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Abstract

Morphogenesis - the generation of biological shape and form - is fascinat-
ing, and its study promises to shed light on a wide range of developmen-
tal defects and inform strategies for the artificial growth of organs. Re-
cently, the experimental study of morphogenesis has thrived due to a rise
in quantitative methods. The resulting avalanche of quantitative data re-
quires us to rethink the scientific method. We need to design quantitative
hypotheses through mathematical models, make quantitative experimen-
tal predictions, devise methods for quantitative data analysis, and design
methods for quantitative inference using models and data. This thesis
aims to enable this transition for the integrative analysis of morphogen-
esis in epithelia, one of the major tissue types in animals. We begin by
conducting the first systematic numerical analysis of a widely used cell-
based model of epithelia, the vertex model, and estimate to what extent
quantitative model predictions may be influenced by parameter values and
implementation details. We then apply this model to a key question in
developmental biology by constructing a quantitative theory for tissue size
control in the embryonic epidermis of the fruit fly Drosophila, using the
model to predict the outcomes of future experiments. Subsequently, we
devise a method for estimating mechanical parameters of vertex models
from imaging data and quantifying the uncertainty associated with such
estimates. Finally, we propose a novel algorithm for robust cell tracking
in live-imaging microscopy videos of epithelial tissues that illustrates how
graph theoretic concepts may be used to overcome challenges in quanti-
tative data analysis. Together, the contributions in this thesis will enable

the quantitative study of epithelia for a wide range of applications.
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Chapter 1

Introduction

Embryogenesis is the fascinating process by which complex organisms develop from
a single cell. While our understanding of embryogenesis is continuously expanding,
many of the fundamental mechanisms that guide this process are still poorly under-
stood (Wolpert, 2011). Studying embryogenesis is extremely promising, since un-
ravelling the mysteries of embryonic development will help us to treat developmental
defects and artificially engineer organs and tissues. One key question in developmental
biology is how embryonic tissues reach, and maintain, the correct size and propor-
tions. Tissue size control is incredibly robust to external or genetic perturbations.
For example, tetraploid salamanders of the species Amblystoma mexicanum have half
the number of cells as their diploid counterparts, yet are the same size (Vernon and
Butsch, 1957). The underlying mechanisms that regulate cell growth, proliferation
and death to achieve tissue size control remain largely unknown.

A common experimental method to analyse developmental processes, such as tis-
sue size control, is to employ model organisms, for example mice, the frog Xenopus
laevis, or the worm Caenorhabditis elegans (Wolpert, 2011). It is possible to learn
about human development by using such organisms since many developmental pro-
cesses are conserved across the animal kingdom, and genes in one species often have

homologues of the same function in other species (Wolpert, 2011). The fruit fly



Figure 1.1: Composition of an epithelial monolayer. (A) Schematic of cells
in an epithelial monolayer. Cells are tightly bound by molecules at the apical (top)
surface, such as E-Cadherin, actin, and myosin. Figure panel adapted from Farhadifar
et al. (2007) with permission from Elsevier. (B) Example microscopy image of the
apical surface of an epithelial monolayer, the growing Drosophila wing. Fluorescent
labelling of E-Cadherin renders the cell outlines visible. Figure panel adapted from
Staple et al. (2010) with permission from Springer.

Drosophila melanogaster is one of the most prominent and pivotal model organisms
of developmental biology. For example, chromosomes were originally identified to be
the carriers of genetic information by examining Drosophila mutations and the genome
of Drosophila melanogaster was among the first to be fully sequenced (Adams et al.,
2000). The fruit fly has several attributes that make it a well-suited laboratory ani-
mal. Fruit flies have quick reproductive cycles, stocks are inexpensive to maintain, and
today a large range of techniques are available to study its embryogenesis, including
tools for localised genetic perturbations.

Many processes during morphogenesis are governed by the growth and dynamics
of epithelia, one of the major tissue types in animals. For example, specification of the
anterior-posterior axis in mammals is initiated by directed migration of an epithelial
subpopulation (the anterior visceral endoderm) to one side of the embryo (Arnold
and Robertson, 2009; Srinivas, 2006), whereas the formation of an epithelial tissue on
the outside of the embryo, the epidermis, comprises one of the earliest morphogenetic
events in Drosophila (Campos-Ortéga and Hartenstein, 1997). Such epithelia form

polarized sheets of cells with distinct apical (‘top’) and basal (‘bottom’) surfaces,



with tight lateral attachments nearer their apical surface (Figure 1.1).

A recent quantitative transition in data acquisition and analysis paves the way for
new insights to developmental processes (Pantazis and Supatto, 2014). While high-
resolution imaging and measurement techniques, such as electron microscopy and
atomic force microscopy, have existed for several decades (Robinson, 1986; Binnig
et al., 1986), their potential to capture material properties and process dynamics has
not been fully harnessed by the biological research community. Not only are biological
tissues challenging to analyse because of their heterogeneous and dynamic composi-
tion, they are also inherently fragile and sensitive to the levels of energy exposure that
are traditionally associated with nanoscale measurements (Thach and Thach, 1971).
The discovery of green fluorescent protein (GFP) (Shimomura et al., 1962; Shimo-
mura, 2005) and its subsequent application to report gene expression in vivo (Chalfie
et al., 1994) pioneered a revolution of microscopy techniques that included the develop-
ment of the confocal, two-photon, and light-sheet microscopes (Pantazis and Supatto,
2014). Using these techniques it is now possible to observe biological processes in
vivo and in vitro with unprecedented detail. This advance in imaging techniques has
been accompanied by the development of nanoscale engineering solutions that expand
the types of data that can be acquired at small length or time scales. These solutions
include, for example, molecules that allow the measurement of forces within living
tissues (Meng et al., 2008; Gayrard and Borghi, 2016).

These new experimental techniques generate a host of new quantitative and semi-
quantitative data (Pargett and Umulis, 2013). To understand and interpret such
data, it is necessary to use mathematical models (Shou et al., 2015; Tomlin and
Axelrod, 2007). Models can be used to provide theories for the mechanisms underlying
experimental observations and to make predictions for future experiments that may
help verify or distinguish these theories. One of the most well-known examples of

mathematical modelling in biology is the diffusion-driven instability introduced by
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Turing (1952). Turing proposed that heterogeneity in developing embryos may be
generated from a uniform initial state by interacting chemicals, and he established
his theory using a mathematical model. Sixty years later, a similar mechanism has
been shown to regulate digit morphogenesis in mouse limbs (Sheth et al., 2012).
Modern applications of computational modelling are increasingly quantitative and
include modelling of gene regulatory networks (Davidson and Levin, 2005) and studies
that target the mechanical principles of morphogenesis (Guillot and Lecuit, 2013b).

If the data are collected at a cellular scale, cell-based computational models may
be applicable (Brodland, 2004; Osborne et al., 2017). Cell-based models have helped
understand various embryonic processes that involve the mechanical and biochemical
interactions of individual cells. For example, Landsberg et al. (2009) showed that
mechanical tension can help maintain boundaries between cells of varying fates, and
Monier et al. (2015) showed that the mechanical tension required for furrow formation
during Drosophila limb development is generated by apoptotic (dying) cells. Both of
these examples are applications of vertex models (Fletcher et al., 2014), one of the
most widely used class of cell-based model in developmental biology. Vertex models
are specifically designed to study epithelia. In Chapter 2, we provide a brief overview
of existing cell-based model formalisms, together with a mathematical formulation of
the vertex model.

This thesis aims to enable the use of vertex models to study the growth and
morphogenesis of epithelia in a quantitative manner. Many cell-based models, such
as vertex models, are developed to reproduce qualitative phenomena, for example,
cell sorting through differential adhesion between cells (Brodland, 2004). However,
it is unclear to what extent cell-based models can be used to analyse biological pro-
cesses quantitatively. For example, to what extent can computational implementation
choices, such as the size of a simulation time step, influence model predictions? We

address this question in Chapter 3, where we identify how robust vertex model predic-
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tions are to changes in the method of numerical approximation and model parameters
that may not have biophysical correlates.

We then apply the vertex model to study tissue size control during embryonic
development in Chapter 4. A previous study that analysed tissue size control in
Drosophila embryos showed that within the skin of the embryo, its epidermis, com-
partments are of fixed size even in the face of genetic perturbations that alter the
number of cells (Parker, 2006). In Chapter 4 we use a vertex model to develop a
quantitative theory for these previous observations, and to make predictions that can
be tested in future experiments.

The work in Chapter 4 motivates further research questions. The predictions in
this chapter are not dependent on the mechanical parameters of the vertex model.
However, to model processes that rely on tight mechanical regulation it may be nec-
essary to directly measure the parameters in the vertex model from experimental
data. In Chapter 5 we investigate how vertex model parameters can be inferred from
imaging data and explore methods to quantify the uncertainty of such parameter
estimations.

Chapters 3, 4 and 5 individually contribute to a quantitative transition in different
steps of the scientific method (Figure 1.2). We focus on the design of quantitative
models in Chapter 3, develop a quantitative theory for tissue size control and make
experimental predictions in Chapter 4, and analyse methods for parameter inference
in Chapter 5. In Chapter 6 we turn to the most crucial step of scientific investigation,
the collection and analysis of experimental data. Mathematical tools can significantly
enhance the processing of quantitative data. For epithelia, data analysis often com-
prises two steps, image segmentation and cell tracking. We show how graph theoretic
methods can be used to conduct robust cell tracking in live-imaging microscopy videos
of epithelial tissues. Together, Chapters 3, 4, 5 and 6 contribute to the quantitative

study of epithelia at all stages of the scientific method.
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Figure 1.2: This thesis contributes to the quantitative study of epithelia
at different stages of the scientific method. The scientific method comprises a
cycle of hypothesis building and experimental analysis that iteratively improves our
scientific understanding. When the scientific method is applied quantitatively, the
hypothesis constitutes a mathematical or computational model. In Chapter 3, we
provide a numerical analysis of the well-established vertex model. In Chapter 4, we
apply the vertex model to study embryonic tissue size control and make experimental
predictions. In Chapter 5, we design a inference method to estimate vertex model
parameters. In Chapter 6, we employ graph-theoretical concepts to track cells in
live-imaging microscopy videos.

In the next chapter we give a brief overview of existing cell-based models before
introducing our implementation of the vertex model, which we shall use in Chapters

3, 4 and 5.
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Chapter 2

Modelling preliminaries

2.1 Cell-based models

The characterization of fundamental embryonic mechanisms at a cellular scale is an
area of recent progress. The ability to observe how cells interact and self-organise to
form organs bears great potential for applications in medicine and synthetic biology.
A promising method to form hypotheses about underlying mechanisms is cell-based
modelling. Such models can naturally capture stochastic effects and heterogeneity
when only few cells are present and can be used to explore tissue behaviour when
complex assumptions on the cellular scale prevent straightforward continuum ap-
proximations on the tissue scale. The applications of cell-based models range from
embryonic development (Farhadifar et al., 2007; Mao et al., 2011; Trichas et al., 2012;
Monier et al., 2015; Atwell et al., 2015), to wound healing (Walker et al., 2004) and
tumour growth (Anderson et al., 2006).

Multiple cell-based modelling approaches exist. In cellular automata (Ermentrout
and Edelstein-Keshet, 1993; Lee et al., 1995), each cell occupies a site on a lattice,
and different rules can be implemented for the proliferation, motion, and interaction
of the cells. In cellular Potts models each cell is allowed to occupy multiple lattice

sites, and energy minimisation is used to propagate the shape of each cell over time.
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The cellular Potts model has been used to study biological processes ranging from
cell sorting (Glazier and Graner, 1993) and morphogenesis (Izaguirre et al., 2004) to
tumour growth (Shirinifard et al., 2009).

Off-lattice approaches to cell-based modelling include centre-based models. Cell
shapes are either assumed to be spherical (Drasdo and Hoéhme, 2005) or polygonal
(Meineke et al., 2001). In the latter case, polygonal shapes are derived from the
cell centre locations by Voronoi tessellations. It is possible to model more realistic
cell shapes by modelling the motion of points along the boundary of the cell. This
concept is applied in vertex models (Fletcher et al., 2014) and in the immersed bound-
ary method (Rejniak et al., 2004; Cooper et al., 2016). In the former, epithelia are
modelled as a tessellation of polygons or polyhedra, and vertices move due to forces
originating from the cells and their interactions. In the latter, cell boundaries are
represented as a set of points that move like elastic membranes immersed in a fluid.
Note that complex cell shapes can also be modelled on-lattice with the cellular Potts
models mentioned earlier by considering an energy equation that takes the shape of
the cell boundaries into account (Scianna and Preziosi, 2016). Other cell-based models
take the subcellular composition of cells into account, such as the subcellular element
model (Newman, 2007) or the finite element vertex model (Brodland et al., 2007).

Each cell-based modelling approach has specific advantages and disadvantages.
For example, the immersed boundary method allows a detailed representation of cell
shapes, but this benefit comes at an increased computational cost in comparison to
other methods. Cellular Potts models are very versatile in the possible effects that
can be modelled, but may suffer from lattice artifacts (Marée et al., 2007). When
modelling a specific application, it is necessary to weigh the benefits of the existing cell-
based models against each other in the context of the application. A comprehensive
introduction to the various cell-based modelling frameworks, and a comparison of their

predictions regarding a variety of benchmark problems, has recently been conducted
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by Osborne et al. (2017).

In case of epithelial monolayers, the most commonly used model framework is
the two-dimensional vertex model. Its main advantage is that it directly predicts
polygonal cell patterns, the summary statistics of which may be directly compared to
experimental data. The vertex model has an advantage over centre-based models by
explicitly modelling cell rearrangement and thus allowing larger variety of cell shapes
than those that can be described by Voronoi tessellations. In centre-based models
cell shapes are solely determined by the locations of the cell centres. The vertex
model also has advantages over cellular Potts models since it is lattice-free, and it is
possible to explicitly include time as a parameter, which facilitates, for example, the
modelling of cell cycle progression. Simulations of cellular Potts models propagate
by energy minimisation, and time differences between simulation events need to be

inferred implicitly, for example through differences in cell centre positions.

2.2 Vertex models of epithelia

Analysis of cell packing in epithelial tissues often comprises polygonal approxima-
tions (Gibson et al., 2006; Farhadifar et al., 2007; Sdnchez-Gutiérrez et al., 2016;
Escudero et al., 2011) (Figure 2.1A). Here, we give a brief introduction to vertex
models, which model the evolution of such polygonal representations (Figure 2.1B).
Vertex models were first introduced to study inorganic structures, such as foams (Na-

gai et al., 1988) or grain boundaries (Kawasaki et al., 1989; Torres et al., 2015), and
have since been applied to study a variety of epithelial tissues (Landsberg et al., 2009;
Farhadifar et al., 2007; Nagai and Honda, 2001; Aegerter-Wilmsen et al., 2010; Mao
et al., 2013; Sugimura and Ishihara, 2013). Multiple further studies focussed on the
Drosophila wing imaginal disc (Aigouy et al., 2010; Aegerter-Wilmsen et al., 2010,
2012; Mao et al., 2011), analysing, for example, how uniform tissue growth can be

achieved despite non-uniform cell signalling (Hufnagel et al., 2007), or the control
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Figure 2.1: Two-dimensional vertex models represent cells in an epithe-
lial tissue as polygons and allow different types of vertex rearrangement.
(A) Example microscopy image of an epithelial tissue, the Drosophila embryonic epi-
dermis. Cell shapes are distinctly polygonal. Experimental details on the acquisition
of this specific image are provided in Chapter 6. (B) Snapshot of a vertex model
simulation of a growing tissue. Cell shapes are always polygonal and vertices move
due to forces originating from the cells. Details on this specific simulation and the
choices of parameters are provided in Chapter 3. Throughout the simulation, vertices
may rearrange by T1 transitions (C), T2 transitions (D), boundary merging (E), and
cell division (F).

of mitotic cleavage planes, i.e. the direction and formation of newly created cell-cell
interfaces (Mao et al., 2011; Patel et al., 2009; Gibson et al., 2011). In other stud-
ies, vertex models were used to understand cell sorting and the formation of straight
boundaries between tissues of varying fates (Landsberg et al., 2009; Aliee et al., 2012;
Canela-Xandri et al., 2011; Schilling et al., 2011; Salbreux et al., 2012), or how tis-
sue size can be controlled by cellular decisions (Hufnagel et al., 2007; Kursawe et al.,
2015; Wartlick et al., 2011a,b). Further applications include collective cell migra-
tion (Bi et al., 2014; Trichas et al., 2012), cell extrusion and death (Marinari et al.,
2012; Monier et al., 2015), wound healing (Nagai and Honda, 2009), and convergent

extension (Rauzi et al., 2008; Collinet et al., 2015; Tetley et al., 2016). The represen-
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tation of cells as a polygonal packing that is characteristic of vertex models has also
been used in attempts to infer force strengths of cell-cell interactions from geometric
packings (Chiou et al., 2012; Ishihara and Sugimura, 2012; Ishihara et al., 2013). Re-
views of vertex models and their applications are available in (Fletcher et al., 2014;
Guillot and Lecuit, 2013b; Honda and Nagai, 2015).

In two-dimensional vertex models, epithelial cell sheets are approximated by tes-
sellations of polygons representing cell apical surfaces, and vertices (corresponding
biologically to adherens junctions where three or more cells meet) move in response
to forces due to growth, interfacial tension and hydrostatic pressure within each cell
(Figure 2.1B). For many applications, a two-dimensional approximation is valid since
the forces typically governing apical cell shapes, such as those seen in Figure 2.1, are
considered to originate from molecules located near the cell apical surfaces, such as
E-Cadherin or myosin (Farhadifar et al., 2007; Guillot and Lecuit, 2013a). Vertex
models typically include cell growth and proliferation. In addition, cells exchange
neighbours through so-called T1 transitions (Figure 2.1C) whenever the length of a
cell-cell interface falls below a threshold, and any triangular cell whose area falls below
a threshold is removed by a so-called T2 transition (Figure 2.1D).

A common approach in vertex models is to consider forces on vertices arising as a
result of minimizing the total stored energy in the tissue. The functional form for this
total stored energy varies between applications, but is typically chosen to reflect the
effect of the force-generating molecules which localise at or near the apical surface.
This energy function is then used either to derive forces that feed into a deterministic
equation of motion for each vertex, which must be integrated over time (Mao et al.,
2011; Canela-Xandri et al., 2011; Mao et al., 2013), or else minimized directly assuming
the tissue to be in quasistatic mechanical equilibrium at all times (Farhadifar et al.,
2007; Aegerter-Wilmsen et al., 2010). A third approach is to apply a Monte Carlo

algorithm to find energy minima (Etournay et al., 2015; Ray et al., 2015). Throughout
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this thesis we use the first of these approaches and use force equations to propagate
vertex positions over time. This choice is convenient, since it allows us to accurately
describe the evolution of the tissue over time without assuming that the tissue is in

mechanical equilibrium at all times.

2.2.1 Equations of motion

The terms in the model account for the mechanical effect of the force-generating
molecules that accumulate in the apical surface of the cells, such as actin, myosin, and
E-cadherin (Guillot and Lecuit, 2013a; Figure 1.1). Vertices correspond to adherens
junctions, and throughout this thesis their positions are propagated over time using
an overdamped force equation, reflecting the assumption that adherens junctions are

not associated with a momentum. The force equation takes the form

Xm'
iy

= -V.,E, i=1,...,N. (2.1)

Here, 1 is the friction strength (which we assume to take the same constant value for
all vertices), ¢ is time, x; is the position vector of vertex i, and F denotes the energy
of the whole system. The total number of vertices in the system, N, may change
over time due to cell division and cell removal. The symbol V; denotes the gradient
operator with respect to the coordinates of vertex 7. The forces act to minimise a
phenomenological energy function, based on the contributions thought to dominate

epithelial mechanics (Farhadifar et al., 2007):
K 2 Lo
E = Z E(Aa - AO,a) + Z Al@j + Z EPQ. (22)
@ (4,9 a
Here, the first sum runs over every cell in the sheet, A, denotes the apical surface

area of cell @ and A, is its preferred area, or target area. This energy term penalises

deviations from a target area for individual cells, thus imposing cellular bulk elasticity.
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The second sum runs over all edges (7, j) in the sheet and penalizes long edges (we
choose A > 0), thus representing the combined effect of E-cadherin, myosin and actin
at the binding interface between two cells. The third sum also runs over all cells,
and P, denotes the perimeter of cell «. This term models the effect of a contractile
acto-myosin cable along the perimeter of each cell (Farhadifar et al., 2007). The
parameters K, A and I' govern the strength of the individual energy contributions.
Although this description of cell mechanics is phenomenological, a variety of studies
have demonstrated its ability to match observed junctional movements and cell shapes
in epithelial sheets through validation against experimental measurements (Farhadifar
et al.,, 2007; Mao et al., 2013; Landsberg et al., 2009). Note that, while K and
I' are always positive, A can in general assume positive as well as negative values.
Negative values of A can be interpreted as adhesion at cell-cell interfaces dominating
over contractile tension along the interface, which could, for example, be generated
through contractile myosin molecules.

Before solving the model numerically, we non-dimensionalise it to reduce the num-
ber of free parameters (Farhadifar et al., 2007). Rescaling space by a characteristic
length scale, L, chosen to be the typical length of an individual cell, and time by the
characteristic timescale, T' = u/K L?, equations (2.1) and (2.2) become

dx/;
W ~V.FE', B (2.3)
B = Y (A, = Ay N+ > P2 (2.4)

a (3,5)

where x';, Al,, Af,, I ; and P/, denote the rescaled i*" vertex positions, the rescaled
area and target area of cell a, the rescaled length of edge (i, j), and the rescaled cell
perimeter of cell «, respectively. The symbol V'’ denotes the gradient with respect

to the rescaled i vertex position. In the non-dimensionalised model, cell shapes

are governed by the rescaled target area of each cell, Ap,, and the rescaled me-
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chanical parameters, A and I'. For these parameters we use previously proposed
values (Farhadifar et al., 2007), unless stated otherwise.

To solve equations (2.3) and (2.4) numerically we use a forward Euler scheme

Xi(t' + At) = xi() — VIE' () AY, (2.5)

where E’ depends on all rescaled vertex positions x’; as well as the rescaled time ¢'.
We perform a convergence analysis in Chapter 3 to verify that this discretization is

suitable.

2.2.2 Cell neighbour exchange, removal and proliferation

T1 transitions (Figure 2.1C) are executed whenever the length of a given edge de-
creases below the threshold I};; = 0.01. The length of the new edge, lnew = p IT1 (p =
1.5), is chosen to be slightly longer than this threshold to avoid an immediate reversion
of the transition.

A second topological rearrangement in vertex models is a T2 transition, during
which a small triangular cell or void is removed from the tissue and replaced by a
new vertex (Figure 2.1D). In our implementation any triangular cell is removed if its
area drops below the threshold A%, = 0.001. Note that in equation (2.2) the bulk
elasticity or area contribution of a cell « is finite even when the area A, is zero,
allowing individual cells to become arbitrarily small if this is energetically favourable.
As cells decrease in area they typically also reduce their number of sides. Hence it is
sufficient to remove only small triangular cells instead of cells with four or more sides
(Farhadifar et al., 2007; Aegerter-Wilmsen et al., 2010; Mao et al., 2011).

The energy function (2.2) in conjunction with T2 transitions can be understood as
a model for cell removal: cells are extruded from the sheet by a T2 transition if they
become mechanically unstable. Note that we do not discriminate between cell removal

by cell death or by delamination, since this distinction is immaterial for our purposes.
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However, delamination has been shown to provide an alternative way of cell removal
from epithelial sheets that is distinct from apoptosis (controlled cell death) (Marinari
et al., 2012; Eisenhoffer et al., 2012). Rates of cell removal predicted by previous vertex
model applications have coincided with experimental measurements in the Drosophila
wing imaginal disc (Farhadifar et al., 2007) and notum (Marinari et al., 2012).

We further model the merging of overlapping tissue boundaries (Figure 2.1E)
to prevent the occurrence of self-intersecting tissues. Whenever two boundary cells
overlap, a new edge of length [, is created that is shared by the overlapping cells.
In cases where the cells overlap by multiple vertices, or if the same cells overlap again
after a previous merging of edges, the implementation ensures that two adjacent
polygons never share more than one edge by removing obsolete vertices. The merging
of boundary edges is discussed in further detail by Fletcher et al. (2013).

At each cell division event, a new edge is created that separates the newly created
daughter cells (Figure 2.1F). The new edge is drawn along the short axis of the
polygon that represents the mother cell (Fletcher et al., 2013). The short axis has been
shown to approximate the division direction (cleavage plane) of cells in a variety of
tissues (Hofmeister, 1863), including the Drosophila wing imaginal disc (Gibson et al.,
2011; Li et al., 2012). Tricellular junctions are part of a shape-sensing mechanism that
determines the cleavage plane orientation in vivo (Bosveld et al., 2016). The short
axis of a polygon crosses the centre of mass of the polygon, and it is defined as the
axis around which the moment of inertia of the polygon is maximised. Each daughter
cell receives half the target area of the mother cell upon division.

The timings of division and cellular growth, as well as the exact choice of bound-
ary and initial conditions, depend on the specific application and hence are not dis-
cussed here. Typically, growth is modelled by making the preferred area A, (¢)
time-dependent based on implicit cell-cycle models (Fletcher et al., 2013). Examples

of biologically informed growth laws, initial conditions and boundary conditions are
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Initialize time t' = 0;

Generate initial configuration;

while t' < t{, do

1. Update cell target areas;

Perform cell division on cells that have reached the end of their cell cycle;
Perform any T2 transitions;

Perform any T1 transitions;

Perform boundary merging;

Propagate vertex positions using equation (2.5);

Increment time by At’;

NGk N

end
Algorithm 1: Pseudocode of the simulation algorithm.

provided in Chapters 3, 4 and 5.

2.2.3 Computational implementation

We implement the model within Chaste, an open source C++ library that provides
a systematic framework for the simulation of vertex models (Fletcher et al., 2013;
Mirams et al., 2013). Pseudocode for our implementation is provided in Algorithm
1. Each time step starts by updating the cell target areas. Then, cell division,
removal (T2 transitions), rearrangement (T1 transitions), and boundary merging are
performed before incrementing the simulation time. The algorithm stops when the
end time of the simulation is reached.

Now that we have introduced the vertex model and the algorithm that we use
to implement it, we will analyse how the choice of the time step in the numerical
approximation, as well as model parameters that do not have a physical correlate,

such as thresholds for cell rearrangement, may influence typical model predictions.
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Chapter 3

Numerical analysis of vertex model

behaviour

Having introduced the vertex model and its implementation in Chapter 2, we now
focus on vertex model predictions. Despite the frequent use of vertex models in
biology, a rigorous numerical analysis of their implementation is still lacking. In
this chapter, we close this gap in the literature by investigating how vertex positions
and summary statistics of cell packing may depend on the parameters of numerical
approximation, such as the time step, and implementation parameters that do not
have explicit biophysical correlates, such as thresholds for cell rearrangement. The
contents of this chapter are currently in revision for publication in the Journal of

Computational Physics.

3.1 Background and motivation

In Chapter 2 we introduced the various types of cell-based models and highlighted
the wide range of their applications. Despite the popularity of cell-based models,
their numerical solution remains challenging since multi-scale implementations of such

models, coupling processes at the subcellular, cellular, and tissue scales, may suffer
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from numerical instabilities (Weinan and Engquist, 2003; Miller and Tadmor, 2009)
and many such models include parameters of numerical approximation or parameters
that have no direct physical correlate. These issues are of growing importance as
cell-based models become used in an increasingly quantitative way (Pantazis and
Supatto, 2014; Yu and Fernandez-Gonzalez, 2016; Pargett and Umulis, 2013). Here,
we analyse the vertex model of cell mechanics and proliferation introduced in Chapter
2, to understand to what extent implementation choices may affect quantitative model
predictions.

Previous theoretical analyses of vertex models have elucidated ground state con-
figurations and their dependence on the mechanical parameters of the model (Staple
et al., 2010), inferred bulk material properties (Merzouki et al., 2016; Xu et al., 2015a;
Davit et al., 2013), and introduced ways to superimpose finite-element schemes for
diffusing signals with the model geometry (Smith et al., 2012). Spencer et al. (2017)
analysed the stability of fourfold vertices in the vertex model. In other work, vertex
models have been compared to lattice-based cellular Potts models and other cell-based
modelling frameworks (Osborne et al., 2017; Magno et al., 2015).

In the case of vertex models of grain boundaries (interfaces in polycrystalline
materials), Torres et al. (2015) proposed an adaptive time stepping algorithm to
accurately resolve vertex rearrangements without the need of ad-hoc rearrangement
thresholds and provide a numerical analysis of the algorithm. However, vertex models
in that context only consider energy terms that are linear in each grain-grain (or cell-
cell) interface length, whereas the energy terms in vertex models of biological cells
typically depend non-linearly on cell areas and perimeters.

Importantly, previous studies such as that by Torres et al. (2015) do not analyse
to what extent changes in hidden model parameters, such as parameters of numerical
approximation, like the size of the time step, or non-physical parameters, such as

length thresholds for cell rearrangement, can influence vertex configurations and other
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summary statistics. Here, we analyse the force-propagation implementation of vertex
models introduced in Chapter 2 as applied to a widely studied system in developmental
biology, the larval wing disc of the fruit fly Drosophila (Farhadifar et al., 2007;
Aegerter-Wilmsen et al., 2010; Mao et al., 2011). We conduct convergence analyses
of vertex positions with respect to all numerical and non-physical model parameters,
and further analyse to what extent experimentally measurable summary statistics of
tissue morphology, such as distributions of cell neighbour numbers and areas, depend
on these parameters.

We find that vertex model predictions are sensitive to the length of cell cycle du-
ration, the time step, and the size of the edge length threshold for cell rearrangement.
Counterintuitively, the rate of cell removal is robust to changes in the area threshold
for cell removal over multiple orders of magnitude. Further, analysing the active forces
within the tissue reveals that vertices are subject to stronger forces during periods
when cells grow and divide.

The remainder of this chapter is organised as follows. In Section 3.2, we describe
our vertex model implementation of growth in the Drosophila larval wing imaginal
disc. In Section 3.3 we present our results. Finally, we discuss our results and draw

conclusions for the use of cell-based models in quantitative biology in Section 3.4.

3.2 Methods: A vertex model of the growing Dro-
sophila wing disc

We consider a vertex model of the wing pouch in the growing Drosophila wing imaginal
disc, a monolayered epithelial tissue that is one of the most widely used applications
of vertex models. The Drosophila imaginal wing disc is an epithelial precursor to the
wing of the adult fly which grows inside Drosophila larvae. This tissue is particularly

suited to study tissue growth during morphogenesis, as it can be cultured ez vivo (Al-
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Figure 3.1: Schematic of a Drosophila wing imaginal disc. The
Drosophila wing imaginal disc is located in the body of a Drosophila larva and is
a precursor organ for the adult wing. It is subdivided into anterior (A) and pos-
terior (P) compartments. Subsections of the precursor organ develop into separate
structures in the adult fly, such as the wing itself, its hinge, and the notum, which
is located at the back of the adult fly. The wing pouch (red) is widely used to study
tissue growth and patterning, such as in this chapter. Image adapted from Aldaz and
Escudero (2010) with permission from Elsevier.

daz et al., 2010). The wing pouch is a flat subsection of the wing disc which is devoid
of any epithelial folds, making it particularly suitable to study cellular packing during
tissue growth. The location of the wing pouch inside the wing imaginal disc is shown
in Figure 3.1. The wing pouch initially comprises around 30 cells, and undergoes a
period of intense proliferation until there are around 10000 or more cells (Farhadifar
et al., 2007; Aegerter-Wilmsen et al., 2010). Previous applications of vertex models of
the Drosophila wing imaginal disc have been summarised in Chapter 2 and included,
for example, studies on the emergence of characteristic cell packing during epithe-
lial morphogenesis (Farhadifar et al., 2007), the control of cellular growth through
mechanical feedback (Hufnagel et al., 2007; Aegerter-Wilmsen et al., 2010), or the
formation of straight interfaces between tissues of varying fates (Landsberg et al.,
2009). The details of our model implementation are described in Section 2.2. Here,

we outline how we apply this model to the growing Drosophila wing disc.
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Figure 3.2: Snapshots of an example vertex model simulation used in our
analysis. The growing in silico tissue undergoes five rounds of cell division. (A) The
initial condition is a hexagonal packing of 36 cells. (B) Simulation progress after 6,750
time units at an intermediate stage of tissue growth. The tissue boundary is allowed
to move freely and individual cells grow before division. (C) Snapshot of the tissue
at the end of the simulation at 27,000 time units. After the fifth (last) round of cell
divisions the tissue relaxes into a stable configuration. Simulated tissues in (B-C) are
rescaled to fit the view; a scale bar of fixed length is added for comparison. Parameter
values are listed in Table 3.1.

