong to a component in

C’;{l’m’l. Let this component be U. We discuss the following two cases.

* R(v,u) € A} holds. Then, Definition (15 implies R(v,u) € J; ;1. Con-
sequently, component U is examined in lines during the Del call
of C;;_1. But then, since u and v both belong to U, F = R(u,v) is
checked in line at some point during the execution of C;;_;. Now
R(u,v) ¢ mat(Il, E;) and Definition imply T'(R(u,v)) = f, and so
F = R(u,v) is added to J at some point in line 233] There are two

possibilities, which we discuss below.

Felf; y\(A};_; UAT; ) holds. In this case, due to line we have

FelJj,=Ar" KE which is a contradiction.
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I\ (AY,_ UAT, ;) holds. But then, by Definition (15 we have

F ¢ If;, which is a contradiction.

* R(v,u) € AP, \ AT holds. Then, line ensures that U is examined in
lines at some point during the execution of C; ;, and so F' = R(u,v)
will be checked in line 233] Now R(u,v) ¢ mat(Il, E;) holds, and so
Definition [19 ensures T'(R(u,v)) = f. Thus, R(u,v) is added to J in line 233
Then, I € I?;\ (A?; UAT;) and line jointly imply F' € J; ;.

— Fis derived by the transitive rule in the stc(R) module, and there exists v such
that R(u,v) € AY; UAD, C IF;, R(v,w) € I};, and F' = R(u,w) all hold. Then,
Definition (15| implies R(u,v), R(v,w) € I}, and so Deﬁmtlon and property.
i—1n;_ 1

for i — 1 jointly imply that u, v, and w all belong to a component in Cj,

Let this component be U. We discuss the following two cases.

* R(u,v) € AP holds. Then, Definition [15| implies R(u,v) € J; ;1. Con-
sequently, component U is examined in lines during the Del call
of C;;_1. But then, since u, v, and w all both belong to U, F = R(u,w)
is checked in line at some point during the execution of Cj;_;. Now
R(u,w) ¢ mat(Il, E;) and Definition [19] imply T(R(u,w)) = f, and so
F = R(u,w) is added to J at some point in line 233 There are two

possibilities, which we discuss below.

- Felf; |\ (A}, ;UAT, ) holds. In this case, due to line we have

i,j—1
FelJdji= AZ ", which is a contradiction.

I\ (AY,_ UAT, ;) holds. But then, by Definition (15 we have

F ¢ If;, which is a contradiction.

* R(u,v) € AF;\ AT holds. Then, line ensures that U is examined in
lines [232}{235| at some point during the execution of C; ;, and so F' = R(u, w)
will be checked in line 233] Now R(u,w) ¢ mat(Il, E;) holds, and so
Definition (19| ensures T'(R(u,w)) = f. Thus, R(u,v) is added to J in
line 233 E Then, I € IP;\ (AY; UAT;) and line jointly imply F € J; ;.
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— F is derived by the transitive rule in the stc(R) module, and there exists v such
that R(u,v) € I};, R(v,w) € AY; UAY;, and F' = R(u,w) all hold. This is

?j ’ ,L?] ’

analogous to the previous case, so we omit the details.

Finally, we show that for each 1 < j < n;, the following statement holds: if call C; ;
is of type Del, then property holds.

Jij Cste(R) P11 AR U AT, AL (B.46)

4,57 7 1,] 1,57

To this end, consider arbitrary j with 1 < j < n; such that call C; ; is of type Del. Let
L be the total number of iterations for the loop of lines [231H235} moreover, let J° be
the value of J right before line , and for each 1 <[ < L, let J' be the value of J
right after the [th iteration of lines 23T}H235} finally, let A; be defined with respect to
stc(R)°[IF;, IT; 1 AF; U AT, Al ] as in Definition We show by induction on [ that

JIN(IP\ (AY;UAT)) C ste(R)°[I;, 1T AY ;UAT,, AT ] holds. For simplicity we denote

stc(R) (10, 1D, AY; U AT AL L] by .

« For the induction base where [ = 0, we have J° = (), and so the required condition

clearly holds.

