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Giardiasis remains a widespread waterborne disease with substantial public
health importance, particularly in settings with inadequate sanitation and
high environmental contamination. In this study, we formulate and analyze a
deterministic compartmental model that captures the transmission dynamics
of Giardia duodenalis among immunocompetent and immunocompromised
human populations, a lamb reservoir, and the environmental cyst pool. We
derive the disease-free equilibrium and establish its local and global stability
in terms of the basic reproduction number Ry, obtained via the next-
generation matrix method. To complement the deterministic analysis, we
construct a multi-type Galton-Watson branching process approximation near
the DFE and compute type-specific extinction probabilities under different
introduction scenarios. Sensitivity analysis is performed by varying key shedding
parameters to quantify their influence on extinction likelihood. Furthermore,
a continuous-time Markov chain (CTMC) model is developed to estimate the
distribution of extinction times, providing additional insight into stochastic
fadeout dynamics. Numerical experiments reveal that infections introduced
through lambs or the environmental cyst reservoir exhibit markedly lower
extinction probabilities and longer mean extinction times compared with
human-initiated introductions. Overall, the combined deterministic-stochastic
framework highlights the importance of reducing environmental contamination
and targeting high-shedding hosts to enhance the probability of disease
elimination. The results underscore the significance of early detection, timely
treatment, and interventions that curtail environmental cyst persistence as
effective strategies for mitigating giardiasis transmission.

KEYWORDS

branching process, CTMC extinction time, environmental transmission, giardiasis, multi-
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1 Introduction

Giardiasis is a globally prevalent intestinal infection caused
by the protozoan Giardia duodenalis (also known as G. lamblia
or G. intestinalis), a parasite capable of infecting humans and
a wide range of domestic and wild animals [1, 2]. The World
Health Organization classifies giardiasis among the neglected
diseases associated with poverty and inadequate sanitation,
with an estimated 280 million symptomatic cases annually,
disproportionately affecting children under five years of age in low-
and middle-income countries [3]. Transmission occurs primarily
through the ingestion of environmentally persistent cysts, which
may contaminate drinking water, food, soil, and fomites [4-6]. A
single infected host can excrete up to 10° cysts per day, and the
infectious dose can be as low as 10 cysts [7, 8], underscoring the
extraordinary efficiency of its transmission.

From an epidemiological perspective, giardiasis is a zoonotic
and environmentally mediated infection with transmission cycles
influenced by human behavior, livestock management practices,
and environmental conditions. Recent studies highlight the role
of asymptomatic carriers, contaminated water systems, domestic
animals, and environmental reservoirs in sustaining endemicity
[9-12]. In agricultural settings, livestock, particularly young
ruminants, may serve as amplifying hosts. The presence of
viable cysts in pastureland and wastewater, therefore, complicates
control efforts.

Mathematical
for understanding the persistence,

modeling provides a crucial framework

control, and potential
elimination of waterborne and environmentally transmitted
pathogens.
such as those presented in Liana and Chuma [7], Edward
and Shaban [8], and Das et al. [13, 14],

the importance of direct and indirect transmission routes,

Previous deterministic models for giardiasis,

have clarified

environmental sanitation, and symptomatic/asymptomatic
shedding. Similar modeling frameworks have been used for
cryptosporidiosis
theory and stochastic
(CTMC)

fade-out can

related protozoan infections,
(151,
continuous-time
that early

influence outbreak dynamics even when deterministic models

including
where branching process
Markov

stochastic

chain models  have

revealed profoundly
predict persistence.

However, giardiasis is particularly sensitive to low-dose
exposures and stochastic fluctuations, especially during the
early stages of an outbreak when the number of infectious
individuals is small. Deterministic formulations, while valuable
for threshold analysis and long-term behavior, may overestimate
persistence by smoothing out random extinction events and
ignoring demographic stochasticity. Conversely, stochastic models,
particularly multitype
and CTMC models, capture the probabilities of extinction,

Galton-Watson branching processes

amplification, and outbreak variability [16, 17]. This interplay
between deterministic and stochastic descriptions has recently
become a key methodological theme in modern infectious disease
modeling.

The present study develops a deterministic-stochastic modeling
framework for giardiasis that incorporates immunocompetent
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humans, immunocompromised humans, lamb reservoirs, and

environmental cyst concentrations. Immunocompromised
individuals (I,,) often exhibit longer infectious periods and higher
shedding intensity than immunocompetent individuals (I.), and
thus represent a distinct epidemiological subgroup of substantial
importance. Lambs (I}) serve as a major agricultural reservoir
of zoonotic assemblages of Giardia, while the environmental
compartment (Gp) captures cyst persistence and indirect
transmission. This compartmental structure extends previous
deterministic formulations [16] and aligns conceptually
with the multi-host, multi-route transmission model used for
cryptosporidiosis [15].

Using this structure, we derive the disease-free equilibrium,
compute the basic reproduction number Ry, and utilize next-
generation methods to analyze local and global stability. To
characterize extinction events and evaluate outbreak initiation
across different host types, we formulate a four-type multitype
branching process associated with the linearization of the
deterministic model near the disease-free equilibrium. This
approach parallels the stochastic methodology in, allowing
precise computation of extinction probabilities Py for single-
introduction scenarios. We further perform sensitivity analysis
of the mean offspring matrix, highlighting how shedding rates
¢c> Pm> ¢; influence outbreak fade-out under stochasticity. Full
CTMC simulations are then used to approximate extinction-time
distributions, an analysis crucial for understanding early outbreak
kinetics and informing public health responses.

Overall, this study contributes to the giardiasis modeling

literature by:

o Integrating deterministic, branching-process, and CTMC
frameworks within a unified multi-host epidemiological
model.

o Identifying transmission pathways and host types most likely
to initiate sustained outbreaks, through analytically computed
extinction probabilities.

e Evaluating the sensitivity of extinction dynamics to shedding
parameters associated with humans and livestock.

e Estimating extinction time distributions, which provide
operational insights into how rapidly outbreaks may fade
without intervention.

The modeling results highlight how immunocompromised

humans and lambs disproportionately drive persistence,
exhibit  high

extinction probability. These findings reinforce the need for

whereas  environmental-only  introductions
targeted interventions in high-risk host groups and improved
environmental sanitation strategies.

The remainder of this manuscript is organized as follows.
Section 2 presents the deterministic model formulation, derives
Ro, equilibrium points, and stability conditions. Section 3
introduces the branching-process approximation and stochastic
sensitivity analysis. Section 4 describes the CTMC simulations
used to estimate extinction-time distributions. Finally, Section 5
summarizes the implications of our findings for giardiasis control
and outlines directions for future research.
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2 Deterministic model formulation

We consider a compartmental framework describing the
transmission of giardiasis among human and lamb populations,
together with an environmental reservoir of Giardia cysts. The total
human population, denoted by Nj,, and the total lamb population,
denoted by Nj, are each stratified into epidemiological classes
representing different stages of infection.

Specifically, individuals are classified as susceptible (S;),
exposed but not yet infectious (E;j), infectious and capable of
transmitting the disease (I;), or recovered with temporary or
{c,m,]} identifies
immunocompetent humans (¢), immunocompromised humans

partial immunity (R;). The subscript j €

(m), and lambs (I), respectively. In addition, G, represents the
concentration of viable Giardia cysts present in the environment.
Accordingly, the total population sizes are expressed as

N, =N+Np=S.+E.+L+R.+Sn+En+ILn+ Ryl
(1)
Ny = 8§ +E+IL+R,. (2)

Susceptible immunocompromised humans acquire infection
through effective contact with infectious humans, infectious lambs,
or contaminated environmental cysts. The corresponding force of
infection is given by

Am = 0l + Ol + 01 + epGp- (3)

In contrast, susceptible immunocompetent humans experience
a reduced infection risk, modeled as a proportional modification of
Am» such that

Ae = €chm. (4)

Similarly, susceptible lambs become infected either through
direct interaction with infectious lambs or via exposure to
environmental cysts, with the force of infection given by
The parameters of the model are described in detail in Table 1.
Therefore, following Figure 1 and given the description of the
parameters as given in Equations 1-5 and the assumptions of the

model, the deterministic model for the dynamics of giardiasis in
humans and cattle is given below as

Se = ey + TR — (e + iy + B)Se
Ec = heSe — (un + no)Ees
I = ncBe — (up + de 4+ 1)1,
R, = rd. — (u + o)Re
Sm = (1 = 0)Ap + TmRin + BeSe — o + 144)Sm»
Em = 2mSm — (ith + 1m)Em»
Im = mEm — (i + dm + 1) s (6)
Ry = tmly — (n + T)Rons
S = A+ TR — (i + u)Sp
Frontiers in Applied Mathematics and Statistics

03

10.3389/fams.2026.1799489

TABLE 1 Model parameters and their epidemiological interpretations.

Parameter Meaning

o; Fraction of newly recruited humans who are
immunocompetent

Ap Entry rate of individuals into the human population

2 Waning rate of giardiasis-induced immunity among R,

& Relative susceptibility reduction in immunocompetent
humans S,

0 Transmission rate from infectious immunocompetent
humans I, to S,

Om Transmission rate from infectious immunocompromised
humans I, to S,

0 Transmission rate from infectious lambs I; to S,

Op Environmental transmission rate from cysts G, to S,

&0, Effective transmission rate from I, to S,

&Om Effective transmission rate from I,,, to S.

