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Abstract. In this paper, we study the spatially homogeneous inelastic Boltz-
mann equation for angular cutoff pseudo-Maxwell molecules with an additional

term of linear deformation. We establish the existence of non-Maxwellian self-
similar profiles under the assumption of small deformation in the nearly elas-

tic regime, and also obtain weak convergence to these self-similar profiles for

global-in-time solutions with initial data that have finite mass and finite p-th
order moment for any 2 < p ≤ 4. Our results confirm the competition be-

tween shear heating and inelastic cooling that governs the long-time behavior

of temperature. Specifically, temperature increases to infinity if shear heating
dominates, decreases to zero if inelastic cooling prevails, and converges to a

positive constant if the two effects are balanced. In the balanced scenario, the

corresponding self-similar profile aligns with the steady solution.

1. Introduction. The initial value problem of the spatially homogeneous inelastic
Boltzmann equation under the effect of shear heating in Rd modeled by the matrix
A ∈ Rd×d with d ≥ 2 is given by

∂tf −∇v ·(Avf) = Qe(f, f), f(0, v) = f0(v). (1)

Here, the unknown function f = f(t, v) ≥ 0 is the one-particle density distribution
of rarefied gas particles with velocity v ∈ Rd at time t ≥ 0, and the initial data
f(0, v) = f0(v) ≥ 0 is given. The inelastic Boltzmann collision operator Qe acting
only on the velocity variable involves a parameter eres ∈ (0, 1] called the coefficient
of restitution, which we assume to be constant through the paper. In the weak
form, Qe(f, f) is defined as∫

Rd

ψ(v)Qe(f, f)(v) dv =
1

2

∫
Rd

∫
Rd

∫
Sd−1

B(v − v∗, σ)f(v)f(v∗)
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× (ψ(v′) + ψ(v′∗)− ψ(v)− ψ(v∗)) dσdv∗dv, (2)

where the pre-collision velocity pair (v, v∗) and the post-collision velocity pair
(v′, v′∗) satisfy 

v′ =
v + v∗

2
+

1− z

2
(v − v∗) +

z

2
|v − v∗|σ,

v′∗ =
v + v∗

2
− 1− z

2
(v − v∗)−

z

2
|v − v∗|σ,

with σ ∈ Sd−1 and

z :=
1

2
(1 + eres) ∈ (

1

2
, 1]. (3)

When eres = 1, which corresponds to z = 1, the collision operator reverts back to
the classical elastic case.

The Boltzmann collision kernel B(v − v∗, σ) in (2) takes the form

B(v − v∗, σ) = |v − v∗|γ0b(cos θ), −d < γ ≤ 1, (4)

where

cos θ =
v − v∗
|v − v∗|

· σ, 0 < θ ≤ π/2.

The cases −d < γ < 0, γ = 0, and 0 < γ ≤ 1 are called soft potentials, pseudo-
Maxwell molecules, and hard potentials, respectively. Throughout the paper, we
only focus on the case of pseudo-Maxwell molecules with γ = 0. The angular part
of the collision kernel b ≥ 0 is assumed to be a continuous function and satisfy the
Grad cutoff assumption

bn =

∫
Sd−1

b(ê · σ)(ê · σ)n dσ <∞,

for all unit vectors ê ∈ Sd−1 and all natural numbers n ∈ N. We further assume
that the kernel is non-degenerate in the sense that

b0 > b2 > 0, b0 > b1. (5)

We remark that the assumptions on Maxwell molecules and also on the homoge-
neous regime for granular media via the inelastic Boltzmann equation might be seen
as an artificial ansatz, cf. [47] and [3]. Moreover, the assumption that the restitu-
tion coefficient is a fixed constant could be not seen as very physical as it may
cause a problem to define the dynamics of the microscopic particle system (inelastic
collapse), cf. [2] and [15].

The shearing matrix A ∈ Rd×d is a constant real matrix with the norm ∥A∥ =
sup|v|=1 |Av|, which includes the special case of the simple uniform shear flow (USF)

A = αE12, (E12)ij = δi1δ2j (6)

and shearing parameter α ≥ 0, where δij denotes the Kronecker delta.
Throughout the paper, we also assume that the initial value f0 = f0(v) satisfies∫

Rd

f0(v) dv = 1,

∫
Rd

vf0(v) dv = 0.

By the fact that 1 and v are collision invariants of the inelastic collision operator
and vanish on the shearing term after integration, it is well-known that the mass
and momentum of the solution to (1) are conserved. However, the energy is not
necessarily conserved since inelastic collision introduces a loss of energy, and the
shearing term is not guaranteed to balance this effect. In fact, there is a competition
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between shear heating and inelastic cooling that governs the long-time behavior of
temperature. To further study this phenomenon, one needs to define the natural
cooling rate ζ ≥ 0 as

ζ = z(1− z)(b0 − b1) = 2z(1− z)

∫
Sd−1

b(cos θ) sin2
θ

2
dσ, (7)

such that

−ζ|v − v∗|2 =

∫
Sd−1

b(cos θ)(|v′|2 + |v′∗|2 − |v|2 − |v∗|2) dσ,

which implies, in the case of no-shearing A = 0, that

d

dt

∫
Rd

|v|2f(t, v) dv

=
1

2

∫
Rd

∫
Rd

∫
Sd−1

b(cos θ)f(t, v)f(t, v∗)(|v′|2 + |v′∗|2 − |v|2 − |v∗|2) dσdv∗dv

= −1

2
ζ

∫
Rd

∫
Rd

f(t, v)f(t, v∗)|v − v∗|2 dv∗dv

= −ζ
∫
Rd

|v|2f(t, v) dv.

It is also necessary to denote the constant

c11 =
b0 − b2
d− 1

=
1

d− 1

∫
Sd−1

b(cos θ) sin2 θ dσ ≥ 0, (8)

such that, by a direct calculation,∫
Sd−1

b(σ · ê) dσ = b0, (9)∫
Sd−1

b(σ · ê)σ dσ = b1ê, (10)∫
Sd−1

b(σ · ê)σ⊗2 dσ = (b0 − dc11)ê
⊗2 + c11I, (11)

for any unit vector ê ∈ Sd−1, with the notation v⊗2 = v⊗v and v⊗w = vwT, where
wT is the transpose of the column vector w.

In this paper, we aim at studying the long-time behavior of solutions to (1)
under the competition of shear heating and inelastic cooling. Such competitive
phenomenon was observed and discussed in [21, 32] and our goal is to make a
rigorous mathematical analysis. Note that the two effects have been extensively
investigated by [33, 35, 7] and [17] in their individual frameworks. In particular,
solutions in both situations behave self-similarly over long times. Thus, a unified
framework is developed to study the competition of two effects on the long-time
behavior solutions. For this purpose, we shall consider the equation under the
self-similar scaling

f̃(t, ṽ) = edβtf(t, eβtṽ)

with some suitable self-similar parameter β ∈ R to be determined. This gives

∂tf̃ −∇ṽ ·((A+ βI)ṽf̃) = Qe(f̃ , f̃). (12)

The resulting equation is very similar to (1), with A replaced by the altered shearing
matrix

Aβ := A+ βI. (13)
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Hence, for simplicity, we drop the tilde in (12) and still denote f̃ , ṽ by f, v. It is
then natural to see the stationary profile G to (12), which satisfies

−∇v ·(AβvG) = Qe(G,G), (14)

which describes the long-time behavior of solutions to (12), or equivalently (1).
Note that in the special case β = 0, (14) just corresponds to the steady state of (1).

To study (1) in the frequency space, we take the Fourier transform φ(k) =
(Ff)(k) =

∫
Rde

−ik·vf(v) dv in (1). Recall γ = 0. We then formally obtain the
equation for φ as

∂tφ+ATk · ∇kφ = Q̂e(φ,φ). (15)

Here, AT is the transpose of A, and the collision operator Q̂e as in [9] can be split
as

Q̂e(φ,φ)(k) =

∫
Sd−1

b
(
σ · k

|k|
)
(φ(k+)φ(k−)−φ(0)φ(k)) dσ = Q̂+

e (φ,φ)(k)− b0φ(k),

(16)
for Maxwell molecules, where the negative term is obtained in terms of the mass
conservation,

Q̂+
e (φ,ψ)(k) =

∫
Sd−1

b(cosϑ)φ(k+)ψ(k−) dσ

is the bilinear gain part operator, cosϑ = k
|k| · σ, and

k− =
z

2
(k − |k|σ),

k+ = k − k− = (1− z

2
)k +

z

2
|k|σ,

are the corresponding Fourier variables.
The linearized gain part operator Le, linearized around the constant function 1,

is defined as

Leφ = Q̂+
e (φ, 1) + Q̂+

e (1, φ) =

∫
Sd−1

b(cosϑ)(φ(k+) + φ(k−)) dσ. (17)

Similar to how we obtain (15), after applying a Fourier transform to (12), one gets

∂tφ+AT
βk · ∇kφ = Q̂e(φ,φ), (18)

which has a similar form to (15) but with a replaced shearing matrix.
Our motivation to study (1) also originates from the recent study of homo-

energetic solutions of the elastic Boltzmann equation, as introduced by [45] and
[30], where the second- and the third-order moments are computed. The behavior
of these moments are later investigated in numerous works, including [43, 42, 46, 26,
44, 41, 1, 13]. The initial value problem, as shown by Cercignani in [20], has a global-
in-time L1 solution for a class of cutoff hard or pseudo-Maxwell collision kernels and
for suitable initial data (cf. [33]). More recently, [35] considered the Radon measure-
valued solution and existence of self-similar profiles, [7] considered the equation
via Fourier transform to establish the self-similar asymptotics of weak solutions in
large time, [24, 25] obtained the regularity and structure of shear dependency of
the solution, and [38, 37] generalized the results to non-cutoff, pseudo-Maxwellian,
and hard potentials.

On the other hand, the study of the inelastic Boltzmann equation, which models
the behavior of granular gases, is a quite related topic. In [8], the Boltzmann equa-
tion for inelastic pseudo-Maxwell potential is derived, together with the existence
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and uniqueness of the solution with initial data in L1
2. The behavior of the solution

was studied in [9, 11, 5, 6, 4], justifying the behavior conjectured in [27]. In [14],
convergence of solutions with pseudo-Maxwell molecule in 2-Wasserstein metric was
tackled. A survey of the use of Wassertein and Toscani metrics in this framework
was performed in [19]. In [40, 39], global well-posedness of the initial value problem
for a generic class of collision kernels was settled, and Haff’s law and the self-similar
structure for the solution was justified for the hard sphere model, which seems more
difficult to treat. Concerning the interaction between inelastic collision and shear-
ing, an explicit stationary state for the second moments was given in [21], and the
result was further discussed in [22, 32]. See also a recent work [23] for the linear
equation.

In this paper, we shall follow the approaches of [35] and [7] and consider (1)
both from the physical space and from the frequency space. More precisely, we
will show that the results in [35, 7] for the elastic Boltzmann equation, taken as an
evolution equation on the space of probability measures, generalize naturally to (1)
with inelastic collisions. In particular, we obtain the following result concerning the
existence of a stationary profile for inelastic collision.

Theorem 1.1. Assume that eres ∈ (0, 1] for eres given in (3), and the collision
kernel (4) is cutoff pseudo-Maxwellian. For sufficiently small ϵ > 0 ensuring small
shear, ∥A∥ < ϵ, and small inelasticity, 1 − eres < ϵ, there exists β ∈ R such that
with this self-similar parameter β, (14) has a nonnegative Radon-measure solution
G ∈ M+ with finite mass, zero momentum, and finite energy. Furthermore, G has
finite p-moment for some p > 2.

Here we refer to Section 2 for the definition of solutions. Theorem 1.1 will be
shown with a fixed-point argument using a uniform-in-time p-moment bound on the
solutions of (12). For technical reasons, instead of Rd, we will consider the Radon
measures on Rd

c and the compatification of Rd. The selection of an appropriate
self-similar parameter β will be made by a perturbation argument. As noted in
[7], in the case of elastic collision, only a limited selection of β yields a meaningful
solution of (12). We will see shortly that the same restriction applies to our model
of inelastic interactions.

We note that the correct choice of self-similar parameter β ∈ R that gives the self-
similar profile depends on both the shearing matrix A and the restitution coefficient
eres, and contrary to the case of elastic collision, it is not necessarily positive in the
case of uniform shear flow. In fact, β is chosen such that the inelastic cooling
effect is balanced by the shear heating effect that comes from the altered shearing
matrix. If inelastic cooling is the dominant effect, it would be necessary to choose
a negative β, which corresponds to an anti-drift force instead of the friction force
that corresponds to a positive β (cf. [47]).

For the simple uniform shear flow, we can determine the sign of β; its proof will
be given in Section 2.2.

Theorem 1.2. Assume eres ∈ (0, 1). Let A = αE12 be the uniform shear flow
matrix with shearing parameter α ≥ 0 and β ∈ R be the self-similar parameter
from Theorem 1.1 in the small inelasticity regime. Then, there exists a computable
strictly positive constant α0 > 0 depending only on eres, d, and c11 such that α0 → 0
as eres → 1− and the following holds:

1. β > 0 if α > α0;
2. β < 0 if α < α0;
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3. β = 0 if α = α0.

Therefore, α0 is a critical shearing parameter where the shear heating effect and the
inelastic cooling effect are balanced; in particular, for the balanced case α = α0, the
self-similar profile determined by (14) is reduced to the steady solution of (1).

Note that for the Cauchy problem (1), the usual fixed-point approach can be
adopted to prove the global existence of a class of measure-valued solutions even
for any constant shearing matrix A and any restitution coefficient eres ∈ (0, 1]; see
Theorem 2.5 later on. With this in hand, we focus on the long-time convergence
of solutions to those self-similar profiles obtained in Theorem 1.1. In fact, we have
the following result.

Theorem 1.3. Assume that eres ∈ (0, 1] and the collision kernel (4) is cutoff
pseudo-Maxwellian. Then, for all p ∈ (2, 4], there exists ϵ > 0 such that if ∥A∥ < ϵ
and 1 − eres < ϵ, then the following holds: Let f ∈ C 0([0,∞),M+) be a measure-
valued solution to (1) with initial data f0 ∈ M+ being a nonnegative Radon measure
with finite mass, zero momentum, and finite p-moment. Then, there exist β ∈ R,
λ > 0, and a nonnegative probability measure G ∈ M+ with zero momentum and
finite p-moment such that edβtf(t, eβtv) → λ−dG(λ−1v) on t → ∞ in the weak
topology of M+ with a computable convergence rate in 2-Toscani metric.

