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Abstract

We investigate the properties of the singular values of the quantised deriva-
tives of essentially bounded functions on Rd with d > 1. The commutator
i[sgn(D), 1⊗Mf ] of an essentially bounded function f on Rd acting by point-
wise multiplication on L2(Rd) and the sign of the Dirac operator D acting on

C2bd/2c⊗L2(Rd) is called the quantised derivative of f . We prove the condition
that the function x 7→ ‖(∇f)(x)‖d2 := ((∂1f)(x)2+. . .+(∂df)(x)2)d/2, x ∈ Rd,
being integrable is necessary and sufficient for the quantised derivative of f
to belong to the weak Schatten d-class. This problem has been previously
studied by Rochberg and Semmes, and is also explored in a paper of Connes,
Sullivan and Telemann. Here we give new and complete proofs using the
methods of double operator integrals. Furthermore, we prove a formula for
the Dixmier trace of the d-th power of the absolute value of the quantised
derivative. For real valued f , when x 7→ ‖(∇f)(x)‖d2 is integrable, there exists
a constant cd > 0 such that for every continuous normalised trace ϕ on the
weak trace class L1,∞ we have ϕ(|[sgn(D), 1⊗Mf ]|d) = cd

∫
Rd ‖(∇f)(x)‖d2dx.

Keywords: Quantum derivative; quantised calculus; essentially bounded
function; trace formula; noncommutative geometry

1. Introduction

Let d > 1 be an integer, and let x1, x2, . . . , xd be the coordinates of Rd.
Given a separable Hilbert space H, we denote the algebra of all bounded
linear operators on H by L∞(H). The singular value function of a bounded
operator A ∈ L∞(H) is defined by

µ(t, A) = inf{‖A(1− P )‖ : P is a finite rank projection,Tr(P ) ≤ t}, t ≥ 0.
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The sequence {µ(n,A)}∞n=0 is called the sequence of singular values of the
operator A. When A is a compact operator then µ(n,A), n ≥ 0, is the (n+1)-
th eigenvalue of the absolute value |A| when the sequence of eigenvalues is
arranged in decreasing order. We define the Schatten-Von Neumann space
Lp(H), p ∈ (0,∞], as the subspace of operators in L∞(H) with a sequence of
singular values in `p. Similarly the Schatten-Lorentz space Lp,q(H) is defined
as the operators with singular values in `p,q, for p, q ∈ (0,∞]. When p 6= ∞
an operator A ∈ Lp,q(H) is compact. See [1, Chapter 4] for details on these
spaces. We will suppress the dependence on H and write Lp,q when the
Hilbert space is clear from context.

Given A ∈ Lp,q with a sequence of singular values {µ(n,A)}∞n=0, the
quasinorm ‖A‖p,q is defined to be the `p,q norm of {µ(n,A)}∞n=0.

For j = 1, . . . , d, we define Dj to be the derivative in the direction xj,

Dj =
1

i

∂

∂xj
= −i∂j.

When f ∈ L∞(Rd) is not a smooth function then Djf denotes the distri-
butional derivative of f . We also consider Dj as a self-adjoint operator on
L2(Rd) with its standard domain of square integrable functions with a square
integrable weak derivative in the direction xj. This is equivalent to the clo-
sure of the symmetric operator Dj restricted to Schwartz functions. We use
the notation ∇f = i(D1f,D2f, . . . , Ddf) for an essentially bounded function
f ∈ L∞(Rd). For a square integrable function f with a square integrable
derivative in each direction we consider ∇ as an unbounded operator from
L2(Rd) to the Bochner space L2(Rd,Cd).

Let N = 2bd/2c. We use d-dimensional Euclidean gamma matrices, which
are N × N self-adjoint complex matrices γ1, . . . , γd satisfying the anticom-
mutation relation,

γjγk + γkγj = 2δj,k. 1 ≤ j, k ≤ d,

where δ is the Kronecker delta. The precise choice of matrices satisfying this
relation is unimportant so we assume that a choice is fixed for the rest of
this paper.

Using this choice of gamma matrices, we can define the d-dimensional
Dirac operator,

D =
d∑
j=1

γj ⊗Dj.
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This is a linear operator on the Hilbert space CN ⊗ L2(Rd) initially defined
with dense domain CN ⊗S(Rd), where S(Rd) is the Schwartz space of func-
tions on Rd. It is easily seen that D is symmetric on this domain. Taking
the closure we obtain a self-adjoint operator which we also denote D.

We then define the sign of D,

sgn(D) :=
d∑
j=1

γj ⊗
Dj√

D2
1 +D2

2 + · · ·+D2
d

.

This is defined through the joint Borel functional calculus [2, Theorem 13.24].
Specifically, the operator Dj/

√
D2

1 +D2
2 + · · ·+D2

d is the result of applying
the function x 7→ xj/‖x‖, x ∈ Rd, to D. Consequently sgn(D) extends to a
bounded operator on CN ⊗ L2(Rd).

Given f ∈ L∞(Rd), denote by Mf the operator of pointwise multiplication
by f on the Hilbert space L2(Rd). The operator 1⊗Mf is a bounded linear
operator on CN ⊗L2(Rd), where 1 denotes the identity operator on CN . The
commutator,

d̄f := i[sgn(D), 1⊗Mf ],

denotes the quantised derivative of Alain Connes introduced in [1, IV]. It
is of particular interest in the quantised calculus to determine conditions
on f such that d̄f ∈ Ld,∞(CN ⊗ L2(Rd)). The asymptotic behaviour of
the singular values of the quantised derivative denote the dimension of the
infinitesimal in the quantised calculus. That the sequence of singular values
belongs to the weak space `d,∞ when the dimension of the Euclidean space is
d indicates analogous behaviour between quantum derivatives and differential
forms. Specifically, a product of d derivatives lies in the space L1,∞, which is
the only weak space admitting a non-trivial trace that acts as the integral.

In one dimension, necessary and sufficient conditions on f ∈ L∞(R) such
that [sgn(−id/dx),Mf ] ∈ Lp,q where p, q ∈ (0,∞] are provided by Peller in
[3, Chapter 4, Theorem 4.4].

Janson and Wolfe [4], and Connes, Sullivan and Teleman [5] have studied
necessary and sufficient conditions for d̄f ∈ Lp,q with p, q ∈ (0,∞] in the
higher dimensional case d > 1.

The case of p = q was studied by Janson and Wolfe in their paper [4].
They proved that when p > d a necessary and sufficient condition for d̄f to
be in Lp is that f is in the Besov space B

d/p
pp (Rd). They also show that if

p ≤ d, then d̄f ∈ Lp if and only if f is a constant.
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The case of p 6= q with p ∈ [1,∞) and q ∈ [1,∞] was answered by
Rochberg and Semmes in [6, Corollary 2.8, Theorem 3.4]. Necessary and
sufficient conditions on f ∈ L∞(Rd) are given so that d̄f ∈ Lp,q. These
conditions are given in terms of the mean oscillation of f , and it is not
obvious whether an equivalent condition could be given in terms of more
familiar function spaces. In the Appendix of Connes, Sullivan and Teleman’s
paper [5, p. 679], it is proved that necessary and sufficient conditions for
d̄f ∈ Ld,∞ are that f ∈ L1

loc(Rd) and ∇f ∈ Ld(Rd,Cd). The proof given in
that Appendix is only a sketch.

We give a complete and different proof of this result under the assumption
that f ∈ L∞(Rd) using double operator integrals. Our method allows us
to give sharp bounds on the quasinorm ‖d̄f‖d,∞. When we write ∇f ∈
Ld(Rd,Cd) we implicitly assume that the essentially bounded function f has
weak partial derivatives and that the Bochner norm of ∇f in Ld(Rd,Cd),

‖∇f‖Ld(Rd,Cd) =

(∫
Rd
‖(∇f)(x)‖dd dx

)1/d

=

(∫
Rd

d∑
j=1

|Djf(x)|ddx

)1/d

,

is finite.

Theorem 1. Let d > 1 and f ∈ L∞(Rd). Then, for d̄f ∈ Ld,∞(CN⊗L2(Rd))
it is necessary and sufficient that ∇f ∈ Ld(Rd,Cd). Further, there exist
positive constants c and C depending only on d such that,

c‖∇f‖Ld(Rd,Cd) ≤ ‖d̄f‖d,∞ ≤ C‖∇f‖Ld(Rd,Cd).

In proving Theorem 1, we shall call the inequality

c

(∫
Rd
‖(∇f)(x)‖dd dx

)1/d

≤ ‖d̄f‖d,∞

in Theorem 1 the necessary direction. We call

‖d̄f‖d,∞ ≤ C

(∫
Rd
‖(∇f)(x)‖dd dx

)1/d

the sufficient direction.
Since all `p-norms on Cd are equivalent, there exist constants c2,d and C2,d

such that for almost every x ∈ Rd,

c2,d‖∇f(x)‖d2 ≤ ‖∇f(x)‖dd ≤ C2,d‖∇f(x)‖d2. (1)
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We note therefore that the norm equivalence in Theorem 1 can be written
as the existence of positive constants c and C such that

c

(∫
Rd
‖(∇f)(x)‖d2 dx

)1/d

≤ ‖d̄f‖d,∞ ≤ C

(∫
Rd
‖(∇f)(x)‖d2 dx

)1/d

.

In [7], Connes proves a trace formula relevant to quantised derivatives.
This trace formula is defined for functions on a spin manifold; for background
on this topic see [8, Chapter 2]. The setting of [7] is as follows. The manifold
M is a compact spinc Riemannian manifold of dimension d > 1 with spinor
bundle S and D is a Dirac-type operator defined on sections of S. Given a
real valued f ∈ C∞(M), let Mf be the operator of pointwise multiplication
by f on sections of S. Then sgn(D) is defined by the functional calculus, and
d̄f is defined to be the commutator of sgn(D) with pointwise multiplication
by f and multiplied by i, considered as an operator on square integrable
sections of S.