&0 Effective transmission rate from I; to S,

&ctp Effective transmission rate from environmental cysts to S,

Be Rate at which immunocompetent humans lose immunity
and enter S,

I Baseline mortality rate in humans

e Mean progression rate from exposed to infectious class E,

Nm Mean progression rate from exposed to infectious class E,,

d. Disease-induced mortality rate among I,

dp Disease-induced mortality rate among I,

Te Recovery rate of infectious immunocompetent humans

Tm Recovery rate of infectious immunocompromised humans

Ve Rate of immunity loss in recovered immunocompetent
humans R,

Vi Rate of immunity loss in recovered immunocompromised
humans R,

A Recruitment rate of lambs into the population

7 Rate of immunity waning against giardiasis in R;

K] Direct transmission rate from infectious lambs I; to S;

Kp Environmental transmission rate from cysts G, to S

w Natural mortality rate of lambs

n Average latent-period progression rate in exposed lambs E;

d Giardiasis-related mortality rate in I;

7 Recovery rate of infectious lambs

o Shedding rate of Giardia cysts into the environment by I,

Om Shedding rate of Giardia cysts into the environment by I,

) Shedding rate of Giardia cysts into the environment by I;

p Natural decay rate of Giardia cysts in the environment

E = M8 — (i + m)Ey,

I = mE — (i +di + )l

Ry = nl; — (w + )Ry,

Gp = dcle + Smlm + dil; — 11, Gp,
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Forces of infection (Egs. 1-3):
Am =0clc + Omlm + 611 + 6,Gp,
Ac=EAm

A=kl + KpGp
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FIGURE 1

Schematic diagram of the multi-host giardiasis transmission model (Equation 6).

with initial non-negative conditions

S.(0) > 0, E/(0)>0, I.(0) >0, R,(0)>0, S5,(0) >0,
En(0) > 0, In(0)>0,
R,(0) = 0, S(0)>0, E(0)=>0, I(0)=>0, R0)=>0,

and  G,(0) > 0.

2.1 Qualitative analysis

This section establishes fundamental analytical properties of
Equation 6. In particular, we demonstrate the positivity and
boundedness of its solutions by invoking Lemma 2.1 and
Theorem 2.1. We then derive conditions guaranteeing the existence
of a unique endemic equilibrium via Theorem 2.3, and finally
investigate the global asymptotic stability of the giardiasis disease-
free equilibrium using Theorem 2.2.

2.1.1 Positivity of solutions and boundedness of
Equation 6

We first verify the existence of solutions and show that all state
variables remain non-negative for all future times.

Lemma 2.1. Equation 6 possesses at least one solution. Furthermore,
every solution originating in the region Q C R
allt > 0.

remains positive for

Proof: To establish existence, uniqueness, and positivity of
solutions, we first note that the right-hand side of Equation 6
consists of polynomial and bilinear incidence terms and is
therefore continuously differentiable on R}’. Hence, by the Picard-
Lindel6f (Cauchy-Lipschitz) existence and uniqueness theorem
[18, Theorem 3.1], there exists a unique local solution for any non-
negative initial data. We now proceed to show that these solutions

Frontiers in Applied Mathematics and Statistics

remain non-negative for all + > 0. To this end, we consider non-
) ds to each
equation of Equation 6. For illustration, we examine the susceptible

negative initial data and apply the integral operator fot (-

immunocompetent class,

Sc = oAy + TR — (Ae + up + Bo)Se. (7)

Integrating both sides of Equation 6 over the interval [0, ]
yields

t t
/ Scds = / (UcAh + TeRe — (e + pp + ﬂc)sc) ds. (8)
0 0

The left-hand side of Equation 7 simplifies to S.(t)—S.(0), while
the right-hand side can be decomposed as

t t t
[ otndst [ wr@ds= [ Gt m+pos@ds @)
0 0 0
Evaluating each integral term in Equation 7 gives

Jo f(s)ds
if f(s) = o. Ay,

if f(s) = TcR.(s),

o Apt,

t
/ R.(s) ds,

/ (he + w1 + BSc(s) s, iff(s) = (Ac + o + Be)Sc(s)s

(10)

which is standard for disease transmission dynamics.
Combining these expressions (i.e. Equations 7-10) leads to

Selt) = Sc(0) + oAyt + T fy Rels) ds
= JoOc + mn + BISc(s) ds
Since S;(0) > 0, 0.Ay > 0,and R.(s) > 0 for all s € [0,¢], it

follows that all integral contributions are non-negative. Note that
(A + mp + Bc)Sc(s) = 0 for all s > 0, since all parameters and
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state variables are non-negative. Hence, the integral term fot (Ac +
n + Bc)Sc(s) ds is non-negative, and Equation 10 provides a lower
bound for Sc(¢). In particular, it follows that S.(t) > 0 for all t > 0.
Consequently,

Se(t) > Se(0) + ocAp t + T [y Re(s) ds

— [y O + 1an + BO)Sc(s) ds. (11)

Hence S(t) remains positive for all £ > 0.
Since S.(0) > 0, 0.A > 0,and 7.R.(s) > 0 forall s € [0,1], it
immediately follows that

S.(t) >0 forallt>0.

establish the positivity of the infectious

immunocompetent class by examining

Next, we

Ic = ncEc — (up +de + o)l

Rewriting Equation 11 and introducing the integrating factor
w(t) = eltntdetre)t yields

t
elntdetroty — 1.(0) + / neentdetrs g () ds. (12)

0

Solving explicitly for I.(t) gives

t
I(t) = e~ Hntdetrot <IC(O)+ / ncelntdtrIsE () ds>.
0

Because I.(0) > 0 and E.(s) > 0 for all s > 0, we conclude that
I.(t) >0 forallt> 0.

Using the same integrating-factor argument and noting that
all inflow terms are non-negative whenever the state variables
remain in Rf, the positivity of the remaining compartments
E¢, R Sns Ems Ims Rins Sps Epy I, R, and G, follows analogously.

By applying the same argument to the remaining compartments
of Equation 6, we obtain

Se(t) > 0, Ec(t) = 0, I.(t) = 0, Re(t) = 0, Siu(t) > 0,
Em(t) = 0, In(t) = 0, Ry (t) = 0,

Si(t) > 0, Ei(t) = 0, Ij(t) = 0, Ri(t) = 0, Gp(t) =0, Vt=0.

This completes the proof. (]

Theorem 2.1. All solutions of Equation 6 with initial conditions in
RY? are uniformly bounded.
divide

humans,

Proof: We first into subsections of

immunocompetent

Equation 6
immunocompromised humans,
and lamb populations as follows:

For the immunocompetent humans, we have

d(Sc+Ec+Ic+R.)
dt

= 0cAp + TeRe — (he + g + Be)Se + AeSe — (p + ne)Ee + ncEe
—(up +de + 1l + rele — (up + TR
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Given that the total number of immunocompetent humans is
given as S¢ + E. + I, + R, = N,, then Equation 12 becomes

dN,
dt

=0ocAp — (Sc + Ec + I + Ry, — BeSe — dcl,

with B, d. > 0,

dN,
T < ocAp — ppNe.

Applying the standard comparison theorem for differential
inequalities, we compare N.(t) with the solution of the linear
auxiliary equation

dy

— =0 Ap — M“nYs

I »(0) = N(0),

whose explicit solution is

A A
oy =22k (NC(O) - u) e Hnt,
Hh MHh

Hence N.(t) < y(t) for all t > 0, which implies that N,(t) remains
bounded. The same comparison argument applies to the remaining
population components, thereby establishing the existence of a
positively invariant bounded region €2.

Solving this linear inequality with the integrating factor e/, we
have

d
= (e‘”'tNC(t)) < o Apet.

Integrating from 0 to ¢ gives

A
SMHIN(E) — N(0) < T2t (et — 1),

1293
Hence,
oA oA
Ne(t) = = + (Nc(o> - =t h) eI,
M“h M“h
Ast — oo,
A
N < Z28
1293

so the positively invariant region is

Q. ={(Se, Ec, I, R.) € Ri 0=<S+E+I+R
< 0cAp/ -

So, using the same procedure, it can be concluded that

Q= {(Sm> Em>Im» R) € Ri 0<Syu+En+1In+Ry
< (1 =0 An/un}s
Q = {(SLE,ILR) €RL:0 < S+ Ej+ I+ Ry < Ay/g),
A 1-— A A
M <@ = max{ac e N (1 — ) Apdm) n ld)l,Gp(O)},
Whltp Wity Wity

Thus, all trajectories of the model remain biologically feasible
and mathematically well-defined, and every solution of Equation 6
evolves within the positively invariant region €2.
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2.2 Equilibrium points of Equation 4
2.2.1 Giardiasis disease-free equilibrium point E°

When giardiasis is absent from the lamb population,
as well as from both immunocompetent individuals and
immunocompromised human subgroups, Equation 6 admits
a disease—free steady state given by

ko Ay

A A
E = (Gfk " 0,00, =2 0,0,0, 21 0,0,0, 0>, (13)
1 MhKl My

where k1 = uj + Bcand ky = B + pup(1 — oo).