Here, the Toscani metric is introduced in (69) later on, see [19] for a review of this
topic. Theorem 1.3 will be shown by studying the equation in the frequency space
via Fourier transform. We will first show that the same results on Radon measures
on Rd

c have analogs on the characteristic functions of probability measures on Rd,
with additional convergence results in Toscani metrics. The desired result then
follows by reverting the Fourier transform with an appropriate scaling. Moreover,
regarding the stationary self-similar profile G, we can obtain its existence in both
Theorem 2.8 and Theorem 3.9 using the different approaches. In the meantime,
Theorem 3.9 also gives the uniqueness of G in an appropriate function space in the
Fourier framework.

In the case of simple USF (6), we note from Theorem 1.2 that for a given eres in
the nearly elastic regime, if the shear parameter α is exactly α0, then Theorem 1.3
above gives the weak convergence of the solution to the initial value problem on (1)
with appropriate initial data towards a non-degenerate stationary profile defined via
(14) with self-similar parameter β = 0, which is just a stationary solution of (1).
Moreover, the temperature of solutions increases to infinity for β > 0 corresponding
to the shear-heating dominated case and decreases to zero for β < 0 corresponding
to the inelastic-cooling dominated case, both exponentially fast as t→ ∞.

We divide the rest of this paper into two parts. In the first part of Section 2,
we treat (1) in the framework of nonnegative Radon measures. We first establish
the existence and uniqueness of global in time solutions as well as propagation of
moment bounds. To obtain the existence of a non-degenerate stationary profile,
we analyze the behavior of the second moment of Radon solutions in Section 2.1,
together with the special case of USF in Section 2.2. The stationary Radon profile
will be obtained in Section 2.3. In Section 3, we treat (15) in frequency space for
analogous results on existence of both global-in-time solutions and self-similar pro-
files in Section 3.1, in particular obtaining the weak convergence of global solutions
to self-similar profiles.
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2. Radon measure-valued solution. In this part, we consider the mild solutions
to (1) that are Radon measure-valued, see [29, Chapter 7]. First, we give the
formulation for mild solutions in the inelastic case, which is consistent with [36] for
the classical case. Denote by M+(Rd

c) the space of nonnegative Radon measures on
Rd

c , which is the one-point compactification of Rd appending the point ∞, equipped
with the total variation distance

∥f∥M =

∫
Rd

c

|f |(dv). (19)

For s > 0, let the s-moment norm of f ∈ M+ be

∥f∥s =
∫
Rd

c

(1 + |v|s)|f |(dv). (20)

For simplicity of notation, we write fdv as if f is a function. Equation (1) should
now be understood in the sense of measure. More precisely, we will focus on the
following notion of solutions to (1).

Definition 2.1 (Weak solution). We say that f ∈ C ([0,∞),M+) is a weak solution
of (1) with initial condition f(0, v) = f0(v) ∈ M+ if for any T > 0 and for any test
function ψ ∈ C 1([0, T ],C 1(Rd

c)),∫
Rd

ψ(T, v)f(T, dv)−
∫
Rd

ψ(0, v)f0(dv)

=−
∫ T

0

dt

∫
Rd

∂tψ f(t, dv)−
∫ T

0

dt

∫
Rd

(Av · ∇vψ)f(t,dv)

+
1

2

∫ T

0

dt

∫
Rd

∫
Rd

∫
Sd−1

dσ b
(
σ · v − v∗

|v − v∗|
)
f(t,dv)f(t, dv∗)

(ψ(t, v′) + ψ(t, v′∗)− ψ(t, v)− ψ(t, v∗)).

(21)

Under the cutoff assumption, we can write the corresponding strong form of the
inelastic collision operator as

Qe(f, f) = Q+
e (f, f)−Q−

e (f, f),

Q+
e (f, f)(v) =

∫
Rd

∫
Sd−1

b+(cos θ)eres
−1f(v′′)f(v′′∗ ) dσdv∗,

Q−
e (f, f)(v) =

∫
Rd

∫
Sd−1

b(cos θ)f(v)f(v∗) dσdv∗ = b0f(v)

∫
Rd

f(v∗) dv∗,

(22)

where

v′′ =
v + v∗

2
+

1− z′′

2
(v − v∗) +

z′′

2
|v − v∗|σ,

v′′∗ =
v + v∗

2
− 1− z′′

2
(v − v∗)−

z′′

2
|v − v∗|σ,

(23)

are images of the inverse of the scattering mapping, z′′ = 1
2 (1 + eres

−1) = z/eres,
and

b+(c) = b(
(1 + eres

2)c− (1− eres
2)

(1 + eres2)− (1− eres2)c
)

√
2

(1 + eres2)− (1− eres2)c
,

for −1 ≤ c ≤ 1. The derivation of the strong form (22) from the weak form (2) is
based strongly on the inelastic reflection map method as in the appendix of [17],
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where the ω representation of the post-collision velocities plays a crucial role. If one

defines u := v − v∗ and ω := u−|u|σ
|u−|u|σ| such that

v′′ = v − 1 + eres
2eres

((v − v∗) · ω)ω, v′′∗ = v∗ +
1 + eres
2eres

((v − v∗) · ω)ω,

and also denotes b̃ in the sense that b(c) = b̃(
√

(1− c)/2)(2
√
(1− c)/2)−1, then it

holds that

b(cos θ)dσ = 2b̃(ω · v − v∗
|v − v∗|

)dω, (24)

and

b̃(ω · v
′′ − v′′∗

|v′′ − v′′∗ |
)dω

=
1

2
b(
(1 + eres

2) cos θ − (1− eres
2)

(1 + eres2)− (1− eres2) cos θ
)

√
2

(1 + eres2)− (1− eres2) cos θ
dσ. (25)

One may refer to [17, A.3] for a detailed derivation, see also [31, 18]. With the help
of the strong form, we give another notion of solutions.

Definition 2.2 (Mild solution). Let L1([0, T ],M+) denote the space of all real-
valued functions t → ∥f(t)∥M that are integrable on [0, T ]. For g, h0 ∈ L1([0, T ],
M+) and 0 ≤ t0 ≤ t ≤ T <∞, we define

Sg(t, t0)h0(v) := e(t−t0)tr(A)e
−b0

∫ t
t0

∥g(τ)∥M dτ
h0(e

(t−t0)Av), (26)

such that h(t, v) = Sg(t, t0)h0(v) solves

∂th−∇v ·(Avh) = −b0h
∫
Rd

g(t, v) dv = −b0h ∥g(t)∥M ,

in the sense of measure on t ∈ [t0, T ] with initial condition h(t0, v) = h0(v). Then,
we say that f ∈ C ([0,∞),M+(Rd

c)) is a mild solution of (1) with initial condition
f0 ∈ M+(Rd

c) if

f(t, v) = Sf (t, 0)f0(v) +

∫ t

0

Sf (t, τ)Q
+
e (f, f)(τ, v) dτ .

Remark 2.3. We point out thatQ±
e (f, f) defines measures inM+ by the continuity

and integrability of b(cos θ). Here, the sense of measure is understood by integrating
by parts and passing the derivative to the test function. Note that if f is a mild
solution, then (1) holds in the sense of measure, which implies that (21) is satisfied
on appropriate test functions, and thus f is also a weak solution (see also [35]).

We first prove some useful properties of Q+
e and S.

Lemma 2.4. If f, g ∈ M+(Rd
c), then∥∥Q+

e (f, f)
∥∥
M = b0 ∥f∥2M , (27)∥∥Q+

e (f, f)−Q+
e (g, g)

∥∥
M ≤ b0(∥f∥M + ∥g∥M) ∥f − g∥M . (28)

Also, if h1, h2 ∈ L1([0, T ],M+(Rd
c)), then for T ≥ t ≥ t′ ≥ 0, it holds that

∥Sh1(t, t
′)f∥M = exp(−b0

∫ t

t′
∥h1(τ)∥M dτ)

∫
Rd

f(v) dv ≤ ∥f∥M , (29)

∥Sh1
(t, t′)f − Sh2

(t, t′)g∥M ≤ ∥f − g∥M
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+
b0
2
(∥f∥M + ∥g∥M)

∫ t

t′
∥h1(τ)− h2(τ)∥M dτ . (30)

Furthermore, if ∥f∥s, ∥g∥s <∞ for some s > 0, then one has

∥Q+
e (f, f)∥s ≤ C ∥f∥M ∥f∥s, (31)

∥Q+
e (f, f)−Q+

e (g, g)∥s ≤ C(∥f∥s + ∥g∥s)∥f − g∥s, (32)

∥Sh1
(t, t′)f∥s ≤ CT ∥f∥s, (33)

and

∥Sh1(t, t
′)f − Sh2(t, t

′)g∥s ≤ C∥f − g∥s +C(∥f∥s + ∥g∥s)
∫ t

t′
∥h1(τ)− h2(τ)∥M dτ ,

(34)
where the constant C depends only on A, s, T, and b0.

Proof. Noticing that Q+
e (f, f) ≥ 0 and Sg(t, t

′)f ≥ 0 by the definitions of Q+
e and

S in (22) and (26), by the fact that 1 is a collision invariant, we have (27) by∥∥Q+
e (f, f)

∥∥
M =

∫
Rd

Qe(f, f) dv +

∫
Rd

Q−
e (f, f) dv

=

∫
Rd

∫
Rd

∫
Sd−1

b(cos θ)f(v)f(v∗) dσdv∗dv

= b0 ∥f∥2M .

Next, it is direct to get∥∥Q+
e (f, f)−Q+

e (g, g)
∥∥
M

≤
∫
Rd

∫
Rd

∫
Sd−1

b+(cos θ)eres
−1|f(v′′)f(v′′∗ )− g(v′′)g(v′′∗ )|dσdv∗dv.

From the definition of v′′and v′′∗ in (23), a straightforward calculation gives that the
Jacobian matrix for the transformation (v, v∗) 7→ (v′′, v′′∗ ) satisfies

|J | = eres
−1.

Then, using a change of variables, (24), and (25), we get∥∥Q+
e (f, f)−Q+

e (g, g)
∥∥
M

≤
∫
Rd

∫
Rd

∫
Sd−1

b(cos θ)|f(v)f(v∗)− g(v)g(v∗)|dσdv∗dv

≤ b0

∫
Rd

∫
Rd

(|f(v)||f(v∗)− g(v∗)|+ |g(v∗)||f(v)− g(v)|) dv∗dv

= b0(∥f∥M + ∥g∥M) ∥f − g∥M ,

which implies (28). Moreover, (29) follows from

∥Sh1(t, t
′)f∥M =

∫
Rd

Sh1(t, t
′)f(v) dv

= exp
(
(t− t′)tr(A)− b0

∫ t

t′
∥h1(τ)∥M dτ

)∫
Rd

f(e(t−t′)Av) dv

= exp
(
− b0

∫ t

t′
∥h1(τ)∥M dτ

)∫
Rd

f(v) dv

≤ ∥f∥M .
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Using a change of variables and the fact that |e−x1 −e−x2 | ≤ |x1−x2| on x1, x2 ≥ 0,
we get (30) by

∥Sh1(t, t
′)f − Sh2(t, t

′)g∥M

= e(t−t′)tr(A)

∫
Rd

∣∣∣e−b0
∫ t
t′∥h1(τ)∥Mdτf(e(t−t′)Av)− e−b0

∫ t
t′∥h2(τ)∥Mdτg(e(t−t′)Av)

∣∣∣dv
≤

∫
Rd

(
f(v) + g(v)

2
b0

∫ t

t′

∣∣ ∥h1(τ)∥M − ∥h2(τ)∥M
∣∣dτ + |f(v)− g(v)|) dv

≤ b0
2
(∥f∥M + ∥g∥M)

∫ t

t′
∥h1(τ)− h2(τ)∥M dτ + ∥f − g∥M .

Noticing |v′|s ≤ (|v|+ |v∗|)s ≤ C(|v|s+ |v∗|s) and |v|s ≤ C(|v′′|s+ |v′′∗ |s) for s ≥ 0
and some constant C which depends only on s, by a change of variables, (24), and
(25), (31) then holds from

∥Q+
e (f, f)∥s ≤ C

∫
Rd

∫
Rd

∫
Sd−1

(2 + |v′′|s + |v′′∗ |s)b+(cos θ)eres−1f(v′′)f(v′′∗ ) dσdv∗dv

= C

∫
Rd

∫
Rd

∫
Sd−1

(2 + |v|s + |v∗|s)b(cos θ)f(v)f(v∗) dσdv∗dv

≤ C ∥f∥M ∥f∥s.

Similarly, we yield (32) by

∥Q+
e (f, f)−Q+

e (g, g)∥s

≤ C

∫
Rd

∫
Rd

∫
Sd−1

(2 + |v′′|s + |v′′∗ |s)b+(cos θ)eres−1|f(v′′)f(v′′∗ )− g(v′′)g(v′′∗ )|dσdv∗dv

= C

∫
Rd

∫
Rd

∫
Sd−1

(2 + |v|s + |v∗|s)b(cos θ)|f(v)f(v∗)− g(v)g(v∗)| dσdv∗dv

≤ C

∫
Rd

∫
Rd

(2 + |v|s + |v∗|s)(f(v)|f(v∗)− g(v∗)|+ g(v∗)|f(v)− g(v)|) dv∗dv

≤ C(∥f∥s + ∥g∥s)∥f − g∥s.

One can further prove (33) and (34) by

∥Sh1(t, t
′)f∥s =

∫
Rd

(1 + |v|s)e(t−t′)tr(A)e−b0
∫ t
t′∥h1(τ)∥M dτf(e(t−t′)Av) dv

≤
∫
Rd

(1 +
∣∣e−(t−t′)Av

∣∣s)f(v) dv
≤ CT ∥f∥s,

and

∥Sh1
(t, t′)f − Sh2

(t, t′)g∥s

≤ C

∫
Rd

(1 + |v|s)(f(v) + g(v)

2
b0

∫ t

t′
| ∥h1(τ)∥M − ∥h2(τ)∥M |dτ + |f(v)− g(v)|) dv

≤ C(∥f∥s + ∥g∥s)
∫ t

t′
∥h1(τ)− h2(τ)∥M dτ + C∥f − g∥s.

This then completes the proof of Lemma 2.4.

With all the above estimates, we now prove the existence of a mild solution by
a fixed-point approach.
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Theorem 2.5. If f0 ∈ M+(Rd
c), then for any constant shearing matrix A and

eres ∈ (0, 1], there exists a unique global-in-time mild solution f to (1) satisfying

∥f(t)∥M = ∥f0∥M . (35)

Proof. Let

XT :=
{
f ∈ C ([0, T ],M+(Rd

c))
∣∣ ∥f∥XT

:= sup
[0,T ]

∥f(t)∥M ≤ 2 ∥f0∥M
}

with T > 0. Consider the Picard iteration mapping P : XT → XT by

Pf(t, v) = Sf (t, 0)f0(v) +

∫ t

0

Sf (t, τ)Q
+
e (f, f)(τ, v) dτ .

