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Abstract

This thesis is concerned with drawing out high-level insight from otherwise complex
mathematical models of physical processes. This is achieved through detailed analysis
of model behaviour as constituent parameters are varied. A particular focus is the
well-posedness of parameter estimation from noisy data, and its relationship to the
parametric sensitivity properties of the model. Other topics investigated include the
verification of model performance properties over large ranges of parameters, and the
simplification of models based upon their response to parameter perturbation. Several
methodologies are proposed, which account for various model classes. However, shared
features of the models considered include nonlinearity, parameters with considerable
scope for variability, and experimental data corrupted by significant measurement
uncertainty.

We begin by considering models described by systems of nonlinear ordinary differen-
tial equations with parameter dependence. Model output, in this case, can only be
obtained by numerical integration of the relevant equations. Therefore, assessment
of model behaviour over tracts of parameter space is usually carried out by repeated
model simulation over a grid of parameter values. We instead reformulate this as-
sessment as an algebraic problem, using polynomial programming techniques. The
result is an algorithm that produces parameter-dependent algebraic functions that are
guaranteed to bound user-defined aspects of model behaviour over parameter space.

We then consider more general classes of parameter-dependent model. A theoretical
framework is constructed through which we can explore the duality between model
sensitivity to non-local parameter perturbations, and the well-posedness of parameter
estimation from significantly noisy data. This results in an algorithm that can uncover
functional relations on parameter space over which model output is insensitive and
parameters cannot be estimated. The methodology used derives from techniques of
nonlinear optimal control. We use this algorithm to simplify benchmark models from
the systems biology literature. Specifically, we uncover features such as fast-timescale
subsystems and redundant model interactions, together with the sets of parameter
values over which the features are valid.

We finally consider parameter estimation in models that are acknowledged to im-
perfectly describe the modelled process. We show that this invalidates standard
statistical theory associated with uncertainty quantification of parameter estimates.
Alternative theory that accounts for this situation is then developed, resulting in a
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computationally tractable approximation of the covariance of a parameter estimate
with respect to noise-induced fluctuation of experimental data.
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Chapter 1

Introduction

1.1 A Primer on Mathematical Modelling

Empiricism lies at the heart of all scientific research conducted today. Hypotheses are

formulated, compared, strengthened, and discarded, based on their ability to account

for the observed behaviour of the objects to which they pertain. The initial step

of collecting relevant data on such observed behaviour is known as the experimental

procedure. Some form of data analysis is then required to relate experimental results

to existing hypotheses, or to uncover patterns that may lead to the formulation of

new hypotheses. Science advances through an integrated cycle of experiment and

analysis, with one informing the other.

Data analysis is often quantitative. By this we mean that the data has some form

of numerical representation, and patterns in the data can therefore be conveniently

exposed and analysed through the language of mathematics. At the simplest level,

one might look for generic correlations (or lack thereof) between numerically repre-

sentable quantities of interest. A famous example of the power of such an approach in

informing the scientific method was published in the 19th century by Gregor Mendel,
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in his Versuche über Pflanzen Hybriden (translated as Experiments in Plant Hybridi-

sation) [7]. Mendel considered seven binary characteristics (such as seed shape and

colour) of the pea plant (Pisum Sativum). He obtained seven pairs of distinct pea

populations, such that members of a single population displayed no variation in the

considered characteristic, while each pair of populations differed in precisely a single

characteristic. Members of the respective populations within a given pair were then

cross-bred down two generations (labelled F1 and F2 respectively). A table of his

results, taken from [118] is provided below:

Table 1.1: Characteristics of Mendel’s pea plants, over two generations.

Parental characteristic F1 F2 F2 Ratio
Round × wrinkled seeds All round 5474 round; 1850 wrinkled 2.96:1

Yellow × green seeds All yellow 6022 yellow; 2001 green 3.01:1
Purple × white petals All purple 705 purple; 224 white 3.15:1

Inflated × pinched pods All inflated 882 inflated; 299 pinched 2.95:1
Green × yellow pods All green 428 green; 152 yellow 2.82:1

Axial × terminal flowers All axial 651 axial; 207 terminal 3.14:1
Long × short stems All long 787 long; 277 short 2.84:1

An observer to Mendel’s experiment would have immediately recognised the lack of

variation in the characteristics of F1. Similarly obvious would have been the recovery

of variation in F2. However the clustering of the ratios of the displayed characteristics

in F2 around 3:1 is a quantitative pattern only retrievable by a mathematical analysis.

It is this observation that was critical to the formulation of Mendel’s laws of inheri-

tance. Together, these provide a model of inheritance. In other words, they provide

a simplified conceptual framework that largely explains the pertinent features of the

data, and has some predictive power. Note that both the process of simplification

and the choice of pertinent features depend largely on the aims of the modeller. For

instance, a model predicting the survivability of a particular pea population would

require completely different forms of data, and might not have to take account of the

F2 ratio given in the table above. The model of inheritance proposed by Mendel is
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simple enough to be described verbally, with the aid of a diagram (see Figure 1.1).

Figure 1.1: Mendel’s Laws of Inheritance. For each binary characteristic (in this case
pea colour), there is an associated ‘gene’. The gene comes in two varieties (‘alleles’):
dominant and recessive, denoted Y and g respectively in the figure. Each plant has
two copies of the gene, together known as the ‘genotype’. If at least one copy is of the
dominant allele, then the form of the characteristic (‘phenotype’) associated with that
allele is displayed. In this case it is yellow peas. A descendant of two parent plants
inherits one randomly chosen copy of the gene from each parent. F0 represents the
founder population, while F1 and F2 represent successive generations. All plants in
F1 inherit a gene from the Y Y parent, so must be yellow. There is a 50% probability
of a plant in F2 inheriting the g allele from each parent, so one quarter of them have
two copies of g and display green peas.

Nowadays many models of physical processes are sufficiently complex that a verbal

description is not convenient. Instead, objects involved in the process are represented

numerically, and their interactions are specified through equations. A mathematical

model of the process is created. This thesis focuses on the analysis of various classes

of mathematical models, and consideration of the extent to which conclusions drawn

from such a model are applicable to the physical process being modelled. Throughout

a reading of this thesis, it is useful to keep in mind several core tenets of the modelling

paradigm, which are detailed below.

All models are wrong, but some are useful [18]. Modelling entails a tradeoff

between complexity and tractability. As the simplicity of a model increases, so too

does the power of the analytical tools we can apply to extract information from it.
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Conversely, the fidelity of the model in describing reality may decrease. Our current

understanding of genetic inheritance is much more refined than that proposed by

Mendel. Indeed, a complete description would require a book, rather than the single

diagram of Figure 1.1. However, making predictions on the displayed characteristics

of further generations of pea plants using the model of Figure 1.1, is both easy and

largely correct. If we accounted for more recently appreciated issues such as the

possibility of genetic mutation, or gene conversion during meiosis, this task becomes

considerably more involved.

Sometimes, it is possible to decrease the complexity of a model without sacrificing

any descriptive power. The simplified model can then be analysed more easily and/or

comprehensively. This situation implies some level of redundancy in the original

description of the model, which is excised in the simplified model. Chapters 3 and

5 introduce new methods of identifying redundancies of the form described, thus

allowing for model simplification and improved analysis.

Models can be used to infer unobserved features of their associated phys-

ical process. This inference may not be exact. For Mendel, genes were wholly

abstract entities, which existed inasmuch as they provided a convenient way of ex-

plaining his experimental data. Only much later was the existence of genes, and the

verification of their function, validated experimentally.

Models often contain unobserved quantities and entities. If they are static (i.e. do not

vary in time) we refer to them as parameters. The classification of time-varying un-

observed quantities is more involved, and considered subsequently in the thesis. The

genotypes of the parent, yellow-seeded plants, are static, and therefore parameters.

We can infer parameters of a model, from experimental data. These can directly

correspond to unobserved properties of the process. This is known as parameter

estimation. To take an example, let us temporarily accept the model of Figure 1.1.
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In this case the data of Table 1.1 implies that the parent generation of yellow seeded

plants are likely not to have possessed any recessive alleles coding for green seeds.

Otherwise, some first generation (F1 plants) would have been likely to inherit two

copies of the recessive allele, and display the green-seeded phenotype. Note that our

inference is probabilistic: it is possible that some of the parent generation possessed

recessive alleles, but that none of these had passed on to the descendants. As soon as

randomness enters a model, inference becomes probabilistic. In this case, randomness

enters through the choice of allele passed down to the descendant. Another common

source of randomness is that of measurement noise. It is safe to assume that Mendel’s

measurements were correct, as they were of binary characteristics. If he had measured

the precise height of the plants, however, instead of classifying them as ‘tall’, or ‘short’,

then measurement error would have become relevant. This thesis will be concerned

with models that are deterministic, but where measurement noise corrupts the process

of observation. Thus our methods are not applicable to models whose evolution over

time is inherently stochastic, such as those describing Brownian motion.

We have used a model to infer the unobserved genotype of the parent generation of

yellow seeded plants, with the caveat that our inference is probabilistic. However,

one would reasonably conclude that the probabilistic inference is in fact highly likely.

Why? The probability of flipping a (fair) coin 1000 times and never observing a

tails is vanishingly small. In the same way, the large number of F1 plants grown adds

strength to the inference. This highlights the importance of experimental replicates in

reducing the corrupting influence of randomness on model inference. Unfortunately

in mathematical models with many parameters, it often happens that even a tiny

amount of measurement noise can corrupt data in such a way that parameter inference

becomes extremely imprecise. Chapters 3 and 4 introduce methods of quantifying the

uncertainty associated with parameter inference in this situation. Meanwhile Chapter

6 considers the issues arising with quantifying such uncertainty when the model cannot
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accurately represent the process for any values of the parameters. This is relevant

when conducting analysis on highly simplified models.

Models should, but may not, have predictive power. Correspondingly, pa-

rameters should, but may not, be meaningful. We distinguish between two

extremes of the modelling paradigm: mechanistic, and data-driven, while acknowl-

edging that many models incorporate aspects of both. Our discussion will focus on

mechanistic models, which curate hypotheses. They are built in such a way that

each (hypothesised) interaction and entity in the process is represented in the model.

In this case, model parameters represent unobserved (static) aspects of the process.

Ultimately, the predictive power of such a model corresponds to the validity of the

hypotheses. Let us demonstrate with an example of the trolley on a spring depicted

in Figure 1.2.

Figure 1.2: Trolley on a spring model. The variable x denotes the difference between
the length of the spring and its natural (unforced) length, at time t. We assume that
|x(0)|+ |ẋ(0)| < 1, to avoid collisions with the vertical beam.

Suppose we wished to analyse the relationship between the starting position of the

trolley in Figure 1.2, and its consequent trajectory. A simple, mechanistic approach to

the problem could integrate two hypotheses: namely Newton’s second law of motion,

and Hooke’s law of linear elasticity. Newton’s second law of motion states that the

acceleration of a particle, of constant mass, is directly proportional to the product of

the force applied to it with its mass. Mathematically, this can be represented by the
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equation

mẍ(t) = F (t),

where x(t) is the position of the particle as a function of t, the time, and dotted

variables denote time derivatives, with the number of dots equal to the order of

the derivative. Meanwhile, m represents the particle’s mass, and F (t) the (time-

dependent) force applied to it. Hooke’s Law of Linear Elasticity proposes that the

force exerted by a spring on its ends is linearly proportional to the relative extension

of the spring. Mathematically,

−kx(t) = F (t),

where k is a constant of proportionality representing the stiffness of the spring, and

known as the spring constant, and x(t) is extension of the spring from its natural

length. Note that Hooke’s law is conventionally formulated in terms of the force

required to extend a spring, which balances the force exerted by the spring on its

ends. Thus the minus sign in the above equation disappears. Applying these laws to

Figure 1.2, under the assumption that the only forces exerted on the trolley are due

to the effects of the spring, we get the following equation for the motion of the trolley,

ẍ(t) = − k
m
x(t),

which can be integrated to yield

x(t) = x(0) cos

(√
k

m
t

)
+ ẋ(0)

(√
m

k

)
sin

(√
k

m
t

)
. (1.1)

We can consider the initial position x(0), initial velocity ẋ(0), stiffness constant k,
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and mass m, as parameters of the model. By evaluating the above equation for

different values of the initial position and velocity, we can predict the behaviour of

the true spring under similar circumstances. Note that this model is a fairly crude

simplification of reality. However, we know that the regimes in which our model

predictions fail to reflect reality are precisely those in which our hypotheses, or their

underlying assumptions are not valid. This is an artefact of the mechanistic nature of

our model building routine. For instance, we have ignored the effect of friction on the

trolley’s wheels in influencing the trajectory, so we can appreciate that our model will

be more accurate in a low-friction setting. Nevertheless if our model predictions reflect

experimental testing with reasonable fidelity, then it is likely that our hypotheses have

some validity. This validity gives the parameters k and m, which encode information

from the hypotheses, an intrinsic meaning. They encode some fundamental property

of the objects to which they pertain, which predictably influence their behaviour

under those conditions where their underlying hypotheses holds. So, for instance, the

concept of mass ceases to be meaningful (through Newton’s Laws, at least), when

the relative velocity of different system components approaches the speed of light, at

which point the model of Newtonian mechanics loses its predictive capabilities.

The sensitivity of model predictions to perturbations in the parameters

is intimately related to the accuracy of parameter estimation from data.

Let us revisit the model given in (1.1) of a trolley on a spring, shown in Figure 1.2.

Note that the dynamics of the position depend only on the ratio of spring stiffness

to the mass of the trolley, that is k
m

. So any perturbations to k and m preserving

this ratio have no effect on model output. We say that the parameters k and m are

structurally unidentifiable, and that the model contains a structural unidentifiability

over sets of parameters {k,m} preserving the ratio k
m

. Note that the expression k
m

is itself structurally identifiable: any change to k
m

will induce a change in model

behaviour.
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Structurally unidentifiable parameters cannot be estimated from data. Suppose that

we obtained time-series data for the position of the trolley, and found a pair of values

{k∗,m∗} for the parameters, which yielded model predictions consistent with the

data. We would have no way of discriminating between {k∗,m∗} and any other

pair of parameter values satisfying k
m

= k∗

m∗
. If we did not know of the structural

unidentifiability, then we might have assumed that the values of k∗ and m∗ were

meaningful through their individual values, rather than just their ratio. This may

have informed erroneous hypotheses, such as an upper bound on the mass m. Thus it

is important to delineate all structural unidentifiabilities in a model before conducting

parameter estimation.

We have described how the sensitivity of model predictions to parameter perturbation

is zero along structural unidentifiabilities. We have seen how this means that param-

eter estimation is impossible over them. What happens when a model has very low,

but nonzero sensitivity to parameter perturbation along some direction in the space

of parameters? In this case, a large set of parameters, extending along this direction,

will induce very similar, but technically distinct, model predictions. As stated pre-

viously, parameter estimation becomes probabilistic as soon as experimental data is

corrupted by measurement noise. Given such data, we cannot remove the measure-

ment noise term. We can, however, see which model predictions would have been

likely to generate the data, modulo measurement noise. If the model predictions in-

duced by a particular parameter vector are consistent with noisy data, then it is likely

that all ‘similar’ model predictions are also consistent. Thus it is hard to discriminate

between potential parameters along directions of low sensitivity in parameter space.

If we attempted to define a region in which it was almost certain the true parameters

resided, that region would be very large. Where it is too large for the purposes of

the modeller, the model is ‘practically unidentifiable’ from the data. We will provide

a more technical overview of structural/practical unidentifiability and their implica-
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tions for the parameter estimation problem in Chapter 4. In general, the delineation

of (structural/practical) unidentifiabilities, and the verification of identifiability, are

together referred to as the identifiability problem.

1.2 Thesis Motivation

The increasing availability of computing power has meant that it has become possible

to computationally simulate highly detailed models of complex processes. Accord-

ingly, such models have become increasingly common in fields as diverse as systems

biology, climate science, and economics. For instance, a whole-cell model of the

life cycle of the pathogen Mycoplasma genitalium, which accounts for the integrated

function of each of its 525 genes, and contains over 1900 parameters, was recently

published [62]. The analysis of such high-dimensional, often nonlinear, models raises

many challenges. The contributions of this thesis form part of the extensive literature

concerned with their solution.

The identification of (structurally and practically) unidentifiable parameters, and

their associated unidentifiabilities, is a hard problem in general. The computational

complexity of many available algorithms scales unfavourably with increasing model

size, to the extent that they are intractable in models with many parameters. In this

case not only is estimation of every parameter from data impossible, but we cannot

say which parameters, or functions thereof, can and cannot be estimated. Increasingly

scalable algorithms for specifying structurally and practically unidentifiable parame-

ters have been entering the literature in recent years [138, 52, 4, 112]. Less progress

has been made in finding the form of their associated unidentifiabilities, which pro-

vides additional information. For instance in our previous trolley-spring example, it

was useful to know that both k and m were structurally unidentifiable, but it was
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even more useful to see that model predictions depended solely on their ratio: k
m

.

Knowledge of such unidentifiabilities paves the way for model simplification, and pro-

vides qualitative insight into the characteristics of the process. Furthermore, many

parameter estimation routines, such as those based on Markov-chain Monte Carlo,

become numerically ill-conditioned in the presence of unidentifiabilities, and fail to

provide output [46, 24, 124]. A priori specification of the unidentifiabilities avoids

these issues. Chapter 5 contributes a new, scalable algorithm for identifying both

structurally and practically unidentifiable parameters and their associated unidenti-

fiabilities. We demonstrate through example how this can pave the way for model

simplification. For instance, we can identify approximable model features such as

timescale-separated subsystems and redundant mechanisms, as well as the regimes in

which such potential simplifications are valid.

Once identifiability is verified, interest shifts to precise quantification of the accuracy

of a parameter estimate. That is, we want to provide bounds within which each ‘true’

parameter value is likely to reside, up to some desired degree of confidence. The

set of parameter values satisfying such bounds is often referred to as the uncertainty

region of the parameter estimate, and depends both on the form of measurement noise

by which the data is corrupted, and the parametric sensitivity characteristics of the

model. The motivation for quantification of the uncertainty region is that the set of

conclusions one can derive from a parameter estimate are predicated on the accuracy

of the estimate. For example, we could estimate the acceleration due to gravity on

various planets by measuring the trajectory of a falling object, and fitting the data

to a model derived from Newton’s Law of Universal Gravitation. If we performed

such an experiment on Venus, and concluded that the best-guess of acceleration was

8.8ms−2, but that any estimate within two units of this guess was plausible (i.e.

we estimated acceleration as 8.8 ± 2ms−2), then we could not reasonably verify the

hypothesis that gravitional acceleration on Venus was smaller than that on Earth
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(where it is 9.81ms−2, to two decimal places).

Precise specification of the uncertainty region associated with a parameter estimate

is a hard task. One approach is to simulate the model over a large number of discrete

parameter values, and test whether the model prediction arising from each simulation

is within the uncertainty region (see e.g. [111] for a review). This suffers from the

curse of dimensionality : a linear increase in the number of parameters results in an

exponential increase in the number of sample points required to cover the space of

parameters at a given density. So massive numbers of simulations are required to

analyse models with many parameters. Another approach is to formulate quadratic

approximations of the uncertainty region [21]. This allows for computationally ef-

ficient characterisation, but becomes less realistic as the signal to noise ratio of the

data decreases. In Chapter 4 we provide a new method of quantifying the uncertainty

region, which relies neither on simulation nor approximation. In Chapter 6, we in-

vestigate the consequences of removing the conventional statistical assumption that

the model, for some parameter values, can perfectly recreate the modelled physical

process. This assumption is central to much of the literature on uncertainty quantifi-

cation, but is not always justified. We then provide a new framework for uncertainty

quantification that is independent of the assumption.

We have so far focused on challenges related to the estimation of fixed parameter val-

ues from experimental data, so as to infer unobserved characteristics of the modelled

process. Model parameters can also represent quantities that vary with the envi-

ronmental conditions experienced by the modelled process. Alternatively, possible

discrepancies between model predictions and the true behaviour of the process under

consideration are accounted for by inserting variable parameters into the model. In

either case, quantitative analysis must account for a range of potential parameter

values. We now present a motivating example, illustrated in Figure 1.3.
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Figure 1.3: Simplified model of cruise control system. Sensors measure the slope
angle in real time, and the cruise control uses this information, along with the current
speed, to calculate a force (acceleration or braking) to apply. The calculation is known
as a control law, and must obey certain performance criteria over a range of possible
values of the drag coefficient c, as this varies dependent on factors such as the number
of passengers.

Consider a cruise controller governing the acceleration and braking of a car. The cruise

controller tells the engine to exert a force F (t) in order to maintain a velocity close

to some setpoint v∗. Other forces on the car are drag (proportional to velocity, via a

coefficient c), and gravity (proportional to the slope angle θ of the road). The equation

of motion for the car is therefore mẍ(t)+cẋ(t) = F (t)−mg sin θ(t), where x(t) denotes

displacement, m denotes car mass, and g is acceleration due to gravity. The formula

for calculating F (t) (known as the control law) must obey certain performance criteria.

For instance we may want to place an upper bound on the absolute difference between

the true velocity ẋ(t), and the desired velocity v∗, in order that the driver does not

inadvertently break speed limits on e.g. a downhill slope. The control law for F (t) is

calculated based on real-time estimation of θ(t), using sensors. The drag-coefficient

c is harder to estimate in this way, despite being variable, due to unmodelled effects

such as the number of passengers. An alternative is to provide upper and lower

bounds on c, and formulate the control law for calculating F (t) such that all relevant

performance criteria are satisfied over the relevant range of possible c values.

For many classes of model, analysis over continuous ranges of parameters is not pos-
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sible. Instead, the model is simulated over a discrete set of parameter values covering

the relevant range, and analysed individually over each element of the set. So if we

wanted to analyse a model incorporating a parameter that potentially varied between

0 and 1, we could fix the parameter at a range of values between 0 and 1, and analyse

the model in each instance. Such an analysis possesses potential shortcomings. Im-

portant qualitative behaviours of the model may be exhibited only at non-simulated

values of the parameters. An example is provided in Figure 1.4, which demonstrates

that a simulation based analysis of the structural identifiability of the unidentifiable

trolley-spring system shown in Figure 1.2 will always yield an erroneous conclusion.

Another problem is that one cannot verify a model property holds for all parameters

in a set, by demonstrating that it holds for some parameters. We therefore see the

need for mathematical tools that can analyse wider classes of models over contin-

uous ranges of parameter space, providing guaranteed verification of model-related

properties such as performance and identifiability. Chapter 3 introduces new tools

of this type. Specifically, methods are presented for quantifying and bounding the

discrepancy in behaviour between pairs of nonlinear systems of Ordinary Differential

Equations (ODEs), over continuous ranges of parameters.

1.3 Thesis Outline and Contributions

Chapter 2 provides a concise summary of mathematical concepts, notation, and theory

relevant to the thesis. We first summarise the statistical reasoning behind parameter

estimation from noisy data, and the quantification of the uncertainty surrounding a

parameter estimate. We compare Bayesian and Frequentist approaches to parameter

estimation, which provide different philosophical meanings to uncertainty quantifi-

cation, but are nevertheless both amenable to the methods developed in this thesis.

The identifiability problem is presented. We then provide a background on convex
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Figure 1.4: Simulation-based analysis of the unidentifiability of the trolley-spring
system We revisit the model depicted in Figure 1.2, modelled by equation (1.1). We
fix k∗ = m∗ = 2 as nominal parameters. To verify that k∗ and m∗ are structurally
identifiable within the set of parameters k ∈ [1, 3], m ∈ [1, 3], we simulate the model at
a large number of randomly chosen parameter values, drawn from a uniform distribu-
tion on the set. At each pair of randomly chosen {k,m}, we check whether the model
predictions are identical to those induced by {k∗,m∗}, which would imply unidentifi-
ability. Given a random value of k, we require that m = km∗

k∗
for {k,m} to lie on the

same structural unidentifiability as {k∗,m∗}. But the probability of a uniformly dis-
tributed random variable taking an exact value is zero. Graphically, this corresponds
to one of the randomly generated points on the right-half figure lying exactly on the
line k

m
= 1. So this will never be the case.

optimisation and the sum-of-squares decomposition. This is necessary to understand

the theory and results underlying Chapter 3.

In Chapter 3 we consider polynomially nonlinear systems of ODEs, with polyno-

mial parameter dependence. These are often used in the modelling of biochemical

and engineered processes. We then consider the problem of constructing two-sided,

algebraic bounds on user-defined measures of the discrepancy between the parameter-

dependent model, and some reference trajectory. These bounds are rational functions

of the initial conditions and parameters of the model. When constructed, they can

provide guarantees of various aspects of model behaviour over continuous ranges of

parameter space. For instance, they can verify structural identifiability of the model

over a range of parameters. We formulate construction of the bounds as a computa-

tionally tractable convex optimisation problem. Theoretical advances on the choice of
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objective function used in this optimisation ensure that the bounds are the ‘best pos-

sible’ over the space of possible bounds. Examples of application are then provided.

The results of this chapter were published in [102].

Chapter 4 formulates a new quantification of the sensitivity of model predictions to pa-

rameter perturbations. We refer to this as multiscale sloppiness. This explicitly takes

into account the magnitude of parameter perturbation considered, and incorporates

existing experimental data, if the latter exists. We show how multiscale sloppiness

relates to the geometry of uncertainty regions associated with parameter estimates

made from data corrupted by non-infinitesimal measurement noise. In the infinites-

imal case, multiscale sloppiness relates to the Fisher Information Matrix, and the

existing definition of model sloppiness. Using the theoretical framework developed,

we show how intuition on the well-posedness and accuracy of parameter estimation

depends strongly on the signal-to-noise ratio of data, and existing approximations

taken in the limit of increasing ratio can induce erroneous conclusions. The results of

this chapter were published in [100].

Chapter 5 combines the formalism of multiscale sloppiness with methods of opti-

mal control to construct a new algorithm for determining the structural and practical

unidentifiabilities of a model. This algorithm is applicable to a large number of model

classes, but we specifically apply it to benchmark examples from the systems biology

literature, which take the form of nonlinear ODEs. Since unidentifiabilities correspond

to expressions in parameter space over which model output is invariant, their func-

tional form can identify redundant mechanisms within the model. Indeed, we obtain

concrete information related to the biology of the studied processes through deduc-

tion of such functional forms. For instance, we isolate hidden, timescale-separated

subsystems within a model, identify redundant reaction mechanisms, and ascertain

chains of reactions that can be lumped without sacrificing model fidelity. The results
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of this chapter were published in [100].

Chapter 6 is concerned with the situation in which there exists a possible discrep-

ancy between model output and the true nature of the modelled process, regardless

of parameter values. Much of the statistical theory associated with the uncertainty

quantification of parameter estimates relies on this situation not occurring, an as-

sumption which we call the perfect model assumption. An important example is the

standard method of estimating the covariance of a parameter estimate with respect

to the distribution of measurement noise on data, which consists of computing the

Fisher Information Matrix, and invoking the famous Cramer-Rao inequality. We con-

struct an alternative estimate of the covariance of a parameter estimate, amenable

to a common class of models, that remains valid when the perfect model assumption

fails to hold. Nevertheless when it does hold, our estimate agrees with the standard

one based on the Fisher Information Matrix, in the limit of increasing data quantity.

We show that the sources of error in the two methods of covariance estimation are

complementary in some sense, and it is thus desirable to utilise both when flagging

an ill-conditioned parameter estimation problem. The results of this chapter were

published in [101].

Chapter 7 summarises the contributions of the thesis. Potential future avenues of

research are then detailed.

Appendix B solves a specific class of optimal control problem necessary to the results

of Chapter 5. Optimal control is concerned with choosing time-varying inputs to a

dynamical system that enable it to optimise particular performance criteria subject

to constraints. An example would be finding the pattern of acceleration and braking

that enables a car to end up stationary at a red light, while minimising the time taken

to achieve this.

Appendices C and D provide details of benchmark models of metabolic reaction net-
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works from the literature. These are analysed in Chapter 5.
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Chapter 2

Preliminaries

In this chapter we provide an account of the mathematical background on which the

results of this thesis are predicated. We further introduce a consistent language and

framework by which we can both analyse mathematical models and relate them to

the physical systems they approximate.

2.1 Notation and Nomenclature

2.1.1 Basic Notation

We begin by outlining notation associated with vector quantities. Rn denotes the set

of real-valued vectors with n entries. The n-superscript is omitted in the case n = 1,

and analogous conventions are adopted for vectors of integers Zn, and natural numbers

Nn (which we take to include zero). R+ is the restriction of R to the non-negative

numbers.

