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Abstract

This thesis examines chaotic mixing in wavy-type channels and two-layer

shallow water flow.

For wavy-type channels, the equations of motion for vortices and fluid par-
ticles are derived assuming two-dimensional irrotational, incompressible
flow. Instantaneous positions of the vortices and particles are determined
using Lagrangian tracking, and are conformally mapped to the physical
domain. Unsteady vortex motion is analysed, and vortex-induced chaotic
mixing in the channels studied. The dynamics of mixing associated with
the evolution of the separation bubble, and the invariant manifolds are
examined. Mixing efficiencies of the different channel configurations are
compared statistically. Fractal enhancement of productivity is identified

in the study of auto-catalytic reaction in the wavy channel.

For the two-layer shallow water model, an entropy-correction free Roe-
type two-layer shallow water solver is developed for a hyperbolic system
with non-conservative products and source terms. The scheme is well-
balanced and satisfies the C-property such that smooth steady solutions
are second order accurate. Numerical treatment of the wet-dry front of
both layers and the loss of hyperbolicity are incorporated. The solver
is tested rigorously on a number of 1D and 2D benchmark test cases.
For 2D implementation, a dynamically adaptive quadtree grid generation
system is adopted, giving results which are in excellent agreement with

those on regular grids at a much lower cost. It is also shown that algebraic



balancing cannot be applied directly to a two-layer shallow water flow due
to the lack of simultaneous referencing for the still water position for both
layers. The adaptive two-layer shallow water solver is applied successfully
to flow in an idealised tidal channel and to tidal-driven flow in Tampa
Bay, Florida. Finally, chaotic advection and particle mixing is studied for
wind-induced recirculation in two-layer shallow water basins, as well as

Tampa Bay, Florida.
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Chapter 1

Introduction

1.1 Background

Mixing, whether occurring naturally or intentionally driven, is an important process
which can span a huge range of spatial and time scales. It not only results in dis-
persion and advection of fluid particles leading to reduction of non-uniformities or
gradients in composition, properties or temperature of the material in bulk, but is
also an agency for the movement and transfer of materials to or from surfaces of
particles or phases. This includes heat and mass transfer, leaching, gas absorption,
solid suspension, etc. From explaining various natural processes such as atmospheric,
oceanic and geophysical flows, to the design of fluid control devices, the importance
of mixing in engineering science cannot be overemphasised.

The phenomenon of Lagrangian chaos has been a subject of great interest follow-
ing the landmark demonstration by Aref (1984) of chaotic particle motion beyond
that of the underlying fluid dynamics. Using what is now known as the blinking
vortex model, Aref reported complex particle motion induced by the simple time-
periodic agitation of a pair of point vortices in an idealised two-dimensional closed
fluid system. The enhancement of mixing in relatively simple Eulerian unsteady flows
has since been extensively documented. Chaotic motion, or chaos in general, is char-
acterised by sensitivity to initial conditions, aperiodic motion with rapid divergence,

and unpredictability despite being deterministic.



The study of chaos has in itself developed into a major subject in modern science.
A system which demonstrates chaotic behaviour is better described as a dynamical
system. Ottino (1989) and Tél & Gruiz (2006) give detailed accounts of mixing and
chaos, and describe the many analytical tools developed in the field of nonlinear

dynamics which advanced rapidly in the 1980s.

1.2 Chaotic mixing in environmental fluids

Aref (2002) in a review of the development of chaotic advection and its application
in fluid mechanics, highlighted, amongst others, the shallow water regime. Shallow
water bodies such as wide rivers, lakes, coastal lagoons and estuaries have been ex-
tensively researched owing to their importance regarding the sustainability of aquatic
eco-systems. The shallow water domain is characterised by highly localised flow
features depending on the local bathymetry and shoreline, and the complexity is
compounded by tidal processes, wave-current interactions, turbulence, salinity gra-
dients, etc. These physical processes provide the backdrop where active and passive
particles are advected and dispersed whilst the corresponding chemical and biological
processes occur. Figure 1.1 shows an example of a vast algal bloom in the sea. This
has a filamental structure which may be attributed to chaotic mixing. Owing to the
similar dynamics, dispersion of contaminants may typically follow a comparable pat-
tern, though not necessarily observable by the naked eye. This phenomenon suggests
that pollutants in water bodies subjected to chaotic mixing are not evenly distributed
but demonstrate localised high and low concentrations which may vary considerably
from those predicted by a simplified averaging model. Furthermore, the inherent fil-
amental strucure provides a much larger surface of contact for active components to
react with the background fluid. In this case, the potential and actual qualitative and
quantitative evolutionary behaviour can be very different from the assumption that

the tracers exist as a single patch of uniform concentration with simple boundary or



BALTIC SEA

Algal bloom

Figure 1.1: Satellite imagery of vast algal bloom in the Baltic Sea which exhibits
filamental structure due to chaotic mixing (Image taken from BBC website, 26 Jul
2010: http://www.bbc.co.uk/news/science-environment-10740097).

propagating front. Hence, a good understanding of the dynamics of chaotic mixing is
essential in order that the dispersion of contaminants and their ultimate fate can be
better simulated to assess their impact on fragile aquatic and marine environments.

The simple point vortex model as proposed by Aref (1984) has been a popular
tool in the study of chaotic mixing. Rom-Kedar et al. (1990) considered mixing and
transport in a wavy channel governed by flow due to an oscillating vortex-pair. The
model was later used by Waseda & Mitsudera (2002) to model the shallow coastal
water of the Enshu-Nada Sea, Japan, and showed that chaotic advection could serve
as an efficient transport mechanism for fish eggs and larvae spawning along the coast.
Budyansky et al. (2004) studied a simple two-dimensional open flow composed of a
fixed point vortex and a background periodic current, and showed that the tracer
dynamics is typically chaotic in the mixing region. Budyansky et al. also found
that the boundary of the vortex core acts as a dynamical trap for advected particles
resulting in a fractal-like scattering function which depends on the trapping time.

The model was later extended to a simple kinematic ocean model for the numerical



study of transport and chaotic mixing of Lagrangian coherent structures (Budyansky
et al., 2007a,b), and the simulations agreed well with published laboratory results.

Lagrangian structures in the open ocean are typically analysed using velocity
data obtained or derived from various sources, including satellite-tracked buoys (e.g.
Osborne et al., 1986), surface drifters (e.g. Lacorata et al., 2001), sequential satellite
images of sea-surface temperature (e.g. Abraham & Bowen, 2002), very high frequency
radar technology (e.g. Lekien et al., 2005; Coulliette et al., 2007), etc. Numerical
simulations of Lagrangian chaos in coastal and estuarine waters are equally abundant.
Amongst others, Ridderinkhof & Loder (1994) resolved the topographic variations
responsible for spatial structures in the tidal and residual currents using a finite-
element model that uses a harmonic method to solve the three-dimensional shallow
water equations; Orre et al. (2006) considered surface mixing induced by one or more
of the dominant tidal components in a well-mixed fjord, but ignored wind forcing
and nonlinear effects; Novikov & Bagtzoglou (2006) studied the chaotic nature of the
tidally-dominated Lower Hudson River estuarine system.

The results of modelling chaotic motion have proved useful to determine the opti-
mum pollutant discharge point and time (Lekien et al., 2005; Novikov & Bagtzoglou,
2006; Coulliette et al., 2007), and to recommend appropriate coastal modifications to
enhance mixing (Bagtzoglou & Novikov, 2007). Owing to escalating environmental
concerns, the study of environmental fluid mechanics as a dynamical system is likely

to play an increasingly important role.

1.3 Stratification

Density stratification is a ubiquitous phenomenon in open water bodies. The ocean,
for example, has a distinct vertical structure with an upper layer of water heated by
solar radiation on top of denser and colder deep water. Similar structures, known

as epilimnion (the top layer), hypolimnion (the bottom layer) and metalimnion (the



thermocline in the middle) are also commonly found in stratified lakes. In estuaries,
stratification typically occurs due to the presence of denser sea water and fresh water
input from the river. Traditionally, estuarine flows may be classified on the basis
of stratification, i.e. well-mixed, partially-stratified, and salt wedge. Unlike lakes
and oceans, stratification in estuaries is dominated by the effect of salinity difference
rather than temperature difference, and is highly dynamic under the combined action
of cyclic tidal current flow and variable river runoff.

Studies of chaos in barotropic flows (e.g. Kozlov & Koshel, 1999, 2001; Kozlov
et al., 2005; Koshel & Prants, 2006) and baroclinic flows (e.g. Klein, 1990; Mundt &
Hart, 1994; Mundt et al., 1995; Read et al., 1998; von Hardenberg et al., 2000; Koshel
& Prants, 2006) have been reported. For baroclinic flows, the primary focus has been
on mixing in the vertical plane. The effect of density stratification on horizontal
mixing in an estuary dominated by tidal forcing has not been much explored to
date. Stirling (2000, 2003) studied the effect of chaotic advection and transport
on the patchiness of pollutant clouds in partially stratified estuaries. Stirling used
a stream function approach to model the flow in the vertical section, taking into
consideration secondary circulation. The Poincaré map for the fundamental velocity
field which dominates the large scale global dynamics of the estuarine flow revealed
barriers (KAM tori) and partial barriers (cantori) in the vertical cross section of the
estuary. Stirling showed that an optimal discharge region and time, or velocity, could
be determined based on the lower bound of the vertical fluxes and the exit time of
the pollutant clouds. The model represents the traverse circulations caused by the
density difference between the fresh river water and the salty sea water using a ratio
of the buoyancy-driven to the bend-driven circulation in the vertical cross section of
the curved estuary. However, it does not account for strong vertical stratification or
the formation of a salt-wedge. River inflow is represented using a ratio of its strength

to that of the tide, applied to the longitudinal velocity component, which is further



decoupled from the lateral and vertical velocity such that each vertical cross section
is essentially a replica of the others.

The above literature on chaotic mixing is by no means exhaustive. However, there
is a lack of research related to chaotic mixing in stratified estuarine waters. Hence
it is of great interest to investigate chaotic advection in a stratified shallow water
domain representative of what would commonly be encountered in lakes and coastal

waters.

1.4 Aims and objectives

The present research aims to examine the dynamics of chaotic mixing in a stratified

shallow water regime. The objectives are as follows:

1. To investigate chaotic mixing in wavy channels and hence become familiar with

the analytical tools of chaotic mixing;

2. To derive and solve numerically the governing equations for a two-layer shallow

water flow;

3. To verify the two-layer shallow water solver in 1D and 2D using appropriate

test cases;

4. To develop a two-layer shallow water solver based on an adaptive quadtree grid,

and examine the efficiency of the scheme;
5. To simulate and analyse chaotic behaviour in a wind-induced stratified basin;

6. To simulate and analyse chaotic behaviour in a tidal-forced estuary.



1.5 Synopsis

Chapter 2 considers chaotic mixing in wavy channels. A literature review is first
presented, followed by the derivation of the conformally mapped governing equations
for inviscid, incompressible flow in 2D wavy channels. Simulation results are anal-
ysed using tools typically used for the study of dynamical systems. In Chapter 3,
the system of equations governing a two-layer shallow water flow is derived. The
numerical scheme is presented, including a discussion on an unsuccessful attempt to
adopt algebraic balancing between the flux gradient and source terms. The quadtree
grid generation system is briefly introduced. Chapter 4 presents results obtained for
a number of 1D and 2D benchmark test cases. The efficiency of the adaptive grid
system is also assessed and discussed. The model is shown to work successfully for an
idealised tidal channel, as well as a real tidal-driven estuary. Chapter 5 describes the
analysis of chaotic mixing in shallow water bodies including wind-induced circulation,
and tidal-driven flow. Finally, conclusions and recommendations for future work are

listed in Chapter 6.

1.6 Publications

The material presented in Chapter 2 has been published in Journal of Fluid Mechanics
under the title of ‘Vortex-induced chaotic mixing in wavy channels’ (Lee et al., 2010b);
the work in Chapter 3 and part of the results in Chapter 4 has been published in
Journal of Computational Physics under the title of ‘A fast adaptive quadtree scheme
for a two-layer shallow water model’ (Lee et al., 2011). Further publications are in

progress based partly on the completed work presented in Chapter 5.



Chapter 2

Chaotic mixing in wavy channels

2.1 Introduction and literature review

The transport and mixing problem in a wavy channel can be characterised by a
relatively simple flow field but intrinsically complex chaotic particle motions due to
vortical stirring. Hence, unless the flow is fully turbulent, a point vortex model
involving few degrees of freedom could be a particularly attractive way to give a
simple and concise description of the flow field which is dominated by vortex-induced
circulation.

Rom-Kedar et al. (1990) examined transport and mixing in a two-dimensional,
inviscid, incompressible flow governed by an oscillating vortex-pair. They studied
the global topology of chaotic particle motions for small perturbations of an external
strain-rate field that caused the vortex-pair to oscillate about its equilibrium position.
For the perturbed flow, the invariant stable and unstable manifolds, defined as the
sets of all phase space points from which particles can reach the hyperbolic fixed
point in forward and reversed time, respectively (Tél & Gruiz, 2006), are shown
to intersect each other transversely, resulting in tangled flow structures which are
responsible for fluid transport in the mixing region. The dynamics of the unsteady
vortical flow reported by Rom-Kedar et al. (1990) approximates the study of flows
in furrowed channels with wavy wall profiles and time-periodic volumetric flow rates

considered by Sobey (1980). The flow field in the vicinity of the oscillating vortex-pair



corresponds to the instant when the vortex formed from flow separation is ejected into
the main stream, with recirculating flow between the vortex and the wall. It is thus
limited to the case when the oscillating vortex-pair is sufficiently distant from the
wall. In this thesis, the effects when the vortices move in relatively large orbits such
that they interact with the wall via image vortices is examined.

Flow over wavy boundaries is a generic problem in fluid mechanics. It is important
in the generation and growth of waves on the open ocean, where the rapid growth
of short steep waves is largely due to flow separation at their sharp crests (see e.g.
Csanady, 2001). It is also of direct relevance in the modelling of ‘singing pipes’,
where high speed gas or liquid flow in corrugated pipes can excite acoustic organ-
pipe modes (e.g. Crawford, 1974; Silverman & Cushman, 1989; Cadwell, 1994; and
the discussions by Walker, 2007, section 3.39). In each of these problems, a simple
point vortex potential flow model could be useful for exploring some of the important
physical processes.

Numerical simulation (Sobey, 1980) and experimental observations (Stephanoff
et al., 1980) of flows in furrowed channels have revealed that flow separation occurs
in the hollows at Reynolds numbers above a threshold value. For unsteady flow,
deceleration of fluid in the diverging part of the channel leads to the cyclic forma-
tion, growth, ejection and decay of vortices which enhance convective mixing. This
behaviour has allowed the design of devices capable of efficient mixing and mass trans-
fer in an open system in the absence of turbulence, such as membrane oxygenators.
Sobey (1982) made similar observations for flows in wavy channels with asymmet-
ric geometry. Sobey (1985) further studied the occurrence of Lagrangian convective
dispersion caused by unsteady separation during oscillatory flow through a furrowed
channel in the absence of Brownian diffusion, and demonstrated that the variance of
fluid particles grows approximately linearly with time.

Using a similar numerical scheme to that of Sobey (1980), Ralph (1986) presented



results for viscous oscillatory flow in wavy-walled tubes with the aid of flow visu-
alisation. At large Strouhal number, the flow structure is similar to that obtained
by Sobey (1980) at low Reynolds number but high enough that separation occurs.
Development of time-asymmetric flows in a limited region of the parameter space
may be regarded as a bifurcation of the flow structure and is suggestive of transition
to turbulence, analogous to a forced nonlinear oscillator from the viewpoint of a dy-
namical system (Roberts & Mackley, 1996). In a study of self-sustaining oscillatory
flows in a converging-diverging channel, Guzman & Amon (1994) postulated that the
transition from laminar to chaotic flow occurs via a series of Hopf bifurcations as the
Reynolds number is increased, consistent with the Ruelle-Takens—Newhouse scenario
of the onset of chaos. Chaotic particle trajectories have been verified and analysed us-
ing measures such as fractal dimensions and Lyapunov exponents (Guzmén & Amon,

1996; Amon et al., 1996).

2.2 Problem formulation

In this study, mixing is considered of an inviscid flow in furrowed open flow devices
characterised by a wavy wall profile previously described by Taylor (1981). The flow
field comprises a uniform mean flow and self-sustaining point vortices in the furrows.
Strong mixing cases are considered where the circulations induced by the point vor-
tices dominate over other processes such as boundary effects at the wall. Our primary
interest is to investigate the particle advection. Using a simple approximation, both
the vortices and the particles are assumed to take on the velocity of the resulting flow
field and are tracked using a Lagrangian technique. Since the study involves only
kinematical considerations, the model is independent of Reynolds number but should
apply to a real laminar flow subjected to external stirring actions such as in blinking
vortex experiments (Aref, 1984). Analysis of particle motion in such flows from a

Lagrangian point of view is very similar to that of flow visualisation techniques. The
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focus is on on mixing induced by unsteady vortex motion. It is shown that the present
point vortex model reproduces some of the salient features of mixing in a wavy chan-
nel similar to that obtained from numerical solution of the Navier—Stokes equations
(Sobey, 1980). In addition, several observations unique to the present model are
presented and discussed.

The chapter is organised as follows: Section 2.3 presents the derivation of the equa-
tions of motion for the vortex and passive particles in three different configurations,
namely: the wavy wall problem, the symmetrical channel and the skew-symmetrical
channel. Section 2.4 describes briefly the numerical solver. Section 2.4.1 examines
the vortex motion, analytically and numerically. It is shown that the vortices move
in regular trajectories with negligible influence from neighbouring vortices. Section
2.4.2 looks at the presence of Lagrangian chaos in all three configurations under the
stirring action of the vortices. Section 2.4.3 shows that chaotic mixing is primarily
induced by the unsteady dynamics of the separation bubbles which move and evolve
in size as the vortices evolve. An effective vortex core, free flow region and mixing
region in the flow field are identified. In this study, the dynamics are shown to be
related to an oscillatory unidirectional flow of a real fluid described by Sobey (1980).
Structures are presented for the stable and unstable manifolds and their role in the
mixing process discussed. Section 2.4.4 investigates the efficiencies of passive mixing
in the three configurations. The effect of Brownian diffusion is found to increase
lateral particle dispersion at the expense of longitudinal particle dispersion. Section
2.4.5 considers auto-catalytic reaction in the wavy channel and the fractal form of

the unstable manifold. Conclusions are listed in Section 2.5.
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2.3 Governing equations

Two-dimensional irrotational, incompressible fluid flow is considered. The stream
function automatically satisfies the continuity equation, and the velocity potential

exists everywhere in the fluid except at singularities.

2.3.1 Flow over a wavy wall

Consider a uniform flow field of velocity U in the z-direction over a flat wall located at
y = 0. A point vortex which is rotating clockwise in the flow field has strength of —x,
and the actual circulation is —27k. Using the method of images (Milne-Thomson,

1968), the complex potential function is given by
w(z) =Uz+iklog((z — Z,) /(2 — 2v)), (2.1)

where z, is the vortex position, and the overbar indicates the complex conjugate. The
flow regime is bounded by the wall (y > 0) and the complex velocity is

d 1 1
d—i’:Uer[ — ] (2.2)

Z—Zy 2= Zy

A conformal transformation that maps the flat wall in the z-plane onto a wavy

wall in the (-plane is given as
(= f(z) = z+iecexp(iKz2), (2.3)

where the constants € and K are the amplitude and the wavenumber of the wall,
respectively (Taylor, 1981). To satisfy the smooth wall condition and ensure the ex-
istence of a conformal transformation for the fluid region, the constants are restricted
such that e X < 1. The complex velocity at any point in the (-plane can be calculated

using the chain rule,

dWw  dwdz dw 1 . (2.4)
A T dzdC Az fi(z) T ‘
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Equation (2.4) shows that the complex velocities are not mapped one to one, but
are proportional depending on the mapping functions. Although the transformation
function ¢ = f(z) can be chosen to be a simple analytic function, solution of the
inverse transformation z = f~1(¢) will require numerical iteration. To avoid this, the
vortex position in the (-plane is expressed in the form of ((2) = &(z,y) + in(z,y).
Taking the time derivative, followed by the complex conjugate, the motion of passive
particles when tracked in the z-plane can thus be written as

dz 1 dw
& R (29)

A direct transformation using (2.3) will then give the particle trajectories in the
physical domain in the {-plane but followed in the z-plane.

For vortex tracking, Routh (1881) introduced a correction term to account for the
fact that the transformation of the vortex path in one plane is not the path in the

new plane. Thus, the vortex motion in terms of its position in the z-plane is

e ) 20

Equation (2.2) can be extended to represent a row of 2N + 1 vortices which are

in-phase and of equal strength, with one vortex spaced every wavelength \ (= 27/ K)

along the wall, within the uniform flow field of velocity U (Figure 2.1), giving

{(z—?v)%—n)\},

(z — 2zp) + nA (2.7)

N
w(z) =Uz+1ik Z log

n=—N

where the coordinates of the vortex array in the z-plane are (x, £ n\ y,), n =

0,1,..., N. The equations of motion for the passive particles and the vortex (z = z,)
are thus
_ N
%_W{U—HKWZN[Z—;—FM\_z—zvl—i—n)\}}’ (2:8)
and
dz, 1 - 1 /" (20)
EORVIPSIE {U P (=) sz<z,,>] } B
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Figure 2.1: Wavy wall problem with an array of vortices.

respectively.

Considering a system with an infinite number of vortices such that N = oo, the

summation term in (2.8) and (2.9) can be written as

[e.9]

1 Z — Zy
Zz—iv+n/\ _Z.O(Z—EU)Z—FnQ(i)\)Q'

—0o0

o0

Following Lamb (1953), we have
kEw— b k b
2 a2

Equations (2.8) and (2.9) thus become

dz 1 . K K(z—-z,) K K(z — z,)
. 2 coth =2 —20) 2 i TV A
a& ~ |f2)P {UJ”K [21 «© % 21 <7 2 ’
and
dz, 1 . K I"(20)
L . S = cothy, K ,
ANVICSIE {U o [21 R TIEN
respectively.

2.3.2 Flow in a symmetrical wavy channel

(2.10)

(2.11)

A channel of uniform width 27 where the walls are located at y = +im in the z-plane

is considered. The flow field comprises a uniform velocity of U and a pair of point

vortices, one of strength x located at z = z,, and the other of strength —« located at

2z = Z,. Using the method of images as before, the above problem becomes one of an
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infinite number of vortex pairs in the y-direction. At an arbitrary point of interest z,

the complex velocity can be expressed as

dw = 1 1
+ _U+mnzzoo L_Zv . (2.12)

+i2nm 2 —Zy +12n7

Rewriting the summation term as in the preceding section followed by integration,

the complex potential function of the flow system is thus

sini(z — z,)/2

w(z) = Uz +iklog Sni(z = 2,)/2

(2.13)

as obtained previously by Cannell & Williams (1973).
The uniform width channel in the z-plane above is conformally mapped to a

symmetrical wavy channel in the (-plane using the mapping function
¢ = f(z) = z +ie[exp(iKz) — exp(—iKz)], (2.14)

where K again is the wavenumber. However, € is no longer the amplitude of the wave
on the wall but is simply proportional to it (Taylor, 1981).

Consider 2N + 1 pairs of in-phase vortices of equal but opposite strength in the
symmetrical wavy channel, with one vortex per wavelength of the wall, within the
uniform flow field of velocity U (Figure 2.2), where the coordinates of the vortex array
in the z-plane are (z, =n\,+y,), n =0,1,..., N. Following the derivation presented

in Section 2.3.1, the motion of the passive particles tracked in the z-plane is thus

N

dz 1 K i 1 -

/(=
For vortex tracking, the correction term due to Routh (1881) is introduced as

before, giving

dz, 1 ) al 1 1 _ f"(20)
E = m {U+l/€n:Z_N |:—Z cot é(zv — 2y +n)\):| + 2f/(zv) } : (216)
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Figure 2.2: Symmetrical wavy channel with an array of vortices.

2.3.3 Flow in a skew-symmetrical wavy channel

Consider a channel of uniform width 27 where the walls are located at y = 0 and
y = i2m, respectively in the z-plane. The flow field comprises a uniform velocity U, a
pair of point vortices, one with strength x located at z = z, and another with strength
-k located at z = ¢, = (Z, + A/2) +i27. Using the method of images (Figure 2.3), the
infinite number of vortices in the y-direction is first considered. The complex velocity

at a point of interest z can be written as

d - 1 1 1 1

L= Utin Z —— — —————— + ——————— — :

dz ROl R +idnrt  z—Z,+i4nm  z—¢,+idnm z—c, +idnw
(2.17)

where the infinite summation term can be treated as in Section 2.3.1.
Next, 2N + 1 (=N to N) vortices along the upper wall is considered. This cor-
responds to 2N (—N to N — 1) vortices along the lower wall such that symmetry is

maintained in the longitudinal direction (Figure 2.4). Incorporating this into (2.17),

we get
dw al
4 =U+in > M, (2.18)
n=—N
where
1 i(z — Z,) i(z — Z,) i(z—C,) i(z—Cy)
M= — — _
IR cot 1 cot 1 =+ cot cot 1 ,



and Z, = z, + n\, C, = [Z, + A\(2n + 1)/2] + i27.

The motion of passive particles and vortices tracked in the z-plane can be described

by
=1 U+i/<;zN:M (2.19)
dt  [f(2)? =)
and
dz, 1 = coti(zy — Z,) /4 coti(zy — Co) /4N f"(z)
ETRTEESE {UW n;v (_ I - i )*2;*/(%) ’

(2.20)
respectively, where the mapping function used to transform the uniform channel into

a skew-symmetrical wavy channel is

(= f(2) =z +ie[exp(iK(z — im)) + exp(—iK (z — im))]. (2.21)

Figure 2.3: Method of images for skew-symmetrical wavy channel.
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Figure 2.4: Skew-symmetrical wavy channel with an array of vortices.
2.4 Numerical results and discussions

The wall wavelength A is chosen as the characteristic length Ly to non-dimensionalise
the length scales, giving # = /Lo, § = y/Lo, € = £/ Lo, and 7 = 1/Ly. Letting the
mean incoming velocity Uy be the characteristic velocity, the dimensionless velocity,
vortex strength, and time are thus given by U = U/U, & = k/UgLg, and t =
Uot/ Ly, respectively. Two dimensionless parameters are defined herein, namely the
dimensionless amplitude of vortex motion A (= A¢/A), and the Strouhal number (2
(= A/UT), where T is the period of the resonance. The classical fourth-order Runge—
Kutta scheme (RK4) is adopted to solve the equations of motion in the z-plane. A
time step At of 0.01 gives stable, converged solutions and is used throughout, unless
otherwise stated. All figures are plotted using the dimensionless quantities and the

tildes are dropped for convenience.

