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variables and B is a real parameter. Given ® and o, can we efficiently learn 8?

This problem falls into a recent line of work about single-sample (“one-shot”) learning
of Markov random fields. Our k-SAT setting was recently studied by Galanis, Kalavasis,
Kandiros (SODA24). They showed that single-sample learning is possible when roughly d <

Keywords:

Computational learning theory 2k/645 and impossible when d > (k+ 1)2%~1. In addition to the gap in d, their impossibility
k-SAT result left open the question of whether the feasibility threshold for one-shot learning is
Maximum likelihood estimation dictated by the satisfiability threshold for bounded-degree k-SAT formulas.

Our main contribution is to answer this question negatively. We show that one-shot
learning for k-SAT is infeasible well below the satisfiability threshold; in fact, we obtain
impossibility results for degrees d as low as k* when B is sufficiently large, and
bootstrap this to small values of 8 when d scales exponentially with k, via a probabilistic
construction. On the positive side, we simplify the analysis of the learning algorithm,
obtaining significantly stronger bounds on d in terms of 8. For the uniform case 8 — 0, we
show that learning is possible under the condition d < 2K/2 This is (up to constant factors)
all the way to the sampling threshold - it is known that sampling a uniformly-distributed
satisfying assignment is NP-hard for d > 2¥/2.
© 2025 The Authors. Published by Elsevier Inc. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

A key task that arises in statistical inference is to estimate the underlying parameters of a distribution, frequently based
on the assumption that one has access to a sufficiently large number of independent and identically distributed (i.i.d.)
samples. However, in many settings it is critical to perform the estimation with substantially fewer samples, driven by
constraints in data availability, computational cost, or real-time decision-making requirements. In this paper, we consider
the extreme setting where only a single sample is available and investigate the feasibility of parameter estimation in this
case. We refer to this setting as “one-shot learning”.

Markov random fields (also known as undirected graphical models) are a canonical framework used to model high-
dimensional distributions. The seminal work of Chatterjee [11] initiated the study of one-shot learning for the Ising and spin
glass models, a significant class of Markov random fields that includes the well-known Sherrington-Kirkpatrick and Hopfield
models. This approach was later explored in greater depth for the Ising model by Bhattacharya and Mukherjee [3] and
subsequently extended to tensor or weighted variants of the Ising model in [24,34,15]. Beyond the Ising model, Daskalakis
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et al. [17,18] examined one-shot learning in more general settings, notably including logistic regression and higher-order
spin systems, obtaining various algorithmic results in “soft-constrained” models, i.e., models where the distribution is sup-
ported on the entire state space. Bhattacharya and Ramanan [4] showed that efficient parameter estimation using one
sample is still possible under the presence of hard constraints which prohibit certain states, relaxing the soft-constrained
assumption with “permissiveness”; canonical Markov random fields in this class include various combinatorial models such
as the hardcore model (weighted independent sets). Notably, in all these cases, one-shot learning is always feasible with
mild average-degree assumptions on the underlying graph (assuming of course access to an appropriate sample).

More recently, Galanis et al. [22] investigated one-shot learning for hard-constrained models that are not permissive,
focusing primarily on k-SAT and proper colourings; in contrast to soft-constrained models, they showed that one-shot learn-
ing is not always possible and investigated its feasibility under various conditions. Their results left however one important
question open for k-SAT, in terms of identifying the “right” feasibility threshold. In particular, their impossibility results were
based on the existence of unsatisfiable instances for k-SAT, suggesting that it might be the satisfiability threshold that is
most relevant for one-shot learning. Here we refute this in a strong way. We show infeasibility well below the satisfiability
threshold, and obtain positive results that align closely with the conjectured threshold for sampling satisfying assignments.

1.1. Definitions and main results

In the k-SAT model, we consider the state space 2, := {TRUE, FALSE}", where each element is an assignment to n
Boolean variables. The support of the Markov random field is then restricted to the set of assignments that satisfy a given
k-CNF formula. More precisely, we define &,y 4 as the set of CNF formulas with n variables such that each clause has exactly
k distinct variables and each variable appears in at most d clauses. For an assignment o € Q, and a formula ¥ € @, ; 4, we
denote by o = W the event that o satisfies W and we denote by m(o) the number of variables that are assigned to TRUE
in 0. (See Section 1.4 for further details.)

We study the weighted k-SAT model parametrized by g. For a fixed formula ¥ € &, 4, the probability for each assign-
ment o € Q is given by

efm) 1[0 = U]
ZO’EQH efm©@) 1[o = ‘I"]'

Let Qp (W) := {0 € Qy : 0 =V} be the support of Pry g. When g =0, this distribution reduces to the uniform distribution
over all satisfying assignments Q,(W¥). For general 8 # 0, it biases the distribution toward assignments with more TRUE if
B >0 and biases toward those with more FALSE if 8 <O0.

We consider the following one-shot learning task for B. The learner knows parameters d,k and a fixed formula W €
®;, k4. Additionally, the learner has access to a single sample o € Q,(¥) drawn from distribution Pry g[-]. The learner also
knows that g lies within a specified range |8| < B, but it does not know the exact value of B. The goal is to estimate 8
using these inputs.

To quantify the accuracy of our estimate, we say that ,3 is an e-estimate if |8 — 3 | < €. Typically we want € to decrease
as n increases so that € — 0 when n — oo. In this case we call ,3 a consistent estimator. On the other hand, if there exists
a constant €p > 0 such that limsup,, |8 — Bl > €0, then B is not a consistent estimator and we say g is not identifiable by S.
Finally, if 8 is not identifiable by any /§ we say it is impossible to estimate f.

Our main algorithmic result is a linear-time one-shot learning algorithm for 8 in the weighted k-SAT model.