3.2.1 Initial and boundary conditions

Initially, the sheet is represented by a regular hexagonal lattice of six by six cells
(Figure 3.2A). The boundary of the lattice is allowed to move freely throughout the

simulation. Each cell has initial area and target area A" = Ay = 1, respectively.

3.2.2 Cell growth and division

Unless stated otherwise the tissue is simulated for ngy = 5 rounds of division, i.e. each

cell divides exactly ny times. To facilitate comparison with previous simulations of
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the wing disc where vertices were propagated by minimising the energy function (2.2)
(Farhadifar et al., 2007; Staple et al., 2010), we model each cell to have two cell cycle
phases: quiescent and growing.

The duration of the first, quiescent, phase of the cell cycle is drawn independently
from an exponential distribution with mean 2t;/3, where t; is the total cell cycle
duration. We introduce stochasticity in this phase of the cell cycle to avoid biologically
unrealistic synchronous adjacent divisions; this also helps keep the simulations in a
quasistatic regime since adjacent divisions are prevented from influencing each other,
thus maintaining mechanical equilibrium.

The duration of the second, growing, phase of the cell cycle is fixed at length ¢]/3

/

0,00 Of the cell grows linearly to twice

for each cell. During this time the target area, A
its original value. Upon completion of the growth phase, the cell divides. We choose
a fixed duration for the growth phase to ensure that cells grow gradually at a uniform
rate throughout the tissue. Two-stage cell cycles with an exponentially distributed
and a fixed length contribution have previously been observed in various cell cultures
(Smith and Martin, 1973; Shields, 1978) and have been applied to model growth in
the Drosophila wing imaginal disc (Canela-Xandri et al., 2011).

The assigning of the durations of these cell cycle stages to two and one third of
the total cell cycle duration, ¢;, allows us to modify the average age of a dividing
cell with one single parameter. This decomposition of the cell cycle ensures that cell
cycle durations are stochastic, while allowing the growth phase to occupy a significant
proportion of the total cell cycle duration. The assumption that the tissue is in a quasi-
steady state is commonly used in vertex models (Farhadifar et al., 2007; Marinari
et al., 2012; Landsberg et al., 2009; Canela-Xandri et al., 2011) and reflects the fact
that the time scales associated with mechanical rearrangements (seconds to minutes)

are an order of magnitude shorter than typical cell cycle times (hours) (Farhadifar

et al., 2007).
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Table 3.1: Description of parameter values used in this chapter.

Parameter Description Value Reference
A Cell-cell adhesion coefficient 0.12  Farhadifar et al. (2007)
r Cortical contractility coefficient 0.04  Farhadifar et al. (2007)
At Time step 0.01 Fletcher et al. (2013)
Al T2 transition area threshold 0.001 Fletcher et al. (2013)
Iy T1 transition length threshold 0.01 Fletcher et al. (2013)
p New edges after a T1 transition have 1.5 Fletcher et al. (2013)
the length I/ = ply
A’® Initial cell area 1.0 Farhadifar et al. (2007)
Ay Initial cell target area 1.0 Farhadifar et al. (2007)
N Initial cell number 36 Farhadifar et al. (2007)
t) Mean cell cycle duration 1,750 -
ot Simulation duration 27,000 -
ng Total number of divisions per cell 5 -

For parameter values for which no reference is given, please see Section 3.2 for
details on how these values were estimated. Spatial and temporal parameters are
non-dimensional (see Section 2.2 for details).

Applying this cell cycle model, we let the tissue grow for ny, = 5 generations until it

contains 36 x 2% ~ 1000 cells, making it sufficiently large to obtain summary statistics

of cell packing (Farhadifar et al., 2007). Note that the precise number of cells at

the end of the simulation varies due to variations in the number of T2 transitions by

which individual cells get removed from the tissue (see Chapter 2). Each cell of the last

generation remains in the quiescent phase of the cell cycle until the simulation stops.

We select the total simulation time to be ¢, = 27,000, unless specified otherwise.

This duration is chosen such that the tissue can relax into its equilibrium configuration

after the final cell division.
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3.3 Results: Dependence of modelling results on
implementation parameters

We now analyse how model behaviour depends on numerical and non-physical model
parameters. Vertex models are typically used to predict summary statistics of cell
packing and growth, such as the distribution of cell neighbour numbers and areas
(Farhadifar et al., 2007; Aegerter-Wilmsen et al., 2010). We analyse how these sum-
mary statistics depend on simulation parameters. Specifically, we focus on the final
number of cells in the tissue, the total tissue area, the numbers of cell rearrangements
(T1 transitions) and cell removals (T2 transitions), the distribution of cell neighbour
numbers, and the correlation between cell neighbour number and cell area. Note that
we exclude cells on the tissue boundary from statistics of cell neighbour numbers in
order to avoid boundary artefacts, which can be seen in Figure 3.2C. In Figure 3.2C,
cell shapes along the tissue boundary differ from those in the bulk of the tissue, and
the cell neighbour number is poorly defined for cells along the tissue boundary, since

it does not coincide with the number of cell edges.

3.3.1 Tissue size is sensitive to cell cycle duration

In previous vertex model applications (Farhadifar et al., 2007; Mao et al., 2011,
Aegerter-Wilmsen et al., 2010), experimentally measured summary statistics of cell
packing were reproduced using an energy minimisation implementation. Such energy
minimisation schemes assume quasistatic evolution of the sheet, where the tissue is in
mechanical equilibrium at all times. It is unclear to what extent summary statistics
are preserved when the tissue evolves in a dynamic regime.

We analyse the dependence of the summary statistics on the cell cycle duration,
t;, in Figure 3.3. The units of rescaled space and time that are used throughout this

thesis have been introduced in Chapter 2. The cell number and tissue area at the end
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Figure 3.3: Dependence of summary statistics of tissue growth and pack-
ing on the mean cell cycle duration. Variation of cell numbers (A), number of
T2 transitions (B), tissue area (C), total number of T'1 transitions (D), cell neighbour
number distribution (E) and mean area per polygon class (F) with mean cell cycle du-
ration. Error bars denote standard deviations across 100 simulations. All simulation

parameters are provided in Table 3.1.
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of the simulation, and the total number of cell rearrangements, vary by up to a factor
of two as the mean cell cycle duration increases from five to 2000 non-dimensional
time units (Figure 3.3A-D). The cell number and tissue area increase with the mean
cell cycle duration, whereas the amount of rearrangement (T1 transitions) decreases,
reflecting a reduction in cell removal events (T2 transitions). The cell number and the
tissue area do not increase further for mean non-dimensional cell cycle durations larger
than 1000 time units. In this regime, the total number of rearrangements and cell
removals also stop decreasing. We thus identify this regime as the quasistatic regime,
where the tissue maintains mechanical equilibrium throughout the simulation. Note,
however, that neither the total cell number, nor the tissue area, the number of cell
rearrangements or the number of cell removals converge numerically as the mean cell
cycle duration increases, due to the stochastic nature of the system.

The cell neighbour number distribution depends on the cell cycle duration in a
non-linear fashion (Figure 3.3E). For example, the number of hexagons peaks at cell
cycle durations of 10 as well as 1000 time units. For cell cycle durations longer than
1000 time units the numbers of pentagons and heptagons increase as the cell cycle
duration increases, while the number of hexagons decreases. We interpret this non-
linear dependence as resulting from changes in cell neighbour numbers due to cell
division and due to cell neighbour exchanges. As the cell cycle duration exceeds
t; = 10, a decrease in the number of cell removals events leads to an increase in cell
division events which, in turn, drives the polygon distribution away from its hexagonal
initial condition. As the number of cell divisions ceases to increase the number of cell
rearrangements drops as well, and the number of hexagons reaches a second peak.
Increasing the time between cell divisions further decreases the number of hexagons.
Note that none of the simulated polygon histograms coincide with previously reported
histograms in which pentagons outweigh hexagons (Farhadifar et al., 2007; Aegerter-

Wilmsen et al., 2010), despite choosing identical parameters in energy equation (2.2).
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We discuss possible reasons for this difference in Section 3.4.

Another common summary statistic of cell packing is the mean area of cells of
each polygon number (A!), where (-) denotes an average across all cells in the tissue
that are not on the tissue boundary, A" is the rescaled cell area, and n is the polygon
number, i.e. the number of neighbours that a cell has. This summary statistic is
often used to characterize epithelia (Lewis, 1928; Patel et al., 2009; Kim et al., 2014;
Farhadifar et al., 2007). We find that the mean cell area for each polygon number is
not sensitive to changes in cell cycle length and increases monotonically with polygon
number.

We interpret the data in Figure 3.3 as follows. Differences in tissue size and cell
packing arise due to a sensitive interplay between the cell cycle duration and the
timescale for mechanical relaxation of the tissue, T. Growing cells push against their
neighbours, leading to tissue growth. This outward movement is counteracted by
the friction term in the force equation (2.1). As cells grow more quickly, i.e. with
smaller cell cycle durations, the force required to push the surrounding cells outward
increases. For sufficiently small cell cycle durations, the forces may become strong
enough to cause cell extrusion. This finding may not be biologically relevant when
studying growth in the Drosophila wing imaginal disc, since in this system the time
scales for mechanical rearrangement are orders of magnitude smaller than the time
scales associated with growth and proliferation (Farhadifar et al., 2007). However, our
results suggest that, in other systems, such as the Drosophila embryonic epidermis,
where cells divide on the time scales of minutes rather than hours, cell extrusion may

be induced during periods of fast tissue growth.
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Figure 3.4: Magnitude of area (A), edge (B), and perimeter force contri-
butions (C) over time. The solid lines represent the average of force contribution
magnitudes across all vertices for one simulation. The shaded regions represent one
standard deviation of the force contribution magnitudes across the tissue. A cell cycle
duration of ¢) = 2000 is used. All other parameters are listed in Table 3.1.

3.3.2 Cell growth and division increase forces within the tis-

sue

The energy expression (2.2) leads to three different force contributions on each vertex:
an area force; an edge force; and a perimeter force. In Figure 3.4 we analyse the
magnitude of these contributions for a simulation with mean cell cycle duration t; =
2000. The solid line represents the average magnitudes for the individual contributions
for all forces in the tissue, and the shaded areas mark one standard deviation. The
strongest force contribution is the area force (Figure 3.4A), whereas the weakest is the
edge force (Figure 3.4B). This relationship is intuitive if one considers the directions
of the individual force contributions when both A and I' are positive: Most cells in
the tissue have areas smaller than their target area of 1.0 (compare with Figure 3.3F),
hence for an individual cell, the area force contribution points outwards from the cell.
The edge contribution and perimeter contribution (Figure 3.4C) point inwards for
individual cells, counteracting the area force. It follows that the area contribution

is strongest since, in mechanical equilibrium, it counteracts the sum of the edge and
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perimeter contributions. The variation of each force contribution has the same order
of magnitude as their mean values, illustrating that the forces on vertices can vary
strongly across the tissue. The force magnitudes change throughout the simulation,
and they peak at a value that is 50% higher than the final values. For times larger
than 15000 time units, the forces do not change with time in Figure 3.4. At this
time cells stop dividing and the final cell number is reached, illustrating that the
forces are largest when the tissue size is increasing most rapidly. This transient rise
in forces emerges because cells in the interior of the simulated tissue push on their
neighbours as they grow before division. These observations enable us to predict
that cells undergoing active processes, such as growth and division, are subject to

significantly higher forces than cells in quiescent (inactive) tissues.

3.3.3 Large time steps suppress cell rearrangement

When using an explicit Euler method to propagate the model forwards in time, such
as in equation (2.5), the time step should be chosen sufficiently small to provide a
stable and accurate numerical approximation of the model dynamics. To this end,
we conduct a convergence analysis. To reduce simulation times, we conduct the
convergence analysis on sample simulations in which each cell divides ngy = 4 times
instead of five, and set total simulation time as ¢{, = 21000. We choose a series of

decreasing time steps, At}, and define the error function

, (3.1)

€, =

IR
J J

where the sums run over all vertex positions, x;'-, at the end of the simulation with time
steps Aty and At)_,, respectively. The error function (3.1) evaluates the differences
between the sums of final vertex positions at decreasing values of the time step.

To ensure that simulations with consecutive values of the time step follow identical
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Figure 3.5: Variation in simulation results with the time step. (A) The error
function for 100 different realisations of the model plotted as overlapping, opaque
curves. The error function (3.1) decreases as the time step is decreased, but does not
converge for all simulations. (B) The dependence of the number of the number of T1
transitions on the time step for 100 model realisations. The number of T1 transitions
in the simulations is stable for time steps smaller than 0.02 and decreases with time
steps greater than 0.002. (C) For time steps At < 0.02 the cell neighbour number
distribution is stable; the means of individual polygon class proportions vary by less
than 0.01. In these simulations, cells undergo ny = 4 rounds of division, and the total
simulation time is ¢, = 21000. All other parameter values are listed in Table 3.1.
Error bars denote standard deviations across 100 simulations.

dynamics we generate fixed series of exponentially distributed random variates from
which we calculate the cell cycle durations. We plot results of our analysis of the
convergence of the vertex positions with the time step At’ in Figure 3.5. In general,
the error function does not converge. However, for most simulations the error function
(3.1) assumes values smaller than 10! for time steps smaller than 1072 (Figure 3.5A).

Note that this time step is five orders of magnitude smaller than the average cell cycle
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Figure 3.6: Differences in vertex configurations can arise in simulations
run with different temporal resolution. A dividing cell in both simulations run
with time steps At = 0.004 (A) and At = 0.002 (B) is shown in bold. During the
cell division, a new cell-cell interface (dashed line) is created along the short axis of
the dividing cell by creating new vertices (see Section 2.2 for details). The daughter
cells of the dividing cell contain different vertices in the configurations corresponding
to the two time steps. This leads to different vertex configurations at the end of the
simulations.

duration. When the time step is larger than 1072 the error function (3.1) is larger than
unity since a significant number of T1 transitions are suppressed. On rare occasions,
for less than five examples out of 100, the error function may be non-negligible even
if the time step is smaller than 1072, These large values of the error function (3.1)
reflect changes in the number of T1 transitions as the time step decreases (Figure
3.5B). When the time step is smaller than 1072 summary statistics of cell packing,
such as the distribution of cell neighbour numbers (Figure 3.5C) or the total number of
cells, do not change as the time step is decreased further. Note, that the distribution
of cell neighbour numbers in Figure 3.5C differs from those in Figure 3.3 due to the
decreased number of divisions per cell, ny. Further, we conclude from our analysis in
Figure 3.5 that it is necessary to use a time step smaller than 0.01 in order to arrive
at physically meaningful solutions of the vertex model, since otherwise the extent
of cell rearrangement and summary statistics of cell packing will be affected by the
numerical implementation of the model.

An example of how differences in the number of T1 transitions and final vertex

positions can emerge when the time step is smaller than 1072 is shown in Figure 3.6.
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In this figure, a cell division occurs in two simulations using a time step of 0.004
(Figure 3.6A) and 0.002 (Figure 3.6B). Both simulations use the same, fixed, series
of cell cycle times, and vertex positions in both simulations are similar over time up
until the illustrated division. Here, and throughout, cells divide along their short
axis. In this example, the short axis of the cell intersects the cell boundary close
to an existing vertex. Due to differences in the vertex positions of the cell, the new
vertex is created on different cell-cell interfaces as the size of the time step varies.
As the simulation progresses, these different vertex configurations propagate towards
different final tissue configurations, leading to differences in the total number of T1
transitions and the error function. In Figure 3.5, differences in final vertex positions
are observed for all considered values of the time step. However, such differences in
vertex positions do not propagate through to tissue-level summary statistics such as

the distribution of cell neighbour numbers or areas.

Model convergence with time step is not improved if higher-

order numerical methods are used

The results in Figures 3.5 and 3.6 were generated by propagating the vertex positions
using a forward Euler time-stepping scheme. The choice of a forward Euler scheme
over more accurate numerical methods is common in vertex models. For example, in
a previous application where a tissue was relaxed starting from a random initial con-
dition, it was shown that, in order to accurately resolve all T1 transitions, sufficiently
small time steps had to be chosen that the benefits of higher order numerical methods
were negligible (Smith, 2011). However, in Figures 3.5 and 3.6 vertex positions do
not converge as the time step is decreased due to differences in T1 transitions and
cell divisions for varying values of the time step, suggesting that convergence might
be achieved if higher-order numerical methods were used. We test this hypothesis

in Figure 3.7, where we record the error function (3.1) when propagating the vertex
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Figure 3.7: Variation in simulation results with the time step if a fourth-
order Runge-Kutta scheme is used. The error function (3.1) for 100 different
realisations of the model, evaluated using a fourth-order Runge-Kutta scheme, is
plotted as overlapping, opaque curves. The error function decreases as the time step
is decreased, but does not converge for all simulations. This result is similar for
simulations run with a forward Euler scheme in figure 3.5A.

model with a fourth-order Runge-Kutta time-stepping scheme as follows. First, all
vertices are accumulated into the vertex vector x’, such that if there are N vertices
at time t' then the vector x'(¢') has 2N components. We propagate the vertex vector

using

At

x'(t"+ A) =x/(t') + - (k1 + 2ky + 2ks + ky), (3.2)
k, = -V'E'(t',x'(t")), (3.3)
ko = —V'E'(t' + A;/,x’(t’) + A;Ikl), (3.4)
ks =—-V'E'(t' + A;/,x’(t’) + A;Ik2), (3.5)
k, = -V'E'(t' + At',x'(t') + At'ks). (3.6)

Here, V' denotes the gradient with respect to the vector x.
Similar to the error function obtained using a forward Euler numerical scheme in

Figure 3.5A, the error function obtained using a fourth-order Runge-Kutta numerical
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scheme in Figure 3.7 assumes values smaller than one for time steps below 0.01, but
does not converge as the time step is decreased further. Comparing Figures 3.5A
and 3.7 we conclude that a higher-order time-stepping scheme does not improve the
accuracy of vertex model propagation, since both the forward Euler and the fourth-
order Runge-Kutta scheme require time steps smaller than roughly 0.01 in order for
the error function (3.1) to assume values smaller than one on average, while exhibiting

a similar degree of variability across all simulations.

3.3.4 Occurrence of cell rearrangements is regulated by re-

arrangement threshold

We further analyse the dependence of vertex positions and summary statistics on the
T1 transition threshold, {%;. Similar to the time step convergence analysis we define
a series of decreasing values of I1, ; and the error function

= , (3.7)

PRI
j j

which measures the difference between the final vertex positions of simulations with
decreasing values of the T1 transition threshold, i1, , and Ir, ;_;, respectively. The
variation of the error function with decreasing values of Ir, ;. is shown in Figure 3.8A.
For all considered values of I/, the error function does not converge and varies between
values of 1 and 10%. Only for I, < 1073 is the error function (3.7) smaller than unity
for some simulations. However, for such small values of I/, many simulations fail as
the simulation algorithm encounters situations that it cannot resolve, for example due
to overlapping or self-intersecting cells (Figure 3.8B).

A large T1 transition threshold of 0.2 length units leads to a large number of
T1 transitions, whereas T1 transitions are suppressed for thresholds of 0.003 length

units or smaller (Figure 3.8C). This variation in the number of cell rearrangements
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Figure 3.8: Variation of simulation result with size of the T1 transition
threshold, l7,;. The error function (3.7) does not converge as l,; decreases. The
number of cell rearrangements is larger than 100 for a large value of the rearrangement
threshold, I}, > 0.1, whereas cell rearrangements are suppressed for small values of
the rearrangement threshold, I,; < 0.001, with cell rearrangement numbers less than
30. When cell rearrangement is suppressed, some simulations fail to complete (see
text). Varying amounts of cell rearrangement lead to different distributions in cell
neighbour numbers. Parameter values are listed in Table 3.1. Error bars denote the
standard deviations across 100 simulations.

influences summary statistics of cell packing, for example leading to variations in the
cell neighbour number distribution. For large rearrangement thresholds, e.g. I,y =
0.2, the number of cell rearrangements is high, leading to a high proportion of hexagons
(around 0.6), whereas suppression of cell rearrangements for small cell rearrangement
thresholds, for example I,y = 0.2, leads to a wider distribution of cell neighbour
numbers with a proportion of hexagons below 0.4. The number of cell rearrangements

is stable between T1 transition thresholds of 0.02 and 0.003. In this regime, the
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proportion of hexagons varies slightly between 0.425 and 0.409 (Figure 3.8D). Despite
the stable number of T1 transitions across this parameter regime between 0.02 and
0.003 the final vertex positions differ for any two values of the T1 transition threshold,
as reflected in values of the error function.

As illustrated in Figure 3.8B, if the T1 transition threshold is smaller than 0.001,
simulations fail to complete, as the simulation algorithm encounters situations that it
cannot resolve, for example due to overlapping or self-intersecting cells. An example
of how a simulation can fail due to a small value of the T1 transition threshold is
provided in Figure 3.9. A snapshot is taken of the simulation at the last two time
steps before simulation failure. Due to a short edge two boundary vertices in the
tissue appear merged (arrow in Figure 3.9A). This short edge is magnified for the
penultimate (Figure 3.9B) and last time steps (Figure 3.9C) before simulation failure.
At this last time step, one of the boundary cells becomes concave. The simulation then
fails since our vertex model implementation cannot resolve this configuration. When
two boundary cells overlap, the simulation procedure attempts to merge the vertex
with its closest cell boundary. This procedure fails because the identified boundary is

internal to the tissue rather than a boundary interface.

3.3.5 Simulation results are robust to variation in length of

newly formed edges

When cells exchange neighbours by way of T1 transitions, new edges are formed. Each

/
new

new edge has length I/ = pl;;. In order to investigate the extent to which changes
in the length of newly formed edges can affect simulation results we define a series of

increasing values for p* and the error function

, (3.8)

e =

- Yo
J J
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Figure 3.9: Small values of the T1 transition threshold, I, < 1073, sup-
press rearrangement and lead to failure of the simulation algorithm. One of
the failing simulations in Figure 3.8 is analysed. The tissue configuration in the last
time step before simulation failure contains two vertices that appear to be merged
due to a short edge on the tissue boundary. The short edge is indicated by an arrow
(A) and magnified for the penultimate (B) and final completed time step (C) of the
simulation. Since the short edge in the penultimate time step is prevented from re-
arranging, the two adjacent boundary cells intersect each other, leading to failure of
the simulation.

which measures the difference in vertex positions relative to simulations with p° =
1.05. As shown in Figure 3.10, individual simulations may result in different final
tissue configurations than the reference configuration if newly formed edges are twice
as long as the rearrangement threshold or longer (p > 2, Figure 3.10). Such differ-
ences in configuration were observed for three out of 100 simulations, illustrating the

robustness of simulation results to the length of newly formed edges.
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Figure 3.10: Dependence of simulation results on the length of edges cre-
ated by T1 transitions, I/, = pl;. The error function (3.8) is recorded for 100

simulations. All simulation parameters are listed in Table 3.1. The error function is

smaller than 1 for p < 2.0.

3.3.6 Rate of T2 transitions is robust to variation in the T2

transition threshold over five orders of magnitude

Next, we turn to the value of the T2 transition threshold. We define a series of

decreasing values of A%, and the error function

= : (3.9)

S
J J

which measures the difference between the final vertex positions of simulations with
decreasing values of the T2 transition threshold, A%, and A%;'. In order to analyse
the value of the error function (3.9) in a simulation with a significant amount of cell
rearrangement and removal we run simulations with ngy = 8 generations, a cell cycle
duration of ¢; = 700, and total simulation time ¢, = 19600. All other parameter
values are listed in Table 3.1.

The value of the error function, on average, is small in Figure 3.11. However, the

error function does not converge for individual simulations and may be large between
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Figure 3.11: Dependence of simulation results on the T2 transition thresh-
old, A%,. (A) The dependence of the error function (3.9) on the T2 transition thresh-
old for 50 model realisations. The error function assumes values less than unity for
Ay < 1072 but does not converge. (B) The total number of T2 transitions for 50
model realisations is stable for all observed values of Ars. (C) Tissue-level summary
statistics such as the cell neighbour number distribution are not affected by changes
in the threshold. Error bars denote standard deviations across 50 simulations. Simu-
lations are run with ngy = 8 rounds of division, a cell cycle duration of ¢; = 700, and

total simulation time ¢, = 19600. All further simulation parameters are listed in
Table 3.1.

consecutive values of the threshold. In particular, the error function does not converge
to zero. As the threshold decreases, the overall number of T2 transitions in the
simulations is stable at approximately 150 T2 transitions per simulation. However,
for individual simulations the total number of T2 transitions may vary by up to 10
as the threshold A7, is decreased. The overall number of T2 transitions does not
change over a large range of T2 transition thresholds that covers multiple orders

of magnitude, and all simulations complete without errors even if the T2 transition
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threshold is smaller than 107%, which is three orders of magnitudes smaller than the
standard value for this parameter in our simulations. The independence of the number
of T2 transitions of the threshold A%, is reflected in tissue-level summary statistics,
such as the distributions of cell neighbour numbers, which are unaffected by changes

in the T2 transition threshold.

Dependence of the simulation results on the update ordering

in each time step

Finally, we investigate whether the update ordering within Algorithm 1 may affect
simulation results. To this end, we randomise the order in which T1 transitions are
conducted during one time step. We find that the update order does not lead to
differences in final vertex positions in 100 simulations. This is intuitive, considering
that the order in which individual events are conducted is most likely to be relevant
in situations where events happen directly adjacent to each other, for example if
two adjacent edges undergo T1 transitions at the same time step, if there are two
adjacent divisions, or if a dividing cell also participates in cell rearrangement. In
these examples, the order in which these events occur during one time step may have
an impact on simulation outcomes. Our results imply that no adjacent two edges

undergo T'1 transitions in 100 sample simulations.

3.4 Discussion

Cell-based models have the potential to help unravel fundamental biophysical mecha-
nisms underlying the growth and dynamics of biological tissues. However, the numer-
ical implementation of such models is rarely analysed, and the dependence of model
predictions on implementation details often remains unexplored. Here, we have anal-

ysed a widely applied class of cell-based models called a vertex model, and probed to
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what extent experimentally relevant summary statistics can depend on implementa-
tion details, such as choice of numerical or non-physical model parameters.

For example, we found that the speed at which cells grow and divide relative to
the speed of tissue relaxation can significantly alter in silico tissue behaviour. The
total number cells in the tissue, as well as the tissue area and the number of cell
rearrangements, varies by up to a factor of two as the mean cell cycle duration is
changed. Summary statistics of cell packing, such as the distribution of cell neighbour
numbers, or the correlation between cell neighbour number and area, are less strongly
affected by the exact choice of timescale; the main features of these statistics are
preserved in all cases. This finding that the total cell number and tissue are dependent
on the mean cell cycle duration suggests that cell extrusion may be induced in fast-
growing tissues.

The distribution of cell numbers for the case of quasistatic simulations, identi-
fied as simulations where increases in the cell cycle duration would not lead to an
overall increase in tissue area or cell number, differs from previously reported results
(Farhadifar et al., 2007). Specifically, we observe fewer pentagons than hexagons.
This discrepancy might arise from a difference in how equation (2.2) is used to evolve
the tissue. For example, our implementation of the cell cycle differs from other imple-
mentations where the cell cycle duration varies spatially in the tissue (Mao et al., 2011,
2013; Canela-Xandri et al., 2011). Further, in (Farhadifar et al., 2007), a global energy
minimisation scheme is used to propagate vertex positions, whereas a more accurate
force-based approach is used here. A major difference between the two approaches is
the fraction of cells in the tissue that are allowed to grow and divide concurrently.
In our implementation, up to one third of the cells undergo cell-growth at any given
time, whereas in other implementations all cells grow and divide sequentially. Further
analysis is required to understand to what extent synchronous growth and division

can affect cell packing in epithelial tissues. Milan et al. (1996) report that up to 1.7%
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of cells in the early wing disc are mitotic at any given time. However, mitosis and
cell growth may not happen consecutively, hence the optimal choice of the duration
of the growth phase in our simulations is unclear. Overall, it is unclear to what ex-
tent different choices for the cell cycle model may influence summary statistics of cell
packing.

Our analysis of forces throughout simulations, presented in Figure 3.4, reveals
that, on average, the area force contribution is stronger than the edge force contribu-
tion and the perimeter force contribution on a given vertex. Further, forces on cells
increase during phases of proliferation and growth. Our findings may be of relevance
in force-inference approaches that estimate forces using segmented microscopy images
of epithelial tissues (Ishihara and Sugimura, 2012; Ishihara et al., 2013; Chiou et al.,
2012). Force-inference methods often assume that the measured configuration of cells
is in equilibrium and it is unclear to what extent errors are introduced if this is not
the case. In our simulations, forces are up to 50% higher when simulations are run in
a dynamic regime, where cells grow and divide, than in the static regime at the end
of the simulation, where cells are relaxed into a static configuration.

The vertex positions, as well as simulation summary statistics, vary as the time
step is changed, and differences in vertex positions decrease with the time step. Coun-
terintuitively, large time steps can suppress cell rearrangements in vertex model sim-
ulations. This may be explained by considering that, for large time steps, vertex
positions move further than the length threshold for cell rearrangements, and in-
stances when the lengths of cell-cell interfaces fall below this threshold may not be
resolved. Importantly, in order for differences in simulation results to be negligibly
small, a time step has to be chosen that is five orders of magnitude smaller than the
average cell cycle duration in our simulation, and six orders of magnitude smaller than
the simulation time. For individual simulations, simulation outcomes may change if

a smaller time step is chosen, an effect that is preserved even when a higher-order
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numerical scheme, such as fourth-order Runge-Kutta, is used. The latter finding con-
firms that, for vertex model implementations with ad-hoc rules for cell rearrangement
and division, such as in this study, the benefits of higher-order numerical schemes
diminish, and it is beneficial to reduce the computational cost of the algorithm by
using a simpler numerical scheme, such as forward Euler. A forward Euler scheme
is more computationally efficient than a fourth-order Runge-Kutta scheme since it
requires fewer floating point operations per time step. In our simulations, differences
in simulation outcomes with decreasing time steps occurred at all observed choices
of the time step for both numerical schemes investigated. More research is required
to analyse the extent to which further decreases in the time step can lead to conver-
gence of the simulation results. Here, we stopped investigating the effects of further
decreasing the time step due to prohibitive increases in calculation times as the time
step is decreased. In previous studies, vertex models have been reported to converge
as the time step is decreased (Smith, 2011; Smith et al., 2012). Our analysis dif-
fers from these previous studies by considering a tissue undergoing cell division and
rearrangement rather than relaxation from an initial condition.

The simulation results are sensitive to the T1 transition threshold chosen in the
simulation. The size of the T1 transition threshold can be used to regulate the extent
to which the simulated tissue is allowed to rearrange in order to minimise energy.
Literature values for this quantity span a range from 0.1 (Mao et al., 2011; Fletcher
et al., 2013) to 0.01 (Kursawe et al., 2015). Final vertex positions of individual
simulations change with the value for the T1 transition threshold and do not converge
as the threshold is decreased.

Our results that both the time step and the cell rearrangement threshold may in-
fluence the rate of T1 transitions illustrates that these parameters are interconnected.
When the time step is chosen sufficiently large such that vertices move further than

the cell rearrangement threshold between time steps, cell rearrangement is suppressed.
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This means that if a small cell rearrangement threshold is chosen, a sufficiently small
time step needs to be chosen. A careful choice of time steps and cell rearrangement
threshold is crucial since an incorrect choice may lead to failure of the simulation
algorithm. For vertex models designed to simulate polycrystalline materials an adap-
tive time stepping scheme has been developed that resolves the exact time at which
the end points of a short edge meet, and a T1 transition is performed whenever this
happens (Torres et al., 2015). For the vertex model considered here, Spencer et al.
(2017) analysed the stability of fourfold vertices and showed that these are only sta-
ble if inhomogeneous line tension parameters are applied to the adjacent edges. More
work is required to understand how rates of T1 transitions differ if different condi-
tions for rearrangement are implemented, such as the shortening of an edge to a given
threshold or the shrinking edge of an edge to a point. Ultimately, the optimal algo-
rithm to simulate cell rearrangement in epithelial tissues can only be chosen through
comparison with experimental results.

