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ABSTRACT. In this paper, we study the spatially homogeneous inelastic Boltz-
mann equation for angular cutoff pseudo-Maxwell molecules with an additional
term of linear deformation. We establish the existence of non-Maxwellian self-
similar profiles under the assumption of small deformation in the nearly elas-
tic regime, and also obtain weak convergence to these self-similar profiles for
global-in-time solutions with initial data that have finite mass and finite p-th
order moment for any 2 < p < 4. Our results confirm the competition be-
tween shear heating and inelastic cooling that governs the long-time behavior
of temperature. Specifically, temperature increases to infinity if shear heating
dominates, decreases to zero if inelastic cooling prevails, and converges to a
positive constant if the two effects are balanced. In the balanced scenario, the
corresponding self-similar profile aligns with the steady solution.

1. Introduction. The initial value problem of the spatially homogeneous inelastic
Boltzmann equation under the effect of shear heating in R? modeled by the matrix
A € R4 with d > 2 is given by

6tf_vv'(Avf):Qe(f7f)’ f(O,’U) :fO(U)' (1)
Here, the unknown function f = f(¢,v) > 0 is the one-particle density distribution
of rarefied gas particles with velocity v € R% at time ¢ > 0, and the initial data
f(0,v) = fo(v) > 0 is given. The inelastic Boltzmann collision operator @, acting
only on the velocity variable involves a parameter ees € (0, 1] called the coefficient

of restitution, which we assume to be constant through the paper. In the weak
form, Q.(f, f) is defined as

[ n@a=3[ [ [ o=
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X () +(v2) = ¥ (v) = ¥(vs)) dodv,do, (2)

where the pre-collision velocity pair (v,v,.) and the post-collision velocity pair
(v, v}) satisfy

* 1-

v,:v—;v + 2Z(v—v*)+§\v—v*|a7
* 1-—

v;:U—;v — QZ(U—U*)—E‘U—U*IO‘,

with o € S%1 and

z= %(1 + eres) € (%, 1]. (3)

When e,es = 1, which corresponds to z = 1, the collision operator reverts back to
the classical elastic case.
The Boltzmann collision kernel B(v — v, o) in (2) takes the form

B(v —vs,0) = [v — v,|b(cos b)), —d <~y <1, (4)
where
6089:ﬁ~0, 0<6<m/2
v — .l

The cases —d < v < 0, v =0, and 0 < v < 1 are called soft potentials, pseudo-
Maxwell molecules, and hard potentials, respectively. Throughout the paper, we
only focus on the case of pseudo-Maxwell molecules with v = 0. The angular part
of the collision kernel b > 0 is assumed to be a continuous function and satisfy the
Grad cutoff assumption

bn:/ b(é-o)(é-o)"do < oo,
gd—1

for all unit vectors é € S4 ! and all natural numbers n € N. We further assume
that the kernel is non-degenerate in the sense that

bg > by >0, bo > b1. (5)

We remark that the assumptions on Maxwell molecules and also on the homoge-
neous regime for granular media via the inelastic Boltzmann equation might be seen
as an artificial ansatz, cf. [47] and [3]. Moreover, the assumption that the restitu-
tion coefficient is a fixed constant could be not seen as very physical as it may
cause a problem to define the dynamics of the microscopic particle system (inelastic
collapse), cf. [2] and [15].

The shearing matrix A € R4*? is a constant real matrix with the norm ||A| =
sup|y|=1 |Av|, which includes the special case of the simple uniform shear flow (USF)

A = akhs, (Eh2)ij = 651025 (6)

and shearing parameter « > 0, where d;; denotes the Kronecker delta.
Throughout the paper, we also assume that the initial value fo = fo(v) satisfies

fo(v)dv =1, / vfo(v)dv = 0.
R4 Rd

By the fact that 1 and v are collision invariants of the inelastic collision operator
and vanish on the shearing term after integration, it is well-known that the mass
and momentum of the solution to (1) are conserved. However, the energy is not
necessarily conserved since inelastic collision introduces a loss of energy, and the
shearing term is not guaranteed to balance this effect. In fact, there is a competition
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between shear heating and inelastic cooling that governs the long-time behavior of
temperature. To further study this phenomenon, one needs to define the natural
cooling rate ( > 0 as

¢ = 2(1— 2)(by — by) = 22(1 — z)/ b(cos 0) sin2 gda, (7)

Sgd—1

such that
—Co —w|? = / b(cos 0)(|v']* + 0L = [vf* = [v.]?) do,
Sd*l

which implies, in the case of no-shearing A = 0, that

d 2
G LB oa

1 2 N2 a2 12
—Q/Rd/Rd/SHb(cose)f(t,v)f(t,v*)(|v| + 0L P = [o]? = Ju.]?) dodv.do
_ 1 2
=—5¢ [ [ fe ot avo
2
=- dv.
[ Rty do

It is also necessary to denote the constant

bO - b2 1 .92
= — fdo >
11 71 Sdilb(cos 0)sin“ 6 do > 0, (8)

such that, by a direct calculation,
/ b(o - &) do = bo, )
Sd*l

/ b(o - é)odo = b€, (10)
Sd—1

Ci11 =

/ b(O’ . é)0'®2 do = (bo — dcll)é®2 + c111, (11)
§d—1

for any unit vector é € S¥~1, with the notation v®? = v®wv and v@w = vw', where
w' is the transpose of the column vector w.

In this paper, we aim at studying the long-time behavior of solutions to (1)
under the competition of shear heating and inelastic cooling. Such competitive
phenomenon was observed and discussed in [21, 32] and our goal is to make a
rigorous mathematical analysis. Note that the two effects have been extensively
investigated by [33, 35, 7] and [17] in their individual frameworks. In particular,
solutions in both situations behave self-similarly over long times. Thus, a unified
framework is developed to study the competition of two effects on the long-time
behavior solutions. For this purpose, we shall consider the equation under the
self-similar scaling

f(ta v) = edﬁtf(t7 eﬁtﬁ)
with some suitable self-similar parameter 8 € R to be determined. This gives
Of — Vi -(A+BI0f) = Qe(f, ) (12)

The resulting equation is very similar to (1), with A replaced by the altered shearing
matrix

Ag:= A+ BI (13)
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Hence, for simplicity, we drop the tilde in (12) and still denote f,0 by f,u. It is
then natural to see the stationary profile G to (12), which satisfies

-V, (AﬂUG) = Qe (Ga G)a (14)

which describes the long-time behavior of solutions to (12), or equivalently (1).
Note that in the special case 8 = 0, (14) just corresponds to the steady state of (1).

To study (1) in the frequency space, we take the Fourier transform (k) =
(Ff)(k) = [gae ® ¥ f(v)dv in (1). Recall v = 0. We then formally obtain the
equation for ¢ as

Ao+ ATk - Vi = Qu(, ). (15)

Here, AT is the transpose of A, and the collision operator C/Q\e as in [9] can be split
as

Qo)) = [ bl ) (@ )e(k) = p0)5(k) do = QF (2,0)8) = (k)

(16)
for Maxwell molecules, where the negative term is obtained in terms of the mass
conservation,

Qo)) = [ beos )l (i) do

&

R and

is the bilinear gain part operator, cos ¢ =
k= = 2 (k= [klo),
f e =(1-2 z
km=k—k (1 2)k+2|k|o,

are the corresponding Fourier variables.
The linearized gain part operator L., linearized around the constant function 1,
is defined as

Lop= Q) +QF L) = [ Meos)pk) ok ))do (17)
Similar to how we obtain (15), after applying a Fourier transform to (12), one gets

Brp + ATk - Vi = Qe(, ), (18)

which has a similar form to (15) but with a replaced shearing matrix.

Our motivation to study (1) also originates from the recent study of homo-
energetic solutions of the elastic Boltzmann equation, as introduced by [45] and
[30], where the second- and the third-order moments are computed. The behavior
of these moments are later investigated in numerous works, including [43, 42, 46, 26,
44,41, 1, 13]. The initial value problem, as shown by Cercignani in [20], has a global-
in-time L' solution for a class of cutoff hard or pseudo-Maxwell collision kernels and
for suitable initial data (cf. [33]). More recently, [35] considered the Radon measure-
valued solution and existence of self-similar profiles, [7] considered the equation
via Fourier transform to establish the self-similar asymptotics of weak solutions in
large time, [24, 25] obtained the regularity and structure of shear dependency of
the solution, and [38, 37] generalized the results to non-cutoff, pseudo-Maxwellian,
and hard potentials.

On the other hand, the study of the inelastic Boltzmann equation, which models
the behavior of granular gases, is a quite related topic. In [8], the Boltzmann equa-
tion for inelastic pseudo-Maxwell potential is derived, together with the existence
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and uniqueness of the solution with initial data in Li. The behavior of the solution
was studied in [9, 11, 5, 6, 4], justifying the behavior conjectured in [27]. In [14],
convergence of solutions with pseudo-Maxwell molecule in 2-Wasserstein metric was
tackled. A survey of the use of Wassertein and Toscani metrics in this framework
was performed in [19]. In [40, 39], global well-posedness of the initial value problem
for a generic class of collision kernels was settled, and Haff’s law and the self-similar
structure for the solution was justified for the hard sphere model, which seems more
difficult to treat. Concerning the interaction between inelastic collision and shear-
ing, an explicit stationary state for the second moments was given in [21], and the
result was further discussed in [22, 32]. See also a recent work [23] for the linear
equation.

In this paper, we shall follow the approaches of [35] and [7] and consider (1)
both from the physical space and from the frequency space. More precisely, we
will show that the results in [35, 7] for the elastic Boltzmann equation, taken as an
evolution equation on the space of probability measures, generalize naturally to (1)
with inelastic collisions. In particular, we obtain the following result concerning the
existence of a stationary profile for inelastic collision.

Theorem 1.1. Assume that eros € (0,1] for ews given in (3), and the collision
kernel (4) is cutoff pseudo-Mazwellian. For sufficiently small € > 0 ensuring small
shear, ||A|| < €, and small inelasticity, 1 — eres < €, there exists § € R such that
with this self-similar parameter B, (14) has a nonnegative Radon-measure solution
G € M, with finite mass, zero momentum, and finite energy. Furthermore, G has
finite p-moment for some p > 2.

Here we refer to Section 2 for the definition of solutions. Theorem 1.1 will be
shown with a fixed-point argument using a uniform-in-time p-moment bound on the
solutions of (12). For technical reasons, instead of RY, we will consider the Radon
measures on R? and the compatification of R?. The selection of an appropriate
self-similar parameter 8 will be made by a perturbation argument. As noted in
[7], in the case of elastic collision, only a limited selection of 8 yields a meaningful
solution of (12). We will see shortly that the same restriction applies to our model
of inelastic interactions.

We note that the correct choice of self-similar parameter 5 € R that gives the self-
similar profile depends on both the shearing matrix A and the restitution coefficient
eres, and contrary to the case of elastic collision, it is not necessarily positive in the
case of uniform shear flow. In fact, 8 is chosen such that the inelastic cooling
effect is balanced by the shear heating effect that comes from the altered shearing
matrix. If inelastic cooling is the dominant effect, it would be necessary to choose
a negative 3, which corresponds to an anti-drift force instead of the friction force
that corresponds to a positive S (cf. [47]).

For the simple uniform shear flow, we can determine the sign of 3; its proof will
be given in Section 2.2.