2.2.2 Basic reproduction number R

The basic reproduction number R quantifies the expected
number of secondary infections generated by a single infectious
individual introduced into a fully susceptible population over its
infectious lifetime [19]. Employing the next-generation matrix
methodology [20], the threshold parameter associated with
Equation 6 is obtained as

1
Ro =3 (Rip + Ry + Ry =Ry + 4Rypy)
Here,

(kSkGMhnch(Mpec + ¢C9p) + k2k3k4nm(ﬂp9m + d’mep)) Ap

Ruy = R
" kiksksksKepittp
(rc1pep + KpPr)mi A
Ryp = b PO
krks iy
® (kskepinecncocpe + kokskanmdm) (pb) + di6p)nicy A Ay,
Thp = .

kikskskskekks iy

The constants are defined as k; = up+ B¢, ko = Be+(1—oc) ins
ks = up+nc, ks = dc+re+pp ks = pn+nm, ke = pp+dm+1rm,
k7 = p; + m, and kg = ) + d; + r;. The quantities Ry, Rjp, and
Rinp represent the partial reproduction numbers associated with
transmission involving humans and the environment, lambs and
the environment, and their combined interaction, respectively.

2.2.3 Giardiasis persistent equilibrium point £*

The equilibrium point E* corresponds to a steady state
in which giardiasis coexists within immunocompetent humans,
immunocompromised humans, and the lamb population. This
equilibrium is obtained by equating the right-hand sides of
Equation 6 to zero and solving the resulting nonlinear algebraic
system simultaneously. The endemic equilibrium is expressed as

E* = (S5 EL ISR, Sk B I R S E IR

c> e

in terms of A}, where

R — relf . kioocAp + ret Lt
- b —_ T . N
¢ k1o kio(echy, + k1)
Frontiers in Applied Mathematics and Statistics 06
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B — G)V*m(kloacAh +rcfclj) R* — rmI;kn

¢ kskio(echr, + k1)~ ™ ki
I — k106c77c0c1\h)~fn

¢ (kskakio — nereve)echs, + kskakiok:
E* — )‘%S*m I* — nmE*m E* — kSIEk

" ks =" ke = ! m
g — (1 — o)Ay + BSE + TR},

" (A%, + un)
G — Gl + dmly, + ¢II;< _ ﬂ

£ 2 > ] k; >
e e

I — 01 >

* * * * k7E?<

1

Substituting S, Rf, and A into the susceptible-lamb equation of
Equation 6 and evaluating it at the endemic equilibrium yields a
polynomial equation of degree five in A}, of the form

esO)® 4+ i) + (A5 + (A5 + adl, +co = 0. (14)

The coeflicients cs, . . ., cp depend explicitly on the parameters

of the model. In particular, the leading and constant coefficients are
given by

co = k3k3kiki kskekiokrkskiakkispniippny
(1+Ro — (R + Ryp))(1 = Ro),

s = elmp(dipp + pittp)krkakio — nerete)
(kskekiz — NmtmTm)? (k7kskia — mirT)),

X

X

= Ac+ B+ upw ko = T+ wp kit = A+ us
ki2 = T+ ki3 = A+ g ke = 7+ g, and kys = @16 + 10,

To establish the existence of a unique persistent equilibrium,
note that (k7kskis —miri7)) = pildi+p+r)(ui+m+ ) +nmd+
p1) > 0, which implies ¢s > 0. Moreover, if 1 + Ry > (Rpy + Ryp),

where kg

thency < OforRy > land cyp > 0forRy < 1.

Consequently, when Ry > 1, the sequence of coefficients
(cs, ...
of signs, Equation 14 therefore admits at least one positive real

.,¢p) exhibits at least one sign change. By Descartes’ rule

root whenever Ry > 1, ensuring the existence of a persistent
equilibrium. Depending on parameter values, Equation 14 may
also admit no positive solution or multiple positive solutions,
corresponding to the absence or multiplicity of endemic equilibria.
The stability properties of these equilibrium states are investigated
in subsequent sections.

2.3 Stability analysis of equilibrium states

2.3.1 Global stability of giardiasis disease-free
equilibrium point £9

Given the giardiasis disease-free equilibrium point E° given in

Equation 13, we show below that E° is globally asymptotically stable
when Ry < 1.
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FIGURE 2
Representative realizations of the CTMC-based stochastic dynamics (solid curves) compared with the associated deterministic trajectories (dashed
curves) for (A) the susceptible immunocompetent human population Sc and (B) the susceptible immunocompromised human population S,,. Solid
curves represent multiple stochastic realizations of the CTMC model, included to illustrate demographic randomness and variability in outbreak
trajectories, while dashed curves denote the corresponding deterministic solution.

Theorem 2.2. The giardiasis disease-free equilibrium point E° is
globally asymptotically stable when Ro < 1 and unstable otherwise.

Proof: We prove the global stability of the DFE point E° of the
giardiasis model (Equation 6) by adopting the Metzler matrix
approach described by Kamgang and Sallet [21]. To do this, we
write the model Equation 6 as

AW = Ao(Us — U(E®)) + AU,
Ui = AU,

where Uy is the vector denoting the compartments in our system
that do not transmit the giardiasis disease, and U; denotes the
giardiasis-transmitting vector components. Here, if A; is a Metzler
matrix (i.e., the off-diagonal entries of A, are non-negative), and A
has real negative eigenvalues, then the giardiasis-free equilibrium is
globally asymptotically stable. Now, from the model Equation 6, we
have Us = (Se, Res S> Rins Sb R)T, Ui = (Ec, Lo, Ems Ims E1b 1, Gp) T
and

_ UcAh
Sc T
C
koA
S _ kA
U —UE = | "™ ki |,
m
_ N
1z
R
Frontiers in Applied Mathematics and Statistics 07

—(in + Be) Tc 0 0 0 0
0 —(up+1) O 0 0 0
An = Be 0 —MKh Tm 0 0
0= 0 0 0 —(up+7tm) O 0
0 0 0 0 — T

0 0 0 0 0 —(w+1)

The eigenvalues of the matrix Ag are Ay = —pup, Az = —(up + 7c),

A3 =—(up+B)sra = —(p+Tm) A = —pyand A = —(u+17).
Also we have

0 €0:0. Ay 0 €Omoc Ay, 0 €0i0: Ay €OpocAp

k1 k1 ki k1
Te 0 0 0 0 0
0 Ocka Ay 0 Omka A Ok Ap, Opka Ap,
A = wnky wnky ik ik )
0 0 0 Tm 0 0
A KkpAj
0 0 0 0 o Mt Sp
M My
0 0 0 0 0 7] 0
—(up + 1e) 6‘9‘,:‘ Ay 0 ets,..kz‘nAh 0 6(9’,‘:}:/\}; ‘L‘gp’:ﬁ/\h
7 —(u + de + 1) 0 0 0 0 0
Ocka Ay ks Oyky A
T I A
0 0 m —(wn + dm + 1) 0 0 0
0 0 0 0 ~utm) SR S
0 oc 0 Pm 0 I —Hp

Given that the eigenvalues of the matrix A are negative and the
oft-diagonal entries of the Metzler matrix If A, are non-negative,
it follows that the giardiasis disease-free equilibrium point E° is
globally asymptotically stable.

The transient “overshoot” observed in Figure 2, where human
infections initially exceed their long-term endemic level before

frontiersin.org


https://doi.org/10.3389/fams.2026.1799489
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Asogwa and Onah

stabilizing, has important biological implications. This behavior
reflects rapid epidemic growth when the population is largely
susceptible and environmental cyst concentrations accumulate
faster than removal processes. During the early phase, high
shedding rates temporarily amplify transmission, producing a peak
in infections before feedback mechanisms, including recovery,
waning susceptibility, and environmental cyst decay, reduce
the effective force of infection. Such overshoot dynamics are
characteristic of environmentally mediated diseases and suggest
that short-term case surges may occur even when the system
ultimately converges to a stable endemic equilibrium. From
a public-health perspective, this highlights the importance of
early intervention and environmental sanitation to mitigate peak
healthcare burden during outbreak initiation. O

2.3.2 Global stability of giardiasis persistent
equilibrium E*

Here, we analyze the global stability of the persistent
equilibrium of our model Equation 6 by stating and proving the
following theorem.

Theorem 2.3. The unique persistent equilibrium E* is globally
asymptotically stable if Ro > 1 and unstable otherwise.