While simulated vertex model configurations are sensitive to the size of the time
step and thresholds for cell rearrangement, they are less sensitive to the length of newly
formed edges, and to thresholds for cell removal. We find that the length of newly
formed edges may be up to twice as long as the threshold for T1 transitions without
affecting final vertex configurations. However, this may change in other parameter
regimes, for example if larger values for the cell rearrangement threshold are chosen.

The size of the area threshold for cell removal may be varied over six orders of
magnitude without impacting tissue-level summary statistics, even though the exact
number of T2 transitions may differ for any two values of the area threshold. In par-
ticular, it seems to be possible to choose arbitrarily small values for the T2 transition
threshold without causing the algorithm to fail. There are three effects that may
contribute to the stability of small elements in our simulations. First, since small cells

with areas close to the threshold for cell removal are far away from their preferred
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area in our simulations (Ag, > 1.0), their area force is larger than that of adjacent
neighbours. This makes the cells stiff and prevents them from becoming inverted or
otherwise misshapen. Second, the relationship between area and cell neighbour num-
bers presented in Figure 3.3 shows that small elements are most likely to be triangular.
Our simulation algorithm does not permit T1 transitions if the short edge is part of
a triangular cell in order to prevent triangular elements from becoming inverted and
thus the algorithm from failure. Third, this relationship between cell area and cell
neighbour number may also contribute to the stability of the algorithm when the area
threshold is large, for example 0.2. In this case, individual cells may be smaller than
the area threshold without undergoing T2 transitions if they are not triangular.

The energy equation (2.2) provides a geometrical hyphothesis for the removal of
cells from epithelia, in which cells are removed from the tissue if it is energetically
favourable. Mechanical effects of cell death are an area of increasing biophysical
interest (Ambrosini et al., 2017), and it is the subject of future work to design vertex
models that allow alternative hypotheses for cell death to be tested.

When calculating overdamped forces in equation (2.1), the friction on each vertex
is independent of its surrounding cells, and the energy required for each vertex dis-
placement simply depends on the displacement distance. The use of force equation
(2.1) is hence suitable in this thesis where we focus on summary statistics of cellular
packing and vertex rearrangements. However, when applying the vertex model to
study cell migration, equation (2.1) may lead to artifacts, since in this case the drag
force on each cell would scale with its number of vertices independently of the cell
area, which would be unphysical. Such artifacts could be prevented by applying a
different friction strength p; for each vertex i in equation (2.1), such that p; depends
on the number of vertices and the areas of adjacent cells. Cell area dependent friction
coefficients have previously been used, for example, by van Leeuwen et al. (2009).

Here, we analysed how numerical and non-physical parameters can influence exper-
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imentally measurable summary statistics in cell-based models by examining a force-
propagation-based implementation of vertex models. Individual results may be rel-
evant to other implementation choices. For example, our finding that the duration
of the cell cycle in our model influences simulation outcomes may mean that pa-
rameters that control the rate of energy-minimisation may influence results in other
vertex model implementations (Farhadifar et al., 2007; Aegerter-Wilmsen et al., 2010,
2012). In general, further work is required to understand how other choices of imple-
mentation schemes may impact computational model predictions. For example, the
noise strength in a Monte-Carlo vertex propagation scheme (Etournay et al., 2015;
Ray et al., 2015) or the choice of energy-minimisation algorithm may influence vertex
model behaviour.

While most of our findings in this chapter are of a numerical nature, some have
explicit biological relevance. Our analysis of the dependence of tissue properties and
forces on the mean cell cycle duration reveals that the vertex model predicts increased
forces in tissues undergoing growth and proliferation, and that fast tissue growth may
induce cell extrusion. Our findings further suggest that statistics of cell packing may
depend on the nature of the cell cycle or the boundary condition of the tissue. Note
that findings that do not make explicit biological predictions, such as the robustness of
the vertex model to changes in the area threshold for cell removal, or its sensitivity to
changes in the length threshold for cell rearrangement, are nonetheless highly relevant,
since these findings highlight that choices of model design and implementation have
to be carefully considered when applying vertex models quantitatively.

Throughout this chapter we use non-dimensional parameters that arise when
rescaling time and space by the characteristic length and time scales of the model. The
use of such rescaled parameters is beneficial in this case since it allows, for example,
the comparison of our model parameters to previously used values (Farhadifar et al.,

2007; Canela-Xandri et al., 2011; Mao et al., 2011). Further, we identify reference
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parameter values for which our simulations are physically reasonable. By providing
non-dimensional values for these parameters we facilitate their reuse in other appli-
cations where the physical values of the characteristic length or time scales may be
different.

Now that we have understood the dependence of the vertex model on its numerical
and implementation specific parameters we apply it to a specific biological application,

that of tissue size control in the Drosophila embryonic epidermis.
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Chapter 4

Mechanical modelling of tissue size

control

After introducing and analysing the vertex model in Chapters 2 and 3, we now apply
it to a key problem in developmental biology, tissue size control. In this chapter, we
apply the vertex model to design a theory for the emergence of previously measured
experimental data, and use it to suggest future experiments that may be used to test
this theory. The contents of this chapter have been published in the journal PLoS

Computational Biology (Kursawe et al., 2015).

4.1 Background and motivation

The mechanisms underlying tissue size control during embryonic development are
extremely robust. There are many cases where the rates of proliferation, growth,
or death are perturbed significantly yet patterns are maintained or repaired during
later stages of development. For example, even after 80% of the material in a mouse
embryo is removed, accelerated growth can give rise to correctly proportioned, albeit
non-viable offspring (Snow and Tam, 1979). In fruit fly embryos, overexpressing the

maternal effect gene bicoid leads to stark overgrowth in the head region, but the excess
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tissue is removed during later stages of development through apoptosis (programmed
cell death), leading to viable adults (Namba et al., 1997). Tetraploid salamanders
of the species Amblystoma mezxicanum have half the number of cells as their diploid
counterparts, yet are the same size (Vernon and Butsch, 1957).

The robustness of tissue size control relies on tight coordination of cellular pro-
cesses including growth, proliferation, apoptosis and movement at a tissue level. How-
ever, the fundamental mechanisms underlying such coordination remain largely un-
known. In particular, the mechanical implementation of tissue size control is not
well understood. The regulation of cellular mechanical properties is known to play
a key role during morphogenetic events, such as tissue folding, elongation and cell
sorting (Guillot and Lecuit, 2013a; Heisenberg and Bellaiche, 2013). For example,
upregulation of myosin II generates tension that helps to straighten compartment
boundaries in the Drosophila wing imaginal disc (Landsberg et al., 2009), while con-
trolled cell death provides the tension required for invagination during Drosophila leg
development (Monier et al., 2015). It has been illustrated theoretically how mechani-
cal feedback might facilitate uniform growth in epithelia in the face of morphogen gra-
dients (Shraiman, 2005) and how it might contribute to size control through growth-
inhibition (Hufnagel et al., 2007). It is further known that cellular crowding can trigger
cellular signalling through mechanical feedback (Pan et al., 2016). Could mechanical

forces also play a significant role in robustly maintaining tissue size?

4.1.1 Previous work

To explore questions of tissue maintenance, in this chapter we develop a computational
model of a patterned epithelium, with application to the segments of the Drosophila
embryonic epidermis (Figure 4.1C). These tissues define the body plan along the head-
tail axis. They are first defined during stage six of embryonic development and are

visible as stripes in the epidermis of the larva (Ashburner, 2011). The segments are
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subdivided into anterior (A) and posterior (P) compartments, which are marked by
distinct gene expression patterns. In particular, cells in the P compartment express
the gene engrailed (Kornberg et al., 1985) (Figure 4.1D). While the initial specification
and establishment of segments is relatively well studied (Hughes and Krause, 2001),
the maintenance of segment identities has received much less attention. However, it
is known that compartment dimensions can be robustly restored in the presence of
genetic manipulations made during earlier developmental patterning events (Namba
et al., 1997; Li et al., 1999; Pazdera et al., 1998; Parker, 2006). Both the conserved epi-
dermal growth factor receptor (EGFR) and Wnt/Wingless (WG) pathways have been
implicated in regulating apoptosis to achieve pattern repair for perturbations made
in each of the compartments, and they are known to antagonize each other (Namba
et al., 1997; Parker, 2006).

A major strength of Drosophila as a model organism is the availability of ge-
netic tools that enable the ectopic expression of gene products or RNA interference
(RNAi) constructs to manipulate cell growth, proliferation and signalling in a spatio-
temporally controlled manner (Perrimon et al., 2010; Duffy, 2002; Elliott and Brand,
2008). For example, the bipartite GAL4-UAS system can be used to drive expression
of ectopic genes in embryos through a cross of one line containing a tissue-specific en-
hancer driving expression of the heterologous yeast transcription factor GAL4 with a
second line that activates expression of a transgene upon binding of GAL4 to the UAS
promoter region. Using this approach, Parker (2006) investigated P compartment
size using the GAL4 driver line as the control genotype engrailed-GAL/, UAS-GFP,
in the following referred to as wt (wild type). Due to this genetic modification the
P compartments were fluorescently labelled in wt. The compartments in wt organ-
isms were compared to these with various perturbations (Figure 4.1B). In particular,
these included crosses between the driver line and UAS-CyclinE (which we shall term

en>CycE) and UAS-dacapo lines (further specified as en>dap), in which the amount
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Figure 4.1: The Drosophila embryo as a model system for tissue size con-
trol. (A) Specification of embryonic stages over time; the red boxed region represents
the time period of simulations (Foe, 1989). (B) Summary of genetic perturbations
simulated in this chapter. The wt genotype is engrailed>GAL/j, UAS>GFP, exhibit-
ing fluorescent marking of the posterior compartments. The perturbations are crosses
between the wt and UAS>CyclinE and UAS>dacapo lines, leading to increased or
decreased amounts of proliferation, respectively. (C) Stage 11 embryo expressing GFP
in the posterior compartment, stained for DE-cadherin to show cell boundaries. (D)
High magnification image of simulation domain. (E, F) Data extracted from (Parker,
2006) demonstrating that compartment dimensions are robust to manipulations that
change the number of cells. (G) Cell death, indicated by cleaved Drosophila caspase-1
antibody staining (Song, 1997), is statistically more likely to occur in the front half of
the posterior compartment in en>CycE embryos (Parker, 2006). Figure reproduced
from Kursawe et al. (2015).
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of final proliferation events is perturbed towards the end of the normal range of pro-
liferation in the epidermis (Figure 4.1A).

Parker (2006) observed an increase in final cell number of more than 30% (Fig-
ure 4.1E, right bar) in the P compartments of en>CycE embryos, which exhibited
an additional round of cell division. However, the size of the P compartment was
much less affected by this perturbation (Figure 4.1F, right bar), as measured in first
instar larvae (Parker, 2006). Conversely, in en>dap embryos that exhibited a loss of
one round of cell division, Parker (2006) observed a reduction in cell number of 25%
while, again, the compartment size was relatively unchanged (Figures 4.1E and 4.1F,
middle bars).

Parker’s findings also suggest that epidermal growth factor receptor (EGFR) sig-
nalling, through the activating ligand Spitz, patterns apoptosis inside the P compart-
ment. Spitz is released by a column of cells inside the anterior (A) compartment
that is directly adjacent to the P compartment. Identifying cell death events through
TUNEL staining (Gavrieli, 1992; Parker, 2006), led to the observation that apoptosis
is much more frequent in the ‘front’ (more anterior) half of the P compartment, away
from the Spitz source (Figure 4.1G), than the ‘back’ half. These numbers differed by
a factor of nearly 40 in wt (Parker, 2006). Counter-intuitively, inhibiting apoptosis by
expressing the caspase inhibitor p35 inside the P compartment of en>CycE embryonic
segments resulted in compartment shrinkage by nearly 10%.

The above findings shed light on tissue size control in the Drosophila embryonic
epidermal tissues, suggesting a reliance of the control mechanism on the regulation of
apoptosis rather than proliferation. However, the cell-level interactions governing size
control remain poorly understood. In particular, potential roles of cellular mechanics
in augmenting or repairing growth defects in patterned tissues remain unexplored. To
address this, we develop a vertex model of an embryonic segment to test hypotheses

about the emergence of size control. Comparing the model to previously published
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data across wt and genetic perturbations, we investigate the extent to which passive
mechanical forces might suffice to explain the observed size control and asymmetries in
cell death frequencies across the P compartment. Our results suggest that size control
can emerge to a significant degree from the passive mechanical responses of cells.
However, the observed spatial asymmetry in cell death frequencies requires patterning
of mechanical properties by inter-cellular communication. These results also provide
a basis for differentiating experimentally how extracellular signalling pathways like
EGFR and WG might impact cellular decision making processes through predictions

of observable cellular morphologies, and tissue behaviour after cell bond ablation.

4.2 Methods: A model of embryonic epidermic P
compartments in Drosophila

We use a vertex model to simulate cell movement, intercalation, shape changes and
apoptosis during the sixteenth round of divisions in a segment of the Drosophila
embryonic epidermis. In this section we describe how the vertex model introduced in
Chapters 2 and 3 is adapted to model tissue homeostasis in the Drosophila embryonic

epidermis.

4.2.1 Geometry and boundary conditions

To simulate the subsections of the P compartment we consider a spatial domain
comprising two adjacent cell populations, the cells in the P compartment and parts of
the adjacent tissue in the anterior compartment on either side of it. Sample simulation
images are shown in Figure 4.2A and Figure 4.2C. For simplicity, we assume that cells
initially have regular hexagonal shapes.

Motivated by the repeated pattern of A and P compartments along the anterior-

posterior axis of the embryo, as well as by the fact that single P compartments stretch
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farther dorso-ventrally than the simulated region, doubly periodic boundary condi-
tions are applied (Figure 4.2A). These boundary conditions keep the simulated region
of interest at a fixed size. Compartment size changes are analysed as changes in the
relative proportions of the anterior and posterior compartment within the simulated
region. We explore the robustness of our simulation results to the choice of initial and
boundary conditions later in this chapter.

To enable comparison of cell death rates in the front and back halves of the P
compartment (see Figure 4.1G), a cell is defined to be in the front or back half of
a compartment if its centroid is located to the anterior (‘left’) or posterior (‘right’)
side of the centre of the tissue, respectively. The tissue centre is defined to be the
horizontal midpoint of the sheet at time ¢ = 0 and is held fixed at all times.

When computing measures of cell shape in our analysis of simulation results, we
define the area and perimeter of a cell to be those of the associated polygon in the
vertex model, while ‘cell elongation’ is defined as the square root of the ratio of the
largest to the smallest eigenvalues of the moment of inertia of that polygon. This latter
measure provides a robust way to measure elongations of arbitrary shapes (Fletcher
et al., 2013) and is comparable to the ratio of the lengths of the long and short axis

of the best fit ellipse to a cell.

4.2.2 Cell proliferation

All simulations start with Nj = 24 cells in the P compartment and Nj = 40 cells
in the A compartment, to approximately match observed cell numbers (Parker, 2006)
and to ensure that there are similar amounts of anterior tissue on either side of the P
compartment.

In the case of a wt embryonic segment each cell divides once, with cell cycle times
drawn independently from the uniform distribution on 0 to ¢/, = 600 time units. This

corresponds to the duration of the sixteenth division cycle in the epidermis, which

61



Posterior

A /_\, compartment
Doubly periodic ‘ “

boundary conditions ‘
\_» ‘
]

compartment “

Anterior

Figure 4.2: Vertex model of posterior compartment dynamics during the
last division cycle in the Drosophila embryonic epidermis. (A) Snapshot
of the initial tissue configuration for each simulation, with mechanical parameters in
equation (2.4) annotated. (B) Snapshot of a wt simulation at the final time point,
once all cell divisions have occurred, with annotation for the front and back halves of
the P compartment. Parameter values are listed in Table 4.1.

occurs during late stage 10 and early stage 11 and takes roughly 50 minutes (Foe,
1989). After the round of divisions is complete, the system is allowed to relax for 200

' =800 time units.

more time units, corresponding to a total simulation time of ¢, =

For an en>CycE embryonic segment, the first round of divisions is implemented
as for wt, but each cell in the P compartment then has a probability Poy.r = 0.54
of dividing a second time once the first round of divisions is complete, with cell
cycle times drawn independently from the uniform distribution from t¢, .z = 600
to to,.p = 1200 time units. This probability is inferred from published data on the
en>CycE+p53 perturbation (Parker, 2006); in this case apoptosis is blocked, allowing

us to infer the average number of cell division events. The second period of 600 time
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units corresponds to the duration of the ectopic divisions in the en>CycE embryos,
which occur during late stage 11 and early stage 12 (Parker, 2006). After the second
round of divisions is complete, the system is allowed to relax for 200 more time units,
corresponding to a total simulation time of t¢, . = 1400 time units.

For an en>dap embryonic segment, each cell in the P compartment has a fixed
probability Py, = 0.6 of not participating in the single round of divisions. This
probability is inferred from published data on the en>dap perturbation (Parker, 2006).
As with wt, divisions occur uniformly at random during the first ¢/, = 600 time units,
after which the system is allowed to relax for 200 more time units, corresponding to

a total simulation time of ¢/, . = 800 time units.

/

dap
In each case each daughter cell receives half the target area of the mother cell

upon division unless stated otherwise. These simulation times are chosen such that

the system is at quasi-steady state at each time point, similar to the simulations in

Chapter 3.

4.2.3 Parameter choices

We choose the characteristic length scale L = 11 pm such that L? is the mean cell
area in the P compartment at the start of the simulation period, i.e. 121 pm?; the
P compartment occupies a total area of 2.76x10% pm? (Parker, 2006) and is initial-
ized with 24 cells. The precise value of the characteristic time scale, T', depends on
tissue properties (x and K) and could be inferred from the duration of vertex recoil
after laser ablation experiments, for example. In the non-dimensionalised model, cell
shapes are governed by the rescaled target area of each cell, A;,, and the rescaled
mechanical parameters, A and I'. For these parameters we use previously proposed
values (Farhadifar et al., 2007), unless stated otherwise. A complete list of parameters
used in this chapter is given in Table 4.1.

In our implementation T'1 swaps are executed whenever the length of a given edge
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Table 4.1: Description of parameter values used in this chapter.

Parameter Description Value Reference
A Adhesion parameter between cells in 0.12 Farhadifar et al. (2007)
same compartment
A, Reference adhesion parameter for 0.12 Farhadifar et al. (2007)
asymmetry simulations
Ay Adhesion parameter between cells in 2 x 0.12 Landsberg et al. (2009)
different compartments
r Cell perimeter contractility 0.04 Farhadifar et al. (2007)
T, Reference perimeter contractility for 0.04 Farhadifar et al. (2007)
asymmetry simulations
At Time step 0.01 Fletcher et al. (2013)
Al T2 transition threshold 0.001 Fletcher et al. (2013)
L. T1 swap threshold 0.01 Fletcher et al. (2013)
I o Distance between new edge nodes after 1.05 1/, Fletcher et al. (2013)
swaps
towt End time of the simulation for wt and 800 -
en>dap
toyer End time of the simulation for 1400 —
en>Cyck
o Time when first round of divisions fin- 600 -
ishes
toyer Time when second round of divisions 600 -
starts in en>CycE
toyer Time when second round of divisions 1200 -
finishes in en>CycFE
A’® Initial cell area 1.0 Farhadifar et al. (2007)
Ay Initial cell target area 1.0 Farhadifar et al. (2007)
N3, Initial cell number inside P compart- 24 Parker (2006)
ment
N5 Initial cell number inside A compart- 64 Parker (2006)
ment
Piap Probability for P cells to not divide in 0.6 Parker (2006)
en>dap
Poyer Probability for P cells to divide twice 0.54 Parker (2006)
in en>Cyck
Ry Ratio between target areas of mother 0.5 -
cells and daughter cells
Aa Area asymmetry 0.0 -
oy Line tension asymmetry 0.0 -
Ap Perimeter asymmetry 0.0 -

For parameter values for which no reference is given, please see Section 4.2 for
details on how these values were estimated.
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decreases below a threshold l,;, = 0.11 pm, which is 100 times smaller than the
approximate length of a cell at the beginning of the simulation. Any triangular cell
is removed if its area drops below a threshold A, = 0.121 pm?, which is 100 times
smaller than the initial area of each cell.

In contrast to many previous vertex model applications (Farhadifar et al., 2007;
Aegerter-Wilmsen et al., 2010; Mao et al., 2011), we allow the mechanical parameters
A, T, and Ay to vary between cells as a consequence of underlying tissue patterning.
In particular, we consider Ay to be a function of cell generation and introduce the

parameter

RA = AO,daughter/AO,mothera (41)

as the ratio of target areas of daughter cells to mother cells. To ensure that the target
areas of all cells add up to the total size of the spatial domain, which is assumed
to be fixed, we choose R4 = 0.5 unless stated otherwise. Throughout this chapter,
variation of the parameter R, is used to account for cellular growth of daughter cells
as well as changes in total target area upon division. In each simulation, the initial
area of each cell, A*, equals its initial target area, A% with A* = A3 = 121 pm? (see
discussion below for the choice of length scales in the model).

In contrast to several previous applications (Farhadifar et al., 2007; Mao et al.,
2013) of the vertex model the spatial domain in this chapter is constrained due to the
fact that there is no net organism growth during this period of embryogenesis.

Unless stated otherwise, the line tension along the compartment boundaries is set
to Ay = 2A, twice the value of the line tension in the remainder of the tissue. High
tension along compartment boundaries is known to promote cell sorting and boundary
straightness (Landsberg et al., 2009; Canela-Xandri et al., 2011), and the presence of
myosin cables that can generate this increased tension between A and P compartments

in the Drosophila embryonic epidermis has been reported (Monier et al., 2010).
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4.2.4 Incorporating mechanical asymmetry

To investigate the consequences of asymmetries in cell mechanical properties on P
compartment size control and the patterning of apoptosis, we consider three distinct
cases.

In the first case, we allow for asymmetry in cell target areas in the P compartment.
This is implemented by modifying the target area of each cell in the P compartment

to take the form

Ay = (Ra)*(1 £ M), (4.2)

where Ry = 0.5 as listed in Table 4.1, g € {0,1,2} denotes the generation of the
cell, and the — and + signs apply to cells located in the front and back halves of the
compartment, respectively. We refer to the parameter A4 as the area asymmetry.

In the second case, we allow for asymmetry in line tensions in the P compartment.
This is implemented by modifying the line tension of each cell-cell interface (edge)

inside the P compartment to take the form

A=A(1£N), (4.3)

where A, is the value of the line tension when no asymmetry is imposed. The + sign
applies to all edges between P compartment edges whose midpoint is the front half of
the compartment, while the — sign applies to all edges whose midpoint is in the back
half of the compartment. We refer to the parameter \; as the line tension asymmetry.

In the third case, we allow for asymmetry in perimeter contractility in the P
compartment. This is implemented by modifying the perimeter contractility of each

cell in the P compartment to take the form

D =T,(1+,), (4.4)
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where I',. is the value of the perimeter contractility when no asymmetry is imposed, and
the + and — signs apply to cells in the front and the back halves of the P compartment,
respectively. We refer to the parameter )\, as the perimeter asymmetry.

The asymmetry parameters are all fixed at zero in Figures 4.3-4.7, and are varied

in Figures 4.8, 4.9 and 4.10.

4.2.5 Experimental procedures

All experimental data collection and processing was conducted by Cody Narciso and
Pavel A. Brodskiy in the laboratory of Jeremiah J. Zartman at the University of
Notre Dame, Indiana. A Drosophila line expressing GAL4 under the engrailed (en)
promotor and CDS&::GFP under the UAS promotor was used. Immunohistochemistry
on embryos was performed as described in Zartman et al. (2009) with rabbit anti-
dpERK (1:100, Cell Signaling), rat anti-DCAD2 (1:100, DSHB) and DAPI (5pg/ml,
Invitrogen DU1306), with goat anti-rat IgG 561 (1:500, Invitrogen), and goat anti-
rabbit IgG 647 (1:500, Invitrogen). Confocal z -stacks were collected using an Andor
spinning disc confocal microscope with a piezo stage at 1.0pm intervals. For each
embryo, six by six grids with thirty-three percent overlap were collected for each of
the four channels. Image collection was performed with MetaMorph version 7.0.11. A

costum vignetting correction algorithm was applied as a part of the stitching process.

4.3 Results: Model analysis and predictions

We first analyse the extent to which passive mechanical forces can lead to stable tissue
size control as observed by Parker (2006). We then investigate the effect of spatial
regulation of cellular mechanical properties on P compartment sizes, cell numbers,

and cell death locations.
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4.3.1 Compartment size control can emerge from passive me-

chanical forces

As an initial study, we analyse simulations where compartment size is governed solely
by the passive mechanical properties of individual cells, and no further regulatory
mechanism for size control is assumed. In particular, all cells in the tissue are speci-
fied to have the same mechanical properties, with the exception of interfaces shared
by cells at the compartment boundary. As we shall show, such passive mechanical in-
teractions are sufficient to explain the robustness of compartment size to hyperplastic
manipulations.

Figure 4.3A shows snapshots of individual simulations of wt, en>dap and en>CycE
embryonic segments. We observe cells that are larger but fewer in number in en>dap
than in wt, while the en>CycE compartment contains more smaller cells. Generating
statistical distributions by running 100 simulations in each case, we obtain the sum-
mary statistics visualized in Figure 4.3B-C. To allow for comparison with observed
values we superimpose on each panel in Figure 4.3B-C either the upper and lower
bounds in observed P compartment areas (Parker, 2006) across the three perturba-
tions (shaded gray) or the upper and lower limits in cell numbers for each perturbation
separately (blue, green, red for wt, en>CycE and en>dap, respectively). We do not
plot the distinct shaded regions in the case of P compartment areas since the regions
for individual perturbations overlap. Figure 4.3B shows that, for wt and en>dap,
the average P compartment sizes and cell numbers at the end of the final round of
divisions predicted by the model closely match observed values. The difference in cell
number between simulation and experiment for en>CycFE is statistically significant
(17%), indicating that the model underestimates the number of cell deaths in this
perturbation.

A summary of the frequency of T1 swaps occurring in the model simulations is

provided in Table 4.2. There are very few cell intercalation events in our simula-
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Figure 4.3: Compartment size control can emerge from passive mechanical
forces. (A) Snapshots of final tissue configurations for wt, en>dap and en>CycE
simulations, i.e. each following the final round of division. Parameter values are listed
in Table 4.1. (B) Comparison of simulated P compartment areas and cell numbers
with observed values (Parker, 2006). Mean values from 100 simulations are shown
and error bars are standard deviations. (C) Variation in P compartment area (upper
row) and cell number (middle row), and in the number of accumulated cell deaths
in the en>CYycFE perturbation over 100 simulations in the front and back halves of
the P compartment (lower row), as each mechanical parameter is varied individually,
holding all other parameter values as listed in Table 4.1. Shaded areas in (B) and (C)
mark the ranges of experimentally observed values, for reference (see Section 4.3 for
details). 69



Table 4.2: Occurrence of T1 swaps in the simulations.

wt en>dap en>CycE
0 002+014 3+1.7

For each case of the passive mechanical model considered in Figure 4.3, we present
the mean number of T1 swaps across 100 simulations. The indicated errors are
standard deviations.

tions, with no T1 swaps observed for wt, in line with experimental observations of
germ-band retraction (Schock and Perrimon, 2002). The germ-band is a part of the
Drosophila epidermis that retracts concurrently with the last round of cell divisions.

These simulation results were achieved using literature values of the parameters A
and I' (Farhadifar et al., 2007), and by assigning daughter cells to have half the target
area of their mother cells (R4 = 0.5). Although the model is a drastic simplification
of epithelial compartment size homeostasis, the in silico results provide a close match
to experimental values without any parameter tuning. The model thus provides a
simple explanation for the emergence of P compartment size control (Parker, 2006):
size control can be achieved through passive mechanical forces without any further
regulation of cellular properties through signalling gradients.

To explore how robust the observed size control is to the model parameters, we
performed a single parameter sensitivity analysis while fixing the remaining parame-
ters at their values listed in Table 4.1 (see Figure 4.3C). For most parameter values
considered, the simulation results fall within the bounds of experimentally observed
values, except for values of the target area ratio R4 smaller than 0.4 and larger than
0.9, and for values in A larger than 0.2.

Focusing on the results of en>CycFE simulations, the model exhibits some counter-
intuitive behaviour. In particular, uniformly low perimeter contractility, A, or high
line tension, I', leads to mechanically induced P compartment shrinkage. In addition,
an increase or decrease of R4 away from 0.5 will increase compartment sizes for the

en>CycE perturbation. We may interpret these results as follows.
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Mechanically induced P compartment shrinkage can be understood as a result of
the balance between the energy terms in equation (2.2). The perimeter contractility
and line tension terms act to minimise edge lengths and perimeters of cells. These force
contributions can be counteracted by the area term, which acts to keep the cell close to
its target area, or by stretching forces exerted by neighbouring cells. Upon division, a
new edge is created, which adds an inward contractile force that any expansive forces
must counteract. Therefore, daughter cells occupy a smaller area than their mother
cell once they reach mechanical equilibrium. The observation that an increased rate
of cell division leads to tissue shrinkage is counter-intuitive, yet not unrealistic; data
from (Parker, 2006) for en>CycE and en>CycE+p53 embryonic compartments show
a similar trend, in which the more cells are present, the smaller the compartment area.
Inhibition of cell death in the en>CycE+p53 embryonic compartments lead to more
cells, but smaller compartments. Further, this counter-intuitive experimental result,
which cannot be explained by a simpler hypothesis where EGFR signalling leads to
size control through direct patterning of apoptosis and growth, may be explained by
a simple mechanical argument.

A similar mechanism explains the dependence of the size of the en>CycE com-
partment on the target area ratio, R4. Mitosis-induced shrinkage is a result of the
perimeter contractility and line tension terms in the mechanical model. If we choose
a value for R4 that is not equal to 0.5, then the target areas of all cells will no longer
add up to the total area of the tissue, and more cells have areas that are far away
from their actual target areas. This increases the absolute value of the area elasticity
term in the energy equation, and hence reduces the relative strength of the perimeter
contractility and line tension terms. As the relative strength of these two terms de-
creases, the extent of mitosis-induced shrinkage is also reduced. In the case R4<0.5,
the additional line tension and perimeter forces due to the new edge during division

are not strong enough to stretch the cells surrounding the division further away from
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their target area, and if R4>0.5 the forces originating from the new edge are not
strong enough to further oppose the strength of the target area terms of the new cells.
Hence, mitosis-induced shrinkage occurs only if R4 ~ 0.5. In our simulations, P com-
partment size is relatively robust to the value of R4, despite the fact that the areas
of many cells differ widely from their target values. The bulk elasticity energy term
in equation (2.2) varies quadratically with deviations between cell area and cell tar-
get area. Thus, one might expect significant changes in P compartment areas or cell
numbers when target areas are perturbed upon proliferation. Our simulation results
suggest that P compartment areas or cell numbers are not affected by such changes
in total tissue energy.

A further counter-intuitive result shown in Figure 4.3C is that increasing the line
tension parameter A and increasing the perimeter contractility parameter I' have op-
posing effects on P compartment size in the en>CycE perturbation. Increasing line
tension results in a stronger contractile force on the cell, resulting in more T2 transi-
tions and hence a smaller P compartment (Figure 4.3C, central panel). In contrast,
although increasing perimeter contractility also results in a stronger contractile force
for each cell, in this case the mechanical interactions between adjacent cells (a con-
tracting cell acts to stretch its neighbours) result in fewer T2 transitions and hence a
larger P compartment.

