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Abstract

We study decentralized learning dynamics for the classic assignment game with transfer-
able utility. At random points in time firms and workers match, break up, and re-match
in the search for better opportunities. We propose a simple learning process in which
players have no knowledge about other players’ payoffs or actions and they update their
behavior in a myopic fashion. Behavior fluctuates according to a random variable that
reflects current market conditions: sometimes the firms exhibit greater price stickiness
than the workers, and at other times the reverse holds. We show that this stochastic
learning process converges in polynomial time to the core. While convergence to the
core is known for some types of decentralized dynamics this paper is the first to prove
fast convergence, a crucial feature from a practical standpoint. The proof relies on novel
results for random walks on graphs, and more generally suggests a fruitful connection
between the theory of random walks and matching theory.
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1 Introduction

Labor markets have become more fluid — workers change jobs more frequently and market
participation increases. The sheer size of the market often hinders firms and workers from
learning about the preferences, past actions, and utilities of other market participants.
They may often only be able to observe current market prices along with the general
market sentiment driven by macro-economic conditions, such as a crisis or a boom.

A crucial feature of a behavioral dynamic is the expected time it takes to converge.
A dynamic is said to exhibit fast convergence if the expected time to convergence is
polynomial in the number of players. The main contribution of this paper is to propose a
dynamic for the assignment game with transferable utility that exhibits fast convergence
and adheres to characteristics assumed for completely decentralized markets in the related
literature (Chen et al. 2011, Nax and Pradelski 2012, Bir6 et al. 2012, Klaus and Payot
2013). In particular, the dynamic has the following four properties:

Behavioral decentralization. Firms and workers bilaterally form and break matches, and
the order of their interactions is random and asynchronous.

Information decentralization. A player has no information about the value other players
attach to him. For example, a worker may be able to know the salary of a job before
taking it on, but he will not know the utility the firm derives from his employment.

Matching decentralization. The behavior of agents differs when matched or single. Cur-
rent matchings influence future actions.

Bounded rationality. Players adjust their behavior using simple adaptive rules that are
based on limited information. This is in the spirit of much of the learning literature on
completely uncoupled dynamics.!

Several recent studies consider the convergence and convergence time for a family of
decentralized dynamics. On the one hand, Chen et al. (2011), Nax and Pradelski (2012),
Bir6 et al. (2012), Klaus and Payot (2013), and Nax et al. (2013) show that certain
dynamics converge to the core and satisfy the outlined criteria of decentralization and
bounded rationality. They do not attempt to show fast convergence. On the other hand,
Bayati et al. (2005, 2008), Azar et al. (2009), Celis et al. (2010), and Bayati et al. (2014)
study the convergence time. Fast convergence is only obtained for dynamics where beliefs
and bids are updated simultaneously, in particular violating the assumption of behavioral
decentralization introduced above. In fact, Azar et al. (2009) show that their dynamic
may take exponentially long to converge if behavioral decentralization holds.

From a technical perspective, we develop new results for random walks on graphs which
may be of use more generally. In particular, to our knowledge, we are the first to use
random walk arguments in the context of assignment and matching markets. In contrast
to earlier applications of random walks in economics where the moving particle is usually
information a player receives or a player himself who moves on a graph we propose an

n an uncoupled dynamic players don’t know other players’ payoffs (Hart and Mas-Colell 2003). In a
completely uncoupled dynamic players don’t know other players’ current or past behavior, or their payoffs
(Foster and Young 2006).



auxiliary connection. By creating an appropriate duality we can describe the dynamic
process governing which players are currently matched and which are single by a family
of random walks on different graphs.

The next section discusses the related literature. In section 3 we define the underlying
model for bilateral markets with transferable utility and introduce our dynamic model.
We also provide an example. Section 4 states our main results and discusses its assump-
tions. Section 5 provides an intuitive outline of the proof, a discussion of the random
walk argument and the proof. Section 6 concludes.

2 Related literature

Matching theory is a flourishing area of study in cooperative game theory and mechanism
design.? The most common example for a model with transferable utility (TU) is the
labor market. Shapley and Shubik (1972) introduce the assignment game where two
sides of the market, firms and workers, form bilateral coalitions and share the surplus
(transferable utility) according to a sharing rule.> They show that there always exists an
assignment such that the total sum of utilities is maximized and the division of surplus
is robust to coalitional deviations. The set of states with these properties is called the
core (see section 3.1 for a formal introduction). One of the first algorithms algorithm
for the assignment game (Kuhn 1955) has time complexity of O(N*), where N is the
number of players. Edmonds and Karp (1972) give a tighter bound of O(N?) which — to
our knowledge — is the best-known bound for a centralized algorithm.*

A second large strand in the matching literature considers matching with non-transferable
utility (NTU) (see Gale and Shapley 1962 and Roth and Sotomayor 1990 for a survey).
Transferable utility describes the existence of a medium of exchange (such as money) and
assumes that players’ utilities are linear in that medium. The exchange is often called a
side payment. Under non-transferable utility there is no such medium of exchange. Thus,
in general, transferable utility models assume cardinal utilities, whereas non-transferable
utilities assume ordinal utilities. For decentralized dynamics in NTU matching markets
there exist random adjustment processes leading to stable outcomes in the two-sided
matching market (Roth and Vande Vate 1990).° The dynamic considered by Roth and
Vande Vate (1990) constitutes the iterative resolving of blocking pairs.® Ackermann et al.

2See, for example, Roth and Sotomayor (1990) and Peleg and Sudholter (2007) for introductions.

3Remarkably, Boehm-Bawerk (1923) previously studied a related model for particular examples.

4The structure of the core has since been widely studied. Crawford and Knoer (1981) and Kelso
and Crawford (1982) tailor the model to a labor market and characterize the core allocations that are
likely to emerge under different market institutions (such as which side of the market makes offers). For
subsequent literature along this lines, see Demange et al. (1986), Shimer (2007, 2008), and Elliott (2010,
2011). This links with a growing literature on dynamic non-cooperative behavior for cooperative game
solutions (see, for example, Agastya 1997, 1999, Arnold and Schwalbe 2002, Rozen 2013, Newton 2010,
2012, Sawa 2011).

°See Chung (2000), Diamantoudi et al. (2004), Kojima and Uenver (2008), Klaus and Klijn (2007)
for subsequent results on more general families of games.

6Players from each side of the market constitute a blocking pair if each prefers the other over his
current match (Gale and Shapley 1962).



(2011) recently showed by example that the better response dynamic by Roth and Vande
Vate (1990) may take exponentially long to converge. They also extend their result to
the best response dynamic.