Theorem 1.2. Assume es € (0,1). Let A = aFE15 be the uniform shear flow
matrix with shearing parameter a« > 0 and B € R be the self-similar parameter
from Theorem 1.1 in the small inelasticity regime. Then, there exists a computable
strictly positive constant ag > 0 depending only on eres, d, and c11 such that cg — 0
as eres — 1— and the following holds:

1. B>0if a> ap;

2. B<0ifa<ap;
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3. B=01if a= .

Therefore, oy is a critical shearing parameter where the shear heating effect and the
inelastic cooling effect are balanced; in particular, for the balanced case o = «, the
self-similar profile determined by (14) is reduced to the steady solution of (1).

Note that for the Cauchy problem (1), the usual fixed-point approach can be
adopted to prove the global existence of a class of measure-valued solutions even
for any constant shearing matrix A and any restitution coefficient e,s € (0,1]; see
Theorem 2.5 later on. With this in hand, we focus on the long-time convergence
of solutions to those self-similar profiles obtained in Theorem 1.1. In fact, we have
the following result.

Theorem 1.3. Assume that e;es € (0,1] and the collision kernel (4) is cutoff
pseudo-Mazwellian. Then, for all p € (2,4], there exists € > 0 such that if ||Al| < €
and 1 — enes < €, then the following holds: Let f € C°([0,00), M) be a measure-
valued solution to (1) with initial data fo € My being a nonnegative Radon measure
with finite mass, zero momentum, and finite p-moment. Then, there exist 5 € R,
A > 0, and a nonnegative probability measure G € M4 with zero momentum and
finite p-moment such that et f(t,eftv) — ATIG(A\"1) on t — oo in the weak
topology of My with a computable convergence rate in 2-Toscani metric.

Here, the Toscani metric is introduced in (69) later on, see [19] for a review of this
topic. Theorem 1.3 will be shown by studying the equation in the frequency space
via Fourier transform. We will first show that the same results on Radon measures
on R?% have analogs on the characteristic functions of probability measures on R,
with additional convergence results in Toscani metrics. The desired result then
follows by reverting the Fourier transform with an appropriate scaling. Moreover,
regarding the stationary self-similar profile G, we can obtain its existence in both
Theorem 2.8 and Theorem 3.9 using the different approaches. In the meantime,
Theorem 3.9 also gives the uniqueness of G in an appropriate function space in the
Fourier framework.

In the case of simple USF (6), we note from Theorem 1.2 that for a given e,es in
the nearly elastic regime, if the shear parameter « is exactly g, then Theorem 1.3
above gives the weak convergence of the solution to the initial value problem on (1)
with appropriate initial data towards a non-degenerate stationary profile defined via
(14) with self-similar parameter 8 = 0, which is just a stationary solution of (1).
Moreover, the temperature of solutions increases to infinity for 8 > 0 corresponding
to the shear-heating dominated case and decreases to zero for § < 0 corresponding
to the inelastic-cooling dominated case, both exponentially fast as ¢t — oco.

We divide the rest of this paper into two parts. In the first part of Section 2,
we treat (1) in the framework of nonnegative Radon measures. We first establish
the existence and uniqueness of global in time solutions as well as propagation of
moment bounds. To obtain the existence of a non-degenerate stationary profile,
we analyze the behavior of the second moment of Radon solutions in Section 2.1,
together with the special case of USF in Section 2.2. The stationary Radon profile
will be obtained in Section 2.3. In Section 3, we treat (15) in frequency space for
analogous results on existence of both global-in-time solutions and self-similar pro-
files in Section 3.1, in particular obtaining the weak convergence of global solutions
to self-similar profiles.
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2. Radon measure-valued solution. In this part, we consider the mild solutions
to (1) that are Radon measure-valued, see [29, Chapter 7]. First, we give the
formulation for mild solutions in the inelastic case, which is consistent with [36] for
the classical case. Denote by M (R%) the space of nonnegative Radon measures on
RZ, which is the one-point compactification of R? appending the point oo, equipped
with the total variation distance

19 = [ 1£1(de). (19)
R¢
For s > 0, let the s-moment norm of f € M be

Il = [ @+l (20)

c

For simplicity of notation, we write fdv as if f is a function. Equation (1) should
now be understood in the sense of measure. More precisely, we will focus on the
following notion of solutions to (1).

Definition 2.1 (Weak solution). We say that f € C([0,00), M) is a weak solution
of (1) with initial condition f(0,v) = fo(v) € My if for any T' > 0 and for any test
function v € C1([0,T], C*(RY)),

/ O(T, ) (T, dv) - / $(0,0) fo(dv)
Rd

——/Tdt b (¢, dv) — /dt/RdAvvw)f(tdv)

/ dt/Rd/Rd/Sd dob(o- |)f(t Ld0) (£, dv,)
(%/1( ) F (L) — Yt v) —h(tv)).

Under the cutoff assumption, we can write the corresponding strong form of the
inelastic collision operator as

Qe(f. /) =QX(f. )= Q- (f. [),
QF (f, f) /Rd/Sd 1 T(cosB)eres (V") f(0)) dodu,, (22)

_ /R d /S  bleos8)f(0)f(v.) dodv. = bof (0) /]R () do.,

(21)

where
) 1 " "
N (0= v.) + =|v — v.]o,
2 2 2 23
v4v 1 — 2 2 ( )
" *

P v - S,

are images of the inverse of the scattering mapping, z” = (14 eres™ ') = 2/eres,

and
1 2)e — (1 = €res? 2
b+(0) _ b(< + €res”)C ( €res )) 7
(1 + ereSQ) - (1 - eres2)c (1 + ereSZ) - (1 - erESZ)C

for —1 < ¢ < 1. The derivation of the strong form (22) from the weak form (2) is
based strongly on the inelastic reflection map method as in the appendix of [17],
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where the w representation of the post-collision velocities plays a crucial role. If one

defines u := v — v, and w := ﬁ:mgl such that
1+e 1+e
V=0 — (v —v)  ww, vV =v,+ il (v — v4) - w)w,
2eres 2eres

and also denotes b in the sense that b(c) = b(v/(1 — ¢)/2)(2\/(1 — ¢)/2)~1, then it
holds that

UV — Uk

. — (- —— 24
b(cos f)do = 2b(w - v*|)dw, (24)
and
B o — U:k/
b(w - v — | )dw
1, (1 + epes?) cosf — (1 — epes?) 2
_1 L@
Qb((l + eres?) — (1 — eres?) COSG) (14 eres?) — (1 — eres?) cosﬂdg (25)

One may refer to [17, A.3] for a detailed derivation, see also [31, 18]. With the help
of the strong form, we give another notion of solutions.

Definition 2.2 (Mild solution). Let L'([0,7], M) denote the space of all real-
valued functions t — ||f(¢)||m that are integrable on [0,T]. For g,hy € L'([0,T],
My)and 0 <ty <t <T < oo, we define

Sg(t,to)ho(v) = e(t=to)ex(4) g =bo i 19Tl dTho(e(tftO)Av), (26)
such that h(t,v) = S4(t,to)ho(v) solves

yh — Vo - (Avh) = —boh/ 9t 0) dv = —boh [lg(1) | g
Rd

in the sense of measure on ¢ € [tg, T'] with initial condition h(tg,v) = ho(v). Then,
we say that f € C(]0,00), M (R%)) is a mild solution of (1) with initial condition
fo € My(RY) if

t

F(t, ) = 55(8,0)folw) + / Sy(t.7)QE (f, £) (7. v) dr.

Remark 2.3. We point out that QF (f, f) defines measures in M, by the continuity
and integrability of b(cos #). Here, the sense of measure is understood by integrating
by parts and passing the derivative to the test function. Note that if f is a mild
solution, then (1) holds in the sense of measure, which implies that (21) is satisfied
on appropriate test functions, and thus f is also a weak solution (see also [35]).

We first prove some useful properties of QT and S.
Lemma 2.4. If f,g € M (R%), then
1QF (£ D)l = B0 I (27)

1% (£ 1) = QE(9: )| g < Lol F g + Ngllug) 1F = 9llg - (28)
Also, if hy,hy € L}[0,T), M (R%)), then for T >t >t >0, it holds that

Ik, () = expl=bo | s Dllaedr) [ F0)d0 < fllare (29)

1Sy (8 4))f = Sna (£:8) gl jg < I = 9ll g
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+ 0+ lalae) [ 110 = ha(Dllag d. (30)

Furthermore, if ||f|ls,|lglls < oo for some s > 0, then one has

1QF (f, Nlls < CIFlla I F s, (31)
1QE (£, ) = QF (9, 9)ls < CUIflls + llgll)If = glls, (32)
1S, (t,8) flls < Crllflls (33)

and
[Sh, (£, ') f = Sny (t,8")glls < CIIf —glls + C(IfIls + Hg\\s)/t/ [h1(7) = ha(T)[| o dT,
(34)

where the constant C' depends only on A,s,T,and bg.

Proof. Noticing that QF (f, f) > 0 and Sy(¢,t')f > 0 by the definitions of Q} and
S in (22) and (26), by the fact that 1 is a collision invariant, we have (27) by

Q2 (Dl = [ QelrDravs [ @itrpa

= / / / b(cos ) f(v) f(vi) dodv.dv
RdJRd.Jgd—1
= bo [l 1% -
Next, it is direct to get

|QF(f: 1) — Q% (9,9)| s
b+ 9 res—l 1" )/k/ _ " >/k/ N .
S@Léq@mw F@ L) — g(w")g(v!) | dodu.d

From the definition of v"”and v/ in (23), a straightforward calculation gives that the
Jacobian matrix for the transformation (v, v,.) — (v”,v)) satisfies

|J| = eres .
Then, using a change of variables, (24), and (25), we get

< /Rd/Rd/Sdilb(cos9)|f(v)f(v*) —g(v)g(vs)| dodv,dv
< bo/Rd/Rdﬂf(v)Hf(v*) — g(v)| + 9| f(v) — g(v)]) dvadv

= bo(lFllpa + gl I1F = 9llag s
which implies (28). Moreover, (29) follows from

1500 laa = | Sus(t.0)f0) o
= exp ((t = )r(A) = bo [ a(@)lagdr) [ A0 an

:exp(fbo/tl th(T)HMdT)/Rdf(v)dv

<A lpa -



10 JOSE A. CARRILLO, KAM FAI CHAN, RENJUN DUAN AND ZONGGUANG LI

Using a change of variables and the fact that |[e”** —e™*2| < |z — 22| on x1,z9 > 0,
we get (30) by

||Sh1 (ta t/>f - Sh2 (ta t/)g”M

_ e(tft')tr(A)/
R4

< [ A [ () = Va0l a4 150 - ) o

e b0 I (Dl p(o(t=t) Ay _ =0 Iha(r) e g (o (t=) )| gy

bo t
< 5 Ul + ||9||M)/ 1P1(7) = ha(T)l| g A7+ 11 = gllpg -
t/
Noticing |v'|* < (Jv] +|v.])® < C(Jv]® +|v4|?) and |v|® < C(Jv"|* 4+ |v]®) for s > 0

and some constant C' which depends only on s, by a change of variables, (24), and
(25), (31) then holds from

QD<€ [ [ [ @I 1o cosO)ene S0 (02 dod e

- c/ / / 2+ [o]* + [0a]")b(cos ) F(0) £ (v.) dodv.du
RdJRd Jsd—1
< Ol p 151
Similarly, we yield (32) by
HQ:(fv f) - Q:(ghg)”s
<cf [ @ s 0 F0!) o6 a(w!) | dedvdo
=cf [ ] @l e beosO) () (02) = a(wa(w.)| o
<cf [ @bl + 0l ) F@I) - g + 9wl fw) - go)]) dv-do
RdJRA

S CUFNs + lgll)ILf = glls-
One can further prove (33) and (34) by

||Sh1 (t, tl)st — /Rd(l + |v‘s)e(t—t/)tr(A)e—boftf}th(T)HM drf(e(t—t’)Av) dv

g/ 1+ [e= ") f(v) dv
Rd
< CTHf”év

and

1S, (&) f = Sna (£,)g]ls

<c [ @y, [ (00 = o)l a7 +150) = g o
R4 t

t
<Cflls + ||9||s)/t, [h1(7) = ha(7)l| g dT + CIIf = gls-

This then completes the proof of Lemma 2.4. O

With all the above estimates, we now prove the existence of a mild solution by
a fixed-point approach.
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Theorem 2.5. If fo € M, (R%), then for any constant shearing matriz A and
eres € (0,1], there exists a unique global-in-time mild solution f to (1) satisfying

IOl ag = 1 follar - (35)
Proof. Let

Xr = {f € C(0,T], ML (RN || fllxs = [Soujli’] IF ) < 21 follpg }
with T > 0. Consider the Picard iteration mapping P : X7 — X7 by

P(t,v) = S5(t,0) fo(v) + / S4(t.1)QE(f, f) (7. v) dr.

