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Abstract

We consider the problem of bias arising from conditioning on a post-out-

come collider. We illustrate this with reference to Elwert and Winship

(2014) but we go beyond their study to investigate the extent to which

inverse probability weighting might offer solutions. We use linear models

to derive expressions for the bias arising in different kinds of post-outcome

confounding, and we show the specific situations in which inverse probability

weighting will allow us to obtain estimates that are consistent or, if not con-

sistent, less biased than those obtained via ordinary least squares regression.
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Sociologists are becoming increasingly aware of the dangers of bias arising
from conditioning on colliders. While specific examples have been discussed
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in both the substantive (Sharkey and Elwert 2011) and methodological (Breen
2018) literature, it is probably Elwert and Winship’s (2014) paper that has
done most to bring this issue to wider attention. They present the problem
through a discussion of the bias that can arise from conditioning on colliders
at different points on the causal path. In this paper, we consider one of these:
post-outcome colliders. Conditioning on these is a common source of bias,
not least because it often arises as part of the processes of sample selection,
either deliberately or as a result of missing data. We discuss the problem
with reference to the examples considered by Elwert and Winship (2014)
(henceforth E&W), but we ask a question they did not address: to what
extent can we recover, via reweighting, unbiased or consistent estimates of
parameters of interest in the face of post-outcome collider bias? Inverse prob-
ability weighting (IPW) has a long history (Horvitz and Thompson 1952) and
has frequently been employed to deal with missing data (Seaman and White
2011). It has recently become popular through its use in marginal structural
models (Lawrence and Breen 2016; Sharkey and Elwert 2011). Although it
is not the only method that might be used to address the problems we
discuss here, it is a well-known and powerful tool with an appealing simplicity.

Our paper proceeds as follows. We begin with a brief discussion of collider
bias, then we focus on specific instances of post-outcome collider bias, tying
these to the examples presented by E&W but developing them where this is
useful. Using both directed acyclic graphs (DAGs) and linear models we
show why causal estimates of interest in these cases are biased and we
provide formulae for the biases. For most of the cases we consider, IPW will
not yield consistent estimates, but there is one important exception: when selec-
tion is a function of the outcome variable only. We illustrate this case using data
from Britain. In those instances in which IPW does not yield consistent esti-
mates, we show that it is often less biased than ordinary least squares (OLS)
and the magnitude of its bias can be quite small. Throughout we use linear
models. This is certainly restrictive compared with the non-parametric DAGs
used by E&W, but linear models are widely employed to estimate models
that are represented by DAGs. Furthermore, they are transparent, and proofs
of the kind we provide are much easier to demonstrate. In the words of Pearl
(2013) they are a “useful microscope for causal analysis.”

Colliders and Conditioning on a Post-Outcome Collider
Colliders play a very important role in DAGs. A collider is a node in a graph
that has more than one arrow going into it: in Figure 1, R is a collider on the
path linking P and Q. A collider blocks a path on which it sits: so, according
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to this DAG, P and Q are independent. But conditioning on a collider opens
the path: conditional on R, P and Q are no longer independent. Conditioning
on a post-outcome collider arises when the data used are selected depending
on their values of the outcome variable, Y. This may happen directly, as part
of the design of the study or through decisions made about the analysis, or it
may happen indirectly, through selecting data according to its values on a
non-outcome variable which induces selection on the outcome. A common
reason for conditioning on a post-outcome collider is missing data: people
with low values of Y might have been less likely to report their value of Y
in an interview or there may be missing values of a predictor of Y, say X,
and so the pairs (X,Y) will be absent from the analysis when X is missing.

The layout of our paper is shown in Table 1. We consider five cases1 cor-
responding to examples presented by E&W, with different mechanisms for
determining whether data are observed or not and which variables, X and/
or Y, are partially, rather than fully, observed as a result. We give an
example of each case for expositional purposes. We treat our first case as
canonical since it is the most general, and discussions of the later cases
refer back to it. We consider a single outcome, Y, and a single predictor, X,
but it is straightforward to generalize to more predictors. At the end of the
paper, prompted by a reviewer’s comment, we have included a short
section in which we show how, under certain circumstances, IPW can be
combined with instrumental variables estimation to overcome combined post-
outcome collider bias and omitted variable bias in the relationship between X
and Y.

Figure 1. A collider.

Table 1. The Cases we Consider.