2.4.1 Vortex motion in the vicinity of the wavy wall

2.4.1.1 Perturbation analysis of vortex motion

For the wavy wall problem (Section 2.3.1), the equilibrium position of the vortex is
taken to be in the middle of the wall corrugation such that £ = m, and 5, = 0.

Solving the mapping function (2.3) then yields the corresponding position in the
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computational domain given by z. = m, and an inverse function y.exp(y.) = e.
Defining the vortex position as z, = z, + iy, = (. + X) +i(ye + Y), where X and
Y are small perturbations from the equilibrium position in the z-plane, the case of a
single vortex (N = 0) as described by (2.6) can then be written as

dz,
dt

=X —iY, (2.22)

where the dot indicates time derivative. For a stationary vortex, the equilibrium

vortex strength can thus be expressed as

_QU(G + eXp ye)
—€ + exp y. coth y, + ecothy,

(2.23)

KRe =—

Setting the wavy wall parameters ¢ = 0.5 and K = 1 after Taylor (1981), the
above formulations give y. ~ 0.3517 and k. ~ —0.7743U. Adopting unit uniform
flow (U = 1) throughout and k = k., different degrees of mixing, characterised by
the amplitude of vortex motion A can thus be selected by defining only the initial
vortex position (Z,0,Ys0). For convenience, let z,0 = z. (i.e. X = 0) such that the
initial vortex position is always in the middle of the trough and the sole parameter
that remains to be specified is the perturbation term Y where y,0 = y. + Y.

The equilibrium vortex strength reduces monotonically with decreasing value of e,
which represents the wall waviness for K = 1. In an experimental study of vortices in
wavy profiles, Wierschem et al. (2003) reported increasing critical flow thickness for
vortex formation at reduced wall waviness. In their experiment, the vortex formed
is essentially stationary and symmetrical due to steady gravity-driven flow. Hence,
except in the limit where € vanishes, our analytical equilibrium vortex strength in the
middle of the furrow is analogous to weak to strong vortical motion as wall waviness
increases.

Writing the linear approximation of the single vortex motion in the form of X =
a1Y, and Y = a,X, the coefficients a; and as are readily determined. The angular

frequency of the vortex motion, w = 27w f= ,/ajas is thus a function of €. Figure 2.5
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shows the Strouhal number w/UK (= A/UT) as a function of eX. The Strouhal
number is only weakly dependent on €K, reducing from a maximum of 0.27 when
eK =~ 0.3, to slightly below 0.24 when e/ — 1. The reversed and stronger variation
for e < 0.3 is of little interest as the small wall amplitude is unlikely to produce
good mixing (Ottino, 1989). In particular for e X = 0.5, the fundamental Strouhal
number of a vortex is given by w = 0.2611.

Writing the solution of the linear approximation in the form of an undamped
sinusoidal wave as a function of time ¢, let X = Asinwt, and Y = —aA coswt, where
a is a scaling factor which relates the amplitude of the vortex motion in the y-direction
to that in the x-direction such that 0 < |a| < 1, and A is the dimensionless amplitude
of motion in the x-direction. Substituting into the linear approximation and solving
yields a = —0.1562.

Solving (2.22) to a third-order approximation, two resonant terms of the funda-
mental Strouhal number arise due to the nonlinearity of the frequency of response
(Nayfeh, 1985). A correction term of the order of A? is applied to the Strouhal number

and the scaling factor, respectively, giving
w=uwy+ 1A% a=oay+cA% (2.24a,b)

where wy = 0.2611 and oy = —0.1562 as previously determined. Substituting w and
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Figure 2.5: Strouhal number of vortex as a function of eK.
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« into the modified linear approximation equations and solving, the coefficients, ¢;
and ¢y are obtained as 0.0266 and -0.0095, respectively. The complete solution to

third-order approximation of the vortex motion is thus given by

X = Asinwt — 0.1107A? sin 2wt — 0.0035A% sin 3wt,  (2.25a)

Y = 0.03204% — aA coswt — 0.0084A% cos 2wt — 0.0032A°% cos 3wt.  (2.25b)

Using the same approach, a perturbation analysis for the case where N = oo was
performed and resulted in similar expressions for the Strouhal number and the scaling

factor.
2.4.1.2 Vortex path in a wavy trough

Figure 2.6 shows the path taken by a single vortex when released from 5 different
initial positions. If the vortex is too close to the wall, the coupling effect with its
image has a dominant influence, causing the vortex to move upstream along the wall.
On the other hand, if the vortex is too far away from the wall, the uniform flow effect
sweeps the vortex downstream, tracing the wall topography. Generally, if both x and
U are positive, or negative, then the vortex will be swept downstream, or upstream,
respectively, by the uniform flow regardless of initial position. If U = 0, the vortex
will couple with its image to form a simple vortex pair which advances at a velocity
of k/2d along the z-direction, where d is the distance of the vortices from the wall.
Our interest lies mainly with vortices located in the vicinity of the wall trough where
the opposing flow effect from their respective images and the uniform flow field causes
the vortices to be trapped in hydrodynamic oscillations.

Figure 2.7 compares the analytical vortex paths (N = 0) derived in Section
2.4.1.1 to those obtained numerically from Lagrangian tracking. A small time step
of At = 0.001 is adopted to simulate accurately the vortex motion. It can be seen
that analytical results obtained from the perturbation analysis are in good agreement

with the numerical predictions for small perturbation |Y| < 0.09 (A < 0.2061).
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Figure 2.7: Comparison of vortex path derived from perturbation analysis (----- )

and numerical iteration (——): N =0, z, = (m,0.260), Y = —0.09.

2.4.1.3 Frequency-amplitude correlation

Figure 2.8 plots the Strouhal number €2 versus the dimensionless amplitude A for wavy
wall cases with a single vortex (N = 0) and an infinite number of vortices (N = 00).
The solid curves give the frequency-amplitude correlation calculated numerically for
different perturbations of initial vortex position, whereas the dashed curves plot the

analytical frequency-amplitude correlation as described by (2.24a) where the equiva-
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Figure 2.8: Comparison of frequency-amplitude correlation derived from perturbation
analysis (----- ) and numerical iteration (——): (a) N =0; (b) N = 0.

lent dimensionless forms may be written as Q@ = w/UK and A = A = Az/\. From
the numerical solutions, we can see that ) increases slowly with respect to A but
shows an abrupt drop as A approaches the wavelength of the wall. This corresponds
to lateral vortex motion beyond the wall crest level which approaches the point of
escape from the influence of its image. The Strouhal number of the vortex array is
slightly lower than the case of a single vortex. For linear perturbation away from
the equilibrium position (A = 0), Q equals 0.2611 and 0.2477 for the cases N = 0,
and N = oo, respectively, which agree well with the analytical results in Section
2.4.1.1. The third-order analytical approximation gives an excellent approximation
of the frequency-amplitude correlation for perturbation up to A ~ 0.5 for both N = 0,
and N = oo.

2.4.1.4 Effect of neighbouring vortices

The effect of having more than one vortex along the wall on the vortex path is now
examined. Neighbouring vortices, separated by the corrugations of the wall, are in-
phase and thus move identically. Figure 2.9 shows, for the wavy wall problem, the
paths traced by a single vortex (N = 0) in comparison with the path traced by the

same vortex with three neighbours on both sides (N = 3), and when there is an
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Figure 2.9: Effect of neighbouring vortices on vortex path in wavy wall problem.
Inset showing similar plots for: (a) symmetrical wavy channel (N = 0,5,10); (b)
skew-symmetrical wavy channel (N = 1,5, 10).

infinite number of vortices along the wall (N = o). The results suggest that the
vortex motion is only weakly affected by the presence of neighbouring vortices and
thus increasing N has a diminishing effect on the individual vortex path. Essentially,
the regular trajectories can be attributed to the lack of interactions between the
isolated vortices. In the same figure, insets (a) and (b) present similar plots for the

symmetrical wavy wall channel and skew-symmetrical wavy channel, respectively.

2.4.2 Lagrangian particle tracking

This section examines the trajectories of particles released into the flow field at differ-
ent distances from the wall. The wall amplitude and wavenumber for the wavy wall
problem is as previously set, whereas the channel parameters for both symmetrical
and skew-symmetrical wavy channels are selected as € = 0.35 and K = 0.45, following
Taylor (1981). For optimum mixing effect, vortex motion with maximum amplitude
is desirable (Ottino, 1989). However, vortices which move beyond the crest level can
only be kept from being swept away by the uniform flow by means of external stir-

ring. Hence, the amplitude of motion is limited such that the vortex chosen has a
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Figure 2.10: Particle trajectories under uniform flow field: (a) symmetrical wavy
channel; (b) skew-symmetrical wavy channel.

trajectory which remains within the corrugations.

2.4.2.1 Lagrangian trajectories

In the absence of vortex stirring (k = 0), particles are purely advected by the uni-
form flow and thus trace the streamlines which follow the shape of the wall (Fig-
ures 2.10a,b). In the symmetrical wavy channel (Figure 2.10a), the particle located
at the middle of the channel follows a horizontal trajectory, separating the channel into
two non-interacting zones. The presence of vortices in the flow field alters the particle
trajectories significantly depending on particle initial positions. Figures 2.11a-c show
diverse particle motions under the stirring action of an infinite number of vortices for
all three wavy configurations, where particles which are entrained by a vortex can be
easily recognised from the looping in their trajectories.

For the wavy wall problem (Figure 2.11a), all four particles are observed to pass

over the third trough without being entrained. One of the particles is entrained twice
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Figure 2.11: Particle trajectories for the case with infinite number of vortices in: (a)
wavy wall; (b) symmetrical wavy channel; (c¢) skew-symmetrical wavy channel.

by the vortex in the second trough, and another trajectory is caught in resonance
with the vortex in the fifth trough and only ejected after a considerable time. Particle
distances from the wall are generally altered after each successive interaction with the
vortices, regardless of whether the particles are entrained or else oscillate slightly as
they pass over each trough.

For the symmetrical wavy channel (Figure 2.11b), the particle at the middle of
the channel still traces a horizontal trajectory which forms an invariant centre line.
Hence, the mixing efficiency of a symmetrical wavy channel is only comparable with

that of a wavy wall bounded by a smooth wall on one side. In Figure 2.11c, 9 particles
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are seeded into the skew-symmetrical wavy channel at £ = 0, one of which is in close
proximity to the vortex centre and is thus caught in extended resonance with the
vortex motion. Here, an adaptive time step is adopted to resolve particle tracks in
close proximity to the singular point at a vortex centre, and care is taken to avoid
the singularity which is not of interest (or consequence) in the present study. For
particle motions in the symmetrical and skew-symmetrical wavy channel, (2.15) and
(2.19) are only evaluated for finite values of N due to the fact that a double infinite
summation for vortices arising from the method of images combined with a second
infinite summation for the array of vortices along the channel is not possible in analytic
form. Hence, the case where N = oo in the channel is replicated by employing periodic
end boundary conditions with prescribed upstream (x = 0) and downstream (z = \)
limits. The value of N is arbitrarily chosen to be 5 to approximate, at reasonable
computational cost, the vortex path where there are infinite number of vortices along
the channel, recalling that further increasing N has a diminishing effect on the vortex
trajectory (Section 2.4.1.4). The number of times a particle exits and re-enters the
computational domain is then tracked so that a continuous trajectory can be mapped
to the physical domain. The periodic boundary condition serves to replicate a physical
channel of infinite length with an infinite number of vortices in the flow direction, and
should not be taken as producing a closed system.

In Figure 2.11, observation of chaotic particle trajectories in all three wavy config-
urations suggests that the systems are likely to be chaotic (Ottino, 1989; Rom-Kedar
et al., 1990). Since each vortex is trapped locally within a trough and does not inter-
act significantly with its neighbours except with its own image, the observed chaotic
particle motion is attributed entirely to the unsteady motion of a single vortex in its
locality. If a finite number of vortices is employed along the wall or in the channel,
then advected particles approach the vortex-populated furrows from the asymptoti-

cally simple region, and eventually escape to the asymptotic region again. In either
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case, the systems exhibit the characteristics of transient chaos, i.e. chaotic scattering
of the advected particles occurs over a finite time on interaction with the vortices.
The observation is in qualitative agreement with the laminar and transitional
flow regimes for Reynolds numbers of 125 and 400 reported by Guzman & Amon
(1996) and Amon et al. (1996) for oscillatory flow in a sinusoidal channel. In both
papers, the particle trajectories are determined by integrating the advection equation
dx/dt = u(x,t), where u(x, t) is the numerically simulated Eulerian velocity field, and
exponential divergence of initially nearby particles is verified by positive finite-time
Lagrangian Lyapunov exponents of selected test particles. Furthermore, the onset
of Lagrangian chaos is associated with the first Hopf bifurcation. More recently,
Biemond et al. (2008) showed, by means of a topological argument, that the onset of
chaotic motion follows immediately the onset of periodic motion of the fluid, provided
stagnation points are present in the flow. In Section 2.4.3, it is pointed out that this

is indeed the case for the present problem.
2.4.2.2 Snapshots of particle positions

Figures 2.12a.b provide snapshots of a line of 301 equally-spaced particles advecting
in the symmetrical wavy channel. Figure 2.12a shows the time evolution of the line
of particles in the absence of any vortices. Unobstructed particles in the middle of
the channel form a leading front which propagates downstream. As it traverses the
converging and diverging sections of the channel, the flow undergoes alternate accel-
eration and deceleration, and thus narrows and widens correspondingly. The width
of the leading front eventually reduces, and particles nearer the walls increasingly
lag behind as they become held up in ever larger numbers of furrows. The line of
particles is stretched in the diverging section of the channel and folded at the wall
corrugations. Particles along the upper and lower wall are of course symmetric about

the invariant centre-line.
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Figure 2.12: Snapshots of positions of a line of 301 particles () in the symmetrical
wavy channel: (a) no vortices; (b) infinite number of vortices.

In Figure 2.12b, the same line of particles is subjected to vortex stirring. In
addition to stretching and folding, the particles become dispersed. Particles near
the walls soon break up from the leading front and become increasingly scattered.
The non-entrained portion of the leading front is advected further ahead than in the
previous case when there is no vortex in the flow field (see particle line for t/T = 2,
and t/T = 6). This is due to the increased velocity induced by the counter-clockwise
rotating vortices at the upper wall, and clockwise vortices at the lower wall. In
contrast, entrained particles spend more time in the furrows. Consequently, these
particles lag further behind the leading front than their counterparts in the case
without vortices. Increased particle scatter is evident. Symmetry about the centre-
line is nonetheless maintained.

Figures 2.13a,b show similar plots for the skew-symmetrical wavy channel. When
there are no vortices (Figure 2.13a), the line of particles deforms unevenly due to

the asymmetry, forming a leading front which is skewed in an oscillatory manner
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Figure 2.13: Snapshots of positions of a line of 301 particles (o) in the skew-
symmetrical wavy channel: (a) no vortices; (b) infinite number of vortices.

where the profile is influenced by the nearest corrugation. For the symmetrical wavy
channel, the line of particles occupies an increasing number of furrows with time
and is stretched and folded. Particles sufficiently distant from the wall are advected
primarily under the influence of the uniform flow field and tend to traverse furthest.

In Figure 2.13b, vortical stirring is observed to obliterate the line of particles in less
than two cycles (by ¢/T = 2). Similar to the symmetrical wavy channel, the leading
front moves further ahead while the entrained particles lag further behind. Certain
particles initially located close to the vortex centre became trapped in the trough
where they are released throughout the duration of the simulation. This agrees with
the Lagrangian trajectories shown in Figure 2.11c and those presented by Guzman
& Amon (1996) and Amon et al. (1996). Contrary to the symmetrical wavy channel,
there is no symmetry in the particle distribution, and hence mixing can potentially
take place across the channel width, making the skew-symmetrical channel superior

to its symmetrical counterpart with regard to mixing efficiency. In Section 2.4.4.2,
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Figure 2.14: Vortex trajectory (——) and positions (e) at 7'/10 increment in a wavy
trough. Also shown is the separation bubble (----- ) corresponding to the vortex
position marked x.

the above problem will be revisited to show that transport across the centre-line of

the symmetrical wavy channel is possible if the effect of diffusion is included.

2.4.3 Dynamics of separation bubble

The mixing effect observed in Section 2.4.2 can be associated with the presence of a
separation bubble in the vicinity of the vortex, whose area and shape evolve continu-
ously as the vortex moves. To examine the dynamics of the separation bubble, con-
sider a case involving a single furrow in the wavy wall, where /T = 0 and ¢/T = 0.5
correspond to instants when the vortex is located at the highest and lowest positions,
respectively, in the middle of the furrow (Figures 2.14a,b). The separation bubble is
derived from the instantaneous streamlines separating an exterior region of positive
stream function from an interior region of negative stream function. The separation
bubble always joins the wall at two separation points, each of which constitutes an
instantaneous stagnation point in the flow field. As pointed out in Section 2.4.2.1,
with the presence of stagnation points in the flow, the onset of chaotic motion follows

immediately the onset of periodic motion of the fluid (Biemond et al., 2008).
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2.4.3.1 Variation of the area of separation bubble and vortex motion

The area of the separation bubble A, is derived from the physical domain, and is
normalised by its largest value at ¢/T = 0. Figure 2.15 shows that A, reduces over
half the cycle as the vortex moves clockwise, and expands in the second half of the
cycle. The time-dependent variation of A, is closely related to that of the vortex
vertical position y, and the changes in distance between the two separation points
(see inset in Figure 2.15), both of which reduce from ¢/T" = 0 to 0.5. The slight
increase in A, at the lowest point in the trough (¢/7 = 0.5) can be solely attributed
to the increase in wall curvature (Figure 2.14). The changes reverse during the second
half of the cycle, as expected. Overall, the area of the separation bubble varies by
a factor of 3.1 over the cycle, implying that significant mass exchange is likely to
take place across the separation boundary, favouring mixing as anticipated from the
large-amplitude motion of the vortex.

Figure 2.16 shows the relative motion of the separation points with respect to the
vortex. As the vortex traverses from ¢/7" = 0 to 0.3, the separation points move slower
than the vortex. From ¢/7T = 0.3 onwards, the vortex starts to move upstream along
the wall (see instantaneous vortex position in Figure 2.14). The upstream separation
point moves ahead at a slightly larger velocity whereas the downstream separation
point trails behind (Figure 2.16). On approaching the lowest point in the trough, the
vortex velocity continues to increase at a higher rate compared to that of the two
separation points. The inset of Figure 2.17 shows the velocity U of the separation
points with respect to their positions. When the vortex moves upstream close to the
wall (lower half of the loop) U is twice that when the vortex moves downstream away
from the wall (the plateau on the upper half of the loop). The factor of 2 is slightly less
than that of the vortex motion where U4z /|Unin| = 2.3 (Figure 2.16). Figure 2.17
also displays the velocity components (U, V') of the vortex. At t/T = 0, the vortex

velocity in the x- and y-directions are U = U, and V' = 0, respectively (rightmost
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point on plot). As the vortex rotates in the clockwise direction, V' increases slightly,
then changes to negative as the vortex moves downward into the trough. Meanwhile,
U reduces. By t/T = 0.5, U reaches its negative maximum whereas V' returns to
zero (leftmost point on plot). Whereas the magnitude of U varies by a factor of 2.3,
that of V' on the other hand varies by a much larger factor of 15.3. Relating the
velocity of the vortex to its instantaneous position (Figure 2.14), it is obvious that
the sweeping motion along the wall (from ¢/T" = 0.3 to 0.7) occurs rapidly compared
to the downstream motion when the vortex is distant from the wall. This suggests
that the vortex image has a dominant influence. In a complete cycle, the parametric
U — V plot thus resembles a highly distorted figure ‘8.
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Figure 2.15: Temporal variation of the area of separation bubble A, and vortex
vertical distance y, from the wall. Inset showing temporal variation of horizontal
distance A¢ between the two separation points.
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Figure 2.16: Temporal variation of channel longitudinal velocity U: ----- vortex;
—— separation points.
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Figure 2.17: Velocity (U, V') of vortex tracked in the z-plane (e indicates 7'/10 incre-
ment). Inset showing velocity U of the two separation points with respect to their
position ¢ in the physical domain.

2.4.3.2 Particles escape from the separation bubble

This section examines the escape rate and particle trapping within the separation
bubble. Particles are seeded into the separation bubble at equally spaced intervals
over the computational domain. The corresponding particle distribution in the phys-

ical domain is slightly distorted due to the mapping functions; however, this does
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not pose any issue for the present qualitative investigation. The number of particles
used is in the order of 1000 for the case when the initial vortex positions are set
at t/T = 0.5. Retaining the same intervals, the number of particles used when the
initial vortex position is located at ¢t/T = 0 is thus approximately a factor of 3 more,
proportional to the increase in the bubble area. Adaptive time stepping is used to
track accurately the particle trajectories in close proximity to the singular point at
vortex centre. Particles located within a distance of less than 0.05/A from the vortex
centre are discarded. This constitutes less than 2% of the total number of particles
seeded.

Figure 2.18 shows sequential snapshots of the particles escaping from within the
separation bubble in the wavy trough, where the vortex initial position is set at
t/T = 0. In Figure 2.18ii, it is observed that a large proportion of the seeded par-
ticles is ejected from the downstream surface of the bubble in the first one-tenth of
the cycle as the separation bubble moves to the right. These particles form a series
of arrow-like features pointing in the direction of their motion which tend to encir-
cle the vortex. Particles to the left of the arrows have only moved minimally from
their initial positions near the downstream surface of the bubble, and lag behind as
the vortex traverses. Particles to the right of the arrows, which originate from the
now white background in the separation bubble, have moved a considerable distance
comparatively. The arrow-like feature is an artifact of the finite number of particles
followed. A compact blob would result if more particles are tracked (see e.g. Fig-
ures 2.26 and 2.28). The white background essentially represents particles outside
the separation bubble, herein referred to as the white particles. It can be observed
that, during this same time period, the white particles sweep into the bubble rapidly
from the upstream surface curling past the vortex centre, suggesting that particles to
the east of the vortex possess relatively larger velocity compared to those to the west,

which is confirmed by the instantaneous velocity field (not shown). The boundary be-
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tween the white particles and the seeded particles is the original separation boundary
which is now greatly stretched under the stirring action of the vortex. Its deformed
shape is akin to the unstable manifold numerically computed by Rom-Kedar et al.
(1990) using the Melnikov technique for small perturbation. Further discussions on
the stable and unstable manifolds in the present model are given in the next section.
In Figure 2.184 (t/T = 0.2), it can be seen that the white particles have curled
further reaching the south-east of the vortex, effectively completing a loop around
the vortex. Note also that they have exited the separation bubble and the leading
front is attempting to re-enter the bubble again. Meanwhile, the tail end of the
train of particles still lingers in the vicinity of its earlier position. Figure 2.184: also
shows the formation of a tongue-like feature which stretches downstream, leading
eventually to particles escaping from the trough (Figure 2.18iv). When the vortex
starts to sweep along the wall, it is relatively close to the downstream wall, which
hinders particles from winding further around the vortex. Consequently, both the
seeded particles and the white particles drain away under the action of the uniform
flow (Figure 2.18v). By ¢/T = 0.5 (Figure 2.18vi), the vortex centre is at its low-
est position and surrounded by the remaining seeded particles which are held in close
proximity to the vortex centre thereafter. A considerable proportion of the separation
bubble is now filled with white particles in the outer band. Re-seeding the separation
bubble at t/T = 0.5 (Figure 2.18vii), Figure 2.18viii shows that within one-tenth of
a cycle, a large fraction of the particles is swept downstream from the bubble as the
vortex moves upstream at relatively high velocity. The number of seeded particles
which remains trapped around the vortex (Figure 2.18iz) is essentially the same re-
gardless of whether or not re-seeding is performed at t/T = 0.5. This suggests that
particles trapped are solely those initially in close proximity with the vortex centre,
whereas re-seeded particles which fill the white band within the separation bubble

in Figure 2.18vi are essentially all expelled. Hence, this confirms the presence of a
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non-escape zone which may be referred to as the vortex ‘core’, a generic feature of
point-vortex dynamics (e.g. Babiano et al., 1994; Boffetta et al., 1996; Amon et al.,
1996; Neufeld & Tél, 1997, 1998). The series of snapshots in Figure 2.18 also shows
that the white particles, though freely entering and escaping the separation bubble,
cannot penetrate the vortex core occupied by the seeded particles. This is due to
the presence of irrational orbits known as KAM tori, which act as transport barriers
between the stable region in the vortex core and the unstable region outside (e.g.
Rom-Kedar et al., 1990). Hence, the vortex singularity is essentially shielded by the
surrounding regions of permanently trapped fluid, and plays no role in the unsteady
mixing process. Indeed the same dynamics would result if the vortex core is replaced
by a non-singular vortex patch of constant vorticity whilst preserving the same total
circulation. The above observation is important for engineering applications, noting
that in Lagrangian investigations of particle trajectories the precise fate of individual
particles is not necessarily of major importance, instead it is key to reveal the possible
presence of regions where pollutants cannot escape, and where treatment materials
such as surfactants or dispersants for oil spills cannot enter. In Section 2.4.4.2, it is
shown that if diffusion is considered, it is then likely that the particles within the
vortex core will eventually escape (Chorin, 1973). For the active mixing problem
(Section 2.4.5), the vortex core is exploited as a source of reacted catalytic particles
with which approaching particles entering the separation bubble may react.

Figure 2.19 shows the fraction of particles trapped n as a function of non-dimensional
time ¢/T in a fixed observation window which consists of a single trough. Particles
seeded within the separation bubble escape primarily in the first cycle, after which
there are only a few instances when a small number of particles are expelled as the
vortex traverses past its lowest position at high velocities, leaving those particles
which fail to wind around the vortex, to drift downstream. Figure 2.19 also shows

that n is not sensitive to the total number of particles seeded. In a study of a contin-
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Figure 2.18: Sequential snapshots of particles escaping from within the separation
bubble (----- ) in the wavy wall problem (7 vs ). Plots (i-vi) show fate of particles
seeded into the separation bubble from ¢/T" = 0 through ¢/T" = 0.5 at 7'/10 increment;
plots (wvii-iz) show fate of particles seeded into the separation bubble from ¢/T = 0.5
through ¢/T" = 0.7 at 7'/10 increment.

uously modulated free-surface flow, Wilson et al. (2006) reported equivalent temporal
behaviour of the percentage of initial tracers remaining in seeded-eddy simulations
in a study of mixing effects involving a separation bubble attached to a curved free
surface. The drop in the tracer population is associated with the detrainment of fluid
from the eddy region, whereas the flat plateau represents the entrainment phase, not-
ing that the incoming fresh fluid are devoid of tracers. For large perturbation, as
considered in the present study, a considerable proportion of the seeded tracers are
ejected within the first cycle. The subsequent cascading reduction of tracer popula-
tion obtained by Wilson et al. (2006) is however not obvious in the simulation owing

to the large perturbation adopted to optimise mixing. Rom-Kedar et al. (1990) ob-
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tained a similar finding from the simulated escape of particles from a lobe. Likewise,
Wierschem & Aksel (2004) observed similar behaviour in an experimental study of

the loss of fluorescent tracers from an eddy in a wavy corrugation.