The ith component of an object x with i components will be denoted xi, as long as

it is scalar. If it is a vector quantity, then the subscript is bracketed (i.e. x(i)). So if
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we have an m-length sequence, denoted x, of n-vectors, then the ith sequence element

is denoted x(i) ∈ Rn, while the jth component of x(i) is x(i),j ∈ R. The lp-norm of a

vector x ∈ Rn is defined to be (
∑n

i=1 x
p
i )

1
p , and is denoted by ‖x‖p.

We frequently encounter matrices A ∈ Rn×m. The operator vec : Rn×m → Rnm×1

converts such a matrix into a vector by stacking the matrix columns on top of one

another, such that vec(A)(j−1)n+i = Aij. If A is square, that is n = m, we denote the

trace of A as Tr(A). If A is also symmetric, then A ∈ Sn, the space of symmetric

matrices. The operator ⊗ denotes the standard Kronecker product on matrices, while

In ∈ Rn×n denotes the identity matrix of dimension n.

The Cartesian product of two sets X and Y is given as

X × Y = {(x, y) : x ∈ X; y ∈ Y }.

The boundary of X ∈ Rn is denoted ∂X. This represents the set of x ∈ Rn such that

any open U 3 x has a nonempty intersection with both X and Rn/X.

The space of continuous, scalar-valued functions on a domain X, with k continuous

derivatives, is denoted Ck(X). These derivatives are taken to be partial. We will

notationally distinguish between the partial and total derivatives of a function. The

partial derivative of a function f : Rn × Rm × Ro → Rp, at a point (x, y, z), and

with respect to a variable x ∈ Rn, is denoted ∂f
∂x

(x, y, z). Alternatively, we may de-

note it ∇xf(x, y, z). This alternative notation is useful when we wish to describe

vectors of partial derivatives. For instance, ∇x,yf(x, y, z) is taken as the concatena-

tion {∇xf(x, y, z),∇yf(x, y, z)}. The total derivative of f is denoted df
dx

(x, y, z), and

accounts for possible dependencies of x on y and z.
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The p-norm of a function f , is given as

‖f‖Lp =

(∫
Rn

∑
i

|fi(x)|p dx

) 1
p

.

For the case in which p =∞, we take

‖f‖L∞ = sup
x∈Rn

f(x).

We will denote by Lp the space of functions whose p-norm is defined, and finite.

We now define some standard operators. The inner product of two elements a, b in a

Hilbert space H is denoted 〈a, b〉. If H = Rn, then 〈a, b〉 =
∑n

i=1 aibi. If H = Rn×m,

then 〈A,B〉 = Tr(ATB). If H = L2, then the inner product is given as

〈f, g〉L2 =

∫
Rn

n∑
i

fi(x)gi(x) dx,

and we note that 〈f, f〉 = ‖f‖2
L2

Landau notation is used to bound the behaviour of functions as their arguments reach

asymptotic limits. Specifically,

f(x) = O
(
g(x)

)
as x→ a

means that there exist M > 0 and δ > 0 such that

‖f(x)‖2 ≤M‖g(x)‖2, ∀ ‖x− a‖2 ≤ δ.

Note that the choice of l2-norm in the above equation is arbitrary: all norms are

equivalent in Rn and, more generally, finite-dimensional vector spaces, [117].
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2.1.2 Models, Parameters, Data, and Measurement Noise

This thesis is concerned with mathematical models containing several unknown pa-

rameters. They model a real-world phenomenon, which we refer to as a process.

The collection of data on a particular process is known as an experiment. We only

deal with deterministic models of processes, but we frequently assume that experi-

ments are corrupted by some form of measurement noise, which takes the form of

a random variable. Thus we distinguish between the deterministic process model

(which we refer to as simply the model), and the stochastic experimental model,

which models the data, rather than just the process, by accounting for measurement

noise.

Let us take q as the number of parameters contained within a model. The full set

of q parameters is listed in a parameter vector, which is denoted θ. Typically,

each parameter is represented as a real number, so we have that θ ∈ Rq. However,

there may be additional, hard constraints on the allowable values that parameters

can take. For instance if a parameter represents the mass of an object, it cannot be

negative. We therefore define Θ ⊆ Rq, as the parameter space. Θ represents the

set of allowable parameter vectors, given the relevant hard constraints.

Model output is assumed to be real-valued, and will be denoted Y(θ). Output can

either be finite or infinite dimensional. In this thesis, the latter case generally occurs

only when model output is a time-varying function. For instance, we frequently en-

counter models described by systems of parameterised ordinary differential equations

(ODEs):

Example 2.1. Standard ordinary differential equation model
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We consider a system of equations of the form:

ẋ(t) = f(x(t), θ), y(t) = h(x(t), θ) (2.1)

x(0) = x0 θ ∈ Θ. (2.2)

Here y(t) ∈ Rm is known as the output vector of the ODE system. This is a contin-

uous time representation of that aspect of the process measured by the experimental

procedure. x(t), meanwhile, is known as the state of the system at time t. Its mean-

ing lies in the fact that it completely determines the future behaviour of the system,

for a fixed parameter θ. Given a state x(t), we can solve for a future state x(t + δt)

by integrating the left-hand side (LHS) of (2.1), over time. Mathematically,

x(t+ δt) =

∫ t+δt

t

ẋ(t) dt =

∫ t+δt

t

f(x(t), θ) dt.

Note that we assume existence and uniqueness of this integral, for any times t, δt ∈

R+ and parameters θ ∈ Θ. Sufficient conditions on such an assumption, through

e.g. the Picard-Lindelof Theorem, are given in [20]. Future output y(t + δt) can

then be obtained by evaluating the output map h(x(t + δt), θ). This implies that we

can completely determine the behaviour of an ODE of the form (2.1) by fixing a

parameter θ, and an initial state x0. Consequently we define the state trajectory of

an ODE, denoted x(t; θ, x0), as the state vector attained at time t, given a parameter

vector θ, and initial state x0. Analogously, we have the output trajectory y(t; θ, x0).

Note that x0 is often referred to as the initial condition of the ODE. As a static

quantity that affects model predictions, it can be considered as part of the parameter

vector. The notational delineation between θ and x0 stems from the fact that initial

conditions satisfy particular properties not shared with more general parameters, and

these properties are exploited later in the thesis.
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ODE systems of the form (2.1) are often used to model physical processes. We can

take the model output Y(θ, x0) to be the output trajectory y(t; θ, x0). In this case,

model output is infinite dimensional, with Y(θ, x0) defined as a function from R+

(indexing time), to Rm (representing the output trajectory y(t; θ, x0) at the inputted

time). Alternatively we may define model output to be the evaluation of the output

trajectory at a finite vector of timepoints T = {t1, . . . , tF}. This would be justified

if the experimental procedure generated time-series data on the output trajectory

y(t; θ, x0). In this case, we would have finite dimensional model output Y(θ;x0) ∈

Rm × RF , associating with each timepoint ti an output vector y(ti; θ, x0).

Frequently, data on a process is corrupted by some form of measurement noise. In

such a case, data would not exactly correspond to the output of the process model.

This motivates the experimental model, which is then a random variable predicated

on (parameter-dependent) process model output, and denoted D(θ). The probability

density function associated with this random variable is denoted ψY(θ). So if we have

finite-dimentional data, then for any region Ω ⊆ Rm:

P[D(θ) ∈ Ω] =

∫
Ω

ψY(θ)(x) dx.

If actual experimental data exists, then we denote it by D. So if the experimental

model perfectly described both the process and the form of experimental measurement

noise, then D would be a realisation of the random variable D(θ).

2.2 Parameter Estimation and Statistics

This section provides theory necessary to understand the statistical basis of parameter

estimation from data. We place particular emphasis on quantifying the uncertainty

surrounding a parameter estimate.
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2.2.1 Probability Basics

Here we provide a basic overview of the mathematical quantification of stochastic,

real-world events. For an in-depth treatment, see e.g.[136].

Definition 2.1. Probability Spaces

A probability space is a triple {Ω,F,P}, consisting of a sample space, event space, and

probability measure, respectively. The sample space Ω consists of the set of possible

outcomes given one performance of the random process. Elements of the event space

F, known as events, are formed from the outcomes. In particular, F must have a σ-

algebra structure on Ω (see [136] for more details). So given an event f1 ∈ F, Ω/f1 is

also in F. Given an additional event f2 ∈ F, the union f1∪f2 is in F. By assumption,

every single outcome ω ∈ Ω is an event, as is the set of all possible outcomes: Ω.

Finally the probability measure P is a function whose domain is F, and whose range

is the unit interval [0, 1]. So it assigns a probablity to every event. P must satisfy

certain regularity assumptions listed in [136]. Importantly we have that P(Ω) = 1,

i.e. the probability that some outcome happens is one.

It is important to note that there may exist events that are strict subsets of Ω, but

nevertheless have probability measure one. If we take such an event f ∈ F, with

P(f) = 1, then we refer to f as an almost-sure (a.s.) event. An implication is that

P(Ω/f) = 0.

We next define random variables, which assign values, or vectors of values, to each

possible event. We shall restrict our attention to the case in which such values are

real, although they can more generally be part of any measurable space [136].

Definition 2.2. Random Variables

A real-valued random variable X on a probability space {Ω,F,P} is a function
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X : F → Rn, such that the pre-image under X of any measurable set on Rn is an

event.

Although a random variable X can only be defined with respect to an underlying

probability space {Ω,F,P}, we will often omit any explicit specification of the latter,

and merely refer to a random variable X ∈ Rn.

Example 2.2. Rolling a die

Suppose we are interested in the outcome of rolling a six-sided die. The sample space

Ω is then the set {1, 2, 3, 4, 5, 6}, since these are the possible outcomes of the roll. An

example of an event f ∈ F is f = {1, 2}. So f defines the event in which the die

rolls a 1 or a 2: it is the union of the outcomes 1 and 2. If the die is fair, then the

probability associated with any individual outcome is 1
6
. In this case, P(f) = 1

3
. We

can define a random variable X : F → R so that X(f) = 1, and X(g) = 0 for all

g ∈ F such that g 6= f . So X is nonzero if and only if the die rolls a 1 or a 2. X is

non-negative for any event, so the pre-image of (−∞, 0) under X is the empty event.

Definition 2.3. Cumulative distribution functions

Given a random variable X ∈ Rn, we define the cumulative distribution function

as

FX(x) := P[{ω ∈ Ω : X(ω) ≤ x}].

A random variable is defined as continuous if the cumulative distribution function

is continuous in Rn. Note a key implication of continuity: P[X = a] = 0, for any

a ∈ Rn.

Definition 2.4. Probability density functions and independence of random

variables

The probability density of a continuous random variable X ∈ Rn is a function fX(x) :

34



Rn → R satisfying, for any A ⊆ Rn:

P[X ∈ A] :=

∫
A

fX(x) dx.

Further conditions on the existence of a probability density are given in [136]. We

only deal with random variables that possess probability densities in this thesis. For

such random variables, the support is defined as the closure of the set of vectors

x ∈ Rn for which fX(x) > 0. So it is the smallest closed set in Rn containing all the

values that X can take with positive probability. This is denoted supp(x).

Given an additional continuous random variable Y ∈ Rm, we can also define the joint

probability density of X and Y as a function fXY (x, y) : Rn+m → R satisfying, for

A ∈ Rn and B ∈ Rm,

P[X ∈ A;Y ∈ B] :=

∫
A×B

fXY (x, y) dx dy.

If, for all A and B such that P(A) > 0 and P(B) > 0, we have that

∫
A×B

fXY (x, y) dx dy =

(∫
A

fX(x) dx

)(∫
B

fY (y) dy

)
,

then X and Y are known as independent random variables. The outcome of the

experiment determining X does not have any bearing on that determining Y , and vice

versa. If, furthermore, fX(x) = fY (y) almost surely (i.e. on a set of probability one),

then X and Y are known as independent, identically distributed (i.i.d) random

variables.

Example 2.3. Uniformly distributed random variables

Let us consider some compact interval [a, b] ∈ R. A random variable X ∈ Rn is

uniformly distributed over [a, b] if it has the probability density fX(x) = 1
b−a for x ∈
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[a, b], and fX(x) = 0 otherwise. The cumulative distribution is then

FX(x) =
x− a
b− a

, x > a

FX(a) = 0.

We see this as

x− a
b− a

=

∫ x

a

1

b− a
dx,

for x ∈ [a, b].

Definition 2.5. Convergence of random variables

We consider an infinite sequence {Xk}∞k=1 of random variables, with associated cu-

mulative distributions FXk . The sequence converges in distribution to some other

random variable X if

lim
k→∞

FXk(x) = FX(x)

at all points where FX(x) is continuous. We use the notation

Xk →D X.

A stronger property is convergence in probability. This holds if, ∀ε > 0,

lim
k→∞

P[‖Xk −X‖2 > ε] = 0.

Convergence in probability implies convergence in distribution, but the converse is not

true.

Definition 2.6. Expected value of random variables
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We consider a random variable X ∈ Rn on a probability space {Ω,F,P}. Given any

(measurable) function h : Rn → Rn, we define the expected value of h(X) as

E[h(X)] :=

∫
Rn
h(x)fX(x) dx.

Note that the expected value of X itself is obtained by taking h as the identity

function. The meaning behind the expected value comes from the following argument:

If we run repeated trials of the experiment, and denote the value of h(X) on the ith

run by h(X i), then, with probability one, we have that:

lim
k→∞

1

k

k∑
i=1

h(X i) = E[h(X)].

In other words, the arithmetic mean of repeated trials of a function of a random

variable eventually converges towards the expected value. This is known as the law

of large numbers, and explains why the expected value is often alternatively known

as the mean. Another important property of E is that it is a linear functional. So

E[aX+bY ] = aE[X]+bE[Y ], for constants a, b ∈ R and an additional random variable

Y ∈ Rn.

Definition 2.7. Covariance of random variables

The covariance of two scalar random variables X, Y ∈ R is given by

Cov[X, Y ] :=

∫
Rn
xyfXY (x, y) dx dy −

(∫
Rn
xfX(x) dx

)(∫
Rn
yfY (y) dy

)
.

The covariance matrix Σ of two vector-valued random variables X, Y ∈ Rn is an

n× n matrix, such that Σij = Cov[Xi, Yj].

The covariance of a random variable with itself, i.e. Cov[X,X], is termed the vari-

ance of X.
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Note that covariance can be reformulated as

Cov[X, Y ] = E
[
X − E[X]

]
E
[
Y − E[Y ]

]
.

Thus it is a description of the tendency of random variables to deviate from their

expected value in a correlated manner. When Cov[X, Y ] is strictly positive and we

know that X is larger than its expected value, then we would expect the same to be

true of Y .

Example 2.4. Multivariate Gaussian random variables

A random variable X ∈ Rn is (multivariate) Gaussian, with expected value µ ∈ Rn

and covariance Σ ∈ Rn×n, if its associated probability density is expressed as

fX(x) = (2π)
−n
2 |Σ|

−1
2 e−

1
2

(x−µ)TΣ−1(x−µ),

where |Σ| denotes the determinant of Σ. We write X ∼ N (µ,Σ).

Gaussian random variables occur frequently throughout statistics due to the Central

Limit Theorem [136]. This concerns the properties of any sequence X i of i.i.d.

random variables, with expected value µ, and variance Σ. Specifically, if we take

Sk = 1
k

∑k
i=1X

i, then

Sk →D X,

where X ∼ N (µ,Σ) as before.

2.2.2 Parameter Estimation

We consider a situation in which there exists both experimental data D, and a param-

eterised process model with output Y(θ). Parameter estimation consists of finding
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the set of parameter vectors that optimally describe the process, given data. We now

provide the statistical framework necessary to formulate this problem. All definitions

and theory provided are taken from [25], although the notation differs. Example 2.6

is unique to the thesis.

We commence by considering the well-posedness of parameter estimation. If two

separate parameter vectors induce the same model output, then they clearly cannot

be discriminated on the basis of experimental data. This motivates the concept of

structural identifiability:

Definition 2.8. Structural Identifiability Consider a model with output Y(θ),

together with a choice θ∗ of parameter vector. If, for all θ ∈ Θ, we have that

Y(θ∗) 6= Y(θ),

then the parameter vector is globally structurally identifiable. If a parameter

vector is not globally structurally identifiable, it may still be locally structurally

identifiable. We define this to be the situation in which

∃ε > 0 such that ‖θ − θ∗‖2
2 < ε⇒ Y(θ̂) 6= Y(θ∗).

If all possible parameter vectors are (locally/globally) structurally identifiable, then

we say that the model itself is (locally/globally) structurally identifiable. If a pa-

rameter vector does not satisfy local structural unidentifiability, then we say it is

unidentifiable. In particular, suppose that we can construct a continuous function

uθ∗(θ) : Θ→ R such that

uθ∗(θ) = 0⇒ Y(θ) = Y(θ∗). (2.3)

In this case, we say that the model has a structural unidentifiability along uθ∗(θ).
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A more refined classification of specific types of structural unidentifiability is provided

in [38], but is unnecessary for the purposes of this thesis. To gain insight into the con-

cept of structural identifiability, let us recall the trolley-on-a-spring model illustrated

in Figure 1.2, whose equations of motion were given by

x(t) = x(0) cos

(√
k

m
t

)
+

√
m

k
ẋ(0) sin

(√
k

m
t

)
,

with parameters θ = {k,m} denoting the spring stiffness and trolley mass respectively.

Suppose that model output Y(θ) corresponds to observations of x(t) at an arbitrary

number and choice of timepoints. We see that the model is unidentifiable, as any

measure of model variation over parameter space will be null over cross-sections of

parameter space preserving the ratio k
m

. A structural unidentifiability of the form

uθ∗(θ) = k
m
− k∗

m∗
therefore exists. While this means that the individual values of

any estimates of k and m made from experimental data on the trolley motion are

meaningless, their ratio is a globally structurally identifiable parameter combination,

and thus meaningful.

We also briefly consider an example of a model that is locally, but not globally,

structurally identifiable. Suppose that model output is given as

Y(θ) = [exp(θ1 + θ2), exp
(
2(θ1 + θ2)

)
, exp

(
3(θ1 + θ2)

)
],

with θ1 6= θ2. This corresponds to observation of a mixed exponential decay at three

separate timepoints. Note that if we swapped the values of θ1 and θ2, output would

not be changed, ruling out global structural identifiability. However, any other local

perturbation to the parameters is guaranteed to disrupt model output, implying local

structural identifiability.

Structural identifiability verification is a hard problem for many classes of model,
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such as nonlinear systems of ordinary differential equations. So too is the detection

of structural unidentifiabilities. A review of the literature in which these problems

are considered is found in Chapter 5.

Accurate parameter estimation may not even be possible for structurally identifiable

models. We previously explained how we would not necessarily expect experimental

data to perfectly correspond to the output of a deterministic process model, due to

the confounding effects of measurement noise. In this thesis, hypothetical data is

therefore taken as a random variable, whose probability density relies both on the

output of the parameterised process model, and measurement noise. We recall that

this random variable is denoted D(θ) and is called the experimental model. The

probability density associated with D(θ) is denoted ψY(θ). Data space D is taken

as the set of possible data realisations. Mathematically, this can be described as

D =
⋃
θ∈Θ suppD(θ).

Experimental replicates are commonly taken to mitigate the effects of measurement

noise and identify anomalies. E-replicated data is denoted D[E]. This represents

the concatenation of E datasets on the same experiment. Formally,

D[E] = {D1,D2, . . . ,DE},

where Di denotes the ith replicate of experimental data. Correspondingly, the E-

replicated experimental model is denoted D[E](θ). Since each replicate must be

independent and identically distributed, D[E](θ) is the Cartesian product of E copies

of the random variable D(θ). We often remove the term ‘E-replicated’ from our

description of D[E] and D[E](θ) for conciseness, as the distinction between these terms

41



and D and D(θ) will be clear from the context. The mean data is taken as

D̄[E](θ) :=
1

E

E∑
i=1

Di(θ).

We assume throughout that experimental replicates are independent, in that the

results of one have no bearing on the other. This allows us to represent the probability

density of the E-replicated data as

ψ
[E]
Y(θ) :=

E∏
i=1

ψY(θ)(Di),

using the definition of independence provided in Definition 2.4.

Definition 2.9. Likelihood functions

We define the likelihood as

L(θ;D[E]) := .ψ
[E]
Y(θ)(D

[E]).

A maximum likelihood estimate (MLE) with respect to D is defined as

θ̂(D[E]) = max
θ∈Θ
L(θ|D[E]).

Note that, due to the monotonicity of the logarithm function, an equivalent expression

for the MLE is given by

θ̂(D[E]) = min
θ∈Θ
− logL(θ|D[E]).

We see that the likelihood of a parameter vector, given data, is the same as the

probability density of the data, given an experimental model D[E](θ). The intuition

is that, as the likelihood of a parameter vector increases, the form of the data D[E]
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becomes more plausible as a realisation of D[E](θ).

Much of the statistical theory associated with maximum likelihood estimation rests

on two common assumptions, which are provided below.

1. Consistency: For some optimal parameter θ∗ ∈ Θ, we have that

P
[

lim
E→∞

θ̂(D[E]) = θ∗
]

= 1 (2.4a)

2. Asymptotic normality: For a consistent estimator with optimal parameter

θ∗, the following holds:

√
E(θ̂(D[E])− θ∗)→D N (0,Σ), (2.4b)

where Σ is some covariance matrix.

Sufficient conditions for consistency to hold are that

1. ψY(θ′) = ψY(θ) ⇔ θ = θ′.

2. ψY(θ) is continuous on a set of probability one.

3. Θ is a compact set.

4. There exists some bounding function U(x) such that | log
(
ψY(θ)

)
| < U(x) for

all θ ∈ Θ.

Given a consistent estimator, additional sufficient conditions for asymptotic normality

to hold are that

1. The support of D(θ) is independent of θ. This means that data space D is equal

to suppD(θ), for all θ ∈ Θ.

2. The optimal parameter θ∗ must not be on the boundary of Θ.
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Proofs of the sufficient conditions listed are given in [25]. We assume that they hold for

models considered in the thesis unless otherwise stated. An exception is the condition

ψY(θ′) = ψY(θ) ⇔ θ = θ′, which will often be violated in the thesis, and is related to

the subsequently discussed topic of model identifiability.

Example 2.5. Additive Gaussian measurement noise

Suppose we assume that observations of a process are corrupted by additive Gaussian

measurement noise, with mean µ and covariance Σ. Then

D(θ) ∼ N (Y(θ),Σ).

Note that the support of any Gaussian random variable occupies Rn, which therefore

corresponds to data space. The E-replicated experimental model is, by definition,

given as the Cartesian product of E experimental models.Meanwhile the mean data

has distribution

D̄[E](θ) ∼ N
(
Y(θ),

Σ

E

)
.

The covariance of the mean data decreases as more experimental replicates are added.

Thus adding experimental replicates can be used as a proxy for reducing the effect of

measurement noise.

Now let us consider the likelihood function, given data DE. This can be calculated as

L(θ;D[E]) = E〈D̄[E] − Y(θ),Σ−1[D̄[E] − Y(θ)]〉.

For this example, we see that the likelihood is a function solely of the mean data. In

fact it takes the form of a weighted sum of the squared residuals between the output

of the process model, and the data.
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Interpretation of the likelihood function follows two distinct philosophical avenues.

The Frequentist approach assumes the existence of an optimal parameter vector

θ∗, such that Y(θ∗) corresponds exactly to the process. An MLE θ̂ is an estimate of the

optimal parameter vector, which may not be correct due to the effect of measurement

noise. It is a hypothesis that assumes both the existence of an optimal parameter

vector, and its values. The goal of the Frequentist is then to obtain a confidence

region for θ∗, along with the MLE. If we ran the experiment (including replicates) a

high number of times, each time calculating an n-percent confidence region, then the

confidence region would contain the true (unchanging) optimal parameter n-percent

of the time. Mathematically, the region must be constructed such that

P
(
θ ∈ Confn

(
D[E](θ)

))
=

n

100
, ∀θ ∈ Θ.

The Bayesian approach does not assume the existence of a fixed optimal parameter

vector θ∗, which induces randomly distributed data D[E], each with its own confidence

region. Instead, data is taken as the fixed quantity, and the parameter vector used

to generate the data is regarded as a random variable, with a probability density

known as the posterior density. One must assume the existence of, and provide, a

prior density on parameter space, which is independent of the data and describes

the inherent likelihood of different parameter vectors. So areas of parameter space

with a higher prior density are taken as inherently more plausible, regardless of the

data. The posterior density is given by Bayes’ rule, namely

Ppost(θ;D[E]) ∝ Pprior(θ)
E∏
i=1

ψY(θ)(Di). (2.5)

The goal of the Bayesian is then to obtain a credible region for θ∗. Given the fixed

data D[E], if we drew a large number of samples from the posterior density, then
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n-percent of them would be within the n-percent credible region. Mathematically,

∫
Credn(D[E])

Ppost(θ;D[E]) dθ∫
Θ
Ppost(θ;D[E]) dθ

=
n

100
. (2.6)

Note that the denominator of (2.6) should be one, as it is the integral of a probability

density over its support. However, it is often hard to find the appropriate constant

of proportionality for (2.5) that thus normalises Ppost. If Ppost is not normalised (and

thus technically not a probability density), (2.6) still holds.

Example 2.6. Coin tossing

There are two types of coin: A and B. They are both biased, as shown in the table

below

Table 2.1: Coin-tossing example

Coin A Coin B
Percentage probability of heads 91 11
Percentage probability of tails 9 89

Suppose that we are given an (unlabelled coin), and toss it. Our parameter inference

problem consists of estimating whether the coin is of type A or type B, given the result

of the toss. Note that the likelihood function is given as

L(heads|A) = 0.91 L(tails|A) = 0.09

L(heads|B) = 0.11 L(tails|B) = 0.89.

The Frequentist strategy would take the confidence region as {A} if we draw heads,

and {A,B} if we draw tails: If the true coin-type (i.e. optimal parameter) was A, then

over 90% of our tosses would draw heads, and our confidence region would contain

the true coin-type over 90% of the time. If the true coin type was B, under 90% of

our tosses would draw tails, so our confidence region would have to include more than
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B to include the correct coin type over 90% of the time.

The Bayesian strategy to creating 90% credible regions would differ. We first have to

assume a prior probability to the chances of receiving coin type A or B. Let us assume

that the probability of receiving A is 50%, although this may not be justified. Suppose

we draw heads. We then must ask what the probability of the coin being type A is,

assuming that we draw heads, and that the prior probability of having type A is 50%.

This probability is 91
91+11

, which is less than 90%. Therefore our 90% credible region

must encompass both A and B. Now suppose that we draw tails. Coin type B would

have been the type drawing tails in 89
9+89

percent of the cases. This is over 90%, so

our credible region contains only B. In summary, our strategy is to take the credible

region as {A,B} is we draw heads, and {B} if we draw tails, in direct opposition to

the Frequentist case.

Neither credible nor confidence regions are unique in a given inference problem. In-

tuitively speaking however, a smaller region is better, as one would want to rule out

as large a portion of parameter space as possible. In Chapter 4 we will highlight

well-established notions of optimality, for such regions. We show that, for the prob-

lems considered in the chapter, optimal confidence and credible regions in fact have

equivalent expressions.
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2.3 Sum-of-squares Optimisation and Semidefinite

Programming

2.3.1 Optimisation Basics

A (continuous) optimisation problem is a mathematical problem of the form

Minimise
x∈Rn

f(x) (2.7a)

subject to gi(x) ≤ 0; ∀i ∈ {1, . . . ,m}, (2.7b)

hi(x) = 0; ∀i ∈ {1, . . . , l}, (2.7c)

where f : Rn → R is known as the objective function, gi are the inequality

constraints, and hi are the equality constraints. Any vector x ∈ Rn satisfying

the constraints is a feasible point, and the feasible points together make up the

feasible set. This thesis is solely concerned with the case in which the functions f ,

gi, and hi are continous.

A solution x∗ of the problem (2.7) is known as an optimal point or global mini-

mum, and denoted x∗. The set of optimal points is known as the optimal set. All

global minima are also local minima, although the converse may not be true.

Definition 2.10. Local minimum

A point x̂ ∈ Rn is a local minimum of the optimisation problem (2.7) if there exists

some ε > 0 such that for all x ∈ Rn satisfying the constraints (2.7b) and (2.7c), as

well as the condition ‖x − x̂‖2
2 < ε, we have that f(x) ≥ f(x̂). It is furthermore a

strict local minimum if instead we have that f(x) > f(x̂).

