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Abstract

Multilevel linear models allow flexible statistical modelling of complex data with different lev-
els of stratification. Identifying the most appropriate model from the large set of possible
candidates is a challenging problem. In the Bayesian setting, the standard approach is a
comparison of models using the model evidence or the Bayes factor. Explicit expressions
for these quantities are available for the simplest linear models with unrealistic priors, but

in most cases, direct computation is impossible. In practice, Markov Chain Monte Carlo
approaches are widely used, such as sequential Monte Carlo, but it is not always clear how
well such techniques perform. We present a method for estimation of the log model evi-
dence, by an intermediate marginalisation over non-variance parameters. This reduces the
dimensionality of any Monte Carlo sampling algorithm, which in turn yields more consistent
estimates. The aim of this paper is to show how this framework fits together and works in
practice, particularly on data with hierarchical structure. We illustrate this method on simu-
lated multilevel data and on a popular dataset containing levels of radon in homes in the US
state of Minnesota.

Introduction

Multilevel models provide a generalisation of linear models to settings in which the model
parameters (e.g. regression coefficients) are in some way stratified by groups within the popu-
lation [1]. For example, individuals in the population may belong to a much smaller set of
groups or clusters, and data may be available on the level of the individual and the level of the
group. Such hierarchical data structures occur naturally in a wide array of scientific applica-
tions, examples of which include phylogenetics, education, healthcare and medicine [2, 3].
This concept can be arbitrarily extended to any number of groupings that exist within the pop-
ulation, either hierarchically or without nesting. A simple linear model that does not include
the multilevel structure is generally regarded as an inferior model choice in such situations

as it neglects information inherently within the group structure. Instead, multilevel models
explicitly model at each level of granularity. A wide variety of structures are possible, which
raises an important question: how may we identify an optimal model structure from a number
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of competing hypothesised models? For example, should we include hierarchical structure,
and should we prefer a multilevel model with varying intercepts or both varying slopes and
intercepts? The answer to this question is generally context-specific, relating to the overarching
goals of an analysis, e.g. inference or prediction, and to any prior knowledge the researcher has
about the problem. In conjunction with this, there exists an array of criteria that can be used

to compare the suitability of two separate models. For example, in the frequentist setting, the
mostly widely used is the Akaike information criterion (AIC) [4], though other approaches
include false-discovery rate [5] and likelihood ratio tests [6, 7].

In this work, we instead focus on Bayesian approaches to model selection, where the usual
strategy is to calculate the Bayes factor of two competing models. This is defined as the ratio of
the model evidence for each model, where the model evidence is the likelihood integrated over
all model parameters with respect to the prior. A key advantage of using the model evidence
for model comparison is that it implicitly discourages overfitting by penalising model com-
plexity, since including additional parameters will increase the dimension of the parameter
space to be integrated over. By way of contrast, the penalty on model complexity has to be arti-
ficially introduced in the AIC framework.

Direct calculation of the model evidence and Bayes factor is well-established for linear mod-
els under a normal-inverse-gamma prior (e.g. [8]), but cannot be obtained analytically for
multilevel models, as the integral is intractable. As a result, the Bayes factor must be estimated,
either by directly approximating the integral as a sum, for instance using importance sampling
[9] or sequential Monte Carlo [10], or by jointly estimating posterior probabilities of proposed
models through approximate Bayesian computation (ABC) methods, or by numerical methods
[11, 12]. In ABC methods, a hierarchical Markov Chain Monte Carlo (MCMC) sampling
scheme alternates between two sampling steps, first across the indices denoting each model
and then for model parameters of the current chosen model. This requires specification of
prior probabilities for the individual models, in addition to priors for the parameters of each
model. The relative acceptance frequencies in the chain for the model index then provides an
approximation to the posterior probabilities for the models. This, alongside the given priors,
allow an estimation of the Bayes factor that bypasses the need to estimate model evidence for
each model. A key challenge in such an approach though, is to ensure sufficient mixing in the
MCMC chain for the model index, since if the MCMC spends too long exploring only one
model, the resulting extreme autocorrelation biases the posterior probability estimates. There
are several approaches to this ABC framework, including reversible-jump MCMC [13] and
product-space MCMC [14]. In contrast to this imposed hierarchical structure of models,
sequential Monte Carlo (SMC) can be run separately on each model, as a by-product of the
algorithm is a direct estimate of the log model evidence. This is achieved by a combination of
Metropolis-Hastings and importance sampling, in which the likelihood is optimised using a
simulated annealing process. Whilst these MCMC approaches are widely used, the estimates
tend to suffer dramatically in high-dimensional settings, due to challenges in adequately sam-
pling associated complex high-dimensional parameter spaces.

This motivates the approach to the estimation of Bayes factors that we take here, using par-
tially-integrated likelihoods instead of full likelihoods. We treat (potentially high-dimensional)
non-variance parameters, such as the regression coefficients in the model, as nuisance parame-
ters, and we analytically integrate these out with respect to conjugate Gaussian priors, since
this reduces the dimension of the problem. This reduces the full likelihood on all parameters
to an integrated likelihood on only variance parameters. We can then estimate the model evi-
dence by returning to sequential Monte Carlo (or any of the aforementioned estimation meth-
ods), which yields improved results, reduces the bias and variance in estimates, and typically
improves computational efficiency.
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We illustrate our technique using both simulated data and Minnesota radon contamination
dataset introduced by [1]. For the former, we simulate four datasets with multilevel structure
that correspond to four models described in Methods and then estimate the model evidence
for each model and each dataset. In the latter, we estimate the model evidence for various
multilevel models proposed by the authors in [1]. This dataset contains measurements of the
radon level in houses in the US state Minnesota, as well as predictors at the individual house
level and at the county level. The grouping of houses within counties provides an inherent
hierarchical structure. As radon is a carcinogen, identifying areas with higher concentrations
of radon may be an important consideration in decision-making for homeowners and county
authorities. The Minnesota radon contamination dataset has been used by several software
packages to illustrate multilevel modelling approaches, such as in the Python module PyMC
[15, 16].

