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Abstract

Tumours are highly heterogeneous entities. To understand cancer devel-

opment from its initiation to metastases, research is needed to reveal the

impact of heterogeneous populations of immune cells and tumour cells on

outcomes. The presence of T cells of the adaptive immune response are

correlated with favourable outcomes across a broad range of cancers. In

this thesis we focus specifically on the T cell population and the impact of

heterogeneity in both immune and tumour cells on model outcomes. To

reveal the role played by the various aspects of heterogeneity in tumour-

immune cell interactions, we develop a suite of mathematical models that

explores in turn heterogeneity in: subpopulations of T cells; in different

states of functionality of the same T cell (or states of exhaustion); and

different subpopulations of tumour cells.

The models are formulated as ordinary differential equations. Each model

is examined through a combination of numerical and analytical techniques.

All three models exhibit three generic responses to immune cells: tumour

elimination, equilibrium and escape (the three Es of immunoediting) [52].

The first model focuses on the behaviour of a tumour interacting with two

subpopulations of T cells: helper and cytotoxic T cells. The likelihood

of tumour elimination, equilibrium and escape is found to vary with both

the rates of infiltration of cytotoxic and helper T cells. The results indi-

cate that combined immunotherapies, where both rates of infiltration are

increased comparably, may elicit the most favourable response outcomes.

The second model focuses on heterogeneity in the level of functionality of

the cytotoxic T cells (exhaustion state). Tumour elimination, equilibrium

and escape are found to depend on the rates of exhaustion of individual

T cell functions, together with the ratio of the baseline T cell population

(in the absence of a tumour) to the T cell population required to arrest

tumour growth. The model suggests that the appropriate treatment is to

block the ability of the tumour to dampen T cell proliferation.



The final model focuses on heterogeneity in both tumour and T cell pop-

ulations. The tumour population is divided into an immune-resistant

and an immune-sensitive subpopulation, and the T cell population is di-

vided into a cytotoxic and an exhausted subpopulation. The likelihood

of tumour elimination, equilibrium and escape are found to vary with

the rate of infiltration of cytotoxic T cells, together with the growth rate

of the tumour, the rate at which immune-sensitive tumour cells produce

immune-resistant tumour cells, the rate of conversion of cytotoxic T cells

to exhausted T cells and the exhausted T cell kill rate. The results suggest

that boosting the infiltration of cytotoxic T cells would be most effective

and that the necessary increase depends on the growth rate of the tumour.

This thesis uses a series of ODE models to comprehensively study how

aspects of tumour-immune system heterogeneity impact tumour progres-

sion. All three models show a close link between moderate immunosup-

pression and the presence of a dormant tumour state. The results suggest

a number of potentially promising therapies depending on the degree of

immunosuppression, tumour growth rate, and immune cell composition.
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for different ᾱ are distinguished by linestyle as indicated. In the plot

of Hb, the different choices of σ̃C are distinguished by colour as in-

dicated. The lighter shade corresponds to k̃ = 0.5, while the darker

shade corresponds to k̃ = 2. . . . . . . . . . . . . . . . . . . . . . . . 45

2.4 Series of diagrams showing how the physically realistic steady state

solutions of equations (2.11) and (2.13) change as ᾱ and σ̃C vary, or,
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Chapter 1

Introduction

‘. . . there is no doubt that immunotherapy will from here on be a key part of treatment

for a growing number of cancers. Perhaps the most telling measure of its success

is that some oncologists have started to complain, quietly, of a shortage of specialist

doctors. Patients keep coming back instead of dying.’

The Economist, September 16th 2017

The work in this thesis was supported in part by Hoffmann La Roche. The results

bear upon finding new therapies for a broad range of cancers, exploiting a better

understanding of T cell function in tumour-immune dynamics. The research carried

out in this thesis addresses the role of different aspects of heterogeneity in immune

and tumour populations. The findings may help in the design of new patient specific

treatment protocols.

1.1 The immune system

The human immune system has evolved into a three-armed system of defence that is

able to recognise and eliminate functionally and physically diverse pathogens while at

the same time distinguishing between self and non-self tissue. Outer physical barriers

blocking the entry of pathogens into the host are the first line of defence. If breached,

the second arm of defence is innate and non-specific. If this line of defence is unable to

rid the host of the invader then the last arm of defence, the adaptive and specific arm,

is recruited. The innate immune system has existed since the first single cell organism

evolved approximately 3.5 billion years ago [106]. The adaptive immune system was

formed, in evolutionary terms, much later to defend complex multi-cellular organisms,

specifically vertebrates, against increasingly complex pathogens [11].
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Insights into how the immune system works to protect the host against invading

pathogens first arose from separate investigations conducted by Metchnikoff and Er-

lich in the late 19th century. Metchnikoff’s work, published in 1884 [133], focused

on the innate (non-specific) arm of the immune system. Through his studies of ma-

rine non-vertebrates he observed that cells could engulf and consequently eliminate

pathogenic microbes. He termed this process ‘phagocytosis’. From the results of his

studies he concluded that phagocytosis was the primary mechanism by which the in-

nate immune system eliminated pathogens. Erlich, on the other hand, observed how

the adaptive (specific) arm of the immune system could recognise and eliminate a

pathogen. In 1897 he developed the ‘side-chain theory’ [58] to describe this function

of the adaptive immune system. His theory was based upon experimental models

using mice in which he observed cells with receptors that bound only with specific

antigens. Once bound, these cells were activated producing antibodies specific to the

antigen [59]. His insights into the immune cells production of antibodies specific for

a particular pathogen contributed to the development of modern vaccinations [148].

A key consequence of Metchnikoff and Erlich’s findings was the realisation that the

innate and adaptive arms were independent and, as a result, there was considerable

debate about their relative importance. In 1903 Wright et al. [204] challenged the

idea that the two arms were independent by observing that the innate and adaptive

arms of the immune system can work together to eliminate a pathogen. Although

Wright’s work highlighted a link between the two arms of defence, details of how

cells of the innate and adaptive arms interact remained poorly understood until the

work of Hoffmann, Beutler, and Steinman [149, 182, 181, 173], a century later. Their

research provided experimental insight into how the innate and adaptive arms of the

immune system communicate and cooperate; they were awarded the Nobel Prize in

Physiology or Medicine in 2011 for this research. In the next section, we focus in

more detail on the innate and adaptive arms of the immune system and how they

communicate and cooperate to rid the host of a pathogen.

1.1.1 Innate and adaptive arms of the immune system

To enter the host, pathogens must first penetrate physical barriers such as the skin,

epithelial cilia and mucus membranes which line the digestive, respiratory and re-

productive tracts. The innate arm is the first line of defence in vertebrates and the

only line of defence in non-vertebrates [94]. Once these physical barriers have been

breached, cells of the innate immune response respond. A distinguishing feature of

these cells is their lack of specificity for a particular pathogen. Instead cells of the
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innate arm recognise these cells through their expression of signature molecules (e.g.

pathogen associated molecular patterns [109]). Large numbers of non-specific cells are

distributed throughout the body, stationed where physical barriers may be breached.

The non-specificity of the innate response and the large numbers of cells involved

enable the host rapidly to mount an attack against a pathogen.

Increasingly sophisticated pathogens, found in multi-cellular organisms, place a

greater demand on the innate arm. As a result, a diverse array of non-specific recep-

tors can recognise these pathogens (e.g. transmembrane pattern recognition receptors,

Toll-like receptors, C-type lectin receptors, leucine-rich repeat-containing receptors

and retinoic acid-inducible gene I-like receptors [93]). In addition to pathogen clear-

ance, cells of the innate immune system are needed to activate and maintain an

effective adaptive immune response.

If the innate arm of the immune system is unable to eliminate a pathogen, the

adaptive arm is engaged to mount a specific attack against the encountered foreign

antigen [95]. Across the large population of cells of the adaptive immune system, a

small number of cells have receptors that are specific for a particular foreign antigen.

This level of receptor diversity is achieved through the recombination of receptor

molecule genes by the proteins RAG 1 and RAG 2 [89, 95]. When a foreign antigen

is first encountered the limited pool of these cells with the matching antigen receptor

are sought out by antigen presenting cells for activation. Upon encountering the

foreign antigen, the specific adaptive immune cells proliferate, differentiating into

memory (long-lived) and effector (short-lived) cells. This proliferation continues until

a substantial population of antigen specific cells have amassed to mount an effective

immune response. This typically takes a couple of days from when the foreign antigen

was first recognised by the adaptive immune response [95]. A key advantage of the

adaptive arm is the production of memory cells. These memory cells are long-lived,

existing in a non-functional state until the foreign antigen is re-encountered. The

presence of an increased population of antigen specific adaptive immune cells enables

the immune system to rapidly recognise and eliminate the pathogen when it is re-

encountered.

Until recently it was believed that the innate and adaptive arms of the immune

system were independent and that the process of pathogen elimination was unidirec-

tional (from the innate to the adaptive arm). We now know, to mount an effective

immune response in vertebrates, there must be bi-directional cooperation between

cells of the innate and adaptive arms [73].
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1.1.2 Cells of the immune system

Once physical barriers have been breached in vertebrates, there are two arms of de-

fence: the non-specific innate arm and the specific adaptive arm. Both the innate and

adaptive arms of the immune system are composed of white blood cells (leukocytes)

which arise when pluripotent hematopoietic stem cells, located in the bone marrow,

differentiate. The two main cell types that arise from the differentiation of lymphoid

and myeloid progenitors are lymphoblasts and myeloblasts (see Figure 1.1). In this

thesis we focus specifically on the T cells that differentiate from lymphoid progeni-

tors and therefore our discussion is primarily focused on the lymphoid progenitors.

Next we briefly discuss monocytes which differentiate from myeloid progenitor cells.

These are relevant to the research presented in this thesis as monocytes present anti-

gen which can be recognised by both T and B cells of the specific response and are

necessary for the activation of these cells.
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Figure 1.1: Schematic diagram showing how differentiation of pluripotent stem cells
in the bone marrow which gives rise to the cells of the innate and adaptive immune
systems.
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1.1.2.1 Myeloid progenitors

Myeloid progenitors generate both white and red blood cells. Specifically, these

precursor cells differentiate into specialised types: erythrocytes (red blood cells),

megakaryocytes (which produce platelets) and myeloblasts (white blood cell precur-

sors). Myeloblasts differentiate further into two groups of white blood cells: granulo-

cytes and monocytes. Here we focus our discussion on monocytes.

On entry to an infected tissue, monocytes mature into macrophages or dendritic

cells. Like granulocytes, they recognise and engulf pathogens by phagocytosis. In this

way the monocytes display fragments of the pathogen, known formally as antigen,

on their surface. Due to this display of antigen, macrophages and dendritic cells are

called antigen presenting cells (APCs). These cells communicate with the cells of

the adaptive arm by displaying antigen on their surface to naive cells of the adaptive

immune system. This process of activation occurs in the peripheral lymphoid vessels.

Here APCs present the antigen displayed on a major histocompatibility complex

(MHC) molecule to the cells of the adaptive arm with the matching receptor [138].

The MHC molecule, a self-molecule, is necessary to display the antigen so that the

adaptive cells know that the APC is not a pathogen. Although dendritic cells share

many similarities with macrophages, they differ in the class of MHC molecules that

they express. Specifically they express high levels of MHC II class molecules (instead

of MHC I class molecules) which are required for the activation of helper T cells.

1.1.2.2 Lymphoid progenitors

Lymphoid progenitors first differentiate into lymphoblasts and then further differen-

tiate into either natural killer cells (NK cells), T lymphocytes (T cells) or B lym-

phocytes (B cells). NK cells are important for killing intracellular pathogens. They

are a non-specific type of lymphocyte containing cytotoxic granules. One of the

most important properties of NK cells is their ability to distinguish between self and

infected/transformed self tissues. They recognise infected self-cells via their down

regulation of MHC class I molecule expression and play a key role in fighting tumour

cells (transformed self-cells) [118]. They also regulate the immune response through

their production of specific cytokines such as IFN-γ [194].
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Figure 1.2: Schematic diagram illustrating how B and T cells of the adaptive immune
response are activated.

The T and B cells constitute the adaptive immune system. T cells are responsible

for the cell mediated response while B cells govern the humoral response. Both

populations originate from pluripotent haematopoietic stem cells in the bone marrow;

B cells mature in the bone marrow while lymphocyte precursors populate the thymus

where they undergo a series of developmental steps including undergoing positive

and negative selection and maturation into naive T cells that exit the thymus and

migrate to lymphoid tissues. Naive T cells continually migrate both within lymph

nodes scanning for antigen presented by dendritic cells and undergo a process of

recirculation leaving individual lymph nodes every 12 -24hrs, and entering circulation
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before re-entering lymphoid tissues. This process of continual migration and entry

into different lymphoid tissues maximises the probability any one individual naive

T cell will interact with its cognate antigen. T and B cell populations are highly

diverse with unique receptors, known as T and B cell receptors respectively (TCRs

and BCRs). The highly diverse repertoire of TCRs can respond to a diverse set

of antigens restricted by the pre-cursor frequency, the effect of negative selection

process on developing B and T cells to remove autoreactive clones and the restriction

set of peptides that can be presented by self MHC. B cells recognize the 3D shape

and charge of antigens which can include proteins, carbohydrates, lipids and small

chemical molecules. In comparison conventional T cells only recognize short peptides

bound to the self-MHC molecules. When antigenic stimulation occurs, B and T cells

differentiate into effector (short lived) cells. B cell activation occurs as a result of

soluble antigenic stimulation together with activation via (effector) helper T cells as

illustrated in Figure 1.2. Upon BCR stimulation, B cells can be stimulated to undergo

rounds of affinity maturation leading to higher affinity responses and secretion of

antibodies. Some of the B cells will mature into memory cells, others will undergo a

process of maturation into terminally differentiated plasma cells that are specialized

secretory cells that produce large amounts of antibody. These antibodies attach to the

infected/transformed cell alerting the cells of the innate immune system, consequently

promoting their phagocytosis. Effector cytotoxic lymphocytes (CTLs) are activated

by antigenic peptide MHC class I complexes on target cells (e.g. virally infected or

tumour cells) leading to cell killing through the directed release of granzymes and

perforin that are directly cytolytic to the target cell. The process of lymphocyte

activation, proliferation and antigen, tumour or pathogen removal through either

directly cytolytic or humoral process is maintained, until either the source of antigens

is eliminated or the immune system becomes refractory to antigenic stimulation [95].

Upon activation a small proportion of T and B lymphocytes differentiate into long

lived memory cells instead of differentiating into fully functional effector cells. Upon

re-encounter with specific antigen, memory T and B cells are rapidly induced to

generate an amplified immune response due to a combination of a higher frequency

of antigen specific lymphocytes and more potent responses on a per cell basis.

There are two subpopulations of T cells, cytotoxic and helper, which recognise

MHC class I and II molecules, respectively. MHC class I molecules are expressed by all

nucleated cells in the body while MHC class II molecule expression is limited primarily

to APCs. Naive T cells require two independent signals for their activation [139]. The

first signal is the binding of the cognate antigen displayed on an MHC molecule by
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an APC to the TCR. The T cell receptor α and β chains are part of a larger complex

of proteins consisting of 4 chains of the CD3 complex of proteins (ε, δ, γ, ζ) that

form a high order protein complex with the TCR and transmits intracellular signals

resulting in gene transcription after stabilised high affinity binding to specific antigen-

MHC complexes. The second signal is the engagement of a co-receptor on the surface

of the T cell with a stimulatory molecule. (Note, co-receptors can be stimulatory or

inhibitory.) In order to activate the T cell a stimulatory molecule on the surface of the

T cell must bind to the appropriate ligand on the APC (e.g. CD28 present on surface of

the T cell and CD80 or CD86 presented on the surface of the APC). T cell inactivation

can occur as a result of inhibitory molecule signalling The best known inhibitory

receptors being Cytotoxic T Lymphocyte Antigen 4 (CTLA-4), an inhibitory receptor

that is transiently up-regulated in response to TCR stimulation which competes for

the co-receptor CD28 for binding to CD80 and CD86, and Programmed cell Death

1 protein PD-1 which is up-regulated upon chronic TCR stimulation and binds to

PD-L1.

Effector helper T cells influence all aspects of an immune response. For example,

they activate B cells and signal them to switch production from one antibody to

another (class switch recombination), promote proliferation of effector cytotoxic T

cells at the site of infection, and recruit help from appropriate cells of the innate

immune response to fight off invaders. This latter function allows them to control

inflammation levels at the site of infection [92]. These T cells orchestrate an effective

immune response by their production of specific patterns of cytokines. After the

naive helper T cells are activated they produce the cytokine IL-2, promoting their own

survival and proliferation. As these cells proliferate they differentiate into functionally

distinct sub-populations defined by their unique cytokine signatures (Th1, Th2, Th17

and iTreg, for example) [137, 169]. The dominant population will depend on the make

up of the microenvironment (i.e. the background cytokine milieu).

Effector CTLs enter into peripheral tissues dynamically scanning for cells express-

ing antigen (either virally infected cells or transformed healthy cells in cancer). Upon

recognition, they bind to and induce potent killing of the target cells. T cells induce

killing both indirectly and directly. They produce cytokines such as IFN-γ and TNF-

α that triggers apoptosis of the target cell. The main way in which effector cytotoxic

T cells kill is by direct cell contact. This can be done in two ways. Either cytotoxic

T cell expression of the Fas-L ligand binds to Fas receptors on the target cell trig-

gering apoptosis, or upon binding with the target cell the T cells release perforins

and granzymes which penetrate and kill the target cell. The models presented in this
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thesis all include cytotoxic T cells due to their direct killing capacity and their speci-

ficity to a specific tumour antigen. This thesis primarily focuses on cytotoxic T cells

but also examines the coordination of helper and cytotoxic T cells in an anti-tumour

immune response.

1.2 Cancer

Cancer is the second leading cause of death worldwide following heart disease. The

International Agency for Research on Cancer (IARC) estimated that in 2012 there

were approximately 14.1 million incidences of cancer, resulting in 8.2 million deaths

worldwide [193]. The majority of cancer cases arise from somatic mutations caused

by environmental factors. With age, the likelihood of these mutations increases and

therefore with increasing life expectancies and population growth, these figures are

expected to rise significantly.

Cancer denotes a range of diseases all resulting from the accumulation of genetic

mutations in a healthy cell [82]. Cancer can occur within any cell in the body.

As a result there are more than 200 known cancer types [156]. Mutations in the

genome arise due to age, as well as environmental and genetic factors. Examples of

environmental factors that are known to cause mutations include: tobacco, obesity,

low rates of physical activity, UV radiation, pollution, stress, diet, and alcohol [156].

Genetic transmission is also a factor through the inheritance of an abnormal gene

from a parent. For example inherited mutations in the BRCA 1 and BRCA 2 genes

give rise to inherited breast and ovarian cancers.

Tumours comprise a diverse array of different cell types including cancer cells,

endothelial cells, fibroblasts, epithelial cells and cells of the immune system. Can-

cer cells are malignant cells arising from the accumulation of mutations in the genes

controlling cell regulation [158]. Both intrinsic (genetic) factors and extrinsic factors

(such as chronic inflammation, viral infection, smoking and age) facilitate the induc-

tion of an incipient tumour. Two main classes of genes are associated with increased

cancer incidence rate: oncogenes and tumour suppressor genes [198]. Oncogenes de-

note genes that act to prevent apoptosis of malfunctioning cells, allowing these cells

to continue to proliferate. The up-regulation of these genes through genetic muta-

tions facilitates tumour development. Tumour suppressor genes (also referred to as

anti-oncogenes) are necessary to prevent cancer development by regulating normal

cell growth and inducing apoptosis. Mutations in these genes down-regulate or cause
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the complete loss of cell regulation. Tumorigenesis is a multi-step process that al-

ters pathways controlling normal tissue homoeostasis, cell proliferation and death.

Through alterations in genes, growth factors, signalling pathways and various other

mechanisms the tumour is able to continue to grow, avoiding apoptosis and ageing of

the cells.

The key properties of cancer have been outlined by Hanahan and Weinberg (2011)

[86]. They describe eight ‘hallmarks’ unique to cancer cells which drive the progres-

sion of a pre-malignant neoplasm to a malignant tumour. These hallmarks are ‘sus-

tained proliferation’, ‘evading growth suppressors’, ‘activating invasion and metasta-

sis’, ‘enabling replicative immortality’, ‘inducing angiogenesis’, ‘resisting cell death’,

‘reprogramming energy metabolism’ and ‘evading immune destruction’. The first six

hallmarks listed above were outlined in Hanahan and Weinberg’s initial work [85].

These hallmarks are mainly associated with the intracellular signalling network that

is deregulated and manipulated by the malignant cells to promote their own uncon-

trolled proliferation and dominance. Hanahan and Weinberg (2011) [86] updated

their list to include two new hallmarks, which focus on the micro-environment of the

tumour rather than genetic properties. In this thesis, the immune system and its rela-

tionship with cancer is of particular interest, featured as one of these new hallmarks.

We elaborate on this relationship next.

1.3 Cancer and the immune system

A paradox exists in immune responses to tumours. Although most of the time the

immune system productively responds to tumour cells leading to their elimination,

a number of processes can lead to inflammatory immune microenvironments that

actively inhibits the adaptive T cell response and, can help drive tumour growth and

metastasis through modulation of extracellular matrix, production of growth factors

and the induction of vascular remodeling.

The ability of the immune system to recognise and eliminate different carcinomas

was first proposed by Ehrlich in 1908 [57]. Ehrlich’s ideas were developed and for-

malised as the theory of ‘immune surveillance’ by Burnet and Thomas (1970) [27].

They stated that cells of the immune system search for and can detect transformed

self-cells. Since this theory only describes the initial interactions of immune cells with

cancer cells, it can not explain other phenomena such as tumour dormancy where the

tumour ceases to grow for long periods of time co-existing with cells of the immune
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system, and escape, where tumour cells acquire mechanisms by which to evade the

immune system to resume uncontrolled growth.

In 2004, Dunn et al. [52] developed a more complete theory to capture these

behaviours. His theory of ‘immunediting’ describes the dynamic interplay between

cancer and the immune system which results in either elimination, equilibrium or

escape of the tumour. These generic behaviours are exhibited by all of the models

presented in this thesis, by design. The immune system can detect and eliminate can-

cer malignancies in the early stages of development via immune surveillance [27, 176].

However pruning of the malignant cells by the immune cells, leaves behind those

cancer cells which are poorly antigenic and poorly immunogenic allowing them to

rapidly expand [53]. The malignant cells also shape the local microenvironment by

producing immunosuppressive cytokines (e.g. IL-10 and TGF-β). These processes

leave behind a suppressive microenvironment which allows the tumour mass to redi-

rect the immune system, creating an ideal environment for tumorigenesis. The three

Es of Immunoediting play a central role in this thesis. We summarise each of these

phases in Table 1.1 below.

Three Es of Immunoediting Description

Elimination (immunosurveillance) Identification and partial destruction of the tumour by cells of the
innate immune response. This releases tumour antigen which in turn
is picked up by activated mature dendritic cells. The dendritic cells
then recruit T cells of the adaptive immune response specific to the
tumour. These T cells proliferate and move to the tumour site where
they eliminate the tumour.

Equilibrium When elimination is not completely successful the tumour cells re-
maining enter into an equilibrium with cells of the immune response.
This state can last for long periods of time (tens of years).

Escape Tumour cells mutate at a high rate giving some a selective advantage
over the immune response. Specifically a tumour cell that is poorly
immunogenic and antigenic will escape detection by the immune
response leading to its rapid, uncontrolled proliferation.

Table 1.1: Summary of the three Es of Immunoediting as outlined by Dunn et al.
(2004) [52].

A number of cyclic steps are required to elicit an effective anti-tumour immune

response by the T cell arm of the adaptive immune response. These steps were

outlined and summarised as the ‘Cancer-Immunity Cycle’ in a recent review article

by Chen and Mellman (2013) [35]. They include: (1) the release of cancer antigen

11



upon cancer cell death, (2) presentation of cancer antigen via APCs, (3) the activation

of T cells in the lymph nodes (presentation of cognate antigen to the specific T cell),

(4) the trafficking of activated T cells through the blood vessels to the tumour tissue,

(5) infiltration of the T cells into the tumour, (6) T cell recognition of cancer cells

and (7) T cell killing of the cancer cells. This final step leads to the release of tumour

antigen (step (1)) and the cycle repeats.

In theory this cycle continues until the tumour has been eliminated. Unfortunately

there are many cases where the cycle breaks down, ultimately resulting in tumour

escape. Chen and Mellman (2013) [35] summarise at each step how the tumour can

break the Cancer-Immunity Cycle. For example, at the priming and activation stages

which take place in the lymph nodes, T cells may fail to recognise tumour cells which

are poorly immunogenic or poorly antigenic and may not be properly activated due

to lack of co-stimulatory signals. Breakdown can also occur at the tumour. First

infiltration of the T cells into the tumour may be hindered. Lymphocytes that do

manage to infiltrate into the parenchyma of the tumour are often anergised through

a lack of appropriate signalling and the presence of a highly regulatory environment.

This can drive the formation of an immunosuppressive microenvironment leading to

accumulation of regulatory T cells, generating a cycle of anergy and immune suppres-

sion in the tumour inhibiting effector T cell responses. The production of cytokines

by tumour cells and regulatory cells (e.g. Tregs) signals to the effector T cells to up-

regulate their expression of inhibitory receptors (IRs), ultimately damping the T cell’s

response. High expression of these IRs are found in the tumour microenvironment and

are associated with an increasingly dysfunctional state of the T cells [196, 201]. Tu-

mour cells, tumour fibroblasts and antigen presenting cells can be induced to express

ligands for immunoregulatory receptors checkpoint inhibitors including programmed

death ligand-1 (PD-L1) which binds to and inhibits PD-1 expressing T and NK cells.

When the IRs on the T cell are bound with their matching ligands, the inhibitor

pathways are activated. As a result, immunoregulatory signalling occurs within the

T cell. In turn, normal proliferation is damped, cytokine production is reduced and

the T cell killing capacity is diminished. The up-regulation of IRs is a result of signals

in the TME as well chronic exposure to high levels of tumour antigen. It is termed ‘T

cell exhaustion’ and was first observed in chronic human and mouse viral infections

including lymphocytic choriomengitis virus (LCMV), human immunodeficiency virus

(HIV) and hepatitis C virus (HCV) [199]. Regulatory T cells are characterized by

the high expression of CTLA-4 and PD-1, the high expression of CTLA-4 may be

important in modulating the effector T cell response. The role of T cell exhaustion
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in an anti-tumour immune response is the primary focus of the research presented in

this thesis.

Besides T cell exhaustion, the tumour also manipulates cells of the innate response

to facilitate its own growth. For example, it can halt the normal differentiation of

macrophages, dendritic cells and neutrophils, resulting in the development of imma-

ture myeloid cells known as myeloid derived suppressor cells (MDSCs). MDSCs are

detrimental for an immune response. They promote the differentiation of naive helper

T cells into Treg cells. These cells then suppress the activation and proliferation of

NK cells and helper and cytotoxic T cells both indirectly, through the production of

suppressive cytokines such as TGF-β, and directly, by the secretion of granyzme-B

which kills these cells [78].

Other immune cells can differentiate into multiple subtypes whose functions are

dictated by their microenvironment. For example, macrophages polarize into either

immune promoting (M1 macrophages) or immune suppressing (M2 macrophages)

[128]. Macrophages differentiate into an M1 population in the presence of IL-2,

TNF-α and IFN-γ cytokines. This promotes helper T cell, cytotoxic T cell and

NK cell proliferation. In contrast, in the presence of TGF-β and IL-10 cytokines, M2

macrophages are formed promoting the proliferation of the Treg cell population and

other suppressive cell populations promoting tumorigenesis.

Both innate and adaptive arms of the immune system work together to prevent

pre-malignant neoplasms developing into malignant tumours. Despite this, the tu-

mour often evades elimination by targeting one or more steps of the Cancer-Immunity

Cycle, manipulating the immune system to facilitate its own growth. In the next sec-

tion, we discuss the current understanding of how T cell exhaustion occurs in cancer,

one of the focal points of this thesis.

1.3.1 T cell exhaustion in cancer

T cell exhaustion was first observed in mice with lymphocytic choriomeningitis virus

(LCMV) infection [206]. T cell exhaustion was later observed in other chronic infec-

tions such as human immunodeficiency virus (HIV), hepatitis C virus (HCV), hep-

atitis B virus (HBV) and cancer, in both mice and humans [80, 199, 175, 154, 112].

T cell exhaustion is a result of chronic exposure to high levels of antigen.

A distinguishing feature of exhausted T cells is their high and sustained expres-

sion of inhibitory receptors such as programmed death 1 (PD-1), cytotoxic T lym-

phocyte associated protein 4 (CTLA-4), Lymphocyte activation gene-3 (Lag-3), T

cell immunoglobulin-3 (Tim-3), T cell immunoglobulin and ITIM domain (TIGIT),
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as well as B and T lymphocyte attenuators (BTLA) [199, 7, 14]. Although many

parallels can be drawn between T cell exhaustion in chronic viral infections and can-

cer, the patterns of inhibitory receptor (IR) expression are distinct. This suggests

that there may be alternative mechanisms driving T cell exhaustion in the tumour

microenvironment [63, 200].

During an immune response against an acute infection, IRs are transiently up-

regulated by T cells. Engagement of IRs are vital for preventing auto-immunity

(attack of healthy cells) [209]. In cancer and chronic infections such as HIV and HPV,

IR expression is sustained [146]. These IRs bind with ligands produced by tumour

cells and APCs in the tumour microenvironment sending immunoregulatory signals

to the nucleus which then dampens the T cell’s function. Of the large number of IRs,

the two that have received the most attention are CTLA-4, which acts during the

activation phase, and PD-1, which acts during later stages and is expressed primarily

by effector T cells to prevent tissue damage [191].
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Figure 1.3: Schematic illustrating the long time effects of chronic versus acute antigen
exposure on the adaptive immune response.

In addition to the engagement of IRs, other factors contribute to the state of

exhaustion of the T cell. Tregs and MDSCs, both present in high levels in the tumour

microenvironment, also impact the functional state of the T cells. Like tumour cells,

they manipulate the T cell through their production of immunosuppressive molecules

such as IL-10, TGF-β, IFN-α and Indoleamine 2, 3-dioxygenase. Additionally, the

lack of glucose in the TME affects a metabolic change in the environment which

inhibits normal T cell function [18].

Therapies known as checkpoint blockades have recently been employed to block

the engagement of IR pathways [125, 146]. Durable outcomes have been observed in

a proportion of patients with certain types of aggressive cancer including metastatic

melanoma, head and neck cancer, Lynch syndrome tumours and some small lung cell
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carcinomas [29, 84]. Response rates are highly variable and highest in melanoma

and non-existent in other tumour types. Additionally, dual blockades have yielded

stronger responses than the blockade of a single pathway [34, 203]. Such promising

outcomes are stimulating a wave of new research focused on harnessing the immune

system against cancer. In the next section we discuss several immunotherapies that

have been designed to target various stages of the Cancer-Immunity Cycle [35].

1.3.2 Immunotherapies

Although high success rates are often observed in early stage tumours using exist-

ing therapies (e.g. chemotherapy, radiotherapy, surgical removal), their potential is

limited in more aggressive tumours, often leading to only short term tumour shrink-

age and often provide no changes to life expectancy. Cytotoxic treatments (which

are non-specific) elicit high toxicity side effects as they do not discriminate between

healthy and malignant cells.

The identification of tumour specific antigens has permitted development of thera-

peutics to stimulate anti-tumour immune responses. These include tumour vaccines,

engineered T cell receptor based therapies, bi-specific stimulatory antibodies and

chimeric antigen receptors. An advantage of immunotherapies is their potential to

prevent relapse through the production of memory cells; an army of adaptive immune

cells primed specifically for a particular tumour antigen. Upon re-encounter with the

specific tumour antigen, a rapid immune response is mounted due to a population of

primed tumour antigen specific immune cells.

Several therapies have been designed to target specific aspects of the anti-tumour

immune response. Some of these have shown great promise in pre-clinical studies

[135]. Nonetheless the degree of success has yet to be translated into the clinic. Several

factors are believed to contribute to the failure in the clinic. These factors include the

timing, dosage and administration of the drug, and the limited understanding of the

immunosuppressive mechanisms used by the tumour to avoid escape. In this thesis

we focus on different approaches to model aspects of immunosuppression and their

effect on an anti-tumour immune response. We examine how the timing, dosage and

administration of the drug impact recovery.

The recent success and consequent approval of immunotherapies designed to tar-

get checkpoint blockades (monoclonal antibodies) have revived research into new

immunotherapy designs [132, 145, 150]. These antibodies are designed to block in-

hibitory receptor pathways which when engaged with their matching ligand (e.g. PD-

L1 or PD-L2) dampen the T cell response (e.g. inducing apoptosis of activated T cells,
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enhancing the Treg population, and hindering proliferation and cytokine production).

A number of antibodies have been designed and approved by the FDA for advanced

cancers. For example ipilimumab, an antibody designed to block the CTLA-4 re-

ceptor on the T cell, was approved by the FDA for the treatment of patients with

advanced melanoma. Approximately 15% and 20% of those treated showed durable

responses (extending longer than 2.5 years). Another set of antibodies have been de-

signed and FDA approved to block the PD-1 receptor on the T cell [178]. Two of the

most well known include pembroluzimab and nivolumab as treatments for advanced

melanoma.

In addition to checkpoint blockades, several novel immunotherapies have been

designed to either enhance/boost the immune response or reverse/block the immuno-

suppressive effects of the tumour. We summarise below examples of each type of

immunotherapy (for further details, see the review article of Farkona et al. (2016)

[61]).

Bi-specific antibodies. T Cell Bispecific (TCB) antibodies have been designed

to bind together T cells and tumour cells to stimulate polyclonal activation of the

T cells and potent killing of the tumour cells. A TCB bi-specific antibody has two

separate functional binding sites, one that binds to CD3ε, an invariant component of

the T cell receptor complex, and the other binding site being specific for a specific

tumour antigen. This type of therapeutic approach bypasses normal check-points that

inhibit anti-tumour immune responses, but still depend on successful entry of T cells

into tumours and can result in significant off-target toxicological side effects as the

normal checks and balances of the immune system are over ridden. These include non-

specific activation of the T cell without the need for co-stimulatory signals. Normally

T cells must encounter the specific tumour antigen that matches their TCR and

also be stimulated with co-stimulatory signals to become fully activated effector T

cells. This process can take a significant amount of time during which the tumour

can expand in the absence of the immune response. An advantage of this type of

therapy is that co-stimulatory signals are not required to activate the T cells and

poor TCR affinity will not prevent proper activation of the T cells. In patients with

healthy (non-exhausted T cells) such treatment results in enhanced T cell activation,

cytokine production and killing capacity [171, 16].

Adoptive T cell transfer. Here, effector T cells are given a boost by expanding the

tumour antigen specific population ex-vivo. First circulating or tumour infiltrating T
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cells are extracted from the host and those that are specific to the targeted tumour

antigen are selected. This pool of cells are then stimulated to proliferate without the

constraints of an immunosuppressive environment. Once a substantial population

of tumour antigen specific T cells have been generated, they are re-infused into the

host. One of the key disadvantages of this therapy is choosing an appropriate tumour

antigen to target to avoid creating an army of cells that can kill off healthy self

tissue [131]. Nonetheless this therapy has the potential to elicit a potent anti-tumour

immune response if the suppressive nature of the microenvironment created by the

tumour could be better managed. Although adaptive T cell therapy was developed

over 30 years ago its clinical efficacy has been limited by the technical hurdles and

the culturing of large numbers of T cells ex-vivo without altering their capacity to

home to specific tumours and have cytolytic activity post transfer.

Oncolytic viruses. These viruses select, infect and kill cancerous tissue but do not

effect healthy tissue [166]. Although this therapy has the potential for success, the

immune system rapidly detects and eliminates the viruses before they can reach the

cancer cells. Success depends on suppressing the immune system sufficiently so that

the virus reaches the tumour site and expands [167].

Dendritic cell vaccination. Here, circulating dendritic cells are extracted and

then expanded, matured and loaded with tumour antigen ex-vivo. These loaded cells

are then re-infused into the host as fully functional dendritic cells primed to activate

the adaptive arm of the immune system. The maturation of this population, ensured

by activating these cells ex-vivo, is a key component of this form of treatment as

immature dendritic cells exert immunosuppressive functions. An example of an FDA

approved form of this therapy, also used for the treatment of prostrate cancer and

melanoma, is sipuleucel-T [97]. Despite the potential for DC based vaccines and FDA

approval for sipuleucel there is no clinical evidence that they can lead to long term

durable responses, in contrast to check-point inhibitors.

Immunostimulatory cytokines. Here, immunostimulatory cytokines are infused

into the host. These signalling molecules can activate a broad immune response, in-

volving both the innate and adaptive arms of the immune response, by creating an

environment which supports an anti-tumour immune response. However, these ther-

apies need to be carefully administrated because they can result in an uncontrolled
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immune response that can cause organ failure and eventual death of the host.

Figure 1.4: Figure illustrating the stages of the Cancer-Immunity Cycle from Chen
and Mellman (2013) [35].

To elicit an effective immune response against cancer, each stage of an anti-tumour

immune response must be targeted. The key stages of this cycle were outlinded by

Chen and Mellman (2013) [35] (see Figure 1.4). Therapies that target the vari-

ous stages of an effective anti-tumour immune response have been developed (e.g.

dendritic cell priming, T cell activation, inhibition of the activation of checkpoint

receptors and changing the immunosuppressive microenvironment into a immunos-

timulatory environment through the addition of particular cytokines) with varying

degrees of success. However, these therapies are short lived and are generally unable

to eradicate the disease from the host. To elicit long term tumour regression and

eventual elimination, combinations of different therapies (both immunotherapies and

other therapies such as chemotherapies and radiotherapies for example) are needed.

Recent studies have focussed on the efficacy of different treatment combinations. For
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example, when Lerret et al. (2013) [115] combined radiotherapy with adoptive T cell

transfer of the cytotoxic T cell population, they found that advanced breast cancer

was in some cases completely eradicated from the host. Further studies are needed

to explore other therapy combinations.

1.4 Mathematical models of cancer

Tumourigenesis is a multi-step process initiated by genetic mutations. These mu-

tations induce changes in the signalling circuitry of the cell, affecting behaviour at

the cellular and tissue levels. Due to the complexity of the disease, mathematical

models may be used to enhance our mechanistic understanding of tumour initiation,

progression, invasion and metastases. Theoretical tools are also useful for hypothesis

testing and generation as well as in the experimental design (e.g. testing of different

drug combinations and patient stratification based on response outcomes).

Tumours are highly heterogeneous entities composed of both progenitor and more

mature cancer cells. The heterogeneity observed within a tumour is generated by

epigenetic, genetic and environmental factors. To attempt to understand the com-

plexity of tumour growth, a variety of modelling approaches are used to study cancer

dynamics. Such approaches are either deterministic or stochastic in time, and are

either continuous, discrete or homogeneous in space. All variations are possible. The

choice of modelling approach is typically tailored to the question being addressed. For

example, continuum approaches may be used to capture population level dynamics

(considering cell densities at a tissue level and modelling vascular growth, diffusion

of chemicals and growth factors present in the environment), as well as subcellular

dynamics. On the other hand, discrete models tend to focus on cell-cell interactions

as well as interactions between cells and their microenvironment. Furthermore there

are hybrid models that combine both approaches and can be either deterministic or

stochastic in time. Stochastic time dependence has been used to model dynamics aris-

ing from molecular changes (e.g. genetic mutations) and mutations associated with

age and external factors such as smoking and exposure to ultra-violet radiation [24]

(see Durrett (2015) [54] for a recent review).

In studies of interactions of the tumour and its microenvironment, continuum

approaches have often been adopted. Such models account for growth factors and

chemical nutrients at the tissue level. Cytokines, chemokines and/or nutrients may

induce chemotaxis, cell proliferation and movement. A number of models to date

assume spatial homogeneity for simplicity and model cell populations and chemical
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concentrations in an ordinary differential equation (ODE) framework. These ODE

models have been used to address fundamental questions in cancer dynamics. For ex-

ample ODE models have been used to study angiogenesis [168] as well as interactions

between tumour and immune cells [56]. Partial differential equation (PDE) models

allow variation in space and time as well as other dependent variables such as age and

size. These PDE models have been commonly used to study various stages of tumour

development from the early avascular stage [32, 162] to the later vascular [26, 28] and

invasive stages [75]. PDE models typically focus on one or two spatial dimensions.

They may exhibit travelling wave solutions and other spatial patterns depending on

model parameters [142].

Finally hybrid models, combining discrete and continuum (with or without stochas-

tic effects) approaches, can capture dynamics arising from interactions occurring

across multiple scales i.e. from the molecular to tissue level [44, 8, 120]. For ex-

ample Anderson et al. (2006) [10] proposed a model of tumour invasion that accounts

for both clonal evolution of cancer cells and interactions with the microenvironment.

Hybrid models are computationally expensive and do not facilitate mathematical

analysis. Other hallmarks of cancer [85, 86] such as the induction of angiogenesis

have been studied through mathematical models [33]. The literature now is too large

to review all models. Instead, we focus on mathematical models developed to study

aspects of the anti-tumour immune response.

1.4.1 Models of tumour-immune cell interactions

Most existing models consist of two coupled time-dependent ODEs based on predator-

prey systems, with the tumour cells as the ‘prey’ and the immune cells as the ‘preda-

tors’ [110, 119, 65, 147, 202]. With just two dependent variables it is possible to

characterise both the local and global stability of steady states via a phase-plane

analysis, as well as the bifurcation structure as model parameters vary.

As our understanding of the intricate network that constitutes the immune system

has increased, other modelling approaches have been used to study immune-tumour

dynamics [1]. These include

• delay differential equations, in which time delays account for the apparent time

between initial encounter of a naive T cell with its matching antigen and the

effector response [46, 159];

• PDE models which account for spatial heterogeneity [130, 129];
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• agent based models (or cellular automata) which account for the phenotypic

plasticity of tumour and immune cells and their interactions [15];

• kinetic theory models which account for heterogeneous cell populations that

interact stochastically [20];

• multiscale models which account for interactions between subcellular, cellular

and tissue scale processes [126, 144, 183] .

Note most of these models focus on the early avascular stage of tumour development.

This is the approach adopted in this thesis.

1.4.1.1 Continuum models

Continuum models are used to study interactions involving large numbers of cells,

allowing the dynamics to be examined more efficiently than is possible for analogous

discrete models. Such models can be either deterministic or stochastic in nature.

Deterministic models include ODEs, where the tumour environment is assumed to be

well-mixed (spatially homogeneous), and PDEs, where spatial effects are accounted

for. In both cases, populations of tumour cells and cytotoxic T cells are not normally

subdivided into distinct states. This thesis introduces new models which account for

heterogeneity in tumour and cytotoxic T cells, modelled by ODEs.

Ordinary Differential Equations (ODEs)

ODEs have been widely used to study the interactions between the immune system

and cancer cells (see Eftimie et al. (2011) [56] for a comprehensive review). One

of the pioneering ODE models, which has since been adopted and modified by a

number of authors [130, 108, 42, 180, 161], was proposed by Kuzentsov et al. (1994)

[110] to understand tumour dormancy and to explain how the tumour escapes from

this state. The model focuses on the interactions between cytotoxic immune cells

(cytotoxic T cells or natural killer cells) and tumour cells and includes estimates of

some model parameters from a study of B cell lymphoma (BCL) in mice. For specific

choices of model parameters and for typical numbers of effector cytotoxic T cells, the

model predicted that the immune cells can control the growth of the tumour if the

number of tumour cells is below a critical value; otherwise, the tumour escapes. They

observed that the rate of T cell inactivation determines the transition from a dormant

to an escape state. This model was recently modified by Roesch et al. (2014) [161] to

study the role of the immune system in the response to treatment with chemotherapy

and to explain why intensive chemotherapy treatments can have adverse effects on
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tumour control. They modified Kuznetsov’s model so that the immune cells only

interacted with the outer surface of the tumour. Their model explains the variations

observed in patient outcomes as a function of the initial tumour size, immunogenicity,

tumour growth rate and the sensitivity of the tumour to chemotherapy. Variations in

these parameters can explain all of the behaviours observed in five different treatment

regimes.