Intuitively, a local minimum minimises the objective function among close-by feasible

points. The Karush-Kuhn-Tucker (KKT) conditions provide necessary conditions
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for local minimality of a feasible point, for an optimisation problem of the form

(2.7), satisfying regularity conditions given in [19]. We omit regularity conditions

for the general form of (2.7), but subsequently provide them for specific classes of

optimisation problems.

Lemma 2.1. Karush-Kuhn-Tucker conditions [19]

If some feasible x∗ ∈ Rn is a local minimum of a problem (2.7), satisfying regularity

conditions provided in [19], then the following conditions must hold:

1. Stationarity. There exist Lagrange multipliers λi ∈ R, and µi ∈ R+, such

that

− d

dx
f(x) =

m∑
i

µi
d

dx
gi(x) +

l∑
i

λi
d

dx
hi(x) = 0.

2. Complementary slackness

µigi(x) = 0 ∀i ∈ {1, . . . ,m}.

Alternatively, we can define a function L as

L(x, µ, λ) = f(x) +
m∑
i

µigi(x) +
l∑
i

λihi(x).

The stationarity requirement is then equivalent to demanding that

d

dx
L(x, µ, λ) = 0.
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2.3.2 Convexity, and Convex Optimisation

A large class of real-world problems can be cast as optimisation problems. Various al-

gorithmic approaches then exist for computational solution of the problems. However,

the most general optimisation problems are computationally intensive or intractable

even when involving a small number of variables. One of the major research themes

in optimisation is the discovery and exploitation of structure in the objective and con-

straint functions, in order to allow for the implementation of more efficient numerical

solution schemes. A commonly exploited such structure is convexity. A Convex

optimisation problem (or convex program) is a problem of the form (2.7), where

the objective and constraint functions are all convex, and the equality constraints are

additionally affine (these properties are defined subsequently). Every local minimum

of a convex optimisation is a global minimum. This is an important property: the

verification of global minimality for a local minimum is an extremely hard problem in

the most general cases of (2.7). Furthermore, highly efficient computational schemes

for the solution of convex programs exist [19]. The numerical solutions provided in

this thesis all rely on interior point methods. This class of algorithm was originally

developed to solve linear programs [61], a special class of convex program in which

the objective and constrants are affine functions. However, advances presented in [82]

extended the domain of applicability of these methods to general convex programs.

We will not delve further into the details of currently-used algorithms in optimisation,

but the interested reader could refer to [11].

Definition 2.11. Convex sets and functions

A convex set C ∈ Rn is defined as any set satisfying the following: for any v1, . . . vk ∈

C, we have

k∑
i=1

λivi ∈ C, where λ1, . . . , λk ∈ R+,
k∑
i=1

λi = 1.

50



If the above property additionally holds for λ1, . . . , λk ∈ R (i.e. where λi are not

required to be non-negative), then we refer to C as an affine set.

A convex function f : C → R, where C is a convex set, satisfies the following:

f
(
tx+ (1− t)y

)
≤ tf(x) + (1− t)f(y), ∀x, y ∈ C; t ∈ [0, 1].

If we can furthermore replace the above inequality with equality, the function is addi-

tionally referred to as affine.

Program 2.1. Convex optimisation problem

A convex optimisation problem (or convex program) takes the form

Minimise
x∈Rn

f(x) (2.8a)

subject to gi(x) ≤ 0; ∀i ∈ {1, . . . ,m}, (2.8b)

hi(x) = 0; ∀i ∈ {1, . . . , l}, (2.8c)

where f(x) and {gi(x)} are convex functions, and {hi(x)} are affine functions. This

is known as the primal problem. We can further define the dual problem as

Maximise
µ,λ

inf
x∈Rn

(
f(x) +

m∑
i=1

µigi(x) +
l∑

i=1

λihi(x)

)
(2.9a)

subject to µi ∈ R+; ∀i ∈ {1, . . . ,m}, (2.9b)

λi ∈ R ; ∀i ∈ {1, . . . , l}. (2.9c)

Note an important property of the dual problem: if we take any point in the feasible

set of the primal problem (2.8), then the summation terms in (2.9a) cannot be strictly

positive, regardless of the value of µ and λ. Therefore the value of the objective at

an optimal point x∗, in the primal problem, will be bounded from below by the value
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of the objective at an optimal point {µ∗, λ∗}, in the dual problem. This result, which

assumes feasibility of both the primal and dual, is known as weak duality, and

does not exploit convexity. A stronger result, which applies specifically to convex

programs, is given below:

Lemma 2.2. Slater condition

Consider a convex program of the form (2.1). For the primal problem, suppose there

exists some feasible point x satisfying

gi(x) < 0; ∀i ∈ {1, . . . ,m}.

Then the dual is also feasible. Moreover, if we take p∗ as the value of the primal

objective at an optimal point, and d∗ as the value of the dual objective at an optimal

point, we have

1. p∗ = d∗ (strong duality).

2. The KKT conditions of Lemma 2.1 hold, without any additional regularity con-

ditions.

We now present a specific convex set: the space of positive-semidefinite matrices.

Definition 2.12. Positive-semidefinite matrices

Let us some M ∈ Sn, the space of symmetric matrices. Then the following conditions

are equivalent

1. zTMz ≥ 0 ∀ z ∈ Rn.

2. All eigenvalues of M (which must be real by symmetricity of M) are non-

negative.

Any matrix M satisfying the above is referred to as positive-semidefinite. If the

matrix is furthermore invertible, then it is positive-definite. We represent these
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properties mathematically as M � 0 and M � 0 respectively.

The space of PSD matrices is convex. If A � 0 and B � 0, then any interpolation of

the form tA + (1− t)B is also PSD, for t ∈ [0, 1]. This motivates the formulation of

a particular type of convex program, known as a semidefinite program.

Program 2.2. General semidefinite program (SDP)

A semidefinite program is a specific instance of Program 2.1, which takes the form

Minimise
X∈Sn

〈C,X〉 (2.10a)

subject to 〈Ai, X〉 ≤ bi; ∀i ∈ {1, . . . ,m} (2.10b)

X � 0, (2.10c)

where C ∈ Sn, Ai ∈ Rn, and bi ∈ R. Note that the affine equality constraints of

Program 2.1 are replaced by affine inequality constraints of (2.10b). These are equiv-

alent, as (2.10b) is akin to demanding that 〈Ai, X〉+ λi = bi, for some undetermined

λi > 0 known as a slack variable.

The SDP of (2.10) is in primal form. The dual SDP is given as

maximise
y∈Rm

〈b, y〉

subject to C −
m∑
i=1

yiAi � 0.
(2.11)

Many mathematical problems, including several in this thesis, can be formulated as

or approximated by SDPs. Numerical solution, in this thesis, is always carried out

using the freely available SeDuMi [115] solver, although several others exist.
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2.3.3 Sum-of-squares Polynomials and Semidefinite Program-

ming

We now illustrate how questions concerning the existence of non-negative polynomials

can be framed through SDPs. In this section, given vectors x ∈ Rn and v ∈ Nn, we

take xv =
∏n

i x
vi
i . We restrict our attention to polynomials with coefficients and

indeterminates that are real.

Definition 2.13. The algebraic structure of polynomials

We define a monomial in the indeterminate x ∈ Rn, as an expression of the form

xv, where v ∈ Nn. We take the degree of a monomial as
∑n

i vi.

A polynomial is the sum of a finite number of monomials. Formally, the set of

polynomials in an indeterminate x ∈ Rn is taken as

R[x] =

{∑
i

cix
v(i)

; ci ∈ R; v(i) ∈ Nn

}
. (2.12)

The nomenclature R[x] reflects the fact that this set is an algebraic ring over the

field R, with the additive and multiplicative identities respectively given as the con-

stant polynomials 0 and 1. The degree of a polynomial is the maximal degree of its

component monomials. By convention, the summation given in (2.12) is sorted in

descending order with respect to the degree of the monomials v(i). Monomials with

the same degree are sorted according to the degree of the first component x1, then the

second component x2, and so on, until there is no ambiguity in the ordering of {v(i)}.

We often deal with constrained subsets of R[x]. One type of constraint is on the

monomial structure. Given a sequence of vectors v, with each sequence component
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in Nn, we take

Rv[x] =

{
l∑

i=1

cix
v(i)

(i) ; {v(1), . . . , v(l)} = v; ci ∈ R

}
.

We say that the vector sequence v represents the monomial structure. Note that

Rv[x] is a vector space under addition.

Another type of constraint is on the set of values that polynomials can take. Given a

domain Ω ∈ Rn, we define Pv,Ω[x] as

Pv,Ω[x] = {p ∈ Rv[x] : p(x) ≥ 0 ∀x ∈ Ω} .

We now introduce the set of sum-of-squares (SOS) polynomials.

Definition 2.14. Sum-of-squares polynomials

A polynomial p ∈ R[x], of degree 2d is sum-of-squares if it satisfies the two following

(equivalent) conditions [14]:

1. p(x) =
l∑
i

(
gi(x)

)2
, for some gi(x) ∈ R[x] and i ∈ {1, . . . , l}.

2. p(x) = ZT (x)QZ(x), where Z(x) is the vector containing all monomials of

degree at most d, and Q � 0 (i.e. Q is PSD).

We denote the set of SOS polynomials as Σ[x] ⊂ R[x]. The set of SOS polynomials

sharing a fixed monomial structure v is denoted Σv[x]. Note that this set is empty for

many choices of v: the highest and lowest degree monomial vectors represented in v

must both be even for the SOS property to hold.

Note that SOS polynomials are non-negative for all x ∈ Rn. If not we would have

ZT (x)QZ(x) < 0, for some x ∈ Rn, contradicting positive semi-definiteness of Q.

However, there are non-negative polynomials that are not SOS, the Motzkin poly-
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nomial being a famous example [14]. There are three special cases in which non-

negativity and the SOS property are known to be equivalent [106]. These are

• Polynomials in a single variable (i.e. R[x] where x ∈ R).

• Polynomials of degree two.

• Polynomials of degree four in three variables.

Nevertheless SOS polynomials are dense in the space of non-negative polynomials,

regardless of degree or dimensionality. So given a non-negative polynomial p(x), any

compact set Ω ⊆ Rn, and any ε > 0, there exists a SOS polynomial s(x) such that

|s(x)− p(x)| ≤ ε over Ω [65].

Ascertaining whether a given polynomial p(x) has a SOS decomposition of the form

ZT (x)QZ(x), for Q � 0, is a semidefinite program. We demonstrate by example:

Example 2.7. Verifying the SOS property (taken from [90])

Let us take p(x) = 2x4 + 2x3y − x2y2 + 5y4. Is p(x) a sum-of-squares (and therefore

globally non-negative)?

This is equivalent to asking if there is a decomposition of the form p(x) = ZT (x)QZ(x),

where Z(x) is a vector containing all monomials of up to degree 2 in x and y, and Q

is a PSD matrix. Mathematically, we demand

p(x) =


x2

y2

xy


T 

q11 q12 q13

q12 q22 q23

q13 q23 q33



x2

y2

xy

 ,

where Q � 0. Clearly q11 = 2 is required, in order to match the coefficient of x4 in

p(x). Similarly we can define further affine equality constraints on the elements qij
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of Q:

2q13 = 2, q33 + 2q12 = −1, q22 = 5.

Finding such a Q is now a semidefinite program.

It is important to note that a Q � 0 satisfying the affine constraints is not necessarily

unique. This is due to the fact that the terms of the monomial Z(x) are not alge-

braically independent. For instance, the x2y2 coefficient of p(x) is equal to q33 + 2q12.

In the previously described language of optimisation, the feasible set is not necessarily

a single point in Sn, the space of symmetric matrices. It is, however, an affine space,

as every coefficient-matching constraint is linear in the entries qij. We can minimise

linear objective functions of the coefficients qij among the space of feasible matrices,

while remaining within the SDP framework.

A particular Q � 0 within the feasibility region of this example is given by

Q =


2 −3 1

−3 5 0

1 0 5

 .

Taking a Cholesky decomposition of Q allows us to obtain a lower-triangular matrix

L satsifying Q = LLT . This gives us p(x) =
(
LTZ(x)

)T (
LZ(x)

)
, resulting in the

explicit representation of p(x) in terms of the sums of squared polynomials. In this

example, L is given by

L =
1√
2

2 −3 1

0 1 3

 .
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Therefore, we obtain

p(x) =
1

2
(2x2 − 3y2 + xy)2 +

1

2
(y2 + 3xy)2.

The SDP constructed in Example 2.7 does not have an objective function. This

can be incorporated in the framework of (2.10) by taking C = 0. If the SDP is

feasible, the minimum value attained by the objective function is then zero. This

implies that we can use the dual SDP (see (2.11)) to invalidate the possibility of a

polynomial being SOS. If we run the dual SDP, and obtain a strictly positive value

of the objective, then the primal cannot be feasible without violating weak duality

(recall the discussion accompanying the presentation of Program 2.2).

We now provide the most general form of optimisation problem concerning sum-of-

squares polynomials that can be converted to an SDP.

Program 2.3. Convex sum-of-squares (SOS) program (taken from [88])

Minimise the linear objective function

wT c,

where c is a vector formed from the (unknown) coefficients of

polynomials pi(x) ∀i ∈ {1, 2, . . . , N̂},

sum-of-squares polynomials pi(x) ∀i ∈ {N̂ + 1, N̂ + 2, . . . N}
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such that

a0,j(x) +
N∑
i=1

ai,j(x)pi(x) = 0; ∀j ∈ {1, . . . , Ĵ}

a0,j(x) +
N∑
i=1

ai,j(x)pi(x) ∈ Σ[x]; ∀j ∈ {Ĵ + 1, . . . , J}.

Note that the monomial structure of each polymomials pi(x) in Program 2.3 must be

fixed a priori, although different polynomials pi(x) may have different such structures.

In other words, for each i ∈ {1, 2, . . . , N̂}, we must specify a monomial structure v

such that

pi(x) ∈ Rv[x].

Similarly, for any i ∈ {N̂ + 1, N̂ + 2, . . . N}, we must specify a monomial structure v

such that

pi(x) ∈ Σv[x].

Note that some literature deals with the approximate, numerical solution of more

general, non-convex SOS programs than can be described by Program 2.3 (see e.g.

[53]). These are not considered in the thesis. A schematic for the computational

solution of SOS programs, as carried out in this thesis, is provided in Figure 2.1.
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Figure 2.1: Conversion and solution of sum-of-squares programs: A SOS program in
the form of Program 2.3 is written using MATLAB code. The SOSTOOLS package
[88] then converts it to an SDP of the form given in Program 2.2. An SDP solver ( in
our case, SeDuMi [115]) solves the SDP. SOSTOOLS then converts the SDP output
back into the form of a SOS program.
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Chapter 3

On the Performance of Nonlinear

Dynamical Systems under

Parameter Perturbation

This chapter is concerned with the analysis of the behaviour of certain types of non-

linear ODEs over regions of parameter space. In particular, we consider user-defined

measures of the discrepancy (over time) between a parameterised model and some ref-

erence trajectory, as parameters vary. We formulate algorithms resulting in two-sided

bounds on such measures. These bounds are algebraic functions of the initial condi-

tions and parameters of the model. As such, they are valid over continuous regions

of parameter space. This distinguishes the work of this chapter from more standard,

simulation-based approaches for the parametric analysis of nonlinear systems such as

those based on Monte Carlo sampling [47], elementary effects [111], or random para-

metric variation [40], which can only provide guarantees of system behaviour over

discrete sets of parameter vectors. The continuity of the constructed bounds allows

the modeller to formulate guarantees such as ‘performance property x is satisfied by
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the system for ALL parameter values in the region y’.

The theoretical underpinnings of this chapter build on a rich vein of literature, prin-

cipally centred in the field of control theory, and relating to the stability and dissi-

pativity analysis of nonlinear ODE systems. We present several theoretical results of

direct relevance to research in these areas. The development of storage functions

as a tool for systems analysis dates back to [135]. These can be used to upper bound

system-related performance criteria such as the state-to-output gain. Moreover, the

construction of storage functions can often be cast as a computationally tractable

convex program. We provide a novel methodology by which lower bounds to such

performance criteria can be constructed, also as the solution of a convex program.

We foresee that minor variations on our methodology could result in algorithms for

lower-bounding a wide variety of performance criteria for which only upper bounds

are currently computable, using storage-function based analysis.

A natural measure of the quality of bounds to an unknown quantity is the gap between

the upper and lower bound. The algorithms with which we bound the trajectory de-

viation of nonlinear systems in this chapter, therefore require some objective function

that minimises this gap, over parameter space. The objective, moreover, must be

linear, in order to preserve convexity of the algorithms, despite the fact that the gap

is likely to be a complicated, nonlinear function of the parameters and initial condi-

tions. We present a new type of linear objective function that comes with theoretical

guarantees ensuring that it minimises the integral of the gap over the space of pa-

rameters and initial conditions. We foresee that existing convex programs used for

synthesising storage function-based bounds to performance criteria could be adapted

to incorporate this objective, thereby improving the accuracy of the bounds. This

work is published in [102].
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3.1 Motivation

A key property of any controlled system is asymptotic convergence to a desired equi-

librium, for all system initialisations likely to be encountered. Accordingly, much

work has been devoted to assessing the regions of stability and attraction for ODE

models of such systems. In the case that dynamics are nonlinear, and parametric un-

certainty is incorporated into the model, this is not trivial. Assessment methods for

the stability of linear systems with parametric uncertainty have a long history in the

literature, see e.g. [57]. More recently, approaches based on the sum-of-squares (SOS)

relaxation have proved particularly fruitful in the case of polynomial nonlinearities

[3, 29, 119, 122, 129].

Once a controller exhibiting satisfactory stability properties is synthesised, interest

concentrates on questions of performance. Typical performance measures considered

in the literature include L2 → L2, L2 → L∞-induced norms, input-to-state and state-

to-output properties. Model nonlinearity and uncertainty, the latter of which we will

take to be time-invariant, again complicate matters. To deal with uncertainty, it is

customary to construct a performance guarantee valid over the entire parameter range

considered, as in [3, 30, 120, 137, 51].

While qualitative guarantees on system dynamics over an entire uncertainty set are

useful, they do not consider the manner in which system dynamics vary quantitatively

within the uncertainty set. For instance, it may be desirable to find those regions

of parameter space eliciting poor transient responses, rather than just bound the

quality of transient response over the whole set. Refinement of the uncertainty model,

through experimental invalidation or controller redesign, could then concentrate on

these regions. Note that initial conditions also play an important role in the transient

response, and these regions may be dependent on them. Previous literature has
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Another circumstance in which quantitative information on system dynamics within

an uncertainty set is of particular interest is in gain scheduled control [86]. Here, a

family of linear, time-invariant (LTI) controllers is constructed from the linearisations

of the open-loop system on a grid of operating points. A scheduling algorithm then

switches between the LTI controllers, dependent on the value of the scheduling vari-

ables that determine the operating point [13]. Poor transient response for a region

in the space of scheduling variables implies that an additional operating point should

be added in this region, or that the region is tied to a suboptimal operating point.

Related questions arise in the model discrimination problem. Here, one typically con-

siders two parameterised systems modelling the same process. Mechanistic models

often incorporate parameters of physical significance. This means that some of the

parameters of two differing models are often functionally related, if not identical. For

instance, any model of a turbine in a wind tunnel will incorporate windspeed as a

parameter. In this case, it is natural to consider which choices of shared parameters

result in maximally differing trajectories for the two systems. These parameters can

then be incorporated in the physical system, increasing the discriminatory capacity of

consequent data. Indeed, there is a long history of experimental design for model dis-

crimination in the statistics literature based on this principle, [23, 58]. More recently,

these design algorithms have been extended to deal with nonlinear dynamic processes

[28, 64]. However, existing algorithms suffer from the necessity of optimisation over

spaces of dynamic processes: each cost function evaluation requires numerical simu-

lation of a system model. Note that algorithms of the form outlined are undertaken

prior to the generation of experimental data. (In)validation of competing model struc-

tures, given existing experimental data, has also been approached in the literature

[2, 83, 109, 110, 114].

Model discrimination is only feasible if competing models are structurally distin-
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guishable, a concept proposed in [48]. Two models are structurally indistinguishable

if any parameterisation of one model is related to a parameterisation of the second

model in that their trajectories are identical. In such a case, there is no way to

discriminate between the competing model structures. However, testing structural

indistinguishability is hard, although progress has been made using techniques based

on the observability rank condition [43, 42].

The methods proposed in this chapter relate to the structural indistinguishability

problem posed in [48], for the case of models with an input term, and [42], for un-

controlled models. Two models are structurally indistinguishable if any parameteri-

sation of one model is related to a parameterisation of the second model in that their

trajectories are identical. In such a case, there is no way to discriminate between

the competing model structures. However, testing structural indistinguishability is

hard,although progress has been made using techniques based on the observability

rank condition [43, 42] Our methods result in a polynomial lower bound, which is a

function of both the parameters and initial conditions, between the trajectory devia-

tion of two models. Therefore structural distinguishability is verified if we can prove

strict positivity of the lower bound, for fixed parameters in one model, over the space

of parameters and initial conditions of the other model. This is an algebraic problem,

that could be formulated as an SOS problem.

A closely related problem to that considered in this chapter is surveyed in [131].

Here, algorithms are presented that provide inner and outer approximations to the

set S of parameters whose model output deviates from a nominal trajectory by an

amount within some user-specified upper and lower bounds. The purpose is to find

the set of model parameters that ‘reasonably fit’ the nominal trajectory, which may

be experimental data. This problem can be approached using the methods of the

chapter. First, a (potentially black-box), fixed-parameter model that fits the nominal
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trajectory of the form described, and adheres to the assumptions of the chapter, would

have to be found. One could then construct algebraic bounds on the discrepancy

between this fixed model and the model proposed for fitting, over the parameters of the

latter model. The set of parameters over which the constructed algebraic upper bound

was smaller than a desired critical value and the constructed lower bound exceeded

some critical value, would form an inner approximation to S. The set of parameters

over which the constructed algebraic lower bound was smaller than a desired critical

value and the constructed upper bound exceeded some critical value, would form

an outer approximation. The key limitation of applying our methods would be the

necessity of synthesising a fixed model of the form described. The set approximations

would be sublevel sets of a polynomial in the parameters and initial conditions of

the fitting model. This could be less restrictive than the approximations proposed in

[131], which are necessarily polygonal or ellipsoidal. Furthermore, our methods can

be directly applied to polynomially nonlinear models, whereas the methods of [131]

have limited applicability to nonlinear models, relying on repeated linearisation of

dynamics.

The aim of this chapter, as previously stated, is to construct two-sided bounds on a

quantity that reflects the extent to which the trajectories of two parameterised sys-

tem models differ. These bounds are rational functions of both the initial conditions

and parameters, and thus meaningful with regards to the problems previously out-

lined. Computation of trajectory deviation, given initial conditions and parameters,

thereby requires only an algebraic evaluation rather than a computationally intensive

simulation of a system model. Finding the parameters and initial conditions which

result in maximally diverging trajectories, as required in the model discrimination

problem described, is furthermore a tractable algebraic optimisation problem. In the

context of gain scheduling, regions in the space of scheduling variables and initial

conditions where the transient response deviates highly from the nominal trajectory
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can be expressed through algebraic inequalities.

We consider pairs of dynamical systems taking the form

ẋ(t) = f(x(t), θ), y(t) = h1(x(t), θ) (3.1a)

ż(t) = g(z(t), θ), r(t) = h2(z(t), θ) (3.1b)

where x(t) ∈ Rnx and z(t) ∈ Rnz are the state vectors of (3.1a) and (3.1b) respectively.

The trajectory of (3.1a) at time t, with initial condition x0 and parameterisation θ

is denoted x(t; θ, x0), and analogous notation is used for (3.1b). Note that we do

not require nx = nz, but the dimensions of the outputs must be identical, hence we

take y(t), r(t) ∈ Rm. The two systems share the same compact, predefined parameter

space Θ ⊆ Rq, from which we take θ. Note that this still allows for the systems to have

different parameters, as we can concatenate the parameter vectors of both systems

into a single parameter vector shared between them. Both systems have parameter-

dependent state equilibria: x∗(θ) and z∗(θ), such that f(x∗(θ), θ) and g(z∗(θ), θ) are

0. The methods of this chapter are amenable to systems with multiple equilibria, but

we only consider a single equilibrium, as described subsequently. However we allow

this equilibrium to be parameter-dependent. We take

ν(x, z, θ) = ‖h1(x, θ)− h2(z, θ)‖2
2

as the instantaneous difference between output trajectories. Our aim, in this chapter,

is to produce functions Vu and Vl satisfying:

Vu(x0, z0, θ) ≥
∫ ∞

0

ν(x(t; θ, x0), z(t; θ, z0), θ) dt (3.2)

Vl(x0, z0, θ) ≤
∫ ∞

0

ν(x(t; θ, x0), z(t; θ, z0), θ) dt, (3.3)
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Of course, a necessary condition for the above integrals to be finite is that both output

maps converge to the same equilibrium point. As such, validity of (3.2) and (3.3) is

restricted to the subset of Θ on which this is true, which we denote Θ̃. In fact,

sufficiency also holds for the class of systems we consider. For linear systems, this is

simple to prove, and the Hartmann theorem [94] can be used to extend sufficiency to

the case in which f, g, h1, h2 are C2 continuous, with nonsingular linearised dynamics

around the equilibrium. We provide a proof of this claim in Appendix A.

It is important to note that Vu in (3.2) is a storage function with respect to the supply

rate −‖y(t; θ, x0) − r(t; θ, z0)‖2
2 [135]. Construction of storage function/supply rate

pairs for nonlinear systems analysis has been approached previously in the literature

[3, 89, 97, 98, 137, 120]. Recent consideration has been given to the additional com-

plication of parameter-varying equilibria [55]. In some cases, one optimises over a

restricted space of possible supply rates in order to elucidate a qualitative aspect of

the system, such as a bound on the input-to-state gain. In this chapter, the supply

rate is given, and optimisation occurs over the space of storage functions in order

to minimise the conservatism in the dissipation inequality. Thus tight approxima-

tions are provided to the RHS of (3.2) and (3.3). Previous examples of this type

of optimisation exist, c.f. [97, 98]. In these, the storage function is necessarily a

SOS polynomial. By definition, the storage function is then expressible in the form

nT (x)Qn(x), where n(x) is a predefined vector of monomials, and Q � 0 is a matrix

(see Section 2.3.3). The trace of Q is then taken as the linear objective function to

minimise.

We provide an optimisation routine that operates on the space of general (rather

than SOS) polynomial storage functions. Having a larger space of feasible storage

functions is likely to yield a less conservative approximation to (3.2). In fact our

optimisation routine has theoretical optimality guarantees highlighted in Theorem
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3.2. It is also empirically tight, as shown in the Examples section (see Table 3.2),

while the SOS routine required to synthesise the storage function requires only a

single SOS constraint (see Program 3.3). Finally, this method of optimisation allows

for construction of a lower bound of the type (3.3). Two sided bounds to dissipation

inequalities based on SOS programming are extremely useful from a quantitative

perspective.

Thus far we have considered nonlinear systems, but it would be useful to understand

the problems posed in the linear case first. In particular, we will deal with finding

regions of initial conditions and parameters that result in large transient response

deviations, and express these algebraically, for a class of linear systems. We provide

an analytic result, where (3.1a) is a Linear Time Invariant Parameter Dependent

(LTIPD) system. In this case, we can find a symbolic function Ve satisfying:

Ve(x0, z0, θ) =

∫ ∞
0

ν(x(t; θ, x0), z(t; θ, z0), θ) dt, (3.4)

i.e. Ve is exact and not a bound as in the polynomial case. This result is derived in

Section 3.3. The nonlinear problem is subsequently dealt with in Section 3.4. Finally,

numerical examples, provided in Section 3.5, conclude the chapter.

3.2 Preliminaries

We use some notation specific to this chapter, which is now outlined. For k ∈ Rn, we

define the (symmetric) hyper-rectangle specified by k as

{x ∈ Rn : xi ∈ (−ki, ki) ∀i ∈ {1, . . . , n}} .

We use the symbol • to denote a choice of element from a discrete set without nu-
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merical indices, e.g. {+,−}. So the expression a • b, with • ∈ {+,−} is equivalent to

either a+ b or a− b.

We will subsequently create mathematical objects that are defined with respect to a

particular dynamical system. Since, in general, we will be dealing with two systems,

(3.1a) and (3.1b), we will append a superscripted x, or z, to specify which of these a

given object is defined with respect to. So if R was defined as the region of attraction

(ROA) for a dynamical system equilibrium point, we would writeRx andRz to denote

the ROA of (3.1a) and (3.1b) respectively.