Methods

As multilevel linear models are a generalisation of linear models, we can also view a simple
linear model as the single-level case within the multilevel framework. For both clarity and
computational reasons, we consider linear models and multilevel linear models separately,
first summarising notation and then providing the integrated likelihoods in each case, given
suitable priors. Multilevel linear models are often interchangeably described as mixed models,
where fixed and random effects are equivalent to the population-wide and group-specific vari-
ables. We use the vocabulary of multilevel linear models, to mirror the work of [1] as this
allows for higher-level generaliation. We provide open-access code for our work at [17]. In this
code, we use PyMC for SMC sampling, given the full likelihoods and the integrated likelihoods
that we have derived.

Definitions and notation

We first describe a linear model, in a setting with no multilevel structure. We use D to denote
the data, which contains the observations (y;, x;), for i =1, . . ., n. The independent variables x;
are generally assumed to be vector-valued, with dimension d, and we denote the correspond-
ing regression coefficient vector as 3. We assume this contains an intercept term (i.e. the first
element of x; is 1 for all 7). We focus on the subset of generalised linear models with normal
distribution and identity link, which may be considered to be the simplest case for continuous
observations, y;. In a Bayesian setting, we require prior distributions for each model parameter,
in this case the coefficient 8 and variance parameter o7, to fully define a model. For a fixed-var-
iance multivariate normal distribution likelihood, the conjugate prior for the mean is another
multivariate normal distribution. Therefore, we choose to assign a prior of this form for 8. In
this section, we will not need specify a distributional form of the prior for o* (though we later
use an inverse-gamma prior). A linear model, denoted M, is:

M: Vi = ﬂTxi +€, 6~ N(Oa ‘72)

B~ N(E), ¢ ~P, g

The parameters of this linear model are denoted by 6 = (ﬂT, 02)T. In addition to 6, we have vari-
ous hyperparameters, which include y,  and any belonging to the unspecified distribution
P_,. Given our choice of multivariate normal prior for f, we could arbitrarily eliminate the
mean y by translating the data: y,—y; = y, + 1" x; (though we would need to factor this into
the interpretation of any results). However, we generally assume the data have been normal-
ised or centred and scaled for computational reasons. MCMC sampling tends to be more
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efficient with such preprocessed data, because of reduced auto-correlation in sampling chains,
and a translation of the data to eliminate the y may conflict with this. We assume indepen-
dence of priors, so the prior for 8 is the product of the individual priors for #and ¢>. An alter-
native specification sets a normal-inverse-gamma distribution for the joint prior distribution
of fand ¢, i.e. B, 6> ~ N'IG(a,b, u, %), or fla* ~ N (u,0°%), 6> ~ TG(a, b). Assuming
such a relationship between 8 and o> has computational benefits, as this is conjugate for both
parameters, meaning it is possible to fully integrate out over both parameters to get an analytic
expression for the model evidence. However, while this prior is convenient, it is generally not
useful or realistic in practice [8, 18], and the conjugate nature of the prior does not extend to
multilevel models. Given a model M with parameters 6, we define the following:

« Likelihood, given parameters 8: p(D|M, 0)

o Prior distribution function for 6: p(6| M) = p(S|M)p(a?| M)

« Integrated likelihood, with integration over 8: p(D|M, 6°) = [L.p(D|M, B,a*)p(B|M)dp
« Model evidence (or marginal likelihood): p(D|M) = [ p(D|M, 0)p(6|M)d6

o Akaike information criterion: AIC = 2k — 2max,_g log p(D| M, 0), where k is the number
of unconstrained parameters.

We now extend this notation to a multilevel linear model. We denote the data, D, as (y;;, x;j,
zj), for the i™ observation in group j,withi=1,..., npj=1,..., Jand Iinj=n.As before, we
focus on the normal-identity case, and we assume variables at the individual-level, xij and
group-level, z;, are vector-valued, with corresponding d-dimensional individual-level and -
dimensional group-level regression coefficients, § and o respectively. The multilevel frame-
work contains a model for each level of the data, as below:

My = ﬁTxij +u + ¢, €, ~ N(0, a})
T 2
w, =o'z +n;, n,~N(0,0) (2)
B NN(:“/}?Z[Z)v & NN(:“wza)v O-i Npaf,v 6;2, ~ Pa%

We could straightforwardly introduce higher-level groups in analogous manner, though we
will not elaborate on this here. It is also worth mentioning that the multilevel linear model can
be rewritten as a single-level linear model with correlated errors [19]. For our purposes, it is
more convenient to retain the multilevel formulation and, furthermore, to absorb the group-
level variables, zj, and group-level regression coefficients, o, into their individual-level counter-
parts, i.e. (x;, 2 )—x; and (8", a") — B". The prior for the combined regression coefficient
has mean (ug, pt,) = p' and block diagonal covariance matrix diag(Xs Z,) = X. Instead of the
group-level u;, we now model 77; as a group-level deviation from the ‘population average’, and
we consider the J-dimensional vector 77 = (7o, . . ., 17;) as an additional nuisance variable to inte-
grate out. We then rewrite the above model as:

M: oy, = [fo,.j +1;+ €5 €5~ N(0,02), n; ~ N(0,07)

‘ 1 (3)
B~N(X), o, ~ Py, oL~ P,

We now have model parameters 0 = (", g az)T, and model hyperparameters y, ¥ and those

from the unspecified distributions P » and P . The remaining quantities introduced above are
¥y n

much the same, except:
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« Model evidence: p(DIM) = [ .p(D|M,0,n)p(n| M, 0)p(6|M)dbdn

o Integrated likelihood, with integration over # and n:

p(DIM, 0},07) = [rap(DIM, 1, B, 07, 0)p(n| M, 03)p(BIM)ddn

Finally, we introduce a more general multilevel model, in which any regression coefficient
may also vary by group, with a higher-level model for that variability, as opposed to just an
intercept term. This model is:

M: Vi = .BTxij + anZij + €ijy €5 ™ N(Ov ai)v n; ~ N(Oa Zq(v))

’ (4)
2
B~N(wX), o, ~ Py, v~ P,

A key distinction here, which differentiates this from a linear model, is that %, is an inherent
variable of the model, rather than a fixed Bayesian hyperparameter. Also, as X, is a symmetric
positive-definite matrix, we parameterise this through a vector v instead of specifying the full
matrix, but we do not make any assumption about the form of X, beyond this. As an example, it
could be X, (v) = vI, where I is the identity matrix, though this assumption of independence is
restrictive. As before, we centre the group-level coefficients 77; by absorbing the ‘average’ into the
B coefficient and, therefore, there can be an overlap between the variables included in z;; and x;;.