All the observed changes in P compartment sizes and cell numbers remain within
experimentally measured values (Figure 4.3, shaded regions), the exception being the
P compartment cell numbers for the en>CycFE perturbation. The discrepancy between
observed values and in silico results for the P compartment cell numbers in en>CycE
is insensitive to parameter variation. The robustness of the simulation results in
Figure 4.3B to parameter values provides further confirmation that size control is a
natural outcome of passive mechanical cellular interactions in our model. Size control

is preserved in the face of small amounts of cell growth or shrinkage (variations in

72



R4) or perturbations of cellular mechanical properties (variations in A and T').

However, this model fails to capture the observed asymmetry in cell death loca-
tions, as measured by the ratio of accumulated cell death occurrence between the
front and the back half of the P compartment across multiple embryos. The third
row of Figure 4.3C shows that the total number of cell deaths across 100 simulations
is the same between the front half and the back half of the P compartment. Here
we only plot the cell death occurrences of the en>CycFE simulations, since no cell
deaths were observed in any wt or en>dap simulations. This is in close agreement
with experimental results (Parker, 2006), where only 0.7 (wt) or 0.2 (en>dap) cell
deaths were identified by TUNEL staining per embryo.

We draw two main conclusions from the simulations presented in Figure 4.3: (i)
mechanical interactions between identical cells can explain robust size control of all
considered genetic perturbations (wt, en>CycE, en>dap), even if the model parame-
ters are varied significantly; (ii) passive mechanical interactions of cells with uniform
mechanical properties cannot explain the observed asymmetry in cell death occur-
rence, nor completely recapitulate the changes in cell numbers for the en>CycE per-

turbation.

4.3.2 Robustness of results to initial and boundary condi-

tions

We analyse the influence of the choice of boundary condition on the compartment
sizes and compartment cell numbers in the simulations in Figure 4.4. We compare
the results of simulations using the doubly periodic boundary conditions described in
Section 4.2 to those where fixed boundary conditions are imposed on the tissue as
follows. Vertices on the boundary of the tissue experience the same forces as non-
boundary vertices. At each time step, after applying the forces to all vertices and

updating their positions, we map the boundary vertices perpendicularly back onto
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Figure 4.4: Choice of boundary condition does not affect P compartment
sizes and cell numbers. (A) Snapshots of a wt simulation at the final time point,
once all cell divisions have occurred, where either doubly periodic (left) or fixed (right)
boundary conditions are imposed. Parameter values are listed in Table 4.1. (B)
Comparison of P compartment areas and cell numbers for wt, en>dap and en>CycFE
simulations where doubly periodic or fixed boundary conditions are imposed. Mean
values from 100 simulations are shown and error bars are standard deviations. Shaded
areas mark the ranges of experimentally observed values and are added for reference
and comparison with Figure 4.3.

the boundary. If a cell on the boundary undergoes a T2 transition, then the newly
created vertex is also mapped onto the boundary. The dimensions of this fixed bound-
ary are chosen such that the total area of the tissue equals the sum of the target areas
of all cells of the tissue. The tissue occupies a total of 64 rescaled area units, or
7.744 x 103pm?2. The length of each fixed boundary is 8L, i.e. 88um. As Figure
4.4 shows, we find that imposing this alternative boundary condition gives similar
predicted P compartment areas and cell numbers to those obtained using doubly pe-

riodic boundary conditions. This is true across wt, en>dap and en>CycFE simulations.
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The precise choice of boundary condition imposed in the model simulations does not
significantly affect predicted compartment sizes and cell numbers.

We next analyse the influence of the choice of initial tissue geometry on the final
P compartment sizes and cell numbers in our model. In particular, we compare
the results of simulations initiated with randomly generated cell shapes to those of
simulations with regular hexagonal cell shapes. The random initial conditions are
created as follows. First, 64 seeds are randomly placed in a spatial domain occupying
64 rescaled area units (7.744 x 10°pm?). Second, the random seeds are mirrored
along each tissue boundary to ensure periodicity, and the Voronoi tessellation of all
seeds is computed. Third, we relax the Voronoi tessellation using five steps of Lloyd’s
relaxation algorithm (Lloyd, 1982). During a Lloyd’s relaxation the centroid of each
cell is calculated and a new Voronoi tessellation is generated using these centroids
as seeds. This relaxation homogenises the cellular packing. Sanchez-Gutiérrez et al.
(2016) have shown that the cellular packing achieved after five Lloyd’s relaxation steps
is similar to those found in developing epithelia, such as the Drosophila wing disc.

After generating the initial cell packing through Voronoi tessellations in this way,
cells are assigned to the P compartment if their centroid falls within a central vertical
band of width 2.9 rescaled length units (32pm). Figure 4.5 shows that these irregular
initial conditions result in similar mean P compartment sizes and cell numbers to those
obtained using our regular hexagonal initial conditions, while increasing the standard
deviation in each quantity. Thus, irregularity in the initial geometric configuration
does not significantly affect simulation outcomes.

For both the boundary conditions considered in this chapter, the initial area of
each cell A® takes its target value A§ . To test whether our results depend strongly on
this assumption, we ran control simulations in which the initial area of each cell was
half its target value at the beginning of the simulations. We found that resulting P

compartment sizes and cell numbers were not strongly affected by this modification,
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Figure 4.5: Initial cell shapes do not significantly affect P compartment
sizes and cell numbers. (A) Snapshots of a hexagonal (left) initial condition, and
a sample random (right) initial condition, as described in Section 4.3.2. The cells
assigned to the posterior compartment occupy a similar area in both images. (B)
Comparison of P compartment areas and cell numbers for wt, en>dap and en>Cyck
simulations where either a hexagonal or random initial condition (IC) was used. Mean
values from 100 simulations are shown and error bars are standard deviations. Shaded
areas mark the ranges of experimentally observed values and are added for reference
and comparison with Figure 4.3. Parameter values are listed in Table 4.1.

and compartment size control was preserved. The results of this analysis are shown
in Figure 4.6, and they differ from Figure 4.3B in two ways. First, the tissue areas
at the end of simulations vary slightly from the experimental observations made by
Parker; in particular, the P compartment for the en>cycE perturbation is larger than
for the en>dap perturbation. This is to be expected, since in this set of simulations
most cell areas are far from their target values, hence the area energy term dominates

and mitosis-induced shrinkage does not occur. Second, en>CycE P compartment cell
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Figure 4.6: Influence of initial cell target area on P compartment size and
cell numbers. (B) Comparison of P compartment areas and cell numbers for wt,
en>dap and en>CycE simulations where either initial target areas A = 121pm? or
A = 242pm? were used. Mean values from 100 simulations are shown and error bars
are standard deviations. Shaded areas mark the ranges of experimentally observed
values and are added for reference and comparison with Figure 4.3. Parameter values
are listed in Table 4.1.

numbers are smaller than observed by Parker and in the results of Figure 4.3B (52 vs
60 and 72 cells, respectively), illustrating that more cells die in the simulations where
cell target areas have been doubled. In the simulations summarized in Figure 4.6,
the overall tissue target area is significantly larger than the tissue area, and therefore
more cells are removed by apoptosis (T2 swaps) to decrease the corresponding energy
term. Although we consider the initial condition for the simulations with doubled
initial target areas A{ unrealistic, with cell areas being far from their target values,
the model continues to exhibit P compartment size control.

Finally, Figure 4.7 shows that while the increase in line tension along compartment
boundaries does affect the straightness of the boundary between A and P compart-
ments in the model simulations, it does not significantly affect compartment sizes or

cell numbers.
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Figure 4.7: Compartment boundary line tension does not affect P com-
partment sizes and cell numbers. (A) Snapshots of a wt simulation at the final
time point, once all cell divisions have occurred, where either a high (left) or low
(right) line tension, A, is imposed at the boundary between A and P compartments.
Parameter values are listed in Table 4.1. Compartment boundary line tension pro-
motes cell sorting and straightness of the boundary, but does not affect compartment
sizes. (B) Comparison of P compartment areas and cell numbers for wt, en>dap and
en>CycE simulations where a high (left) or low (right) compartment boundary line
tension is imposed. Values for A at the compartment boundary are those given in (A).
Mean values from 100 simulations are shown and error bars are standard deviations.
Shaded areas mark the ranges of experimentally observed values and are added for
reference and comparison with Figure 4.3.

4.3.3 Spatial patterning of cell death emerges from differen-

tial growth or differential mechanical regulation

We next use the model to analyse how asymmetries in cellular mechanical properties
across the P compartment may lead to the observed spatial patterning of apoptosis.
We consider three cases (Figure 4.8A): (i) ‘area regulation’, which refers to patterning

of the cell target areas, A ,, through the parameter A,; (ii) ‘line tension regulation’,

78



which refers to patterning of the line tension, A, through the parameter )\;; and (iii)
‘perimeter regulation’, which refers to the patterning of the perimeter contractility,
T, through the parameter \,. These parameters are defined in Section 4.2. The
‘area regulation’ scenario can be interpreted as a patterned growth scenario, whereas
the ‘line tension regulation’ and ‘perimeter regulation’ scenarios correspond to the
patterning of cellular mechanical properties. The biochemical process leading to such
patterning could, for example, be Spitz-mediated EGFR-activation; this pathway has
previously been identified to affect cell properties in the P compartment by Parker
(2006).

Figures 4.8B-D shows the impact of small amounts of asymmetry on P compart-
ment dynamics. In each of the cases (i)-(iii), we set the relevant asymmetry parameter
to 0.2, while keeping the other two asymmetry parameters fixed at zero. Figure 4.8B
shows snapshots of simulation outcomes for each case. A visual inspection suggests
that these three cases give rise to P compartments with similar cell sizes and shapes
as in Figure 4.3A.

Figure 4.8C shows that P compartment sizes and cell numbers are not affected by
these small amounts of asymmetry in the tissue. In each case, the in silico compart-
ment area and cell number is as close to the observed values (Parker, 2006) as the
passive mechanical model. Although cellular properties are now patterned, compart-
ment size control still emerges within the model. Figure 4.8D shows the total number
of cell deaths in the front and the back halves of the P compartment across 100 sim-
ulations in each asymmetry case. We find that each case can explain the observed

spatial asymmetry in cell death locations.
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Figure 4.8: Spatial regulation of mechanical cell properties can induce
asymmetries in cell death occurrences inside posterior compartments. (A)
Schematic of the distinct forms of mechanical asymmetries considered in this work.
(B) Snapshot of final configuration of simulations for each considered perturbation.
(C) Comparison of P compartment areas and cell numbers for each of the considered
perturbations with experimental values. Mean values from 100 simulations are shown
and error bars are standard deviations. Parameter values are given in Table 4.1 and in
Section 4.3. Shaded areas mark the ranges of experimentally observed values and are
added for reference and comparison with Figure 4.3. (D) Comparison of accumulated
numbers of cell deaths over 100 simulations in the front and back halves of the P
compartment for each of the considered perturbations.
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4.3.4 Robustness of compartment size and compartment cell

number to cellular asymmetry

To assess to what extent P compartment sizes and cell numbers are robust to spatial
asymmetry in cell mechanical properties, we next vary each of the three asymmetry
parameters in turn while keeping the others fixed at zero. Figure 4.9 shows that
increases in asymmetry lead to decreases in P compartment sizes and cell numbers
(top and middle row) and the degree of asymmetry in cell death across the front and
back halves of the compartment (bottom row).

In the model, P compartment sizes and cell numbers are most sensitive to asym-
metry in cell target areas; for example, a value of A4 > 0.9 can result in loss of the
entire P compartment. In contrast, P compartment sizes and cell numbers remain

within experimentally measured regimes for values of A, or \; from 0 up to 0.4.

4.3.5 Differential growth and mechanical regulation generate

distinct distributions of cell shapes in wit

To identify experimentally observable signatures to differentiate between modes of
regulating compartment homeostasis, we examined the distributions of four measures
of cellular morphology for the scenarios described in Figure 4.8. We extract the
distributions of cell areas, cell perimeters, lengths of edges between cells, and cell
elongations within the P compartment at the end of each simulation. We observe
distributions of these four measurements in the posterior compartment as a whole,
and in the front and the back halves of the compartment separately. The results of
this investigation are summarized in Figure 4.10.

The top two rows of Figure 4.10 show that the distributions of cell areas and
cell perimeters (row 1 and 2) for the area regulation scenario are distinct from the

corresponding distributions for the line tension and perimeter regulation scenarios.
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Figure 4.9: Sensitivity of P compartment size and cell number to asym-
metry. Variation of P compartment area (upper row) and cell number (middle row),
and of the number of accumulated cell deaths over 100 simulations in the front and
back halves of the P compartment (bottom row), as the asymmetry parameters Ay,
A, and A, are varied individually while holding all other parameters at their values
listed in Table 4.1. Shaded areas are added for comparison with Figure 4.3.

In particular, the distribution of all areas is bimodal for the area regulation scenario,
whereas it is not bimodal for the line tension and perimeter regulation scenarios.
A similar distinction can be made for the perimeter distributions, which is bimodal
for the ‘area regulation’ scenario and not bimodal for the ‘line tension regulation’
and ‘perimeter regulation’ scenarios. These bimodal distributions are marked by
nearly non-overlapping distributions of cell areas and cell perimeters in the front and
the back halves of the compartment for the area regulation scenario, whereas these
distributions are overlapping in the line tension and perimeter regulation scenarios.

Upon decomposing cell area distributions into contributions from the front and back
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halves of the P compartment, we see that the mean cell area is different between these
two halves in the area and perimeter regulation scenarios, and the same holds for the
cell perimeter distributions. Cell elongations and edge lengths have similar shapes
and mean values for all three asymmetry scenarios (rows 3 and 4 of Figure 4.10).
The results in Figure 4.10 suggest that it is possible to distinguish between the
‘area regulation’ scenario (differential growth across the compartment) from the ‘line
tension regulation’ scenario (regulation of apical mechanical properties) by measuring
the distributions of cell areas or perimeters in the front and the back halves of the
posterior compartment separately. The distribution of cell areas or perimeters across
the P compartment may further allow one to distinguish the ‘area regulation’ scenario
from the ‘perimeter regulation’ scenario, since this distribution is bimodal in the
former scenario, but not clearly bi- or unimodal in the latter. However, multiple
sources of noise in an experimental setup may make this distinction between the ‘area
regulation” and ‘perimeter regulation’ scenarios less clear. Measuring edge lengths or

cell elongations will not reveal differences between the scenarios.

4.3.6 Characteristics of cell area distributions for the en>dap
and en> CycF perturbations are preserved across asym-

metry scenarios

While cell area distributions in wt simulations may allow the different asymmetry
scenarios considered to be distinguished from one another, these distributions in the
en>dap and en>CycF cases provide model predictions that are preserved across all
scenarios. In each case, we find that the cell area distribution is multimodal. In par-
ticular, the en>dap cell area distribution is trimodal in the ‘area regulation’ scenario,
whereas it is bimodal in the other cases considered.

This multi-modality in areas arises from overlapping cell generations. Since we

assume that cell target areas decrease upon division (R4 < 1), each successive gener-
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Figure 4.10: Differential growth and mechanical regulation generate dis-
tinct distributions of cell shapes. Distributions of cell areas (row 1), cell perime-
ters (row 2), cell edge lengths (row 3), and cell elongations (row 4) for the wt simula-
tions of each scenario of cellular asymmetry. We distinguish distributions for all cells
in the posterior compartment (‘All’), for cells in the front half only (‘Front’), and cells
in the back half only (‘Back’).
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ation of cells has a smaller target area. In simulations of the en>CycE perturbation,
some cells divide twice while others only divide once, resulting in a bimodal cell area
distribution. Similarly, for the en>dap perturbation, some cells divide once while oth-
ers don’t divide at all; however, we also observe area differences between cells in the
front and the back half of the P compartment (Figure 4.10). These effects combine
to yield a trimodal cell area distribution.
In summary, the area distributions of the genetic perturbations en>dap and

en>CycFE may be used as a measure to validate the model assumptions, and provide a
further tool to distinguish the ‘area regulation’ scenario from the ‘perimeter regulation’

and ‘line tension regulation’ scenarios.

4.3.7 Simulated laser ablation experiments allow discrimina-

tion between asymmetry scenarios

As a further analysis of the model, we performed a laser ablation analysis on the
final configuration of our wt, en>dap and en>CycE simulations. In 100 simulations
for each perturbation, we ‘cut’ a randomly selected cell-cell interface (edge) in the
P compartment. This was implemented by setting the line tension parameter A for
this edge, as well as the perimeter tension parameter I' for the cells adjacent to the
edge, to zero. We then ran each simulation for 200 further time units and recorded
the average initial vertex recoil velocity and total vertex recoil distance. Results
for each of the three asymmetry scenarios are shown in Figure 4.12. We find that
under the ‘perimeter regulation’ scenario, the average initial vertex recoil velocity
and total vertex recoil distance are both smaller in each perturbation than in wt. In
contrast, under the two other asymmetry scenarios there is no significant difference
in these statistics across wt, en>dap and en>CycE simulations. These results offer
a further experimentally testable prediction that, in conjunction with the cell area

distribution results summarised in Figure 4.10, allows for discrimination between the
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Figure 4.11: Cell area distributions in the en>dap and en>CycE pertur-
bations are multimodal. Distributions of cell areas for each perturbation of cell
division events (wt, en>dap and en>CycE) and each scenario of cellular asymmetry.
Cell areas are recorded at the end of each simulation and error bars denote standard
deviations across 100 simulations. Parameter values are given in Table 4.1.

three asymmetry scenarios considered.

4.4 Discussion

In this chapter we have applied a vertex model of a Drosophila embryonic segment
to test hypotheses about the emergence tissue of size control. A comparison of the in
silico segment with extant literature values indicated that passive mechanical forces
suffice to explain the observed size control. However, the observed spatial heterogene-
ity in cell death frequencies requires some form of patterning of mechanical properties
across the tissue. Several conceptually distinct modifications of the model can explain
size control while also recapitulating the spatially varying rates of cell death: first, in-
dividual cells could regulate their sizes through differential growth; and second, cells
could regulate their apical mechanical properties through differential expression of
tension regulating protein activities. It is possible to distinguish these two scenarios
within the model by the spatial distribution of P compartment cell areas and perime-
ters, as well as by the speed of vertex recoil after laser ablations. These results hint at

two possible mechanistic functions of trophic (growth-promoting) signalling pathways,
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Figure 4.12: Simulated laser ablation experiments allow discrimination
between asymmetry scenarios. Average initial vertex recoil velocities and total
recoil distances across simulations of wt and perturbations. Error bars denote stan-
dard deviations across 100 simulations. Parameter values are given in Table 4.1 and
in Section 4.3.

such as EGFR or Wg (Parker, 2006; O’'Keefe et al., 1997; Sziits et al., 1997): they
could either cause growth of individual cells, or else modulate cell shape through the
regulation of contractile cytoskeletal activity, either of which would explain the ex-
perimentally observed shrinkage or growth when the pathways are perturbed (Parker,

2006).

4.4.1 Connecting robustness of proportional size control to

cell mechanics

Understanding the mechanism of tissue size control is particularly challenging due
to the interconnected and complex nature of cell signalling and the high degree of
feedback between cell- and tissue-level processes. Computational models therefore
offer an important tool for investigating and testing hypothesised mechanisms and to
abstract the principles underlying developmental robustness (Iber et al., 2015; Schwarz
and Dunlop, 2012; Xiong and Megason, 2015).

The development of multicellular organisms requires control of total cell numbers

and relative proportions of cell types with tissues. Size control can be divided into
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two steps: initial specification and maintenance (Li et al., 1999). Much work has
focused on the spatial regulation of cellular fates during early embryonic development.
Traditionally, tissue size specification has been associated with signalling gradients
(Wolpert, 1969; Crick, 1970; Rogers and Schier, 2011). However, the mechanisms
that ensure the maintenance of tissue size and of boundaries between tissues is less
well understood. In particular, the physics of size homeostasis for patterned epithelia
are not well understood, yet they are a recurring theme in development (Vakulenko
et al., 2009; von Dassow and Davidson, 2011) and it is increasingly recognised that
mechanical feedback plays a role in controlled tissue behaviour (Buchmann et al.,
2014; Shraiman, 2005).

A gradient growth model has previously been proposed for the regulation of P
compartment size in the Drosophila embryonic epidermis (Parker, 2006). This con-
ceptual model requires the correct maintenance of a morphogen gradient in the face of
multiple genetic perturbations. The present study demonstrates that an alternative,
passive mechanical model can partially explain robustness of P compartment sizes
and cell numbers in the Drosophila embryonic epidermis, eliminating the need for a
tightly controlled intermediary morphogen gradient. More detailed cell-level analysis
and modelling is required in the future to fully understand how morphogen signals
are established, maintained, and interpreted (Hufnagel et al., 2007; Wartlick et al.,
2011b), especially in the face of genetic or environmental perturbations.

Advancing our knowledge of how embryos achieve robustness to defects or damage
to the initial patterning of tissue domains is important for understanding the underly-
ing causes of birth defects, as well as diseases with an underlying basis of misregulated

growth, such as cancers.
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4.4.2 Providing predictions to guide future experimental in-

quiries into pattern repair

Although several studies have investigated the robustness of sizes of patterned epider-
mal segments of Drosophila, quantification has been somewhat sporadic and diffuse.
This quantification will, in general, require a thorough systems-level characterization
of later stages of Drosophila morphogenesis for multiple experimental perturbations.
The present study provides a basis for guiding future experiments that seek to identify
possible modes of size control in late stages of epithelial development in Drosophila.
How could model predictions be validated against such experiments? Several pre-
vious vertex models of developing epithelia have been validated against key summary
statistics. Such studies have focused primarily on the Drosophila wing imaginal disc,
which undergoes up to nine rounds of divisions to arrive at a distinct distribution
of cell polygon numbers (Farhadifar et al., 2007; Aegerter-Wilmsen et al., 2010). In
these studies, it is safe to assume that the initial distribution of cell polygon numbers
will not affect simulation outcomes, due to the high levels of proliferation. Here, we
considered one or two rounds of divisions; over such a short developmental timespan
we expect the initial sheet topology to influence final polygon distributions. Hence,
for a quantitative comparison of this summary statistic between model and data, ex-
perimentally informed cell shapes of late stage 10 segments may be required. Such
summary statistics remain lacking for the Drosophila embryonic epidermis during its
development, and collecting them poses an experimental challenge due to the small
system size (20-60 cells). Large sample sizes will be required to obtain accurate dis-
tributions of cell polygon numbers. Figures 4.11 and 4.12 in this study suggest that
distributions of cell areas, and characterization of vertex recoils following standard
laser ablation experiments, for genetic perturbations of the P compartment may be
used to validate the underlying computational model. Thus, future iterations of the

model may be further constrained through inference of mechanical parameters from
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laser ablation (Landsberg et al., 2009) or less invasive experimental protocols (Ishihara

and Sugimura, 2012).

4.4.3 Current limitations

Embryogenesis is an extremely complex process. To make headway into understand-
ing the factors that influence robustness of tissue size maintenance, there needs to
be conscious decoupling and abstraction of these factors through studies of simpler
systems. This is also part of the rationale for studies in genetic model organisms from
the worm and fly to mouse (Xiong and Megason, 2015).

Due to the lack of kinematic data on cell shapes and compartment sizes during
the latter stages of embryogenesis, we have not included an analysis of such kinematic
data for this initial study and have focused on more local mechanisms. In particu-
lar, we assumed that the overall tissue dimensions are constant during the considered
time frame, since the epidermis forms at the outside of the embryo during stage five of
Drosophila development and as a whole does not change dimensions for the remain-
der of development. However, larger scale tissue morphogenetic movements, which
are undoubtedly important for some aspects of morphogenesis (Butler et al., 2009),
may affect the exact size of a given subsection of the tissue. For example, dorsal
closure occurs during the considered time frame, which leads to an extension of the
tissue that we study (Gorfinkiel et al., 2009). The assumption that this extension
should not affect the relative proportions of A and P compartment size requires fu-
ture experimental validation. In addition, our finding that elevated tension along
compartment boundaries does not affect compartment sizes may be contrasted with
theoretical and experimental studies showing how differential line tension, either at
compartment boundaries or across tissues, may drive convergent extension (Rauzi
et al., 2008; Vroomans et al., 2015). A key conceptual difference between the present

work and these studies is the assumption of a fixed, or free, boundary to the tissue.
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In vertex models with a free boundary, contractile forces along cell perimeters
may lead to deviations of cell areas from their respective target areas. The analysis
of simulations with changed initial target areas presented in Figure 4.6 reveals that
such deviations between cell target areas and their absolute areas may lead to in-
creases in predicted apoptotic rates. Further investigation is required to understand
the boundary conditions that best represent the effect of adjacent tissues in different
epithelia, and the effects that forces along tissue boundaries can have on different
summary statistics. It may be possible to gain insights to this question by quanti-
fying tissue-level kinematics of germ-band retraction for the wt and developmental
perturbations.

Our model employs the quasi-steady state assumption that the tissue is at me-
chanical equilibrium at each time point. We justified this assumption on the basis
that individual cell cycle times of the 16th division cycle in Drosophila development
are around an hour (Ashburner, 2011). However, if cell divisions occur highly syn-
chronously, then this assumption might not hold. In en>CycFE embryonic segments,
the numbers of cell division events in the model were inferred from data where apop-
tosis was blocked by expressing the protein p35 in the P compartments (Parker, 2006).
It has previously been reported that epithelial sheets can extrude cells that are not
undergoing apoptosis (Marinari et al., 2012); if this occurs to a great extent in the
Drosophila embryonic epidermis, then our inferred numbers of mitotic events would
require adjustment. In this case, an in vivo cell tracking study would be necessary to
measure the levels of cell division and extrusion events. Such data would also help to
shed light, for example, on the possible impact of mitotic cell rounding on local cell
shapes and possible short-range correlations between mitosis and apoptosis events.
Since apoptosis in the vertex model is a passive process, we cannot extend our model
analysis to p35 mutants in which apoptosis is blocked. How to adapt vertex models

in such a way as to prevent the occurrence of T2 transitions while retaining tissue
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integrity remains an open question.

Due to a current lack of data in the literature, our model does not include a
description of upstream patterning of cell types. Instead, we infer the necessity of
patterning of cell mechanics through simulations. This study is timely as it provides
some guidance into important parameters and considerations that should be taken
into account in future quantitative analyses of the late stages of epidermal develop-
ment, including germband retraction and head involution. From the results presented
here, further questions arise. If a passive mechanical model is sufficient to explain
compartmental size control, then what is the functional role of Spitz-mediated EGFR
regulation? It is known that EGFR signalling is required for dorsal closure during
Drosophila development (Shen et al., 2013). Hence, it is possible that the influence
of EGFR signalling on larval compartment sizes reflects the role of EGFR signalling
in convergent extension during dorsal closure. If the asymmetry in our model reflects
patterning of mechanical properties through trophic signalling, then a more detailed
experimental analysis of the spatio-temporal dynamics of cellular signalling will allow
more detailed modelling of how these properties may be patterned.

The results in this chapter are not sensitive to the mechanical parameters A and T’
of the model, enabling us to make experimental predictions without knowing the exact
value of these parameters. However, in other contexts it may be necessary to measure
these parameters from experimental data. Parameter inference for cell-based models,
such as the vertex model, is not trivial and requires a careful choice of summary
statistics. Specifically, the uncertainty quantification of such parameter estimation is
challenging. For this reason, inference of the mechanical vertex model parameters A

and T from experimental data will be the focus of the next chapter.
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Chapter 5

Parameter inference on vertex

models

Having applied the vertex model to tissue size control as a fundamental question in
developmental biology in Chapter 4, we next investigate methods for inferring the

mechanical parameters of the vertex model from microscopy imaging data.

5.1 Background and motivation

Cell-based models typically include mechanical parameters. For example, spring
constants may define the interaction strength between cells in a cell-centre model
(Meineke et al., 2001) or the elasticity of cell boundaries in immersed-boundary mod-
els (Cooper et al., 2016). The vertex model considered in Chapters 2, 3 and 4 includes
two mechanical parameters, I' and A, in equation (2.4). Such parameters may strongly
influence the behaviour of a model. For example, the interaction strength between
cells in a cell-centre model has an impact on the overall cell density (Murray et al.,
2009), and in the vertex model, I and A affect cell shapes and their packing proper-
ties (Farhadifar et al., 2007). However, the optimal choice for mechanical parameters

to model a specific system accurately is often not intuitive, since these mechanical
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parameters reflect properties of single cells or pairwise interactions. To measure the
mechanical properties of a single cell it may be necessary to remove it from the sur-
rounding tissue, which may, in turn, influence its properties.

In the case of vertex models, efforts have been made to estimate mechanical param-
eters from tissue-scale measurements. Farhadifar et al. (2007) analyse Drosophila wing
imaginal discs and estimate the parameters A and I' by manual fitting using a combi-
nation of summary statistics of cellular packing, as well as laser ablation experiments.
In particular, Farhadifar et al. (2007) employed the distribution of cell neighbour
numbers and the average area of cells for each polygon class, as well as the recoil of
the vertices adjacent to an ablated edge, and the changes in cell area and perimeter
for cells sharing the ablated edge. Analysing the same tissue, i.e. Drosophila wing
imaginal discs, Canela-Xandri et al. (2011) and Schilling et al. (2011) use the same
summary statistics of cellular packing, but do not employ laser ablation experiments
for the fitting of A and T', whereas Mao et al. (2011) use the cell neighbour number
distribution only. Nestor-Bergmann et al. (2016) study animal cap tissue from Xeno-
pus laevis and identify the average circularity (or elongation) for cells of each polygon
class as a preferable summary statistic over other choices. All of these authors ar-
rive at different parameter estimates, which is not surprising given that the analysed
tissues, summary statistics, and model implementations differ.

Different approaches have been taken to fit summary statistics obtained from ver-
tex models to experimental data. Canela-Xandri et al. (2011) and Schilling et al.
(2011) use an ad-hoc approach to obtain best-fit parameter values, whereas Mao et al.
(2011) and Nestor-Bergmann et al. (2016) use a least-squares approach to estimate
the mechanical parameters of the vertex model. Merzouki et al. (2016) infer pa-
rameters of the vertex model through tissue deformation and comparing stress-strain
curves obtained from simulations with those obtained in experiments on monolay-

ers of Madine-Darby Canine Kidney cells, a common model tissue for the analysis
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of epithelia (Harris et al., 2012). In these experiments, a free monolayer was sus-
pended between rods and the stress curve was recorded as the distance of the rods
was increased. A similar approach is taken by Xu et al. (2015a,b), who highlight that
stress-strain curves obtained in this way are affected by the amount and orientation of
cell divisions. Similarly, Wyatt et al. (2015) show that cell divisions in tissues under
stress orient such that the stress is reduced.

Studies that seek to measure cellular mechanical properties in epithelia also include
force-inference methods (Chiou et al., 2012; Ishihara and Sugimura, 2012; Ishihara
et al., 2013). Force-inference methods typically assume that the tissue is in a steady
state and fit a heterogeneous generalisation of the vertex model to microscopy data of
epithelia in order to find the values for apical tension and pressure forces on each cell
that can best explain its shape in relation to the shapes of its neighbours. Such force-
inference approaches are particularly suitable to estimate mechanical heterogeneity in
a tissue without the need to physically manipulate the sample.

None of the studies mentioned above quantify the uncertainty for estimations of
mechanical parameters in the vertex model introduced in Chapter 2, or rigorously
investigate the most informative choice of summary statistic or experimental setup
for parameter estimation in vivo. While allowing an accurate estimation of param-
eters, tissue manipulations such as those discussed by Merzouki et al. (2016), Xu
et al. (2015a) and Harris et al. (2012) are not directly applicable to developing em-
bryos in wvivo, since they require the removal of the tissue under investigation from
its substrate. Force-inference methods have proven successful at estimating spatial
mechanical heterogeneity and give access to the uncertainty associated with such mea-
surements. However, it is unclear how force-inference results could be translated into
optimal choices for the parameters in a vertex model, since they rely on a much larger
set of parameters.

The aim of this chapter is to investigate inference methods for vertex models
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that are applicable in vivo and allow uncertainty estimation. Specifically, we aim to
identify which summary statistics and in vivo measurements are most informative in
estimating vertex model parameters. To do so, we return to the simulations of growth
in the Drosophila wing disc that we introduced in Chapter 3.