« For the inductive step, consider arbitrary [ > 0 such that J""'N(I7;\ (A} ;UAT,)) C J;
holds. Let F' be an arbitrary fact in J' N (I} \ (AY; UAT,)). If F € J'~! holds, then
by the induction assumption we clearly have F € J,. Otherwise, F is added to J! in
line during the /th iteration of lines 231}{235] Let F = R(u/,v"). We discuss the

following two possibilities.

— j = 1. In this case, due to line there exists component U € Cl "
such that w,v,v’,v" € U and R(u,v) € Af; \ A", hold. Definition [16] and
property |(c) for ¢ — 1 jointly imply CIose(C%_l’ni_l) = R[I}|]. Consequently
we have R(u/,u), R(v',v), R(v,v") € If;. Then, the definition of stc(R){® and
R(u,v) € APy \ Afy jointly imply R(u',v) € AP} U AT U Ay, which in turn
implies R(u/,v") € AP UAT UALUAy. Now F = R(u',v') € AP} UAT, implies

F € J,, as required.
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— 1 < 7 <n,;. In this case, due to line there exists component U € ng ~! such
that u,v,u',v" € U and R(u,v) € AY; \ AT, hold. Property (B.44) for j — 1 and
Definition [L5| jointly imply R(u',u), R(v',v), R(v,v’) € I};. Then, the definition

of stc(R)° and R(u,v) € AP\ A jointly imply R(v/,v) € AP ;UATUA;, which

)

in turn implies R(u',v") € AY; UAT, UA; UA,. Now F' = R(u',v) ¢ AP, U AT,

implies F' € Jg, as required.

The choice of F'is arbitrary, and so J'N (I} \ (A} ;UAT,)) C J; holds, as required. [

Claim 65. For each 1 < i < m, if properties @ hold for i — 1, then property

holds for i as well.

Proof. Consider arbitrary ¢ with 1 <1 < m such that properties |(a)H(c)| hold for i — 1,
we show that property @ holds for 7 as well. In particular, we prove that the following
statement is true for each 1 < j <mn;: if call C; ; is of type Red, then (B.47)) holds.

Close(C}) = R[IP; U J; ] (B.47)

Note that Definition ensures that there exists at most one index k with 1 < k <mn;
such that C; is of type Red. Therefore, if no such k exists, then the statement mentioned

above clearly holds for each 1 < 7 < n;. Otherwise, the statement holds for each j with

1<j<n;and j# k, and we show that Close(C%") = R[I}), U J; ] holds.
For the C direction, consider arbitrary R(u,v) € Close(C%"). There are two cases.

« R(u,v) € Close(C%*™"). By Definition |15{ call C;4_; is of type Del, and so Claim
ensures R(u,v) € R[I}, ; \ (Af,_ 1 UAT, ;U Jix_1)]. Then, Definition (15 ensures
R(u,v) € R[I}].

e R(u,v) & Close(C%"™"). Then, u and v are guaranteed to be in the same component

in Close(C'%") due to line , line , or line . In each of these cases, R(u,v) is
added to J, and so line implies R(u,v) € R[]} U Jix], as required.

For the O direction, We discuss the following two cases.
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o If R(u,v) € R[I};], then Claim |64 implies R(u,v) € Close(CH* ™Y U Y !, There are
two possibilities. If R(u,v) € Close(CE* 1), then R(u,v) € Close(C%) clearly holds.
If R(u,v) € Y5*™", then line ensures that R(u,v) is considered in line m Then,
lines ensure that v and v end up in the same component in C;;Lk, and so
R(u,v) € Close(C%") holds.

o If R(u,v) € Jix, then R(u,v) must be added to J in line [222] [224] or 228

. . 1k
each of these cases, u and v must end up in the same component in C}", and so

R(u,v) € Close(C3") holds. O

Next we show that stc(R) {IE s I{‘k] NA,;, C J; holds. To this end, consider arbitrary
R(u,w) € stc(R) []Ek, ]z”k} N A; . There are two possibilities.