2.1 Random processes to the core and aspiration adaptation

An open question has been to prove corresponding results for TU games. Chen et al.
(2011), Biré et al. (2012), Nax and Pradelski (2012), and Klaus and Payot (2013) show
that a random updating rule leads to core outcomes in finite time with probability one
from any initial state.”

In joint work (Nax and Pradelski 2012) we propose an evolutionary, completely uncoupled®
dynamic. Completely uncoupled dynamics have two advantages: First, they provide a
more realistic model of economic behavior in situations where little information is avail-
able to the players or they may not even be aware to be part of a ‘game’. Second, given
the absence of information about other players” actions or payoffs, completely uncoupled
dynamics allow to avoid the treatment of questions arising from strategic agents. This
is justified by the mere fact that there is no useful information to base strategic play
on. The behavioral nature of the dynamic in Nax and Pradelski (2012) follows aspiration
adjustment theory (Sauermann and Selten 1962, Selten 1998) and related bargaining ex-
periments on directional and reinforcement learning (e.g., Tietz and Weber 1972, Roth
and Erev 1995): players occasionally experiment with new actions. If the new match
promises to be more profitable than their current aspiration they engage in the new
match. We shall detail this in section 3.

We shall now discuss two separate strands of the literature that have considered the same
or closely related underlying market models.

2.2 Belief propagation

Graph matching has been widely studied in mathematics (see, for example, Edmonds
1965, Gibbons 1985). Although there are numerous centralized algorithms to find opti-
mal matchings, decentralized algorithms have only sparked interest more recently. Pearl
(1982) and Kim and Pearl (1983) introduce belief propagation, a family of message passing
algorithms for computing optimal matchings and allocations on graphs. Belief propaga-
tion is a decentralized algorithm where only neighboring players (nodes) communicate
with each other, but it is deterministic (there is a fixed order of updating of each agent).
Further, there is no stopping rule specified and matchings do not influence the dynamic
behavior. In a game with a unique optimal matching the algorithm will eventually con-
verge to payoffs enforcing the optimal matching (as the only stable matching). Although

"Note that Klaus and Payot (2013) for assignment games and Biré et al. (2012) for roommate problems
show almost sure convergence under a particular price rule. But to implement their dynamics a solution
needs to be known beforehand.

8In an uncoupled dynamic players don’t know other players’ payoffs (Hart and Mas-Colell 2003). In
a completely uncoupled dynamic players don’t know other players’ current or past behavior, or their
payoffs (Foster and Young 2006).



convergence has only been shown recently for games on bipartite graphs with a unique
optimal matching? (Bayati et al. 2005, 2008) belief propagation has found wide applica-
tions in fields such as artificial intelligence and statistics (see, for example, Pearl 1988
and Richardson and Urbanke 2001). In addition Bayati et al. (2005) show polynomial
time convergence.'?

2.3 Bargaining

Independently, in sociology exchange network theory studies “the processes through which
network structures affect power distributions, power exercise, and benefits gained in ex-
change” (Walker 2007, see also for a survey of the field). Exchange networks are closely
related to and often coincide with the assignment game (see, for example, Cook and
Yamagishi 1992, Braun and Gautschi 2006). The focus of exchange network theory has
been on the influence of network structure on the resulting sharing of outputs or power
distribution. Many studies in exchange networks focus on particular network structures
such as trees or certain line segments in experimental setups. Bienenstock and Bonacich
(1992) introduced the game theoretic concept of the core to the sociology literature,
arguing that while being in accordance with experimental work, its theoretical richness
enhances predictive power in a multiplicity of games. Notably, the study of exchange net-
works was recently brought into the area of computer science and mathematics through
the work of Kleinberg and Tardos (2008). Subsequently convergence has been shown for
a particular decentralized dynamic, namely bargaining with random encounters where
some global information is available to all players (Azar et al. 2009). They show that
the algorithm may take exponentially long to converge. The deterministic version of the
latter algorithm is shown to converge in polynomial time (see Celis et al. 2010, Bayati
et al. 2014) for one-sided markets. Similar to belief propagation there is no stopping
rule specified and matchings do not influence the dynamic behavior. In a game with a
unique optimal matching the algorithm will eventually converge to payoffs enforcing the
optimal matching (as the only stable matching).

2.4 A brief discussion

The examples of decentralized dynamic models in the previous sections point to the
difficulty to prove results regarding the rate of convergence for random processes of this
kind. The examples can be regarded as possible approximations of human behavior. For
instance, bargaining is aiming to provide “a dynamical description of how players can
find such a [balanced] outcome” (Bayati et al. 2014).

9Note that generically the optimal matching is unique. In particular this is the case if the weights of
the edges are independent, continuous random variables. Then, with probability 1, the optimal matching
is unique.

10Salez and Shah (2009) show a tighter bound for the belief propagation algorithm for a class of games
where the distribution from which the edge weights are drawn is not too heavy-tailed.

1 One-sided markets is the general class of one-to-one matchings which includes assignment games as
a sub-class. One-sided markets are also known as roommate markets.



We shall argue that from a behavioral perspective the present models which exhibit fast
convergence, namely belief propagation and bargaining, are not completely satisfactory
to model myopic human behavior in a decentralized environment as outlined in the in-
troduction.

First, the order of interactions is fixed, suggesting some central authority. This violates
our assumption of behavioral decentralization. Second, counterfactuals and private in-
formation are observable, that is, the match values (w;;) are known to the players. As
outlined earlier it is dubitable that players have knowledge of other players’ utility func-
tions and thus the match values (information decentralization). Thirdly, matchings are
not specified and do not influence behavior. The matching is considered as induced, once
unique one-to-one correspondences of best matches between two players exist, suggesting
a central authority announcing that point in time. This is in stark contrast to matching
decentralization. Finally, if a player knows the best alternatives of other players and is
able to compute his best alternatives, won’t he attempt to act strategically given this
information? For instance, he could always send messages over-claiming his alternatives
and could thus ‘game’ the system. This question remains unanswered and it is assumed
that players are truthful and report and share according to a fixed rule. Given the
high level of information and computational capacity of players a discussion of bounded
rationality seems necessary.

The above criticisms are addressed by the models of Chen et al. (2011), Bir6 et al. (2012),
Nax and Pradelski (2012), and Klaus and Payot (2013) as discussed in section 2.1. But
in order to argue that a behavioral dynamic indeed explains a decentralized ‘path to
stability” we need to ensure that it exhibits fast convergence (that is, the expected time
to convergence is polynomial in the number of players). In addition, from a mechanism
design standpoint fast convergence is crucial. This question is not addressed by the
aforementioned papers.