Given an orientation of M , there is a Hodge ? operator which maps 1-
forms on M to d − 1 forms. Given f ∈ C∞(M), we have that df ∧ ?df is a
d-form on M , and thus |df ∧ ?df |d/2 is a density on M .

Theorem 3(3) of [7] then gives a formula for the Dixmier trace trω of |d̄f |d.
For details on Dixmier traces on the ideal L1,∞, see [1, Chapter 4, Section
2β] and [9, Chapter 10]. The formula for a smooth function f ∈ C∞(M)
given is,

trω(|d̄f |d) = λd

∫
M

|df ∧ ?df |d/2dx (2)

where λd > 0 is a constant depending on d that is independent of M and f .
We find a new formula that is analogous to (2). In our case, we deal with

functions on Rd. Since this space is not compact [7, Theorem 3(3)] does not
apply and new techniques are needed. Our result is described as follows.

Recall that a trace on L1,∞ is a linear functional ϕ : L1,∞ → C such
that ϕ([A,B]) = 0 for all bounded operators A and for all B ∈ L1,∞. The
trace ϕ is called continuous when it is continuous with respect to the L1,∞
quasinorm. Given an orthonormal basis {en}∞n=0 of H, we define the operator
T := diag

{
1

n+1

}∞
n=0

by 〈en, T em〉 = δn,m
1

n+1
.

We say that ϕ is normalised when

ϕ

(
diag

{
1

n+ 1

}∞
n=0

)
= 1.
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The property that ϕ is normalised is independent of the choice of orthonormal
basis, since for all unitary operators U and all bounded operators B we have
ϕ(UBU∗) = ϕ(B).

Theorem 2. Let f ∈ L∞(Rd) be real valued and such that ∇f ∈ Ld(Rd,Cd).
Then there is a constant cd > 0 such that for any continuous normalised
trace ϕ on L1,∞ we have

ϕ(|d̄f |d) = cd

∫
Rd
‖∇f(x)‖d2 dx.

Theorem 2 is the analogue of [7, Theorem 3(3)] for functions on the non-
compact manifold Rd. Theorem 2 is also stated for a larger class of functions
than [7, Theorem 3(3)] which is proved for smooth functions.

Our proof of Theorem 1 will proceed as follows. In Section 3, we will prove
the sufficiency direction of Theorem 1. In Section 4 we will prove Theorem
2. Finally we will prove the necessary direction of Theorem 1 in Section 5.

2. Preliminaries

2.1. Quantised differentials

For the remainder of the text, d > 1 and N := 2bd/2c. The functions
x1, x2, . . . , xd are orthogonal coordinates for Rd. Given a distribution f on
Rd the j-th partial distributional derivative is denoted ∂jf , j = 1, . . . , d, and
we define

Dj := −i∂j, j = 1, . . . , d.

The linear operator Dj restricts to a self-adjoint operator on functions within
L2(Rd) with square integrable weak derivatives and to the normal partial
derivative on Schwartz functions S(Rd). The family {γj}dj=1 denotes d-
dimensional gamma matrices, which are fixed N ×N complex matrices sat-
isfying γ2

j = 1, γ∗j = γj and γjγk = −γkγj for j 6= k. Define

D :=
d∑
j=1

γj ⊗Dj

and define the Laplacian

∆ := −
d∑
j=1

D2
j .
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The Laplacian satisfies D2 = −1 ⊗ ∆, where 1 is the identity on CN . Fur-
thermore we define

sgn(D) :=
d∑
j=1

γj ⊗
Dj√
−∆

.

This defines a bounded self adjoint operator on CN ⊗ L2(Rd), since it is the
result of applying the bounded function t 7→ sgn(t), t ∈ R, to D.

Given an essentially bounded function f ∈ L∞(Rd), Mf denotes the op-
erator on L2(Rd) given by pointwise multiplication by f . We define the
“quantised derivative” of f ,

d̄f := i[sgn(D), 1⊗Mf ]

which is a bounded operator on CN ⊗ Ld(Rd).

2.2. Sobolev Spaces

Given a distribution f on Rd define ∇f = i(D1f,D2f, . . . , Ddf) for those
distributions with weak partial derivatives. We will frequently refer to the
d-Sobolev seminorm,

‖∇f‖Ld(Rd,Cd) :=

(∫
Rd
‖(∇f)(x)‖dd dx

)1/d

=

(∫
Rd

d∑
j=1

|Djf(x)|ddx

)1/d

.

The class of locally integrable functions f ∈ L1
loc(Rd) with weak partial

derivatives such that ‖∇f‖Ld(Rd,Cd) is finite is the homogeneous Sobolev space

Ẇ 1,d(Rd), as equivalently defined in [10, Definition 6.2.5]. The class of f such
that f ∈ Ẇ 1,d(Rd) and f ∈ Ld(Rd) is the Sobolev space W 1,d(Rd). The d-
Sobolev norm of f ∈ W 1,d(Rd) is defined by ‖f‖d + ‖∇f‖Ld(Rd,Cd).

The following theorem is well known, and a proof can be found in [11,
Theorem 2.1].

Theorem 3. Equip Ẇ 1,d(Rd) with the topology generated by the seminorm
f 7→ ‖∇f‖Lp(Rd,Cd). Then C∞c (Rd) is dense in Ẇ 1,d(Rd). Moreover it is
possible to find a sequence {fn}∞n=0 of smooth compactly supported functions
such that ∇fn converges to ∇f in the Ld(Rd,Cd) sense and {fn}∞n=0 converges
uniformly on compact subsets to f , modulo constant functions.
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2.3. Double operator integrals

We shall use the technique of double operator integrals. The specific
definition that we use follows [12]. We restate it here in the specific case of
bounded operator on a Hilbert space for convenience.

Definition 1. Let H be a complex separable Hilbert space. Let D0 and D1

be self-adjoint (potentially unbounded) operators on H and let E0 and E1 be
the associated spectral measures.

For all x, y ∈ L2(H), the measure

(λ, µ) 7→ Tr(xdE0(λ)ydE1(µ))

is a countably additive complex valued measure on R2.
Let φ ∈ L∞(R2). We say that φ is E0 ⊗ E1 integrable if there exists an

operator TD0,D1

φ ∈ L∞(H) such that for all x, y ∈ L2(H),

Tr(xTD0,D1

φ y) =

∫
R2

φ(λ, µ) Tr(xdE0(λ)ydE1(µ)).

The operator TD0,D1

φ is called the transformer, and we then define for A ∈
L∞(H), ∫

Rd
φ(λ, µ) dE0(λ)AdE1(µ) := TD0,D1

φ (A).

This is called a double operator integral.

2.4. Pseudodifferential operators

A multi-index of order |β| is

β = (β1, . . . , βd) ∈ Zd+

such that
|β| := β1 + . . .+ βd.

For partial derivatives we use the notation

∂βx :=
∂|β|

∂β1x1 . . . ∂
βd
xd

, x = (x1, . . . , xd) ∈ Rd.

Let MN(C) denote the N ×N complex valued matrices.
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Definition 2. If p ∈ C∞(Rd×Rd,MN(C)) and there is a fixed value m ∈ R
and a constant C > 0 independent of x and y such that, for each multi-index
α, β,

‖(∂αx∂βy p)(x, y)‖2 ≤ C(1 + ‖y‖2
2)(m−|β|)/2, x, y ∈ Rd, (3)

we say that p is a symbol of order m.

In general terms we have introduced the uniform symbols of Hörmander
type (1,0). The following are standard results, see e.g. [13, Chapter 2].

Proposition 4. If p ∈ C∞(Rd × Rd,MN(C)) is a symbol order m, then the
operator defined by

(Av ⊗ f)(x) :=

∫
Rd
e2πix·yp(x, y)vf̂(y) dy, v ∈ CN , f ∈ S(Rd) (4)

is a continuous linear operator

A : CN ⊗ S(Rd)→ CN ⊗ S(Rd).

Here f̂ denotes the Fourier transform of a Schwartz class function.

Definition 3. The integral operator A in (4) is called a pseudodifferential
operator of order m ∈ R. The symbol of a pseudodifferential operator A we
often denote by pA.

A pseudodifferential operator A is said to be compactly based when there
exists ψ ∈ C∞c (Rd,R) such that (1⊗Mψ)A = A.

A pseudodifferential operator A of order m is called a classical pseudod-
ifferential operator if its symbol has an asymptotic expansion of the form

pA(x, y) ∼
∞∑
j=0

pA,m−j(x, y)

where each pA,m−j is symbol of order m − j that is a homogeneous matrix

valued function of order m − j in y for |y| ≥ 1, and pA −
∑k

j=0 pA,m−j is
a symbol of order m − k − 1 for every k ≥ 1. The matrix valued smooth
function pA,m is called the principal symbol of A.
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2.5. Cwikel-type estimates

Definition 4. Suppose f ∈ L2
loc(Rd), and let ∆α be the cube with centre

α ∈ Zd of side length 1. If χ∆α is the characteristic function of ∆α, then we
say that f ∈ `p(L2) when

{‖fχ∆α‖2}α∈Zd ∈ `p(Zd).

Similarly f ∈ `p,∞(L2) when the above sequence is in `p,∞(Zd).

In the following, we will frequently require the following Cwikel-type es-
timate.

Lemma 5. Let ψ ∈ L∞(Rd) be a function of rapid decay. That is, for all
multi-indices α, the expressions,

|x1|α1|x2|α2 · · · |xd|αdψ(x), x = (x1, . . . , xd) ∈ Rd

are essentially bounded. If β > 0, then

(1⊗Mψ)(1 +D2)−β/2 ∈ Ld/β,∞.

In the case where d/β > 2, we have the following estimate for the (d/β,∞)
quasinorm,

‖(1⊗Mψ)(1 +D2)−β/2‖d/β,∞ ≤ C‖ψ‖d/β
where the constant C > 0 depends only on d and β.

Proof. Without loss of generality, ψ is non-negative, since

‖(1⊗Mψ)(1 +D2)−β/2‖d/β,∞ = ‖|(1⊗Mψ)|(1 +D2)−β/2,∞‖d/β,∞.