To implement this integrated likelihood approach under any MCMC sampling scheme,
such as SMC or reversible-jump MCMC, it is useful to calculate beforehand all products and
sums involving just the data D that are used within the log integrated likelihoods, which are
defined in Eqs 6, 7 and 8. Then, the MCMC sampling scheme samples any variance compo-
nents of the model, accepting or rejecting the proposed state by evaluating the log integrated
likelihood at this state. For example, in the simple linear model, first compute terms like ¥;; x;;,
then sample 6> ~ P, and accept or reject ¢” via the log integrated likelihood log p(D| M, 6?)
(Eq 6). Computations involved in the log integrated likelihood are all included in the accompa-
nying code, and this is agnostic to the MCMC sampling scheme chosen. After completing the
MCMC sampling, the model evidence can be estimated as appropriate [20-22].

We can compare two competing models for the data using the Bayes factor:
BF,, = p(D|M,,)/p(D|M.,). These may, for instance, contain different subsets of the inde-
pendent variables or have different prior beliefs for the hyperparameters, though the data D
must remain fixed, i.e. both models contain the same #n individuals. The value of the Bayes fac-
tor indicates the strength of evidence for one model over the other. Interpretation is generally
provided via tables proposed by [23] or [24].

Integrated likelihood for the linear model

The integrated likelihood for linear models can often be found in Bayesian textbooks, such as
[8], though for clarity, we include this using the notation above. The integrated likelihood is:

p(DIM,¢*) = /Rdmexp <—%(ﬁ -w'T(B - M)) x

1 1 T, \2
Hﬁex}’<—2—020’i —fx,) >d/3
1
= (2n)(d+n)/2|2|1/20_n x

[ e (—% ((ﬁ SR+ 0 ﬁTx,-)2> ) ap
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Rearranging the integrand and integrating out 3, we get:
(D|M 0_2) |Z~:|1/2 e 1 Tz—l + 1 Z 2 ~T§—1~
= —eX| _— —_— . —
p ’ (2710’2)"/2‘2‘1/2 p 9 H M s Ji —H U
where we define:
S —1( 2 —1 1 T ~( 2 < —1 1
o) =TS i) =T (5)

In practice, we work with the logarithm of the integrated likelihood, particularly for computa-
tional reasons. This is:

1 . 1 ~
log p(DIM, %) = —5 <log Z7'| + log|Z| + nlog (2n6%) + u'Z ' + gZy? - ﬂT21ﬁ> (6)

Integrated likelihood for the linear model with normal-inverse-gamma
conjugate prior

For a linear model with conjugate normal-inverse-gamma prior NZG(a, b, 0, ), we define
the following:

& - N _ -1
2o =34 E XX, fu= (7" + E %) E XYy
ij ij ij

1 . _ .
bo=btg (Z)’i = Q) (7 + D _x) 1(2’%)’:7))
i ij i ij

The posterior distribution for 8 and ¢ is then also normal-inverse-gamma,

NZIG(n/2+ a,b,t,%). The log integrated likelihood and full log model evidence are (see [8],
but note this uses a different reparameterisation):

1 -
log p(D|M, 6%) = ) < log|Z~!| + log|Z| + nlog(2na?)
1 Ty -1 1 2 1 ~T -1~
+t ok z u+;2’:y,~ —h X h

1 R
log p(D|IM) = — 3 < log|27!| 4 log|X| + nlog(2n) — 2alogb + (2a + n) log(V')

—2logI'(n/2 + a) + 2log F(a))
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Integrated likelihood for a simple multilevel linear model

For the simple multilevel linear model (Eq 3):

1 T 1
p(DIM, ] 9,0 /72d~/72/ o d/2|2|1/2 <_§(ﬁ_ﬂ) z (ﬁ—u))x

_ X
s (1/2 (ntd)/2
oy |Z[""(2m)

Lo =500z 5

[W/ (wa% ﬁxm))dnj]dﬁ

Note that
1

- = (2n0%) 2" = (2n07) "
2no’

We first consider the integral in square brackets, completing the square in 7; in the expression:

2 62 + I’l~62

2
1
j T 2 _ y i T
—+G—§Z()’i;—ﬂ X, =) = W(’?; 62+n622()’,]—/3 )
1 T \2
+;Z(}’U—ﬂ xl])
e 0 B

This gives:
1 o0 n?
02 2
Then, rearranging for f as in the linear model case:

(R LR SRR Sy o) Sty

)’tj

=B-W' T i)+ )T Zy,, Uzz<ﬁf2_(ﬂ(zm2>—ﬁﬁ“
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where we define:

a0 =T+ vau_(;iZ(mZ Z’%)

J’t]

fi(a},07) :ﬁ<2 pt— ZU}’U ;Z(ﬁ(Z%)(Z%)))

)’11

Finally, we get the integrated likelihood for the simple multilevel linear model:

o(DIM. o202y = = (/=2 )«
) ya ;7 (2ng§)n/2|2|1/2 ; O_i_i_njo_g

1 _ 1
| g \WEHr

1 AT’\lA))
-5 vt | — A
aj ; (oz-i-noz Z J )

As before, a version of this integrated likelihood derivation can also be found in [8], but, in
this case, it is given in simplified matrix algebra form, where the dependence on ¢} and o7 is

left unspecified. The log integrated likelihood is:

1 o, +n0
logp(D|M, 03, 07) = < log|= | + log|Z| + nlog(2no}) + Zlog (04>

y
02
U 4 D 02 Z ((;2 +nn o2 (Zyij)2> (7)
j y iTn i

)’ ij
—ﬂTﬁlﬂ>

Integrated likelihood for a general multilevel linear model

In the more general case (Eq 4), the steps are almost identical:

AdAMWeXP<—;(ﬁ - W= (B - u)) x
e roe (2= on)

T T 2
1 i X — N; 2
I | exp _ (y] ﬁ Y ’1] ]) dndﬁ

2 2
ij 1/27‘[0’5 G)’

! X
n+d+m

arl 2]z, ()" (2m) "

/Rdwexp (‘%(/3 —w)'z - ,u)) %

_ 1
exp (- 2N O =55 > 0= Blx, =] zf)z) dndp
y i

p(DIM, 62,v)
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Then:
(B—w)'="(B—n) +ZHTE n+— Z(y,, Blx; —niz,)’

}’1]

=(B-w'T(B-n +Z< (E +5 Zaa)m—n (%Z%%—W%))
(GQZ@U Bx ,J>'7]+ Z% Bx )
=B-w'="B- u+z< — f,) 2, (= i)
+ 250 i ;;ﬂw)
= (p-)'E +Z( — i) E, 0= i) + = Zy,,

((Zzz;r'yzj)ﬁn,j(zzkjykj)> SRR i Yy
i %
where we now have additional definitions:

- _ 1 R . - 1

S0 =50+ Sk o) =5, (500
Yo y i

ﬁfl(ai v) = =14+ qu i ——Z( quzi] ﬁlm sz]xkj )

%5
[1(0’3, v) =3 (2 u+— Zx,]yy —Z< vazzz ,7,j(zk:ijykj)>>
ij

Finally, we get the log integrated likelihood for the more general multilevel linear model:
1 A
log p(D|M, a3}, v) = = <10g|21| + log|Z| + nlog(2na?) + J log|Z, |

+Zlogl%l T S (8)

)’1]

_i" : <(Zzgyif)ﬁw'(zzk/ykj)> _ﬂTﬁlﬂ>

4
a}’ i

Example: Simulation study

We illustrate this approach first on simulated datasets based on the Prophet model of [25],
which seeks to model a variable y as a non-linear function of time ¢. By specifying a suitable
flexible multi-dimensional transform of ¢, which includes piece-wise linear and Fourier
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transform terms, we convert this problem to a linear model (or by extension a multilevel
model). The piece-wise linear component requires pre-specified points s,, n =1, .. ., dy, at
which the function is continuous but not smooth, i.e. the gradient changes. The Fourier trans-
form component requires a specified periodicity P and is truncated at 2d, terms. The dimen-
sion of x is then d = 1 + d; + 2d,. The basic model structure is then as follows, where E[-]
denotes expectation:

Ep] = £,(1) +£,(t) = B'x = B'g(t)

fi®) =i+ ién(t =501y f(8) = Z(an cos(2nnt/P) + b, sin(2nnt/P))

n=1

BT = (o",a",b"), T = (1,(t—s,)1 ..,cos(2nt/P), ..., sin(2nd,t/P)) = g(t)T

{51}

Though this describes a non-linear relationship between y and ¢, the model itself is linear
because it is linear in the coefficient 8. For each model type we have described in previous sec-
tions (linear, simple multilevel, general multilevel and linear model with fully conjugate nor-
mal-inverse-gamma prior), we generate a simulated dataset corresponding to that model, i.e.
as if this is the ‘true’ model. We then evaluate each model on all four datasets, estimating the
model evidence via the integrated likelihood and the full likehood.

To generate the data, we first simulate multilevel group structure and ¢;;, which in turn gen-
erates covariates x;; that have the form above. The covariates z;; which are those that vary by
group within a general multilevel model, are defined as a (centred) subset of the x;;. Both group
structure and covariates, including z;, are shared across all datasets. The underlying structure
is not explicitly used in the linear model or the associated linear dataset, as there is no relation-
ship between the group membership and outcome variables. For each dataset, we sample ‘true’
model coefficients, which are then regarded as fixed, and we then compute the outcome vari-
able, y;;, as defined by the form of the corresponding model. Together with the multilevel struc-
ture and the covariates, this outcome variable forms the dataset, D = (y;, x;, z;). We describe
the datasets in more detail below.

In all datasets, we set ] = 15 and n = 1000, which are the number of groups and of observa-
tions respectively. To assign multilevel group membership within the data, we sample the inte-
gersj =1, ..., ] with replacement with probability p;. In order to generate unequal group sizes,
we sample p; from a Dirichlet distribution with parameter & = (2, ..., J + 1), such that ¥ p; = 1
and that E[p;] = (j + 1)/*. We also have:

« For all datasets:

t; ~ U[0,1]
d, =5, s=(0,0.2,04,0.6,0.8), P=1, d, =20, d =46
xp = (1, (t; — 0.2)1(, 0y, - - cos(2mty), ..., sin(6mt;))

zh = (1,t; = 0.5, (t; = 0.4)1, o, — 0.18, (£, = 0.8)1;, . — 0.02)

The constants added to z;; are such that E[z;] = (1, 0, 0). We also specify a covariance hyper-
parameter S for simulating ‘true’ coefficients b from a multivariate Gaussian distribution,
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where S is a d x d positive-definite:

10 0 0 0 O

0 4 -3 -1 0 O

S, 0
S, = , A=0.001, $ =
0 -1 —4 10 —4 0 0 M

0o 0 2 -4 5 2

o 0 0 0 2 6

The elements of S; were chosen to allow flexibility in the gradients of ¢ in each interval