We take ζ(x, k), for x ∈ Rn and k ∈ Np, to denote the set of multivariate monomials in

x including all terms with degree ki. This is analogous to the ‘monomials ’ command

in the SOSTOOLS package [88].

3.3 Trajectory Deviation in LTIPD Systems

We commence by considering the trajectory deviation of LTIPD systems, with poly-

nomial parameter dependence, over the space of initial conditions and parameters.

We provide a computable quadratic form in the initial conditions, with rational de-

pendence on the parameters, that corresponds exactly to equation (3.4). Thus, the

output of this quadratic form exactly determines the deviation in performance be-

tween the two systems, for a given parameter and initial condition. As mentioned

previously, it is customary to construct robust performance guarantees that hold for

all parameters within a compact, pre-specified set. This has a rich literature, partic-

ularly with regards to Linear Matrix Inequality (LMI) based methods [9, 87, 91, 30].

Our methods provide parameter-dependent performance quantification. This makes

it possible to find the areas of parameter space whose inclusion in the model most de-

grade overall performance properties. Improved model/component design could then
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concentrate on eliminating inclusion of such areas.

Note that a pre-requisite to our methods is the guaranteed stability of both systems

over the parameter domain considered. This can be achieved using the methods of

e.g. [15, 45, 141]. Our quadratic form is constructed symbolically by solving multiple

Sylvester equations. The symbolic solution of the related algebraic Riccati Equations

for controller analysis and synthesis, has been considered previously [60, 113]. Here

we solve a parametrically dependent linear matrix equation, yielding a solution ra-

tional in the parameters. In [16], it is shown that continuously parameter-dependent

LMIs always admit a branch of polynomially parameter-dependent solutions. In our

computation, we make use of the following, well-known Lemma, found, for example,

in [143].

Lemma 3.1.

The solution to the equation AX +XB = C, for matrices A,B,C,X ∈ Rn×n, where

X is unknown, is unique if and only if A and −B share no common eigenvalues.

In this case, the matrix (In ⊗ A + BT ⊗ In) is non-singular, and X is given by

vec(X) = (In ⊗ A+BT ⊗ In)−1vec(C).

Equation (3.4) can be calculated symbolically using Lemma 3.1, and takes the form

of a ratio of polynomials. We deal with a special case of the set of systems described

in (3.1a) and (3.1b), which is provided below:

ẋ(t) = A1(θ)x(t) ż(t) = A2(θ)z(t) (3.5)

h1(x(t), θ) = C1(θ)x(t) h2(z(t), θ) = C2(θ)z(t).

We demand that the entries of all the matrices in (3.5) are polynomial in the param-
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eters, so

A1,ij(θ), A2,ij(θ), C1,ij(θ), C2,ij(θ) ∈ R[θ],

for all relevant i, j ∈ N. We see that the systems under consideration are linear,

for any fixed parameter vector θ. However the form of the matrices dictating state

evolution and the state-to-output mapping depend polynomially on the parameter

vector.

In the notation of (3.1a) and (3.1b), we have that

f(x(t), θ) = A1(θ)x(t) g(z(t), θ) = A2(θ)z(t)

h1(x(t), θ) = C1(θ)x(t) h2(x(t), θ) = C2(θ)z(t).

We restrict attention to the case that A1(θ) and A2(θ) are Hurwitz for all θ ∈ Θ.

Theorem 3.1.

For a system of the form (3.5), and where A1(θ) and A2(θ) are Hurwitz for all θ ∈ Θ,

we can express (3.4) as:

Ve(x0, z0, θ) = xT0W1(θ)x0 + 2zT0 W2(θ)x0 + zT0 W3(θ)z0 (3.6)

where Wi(θ) are the unique solutions to the following Sylvester equations:

AT1 (θ)W1(θ) +W1(θ)A1(θ) = −CT
1 (θ)C1(θ)

AT2 (θ)W2(θ) +W2(θ)A1(θ) = CT
2 (θ)C1(θ)

AT2 (θ)W3(θ) +W3(θ)AT2 (θ) = −CT
2 (θ)C2(θ).

(3.7)

Moreover, Ve takes the form of a ratio of polynomials in its arguments (i.e. is a
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rational function). These polynomials can be explicitly constructed.

Proof.

First observe that, due to linearity of an LTIPD system for any fixed parameterisation,

(3.4) can be written

Ve(x0, z0, θ) =

∫ ∞
0

‖C1(θ)eA1(θ)tx0 − C2(θ)eA2(θ)tz0‖2
2 dt.

If we define

W1(θ) =

∫ ∞
0

eA1(θ)T tCT
1 (θ)C1(θ)eA1(θ)t dt

W2(θ) = −
∫ ∞

0

eA
T
2 (θ)tCT

2 (θ)C1(θ)eA(θ)t dt

W3(θ) =

∫ ∞
0

eA
T
2 (θ)tCT

2 (θ)C2(θ)eA2(θ)t dt,

(3.8)

then Equation (3.6) follows by straightforward expansion. Differentiation, with re-

spect to time, of the equalities of (3.8) results in the Sylvester Equations (3.7). Each

of these equations can be solved symbolically in turn. Uniqueness of the solutions

follows from Lemma 3.1, using the fact that, by assumption, all eigenvalues of both

A1(θ) and A2(θ) have negative real part for all θ ∈ Θ, since both matrices are Hur-

witz. In particular, each solution takes the form of a ratio of polynomials in the

elements of θ. To see this for the function W1(θ), note that its explicit solution is

vec(W1(θ)) =
(
In ⊗ A1(θ)T + A1(θ)T ⊗ In

)−1
vec(−CT

1 (θ)C1(θ)). The linearity of the

matrix In⊗A1(θ)T +A1(θ)T ⊗ In in θ assures us that its adjugate matrix is composed

of polynomial entries in θ, while its determinant is a polynomial in θ. Expressibility

of elements of the matrix W1(θ) as ratios of polynomials then follows from Cramer’s

rule. This rule also provides bounds on the maximal degree of these polynomials. Let

us take |A1(θ)| as the maximal degree of the polynomials comprising the entries of

A1(θ), and so on for the remaining system matrices. Then the maximal degree of the
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polynomial entries comprising the numerator and denominator are given by

2|C1(θ)|+ (nx − 1)|A1(θ)| (numerator)

2|C1(θ)|+ nx|A1(θ)| (denominator).

This follows as the degree of a product of polynomials is the sum of their respective

maximal degrees. We then upper bound the degree of every entry in A(θ) and C(θ)

by |A(θ)| and |C(θ)| respectively, and multiply through. Analogous results can be

gained for W2(θ) and W3(θ), which, together with Equation (3.6), implies that Ve too

is a ratio of polynomials in its arguments.

In Section 3.5.1 a wind turbine model of LTIPD form from the literature is presented,

for which the function Ve described in this section was constructed.

3.4 Trajectory Deviation Between Pairs of Non-

linear Systems

The aim of this section is to construct algebraic bounds Vu and Vl satisfying (3.2)

and (3.3). Sufficient conditions for the existence of these bounds are provided in

Lemma 3.2, and SOS programs whose feasibility results in their construction are

provided (Programs 3.3 and 3.4). Several intermediate steps are, however, required.

In order to make the bounds as tight as possible, an objective function is added to the

SOS program. The formulation of this objective requires some preliminary theory,

with which we commence the section. Next, we face the issue that the bounds are

valid on an invariant subset of the state space with particular properties. Sufficient

conditions for these properties to hold are given in Theorem 3.3, and semialgebraic

inner approximations are constructed using the SOS program provided in Program
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3.1.

First we define a functional on the space of polynomials, which takes a polynomial,

discards all monomials with odd degree terms (and their associated coefficients), and

sums a weighted form of the coefficients of the remaining monomial terms. Weights

are proportional to the integral of the relevant monomial over a hyper-rectangle. This

functional is linear in the coefficients of its polynomial argument, and it therefore can

be used as an objective function in a semidefinite program. Moreoever, Theorem 3.2

shows that minimising this functional, subject to arbitrary constraints, is equivalent to

minimising the integral of the polynomial over a symmetric hyper-rectangle, subject

to the same constraints. We use it subsequently to minimise the integral of the error

between the functions Vu and Vl, and the quantity they bound from above and below,

in a theoretically justified manner.

Consider a polynomial p ∈ Rv[x], with p =
∑l

i=1 cix
v(i)

. Let v̂ be the subsequence of

v consisting of vectors containing only even terms. Given an arbitrary k ∈ Rn, let us

define ĉ ∈ Rl such that:

ĉi =


2ci
∏

j(v
(i)
j + 1)−1kv

(i)+1 if v(i) ∈ v̂

0 otherwise.

(3.9)

Then we define SqC(p, k) =
∑l

i=1 ĉi. Notice that ĉi = ci
∫

Ω
xv

(i)
dx, where Ω is the

hyper-rectangle specified by k.

As an example, consider p(x) = 3x4
1x

2
2 + 5x1x

3
2. Let k = [1, 1]. Then SqC(p, k) =

3
∫ 1

−1

∫ 1

−1
x4

1x
2
2 dx1dx2.

Theorem 3.2.

For some k ∈ Rn, let Ω ⊂ Rn be the hyper-rectangle specified by k. Take an arbitrary

set of polynomials Pconv,Ω [x], such that Pconv,Ω [x] ⊆ Pv,Ω[x]. As before, v is an arbitrary
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l-length sequence of vectors in Nn. Then

arg min
p∈Pconv,Ω

∫
Ω

p(x)dx = arg min
p∈Pconv,Ω

SqC(p, k) ≥ 0.

Proof. The symmetry in Ω implies that any monomial with odd degree terms inte-

grates to 0 over the domain. Thus, if we take arbitrary p ∈ Pconv,Ω [x] and decompose it

to get p(x) =
∑l

i=1 cix
v(i)

, we have:

∫
Ω

l∑
i=1

cix
v(i)

dx =
l∑

i=1

ci

∫
Ω

xv
(i)

dx = SqC(p, k).

Equality of the integral with SqC(p, k) ensures that they have the same minimiser.

Positivity of all p ∈ Pv,Ω[x] over the domain Ω ensures non-negativity of the integral.

Remark 3.1. Note that SqC(p, k) is linear in the coefficients of p. Therefore it can

be added as an objective within an SOS program without affecting convexity.

We now provide the assumptions placed on systems (3.1a) and (3.1b) for the remain-

der of the chapter. All assumptions except A3 are formulated with respect to system

(3.1a) for notational clarity, but also apply to system (3.1b).

Assumptions:

A1 The initial conditions and parameters considered both belong to compact hyper-

rectangles. These are denoted Rx (for initial conditions) and Θ (for parameters).

A2 f(x, θ) and h1(x, θ) are polynomial in their arguments. For each θ ∈ Θ, there is

only a single x ∈ Rx such that f(x, θ) = 0. This is denoted x∗(θ).

A3 We can construct a non-negative polynomial C : Θ → Rd, for some d ∈ N, such

that C(θ) = 0⇒ h1(x∗(θ), θ) = h2(z∗(θ), θ).
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We translate the states and parameters of the system such that Rx and Θ are both

symmetric around 0, without loss of generality. Note that A2 does not forbid ad-

ditional equilibria x̃ such that f(x̃, θ) = 0, if x̃ /∈ Rx. Note also that in the case

of equilibrium outputs that do not vary with the parameters (i.e. h1(x∗(θ), θ) and

h2(z∗(θ), θ) are equal and constant over Θ), we can take C(θ) := 0.

Definitions:

D1 Θ̃ = {θ ∈ Θ : C(θ) = 0}. Θ̃ specifies parameters for which (3.2) and (3.3) will be

valid, as discussed in the introduction.

D2 Let Rx(θ) ⊆ Rx to be the maximal positively invariant set in Rx, for θ ∈ Θ̃. That

is, given x0 ∈ Rx(θ), we have that x(t; θ, x0) ∈ Rx(θ), for all t ∈ R+.

D3 Let jx ∈ Rnx and jθ ∈ Rq specify the hyper-rectangles Rx and Θ respectively.

Then we define polynomials Jxi (x) = (xi − jxi )(xi + jxi ), for i ∈ {1, . . . , nx}.

Similarly, Jθi (θ) = (θi − jθi )(θi + jθi ) for i ∈ {1, . . . , q}.

Note that for θ ∈ Θ and x ∈ Rx, we necessarily have that Jθi (θ) ≤ 0 and Jxi (x) ≤ 0.

We add a further condition on the system:

*A4 For all x0 ∈ Rx(θ) and θ ∈ Θ such that C(θ) = 0: limt→∞ x(t; θ, x0) = x∗(θ).

This is starred as it is not necessary to verify a priori. Feasible solution of Program

3.1 verifies this assumption.

3.4.1 Approximation of Constrained Regions of Attraction

Definition D2 defines Rx(θ) as the maximal positively invariant subset of the ROA

of x∗(θ) within Rx. This set is important as the bounds (3.2) and (3.3) we con-

struct will only hold for x0 ∈ Rx(θ). The same is true of Rz(θ), with respect to

initial conditions z0 of (3.1b). Feasible solution of Programs 3.1 or 3.2 result in an
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explicit semi-algebraic inner approximation to Rx(θ). This semi-algebraic approx-

imation is parameter-dependent, thus minimising conservatism. It takes the form

of a parameterised sublevel set of a parameterised Lyapunov function. Similar ap-

proaches have been taken in [119, 121, 122], for constant sublevel sets. Computation,

in these cases, requires use of the SOS decomposition along with non-convex, bilin-

ear, matrix inequalities. These formulations do not carry the constraint that the

positively invariant subsets must be restricted to a pre-specified portion of the state

space. In our case, this constraint holds, as Rx(θ) is confined to Rx. This allows for

convex computation, taking the form of an SOS program that can be expressed as

an SDP (Program 3.1). In Program 3.2, we further provide a linear objective that

heuristically minimises the conservatism of the sublevel sets as inner approximations

toRx(θ) andRz(θ), by pushing their shape, for all θ ∈ Θ̃, towards that of Rx and Rz.

Theorem 3.3.

Consider a system of the form (3.1a), satisfying Assumptions A1 and A2. Take Γ

as an arbitrary subset of Θ. If there exist functions γ : Θ → R+ and continuously

differentiable E : Rnx × Rq → R that satisfy:

1. Ė(x, θ) ≤ 0 ∀(x, θ) ∈ Rx × Γ

2. E(x, θ) > γ(θ) ∀x ∈ ∂Rx, θ ∈ Θ̃

3. E(x∗(0), 0) ≤ 0.

Then, for any θ ∈ Γ, the following inclusion is satisfied:

{x ∈ Rx : E(x, θ) < γ(θ)} ⊆ Rx(θ). (3.10)

Assumption A3.4 is additionally guaranteed to hold if:

4. Ė(x, θ) = 0⇒ x = x∗(θ) ∀(x, θ) ∈ Rx × Γ.
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Proof.

Define Lθ = {x ∈ Rx : E(x, θ) ≤ γ(θ)}. Note that Condition (3) ensures that L0 is

nonempty, but this is not the case for arbitrary θ ∈ Γ. Fix θ ∈ Γ and assume Lθ is

nonempty. Lθ is contained within the interior of Rx due to Condition (2). It is also

positively invariant: if a trajectory x(t; θ, x0) leaves the set, then there exist t1, t2 such

that t1 < t2 and E(x(t1; θ, x0)) < E(x(t2; θ, x0)). However, this contradicts Condition

(1). Finally, asymptotic stability to x∗(θ) holds on Lθ due to strict negativity of

Ė(x, θ) on x 6= x∗(θ) (Condition (4)). This verifies Assumption A3.4.

We now provide chapter-specific notation used in a subsequent computational routine

that produces functions satisfying the assumptions of Theorem 3.3.

Suppose that we have a function: E : Rn × Rq → R, where Rx ⊂ Rn is the hyper-

rectangle specified by jx ∈ Rn. ∂Rx consists of 2n faces. We enumerate the faces by

taking ∂Rx
i,+ and ∂Rx

i,− to be the subsets of vectors in Rx for which the ith component

is restricted to be jxi or −jxi respectively. Thus:

n⋃
i=1

⋃
•∈{+,−}

∂Rx
i,• = ∂Rx.

We define functions {E•i } to be the restrictions of the first argument of E to each

of the faces of ∂Rx. Notice that we obtain an explicit form for a function E•i by

substituting ±jxi into the ith component of the unknown in the function E.

To guarantee strict negativity of Ė outside equilibrium (Condition (4) of Theorem

3.3) we require a polynomial D(x, θ) satisfying:

D(x, θ) ≥ 0;D(x, θ) = 0⇔ x = x∗(θ) ∀x ∈ Rx, θ ∈ Θ̃.

We may trivially take D(x, θ) = ‖f(x, θ)‖2
2. However lower degree choices of D, if
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they exist, reduce the computational complexity of subsequent algorithms.

The following program establishes a function pair E ∈ R[x, θ] and γ(θ) ∈ Σ[θ] satis-

fying the assumptions of Theorem 3.3, for a system of the form (3.1a). In particular

we take the set Γ of the theorem as the zero set of a positive polynomial C. C can

be chosen arbitrarily, but we take it to be as defined in Assumption A3. This means

that Γ = Θ̃.

Program 3.1.

Consider a system of the form (3.1a) obeying Assumptions A1 to A3. If A3.4 does

not hold, pick a small constant ε > 0, else set ε = 0. Search for a polynomial:

E ∈ R[x, θ]

E(x∗(0), 0) = −1

and SOS polynomials:

{Si}nxi=1 ∈ Σ[x] {Si}nx+q
i=nx+1 ∈ Σ[θ]

{Qi}di=1 ∈ Σ[θ] {Uij}i=d,j=nxi,j=1 ∈ Σ[θ]

{Tij•}i=nx−1,j=nx
i,j,•∈{+,−} ∈ Σ[x] {Rij•}i=q,j=nxi,j,•∈{+,−} ∈ Σ[θ]

γ ∈ Σ[θ]

such that the following are SOS polynomials:

(a) − Ė(x, θ) +
nx∑
i=1

Jxi (x)Si(x) +

q∑
i=1

Jθi (θ)Snx+i(θ)

+
d∑
i=1

Ci(θ)Qi(θ) + εD(x, θ)
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(b) E•j (x, θ) +
n∑

i=1,i 6=j

Jxi (x)Tij•(x) +

q∑
i=1

Jθi (θ)Rij•(θ)+

d∑
i=1

Ci(θ)Uij(θ)− γ(θ) ∀j ∈ {1, . . . , nx}, • ∈ {+,−}.

Condition (a) of Program 3.1 ensures that Condition (1) of Theorem 3.3 is satisfied

by E. To see this, note that each function Ci(θ) takes a value of 0 within Θ̃, each

product Jxi (x)Si(x) is non-positive within Rx, and each product Jθi (θ)Si(θ) is non-

positive in Θ. Condition (4) is fulfilled where ε > 0 as the term εD(x, θ) is then zero

for x ∈ Rx if and only if x = x∗(θ), due to uniqueness of the equilibrium (Assumption

A2). Condition (2) in Theorem 3.3 is implied by Condition (b) of the program, since

each summation term in Condition (b) is negative over Rx× Θ̃. Thus all assumptions

of Theorem 3.3 are satisfied and so (3.10) holds.

Ideally the set inclusion (3.10) should approach equality, in order that a minimally

conservative semialgebraic approximation of Rx(θ) is synthesised. Program 3.1 does

not account for this. Therefore we provide Program 3.2, which adds an objective

function for this purpose to Program 3.1. Justification of the objective is given sub-

sequently.

Program 3.2.

Consider a system of the form (3.1a) obeying Assumptions A1 to A3.4. Define

O(x, θ) =

(
nx∑
j=1

∑
•∈{+,−}

(
E•j (x, θ)− γ(θ)

))
(3.11)

+
nx∑
j=1

d∑
i=1

Ci(θ)Uij(θ).

Add the following to Program 3.1, while setting ε = 0:

Minimise SqC(O(x, θ), [jx, jθ]). (3.12)
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Recall that [jx, jθ] specifies the hyper-rectangle formed by the Cartesian product of Rx

with Θ.

The following inequalities motivate the objective function:

O(x, θ) ≥ E•j (x, θ)− E•k(x, θ) (3.13)

O(x, θ) ≥ E•j (x, θ)− γ(θ) (3.14)

∀(x, θ) ∈ Rx × Θ̃; j, k ∈ {1, . . . , nx}; • ∈ {+,−} (3.15)

Theorem 3.2 ensures that Program 3.2 minimises the volume integral
∫
Rx×Θ

O(x, θ).

Positivity of O(x, θ) on Rx × Θ is guaranteed due to Condition (b) of Program 3.1.

Thus Program 3.2 pushes the values of O(x, θ) on Rx × Θ towards zero, which is

desirable as it would ensure, through (3.13), that ∂Rx is a level set of E. It would

additionally ensure, through (3.14), that this sublevel set was defined by γ(θ). These

in turn would imply equality of the set inclusion (3.10).

To see that (3.13) and (3.14) hold true, note first that each term of the form E•j (x, θ)−

γ(θ) in the summation on the RHS of (3.11) is positive over the domain (3.15), thanks

to Condition (b) of Program 3.1. This implies (3.14). We recover (3.13) as, over the

domain (3.15), we have

E•j (x, θ)− E•k(x, θ) =
(
E•j (x, θ)− γ(θ)

)
−
(
E•k(x, θ)− γ(θ)

)
≤
(
E•j (x, θ)− γ(θ)

)
+
(
E•k(x, θ)− γ(θ)

)
≤

(
nx∑
j=1

∑
•∈{+,−}

(
E•j (x, θ)− γ(θ)

))
≤ O(x, θ).

Running Programs 3.1 and 3.2 twice, with respect to both dynamical systems (3.1a)

and (3.1b), provides us with function pairs (Ex(θ), γx(θ)) and (Ez(θ), γz(θ)), such

that inner approximations to Rx(θ) and Rz(θ) are algebraically specified through the
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inequality (3.10).

3.4.2 Construction of Bounds on the Transient Deviation be-

tween Systems

We now provide theory related to the construction of the bounds (3.2) and (3.3)

themselves. A computational routine whose successful completion results in these

bounds is then provided.

Lemma 3.2.

Given systems (3.1a) and (3.1b) obeying Assumptions A1 to A3.4, suppose there exist

continuously differentiable functions Wu, Wl such that:

W• : Rnx × Rnz × Rq → R • ∈ {u, l}

−Ẇu(x, z, θ) ≥ ν(x, z, θ) (3.16)

−Ẇl(x, z, θ) ≤ ν(x, z, θ)

∀(x, z, θ) ∈ Rx(θ)×Rz(θ)× Θ̃. (3.17)

Then take

V•(x, z, θ) = W•(x, z, θ)−W•(x∗(θ), z∗(θ), θ).

We then have that

Vu(x0, z0, θ) ≥
∫ ∞
t=0

ν
(
x(t; θ, x0), z(t; θ, z0), θ

)
dt (3.18)

Vl(x0, z0, θ) ≤
∫ ∞
t=0

ν
(
x(t; θ, x0), z(t; θ, z0), θ

)
dt
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where (x0, z0, θ) ∈ Rx(θ)×Rz(θ)× Θ̃.

Proof. The result follow straightforwardly for Wu by integration of (3.16) over time.

Note that invariance of (3.1a) and (3.1b) withinRx(θ) andRz(θ) respectively, ensures

that the trajectory remains in the domain (3.17), and the inequality (3.16) therefore

holds over all time points. An analogous argument can be used with respect to Wl.

The next two programs constructively establish a Vu and Vl satisfying the specifica-

tions of Lemma 3.2.

Program 3.3. Search for a polynomial

Wu ∈ R[x, z, θ]

and SOS polynomials:

{Si}nxi=1 ∈ Σ[x] {Si}nx+nz
i=nx+1 ∈ Σ[z]

{Si}nx+nz+c
i=nx+nz+1 ∈ Σ[θ] {Qi}di=1 ∈ Σ[θ]

that minimise

SqC(Ba(x, z, θ), [jx, jz, jθ]) (3.19)

subject to

Bb(x, z, θ) ∈ Σ[x, z, θ].

Here, [jx, jz, jθ] specifies the hyper-rectangle Rx ×Rz ×Θ, and we define
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(a) Ba(x, z, θ) := −Ẇu(x, z, θ)− ν(x, z, θ) +
d∑
i=1

Ci(θ)Qi(θ)

(b) Bb(x, z, θ) := Ba(x, z, θ) +

[
nx∑
i=1

Jxi (x)Si(x)+

nz∑
i=1

Jzi (z)Snx+i(z) +

q∑
i=1

Jθi (θ)Snx+nz+i(θ)

]
.

As in Lemma 3.2, we take

Vu(x, z, θ) = Wu(x, z, θ)−Wu(x
∗(θ), z∗(θ), θ),

and note that Vu satisfies the inequality (3.18).

Since (b) is SOS, the inequality Ba(x, z, θ) ≥ 0 holds on Rx × Rz × Θ̃, as all sum-

mation terms in the condition are zero or negative within this space. Thus Wu

fulfils the assumptions of Lemma 3.2, implying that Vu satisfies (3.18). Note that

the conservatism of (3.18) at a point (x0, z0, θ) is expressed as the line integral∫∞
0
Ba(x(t; θ, x0), z(t; θ, z0), θ) dt, by straightforward integration. The path this line

integral will take is dependent on initial conditions and parameters. Therefore, in

order to minimise all line integrals of the form described, we minimise the volume

integral
∫
Rx×Rz×Θ

Ba(x, z, θ) dx dz dθ. Theorem 3.2 provides us with the objective

function necessary to carry this out, motivating the choice of minimiser.

Note that only a single SOS constraint is required in the entire Program. We are

guaranteed through Theorem 3.2 that our objective is necessarily positive. Nullity of

the objective would indicate equality of (3.2).

Program 3.4. This program follows Program 3.3. However, replace Wu with Wl, and

the term −Ẇu(x, z, θ)− ν(x, z, θ), which appears in (a), with: Ẇl(x, z, θ) + ν(x, z, θ).
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This has the effect of producing a lower bound of the form (3.3).

Remark 3.2. Any polynomial p in an SOS program that is constrained to be SOS,

requires a decomposition of the form p(x) = ZT (x)QZ(x), as given in Definition 2.14.

While Q is returned as the output of the program, the monomial vector Z(x) must

be pre-specified. Providing high-dimensional vectors Z(x) with monomials of higher

maximal degree results in a program that is less conservative. However, the resulting

program is more computationally intensive and prone to numerical error. Determining

optimal monomial choices is an ongoing research topic [92, 95]. Our heuristic for

choosing monomial sets for Lyapunov/Storage functions (i.e. those denoted E or W

in the programs of the chapter) was to fix parameters at nominal values, and find a

parameter independent Lyapunov function for the consequent system, using the SOS

techniques of e.g. [3, 89]. Denoting by M the set of monomials from which such a

Lyapunov function is comprised, we typically tookM∪(M⊗ζ(θ, [1, . . . , w]) as the set

of monomials for our desired parameterised Lyapunov/Storage function, where w was

set to be 2 or 3. Those SOS polynomials directly attached to the indicator functions

defined in D3, which were denoted R,Q, S or T , were given a monomial vector Z(x)

with terms of up to degree 2 in the relevant variables.

3.5 Examples

3.5.1 Wind Energy Conversion System Dynamics

We now provide numerical examples. The first example describes dynamics of a fixed-

pitch wind energy conversion system (WECS) derived in Bianchi et al [13]. We ignore

short time-scale, noisy fluctuations of windspeed from its steady state. The closed
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loop nonlinear model is of the form:

ẋ(t) = a(x(t), θ) +Bu(t) (3.20)

x(t) = [ψ̂s, Ω̂r, Ω̂g]
T , θ = [V̄ , Ω̄]T , u(t) = Ωz.

Here x, θ, and u denote the state, uncertain parameter vector and control input

respectively, while the drift dynamics are


0 1 −1

−Ks

Jr
−Bs

Jr

Bs

Jr
Ks

Jg

Bs

Jg
−Bs +Bg

Jg




ψ̂s

Ω̂r

Ω̂g

+


0

Tr(λ)− Tr(λ̄)

Jr

0

 ,

︸ ︷︷ ︸
a(x, θ)

where λ = (Ω̄+Ω̂r)R

V̄
denotes the tipspeed-windspeed-ratio for the turbine and CQ(λ) =

CQmax − kQ(λ− λQmax)2 is a quadratic approximation of the torque coefficient. The

aerodynamic torque is defined as Tr(λ) = 1
2
ρπR3CQ(λ)V̄ 2 and finally the control

matrix is B =
(

0, 0, Bg
Jg

)T
. In the above model, an overbar on a variable indicates

steady state for that variable, while a hat indicates deviation from steady state. From

now on, we assume that the first state, ψ̂s has been rescaled by a factor of 100, so that

x1 = 0.01ψ̂s. Additional model nomenclature is summarised in Table 3.1. Nominal

values for the constants are collected from [12, 13]. Note that a nominal value is not

provided for the states and parameters of the model, as our subsequent model analysis

will be valid for a (subsequently specified) range of values of these model quantities.