ﬁ%[a]z (1)

Theorem 1.1. Let B > 0 be a real number. Let d, k > 3 be integers such that
1
e3Vk

There is an estimation algorithm which, for any g* with |8*| < B, given any input ® € ®; y 4 and a sample from o ~ Prg g+, outputs
in 0 (n + log(nB)) time an O (n—1/2)-estimate (o) such that

d<

C(1+eBys, )

Pr [1A@) — 7| =00 )] =170,
@, *

Our results improve upon the conditions in [22], which ensure a consistent estimate under the requirement when d <
(1 4+ e~B)k/645 Based on the corresponding threshold for approximate sampling, the conjectured “true” threshold for d is

of the order (1 + e*B)g. Consequently, our improved condition in (2) is only off by a polynomial factor in k relative to this
conjectured threshold.

For comparison with the approximate sampling threshold—commonly stated for the uniform k-SAT distribution—we spe-
cialize to B — 0. In that limit, our algorithmic result for single-sample learning holds roughly when d < 2%/2_ The best
currently known result for efficient sampling, due to Wang and Yin [37], holds under the condition d < 2¢/482 see also
the series of works [32,19,29,28]. It is conjectured that the sharp condition for efficient sampling is d < 2*/2, supported by
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matching hardness results for monotone formulas. It is known in particular that for d > 2¥/2, no efficient sampling algorithm
exists (unless NP = RP).

To complement our algorithmic result, we also present impossibility results, suggesting that conditions like (2) are nearly
sharp.

Theorem 1.2. Let 8* be a real number such that |8*| > 1. Let k > 4 be an even integer, and let n be a multiple of k/2 that is large
enough. If

2
d= K (1+|ﬁ%) , G)
e —e

then there exists a formula ® € @, i ¢ such that it is impossible to estimate 8* from a sample o ~ Pre g+ with high probability.

For the parameter d around the satisfiability threshold, specifically at the uniquely satisfiable threshold u(k) (see, e.g.,
[31] on the connection between these two thresholds), if

dzu(k):@(%k), (4)

there exists a formula ® € @, ;4 such that it is impossible to estimate 8* from any number of samples o ~ Prg g+ because
Qn(®P) is a deterministic set consisting of a single satisfying assignment that does not depend on A*. Galanis et al. [22]
explicitly construct such a formula ®, though it requires an additional O (k?) factor relative to (4), representing the previous
best known condition for the impossibility of estimation. Condition (3) in Theorem 1.2 not only relaxes (4) when |8*| grows
large, but it also features the correct k/2 exponent, matching that in both (2) and the conjectured threshold. Indeed, when
B =~ |B*| — o0, conditions (2) and (3) both take the form

(14 0 FTh)k2. kom (5)

These findings partially indicate that, at least for the k-SAT model, the sampling threshold is more relevant to one-shot
learning than the satisfiability threshold.

In addition, we find that if we allow B* to be proportional to k, then learning becomes impossible for a significantly
larger range of d. Specifically, unlike condition (3), which requires d to be exponential in k, here we only need d to be
quadratic in k, leading to a much sparser formula when k is large.

Theorem 1.3. Let k > 4 be an even integer. For all 8* € R such that |8*| > kIn 2 the following holds. Let n be a multiple of k/2 that is
large enough. If d > k2 /2, then there exists a formula ® € ®y, k. such that it is impossible to estimate * from a sample o ~ Pre g«
with high probability.

Remark. In the regimes where Theorem 1.2 or Theorem 1.3 applies, the corresponding formula & ensures that there is a
single assignment that is the output with all but exponentially-small probability, regardless of the value of 8*. Hence, the
proof of this theorem guarantees that it is impossible to learn from exponentially many independent samples. Moreover, for
any pair of (81, B2) such that |81] > |B82] > |8*| and B182 > 0, no hypothesis testing for Ho : 8 = 81 versus Hi : 8 = 8, can
be done to distinguish Prg g, from Pre g,, that is, there exists no sequence of consistent test functions ¢, : 2, — {0, 1} such
that

nango EUNPr¢_ﬁ1 ¢n(0) =0and nlglgo ]EO'NPI'QﬂZ ¢n(o) =1.

1.2. Proof overview

We prove Theorem 1.1 by using the maximum pseudo-likelihood estimator. Establishing the consistency of this
estimator—as stated in Theorem 2.1—requires demonstrating that the log-pseudo-likelihood function is (strongly) concave;
see (11) for the precise formulation. In the k-SAT setting, showing such concavity amounts to showing that with high
probability over samples drawn from Pre g«[-], each sample contains a linear number of “flippable variables.” We prove
this property in Lemma 2.2 by applying the Lovasz local lemma (LLL), which enables us to compare Pre g+[-] to a suitable
product distribution—under which the number of flippable variables is guaranteed to be linear. Notably, we apply the LLL
directly to a non-local set of variables, in contrast to previous analyses that confined the application of the LLL to local
neighbourhoods—a restriction that typically imposes stronger constraints on the parameter regime. By circumventing these
stronger constraints, our approach achieves its guarantee under the nearly optimal LLL condition.