Proof: We first define the Lyapunov function

Sc E,
L = Kk (Sc S¥—Sin §>+K2 (EC—EZ‘—EZ‘IHE—;)

I
+K3<Ic—1f—lflné>
R S
+K4<RC—R;“—lenR—;)+K5<sm—s*m—s;1n£>
E
+x6<Em—E*m—E*mlné>
ILn—1I* 1*1Im R,, — R* R*lR'”
+ k7 Wl_m_mnIT< + kg m — Ry — mnRiﬁ<
m m

I
+ K10 (E, Ef —E'lIn >+K11 <II—II —IfIn P{)
l 1

following the definition by Mgandu et al. [22] and Stephano et
al. [23]. The time derivative of the Lyapunov function .Zis given
below as

dz dS. E\ dE.
E:m(l Sc) T +K2<1_Ei>?
dl. "\ dR.
oD -5)

dS, dEy,
1—om)2m 1-
+K5< Sm> a T 6( Em> dt
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+ K l—i @4-16 I—R—T @
1 ;) dt 12 Ry ) dt
Gy \ dG
+r|1- 22 ) =2, (15)
p t
Let
A S E I _Re S
m Cc Cc c m
pe B I R
E L R,
po oGS, B L R o
T A

Substituting the equations of model Equation 6 into Equation 15 at
steady state gives

iz
dt

1\2 1\2 1\2
= —K1kiSc (1 - E) — K5 pSm (1 - ;) — K9S (1 - 6)

1
b (1 _ E) (@RE(f — 1) + € SH(1 — ab))

+  Ka€chs,SE (l - %) (ab—d)
E(1 ! d—e) I'[1 ! ( )
oo v s
+ x5 ( g) (BeSi(b — 1) + TRy (n — 1)
+ A5Sh(1—ag)) + keAy,Sh, ( ;) (ag — h)
+ k7mmE;, (1 — %) (h —m) + ksrpI}, (1 — %) (m —n)
1
+ K9 (1 - E) (TR (y — 1) + A;S; (1 — pg))
1
+ Klo)\.;kSEk (1 — ;) (pq —u)
+ knmEf (1 - 1) (u — x) + kol (1 - l) (x—=y
x y
+ K13 (1 - %) (P} (e — 2) + Pl (m — 2)) (16)

1
+ K13(Z5II;k (1 — ;) (x — Z).

Simplifying further and setting the coefficients of ab, ag, d, f, h, n,
Pg> 4, and y to zero, we have

Kl = K2 = K5 = K¢ = k9 = K10 = K13 = L,
€N, SE TR} A SE TR,
K3 = > K4 = > K7 = > Kg = 5
n.Ef rcd¥ nmE}, rml,
_ A;‘Sj‘ B th}“ 17)
K11 = VIIET) K12 = TlIl*.
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Substituting Equation 17 into Equation 16 and simplifying,

we have
ds 1\2 1\?
— = kS (1—=) —upSm|1—-
di lc( b) V«hm( g)
d ab 1
+65Atnst<3+a—e—z—g—g>
h ag 1
+A*mS;<3+a—m—E—?—§)

1
+A?‘ST<3+p—x—E—@—7>

x u q

* e
+ ol (1+e—z—f

N | RN

1 b
+ﬂcsi‘<b+f—f—1)
& g
4R (et s L_e + tmR +--2-=
TR e f R, | m 2 g "

Consider v(x) = 1 — x + In(x) < 0 for any x > 0 with equality
holding if x = 1. For 1 — x < — In(x), we realize that
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Following the same procedure, we see that

—
w
+
N

|

3

|
3|

|
=[]

|
oQ | =
~—

IA

A
L
o
+
3

|
N

|

\

N

IA

Hence,

az_,

a — 7

with equality holding ifand onlyifa = b=d =e=f = g =

h=m=n=p=q=u=x=y=z= 1, which corresponds

precisely to the set Q = Q*. It follows that the endemic equilibrium
E* constitutes the maximal invariant subset of €.

Invoking LaSalle’s invariance principle [24], we deduce that,
as t — 00, every solution of Equation 6 converges to the
endemic equilibrium E* whenever Ry > 1. Consequently,
within the invariant region €2, the equilibrium point E*is globally

asymptotically stable. O

3 Stochastic model

Biological processes are inherently variable, and this variability
becomes especially important in the study of infectious diseases,
where random fluctuations can shift the course of transmission.
Deterministic models describe the average progression of infection
but cannot capture the discrete and unpredictable movements of
individuals between epidemiological states. In contrast, stochastic
models incorporate demographic randomness by treating the
number of individuals in each compartment as integer-valued
quantities that evolve through probabilistic events over continuous
time [25, 26].

A key implication of demographic randomness is that the
final infectious individual in a population may clear the infection
before generating any secondary cases. Consequently, extinction
of giardiasis can occur purely due to chance, even when the
deterministic model predicts persistence. Deterministic trajectories
may also allow infection levels below a single individual, which
is biologically unrealistic; stochastic formulations avoid this by
enforcing transitions only between whole-number states [27, 28].

Random fluctuations can be particularly pronounced for
giardiasis due to the multiple transmission routes involving
immunocompetent humans, immunocompromised humans,
These

interactions create opportunities for the pathogen to fade

lambs, and cysts contaminating the environment.
out or re-establish, depending on the timing and sequence of
events. Because stochastic models allow estimation of extinction
probabilities and the distribution of extinction times [25, 26], they
provide an essential complement to the deterministic analysis of
Section 2.

For these reasons, we formulate a continuous-time Markov

chain (CTMC) model that preserves the compartmental structure
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and assumptions of the deterministic system but treats all
transitions as random events occurring at specified rates. This
allows for a more realistic exploration of giardiasis dynamics in
finite populations.

3.1 Giardiasis CTMC stochastic model
formulation

The stochastic version of the model extends the deterministic
Equation 6 by treating all state variables as integer-valued processes
that evolve randomly over time [25, 29]. To formulate the
continuous-time Markov chain (CTMC), we define the state vector

X(#) = (Sc(8), Ec(0), 1e(1), Re(1), Spa (1, By (1), T (), R (), S1(8), Ex(8), Iy (8), Ri(8), Gp (1)),

fort > 0and where S, E., I, R corresponds to immunocompetent
Sims Ems Im> Ry t0
1, E, I, Ry to lambs, and G, to environmental Giardia cysts. Each

humans, immunocompromised humans,

component is assumed to take values in the finite set

{0,1,2,...,M},

with A/ € Z; representing a sufficiently large upper bound on the
population size.

The CTMC is assumed to be time-homogeneous, meaning
transition rates depend only on the current state and not on
time explicitly [29]. Each transition in the CTMC corresponds
to a biologically meaningful event such as infection, progression,
recovery, loss of immunity, natural death, disease-induced death,
shedding of cysts, or environmental clearance. Every event
changes one or more entries of X(¢#) by £1, while all other
components remain fixed. The rate at which a given event occurs is
derived directly from the deterministic formulation. For example,
susceptible immunocompetent humans acquire infection at a rate
AcSe, where
Ac = €chm,

Am = 961c+0m1m+9111+9pGp9 A= KIII+KpGp>

as given earlier in Equations 3-5. Exposed lambs progress to the
infectious class at rate mE;, and cysts are removed from the
environment at rate i, Gp. A complete list of transitions and their
associated rates is provided in Table 2.

For a fixed time ¢, the random state X(¢) takes values in the finite
state space

S=1{0,1,...,M",
and its probability mass function is defined by
Py (t) = Pr{X(t) = ¢},
for any admissible state
@ = (¢ €cslcs Tes Sms €ms bms Tms S €1 i1 715 §p) € S.

We assume that the process is time-homogeneous and satisfies
the Markov property:

Pr{X(t + At) | X(0), X(AD), ..., X(D)} = Pr{X(t + Ab) | X()},
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for all t > 0 and any At > 0. Consequently, the waiting time
between successive events is exponentially distributed, and in a
sufficiently small interval [t,¢ + At)] we may assume that at most
one transition occurs.

Let v; denote the jump vector corresponding to a specific
admissible event, and let ax(x) denote its transition rate when
the system is in state x. The infinitesimal transition probabilities
are then

Py, x(At) = ar(x) At + o(At),

P (At) = 1 —&E(x)At + o(Al), (18)

where
£ =) arx)
k

is the total rate at which any event can occur from state x. All other
transitions occur with probability o(At).
Using the rates in Table 2, the total rate £(x) can be written
explicitly as
) =ocAp+ (1 —0)Ap+ A+ Acse + AmSm
A8+ Bese + Tere + Tmtm + T
+ncec + Nmem + niep + reic + rpig + 110
(i + doic + (i + dm)im + (g + d)ip
+itn(se + ec + 1) + wn(sm + em + 1m)

+ii(s; + e+ 1) + Gcic + Pmim + iy + ppgp.  (19)

Let P(t) = Pr{X(t) = x}. Using the Markov property and the
infinitesimal transition relations (Equation 18), we obtain

P(t+ At) =

D Pexu (A Pey () + Pex(AD) Py(D),
k: vakeS

and by letting At — 0 we arrive at the forward Kolmogorov
(master) equation:

dP.(t)
dr

D el — v Pey () —E) Pe(t),  (20)

k: x—vkES

for all x € S, with &(x) given in Equation 19. Biologically,
Equation 20 expresses that the probability of occupying a given
state increases due to transitions into the state and decreases due to
transitions out of the state. The disease-free state 0 = (0,...,0) is
an absorbing state of the CTMC; once entered, the process remains
there indefinitely and giardiasis has gone extinct.