We first show the boundedness of Pf for small time. By (29) and (27), for f € Xp
and t € [0,T], one has

IPF@) g < 1578 0) foll oy + / 1S5t 1)@ (F, ()], o
< Nfolla + / 1QF(f, N, dr

t
2
—Wfollaa+ b0 [ 1513 ar.
0
which, further, by the definition of X7 with norm || - || x,., gives

1PF @) < ol g + 00T F I3 < I follag + 40T [l foll3 -

Thus, for
4b,
T< —2 (36)
[ foll pg +1
it holds that
1P fllxr < 2| foll pg - (37)

Furthermore, since b > 0 and f > 0, Pf(¢t) > 0 for all ¢ € [0,7T], which implies
the positivity of Pf.

Now we prove that P is a contraction mapping on Xp for small T. Letting
f,9€ X for 0 <t <T, we take the difference to get

I1Pf(t) = Pg(t)ll g < 155 (£,0).fo — Sg(t, 0) foll pq

t
+ [ 185 nQ (1.0 = $,07)QE 0.0)(7) .

It follows from (30), (27), and (28) that

[Pf(t) = Pg(t)l| g

<bo ol e / 1£(7) — g pq dr
+/O ([QE (N = QF (9. 9)(D) o + %O(HQi(f, DO+ 1192 (9: 9] 1)

x / 1F() = (")l d’)dr

<boT || foll pg 11 = 9ll 2
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t bS
+1f - glle/O (1) ag + N9l + 5 U@+ 9 I3)T) dr.
By letting T satisfy (36), we have from (37) that
1PF(t) = Pg(®)lpg <IF = 9llxrboT (1 foll ng (5 + 405T || foll ur)-

Further, we let

. 1 4bg
T:mln{ 5 },
14 10bo || foll pg + 863 [ follag 1 follag +1

to get |Pf — Pgllx, < 3Ilf — 9llx,, which implies P is a contraction on Xr. By
the Banach contraction theorem, there exists a unique f € Xp such that f = Pf.

In order to get a global solution, we integrate in v and ¢ on both sides of (1) to
get

1F @l ae = [Lfoll a- (38)

Hence, the mass is conserved with (35), so we can extend the local-in-time solution
to be a unique global-in-time mild solution, which finishes the proof of Theorem
2.5. O

Concerning the moments of a mild solution, we have the following result.

Theorem 2.6. Suppose f is a mild solution of (1) with initial condition fo(v) €
M with [a|v]* fodv < oo for some sq > 1. Then, for any 0 < T < oo, it holds
that

sup || (t)lls, < Crllfolls, < o0, (39)
0<t<T

with some constant Cp which depends on T, and the weak form (21) is satisfied on
test function ¢ (t,v) € C([0,T], CL(R™)) with |1h(t, v)|+|v||[Vtb(t, v)| < C(1+]v]*)
uniformly on t € [0,T] for some 1 < s < sg. Furthermore, on each s > sy and
for each 0 < T < oo, there exists f, with supjo 7 [ [v]*fu(t) < oo, and f can
be approzimated by fn(t,v) € CO([0,T], My) in the sense that supjy 7y || fn(t) —
F®llsy = 0 as n — oo.

Proof. By (33), (31), and (38), we have

1LF@so < 1157 (20) follso +/O 18 (£, 7)QE (f, £)(7)ls AT
< Cr([[folls +/ LA IS (7)o A7)
0

t
= Cr([[follso + ||foHM/O £ ()5 A7),

which implies (39).
Let 1(t,v) € C1([0,T], C*(R%)) be a test function with [t)(t, v)|+|v||V, (¢, v)| <
C(1+v|*"). Then, letting (¢, v) be approximated by the sequence {t, (¢, 1)}, C
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C([0,T], CHR?)) with |Vyth,| < C(1 + |[v]¥ =1 4 [V, 1]), one gets

wn(T,v)f(T,v) dv 7/ ¥, (0,0) fo(v) dv

/ F(t,0)0ethn (t, v dvdt+/ / Avf(t,v) - Votbp(t,v)do dt
R

J/ t[édjédjéd DlcosO) f(t,0)f(t,04)

(Yn(t,0") + o (t, V%) — n(t,v) = Pu(t,v.)) dodv,dodt.  (40)

Then, a Taylor expansion gives

b(cos 0) (b (t, ') + Gn(t, 0L) = Gn(t,0) = n(t,v.)) do]

Sd—1
1
§C|(v’—v)-/ (Vothn(t, v+ E(0 = 0)) = Vothn(t,vs + E(v), —v,))) dE|.  (41)
0
A direct calculation shows that
z z
o ol = Ity = ] = | 20— v2) = 2o~ vao]
z vV — Uy
= |5 *\7 | — < — Uk,
Gl — el — o) < o=

which yields

1
C|(’Ul — ’U) . / (Vvl/in(t, v+ >\('U/ - 'U)) - VM/)n(t, Vs + )‘(U; - U*))) d)‘|
0
<C sup v — v Vothn (t, u)| + sup v — 0| [Vt (t, u)|

lu—v|<z|v—v] [u—vy | <z|v—vy|
< C(Jv] + |va]) sup [Vothn(t, u)
[ul<(1+2) (Jo[+]vs])

< C(lol + o) (1 + (ol + o)~ + sup V(¢ w))
R<Jul<(1+2) (o] +[v. )

< CA A+ (Jo[ + o)), (42)
where the constant C is independent of n. The third inequality above holds since
Y(t,v) € C([0,T], C1(R?)), which gives |V, (t,v)| < M on a neighborhood B(0, R)
of the origin for some constant M = M (y)) > 0. Collecting (40), (41), and (42),
then passing to the limit n — oo on 9, in (40), by dominated convergence theorem
one obtains (21) for ¢ (t,v) € C([0,T], C*(RY)) with |1(t,v)| + |v]|V,1(t,v)| <
C(1 4+ |v]*).

Consider the higher moment approximation of f now. Let x denote the indicator

function such that xg(z) = 1 for 2 € E. Defining the initial data f.o = foX|v<n
and the corresponding mild solutions f,,, we have

0= follsy = | (1 01D fo(0)xp5ndto = 0
as n — oo. From (39), it holds that
Sup (s < Crll frolls < oo,

e [fn@llsy < Crllfnollsy < Crllfolls, < o0,

tel0,T



14 JOSE A. CARRILLO, KAM FAI CHAN, RENJUN DUAN AND ZONGGUANG LI
which, together with (33), (34), and (32), yield

[fn(8) = f(D)lls0
= ||an (t70)fn0 - Sf(ta O)fOHSO

+ / 155, (4 7)QE (fur fu) (7) — St )@ (o F) (Pl sy dr
SC@Mwﬂ%MWﬁMAHhU%%UWMM
+/Nhﬁ%«%ﬂﬂhﬂh@—f@kﬂf
0

t
+AW&@H4Wf /Hh — F)l| v ' dr)
swnwmmﬁfwmmmmm+ﬂ4WMﬂ—ﬂﬁmw.

It then follows from the Gronwall inequality that sup,cpo 7y [lfn(t) — f(t)]ls, <

Crl| fro — folls, — 0 as n — oc. E

Theorem 2.5 and Theorem 2.6 will be very useful later in the proof of Theorem
2.8 for the existence of the stationary self-similar profile G.

2.1. Second moment equation We now compute the evolution equation for the
second moment tensor B = B(t) := [5,v%%f dv on a mild solution f of (12) that has
unit mass and zero momentum fle (1,v)f(t,v)dv = (1,0). Note that, by definition,
B is symmetric positive semidefinite.

By multiplying v®2? on both sides of (12) and integrating over v, we have

gB: i\/ ’U®2fd’l}

dt dt Jpa
= [ v [ 0Qu(f o
R4 R4
/ Agvf -V, (v®?) do
/ / / )f(t,v*)(v'®2 + v;®2 —®2 — v*®2) dodv,dv,
R JRdJgd—1
where we denote € = /== Recalling (9), (10), and (11), a direct calculation gives

%3__/ (v ® (Agv) + (Agv) @) f(t,v) dv

_,/Rd/Rd/Sd1 t,0) f(t,ve)|v — vi|?

x (2(2 = 2)6%? — 220%% — 2(1 — 2)(é ® 0 + 0 ® é)) dodv,dv
= ((/Rdv®2f(t, v) dv)Az; + Ag/RdU®2f(t, v) dv)

1 .
- Z/d df(t, V) F(t, )| — v |2((2¢ + 22dcy1)é®? — 22¢q1 1) dv,dw,
rRJR
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where ¢ and ¢;; are defined in (7) and (8), respectively. Then,

%B = —(BAE + AQB) - i((ZC + Z2d011) - 2B — 2’2611 . QtF(B)I)

_ 7(ABB+BAE+CB+Z2%(B— tl”EZB)I)),
which yields
_d T pden o t1(B)
0= B+ AgB+BAj + (B +2"—=(B— — 1)
:%B+A8+BAT+2(ﬁ+g)B+z2%(B— “Ef)f) (43)

d
= LB+ (26+C+ 0B+ LB,

where Ag is defined in (13), LB = AB+BAT — Str(B)I, and é = 22% > 0. Notice
that our equation contains the classical elastic case where e,s = 1, which leads to
z=1and ¢ =0, see [35, 7].

In terms of (43), we denote the steady second moment equation for symmetric
B by

(284+&B+LB=(28+(+¢&B+LB=0, (44)

where 3 = 3+ (/2. Here and in what follows, for the steady case we have used the
constant matrix B instead of the time-dependent matrix B.

2.2. Second moment for uniform shear flow. We now consider the second mo-
ment equation (43) in the case where A = aF5 , defined in (6), is the uniform shear
flow matrix, look for a symmetric stationary solution, and study the eigensystem of
—L. In such case, we can have a precise description on whether the temperature is
increasing or decreasing in terms of the comparison of effects between shear heating
and inelastic cooling.