We first show the boundedness of Pf for small time. By (29) and (27), for f ∈ XT

and t ∈ [0, T ], one has

∥Pf(t)∥M ≤ ∥Sf (t, 0)f0∥M +

∫ t

0

∥∥Sf (t, τ)Q
+
e (f, f)(τ)

∥∥
M dτ

≤ ∥f0∥M +

∫ t

0

∥∥Q+
e (f, f)(τ)

∥∥
M dτ

= ∥f0∥M + b0

∫ t

0

∥f(τ)∥2M dτ ,

which, further, by the definition of XT with norm ∥ · ∥XT
, gives

∥Pf(t)∥M ≤ ∥f0∥M + b0T∥f∥2XT
≤ ∥f0∥M + 4b0T ∥f0∥2M .

Thus, for

T ≤ 4b0
∥f0∥M + 1

, (36)

it holds that

∥Pf∥XT
≤ 2 ∥f0∥M . (37)

Furthermore, since b ≥ 0 and f ≥ 0, Pf(t) ≥ 0 for all t ∈ [0, T ], which implies
the positivity of Pf .

Now we prove that P is a contraction mapping on XT for small T . Letting
f, g ∈ XT for 0 ≤ t ≤ T , we take the difference to get

∥Pf(t)− Pg(t)∥M ≤ ∥Sf (t, 0)f0 − Sg(t, 0)f0∥M

+

∫ t

0

∥∥Sf (t, τ)Q
+
e (f, f)(τ)− Sg(t, τ)Q

+
e (g, g)(τ)

∥∥
M dτ .

It follows from (30), (27), and (28) that

∥Pf(t)− Pg(t)∥M

≤b0 ∥f0∥M
∫ t

0

∥f(τ)− g(τ)∥M dτ

+

∫ t

0

( ∥∥Q+
e (f, f)(τ)−Q+

e (g, g)(τ)
∥∥
M +

b0
2
(
∥∥Q+

e (f, f)(τ)
∥∥
M +

∥∥Q+
e (g, g)(τ)

∥∥
M)

×
∫ t

τ

∥f(τ ′)− g(τ ′)∥M dτ ′
)
dτ

≤b0T ∥f0∥M ∥f − g∥XT
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+ ∥f − g∥XT

∫ t

0

(
b0(∥f(τ)∥M + ∥g(τ)∥M) +

b30
2
(∥f(τ)∥2M + ∥g(τ)∥2M)T

)
dτ .

By letting T satisfy (36), we have from (37) that

∥Pf(t)− Pg(t)∥M ≤∥f − g∥XT
b0T ∥f0∥M (5 + 4b20T ∥f0∥M).

Further, we let

T = min
{ 1

1 + 10b0 ∥f0∥M + 8b30 ∥f0∥
2
M
,

4b0
∥f0∥M + 1

}
,

to get ∥Pf − Pg∥XT
≤ 1

2∥f − g∥XT
, which implies P is a contraction on XT . By

the Banach contraction theorem, there exists a unique f ∈ XT such that f = Pf .
In order to get a global solution, we integrate in v and t on both sides of (1) to

get

∥f(t)∥M = ∥f0∥M . (38)

Hence, the mass is conserved with (35), so we can extend the local-in-time solution
to be a unique global-in-time mild solution, which finishes the proof of Theorem
2.5.

Concerning the moments of a mild solution, we have the following result.

Theorem 2.6. Suppose f is a mild solution of (1) with initial condition f0(v) ∈
M+ with

∫
Rd |v|s0f0 dv < ∞ for some s0 > 1. Then, for any 0 < T < ∞, it holds

that

sup
0≤t≤T

∥f(t)∥s0 ≤ CT ∥f0∥s0 <∞, (39)

with some constant CT which depends on T , and the weak form (21) is satisfied on

test function ψ(t, v) ∈ C 1([0, T ],C 1(Rd)) with |ψ(t, v)|+|v||∇vψ(t, v)| ≤ C(1+|v|s′)
uniformly on t ∈ [0, T ] for some 1 < s′ < s0. Furthermore, on each s > s0 and
for each 0 < T < ∞, there exists fn with sup[0,T ]

∫
|v|sfn(t) < ∞, and f can

be approximated by fn(t, v) ∈ C 0([0, T ],M+) in the sense that sup[0,T ] ∥fn(t) −
f(t)∥s0 → 0 as n→ ∞.

Proof. By (33), (31), and (38), we have

∥f(t)∥s0 ≤ ∥Sf (t, 0)f0∥s0 +
∫ t

0

∥Sf (t, τ)Q
+
e (f, f)(τ)∥s0 dτ

≤ CT (∥f0∥s0 +
∫ t

0

∥f(τ)∥M ∥f(τ)∥s0 dτ)

= CT (∥f0∥s0 + ∥f0∥M
∫ t

0

∥f(τ)∥s0 dτ),

which implies (39).
Let ψ(t, v) ∈ C 1([0, T ],C 1(Rd)) be a test function with |ψ(t, v)|+|v||∇vψ(t, v)| ≤

C(1+ |v|s′). Then, letting ψ(t, v) be approximated by the sequence {ψn(t, v)}∞n=1 ⊂
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C 1([0, T ],C 1(Rd
c)) with |∇vψn| ≤ C(1 + |v|s′−1 + |∇vψ|), one gets∫

Rd

ψn(T, v)f(T, v) dv −
∫
Rd

ψn(0, v)f0(v) dv

+

∫ T

0

∫
Rd

f(t, v)∂tψn(t, v)dv dt+

∫ T

0

∫
Rd

Avf(t, v) · ∇vψn(t, v)dv dt

=
1

2

∫ T

0

∫
Rd

∫
Rd

∫
Sd−1

b(cos θ)f(t, v)f(t, v∗)

(ψn(t, v
′) + ψn(t, v

′
∗)− ψn(t, v)− ψn(t, v∗)) dσdv∗dvdt. (40)

Then, a Taylor expansion gives∣∣∣∫
Sd−1

b(cos θ)(ψn(t, v
′) + ψn(t, v

′
∗)− ψn(t, v)− ψn(t, v∗)) dσ

∣∣∣
≤ C

∣∣(v′ − v) ·
∫ 1

0

(∇vψn(t, v + ξ(v′ − v))−∇vψn(t, v∗ + ξ(v′∗ − v∗))) dξ
∣∣. (41)

A direct calculation shows that

|v′ − v| = |v′∗ − v∗| =
∣∣z
2
(v − v∗)−

z

2
|v − v∗|σ

∣∣
=

∣∣z
2
|v − v∗|(

v − v∗
|v − v∗|

− σ)
∣∣ ≤ z|v − v∗|,

which yields

C
∣∣(v′ − v) ·

∫ 1

0

(∇vψn(t, v + λ(v′ − v))−∇vψn(t, v∗ + λ(v′∗ − v∗))) dλ
∣∣

≤ C sup
|u−v|≤z|v−v∗|

|v − v∗||∇vψn(t, u)|+ sup
|u−v∗|≤z|v−v∗|

|v − v∗||∇vψn(t, u)|

≤ C(|v|+ |v∗|) sup
|u|≤(1+z)(|v|+|v∗|)

|∇vψn(t, u)|

≤ C(|v|+ |v∗|)
(
1 + (|v|+ |v∗|)s

′−1 + sup
R≤|u|≤(1+z)(|v|+|v∗|)

|∇vψ(t, u)|
)

≤ C(1 + (|v|+ |v∗|)s
′
), (42)

where the constant C is independent of n. The third inequality above holds since
ψ(t, v) ∈ C ([0, T ],C 1(Rd)), which gives |∇vψ(t, v)| ≤M on a neighborhood B(0, R)
of the origin for some constant M = M(ψ) > 0. Collecting (40), (41), and (42),
then passing to the limit n→ ∞ on ψn in (40), by dominated convergence theorem
one obtains (21) for ψ(t, v) ∈ C 1([0, T ],C 1(Rd)) with |ψ(t, v)| + |v||∇vψ(t, v)| ≤
C(1 + |v|s′).

Consider the higher moment approximation of f now. Let χ denote the indicator
function such that χE(x) = 1 for x ∈ E. Defining the initial data fn0 = f0χ|v|≤n

and the corresponding mild solutions fn, we have

∥fn0 − f0∥s0 =

∫
Rd

(1 + |v|s0)f0(v)χ|v|>ndv → 0,

as n→ ∞. From (39), it holds that

sup
t∈[0,T ]

∥fn(t)∥s ≤ CT ∥fn0∥s <∞,

sup
t∈[0,T ]

∥fn(t)∥s0 ≤ CT ∥fn0∥s0 ≤ CT ∥f0∥s0 <∞,
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which, together with (33), (34), and (32), yield

∥fn(t)− f(t)∥s0
= ∥Sfn(t, 0)fn0 − Sf (t, 0)f0∥s0

+

∫ t

0

∥Sfn(t, τ)Q
+
e (fn, fn)(τ)− Sf (t, τ)Q

+
e (f, f)(τ)∥s0 dτ

≤ C
(
∥fn0 − f0∥s0 + ∥f0∥s0

∫ t

0

∥fn(τ)− f(τ)∥M dτ

+

∫ t

0

(∥fn(τ)∥s0 + ∥f(τ)∥s0)∥fn(τ)− f(τ)∥s0 dτ

+

∫ t

0

(∥fn(τ)∥2s0 + ∥f(τ)∥2s0)
∫ t

τ

∥fn(τ ′)− f(τ ′)∥M dτ ′ dτ
)

≤ C∥fn0 − f0∥s0 + CT ∥f0∥s0(∥f0∥s0 + T )

∫ t

0

∥fn(τ)− f(τ)∥s0 dτ .

It then follows from the Gronwall inequality that supt∈[0,T ] ∥fn(t) − f(t)∥s0 ≤
CT ∥fn0 − f0∥s0 → 0 as n→ ∞.

Theorem 2.5 and Theorem 2.6 will be very useful later in the proof of Theorem
2.8 for the existence of the stationary self-similar profile G.

2.1. Second moment equation. We now compute the evolution equation for the
second moment tensor B = B(t) :=

∫
Rdv

⊗2f dv on a mild solution f of (12) that has

unit mass and zero momentum
∫
Rd(1, v)f(t, v) dv = (1, 0). Note that, by definition,

B is symmetric positive semidefinite.
By multiplying v⊗2 on both sides of (12) and integrating over v, we have

d

dt
B =

d

dt

∫
Rd

v⊗2f dv

=

∫
Rd

v⊗2∇v ·(Aβvf) dv +

∫
Rd

v⊗2Qe(f, f) dv

= −
∫
Rd

Aβvf · ∇v(v
⊗2) dv

+
1

2

∫
Rd

∫
Rd

∫
Sd−1

b(σ · ê)f(t, v)f(t, v∗)
(
v′

⊗2
+ v′∗

⊗2 − v⊗2 − v∗
⊗2

)
dσdv∗dv,

where we denote ê = v−v∗
|v−v∗| . Recalling (9), (10), and (11), a direct calculation gives

d

dt
B = −

∫
Rd

(v ⊗ (Aβv) + (Aβv)⊗ v)f(t, v) dv

− 1

4

∫
Rd

∫
Rd

∫
Sd−1

b(σ · ê)f(t, v)f(t, v∗)|v − v∗|2

× (z(2− z)ê⊗2 − z2σ⊗2 − z(1− z)(ê⊗ σ + σ ⊗ ê)) dσdv∗dv

= −
(
(

∫
Rd

v⊗2f(t, v) dv)AT
β +Aβ

∫
Rd

v⊗2f(t, v) dv
)

− 1

4

∫
Rd

∫
Rd

f(t, v)f(t, v∗)|v − v∗|2((2ζ + z2dc11)ê
⊗2 − z2c11I) dv∗dv,
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where ζ and c11 are defined in (7) and (8), respectively. Then,

d

dt
B = −(BAT

β +AβB)−
1

4
((2ζ + z2dc11) · 2B − z2c11 · 2tr(B)I)

= −
(
AβB + BAT

β + ζB + z2
dc11
2

(B − tr(B)
d

I)
)
,

which yields

0 =
d

dt
B +AβB + BAT

β + ζB + z2
dc11
2

(B − tr(B)
d

I)

=
d

dt
B +AB + BAT + 2(β +

ζ

2
)B + z2

dc11
2

(B − tr(B)
d

I)

=
d

dt
B + (2β + ζ + c̃)B + LB,

(43)

where Aβ is defined in (13), LB = AB+BAT− c̃
d tr(B)I, and c̃ = z2 dc11

2 > 0. Notice
that our equation contains the classical elastic case where eres = 1, which leads to
z = 1 and ζ = 0, see [35, 7].

In terms of (43), we denote the steady second moment equation for symmetric
B by

(2β̃ + c̃)B + LB = (2β + ζ + c̃)B + LB = 0, (44)

where β̃ = β + ζ/2. Here and in what follows, for the steady case we have used the
constant matrix B instead of the time-dependent matrix B.

2.2. Second moment for uniform shear flow. We now consider the second mo-
ment equation (43) in the case where A = αE12 , defined in (6), is the uniform shear
flow matrix, look for a symmetric stationary solution, and study the eigensystem of
−L. In such case, we can have a precise description on whether the temperature is
increasing or decreasing in terms of the comparison of effects between shear heating
and inelastic cooling.

Theorem 2.7. On a given non-degenerate cutoff collision kernel satisfying (5) and
inelastic parameter z ∈ (1/2, 1), for the inelastic Boltzmann equation under uniform
simple shear heating

∂tf − αv2∂v1f = Qe(f, f),

there exists a critical shearing parameter α0 = α0(z) > 0 defined by (53) in the proof
such that for the mild solution f(t, v) with temperature T (t) =

∫
Rd |v|2f(t, v)dv on

an initial probability measure with zero momentum and finite energy, the following
holds:

• If α > α0, T (t) grows exponentially with rate 2γ − ζ > 0;
• If 0 ≤ α < α0, T (t) decays to zero exponentially with rate ζ − 2γ > 0;
• If α = α0, T (t) converges exponentially to some finite positive value with rate
ζ − 2σ ≥ c̃ > 0.

Here, ζ is defined in (7), and γ = γ(α) and σ = σ(α) are defined in (49) and (50)
in the proof, respectively.