Further, since D2 = −1 ⊗ ∆, we have that ‖(1 ⊗Mψ)(1 + D2)−β/2‖d/β,∞ is
equivalent to ‖Mψ(1−∆)−β/2‖d/β,∞.

We shall deal with the cases d/β ∈ (0, 2), d/β = 2 and d/β > 2 separately.
First let d/β > 2. We refer to [14, Theorem 4.2] which states that if

p > 2, f ∈ Lp(Rd) and g ∈ Lp,∞(Rd), then,

‖Mfg(−i∇)‖p,∞ ≤ cp,d‖f‖p‖g‖p,∞

where cp,d > 0 depends only on p and d. We apply [14, Theorem 4.2] with
f = ψ, p = d/β and g(x) = (1 + ‖x‖2)−β/2. Note that,

|g(x)|d/β = (1 + ‖x‖2)−d/2.
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When ‖x‖ > 1, we have |g(x)|d/β ≤ ‖x‖−d. For ‖x‖ ≤ 1, |g(x)|d/β is bounded
above by 1. Hence, |g|d/β ∈ L1,∞(Rd) and so g ∈ Ld/β,∞(Rd). Since ψ is of
rapid decay by assumption, we have ψ ∈ Ld/β(Rd). Hence,

‖Mψ(1−∆)−β/2‖d/β,∞ ≤ cd/β,d‖ψ‖d/β‖g‖d/β,∞

and the required assertion is proved for d/β > 2.
Now consider the case 0 < d/β < 2. In this case we apply [15, Theorem

5.7]. This theorem states that for 0 < p < 2, if f ∈ `p(L2) and g ∈ `p,∞(L2)
then Mfg(−i∇) ∈ Lp,∞.

We again apply this to f = ψ and g = (1 + ‖x‖2)−β/2 and p = d/β. Since
ψ by assumption is bounded and of rapid decrease we have that ψ ∈ `d/β(L2).
What we require to verify is that g ∈ `d/β,∞(L2).

Let α ∈ Zd. It is required to estimate ‖gχα‖2,

‖gχα‖2
2 =

∫
∆α

1

(1 + ‖x‖2)β
dx

=

∫
[−1/2,1/2]d

1

(1 + ‖x+ α‖2)β
dx

≤ max
x∈[−1/2,1/2]d

1

(1 + ‖x+ α‖2)β
.

The maximum of the function x 7→ (1 + ‖x + α‖2)−β on [−1/2, 1/2]d is
obtained when ‖x+α‖ is minimised. Since the cube [−1/2, 1/2]d is contained
in the closed ball of radius (d/2)1/2 at the origin, this minimum can be no
less than ‖α‖ − (d/2)1/2. Hence,

‖gχα‖2 ≤
(

1 + (‖α‖ −
√
d/2)2

)−β/2
.

To show that this defines a sequence indexed by α in `d/β,∞(Zd), we take the
d/β power, hence all that is required to show is that{(

1 + (‖α‖ −
√
d/2)2

)−d/2}
α∈Zd

∈ `1,∞(Zd),

which is easily verified.
Finally, when d/β = 2, we have β = d/2 and so it is required to estimate,

‖Mψ(1−∆)−d/4‖2,∞.
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This is exactly equal to to,

‖Mψ(1−∆)−d/2Mψ‖
1/2
1,∞.

However by our previous argument for 0 < d/β < 2, we have that Mψ(1 −
∆)−d/2 ∈ L1,∞ and hence Mψ(1−∆)−d/4 ∈ L2,∞ as required.

The Cwikel estimate can be applied to compactly based pseudo-differential
operators of negative order.

Lemma 6. Let A be a compactly based pseudodifferential operator of order
−β, β > 0. Then A ∈ Ld/β,∞.

Proof. Since A is compactly based then there exists a smooth function ψ ∈
C∞c (Rd) such that A = (1 ⊗Mψ)A. Since A is a uniform pseudodifferential
operator of order −β then there exists an order 0 pseudodifferential operator
W such that A = (1 + D2)−β/2W , [9, Proposition 10.2.13(c)]. The operator
W has a bounded extension to CN ⊗ L2(Rd), [9, Proposition 10.1.15(b)].
Hence

A = (1⊗Mψ)A = (1⊗Mψ)(1 +D2)−β/2W ∈ Ld/β,∞
using Lemma 5.

Within a commutator the bounded operator sgn(D) can be approximated
by the order 0 pseudodifferential operator D(1 +D2)−1/2 modulo Lp spaces.

Lemma 7. Suppose that p > d/2 and f ∈ S(Rd). If p ≥ 2, then there exists
a constant Cp,d > 0 such that∥∥∥∥[sgn(D)− D√

1 +D2
, 1⊗Mf

]∥∥∥∥
p

≤ Cp,d‖f‖p.

If 1 ≤ p < 2 then there exists a constant Bp,d > 0 such that,∥∥∥∥[sgn(D)− D√
1 +D2

, 1⊗Mf

]∥∥∥∥
p

≤ Bp,d‖f‖p;2.

Here ‖f‖p;2 denotes the norm on `p(L2) given by

‖f‖p;2 :=

(∑
α∈Zd
‖fχ∆α‖

p
2

)1/p

.
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Proof. Let 1 ≤ j ≤ d and for x ∈ Rd define,

hj(x) :=
xj
‖x‖
− xj

(1 + ‖x‖2)1/2
=

xj
(‖x‖+ (1 + ‖x‖2)1/2)‖x‖(1 + ‖x‖2)1/2

.

It is clear that |hj(x)| ≤ 1 for all x. For ‖x‖ > 1, we have |hj(x)| ≤ ‖x‖−2

and hence |hj(x)|p ≤ ‖x‖−d as p > d/2. Thus hj ∈ Lp(Rd).
Expanding out the commutator,[

sgn(D)− D√
1 +D2

, 1⊗Mf

]
=

[
d∑
j=1

γj ⊗ hj(−i∇), 1⊗Mf

]

=
d∑
j=1

γj ⊗ [hj(−i∇),Mf ].

Hence,∥∥∥∥[sgn(D)− D√
1 +D2

, 1⊗Mf

]∥∥∥∥
p

≤ d max
1≤j≤d

‖[hj(−i∇),Mf ]‖p

≤ d max
1≤j≤d

(‖hj(−i∇)Mf‖p + ‖Mfhj(−i∇)‖p)

≤ d max
1≤j≤d

(‖hj(−i∇)Mf‖p + ‖hj(−i∇)Mf‖p).

Suppose p ≥ 2. We can apply Theorem 4.1 of [14], which states that, for
measurable functions a, b on Rd and p ≥ 2, ‖a(−i∇)Mb‖p ≤ (2π)−d/p‖a‖p‖b‖p.
In our case, we take b = f or b = f and a = hj. By assumption, ‖f‖p
is finite, and we have shown that ‖hj‖p is finite. Hence, if we let Cp,d =
2d(2π)−d/p max1≤j≤d ‖hj‖p, we have the desired result.

Suppose 1 ≤ p < 2. Define hj as above. For ‖x‖ > 1, we have |hj(x)| ≤
‖x‖−2 and for ‖α‖ ≥ 0 we have(∫

∆α

|hj(x)|2 dx
)1/2

≤ K‖α‖−2

for a constant K > 0. Then∑
α∈Zd
‖hjχ∆α‖

p
2 ≤ Kp

∑
α∈Zd
‖α‖−2p ≤ KpL

∫ ∞
0

r−2p+d−1dr =
KpL

2p− d
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for a constant L > 0. The last integral can be performed because of the
condition −2p+d < 0. Thus, ‖hj‖2;p is finite. Theorem 4.5 of [14] states that
if 1 ≤ p < 2, then there is a positive constant Dp such that ‖a(−i∇)Mb‖p ≤
Dp‖a‖2;p‖b‖2;p. Repeating the argument above verbatim using [14, Theorem
4.5] instead of [14, Theorem 4.1], we obtain the required result.

3. Sufficiency

In this section we will prove that for all integers d > 1 there is a constant
Cd > 0 depending only on d such that the inequality,

‖[sgn(D), 1⊗Mf ]‖d,∞ ≤ Cd‖∇f‖Ld(Rd,Cd)

holds for all f ∈ Ẇ 1,d(Rd) ∩ L∞(Rd), and thus we conclude that f ∈
Ẇ 1,d(Rd) ∩ L∞(Rd) is sufficient for d̄f ∈ Ld,∞.

The following proof uses the technique of double operator integrals ac-
cording to Definition 1, and is modelled on proofs in [12] and results from
[16]. The definition used in [16] for the double operator integral is visually
different to ours, however the discussion in [17] under equation (2.12) of that
paper demonstrates the equivalence of Definition 1 with the definition used
in [16].

The following lemma is similar to [18]. We include the proof here for
completeness.

Lemma 8. Define the function ψ : R2 → R by the formula,

ψ(λ, µ) :=
(1 + λ2)1/4(1 + µ2)1/4

(1 + λ2)1/2 + (1 + µ2)1/2
, λ, µ ∈ R.

Then, for all self-adjoint potentially unbounded operators A on a complex
separable Hilbert space H, we have,

‖TA,Aψ ‖L∞→L∞ <∞, ‖TA,Aψ ‖L1→L1 <∞.

Proof. Let B = 1
4

log(1 + A2) and define ψ0 : R2 → R by the formula

ψ0(λ, µ) :=
eλeµ

e2λ + e2µ
=

1

2 cosh(λ− µ)
.

Denote h(x) = 1
2 cosh(x)

so that ψ0(λ, µ) = h(λ−µ). Note that h ∈ S(R), and

therefore ĥ ∈ S(R).
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Let s, t ∈ R, s′ = 1
4

log(1 + s2) and t′ = 1
4

log(1 + t2). Then,

ψ0(s′, t′) =
(1 + s2)1/4(1 + t2)1/4

(1 + s2)1/4 + (1 + t2)1/4

= ψ(s, t).

Thus, by [12, Lemma 8], we have TB,Bψ0
= TA,Aψ .