To explore the role of additional components of the immune system in tumour-

immune dynamics, further variables must be considered. De Pillis et al. (2005) [41]

included natural killer cells, the innate analogue of the cytotoxic T cell population

(in addition to cytotoxic T cells and tumour cells), and validated their results against

experimental data from murine and human studies. They concluded that natural

killer cells require the additional help of the cytotoxic T cells to drive the system to

tumour elimination. In their model immunosuppressive effects used by the tumour

to subvert the immune response were neglected.

Advances in quantitative approaches including single cell RNAseq, multi-dimensional

imaging and cytometry provide tools to develop parameterized models, providing a

basis for developing the next generation of immunological models. In the models

discussed above, parameters were estimated from fitting the results to experimental

and clinical data, where available. Due to limitations in data and the difficulty in

obtaining them, other models have taken a more theoretical approach by looking at

simple systems of equations to determine how specific steady states depend on key

parameters [22]. Confronted with the same problem, in this thesis we adopt a similar

approach to Besse et al. (2017), identifying regions of parameter space which give rise

to expected behaviours (see Table 1.1).

The role of immunosuppression on tumour escape has been the focus of several

models [160, 114, 100]. Robertson-Tessi et al. (2012) [160] proposed a detailed mathe-

matical framework (twelve ODEs) describing interactions between multiple cell types

and cytokines involved in an immune response to cancer, capturing the three Es of

immunoediting [52]. Here helper T cells were subdivided into three distinct subpop-

ulations based on their maturity (pre-activated state, effector and memory states).

Their aim was to determine which aspect of the immune response is dominant at dif-

ferent stages of tumour development, and which immunosuppressive effects facilitate

tumour escape. Their analysis was limited to numerical simulations rather than ana-

lytical identification of the steady states and their linear stability. A simpler version

of this model is developed in this thesis enabling a comprehensive study of immuno-

suppression. This model encapsulates many regulatory components of the immune
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response through a model of T cell exhaustion, while still capturing the three Es of

immunoediting.

Not only do mathematical models have the capacity to identify key factors driving

tumour escape but they can also be used to classify patients and predict response

outcomes with or without treatment. Such models have the potential to identify the

best therapeutic regime for an individual, for example the combination of therapies

to be given and how they should be delivered [107]. Kirschner and Panetta (1998)

[102] were among the first researchers to examine the effects of immunotherapy using

an ODE model of tumour cells, cytotoxic T cells and the cytokine IL-2. Two different

immunotherapies, both designed to boost the immune system, were examined. They

concluded that IL-2 therapy alone could not drive the system to a tumour-free state

but, interestingly, adoptive T cell transfer alone or in combination with IL-2 therapy

could.

Since then, a number of models of tumour-immune interactions have included the

effects of various immunotherapies to understand when (if at all) these therapies drive

a patient destined for tumour-escape to either a tumour-free or tumour equilibrium

state without prompting an overzealous immune response [65, 103, 48]. Nani et al.

(2000) [140] proposed a system of four ordinary differential equations to model healthy

cells, tumour cells, cytotoxic T cells and a cytokine, exploring the effects of adoptive T

cell therapy on the dynamics by considering the steady states and their linear stability.

In separate work, Kronik et al. (2010) [108] focused on a vaccination therapy targeting

the dendritic cells of the innate immune response for patients with prostrate cancer,

validating their model against patient data. In addition to models that describe

immunotherapy and the effect of boosting the immune system, other models have

explored the synergistic effect of different therapies. For example De Pillis et al.

(2006) [40] investigated the combined effects of chemotherapy and immunotherapy

and identified situations in which the individual therapies were unable to eliminate the

tumour, but their combination, could eliminate it. Likewise in this thesis, we examine

the effects of single and combined therapies on tumour escape, novelly including an

exhausted T cell population.

Partial Differential Equations (PDEs)

PDE models of tumour-immune interactions have been developed to account for cell

movement driven by chemotaxis and random motility. These reaction-diffusion mod-

els are typically limited to Cartesian or radially symmetric geometries [3, 129, 130,

142]. Such models have been developed to study various aspects of the immune
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response, such as interactions between macrophages and a growing tumour mass

[142, 143]. Many spatial models have their foundations in the pioneering work of

Kuznetsov et al. [110] (see for example [130, 3, 129]). Matzavinos et al. [130] ex-

tended the work of Kuznetsov et al. by including diffusive and chemotaxis terms to

describe cell movement. They found quasi-stationary heterogeneous spatial patterns,

which reduce to limit cycle solutions in the corresponding spatially homogeneous sys-

tem. They identified critical parameters in which a small number of cancer cells exist

for an extended period of time before the tumour begins to rapidly grow.

PDE models have also been used to study the effects of immunotherapies on the

dynamics of an anti-tumour immune response. Joshi et al. (2009) [96] formulated

a model to study solid tumour growth in the context of an immune response when

treated with adoptive T cell therapy and a cancer vaccine. This enabled them to

determine effective treatment protocols. Their model extended the model of Matza-

vinos et al. [130] by including a generic APC of the innate immune response. They

found that adoptive T cell therapy promoted tumour cell growth, confirming be-

haviour observed experimentally. Moreover they found that cancer vaccines targeting

the APCs reduced the tumour’s growth rate and prevented re-emergence from a tu-

mour dormant state. Due to complexity of human immune responses this has not yet

translated into clinical success.

1.4.1.2 Discrete models

Continuum approaches are useful for understanding the behaviour of large popula-

tions of cells. However, such approaches do not resolve detail at the cell level and

thus fail to describe behaviours that arise from interactions between small numbers

of cells (where random fluctuations can influence outcomes). In such cases discrete

models are useful. In discrete models each element (e.g. a cell) typically requires a

number of rules (which may or may not be probability based) to decide both individ-

ual cell behaviour and local interactions, often nearest neighbour. These models can

be computationally expensive when many rules are included and/or many elements

are considered.

Discrete models can be either on-lattice, where cells are confined to move on a

grid of finite size, or off-lattice, where cells move freely through space and time.

We describe below the two main approaches that have been used to model tumour-

immune interactions: agent based models and kinetic theory models.

Agent Based models
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Kim et al. (2012) [101] developed an on-lattice, agent-based model to describe inter-

actions between tumour and cytotoxic T cells and coupled these to a system of delay

differential equations to describe T cell activation in the lymph nodes. The model

was used to investigate whether memory T cells, primed against a specific tumour

antigen, could prevent the outgrowth of a tumour and, if so, how many primed cells

would be needed to prevent tumour development. They found that the effectiveness of

the T cells in eliminating the pre-malignant tumour mass depends on the time taken

to detect the malignant cells, and the time taken to eliminate the neoplasm. Baar et

al. (2016) [15] used an off-lattice approach to study the effect of immunotherapy on

melanoma. They considered stochastic interactions of cytotoxic T cells, cytokines and

tumour cells, accounting for phenotypic switches and genetic mutations of the tumour

cells. Two different timescales were identified in their model: fast genotypic switches

and rare genotypic switches. They concluded that large stochastic fluctuations may

hinder the success of therapy. More recently, Macfarlane et al. (2018) [121] developed

an on-lattice agent-based model distinguishing the type of random motion exhibited

by inactive and active T cells (Lévy versus brownian). Their model included dendritic

cells, cytotoxic T cells and tumour cells. They find their model is able to reproduce,

qualitatively, observed spatial patterns in experimental data. They conclude that

increasing the dendritic cell population can hinder effective tumour removal due to

space limitations reducing the number of cytotoxic T cells that may be present in the

tumour microenvironment. Their results suggest that therapies designed to target

the activation stage may not have a significant effect on the anti-tumour immune

response.

Kinetic theory

Kinetic theory with its origins in molecular dynamics has been used as a way to

account mathematically for the stochastic nature of interactions between individual

cells, for example genetic changes and cell to cell interactions [13, 21, 19]. The ap-

proach is similar to that of modelling gas particles. Here an evolution equation is

proposed which describes the statistical (probability density) distribution of the in-

ternal state of individuals, which governs how the individuals interact with others

around them. This approach allows one to model interacting heterogeneous cell pop-

ulations and examine emerging collective behaviour. Bellomo et al. (1994) [20] were

the first to propose a generalised kinetic theory framework to model the interactions

between different populations of tumour and immune cells, introducing heterogeneity

through their activation state. Since then, similar models have been developed to
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study for example the competition between cells of the immune system in tumour

progression. A summary of such models is given in [19].

1.4.1.3 Hybrid and multi-scale models

Hybrid and multi-scale approaches, combining discrete and continuum methods, cap-

ture interactions occurring at different scales (e.g. from the molecular to the tissue

level) between tumour and immune cells. Here information at both the microscopic

and the macroscopic scales are accounted for. These approaches have been widely

used to study various aspects of cancer growth [155].

Mallet et al. (2006) [126] developed a hybrid model of tumour-immune dynamics.

In addition to tumour cells and host cells, the model includes two populations of

immune cells — natural killer cells (innate immune response) and cytotoxic T cells

(adaptive immune response). The behaviours of each cell type are described by a cel-

lular automata (CA) model enabling them to study the early formation of a neoplasm,

where there are small numbers of tumour cells, followed by the later stages of tumour

development. At the macroscopic scale, the nutrients needed for the proliferation and

survival of all four cell populations were modelled by two reaction-diffusion equations.

For simplicity they considered a two-dimensional domain. They demonstrated that,

in the absence of an immune response, the growth of the tumour mirrors what was

observed experimentally. In the presence of an immune response, the model exhibits

oscillitory behaviour similar to that seen in ODE models of tumour-immune interac-

tions (see e.g. [110]). Their model captures the three Es of immunoediting depending

on the rates of T cell infiltration and death.

Alemani et al. [4] proposed an alternative approach to the classic CA-PDE model

to capture behaviours occurring at the microscopic and macroscopic scales. They

argued that information is lost when trying to bridge probabilistic and deterministic

approaches. They used the Lattice Boltzmann (LB) method to capture effects occur-

ring at the macroscopic scale, instead of a deterministic PDE approach. As in [126]

they used a hybrid approach to model interactions between tumour cells, natural

killer cells and cytotoxic T cells, in the presence of a nutrient source modelled by the

LB method. They also included a population of necrotic cells and thereby captured

the three layers of an avascular tumour: a necrotic layer, a quiescent layer (containing

necrotic and live cancer cells) and a proliferative layer (containing live cancer cells).

They concluded that their model is able to capture patterns observed clinically such

as tumour border irregularity and tumour patterns in the shape of fingers. They

find that these shapes depend on the rate of uptake of nutrients by the tumour cells
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and the probability of necrosis, respectively. They further find that the immune cells

accumulate around the edge of the tumour close to the source of nutrients.

1.4.2 Summary

Mathematical models are important tools which have been widely used in cancer

research to test hypotheses and make predictions. The predictions made from math-

ematical models may in turn generate new hypotheses thereby providing a two way

feedback. For example DePillis et al. (2005) [41] developed a model around available

experimental data suggesting that the kill function of natural killer cells and cytotoxic

T cells differ significantly. They concluded that further experimental work is required

to determine if this is behaviour is robust.

Although the amount and quality of experimental and clinical data have increased

significantly over the last decade, a broader range of variables at a higher sampling

frequency needs to be acquired to improve model fitting. To bridge this gap, more

interdisciplinary collaborations between clinicians, engineers, physicists and mathe-

maticians are essential. This has been recently highlighted by Anderson et al. (2013)

[9] in a Royal Society Interface focus article titled ‘Mathematics of the Integrative

Cancer Biology Program’. They argue that mathematical models are vital for under-

standing experimental data, providing a detailed picture of both spatial and temporal

processes that is out of reach experimentally. In this way, they argue that mathemat-

ical models can drive experiments as well as interpret experimental findings.

The proliferation of models and model types summarised in this introduction

illustrates that there is no consensus in the mathematical biology community on

the most useful approaches to model cancer-immune dynamics. This may only be

resolved by substantially more and higher quality clinical data coupled with closer

collaboration between theoretical and clinical researchers.

1.5 Thesis overview

The main thrust of the research presented in this thesis is to develop and analyse

simple mathematical models describing the interactions between tumour and immune

cells, with a focus on the T cell arm of the adaptive immune response. All three mod-

els developed in this thesis address the heterogeneous character of the tumour and

immune cell populations. Heterogeneity manifests itself in several ways. We specifi-

cally explore heterogeneity in (1) T cell subpopulations (helper and cytotoxic T cells),

(2) states of T cell exhaustion (affecting T cell killing, infiltration and proliferation),
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and (3) subpopulations of tumour cells and cytotoxic T cells. The models developed

generate new insight into key mechanisms of immunosuppression for a broad range

of patient specific traits, such as the rates of T cell infiltration, tumour growth, and

tumour counter-attack. The models also identify potentially effective immunotherapy

treatments.

One of the greatest problems faced in cancer research today is our limited under-

standing of various aspects of heterogeneity in the tumour mass. In this thesis we

pose three questions which are addressed through the development of three distinct

ordinary differential equation (ODE) models. These questions are:

1. Given disagreement in the field about the importance of helper T cells in either

facilitating or suppressing tumour growth, what is the relative effectiveness of

cytotoxic versus helper T cells in controlling tumour growth?

2. How do the rates of exhaustion of individual T cell functions, specifically their

killing, infiltration and proliferation rates, suppress or facilitate tumour escape?

3. Given that infiltrating T cell populations exist in various functional states, how

do the ratios of exhausted to functional T cells and immune-resistant to non-

resistant tumour cells affect tumour escape?

In this thesis we address these questions by adopting a theoretical approach, using

ordinary differential equation (ODE) models. This is arguably a necessary first step in

understanding the exceedingly complex factors at play in tumour-immune dynamics.

This approach enables one to readily identify regions of parameter space associated

with distinct dynamical behaviour. The models also may be valuable for designing

future immunotherapies, and in particular explain why certain approaches may fail for

certain patient groups. The models also suggest that certain combined therapies may

be promising. To be confident in the hypotheses made regarding the key mechanisms

of immunosuppression, time-series data from patients with immune systems in various

states of health for varying cancers (more or less aggressive) are necessary. Such data

would enable us to fit the model parameters, confirming or disproving our conclusions.

This thesis builds a series of models which attempt to balance mathematical

tractability and biological realism. As such, they allow a comprehensive exploration

of immunosuppression in tumour-immune dynamics. The ODE models developed are

designed to have the fewest parameters possible to make it practical to fully explore

the model dynamics. This stands in contrast to a number of other models studying

immunosuppresion. For example, the model of Robertson-Tessi et al. (2012) [160],
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which consists of 12 ODEs and 41 parameters, can only be studied numerically and

for limited parameter variations. The novelty of the approach taken in this thesis is

to reduce such complex models to their essential features, encapsulating a wide range

of immunosuppressive features. While this approach, will by design never be fully

accurate, it allows one to go further in identifying key aspects of tumour-immune

dynamics.

Chapter 2 addresses question (1) above by extending the predator-prey model of

tumour and cytotoxic T cells originally developed by Kuznetsov et al. [110] to include

a helper T cell population, implicitly accounting for the increasing immunosuppressive

pressure of the tumour as it increases in size. We study the model by first examining

its qualitative behaviour, identifying where in parameter space the model exhibits the

three Es of immunoediting. We then determine the model attractors by identifying

the steady states and their linear stability. We further identify a stable limit cycle

emerging from a Hopf bifurcation along a steady state branch of solutions. This

limit cycle is described analytically by a weakly nonlinear analysis near its point of

emergence.

In Chapter 3, to address question (2) above, a constellation of immunosuppressive

pressures are modelled by mimicking their effects on T cell exhaustion. T cell ex-

haustion is accounted for through diminishing rates of T cell infiltration, killing and

proliferation, in proportion to the size of the tumour. This allows us to distinguish the

role of these T cell functions in tumour escape. As in the previous chapter, we first

explore the qualitative behaviour, identifying regions of parameter space exhibiting

the three Es of immunoediting. This is done largely numerically due to the complex-

ity of the model equations. A reduced model is therefore analysed in which the T

cell functions are combined into a single variable. This permits substantial analytical

progress, including a detailed map of the existence of steady states as a function of

parameters. It also enables us to identify and describe a stable limit cycle solution

from its point of emergence to its point of disappearance.

In Chapter 4, to address question (3) above, salient aspects of the heterogeneity

explored in the previous two chapters are combined to study heterogeneous popu-

lations of both tumour and immune cells. This model includes subpopulations of

immune-resistant and immune-sensitive tumour cells, as well as subpopulations of

cytotoxic and exhausted T cells (cytotoxic T cells in two different functional states).

Following the approach adopted in the previous chapters, we first explore the quali-

tative behaviour to identify the regions of parameter space exhibiting the three Es of

immunoediting. We go on to identify steady states and their linear stability. Notably,
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limit cycle solutions are not observed. Through a recasting of the steady state equa-

tions, in which the fractions of immune-resistant to total tumour cells and exhausted

to total T cells at steady state are taken as parameters, a comprehensive map of the

model behaviour is obtained. This approach provides two patient specific parameters

associated with a tumour equilibrium state (dormant or malignant). The long term

fate of a perturbed tumour equilibrium state is explored showing how the cell popu-

lation fractions and associated patient specific parameters dictate whether a tumour

is eliminated, settles to a dormant state, or escapes. We conclude this chapter by

mimicking the effects of two immunotherapies, a TCB antibody and an IL-2 therapy,

both singularly and in combination.

The overall conclusions are presented in Chapter 5. We consider the balance

between mathematical tractability and realism, as well as the effects of heterogeneity

and immunosuppression. The latter is distinguished by tumour type and patient

groups. We consider also the implications of the present results for the advancement

of novel cancer treatments using the immune system, and how, with appropriate data

these results could be confirmed and used to test various treatment protocols. We

end with a discussion of possible model extensions. These include for example an

examination of spatial variations of T cells and tumour cells which are known to play

an important role at macroscopic scales.
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Chapter 2

A model of cytotoxic and helper T
cell interactions in a tumour
environment

The research in this chapter has been published in the special issue of Letters in

Biomathematics: Modeling Tumor-Immune Dynamics, Disease Progression, and Treat-

ment (2018) [50].

2.1 Introduction

To provide mechanistic insight into the ‘Hallmark’ properties driving tumour progres-

sion outlined by Hanahan and Weinberg (2011) [86], a wide range of mathematical

models have been developed. These models have been used to examine all stages of

tumour development, from the early stages of tumour initiation and progression, to

later stages of development where the tumour micro-environment becomes important

[6]. The focus in this thesis is to provide insights into the ways a tumour may bypass

immunosurveillance and ultimately escape. For this purpose, we develop mechanistic

models of the tumour micro-environment and the interaction between tumour cells

and cells of the immune system, specifically T cells of the adaptive arm.

T cells are one of the most important components of the immune system in the

fight against cancer. There are two populations of T cells, helper and cytotoxic,

which are distinguished by their expression of CD4 and CD8 proteins, respectively.

Naive helper T cells are activated by antigen presented with a major histocompati-

bility complex (MHC) class II molecule by an antigen presenting cell (APC). Naive

cytotoxic T cells are activated by antigen presented with an MHC class I molecule.

Once activated the helper and cytotoxic T cells perform complementary functions to
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eliminate the tumour. Helper T cells further differentiate into subpopulations classi-

fied by the specific cytokines that they produce. In this way, they regulate multiple

aspects of an immune response. For example, they promote the proliferation of cyto-

toxic T cells, they recruit and promote the proliferation of cells of the innate immune

response and, consequently they control levels of inflammation at the tumour site

[92, 124]. (In this work, we do not distinguish these subpopulations.) Cytotoxic T

cells scan peripheral tissues for virally infected and transformed cells, upon antigen

specific stimulation through peptide - MHC - TCR stimulation, the target cell can

be killed.

Most experimental and clinical studies have focused on the role played by cytotoxic

T cells in tumour elimination [66] and neglected the role of helper T cells [91, 153].

Recently, several authors have argued that helper T cells form a vital component

of an anti-tumour immune response [17, 124, 190]. In this chapter, we focus on

the complementary roles played by effector helper and cytotoxic T cells as cytokine

producers and tumour cell killers respectively. For simplicity, unlike Robertson-Tessi

et al. (2012) [160] we do not consider naive and memory helper and cytotoxic T cell

populations. Our focus is to identify which T cell population should be targeted

to boost the anti-tumour actions of helper and cytotoxic T cell populations in the

tumour micro-environment.

A number of novel immunotherapies have been designed to either enhance/boost

the immune response or reverse/block the immunosuppressive effects of the tumour.

In this work we focus on adoptive T cell transfer therapy. This therapy overrides

inhibitory signals releasing the repertoire of tumour antigen specific T cells to undergo

effector function [163, 165]. Most therapies target the cytotoxic T cells which are

able to recognize and directly kill tumour cells. Work needs to be done to explore the

potential of targeting the helper T cell population instead of, or in addition to, the

cytotoxic T cell population [207], and is the focus of this chapter.

Many existing ODE models view tumour-immune interactions as a predator-prey

system, where the tumour cells are the prey and the immune cells are the predators

[110, 119, 65, 147, 202]. The helper T cell population has been included implicitly

and explicitly in past theoretical studies. Kirschner et al. [102] proposed a system of

three ODEs for the cytokine IL-2 produced by the helper T cells, cytotoxic T cells

and tumour cells. The inclusion of the cytokine IL-2 can be thought of as implicitly

accounting for the helper T cell population. They found that the tumour antigenicity

is a critical parameter determining whether tumour escape, equilibrium or elimination

occurs. They also identified stable periodic solutions, mirroring clinical observations
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of tumour suppression and regrowth. Robertson-Tessi et al. (2012) [160] proposed

a detailed mathematical framework (twelve ODEs) describing interactions between

multiple cell types and cytokines involved in an immune response to cancer, capturing

the three Es of Immunoediting [52]. Here helper T cells were explicitly included and

further subdivided into three distinct subpopulations based on their maturity status

(e.g., naive, effector, memory). Their aim was to determine which aspect of the

immune response is dominant at different stages of tumour development, and which

immunosuppressive effects facilitate tumour escape. However due to its complexity,

investigation of the model was limited to numerical simulations rather than analytical

identification of the steady states and their linear stability.

In this chapter, a simplified ODE model accounting for the interactions of tumour

cells with helper and cytotoxic T cells is developed. Specifically the model presented

in this chapter is designed to address the following question:

• Given disagreement in the field about the importance of helper T cells in either

facilitating or suppressing tumour growth, what is the relative effectiveness of

cytotoxic versus helper T cells in controlling tumour growth?

The model proposed in this chapter extends the pioneering study of Kuznetsov

et al. (1994) [110] by including helper T cells and accounting implicitly for immuno-

suppressive effects. Kuznetsov et al. considered just two components: a tumour pop-

ulation and a cytotoxic immune population. The simplicity of their model enabled

them to fit parameters against experimental data for mice. The model was used

to identify the conditions that would lead to tumour escape from a dormant tumour

state. Our proposed model also draws on key components of the more complex model

developed by Robertson-Tessi et al. [160] that included both helper and cytotoxic T

cells in an anti-tumour immune response, and examined the impact of different effects

of immunosuppression at various stages of tumour development. The simpler model

proposed here has the advantage of being analytically tractable while retaining both

a helper T cell population in addition to a cytotoxic T cell population and implicit

forms of immunosuppression. This permits the identification and characterization

of the stability of steady states as a function of model parameters, as well as the

derivation of an amplitude equation to describe time-dependent oscillatory solutions

observed from numerical integration of the model equations. As clinical trials have

shown that the level of tumour infiltrating T cells correlates with patient outcomes

[113, 98, 91], we focus on understanding how changes in the rates of infiltration of

cytotoxic and helper T cells affect the model dynamics. This model reveals that the
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three Es of immunoediting depend highly on the infiltration rates of the helper and

cytotoxic T cells. The results identifying where in parameter space tumour elim-

ination, equilibrium and escape occur are used to identify conditions under which

cytotoxic and/or helper T cells should be targeted by adoptive T cell therapy. We

find that the parameters associated with immunosuppression play a decisive role in

tumour-elimination.

The remainder of this chapter is organised as follows. We formulate our mathe-

matical model in Section 2.2, while in Section 2.3 we present simulation results that

show how our model captures the three Es of immunoediting; the model can exhibit

oscillatory solutions which we view as equilibrium solutions since the tumour cell

number remains bounded at all times. In Section 2.4 we identify the steady state

solutions, and indicate those regions of parameter space in which multiple steady

state solutions exist. In Section 2.5 we describe both the local linear stability and the

global nonlinear stability of the steady state solutions. In Section 2.6 we examine sys-

tem bifurcations as the rate of infiltration of the cytotoxic T cells is varied. Here we

identify a Hopf bifurcation from a branch of oscillatory solutions which emerges from

a small tumour steady state solution branch. In Section 2.7, we confirm the existence

and stability of the associated limit cycle and determine its amplitude by performing

a weakly nonlinear analysis in the neighbourhood of the Hopf bifurcation. In Sec-

tion 2.8 we perform a parameter sensitivity analysis, focusing on how the tumour’s

growth dynamics change as parameters controlling the immunosuppressive effects of

the tumour are varied. The chapter concludes in Section 2.9 where we summarise the

key results, discuss their therapeutic implications, and outline directions that merit

further investigation.

2.2 The Mathematical Model

2.2.1 Model development

We propose a system of three, time-dependent, ordinary differential equations (ODEs)

to model the interactions between cytotoxic and helper T cells and tumour cells in

a well-mixed (i.e. spatially uniform) tumour microenvironment (TME), see Figure

2.1. With t denoting time, the dependent variables N(t), TH(t), and TC(t), represent

numbers of tumour cells, and helper and cytotoxic T cells respectively.
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TC

TH

N

Figure 2.1: Schematic of the tumour-immune cell interactions included in equations
(2.11)–(2.13). The circles indicate the helper and cytotoxic T cells, TH(t) and TC(t).
The square symbol represents the tumour population N(t). Interactions that directly
increase a population are indicated by continuous lines while suppressive interactions
are illustrated by dashed lines. The dotted line indicates an interaction that is immune
promoting in the presence of a small tumour burden becoming immunosuppressive in
the presence of a large tumour burden.

We assume that the evolution of the tumour cell population is dominated by cell

proliferation and cell death (due to interactions with cytotoxic T cells). Guided by

previous studies which have shown that tumour growth can be described by simple,

phenomenological growth laws (e.g. exponential, Gompertzian, power law, logistic

[76, 170]), we here assume that, in the absence of an immune response, the tumour

grows logistically, with carrying capacity κ (units: number of cells) and growth rate γ

(units: day−1). This growth law places an upper bound on the tumour size (assuming

0 ≤ N(0) < κ where N(0) is the size of the tumour at time t = 0). Consequently,

we interpret the system settling to a large number of tumour cells (N ≈ κ) close to

its carrying capacity as tumour escape. The simpler model of exponential growth

appears to be problematic. The problem surfaces when considering steady states for

which the cytotoxic T cell population is independent of the tumour population. By

contrast in the logistic growth model the T cell population decreases to zero as the

tumour population increases towards its carrying capacity, as expected.

We assume further that once an immune response has been stimulated, the tumour

cells come into contact with cytotoxic T cells at a rate which is proportional to the

product of their cell numbers, with constant of proportionality k (units: number of

cells−1 day−1), and that such contacts lead to tumour cell death, with probability

p, or inactivation of the cytotoxic T cell, with probability (1 − p). Combining these

processes, we propose the following ODE for the time evolution of the tumour cells:

dN

dt
= γ(1−N/κ)N︸ ︷︷ ︸

logisitic growth

− pkTCN︸ ︷︷ ︸
immune induced death

. (2.1)
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We assume that the evolution of the helper and cytotoxic T cells is dominated by

infiltration from the lymph nodes, proliferation in response to the tumour population

and natural cell death. Note that T cell proliferation actually occurs in the tissue

draining lymph nodes, however for simplicity we assume here that T cell proliferation

occurs in the tumour. We assume that the two T cell populations infiltrate the

tumour tissue from the lymph nodes at constant rates σH and σC (units: number of

cells day−1), and die at rates δH and δC (units: day−1). Naive T cells are regularly

produced by hematopoietic stem cells and therefore a constant population of these

naive T cells are present in the circulating blood stream. We can assume that the

flow of blood is constant and therefore, in addition to direct stimulation of T cells

in the presence of tumour antigen, there is a constant influx of primed T cells from

the circulating blood. Furthermore, this assumption enables us to implicitly account

for the presence of a constant pool of memory T cells present in the absence of

antigen stimulation [60]. This approach has been widely adopted in similar models

to account for a background level of circulating T cells [110, 41, 56]. We suppose that

immunosuppressive processes induced by the tumour affect the proliferation of the

helper T cells and, consequently, the activation of the cytotoxic T cells. Specifically we

assume that the helper T cells proliferate at a rate which has biphasic dependence on

the number of tumour cells, N(t), with constant of proportionality α (units: day−1).

The parameter Ñ (units: number of cells) is the number of tumour cells at which

helper T cell proliferation is half-maximal. The proliferation rate (per TH cell) attains

a maximum value of α/2 when N = Ñ and decays to zero as N → ∞. A similar

biphasic term has been adopted in a related study [174]. Additionally, through their

production of cytokines (e.g. IL-2, IFN-γ), helper T cells play an important role in

instigating and sustaining the proliferation of cytotoxic T cells [153, 2]. We account

for these effects by assuming that cytotoxic T cells proliferate at a rate proportional

to the product of the helper and cytotoxic T cells, with constant of proportionality β

(units: number of cells−1day−1). Combining these additional processes, we propose

the following ODEs to describe the time evolution of the helper and cytotoxic T cells:

dTH
dt

= σH︸︷︷︸
infiltration

+
αÑNTH

Ñ2 +N2︸ ︷︷ ︸
proliferation

− δHTH︸ ︷︷ ︸
natural death

, (2.2)

dTC
dt

= σC︸︷︷︸
infiltration

+ βTCTH︸ ︷︷ ︸
production

− (1− p)kTCN︸ ︷︷ ︸
de-activation

− δCTC︸ ︷︷ ︸
natural death

. (2.3)
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As discussed in Chapter 1, a number of different immune cells play an impor-

tant role in an anti-tumour immune response, but not all have been included here for

simplicity (or are only included implicitly). For example, regulatory T cells are an im-

portant T cell population, but they would make the model unnecessarily complicated

for a first approach to the problem.

We close equations (2.1)–(2.3) by prescribing the following initial conditions:

N(0) = N0, TH(0) = TH0, TC(0) = TC0 , (2.4)

wherein the positive constants N0, TH0 and TC0 denote the initial concentrations of

the tumour cells, helper T cells and cytotoxic T cells respectively.

2.2.2 Parameter values

In the absence of suitable experimental data, we base our estimates of the values of the

parameters that appear in equations (2.1)–(2.3) on those available in the modelling

literature (see Table 2.1). Specifically, we choose dimensional parameter values that

lie within the ranges specified in Table 2.1 for which the model exhibits qualitative

behaviour consistent with the three Es of Immunoediting [52] (see Sections 2.5 and

2.8).

When investigating how the behaviour of the model depends upon parameters,

the infiltration rates of the helper and cytotoxic T cells, σH and σC respectively, are

of particular interest. Our focus on σH and σC is motivated by experiments in which

high levels of infiltrating helper and cytotoxic T cells were found to improve prognosis

for tumour patients [153, 152, 91].
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Parameter Description Value (units) References

γ tumour growth rate 0.01− 0.5 (day−1) [110, 161, 119, 202, 184]

κ carrying capacity of tumour cells 109 − 2× 109 (number of cells) [41, 110, 12]

p probability a cytotoxic T cell 0–1 (dimensionless)

will kill a tumour cell

k rate at which cytotoxic T cells 3.4× 10−10–1.0× 10−3 [110]

kill tumour cells (number of cells−1 day−1) [117, 108, 202]

σH infiltration rate of 0 – 0.063 (cell day−1) no available literature

helper T cells

α increase in helper T cell proliferation 1.9 (day−1) [160]

rate due to tumour cells

Ñ tumour size at which immune 2× 107 – 9.8× 108 (number of cells) [110]

suppression becomes important [41, 202, 12, 117, 119]

δH death rate of helper T cells 0.1 (day−1) [205]

σC infiltration rate of cytotoxic T cells 1.3× 104 (cell day−1) [110]

β increase in cytotoxic T cell proliferation 16 (number of cells−1day−1) [160]

rate due to helper T cells

δC death rate of cytotoxic T cells 2.0× 10−3 − 1 (day−1) [41, 161, 110, 119, 12, 108, 117]

Table 2.1: Estimates from the modelling literature of the values of the dimensional
parameters that appear in equations (2.1)–(2.3).

2.2.3 Nondimensionalised equations

We nondimensionalise equations (2.1)–(2.4) by rescaling time with δC
−1, the half-life

of the cytotoxic T cells, the tumour and cytotoxic T cell populations with κ, the

carrying capacity of the tumour cells, and the helper T cells with δC/β. Thus, using

hats to denote dimensionless variables, we substitute into equations (2.1)–(2.4)

N̂ =
N

κ
, T̂C =

TC
κ
, T̂H =

THβ

δC
, t̂ = tδC , (2.5)

and obtain
dN̂

dt̂
= γ̂(1− N̂)N̂ − pk̂T̂CN̂ , (2.6)

dT̂H

dt̂
= σ̂H +

α̂N̂ T̂H
ˆ̃N2 + N̂2

− δ̂H T̂H , (2.7)

dT̂C

dt̂
= σ̂C + T̂C T̂H − (1− p)k̂T̂CN̂ − T̂C , (2.8)

with initial conditions

N̂(0) = N̂0, T̂H(0) = T̂H0, T̂C(0) = T̂C0 , (2.9)
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where

γ̂ =
γ

δC
, k̂ =

kκ

δC
, ˆ̃N = Ñ/κ,

σ̂C =
σC
κδC

, σ̂H =
σHβ

δC
2 , α̂ =

αÑ

δCκ
, δ̂H =

δH
δC
,

N̂0 =
N0

κ
, T̂H0 =

TH0β

δC
and T̂C0 =

TC0

κ
.

(2.10)

For ease of presentation, we henceforth drop hats in equations (2.6)–(2.9). Table

2.2 lists the default set of dimensionless parameters used when solving these equations.

We note that there may be considerable variation in these values due to uncertainty

in their dimensional values.

Dimensionless parameter Description Value

γ tumour growth rate 10

p probability a cytotoxic T cell 0.5

will kill a tumour cell

k rate at which cytotoxic T cells 4.15

kill tumour cells

σH infiltration rate of 0.5

helper T cells

α increase in helper T cell proliferation 0.19

rate due to tumour cells

Ñ tumour size at which 0.04

suppressive effects come into play

δH death rate of helper T cells 1

σC infiltration rate of cytotoxic T cells 2.0

Table 2.2: Summary of the default parameter values used in the dimensionless equa-
tions (2.6)–(2.8) together with the dimensionless maximum cell populations (see Sec-
tion 2.2.2). The dimensional parameters used to obtain these dimensionless values are
γ = 4.1 day−1, k = 8.5× 10−10 number of cells−1 day−1, α = 1.9 day−1, κ = 2.0× 109

number of cells, δC = 0.41 day−1, δH = 0.41 day−1 and Ñ = 8.1×107 number of cells.

2.3 Qualitative behaviour

We solve equations (2.6)–(2.9) numerically using the Dormand-Prince explicit adap-

tive time-stepping method in Python (dopri5), which is based on a combination of

fourth and fifth order Runge-Kutta schemes [49]. This numerical method can ac-

commodate stiff equations such as in the present case where parameter values span

several orders of magnitude.

In Figure 2.2 simulations for three values of σC , the infiltration rate of cytotoxic T

cells into the tumour, reveal that the model reproduces the three Es of immunoediting
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[52]. For moderate values of σC (see Figure 2.2 (a,b,c)), we observe bistability between

a stable limit cycle (as resolved numerically and confirmed later in Section 2.7.4)

which oscillates with small amplitude about a small tumour burden (representing an

equilibrium state as the tumour cell number remains bounded at all times) and a

steady state with a large tumour burden (corresponding to tumour escape). In the

oscillatory equilibrium state, the tumour, cytotoxic and helper T cell populations

oscillate out of phase: the growth of the tumour stimulates the proliferation of the

helper T cells, which in turn promotes the proliferation of the cytotoxic T cells,

driving down the tumour population. In tumour escape, the cytotoxic and helper T

cell populations settle to constant values below their baseline values occurring in the

absence of a tumour. Note that we nondimensionalised the tumour population by

its carrying capacity, κ, and therefore a large tumour population has a dimensionless

value close to one.
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equilibrium

escape

(a) tumour cells (b) cytotoxic T cells (c) helper T cells

equilibrium

escape

(d) tumour cells (e) cytotoxic T cells (f) helper T cells

elimination

(g) tumour cells (h) cytotoxic T cells (i) helper T cells

Figure 2.2: Series of plots showing the dynamics of the tumour cells, N(t), the
helper T cells, TH(t), and the cytotoxic T cells, TC(t), as defined by equations
(2.6)–(2.8) for three values of the basal infiltration rate of the cytotoxic T cells,
σC = 2.0, 2.25 and 3.2 (top, middle and bottom rows respectively) with all remain-
ing parameters fixed at their default values. In each plot three initial conditions are
considered and distinguished by linestyle: (N0, TC0, TH0) = (0.001, 5.0, 0.6) shown by
the dotted black curve, (N0, TC0, TH0) = (0.01, 4.5, 0.6) shown by the solid grey curve;
(N0, TC0, TH0) = (0.5, 3.5, 0.3) shown by the dashed light grey curve.

For a small increase in the value of σC from 2 to 2.25 (see Figure 2.2 (d,e,f)),

we retain bistability between a tumour equilibrium and tumour escape. However, in

this case we observe that the tumour equilibrium solution is no longer oscillitory but

settles to a stable steady state with a small tumour burden.

For a larger value of σC (see Figure 2.2 (g,h,i)), we observe monostability of a
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tumour-free state corresponding to tumour elimination. Here the immune system is

strong enough to eliminate the tumour. We conclude that our model may exhibit

multi-stability, and that the nature and multiplicity of stable solutions change as the

infiltration rate of the cytotoxic T cells varies.

2.4 Steady state analysis

The qualitative behaviours presented in Section 2.3 reveal that equations (2.6)–(2.9)

possess several distinct attractors: stable steady state solutions and a stable limit

cycle solution. As a first step to understanding the solution structure of the model,

we next identify and characterise its steady state solutions.

Setting the time-derivatives to zero in equations (2.6)–(2.8) yields three algebraic

equations that define the steady state solutions (N, TH , TC) = (N∗, T ∗H , T
∗
C):

0 = N∗ (γ(1−N∗)− pkT ∗C) , (2.11)

0 = σH + T ∗H

(
αN∗

Ñ2 +N∗2
− δH

)
, (2.12)

0 = σC + T ∗C (T ∗H − (1− p)kN∗ − 1) . (2.13)

We note, from equation (2.11), that for physically realistic solutions N∗ ∈ [0, 1). The

solutions depend on five parameter groupings,

k̃ = (1− p)k, γ̃ =
γ

pk
, σ̃C =

σC
γ̃
, σ̄H =

σH
δH

and ᾱ =
α

δH
. (2.14)

First of all, equations (2.11)–(2.13) admit a tumour-free solution,

N∗ = 0, T ∗H = σ̄H , T ∗C =
γ̃σ̃C

1− σ̄H
, (2.15)

This solution is physically realistic provided 0 ≤ σ̄H < 1. All other steady state

solutions have 0 < N∗ < 1 and T ∗C = γ̃(1 − N∗). Further, by eliminating T ∗C from

equations (2.12)–(2.13), it is straightforward to show that these steady state solutions

lie at the intersection of the following two curves:

T ∗H = Ha(N
∗) ≡ σ̄H(Ñ2 +N∗2)

Ñ2 +N∗2 − ᾱN∗
, (2.16)

T ∗H = Hb(N
∗) ≡ 1 + k̃N∗ − σ̃C

1−N∗
. (2.17)

In Figure 2.3 we use equations (2.16)–(2.17) to show how the qualitative behaviour

of the curves of T ∗H = Ha(N
∗) and T ∗H = Hb(N

∗) change as the system parameters

vary. For T ∗H = Ha(N
∗) three cases may arise:
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1. ᾱ < 2Ñ : Ha(N
∗) > 0 for N∗ ∈ (0, 1) and attains a finite maximum in the

feasible range;

2. 2Ñ ≤ ᾱ < 1 + Ñ2: Ha(N
∗) has two asymptotes N∗± in the range N∗ ∈ (0, 1);

between the asymptotes, Ha(N
∗) < 0 and otherwise it is positive;

3. ᾱ ≥ 1+Ñ2: Ha(N
∗) > 0 to the left of the asymptote at N∗− ∈ (0, 1) and Ha(N

∗)

is negative otherwise.

Inspection of equation (2.17) reveals that three cases may arise as the parameters are

varied:

• Hb(N
∗) < 0 for all N∗ ∈ (0, 1);

• Hb(N
∗) decreases monotonically for N∗ ∈ (0, 1), with Hb(0) > 0 > Hb(1);

• Hb(N
∗) attains a positive maximum at some point N∗ ∈ (0, 1).

Since the dependence of Hb(N
∗) on the model parameters is more involved than for

Ha(N
∗), further details are left to Appendix A. Notably Hb(N

∗) always becomes

negative for N∗ sufficiently close to 1. The full range of behaviours can only be

realised by varying both k̃ and σ̃C . It is not enough to fix k̃ to a single value and vary

σ̃C .

Recall that the physically realistic steady state solutions for which N∗ > 0 lie at

those intersections of equations (2.16)–(2.17) for which T ∗H = Ha(N
∗) = Hb(N

∗) > 0.

Guided by the results presented in Figure 2.3, in Figure 2.4 we show how the number

and nature of these steady state solutions change as we vary ᾱ and σ̃C for a fixed

value of k̃ = 2 close to the default value (see Table 2.2).

For completeness, also indicated on these figures is the tumour-free steady state

solution defined by equation (2.15). In practice, up to 4 such steady states may arise

(see Appendix A for details), although this occurs only in a tiny portion of parameter

space.
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Figure 2.3: Form of the functions Ha(N
∗) and Hb(N

∗) from equations (2.16) and
(2.17) for selected choices of ᾱ fixing Ñ = 0.25 and σ̄H in Ha, and for selected choices
of k̃ and σ̃C in Hb. In the plot of Ha, the curves for different ᾱ are distinguished by
linestyle as indicated. In the plot of Hb, the different choices of σ̃C are distinguished
by colour as indicated. The lighter shade corresponds to k̃ = 0.5, while the darker
shade corresponds to k̃ = 2.
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N∗

σ̃C

(a) ᾱ < 2Ñ

•ST

•
IT

•
LT

N∗

σ̃C

(b) 2Ñ ≤ ᾱ ≤ 1 + Ñ2

N∗

σ̃C

(c) ᾱ > 1 + Ñ2

Figure 2.4: Series of diagrams showing how the physically realistic steady state so-
lutions of equations (2.11) and (2.13) change as ᾱ and σ̃C vary, or, equivalently, the
intersections of equations (2.16) and (2.17) for which T ∗H = Ha(N

∗) = Hb(N
∗) > 0

and N∗ ∈ (0, 1). The qualitative behaviours of T ∗H = Ha(N
∗) as ᾱ varies are indicated

by the black curves on the left hand plots of panels (a), (b) and (c). For each case, we
plot T ∗H = Hb(N

∗) for discrete values of σ̃C (=0.1, 0.5, 1.0 and 1.5) with k̃ = 2 and
σ̄H = 1 to illustrate the range of behaviours that can arise. The bifurcation diagrams
on the right side of panels (a), (b) and (c) indicate how the number and nature of
the steady state solutions change as σ̃C is varied continuously. Dashed lines indicate
regions of linear instability (see Section 2.5).