The main technical novelty of this paper is our negative results. To explain these, we begin by outlining the proof of
Theorem 1.3. For simplicity, we focus on the case where g* > 0. At a high level, we construct a gadget formula ¥y for
which the all-true assignment o™ carries almost all of the probability mass under Pry, g«[-] provided that g* > kIn2.
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Consequently, a sample o ~ Pry, g+[-] drawn from this distribution is nearly deterministic, offering virtually no information
about B* and thus rendering learning impossible. The key property of this gadget is established in Lemma 3.1. Specifically,
the lemma ensures that o™ satisfies Wy and that any other assignment ¢ with fewer than 2n/k variables set to FALSE is
not a satisfying assignment of Wy. We achieve this by incorporating a cyclic structure over the variables that enforces global
correlation among the FALSE values in the assignments. In particular, there are no flippable variables in o+,

Towards the proof of Theorem 1.2, we first leverage the gadget Wy to show the existence of a stronger gadget W»,
parametrized by b > 1 in Lemma 3.4, which guarantees that the all-true assignment o+ satisfies W, and any other assign-
ment with fewer than n/b variables set to FALSE fails to satisfy W;. Then we choose b appropriately in terms of 8* to make
sure that o T carries nearly all of the probability mass, using some more technical estimates for the corresponding partition
function. To build W, we take a finite number of replicas of ¥y on randomly permuted sets of variables. The existence
of the desired formula is established using the probabilistic method; specifically, we demonstrate an upper bound on the
expectation of m(o) for any satisfying assignment o # o T, over the choice of the permutations.

1.3. Related work

Parameter Estimation in Markov Random Fields. A large body of work has focused on parameter estimation under the
one-shot learning paradigm (see, e.g., [11,3,17,18,24,15,34]), particularly for Ising-like models in statistical physics and for
dependent regression models in statistics. In this work, we follow a similar approach by establishing the consistency of
the maximum pseudo-likelihood estimator. Earlier studies (e.g., [25,14,13,23]) have also explored parameter estimation in
Markov random fields using the maximum likelihood estimator.

Before our work, the papers Bhattacharya and Ramanan [4], Galanis et al. [22] were the first to study one-shot learning
in hard-constrained models. In particular, the hardcore model analysed in [4] can be viewed as a weighted monotone 2-SAT
model, and one natural extension of the hardcore model to k-uniform hypergraphs corresponds to the class of weighted
monotone k-SAT models—a special case of the weighted k-SAT models that we consider. Because a typical assignment in
these monotone formulas possesses 2(n) flippable variables, the pseudo-likelihood estimator remains consistent across all
parameter regimes, and no phase transition is expected. The weighted k-SAT problem was analysed in [22], where the
authors derived both a consistency condition and an impossibility condition, though a substantial gap remained between
them. By tightening the bounds on both ends, our work considerably narrows this gap, nearly closing it entirely.

Related Works in Structural Learning/Testing. An alternative direction in learning Markov random fields involves estimating
the interaction matrix between variables—a question originally posed by Chow and Liu [12]. For the Ising model, this
problem has been extensively studied (see, e.g., [6,36,9] and the references therein), and subsequent work has extended the
results to higher-order models [30,27,20]. Recent work [38,15,21] has also considered the joint learning of both structure and
parameters. Moreover, Santhanam and Wainwright [35] establishes the information-theoretic limits on what any learner can
achieve, and similar analyses have been conducted for hardcore models [8,7]. While some approaches in this line of work
require multiple independent samples, as noted in [15], it is also possible to reduce learning with O (1) samples to a class
of special cases within one-shot learning. Related problems in one-shot testing for Markov random fields have also been
studied in [10,16,33,2,5].

1.4. k-SAT notation

We use standard notation for the k-SAT problem. A formula ® = (V, C) denotes a CNF (Conjunctive Normal Form) formula
with variables V = {xq,...,x,} and clauses C. We use o (x;) and o; to denote the truth value of the variable x; under an
assignment o : V — {TRUE, FALSE}. For any clause c € C, var(c) denotes the set of variables appearing in ¢ (negated or
not). The degree of a variable x; in @ is the number of clauses in which x; or —x; appears, namely |{c € C : x; € var(c)}|.
The degree of @ is the maximum, over x; € V, of the degree of x; in ®. As noted in the introduction, m(c) denotes the
number of variables that are assigned to TRUE by an assignment o. Namely, m(o) := |{i € [n] : 0; = TRUE}|.

2. Maximum pseudo-likelihood estimator: the proof of Theorem 1.1

Section 2.1 introduces the fundamentals of the maximum pseudo-likelihood estimator and analyses its running time for
solving the weighted k-SAT problem. In Sections 2.2 and 2.3, we establish the estimator’s consistency.

2.1. Overview of maximum (pseudo)-likelihood estimation

For a k-SAT formula W and a satisfying assignment o, we will use f(B; o) to denote the quantity Pry g(o) from (1), i.e.,
f(B;0) = ef™9) /7(8; W), where Z(B; W) is the normalising constant of the distribution (the partition function).

A standard approach to parameter estimation is to find fuig(c) = arg maxg f(B; o), which is commonly referred to as
the maximum likelihood estimate (MLE). However, two main obstacles arise when applying MLE directly to the weighted
k-SAT problem. First, (approximately) computing Z(B; V) is generally intractable because it is an NP-hard computation.
Second, even if an approximation algorithm exists for computing /§MLE(0), there is no guarantee of its consistency, i.e., there
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is no guarantee that with high probability it is close to *. Hence, we take a computationally more tractable variant of MLE
from [1] which is called the maximum pseudo-likelihood estimation. Let f;(8; o) be the conditional probability of oj, in a
distribution with parameter g, conditioned on the value of o_; := (0}) j%i. The maximum pseudo-likelihood estimate (MPLE)
is defined as

PBupie(0) := argmax [ | fi(B: o) = argmax Y "In fi(B; o).
b ieV p ieV
Here, the objective function F(B8;0) :=} ;. In fij(B; 0) is the so-called log-pseudo-likelihood function. For the weighted
k-SAT problem, it is not hard to compute f;j(8;0) as
eﬂoi
" ePl[o_j A (0; < TRUE)] + 1[0_; A (07 < FALSE)]’

where 1[w] is shorthand for 1[w = ¥]. So we can write the log-pseudo-likelihood function for k-SAT as

fi(B; o)

eﬂo'i
Fi0) = g‘;ln (eﬂll[cr_,- A (07 < TRUE)] + 1[0_; A (07 < FALSE)]) ’