The CTMC framework retains the biological structure of the
deterministic model while incorporating demographic variability.
It permits computation of extinction probabilities, outbreak
likelihood, and the distribution of extinction times, and forms the
basis for the branching process approximation developed in the
next section.
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TABLE 2 State transitions and corresponding occurrence rates for the giardiasis CTMC stochastic model.

10.3389/fams.2026.1799489

Event State transition Rate
Recruitment of S, (Sesv s Gp) > (Sc+ 1,...,Gyp) oAy
Recruitment of S, (o> sSms 5 Gp) = (S s Sm+ 1., Gp) (1 —0)Ap
Recruitment of S (She s Gp) = (LSt L., Gy) Ay
Loss of immunity in R, (Ser-- Ry, Gp) = (Sc+ 1. . ,Re— 1,...,Gy) TR,
Loss of immunity in R, GosSmsee s Ry )= (.S + 1,00 ,Ry — 1, TmRm
Loss of immunity in R; (-85 RLGy) = (., S+ 1,...,R = 1,Gp) TR
Infection of S, (S Eey...) > (Sc —LE +1,...) AeSe
Infection of S,, G.osSsEms..) > (.osSy— LE,+1,...) AmSm
Infection of §; G.oSLE,..)—=> (.., SS—LE+1,..) S
Progression E. — I, (oryEoIeyoo) = (o0 Ec— LI+ 1,...) n.E.
Progression E,,, — I, (.tsEmsLyy...)—> (..,Epy — LI, +1,...) NmE,
Progression E; — I (. Enl...)—> (.., EE—1,I+1,...) mE;
Recovery of I (.o IRe..)—> (., — LR +1,...) rl.
Recovery of I, Gotslpy Ry .. ) > (.., Ly — LR, +1,..) Tl
Recovery of I; (.o ILRLGy) = (.., 1 = LR+ 1,Gp) i
Natural death of S, (Ser..) > (Sc—1,...) nSe
Natural death of E, (ooyEBeyoi) = (.. Ec—1,...) unE.
Natural death of I (ool )= (o —1,.00) nle
Natural death of R, (...;RH0) = (. R.—1,..) unRe
Natural death of S,,, (oSmse )= (S —1,000) [AhSm
Natural death of E,, (coisEpyen) = (.0 En—1,..0) UhEm
Natural death of I, (st )= (oL — 1,000 hlm
Natural death of R,,, (...,;Rpy...) > (..,Ry—1,...) hRm
Natural death of §; (.nSh.. )= (.8 —1,..) St
Natural death of E; (.0, Ep.)—> (. E—1,..) E;
Natural death of I; .0y )—=> (.., —1,..) il
Natural death of R; (--»R,Gp) = (.., R = 1,Gy) Ry
Disease-induced death of I, (ol )—=> (o —1,..) d.l,
Disease-induced death of I,,, ool ) > (oL —1,..0) Al
Disease-induced death of I; (.ol )= (.0 —1,..) di,
Shedding of cysts by I, (ol s Gp) = (oI, Gy + 1) bl
Shedding of cysts by I, (oisIpse s Gp) = (oL ..., Gp + 1) Gmlm
Shedding of cysts by I; (ol s Gp) = (oI, G+ 1) &l
Environmental clearance of (.,G) = (...G, = 1) 1y Gp
cysts

The state vector is X = (Sc, Ec, Ie, Res Sm> Ems Ims R, 1, Epy I, Ry, Gp).

3.2 Multiple branching process

The early stages of giardiasis transmission are driven by chance
events because the number of newly infected individuals is initially
small, and each infectious individual may or may not generate
additional cases before recovering or dying. To capture this
randomness and to approximate the behavior of the CTMC model
near the disease-free state, we formulate a multitype branching
process. This approach has been widely applied in stochastic
epidemic modeling for protozoan infections and zoonoses [16, 22],

Frontiers in Applied Mathematics and Statistics

and provides a tractable way to study the probability of outbreak
establishment and the distribution of early transmission chains.
The deterministic Equation 6 describes three epidemiologically
distinct host classes (immunocompetent humans,
immunocompromised humans, and lambs), together with an
environmental reservoir of cysts. Each of these components
contributes to onward transmission, either through direct host-to-
host contact or through the shedding and acquisition of Giardia
cysts. The CTMC model of Section 3.1 represents these interactions

through random event rates. When infection is rare, however,
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the susceptibles remain approximately constant, and transitions
among the infected compartments are driven solely by the random
behavior of a small number of infectious individuals. Under these
circumstances, the CTMC dynamics can be approximated by a
multitype branching process, where each infectious individual (or
cyst) produces “offspring” of various types according to probability
laws determined by the transition rates.

We classify infectious entities into four types corresponding
to the transmission-generating components of types 1-4, where
Type 1 is infectious immunocompetent humans (I.), Type 2 is
infectious immunocompromised humans (I,,), Type 3 is infectious
lambs (I}), and Type 4 is viable Giardia cysts in the environment
(Gp). During its infectious period, a Type 1 individual may
generate new exposed humans (E. or E,;), infect lambs through
environmental contamination, or contribute to cyst production.
Analogous statements hold for Types 2 and 3. Type 4 (cysts)
generates new infections in all host classes at rates proportional to
6y and k as defined in Equations 3-5. Because susceptibles remain
effectively constant during the threshold phase, the resulting
infection events correspond to “offspring” of new types, where each
primary infectious individual initiates an independent transmission
chain [26, 30].

Let Z, (ZE,I),ZS,Z),ZS),Z%)) denote the number of
individuals of each type in generation n. The process {Z,},=>0 forms

a four-type Galton-Watson branching process with mean offspring
matrix M = (myj), where m;; is the expected number of type-j
offspring produced by a single type-i individual.

For i = 1 (immunocompetent humans), an infectious period
lasting on average 1/(r.+u,+d.) produces new immunocompetent
infections at rate €.6,, infections in immunocompromised humans
at rate €.6,, lamb infections through the environment via
progression to cysts at rate ¢, followed by environmental
acquisition k, and new cysts directly at rate ¢.

Thus,

s

surv

o0
myj = / rate; () (t) dt,
0

where S{(£) is the probability the infectious period of a type 1
individual exceeds time .

Similar reasoning yields expressions for m;; and ms;, replacing
the appropriate parametric rates {0y, 1m, m> ¥m} and {kp, n;, 11, @1},
respectively. Type 4 cysts have an exponential lifetime with rate j1,,
during which they may generate human or lamb exposures at rates
{0p icp}, giving

rate4ﬁj

Mmy; = .
Y Iy

The full matrix M therefore takes the form

mi2
myp
msy
map

mi3
my3
ms3
M43

mi4
moq
masq
Ma4

where all entries are non-negative and depend solely on the
infection and progression rates of Equation6. Closed-form
expressions can be derived in terms of the model parameters,
analogous to the construction of next-generation matrices in
deterministic models [19, 20].
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The dominant eigenvalue p(M) of the mean offspring matrix
determines the behavior of the branching process, such that
p(M) < 1 implies that extinction occurs with probability 1, and
p(M) > 1 implies positive probability of outbreak establishment
[28, 30].

The extremely low extinction probability associated with
introductions through the environmental cyst class G, reflects the
role of sustained environmental loading rather than a single fixed
numerical concentration threshold. In the stochastic framework,
the transition from fade-out to a sustained outbreak occurs when
cyst-driven transmission increases the dominant eigenvalue of the
mean offspring matrix beyond unity, which corresponds to the
deterministic threshold Ry > 1. Biologically, this implies that
persistence depends on the balance between cyst shedding (¢, ¢m,
¢1), environmental acquisition (6, k), and cyst decay (11,). When
shedding and acquisition rates collectively outweigh environmental
clearance, cyst concentrations remain sufficiently high over time
to generate secondary infections faster than stochastic extinction
removes them. Thus, even moderate initial cyst levels may trigger a
sustained outbreak if environmental persistence is strong, whereas
rapid decay or reduced shedding can keep the system below
the effective persistence threshold. This interpretation explains
why introductions via G, produce markedly lower extinction
probabilities and highlights the importance of interventions that
reduce environmental contamination to prevent the system from
crossing the outbreak boundary.

This threshold agrees with the basic reproduction number
of the deterministic model, a relationship established in similar
CTMC formulations for zoonotic and environmental pathogens
[16, 22]. When infection is rare, the susceptible populations remain
close to their disease-free equilibrium values, so the branching
process provides an accurate approximation to the CTMC until the
number of infectious individuals becomes large.

Furthermore, Giardia cysts contribute significantly to the
amplification of infection chains, and their inclusion as a distinct
type is essential. A single infectious host may shed many cysts, each
capable of causing new infections before clearance. Such “burst”
behavior is well captured by branching processes and is consistent
with observations reported for other environmentally mediated
protozoan diseases [22]. This enhances the offspring variance and
increases the possibility that a small number of initial cases may
trigger a sustained outbreak even when p(M) is close to 1.

The multitype branching process serves two key roles in later
analysis: (i) it provides explicit formulas for extinction probabilities
of giardiasis when infection is introduced by a small number of
hosts or cysts; and (ii) it forms the basis for deriving the stochastic
threshold discussed in Section 3.1. The branching framework
also facilitates sensitivity analyses, particularly with respect to
shedding rates and environmental transmission parameters, which
are addressed in Section 4.