Note that the parameters of the model, V̄ and Ω̄, denote steady state windspeed and

rotor speed, respectively.

In [13], (3.20) is converted to an LTIPD form through the first-order Taylor approxi-
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Table 3.1: Variables of wind energy conversion system model

Variable Units Nominal value Meaning

Ks Tm2/s2 7500 Drivetrain Stiffness
Jg kg m2 70 Generator Inertia
Jr kg m2 160 Rotor Inertia
Bs kg m2 50 Drivetrain Damping
Bg kg m2 10 Generator Damping
Br kgm/s 38.44 Intrinsic Rotor Damping
ρ kg/m3 1.225 Density of Air
R m 17.5 Rotor Radius

CQmax 1 0.066 Maximum Torque Coefficient
λQmax 1 6.95 Tip-windspeed ratio at CQmax
kr,V 1 15.1 Rotor Torque/Windspeed Gain

Ω̂r rad/s N.A. Rotor Speed Variation

Ω̂g rad/s N.A. Generator Speed Variation
ψs rad N.A. Torsion Angle: Ωr − Ωg

V̄ m/s N.A. Steady State Windspeed
Ω̄ rad/s N.A. Steady State Rotor Speed
Ωz rad/s N.A. Zero Torque Generator Speed

mation:

Tr(λ)− Tr(λ̄) ≈ Ω̂r
∂Tr

∂Ω̂r

(λ̄),

which induces linearity of the model with respect to both the parameters (V̄ , Ω̄), and

the state Ω̂r. Thus the LTIPD system can be described as:

ż(t) = A(θ)z(t) +Bu(t). (3.21)

The LTIPD conversion described is conducted in [13] so as to facilitate gain-scheduled

control of the wind turbine. In gain-scheduled control, a family of linear, time-

invariant (LTI) controllers is constructed from the linearisations of the open-loop

system on a grid of operating points in parameter space. A scheduling algorithm

then switches between the LTI controllers, dependent on the value of the scheduling
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variables that determine the operating point. Poor transient response for a region in

the space of scheduling variables imply that an additional operating point should be

added in this region, or that the region is tied to a suboptimal operating point. The

methods of the chapter allow us to construct algebraic bounds on the discrepancy in

dynamics between the LTIPD and fully nonlinear system, as a function of the initial

conditions and parameters. Extra operating points can then be placed in regions of

the parameter space where this discrepancy is large.

We now compare the two models given in (3.20) and (3.21) respectively, using the

methods of the chapter. First, in order to obtain the closed loop dynamics, we added a

simple, nominal, state feedback controller of the form u = −Kx. K was chosen using

Ackermann’s formula so as to ensure that the eigenvalues of the linearised system

were well inside the left half plane.

The steady states of both models describing WECS dynamics have a parametrically

invariant steady state of 0. We therefore took Rx = [−1, 1]3 and Rz = [−1, 1]3 as

reasonable intervals of initial conditions for which to investigate the two models. We

then chose Θ = [−0.5, 0.5]2 as a reasonable set of steady-state windspeeds and rotor

speeds to investigate. We used Program 3.1 to verify that the described sets Θ, Rx,

and Rz satisfy Assumption A3.4 imposed in Section 3.4. Program 3.2 constructed

function pairs {Ex, γx} and {Ez, γz}, each satisfying (3.10). The sizes of the SDPs

described, as represented through the dimensions of the constraint matrix, were no

more than 14841× 2437 1

The relative volume of our approximations to Rx(θ) and Rz(θ) within Rx and Rz was

then assessed. 10000 random triples (x, z, θ) were drawn uniformly from Rx×Rz×Θ.

Of these, 43.21% of doubles (x, θ) satisfied (3.10), and 43.56% of doubles (z, θ) satisfied

the corresponding inequality for system (3.1b). Without incorporation of the objective

1An SDP is of the form: min cTx subject to Ax = b and x is in the cone of positive semidefinite
matrices. The size given is that of the matrix A.
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function provided in Program 2, only 3.74% of doubles (x, θ) and 4.06% of doubles

(z, θ) satisfied (3.10). This demonstrates the utility of the objective function provided

in Program 2. Note that the true volume of Rx(θ) and Rz(θ) within Rx and Rz

respectively, is a property of the system rather than our algorithm.

Programs 3.3 and 3.4 were then run with respect to the systems (3.20) and (3.21),

resulting in upper and lower bounds of the form (3.2), (3.3), where the functions

h1 and h2, defined in (3.1a) and (3.1b), were both the identity function. Thus our

quantifier of model discrepancy at a fixed time was given as

ν(x(t; θ, x0), z(t; θ, z0), θ) = ‖x(t; θ, x0)− z(t; θ, z0)‖2
2.

Recall that this is a user-defined function, and could have been replaced by any

polynomial function of the states x(t; θ, x0) and z(t; θ, z0) by appropriate modification

of h1 and h2. In particular we could have transformed these states by a polynomial

output map, or omitted particular state components.

The sizes of the SDPs solved by these programs, as represented through the di-

mensions of the constraint matrix, were both equal to 29457 × 3003. To test the

conservatism of Vu and Vl with respect to the integral they approximate, 1000 triples

(x0, z0, θ) were drawn uniformly from the set Rx(θ)×Rz(θ)×Θ. For each triple, the

true value of the gain (ie the RHS of (3.2)) was calculated numerically, and compared

to the corresponding values of the functions Vu and Vl. Results are summarised in

Table 3.2. Numerical results are displayed with accuracy to 4 decimal places. We see

that both Vu and Vl are highly accurate, being on average within one decimal place

of the numerical solution. In relative terms, the lower bound Vl attains on average

95.66% of the upper bound Vu.

Finding a parameterisation that maximises the L2 deviation between (3.20) and
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Table 3.2: Evaluation of bound quality for wind energy conversion system model

Upper Numerical Lower
Bound Bound

Average magnitude 6.6372 6.3932 6.3494
Least accurate point: 0.1107 0.0190 0.0039
upper bound (relative)
Least accurate point: 0.1107 0.0190 0.0039
lower bound (relative)
Least accurate point: 53.5159 51.2330 51.2082
upper bound (absolute)
Least accurate point: 55.4051 54.2410 53.0904
lower bound (absolute)

(3.21), for given initial conditions x̂0 and ẑ0, can now be relaxed to finding:

max
θ∈Θ

V•(x̂0, ẑ0, θ), • ∈ {u, l}.

Areas of Rx(θ) × Rz(θ) × Θ in which the two models are guaranteed to correspond

poorly can be expressed as {(x0, z0, θ) : Vl(x0, z0, θ) > λ}, for some user-defined λ.

This could useful in gain scheduling. Here, one has a single nonlinear model, and

several competing linearised models at different operating points. Storage functions

of the form (3.2) can be repeatedly constructed with respect to the nonlinear model,

and each of the linearised models in turn, with Θ denoting the space of scheduling

variables. At a given value of the system state and scheduling variables (x, z, θ), the

storage function with the lowest value would then determine the ideal operating point.

Theorem 3.1 was applied to the LTIPD system (3.21), to construct a function Ve

satisfying

Ve(z0, ẑ0, θ) =

∫ ∞
0

‖(z(t; θ, z0)− z(t; 0, ẑ0), θ)‖2
2 dt.

In other words, Ve charts, as a function of the model parameters and initial conditions,
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the deviation in trajectory from the nominally parameterised dynamics.

Ve, as stated in Theorem 3.1, took the form of a sum of quadratic forms in the

initial conditions, with rational parameter dependence. The maximal degree of the

numerator polynomial over all the rational matrix elements of these quadratic forms

was 7. The corresponding value for the denominator was 6. Completion of the

symbolic computations necessary to construct Ve took 4.64 seconds on a PC with

Intel Core i7 3.40GHz processor and 16Gb RAM. Therefore, finding ‘worst case’

parameterisations θ ∈ Θ maximising the L2 norm of the output transient is converted

to a nonlinear algebraic optimisation, which consists of maximising Ve. As stated

previously, the symbolically constructed Ve is valid exactly where the parameterised

model is asymptotically stable. Inner approximations to the set of parameters for

which this is valid can be easily provided using the methods of e.g. [45]. At a single

parameter vector, one can check asymptotic stability merely by testing whether the

state transition matrix (i.e. A(θ)) is Hurwitz.

3.5.2 Guaranteed Boundedness of the SqC Operator

The objective function of optimisation routines throughout this chapter (Programs

3.2, 3.3 and 3.4) has been the output of the SqC operator applied to a polynomial.

The SqC functional takes a weighted sum of the coefficients of the polynomial. In

this section we demonstrate the importance of this weighting.

Consider the objective function (3.19), in Program 3.3. Here, the argument of SqC

is a polynomial that is constrained to be positive in a hyper-rectangle. Therefore

its integral is also positive, and Theorem 3.2 then guarantees that the objective to

be minimised is positive. The theorem also provides optimality guarantees on the

integral. Suppose we now modified the SqC functional to take an unweighted sum of

monomial coefficients. Using the notation introduced immediately prior to Theorem
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(3.2), we would change (3.9) to:

ĉi =


ci if v(i) ∈ v̂

0 otherwise.

Guaranteed positivity of the objective is now lost, as are the optimality guarantees

of Theorem 3.2. Note that the existence of a feasible solution with negative objective

results in an unbounded optimisation routine: we could iteratively scale the expres-

sion:

−Ẇu(x, z, θ) +
d∑
i=1

Ci(θ)Qi(θ),

as found in definition (a) of Program 3.3, by two. This would not affect feasibility,

but would reduce the value of the objective (3.19). Indeed, application of Programs

3.2, 3.3 and 3.4, with this modified SqC functional, to Example 3.5.1 results in

optimisation routines that all have unbounded objective, resulting in infeasibility.

3.5.3 Parameter-dependent Equilibria

We now provide an academic example that highlights the applicability of the methods

of the chapter to models that have parameter-dependent equilibria, and nonlinear

parameter-dependence. We compare two models of forced mass-spring systems with

nonlinear springs. Take the following system:

ẋ1 = x2 ż1 = z2 (3.22)

mẋ2 = θ1 − cx2 − θ2
2x

5
1 mż2 = θ1 − cz2 − θ2z

3
1

h1(x) = x1 h2(z) = z1.
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Here, m and c denote mass and damping coefficients, θ1 represents a constant forcing

term, and θ2 alters the behaviour of the springs. Note that we could easily make

the model linear in the parameters by taking θ3 = θ2
2, but we wish to emphasise

the applicability of the approach to models that are nonlinear in both parameters

and states. Each model has a single, parameter-dependent, equilibrium, respectively

given by x5
1 = θ1

θ2
2
, x2 = 0; and z3

1 = θ1
θ2

, z2 = 0. Moreover, the polynomial C(θ) =

(θ2θ
2
1 − 1)2 satisfies Assumption A3. In other words, the models share a (parameter-

dependent) equilibrium when C(θ) = 0. We took Rx = [0.5, 1.5] × [−0.5, 0.5], Rz =

[0.2, 1.2]× [−0.5, 0.5], and Θ = [0.6, 1]× [1, 2]. These represent the sets of parameters

and initial conditions over which our eventually constructed algebraic bounds will be

valid. This choice was arbitrary. To ensure validity, we first had to run Program 3.1

twice with respect to the x and z-systems, Both programs yielded a feasible solution

to verify Assumption A3.4. Program 3.2 was then performed, resulting in function

pairs {Ex, γx} and {Ez, γz}, with each pair satisfying (3.10). This resulted in inner

approximations to Rx(θ) and Rz(θ). 1000 triples (x, z, θ) were randomly sampled

from Rx × Rz × Θ̃. Of these, the inner approximations guaranteed that 41.92% of

pairs (x, θ) were within Rx(θ), and 73.59% of pairs (z, θ) were within Rz(θ).

Programs 3.3 and 3.4 were further run, resulting in bounds of the form (3.2) and

(3.3). Accuracy of the bounds was checked by numerical calculation of the RHS of

(3.2) and (3.3) at 1000 sample points. These values were checked against those of

the bounds Vu and Vl. Vu yielded a value on average 11.69% larger than that of the

numerical value, while Vl was on average 15.16% smaller.

Monomials for the programs were chosen as in Remark 3.2. The polynomials Wu and

Wl of Programs 3.3 and 3.4 were of degree 8. The sizes of the consequent SDPs, as

represented by the dimensions of the constraint matrix were no greater than 30894×

2991 for Program 3.2, and were equal to 71835× 6314 for Programs 3.3 and 3.4.
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3.6 Summary

In this chapter we have first considered LTIPD systems, and provided an exact method

for quantifying the effect of perturbation in parameters and initial conditions on tran-

sient dynamics. This converts regional sensitivity analysis of such a system into an

algebraic problem. A convex SOS program was then provided that constructed a

parametrically dependent, invariant subset of the ROA for a polynomial system. In

particular, this subset was guaranteed to lie within a pre-specified set, and was opti-

mised to take up as large a proportion of the pre-specified set as possible. Existence

of such a subset was necessary for the final part of our chapter, which generalised our

exact LTIPD related results to the comparison of separate, polynomial, parameterised

systems. A convex optimisation routine was constructed resulting in algebraic up-

per and lower bounds to trajectory deviation between the systems, over time. These

bounds were dependent on parameters and initial conditions of the two systems. The

optimisation routine came with theoretical optimality guarantees on the conservatism

of the bounds. Examples were provided demonstrating the methods of the chapter

and quantifying their efficacy.
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Chapter 4

On Parametric Sensitivity and the

Well-Posedness of the Parameter

Estimation Problem

This chapter is concerned with the parameter estimation problem, in which the param-

eters of a model are fitted so that model output best corresponds to noisy experimental

data. Generally, many parameter vectors are ‘reasonably consistent’ with the data,

and these together form the ε-uncertainty region, where ε is a numeric quantifier (de-

rived subsequently) of what constitutes ‘reasonable’. We consider geometrical aspects

of the uncertainty region, with a view to both determining the accuracy with which

it is possible to make parameter estimates, and to gaining fundamental mechanis-

tic insight into the modelled process that cannot be gained by parameter estimation

alone. Recent literature has focused on the concept of model sloppiness, a model

property in which the uncertainty region has a high aspect ratio. In a sloppy model,

some combinations of parameters can be estimated with high accuracy, and some not

at all. However the quantification of sloppiness assumes that measurement noise is
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infinitesimally small, and approximates the uncertainty region based on this assump-

tion. We formulate the novel concept of multiscale sloppiness, which quantifies

the aspect ratio of the uncertainty region given a nonzero, user-defined magnitude

of measurement noise. We show, through example, that multiscale sloppiness and

standard sloppiness often correspond poorly. Moreover, the multiscale sloppiness of

a model can be highly dependent on the magnitude of measurement noise corrupting

experimental data. Thus we demonstrate that labelling combinations of parameters

easy or hard to estimate accurately from data on the basis of model sloppiness is not

justified, and offer an alternative. We then highlight theoretical properties of multi-

scale sloppiness, including its relationship to likelihood-ratio testing and the Fisher

Information Matrix. We show that the existing concept of model identifiability (both

structural and practical) can be incorporated into our framework. The results of this

chapter are published in [100], and parts of [38].

4.1 Motivation

The previous chapter introduced methods of algebraically quantifying the disrup-

tive effect of changing parameters in ODE models. This gave us a highly detailed,

simulation-free understanding of how model behaviour varies over parameter space.

The measure of variation in model behaviour was user-defined to some extent, but

constrained to be an integral over time of the instantaneous difference between the

model output and some nominal trajectory. This type of measure is common when

undertaking a model-based analysis in the absence of experimental data.

In this chapter, we analyse how the geometrical characteristics of model variation

in parameter space influence the amount of information associated with a parameter

vector that optimally fits (noisy) experimental data. As noted in Definition 2.8 of
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Chapter 2, parameter vectors along a structural unidentifiability can never be discrim-

inated on the basis of experimental data, for any model, since they induce identical

outputs. If the data is noisy, then even globally structurally identifiable models can

have various parameter vectors that cannot be discriminated, as we now explain.

When measurement noise corrupts observations of a process, it is impossible to disen-

tangle which portion of the data was attributable to noise, and which was due to the

process. We can, however, say that the noise-free data is more likely to have attained

some values than others. Often, error bars are placed around experimental data in

order to signify the regions of data space in which the noise-free data is assumed to

reside, with some desired degree of confidence. In this case, any parameter vector

inducing model output that remains within the error bars is ‘plausible’ in some sense.

These plausible parameter vectors constitute the uncertainty region associated with

a parameter estimate, to some level of confidence. A more formal definition will sub-

sequently be given, and an illustrative diagram is provided in Figure 4.1. We see that

any structural unidentifiability associated with a parameter estimate will always be

within its uncertainty region, regardless of the signal-to-noise ratio of the data, and

the desired confidence level. If the uncertainty region of a locally structurally iden-

tifiable model is also too large for the purposes of the modeller, then the estimate is

termed practically unidentifiable. A functional relation in parameter space, anal-

ogous to (2.3), over which model output changes so little as to be indistinguishable

through noise-corrupted observation is denoted a practical unidentifiability. A

more rigorous definition of practical unidentifiabilities is provided in Chapter 5.

The geometry of the uncertainty region can be investigated by assessing the sensi-

tivity of model output to parameter perturbation, as there is an underlying duality

between this sensitivity and the uncertainty associated with parameter estimation

in the presence of measurement uncertainty. For instance, it is hard to accurately
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Figure 4.1: Model predictions and error bars. Model of the temperature of a cool-
ing body. Tenv is the environmental temperature. T0 is the initial temperature of the
body. k is proportional to the heat transfer coefficient. Two measurements are taken
at distinct timepoints (black squares) and the model is globally structurally identi-
fiable. However the measurements are noisy, and we consequently associate error
bars containing the range of plausible noise-free temperature values. The temperature
trajectories of the model at two different parameter vectors are drawn. The purple
trajectory (T0 = 70, k = 0.003) best fits the data, in that it is a perfect interpolation.
However, the red trajectory (T0 = 100, k = 0.005) is also plausible, as its predictions
stay within the error bars associated with the noisy measurements.

estimate the model parameters from noisy data if a large change in some (combina-

tions of) parameters induces only a small change in model output. Recently, this

duality has been explored through the concept of model sloppiness [21, 50, 132, 123].

Here, the sensitivity of model output to infinitesimal parameter perturbation is highly

anisotropic, in that the effect of perturbation in sensitive (‘stiff’) directions exceeds

that of insensitive (‘sloppy’) directions by many orders of magnitude. It has been

shown that sloppiness is a common feature in Systems Biology models [50]. A sloppy

direction suggests the existence of a practical unidentifiability, although the precise

correspondence has been debated [6, 32].

Existing literature [59, 128, 105, 56], has suggested that the local sensitivity char-
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acteristics of nonlinear models often poorly approximate their sensitivity to larger

perturbations. This suggests that model sloppiness may not be informative in de-

termining the uncertainty associated with parameter estimates when measurement

uncertainty is non-infinitesimal. Dually, it implies, when simplifying models, that the

most appropriate reduced model is highly dependent on the range of parameters over

which validity is intended. This case has been made in e.g. [2, 93]. We introduce a

new notion, multiscale sloppiness, that quantifies sensitivity anisotropy as a function

of the length scale of perturbation considered, relative to a fixed dataset/model pre-

diction. We show how it furthermore relates to the geometry of the set of parameters

satisfying a particular likelihood-ratio hypothesis test. Multiscale sloppiness asymp-

totically corresponds to the standard formulation of model sloppiness in the limit of

decreasing length-scale. We find that the sensitivity characteristics of models can al-

ter drastically as perturbations of increasing magnitude are considered. In addition,

both sloppiness and multiscale sloppiness can be highly dependent on the particular

parameter vector considered, as we demonstrate subsequently by example. This sug-

gests that caution must be exercised in labelling an entire model structure sloppy,

based on analysis at a single parameter vector. Multiscale sloppiness allows for anal-

ysis of how the uncertainty region associated with a parameter estimate changes as a

function of the signal-to-noise ratio of the data.

The previous discussion demonstrates that determination of (structurally/practically)

unidentifiable parameters, and their associated unidentifiabilities, is important when

evaluating the accuracy of a parameter estimate. We can also gain mechanistic in-

sight into the studied process from such an analysis. Indeed, if model sensitivity to

parameter perturbation is dominated by a few ‘stiff’ directions in parameter space,

it is possible that an underlying, macroscopic model simplification exists [125]. To

take a simple example, we can again revisit the trolley-on-a-spring model (Figure

1.2), in which we concluded that dynamics of the process were dependent on the ratio
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of spring stiffness to trolley mass, rather than their individual values. This insight

allows us to tune the spring stiffness to maintain dynamics when changing the mass

of the trolley. It also suggests that the model can be simplified, as we could replace

the individual parameters with their ratio without sacrificing model informativeness.

For structural unidentifiabilities, this process of replacement is known as a locally

identifiable reparameterisation, and relevant algorithms have been provided in e.g.

[27, 41, 78]. This further motivates the requirement for algorithms, and accompa-

nying theoretical frameworks, that can accurately determine structural and practical

unidentifiabilities arising in the parameter space of a model.

4.2 A General Framework for Quantifying Vari-

ability in Model Output over Parameter Space

We first require a cost function in parameter space that quantifies the discrepancy

between parameterised model outputs Y(θ), and either a nominal output Y(θ∗), or

(E-replicated) experimental data D[E] if it exists. We will denote this cost func-

tion CD[E](θ) or CY(θ∗)(θ), depending on the choice of reference. When data is not

replicated (i.e. E = 1), then we use the shorthand D to denote the data.

For the remainder of the thesis, we will use the subscript • to denote quantities that

may either be formulated with respect to data D, or model predictions Y(θ∗). So

C•(θ) denotes either CY(θ∗)(θ) or CD(θ). A consistent choice of D or Y(θ∗) must be

made over a particular equation. For instance, consider the equation U•(ε) = {θ :

C•(θ) ≤ ε}. We demand that both bullets in this equation refer to the same quantity.

The lower the value of the cost function, the better that model output at θ represents

the nominal output. The quantity ∇2
θCY(θ∗)(θ

∗), which is used extensively in the

sequel, will be referred to as the Cost Hessian. We make the following assumptions
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for the remainder of the chapter:

A1 The cost functions CD[E](θ) and CY(θ∗)(θ), as well as model output Y(θ), are twice

differentiable with respect to θ, for all θ ∈ Θ.

A2 Y(θ) = Y(θ∗) ⇔ θ = minθ∈ΘCY(θ∗)(θ). This minimiser does not have to be

unique in Θ.

Recall from Section 2.2 that we distinguish between the (deterministic) process model

Y(θ), and the experimental model D(θ), which also accounts for the data-collection

method and therefore includes a stochastic term representing measurement noise.

Specifically D(θ) is a random variable predicated on Y(θ), with probability density

ψY(θ). Our final assumption is that:

A3 The support of ψY(θ) is independent of θ.

The methods of this chapter are amenable to any model and cost function pair satisfy-

ing the above. However we now describe a common, statistically motivated choice of

cost function used in the parameter estimation problem. The methods of this chapter

are not restricted to this choice, but it lends insight. First note that ψY(θ)(D) is numer-

ically equal to the likelihood of θ, given data D, by Definition 2.9. As demonstrated

in Section 2.2, we can modify ψY(θ) to account for E-replicated data, by taking

ψ
[E]
Y(θ) :=

E∏
i=1

ψY(θ)(Di),

but do not do so in the following discussion, for notational clarity. If we take

CD(θ) = − logψY(θ)(D) +R(D), (4.1a)

where R(D) is some offset term, then the cost of parameterised model output is

proportional to the negative log-likelihood of θ, given the data. The minimiser of θ is
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then the maximum likelihood estimate.

In the case that data does not exist, but we wish to explore model sensitivity around

a nominal parameter vector θ∗, we can instead take

CY(θ∗)(θ) = Eθ∗ [− logψY(θ)]− Eθ∗ [− logψY(θ∗)]. (4.1b)

This is the expected value of (4.1a), assuming that data D was drawn from the exper-

imental model D(θ∗), and that R(D) = −Eθ∗ [− logψY(θ∗)] (so that CY(θ∗)(θ
∗) = 0).

This choice of CY(θ∗)(θ) is known as the Kullback-Leibler (KL) Divergence, or

relative entropy, between the random variables D(θ∗) and D(θ). Moreover the Cost

Hessian ∇2
θCY(θ∗)(θ

∗) then corresponds to the Fisher Information Matrix at θ∗.

Both cost functions of (4.1) can be trivially modified to account for E-replicated data.

Remark 4.1. Cost functions and Bayesian probability

We can modify the choices of cost function given in (4.1) to incorporate a prior

probability distribution Pprior(θ) on parameter space, if one exists. We can do this

by replacing the quantity ψY(θ) (the likelihood function), where it enters (4.1), with

ψY(θ)Pprior(θ) (the posterior density). In this case, minimisers of CD(θ) are no longer

maximum likelihood estimates, but instead are maximum a postieriori estimates.

However, the links with the Kullback-Leibler divergence and the Fisher information

matrix are lost.

We now take a concrete example to provide context to the previous discussion.

Example 4.1.

Suppose that we have finite-dimensional model output Y(θ). Furthermore, assume

that measurement noise is additive, and distributed as a Gaussian random variable.
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Then

D(θ) ∼ N (Y(θ),Σ),

for some covariance matrix Σ. This implies that the probability density of D(θ) is

ψY(θ)(X) = (2π)
−n
2 |Σ|

−1
2 e−

1
2

(X−Y(θ))TΣ−1(X−Y(θ)).

In this case, the choices of cost function given in (4.1) (with respect to E-replicated

data, for extra clarity) are respectively given by

CD[E](θ) =
E∑
i=1

〈
(
Di − Y(θ)

)
,Σ−1

(
Di − Y(θ)

)
〉 (4.2a)

CY [E](θ∗)(θ) = E〈Y(θ∗)− Y(θ),Σ−1(Y(θ∗)− Y(θ))〉. (4.2b)

The costs take the form of a weighted sum of the squared residuals between the nominal

output D[E] or Y(θ∗), and the model output Y(θ). Maximum likelihood estimation

from data D[E], which equates to minimising the cost function CD[E](θ), is then a

least squares regression.

We have assumed that θ∗ is a local minimum of the function CY(θ∗). In the case of

the specific choice (4.2b) of cost function, this can be seen explicitly. More generally,

this holds for any reasonable choice of cost function, since Y(θ∗) approximates the

output of Y(θ∗) (itself) at least as well as any other parameter vector θ. This implies

• ∇θCθ∗(θ
∗) = 0, as it is the gradient of a function evaluated at a local minimum.

• ∇2
θCY(θ∗)(θ

∗) � 0 (it is positive-semidefinite), as it is the Hessian of a function

evaluated at a local minimum.

These points motivate the definition of model sloppiness.

104



Definition 4.1. Model sloppiness [21]

The sloppiness of a parameter θ∗ is taken as the condition number of the Cost Hessian

∇2
θCY(θ∗)(θ

∗). Since the Hessian matrix is symmetric (by the equality of mixed partial

derivatives), this equates to

Slop(θ∗) =
λmax

(
∇2
θCY(θ∗)(θ

∗)
)

λmin
(
∇2
θCY(θ∗)(θ∗)

) , (4.3)

where λmax and λmin denote the maximal and minimal magnitude eigenvectors, respec-

tively. If the denominator of (4.3) is zero, then we say that the model is infinitely

sloppy at θ∗. A sufficient condition for infinite sloppiness is unidentifiability. How-

ever, locally identifiable models can still be infinitely sloppy, as will be demonstrated

in Example 4.4.

The stiffest direction of parameter perturbation is the eigenvector associated with

λmax
(
∇2
θCY(θ∗)(θ

∗)
)
, while the sloppiest direction is that associated with λmin

(
∇2
θCY(θ∗)(θ

∗)
)
.