Case E&W figure Missing is a function of Partially observed

1 6 X, Y X, Y
2 6 X, Y Y
3 5 Y Y
4 7 X, Y X, Y
5 6 Y X
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Case 1: Missing Data on X and Y: Complete Cases
Analysis
In Figure 2, X is a predictor of Y but whether or not we have data on both
depends on X and Y. This duplicates Figure 6 of E&W (page 39). Unlike
E&W we show the disturbance terms in the DAG: this will prove useful
for explaining how collider bias arises. In E&W’s example, we suppose we
have data on a sample of divorced fathers and we want to know how their
income, X, affects how much they pay in child support, Y. But some
fathers do not respond to the study: M is a dummy variable indexing

Figure 2. Post-outcome collider.
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whether or not a father responds, and this depends both on a father’s income
and how much child support he pays.

Linear models consistent with this DAG are

Y = βX + u (1)

and, using the latent index formulation for a binary outcome,

M∗ = αY + γX + ε (2)

and M = 1 ifM∗ > 0, M = 0 otherwise, and var(ε) = 1.
We assume E(Xu) = 0 = E(Xε): in other words, there are no open back-

door paths from X to Y or from X to M, though we do not rule out paths
from Y to M (which would be captured by cov(u, ε) ≠ 0). For ease of refer-
ence, we label the edges of the DAG in Figure 2 with the corresponding para-
meters from equations (1) and (2). We use a dashed line to show the possible
association between the disturbances, u and ε.

In our data we only observe cases for which M = 1. The question then is
whether OLS fitted to the observed data will produce unbiased estimates. In
fact, OLS produces biased estimates of β if either α or cov(u, ε) is non-zero.
The proof is as follows.

E(Y|M = 1) =βX + E(u|ε >−αY − γX)

=βX + E(u|ε >−(αβ + γ)X − αu)

=βX + E(u|ε+ αu >−(αβ + γ)X)

Let v = ε+ αu, and var(v) = σ2v .
2 If v is normally distributed,Φ(v / σv) is the

standard normal distribution function and ϕ(v / σv) is the standard normal
density function. It follows from the statistics of truncated normal distribu-
tions that

E(Y|M = 1) = βX + σuv
σv

( )
ϕ(− ((αβ + γ)X / σv))

1−Φ(− ((αβ + γ)X / σv))

[ ]
(3)

where σuv = cov(u, v) = αE(u2) + E(uε) = ασ2u + cov(u, ε) = ασ2u + σuρ,
where ρ is the correlation coefficient between u and ε.

The ratio in brackets is Heckman’s “lambda” (Heckman 1979), or the
inverse Mills ratio, which we denote as λ((αβ + γ)X / σv). It is a monotone
decreasing function of the probability that an observation is selected into
the sample, 1−Φ(− (αβ + γ)X / σv) = Φ((αβ + γ)X / σv). It follows that if
either α or ρ is non-zero, then OLS produces biased estimates of β by
confusing β with how λ((αβ + γ)X / σv) varies with X (a selection effect).
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In Appendix 1, we illustrate this by showing how, in a specific case, (σuv /
σv)λ((αβ + γ)X / σv) and the probability of selection, Φ((αβ + γ)X/σv), vary
with X and how the estimated marginal effect of X on Y varies with the prob-
ability of selection.

We can derive the sign of the bias in the OLS estimate of β. If α >
0, β > 0 and ρ ≥ 0, the OLS estimator is downwardly biased because
σuv > 0, and thus σuvλ((αβ + γ)X / σv) declines with X. If ασu <−ρ, then
OLS is biased upwards. This follows because σuv < 0 in these circum-
stances and in this case σuvλ((αβ + γ)X / σv) increases with X. This is pos-
sible if, conditional on X, above average values of Y are associated with a
lower chance of being in the sample (ρ < 0) and the impact of Y on miss-
ingness (α) or the variance of u (σ2u) is “small.” In our earlier example in
which Y is child support payment and X is father’s income, this might
occur if the amount of child support paid had a small effect on being
missing and those with unusually high child support payments were less
likely to be in the sample.

We can use the DAG in Figure 2 to show, in a more general and intuitive
way, how the bias arises when trying to estimate the effect of X on Y when
conditioning on M. There are three biasing paths. Because M is a collider
on the path from X to ε we have the biasing path X � M ← ε ↔ u � Y .
M is also a collider on the path from X to Y and so we have the biasing
path X � M ← Y . Furthermore, M is the descendant of a collider, Y, so
we have the third biasing path X � u � Y . If cov(ε, u) = 0 the first path
is zero and if α = 0 the second and third paths become zero, showing why
OLS produces biased estimates of β if either α or cov(u, ε) is non-zero.