+ R(u,w) is derived by the symmetric rule. Then, R(w,u) € I} holds. Call Cj is of
type Red, and so by Definition [15|we have 17, = I?; |\ (A}, UAT, ;) and J; 1 = 0.
Consequently, we have R(w,u) € I} \ (AF,_ UAT, UJix_1). But then, Claim |64 .
implies R(w,u) € Close(C" YUY, !. Now R(u,w) € A, and Definition jointly
imply R(u,w) & 10, = Iy 1 \ (AF 1 UAT,._; U Jix—1), which together with Claim
implies R(u,w) & Close(C"'). Consequently, R(w,u) ¢ Close(C" "), and so we
have R(w,u) € V5" ', This fact will thus be considered in line ﬂ, and so w and u will
belong to one component in C%°. Consequently, R(u,w) € Close(C") = R[I}), U Jix]

holds, and so R(u,w) ¢ I, implies R(u,w) € Jix, as required.

 R(u,w) is derived by the transitive rule. Then, there exists v such that R(u,v) € I},

and R(v,w) € I}, hold. Similarly to the previous case, R(u,v) € Close(CHF Yy Uyr!
and R(v, w) € Close(C5 ™) U YS! hold. Moreover, Definitions E and [16, and the
induction assumption for i—1 jointly imply R(u,v), R(v,w) € R[If;] = Close(Cy "),
The way Cg is updated ensures that each node could only belong to one component

1
bnict - Agsume for the

in Cg, and so u, v, and w all belong to one component in Cj,
sake of a contradiction that this component does not get removed from Cg in line
before call C; . Then we have R(u,w) € Close(Ch* ") C I}},, which is a contradiction
to R(u,w) € A;y. Consequently, we have R(u,v) € Y5 " and R(v,w) € Y;* ', and

so both R(u,v) and R(v,w) will be considered in line during the execution of C; .
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Therefore, R(u,w) € Close(C's") holds, which together with R(u,w) ¢ I}, implies
R(U,U)) € Ji,k-

The choice of R(u,w) is arbitrary, so stc(R) [Izk, IZ”,C} NA;, C J; holds.

Finally we show that J; x C mat(Il, E;) N A; ;. To this end, consider the execution
of function CLOSEEDGES(YR) in line during the call of C;;. For each [ with
1 <1< Vi ", let J' be the value of J after the Ith iteration of lines 228, We show
by induction on [ that J' C I?; and J' C mat(II, E;) hold.

o For the induction base where [ = 1, let R(u,v) € Yé’kil be the fact considered in this

iteration, and consider arbitrary G € J!. We discuss the following possibilities.

— G is added to J! in line 222} then clearly G = R(u,u) holds. The way Yg is
updated ensures Yé’kfl C I}, and so Definitions [15{and and the induction as-
sumption for i — 1 jointly imply Y4* ' C R[I}\| = R[Ii—1, ] = Close(Cy ™1).
Therefore, R(u,v) € Y5" ! implies that u and v belong to one component in
Ch ™', Consequently, R(u,u) € Close(Cyy "™ ") = R[If,] holds, as required.
Moreover, Definition [19| and R(u,v) € Y5* ™! jointly imply R(u,v) € mat(Il, E;).
Note that R(u,u) can be derived from R(u,v) in two steps using the symmetric

rule first and then the transitive rule, and so R(u,u) € mat(Il, E;) holds.
— G is added to J! in line m This is analogous to the previous case.

— G is added to J! in line . As argued previously, v and v belong to one
component in C’;{l’m‘l; moreover, R(u,v) € Yé’k_l and line ensure that
this component gets removed before the call of ;. Consequently, U and V'
contain only v and v, respectively, in line . Therefore, we have G = R(u,v)
or G = R(v,u); either way, G € I}, and G € mat(II, E;) hold.

» For the inductive step, consider arbitrary 1 <[ < |Y}%k_1| such that J=' C I} and
JI=1 C mat(1I, E;) hold. Let R(u,v) € Y5* " be the fact considered in the Ith iteration
of lines and let G be an arbitrary fact in J'. If G € J'=!, then the induction
assumption for [ — 1 implies G € I, and G € mat(Il, E;). Otherwise, we discuss the

following possibilities.
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— G is added to J' in line or line[224] This is analogous to the corresponding

case in the induction base for [ = 1, so we omit the details.
— G is added to J' in line 228} Let G = R(u’,v'). There are two cases.