To prove convergence to the core the proofs in the literature rely on showing the existence
of a particular path to the core (Chen et al. 2011, Bir6 et al. 2012, Nax and Pradelski
2012, and Klaus and Payot 2013). On the other hand, the proof techniques employed to
show fast convergence are diverse but all rely on the deterministic nature of the studied
dynamics. As discussed above this is achieved by simultaneous updating of all players
(Bayati et al. 2005, 2008, Azar et al. 2009, Celis et al. 2010, and Bayati et al. 2014). Thus
none of the techniques can not be readily used to consider the speed of convergence for
the problem at hand.

3 Model

Our model is in the spirit of Nax and Pradelski (2012) as discussed in section 2.1: matched
agents occasionally experiment with higher aspiration levels, while single agents, in the
hope of attracting partners, lower their aspiration levels. The main difference between
the model in Nax and Pradelski (2012) and our model is a market sentiment. We show
that the market sentiment is necessary in order to achieve fast convergence. In the
next subsection we shall introduce the well-known assignment game and the dynamic



components of our model. Subsection 3.2 explains the dynamic play and how step-by-
step transitions work.

3.1 The assignment game

Let G = (V,W) be a weighted, bipartite graph with vertex set V' = F U W and edge
weights (or match values) W 3 w;; > 0, for 4, j € V. (It is assumed that if w;; > 0 there
exists an edge between ¢ and j. Otherwise there is no edge.) Let w* = max; ; w;;. We
shall refer to the nodes ¢ € V as players or agents and in particular to ¢ € F as firms
and to j € W as workers. We assume, that |F| = [W| = N. Note that this can always
be achieved by adding ‘dummy’ agents to the smaller side of the market without any
edges. A player can be matched to at most one player at a given point in time. A player
currently not matched to another player is called single.

Remark 1. The edge weights w;; are the amounts two matched players can agree to
transfer between each other. That is, suppose that firm i is willing to pay at most v} (j)
when matching with worker j. Thus r; (j) describes the reservation value above which
firm i prefers to remain single over matching with j. Similarly, let T]_(Z) be worker
7°s minimal willingness to accept when matching with firm i. Then any price between

_l’_

;7 (j4) and r; (i) is individually rational and thus the actual amount under negotiation is

i (j) =y (1) = wy. It follows that wy; is not known to the players since the reservation

(2
values are private information. In our model w;; is a hidden variable which we shall use

for ease of exposition but which — at no point in time — is known to any player.
Since we will be interested in dynamic processes we introduce time stepst = 0,1,2, 3, ....

Matching. The matching at time ¢ is described by M" = (ml;)icr jew € {0,1}7 such
that each row and each column of M? sums to at most 1.

The payoff to player i at the end of step t is given by ¢!. We assume that matches are
efficient, that is, if (4, j) are matched in step ¢, then ¢} + ¢} = wy;. Let ¢} = 0 if i is single
and @' = (¢})icv-
Remark 2. The payoff to player i is the share of the transferable amount he receives
from matching with some j. Note that the payoff is private information, since, given i
and j agree on a price 7f;, the payoff to firm i is v (j) —m; and to worker j is wj; —r; ().
The matching market is described by [V = FUW, W, M* ']

o V =FUW is the set of firms and workers,

o W = (wij)ier jew > 0 is the matrix of match values,

o M' = (mj;)ierjew € {0,1}7"" is the assignment matrix with 0/1 entires, and
row/column sums at most one,

o O = (p);cy is the payoff vector.

Then, given the matching market, the assignment game G(v, V') is defined as follows. Let
v:S CV — R such that



e (i) =v(D) =0V singletons i € V
o v(S)=w; VS =(i,j) withi € Fand j € W

d V(‘S) = maXPEperm(S){V(iP(l)ujP(l))+"'+y(iP(k)7jP(k))} VS = <i17j17 i27j27 "'7ikf7jkw)
C V and k = min{k”, K"V}

The number (V') specifies the value of an optimal assignment (as defined below). We
shall now turn to define desirable properties of outcomes:

e A matching M is optimal if ZMGV m;j - w;; is maximal.
e A payoff vector ® is pairwise stable if Vi,j € V : ¢; + ¢; > w;;.

Let a matching M together with the payoffs ® be in the core, if M is optimal and ® is
pairwise stable.

So far we introduced the assignment game without any additional components. We shall
now introduce dynamic components particular to our model.

Aspiration levels. At the end of any stept = 0,1,2, ..., aplayer, i € V has an aspiration
level, dt > 0, which determines the minimal payoff at which he is willing to be matched
(if the market sentiment, defined below, is not against him). Let d* = (d!);ev-.
Feasibility. A pair of aspiration levels (dj, d}) is feasible if df+-d} < w}; or if d}+d} = w};
and one of the players is single.!? We shall say that ¢ and j are feasible in period t if
(dt,dt) is feasible.

ir %)

Market sentiment. There is a market sentiment which is described by a random
variable and acts as a correlation device: The market sentiment is negative in periods of
economic decline where workers are at risk of losing their jobs. It is positive in periods
of economic growth where firms risk losing their employees to competitors. Thus, if the
market sentiment is negative, workers are asking for a bit less, if the market sentiment
is positive firms are offering a bit more. Denote the market sentiment by X! € {&, @&}
We define S* € {F, W} to be the set of players against whom the market sentiment has
currently turned and who are thus under threat. That is, if X! = ©, then S = W, and
if X' = @, then S' = F.

We shall see in the description of the dynamic how the market sentiment influences the
transitions in detail.

State. The state at the end of period ¢ is given by the matching, the aspiration levels,
and the market sentiment: [M°,d° 3°].

Finally we assume that there is a minimal unit of payoff 6 € R*, and all edge-weights,
aspiration levels, etc. are multiples of 9.

12Note that this definition assumes a tie-breaking rule: A player prefers to be matched over being
single.



3.2 Dynamic play

Agents are activated by independent Poisson arrival processes.!® Once a player is acti-
vated the next discrete time step ¢ starts. The active agent scans the other side of the
market, looking for a feasible match and picks one at random.'®!> (Note that this is
similar to the idea of resolving blocking pairs.) The two agents match and the additional
surplus is split at random, that is, the price is set at random (under some weak condi-
tions). At the end of the step the two players adapt their aspiration levels to equal their
new payoffs. If the active player is single at the end of the step he reduces his aspiration
level by 6. The state at the end of step ¢ is then uniquely described by the match matrix
M?, the vector of aspiration levels df, and the market sentiment .

No better alternative. If player i is activated in period t + 1, say that 7’ has no better
alternative (than i) if for all i' # i dj, + d’, > wy;. Otherwise say that j' has a better
alternative.