Proof. Rewrite (44) for symmetric B as

(2β̃ + c̃)B + αE12B + αBE21 −
c̃

d
tr(B)I = 0. (45)



16 JOSÉ A. CARRILLO, KAM FAI CHAN, RENJUN DUAN AND ZONGGUANG LI

By enumerating the indices, one has
(2β̃ + c̃)B11 + 2αB12 − c̃

d tr(B) = 0 if i = j = 1,

(2β̃ + c̃)B1j + αB2j = 0 if i = 1, j ̸= 1,

(2β̃ + c̃)Bii − c̃
d tr(B) = 0 if i = j ̸= 1,

(2β̃ + c̃)Bij = 0 if i, j, 1 are distinct to each other, d ≥ 3.
(46)

First, consider the degenerate case α = 0, or equivalently A = 0. Then, (45)
becomes

(2β̃ + c̃)B − c̃

d
tr(B)I = 0.

It is easy to see that there are only two solutions (β̃, B) to the above equation. The

first one is β̃ = −c̃/2, tr(B) = 0, which corresponds to the case that the eigenspace

is of codimension 1 in the space of symmetric matrices, and the second one is β̃ = 0,
B = cI for any constant c, which is the eigenspace of dimension 1.

Now assume that α > 0. In the case where β̃ = −c̃/2 (corresponding to eigenvalue
0 of −L), we have tr(B) = 0, which implies that the only symmetric positive
semidefinite solution is B = 0. More precisely, the solution space consists exactly of
symmetric matrices B with tr(B) = 0 and B2j = 0 for all j, so it has codimension
d+ 1.

Before proceeding to other solutions of (45), let us consider the behavior of (−L)2
for d ≥ 3. It is straightforward to get that

L2B = 2α2E12BE21 −
αc̃

d
tr(B)(E12 + E21)−

c̃

d
(2αB12 − c̃tr(B))I.

Comparing each element, it holds that the kernel of (−L)2 is defined by
0 = (L2B)11 = −2 c̃α

d B12 + 2α2B22 +
c̃2

d tr(B),
0 = (L2B)12 = −αc̃

d tr(B),

0 = (L2B)ii = −2 c̃α
d B12 +

c̃2

d tr(B), if i ≥ 2,

or equivalently tr(B) = B12 = B22 = 0, giving a nullspace of codimension 3.

We now assume that 2β̃ + c̃ ̸= 0. It follows from (46) that

B1j = 0 if j ≥ 3,

Bii =
c̃

d(2β̃ + c̃)
tr(B) if i ≥ 2,

B12 = − α

2β̃ + c̃
B22 = − αc̃

d(2β̃ + c̃)2
tr(B),

B11 = − 2α

2β̃ + c̃
B12 +

c̃

d(2β̃ + c̃)
tr(B) =

c̃

d(2β̃ + c̃)
(1 +

2α2

(2β̃ + c̃)2
)tr(B).

Hence, we have

tr(B) = B11 +

d∑
i=2

Bii =
c̃

d(2β̃ + c̃)
(

2α2

(2β̃ + c̃)2
+ d)tr(B). (47)

If tr(B) = 0, then Bii = 0 for all i, and B12 = 0, which implies B = 0. If tr(B) ̸= 0,

then it follows from (47) that dβ̃(2β̃ + c̃)2 = c̃α2, or equivalently

β̃(4β̃ + z2dc11)
2 = 2z2c11α

2. (48)
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Direct calculation shows that the derivative of the cubic has two distinct zeros, and
the cubic is negative at the smallest zero, which indicates that (48) has only one

real root β̃ = γ,

γ =
c̃

3
(−1 + coshY ) =

2c̃

3
sinh2

Y

2

=
z2dc11

3
sinh2(

1

6
arcosh

(
1 +

108

d3
(

α

z2c11
)2
)
) ∈ (0,

α

2
√
2d

], (49)

with Y = 1
3arcosh(1 + 27

d (α/c̃)2) = 1
3arcosh(1 + 108

d3 ( α
z2c11

)2) > 0. One may refer

to pages 473–477 in [34] for the formula. The solution α 7→ γ is bijective on R+,
strictly increasing, and has asymptotic γ ∼ α2 on α≪ 1 and γ ∼ α2/3 on α≫ 1.

The remaining two complex roots are

γ± =
c̃

3
(−1− 1

2
coshY ± i

√
3

2
sinhY ) = σR ± iω, (50)

with real part σR = Reγ± = − c̃
6 (2 + coshY ) < −c̃/2 < 0 and imaginary part

ω = c̃
2
√
3
sinhY > 0. Note that 2γ − 2σR = c̃

3 coshY > 0 and γ + 2σR = −c̃ < 0.

For a root β̃ of (48), the solution space of (45) is of dimension 1, and each
solution takes the form

B = tr(B)
( 1

d(1 + 2β̃/c̃)
I − β̃

α
(E12 + E21) + (1− 1

1 + 2β̃/c̃
)E11

)
. (51)

Particularly, for the real root γ,

B =
tr(B)

d(1 + 2γ/c̃)

(
I −

√
d
γ

c̃
(E12 + E21) + 2d

γ

c̃
E11

)
. (52)

Thus, assuming tr(B) = d(1 + 2γ/c̃) > 0, all eigenvalues of such B are, in non-
increasing order,

Λ1 = 1 + d
γ

c̃
+

√
d
γ

c̃
(1 + d

γ

c̃
),

Λ2 = . . . = Λd−1 = 1,

Λd = 1 + d
γ

c̃
−

√
d
γ

c̃
(1 + d

γ

c̃
),

which are all positive. Thus, B is positive definite, with the property that Λ1 → ∞,
Λd → 1/2 when α→ ∞, and Λ−1

1 + Λ−1
d = 2.

Thus, on a given self-similar parameter β, the operator B 7→ (2β+ ζ+ c̃)B+LB
has eigenvalues 2β+ζ−2γ, 2β+ζ−2γ+, 2β+ζ−2γ−, and 2β+ζ+c̃, where all except
the last are simple eigenvalues, and 2β + ζ + c̃ has D − d− 1 linearly independent

eigenvectors and d − 2 generalized eigenvectors of order 2 with D = d(d+1)
2 being

the dimension of the space of symmetric d × d complex matrices. Combined, the
solution B(t) of (43) on the self-similar parameter β takes the form

B(t) = c0e
−(2β+ζ−2γ)tB0 + c+e

−(2β+ζ−2σR−2iω)tB+ + c−e
−(2β+ζ−2σR+2iω)tB−

+ e−(2β+ζ+c̃)t(c1B1 + . . .+ cD−d−1BD−d−1)

+ te−(2β+ζ+c̃)t(c′1B
′
1 + . . .+ c′d−2B

′
d−2)

for some constants c0, c+, c−, c1, . . . , cD−d−1, c
′
1, . . . , c

′
d−2 ∈ C, nonzero matrices

B0, B+, B− of the form of (52) and (51), nonzero symmetric matrices B1, . . . , BD−d−1
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which have trace and (2, j)-entries zero for all j, and nonzero symmetric matri-
ces B′

1, . . . , B
′
d−2 which have trace, (1, 2)-entry, and (2, 2)-entry zero. Assuming

B0, B+, B− are normalized to have unit trace and noting that all except these three
terms have zero trace, taking the trace on B yields the temperature T := tr(B) of
the form

T (t) = c0e
−(2β+ζ−2γ)t + e−(2β+ζ−2σR)t(c+e

2iωt + c−e
−2iωt).

As T (t) should be a real number for all t, we have that c0 ∈ R and c+ = c−. On
c+ = r + im with r,m ∈ R, we have

e2βtT (t) = c0e
(2γ−ζ)t + e(2σR−ζ)t(2r cos(2ωt)− 2m sin(2ωt))

for some constants c0, r,m ∈ R. Similarly, by considering the equation for B12 and
B22, the three coefficients satisfy the relation

T (0) = c0 + 2r,

B12(0) = −γ
α
c0 −

2σR
α

r +
2ω

α
m,

B22(0) =
c̃

d(2γ + c̃)
c0 +

2c̃(2σR + c̃)

d((2σR + c̃)2 + 4ω2)
r +

4c̃ω

d((2σR + c̃)2 + 4ω2)
m.

Solving the system givesc0r
m

 =
d

c̃2α2

(
27 + 2d

c̃2

α2

)− 1
2

 4c̃ω(σ2
R + ω2) 4c̃ασRω 2c̃α2ω

− 2
3 c̃ω(c̃γ − 8ω2) −2c̃ασRω −c̃α2ω
1
6 c̃

2(c̃γ − 8ω2) − 1
2 c̃α(c̃γ − 8ω2) 1

2 c̃α
2(c̃+ 3γ)

 T (0)
B12(0)
B22(0)

 .

Particularly, we can see that c0, r,m, and the precise behavior of T (t) are determined
by the initial second moment matrix B0 = B(0) only via tr(B0) =

∫
|v|2f0, (B0)12 =∫

v1v2f0, and (B0)22 =
∫
v22f0, and the oscillating terms in T (t) vanish if these

quantities satisfy (52).
Furthermore, we can see that in the long-time asymptotic, the energy

• grows exponentially if 2γ > ζ + 2β (shearing dominant),
• decays exponentially if 2γ < ζ + 2β (cooling dominant), and
• converges to some constant c0 > 0 with rate ζ − 2σR > 0 if 2γ = ζ + 2β,

where γ depending on z, α, c11, and d is defined in (49), and ζ depending only on
z is given in (7). Without self-similar scaling, the last case happens if β = 0 solves
(48), or equivalently

α = α0 := (ζ + z2
dc11
2

)

√
ζ

z2c11
= ((1− z)(b0 − b1) + z

dc11
2

)

√
z(1− z)

b0 − b1
c11

> 0,

(53)
for 1/2 < z < 1. It is also direct to see α0 → 0 as z → 1−. This completes the
proof of Theorem 2.7.

Note that α0 as in (53) has a finite upper bound

α0 <
1

4
(b0 − b1 + dc11/2)

√
(b0 − b1)/c11 <∞.
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2.3. Stationary self-similar Radon profile. In [35], the existence of a stationary
self-similar profile for elastic collision can be shown under the assumption that the
shear strength ∥A∥ is sufficiently small. However, due to the appearance of the
cooling effect for inelastic collision, we need to further impose the smallness of ζ as
in (7), or equivalently the condition that the inelastic parameter z is close to 1, to
establish the existence. Here, the shearing matrix A is not necessarily associated
with a uniform shear.

Theorem 2.8. There exists ϵ > 0 such that if ∥A∥ < ϵ and 1 − z < ϵ, then
there is some β ∈ R and a symmetric positive definite matrix B with tr(B) = 1
such that for all Θ > 0, a self-similar profile G ∈ M+ exists where (14) is satis-
fied in the sense of measure with

∫
Rd(1, v, v

⊗2)G(v) dv = (1, 0,ΘB). In particular,∫
Rd(1, v, |v|2)G(v) dv = (1, 0,Θ).

Proof. First, we need to show the existence of B for the stationary second moment
equation (44) with the scaling parameter β. By similar perturbation arguments as
in [35, Lemma 4.16], for sufficiently small ∥A∥ ≪ 1, there exist a β ∈ R and a
nontrivial symmetric positive definite stationary solution B to (44). Moreover, β is
chosen to be the complex number with the largest real part for which (44) holds,
and B is normalized in this theorem with tr(B) = 1.

Take C∗ > 0 large enough and s ∈ (2, 4]. Let K ⊆ M+ be the set of measures
G that satisfies

∫
Rd(1, v, v

⊗2)G(v)dv = (1, 0,ΘB) and
∫
|v|sG ≤ C∗. Note that K

depends on C∗, s, and Θ. It is easy to see that K is nonempty, bounded in M+, and
convex. Furthermore, as K is weakly closed, then by the Banach–Alaoglu theorem
it is weak-* compact.

Let S : [0,∞) × M+(Rd
c) → M+(Rd

c) be the mild solution operator such that
G(t) = S(t)G0 is the mild solution from Theorem 2.5 with initial condition G0.
From Theorem 2.6, we can see that t 7→ S(t) is a semigroup on M+(Rd

c).
First, we show that S is uniformly weakly continuous on [0, T ] × K for each

T < ∞. Let 0 ≤ t1 ≤ t2 ≤ T < ∞, and G0(v) ∈ M+ with
∫
Rd |v|sG0(v)dv < ∞.

By Theorem 2.6, G(t) = S(t)G0 also has finite s-moment on [0, T ]. Let φ ∈ C 0(Rd
c).

Then, for a cutoff function φn ∈ C 2(Rd
c) with |v||∇vφn|+ |v|2|∇2

vφn| ≤ C(1 + |v|s)
for some constant C uniformly in n, we have∣∣∣ ∫

Rd

φn(v)G(t1, v)dv −
∫
Rd

φn(v)G(t2, v)dv
∣∣∣

≤
∫ t2

t1

∫
Rd

|Av · ∇vφn|G(t, v) dvdt

+
1

2

∫ t2

t1

∫
Rd

∫
Rd

∫
Sd−1

b(cos θ)G(t, v)G(t, v∗)

× |φn(v
′) + φn(v

′
∗)− φn(v)− φn(v∗)|dσdv∗dvdt,

which, together with (39), yields∣∣∣∫
Rd

φn(v)G(t1, v) dv −
∫
Rd

φn(v)G(t2, v) dv
∣∣∣

≤ C

∫ t2

t1

∫
Rd

|v||∇vφn|G(t, v) dvdt

+ C

∫ t2

t1

∫
Rd

∫
Rd

G(t, v)G(t, v∗)|v − v∗|2|∇2
vφn|dv∗dvdt
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≤ C

∫ t2

t1

(1 + |v|s)G(t, v) dt+ C

∫ t2

t1

(

∫
Rd

(1 + |v|s)G(t, v) dv)2dt

≤ CT |t2 − t1|(1 + ∥G0∥s)2,

for some constant CT depending on T , |∇vφn|, and |∇2
vφn|. By the density of our

test functions in C 0(Rd
c), the continuity holds for all test functions φ ∈ C 0(Rd

c).
We now show the weak continuity of S(t) on K with fixed t ≤ T <∞. Motivated

by [35], this will be done via the 1-Wasserstein distance on M:

W1(f, g) = sup
Lip(φ)≤1

∫
Rd

φ(v)(f(v)− g(v))dv,

where Lip(φ) = supx ̸=y
|φ(x)−φ(y)|

|x−y| is the Lipschitz constant of φ. Let f(t) =

S(t)f0 and g(t) = S(t)g0 be mild solutions with f0, g0 ∈ M+,
∫
Rd(f0(v), g0(v)) dv =

(1, 1), finite s-moments, and φ ∈ C (Rd
c) with finite Lipschitz constant that satisfies

Lip(φ) ≤ 1. Then, for fixed 0 ≤ t ≤ T <∞ and ψ(t′, v) = φ(e(t−t′)Av) on t′ ∈ [0, t]
which satisfies ∂t′ψ +Av · ∇vψ = 0, we first write∫

Rd

φ(v)(f(t, v)− g(t, v)) dv −
∫
Rd

φ(etAv)(f0(v)− g0(v)) dv

=

∫
Rd

ψ(t, v)(f(t, v)− g(t, v)) dv −
∫
Rd

ψ(0, v)(f0(v)− g0(v)) dv,

and it follows from the weak formulation (21) that∫
Rd

φ(f(t, v)− g(t, v))dv −
∫
Rd

φ(etAv)(f0(v)− g0(v))dv

=
1

2

∫ t

0

∫
Rd

∫
Rd

∫
Sd−1

b(
v − v∗
|v − v∗|

· σ)f(τ, v)(f(τ, v∗)− g(τ, v∗))

× (ψ(τ, v′) + ψ(τ, v′∗)− ψ(τ, v)− ψ(τ, v∗)) dσdv∗dvdτ

+
1

2

∫ t

0

∫
Rd

∫
Rd

∫
Sd−1

b(
v − v∗
|v − v∗|

· σ)(f(τ, v)− g(τ, v))g(τ, v∗)

× (ψ(τ, v′) + ψ(τ, v′∗)− ψ(τ, v)− ψ(τ, v∗)) dσdv∗dvdτ

−
∫
ψ(0, v)(f0(v)− g0(v)) dv. (54)

Since Lip(φ) ≤ 1, on τ ∈ [0, T ] we have

Lip(ψ(τ)) = Lip(φ(e(t−τ)Av)) ≤ Lip(φ)∥e(t−τ)A∥ ≤ sup
τ∈[0,T ]

∥eτA∥

which is a constant that depends only on T . Hence, one has∫
Rd

φ(etAv)(f0(v)− g0(v)) dv

= sup
τ∈[0,T ]

∥eτA∥
∫
Rd

φ(etAv)

sup[0,T ] ∥eτ
′A∥

(f0(v)− g0(v)) dv ≤ CW1(f0, g0).