When estimating parameters in stochastic biological systems, approximate Bayesian
computation (ABC) (Beaumont et al., 2002; Beaumont, 2010) is often used. In
Bayesian statistics it is common to consider the joint probability distribution p(©, D)
of parameters © and data D in order to calculate the posterior distribution p(©|D),
the probability distribution of the parameters given the data. The calculation of the

posterior is achieved by applying Bayes’ rule

p(DIO)p(O)

p(©|D) = (D)

(5.1)

Here, p(D|O) is the probability of the data D given the parameter ©, and is usually
referred to as the likelihood, and p(D), the probability of observing the data, is the
marginal likelihood. The likelihood of the parameter p(©) is referred to as the prior.
In equation (5.1) the data D and the parameter © are one-dimensional. However,
this does not need to be the case in general and it is common that both the data and
parameter are vector-valued.

For complex computational models, such as the vertex model, the likelihood is
not analytically tractable. In such cases, ABC provides a method to approximate the
posterior through random sampling of parameters from the prior and evaluating the
model for each sample. Samples for which a chosen summary statistic is sufficiently
close to the observed data are considered samples of the posterior, otherwise they are
simply discarded or ‘rejected’. It is possible to refine the estimate of the posterior by
conducting a regression adjustment step (Beaumont et al., 2002), which applies local-
linear regression to move all accepted samples closer to the real posterior distribution

as well as assigning accepted parameters that are closest to the observed data higher
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weights in the estimated posterior.

Various adaptations to such rejection-based ABC exist. Well-established exam-
ples include: Markov Chain Monte Carlo approaches (MCMC-ABC) (Marjoram et al.,
2003), which aim to reduce the number of rejected samples by generating each new
sample in proximity to previously accepted samples; sequential Monte Carlo tech-
niques (SMC-ABC) which iteratively redefine the prior to eventually converge to the
posterior (Sisson et al., 2007); and approximate approximate Bayesian computation
(AABC) (Buzbas and Rosenberg, 2015), which uses statistical surrogate models to
enable the fast generation of a large number of samples. Here, we apply standard
rejection-based ABC with regression adjustment as introduced by Beaumont et al.
(2002), who showed on selected examples that the regression adjustment leads to
better estimates of the posterior than rejection sampling alone. In contrast to more
sophisticated methods, rejection-based ABC allows us to use a fixed set of sample
simulations to evaluate the suitability of various summary statistics of the data at
different points in parameter space.

We show how ABC methods can be applied to computational models of the grow-
ing Drosophila wing imaginal disc. We find that parameter estimates from summary
statistics of cellular packing or from tissue responses to laser ablations are associated
with high parameter uncertainty. We further identify the mean area of cells of each
polygon class as the most suitable summary statistic for vertex model parameter in-
ference and analyse the quality of the arising parameter estimates at different points
in parameter space. The remainder of this chapter is structured as follows. In Sec-
tion 5.2 we describe the simulations of vertex model tissue growth for which we infer
parameters and describe the inference method in detail. In Section 5.3 we compare a
range of summary statistics and their utility in inferring parameters. In Section 5.4

we discuss the implications of our findings.
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5.2 Methods: ABC for vertex models

Here, we use the vertex model of growing Drosophila wing imaginal discs that we
introduced in Chapter 3 to generate static cellular packings that correspond to minima

of the energy (2.4).

5.2.1 Adaptations to the vertex model

Throughout this chapter, we use a modified version of the model described in Chapter
3, which leads to shorter computation times. This is required because we need to
simulate the model using a large number of samples from the prior distribution. In
the following, we describe the model modifications in detail, discuss the impact of
these modifications to summary statistics of cell packing generated by the model, as
well as the calculation times. Our modifications to the model include adjustments to
the boundary and initial condition, as well as the model parameters.

Instead of initialising the simulation with 36 cells as in Chapter 3, we start our
simulations with four cells (Figure 5.1A), and let the tissue grow to around 500 cells
over the turn of ny = 7 rounds of divisions (Figure 5.1B). We also introduce a new
parameter, Ag, which is used to calculate the line tension, i.e. the second term in
equation (2.4), of cell interfaces with the tissue boundary. If the line tension parameter
A is negative, we set the line tension of edges along the boundary to zero, Ag = 0.
Otherwise, we set Az = A as in Chapter 3. This adjustment of the boundary condition
helps prevent boundary artefacts that lead to unphysical tissue shapes (Figure 5.1C).
In Figure 5.1C, the simulation parameters are A = —0.85 and I' = 0.1, and the line
tension for cell edges along the tissue boundary is the same as throughout the tissue,
i.e. Ag = A = —0.85. In simulations with this parameter choice, cells disconnect from
each other or self-intersect, leading to failure of the simulation algorithm. In contrast,
for simulations using A = —0.85, I’ = 0.1, Ag = 0, the tissue grows normally and

leads to a physically meaningful tissue configuration (Figure 5.1D). If A is negative,
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Figure 5.1: Simulation setup and boundary conditions (A) The initial condi-
tion comprises four hexagonal cells. (B) The tissue grows for ny; = 7 rounds of divisions
until it comprises approximately 500 cells. The parameter values A = Ag = 0.12 and
T' = 0.04 were used, all other parameter values are listed in Table 5.1. (C) If the
line tension parameter A is negative in the bulk of the tissue as well as on the tissue
boundary, the tissue may assume unphysical configurations. The parameter values
A =Ap = —0.85 and I = 0.1 were used, all other parameter values are listed in
Table 5.1. (D) We prevent such boundary artifacts by setting the line tension along
the tissue boundary to zero when A is negative, leading to well-defined tissue geome-
tries. The parameter values A = —0.85, Az = 0.0 and I = 0.1 were used, all other
parameter values are listed in Table 5.1. Panels (A-D) are rescaled to fit the view; a
scale bar is added for comparison.
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the energy contribution of individual edges decreases as the edge length increases.
Since the motion of boundary vertices is unopposed by neighbouring cells, cells at the
boundary may thus grow to arbitrarily large sizes or self-intersect if the associated
gain in energy from the edges is sufficiently large. Such boundary effects are prevented
if Ag = 0. An adjustment of the boundary tension is not necessary if A is positive,
since in this case it is energetically favourable for edges to shorten.

Further to adjusting the boundary condition, we choose a different set of simulation
parameters to those proposed in Chapter 3, as listed in Table 5.1. The differences
in parameter values between simulations in this chapter and those in Chapter 3 are:
(i) the initial condition consists of four hexagonal cells instead of 36; (ii) the mean cell
cycle duration is set to 20 instead of 1750; (iii) each cell undergoes seven rounds of
cell division instead of five, and (iv) the simulation duration is 700 instead of 27000.
Note that we non-dimensionalised the model in equations (2.4) and (2.3). Hence, the
vertex model parameters used throughout this thesis are unit-less.

We chose these parameters so that the final tissue is sufficiently large to obtain
tissue-level summary statistics of cell packing while minimising the amount of time
that is required to run a single simulation. Ensuring that individual simulations of the
model take a small amount of time to run is a prerequisite for conducting rejection-
based ABC, since ABC requires simulation of the model using a large number of
samples from the prior distribution. For example, throughout this chapter we use
100,000 samples. We will discuss simulation times further later in this section.

The described change in model parameters accelerates the propagation of the tissue
from its initial to its final configuration. This change is justified, since, in this chapter,
we do not study study temporal changes within the tissue during growth. We instead
focus on the packing geometry and tissue properties at the end of the simulation,
when the tissue has equilibrated into a stable, static configuration. In Chapter 3 a

key descriptor of cellular packing, the average area of cells of each cell neighbour (or
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polygon) number, was unaffected by changes in the cell cycle duration over multiple
orders of magnitude. This suggests that characteristics of cellular packing in the
final tissue configuration are not affected by an acceleration of tissue growth. In
previous studies, summary statistics of cellular packing after tissue growth originally
reported by Farhadifar et al. (2007) were similar in simulations that used alternative
approaches to generate cellular packings, for example where the vertex model was
relaxed from initial random Voronoi tessellations (Nestor-Bergmann et al., 2016).
This emphasises that static tissue configurations in the vertex model are governed
by the energy equation (2.4) and are less strongly affected by the dynamic processes
leading up to the final configuration.

To estimate to what extent our adaptations to the model may influence tissue
properties, we compare outcomes between our simulation procedure and the one de-
scribed by Farhadifar et al. (2007) for three points in parameter space in Figure 5.2.
In this figure, cell packings resemble those simulated previously by (Farhadifar et al.,
2007). Further, the average area per polygon class as a sample summary statistic of
cell packing is similar to those previously reported for all three considered parameter
combinations. In Figure 5.2F, the mean area per polygon class deviates between our
simulations and those reported by Farhadifar et al. (2007) for seven- and eight-sided
cells. This difference may, however, not originate in the differences in parameter
choices between the simulations in this chapter and those described in Chapter 3.
Instead, it might originate from differences in boundary conditions between our sim-
ulations and those by Farhadifar et al. (2007), or from differences in the choice of
cell-cycle model. We previously encountered differences in cell-neighbour number dis-
tributions between our simulations and those by Farhadifar et al. (2007) in Chapter
3. We conclude that the final vertex configuration in our model represent typical cell
packing geometries of the vertex model for different points in (T', A) parameter space.

Next, we discuss how we conduct ABC on the vertex model. We begin by motivating
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Table 5.1: Description of parameter values used in this chapter.

Parameter Description Value Reference
At Time step 0.01 Fletcher et al. (2013)
Al T2 transition area threshold 0.001 Fletcher et al. (2013)
- T1 transition length threshold 0.01 Fletcher et al. (2013)
p New edges after a T1 transition have 1.5 Fletcher et al. (2013)
the length I/ . = pl’,
A’s Initial cell area 1.0 Farhadifar et al. (2007)
Ay Initial cell target area 1.0 Farhadifar et al. (2007)
N* Initial cell number 4 =
1 Mean cell cycle duration 20 -
ot Simulation duration 700 -
ng Total number of divisions per cell 7 -
Ny Total number of samples investigated 100,000 -
M Number samples used for posterior es- 1000 -
timates

The parameter values provided in this table are used throughout this chapter, unless
stated otherwise. For parameter values for which no reference is given, please see
Section 5.2 for details on how these values were chosen. Spatial and temporal
parameters are non-dimensional (see Section 2.2 for details).

the shape of our prior and our implementation of rejection-based ABC with regression

adjustment.

5.2.2 Definition of the prior

In this chapter, we aim to infer the mechanical parameters of the vertex model from
snapshots of simulated tissues without any prior knowledge of what the possible model
parameters might be. Thus, in order to define the prior distribution of parameters
it is necessary to understand which combinations of parameters in the vertex model
may lead to realistic modelling outcomes, and where in parameter space the model is
unphysical.

The parameter space of the vertex model with energy (2.2) has previously been
investigated by Farhadifar et al. (2007) and Staple et al. (2010) and can be subdivided

into three regions labelled A, B, and C in Figure 5.3. In region A, stable configurations,
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Figure 5.2: Cellular packings depend on the mechanical vertex model pa-
rameters A and T'. (A,D,G) Sample cell shapes at the end of the simulation for
different parameter values. (B,E,H) Cell shapes from simulations reported by Farhad-
ifar et al. (2007), reprinted with permission from Elsevier. (C,F,I) Cell shapes are
quantified by the mean area of cells of each polygon class, and compared between our
simulation outcomes and those by Farhadifar et al. (2007). Parameter combinations
are A =0.12, T = 0.04 (A-C); A=0.0,T =0.1 (D-F) and A = —0.85, I" = 0.1 (D-F).
i.e. stable minima of the energy equation (2.4) do not exist, since in this region the
minimal energy is degenerate and infinitely many vertex configurations are possible
at the energy minimum. This region is characterized by zero shear-stress of the
tissue. We were unable to generate simulations of growing Drosophila wing discs in
this regime, in agreement with previous results (Staple et al., 2010; Farhadifar et al.,
2007; Nestor-Bergmann et al., 2016). Simulations in region A tend to stop prematurely

due to self-intersecting or overlapping cells. In region B, well-defined energy minima

exist, and cell packings vary as the parameters are changed within this region (see, for
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Figure 5.3: Definition of the prior. The parameter space of the vertex model
with a free boundary and energy equation (2.4) can be subdivided into three regions
denoted A, B, and C. Region A marks configurations of zero shear stress, where
infinitely many vertex configurations are possible at the energy minimum of equation
(2.4). In region B, vertex configurations can be stable, corresponding to a well-defined
energy minimum. In region C, the energy is minimal when all cells have zero area
and zero perimeter. Throughout this chapter, the prior is chosen to be a uniform
distribution covering region B.

example, Figure 5.2). In region C, all cell areas are zero at the energy minimum, i.e.
tissues initialised in this region shrink until all cells are removed from the tissue by
T2 transitions. Thus, we define the prior as a uniform distribution across region B of
Figure 5.3, i.e. a uniform distribution across the region in parameter space where the
model leads to physical results, restricted to the ranges —1.5 < Aand 0 < T < 0.2.
The restriction of the parameter values to these ranges is common in the literature,
and a wide variety of biophysically realistic model behaviours has been observed within

this range (Farhadifar et al., 2007; Staple et al., 2010; Nestor-Bergmann et al., 2016).

The borders of region B can be estimated analytically by calculating the energy
minima of equation (2.4) for tissues containing single, regular n-gons (Staple et al.,
2010). Different polygon classes give rise to different boundaries for the transition
between stable configurations in region B and shear-free configurations in region A.

Among all polygon classes, this boundary occupies the ‘left-most’ position for tri-
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angular cells, which allow the lowest values of A. For cells of triangular shape, the

boundary between region A and region B is described by the line (Staple et al., 2010)

A = —4T'y/3tan /3. (5.2)

The boundary between region B and C assumes positions at increasing values of A
as the polygon number increases. For large values of n, this position converges to

(Staple et al., 2010)

3 8(1—27TF

3/2
= 3 ) (27T < 1),

(e

(5.3)

A=0 (27T > 1).

Using equations (5.2) and (5.3) we thus define the prior to exclude regions in parameter
space where all simulations are unphysical. However, unphysical solutions may also
occur in region B in Figure 5.3 for parameters that are close to the boundaries (5.2)
and (5.3). Note that these boundaries are derived using free boundary conditions in

the vertex model, such as in this study.

5.2.3 Sample generation

Within the region B of Figure 5.3 we generate Ny = 100,000 samples of our wing
disc simulations using a supercomputer. Using the parameters listed in Table 5.1
a single simulation requires approximately five minutes to run on a single machine
with a Intel(R) Core(TM) i5-5200U CPU with 2.20GHz and 8GB memory. Note
that running all simulations requires approximately 83,000 hours of calculation time.
Simulations in Chapter 3 take five to six times longer to run than those reported
here. Of the 100,000 generated sample simulations, 10,762 simulations did not run to
completion due to unphysical events, for example the generation self-intersecting or

overlapping cells.
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5.2.4 Implementation of ABC regression

In Section 5.3 we investigate various summary statistics and their utility in inferring
vertex model parameters. Specifically, we evaluate the model at a reference parameter
vector Ogps = (Agbs, Lobs). The samples used for parameter inference using ABC
have parameter vectors @, = (Ag,Tx), k = 1,...,Np. A given vector of summary
statistics computed with @, takes the vector form sqps = (s1,...,55)7 with a total
of S components, and the summary statistic at sample ©, assume the values s, =
(Sk1,---,5ks)T. Throughout this chapter, we use summary statistics where individual
vector entries si,...,Ss have been rescaled by their respective standard deviations
across all samples. This is a common procedure in ABC, since it reduces the impact
of vector components with high variance onto the parameter estimate (Beaumont
et al., 2002; Beaumont, 2010).

Inference is then conducted by first accepting the M = 2,000 closest samples
based on an Euclidean distance measure to the reference statistic, d; = ||8; — Sobs||2-
Note that, when conducting rejection-based ABC, it is common to accept a small
proportion of the total number of samples rather than all samples within a chosen,
small distance. If the accepted proportion is sufficiently small, all accepted samples
will be close to the observed summary statistic, thus avoiding the necessity of selecting
an appropriate acceptance distance. The acceptance threshold, d, can be identified as

the maximal distance of all accepted samples
§= Z:I{laXM{dZ} (5.4)

We then proceed by adjusting the accepted parameters ©; = (A;,T;) using local-

linear regression, as introduced by Beaumont et al. (2002). Specifically, we minimise
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the penalty function

M
flo, B) =3 _11©; — o = (si — sons)" BI*Ks(|lsi — sos]]); (5.5)
i=1

providing the regression parameters e and B for a local-linear regression of the pa-

rameters dependent on the summary statistics,
82' =+ (82‘ — SObS)TB + €;. (56)

Here, Ks refers to the Epanechnikov kernel function

K(llss — sl :max{j; (1 _ ("j;") ) 70}, (5.7

and the €; are uncorrelated random variables with zero mean and a common variance.
Note that no further assumptions are made as to the distribution of the €;. In practice,

the penalty function (5.5) can be minimised by calculating the matrix C

o T 1v T A
C= = (X" WX) X' Wo. (5.8)
B
This matrix C' has two columns and S + 1 rows. The matrix W has diagonal entries

K5(||si — Sobs||) in the i*" row and zero entries everywhere else, whereas the matrix

X has the form

I sip—s1 - S15—Ss
X = (5.9)
I syi—s81 -+ Sus—Ss
The matrix © is of dimension 2x M and contains all accepted samples, © = (©,...,0)T.

After calculating the matrix B using equation (5.8) we can perform the regression
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adjustment on all samples,

0 =0; —(s;—s)'B; (5.10)

7

thus shifting the samples towards the posterior at s, instead of s;. Note that the

vector ¢ estimates the mean of the posterior distribution

in ©7 K;5(|]si — s|l)
iny Ks(|s: — sl))

(5.11)

To estimate posterior distributions, we use kernel density estimation with the Epanech-
nikov kernel. Specifically, each parameter vector @7 is assigned the weight w; =

Ks5(||8; — Sobs||), and the posterior density at parameter @ can be written as

1, 18] = K, (T; = Thw,

M
Zi:1 w;

p(©) = (5.12)

The kernel thresholds p and o are used calculate the density in A and I parameter
space, respectively. Note, that these thresholds are different from the previously used
kernel threshold, d, which is a measure of the distance between observed and simulated
summary statistics. When using kernel-density estimation, the estimated density at a
given parameter point may depend on the kernel thresholds p and ¢. Throughout this
chapter, we use least-squares cross-validation to select p and o automatically (Li and
Racine, 2007). Least-squares cross-validation, as described by Li and Racine (2007),
is an established method to select kernel thresholds and aims to minimise the mean

squared error of the density estimate.
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5.3 Results: Estimating uncertainty in vertex model
parameter inference

In the following, we investigate the efficacy of different summary statistics when in-
ferring the parameters of a reference simulation that is run with a known set of
parameters. We start with a reference simulation using the parameters Agps = 0.12,
Tops = 0.04, a commonly used set of parameter values in the vertex model (Farhadifar
et al., 2007; Aegerter-Wilmsen et al., 2010).

First, we analyse the posterior distributions generated using different summary
statistics of cell packing. We start by focussing on first-order summary statistics that
characterize the shapes of individual cells, before turning to second-order summary
statistics of cell packing that reflect the relationships between shapes of adjacent cells.
Note that vertex positions in our model are measured in units of the characteristic
length scale of the tissue, which we set equal to the square root of the target area
of cells in the tissue, L = y/Ay. Since this target area, Ay, may differ from the
actual area of cells it is not experimentally accessible. Throughout this chapter we
thus consider dimensionless summary statistics. Specifically, we divide all area-based
summary statistics by the average area of cells in the tissue, and all length-based

summary statistics by its square root. A full list of all summary statistics used in this

chapter and their mathematical description is provided in Table 5.2.

5.3.1 Parameter estimates from summary statistics of cell

shapes have high uncertainty

First-order summary statistics of cell packing are often used for parameter estimation
in vertex models. The most common examples of these are the distribution of polygon
(cell neighbour) numbers and the average area of cells for each polygon class. Here,

we employ both of these summary statistics for parameter inference, in addition to
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Figure 5.4: Posterior distributions generated using different summary
statistics of cell shape spread across parameter space. Posterior distribu-
tions of first-order summary statistics of cell shape are shown in green. Model and
inference parameters are listed in Table 5.1 and mathematical descriptions of the
summary statistics are provided in the text and listed in Table 5.2. Crosses mark the
reference parameter vector of the observed data for which the posterior is estimated.
Circles mark the means of the posterior distributions.

the average cell perimeter, the average edge length (i.e. the average length of cell-cell
interfaces), the average cell elongation, and the standard deviation of cell areas within
the tissue. Note that we introduced the cell elongation summary statistic in Chapter
4, and provide its mathematical description in Section 4.2. Similar to our analysis
in Chapter 3, all summary statistics of cell shapes are averaged over all cells in the
tissue that do not share an edge with the tissue boundary, since cell shapes along the
tissue boundary differ from those in the bulk of the tissue.

The approximate posterior distributions generated by ABC using these first-order
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summary statistics are shown in Figure 5.4. In this figure, the value of the reference
parameter vector is indicated by a purple cross, whereas the mean of the posterior
distribution is indicated by a circle. Out of the posterior distribution in Figure 5.4,
none estimates the parameters of the reference simulation correctly, based on the
means of the posterior distributions. The closest, i.e. the most accurate, parameter
estimate is achieved by the summary statistic ‘Area ratios’, with a parameter estimate
of (A,T) = (—0.28,0.076). For this summary statistic, the posterior distribution is
also the most narrow and concentrated, i.e. it is the posterior distribution with the
lowest degree of uncertainty. The marginal standard deviations are 0.14 and 0.035
in A and T, respectively. All of the posterior distributions spread across parameter
space instead of concentrating in an area close to the true parameter vector. Thus, the
parameter estimates are all associated with a high degree of uncertainty, and therefore
without knowing the reference parameter set it would be difficult for us to evaluate
the quality of parameter estimates, including the cases of the commonly used polygon

distribution and the cell area ratios.

5.3.2 Posterior distributions are robust to the total number

of samples and the number of accepted samples

When conducting ABC, it is important to check that the method is applied correctly.
It is necessary to check that the total number of samples, N, is sufficiently large,
and that the number of accepted regression samples, M, is sufficiently small in order
to generate accurate representations of the posterior. In Figure 5.5 we compare the
posterior distributions obtained with Ny = 100, 000 and M = 2,000 (Figure 5.5A), to
those obtained with Ny = 50,000 and M = 1,000 (Figure 5.5B), and those obtained
with Ny = 100,000 and M = 1,000 (Figure 5.5C). In Figure 5.5B, both Ny and M
are reduced while fixing the acceptance ratio M/Nr at 0.02. As Figures 5.5A-C show,

the posterior distributions obtained using the summary statistics ‘Polygon numbers’
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Table 5.2: Description of summary statistics used in this chapter.

Abbreviation

Summary statistic

Description

Polygon  num-
bers
Area ratios

Cell perimeter

Edge length
Cell elongation

Area deviation
Area correlation

Polygon number
correlation
Neighbour areas

Neighbour num-
bers

Laser recoil

Area asymmetry

Perimeter asym-
metry

(p47 e 7p8)

((A)a/(A), -, (A)s/(A))

I
N
=

(A

o(A)/{4)
COI'I'(Ai, AJ)

corr(N;, ;)
((Aneign)a/(A), -, {(Ancign)s/(A4))
((Nncigh)4; - - - (Vueign)s)
(drecon) / 1/ (4)
(AA)/(drecony/ (A))

(<AP> - 2drecoil)/drecoil

Cell neighbour number distribution

Mean area of cells of each polygon class
Average cell perimeter

Average edge length

A measure for the elongation of each
cell, cf. Section 4.2.

Standard deviation of the cell areas
Correlation between areas of adjacent
cells 7 and j

Correlation between neighbour num-
bers of adjacent cells ¢ and j

Mean neighbour area of cells for each
polygon class

Mean neighbour number of cells for
each polygon class

Recoil distance of vertices adjacent to
an ablated edge

Relative change in area of the adjacent
cells over the vertex recoil

Relative change in perimeter of the ad-
jacent cells over the vertex recoil

Further motivation for each summary statistic is provided in the text. p, denotes
the proportion of cells of polygon class n. The notations Ayeigh and Nyeigh denote the
average area of a cell’s neighbours and the average polygon number of a cell’s
neighbours, respectively. The notation (-),, denotes the average over all cells of
polygon class n, whereas the notation (-) denotes the average over all cells in the
tissue. Both averages exclude cells at the tissue boundary. For the summary
statistics ‘Polygon numbers’, ‘Area ratios’, ‘Neighbour areas’ and ‘Neighbour
numbers’ only cells of polygon classes four to eight are considered, since cells with
different neighbour numbers are rare in the tissue, compare, for example, Figure 3.3.
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Figure 5.5: Posterior distributions are robust to inference parameters Nr
and M. (A) Posterior distributions of the summary statistics ‘Polygon numbers’
and ‘Area ratios’ obtained using the inference parameters Ny = 100,000 and M =
2,000. (B) Posterior distributions obtained by using half the total number of samples,
Nr = 50,000. We also halved the acceptance threshold to M = 1,000 in order to
ensure that the acceptance ratio M /Ny is unaffected. (C) The posterior distributions
obtained when halving the acceptance ratio, i.e. Ny = 100,000 and M = 1000. Model
and inference parameters are listed in Table 5.1 and mathematical descriptions of the
summary statistics are provided in the text and listed in Table 5.2. Crosses mark the
reference parameter vector of the observed data for which the posterior is calculated.
Circles mark the means of the posterior distributions.
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and ‘Area ratios’ are not strongly affected by such changes of the inference parameters
N7 and M and the characteristics of these distributions, including their mean value,
are preserved. For example, for the ‘Polygon numbers’ summary statistics, the mean
values of (A,T') are (—0.251,0.12), (—0.245,0.115) and (—0.248,0.123) for cases A,
B and C in Figure 5.5, respectively. We conclude that, for our choice of Ny and
M, the ABC method has converged and that the obtained posterior distributions are

sensible.

5.3.3 Parameter estimates from second-order summary statis-
tics share characteristics of parameter estimates from

first-order summary statistics

In Figure 5.6 we investigate the efficacy of second-order summary statistics in esti-
mating vertex model parameters. We focus on four quantities: the ‘Area correlation’,
i.e. the correlation coefficient between areas of adjacent cells; the ‘Polygon number
correlation’; i.e. the correlation coefficient between neighbour numbers of adjacent
cells; the ‘Neighbour areas’, i.e. the mean area of neighbours for cells of each polygon
class; and the ‘Neighbour numbers’; i.e. the mean polygon number of neighbours
for cells of each polygon class. Throughout this chapter, we calculate correlations

between two random variables A and B by

corr(A, B) = (A= <Ii>j((7i — <B>)>, (5.13)
where ox denotes the standard deviation of a random variable X. In the case of
‘Area correlation’ and ‘Polygon number correlation’, the random variables are the
areas and polygon numbers of adjacent cells, respectively. In these cases, the average
in equation (5.13) is taken over all pairs of adjacent cells.

In general, the second-order statistics in Figure 5.6 suffer the same drawbacks as
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Figure 5.6: Posterior distributions obtained using second-order summary
statistics of cell shape have similar shapes to those using first-order statis-
tics. Posterior distributions of second-order summary statistics are shown in green.
Model and inference parameters are listed in Table 5.1 and mathematical descriptions
of the summary statistics are provided in the text and listed in Table 5.2. Crosses
mark the reference parameter of the observed data for which the posterior is calcu-
lated. Circles mark the means of the posterior distributions.

the first-order summary statistics. In particular, they all have drawn-out posterior
distributions covering wide regions in parameter space and the mean value of the
posterior distributions lie in a different region of parameter space than the parameters
of the reference simulation.

The shapes of the posterior distributions in Figures 5.4 and 5.6 have striking sim-
ilarities. For many of the summary statistics, such as the ‘Area correlation’ or ‘Cell
elongation’, the posterior distributions spread along a narrow, elongated region in

parameter space. This indicates that cell shapes and neighbour relationships gen-
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erated by the vertex model within such regions are similar and indistinguishable by
the employed summary statistics. The reason for this might be that the parame-
ters A and T have distinct but related roles in the vertex model. The parameter A
regulates the strength of an energy contribution linear in the edge length, and I reg-
ulates the strength of an energy contribution quadratic in the perimeter. In this way,
both parameters affect the overall contraction force along cell-cell interfaces, which
might explain why stable configurations in the vertex model appear similar in regions
of decreasing A and increasing I'. This relationship can be illustrated by consider-
ing the stability conditions for tissues containing single cells derived by Staple et al.
(2010), who considered tissues containing single polygons of target area 1, area a, and

perimeter p. Such polygons are energetically stable if

2a(a — 1) +Tp? + Ap/2 = 0. (5.14)

If a polygon with area a and perimeter p is stable for fixed values of A and T, then
there are infinitely many other parameter combinations for which equation (5.14) is
fulfilled for the same values of a and p. These parameter combinations all lie along a

line in (A,T') parameter space,

I'=—2a(a—1)/p* — N/(2p). (5.15)

The shapes of the posterior distributions in Figures 5.4 and 5.6 indicate that it might
be possible to generalise this rule to energy minima of tissues containing multiple

cells.
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5.3.4 Parameter estimates for summary statistics from laser

ablation experiments have high uncertainty

In Figures 5.4 and 5.6 we investigated the utility of summary statistics of cell packing
to infer vertex model parameters. Using such image-based summary statistics we had
limited success in inferring the mechanical parameters reliably, revealing a possible
interdependence of the mechanical vertex model parameters. It is intuitive that such
static image-based methods have limitations, since they use cell shapes as a means to
infer mechanical properties, and one may assume that invasive methods that record
the dynamics of tissue response to a manipulation may produce more reliable results
for the inference of mechanical parameters.

To test whether localised mechanical manipulation can be helpful in inferring
parameters we conduct laser ablation experiments, similar to those introduced in
Chapter 4, where we used laser ablation experiments to distinguish several scenarios
of mechanical regulation. For each sample simulation we randomly select three cell-
cell interfaces in the final tissue configuration and conduct in silico laser ablations
on these interfaces. To ensure that the laser ablations do not interfere with each
other or with the tissue boundary, we pick cell interfaces that are separated by 60°
angles along a circle sharing the tissue centre and with a radius of a quarter of the
tissue width. To simulate laser ablation, we remove the line tension contribution in
equation (2.4) from the ablated edge and the perimeter contribution from both of its
adjacent cells, and further set the threshold for vertex rearrangement I7., to zero. The
latter prevents vertex rearrangements in the cells adjacent to the ablation, which we
consider biologically unrealistic since we expect recoil after laser ablation to happen
on faster timescales than vertex rearrangement. It also helps us keep track of the
length of the ablated edge, since it will not be involved in any vertex rearrangements.
After each laser ablation, we simulate the tissue for another 150 time units, which is

sufficiently long to allow the tissue to settle in a static equilibrium.
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In Figure 5.7 we analyse the utility of typical summary statistics of such laser
ablation experiments to measure vertex model parameters. Specifically, we investi-
gate the recoil distance, the area asymmetry, and the perimeter asymmetry. Each
of these summary statistics is averaged across all three laser ablations per parameter
vector. The latter two asymmetry measures were used by Farhadifar et al. (2007) to
constrain their parameter choices in manual parameter fitting. The area asymmetry
measures how much the combined areas of the cells adjacent to the ablation change in
comparison to changes in the length of the ablated edge. The perimeter asymmetry
similarly considers changes in the combined cell perimeter of the two cells. Both of
these measures aim to investigate whether the cell shape changes upon laser ablation
are limited to an extension of the ablated edge, or whether the cells respond as a whole
by changing their total areas or perimeters. Similar to our previous observations of
summary statistics of cell packing, the posterior distributions shown in Figure 5.7
have mean values in different regions of parameter space than the reference parame-
ter, and a high degree of uncertainty is associated with this parameter estimate. For
example, the posterior estimated using the ‘Area asymmetry’ summary statistic has
a mean value of (A,T) = (—0.33,0.11) and marginal standard deviations of 0.33 and
0.06 in A and T, respectively.