46



It is straightforward to show that if 2Ñ < ᾱ < 1 + Ñ2 (see Figure 2.4(b)) then

equation (2.16) has two asymptotes at N∗ = N∗±, where

N∗± = 1
2
ᾱ±

√
1
4
ᾱ2 − Ñ2 . (2.18)

Further, if 0 < σ̃C < 1 − σ̄H then Hb(0) > Ha(0) and there is a physically realistic

steady state solution with 0 < N∗ < N∗−. For small values of σ̃C (i.e., low rates

of infiltration of the cytotoxic T cells) such that 0 < σ̃C < 1 − σ̄H , there are three

physically realistic steady state solutions with N∗ > 0 while for large values of σ̃C the

immune response is so strong that the tumour is eliminated and only the tumour-

free steady state solution persists. As σ̃C increases between these extremes, first the

steady state with small N∗ is lost (at a transcritical bifurcation; see Section 2.5) and

then the other two steady state solutions with N∗ > 0 collide at a fold bifurcation.

For ᾱ ≥ 1 + Ñ2 (see Figure 2.4(c)), the asymptote N∗+ ≥ 1, and therefore there

can be no further intersections beyond N∗ = N∗−. Only one steady state solution is

possible in this case. The case ᾱ < 2Ñ illustrated in Figure 2.4(a), where Ha(N
∗)

attains a finite maximum, is more complicated and detailed in Appendix A.

For the default parameters used in this study, we have 2Ñ ≤ ᾱ ≤ 1 + Ñ2 (see

Figure 2.5 which is similar in form to Figure 2.4 (b)). In this case, for sufficiently

small σ̃C , three intersections occur: one at small N∗ and two at moderate N∗. As

σ̃C increases the two solutions at moderate N∗ are lost followed by, for larger σ̃C ,

the solution at small N∗. As Ñ2/ᾱ � 1, the intersection at small N∗ is O(Ñ2/ᾱ),

enabling accurate approximations for many features of the model.
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Hb(N
∗) , σ̃C = 0.2

Hb(N
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∗
− log10N
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Figure 2.5: Dependence of the nature and number of tumour equilibrium steady
state solutions (N∗ > 0) on σ̃C . Intersections of equations (2.16) and (2.17) (solid
and dashed curves respectively) are shown for three values of σ̃C (σ̃C = 0.2, 0.6 and
0.8), with all other parameters fixed at their default values. The two vertical dashed
lines indicate the asymptotes N∗± of equation (2.16).

2.5 Local and global stability

In this section we begin by discussing the local, linear stability of the tumour steady

states. This is subsequently used to understand the global, nonlinear stability of the

system in a few representative cases.

2.5.1 Linear stability

To understand the local stability of the tumour equilibria, we start by linearising

about the steady state solutions (N∗, T ∗H , T
∗
C), seeking solutions of the form

N = N∗ + εŇeλt +O(ε2), (2.19a)

TH = T ∗H + εŤHe
λt +O(ε2), (2.19b)

TC = T ∗C + εŤCe
λt +O(ε2), (2.19c)

where Ň , ŤH , ŤC and λ are constants, and 0 < ε � 1 is a small parameter. Substi-

tuting (2.19) into equations (2.6)–(2.8) and equating to zero terms of O(ε) we deduce

that the eigenvalues λ = λn (n = 1, 2, 3) satisfy |J − λI| = 0 where the Jacobian
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J (N∗, T ∗H , T
∗
C) is given by

J =


γ(1− 2N∗)− pkT ∗C 0 −pkN∗
αT ∗H(Ñ2 −N∗2)

(Ñ2 +N∗2)2

αN∗

(Ñ2 +N∗2)2
− δH 0

−(1− p)kT ∗C T ∗C T ∗H − (1− p)kN∗ − 1

 . (2.20)

Instability of a steady state solution corresponds to maxn=1,2,3<(λn) > 0. Conversely

the steady state is linearly stable if <(λn) < 0 for n = 1, 2, 3. Note that in general

the eigenvalues depend not only on the parameter groupings presented in (2.14), but

also on the parameters γ, p, k, α and δH . For ease of presentation, it is convenient

to use both sets of parameters in subsequent analyses.

It is straightforward to show that the eigenvalues associated with the tumour-free

steady state (N∗, T ∗H , T
∗
C) = (0, σ̄H , γ̃σ̃C/(1− σ̄H)) are

λ1 = γ

(
1− σ̃C

1− σ̄H

)
, λ2 = −δH and λ3 = −(1− σ̄H) . (2.21)

We deduce that where it exists (i.e. where 0 < σ̄H < 1) the tumour-free steady state

is linearly stable if

max (0, 1− σ̃C) < σ̄H < 1 . (2.22)

We remark that the region of parameter space in which the small tumour steady

state exists corresponds to the region in which the tumour-free steady state is linearly

unstable.

To provide a more complete picture of the (N, TH , TC) phase space, we next ex-

amine the eigenvalues associated with each of the steady states as σ̃C varies, and

furthermore consider the nonlinear dynamics starting in the neighbourhood of the

unstable steady states. This bridges the gap between the steady state analysis, linear

stability analysis and the observed qualitative behaviour presented in Section 2.3.
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Figure 2.6: Variations in the real (red) and imaginary (blue) parts of the eigenvalues
λi (i = 1, 2, 3) associated with each of the steady states as σ̃C is varied, with all
remaining parameters fixed at their default values. Key: σ̃T

C marks a transcritical
bifurcation point; σ̃F

C marks a fold bifurcation point; σ̃Hopf
C marks a Hopf bifurcation

point, described in detail in Section 2.7. Note, for the tumour-free, intermediate
tumour and large tumour steady states the eigenvalues are purely real. For the small
tumour steady state, with decreasing σ̃C the upper pair of real eigenvalues to the
right of σ̃T

C collide at the transcritical bifurcation and give rise to a pair of complex
conjugate eigenvalues for σ̃C < σ̃T

C . The real part of these eigenvalues lies along the
upper blue branch connected to σ̃T

C . The lower stable blue branch is separate and is
purely real.

Figure 2.6 shows how the real and imaginary parts of the eigenvalues of all steady

states vary with σ̃C . For the tumour-free state only one of the eigenvalues varies with

σ̃C (see equation (2.21)). For σ̃C < σ̃T
C , there are two stable eigenvalues and one

unstable eigenvalue whose growth rate increases linearly with decreasing σ̃C . All of

the eigenvalues associated with the tumour-free state are real. This critical point is

called a hyperbolic point since there are no complex eigenvalues for σ̃C < σ̃T
C . For

σ̃C > σ̃T
C , all eigenvalues are real and negative corresponding to the tumour-free steady

state being an attractor (i.e. any linear perturbation to the tumour-free steady state

decays). The intermediate tumour state, like the tumour-free state, is also hyperbolic.

Where the intermediate tumour state exists, it is unstable. Two of the eigenvalues are

negative and one is positive just as for the tumour-free state for σ̃C < σ̃T
C . The large

tumour state is stable where it exists (σ̃C < σ̃F
C). The large tumour state is therefore

50



an attractor. The small tumour state is distinct from the other steady states. For

σ̃C > σ̃T
C this state is non-physical (N∗ < 0) and is therefore disregarded. The small

tumour steady state arises at the transcritical bifurcation σ̃C = σ̃T
C where the tumour-

free steady state changes stability. This gives rise to a complex conjugate pair of

eigenvalues and a third stable eigenvalue with zero imaginary part and therefore this

point represents a spiral point. For σ̃Hopf
C ≤ σ̃C ≤ σ̃T

C there is one complex conjugate

pair of eigenvalues with negative real part, plus a real eigenvalue that is negative.

For σ̃C < σ̃Hopf
C the complex conjugate eigenvalue changes to have a positive real

part. This analysis reveals how small perturbations in the neighbourhood of unstable

steady steady states are attracted towards stable steady states.

2.5.2 Global stability

Global, nonlinear stability is examined by locating the stable and unstable mani-

folds connecting the steady states in the (N, TH , TC) phase space. The manifolds are

computed by numerically integrating equations (2.6)–(2.8), initialised in the unstable

directions near each unstable steady state. This is done by perturbing each steady

state by 10−3 times the normalised eigenvector vm of the specific eigenvalue λm for

which J vm = λmvm. As −vm is also a normalised eigenvector, we can perturb each

steady state in two directions. One direction corresponds to increasing N while the

other direction corresponds to decreasing N . For the tumour-free state only the per-

turbation increasing N is possible. When N(0) > N∗ we say we are ‘above’ the steady

state, while when N(0) < N∗ we say we are ‘below’ the steady state.

In Figure 2.7 we take a value of σ̃C = 0.012 corresponding to a region of parameter

space where the tumour-free, small and intermediate states are unstable and the large

tumour state is stable (see Figure 2.6). Starting near the tumour-free state in the

lower left corner, the trajectory in phase space leads to the large tumour steady state

in the upper left corner. From the small tumour steady state the perturbation above

takes a trajectory which also leads to the large tumour state, while the perturbation

below first approaches the tumour-free state before also arriving at the large tumour

state. For the intermediate tumour state the perturbation above directly leads to

the large tumour state, while the perturbation below skirts by the tumour-free state

before eventually arriving at the large tumour state. In summary, the perturbations

above each state directly lead to the large tumour state (escape). The perturbations

below first approach the tumour-free state before eventually arriving at the large

tumour state.
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Figure 2.7: Confirmation of the predicted (linear) stability of the steady state so-
lutions of equations (2.11)–(2.13) as depicted in Figures 2.8–2.10 when σ̃C = 0.012
(and all other parameter values are held at their default values). A series of typical
trajectories starting in different regions of the phase plane are presented. While all
trajectories eventually evolve to the large tumour steady state (above left), in some
cases they first approach close to the tumour-free steady state (below left). Note that
perturbations about the small tumour steady state spiral outwards while perturba-
tions about the intermediate tumour steady state (above right) either lead directly to
the large tumour steady state or first skirt by the tumour-free steady state on route
to the large tumour steady state. Red and blue circles denote unstable and stable
steady states respectively. The continuous and dashed lines represent different initial
conditions.

2.6 System bifurcations

We next scan over σ̃C , holding all other parameters fixed at their default values in

Table 2.2, to illustrate how the multiplicity and linear stability of the steady state

solutions of equations (2.6)–(2.8) change as we vary σ̃C . The results are presented in

Figures 2.8–2.10 (qualitatively similar behaviour is observed when σ̄H is varied; results

not presented). We identify five distinct regions separated by four bifurcation points

σ̃F
C , σ̃T

C , σ̃Hopf
C and σ̃Hom

C . The qualitative behaviour in each region is summarised as

follows

• σ̃C > σ̃F
C : the system is monostable; all initial conditions evolve to the tumour-

free steady state (tumour elimination).

• σ̃C = σ̃FC : fold bifurcation at which two non-trivial steady states are created.
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• σ̃TC < σ̃C < σ̃FC : the system is bistable; an unstable steady state with inter-

mediate tumour burden separates the stable, tumour-free steady state from a

stable solution with a large tumour burden (tumour escape); as σ̃C decreases,

the tumour burden on the upper branch of solutions increases towards its (di-

mensionless) carrying capacity.

• σ̃C = σ̃TC : transcritical bifurcation at which a new branch of stable steady state

solutions emerges from the tumour-free branch.

• σ̃Hopf
C < σ̃C < σ̃TC : bistability is preserved; the tumour-free steady state ex-

changes stability with the new branch of solutions characterised by a very small

tumour burden.

• σ̃C = σ̃Hopf
C : Hopf bifurcation at which the branch of solutions characterised by

a small tumour burden loses stability to oscillatory solutions.

• σ̃Hom
C < σ̃C < σ̃Hopf

C : bistability between a stable limit cycle and the steady state

with a large tumour burden; all other steady state solutions are unstable.

• σ̃C = σ̃Hom
C : the limit cycle disappears when it collides with the intermediate

tumour steady state (see Figure 2.11 and below for details).

• 0 ≤ σ̃C < σ̃Hom
C : only the large tumour state is stable (i.e. tumour escape).

The bifurcation diagrams in Figures 2.8–2.10 indicate those values of σ̃C for which

oscillatory solutions occur. The limit cycle emerges when σ̃C decreases through the

critical value σ̃Hopf
C and disappears as σ̃C → σ̃Hom

C . Numerical results which confirm

these dynamics are presented in Figure 2.11. For σ̃C & σ̃Hom
C , we observe periodic

solutions for which tumour growth stimulates infiltration by helper T cells which,

in turn, recruit large numbers of cytotoxic T cells. As the tumour increases in size,

immunosuppression of the helper T cells becomes important and their rate of pro-

liferation falls while levels of cytotoxic T cells continue to rise, causing the tumour

burden to fall. As levels of helper T cells fall, the proliferation rate of the cytotoxic T

cells falls, causing their levels also to decrease. The immunosuppressed tumour then

resumes its growth until it reaches a size at which an effective immune response is

again stimulated, levels of helper T cells rise, and the cycle repeats. As the rate σ̃C at

which cytotoxic T cells infiltrate the tumour approaches σ̃Hom
C from above, the limit

cycle period increases and the tumour spends increasingly longer periods around the

tumour-free state. These periods correspond to the low flat regions in TC shown in

Figure 2.11(a).
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σ̃F
C

σ̃T
C

σ̃Hopf
C

σ̃Hom
C

(a) tumour cell population, N∗ (b) zoom N∗

Figure 2.8: Domain of existence and linear stability of the steady state tumour pop-
ulation N∗ as a function of σ̃C , when all other parameters are fixed at their default
values. Solution branches are distinguished by colour: the blue branch corresponds
to the large tumour (escape) state; the red branch corresponds to the intermediate
tumour state; the green branch corresponds to the small tumour state and the black
branch corresponds to the tumour-free state. The small tumour state is nearly indis-
tinguishable from the tumour-free state but can be distinguished when considering
T ∗C versus σ̃C as done in Figure 2.9. The local stability of the steady states is dis-
tinguished by linestyle: solid and dashed curves correspond to stable and unstable
solutions respectively. The cyan curves correspond to the maximum and minimum
values of the limit cycle cell populations obtained from the numerical solutions. The
zoom in panel (b) illustrates the good agreement between the numerical simulations
(cyan curve) and the results of an asymptotic analysis in the neighbourhood of the
Hopf bifurcation point (solid black curve; for details see Section 2.7.4). The discrep-
ancy between the cyan and black curves is due to the difficulty in obtaining accurate
numerical estimates for the amplitude of the limit cycle near its point of emergence.
Exceedingly long integration times would be required to improve the match.
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σ̃F
C

σ̃T
C

σ̃Hopf
C

σ̃Hom
C

(a) cytotoxic T cell population, T ∗
C (b) zoom T ∗

C

Figure 2.9: Domain of existence and linear stability of the steady state cytotoxic T
cell population T ∗C as a function of σ̃C , when all other parameters are fixed at their
default values. The layout of the figures is the same as in Figure 2.8.

σ̃F
C

σ̃T
C

σ̃Hopf
C

σ̃Hom
C

(a) helper T cell population, T ∗
H (b) zoom T ∗

H

Figure 2.10: Domain of existence and linear stability of the steady state helper T
cell population T ∗H as a function of σ̃C , when all other parameters are fixed at their
default values. The layout of the figures is the same as in Figure 2.8.
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(a) σ̃C & σ̃Hom
C (b) σ̃C < σ̃Hom

C

LT

IT

ST

TF

(c) σ̃C & σ̃Hom
C

LT

IT

ST

TF

(d) σ̃C < σ̃Hom
C

Figure 2.11: Confirmation that equations (2.6)–(2.8) admit limit cycles when σ̃C =
0.2281 & σ̃Hom

C , and that they cease to exist when 0 < 0.2263 = σ̃C < σ̃Hom
C (all

other parameters are fixed at their default values). The trajactories start near the
intermediate tumour steady state (see red branch in Figures 2.8–2.10). Panels (a)
and (b) show how the cytotoxic T cells TC(t) evolve when σ̃C & σ̃Hom

C and σ̃C < σ̃Hom
C

respectively. The corresponding trajectories in the (TC , TH) plane are presented in
panels (c) and (d). Filled points represent unstable (tumour-free (TF), small tumour
(ST) and intermediate tumour (IT)) steady states; the unfilled point represents the
stable, large tumour steady state (LT).

As we approach the homoclinic bifurcation from above (σ̃C & σ̃Hom
C ), the period

of the limit cycle tends to infinity as it spends an increasing length of time near the
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intermediate tumour state. As σ̃C → σ̃Hom
C from above, the limit cycle approaches

the unstable manifold of the intermediate tumour steady state, connecting with it

(along its stable eigenvector) when σ̃C = σ̃Hom
C (see Figure 2.11 (c)). The trajectory

then leaves the steady state along one of the unstable eigenvectors to complete the

homoclinic orbit.

For 0 ≤ σ̃C < σ̃Hom
C the limit cycle no longer exists. Near but just below σ̃Hom

C

trajectories approach close to the intermediate tumour steady state before shooting

off to the large tumour steady state (representing escape; see zoom in Figure 2.11 (d)).

An initial condition starting near the intermediate tumour steady state first moves

upwards and clockwise, as before. As the trajectory passes the tumour-free steady

state and moves upwards in the unstable direction, it overshoots the intermediate

tumour steady steady state and subsequently falls onto a stable manifold of the large

tumour steady state (see insert of Figure 2.11 (d)). The trajectory is no longer a

closed loop but terminates at the large tumour steady state.

2.7 Asymptotic behaviour for Ñ 2 � 1

When Ñ2 � 1, immunosuppression occurs at small tumour sizes, and acts by reducing

the proliferation rate of the helper T cells. We show below how, in this case, it

is possible to construct asymptotic expressions for the large tumour steady state

solutions representing tumour escape, and the small tumour steady state solutions

from which oscillatory solutions emerge. In each case we determine an expression for

the critical value of σ̃C where the fold point (giving rise to tumour escape) and the

Hopf bifurcation point (giving rise to limit cycle solutions) occur respectively. In the

neighbourhood of the Hopf bifurcation, we describe the amplitude of the limit cycle

via a weakly nonlinear analysis.

2.7.1 The large tumour steady state (escape)

When 2Ñ < ᾱ < 1+Ñ2 there exists two asymptotes in Ha at N∗ = N∗− and N∗ = N∗+

(see equation (2.18) and Figure 2.4(b)). When Ha and Hb intersect tangentially near

the asymptote N∗ = N∗+, a pair of steady state solutions emerge at a fold point

σ̃C = σ̃F
C . For 0 ≤ σ̃C < σ̃F

C two tumour equilibrium (N∗ > 0) steady states exist

which coalesce at σ̃C = σ̃F
C (see Figures 2.8–2.10)

We now construct approximate solutions for the steady state populations, N∗,

T ∗H and T ∗C at the fold point, σ̃C = σ̃F
C , when Ñ2 � 1 (the default case for our
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parameters). Consider the following expansion for N∗, T ∗C and T ∗H :

N∗ = N0 + Ñ2N1 + . . . , (2.23a)

T ∗C = TC0 + Ñ2TC1 + . . . , (2.23b)

T ∗H = TH0 + Ñ2TH1 + . . . . (2.23c)

To leading order, equation (2.16) for Ha reduces to Ha = σ̄HN0/(N0 − ᾱ). Likewise

to leading order equation (2.17) for Hb reduces to, Hb = 1 + k̃N0 − σ̃C/(1 − N0).

Equating the two leads to the cubic equation

k̃N3
0 − (1− σ̄H − k̃(1 + ᾱ))N2

0 − (1− σ̃C − σ̄H + ᾱ(1− k̃))N0 + ᾱ(1− σ̃C) = 0 . (2.24)

The fold bifurcation occurs when this cubic equation has a repeated root, specifically

when equation (2.24) takes the form

k̃(N0 − a)2(N0 − b) = 0 , (2.25)

where a and b are constants and a corresponds to the leading order approximation

for the tumour burden at the fold point. Equating the coefficients of equations (2.24)

and (2.25) we find

N2
0 : k̃(2a+ b) = σ̄H + k̃(ᾱ + 1)− 1 ,

N1
0 : k̃a(a+ 2b) = σ̄H + (k̃ − 1)ᾱ− 1 + σ̃C ,

N0
0 : k̃a2b = −ᾱ(1− σ̃C) .

(2.26)

We can solve (2.26) to obtain the values of σ̃C , σ̄H and b at the fold point as a function

of a = N∗F , the tumour population at the fold point. (We cannot solve directly for

a or b since both a and b must satisfy the cubic equation for N0 given in (2.24).) We

denote the solutions by σ̃F
C(a), σ̄F

H(a) and b(a), given explicitly by

σ̃F
C(a) = 1 +

k̃a2b

ᾱ
, (2.27)

σ̄F
H(a) = 1 + k̃(2a+ b− ᾱ− 1) , (2.28)

b(a) =
ᾱ + k̃ − 1− k̃a(2− a)

k̃(1− 2a+ a2/ᾱ)
. (2.29)

Furthermore the leading order cytotoxic and helper T cell populations are given by

TC0 = γ̃(1− a) and TH0 =
σ̄Ha

a− ᾱ
. (2.30)
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(a) (b) (c)

Figure 2.12: (a) The tumour population at the fold point, a = N∗F versus the in-
filtration rate of cytotoxic T cells, σ̃F

C (from equation (2.27)), (b) a = N∗F versus
the infiltration rate of helper T cells, σ̄F

H (from equation (2.28)), and (c) σ̄F
H versus

σ̃F
C (from equations (2.27) and (2.28)). The default values for k̃ and ᾱ from equa-

tion (2.14) have been used. The plotted results depend only on these two parameter
groupings. The exact solution for the fold point is shown by the black curves but this
is largely obscured by the asymptotic solutions shown by the blue curves.

The asymptotic solutions for σ̃F
C(a) and σ̄F

H(a), as well as σ̄FH(σ̃F
C), are shown in

Figure 2.12. In panels (a) and (b) we plot a = N∗F on the y-axis to show the

inverse relationships N∗F(σ̃F
C) and N∗F(σ̄F

H). These relationships cannot be directly

inferred algebraically from (2.27)–(2.29) but nonetheless they are relatively simple.

Similarly the relationship σ̄F
H(σ̃F

C) is obtained parametrically by varying a over its

range of permissible values. There are no solutions for a < 0.26 approximately, since

in this range T ∗H < 0. In general σ̄F
H increases as σ̃F

C decreases, reaching a value of

σ̄F
H ≈ 2.4 when σ̃F

C = 0. The tumour population at the fold point N∗F increases

from a relatively small value at the largest value of σ̃F
C and approaches 1 (tumour

escape) as σ̃F
C → 0. The opposite relationship is found for σ̄F

H , with N∗F → 1 as σ̄F
H

approaches its largest value. With somewhat more algebra, the exact form of the fold

point can be found without assuming Ñ2 � 1 (see Appendix C). The exact solutions

are shown underneath the asymptotic solutions in Figure 2.12. For the parameters

considered the exact and asymptotic solutions are too close to be distinguished.

2.7.2 The small tumour steady state

Consider Ñ2 � ᾱ, as holds for the default parameters. Then an asymptote in Ha

occurs at N∗− = Ñ2/ᾱ = δ � 1 (assuming ᾱ > 2Ñ), to leading order in δ (see equation

(2.18)). We showed in the Section 2.4 that a tumour equilibrium steady state solution
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occurs with N∗ < N∗− for certain parameter groupings. We can explicitly calculate

the form of this equilibrium to leading order in δ by assuming the expansions

(N∗, T ∗H , T
∗
C) = (0, T ∗H0, T

∗
C0) + δ(N∗1 , T

∗
H1, T

∗
C1) + δ2 . . . . (2.31)

Inserting these expansions into equations (2.16) and (2.17) gives

N∗1 = 1− σ̄H
1− σ̃C

, T ∗H0 = 1− σ̃C , T ∗C0 = γ̃ , (2.32)

and

T ∗H1 = (k̃ − σ̃C)N∗1 , T ∗C1 = −γ̃N∗1 . (2.33)

As anticipated from the analyses presented in Sections 2.4–2.6, a small tumour steady

state exists where 0 < σ̃C < 1 − σ̃H , which coincides with the domain of instability

of the tumour-free steady state solution.

2.7.3 Linear Stability Analysis

Following the general linear stability analysis in Section 2.5, we next perturb the

asymptotic solution for the small tumour steady state given by equations (2.32) and

(2.33) by an infinitesimal time-dependent function proportional to eλt (see equation

(2.19)).

We deduce that the eigenvalues λ solve |J − λI| = 0 where the Jacobian is given

by (see (2.20)):

J =


−δγN∗1 0 −δpkN∗1

δH(1− σ̃C)

δ
− σH

(1− σ̃C)
0

−γ(1− p)
p

γ̃ −σ̃C

 .

Thus, the eigenvalues λ solve the following cubic

λ3 +

(
σ̃C +

σH
1− σ̃C

)
λ2 +

σ̃CσH
1− σ̃C

λ+ γ ((1− σ̃C)δH − σH) = 0 . (2.34)

Periodic solutions emerge when two roots of equation (2.34) are purely imaginary,

of the form λ1,2 = ±iω, say. Hence we locate the Hopf bifurcation point by seeking

solutions to equation (2.34) of the form

(λ2 + ω2)(λ− λ3) = 0 , (2.35)
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where

λ3 = −
(
σ̃C +

σH
1− σ̃C

)
, ω2 =

σH σ̃C
1− σ̃C

and λ3ω
2 = −γ

(
(1− σ̃C)δH − σH

)
.

(2.36)

Eliminating λ3 and ω2 in (2.36) yields the following algebraic equation for σ̃C in terms

of σH and other model parameters at the Hopf bifurcation point:

σ̃Cσ
2
H + (1− σ̃C)(σ̃2

C + γ(1− σ̃C))σH − γδH(1− σ̃C)3 = 0 . (2.37)

Viewing equation (2.37) as a quadratic for σH rather than a cubic for σ̃C , we can

show where the small tumour steady state exists (i.e., where 0 < σ̃C < 1− σ̃H) there

is a unique, positive root for σH :

σH = σHopf
H =

−χ+
√
χ2 + 4γδH σ̃C(1− σ̃C)3

2σ̃C
, (2.38)

where χ = (1 − σ̃C)(σ̃2
C + γ(1 − σ̃C)). The eigenvalue λ3 ≤ 0 over this range of σ̃C ,

indicating stability of the oscillatory solutions where they exist.

The results of this analysis are verified below in Figure 2.13(a), showing σ̄H versus

σ̃C for both the asymptotic approximation using equation (2.38) and the numerical

solution for the eigenvalues λi at the Hopf bifurcation point determined from |J −
λiI| = 0 using J in (2.20). Close agreement is found for all values of σ̄H . In

addition, Figure 2.13(b) shows how the frequency ω at the point of emergence of the

limit cycle varies with σ̃C . The frequency vanishes at σ̃C → 0 and σ̃C → 1, and peaks

for σ̃C ≈ 0.72. Figure 2.13(c) shows how the real eigenvalue λ3 is always negative

(indeed λ3 < −1) over the domain where Hopf bifurcations occur. Figure 2.13(d)

shows how the leading order correction to the tumour population N1 varies with σ̃C .

Notably 0 ≤ N1 ≤ 1. These results underpin and justify the weakly nonlinear analysis

presented in the following subsection.
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(a) (b)

(c) (d)

Figure 2.13: (a) Dependence of σ̃C on σ̄H from equation (2.38) (black curve) compared
with the numerical solution of |J −λiI| = 0 using J in (2.20) at the Hopf bifurcation
point (blue curve). (b) Frequency ω associated with the eigenvalues λ = ±iω at the
emergence of the limit cycle as σ̃C varies. Note ω → 0 as σ̄H → 0 and 1. (c) The
purely real eigenvalue, λ3, associated with the small tumour steady state as σ̃C varies.
(d) changes in the tumour population at the Hopf bifurcation point as σ̃C varies.
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2.7.4 Weakly Nonlinear Analysis

In this section we perform a weakly nonlinear analysis in a neighbourhood of σHopf
C ,

specifically σC = σHopf
C − ε2 with 0 < ε � 1, in order to determine the amplitude of

the limit cycle and confirm its local stability. Since the analysis is involved, results

are summarised in the main text (see Appendix B for details).

For ease of presentation, we let x = N , y = TC and z = TH . We introduce the

long-time τ = ε2t and proceed by expanding x = (x, y, z)T as follows:

x = x0 + εx1(t, τ) + ε2x2(t, τ) + ε3x3(t, τ) + . . . , (2.39)

where the long time scale τ = ε2t determines the limit cycle amplitude. Here x0 is

the steady state solution with N = O(Ñ2) at σC = σHopf
C . To obtain the amplitude

equation for the limit cycle we substitute (2.39) into equations (2.6)–(2.8) and equate

to zero terms of like orders of magnitude (full details are provided in Appendix B).

At O(ε), we recover the linear dynamics

∂x1

∂t
= J0x1 , (2.40)

where J0 = J (x0). From the linear stability analysis, J0vm = λmvm where λ1 = iω,

λ2 = λ∗1 = −iω and λ3 ∈ < < 0. Note v2 = v∗1 while v3 is real. Let vm =

(vmx, vmy, vmz)
T where m = 1, 2, 3. The most general solution of equation (2.40) is

x1 = φ(τ)v1e
iωt + φ∗(τ)v∗1e

−iωt + χ(τ)v3e
λ3t. (2.41)

Here, φ(τ) is the amplitude of the first-order (linear) mode. The amplitude of the

decaying mode, χ(τ), plays no role in the subsequent analysis because it is non-

secular. The equation for φ(τ) is determined at O(ε3) by eliminating secular terms

as discussed below.

At O(ε2) we find that x2 is given by

x2 = x20+Ra
2φ

2(τ)e2iωt+c.c.+Rb
2 |φ(τ)|2+Rc

2φ(τ)χe(λ3+iω)t+c.c.+Rd
2χ

2e2λ3t. (2.42)

where x20 = J0
−1(0, 1, 0)T and Ra

2 through Rd
2 are constant vectors (see Appendix

B). Notably, x20 arises from the O(ε2) correction to σC .

AtO(ε3), the secularity condition supplies the following equation for the amplitude

of the limit cycle
dφ

dτ
= (µ+ ν|φ(τ)|2)φ(τ) (2.43)

where µ = µr + iµi and ν = νr + iνi depend on the governing parameters.
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Substituting φ(τ) = r(τ) exp(iϑ(τ)) into equation (2.43) and equating real and

imaginary parts yields

dr

dτ
= (µr + νrr

2)r and
dϑ

dτ
= µi + νir

2 . (2.44)

The equation for r is independent of ϑ and has solution

r =

(
µr

(µr/r2(0) + νr) exp(−2µrτ)− νr

)1/2

. (2.45)

If µr > 0 > νr, as is typical for the parameter values considered (see Table 2.2), then

r →
√
−µr/νr ≡ A (a constant) as τ → ∞ if r(0) > 0 (otherwise r(τ) ≡ 0 ∀ t). In

such cases the limit cycle is a stable attractor.

We confirmed our weakly nonlinear analysis by computing the mean square am-

plitudes of (x−x0)/ε, (y−y0)/ε and (z−z0)/ε to time t = tmax = 20T (ε−2 +1) where

T = 2π/(ω + ε2ωnl) is the orbital period. Here ωnl is the nonlinear correction to the

frequency, given by ωnl = µi − νiµr/νr. The time tmax needs to be sufficiently long

for the amplitude of the limit cycle to settle to a near constant value. Sampling the

solution 3600 times over the last 20T time units yields estimates of the amplitude

A which agree to within 0.4% when ε = 0.1 and to within 0.016% when ε = 0.01

(see zoomed regions in Figures 2.8(b)–2.10(b)). The sampling period chosen here is

sufficiently long to minimise sampling errors, as the good agreement with the analysis

confirms.

2.8 The effect of immunosuppression

We start by considering how changes in ᾱ, the (scaled) proliferation rate of the

helper T cells upon encounter with tumour antigen, affect the bifurcation structure

in (σ̃C , σ̄H) space. We focus on varying the (scaled) rates of T cell infiltration, σ̄H

and σ̃C , as experiments have indicated large patient-to-patient variability in these

parameters [141, 113, 98, 91]. Furthermore, high levels of infiltrating T cells correlate

with good prognoses [113, 98, 91].

In Figure 2.14 we present results which show how the bifurcations that occur in

(σ̃C , σ̄H) parameter space change as ᾱ varies. We observe seven distinct regions:

1. Black shaded region: monostability of the tumour-free steady state (tumour

elimination). Here no other steady states exist.
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2. Region shaded with vertical lines: bistability between the tumour-free steady

state and large tumour steady state solutions (depending on the initial condi-

tions either the tumour is eliminated or it escapes).

3. Dark grey shaded region: bistability between the small and large tumour steady

state solutions (depending on the initial conditions either tumour escape or

equilibrium will occur).

4. Light grey shaded region: bistability between the limit cycle and large tumour

steady state solutions.

5. White region: multiple unstable steady state solutions and stability of the large

tumour steady state (tumour escape).

6. Region shaded by horizontal lines: instability of the tumour-free steady state

and stability of the large tumour steady state (tumour escape).

7. Region shaded by crossings: instability of the tumour-free steady state and

stability of the small tumour steady state (i.e. tumour equilibrium).

Features that are common for all values of ᾱ can be summarised as follows:

• A stable tumour-free steady state exists for large values of σ̃C and σ̄H (top right

corner);

• An unstable tumour-free steady state and a stable large tumour steady state

exists for small values of σ̃C and σ̄H (lower left corner);

• The series of bifurcations that separate regions in which the tumour-free steady

state is stable (large values of σ̃C) from regions in which the large tumour state

is stable (small values of σ̃C) depend upon the value of ᾱ.

We now discuss the changes in the bifurcation structure that occur when ᾱ is

varied about its default value (ᾱ = 0.19). For smaller values of ᾱ (e.g., ᾱ = 0.06,

the small and intermediate steady state solutions coalesce at a fold bifurcation at

a small value of σ̃C (see Figure 2.14(a,d)). Increasing ᾱ increases the size of the

region in which the tumour-free state is the only stable attractor (black region) and

reduces the size of the region in which the tumour-free and large tumour states are

stable (region shaded with vertical lines), with bistability disappearing altogether if

ᾱ is sufficiently large (see Figure 2.14 (c,f)). The size of the region characterised

by bistability between the large and small tumour steady states disappears for large
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values of ᾱ (dark grey region). Comparison of Figure 2.14 (b,c) and (e,f) reveals that

as ᾱ increases the region in (σ̃C , σ̄H) parameter space in which only the large tumour

steady state is stable decreases in size (white regions). Increasing ᾱ increases the size

of the region in which limit cycles exist (light grey region). We remark further that as

ᾱ increases the fold point at which the large and intermediate tumour steady states

coalesce occurs at smaller values of σ̃C . In particular, for ᾱ > 1+Ñ2, the intermediate

and large tumour states disappear and only the small tumour and tumour-free steady

state solutions exist (results not shown). In this case the tumour cells stimulate such

a strong increase in the proliferation rate of the helper T cells that they increase

to sufficient numbers that they can control or eliminate the tumour (see right hand

panel of Figure 2.4(c)).

(a) ᾱ = 0.06 (b) default: ᾱ = 0.19 (c) ᾱ = 0.6

σ̃C

N∗

(d) ᾱ = 0.06
σ̃C

N∗

(e) ᾱ = 0.19
σ̃C

N∗

(f) ᾱ = 0.6

Figure 2.14: Bifurcation diagrams showing how the number of steady states (identified
by continuous black lines), their stability, and the existence of the stable limit cycle
change as σC and σH vary. Here the effects on the sizes and existence of these regions
are examined for variations in ᾱ with all remaining parameters fixed to their default
values.

The results in Figure 2.14 provide a guide for potential treatment protocols for

varying rates of helper T cell proliferation. In all cases, increasing σ̃C and σ̄H in
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equal amounts is most effective in driving the system away from tumour escape.

However, the increase in either population must be limited to avoid an overzealous

immune response. Targeting both populations in combination appears to be the most

effective treatment. If only one population can be targeted alone, then targeting the

cytotoxic T cell population appears to be most effective. The only exception occurs

for an effective immune system (relatively high helper T cell proliferation, as in Figure

2.14(c)); in this case targeting either population is comparably effective.

In this section we have examined how the bifurcation structure in (σ̃C , σ̄H) space

changes as we vary ᾱ, a parameter that reflects the extent to which the helper T cells

increase their rate of cell proliferation on contact with tumour cells. We identified

six distinct regions, distinguished by the existence and stability of steady states and

the limit cycle. Variations in Ñ yield similar results and are, therefore, omitted.

Variation of other model parameters (e.g., γ, k and p) affects the location of the fold

point relative to the transcritical bifurcation, and the Hopf bifurcation. Our results

show that changing the parameters (ᾱ, Ñ) has a significant effect on the system’s

bifurcation structure in (σ̃C , σ̄H) parameter space. Taken together our results indicate

the extent to which combination therapies which not only boost the immune system

(by increasing σ̄H and σ̃C) but also block immunosuppressive effects may outperform

monotherapies, with a single mode of action.

2.9 Discussion

We have proposed a new mathematical model of tumour-immune interactions in which

helper and cytotoxic T cells interact with tumour cells. Our model captures the three

Es of immunoediting — elimination, equilibrium and escape [52]. We have examined

how the number and nature of the attractors (stable steady states and limit cycles)

change as the infiltration rates of cytotoxic and helper T cells, σC and σH , are varied.

Our focus on σC and σH is motivated by experimental observations which show high

inter-patient variability in T cell infiltration rates and corresponding variability in

observed outcomes [141, 66, 83, 5]. Specifically, high levels of tumour infiltrating

T cells have been correlated with long-term progression free survival in a variety of

different cancer types [153, 152, 91].

Our model exhibits three distinct behaviours as σC and σH vary. When σC and

σH are both small the tumour always escapes. For intermediate values of σC and σH ,

two types of bistability can occur: either (a) bistability between tumour escape and

elimination, or (b) bistability between tumour escape and tumour co-existence with
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the immune system, the co-existence state representing either a finite equilibrium

steady state or a time-dependent periodic solution. When σC and σH are both large,

the tumour is always eliminated. Based upon these results, we propose that patients

may be categorised into three main groups: immunocompromised patients have low

rates of T cell infiltration and their tumours will escape; healthy patients have large

rates of T cell infiltration and any nascent tumours will be eliminated; the tumours

of patients with intermediate levels of T cell infiltration will either escape or be

controlled, the outcome depending on the initial tumour size.

Stable limit cycles, characterised by periodic growth and suppression of the im-

mune and tumour populations, have been observed both in other mathematical mod-

els of tumour-immune dynamics [102] and experimentally [38]. We confirmed that our

model admits a stable limit cycle via a weakly nonlinear analysis which also yielded

an equation for the amplitude of the limit cycle, valid near the Hopf bifurcation point.

To date, segregation of the T cell pool into helper and cytotoxic T cell popula-

tions, that can be targeted separately by immunotherapies, has received little atten-

tion. Which T cell population may elicit a stronger immune response is still widely

debated [87, 51]. In this chapter we have developed a mathematical model which

distinguishes their distinct roles as immune promoter and tumour killer respectively.

We found that both T cell populations are important for tumour elimination. Given

a sufficiently high rate of infiltration of either population, tumour elimination occurs.

If, however, the rate of infiltration of helper T cells is low, then a large rate of infiltra-

tion of cytotoxic T cells is needed to eliminate the tumour. On the other hand, if the

cytotoxic T cell infiltration rate is low, only a moderate increase in the helper T cell

pool is required to eliminate the tumour. These findings suggest that targeting the

helper T cell population may be more effective, and result in fewer immune-related

adverse effects [72] than targeting the cytotoxic T cells directly.

Our model has also revealed that the immunosuppressive parameters α and Ñ

play a major role in determining response outcomes. Specifically, increasing the

proliferation rate of helper T cells, α, increases the size of the (σC , σH) region occupied

by the stable tumour-free state. Increasing Ñ , the size of the tumour at which

immunosuppressive effects come into play, decreases the size of the region in which

tumour escape occurs. These results suggest that manipulating α and Ñ may be

effective therapies in cancer treatment. This could be achieved by blocking the PD-

1/PD-L1 axis on T cells infiltrating the tumour [90], a therapy which has already

shown significant promise [151].
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In future work, it would be interesting to explore the effect of different treatment

protocols for the different patient groups identified in this study. Immunotherapies

that could be explored include: (a) treatment with an immune promoter cytokine such

as IL-2, which stimulates the proliferation of cytotoxic T cells [164]; (b) adoptive T

cell therapy which targets the infiltration of cytotoxic and helper T cells [131, 157];

(c) antibodies that block the PD-1/PD-L1 axis expressed by tumour and immune

cells [145] affecting the size of the tumour at which immunosuppressive effects come

into play; and (d) bi-specific antibodies that promote interactions between tumour

and T cells [171]. Comparing different treatment strategies, both individually and

in combination, may reveal effective treatment protocols that could be used to treat

particular patient groups.

A limitation of the current model is the assumption of spatial homogeneity, and

we neglect the spatial dynamics of interacting cytotoxic T cells, helper T cells and

tumour cells. Future developments might extend our model to include random cell

movement as well as movement driven by chemotactic effects leading to system ofs

PDEs [130, 126]. Despite this limitation, our simplified model is able to capture the

three Es of immunoediting and reveals distinct patient groups characterised by the

levels of T cell infiltration into the tumour. Furthermore, interrogation of the model

reveals how immunosuppressive effects and the rates of infiltration of the T cells might

be manipulated to strengthen a weakened or ineffective immune system so that it can

successfully eliminate any tumour.

To simplify yet retain key aspects of the complex model proposed by Robertson-

Tessi et al. (2012) [160], we developed a system of three ODEs in the form of a

predator-prey model, similar to Kuznetsov et al. (1994) [110], but with the addition of

a helper T cell population. Our model enabled us to study, through a combination of

analytical and numerical methods, the effectiveness of targeting helper and cytotoxic

T cells in an anti-tumour immune response. Our model does not distinguish between

the specific immunosuppressive effects that impact the tumour at various stages of

development as in Robertson-Tessi et al. [160], but was nonetheless able to illustrate

how the anti-tumour immune response varies with the level of infiltrating helper

and cytotoxic T cells. Our results suggest that a combined therapy targeting the

infiltration of both T cell populations may result in the best outcome for patients

having a broad range of hindered immune systems. Nonetheless there is a preference

for targeting the cytotoxic T cell population for highly hindered immune systems.
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Chapter 3

A mathematical model of the
progressive exhaustion of T cells in
cancer

3.1 Introduction

In Chapter 2 we began exploring immune cell heterogeneity through subpopulations

of T cells: helper and cytotoxic T cells. Specifically we proposed a simple extension

of the model proposed by Kuznetsov et al. [110] to include a helper T cell popula-

tion. Immunosuppression was also examined implicitly to account for the increasing

resilience of the tumour to the immune system as the tumour grows. In this chapter

we consider a new aspect of immune heterogeneity and focus exclusively on varying

functional states (or states of exhaustion) of the cytotoxic T cells interacting with

a tumour. Specifically we propose a distinct ODE model to address the following

question:

• How do the rates of exhaustion of individual T cell functions, specifically their

killing, infiltration and proliferation rates, suppress or facilitate tumour escape?

Through an array of immunosuppressive mechanisms, acting at different stages of

tumour development, a pre-malignant neoplasm may evade immunosurveillance and

develop into a clinically detectable tumour mass, ultimately metastasising. These

immunosuppressive mechanisms act at all stages of the Cancer-Immunity Cycle [35]

to break down an anti-tumour immune response, from the priming and activation

stages in the lymph nodes (poor immunogenicity and antigenicity of the tumour

cells) to the effector stages in the tumour microevironment (production of various

cytokines such as TGF-β and IL-10 promoting up-regulation of various inhibitory
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ligands such as PD-L1 by tumour cells and regulatory immune cells). A state of T

cell exhaustion is induced and enhanced by the sustained exposure to high levels of

tumour antigen [201, 199]. Increasingly exhausted T cells are identified by their highly

diverse and dense expression of inhibitory receptors (IRs) [189, 171]. Other factors

such as immunosuppressive cytokines produced by tumour cells and regulatory cells

also contribute to the exhaustion state of the T cell [30, 208]. Here we study one stage

of the cancer immunity cycle by developing a simple model of T cell exhaustion in

the tumour microenvironment. We implicitly model the downstream effects on the T

cell’s function to kill, infiltrate and proliferate, accounting for all of these contributing

suppressive pressures.