Inverse Probability Weighting
The IPW estimator weights the data by 1/p(Y , X), where p(Y , X) is the prob-
ability thatM = 1 given Y and X. In the weighted data,M is independent of X
and Y, and so X and Y have the same distribution when using only cases for
which M = 1 as in the whole sample. In the case just considered, IPW is not
available as a possible solution because IPW depends on having data on both
Y and X to predictM and this is not possible when we only observe Y and X for
observations in which M = 1. If, however, we always observed either X or Y
for everyone, then IPW would be a feasible estimator.

In order for IPW to produce a consistent estimate of a treatment effect, we
need a conditional independence assumption (CIA), analogous to the propen-
sity score theorem (Rosenbaum and Rubin 1983; see also Angrist and Pischke
2009:80). Suppose the treatment X is dichotomous and Y0i and Y1i are the
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potential outcomes for person i when Xi = 0 and 1, respectively. Suppose the
outcome Y (i.e., either Y0i and Y1i) is observed for everyone. LetMi = 1 indi-
cate that we observe X for that person, Mi = 0 otherwise. Define p(Yi) as the
probability that Mi = 1 conditional on Yi.

The CIA theorem states that:
If [Y0i, Y1i] is orthogonal to Xi|Mi, then [Y0i, Y1i] is orthogonal to Xi|p(Yi).
Now suppose that X is observed for everyone, but Y is not. Then, analo-

gously, let Mi = 1 indicate that we observe Y for that person, Mi = 0 other-
wise. Define p(Xi) as the probability that Mi = 1 conditional on Xi. The
analogous CIA theorem states that:

If [Y0i, Y1i] is orthogonal to Xi|Mi, then [Y0i, Y1i] is orthogonal to Xi|p(Xi).
There are three issues: (1) Can we assume that the CIA holds in these two

special cases? (2) If so, can we obtain consistent estimates of p(Yi) or p(Xi)?
(3) Is the IPW estimator an improvement on OLS?

Case 2: Missing Data on Y Only
Suppose that we have a situation in which there are missing values on Y but
not on X; continuing the previous example, we suppose that all divorced men
were interviewed and provided information about their income but some of
them refused to answer the question about how much child support they
pay. However, the naïve OLS model will still have to be fitted to data for
which M = 1 and so the bias will be the same as in the first case as long
as ασu + ρ is non-zero.

IPW could be used here, however, because we have fully observed X and
M. Our model to predict M would be

M∗ = δX + e (4)

and M = 1 ifM∗ > 0, M = 0 otherwise.
But if the true missing data mechanism is as shown in equation (2), then

e = αY + ε and E(eY) = αβ2E(X2)+ ασ2u + σuρ ≠ 0. A sufficient condi-
tion for E(eY) = 0 is α = 0 = ρ, but if this condition is satisfied, OLS
would also yield a consistent estimator because, in that case, σuv = 0 in equa-
tion (3). It would take a particular set of parameters to satisfy αβ2E(X)+
ασ2u + σuρ = 0 when α or ρ are non-zero. For example, even if α = 0, as
in equation (4), we would need ρ = 0. Thus, IPW applied to equation (1)
fitted to cases for which M = 1 (as defined in equation (4)) would generally
not be an improvement over unweighted OLS.

Breen and Ermisch 11



Case 3: Truncation of Y
A superficially similar situation to case 2 is when Y is observed only if it
exceeds or falls below a particular value. An example of this is E&W’s
Figure 5. E&W’s example concerns education, X, affecting income, Y, but
the sample contains only people with low incomes Y < k with k being
some value of Y. Assuming that equation (1) generated the data, we find
that (assuming u is normally distributed)

E(Y|Y < k) =E(βX + u|βX + u < k)

=βX + E(u|u < k − βX)

=βX + σu
ϕ(k − βX / σu)

1−Φ(k − βX / σu)

[ ] (5)

The second term on the right-hand side of (5) is once again related to the bias
in the OLS estimator of β applied to the observed data: in this case the bias is
downward. As with case 1, because we lack any observations where Y ≥ k
we cannot implement IPW. But if we knew the values of X for cases where
Y ≥ k, even though we did not know their values of Y, and if we were
willing to make a distributional assumption about u (e.g., that u is
Normally distributed) we could use a censored regression, such as a Tobit
model with an upper limit k in this example.3 Conditional on the assumed nor-
mality of u, maximum likelihood estimation of the model generates consistent
estimates of β and σu, while OLS does not, as is well known.