Let [M° d°% X be any initial state.' Suppose player i is activated in period ¢ + 1 for
t > 0. Let J" be the set of players j' such that (i, j) is feasible.

e If J' # () player i encounters some player j € J' at random, matches with him and
updates his aspiration level
dt = @t + Pt (1)
7 i ij’

where Pfjfl is a random variable with full support on:

(0,20, -+ ywiy —di —db + 6] if j € S and j' has no better alternative,
[0,0,20, - -+, wiyr — di — d] else,

where the probability of each event is bounded below by some fixed, global constant.

e If J' = () there is no new match and if ¢ was previously matched he stays with his
previous partner and otherwise remains single and updates his aspiration level
e d: if 3j such that mj; = 1, @)
‘ di—§ else.

If (7,7") have matched during the period the aspiration level of player j’ is d;frl = W —
d*'. The matching M**! is updated accordingly, that is m!}' = 1, mj* = 0 for all
k + i with | = ' and for all [ # ' with k — i. Else Mt — M!. See figure 1 for

illustrations.

13In order to make statements on the rate of convergence it is important to assume some value on the
maximal rate of a player’s Poisson clock. Note that, it is actually not necessary that all players have the
same rate but just that they are bounded above by some constant.

14The only requirement is that he picks the best match with lower bounded probability.

15In Nax and Pradelski (2012) we do not assume that the active agent scans the market but just
randomly encounters another agent. One can, for example, think of publicly available price lists.

16Note that we are interested in the long run behavior of the dynamic and our results are independent
of the initial state. Thus any initial matching, aspiration levels and market sentiment may be assumed.



Figure 1: Transition diagram for active, matched (left) and active, single agent (right).
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Note that Pf;,“l determines how the additional surplus — taking into account each player’s
previous aspiration levels — is split. In particular if j’ is currently threatened by the
market sentiment and has no better alternative the price is set such that in the worst
case for j' he is giving up ¢ of his aspiration and in the best case he takes all the surplus
minus 0. On the other hand if 7’ is currently not threatened by the market sentiment
or has a better alternative the price is set such that both players receive a payoff at or
above their previous aspiration levels. Finally, the active agent’s (i) behavior does not
depend on the market sentiment and thus he may only reduce his aspiration level if he is
single.

We invite the reader to verify that behavioral, information, matching decentralization and
bounded rationality are all satisfied in above model (compare section 1 for definitions).
In order to clarify the information decentralization, consider the following remarks.

Remark 3. From the standpoint of available information, two players agree on a price
but their payoff as well as their aspiration level always remain private information. We
defined the price as a random wvariable within certain bounds (determined by the last
period’s aspiration levels) for ease of exposition. Given that the payoffs are deducible
from the current aspiration levels and the matching, we proceeded to define the algorithm
in terms of the aspiration levels which are hidden variables.

One may argue that players or a central authority may learn (with certainty) other players
preferences (and therefore the match values) if they know that players always bid accord-
ing to their current aspiration levels. This is mitigated by the following remark.

Remark 4. We could make the following alterations in order to allow any bids such

that the prospective payoff would be at least as high as the aspiration level but potentially
higher.'”

1"We refrain from stating exact conditions but refer the reader to Nax and Pradelski (2012) who
provide conditions similar to the ones needed here.

10



Random bids above aspiration level ... The active player submits a random bid
vector at or above his aspiration level. That is, he submits an individual bid to each
player where a bid s anywhere at or above the aspiration level with positive probability.
In particular, the bid vector may be incomplete, that is the active player may decide not
to submit a bid to any given player at a given time. All players are confronted with the
bid made for them. If a non-active player’s aspiration level is such that he would accept
the offer he submits a bid such that the match can occur.

. and downward sticky aspiration level. An active single reduces his aspiration
level only if all his bids are at his aspiration level and there is no feasible match.

3.3 Example

Let V = FUW = {il,iQ}U{jl,jQ} and w11 = 5,11)12 = W21 = 7, Woo = 10. Let 6 = 1.

L L

i b

In all figures a gray edge between two players ¢ and j indicates that w;; > 0, a black solid
edge that they are matched (mj; = 1), and a black dashed edge that d + d = w}; and
1 and j are not matched in period ¢. We shall call such a dashed edge tight. Numbers
next to edges indicate match values. The current aspiration levels are shown next to the
name of an agent.

One can verify that the optimal matching is unique and such that firm ¢; matches worker
71 and 79 matches js.
period t: Current state

Suppose that, at the end of some period ¢, (is, j;) are matched, i; and js are single, and
19 and jo share a tight edge.

11



2
Ji )

Note that the aspiration levels satisfy d} + d; > w; for all ¢ and j, but the assignment is
not optimal and the aspiration levels (and payoffs) are not stable.

period t+1: Activation of single agent i; and negative market sentiment X1 = ©

Suppose that 7, is activated in period t+1 and the market sentiment is currently negative.
11’s current aspiration level is too high in order to be feasible with any worker. Hence he
remains single and reduces his aspiration level by 1.

11 is activated 11 reduces aspiration level
L U g b
4 5 4 -3 5
| : |
I — I I
5 7 7 110 51 7 7 110
| | |
| | |
| | |
| | |
2 5 2 5
Ji ) Ji )

period t +2: Activation of matched agent j; and positive market sentiment L = @

Suppose that j; is activated in period ¢ 4 2 and the market sentiment has changed and it
is now positive. (i, j1) is the only feasible pair involving j;. They thus match and given
that ¢; has not better alternative and the market sentiment is currently turned against

firms the price, with positive probability, is set such that j; can increase his aspiration
level by 6 = 1.

12



Successful match; j; increases

j1 is activated aspiration level, i1 reduces
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period t 4 3:  Activation of single agent is and negative market sentiment X1 = o

Suppose that is is activated in period t+2 and the market sentiment has changed again is
now negative. (i, j2) is the only feasible pair involving i5. They thus match and although
the market sentiment is turned against workers, jo has a better alternative (namely i)

and thus is not accepting less than his aspiration level. They are matching at their current
aspiration levels.

Successful match with jo at

1o is activated current aspiration levels

7
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Note that the resulting state is in the core. We invite the reader to convince himself that
this state is absorbing.

4 Results

Since the model lives on the discrete grid § - Z, the term generic needs to be treated
with care. We shall give an intuitive definition which will be sufficient for our results to

hold.

Definition 5. A weight matrix W is discrete generic if there is no sequence of firms and
workers (1,1',2,2', ...k, k'), i € F,i' € W such that

Wiy + Wogr + ... + Wi = Wi + Woyr + ... + Wi (k—1)' - (3)
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That is, the corresponding graph has no cycles such that there are two alternating parti-
tions which have the same sum of edge weights.'®

Main Theorem. Given a discrete generic assignment game, suppose that Xt switches at
a rate of O(N?) time steps.'® The dynamic converges to the core in O(N® - max{N, %-})
iterations with total computational complezity of O(N® - max{N, “’T* ).