Sloppiness quantifies the anisotropy in output disruption when infinitesimal parameter

perturbations are applied to a nominal parameter vector θ∗. Specifically, the degree of

sloppiness is the ratio between the degree of disruption in the most and least sensitive

directions. Geometrically, it is the aspect ratio of the hyper-ellipse of perturbations

δθ satisfying

〈δθ, [∇2CY(θ∗)(θ
∗)]δθ〉 = 1.

The major and minor axes of this hyper-ellipse respectively represent the sloppiest

and stiffest directions in parameter space (see Figure 4.2).
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Figure 4.2: [Effect of infinitesimal perturbations on a parameter vector θ∗. The
ellipses represent ε-level sets of the cost function for small ε > 0. A large perturbation
in the direction of the red arrow (the ‘sloppiest’ eigenvector) is required to induce the
same disruptive effect as a small perturbation in the direction of the blue arrow (the
‘stiffest’ eigenvector). These eigenvectors are not necessarily aligned with the co-
ordinate axes, as we see in the diagram.

Remark 4.2. In the literature (see e.g. [21]), it is implicitly assumed that measure-

ment noise is additive and Gaussian (with zero mean), as in Example 4.1. In this

case, the Cost Hessian is given by

∇2
θCY(θ∗)(θ

∗) = 〈∇θY(θ∗),Σ−1(∇θY(θ∗))〉 (4.4)

and, for this specific choice of Cost Hessian, sloppiness is calculated as in (4.3).

Definition 4.1 is therefore a minor generalisation of the literature.

Sloppiness is often considered as a fundamental feature of model structure [132, 50],

rather than a property of a particular parameter vector. Caution must be exercised

in intuiting the former from the latter. We illustrate with a simple, novel example.

Example 4.2. Non-dimensionalised, damped, harmonic oscillator
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The differential equation for a damped, harmonic oscillator is given by

mÿ(t) + cẏ(t) + ky(t) = 0,

where y(t) and m respectively denote the oscillator’s position and mass, c is the damp-

ing coefficient, and k is the spring constant. This constitutes an extension of the

trolley-spring model given in Figure 1.2, and equation (1.1) to include a damping

term. If we take the parameter vector as θ = [m, c, k, y(0), ẏ(0)], then the model con-

tains a structural unidentifiability over areas of parameter space preserving the ratios

c
m

and k
m

. A common, identifiable reparameterisation of the model is given as

ÿ(t) + 2ζω0ẏ(t) + ω2
0y(t) = 0. (4.5)

Here ω0 and ζ, known as the natural frequency and damping ratio respectively, are

given by ω0 =
√

k
m

, ζ = c
2
√
mk

. The reparameterised model is now globally structurally

identifiable, with parameter vector θ = [ζ, ω0, y(0), ẏ(0)].

Note that the oscillator position, which will be our measured variable, is a function

of time. We denote the parameter-dependent trajectory as y(t; θ). As it is not finite-

dimensional, the cost functions given in Example 4.1 are not valid. One solution

is to assume that position is measured at a finite number of timepoints. However,

sloppiness is then dependent on the time-points chosen, which may be undesirable for

some purposes. A more common approach used in the literature (see e.g. [50]) is to

take a cost function of the form

CY(θ∗)(θ) =

∫ ∞
0

〈
y(t; θ)− y(t; θ∗),Σ−1

(
y(t; θ)− y(t; θ∗)

)〉
dt, (4.6)

which is a continuous-time analogue of the cost given in Example 4.1.

Using the cost function (4.6), the degrees of sloppiness at the two nominal parameter
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vectors θ1,∗ = [0.5, 1, 1, 0]; θ2,∗ = [5, 1, 1, 0], are 94.0 and 3.41 × 107 respectively, a

separation of six orders of magnitude. So the model is very sloppy at some parameter

vectors, and not at all at others. Note that the oscillator is underdamped at θ1,∗, and

overdamped at θ2,∗.

We briefly mentioned the duality between the parametric sensitivity of model output

at a parameter θ∗ and the uncertainty associated with parameter estimation when

data is taken as a noisy realisation of D(θ∗). Our reasoning was that if sensitivity

is low along some direction in parameter space, then, by definition, model outputs

along this direction wiill be very similar, and thus hard to distinguish between on

the basis of noisy data. We can formalise this statement by appealing to the famous

Cramer-Rao inequality [103].

Lemma 4.1. Cramer-Rao Inequality [103, 25]

Suppose that E-replicated data D[E] is generated as a noisy realisation of D(θ∗), for

some θ∗ ∈ Θ. Take the choices of cost function CY(θ∗) presented in (4.1). If the Cost

Hessian is invertible, then, for any estimator θ̂(D[E]), which estimates the true value

of θ∗ given the data, the following holds:

lim
E→∞

cov
[
θ̂(D[E])

]
�
[
∇2
θCY [E](θ∗)(θ

∗)
]−1

. (4.7)

Moreover, equality is attained if we use the maximum likelihood estimator, given as,

θ̂(D[E]) = min
θ∈Θ

CD[E](θ),

or, more generally, any estimator satisfying asymptotic normality, as defined in equa-

tion (2.4) of Section 2.2.

The assumptions placed at the beginning of this section constitute a sufficient condi-
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tion for the Cramer-Rao inequality to hold. However, more specific regularity condi-

tions can be found in [25]. Note that the Cost Hessian, whose inverse constitutes the

RHS of (4.7) is commonly known as the Fisher Information Matrix.

The Cramer-Rao inequality warrants further discussion. First note that the vector

θ∗ in Lemma 4.1 is unknown. Therefore, so too is the true value of the RHS of (4.7),

which is a function of θ∗. It is commonly approximated by replacing θ∗ with the

estimator θ̂(D[E]).

We also assumed, in Lemma 4.1, that the Cost Hessian was invertible at θ∗. Indeed,

the inverse is used in equation (4.7). If there is a structural unidentifiability emanat-

ing from θ∗, then, by definition, model output is invariant over the unidentifiability.

Assumption A2 then implies that CY(θ∗)(θ) = 0 over the unidentifiability, which means

that any tangent vector δθ, evaluated at θ∗ and directed along the unidentifiability,

must satisfy

〈δθ,∇2
θCY [E](θ∗)(θ

∗)δθ〉 = 0.

This implies rank deficiency of the Cost Hessian, and failure of the Cramer-Rao

inequality to hold. It also implies infinite sloppiness.

Finally, the Cramer-Rao inequality is an asymptotic result, valid in the limit of in-

creasing experimental replicates. This corresponds to the limit of decreasing mea-

surement uncertainty, as drawing limitless numbers of samples from D(θ∗) allows us

to perfectly recreate its distribution, and thereby infer the form of the noise-free data

Y(θ∗). Therefore model sloppiness, and the Cost Hessian, only meaningfully deter-

mine the uncertainty associated with parameter estimation when that uncertainty is

already infinitesimal.

We now present a novel framework for parameter estimation in the context of non-
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infinitesimal measurement uncertainty, which is valid regardless of parameter identi-

fiability. Let us define the ε-uncertainty regions associated with a parameter estimate

θ∗, or data D as

UD(ε) = {θ : CD(θ) ≤ ε} (4.8a)

UY(θ∗)(ε) = {θ : CY(θ∗)(θ) ≤ ε}.. (4.8b)

A definition of (4.8b), which is specialised to the case of additive Gaussian measure-

ment noise presented in Example 4.1, is given in [127]. More generally if we take

the choices of cost function given in (4.1), then ε-uncertainty regions correspond to

likelihood-based confidence regions [25].

Intuitively, an ε-uncertainty region captures the set of parameters that approximate

the reference output ‘reasonably’ well, where ε quantifies what is reasonable. As with

model sloppiness, it is based on the sensitivity properties of model output in param-

eter space. Some extra work is therefore required to directly link the properties of

the ε-uncertainty region with the accuracy of parameter estimation from noisy data.

Our first step is to outline the correspondence between the ε-uncertainty region and

the Cost Hessian, in the limit of decreasing ε.

Lemma 4.2. Limiting behaviour of UY(θ∗)(ε)

Given a globally structurally identifiable parameter θ∗, and a compact parameter space

Θ, consider the volume-normalised version of UY(θ∗)(ε) given by

ŨY(θ∗)(ε) =

{
θ∗ +

δθ√
2ε

: θ∗ + δθ ∈ UY(θ∗) (ε)

}
. (4.9)
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Then

lim
ε→0

ŨY(θ∗)(ε) = θ∗ +
{
δθ : 〈δθ,∇2CY(θ∗)(θ

∗)δθ〉 ≤ 1
}
.

Proof. Since θ∗ is structurally identifiable, we know that Uθ∗(0) = {θ∗}. Our first

step is to show, for sufficiently small ε, that Uθ∗(ε) is a connected set. If not, then

there exists a sequence {θ(i)}∞i=1 such that, for all i ∈ N:

∃κ > 0 : ‖θ(i) − θ∗‖2
2 > κ and Cθ∗(θ

(i)) <
1

i
.

The Extreme Value Theorem [117] then guarantees the existence of a limiting param-

eter vector θ(∞) ∈ Θ satisfying

∃κ > 0 : ‖θ(∞) − θ∗‖2
2 > κ and Cθ∗(θ

(∞)) = 0,

contradicting structural identifiability.

Since Uθ∗(ε) is connected for sufficiently small ε, and CY(θ∗) is continuous, we know

that

lim
ε→0

[
max
δθ∈Θ
‖δθ‖2

2 : Cθ∗(θ
∗ + δθ) < ε

]
= 0.

Next, taking a Taylor expansion of (4.8b), and using the definition of ŨY(θ∗) from

(4.9), we see that

ŨY(θ∗)(ε) = θ∗ +

{
δθ :

(
(
√

2ε)2

2
〈δθ, [∇2

θCY(θ∗)(θ
∗)]δθ〉

)
+O

(
‖2
√
εδθ‖3

2

)
≤ ε

}
.
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We can divide the above equation through by ε, and note, by definition, that

lim
ε→0

O (‖2
√
εδθ‖3

2)

ε
= 0,

to get

lim
ε→0

ŨY(θ∗)(ε) = θ∗ +
{
δθ :

(
〈δθ, [∇2

θCY(θ∗)(θ
∗)]δθ〉

)
≤ 1
}

as required.

Note that while we assumed global structural identifiability of θ∗, the theorem can

easily be tailored to account for local structural identifiability. We need only to

restrict parameter space Θ to a small enough region around θ∗ that global structural

unidentifiability is attained. Since the theorem quantifies the local geometry of the

uncertainty region, and there is necessarily a minimum distance between a locally

identifiable θ∗ and its mutually unidentifiable parameter vectors, the proof is not

affected. A graphical illustration of Lemma 4.2 is provided in Figure 4.3.

Figure 4.3: Limiting behaviour of UY(θ∗)(ε). As ε tends to zero, the shape of the
ε-uncertainty region approximates level sets of the Cost Hessian.

In summary, the Fisher Information Matrix (which is the Cost Hessian for a particular

choice of cost function) predicts the uncertainty associated with a parameter estimate
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made from noisy data, in the limit of increasing experimental data replicates. This was

shown in Lemma 4.1. The ε-uncertainty region gives the same prediction, in the limit

of decreasing ε, through Lemma 4.2. However the discussion has assumed both local

structural identifiability and infinitesimal measurement uncertainty (i.e. unbounded

experimental replicates). We next demonstrate that the formalism of ε-uncertainty

regions allows for the quantification of uncertainty in a parameter estimate even when

measurement noise is significant. To do so, we first summarise some well-known results

on confidence testing in both the Bayesian and Frequentist frameworks. Recall from

Section 2.2 that an n-percent (Bayesian) credible region is an area of parameter space

satisfying

∫
Credn(D[E])

Ppost(θ;D[E]) dθ∫
Θ
Ppost(θ;D[E]) dθ

=
n

100
,

where Ppost(θ;D[E]) is the (possibly un-normalised) posterior distribution on parame-

ter space, given D[E]. So if one drew parameter vectors randomly from the posterior

distribution, the samples would lie within the credible region n times out of a hundred.

Of course credible regions are not unique, even for fixed n. However, the smaller such

a region is, the better: typically one wants to rule out as large a volume of param-

eter space as possible. This motivates the concept of a highest posterior density

credible region. This is a minimiser of the volume

∫
Credn(D[E])

1 dθ,

among the space of n-percent credible regions. As long as the likelihood function is

continuous in both data and parameters, a highest posterior density can therefore be

formulated as

Credn(D[E]) =
{
θ ∈ Θ : Ppost(θ;D[E]) > γ

}
,
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for some γ ∈ R+. If we take CD[E](θ) ∝ − log
[
Ppost(θ;D[E])

]
, then we see that a

highest posterior density region corresponds to an ε-uncertainty region. Indeed, if the

prior distribution is uniform on parameter space, then

Ppost(θ;D[E]) = ψ
[E]
Y(θ)(D

[E]),

and so the cost CD[E](θ) given in (4.1a) is just such a choice. Meanwhile the choice

CY(θ) given in (4.1b) is proportional to the expected value of the choice (4.1a) of

CD[E](θ), assuming that data D is generated according to the experimental model

D(θ). In this case, UY(θ∗)(ε) contains the parameter vectors expected to be in the

highest posterior density region.

We now provide a Frequentist interpretation of ε-uncertainty regions. To do so we

first introduce some basic instruments of hypothesis testing.

Definition 4.2. Likelihood ratio test

Suppose we have

1. A null hypothesis H0, specifying that an unknown parameter vector θ∗ belongs

to some set Θ0.

2. An alternative hypothesis H1, specifying that θ∗ belongs to a set Θc
0, the com-

plement of Θ0 in Θ.

3. A likelihood function L(θ;D[E]) that assigns to each parameter vector a likelihood

based on data D[E].

Then any statistical test that rejects H0 (and, equivalently, accepts H1) based on a
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criterion of the form

Λ(D[E]) =
supθ∈Θ0

L(θ;D[E])

supθ∈Θ L(θ;D[E])
≤ k∗,

for some critical value k∗ ∈ [0, 1], is known as a likelihood ratio test. The function

Λ(D[E]) is known as the likelihood ratio test statistic. The significance level of a

likelihood ratio test is given by α, where

P[Λ(D[E]) ≤ k∗|H0] = α. (4.10)

Note that the significance level α corresponds to the probability of rejecting H0 when

it is in fact true. The likelihood ratio test statistic can be formulated in terms of our

cost function CD(θ) given in (4.1a), since, by definition

L(θ;D[E]) = ψ
[E]
Y(θ)(D

[E]) =
E∏
i=1

ψY(θ)(Di).

We get

log
(
Λ(D[E])

)
= inf

θ∈Θ
CD[E](θ)− inf

θ∈Θ0

CD[E](θ).

Frequentist confidence regions (see Section 2.2) can be constructed using the likeli-

hood ratio test. Suppose the null hypothesis H0 is that data is generated by the

experimental model D(θ̂), for some fixed θ̂ ∈ Θ. In the terminology of Definition 4.2,

Θ0 = θ̂. The alternative hypothesis H1 is then that data is generated by some θ ∈ Θ

such that θ 6= θ̂. The appropriate likelihood ratio test statistic is given by

Λ(D[E]) =
L(θ̂;D[E])

supθ∈Θ L(θ;D[E])
, (4.11)
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and we reject the null hypothesis when this falls below a critical value k∗. Given

some data D[E], the set of parameters θ ∈ Θ that would have been accepted as a null

hypothesis is then given by

{
θ̂ ∈ Θ : CD[E](θ̂) ≤ inf

θ∈Θ
CD[E](θ)− log(k∗)

}
. (4.12a)

= UD(ε), for ε = inf
θ∈Θ

CD[E](θ)− log(k∗). (4.12b)

Note that the probability of the true parameter not being in this region is given

by (4.10) as α. So (4.12b) is an 100α-percent confidence region, obtained through

inversion of the likelihood ratio test.

We can evaluate model sensitivity relative to some parameter θ∗, rather than to

data D[E], by slight modification of the previous arguments. We can suppose that

hypothetical data D was distributed as a realisation of the random variable D(θ∗),

and consider the expected behaviour of the likelihood ratio test statistic under this

assumption. Given a null hypothesis θ̂ = θ∗, the expected value of (4.11) is given by

Eθ∗
[
Λ(D[E])

]
= Eθ∗

[
L(θ̂;D[E])

supθ∈Θ L(θ;D[E])

]
.

Using the choice (4.1b) of CY(θ∗) and linearity of the expectation operator, this can

equivalently be stated as

Eθ∗
[

log
(
Λ(D[E])

)]
= Eθ∗

[
inf
θ∈Θ

CD[E](θ)
]
− CY [E](θ∗)(θ̂).

The set of parameters that would be in confidence region (4.12b) in the case that
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Λ(D[E]) obtained its expected value, is then given by

{
θ̂ ∈ Θ : CY [E](θ∗)(θ̂) ≤ Eθ∗

[
inf
θ∈Θ

CD[E](θ)
]
− log(k∗)

}
= UY [E](θ∗)(ε), for ε = Eθ∗

[
inf
θ∈Θ

CD[E](θ)
]
− log(k∗).

We have now established the relationship between the ε-uncertainty regions formu-

lated in this chapter, and standard, statistical confidence regions. We have shown

that the value ε is related to the significance level of the confidence region through a

constant k∗. It remains to describe how a k∗ satisfying (4.10) can be found.

First note that k∗ is monotonically increasing with respect to the significance level α.

This is a clear consequence of (4.10): increasing k∗ means that the set of likelihood

ratio statistic values upper-bounded by k∗ expands, and consequently has greater (or

equal) probability measure. So as we decrease ε (consequently increasing k∗ through

the relation (4.12b)) , the quantity UD(ε) represents an increasingly significant con-

fidence region. When k∗ takes the values zero and one respectively, so too must α.

Unfortunately, numerically relating k∗ to intermediate values of α is a hard problem

in the general case. One asymptotic approximation is given by the following theorem.

Theorem 4.1. Wilks’ Theorem [134]

Consider a model that is locally structurally identifiable over a set Θ0 of parameters

encoding the null hypothesis. Let us denote by v the difference in dimensionality

between Θ0 and Θc
0. Suppose that noisy data is generated according to D(θ∗), in such

a way that the maximum likelihood estimator is consistent and asymptotically normal

(definitions provided in (2.4)). Then, as the number of experimental replicates E tend
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to infinity, the following convergence in distribution holds:

−2 log
(
Λ(D[E])

)
→D χ2

v,

where χ2
v denotes the chi-squared distribution with v degrees of freedom.

Wilks’ theorem shows that the probability distribution informing (4.10) is approx-

imable by a chi-squared distribution, which has known cumulative distribution. This

allows us to form approximate values of k∗, for a desired significance level. As with

the Cramer-Rao inequality (Lemma 4.1), the approximation is only valid in the limit

of increasing experimental replicates, and for locally structurally identifiable models.

Note, however, that the ε-uncertainty regions are exact characterisations of likelihood

ratio test-based confidence regions, and we are only approximating the conversion

from ε to the significance level of the confidence region. Reasoned lists of the advan-

tages possessed by the approximation based on Wilks’ Theorem, as opposed to other

available methods for setting the significance level, are provided in [76, 81].

4.3 Multiscale Sloppiness

One of the topics covered in the previous section was model sloppiness, which quan-

tifies the anisotropy of model sensitivity to infinitesimal parameter perturbations at

a fixed parameter vector. We now provide a new notion of multiscale sloppiness.

While sloppiness possesses a duality with the uncertainty of parameter estimation

when data is corrupted with infinitesimal measurement uncertainty, multiscale slop-

piness possesses this duality where measurement uncertainty is significant. In the

limit of decreasing measurement uncertainty, multiscale sloppiness and sloppiness are

theoretically guaranteed to correspond. However, we see through example that the

multiscale sloppiness characteristics of even simple linear models are highly dependent
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on the degree of measurement uncertainty considered.

Definition 4.3. Maximally and minimally disruptive parameters

We respectively define the maximally and minimally disruptive parameters, relative

to some θ∗ and at length-scale δ, as

Bmax
• (δ) = arg max

θ∈Θ
C•(θ) : ‖θ − θ∗‖2

2 ≤ δ (4.13)

Bmin
• (δ) = arg min

θ∈Θ
C•(θ) : ‖θ − θ∗‖2

2 = δ. (4.14)

Note that (4.13) and (4.14) are set-valued functions: the optimisers may not be

unique. We see from the definition that the extremally disruptive parameters can be

formulated with respect to experimental data D. Nevertheless, they still require some

fixed θ∗, which could be the maximum likelihood estimate of the data.

The maximally and minimally disruptive parameters represent the most and least

disruptive perturbations that can be applied to θ∗, among the set of perturbations of

fixed magnitude δ. The dual, estimation-based interpretation follows naturally. Let

us take Ū•(ε) as the connected component of U•(ε) around θ∗. Choose δ1 and δ2 such

that C•(B
min
θ∗ (δ1)) = ε, and C•(B

max
θ∗ (δ2)) = ε. Then

Bmin
• (δ1) = arg max

θ
‖θ − θ∗‖2

2 : θ ∈ Ū•(ε)

Bmax
• (δ2) = arg min

θ
‖θ − θ∗‖2

2 : θ /∈ Ū•(ε).

Thus the maximally and minimally disruptive parameters respectively signify the

furthest parameter vectors inside, and the closest parameter vectors outside, the con-

nected component of an ε-uncertainty region. This is illustrated in Figure 4.4.
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Figure 4.4: Extremally disruptive parameters and the ε-uncertainty region.We pick
balls of radius δ1 and δ2 (dashed) such that Smin• (δ1) = Smax• (δ2)) = ε. Square and cir-
cular dots respectively indicate locations of Dmax

• (δi) and Dmin
• (δi). The balls intersect

the uncertainty region U•(ε) at Dmax
• (δ1) and Dmin

• (δ2).

Definition 4.4. Multiscale sloppiness

We define the multiscale sloppiness of a parameter, at length scale δ, relative to θ∗,

as

S•(δ) :=
Smax• (δ)

Smin• (δ)
:=

maxθ∈ΘC•(θ) : ‖θ − θ∗‖2
2 ≤ δ

minθ∈ΘC•(θ) : ‖θ − θ∗‖2
2 = δ

. (4.15a)

S•(0) := lim
δ→0
S•(δ). (4.15b)

We see that the multiscale sloppiness of a parameter represents the ratio of the costs

of the maximally and minimally disruptive parameters. This corresponds (in the ab-

sence of data) to traditional sloppiness as the length scale δ of parameter perturbation

tends to zero, as shown in the following Lemma.
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Lemma 4.3. The local properties of multiscale sloppiness

We claim that

lim
δ→0
SY(θ∗)(δ) =

λmax
(
∇2
θCY(θ∗)(θ

∗)
)

λmin
(
∇2
θCY(θ∗)(θ∗)

) .
Proof. Since CY(θ∗)(θ

∗) is both zero and locally minimal, we have both that∇θCY(θ∗)(θ
∗) =

0, and that∇2
θCY(θ∗)(θ

∗) � 0. If we consider a perturbation δθ, the remainder theorem

ensures

CY(θ∗)(θ
∗ + δθ) = 〈δθ,∇2CY(θ∗)(θ

∗)δθ〉+O(‖δθ‖3
2). (4.16)

Therefore, for ‖δθ‖2
2 ≤ δ, we have

lim
δ→0

Smaxθ∗ (δ)

Sminθ∗ (δ)
= lim

δ→0

maxδθ〈δθ,∇2CY(θ∗)(θ
∗)δθ〉

minδθ〈δθ,∇2CY(θ∗)(θ∗)δθ〉
: (4.17)

Clearly the numerator and denominator of (4.17) must respectively lie in the eigenspace

of the maximal and minimal eigenvectors of ∇2CY(θ∗)(θ
∗), as the highest order Taylor

term dominates for sufficiently small δ.

There is no analogous relationship between SD(δ), the data-dependent variant, and

the traditional degree of sloppiness, as the latter cannot account for experimental

data.

Multiscale sloppiness can be highly dependent on δ, as we demonstrate by example.

Example 4.3. The damped, harmonic oscillator revisited

Recall the damped, harmonic oscillator of Example 4.2. In the example, we took a

parameter θ∗,1 = [0.5, 1, 1, 0], and found its degree of sloppiness to be 94.0, according

to the cost function of equation (4.6). Figure 4.5 depicts the multiscale sloppiness of
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θ∗,1, as a function of the length-scale δ, according to the same cost function. This was

calculable using the results of Section 3.3 of Chapter 3, which allowed us to formulate

the cost function (4.6) as a rational function in the parameters. We see that multiscale

sloppiness increases exponentially with the length-scale of parameter perturbation δ.

In fact, at δ = 0.25, an asymptote is reached: the maximally disruptive parameter

θ = [0, 1, 1, 0] corresponds to an undamped system, as the first parameter component

represents the damping ratio. In this case, the cost function of (4.6) becomes infinite,

as the undamped system oscillates forever, while the underdamped system induced by

θ∗,1 reaches equilibrium in finite time.

Figure 4.5: Multiscale sloppiness of the damped, harmonic oscillator. As the length
scale of parameter perturbation increases linearly, the multiscale sloppiness increases
exponentially. An asymptote necessarily exists (although it is not depicted) at δ =
0.25.

Suppose that the parameter vector θ∗,1 given in Example 4.3 was synthesised as a

parameter estimate from noisy data (with non-infinitesimal measurement noise). Our

analysis of the multiscale sloppiness reveals that the (traditional) degree of sloppiness

at θ∗,1 would have highly underestimated the aspect ratio of the uncertainty region.
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Our next example is also extremely simple, in that it is also a linear model with linear

parameter dependence. However, we find parameter vectors at which the multiscale

sloppiness characteristics display several important traits.

Example 4.4. Multiscale sloppiness of a linear system with linear param-

eter dependence

Consider the model ẋ1(t)

ẋ2(t)

 =

 −1 φ1

φ1 + φ2 φ2 − 4


x1(t)

x2(t)

 (4.18a)

y(t) = x1(t) + x2(t) (4.18b)

θ = [φ1, φ2, x1(0), x2(0)]. (4.18c)

We take three choice of nominal parameter:

θ∗,1 = [0, 0, 1, 2], θ∗,2 = [0.001, 0, 1, 2], θ∗,3 = [−0.2,−0.2, 1, 2].

This model is globally structurally identifiable, for all parameter vectors with non-zero

initial conditions. This can be verified using the techniques of [10]. Specifically, one

can take a Laplace transform of the differential equations, and then algebraically in-

validate non-uniqueness of the resultant algebraic equations in the frequency domain.

We use the cost function (4.6) provided in Example 4.2, with the same justification.

As before, we can use the results of Section 3.3 of Chapter 3 to express this cost as a

rational function of the parameters.

A graph of multiscale sloppiness against length scale for this model is given in Figure

4.6, for the three parameter vectors θ∗,i. The parameter vector θ∗,1 is globally struc-
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turally identifiable (through the method of [10]), yet ‘infinitely’ sloppy, as the Cost

Hessian ∇2
θCY(θ∗)(θ) is rank deficient. However as we increase the length-scale of

parameter perturbation considered, the relative sloppiness decreases at a faster than

exponential rate. The parameter vector θ∗,2 is a small perturbation of the first, and

would thus be expected to have similar sensitivity characteristics. The multiscale slop-

piness of θ∗,2 is indeed very similar to θ∗,1, for nonzero length-scale δ, as we see in the

figure. However at δ = 0, where multiscale sloppiness corresponds to the traditional

definition of sloppiness, there is a qualitative difference, in that θ∗,2 has a non-singular

Cost Hessian with ‘finite’ sloppiness.

The parameter vector θ∗,3 is much less (traditionally) sloppy, in that the Cost Hessian

is well conditioned compared to θ∗,1 and θ∗,2. However, as the length-scale δ grows, the

multiscale sloppiness increases and eventually overtakes that of the other two param-

eter vectors considered. So if data were generated from θ∗,3 with enough measurement

noise, the confidence region of the consequent parameter estimate would be expected

to be more anisotropic than for θ∗,1 and θ∗,2, despite its lower level of sloppiness.

The structure of the model in Example 4.4 was very simple, in that it was linear in

both states and parameters. Nevertheless, the multiscale sloppiness was highly vari-

able between different parameter vectors and over different length scales, as seen in

Figure 4.6. This demonstrates the degree to which parametric sensitivity characteris-

tics are affected by the length-scale of parameter perturbation. Of course, analysing

multiscale sloppiness by hand, as was done in the previous example, is not possible

with models of realistic complexity. This motivates the next chapter, which constructs

an algorithm for probing the non-local sensitivity of large-scale models.
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Figure 4.6: Multiscale sloppiness of a linear system. Graphs of Sθ∗(δ) against δ for
the model of (4.18b). The right-hand figure has three choices of nominal parameter
vector: θ∗,1 = [0, 0, 1, 2], θ∗,2 = [0.001, 0, 1, 2], and θ∗,3 = [−0.2,−0.2, 1, 2]. Not shown
on the right-hand graph is that for θ∗,1, we have Sθ∗(0) =∞.