—832 particles
---1664 particles
---3329 particles

1r

Figure 2.19: Fraction of particles trapped in the trough n as a function of nondimen-
sional time and effect of number of particles.

Despite the foregoing discussion, note that the calculation of n is based on the
number of particles which remain in the trough instead of in the separation bubble.
This explains why n only reduces after a short lag, due to the finite time taken for
any of the seeded particles to reach the downstream boundary of the observation
window. Wilson et al. (2006) use this approach to calculate n because the end of
the domain is easier to define. The same approach is used in order to address the
boundary particles in the potential model. Should n be computed based on the
fraction of particles that never leave the separation bubble, its value will not approach
a constant but will alternate between two discrete values, the difference of which
represents the small number of boundary particles which periodically enter and leave
the separation bubble. Considering the case when vortex motion commences from the
position ¢/T = 0, boundary particles located to the east of the separation bubble are
swept downstream, whereas those inside the separation bubble are ejected upstream

as the bubble moves in the opposite direction. This is because the wall is an invariant
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manifold, unstable downstream but stable upstream of the downstream separation
point in the perturbed system of the vortex motion (Rom-Kedar et al., 1990). The
opposing motion means the particles will inevitably become increasingly close to one
another on the wall, forming a conglomerate point at plot resolution. For a wavy wall
or channel that has an infinite number of vortices, a conglomerate point of boundary
particles thus exists in each and every trough. These conglomerate points assume an
oscillatory gliding motion along the wall upstream of the trough, entering and leaving

the separation bubble periodically but unable to traverse the separation bubble.
2.4.3.3 Mixing region, free flow region and vortex core

In the preceding section, it was observed that particles are able to enter and leave the
separation bubble as it swells and shrinks. Substantial mass exchange between the
flow and the separation bubble is induced by the stirring action of the vortex. Con-
sider a large ensemble of particles seeded over four consecutive troughs horizontally
extending up to elevation y = 0.24 in the z-plane. A single vortex is introduced in
the rightmost seeded trough such that there is a continuous stream of particles ap-
proaching the vortex over one complete cycle. The region within 0.05/\ of the vortex
centre, defined as the vortex core, is herein excluded. The motion of the particles is
observed using a reference frame moving with the single vortex, the initial position
of which is set at t/T = 0.

As the vortex and particles are set in motion, particles entrained are greatly
stretched and wind around the vortex at high velocities (Figure 2.207), resembling
the motion of the white particles in Figure 2.18¢. This results in a chaotic-sea-
of-mixing region characterised by apparent particle scatter. The mixing region at
this instant is significantly larger than the separation bubble, and comparable to
the size of the wavy trough. The mixed particles are subsequently ejected when the
vortex sweeps downstream along the wall. Particles which have undergone mixing

appear ‘scattered’ in the plots (Figure 2.204,i7) whereas the others maintain a regular
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Figure 2.20: Instantaneous snapshots of particles motion (e) on a reference frame co-
moving with the vortex (x): (i) t/T = 0 or t/T = 1; (ii-iv) correspond to t/T = 0.4,
0.5, and 0.6, respectively. Note that the vacated zone in the vicinity of the vortex
represents the vortex core (——, separation bubble).

but distorted arrangement with the neighbouring particles. Since no further particle
entrainment occurs after ¢/7" = 0.4, the size of the mixing region shrinks. By ¢/T =
0.5 (Figure 2.2047), the mixing region is virtually non-existent and it develops again
shortly after ¢/T = 0.6 (Figure 2.20iv). Particles entering and leaving the separation
bubble during these times do not wind around the vortex but stream past the vortex
core. Indeed, the mixing region ‘vanished’ from the plot as a result of the finite
number of particles deployed. Of most interest in this context, is the fact that the
size of the mixing region varies greatly over half a cycle.

Whilst the snapshots of the ensemble of particles in Figure 2.20 provide a glimpse
of the mixing and free flow region (and indirectly the vacated, non-penetrable vortex

core), the transient nature of chaos means that each of these regions is defined in
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terms of the respective sets of trajectories. It may thus be construed that the mixing
region is made up of a set of trajectories which wind around the vortex a finite number
of times. Trajectories which never wind around the vortex constitute the free flow
region, and trajectories which wind around the vortex infinitely make up the vortex
core (e.g. Rom-Kedar et al., 1990; Amon et al., 1996; Budyansky et al., 2007b).
Trajectories of the mixing region and the free flow region are responsible for mass
exchange in and out of the separation bubble whereas the vortex core behaviour is
essentially isolated from the flow field. The free flow region further out is not seeded
and thus appears as a band of white particles in the upper part of the plots (see
Figure 2.207). Particles in this region do not enter into the vicinity of the vortex or
the trough, and are advected mainly by the uniform flow with superimposed small
oscillatory motion induced by the vortex. In the simulation shown above, all seeded
particles pass the vortex after one-and-a-half cycles. No particle is trapped, and none
penetrate into the vacated vortex core.

The present model of a unidirectional uniform flow field superposed with oscilla-
tory vortex motion is analogous to aspects of oscillatory flow of a real fluid as studied
by Sobey (1980) and Ralph (1986) using Navier—Stokes solvers. Sobey (1980) in-
vestigated the flow structure in wavy channels by considering different ratios of the
oscillation amplitude to the mean flow amplitude. In the present study, the dimen-
sionless amplitude for vortex motion is in the order of 0.6, 0.65 and 0.75 for the wavy
wall, symmetrical channel and skew-symmetrical channel, respectively, under unit
uniform flow. Hence, the cases considered herein approach the oscillatory unidirec-
tional flows considered by Sobey (1980) where the ratio of the oscillatory component
to the mean flow is taken to be in the order of (1 —0.55)/0.55 ~ 0.8. Noting that the
omni-present vortex core is a non-interacting region, the birth of the mixing region is
analogous to flow separation in oscillatory flow of a real fluid, which leads to vortex

formation. During the first half-cycle, the separated region in the real fluid grows
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and the vortex bulges into the mainstream, eventually occupying most of the trough.
The same behaviour is observed in the present model from ¢/7" = 0.5 to 1.0. In the
second half of the cycle, the real fluid flows into the upstream part of the furrow as
the flow accelerates, thus displacing the vortex which is eventually eliminated as the
bulk flow accelerates. Whereas the periodic shedding of vorticity is not relevant here,
the process of vortex decay is replicated in the form of a vanishing mixing region
that persists from ¢/7° = 0 to 0.5. Essentially, the present model, which comprises
a uniform flow with internally induced unsteady oscillation, produces the same dy-
namics in the periodic growth and elimination of the mixing zone as an externally
induced unsteady oscillatory flow of a real fluid, noting that the qualitative flow be-
haviour is not sensitive to the wall profile (Sobey, 1980). The similarity between the
present results and the solutions of the unsteady Navier—Stokes equations by Sobey
(1980) and Ralph (1986) lend much merit to the point vortex model in the study of

vortex-induced mixing.
2.4.3.4 The invariant manifolds

In this section, the unstable and stable manifolds are examined in greater detail.
Figure 2.21 shows exemplar plots of the instantaneous unstable and stable manifolds,
numerically constructed by releasing a particle at each time step at the instantaneous
hyperbolic points (i.e. the stagnation points A and B in Figure 2.22) in the flow field
in forward and backward times, respectively. Particles starting on these invariant
manifolds in the continuous time flow emerge as an infinite set of discrete points on
these curves in the Poincaré section. In snapshots of a flow, the unstable manifolds
appear as smooth curves. The stable manifolds, however, are not readily observable.
Due to the symmetry of the system in space, these invariant curves are essentially
mirror images of one another about the vertical axis through the middle of each
furrow, for instance at t/7° = 1.0 (Figure 2.21a) and similarly at ¢/7" = 0.5 (not

shown). At other times, such as t/T" = 0.3 (Figure 2.21b), the mirror image of the

43



curves about the vertical axis through the middle of the furrow gives the structure of
the invariant curves at ¢/7 = 0.7 due to the symmetry of the system with time over a
cycle, noting that the stable and unstable manifolds are thus swapped in the mirror
image construction (Figure 2.224 and v). Hence, the unstable manifold for a flow

from left to right becomes the stable one for a flow from right to left, and wvice versa.

@)

Figure 2.21: The stable (----- ) and unstable (——) manifolds at (a) ¢/7 = 1.0, and
(b) t/T = 0.3. Here, the separation bubble is shown in thick solid line.

In Section 2.4.3.2, it is highlighted that the wall is an invariant manifold. With
reference to Figure 2.22; the unstable manifold to the east of point B, and the two
branches of the stable manifold towards point A (arrows in figure indicate direction of
particle motion along the invariant curves) lie exactly on the wall. In the unperturbed
system, the unstable manifold of point A is also the stable manifold of point B, and its
position coincides with the separation bubble, thus separating the exterior free flow
region and the interior region. In this case, the manifold structure is topologically
equivalent to one-half of the oscillating vortex-pair flow (e.g. Rom-Kedar et al., 1990;
Rom-Kedar & Wiggins, 1990; Wilson et al., 2006). When the system is perturbed,
the spiral nature of the invariant manifolds produces infinite self-similar crisscrossing
tangles at all scales (Figures 2.21 and 2.22). In the discussions that follow, the role

of the infinite set of intersections between the stable and unstable manifold in the
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Figure 2.22: Schematic illustration of the stable (----- ) and unstable (——) manifolds
at (i) t/T = 1.0, (#) t/T = 0.3, (i1) t/T = 0.5, and , () t/T = 0.7. The two
shaded area bounded by segments of the unstable and stable manifolds defined by
the intersection points a, b, ¢ and d represent two different lobes which transport the
fluid contained as the invariant curves traverse with the vortex motion. For clarity,
only the separation bubble of (i) is shown.

mechanism for mass transfer into and out of the mixing region is emphasised. In
Section 2.4.5, we investigate the fractality of the invariant manifolds.

Since no flow is able to cross the invariant curves except solely by diffusion (con-
sidered separately in Section 2.4.4.2), the invariant curves divide the flow field into a
free flow region in the exterior, and a recirculating zone in the interior (which consists
of the mixing region and the vortex core). A parcel of fluid bounded by a segment of
the unstable manifold and a segment of the stable manifold between two successive in-
tersection points can be defined as a ‘lobe’” where the fluid which lies within it remains
there for all time (e.g. Rom-Kedar et al., 1990; Rom-Kedar & Wiggins, 1990; Wilson
et al., 2006). Figure 2.22 shows the evolution of two lobes as the invariant curves

traverse with the vortex. Note that Figures 2.22¢ and 44 match the time instants of
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Figures 2.20% and i, respectively. On the other hand, Figures 2.227i and v are at
different times to those in Figures 2.204: and v in order to facilitate visualisation of
the invariant curves. Figure 2.224: shows that lobe P carries the fluid parcel from
the upstream into the recirculating zone. Driven by the growing unstable manifold,
the fluid in lobe P subsequently undergoes mass exchange in and out of the separa-
tion bubble but remains contained within the outermost invariant manifolds, that is,
the invariant manifolds cover a region significantly larger than the separation bubble
during these times (see Figure 2.207 and Figure 2.227). When the lobe reaches the
downstream end of the trough, the stable manifold starts to contract. Consequently,
the lobe is ejected together with the bounding segments of the unstable manifold
(Figure 2.22iv). Lobe @ undergoes the same processes as lobe P except that it grows
earlier, shrinks later, and contains smaller quantity of fluid. Hence, particles closer
to the vortex centre are entrained longer. Note also that the lobes enter and leave
the separation bubble a finite number of times from their ingestion to their eventual
ejection.

Just before the vortex reaches its lowest position (at approximately ¢/T = 0.4),
the stable manifold contracts to its minimum and the last remaining lobe is stretched
in the direction of the unstable manifold, draining the fluid it contains downstream.
When the vortex starts to move upwards from its lowest position, a new lobe is
entrained along the stable manifold of the hyperbolic point B. At this instant (/7 =
0.5), there is only a single intersection between the new stable manifold and the
diminishing old unstable manifolds (Figure 2.22iii). A new unstable manifold grows
immediately after the old one detaches from the hyperbolic point A (at approximately
t/T = 0.6). During the transition, the region covered by the invariant curves is smaller
than the separation bubble, which relates well to Figure 2.20431.

Wilson et al. (2006) show that the entraining lobe and the detraining lobe can be

overlapped. They observe that under large perturbation, self-intersecting turnstiles
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are responsible for ejection of fluid ingested during the same cycle. The mechanism
is similar to that shown in Figure 2.18. A close examination of the evolution of the
lobes in Figure 2.22 suggests that the same lobe undergoes the entraining phase from
t/T = 0.5 to t/T = 1.0 (or equivalently from ¢/T = —0.5 to t/T = 0), and the
detraining phase from ¢/7 = 0 to t/T = 0.5. In fact, due to the spiral structure of
the invariant curves, the exterior and interior of the lobes cannot be distinguished.
For the same reason, the ‘turnstile’ structure in the vicinity of the hyperbolic points
is also different from that described by Rom-Kedar & Wiggins (1990) and Wilson
et al. (2006). Here, the same lobe (e.g. lobe P) undergoes simultaneous contraction
from both sides of the unstable manifold during the entraining phase (Figure 2.2211),
and later simultaneous stretching at both sides of the stable manifold during the
detraining phase (Figure 2.22iv). Experimentally, Wierschem & Aksel (2004) show
that the turnstile lobe mechanism is responsible for the breakup of the separatrix,
thus permitting a spiraling inflow and outflow motion which governs the material

exchange between the eddy in the furrow and the overlying steady flow.

2.4.4 Mixing efficiencies

2.4.4.1 Statistical dispersion of passive particles

This section compares the mixing efficiencies of three different configurations: the
wavy wall, symmetrical wavy channel, and skew-symmetrical wavy channel. In each
case, about 7000 particles, equally spaced in the z-plane, are seeded within one wave-
length with a mean initial position of T = A/2 (T = 0 for the case of skew-symmetrical
channel), vacating the region within 0.05/\ from the vortex centre. An infinite num-
ber of vortices is used with maximum amplitude of motion contained within the
trough. The particles seeded are tracked for 10 cycles, and the standard deviation o
of their positions along the axis of the channel calculated as a function of time. From

Figure 2.23a, it can be seen that ¢ increases monotonically with time for all three cases
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Figure 2.23: Mixing efficiencies measured in terms of standard deviation o. (a) Com-
paring wavy wall (——), symmetrical wavy channel (----- ) and skew-symmetrical
wavy channel (-+----- ); (b) effect of diffusion on passive mixing in skew-symmetrical
wavy channel: v =0 (——), v = 0.001 (----- ), v =0.005 (------ ).

(e.g. Sobey, 1985). In the wavy wall problem (particles seeded up to y = 0.24), par-
ticles steadily drift further away from the wall and thus have diminishing interactions
with the vortices trapped in the wall corrugations. Therefore, the wavy wall config-
uration is not desirable for long-term or long-range mixing. The skew-symmetrical
wavy channel outperforms the symmetrical wavy channel with significantly higher
values of ¢. In addition, the latter does not allow lateral mixing across the invariant
centre-line as shown in Figure 2.24a, whereas the former permits cross centre-line mix-
ing as illustrated in Figure 2.25a. In conclusion, the skew-symmetrical wavy channel

is the most efficient in passive mixing (e.g. Nishimura & Matsune, 1996).
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Figure 2.24: Particle positions at ¢/7 = 10 for symmetrical wavy channel: (a) v = 0;
(b) v = 0.001. (n vs &, initial particle positions are equally spaced in the z-plane
within one wavelength with mean position T = \/2; x and e represents initial particle
position above and below the centreline, respectively.)

Figure 2.25: Particle positions at /7" = 10 for skew-symmetrical wavy channel: (a)
v = 0; (b) v = 0.001. (n vs &, initial particle positions are equally spaced in the
z-plane within one wavelength with mean position ¥ = 0; x and e represents initial
particle position above and below the centreline, respectively).
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2.4.4.2 Diffusion by random walk

The particle tracking scheme presented above models only the advection of passive
tracers. Chorin (1973) proposed that advective and diffusive phenomena could be
treated separately, where the latter may be simulated using a stochastic technique
involving random particle displacements analogous to Brownian motion. It is assumed
that at the end of every advective step, each particle undergoes a random walk in
two orthogonal directions. The standard deviation of these random walks must be
compatible with the analytical Gaussian solution of pure diffusion and therefore the

fluctuating random velocity components of a particle are written as

ur =11/ 2UV/At, v, =193/ 20/ At, (2.26a,b)

where the subscript r indicates random component, v and At are the isotropic diffu-
sion coefficient and time step, respectively, and r; and ro are independent normally
distributed random numbers each with zero mean and unit standard deviation (e.g.
Borthwick & Barber, 1992).

Owing to the fact that the distribution of the random number generated velocity
components will inherently be distorted by the mapping functions, the random walks
are performed based on length of displacements in the physical domain instead of the

computational domain. Equations (2.26) are thus rewritten as
A& = u, At,  An, = v.At, (2.27a,b)

where u, and v, are the random velocity components in the (-plane. It follows that
the crux of the method lies in the inverse mapping of the particle position at the end
of each random walk in order to proceed with the Lagrangian tracking. As there are
no closed form solutions of the inverse mapping functions for all three cases, namely
the wavy wall, symmetrical and skew-symmetrical wavy channel, the corresponding

particle position in the z-plane is iteratively solved based on the orientation and
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magnitude of displacement which are kept conformal by the mapping functions. In
order to maintain the validity of the statistical distribution, all particles are solved
using the same time step, which is chosen to be small (At = 0.001) in order to
minimise the non-physical tendency of particles in the numerical solutions to cross
the flow boundary or penetrate the vortex core. The few particles which do start to
cross the boundary are halted at the boundary itself whereas particles which enter
the vacated vortex core are returned to their initial positions and subjected to a fresh
attempt.

Figures 2.24b and 2.25b show the particle positions at the end of the tenth cycle
for the symmetrical and skew-symmetrical wavy channels for v = 0.001. Increasing
scatter with the magnitude of diffusion coefficient is evident when v = 0.005 is used
(not shown). For the symmetrical wavy wall problem, cross centre-line mixing is
now possible, resulting in qualitative mixing which resembles the effect produced by
the skew-symmetrical wavy channel with zero diffusivity (Figure 2.25a. Introduction
of diffusion by random walks causes the skew-symmetrical wavy channel to produce
even better particle scatter, notably in the lateral direction. Figure 2.23b shows the
standard deviation as a function of time when different diffusion coefficients are used
for the skew-symmetrical wavy channel. The same is observed for the symmetrical
wavy channel. The decrease of o with increasing diffusion is counter-intuitive but
well founded. In Figures 2.12b and 2.13b, it is shown that under the influence of an
infinite number of vortical stirrers, a line of particles spreads further longitudinally,
with particles at the rear predominantly engaged in hydrodynamic resonance, and
particles at the front mainly undisturbed. Due to diffusion, particles at the rear are
now more likely to escape from the vortex core and mixing zone to the free flow
region, rejoining the bulk flow. On the other hand, particles at the front which are
sufficiently distant from the vortex field at most instants may now be entrained due

to diffusivity, or even penetrate the vortex core and become permanently trapped.
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These particles then lag behind, reducing the number of particles in the leading front.
The combined effect thus gives an overall reduction of o which quantifies longitudinal
particle dispersion. The observation is analogous to the relative diffusion of clouds of
particles (Fischer et al., 1979). Following the classical analysis of Taylor (1922) for
ensemble mean concentration, Fischer et al. showed that, provided that the time from
release is less than the Lagrangian time scale, an ensemble mean formed by averaging
the concentration at points equidistant from the centre of mass of each cloud in the
trial is higher than that formed by averaging the concentration at each point in space
at identical times. This means that the size of the cloud is smaller and less dispersed

along the direction of travel despite the presence of diffusion.

2.4.5 Active mixing

The preceding investigation focuses on passive tracers which are able to follow the
physical flow behaviour and be transported with negligible influence on the flow
regime regardless of the concentration. The tracers are inert and demonstrate no
growth or decay in their course of motion. In practical conditions, however, passive
tracers of distinct characteristics may exhibit chemical or biological interactions with
the fluid and/or other constituents. In particular, auto-catalytic reactions are those
in which at least one of the products is a reactant, and of which the rate equations
are fundamentally nonlinear.

The simple auto-catalytic reaction A+ B — 2B in a chaotic flow regime was first
investigated by Metcalfe & Ottino (1994) for flow in a bounded eccentric cylinder.
Their work captured the growth and propagation of patterns in active mixing driven
primarily by the highly interwoven nature of the manifold tangle. Toroczkai et al.
(1998) and Karolyi et al. (1999) extended the study to open chaotic flow around a
cylinder, and showed that the fractal unstable manifold in the wake of the cylinder

acts as a catalyst for the process. A fractal object is highly ramified such that

52



its surface area (or perimeter in the case of two-dimensional object) is resolution-
dependent. As a result, reactions occur only at the fractal boundary and mixing
is imperfect. Budyansky et al. (2004) studied a simple two-dimensional open flow
composed of a fixed point vortex and a background periodic current, and showed
that the tracer dynamics is typically chaotic in the mixing region. The boundary of
the vortex core acts as a dynamical trap for advected particles resulting in a fractal-
like scattering function which depends on the trapping time. Indeed, the mixing
problem considered herein is an open flow problem characterised by transient chaos
and permanent fractality (Karolyi & Tél, 2007).

The study is now extended to active mixing where the non-escaping vortex core
acts as the source of the reacting seed. The effect of the vortex dynamics on the overall
mixing mechanism and efficiency will be investigated using the surface reaction theory

of Kérolyi et al. (1999).
2.4.5.1 Numerical implementation of auto-catalytic reaction

Consider the auto-catalytic reaction, A4+ B — 2B in a wavy channel with an infinite
number of vortices, where a single vortex core is selected to carry a finite number of
seed particles B which are incapable of escaping. The incoming background flow
constitutes the A particles, which will react and be transformed to B particles if they
come within a prescribed reaction distance ¢, from the existing B particles in the
flow field. These B particles are produced in the mixing zone and are thus capable
of being ejected from the vortex and advected downstream, reacting with other A
particles they come in contact with.

One way numerically to simulate the above processes is to adopt a uniformly
gridded domain with each cell being occupied by either type A or B particle, regardless
of the actual number of particles present. If both species are present, then B always
survives. At a prescribed reaction rate, the neighbouring cells of a cell occupied with

B particles will be converted if they are not already B-type cell (e.g. Toroczkai et al.,
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1998; Péntek et al., 1999; Liang et al., 2007a). After the reaction stage, the particles
occupy the positions of their respective cell centres and resume passive advection until
the next reaction sets in. The grid size must thus be less than or equal the reaction
distance €. In the present model, the uniform grid is constructed in the physical
(-domain, and hence the corresponding grid points in the computational z-domain
must first be established via inverse mapping. Both passive and active processes
are computed entirely in the z-plane and mapping to the (-plane is performed for
graphical purposes only.

An initial patch of 400 B-type particles is seeded inside the vortex core. A grid
size of ¢¢ = 0.05/\ is adopted, equivalent to 0.36% of the wall wavelength. The
observation window covers five wavelengths, with the reacting vortex core in the first.
The vortex motion always commences from its lower middle position (corresponding
to the position at t/T" = 0.5, in Section 2.4.3) for all reaction rates. For reaction rates
shorter than the periodicity T" of the vortex motion, an integer number of reactions
per cycle is considered; for reaction rates longer than 7', the reaction rate is taken to
be an integer multiple of T'. This ensures that the behaviour which is periodic with
the period of the vortex motion appears as fixed points, or periodic cycles, on the

stroboscopic map taken at the instant of the reaction (Kérolyi et al., 1999).
2.4.5.2 Fractal dimensions and reaction theory

Figure 2.26 shows the evolved B particles seeded in the symmetrical wavy channel
considered at 2 reactions per cycle. Figure 2.26a shows that within the first half
a cycle, species B grows in the vortex core but no particles have yet to escape the
vortex field as it grows (refer Section 2.4.3.3). At the end of the first cycle, as
the vortex sweeps down the trough at large velocity, a substantial amount of B
particles drain along the wall. These particles are advected into the second trough and
subsequently entrained by the vortex in the neighbouring trough (Figure 2.26b). The

second vortex is eventually infected and acts as another source of the seed particles
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(Figure 2.26¢). As the process continues, accelerated reaction with the background
A particles produces an increasing number of B particles which escape along the
unstable manifold. A quasi-equilibrium state is eventually reached after 4 cycles
where the number of B particles produced np is balanced by the number that have
escaped from the observation window (Figure 2.27 inset). However, the vortex in the
fifth trough does not operate as a reaction site, being surrounded by B particles. The
above reaction rate is relatively low and B particles do not cross the centreline of the

channel.

)
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Figure 2.26: Evolved seed patch of reacting B particles in the symmetrical wavy
channel at 2 reactions per cycle (1 vs &, plots showing lower half of the channel only).
(a-d) corresponds to t/T = 0.5,2.5,4.5, and 8.5, respectively, where initial vortex
position (/T = 0) is at its nearest to the wall.

The structure observed in Figure 2.26 clearly resembles the unstable manifold
shown in Figure 2.21. Amongst others, Karolyi et al. (1999) have found that active
particles trace out the unstable manifold but with wider coverage due to the advancing
reaction process. This means that the reactions occur on the surface of the fattened-
up unstable manifold of the chaotic saddle, which has a fractal appearance with

filamental structures. Although the chaos is transient in the mixing region, the fractal
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Figure 2.27: Power scaling law of the steady-state reactant front area: + symmetrical
channel; x skew-symmetrical channel. Inset showing typical temporal growth of the
population of B-particles inside the observation window.

pattern traced out by the reactions is permanent and can be quantified with a fractal
dimension Dy (Péntek et al., 1999). Furthermore, this fractal dimension is the same
as that of the unstable manifold in the reaction-free flow.