Theorem 2.7. On a given non-degenerate cutoff collision kernel satisfying (5) and
inelastic parameter z € (1/2,1), for the inelastic Boltzmann equation under uniform
simple shear heating

atf_av26v1f:Qe(fvf)7

there exists a critical shearing parameter ag = ao(z) > 0 defined by (53) in the proof
such that for the mild solution f(t,v) with temperature T(t) = [pa |v|* f(t,v)dv on
an initial probability measure with zero momentum and finite energy, the following
holds:

o If a> ag, T(t) grows exponentially with rate 2y — ¢ > 0;
o If0<a<ag, T(t) decays to zero exponentially with rate { — 2y > 0;
o If o= ap, T(t) converges exponentially to some finite positive value with rate
(—20>¢c>0.
Here, ¢ is defined in (7), and v = vy(a) and 0 = o(«a) are defined in (49) and (50)
in the proof, respectively.

Proof. Rewrite (44) for symmetric B as

(28 + &)B + aB12B + aBEqy — gtr(B)I =0. (45)
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By enumerating the indices, one has

(284 &)Bu +2aB1; — $tr(B) =0 ifi=j=1,
(gﬁ+é)31j-|:0é32j20 ifi=1,j#1,
(28 +&)By — tte(B)=0 ifi=j#1,
(26+¢)B;; =0 if i,4,1 are distinct to each other, d > 3.
(46)

First, consider the degenerate case a = 0, or equivalently A = 0. Then, (45)
becomes

(28 +¢)B — gtr(B)I =0.

It is easy to see that there are only two solutions (3 , B) to the above equation. The
first one is § = —¢/2, tr(B) = 0, which corresponds to the case that the eigenspace
is of codimension 1 in the space of symmetric matrices, and the second one is B =0,
B = ¢l for any constant ¢, which is the eigenspace of dimension 1.

Now assume that o > 0. In the case where B = —¢/2 (corresponding to eigenvalue
0 of —L), we have tr(B) = 0, which implies that the only symmetric positive
semidefinite solution is B = 0. More precisely, the solution space consists exactly of
symmetric matrices B with tr(B) = 0 and By; = 0 for all j, so it has codimension
d+1.

Before proceeding to other solutions of (45), let us consider the behavior of (—L)?
for d > 3. It is straightforward to get that

L?B = 202E,,BEy — %tr(B)(Elz + ) — g

Comparing each element, it holds that the kernel of (—L)? is defined by

(2&312 — Etr(B))I

0 =(L*B)n = 22 By + 202 By + S tx(B),
0 = (LQB)lg = 7%‘51‘(3),
0 = (L*B)ii = 2By + Str(B), ifi>?2,
or equivalently tr(B) = Bys = Bay = 0, giving a nullspace of codimension 3.
We now assume that 28 + ¢ # 0. It follows from (46) that
By =0 ifj >3,

i1 %tr(B) if 7 Z 27
d(26 +¢)
« ac
Big = *23 n 6B22 = *mtr(B)v
2« c c 202
Hence, we have
d E 202
= i = = = d .
tr(B) = B +;B d(2ﬁ+5)((2ﬂ+6)2 +d)tr(B) (47)

If tr(B) = 0, then B;; = 0 for all 4, and By = 0, which implies B = 0. If tr(B) # 0,
then it follows from (47) that dB3(28 + ¢)? = éa?, or equivalently

B(4B + 2%dcir)? = 2221102, (48)
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Direct calculation shows that the derivative of the cubic has two distinct zeros, and
the cubic is negative at the smallest zero, which indicates that (48) has only one
real root =,

c 2¢ Y
v = g(—l +coshY) = gcsinh2 5
22dc1q 9,1 108 « «
= inh?(= h(l+ —(——)%)) € (0, ——], (49
3 stnh(Garcosh(1 + (5 )%)) € (0, ==l (49)
with Y = farcosh(1 + 2] (a/¢)?) = Larcosh(l + 1#(2-)?) > 0. One may refer

to pages 473-477 in [34] for the formula. The solution o +— « is bijective on R,
strictly increasing, and has asymptotic v ~ o on o < 1 and v ~ a?/3 on a > 1.
The remaining two complex roots are

c 1 3
7i:§(—1—§costhigsinhY) =op *iw, (50)
with real part op = Reyy = —2‘(2 + coshY) < —¢/2 < 0 and imaginary part
w= 2\5/3 sinhY > 0. Note that 2y — 20 = %coshY >0and v+ 205 =—¢c < 0.

For a root ( of (48), the solution space of (45) is of dimension 1, and each
solution takes the form

- 1,8 L
B=t (B)<d(1—|—2ﬂ~/5)] a(E12+E21)+(1 )Eu)- (51)

Particularly, for the real root =,
tr(B) | gl
B=——"7"——-(I—-,/d=(F E 2d—Fy ). 52
d(1+2V/5)< 5( 12 + Ea1) + z 11) (52)
Thus, assuming tr(B) = d(1 + 2v/¢) > 0, all eigenvalues of such B are, in non-

increasing order,
Ay =1+d2 + Jd2 (1 +dD),
¢ ¢ ¢

Ap=...=Ag =1,

Aa=1+d2 — [l +dD),
c C C

which are all positive. Thus, B is positive definite, with the property that Ay — oo,
Ag — 1/2 when a — oo, and A;' + A1 = 2.

Thus, on a given self-similar parameter 3, the operator B — (28+(+¢)B+ LB
has eigenvalues 25+(—2v,284+(—2v4,28+(—2v_, and 26+ (+¢, where all except
the last are simple eigenvalues, and 23 + ( + ¢ has D — d — 1 linearly independent
eigenvectors and d — 2 generalized eigenvectors of order 2 with D = @ being
the dimension of the space of symmetric d x d complex matrices. Combined, the

solution B(t) of (43) on the self-similar parameter 5 takes the form
B(t) _ 6067(26+C727)tBO + C+€7(2’8+<720R72iw)t3+ + 0_67(2B+C720R+2iw)tB_
+ e~ @B+ B + ... +¢ep_q_1Bp_a_1)
+te”BBHFOY B .+ ¢y B )

for some constants co,Cy,C—,C1y...,CD—d—1,Cly-- -, cﬁj72 € C, nonzero matrices
By, B, B_ of the form of (52) and (51), nonzero symmetric matrices By, ..., Bp_q—1
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which have trace and (2, j)-entries zero for all j, and nonzero symmetric matri-
ces BY,...,Bl_, which have trace, (1,2)-entry, and (2,2)-entry zero. Assuming
By, B4, B_ are normalized to have unit trace and noting that all except these three
terms have zero trace, taking the trace on B yields the temperature T := tr(B) of
the form

T(t) _ 0067(2ﬁ+472~/)t + 67(2ﬁ+C720R)t(C+62iwt + C_ef2iwt).

As T'(t) should be a real number for all ¢, we have that ¢ € R and ¢ =¢Z. On
cy =r+1im with r,m € R, we have

PP (t) = o9t 4 eCor=O (2 cos(2wt) — 2m sin(2wt))

for some constants cg,r,m € R. Similarly, by considering the equation for B;5 and
Bso, the three coefficients satisfy the relation

T(0) = co + 2r,
20 2w
Bi12(0) = Ty - TRT —m,
é 26(20 + ¢) Aéw
Bas(0) = .
200 = 9 75t A@on oz s 4 T d@ontiE s )"

Solving the system gives

Nl=

Co d &2\~
T = 62&2 (27 + 2d0[2>

m
4w (% + w?) 4¢ao pw 2¢02w 7(0)
—2ew(éy — 8w?) —2¢a0 pw —éa’w B12(0)
$3(ey —8w?)  —ica(dy —8w?) iéa*(C+ 3) Ba2(0)

Particularly, we can see that ¢, 7, m, and the precise behavior of T'(¢t) are determined
by the initial second moment matrix By = B(0) only via tr(By) = [ |[v[*fo, (Bo)12 =
Jvivafo, and (By)az = [v3fo, and the oscillating terms in T'(t) vanish if these
quantities satisfy (52).

Furthermore, we can see that in the long-time asymptotic, the energy

e grows exponentially if 2y > ¢ + 28 (shearing dominant),
e decays exponentially if 2y < ¢ 4+ 2/ (cooling dominant), and
e converges to some constant ¢g > 0 with rate ( — 20 > 0 if 2v = ( + 28,

where v depending on z,«, ¢, and d is defined in (49), and ¢ depending only on
z is given in (7). Without self-similar scaling, the last case happens if 8 = 0 solves
(48), or equivalently

2d011 q deiy bo — by

a=ap:=((+z2 5 ) el ((1 = 2)(bg — b1) +ZT) z(1 — Z)T > 0,

(53)
for 1/2 < z < 1. It is also direct to see ap — 0 as z — 1—. This completes the
proof of Theorem 2.7. O

Note that ag as in (53) has a finite upper bound

1
ag < Z(bo — by +de11/2)\/ (bo — b1)/e1n < oo
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2.3. Stationary self-similar Radon profile. In [35], the existence of a stationary
self-similar profile for elastic collision can be shown under the assumption that the
shear strength || A|| is sufficiently small. However, due to the appearance of the
cooling effect for inelastic collision, we need to further impose the smallness of { as
in (7), or equivalently the condition that the inelastic parameter z is close to 1, to
establish the existence. Here, the shearing matrix A is not necessarily associated
with a uniform shear.

Theorem 2.8. There ezists € > 0 such that if |A| < € and 1 — z < €, then
there is some S € R and a symmetric positive definite matriz B with tr(B) = 1
such that for all © > 0, a self-similar profile G € M exists where (14) is satis-
fied in the sense of measure with [,,(1,v,v%?)G(v)dv = (1,0,0B). In particular,
Joa (L0, o) G(0) do = (1,0, 0).

Proof. First, we need to show the existence of B for the stationary second moment
equation (44) with the scaling parameter 3. By similar perturbation arguments as
in [35, Lemma 4.16], for sufficiently small ||A|| < 1, there exist a 8 € R and a
nontrivial symmetric positive definite stationary solution B to (44). Moreover, § is
chosen to be the complex number with the largest real part for which (44) holds,
and B is normalized in this theorem with tr(B) = 1.

Take C, > 0 large enough and s € (2,4]. Let K C M be the set of measures
G that satisfies [5,(1,v,v%?)G(v)dv = (1,0,0B) and [ |[v[*G < C,. Note that K
depends on CY, s, and ©. It is easy to see that K is nonempty, bounded in M, and
convex. Furthermore, as K is weakly closed, then by the Banach—Alaoglu theorem
it is weak-* compact.

Let S : [0,00) x M4 (R%) — M, (R%) be the mild solution operator such that
G(t) = S(t)Gy is the mild solution from Theorem 2.5 with initial condition Gj.
From Theorem 2.6, we can see that ¢ ~ S(¢) is a semigroup on M (R%).

First, we show that S is uniformly weakly continuous on [0,7] x K for each
T <oo. Let 0 <ty <ty <T < oo, and Go(v) € My with [p, [v]*Go(v)dv < oco.
By Theorem 2.6, G(t) = S(t)G also has finite s-moment on [0, 7]. Let ¢ € CO(R%).
Then, for a cutoff function ¢,, € C?(RY) with [v]|V,@n| + |02 V20n| < C(1 + |v]*)
for some constant C' uniformly in n, we have

‘/R %(v)G(tl,v)dv—/Rd gon(v)G(tz,U)dv‘

to
< / / |Av - V0, |G(t,v) dudt
t1 R4

N ;/tjz/Rd/Rd/Sd_lb(cosﬂ)G(t, V)Gt v.)