Note that Farhadifar et al. (2007) restricted their parameter analysis to positive
A values, since the vertex distances always increased after the ablation, rather than
contracted, indicating that the edges are under tension. Here, of the 88479 parameter
points for which we successfully conducted laser ablation experiments, only 982 lead
to a contraction of vertex distances after cutting, illustrating that increasing vertex
distances after ablation are common even when A is negative. Hence, we cannot

confirm the assumption that positive vertex recoils dictate positive values of A.
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Figure 5.7: Using summary statistics associated with laser ablation exper-
iments does not lead to improved parameter estimates. Posterior distribu-
tions estimated using summary statistics from laser ablation experiments are shown
in green. For each parameter point, three laser ablations were conducted. Model
and inference parameters are listed in Table 5.1 and mathematical descriptions of the
summary statistics are provided in the text and listed in Table 5.2. Crosses mark the
reference parameter of the data for which the posterior is estimated. Circles mark the
means of the posterior distributions.

5.3.5 Selected combinations of summary statistics do not im-

prove parameter estimates significantly

After attempting to infer the mechanical parameters of the vertex model using sum-
mary statistics of cell packing and from laser ablation experiments, we now seek to
improve the parameter estimation by combining summary statistics. Summary statis-
tics are combined by creating vector-valued summary statistics. If at least one of the
summary statistics is already vector-valued, the vector is simply extended with en-
tries for the other statistic. As described in Section 5.2, the individual entries of the
combined, vector-valued summary statistics are rescaled by their respective standard
deviations.

The posterior distributions from three such combinations of summary statistics are
plotted in Figure 5.8. First, we combine the laser ablation summary statistics ‘Laser

recoil’ and ‘Area asymmetry’ to test whether this combination leads to a posterior that
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Figure 5.8: Combinations of summary statistics do not lead to improved
parameter estimates. Posterior distributions obtained when combining summary
statistics are shown in green. The method for combining summary statistics is ex-
plained in the text. Model and inference parameters are listed in Table 5.1 and
mathematical descriptions of the summary statistics are provided in the text and
listed in Table 5.2. Crosses mark the reference parameter of the data for which the
posterior is estimated. Circles mark the means of the posterior distributions.

is concentrated around the region where both the individual posterior distributions
have high values, which would be close to the reference parameter value. However,
the posterior from the combined summary statistic is instead widespread, which leads
to a parameter estimate in a different region in parameter space than the reference
parameter, similar to the posteriors from either individual summary statistic.

Next, we combine the ‘Area ratios’ and ‘Cell elongation” summary statistics to test
whether the contributions from the ‘Cell elongation’ summary statistic may help in
‘shifting’ the parameter estimate of the ‘Area ratios’ statistic closer to the reference
parameter value. However, the posterior distribution obtained from the combined
summary statistic resembles the posterior from the ‘Area ratios’ statistic, with a
marginal improvement of the (A, T) estimate from (-0.028, 0.076) to (0.01, 0.072).

Finally, we combine the ‘Area ratios’ summary statistic with the ‘Area asym-
metry’. This is motivated by (Farhadifar et al., 2007), who used summary statis-

tics of cell packing in combination with laser ablation experiments to identify ver-
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Figure 5.9: Characteristics of posterior distributions are preserved for dif-
ferent reference parameters. Posterior distributions of the ‘Area ratios’ summary
statistic are shown in green. The method for combining summary statistics are ex-
plained in the text. Model and inference parameters are listed in Table 5.1 and
mathematical descriptions of the summary statistics are provided in the text and
listed in Table 5.2. Crosses mark the reference parameter of the data for which the
posterior is estimated. Circles mark the means of the posterior distributions.

tex model parameters. This combination of summary statistic again leads to a
marginally better parameter estimate than the ‘Area ratios’ summary statistic, with

(A,T) = (0.015,0.065).

5.3.6 Characteristics of posterior distributions are preserved

for different reference parameters

Among all the summary statistics we considered, one the most accurate parameter
estimates is achieved when using the ‘Area ratios’ summary statistic. Combinations
of this summary statistic with other summary statistics of cell shapes or from laser
ablation experiments lead to marginal improvements on the parameter estimate. Note,
however, that even for these summary statistics the parameter estimate does not
coincide with the reference parameter. A benefit of using the ‘Area ratios’ summary

statistic is that it does not require laser ablation experiments to be conducted, i.e. it
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can be experimentally measured using non-invasive imaging methods.

We next test to what extent this ‘Area ratios’ summary statistic can be used to
infer parameters of sample simulations with reference parameters elsewhere in pa-
rameter space, namely (A,T) = (=0.5,0.1) and (A,T) = (—0.2,0.15) (Figure 5.9).
In the first case, the parameter estimate is similarly close to the reference value as
for the previously analysed parameter point, but the posterior distribution is more
widespread. In the second case, the reference and the target parameter practically
coincide and the parameter uncertainty is similar to the parameter uncertainty at

(A,T) = (0.12,0.04).

5.3.7 Parameter estimates depend on the observed data at

the reference parameter

In Figures 5.4, 5.6, 5.7 and 5.9 the parameter estimates are associated with high pa-
rameter uncertainty for each of the observed summary statistics, and the estimated
parameters generally do not coincide with the reference parameter set. One possible
reason for the deviation of the parameter estimates from the reference parameter could
be that the observed data at the reference parameter is an outlier that is not repre-
sentative of the model behaviour at this parameter. In order to test how strongly
the parameter estimate depends on the observed data we plot the parameter esti-
mates obtained from ten different samples at the reference parameter Agys = 0.12,
Tops = 0.04 in Figure 5.10, using the ‘Area ratios’ summary statistic. The esti-
mated parameter varies for the different samples between (A,T') = (—0.23,0.12) and
(A,T) = (0.01,0.06). Similar to the posterior distribution observed for the ‘Area
ratios’ summary statistic, the estimated parameters appear to align along a line in
parameter space. We conclude that the parameter estimate depends on the observed

data at the reference parameter, which is not surprising considering the uncertainty

associated with the posterior distributions obtained in this chapter. We further note
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Figure 5.10: Parameter estimates depend on the observed data at the
reference parameter. Circles mark the parameter estimates obtained using the
‘Area ratios’ summary statistic evaluated for ten different realisations of the model
at the reference parameter set Aoy = 0.12, Tops = 0.04. The reference parameter
is marked by a cross. Model and inference parameters are listed in Table 5.1 and
mathematical descriptions of the summary statistics are provided in the text and
listed in Table 5.2.

that the reference sample used throughout this chapter is not an outlier in Figure 5.10,
with a parameter estimate of (A,T') = (—0.03,0.08), obtained using the ‘Area ratios’
summary statistic . In this sense, the sample is representative of the model behaviour
at the reference parameter. We highlight that none of the estimated parameters in

Figure 5.10 coincides with the reference parameter.

5.4 Discussion

In this chapter, we have investigated the utility of a range of summary statistics
in identifying the mechanical parameters of the vertex model. For the first time,
we provide uncertainty estimates arising from the use of such summary statistics by
using ABC. We find that neither first-order summary statistics of cell shapes, nor
second-order summary statistics of cell shapes, nor summary statistics from laser

ablation experiments, nor combinations of summary statistics are fully sufficient to
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reliably infer vertex model parameters. Among all analysed summary statistics, we
identified the summary statistic ‘Area ratios” as the most suitable summary statistic
for measuring vertex model parameters when using non-invasive methods, i.e. the
average area of cells for each polygon class. Marginal improvements on parameter
estimates from this summary statistic were achieved for a sample at the reference
parameter when combining the ‘Area ratios’ statistic with other measures of cell
shape, or summary statistics from laser ablation experiments. We identified that
posterior estimates are robust to changes in the total number of samples and the
acceptance ratio, and that characteristics of the posterior distribution are preserved
if different reference parameters are used. Further, we confirmed that the parameter
estimate may depend on the observed data at the reference parameter.

Summary statistics of cell shape have previously been used to constrain vertex
model parameter space by Farhadifar et al. (2007), who found that large regions of
parameter space could give rise to experimentally observed values for such summary
statistics. Despite this finding, it has been a common procedure to only use, for ex-
ample, the distribution of cell neighbour numbers to select parameter values. Other
summary statistics of cell shape have since been proposed, for example the cell elon-
gation (or circularity) (Nestor-Bergmann et al., 2016). Here, we confirm previous
findings by Farhadifar et al. (2007) that high uncertainty is associated with classical
summary statistics of cell packing, as well as with alternative descriptors of cell shape,
such as cell elongation or perimeter length.

We further analysed, for the first time, whether second-order statistics of cell
shapes, such as the correlation between areas of adjacent cells, can lead to improved
parameter estimates. However, these second-order statistics suffer a similar drawback
to first-order statistics, namely a spread of the posterior distribution along an ap-
proximately linear line in parameter space, and similar posterior distributions were

observed for summary statistics from laser ablation experiments.
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We further analysed possible combinations of summary statistics and showed that
even combinations cannot improve the parameter estimates considerably and estab-
lished that the main characteristics of the posterior distributions are preserved when
reference parameters in different regions in parameter space are inferred. We further
identified that the estimated parameter may depend on the observed data.

All of the reported summary statistics are associated with a significant amount
of parameter uncertainty. There are two possible reasons for the emergence of this
parameter uncertainty. First, the mechanical vertex model parameters might not be
identifiable, i.e. the same model behaviour might be achieved by multiple parameter
combinations. Second, the analysed tissues and numbers of laser ablations might be
too small to lead to accurate values of the summary statistics. In future efforts, it may
be possible to reduce the parameter uncertainty by conducting multiple ‘experiments’
per parameter point, i.e. measuring averages from more than three laser ablations or
from multiple tissues. Instead of simulating multiple tissues, it may also be possible
to gain estimates of cell packing from single, larger tissues. If the model parameters
can be shown to be unidentifiable, it may be possible to design altered versions of the
vertex model that depend on a smaller number of parameters.

That summary statistics obtained from laser ablation experiments do not lead to a
concise parameter estimate is surprising, since such summary statistics have previously
been used to significantly constrain possible vertex model parameters (Farhadifar
et al., 2007). Farhadifar et al. (2007) excluded negative A from their analysis with the
argument that negative values of the line tension would require vertex distances to
contract instead of extend after laser cutting. Here, we confirmed that vertices tend
to recoil even if A is negative, possibly due to the contractile nature of cell perimeters
of adjacent cells.

When simulating laser ablation experiments, we set the line tension of the ab-

lated edge, as well as the perimeter contractility of the adjacent cells, to zero. This
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procedure has originally been proposed by Farhadifar et al. (2007). Canela-Xandri
et al. (2011) set the line tension of the ablated edge to zero as well, but remove the
perimeter contractility contribution only from the ablated edge and not the remaining
edges of the adjacent cells. More research is required to determine which method to
implement laser ablations in silico is the most biologically realistic.

Laser ablations are a common procedure to measure the mechanical properties
of a tissue in vivo. Other ways of tissue manipulation exist, for example through
stretching or compressing the tissue (Merzouki et al., 2016). Future work may include
applying ABC to this type of experiment and measure the uncertainty of the associ-
ated parameter estimation. Experimentally, a possible avenue for future work might
be to develop corresponding methods of tissue manipulation that are applicable in
vivo, for example through locally perturbed tissue growth.

Here, we analysed the packing geometry and response to perturbations of tissues
that emerge after periods of uniform growth, such as in the Drosophila wing disc.
However, packing geometries emerge from from a wide range of epithelia under differ-
ent conditions. Future work may investigate whether other ways of generating tissue
packing lead to similar packing geometries, and indeed if the same summary statistics,
or even the same simulation procedure presented here, may be used to measure vertex
model parameters in different tissues.

Throughout this chapter, we use rejection-based ABC and identified the mean area
per polygon class as the most powerful summary statistic to constrain vertex model
parameters. Using this summary statistic it may be possible to apply adaptations
of ABC in order to implement more efficient ABC methods that have lower sample
rejection rates, for example SMC-ABC (Sisson et al., 2007), MCMC-ABC (Marjoram
et al., 2003), or AABC (Buzbas and Rosenberg, 2015). Specifically, the simulation
procedure used in this chapter is designed to minimise the time that is required to gen-

erate the tissue. Using this simulation procedure, the tissue does not arrive at its final
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configuration through slow, quasistatic growth. Instead, tissue growth occurs within
a dynamic regime of the model. We confirmed that summary statistics of cell packing
are similar to what has previously been reported. Using alternative inference methods,
such as SMC-ABC or AABC, it may be possible to use quasi-static timescales in the
sample simulations. When using a biologically realistic implementation of the growth
phase of the tissue it may be possible to improve the parameter estimates obtained
here by using dynamic data of tissue growth throughout the simulation, instead of
focussing only at the final configuration.

Throughout this chapter, we rescaled components of vector-valued summary statis-
tics by their respective standard deviations. This is a common procedure when con-
ducting parameter inference, since it minimises the impact of summary statistics
of high variability on the parameter estimate (Beaumont et al., 2002; Beaumont,
2010). However, the optimal choice for weights when combining summary statistics
for parameter estimation is a matter of active research (Harrison and Baker, 2017;
Prangle, 2017; Jung and Marjoram, 2011). Here, we considered a large number of
summary statistics and combinations, and concluded that in each case the parameter
estimates are associated with high uncertainty in the posterior distributions. It is
unclear whether better parameter estimates could be achieved in our work if different
weights were used in vector-valued summary statistics.

Future methods of investigating vertex model parameters may include measure-
ments of the mechanical relaxation time, which has previously been proposed by
Canela-Xandri et al. (2011) and Mao et al. (2011). This may, in turn, allow the
precise implementation of cell cycle times in the vertex model.

Here, we have investigated parameter inference for vertex models propagated using
the energy equation (2.4). However, different energy equations have been proposed, for
example by Nagai and Honda (2001), Weliky and Oster (1990), Hufnagel et al. (2007)

and Smith et al. (2012). Common alterations to equation (2.4) include terms that take

127



the height of the cells into account, or omit individual terms, such as the perimeter
contribution. In order to conduct parameter inference on vertex models using these
altered energy equations, it would be necessary to conduct a preliminary analysis
investigating the different possible model behaviours, and the parameter regions where
the models are physical. Future work may include using ABC for model selection on
experimental data to investigate which of these energy equations provides the most
plausible description of biological phenomena. Such work could, for example, include
alterations to equation (2.4) that prevent mechanically-induced cell removal.

Having investigated methods to infer vertex model parameters from static snap-
shots of epithelial tissues, we next turn to cell tracking as a method to analyse dynamic

changes in epithelia in Chapter 6.
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Chapter 6

Cell tracking in epithelia

In Chapters 3, 4 and 5 we have focussed on the design of quantitative cell-based
models for epithelia, on how to apply these models to make experimental predictions,
and on how to compare cell-based models to experiments. To fully unveil the power
of cell-based models in understanding biological systems it is essential to combine
them with experimental data. However, the extraction of quantitative data from, for
example, live-imaging microscopy videos is challenging. In this chapter, we illustrate
how mathematical concepts can contribute to quantitative data analysis in biology.
We develop a cell-tracking algorithm that applies graph theoretical concepts to cell
tracking in live-imaging datasets of planar, approximately two-dimensional epithelia.
The contents of this chapter have been published in the Journal of the Royal Society

Interface (Kursawe et al., 2016b).

6.1 Background and motivation

Live-imaging microscopy is a powerful, and increasingly quantitative, tool for gain-
ing insight into fundamental processes during embryonic development (Stephens and
Allan, 2003; Pantazis and Supatto, 2014; Truong and Supatto, 2011). Quantitative

information on cell growth, proliferation, death, shape changes and movement ex-
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tracted from live-imaging experiments reveals how such processes are regulated to
give correct tissue-level behaviour. This approach has been particularly successful in
characterizing the growth and patterning of embryonic epithelial tissues in a number
of model organisms (Mao et al., 2011; Gibson et al., 2006; Rauzi et al., 2008; Collinet
et al., 2015; Ritsma et al., 2014; Parker, 2006).

A common experimental technique for visualising cell shapes in an epithelial sheet
is to fluorescently tag a molecule marking cell boundaries, such as E-cadherin (Fig-
ure 6.1A). The analysis of time-lapse microscopy data obtained from such tissues is
extremely challenging (Pantazis and Supatto, 2014; Truong and Supatto, 2011), espe-
cially in cases of imaging data of rapidly evolving tissues, and when limitations of, for
example, microscope speed, imaging resolution or phototoxicity prohibit the creation
of datasets with high temporal and spatial resolution.

The analysis of time-lapse microscopy data comprises two major steps: segmenta-
tion and tracking (registration). Segmentation must be performed for each frame of
a video and involves the identification of objects and landmarks, such as cell shapes
(Figure 6.1B). Automated segmentation is hindered by various factors such as noise
in fluorescent signals, uneven illumination of the sample, or overlapping cells in a
two-dimensional projection. Often, manual correction is necessary to address over-
segmentation, where too many cells are detected, or under-segmentation, where too
few cells are detected (Mashburn et al., 2012; Cilla et al., 2015; Schiegg et al., 2013).
Tracking involves the association of segmented cells across video frames (Figure 6.1C)
and requires resolving cell movement, cell division, cell death, and cells entering and
leaving the field of view (Schiegg et al., 2013).

Numerous algorithms are available for the segmentation and tracking of cellular-
resolution microscopy data (Mashburn et al., 2012; Cilla et al., 2015; Heller et al.,
2016). Common methods for cell tracking utilize optimization techniques to minimise

differences in cellular properties between two frames (Padfield et al., 2011; Cilla et al.,
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A. Raw data B. Segmentation

\

Figure 6.1: Pipeline for analysing epithelial tissues. (A) Example raw data.
Frame of a live-imaging microscopy video of the lateral epidermis of a stage-11
Drosophila embryo, expressing DE-Cadherin::GFP. (B) Segmentation of this image,
showing cell shapes (coloured regions) and polygonal approximation based on three-
cell junctions (black lines). (C) Cell tracking involves registering individual cells across
consecutive segmented images. Details of the experimental system and segmentation
process are given in Section 6.2.

2015; Youssef et al., 2011; Wait et al., 2014; Winter et al., 2011). The min-cost max-
flow algorithm (Padfield et al., 2011) uses linear integer programming to minimise dif-
ferences in cell areas, perimeters, orientations, and locations between frames, whereas
multiple-parameter tracking (Youssef et al., 2011) employs global optimization to
minimize differences in cell shapes as well as locations. In contrast, multitemporal as-
sociation tracking (Wait et al., 2014; Winter et al., 2011) minimises differences in cell
locations and sizes by using a probabilistic approach that finds the most likely exten-

sion to existing cell trajectories. Chain-graph models (Sommer et al., 2011) minimise
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differences in cell velocity while overcoming mis-segmentation by verifying that each
segmented object continues or begins a cell trajectory in successive frames. Optical
flow (‘warping’) between successive frames can be used to guide cell tracking as well
as segmentation (Liu et al., 2014). It is also possible to combine segmentation and
tracking of two-dimensional microscopy videos by interpreting time as a third spa-
tial dimension and employing three-dimensional segmentation techniques (Bellaiche
et al., 2011), or by fitting a deformable graph model to the microscopy data (Zou and
Tomasi, 2016), where the deformable graph represents the dynamically changing net-
work of cell-cell interfaces in epithelia. The nearest-neighbour method associates two
cells in consecutive frames with each other if their respective centroids have minimal
distance within the field of view (Mashburn et al., 2012), or if their overlap in pixels
within the field of view is maximal (Aly et al., 2014; Wang et al., 2010). Particle image
velocimetry, a technique originally developed to analyse fluid flow (Raffel et al., 2007),
has also been employed to track cells in epithelial tissues (Puliafito et al., 2012).
Software implementations and computational tools for cell tracking include FAR-
SIGHT (Al-Kofahi et al., 2010) (segmentation only), Seed WaterSegmenter (Mashburn
et al., 2012) (nearest-neighbour tracking), ilastik (Sommer et al., 2011) (chain-graph
models), Tufts Tissue Tracker (Cilla et al., 2015) (min-cost max-flow algorithm),
Tracking with Gaussian Mixture Models (Amat et al., 2014) (nearest-neighbour track-
ing), Packing Analyzer (Aigouy et al., 2010) (particle image velocimetry) and EpiTools
(Heller et al., 2016) (nearest-neighbour tracking). These algorithms and software tools
primarily rely on there being small differences in cell positions and shapes across con-
secutive images. Their performance is therefore hindered when analysing data from
in vivo studies where phototoxicity provides a barrier to high temporal resolution
imaging (Hoebe et al., 2007; Wood and Jacinto, 2005; Mavrakis et al., 2008). To
address this limitation, we propose a novel algorithm for cell tracking that uses only

the connectivity of cell apical surfaces (Figure 6.1). By representing the cell sheet
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as a physical network in which each pair of adjacent cells shares an edge, we show
that cells can be tracked between successive frames by finding the mazximum common
subgraph (MCS) of the two networks: the largest network of connected cells that is
contained in these two consecutive frames. It is then possible to track any remaining
cells based on their adjacency to cells tracked using the MCS. Our algorithm does not
require the tuning of parameters to a specific application, and scales in subquadratic
time with the number of cells in the sheet, making it amenable to the analysis of large
tissues.

We demonstrate here that our algorithm resolves tissue movements, cell neighbour
exchanges, cell division, and cell removal (for example, by delamination, extrusion,
or death) in a large number of in silico datasets, and successfully tracks cells across
sample segmented frames from in vivo microscopy data of a stage-11 Drosophila em-
bryo. We further show how our algorithm may be used to gain insight into tissue
homeostasis by measuring, for example, the rate of cell rearrangement in the tis-
sue. In particular, we find a large amount of cell rearrangement within the observed
dataset despite the absence of gross morphogenetic movement. The remainder of the
chapter is structured as follows. In Section 6.2 we describe the algorithm for cell
tracking. In Section 6.3 we analyse the performance of the algorithm on in silico and
in vivo datasets. Finally, in Section 6.4 we discuss future extensions and potential

applications.

6.2 Methods: Design of the cell tracking algorithm

Here we provide a conceptual overview of the core principles underlying our cell track-
ing algorithm. We focus on providing an accessible, non-technical description rather
than including all details required to implement the algorithm from scratch. A com-
prehensive mathematical description of the algorithm is provided in Appendix A.

The input to the algorithm is a set of segmented images obtained from a live-
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imaging microscopy dataset of the apical surface of an epithelial cell sheet. For each
image, the segmentation is assumed to have correctly identified which cells are ad-
jacent and the locations of junctions where three or more cells meet. Various pub-
licly available segmentation tools can be used for this segmentation step, for example
SeedWaterSegmenter (Mashburn et al., 2012) or ilastik (Sommer et al., 2011). The
segmentation is used to generate a polygonal approximation to the cell tessellation
(Figure 6.1B-C). Such approximations are an adequate assumption for many epithelia
(Farhadifar et al., 2007; Cilla et al., 2015; Escudero et al., 2011; Sanchez-Gutiérrez
et al., 2016; Sdez et al., 2013).

Our algorithm tracks cells by interpreting the polygonal representations arising
from the segmentation as networks (‘graphs’) of cells. Examples of such networks
are shown in Figure 6.2A. In this representation, each cell corresponds to a vertex
of the network, and two vertices are connected by an edge if the corresponding cells
are adjacent. Our algorithm tracks cells across consecutive images by aligning the
networks of cells that correspond to these images. This network alignment is achieved
in three steps. First, we generate an initial tracking for subsets of the cells in each pair
of consecutive images by finding the MCS between the two corresponding networks
(Figure 6.2B). Second, this MCS is reduced to avoid tracking errors (Figure 6.2C).
Third, remaining untracked cells are tracked based on their adjacency to cells within
the MCS (Figure 6.2D). In the final output of the algorithm, each tracked cell of a
frame is paired with exactly one cell in the subsequent frame.

The key step in this network alignment approach is the identification of a MCS
(Ullmann, 1976; Krissinel and Henrick, 2004). A MCS comprises the largest sub-
network that is contained in two larger networks; thus finding an MCS can be under-
stood as recognising patterns of connections that are preserved between two networks.
In the present work, the structure of the MCS roughly corresponds to cells that do

not rearrange between consecutive images, except for a few cells at its boundaries.
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Figure 6.2: Illustration of our cell tracking algorithm. (A) Grey: Two consec-
utive segmented time-lapse images (left and right columns) of the lateral epidermis of
a stage-11 Drosophila embryo, taken five minutes apart. See Section 6.2 for details.
There are several cell neighbour exchanges between these images. Black: Overlay of
the network of cells that the algorithm uses for cell tracking. Cells in the tessellation
correspond to network vertices that are connected by an edge if the cells are adja-
cent. (B) We first identify a cell mapping between the two graphs based on the MCS.
This includes correctly tracked (green/light) cells and cells that have only few tracked
neighbours (purple/dark). Here, the MCS incorrectly tracks three cells (yellow/light
dots). (C) Weakly connected cells and small isolated clusters of cells are removed from
the MCS to prevent mismatches. (D) An extended tracking mapping is constructed,
which includes the maximum possible number of cells. See Section 6.2 for details. The
remaining white cells have entered or left frame of view between images and therefore
are not tracked.
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In Figure 6.2B, we visualize the MCS generated by our algorithm as a collection
of green (light) and purple (dark) cells. Most of the highlighted cells in Figure 6.2B
are tracked correctly by the MCS. Three cells in each frame are marked by a yellow
(bright) dot. Within the two cell networks, these cells are members of the MCS.
However, these cells are not tracked correctly by the MCS. This mismatch arises since
the MCS is based on the connectivity of cells within the network alone. The fewer
connections a cell has to other cells in the MCS, the less information about the cell’s
position and shape is encoded by these network connections, and so the greater the
possibility of mismatches. To avoid such tracking errors, we remove any cells that
have only a few connections within the MCS, as well as small isolated clusters of cells.
All cells that are removed from the tracking in the second step of our algorithm are
shown in purple (dark) in Figure 6.2B. In Figure 6.2C we highlight the cells that are
tracked after applying this second step of our algorithm.

Cells that are untracked after reducing the MCS are then tracked based on their
connections to previously tracked cells. This last step of our algorithm comprises
starting from the MCS and iteratively ‘growing’ the set of tracked cells by adding cell-
to-cell matches to the tracking that maximise the number of preserved connections to
other tracked cells. In this step, the algorithm also resolves cell neighbour exchanges,
cell removals, and cell divisions by identifying changes in the network structure that
are characteristic of these events. For example, a cell neighbour exchange corresponds

to the deletion of a network connection while a new connection is added.

6.2.1 The MCS is identified through repeated seeding and

iterative extension

In computer science, MCS finding has been known to be an NP-hard problem (Ull-
mann, 1976; Krissinel and Henrick, 2004): the time to find an exact MCS of two

networks increases exponentially with the size of the networks, which poses a compu-
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Figure 6.3: Construction of the MCS. (A) The algorithm picks a first match of
cells for the MCS (blue) if their neighbourhoods form identical networks. The con-
sidered neighbourhood (grey) includes all neighbours and second nearest neighbours.
(B-C) Additional cells are added to the MCS iteratively by inspecting the MCS be-
tween the grey area on the left, and the white area on the right. In (B), where the
black cell is paired correctly, the local MCS is larger than in (C), where the selected
cell is not considered for mapping. Hence, the pairing of black cells is added to the

MCS.

tational barrier to the use of MCS-finding algorithms in applications. We overcome
this computational barrier in the present work by constructing the MCS iteratively
from the MCSs of smaller subgraphs, exploiting the planar structure of our cell net-
works to reduce the complexity of the problem.

To start the construction of the MCS, the algorithm identifies a match between
two cells in the consecutive images for which the structure of the network of their
surrounding cells is identical. Here, the network of surrounding cells is restricted
to the network formed by a cell’s neighbours and its second nearest neighbours (see
Figure 6.3A). If no such initial match can be found, the algorithm instead searches
for an initial match where only the first-order neighbourhood is preserved, under the
condition that this neighbourhood does not touch the boundary of the tissue. This
latter condition avoids tracking errors that can occur on the tissue boundary where

cells have few neighbours.
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Once the initial match (a ‘seed’) is found, the algorithm iteratively adds further
cells to the MCS. At each step of this iteration, a cell in the first network is picked that
is adjacent to the existing MCS and has a minimal number of potential matches. This
number of potential matches is determined based on how many cells in the second
network have the same number of neighbours as the considered cell while preserving
connections to already tracked cells. Among the choice of potential matches the
algorithm identifies an optimal match based on the local network structure of these
cells” neighbours. A cell in the second network is identified as an optimal match if the
network structure of its neighbourhood is most similar to the cell in the first match.
This choice is made based on local MCSs between the neighbourhood-networks of the
cell in the first image and each potential match. Note that the optimal choice may
exclude the cell from the tracking entirely. In this case, most neighbours are included
in the local MCS when the considered cell is not tracked, indicating for example a
cell removal event. In this case the cell is not mapped and the algorithm proceeds by
inspecting another cell in the first match. Cells in the first frame for which no match in
the second frame has been found may be re-inspected at later stages of the algorithm
as the size of the identified MCS increases. Once no more adjacent cells can be added
to the MCS through this iterative extension, the iteration continues the search among
untracked cells in the first network that are not adjacent to the existing MCS. As
soon as at least one cell has been added to the MCS in this way, the algorithm again
restricts its search to adjacent cells. The algorithm halts once no further cell-to-cell
matches can be found. During the construction of the MCS the algorithm ignores any
potential cell-to-cell matches where the corresponding cell centroids are more than
a cutoff distance d., apart within the field of view. Throughout this chapter, we
choose dp.x to be ten average cell lengths.

Once the MCS is complete, any cells that have less than three isolated connections

to other cells in the MCS are removed from the tracking. Any clusters of ten or fewer
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cells are also removed from the tracking result. Both of these steps help to minimise

tracking errors (Figure 6.2B-C).

6.2.2 Cells are added to the tracking result by inspecting

connections to previously tracked neighbours

Through the identification of the MCS, the algorithm tracks most of the cells that do
not rearrange between consecutive frames. Next, the algorithm tracks any remaining
cells, and identifies cell rearrangements, cell removal, and cell division events. Similar
to the construction of the MCS, the tracking of remaining cells is iterative. At each
iteration, the algorithm identifies a cell-to-cell match that maximises the number
of connections to already tracked cells, thus ‘growing’ the set of tracked cells from
the intermediate tracking result of the MCS. When adding cells to the tracking, the
algorithm ensures that a cell cannot gain more tracked neighbours between consecutive
frames than the number of tracked neighbours preserved between these frames. The
algorithm also requires a cell to have at least two tracked neighbours in order to be
added to the tracking in this way.

Once all possible cells have been tracked, the algorithm resolves division events.
Division locations can be identified as regions in the second frame that contain more
cells than the corresponding region in the first frame. Since the algorithm will have
found exactly one match in the second network for each tracked cell in the first network
and wvice versa, there are thus untracked cells in the second frame wherever a cell
divides between two consecutive frames. The algorithm attempts to resolve division
events by identifying changes in cell-to-cell connectivity that are characteristic of
dividing cells (Figure 6.4). For example, two cells adjacent to each division must gain
a neighbour (grey cells in Figure 6.4A), and in many cases the mother and daughter
cells are easily identified as the cells that are shared neighbours of these cells adjacent

to the division event. However, one of the daughter cells may be four- or three-sided
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Figure 6.4: Resolving division events. Dividing cells are coloured blue. (A)
Division events are resolved by identifying cells that gain an edge between the time
frames (grey). The dividing cell and the daughter cells are shared neighbours of such
cells. (B) When one of the daughter cells is four-sided, two mother cells are possible,
the blue marked mother cell, and the cell marked by an ‘x’. (C) If one of the daughter
cells is three-sided, the mother cell can be mistaken for having gained an edge if it is
identified with the daughter cell labelled ‘x’. Our algorithm correctly resolves each of
the types of division events shown in (A)-(C).

(Figure 6.4B-C). In these cases, the algorithm is not able to determine the mother-
and daughter cells based on their network properties alone. Instead, the algorithm
takes the geometric shape of the cells into account. The mother and daughter cells are
chosen by identifying which pair of potential daughter cells has the closest position
to their potential mother cell.

Cell deaths are identified as cells in the first frame that do not have a tracked
match in the second frame and that are not on the boundary of the region of tracked

cells.