[S1» Sus1])> with larger values as 8, represents only a change in the gradient from the interval
[su—1> S,] to the interval [s,,, s,,,;]. Similarly, A was set to a small value so that the Fourier ele-
ment did not dominate the piece-wise linear component.

o Linear dataset:
D,: b~N(0,S), s* ~7G(3,0.4)
e; ~ N(0,82), yy) =b'x; +e;, Dy = (), x,,2;)
o Simple multilevel dataset:
D, b~ N(0,S), s ~ZIG(3,0.3), s; ~TG(3,0.1)
e; ~ N(0,2), hy~ N(0,5), ' = b"x, + b+ e, D, = (), %;,2;)

i o X Zi

o General multilevel dataset:

D,: b~ N(0,S), s ~ZG(3,0.3), 8,54 s 5ha ~ LG(3,0.1), p=0.2

5271 0 0 0
‘ 0 5%12 PSp2Sns3 0
e; ~N(0,s), h, ~N(0,S,), S, = ‘
0 PS8 Sﬁ,s PSn35na
0 0 PSisSha Sha

y,g?) =b'x; +hiz;+e;, D, = G2 x.,z,)

ij 2 7vijy %ij
« Linear dataset using normal-inverse-gamma distribution:

D,: $~7ZG(3,0.4), bls* ~N(0,7s%S), (y =5 = 1/E[s%])
eij NN(Oasz)a y1<13) = bTxij te DS = (y(3) X; Z")

i i o Xijs Zi

The joint distribution for b and s* is NZG(3, 0.4, 0, 5S), which is a conjugate prior for the
Gaussian linear model, with E[] = 0, Cov[f] = S.

As the expected value of Z7G(a, b) is b/(a — 1), and 7; and ¢;; are independent, in each case
the outcome variable y;; should have similar expected value and variance, if the entire data gen-
eration was repeated multiple times, i.e. Eg[E[y;|0]] = 0 and Eg[var(y;; - bTx,-j|0)] =0.2, where 0

here indicates both covariate values and coefficients, e.g. 0 = (t;;, b, s%). This is important as it
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Fig 1. Simulated datasets, D, . .., D,. Each dot represents a datapoint, with the model covariates x = g(t) a
deterministic and multi-valued non-linear function of . In addition, the line b"x is shown for all values of ¢ € [0, 1] for
each dataset. For D,, the lines b”x + hjare also included, forj=1, ..., ] = 15. Similarly, for D,, the lines b"x + h/z are
also included, where z is also a deterministic multi-valued function of £.

https://doi.org/10.1371/journal.pone.0280046.9001

means the choice of model priors should contribute less to the model evidence than the model
structure, when we evaluate each model against each dataset. All four simulated datasets are
shown in Fig 1 and available in the accompanying repository.

We now regard the ‘true’ coefficients, e.g. b and s, as fixed but unknown, and we specify
models corresponding to each dataset. We specify priors for each model, which are similar to
the distributions from which we generated the ‘true’ coefficients. In place of the covariance
matrix S used to generate data, the prior for § has covariance X, which shares the diagonal
terms of S but is zero elsewhere. The models are as follows:

« For all models:

0050 00 T 0
3, = , A =0.001, T =
000 10 0 0 0 Al

o Linear model:

M,y = ﬁTxi +€, ¢ ~N(0,0%)
B~ N(0,X), 6> ~ZG(3,0.4)

PLOS ONE | https://doi.org/10.1371/journal.pone.0280046  February 15, 2023 12/20


https://doi.org/10.1371/journal.pone.0280046.g001
https://doi.org/10.1371/journal.pone.0280046

PLOS ONE Bayesian model selection for multilevel models using integrated likelihoods

« Simple multilevel model:
M, gy = B e, ¢~ N(0,00), 0~ N(0,07)
B~ N(0,%), oy ~1G(3,04) ,0; ~7G(3,0.1)

o General multilevel model:

M? : yij :ﬂszj+n]Tsz+€ ez‘j NN(076§)7 ’7,- NN(O72q)

ij?

B~ N(0,X%), > ~IG(3,0.3), o*,,0%,,06%, ~71G(3,0.1), p=0.2
y v,1 3

v,27 7 v,3

@, 0 0 0

2
O O‘v,? po—v,20v,3 O
X =
! 2

0 p0,50,3 O3 pP0,30, 4
2

O 0 po—v,3au4 O-VA

« Linear model using normal-inverse-gamma distribution prior:

M, - Yi= ﬁTxi +€, 6 N(O, 02)
0’ ~1G(3,04), y =5, Bla* ~ N(0,y5%%)

For each dataset, we expect the model with ‘true’ structure to have the largest model evi-
dence. Table 1 shows the performance of the models on the respective datasets, illustrating
how our approach not only leads to a decrease in the uncertainty of the estimated model evi-
dence, but can also prevent model misspecification where sampling using the full likelihood is
unable to do so, correctly identifying the ‘true’ model for each dataset. For models M, to M,,
we cannot evaluate the bias of the log model evidence estimates, with no direct solution to
compare to. However, for the linear model with normal-inverse-gamma prior, direct compu-
tation shows that estimates using the integrated likelihood are unbiased and closer to the

Table 1. Comparison of model evidence for each simulated dataset and model. This was computed with sequential Monte Carlo (SMC), using the integrated likelihood
and separately using the full likelihood. This was repeated for 8 random initialisations with 2000 draws at each step in SMC, and we present the mean and standard devia-
tion of the model evidence from each run. For each approach, the model with the strongest evidence is marked with * (this is not clear for D, with rounding here, but see
the repository [17] for full results). For each model, we also report the time taken to complete the sampling for all initialisations, averaged across the different datasets.