=pm(o) — > In(eP1lo_; A (0; < TRUE)] + L[o_; A (0; < FALSE)]).
ieV

For a fixed o, F(;0):R — R is a function of . By taking derivative with respect to 8, we obtain

F(B; 0) —m(©) Z ef1[o_; A (0; < TRUE)] )
B — eB1[o_; A (07 < TRUE)] + 1[0_; A (0; < FALSE)]’
Clearly, %ﬁﬂ”) is a decreasing function of 8, which implies that F(8;0) has a unique global maximum that is achieved
when % = 0. Therefore, ,éMpLE(a) can be uniquely defined to be the maximum of F(8; o).

Moreover, provided |/§MpLE(a)| < 2B, an e-close estimate of ﬁMpLE (o) can be computed, using O (In (B/€)) steps of binary
search for the solution to %"2‘” = 0. At each step of the binary search, we evaluate %";f” and adjust the binary search

interval based on its sign. A naive evaluation of % as in (6) would require ®(n) operations per step. We can reduce
this by exploiting the fact that the summand

ef1[o_i A (0; < TRUE)]
ePl[o_; A (0; < TRUE)] + 1[o_; A (0; < FALSE)]

Si(B) ==

can take only three values {0, 1, e# /(1 + e#)}. Hence, by grouping the summands according to their values, we obtain

@)~ Y si® =m@)—liev:sip=11- - |liev:sp=—"_ (7)
ieVl N B 1+ef TR 1 4B )
Crucially, the sets {i e V : S;(8) =1} and {ie V : §;(B) = He_%} do not depend on B, and thus can be computed only

once before the binary search. After this preprocessing, each evaluation of %;f) can be done in O(1) time using the
decomposition in (7). Overall, to achieve an 0 (n~'/2)-close estimate, the total running time is O (n + log(nB)).

2.2. Consistency of MPLE

In Section 2.1 we gave an algorithm with running time O (n + log(nB)), which takes as input a formula ¥ and an
assignment o € Q,(¥) and outputs an estimate B(o) which satisfies

B(o) — Pupie(o)| = 0(n~'/?),
provided | BMPLE(G)l < 2B. Theorem 1.1 follows immediately from the Theorem 2.1, which demonstrates O (1/n)-consistency.
Theorem 2.1. Let 8* be a real number, and let d, k > 3 be integers such that

S 4e 5 (8)

e3vk
For any integer n and ® € ®p k 4,

UléMPLE(O') -p*

o = O(n—l/z)] —1—e 0, 9)
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As in the standard literature [11], the consistency result can be proved using bounds on the derivatives of the log-
pseudo-likelihood function F. In particular, following the analysis in [22], (9) is a consequence of these two bounds:

1. A uniform linear upper bound of the second moment of the first derivative of F: for all 8 € R,

. 2
Eo., [(%ﬂ) } < k. (10)

2. With high probability over o ~ Prg g+, there is a uniform lower bound of the second derivative of F:

2 .
Pr [infmzﬂ(n)] =1—e 9™, (11)
®.p* [ peR  0B2

In brief, (10) and (11) control the first and second-derivative of the log-pseudo-likelihood function, for most o. A second-
order Taylor approximation around B*, combined with these bounds, yields (9). We refer interested readers to the proof of
Theorem 1.1 in [22], where the complete argument is carried out in detail.

Moreover, Lemma 3.1 in [22] proves the bound (10) for all 8 € R and all d,k > 3, and they give a combinatorial ex-
pression (equations (3.9) and (3.10) in [22]) for % that will be the useful for proving (11). To state this expression,
we introduce the notion of flippable variables. We say a variable v; is flippable in o if the assignment, obtained by flip-
ping the value of variable v; while keeping the values of other variables in o, is still a satisfying assignment, that is,
(0_i A (—0j)) = W. We use ey, (o) to denote the indicator of the event that variable v; is flippable in a satisfying assign-
ment o. By differentiating (6) using the expression in (7), we obtain the following expression for the second derivative of
F (shown in [22]):

3%F(B;0) ef
B = P E? ‘g/e.,(cr). (12)

Hence, proving (11) reduces to establishing a linear lower bound on the number of flippable variables. The main ingredient
in the proof of our positive result is Lemma 2.2, which provides such a lower bound under the condition (8).

Lemma 2.2. Let 8* be a real number, and let d, k > 3 be integers such that
1
e3vk

Then for a fixed ® = (V,C) € Oy k.4,

_ _1_ -
@?‘g*[Zev(G)_Q(n)}_l e . (13)

veV

d< C(14e Bh5

Using Lemma 2.2 and the identity (12), we derive (11) under the condition (8), thereby completing the proof of Theo-
rem 2.1. The proof of Lemma 2.2 will be presented in the next section.

2.3. Proof of Lemma 2.2: applying the Lovdsz local lemma in a batch

The following version of the Lovasz Local Lemma (LLL) from [26] will be useful for our proof of Lemma 2.2.