The continuous reaction equation for an auto-catalytic reaction in an open flow

proposed by Karolyi et al. (1999) is
Ap = —kAg + g.(t)(2 — Do)v, A", (2.28)

where Ap is the area covered by the reacting B-particles within the observation
window, k is the escape rate of the particles, g.(t) is a geometrical factor containing
information on the unstable manifold, v, is the reaction front velocity (= 2¢y/t),
and t being the lag time between reactions. The positive exponent [ is defined as
(Dy —1)/(2 — Dy), with 1 < Dy < 2. The first and second terms on the right hand
side of (2.28) describe the escape and the production, respectively, of the B-particles.
If the reaction takes place on a simple non-fractal line, i.e. Dy = 1, then § = 0 and
(2.28) reduces to classical surface reaction (Landau & Lifshitz, 1987). In chaotic open

flow, the boundary of the unstable manifold is fractal, where Dy > 1. Consequently,
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the reaction described by (2.28) is dissipative and possesses an attractor. Solving for

the steady solution (A = 0), there is a trivial unstable equilibrium if A% =0 or
A%y = [gevn (2 — Dy) /K] 3P0, (2.29)

Equation (2.29) describes the steady state condition achieved when the newborn and
escaping particles are balanced. The fractal dimension Dy can be easily determined
because the slope of the log-log plot of A}, vs v, is (2 — Dy) (Figure 2.27).

Reaction rates ranged from 1/2 to 30 reactions per cycle for both the symmetrical
and skew-symmetrical wavy channel (Figure 2.27). The area occupied by the B
particles is simply given by npei. Plotting the same data in Figure 2.27 using normal
scale (not shown), extrapolation gives zero B particles as the reaction front velocity
reduces to zero. There is a linear increase of B particles up to 2 reactions per cycle,
beyond which the production rate decreases due to competition from the particle
escape rate from the observation window. For a reaction rate < one per cycle, the
reactions take place at a fixed site, corresponding to the initial position of the vortex
at the middle lowest of the vortex trajectory. Should the reaction site be changed,
different results are obtained. This corresponds to the zone v,/U < 3.5 x 107 in
Figure 2.27. Sensitivity checks confirm that the selection of reaction site has negligible
effect on the resulting area occupied for reaction rates > 2 per cycle, which constitutes
our region of interest. The fractal dimension Dy in this region is approximately 1.65,
which implies that the reaction rate is slow on the characteristic scale of chaotic
advection and verifies the singular enhancement of productivity (Toroczkai et al.,
1998; Karolyi et al., 1999). It is interesting to note that for reaction rate > 10 per
cycle, the symmetrical channel shows a sudden increase of A} and thus an offset in
Figure 2.27. This region of higher reaction rates has a fractal dimension of 1.60 which
is slightly different from the intermediate reaction rate. The augmentation of the

area covered can be attributed to the entrainment of B particles by the vortex at the
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opposite wall immediately after the particles cross the converging part of the channel
and are confronted by the swelling separation bubble (Figure 2.28a). The opposite
vortex core is eventually infected and as a consequence, more troughs are completely
filled with B particles when the quasi-equilibrium state is attained (Figure 2.28b).
In the skew-symmetrical channel, despite the fact that B particles regularly visit
the opposite side of the channel, they are not entrained. Figure 2.28c shows the B
particles intrude into the upstream end of the upper trough when the vortices at the
lower wall are at their rightmost positions. At this instant, the upper vortex fields
are also located at the rightmost positions near the downstream end of the troughs.
As a result, the particles do not encroach into the upper vortex field. At the next
instant, the protruding B particles are drawn back by the lower vortices when the
vortices at both upper and lower walls sweep down the wall (counter clockwise and
clockwise, respectively), and the separation bubble contracts. Similarly, when the
lower vortices are at their leftmost positions, the B particles intrude the downstream
end of the upper trough (not shown). During the same instant, the upper vortices are
also located at their leftmost positions, i.e. the vortex fields are near the upstream
end of the troughs, unable to entrain the B particles at the opposite end. Hence,
in the absence of the dynamics induced by the converging-diverging flow field, the
serpentine-type skew-symmetrical channel maintains a boundary between the A and
B particles on the upper and lower walls, respectively, for reaction rates up to 30 per
cycle.

It is interesting to note that the fractal dimension obtained above shows grid
independence when a coarser cell of size 0.1/ is used. Moreover, the simulations are
at the limit of weak diffusion, where the reaction range is of the same order as the
diffusion distance for v = 0.005 (Section 2.4.4.2). Tél et al. (2000) showed that weak
diffusion in such models only renormalizes the effect of reaction velocities. Essentially,

chaotic characteristics, which should be treated as averages over sufficiently long
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Figure 2.28: Evolved seed patch of reacting B particles at 20 reactions per cycle (n
vs ) for: symmetrical wavy channel (a) ¢/T = 2.5, (b) t/T = 4.5; and (c) skew-
symmetrical wavy channel at t/T" = 3.75. Initial vortex positions (t/T = 0) are at
their nearest to the wall.

time, can be similarly defined for an ensemble of diffusive particles, owing to the fact
that an exact fractal scaling holds without any lower cut-off due to noise in spite of
randomness.

For two-dimensional hyperbolic open systems, the fractal dimension can be related

to the escape rate k and the Lyapunov exponent \, via (Tél et al., 2005)
Do =2—Fk/\,. (2.30)

For a quantitative characterisation of the escape rates, the ensemble of particles in
Figures 2.24 and 2.25 is monitored to determine the fraction n retained within the
trough of their origin as a function of time. In both cases, exponential decay is
observed and can be fitted with the correlation n ~ exp(—kt), giving k ~ 0.031 and
0.030 for the symmetrical and skew-symmetrical channel, respectively. Exponential
decay of material from an eddy in a wavy corrugation has been verified experimentally

for a range of flow parameters by Wierschem & Aksel (2004). The Lyapunov exponent,
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which gives the rate of stretching of nearby particles, is measured by starting a test
particle close to that of a reference trajectory with an initial distance of § = 1072/ \.
Whenever the distance of the test particle from the reference trajectory is larger than
a threshold value of 100, it is shifted back to a distance ¢ from the reference trajectory
along the line which connects them. The number of times n, this is performed thus
provides an estimate of the Lyapunov exponent )\, along the reference trajectory
(Neufeld & Tél, 1998). The spatial distribution of \,, is highly varied, being positive in
the mixing region but vanishing in the regular region within the vortex core (Babiano
et al., 1994; Neufeld & Tél, 1998). Using a large number of randomly selected reference
trajectories (not taking into consideration those which are permanently trapped by
the vortex cores), the largest A, for the symmetrical and skew-symmetrical channel
are obtained as 0.084 and 0.085, respectively. Using equation (2.30), the fractal
dimensions of the symmetrical and skew-symmetrical channel are thus calculated as
1.63 and 1.65, which are in good agreement with the values obtained from Figure 2.27.
It may thus be concluded that hyperbolicity plays a crucial role in the dynamics of
the present problem outside the stable region, where almost all initial conditions lead
to orbits that eventually escape the mixing region at exponential rate. The vortex
core, nonetheless, gives rise to non-hyperbolicity and is characterised by space-filling
fractality (Dy = 2) (e.g. Lau et al., 1991; Motter et al., 2003; de Moura & Grebogi,
2004).
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2.5 Concluding remarks

Open flow in channels where the mixing process is induced primarily by unsteady
motion of point vortices located in the trough region of the wavy wall has been con-
sidered. Assuming two-dimensional irrotational, incompressible flow, equations of
motion for the vortices and the particles were derived. Their instantaneous positions
were tracked using the Lagrangian technique and conformally mapped to the phys-
ical domain. Perturbation analysis indicates that the frequency of vortex motion is
weakly dependent on the wall amplitude but that a characteristic Strouhal number
w/UK ~ 0.25 occurs for a wide range of input parameters. The analytical and nu-
merical vortex paths agree well for small perturbation. It is found that the vortex
trajectory is governed mainly by its image, with little effect arising from the presence
of neighbouring vortices along the wavy wall or channel.

The particle trajectories and snapshots reveal the stretching and folding processes,
and increasing scattering that characterise chaotic motion. Particles seeded within
the separation bubble are observed to escape from the trough (hence the vortex),
primarily during the first oscillation cycle. A major fraction of the particles retained
is made up of those seeded at close proximity to the singular point, a stable region
which constitutes a ‘core’ surrounding and shielding the vortex singularity. Signifi-
cant mass exchange takes place between particles inside and outside the separation
bubble, forming a chaotic-sea-of-mixing region which evolves in size as the vortex
moves. This can be attributed to the spiral nature of the invariant manifolds in
the perturbed system, which produces infinite self-similar criss-crossing tangles at all
scales responsible for the material exchange. The resulting dynamics are in good qual-
itative agreement with previously reported solutions of the unsteady Navier—Stokes
equations for a wavy channel with oscillatory unidirectional flow.

Statistical evaluation of the particle positions shows that the skew-symmetrical

wavy channel is more efficient in passive mixing than a symmetrical wavy channel.
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Incorporating the effect of diffusion via gridless random walk increases lateral particle
dispersion significantly despite a marked reduction in the standard deviation of the
longitudinal particle positions.

Using the non-escaping vortex core as a source of reacting particles, auto-catalytic
reaction in the wavy channel is studied. The results verify that the unstable manifold
acts as an effective catalyst for the process. Fractal enhancement of productivity
(Dy ~ 1.65) is identified. The symmetrical wavy channel shows augmentation of
area covered by the B particles at high reaction rates due to infection of the vortices
at the opposite wall. The fractal dimensions obtained correlate well to the escape
rates and the Lyapunov exponents if only the hyperbolic dynamics is considered.
Non-hyperbolicity is present but is confined to the stable region within the vortex
core.

For the purpose of the present research, the above problem has allowed various
analytical tools unique in the study of dynamical systems and chaos to be deployed
successfully, when examining chaotic phenomena in a relatively simple flow field.
Using the two-layer shallow flow model presented in Chapter 3, the flow field ob-
tained for a shallow water body under external forcing will be used for the purpose of
Lagrangian particle tracking and the corresponding results analysed using the tools

developed herein. The work reported in this chapter is published in Lee et al. (20100).
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Chapter 3

Adaptive two-layer shallow water
model (A2L-SWM)

3.1 Introduction and literature review

The Navier—Stokes (N-S) equations are assumed to provide a complete description of
continuum fluid motion. However, since the equations are inherently nonlinear, ana-
lytical solutions are available only for few special cases. Furthermore, direct numerical
simulations based on the N-S equations are computationally expensive as they in-
volve treatment of incompressibility, with free surface flows requiring sophisticated
algorithms to cope with the nonlinear boundary conditions. For a flow domain where
the vertical scale is small compared to the horizontal scale such that the external
forcing acting on the free surface and the bed topography can be assumed to apply
uniformly throughout the entire water column, relatively simpler equations can be
derived from the N-S equations by Reynolds-type time averaging, followed by depth-
integration, resulting in the shallow water equations (SWEs). Jirka & Uijttewaal
(2004), amongst others, define shallow flows to be largely unidirectional turbulent
shear flows driven by a piezometric gradient in a confined layer. The layer confine-
ment leads to a separation of turbulent motions between small scale 3D turbulence,
and large scale 2D turbulent motions with some mutual interaction. Owing to their

relative simplicity in numerical implementation compared to the full N-S equations,
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the SWEs have become a popular choice for representing a range of predominantly
horizontal free surface flows such as occur in shallow lakes, wide rivers, the coastal
zones, estuaries, other geophysical domains, oceans and the atmosphere.

The past 10 years have seen rapid development in two-layer shallow water mod-
els (2L-SWM), aimed at representing near-horizontal flows that have a pronounced
two-layer vertical structure with a distinct density difference between the layers. Al-
though there may be no exact separation interface between the layers, the two-layer
approximation offers considerable computational advantage in resolving the fluid me-
chanical behaviour of such flows for practical engineering purposes when compared to
numerical solvers based on the full Navier—Stokes equations. Examples of two-layer
flow phenomena include fresh water intruding upon denser sea water, mud flow or
debris flow beneath water, and circulation in a stratified ocean or lake.

An early attempt to model the two-layer shallow flow problem was reported by
Vreugdenhil (1979) who formulated a set of differential shallow water equations in
weak-interaction form. Ignoring mixing between the layers, the surface and internal
waves were solved using separate grids due to the order of magnitude difference in
propagation speed between waves on the free surface and at the density interface. Cas-
tro et al. (2001) showed that, in general, numerical schemes obtained by independent
upwindings of each layer of the two-layer shallow water model are unconditionally
unstable. The difficulty arises due to the coupling of momentum between the layers,
which involves certain derivatives of the dependent variable. Castro et al. (2001)
introduced a fully coupled two-layer shallow water model for flow in a straight rect-
angular channel where the flux and coupling terms are treated together by using a
generalized Roe linearization scheme. The scheme was later extended to a straight
channel with irregular geometry (Castro et al., 2004, 2007a), and implemented in two-
dimensions by considering a projected Riemann problem along the normal direction

at every intercell (Castro et al., 2006b).
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Owing to the non-linear coupling between the layers, the system eigenvalues of a
two-layer shallow water model have to be evaluated numerically by schemes which
utilise characteristic decomposition, such as the Roe-type method. This increases
significantly the computational cost of a two-layer shallow water model. In order to
avoid the calculation of the system eigenvalues, various strategies have been employed
which allow explicit access to the eigenstructure of the modified system, typically
using only partial information of the complete wave structure. Examples include
operator splitting (Salmon, 2002), Strang splitting (Chen & Peng, 2006; Chen et al.,
2007), a relaxation method (Abgrall & Karni, 2009), and a Riemann-problem-solver-
free Godunov-type scheme (Kurganov & Petrova, 2009). However, owing to the fact
that the internal eigenvalues are usually much smaller than the external ones, it is
worth noting that first order numerical schemes that use only the extreme left-going
and right-going propagating speeds are in general too diffusive for the simulation of
internal waves (Fernandez-Nieto et al., 2011).

Another problem associated with the system eigenvalues is that, in the event the
system approaches a critical point, at least one of the eigenvalues can become very
small, thus causing the system to lose accuracy, with errors that propagate up and
downstream. In order to overcome this difficulty, numerical viscosity can be added to
the system when close to vanishing internal eigenvalues are detected. Popular choices
include Harten regularization (Castro et al., 2001, 2004, 2005, 2007a), and the Harten-
Hyman entropy fix (Castro et al., 2006a; Parés & Castro, 2004). Other researchers
have used an explicit viscosity term (Vreugdenhil, 1979; Salmon, 2002). Both Harten
regularization (Harten, 1984) and the Harten-Hyman entropy fix (Harten & Hyman,
1983) involve the use of parameters whose values must be tuned empirically on a
case by case basis. Chacén-Rebollo et al. (2003) introduced an alternative entropy-
correction-free solver which is based on the construction of an equivalent parabolic

system of partial differential equations (PDESs) from the original hyperbolic PDEs. A
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numerical correction term is added so that all smooth steady solutions of the original
system are also solutions of the equivalent system. The scheme is well-balanced and
satisfies the C-property such that smooth steady solutions are second order accurate.
This approach was successfully applied to a two-layer shallow water model by Chacon-
Rebollo et al. (2004), and extended to a general non-homogeneous hyperbolic system
of equations with non-conservative terms by Castro et al. (2007b).

The idea of the C-property in the context of SWEs was first introduced by
Bermudez & Vazquez-Cendén (1994) for problems where the numerical scheme is
required to calculate exactly at grid nodes the stationary solution corresponding to
water at rest. For non-homogeneous hyperbolic systems of conservation laws this is
of particular importance. Otherwise, large errors in the numerical solution, in partic-
ular, to the wave speed, may result in unphysical solutions (Roe, 1986). An extension
of the C-property to a more general condition was introduced by Greenberg & Leroux
(1996), with the concept of a ‘well-balanced’ scheme which preserves all equilibria of
the system at the grid nodes. The challenge is to balance properly the flux gradient
and source terms in the hyperbolic equation system. Numerous approaches have since
been reported in the literature and continuously improved (LeVeque, 1998; Vazquez-
Cendén, 1999; Zhou et al., 2001; Rogers et al., 2001, 2003; Audusse et al., 2004). In
particular, the algebraic approach of Rogers et al. (2001, 2003) use a deviatoric form
of the shallow water equations that identically balances the set of hyperbolic equa-
tions without the need of additional computational effort. This would be appealing
for the two-layer shallow water model which already demands higher computational
resources due to layer coupling. Unfortunately, the algebraic balancing technique
cannot be extended to a two-layer shallow water model in the presence of interface
perturbation due to the effect of an additional term associated with the layer cou-
pling which violates the well-balanced property (see Section 3.4). The motivation

of the present study is to implement an adaptive grid algorithm that increases the
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computational efficiency of a Roe-type two-dimensional shallow water model.

Well-balanced schemes have also been presented for applications involving wetting
and drying (Brufau et al., 2002; Begnudelli & Sanders, 2006; Liang & Borthwick,
2009). For a two-layer shallow water model, the wet-dry front treatment needs to
consider the disappearance of either or both the layers. Castro et al. (2005) used
an extended C-property to handle this wet-dry transition. The approach was further
improved by Castro et al. (2006¢) who considered a non-linear Riemann problem
instead of a linear one.

High order solvers of the two-layer shallow water equations were first reported
by Castro et al. (2006a) for well balanced coupled systems of conservation laws with
source terms in one-dimension. This approach, which is based on reconstruction
of states, has been subsequently extended to two-dimensions using the original Roe

scheme (Castro et al., 2009) and an ADER scheme (Dumbser et al., 2009).

3.2 (Governing equations

Consider a hyperbolic system with non-conservative products and source terms. The
partial differential equations governing the two-dimensional flow of two superposed

immiscible layers of shallow water fluids are written as
W, +F (W), +Fo(W), = Bi{(W)W, +By(W)W, + Si(z, W) + Sy(y, W), (3.1)

where the subscripts x, y and ¢ denote partial derivatives with respect to the x—direction,
y—direction, and time. The vector of unknowns, W, the flux function vectors, F;
and F5, and the source term vectors which describe the variable bed topography, S;

and S, are defined below:

h.

- . Wl(xay7t) i ],
W = W(z,y,t) = [ Wz, y,t) | W; = Cq]:cg ) (3.2)

Y,J
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SQ(yv W) = -

and the matrices B; and By are

0 Bl 1(W1)
B,(W) = ’
(W) B o(Wy) 0
where ~
0 0
Bl,1<Wl) = —ghl 0
| 0 0
and ~
0 0
BQ’1<W1) — O 0
L —ghy 0
The flow rate components ¢, ;(z, y, ¢

o O

— O O O

|

i} . )
Fy(Wy) = | @ ;/h; + 5903 |,
Gr.jQy./ P
i} " i
By (W) = QCIw,qu,j/lhj |
| a5/ + 39k
[ 0
Sy, Wy) = | —ghib(x,y).
i 0
[ 0
Soi(y;, W;) = 0
—gh;b(z,y)y,
B2(W> {3272“/{/2) 0
[ 0 0 0]
s BLQ(WQ) = —Tghg 0 0 s
0 00|
[0 0 0]
5 BQQ(WQ) = 0 0 0
| —7rghs 0 0 |

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

and ¢, ;(z,y, t) and the layer thickness h;(z, y, t)
are the dependent variables, b(x,y) is the bed profile measured from a fixed reference
horizontal datum. The subscript j denotes the layers, where index 1 refers to the
upper layer and index 2 refers to the lower layer, such that p; and p, are the constant

densities of the respective layer and r = p1/py < 1, and g is the gravity acceleration.

The system matrix, to be evaluated at a chosen ‘intermediate state’; is given by

A(W) =

_ A (Wh)ng + As(Wh)ny
—Bi12(Wy)n, — By o(Wa)n,

— By 1(Wi)ng — By (Wh)n,,
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where n = (n,, n,) is the unit vector. Here, A;(W;) and Ay (W) are Jacobian matrices

of each respective layer, and defined as

0 1 0 0 0 1
OF ; oFy
AW) =" = | G- 2w 0|, W) =222 = | —uey v ou |
7% J J J J J
(3.11)

where u; = ¢, j/h;, v; = qy;/h;, and c?- = gh;.

The system is assumed strictly hyperbolic, i.e. there are 6 distinct eigenvalues
in the z- and y-direction, respectively, such that the corresponding eigenvectors are
linearly independent. Two of the eigenvalues are given by \; o = U, for j = 1,2 where
U; = ujng + vjn, is the velocity across the cell face in the respective layer. Another
four eigenvalues can be determined from the characteristic equation derived from the

matrix (3.10):
(A2 = 22U\ + U — gh1)(\? = 2Uo\ + U3 — ghy) = 7g*h1hs. (3.12)

For r < 1, the eigenvalues of the system (3.1) approach those of each layer. In partic-
ular, when r = 0, the eigenvalues exactly correspond to each layer (U; £ \/ﬁ) and
thus the coupling terms essentially do not affect the nature of the system. Our inter-
est, however, lies in the case when r ~ 1, which is commonly encountered in coastal

flows and estuaries. In this case, the first order approximation of the eigenvalues can

be written as (Schijf & Schonfeld, 1953):

)\374 = Vm + AV g(h1 + hg), (313)

and

g’ hihs ( (UQ - Ul)z)
Asg = V. =E 1——, 3.14
56 \/hl + hg g’(h1 + hg) ( )

where ¢’ = g(1 — r) is the reduced gravity. The mean velocity V;,, and the convective

velocity V. (Castro et al., 2001) are given, respectively, by

. hlUl +h2U2 V. — h1U2+h2U1

Vin = , Vo= 3.15
hy + hs hy + ho ( )
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The external eigenvalues A3 4 and the internal eigenvalues A5 are related, respec-
tively, to barotropic and baroclinic components of the flow, noting that the internal
eigenvalues have much lower values because ¢’ < 1 when r ~ 1. If the solution has
four different real eigenvalues, the flow is stable and the system is hyperbolic. This

requires the following approximate condition to be satisfied

(Uy = Uh)?

< 1. 3.16
g'(hy + hy) (3.16)

Violation of condition (3.16) means that the system loses its hyperbolicity, a situ-
ation associated with the appearance of Kelvin-Helmholtz instabilities at the layer
interface. In real flow, this corresponds to intense mixing between the layers which
dissipates energy and results in an exchange of momentum, a phenomenon which is
not compatible with an immiscible-layer model. Numerically, such a disturbance will
grow and eventually overwhelm the solution unless a viscous effect is added. Note
also that the system is not strictly hyperbolic for the limiting case when r = 1, where
there are only three real distinct eigenvalues. Note that a two-layer flow of identical
densities reduces to a system of three equations which comprise the continuity and
momentum equations for a single layer, and a decoupled transport equation for the

ratio of the lower layer thickness to the total thickness (Chen et al., 2007).

3.3 Numerical scheme for the 1D and 2D shallow
water model

For the ease of presentation, consider the one-dimensional form of the hyperbolic
system (3.1):
W, +F(W), =BW)W, + S(z, W), (3.17)

which can be written in quasilinear form:

W, + A(W)W, = S(z, W), (3.18)
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where
_OF(W)
- OW

Using the original ideas of Chacén-Rebollo et al. (2003, 2004) and Castro et al.

A(W) — B(W). (3.19)

(2007b), a standard upwind finite volume discretization of the two-layer shallow water
system (3.17) which has the form of a general non-homogeneous non-conservative
hyperbolic system can be interpreted as being a second-order centred approximation

of an equivalent parabolic system:
W, +F(W), —v(D(W)|W,), =B(W)W, + S(z, W), (3.20)

where D is the upwind matrix known here as the characteristic diffusion of the scheme,
and v = Az /2. Chacén-Rebollo et al. (2003) proposed to add a numerical source term
C(z, W) to (3.20),

W, + F(W), — v (|D(W)[W,), = B(W)W,, + S(z, W) + C(z, W),  (3.21)

such that the centred approximation (in space) of the terms on the right-hand-side
in (3.21), will solve (up to second order) all equilibria solutions, which are also the
solutions of (3.17), and similarly any higher order approximations.

From (3.17), a smooth stationary solution W verifies
F(W), = B(W)W, + S(z, W). (3.22)

Hence, if (3.21) approximates (3.17), it is required that the correction term C exactly

balances the diffusion term in (3.20):
0
C(z,W) = ~Va- (ID(W)|W,). (3.23)

Using equation (3.18), and provided that the system matrix A is non-singular, we

have

W, = A"Y(W)S(z, W), (3.24)



Therefore, the correction term may be expressed as

0

C(z, W) = Vo

(ID(W)|A™H(W)S(z, W)). (3.25)
Equation (3.21) can now be written, after rearrangement, as
W, + &(z, W), = B(W)W,, + S(z, W), (3.26)
where ®(z, W) is the modified flux given by
®(z, W) = F(W) — v|D(W)| (W, — A~ (W)S(z, W)) . (3.27)

Equation (3.26) can be interpreted as providing a viscous approximation to the mod-
ified system (3.21). The correction term is essentially a modification to the numerical
flux and does not affect the diffusion term. In this thesis, the numerical viscosity
approach originally applied in the one-dimensional two-layer shallow water model by
Chacén-Rebollo et al. (2003, 2004) and Castro et al. (2007b) is extended to the two-
dimensional system described in Section 3.2. The system of equations to solve can

thus be written:

Wt + @1(.1', W)z + (I)Q(y, W)y = Bl(W)Wx + BQ(W)Wy + Sl<.’L', W) + SQ(Q, W),

(3.28)
where
@1 (2, W) = Fy (W) — oD, (W) (W, — A (W)S (2, W), (3.20)
and
D5y, W) = F5(W) — v|Dy(W)| (W, = A7{(W)Sa(y, W) . (3.30)

Chacén-Rebollo et al. (2003) proposed that the inverse of matrix A(W) (3.10) be

defined differently in the neighbourhood of a critical point as follows:

AN (W) = X(W)AHW)XH (W), (3.31)
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where A is the diagonal matrix whose coefficients are the system eigenvalues, X(W)

is the corresponding matrix whose columns are the system eigenvectors, and

-1 Y -1 -1 __ 1/)\L if |)\L|>€
AY(W) = Diag\7h), A _{ 0 i ] <e (3.32)

Here ), are the system eigenvalues (numbering 4 and 6 in the one- and two-dimensional
model, respectively), and € is a small parameter. The redefinition of A~'(W) ensures
that instability caused by the vanishing eigenvalues of the upwind matrix cannot
propagate upstream and thus no specific entropy correction is needed near any criti-
cal point.

Chacén-Rebollo et al. (2004) described the scheme above as being ‘asymptotically
well-balanced’ in the sense that the steady solutions, which need not be known a
priori, are computed up to second order throughout the domain except those on a
set whose measure tends to zero as Az tends to zero. Specifically, the numerical
flux and the numerical diffusion of the scheme are separately balanced by the centred
part and the non-centred part of the numerical source term, independent of the dis-
cretization parameter (see Section 3.3.1) appearing in each of them. Computationally,
the behaviour of the scheme is similar to that of Roe’s method. The technique can
be applied to any general scheme which can be formulated as an artificial viscosity
method.