Case 4: Ascertainment Bias
E&W Figure 7 (page 40) shows an example of ascertainment bias (Rothman,
Greenland, and Lash 2008), and Figure 2 of this paper applies here too. In
E&W’s exposition, X is the commercial success of an album measured by
whether it topped the Billboard charts, and Y is whether the album was included
in the Rolling Stone 500. The sample of 1,700 albums on which the analysis
(Schmutz 2005) was carried out was formed by selecting all albums in the
Rolling Stone 500 and 1,200 other albums “all of which had earned some
other elite distinction, such as topping the Billboard charts or winning a
critics’ poll. Among the tens of thousands of albums released in the United
States over the decades, the 1,700 sampled albums clearly represent a subset
that is heavily selected for success.” (Elwert and Winship 2014:40).

Here the model of equations (1) and (2) applies with the minor change that
Y is now binary (inclusion in the Rolling Stone 500 or not). So, in place of
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equation (1) we could write the latent variable model:

Y∗=βX + u

with Y = 1 if Y∗ > 0, 0 otherwise. With this modification all the results for
case 1 apply to this example too. They can also be used to suggest why
Schmutz (2005) found a negative effect of X (topping the Billboard charts)
on Y (being included in the Rolling Stone 500).

In our case 1, if β= 0.1, α = 0.5, ρ = 0.2 , and γ = 0.5, we obtain nega-
tive values for dY/dX for most of the range of X, and so averaging over X in
the data will yield a negative value for the OLS estimate. Although the details
of how X is distributed could lead to other results, a negative estimate is very
likely with these parameters. For example, if X has a uniform or symmetric
distribution, the OLS estimate of β is −0.06, even though β= 0.1.

Case 5: Missing Data on X Only and M Independent of X
A situation in which there is collider bias but IPW can correct for it to yield
unbiased estimates is shown in Figure 3. The difference between this and
Figure 2 is that M is no longer affected by X and so we have

M∗ = αY + ε (6)

and M = 1 ifM∗ > 0, M = 0 otherwise, and var(ε) = 1.
One situation in which this set-up will arise is in the use of survey data,

where, although respondents provide information on an outcome (such as
their own years of education), whether or not they respond to a question con-
cerning a determinant of the outcome may depend on their outcome: for
example, respondents with more years of education might be more likely to
provide information about their own parents’ education. This is a particular
example of a more widespread problem: studies of status attainment and inter-
generational mobility almost always rely on respondents’ reports of their
social origins (measured by parental occupation, and/or education) and
whether or not this information is collected may depend on respondents’
own status (or class destination). Ignoring this is likely to lead to bias in esti-
mates of intergenerational associations.

In this case, OLS will once again yield biased estimates, butM∗ is now not
affected by X and so, in equation (3), γ = 0. We have

E(Y|M = 1) = βX + σuv
σv

( )
ϕ(− (αβX / σv))

1−Φ(− (αβX / σv))

[ ]
(7)
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If α > 0 & β > 0, then using only observations for which X is known over-
represents the “top” part of both distributions to estimate β. As before, and
recalling that σuv = ασ2u + σuρ, if either α or ρ is non-zero OLS using only
the observations for whichM= 1 produces biased estimates of β by confusing
the variation in the inverse Mills ratio, λ(αβX / σv) with the estimate of β.
Figure 3 shows why this bias arises. By conditioning on M we are condition-
ing on the descendant of a collider (Y in this case) and this has the same con-
sequence as conditioning on Y itself, namely, opening a path from X to u to Y.

In this case, however, IPW can be used under certain conditions. In the
model to predict missingness, based on equation (6) above, we require that
the estimate of α is consistent, and this requires E(εY) = 0. Expanding this

Figure 3. Selection on the outcome.
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we have

E(εY) = E(ε(βX + u)) = cov(u, ε) = σuρ (8)

We therefore require that ρ = 0; in other words, E(εu) = 0 This requirement
is necessary because IPW estimation conditions only on observables. It is,
however, a weaker assumption than is needed for OLS to be unbiased
(where we also require α = 0).

Bareinboim, Tian and Pearl (2014) address problems of selection bias
using a graphical, non-parametric approach with the goal of recovering the
probability of an outcome, Y, conditional on one or more predictors, X in
the face of sample selection.4 Their approach is more general than ours and
so our results for cases 1 and 2, for example, are special cases of results
they demonstrate. For our case 5, we are able to recover the conditional
mean E(Y|X) but Bareinboim et al. (2014) show that, in such a situation,
one cannot recover the full conditional distribution of Y given X.