6.2.3 Code availability

The code used in this chapter is publicly available under the 3-clause BSD license as

the MCSTracker project (https://github.com/kursawe/MCSTracker). The project
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is implemented in pure Python, employs unit testing (Osborne et al., 2014) and is
fully documented. Graphs in our code are represented using the Python package

NetworkX (Hagberg et al., 2008).

6.2.4 Generation of in silico datasets

To test the algorithm, we generate in silico datasets that include examples of cell
divisions, removals and neighbour exchanges, as well as tissue movement. These
datasets are generated using Voronoi tessellations modified using Lloyd’s relaxation,
which has previously been described in Chapter 4. Datasets generated with this
method resemble cell packings in a variety of epithelial tissues (Sanchez-Gutiérrez
et al., 2016; Honda, 1978).

To generate polygonal patterns of size m x n, where m and n are natural num-
bers, (m + g) X (n 4+ g) Voronoi seeds are distributed uniformly at random in a
two-dimensional domain €2 of width m + g and height n + ¢ (Figure 6.5A). Here, g
denotes the size of a boundary region that is introduced to reduce the impact of the
Voronoi boundary on the patterns. The tissue dimension of m x n arbitrary length
units is chosen for convenience such that cells occupy one area unit on average. The
domain {2 is surrounded by two additional rows of evenly spaced seeds on each side.
The inner row is a distance of 0.5 length units to €2, and the seed-spacing is 1.0. The
outer row has a distance of 1.5 to €2, and the seeds are shifted parallel to the first row
by a distance of 0.5. The Voronoi tessellation of all these seeds is then constructed.

In each Lloyd’s relaxation step, the polygons (or infinitely large areas) correspond-
ing to the regularly spaced seeds outside {2 are removed from the tessellation. Next,
the centroid of each remaining polygon is calculated and registered as a new seed.
Further seeds are added that again correspond to two rows of evenly spaced seeds
outside Q. A new Voronoi tessellation is then constructed (Figure 6.5B). This pro-

cedure is repeated for ny relaxation steps, after which all generated polygons are
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Figure 6.5: Generation of in silico data. (A) Random seeds (black dots) are
placed inside a domain €2 (black line). Additional seeds are placed outside 2. The
Voronoi tessellation of all seeds is shown in grey, excluding Voronoi regions corre-
sponding to the outermost row of seeds, since these are large or unbounded. The
centroids of the Voronoi regions (grey crosses) differ from the seeds. (B) The cen-
troids of the Voronoi regions in (A) are used as seeds for a new Voronoi tessellation,
for which evenly spaced seeds are again added outside the domain ). Voronoi regions
whose centroids lie within a central rectangle (dashed black line) are collected to form
the in silico tissue (blue). In this figure, one such Lloyd’s relaxation step is shown.
Throughout this chapter, we generate in silico tissues using four Lloyd’s relaxation
steps.

discarded except those whose centroids lie within a rectangular domain of size n x m
area units whose centroid coincides with that of Q (Figure 6.5B).

The polygonal tessellations have approximately m x n polygons of average area
1.0. During the generation of the tessellations, evenly spaced seeds outside () are
added to prevent the occurrence of infinitely large polygons inside 2. The boundary
of size ¢ is added in between the generated tessellation and the evenly spaced seeds to
reduce the effect of the evenly spaced boundary seeds on the tessellation. Throughout
this chapter, we use ¢ = 8 and n; = 4, resulting in cell packings similar to those
observed, for example, in the Drosophila wing imaginal disc (Sdnchez-Gutiérrez et al.,
2016). We provide further details of how tissue rearrangements are implemented in

the Section 6.3.
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6.2.5 Experimental methods

Experiments were conducted by Cody Narciso and Pavel A. Brodskiy in the labora-
tory of Jeremiah J. Zartman at the University of Notre Dame, Indiana. Live-imaging
of cell proliferation was performed in stage-11 Drosophila embryos expressing a tagged
version of DE-Cadherin (DE-Cadherin::GFP) using a spinning disc confocal micro-
scope, as described by Narciso et al. (2015). For the embryo setup, a modified version

of the standard live-imaging protocol was used (Parton et al., 2010).

6.2.6 Data segmentation

Microscopy images were segmented using pixel classification in ilastik (Sommer et al.,
2011). The classifier was trained to recognise cell outlines and the segmentation of
each frame was manually corrected. A watershed algorithm was used to identify the
precise shape of the cell outlines. Each segmented frame was converted to a 16-bit
grayscale image where pixels belonging to different cells had different integer values.
Polygonal tessellations for the tracking algorithm were generated from the segmented
image in two steps. First, all junctions between three or more cells were identified as
points where pixels of three or more different cells met; second, vertices were assigned
to cells. Then, edges shorter than two pixels (0.5 pm) were removed and replaced
by a single vertex at the midpoint of the edge. Finally, polygons at the boundary of
the tissue were removed from the simulation. This removal was necessary since cell
shapes at the tissue boundary are poorly approximated by polygons due to missing
vertices. Note that our algorithm can interpret segmentations saved using either

ilastik (Sommer et al., 2011) or SeedWaterSegmenter (Mashburn et al., 2012).
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6.3 Results: Algorithm performance

6.3.1 In silico testing of the algorithm

To assess the performance of the algorithm, we begin by applying it to in silico datasets
that include cell neighbour exchanges, tissue movement, cell removal and cell division,
respectively. In each case, we compare the outcome of the tracking algorithm to the
ground truth.

We begin by assessing the ability of the algorithm to resolve permutations in
otherwise identical tissues (Figure 6.6A). In this test, a random tessellation of size
nine by nine cells is created as described in Section 6.2, and integer identifiers c;
are assigned to each cell. Next, an identical copy of the tissue is created in which
the integer identifiers are randomly shuffled. A ground truth mapping from the first
to the second integer identifiers is generated. Next, the algorithm is applied. Upon
conducting 100 such tests, we find that all identified cell-to-cell mappings are matched
correctly, as compared to the ground truth. In rare examples, isolated cells at the
boundary of the tissue are not tracked. In these examples, either a single cell has only
one adjacent cell in the tissue, or two cells of identical polygon number are adjacent
and share exactly one neighbour. Neither the MCS detection algorithm, nor the post-
processing algorithm are able to resolve such mappings, which involve fewer than four
cells in each dataset (fewer than five percent of the tissue).

We design four further tests of tissue rearrangements (Figure 6.6B-E). The first
test comprises tissue movements between images (Figure 6.6B). In this test, a tissue of
size fifteen by eight cells is generated as described in Section 6.2. Two smaller tissues
of width seven units are cut out of this tissue, which each cover the full height of the
tissue, and which are horizontally translated relative to each other by a distance of
two cell lengths. The position of each three-cell junction in both tissues is shifted

such that the x-coordinate of the left-most junction in each tissue is zero.
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Figure 6.6: Examples of in silico test cases. In each image, cells identified
by the MCS algorithm are highlighted in green (light), whereas cells that have been
filled in by the post-processing steps are highlighted in red (dark). The algorithm
tracks cells between identical tissues (A), in tissues undergoing translation (B), cell
neighbour exchange (T1 transition) (C), cell removal (D) and cell division (E).

The second test (Figure 6.6C) generates cell neighbour exchanges, also called T1
transitions, as defined in Chapter 2 (Nagai et al., 1988; Etournay et al., 2015). In
our implementation of T1 transitions, an edge shared by two cells is replaced by a
new perpendicular edge such that the local cell connectivity changes (Figure 6.2B).
The length of the new edge (It;1 = 0.2 length units) is chosen as a non-zero value
smaller than the average edge length in the tissue (see Figure 6.6C). Note, that the
precise length of the new edge is not relevant since the algorithm performance is
determined by neighbour relationships only, independent of interface lengths. We
create two identical copies of a tissue of size nine by nine cells. In the second copy, a

T1 transition is performed on an edge in the centre of the tissue.
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The third test involves cell removal (Figure 6.6D). In this test, we first generate
two identical copies of a tissue of size nine by nine cells. In the second copy, we replace
the central cell by a vertex shared by its neighbouring cells, a rearrangement similar
to so-called T2 transitions introduced in Chapter 2 (Nagai et al., 1988). The final test
involves cell divisions (Figure 6.6E). Here, we once again create two identical copies of
size nine by nine cells. In the second copy, a cell in the centre of the tissue is bisected
by introducing a straight line in a random direction through the centroid of that cell.

For all tests generated in this way, integer cell identifiers in the second tissue are
randomly shuffled, and a ground truth is generated. We run 100 realisations of each
test case, and compare the tracking outcome to the ground truth. In all cases we find
that cells are tracked correctly, with at most three unmatched cells at the boundary
of the sheet.

In Figure 6.6, all cells identified after the cleaning step, in which weakly connected
cells are removed from the MCS, are coloured green, whereas cells that are identified
by the post-processing algorithm are coloured red. Note that the exact number of
cells that are identified by the post-processing algorithm varies between individual
realisations of the tests. In many cases, the cells identified by the post-processing
algorithm include cells that are adjacent to those undergoing division, removal or
neighbour exchange.

We next analyse the extent to which the success of our tracking algorithm depends
on the number of Lloyd’s relaxation steps, ny,, used to generate the in silico datasets.
To investigate this we iteratively increase ny,, thus generating tissues with increasingly
homogeneous graph structures, and repeat all tests. We find that the algorithm

successfully passes all tests for all values of ny, from 4 up to 14.
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Figure 6.7: Success rate of the algorithm for in silico tissues with increas-
ing frequency of cell rearrangement. Virtual tissues spanning 20 cell lengths in
each dimension are generated, and T1 transitions are applied to an increasing propor-
tion of the inner edges of the tissue. For each ratio of T1 transitions, 10 repetitions of
the test are run, and the ratio of correctly and incorrectly tracked cells in the tissue is
recorded. The dashed blue and solid red lines correspond to mean values of correctly
and incorrectly tracked cells, respectively. Error bars denote the standard deviation of
the mean, and results of individual runs of the test are represented by dots. When 3%
of the edges in the tissue undergo T1 transitions, roughly 25% of the cells exchange
neighbours.

6.3.2 Algorithm performance for large numbers of cell

neighbour exchanges

To assess the performance of the algorithm when applied to tissues exhibiting large
numbers of cell neighbour exchanges, we next apply the algorithm to in silico datasets
with increasing numbers of cell neighbour exchanges between frames (Figure 6.7).
The number of correctly tracked cells decreases as the number of cell neighbour ex-
changes increases. However, the number of incorrectly tracked cells remains below
20% throughout the analysed range of neighbour exchanges, and decreases to zero as
the number of edge swaps exceeds 10%.

The number of untracked cells increases rapidly as the percentage of cell-cell inter-

faces that are swapped between successive images increases from five to ten percent.
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Note that the percentage of cells involved in these neighbour exchanges is larger than
the percentage of cell-cell interfaces that are swapped, since an individual T1 transi-
tion changes the cell neighbour relations of four cells, and each cell shares multiple
inner edges. For example, rearranging five percent of the inner edges of the tissue
affects roughly 40% of the cells in the tissue, while rearranging ten percent of the
tissue edges affects up to 70% of the cells. The number of (correctly or incorrectly)
tracked cells drops to zero if the tissue rearranges so much that the neighbourhood
of each cell changes; in this case a first match cannot be found to initialise the MCS

construction algorithm.

6.3.3 Application of the algorithm to in vivo data

Figure 6.8 shows the first three of 21 segmented image frames of the lateral epidermis
of a stage-11 Drosophila embryo to which the algorithm was applied. During stage
11, gross morphogenetic movements do not occur but the tissue is very active with
a large number of cell proliferation events occurring within a short duration, mak-
ing this a much more challenging tissue on which to perform cell segmentation and
tracking than the wing imaginal disc, where many previous efforts have been made
(Heller et al., 2016; Farhadifar et al., 2007; Aegerter-Wilmsen et al., 2010; Mao et al.,
2011). Cell delamination is also more common than in the wing imaginal disc during
normal development. This stage of development thus offers a true test of the proposed
algorithm.

The images were taken five minutes apart over a time span of 100 minutes, and
these first three images comprise 271, 263 and 263 cells, respectively. Our algorithm
tracks 247 cells between the first and second images, 245 cells between the second and
third images and 234 cells across all three images. The centroids of cells of previous
images are superimposed on the tracking results in Figure 6.8, illustrating that the

algorithm successfully tracks cells in situations where it is difficult to match cells
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Figure 6.8: Three segmented data frames of an in vivo time-lapse mi-
croscopy video of the lateral epidermis of a stage-11 Drosophila embryo.
Cells that are tracked across all frames are coloured green or purple, and cells that
leave or enter the tissue at the boundary are white. Dying cells are black. The cen-
troids of tracked cells of the respective previous frames are included as yellow dots,
and cells that contain only their centroid from the previous frame are coloured green,
whereas cells that do not contain their centroid from the previous frame, and cells
that contain multiple centroids, are coloured purple. Together, the centroid infor-
mation and the colouring illustrate that it is challenging to track cells between the
data frames using solely centroid positions. Yellow asterisks in the first frame denote
higher-order junctions where more than three cells meet.
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between images based on their centroid positions alone. Cells that include only their
corresponding centroid from the previous image are coloured in green, while cells that
do not include their corresponding centroid from the previous image, and cells that
include multiple centroids from the previous image, are coloured in purple. In the first
frame we highlight ‘higher-order’ junctions (shared by four or more cells) by yellow
asterisks. Such junctions occur frequently throughout the dataset, illustrating that
such higher order junctions do not pose a challenge to our algorithm.

On average, cell centroids move 0.75 cell lengths between the first and second
images, with a maximal displacement of 1.17 cell lengths. Between the first and
second images 36 cells undergo a net gain in edges, whereas 20 cells have a net loss
of edges. In total, four cell deaths and no cell divisions are observed across the three
data images. Manual inspection of all individual cell tracks reveals that none of the
cells are tracked incorrectly.

The data in Figure 6.8 are the first three out of 21 frames. In Figure 6.9 we show
the results of the analysis of the full dataset, including all 21 frames. During the period
of measurement the total number of cells increases from 280 to 330 cells, whereas the
total number of tracked cells increases from 270 to roughly 310 cells (Figure 6.9A).
As the number of cells in the tissue rises, the total number of cell rearrangements
increases (Figure 6.9B), whereas the average cell area decreases (Figure 6.9C). Here,
the number of cell rearrangements is measured by counting how many cells change
their cell-neighbour number between consecutive frames. For all frames, the number
of tracked cells is lower than the number of cells in the tissue (Figure 6.9D). Visual
inspection of the tracked data reveals that the difference between the total number
of cells and the number of tracked cells is largely due to cells entering or leaving the
field of view. The percentage of cells that our algorithm tracks is lowest (84%, Figure
6.9D) when the rates of cell division (Figure 6.9A) and cell rearrangement (Figure

6.9B) are highest, which occurs at 70 minutes. Here, the number of tracked cells
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Figure 6.9: Tracking statistics of the in vivo dataset. (A) The total number
of cells is constant initially and increases from 60 min onwards. The total number
of tracked cells correlates with the total number of cells in the tissue. (B) The total
number of rearrangements between successive time frames is measured by our algo-
rithm. We record the total number of rearrangements as the total number of cells that
either gain or loose neighbours between successive frames. (C) The average cell area
in each frame decreases as the total number of cells increases. (D) The percentage
of tracked cells decreases at around 70 min, when the amounts of cell rearrangement
and division are highest.
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decreases since the algorithm is not yet able to resolve division events immediately
adjacent to rearrangements as well as multiple adjacent divisions.

Since cell rearrangements are one of the most difficult aspects of cell tracking, and
our in vivo data exhibit a high frequency of such events, it is natural to ask what
percentage of cells are correctly tracked. To estimate this percentage, we compare
the results in Figure 6.9, where up to 30% of cells are involved in neighbour exchange
between frames in a population of up to 340 cells, with the results shown in Figure
6.7, where in the case of 400 cells and 4% of edges undergoing T'1 transitions between
frames (corresponding to 30% of cells involved in neighbour exchanges) we find the
percentage of correctly tracked cells to be 85%. This provides a lower bound for the
success rate of the algorithm on the in vivo frames. When up to 3% of edges undergo
T1 transitions (corresponding to 25% of cells in the tissue involved in neighbour
exchanges), the success rate of the algorithm is approximately 98%.

The tracking of epithelial in vivo data enables quantitative assessment of dynamic
changes in cellular morphology. The tracking results in Figure 6.9 reveal that the
analysed section of the epidermis undergoes 60 cell rearrangements per five minutes
initially and around 100 cell rearrangements per five minutes at the end of the observed
time interval. The average ratio of the maximal area and the minimal area observed
for individual cells during the period of measurement is 4.2, indicating that on average
cells increase their apical area by a factor of four during mitotic rounding. A total
of 18 cell deaths are tracked in the dataset. A striking feature is the level of T1
transitions occurring during this stage of development, even in the absence of the

kinds of gross morphogenetic movements found in earlier or later stages.

6.3.4 Calculation times

To analyse the scaling of the calculation times with tissue size we repeat the permu-

tation test with tissues of square dimension of varying size on a desktop computer
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Figure 6.10: Scaling of the calculation times with tissue size. Virtual tissues
of varying sizes were generated and the calculation times of the algorithm under the
permutation test in Figure 6.6A recorded. Orange dots represent calculation times
for individual realisations of the test and error bars denote the standard deviation.
The exponent b of the polynomial fit is 1.6. The calculation times were measured on
a desktop computer with an Intel i5-6500T CPU (2.5GHz) and 8GB RAM.

with an Intel i5-6500T CPU (2.5GHz) and 8GB RAM. We find that the calculation
times scale subquadratically with cell number (Figure 6.10).

The calculation times for the experimental images analysed in Figure 6.8 vary more
widely than for the in silico datasets. For the tracking between the first and second
frames in Figure 6.8, the algorithm required 43 seconds to run, whereas between the
second and the third frames the algorithm required nine seconds. This is due to
differences in the time required to find the first correct mapping; in the first example
154 cells were searched before the first correct mapping was found, whereas in the
second example only 12 cells were searched. This means that the number of cells
considered when finding the initial mappings depends on the graph structure of the
analysed frames and impacts on the calculation time of the algorithm. In total,
analysing all 21 frames of the in vivo data presented in Figures 6.8 and 6.9 requires

19 minutes of calculation time.
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6.4 Discussion

Cell tracking in epithelial sheets has the potential to generate a vast amount of quan-
titative data to inform our understanding of the contributions of different cellular
processes to tissue morphogenesis. However, cell tracking is notoriously difficult, espe-
cially for the complex morphogenetic processes that occur as embryogenesis proceeds.
In this chapter, we have developed an algorithm based on MCS detection for the
tracking of cells in segmented images of epithelial sheets. Our algorithm successfully
tracks cells in in vivo images of the Drosophila embryonic epidermis, a challenging
dataset compared to other tissues, as well as in randomly generated in silico datasets,
without the need for the adjustment of tissue specific parameters such as weights for
individual terms in a global minimisation scheme (Padfield et al., 2011). The use of
in silico data to test our algorithm allows us to analyse its performance for a large
range of experimentally observed cell rearrangements and tessellations.

The tracking of cells in in vivo datasets such as presented in Figures 6.8 and 6.9
provides quantitative insight into tissue homeostasis. Using our algorithm we measure
example quantities that would not be accessible without a robust cell tracking method.
The amount of cell rearrangement, the extent of mitotic rounding, and the occurrence
of cell death in the observed frames each can be used to learn about tissue homeostasis
in developing epithelia. Within the analysed dataset, we find a significant number of
T1 transitions despite the absence of gross morphogenetic movements. This may
be driven by the large number of proliferation events that occur. Further, using in
vivo imaging together with our tracking algorithm allows the observation of cell death
or cell delamination without the need for fluorescent markers of apoptosis. Future
applications of the algorithm to such processes may, for example, provide novel insight
to tissue size control in the Drosophila embryonic epidermis (Parker, 2006; Kursawe
et al., 2015), for example through the study of growth and division of individual cells,

and the algorithm can also be adapted to study the dynamics of epithelial wound
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closure. In this and other systems cell tracking may enable the distinction between
cell death due to delamination as opposed to apoptosis (Marinari et al., 2012).

Our algorithm is able to track cells that undergo significant movement and neigh-
bour exchanges between frames. For example, we can correctly track cells in tissues
where more than 40% of the cells rearrange between successive movie frames (Figure
6.7). In addition, even comparably large gaps in the initial MCS can be filled in during
the post-processing step (Figures 6.2 and 6.8). For example, in the first tracking step
in Figure 6.1, only 182 of the 246 tracked cells were identified by the MCS algorithm,
and it was possible to track the 64 remaining cells during the post-processing step.
For comparison, Heller et al. (2016) report 15 cell rearrangements per 1000 cells per
hour at an imaging interval of six minutes for their time-lapse microscopy data of
Drosophila wing imaginal discs. In addition, the experimental data shown in Figures
6.2, 6.8, and 6.9 include junctions shared by four or more cells (yellow asterisks in
Figure 6.9) while our in silico data include multiple instances of such junctions (Figure
6.6D). Therefore, higher-order junctions, such as multicellular rosettes (Blankenship
et al., 2006; Trichas et al., 2012), do not pose a challenge to our algorithm. Access to
quantification of cell rearrangement and area changes has recently provided insight to
wing morphogenesis in Drosophila (Etournay et al., 2015).

Our algorithm is able to correctly track cells in all considered test cases. However,
on rare occasions a few cells at the tissue boundary cannot be tracked. It may be
possible to adapt the algorithm to track these cells, if this is considered necessary for
the application at hand. In the current version of the algorithm, two connections to
already tracked cells that are preserved between two time frames are a condition to
add a cell-to-cell mapping in the post-processing algorithm. Further analysis of cases
where this condition is not fulfilled may reveal ways to relax it.

When generating in silico data to test the algorithm, we used Voronoi tessellations

in combination with Lloyd’s relaxation to generate data that resembles tissues in the
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Drosophila wing imaginal disc (Sdnchez-Gutiérrez et al., 2016). We expect the algo-
rithm to perform less well on tissues whose network structure is nearly homogeneous.
For example, in an epithelial sheet where cells are arranged in a hexagonal fashion,
such as the early Drosophila embryonic epidermis (Warn and Magrath, 1983) or the
late pupal Drosophila wing (Classen et al., 2005), the local adjacency network of each
cell is identical, and hence a network-based tracking algorithm may not be able to
distinguish cells. When generating in silico tissues, we use four Lloyd’s relaxation
steps after Voronoi tessellation. With each Lloyd’s relaxation step, the homogeneity
of the tissue increases. We were able to successfully repeat all in silico tests on virtual
tissues that were generated using up to 14 Lloyd’s relaxation steps. Hence, we expect
the algorithm to be suitable for tissues that can be well described with 14 or fewer
Lloyd’s relaxation steps, such as the chick neural tube embryonic epithelium, or the
Drosophila eye disc (Sanchez-Gutiérrez et al., 2016).

The algorithm relies on being able to generate polygonal tessellations from seg-
mented video microscopy data. In particular, all in silico tests we conducted consid-
ering tissues where each cell has at least three neighbours. Conceptually, it would be
possible to apply the algorithm to tissues in which individual cells may have only two
neighbours (Ishimoto and Morishita, 2014), although such examples have not been
included in the present analysis.

In microscopy videos including division events we expect the algorithm to perform
well in tissues in which no adjacent divisions occur between successive movie frames,
and in which cells adjacent to the dividing cell do not undergo rearrangements be-
fore the next frame is captured. Our algorithm is designed to identify mother and
daughter cells of a division event by establishing the bordering cells that gain an edge
during the division event. In the case of two adjacent divisions, and if cells adjacent
to a division event gain edges due to cell rearrangements, the dividing cell cannot

be correctly identified. An example of a typical tracking error for two adjacent divi-
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Figure 6.11: Tracking errors can occur if adjacent cells divide. Here, all
green (light) cells are tracked correctly. One of the mother cells (red/dark) of the
division events has been incorrectly associated with one of the daughter cells of the
division.
sions is shown in Figure 6.11. In cases where the division resolution step fails, our
Python implementation returns all tracked cells of the post-processing step, and gives
a warning that the division has not been resolved. In these cases, manual correction
methods could be used for incorrectly tracked cells in the vicinity of division events.

The parameters of the algorithm are chosen to maximise its robustness and avoid
the necessity to adjust the parameters to individual applications. For example, the
cutoff length, d,,.., that determines the distance below which two cells in consecutive
movie frames are considered mappable to each other, was chosen to be 10 times the
average cell length in the tissue, which is significantly larger than the movement that
is to be expected between consecutive frames of a live-imaging microscopy video.
However, parameter adjustments may be possible for individual applications in order
to decrease the algorithm calculation times. For example, the size of the extended
neighbourhood considered in the initial step or the iterative extension could be reduced
to include only nearest neighbours instead of nearest neighbours and second nearest
neighbours in case the tissue is sufficiently heterogeneous. Similarly, for maximal
efficiency, one might decrease the d,., for possible cell pairings if the cell positions
are not expected to vary significantly between time frames.

Adjustments may be possible to extend the applicability of the algorithm to a wider

range of tissues. For example, instead of automatic detection of the initial seeds for
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the MCS detection algorithm, a small set of seeds could be manually supplied to guide
the tracking. This should improve the performance of the algorithm on homogeneous
tissues. In such cases, irregular boundaries may also help to aid the initial seeding.
During the construction of the MCS, non-adjacent cells are considered for addition
to the MCS whenever the extension of the MCS by adjacent cells is not possible. An
alternative option to extend an intermediate MCS may be to repeat the initial seeding
algorithm.

In the present work, we have sought to keep geometrical input to the algorithm
to a minimum. Cases where geometric data are taken into account comprise division
events where one of the daughter cells is four- or three-sided, since in these cases we
are not able to make a decision as to which cell is the second daughter cell-based
on network adjacency alone. If future applications reveal cases where the algorithm
performs poorly due to a large number of cell neighbour exchanges or high degree
of tissue homogeneity, then it may be possible to construct algorithms that combine
information on the network topology with data on cell shapes, cell positions and cell
movements to improve performance. For example, information on network topology
could be integrated into previous algorithms that minimise differences between geo-
metric properties of cells, such as cell size and location (Puliafito et al., 2012), with
information about network connectivity.

In cell tracking applications, the scaling of the algorithm with tissue size is cru-
cial. Potential applications range from systems of 30 cells, such as in Chapter 4
(Drosophila embryonic epidermal P compartments (Parker, 2006)), to 10,000 cells,
such as in Chapter 3 (Drosophila imaginal wing disc (Farhadifar et al., 2007); the
wing pouch has about 3,000 cells (Narciso et al., 2015)). Calculation times in the
presented algorithm scale subquadratically with cell number, making it suitable for
applications of varying sizes. For example, extrapolating the data in Figure 6.10, a tis-

sue of 10,000 cells could be tracked across two frames within 10 minutes. The scaling of
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the algorithm is polynomial despite the fact that it is based on MCS detection, which
is known to scale exponentially in the general case. MCS detection has a wide range
of research applications, including protein interaction networks (Ciriello et al., 2012;
Aladag and Erten, 2013) and finding the binding sites of chemical structures (Ray-
mond and Willett, 2002). Our approach of reducing the MCS search to a localised
search may have applications in other areas where the networks are inherently planar.

Our algorithm is designed to track cells in segmented microscopy videos of epithe-
lial sheets in two dimensions. However, it may be possible to apply the algorithm to
datasets of epithelial sheets that are embedded in a three-dimensional environment,
such as the Drosophila imaginal wing disc (Mao et al., 2011), or the Drosophila em-
bryonic epidermis (Parker, 2006; Rauzi et al., 2008), including tissues that can be
mapped onto a cylinder or ellipsoid, such as the mouse visceral endoderm (Trichas
et al., 2012).

A large number of cell tracking algorithms have been developed for various appli-
cations (Mashburn et al., 2012; Cilla et al., 2015; Padfield et al., 2011; Youssef et al.,
2011; Schiegg et al., 2013; Heller et al., 2016; Liu et al., 2014; Raffel et al., 2007; Al-
Kofahi et al., 2010; Amat et al., 2014; Wait et al., 2014; Winter et al., 2011; Sommer
et al., 2011; Bellaiche et al., 2011; Aly et al., 2014; Wang et al., 2010; Puliafito et al.,
2012; Aigouy et al., 2010). Further efforts are required to compare these algorithms
with our own, and to identify the algorithm best suited for an individual dataset.
In the cell tracking challenge, Maska et al. (2014) provide microscopy videos from a
variety of in wvitro cell cultures, including, for example, mouse embryonic stem cells
and human squamous lung carcinoma cells, together with ground-truth segmentation
and tracking data as benchmarks for cell tracking and segmentation algorithms. How-
ever, many of the published algorithms listed above have not yet been applied to the
challenge, and benchmark datasets for epithelial sheets are not currently available.

Chenouard et al. (2014) use in silico datasets as benchmarking datasets for particle
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tracking algorithms. The fully segmented dataset published within the MCSTracker
project can provide a benchmark for future epithelial cell tracking applications.
In the next chapter, we will summarise this thesis and discuss potential avenues

of future research.
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Chapter 7

Discussion

Throughout this thesis we have made contributions that enable the quantitative study
of epithelia. In Chapter 3, we analysed the extent to which typical vertex model pre-
dictions may depend on implementation parameters. In Chapter 4, we used the vertex
model to explore mechanical mechanisms for size control in the Drosophila embryonic
epidermis and to predict the outcome of future experiments. In Chapter 5, we inves-
tigated whether vertex model parameter values can be experimentally inferred using
static imaging data and how the uncertainty of such estimates can be quantified.
In Chapter 6, we used concepts from network theory to track cells in live-imaging
microscopy videos.

Our results in Chapter 3 illustrate that care needs to be taken when making pre-
dictions using cell-based computational models because implementation details such
as the size of the time step, or non-physical parameters, such as length thresholds for
cell rearrangement, may influence model predictions significantly. With the rise of
quantitative analysis and model-data comparison in biophysical applications, choices
of model implementation become increasingly relevant. To enable the use of cell-
based models in quantitative settings, it is important to be aware of any influences
that implementation choices may have on model predictions when analysing a spe-

cific biophysical phenomenon. Understanding model behaviour in detail is crucial to
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prevent modelling artefacts from influencing experimental predictions and clouding
our biophysical understanding and, as such, our findings emphasise the need to fully
document algorithms for simulating cell-based models. Close attention to implemen-
tation details is required in order to unravel the full predictive power of cell-based
models.

In future applications, cell-based models will be developed further. As the resolu-
tion of quantitative data that can be collected increases, computational models will
be adapted accordingly. Future cell-based models will include more detailed represen-
tations of cell shapes, for example through immersed boundary approaches (Cooper
et al., 2016) or other models that take the composition of cells into account, such
as subcellular element models (Newman, 2007). In the case of vertex models, future
efforts will include advancing the modelling concept to three dimensions. This may
include two-dimensional surfaces embedded in three-dimensional space (Monier et al.,
2015), or monolayers of three-dimensional polyhedral cells (Okuda et al., 2015b) that
may be used to model, for example, tissue buckling, or three-dimensional cells in a
three-dimensional cell-aggregate (Okuda et al., 2015a). Another important avenue for
future research on vertex models is the proposal of energy equations for which indi-
vidual cells do not undergo T2 transitions (cell removal), even when exposed to high
pressure from the surrounding cells. Such a model would allow us to test hypotheses
regarding the control of cell removal and death in epithelial tissues.

Chapter 4 serves as an example of using computational models as an abstraction
of the maintenance of tissue sizes with implications for a broad range of studies.
Significant advances in stem cell engineering have resulted from understanding how
to unlock the potential for multicellular aggregates to self-organize. Recent examples
include the morphogenesis of optic eye cups in organ culture conditions (Eiraku et al.,
2011) and the engineering of beating mini-hearts (Ma et al., 2015). We posit that great

success in developing tissue repair strategies will come through the reverse engineering
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of pattern repair mechanisms in situations where pattern repair is perturbed. Such
reverse engineering will require guiding experimental efforts through modelling studies
that identify the information needed to distinguish between mechanisms.

Future work on tissue size control will include studies on other model systems. For
example, the mouse blastocyst has stable proportions of differentiated cells even if the
system size is changed (Saiz et al., 2016). For the example of the Drosophila embryonic
epidermis, future efforts may include the modelling of perturbations of the EGFR
pathway, which have previously been shown to affect tissue sizes (Parker, 2006).