Castro et al. (2007b) present several choices for the diffusion matrix D(W), which
is essentially a free parameter. Hence, the scheme readily admits both flux-splitting
and flux-difference or Roe methods as particular cases. Chacén-Rebollo et al. (2003)
describe a hybrid flux-difference—flux-splitting scheme, which allows supercritical con-
ditions to be captured and avoids the propagation of spurious oscillations without

excessive diffusion. In the present work, the following definition is chosen:

D(W) = X(W)A(W)X W), (3.33)
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and

ID(W)] = X(W)|A(W)|X~H(W). (3.34)
3.3.1 One-parameter discretization of the system

In this section, the general discretization of the two-layer shallow water equations by
means of a finite volume scheme is presented. The computational domain is divided
into M finite volumes, each comprising a square cell where Ay = Az. By default,
each cell 7 has four cell faces I'y, k = 1,4. In this section, a regular grid is assumed.

A regular three-point discretization of the system (3.28) yields:

At
Wit = Wi — {[(‘DW — @p) + (Ps — On)] +

DN | —

Az

4
> Br, AW, + srk]} , (3.35)
k=1
where the subscripts N, E, S, W (I'1,...,I'4) indicate approximations at the north,
east, south and west faces, and C' represents the centre of the cell under consideration.
Here, W' defines an approximation to the average of the solution in the control

volume at time t,, = nAt, At being the time step.

The discretized modified flux ® is given by

AWr e
®r, =Fr, —v(Dr,| < Az - AFQSFJ ’ (3.36)

where AW, = Wi — W, The subscripts L and R represent the cell-centred values
to the left and right of the cell face, respectively, with right being to the north or
east side, and where either L or R must be located at the centre of the cell under
consideration.

Following Chacén-Rebollo et al. (2003), a Godunov-like scheme is used for which
the constant values associated with the Riemann problem at the cell interfaces are

approximated by

W () Wetaw, + 0Sa<05, (3.37)
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The function of the single parameter « is identical to flux limiters used in standard
shallow water equations. The lower limit corresponds to a stable but more diffusive
scheme, similar to a minmod limiter, whereas the upper limit corresponds to a less
diffusive scheme which can become unstable in resolving discontinuities, similar to a
superbee limiter. The parameter o has no effect on the smooth regions but becomes
important in the transition zones.

The centred approximation of the flux function is thus written as

1
Fr, = 5 [F(Wpi0) + F(Wp ). (3.38)
The matrices D, (equation 3.33), Alikl (equation 3.31) and the source term Sf,
associated with the numerical diffusion and the non-centred part of the source term
are determined using the intermediate states between the two neighbouring cells. In

particular, the Roe’s averages used are defined as:

\/ hRJ‘URJ‘ + hLJ‘U,LJ o \/ hR,jUR,j + hL,jUL,j (3 39)

Vhrj+ /I A hrj++\/hr,; 7

Uj:

and

1
The source term Sf. in equation (3.36) can then be written as

br — br, T

Bw = —As [0, —¢1,0,0,—c3,0] (3.41a)
and
c br — by, 2 21T
SN,S = Ay |:07 07 —Cy, 07 07 _02] (341b)
The components of the discretized coupling terms B are given by
Brn(W) =aB(Wiia)2) + (1 — )B(Wir1-a)2), (3.42a)
and
BW’s(W) = OéB(Wi_a/Q) + (]. - Q)B(Wi_(l_a)/g). (342b)
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The source terms Sr, are

Sy =

Sp =

Ss =

and

Sw =

(bL—i-a - bL)

Ay

(br+a —br)
Ax

(br — br-0)

(br — br-a)

Az

0

0
—ghl,L+a/2

0

0

| —ghz,L+a/2

0
—ghl,L+a/2
0
0

-9 h2,L+a/2
0

0

0
—ghl,R—a/2

0

0

L —ghz,R—a/z

0
—9h1,R—a/2
0
0
_gh2,R—a/2
0

bp_o — b
+(R L)

(bR—a - bL)

Ax

(br — br+a)

(br — br+a)

Azx

L —gh2,L+(1—a)/2 i

L —ghQ,R—(l—a)/2 ]

0

0
_ghl,L-i-(l—a)/Z

0

0

0

—ghl,L+(1—a)/2
0
0

—9h2 14 (1-a)/2

0

0

0
_ghl,R—(l—a)/2

0

0

0
—ghl,R—(l—a)/Q
0
0

—gh2 R—(1-a)/2
0

(3.43a)

(3.43b)

(3.43¢)

(3.43d)

Numerical tests (Chacén-Rebollo et al., 2003; Castro et al., 2007b) have demon-

strated that a choice of a = 1/8 gives a satisfactory overall compromise between

stability and accuracy, without any need to invoke entropy corrections for the ap-

proximate solutions of sonic rarefactions. Nevertheless, a = 0 appears to be a better

choice for stationary shocks (Castro et al., 2007b). Hence, Castro et al. (2007b) pro-

pose the use of an adaptive discretization function «(z) where the value of « used is

switched to zero locally, whenever a transition in the sign of the internal eigenvalues
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A=, is detected at a non-propagating discontinuity:

[ 1/8 ifsgn(X;, ) = sgn(Al, )
Ol = { 0 if SgnO‘iint,L - Ait,R) =1 (3'44)

3.3.2 Wet-dry treatment

The solution of two-layer fluids presents another difficulty associated with the vanish-
ing layer thickness of either layer or both layers, which is commonly referred to as the
appearance of wet-dry fronts. Following Castro et al. (2005), a numerical scheme for
solving system (3.1) satisfies the C-property if, for each cell 7, the following equalities

hold across any cell interface for any given steady solution:
AFkAWFk = F(WR) — F(WL) — BFkAWFk; (345&)

and

Ar, AWrp, =Sp, . (3.45b)

For the two-layer shallow water flow, the family of steady-state solutions is given

q1 = 07 Q2 = 07
M — M2 if b(l‘, y) < M2 i
! — b(z, if b(z,y) <
hi(x) =< m —b(z) ifn <blx,y)<m , ho(zx)= { 82 ) if ( <yl2(x 773 ’
0 if m < b(z,y) "= !

(3.46)
where n; and 7, are the elevation of the upper and lower layers, respectively, measured
from a fixed reference horizontal datum. Using Roe’s method as in (3.39), the equality
(3.45) is verified. Nonetheless in the presence of a wet-dry front, the equality (3.45)

holds at the cell interfaces provided the numerical source terms are redefined as follows
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to avoid the emergence of spurious pressure forces:

Sn,s =

(

0
0
_C%(hL,l + hp )
0
0
L —C%(ThLJ + hL,g)_ 1
0
0
C%(hR’l + hR,Q)
0
0
I c3(rhpy + hro) |
0
0
—c2dz
0
0
| G (r(dz = hpg) + Dip) |
0
0
—c2dz
0
0

c2(r(—dz — hra) + hga2)

L [(_), 0, —c3dz, 0,0, —c%dz]T
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if hL71 + hL,z < dZ,

if hRJ + hRQ < —dZ,

if hLQ <dz < hL,l + hL,27

if hR,g < —dz < hRJ + hR,27

in other cases,

(3.47a)



and

( 0
—c3(hpy + hro)
8 if hpy + hpo < dz,
—c3(rhp 1+ hro)
— O -
L 0 -
ci(hry+ hr2)
8 if hRJ + hR’g < —dZ,
Cg(?”hR’l + hR,Q)
— 0 - —
Sy = 0 (3.47b)
—c2dz
8 it hyo<de < hpy+ hro,
—c3(r(dz — hr2) + hro)
| O =
[ 0
—c2dz
0 .
0 if hRQ < —dz < hRJ + hR727
c2(r(—dz — hga) + hrs)
0
[ [0, —c3dz,0,0, —c2dz,0]" in other cases,

where dz = b — by.

For fluids in motion, the source terms are calculated as in (3.47) but with a further
modification which treats the front as an internal boundary condition. Suppose at
time t,, I, is a two-layer cell, and Iy is the corresponding neighbouring cell which is
dry or single-layered across the cell interface xr, which is oriented in the z-direction.
Here, a wet-dry front is identified and the following adopted:

W [(h’f)L, 0,(qy 1)z, (h3)r,0, (q;ﬁ?)L}T if I is a dry cell, (3.48)
L= T . . .
[(h?)LJ (qg,l)La (qz,l)L7 (h’g)LJ 07 (qQQ)L} if IR Is a l—layer cell.

The treatment makes sure that the state(s) of the wet cell I, is(are) modified such

that there is no flux across the interface of a wet-dry front. The flux parallel to the
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said cell interface remains to be defined following the boundary condition. In practice,
W7t s calculated using the numerical fluxes obtained from W% and the modified
state V~Vz. The approximation given by the treatment is satisfactory provided the

mass flow rate in the wet cell is close to zero.

3.3.3 Treatment of loss of hyperbolicity

The hyperbolicity criterion (3.16) is only satisfied provided the velocity difference
between the layers (U; — Uy) is small. When this is not the case, complex eigenvalues
associated with the appearance of Kelvin-Helmholtz instabilities will result. Physi-
cally, the destabilizing effect of shear could overcome the stratification of the layers,
producing fluid roll-up leading to mixing between the layers. Ideally, a numerical
solver is sought that is well defined even if complex eigenvalues appear. Nevertheless,
such occurrences are usually localised and can be either avoided or accounted for nu-
merically. Here, the predictor/corrector strategy by Castro et al. (2011) is adopted.
In the predictor stage, the numerical scheme advance one step in time despite the
occurence of complex eigenvalues. Then, a discrete semi-implicit linear friction law is
applied in the corrector stage to simulate the exchange of momentum due to mixing
processes.

Consider a computation cell 7, suppose the approximations at time t", W' are
known and the time step is At, if complex eigenvalues are detected during time-
marching, the numerical scheme is allowed to proceed using the complex eigenvalues
in the predictor stage to obtain the approximations at time t"*! as W?H’_. In the
absence of complex eigenvalues, W' equals W?H’* by default. Otherwise the
corrector stage below is executed to give the state W?H where:

n+l _ pn+l,—
h’l - hl

n+l _ pn+l,—
h2 - h2

)

b
n+l _  n+l,— — n+1 n+1 (349)
Q1 — 91— CAAt(“kJ — Ugo ),
n+l _ n+l,— — n+1 n+1
ko =4k — rc,\At(ukJ — Upo ),
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where k is the direction solved and the cell index ¢ has been omitted for clarity. The

coefficient ¢, is given by

h?+1h721+1
CN=C\—F7— 7, 3.50
A )‘Th?-i-l _'_h721+1 ( )
and ¢y is computed, following the criterion (3.16) so that
(i —upt)? < g/ (R + BT, (3.51)

From the inequality (3.51), the positive root is sought, which yields

1 gt — u3+1’_
— —1]. 3.52
At (x/g’(h’f“ +hytT) (3:52)

Generally, equality may be chosen in (3.52)to get the value of c,.

Further to the above, hyperbolicity may also be lost whenever the internal eigen-
values \;,; become the same. In this case, the two eigenvalues are perturbed to give
Aint £ € where € is a small parameter (Castro et al., 2004). Also, for a two-dimensional
system, whenever the velocities in both layers along the direction considered are equal,
and hence \; = Ay, these eigenvalues are also perturbed by 4¢', where ¢’ # €, such

that the system always retains 6 real and distinct eigenvalues.

3.3.4 Other source terms

The system of equations governing the two-layer shallow water flow in (3.1) includes
only the effect of variable bed in the source term S;, j = 1,2. For realistic flow,
additional terms describing the wind stress, bed friction and interfacial stress may be

added to the momentum equations as follows:

(Tw = 74)/P1 in the upper layer (3.53)
(—=7Twhy + 77 +7)/p2 in the lower layer - :

Here, 7, is the wind shear stress, noting that its effect on the lower layer is in the
opposite direction to that on the upper layer, and at reduced magnitude in proportion

to the ratio of the depth of the lower layer to the total water water depth h, =
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ha/(h1 + hy). The z— and y—components of the interfacial shear stress 7, and bed

shear stress 7, are given by the functions:

Tre = p2Crup/u + v? (3.54)
Tty = paCrun /T oE '

Toe = —piCoujy/uf + 07
. VI (3.55),
Toy = PiCpu; uj—l—vj

respectively, where (u,,v,) = (u; — ug,v; — v9) is the velocity jump across the layers,

and

Cy is the dimensionless interfacial coefficient, and Cj is the bed friction coefficicent.
The expressions in (3.53) are only valid for the two-layer flow condition. Where
single-layer flow applies, interfacial shear is non-existent by definition, whereas wind
shear and bed friction act simultaneously on the only layer present.

For cases involving wetting and drying, vanishing depth can cause the computed
bed shear stress to become unphysically large owing to division by the flow depth to
obtain the flow velocity. In order to maintain the stability of the numerical scheme,
the bed friction in the present scheme is solved by a splitting method equivalent to
solving the following general ordinary differential equations (ODEs) in the momentum

equations (Liang & Marche, 2009):

d
d_jf] = —Tp/pj = S, (3.56)

where ¢ is the flow variable to be solved in either the x— or y—direction, and the
subscript j denotes the layer involved. Using a full implicit discretization of the form

n

qn+1 —q .
=9 (3.57)

the right hand side may be expressed using a Taylor series as

dS,
St = S 4 (a—;)mq + o(Ag), (3.58)
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where Ag = ¢"™' — ¢". Substituting (3.58) into (3.57), and ignoring higher-order
terms, the following formula is obtained that may be used to update the flow variable

g to a new time step:

" =q"+ At(%)" =q" + AlF, (3.59)

where D = 1 — At(9S,/0q)" = 1 + 2AtCylq|/h?* is the coefficient derived for a full
implicit scheme and F' is the friction source term including the implicit coefficient.
The maximum effect of the friction force is to stop the flow, i.e. ¢"*1¢" > 0. Hence

a limiting value is derived as:

> —q"/At if ¢" >0
F{ = gUAt i <0 (3.60)

During simulation, the unknown variable ¢ is updated according to (3.59) at the
beginning of each time step, and then used as the initial condition in the numerical

solver.

3.4 Algebraic balancing

The one-dimensional single layer shallow water equations may be derived by depth-
integrating the Reynolds-averaged Navier-Stokes equations, neglecting the vertical
acceleration of water particles, and adopting the hydrostatic approximation. In ma-

trix form, a conservation law of the nonlinear SWEs may be written as:
W, +F(W), =S(z, W), (3.61)

where x denotes the horizontal distance, ¢t denotes the time, and the subscript denotes
partial derivative. The vectors W, F, and S represent the conserved variables, fluxes
and source terms, respectively. Ignoring Coriolis effects, viscous terms, surface and

bed stresses, these vectors are given by:
W=Wi=|"|, Fw)-= a. Sz, w)=|
’ q |’ ¢*/h+39h* |’ ’ —qghb, |’
(3.62)
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where h(z,t) is the total water depth, ¢(x,t) is the flow rate, b(x) is the bed function
above the datum, and g is gravity acceleration. Specifically, the flux gradient term is

split between a modified flux gradient term and a source term, as follows:

o1 db

_ = — (= 2 _
gho- ax(Qthghdln, (3.64)

where ( is the elevation of the free surface above still water depth hg (h = hs + ().
Rogers et al. (2001) showed that mathematical balancing of flux gradient and
source terms can be implemented by including quiescent still water conditions, hence
avoiding the computational effort incurred by the numerical balancing approaches.
Rogers et al. (2003) report a generalization of the method. The governing hyperbolic
system of conservation laws is reformulated in terms of deviations away from an

unforced but separately specified equilibrium state. The proposed splitting gives

dhy

K 91, _dn
g %_ax(ﬂ(c +2Chs)) — 9¢ o

(3.65)

such that the flow is driven only by deviations of the free surface elevations from the
still water level. However, both h, and ( in the equation set are difficult to define
at wet-dry interfaces and dry areas. With applications involving wetting and drying
in mind, Liang & Borthwick (2009) proposed an alternative formulation by splitting

the free surface gradient term as follows:

a9, db
gho = ax(29(?7 2nb))+gndx, (3.66)

where 7 is the surface water level above the datum, and the water depth can be
evaluated by h =n —b.

The above mathematical balancing method is now applied to the two-layer shallow
water model described in Section 3.2. In the system (3.17), the flux gradient terms
have been split between flux gradients and source terms in the conventional way
(3.64), i.e.

o¢; 0 1

—gh?) + gh

'___< db
I or ~ 0r 2

Tdx’

(3.67)
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where (; is the elevation of the free surface (j = 1) or the interface (j = 2) above
the still water depth of the respective layer. Following the mathematical balancing
approach of Rogers et al. (2001, 2003), and using the stage-discharge formulation of

Liang & Borthwick (2009), the local still water equilibrium can be defined as follows:

hsl 0 0
1 .12 _
Weq — h22 , Feq — 29(;151 , Seq — g%slbx 7 (368)
0 sgh2, —ghgab,
and
0 0
(B(W)W,)% = _ghSSth,z _ —982bx ‘ (3.69)
—T9h52h51,x 0

The local still water depth, measured from the free water surface 7, and the
interface 1y, are given by hy = —n and hg = —b. Subtracting the vectors of the
equilibrium condition (3.68) and (3.69) from the original vectors, and defining the
thickness of each layer as hy = 1; — 2 and hy = 1y — b, the balanced formulation is

obtained as

W, +F, = (BW,) + ¢, (3.71)

where the modified vectors are given by:

m 41
2 1 09
W[ F a/h+ 29;:1 2mi11) (3.72)
72 @ /h2 + 59(n3 — 2m2b)
0 0
g = _gglbx C BW, = | Y (’“h?g —mbe) | (3.73)
—gn2by —rghahy ;

The formulation is unconditionally well-balanced for still water equilibrium in

arbitrary bathymetries, satisfying
F, = (BW,) + S (3.74)
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However, the well-balanced property is not satisfied in the presence of interface per-
turbation, which is not obvious from the above analysis. This will be discussed further

in Section 4.1.

3.5 Adaptive grid generation system

3.5.1 Literature review

Use of an appropriate computational grid is crucial in successful numerical imple-
mentation. Hence grid generation has become an important and stand-alone area of
research for numerical computation. For 2D computations, a regular cartesian grid
is the simplest to generate and execute but is hampered by various restrictions. It
produces jagged boundary fit and can be very expensive when a fine grid is adopted
over the entire domain. In order to achieve better representation of the complex
domain boundary such as that of a coastal shoreline, boundary-fitted coordinate
systems, namely curvilinear grid and conformal mapping procedures may be used.
Nonetheless, these techniques require derivation of transformation equations which
can become unwieldly with increasing boundary complexity.

The concept of both stretched grids and nested grids are introduced as a way to
improve the grid resolution only in certain region of interest within the computational
domain. However, these types of grid are typically pre-generated, and so require a
prior knowledge of the regions of flow of concern. In physical simulations, the regions
of the flow field which are of interest and concern are usually associated with large
gradients of the flow variables. These regions move in space and time and hence
require on-going localized grid refinement and coarsening if a global fine grid is to be
avoided. This underlies the motivation of an adaptive grid which evolves in time in
conjunction with a time-dependent solution of the governing flow-field equations.

Finite-volume and finite-element methods do not demand a structured grid or

transformations between the computational and physical domain. This has given
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rise to the use of the unstructured grid system, a tessellation of the computational
domain by simple shapes such as triangles or tetrahedra in an irregular pattern. The
grid generation is typically automated, accounting for boundary fitting and can be
made adaptable in various contexts. In essence, an adaptive grid generation system
should be able to perform grid refinement and coarsening at a fraction of the cost of
uniform fine grid implementation, while maintaining sufficient resolution to describe
the domain boundary. However, due to its inherent non-uniformity, efficient storage
and retrieval of grid information and connectivity is crucial. This can be addressed by
using a hierarchical tree structure originally considered in image digitization (Samet,
1984).

In this section, an adaptive quadtree grid for the two-layer shallow water model
is presented. The strength of unstructured gridding is combined with the simple
Cartesian coordinate system (e.g. Rogers et al., 2001; Liang et al., 2004) to provide
an attractive high resolution, yet economical and efficient automated grid generation

system.

3.5.2 Adaptive quadtree grid

This section describes the adaptive quadtree grid used for the two-layer shallow water
model. Although quadtree grids appear unstructured, they have a tree-like indexing
system and can be readily applied in solving discretised partial differential equations
written in Cartesian coordinates. The resulting grid generation system is automatic,
capable of high local resolution, and computationally efficient.

The quadtree grid generator referred to herein has undergone considerable de-
velopment since its inception (Yiu et al., 1996) and is presently known as OxQuad.
Yiu et al. (1996) presented an automatic mesh generation technique which can ac-
commodate local mesh refinement adaptively. The mesh is produced by recursively

subdividing the domain into quadrants using a quadtree to store and manipulate the
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mesh information. Over the past 15 years or so the data storage structure, grid adapt-
ability, and internal and external boundary fitting have been enhanced. The quadtree
technique was successfully implemented for non-linear wave simulation (Greaves et al.,
1997), simulation of separated flows (Greaves & Borthwick, 1998), advection of pol-
lutant fronts (Borthwick et al., 2000), wave-current interaction (Rogers et al., 2004),
solution of shallow water equations (Borthwick et al., 2001a,b), and wave runup (Cho
et al., 2004). In particular, the dynamically adaptive quadtree grid Godunov-type
shallow water equation solver has been rigorously tested by Rogers et al. (2001, 2003)
and Liang et al. (2004).

The OxQuad quadtree grid generation algorithm can be summarised as follows:

1. Input seeding points which describe the locations of internal and external bound-
aries of the physical flow domain, and positions of initial discontinuities (if

known) of the flow variables;

2. Rescale the physical flow domain to fit into the root cell (a unit square) and

specify the minimum and maximum level of subdivision;

3. Where there is a seeding point, subdivide the cell into four equal-sized quadrants
(children) and check each new child-cell in turn for the presence of seeding

points;

4. If two or more seeding points are found inside a cell, step (3) is followed by the

current step until no further subdivision is required;

5. Perform regularisation so that all cells achieve a prescribed minimum level of
subdivision, and the difference in subdivision levels between adjacent cells (in-

cluding diagonally touching cells) does not differ by more than one level.

Since the boundaries are described by initial seeding points, the maximum level of

subdivision is adopted by default. However, in order to further reduce computational
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cost, the minimum level of subdivision may be prescribed for straight boundaries. In
this case, the boundary is also subjected to adaptation when the relevant criteria are
met. Additional seeding points describing initial discontinuities or other features of
interest in the domain can only be specified generally using simple geometrical lines
or regions so that maximum subdivision is applied. The maximum subdivision thus
produced may be chosen to be adaptable or non-adaptable throughout the simulation.
Where the region of interest is not known a priori or cannot be described using
simple geometries, a universal fine grid configuration may be used at the beginning
of simulation and allows the adaptation procedure to subsequently coarsen regions
which do not require fine resolution to the minimum level of subdivision.

The above algorithm approaches boundary fitting in a fractal-like manner where a
stepped approximation is inherent. The disruptive effect on the flow solution, if any,
can be minimized by locally increasing the grid resolution. Alternatively, the grid
may be further triangularized (Yiu et al., 1996), or represented by cut-cells (Liang
et al., 2007b).

Dynamical grid adaptation during numerical simulation is carried out using a set
of criteria relating to internal flow features, such as the minimum and maximum root
mean square values of the free surface gradients (and/or interface gradients in the
present two-layer shallow water model) or depth-averaged velocity component gradi-
ents. The cells in the original grid may thus be further subdivided (enriched), and the
newly created cells subsequently removed (coarsened) if appropriate. Updated cell
identification and neighbour-finding information is stored within the same quadtree
grid structure.

The connectivity of the grid generated is stored in a simple hierarchical tree struc-
ture. Each cell has a cell number, a parent pointer and four child pointers (if they
exist). The root cell (level 0) is numbered 1 with its parent numbered 0 and the

four quadrants numbered 2 to 5 (level 1), corresponding to the northwest, northeast,
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southwest, and southeast positions, respectively. These four quadrants are given 2-
digit reference numbers defined as 11, 21, 12, and 22, respectively, applicable locally
at all levels of subdivision, and the sequence adopted in the cell-checking procedure
described in step (3). Cell referencing is achieved using a unique identification num-
ber which comprises a concatenation of the local reference numbers at each successive
level starting from level 1. Since not all cells have the same subdivision level, trail-
ing zeros are added to give cell identification numbers of the same length. For any
cell, its level of subdivision is equal to the number of pairs of non-zero digits in its
identification number. The root cell has an all-zero cell identification number.

The non-uniform nature of the mesh generated means that hanging nodes are
inevitably present when adjacent cells are of different sizes. A hanging node refers to
where the vertex of one cell coincides with the middle of an edge of its neighbour. This
demands careful treatment during discretization of the partial differential equations
in order not to violate the conservation laws. Hanging nodes are minimised by virtue
of the regularisation step (5) where the maximum adjacent cell edge length ratio for
cells located inside the flow domain is constrained to a factor of two. Despite the
presence of different neighbouring mesh sizes, the discretised equations are solved on
a uniform grid template, such that whenever values are needed at grid locations where
the information is not stored, appropriate interpolation routines must be employed
to approximate the required values. In this thesis, linear interpolation is chosen as a
compromise between efficiency and accuracy.

A full description of the quadtree grid generator is given by Borthwick et al.
(2000), Rogers et al. (2001, 2003) and Liang et al. (2004).
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Chapter 4

Validation tests and applications of
A2L-SWM

In this chapter, the two-layer shallow water model described in Chapter 3 is verified
against a number of 1D and 2D benchmark test cases, and available analytical solu-
tions. Grid convergence tests are performed to evaluate the efficiency of the adaptive
quadtree grid generator. Finally, the model is applied to an idealised tidal channel,

and a real estuary.

4.1 Smooth steady state solutions

The two-layer shallow water model described by the system of equations (3.17) is ver-
ified, for smooth steady state solutions, by the following two Bernoulli-type functions

as well as constant mass flow rate in the respective layer:

lu% + g(b + hy + hz) = constant, ¢; = constant,

2
2+ g(b+ hy) + rghy = constant, ¢, = constant, (4.1)

u
where the constants r» and ¢ are the density ratio and the gravitational acceleration,
respectively, and the variables h;, u; and ¢; are the water depths, velocities and flow
rates, respectively, for the upper (j=1) and lower layer (j=2). These two Bernoulli-
type functions are obtained by expanding the momentum equations of system (3.17)
using the chain rule, followed by eliminating the depth evolution terms using the

corresponding continuity equations. In (Section 3.4), the pre-balanced formulations
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(3.71) derived using the algebraic balancing approach of Rogers et al. (2001, 2003) ap-
pear to satisfy the still water condition (3.74). Nonetheless, the momentum equation
of the upper layer has an extra term —gnamn2 , prior to division by the layer thickness
to give the expression of the form in (4.1). Here, n; is the free surface (j=1) and
interface (j=2) elevations above the horizontal datum, and the subscript = denotes
partial derivative. This term is assumed zero in still water condition but is nonvanish-
ing when the interface is not horizontal. This invalidates the algebraically-balanced
equations and is confirmed in the numerical test reported in (Section 4.3.3) where
unwanted spurious oscillation is detected in the solutions. The above finding has

been reported in Lee et al. (2010a).