One of the mechanisms of immunosuppression used by the tumour is engagement

of inhibitory receptors (IR) on the surface of the T cells with their matching ligands

which activate the inhibitory pathways. Ligands expressed on the surface of tumour

cells, as well as on the surface of antigen presenting cells (APCs), engage IRs up-

regulated on the surface of T cells. Once engaged, these pathways signal to the T

cell to dampen its function (e.g. hindered immunostimulatory cytokine production

e.g. IL-2, proliferation and killing capacities). In cancer, T cells up-regulate their

expression of IRs in response to soluble molecules (e.g. IL-10, TGF-β and adeno-

side) produced by tumour cells as well as regulatory immune cells (e.g. regulatory

T cells (Tregs), myeloid derived suppressor cells (MDSCs) and tumour associated

macrophages (TAMs)). As in chronic infections such as HIV and HPV where anti-

gen levels persist, IR expression is sustained [199]. In a common acute infection,

the expression of inhibitory receptors is transient and used to moderate the magni-

tude of the immune response. T cell exhaustion is characterised by the sustained

co-expression of multiple IRs [201, 199].

The importance of T cell exhaustion in tumour growth was recognised recently

through the success of monoclonal antibodies aimed at reversing or preventing T

cell exhaustion in clinical trials. In these trials, monoclonal antibodies, known as

checkpoint blockades, were designed to block the engagement of specific IR–ligand

pathways on the surface of T cells, APCs and tumour cells. The two most well

studied inhibitory receptors on the T cells are PD-1 and CTLA-4, and a number of

antibodies that block these receptors have been FDA approved [150]. For a range of

different cancers, such as breast cancer, colorectal cancer and advanced melanoma,

clinical studies have found objective response rates when treated with checkpoint

blockades for cohorts of patients [210]. However, such success is not uniform across

all patients. In fact, a synthesis of the findings of a number of clinical trials found
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that less than 50% of patients receiving these treatments exhibited durable responses

[111, 84]. Despite this, the success of these immunotherapies in some patients has

reinvigorated research into the role of the immune system in cancer progression, with

specific focus on the state of exhaustion of the T cell [171].

There exist a number of ODE models designed specifically to examine the role of

immunosuppressive effects in facilitating tumour escape. Some authors have singled

out a specific immunosuppressive molecule or cell type, while others have sought to

examine the combined effects of specific immunosuppressive pressures [160]. Other

authors have included terms that only implicitly take immunosuppressive effects into

account [22], through for example a biphasic term to describe T cell proliferation.

To explain the discrepancy in levels of regulatory T cells (Tregs) in experimental

observations of different tumours, Leon et al. (2007) [114] developed a compartmen-

talised model to account for the immune activity in the lymph nodes and the tumour.

They assumed that the immune activity in the lymph nodes (between Tregs, cyto-

toxic T cells and APCs) was occurring on a fast time scale compared to the activity

within the tumour. This justified setting these populations to their equilibrium val-

ues, reducing the model to a system of three ordinary differential equations: tumour

cells, cytotoxic T cells and regulatory T cells. Their model identified two mecha-

nisms of tumour escape which were distinguished by the initial ratio of cytotoxic to

regulatory T cell populations. Their results suggest that slow growing immunogenic

tumours respond to T cell attack by recruiting/promoting the Treg population, ulti-

mately enabling tumour cells to avoid destruction. In contrast, fast growing poorly

immunogenic tumours do not recruit nearly as many Tregs.

Shariatpanahi et al. (2018) [177] developed a system of four ODEs consisting

of two effector immune cell populations (cytotoxic T cells and natural killer cells),

tumour cells, and MDSCs, a regulatory cell population of the innate immune response.

In contrast to Leon et al. [114], their model was designed and validated to focus

specifically on therapies targeting MDSCs in tumour eradication. They used their

model to predict the optimal dosing regime of an anti-MDSC drug for tumours having

various growth rates. They predicted that repeated dosages of an anti-MDSC drugs

at low concentration would result in durable tumour-free responses, and identified

that the frequency of dose administration is dependent on the growth rate of the

tumour.

Other authors have gone further by including a range of immunosuppressive com-

ponents in order to identify how the tumour orchestrates these components in tumour
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escape. As discussed previously, Robertson-Tessi et al. (2012) [160] developed a sys-

tem of twelve ODEs composed of nine cell populations and three cytokines. In this

model they included what they argued to be the key immunosuppressive components,

specifically Tregs and the cytokines IL-10 and TGF-β. Spatial limitations hindering

the access of immune cells to the tumour were also accounted for. Their results

identified the immunosuppressive factors primarily responsible for tumour escape for

specific tumours characterised by their antigenicity and growth rate. They concluded

that, irrespective of the tumour’s antigenicity and growth rate, Tregs are a major com-

ponent of the immunosuppressive network facilitating tumour escape. They further

concluded that TGF-β becomes important only at large tumour sizes.

Instead of explicitly modelling regulatory immune cells (such as Tregs and MD-

SCs) and/or cytokines (such as IL-10 and TGF-β) other authors have implicitly

accounted for immunosuppressive effects through terms damping the immune cell

functions. This approach simplifies the underlying model. Clapp et al. (2015) [37]

designed a model to capture the dynamical interactions between ‘generic’ cells of the

immune system and four types of leukemic cells (quiescent, progenitor, cycling and

mature). In their model they assumed that immunosuppressive effects acted in a

biphasic manner on both the killing capacity of the T cells and their proliferative

potential. They found there is an optimal number of tumour cells that elicits the

strongest immune response. They used their model to explore how to drive a patient

via immunotherapy into this optimum window to give the immune system the chance

to work at its full potential, ultimately eliminating the tumour.

In this chapter we also adopt an implicit approach to model the downstream

effects of immunosuppression on the T cell function mimicking the effects of T cell

exhaustion. We are motivated by the recent experimental study of Thommen et

al. (2015) [189] who observed time-dependency in IR expression in patients with non

small lung cancer. We develop a simple predator-prey model for tumour and cytotoxic

T cells to account for the continuous exposure of the T cells to the tumour, and the

consequent impact on the functional state of the T cells. Variations in the rates at

which the T cells lose their functionality and become exhausted are used to mimic

additional immunosuppressive forces affecting the state of T cell exhaustion. How

variations in these rates affect specific patients characterised by their T cell efficacy,

defined as the ratio of the baseline T cell population (in the absence of a tumour)

to the T cell population required to arrest tumour growth, is also examined. To our

knowledge, this is the first model to attempt to model the effects of T cell exhaustion
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and highlight the importance of specific T cell functions in preventing tumour escape.

Ultimately these results may aid in the design of novel immunotherapies.

The structure of the chapter is as follows. In Section 3.2 we develop the model

equations and discuss their underlying biological assumptions. In Section 3.3 the

qualitative behaviour of the model is presented. In Section 3.4 we present the steady

states together with their linear stability. In Section 3.5 we present the system bifur-

cations that arise as the T cell efficacy is varied as well as the rate at which tumour

cells reduce the cytotoxicity, infiltration and proliferation of T cells, per tumour cell.

In Section 3.6 we examine the effect of changing exponential tumour growth to logis-

tic tumour growth in the model equations. In Section 3.7 the model equations are

simplified in order to derive analytical approximations for the time-dependent limit

cycle solutions observed in the full model. We derive analytical solutions describing

the emergence, amplitude in the neighbourhood of the emergence point and disap-

pearance of these limit cycle solutions. Section 3.8 concludes with a discussion of the

main findings and their implications for potential immunotherapies.

3.2 The Mathematical Model

In the previous section the relevant biological context was described. Here the model

equations together with their underlying assumptions are developed.

3.2.1 Model development

We propose a system of five ODEs focusing on interactions between tumour cells and

cytotoxic T cells, where the T cells’ rates of killing, infiltration and proliferation are

continuously dampened due to sustained exposure to the tumour. With t denoting

time, the dependent variables N(t) and TC(t), represent numbers of tumour cells and

cytotoxic T cells respectively. The parameters, k(t), σ(t) and α(t) evolve over time

and represent respectively the rates of T cell killing, infiltration and proliferation in

the presence of the tumour.

We suppose that the dominant processes regulating the dynamics of the tumour

cells are cell proliferation and cell death caused by interactions with cytotoxic T cells.

There is no clear consensus in the literature about how best to model tumour growth

[76]. A number of different growth laws have been proposed including, for exam-

ple, logistic, exponential, Gompertzian and power law growth [170]. In the previous

chapter, we followed the approach of Kuznetov et al. (1994) [110], and assumed the

tumour population grew logistically. In this chapter we assume that tumour cells grow
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exponentially with growth rate γ (units: day−1) and that tumour cells and cytotoxic

T cells come into contact at a rate k (units: cells−1 day−1) which is proportional to

the product of their densities. Furthermore such contact leads to tumour cell death

with probability (1− φ) (and cytotoxic T cell death with probability φ). Combining

these effects we deduce that the tumour cell population evolves as follows,

dN

dt
= γN︸︷︷︸

proliferation

− k(t)(1− φ)TCN︸ ︷︷ ︸
immune induced death

. (3.1)

This equation is similar to that proposed in Chapter 2, with terms accounting for

tumour proliferation and death due to contact with the cytotoxic T cells. There are

two main differences: (1) exponential growth of the tumour in place of the logistic

growth, and (2) a time varying killing rate per T cell in place of a constant rate.

This novelty enables us to explore in a simple way the effect of T cell exhaustion in

tumour-immune dynamics.

We suppose that the physical processes that regulate the cytotoxic T cell pop-

ulation are infiltration from the lymph nodes, proliferation in response to tumour

cells, cell death following contact with tumour cells and natural death. We assume

cytotoxic T cells infiltrate the tumour tissue at rate σ (units: cells day−1). In real-

ity, T cells proliferate in response to indirect stimulation through the production of

cytokines (e.g. IL-2) by the tumour cells (as well as other cells such as the helper T

cells and APCs). For simplicity, we mimic this effect by assuming that direct contact

with tumour cells stimulates the cytotoxic T cells to proliferate at a rate α (units:

cells−1 day−1) which is proportional to the product of their densities, or are killed with

probability φ at rate k (units: cells−1day−1). Finally we assume that the cytotoxic T

cells naturally decay at rate δ (units: day−1), leading to

dTC
dt

= σ(t)︸︷︷︸
infiltration

+α(t)TCN︸ ︷︷ ︸
proliferation

− k(t)φTCN︸ ︷︷ ︸
tumour counter attack

− δTC︸︷︷︸
natural death

. (3.2)

Here we propose a simple phenomenological description of T cell exhaustion and

model the continuous progression of T cell exhaustion through the diminished rates

of T cell killing, infiltration and proliferation proportional to the tumour population.

In the absence of the tumour, the rates k, σ and α attain baseline values associated

with a tumour-free state, k̆, σ̆ and ᾰ (units: day−1). In the presence of the tumour

the rates of T cell killing, infiltration and proliferation are assumed to diminish at

rates ξk, ξσ, ξα (units: cells−1 day−1), respectively; they recover to their baseline

values in the absence of the tumour at rate β (units: day−1). This recovery rate of
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the exhausted T cells mimics the influx of new, non-exhausted T cells. The rates of T

cell killing, infiltration and proliferation are then described by the following equations

dk

dt
= −ξkNk + β(k̆ − k) , (3.3)

dσ

dt
= −ξσNσ + β(σ̆ − σ) , (3.4)

dα

dt
= −ξαNα + β(ᾰ− α) . (3.5)

The model is completed by specifying the initial conditions

N(0) = N0, TC(0) = TC0, k(0) = k0, σ(0) = σ0 and α(0) = α0 , (3.6)

where N0, . . . , α0 are given in specific cases examined in Section 3.3.

3.2.2 Non-dimensional system of equations

Before continuing we recast our model in dimensionless form. We scale time with δ−1,

the natural half-life of the cytotoxic T cells, therefore setting t = δ−1t̂, where hats

donate non-dimensional quantities. Setting N = N̆N̂ , TC = T̆C T̂C , k = k̆k̂, σ = σ̆σ̂

and α = ᾰα̂ in equations (3.1)–(3.5) gives

N̆ =
δ

ᾰ
and T̆C =

γ

k̆(1− φ)
. (3.7)

The typical population size of the cytotoxic T cells, T̆C , is given by balancing tumour

proliferation and immune induced death in equation (3.1) assuming k̆ is a character-

istic size of k(t). The typical tumour size, N̆ , represents a balance between T cell

proliferation and natural death in equation (3.2), assuming ᾰ is a characteristic value

for α(t). The rates of T cell killing, infiltration and proliferation, k(t), σ(t) and α(t),

are scaled by their baseline values k̆, σ̆, ᾰ. These scalings result in a dimensionless

model with the fewest possible parameters given by

dN̂

dt̂
= γ̂N̂

(
1− k̂T̂C

)
, (3.8)

dT̂C

dt̂
= ν̂σ̂ + α̂T̂CN̂ − κ̂k̂T̂CN̂ − T̂C , (3.9)

dk̂

dt̂
= β̂

(
1− k̂

(
ξ̂kN̂ + 1

))
, (3.10)

dσ̂

dt̂
= β̂

(
1− σ̂

(
ξ̂σN̂ + 1

))
, (3.11)
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dα̂

dt̂
= β̂

(
1− α̂

(
ξ̂αN̂ + 1

))
, (3.12)

where hatted quantities denote the following dimensionless parameter groups:

γ̂ =
γ

δ
, ν̂ =

σ̆k̆(1− φ)

δγ
, κ̂ =

k̆φ

ᾰ
,

ξ̂k =
ξkδ

ᾰβ
, ξ̂σ =

ξσδ

ᾰβ
, ξ̂α =

ξαδ

ᾰβ
and β̂ =

β

δ
.

(3.13)

The dimensionless parameters are described in physical terms in Table 3.1.

Dimensionless parameter Physical interpretation

γ̂ = γ
δ

ratio of the typical life-span of a cytotoxic

T cell to the tumour doubling time

ν̂ = σ̆k̆(1−φ)
δγ

ratio of the baseline T cell population (in the absence of a

tumour) to the T cell population required to arrest tumour

growth — herein after referred to as the ‘T cell efficacy’

κ̂ = k̆φ
ᾰ

the ratio of the rate of tumour counter attack

to the baseline rate of T cell proliferation

β̂ = β
δ

rate at which non-exhausted T cells infiltrate

the tumour over the typical life-span of a T cell

ξ̂k = ξkδ
ᾰβ

the rate at which tumour cells

reduce the cytotoxicity of T cells, per tumour cell

ξ̂σ = ξσδ
ᾰβ

the rate at which tumour cells

reduce the infiltration of T cells, per tumour cell

ξ̂α = ξαδ
ᾰβ

the rate at which tumour cells

reduce the proliferation of T cells, per tumour cell

Table 3.1: Physical interpretation of the dimensionless parameters arising in equations
(3.8)–(3.12).

In the definition of ν̂, we have estimated the baseline T cell population as σ̆/δ,

taking N = 0 in equation (3.2) and using σ̆ as a characteristic T cell infiltration.

Whereas the T cell population required to arrest tumour growth, ŤC , is estimated by

setting the tumour growth rate in equation (3.1) to 0, taking a characteristic value k̆

for k(t).

The model is closed by specifying initial conditions:

N̂(0) = N̂0, T̂C(0) = T̂C0, k̂(0) = k̂0, σ̂(0) = σ̂0 and α̂(0) = α̂0 . (3.14)

In what follows both hats and tildes are omitted for clarity.
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3.3 Qualitative behaviour

We next illustrate the range of behaviours exhibited by the model. In the absence of

suitable data, the parameters in (3.13) are chosen such that the model exhibits the

three Es of immunoediting: Elimination, Equilibrium and Escape [52]. We search for

suitable values of the parameters by scanning over a 100-fold range of the parameters

γ, ν, κ, β, ξk, ξσ and ξα (with 19 values taken between 0.1 to 10 and approximately

equally spaced logarithmically). We choose default parameters that lie within a re-

gion in which tumour elimination, (finite) equilibrium and escape are possible. The

default parameters used in the remaining analysis, unless otherwise stated, are given

in Table 3.2. Note that due to the uncertainties in the dimensional parameters used

in qualitatively similar models (see Table 2.1 in Chapter 2), the dimensionless pa-

rameters vary widely. As a result, a search through parameter space is necessary to

find where the model exhibits expected behaviour.

Dimensionless parameter Default value

γ 10

ν 1.5

κ 0.6

β 0.5

ξk 0.1

ξσ 1.0

ξα 0.15

Table 3.2: Summary of the default dimensionless parameter values used in equations
(3.8)–(3.12) and defined in equation (3.13).

Figures 3.1 and 3.2 display the range of behaviours that the model exhibits as the

T cell efficacy ν varies. To show how the tumour’s growth dynamics are influenced by

the initial functional state of the immune system, we fix the initial tumour population

(N0 = 0.1) and the initial cytotoxic T cell population (TC0 = 1.0), varying only

the initial rates of T cell killing, infiltration and proliferation (k0, σ0 and α0). The

numerical method is the same as that used in Chapter 2 Section 2.3.

For the default value of ν = 1.5 and all other parameters fixed at their default val-

ues, tumour elimination, equilibrium or escape are possible depending on the initial

functional state of the immune system i.e. by the initial rates of T cell killing, infiltra-

tion and proliferation (see Figure 3.1(a)–3.2(a)). Escape occurs if the initial rates of T

cell proliferation and infiltration, α0 and σ0 respectively, are small compared to their
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baseline values of 1 (dotted black curve). In this case, even if the initial T cell kill rate

k0 is close to its baseline value of 1, the T cell population is unable to expand rapidly

enough to prevent tumour growth. If instead the initial T cell infiltration rate σ0 is

close to its baseline value but k0 and α0 are reduced, the system settles to a tumour

equilibrium state (solid dark grey curve). Elimination occurs when α0 is close to its

baseline value (dashed light grey curve). In this case the T cell population expands

more rapidly than the tumour population and ultimately eliminates the tumour.

(a) ν = 1.5 (b) ν = 0.65

escape

equilibrium

elimination

escape

equilibrium

Figure 3.1: Illustration of the range of qualitative behaviours exhibited by equations
(3.8)–(3.12). We plot the time evolution of the tumour population N(t) and cy-
totoxic T cell population TC(t) for two different values of ν. In panel (a) for the
default value of ν = 1.5, we observe that the model exhibits states of tumour elim-
ination, equilibrium and escape depending on initial conditions. In panel (b) for a
smaller value of ν = 0.65, we observe that for the initial conditions chosen, tumour
elimination is no longer possible; instead the tumour settles either to an equilibrium
or escapes. Parameter values: except for ν, all parameters are fixed at their de-
fault values. Initial conditions: (N0, TC0, k0, σ0, α0) = (0.1, 1.0, 0.8, 0.4, 0.4) (dotted
black curve), (0.1, 1.0, 0.4, 0.8, 0.4) (solid dark grey curved) and (0.1, 1.0, 0.4, 0.4, 0.8)
(dashed light grey curve).
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(a) ν = 1.5 (b) ν = 0.65

Figure 3.2: Evolution of the T cell functionalities corresponding to cases examined
in Figure 3.1. Shown are the time evolution of T cell killing k(t), T cell infiltration
σ(t) and T cell proliferation α(t) for two different values of ν. Key: as described in
Figure 3.1.

By contrast when ν = 0.65, tumour elimination is no longer observed for the

initial conditions considered (in fact in Section 3.4 we find that the tumour-free state

is linearly unstable for this choice of ν); only tumour equilibrium or escape is possible

(see Figure 3.1(b) and 3.2(b)). As for ν = 1.5, if σ0 and α0 are not close to their

baseline values, then for the values of k0 considered tumour escape is unavoidable
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(dotted black curve).

In summary, starting with a small tumour population the model exhibits states

of tumour elimination, equilibrium and escape [52]. The existence of such states

appear to depend on ν, the T cell efficacy, in addition to the initial functional state

of the cytotoxic T cell population (k0, σ0 and α0). Provided ν is sufficiently large

tumour elimination is possible. For the same choice of initial conditions but a smaller

value of ν, tumour elimination is no longer possible and instead the system evolves

to an equilibrium state. For both small and large values of ν, a high initial rate of

T cell infiltration and/or proliferation is necessary to avoid escape. If such rates are

not initially high then the T cells are unable to expand to match the exponential

growth of the tumour and the tumour escapes. Our results suggest that if the initial

state of a patient’s immune system is exhausted, specifically if T cell infiltration and

proliferation are hindered, the T cells are unable to effectively control the tumour.

3.3.1 Conditions for tumour escape

For the small and large value of ν considered in Figures 3.1 and 3.2, tumour escape

occurs for the same choice of initial conditions in both cases. Due to our choice of

an exponential law to describe tumour growth in the absence of an immune response,

we wish to determine if there exists a bound on model parameters for which tumour

escape is guaranteed irrespective of our initial conditions. We also determine whether

the T cell population may escape.

For tumour escape to occur, examination of equation (3.8) reveals there must be

a period in the early evolution when kTC < 1 to allow the exponential growth of

N over this time period. When N(t) is sufficiently large then we can neglect 1 in

equations (3.10)–(3.12) and therefore k(t), σ(t) and α(t) approach (ξkN)−1, (ξσN)−1

and (ξαN)−1, respectively. If larger these quantities are pulled back to these values,

while if smaller these quantities are pulled up to these values. Assuming TC is growing

in time, the leading order term in equation (3.9) namely νσ may be neglected, allowing

us to simplify this equation to

dTC
dt

= ΓTC =⇒ TC(t) = AeΓt where Γ =
1

ξα
− κ

ξk
− 1 . (3.15)

Therefore TC grows if Γ > 0. Now according to equation (3.8) the tumour evolves

according to
dN

dt
= γN − γTC

ξk
=⇒ N(t) = Beγt − γA

Γξk
eΓt .
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Thus if γ > Γ the tumour escapes. In this case kTC < 1, which is assured provided Γ,

the maximum growth rate of TC , is less than γ, the maximum growth rate of N . In

this case kTC diminishes to zero as t→∞. In summary tumour escape occurs when

γ >
1

ξα
− κ

ξk
− 1 . (3.16)

This can be thought of as a necessary condition for tumour escape. It assumes N is

large and TC < ξkN .

The critical case γ = Γ results in a secular term in the equation for N . The

solution in this case is

N =

(
B − γA

ξk
t

)
eγt . (3.17)

Since γA/ξk > 0, N cannot grow indefinitely. This implies tumour escape only occurs

when equation (3.16) is satisfied when N is sufficiently large.

This result helps us understand how the parameters controlling T cell exhaustion

facilitate tumour escape. A low rate at which tumour cells reduce the proliferation

of T cells per tumour cell helps to prevent tumour escape, as expected. On the other

hand a low rate at which tumour cells reduce the killing of T cells per tumour cell

(ξk) appears to favour tumour escape. This is because of the dual role that k plays in

both the tumour and cytotoxic T cell evolution equations (3.8) and (3.9). Moreover

as κ increases, corresponding to an increase in the ratio of the rate of tumour counter

attack to the baseline rate of T cell proliferation, it becomes easier for the tumour

to escape according to equation (3.16). This occurs because the tumour is killing the

cytotoxic T cells needed to control the growth of the tumour.

3.4 Identification of steady states and their linear

stability

To help interpret the behaviour observed in Section 3.3, we first identify the steady

state solutions of equations (3.8)–(3.12) and examine their linear stability. The steady

states are obtained by setting d/dt = 0 in equations (3.8)–(3.12) giving the algebraic

system

0 = γN∗(1− k∗T ∗C) , (3.18)

0 = νσ∗ + T ∗C (α∗N∗ − κk∗N∗ − 1) , (3.19)

0 = 1− k∗(1 + ξkN
∗) , (3.20)

0 = 1− σ∗(1 + ξσN
∗) , (3.21)
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0 = 1− α∗(1 + ξαN
∗) , (3.22)

for the steady state variables, (N∗, T ∗C , k
∗, σ∗, α∗).

Equation (3.18) suggests that steady state solutions may be either tumour-free

(corresponding to N∗ = 0) or tumour equilibrium states (with N∗ > 0). The tumour-

free state has the form

N∗ = 0, T ∗C = ν and k∗ = σ∗ = α∗ = 1 . (3.23)

The tumour equilibrium states require T ∗C = 1/k∗ from equation (3.18) and

k∗ =
1

1 + ξkN∗
, σ∗ =

1

1 + ξσN∗
, α∗ =

1

1 + ξαN∗
, (3.24)

from equations (3.20)–(3.22). Thus

T ∗C = 1/k∗ = 1 + ξkN
∗ . (3.25)

Using the expressions (3.24) and (3.25) in equation (3.19), the steady state tumour

population N∗ is determined by the roots of the cubic equation

C3N
∗3 + C2N

∗2 + C1N
∗ + C0 = 0 , (3.26)

where

C3 = ξσ (ξk − ξα(κ+ ξk)) ,

C2 = ξk + ξσ − ξσξα − (ξσ + ξα)(κ+ ξk) ,

C1 = 1 + νξα − (κ+ ξk + ξσ + ξα) ,

C0 = ν − 1 .

(3.27)

The roots of the cubic equation (3.26) are independent of γ and β. Hence tumour

equilibria, where they exist, are independent of these parameters.

Note that as C3 → 0 a possible solution to (3.26) is N∗ → ∞. C3 = 0 coincides

with Γ = 0 where Γ was previously defined in equation (3.15), and occurs when the

parameters satisfy

ξα =
ξk

κ+ ξk
. (3.28)

With C3 = 0, equation (3.26) reduces to a quadratic which is easily solved. Excluding

the special case C2 = 0, the roots of this quadratic are finite. Reintroducing C3 but

considering C3 = ε � 1, the two roots of the quadratic shift by O(ε). However a

third root may now exist (depending on the sign of N∗) having N∗ = O(ε−1). In fact

to leading order in ε−1 this additional root is given by −C2/C3. This root is physical
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therefore if C2 and C3 have opposite signs. As ε→ 0 this solution terminates at the

unbounded solution N∗ →∞, as shown in Figure 3.3. The special case C2 = C3 = 0

requires a perturbation expansion in two small parameters and is not discussed here.

Figure 3.3: Bifurcation diagrams showing how the existence and (linear) stability of
the steady state solutions vary with ξk for ν = 0.5. Here we illustrate the fold bifur-
cation in which the upper branch of solutions terminates at unbounded populations
in N∗ and T ∗C , at Γ = 0. All remaining parameters are fixed at their default values.
Key: solid lines indicate linear stability and dashed lines indicate linear instability;
the horizontal magenta line represents the asymptote occurring when equation (3.28)
is satisfied.

Linear stability of the steady states is studied by examining the growth rates

associated with small time-dependent perturbations about (N∗, T ∗C , k
∗, σ∗, α∗) (see

Chapter 2 for further details). The growth rates associated with a given steady state

are determined by calculating the eigenvalues λi, i = 1, . . . , 5, from

|J (N∗, T ∗C , k
∗, σ∗, α∗)− λiI| = 0 , (3.29)

where I is the identity matrix and J (N∗, T ∗C , k
∗, σ∗, α∗) is the Jacobian of equations

(3.8)–(3.12):
γ(1− k∗T ∗C) −γk∗N∗ −γN∗T ∗C 0 0

(α∗ − κk∗)T ∗C (α∗ − κk∗)N∗ − 1 −κT ∗CN∗ T ∗CN
∗ ν

−k∗ξkβ 0 −(ξkN
∗ + 1)β 0 0

−σ∗ξσβ 0 0 −(ξσN
∗ + 1)β 0

−α∗ξαβ 0 0 0 −(ξαN
∗ + 1)β

 .

(3.30)

Linear stability is guaranteed provided maxi<(λi) < 0. Otherwise if <(λi) > 0 for

any i, the steady state is linearly unstable.

For the tumour-free state (N∗ = 0) the eigenvalues can be determined analytically:

λ1 = γ(1− ν), λ2 = −1 and λ3 = λ4 = λ5 = −β . (3.31)
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As β > 0 the linear stability of the tumour-free state is assured provided ν > 1.

When ν < 1 the tumour-free state is linearly unstable.

The linear stability of the equilibrium states with N∗ > 0 cannot generally be

determined analytically. Their stability is instead examined numerically in Section

3.5.

3.5 System bifurcations

The qualitative behaviour in Section 3.3, for fixed rates at which tumour cells reduce

the cytotoxicity, infiltration and proliferation of T cells per tumour cell (ξk, ξσ and

ξα, respectively), suggests the model behaviour depends on the T cell efficacy, ν.

Furthermore, the linear stability analysis in Section 3.4 reveals that there is a change

in stability of the tumour-free steady state crossing ν = 1, with instability for ν < 1

and stability for ν > 1, independent of the other model parameters, implying that

tumour elimination is only possible in a region of parameter space where ν > 1.

The dynamic process of T cell exhaustion is shaped by a number of forces in the

tumour microenvironment. These range from soluble factors (e.g. IL-10 and IDO),

regulatory immune cells (e.g. Tregs, TAMs and MDSCs), to changes in glucose levels

and increased T cell expression of IRs [208]. Changes in the immunosuppressive pres-

sures felt by the T cell during the growth of a tumour are encapsulated here through

variations in the rates at which tumour cells reduce the cytotoxicity, infiltration and

proliferation of T cells, per tumour cell, ξk, ξσ and ξα respectively. From herein we

refer to these rates simply as the ‘rates of exhaustion’ of T cell killing, infiltration

and proliferation, respectively. Another trait that may be used to identify and treat

patients is the T cell efficacy, ν.

The appropriate way of treating a given patient, depending on their rates of T

cell exhaustion and T cell efficacy, is explored in Figure 3.4. Here distinct states

exhibiting qualitatively different behaviour are delineated. The results found here

may be helpful in guiding immunotherapy treatment for a given patient.

The qualitative behaviours observed in Figure 3.4 are summarised next.

1. tumour elimination (white regions):

(a) only the tumour-free state exists and is stable (uniform white region)

(b) an additional unstable tumour equilibrium state exists (diagonal lines)

2. tumour elimination or equilibrium (white regions):
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(a) bistability between a tumour-free and a tumour equilibrium state; no other

steady states exist (horizontal lines)

(b) bistability between a tumour-free and an oscillatory solution; no other

steady states exist (dotted region)

(c) bistability between a tumour-free and a tumour equilibrium characterised

by an intermediate tumour load; two additional unstable tumour equilibria

exist characterised by small and large tumour burdens (vertical lines)

3. tumour equilibrium (grey regions):

(a) bistability between two tumour equilibria characterised by small and large

tumour burdens respectively; here the tumour-free state and an interme-

diate tumour equilibrium state exist but are unstable (grey shaded region)

(b) a stable oscillatory solution exists; the tumour-free state and a tumour

equilibrium state exist but are unstable (dotted region)

(c) monostability of a tumour equilibrium state; the tumour-free state exists

but is unstable (horizontal lines)

4. tumour escape; no stable steady states or oscillatory solutions exist (black re-

gions). Note that when considering logistic growth in Section 3.6 this region

corresponds to a large tumour equilibrium state at its carrying capacity, repre-

senting tumour escape.

We first discuss the overall structure in the panels shown in Figure 3.4. The de-

pendence on ξσ (panel (b)) is seen to be considerably weaker than on either ξk or ξα

(panels (a) and (c) respectively). This indicates that the role of infiltration is less

important than either proliferation or tumour counter attack in equation (3.9). Math-

ematically, we conjecture that this is a consequence of the nonlinearity of the terms

involving k and α in equations (3.10) and (3.12). Physically, the T cell killing and

proliferation are strongly involved in the tumour-immune response while infiltration

does not involve direct interaction with the tumour.

To better understand the changes in the qualitative behaviour as ξk, ξσ and ξα

vary as a function of ν, a few representative cross sections are exhibited in Figure 3.5.

There the rates of T cell exhaustion are fixed at specific values indicated by the red

horizontal lines in Figure 3.4. The qualitative changes as we move through the regions

for each cross section (a)–(f) are detailed next. In Figure 3.5(a), for 0 < ν < νT = 1

no stable steady states or limit cycles exist and the tumour escapes. When ν = νT
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there is a transcritical bifurcation at which the tumour-free state becomes stable and

an unstable tumour equilibrium state emerges. For ν > νT, either the tumour is

eliminated or it escapes. Tumour elimination is only guaranteed if the initial tumour

population is sufficiently small. Since here we lie in the region of parameter space

below the critical curve Γ = 0 in equation (3.15) (see magenta line in Figure 3.4(a)),

tumour escape is inevitable for all ν when the initial tumour population is large (see

Section 3.3.1).

(c)

(b)
(a)

(a)

(f)

(e)

(d)

(b)

(a∗)

(b∗)

(c∗)

(c)

Figure 3.4: Plots showing how the qualitative behaviour of equations (3.8)–(3.12)
varies with the parameters ν, ξk, ξσ and ξα. The remaining parameters are fixed at
their default values. Shading and hatching is used to distinguish different behaviours
according to the existence and stability of the model attractors (steady states and
limit cycles). Key: white region: only the tumour-free state exists and is stable;
white region with horizontal black lines: bistability between the tumour-free state
and a tumour equilibrium state; white region with vertical black lines: bistability
between the tumour-free state and a tumour equilibrium state, two additional tumour
equilibria exist but are unstable; white region with diagonal black lines: the tumour-
free state is stable and a tumour equilibrium state exists but is unstable; white region
with black dots: bistability between the tumour-free state and an oscillatory solution,
here an unstable tumour equilibrium state exists; grey region with black dots: a stable
limit cycle solutions exists, here the tumour-free state and an intermediate tumour
state exist but are unstable; grey region with black horizontal lines: a stable tumour
equilibrium state exists, here the tumour-free state is unstable; grey region: bistability
between two tumour equilibria characterised by small and large tumour burdens; here
the tumour-free state and an intermediate tumour state exists but are unstable; black
region: no stable solutions exist and therefore escape is inevitable. The horizontal
red lines correspond to the cross sections (a)–(f) shown in Figure 3.5. The horizontal
magenta lines in panels (a) and (c) correspond to Γ = 0 in equation (3.15) marking
the termination of the solution branch originating from the fold point. Note Γ does
not depend on either ξσ or ν and everywhere in panel (b) Γ = 6 and therefore Γ < γ,
and a sufficiently large tumour escapes.
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Figure 3.5: Bifurcation diagrams showing how the existence and (linear) stability of
the tumour steady state solutions N∗ change as ν is varied for the different values of
ξk and ξσ indicated in panels 3.4. All remaining parameters are fixed at their default
values. Key: line styles as in Chapter 2 Figure 2.8. The various bifurcations occurring
are indicated.

Figure 3.5(b) differs substantially from Figure 3.5(a). Here in addition to the

transcritical bifurcation, there are two fold bifurcations, νF
1 and νF

2 (with νF
1 < νF

2 ),

and a Hopf bifurcation at ν = νHopf. For 0 < ν < νF
1 no stable steady states or limit

cycles exist, implying tumour escape is inevitable. For νF
1 ≤ ν < νHopf two unstable

tumour equilibria and an unstable limit cycle exist in addition to the tumour-free

state which is also unstable. Likewise in this region tumour escape is inevitable. For

νHopf ≤ ν < νT the tumour equilibrium, characterised by a small tumour burden,

becomes stable. For ν ≥ νT, the tumour-free state becomes stable and an unstable

tumour equilibrium state emerges at ν = νT. We observe bistability between the

tumour-free state and an intermediate tumour equilibrium state. At the fold point

ν = νF
2 two of the steady states collide and for ν > νF

2 only the tumour-free state

is stable. In the region ν > νHopf there exists a stable tumour equilibrium and/or
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tumour-free state. In this region tumour escape is only guaranteed if N is initially

large enough. Otherwise the tumour will go to equilibrium or be eliminated (for

ν > νHopf).

In Figure 3.5(c) for 0 < ν < νHopf, a tumour-free steady state together with a

tumour equilibrium state exist but both are unstable. Here there exists a stable

limit cycle. The limit cycle exhibits increasingly large amplitude swings as ν → 0.

This oscillation between near elimination and near escape is likely unfavourable for

a patient in this condition. For νHopf ≤ ν < νT we pass through a Hopf bifurcation

beyond which the limit cycle no longer exists. Here a stable tumour equilibrium

exists but the tumour-free state remains unstable. For νT ≤ ν < νF we pass through

the transcritical bifurcation point where the tumour-free state becomes stable. Here

an unstable tumour equilibrium state emerges into a region of bistability between

the tumour-free state and the large tumour equilibrium state. (Note an unphysical

‘stable’ solution with N∗ < 0 exists for ν < 1 continuing the red branch of solutions

— this behaviour in fact occurs in all cross sections shown). For ν ≥ νF we pass

through a fold bifurcation where the stable tumour equilibrium state merges with the

unstable tumour equilibrium state. In this region only the tumour-free state exists

and is stable. These results suggest that when the rate of exhaustion of T cell killing

is high, then even when ν < 1, tumour escape may be avoided.

Further increases in ξk do not substantially alter the bifurcation structure shown

in Figure 3.5(c), except that the region occupied by the stable limit cycle increases.

As ξk increases νHopf moves to the right, with νHopf > νT for ξk > 0.4. In this

parameter range there is a small region of bistability between the tumour-free state

and the limit cycle (results not shown).

Cross sections (a∗), (b∗) and (c∗) in the (ν, ξα) plane in Figure 3.4 mirror those

described above for cross sections (a), (b) and (c) in the (ν, ξk) plane (not shown).

The dependence on ξα is inverted relative to ξk. For example the boundary of the

limit cycle solutions moves downward in the (ν, ξα) plane and moves upwards in the

(ν, ξk) plane. The main difference is that stable limit cycles are confined to smaller

values of ν in the (ν, ξα) plane compared to the (ν, ξk) plane.

The remaining cross sections (d)–(f) in Figure 3.4(b) are more straightforward.

In all three cross sections for 0 < ν ≤ νT, both the tumour-free and the large tumour

equilibrium states are unstable. There exists however a stable intermediate tumour

equilibrium. In Figure 3.5(d), for ν > νT we lose the stable tumour equilibrium state

but gain stability of the tumour-free state. In Figure 3.5(e), for νT < ν < νF an

additional branch of unstable small tumour equilibrium states emerges. Here we have
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a region of bistability between a tumour equilibrium state and a tumour-free state.

For ν > νF a stable tumour-free state exists together with an unstable large tumour

equilibrium state. In Figure 3.5(f) the behaviour observed is the same as shown in

(e) except that the region of bistability extends over the entire range of ν > 1 shown

(a fold point still exists for ν > 2). Note in cross sections (d)–(f), for the parameters

chosen Γ = 6 (see equation (3.15)) which is less than γ = 10, and consequently a

sufficiently large tumour population will escape everywhere in the (ν, ξσ) plane.

In summary, as the rate of exhaustion of T cell killing increases or the rate of

exhaustion of T cell proliferation decreases, favourable outcomes are observed even

when T cell efficacy is low (ν < 1). Instead of tumour escape being the sole attractor,

a tumour equilibrium state is also possible either in the form of a stable steady state

or stable limit cycle. Here the T cells are able to control the tumour as they have the

proliferative capacity to match the growth of the tumour without being overcome by

tumour counter attack. However as ν → 0 the limit cycle exhibits increasingly large

amplitude swings verging on tumour escape. When T cell efficacy is high (ν > 1),

tumour elimination is possible. As the rate of exhaustion of T cell killing increases

or the rate of exhaustion of T cell proliferation decreases, there exists a region of

bistability between a tumour equilibrium state and the tumour-free state. Increases

in the rate of exhaustion of T cell infiltration extends the region of bistability. Then,

even for high rates of exhaustion of T cell infiltration, a stable tumour equilibrium

state remains. Taken together, these results indicate that T cell proliferation and

killing both significantly affect tumour progression whereas T cell infiltration plays

a less important role. These results are similar to those found in a distinct, agent

based model looking at cytotoxic T cell and tumour cell interactions [121]. This

suggests that manipulating T cell proliferation and killing may be effective in cancer

treatment.

These results both compare to and contrast with the results in Chapter 2 where

the rates of T cell killing, infiltration and proliferation were held fixed in time. In

both models high infiltration rates lead to tumour elimination. Sufficiently high

proliferation rates (which need to be sustained in the current model) also lead to

more favourable outcomes (tumour elimination or control). A key difference in the

current model is that the killing, infiltration and proliferation rates are affected by

the tumour, leading to an additional competition in the model. We find that the

initial rates of T cell functionality play a decisive role in tumour outcome.

An oscillatory tumour equilibrium solution with large amplitude may be less de-

sirable than a stable steady state with a modest tumour burden. In Figure 3.5(c) as
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ν → 0 the amplitude of the limit cycle solution rapidly increases. If the model dynam-

ics is perturbed when the tumour population is at its peak, the tumour may escape.

Further investigation is therefore needed to identify when in the cycle it is best to

apply treatment to elicit promising outcomes avoiding tumour escape. However the

question of when to target a patient with oscillations in tumour and immune cells is

beyond the scope of this study. These oscillations are primarily found at moderate to

large rates of exhaustion of T cell killing, consistent with clinical observations spec-

ulating that increasing immunosuppressive effects alter the existence and amplitude

of oscillations [38].

3.6 Logistic tumour growth

As discussed in Section 3.2, their is much debate about the appropriate choice of

tumour growth law. In Chapter 2 we used a logistic growth law. In this chapter we

used an exponential growth law. The benefits of this choice are discussed next.

To this end, we extend the model in Section 3.2 to permit logistic growth. The

only change to the model equations (3.8)–(3.12) occurs in the dimensionless tumour

evolution equation (3.8) which becomes

dN

dt
= γN

(
1− N

θ
− kTC

)
, (3.32)

where θ is the carrying capacity.

With this change, the steady state tumour populations N∗ are given by the solu-

tions of the quartic,

B4N
∗4 +B3N

∗3 +B2N
∗2 +B1N

∗ +B0 = 0 , (3.33)

where the coefficients Bi are given by

B4 = θ(ξkξσξα + κξσξα − ξkξσ) , (3.34)

B3 = θ(ξkξα + ξσ(ξk + ξα) + κ(ξσ + ξα)− (ξk + ξσ)) + ξkξσ − ξkξσξα , (3.35)

B2 = θ(κ− 1 + ξk + ξσ + ξα) + ξk + ξσ − ξkξα − ξσ(ξk + ξα) , (3.36)

B1 = 1− κ+ θ − (ξk + ξσ + ξα) + νξk , (3.37)

B0 = ν − 1 . (3.38)

We examine next the effects of logistic growth on model steady states and limit cycle

solutions. We study the behaviour of the model for small, moderate and large values

of the carrying capacity θ.
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The results presented in Figure 3.6 show the qualitative behaviour as the param-

eters ν and ξk vary. This should be compared with Figure 3.4(a) for θ →∞. We find

that, provided the carrying capacity θ exceeds typical tumour steady state population

sizes, the two models are in close agreement. There are however two differences. First

of all, the region where no stable solutions exist and the tumour escapes is absent

in the logistic growth law. This is the black region in Figure 3.4 for the exponential

growth law. Secondly, the region containing a stable tumour-free state and unstable

tumour equilibrium is absent. This is the white region with black diagonal lines in

Figure 3.4. Moreover for the logistic growth law the tumour escape situation is re-

placed by a stable large tumour near the carrying capacity θ. This is the analogue of

tumour escape.

(a) θ = 10

(c)

(b)
(a)

(b) θ = 100 (c) θ = 1000

Figure 3.6: Series of plots showing how the qualitative behaviour of equation (3.32)
and equations (3.9)–(3.12) varies with the carrying capacity θ. The horizontal red
lines correspond to the cross sections shown in Figure 3.7 below. The remaining
parameters are fixed at their default values.
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Figure 3.7: Bifurcation diagrams as a function of ν for a finite carrying capacity
θ = 100. These panels are the analogues of those shown in Figure 3.5(a)–(c) for
θ →∞ (for the exponential growth law).

Figure 3.7 shows several cross sections of ξk when θ = 100. These cross sections

closely compare to those shown for the exponential model in Figure 3.5(a)–(c). The

primary difference is a reduced region of stable limit cycle solutions. At larger values

of the carrying capacity the agreement between the logistic and exponential models

improves further. However at lower carrying capacities (see Figure 3.6(a)) marked dif-

ferences begin to appear. Notably, there are fewer possible outcomes and a complete

absence of stable limit cycle solutions.