X |@n (V') + @n(vh) — pn(v) — @ (vi)| dodv,dudt,
which, together with (39), yields

‘/ gan(v)G(tl,v)dvf/ o (V)G (t2,v) dv
R4 R4

ta
gc/ /|v||VU<pn|G(t,v)dvdt

t1 Rd

ta
+ 0/ / Gt 0)G(t, v) |0 — v, | V20| du,dudt
t1 RdJR4
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tz t2
<cf (4Pt v d+c (/ (1+ [o]")G(t, v) dv)2dt
R4

tl tl
< Crlts — t1] (1 + || Golls)?,

for some constant Cr depending on T, |V,¢,|, and |V2p,|. By the density of our
test functions in CY(R%), the continuity holds for all test functions ¢ € CO(RY).

We now show the weak continuity of S(¢) on K with fixed t < T < co. Motivated
by [35], this will be done via the 1-Wasserstein distance on M:

Hilfa) = s [ o)(r) - gl

Lip(¢)<1

where Lip(¢) = sup,, % is the Lipschitz constant of . Let f(t) =
S(t) fo and g(t) = S(t)go be mild solutions with fo, go € M4, [ea(fo(v),go(v))dv =
(1,1), finite s-moments, and ¢ € C(R%) with finite Lipschitz constant that satisfies
Lip(¢) < 1. Then, for fixed 0 < ¢t < T < oo and ¢(t',v) = @(e~1)40) on t' € [0,¢]
which satisfies 9y + Av - V9 = 0, we first write

/ e()(f(t,v) = g(t,v)) dv —/ p(e0)(fo(v) = go(v)) dv
R4 Rd
Rdzp(tv U)(f(ta U) - g(t7 U)) dv — ¢(Oa U)(fO(U) - gO(U)) dU,

Rd

and it follows from the weak formulation (21) that

[ ettt —att.onav= [ ole o) (o) = miw)ao

/ /R/R /S 2:5’; L) F () (F(7, ) — g(7,0.)

X (Y(1,0") + (7, 0]) — Y(,v) — (7, v,)) dodv,dvdr
// / / U:U* -0)(f(r,v) = g(7,v))g(T, vs)
RdJRd Jsd—1 U 1)*
X (P(7,0") + (7, 0,) = p(7,v) = P(7,v.)) dodv.dvdr
= [9(0.0)(fo0) = o)) do (54)

Since Lip(¢) <1, on 7 € [0,T] we have

Lip(4(7)) = Lip(p(e~74v)) < Lip(p) [l < sup lle |
7€0,

which is a constant that depends only on T'. Hence, one has

[ ot 0)hot) = o) do

sup e [ —2E 5 ) — go(w)) dv < CHAfor o)
- u o an\Jolv) — golv VS 1\Jo,90)-
r€[0,T] Rra SUP[ 77 [[€7 4]

Notice that

Llpv* /]Rd/gd L ‘Z : Z: : O')f(T,’U)’(Z}(T, U*) dO’d’U) S CTLip'u* (¢(7—7 ’U*)) S CT?
(55)
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Lip,, ( — /Rd/sf“‘b( |Z : Z:| <o) f(r,v)Y(T,v) dodv) =0. (56)

To estimate Lip,_([[ bf(7,v)y(7,v")dodv), let é € S4~! be a fixed unit vector, and
R = R(v,v,) be a rotation such that RT|Z:Z:‘ = é. Then, we use a change of
variables to get

/ / . o) f(r,v)Y(r,v)dodv
Rd.JSd—1

[v — vy

B /Rd/gd,lb( v — v:| “Ro)f(r,v)

* 1_
Xw(ﬂv—’_v Z(U—v*)+g|v—v*|Ro> dodv

+
:// b(é - o) f(r, v)ib(r, ) dodo, (57)
Rd.Jsd—1

2 2
with ¥/ (v, v,,0) = Y= + 12 (v —v,) +

S|lv —vi|R(v,v4)o. Since

V — Uk UV — Uk

90 0.

v = vl R(v,0.)0)]| <

+ v —

‘(R@, 0.)0) @

v — v,
uniformly on v,, we have

11—z  =z_.
2 2

1
Lip,, (') < 3

(o = w R(w,0)0)
<C+ Csup va*(lv - U*lR(U>U*)U)|| <,

which, together with (57), implies

vV — Uy ,
Lip,, /Rd/sd 1 co)f(r,v)(r,v") dodv)

v — v,
<Cr /R d /S b(e ) (7, 0)Lipy (6 (r, ¥)Li, (¥ dodu < Cp. (58)
Similar arguments give that
Lo, ([ [ b= - o) ()il dod) < O, (59)

Combining (55), (56), (58), and (59), we have

vy, ([ [ M= ) (0 () +04r) = vlr) = i (7)) ded) < Cr

|v — vy

which gives

/]Rd/w/sd 1 \v—v* <o) f(m,0)(f(T,vs) — g(T,04))
X ((7,0") + (1, v)) — (1,v) — (7, vs)) dodvedv < Cr#4(f (1), 9(7)),

/Rd/]R"/Sd : \2:2* o) (f(7,0) = g(7,v))g (7, vs)
x (P(1,0") + %(1,v]) — (1,0) — P(r,v.)) dodv.dv < Cr#4(f(7), g(7)).
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It holds from the above two inequalities and (54) that

W), 9(t) < Cr(Ha(forgo) + / Wi(f(r), 9(r)) dr),

which further yields by the Gronwall inequality that #1(f(t), g(t)) < Cr#1(fo, g0)
with the constant Cr depending only on T'. Hence, for each t > 0, S(t) : K — M,
is weakly continuous.

Recalling that K C M is the set of measures G with [(1,v,v%%)G = (1,0,0B)
and f [v|*G < C., we now show that S(t)K C K if C, is sufficiently large. By
the properties of mild solutions and the selection of 3, it suffices to show that
Jga [0IPG(v)dv < Cy on G(t) = S(t)Go for Gy € K. Let Gpo = Goxjvj<n and
G (t) = S(t)Gro. As in Theorem 2.6, we have ||G,,(t) — G(¢)||2 = 0 when n — occ.
By the selection of B and the fact that [p.(1 + [v[*)G(t,v)dv = 14+ O > 0 is
constant, then for sufficiently large n we have

/ (1 + |v*)Gp(t,v)dv < C/ (1 + |v|>)G(t,v)dv < Cr
R4 R4

at the given time ¢t < T < oo with constant independent of n.
For s > 2, [31, Lem. 3.3] gives the following Povzner inequality:

[ oeos o)1+ 1 = ol ~ o) do = P - N, (60)
d—1
with
P < C(JuPosl* 72 + |ou Pu]*72), (61)
N > c(|v]? + v ?)*/2, (62)

where the constants C' and ¢ depend only on s and by. It follows from (21), (60),
(61), and (62) that

d s

g/RdM Gn(t,v)dv

= —s/ o' Ago|v|* TG (t,v) do
]Rd
1/ Gn(t,U)Gn(t,v*)/ b(cos ) ([v']° + [0 — [v]° — [vs|*) dodv.d
Rd JRA sd—1
s(1A] - /mc (t,0)d
1 — S S

+1 //G(t )Gty 02)(C (02 0a]"2 + [0 P0]"2) = e((o]* + [0.]*))dvadv

/ [0[2Gn (£, v) do)( / [o]*~2Gn(t, 0) dv) + (s Al —sﬂ—c)/ [o]* G (£, v) d.
Rd
(63)
The first term on the right-hand side above is controlled by

([ PG [ o Gato)do)

< (/Rd(l + [v]*)Gp(v) dv)? < CT(/]Rd(l + [0]2) o (v) dv)?
< CT(/Rd(l + [v*)Go(v) dv)?. (64)
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Recalling || = |8+ ¢/2| < C||A|| and ¢ defined in (7), we choose z, A such that
1 — z and || A4|| are sufficiently small with

A= 8 < Al + 18|+ ¢/2 < C(JA] + (1 — 2)) < ¢/s. (65)
Collecting (63), (64), and (65), we have
A Gt v) dv < CT(/ (1+ |o[2)Go dv)? — 5/ o* G (2, v) v
dt Jpa Rd Rd

for some Cr,d > 0, and thus, by the Gronwall inequality, [p. |v]*Gy(t,v) < C, if
Jga [v°Go(t) < C. with C, > 0 sufficiently large. Passing to the limit, we have
Jga [v[*G(t,v) < C, on each finite ¢ € [0,T]. This implies that for each t > 0,
SHKCK.

By the Schauder fixed-point theorem, for each 0 < ¢t < T < oo, there exists a
fixed-point G; € K such that S(t)G; = G;. By the semigroup property of S(t),
S(nt)Gy = Gy for all n € Z*. Let t, > 0 be a sequence such that ¢, — 0 when
n — oo. Since K is closed and compact, up to a subsequence, we have that G, - G
when n — oo for some G € K.

Let t > 0. Then, there exists n; € ZT such that nity — ¢t when & — oo.
Therefore, by the convergence of G, and continuity of S in time, it holds that

Gy, = S(nity)Gr, = (S(ngt) — S(t))Ge, + S(t)G, = 0+ S(t)G, k — oo,

which yields S(t)G = G for all t > 0. Hence, the proof of Theorem 2.8 is
finished. 0

The above theorem gives us the existence of the stationary Radon profile noted in
Theorem 1.1. Also, note that by construction, g is chosen such that the temperature
of the stationary profile is a finite positive number. For the uniform shear flow
matrix, the discussion in Theorem 2.7 implies the sign relation in Theorem 1.2.

From the proof, we can also see that the profile has finite moment of order
s € (2,4], given that A and 1 — z are sufficiently small.

We remark that the smallness assumption posed on || A|| and 1 — z are needed in
only two places:

e the existence of stationary solution to the second moment equation (43),
e the control ||A|| — 8 < ¢/s for the Gronwall inequality in (65).

2.3.1. Sufficient condition to self-similar solutions for uniform shear flow. In [35],
a variant of Povzner inequality is proposed to tackle the existence problem of a self-
similar profile for elastic USF. The same variant also works for inelastic collision
and a more generic class of shearing matrix, assuming that additional conditions on
the kernel and the parameters are satisfied.

Lemma 2.9. Let 8 € R be chosen as in Theorem 2.8. Suppose the kernel b is
continuous in the sense that

v—w
— b(o -
(v, w) §d-1 (o |[v — w|

Y9(v,w,0)do

is continuous for all continuous functions g : R x R? x S4=1 — R, (44) holds for
AT, and the self-similar parameter 8 has a symmetric positive definite stationary
solution B € R¥™4, If

IHl\Ei)%W(U; W)+ H(v) <0, (66)
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for some matriz W € R¥? where
v _
W(v; W) = b(o- =)W+ W~ —W)do — Agv -V, W,
§d-1 |v]
and

H(v) :z/ b(o- —l)(B+lnB+—|—B InB~ — BlnB)do — (1 +1nB)Azv-V,B,
§d—1 v

with matrices acting as the induced quadratic form W (v) = v"Wwv and

v = %(v —|vlo), vT=v—-v",

then there exists g > 0 such that for all € € (0,€p), P(v) = (B(v) + W (v))1+¢ is
homogeneous of degree s = 2(1+ €) > 2 and satisfies

UV — Uk

UP(v,v,) = /S(Hb(" g v*|)(@(v') +d(vl) — D(v) — B(v.))do — Agv - V, &

< Clof*?|o.|*? - ko,
for some C,k >0, |vi| < |v|, and &(v) < Clvl®.

Note that we can always choose ¢ sufficiently small such that s € (2,3).