4.1 Discussion

It is important to restrict the games under consideration as we can see by the following
counterexample which is not discrete generic (see figure 3). Suppose all gray edges have
weight 10 and no other edges exist. Let 6 = 1. The numbers below/above the players
give their current aspiration level. Note that each player has a better alternative for every
other player (as defined above) and for all 4, j d; +d; > w;; holds. Thus regardless of the
current matching, aspiration levels will not change in this state. The unique core state
is such that players i3 and j3 are matched (indicated by black dotted lines in the figure)
but their aspiration levels do not permit them to be matched. Therefore the process does
not reach the core.

Figure 3: Counterexample — Weight matrix is not discrete generic.

i i is iy i
6 6 6 4 4
4 4 6 6 6
J1 J2 J3 Ja Js

Note that the rate of switching for 3! provides a lower bound. That is, a slower polynomial
switching rate will slow down the whole process but the process will still converge in
polynomial time. On the other hand, if there is no market sentiment our dynamic does
not converge. If the market sentiment is always turned against both sides of the market
the dynamic converges but may take exponentially long. This can be seen by the following
example:

Suppose we have an assignment game with the following edge weights and s, k are both
©(N). The unique optimal matching is given by the vertical lines. Suppose that the
minimal unit is 6 = 1. (See figures 4 and 5.)

8Note that, given we consider bipartite graphs, there are no odd cycles.
Y f(N) = O(g(N)) if there exist two constants k, K > 0 and a positive integer Ny such that kg(N) <
f(N) < Kg(N) for all N > Ny.
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Figure 4: Counterexample — necessity of alternating market sentiment (1).

i, i, i ir, iy
2 2 2 2 1 2 2 2 2
jls jll jo jr1 jrk

Suppose we are in the following state where the aspiration levels are shown next to each
agent (see figure 5). Note that the only edge such that the sum of the aspiration levels
exceeds the match value is (i, jo).

Figure 5: Counterexample — necessity of alternating market sentiment (2).

g i, iy ipy irk
1 1 1 1 1 1 1
/ A
/////// 4 7 -7
///// 4 < 17
PRV // // -
77, y P
2 2 2 ,/// 2/ 1 // 227 }2 2 2
PRl R varad
4 / Va4
L~ s / ot
P 7 / Yo ts
- s V. 727
7 e -
L 2 e
1 1 1 1 1 1 1
Jug Ju, Jo Jry -

In order for ig and jo to match at least one of them has to reduce his aspiration level. But
this will only be the case if they have no outside option. Thus either all of j,,,..., ., or
all of j,, ..., Ji, have to increase their aspiration levels simultaneously. If both sides of the
market are threatened by the market sentiment the sharing between any two (currently
matched) agents switches back and forth between sharing equally (1—1) and sharing 0—2
with the player previously having a tight edge with iy or jy receiving 2. The probability
of them all being at aspiration level 2 at the same time is of the order of QLN and therefore
the waiting time is exponential and is O(2").

5 Proof of the Main Theorem

We shall prove the Main Theorem via several intermediate statements. We first give the
intuition and then the formal statements and proofs.
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We introduce notation in the spirit of Nax and Pradelski (2012). An edge between player
i and j is called tight if df + d5 = w;; and loose if dj 4 d < w;;. Given aspiration levels
d’, if for all 4, j, d} + d’ > w;; and for each i, either there exists j such that d} + d = w;;
or d® = 0 we shall call d* good.

5.1 Proof outline

First, we show that once a state is reached such that no loose edges exist all future states
won’t have loose edges (Lemma 6). We give a bound for the waiting time of O(N?log N).
This crude bound results by noting that if two players meet once, they will never again
share a loose edge. Thus it suffices that all pairs meet at least once.

Next, note that given we have reached the set of states with no loose edges the sum
of aspiration levels is non-increasing in all future states (Lemma 7). Thus we go on to
bound the time until the sum of aspiration levels is minimal provided that there are no
loose edges (Lemmas 8 and 9). We show that the minimum will be equal to the value
of the game, v(V). The proof of this result makes use of the market sentiment and the
assumption that the game is discrete generic (see Definition 5). Let a tight component
be a maximal subgraph of players connected by tight edges. Then by discrete genericity
all tight components are trees. If all tight components allow perfect matchings we are
done. Otherwise we show how in a given tight component which does not allow a perfect
matching the sum of aspiration levels can be reduced. We use the market condition to
prove that the expected time until the sum of aspiration levels is equal to the value of
the game is O(N?3 - “’T) Note that once we are in such a state we will always remain in
the set of states with no loose edges and the sum of aspiration levels equal to the value
of the game (by Lemmas 6 and 7).

Next, we show by contradiction that from now on for all optimal pairs we have that the
edge between them is tight (Lemma 10). It follows that the current aspiration levels
are already corresponding to a core allocation. Thus only matchings, break-ups and
rematchings are necessary in order to reach the core.

Random walk argument. In order to give a bound on the expected time until match-
ings occur we create a duality with random walks on trees (Lemma 11). We ‘give’ each
single player a single token which is moved around as play unfolds. The idea is that the
random walk governing the single tokens will behave in the same way as the underlying
model. That is if a player is occupied by a single token he is indeed single. In particular
a single player ¢ who matches a player from the other side of the market, 7, is passing on
the single token to j’s previous match. We prove a bound for the meeting time of two
random walks on (different) trees. By carefully coupling the movements in our model
with the two random walks we show that the expected time until the core is reached from
a state as discussed above is O(N*). We then show that any core state is absorbing.

Finally, it is easy to see that a single iteration has computational complexity O(N?)
(Lemma 12). Putting together the different bounds the Main Theorem will follow.
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5.2 Formal proof

Lemma 6. Starting from any initial state [M°,d° X0, the expected time until the dy-
namic reaches a state such that for all i,j d; + d; > wy; is O(N*log N). Once the latter
property holds for some T' > 0 it holds for allt > T.

Lemma 7. Let D' := 3", di. Suppose the process is in a state as in Lemma 6 at time

T > 0. Then Dt is non-increasing for all t > T.

Lemma 8. Given a state as in Lemma 6, either the expected waiting time until D?
decreases by § is bounded above by O(N?) or D' = v (V).

Lemma 9. Given a state as in Lemma 6, the expected waiting time until D' = v(V') is

O(N? . &),

Lemma 10. Given a state [MT,d", 7] as in Lemma 9 let M be the optimal matching
(which is unique by genericity). Then for all (i,j) € M and for allt > T, di + d = w;;.

Lemma 11. Given a state as in Lemma 9, the expected time until the core is reached is
O(N*). Further, any core state is absorbing.