Now [12, Lemma 6] states that if f is a function on R such that f̂ is
integrable, and D0 and D1 are self-adjoint potentially unbounded operators
then, TD0,D1

φ is bounded from L∞ to L∞, where φ(λ, µ) = f(λ − µ). Thus,

since ĥ is integrable,

‖TA,Aψ ‖L∞→L∞ = ‖TB,Bψ0
‖L∞→L∞ <∞.

By an identical argument to that of [12, Theorem 1], we conclude similarly
that ‖TA,Aψ ‖L1→L1 <∞.

Given a function f : R→ R, define

f [1](λ, µ) :=
f(λ)− f(µ)

λ− µ
, λ, µ ∈ R, λ 6= µ.

Lemma 9. Let g(t) = t(1 + t2)−1/2, t ∈ R. Then g[1](λ, µ) = (ψ1ψ2ψ3)(λ, µ)
for all λ, µ ∈ R, λ 6= µ, where

ψ1(λ, µ) := 1 +
1− λµ

(1 + λ2)
1
2 (1 + µ2)

1
2

,

ψ2(λ, µ) :=
(1 + λ2)

1
4 (1 + µ2)

1
4

(1 + λ2)
1
2 + (1 + µ2)

1
2

,

ψ3(λ, µ) :=
1

(1 + λ2)
1
4 (1 + µ2)

1
4

.

Proof. Let 〈α〉 := (1 + α2)1/2. Then we have

g[1](λ, µ) =
λ〈µ〉 − µ〈λ〉

(λ− µ)〈λ〉〈µ〉

=
λ2〈µ〉 − λµ〈λ〉+ λµ〈µ〉 − µ2〈λ〉

(λ2 − µ2)〈λ〉〈µ〉
.
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Since 〈α〉2 = α2 + 1, this is

=
λ2〈µ〉 − µ2〈λ〉 − λµ(〈λ〉 − 〈µ〉)

(〈λ〉2 − 〈µ〉2)〈λ〉〈µ〉

=
λ2〈µ〉 − µ2〈λ〉 − λµ(〈λ〉 − 〈µ〉)

(〈λ〉 − 〈µ〉)〈λ〉〈µ〉
· 1

〈λ〉+ 〈µ〉

=

[
λ2〈µ〉 − µ2〈λ〉

(〈λ〉 − 〈µ〉)〈λ〉〈µ〉
− λµ

〈λ〉〈µ〉

]
· 1

〈λ〉+ 〈µ〉

=

[
λ2〈µ〉 − µ2〈λ〉

(〈λ〉 − 〈µ〉)〈λ〉〈µ〉
− 1

〈λ〉〈µ〉
+

1− λµ
〈λ〉〈µ〉

]
· 1

〈µ〉+ 〈λ〉

=

[
λ2〈µ〉 − µ2〈λ〉 − 〈λ〉+ 〈µ〉

(〈λ〉 − 〈µ〉)〈λ〉〈µ〉
+

1− λµ
〈λ〉〈µ〉

]
· 1

〈λ〉+ 〈µ〉

=

[
(λ2 + 1)〈µ〉 − (µ2 + 1)〈λ〉
(λ2 + 1)〈µ〉 − (µ2 + 1)〈λ〉

+
1− λµ
〈λ〉〈µ〉

]
· 1

〈λ〉+ 〈µ〉

= ψ1(λ, µ)
〈λ〉1/2〈µ〉1/2

〈λ〉+ 〈µ〉
· 1

〈λ〉1/2〈µ〉1/2

= ψ1(λ, µ)ψ2(λ, µ)ψ3(λ, µ).

Lemma 10. Let f ∈ S(Rd). Then,∥∥∥∥[ D√
1 +D2

, 1⊗Mf

]∥∥∥∥
d,∞
≤ Bd‖∇f‖Ld(Rd,Cd) (5)

where Bd > 0 depends only on d.

Proof. Set g(t) := t(1 + t2)−1/2 with t ∈ R. By [16, Theorem 4.1],

[g(D), 1⊗Mf ] = TD,D
g[1]

([D, 1⊗Mf ]). (6)

By Lemma 9, we have g[1] = ψ1ψ2ψ3, using the functions ψ1, ψ2 and ψ3 in
that lemma. We express the transformer TD,D

g[1]
as a product by [12, Theorem

1],
TD,D
g[1]

= TD,Dψ1
TD,Dψ2

TD,Dψ3
. (7)

We claim that the transformers TD,Dψk
, with k = 1, 2, 3 are bounded linear

transformations from Ld,∞ to Ld,∞.
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We start by showing that the transformers are bounded from L∞ to L∞
and L1 to L1 and then use interpolation. For k = 2, this is precisely the
statement of Lemma 8. For the cases k = 1 and k = 3, note that ψk(λ, µ), k =
1, 3, can be written as a linear combination of terms of the form a(λ)b(µ) for
some bounded functions a and b on R. By [12, Corollary 2], the transformer
TD,Dψk

with k = 1, 3 is bounded from L∞ to L∞, and by an identical argument

we conclude that it is bounded from L1 to L1. As TD,Dψk
, k = 1, 2, 3, is

bounded on L1 and L∞ we find that TD,Dψk
is bounded from Ld,∞ to Ld,∞ by

real interpolation on the pair (L1,L∞), [19].
We now exploit the identity in (6) and the product of terms in (7), noticing

that

‖[g(D), 1⊗Mf ]‖d,∞ ≤ ‖TD,Dψ1
‖Ld,∞→Ld,∞

× ‖TD,Dψ2
‖Ld,∞→Ld,∞

× ‖TD,Dψ3
([D, 1⊗Mf ])‖d,∞

≤ Cd‖TD,Dψ3
([D, 1⊗Mf ])‖d,∞

for a constant Cd > 0 independent of f . Since ψ3(λ, µ) = (1 + λ2)−1/4(1 +
µ2)−1/4, then

TD,Dψ3
([D, 1⊗Mf ]) = (1 +D2)−1/4[D, 1⊗Mf ](1 +D2)−1/4.

Hence,

‖[g(D), 1⊗Mf ]‖d,∞ ≤ Cd‖(1 +D2)−1/4[D, 1⊗Mf ](1 +D2)−1/4‖d,∞.

Expanding out D, and using the quasi-triangle inequality for Ld,∞ we have

‖(1 +D2)−1/4[D, 1⊗Mf ](1 +D2)−1/4‖d,∞

≤ Kd

d∑
j=1

‖(1 +D2)−1/4[γj ⊗Dj, 1⊗Mf ](1 +D2)−1/4‖d,∞.

Here Kd > 0 depends only on d. Now using the fact that [γj⊗Dj, 1⊗Mf ] =
−iγj ⊗M∂jf it follows that,

‖(1 +D2)−1/4γj ⊗M∂jf (1 +D2)−1/4‖d,∞ = ‖(1−∆)−1/4M∂jf (1−∆)−1/4‖d,∞.
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Let 1 ≤ j ≤ d. Let sgn(∂jf)(x) = (∂j)f(x)/|(∂jf)(x)| for those x ∈ Rd

such that ∂jf(x) 6= 0 and equal to 1 otherwise. Then,

∂jf = |∂jf |1/2 sgn(∂jf)|∂jf |1/2.

Using the fact that Msgn(∂jf) is unitary and the Hölder inequality,

‖(1−∆)−1/4M∂jf (1−∆)−1/4‖d,∞ ≤ ‖(1−∆)−1/4M|∂jf |1/2‖2d,∞‖M|∂jf |1/2(1−∆)−1/4‖2d,∞

By Lemma 5,

‖(1−∆)−1/4M|∂jf |1/4‖2d,∞ ≤ Qd‖|∂jf |1/2‖2d

for some constant Qd. Taking Bd > dQ2
dCdKd,

‖[g(D), 1⊗Mf ]‖d,∞ ≤ Bd

d∑
j=1

‖|∂jf |1/2‖2
2d = Bd

d∑
j=1

‖∂jf‖d

≤ Bd

(
d∑
j=1

∫
Rd
‖∂jf(x)‖ddx

)1/d

.

The last inequality follows from Jensen’s inequality applied to the concave
function t 7→ t1/d, t > 0. Thus the required bound is satisfied.

Now we can complete the proof of the sufficiency direction of Theorem 1.

Theorem 11. Let d > 1. If f ∈ Ẇ 1,d(Rd) ∩ L∞(Rd) then

‖[sgn(D), 1⊗Mf ]‖d,∞ = ‖d̄f‖d,∞ ≤ Cd‖∇f‖Ld(Rd,Cd)

where Cd > 0 depends only on d.

Proof. Initially, let f ∈ S(Rd). Combining Lemmas 7 and 10, we find that

‖[sgn(D), 1⊗Mf ]‖d,∞ ≤ Cd,d‖f‖d +Bd‖∇f‖Ld(Rd,Cd).

We can remove the dependence on ‖f‖d on the right hand side by a dilation
argument as follows. Let t > 0 and let σt be the dilation action on S(Rd),
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defined by (σtf)(x) = f(t−1x). Then d̄(σtf) = d̄f as the symbol of sgn(D)
as a Fourier multiplier is dilation invariant. Thus,

‖[sgn(D), 1⊗Mf ]‖d,∞ = ‖[sgn(D), 1⊗Mσtf ]‖d,∞
≤ Cd,d‖σtf‖d +Bd‖σt∇f‖Ld(Rd,Cd)

= Cd,dt‖f‖d +Bd‖∇f‖Ld(Rd,Cd).

Taking t→ 0, we obtain

‖[sgn(D), 1⊗Mf ]‖d,∞ ≤ Bd‖∇f‖Ld(Rd,Cd) (8)

for f ∈ S(Rd).
To complete the proof, let f ∈ Ẇ 1,d(Rd)∩L∞(Rd). Let {fn}∞n=0 ⊂ S(Rd)

be the sequence defined in Theorem 3. Then ∇fn converges to ∇f in the Ld

sense, and fn, modulo constants, converges to f uniformly on bounded sets.
Let n,m ≥ 0. Applying equation (8) to fn − fm ∈ S(Rd),

‖d̄fn − d̄fm‖d,∞ ≤ Bd‖∇fn −∇fm‖Ld(Rd,Cd).