3.2.1 Stochastic threshold for the CTMC
stochastic model

In the earliest phase of giardiasis invasion, only a very
small number of infectious individuals or cysts are present. The
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susceptible populations thus remain effectively constant at their
disease-free equilibrium levels, and the nonlinear feedbacks in the
CTMC can be neglected. Under this approximation, the dynamics
of new infections are well described by a multitype branching
process, as introduced in Section 3.2. The branching representation
enables explicit calculation of extinction probabilities and provides
a rigorous definition of the stochastic threshold, which determines
whether giardiasis is likely to fade out or establish a major outbreak.
Let the four types of infectious entities be indexed as follows:

1=1, 2=I, 3=I, 4=G,

For each type i € {1,2,3,4}, let Xij denote the number of type-j
“offspring” generated by a single type-i entity during its infectious
or viable period. The offspring probability generating function

(pgf) for type i is then defined as
Gi(s1,52,53,84) = E[Si(ilséfizsg(gsi(m] )

These pgfs encode all of the probabilistic structure of the branching
process. Because infection, progression, recovery, and shedding
events occur at fixed exponential rates (Section 3.1), the underlying
waiting times are memoryless, and the counts of offspring of each
type are Poisson-distributed. Thus, each G; has the exponential-
Poisson form

4
Gi(s) = exp Z mii(si—1) | »

j=1

where m;; is the mean number of type-j offspring produced by one
type-i individual. These mean values are determined directly from
the transition rates in Equation 6: infection rates A, Am, Aj, cyst
shedding rates @c, ¢, ¢1, and environmental acquisition rates 6, k
yield the expected offspring contributed by each pathway.
Collecting the coefficients m;; produces the 4 x 4 mean matrix

miy miz mi3 miy
my1 My M3 M4
msy ms3 mM33 M34
My My M43 Myq

where, for example,

Pc QPSC
e+ pp +de ’ Hp

miq =

with S0 denoting the susceptible immunocompetent population
at the disease-free equilibrium. Similar expressions hold for
the other entries, using the appropriate parameter combinations
for immunocompromised humans and lambs. This structure is
analogous to next-generation matrices used in deterministic models
[19, 20], but here it captures the reproduction of infectious
individuals rather than infected flows.

To capture the extinction probabilities of giardiasia, we let
gi be the probability that giardiasis eventually goes extinct when
the process starts with a single type-i individual. Standard results
for multitype branching processes imply that the extinction
probability vector

q = (q1,92,93,q4)
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is the minimal nonnegative solution of the system

qi = Gi(q1, 92> 43> 94)> i=1,...,4

In vector notation,

q = G(q),

where G = (Gy, ..
trivial solution g = (1, 1, 1, 1), representing almost-sure extinction.

., Gy) is the pgf vector. The system always has the

A second, nontrivial solution exists with at least one g; < 1 exactly
when the branching process is supercritical.

The branching process is classified by the spectral radius
p(M) of the offspring mean matrix: p(M) < 1 which implies
subcritical process, extinction with probability 1, p(M) = 1 which
implies critical process, extinction with probability 1 but slow, and
p(M) > 1 which implies supercritical process, positive probability
of outbreak.

This threshold criterion
Frobenius theorem and has been applied in similar stochastic

is consistent with the Perron-

models of protozoan and zoonotic diseases [22, 31, 32]. When
p(M) > 1, the pgf system admits a nontrivial extinction probability
vector ¢ satisfying g; < 1 for at least one type 7, indicating a genuine
chance of giardiasis invasion.

The deterministic threshold Ry of Equation 6 and the stochastic
threshold p(M) coincide in the sense that

Ry >1 < p(M) > 1.

However, the interpretations differ: Ry > 1 guarantees deterministic
invasion, whereas p(M) > 1 implies only that a major
outbreak is possible, not certain. Random fade-out can still occur.
This distinction is particularly important for giardiasis, where
environmental amplification and heterogeneous host responses
produce substantial variation in early transmission chains, as
observed in comparable systems [31].
The stochastic threshold p(M) =

appropriate criterion for giardiasis invasion in finite populations.

1 therefore provides the

It forms the basis for the extinction probability analysis of
Section 4 and for assessing how shedding rates, environmental
contamination, and host susceptibility influence the likelihood of
eliminating or establishing the disease.

4 Numerical simulation

This section investigates the numerical behavior of the
deterministic giardiasis model formulated in Section 2 and its
corresponding CTMC stochastic analog developed in Section 3.
Numerical simulation serves two main purposes. First, it validates
the internal consistency of the stochastic formulation by comparing
its expected trajectories with the deterministic system. Second, it
provides insight into the variability of stochastic sample paths,
extinction tendencies, and the influence of heterogeneity in
shedding and environmental contamination.

Following the approach in Mgandu et al. [22] and Charles et al.
[16], we simulate both models under identical biological parameters
and initial conditions. The deterministic system is solved using
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a stiff ODE solver, while the stochastic system is approximated
using Gillespie’s direct algorithm. The comparison of these
outputs provides an empirical foundation for Sections 4.2-4.4,
where extinction probabilities, shedding sensitivity, and stochastic
threshold behavior are analyzed in detail.

Parameter values are chosen from published epidemiological
field
transmission models. When empirical estimates are not available,

literature, giardiasis studies, and related protozoan
reasonable values are adopted following methods in Mgandu et
al. [22] and Luhanda et al. [31] and sensitivity-tested in later
subsections. The complete list of parameter values used in all

numerical experiments is presented in Table 3.

4.1 Deterministic and CTMC stochastic
model simulations

We begin by numerically solving the deterministic Equation 6
introduced in Section 2 and analyzed in Section 3 and comparing its
behavior with multiple stochastic realizations of the CTMC model.
The purpose is to verify that the CTMC sample mean approximates
the deterministic trajectory, while individual stochastic paths reveal
fluctuations and potential fade-out not captured by the ODE model.
Such comparisons are standard in stochastic epidemic analysis
[16, 25, 33].

Table 3 lists the biological and epidemiological parameters used
in the numerical experiments. These include human recruitment,
lamb recruitment, natural mortality, progression rates, shedding
intensities, environmental decay, and infection rates described in
Section 2. The parameter set is fixed throughout Sections 4.1-4.4
unless otherwise stated.

Numerical results are independent of specific magnitudes,
as subsequent subsections will incorporate sensitivity testing
analogous to the procedures used in Mgandu et al. [22].

The simulations use the following initial conditions at time
t=0:

Sc(0) = 82, E(0) = 0, I.(0) = 1, R:(0) = 0,
Sm(0) = 80, Em(0) =0, I,;(0) = 0, Ryy(0) =0,

S$i(0) = 87, E0) = 0, I;(0) = 0, R,(0) = 0, G,(0) = 0.

These reflect the introduction of a single human infection into
an otherwise disease-free population, consistent with Section 3.2.1
and the outbreak-initiation scenarios used in Mgandu et al. [22].
The total susceptible populations S, $%,, and S? correspond to the
disease-free equilibrium values.

Following the numerical approach in Luhanda et al. [31]
and Mgandu et al. [22], the deterministic system is solved over
the interval [0,500] days using MATLAB' stiff solver ode15s
with relative and absolute tolerances set to 1078, following
recommended practice for stiff environmental pathogen systems
[34]. For the CTMC model, Gillespie’s direct algorithm is
implemented with an event-driven time increment determined
by the total reaction propensity. Although N = 500 stochastic
realizations are generated for statistical analysis, only three
representative sample paths are displayed in Figures2-8 to
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TABLE 3 Model parameter values.

Parameter Value Source
o 0.96933871 [35]
T 0.07573930 [36]
A 10,000/24,090 [37]
dy 0.00001199 [35]
7. 0.05388403 [36]
m 1/18.5 [35]
e 1/3 [38]
A 400/365 [37]
0. 0.00001166 [35]
7 0.05579842 [35]
O 0.00002135 [35]
K 0.00003018 [38]
6 0.00003153 [35]
Kp 0.00003478 [38]
6, 0.00003301 [35]
W 1/2,190 [37]
Be 0.00000137 [35, 36]
m 1/6 [36]
M 1/24,090 [37]
T 1/14 [35]
e 113 [36]
dy 0.00017815 [35]
N 1/7 [36]
b, 0.02257157 [35,38]
d. 0.00000145 [35]
b 0.030072500 [35,38]
re 1/14 [35]
o 045572367 [35, 38]
p 0.04139149 [37]

facilitate comparison with the deterministic trajectories. The
CTMC trajectories and deterministic solution are interpolated onto
a uniform time grid of At = 0.01 days for plotting, ensuring
consistent visual comparison across all state variables.