Lemma 12. One iteration of the dynamic takes O(N?) operations.

Proof of Lemma 6. 1t follows from the updating rule that for any : € F,j € W and for
some T, dI + dJT > wj; holds, then for all t > T, df + d; > w;j, proving the second part of
the Lemma. Now we use an analogy to the Coupon Collector’s Problem (see, for example,
Feller 1950) to bound the expected time until each pair of players have encountered each
other. The Coupon Collector’s Problem asks the following question: Suppose you have x
coupons, what is the expected time until you have picked each coupon at least once when
picking with replacement. The answer is that the number of trials needed is O(zlogz).
We thus have that the expected time until each pair of players (N?) has been selected at
least once is O(N?log N). O

Proof of Lemma 7. Given D!, D'*! can only increase if two players, say 1, j, newly match
and dj + d} < w;;. But given we are in a state as in Lemma 6, for all 4, j df + d} > wy;

and hence we conclude that D! < D¢, O

Next we shall recall a folk result regarding the existence of perfect matchings on trees
(see, for example, Edmonds 1965).

Lemma 13. A tree C' admits a perfect matching (a matching such that each player is
matched) if and only if for every vertex v, the graph C — v has exactly one odd sub-

component.

Proof. First, suppose there exists a perfect matching in C. Let u be the vertex matched
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with v in the perfect matching. Then each component in C' — v not containing u must

have a perfect matching and is thus even. Finally the component containing u must be
odd.

Second, suppose that for every vertex v the graph C' — v has exactly one odd component.
We shall construct a perfect matching. Given C' is a tree and by our assumption each
vertex v has a unique neighbor in one component of odd size, say u. We shall show
that pairing each v to its neighbor u in the odd component yields a perfect matching.
It suffices to show that if u is the neighbor of v in the unique odd component of C' — v
(say odd(C — v)) that it is also the case that v is the neighbor of u in the unique odd
component of C'—u (say odd(C — u)). Note that the component of C'—u which contains
v is disjoint with odd(C — v). But then it follows that v is part of a component which is
comprised of even components in C' — v. Adding v it follows that v must be in an odd
component odd(C' — u) which by assumption is unique. ]

Note that if the unique optimal matching is not perfect we can transform the game such
that the unique optimal matching will be perfect and the core has not changed. To do so
add weight zero edges between all players. Note that, two players, i, j, are feasible if one
is single and d! + dz» = w;;, thus in particular they are feasible if w;; = 0 and the former
conditions hold. Clearly the core does not change through these operations. Suppose
from now that the optimal matching is perfect.

Proof of Lemma 8. First, suppose there exists a player ¢ such that he has no tight edge,
that is for all j di +d; > w;;. The expected time until 7 is selected is O(N). If the
condition still holds he reduces his aspiration level and no other player increases his
aspiration level, hence D has decreased.

Now suppose that for all players i, there exists j such that d + d; = w;;. Let a tight
component, C*, be a maximal subgraph of players (nodes) connected by tight (df + d; =
w;;) edges. Let Ct, C%, ..., C} be all of the tight components. By the genericity assumption
the tight components are trees, for otherwise there exists an even cycle such that two
alternating partitions have the same sum of edge weights (compare Definition 5).

We shall show that either there exists a perfect matching (a matching such that each
player is matched) within each component or there exists at least one component such
that the sum of aspiration levels within the component can be reduced independently of
the other components.

First, suppose that all components have a perfect matching. It follows that D' = v(V)
and we are done.

Now, suppose that there exists a component C* which has no perfect matching. In the
following we describe a series of ‘operations’ that yield a reduction in the aspiration levels.
We shall describe the dynamics and the expected waiting time later.

Suppose, #{i € C' : i € F} # #{i € C' : i € W}, that is, there are either more workers
or more firms. A reduction of aspiration levels by d by the players on the larger side and
an increase by ¢ by the players on the smaller side yields a state where D has decreased.
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Note that after the increases and reductions d is still good, given the reductions are only

J.

Next, suppose #{i € C* : i € F} = #{i € C* : i € W}. By Lemma 13 a tree C has
a perfect matching if and only if for every vertex v, the graph C' — v has exactly one
odd sub-component. Hence, there exists a vertex v such that C* — v has at least 3 odd
sub-components. (Given that the number of firms is equal to the number of workers there
must be an odd number of odd sub-components. Thus we can dispense with the case of
zero or two odd sub-components.) Without loss of generality, let v be a firm. Denote
the odd sub-components resulting from C' — v by C?,,1,C? .05, ... In each of these sub-
components there are either strictly more firms or strictly more workers. In particular
given there are at least 3 odd sub-components at least one of them contains more firms
than workers. For the latter sub-component aspiration level reductions by ¢ by all firms
and aspiration level increases by 0 by all workers yield a decrease of D, while d remains
good.

It is important to note that these adjustments can only take place if the players on the
reducing side initially have positive aspiration levels. This might not be the case for all
such constructions, but it will always be the case for at least one. This follows by the
proof in Nax and Pradelski (2012). They show that the core can be reached by only
following transitions as described above or by rematchings within tight component with
non-changing aspiration levels. But note that in our model rematchings are not necessary
to make transitions as described above possible. Hence, by the proof of Theorem 1 in
Nax and Pradelski (2012), if there is no tight component allowing an aspiration level
reduction (that is the larger side of a component having all positive aspiration levels),
the sum of aspiration levels is optimal, that is D = v(N).

We shall now describe how the transitions yielding a reduction in D take place within a
(sub-)component. Consider a (sub-)component such that |[F| > W[ and all firms have
positive aspiration levels (the analysis is analogous for the case where there are more
workers than firms). By a straightforward argument one sees that there exists at least
one firm ¢ which constitutes a leaf of the tree (i.e., only has one edge, say towards worker
J). Suppose we are in a phase of a positive market sentiment. Then, in expectation, after
N steps worker j is activated and gets matched with firm ¢ and receives an additional
5. (Note that j may be matched with any firm such that he receives an additional J; we
would just follow a different path.) In the meantime, given that workers are currently
not threatened by the market sentiment no worker has reduced his aspiration level, hence
it still holds that firm ¢ has no other tight edge. Players who are not at a leaf in the
component have two tight edges and hence no renegotiations can take place. In a next
step there is a ‘new leaf firm’ which can meet its corresponding worker and give up 9.
(Since it is a period of a positive market sentiment and thus workers are currently not
under threat by the market sentiment such transitions cannot be reversed.) In total this
can happen at most N times. Hence after O(N?) iterations the sum of aspiration levels is
reduced by 0 when the component has more firms than workers. However, it may be that
the only (sub-)component without a perfect matching has more workers than firms. In
this case we may have to wait O(NN?) steps until the market sentiment changes and above
transitions can take place. It follows that the total time until D is reduced is bounded
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above by O(N?). O