Our work in Chapter 5 indicated that the mechanical vertex model parameters
might not be identifiable using tissue-level summary statistics or local perturbations,
thus illustrating the importance of quantifying uncertainty when measuring parame-
ters of stochastic models in biology. While our findings highlight that it is difficult to
identify a specific vertex model parameter set corresponding to a given tissue config-
uration, it also follows that the exact choice of mechanical vertex model parameters
will not strongly influence the model behaviour, and many modelling results will be
robust to changes in these parameters. Future efforts for parameter inference will in-
clude methods that go beyond measuring the non-dimensionalised parameters of the
vertex model, and instead aim to measuring all dimensional parameters of the model,
including, for example, the cellular stiffness, the dimensional target area of cells, the
timescales of mechanical rearrangement, and parameters concerning cell cycle pro-
gression. Initial efforts in this direction have already been conducted by Merzouki
et al. (2016) and Xu et al. (2015a). It will be important to extend such efforts to
methods that quantify the individual parameter uncertainty, and that are applicable
in living tissues.

The proposed cell tracking algorithm in Chapter 6 provides a two-dimensional
tracking solution specialised for epithelial sheets that attempts to maximise the in-

formation that can be gained from the packing that is typical to such tissues. It
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may, however, be possible to extend this algorithm to applications of cell tracking
where cells are not physically connected by constructing adjacency networks from
Voronoi tessellations that use the cell locations as seeds. We hope that, as segmen-
tation tools are developed further, the combination of our algorithm with these tools
will lead to further insights into cellular behaviour in epithelial tissues. Specifically,
next-generation segmentation techniques will go beyond traditional image analysis
through, for example, intensity thresholds, filters, and binary image operations, and
embrace modern techniques for data mining, such as deep learning algorithms (LeCun

et al., 2015).

7.1 Contributions to open-source software projects

In order to use computational models, such as in Chapters 2 to 5, or algorithms
for data analysis, such as in Chapter 6, it is essential to write computer software.
All software used in this has been shared either through the Chaste software project
(Mirams et al., 2013), or as supplementary material to journal publications (Kursawe
et al., 2015, 2016a), or as a github project (Kursawe et al., 2016b). Making software
available in this way enables the reproducibility of computational results and reduces
the effort that may be required to write new software that uses similar methods
(Osborne et al., 2014).

While developing the software used in this thesis we have made multiple contribu-
tions to the Chaste project, which we now list briefly. For Chapters 3 to 5 we designed
a new method to run multiple Chaste simulations with identical or distinct parame-
ters in parallel either on single computers or on a research cluster. This method has
since become a standard approach among Chaste users and involves the writing of
executable programs for specific modelling applications. We have used this method
to write a program that allows the simulation of growing Drosophila wing imaginal

discs in Chapters 3 and 5 and enables the user to set all relevant parameters, such as
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those listed in Table 3.1, through command-line options. We have written a similar
program to simulate tissue size control in Chapter 4. We further accelerated vertex
model simulations in Chaste by refactoring the method for boundary merging, which
led to a reduction in the calculation time of a typical simulation of a growing wing disc
by 35%. Additionally, we added Chaste features that enable the use of user-defined
rules for cell division orientation, as well as user-defined rules for updating cell target
areas in vertex models based on, for example, the cell cycle progression or the simu-
lation progress. In both cases, we have written multiple such rules and added them
to the Chaste repository. Finally, we have contributed to various maintenance and
refactoring projects of Chaste that include, for example, updates to the user-interface
for specifying the output of a Chaste simulation.

The work for Chapter 6 comprises a separate, open-source python software project
which is available as a separate online repository (https://github.com/kursawe/
MCSTracker). Features of this project include a set of python classes which allow the
user to quickly convert segmented microscopy images into network representations.
These network representations give access to cell and tissue properties, such as cell ar-
eas and cell neighbour relationships. The project also contains a user-friendly python
interface that allows the user to run the cell tracking algorithm developed in Chapter
6 on a given data set and to quickly collect summary statistics on tracked data sets,
for example the amount of cell rearrangement. Parts of this code have been used
in the Tiff2Chaste project, which aims to enable the use of microscopy data sets to
initialise Chaste simulations (https://github.com/Chaste/Tiff2Chaste).

As the quantitative techniques become increasingly established within the biologi-
cal and medical community, and computational models continue to be refined, the two
will be increasingly connected. Future versions of modelling software will include close
integration with experimental data, for example through projects such as Tiff2Chaste

mentioned above. At the same time, the user-interface of modelling software will be
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improved. For example, even though Chaste is developed in the programming lan-
guage C++ there exists now a python interface (https://github.com/jmsgrogan/
PyChaste) that facilitates the quick prototyping of new simulations. Eventually, cell-

based modelling will become a standard tool among biomedical researchers.

7.2 Conclusions

While the motivation for the work in this thesis were fundamental questions in de-
velopmental biology, the methods developed in Chapters 3 to 6 are applicable to the
study of other phenomena, as well, such as wound healing (Walker et al., 2004) and
tumour growth (Anderson et al., 2006). In addition, the study of epithelia is not
limited to developmental systems but also comprises, for example, the study of tissue
mechanics (Nier et al., 2016) and tissue renewal (van Leeuwen et al., 2009).

New findings and techniques, such as those presented in Chapters 3 to 6, will
contribute to unravelling the most fundamental principles of life, and help achieve
breakthroughs in the cure of diseases and in synthetic biology. The combination of
the newest experimental techniques and mathematical or computational modelling

will be the basis for such findings.
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Appendix A

Mathematical description of the

cell tracking algorithm

A conceptual overview of our cell tracking algorithm is given in Chapter 6. Here,
we provide a detailed description of each step of the algorithm. The input to the
algorithm is a set of segmented images obtained from a live-imaging microscopy data
set of the apical surface of an epithelial cell sheet. For each image, the segmentation
is assumed to have correctly identified which cells are adjacent and the locations of
junctions where three or more cells meet. This information is used to generate a
polygonal approximation to the cell tessellation (Figure A.1A, Figure 6.1B).

Our algorithm tracks cells between each pair of consecutive images in three steps
(Figure 6.1). First, we use a MCS approach (Ullmann, 1976; Krissinel and Henrick,
2004) to generate an initial bijection between the two images that includes every cell
whose connections to its neighbours do not change between images, e.g. due to cell
rearrangements (Figure 6.2B). Second, we remove from the bijection any cells that
have less than three isolated connections to other cells in the MCS (Figure 6.2B-C), as
well as isolated clusters of fewer than ten cells, since these cells are likely to have been
matched incorrectly. Third, we extend the MCS to track any remaining cells that were

not included in the bijection and we identify cell division and ‘removal’ (delamination,
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Figure A.1: Construction of the MCS. (A) Overlay of a polygonal tessellation
(grey) and the corresponding cell network (black). Each cell corresponds to one
vertex in the network, and two vertices share an edge if the corresponding cells are
adjacent. The network of cells is used by the algorithm to determine the MCS between
tessellations corresponding to consecutive time frames in a microscopy video. Note
that the network degree of a cell and its polygon number differ at the boundary of the
tissue. For example, the highlighted cell has polygon number five and network degree
three. (B) The dark grey cells are members of the conserved MCS between the two in
silico tissues. In this example, two distinct MCSs are possible. Both MCSs include all
highlighted grey, green, and red cells. The two MCSs differ in the way the numbered
cells are mapped. The first MCS includes the cell pairings as indicated by the green
(light) and red (dark) cells. The second MCS includes the pairings as indicated by
the numbers 1 and 2. White cells are not members of the two MCSs.

extrusion or death) events (Figure 6.2D) through characteristic changes to the local
cell network under these events.

In the first of the three steps shown in Figure 6.2, the MCS is constructed by
iterative extension from an initial seed. The full MCS is then constructed by iteratively

adding cells after inspecting MCSs of the cells’ extended neighbourhoods.

A.1 Mathematical formulation

We begin by introducing the graph theoretic terminology and notation (Wilson, 2010)
used to describe our algorithm. We consider each pair of successive segmented images
as vertex-labelled graphs' G = (V,E) and G’ = (V', E'), respectively. Here and
throughout, we use a prime symbol ’ to refer to the latter of the consecutive images.

Each vertex in GG or G’ corresponds to one cell in the respective segmentation, and two

LA graph is an ordered pair G = (V, E), where V C N and E C {A C V : |A| = 2}. The elements
of V and FE are called the vertices and edges of G, respectively. Given a graph G = (V, E), a vertex
labelling is a function of V' to a set of labels. With this function, G is called a vertez-labelled graph.
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vertices share an edge in the graph if the corresponding cells are adjacent. Throughout,
we assume the graphs G and G’ to be simple, planar and connected; we emphasise
that these graphs represent the dual of the polygonal cell packing (Figure A.1A).
These assumptions are reasonable in the case of simple epithelial cell sheets.

The vertex labelling of G is defined by three functions, pg : V — N, ¢ : V — R,
yo :V — R, and rg : V — T. For a vertex v € V, we refer to pg(v), z¢(v), ya(v),
ra(v) as the polygon number, x coordinate, y coordinate, and neighbour order of v,
respectively. For a given vertex, the polygon number is the number of neighbours of
the corresponding cell, and the x and y coordinates are defined by the centroid of
that cell. Ty is defined as the space of ordered sets of arbitrary length on V', and
the neighbour order rg(v) is the set of vertices that are adjacent to v, ordered by
the clockwise appearance of their corresponding cells in the segmented image with an
arbitrary starting point. An overlay of a polygonal tessellation with the corresponding
graph structure is shown in Figure A.1A.

Let ¢ be an isomorphism? from A C V to B C V' such that for all v € A, we have
pe(v) = per(¢(v)) and for all z,y € A, we have {z,y} € E < {¢(x),¢(y)} € E'. We
call ¢ a cell mapping from G to G' and define the size of ¢ to be |¢p| = |A|. We say
the cell mapping ¢ preserves rotational order if for each vertex v € A the images of
ra(v) N A have identical cyclic order to the set r¢/ (¢(v)) N B.

Let S denote the set of cell mappings from subgraphs of G to subgraphs of G'.
Suppose that ¢pcs € S has maximum size, ie. |pyes| > |¢| Vo € S, and let
Vies € V denote the domain of ¢pcg. We call the subgraph induced® by Vicg a
MCS of G and G’ (this may not be unique). A non-trivial, i.e. non-empty, MCS
exists if there are two vertices v € V and v' € V' that have the same polygon number,

which is always true in our test cases. Our definition of a MCS differs slightly from

2Graphs G = (V, E) and G’ = (V', E') are isomorphic if there exists a bijection ¢ : V' — V' such
that, for each z,y € V, we have {z,y} € E & {¢(x),¢(y)} € E'. We say that ¢ is an isomorphism.

3A graph G’ = (V' E') is a subgraph of G = (V,E) if V! CV and E’ C E. The subgraph G’ of
G is induced by the vertices A C V if it contains all edges whose endpoints are both in A.
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previous definitions since it requires equivalence of the polygon number in addition
to equivalence of edges (Ullmann, 1976; Raymond and Willett, 2002). Note that
the polygon number and degree! of a vertex may not coincide for cells at the tissue
boundary (Figure A.1A). A MCS is said to preserve rotational order if ¢p;cs preserves
rotational order.

Suppose that G and G’ have k MCSs that preserve rotational order, with associated
cell mappings ¢1, ..., ¢x. Let V. denote the set of vertices in V' that are mapped to the
same vertex in V'’ by every cell mapping ¢1, ..., ¢, and let ¢, denote the restriction
of ¢1 (or, equivalently, any of the cell mappings) to V.. We call V, the conserved MCS
of G and G'. In contrast to MCSs, conserved MCSs are unique. Examples of MCSs

and conserved MCSs are illustrated in Figure A.1B.

A.2 Construction of the conserved MCS

In general, finding a MCS between two graphs is an NP-hard problem (Ullmann, 1976).
Here we adapt an efficient MCS detection algorithm (Krissinel and Henrick, 2004) by
exploiting graph planarity to reduce computational complexity. Instead of exploring
all possible combinations of vertex-to-vertex matches (Krissinel and Henrick, 2004)
we construct the conserved MCS iteratively by finding the MCSs of small subgraphs
of G and G’. To describe this construction we make use of the following definitions.
For a graph G = (V, F), we define the extended neighbourhood® of a vertex v € V to
be the set Fg)(v) ={w €V :dg(v,w) < 2}, where dg denotes graph distanceS. The
extended neighbourhood contains v, all neighbours of v, and all second nearest neigh-
bours of v. An example of an extended neighbourhood is illustrated in Figure 6.3A

as the set of highlighted blue and grey cells.

4The degree of a vertex v of a graph G = (V, E) is the number of incident edges, deg (v) = [{w €
V:{v,w} € E}|.

°The neighbourhood T'c(v) contains all u € V for which (u,v) € E.

6The distance dg(v,w) between two vertices v, w of a graph G is the number of edges in a shortest
path connecting them. If no such path exists, then the distance is set equal to co.
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Let p: A — B be a cell mapping, v € V'\ A and v' € V'\ B be vertices in successive
graphs, and S7,, be the set of cell mappings whose domains lie in I'¢(v), whose images
lie in V', which map v to v/, and which map v, to p(v,) for all v, € ANT'¢(v). Suppose
that ¢/ ,, € S7,,; has maximum size, i.e. |¢],,| > || V¢ € S7,,, and let Vs denote
the domain of ¢y. We call the subgraph induced by V{,, a local MCS (LM) of v
and v' under p.

Further, let 5%, ,, be the set of cell mappings whose domains lie in T2 (v), whose
images lie in V', which map v to v/, and which map v, to p(v,) for all v, € Aﬂf‘g)(v).
Suppose that ¢, € S%y s has maximum size, i.e. @5, ] = || Vo € Sk, and let
Vierym denote the domain of ¢pp . We call the subgraph induced by V£, ,, a extended
local MCS (ELM) of v and v’ under p.

Further, let S%;,, denote the set of cell mappings whose domains lie in the ex-
tended neighbourhood of v excluding v, whose images lie in V’/, and which map v, to
p(v,) for all v, € AN Fg) (v). Suppose that ¢%;,, € Sk has maximum size and let
VB yr denote the domain of ¢%,,,. We call the subgraph induced by V}, ,, a reduced
local MCS (RLM) of v under p.

Finally, we say that v € V'\ B is mappable to v € V'\ A under p if pg(v) = pg/ (v'),
do(w,v) =1 & da(p(w),v') =1 for all w € A, and if (zg(v) — ze(v'))* + (yg(v) —
yor (v'))? < d2,., where throughout this thesis we choose the threshold dy.x to be ten
times the average cell diameter in the tissue (defined as the square root of the average
area of the polygonal approximations of the cells in the segmented microscopy image).
The threshold d,,.x is used in our MCS finding algorithm to restrict any possible vertex
pairings to those that are in physical proximity. This restriction reduces the size of

the search space.
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A.2.1 Initial step

To construct the conserved MCS, we first define a cell mapping ¢; between single
vertices of the consecutive graphs (Figure 6.3A). Formally, we search through vertices
in V and V' to find v; € V, v} € V' such that the order” of any extended local MCS
of v; and v} under the cell mapping® ¢y : 0 — 0 is equal to |I'%(v;)| and, for any
vertex vy € V' \ {v]} that is mappable to v; under ¢q, the order of any extended
local MCS of v; and v} is strictly less than |T'%(vy)|. If no such v; can be found, we
relax our condition and instead search for any v; € V, v} € V' such that the order of
any local MCS of v; and v} under the cell mapping ¢q : § — 0 is equal to |I'g(vy)
and, for any vertex vy, € V' \ {v}} that is mappable to v; under ¢y, the order of
any local MCS of vy and v} is strictly less than |I'g(v1)|. We then define a first cell
mapping ¢; : V4 — V/ with V; = {v1}, V/ = {v]} and a first set of inspected vertices
Vins = (). Since we wish to use the MCS to aid our cell tracking, the equivalence of the
(extended) neighbourhoods of v; and v} gives us confidence that the corresponding
cells are correctly tracked under ¢;. If we cannot find an initial cell mapping, then
the algorithm halts; this means that the cell connectivity changes so quickly that the

neighbourhood of every cell differs between consecutive images.

A.2.2 TIterative extension

Our next step is to iteratively construct a cell mapping ¢een : Veen — Vg for the
conserved MCS between G and G, as follows.
Forn =1,2,..., given a cell mapping ¢, : V;, = V! and a set of already inspected

vertices V™ C V| we determine the set of vertices S,, C T'¢(V,,) \ V™ with at least
one mappable vertex in V' \ V! under ¢,. If there are no such vertices (S,, = ()), then
we simply define ¢, 11 = ¢, Viy1 = Vo, Vioy = V!, and set V%5 = (). Otherwise,

if there are such vertices (S, # (), then we find a vertex v,.; € S, with a smallest

"The order of G is the number of its vertices, |V|.
8Here and throughout, () denotes the empty set.
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set of mappable vertices M, ; C V' \ V! under ¢,. We then find all RLMs of v,
under ¢, and, for each vertex v, € M), we find all ELMs of v,y and v}, under
¢n. Next, we find if there is a vertex v;, ., € M, for which all ELMs of v,;; and
v, ., are larger than all ELMs of v,4; and v}, € M, ., \ {v},,,}, and larger than all
RLMs of v,,41. Finally, we distinguish between the cases (i) where v/, ; exists and the
ELM preserves rotational order or (i) where v;,_, either does not exist or it exists
and the corresponding ELM does not preserve the rotational order. If such a vertex
v;,,, exists, then we define a new cell mapping ¢,41 : V, U {vpi1} — V, U {v, 1}
such that ¢,41(vny1) = v,4q and @n41(v) = ¢n(v) Yo € V,,, and define a new set
of inspected vertices V%5 = V. If there is no such vertex v}, € T(V,) \ V™,
then we construct an extended set of inspected vertices V)'5 = V™ U {v,41}, and set
Gni1 = Ons Vg1 =V, and V)| = V). We then increment n and return to the start
of the iteration. Note that at each iteration the algorithm proceeds even if there are
no non-trivial ELMs or RLMs for a given vertex v,41.

Whenever we encounter the set of adjacent cells with at least one mappable vertex
S, = ) for two consecutive values of n, the iteration continues with altering the
definition of this set to the set of unmapped cells which have at least one mappable
vertex, S, C V \ (V™ NV,), thus removing the restriction of the search to connected
subgraphs. As soon as at least one cell mapping has been added to the MCS under
this weakened condition, we set V"* = () and again continue the iteration among
adjacent cells only, i.e. using S, C TI'g(V,) \ V™ and again restrict the addition of
new cells to cells adjacent to V,.

The iteration halts whenever S,, = () for three consecutive values of n. We then
define ¢een = ¢n, Veen = V,, and V., = V. Figure 6.3B-C illustrates the cells

considered when searching for the RLMs and ELMs of a given vertex.
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A.3 Post-processing

The cell mapping ¢cen is intended to correctly track as many cells as possible between
consecutive images. Nevertheless, it is possible that some members of V. may be
tracked incorrectly, while the cell mapping may have excluded some vertices in V' that
could have been tracked correctly. To eliminate tracking errors and track cells that
are not included in the conserved MCS, we construct a tracking mapping, Vtrack, from
Vi € V to Mt’rack C V. We call a mapping ¢ : V C V — V' C V' a tracking
mapping if it is an isomorphism from V to V'. In contrast to a cell mapping, a
tracking mapping need not preserve polygon numbers or edges between vertices of the
subgraphs induced by V and V.

We begin by defining a first tracking mapping ¥; = ¢cen from Vi = Vien to ‘71’ =
V- In the following, we describe how we iteratively refine the tracking mapping by
first removing vertices from the domain that we suspect to correspond to incorrectly

tracked cells (Figure 6.1B-C), and then we add vertices to the domain to track cells

that are not members of the MCS (Figure 6.1D).

A.3.1 Removing weakly connected cells

Let 1 be a tracking mapping from V C V to V' C V. We define v € V to be weakly
connected with respect to 1) if the set I'g(v)N V contains either exactly one vertex; or
exactly two vertices that are not adjacent. We remove any weakly connected vertices
from the tracking mapping since the corresponding cells may have been tracked incor-
rectly by the MCS (Figure 6.1). Once the weakly connected cells have been removed,
we remove any cells from the tracking mapping that belong to connected components®
which lie within the support of the tracking mapping and that contain less than ten

vertices.

9A connected component C € V in G = (V, E) is a set of vertices C € V such that all pairs of
vertices v1,ve € C are connected by paths in V' and that has no connections to vertices outside C.
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In practice, we first find the set of vertices S, C V; that are weakly connected
with respect to ;. Next, we let Vo = Vi \ Sy, V, = V, \ {t1(w) : w € S, }, and define
a new tracking mapping v, : Vo — 172/ to be the restriction of 1, to V5. Note that this
step accounts for the possibility that S, = @; in this case, we simply have by = 1)1.

Further, we identify the set .S; of all vertices that belong to any connected com-
ponent C' within the graph induced by V, and for which |C’ | < 10. Next, we let
Vs = Vu\S;, Vs = V3 \ {thh(w) : w € S;}, and define a new tracking mapping
Y3 Vs — ‘73' to be the restriction of 1, to Vs.

The removal of weakly connected cells and small isolated connected components
prevents tracking errors in our algorithm. The network structure occasionally allows
small connected components to match cells that do not physically correspond to each
other. The same is true for weakly connected cells which tend to lie on the boundary

of the conserved MCS.

A.3.2 Adding cells that were not tracked by the MCS

We next add cells to the tracking mapping. This is necessary since any cells that have
undergone neighbour exchanges between the consecutive images may have changed
their polygon numbers, or their adjacency to each other. This means that their
corresponding vertices cannot be members of the conserved MCS, and so regions of
cell neighbour exchanges will leave gaps of untracked cells in the MCS (Figure 6.1B-C).

In the following, we iteratively extend the domain of the tracking mapping to
include vertices that have neighbours within the domain of the tracking mapping.
Possible images of a given vertex can be identified by the aid of the images of the
neighbours of the vertex. In this way, we track as many remaining cells as possible
based on their neighbour relationships to cells that have been tracked by the conserved
MCS. The more mapped neighbours that are preserved between a newly added vertex

and its image, the higher our confidence that the corresponding cells are correctly
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tracked.

Formally, we start with a tracking mapping ¢, : V,, — V/ (initially with n = 3).
For each vertex in V \ V,, we define the conserved connectivity c,(v) as the maximal
number of unique neighbours of v in V,, whose images under 1), have exactly one
shared neighbour v'. Since ¢, (v) is the maximal number of unique shared neighbours,
we set ¢,(v) = 0 if there are multiple sets of neighbours of S;(v) that have a exactly
one shared neighbour S;(v’) and whose size is maximal.

In practice, we determine c,(v) as follows. For a given vertex v in V' \ V,, let
T, (v) = {¢n(w) : w € Ta(v) NV, } denote the set of images of all adjacent vertices
of v in the domain of the current tracking mapping. If |T,,(v)| < 2 we let ¢,(v) = 0.
Otherwise, we construct the set of vertices in V’\ V/ that elements of T,,(v) share as

neighbours,

WP = U Ta@)\V, (A1)

v’ €Ty (v)
If W0 (v) is empty and |T},(v)| > 2, we consider reduced sets of images of the form
T, (v) \ {w'}, where one element w’ is removed from T,,(v), and we define the set of

all shared neighbours of each reduced image set that are not in the image of ,,:

W) = U ( N Fcf(v')\Vé)- (A.2)

w €Ty (v) \W ETn(v)\{w'}

By construction, the set W("(v) contains those vertices in V' \ V/ that are shared
neighbours of images of neighbours of v, each excluding one such neighbour. If W/ (v)
is empty, we analogously define W(?(v) as the set of vertices in V' \ V/ that are
shared neighbours of images of neighbours of v, each excluding two such neighbours.
If W (v) is empty, we continue analogously to define W (¥ (v) as long as 0 < k <
T, (v)| — 2. If (i) WF(v),0 < k < |T,,(v)| — 2 contains exactly one vertex v’, then we
consider v’ to be a possible match of v and set ¢,(v) = |T,,(v)| — k as the number of

neighbours of v’ that are images of neighbours of v under v,,. If no unique v" can be
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found, we set ¢,(v) = 0.

If the maximal conserved connectivity ¢, (v) among all vertices v € V\V,, is greater
than two, the algorithm attempts to find a vertex v and its unique possible match
' such that ¢,(v) is maximal and such that the number of neighbours of v’ in V!
that are not images of neighbours of v is less than ¢,(v) — 2. If no such vertex can
be found, the algorithm attempts to find a vertex and its possible image such that
this number of gained gained mapped neighbours is less than ¢, (v) — 1. We then let
Vo1 = V,U{v}, Vi = V!U{v'} and define a new tracking mapping ¢, 41 : Vo1 — Vi,
to be the extension of v, for which ,,1(v) = v’. The algorithm then increments n
and attempts to find a next match v and v’ with maximal conserved connectivity.

As soon as the maximal conserved connectivity ¢, (v) among all vertices v € V'\ V,

is less than two or if no new pair v and v’ can be identified, the algorithm halts.

A.3.3 Resolving division events

If a cell divides between consecutive frames, then the tracking mapping v, we have
constructed thus far may incorrectly map the mother cell with one of its daughter
cells (Figure 6.4). To address this issue, we construct a tracking mapping ¢ acc in
which incorrectly tracked mother cells are removed. To resolve division events, we
first identify boundary vertices to be those vertices v € V' whose polygon number and
degree differ. This corresponds to cells that are at the physical boundary of the sheet,
where polygon number and network degree do not coincide (Figure A.1A). We then
identify all connected sets of vertices M’ C V'\ V! that satisfy T',(M’) C V! and that
contain no boundary vertices of V’. Each such set M’ corresponds to one division
event, and in the following we treat each M’ individually.

For each M’, we define Sy = ¢, (T'z(M')) to be the set of inverse images of
the mapped neighbours of M’ under v,,. Next, we identify the set Sporger € Sar1 of

potential bordering cells of the division, i.e. cells that are adjacent to the division, by
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finding those vertices v € Sy that gain an edge under the tracking mapping ,:

Sborder = {U - SMJ ZpG/(¢n(U)) = p(;(v) + 1}. (A3)

We also identify the set Syotner Of potential mother cells by finding any shared neigh-

bours of potential bordering cells:

Smother = ﬂ FG(U)' (A4)

vEShorder

Based on the sets Spordger and Siother We decide which cells are the mother and daughter

cells of the division event, distinguishing between the following cases:

()

If Shother contains exactly one vertex, then this is identified as the mother cell
of the division, and M’ must contain exactly two vertices, which are identified
as the daughter cells. In this case, neither the mother nor daughter cells are
three- or four-sided.

If Smother = 0, then one of the daughter cells must be three-sided (Figure 6.4C).
In this case, a geometry-inferred selection of mother and daughter cells is re-

quired. To this end, we define a set of potential daughter cells,

S(/iaughter = ¢H(Sborder> U ( m )FGI<U/)> s (A5)

U’@ﬁn (Sborder

that contains the images of the potential bordering cells and all shared neigh-
bours of these images in V'. Next, we find a definite daughter cell as an element
V" € Sdaughter that is three-sided (per(v) = 3). The geometry-inferred selection
of the second daughter cell proceeds as follows. For each w' € Sg,ugnter \ 10’}
we construct the geometrically merged cell of v and w’ by removing the edge
between the polygons that corresponds to v" and w’ in the segmentation of the

microscopy video frame from which the graph G’ was generated, as well as the
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(iif)

cell junctions where three or more cells meet at the end of this edge. We then
calculate the distance of the centroid of the geometrically merged cell to the
centroid of the cell associated with vertex v, ! (w’). The vertex w’ for which this
distance is minimal is identified as the second daughter cell, and the mother cell
is identified as its inverse image under ,,.

If Shother cOntains more than one vertex, then we define a set of potential daugh-

ter cells as any shared neighbours of images of the potential bordering cells

S(/iaughter = ﬂ FG' (U/)‘ (A6)

’U'Gwn (Sborder)

If Sgaugnter cONtains exactly four vertices, then the mother cell and both daughter
cells are four-sided, and the mother cell can be identified as the single vertex in
the set Shs2, which we define as the set of cells which are shared neighbours of
all cells in Sy (the inverse images of neighbours of the division), and which

are not in the domain of 1, i.e.

Suz= () Ta)\V,. (A7)

VESM,1

The daughter cells correspond to the only two vertices in M.

If Sgaugnter CONtains exactly three vertices, then one of the daughter cells is
four-sided, and we identify this cell as the definite daughter cell of the division
o', e we identify o' € Si, e @ Por(v) = 4. In this case, geometry-inferred
selection of the second daughter cell is required, and we achieve this in a similar
way to that described for three-sided daughter cells above. For each cell w' €
Shaugnter \ 1V}, We construct the merged cell of v' and w’, and calculate the
distance of its centroid to the centroid of ¢ ' (w’). The cell w' € Si, unier \ 10}

for which this distance is smallest is identified as the second daughter cell. Since

in this case Spother contains more than one cell, S§, e Must contain at least
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three cells!?.

Once each set M’ has been inspected and the associated division event has been
resolved by identifying the mother and daughter cells, we construct a tracking mapping
in which any incorrectly tracked mother cells are removed. To this end, we define the
set of all mother cells for which geometry-inferred selection has been used as Sgeo,
and we construct a final tracking mapping Yiack : Vi, \ Sgeo — \77{ \ ¥ (Sgeo) such that
Virack (V) = ¥n(v) Vv € Vn \ ¥ (Seeo)-

In general, the division resolution step may incorrectly track cells in cases where
there is a cell neighbour exchange next to the division, or if there are two adjacent
divisions between frames. For example, if each of the bordering cells, i.e. the cells
adjacent to the division, were to undergo a neighbour exchange in which they lose an
edge between images, then our algorithm would fail to correctly resolve the division

event.

A.3.4 Resolving remaining events

At this stage, the tracking algorithm for the two consecutive time frames is completed,
and it is straightforward to identify cell neighbour exchanges by finding any cells that
have changed their polygon number from one frame to the next. Cell removal events
correspond to any vertices v € V that are not in the domain of .0, for which

Fg(v) € Virack, and that do not correspond to mother cells of a division event.

A.4 Computational implementation

We use Krissinel’s MCS finding algorithm (Krissinel and Henrick, 2004) to find all

RLMs and ELMs in the above steps. This algorithm will always halt eventually. In

101f Séaughter contains more than four cells, then our algorithm fails; however, this was never
encountered in our test cases.
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particular, since the domains on which the RLMs and ELMs are calculated only con-
tain extended neighbourhoods of individual cells, the MCS finding does not pose com-
putational barriers. We adapt the procedure for MCS finding proposed in (Krissinel
and Henrick, 2004) in two ways: (i) whenever a next vertex is considered for mapping,
we pick a vertex that is adjacent to already mapped cells, hence the adapted algorithm
only finds connected subgraphs; (ii) since the RLMs and ELMs are small, we do not
implement subgraph-size dependent conditions to interrupt the search early.

When finding the initial mapping, for any two possible matches ELMs are first cal-
culated by considering nearest neighbours only rather than extended neighbourhoods.
Once the neighbourhoods!'! of two matching vertices are found to be isomorphic, the
extended neighbourhood is considered. This step reduces the time that is needed to
find the initial match. During post-processing, the conserved connectivity is not cal-
culated for each vertex. Instead, vertices with maximal numbers of neighbours in the
support of v,, are observed first and, once the maximal conserved connectivity and the
set of corresponding vertices has been identified, no further conserved connectivities
are calculated. This reduces the computational cost of the post-processing algorithm.

In the computational implementation of the tracking algorithm we use a further
vertex-label cg : V' — N, which we call the cell identifier. In practice, integer identi-
fiers for a given vertex v arise naturally in the segmentation step. Cell identifiers allow
us to easily identify vertices and relate them to a cell in a given image independent

of how they are stored in the graph structure.

UThe set of adjacent vertices, T'g(v) = {w € V : {v,w} € E} is called the neighbourhood of v, so
the degree of v is [I'g(v)|. We define the neighbourhood of a subset V/ C V to be I'¢(V') = {w €
VAV':3v e V' with d(w,v) = 1}.
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