Across all epidemiological classes, the deterministic solution
lies close to the mean of the stochastic paths, while the individual
CTMC trajectories reveal variability arising from early outbreak
fade-out, demographic randomness, and fluctuations in cyst
accumulation. In particular, several sample paths show minimal
deviation from their initial susceptible values due to stochastic
extinction occurring before sustained transmission is established.
This behavior mirrors observations made for cryptosporidiosis
in Luhanda et al. [31] and rabies transmission in Charles et al.
[16]. The combined results, shown in Figures 2-8, confirm strong
agreement between deterministic and stochastic dynamics in high-
prevalence regimes and highlight the importance of stochastic
fade-out in low-infection scenarios.
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FIGURE 3
Sample realizations of the CTMC stochastic process (solid lines) alongside the corresponding deterministic trajectories (dashed lines) for (a) exposed
immunocompetent humans E. and (b) exposed immunocompromised humans E,. Solid curves represent multiple stochastic realizations of the
CTMC model, included to illustrate demographic randomness and variability in outbreak trajectories, while dashed curves denote the corresponding
deterministic solution.

4.2 Probability of giardiasis extinction and
comparison of deterministic and stochastic
dynamics

In this subsection, we investigate the extinction behavior
of giardiasis in the continuous-time Markov chain (CTMC)
formulation of the model, following the multitype branching
process framework described in Luhanda et al. [31]. The infectious
classes (I¢, I, I¢, Gp) constitute the “types” of the branching
process, and the associated mean offspring matrix M is constructed
using the linearised CTMC transition structure at the giardiasis
disease-free equilibrium (GDFE) E° given in Equation 13.

Let @ = (41,92, 93, 94) denote the minimal non-negative fixed
point of the probability-generating function associated with the
branching process. The quantity

Py =g;

represents the probability of disease extinction when the outbreak

is initiated in the infectious class i, with one individual introduced

into that class and all other infectious classes starting at zero.
Using the parameter set in Table 1 and the fixed-point equation

q=f(q),

The extinction probabilities Py for each of the four infectious
classes were computed. Table 4 summarizes the exact extinction
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probabilities Py and the approximate values P, obtained using the
CTMC numerical simulation procedure.

The results indicate a strong dependence of extinction
probability on the entry compartment. When the infection emerges
from an immunocompetent human (), the extinction probability
is relatively high (Py ~ 0.542). A smaller extinction probability is
observed for outbreaks initiated in immunocompromised humans
(Im). However, the extinction probability becomes extremely small
when giardiasis is introduced through the lamb infectious class
(I¢) or from the environmental cyst class (G,), suggesting that
environmental and livestock reservoirs play a dominant role in
sustaining transmission. A simultaneous introduction of infection
in all four infectious classes yields an extinction probability close to
zero, implying a near-certain major outbreak.

To further illustrate the stochastic behavior of the system,
we simulated multiple CTMC sample paths together with the
deterministic solution of Equation 6. Figure 9 displays five CTMC
sample paths for the infectious classes (I, I, I;) and the
environmental cysts Gp, superimposed with the deterministic
trajectory. As in Luhanda et al. [31], the stochastic paths exhibit
noticeable fluctuations during the early phase of infection, after
which they stabilize around the deterministic solution. This
behavior reflects the fact that demographic noise is most significant
when the number of infectious individuals is small, but its relative
impact diminishes as the epidemic grows.

Importantly, none of the stochastic paths in the simulations
fell to zero within the observation window, consistent with
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FIGURE 4
Representative CTMC stochastic realizations (solid curves) compared with the deterministic model outputs (dashed curves) for (a) infectious
immunocompetent humans /. and (b) infectious immunocompromised humans /,. Solid curves represent multiple stochastic realizations of the
CTMC model, included to illustrate demographic randomness and variability in outbreak trajectories, while dashed curves denote the corresponding
deterministic solution.

the small extinction probabilities Py for I; and G,. The figure
therefore supports the conclusion that, given the parameter values
considered, giardiasis is unlikely to go extinct once established in
the livestock or environmental classes.

Overall, the extinction analysis and the sample-path behavior
demonstrate that the giardiasis infection is more likely to fade
out when emerging from human infectious classes, especially the
immunocompetent group. In contrast, outbreaks originating from
lambs or the environment exhibit a high probability of persistence,
highlighting the significant epidemiological role of these two
reservoirs as already implied by the environmental transmission
terms and shedding rates introduced in Section 2.

4.3 Sensitivity of human and lamb
shedding rates on Pg

While Section 4.2 characterizes the baseline probability of
giardiasis extinction from different initiating infectious classes, it
is equally important to assess how this probability changes under
perturbations of key transmission parameters. In giardiasis, the
shedding of Giardia cysts by infected hosts and their persistence
in the The environment plays a dominant role in sustaining
transmission chains. Even modest changes in shedding intensity or
environmental contamination may therefore substantially alter the
likelihood of disease fade-out or persistence.
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In this subsection, we investigate the sensitivity of the
extinction probability Py to variations in the cyst shedding rates
¢c> dm> and ¢y, corresponding to immunocompetent humans,
immunocompromised humans, and lambs, respectively. We also
examine the combined effect of simultaneously varying ¢, and
¢m. The results are summarized in Tables 5-8 and visualized in
Figures 10, 11.

The analysis is conducted within the four-type branching
process approximation described in Section 3.2. Recall that the
infectious entities are classified as Type 1: I, Type 2: Iy,, Type 3: I,
and Type 4: Gp,. The branching process is fully specified by the 4 x 4
mean offspring matrix M = (m;;), where m;; denotes the expected
number of type-j offspring generated by a single type-i entity during
its infectious or viable lifetime.

Under the assumption that susceptible populations remain
close to their disease-free equilibrium values, the offspring
distributions are Poisson and the probability-generating functions
take the form

i=1,...,4

4
Gi(s) = exp Z mij(si— 1) |,

=1

Let 9 = (41,492,93,94) denote the extinction probability vector,
where g; is the probability that giardiasis eventually dies out when
initiated by a single type-i entity. Then q is the minimal non-
negative solution of the fixed—point system

q=G(qg).
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Illustrative CTMC stochastic realizations (solid curves) together with the corresponding deterministic model trajectories (dashed curves) for (a)
recovered immunocompetent humans R. and (b) recovered immunocompromised humans Ry,. Solid curves represent multiple stochastic
realizations of the CTMC model, included to illustrate demographic randomness and variability in outbreak trajectories, while dashed curves denote

the corresponding deterministic solution.
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For an initial condition xq (x1,x2,%3,x4), the extinction

probability is

4
Po(x0) = [ [ 4"
i=1

This formula forms the basis for all entries reported in Tables 5-8.

Next, we carry out the parameter perturbation procedure and
let @ denote the baseline value of a shedding parameter listed in
Table 3. For a given percentage change § € [—90%, 90%], we define
the perturbed value as

¢=(1+08)¢0.

For each perturbed parameter set, the following steps are

performed:

1. The disease-free equilibrium susceptible levels are kept fixed.

2. The mean offspring matrix M is reconstructed using the
modified shedding rate.

3. The fixed—point equation q = G(q) is solved numerically.

4. The extinction probabilities Py are computed using the product
formula above for each outbreak initiation scenario.

This procedure is repeated independently for variations in ¢,
¢dm> ¢, and for the joint variation of ¢, and ¢,.

Tables 5-7 report the extinction probabilities when ¢,
¢m, and ¢y They are varied individually. A clear monotonic
relationship is observed: increasing any shedding rate leads
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to a systematic decrease in Pj, reflecting the enhanced
probability that an infectious individual generates a sufficiently
large chain. Conversely, reducing shedding
substantially increases the likelihood of extinction,
when the deterministic reproduction number exceeds unity.
The sensitivity is most pronounced for ¢, indicating that
lamb-derived cyst shedding contributes disproportionately
to early amplification of giardiasis. This is consistent
with the relatively high cyst production rate of infected
lambs and the additional transmission pathway through
environmental contamination.

Table 8 and Figure 11 examine the simultaneous perturbation
of ¢, and ¢,. Joint increases in human shedding rates have
a synergistic effect, producing a sharper decline in extinction
probability than altering either parameter alone. This highlights
the role of heterogeneous human infectiousness in sustaining
giardiasis, particularly in settings with a high prevalence of
immunocompromised individuals.

Figures 10,11 illustrate the sensitivity patterns reported in
Tables 5-8. In Figure 10, the extinction probability Py is plotted
against percentage changes in ¢, and ¢,,, while Figure 11 displays
the corresponding trends for ¢; and for the combined variation of
¢ and ¢,,,. Across all scenarios, the graphical results reinforce the
tabulated findings and clearly demonstrate the nonlinear impact of
shedding parameters on early extinction dynamics.

These results underscore the importance of interventions
that reduce cyst shedding or environmental contamination,

transmission
even
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FIGURE 8

Representative CTMC stochastic realizations (solid curves)
compared with the associated deterministic trajectory (dashed
curve) for the environmental Giardia cyst concentration Gp. Solid
curves represent multiple stochastic realizations of the CTMC
model, included to illustrate demographic randomness and
variability in outbreak trajectories, while dashed curves denote the
corresponding deterministic solution

such as rapid treatment, improved hygiene, and wastewater
management. From a stochastic perspective, even moderate
reductions in shedding can dramatically increase the probability
of giardiasis extinction, emphasizing that control strategies need
not only reduce Ry but also enhance the likelihood of early
stochastic fade-out.