Lemma 2.3 (Lemma 26, [26]). Let & = (V, C) be a CNF formula. Let u be the product distribution on {TRUE, FALSE}V!, where each
variable is set to TRUE independently with probability ef /(1 + e#). For each c € C, let A¢ be the event that clause c is unsatisfied. If
there exists a sequence {x}ccc such that for each c € C,

Priac =xe- [T a=xp, (14)
jel(o)

where I'(c) C C is the set of clauses that contain a variable in var(c), then ® has a satisfying assignment. Moreover, the distributions
Pre g and Pry, can be related as follows: for any event E that can be completely determined by the assignment of a set S of variables,

1
(g%[E]leLr[E]- ]_[ — (15)

jer(E) ]

where I'(E) denotes the set of all clauses that contain a variable in S.
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In many previous works utilising the LLL for sampling purposes, Lemma 2.3, or a variant of it, is typically applied to
local events, including, for instance, the event that a specific variable is flippable or, more generally, to events happening
in the neighbourhood of a vertex. This is present in the approach of [22] which, in the end, imposed stricter conditions
on d (relative to k) since it requires “marking” variables appropriately (see [32]). Here, we prove Lemma 2.2 by applying
Lemma 2.3 directly to a batch of random variables scattered around the graph in one go, removing the need for marking,
and relaxing significantly the conditions on d. This simple idea enables our stronger result.

Proof of Lemma 2.2. Let 8 = |8*| and let V = {vq,...,v,}. For any c € C, we set x, = 1/(d%*k + 1). Note I'(c) < dk. By (8)
and the trivial bound 1 < d%k, we have

k
1 1 (1+ef
dk+1<—(1+ePk=— .
+ _26( + ) 2e eb

Also, since d, k > 3, we have

1 1 dk
—<|1-— .
2e_< dk)
Thus, for each c € C,
bl < ef "<1 1 _( 1\% 1
wo T\ 1+ef) T 2e d2k+1_ dk d?k +1

1 dk
1—- 1—-
f( d2k+1> d2k+l <x- [] a-x).

Jjer (o

establishing condition (14) in Lemma 2.3.

Next we will show (13) under condition (14). Recall for an assignment o of Q,(®) and a variable v; e V, ey;(0) =1 if
in every clause c containing v;, there is a variable v; # v; that satisfies c. Since d and k are bounded, for sufficiently large
n, there exists a set U of R = Q(n) variables vy, ..., vg such that d(v;, vj) > 100 for all 1 <i < j <R, where distance d(-, -)
is defined as the graphical distance in the hypergraph corresponding to ®. Let E denote the event {ZIR:1 ey (0) < %}.

First, we compute the probability of E under the product distribution u, where each variable is set to TRUE indepen-
dently with probability e? /(1 + ef). We apply a union bound by noting that if E occurs then there are at least % variables
in U that are not flippable.

R R R 2R/3
I:Lr[E] = l;r [;evi(a) < E} <2R/3> (maxPr[ev (0)= O]) . (16)

If ey;(0) =0, then there exists a clause c; such that v; € var(cj) and c; is not satisfied by var(c;) \ {v;} in o. We apply
another union bound over all ¢ in which v; appears, and obtain

eﬁ k-1
Il’Lr[evi(a):O]Sd-(l_'_eﬂ) . (17)
From (16) and (17), we have
R of k—1-2R/3
W= <2R/3> [d' <1+—eﬁ> ] ' (18)

We now apply Lemma 2.3 to relate the distribution Pre g[-] to Pry[-]. Let S be the set of variables that are either in U
or share a clause with variables in U. Then E is determined by the variables S. So I'(E) is the set of all clauses containing
variables in S, and thus [T'(E)| < Rd?k. It follows from (15), (18), and the standard bound (J}) < (’,‘ﬂ—e)m that

IrE)|
Pr[E] <Pr{E]- (1— -
o plEI < FIE] < d2k+1)

R ef \K172R/3 1 —Rd?k
< d | —— 1— ——
_(ZR/3>[ <1+eﬁ> ] ( d2k+1>

g\ k—172R/3 g \k-172R/3
R3[4 (€ R 3 .. (_¢©
=0/ |:d <1+€’3> ] ¢ E[e ‘ (14‘6’3) ] '

ef
1+eP

This completes the proof since we have e3 - d - ( )k_1 < 1 by our assumption (8). O
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3. Impossibility of learning: proofs of Theorems 1.2 and 1.3

For the construction of the impossibility instances, we begin with a “gadget” that will serve as a building block.

Lemma 3.1. Let k > 4 be an even integer and let n > k be a multiple of k/2. If d > k? /2, then there is a formula Wq € ®y, kg such that
if an assignment o of Wy is satisfying then either

1. o has n TRUEs, or
2. o has at least 2n/k FALSEs.

Similarly (by symmetry), there is a formula W1 € &, 4 such that, for any satisfying assignment o of W1, either o has n FALSEs, or o
has at least 2n/k TRUEs.

The instance Wy and W, will lead to a proof of Theorem 1.3. For clarity, we denote the assignment to n variables with n
TRUEs as o .

Proof of Theorem 1.3. Assume B* > kIn2 without loss of generality. Let Wy be the formula given by Lemma 3.1 (when
B* < —kIn2 we use W; instead). Suppose ¢ is drawn from Pry, g+, and we directly estimate the probability of {o =o*}:
since o has at most 2" possibilities and on event {o # ¢} the number of TRUES is at most n — 2n/k, we have

e[ﬁ*n 2kn 1

Pr [c=0"]>
0’ *

Vo, B ep*n 4 2n. eB*-(n—2n/k) z 2kn + n+k-(n—2n/k) = 1421 :

As the samples from Pry, g+ are insensitive to 8* with high probability, learning g* from o is impossible. O

We now present a detailed description of the formula that defines Wy in Lemma 3.1. Let k > 3 be an even integer and
let n > k be a multiple of k/2. Let N={0,...,n — 1}. The variables of ¥ are {x; | i € N}.