Since by definition {∇fn}∞n=0 is Cauchy in the Ld norm, the sequence {d̄fn}∞n=0

is Cauchy in Ld,∞. Thus {d̄fn}∞n=0 converges to some limit L in the Ld,∞
quasinorm.

Since fn → f uniformly on bounded sets modulo constants, the sequence
{Mfn}∞n=0 converges strongly to Mf modulo constants. Thus d̄fn converges
in the strong operator topology to d̄f and so L = d̄f .

Hence d̄f ∈ Ld,∞, and using the quasinorm triangle inequality there exists
K > 0 such that

‖d̄f‖d,∞ ≤ K‖d̄f − d̄fn‖d,∞ +K‖d̄fn‖d,∞
≤ K‖d̄f − d̄fn‖d,∞ +KBd‖∇fn‖Ld(Rd,Cd).

Taking the limit as n → ∞ and setting Cd = KBd we obtain the desired
inequality.

4. Trace Formula

Let ϕ be a continuous normalised trace on L1,∞. In this section, we will
prove for all real valued f ∈ Ẇ 1,d(Rd) ∩ L∞(Rd) that there is a positive
constant cd independent of f and ϕ such that

ϕ(|d̄f |d) = cd

∫
Rd
‖∇f(x)‖d2 dx. (9)
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Initially we work with the assumption that f ∈ C∞c (Rd), and then we show
that (9) holds for any f ∈ Ẇ 1,d(Rd) ∩ L∞(Rd).

To prove this we will require some preliminary lemmas. The following is
a variant of Connes’ trace theorem, [9, Theorem 11.5.1]. We remark that a
uniform pseduodifferential operator A : CN ⊗S(Rd)→ CN ⊗S(Rd) of order
0 as it is defined in Section 2.4 has a bounded extension, [9, Proposition
10.1.15(b)]. Unless the context is ambiguous we also denote the extension
by A : CN ⊗ L2(Rd)→ CN ⊗ L2(Rd). For example, it is implicit in the next
lemma that we apply the continuous functional calculus to the bounded and
self-adjoint extension of an order 0 symmetric pseudodifferential operator A.

Lemma 12. Let A be a compactly based classical pseudodifferential operator
of order 0 with self-adjoint extension, and let h ∈ C(R) be such that h(0) = 0.
Then for every normalised trace ϕ on MN(C)⊗ L1,∞ we have,

ϕ(h(A)(1 +D2)−d/2) = cd

∫
Sd−1

∫
Rd

tr(h(p0,A(x, s))) dxds.

where p0,A is the principal symbol of A.

Proof. First we prove the result for h(A) = A, then extend it to all polyno-
mial h, then we use an approximation argument to conclude the result for
all continuous h.

In the first case, this is an application of Connes’ trace formula, specif-
ically [9, Theorem 11.5.1]. This follows since the only nontrivial trace on
MN(C) is the classical trace tr, and any trace on the tensor product MN(C)⊗
L1,∞ splits as tr⊗ϕ′ for a trace ϕ′ on L1,∞. Moreover, the compactly
based classical pseudodifferential operator A(1+D2)−d/2 has principal symbol
p0,A(x, y)‖y‖−d, x, y ∈ Rd, ‖y‖ ≥ 1, since the principal symbol of a product
is the product of principal symbols, by [9, Proposition 10.2.12].

If h(A) = An, for n ≥ 1, then it is easy to see that h(A) is a compactly
based pseudodifferential operator, and has principal symbol h(p0,A) again by
[9, Proposition 10.2.12]. By linearity the result then holds for all polynomials
h with h(0) = 0.

Now suppose that h ∈ C(R) is such that h(0) = 0. Choose a se-
quence {hn}∞n=0 of polynomials such that hn uniformly approximates h on
[−‖A‖, ‖A‖] and for each n, hn(0) = 0. Hence ‖hn(A)−h(A)‖ → 0 and h(A)
is compactly based. If ψ ∈ C∞c (Rd) is such that (1⊗Mψ)A = A = A(1⊗Mψ),
then (1⊗Mψ)h(A) = h(A) = h(A)(1⊗Mψ). Due to the continuity of ϕ we
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have,

|ϕ((h(A)− hn(A))(1 +D2)−d/2)| = |ϕ((h(A)− hn(A))(1⊗Mψ)(1 +D2)−d/2)|
≤ ‖h(A)− hn(A)‖ϕ((1⊗Mψ)(1 +D2)−d/2).

Thus, ϕ(hn(A)(1 +D2)−d/2) converges to ϕ(h(A)(1 +D2)−d/2).
Now we establish convergence on the right hand side. As A(1⊗Mψ) = A,

we can apply the principal symbol map to obtain p0,A(1 ⊗ ψ) = p0,A. It
follows that hn(p0,A(1 ⊗ ψ)) = hn(p0,A)(1 ⊗ ψ) and hence h(p0,A(1 ⊗ ψ)) =
h(p0,A)(1⊗ ψ). Thus,∣∣∣∣∫

Sd−1

∫
Rd

tr(h(p0,A(x, s)))− tr(hn(p0,A(x, s)))dxds

∣∣∣∣
≤
∫
Sd−1

∫
Rd
| tr((h− hn)(p0,A(x, s)(1⊗ ψ(x)))| dxds

≤
∫
Sd−1

∫
Rd
| tr((hn − h)(p0,A(x, s)))||ψ(x)| dxds

≤ ‖hn − h‖∞
∫
Sd−1

∫
Rd
|ψ(x)| dxds = C‖hn − h‖∞

for a constant C > 0. Hence the convergence of both sides is proved.

Lemma 13. Suppose d > 1. Let A be a compactly based classical pseu-
dodifferential operator of order 0 with self-adjoint extension. Then for all
0 < α < d− 1 and β ≥ 0,

[(1 +D2)−α/2, |A|](1 +D2)−β/2 ∈ Ld/(α+β+1),∞.

Proof. Let K := (1 + D2)−1/2. First we prove that for ψ ∈ C∞c (Rd) and
α, β ≥ 0

[Kα, 1⊗Mψ]Kβ ∈ Ld/(α+β+1),∞. (10)

Choose 0 < φ ∈ C∞c (Rd) such that ψφ = ψ. Then,

[Kα, 1⊗Mψ]Kβ = (1⊗Mψ)[Kα, 1⊗Mφ]Kβ + [Kα, 1⊗Mψ](1⊗Mφ)Kβ

By [9, Proposition 10.2.13(c)], the operator (1⊗Mψ)[Kα, 1⊗Mφ]Kβ is a com-
pactly based pseudodifferential operator of order (−α−β−1). By Lemma 6

(1⊗Mψ)[Kα, 1⊗Mφ]Kβ ∈ Ld/(α+β+1).
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Similarly, [Kα, 1⊗Mψ]((1⊗Mφ1/2) is the adjoint of a compactly based pseu-
dodifferential operator of order (−α− 1), and (1⊗Mφ1/2)K

β is a compactly
based pseudodifferential operator of order −β. Hence, by Lemma 6 and the
Hölder inequality

[Kα, 1⊗Mψ](1⊗Mφ)Kβ ∈ Ld/(α+1)Ld/β ⊆ Ld/(α+β+1).

We have proven equation (10).
Now let A be a compactly based classical pseudodifferential operator of

order 0 with self-adjoint extension, and let ψ ∈ C∞c (Rd) be such that (1 ⊗
Mψ)A = A. Then

[Kα, A] = (1⊗Mψ)[Kα, A] + [Kα, 1⊗Mψ]A.

Using equation (10) with β = 0,

[Kα, A] ∈ (1⊗Mψ)[Kα, A] + Ld/(α+1),∞.

By [9, Proposition 10.2.13(c)], the operator (1⊗Mψ)[Kα, A] is a compactly
based pseudodifferential operator of order (−α − 1). By Lemma 6, we con-
clude that [Kα, A] ∈ Ld/(α+1),∞.

Let h(t) = |t|. Since h is Lipschitz and d/(α + 1) > 1, from [20], the
transformer TA,A

h[1]
maps Ld/(α+1),∞ to Ld/(α+1),∞. Hence,

[Kα, |A|] ∈ Ld/(α+1),∞.

We note that, using for example polar decomposition on A, that |A|(1⊗
Mψ) = |A|. Then,

[Kα, |A|]Kβ = |A|[Kα, 1⊗Mψ]Kβ + [Kα, |A|](1⊗Mψ)Kβ.

We have shown in equation (10) that [Kα, 1⊗Mψ]Kβ ∈ Ld/(α+β+1),∞. From
above [Kα, |A|] ∈ Ld/(α+1),∞ and from Lemma 6, (1 ⊗Mψ)Kβ ∈ Ld/β,∞, so
the result follows from the Hölder inequality.

Lemma 14. Let A be a compactly based classical pseudodifferential opera-
tor of order 0 with self-adjoint extension, and let T ∈ L∞ be any bounded
operator such that

T ∈ A(1 +D2)−1/2 + L2d/3,∞.

Then |T |d ∈ L1,∞ and for any continuous normalised trace on L1,∞, we have

ϕ(|T |d) = ϕ(|A|d(1 +D2)−d/2).
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Proof. Let K = (1 +D2)−1/2. Since A is compactly based, there is a smooth
function ψ ∈ C∞c (Rd) such that |A|K = |A|(1 ⊗ Mψ)K. By Lemma 5,
|A|K ∈ Ld,∞. By assumption, T − |A|K ∈ L2d/3,∞, hence T ∈ Ld,∞.

Taking the adjoint of the condition,

T − AK ∈ L2d/3,∞, (11)

we have
T ∗ −KA ∈ L2d/3,∞. (12)

Multiplying the expressions in (11) and (12) together,

(T ∗ −KA)(T − AK) ∈ L2d/3,∞ · L2d/3,∞.