4.2 Rigid lid approximation

Armi and Farmer presented a theoretical study of the hydraulics of two flowing layers
in a series of papers (Armi, 1986; Farmer & Armi, 1986; Armi & Farmer, 1986).
Their theory is based on the Bernoulli equations under the rigid-lid assumption.
Using a parameterization of the internal Froude number, the flow characteristics were
described for several benchmark problems, including steady 2-layer exchange over a
sill, which is described in brief below.

Consider two-way exchange between reservoirs containing fluid of differing den-
sities subjected to hydraulic control by a sill. The composite Froude number G*
characterizes the nonlinearity of the flow and is expressed in terms of the internal

densimetric Froude number F?,j = 1,2:
G*=F}+Fy — (1—r)FF}, (4.2)

where

F2=2/g'hy, (43)
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where ¢ is the reduced gravity. When G? = 1, the flow is critical and there exists a
critical point in the flow domain; when G? < 1, the flow is subcritical; when G? > 1,
the flow is supercritical.

Defining h, to be the total water depth at the sill crest, and assuming constant
channel breadth, the water depth y; (measured with reference to the sill crest), layer

thickness h;, and flow rate ¢; can be nondimensionalized as follows:

y; = yj/ho, h; = hj/hoa (]3 = Qj/ \% g/hg? (44)

which verifies

W = (¢} ). (45)

For cases where ¢ < g, the external Froude number is very small and hence the

rigid-lid approximation may be adopted:
hy+hy+y =1, (4.6)

Let ¢. = —q1/g2 be the ratio of the flow rates in each layer such that in an
exchange flow without barotropic component, then ¢, = 1, and equation (4.6) can be

rearranged to give

PP FP =P —y), (4.7)

which gives a family of solutions for different bottom function y'.

Subtracting the Bernoulli equations for each layer, and making use of equations
(4.5), (4.6) and (4.7), the solution of a smooth steady flow thus obtained is indepen-
dent of location:

Fy = q2F 7 + FP —20H"g PP, (4.8)
where the dimensionless energy difference between the layers is

H, — Hy
AH" = ——= 1, 4.9
g'p2he ( )

H; being the energy of the respective layer j.
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For a given bottom function, the intersection of the solution curves of (4.7) and
(4.8) typically admits more than one solution. The physically relevant solution is
hence dependent on the boundary conditions imposed. Furthermore, if energy is

2/3 is conserved. In the specific case where the flow is

conserved, the quantity AH" q’f
critical at the sill crest, there is a unique solution given by AH” q/1_2/ = 3/2, which
is identified with the maximal exchange rate ¢5 = 0.208 (see Farmer & Armi 1986),

and reservoir conditions F? = 1 and F3 = 0. Since the solution is independent of g,

it is thus applicable to barotropic flows.

4.3 Numerical tests for 1D 2-layer shallow water
model (1D-2LSWM)

In this section, the 1D scheme is tested on a number of numerical experiments. The
density ratio r is taken as 0.98, which corresponds to densities of typical stratified
coastal water, and g = 9.81 m/s?. Following Castro et al. (2005), the CFL-condition
is defined as

. L At
max{|Ait12kl;t =1, M; k = 1’2]}A_:E <, (4.10)

where 0 < v < 1. In all the tests reported below, v = 0.9 is used.
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4.3.1 Still water solution

These tests verify the still water solution for an irregular bed profile. The initial
data correspond to steady state at rest, with ¢ = ¢o = 0. Figure 4.1 shows that the
still water solution is computed exactly for variable bed and stepped bed. Also, the
scheme treats the wet-dry transition correctly when the water depth diminishes in

the lower layer or both layers.

(a) (b)
2 2
Y ¥
I e e E TP 1 frmmmmmm e
%50 5 50 %50 0 50
(c) (d)
2
—_
Y frmmm T ) :
I R £ :
%50 o 50 %50 o 50

Figure 4.1: Steady state at rest solutions in 1D: (a) uneven bed, (b) stepped bed, (c)
drying of lower layer over a stepped bed, and (d) drying of both layers over a stepped
bed. Plots showing profiles of surface (solid-line), interface (dashed-line), and bed
(dotted-line).
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4.3.2 Balancing of discretized equations

In the following numerical test, the scheme (3.26) is verified against the smooth steady

state solutions (4.1). Consider a bed profile given by
b(x) = 0.5exp(—a?), (4.11)

where the free water surface n; = 2 is stationary given an exchange flow condition
q1 = —q2 = 0.15. In order to obtain a particular stationary solution, the following
conditions are imposed at the interface: 7y(—3) = 72(3) = 1.5. From these values,
the constants in equations (4.1) are computed and thus the solutions at any points
are obtained. Using these solutions as the initial conditions, Figure 4.2 shows the
numerical scheme remains well balanced throughout. Note that at the boundaries,
the interface elevation is slightly lower than the prescribed initial condition. This
can be attributed to the reduction of pressure due to acceleration of the flow in the

proximity of the hump.

Figure 4.2: Smooth steady state solution in 1D (¢ = 500).
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4.3.3 Propagation of interface perturbation

Next, the coupling term in the governing equation is examined using a test problem
on propagation of an interface perturbation after Castro et al. (2001). The initial

condition is given by:

0.50 if x <50 1.250 if x <50

hu )_{ 055 it «>350 @ )_{ 1.375 if z>50 (4.12)
0.50 if x <50 1.250 if @ <50

hal )_{ 045 if x>50 @ )_{ 1125 if 2 >50 - (4.13)

Figure 4.3 shows the solution where the perturbation has spread out and moved
downstream.

Figure 4.4 shows the solution obtained using the algebraically-balanced approach
(Section 3.4). The result shows that the scheme produces unwanted spurious oscilla-
tions in the presence of an interface perturbation. The oscillations grow subsequently
and result in unphysical solutions.

For a larger perturbation, the following initial conditions are adopted:

0.20 if z <50 0.80 if x <50

(@) :{ 080 if x>50 @ "2 :{ 0.20 if z>50 ° (4.14)

where ¢; = ¢2 = 0.
Figure 4.5 shows the evolution of the interface perturbation which resembles an

internal dam break.
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Figure 4.3: Propagation of a small 1D interface perturbation (¢t = 10).
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Figure 4.4: Failure of algebraic balancing approach.
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Figure 4.5: Propagation of a large 1D interface perturbation at At = 20 increment
(dashed line showing initial interface profile).
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4.3.4 Hyperbolicity treatment

The following test (Castro et al., 2011) is performed with an initial condition which
is far beyond the hyperbolicity region. Consider a 1D channel with flat bed in the

interval [-5,5] with open boundary conditions. The initial condition is

(04, ze(~05,05) L
u(z,0) = { 0.5, otherwise, ha(2,0) = 1 = (2, 0),

uy(z,0) = 0.2, wug(z,0) =—0.3.

Using » = 0.99, Figure 4.6 shows that, when there is no provision for the emergence
of complex eigenvalues, the initial perturbation grows in time but remains bounded.
Similar unphysical numerical instabilities can be observed for both water depths and
velocities. If the corrector step of Castro et al. (2011) is performed, there are no

spurious oscillations.
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Figure 4.6: Comparison between solutions with (a) and without (b) treatment of
complex eigenvalues at ¢ = 1.0.
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4.3.5 Stationary internal hydraulic jump

The internal hydraulic jump is an interesting feature in a two-layer fluid with a
finite density contrast (p; # p2). A simple case is considered of horizontal bed and
stationary upper layer ¢; = 0 and constant discharge in the lower layer (go = 0.0548).
The depth of the lower layer hy before the jump is 0.1250. The theoretical conjugate

depth A} after the jump is 0.4363, as calculated from the equation

|
h—izé(,/1+8Fr§—1), (4.17)

where Fry = uy/\/g'hy. Figure 4.7 shows the numerical scheme is able to maintain
the stability of the discontinuity and excellent agreement with the theoretical solution
is obtained. The jump position appears to spread across 2 adjacent cells due to
plotting of the discontinuity. The small difference in the interface elevation at the
downstream end (towards the right side) of the jump can be attributed to the rigid

lid approximation.

1 "
'
S "0 T =
X
Figure 4.7: A simple stationary 1D internal jump: initial position (----- ) and nu-

merical iteration (——) at ¢ = 500.
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4.3.6 Lock exchange flow

This case considers two infinite reservoirs with fluids of distinct densities connected
by a rectangular channel with a hump. The two fluids are separated by a vertical
artificial barrier located at = 2 and the bed profile is given by b(z) = exp(—x?)
where z € [—3,3]. If the barrier is removed, a lock exchange flow is obtained. The
boundary conditions are given by ¢ = —¢qy at each channel end. Figure 4.8 shows
the time evolution of the interface between the two fluids up to ¢ = 20. The test
requires accurate treatment of the wetting front of the denser fluid (see Section 3.3.2).
Furthermore, as the denser liquid accelerates downstream, the flow approaches a
critical condition as one of the system eigenvalues vanishes. Hence, treatment of the

complex eigenvalue must also be implemented (see Section 3.3.3).
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Figure 4.8: Time evolution of a 1D lock exchange flow. Plots showing profiles of
surface (solid-line), interface (dashed-line), and bed (dotted-line).

If the numerical scheme is run until steady state is reached, a smooth transcritical
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flow is obtained. The denser fluid accelerates smoothly from subcritical to supercrit-
ical, reaching criticality at the hump crest. In general, these flow processes are an
interaction of purely baroclinic effects due to density differences, and the associated in-
terfacial instabilities, and of additional barotropic components attributed to steady or
unsteady external forcing. Negretti et al. (2007) studied stratified two-layer exchange
flow over a submerged sill experimentally. They showed that baroclinic exchange flow
is dominated by the barotropic-forcing-induced instabilities, which are inevitably pro-
duced because of the experimental starting conditions. In fact, the combination of
baroclinic and unsteady barotropic effects is a common feature of geophysical and
environmental flows. Whereas density stratification limits vertical mixing, Negretti
et al. verified that the superposed unsteady baroptropic component is responsible for
the generation of large-scale billows at the interface in the form of surges, and thus
promotes vertical transport. Nevertheless, the experiments conducted by Negretti
et al. are limited to flows with relatively large density differences. Further experi-
mental results by Negretti et al. (2008) showed that dense bottom roughness inhibits
the generation of large-scale billows, whereas sparse bottom roughness inhibits the
collapse mechanism of the billows. In the present model however, the flow is assumed
inviscid and to result from a purely inertia-buoyancy balance.

Figure 4.9 compares the rigid-lid solution and the numerical solution at steady
state. A minor discrepancy attributed to the rigid-lid approximation (see Section 4.2)
can be observed. It is worth noting that the steady state rigid-lid solutions depend
on ¢? and as such make no distinction between the flow direction, i.e. whether it is
an exchange flow (¢ = —¢o) or parallel flow (¢; = ¢2), the latter being less prone to
shear instability of the interface. Numerical solution of the parallel flow is identical

to the exchange flow solution, and is omitted herein.
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Figure 4.9: Steady-state solutions of a 1D lock exchange flow: rigid lid solution
(----- ) and numerical iteration (——).

4.3.7 Internal dam break

This test examines an internal dambreak leading to the development of an internal
hydraulic jump. The domain and bottom topography are the same as in Section
4.3.6. The initial condition is given by an artificial barrier separating the two fluids
of distinct densities at x = 0, and the boundary conditions are again described by an
exchange flow. At ¢ = 0, when the density discontinuity is released, all flows are zero.
Figure 4.10 shows how the denser fluid undergoes an internal dam break, accelerating
from subcritical to supercritical condition, and subsequently forms a hydraulic jump
to dissipate its energy, thus attaining subcritical outflow at the downstream end of
the computational domain.

Figure 4.11 compares the rigid-lid solution and the numerical solution at the
steady state condition of an internal hydraulic jump. The boundary conditions are
given by fixed discharge at the inlet and fixed depth at the outlet. Compared to the
exact solution, excellent agreement is obtained except for a minor difference in the
jump location due to the rigid-lid approximation, because the small discrepancy in
interface height translates into a larger error in velocity and hence the position of the

jump.
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Figure 4.10: Time evolution of a 1D internal dam break. Plots showing profiles of
surface (solid-line), interface (dashed-line), and bed (dotted-line).
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Figure 4.11: Steady state solutions of a 1D internal hydraulic jump: rigid lid solution
(----- ) and numerical iteration (——).
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4.3.8 Shock behind wall

This numerical experiment considers a column of 2-layer liquid moving horizontally

towards a vertical wall with constant velocity. The bed elevation is given by:

0, 0<z<10
b(””)_{ 10, 10<z<12 (4.18)

the initial conditions are:

hi(z) =0.50 he(z) =0.50 ¢ (x) =2.0 g(x)=2.0 if <10 (4.19)
hi(z) =0 ho(z) =0 G(z)=0 @z)=0 if x>10 "~ '
and the boundary conditions imposed at x = 0 are:
hl(O,t) - hg(o,t) = 0.5
{ 0 (0.6) = @0.) = 20 (4.20)

Figure 4.12 shows the evolution of the shock developing behind a wall. Due to
the relatively large initial velocity close to the wall, the numerical solution exhibits
an error at the first iteration, which is rapidly dissipated, leaving behind only small
disturbances near the travelling shock. The shock on the lower layer of denser fluid

forms later. The numerical scheme fails if the initial velocity becomes too large.
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Figure 4.12: Solutions of shock behind wall. Plots showing profiles of surface (solid-
line), interface (dashed-line), and bed (dotted-line). Note that the bed forms a vertical
wall at x = 10 and is otherwise flat (b(z)=0, = €(0,10)).
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4.4 Numerical tests for 2D 2-layer shallow water
model (2D-2LSWM)

In this section, the 2D scheme is tested in a number of numerical experiments. The

CFL-condition is defined as

/\i,Fk @ |

max{| A= LMk =140 = 1,6}At <7, (4.21)
x

where i, k and ¢ are the number of computational cells, the number of faces of each
(square) cell, and the number of eigenvalues corresponding to each face. In all the
tests reported below, v = 0.9 (0 < < 1). Unless otherwise stated, the density ratio
r = 0.98 corresponding to typical stratified coastal water, and g = 9.81 m/s%

The various grid configurations used are represented using the notation ¥;_; where
1 and j represent the minimum and maximum levels of subdivision, respectively.
Hence, where ¢ = j a regular grid has been adopted. The mesh sizes Ax at various
levels of cell subdivision in the unit square grid domain ((x,y) € [0, 1]) are given by
27" where n is the level of subdivision. The formal order of accuracy of the numerical

scheme is 2. Grid comparison is presented separately in Section 4.5.
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4.4.1 Still water solution

These tests verify the still water solution for irregular bed profile. The initial data
correspond to steady state at rest, with ¢; = g2 = 0. Figure 4.13 shows that the still
water solution is computed exactly for all three cases of variable bed, a bed protrusion

above the lower layer, and a bed protrusion above the surface layer.
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Figure 4.13: Still water conditions in 2D: (a) an uneven bed, (b) a bed protrusion
above the lower layer, (c) a bed protrusion above the surface layer.
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4.4.2 Balancing of discretized equations

Following Section 4.3.2, the Bernoulli-type functions derived for the 2D case from the

system (3.26) can be written in the form:

(ui, —u3,) + g(1 —r)hy + (viuyy — vous,) = constant, ¢ = constant,

4.22
(vi, —v3,) +g(1 = r)hy + (u1v1; — usvs,) = constant, gy = constant, (4.22)

l\’)l»—lwl’_l

notably the cross-derivative terms in the 2D plane play a role in the balancing issue
which poses an immense challenge to the numerical scheme. Here, a smooth steady
state solution of a 1D problem (see Section 4.3.2) is sought using the 2D solver to
verify that lateral instabilities does not occur.

Consider a bed profile given by
b(x) = 0.5exp(—z?), (4.23)

where the free water surface n; = 2 is stationary given an exchange flow condition
¢1 = —q¢2 = 0.15. In order to obtain a particular stationary solution, the following
conditions are imposed on the interface: 1ny(—3) = 172(3) = 1.5. From these values,
the constants in equations (4.22) are computed and thus the solutions are obtained
throughout the domain. Using these solutions as initial conditions, Figure 4.14 con-

firms that the numerical scheme remains well balanced throughout.

Figure 4.14: Smooth steady state solution in 2D (¢ = 500).
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4.4.3 Propagation of interface perturbation over flat bed

This is a benchmark test to examine the coupling term in the two-layer shallow water
scheme, originally proposed by Castro et al. (2001) for the one-dimensional case,
and later adapted for a two-dimensional problem by Kurganov & Petrova (2009). A
round-shaped interface perturbation is advected by a uniform flow in both x— and
y—directions (in the north-east direction) over a flat bed. The initial conditions are

given by:

(0.50,2.5,2.5,0.50,2.5,2.5) (z+1)2+ (y+1)2 <1,

(R g, 01, hoy i, 02) = {(0.45,2.5,2.5,0.55,2.5,2.5) otherwise,

(4.24)
in a domain given by (z,y) € [—1, 1]. Transmissive boundary conditions are applied
at the domain boundaries. In addition to the domain boundary, seeding points are
also applied along the initial discontinuity so that the grids are refined in its vicinity.
The simulation is performed until ¢ = 0.1. Figure 4.15 shows the free surface and

interface at the end of the simulation using grid Wg_g.

X

Figure 4.15: Propagation of 2D interface perturbation over flat bed at ¢t = 0.1: Wq_,.
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4.4.4 Propagation of interface perturbation over a hump

The test is adapted from Kurganov & Petrova (2009). The initial conditions are the
same as the previous test (4.24). The round-shaped interface perturbation is advected
in the north-east direction by a uniform flow of magnitude 2.5 m/s in both directions

towards a hump described by
b(x,y) = 0.05exp(—100(z* + 32)). (4.25)

The domain is given by (x,y) € [—1, 1] and the boundary condition is transmissive.
Again, a second set of seeding points is applied to the initial discontinuity and the
simulation is performed until ¢ = 0.1, using grid configuration ¥y o. Figure 4.16
shows the free surface and interface at the end of the simulation.

Physically, the flow decelerates immediately upstream, but accelerates immedi-
ately downstream in the vicinity of the hump. As the interface perturbation ap-
proaches the hump, localised transcritical condition is reached such that a jump oc-
curs just downstream of the hump, whereas a backwater flow develops just upstream
of the hump. Both the jump and the backwater on the free surface are more pro-
nounced compared to the interface. Due to the localised point effect of the 2D hump,
it can be observed that complicated wave structure develops at both the interface

and the free surface. The results are in excellent agreement with those of Kurganov

& Petrova (2009).
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X

Figure 4.16: Propagation of 2D interface perturbation over a hump at ¢t = 0.1: Wy _,.

4.4.5 Internal circular dam break

An internal circular dam break with large discontinuity is considered. The initial

condition is given by:

: 2 2
B — {181fx+y>%w and  hy =2 — hy, (4.26)

0.2 if 2?4+ y* <4,

where the fluid layers are initially at rest. The domain is given by (x,y) € [—5, 5] and
open boundary conditions are applied. An adaptive quadtree grid Wg_g is adopted as a
compromise between speed and higher resolution in the region of interest. Figure 4.17
shows the grid evolution in the early stage of the dam break. A set of seeding
points is applied along the initial discontinuity as shown at ¢ = 0. As the front
propagates further, a large proportion of the domain is subdivided to the maximum
level of division due to the presence of large free surface and interface gradients.
Figure 4.18 shows that as the interface evolves over time, the free surface remains
essentially horizontal. The problem is analogous to the circular dam break problem
of a single layer flow (e.g. Toro, 2001), where an outward-propagating cicular shock
wave and an inward-propagating circular rarefection wave can be observed. At ¢t =5
(Figure 4.18vi), the rarefaction wave has reached the centre of the domain, resulting in

a localised point of pronounced high gradient. The results are in excellent agreement
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with those reported by Castro et al. (2009).

In order to examine what happens next, a larger domain of (z,y) € [—10, 10] is
used and the same test repeated. It is observed that the the circular rarefaction wave
eventually implodes at the centre of the domain and is reflected, producing a dip
in the interface which falls below the original ambient depth of the lower layer. In
Figure 4.19, it can be seen that at time ¢ = 20, a region with near zero lower layer

depth is produced in the centre of the domain.

@ t=0 (i) =1 (iif)y 1 = 2

Figure 4.17: Internal circular dam break: Grid evolution using configuration Wg_g.

(Y t=0

"‘lf'f'l.'n I
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i

Figure 4.18: Internal circular dam break over a flat bed: Plots showing interface
evolution. Note that the free surface remains near horizontal throughout.
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Figure 4.19: Internal circular dam break over a flat bed: Expansion of interface
circular rarefaction wave at time ¢ = 20.

4.4.6 Partial dam break

In this section, the partial dam break problem studied by Paz et al. (2010) is consid-
ered (Figure 4.20). The variables and parameters are made dimensionless by using
hi =1, r = 0.25, and ¢ = 1. The initial condition is such that the fluids in both

layers are at rest and

(1.0,1.0) if z<0,

(b1, ha) = {(0.75,0.75) if >0, (4.27)

The domain is given by (z,y) € [—10, 10] with reflective lateral boundary conditions.
A levee is located at © = 0 with a symmetrical gap of size 10, which is half the width
of the domain. The gap, being also the location of the initial discontinuity, is seeded
for cell refinement prior to the beginning of simulation. Adaptive grid Wg_g is used.

Figure 4.21 and Figure 4.22 show the sequential development of the partial dam
break at the free surface and interface, respectively. The contour plots for the evo-
lution of the free surface and interface are given in Figure 4.23 and Figure 4.24,
respectively. Propagation of fluid masses from each layer is evident across the gap
and eventually both the free surface and interface approach horizontal (not shown).
As the fluid masses propagate across the gap into the downstream end, two vortices

are generated in the lee of the levee. Later, the direction of net mass flow is reversed.
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Consequently, another two pair of vortices develop at the upstream side of the levee.
The vortices on the lee side of the lower layer appear to be more pronounced than
those in the upper layer. Moreover, the positions of the vortices in each layer do not
exactly coincide. These features are properly captured by the adaptive grid, as shown
in Figure 4.25. It is interesting to note that a pair of twin-vortices can be observed

developing in the lower layer on the upstream side of the levee (Figure 4.24vi).

0

10 -10

Figure 4.20: Partial dam break over a flat bed: Initial condition. Note that the gap
is centred with a width of 10 units; the levees (not shown) have zero thickness.
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Figure 4.25: Partial dam break: Grid evolution using configuration Wg_g.
4.5 Grid convergence tests

This section studies the effect of different grid configurations. For the purpose of
comparison, the Grid Convergence Index (GCI) (Roache & Knupp, 1993; Roache,

1994) is evaluated at all grid points:

0 _
Slel_ o _ 100" 1 (4.28)

GCI =
rb—1’ n

where e is the percentage relative error, n° and n are the elevations of the surface or
interface from a fixed datum, computed using the finer and the coarser grid, respec-
tively. Generally, the GC'I values computed using the surface and interface elevations
have the same order of accuracy as those obtained using the velocity fields. Hence
only the former are presented in the discussions that follow. The grid refinement ratio
1o is given by Az/Az°, and the formal order of accuracy of the numerical scheme p
is 2. Asymptotic range is considered to be achieved when GClys = rfGC15, where
GC1y5 compares the finer grid to the intermediate grid, and GC'Iy3 compares the
intermediate grid to the coarser grid (Roache, 1994).

Grid adaptation is performed based on the maximum R.M.S of the surface and
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interface gradients:

0 0
P = max(Py, P2), Pi12= \/( g;z)z + ( (;7;,2)27 (4.29)

where grid refinement and coarsening are performed when ® exceeds 0.05 and falls
below 0.02 (i.e. 5% and 2% gradient), respectively. Rogers et al. (2004) showed that
there is minimal gain by not adapting every time step. Hence, the calculation of ®

and adaptation are performed at every time step.

4.5.1 Propagation of interface perturbation over flat bed

Consider the propagation of interface perturbation over flat bed as in Section 4.4.3.
Figure 4.26 illustrates the GC'I contours of the free surface and interface when differ-
ent grid configurations are adopted. Overall, the results indicate that the computa-
tions converge to the asymptotic value, with slightly higher differences at the interface
but still well within the acceptable range. Some differences due to small oscillations
can be observed in Figure 4.264, but disappear at finer resolutions (Figure 4.267). In
general, solutions of the free surface are unlikely to contain marked features of interest
for two-layer problems with level initial free surface condition. Note that the staircase
features at the edges are a consequence of adaptation at the boundaries. Examining
Figure 4.26411 and Figure 4.261v, it is worth noting that grid convergence of the W5 4
configuration compared to Wqy_g, is marginally poorer than the Wg_g configuration
compared to Wg_g. This suggests that with larger difference between the minimum
and maximum level of subdivisions, the result may be partially affected by the region
of poorer resolution. Figure 4.27 plots the adapted grid of both configurations at
t=0.1.

Figure 4.28 compares the computational efficiency of the various grid configura-
tions. It is evident from the figure that the CPU time increases linearly when the
level of subdivision of the regular grids is increased. For the adaptive grid configura-

tions, the normalized CPU time is plotted against the maximum number of cells at
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Figure 4.26: Propagation of 2D interface perturbation over a flat bed: GCI contours
at the free surface (left) and interface (right), comparing grid configurations (from
top to bottom) (1) Wg_g and Wg_g, (1) Wg_g and W;_7, (115) Wg_g and V5_g, and (iv)
\118_8 and \116_8.
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(a) (b)

Figure 4.27: Propagation of 2D interface perturbation over a flat bed: Adapted
quadtree grid for (a) ¥s_g and (b) ¥5_g at ¢t = 0.1.

the end of the simulations. Note that the time used for adaptation varies throughout
the simulations. For the adaptive grids Wg_g and W5_g, the maximum times used for
the purpose of adaptation at any time interval are 0.0119 and 0.0318, respectively,
normalized by the respective total time of simulation. Longer time is needed for W5_q
compared to Wg_g because refinement in the region of large gradient creates more
cells than the reduction offered by lower resolution in the rest of the domain. The
negligible adaptation cost and the accuracy of the results obtained suggest that the

adaptive quadtree grid is an attractive choice for the present scheme.
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Figure 4.28: Propagation of 2D interface perturbation over a flat bed: Normalized
CPU times for the different grid configurations.
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4.5.2 Propagation of interface perturbation over a hump

Next, consider the propagation of interface perturbation over a hump as in Section
4.4.4. As noted previously, a complicated wave structure develops at both the in-
terface and the free surface when the interface perturbation approaches the hump.
Consequently, additional grid adaptation is performed in the vicinity of the hump
(Figure 4.29), resulting in higher numbers of cells for both Ws_g and W5_g configura-
tions and hence, slightly longer computation times, whereas the numbers of cells and
computation times for the regular grids remain the same as for the flat bed case. The
normalized adaptive times per time step for Wg_g and W5_g are 0.0148 and 0.0328,
respectively, which are slightly higher values than obtained from the flat bed case
(Figure 4.30).