Proof of Lemma 9. A crude bound for the maximal aspiration level of players is given by
w*. In the extreme case each player has to reduce his aspiration level w*/§ times. Thus
the number of necessary aspiration level reductions is of the order of N - “’T*. The result
now follows from Lemma 8. O

Proof of Lemma 10. Let M be the optimal matching. Suppose there exists (i,7) € M,
such that d + d} > w;;. By Lemma 6 we know that (in particular) for all (¢, j') € M,
dy + dly > wy . Hence

D= > di+d, = d+d+ > diy + di, (4)
(5" )eM (.31 #(0.4), (73" )eM
> di+dj+ Z W jr (5)

(3" #(0.5), ('.5")eM

> Wiy + Z W 1 (6)

(@.3")#(@5), (@"5")eM

This constitutes a contradiction to the assumption that D = v(V') and the result follows.
O

In order to prove Lemma 11 we first provide a lemma concerning the expected meeting
time of two random walks on two, possibly different, sub-trees of a given tree. Our proof
technique mirrors Tetali and Winkler (1991) who give a bound for the meeting time of
two random walks on (the same) general graph. They show that the expected meeting
time on a general graph on N vertices is at most %N 3.

Lemma 14. Let T be an undirected tree on N wertices. Let two tokens x,y be placed
on two vertices at time s = 0. Suppose that at each time step s = 1,2,3,... one of
the two tokens is activated (which token is chosen may be governed by any probability
distribution). The token performs a simple random walk to a neighboring vertez on a
truncated tree Ty, CT (or T, C T). Then, regardless of the rule of activation, if in every
time step the (unique) path between x and y is in T} (respectively T ) the expected time
Miruncatea(,y) until the tokens meet is O(N?).

In order to prove the lemma we shall need the following two lemmas from Tetali and Win-
kler (1991) which can be proved by a straight forward calculation due to the reversibility
of the Markov chain for random walks on undirected graphs. Given a connected graph
T, let Hy(x,y) be the hitting time from x to y on T, that is the expected time until y is
first reached when starting a simple random walk at x on the graph T
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Lemma 15. (Tetali and Winkler 1991, Lemma 2) Let x,y and z be vertices of a connected
undirected graph T. Then

Hr(z,y) + Hr(y, z) + Hr(z,2) = Hy(z, 2) + Hr(z,y) + Hr(y, ) (9)

Lemma 16. (Tetali and Winkler 1991, Lemma 3) On any graph T the vertex relation
gien by
v <y < Hr(z,y) < Hr(y, ) (10)

18 transitive.

It immediately follows that there exists a vertex v which is minimal in this order. Call

such a vertex remote and note that we have Hp(x,v) < Hr(v,x) for every vertex x €
T.

Proof of Lemma 14. The proof mirrors Tetali and Winkler (1991). We shall show that
Ve,ye T
Mtruncated(xa y) < HT(:E7 y) + HT(.U) U) - HT(Uv y) (11)

where v is a remote vertex. Define a potential function

>0 since v is remote
7\

Px,y) = Hr(z,y)+ Hr(y,v) — Ho(v,y) (12)
emma 15 p(y, ) + Hp(z,0) — Hy(v, 7). (13)

Hence, independent of which token is moved we have
P(z,y) =1+ P(z,y) =1+ P(2,7), (14)

where for a function f, f(z) is defined to be the average of f(y) over all neighbors y of
(note that this defines an expectation). This is the case since, independent of the token
moved, the expected hitting time decreases by one for the given token.

Define B(z,y) = Myuncatea(r,y) — P(z,y). Among all pairs maximizing 5(-,) choose
x*,y* at minimal distance from each other. Now suppose inequality (11) does not
hold for all z,y € T, that is S(z*,y*) > 0 (note that x* # y* follows, for otherwise
Myuncatea(x*,y*) = 0 < P(z*,y*)). W.l.o.g. assume that the token moved next is on x*.
Then

Mtruncated<x*ay*> = P(‘T*ay*) +6(I*,y*) (15)
= 1+ P(z*,y") + Bz, y") (16)
1 * * *
= l+—— >  Play)+say) (17
d(x ) x;: x; neighbor of z*
1
> 1+ o > P(zi,y") + Blaiy") (18)
L z;: ¢; neighbor of x*
1 %
= 1+ d(l’*) Z Mtruncated<xi7y) (19)

xz;: x; neighbor of x*

= Mtruncated(x*a y*) (20)
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where d(z) is the degree of node z in T'. Inequality (18) holds since for all i, 5(z;, y*) <
B(z*,y*) and there exists at least one j such that z; is closer to y* than z* and thus
Bz, y*) < Ba*,y*) (since we assumed z*,y* to be at minimal distance maximiz-
ing B(-,-)). Equation (19) holds by a similar argument as for equation (14). But
Myruncatea(T*, Y*) > Myuncatea(™, y*) constitutes a contradiction and thus proves inequal-
ity (11). By Georgakopoulos and Wagner (2013, Corollary 8) the hitting time on a tree
is bounded above by the square of the number of edges (N — 1). Thus we have

Mtruncat@d(xa y) S HT($7y) + HT(yvv) = O(NQ) (21)

O

Lemma 17. Let T be a tight component (a tree) that allows a perfect matching. Suppose
there are exactly two remaining singles © and j. Then after a finite number of transitions
where i remained single throughout i matches with some j'.

Proof. We shall show that the path in the component between i and j must be alternat-
ing between unmatched and matched edges. Suppose, by contradiction, that the path
between i and j is not alternating between unmatched and matched edges. If 7 and j
share an edge we are done. Else, let i* be the first firm on the (unique) path from i to j
such that i* is not matched to a worker on the path. (Note that i* is matched elsewhere.)
Let j* be the worker preceding ¢* on the path. We shall construct an instance of Lemma
13. Delete ¢* from T". Then the component including ¢ is such that all matches are within
the component (since i* is matched elsewhere).

Since this component does not contain j and contains ¢ and otherwise only contains
matched pairs it is of odd size. On the other hand let j** be matched with *. Now
consider the component containing j** in 7' — ¢*. Since 7** is matched to ¢* it also must
be odd. This contradicts Lemma 13 and, by contradiction, establishes the claim that

there is an alternating path of unmatched and matched edges between ¢ and j.