Notice that

Lipv∗

(∫
Rd

∫
Sd−1

b(
v − v∗
|v − v∗|

· σ)f(τ, v)ψ(τ, v∗) dσdv
)
≤ CTLipv∗(ψ(τ, v∗)) ≤ CT ,

(55)
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Lipv∗

(
−
∫
Rd

∫
S−⊮

b(
v − v∗
|v − v∗|

· σ)f(τ, v)ψ(τ, v) dσdv
)
= 0. (56)

To estimate Lipv∗(
∫∫

bf(τ, v)ψ(τ, v′)dσdv), let ê ∈ Sd−1 be a fixed unit vector, and

R = R(v, v∗) be a rotation such that RT v−v∗
|v−v∗| = ê. Then, we use a change of

variables to get∫
Rd

∫
Sd−1

b(
v − v∗
|v − v∗|

· σ)f(τ, v)ψ(τ, v) dσdv

=

∫
Rd

∫
Sd−1

b(
v − v∗
|v − v∗|

·Rσ)f(τ, v)

× ψ
(
τ,
v + v∗

2
+

1− z

2
(v − v∗) +

z

2
|v − v∗|Rσ

)
dσdv

=

∫
Rd

∫
Sd−1

b(ê · σ)f(τ, v)ψ(τ, ṽ′) dσdv, (57)

with ṽ′(v, v∗, σ) =
v+v∗

2 + 1−z
2 (v − v∗) +

z
2 |v − v∗|R(v, v∗)σ. Since

∥∇v∗(|v − v∗|R(v, v∗)σ)∥ ≤
∥∥∥∥(R(v, v∗)σ)⊗ v − v∗

|v − v∗|

∥∥∥∥+ |v − v∗|
∥∥∥∥∂v∗ v − v∗

|v − v∗|

∥∥∥∥ ≤ C,

uniformly on v∗, we have

Lipv∗(ṽ
′) ≤ 1

2
+

1− z

2
+
z

2
Lipv∗(|v − v∗|R(v, v∗)σ)

≤ C + C sup
v∗

∥∇v∗(|v − v∗|R(v, v∗)σ)∥ ≤ C,

which, together with (57), implies

Lipv∗(

∫
Rd

∫
Sd−1

b(
v − v∗
|v − v∗|

· σ)f(τ, v)ψ(τ, v′) dσdv)

≤CT

∫
Rd

∫
Sd−1

b(ê · σ)f(τ, v)Lipṽ′(ψ(τ, ṽ′))Lipv∗(ṽ
′) dσdv ≤ CT . (58)

Similar arguments give that

Lipv∗(

∫
Rd

∫
Sd−1

b(
v − v∗
|v − v∗|

· σ)f(τ, v)ψ(τ, v′∗) dσdv) ≤ CT . (59)

Combining (55), (56), (58), and (59), we have

Lipv∗(

∫
Rd

∫
Sd−1

b(
v − v∗
|v − v∗|

· σ)f(τ, v)(ψ′(τ) + ψ′
∗(τ)− ψ(τ)− ψ′(τ)) dσdv) ≤ CT ,

which gives∫
Rd

∫
Rd

∫
Sd−1

b(
v − v∗
|v − v∗|

· σ)f(τ, v)(f(τ, v∗)− g(τ, v∗))

× (ψ(τ, v′) + ψ(τ, v′∗)− ψ(τ, v)− ψ(τ, v∗)) dσdv∗dv ≤ CTW1(f(τ), g(τ)),

and∫
Rd

∫
Rd

∫
Sd−1

b(
v − v∗
|v − v∗|

· σ)(f(τ, v)− g(τ, v))g(τ, v∗)

× (ψ(τ, v′) + ψ(τ, v′∗)− ψ(τ, v)− ψ(τ, v∗)) dσdv∗dv ≤ CTW1(f(τ), g(τ)).
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It holds from the above two inequalities and (54) that

W1(f(t), g(t)) ≤ CT (W1(f0, g0) +

∫ t

0

W1(f(τ), g(τ)) dτ),

which further yields by the Gronwall inequality that W1(f(t), g(t)) ≤ CTW1(f0, g0)
with the constant CT depending only on T . Hence, for each t > 0, S(t) : K → M+

is weakly continuous.
Recalling that K ⊆ M+ is the set of measures G with

∫
(1, v, v⊗2)G = (1, 0,ΘB)

and
∫
|v|sG ≤ C∗, we now show that S(t)K ⊆ K if C∗ is sufficiently large. By

the properties of mild solutions and the selection of β, it suffices to show that∫
Rd |v|sG(v)dv ≤ C∗ on G(t) = S(t)G0 for G0 ∈ K. Let Gn0 = G0χ|v|≤n and
Gn(t) = S(t)Gn0. As in Theorem 2.6, we have ∥Gn(t)−G(t)∥2 → 0 when n→ ∞.
By the selection of B and the fact that

∫
Rd(1 + |v|2)G(t, v)dv = 1 + Θ > 0 is

constant, then for sufficiently large n we have∫
Rd

(1 + |v|2)Gn(t, v)dv ≤ C

∫
Rd

(1 + |v|2)G(t, v)dv ≤ CT

at the given time t ≤ T <∞ with constant independent of n.
For s > 2, [31, Lem. 3.3] gives the following Povzner inequality:∫

Sd−1

b(cos θ)(|v′|s + |v′∗|s − |v|s − |v∗|s) dσ = P −N, (60)

with

P ≤ C(|v|2|v∗|s−2 + |v∗|2|v|s−2), (61)

N ≥ c(|v|2 + |v∗|2)s/2, (62)

where the constants C and c depend only on s and b0. It follows from (21), (60),
(61), and (62) that

d

dt

∫
Rd

|v|sGn(t, v) dv

= −s

∫
Rd

vTAβv|v|s−2Gn(t, v) dv

+
1

2

∫
Rd

∫
Rd

Gn(t, v)Gn(t, v∗)

∫
Sd−1

b(cos θ)(|v′|s + |v′∗|s − |v|s − |v∗|s) dσdv∗dv

≤ s(∥A∥ − β)

∫
Rd

|v|sGn(t, v) dv

+
1

2

∫
Rd

∫
Rd

Gn(t, v)Gn(t, v∗)(C(|v|2|v∗|s−2 + |v∗|2|v|s−2)− c(|v|s + |v∗|s))dv∗dv

= C(

∫
Rd

|v|2Gn(t, v) dv)(

∫
Rd

|v|s−2Gn(t, v) dv) + (s ∥A∥ − sβ − c)

∫
Rd

|v|sGn(t, v) dv.

(63)

The first term on the right-hand side above is controlled by

(

∫
Rd

|v|2Gn(v) dv)(

∫
Rd

|v|s−2Gn(v) dv)

≤ (

∫
Rd

(1 + |v|2)Gn(v) dv)
2 ≤ CT (

∫
Rd

(1 + |v|2)Gn0(v) dv)
2

≤ CT (

∫
Rd

(1 + |v|2)G0(v) dv)
2. (64)
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Recalling |β̃| = |β + ζ/2| ≤ C∥A∥ and ζ defined in (7), we choose z,A such that
1− z and ∥A∥ are sufficiently small with

∥A∥ − β ≤ ∥A∥+ |β̃|+ ζ/2 ≤ C(∥A∥+ (1− z)) < c/s. (65)

Collecting (63), (64), and (65), we have

d

dt

∫
Rd

|v|sGn(t, v) dv ≤ CT (

∫
Rd

(1 + |v|2)G0 dv)
2 − δ

∫
Rd

|v|sGn(t, v) dv

for some CT , δ > 0, and thus, by the Gronwall inequality,
∫
Rd |v|sGn(t, v) ≤ C∗ if∫

Rd |v|sG0(t) ≤ C∗ with C∗ > 0 sufficiently large. Passing to the limit, we have∫
Rd |v|sG(t, v) ≤ C∗ on each finite t ∈ [0, T ]. This implies that for each t > 0,
S(t)K ⊆ K.

By the Schauder fixed-point theorem, for each 0 < t < T < ∞, there exists a
fixed-point Gt ∈ K such that S(t)Gt = Gt. By the semigroup property of S(t),
S(nt)Gt = Gt for all n ∈ Z+. Let tn > 0 be a sequence such that tn → 0 when
n→ ∞. SinceK is closed and compact, up to a subsequence, we have that Gtn → G
when n→ ∞ for some G ∈ K.

Let t > 0. Then, there exists nk ∈ Z+ such that nktk → t when k → ∞.
Therefore, by the convergence of Gtk and continuity of S in time, it holds that

Gtk = S(nktk)Gtk = (S(nktk)− S(t))Gtk + S(t)Gtk → 0 + S(t)G, k → ∞,

which yields S(t)G = G for all t > 0. Hence, the proof of Theorem 2.8 is
finished.

The above theorem gives us the existence of the stationary Radon profile noted in
Theorem 1.1. Also, note that by construction, β is chosen such that the temperature
of the stationary profile is a finite positive number. For the uniform shear flow
matrix, the discussion in Theorem 2.7 implies the sign relation in Theorem 1.2.

From the proof, we can also see that the profile has finite moment of order
s ∈ (2, 4], given that A and 1− z are sufficiently small.

We remark that the smallness assumption posed on ∥A∥ and 1− z are needed in
only two places:

• the existence of stationary solution to the second moment equation (43),
• the control ∥A∥ − β < c/s for the Gronwall inequality in (65).

2.3.1. Sufficient condition to self-similar solutions for uniform shear flow. In [35],
a variant of Povzner inequality is proposed to tackle the existence problem of a self-
similar profile for elastic USF. The same variant also works for inelastic collision
and a more generic class of shearing matrix, assuming that additional conditions on
the kernel and the parameters are satisfied.

Lemma 2.9. Let β ∈ R be chosen as in Theorem 2.8. Suppose the kernel b is
continuous in the sense that

(v, w) 7→
∫
Sd−1

b
(
σ · v − w

|v − w|
)
g(v, w, σ) dσ

is continuous for all continuous functions g : Rd × Rd × Sd−1 → R, (44) holds for
AT, and the self-similar parameter β has a symmetric positive definite stationary
solution B̃ ∈ Rd×d. If

max
|v|=1

W(v;W ) +H(v) < 0, (66)
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for some matrix W ∈ Rd×d, where

W(v;W ) :=

∫
Sd−1

b
(
σ · v

|v|
)
(W+ +W− −W ) dσ −Aβv · ∇vW,

and

H(v) :=

∫
Sd−1

b
(
σ · v

|v|
)
(B̃+ ln B̃+ + B̃− ln B̃− − B̃ ln B̃) dσ − (1 + ln B̃)Aβv · ∇vB̃,

with matrices acting as the induced quadratic form W (v) = vTWv and

v− =
z

2
(v − |v|σ), v+ = v − v−,

then there exists ϵ0 > 0 such that for all ϵ ∈ (0, ϵ0), Φ(v) = (B̃(v) + ϵW (v))1+ϵ is
homogeneous of degree s = 2(1 + ϵ) > 2 and satisfies

UΦ(v, v∗) :=

∫
Sd−1

b
(
σ · v − v∗

|v − v∗|
)
(Φ(v′) + Φ(v′∗)− Φ(v)− Φ(v∗)) dσ −Aβv · ∇vΦ

≤ C|v|s/2|v∗|s/2 − κΦ,

for some C, κ > 0, |v∗| ≤ |v|, and Φ(v) ≤ C|v|s.

Note that we can always choose ϵ sufficiently small such that s ∈ (2, 3).

Proof. Since B̃ is positive definite, on sufficiently small ϵ > 0 we have

min
|v|=1

B̃(v) + ϵW (v) > 0,

and so min|v|=1 Φ(v) > 0. Using a Taylor expansion on Φ(v) = (B̃(v) + ϵW (v))1+ϵ

gives Φ = B̃+ ϵ(B̃ ln B̃+W )+O(ϵ2) and ∇vΦ = ∇vB̃+ ϵ((1+ln B̃)∇vB̃+∇vW )+
O(ϵ2). Then, with |v| = 1, it holds that

V Φ := UΦ(v, 0)

=

∫
Sd−1

b(σ · v
|v|

)(Φ+ + Φ− − Φ) dσ −Aβv · ∇vΦ

=

∫
Sd−1

b(σ · v
|v|

)(B̃+ + B̃− − B̃) dσ −Aβv · ∇vB̃

+ ϵ

(∫
Sd−1

b(σ · v
|v|

)(B̃+ ln B̃+ + B̃− ln B̃− − B̃ ln B̃) dσ − (1 + ln B̃)Aβv · ∇vB̃

+

∫
Sd−1

b(σ · v
|v|

)(W+ +W− −W ) dσ −Aβv · ∇vW

)
+O(ϵ2)

= W(v; B̃) + ϵ(H(v) +W(v;W )) +O(ϵ2).