Proof. Since B is positive definite, on sufficiently small € > 0 we have

|H\li—nl B(v) + €W (v) >0

and so minj,—; ¢(v) > 0. Using a Taylor expansion on ®(v) = (B(v) + €W (v))'+e

gives ® = B4+¢(BIn B+W)+0(e?) and V,& = V,B+¢((1+In B)V,B+V, W)+
O(€?). Then, with |v| = 1, it holds that

V@ :=UP(v,0)

:/ bo- L)@ + & —B)do — Agv - Vb
Sd-1 |v]

:/ b(c ﬂ)(B++B* B)do — Agv-V,B
gd—1

(/ Y BTmBY+B InB~ —BlnB)do — (1+InB)Agv-V,B

=W(v; B) + e(’H(v) +W(v; W) + O(€).
Since B is a stationary solution to (18) on shear AT,

W(v; B)

/ b(o - —)(B++B_ B)do — Agv-V,B
§d—1 |'U|

I
&

: /S blo |Z7><<v+>®2 + (W) =) do — Agv -V, B

I
&

1
: 5/ b(o - |%|)(z(z — 2)0®% 4 220?0®? 4+ 2(1 — 2)p|(v® 0 + 0 ®v))do
gd-1

— Agv- (B4+ B
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~ 1 v|?
=B: i(ZQdcll(%

I —v®?) 4+ 2¢0v®?) — (AEB + BAg) : v®?
dewn tr(B)

d
with X : YV = Zij Xi;Yi;. Furthermore, by assumption (66), taking 0 < e < 1
sufficiently small, we have that max,—; V& < 0.

By the continuity of the kernel and @, U® is continuous in v,, so on |v,| < 6 < 1,
we have max|,—; U® < 0 as well. Since max|,—; ¢ > 0, we also have U® < —xP
for some x > 0 sufficiently small.

On 8 < [0.] < [o] = 1, a5 o], v} < [ol+ o] < 2, [9(0/) +B(u]) ~ B(v) — B(v,)] <
C. Also, |[V,®| < (B+6W) (IVoB| + €|]V,W|) < C on |[v| = 1. These imply that

2 d011

= %2 (ATB+BA+(28+¢)B+z )=0

Udig/ b(o~‘v_ )+ (1) = 8(0) = B(o.)] do + | A0l V.2 < Co°/%
§d—1 UV — Uy

Combining the two cases and using the homogeneity of ¢, we have that U® <
Cv|3/?|v,|*/? = k® for some C, k > 0 on |v,| < |v|. Hence, & < C|v|* follows directly
from the homogeneity of @. O

There are few results on the existence of matrices satisfying (66). However, we
note that, assuming Lemma 2.9 holds, such B exists, and then
e W(v; W) is linear in W
e as [vt| < Clv|, B, B* < C. Since z + xInz is locally bounded, the integrand
in # is bounded. Furthermore, B is positive definite, so min =y In B(v) > 0.
This implies that max;,—; H < oc.
Hence, it would suffice to find W' such that max),—; W(v; W) < 0, with A > 0
being sufficiently large,

lmlz?%’]-[(v) +W(v; A\WW) < max H(v) + Amax W(v; W) < 0,

lv]=1 lv]=1

and thus (66) holds. As seen in the proof of Theorem 2.9, one has

d
W(w; W) = —v®2: (ATW + WA+ (26 + OW + 22 C” W — (:;/) I).
Then, max/,—; W(v; W) < 0 is equivalent to
ATW + WA+ 28+ OW + 2 dc” N (f;/) 1) =0, (67)

with = defined in the sense that A = 0 if and only if vT Av > 0 for all v € R

So, to use Theorem 2.9, it suffices to show that such W exists. For consistency
with notations in (48), on 8 = B+ (/2 and é = 2291 we rewrite (67) as
tr(W)
d

In what follows, we would point out that, while the approach above may yield
desired results on some shearing matrices, it fails in case of 2D USF.

Theorem 2.10. If d = 2 and (48) holds, then no W € R**? satisfies (68) for
uniform shear flow where A = aF1s.

R(W) = AW + WAz + & I) 0. (68)

Proof. On z = (cos®,sin#)T € S* where S! denotes the one-dimensional sphere,

" Rx = C + Cy cos(26) + Co sin(26)
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has minimum value min,c g1 2" Rr = C' — /C? + C2 with
a ~ -
57 ﬂ) : Wa

and W = (W11, Wig, War, Waa)T. To have mingeg 2T Rr > 0, it is equivalent to
require

C >0,
C?—C—C2=WTSW >0,
to hold for some W with

—a? - 1&(4p + @) —ja —jaé 1648 +¢)

oo e ety et T
- —1%ac~ i —1(2?—510) —1(2?—1:0) ljzgc ~
23° 4 ;E(4B +¢) —5Qc —4ac —4C(4B+¢)

and such W exists if and only if —S is not positive semidefinite. However, we can
enumerate all 15 principal minors of —S and note that

1 ~ 1, - 1 ~
My =o®+ 1648 +0), My=Ms=(28+¢)°, Mi=

1, = o=
My = Mz = — (46 + &)2(28 + &)3, My =
16¢

1 .
M3 =0, Moy = Msy = 1755(25 +&)3,
Mig3 = Mg = Mi34 = Ma34 =0

are all nonnegative with det(—S) = 0. Then, —S is positive semidefinite, and no
such W exists. O

This implies that in order to have (66) on 2D USF, it is necessary to study the
behavior of the more complicated part H of the condition. If H(v) > 0 on |v| =1,
(66) fails to hold.

In the current section, following the same strategy as in [35], we have constructed
the global-in-time solutions as nonnegative measures for the Cauchy problem (1) in
Theorem 2.5, and further obtained the propagation of moment bounds in Theorem
2.6. Moreover, we have provided a characterization of the long-time behavior of
temperature in the case of simple uniform shear flow in Theorem 2.7, and estab-
lished the existence of stationary self-similar Radon profile in Theorem 2.8. In the
next section, we will follow the approach in [7] for further obtaining the long-time
asymptotics toward the self-similar profile for global-in-time solutions of (1).

3. Fourier solution. In this part we consider the solutions in the Fourier space
as characteristic functions. The natural solution space is the space K of charac-
teristic functions, the Fourier transform of probability measures on R?. For two
characteristic functions ¢, ¥ € IC, their p-Toscani distance for p > 0 is

[o(k) — 9 (k)|

IR (69)

[ — [l = sup
k0
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The Cannone-Karch space KP C K with p € (0,2], the space of characteristic
functions with finite p-Toscani distance with 1, that is || — 1||, < oo, contains all
characteristic functions of probability measures with finite absolute p-moment and
(if p > 1) zero mean [16].

Similar to the elastic case in [7], we have the following lemma for properties of

the operator Q¢ .

Lemma 3.1. Let QF be defined in (16). Then, by Qi (K,K) C K, and the Le-
Lipschitz property of Q& holds:

1QF (2, 0) (k) — Q2 (1, ) (k)] < Lelp(k) — (k)| < 2bolp — Yllz=,  (70)
where L. is defined in (17).

Proof. The proof is very similar to [7, Lem. 3.1], see also [10]. For brevity, we only
prove the L.-Lipschitz property as follows:

1QZ (0, 0) — QF (1, 0)]
b(cos ) lp(k+)p (k™) — w(k+)b (k)] do

IN
\

Sd—1

b(cos D)o (kT)[[@(k™) — (k)| do

IN
\

Sd—1

" / b(cos )| (k™) — w(kH) (k)| do
Sdl

\

b(cosP)|(k™) — (k™)|do +/ b(cos)|@(kT) — (k)| do
§a-1 gd—1
= Lelp — | < 2bolle — ¥l e,

for ¢, € K. In the third inequality above, we use the fact that |¢(k)| < 1 for any
k. O

Then, we integrate equation (15) to get the mild form of the solution defined as
follows.

Definition 3.2. A function ¢(¢, k) € C([0,00),K) is a mild solution of (15) on the
initial condition ¢q(k) = ¢(0,k) € K if

t —
o(t, k) = e P%pp(e k) + / e NQH (0, ) (re DA R dr. (71
0

We can prove the existence of the Cauchy problem solution of (15) in terms of
the mild solution of (15) in the frequency space.

Theorem 3.3. If po(k) € K, then there exists a unique mald solution o(t,k) €
C(]0,00),K) globally in time and satisfying (71) with initial condition p(t,k) =
eo(k).

Proof. Consider the Picard map P : Xr — Xr on Xr = C([0,T],K) equipped with
metric d(, ) = supjo 17 |p() — $(t) | = defined by

t —
Pw(t,k)=6‘b°t<po(6‘tATk)+/e_bg(t_T)QZ“(so,w)(Tve‘(t‘T)ATk)dT-
0
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We first show that P maps Xr into itself. For ¢q, o(7) € K, it is straight-forward

to see that ¢o(e~*4" k) and QZ (¢, ¢)(r,e~t=DATk) are characteristic functions.
Py(t), which is a convex combination of characteristic functions, is also a charac-
teristic function for each ¢ € [0, T']. Furthermore, since K is a subset of all continuous

functions, and ¢ — e~tpy(e A k) and (¢,7) — e~ QF o(r,e= =T k) are
continuous, then ¢t — Pg(t) is continuous. These imply that P is well-defined.
For ¢, € Xr and t € [0, 7], it holds that

IPwﬁiﬂ—l%MtkHSUAe*““”ﬂéngwﬂfw—ég@h¢ﬂfﬂ@’“”*“kﬁh

t
b ) —U(T oo dT
gl?ﬂﬂ) oI

We choose T' = ﬁ, which is independent of ¢y. Hence, P is a Banach contraction,
and there exists ¢ € X such that Pp = p. By a standard extension argument,
there exists ¢ € C([0,00), K) such that Py = . O

We show that the distance of two mild solutions ¢, for the elastic equation
on initial conditions g,y € K is controlled by a corresponding solution on the
linearized equation (15). The proof is similar to that in [7, Thm. 4.8], noting that

the key points are using the bound |Qd (¢, ) — Qd (v, 9)| < Le|p — 9| and the
comparison principle.

Theorem 3.4. Let o(t, k) and ¥ (t, k) be two mild solutions of (15) with initial
conditions po(k),vYo(k) € K. Then, if y(t,k) satisfies

t
y(t, k) _ e—botyo(e—tATk) +/ e—bo(t—T)ﬁey(77 e—(t—T)ATk) dr, (72)
0

which is the mild solution of the linearized equation
Oy + ATk - Viy = Ley — boy,
with initial condition yo(k) = |@o(k) — 1o (k)|, then it holds that
ot k) — o (t, k)| < y(t, k). (73)
Proof. We have from (71) and (70) that for z(¢, k) = |p(t, k) — ¥ (t, k)],
2(t k) = [o(t, k) — o(t, k)|
< e fpo(e k) = (e h)

t — —
+/0 e QF (0, 9) — QF (¥, ) (1, e DA dr

< e7lyo(e™ k) +

e_bo(t_7)£e|<p —|(T, e_(t_T)ATk:) dr

= eibgtyo(eftATk) + [ et (7, 67(t77)ATk) dr.

S— 55—

Therefore, (73) holds by comparison principle. O
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In order to control the growth of the p-Toscani distance in time, we need to define
the kernel constant

_ TR 2 Ll et L
Ap = /Sd—lb(O' . m) (]. T) do

2 g v p/2 o1 p/2
- /Sd,lb(cow)(l‘( sin? 2)/% — (1= 2(2 = 2)sin® )/2) o, (74)

for p > 0 as in [12, 7]. Note that \g = —by < 0, A2 = ( > 0, and A, < by for all p.
Furthermore, a direct calculation shows that
o,

= /S  bleosd)(~( QSm?g)p/an(f sm2§)

— (1 —2(2— z)sin? g)p/Q In(1 — (2 — z) sin? g)) do >0 (75)

by the facts that 22 sin? g <land1l-2(2-2) sin? g < 1, which implies that A,
is strictly increasing in p. This gives that the unique root pg > 0 that A,, = 0 is
strictly smaller than 2 in the case of inelastic collision z < 1, and A, > 0 with p > 2
for all z € (1/2,1].