For the construction, it will be helpful to group variables in batches of k/2 variables in a cyclic manner. Specifically, for
i € N, consider the i-th batch of indices

Ei={i+j (modn)|je{0,...,k/2—1}}

and let C; = {x; | £ € E;} be the corresponding variables in the i-th batch. We now introduce two types of length-k/2
clauses W;, and TII; that will be used to form the final length-k clauses. Specifically, for each ¢ in the batch E;, W;, is the
length-(k/2) clause with variable set C; in which x, appears positively and all other variables are negated. Let IT; be the
length-(k/2) clause with variable set C; in which all variables are negated. Finally,

Vg = /\ Wi eV Hiyk/2)-

ieN,LeE;

(so Wy is the formula with variable set {x; | i € N} and clause set {W;, Vv Ilj /2 | i € N, £ € &;}). The formula W is obtained
from Wy by negating all of the literals.

Note that W, W1 € &, 4 for every integer d > k?/2, since for each j e N, the literals xj and —x; occur (together) k22
times. To see this, note that for each j e N, xj or —x; comes up in W;, Vv Ijy for all ie{j—k—1 (modn),...,j}
and all £ € E; so this is k different i’s and k/2 different ¢’s. In the proof of Lemma 3.2 we will demonstrate that ¥y (and
analogously, W1) satisfies the requirements of Lemma 3.1.

Lemma 3.2. Let k > 4 be an even integer and let n > k be a multiple of k/2. If o # o T satisfies Wq then, forall ¢ € {0, 1, ...,2n/k—1},
o assigns at least one variable in Cgr/p U Cgy1)k/2 to FALSE and o has at least 2n/k FALSEs in total.

Proof of Lemma 3.2. We will use the following claim as a key step of the proof.
Claim. If o # o T satisfies Vg, and o assigns one variable X, in Cyx/2 to FALSE, then either
1. o assigns a variable Xy, in C (g4 1)k/2 to FALSE, or

2. Allvariables in C(g11yk/2 are assigned to TRUE in o, and there exist variables xc € C(g12)k/2 and x4 € Cgi2 \ {Xq} that are assigned
to FALSEino.

Proof of the Claim. Suppose we are not in the first case, so we will show that o assigns FALSE to xc € C(¢12)k/2 and
X4 € Cy2 \ {Xq}. Since o satisfies Wo, it satisfies at least one of W/ o and IT(¢41)k/2. Since variables in Ceqqyk/2 are all
assigned to TRUE by the assumption that we are not in the first case, o does not satisfy T4 1)k/2. If o satisfies W2 4

8
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then it assigns a variable x4 to FALSE where d € By \ {a}. Also, the set {j € B¢/ : 0(x;) = FALSE} is not empty. Let
j=max{j € B : 0(xj) = FALSE}. Note that o does not satisfy W ;, so for o to satisfy W; j v ITj /2, it must satisfy
Hj+(k/2), which means o assigns a variable x; € Cj+(k/2) to FALSE. Since x. ¢ C((+])k/2 and Cj+(k/2) - C(g+1)/</2 U C(@+2)/</2,
we establish that xc € C(,42)k/2. This concludes the proof of the claim.

We now show how to use the claim to prove the lemma. Fix an assignment o # o * that satisfies ¥y. Fix an index j(0) so
that x;() is assigned FALSE by o. By symmetry of Wo, we could assume j(0) € Eo. Let £(0) =0 and G(0) = {x;(0)}. Consider
three sequences {j(t)}t>0, {£(t)}r=0 and {G(t)};>o defined recursively as follows. For every positive integer t, applying the
claim to a = j(t) € Egk/2, in the first case we let

LEt+1)=£(@1)+1, j(t-ﬁ-]):bGE(Z(t)_H)k/z and G+ 1)=G() U {xp};

in the latter case we let

L+ =Lt +2, jt+1)=ceBupinke and Gt +1)=G(®) U {xc, xg}.

By induction on t (with base case t =0) we conclude that

(i) j(®) € Egpyks2 is assigned to FALSE,
(ii) o assigns all variables in G(t) to FALSE, and
(iii) €@t) +2=£(t+1)=>£(t)+ 1 fort < T, where

T :=min{t > 0:£(t) =2n/k — 1 or 2n/k}
is a stopping time of {j(t), £(t), G(t)}¢>0-

By construction, for all [ € {0, 1, ..., 2,7" — 1}, G(T) N (Ci2 U Cy1)k/2) is not empty. Hence we have proved the first part of
the lemma.

Next we will show that |G(T)| > 2,—? For this, observe that for t < T,

IG(t 4+ 1)| = [G(t)| + £(t + 1) — £(t).
Since |G(0)| =1, £(0) =0 and £(T) > 2! —1, it holds that |G(T)| > 2n/k. O

Proof of Lemma 3.1. In the case of Wy, first note that for all i € N, 0" satisfies all instances of W; ;v iyk/2, SO ot satisfies
Wy. Also, if 0 # o, then the lemma follows immediately from Lemma 3.2. The case of ¥y holds analogously. O

The names of the indices of the variables of Wy are not very important, and when we generalise the construction in
Lemma 3.4 it will be useful to consider an arbitrary permutation of them. Here is the notation that we will use. Let & be
any permutation of N ={0,...,n — 1}. We use the notation 7 (i) to denote the element in N that i is mapped to by 7. We
will construct a formula W . Taking id to be the identity permutation on N, the formula W that was already defined is \IJB“.

Forie N, let

EF ={m(@i+j (modn))|jel0,....,k/2—1})

and let CT ={x; | £ € ET}. For £ € ET, let er be the length-(k/2) clause with variable set C in which x, appears
positively and all other variables are negated. Let T be the length-(k/2) clause with variable set C7 in which all variables
are negated. Then

T . A - b4 4
Vo = Nien,eeg; (Wi, vV Hi+k/2)'

The proof that W] € &, 4 for any d > k?/2 is exactly the same as the case 7 = id. The formula WT is obtained from W§
by negating all of the literals.