Since B̃ is a stationary solution to (18) on shear AT,

W(v; B̃)

=

∫
Sd−1

b(σ · v
|v|

)(B̃+ + B̃− − B̃) dσ −Aβv · ∇vB̃

= B̃ :

∫
Sd−1

b(σ · v
|v|

)((v+)
⊗2

+ (v−)
⊗2 − v⊗2) dσ −Aβv · ∇vB̃

= B̃ :
1

2

∫
Sd−1

b(σ · v
|v|

)(z(z − 2)v⊗2 + z2|v|2σ⊗2 + z(1− z)|v|(v ⊗ σ + σ ⊗ v)) dσ

−Aβv · (B̃ + B̃T)v
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= B̃ :
1

2
(z2dc11(

|v|2

d
I − v⊗2) + 2ζv⊗2)− (AT

βB̃ + B̃Aβ) : v
⊗2

= −v⊗2 : (ATB̃ + B̃A+ (2β + ζ)B̃ + z2
dc11
2

(B̃ − tr(B̃)

d
I)) = 0

with X : Y =
∑

ij XijYij . Furthermore, by assumption (66), taking 0 < ϵ ≪ 1
sufficiently small, we have that max|v|=1 V Φ < 0.

By the continuity of the kernel and Φ, UΦ is continuous in v∗, so on |v∗| ≤ δ ≪ 1,
we have max|v|=1 UΦ < 0 as well. Since max|v|=1 Φ > 0, we also have UΦ ≤ −κΦ
for some κ > 0 sufficiently small.

On δ ≤ |v∗| ≤ |v| = 1, as |v′|, |v′∗| ≤ |v|+ |v∗| ≤ 2, |Φ(v′)+Φ(v′∗)−Φ(v)−Φ(v∗)| ≤
C. Also, |∇vΦ| ≤ (B̃ + ϵW )ϵ(|∇vB̃|+ ϵ|∇vW |) ≤ C on |v| = 1. These imply that

UΦ ≤
∫
Sd−1

b
(
σ · v − v∗

|v − v∗|
)
|Φ(v′)+Φ(v′∗)−Φ(v)−Φ(v∗)|dσ+∥Aβ∥|v||∇vΦ| ≤ Cδs/2.

Combining the two cases and using the homogeneity of Φ, we have that UΦ ≤
C|v|s/2|v∗|s/2−κΦ for some C, κ > 0 on |v∗| ≤ |v|. Hence, Φ ≤ C|v|s follows directly
from the homogeneity of Φ.

There are few results on the existence of matrices satisfying (66). However, we

note that, assuming Lemma 2.9 holds, such B̃ exists, and then

• W(v;W ) is linear in W

• as |v±| ≤ C|v|, B̃, B̃± ≤ C. Since x 7→ x lnx is locally bounded, the integrand

in H is bounded. Furthermore, B̃ is positive definite, so min|v|=1 ln B̃(v) > 0.
This implies that max|v|=1 H <∞.

Hence, it would suffice to find W such that max|v|=1 W(v;W ) < 0, with λ > 0
being sufficiently large,

max
|v|=1

H(v) +W(v;λW ) ≤ max
|v|=1

H(v) + λmax
|v|=1

W(v;W ) < 0,

and thus (66) holds. As seen in the proof of Theorem 2.9, one has

W(v;W ) = −v⊗2 :
(
ATW +WA+ (2β + ζ)W + z2

dc11
2

(W − tr(W )

d
I)
)
.

Then, max|v|=1 W(v;W ) < 0 is equivalent to

ATW +WA+ (2β + ζ)W + z2
dc11
2

(W − tr(W )

d
I) ≻ 0, (67)

with ≻ defined in the sense that A ≻ 0 if and only if vTAv > 0 for all v ∈ Rd.
So, to use Theorem 2.9, it suffices to show that such W exists. For consistency

with notations in (48), on β̃ = β + ζ/2 and c̃ = z2 dc11
2 , we rewrite (67) as

R(W ) = AT
β̃
W +WAβ̃ + c̃(W − tr(W )

d
I) ≻ 0. (68)

In what follows, we would point out that, while the approach above may yield
desired results on some shearing matrices, it fails in case of 2D USF.

Theorem 2.10. If d = 2 and (48) holds, then no W ∈ R2×2 satisfies (68) for
uniform shear flow where A = αE12.

Proof. On x = (cos θ, sin θ)T ∈ S1 where S1 denotes the one-dimensional sphere,

xTRx = C + C1 cos(2θ) + C2 sin(2θ)
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has minimum value minx∈S1 xTRx = C −
√
C2

1 + C2
2 with

C = (β̃,
α

2
,
α

2
, β̃) · W⃗ ,

C1 = (β̃ +
c̃

2
,−α

2
,−α

2
, β̃ +

c̃

2
) · W⃗ ,

C2 = (α, β̃ +
c̃

2
, β̃ +

c̃

2
, 0) · W⃗ ,

and W⃗ = (W11,W12,W21,W22)
T. To have minx∈S1 xTRx > 0, it is equivalent to

require

C > 0,

C2 − C2
1 − C2

2 = W⃗TSW⃗ > 0,

to hold for some W⃗ with

S =


−α2 − 1

4 c̃(4β̃ + c̃) − 1
4αc̃ − 1

4αc̃
1
4 c̃(4β̃ + c̃)

− 1
4αc̃ − 1

4 (2β̃ + c̃)2 − 1
4 (2β̃ + c̃)2 − 1

4αc̃

− 1
4αc̃ − 1

4 (2β̃ + c̃)2 − 1
4 (2β̃ + c̃)2 − 1

4αc̃

2β̃2 + 1
4 c̃(4β̃ + c̃) − 1

4αc̃ − 1
4αc̃ − 1

4 c̃(4β̃ + c̃)


and such W⃗ exists if and only if −S is not positive semidefinite. However, we can
enumerate all 15 principal minors of −S and note that

M1 = α2 +
1

4
c̃(4β̃ + c̃), M2 =M3 =

1

4
(2β̃ + c̃)2, M4 =

1

4
c̃(4β̃ + c̃),

M12 =M13 =
1

16c̃
(4β̃ + c̃)2(2β̃ + c̃)3, M14 =

1

2
β̃(2β̃ + c̃)3,

M23 = 0, M24 =M34 =
1

16
c̃(2β̃ + c̃)3,

M123 =M124 =M134 =M234 = 0

are all nonnegative with det(−S) = 0. Then, −S is positive semidefinite, and no

such W⃗ exists.

This implies that in order to have (66) on 2D USF, it is necessary to study the
behavior of the more complicated part H of the condition. If H(v) ≥ 0 on |v| = 1,
(66) fails to hold.

In the current section, following the same strategy as in [35], we have constructed
the global-in-time solutions as nonnegative measures for the Cauchy problem (1) in
Theorem 2.5, and further obtained the propagation of moment bounds in Theorem
2.6. Moreover, we have provided a characterization of the long-time behavior of
temperature in the case of simple uniform shear flow in Theorem 2.7, and estab-
lished the existence of stationary self-similar Radon profile in Theorem 2.8. In the
next section, we will follow the approach in [7] for further obtaining the long-time
asymptotics toward the self-similar profile for global-in-time solutions of (1).

3. Fourier solution. In this part we consider the solutions in the Fourier space
as characteristic functions. The natural solution space is the space K of charac-
teristic functions, the Fourier transform of probability measures on Rd. For two
characteristic functions φ,ψ ∈ K, their p-Toscani distance for p > 0 is

∥φ− ψ∥p = sup
k ̸=0

|φ(k)− ψ(k)|
|k|p

. (69)
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The Cannone–Karch space Kp ⊆ K with p ∈ (0, 2], the space of characteristic
functions with finite p-Toscani distance with 1, that is ∥φ − 1∥p < ∞, contains all
characteristic functions of probability measures with finite absolute p-moment and
(if p > 1) zero mean [16].

Similar to the elastic case in [7], we have the following lemma for properties of

the operator Q̂+
e .

Lemma 3.1. Let Q̂+
e be defined in (16). Then, b−1

0 Q̂+
e (K,K) ⊆ K, and the Le-

Lipschitz property of Q̂+
e holds:

|Q̂+
e (φ,φ)(k)− Q̂+

e (ψ,ψ)(k)| ≤ Le|φ(k)− ψ(k)| ≤ 2b0∥φ− ψ∥L∞ , (70)

where Le is defined in (17).

Proof. The proof is very similar to [7, Lem. 3.1], see also [10]. For brevity, we only
prove the Le-Lipschitz property as follows:

|Q̂+
e (φ,φ)− Q̂+

e (ψ,ψ)|

≤
∫
Sd−1

b(cosϑ)|φ(k+)φ(k−)− ψ(k+)ψ(k−)|dσ

≤
∫
Sd−1

b(cosϑ)|φ(k+)||φ(k−)− ψ(k−)|dσ

+

∫
Sd−1

b(cosϑ)|φ(k+)− ψ(k+)||φ(k−)|dσ

≤
∫
Sd−1

b(cosϑ)|φ(k−)− ψ(k−)|dσ +

∫
Sd−1

b(cosϑ)|φ(k+)− ψ(k+)|dσ

= Le|φ− ψ| ≤ 2b0∥φ− ψ∥L∞ ,

for φ,ψ ∈ K. In the third inequality above, we use the fact that |ϕ(k)| ≤ 1 for any
k.

Then, we integrate equation (15) to get the mild form of the solution defined as
follows.

Definition 3.2. A function φ(t, k) ∈ C ([0,∞),K) is a mild solution of (15) on the
initial condition φ0(k) = φ(0, k) ∈ K if

φ(t, k) = e−b0tφ0(e
−tAT

k) +

∫ t

0

e−b0(t−τ)Q̂+
e (φ,φ)(τ, e

−(t−τ)AT

k) dτ . (71)

We can prove the existence of the Cauchy problem solution of (15) in terms of
the mild solution of (15) in the frequency space.

Theorem 3.3. If φ0(k) ∈ K, then there exists a unique mild solution φ(t, k) ∈
C ([0,∞),K) globally in time and satisfying (71) with initial condition φ(t, k) =
φ0(k).

Proof. Consider the Picard map P : XT → XT on XT := C ([0, T ],K) equipped with
metric d(φ,ψ) = sup[0,T ] ∥φ(t)− ψ(t)∥L∞ defined by

Pφ(t, k) = e−b0tφ0(e
−tAT

k) +

∫ t

0

e−b0(t−τ)Q̂+
e (φ,φ)(τ, e

−(t−τ)AT

k) dτ .
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We first show that P maps XT into itself. For φ0, φ(τ) ∈ K, it is straight-forward

to see that φ0(e
−tAT

k) and Q̂+
e (φ,φ)(τ, e−(t−τ)AT

k) are characteristic functions.
Pφ(t), which is a convex combination of characteristic functions, is also a charac-
teristic function for each t ∈ [0, T ]. Furthermore, since K is a subset of all continuous

functions, and t 7→ e−b0tφ0(e
−tAT

k) and (t, τ) 7→ e−b0(t−τ)Q̂+
e φ(τ, e−(t−τ)AT

k) are
continuous, then t 7→ Pφ(t) is continuous. These imply that P is well-defined.

For φ,ψ ∈ XT and t ∈ [0, T ], it holds that

|Pφ(t, k)− Pψ(t, k)| ≤
∫ t

0

e−b0(t−τ)|Q̂+
e (φ,φ)(τ)− Q̂+

e (ψ,ψ)(τ)|(e−(t−τ)AT

k) dτ

≤
∫ t

0

2b0∥φ(τ)− ψ(τ)∥L∞ dτ

≤ 2b0T d(φ,ψ).

We choose T = 1
4b0

, which is independent of φ0. Hence, P is a Banach contraction,
and there exists φ ∈ XT such that Pφ = φ. By a standard extension argument,
there exists φ ∈ C ([0,∞),K) such that Pφ = φ.

We show that the distance of two mild solutions φ,ψ for the elastic equation
on initial conditions φ0, ψ0 ∈ K is controlled by a corresponding solution on the
linearized equation (15). The proof is similar to that in [7, Thm. 4.8], noting that

the key points are using the bound |Q̂+
e (φ,φ) − Q̂+

e (ψ,ψ)| ≤ Le|φ − ψ| and the
comparison principle.

Theorem 3.4. Let φ(t, k) and ψ(t, k) be two mild solutions of (15) with initial
conditions φ0(k), ψ0(k) ∈ K. Then, if y(t, k) satisfies

y(t, k) = e−b0ty0(e
−tAT

k) +

∫ t

0

e−b0(t−τ)Ley(τ, e
−(t−τ)AT

k) dτ , (72)

which is the mild solution of the linearized equation

∂ty +ATk · ∇ky = Ley − b0y,

with initial condition y0(k) = |φ0(k)− ψ0(k)|, then it holds that

|φ(t, k)− ψ(t, k)| ≤ y(t, k). (73)

Proof. We have from (71) and (70) that for z(t, k) = |φ(t, k)− ψ(t, k)|,

z(t, k) = |φ(t, k)− ψ(t, k)|

≤ e−b0t|φ0(e
−tAT

k)− ψ0(e
−tAT

k)|

+

∫ t

0

e−b0(t−τ)|Q̂+
e (φ,φ)− Q̂+

e (ψ,ψ)(τ, e
−(t−τ)AT

k)|dτ

≤ e−b0ty0(e
−tAT

k) +

∫ t

0

e−b0(t−τ)Le|φ− ψ|(τ, e−(t−τ)AT

k) dτ

= e−b0ty0(e
−tAT

k) +

∫ t

0

e−b0(t−τ)Lez(τ, e
−(t−τ)AT

k) dτ .

Therefore, (73) holds by comparison principle.
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In order to control the growth of the p-Toscani distance in time, we need to define
the kernel constant

λp =

∫
Sd−1

b
(
σ · k

|k|
)(
1− |k+|p + |k−|p

|k|p
)
dσ

=

∫
Sd−1

b(cosϑ)
(
1− (z2 sin2

ϑ

2
)p/2 − (1− z(2− z) sin2

ϑ

2
)p/2

)
dσ, (74)

for p ≥ 0 as in [12, 7]. Note that λ0 = −b0 < 0, λ2 = ζ ≥ 0, and λp ≤ b0 for all p.
Furthermore, a direct calculation shows that

∂λp
∂p

=

∫
Sd−1

b(cosϑ)(−(z2 sin2
ϑ

2
)p/2 ln(z2 sin2

ϑ

2
)

− (1− z(2− z) sin2
ϑ

2
)p/2 ln(1− z(2− z) sin2

ϑ

2
)) dσ > 0 (75)

by the facts that z2 sin2 ϑ
2 ≤ 1 and 1 − z(2 − z) sin2 ϑ

2 ≤ 1, which implies that λp
is strictly increasing in p. This gives that the unique root p0 > 0 that λp0

= 0 is
strictly smaller than 2 in the case of inelastic collision z < 1, and λp > 0 with p > 2
for all z ∈ (1/2, 1].