4.4 Distribution of the extinction time of
giardiasis

In addition to evaluating the probability of disease extinction,
it is informative to examine the distribution of the finite time
to extinction 7 under the CTMC formulation. For each of the
four single-introduction scenarios considered—namely I.(0) = 1,
In(0) = 1, I;(0) = 1, and G,(0) = 1, we generated a large
number of sample paths of the stochastic system and recorded the
time at which all infectious and exposed states reached zero. This
procedure follows the same philosophy used in Luhanda et al. [31],
but adapted to the reduced set of introduction scenarios relevant
to giardiasis.

For each scenario, the empirical extinction probability
Py was computed as the proportion of simulated paths that
eventually died out before the terminal time horizon. Conditional
on extinction, the extinction times were summarized by their
empirical distribution and mean extinction time T. The
resulting histograms, displayed in Figure 12, show markedly
different patterns depending on the class in which the infection
is introduced.

Consistent with the branching-process analysis in Section 4.1,
the scenarios initiated by infected lambs (I;) and environmental
cysts (Gp) exhibit the lowest extinction probabilities. Their
extinction-time distributions are right-skewed with comparatively
short means, reflecting rapid early transmission followed by
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TABLE 4 Extinction probabilities Pg (branching process) and numerical approximations P,

from CTMC simulations for single introductions in (Ic, Im, le, Gp).

X1 X2 X3 X4 Po Pa
1 0 0 0 0.568512 0.56839
0 1 0 0 0.510405 0.50811
0 0 1 0 8.91332 x 107° 0.0001
0 0 0 1 0.00414366 0.0039
1 1 1 1 1.07171 x 1077 0

eventual decay once stochastic fade-out occurs. In contrast,
introduction through infectious humans (I, or I,) leads to
substantially higher probability of extinction and longer average
extinction times. This is consistent with the weaker contribution
of human-to-environment and human-to-human transmission
pathways compared with the lamb-driven environmental
amplification loop identified in earlier sections.

The quantitative summaries of extinction probability and
conditional mean extinction time for each introduction scenario are
provided in Table 9. Together, Table 9 and Figure 12 reinforce the
conclusion that giardiasis is far more persistent when initiated from
an infected lamb or from cysts already present in the environment,
whereas human-initiated infections have a significantly higher
likelihood of dying out, albeit over a longer time frame.
These findings complement the sensitivity results of Section 4.3
and highlight the dominant role of the animal-environment

transmission pathway in shaping giardiasis persistence.

5 Conclusion

In this work, we developed and analyzed a deterministic and
stochastic framework for the transmission dynamics of giardiasis
in a coupled human-animal-environment system. The formulation
incorporates heterogeneous human susceptibility, explicitly
distinguishing immunocompetent and immunocompromised
hosts, as well as a lamb population and an environmental reservoir
of viable cysts. This structure enabled us to capture the important
pathways through which infection may be established, persist, or
die out.

The deterministic subsystem was shown to admit a unique
disease-free equilibrium, and the associated basic reproduction
number Ry was derived. Sensitivity analysis of Ro revealed
shedding particularly ¢,

that parameters linked to cyst

(immunocompetent  humans), ¢, (immunocompromised
humans), and ¢; (lambs) play dominant roles in determining
whether giardiasis can invade a susceptible population. These
findings are consistent with biological expectation, since cyst
output governs the replenishment of the environmental reservoir
that drives indirect transmission.

To quantify early-outbreak behavior, a multitype branching
process approximation was constructed. This approximation
allowed the computation of the extinction probabilities Py
for several initial infection scenarios. The baseline extinction
probabilities in Table4 indicate that introduction through
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CTMC sample paths (colored curves) and deterministic trajectories (black dashed curves) for the infectious classes (I¢, Im, I¢) and the environmental
cyst concentration Gp. The stochastic trajectories exhibit early fluctuations before stabilizing near the deterministic solution.

TABLE 5 Impact of varying ¢. on Py.

Po(+90%)
1 0 0 0 0.8844 0.5502 0.3756
0 1 0 0 0.6465 0.5831 0.58
0 0 1 0 0.00142 0.0002817 0.0002584
0 0 0 1 0.2144 0.01419 0.003514
1 1 1 1 0.0001741 1.282¢-06 1.978e-07

1 0 0 0 0.5822 0.5502 0.5335
0 1 0 0 0.9438 0.5831 0.3763
0 0 1 0 0.0003059 0.0002817 0.0002735
0 0 0 1 0.02442 0.01419 0.01053
1 1 1 1 4.105e-06 1.282¢-06 5.781e-07

Po(+90%)
1 0 0 0 0.5508 0.5502 0.5502
0 1 0 0 0.5838 0.5831 0.5831
0 0 1 0 0.3972 0.0002817 2.178e-07
0 0 0 1 0.01629 0.01419 0.01419
1 1 1 1 0.002081 1.282e-06 9.914e-10
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TABLE 8 Impact of varying ¢. and ¢, on Py.

1 0 0 0 0.9622 0.5502 0.3658
0 1 0 0 0.9718 0.5831 0.3737
0 0 1 0 0.01676 0.0002817 0.0002568
0 0 0 1 0.5197 0.01419 0.002758
1 1 1 1 0.008142 1.282¢-06 9.684e-08
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FIGURE 10

Impact of varying human shedding rates of Giardia cysts on the extinction probability Py. Panels (a) and (b) show the effect of changing the shedding
rate by infectious immunocompetent humans ¢. and infectious immunocompromised humans ¢, respectively. In each panel, the shedding rate is
varied by +90% from its baseline value in Table 3, while all other parameters are held fixed. The corresponding extinction probabilities Py for the
introduction scenarios (x1, X2, X3, x4) in Table 4 are reported in Tables 5, 6. Steeper slopes indicate greater sensitivity of Py to perturbations in the
shedding rate, whereas flatter curves indicate weaker sensitivity. The legend entries match the four introduction scenarios listed in Table 4.
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FIGURE 11

Impact of varying lamb and human shedding rates of Giardia cysts on the extinction probability Py. Panel (a) shows the effect of perturbing the lamb
shedding rate ¢; by £90% from its baseline value in Table 3, with all other parameters fixed; the corresponding extinction probabilities Py for the
introduction scenarios (x1, X2, X3, x4) are summarized in Table 7. Panel (b) illustrates the effect of changing the human shedding rates ¢. and ¢m,
simultaneously by £90% from their baseline values, with extinction probabilities reported in Table 8. As in Figure 10, steeper slopes indicate higher
sensitivity of Py to shedding-rate perturbations, while shallower slopes indicate lower sensitivity. The legend entries correspond to the four
introduction scenarios described in Table 3.

Frontiers in Applied Mathematics and Statistics 21 frontiersin.org


https://doi.org/10.3389/fams.2026.1799489
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Asogwa and Onah

immunocompetent or immunocompromised infectious humans
has a significantly lower chance of immediate fade-out compared
with introduction via lambs or cysts. Moreover, the shedding-
sensitivity experiments (Tables 5-8) show that Py decreases rapidly
as the shedding rates increase, emphasizing that environmental
contamination is a key driver of persistence.

TABLE 9 Estimated extinction probability ﬁ’g and mean extinction time T (in days) for the
CTMC stochastic model under four single-introduction scenarios.

Group initiating the

disease

I 0.788 11.94
I, 0.629 12.45
I 0.143 4.59
G, 0.382 8.68

Each scenario corresponds to the introduction of one infectious host or a single viable cyst
into a disease-free population. The estimates are obtained from Ny, Monte Carlo sample
paths simulated up to Trmax.

10.3389/fams.2026.1799489

Complementing the branching-process calculations, a
continuous-time Markov chain (CTMC) was employed to
estimate the distribution of extinction times for the same
introduction scenarios. The results (Table9 and Figure 12)
reveal that outbreaks initiated by infectious humans tend to
persist longer than those initiated by lambs or cysts, even when
eventual extinction is likely. This highlights an asymmetry between
invasion probability and outbreak duration: a scenario with
moderate extinction probability may still result in prolonged
transmission before extinction occurs. The CTMC simulations
therefore provide an additional layer of insight that cannot
be extracted from deterministic analysis or branching-process
theory alone.

Overall, the combined analytical and numerical results
demonstrate that controlling cyst contamination and reducing
shedding from infected hosts are crucial for preventing sustained
transmission. Interventions such as improved sanitation, early
diagnosis and treatment of human cases particularly among
of

infection in lambs may substantially decrease both the probability

immunocompromised individuals-and targeted control

Distribution of extinction times obtained from CTMC simulations. (a) Histogram of extinction times for infectious immunocompetent humans /. with
Bh =0.775 Bh = 0.775 and mean extinction time T = 11.31 days. (b) Histogram for infectious immunocompromised humans /,, with gh = 0.651 and
mean T = 12.59 days. (c) Histogram for infectious lambs /; with Bh = 0.149 and mean T = 4.14. (d) Histogram for environmental cyst concentration
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FIGURE 12
Gp with gh = 0.391 and mean T = 9.28 days. All distributions exhibit right-skewed extinction-time profiles.
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of invasion and the expected duration of outbreaks. Future
extensions may incorporate seasonality, spatial heterogeneity,
or host behavioral differences to furnish a more comprehensive
understanding of the conditions promoting giardiasis persistence
in mixed human-animal communities.
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