x v/ and u belong to one component, and ©v" and v belong to a distinct
component. Then, v’ and u are put into the same component either in
the current iteration of lines 22IH228], or in a previous iteration. Either
way, we have R(u/,u) € R[I},] = Close(C; V™) and R(v/,u) € mat(IL, E;).
Similarly, we have R(v,v') € Close(Cly "™ ') and R(v,v') € mat(IL, E;).
Together with R(u,v) € Y;*! C Close(C; ") and R(u,v) € mat(IL, E;)
we have R(u/,v') € Close(Cly "™1) = R[I},] and R(u/,v") € mat(Il, E;).

x u/ and v belong to one component, and v and u belong to a distinct
component. Then, similarly to the previous case, R(v/,u') € Close(Cy ™)
and R(v/,v/) € mat(Il, E;) hold. Thus, R(u/, ') € Close(Cly "™!) = R[I})]
and R(u',v") € mat(Il, E;) hold as well.
JIC I and J' C mat(IL, E;) hold for | = V557!, and so due to line we

have Jip C IP) \ I}, and Jip € mat(Il, E;). Consequently, Definition ensures
Jix € mat(Il, £;) N A, x, as required.

Claim 66. For each 1 <1 < m, if properties @ hold for v — 1, then property

holds for i as well.

Proof. Consider arbitrary ¢ with 1 <1 < m such that properties |(a)H(c) hold for i — 1,
we show that property holds for ¢ as well. In particular, we prove that the following
statement is true for each 1 < j < n;: if call C;; is of type Add, then properties (B.48)—

(B.49) hold.

Close(Cy) = R[I;; U J; ] (B.48)
StC(R)T[Ii’j AZJ U A?:j’ A?,j] Q Ji,j Q StC(R)lo[[i,j Azj U A??j, A;j] (B49)

Note that Definition ensures that there exists at most one index k£ with 1 < k < n;

such that C;;, is of type Red. If no such £ exists, then by Definition [15] each call C; ; with
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1 < 5 <n,; is of type Del, and so the statement trivially holds for each j. If such a k does

exist, then the statement is clearly true for each j with 1 < j <k since call C;; is not

of type Add; in contrast, each call C; ; with £ < j < n; is of type Add by Definitions

and [16] and so we first prove (B.48)) by induction on j with k < j < n,.

o For the induction base where j = k 4 1, note that call C;; is of type Red, and
so by Claim |65 we have Close(C%") = R[IP, U Jix]. We would like to show that
Close(C3*™™) = R[I; jy1 U Ji g1 holds.

— For the C direction, consider an arbitrary fact R(u,v) in Close(Cy**"). If
R(u,v) € Close(C%"), then Claim |65 ensures R(u,v) € RIIP U Jigl; Deﬁnition
ensures [; 1 = I} w U Jip U AP ki1, and so R(u,v) € R[I;gy1 U Jjpea] holds.
Otherwise, we have R(u,v) € Close(C"') \ Close(C%"). Now if u = v, then
u belongs to a component in C’ékﬂ but does not belong to any component in
C%F, and so u is introduced into C3**' in either line or line . Either way,
R(u,v) € R[I; j+1 U J;g11] holds. If u # v, then u and v are put into the same
component in line , and so R(u,v) € R[I; 41 U J;x41] holds as well. The

choice of R(u,v) is arbitrary, so the C direction holds, as required.

For the D direction, consider arbitrary R(u,v) € R[l;j41 U Jig+1]. Then,
Definition (15 implies R(u,v) € R[I};, U Jip U A, U Jigs1]. There are three

possibilities, which we discuss below.

* If R(u,v) € R[I}, U Jix], then Claim and the way Cp is updated in
Algorithmjointly imply R(u,v) € Close(CE ) C Close(C” k—i—l).

# If R(u,v) € R[AY ) \ Jix] = R[AY,,1 \ ATy, it will be considered in
line during the execution of C; x41. If u = v, lines and ensure
R(u,v) € Close(CE*™); if u # v, lines H and [226| ensure that u and v are
in the same component in C3"*', and so R(u,v) € Close(C%*™) holds in

this case as well.

« If R(u,v) € R[J;41], then it must be added to J;j41 via line 222] [224]
or 228 In each of these cases, u and v will be guaranteed to be in the same

component in C5*" and so R(u,v) € Close(C%*™) holds.
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The choice of R(u,v) is arbitrary, so the O direction holds as well.

o For the inductive step, consider arbitrary j with £ 4+ 1 < j < n; such that prop-
erty (B.48) holds for j — 1, and we show that the property holds for j as well. The

proof is analogous to the above, so we omit the details.