Monte Carlo Simulations
Table 2 shows the OLS estimates using simulated data generated according to
equations (1) and (2). Each simulation assumes that X is a standard normal
variable uncorrelated with u and ε, and [u, ε] is joint standard normal with
correlation coefficient ρ. The simulations vary γ and the correlation
between u and ε while keeping the parameter values for α and β fixed. As
can be seen, OLS is biased even when ρ = 0 and γ = 0. The bias is down-
ward and it increases as ρ increases.

Table 2 indicates that, at least in the parameter configurations illustrated,
when the condition ρ = 0 and γ = 0 is not satisfied the IPW estimates are
closer to the true value of β than the OLS estimates. Also, comparisons
between the ρ = 0 and ρ = 0.2 panels suggest that, for a given ρ, the omis-
sion of X in the computed weight equation operates to reduce the estimate of β
while ρ > 0 operates in the opposite direction. When ρ < 0, the IPW estimate
is always biased downward, but closer to the true value than the OLS
estimate.

Table 3 illustrates how the IPW estimates of β vary with a wider range of
γ and ρ. Most IPW estimates are below the true value, the exception being
when γ is relatively small and ρ > 0 and relatively large (e.g., when
γ = 0.1, ρ > 0.2).

However, there are constellations of parameters in our model setup in
which OLS produces unbiased estimates. This would happen for non-zero
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α if σuv = 0, or equivalently, when ασu = −ρ, which requires ρ < 0. For
instance, with the parameters α = 0.5 = β and σu = 1, this requires
ρ = −0.5. AMonte Carlo simulation of the model with these parameters con-
firms that the OLS estimator of β is unbiased and consistent (the estimate is
0.500, s.e.= 0.023), and the IPW estimate is close to it: 0.504 (0.023), despite
the fact that the estimate of α from the probit selection equation is inconsistent
because ρ < 0.

With ρ = 0 and γ = 0 IPW returns an unbiased and consistent estimate of
the regression coefficients. As Table 3 shows, as ρ deviates from zero, the
IPW estimates become biased, but this bias is generally small, with the
95% confidence interval (not reported in the table) including the true value,
at least for |ρ| ≤ 0.2, suggesting the estimates are robust to some degree of
correlation between the error terms of the two equations. Even low to mod-
erate values of γ (e.g., γ ≤ 0.2) produce estimates of β close to its true
value and certainly closer to it than OLS. Appendix 2 shows how the com-
puted weights that impose γ = 0 differ from the true weights for different
values of γ and ρ. The analysis suggests that IPW based on wC =
1 / Φ(α̂Y) rather than the true weight of 1 / Φ(αY + γX) does not do a bad
job in mimicking the true weight as long as ρ = 0, even when the parameter
on the omitted X variable is relatively large. But when |ρ| > 0, its performance
is much poorer.

We conclude that the types of collider bias considered imply inconsistent OLS
estimation of linear models. But the simple IPW estimator appears to do better
than OLS in the case when selection depends on Y only, and under some plaus-
ible parameter restrictions the estimates of β can be close to the true value of β.
Practitioners are advised to report both OLS and IPW estimates when there is

Table 3. Variation in IPW Estimates of β by γ and ρ: α = 0.5 and β = 0.5 (Estimates

Below the True Value in Bold).

γ
ρ

−0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5

0 0.488 0.492 0.499 0.509 0.533 0.537 0.556 0.575

0.1 0.477 0.476 0.480 0.487 0.496 0.507 0.522 0.537

0.2 0.466 0.461 0.460 0.463 0.469 0.476 0.485 0.494
0.3 0.455 0.446 0.440 0.438 0.439 0.441 0.442 0.449
0.4 0.445 0.431 0.420 0.412 0.407 0.403 0.399 0.395
0.5 0.435 0.416 0.400 0.386 0.373 0.363 0.353 0.338

Details of the simulations as in Table 2.
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concern about sample selection based on the dependent variable. There are a
number of important applications in which such selection might be plausible,
and the next section considers one such application.5

An Illustration: Intergenerational Transmission
of Education
We use data from the British Household Panel Study (BHPS) to estimate the
effects of parents’ education on the educational attainment of their adult
(respondent) children. In the BHPS information on parents’ highest education
level was not collected until wave 13 (2003). Evidence indicates that people
with higher education are less likely to leave the panel (lower attrition), sug-
gesting that respondents with higher education are more likely to be observed
and to provide data on parents’ education, which is indeed confirmed by the
BHPS data.6 Because it is the respondent who is making the decision about
continuing participation in the panel, IPW estimation of a selection model
based solely on the respondent’s own education may perform quite well
because, in terms of the parameters of equations (1) and (2), α is large relative
to γ, so, even if we do not obtain a consistent estimate of α in equation (1), the
estimated equation may still work well in computing the propensity score (see
Appendix 2).