By Hölder’s inequality, L2d/3,∞ · L2d/3,∞ ⊆ Ld/3,∞, so we have

T ∗T −KAT − T ∗AK +KA2K ∈ Ld/3,∞.

Rearranging,

|T |2 −K|A|2K ∈ KAT + T ∗AK − 2KA2K + Ld/3,∞,

and
|T |2 −K|A|2K ∈ KA(T − AK) + (T ∗ −KA)AK + Ld/3,∞.

Since AK and KA are in Ld,∞ and T −AK and T ∗−KA are each in L2d/3,∞
from (11) and (12), we conclude from the Hölder inequality that KA(T−AK)
and (T ∗ −KA)AK are in L2d/5,∞. Thus,

|T |2 −K|A|2K ∈ L2d/5,∞. (13)

We now complete the proof for d > 2 and d = 2 separately. Assume
d = 2. Since L4/5,∞ ⊂ L1, we apply a continuous normalised trace ϕ on L1,∞
to (13) and we obtain

ϕ(|T |2 − |A|2K2) = 0.

Since |A|2K2 = |A|2(1 ⊗Mψ)K2, it follows from Lemma 5 that |A|2K2 ∈
L1,∞, and from (13) we also have |T |2 ∈ L1,∞. Hence,

ϕ(|T |2) = ϕ(|A|2K2)

which is the required assertion in the case d = 2.
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Now to complete the proof, assume d > 2.
Lemma 13, setting α = β = 1

2
, states that K|A| ∈ K1/2|A|K1/2 +Ld/2,∞.

Taking the adjoint we also have |A|K ∈ K1/2|A|K1/2 + Ld/2,∞. Multiplying
these identities together we arrive at

K|A|2K ∈ (K1/2|A|K1/2)2+K1/2|A|K1/2Ld/2,∞+Ld/2,∞K1/2|A|K1/2+Ld/2,∞Ld/2,∞.

By Lemma 13, K1/2|A|K1/2 ∈ |A|K + Ld/2,∞. Therefore,

K|A|2K ∈ (K1/2|A|K1/2)2 + Ld,∞Ld/2,∞ + Ld/2,∞Ld/2,∞,

and using the Hölder inequality,

K|A|2K ∈ (K1/2|A|K1/2)2 + Ld/3,∞. (14)

Then, adding together (13) and (14),

|T |2 ∈ (K1/2|A|K1/2)2 + L2d/5,∞.

We now reduce this to an estimate for |T | using a formula of Birman, Ko-
plienko and Solomyak, [21], which implies that for non-negative self-adjoint
operators X and Y with X − Y ∈ L2d/5,∞ we have X1/2 − Y 1/2 ∈ L4d/5,∞.
Applying this to X = |T |2 and Y = (K1/2|A|K1/2)2,

|T | ∈ K1/2|A|K1/2 + L4d/5,∞.

Using Lemma 13 again with α = β = 1/2, and the inclusion Ld/2,∞ ⊂ L4d/5,∞
we obtain

|T | ∈ |A|K + L4d/5,∞.

We now claim that
|T |d ∈ (|A|K)d + L1. (15)

This follows from using the expansion,

|T |d − (|A|K)d =
d−1∑
j=0

|T |j(|T | − |A|K)(A|K|)d−j−1,

where we can apply the Hölder inequality to the j-th summand,

|T |j(|T |−|A|K)(A|K|)d−j−1 ∈ Ld/j,∞·L4d/5,∞·Ld/(d−j−1),∞ ⊆ L4d/(4d+1),∞ ⊂ L1.

24



To prove the required statement of the lemma it will be sufficient to show
that

(|A|K)dı0n|A|d−2Kd|A|2 + L1. (16)

We will prove (16) via the following claim: for each integer, 0 ≤ j ≤ d− 2,

(|A|K)d ∈ |A|jKj(|A|K)d−j + L1. (17)

We will prove equation (17) by induction on j, with the initial case j = 0
being trivial. Suppose that (17) is true for 0 ≤ j ≤ k, where 0 ≤ k < d− 2.
Then using the induction hypothesis

(|A|K)d ∈ |A|kKk|A|K(|A|K)d−k−1 + L1

= |A|kKk([|A|, K] +K|A|)(|A|K)d−k−1 + L1

= |A|kKk[|A|, K](|A|K)d−k−1 + |A|kKk+1|A|(|A|K)d−k−1 + L1.

Lemma 13 indicates that [|A|, K] ∈ Ld/2,∞ by setting α = 1, β = 0 and
recalling that d > 2.

Applying Lemma 5, |A|kKk = |A|k(1⊗Mψ)Kk ∈ Ld/k,∞ and (|A|K)d−k−1 ∈
Ld/(d−k−1),∞. By the Hölder inequality then,

|A|kKk[|A|, K](|A|K)d−k−1 ∈ Ld/k,∞ ·Ld/2,∞ ·Ld/(d−k−1),∞ ⊆ Ld/(d+1),∞ ⊂ L1.

Thus,

(|A|K)d ∈ |A|kKk+1|A|(|A|K)d−k−1 + L1

= |A|k([Kk+1, |A|] + |A|Kk+1)(|A|K)d−k−1 + L1

= |A|k+1Kk+1(|A|K)d−k−1 + |A|k[Kk+1, |A|](|A|K)d−k−1 + L1.

Now, by Lemma 13, [Kk+1, |A|] ∈ Ld/(k+2),∞ using α = k+1, β = 0 and recall-
ing that k < d− 2. Hence [Kk+1, |A|](|A|K)d−k−1 ∈ Ld/(k+2),∞ · Ld/(d−k−1),∞.
So, by Hölder’s inequality,

(|A|K)d ∈ |A|k+1Kk+1(|A|K)d−k−1 + Ld/(d+1),∞ + L1

= |A|k+1Kk+1(|A|K)d−k−1 + L1.

Thus (17) is proved for j = k + 1. By induction, we have proved (16).
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A rearrangement indicates that,

(|A|K)d ∈ |A|d−2Kd−2(|A|K)2 + L1

= |A|d−2Kd−2|A|K|A|K + L1

= |A|d−2Kd−2[|A|, K]|A|K + |A|d−2Kd−1|A|2K + L1

= |A|d−2Kd−2[|A|, K]|A|K + |A|d−2Kd−1[|A|2, K] + |A|d−2Kd|A|2 + L1.

From the Hölder inequality we have

|A|d−2Kd−2[|A|, K]|A|K + |A|d−2Kd−1[|A|2, K] ∈ L1.

Hence, from (15)
|T |d ∈ |A|d−2Kd|A|2 + L1.

Applying the trace ϕ,

ϕ(|T |d − |A|d−2Kd|A|2) = 0.

However, since |A|d−2Kd|A|2 = |A|d−2(1 ⊗ Mψ)Kd|A|2 we conclude from
Lemma 5 that |A|d−2Kd|A|2 ∈ L1,∞. Hence |T |d ∈ L1,∞ and

ϕ(|T |d) = ϕ(|A|d−2Kd|A|2).

Due to the cyclicity of ϕ, the required assertion follows.

Lemma 15. Let f ∈ C∞c (Rd) be real valued and let ψ ∈ C∞c (Rd) be real
valued such fψ = f . Define the operator Ak : S(Rd) → S(Rd), for k =
1, . . . , d by setting,

Ak := M∂kf −
1

2

d∑
j=1

(
M∂jf

DjDk

1−∆
Mψ +Mψ

DjDk

1−∆
M∂jf

)
.

Then A : CN ⊗ S(Rd)→ CN ⊗ S(Rd) defined by

A :=
d∑

k=1

γk ⊗ Ak,

is a compactly based classical pseudodifferential operator of order 0 with self-
adjoint extension such that

i

[
D√

1 +D2
, 1⊗Mf

]
∈ A(1 +D2)−1/2 + Ld/2,∞.
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Proof. We note the relations between f and ψ and their derivatives

f = ψf , ∂jf = ψ∂jf , f∂jψ = 0 , j = 1, . . . , d. (18)

Set g(D) := D(1 +D2)−1/2. We claim that

(1⊗Mψ)i[g(D), 1⊗Mf ] ∈ A(1 +D2)−1/2 + Ld/2,∞ (19)

and
i[g(D), 1⊗Mψ](1⊗Mf ) ∈ Ld/2,∞. (20)

If we can prove these claims then

i[g(D), 1⊗Mf ] = i[g(D), 1⊗MψMf ]

= (1⊗Mψ)i[g(D), 1⊗Mf ] + i[g(D), 1⊗Mψ](1⊗Mf )

= A(1 +D2)−1/2 + Ld/2,∞

and the result would be shown.
We prove the assertion (19). The operator A(1 + D2)−1/2 has principal

symbol, for x, y ∈ Rd, ‖y‖ ≥ 1,

p−1(x, y) =
d∑

k=1

γk ⊗
1

‖y‖

(
(∂kf)(x)− yk

‖y‖2

d∑
j=1

yj(∂jf)(x)

)
.

The order 0 pseudodifferential operators g(D) and 1⊗Mf are both classical
pseudodifferential operators. It follows that i[g(D), 1⊗Mf ] is a classical pseu-
dodifferential operator of order −1. The principal symbol of the commutator
is given by the Poisson bracket, [22, Formula (1.45), p. 13],

{
p0,g(D), p0,1⊗Mf

}
=

d∑
j,k=1

γk ⊗
(
∂f(x)

∂xj

∂(yk‖y‖−1)

∂yj
− ∂f(x)

∂yj

∂(yk‖y‖−1)

∂xj

)

=
d∑

j,k=1

γk ⊗ (∂jf)(x)∂j(yk‖y‖−1)

=
d∑

j,k=1

γk ⊗ (∂jf)(x)(δj,k‖y‖−1 − ykyj‖y‖−3)

=
d∑

k=1

γk ⊗
1

‖y‖

(
(∂kf)(x)− yk

‖y‖2

d∑
j=1

yj(∂jf)(x)

)
.
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Hence i[g(D), 1 ⊗Mf ] and A(1 + D2)−1/2 have the same principal symbol.
Using equation (18) it is evident that (1 ⊗Mψ)i[g(D), 1 ⊗Mf ] and A(1 +
D2)−1/2 also have the same principal symbol. Hence

(1⊗Mψ)i[g(D), 1⊗Mf ]− A(1 +D2)−1/2

is a compactly based pseudodifferential operator of order −2. By Lemma 6
it belongs to Ld/2,∞. The claim in formula (19) is proven.