Now we can justify the existence and show some properties of such y(t) for
appropriate an initial condition y0 with the framework developed in [7] in the elastic
case.

Theorem 3.5. Let Cp =
{
f ∈ C (Rd,R)| ∥f∥p <∞

}
equipped with p-Toscani norm

for some p > 0. Then, it holds that:

• For every y0(k) ∈ Cp, there exists a unique y(t, k) to (72) denoted by

y(t, k) = exp(t(−b0 + Le −ATk · ∇k))y0 ∈ C ([0,∞), Cp).
• If y0(k) ∈ Cp and u(t, k) ∈ C ([0,∞), Cp) are both nonnegative, and

u(t, k) ≥ e−b0ty0(e
−tAT

k) +

∫ t

0

e−b0(t−τ)Leu(τ, e
−(t−τ)AT

k) dτ , (76)

then one has

u(t, k) ≥ y(t, k) = exp(t(−b0 + Le −ATk · ∇k))y0(k). (77)

• If u0 = u0(k), v0 = v0(k) ∈ Cp and 0 ≤ u0 ≤ v0, then it holds that

0 ≤ exp(t(−b0 + Le −ATk · ∇k))u0 ≤ exp(t(−b0 + Le −ATk · ∇k))v0. (78)

Proof. First, consider the Picard iteration

z0(t, k) = 0,

zn+1(t, k) = e−b0ty0(e
−tAT

k) +

∫ t

0

e−b0(t−τ)Lezn(τ, e
−(t−τ)AT

k) dτ , n = 0, 1, · · · ,

with t ∈ [0, T ] for some T > 0 to be determined later. Then, one gets

|zn+1(t, k)|
|k|p

≤ e−b0t∥e−tAT

∥p∥y0∥p +
∫ t

0

e−b0(t−τ)∥e−(t−τ)AT

∥p |Lezn(τ, k)|
|k|p

dτ

≤ ∥y0∥p sup
[0,T ]

∥e−τAT

∥p

+ sup
[0,T ]

∥e−τAT

∥p
∫ t

0

e−b0(t−τ)∥zn(τ)∥p
∫
Sd−1

b(cosϑ)
|k+|p + |k−|p

|k|p
dσdτ
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≤ ∥y0∥p sup
[0,T ]

∥e−τAT

∥p + T sup
[0,T ]

∥e−τAT

∥p(b0 − λp) sup
[0,T ]

∥zn(τ)∥p,

which yields

sup
[0,T ]

∥zn+1(τ)∥p ≤ ∥y0∥p sup
[0,T ]

∥e−τAT

∥p + (b0 − λp)T sup
[0,T ]

∥e−τAT

∥p sup
[0,T ]

∥zn(τ)∥p.

By induction, zn ∈ C ([0, T ], Cp) for each n > 0 and T > 0.
Furthermore, direct calculations show that

sup
[0,T ]

∥z1(t)− z0(t)∥p = sup
[0,T ]

∥z1(t)∥p <∞,

and

∥zn+1(t)− zn(t)∥p

≤
∫ t

0

e−b0(t−τ)∥(Lezn − Lezn−1)(τ, e
−(t−τ)AT

k)∥p dτ

≤
∫ t

0

e−b0(t−τ)∥e−(t−τ)AT

∥p · ∥Le(zn(τ)− zn−1(τ))∥p dτ

≤ sup
[0,T ]

∥e−τAT

∥p
∫ t

0

e−b0(t−τ)

∫
Sd−1

b(cosϑ)∥zn(τ)− zn−1(τ)∥p
|k+|p + |k−|p

|k|p
dσdτ

≤ (b0 − λp)Te
pT∥A∥ sup

[0,T ]

∥zn(τ)− zn−1(τ)∥p.

We choose T > 0 small enough such that (b0 − λp)Te
pT∥A∥ < 1. This implies that

zn → z as → ∞ in sup[0,T ] ∥ · ∥p-norm for some z ∈ C ([0, T ], Cp) satisfying (72). As
the selection of T is independent from y0, by a standard extension argument, we
obtain that there exists some y ∈ C ([0,∞), Cp) that solves (72).

To prove the uniqueness of the solution obtained in Theorem 3.5, for two solutions
φ1(t, k), φ2(t, k) of (72) with the same initial condition, we have

|φ1(t, k)− φ2(t, k)|
|k|p

≤
∫ t

0

e−b0(t−τ)|k|−p|Le(φ1 − φ2)(τ, e
−(t−τ)AT

k)|dτ

≤ (b0 − λp)

∫ t

0

e−b0(t−τ)∥e−(t−τ)AT

∥p∥φ1(τ)− φ2(τ)∥p dτ

≤ (b0 − λp)

∫ t

0

e−b0(t−τ)e(t−τ)p∥A∥∥φ1(τ)− φ2(τ)∥p dτ ,

which gives

eb0te−tp∥A∥∥φ1(t)− φ2(t)∥p ≤ (b0 − λp)

∫ t

0

eb0τe−τp∥A∥∥φ1(τ)− φ2(τ)∥p dτ .

Then, it follows from the Gronwall inequality that ∥φ1(t)− φ2(t)∥p = 0 for all t.
To show the second part of the proposition, we note that z0(t, k) = 0 ≤ u(t, k)

and

zn+1(t, k) = e−b0ty0(e
−tAT

k) +

∫ t

0

e−b0(t−τ)Lezn(τ, e
−(t−τ)AT

k) dτ

≤ u(t, k)−
∫ t

0

e−b0(t−τ)Le(u− zn)(τ, e
−(t−τ)AT

k) dτ
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by (76) and the fact that Le is a positive operator in the sense that Lef ≥ 0 if
f ≥ 0. Hence, by an induction argument, one gets zn(t, k) ≤ u(t, k) for all n > 0.
Taking the limit n→ ∞, we have (77).

We turn to the third part. Notice that with v(t, k) = exp(t(−b0 + Le − ATk ·
∇k))v0, (72) and 0 ≤ u0 ≤ v0 imply that

v(t, k) = e−b0tv0(e
−tAT

k) +

∫ t

0

e−b0(t−τ)Lev(τ, e
−(t−τ)AT

k) dτ

≥ e−b0tu0(e
−tAT

k) +

∫ t

0

e−b0(t−τ)Lev(τ, e
−(t−τ)AT

k) dτ .

It follows from the above inequality and applying the conclusion of the second part
that v(t, k) ≥ exp(t(−b0 + Le − ATk · ∇k))u0(k), which yields (78). Nonnegativity
comes directly from the fact that zn = 0 for all n > 0 in the case when y0 = 0.
Hence, the proof of Theorem 3.5 is complete.

We have the following bound of p-Toscani distance, which will be used in the
next section when we consider the stationary profile.

Lemma 3.6. For p ≥ 0, define

up(t, k) := |k|p exp(−t(λp − p∥A∥)). (79)

Then, the solution exp(t(−b0 + Le − ATk · ∇k))|k|p of (72) with initial data |k|p
satisfies

exp(t(−b0 + Le −ATk · ∇k))|k|p ≤ up(t, k). (80)

In particular, for Aβ defined in (13), it holds that

exp(t(−b0 + Le −AT
βk · ∇k))|k|p ≤ e−pβtup(t, k). (81)

Proof. By direct computation, one gets

Le|k|p =

∫
Sd−1

b(cosϑ)(|k+|p + |k−|p) dσ

= |k|p
∫
Sd−1

b(cosϑ)
|k+|p + |k−|p

|k|p
dσ

= |k|p(b0 − λp),

which yields Leup = (b0 − λp)up. Then, we have

e−b0t|e−tAT

k|p +
∫ t

0

e−b0(t−τ)Leup(τ, e
−(t−τ)AT

k) dτ

≤ e−b0t∥e−tAT

∥p|k|p + (b0 − λp)

∫ t

0

e−b0(t−τ)up(τ, e
−(t−τ)AT

k) dτ

≤ e−b0t∥e−tAT

∥p|k|p + (b0 − λp)

∫ t

0

e−b0(t−τ)e−τ(λp−p∥A∥)∥e−(t−τ)AT

∥p|k|p dτ

≤ |k|p(e−b0tept∥A∥ + (b0 − λp)

∫ t

0

e−b0(t−τ)e−τ(λp−p∥A∥)ep(t−τ)∥A∥ dτ)

= |k|pe−t(λp−p∥A∥) = up,

which, together with (77) in Theorem 3.5 by substituting y0(k) = |k|p and u = up,
gives (80).
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With the help of the results above, we have the stability result on the mild
solution of (15).

Theorem 3.7. Let φ(t, k) and ψ(t, k) be mild solutions of (15) satisfying (71) with
initial conditions φ0(k), ψ0(k) ∈ K. Suppose |φ0(k)−ψ0(k)| ≤ C|k|p for some p > 0
and C > 0. Then,

|φ(t, k)− ψ(t, k)| ≤ Cup(t, k), (82)

where up is defined in (79). In particular,

∥φ(t)− ψ(t)∥p ≤ Ce−t(λp−p∥A∥) → 0 as t→ ∞ (83)

if λp/p > ∥A∥.

Proof. By our assumption, φ0 − ψ0, C|k|p ∈ Cp, it holds by Theorem 3.4 and The-
orem 3.5 that

|φ(t, k)− ψ(t, k)| ≤ exp(t(−b0 + Le −ATk · ∇k))|φ0(k)− ψ0(k)|

≤ C exp(t(−b0 + Le −ATk · ∇k))|k|p

≤ Cup(t, k),

which gives (82). Furthermore, (83) is an immediate consequence of (82) provided
∥A∥ < λp/p.

Remark 3.8. In particular, since the Dirac mass at origin φ = 1 has unit mass,
zero momentum, and finite energy, and is a stationary solution to (71) for ∥A∥ <
λ2/2 = ζ/2 where ζ is defined in (7), every initial condition also with unit mass,
zero momentum, and finite energy weakly converges to the Dirac mass φ = 1, and
hence, in such case, there is no nontrivial stationary solution of (15) with finite
energy for z < 1.

We summarize some differences between the inelastic and elastic cases. Let f, g be
solutions to (1) with the initial data f0, g0. On elastic collision, λ2 = 0. Then, due
to the monotonicity of λp in (75), if we still want (83) to hold for (φ,ψ) = (Ff,Fg),
it is necessary to consider p > 2 as in [7], which requires the initial conditions f0(v)
and g0(v) to have the same second moments. On the other hand, for inelastic
collision, one can consider the case p = 2 since we have λ2 = ζ > 0, which implies
that assuming ∥A∥ < ζ/2, on two initial probability measures f0, g0 with unit mass,
zero momentum, and finite energy, (83) still holds. Notice that now we no longer
require the second moments of f0 and g0 to be the same.

3.1. Stationary self-similar Fourier profile. The existence of a self-similar pro-
file with finite second moments under small parameters can also be done in the
Fourier framework. The stationary solution Φ = Φ(k) for (18) with self-similar
parameter β ∈ R solves the equation

Φ(k) =

∫ ∞

0

e−b0tQ̂+
e (Φ,Φ)(e

−βte−tAT

k) dt. (84)

Define

B : k⊗2 =

d∑
i,j=1

Bijkikj ,

and

Sp :=

{
φ ∈ K | ∥φ− (1− 1

2
B : k⊗2)∥p <∞

}
. (85)
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Theorem 3.9. Let p ∈ (2, 4]. Then, there exists ϵp > 0 such that for ∥A∥ < ϵp and
1 − z < ϵp, there exist β ∈ R, B ∈ Rd×d which is positive definite, and a unique
Φ ∈ Sp that solves (84).

Proof. We still choose β ∈ R and B ∈ Rd×d as in Theorem 2.8 such that (44)
is satisfied with β having the largest real part. Notice that we no longer require
tr(B) = 1 now.

Since Ψ0(k) := exp(− 1
2B : k⊗2) is the characteristic function of a normal distri-

bution, we then have Ψ0 ∈ K, and thus Ψ0 ∈ Sp on 2 < p ≤ 4 with Sp nonempty.
Consider the Picard mapping P : Sp → K by

PΦ(t, k) =

∫ ∞

0

e−b0tQ̂+
e (Φ,Φ)(e

−βte−tAT

k) dt.

The mapping is well-defined since PΦ is a convex combination of characteristic
functions

k 7→ b−1
0 Q̂+

e (Φ,Φ)(e
−βte−tAT

k).