Now we can justify the existence and show some properties of such y(t) for
appropriate an initial condition yo with the framework developed in [7] in the elastic
case.

Theorem 3.5. Let C, = {f € C(RY,R)| || f|l, < oo} equipped with p-Toscani norm
for some p > 0. Then, it holds that:

o For every yo(k) € Cp, there exists a unique y(t, k) to (72) denoted by
y(t, k) = exp(t(—bo + Le — ATk - Vi,))yo € C([0,00),Cp).
o Ifyo(k) € Cp and u(t, k) € C([0,00),Cp) are both nonnegative, and

u(t, k) > e_b"tyo(e_tATk) + /te_bO(t_T)ﬂeu(T, e_(t_T)ATk) dr, (76)
then one has 0
ult k) > y(t, k) = exp(t(—bo + Le — ATk - Vi.))yo (k). (77)
o Ifug =wug(k),vo =vo(k) € Cp and 0 < ug < vy, then it holds that
0 < exp(t(—bo + Lo — ATk - Vi.))ug < exp(t(—=by + Lo — ATk - Vi))vo.  (78)
Proof. First, consider the Picard iteration
20(t, k) =0,

t
Znt1(t k) = e*bﬂtyo(e*tATk) + / eibO(th)Eezn(T,ef(tfr)ATk‘) dr, n=0,1,---,
0

with ¢ € [0,T] for some T' > 0 to be determined later. Then, one gets

‘Zn-i-l(tyk)‘ —bot (| ,—tAT |p t bo(t—7) _(t—T)AT plﬁezn(T, k)|
T S e P lwolly + e e [fs
_ T
< 1gollp sup [le ™4 ||”
T

)

t _

k+p k—I|P

+ sup [leAT [P / e~ 2 (), / b(eos ) IR gy
[0,T] 0 ga-1 k[P
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_ T _ T
< llvoll» sup le™™1IP + T sup [le ™™ [P (bo — Xp) sup ||z (7) [,
T

) ) )

which yields

AT AT
sup || za1(7)llp < [9ollp sup le™ ™[I + (bo = Ap)T sup [le™ ™ |7 sup |20 (7)]p-
] (0,77 (0,71 (0,71

T )

By induction, z, € C([0,T],C,) for each n >0 and T > 0.
Furthermore, direct calculations show that

sup lIz1(8) = 20()l» = sip 21 (B[l < oo,

) )

and
[2n+1(t) — 2n(t)llp

t
< / e P (Leozn — Lezn_1)(T, e_(t_T)ATk)Hp dr
0

t
< [ AT Lo (r)  zca (7))
0

P+ k]

P dodr

T t
<sup [ [ [ eosi)lln(r) = 20,

< (bo — )‘p)TepT”A” sup [|zn (1) = 2n—1(7) |-
We choose T' > 0 small enough such that (by — \,)TePTII4ll < 1. This implies that
zn = z as — 00 in supy 7y | - [[-norm for some z € C([0, TT,C,) satisfying (72). As
the selection of T is independent from ygy, by a standard extension argument, we
obtain that there exists some y € C([0,0),Cp) that solves (72).

To prove the uniqueness of the solution obtained in Theorem 3.5, for two solutions
01(t, k), pa(t, k) of (72) with the same initial condition, we have

|301(t7 k) — @Q(ta k)|
k[P

t
< / ek 7P L, (01 — @2)(7’6_(t_T)ATk)\ dr
0
t
— —T — —T T
< (bo *)\p)/o e~ 2= e =AY 1P| oy (1) — a(7)|, dT

< (bo — Ap)/ote_b“(t_T)e(t_T)p'A' le1(7) = @a2(7)llp dr,
which gives
ebote=IA o) (1) — oo (8)||, < (bo — )\p)/oteboferplAl lp1(7) = a(7)]lp dr.
Then, it follows from the Gronwall inequality that ||¢1(t) — 2 (¢)|, = 0 for all ¢.

To show the second part of the proposition, we note that zo(t, k) = 0 < wu(t, k)
and

t
Znt1(t, k) = eibotyo(eftATk) +/ e t=TL 2 (T, ef(th)ATk:) dr
0

t
<u(t, k) — / e =L (0 — 2,)(T, e_(t_T)ATk) dr
0
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by (76) and the fact that L. is a positive operator in the sense that L.f > 0 if
f > 0. Hence, by an induction argument, one gets z,(t, k) < u(t, k) for all n > 0.
Taking the limit n — oo, we have (77).

We turn to the third part. Notice that with v(¢,k) = exp(t(—bo + Lo — ATk -
Vi))vo, (72) and 0 < up < vo imply that

t
o(t, k) = e g (e k) + / e L ou(r, e A k) dr
0

t
0

It follows from the above inequality and applying the conclusion of the second part
that v(t, k) > exp(t(—by + Lo — ATk - Vi))uo(k), which yields (78). Nonnegativity
comes directly from the fact that z, = 0 for all n > 0 in the case when yo = 0.
Hence, the proof of Theorem 3.5 is complete. O

We have the following bound of p-Toscani distance, which will be used in the
next section when we consider the stationary profile.

Lemma 3.6. For p > 0, define
up(t, k) = k" exp(—t(Ap — p||Al])). (79)

Then, the solution exp(t(—by + L. — ATk - Vi) |k|P of (72) with initial data |k|P
satisfies

exp(t(—bo + Le — ATk - Vi) |k|P < uy(t, k). (80)
In particular, for Ag defined in (13), it holds that
exp(t(—bo + L — Agk Vi) |k[P < e PPl (t, k). (81)

Proof. By direct computation, one gets
Lokl = / b(cos9) (k[P + [k~ |P) do
Sd*l

kTP + k[P
— P LI I R N
= |k| /Sdilb(cosﬂ) R

— |k|p(b0 - )\p)7

which yields Leu, = (bo — Ap)up. Then, we have
t
e_b0t|e_tATk|p —|—/ e_bO(t_T)Eeup(T,e_(t_T)ATk;) dr
0

T

t
< efbotHe*tAT||P|k|P + (by — )\p)/o e*bo(t*T)up(T,ef(th)A k)dr
t
< e e AT [PIR[P 4 (by )\p)/ e=bo(t=7) =T =Pl A || o= (=T AT P g|P 47
0

t
< |k|p(efboteptllAll + (b — )\p)/ e~ 00(t=7) o =T (A =Pl Al}) cp(t—T)[|All dr)
0
_ |k,|p€—t(kp—p|\AH) = u,,

which, together with (77) in Theorem 3.5 by substituting yo(k) = |k? and u = u,,
gives (80). O
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With the help of the results above, we have the stability result on the mild
solution of (15).

Theorem 3.7. Let o(t, k) and ¥(t, k) be mild solutions of (15) satisfying (71) with
initial conditions o (k), ¥o(k) € K. Suppose |po(k) —1o(k)| < C|k[P for somep > 0
and C' > 0. Then,

|90(ta k) - d)(ta k')| S Cup(ta k)v (82)
where u, is defined in (79). In particular,
lp(t) — ()], < Ce tPe=PIAD 0 g5t — 0o (83)

if Ap/p > || Al

Proof. By our assumption, ¢g — g, C|k|P € Cp, it holds by Theorem 3.4 and The-
orem 3.5 that

lp(t, k) — b(t, k)| < exp(t(—bo + Le — ATk - Vi))|po(k) — 1o (k)]
< Cexp(t(=by+ Lo — ATk - V) |K|P
S Cup(ta k)a

which gives (82). Furthermore, (83) is an immediate consequence of (82) provided
IAl < Ap/p- O

Remark 3.8. In particular, since the Dirac mass at origin ¢ = 1 has unit mass,
zero momentum, and finite energy, and is a stationary solution to (71) for ||A| <
A2/2 = (/2 where ¢ is defined in (7), every initial condition also with unit mass,
zero momentum, and finite energy weakly converges to the Dirac mass ¢ = 1, and
hence, in such case, there is no nontrivial stationary solution of (15) with finite
energy for z < 1.

We summarize some differences between the inelastic and elastic cases. Let f, g be
solutions to (1) with the initial data fy, go. On elastic collision, Ay = 0. Then, due
to the monotonicity of A, in (75), if we still want (83) to hold for (¢,v) = (Ff, Fg),
it is necessary to consider p > 2 as in [7], which requires the initial conditions fy(v)
and go(v) to have the same second moments. On the other hand, for inelastic
collision, one can consider the case p = 2 since we have Ay = ( > 0, which implies
that assuming ||A|| < ¢/2, on two initial probability measures fy, go with unit mass,
zero momentum, and finite energy, (83) still holds. Notice that now we no longer
require the second moments of fy and gy to be the same.

3.1. Stationary self-similar Fourier profile. The existence of a self-similar pro-
file with finite second moments under small parameters can also be done in the
Fourier framework. The stationary solution ® = ®(k) for (18) with self-similar
parameter 5 € R solves the equation

) —
o(k) = / e PQE (@, ) (e PleA k) dt. (84)

0

Define
d
B k’®2 = Z Bijkikja
ij=1

and

1
Syi={pekllle= (- 38K, <oo. (55)
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Theorem 3.9. Let p € (2,4]. Then, there exists €, > 0 such that for ||A|| < ¢, and
1—2 < €, there exist B € R, B € R4 which is positive definite, and a unique
® € S, that solves (84).

Proof. We still choose 3 € R and B € R™? as in Theorem 2.8 such that (44)
is satisfied with 8 having the largest real part. Notice that we no longer require
tr(B) = 1 now.
Since Wo(k) := exp(—3B : k¥2) is the characteristic function of a normal distri-
bution, we then have ¥, € K, and thus ¥y € S, on 2 < p < 4 with S, nonempty.
Consider the Picard mapping P : S, —+ K by

o) —_—
PO(t, k) = / e Pt QH(®, D) (e Ple 4 k) dt.
0

The mapping is well-defined since P® is a convex combination of characteristic
functions .
ks by QE (@, ®) (e Pl k).
We first show that P¥, € S,,. Since ¥, P¥, € K, we have |[P¥y— Uy| < C. We
expand W in k such that Wo(k) =1 — 3B : k%2 + O(|k[*), and using |k*| < |k|, it
holds that

Q¢ (Wo, W) (k)
= [ eost)(1= 5B (9 4 O ) (1= 3B ()% 4 O(1k[1) do
Sd/fl

= /Sd_lb(cos 6)(1 — %B (D + (650)%) + 0(k[4) do

1 k|2
= by — 5B : ((bo — QK®* + zQ%(%I — k%2)) + O(|k|h),
which gives

Q (Vo, Wo)(k) — boWo (k)

1 d611
= _—-B: (—Ck®? 2=
B (T

tr(B)
d

(L5~ k2)) 4 o(jar

1)) + O(lk|), (86)

1
= §k®2 1 ((B+é(B -
where ¢ = z2dc—2“ > 0. Further, we have
1
\Ilo(e_ﬁte_tATk) =1- ie_z'gte_tABe_tAT k2 4 O(|6_Bte_tATk|4)
1
= Wo(k) — 5(6_2*/'%6_“436_“1T — B) : k®?