In summary if the carrying capacity is large, exponential and logistic growth laws

result in similar qualitative behaviour. As we are interested in the effects of exhaustion

which act before the tumour reaches its carrying capacity, this justifies our use of the

exponential growth law and moreover simplifies the analysis to follow.

3.7 Time-dependent attractors

Oscillatory phenomena are observed throughout the biological sciences, from pattern

formation, the circadian clock within cells to predator-prey interactions [77]. Fluc-

tuations in the normal levels of immune cells have also been observed in healthy

individuals [136]. Interactions involving tumour and immune cells may also exhibit

oscillatory behaviour [38]. This behaviour is a characteristic feature of many mathe-

matical models of tumour immune cell interactions [110, 160, 202, 55, 126].

Although such behaviour is commonly observed in mathematical models, the con-

sensus in the experimental and clinical communities is less clear. A number of authors

have obtained clinical evidence to suggest that the number of lymphocytes in cancer

93



patients fluctuates [197, 99, 38]. In their review article, Coventry et al. (2009) con-

cluded that the amplitude of oscillatory cycles in C-Reactive Protein (CRP), which

may be used as indicator of activation of the immune response, depends on the

strength of the immune system and the aggressiveness of the cancer [38]. This finding

is consistent with our results which indicate that the existence of oscillations depends

on the degree of exhaustion of T cell killing and proliferation. The regulatory mech-

anisms of the T cell response weakens the immune system allowing the tumour to

grow. Not all studies however have observed oscillations [123]. The inconsistency

in experimental observations may in part be due to the difficulty in taking dynamic

measurements at a frequency that captures such oscillations. It may also be that

oscillations only exist in specific regions of parameter space, as our results suggest.

The bifurcation structure examined in Section 3.5 above reveals regions of param-

eter space in which Hopf bifurcations occur, giving rise to oscillatory solutions. Such

solutions, formally known as limit cycle solutions, may be stable or unstable. Of

interest are the stable solutions, mimicking a tumour equilibrium state that oscillates

about a finite tumour population.

To make analytical progress, we simplify our model by assuming that the rates

of exhaustion of T cell killing, infiltration and proliferation are all equal: ξk = ξσ =

ξα = ξ. In this case the variables k(t), σ(t) and α(t) rapidly converge to a common

value which may be time-dependent in the case of oscillatory solutions. This occurs

on a O(β−1) time-scale at the longest, as shown next.

Suppose the initial values k0, σ0 and α0 in general differ. Define q(t) to be the

difference at subsequent times between any pair of the quantities k(t), σ(t) and α(t).

Then q(t) satisfies
dq

dt
= −βq(ξN + 1) with q(0) = q0 , (3.39)

and general solution

q(t) = q0 exp

(
−β
∫ t

0

(ξN(t′) + 1)dt′
)
≤ q0 exp(−βt) , (3.40)

demonstrating q(t) decays to zero at a rate which is at least β. Hence k(t), σ(t)

and α(t) converge to a common time-dependent function F (t) say. With little loss of

generality, we thus consider a simpler model governed by three variables S(t) ≡ ξN(t),
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TC(t) and F (t), satisfying

dS

dt
= γS(1− FTC) , (3.41)

dTC
dt

= νF − µFTCS − TC , (3.42)

dF

dt
= β(1− F (1 + S)) , (3.43)

where µ ≡ (κ− 1)/ξ, and F (t) is referred to as the ‘functionality’ of the cytotoxic T

cell population, with F (0) = F0. The rescaling performed above enables us to reduce

the number of model parameters by one. Note that the parameter µ, in dimensional

variables, has the form

µ = β
ǩφ− α̌
ξαδ

where on the right hand side of this equation all of the parameters are their original di-

mensional values. µ is therefore seen to reflect the difference between tumour counter

attack (ǩφ) and the baseline proliferative capacity of the T cells (α̌) all divided by the

exhaustion rate of T cell proliferation. Factors of β and δ also appear. We interpret

µ, for negative values as a measure of the proliferative capacity to overcome tumour

counter attack on a time-scale related to the exhaustion rate of T cell proliferation.

Dimensionless parameter Default value

γ 1

β 1

ξ 0.4

κ 0.4

ν 1.1

Table 3.3: A summary of the default dimensionless parameter values used in equations
(3.41)–(3.43). Note µ ≡ (1− κ)/ξ = −1.5 for the default dimensionless parameters.
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Figure 3.8: Dynamics arising from equations (3.41)–(3.43) for ν = 0.76. We show
the time evolution of the scaled tumour population S(t) (black curve), cytotoxic T
cell population TC(t) (blue curve), and functionality F (t) (red curve) initialised with
(S0, TC0, F0) = (0.004, ν, 1.0). Parameter values: except ν, all parameters are fixed at
their default values.

As in the original model, given by equations (3.8)–(3.12), the simplified model,

given by equations (3.41)–(3.43), exhibits oscillatory solutions over extensive regions

of parameter space. Figure 3.8 illustrates one such instance of this behaviour for the

default parameters listed in Table 3.3. We show in Section 3.7.2 that this oscillatory

solution is a stable limit cycle. The oscillation is characterised by a growing tumour

population (black curve) which weakens the functionality of the T cells (red curve).

The T cells (blue curve) nevertheless manage to increase to sufficient numbers to

reverse the growth of the tumour and greatly reduce the tumour population. This

enables the functionality of the T cell population to recover due to the influx of

functional T cells, and the T cell population returns to its baseline value. This cycle

then repeats because the baseline value of T cells is not sufficient to prevent the

resurgence of the tumour.

The remainder of this section is devoted to explaining aspects of this limit cycle

solution analytically. We first determine the steady state solutions and their linear

stability, in order to locate Hopf bifurcations in (ν, µ) parameter space. Using a

weakly nonlinear analysis near the Hopf bifurcation, we derive an amplitude equation

for the limit cycle and determine its stability. We conclude with a discussion of

the disappearance of the limit cycle at large amplitude, the full analysis of which is

relegated to Appendix D.3.
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3.7.1 Limit cycle emergence

Limit cycles typically emerge at Hopf bifurcations [81]. Our first task is therefore to

locate the Hopf bifurcations in the present model. To do this we must first identify the

steady state solutions of equations (3.41)–(3.43) and characterise their linear stability.

3.7.1.1 Identification of steady states

The tumour equilibria (N∗ > 0) solve the quadratic

(1 + µ)S2 + (2 + µ)S + 1− ν = 0 , (3.44)

with

T ∗C = 1 + S∗ and F ∗ =
1

1 + S∗
. (3.45)

The simplicity of equation (3.44) enables us to determine where in (ν, µ) parameter

space there exists zero, one or two positive roots of the quadratic equation:

(a) µ < −2:

• one root provided 0 < ν < 1

(b) −2 ≤ µ < −1:

• one root provided 0 ≤ ν < 1

• two roots provided 1 < ν < −µ2/4
1+µ

(c) µ ≥ −1:

• one root provided ν > 1 .

Outside of these regions of parameter space no tumour equilibria with N∗ > 0 exist.

In these regions only the tumour-free state exists.
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Figure 3.9: Solution domain showing the number of steady states (including the
tumour-free state) over the (ν, µ) parameter space. The black curve represents Hopf
bifurcation points where limit cycles emanate from (see equation (3.50) below); this
curve is the ‘emergence curve’.

Figure 3.9 summarises the multiplicity of steady states together with the curve

of Hopf bifurcation points along which limit cycles arise within the (ν, µ) parameter

space (see Section 3.7.1.4). The lines ν = 1 and µ = −1 divide the parameter space

into four distinct regions. A transcritical bifurcation occurs at ν = 1 for all values

of µ. Here we either gain or lose an equilibrium depending on whether µ > −1 or

µ < −1. When ν > 1 a fold bifurcation occurs along the curve 4ν(1 + µ) + µ2 = 0

between the dark grey and white region. As µ increases through −1 a solution is lost

where S∗ →∞. In the full model this occurs when Γ = 0 (see equation (3.15)).

Notably, the line ν = 1 divides unstable tumour-free steady states (ν < 1) from

stable ones (ν > 1). This change in stability is also associated with the emergence or

disappearance of tumour equilibrium states.

3.7.1.2 Stability properties

In this subsection, we determine the linear stability of the steady states (S∗, T ∗C , F
∗).

In addition to the fold bifurcations and transcritical bifurcations giving rise to two or

one tumour equilibrium solutions respectively, Figure 3.9 indicates Hopf bifurcation

points from which oscillatory solutions are born. These Hopf bifurcations occur at

an exchange in stability of the tumour equilibrium states (S∗ > 0). We focus on how

this varies with ν keeping the default value of µ indicated by the red line in Figure

3.9 fixed.

98



Linear stability is determined by the roots of the cubic equation

λ3 + a2λ
2 + a1λ+ a0 = 0 , (3.46)

where λ is the eigenvalue (generally complex) and

a0 = −βγ(1 + µ+ νF ∗2)S∗,

a1 = βT ∗C + (β(µ− γ)− µγF ∗)S∗,

a2 = 1 + µF ∗S∗ + βT ∗C ,

(3.47)

where S∗ ≡ ξN∗ and µ ≡ (κ− 1)/ξ as before.

While the steady states depend only on µ and ν, the additional parameters β and γ

are required to determine the associated linear stability of the steady states. Although

significantly simpler than in the full model equations (which required solving a fifth

order polynomial), the roots of equation (3.46) involve complicated groupings of our

parameters and therefore the roots are found numerically as a function of ν.

In Figure 3.10 bifurcation diagrams over ν illustrate how the existence and lin-

ear stability of the steady state solutions given by equations (3.44) and (3.45) vary.

The bifurcation structure closely resembles Figure 3.5(c) of the full model with one

distinction: in the simplified model a stable limit cycle solution does not extend to

ν = 0.

As a confirmation of the stability of the steady state solutions shown in Figure 3.10,

trajectories in (S, TC , F ) space are presented for the full model given by equations

(3.41)–(3.43) in Figure 3.11. Three values of ν are considered exhibiting different

qualitative behaviour. The results were generated by perturbing each unstable steady

state in the eigenvector directions associated with each unstable mode. This is done

by multiplying the normalised eigenvector by ±0.01 and adding it to the steady state

population. Hence there are in general two directions for each unstable mode. An

exception occurs for the tumour-free state where only one direction corresponds to

N0 > 0.

In Figure 3.11(a) where ν < νHom, all trajectories lead to tumour escape. In

Figure 3.11(b) where νHom < ν < νHopf, all trajectories evolve to the stable limit

cycle solution. In Figure 3.11(c) where νT < ν < νF, trajectories evolve to either a

state of tumour elimination or equilibrium.
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Figure 3.10: Bifurcation diagrams for the scaled tumour population S∗, cytotoxic
T cell population T ∗C and its associated functionality F ∗ from equations (3.44) and
(3.45) as ν is varied. Key: line styles as in Figure 2.8. Parameter values: except ν,
all parameters are fixed at their default values.

(a) escape (ν = 0.2) (b) equilibrium (ν = 0.76) (c) equilibrium/elimination (ν = 1.1)

Figure 3.11: Confirmation of the attractors that emerge from equations (3.41)–(3.43)
as ν is varied, corresponding to the regions delineated by the bifurcation points in
Figure 3.10. The trajectories are solutions to the nonlinear equations starting at
(S∗, T ∗C , F

∗) ± 0.01vm, where vm is the normalised eigenvector associated with the
unstable mode. For the unstable steady states illustrated there is only one mode
of instability. Three values of ν are considered: (a) ν = 0.2, (b) ν = 0.76 and (c)
ν = 1.1. In (a) all trajectories rapidly escape; in (b) all trajectories starting close
to the unstable tumour steady states collapse onto the stable limit cycle solution; in
(c) trajectories starting close to the unstable tumour steady state evolve to either a
tumour equilibrium or to the tumour-free state (elimination). Red and blue circles
denote unstable and stable steady states respectively. Line colour represents different
initial conditions. Parameter values: except ν, all parameters are fixed at their default
values.
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3.7.1.3 Basins of attraction

For all ν tumour escape is inevitable for µ > −1 − γ, provided the initial tumour

population is sufficiently large. The condition on µ is equivalent to the condition

for tumour escape γ > Γ found in the full model (see equation (3.16)). We next

explore the initial conditions giving rise to tumour escape for fixed model parameters.

Specifically we locate the basin of attraction in the initial condition space (S0, TC0, F0)

dividing tumour escape from equilibrium or elimination.

(a) ν = 1 (b) ν = 2

Figure 3.12: Contour lines of the initial (scaled) tumour population log10 S0 beyond
which tumour escape is inevitable as a function of the initial cytotoxic T cell popula-
tion TC0 and functionality F0. Two values of ν are shown: (a) ν = 1 and (b) ν = 2.
Parameter values: except ν, all parameters are fixed at their default values.

In Figure 3.12 the initial (scaled) tumour population S0, beyond which tumour

escape is inevitable, is contoured as a function of the initial T cell population TC0,

and functionality F0. For small TC0 and F0, tumour escape occurs for small N0.

When TC0 is small a larger F0 is necessary to prevent tumour escape for a fixed initial

tumour size. As TC0 increases, F0 plays an increasingly important role. Comparing

Figures 3.12(a) and (b), the only significant difference is seen at small TC0. Overall

we see that larger ν is beneficial in preventing tumour escape since the initial tumour

population is larger for a given TC0 and F0. The differences are slight for large TC0

and F0 but become more significant for small TC0 and F0. The results illustrate that

a fully functioning large initial T cell population depends only negligibly on the T cell

efficacy ν. Conversely a low functioning small initial population of T cells depends

strongly on ν.

101



3.7.1.4 Location of Hopf bifurcation points

Hopf bifurcations occur at an exchange in stability for a complex conjugate pair of

eigenvalues. Setting λ = iω in equation (3.46) and equating real and imaginary parts

gives

a2ω
2 = a0, and ω3 = ωa1 . (3.48)

As |ω| > 0, we have ω2 = a1 and therefore a0 = a1a2. Using the definitions for a0, a1

and a2 in (3.47) it is straightforward to show that this is equivalent to(
µS∗ + T ∗C + βT ∗2C

) (
βT ∗2C + β(µ− γ)S∗T ∗C − µγS∗

)
+ βγS∗

(
ν + (1 + µ)T ∗2C

)
= 0 ,

(3.49)

where T ∗C = 1 + S∗ and S∗(ν, µ) is given by the quadratic equation (3.44). We view

this equation as defining ν at the Hopf bifurcation, ν = νHopf(µ). The steady state

populations S∗ and T ∗C depend only on ν and µ. Using T ∗C = 1 +S∗ together with S∗

from equation (3.44) leads to the quartic

g4C
4 + g3C

3 + g2C
2 + g1C + g0 = 0 where C =

1− ν
1 + µ

, (3.50)

whose single physical root determines the critical curve ν = νHopf(µ) along which limit

cycles emerge (see black curve in Figure 3.9). From our numerical investigations, all

other solutions of the quartic equation have ν < 0 or complex. The coefficients

g0, . . . g4 are provided in terms of model parameters in Appendix D.1.

Note that a Hopf bifurcation occurs along a branch of solutions stemming from a

fold point as illustrated in Figure 3.10(b). It occurs specifically at the point where

the solution branch changes stability. For the default parameters in Table 3.3 this

happens for µ . −1.27 ( and ν . 1.5). Otherwise this entire branch is unstable.

3.7.2 Limit cycle amplitude equation

Generically, near a Hopf bifurcation a finite amplitude limit cycle or periodic oscilla-

tion emerges [81]. In the previous subsection, we determined the point of emergence

ν = νHopf(µ), which exists for µ < −1.27. The limit cycle can be described asymp-

totically near its point of emergence by an amplitude equation derived from a weakly

nonlinear analysis which is essentially the same as that presented in Chapter 2 Section

2.7.4. Full details can be found in Appendix D.2; here we present the main results.

The limit cycle is described by the equation

dφ

dτ
= (η + ζ|φ(τ)|2)φ(τ) (3.51)
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where φ(τ) is proportional to the amplitude of the limit cycle, while η = ηr + iηi and

ζ = ζr + iζi are functions of the model parameters, and τ = ε2t is the long time scale.

Here ε2 is the shift in η from νHopf, i.e. ν = νHopf−ε2. To leading order in ε, the model

variables (S, TC , F ) = (S0, TC0, F0) + εφ(τ)v1e
iωt + c.c., where v1 is the eigenvector of

the unstable linear mode and ω is its frequency in the limit ν → νHopf(µ).

Equation (3.51) can be solved by taking φ(τ) = r(τ) exp(iϑ(τ)), where r and ϑ

are real functions of τ . They satisfy

dr

dτ
= (ηr + ζrr

2)r and
dϑ

dτ
= ηi + ζir

2 . (3.52)

The equation for r can be solved directly to give

r2(τ) =
ηr

(ηr/r2(0) + ζr) exp(−2ηrτ)− ζr
. (3.53)

A stable limit cycle requires that ηr and ζr have opposite signs. In this case r =√
−ηr/ζr ≡ A (a constant) is a solution of equation (3.53). This is the amplitude

of the limit cycle at equilibrium. However only when ηr > 0 and ζr < 0 is this a

stable limit cycle. In this case all initial conditions with r(0) > 0 tend to r = A as

τ → ∞. By contrast when ηr < 0 and ζr > 0 the limit cycle is unstable. The other

situations in which ηr and ζr have the same sign do not correspond to limit cycles

since r can never remain at a constant amplitude over τ . Either r → 0 when ηr and

ζr are negative or r →∞ when ηr and ζr are positive, for any finite value of r(0).

For the default parameter values specified in Table 3.3, in Figure 3.13(a) we plot

ηr(µ) and ζr(µ), while in Figure 3.13(b) we plot the amplitude A of the limit cycle.

We find that ζr < 0 < ηr for all values of µ considered, indicating that the limit cycle

is stable where our weakly nonlinear theory is valid.

In summary, we have determined where stable limit cycles emerge via a Hopf bifur-

cation in the (ν, µ) plane and have derived an asymptotic solution for the amplitude

of the limit cycle in the neighbourhood of ν = νHopf(µ). Moreover we have shown that

the limit cycle is stable for the parameters investigated near its point of emergence.

Figure 3.14(b) shows how well the weakly nonlinear analysis (black curves) compares

with the numerical estimates of the limit cycle amplitude (cyan curves). The dis-

crepancy very near ν = νHopf is due to the difficulty in accurately estimating the

amplitude of the limit cycle near its point of emergence within reasonable computing

time.
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Figure 3.13: (a) ηr and ζr versus µ and (b) the amplitude A =
√
−ηr/ζr versus µ

with all remaining parameters fixed at their default values.

↙
νF

↙
νHopf

↘
νHom

↘
νT

(a) scaled tumour population, S∗ (b) zoom S∗

Figure 3.14: Bifurcation diagram of the scaled steady state tumour population S∗

together with the minimum and maximum amplitude of the limit cycle (cyan curve)
as ν varies, with all remaining parameters are fixed at their default values. Here solid
curves represent stable solutions and dashed curves represent unstable solutions. The
right panel illustrates a zoom of the left panel in the neighbourhood of the Hopf
bifurcation ν = νHopf showing the emergence of the limit cycle and the asymptotic
predication (black lines, see equation (3.51)). That prediction uses equation (D.5) up
to and including order ε2 terms, where ε =

√
νHopf − ν.
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3.7.3 Limit cycle disappearance

As ν decreases from νHopf, the limit cycle amplitude and period grow, tending to

infinity at the Homoclinic bifurcation ν = νHom. Here the limit cycle merges into an

infinite homoclinic orbit associated with the tumour-free steady state, and ceases to

exist for ν < νHom (see Chapter 2 for a detailed description of this global bifurca-

tion point). The simple form of equations (3.41)–(3.43) allows a largely analytical

description of the approach to ν = νHom. This analysis underpins the numerical re-

sults but also indicates more generally where the limit cycle terminates in equations

(3.41)–(3.43). The limit cycle disappearance is a generic feature of this model and

therefore is described in detail below and in Appendix D.3.

(a) ν = 0.7

(b) ν = 0.66

Figure 3.15: Time evolution of the scaled tumour population S(t) and cytotoxic T cell
population TC(t) arising from equations (3.41)–(3.43) for two values of ν approaching
ν = νHom: (a) ν = 0.7 and (b) ν = 0.66, to illustrate how the period and amplitude of
the limit cycle increase with ν → νHom. Initial conditions: (S0, TC0, F0) = (0.01, ν, 1)
(about the tumour-free state). Parameter values: except ν, all parameters are fixed
at their default values.
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Near the disappearance of the limit cycle, both S and TC periodically attain large

values, tending to infinity as ν → νHom. The large amplitudes of S and TC enable a

matched asymptotic analysis describing the model variables both before, around and

after the peaks in the amplitudes of S and TC (see Figure 3.15).

Before the peaks in S and TC , both populations exhibit an exponential increase

in time while F remains approximately zero. In the vicinity of the peaks F obeys a

Riccati equation which can be solved analytically. From this solution the populations

of S and TC can be determined. Finally to the right of the peaks S ≈ 0 while F and

TC exponentially decay.

To confirm that the expressions describing the populations S, TC and F in the

vicinity of the peak are good approximations of equations (3.41)–(3.43), we next

compare these analytical expressions with our numerical results. Figure 3.16 presents

the analytical results in the regions to the left, right and about the peak in TC

together with the numerical results obtained by solving equations (3.41)–(3.43). This

demonstrates how well our analytical approximations in each of the regions compare

with our full numerical solutions about the peak in TC .

(a) scaled tumour cells (b) cytotoxic T cells (c) function of T cells

Figure 3.16: Time evolution of S(t), TC(t) and F (t) from equations (3.41)–(3.43)
for ν = 0.66 (solid curves), together with their asymptotic approximations (dashed
curves). Here the asymptotic solution left of the first dashed vertical line is given by
equations (D.85) and (D.86) for TC and S respectively and F = 1/S. The asymptotic
solution in the vicinity of the peak (between the two vertical dashed lines) is given by
equations (D.82)–(D.84). The asymptotic solution to the right of the second vertical
dashed line is given by equations (D.47) and (D.48). Parameter values: except ν, all
parameters are fixed at their default values.

.
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3.8 Discussion

In the present chapter we have developed a model that captures the dynamic in-

terplay between tumour cells and cytotoxic T cells, accounting for the progressive

exhaustion of T cells in the presence of a tumour. This model attempts to account

for the fact that inhibitory receptor expression by T cells is time-dependent, a recent

conclusion of Thommen et al. (2015) [189]. To our knowledge, this is the first ODE

model exploring how tumour-immune dynamics change as the exhaustion rates of T

cell killing, infiltration and proliferation vary with time. As discussed in the introduc-

tion in Chapter 1, there are many modelling approaches that could be used to address

the question of T cell exhaustion. The present approach was adopted to explore how

the rates of T cell exhaustion (or T cell functionality) affect tumour development.

Arguably this is the first step in identifying the important mechanisms at play. The

approach enables us to answer, in a relatively simple manner, how the rates of ex-

haustion of T cell killing, infiltration and proliferation facilitate or diminish tumour

escape. More complex models such as agent based models may allow one to address

additional aspects of this problem but may significantly increase complexity. Simple

models enable a comprehensive exploration of parameter space, which is important

for any initial study. Examination of the model revealed which T cell function is

critical for tumour elimination, as well as how the initial functional capacity of the T

cells affects outcomes. Such knowledge may help to inform future immunotherapies.

An initially small tumour mass in the presence of a moderate-sized cytotoxic T

cell population, comparable in size to that found for a tumour-free state, evolves to

either a tumour-free state (elimination), an equilibrium state (taking the form of a

fixed finite tumour population or an oscillating tumour mass about a finite non-zero

tumour population) or grows without bound (escapes). Such outcomes, expected in

interactions of tumour and immune cells [52], were found to depend on the initial T

cell killing, infiltration and proliferation rates. To avoid escape, a sufficient rate of

proliferation and/or infiltration of the cytotoxic T cells is necessary; only if the initial

proliferation rate of the cytotoxic T cell population is sufficiently high is tumour

elimination possible. These results highlight the necessity of a strong immune system

initially for effective tumour elimination or control. The model developed enables one

to identify regions of parameter space where tumour escape is inevitable when the

tumour is initially large.

Changes in the qualitative behaviour was then studied as a function of the rates

of exhaustion of T cell killing, infiltration, and proliferation together with the T cell
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efficacy, ν (summarised in Figures 3.4 and 3.5). Small variations in the exhaustion

rate of T cell proliferation were found to have a significant effect on model outcome.

With increasing rates of exhaustion of T cell proliferation, tumour escape becomes

inevitable. Tumour escape in this situation is only avoided if the rate of exhaustion

of T cell killing is sufficiently large to substantially hinder tumour counter attack on

the small pool of existing T cells. In fact, our results suggest that there exists an

optimum window of exhaustion of T cell killing. If too small, then tumour counter

attack plays a dominant role in facilitating tumour escape, while if too large, then

the killing capacity of the T cells is insufficient to prevent tumour escape. This

analysis has allowed us to identify the aspects of T cell exhaustion that, if switched

off or optimised, could lead to increasingly favourable outcomes for patients, therefore

elucidating potential new treatment interventions.

Our results suggest that therapies that restore the proliferative capacity of T cells

may be most effective. Furthermore our results suggest that therapies should be

designed to drive the T cell killing capacity into the optimum window of ‘exhaustion’

so that the T cells can have the greatest effect on tumour killing without being

overcome by tumour counter attack.

In the clinic, monoclonal antibodies (so called checkpoint blockades) have been

designed and approved by the FDA to block specific inhibitory receptors (e.g. PD-1,

CTLA-4). These inhibitory receptors are highly expressed by T cells in cancer. The

checkpoint blockades appear to reverse the exhaustive effects of the T cells, thereby re-

instating T cell function. These checkpoint blockades have shown remarkable success

in a range of aggressive cancers [192]. Although such therapies have been designed

to reverse some of the exhaustive effects of the T cells, our results suggest that the

proliferative capacity of the T cells is an especially important factor limiting tumour

escape. The model proposed here could also be used as a tool to examine how the

kinetics of tumour exhaustion is affected by surgical removal of the tumour at dif-

ferent time points. Surgical removal would dampen the effects of T cell exhaustion

and potential enable the T cell population to grow sufficiently large to eliminate the

tumour.

The complexity of this model makes it difficult to understand its key features

analytically. Therefore a simplified version of the model was constructed in which all

exhaustion rates of T cell function are made equal. This simplification permits one

to determine many features of the model analytically. In particular, as in Chapter 2,

we used a multiple timescale analysis to derive an asymptotic approximation for the

amplitude of the limit cycle in the neighbourhood of a Hopf bifurcation. Moreover

108



we could describe, through a matched asymptotic analysis, the limit cycle near its

termination point. In the complete model, the additional degrees of freedom of vary-

ing rates of exhaustion of T cell killing, infiltration and proliferation make analytical

progress unwieldy and therefore numerical methods to examine the model had to be

used.

In conclusion a model composed of five ordinary differential equations was devel-

oped to study aspects of T cell exhaustion in tumour-immune interactions. This has

allowed us to explore in a relatively simple way the progressive effects of T cell exhaus-

tion in the presence of an evolving tumour and revealed which of the T cell’s functions

(to kill, infiltrate or proliferate) may be most important in preventing tumour escape.
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Chapter 4

A mathematical model of T cell
exhaustion in cancer with
immunotherapy

4.1 Introduction

A common theme in this thesis is to explore aspects of heterogeneity specific to the

tumour-immune system. The models in Chapters 2 and 3 consider different aspects

of T cell heterogeneity. In Chapter 2 subpopulations of helper and cytotoxic T cells

were distinguished. In Chapter 3 the effects of T cell exhaustion on T cell killing,

infiltration and proliferation in the presence of an evolving tumour were modelled. In

this chapter we investigate not only immune cell heterogeneity, including cytotoxic

and exhausted T cells, but also tumour cell heterogeneity, including immune-resistant

and immune-sensitive tumour cells. Specifically the model presented in this chapter

is designed to address the following question:

• Given that infiltrating T cell populations exist in various functional states, how

do the ratios of exhausted to functional T cells and immune-resistant to non-

resistant tumour cells affect tumour escape?

Past research has shown that the strength of the immune response can explain, in

part, the outcome of tumour-immune interactions [23]. The strength of the immune

response depends upon a number of factors including:

• the mutational load of the tumour (the higher the load, the easier it is for the

immune cells to recognise it) ,

• levels of inhibitory receptors/ligands (which inhibit the immune response) ,
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• levels of tumour and immune cell derived cytokines (such as IL-10 and TGF-β

which inhibit the immune response),

• the degree of antigenicity and immunogenicity of the tumour ,

• the degree of immune cell infiltration into the tumour .

It is well established that the number of tumour infiltrating lymphocytes (TILs)

correlates with survival for a variety of cancers [188, 66]. Recent clinical studies have

concluded that patient outcomes depend not only on the density of immune cells infil-

trating into the tumour microenvironment, but also on their type and spatial location

[68, 66, 74, 25]. To improve response outcomes, it is necessary to understand the clin-

ical implications of an individual’s ‘immune contexture’ [66, 67]. In a recent study,

Chen et al. (2017) [36] classified tumours into three categories based on their immune

cell composition: ‘inflamed tumour’, ‘immune desert tumour’ and ‘immune-excluded

tumour’. ‘Immune-desert’ tumours are devoid of immune cells in their stroma and

core. Immune cells are unable to penetrate the core of ‘immune-excluded’ tumours

and reside instead in the stroma. ‘Immune-inflamed’ tumours have cytotoxic and

helper T cells in the tumour tissue adjacent to malignant cancer cells. Chen et al.

(2017) find that immune-inflammed tumours respond better to checkpoint therapies.

Other therapies have been designed to increase the activation and consequent infil-

tration of immune cells into the tumour. For example, a T cell bi-specific (TCB)

antibody targets a chosen antigen and the CD3ε chain of the TCR. When the TCB

antibody brings together the tumour and the T cell, it induces polyclonal activation

of the T cell followed by potent killing of the tumour cell [189, 16]. In this model we

mimic the effects of treatment with a TCB antibody on patients destined for tumour

escape or living with a dormant tumour.

The established method of cancer staging, used for over 80 years, is tumour-

node-metastasis (TNM) classification [79]. This method does not account for other

cells and molecules in the tumour microenvironment. This may explain, at least in

part, why patients diagnosed with the same stage and type of cancer often exhibit

a wide range of outcomes [43]. It is evident that more accurate patient prognosis

requires identification of components of the tumour microenvironment that can serve

as biomarkers for cancer diagnosis and treatment [69, 36]. In colorectal cancer, Galon

et al. [68, 71, 70] established that the densities of infiltrating immune cells, specifi-

cally CD3+ and CD8+ T cells in the tumour core and invasive tumour margin, are

stronger predictors of overall patient survival than TNM classification. They termed
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this biomarker the ‘immunoscore’, establishing it as a useful prognostic predictor

in colorectal cancer patients. A similar biomarker has been identified for non-small

lung cancer, and this has increased prognostic power when used in combination with

TNM classification [25, 47]. Additionally, a large study is under way to establish

an immunoscore for patients with melanoma [69]. Immunoscore biomarkers have

also proved to be useful predictors for responses to chemotherapy and radiotherapy

[45, 187].

It is now evident that understanding the tumour microenvironment in cancer di-

agnosis is key. Although much experimental and clinical work has focused on the

presence of specific subpopulations of T cells in the tumour microenvironment, the

implication of the presence of an exhausted T cell population in the tumour microen-

vironment for patient outcome has received less attention. T cell exhaustion results

primarily from sustained exposure to high levels of tumour antigen, as discussed in

Chapter 3. T cell exhaustion is characterised by reduced effector T cell functionality

(e.g. reduced killing, proliferation and cytokine production capabilities). The degree

of T cell exhaustion changes over time in response to an evolving tumour [189], and

is associated with the variety and density of inhibitory receptor (IR) expression on

the T cells [201]. These IRs bind to matching ligands (e.g. PD-L1) expressed by the

tumour cells, as well as other cells such as tumour associated macrophages (TAMs),

dendritic cells and myeloid-derived suppressor cells (MDSCs). When an IR is bound

with its matching ligand, the inhibitory pathway is activated, damping the T cell

response. Cancer is associated with high levels of expression of IRs on T cells as well

as high levels of ligand expression by tumour cells and TAMs [145]. In a recent study,

Schriener et al. (2016) [171] observed that patients with high levels of exhausted T

cells appeared not to respond to treatment with combined monoclonal antibody and

bispecific antibody therapies.

Both immune cell presence and tumour composition are important factors in pa-

tient prognosis. PD-L1 expression by tumour cells has been identified as an important

biomarker in patient prognosis [188], and has been observed to correlate with tumour

infiltrating lymphocytes (TILs) levels [186]. PD-L1 expression is used to moderate

an immune response, damping the T cell response not only through the engagement

of inhibitory receptor pathways but through the maintenance of the regulatory T

cell response [64]. The expression of PD-L1 is believed to increase in response to an

increasing immune response [186]. The relationship between PD-L1 expression by tu-

mour cells and the presence of TILs is not clearly understood. The aim of this chapter

is to investigate how heterogeneous populations of tumour and immune cells interact,
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and how the relative levels of exhausted to cytotoxic T cells and immune-resistant to

immune-sensitive tumour cells influence escape from a tumour dormant state.

Mathematical models have been developed to both identify and explore factors

promoting tumour escape from a tumour dormancy state. A number of such models

have tried to explain escape through tumour immunosuppression by identifying the

components of the immunosuppressive network which are primarily responsible for

tumour escape [160, 114, 100]. On the other hand, other authors have sought to cap-

ture these effects implicitly through, for example, the inclusion of immune-resistant

tumour cells, a feature of the model presented in this chapter. Wilkie et al. (2013)

[202] designed a model to examine two different mechanisms used by the tumour

to escape from an equilibrium state: (1) a decrease in the cytotoxic T cell strength

(through its infiltrative and killing capacities), and (2) the presence of a resistant

tumour population. In both cases they found that the level of infiltrating T cells is

critical for maintaining a tumour equilibrium state.

Instead of accounting for heterogeneity in the immune sensitivity of the tumour,

other authors have studied different subpopulations of T cells. For example, Macna-

mara and Eftimie (2015) [122] developed a mathematical model for oncolytic viral

therapy to study the role of effector and memory T cells on long term tumour con-

trol. They found that in the absence of viral therapy, a sufficiently large memory

pool is required to slow tumour growth. On the other hand, in the presence of a

virus (mimicking oncolytic viral therapy), they found that a smaller initial memory

pool would have a similar effect. They concluded that for sustained tumour control, a

large pool of effector T cells must be maintained, which requires a supporting memory

population.

Mathematical models also have the potential to identify promising therapeutic

regimes for an individual, for example the combination of therapies to be given and

how they should be administered [107]. Kirschner and Panetta (1998) [102] were

among the first researchers to examine the effects of immunotherapy using an ODE

model of tumour cells, cytotoxic T cells and the cytokine IL-2. Two different im-

munotherapies, both designed to boost the immune system, were examined. IL-2

therapy (examined in this chapter) works by promoting the proliferation of both T

cells and natural killer cells resulting, at least in some cases, in durable progression-

free survival in a number of aggressive cancers, including renal cell carcinoma and

metastatic melanoma [62, 104, 164]. Kirschner and Panetta (1998) also examined

adoptive T cell therapy (this is not relevant to the present model but details can be

found in Chapter 1). They found that IL-2 therapy alone could not drive the system
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to a tumour-free state but, interestingly, adoptive T cell transfer alone or in combi-

nation with IL-2 therapy could. In this chapter we also examine IL-2 therapy but in

combination with a TCB antibody.

The model developed in this chapter is analogous to the model of Kirschner and

Panetta [102] in that it includes the effects of an IL-2 therapy. Here however we

consider the effects of an IL-2 therapy alone or in combination with a TCB antibody.

Moreover we incorporate aspects of the model developed by Wilkie et al. [202] by

including heterogeneity through an immune-resistant tumour population. Finally,

we follow Macnamara and Eftimie [122] by considering different functional states of

cytotoxic T cells. Instead of considering the memory T cell population we consider

the exhausted T cell population. The emphasis on the exhausted T cells is motivated

by the work of Wherry and Kuarchi (2015) [201], who found that sustained exposure

to tumour antigen hinders the differentiation of the cytotoxic T cells into a memory

population.

The remainder of this chapter is organised as follows. We introduce the model

equations in Section 4.2. In Section 4.3 we summarise the qualitative behaviour

exhibited by the model and derive bounds on key parameters delineating regions of

tumour escape. In Section 4.4 we identify steady state solutions and characterise

their linear stability. In Section 4.5 we examine how the qualitative behaviour of

the model changes with the infiltration rate of the cytotoxic T cells together with

the tumour growth rate, the probability of the tumour becoming immune-resistant,

the exhausted T cell kill rate and the rate of T cell exhaustion. In Section 4.6

an alternative approach to characterising tumour equilibria is proposed as a way of

inferring patient specific model parameters. This approach starts with given fractions

of the tumour and cytotoxic T cell populations, and deduce from these the associated

tumour growth rate and T cell infiltration rate. We determine the long term outcome

starting in the neighbourhood of tumour equilibria. Finally, in Section 4.7 the effects

of two immunotherapies — a TCB antibody and IL-2 therapy — are simulated and

used to suggest personalised treatments based upon the composition of the tumour

and cytotoxic T cell populations. Attention is focused on tumours which are destined

for escape or dormancy. We conclude in Section 4.8 with a summary of our main

findings.
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4.2 The Mathematical Model

In this section we develop an ODE model to study the effects of an exhausted T

cell population in the presence of cytotoxic T cells, immune-resistant and immune-

sensitive tumour cells. We begin by presenting the model equations and their under-

pinning assumptions. We next identify parameter ranges for which the model exhibits

the three Es of immunoediting [52].

4.2.1 Model equations

We propose a system of four ODEs to model the interactions between populations

of cytotoxic and exhausted T cells, and two populations, of immune-sensitive and

immune-resistant tumour cells. In practice exhausted T cells are distinguished from

cytotoxic T cells by their up-regulation of a variety of inhibitory receptors (e.g. PD-1)

while immune-resistant tumour cells are distinguished by their expression of ligands

(e.g. PD-L1). The dependent variables are the number of immune-sensitive tumour

cells N(t), immune-resistant tumour cells NR(t), cytotoxic T cells TC(t), and ex-

hausted T cells TE(t), where t represents time in days.

NR

N

TE

TC

infiltration

natural death

natural death

Figure 4.1: Schematic of the tumour-immune cell interactions included in our model.
The circles indicate the cytotoxic and exhausted T cells, TC(t) and TE(t). The squares
represent the immune-sensitive and immune-resistant tumour populations, N(t) and
NR(t). Interactions that directly increase a population are indicated by continuous
lines while suppressive interactions are illustrated by dashed lines.

We assume that the evolution of the tumour populations, N(t) and NR(t), are

dominated by cell division and death, the latter being regulated by interactions with

both cytotoxic and exhausted T cells. While several growth laws have been used to

model tumour growth (e.g. logistic growth [110] or power-law growth [160]), we as-

sume here for simplicity, as in Chapter 3, that in the absence of an immune response
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the tumour grows exponentially, with growth rate γ (units: day−1). We suppose that

during cell division the tumour population N increases with probability (1 − θ), or

mutates to produce immune-resistant tumour cells NR, with probability θ. We as-

sume that cytotoxic T cells kill both populations of tumour cells at a rate which is

proportional to the product of their densities, with kill rate k (units: cells−1day−1).

Similarly, exhausted T cells, TE(t), kill immune-sensitive tumour cells at a rate pro-

portional to the product of their densities, with kill rate kE (units: cells−1day−1).

Exhausted T cells are unable to kill immune-resistant tumour cells NR; instead when

immune-resistant tumour cells and exhausted T cells come into contact they are

deleted. Combining these processes we propose the following ODEs to describe the

evolution of the tumour populations N and NR:

dN

dt
= γ(1− θ)N︸ ︷︷ ︸

exponential growth

− kTCN − kETEN︸ ︷︷ ︸
immune induced death

, (4.1)

dNR

dt
= γθN + γRNR︸ ︷︷ ︸

exponential growth

− kTCNR︸ ︷︷ ︸
immune induced death

, (4.2)

We assume that the evolution of cytotoxic T cells, TC(t), is dominated by infiltra-

tion from the lymph nodes at rate σ (units: cells day−1), proliferation in response to

the tumour population, exhaustion and natural cell death. Similarly, we assume that

the evolution of the exhausted T cells, TE(t), is dominated by conversion of cytotoxic

T cells into an exhausted state, deletion by immune-resistant tumour cells NR and

natural cell death. As in Chapter 2, cytotoxic T cells are assumed to proliferate at a

rate which has biphasic dependence on the tumour cell density N(t) with constant of

proportionality α (units: day−1). By contrast, exhausted T cells do not proliferate.

We assume cytotoxic T cells become exhausted at a rate which is proportional to the

number of immune-resistant tumour cells with constant of proportionality ν (units:

cells−1day−1). We assume that cytotoxic and exhausted T cells die at rates δC and

δE (units: day−1), respectively. Combining these processes, we propose the following

ODEs to describe the evolution of the two populations of T cells:

dTC
dt

= σ︸︷︷︸
infiltration

+
αTCÑN

Ñ2 +N2︸ ︷︷ ︸
proliferation

− νTCNR︸ ︷︷ ︸
conversion from TC

− δCTC︸ ︷︷ ︸
natural death

, (4.3)

dTE
dt

= νTCNR︸ ︷︷ ︸
conversion from TC

− rNRTE︸ ︷︷ ︸
deletion

− δETE︸ ︷︷ ︸
natural death

. (4.4)
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The model is completed by specifying the initial cell populations:

N(0) = N0, NR(0) = NR0, TC(0) = TC0, TE(0) = TE0 . (4.5)

Specific values for the initial conditions (N0, NR0, TC0, TE0) are examined in the qual-

itative behaviour presented in Section 4.3.

4.2.2 Non-dimensionalised equations

Before continuing it is convenient to non-dimensionalise the governing equations. We

scale the tumour populations, N and NR, with the tumour size at which suppressive

effects come into play, Ñ . We scale the T cell populations, TC and TE, by the param-

eter combination δC/k in order to minimise the number of dimensionless parameters

in the dimensionless model. We scale time by the half-life of the cytotoxic T cell

population, δ−1
C . Hence, we take

N = ÑN̂ , NR = ÑN̂R, TC = δC T̂C/k, TE = δC T̂E/k and t = t̂/δC , (4.6)

where hats denote dimensionless quantities. Substitution of (4.6) into equations (4.1)–

(4.4) gives

dN̂

dt̂
= N̂

(
γ̂(1− θ)− T̂C − k̂ET̂E

)
, (4.7)

dN̂R

dt̂
= γ̂θN̂ +

(
γ̂R − T̂C

)
N̂R , (4.8)

dT̂C

dt̂
= σ̂ +

α̂N̂ T̂C

1 + N̂2
− ν̂N̂RT̂C − T̂C , (4.9)

dT̂E

dt̂
= ν̂T̂CN̂R − r̂N̂RT̂E − δ̂ET̂E , (4.10)

with initial conditions

N̂(0) = N̂0, N̂R(0) = NR0, T̂C(0) = T̂C0, T̂E(0) = T̂E0 , (4.11)

where

γ̂ = γ/δC , γ̂R = γR/δC , k̂E = kE/k, α̂ = α/δC ,

σ̂ = σk/δ2
C , r̂ = rÑ/δC , δ̂E = δE/δC , ν̂ = ν/k,

N̂0 =
N0

Ñ
, N̂R0 =

NR0

Ñ
, T̂C0 =

TC0k

δC
, T̂E0 =

TE0k

δC
.

(4.12)

As before, for ease of presentation, we drop the hats on all quantities. Interpretation

of the dimensionless parameters in (4.12) is provided in Table 4.1.
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For clarity we point out the features of the model (4.7)–(4.10) absent in the mod-

els previously considered in Chapters 2 and 3. The equations representing the tu-

mour and cytotoxic T cell populations in the present model closely resemble those in

Chapter 2 but using exponential tumour growth in place of logistic tumour growth.