For easier comparability between generations, we focus on a simple binary
indicator of highest education: whether a person has a university degree or
not. Among 4,369 persons born during 1955–85, 19.7% obtained a degree,
and among those for which we observed father’s education (2,672), 10% of
fathers had a degree. The analogous statistics for mother’s education are
2,745 observed with 6.7% of mothers having obtained a degree. Thus,
father’s (mother’s) education is observed for 61% (70%) of the sample.

In the models we estimate we also allow the probability of sample selec-
tion and child’s education to depend on year of birth and sex, which are
observed for everyone. In Table 4, only the coefficients associated with edu-
cation are reported. The first two models estimate the parameters for one or
other of the parent’s education on its own; a third estimates separate para-
meters for each parent’s education using the selected sample in which both
parents’ education is observed. The coefficients in the selection model are
from a probit model and those in the intergenerational education equation
are from a linear model.

Table 4 indicates that, in all models, the IPW estimates of the parents’ edu-
cation coefficient are below the OLS ones, but generally close to them, as
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judged by the confidence intervals of each. This could happen because ρ < 0
and is sufficiently large in magnitude. For example, consider a model similar
in structure to equations (1) and (2) except that both X and Y are dichotomous
and driven by latent variables for each in which α = 0.5, γ = 0 and β = 0.5.
A Monte Carlo simulation of that model (N= 4,000, replications= 2,000) in
which ρ = −0.4 yields an OLS estimate of 0.193 (SD= 0.02) and an IPW
estimate of 0.190 (SD= 0.02). Similar differences emerge when γ = 0.2
(OLS and IPW estimates of 0.196 and 0.195, respectively). In keeping with
the dichotomous nature of the generated data, a probit model may seem
more appropriate, but similar results emerge: the IPW and conventional

Table 4. Estimates of the Intergenerational Education Equationa.

(A) Father’s education model

Coef. Std. Err. 95% Conf. interval

Selection equation

Child degree 0.525 0.052 0.42 0.63

Education equation

OLS, father degree 0.380 0.027 0.33 0.43

IPW, father degree 0.353 0.032 0.29 0.42

(B) Mother’s education model

Coef. Std. Err. 95% Conf. interval

Selection equation

Child degree 0.370 0.053 0.27 0.47

Education equation

OLS, mother degree 0.325 0.032 0.26 0.39

IPW, mother degree 0.297 0.037 0.22 0.37

(C) Both parents’ education model

Coef. Std. Err. 95% Conf. interval

Selection equation

Child degree 0.525 0.052 0.42 0.63

Education equation

OLS

Mother degree 0.174 0.035 0.10 0.24

Father degree 0.317 0.030 0.26 0.37

IPW

Mother degree 0.161 0.040 0.08 0.24

Father degree 0.296 0.035 0.23 0.36

a

All models include year of birth, sex, and a constant. The coefficients in the selection equation

are from a probit model; the other coefficients are from linear models.
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probit estimates of β are 0.496 (SD= 0.052) and 0.498 (SD= 0.052) when
γ = 0, and 0.507 (SD= 0.051) and 0.508 (SD= 0.051) when γ = 0.2.7

Combining IV and IPW
In Case 5 and the DAG shown in Figure 3, the crucial assumption that allows
us to overcome post-outcome collider bias is E(εu) = 0: the disturbances for
Y andM are independent. But there are two further assumptions about distur-
bances that we maintained throughout: E(Xu) = 0 and E(Xε) = 0. The first
rules out open backdoor paths from X to Y, the second rules out open back-
door paths from X to M. In this section, we show that if the first assumption
does not hold (in which case we have “omitted variable bias”) we can still
estimate the effect of X on Y consistently, even in the presence of post-
outcome collider bias, provided we have a suitable instrumental variable.
In other words, instrumental variables and IPW can be combined to deal
with simultaneous omitted variable bias and post-outcome collider bias.