We first show that PΨ0 ∈ Sp. Since Ψ0, PΨ0 ∈ K, we have |PΨ0−Ψ0| ≤ C. We
expand Ψ0 in k such that Ψ0(k) = 1− 1

2B : k⊗2 +O(|k|4), and using |k±| ≤ |k|, it
holds that

Q̂+
e (Ψ0,Ψ0)(k)

=

∫
Sd−1

b(cos θ)
(
1− 1

2
B : (k+)

⊗2
+O(|k+|4)

)(
1− 1

2
B : (k−)

⊗2
+O(|k−|4)

)
dσ

=

∫
Sd−1

b(cos θ)
(
1− 1

2
B : ((k+)

⊗2
+ (k−)

⊗2
) +O(|k|4)

)
dσ

= b0 −
1

2
B :

(
(b0 − ζ)k⊗2 + z2

dc11
2

(
|k|2

d
I − k⊗2)

)
+O(|k|4),

which gives

Q̂+
e (Ψ0,Ψ0)(k)− b0Ψ0(k)

= −1

2
B : (−ζk⊗2 + z2

dc11
2

(
|k|2

d
I − k⊗2)) +O(|k|4)

=
1

2
k⊗2 :

(
ζB + c̃(B − tr(B)

d
I)
)
+O(|k|4), (86)

where c̃ = z2 dc11
2 > 0. Further, we have

Ψ0(e
−βte−tAT

k) = 1− 1

2
e−2βte−tABe−tAT

: k⊗2 +O(|e−βte−tAT

k|4)

= Ψ0(k)−
1

2
(e−2βte−tABe−tAT

−B) : k⊗2

+O(|e−βte−tAT

k|4) +O(|k|4). (87)

To bound the second term on the right-hand side above, by the selection of B such
that (44) holds, we have

ζB + c̃(B − tr(B)

d
I) = −2βB −AB −BAT,

and a direct calculation shows that

d

dt
(e−cte−tABe−tAT

) = −e−cte−tA(cB +AB +BAT)e−tAT

, (88)
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for all c ∈ R. Thus, by choosing ∥A∥ and 1 − z to be sufficiently small such that

2∥A∥+ ζ − 2β̃ ≤ 2∥A∥+ 2|β̃|+ ζ < b0, and then choosing c = 2β + b0 in the above
equation, one gets from integrating in t on both sides of (88) that∫ ∞

0

e−(b0+2β)te−tA(ζB + c̃(B − tr(B)

d
I)− b0B)e−tAT

dt = −B. (89)

Notice that to get the above equality, we use the fact that ∥e−(2β+b0)te−tAe−tAT∥ ≤
e−(b0+2β̃−ζ−2∥A∥)t → 0. For the last two terms on the right-hand side of (87), one

has e−b0t|e−βte−tAT

k|4 ≤ e−b0te−4(β̃−ζ/2−∥A∥)t|k|4. Then, for sufficiently small ∥A∥
and 1− z, it holds that 4(β̃ − ζ/2− ∥A∥) < b0, which yields∫ ∞

0

e−b0t(O(|k|4) +O(|e−βte−tAT

k|4)) dt = O(|k|4). (90)

It follows from (87), (89), and (90) that

PΨ0(k)−Ψ0(k)

=

∫ ∞

0

e−b0t
(
(Q̂+

e (Ψ0,Ψ0)− b0Ψ0)(e
−βte−tAT

k) + b0(Ψ0(e
−βte−tAT

k)−Ψ0(k))
)
dt

=
1

2

∫ ∞

0

e−b0t
(
e−2βte−tA(ζB + c̃(B − tr(B)

d
I)− b0B)e−tAT

: k⊗2

+ b0B : k⊗2 +O(|k|4) +O(|e−βte−tAT

k|4)
)
dt

= O(|k|4).

Hence, |PΨ0(k)−Ψ0(k)| ≤ Cmin(1, |k|4), and ∥PΨ0−Ψ0∥p ≤ C supk ̸=0
min(1,|k|4)

|k|p <

∞ for 2 < p ≤ 4, which implies PΨ0 ∈ Sp.
Now we can prove that P : Sp → Sp is a contraction mapping. Let φ(k), ψ(k) ∈

Sp. Then, ∥φ−ψ∥p ≤ ∥φ− (1− 1
2B : k⊗2)∥p + ∥ψ− (1− 1

2B : k⊗2)∥p <∞, which,
combining with (70), further yields

|Pφ(k)− Pψ(k)| ≤
∫ ∞

0

e−b0t|Q̂+
e (φ,φ)− Q̂+

e (ψ,ψ)(e
−βte−tAT

k)|dt

≤
∫ ∞

0

e−b0tLe|φ− ψ|(e−βte−tAT

k) dt

≤ ∥φ− ψ∥p
∫ ∞

0

e−b0tLe|k|p(e−βte−tAT

k) dt

≤ (b0 − λp)∥φ− ψ∥p
∫ ∞

0

e−b0te−pβt∥e−tAT

∥p|k|p dt

≤ (b0 − λp)∥φ− ψ∥p|k|p
∫ ∞

0

e−pt(b0/p+β̃−ζ/2−∥A∥) dt. (91)

Recalling the definitions of λp and ζ in (74) and (7), for any p ∈ (2, 4], the
mapping z 7→ λp/p−ζ/2 is continuous, and at z = 1 it holds that (λp/p−ζ/2)|z=1 >
0. Therefore, for 1− z > 0 sufficiently small, one has λp/p− ζ/2 > 0.

Moreover, we choose ∥A∥ to be small enough such that

∥A∥ − β̃ ≤ ∥A∥+ |β̃| < λp/p− ζ/2 ≤ b0/p− ζ/2,

and the last integral in (91) is finite with

(b0 − λp)

∫ ∞

0

e−t(b0+pβ̃−p ζ
2−p∥A∥) dt =

b0 − λp

b0 + p(β̃ − ζ/2− ∥A∥)
< 1,
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which yields

∥Pφ− Pψ∥p ≤ b0 − λp

b0 + p(β̃ − ζ/2− ∥A∥)
∥φ− ψ∥p. (92)

For φ ∈ Sp, since PΨ0 ∈ Sp, we have from (92) that

∥Pφ−Ψ0∥p ≤ ∥Pφ− PΨ0∥p + ∥PΨ0 −Ψ0∥p ≤ C∥φ−Ψ0∥p + ∥PΨ0 −Ψ0∥p <∞.

Then, Pφ ∈ Sp, which, together with (92), implies that P : Sp → Sp is a Banach
contraction mapping, and has a unique fixed-point Φ ∈ Sp. The proof of Theorem
3.9 is complete.

Remark 3.10. Recalling (85), note that Sp ⊇ Sq on p ≤ q ≤ 4. This implies that
while the smallness conditions on ∥A∥ and 1− z depend on p, once ∥A∥ and 1− z
are fixed, the stationary solution Φp obtained is the same for all p ∈ (2, 4], for which
the required smallness conditions are satisfied.

The convergence rate to a stationary profile can be improved from λp+2β−p∥A∥,
indicated by (83) with the following theorem.

Theorem 3.11. Assume the same condition in Theorem 3.9, and let φ(t) be the
mild solution of (18) with self-similar scaling parameter β and initial condition
φ0 ∈ K2 satisfying ∥φ0 − (1 − 1

2C0 : k⊗2)∥p < ∞ for some positive semidefinite
matrix C0. Then, there exist λ > 0 depending on C0, some constant ν > 0, and

η =
1

2
min{λp + p(β − ∥A∥), ν + ζ + 2(β − ∥A∥)} > 0, (93)

such that
|φ(t, k)− Φ(λk)| ≤ Ce−ηt(|k|p + |k|2). (94)

Proof. By assumption, C0 is the second moment matrix of the probability measure
corresponding to φ0. Due to Theorem 2.6, φ(t, k) also has a corresponding finite
second moment matrix C(t), which is positive semi-definite on t ≥ 0, and satisfies
(43) with initial condition C(0) = C0. By the selection of β,B, there exists λ, ν, C ≥
0 such that ∥C(t)− λ2B∥ ≤ Ce−νt.

Let ϕ(t, k) = exp(− 1
2C(t) : k

⊗2). By a similar calculation as in (86), one has

Q̂e(ϕ, ϕ)(t, k) = Q̂+
e (ϕ, ϕ)(t, k)− b0ϕ(t, k)

=
1

2
k⊗2 : (ζC(t) + c̃(C(t)− tr(C(t))

d
I)) +O(|k|4),

where the O(|k|4) term is uniformly bounded in time since C(t) converges to λ2B.
Thus, it further holds that

∂tϕ+AT
βk · ∇kϕ− Q̂e(ϕ, ϕ)

= −1

2
k⊗2 :

( d

dt
C(t)+AβC(t)+C(t)A

T
β +ζC(t)+ c̃(C(t)−

tr(C(t))

d
I)
)
+O(|k|4),

which implies

(∂t +AT
β · ∇k + b0)(φ− ϕ) = (Q̂+

e (φ,φ)− Q̂+
e (ϕ, ϕ)) + δ(t, k)

for some δ(t, k) satisfying |δ(t, k)| ≤ C|k|4 for some constant C > 0 uniformly in
time. With the Le-Lipschitz property (70), one gets

|φ(t, k)− ϕ(t, k)|



36 JOSÉ A. CARRILLO, KAM FAI CHAN, RENJUN DUAN AND ZONGGUANG LI

≤e−t(b0+AT
βk·∇k)|φ0(k)− ϕ0(k)|

+

∫ t

0

e−(t−τ)(b0+AT
βk·∇k)|Q̂+

e (φ,φ)(τ, k)− Q̂+
e (ϕ, ϕ)(τ, k)|dτ

+

∫ t

0

e−(t−τ)(b0+AT
βk·∇k)|δ(τ, k)|dτ

≤e−t(b0+AT
βk·∇k)|φ0(k)− ϕ0(k)|

+

∫ t

0

e−(t−τ)(b0+AT
βk·∇k)Le|φ(τ, k)− ϕ(τ, k)|dτ

+

∫ t

0

e−(t−τ)(b0+AT
βk·∇k)|δ(τ, k)|dτ .

Letting

Y (t, k) = e−t(b0+AT
βk·∇k)|φ0(k)− ϕ0(k)|+

∫ t

0

e−(t−τ)(b0+AT
βk·∇k)LeY (τ, k) dτ

+

∫ t

0

e−(t−τ)(b0+AT
βk·∇k)|δ(τ, k)|dτ ,

it can be solved as

Y (t, k) = e−t(AT
βk·∇k+b0−Le)|φ0(k)− ϕ0(k)|+

∫ t

0

e−(t−τ)(AT
βk·∇k+b0−Le)|δ(τ, k)|dτ .

By the comparison principle, with the assumption that |φ0(k) − ϕ0(k)| = O(|k|p),
we have by a similar computation as in Theorem 3.6 that

|φ(t, k)− ϕ(t, k)|

≤ Y (t, k) = e−t(AT
βk·∇k+b0−Le)|φ0(k)− ϕ0(k)|

+

∫ t

0

e−(t−τ)(AT
βk·∇k+b0−Le)|δ(τ, k)|dτ

≤ Ce−t(AT
βk·∇k+b0−Le)|k|p + C

∫ t

0

e−(t−τ)(AT
βk·∇k+b0−Le)|k|4 dτ

≤ Ce−pβtup(t, k) + C

∫ t

0

e−4β(t−τ)u4(t− τ, k) dτ

= Ce−pt(λp/p+β−∥A∥)|k|p + C

∫ t

0

e−4τ(λ4/4+β−∥A∥)|k|4 dτ ,

with constants independent of t, where up is defined in (79). By similar arguments as
in the proof of Theorem 3.9, for ∥A∥ and 1−z sufficiently small, both exponents are
negative, and so |φ(t, k)−ϕ(t, k)| ≤ C|k|p+C|k|4 for some constant C independent
of t.

If |k| ≥ 1, then |φ(t, k)−ϕ(t, k)| ≤ C ≤ C|k|p. If |k| < 1, then |φ(t, k)−ϕ(t, k)| ≤
C|k|p + C|k|4 ≤ C|k|p. Then, |φ(t, k)− ϕ(t, k)| ≤ C|k|p. Therefore, for T > 0,

|φ(T/2, k)− Φ(λk)| ≤ |φ(T/2, k)− ϕ(T/2, k)|+ |ϕ(T/2, k)− Φ(λk)|
≤ C|k|p + C∥C(T/2)− λ2B∥|k|2

≤ C|k|p + Ce−νT/2|k|2,
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which, together with (73) for initial time t0 = T/2 and (81), yields

|φ(T, k)− Φ(λk)| ≤ exp(−T
2
(b0 +AT

βk · ∇k − Le))|φ(T/2, k)− Φ(λk)|

≤ C exp(−T
2
(b0 +AT

βk · ∇k − Le))(|k|p + e−νT/2|k|2)

≤ Ce−pβT/2up(T/2, k) + e−νT/2e−βTu2(T/2, k)

= Ce−T p
2 (

λp
p +β−∥A∥)|k|p + e−T ( ν

2+
ζ
2+β−∥A∥)|k|2

≤ Ce−ηT (|k|p + |k|2),

with η defined in (93), and ∥A∥ and 1 − z chosen to be sufficiently small. Hence,
we get (94), and the proof of Theorem 3.11 is complete.

Remark 3.12. Note that by splitting [0, T ] into [0, rT ] ∪ [rT, T ] with r ∈ (0, 1)
instead of [0, T/2] ∪ [T/2, T ] in the proof above, we can obtain

|φ(T, k)− Φ(λk)| ≤ Ce−(1−r)T (λp+p(β−∥A∥))|k|p + Ce−νrT e−(1−r)T (ζ+2(β−∥A∥))|k|2

≤ e−η(r)T (|k|p + |k|2)

with

η(r) = min((1− r)(λp + p(β − ∥A∥)), rν + (1− r)(ζ + 2(β − ∥A∥))),

which is positive if ∥A∥ is sufficiently small. If ∥A∥ − β <
λp−ζ
p−2 , then it holds that

max η(r) =
ν(λp + p(β − ∥A∥))

ν + λp − ζ + (p− 2)(β − ∥A∥)
,

otherwise, by selecting r sufficiently small, we have η(r) = λp + p(β − ∥A∥)− ϵ for
arbitrary ϵ, provided that it is small enough.

Both Theorem 3.9 and Theorem 3.11 are given in the sense of the Fourier trans-
form. We also have the corresponding results in terms of distribution functions.

Theorem 3.13. Let p ∈ (2, 4]. Then, there exists ϵp > 0 such that for ∥A∥ < ϵp
and 1− z < ϵp, there exists a self-similar solution f to (1) in the form

f(t, v) = e−dβtG(e−βtv),

with G being a Radon probability measure and∫
Rd

G(v)|v|pdv <∞.

The proof of Theorem 3.13 is a direct consequence of Theorem 3.9 and thus
omitted here. The following theorem gives the convergence for solutions of (1) to
the self-similar profile.

Theorem 3.14. Suppose f ∈ C ([0,∞),M+) is a weak solution of (1) on initial
condition f0(v) ∈ M+ satisfying

∫
Rd f0(v)|v|pdv < ∞ for any p > 2. Then, for β

and λ chosen in Theorem 3.11 and G defined in Theorem 3.13, it holds that

edβtf(t, eβtv) → λ−dG(λ−1v), (95)

in the weak topology of M+ as t→ 0.
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Proof. The weak convergence (95) follows from the combination of Theorem 3.11,
the properties of the Fourier transform that relates the group of translations with the
multiplication by a phase, the scaling properties of the Fourier transform, and the
uniform convergence of characteristic functions in compact sets. See also [7, 28].

Combining Theorem 3.13 and Theorem 3.14, we obtain the result in Theorem
1.3.
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[41] J. M. Montanero, A. Santos and V. Garzó, Singular behavior of the velocity moments of a

dilute gas underuniform shear flow, Phys. Rev. E , 53 (1996), 1269-1272.
[42] A. A. Nikol’skii, The simplest exact solutions of Boltzmann’s equation for the motions of a

rarefied gas, Dokl. Akad. Nauk SSSR, 151 (1963), 299-301.

[43] A. A. Nikol’skii, Three-dimensional homogeneous expansion and compression of a rarefied gas
with power functions of interaction, Dokl. Akad. Nauk SSSR, 151 (1963), 522-524.
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