SMC, integrated likelihood

log p(D,|M) log p(D,| M) log p(D,|M) log p(D,lM) Time,
M, -633.08 (0.03)* -753.53 (0.05) -908.24 (0.07) -684.87 (0.05) 48.2
M, -642.08 (0.04) -681.06 (0.02)* -518.24 (0.04) -694.88 (0.06) 69.5
M, -644.66 (0.05) -683.43 (0.03) -508.96 (0.06)* -697.33 (0.06) 298.5
M, -633.10 (0.05) -753.50 (0.04) -909.22 (0.03) -684.87 (0.03)* 17.4
SMG, full likelihood
log p(D,| M) log p(D,|M) log p(D,| M) log p(D,| M) Time, s
M, -633.34 (0.15) -753.79 (0.18) -908.29 (0.22) -685.00 (0.22) 110.1
M, -643.23 (0.24) -681.37 (0.32)* -526.05 (2.69)* -695.64 (0.26) 152.8
M, -647.68 (1.07) -686.42 (0.99) -532.39 (6.75) -700.39 (1.05) 505.7
M, -632.95 (0.26)* -753.56 (0.19) -909.44 (0.18) -684.63 (0.21)* 362.8
Fully analytical solution
log p(D,IM) log p(D,|M) log p(D,|M) log p(D,| M)
M, -633.08 -753.47 -909.23 -684.87

https://doi.org/10.1371/journal.pone.0280046.t001
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Table 2. Comparison of Mahalabonis distance between ‘true’ coefficient b and model posterior for g, for each simulated datasets and model. This was computed with
sequential Monte Carlo (SMC), separately using the integrated likelihood and the full likelihood.

Integrated: d,,;(b, P(8|D, M)) Full: d,, (b, P(8|D, M))
D, b D, b D, b D, b D, b D, b D, b D, b
M,, P(BID, M,) 7.64 6.65 13.74 6.99 7.78 6.73 13.90 7.05
M,, P(B|D, M,) 7.68 6.55 6.55 6.81 7.88 6.63 6.76 6.97
M,, P(B|D, M,) 7.68 6.53 6.36 6.67 8.61 7.39 7.18 7.41
M,, P(f|D, M,) 3.38 3.17 7.77 3.19 7.86 6.48 13.65 7.01

https://doi.org/10.1371/journal.pone.0280046.t002

analytic solution than the estimates using the full likelihood. Furthermore, in every instance
within this example the computational cost of running the SMC sampling algorithm on the
variance parameters with the integrated likelihood was reduced compared to sampling all
parameters with the full likelihood.

We can also compare the posterior distributions for model coefficients, compared to the
‘true’ coefficients. Table 2 shows the Mahalabonis distance between b and the posterior distri-
bution for S, for each combination of dataset and model. In every case, the ‘true’ coefficient is
closer to the posterior distribution from the MCMC using the integrated likelihood than it is
to the posterior from the MCMC using the full likelihood. The Mahalabonis distance is defined
as the following, where the posterior for § has mean y and covariance X:

(b, PP, M) = /(b= )T (b~ )

For the integrated likelihoods, the posterior mean and covariance can be recovered by aver-
aging ji and 3 (or it and 3) over all values of ¢ (or aﬁ and afl) in the MCMC posterior trace.

For the full likelihoods, the posterior mean and covariance are computed directly as the sample
mean and sample covariance from the MCMC trace for §. For example, for M, the Mahala-

bonis distances for integrated and full likelihoods are as follows, where ' (¢?) and ji(¢?) are

the expressions in Eq 5:

P(BID, M,)) =+/(b—B)'V

Integrated : d, (b, P(B|D, M,)

Full: d,, (b,

Example: Minnesota radon contamination

We next investigate real-world data, the Minnesota radon contamination dataset [19]. We
describe various models that fit within this framework outlined above, as proposed for this
dataset in [19]. We deviate from their notation (e.g. renaming coefficients) for consistency
with our notation above. The hierarchical structure in this dataset is given in decreasing geo-
graphic granularity, with 919 individual measurements grouped within 85 counties, and data
are available at the individual measurement-level and the county-level. The maximum number
of measurements per county is 116 and the minimum is 1. The explanatory variable is the mea-
surement of the radon level on a logarithmic scale, which has mean (standard deviation)
1.265A (0.819). Comparing across counties, the minimum and maximum values for the
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average log radon level was 0.410 and 2.606. The covariates considered here are an individual-
level indicator variable identifying the floor the measurement was taken on (0 for basement, 1
for first floor), and county-wide uranium levels on a logarithmic scale. 83% of the measure-
ments were taken in the basement, and the mean (standard deviation) of the log uranium lev-
els was 0.014 (0.384), with a minimum and maximum across all counties of —0.882 and 0.528.

We denote the standardised (mean 0 and standard deviation 1) log radon measurements by
¥i» the indicator floor variable by #;, and the county-wide log uranium levels (also standard-
ised) by v;. Unless otherwise specified, we include an intercept term in each model, but adjust
the model matrix x;; so that it becomes x; = (1 — #;, ;). We could equivalently rewrite this as
x; = (1 =02 1 {ti,-zl})’ where the indicator function, 14, is equal to 1 if condition A is True and
0 otherwise. This means that we index by ¢;; rather than including it as a binary variable. The
primary reason for this is that we then express the same prior uncertainty for measurements
that come from the basement floor and from the first floor, instead of increased uncertainty
when t;; = 1, as discussed in [16]. In the context of linear model notation, we discard the
group-level j index, so that the index i runs over all individuals, i = 1, . . ., n. To denote the
group j ownership for a particular individual i, we instead using the index notation j[i]. For
example, if the individual 10 belongs to group 4, then j[10] = 4. The models suggested by Gel-
man and Hill include the following single-level linear models:

« Complete pooling: all counties are pooled to a single group, with a single intercept and gradi-
ent used for all counties, whilst the county-wide uranium levels are not included in the
model. By ‘averaging’ the intercept term, this completely ignores any variation in the radon
levels across counties. The model is:

M,:y,=a+bt+e=px+¢, ' =(a,b+a), xl = (1—t,t), ¢ ~N(0,0%)

 Complete pooling, with county-level variables: as above, but with county-wide log uranium
measurements included in the model. This at least contains some county-wide information,
but does not directly model at the level of counties, as in the multilevel models.