We write the first stage of the IV estimator as

X = δZ + e (9)

where E(eZ)= 0, and the reduced form as

Y = θZ + u (10)

The DAG in question is shown in Figure 4. There is no path directly linking the
disturbances u and ε: this assumption is necessary for what follows.We assume
the effect of X on Y is homogeneous (so we are not estimating a local average
treatment effect) and that Z is an IV that meets the criteria of instrument rele-
vance and instrument validity (i.e., E(Zu) = 0). We assume, initially, that Z
is observed for all cases. The dashed line in Figure 4 shows a correlation
between the disturbances e and u (E(eu) ≠ 0) which is why we need an instru-
ment. We assume E(eε) = 0 (this is a rewriting of our assumption E(Xε) = 0),
and E(eZ) = 0, so estimating (9) by OLS would yield an unbiased estimate, δ̂.
Because Y and Z are fully observed, the OLS estimate, θ̂, is unbiased and β̂IV =
θ̂ / δ̂ is a consistent estimator of the effect of X on Y, β.

But we cannot estimate (9) because X is only observed whenM = 1. Then
we have

E(X|M = 1) = δZ + E(e|ε >−αY) = δZ + E(e|ε >−αβX − αu)

= δZ + E(e|ε+ αu >−(αβδ)Z − αβe)

= δZ + E(e|ε+ αu+ αβe >−(αβδ)Z)
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Let w = ε+ αu+ αβe, and var(w) = 1+ (αβ)2var(e)+ α2σ2u + 2αcov(ε, u)
+2α2βcov(e, u) = σ2w

E(X|M = 1) = δZ + σew
σw

( )
ϕ(− (αβZ / σw))

1−Φ(− (αβZ / σw))

[ ]
(11)

where σew = α cov(e, u)+ αβvar(e).
The second term on the RHS of (11) is the bias from using OLS, which

then transfers to the IV estimator making it inconsistent. However, just as,
in our fifth case, we could use IPW to estimate β, so we can use IPW here
to estimate δ when E(uε) = 0. The selection process is the same in both
cases (with M depending only on Y ) and we can estimate it unbiasedly.

Indeed, because in this example M depends only on Y, we do not require
that Z is fully observed. Assuming we only observe Z when M = 1 clearly
does not affect our estimate of δ and we can correctly estimate θ using
only data for whichM = 1 via IPW. The intuition here is that, if we substitute
X for Z, this is the same model as we considered in Case 5.

Conclusions
Conditioning on a post-outcome collider is not an uncommon occurrence in
the social sciences. Elwert and Winship (2014) presented a number of

Figure 4. Omitted variable bias and conditioning on a post-outcome collider.
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examples to illustrate the problems that can arise. We have built on their work
but we have also investigated possible solutions. Using linear models, we
have derived expressions for the bias arising in different kinds of conditioning
on a post-outcome collider, we have shown how the biases arise, and we have
explained the specific situations in which IPW will allow us to obtain esti-
mates that are either consistent or, if not consistent, then less biased than
those from OLS regressions.
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Notes

1. We do not consider one of the post-outcome collider bias cases in E&W; this is
Heckman selection bias (Heckman 1979), shown in E&W’s Figure 8 (page 41).
We omit it because it has received extensive attention over the past 40 years.
For our purpose it is sufficient to note that IPW cannot usefully address cases of
this kind.

2. σ2v = 1+ α2σ2u + 2αρσu.
3. A sample has been censored if no observations have been systematically excluded

but some of the information contained in them has been suppressed. The Tobit
model is a mixture of continuous and discrete distributions, the latter being used
to estimate the probability of being below the censoring point.

4. See also Mohan and Pearl (2019) and Bareinboim and Pearl (2016) for the further
use of graphical models for missing data.
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5. Multiple imputation (MI) is an alternative to IPW when missingness depends on Y
only. MI needs a model for the distribution of the missing data given the observed
data. As discussed in Seaman and White (2011), “IPW with a correctly specified
missingness model is generally less efficient than MI with a correctly specified
imputation model.” (p. 284). Of course, “correctly specified” is a key issue, and
specifying the IPW may be easier. Seaman and White (2011, section 4) discuss
other reasons for using IPW instead of MI.

6. A respondent’s highest education is defined to be that in the last year a respondent
is observed in the BHPS (up to 2008), and we focus on cohorts who are aged at
least 23 by 2008.