Let B be the operator defined by

B :=
d∑

k=1

γk ⊗

(
M∂kψ −

d∑
j=1

Mf
DjDk

1−∆
M∂jψ

)
.

By similar calculations, i[g(D), 1 ⊗Mψ] and (1 + D2)−1/2B have the same
principal symbol and

i[g(D), 1⊗Mψ]− (1 +D2)−1/2B

is a pseudodifferential operator of order −2. By equation (18)

B(1⊗Mf ) = 0.

Hence

i[g(D), 1⊗Mψ](1⊗Mf ) = (i[g(D), 1⊗Mf ]− (1 +D2)−1/2B)(1⊗Mf )

is the adjoint of a compactly based pseudodifferential operator of order −2.
By Lemma 6 it belongs to Ld/2,∞ and the claim in formula (20) is proven.

Now we can prove the trace formula for the case where f is smooth and
compactly supported.

Lemma 16. Let f ∈ C∞c (Rd) be real valued, and let ϕ be a continuous
normalised trace on L1,∞. Then |d̄f |d ∈ L1,∞ and there is a positive constant
cd depending only on d such that

ϕ(|d̄f |d) = cd

∫
Rd
‖∇f(x)‖d2 dx.
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Proof. Setting p = 2d/3 in Lemma 7 indicates that

d̄f ∈ i
[

D√
1 +D2

, 1⊗Mf

]
+ L2d/3,∞

since ‖f‖2d/3 is finite when d > 2 and ‖f‖2;2d/3 is finite in the case d = 2.
We have also used the inclusion L2d/3 ⊆ L2d/3,∞.

Lemma 15 implies that

d̄f ∈ A(1 +D2)−1/2 + L2d/3,∞

where A is the compactly based classical pseudodifferential operator of order
0 with self-adjoint extension defined in Lemma 15.

By Lemma 14, |d̄f |d ∈ L1,∞ and for any continuous normalised trace ϕ
on L1,∞,

ϕ(|d̄f |d) = ϕ(|A|d(1 +D2)−d/2).

We now complete the proof by applying Lemma 12 with h(t) = |t|d as
follows. Restricted to the unit sphere, the principal symbol of A is

p0,A(x, s) =
d∑

k=1

γk ⊗ i

(
(∂kf)(x)− sk

d∑
j=1

sj(∂jf)(x)

)
, x ∈ Rd, s ∈ Sd−1.

Simplified further we write

p0,A(x, s) =
d∑

k=1

γk ⊗ iσ(x, s)k, x ∈ Rd, s ∈ Sd−1

where
σ(x, s) := (∇f)(x)− s(s, (∇f)(x)), x ∈ Rd, s ∈ Sd−1.

Using the properties of the gamma matrices γj, j = 1, . . . , d,

|p0,A(x, s)|2 =
d∑

k′,k=1

γ∗k′γk ⊗ σ(x, s)k′σ(x, s)k = 1⊗
d∑

k=1

|σ(x, s)k|2

= 1⊗ ‖(∇f)(x)− s(s, (∇f)(x))‖2
2.

Applying Lemma 12,

ϕ(|d̄f |d) = kd

∫
Rd

∫
Sd−1

tr(|p0,A(x, s)|d) dsdx

= kd

∫
Rd

∫
Sd−1

‖(∇f)(x)− s(s, (∇f)(x))‖d2 dsdx.
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By rotation invariance, we can choose orthonormal coordinates (e1, e2, . . . , ed)
for the inner integral such that ∇f = ‖∇f‖2e1. Thus,

ϕ(|d̄f |d) = kd

∫
Rd
‖∇f(x)‖d2dx

∫
Sd−1

‖e1 − s(s, e1)‖d2 ds.

We let cd = kd
∫
Sd−1 ‖e1 − s(s, e1)‖d2 ds and this completes the proof.

Finally we can prove the trace formula in full generality.

Theorem 17. Let d > 1 and f ∈ Ẇ 1,d(Rd) ∩ L∞(Rd) be real valued. Then
|d̄f |d ∈ L1,∞ and there is a constant cd depending on d only such that for
every continuous normalised trace ϕ on L1,∞ we have

ϕ(|d̄f |d) = cd

∫
Rd
‖∇f(x)‖d2dx.

Proof. The formula is proven for f ∈ C∞c (Rd) by Lemma 16. Let f ∈
Ẇ 1,d(Rd)∩L∞(Rd). From Theorem 11 we have d̄f ∈ Ld,∞ and hence |d̄f |d ∈
L1,∞. By Theorem 3, we can choose a sequence {fn}∞n=0 ⊂ C∞(Rd) such
that ‖∇f − ∇fn‖Ld(Rd,Cd) → 0 as n → ∞. The result of the theorem is
shown if we show convergence of

∫
Rd ‖∇fn(x)‖d2dx to

∫
Rd ‖∇f(x)‖d2dx and

the convergence of ϕ(|d̄fn|d) to ϕ(|d̄f |d).
We show that

∫
Rd ‖∇fn(x)‖d2dx converges to

∫
Rd ‖∇f(x)‖d2dx.

For brevity set hn(x) := ‖∇fn(x)‖2, n ≥ 0, and h(x) := ‖∇f(x)‖2. By
the assumption on f and using the equivalence in equation (1), ‖h‖d < ∞.
Notice also that ‖∇f −∇fn‖Ld(Rd,Cd) → 0 implies the uniform boundedness
of ‖∇fn‖Ld(Rd,Cd). Hence supn≥0 ‖hn‖d <∞. We have∣∣∣∣∫

Rd
‖∇f(x)‖d2 − ‖∇fn(x)‖d2dx

∣∣∣∣ ≤ ‖hd − hdn‖1, n ≥ 0.

Using the identity,

xd − yd =
d−1∑
j=0

xj(x− y)yd−j−1, x, y ∈ C
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and Hölder’s inequality

‖hd − hdn‖1 ≤
d−1∑
j=0

‖hj‖d/j‖h− hn‖d‖hd−j−1
n ‖d/(d−j−1)

≤
d−1∑
j=0

‖h‖jd‖h− hn‖d‖hn‖
d−j−1
d

≤ K1‖h− hn‖d

where K1 is a constant independent of n. Now

‖h− hn‖dd =

∫
Rd
|‖∇f(x)‖2 − ‖∇fn(x)‖2|ddx

≤
∫
Rd
‖∇f(x)−∇fn(x)‖d2dx

≤ K2‖∇f −∇fn‖dLd(Rd,Cd)

where K2 is a constant independent of n obtained from the equivalence in
equation (1). We have shown that∣∣∣∣∫

Rd
‖∇f(x)‖d2 − ‖∇fn(x)‖d2dx

∣∣∣∣ ≤ K3‖∇f −∇fn‖Ld(Rd,Cd), n ≥ 0

for a constant K3 independent of n. The required convergence follows.
We show that ϕ(|d̄fn|d) converges to ϕ(|d̄f |d).
As ϕ is a continuous normalised trace on L1,∞,

|ϕ(|d̄f |d − |d̄fn|d)| ≤ ‖|d̄f |d − |d̄fn|d‖1,∞.

Let d > 1 and let X and Y be self-adjoint operators in Ld,∞. Then

|X|d − |Y |d =
d−1∑
j=0

|X|j(|X| − |Y |)|Y |d−j−1.

The Hölder inequality, applied to the j-th summand, gives

‖|X|j(|X| − |Y |)|Y |d−j−1‖1,∞ ≤ ‖Xj‖d/j,∞‖|X| − |Y |‖d,∞‖Y d−j−1‖d/(d−j−1),∞

≤ ‖X‖jd,∞‖|X| − |Y |‖d,∞‖Y ‖
d−j−1
d,∞ .
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Since d > 1, by [20] we have a constant K4 > 0 such that

‖|X| − |Y |‖d,∞ ≤ K4‖X − Y ‖d,∞.

Hence, using the quasinorm triangle inequality, there is a constant K5 > 0
such that

‖|X|d − |Y |d‖1,∞ ≤ K5

d∑
j=0

‖X‖jd,∞‖|X − Y ‖d,∞‖Y ‖
d−j−1
d,∞ . (21)

From Theorem 11, ‖d̄f − d̄fn‖d,∞ ≤ Bd‖∇f − ∇fn‖Ld(Rd,Cd). Hence,
‖d̄f − d̄fn‖d,∞ → 0 as n → ∞ and supn≥0 ‖d̄fn‖d,∞ < ∞. Substituting into
equation (21) we have the inequality,

|ϕ(|d̄f |d − |d̄fn|d)| ≤ ‖|d̄f |d − |d̄fn|d‖1,∞ ≤ K6‖d̄f − d̄fn‖d,∞

for a constant K6 > 0 independent of n. We have the required convergence.
This completes the proof.

Remark 18. The constant cd in Theorem 17 has no dependence on the
continuous normalised trace ϕ. This implies that the operator |d̄f |d ∈ L1,∞ is
a measurable operator in the sense of Connes’ quantised calculus, [9, Chapter
10]. It also implies convergence properties of the ordered eigenvalues of |d̄f |d,
see [23].

5. Necessity

In this section we will complete the proof of Theorem 1. That is, if
f ∈ L∞(Rd) is such that d̄f ∈ Ld,∞, then ∇f ∈ Ld(Rd,Cd) and

cd‖∇f‖Ld(Rd,Cd) ≤ ‖d̄f‖d,∞

for a constant cd > 0.
The following two lemmas are routine. The next result follows from [24,

Proposition 2.5.18] and interpolation. We provide a short proof for complete-
ness.