We next prove that the left-hand side C of property holds for each k < j < n;.
To this end, we first consider j = k + 1 and the corresponding Add call C; ;. Let R(u,w)
be an arbitrary fact in stc(R)"[I; ;1 AY; U AT, A7 ]. By the definition of stc(R)" we have
R(u,w) € stc(R) {Ii,j LAY UAT, A;‘J} \ ;. Note that stc(R) involves no negation, so we

have R(u,w) € stc(R) [Ii,j AP U AZ‘]} \ I; ;. We discuss the following possibilities.
o R(w,u) € AY; UAT; holds. There are two cases.

— If R(w,u) € A7, holds, then by Definition |15 we have R(w,u) € J;; 1. By
Claim |65 we have Close(C/ ™) = R[I?; ;U Jy 1], and so w and u belong to one
component in Cy’ ', Consequently, R(u,w) € Close(Cy/ ™) = R[I?;_ U J; ;_1]
holds. Then, Definition |15 ensures R(u,w) € I, j, which is a contradiction.

— If R(w,u) € AY;\ AT holds, then R(w,u) is considered at some point in line
during the execution of C; ;. Consequently, Lines [221 ensure that w and
u belong to one component in C}, and so R(u,w) € Close(Cy') = R[I;; U J; ]

holds. Then, R(u,w) ¢ I, j implies R(u,w) € J; ;.

o There exists v such that R(u,v) € AP; U AP and R(v,w) € I;; hold. Then,
Definition |15 implies R(v,w) € I}; U J; j_1 U A} ;. There are several cases.

— If R(u,v) € AF; and R(v,w) € I?; ;U Ji;_ hold, then Definition im-
plies R(u,v) € J;j_1. Now Close(Cy/™') = R[I};,_; U J;;_1] holds, and so
R(u,v), R(v,w) € Close(C% ") holds. Consequently, u, v, and w all belong
to one component in C%’ ", and so R(u,w) € Close(C/ ™) = R[IP; 1 U J; ).

Then, by Definition |15 we have R(u,w) € I; ;, which is a contradiction.

— If R(u,v) € Ay = Jij1 and R(v,w) € AP\ Jij-1 = AP; \ AT, hold, then
Close(C% ) = R[ID; U J;j—1] implies R(u,v) € Close(C%' ™). Consequently,

u and v belong to one component in C}é’j*l. The way Cg is updated in
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Algorithm |11 ensures that u and v still belong to one component in C’Ej . Now
R(v,w) € AY; \ AT ensures that R(v,w) is considered at some point in line
during the execution of C; ;, and so lines ensure that v and w end up
in one component in C}éj . Since we have already shown that v and v belong to
one component in C}/, we have R(u,w) € Close(C}) = R[I;; U J;;]. But then,

R(u,w) ¢ I, ; implies R(u,w) € J;;, as required.

— If R(u,v) € AY; \ AT and R(v,w) € If; ; U J;; 1 both hold, then clearly
Close(C 1) = R[ID; ;U J;;_1] implies R(v,w) € Close(C%/™"). In the same
way as in the previous case, v and w belong to one component in C’Ej ; moreover,

P m
R(u,v) € A7;\ AT ensures that u belongs to the same component. Consequently,

we have R(u,w) € Close(C}/) = R[I;; U Ji;], and so R(u,w) ¢ I;; implies

R(u,w) € J; ;, as required.

— If R(u,v) € AY; \ AFy and R(v,w) € AP; \ Jijo1 = Af; \ AT} hold, then both
R(u,v) and R(v,w) are considered at some point in line during the execution
of C; ;. Consequently, u, v, and w all belong to one component in C’gj , and so in

a way similar to the previous cases we have R(u,w) € J; ;.
The proof for j with £ 4+ 1 < 57 < n,; is analogous to the above, so we omit the details.