7. When ? = 0 and ? = 0 the IPW probit estimate of β is 0.499 (SD=0.055) and the
ordinary probit estimate of β is 0.490 (SD=0.054), thus the former is unbiased
and consistent.
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Appendix 1: Bias and the Probability of Selection
Figure A1 illustrates how (σuv / σv)λ((αβ + γ)X / σv) and the probability of
selection, Φ((αβ + γ)X / σv), vary with X when the parameters are set at α =
0.5, β = 0.5, γ = 0 and ρ = 0. λ((αβ + γ)X / σv) declines as the probability
of selection increases. The conditional mean E(Y|M = 1) is a non-linear func-
tion of Xwhen σuv is not zero. Thus, the marginal effect of X on it is not β, but
rather β plus the derivative of σuvλ with respect to X, which we denote dy / dx.
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Using the same parameter values, Figure A2 illustrates how dy / dx varies
with the probability of selection and also the downward bias of OLS. If σuv =
0, (which, with the other parameter assumptions implies α = 0), dy / dx
would be a flat line at β = 0.5 and Φ((αβ + γ)X / σv) would equal 0.5. dy /
dx increases toward 0.5 as the probability of selection increases.

Figure A2. How dy/dx varies with the probability of selection.

Figure A1. Selection and bias plotted against X.
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Appendix 2: IPW Weights: Bias and Covariation With
True Weights
The true weights are given by wT = 1 / Φ(αY + γX). Given that we cannot
observe X, we compute the weights from a probit regression with Y as the
only explanatory variable: wC = 1 / Φ(α̂Y). Form the ratio rw = wC / wT .
Bias will be indicated by a mean ratio different from unity. Table A1
shows simulated mean values for rw for different values of γ and ρ, the cor-
relation coefficient between ε and u.

Table A1 indicates that rw is unbiased when ρ = 0, but when ρ = 0.2, the
computed weight exceeds the true weight by 10% on average. Bias would not
be an issue if rw were similar across observations, but it exhibits larger vari-
ance when ρ = 0.2 and when γ is larger.

Table A2 examines the same issue in a different way by looking at the cor-
relation between the computed and true weights. It shows that when ρ = 0,
the correlation of the computed and true weights is relatively high, although
it declines as the parameter on the omitted X variable, γ, increases. But when

Table A1. Simulations of Mean and Std. Deviation of rw for Different Values of γ and ρ
(the Correlation Coefficient Between ε and u).

Parameter Replications Mean Std. dev. Min Max ρ

γ = 0

rw 2,000 1.001 0.017 0.950 1.059 0

rw 2,000 1.106 0.030 1.025 1.242 0.2

SD(rw) 2,000 0.018 0.014 0.000 0.081 0

SD(rw) 2,000 0.321 0.084 0.137 1.138 0.2

γ = 0.3

rw 2,000 1.001 0.015 0.950 1.051 0

rw 2,000 1.101 0.027 1.018 1.216 0.2

SD(rw) 2,000 0.109 0.005 0.102 0.147 0

SD(rw) 2,000 0.350 0.089 0.180 1.794 0.2

γ = 0.5

rw 2,000 1.001 0.014 0.959 1.047 0

rw 2,000 1.094 0.025 1.020 1.201 0.2

SD(rw) 2,000 0.169 0.006 0.158 0.200 0

SD(rw) 2,000 0.384 0.094 0.229 2.281 0.2

N= 4,000, 2,000 replications, X is a standard normal variable uncorrelated with u and ε, and
[u, ε] is joint standard normal with correlation coefficient ρ, taking values ρ = 0 or 0.2. Data is

generated using equations (1) and (2) with α = 0.5 and β = 0.5.
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ρ = 0.2, the mean correlation declines substantially, with even its maximum
value being below unity.

These simulations suggest that IPW based on wC = 1 / Φ(α̂Y) does not do
a bad job in mimicking the true PS weight as long as ρ = 0, even when the
parameter on the omitted X variable is relatively large. But when ρ > 0, its
performance is much poorer.

Table A2. Simulations of Correlation of wC and wT (ρw) for: α = 0.5 and β = 0.5;

ρ = 0 or 0.2; N= 4,000.

Parameter Replications Mean Std. dev. Min Max ρ

γ = 0

ρw 2,000 0.999 0.002 0.980 1.000 0

ρw 2,000 0.894 0.049 0.696 0.977 0.2

γ = 0.3

ρw 2,000 0.966 0.008 0.893 0.996 0

ρw 2,000 0.858 0.056 0.531 0.949 0.2

γ = 0.5

ρw 2,000 0.930 0.016 0.801 0.992 0

ρw 2,000 0.830 0.062 0.379 0.943 0.2

Details of the simulations as in Table A1.
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