Equations (4.8) and (4.10) are unique to this model and account for the additional

effects of an immune-resistant tumour population and an exhausted T cell popula-

tion. This approach to modelling T cell exhaustion differs from the previous model

where we were interested in studying how the specific T cell functions diminish in

the presence of an increasing tumour mass. In the present model we mimic the ef-

fects of exhaustion by a distinct T cell population which feeds in from the cytotoxic

T cell equation (4.9) through a mass action term. The growth rate for the tumour

population in equation (4.7) has an additional term accounting for tumour cell killing

by exhausted T cells. Moreover, as the tumour expands it now expands as both an

immune-sensitive and immune-resistant tumour population.

4.2.3 Parameter values

Due to the lack of experimental data to obtain model parameters directly (a prob-

lem faced by many authors [102, 39]) and the difficulty of obtaining accurate mea-

surements experimentally, we choose our parameters such that the model exhibits

expected qualitative behaviour. Specifically we select the parameters such that the

model captures the three Es of immunoediting [52]. Furthermore, as the death rate

and kill rate of the exhausted T cells are lower than for the cytotoxic T cells [199],

we constrain the parameters δE and kE to be small compared to one.

To determine the default parameter values we looped over a range of logarithmically-

spaced (dimensionless) parameter values extending over six orders of magnitude from

10−3 to 103 (with 13 values). This search identified a small region of parameter space

in which there exist up to four steady state solutions (including the tumour-free

state). We also sought to keep as many of the parameters as possible near unity in

magnitude. However since we expect the death rate of exhausted T cells to be low

compared to the death rate of cytotoxic T cells (TC), and the rate of T cell killing of

the tumour by exhausted T cells (TE) to be lower than that of cytotoxic T cells [199],

we sought values of δE and kE of the order 10−1. The default parameter choices listed

in Table 4.1 exhibit the three Es of immunoediting under the constraints that kE and

δE are small. Unless otherwise stated, the default parameters used throughout are

given in Table 4.1.
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Dimensionless parameter Physical description Default value

γ immune-sensitive tumour growth rate 0.3

θ probability of tumour becoming 0.3
immune-resistant

γR immune-resistant tumour growth rate 0.01
tumour population

kE rate at which exhausted T cells 0.1

kill immune-sensitive tumour cells
σ rate of cytotoxic T cell infiltration 0.15

α proliferation rate of cytotoxic T cells 1
in the presence of the tumour

r rate at which immune-resistant tumour 0.1
cells kill exhausted T cells

ν rate at which cytotoxic T cells 0.3
become exhausted

δE natural death rate of exhausted T cells 0.1

Table 4.1: Summary of the default dimensionless parameter values used in equations
(4.7)–(4.10).

4.3 Qualitative behaviour

As in Chapters 2 and 3, to illustrate the range of behaviours exhibited by our model,

equations (4.7)–(4.11) were solved numerically using the Dormand-Prince explicit

adaptive time-stepping method in Python (dopri5) [49].

In Figure 4.2 we present simulation results for two values of the background in-

filtration rate of the cytotoxic T cells into the tumour, σ. The emphasis on σ is

motivated by clinical observations which suggest that levels of tumour infiltrating

lymphocytes (TILs) correlate with more favourable response outcomes and are pa-

tient specific [141, 188, 98, 91]. This figure illustrates the behaviour exhibited by

equations (4.7)–(4.10) for the default parameters in Table 4.1. When the initial tu-

mour and T cell populations are close to the tumour-free steady state (blue curves),

the long time behaviour depends on σ, with elimination for large values of σ and

equilibrium for small values of σ. On the other hand, if the tumour is initially large

(black curves), then tumour escape is inevitable for both values of σ considered.
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(1) σ = 0.15

N(t)
↘

↖
NR(t)

escape

equilibrium

(a) tumour cells: N(t) and NR(t)

TC(t)
↘

TE(t)
↘

(b) cytotoxic T cells: TC(t) and TE(t)

(2) σ = 0.25

escape

elimination

(c) tumour cells: N(t) and NR(t) (d) cytotoxic T cells: TC(t) and TE(t)

Figure 4.2: Series of plots illustrating the range of qualitative behaviours exhibited by
equations (4.7)–(4.10). We plot the time evolution of the tumour populations N(t)
and NR(t) (solid and dashed curves respectively) and the T cell populations TC(t)
and TE(t) (solid and dashed curves respectively) for different values of σ the rate
of T cell infiltration. In panels (a) and (b), for the default value of σ(= 0.15) we
observe that the model exhibits states of tumour equilibrium and escape depending
on initial conditions; in panels (c) and (d), when σ is increased from σ = 0.15 to
σ = 0.25, we observe that tumour elimination is now possible. In both cases we
observe bistability, and collectively we see that the model exhibits the three Es of
Immunoediting. Parameter values: except for σ, all parameters are fixed at their
default values. Initial conditions: (N0, NR0, TC0, TE0) = (0.01, 0.01, σ + 0.01, 0.01)
(blue curves) and (N0, NR0, TC0, TE0) = (4, 2.5, 0.18, 0.36) (black curves).
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4.3.1 Basins of attraction of tumour escape

The simulation results presented in Figure 4.2 illustrate possible outcomes but do

not address the fate of the tumour-immune system starting from an arbitrary initial

condition. Due to the use of an exponential tumour growth law, tumour escape is

inevitable for sufficiently large initial tumour populations (for any choice of param-

eters). For our choice of parameters, to understand when tumour escape occurs as

a function of initial conditions, we solve equations (4.7)–(4.10) for a range of initial

immune-sensitive tumour populations N0 to locate (by bisection) the critical initial

immune-sensitive tumour population, N crit
0 , separating tumour escape from all other

outcomes. This is done for varying initial populations TC0 and TE0, keeping the ratio

NR0/N0 fixed.

(a) NR0/N0 = 0.5 (b) NR0/N0 = 1 (c) NR0/N0 = 2

Figure 4.3: Series of plots delineating the basins of attraction of tumour escape
over the (TC0, TE0) initial condition plane. Shown are contour lines of the log-scaled
initial tumour population log10N

crit
0 dividing tumour escape from tumour elimination

or equilibrium. Three ratios of NR0 to N0 are considered: (a) NR0/N0 = 0.5, (b)
NR0/N0 = 1.0 and (c) NR0/N0 = 2. Note that values of log10N

crit
0 larger than that

shown for a particular TC0 and TE0 results in tumour escape. Parameter values: all
model parameters are fixed at their default values.

Figure 4.3 presents our findings. As the ratio NR0/N0 increases, smaller initial

immune-sensitive tumour populations escape for larger values of TC0 and TE0. Con-

versely, larger initial tumour populations escape for smaller values of TC0 and TE0.

When TC0 and TE0 are simultaneously increased, the initial population of tumour cells

has to be larger to escape, as expected. In summary the results presented in Figure

4.3 illustrate, for fixed model parameters, where in initial condition space tumour

escape occurs.
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4.3.2 Conditions for tumour escape

For given initial conditions and parameters, we have seen that the tumour may escape.

In Section 4.3.1 we determined the basin of attraction of tumour escape depending

on the initial T cell populations and the ratio NR0/N0 of the initial tumour popula-

tions. In Figure 4.2 we illustrated that model outcomes vary with the rate of T cell

infiltration σ. For the values of σ considered, we observed bistability between escape

and either elimination or equilibrium. We next determine a critical value of σ, as a

function of model parameters, below which tumour escape is possible, independent of

initial conditions.

A sufficient (but not necessary) condition for tumour escape is dN/dt > 0 for

all time. To determine the region of parameter space in which this occurs, we first

determine upper bounds on TC and TE for which the growth rate in equation (4.7)

is positive. Likewise NR will grow without bound if dNR/dt > 0 for all time. The

minimum value of γR−TC in equation (4.8) is attained when TC reaches a maximum

value. We thus ensure dNR/dt > 0 for all time if γR − TC,max > 0. Therefore

γR > TC,max is a sufficient (but not necessary) condition for tumour escape. An upper

bound for TC occurs at a stationary point when dTC/dt = 0. This is found by using

the maximum value of the proliferation term in equation (4.9) and ignoring the decay

term −νTCNR. The maximum proliferation rate of the cytotoxic T cells occurs when

N = 1 and attains the value of αTC/2. Hence the maximum value of the growth

terms in equation (4.9) is (σ + αTC/2). Balancing this with the decay term −TC at

the stationary point where dTC/dt = 0, we obtain the estimate

TC,max =
σ

1− α/2
. (4.13)

Notably an upper bound for TC cannot be found in this way for α ≥ 2 (see below for

this case), yet TC can never become unbounded.

Returning to the growth of N in equation (4.7), N will continue to grow so long

as γ(1− θ) > TC,max + kETE,max. We next determine TE,max. This is determined from

equation (4.10) where we use the maximum value of the growth term νTC,maxNR and

balance this with the decay term −rTENR, ignoring the linear decay term −δETE.

Using the largest upper bound for TE in equation (4.7) guarantees the continued

growth of N . Hence we use

TE,max =
νTC,max

r
=

νσ

r(1− α/2)
. (4.14)
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It follows therefore that N will continue to grow when

TC,max + kETE,max =
σ(r + kEν)

r(1− α/2)
< γ(1− θ) . (4.15)

Likewise NR will continue to grow in equation (4.8) when

TC,max =
σ

1− α/2
< γR . (4.16)

Therefore tumour escape is guaranteed, independent of initial conditions, when

σ < σcrit = (1− α/2) max

(
γR,

rγ(1− θ)
r + kEν

)
. (4.17)

(Note for the default parameters chosen, the second term in equation (4.17) is larger

than the first term in the brackets.)

When the proliferation rate of the cytotoxic T cells α takes a value of α ≥ 2,

the situation is different. We can no longer find a condition on parameters which

guarantees tumour escape. For sufficiently large tumour populations initially, tumour

escape is inevitable for all parameters (not shown). This follows because in the limit

N,NR →∞, regardless of parameters, both TC and TE are O(1/NR)� 1. Therefore

the T cell populations are too small to arrest the growth of the tumour in equations

(4.7) and (4.8).

On the other hand, it is possible to show that both TC and TE remain bounded

when α ≥ 2. When α ≥ 2 the decay term −νTCNR in equation (4.9) is responsible for

ensuring that TC is bounded. We prove that TC remains bounded by contradiction.

Supposing TC � max(σ, γ(1 − θ)), the decay rate in equation (4.7), TC + kETE −
γ(1− θ)� 1, since the TC term dominates the decay. This implies that N is rapidly

driven to zero. Likewise NR is rapidly driven to zero since the production term γθN

in equation (4.8) is negligible, and the largest-magnitude term on the right-hand side

is −TCNR. Furthermore in equation (4.9) for TC , the proliferation term is negligible

in this case since it is proportional to N . Therefore

TC � σ ⇒ dTC
dt
≈ σ − TC ≈ −TC , (4.18)

implying TC decays exponentially. It follows therefore that TC and TE can never

become unbounded.
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↙
N(t)

↗
NR(t)

(a) N(t) (solid) and NR(t) (dashed)

↙
TC(t)

↙
TE(t)

(b) TC(t) (solid) and TE(t) (dashed)

Figure 4.4: Verification of the condition (4.17) on σ for tumour escape. The results
are obtained by solving equations (4.7)–(4.10) initialised around a small tumour pop-
ulation. We show the time evolution of (a) the tumour populations N(t) and NR(t)
(solid and dashed curves respectively) and, (b) the cytotoxic and exhausted T cell
populations TC(t) and TE(t) (solid and dashed curves respectively) for three different
pairs of parameters (α, σ). Parameter values: all parameters are fixed at their default
values except for α and σ. Key: (α, σ) = (1.0, 0.02625) where the tumour escapes
(black curves); (α, σ) = (2.0, 0.02) where the tumour settles to an equilibrium (dark
grey curves); (α, σ) = (2.0, 0.01) where the tumour again escapes (light grey curves).
Initial conditions: (N0, NR0, TC0, TE0) = (0.01, 0.01, σ, 0).

To confirm the analysis for α < 2 and α ≥ 2, in Figure 4.4 we consider the

qualitative behaviour starting with an initially small tumour population for three

choices of α and corresponding choices of σ. When α < 2, σ is chosen to be σcrit in

equation (4.17). The case (α, σ) = (1, 0.02625) is shown in black and confirms that

for this value of σ the tumour populations escape. When α = 2, escape occurs if

σ is sufficiently small (σ = 0.01, weak T cell infiltration); equilibrium occurs if σ is

sufficiently large (σ = 0.02). When α > 2 the results are qualitatively similar to that

shown for α = 2 and are therefore omitted. This analysis shows where tumour escape

occurs as a function of σ and α, independent of initial conditions.

4.4 Steady state and linear stability analysis

The nonlinear dynamics described in Section 4.3 show that the model exhibits three

distinct behaviours: elimination, equilibrium or escape. The observed behaviour is

related to the existence of stable ‘attractors’ or steady states (N∗, N∗R, T
∗
C , T

∗
E). In

Sections 4.3.1 and 4.3.2 we focused on ‘escape’ solutions for which N and NR grow
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without bound. In this section we characterise finite solutions by identifying the

steady state solutions and characterising their linear stability.

Setting d/dt = 0 in equations (4.7)–(4.10) gives the following system of algebraic

equations

[γ(1− θ)− (T ∗C + kET
∗
E)]N∗ = 0 , (4.19)

γθN∗ = (T ∗C − γR)N∗R , (4.20)

σ +
αT ∗CN

∗

1 +N∗2
= (νN∗R + 1)T ∗C , (4.21)

νT ∗CN
∗
R = (rN∗R + δE)T ∗E . (4.22)

It is straightforward to see that there is a tumour-free steady state for which

N∗ = N∗R = T ∗E = 0 and T ∗C = σ . (4.23)

Furthermore, if σ > γR then there is a non-trivial fully immune-resistant tumour

steady state for which

N∗ = 0, N∗R =
σ − γR
νγR

, T ∗C = γR and T ∗E =
(σ − γR)νγR

δEνγR + r(σ − γR)
. (4.24)

The remaining steady states have (N∗, N∗R, T
∗
C , T

∗
E) > 0 which we determine as

follows. With N∗ > 0, equation (4.19) supplies an expression for T ∗E in terms of T ∗C
of the form

T ∗E = a0 − a1T
∗
C , (4.25)

where a0 = γ(1 − θ)/kE and a1 = 1/kE. Substituting equation (4.25) into equation

(4.22) yields an expression for T ∗C in terms of N∗R,

T ∗C =
b0 + b1N

∗
R

c0 + c1N∗R
, (4.26)

where b0 = δEa0, b1 = ra0, c0 = δEa1 and c1 = ν + ra1 . From equation (4.20) we

obtain an expression for N∗, again in terms of N∗R

N∗ = N∗R
e0 + e1N

∗
R

f0 + f1N∗R
, (4.27)

where e0 = b0 − γRc0, e1 = b1 − γRc1, f0 = γθc0 and f1 = γθc1.

Finally, inserting equations (4.26) and (4.27) into equation (4.21) we obtain the

following 6th order polynomial for N∗R

m0 +m1N
∗
R +m2NR

∗2 +m3N
∗3
R +m4N

∗4
R +m5N

∗5
R +m6N

∗6
R = 0 , (4.28)
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where the coefficients m0, . . . , m6 are combinations of the model parameters (see

Appendix E for details).

The steady state analysis shows there exists a tumour-free state (N∗ = N∗R = 0),

a immune-resistant tumour state (N∗ = 0, N∗R > 0) and up to six additional tumour

equilibria (N∗, N∗R > 0). In fact an intensive search through parameter space indicates

that there are at most three physically realistic roots. We turn next to the linear

stability of the steady states to understand which of these are model attractors.

As in Chapter 2 the linear stability analysis of the steady states (N∗, N∗R, T
∗
C , T

∗
E) is

determined by considering small amplitude perturbations to the steady states leading

to the Jacobian matrix J (N∗, N∗R, T
∗
C , T

∗
E):

J =


γ(1− θ)− T ∗C − kET ∗E 0 −N∗ −kEN∗

γθ γR − T ∗C −N∗R 0
αT ∗

C(1−N∗2)

(1+N∗2)2
−νT ∗C

αN∗

1+N∗2 − νN∗R − 1 0

0 νT ∗C − rT ∗E νN∗R −rN∗R − δE

 . (4.29)

From the Jacobian, the eigenvalues associated with the tumour-free steady state

(N∗, N∗R, T
∗
C , T

∗
E) = (0, 0, σ, 0) are simply

λ1 = −1, λ2 = −δE, λ3 = γR − σ, λ4 = γ(1− θ)− σ . (4.30)

Linear stability of the tumour-free state is guaranteed provided the T cell infiltration

rate surpasses the growth rates of immune-sensitive and immune-resistant tumour

populations, γ(1− θ) and γR respectively. Specifically linear stability of the tumour-

free state is guaranteed provided

σ ≥ max (γR, γ(1− θ)) . (4.31)

On the other hand, the eigenvalues associated with the non-trivial fully immune-

resistant tumour steady state (see equation (4.24)) are given by:

λ1 = γ(1− θ)− γR −
kE(σ − γR)νγR

δEνγR + r(σ − γR)
, (4.32)

λ2 =
r(γR − σ)

νγR
− δE, (4.33)

λ3, λ4 =
−σ/γR ±

√
(σ/γR)2 + 4(σ − γR)

2
. (4.34)

Since the non-trivial fully immune-resistant tumour steady state only exists for σ > γR

(see equation (4.24)) one of the pair of eigenvalues in equation (4.34) is always positive

and therefore this steady state is always unstable where it exists.
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The remaining steady states have N∗, N∗R > 0. The existence and stability of these

steady states cannot be determined analytically. Instead in Section 4.5 we examine

the existence and stability of the steady states numerically as a function of the T cell

infiltration rate σ.

4.5 System bifurcations

When varying model parameters, steady states may appear or disappear at bifurca-

tion points. To examine how variations in the model parameters affect qualitative

behaviour, in Figure 4.5 we identify parameter regions of tumour elimination, equilib-

rium and escape. Where elimination and equilibrium are possible we have bistability

with tumour escape. We focus on varying parameters associated with the exhausted

T cell population, specifically the exhausted T cell tumour kill rate, kE, and the con-

version rate of cytotoxic to exhausted T cells, ν, as well as the growth rate of the

tumour, γ, and the probability of the tumour becoming immune-resistant, θ, as we

vary the rate of infiltration of the cytotoxic T cells, σ. Note the remaining param-

eters γR, α, r and δE have virtually no effect on the regions of tumour elimination,

equilibrium and escape, and therefore are not discussed further.

For the parameters kE and ν associated with the exhausted T cell population

TE, we observe that model outcomes of tumour elimination, equilibrium and escape

depend only weakly on σ. In Figure 4.5(a), as kE decreases and the exhausted T

cell’s killing capacity weakens, the region of tumour escape (black) increases at the

expense of the region in which tumour equilibrium occurs (grey). In Figure 4.5(b), a

similar trend is seen with increases in the conversion rate of cytotoxic to exhausted T

cells, ν. As ν increases so does the region of escape, eventually replacing the region

occupied by a tumour equilibrium state entirely.

The region where tumour elimination is possible is unaffected by variations in kE

and ν as these parameters are absent from the model whenN∗ = N∗R = 0 (see equation

(4.31)). In Figure 4.5(c), increases in the tumour growth rate γ require corresponding

increases in the infiltration rate σ of the cytotoxic T cells. Consequently if a patient

has a particularly aggressive tumour with a large growth rate but a poor infiltration

of cytotoxic T cells, as observed for example in prostrate cancer [18], then this model

predicts that tumour escape is inevitable. As θ decreases (and the tumour proliferates

primarily as the immune-sensitive tumour population) a tumour equilibrium region

emerges, cutting into the region of tumour elimination. The region of escape also

expands with decreasing θ, implying that a larger infiltration of T cells is necessary
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to control the tumour. This occurs because the growth rate of NR is less than the

growth rate of N . Overall this implies that the tumour population as a whole grows

faster as θ decreases for fixed σ. Note that the scan conducted over parameters to

locate regions of parameter space exhibiting the three Es of immunoediting in no case

found γR > γ/10.

In Figure 4.6 we illustrate the variations in the steady state populations N∗, N∗R,

T ∗C and T ∗E, with the T cell infiltration rate σ. The black line shows the tumour-

free state, the magenta line shows the tumour-resistant state, while the blue and

red lines show tumour equilibria. Decreasing σ from 0.5, we observe three distinct

bifurcations: a transcritical bifurcation at σ = σT ≈ 0.21 where the tumour-free state

exchanges stability with a tumour equilibrium state, a fold point at σ = σF ≈ 0.12

where there exists an exchange of stability with the emergence of a new branch of

tumour equilibrium states, and the emergence of a fully immune-resistant tumour

state from the tumour-free solution branch at σ = σE = γR. This illustrates the

generic bifurcation structure exhibited by the model with variations in σ over a wide

range of model parameters.
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(a) (b)

(c) (d)

Figure 4.5: Dependence of the qualitative behaviour of equations (4.7)–(4.10) on the
T cell infiltration rate σ versus: (a) the exhausted T cell tumour kill rate kE, (b) the
conversion rate ν of cytotoxic to exhausted T cells, (c) the tumour growth rate γ, and
(d) the probability θ of the tumour becoming immune-resistant. Regions are distin-
guished by the existence and linear stability of the steady states. The red horizontal
line indicates the cross-sections illustrated in Figure 4.6. Key: black region: tumour
escape is the only attractor; grey region: bistability between a tumour equilibrium
state and escape (here the tumour-free state, fully immune-resistant tumour state and
an additional tumour equilibrium state exist but are unstable); white striped region:
bistability between the tumour-free state and escape as well as instability of a tumour
equilibrium state; white region: bistability between a tumour-free state and tumour
escape — no other steady states exist. Parameter values: all remaining parameters
are fixed at their default values. 129
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σE
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Figure 4.6: Existence and stability of the steady state solutions N∗, N∗R, T ∗C and
T ∗E arising from equations (4.19)–(4.22) as the infiltration rate σ is varied. These
panels illustrate the bifurcation structure as we move along the horizontal red lines in
Figure 4.5. Solution branches are distinguished by colour: the red branch corresponds
to the large tumour state; the blue branch corresponds to the small tumour state;
the magenta branch corresponds to the fully immune-resistant tumour state and the
black branch corresponds to the tumour-free state. The local stability of the steady
states is distinguished by linestyle: solid and dashed curves correspond to stable and
unstable solutions respectively. Parameter values: except for σ all parameters are
fixed at their default values.

The general features that emerge as σ decreases may be summarised as follows:

• σ > σT: bistability between the tumour-free state and tumour escape. The

immune-resistant tumour state and a tumour equilibrium state exist but are
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both unstable.

• σ = σT: the tumour-free state exchanges stability with the equilibrium tumour

steady state.

• σF < σ < σT: bistability between tumour equilibrium and escape; the large

tumour, tumour-free and immune-resistant tumour states exist but are all un-

stable.

• σ = σF: the stable and unstable tumour equilibria coalesce.

• σE < σ < σF: tumour escape is the only outcome; the tumour-free and immune-

resistant tumour states exist but are unstable.

• σ = σE: the immune-resistant tumour state coalesces with the tumour-free

state.

• 0 < σ < σE: tumour escape is the only outcome; the tumour-free state exists

but is unstable.

In summary, in this section we have illustrated how the qualitative behaviour of

the model changes with variations in the infiltration rate of the cytotoxic T cells, a

trait recognised as being correlated with long term patient outcomes and treatment

prognosis [68, 66, 74]. Due to the difficulty in estimating model parameters from

clinical data, we have focused on the qualitative changes in model behaviour as the

parameters kE, ν, γ and θ vary. We find that for decreasing kE and increasing ν,

the region of tumour escape expands and occupies a progressively greater part of the

tumour equilibrium region. This result makes sense since small kE means that the T

cells are not effective at killing tumour cells and large ν means that the functioning

T cells are being rapidly converted into exhausted ones. We also find, as expected,

that the more aggressive the tumour is (the higher the growth rate γ), the greater

the rate of T cell infiltration required to prevent tumour escape.

4.5.1 Emergence of a tumour equilibrium at the transcritical
bifurcation

As seen in Figure 4.6 a tumour equilibrium state emerges from the tumour-free branch

at a critical σ = σT. In this section we determine this point of emergence.

As the tumour equilibrium branch emerges from N∗ = 0, we take N∗ to be

infinitesimally small in equations (4.19)–(4.22). We cannot simply put N∗ = 0 in the
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equations since then equation (4.19) is satisfied trivially. Instead from this equation

we set the tumour growth rate, the term in brackets, to zero. In the remaining

equations (4.20)–(4.22) we may put N∗ = 0. The resulting equations are

γ(1− θ) = T ∗C + kET
∗
E , (4.35)

0 = (T ∗C − γR)N∗R , (4.36)

σ = (νN∗R + 1)T ∗C , (4.37)

νT ∗CN
∗
R = (rN∗R + δE)T ∗E . (4.38)

Equations (4.35)–(4.37) are easily solved for the remaining populations:

T ∗C = γR, N∗R =
σ − γR
νγR

and T ∗E =
γ(1− θ)− γR

kE
. (4.39)

Note for non-negative steady state populations both σ ≥ γR and γ(1 − θ) ≥ γR are

required. (It is not consistent to take N∗R = 0 in equation (4.36) since this leads to

T ∗E = 0 and T ∗C = γ(1−θ) and T ∗C = σ, which can only be satisfied for a special choice

of σ.) Inserting T ∗C , N∗R and T ∗E from equation (4.39) into equation (4.38) provides

the following expression for σ at the transcritical bifurcation

σ = σT = γR

(
1 +

δEν(γ(1− θ)− γR)

γR (νkE + r)− rγ(1− θ)

)
. (4.40)

This solution branch only emerges over a restricted region of parameter space with

γR lying in the range

γR,min =
rγ(1− θ)
νkE + r

< γR ≤ γ(1− θ) = γR,max . (4.41)

For γR < γR,min, σT < 0 and thus a transcritical bifurcation does not occur. While for

γR > γR,max, T ∗E < 0, and here again a transcritical bifurcation does not occur. Note

that σT > 0 over the range given in equation (4.41), but σT → ∞ as γR approaches

γR,min from above. The dependence of σT on γR is illustrated in Figure 4.7.
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γR,min γR,max

Figure 4.7: Dependence of the transcritical bifurcation σT on the immune-resistant
tumour growth rate γR from equation (4.40), with all remaining parameters fixed
at their default values. The vertical asymptotes (magenta, dashed) correspond to
γR = γR,min and γR = γR,max in equation (4.41).

4.6 Parameter deduction based on model behaviour

One of the problems faced by mathematicians is inferring model parameters from

available experimental data [116]. Experimental and clinical measurements rarely

translate to specific model parameters. This motivates an approach whereby quanti-

tative predications from the theoretical model are compared with experimental and

clinical data to deduce model parameters. The interest in this approach is in part due

to our industrial collaboration with Hoffman-La Roche. Here we propose a novel way

of inferring two patient specific parameters based on quantitative predictions for the

fractions of the immune-resistant tumour population to the total tumour population,

and the exhausted T cells to the total T cell population at steady state. From a tu-

mour equilibrium state determined in this way, we solve the fully nonlinear equations

starting in the neighbourhood of this equilibrium to examine its long term outcome.

We next define the steady state population fractions as

fN =
N∗R

N∗ +N∗R
and fT =

T ∗E
T ∗C + T ∗E

where 0 ≤ fN , fT ≤ 1 , (4.42)

and seek to characterise how variations in these population fractions affect whether

the model evolves to a state of tumour elimination, equilibrium and escape. This

approach provides an alternative view of parameter space. These fractions could be
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used as a potential new biomarker to distinguish different classes of patients and

consequently may allow appropriate treatment to be determined. A precedent for

this approach is the recent clinical study by Schreiner et al. (2016) [171]. The goal of

their study was to assess how the functional state of the T cells influences the efficacy

of a TCB antibody. They found that patients with high densities of highly exhausted

T cells did not appear to respond to treatment with a TCB antibody, even when it

was combined with a PD-1 checkpoint blockade. By contrast, for patients with lower

levels of highly exhausted T cells the therapy seemed to restore some of the functions

of the T cells. This study motivates the need to understand what impact the ratio of

exhausted to cytotoxic T cells has on response outcomes.

Prescribing the population fractions in equation (4.42) gives us the freedom to

determine two of the model parameters. The two parameters chosen are σ and γ,

since these control the T cell infiltration rate and the growth rate of the tumour

which are arguably patient specific. In Section 4.4 we found that tumour equilibria

were found by determining the roots of a sixth order polynomial and therefore we

are constrained to numerical methods. This method reframes the steady states in

order to gain an understanding of how the relative fraction of the different T cell

populations and tumour populations relate to the parameters σ and γ explicitly.

Inserting N∗R = fNN
∗/(1− fN) and T ∗E = fTT

∗
C/(1− fT ) into equations (4.19)–(4.22)

we find

N∗ =
β

φ
, N∗R =

δEfT
ν(1− fT )− rfT

,

T ∗C = γR +
γθ(1− fN)

fN
, T ∗E =

fT
1− fT

(
γR +

γθ(1− fN)

fN

)
,

(4.43)

γ =
γRfNκ

(1− θ)fN − θκ(1− fN)
, σ = T ∗C

(
1 +

β (νfNβ
2 + (νfN − α(1− fN))φ2)

φ (β2 + φ2) (1− fN)

)
,

(4.44)

where

κ = 1 +
kEfT

1− fT
, φ =

fN(ν(1− fT )− rfT )

(1− fN)(1− fT )
and β =

δEfT
1− fT

. (4.45)

Note that the tumour-free state corresponds to fT = 0. In this case β = 0 and

therefore N∗ = 0 and T ∗C = σ from equation (4.44). Likewise T ∗E = fTT
∗
C/(1−fT ) = 0.

These are tumour-free steady state populations (see equation (4.23)).
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4.6.1 Tumour elimination, equilibrium and escape

In the following we fix all parameters at their default values, apart from σ and γ

which are defined in terms of the fractions fN and fT via equation (4.44). To predict

the conditions necessary for tumour elimination, equilibrium and escape, we scan over

these fractions. Permissible solutions with non-negative populations and parameters

do not generally exist for all fN and fT . This is illustrated by the grey region in Figure

4.8. The upper limit of the grey region in Figure 4.8 corresponds to fT = ν/(r + ν)

since any larger value would make φ < 0 in equation (4.45) and therefore give negative

tumour populations. (In fact N∗, N∗R → ∞ as fT → ν/(r + ν) because φ → 0, and

moreover σ →∞.) The limit on the left edge of the grey region in Figure 4.8 occurs

where γ →∞ (where T ∗C , T
∗
E →∞ as well), which according to equations (4.44) and

(4.45) occurs when
(1− θ)fN

1− fN
=
θ(1− fT + kEfT )

1− fT
. (4.46)

(This equation can be directly solved to give fN as a function of fT or vice versa.)

Where solutions exist, we determine their linear stability in order to predict whether

tumour escape might be possible from a tumour equilibrium state.

Figure 4.8 illustrates how the tumour equilibria (N∗, N∗R, T
∗
C , T

∗
E) change as we

vary the fractions fN and fT , while in Figure 4.9 we plot σ and γ as functions of fN

and fT . The bold black curve shows the margin of stability for the tumour-free state

for the parameters σ and γ given in equation (4.44). The bold red curve corresponds

to the margin of stability of the tumour equilibrium state with instability found above

this curve. It is important to note that for every tumour equilibrium state shown in

these figures there is a distinct tumour-free state with the same values of σ and γ

(see black curve in Figure 4.10). The tumour-free state is unstable below the bold

black curve. Hence if the tumour equilibrium state is unstable, it cannot be attracted

to the tumour-free state. It might appear that the only other possibility is tumour

escape but in fact there may exist another tumour equilibrium state for the same

parameters σ and γ which is stable. This is seen by overlaying the contour lines for

σ (blue curves) and γ (red curves) over the (fN , fT ) parameter space as illustrated

in Figure 4.11. Here following a contour line for γ and another for σ the two curves

cross twice representing two points in (fN , fT ) space with the same values of σ and γ.

This is illustrated by the black dots in Figure 4.11. This identifies the two equilibria

to the right of the fold point, σ = σF in Figure 4.6, with one point lying below the

bold red curve in the stable region, and other lying above it in the unstable region.
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Figure 4.8(a)–(d) illustrates the size of the steady state populations N∗, N∗R ,T ∗C
and T ∗E as a function of fN and fT . The immune-sensitive tumour population gener-

ally increases with fT but decreases with fN , whereas the immune-resistant tumour

population is purely dependent on fT (see equation (4.43)). The cytotoxic T cell

population mainly varies with fN , increasing as fN decreases. The exhausted T cell

population generally increases with fT but also with decreasing fN . In general the

largest populations are found in the upper left hand corner and the smallest popula-

tions are found in the lower right hand corner.

Note that the increase in N∗R with fT is expected since when fT is large the T

cells are dominantly in an exhausted state. This allows the immune-resistant tumour

population to flourish as the immune-resistant tumour population is killed only by the

cytotoxic T cells (see equation (4.8)). The tumour population N∗ = (1− fN)N∗R/fN ,

and so is necessarily largest for small fN . Note when fN < 0.5, N∗ > N∗R. The T

cell population T ∗C depends primarily on fN , increasing as fN decreases. This can be

seen by returning to equations (4.7) and (4.9) for N and TC . TC kills off tumour cells

which reduces the tumour population but the T cells also proliferate at a rate which

depends in a biphasic way on the number of tumour cells. Finally, the exhausted T

cell population T ∗E also depends primarily on fN but shows a stronger dependence on

fT . This stronger dependence comes from the fact that T ∗E/T
∗
C = fT/(1− fT ), which

increases with fT as observed.

For clarity, a cross section at fT = 0.5 is shown in Figure 4.10 for both N∗ and T ∗C .

The red curves in each panel correspond to the equilibrium populations plotted in

Figure 4.8(a) and (c). In panel (b) for T ∗C , the black curve shows the tumour-free state

while the magenta curve shows the non-trivial fully immune-resistant tumour state

(for the parameters σ and γ determined by equation (4.44)). The tumour equilibria

are unstable over a range of fN extending from approximately 0.4 to 0.75 consistent

with the region of instability below the bold red curve in Figure 4.8. The tumour-

free state is unstable except for fN > 0.9, again consistent with Figure 4.8. The

non-trivial fully immune-resistant tumour state is always unstable (magenta curve).
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Figure 4.8: Equilibrium populations for the (a) immune-sensitive tumour cells N∗,
(b) immune-resistant tumour cells N∗R, (c) cytotoxic T cells T ∗C , and (d) exhausted
T cells T ∗E, as a function of the total fraction of T cells fT and tumour cells fN (see
equation (4.43)). Population sizes (log10 scaled) are indicated by contour lines with
dashed lines corresponding to negative log10 values and solid lines corresponding to
positive log10 values. Key: the bold red line represents the margin of stability of
the tumour equilibrium state, with instability above this line; the bold black line
represents the margin of stability of the tumour-free state, with instability below this
line. Colour: low values indicated by blue and high values indicated by red. The
grey region indicates where no tumour equilibrium solutions are possible. Parameter
values: except for γ and σ all remaining parameters are fixed at their default values.
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(a) log10 σ (b) log10 γ

Figure 4.9: Parameters (a) σ and (b) γ as a function of fN and fT , as given by
equation (4.44). Parameter values for γ and σ (log10 scaled) are indicated by contour
lines. Key: as in Figure 4.8. Parameter values: except for γ and σ all remaining
parameters are fixed at their default values.

(a) N∗ (b) log10 T
∗
C

Figure 4.10: Variation of (a) N∗ and (b) log10 T
∗
C with fN for fT = 0.5, as given

by equation (4.43) together with the tumour-free state (black) and tumour-resistant
state (magenta) determined from equations (4.23) and (4.24) for the same parameters
σ and γ. The green vertical line indicates the minimum value of fN at the left hand
edge of the parameter space, determined from equation (4.46). Note that σ and γ
vary with fN in these figures. Parameter values: all other parameters are fixed at
their default values.
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(a) Contour lines for log10 σ and log10 γ

Figure 4.11: Crossings of contours for σ (blue curves) and γ (red curves) over the
(fN , fT ) parameter space to illustrate the double crossing of the same value of σ and
γ, demonstrating the existence of two tumour equilibria one which is linearly stable
and the other linearly unstable. Parameter values: apart from σ and γ which vary
with fN and fT , all other parameters are fixed at their default values.

The dependence of σ and γ on fN and fT is illustrated in Figure 4.9. When

the tumour population is predominantly composed of an immune-resistant tumour

population (fN → 1) and/or the T cell population is predominantly composed of

cytotoxic T cells (fT → 0), the rate of infiltration of the T cells is small. For small

fT , specifically when we are below the bold red curve, this state of equilibrium is

stable. This implies that the infiltration of cytotoxic T cells is adequate to control

the tumour in this state. However when fN is nearly 1 (corresponding to a tumour

population dominated by immune-resistant tumour cells) this state of equilibrium is

unstable. The tumour growth rate is large when the tumour population is dominated

by immune-sensitive tumour cells and depends only weakly on fT . Here there is

a balance between production of tumour cells and infiltration of cytotoxic T cells

preserving the state of equilibrium. (Note the close correspondence between Figure

4.8(c) and Figure 4.9(b).)

4.6.2 Nonlinear stability

We turn next to the prognosis of a given patient defined by their fractions of T

cells and tumour cells at steady state (fN , fT ). To this end, in Figure 4.12 we show

what happens to a perturbed equilibrium state in equations (4.7)–(4.10) over the
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(fN , fT ) parameter space. The model is initialised close to the tumour equilibrium

corresponding to a specific fN and fT . Specifically, we increase the immune-sensitive

tumour population by 10% and integrate the model equations for 20000 units of

time. If at the end of the simulation, N < N∗/10, NR < N∗R/10, TE < T ∗E/10 and

TC − σ < σ/10, we say the tumour is destined for elimination (note the tumour-free

state has N∗ = N∗R = T ∗E = 0 and T ∗C = σ). On the other hand, if at the end of the

simulation N > 10N∗ and NR > 10N∗R, we say that the tumour is destined for escape.

There are two other possibilities. The first is that the tumour stays near its initial

equilibrium. We say this occurs if at the end of the simulation |N − N∗| < N∗/10,

|NR −N∗R| < N∗R/10, |TC − T ∗C | < T ∗C/10 and |TE − T ∗E| < T ∗E/10. Otherwise, we say

the tumour is approaching a different equilibrium, which is necessarily stable. Note

the results shown in Figure 4.12, generated for approximately 16000 (fN , fT ) points,

took approximately one week of computer time on an Intel i7−3930k single processor.

Starting from a tumour equilibrium below the bold red curve in Figure 4.12 (light

blue region) we remain in this state of equilibrium. In this region the T cell pop-

ulation is dominated by cytotoxic T cells (fT < 0.5). As fN → 1 and the tumour

population becomes dominated by immune-resistant tumour cells, the T cell popula-

tion consists primarily of cytotoxic T cells (fT → 0) to remain in equilibrium. The

small discrepancies between the stability boundary and the different shaded regions

in Figure 4.12 are caused by the finite integration time taken and the exceedingly

weak growth rates at small fT and large fN . In these cases the growth is too weak to

lead to sufficient growth over the integration time. If integrations could be performed

indefinitely the lower right red region is expected to dip down and occupy the region

to the right of the bold red curve for fT < 0.5 approximately. Similarly, the small

blue region near the top of the bold red curve is due to the weak growth rates near

the margin of stability. Above the bold red curve, where the tumour equilibrium is

unstable, in most cases the tumour escapes (red regions). There is however, a wedge

of stability encompassing the light red and blue regions, where the tumour either set-

tles to another stable equilibrium or is eliminated altogether. Elimination can only

occur when the tumour-free state itself is linearly stable and this only occurs in the

region above and to the right of the bold black curve. In the region of elimination

the tumour population is initially dominated by immune-resistant cells and the T cell

population is initially dominated by exhausted cells. The rate of T cell infiltration

however, is relatively large and the tumour growth rate relatively small in this region

(see Figure 4.9), explaining why the dynamics leads to tumour elimination. Notably
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starting from the upper part of the light blue equilibrium region and moving diago-

nally upwards towards the upper right corner of Figure 4.12, according to Figure 4.9

the T cell infiltration rate increases strongly beyond the upper black curve while the

tumour growth rate remains approximately constant or decreases. In conclusion the

increased rate of T cell infiltration favours tumour elimination, as expected.

In summary, we find that to remain in a dormant tumour equilibrium state, the

T cell population must be dominated by cytotoxic T cells. This behaviour arises irre-

spective of the composition of the tumour population. On the other hand, when the T

cell population is initially dominated by exhausted T cells or the tumour population is

initially dominated by immune-resistant tumour cells, the tumour generally escapes.

The exception is when both the exhausted T cell population and immune-resistant

tumour population are initially relatively large. In this case the growth rate of the

tumour is sufficiently small and the infiltration rate of cytotoxic T cells is sufficiently

large to eliminate the tumour.

The results presented here provide a unique way of looking at the long time

model behaviour as a function of the compositions of the tumour populations and

the cytotoxic T cell populations to explain escape from a tumour equilibrium state.

These results may be used as a guide to stratify patients according to the relative

level of exhausted to cytotoxic T cell populations and immune-resistant to immune-

sensitive tumour populations. Moreover, this approach enables one to determine

patient specific parameters given experimental data on the steady state compositions

of tumour and T cell populations.
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Figure 4.12: Long term outcome of the evolution from a perturbed tumour equilibrium
state for given parameters fN and fT . The equilibrium is perturbed by increasing
the steady state tumour population by 10%, leaving all other populations unchanged.
Key: red region: the tumour escapes; blue region: the tumour is eliminated; light
red region: the tumour settles to another tumour equilibrium; light blue region: the
tumour stays in its original equilibrium state.

4.7 Immunotherapy

The analysis in Section 4.6 indicates that there are favourable regions of parameter

space that can lead to elimination and that these regions depend on the relative

proportion of the cytotoxic T populations and tumour populations as well as the

parameters controlling the rate of T cell infiltration and tumour growth. Although

several immunotherapies have shown promising results the responses are not uniform.

In light of this there is a need to identify appropriate biomarkers to stratify patients

according to their clinical response. As discussed in Section 4.1, a number of authors

argue that a patient’s ‘immune contexture’ in the tumour microenvironment could be

used to predict a patient’s response to treatment [195].

In this study we investigate how the initial ratios of exhausted to cytotoxic T cells

and immune-resistant to immune-sensitive tumour cells affects a patient’s response to

treatment. We focus on an IL-2 therapy [105] and a TCB antibody [171, 16]. These
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immunotherapies have shown recent success in pre-clinical studies especially when

used in combination [88].

IL-2, a cytokine produced by activated helper T cells, modulates the immune re-

sponse by expanding populations of innate and adaptive immune cells. Due to its

potential to elicit an effective anti-tumour immune response by boosting the number

of effector T cells available to target the infected cells, high-dose IL-2 (aldesleukin)

therapy has been approved for treating renal cell carcinoma and malignant melanoma,

showing long-term tumour-free survival for some patients [62, 104, 164]. However due

to its dual role, promoting the differentiation and consequent expansion of the reg-

ulatory T cell population [127] and increasing the Fas/Fas-L induced death of the

effector T cells, therapeutic outcomes are not consistently favourable [164]. Further-

more, standard delivery of this therapy often causes immune-adverse affects (e.g.

cardiovascular, neurological and gastrointestinal problems) [164]. In a recent pre-

clinical study [105], an IL-2 variant was designed to preferentially expand effector T

cells over regulatory T cells and extend their half-life so that therapy need not be

continuously injected to maintain a certain level of the drug in the blood serum.

More recently immunotherapy, a T Cell Bispecific (TCB) antibody has been de-

signed to promote binding of T cells and tumour cells resulting in potent killing of

the tumour cells by the T cells and in polyclonal activation of the T cells. A TCB

antibody consists of two arms; one arm targets the non-specific part of the TCR,

specifically the CD3ε chain (one of the four chains that make up the CD3 protein

cluster found on the TCR) and the other arm targets a specific tumour antigen. In

patients with healthy (i.e. non-exhausted T cells) such treatment enhances T cell

activation, cytokine production and tumour cell killing [171, 16].