Mty =a+bt+ovy +e =B'x, +e

B" = (a,b+a,c), x' =(1—t,t, Vi), € ~ N(0,0?%)

i [RREES|

Unpooled intercept: each county has a separate intercept term. Although the county-level

data is included via indicator variables that identify group membership, there is again no
explicit model at the county-level. This is referred to as no pooling in the PyMC multilevel
modelling notebook [16], though the coefficient for the floor/basement indicator variable is
pooled across counties. We could also include the county-wide log uranium measurements
here, but this will result in a non-identifiable model with collinear predictors.

M, : yi:aj[i]+a+bti+ei:ﬁTxi+€ia e ~N(0,0%)

B =(ay,...,a,a,a+b), x' = (Lyyys -5 Ly, (1 —1),1)

« No pooling: each county is modelled completely independently of others, with separate
intercepts and gradients. This will usually overfit the data, and perform relatively poorly for
counties with limited data. In practice, 25 out of 85 counties have no measurements from the
first floor, and we exclude those components in the vectors  and x;. The dimension of # is
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then 85 + 60 = 145.
My yi=ay +bt+e = B'x, +e, € ~N(0,0%
p'=(a,...,a;,b,+a,....,b+a)
6 = Loy (U= 1)y Loy (U= 1)y Loty 5 Lo )

The multilevel models are the following:

» Partial pooling: county-wide variability is modelled directly as 77;, a deviation from the ‘aver-
age’ intercept. This uses first multilevel model formulation as described in (3).

M, yy=a+bt+ovi+n+e=px+n+¢
EUNN(O7O'§)7 anN(O,aﬁ)
T __ T _
ﬁ —(a,bJra,c), xij*(lit‘ £ V')

i bip Vi
o Varying slopes and intercepts: in this model, we allow variability in both intercept and slope
(i.e. the floor the measurement was taken on) across counties. This uses the more general
multilevel model (described in Eq 4). We evaluate a version of this that includes an oft-diag-

onal (correlation) term in the X, prior.

M : y;=a+ btij Ty, + 77;:1(1 - tij) T oty T € = ﬁTxij + '7]~TZ,-,- + €

eij ~ N((]?Gi)? 11] ~ N(O,Z,’(V))
T
p =(a,b+a,c), xg =(1—t,t,v), z; =(1- ti].,ti].)

UERS'ES |
Where complete pooling and no pooling represent two extremes in model dimension
within the linear model framework, Gelman and Hill [19] describe the multilevel model as
akin to partial pooling, in which there is natural shrinkage of the non-pooled parameters (e.g.
those featuring the index j[i]) to the mean (the ‘average’ in the complete pooling case). This
can be seen as a compromise between the two linear model extremes.
In each of these models, we set a multivariate normal prior A/ (0, I) on  and inverse-gamma

ZG(3, 1) prior on each univariate variance component (o, 0; and ¢7). In model M, £, was

2
w17

had ZG(3, 1) priors, p, had a truncated normal prior on the interval [-1, 1] with mean 0 and var-
iance 1, and the non-zero off-diagonal term was p,0,,10,,,. The number of unconstrained model
parameters, k, in linear models is equal to the number of independent variables, which is the

parameterised by v = (a2, 62,, p, ), where the first two components were diagonal terms, which

same as the dimension of the model evidence integral. In multilevel models, integration also hap-
pens over latent variables, while k is just number of independent variables plus the number of
variance components. Table 3 compares these models, in terms of the model evidence and the
AIC, where we use SMC to estimate the model evidence using the full likelihoods and the derived
integrated likelihoods. S1-S6 Figs. shows measurements and model fits for a subset of counties.

Discussion

Multilevel structure within data unlocks an increasing number of modelling choices for statis-
ticians, though this additional modelling flexibility presents a challenge in deciding what and
how to model the data. We present an approach to Bayesian model selection for multilevel
models that estimates the model evidence using integrated likelihoods instead of full likeli-
hoods. We treat a subset of variables (regression coefficients with Gaussian priors) as nuisance
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Table 3. Comparison of models for the Minnesota radon contamination dataset, using AIC and model evidence. The model evidence was computed with sequential
Monte Carlo (SMC), using separately the integrated likelihood presented and the full likelihood. This was repeated for 8 random initialisations with 2000 draws at each
step in SMC, and we present the mean and standard deviation of the model evidence from each run. The table also shows the number of model parameters, k, and the rank-
ing (where smaller is better) of models for each approach.

SMC, integrated likelihood SMC, full likelihood
Model k AIC rank log p(D|M) rank log p(D|M) rank
M, 2 2544.17 6 -1279.87 (0.04) 6 -1279.85 (0.06) 6
M, 3 2427.74 3 -1224.14 (0.05) 1 -1224.12 (0.07) 1
M, 86 2469.74 4 -1263.61 (0.02) 4 -1261.31 (0.46) 4
M, 145 2496.63 5 -1270.69 (0.05) 5 -1267.40 (1.70) 5
M, 5 242521 2 -1226.93 (0.05) 3 -1231.11 (0.36) 2
M 7 2423.11 1 -1225.77 (0.03) 2 -1232.15 (1.75) 3