+O(je e ATk + O(|K[*). (87)

To bound the second term on the right-hand side above, by the selection of B such
that (44) holds, we have

tr(B
(B+&B - %I) — 28B— AB — BAT,
and a direct calculation shows that

d

a(e_Cte_tABe_tAT) = —e e (¢cB+ AB + BAT)e_tAT7 (88)
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for all ¢ € R. Thus, by choosing ||A|| and 1 — 2 to be sufficiently small such that
2| Al + ¢ =28 < 2||A|| +2|8] + ¢ < bo, and then choosing ¢ = 28 + by in the above
equation, one gets from integrating in ¢ on both sides of (88) that

/Ooe—(b0+2ﬂ)te—tA(<B + é(B _ tr(B)
0

I)—byB)e A" dt = —B. (89)

Notice that to get the above equality, we use the fact that ||e=(2B+bo)te—tAp—tAT| <
e~ (bo+26=C=204D" — 0. For the last two terms on the right-hand side of (87), one
has e~bot|e=Bte—tA k|4 < ejbﬂte*‘l(B*C/?*“A“)t\k|4. Then, for sufficiently small ||A]|
and 1 — z, it holds that 4(8 — (/2 — || A||) < bo, which yields

e O(Ik[*) + O(le™Pte ™ k[%)) dt = O([k[Y). 90

0

It follows from (87), (89), and (90) that
PVo(k) — Wo(k)

= /O =ML ((QF (Wo, Wo) — boWo) (e e k) + bo(Wo(e~ e~ ATh) — Wo(k))) dt

_ %/ e—bot(e—QBte—tA(CB +&B - tl"(dB)I) _ bOB)e—tAT . L ®2
0
+boB 1 k2 4+ O(|K*) + O(le e k")) dt
= O([k|").

Hence, | PWo (k) ~Wo(k)| < Cmin(L, [k[*), and || PWo—Wol, < C supyzo M2 <

oo for 2 < p < 4, which implies P¥g € S,.

Now we can prove that P : S, — S, is a contraction mapping. Let ¢(k), ¢ (k) €
Sp. Then, [lp— ¥l < llo— (1 - LB+ k)|, + |l — (1 — 1B : k)], < oo, which,
combining with (70), further yields

Po(k) — Po(k)| < / e NQF (9.0) — Qi (0, ) (e P k) dt
< / TebtL o — gl (e e ARy dt
0

< o — b, / e=b0t £, [P (e=Fe—t4" ) dt
0
< (bo — Ap)llp — ¥l / ¢—botepB | —tAT P P i
0 - )
< o= M)llp = wlplhl? [~ ernlrsi=ciab (o)
0

Recalling the definitions of A, and ¢ in (74) and (7), for any p € (2,4], the
mapping z — \,/p—¢(/2 is continuous, and at z = 1 it holds that (\,/p—(/2)|.=1 >
0. Therefore, for 1 — z > 0 sufficiently small, one has A\,/p — (/2 > 0.

Moreover, we choose ||A|| to be small enough such that

1Al = B < Al + 18] < Ap/p = /2 < bo/p = ¢/2,
and the last integral in (91) is finite with
o totpB—p§ —plAl) bo = A
(bo — Ap) [ e~totPB—p§—pllAD qf —
0

bo +p(5~ —¢/2—||A])

<1,
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which yields

bo — Ap
bo +p(B —¢/2— || AlD)
For ¢ € S, since P¥, € S,,, we have from (92) that
1P = Wollp < [|[Pp = P, + [[P¥o = Yo, < Cllp = Wollp + [|PTo — Yol < oo

Then, Py € S,, which, together with (92), implies that P : S, — S, is a Banach
contraction mapping, and has a unique fixed-point ® € S,,. The proof of Theorem
3.9 is complete. O

1P — Py, < e = llp- (92)

Remark 3.10. Recalling (85), note that S, 2 S, on p < ¢ < 4. This implies that
while the smallness conditions on ||A|| and 1 — z depend on p, once |A|| and 1 — 2
are fixed, the stationary solution ®, obtained is the same for all p € (2, 4], for which
the required smallness conditions are satisfied.

The convergence rate to a stationary profile can be improved from A, +25—p||Al|,
indicated by (83) with the following theorem.

Theorem 3.11. Assume the same condition in Theorem 3.9, and let p(t) be the
mild solution of (18) with self-similar scaling parameter S and initial condition
wo € K? satisfying |0 — (1 — 3Co : k¥%)||, < oo for some positive semidefinite
matriz Cy. Then, there exist X > 0 depending on Cy, some constant v > 0, and
1.
n =5 min{A, +p(8 — [All), v + ¢ +2(5 - [[4])} > 0, (93)
such that
o(t, k) — @(NK)| < Ce ™ (Jk[P + [k[*). (94)

Proof. By assumption, Cj is the second moment matrix of the probability measure
corresponding to ¢p. Due to Theorem 2.6, ¢(t, k) also has a corresponding finite
second moment matrix C(t), which is positive semi-definite on ¢ > 0, and satisfies
(43) with initial condition C(0) = Cy. By the selection of 8, B, there exists \, v, C' >
0 such that ||C(t) — A\2B| < Ce~"t.

Let ¢(t, k) = exp(—1C(t) : k®?). By a similar calculation as in (86), one has

—

Qu(,0)(t k) = QF (6, 0) (1, k) — bod(t, k)

= 262 e +ao - My ok,

where the O(|k[*) term is uniformly bounded in time since C(t) converges to A\?B.
Thus, it further holds that

O+ Ak - Vi — Qu(6,0)
d tr(C(t
5 : (&C(t) +AgC(t)+C(t) AL +(C(t) +E(C(t) — %I)) +O(|k[*),
which implies

(O + AL - Vi +bo) (0 — 0) = (Q (9, 0) — QL (¢,9)) + (1, k)
for some (¢, k) satisfying |§(¢, k)| < C|k|* for some constant C' > 0 uniformly in
time. With the L.-Lipschitz property (70), one gets

lo(t, k) — (2, k)]

_ _1k®2 .



36 JOSE A. CARRILLO, KAM FAI CHAN, RENJUN DUAN AND ZONGGUANG LI
T
<em 0 ATET g (k) — g0 (k)

. . —
+/ e_(t_f)(bo+Agk-vk)|Qj(%(p)(T, k) —Q (¢, 0) (7, k)| dr
0

t
[ et AT 55 by e
0
Se—t(b0+A}k~Vk)|@0(k) — ¢o(k)]

t
+/ e~ =G0t ARRE V) £ 1o (7 k) — (7, k)| dr
0

t
+/ e~ (= (ot AR V1) |5 (7 )| dr.
0

Letting

t
Y (t k) = e~ ot ATV 00 (k) — o (k)| + / e (=Bt ARV £ Y (7 k) dr
0

t
-l-/ e_(t_T)(bo"'AlT?k'v")\(s(T, k)| dr,
0
it can be solved as

t
Y(t,k’) _ eft(A£k~Vk+bof[le)|(po(k) o ¢O(k)| +/ ef(tfr)(AEk-VkerofLe)‘5(7_, k)| dr.
0
By the comparison principle, with the assumption that | (k) — ¢o(k)| = O(|k|?),
we have by a similar computation as in Theorem 3.6 that
‘(p(tv k) - ¢(t7 k)|
S Y(t,k) = e ARV o4 (k) — g ()|

t
+/ e_(t_T)(A-I/;k'vk‘f‘bU—[«e)|5(7-’k)ld7-
0

< Ceft(A;k-Vkergfﬁﬁ)

E|*dr

t
k|p+c/ o~ (=) (Afk-V i +bo—Le)
0
t
< Ce PPy, (t, k) + C/ e By (t — 1, k) dr
0

t
= Ce Pt /pHA-IlAD P 4 C’/ e~ AT /A+B=1AID k|4 47,
0

with constants independent of ¢, where u,, is defined in (79). By similar arguments as
in the proof of Theorem 3.9, for || A|| and 1 — z sufficiently small, both exponents are
negative, and so |¢(t, k) — ¢(t, k)| < C|k|P + C|k|* for some constant C independent
of t.

If |k| > 1, then |o(t, k) —p(t, k)| < C < C|k[P. If |k| < 1, then |p(t, k) —o(t, k)| <
C|k|P + C|k|* < C|k|P. Then, |¢(t, k) — ¢(t, k)| < C|k|P. Therefore, for T > 0,

[p(T/2,k) = ®(AK)| < [p(T/2,k) — ¢(T/2,k)| + [6(T'/2, k) — (AK)|
< ClkP + Ol C(T/2) = A B|||k[*
< Clk|P + Ce T2 k|2,
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which, together with (73) for initial time to = 7'/2 and (81), yields
T
(bo + Ak Vi = L) p(T/2, k) — D(Ak)]

2
T
2

|p(T' k) — D(AR)| < exp(

< Cexp(—7 (bo + Ak - Vi = L)) (kP + e k)
< Ce PPT/2(T/2,k) 4+ e VT2~ Tuy (T /2, k)

— CeTECEHB=IAD g pp 4 =T +5+6-0141) |2

< Ce " ([KIP + [k,

with 7 defined in (93), and ||A]| and 1 — z chosen to be sufficiently small. Hence,
we get (94), and the proof of Theorem 3.11 is complete. O

Remark 3.12. Note that by splitting [0, 7] into [0,7T] U [rT,T] with r € (0,1)
instead of [0,T/2] U [T'/2,T] in the proof above, we can obtain
lo(T, k) — ®(\k)| < Ce= AITCetpB=lAD) | P 4 CemvrT e~ (= T(CH2(B=AID) | 2
< e MOT(KP + |K[?)
with
n(r) = min((1 = r)(Ap +p(B8 = [|A[])),rv + (1 = 7)(C + 2(8 — [|Al])),

22=C then it holds that
p—2"

which is positive if ||A|| is sufficiently small. If ||A]| — 8 <
v(Ap + p(B — |IAlD)
vt A =G+ (p—2)(B - 1Al

otherwise, by selecting r sufficiently small, we have n(r) = A, + p(8 — ||A]]) — € for
arbitrary €, provided that it is small enough.

maxn(r) =

Both Theorem 3.9 and Theorem 3.11 are given in the sense of the Fourier trans-
form. We also have the corresponding results in terms of distribution functions.

Theorem 3.13. Let p € (2,4]. Then, there exists €, > 0 such that for |A| < ¢,
and 1 — z < €, there exists a self-similar solution f to (1) in the form

flt,v) = e*d’BtG(e*Btv),

with G being a Radon probability measure and
/ G(v)|v|Pdv < 0.
R4

The proof of Theorem 3.13 is a direct consequence of Theorem 3.9 and thus
omitted here. The following theorem gives the convergence for solutions of (1) to
the self-similar profile.

Theorem 3.14. Suppose f € C([0,00), M) is a weak solution of (1) on initial
condition fo(v) € My satisfying [gq fo(v)lv[Pdv < oo for any p > 2. Then, for
and A chosen in Theorem 3.11 and G defined in Theorem 3.13, it holds that

e®f(t, ePlv) = AIG (A ), (95)
in the weak topology of My ast — 0.
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Proof. The weak convergence (95) follows from the combination of Theorem 3.11,
the properties of the Fourier transform that relates the group of translations with the
multiplication by a phase, the scaling properties of the Fourier transform, and the
uniform convergence of characteristic functions in compact sets. See also [7, 28]. O

Combining Theorem 3.13 and Theorem 3.14, we obtain the result in Theorem
1.3.
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