In this section we aim to identify the treatment (TCB antibody, IL-2 therapy, or

both) that drives a patient destined for tumour escape to elimination (if possible).

We assume that a TCB antibody acts by expanding the number of T cells infiltrating

the tumour and enhancing the killing capacity of the exhausted T cells. We mimic

these effects by amplifying the rates of T cell infiltration, σ, and tumour cell killing

by the exhausted T cells, kE. Similarly, we assume that IL-2 therapy increases the

number of cytotoxic T cells, and we model this by increasing the proliferation rate of

the cytotoxic T cells, α.

4.7.1 Model formulation

We propose a highly simplified model of drug treatment where the drug is added

at an early time and decays before being re-introduced into the system (periodically
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delivered). This is motivated by experimental observations from a pre-clinical study of

the effects of a CEA-TCB antibody where the antibody concentration was measured

over time [16]. Bacac et al. (2016) [16] (their supplementary Figure 2) show that the

antibody concentration first rapidly decays then subsequently slowly decays back to

small levels. To mimic this evolution, we propose the following model

kE(t) = kE0 + ∆kEA(t) , (4.47a)

σ(t) = σ0 + ∆σA(t) , (4.47b)

α(t) = α0 + ∆αA(t) . (4.47c)

where kE0, α0 and σ0 are the rates in the absence of treatment, and the increments

∆kE, ∆σ and ∆α mimic the drug treatment. The amplification factor A(t) is taken

to be

A(t) =
n∑
j=0

f(t− tinit − jP ) , (4.48)

where

f(τ) =

{
0 if τ < 0

Ce−δaτ
(
1− e−τ/ε

)
if τ ≥ 0 ,

(4.49)

and

C =
1

cδaε(1− c)
where c =

δaε

δaε+ 1
. (4.50)

Here P is the period, n is the integer (floor) value of (t − tinit)/P , δa is the rapid

decay rate of the antibody, ε is the short time associated with the injection of the

antibody, and tinit is the time at which the drug is first administered. Note: n < 0

when t < tinit. The form of A(t) is shown in Figure 4.13 for the parameters tinit = 0,

ε = 0.01, δa = 0.5 and P = 7.

The parameters kE0 and α0 are taken to be their default values in the absence

of treatment, i.e. kE0 = 0.1 and α0 = 1. The parameter σ0 is taken to be the value

corresponding to the equilibrium for a specific fN and fT value (see equation (4.44)).

The changes ∆kE, ∆σ and ∆α are taken proportional to kE0, α0 and σ0, for simplicity.
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Figure 4.13: The scaled concentration of the antibody given in equation (4.49) intro-
duced periodically to the system, following the observations and predictions made in
[16], supplementary Figure 2.

4.7.2 Results

Here we consider the combined effects of a TCB antibody (through variations in kE

and σ) and high dose IL-2 therapy (through variations in α) for a patient destined for

tumour escape or living with a dormant tumour (see Figure 4.12 in Section 4.6.2). We

explore the response to treatment as a function of (a) the period of re-administration

and (b) the fractions of tumour cells and cytotoxic T cells, fN and fT respectively.

Figure 4.14 examines the effect of the period over which the drug is administered.

When the drug is repeatedly administered over short periods (black curve), the tu-

mour is eliminated. Considering a period twice as long, repeated administration of

the drug still manages to eliminate the tumour (grey curve). However for a longer

period (light grey curve), the tumour escapes despite an early reduction in its size.

Here we consider treatment after one unit of time tinit = 1. We find that the longer

the time between initial detection and initial dosage, the higher the frequency of

dosages are necessary to prevent tumour escape (not shown). In practice, the period

of administration will likely depend also on the decay rate of the drug, δa. Therefore

a careful examination of all of these factors is necessary to determine the appropriate

period over which the drug should be re-administered.

145



P = 14

P = 7
P = 3.5

Figure 4.14: Evolution of the (a) tumour population N(t) and (b) the cytotoxic T
cell population TC(t) obtained by solving equations (4.7)–(4.10) with parameters kE,
σ and α evolving according to equation (4.47) for three different periods P = 14
(light grey), P = 7 (grey) and P = 3.5 (black). Here tinit = 1, δa = 0.5, ε = 0.01,
kE0 = 0.1, σ0 = 1.0, α0 = 1.0, ∆kE = 0.1kE0, ∆σ = 0.1σ0, ∆α = 0.1α0. All remaining
parameters are fixed to their default values. The system is initialised by increasing
the N population by 10% relative to the tumour equilibrium state for fN = 0.35 and
fN = 0.7.

Next we fix the period and explore the therapeutic outcomes of an IL-2 therapy

and a TCB antibody, for three pairs of fractions fN and fT . In each case we present

results for periodic variations of the parameters (see equation (4.47)) as well as the

effect of maintaining the time average of each parameter. The latter situation mimics

a scenario in which the drug increases the parameter to some value and keeps it fixed

for t > tinit. As it is unclear how the drug directly affects the model parameters, it is

important to consider contrasting scenarios.

In Figure 4.15 we summarise the combined effects of a TCB antibody and IL-2

therapy for patients characterised according to their fractions of tumour cells and T

cells, fN and fT . For patients destined for tumour escape without treatment, we find

that escape is only avoided if the drug is administered periodically at a sufficient fre-

quency, which depends on the time after the initial tumour detection and treatment

delivery. Notably if either therapy is administered alone tumour escape is unavoidable

(results not shown). Hence the combined therapy appears to be necessary, echoing

the findings of Kirschner and Panetta [102]. On the other hand, if the tumour is in

a dormant tumour equilibrium state (black and light grey curves), repeated admin-

istration of the drug at this dosage is unable to perturb the system sufficiently to

eliminate the tumour and instead the tumour remains close to its dormant state.
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We next consider the effect of dosage size on a dormant tumour state. We consider

the same case fN = fT = 0.5 considered in Figure 4.15 (black curve). In Figure

4.15 we chose a dosage to increase kE, σ and α by 10% which was seen to have

no appreciable effect on the dormant tumour equilibrium state. We next consider

dosages of 20%, 100% and 500% and present the results in Figure 4.16. The smallest

dosage leads to only a minor reduction in the tumour size over a long period of time

(500 units of time). A more significant reduction is seen for a dosage which doubles

the values of kE, σ and α. At the highest dosage level the tumour has reduced to 1%

of its original size after 150 units of time. These results show that the level of dosage

has a direct impact on the reduction in size of dormant tumours.

(a) tumour population N(t) (b) cytotoxic T cell population TC(t)

Figure 4.15: Evolution of the (a) tumour population N(t) and (b) the cytotoxic
T cell population TC(t) obtained by solving equations (4.7)–(4.10) with parameters
kE, σ and α evolving according to equation (4.47) for (fN , fT ) = (0.5, 0.5) (black
curve), (fN , fT ) = (0.35, 0.7) (grey curve) and (fN , fT ) = (0.9, 0.6) (light grey curve).
Continuous lines correspond to periodic administration of the drug while the dashed
lines correspond to using the time average values of kE, σ and α. Here tinit = 1,
δa = 0.5, P = 7, ε = 0.01, kE0 = 0.1, α0 = 1, and ∆kE = 0.1kE0, ∆σ = 0.1σ0

and ∆α = 0.1α0 with σ0 varying according to the pairs of fractions taken. Here all
remaining parameters are fixed at their default values. The system is initialised by
increasing the N population by 10% relative to the tumour equilibrium state for each
(fN , fT ) considered.
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(a) tumour population N(t) (b) exhausted T cell population TE(t)

Figure 4.16: Evolution of the (a) tumour population N(t) and (b) exhausted T cell
population TE(t) obtained by solving equations (4.7)–(4.10) with parameters kE, σ
and α evolving according to equation (4.47) for (fN , fT ) = (0.5, 0.5) and for a variety
of dosages which increase kE, α and σ by 20% (black curve), 100% (grey curve), and
500% (light grey curve) respectively. All other parameters are the same as used in
Figure 4.15.

In summary, combining IL-2 therapy and a TCB antibody can prevent escape

provided the drug is delivered periodically. On the other hand, if either therapy

is administered alone then tumour escape is inevitable. For tumours in a dormant

equilibrium state, a sufficient shift in the parameters mimicking the drug is necessary

to significantly reduce the size of the tumour.

4.8 Discussion

We have proposed a new mathematical model to examine the effects of T cell ex-

haustion on interactions between heterogeneous tumour cells and cytotoxic T cells.

We have accounted for exhausted and cytotoxic T cells as well as immune-resistant

and immune-sensitive tumour cells. The effects of T cell exhaustion have previously

only been examined experimentally [171, 189]. To our knowledge, this is the first

mathematical model designed to address how the composition of cytotoxic T cells

and tumour cells dictates escape from a tumour equilibrium state. While idealised,

our mathematical model provides more detailed information about the time evolution

of the relevant cell populations than is currently available experimentally. We have

used the model to reveal how the fractions of tumour cells and cytotoxic T cells can

be used as a way of predicting response outcomes initialised about a dormant tumour
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equilibrium. Based on these results, we used the model to explore two immunothera-

pies, a TCB antibody and IL-2 therapy, for different fractions of T cells and tumour

cells.

From the simple design of the model, we have been able to comprehensively ex-

plore how the three Es of immunoediting arise as key model parameters vary. There

have been numerous studies arguing that the infiltration of immune cells, specifically

cytotoxic T cells, is associated with better outcomes [66]. We find that tumour elim-

ination and equilibrium states exist independently, with a tumour equilibrium state

arising for moderate rates of T cell infiltration and a tumour elimination state arising

for high rates of T cell infiltration. Based on these findings we explored how varia-

tions in other model parameters affect the qualitative behaviour over changes in the

infiltration rate of the cytotoxic T cells. We identified the tumour growth rate as an

important parameter. Our results suggest that a fine balance must be achieved be-

tween the tumour and cytotoxic T cell populations in order to avoid tumour escape,

as observed in aggressive, poorly immunogenic cancers such as pancreatic cancer [18].

This motivated an alternative approach examining tumour cell and T cell composi-

tions (i.e. fractions) as a way of predicting tumour outcome.

Through this approach, we have been able to explicitly determine the regions

where tumour elimination, equilibrium and escape may occur as a function of these

population fractions. Moreover, this approach enables us to determine patient specific

parameters, in particular the infiltration rate of the cytotoxic T cells and the growth

rate of the tumour. Thus, while no classical biomarker exists, the present mathe-

matical model may be regarded as such. Further model developments may provide

greater confidence in our predications and may reveal new biomarkers. By examining

the linear stability and nonlinear evolution of perturbed tumour equilibria, we have

found that there are four possible outcomes. If the tumour equilibrium is linearly

stable, it persists. When it is unstable and where the corresponding tumour-free

state is also (linearly) unstable, either the tumour escapes or the system settles to

another stable tumour equilibrium. When the tumour-free state is stable (this occurs

only in the region where the tumour equilibrium is unstable), the tumour may either

be eliminated or may escape. Elimination occurs when the initial population of T

cells is dominated by exhausted T cells, and when the initial population of tumour

cells is dominated by immune-resistant tumour cells. While this appears to be an

unfavourable situation, the tumour equilibrium in this region is associated with both

a small tumour growth rate and a relatively large T cell infiltration rate, evidently

sufficient to lead to tumour elimination.
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The final part of this chapter examines, in an idealised way, the effects of two

immunotherapies: a T cell bispecific (TCB) antibody and IL-2 therapy. Our results

suggest that for patients destined for tumour escape, repeated administration of com-

bined TCB and IL-2 therapy is required for long-term progression-free survival. In

fact, we find that the dosage frequency is dependent on the time between initial de-

tection of the tumour and the first administration of therapy. For patients destined

for tumour escape, both the frequency of dosage and the dosage size vary with the

time lag between initial tumour detection and first administration, indicating that

early diagnosis is beneficial. For patients having a dormant tumour the dosage size

appears to bere important. A small to moderate dosage has no effect but a high

dosage, equivalent to multiplying five times the various parameters enhancing T cell

proliferation, infiltration and killing, leads to a substantial reduction in the tumour

population.

A limitation of the model developed in this chapter is that it does not account for

spatial distributions of cytotoxic and exhausted T cells in a tumour, as observed in a

number of clinical studies [66, 71]. A natural extension of this model, therefore, would

be to include spatial effects through chemotaxis and random motility. This would

allow a study of how distributions of exhausted and cytotoxic T cells in the tumour

mass affect model outcomes, and help elucidate the importance of these distributions

on treatment. Another extension could be to combine aspects of the present model

with those developed in Chapter 3, to explicitly account for the dynamical coupling

between T cell functionality in tumour-immune dynamics.
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Chapter 5

Conclusions

Tumours are by nature highly heterogeneous entities. They are composed of an array

of different cell types such as fibroblasts, endothelial cells and immune cells. The

malignant cancer cells form relationships with all of these various cell types in the

tumour microenvironment, suppressing their normal function to allow for tumour

growth. In this thesis we have considered different aspects of tumour and immune

cell heterogeneity in the tumour micronevironment. Through a series of ordinary

differential equation models we sought to examine how different aspects of hetero-

geneity in subpopulations of T cells, functional states of the cytotoxic T cells and

subpopulations of tumour cells affect the ability of the immune system to cope in the

presence of a tumour. Specifically we proposed three distinct ODE models to address

the following three questions:

1. Given disagreement in the field about the importance of helper T cells in either

facilitating or suppressing tumour growth, what is the relative effectiveness of

cytotoxic versus helper T cells in controlling tumour growth?

2. How do the rates of exhaustion of individual T cell functions, specifically their

killing, infiltration and proliferation rates, suppress or facilitate tumour escape?

3. Given that infiltrating T cell populations exist in various functional states, how

do the ratios of exhausted to functional T cells and immune-resistant to non-

resistant tumour cells affect tumour escape?

The manner in which these were addressed is discussed below after a general summary

of the modelling approach adopted, and its potential for advancing cancer research.

Given the growing impact of cancer in today’s society it is important to formulate

predictive models that can provide insight into fundamental mechanisms and potential

treatment [6]. Mathematical models have a distinct advantage over pre-clinical models
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as they offer a comprehensive means to widely explore parameter space at low cost.

Such models may not only be used as predictors but as potential biomarkers.

In a recent review article, Altrock et al. (2015) [6] have argued that while math-

ematical modelling of cancer is vital to efforts seeking to improve our understanding

of this disease, due to a lack of high quality experimental data there remain problems

fitting these models to available data. They suggest that a more integrated approach

is needed first to acquire appropriate data and second to adjust the mathematical

models to align with clinically observed behaviour. They attest that the mathemat-

ical models offer new, flexible, inexpensive tools to probe this disease in ways that

were not previously possible. Such models may be used to help explain the variability

exhibited by patients in their response to treatment, and in the longer term, save time

and resources as well as improve the patient’s quality of life through better targeting

of treatment.

Models of increasing sophistication and complexity, although arguably closer to

biological reality, require an increasing number of parameters. Under these circum-

stances, authors are forced to make estimates based on a wide range of different

experimental and clinical studies [39]. As discussed in Chapter 2, estimates for the

same parameters used across the modelling literature span wide ranges of values. The

discrepancy in these estimates may be explained, at least in part, by the variability

between species when drawing upon data acquired from different species, as well as

variability in model design. Due to insufficient high quality time-series data, a theo-

retical approach has been adopted in this thesis. The relative simplicity of the models

proposed permit significant analytical progress and allow one to identify important

relationships between model parameters and variables. Such analytical approaches

in combination with numerical solutions have enabled us to study, in detail, some

of the fundamental interactions that contribute to observed tumour-immune dynam-

ics. The conclusions from our theoretical studies may aid the identification of future

biomarkers targeting aspects of heterogeneity of tumour and immune cells, and may

also contribute to the design of novel patient-specific immunotherapies.

We have developed theoretical models to examine cancer progression in patients

having a range of immune responses, focusing on aspects of heterogeneity in the T

cells of the adaptive immune response. Past clinical studies looking at a variety

of different cancer types have shown high inter-patient variability in the levels of

T cell infiltration correlating with patient survival and rate of recurrence [66, 36].

The importance of the immune system in influencing the development of cancer has

highlighted the need for a biomarker to classify patients according to the strength
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of the immune system. In recent years a new score, termed the ‘Immunoscore’, has

been proposed, which classifies colorectal cancer patients according to their levels of

cytotoxic T cells and memory T cells residing in the core of the tumour as well as in

the periphery [71, 70]. This method of patient categorisation has been found to be

a better predictor of overall patient survival than other markers in this cancer type

[134].

To understand how the tumour can escape the immune system, which in theory

should be able to eliminate the tumour before it develops into a clinically detectable

size [27], many clinicians and mathematicians have sought to understand the impact

of immunosuppressive effects in the tumour microenvironment. In this thesis the

aim has been to develop simple mathematical models to comprehensively explore

key aspects of immunosuppression, with specific focus on T cell exhaustion. T cell

exhaustion primarily occurs as a result of chronic exposure to tumour antigen leading

to the gradual loss of function of effector cytotoxic T cells. A number of recent studies

have illustrated how the density, as well as the degree of exhaustion correlates with

patient outcomes [172, 189]. The models presented here examine T cell exhaustion

in two ways: (1) how distinct T cell functions are implicated in tumour escape, and

(2) how the composition of the immune population (specifically the relative levels of

exhausted and cytotoxic T cells) affects model outcomes.

The three models developed in this thesis have been designed to capture the three

Es of Immunoediting: Elimination, Equilibrium and Escape defined by Dunn et al.

(2004) [52]. The three models considered different aspects of immune and tumour

cell heterogeneity through (1) the inclusion of subpopulations of helper and cytotoxic

T cells, (2) varying states of cytotoxic T cell exhaustion, (3) subpopulations of T

cells (cytotoxic and exhausted) together with tumour cells (immune-sensitive and

resistant). In each model we have quantified the impact of the strength of the immune

system, characterised by either (a) the rate of infiltrating T cells or (b) the ratio of

the baseline T cell population in the absence of the tumour to the T cell population

required to arrest the growth of the tumour — the ‘T cell efficacy’. The research

carried out in this thesis has enabled us to better understand the conditions for

tumour escape, and specifically how they depend on different subpopulations of T

cells, their rates of exhaustion and the presence of immune resistant versus immune

responsive tumour cells. In each model key parameters were identified which separate

tumour escape from either tumour elimination or equilibrium. This is arguably the

most important practical outcome of this thesis.
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A common behaviour was observed throughout: provided the immune system is

sufficiently strong and the initial number of tumour cells is sufficiently small, tumour

elimination occurs. On the other hand, for a weak immune system, tumour escape

is often the only possible outcome. But there is another possibility. We have often

found a tumour equilibrium either in the form of a finite steady state or a stable

limit cycle (oscillatory solution). Oscillatory solutions are a feature of a number of

mathematical models of tumour-immune interactions [110, 160, 202, 55, 126]. Clinical

findings are mixed however. Oscillations in the measured number of immune cells have

been observed in patients with various different cancer types [99, 38]. Other authors

have claimed there is no evidence of such oscillatory behaviour [123]. Mathematical

models can be used to understand the nature and origin of oscillations as well as

provide insights into the potential for oscillations to be observed clinically.

The finite tumour equilibrium steady state, often referred to as a dormant tumour,

is of particular interest. It has been the focus of much experimental and clinical re-

search, and mathematical models have been developed to better understand mecha-

nisms responsible for tumour escape from a dormant state [160, 110, 121]. This state

appears to be influenced by a number of factors in the tumour microenvironment

[179]. The immune cells are believed to play a primary role. Experiments on mice

have shown that if a tumour is in a dormant state for an extended period of time, the

immune cells prune the tumour cells leaving behind those that are poorly immuno-

genic. In the models developed in this thesis, we find that a dormant state arises

from a balance between tumour immunosuppression (damped T cell function in the

presence of a tumour) and a moderately functioning immune response.

In Chapter 2 we extended a predator-prey model (Kuznetsov et al. [110]) of tumour

and cytotoxic immune cell interactions to include an effector helper T cell popula-

tion. (This work forms a paper which is now published in the special issue of Letters

in Biomathematics: Modeling Tumor-Immune Dynamics, Disease Progression, and

Treatment (2018) [50].) This model accounted for heterogeneity through subpopu-

lations of cytotoxic and helper T cells. The extended model was also developed to

account implicitly for the effects of immunosuppression with growing tumour size.

This was done by including a biphasic term for the rate of helper T cell prolifera-

tion, which reaches a maximum at a critical tumour population. This term accounts

for the fact that when the immune system is in the presence of a small amount of

tumour antigen the proliferation rate of T cells is low. Likewise, the reduction in

T cell proliferation in the presence of a large amount of tumour antigen captures

the effect of immunosuppression. We found that increases in the infiltration rates of
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either T cell population had similar effects on the long-time behaviour of the model,

and a combination of both was beneficial for patients. We further found that the

model outcomes could be predicted according to the rate of infiltration of the cyto-

toxic (or helper) T cells into the tumour. These results suggest that patients may

be stratified according to their rate of T cell infiltration into three groups: immuno-

compromised, normal functioning and highly functioning immune systems. Due to

the small number of model parameters, a comprehensive exploration across param-

eter space was feasible. This revealed the importance of the parameters controlling

immunosuppression on model outcomes of elimination, equilibrium and escape. For

the normal functioning group, the tumour equilibrium state was found to exist either

as a stable (dormant) steady state or as a stable limit cycle (oscillation). Otherwise

elimination more commonly occurs for the highly functioning group and escape for

the immunocompromised group.

This relatively simple model, consisting of just three variables (helper and cy-

totoxic T cell populations and a tumour cell population), nonetheless reveals a rich

bifurcation structure and permits significant analytical progress. For instance we were

able to subdivide parameter space into regions associated with different numbers of

steady states and their corresponding linear stability. By exploiting a small parame-

ter we were able to obtain accurate expressions for both the small tumour equilibrium

state as well as the fold point from which the large tumour state emerges (this state

represents escape in the model). Furthermore from the small tumour steady state

we could deduce the change in stability at which Hopf bifurcations occur and limit

cycles arise. Having identified the point at which limit cycles emerge, a limit cycle

amplitude equation in the neighbourhood of a Hopf bifurcation point was derived

through a weakly non-linear analysis to cubic order in a small parameter representing

the ‘distance’ from the Hopf bifurcation. This analysis was shown to accurately rep-

resent the fully nonlinear dynamics in the vicinity of the Hopf bifurcation point. The

research in this chapter clarified the importance of immunosuppression in tumour-

immune dynamics. Specifically, damping the rate of T cell proliferation increases the

region of tumour escape at the expense of the stable tumour equilibrium state. These

results highlight the need to study damping of all T cell functions (killing, infiltration

and proliferation) collectively.

To this end, in Chapter 3 we formulated a novel approach to modelling the effects

of T cell exhaustion on T cell killing, infiltration and proliferation in the presence

of an evolving tumour. This was motivated by current experimental and clinical re-

search, highlighting the role played by T cell exhaustion in an anti-tumour immune
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response [189, 172, 146, 18]. Instead of accounting for distinct subpopulations of

T cells, we modelled heterogeneity through the functional states of the cytotoxic T

cells. In Chapter 3, progressive exhaustion of the T cell population was modelled

by three separate ODEs describing the ability of the T cell population to kill, infil-

trate and proliferate in the presence of an evolving tumour. These T cell ‘functions’

consisted of a recovery component to a baseline value, mimicking the influx of new

non-exhausted T cells, and a degradation component proportional to the size of the

tumour population. Our approach complements previous theoretical models in which

immunosuppressive effects were examined through the inclusion of specific immuno-

suppressive components such as cells, molecules or size limitations mimicked through

only a portion of T cells being able to interact with the total T cell population (see

Robertson-Tessi et al. [160] and Leon et al. [114]).

Small variations in the parameters controlling the rates at which tumour cells

reduce the proliferation and cytotoxicity of T cells per tumour cell, ξα and ξk re-

spectively, were found to have the largest effect on model behaviour, particularly for

immunocompromised patients characterised by their T cell efficacy. Increases in ξα

reduce the region of parameter space where a tumour equilibrium state occurs, re-

placing it with escape. This is mirrored by decreases in ξk. Both such variations

increase the likelihood of tumour escape. By contrast, variations in the rate at which

tumour cells reduce the infiltration of T cells per tumour cell, ξσ, had a much less

pronounced effect. Even when ξσ was high, an equilibrium state remained for im-

munocompromised patients (low T cell efficacy). A counter-intuitive finding of the

model was the dual role played by the parameter controlling the exhaustion rate of

T cell killing, ξk. We found that there was an optimum ξk for immunocompromised

patients: when too low, the tumour is able to effectively counter attack the T cell

population allowing tumour growth (as discussed above); when too high, the T cell

population is unable to effectively kill the tumour. For patients with a high T cell

efficacy, the range of ξk leading to favourable outcomes expands, though small ξk still

leads to the least favourable outcomes.

The results of this research suggests that identification of the main inhibitory

receptor pathways responsible for damping the proliferative capacity of the T cells

is important for preventing tumour escape. Once identified, antibodies could be

designed to target these pathways early on during tumour development. Our results

indicate that excessive T cell killing may actually be unfavourable, and that some

level of exhaustion is preferable. This unexpected feature of the model may be due

to simultaneous decreases in the rate of T cell killing and tumour counter attack.
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This requires further investigation. A potential way to address this in future research

would be to have two separate rates for T cell killing and tumour counter attack,

replacing (1− φ)k(t) and φk(t) in equations (3.1) and (3.2).

As in Chapter 2 we observed that a tumour equilibrium state may exist either as

a stable steady state (dormant) or as a stable limit cycle (oscillation). However the

full model equations were too complex to make significant analytical headway, and

therefore many of the results had to be obtained numerically. A simpler version of

the model was therefore considered in which the rates of T cell killing, infiltration

and proliferation were combined into a single variable termed ‘T cell functionality’.

This led to a system of three ODEs which was analytically tractable. Notably, ana-

lytical solutions for the amplitude of stable limit cycles near their point of emergence

were derived. Moreover the disappearance of these limit cycles when their amplitude

becomes unbounded was described by a matched asymptotic analysis. The simpler

version of the model helped to clarify the global bifurcation structure present, pro-

viding a more complete understanding than is possible through numerical solutions

of the full model. The two models provided a complementary view of the evolution

of T cell function in the presence of a tumour.

The final model proposed in Chapter 4 combined key components of the models

developed in Chapters 2 and 3, and accounted for heterogeneity by including subpop-

ulations of T cells (exhausted and cytotoxic) and tumour cells (immune-sensitive and

resistant). A number of authors have argued for using characteristic components of

the tumour microenvironment, such as the level of cytotoxic T cells, as a biomarker

for better patient prognosis than that presently achievable with conventional tumour

node metastasis staging [68, 36]. Although a body of past research has identified

how high levels of cytotoxic T cells are associated with favourable outcomes, little

has been done to examine how the composition of functional and exhausted T cells,

specifically the fraction of exhausted to the total T cell population, affects outcomes.

This chapter was also motivated by the recent experimental study of Schreiner et al.

[172] showing a large population of highly exhausted T cells was associated with a

lack of response to treatment. There is thus a need to better understand the compo-

sition of T cells in the tumour microenvironment and its effect on tumour progression

and treatment.

In Chapter 4 the aim was not to distinguish between the individual effects of T

cell killing, infiltration and proliferation as in Chapter 3, but rather to understand the

interplay between exhausted and cytotoxic T cells in combating tumour growth. The

model in Chapter 2 was extended to include an immune-resistant tumour population
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and an exhausted T cell population. We assumed that when the cytotoxic T cells

come into contact with resistant tumour cells, the T cells become exhausted. These

exhausted T cells retain some capacity to kill the immune-sensitive tumour cells, but

this occurs at a reduced capacity compared to the functional T cells. The exhausted

T cells have no capacity to kill resistant tumour cells. Instead, when exhausted T

cells come into contact with resistant tumour cells, the exhausted T cells are removed.

This approach offers new insights into how T cell exhaustion affects tumour-immune

dynamics through explicit consideration of the composition of tumour and immune

cell populations.

The model behaviour was first explored by varying the cytotoxic T cell infiltration

rate together with other parameters which are likely to vary with both the patient

and cancer type. These included the growth rate of the tumour, the probability

of the tumour becoming immune-resistant, the conversion rate of functional T cells

into exhausted T cells, and the rate at which exhausted T cells kill immune-sensitive

tumour cells. We found as expected, the higher the tumour growth rate the higher

the infiltration rate of cytotoxic T cells needed to combat the tumour. Notably, apart

from the growth rate of the non-resistant tumour population, the parameters having

the greatest impact are all associated with the resistant tumour population.

We next explored a means of extracting patient specific parameters when the

ratios of exhausted to cytotoxic T cells and immune-resistant to sensitive tumour

cells at steady state were prescribed. This represents a novel approach to exploring

model behaviour, in particular the long-time evolution starting in a neighbourhood of

a tumour equilibrium state. Fixing these steady state cell population ratios enabled

us to determine two patient specific parameters: the tumour growth rate and the rate

of T cell infiltration. By comprehensively exploring all permissible cell population

ratios, we mapped out regions where a dormant tumour may either escape, settle to

another stable dormant equilibrium state, cease to exist (elimination) or remain in the

same (stable) equilibrium. A surprising finding was that tumour elimination occurs

in a region of parameter space characterised by relatively large numbers of resistant

tumour cells and exhausted T cells. The explanation for this behaviour is that, also in

this region, the tumour growth rate is relatively low and the T cell infiltration rate is

relatively high, and it is this infiltration of T cells that results in tumour elimination.

These findings could aid patient prognosis by predicting patient outcomes based on

their T cell and tumour cell compositions.

We next explored the effects of immunotherapy for patients destined either for

tumour escape or living with a dormant tumour. Here two immunotherapies were
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modelled: an IL-2 therapy designed to boost the functional T cells, and a T cell

bispecific antibody designed to increase the killing capacity and infiltration of the T

cells. For patients destined for tumour escape, we found that both the frequency of

drug delivery, and the dosage, depends critically on the time between initial tumour

detection and initial delivery of the drug. For patients with a dormant tumour, a high

dosage level appears to be essential in reducing the tumour size, possibly leading to

its elimination.

This thesis has set out to explore individual aspects of heterogeneity in the tu-

mour microenvironment, focusing on the T cells of the adaptive immune response.

Arguably for a biologically realistic framework a single model encapsulating all of

these components of heterogeneity would be necessary. Such a model however would

require estimates of many model parameters and therefore would be at the risk of over

parametrisation. The approach adopted here instead attempts to build up layers of

heterogeneity in the tumour with a focus on T cells of the immune system. By study-

ing individually components of heterogeneity of an anti-tumour immune response, we

were able to carry out a comprehensive analysis of salient aspects of tumour-immune

dynamics using a combination of analytical and numerical techniques. A broad un-

derstanding of the various factors at play was achieved by retaining model simplicity

at the expense of biological realism. The research presented in this thesis focused

on the interactions occurring in the tumour microenvironment, and therefore consid-

ered only one portion of the Cancer-Immunity cycle illustrated by Chen and Mellman

(2013) [35] (see Figure 1.4). In the future it would be beneficial to incorporate these

models into larger modelling frameworks exploring the entire cycle.

All of the models exhibited the same qualitative behaviour: elimination, equilib-

rium and escape. How these vary with heterogeneity was explored. In Chapter 2

we found that variations in the rates of infiltration of both the helper and cytotoxic

T cell populations gave rise to complementary behaviour, with elimination for high

rates of infiltration and escape for low rates of infiltration. In Chapter 3 instead we

measured the strength of the immune system by the T cell efficacy. As in Chapter

2 this measure of immune strength was important for determining the conditions for

tumour escape, equilibrium and elimination. In Chapter 4 subpopulations of T cells

(cytotoxic and exhausted) and tumour cells (resistant and sensitive) were modelled.

Like in Chapter 2 we observed that escape is favoured for low infiltration, equilibrium

for moderate infiltration and elimination for high infiltration. The main distinction

between all three models occurs for a ‘moderately’ strong immune system as shown

schematically in Figure 5.1. In this moderately strong region, for example in Figure
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5.1(a) and (b), an equilibrium tumour state exists as either a stable limit cycle or as

an equilibrium state (dormant state), whereas in Figure 5.1(c) an oscillatory solution

does not exist. Furthermore, in (b) we have a region where elimination, equilibrium

and escape can all occur. Collectively, these results suggest that when different as-

pects of heterogeneity are examined, the greatest differences occur for a moderately

strong immune system.

In addition to aspects of heterogeneity, each model sought to examine immunosup-

pressive effects from different angles. Increasing immunosuppressive pressures were

found to alter where elimination, equilibrium and escape occurs (see Figure 5.1). In

Chapter 2 immunosuppressive effects were accounted for through two terms: a bipha-

sic term to describe the proliferation of the helper T cells, and a term to account for

tumour counter attack on the cytotoxic T cells. A thorough examination of model

parameters revealed that those parameters controlling the proliferative potential of

the helper T cells had the most notable effect on model behaviour. Following these

results, Chapter 3 studied the effects of T cell exhaustion on T cell killing, infiltration

and proliferation in the presence of an evolving tumour. This approach clarified the

roles of individual T cell functions in tumour control. We found that variations in

the rate the tumour dampens the individual T cell functions had a marked effect on

the behaviours illustrated in Figure 5.1(b). In the final model presented in Chapter

4 we set out to examine how the composition of functional and exhausted T cell

populations in the presence of a tumour population, consisting of immune resistant

and non-resistant tumour cells, affects model outcomes. This model predicted that

tumours in a dormant state either remain dormant, change to an alternative dormant

state, escape or are eliminated. These outcomes were shown to be strongly dependent

on two patient specific model parameters: the growth rate of the tumour cells and

the infiltration rate of the cytotoxic T cells. We found that, if the rate of conversion

of cytotoxic T cells to exhausted T cells is high, or if the kill rate of the exhausted T

cells is low, the region of tumour equilibrium is replaced by escape (see Figure 5.1(c)).
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Figure 5.1: Schematic to compare the qualitative behaviours exhibited by the models
in Chapters 2—4 with variations in the strength of the immune system captured by
the rate of T cell infiltration (panels (a) and (c)) or the T cell efficacy (panel (b)).

There are a number of potentially promising avenues of future research. The re-

search carried out in this thesis made the assumption of spatial homogeneity. This

assumption, although an oversimplification of the underlying dynamics, facilitates

analytical progress and is a necessary first step in understanding immunosuppression

in tumour-immune interactions. Although the density of various immune cells is cor-

related with patient survival, the location of these cells is also implicated in response
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outcomes [66, 45, 71]. Based on these clinical observations, the next step in this

research would be to include spatial effects in each of these models. This could be

achieved, for example, in a similar manner to that done in Matzavinos et al. (2004)

[130], who accounted for spatial effects through random cell movement (diffusion)

and movement directed by chemical gradients (chemotaxis). A spatial extension of

the model presented in Chapter 2 would help elucidate how the location of helper

and cytotoxic T cells relative to tumour cells influences model outcomes. A spatial

extension of the model presented in Chapter 3 would permit study of the additional

effect of the spatial distribution of T cells and tumour cells in T cell exhaustion. Fi-

nally, a spatial extension of the model in Chapter 4 would enable one to understand

how the location of exhausted and cytotoxic T cells relative to immune-resistant and

sensitive tumour cells alters model outcomes. Across all models we expect that the

rich bifurcation structure found in ODE models translates into pattern formation,

travelling waves, and (potentially) spatio-temporal chaos [129, 142].

In this thesis we have sought to keep the number of competing processes to a

minimum while attempting to capture key aspects of tumour-immune interactions.

A natural extension would be to include random fluctuations in source terms in order

to represent effects not explicitly modelled. Those effects could represent natural

variations in the tumour microenvironment. The random fluctuations could also be

used to account for the missing detail in, for example, cell movements in a spatially

homogeneous model. These fluctuations could be included by sampling from an ap-

propriate probability distribution with prescribed means and variances. This would

change the character of the models examined in this thesis substantially in that there

would no longer be steady state solutions. Such a ‘stochastic model’ is inherently

unsteady. Nonetheless, one can study where the model spends most of its time and

how transitions between different behaviours occur. Stochastic effects may be bene-

ficial in preventing an unrealistic tumour-free state when it is more likely that small

tumours are developing and being eradicated by the immune system sporadically.

This is the theory of immunosurveillance [27]. The main question here is the extent

to which the immune system can maintain control over the sporadic development of

small tumours.

Instead of considering spatial or stochastic effects individually, one may wish to

consider their combined effects. For instance in a agent based model with probabilistic

rules or in a stochastic PDE framework. In the context of tumour-immune interac-

tions with a specific emphasis on T cell exhaustion, such approaches would only be
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merited when there are commensurate improvements in data availability and qual-

ity. Undoubtedly with improvements in data, mathematical models of the underlying

biological processes are likely to change.

Another extension would be to look beyond immunosuppressive effects to other

mechanisms which enable tumour evasion of the immune system. There are a range of

other ways in which pre-malignant cancer cells accumulate into a clinically detectable

tumour mass (Hanahan and Weinberg [85] and [86]). For example angiogenesis and

the immune system are believed to interact in a complex way; regulatory cells such

as MDSC and TAMs induce the onset of angiogenesis but anti-angiogenic molecules

targeting say VEGF are found to reverse immunosuppressive effects on the cells of the

immune system [185]. In the present thesis we assumed avascular tumour growth, for

simplicity. Such an extension would enable the study of how T cells infiltrate from

blood vessels, and how this impacts tumour development. Including angiogenesis

could be done either through a simple ODE model [168] or through the development

of a spatial model to capture the formation of a blood vessel network [31]. Already

some authors have examined the interactions of immune cells and angiogensis [117].

The evasion of the immune system by a tumour involves a cycle of mechanisms

called the Cancer-Immunity Cycle (Chen and Mellman [35]) which is executed as long

as tumour antigen is detected. We have yet to fully understand how stages in the

cycle break down and how this break down propagates to further stages. A first step

to achieve this would be to couple mathematical models looking at, for example, the

activation stage (where naive T cells first encounter their antigen) via the migration

stage (where the activated T cells move to the tumour site) to the development of

the tumour microenvironment.

The research presented in this thesis addresses the three central questions posed

at the beginning of this chapter. These target important aspects of tumour hetero-

geneity, and highlight potentially overlooked components of the T cell arm of the

adaptive immune response. Instead of creating one model to incorporate a myriad of

different components, simpler models were devised to study specific aspects of hetero-

geneity within tumour-immune cells interactions. This allowed one to widely explore

parameter space and thereby gain a fuller understanding of the factors at play.

Mathematical models possess the means to identify key mechanisms involved in

an anti-tumour immune response. These may reveal counter-intuitive and previously

overlooked features. These models also have the potential to identify new therapeutic

targets as well as effective treatment strategies (e.g. the window in time within which

treatment may be most effective). Mathematical models used in combination with
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experimental studies hold the key to the future of personalised medicine in cancer

treatments.

Much work remains to be done to model the immune system’s fight against cancer.

The series of models proposed, while a simplification of the real biological system, have

considered the role of heterogeneity and the effect of immunosuppresion by addressing

three key questions. We have undertaken a comprehensive study of an anti-tumour

immune response accounting for T cell exhaustion. Many questions however still

remain that may help explain tumour escape. These include:

• Is it possible to avoid or reverse T cell exhaustion during chronic antigen expo-

sure?

• How do the multiple inhibitory receptors upregulated on an exhausted T cell

communicate and dampen key effector T cell functions?

• How long does it take for the TILs to become exhausted? Does this differ by

cancer type?

• What role do other regulator factors play (such as the presence of Tregs) in T

cell exhaustion?

• Why are some tumours heavily infiltrated by T cells while others are not?

• Is there an optimum level of antigenic diversity necessary to elicit an effective

immune response against the tumour?

These are only a sample of the questions that still remain unanswered. However,

as high quality time-series data becomes increasingly available, these models can be

further developed or modified to incorporate more biological realism. This feedback

between model development and data acquisition is crucial to the future of cancer

research [6, 107]. The goal is to provide sufficiently accurate, predictive, quantitative

models that are able to stratify patients and identify optimal treatment protocols.

164



Appendix A

Conditions for tumour equilibria in
the helper and cytotoxic T cell
model

In Chapter 2, Section 2.4, we introduced the functions TH = Ha(N
) and TH = Hb(N)

(see equations (2.16)–(2.17)) and showed that their positive intersections give rise to

tumour equilibria. Figure 2.4 illustrates the ways in which these curves may intersect.

In this appendix we detail how the qualitative behaviour of the functions TH = Ha(N)

and TH = Hb(N) vary with model parameters and identify a region of parameter space

in which four (positive) equilibria may occur.

For the curve TH = Ha(N), three cases may arise, depending on the values of ᾱ

and Ñ :

(1) ᾱ < 2Ñ : TH = Ha(N) > 0 for N ∈ (0, 1) and attains a finite (positive)

maximum:

Ha,max = Ha(Ñ) =
2σ̄HÑ

2Ñ − ᾱ
, (A.1)

at N = Ñ .

(2) 2Ñ ≤ ᾱ ≤ 1 + Ñ2: TH = Ha(N) has two asymptotes at

N± =
ᾱ±

√
ᾱ2 − 4Ñ2

2
. (A.2)

Furthermore, 0 < N− ≤ N+ ≤ 1, with N− = N+ = Ñ when ᾱ = 2Ñ , and

N− = Ñ2 and N+ = 1 when ᾱ = 1 + Ñ2.

(3) ᾱ > 1 + Ñ2: only the asymptote at N = N− lies in the interval N ∈ [0, 1]

(the other asymptote has N+ > 1, and is therefore outside the range of feasible

solutions).
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When characterising the behaviour of TH = Hb(N) as defined by equation (2.17),

we set k̃ = (1− p)k and σ̃C = σCpk/γ, and write

TH = Hb(N) = 1 + k̃N − σ̃C
1−N

. (A.3)

This function attains a maximum when

N = 1−
√
σ̃C

k̃
. (A.4)

There are two cases to consider depending on the magnitude of σ̃C/k̃:

(1) σ̃C/k̃ > 1: Hb,max = 1−σ̃C occurs at N∗ = 0. Hb(N) is monotonically decreasing

for N ∈ [0, 1]. Hence if σ̃C > 1, Hb(N) < 0 ∀N ∈ [0, 1] and there can be no

physically realistic tumour equilibria. If 0 < σ̃C < 1, Hb(N) < 0 for N ∈ (0, Nc),

where Nc ∈ (0, 1) is defined as follows:

Nc =
(k̃ − 1) +

√
(k̃ + 1)2 − 4k̃σ̃C

2k̃
, (A.5)

and Hb,max = Hb(0) = 1 − σ̃. Hence, when 0 < σ̃C < 1, intersections with

TH = Ha(N) (and, hence, tumour equilibria) may occur for 0 < N < Nc.

(2) σ̃C/k̃ ≤ 1: TH = Hb(N) attains a maximum Hb,max = 1 + k̃ − 2
√
k̃σ̃C at

N = 1−
√
σ̃C/k̃ ∈ (0, 1). For physically realistic equilibria we requireHb,max > 0

or, equivalently,

σ̃C <
(1 + k̃)2

4k̃
. (A.6)

These results are summarised in Figure A.1 where we indicate the region of (k̃, σ̃C)

parameter space in which physically realistic tumour equilibria may occur.
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Hb,max < 0

Hb,max > 0

Figure A.1: The dividing line in (k̃, σ̃C) parameter space separating solutions which
permit tumour equilibria (Hb,max > 0) from those which do not permit tumour equi-
libria (Hb,max < 0).

In Figure 2.4 we illustrated the possible intersections (and associated tumour

equilibria) that occur as the qualitative behaviour of Ha(N
∗) and Hb(N

∗) vary. In

practice, by a judicious choice of parameters, four intersections can occur. Further,

for appropriate parameter choices, two of these intersections occur for N∗ � 1, as we

now investigate below.