5

https://doi.org/10.1371/journal.pone.0280046.t003

variables that we analytically integrate out, which reduces the dimensionality of the model, as
is standard in conjugate analysis. By converting the problem in this manner, we limit the
impact of issues surrounding high-dimensional sampling, a key difficulty in sampling schemes
for estimation of the desired quantities. As both examples show, estimates of the model evi-
dence using the integrated likelihood are more consistent and robust. For the simulated data,
this approach correctly identifies the ‘true’ model for each dataset and the ‘true’ coefficients
are more closely described by the posterior distribution when using the integrated likelihood
than when using the full likelihood. For a linear model with normal-inverse-gamma prior, we
can also compute the log model evidence directly, and the estimates using the integrated likeli-
hood have less bias and variance than those using the full likelihood. We believe the bias in the
model evidence estimates using the full likelihood is likely shared by other models, particularly
the multilevel models, because of higher dimensionality, though there is no gold standard to
confirm this. These observations extend to the Minnesota radon contamination dataset, where
the discrepancy between estimates and their variance is significant. The integrated likelihood
is more consistent with the frequentist AIC, following a similar ranking, though this does not
measure exactly the same thing. Although static SMC is asymptotically unbiased in the data
size n [20], it is sometimes unclear, when dealing with high-dimensional models, what consti-
tutes an unbiased estimate in practice when there is no analytic solution available. In high-
dimensional settings, methods that directly estimate the model evidence integral may easily
accumulate errors, leading to poor estimates. In Table 1, we notice some improvement in
computational cost for the simulated datasets, but we believe the computational cost depends
on a number of factors, such as dimensions #, d and m and the number of groups J, and so

are reluctant to make a general statement about this. Sampling using a highly-nonlinear low-
dimensional integrated likelihood may in some instances be more computationally challeng-
ing than using the high-dimensional product of simpler likelihoods. In the second example,
both full and integrated likelihood methods were broadly similar in terms of computational
cost for the linear model and simple multilevel linear model, but the integrated likelihood was
more expensive for the general multilevel model, as this involved repeated computation and
inversion of a large number of covariance matrices.

Bayesian model selection can be extended to a wide range of related problems fairly straight-
forwardly, such as variable selection and nested models (i.e. a comparison of two models where
one is entirely contained with the other, as opposed to a nested structure in the data). It is
worth emphasising a distinction between the model that best describes the data and the model
that best achieves the research objective, which may not always coincide. For example, if the
goal is to make inference on parameters associated with specific variables, then we should not
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exclude these variables on the basis of an evaluation of some model selection criteria. As George
Box stated in one of the most well-known aphorisms in statistics [26]: ‘All models are wrong,
but some are useful’. In a model selection problem, Bayesian approaches are particularly advan-
tageous, because they factor prior uncertainty about model parameters in a way that naturally
imposes a penalty on model complexity to prevent overfitting to the data. An important consid-
eration is the choice of suitable priors for a given problem, to adequately balance previous scien-
tific knowledge and information that the new data provides. Informative or weakly informative
priors are typically preferred to non-informative priors, which will often not be suitable if there
is insufficient data available. For linear models, the Bayes factor is a monotonic function of the
classical F statistic in the limit as the prior variances tend to infinity [8]. Similarly, the posterior
distribution of A given ¢” also aligns with classical frequentist inference in this limit. It is worth
emphasising that posteriori maximisation of the model evidence over prior hyperparameters is
generally not appropriate in the context of an inference question about particular dataset. Some
caution should be taken to avoid ‘retro-fitting’ priors based on the data, as this can be viewed as
converting a priori fixed hyperparameters (part of the model definition) into tunable parame-
ters, under which the inference question may not remain as initially intended. However, empir-
ical Bayes [27], which performs such an optimisation on a wider dataset (for example, using
radon contamination from other states to estimate sensible priors), can be viewed as a shrinkage
approach and a bridge from frequentist estimation to the fully Bayesian approach. With a priori
justification, it is certainly possible to compare a discrete set of models that are identical except
from different prior hyperparameters. For example, two statisticians may have wildly different
prior beliefs based on previous research, and therefore propose separate prior distributions,
which in turn can influence inference they make on model parameters, and we could ask whose
model best describes the data. As always, prior predictive checking should be used to ensure pri-
ors give a reasonable coverage in predicted values.

We have limited this work to the simplest generalised linear models, with normal distribu-
tion and identity link (the canonical link function), choosing normal priors to mirror conju-
gate priors for a Gaussian likelihood. As any likelihood from the exponential family has a
conjugate prior distribution, this analytic marginalisation can be similarly extended to general-
ised linear models under similarly chosen priors; for example, logistic regression (generalised
linear model with Bernoulli distribution and logit link) with a beta conjugate prior on the Ber-
noulli parameter p. This allows the approach we have presented to be generalised to a much
larger class of data and models.

Data and source code availability

The source code and data is available in the following repository:
o Project name: Bayesian model selection for multilevel models using integrated likelihoods

o Project home page: https://github.com/tedinburgh/model-evidence-with-integrated-
likelihood

o Operating system(s): Platform independent
o Programming language: Python 3.9.12

o Other requirements: Python modules—numpy 1.21.5 or higher, pandas 1.4.2 or higher,
pmyc 4.1.5 or higher, arviz 0.12.1 or higher, scipy 1.7.3 or higher, argparse 1.1 or higher,
statsmodels 0.13.2, palettable 3.3.0.

o License: MIT License
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The current version of the repository has a permanent DOI at Zenodo [17]. The Minnesota
radon dataset is contained within the module PyMC and can be opened directly from there
and the simulated datasets can be reproduced exactly when running the relevant Python script
from the repository above. Additionally, all datasets are available as.csv files on the repository
above.

Supporting information

S1 Fig. Model M, fits for a subset of counties. Each dot represents a measurement at either
basement or ground floor level. The format of the figure follows [16], with the same counties
represented, though we have standardised the log radon and uranium levels, so the y-axis scale
is slightly different. The model fit is from the integrated likelihood sampling, and is shown as a
gradient line from basement to ground floor, with one standard deviation from the mean in
dotted lines.

(TIF)

S2 Fig. M, model fits for subset of counties.
(TIF)

$3 Fig. M, model fits for subset of counties.
(TIF)

S4 Fig. M, model fits for subset of counties.
(TTF)

S5 Fig. M, model fits for subset of counties.
(TIF)

S6 Fig. M. model fits for subset of counties.
(TIF)
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