The following corollary follows immediately from the proof of Lemma 3.2 (by renaming the indices using 7 ) and the
fact that Co, Ck/2, ..., Conjk—1 are disjoint sets.

Corollary 3.3. Let k > 4 be an even integer and let n > k be a multiple of k/2. Let = be a permutation of N. If o # o T satisfies W7 then
there exists a subset M™ (o) € {0, 1,...,2n/k — 1} of size at least n/k such that for all £ € M™ (o), o assigns at least one variable
in CZ(/Z to FALSE.

Remark. While Corollary 3.3 does not guarantee the uniqueness of M7 (o), in what follows we define M7 () to be the
lexicographically smallest set among all the smallest sets satisfying the corollary. Since there are finitely many such sets and
they can be lexicographically ordered, M7™ (¢) is a unique and well-defined set for given 7 and o.

9
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Lemma 3.1 provides formula Wy with a GAP property applying to the number of FALSEs in its satisfying assignments. In
the next lemma, we use Wy to build a larger formula that amplifies the GAP property to make the gap arbitrarily large.

Lemma 3.4. Let k > 4 be an even integer, let b > 1 be a real number, and let d be an integer satisfying
1.
d=(1-3) K2

Let n > k be a sufficiently large multiple of k/2. Then there is a formula W, € &, 4 such that if an assignment o satisfies W, then
either

1. o has n TRUEs, or
2. o has at least n/b FALSEs.

Similarly (by symmetry), there is a formula W3 € @, ¢ such that, for any satisfying assignment o of W3, either o has n FALSEs, or o
has at least n/b TRUEs.

Proof. Fix k, b, d and n as in the statement of the lemma. Let N = {0, ...,n — 1}. The variables of W, are {x; | i € N}. We
will use the following notation. For any set I' of permutations of N, let \Ilg be the formula with variables {x; | i € N} and

clauses | J, (W], v l'[ﬁk/2 |ieN,£e BT} Let

Js 1= max {2, L%k(l _ %)w/z”

and let I'j, be a set of J, permutations of N, each chosen independently and uniformly at random. Let the permutations
in I';, be denoted 71, ...,7,. For each positive integer | < J,, let I'y = {71, ..., 7;}. The formula that we will construct

is Wy = \llgj*. Since the degree of each formula \llg is at most I<2/2, the degree of W, is at most d, := ]*kz/z. Note that

k? 2 K 1\ k2 3 1 k2
de=Ji- 5 smax{k - (1 b) }sk (1=
We will show that, with positive probability over the choice of I'j,, the formula ¥, = \pé* satisfies the requirements in the
lemma statement. Since o™ satisfies every formula W7, it suffices to show that, with positive probability, every satisfying
assignment o # ot of \Ili* has at least n/b variables assigned to FALSE.

For any set I' of permutations of N, let Q; (I') € Q, be the set of assignments o # ot that satisfy \Ilg. Recall that
m(o) is the number of variables that are assigned to TRUE by o. Let MinFalse(I') = min{n —m(o) | o € @, (I')}, so that
MinFalse(I') is the minimum number of FALSE variables in any o € @, (I'). Since @, (I'1) 2 Q, () 2 ---2 Q,; (T,),
we have MinFalse(I'1) < --- < MinFalse(I"},). It suffices to show that, with positive probability over the choice of I'y,,
MinFalse(I";,) > n/b.

Using the fact that n is sufficiently large, we will show that for all t € [J, — 1] and all I'; such that MinFalse(T'y) < n/b,

3n 1 n
Er. [MinFalse(Ft U {m+1})] > min {MinFalse(rt) + @(] _ E)k/z, E} . o)
By Lemma 3.2 (using symmetry to establish the statement for sy rather than for the identity permutation),
MinFalse(T'y) > 2n/k > (3n/(4k))(1 — 1/b)¥/2. Thus by (19), it follows that
3n 1 n
Er,, [MinFalse(I';,)] > min | J 1 )k/z _}

w7 g

— mi kg Dy |} 30, Tz n
= min max{Z,{b(l b) J} 4k(1 b) ’b}

. 3n k 4k 1,-k/2 3n 1.k/2 n n
>miny2- —- - —, —(1—— —(1—==)", - = -
- ( b) 4k( b) b)~b
The second to last inequality needs some explanation. Let x = (2k/b)(1 — 1/b) /2. If x> 2 then [x] > x — x/3 = 2x/3, and
this is applied in the middle term of the final min. On the other hand, if x < 2 so that the maximum is taken at 2, then
(1 —=1/b)*2 > k/b and the first term of the minimum is

3n

3nk 3n n
2. (1-1/b?>2. =" =
4k( /D)= >

_—= — > —,
a4b 2b " b

Since MinFalse(T"},) is bounded from above by n, the conclusion Erj* [MinFalse(I';,)] > n/b implies that, with positive
probability, MinFalse(I";,) > n/b, completing the proof of the lemma.

10
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It remains to prove the lower bound in (19). We start with some notation. For every assignment o € @, \ {o "} let
F(o) be the set of indices of variables that are assigned FALSE by o. For any set I' of permutations of N, and any o €
€, ("), let S(o,T') be the smallest (and lexicographically least, amongst the smallest) non-empty subset of F(o) such that
the assignment o’ with F(o') = S(o, ') satisfies \pg. Clearly, |S(o, )| > MinFalse(I"). For any non-empty set S € N, any
permutation 7t of N, and any set M € {0, 1, ..., 27” — 1}, let

Q (m.T,S,M)={c € Q, (T U{r})|S(0,T) =S, M"(c) = M}.