Lemma 19. Let ν be a finite signed Borel measure on R. Let t → Vt be
a strongly continuous family of unitary operators, and let A be a bounded
operator on a separable Hilbert space H.
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Define the integral
∫
R V

−1
t AVtdν(t) as the unique operator T (A) ∈ L∞(H)

such that for all x, y ∈ H,

(x, T (A)y) =

∫
R
(x, V −1

t AVty) dν(t).

If A ∈ Ld,∞ then
∫
R V

−1
t AVtdν(t) ∈ Ld,∞, and∥∥∥∥∫
R
V −1
t AVtdν(t)

∥∥∥∥
d,∞
≤ ‖A‖d,∞‖ν‖.

Proof. Let EN := {EN
n = [an, bn]}J(N)

n=0 , N ≥ 0, be finite sets of intervals of R
such that

∑J(N)
n=0 f(an)ν(EN

n ) converges to
∫
R f(x)dν(x) as N →∞ for every

continuous function f ∈ C(R). The sequence of bounded operators

TN(A) :=

J(N)∑
n=0

V −1
an AVanν(EN

n ), N ≥ 0

converges weakly to T (A). Using [9, Theorem 3.3.3] and properties of the
singular value function [9, Lemma 2.3.12], for each N ≥ 0 the operators
TN(A) are submajorised by A · ‖ν‖,

µ(t, TN(A)) ≺≺
J(N)∑
n=0

µ(t, V −1
an AVanν(EN

n )) ≤ µ(t, A) · ‖ν‖, t ≥ 0. (22)

Suppose A ∈ L1. Equation (22) implies that TN(A) ∈ L1 and ‖TN(A)‖1 ≤
‖A‖1‖ν‖ for each N ≥ 0. By the noncommutative Fatou lemma, [14, Theo-
rem 2.7(d)], T (A) ∈ L1 and ‖T (A)‖1 ≤ ‖A‖1‖ν‖. The same argument verba-
tim shows that if A ∈ L∞, then T (A) ∈ L∞ and ‖T (A)‖ ≤ ‖A‖‖ν‖. Hence
T is a linear operator such that ‖T‖L1→L1 ≤ ‖ν‖ and ‖T‖L∞→L∞ ≤ ‖ν‖. The
result of the lemma follows from real interpolation on the pair (L1,L∞), [19].

Lemma 20. Let 1 < p < ∞. Let ψ ∈ C∞c (Rd) be radially symmetric and
equal to 1 in a neighbourhood of the origin. Define ψn(x) := (σnψ)(x) =
ψ(x/n) for n ≥ 1. If f ∈ L∞(Rd) satisfies

sup
n≥1
‖∇(ψn(f ∗ ψ̂n))‖Lp(Rd,Cd) <∞ (23)

then ∇f ∈ Lp(Rd,Cd).
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Proof. By assumption, the sequence {∇(ψn(f∗ψ̂n))}∞n=1 is uniformly bounded
in Lp(Rd,Cd). Since 1 < p <∞, Lp(Rd,Cd) is reflexive and there is a subse-

quence of {∇(ψn(f∗ψ̂n))}∞n=1 which converges weakly to some g ∈ Lp(Rd,Cd).
Let φ ∈ S(Rd). Then,

(ψn(f ∗ ψ̂n), φ) = (ψ̂n ∗ f, ψnφ) = (f, ψ̂n ∗ (ψnφ)).

The sequence {ψ̂n ∗ (ψnφ)}∞n=1 converges in the standard topology of S(Rd)

to φ, [25, Exercise 2.3.5]. Hence, {ψn(f ∗ ψ̂n)}∞n=1 converges to f in the

sense of tempered distributions, and so {∇(ψn(f ∗ ψ̂n))}∞n=1 converges to the
distributional derivative ∇f in the sense of tempered distributions.

Since weak convergence in Lp(Rd,Cd) implies convergence in the sense of
distributions, we conclude that g = ∇f , and so ∇f ∈ Lp(Rd,Cd).

Theorem 21. Let f ∈ L∞(Rd) and d > 1. If d̄f ∈ Ld,∞, then f ∈ Ẇ 1,d(Rd)∩
L∞(Rd) and there is a constant cd > 0 depending only on d such that

cd‖∇f‖Ld(Rd,Cd) ≤ ‖d̄f‖d,∞.

Proof. Suppose f ∈ L∞(Rd) is real valued. If we establish that ∇f ∈
Ld(Rd,Cd) then the estimate follows from Theorem 17. Theorem 17 im-
plies that there is a constant cd > 0 such that, for all continuous normalised
traces ϕ on L1,∞,

cd‖∇f‖Ld(Rd,Cd) = ϕ(|d̄f |d)1/d ≤ ‖d̄f‖d,∞. (24)

In (24) we implicitly use the equivalence in equation (1).
We establish that ∇f ∈ Ld(Rd,Cd) when f is real valued. Suppose that

f ∈ L∞(Rd) is such that d̄f ∈ Ld,∞. Let {ψn}∞n=1 be the sequence defined in

Lemma 20. The Fourier transform ψ̂n satisfies

ψ̂n(s) = nψ̂(ns), s ∈ Rd.

Then

‖ψ̂n‖1 =

∫
Rd
|ψ̂n(s)|ds =

∫
Rd
|ψ̂(ns)|d(ns) = ‖ψ̂‖1

which is finite since ψ̂ is a Schwartz function. Since ψn(f ∗ ψ̂n) is smooth and
compactly supported we can apply equation (24), and we have

cd‖∇(ψn(f ∗ ψ̂n))‖Ld(Rd,Cd) ≤ ‖d̄(ψn(f ∗ ψ̂n))‖d,∞.
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Expanding out d̄(ψn(f ∗ ψ̂n)),

‖d̄(ψn(f ∗ ψ̂n))‖d,∞ ≤ K(‖(d̄ψn)Mf∗ψ̂n‖d,∞ + ‖Mψnd̄(f ∗ ψ̂n)‖d,∞)

where the constant K > 0 above is needed since ‖ · ‖d,∞ is a quasinorm.
Expanding further the first term using Young’s inequality

‖d̄(ψn)Mf∗ψ̂n‖d,∞ ≤ ‖d̄ψn‖d,∞‖f ∗ ψ̂n‖∞ ≤ ‖d̄ψn‖d,∞‖f‖∞‖ψ̂n‖1

≤ ‖d̄ψn‖d,∞‖f‖∞‖ψ̂‖1.

Looking at the second term, using ‖ψn‖∞ = 1,

‖Mψnd̄(f ∗ ψ̂n)‖d,∞ ≤ ‖d̄(f ∗ ψ̂n)‖d,∞.

Let t 7→ Ut be the group action of translations on Rd. That is, for t, s ∈ Rd,
(Utf)(s) = f(s− t). By the definition of convolution,

f ∗ ψ̂n(s) =

∫
Rd

(Utf)(s)ψ̂n(t)dt.

Hence, since D commutes with translations,

[sgn(D), 1⊗Mf∗ψ̂n ] =

∫
Rd

(1⊗ U−1
t )[sgn(D), 1⊗Mf ](1⊗ Ut)ψ̂n(t)dt.

Applying Lemma 19 to the finite signed Borel measure ψ̂n(t)dt,

‖[sgn(D), 1⊗Mf∗ψ̂n ]‖d,∞ ≤ ‖[sgn(D), 1⊗Mf ]‖d,∞‖ψ̂n‖1

≤ ‖[sgn(D), 1⊗Mf ]‖d,∞‖ψ̂‖1.

We have proved that,

‖∇(ψn(f ∗ ψ̂n))‖Ld(Rd,Cd) ≤ (c1‖d̄ψn‖d,∞‖f‖∞ + c2‖d̄f‖d,∞)‖ψ̂‖1.

for some c1, c2 > 0. As ψn ∈ C∞c (Rd), we apply Theorem 11 to obtain,

‖d̄ψn‖d,∞ ≤ Cd‖∇ψn‖Ld(Rd,Cd).

However ψn := σnψ, and this implies that ∇ψn = 1
n
σn∇ψ. Thus,

‖d̄ψn‖d,∞ ≤
Cd
n
‖σn∇ψ‖Ld(Rd,Cd).
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Since ‖σn∇ψ‖Ld(Rd,Cd) = n‖∇ψ‖Ld(Rd,Cd), we obtain

sup
n≥1
‖∇(ψn(f ∗ ψ̂n))‖Ld(Rd,Cd) ≤ (c1Cd‖∇ψ‖Ld(Rd,Cd) + c2‖d̄f‖d,∞)‖ψ̂‖1.

By Lemma 20 we conclude that ∇f ∈ Ld(Rd,Cd).
If f ∈ L∞(Rd) is complex valued, write f = f1 + if2 where

f1 =
1

2
(f + f) , f2 =

1

2i
(f − f)

are real valued. If d̄f ∈ Ld,∞ then (d̄f)∗ = d̄f ∈ Ld,∞. Hence d̄f1, d̄f2 ∈ Ld,∞,
which implies by the above results that ∇f1,∇f2 ∈ Ld(Rd,Cd). By linearity
∇f ∈ Ld(Rd,Cd).

The norm estimate in (24) applies to the real terms f1 and f2. Then

‖∇f‖Ld(Rd,Cd) ≤ ‖∇f1‖Ld(Rd,Cd) + ‖∇f2‖Ld(Rd,Cd)

≤ K1(‖d̄f1‖d,∞ + ‖d̄f2‖d,∞)

for a constant K1 > 0. Using the quasinorm triangle inequality, there is a
constant K2 > 0 such that

‖d̄f1‖d,∞ + ‖d̄f2‖d,∞ =
1

2
‖d̄(f + f)‖d,∞ +

1

2
‖d̄(f − f)‖d,∞

≤ K2(‖d̄f‖d,∞ + ‖d̄f‖d,∞)

= K2(‖d̄f‖d,∞ + ‖(d̄f)∗‖d,∞) = 2K2‖d̄f‖d,∞.

Hence
‖∇f‖Ld(Rd,Cd) ≤ 2K1K2‖d̄f‖d,∞.

The result is proven by setting cd = (2K1K2)−1.
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