For ease of presentation, we let s = N∗/Ñ and a = ᾱ/Ñ . Values of s for which

intersections between Ha and Hb occur are given by solutions to the following quartic

equation:

p4s
4 + p3s

3 + p2s
2 + p1s+ p0 = 0, (A.7)

where

p4 = k̃Ñ2 , p3 = (1− k̃)Ñ − ak̃Ñ2 − σ̄HÑ , p2 = (σ̃C − 1) + k̃Ñ2 + aÑ(k̃ − 1) + σ̄H ,
(A.8a)

p1 = (1− σ̃C)a+ (1− k̃)Ñ − σ̄HÑ , p0 = σ̃C + σ̄H − 1.
(A.8b)

We fix parameter values as follows: σ̄H = 0.25 , Ñ = 0.25 and ᾱ = 0.25 (so that

a = 1). We then consider σ̃C = 1− σ̄H + ε2σ̃C2 and k̃ = 1+(a/Ñ −1)σ̄H +εk̃1, where

0 < ε� 1. With this choice of parameters, we find p4 = p3 = p2 = O(1) , p1 = O(
√
ε)

, p0 = O(ε). Suppose we seek roots of the form s = εs1 � 1. By considering leading-

order terms in ε in equation (A.7), it is straightforward to show that s1 satisfies the

167



quadratic equation p2s
2
1− Ñ k̃1s1 + σ̃C2 = 0, and the two solutions for s1 are given by

the following

s1 =
Ñ k̃1 ±

√
Ñ2k̃2

1 − 4σ̃C2p2

2p2

, (A.9)

where p2 = σ̄Ha
2 + σ̃CÑ

2 > 0. For two real positive roots, we require

0 < σ̃C2 <
Ñ2k̃2

1

4p2

. (A.10)

To show this works, consider the parameter choices ε = 0.03, σ̃C2 = 0.33 and

k̃1 = 1.26. With these choices, we have σ̃C ≈ 0.75 and k̃ ≈ 1.79. The intersections of

Ha(N
∗) and Hb(N

∗) are shown on the left panel of Figure A.2, while the right panel

zooms in on the two equilibria with 0 < N∗ � 1.

Figure A.2: Example showing that the curves Ha(N) and Hb(N) defined by equations
(2.16) and (2.17) may intersect four times (see text for details). All four intersections
are shown on the left panel, although the two intersections with 0 < N = N∗ � 1 are
difficult to detect. The zoom on the right panel verifies that there are two intersections
with 0 < N = N∗ � 1.
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Appendix B

Limit cycle for helper and
cytotoxic T cell model

Here we detail the weakly nonlinear analysis presented in Section 2.7.4. With x =

(N, TC , TH) and x = x(t, τ) where τ = ε2t, equations (2.6)–(2.8) expanded to order

ε3 are

ẋ = ε
∂x1

∂t
+ ε2

∂x2

∂t
+ ε3

(
∂x3

∂t
+
∂x1

∂τ

)
= γ(x0 + εx1 + ε2x2 + ε3x3)

− γ[x2
0 + 2εx0x1 + ε2(2x0x2 + x2

1) + ε3(2x0x3 + 2x1x2)]

− p[x0y0 + ε(x0y1 + x1y0) + ε2(x0y2 + y0x2 + x1y1) + ε3(x0y3 + y0x3 + x1y2 + y1x2)] ,
(B.1)

ẏ = ε
∂y1

∂t
+ ε2

∂y2

∂t
+ ε3

(
∂y2

∂t
+
∂x1

∂τ

)
= σC0 − ε2

+ [y0z0 + ε(y0z1 + z0y1) + ε2(y0z2 + z0y2 + y1z1) + ε3(y0z3 + z0y3 + y1z2 + z1y2)]

+ (p− 1)[x0y0 + ε(x0y1 + y0x1) + ε2(x0y2 + y0x2 + x1y1) + ε3(x0y3 + y0x3 + x1y2 + y1x2)]

− (y0 + εy1 + ε2y2 + ε3y3) ,
(B.2)

ż = ε
∂z1

∂t
+ ε2

∂z2

∂t
+ ε3

(
∂z2

∂t
+
∂x1

∂τ

)
= σH + α[z0f0 + ε(z0f0

′x1 + f0z1)

+ ε2(z0f0
′x2 + z0f0

′′x2
1/2 + f0

′z1x1 + f0z2)

+ ε3(z0f0
′x3 + z0f0

′′x1x2 + z0f0
′′′x3

1/6 + z1f0
′x2 + z1f0

′′/2 + x2
1 + f0

′x1z2 + f0z3)]

− δH(z0 + εz1 + ε2z2 + ε3z3) ,
(B.3)

where f0 = f(x0) and f(x) = x/(Ñ2 + x2). Similarly, f0
′ = df(x0)/dx etc.
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At O(ε) we obtain the linear dynamics described in Section 2.7.4, see in particular

equation (2.41) for x1. Considering the O(ε2) terms in equations (B.1)–(B.3), we

obtain:
∂x2

∂t
= J0x2 − (0, 1, 0)T + W2 (B.4)

where

W2 =

 −γx2
1 − pkx1y1

y1z1 + (p− 1)kx1y1

α(f0
′′z0x

2
1/2 + f0

′x1z1)

 (B.5)

Plugging in equation (2.41) for x1 into equation (B.5) gives

W2 = Qa
2φ

2(τ)e2iωt+c.c.+Qb
2 |φ(τ)|2 +Qc

2φ(τ)χe(λ3+iω)t+c.c.+Qd
2χ(τ)2e2λ3t (B.6)

where c.c. denotes the complex conjugate. The secular terms arising at O(ε3) involve

only e2iωt and 1 terms. Thus only Qa
2 and Qb

2 , shown in equations (B.7) and (B.8)

are needed, and they are given explicitly by

Qa
2 =

 −v1x(γv1x + kpv1y)
v1y(v1z + k(p− 1)v1x)
v1xα(f0

′′z0v1x + f ′0v1z)

 (B.7)

and

Qb
2 =

 −v∗1x(γv1x + kspv1y)− v1x(γv
∗
1x + pkv∗1y)

v∗1y(v1z + k(p− 1)v1x) + v1y(v
∗
1z + k(p− 1)v∗1x)

v∗1xα(f0
′′z0v1x + f0

′v1z) + v1xα(f0
′′z0v

∗
1x + f0

′v∗1z)

 (B.8)

where v1x, v1y and v1z are the components of the linear eigenvector in (2.41). The

solution for x2 is given by

x2 = x20+Ra
2φ

2(τ)e2iωt+c.c.+Rb
2 |φ(τ)|2+Rc

2φ(τ)χe(λ3+iω)t+c.c.+Rd
2χ

2e2λ3t. (B.9)

where

x20 = J0
−1(0, 1, 0)T , Ra

2 = (2iωI − J0)−1Qa
2, Rb

2 = −J −1
0 Qb

2 . (B.10)

Rc
2 and Rd

2 are not required in the subsequent analysis as they belong to non-secular

terms. Substituting x2 into (B.1)–(B.3), we obtain

∂x3

∂t
+
∂x1

∂τ
= J0x3 + W3 (B.11)

where

W3 =

 −2γx1x2 − pk(x1y2 + y1x2)
y1z2 + z1y2 + (p− 1)k(x1y2 + y1x2)

α(z0f0
′′x1x2 + z0f0

′′′x3
1/6 + f0

′z1x2 + f0
′′z1x

2
1/2 + f0

′x1z2)

 . (B.12)
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As before the homogeneous solution is already incorporated in x1. For the particular

solution we must solve

∂x3

∂t
− J0x3 +

dφ

dτ
v1e

iωt + c.c. = (Bl + Bc|φ|2)φeiωt + c.c.+ f(t, τ) + c.c. (B.13)

where f(t, τ) contains time dependencies other than eiωt and is therefore non-secular.

The components of the vectors Bl and Bc are given by

Blx = −2γv1xx20 − kp(v1xy20 + v1yx20) ,

Bly = (v1yz20 + v1zy20) + k(p− 1)(v1xy20 + v1yx20) ,

Blz = α[z0f0
′′v1xx20 + f0

′(v1zx20 + v1xz20)] ,

(B.14)

and

Bcx = −2γ(v∗1xR
a
2x + v1xR

b
2x)− kp(v∗1xRa

2y + v1xR
b
2y + v∗1yR

a
2x + v1yR

b
2x) ,

Bcy = (v∗1yR
a
2z + v1yR

b
2z + v∗1zR

a
2y + v1zR

b
2y) ,

+ k(p− 1)(v∗1xR
a
2y + v1xR

b
2y + v∗1yR

a
2x + v1yR

b
2x) ,

Bcz = α[z0f0
′′(v∗1xR

a
2x + v1xR

b
2x) + f0

′(v∗1zR
a
2x + v1zR

b
2x + v∗1xR

a
2z + v1xR

b
2z)

+ f0
′′′z0|v1x|2v1x/2 + f0

′′(v∗1zv
2
1x + 2v1z|v1x|2)/2] .

(B.15)

The particular solution to equation (B.13) is

x3(t, τ) = X3(t, τ) + u(τ)eiωt + c.c. (B.16)

where X3 consists of non-secular terms coming from f(t, τ) + c.c., while u accounts

for all non-secular terms in Bl and Bc. This means u must be a linear combination

of v2 and v3:

u = C2(τ)v2 + C3(τ)v3

Moreover (
∂

∂t
− J0

)
ueiωt = (iωI − J0)ueiωt = (C2r2 + C3r3)eiωt (B.17)

where rj = (iωI − J0)vj. Using this in equation (B.13) above, upon equating all

potentially secular eiωt terms we obtain

dφ

dτ
v1 + C2r2 + C3r3 = (Bl + Bc|φ|2)φ. (B.18)

This can be regarded as a system of equations to determine the vector (dφ/dτ, C2, C3).

Define

M =

v1x r2x r3x

v1y r2y r3y

v1z r2z r3z


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and let sl and sc be the solutions of Msl = Bl and Msc = Bc respectively. Then(
dφ/dτ , C2, C3

)T
= (sl + |φ|2sc)φ . (B.19)

Therefore the amplitude equation satisfied by the limit cycle is

dφ

dτ
= (µ+ ν|φ(τ)|2)φ(τ) , (B.20)

where µ = slx and ν = scx.
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Appendix C

Exact form of the fold point for
helper and cytotoxic T cell model

In this appendix we derive the exact form of the fold point. This is done parametrically

by finding σ̃C and σ̄H as a function of the tumour population a = N∗F at the fold

point. Setting Ha = Hb leads to the quartic equation:

C4N
∗4 + C3N

∗3 + C2N
∗2 + C1N

∗ + C0 = 0 , (C.1)

with coefficients

C4 = k̃, (C.2)

C3 = −σ̄H +B3; B3 = 1− k̃ − ᾱk̃, (C.3)

C2 = (σ̃C − 1) + σ̄H +B2; B2 = ᾱ(k̃ − 1) + k̃Ñ2, (C.4)

C1 = −ᾱ(σ̃C − 1)− Ñ2σ̄H +B1; B1 = (1− k̃)Ñ2, (C.5)

C0 = Ñ2(σ̃C − 1) + Ñ2σ̄H . (C.6)

For a double root which occurs at a fold point, equation (C.1) factorises as

(N∗ − a)2(C4N
∗2 + pN∗ + q) = 0 (C.7)

which can be expanded as another quartic equation. Eliminating p and q from the

two quartic equations, (C.1) and (C.7), gives the following two expressions:

3C4a
4 + 2C3a

3 + C2a
2 − C0 = 0 , (C.8)

4C4a
3 + 3C3a

2 + 2C2a+ C1 = 0 . (C.9)

Inserting the forms for C0 to C3 into equations (C.8) and (C.9) above allows us to

determine σ̄H and σ̃C − 1 from the linear system:

(a2 − Ñ2)(σ̃C − 1) + (a2 − Ñ2 − 2a3)σ̄H = −3k̃a4 − 2B3a
3 −B2a

2, (C.10)

(2a− ᾱ)(σ̃C − 1) + (2a− Ñ2 − 3a2)σ̄H = −4k̃a3 − 3B3a
2 − 2B2a−B1 . (C.11)
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Solving these linear equations for σ̄H and σ̃C provides the exact values σ̄FH and σ̃FC at

the fold point (details omitted).
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Appendix D

Limit cycle for the continuous
exhaustion model

D.1 Hopf bifurcation points and emergence of a

limit cycle

Hopf bifurcations occur at points in parameter space where a complex conjugate

pair of eigenvalues emerge with zero real part, λ = ±iω where ω ∈ <+. At such

points equation (3.49) applies. We regard this as an equation for ν = νHopf(µ), where

µ = (κ− 1)/ξ, with all other parameters fixed at their default values (see Table 3.3).

We find ν first by substituting T ∗C = 1 + S∗ into equation (3.49), where S∗ = ξN∗

is the scaled steady state tumour population. Then using equation (3.44) for S∗ this

results in the following quartic equation for C = (1− ν)/(1 + µ),

g4C
4 + g3C

3 + g2C
2 + g1C + g0 = 0 , (D.1)

with coefficients

g0 = s2
0 −B2q2

0,

g1 = q2
0 + 2q0q1B

2 − 2s0s1,

g2 = 2s0s2 + s2
1 − 2q0q1 −B2q1,

g3 = q2
1 − 2s1s2,

g4 = s2
2 ,

(D.2)
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where

2B = (2 + µ)/(1 + µ), β̄ = 1 + β, µ̄ = 1 + µ,

p0 = β(µ̄− γ), s0 = β̄β − q0B, q0 = β̄f1 + βe1 + βγ(1 + µ̄)− 2Bh0, h0 = e1f1 + βγµ,

e1 = µ̄+ βµ/µ̄, f1 = γ(β/µ̄− µ), q1 = βf1 + p0e1 + 2βγµ̄,

s1 = β2 + β̄p0 + h0 − q1B, s2 = βp0 .

(D.3)

For the parameters considered in this study only one root of this quartic is physically

realistic. The other three roots are either complex or correspond to negative ν values.

Having found C for a particular value of µ, ν is obtained from the definition

ν = νHopf(µ) = (1 + µ)C − 1 . (D.4)

D.2 Small amplitude form of the limit cycle

Next we conduct a weakly nonlinear analysis to derive an asymptotic solution for

the limit cycle at small but finite amplitude. We start by renaming our variables as

x = ξN , y = TC and z = F , for ease of presentation.

We begin by expanding x = (x, y, z)T as follows:

x = x0 + εx1(t, τ) + ε2x2(t, τ) + ε3x3(t, τ) + . . . . (D.5)

Rewriting equations (3.41)–(3.43) and separating linear and nonlinear terms, we have

ẋ = γx− γxyz , (D.6)

ẏ = (νHopf − ε2)z − y − µxyz , (D.7)

ż = β (1− z(1− x)) . (D.8)

Expanding nonlinear terms in equations (D.6)–(D.8), we have

f = xz =
∞∑
n=0

fnε
n where fn =

n∑
i=0

xizn−i , (D.9)

and

g = xyz =
∞∑
n=0

gnε
n where gn =

n∑
i=0

n−i∑
j=0

xiyjzn−i−j . (D.10)

Note, f0 = x0z0 and g0 = x0y0z0. Substituting (D.9) and (D.10) into equations

(D.6)–(D.8) and dropping terms of O(ε4) and higher leads to the following expanded
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equations:

ε
∂x1

∂t
+ ε2

∂x2

∂t
+ ε3

(
∂x3

∂t
+
∂x1

∂τ

)
= γ

(
x0 − g0 + ε(x1 − g1) + ε2(x2 − g2) + ε3(x3 − g3)

)
,

(D.11)

ε
∂y1

∂t
+ ε2

∂y2

∂t
+ ε3

(
∂y2

∂t
+
∂x1

∂τ

)
= νHopfz0 − µg0 − y0 + ε(νHopfz1 − µg1 − y1)

+ ε2(νHopfz2 − z0 − µg2 − y2) + ε3(νHopfz3 − z1 − µg3 − y3) ,
(D.12)

ε
∂z1

∂t
+ ε2

∂z2

∂t
+ ε3

(
∂z2

∂t
+
∂x1

∂τ

)
= β

(
1− z0 − f0 − ε(z1 + f1)− ε2(z2 + f2)− ε3(z3 + f3)

)
.

(D.13)

At leading order the equations above are satisfied by the small tumour population

x0 at ν = νHopf, i.e. x0 = g0, y0 = µg0 − νHopf(1 − f0), and z0 = 1 − f0. At O(ε) we

recover the linear dynamics,
∂x1

∂t
= J0x1 (D.14)

where

J0 =

γ(1− z0y0) −γz0x0 −γx0y0

−µy0z0 −(µz0x0 + 1) νHopf − µy0x0

−βz0 0 −β(x0 + 1)

 .

From the linear stability analysis, J0vm = λmvm where λ1 = iω, λ2 = λ∗1 = −iω and

λ3 < 0. Note v2 = v∗1 while v3 is real. Let vm = (vmx, vmy, vmz)
T where m = 1, 2, 3.

The most general solution of equation (2.40) is

x1 = φ(τ)v1e
iωt + φ∗(τ)v∗1e

−iωt + χ(τ)v3e
λ3t. (D.15)

Here, φ(τ) is the amplitude of the first-order (linear) mode evolving on the long time

scale τ . The amplitude of the decaying mode χ(τ) plays no role in the subsequent

analysis because its non-secular. The equation for φ(τ) is determined at O(ε3) by

eliminating secular terms as detailed below.

Considering O(ε2) terms in equations (D.11)–(D.13), we obtain

∂x2

∂t
= J0x2 − (0, z0, 0)T + W2 (D.16)

where

W2 = −

γg2p

µg2p

βf2p

 , (D.17)

g2p = x0y1z1 +x1y0z1 +x1y1z0 and f2p = x1z1. Inserting x1 from equation (D.15) into

equation (D.17) gives

W2 = Qa
2φ

2(τ)e2iωt+c.c.+Qb
2 |φ(τ)|2+Qc

2φ(τ)χe(λ3+iω)t+c.c.+Qd
2χ(τ)2e2λ3t (D.18)
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where c.c. denotes the complex conjugate. The secular terms arising at O(ε3) involve

only e2iωt and 1 terms. Thus only Qa
2 and Qb

2 are needed, and they are given by

Qa
2 = −

γg̃2p

µg̃2p

βf̃2p

 ; Qb
2 = −

γĝ2p

µĝ2p

βf̂2p

 (D.19)

where

g̃2p = x0v1yv1z + y0v1xv1z + z0v1xv1y ,

f̃2p = v1xv1z ,

ĝ2p = x0(v1yv
∗
1z + v1zv

∗
1y) + y0(v1xv

∗
1z + v1zv

∗
1x) + z0(v1xv

∗
1y + v1yv

∗
1x) ,

f̂2p = v1xv
∗
1z + v1zv

∗
1x .

(D.20)

The solution to (D.16) for x2 consists of a homogeneous part which can be ignored

since this is already part of x1, and a particular solution given by

x2 = x20+Ra
2φ

2(τ)e2iωt+c.c.+Rb
2 |φ(τ)|2+Rc

2φ(τ)χe(λ3+iω)t+c.c.+Rd
2χ

2e2λ3t (D.21)

where x20 = J0
−1(0, z0, 0)T . Again only Rb

2 and Rb
2 are needed and are found by

substituting (D.21) into (D.16) and equating terms with the same time dependencies:

Ra
2 = (2iωI − J0)−1Qa

2 ; Rb
2 = −J −1

0 Qb
2 . (D.22)

Finally considering terms of O(ε3) in expressions (D.11)–(D.13), we obtain

∂x3

∂t
+
∂x1

∂τ
= J0x3 − (0, z1, 0)T + W3 (D.23)

where

W3 = −

γg3p

µg3p

βf3p

 , (D.24)

while g3p = x1y1z1 + (x1y2 + x2y1)z0 + (x1z2 + x2z1)y0 + (y1z2 + y2z1)x0 and f3p =

x1z2 + x2z1.

Again the solution for x3 consists of a homogeneous part which can be ignored

since this is already part of x1. The particular solution is found by solving

∂x3

∂t
− J0x3 +

dφ

dτ
v1e

iωt + c.c. = (Bl + Bc|φ|2)φeiωt + c.c.+ f(t, τ) + c.c. (D.25)

where f(t, τ) contains time dependencies other than eiωt and is therefore non-secular.

The vectors Bl and Bc are given by

Bl = −

 γg̃3p

v1z + µg̃3p

βf̃3p

 ; Bc = −

γĝ3p

µĝ3p

βf̂3p

 (D.26)
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where

g̃3p = x0(y20v1z + z20v1y) + y0(z20v1x + x20v1z) + z0(y20v1x + x20v1y) ,

f̃3p = z20v1x + x20v1z ,

ĝ3p = v1xv1yv
∗
1z + v1xv

∗
1yv1z + v∗1xv1yv1z

+ x0(v1yR
b
2z + v∗1yR

a
2z + v1zR

b
2y + v∗1zR

a
2y)

+ y0(v1xR
b
2z + v∗1xR

a
2z + v1zR

b
2x + v∗1zR

a
2x)

+ z0(v1xR
b
2y + v∗1xR

a
2y + v1yR

b
2x + v∗1yR

a
2x) ,

f̂3p = v∗1xR
a
2z + v1xR

b
2z + v∗1zR

a
2x + v1zR

b
2x .

(D.27)

The particular solution to the above equation is

x3(t, τ) = X3(t, τ) + u(τ)eiωt + c.c. (D.28)

where X3 consists of non-secular terms coming from f(t, τ) + c.c., while u accounts

for all non-secular terms in Bl and Bc. This means u must be a linear combination

of v2 and v3:

u = C2(τ)v2 + C3(τ)v3 . (D.29)

The reason for proposing this form for u is because we have a non-normal matrix.

Also note that the homogeneous solution is in the v1 direction and therefore we look

for a particular solution in the other two eigenvector directions. Plugging in this

proposed form of the particular solution for x3 into equation (D.23) and ignoring all

non-secular terms, we obtain(
∂

∂t
− J0

)
ueiωt = (iωI − J0)ueiωt = (C2r2 + C3r3)eiωt (D.30)

where rj = (iωI − J0)vj. Using this in equation (D.25) above and equating all

potentially secular terms proportional to eiωt we obtain,

dφ

dτ
v1 + C2r2 + C3r3 = (Bl + Bc|φ|2)φ. (D.31)

This can be regarded as a system of equations to determine the vector (dφ/dτ, C2, C3)T .

Define

M =

v1x r2x r3x

v1y r2y r3y

v1z r2z r3z


and let sl and sc be the solutions of Msl = Bl and Msc = Bc respectively. Then(

dφ/dτ , C2, C3

)T
= (sl + |φ|2sc)φ.
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The first component of this vector gives the desired amplitude equation, namely

dφ

dτ
= (η + ζ|φ(τ)|2)φ(τ) (D.32)

where η = slx and ζ = scx.

D.3 Disappearance

As ν decreases the amplitude of the limit cycle increases ultimately without bound

and disappears at an infinite Homoclinic orbit of the tumour-free state. We next

describe the form of the limit cycle in this large amplitude limit. In particular we

focus on the behaviour for S = ξN , TC and F near the vicinity of the peak of the

limit cycle.

We illustrate what happens just before the limit cycle disappears by considering a

value of ν = 0.66 with all remaining parameters fixed at their default values given in

Table 3.3. We initialise the simulation close to the tumour-free state, taking TC(0) = ν

and F (0) = 1 and perturb S(0) to 0.01. The time evolution of the variables and

particular combinations of them are shown in Figure D.1, focusing on the time near

the peak amplitude in TC (blue curve). The TC population is seen to sharply peak

near t = 30 though the zoom in (b) shows the peak is well resolved in time. Similarly

F shows a rapid decrease at the same time TC begins to decrease, and in fact F closely

tracks the TC population at this stage. The tumour population (black curve) peaks

more than a unit of time before the peak in TC and is essentially zero by the time

TC reaches its maximum and thereafter remains � 1. This behaviour then repeats

periodically on a long time scale as a limit cycle oscillation (not shown).

The case illustrated above is used to motivate scaling the variables near the peak

in TC to describe asymptotically the behaviour near the peaks in both S and TC . The

zoom in panel (b) indicates there are two time scales. A slow time scale for the peaks

to build up (∼ ω−1), followed by a relatively rapid time scale for them to diminish.

We also see in panel (c) that the product FS is practically a step function going from

1 to 0 through the peak in TC . In panel (d) we show the product FTC since it is

directly related to the increase or decrease of S: when FTC < 1 then dS/dt > 0 from

equation (3.41) and when FTC > 1 then dS/dt < 0.
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(a) peaks (b) zoom of dashed region in (a)

(c) FS (d) FTC

Figure D.1: Time evolution arising from equations (3.41)–(3.43) centred about a
peak of the stable limit cycle for ν = 0.66 where a stable limit solution exists, and
all remaining parameters fixed to their default values. Initially, S(0) = 0.01, TC(0) =
ν = 0.66 and F (0) = 1. In (a) we show the scaled tumour and cytotoxic T cell
populations, S/Smax (black curve) and TC/TC,max (blue curve), and one minus the
functionality, 1− F (red curve). In (b) we show a zoom of the region centred about
the peak in TC (blue curve) delineated by the two vertical dashed lines in (a). In
(c) we show how the product of the functionality and the scaled tumour population,
FS, evolves about the peak of the limit cycle. In (d) we show how the product of
the functionality and the cytotoxic T cell population, FTC , evolves about the peak
of the limit cycle.

To better understand the time scale of the delay between the peaks in S and TC ,

in Figure D.2 we show that this time difference tends to a constant as ν → νHom,

where νHom is value of ν for which the limit cycle ceases to exist (note for µ = −1.5,

νHom ≈ 0.6593). As long as ν > νHom, S reaches a maximum and decreases before TC
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reaches its maximum (see Figure D.1 (b)). For ν < νHom, the limit cycle no longer

exists and S instead diverges to infinity.

Figure D.2: Time difference ∆tpeak between the peaks in S and TC (black and blue
curves in Figure D.1 (a)) over the range of ν values for which a limit cycle exists given
the default parameters (see Table 3.3).

These observations from Figures D.1 and D.2 allow us to identify three significant

times in the limit cycle evolution:

• t0 = a time in which S is growing (e.g. t0 = 20 in Figure D.1),

• t1 = the time at which S reaches a maximum (t1 ≈ 28.6),

• t2 = the time at which TC reaches a maximum (t2 ≈ 30.0).

We next use the three times to develop an asymptotic approximation to the forms of

S(t), TC(t) and F (t) near the peak in TC .

D.3.1 To the left of the peak in TC

To determine the leading order behaviour of the populations to the left of the peak

in TC we appeal to Figure D.1. From panel (a) we observe that F � 1 to the left of

the peak in TC . From panel (c) we observe that in this region, FS ≈ 1 and therefore

we infer that S � 1. By a similar argument, it follows that TC � 1 (see panel (d)).

Taking S � 1, TC � 1 and F � 1, and keeping only leading order terms,

equations (3.41)–(3.43) simplify to

dS

dt
≈ γ(S − TC) , (D.33)
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dTC
dt
≈ −(µ+ 1)TC , (D.34)

dF

dt
≈ β(1− FN) ≈ 0 . (D.35)

Equation (D.33) describes the evolution of S to the left of the peak. In this region S

grows provided S > TC and decays when TC exceeds S. As limit cycle solutions only

emerge for µ < −1.27 (see Figure 3.9), equation (D.34) describes the exponential

growth of TC here. Equation (D.35) reduces to an algebraic equation at leading

order, giving the relationship F ≈ 1/S, consistent with our numerical observations

(see Figure D.1 (c)).

Analytical expressions for S and TC and consequently F can be determined in

this region. Equation (D.34) can be solved directly for TC giving

TC(t) = TCIe
−(µ+1)(t−t0) , (D.36)

where TCI = TC(t0). Using the solution for TC in equation (D.33) we obtain the

following solution for S:

S(t) =

(
SI −

γTCI
γ + µ+ 1

)
eγ(t−t0) +

γTCI
γ + µ+ 1

e−(µ+1)(t−t0) , (D.37)

where SI = S(t0).

At the peak in S, dS/dt = 0 at some time t = t1. This occurs when S(t1) = TC(t1):

e(γ+µ+1)(t1−t0) =
−(µ+ 1)TCI

γTCI − (γ + µ+ 1)SI
, (D.38)

which gives us an expression for the time, t1, where we reach the maximum in S.

Provided S reaches a maximum, the trajectory remains on the stable limit cycle.

However, if a maximum is not reached then the tumour population escapes. This

tells us something about our initial conditions in S and TC and how the limit cycle

terminates. That is, provided

SI
TCI

<
γ

γ + µ+ 1
, (D.39)

TC will eventually overtake S, forcing S to reach a maximum before collapsing. If

this inequality is breached, the system escapes (S, TC →∞ and F → 0).
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Figure D.3: Time evolution of S(t), TC(t) and F (t) from equations (3.41)–(3.43) of
the ratio of the (scaled) tumour and cytotoxic T cell population, S/TC , for five values
of ν (distinguished by linestyle) about νHom ≈ 0.6593 with all other parameters
fixed at their default values (see Table 3.3). Here we initialise the system about
the tumour-free state (S(0), TC(0), F (0)) = (0.01, ν, 1.0) considering ν = 0.66 (short
dashes), ν = 0.6598 (spaced dots), ν = 0.6596 (dashed dots), ν = 0.6594 (dots) and
ν = 0.6592 (solid curve).

Figure D.3 confirms that if the inequality given by equation (D.39) is breached,

we lose the limit cycle and instead escape to infinity. For the parameters taken in

the above simulation, the ratio γ/(γ + µ + 1) = 2 and therefore, provided the ratio

S/TC lies below this value for a given value of ν, we remain on the limit cycle. Here

decreasing ν towards νHom increases the peak of the curve closer to the critical value

of 2, eventually breaching this condition when ν < 0.6593 (see solid curve).

D.3.2 After the peak in TC

Following the peak in TC , the appropriate scalings for S, TC and F can be deduced

from Figure D.1. The close tie between 1−F (red curve) and TC/TC,max (blue curve)

is seen in panel (a) where the two curves overlay one and other. In this region we see

that S ≈ 0 (see panels (a)–(c)) which simplifies equations (3.41)–(3.43) to

dTC
dt
≈ νF − TC , (D.40)

dF

dt
≈ β(1− F ) , (D.41)

which provide expressions for F and TC to the right of the peak in TC .

Using an integrating factor, equation (D.41) is solved directly giving

F = 1− (1− F0)e−β(t−t2) , (D.42)
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where F0 = F (t2). Substituting equation (D.42) for F into equation (D.40) we see

that TC evolves according to

dTC
dt

= ν − ν(1− F0)e−β(t−t2) − TC , (D.43)

which has two solutions depending on the value of β. Specifically,

TC =

{
ν + P0e

−(t−t2) + P1e
−β(t−t2), if β 6= 1

ν +Q0e
−(t−t2) +Q1te

−(t−t2), if β = 1 .
(D.44)

where P0 and Q0 are constants of integration and

P1 = −ν(1− F0)

1− β
and Q1 = −ν(1− F0) . (D.45)

The constants of integration P0 and Q0 are determined from the value of TC at the

peak, TC(t2) = TC,max. That is, taking t = t2 and T (t2) = TC,max in equation (D.44)

gives

P0 = TC,max − ν − P1 and Q0 = TC,max − ν −Q1t2 . (D.46)

In summary, in the region to the right of the peak in TC where N ≈ 0, the

cytotoxic T cell population TC , and the functionality F , can be expressed as:

TC =

{
ν + P0e

−(t−t2) − ν(1−F0)
1−β e−β(t−t2), if β 6= 1

ν +Q0e
−(t−t2) − ν(1− F0)te−(t−t2), if β = 1 ,

(D.47)

F = 1− (1− F0)e−β(t−t2) . (D.48)

where P0 and Q0 are given in equation (D.46).

D.3.3 In the vicinity of the peak in TC

We next deduce expressions for S, TC and F near the peak in TC . Figure D.1 (b)

shows that the behaviour of the populations close to the peak in TC occurs on a fast

timescale

τ = (t− t2)/εp , (D.49)

where t2 is the time at which the peak in TC is reached, ε� 1 and p > 0. To obtain

the leading order scaling, we again appeal to Figure D.1 (b) where we observe that S,

TC � 1 with S < TC , and F � 1. From these observations, the following expansions

for S, TC and F are assumed

S = ε−1S0(τ) + S1(τ) + . . . (D.50)
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TC = ε−2T0(τ) + ε−1T1(τ) + . . . (D.51)

F = εF0(τ) + ε2F1(τ) + . . . (D.52)

The scaling exponent p is deduced by matching both sides of equation (3.41) at

leading order:

ε−(p+1)dS0

dτ
= −γε−2S0F0T0 , (D.53)

requiring p = 1. Therefore, in this region τ = (t − t2)ε−1. At the lowest non-trivial

order equations (3.41)–(3.43) take the form

dS0

dτ
= −γS0F0T0 , (D.54)

dT0

dτ
= 0,

dT1

dτ
= −µS0F0T0 − T0 , (D.55)

dF0

dτ
= β(1− F0S0) . (D.56)

Therefore we learn that T0 is a constant (to be determined below). Eliminating F0S0

in equations (D.54) and (D.56) we get

β
dS0

dτ
− γT0

dF0

dτ
= −M , (D.57)

where M = βγT0, a constant. We can integrate with respect to τ to get an expression

for S0:

βS0 = γT0F0 −Mτ + C0 , (D.58)

where C0 is an arbitrary constant of integration. Likewise, T1 can be obtained by

combining equations (D.55) and (D.56) to give

βγT1 =
µ

β
F0 − (µ+ 1)τ + C1 , (D.59)

where C1 is another constant of integration. Using expression (D.58) in equation

(D.56) gives us an equation describing the leading order evolution of F ,

dF0

dτ
= β + (Mτ − C0)F0 − γT0F

2
0 . (D.60)

This is a Riccati equation which has the general form

dy

dx
= q0(x) + q1(x)y(x) + q2(x)y2(x) , (D.61)

which can be reduced to a second order linear equation of the form

u′′ −R1(x)u′ +R0(x)u = 0 , (D.62)
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where u′/u = −yq2, R0 = q2q0 and R1 = q1 + q′2/q2. In our notation we have, y = F0,

x = τ , q0 = β, q1 = Mτ − C0 and q2 = −γT0. Here R0 = −M and R1 = Mτ − C0,

and therefore equation (D.60) may be re-expressed as the following second-order linear

differential equation:

u′′ − (Mτ − C0)u′ −Mu = 0 . (D.63)

Taking z = M1/2(τ −C0/M) reduces equation (D.63) to the following parameter free

equation:
d2u

dz2
− zdu

dz
− u = 0 . (D.64)

This is a second-order differential equation with non-constant coefficients. By inspec-

tion one solution to equation (D.64) is

u = ez
2/2 . (D.65)

The constant of proportionality (here taken to be one) does not matter since the

solution we seek is F0 = u′/(uγT0). The other solution has the form u = ez
2/2w(z),

where w(z) is a function of z which is determined by substitution into equation (D.64),

leading to
dw

dz
= e−z

2/2 ⇒ w(z) =

√
π

2
erfc(z/

√
2) , (D.66)

taking the arbitrary but convenient scaling
√
π/2 in the solution. Therefore the most

general solution for u satisfying equation (D.64) consists of a linear combination of

the above two solutions:

u = ez
2/2

(
A1 + A2

√
π

2
erfc

(
z√
2

))
(D.67)

where A1 and A2 are arbitrary constants. Recall the solution to the Riccati equation

for F0 is related to u as follows

F̂
.
= γT0F0 =

u′

u
. (D.68)

We choose the ratio A1/A2 such that the following conditions are satisfied to the left

and right of the peak in TC :

z � −1 : left of peak ⇒ F̂ → 0,

z � 1 : right of peak ⇒ F̂ ∝ z .
(D.69)

First consider the solution for F0 to the right of the peak in TC where z � 1. In

this limit we can approximate the complimentary error function, erfc, by the Taylor

series expansion

erfc(z/
√

2) =

√
2

π

e−z
2

z

(
1− 1

z2
+ . . .

)
. (D.70)
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Using this expression in equation (D.67), we obtain

u = A1e
z2/2 + A2(z−1 − z−3 + . . . ) ≈ A1e

z2/2 . (D.71)

Substituting this expression for u in equation (D.68) gives F̂ = z.

Now consider the solution for F0 to the left of the peak in TC where z � −1 where

erfc is again expanded as a Taylor series:

erfc(z/
√

2) = 2− erfc (−z/
√

2)︸ ︷︷ ︸
+ve

= 2 +

√
2

π

e−z
2

z

(
1− 1

z2
+ . . .

)
< 2 .

(D.72)

Therefore when z � −1, u may be approximated by

u = (A1 +
√

2πA2)ez
2/2 + A2(z−1 − z−3 + . . . ) . (D.73)

One of the restrictions required is F0 > 0 which only holds provided A1 +
√

2πA2 = 0.

This follows because the derivative of ez
2/2 divided by ez

2/2 itself is z which is less

than zero in this region. Hence the ratio

A1

A2

= −
√

2π . (D.74)

Therefore to left of the peak, in the limit z � −1, F̂ = −z−1. This solution must be

greater than zero which requires C0 > 0 in the definition z = M1/2(τ − C0/M) (as

τ < 0). On the other hand, the solution for z � 1 is positive provided C0 < 0. Hence

for both of these to be true C0 must be identically zero.

About the peak in TC we have obtained an exact solution for the leading order

solution of the functionality, F0, which allows us to determine the solutions for S0

and T1 from equations (D.54) and (D.55). Using the relationship between A1 and A2

found above and taking A1 = 1 (w.l.o.g.) we find A2 = −1/
√

2π and therefore

u = ez
2/2

(
1− 1

2
erfc

(
z√
2

))
(D.75)

Using this in equation (D.68), we obtain the leading order approximation for F about

the peak in TC :

F0 =
1

γT0

z(1− 1
2
erfc(z/

√
2)) + 1√

2π
e−z

2/2

1− 1
2
erfc(z/

√
2)

. (D.76)

The constant T0 is determined by matching equation (D.76) to the solution for F0

to the right of the peak in TC . Here we use equation (D.76) in the limit z � 1, i.e.
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τ � 1. Then F0 ≈ z/(γT0) where z = M1/2τ and M = βγT0, which can be written

in our original variables as follows

F0 =

√
β

γT0

τ ⇒ F =

√
β

γT0

(t− t2) , (D.77)

to leading order using τ = (t − t2)/ε. This is consistent with our numerical results

presented in Figure D.1 (b) where we see that to the right of the peak in TC , F scales

linearly with time. To determine the constant T0 we match the solution above near

the peak with that to the right of the peak in the limit t− t2 � 1. Consider equation

(D.48) which describes the solution of F to the left of the peak in TC . We must take

F0 = 0 so that the leading order term in the Taylor series expansion for F is zero at

t = t2 (e.g. F (t2) = 0). Near t = t2 we can linearise the equation for F as follows

F = β(t− t2) +H.O.T. (D.78)

which we equate with the solution at the peak given in equation (D.77). This deter-

mines T0 as follows:

T0 =
1

βγ
. (D.79)

Furthermore, this implies M = βγT0 = 1. Using T0, the expressions for S0 and T1

near the peak in TC :

S0 =
F0

β2
− τ , (D.80)

and

T1 =
1

βγ

(
µ

β
F0 − (µ+ 1)τ

)
. (D.81)

where the exact solution for F0 near the peak is given by equation (D.76).

To summarise, we have found the exact solutions for the leading order approxi-

mations for S, TC and F about the peak in TC in terms of known parameters. The

equations describing S, TC and F in the vicinity of the peak are:

F = εF0 = εβ
z
(
1− 1

2
erfc(z/

√
2)
)

+ 1√
2π
e−z

2/2

1− 1
2
erfc(z/

√
2)

. (D.82)

S = ε−1S0 = ε−1

(
F0

β2
− τ
)

(D.83)

TC = ε−2T0 + ε−1T1 =
1

βγ

(
ε−2 + ε−1

(
µF0

β
− (µ+ 1)τ

))
(D.84)

To constrain the solution fully we need to determine the value of ε used in the

above scaling. This is done by calculating the unknown parameters associated with
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the solutions to the left of the peak in TC . Determining ε relies on the full nonlinear

dynamics but can be found from the observed numerical value of TC,max.

Let us first return to the equations describing the evolution of S and TC to the

left of TC,max about t = t2. Equations (D.33) and (D.34) can be solved generally with

solutions

TC = B1e
γ(t−t2) , (D.85)

and

S = B2e
γ(t−t2) +

γB1

γ + µ+ 1
e−(µ+1)(t−t2) , (D.86)

where B1 and B2 are unknown constants of integration. We can determine a rela-

tionship between B1 and B2 by noting that at t = t2, S ≈ 0 (see black curve panel

(a) of Figure D.1). Setting S = 0 at t = t2 in equation (D.86) we get

B2 =
−γB1

γ + µ+ 1
. (D.87)

Now we only have one unknown constant to determine here. Close to the peak, where

t− t2 � 1, we can expand equation (D.85) as a Taylor series about t = t2:

TC = B1 (1 + γ(t− t2) + . . . ) . (D.88)

As t− t2 � 1, we only need to match the leading order solution to the approximation

for TC at the peak giving

B1 = TC(t2) . (D.89)

Hence both B1 and B2 are determined by TC(t2).

The remaining task is to determine ε using the actual value of TC at t2 together

with its asymptotic approximation at τ = 0. This implies that ε is determined by

TC(t2) =
1

βγε2
. (D.90)

For the parameters taken in our model at ν = 0.66, we find that TC(t2) ≈ 1782.35

implying ε ≈ 0.0237.

In Section 3.7.3 we confirm this analysis against the full numerical results in Figure

3.16.
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Appendix E

Derivation of the tumour
equilibrium steady states in the T
cell exhaustion model

Here we provide details for the algebra leading to equation (4.28) which provides the

possible steady state populations of N∗R. We start by substituting equation (4.26) for

T ∗C(N∗R) into equation (4.21). This results in

(b0 + b1N
∗
R)N∗ = (1 +N∗2)(g0 + g1N

∗
R + g2N

∗2
R ) , (E.1)

where g0 = (b0 − σc0)/α, g1 = (b0ν + b1 − σc1)/α and g2 = b1ν/α. Next replacing

N∗(N∗R) above using equation (4.27), we obtain

N∗R(b0 + b1N
∗
R)(e0 + e1N

∗
R)(f0 + f1N

∗
R) = (E.2)

(h0 + h1N
∗
R + h2N

∗2
R + h3N

∗3
R + h4N

∗4
R )(g0 + g1N

∗
R + g2N

∗2
R ) , (E.3)

where h0 = f 2
0 , h1 = 2f0f1, h2 = f 2

1 + e2
0, h3 = 2e0e1 and h4 = e2

1. Expanding out the

above expression yields a sixth order equation of the form with coefficients

m0 = h0g0 , (E.4)

m1 = h0g1 + h1g0 − b0e0f0 , (E.5)

m2 = h0g2 + h1g1 + h2g0 − b0e0f1 − b1e0f0 , (E.6)

m3 = h1g2 + h2g1 + h3g0 − b0e1f1 − b1e0f1 − b1e1f0 , (E.7)

m4 = h2g2 + h3g1 + h4g0 − b1e1f1 , (E.8)

m5 = h3g2 + h4g1 , (E.9)

m6 = h4g2 . (E.10)
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A. Bovier. A stochastic model for immunotherapy of cancer. Scientific reports,

6, 2016.

[16] M. Bacac, T. Fauti, J. Sam, S. Colombetti, T. Weinzierl, D. Ouaret, W. Bod-

mer, S. Lehmann, T. Hofer, R.J. Hosse, et al. A novel carcinoembryonic antigen

T-cell bispecific antibody (CEA TCB) for the treatment of solid tumors. Clin-

ical Cancer Research, 22(13):3286–3297, 2016.

[17] C. Badoual, S. Hans, J. Rodriguez, S. Peyrard, C. Klein, N.E.H. Agueznay,

V. Mosseri, O. Laccourreye, P. Bruneval, W. Fridman, et al. Prognostic value

of tumor-infiltrating CD4+ T-cell subpopulations in head and neck cancers.

Clinical Cancer Research, 12(2):465–472, 2006.
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