Using the solutions obtained from grid configuration ¥y ¢ as a basis for compar-
ison, Figure 4.31 shows that the scheme exceeds second order accuracy when using
regular grid configurations (e.g. W7 7). On the coarser grid W5_ 5, the numerical
results predict an Ll-error that is smaller than expected and the solution fails to
converge. At higher resolution of Wg_g, the order of accuracy reduces to just above
one (/ 1.3) probably because the round-off error becomes dominant with smaller grid
size. In addition, higher resolution in the refinement results in a globally smaller time
step which increases the computational time taken considerably. Hence, the choice
of the minimum level of grid refinement is governed by accuracy whereas the choice
of the maximum level of subdivision both accuracy and computational time. The
Vs g and W5_g configurations have similar L1-errors. In comparison with the Wg_g
configuration, it seems that Ws_g produces a relatively higher order of accuracy (= 2)
compared to U5 g (& 1.3). Figure 4.32 shows the correlation between the L1-error
and the normalized CPU time for the different grid configurations. The adaptive
configuration Wg_g is more cost efficient compared to ¥5_g whilst the Ll-errors are

in the same order and just slightly higher than the regular grid Wg_g which takes
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considerably longer CPU time. Hence it is concluded that the adaptive grid Wg_g
is the more attractive choice compared to ¥U5_g considering the compromise between
accuracy and the cost of computation.

Figure 4.33 presents the GCI contours of the free surface and interface when
different grid configurations are adopted. Here, the results are inferior overall to those
of the flat bed case (Section 4.4.3), but maintain the trend where better convergence
is observed at the surface. The GCT values, though higher in the vicinity of the
hump, are still well within the acceptable range except for the case comparing the
regular grid Wy ¢ and the adaptive grid ¥5_g, where GCI > 4.0 near the interface.
Comparing the regular grid Ug_g and the adaptive grid ¥4_g shows better convergence

(as also found for the flat bed case).

H(a) (b)

Figure 4.29: Propagation of 2D interface perturbation over a hump: Adapted
quadtree grids for (a) W4_g and (b) ¥5_g at t = 0.1.
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Figure 4.30: Propagation of 2D interface perturbation over a hump: Normalized CPU
times for the different grid configurations.
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Figure 4.32: Propagation of 2D interface perturbation over a hump: Correlation
between Ll-error and normalized CPU time.
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Figure 4.33: Propagation of 2D interface perturbation over a hump: GCI contours
at the free surface (left) and interface (right), comparing grid configurations (from
top to bottom) (i) Wg_g and Wg_g, (11) Ws_g and W;_7, (ii1) Wg9_g and W5_g, and (7v)
\118—8 and \116_8.
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4.5.3 Tidal channel with a hump and a constriction

In this section, the model is used to simulate a simple tidal flow in a channel charac-
terised by a hump and a constriction. The aim is to examine the dynamics of tidal
effects on the behaviour of the two-layer flow. The problem is inspired by the works
of Castro et al. (2004) and Castro et al. (2007a) where tidal and exchange flows in
the Straits of Gibraltar were studied using a two-layer one-dimensional model with a
width function.

Consider a narrow channel (Figure 4.34) of length = € [—10, 10], with a sill placed
at x = 0 and a contraction at z = 1. The bed function b(z) and width function o(z)

are given by:
1.2exp(—x?) if v € [—4,4]

b(z) = 0.5exp(—(z +10)?) if x < -8 : (4.30)
0 otherwise
and
[ 254 15(1 —exp(—a*(x —1)?)) ifz e [-1,2]
ofz) = { 3.7 otherwise ’ (4.31)
respectively, the latter of which is adapted from Castro et al. (2004), where
0.637 if —1<z<1
N { 1.273 ifl<ax <2 ' (4.32)

Consider two fluids with constant densities of ratio » = 0.98, the lock exchange

experiment is conducted using the initial conditions:

(1.5,0.5) if <0

(h1, ha) = {(0.2,1.8) if >0 (4.33)

and water at rest. Physically, this is akin to having a vertical barrier located at
x = 0 which is instantaneously removed at t = 0. The effect of bottom friction 7,

and interfacial friction 7; are included into the model as additional source terms in

Toe = —p;Chugy Ju? + v,
TN i, (4.34)
Toy = —p;Chv; /u? + 1)]2-,
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Figure 4.34: A narrow channel with a hump and a constriction: (a) plan view of
channel width profile, and (b) side view of channel bed profile.

and

Tre = —p2Crup/u? + v2, (4.35)
Ty = —p2Cpvp/ui + 7, '

where (u,,v,) = (u; — ug,v; — v3). Following Murillo et al. (2009), these additional
source terms are treated in the same manner as the bed topography in order to
maintain overall well-balanced property for steady state with non-zero velocity. The
dimensionless bottom friction coefficient Cj, and interface friction coefficient C'y are
arbitrarily taken as 5 x 1072 and 5 x 1074, respectively.

The model is integrated until steady state is reached using exchange flow boundary
conditions, i.e. Q)1 = —Qs. Figure 4.35 shows the evolution of the interface and the
grid adaptation during the initial stage of simulation. The surface profile remains
near horizontal throughout and hence is omitted for clarity. The plots show, that
after the initial transient, the interface at both upstream and downstream boundaries
approaches horizontal and the coarser grid is adopted. Finer resolution is maintained
at the vicinity of the constriction and the hump where there is considerable interface

gradient. Figure 4.36 shows the GCI comparing the steady state solutions of grid
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configurations Wg_g and Ws_g. Here, the GCT values of the free surface and interface
are very small except a narrow band of the latter which approaches 2.5 at the jump
location. The Ll-errors based on simulated velocities are 0.0043 and 0.0023 for the
upper and lower layer, respectively; the Ll-errors based on simulated depths are

0.0039 for both layers.

(L)

(i)

(iii)

()

Figure 4.35: 2D lock exchange in a narrow channel with a hump and a constriction:
Plots showing evolution of interface elevation with reference to the bed (left), and
grid adaptation (right) at times ¢t = 0,5, 10, 15,30 (i-v).

(a) (b)
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Figure 4.36: 2D lock exchange steady state solution: GC'I contours comparing grid
configurations Wg_g and W g at: (a) free surface, and (b) interface.
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Using the above steady state solutions as the initial condition, tidal forcing is ap-
plied at the downstream open boundary while maintaining an exchange flow boundary
condition at the upstream end. This initial condition describes an inflow of the denser
fluid and an outflow of the less dense fluid at the downstream boundary, and the op-
posite at the upstream boundary. Physically, the downstream boundary represents
connection to an open sea which acts as a reservoir of denser fluid, while the up-
stream represents consistent supply of riverine inflow. In the discussions that follow,
the region between the humps is referred to as the basin.

The downstream tidal boundary condition associated with the variation of total
water depth is given as a function of time by

— 2mt
hi(zp,t) + ho(zp,t) = Ty — Am(%), (4.36)

where the subscript B denotes specified values at the boundary. Here, hg = 2 is
the total water depth, A = 0.01 is the surface elevation amplitude, 7" is the period
of the tidal wave. The dimensionless tidal time is defined as T'v/gL, /Ly, where L,
and Lj, are the vertical and horizontal scales, respectively, and g = 9.81 m/s? is the
gravitational acceleration. Consider varied horizontal and vertical scales of 1:1000 and
1:10, respectively, the problem thus represents a 20 km long channel with minimum
and maximum widths of 2.5 km and 3.7 km, respectively. The quiescent water depth
is 20 m and the tidal range is 2 m. At the middle of the channel, the hump rises up
to a height of 12 m above the horizontal bed. For the S, tide (7" = 12 hour), the
equivalent tidal period in the model is thus 136.6 s. At the boundaries, the depth and
velocities of both layers are determined using Riemann invariants specified according

to the internal Froude number F 7“? of the respective layer, which is defined as
Fri =U7/(g'hy), j=1.2, (4.37)
and the composite Froude number is given by
G*=Fr?+ Fr; — (1 —r)FriFrs. (4.38)
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Figure 4.37 shows the free surface and interface during the Sy tidal cycle. At
t/T = 0.5 when the downstream elevations are rising, strong currents flow into the
basin in both the layers as observed from the plot of velocity vectors (not shown),
and the flow approaches critical (Figure 4.38a) condition. At t/T" = 1.0 when the
downstream elevations are reducing, the current is reversed with net flow out of the
basin. As shown in Figure 4.38b, the flow reaches supercritical condition resulting
in a weak internal jump. Figure 4.39 shows the GCI comparing the solutions at
t/T = 1.0 of grid configurations Wg g and Wg_g. Here, the GCT values for both the
free surface and interface are generally small but approach a maximum of up to 3.0 at
the jump location. The L1-errors based on simulated velocities are 0.0038 and 0.0036
for the upper and lower layers, respectively; the L1-errors based on simulated depths

are 0.0044 and 0.0043 for these layers.
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Figure 4.37: Tidal channel: Simulated free surface and interface in an Sy tidal cycle
using grid configuration Wg_g.

The results above demonstrate the robustness of the present model in solving a
two-dimensional tidal-exchange flow. Despite a relatively simplified representation of
an actual tidal channel, the model is able to capture most of the physics of the tidal
flows. The solutions obtained are highly dependent on the geometry of the domain,

the scaling of the tidal period, as well as the bed friction and interfacial friction
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Figure 4.38: Tidal channel: Composite Froude number G? at (a) t/T = 0.5, and (b)

t/T = 1.0.
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Figure 4.39: Tidal-exchange flow: GC'I contours comparing grid configurations Wg_g
and Wg_g at t/T = 1.0: (a) free surface, and (b) interface.

coefficients. For the purpose of a full-scale study, a realistic geometry and tidal signal

should be employed (e.g. Castro et al., 2004, 2007a).

4.6 Application: Tidal-driven 2-layer flow in Tampa
Bay, Florida

Tampa Bay (Figure 4.40), located to the west of central Florida in United States of
America (USA), is the largest of the Florida estuaries. It comprises four subregions,
namely Old Tampa Bay, Hillsborough Bay, and the Middle and Lower Tampa Bay.
It is heavily used for shipping and recreation, as well as municipal fresh water con-
sumption, sanitation requirements, and power generation. In addition, it is the home
of four aquatic reserves for several species of marine life on both the state and federal
list of endangered species (Weisberg & Zheng, 2006). With such heavy and diverse
usage, the importance of ecological health of the estuary cannot be over-emphasized.

By classification, Tampa Bay constitutes a drowned river bed estuary with a mean

depth ranging from 4 m at mean lowest low water up to 15 m along the dredged
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Figure 4.40: Tampa Bay topobathymetric data.
Source: U.S. Geological Survey Open-File Report 2007-1051 (revised), 2007.
http://pubs.usgs.gov/of/2007/1051/

navigational channel. The surface area of the estuary is approximately 1000 km?,
and that of the surrounding watershed (Figure 4.41) is approximately 4600 km?.
Hydrodynamic advection in the bay is governed primarily by tidal flow from the
adjoining Gulf of Mexico, and to a lesser degree by river inflow and wind. Tidal flow,
which accounts for up to 95% of the current energy, largely determines the transport
of chemical tracers, nutrients, organic and inorganic micropollutants. Mean annual
fresh water discharge is about 63 m3/s. Despite being weaker by an order of magnitude
compared to the tidal current, density-driven circulation remains an important mode
of circulation (Weisberg & Zheng, 2006; Meyers & Luther, 2008).

The model domain, geographical features, and inflow locations are shown in Fig-
ure 4.42, and the bathymetry data is approximated from Figure 4.40. The bay length

is about 50 km with a maximum width of approximately 15 km at the midsection.
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Figure 4.41: Tampa Bay watershed.
Source: Florida’s Water homepage, http://www.protectingourwater.org/.

For the purpose of the present study, 13 river inflow locations are used, including
Hillsborough (23.8%), Manatee (15.9%), Alafia (20.6%), Little Manatee (9.5%), with
the balance contributed by the rest of the locations in proportion to their respective
catchment size. Low fresh water inflow equivalent to 1.2 x 10° m3/day (Meyers &
Luther, 2008) is considered such that the initial thickness of the upper layer may be
assumed constant at 2 m depth arbitrarily. The densities of the upper and lower
layers are taken to be 1020.65 kgm ™3 and 1025 kgm ™3, respectively, i.e. density ra-
tio r = 0.99. A diurnal tide of 24-hour period with tidal range of 1 m at the tidal
boundary at the southwest of the domain is used in the simulation (see Figure 4.42).

An initial grid configuration ®g_g is used, which is coarsened to ®g_g immedi-
ately after the first time step (see Figure 4.43 for a typical example). Maximum and
minimum horizontal grid resolutions are thus 97.66 m and 781.25 m, respectively.
Maximum grid refinement is applied at the mouth of Hillshorough River, which rep-
resents the main inflow location and thus localized high velocity gradient. This high-

est resolution is also used for the strait between Old Tampa Bay and Middle Tampa
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Figure 4.42: Tampa Bay computational domain showing tidal boundary, river inlets
(M), and discretized bathymetry.

Bay, as well as at the wet-dry interface of the lower layer to circumvent interpolation
at the transition between single and dual-layer flow. The bed Manning’s roughness
coefficient is taken as n = 0.025 s.m~'/3 (Shi et al., 2003), and the interfacial stress
coefficient approximated at 0.03.

Figure 4.44 shows the depth-averaged streamlines during flood and ebb tide in
the bay. Figure 4.45 and Figure 4.46 show the simulated flow field in the upper and
lower layer, respectively, in Tampa Bay over a typical 24-h cycle for low fresh water
inflow condition. The results verify that the circulation is tidal-dominant. For the

grid scale chosen, no distinct recirculation zone is identified despite the presence of
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Figure 4.43: Tampa Bay computational grid layout using configuration ®4_g. Plot
showing maximum subdivision used in specific area (e.g. in the vicinity of Hillsborough
inlet, and the narrow strait between Old Tampa bay and Middle Tampa Bay), and
at the transition from two-layer to single layer, typically near the domain boundary.

island structures and groynes in the domain. Flow features observed in the two layers
are identical, largely due to the dominating effect of tidal flushing. The average
velocity in the surface layer is 2.9 cm/s which is comparable to those reported by
Weisberg & Zheng (2006). It is worth noting that the velocity in the denser layer
below is smaller by up to two orders of magnitude than that of the surface layer for the
present low inflow case considered. Hence, tidal energy is essentially concentrated in
the upper layer whereas little flow takes place in the layer beneath as shall be shown

in Section 5.5. The relatively low flow velocity implies there is little or no vertical
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convection between the layers, and so the two-layer immiscible model is a reasonable

approximat
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4.7 Concluding remarks

The entropy-correction-free solver for a two-layer shallow flow has been verified in
one- and two-dimensions. Results obtained are in excellent agreement with available
analytical solutions and predictions by alternative numerical models in the published
literature. For the implementation of dynamically adaptive quadtree grid generation
system, grid convergence has been evaluated by means of the Grid Convergence Index
(GCI) of Roache & Knupp (1993) and Roache (1994). The results obtained are in
excellent agreement with those produced on regular grids, and it may be concluded
that the use of adaptive quadtree grids offers considerable computational advantages
for Roe-type two-layer shallow water models. The numerical model can be used for
the simulation of two-layer flow in a domain with complicated boundaries and realistic
bathymetry at a fraction of the cost incurred by a scheme applied on a regular grid.
The scheme has been applied to the simulation of tidal-driven flow in an idealised
tidal channel, and Tampa Bay, Florida. Part of the work reported in the current and

the preceding chapters has been published in Lee et al. (2011).
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Chapter 5

Chaotic mixing in shallow water
bodies

5.1 Introduction and literature review

Shallow flow mixing processes are important for the water quality of lakes, reservoirs,
coastal waters and the ocean. Mixing takes place via two main processes, namely
diffusion and advection. Usually, large-scale spreading is attributed primarily to
advection, with hardly any effect from diffusion.

Shallow water flows often involve horizontal circulation zones confined within the
surface layer. Such gyres are typically driven by wind stress acting on the surface of
the water bodies. The resulting flow is largely dependent on the bathymetry, hence
the term topographic gyres. For uniformly distributed wind shear, depth-averaged
velocities are directed with the wind in the shallow region, and against the wind in
the deep region (Csanady, 1975).

Kranenburg (1992) studied chaotic particle motions in a shallow water lake model
of two-dimensional, depth-averaged flow subjected to alternating wind action, con-
sidering an idealized analytical velocity field. Liang et al. (2005) solved the problem
using a quadtree-based Godunov-type shallow water equation (SWE) solver to ad-
dress the complicated bed topographies and flow patterns, assuming a sinusoidal wind

field. Liang et al. also considered the effect of different bed configurations (2006a)
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and non-circular basin (2006b6). In general, the results confirm that the particle mo-
tions change from regular to chaotic as the dimensionless storm duration increases.
Recently, Pattantyfls—Abrahaim et al. (2008) applied the tools of dynamical systems
to determine the mixing properties of a square-shaped shallow lake model subjected
to irregularly distributed wind forcing due to the development of an external bound-
ary layer immediately above the free surface typical in a large spatial domain. The
presence of an internal hyperbolic point is identified and coherent structures such as
manifolds are found to act as Lagrangian barriers that hinder local material transfer
in the transverse direction, while providing avenues of streamwise transport. Pat-
tantyﬁs—Abrahém et al. also showed that turbulent diffusion has little effect on the
distribution of finite-size Lyapunov exponents.

For lakes with a layered stucture, such as a cold layer beneath a warm layer, or
salt water beneath fresh water, an internal seiche may take over the role of the free
surface, though with relatively larger motion compared to an ordinary surface seiche.
There are two primary modes of motion: the barotropic mode which is essentially
identical to the motion of a homogeneous fluid, and the baroclinic mode arising from
the density difference in the vertical water column. A two-layer model is sufficient
to capture the dynamics of the motion since the contribution of the higher baroclinic
modes are typically negligible (Csanady, 1975). Since the barotropic motion is more
directly affected by the depth variations (‘feel’ the bottom more), particles in the
upper and lower layers are likely to experience different fates in a wind-dominant lake
circulation.

Estuaries are highly dynamic environments, characterised by tidal flows, wind-
induced turbulence, seasonal and diurnal surface variation, and riverine inputs. Due
to the transient nature of flows into and out of the water body, the size of an estuary
is also highly variable, translating to cyclic wetting and drying along the shore. The

flow field is predominantly tidal-driven, with localised recirculation attributed to the
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coastline geometry, and net outflow towards the sea. Consequently, particles in es-
tuaries are typically subjected to hydrodynamic oscillations as they travel seawards,
while undergoing stirring and mixing induced by localised effects. At the surface,
the flow is further driven by wind shear and bed friction is only applicable in the
absence of the lower layer near the shore. On the contrary, the lower subsurface layer
is relatively shielded from the wind effect but directly experiences bed roughness. In
brief, the fate of mixing particles are likely to be highly varied in the two layers.

In a review of horizontal dispersion by tidal and residual currents, Zimmerman
(1986) showed that a highly irregular Eulerian velocity field is typically induced in
a tidal inland sea, resulting in Lagrangian chaos as opposed to shear dispersion in
the open tidal shelf sea. An analytical study of chaotic stirring by Beerens et al.
(1994) showed that the difference between the occurrence of global chaos in a realistic
tidal model and local chaos in the kinematical model is likely to be caused by over
simplification of the velocity field. Analytical expressions for the mixing coefficients
are in good agreement with numerical results and can explain the non-monotonic
dependence of mixing processes on the topographic wavenumber.

This chapter consider a two-layer density-stratified shallow water regime, where
the hydrodynamics can be adequately described by the two-layer shallow flow model
in the form of (3.1). Using the second-order Roe-type finite volume scheme (3.28),
the flow field is obtained by solving the system of governing equations on dynami-
cally adaptive quadtree grids (described in Section 3.5.2). Particle advection is then
simulated by Lagrangian tracking. Chaotic mixing in wind-induced circulation is
considered for 2-layer circular basin (Section 5.3) and square basin (Section 5.4). In

Section 5.5, particle mixing in Tampa Bay is studied.
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5.2 Lagrangian particle tracking

In a two-dimensional Cartesian coordinate system, the advection equation is expressed
as
i—f = u(x,y,t), % =v(z,y,t), (5.1a, b)
where (x,y) is the position of a given particle at time ¢; and v and v denote the
Eulerian velocity components in the x— and y—directions of the flow at the same
spatial and temporal point as the particle. Equations (5.1) are integrable for steady
and incompressible flow, which is associated with regular advection. On the other
hand, for unsteady flow associated with chaotic advection, the equations may be
non-integrable.
In order to obtain the Lagrangian particle paths, time-integration of equations

(5.1) is performed using a Runge-Kutta Cash-Karp algorithm (Press et al., 1992)

with the Eulerian velocity field provided by the two-layer shallow water solver.

5.3 Wind-induced chaotic advection in a 2-layer
shallow circular basin

Consider Kranenburg’s circular shallow basin (Kranenburg, 1992) for which the still

water depth hg as a function of the radial distance r from the basin’s centre is given

by:

h :H(%+ %(1—%)), (5.2)
where the basin characteristic length Ry and weighted mean water depth H are 120
m and 0.5 m, respectively (Figure 5.1), and the upper layer has a uniform thickness
equivalent to one-fifth the maximum depth at the centre of the basin. The densities
of each layer are given by (p1,0p2)=(1000,1020) (i.e. density ratio r = 0.98), and

g =9.81 m/s?. Quadtree grid configuration ®¢_g is used, giving grid layout as shown

in Figure 5.2.
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Figure 5.1: Kranenburg’s geometry: Basin cross section, showing initial profiles of
the free surface (7)o and the interface (1), where upper layer thickness is equivalent
to 1/5 of the maximum depth.

In the problem, the flow field is a weak system governed by a single parame-
ter related to the storm duration ¢;. The dimensionless storm duration parameter

(Kranenburg, 1992) is defined as

B InZ w,.t,
B 8K Ro,

(5.3)

where Z = H/zy, 29 = 2.8 mm is the roughness height of the bed, u, = \/nu—/pl is the
friction velocity at the free surface, ¢, is the storm duration, and x = 0.4 is the von
Karman constant. For all cases considered, constant wind shear stress 7, = 2.0x 1073
Nm~2 is applied uniformly throughout the entire domain but its direction changes
abruptly at half-period intervals T'/2 between the north-east and north-west directions
alternately. The Eulerian velocity field is assumed to adapt instantaneously to the
wind conditions. Hence, the streamlines of the flows (Figure 5.3) switch abruptly as
the wind direction changes, but otherwise remain unchanged throughout each storm
event which lasts half a period.

According to Csanady (1975), a two-layer model adequately describes a strat-
ified lake. The model essentially suppresses any higher baroclinic modes which are
unimportant with regard to the observed motions. The effects of bottom and interface
friction are also negligible relative to the wind forcing and pressure gradient (Csanady,

1975). However, for the purpose of the present study, these energy dissipations are
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Figure 5.2: Kranenburg’s geometry: Quadtree grid configuration: ®g_g.

Figure 5.3: Kranenburg’s geometry: Steady state streamlines due to north-westerly
wind.
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included following Liang et al. (2006a). The bed stress is evaluated empirically from

equations (4.34) in which the bed roughness coefficient Cj, is estimated using

Cy = (5.4)

2
K

(1 + IH(Zo/hj)) ’

where h; is the instantaneous depth of the layer in contact with the bed, and the

depth-averaged eddy viscosity is given by

1
€= EKu*hj. (5.5)

The interfacial stress is evaluated using equations (4.35) where the interface friction
coefficient C is taken as 0.03 arbitrarily. Equivalent wind stress on the lower layer
is given by —7,ha/(hy + hy), and the effect of the Earth’s rotation is ignored.

Using a no-slip boundary condition, and time step At = 0.1, the simulations
are run until steady state for the various storm duration t,. Both the upper and
lower layers span across the entire domain and share the same boundary which is
essentially vertical at the basin perimeter. The streamlines of both layers are similar,
with the pairs of topographic gyres in both layers separated by a dividing streamline
located diametrically across the basin and aligned with the wind direction. Along this
main axis which runs through the deeper water, the velocities in the upper layer are
directed against the wind, whereas those in the lower layer are in the same direction
as the wind. As these upwind and downwind flows of the upper and lower layers,
respectively, reach the far end of the basin, they turn around along the shallow area
near the basin perimeter, creating a rapid jet of flow along the shore in the opposite
direction — similar to that observed in a single layer model (Kranenburg, 1992; Liang
et al., 2005, 2006a). The result is essentially an internal set-up/ set-down, which is
common in a stratified lake. The interface separating the layers sinks at the downwind
section and rises at the upwind section. The balanced internal forces cause the free

surface to remain near horizontal with negligible surface gradient. At density ratio
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close to unity, e.g. r = 0.99, the lower layer is observed to outcrop the surface of the
upper layer. The effect of this is not considered in the present study.

Figure 5.4 shows the Poincaré sections for tracer particles released at intervals
along the z-axis in both layers. These plots are generated by plotting the intersections
of particle trajectories with the time plane at the end of each period for different
dimensionless storm durations I' = 0.14, 0.42, 0.70. The particles are tracked for up
to 100 cycles.

For I' = 0.14, the basin is clearly divided into two regions by the dividing stream-
line along the north-south axis. Large islands of regular particle motions can be
observed either side of the main axis. Further away from the centres of these islands,
the regularity of particle motions degenerates near the main axis and the basin bound-
ary. As I increases, the period-one islands diminish in size but remain. The regions
away from the islands become increasing chaotic and generally lose their distinctive
features. The observations hold for both layers, though regularity in the lower layer
persists better, due to the fact that the layer is shielded and is subjected indirectly to
reduced shear from the wind forcing. The results are in close agreement with those
of the single layer models of Kranenburg (1992) and Liang et al. (2005, 2006a).