4.4 Summary

In this chapter, we have developed a framework for the quantification of the para-

metric sensitivity of models to nonlocal parameter perturbation. Theoretical links

were provided between this sensitivity and the uncertainty associated with parame-

ter estimation from noisy data. We have demonstrated that parametric sensitivity

can be highly affected by the degree of nonlocality in the perturbation. Thus local

quantifications of model sensitivity, such as model sloppiness, may be insufficient to

answer questions on the fidelity of parameter estimation from noisy data when the

noise is not infinitesimally small. We have provided a nonlocal alternative.
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Chapter 5

Delineating Parameter

Unidentifiabilities through Optimal

Control

This chapter describes a scalable method for detecting (structural and practical)

unidentifiabilities in parameter space, for generic models. This allows for model sim-

plification, and appreciation of which parameters (or functions thereof) cannot be

estimated from data. We use methods derived from the theory of optimal control to

evolve curves in parameter space over which model output varies little. Theoretical

guarantees on optimality of the generated curves is provided. Our algorithm can

identify features such as redundant mechanisms and fast timescale subsystems, as

well as the regimes in parameter space over which such approximations are valid. We

base our algorithm on the theoretical framework of multiscale sloppiness introduced

in the previous chapter. The approach is automatic, in that no prior analysis of model

unidentifiabilities is required. We finally apply our methods to several models, includ-

ing a large-scale, benchmark Systems Biology model of NF-κB, in which we uncover
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previously unknown unidentifiabilities. The results of this chapter are published in

[100], and parts of [38].

5.1 Motivation

The previous chapter established a duality between the non-local parametric sensitiv-

ity characteristics of models, and the uncertainty associated with estimating model

parameters from noisy data. This chapter is chiefly concerned with computational

methods for calculating non-local parametric sensitivity. In particular, we provide

methods for uncovering functional relations between parameters over which model

output varies little or not at all. Recall from the the preliminary chapter (Definition

2.8) that a functional relation over which model output is (almost) completely in-

variant is denoted a (practical) structural unidentifiability. As previously discussed,

parameter estimation is theoretically impossible along structural unidentifiabilities,

and practically impossible over practical unidentifiabilities. Therefore, it is useful

to know their functional form as, given a parameter estimate, we can then precisely

specify alternative parameter vectors fitting the data equally well. Knowledge of the

structural unidentifiabilities in a model additionally provides mechanistic insight into

the modelled process, and paves the way for model simplification, as demonstrated

on the trolley-on-a-spring model (Figure 1.2). However, even finding the structurally

unidentifiable parameters (i.e. those involved in the functional relation defining the

structural unidentifiability) is a hard problem.

The determination of structurally unidentifiable parameters in various classes of mod-

els has been an ongoing research topic for several decades. Parameter redundancy

techniques, as developed in [26, 33] exactly determine the number of structural uniden-

tifiabilities in a model, as well as potentially finding identifiable reparameterisations.
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However, they require symbolic calculation of the derivative matrix of model out-

put with respect to parameters, and are thus unsuitable for differential equations

models than cannot be solved analytically. For the latter class of model, multiple al-

gebraic approaches that directly analyse the system equations, have been suggested,

e.g. [54, 96, 126, 72, 138, 78, 8]. Several such approaches rely on the fact that the

identifiability problem can be viewed as a special case of the observability problem

[54], where parameters are considered as time-invariant states to be estimated. Re-

search on observability in nonlinear systems often makes use of the Observability

Rank Condition [54], which analyses the properties (specifically the rank) of a ma-

trix of Lie derivatives of model output over time to determine unobservable model

states [66, 69, 133]. Correspondingly, identifiability has been analysed using Differen-

tial Geometry-based approaches that exploit parametric symmetries inherent in the

aforementioned matrix of Lie derivatives [126, 74, 43, 36, 37, 139]. These make use

of the local state isomorphism theorem [116] to verify global structural identifiabil-

ity through the solution of a partial differential equation, which can be simplified in

various cases. This is known as the similarity transformation approach. Many of

the approaches mentioned can potentially determine the exact functional form of the

unidentifiabilities [27, 41, 78, 33, 77], but in general all suffer from a lack of general

applicability and scalability, see e.g. [31]. The aforementioned issue has motivated

the implementation of numerical approaches based on model simulation at multiple

points in parameter space, e.g. [4, 112]. Such approaches can be applied to much

larger models, but cannot deal with general nonlinearities, are not guaranteed to find

all unidentifiabilities, and are not suitable for global analyses.

More recently, data-based approaches to identifiability analysis have been developed.

The profile likelihood method [105] is a scalable numerical method that detects both

unidentifiable parameters and associated unidentifiabilities, and has found widespread

popularity in the Systems Biology community. It is also able to detect practical
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unidentifiabilities [127], in which large parameter perturbations induce small but

nonzero changes in model output. However, it relies on iteratively moving individual

parameters, while each time re-optimising model output over the other parameters.

As such, a separate analysis is required for each parameter, and only one-dimensional

unidentifiabilities are detected. The approach of [52] can flag the probable existence

of more general unidentifiabilities through extensive model simulation over parameter

space. However unidentifiabilities are provided only as probable functionally related

groups of parameters; the functional relations themselves are not determined.

The algorithm presented in this chapter uncovers both structural and practical uniden-

tifiabilities (along with their associated functional forms). Moreover, it is highly scal-

able, as shown subsequently by example. The scalability stems from the fact that the

algorithm does not require optimisation of model output over parameter space, which

can be computationally expensive and non-convex. The idea of analysing model struc-

ture through evolving particles in parameter space has been previously considered in

[125]. Here, particles evolve along geodesics of the Fisher Information Metric. These

trajectories have different properties to ours: movement along such a curve changes

the nominal parameter vector, while always considering infinitesimal magnitude pa-

rameter perturbations. Movement along our curves, by contrast, changes the length

scale of parameter perturbation considered, relative to a fixed dataset or nominal

parameter vector θ∗. This builds on the theory relating nonlocal parameter sensi-

tivity and (structural or practical) identifiability introduced in the previous chapter.

More insight on this distinction is provided in Example 5.4.1. The method of [125] is,

moreover, inapplicable when the model under analysis is structurally unidentifiable,

and ill-conditioned when it has sloppy parameter vectors: calculation of the geodesic

acceleration requires inversion of the Fisher Information Matrix.
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5.2 Minimally Disruptive Curves

In the previous chapter we highlighted the relationship between minimally disruptive

parameter vectors, practically unidentifiable subspaces (as quantified through the ε-

uncertainty region), and multiscale sloppiness. However, examples were restricted to

models for which the cost functions had a convenient form. In the general case, finding

the minimally/maximally disruptive parameter vectors for a non-zero length-scale

equates to a nonlinear, non-convex optimisation which may be very difficult to solve.

However, suppose a branch of minimally disruptive parameters vary continuously in

parameter space as a function of the length-scale δ (see Figure 5.1). In this case, we

can evolve particles in parameter space, emanating from θ∗, as the solution of a set of

Hamiltonian equations constructed so as to ensure that the particles trace over these

branches.

We first define the notion of a ‘continuous branch’ of minimally disruptive parameter

vectors more concretely. Let us consider any continuous functions Ξ∆
min satisfying:

Ξ∆
min

(
δ
)
∈ Bmin

• (δ) ∀δ ∈ [0,∆], (5.1)

where ∆ is the largest considered length-scale. So such a Ξ∆
min exists when there is

a continuous curve of minimally disruptive parameter vectors with strictly monoton-

ically increasing distance δ from θ∗, up to distance ∆. We can pick an analogous

function Ξ∆
max with the same properties, but formulated with respect to Bmax

θ∗ (as

defined in Definition 4.3) and the maximally disruptive parameters. Note that the

quantities

d

dδ

[
Ξ∆
min(δ)

]
δ=0

, and
d

dδ

[
Ξ∆
max(δ)

]
δ=0

lie in the eigenspace of the sloppiest and stiffest eigenvalues of the Cost Hessian, re-
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spectively.

Definition 5.1. Minimally disruptive curves

A minimally disruptive curve of length F , relative to θ∗, is defined as a solution of

the following optimisation problem:

γ∗ = min
γ∈ΓF

θ∗

:

∫
γ

C• : (5.2a)

ΓFθ∗ =

γ : [0, F ]→ Θ :
γ(0) = θ∗; d

ds

[
‖γ(s)− θ∗‖2

]
s>0

> 0;∥∥ d
ds
γ(s)

∥∥
2

= 1; C•
(
γ(F )

)
= Bmin

•
(
‖γ(F )− θ∗‖2

)
 .

(5.2b)

A weakly minimally disruptive curve of length F , relative to θ∗, is defined as a

solution of the following optimisation problem:

γ∗ = min
γ∈Γ̃F

θ∗

:

∫
γ

C• : (5.3a)

Γ̃Fθ∗ =

γ : [0, F ]→ Θ :
γ(0) = θ∗; d

ds

[
‖γ(s)− θ∗‖2

]
s>0
≥ 0;∥∥ d

ds
γ(s)

∥∥
2

= 1; C•
(
γ(F )

)
= Bmin

•
(
‖γ(F )− θ∗‖2

)
 .

(5.3b)

Notice that the only difference between a minimally disruptive curve and a weakly

minimally disruptive curve is strictness of the inequality ‖γ(s)− θ∗‖2 > 0, for s > 0.

It turns out that minimally disruptive curves have stronger theoretical properties,

while weakly minimally disruptive curves are more easily derived computationally.

In practice, however, almost any weakly minimally disruptive found computationally

maintains strictness of the aforementioned inequality, and so is minimally disruptive.

In Definition 5.1, minimally disruptive curves are parameterised in such a way that
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their velocity is constant (and equal to one), whereas in equation (5.1), Ξ∆
min is pa-

rameterised so that the rate of change of Euclidean distance from θ∗ is constant (and

equal to one). As a consequence of this constant velocity, every curve in ΓFθ∗ must

have length F .

Lemma 5.1. If a function satisfying (5.1) exists, then it is a minimally disruptive

curve.

Proof. First note that for any γ ∈ ΓFθ∗ , we can take the reparameterisation

δ(s) = ‖γ(s)− θ∗‖2. (5.4)

We have, for s > 0, that d
ds
‖γ(s) − θ∗‖2 > 0 (specified in (5.2b)). This ensures that

δ(s) is a bijective function, and so it has an inverse. We can therefore parameterise the

line integral of (5.2a) using either δ or s. Note however that the reparameterisation

δ(s) will depend on the specific curve γ.

Suppose that the lemma is false. Then a function Ξ∆
min satisfying (5.1) exists, but is

not a minimiser of (5.2a) (when reparameterised so that its velocity is constant). We

take the actual optimiser of (5.2a) as γ∗ . Reparameterisations of the form (5.4) will

be different for Ξ∆
min and γ∗, so we denote them δ1(s) and δ2(s) respectively. Now by

assumption, we have that

∫ δ1(F )

0

C•
(
γ∗(δ)

) ∥∥∥∥ d

dδ

[
γ∗(δ)

]∥∥∥∥
2

dδ <

∫ δ2(F )

0

C•
(
Ξ∆
min(δ)

) ∥∥∥∥ d

dδ

[
Ξ∆
min(δ)

]∥∥∥∥
2

dδ. (5.5)

Since Ξ∆
min, by definition, only traces over minimally disruptive parameters, we know,
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for any δ ∈
(
0, δ2(F )

]
, that

C•
(
γ∗(δ)

)
≥ C•

(
Ξ∆
min(δ)

)
.

Furthermore the inequality is strict for at least one such δ, in order that γ∗ itself does

not only trace over minimally disruptive parameters. For (5.5) to hold, we therefore

require

∫ δ1(F )

0

∥∥∥∥ d

dδ

[
γ∗(δ)

]∥∥∥∥
2

dδ <

∫ δ2(F )

0

∥∥∥∥ d

dδ

[
Ξ∆
min(δ)

]∥∥∥∥
2

dδ.

The LHS and RHS of the above inequality are equal to the lengths of the curves

γ∗ and Ξ∆
min, respectively. So γ∗ must be strictly shorter than Ξ∆

min. However, this

contradicts (5.2b), which demands that both γ∗ and Ξ∆
min have length F . So γ∗ cannot

exist.

Note that Lemma 5.1 does not specify the length F of the minimally disruptive

curve. When we subsequently formulate an algorithm uncovering (weakly) minimally

disruptive curves, it turnes out that F does not need to be specified a priori, so this

does not become an issue.

Remark 5.1. If a structural unidentifiability intersecting θ∗ exists, and furthermore

has monotonically increasing length-scale from θ∗, then it must be a weakly mini-

mally disruptive curve. This follows from the global minimality, with respect to the

cost function, of each parameter vector on the structural unidentifiability. Hence by

uncovering weakly minimally disruptive curves, we can find the structural unidentifi-

abilities of a model. Of course, minimally disruptive curves exist independently of the

structural identifiability properties of θ∗.
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Figure 5.1: Minimally disruptive curve travelling along the cost landscape. When
a branch of minimally disruptive parameters Bmin

• (δ) vary continuously in δ, their
union is a minimally disruptive curve. Each minimally disruptive parameter on the
curve is the (non-unique) furthest point from θ∗ within some (connected) ε-uncertainty
region.

5.3 Evolution of Minimally Disruptive Curves us-

ing Optimal Control

This section is concerned with reformulating the optimisation problem defining (weakly)

minimally disruptive curves (Definition 5.1) in a computationally tractable way.

Remark 5.2. A naive approach to solution of (5.2a) would be a gradient descent

style algorithm, where the derivative of γ(s) points along the direction of steepest

descent of C•
(
γ(s)

)
, subject to appropriate constraints. However in a structurally

unidentifiable model, CY(θ∗)(γ(s)) is always a local minimum of CY(θ∗) with null Ja-

cobian ∇θCY(θ∗)(γ(s)). Since exact nullity is never realised in a numerical context,

a steepest descent direction will always exist and be highly sensitive to perturbation

around the local minima, making numerical evolution ill-conditioned (see Figure 5.2).

The same issue arises in structurally identifiable but practically unidentifiable models,

where the Jacobian is effectively null. Instead we can consider (5.2a) as a constrained

variational problem, and obtain necessary conditions on γ(s) to satisfy (5.2a) by ap-
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plication of Pontryagin’s Minimum Principle.

A maximally disruptive curve can be defined by turning the minimisation of (5.2a)

into a maximisation. An analogue of Lemma 5.1 relating such a curve to Ξ∆
max, if

it exists, can be formulated. However it is of less interest from the point of view

of unidentifiability characterisation. Note that in this case, a gradient-ascent style

approach is sufficient from a computational viewpoint.

Figure 5.2: Topographic map of minimally disruptive curves evolving along param-
eter space A bird’s eye view of level sets of the cost function is shown. Darker areas
have lower cost, while the black arrow traces the root of the cost (i.e. a structural
unidentifiability). Red lines denote the trajectory of a particle attempting to evolve
numerically along the structural unidentifiability. On the left, a steepest descent style
algorithm fails due to the stiffness of the direction of descent around a local mini-
mum. On the right: the inherent momentum associated with trajectory evolution via
solution of Hamiltonian equations ensures that numerical error does not completely
disrupt evolution.

First, let us consider the optimal control problem solved in Problem B.1 of Appendix

B. For a dynamical system of the form

ẋ(t) = f(x(t), u(t)) x(0) = x0 (5.6a)

x(t) ∈ Rn u(t) ∈ Rp, (5.6b)
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the problem was given as

Minimise J(u) =

∫ tF

0

L
(
x(t), u(t)

)
dt

subject to K1

(
x(t), u(t)

)
≤ 0; K2

(
x(t), u(t)

)
= 0.

(5.7)

Now suppose we (temporarily) alter the optimisation problem (5.3) defining a weakly

minimally disruptive curve to omit the following constraint in Γ̃Fθ∗ :

C•
(
γ(F )

)
= Bmin

•
(
‖γ(F )− θ∗‖2

)
. (5.8)

Then the optimisation problem (5.3) defining a weakly minimally disruptive curve is

a special case of (5.7). Specifically, the dynamical system given in (5.6) becomes

γ̇(s) = u(s) γ(0) = θ∗ (5.9a)

γ(s) ∈ Rq u(s) ∈ Rq, (5.9b)

while the optimisation problem (5.7) becomes

Minimise J(u) =

∫ F

0

C•
(
γ(s)

)
ds

subject to − 〈u(s), γ(s)− θ∗〉 ≤ 0; ‖u(s)‖2 − 1 = 0.

(5.10)

In Appendix B, necessary conditions on a local minimum of (5.7) in terms of a Hamil-

tonian function were provided. We now list the relevant quantities and necessary

conditions given in Appendix B, having adapted them to the specific minimisation

problem of (5.10). Firstly, the (augmented) Hamiltonian becomes

H̄(γ(s), u(s), λ(s)) = C•
(
γ(s)

)
+ 〈λ(s), u(s)〉

− µ1(s)〈< u(s), γ(s)− θ∗〉 > +µ2(s)
(
‖u‖2 − 1

)
.
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Recall that λ(s) denotes the costate of the system, while µ1 and µ2 denote s-varying

Lagrange multipliers. We require

λ̇(s) = µ1(s)u(s)− ∂C•
∂γ

(
γ(s)

)
; λ(F ) = 0

µ1(s) ≥ 0. (5.11)

Next, the necessary conditions on a local minimum are given as

∂H̄

∂u
= 2µ2(s)u(s)− µ1(s)

(
γ(s)− θ∗

)
+ λ(s) = 0 (5.12a)

µ1(s)〈γ̇(s), γ(s)− θ∗〉 = 0 (5.12b)

H̄
(
γ(s), u(s), λ(s), µ(s)

)
= H̄

(
γ(0), u(0), λ(0), µ(0)

)
, for all s ∈ [0, F ]. (5.12c)

These can be simplified. First let us take the inner product of (5.12a) with u(s),

while heeding the constraints of (5.10). This gives

2µ2(s) = C•(γ(s))− H̃
(
γ(s), u(s), λ(s)

)
.

Next, the time invariance of the Hamiltonian combined with the condition that

λ(F ) = 0, imply that

H̄
(
γ(s), u(s), λ(s), µ(s)

)
= C•

(
γ(F )

)
.

Substituting these simplifications into (5.12), we can re-express the necessary condi-

tions as

C•
(
γ(s)

)
+ 〈λ(s), u(s)〉 − C•

(
γ(F )

)
= 0 (5.13a)

µ1(s)(γ(s)− θ∗) +
(
C•(γ(F ))− C•(γ(s))

)
u(s) = λ(s). (5.13b)
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Given known values for γ(s), λ(s), C•
(
γ(s)

)
, and C•

(
γ(F )

)
, the necessary conditions

in (5.13) become linear in u(s) and µ1(s), and we can find these quantities by solving

the consequent system of linear equations. Meanwhile, we can find λ̇(s) using (5.11).

Therefore, γ(s) and λ(s) evolve as a system of coupled differential equations. It

remains to find the initial values γ(0), λ(0), and the final cost C•
(
γ(F )

)
.

Note that we do not need to provide an a priori value for F , as it does not explicitly

enter any of the necessary conditions provided. This means that we are in fact free to

set C•
(
γ(F )

)
manually, and calculate F only after the curve γ(s) has been generated.

This explains the omission of the constraint given in (5.8).

We can then find λ(0) in terms of u(0) by evaluating (5.12a) at s = 0 to get:

λ(0) =
[
C•(γ(F ))− C•

(
θ∗
)]
u(0).

Our final task is then to set u(0). As s approaches zero, γ(s) approaches θ∗. Conse-

quently the behaviour of C•
(
γ(s)

)
becomes dominated by the Cost Hessian ∇2

θC•(θ
∗),

and the initial direction γ̇(0) of the curve must lie within the eigenspace of the sloppi-

est eigenvector of the Cost Hessian. If the dimension of this eigenspace is e, then we

have 2e choices of direction for u(0), as the curve can travel in the positive or negative

direction of a given eigenvector. Note that the magnitude of u(0) is normalised by

the constraints of the problem. These 2e choices can be iteratively tested.

We have now arrived at a method of evolving curves in parameter space that satisfy

necessary conditions for being weakly minimally disruptive. In fact there are only

a finite number of possible curves that can satisfy these necessary conditions (the

number being twice the dimension of the eigenspace of the minimal eigenvector of the

Cost Hessian, as explained in the previous paragraph). Therefore, if we evolve each of

these curves, one must in fact be a weakly minimally disruptive curve. Furthermore,
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if such a curve satisfies the strict inequality

‖γ(s)− θ∗‖2 > 0, for s > 0,

as opposed to the weak inequality demanded by the necessary conditions, then it

is (strongly) minimally disruptive. In practice, we have observed that the strict

inequality is generally satisfied.

Note that a strong correspondence exists between the methods of optimal control used

in this section, and those of Hamiltonian mechanics. The Principle of Least Action [22]

states that the path a mechanical particle takes between two points minimises some

functional known as the action. Thus, finding the appropriate path is an optimisation

problem of a very similar form to (5.7). In Hamiltonian mechanics, the costate vector

λ(s) that has featured prominently in this section has a physical meaning: it is the

momentum of the particle. Recall that in our problem, we are free to set the initial

magnitude of the costate, which corresponds to the initial momentum magnitude,

and also equals the final cost C•
(
γ(F )

)
. It is this momentum that allows our solution

method to avoid the pitfalls associated with a gradient descent approach, which were

described in Remark 5.2 and illustrated in Figure 5.2.

The freedom to set C•
(
γ(F )

)
raises another issue. It may happen that the cost

of a minimally disruptive curve never reaches the value chosen. For instance if the

model possesses a structural unidentifiability intersecting θ∗, then the cost may be

identically zero along the curve. Note however that the differential equations dictating

curve evolution at some s∗ are ’blind’ to the behaviour of the cost function outside

the ball of radius ‖γ(s∗) − θ∗‖2 around θ∗, except through the assumption of some

terminal point γ(F ) with predetermined cost. Thus the cost function outside of this

ball could be arbitrarily modified without influencing the behaviour of the curve γ(s),

for s ≤ s∗. One such modification could provide a point γ(F ) with the predetermined

139



cost required. Practically speaking, we can therefore terminate the curve prematurely

at s∗. We provide an example of the situation just described in Section 5.4.2.

5.4 Examples

We now provide several examples of application for the methods developed in this

chapter. The first two illustrate concepts introduced in the chapter, while highlight-

ing the importance of non-locality in sensitivity quantification. We then verify our

methods on a benchmark model used in identifiability analysis. The final example

provides a more detailed analysis of a different benchmark model from the identi-

fiability literature, specifically a metabolic reaction network. Novel structural and

practical unidentifiabilities are identified. It is shown how our method can be used

to gain additional mechanistic insight. Specifically, we uncover timescale-separated

subsystems (and the regimes in which the timescale separation is valid), unnecessary

mechanisms, and model approximations (together with their regimes of validity).

Each example involves the evolution of minimally disruptive curve(s). We choose

our terminal cost as Cθ∗
(
γ(F )

)
= 0.1 throughout, although curve evolution is often

terminated prematurely. We observed that the numerical results generated by our

algorithm appeared to be robust to tuning of this quantity. However, increasing the

terminal cost by several orders of magnitude appeared to slightly reduce the computa-

tional time associated with curve evolution, while sacrificing some numerical accuracy.

Since the terminal cost essentially corresponds to the momentum of the particle in

parameter space, it could be that the added momentum hinders conformation to the

minimally disruptive curves.

All the examples in this section have finite-dimensional output (typically the evalu-

ation of a system of ordinary differential equations at discrete timepoints). All cost
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functions used are of the form

CY(θ∗)(θ) = ‖Y(θ)− Y(θ∗)‖2
2.

From Example 4.1 of Chapter 4 we see that this choice is equal to the Kullback-Leibler

Divergence between the experimental models D(θ) and D(θ∗), in the case that

D(θ) ∼ N
(
Y(θ), I

)
,

and where I represents the identity matrix of appropriate dimension.

5.4.1 Mixed Exponential Model

We first use a simple example to illustrate the concepts introduced in this chapter,

and compare them against the existing sloppiness framework. The model, previously

considered in [124, 125], is given as:

Y(θ) =
[
e
−θ1

3 + e
−θ2

3 , e−θ1 + e−θ2 , e−3θ1 + e−3θ2
]
. (5.14)

We take parameter space as Θ = [0, 4] × [0, 4]. We consider a nominal parameter

vector θ∗ = [4, 0.5]. We deliberately place θ∗ on the boundary of Θ so that only one

direction of the sloppiest eigenvector of ∇2
Y(θ)Cθ∗(θ) need be considered. This halves

the analysis required without sacrificing illustrative power.

Note that model output (5.14) corresponds to observing a mixed exponential decay of

the form e−θ1t+e−θ2t, at the timepoints t = {1
3
, 1, 3}, and so model output is invariant

with respect to permutation of the parameters. The model at θ∗ is therefore locally,

but not globally, structurally identifiable (for nonzero parameter vectors). In such

a case, a minimally disruptive curve is not guaranteed to uncover the structurally

141



unidentifiable parameter vector [0.5, 4]: the absence of a structural unidentifiability

as described in Remark 5.1 does not imply global structural identifiability. In this

example, by chance, the minimally disruptive curve does in fact trace over [0.5, 4].

Figure 5.3: Discrepancy between minimally disruptive curves and flow of the minimal
eigenvalues of the Cost Hessian. Left: Vector field formed by sloppiest eigenvectors of
the Cost Hessian (one direction only), for the model (5.14). Overlaid are (solid line,
red) a curve of minimally disruptive parameters, and (broken line, purple) the flow of
the vector field. Right: The costs associated with these two curves. The x-axis charts
Euclidean distance from θ∗, while the y-axis charts the associated cost.

We demonstrate in Figure 5.3 the differences inherent to evolving a particle in pa-

rameter space along its sloppiest eigenvector (which retains no memory of the initial

vector θ∗), as compared to evolving a minimally disruptive curve (whose evolution

is explicitly dependent on θ∗). To these ends, we first construct a vector field that,

when evaluated at some θ ∈ Θ, points in the direction of the sloppiest eigenvec-

tor of ∇2
θCY(θ)(θ). The flow of this vector field, initialised from some θ∗ (we take

θ∗ = [4, 0.5]), is compared to a minimally disruptive curve emanating from the same

θ∗. We see that the former, although by definition always pointing in the sloppiest

direction (to infinitesimal magnitude), diverges from the latter. Indeed, the flow of

the vector field takes a higher cost route, as shown on the figure, tracing over param-

eter vectors with more highly diverging output (relative to Y(θ∗)) than the minimally
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disruptive curve (as required by definition). This discrepancy arises from the fact

that the flow of the vector field, at some θ ∈ Θ is determined independently of θ∗,

and by analysis of the matrix ∇2
θCY(θ∗)(θ). The direction minimising local change in

∇2
θCY(θ)(θ), is not necessarily the direction minimising non-local change in CY(θ∗)(θ).

Furthermore the minimal eigenvector of the Cost Hessian at θ∗ (the sloppiest eigen-

vector) is a poor marker of the direction of minimal sensitivity to non-infinitesimal

parameter perturbation.

5.4.2 Simple Algebraic Model
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Figure 5.4: Minimally disruptive curve of a simple algebraic model. We consider the
simple algebraic model given in (5.15), with θ∗ = [1, 1, 1]. The minimally disruptive
curve travels along the root of the polynomial θ5

1θ
3
2 − θ2

3 = 0.

We next consider a toy model of the form

Y(θ) = (θ5
1θ

3
2 − θ2

3)(θ3
1 + 4θ2

2 + 6θ3θ2), (5.15)

and take an arbitrary choice of nominal parameter vector: θ∗ = [1, 1, 1]. This does not
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correspond to a model of any real physical process, but allows us to gain insight into

the concept of minimally disruptive curves. We see that θ∗ is a root of the first factor

of Y(θ), i.e. (θ5
1θ

3
2 − θ2

3). The model therefore contains a structurally unidentifiable

subspace emanating from θ∗, defined by the set of roots of this factor. We evolve a

weakly minimally disruptive curve γ, while taking our a priori choice of terminal cost

as CY(θ∗)

(
γ(F )

)
= 0.1. Note that this choice cannot be realised: structural unidenti-

fiability ensures that CY(θ∗)(γ(s)) should be zero along the curve. However, structural

unidentifiability is generally not known a priori. We terminate curve evolution when

‖γ(s)− θ∗‖2 = 1. As expected, our curve stays within the structurally unidentifiable

subspace to within numerical error, maintaining the property: CY(θ∗)(γ(s)) < 10−5.