If Q,(r,I,S,M) # @ let ExtMinFalse(sr,T', S, M) = min{n — m(0),0 € Q, (7, T, S, M)}. (Otherwise, we do not define
Q; (w,T,S,M).)

We are now ready to prove the lower bound in (19). Given a fixed t € [J, — 1] and a fixed I'; such that MinFalse(I';) <
n/b, consider the distribution of MinFalse(T'; U {mr;4+1}) (under the random choice of m+1) We will find it convenient to
also fix S and M. We will show the following condition (20) for every M C {0, 1,..., k — 1} with |[M| > n/k and every
non-empty set S € N with |S| > MinFalse(I'y) such that , (7, T, S, M) #0,

1.k2 n
Er,., [EXtMinFalse(¢41, T¢, S, M)] >mm{M1nFalse(Ft)—|— 0 (1- E) ’E}’ (20)
proving (19).
If |S| > n/b then trivially ExtMinFalse(s;+1, ¢, S, M) > n/b so suppose |S| < n/b. For every non-negative integer £ <

2n/k, let Y¢(S) be the indicator for the event that the random permutation ;11 makes the intersection & /zﬁzl NS empty.

Note that the sets in {EZ‘;Z1 | 0 <€ <2n/k} are disjoint, so by Corollary 3.3, any formula o € @, (7¢41, I'r, S, M) has at least
IS| + > pem Ye(S) variables assigned to FALSE. So we need only show that the expectation of |S| 4+ > ,cp Ye(S) (under
the choice of the random permutation 7;41) is at least the right-hand-side of (20). First, for every non-negative integer

£ < 2n/k, note that
k/2-1

n—|S|—r
Er,, [Ye(S)] :nl?flm(s) =1]= ]_!) Er—
r=|
IS| \k/2 1 k/2 3 1,k/2
>(1— ——— 1-—F >—(1—-=-)"",
= (1= =) = a —k/n)) z30-3)
where the last equality holds when n is large compared to k. We conclude that
1.k/2
Ery Y Ye(S) > 4/< (1- E) .
teM

Therefore, we conclude (20) from |S| > MinFalse(I';). O
Before proving Theorem 1.2, we provide the following more general result from which Theorem 1.2 is a corollary.

Theorem 3.5. For all B # 0, let « = «(|B|) be any real in (0, 1) satisfying

1BI+ 7

Let k > 4 be an even integer and let 8* € R be such that |8*| > |B|. Let n be a multiple of k/2 that is large enough. If

lna+ln(l—oz)>0 (21)

d> ka5, (22)

then there exists a formula ® € &, i 4 such that it is impossible to estimate B* from a sample o ~ Prg, g+ with high probability.

Proof of Theorem 3.5. We first assume g* > 0 and let W, be the formula given by Lemma 3.4. Let « = «@(|8]) € (0, 1) be a
constant satisfying (21). To see the existence of ¢, note that

fla):=~—

is an increasing bijective function from (0,1) to (0, c0). By (21), we have B > f(a). We will show that for any g* > 8,
samples from both Pry, g« will be o™ with probability 1 —e~C1" for some C; > 0. Hence, not only does one-shot learning fail
with high probability, but even e“1"/2 many independent samples provide no additional information with high probability.

o
Inoe —In(1 — &)
-«

Setting b = (1 —«)~!, condition (22) becomes d > k3(1 — %)4{/2. Thus, Lemma 3.4 yields
Z1 %
Prlo=0"]=—— where Z, := E ef Mo = W, (23)
« 1-1/b ,
V2B Z1 +Z / o €Qp:m(c)=an

11
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o 1-ay—n
Using Stirling’s approximation () < @A) )7 e gbtain that

- J2rna(l-o)
* n
Zy <eP'om (om) <exp[n- (e —In@* -1 -a)'™)]. (24)
From the definition of « in (21), it follows that

exp[n- (o —In@® - (1 —a)!7%)] <ef ™. e %M =7, . =90, (25)

Combining (23) with the estimates (24) and (25), we have

Pr [c=0"]> 21 = 1 —Q(m)
Wy, p* Zi+n-Zy-e M  14n.e2M

Using the formula W3, the proof of the case 8* < 0 is completely analogous. O
Finally, we prove Theorem 1.2 as a special case of Theorem 3.5.

Proof. We give an explicit « : (1, 00) — (0, 1) such that «(|8*|) satisfies (21) for any |8*| > 1:

1 ef—e
aB)=1- P Ry B (26)

Thus, we obtain the explicit lower bound (3) of d by plugging (26) to (22).

Next we verify that the choice of o in (26) satisfies (21). As in the proof of Theorem 3.5, we define f(x):= —% Ino —
In (1 — @). To verify (21), it suffices to show that f(«(B8)) < g for all 8 > 1. After some algebraic simplifications, we arrive
at

fe®)=— ["ﬂe;e () e;l}
=—[Ef'=1)-(Inef —e) - ) +1 - 8]
= ln(eﬁ —e)—1 —i—ﬁeﬁ_1 —ef1 ln(eﬁ —e)
=p+In(1—e'"P)—1+pef " —ef1[B+In(1 —e'F)]
=B+In(1—e'P)—1—eflIn(1 —e'P)
=p—-1+(1—ef"NHin1 —e'F)

Notice for all 0 < x < 1, by Taylor’s expansion,

1 1. & 1 1, X
(1—;)mu—x)=—(1—;>'n§;=1+n§(n+1‘H)"=1_Zm<1

n=1
Hence, by setting x =e'~#, we have shown f(x(8)) <. O
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