Chaotic mixing is characterized by stretching and folding, and can best be visual-
ized by deploying a line of particles in the domain. For this purpose, 10,000 particles
are initially positioned in the interval [-2R,/3,2R,/3] along the z-axis in each layer.
For I' = 0.28 (Figure 5.5), near symmetrical patterns are observed in both layers at
times t = 507 and ¢ = 1007". Particles in the vicinity of the regular islands form two
whorl-type structures under the influence of the period-one points. Tendrils appear
near the perimeter of the basin and can be associated with the unstable manifolds
of the hyperbolic periodic points. As the line of particles evolve, complicated fractal
structures becomes increasingly visible and the basin is gradually filled with pseudo-

stochastic particle tracks. Again, the lower layer lags behind in its time-development
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Figure 5.4: Kranenburg’s geometry: Poincaré sections for different dimensionless
storm durations with wind periodically blowing from £45°N.
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due to the reduced effect of the wind forcing compared to the top layer. At a higher
value of I' = 0.84 (Figure 5.6), particles near the boundary and the main dividing
axis are scattered rapidly. The whorl structures in the elliptical zones exhibit much
irregular stretching and folding and continue to occupy a significant extent of area in
the lower layer even at ¢ = 1007, but are heavily encroached by the scattered par-
ticles in the upper layer. Hence, good mixing, which is characterised by exponential
stretching, is restricted (even at high storm duration) in the lower layer, particularly
the elliptical regions either side of the main axis aligned with the direction of the
wind. Although the wind field is switched between north-westerly and north-easterly
periodically, symmetry of the particles distribution in the basin is lost in higher storm
duration of I'=0.84 (Figure 5.6) compared to I'=0.28 (Figure 5.5) due to the longer

duration of the initial storm direction.
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Figure 5.5: Kranenburg’s geometry: Advection of a line of particles for 1'=0.28.
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Figure 5.6: Kranenburg’s geometry: Advection of a line of particles for 1'=0.84.

5.4 Wind-induced chaotic advection in a 2-layer
shallow square basin

In this section, an inverted pyramidal square basin of size 2 km x 2 km is considered
(Pattantyts-Abrahdm et al., 2008). A density ratio r = 0.99 is adopted where the
upper layer is fresh water with an initial depth of 1.0 m at the centre of the basin.
Maximum overall depth at the centre of the basin is 2.5 m. Using a linear depth
transition, two bed configurations are considered: one in which the total depth at
the alongshore boundary is 2.0 m (BED,), and another in which the total depth at

the alongshore boundary is 0.5 m (BEDg) (Figure 5.7). BED, results in a 2-layer
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flow where both layers share the same vertical wall boundary, whereas in BEDg, the
lower layer has a reduced flow domain and its boundary undergoes wetting and drying
along the inclined bed. Grid configuration ®¢_g is used, and fine grid is maintained

along the wetting and drying front of the lower layer.
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Figure 5.7: Inverted pyramidal square basin: (a) BED,, with alongshore depth of 2.0
m, and (b) BEDg, with alongshore depth of 0.5 m. The maximum depth of both bed
profiles is 2.5 m at the center of the basin. The plots illustrate the initial profiles of
the free surface (1) and the interface (17)o.

A constant wind shear stress of 7, = 1.3 x 1073 Nm™2 is applied uniformly over
the free surface. No-slip boundary conditions are applied at the wall. Simulation
of the flow field is carried out until steady state is achieved. For the purpose of
particle advection, the flow field is switched back and forth periodically to represent an
abruptly alternating wind field from the north-westerly and north-easterly directions.
Here, the flow field is assumed to adapt instantaneously to the sudden change of
wind direction, and otherwise, remains unchanged throughout the storm event. The
dimensionless storm duration parameter of Kranenburg (1992) (5.3) is adapted by
taking Ry to be the equivalent hydraulic radius of the square basin, and the bed

roughness height z5 = 1 cm. The weighted mean water depth H is 2.1688 m and
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1.8376 m for BED, and BEDg, respectively. Bed friction, interfacial friction and
viscosity terms are treated similarly as in Section 5.3.

Figure 5.8 shows the wind-induced streamline patterns obtained for the BEDj
and BEDg cases. For BED, where both layers share the same vertical boundary and
thus have the same flow area, simple opposing recirculation is observed in both layers.
Along the diagonal parallel to the direction of the wind, the flow in the upper layer is
directed against the wind, whereas the flow in the lower layer is in the same direction
as the wind. The pair of topographic gyres is symmetrical about this diagonal with
strong jets along the shore. The features result in an internal displacement, with the
interface between the layers set-up in the upwind part of the basin, and set-down in
the downwind part of the basin.

For BEDg, transition of the 2-layer flow to single layer flow along the shore creates
highly complicated flow features in both layers, though the symmetry about the main
axis parallel to the wind direction is maintained. In the lower layer, there is clearly
a dominant pair of topographic gyres which occupies a large portion of the surface
area of the lower layer, rotating in the same direction as that in BED,. In addition,
there are two smaller pairs of gyres which rotate in the opposite direction to that
of the dominant pair of gyres, one located in the north-west corner, and another, of
which the shape is slightly elongated, located to the east and the south along the
shore. Between the dominant pair of gyres and the small pair of gyres located at the
north-west corner, a hyperbolic point can be identified where, at any instant of time,
there is a contracting curve running towards it from either side of the main axis, and
a diverging curve running away from it in two opposite directions along the main
axis. In the upper layer, the main axis is observed to be straddled by four pairs of
gyres. Contrary to BED,, the flow is primarily in the same direction as that of the
wind in the upwind part, but against the wind in the downwind part. As a result

of these flow features, a hyperbolic point appears to exist on the main axis where
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Figure 5.8: Shallow water square basin: Steady state streamlines due to north-
westerly wind for (a) BED,, and (b) BEDg.

the opposing flows meet. However, the streamlines are clearly not smooth along the
boundary of the transition between the single-layer region along the shore and the
two-layer region in the middle of the basin. Physically, this can be attributed to the
fact that the magnitude of resistance experienced by the upper layer is discontinuous
as it traverses between the two regions. The alongshore friction is significantly larger
than the interfacial stress in the two-layer zone. Furthermore, the jet-like flow in the
lower layer along its boundary inevitably affects the flow in the upper layer. In the
north-west corner of the upper layer, localized recirculation confined to the single layer
zone can be identified. The recirculation in the south-east region of the upper layer,

on the other hand, is less well defined, with evidence of the strong influence of the
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phenomenon of single-layer—to—two-layer transition. Further work on the numerical
treatment is still in progress to resolve this issue satisfactorily. Nonetheless, the
present results suggest that the flow features in the upper layer differ significantly in
the presence of a single layer shore.

The presence of internal hyperbolic points in both the upper and lower layer under
uniform wind shear for BEDg suggests that complex intersection of stretching and
contracting manifolds occurs in both layers despite the relative low wind wind forcing
applied. The resulting dynamics is expected to be chaotic (Pattantyﬁs—Abrahém
et al., 2008), and differ significantly from that for BED, as shall be shown next.

Figure 5.9 and Figure 5.10 show the Poincaré sections for different dimensionless
storm durations for BED, and BEDg, where 10 particles are released in both layers
along the z-axis at equal intervals within [-2R,/3,2R/3|, and tracked for up to 100
cycles. Owing to the low wind shear, regular advection is observed for all the 3
storm durations for BED,. Meanwhile for BEDg, increasing chaotic behaviour can
be observed in the lower layer as the storm duration increases. Particles in the upper
layer, on the other hand, are scattered with no distinctive features evident especially
for low values of storm duration. For the higher storm duration, such as I'=0.70,
the relative longer storm duration at the initial stage force most of the particles
into the single layer region at the corners. The motion of these particles are then
subjected only to the small pair of gyres at the corner, and appear to assume the
same periodicity as that of the storm duration.

The prevalent chaotic behaviour in BEDg can be attributed to the presence of an
alternating hyperbolic point in each layer as the wind field switches direction abruptly
each half cycle. The striking difference in particle advection between cases BED, and
BEDg suggests that simulations using a single layer approach to stratified two-layer
shallow water flow may result in an unrealistic and inaccurate representation of the

actual particle motion.
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It is further noted that the wind forcings considered herein for the inverted-
pyramidal basin and Kranenburg’s basin (Section 5.3) are relatively small. The equiv-
alent physical conditions are likened to a gentle breeze, which avoided the occurrence
of large set-up/ set-down and eliminated the likelihood of surface outcropping. Care
should thus be taken in generalization of the results to the strong wind regime. Spigel
& Imberger (1980) presented a detailed analysis of processes relevant to wind mix-
ing in lakes, and proposed a general classification with respect to the thermocline
deepening behaviour at the interface between the upper and lower layers, depending
on the relative sizes of the parameters describing the wind strength, basin size and
stratification. In Stocker & Imberger (2003a), the dynamics of the tilted interface of
a stratified circular rotating basin was studied with the focus solely on particle tra-
jectories on the surface layer. Using Lagrangian GPS drifter experiments carried out
in the surface layer of stratified Lake Kinneret in Israel, Stocker & Imberger (2003b)
quantified the dominant horizontal dispersion mechanisms when wind is the primary
external forcing. It is shown that internal waves are responsible for cloud dispersion
over short time scales, in the order of a day. Over intermediate time scales, shear
dispersion is found to be important due to the large horizontal velocity gradients.
Stocker & Imberger noted that pseudo-chaotic advection, like horizontal shear dis-
persion, is the key to the large-scale circulation in the lake and that vertical shear

dispersion appears to be negligible for typical surface layer conditions.
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Figure 5.9: Shallow water square basin: Poincaré sections for different dimensionless
storm durations in BED,, with wind periodically blowing from £45°N. From top to
bottom: (a-c) I' = 0.14, 0.42, 0.70.
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Figure 5.10: Shallow water square basin: Poincaré sections for different dimensionless
storm durations in BEDg, with wind periodically blowing from £45°N. From top to
bottom: (a-c) I' = 0.14, 0.42, 0.70.
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5.5 Tampa Bay, Florida: A study of mixing in a
2-layer tidal driven flow

In this section, the tidal-driven flow obtained in Section 4.6 is used to examine particle
advection and mixing in Tampa Bay, Florida. A simple diurnal tide is considered and
the low riverine inflow condition chosen so that particles deployed do not get flushed
out of the domain too soon. Wind forcing has been omitted.

Firstly, a single particle is deployed at the same initial position in both layers at
selected locations, and the particles tracked for up to 25 cycles. Figure 5.11 shows the
trajectories of the particles in both the upper and lower layers for 4 different initial
positions (a) to (d). In all cases considered, although particles in the upper layer are
advected a substantial distance after 25 cycles, advection in the lower layer is almost
negligible. This is due to the fact that the velocities in the lower layer are smaller by
two orders of magnitude. There is, however, a clear net drift out of the bay in both
layers. Considering the particles in the upper layer, the results show that particles in
the shallow Old Tampa Bay have relatively low velocities and are just about to exit
into the Middle Tampa Bay after 25 cycles (Figure 5.11a(7)). Once a particle reaches
the mouth of Old Tampa Bay, it moves at a faster rate alongshore in the deeper trench
to the west of the shallow central rise region in Middle Tampa Bay (Figure 5.11b(7)).
A particle seeded in Hillsborough Bay (Figure 5.11¢(4)), on the other hand, advects
relatively rapidly along the main axis of Tampa Bay, which is to the east of the central
rise in the Middle Tampa Bay region where the deep navigational channel is located
(see Figure 4.42). This advection route can be attributed to the relatively large river
inflow from Alafia River, which accounts for one-fifth the river inflow in Tampa Bay.
A particle seeded near the upstream end of the Lower Tampa Bay is flushed out of
the basin relatively quickly (Figure 5.11d(7)), and hence this region is not of interest

in the subsequent study.
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Figure 5.11: Tampa Bay: Trajectories of a single particle for a period of 25 cycles.
Particle initial positions (marked o) are: (a) (2.5x10%, 4.0x10%), and (b) (3.0x10%,
3.2x10%). Insets show details of the respective trajectories. (Figure continues next

page.)
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Figure 5.11: Tampa Bay: Trajectories of a single for a period of 25 cycles. Particle
initial positions (marked e) are: (c) (4.2x10%, 3.2x10%), and (d) (2.25x10%, 1.0x10%).
Insets show details of the respective trajectories. (Figure continues from previous

page.)

163



Next, a square patch of 10,000 particles is deployed in each layer at different initial
locations. Figure 5.12a(7) shows that by 100 cycles, the square patch from the Old
Tampa Bay region is greatly stretched along the eastern shore of Middle Tampa Bay
but a considerable quantity of particles still remain at the mouth of Old Tampa Bay.
Evidently, the narrow strait connecting the Old and Middle Tampa Bay acts like
an hourglass neck and releases particles from the Old Tampa Bay in a constrained
manner. This is likely to result from the flood tide which forces some of the escaping
particles back into the Old Tampa Bay before they are entrained into the alongshore
coastal jet in the Middle Tampa Bay. This is supported by the observations made
in Figure 5.11b(7) where the trajectory of the single particle near the mouth of Old
Tampa Bay undergoes cyclic to-and-fro motions before it is finally washed out of
the strait region. Figure 5.12a(7) also shows that the particles become increasingly
scattered as they approach the Lower Tampa Bay, and spread out in the shallow
lagoon in the vicinity of the groyne. The results show that 65.2% of particles still
remain in the Old Tampa Bay after 100 cycles, and this reduces gradually to 48.9% at
the end of 200 cycles, suggesting that the strait is an efficient barrier to the outflow of
tracers. Furthermore, the particles that escape Old Tampa Bay are mostly scattered
in the shallow lagoon near the Lower Tampa Bay, and only 11.3% exit the domain
by the end of 200 cycles.

Two square patches of particles are deployed in Hillsborough Bay. The patch near
the mouth of River Alafia (Figure 5.12b(7)) (PATCHg,) is significantly stretched but
not scattered as it is advected towards the Lower Tampa Bay. The other patch is
located initially in the relatively shielded region to the west of the northern island in
Hillsborough Bay (see Figure 5.12¢(7)) (PATCHpsy). This initial location is away from
the direct river influxes especially that from the Hillsborough River, which accounts
for almost a quarter of the river inflow in Tampa Bay. Interestingly, while PATCHpg,

is advected at almost the same rate as PATCHgy, it clearly experiences much less
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stretching. The two square patches of particles in the Hillshorough Bay, PATCHg;
and PATCHg, exit the computational domain within 18.4 cycles and 16.3 cycles,
respectively. In the former case, the longer duration taken is due to the stretching
of the particle patch. It is also worth noting that close to 7% of the particles in
PATCHg; are washed ashore on the southern island in the Hillsborough Bay and are
not further entrained into the flow field.

In summary, the energy of the two-layer stratified Tampa Bay under low river
inflow condition is concentrated in the upper surface layer and can be attributed
almost entirely to tidal forcing, with a net drift out of the bay. Particle advection
and mixing in the denser fluid below is extremely poor with excessively long residence
time, with important implications for water quality in the lower layer. Particles in
the surface layer, on the other hand, experience rather different rates of advection and
mixing dependent on their location. The phenomenon can be attributed to the fact
that the surface layer typically experiences a relatively stronger ebb flow compared
to the flood flow over a tidal cycle due to the effect of river input. The opposite
is true for the lower or subsurface layer. Hence, the difference between streamwise
particle advection in the upper and lower layers is likely to increase for large riverine
inflow. Old Tampa Bay has a relatively long residence time due to the narrow outlet,
whereas Hillsborough Bay has a relatively short residence time due to the large fluxes
of inflow from the tributaries. The Middle Tampa Bay is where particles are typically
stretched and washed out. Particles which are not scattered into the slow-flowing
shallow lagoon adjacent to the Lower Tampa Bay are typically flushed out of the

domain rapidly.
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Figure 5.12: Tampa Bay: Advection of a square patch of 10,000 particles. Plots
showing particle positions after 100 cycles (a), and 15 cycles (b,c). Initial particle
positions (marked [J on the upper layer) is centred at: (a) (2.55x10%, 4.05x10%), (b)
(4.15x10%, 3.2x10%), and (c) (3.95%10%, 3.45x 10%).
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Chapter 6

Conclusions and Recommendations

6.1 Conclusions

Lagrangian chaos can be observed even in a relatively simple deterministic flow field.
Consequently, the paths of particles, including those which are initially close together,
can significantly diverge and are thus difficult to predict. Furthermore, trajectories
in Lagrangian chaos can show coherent areas (islands) from which particles do not
escape, and fractal-like filamental structures. The resulting patchiness is in consid-
erable contrast to the smooth variations of a Gaussian distribution and is critical
to water quality of aquatic and marine environments. In the present thesis, chaotic
mixing processes in wavy-type channels and two-layer shallow water flow have been
studied using analytical tools developed in the field of nonlinear dynamics.

For wavy-type channels, mixing induced by the unsteady motion of trapped vor-
tices located in the trough region of the wavy wall has been considered. The equations
of motion for the vortices and the particles were derived assuming two-dimensional
irrotational, inviscid and incompressible flow. Using Lagrangian tracking, the instan-
taneous positions of the vortices and particles were determined in a mapped plane
and conformally mapped to the physical domain. A characteristic Strouhal number
~ 0.25 is found to hold for the vortex motion over a wide range of input parameters.
The results show that each vortex trajectory is governed mainly by its image, and the

numerical vortex paths agree well with the analytical ones for small perturbation.
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As particles travel along the wavy channels, significant stretching and folding,
and increasing scattering is observed. There exists a stable region which constitutes
a ‘core’ surrounding and shielding each vortex singularity. Outside this region, mass
exchange takes place between the interior and exterior of each separation bubble, cre-
ating a chaotic-sea-of-mixing region which evolves in size as the vortex moves. Anal-
ysis of the perturbed system shows that the spiral nature of the invariant manifolds
produces infinite self-similar criss-crossing tangles at all scales, which is responsible
for material exchange between the eddy in the furrow and the overlying steady flow.
The observed dynamics agree well qualitatively with solutions of the unsteady Navier—
Stokes equations for oscillatory unidirectional flow in a wavy channel (Sobey, 1980,
1982). Statistical evaluation shows that the skew-symmetrical wavy channel is more
efficient in passive mixing than a symmetrical wavy channel. Diffusion increases lat-
eral particle dispersion significantly at the expense of longitudinal particle dispersion.
Using the non-escaping vortex core as a source of reacting particles, active mixing in
the wavy channel has been studied. The unstable manifold is shown to be an effective
catalyst for the reactive process. The fractal dimensions obtained correlate well to
the escape rates and the Lyapunov exponents, provided the hyperbolic dynamics is
solely considered.

A density-stratified two-layer flow regime is commonly observed in large lakes,
reservoirs, and estuaries. Ignoring vertical mixing, chaotic stirring may occur, leading
to Lagrangian chaos to different degrees in the layers due to the varying flow field. In
the present thesis, an entropy-correction free Roe-type two-layer shallow water solver
has been developed for a hyperbolic system with non-conservative products and source
terms. The flow is assumed to comprise two superposed immiscible layers of shallow
liquid. The scheme is well-balanced and satisfies the C-property such that smooth
steady solutions are second order accurate (Chacén-Rebollo et al., 2003, 2004; Castro

et al., 2007b). Numerical treatment of the wet-dry fronts of both layers, and the loss
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of hyperbolicity associated with Kelvin-Helmholtz instabilities are incorporated in the
numerical scheme. The solver has been tested rigorously on a number of 1D and 2D
benchmark test cases, including still water solutions, well-balanced smooth steady
state solutions, the propagation of small and large interface perturbations (over a
flat bed and a hump), correct treatment in the non-hyperbolic region of the flow,
a stationary internal jump, lock exchange flow, shock behind wall, 1D internal dam
break, 2D internal circular dam break, 2D partial dam break, and a tidal channel with
a hump and constriction. For 2D implementation, a dynamically adaptive quadtree
grid generation system is deployed. It is shown, using grid convergence tests, that the
adaptive grid system produces results in excellent agreement with those on regular
grids at a fraction of the cost of the latter. This thesis also shows that the algebraic
balancing of Rogers et al. (2003, 2004) cannot be extended directly to a two-layer
shallow water flow due to the lack of simultaneous referencing for the still water
position of both the two layers.

The dynamics of the two-layer shallow water flow without vertical mixing relies
heavily on momentum and energy exchanges between the layers. Generally, only the
lower layer ‘feels’ the bed, whereas the free surface is predominantly undisturbed.
The model is applied successfully to an idealised two-layer tidal channel, and a two-
layer model of Tampa Bay, Florida, which is tidal-driven with low river inflow. It
is also used to simulate wind-induced circulation in circular and square basins. In
the cases of flow in inverted pyramidal basins, it is found that the flow features in
the upper layer differs significantly in the presence of single layer shore zone. This
can be attributed to the jet-like flow along the boundary of the lower layer along the
shore, as well as the discontinuous jump in resistance across the transition between
the single-layer and two-layer region. Additional numerical treatment is required to
address this issue satisfactorily.

Lagrangian particle tracking in wind-induced recirculation in shallow water basins
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wherein the two layers share the same vertical boundary wall shows that chaotic
behaviour in the lower layer is less pronounced than that of the upper layer due
to the reduced wind-forcing. In the case where the lower layer undergoes wetting
and drying along the shore such that there exists a single-layer shore region, the
flow features in both layers become more complicated. As a consequence, chaotic
behaviour is enhanced.

For Tampa Bay, the simulation results show that particle advection and mixing in
the lower layer is extremely poor, whereas that of the surface layer is highly dependent
on the release location in the bay. This verifies that the flow in Tampa Bay is
predominantly tidal driven, and riverine inflow, though relatively small in comparison,
plays a significant part in the much larger seaward surface drift. The simulation also
shows that geographical features can play a significant role in the fate of particles.
For example, the narrow strait between the Old Tampa Bay and Middle Tampa Bay
acts as a constriction that delays the release of particles from the Old Tampa Bay
region. The flood tides tend to force particles into the shallow lagoon instead of

flushing them out into the open sea.
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6.2 Recommendations

6.2.1 On the oscillatory point-vortex model

1. In the present study, simulated vortex motion is driven by specifying its pertur-
bation from the equilibrium position in the uniform flow field. As an alternative,
an external time-periodic oscillatory flow or a pulsatile-type flow component on

top of the steady mean flow may be used to drive the vortex motion.

2. The wavy wall paramaters may be modified to investigate the effect of wall
wavelength and amplitude on the overall mixing efficiencies. The approach
can be easily adapted to other geometries such as a sawtooth-type channel by
using appropriate conformal mapping. A preliminary study not reported in this
thesis shows interesting mixing behaviour in a sawtooth-type channel due to the

presence of sharp corners.

3. Another problem of interest would be to construct a long channel with a regular
profile interspersed by joints described with a different mapping function. In
this case, the vortex dynamics and mixing efficiencies could be compared with

those reported in the present thesis.

4. Using a suitable mapping function, the present model could be used to describe
a river with a series of groynes, or a coastline with a series of breakwaters
and dominated by longshore current. The model is valid for the above cases
provided the water depth variation and free surface dynamics are negligible, or
if the structures concerned are fully submerged. Potential applications are to
determine the optimum spacing and length of these (proposed) structures to
achieve the best mixing result for tracers, or alternately, to achieve desirable

sediment trapping.
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6.2.2 On the two-layer shallow water solver

1. The present solver can be further improved to handle the case of a lower layer
out-cropping on the free surface. This will allow simulation of the development
and evolution of a salt wedge in the estuary, as well as a wind-induced internal

seiche in a lake with a thin upper layer and/or density ratio approaching unity.

2. The Coriolis forcing should be included, especially in the simulation of large
lakes and coastal basins, to account for the Earth’s rotation; frequency disper-
sion should be added as a source term in order that the model can simulate
correctly phenomena such as internal waves and solitons, which require a local

balance between frequency and amplitude dispersion.

3. Owing to the difference in wave speed in the two layers, the two-layer model
requires a much smaller time step compared to the single layer model. Hence,

it is desirable to parallelize the computation for better time performance.

4. Solution of the two-layer shallow water model requires the viscosity matrix
D (3.33). This involves substantial computational cost to evaluate the system
eigenvalues, as well as to invert the matrix X of which the columns are the right
eigenvectors of the correponding system eigenvalues. Recently, Fernandez-Nieto
et al. (2011) introduced the idea of using a parabolic viscosity matrix given in
terms of the system matrix A which is readily available. Ferndndez-Nieto et al.
show that it is sufficient to use the first-order approximations of the system
eigenvalues to obtain a linearly L*°-stable scheme with accuracy approaching
that of the Roe scheme considered in this thesis. A similar approach to circum-
vent the numerical solution of the system eigenstructures could significantly

reduce the computational time.
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5. Flow behaviour in the upper layer where the single layer on a sloping bed abuts
against the two-layer region presents a physical and numerical challenge. The
flow features in the lower layer coupled with the discontinuity in the resistance
experienced by the upper layer results in jagged features in the flow along this
boundary. Additional examination of both the local physics and the numerical
treatment is needed to resolve this issue especially for cases which requires

steady state solutions.

6.2.3 On the adaptive grid generation system

1. The adverse effect of stepped approximation to boundary-fitting in the current
grid system is alleviated by increasing the grid resolution. Fine grid cells have
also been adopted in this thesis to resolve the wet-dry front of the lower layer
in the present two-layer model. For better approximation, grid cells near the
boundary may be triangularized (Yiu et al., 1996), or represented using cut-cells
(Liang et al., 2007b). This additional treatment is relatively straight forward
for the boundary but present a further challenge when applied to smooth out
the wet-dry front of the lower layer where the adaptations will need to alternate

between square and triangular or cut-cell grid cells.

2. In the present thesis, the idea of coarsening from a universally-fine initial grid
is adopted in lieu of grid refinement from a coarse initial grid in order to retain
as much critical information as possible especially the location of the wet-dry
front of the lower layer which is not known a priori. Presently, the minimum
and maximum level of grid cell subdivisions is user-prescribed. However, it
may be attractive to only need to prescribe the maximum subdivision, i.e. the
finest initial grid, and design the algorithm to coarsen to the appropriate grid

level according to certain flow variables. The obvious advantage is achieving
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computational efficiency and accuracy without prior knowledge of the minimum

permissible grid.

3. The adaptive grid has the advantage of allocating computational resources on
the region where fine resolution is required. Although the additional interpo-
lation routine incurs only minimal computational cost, it could be a source of
rounding errors. In particular, if the minimum and maximum levels of subdivi-
sion differ greatly, the large amount of interpolation computations in the grid
transition zone may cause error to accumulate. A possible alternative would be
to widen the region between cells of different levels using appropriate flags to

create these buffer zones.

6.2.4 On the study of chaotic mixing in a two-layer shallow
water flow

1. In the present thesis, horizontal chaotic mixing in a two-layer shallow water

flow is carried out solely for passive tracers. A possible problem of interest is to

examine the advection of active particles in an open flow around an obstacle,

such as a cylinder (e.g. Toroczkai et al., 1998; Liang et al., 2007a) or an island.

Uniform flow, tidal flow or exchange flow conditions may be examined.

2. Although the present immiscible model do not allow for vertical mixing between
the layers, computation of the hyperbolicity criterion (3.16) provides informa-
tion with regard to the appearance of Kelvin-Helmholtz instabilities in the flow.
This can potentially be used to identify grid cells where tracers in either layer
may acquire the necessary energy to mix into the other layer. Hence, a sim-
ple model problem would be to seed particles in either layer and identify the

entrainment into the other layer, as well as the eventual fate of the particles.

3. The model can be extended to consider sediment transport, and water quality

parameters.
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