Finally, we show that the right-hand side C of property (B.49) holds for each
j with k& < 57 < n;. To this end, consider first 5 = k + 1 and the corresponding
Add call C;;. For 1 <1 < |A2j \ AT, let J! be the value of J right after the Ith
iteration of lines [221 during the execution of C;;. Moreover, let J; be defined
with respect to stc(R)[ [I; ;i AY; UAT;, A7 ] as in Definition @ We show by induc-
tion on [ that J' C I;; Ustc(R)1 [L;: AY; U AT, Al ] holds. Then, line ensures
Ji,j - StC(R)lo[]i,j Azj U A??j’ A?,]]
« For the induction base where I = 1, let R(u,v) € Af; \ AT, be the fact considered

in this iteration of lines 228 and consider arbitrary G € J!. We discuss the

following possibilities.

— @ is added to J! in line 222] then clearly G = R(u,u) holds. Then, by the
definition of J; we have R(v,u) € I; ;U J;. Consequently, R(u,v) € AP, \ Af}
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implies that R(u,u) can be derived by the transitive rule. This clearly implies

G = R(u,u) € I; ; U J, C I Ustc(R)[1; ; A} ; U AT, A7 ], as required.

— G is added to J! in line . This is analogous to the previous case.

— G is added to J' in line 228 Let G = R(v/,v’). There are several cases.

* u' =wuand v' = v. In this case, G € AY; \ A, C I;; clearly holds.

x u' # u and v = v. Then, v’ and u must already belong to one component
in O3 ~'. Consequently, we have R(u/,u) € Close(C}/ ™) = R[ID; 1 U Ji ;1]

By Definition |15 we have R(u',u) € I;;, and so R(u,v) € Af; \ AJ; implies
R(uw',v) € I; ;U Jy C I;; Ustc(R)[ [ A7 ; U AT, AT, as required.

1,57
x ' = uw and v' # v. This is analogous to the above case, so we omit the

details.

x v # uw and v # v. It can be shown in a similar way as in previous cases
that R(v',v) € I;; UJy and R(v,v') € If; ; U J;;-1 hold. Assume for
the sake of a contradiction that R(u',v) € If; ; U J;;_1 holds, then, o/,
v, and v’ all belong to one component in Cli_—;j ~!. which is a contradiction.

Consequently, R(u',v) € (AF;\A";)UJ1, and so we have R(u',v) € I;;UJy C
I;; Ustc(R)L [Li,; A, U AT AT, as required.

1/7]’

« For the inductive step, consider arbitrary [ > 1 such that J'=* C I; ;Ustc(R)]_[1; ; AP ;U

AT, A7 holds. Let G be an arbitrary fact in JU. If G € J'"! holds, then by the
induction assumption we have G € I;; Ustc(R)[ [L; ;i AY; U AT, A ] Otherwise, let

R(u,v) be the fact considered in the kth iteration of lines [2214228| and we discuss

the following possibilities.

— G is added to J' in line 222 This is analogous to the corresponding case for

[ =1, so we omit the details.
— G is added to J' in line 224 This is analogous to the previous case.
— G is added to J' in line 228 Let G = R(u/,v'). There are several cases.

* u' =wuand v' = v. In this case, G € AP, \ A, C I;; clearly holds.
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x u' # u and v = v. Then, v’ and u either belong to one component in Ciéj_l,
or are put into the same component in a previous iteration of lines [221
228, For the former case, we have R(u’,u) € Close(C}y/ ") C R[I;], and so
R(uw',v) € I ;UJy C I;;Ustc(R)L L ;: A7 ; UAT,, A7 ], as required. For the
latter case, we have R(u/,u) € J'=1. By the induction assumption there exists
k' such that R(u',u) € I; ;U Jp holds. Together with R(u,v) € Af;\ A, we
have R(u',v) € I;; U Jyy1 C I Ustc(R)L L A7 U AT, A7 ], as required.

irj?

x u' = wu and v # v. This is analogous to the above case.

* u # uand v # v. It can be shown in a similar way as in previous cases that
there exist k' and k” such that R(v',v) € I, ; U Jy and R(v,v") € I; j U Jp
hold. Without loss of generality assume that £” > k' holds, then we have
R(u',v') € I ; U Jypia C L Uste(R)[[1;; 0 A7 U AT, AT, as required.

The proof for j with £ 4+ 1 < 7 < n, is analogous to the above. ]
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