Let the unique path be 7, j1, %1, J2, %2, - - -, Jk, 1k, J. We can now construct a path, proving
the lemma. Suppose i is activated and matches with j;, leaving i, single. Next ¢ is
activated and matches with j,, leaving iy single. Continuing in this manner we see that
after k steps i, is activated and matches with j. O

Proof of Lemma 11. Given d} + d; > w;; for all 7, j, rematches only occur when at least
one player is single. Thus the number of matches is weakly increasing over time and it
suffices to bound the expected time until two singles match. It follows immediately from
Lemma 10 that each tight component allows a perfect matching. We shall compute the
expected time until the number of singles is zero.

We describe the transitions without taking the market sentiment into account since it
would only accelerate the process. Note that, since there may be players with aspiration
level zero, we cannot necessarily follow a transition pattern as described in the proof of
Lemma 8.
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We shall construct two simple random walks which we then relate to our process. Let
X,Y be two simple random walks on truncated subgraphs of T" as defined in Lemma 14
and let s = 0,1,2,3, ... be the time steps at which one of the random walks moves on some
truncated tree (such that the path between the two random walks is on the truncated
tree). Let the rule of activation for the random walks be such that both random walks
always move twice consecutively. That is, for all s odd, if X (respectively V) is activated
in s, then X (respectively Y') is also activated in s+ 1. Define for X (analogously for Y))
the following time steps. Initialize T;X = T} = 0, then for i = 1,2,3,... let

T =inf{s > T, ; : s odd, and X, # X, »}, (22)

and
=inf{s: X, =Y} (23)

The sequence of time steps at which the random walk X (or Y') has moved away from
odd s after two time steps or has collided with Y (respectively X) is given by

T = (TX,1%,.... T T), (24)
TV = (Y. 1y,..., TV, T), (25)

where I, J are two random variables describing the lengths of the sequences. Note that
for all time-steps s ¢ TXUTY the random walk returned to its previous place after two
steps. Define X and Y to be the (not simple) random walks of step-size two on truncated
trees. Until the two underlying random walks X and Y collide, X and Y move at times

TXUTY.

We now relate the two random walks, X , 57, to our process. We shall first consider the
case where only two singles remain in a given tight component. Suppose i and j are the
only two remaining singles. Note that the two singles will always remain in the same
tight component. Now consider those time steps where a current single becomes matched
and a previously matched player becomes single. (The expected interval between such
time steps is upper bounded by O(N).)

Suppose we start the random walk X on the single firm 7 and the random walk Y on the
single worker j. Suppose i (or j) gets activated in a given time step. Then X (or V) is
also activated and moves to a node in the tree at distance two from 4, say i’ (via j') such
that (i’,j') were matched in the previous period. This is the condition for the truncated
tree on which the random walk X (or Y) moves, namely the truncated tree starting at
17 only has branches alternating between tight unmatched and matched edges. Any such
node i’ is picked uniformly at random amongst the matches of current neighbors. Thus
X (respectively Y') perform the previously defined two-step random walk. The time steps
at which this happens are precisely given by 7 (respectively 7). This indicates that
player 7 is matching with player j'. Now if j* = j the two last remaining singles match
and the simple random walks X and Y collide. Else i’ is now occupied by X.

We are left to give an upper bound for E[/ + J+1]. First note that we have E[I 4+ J+1] <
Miruncatea(X,Y). We shall now argue that

1
E[[ + J + 1] - ZMtruncated(Xv Y) (26)
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and thus the bound we shall give is sharp. If X (or Y) is moved in periods s + 1 (odd)
and s + 2 we have P(X,,2 = X;) = 1/2. This is the case since on the truncated tree the
random walk first moves along a tight edge and then necessarily moves back or along a
matched edge. Thus E[T7}, —T;¥] = 4 given the expectation of the geometric distribution
with parameter 1/2. Now the result follows.

Overall, given the singles need to be activated in order for the random walks to be moved,
the meeting of the two single tokens takes O(N?) iterations.

Now suppose there are 2k (k € {1,..., N}) remaining singles. The expected time until
there are only 2(k — 1) singles is bounded by O(N?). Then for k = O(N) we have a total
expected time until the core is reached of O(N?).20

Finally we have to show that any core state is absorbing. We have for all 7+ € V' that 7 is
matched and for all i, j that d} + d; > w;; since we are in a core state with the unique
perfect matching. Thus there are no feasible pairs of players and the dynamic has reached
a fixpoint. n

Proof of Lemma 12. Given that i is activated, suppose there exists a feasible match. The
calculation whether a player has no better alternative requires O(N) for each j' = 1,..., N,
and thus O(N?) in total. The case where no feasible match exists for i requires at most
O(N) operations. The result now follows. O

Proof of the Main Theorem. Combining Lemma 7, 9, and 11 we find that the expected
maximum number of steps to absorption is O(N? - max{loglog N, wT* ) proving the first
part of the theorem. By Lemma 12 we know the complexity of each iteration, O(N?),
and the second part of the theorem follows. n

6 Conclusion

In this paper we have shown that agents in large decentralized assignment markets can
learn to play core outcomes in polynomial time through simple aspiration adaptation
learning rules. Players have no knowledge about other players’ past payoffs or actions,
their distribution of preferences, or about the value of different matches. Players are
randomly activated and thus update their action in an asynchronous, random manner.
Players find a feasible match if one exists and the price they agree to is influenced by
the market sentiment. While it was previously shown that a variant of this random
process is absorbed in the core in finite time with probability one (Chen et al. 2011, Nax
and Pradelski 2012, Bir6 et al. 2012, Klaus and Payot 2013) the dynamic described here
converges in polynomial time.

Our result is in the same spirit as Bayati et al. (2014, 2005), Salez and Shah (2009), Celis
et al. (2010), Azar et al. (2009), Ackermann et al. (2011), and Kanoria et al. (2011), all of

20In line with Tetali and Winkler (1991, Conjecture 2) we conjecture that this bound is not optimal
and the total meeting time of k£ random walks on truncated trees is of the same order as the two-token
meeting time. Together with the necessary activation of single tokens this would yield the bound O(N3).
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whom study the rate of convergence of decentralized dynamics for the assignment game.
There are two fundamental differences however. First, the informational requirement for
players is much higher; in particular players know the match values. Second, all positive
results (that is polynomial convergence time) are only shown for deterministic processes
with a fixed order of activation. Our result is the first which shows fast convergence for
a stochastic decentralized dynamic for the assignment game. To do so we use a duality
with random walks on graphs.

The market sentiment turns out to be crucial in our analysis. We have shown that
without the market sentiment our dynamic may take exponentially long to converge.
This, alongside according results for NTU models (Ackermann et al. 2011) support the
conjecture that it is impossible to device a pure better response dynamic which converges
fast. It is an open question whether conditions for fast convergence for general classes
of games can be formulated. Our proof technique regarding random walks and the use
of a market sentiment may be pointers towards a possible path of investigation for other
games on networks.
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