The curve is plotted in Figure 5.4.

5.4.3 IL13-induced JAK-STAT Pathway

We next verify our methods on a differential equation model of the IL13-induced JAK-

STAT pathway [99], which was used as a benchmark for identifiability analysis in [104].

The model has a 23-dimensional parameter space together with published estimates

of each parameter, constituting θ∗. Details on the model equations, and observed

timepoints, are provided in Appendix C. In [104], two structural unidentifiabilities

were found: CY(θ∗)(θ) was zero where

θ∗17θ
∗
22 = θ17θ22; (5.16a)

θ∗15θ
∗
21 = θ15θ21 and θ∗15θ11 = θ∗11θ15. (5.16b)

In the comparison of [104], only the method of [105] succeeded in detecting both the

parameters involved in (5.16a), (5.16b), and their functional relations. However re-

cent, unpublished work suggests that the Taylor series-based method of [96] may also
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be effective. The profile likelihood methos of [105] requires evolution of a separate

curve for each of the 23 parameters. To generate the ith curve, θ∗i is varied incremen-

tally, and the other parameters iteratively re-optimised so as to minimise the effect

on the cost function. This has the advantage of not requiring computation of ∇θC•

(unlike our method), and also generates componentwise confidence intervals. However

the re-optimisation steps can be expensive. Our method recovered both structural

unidentifiabilities given in (5.16), requiring only two curve generations (evolvable in

parallel). Their initial velocities γ̇(0) were respectively aligned with the two minimal

eigenvalues of the Cost Hessian. These curves are shown in Figure 5.5.
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Figure 5.5: Minimally disruptive curves of the IL13-induced JAK-STAT pathway
model Each curve, on both diagrams, represents the change in one element of the
minimally disruptive curve γ(s), as s increases. So in the left-hand figure, we see,
as γ(s) evolves, that the parameter θ17 increases, while the parameter θ22 decreases.
Furthermore, the changes in these components are co-ordinated such that the product
θ17θ22 is preserved over the trajectory. Similarly, on the right-hand diagram, the
products θ11θ15 and θ15θ21 are preserved. The cost CY(θ∗)(γ(s)) remains at numerical
zero as the curve evolves, implying structural unidentifiabilities of the form given in
(5.16).
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5.4.4 NF-κB Regulatory Module

We next find novel structural and practical unidentifiabilities in a benchmark differen-

tial equation model used for identifiablity analysis in the literature: the 29-parameter

model of the NF-κB regulatory module [68]. The model describes an intracellular

mechanism mediating dynamics of the NF-κB protein complex. A schematic dia-

gram, based on one provided in [68], is given in Figure 5.6, and details on the system

equations and parameters are provided in Appendix D. The system is excited by

extracellular TNF. Previous analyses [31, 5] declared the model locally structurally

identifiable, under relaxed assumptions necessary to maintain viability of the respec-

tive algorithms. Specifically, identifiability held so long as all parameters could be

discriminated on the basis of some (unknown) time-course of TNF excitation, rather

than the binary TNF signal assumed in [68]. In [31], sixteen parameters were further-

more fixed to maintain computational tractability. We analyse the full model, taking

θ∗ as the (complete) set of published parameter estimates/assumptions provided in

[68].

We evolved two curves curves satisfying (5.13) in parallel, setting γ̇(0) in both the

positive and negative directions of the eigenvector corresponding to the minimal eigen-

value of the Cost Hessian. The result is shown in Figure 5.7a, which connects both

curves at θ∗. The top half of the figure shows the log-space evolution of each compo-

nent of γ(s), relative to θ∗. The components corresponding to the rate constants k2

and c4 are marked, and we see that the summation ln k2+ln c4 is preserved. The lower

half of the figure shows, meanwhile, that the cost CY(θ∗)(γ(s)) is zero, to a numerical

precision of 10−8. This implies a structural unidentifiability over areas of parameter

space preserving the product k2c4. This makes sense, as k2 and c4 respectively rep-

resent the translation (i.e. production) rate of the protein A20, and the inactivation

rate of the kinase IKKa caused by A20. Since A20 and its transcript are not directly
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Figure 5.6: Schematic of the NF-κB regulatory module from [68], based upon Figure
2 in the same paper. Bold arrows denote fast-timescale reactions. Crosses denote
degradations. Extracellular Tumour Necrosis Factor (TNF) transforms neutral IκB
kinase (IKKn) into its active form IKKa. The IKKa catalyses degradation of IκBa,
both in its free state, and when bound in the IκBa|NF-κB complex. Catalysis of the
previous complex frees cytoplasmic NFκB, which is then shuttled to the nucleus. Nu-
clear NF-κB promotes both IκBa and A20 transcripts. The translated A20 inactivates
IKKa, thus indirectly promoting cytoplasmic IκBa. The translated IκBa binds to NF-
κB, making the latter inert and shuttling it to the cytoplasm. So nuclear NF-κb is
involved in a negative feedback loop with IκBa, and a positive feedback loop with A20.

observed, it is clear that A20 only enters the model through its effect on IKKa. This

refines the conclusion of [68], where the effect of A20 on dynamics was proposed to be

a combination of its concentration (rather than translation rate), and the inactivation

rate.

We next rewrote k2 as k2 =
k∗2c
∗
4

c4
, thus reducing the dimensionality of parameter space

by one, and eliminating the previous structural unidentifiability. Two minimally

disruptive curves were again evolved in parallel, with initial directions in the positive

and negative directions of the sloppiest eigenvector. Results are shown in Figure

5.7b. Three parameters show significant movement, and are involved in a practical

unidentifiability. They are listed below:

• e2a represents the rate of transport of the IκBα|NF-κB complex from the cyto-
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plasm to the nucleus. This was appreciated as a fast-timescale reaction in [68],

as shown in Figure 5.6.

• c5a is the constitutive degradation rate of free cytoplasmic IκBα.

• t1 is the rate constant for catalysis of the IκBα-IKKa complex into IKKa, also

described as a fast timescale reaction in [68].

By varying these three parameters in turn, we see that each individual parameter

has a close to zero effect on model output when varied, and the unidentifiability does

not depend on their correlated change. Since e2a and t1 are fast-timescale reaction

rates, the involved reactants and products are equilibrated near-instantaneously at

θ∗, and increasing the rates makes no difference to observed model dynamics. Sim-

ilarly, Figure 5.6 implies that IκBα-IKKa degradation is dominated by terms other

than constitutive degradation, and decreasing c5a will therefore barely affect observed

dynamics. Thus, elimination of the reaction corresponding to the rate c5a, and in-

stant equilibration of the reactions corresponding to t1 and c5a, would negligibly affect

dynamics at θ∗.

Note from Figure 5.6 that as the minimally disruptive curve travels in the direction of

decreasing e2a, decreasing t1, and increasing c5a, the associated cost starts to increase,

until a step change in behaviour occurs. This can be explained mechanistically. De-

crease in t1 and e2a slows the timescale of their associated reactions, until instant

equilibration is no longer a valid approximation and observed dynamics are affected.

Meanwhile, as c5a increases it starts to make a meaningful contribution to IκBα degra-

dation, and thereby also affects observed dynamics. Crucially, our algorithm finds at

what parameter values these step changes occur, thereby defining the areas of param-

eter space over which the instant equilibration/zero degradation approximations are

valid.

We fixed the parameters c5a, e2a, and t1 and again evolved minimally disruptive curves
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as previously. Results are shown in Figure 5.7c. We see that in a region around θ∗,

dynamics are insensitive to parameter changes preserving the product c1ac4a. The

former is the rate constant for promotion of the mRNA transcript for IκBα by free

nuclear NF-κB. The latter is the translation rate for IκBα. Since the production rate

of a protein is the product of its transcription and translation rates, then, as long

as mRNA transcription is dominated by c1a, it makes sense that preservation of the

product c1ac4a should not affect observed dynamics. However, the figure shows that

this unidentifiability breaks down when c1a decreases sufficiently. At this point, the

cost starts to increase, and a step change in the practical unidentifiability is observed.

The reason is that the model incorporates constitutive transcription of IκBα, which

becomes the dominant contributor to overall transcription in this regime.

Again, we removed the practical unidentifiability in c1ac4a by substituting c1a =
c∗1ac

∗
4a

c4a
,

and evolved minimally disruptive curves (Figure 5.7d). The resulting curve involved

a2, which represents the association rate of IKKa and IκBα in the nucleus. In [68],

it is depicted as a fast timescale reaction, with a nominal value of 0.2 obtained by

assumption. In fact, as shown in Figure 5.7d, we can decrease a2 by over twenty

orders of magnitude without affecting nominal dynamics, so long as other parameters

are changed in a compensatory manner. Thus we could switch off this mechanism

with only a negligible change in nominal dynamics.

For our final curve evolution, we fixed a2, with results shown in Figure 5.7e. This

results in a complicated practical unidentifiability involving many parameters. We see

that several parameters can be changed by five or more orders of magnitude without

affecting dynamics, demonstrating that even with all the previous unidentifiabilities

factored out, parameter estimation without prior assumptions on particular parameter

values would be a challenging task in this model.
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5.5 Discussion

We have provided an automatic, numerical approach to elucidation of both uniden-

tifiable parameters (whether structural or practical) and their associated unidenti-

fiabilities. Note that, as a numerical method, our algorithm cannot theoretically

guarantee structural unidentifiabilities, and is only suitable for local identifiability

analysis. However in this regard it can complement symbolic approaches to find-

ing unidentifiable parameters, which additionally provide theoretical guarantees, but

can suffer from scalability issues. In particular, algebraic approaches based on the

Observability Rank Condition [54] are in general computationally intensive even for

modestly-sized models, but work well when there are few parameters and many out-

puts under consideration. Our method can be used as a preconditioning tool for such

algorithms, as it can highlight groups of parameters likely to be structurally uniden-

tifiable. All other parameters can then be fixed, and unidentifiability of the simplified

model checked algebraically. For instance, in the example of the NF-κB network from

[68], we fixed all parameters except k2 and c4 (which we discovered were structurally

unidentifiable through our algorithm, as discussed previously and shown in Figure

5.7a). The reduced, two-parameter model could then be easily analysed algebraically,

and verified as structurally unidentifiable by direct application of the Observability

Rank Condition. The same, integrated procedure was also performed successfully to

verify the structurally unidentifiable parameters of the JAK-STAT model presented

previously.

Our method additionally inferred the functional form of the structural unidentifia-

bilities, through analysis of the trajectories generated by the algorithm. In general,

this inference may not be trivial. It is considerably simplified by considering the

trajectories in log-space, as depicted in Figure 5.7, so long as the unidentifiability

is rational. The reason is that if there is an unidentifiability over a relation of the
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form p(θ) = 0, where p(θ) is rational, then a linear function of the logarithms of

the parameters is preserved, and inference of the functional relation becomes a linear

regression problem.

A key theme of this chapter is that the parametric sensitivity characteristics of a math-

ematical model can depend highly on both the parameter vector considered and the

length-scale of parameter perturbation. We saw in the NF-κB network example that

there were several practical unidentifiabilities that held in a certain region of parame-

ter space, but had a distinct boundary at which a step change in the unidentifiability

occurred (see e.g. Figures 5.7b and 5.7c). These corresponded to the regions in which

particular model approximations were valid. For instance, some such unidentifiabili-

ties involved the rate constants of fast-timescale reactions, which were unidentifiable

as long as a timescale separation existed between the reaction dynamics and observed

model dynamics, but regained identifiability once they fell below a certain level. Our

algorithm identified both the practical unidentifiabilities, and the boundaries in pa-

rameter space at which the form of the unidentifiabilities experienced a qualitative

change. It is therefore of use in the model reduction problem, both for identifying

redundant mechanisms, and quantifying the regions of parameter space at which they

remain redundant. Note that poor choices of unit for parameters result in practical

unidentifiabilities. Given a parameter θ1 in a model, if we transformed parameter

space by taking θ̂1 = 1000θ1, then the sensitivity of the model to perturbations in its

first parameter would be reduced by a factor of a thousand. The converse implication

is not true, as demonstrated through our discussion of the practical unidentifiabilities

shown in Figures 5.7b and 5.7c. In both cases, model behaviour was sensitive to per-

turbation in a particular direction in some areas of parameter space, and insensitive

to perturbation in the same direction in other areas of parameter space (i.e. where

the practical unidentifiability held). Scaling parameters would not be able to change

the discrepancy between the sensitivities in the regimes where the practical unidenti-
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fiability did and did not hold. Thus the practical unidentifiabilities were not merely

an artefact of poorly scaled parameters.

When the algorithm of this chapter is performed, the majority of computational time

is taken up simulating the model at different points in parameter space, in order

to calculate the associated cost, and cost gradient. The density of simulations on a

minimally disruptive curve varies with the ‘momentum’ (i.e. the choice of magnitude

of the initial costate λ(0)), the choice of ODE solver used to evolve the Hamiltonian

flow (we used the ‘ode113’ solver from the MATLAB toolbox [75]), and the model in

question. We took CY(θ∗)(γ(F )) = 0.1 to set our momentum, for all curves generated

in the NF-κB example. 440 internal evaluations of the cost and its gradient were

required by the ode113 solver to produce Figure 5.7a, while Figure 5.7e required

1363 evaluations. Each combined evaluation of the cost and its gradient took about

five seconds on a single-core, 3.40 GHz processor. The gradient was calculated by

solving the sensitivity equations associated with the model (see [63]), rather than by

finite-difference methods.

5.6 Summary

In this chapter, we have devised and applied an algorithm for delineating curves in

parameter space over which model output varies minimally, relative to data or some

nominal output. The algorithm has several purposes, which were demonstrated upon

benchmark models of metabolic reaction networks from the literature. Specifically,

it was used to identify structural and practical unidentifiabilities in a model, which

cannot be estimated from data. Furthermore, hidden model features were extracted,

including redundant mechanisms and timescale separated subsystems, together with

the regimes in which such features existed.
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Figure 5.7: Analysis of an NF-κB regulatory module model through evolution of min-
imally disruptive curves. Panels a-e depict structural and practical unidentifiabilities
in the NF-κB model from [68]. The x-axes of all plots in these panels depict the dis-
tance, in log-space, between the nominal parameter vector θ∗, and that of γ(s), as s
varies. Each line on the top-half figures of these panels represents the relative change
of a particular parameter component θi, from θ∗i , as s varies. The bottom half figures
represent the cost associated with the parameter vector γ(s), relative to θ∗, as s varies.
Panel f provides the normalised time-course of the observed quantities in the model.
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Chapter 6

Uncertainty Quantification of

Parameter Estimation in the

Presence of Model Error

This chapter is concerned with the perfect model assumption, which underlies much

of the theory concerning parameter estimation. This assumption is that the model

output induced by some (unknown) optimal parameter vector(s) perfectly recreates

process dynamics. However it is often the case that a model can never perfectly

recreate the modelled process, due to the existence of unmodelled or badly modelled

process features. In this case, the ‘perfect model’ assumption does not hold. However,

we can still find a parameter vector that best approximates process dynamics, and it

may indeed be meaningful despite the deficiencies of the model. In this chapter we

argue, however, that quantification of the uncertainty associated with estimating this

parameter vector changes in the absence of the perfect model assumption.

The models studied in this chapter are ODE models, whose parameters are estimated

from time-series data corrupted by Gaussian measurement noise. In this context, we
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propose a new method for quantifying the covariance of a parameter estimate. It is

in many respects similar to the standard covariance estimate obtained by inverting

the Fisher Information Matrix. Indeed it agrees with this estimate, in the limit of

increasing experimental replicates, and when the perfect model assumption holds.

Critically, our covariance quantifier does not rely on the perfect model assumption to

maintain theoretical validity. In fact, no quantification of the discrepancy between

the dynamics of the process, and those of the (optimally parameterised) model, is

required. So our method is valid even when dealing with very crude models of complex

processes. The results of the chapter are published in [101].

6.0.1 Notation

Throughout this chapter we will use the notation λ(A) to denote the Lebesgue mea-

sure of a set A. See e.g. [107] for a rigorous presentation of the Lebesgue measure.

Meanwhile, ‖A−B‖F will denote the Frobenius distance between matrices A and B.

Recall that the Frobenius distance is given by Tr[(A−B)T (A−B)].

6.1 Motivation

The previous chapters have dealt with the problem of parameter estimation. Here, the

model structure is fixed, and so the parameters enter the model in a precisely specified

way. The challenge lies in providing each parameter with a numeric value, or region

of values. In this chapter, we are additionally concerned with the appropriateness of

the model structure itself. Therefore this chapter falls within the field of System

Identification, which deals with the synthesis of both a model structure and model

parameters that accurately represent the modelled process. Note that system identi-

fication has three subfields. White-box system identification attempts to completely
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derive a model from mechanistic principles, ending up with a parameter-free model.

Grey-box system identification partially derives a model from mechanistic principles,

but also incorporates free parameter values that must be fitted to data, due to lack

of sufficient a priori knowledge of the process. Black-box system identification at-

tempts to create a function that approximates the input-output characteristics of the

process, with no regard given to the mechanistic principles underlying the process.

The entirety of this thesis is related to grey-box system identification.

Mathematical models are only approximations of the physical processes they attempt

to recreate, and, as such, there is a mismatch between dynamics of the model and

the true process. The discrepancy between the dynamics of the process model Y(θ),

and the observed data is typically known as the model error [70], and stems from

two sources. One is the data-corruption caused by measurement noise, which we have

discussed extensively at previous points in the thesis. The other is undermodelling,

which is caused by the fundamental inability of the model structure to replicate all

the intricacies of the process dynamics, regardless of the considered parameter values.

When a process is modelled, there is an inherent tradeoff between the complexity of

the model structure and the fidelity of the model. Traditional system identification has

been mainly concerned with simultaneous minimisation of the complexity of the model

structure being searched over, and the model error. In other words, the objective is

to find a simple model structure that faithfully recreates process dynamics. The

numeric values of any parameters within the model structure, given these objectives,

are not the focus. Of more interest is the (lack of) model error induced by the best-

fit parameters, which has a diverse literature [85, 71, 73, 84, 49]. In this context,

issues such as the identifiability of parameters, and the uncertainty associated with a

parameter estimate from noisy data, are not important.

In this thesis, system identification has a different objective. We are not only con-
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cerned with having a model (and associated parameter values) that accurately de-

scribe the process, but also with the estimation of certain parameters with physical

significance, e.g. the thermal conductivity of a material or the rate constant of a

chemical reaction. Accordingly, the quantification of uncertainty in a parameter es-

timate is important. We saw in Chapter 4 that fitting parameters to noisy data is

a statistical problem. A best-fitting parameter vector is known as a nominal pa-

rameter vector, and it is an estimator of the (unknown) optimal parameter vector,

which would best fit the data in the absence of measurement noise. In this chapter

we only consider the maximum likelihood estimator (MLE), as defined in Definition

2.9 of the Preliminaries. This is an extremely common choice of estimator, due to

its various attractive theoretical and practical properties (see equations (2.4) of the

Preliminaries).

This chapter deals with finding the covariance of the MLE. A standard approxima-

tion of this covariance was previously provided through the well-known Cramer-Rao

Inequality (see Lemma 4.1). This is widely used as a heuristic approximation of the

MLE covariance where parameter estimation is carried out on ODE models (see e.g.

[39, 79, 130, 140]). Indeed, inferences on the inherent well-posedness of the parameter

estimation problem are made on the basis of this matrix. Some of the well known lim-

itations of the Cramer-Rao inequality were considered in the discussion accompanying

Lemma 4.1. An additional concern, which is our focus in this chapter, is that the

Cramer-Rao inequality is not valid when the process is undermodelled. This is a par-

ticular concern in fields such as systems biology, where a high dimensional parameter

space coupled with inaccurate measurements means that the validity of published pa-

rameter estimates is often questioned [35, 44, 50]. A need therefore exists to quantify

MLE covariance when undermodelling is an issue.

In this chapter, we derive a new approximation of the covariance of the maximum
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likelihood estimator with several attractive properties. Firstly, it is mathematically

valid even when the process is assumed to be undermodelled. In fact, no quantifica-

tion of the magnitude or form of undermodelling is required. Secondly, it converges

asymptotically to the true covariance under regularity conditions that are less oner-

ous than those required by the inverse FIM. Finally, the approximation error in our

method is a function of the distance between the sample means of the datapoints, and

their (unknown) true values. By contrast, the approximation error in the FIM-based

method is a function of the distance between the nominal and (unknown) optimal

parameter vectors. Both methods also possess linearisation-derived errors. Thus the

two methods are complementary in that for problems in which one approximation

is inaccurate, the other may be accurate. Our method is valid when considering

discrete-time observations of an unknown dynamic process corrupted by Gaussian

measurement noise. Furthermore, the model can be nonlinear.

6.2 Parameter Estimation in the Absence of a Per-

fect Model

Much of the mathematical theory and notation used in this chapter has been intro-

duced at previous points in the thesis. However, the incorporation of undermodelling

into our mathematical framework induces some subtle, but important differences in

the way we treat models and experimental data both mathematically and philosoph-

ically.

We will consider parameterised process models with finite-dimensional output Y(θ).

Note that the results of previous chapters have allowed for infinite dimensional models.

However, the relationship between the process model, the data, and the assumed form

of measurement noise change in this chapter. Previously, we modelled the data D(θ)
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as a noise-corrupted realisation of the process model Y(θ). This was valid in the

absence of undermodelling. For instance, if noise was assumed Gaussian, then we had

D(θ) ∼ N
(
Y(θ),Σ

)
. (6.1)

We will continue to use the random variable D(θ), but we will no longer assume

that D(θ) accurately represents the noise-corrupted process. Instead, we will assume

that data is a noise-corrupted realisation of an unmodelled process, whose noise-free

output is not given by Y(θ), regardless of the choice of θ. We denote the noise-free

output of this process as G. So we have that

D(G) ∼ N
(
G,Σ

)
. (6.2)

This raises a philosophical issue as to the meaning of maximum-likelihood estimation.

As explained in the preliminaries (Definition 2.9), maximum likelihood estimation

consists of finding a parameter vector θ̂ that maximises the probability density

P[D[E];Y(θ)].

However, the probability density of hypothetical data is now independent of the pro-

cess model Y(θ). Numerically we can of course still evaluate P[D[E](Ĝ);Y(θ)], and

minimise it over the set of possible θ ∈ Θ to get a best-fit parameter. Philosophi-

cally, a more natural information-theoretic interpretation of the maximum likelihood

estimator exists in this context: Given data D[E], we can minimise the Kullback-

Leibler divergence between the empirical distribution of the data, and D(θ), over θ.

The Kullback-Leibler divergence between random variables F and G, with associated
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probability density functions f(x) and g(x), is given by

KL
[
F ||G

]
=

∫
X

f(x) log

(
f(x)

g(x)

)
dx

= EF [log f(x)]− EF [log g(x)].

It is a non-symmetric measure of the information loss associated with approximating

the random variable F by G [34]. Recall that a standard choice of cost function given

in equation (4.1b) of Chapter 4 was

CY(θ∗)(θ) = Eθ∗ [− logψY(θ)]− Eθ∗ [− logψY(θ∗)]

= KL
[
D(θ∗)||D(θ)

]
, (6.3)

where ψY(θ) denoted the probability density function of the random variable D(θ).

Given E-replicated data D[E], we can define the empirical distribution of the data.

This random variable, which we will denote E(D[E]), ascribes a probability 1
E

to each

of the E data replicates. We can denote the probability density of this distribution

as

fD[E](x) =
1

E

E∑
i=1

δ(x−Di),

where δ denotes the Dirac delta-function. Then we get that

min
θ∈Θ

KL
[
E(D[E])]||D(θ)

]
= min

θ∈Θ

[
EE(D[E])

[
− logψY(θ)

]
− EE(D[E])

[
− log fĜ(x)

]]
.
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Eliminating θ-independent terms in the above equation gives

min
θ∈Θ

KL
[
E(D[E])]||D(θ)

]
= min

θ∈Θ
EE(D[E])

[
− logψY(θ)

]
= min

θ∈Θ

E∑
i=1

− logψY(θ)

(
Di
)

= min
θ∈Θ
− logL(θ;D).

We see that this equates to minimisation of the negative log-likelihood of the data

over parameter space. So maximum likelihood estimation and minimisation of the

Kullback-Leibler divergence coincide [34]. The latter, however, places no causal re-

strictions on the relationship between the experimental model D(θ), and the actual

data. We will use the notation

θ̂
(
D[E]

)
= min

θ∈Θ
KL
[
E(D[E])]||D(θ)

]
for the remainder of this chapter. So θ̂ corresponds to the maximum likelihood esti-

mator.

Recall that the data D, in this chapter, is assumed to be a realisation of some unknown

process with noise-free output G (see (6.2)). As well as estimating the maximum

likelihood parameter θ̂, we will on occasion estimate the true value of G, given data.

Our estimate of G will be denoted G. Note that the maximum likelihood estimate,

assuming Gaussian measurement noise of the form (6.2), is given by

Ĝ =
1

E

E∑
i=1

Di.
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The distribution of Ĝ is then given as

Ĝ ∼ N
(
G, Σ

E

)
, (6.4)

as a result of (6.2). Furthermore the sample mean Ĝ is a sufficient statistic [25].

So the maximum likelihood estimate can be calculated solely from Ĝ, without full

knowledge of the the data. We will therefore interchangeably use Ĝ and D[E] as the

argument of the maximum likelihood estimator θ̂, depending on the context.

6.3 Asymptotic Distribution of Estimated Model

Output

In this section we formulate theory relating to the asymptotic properties of Ĝ, in

the limit of increasing experimental replicates. We commence by providing some

assumptions necessary for the results of the chapter.

A1 Consistency:

P
[

lim
E→∞

θ̂(D[E]) = θ∗
]

= 1,

A2 C2 Differentiability: ∇θY(θ) and ∇2
θY(θ) are defined for all θ ∈ Rq.

A3 Unique maximum likelihood parameters: Let

W =

{
x ∈ Rn : arg min

θ∈Θ
L(θ;x) is not unique

}

Then λ(W ) = 0.
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A4 Let

U = {x ∈ Rn×r : θ̂(x) /∈ C2}.

Then λ(U) = 0 and θ∗ /∈ U .

Assumption A1, along with sufficient conditions for it to hold true, was introduced in

the Preliminaries (see equation (2.4a)). Note that the discussion in the Preliminaries

assumed no undermodelling of the process. One of the sufficient conditions was global

structural identifiability (Y(θ) = Y(θ∗)⇒ θ = θ∗). We will see subsequently how this

is not a sufficiently strong condition for consistency when undermodelling is allowed.

Remark 6.1. Note that assumptions A3 and A4 are not restrictive conditions. Any

probability measure that has a probability density function is absolutely continuous

with respect to the Lebesgue measure, and vice versa [136]. Therefore a necessary and

sufficient condition for the probability of a sample mean to not possess a property with

probability one, is that this property occurs on a set of Lebesgue measure zero. If C2

differentiability (and/or uniqueness) of the mapping held on a set of positive Lebesgue

measure, then we would be assured of the existence of a ball in Rn×r, on which θest

was nowhere differentiable (and/or unique). This would be a very strange occurence.

We will continue to refer to θ∗, defined as the limiting maximum likelihood estimator

in Assumption A1, as the optimal parameter vector. This is despite the absence of

the perfect model assumption , which means that Y(θ∗) no longer necessarily corre-

sponds to the true process output G. Note that θ∗ = θ̂(G), the parameter estimate

given noise-free data. This follows from continuity of the maximum-likelihood esti-

mator at θ∗, combined with Assumption A1.
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Lemma 6.1.

Suppose assumptions A1 to A3 hold. Then

√
E
[
θ̂(D[E])− θ̂(G)

]
→D N

(
0,∇θ̂(G)Σ∇θ̂(G)T

)
. (6.5)

Proof. By definition, we have θ̂(Ĝ) = θ̂(D[E]). Let us take a Taylor Expansion of θ̂

around G. We get

θ̂(Ĝ)− θ∗ = [∇θ̂(G)]T [Ĝ − G] +O([Ĝ − G]T [Ĝ − G])

The distribution of the first order term follows from (6.4):

∇θ̂(G)]T [Ĝ − G] ∼ N
(

0,∇θ̂(G)
Σ

E
∇θ̂(G)T

)
.

It remains to show that the high-order terms in the Taylor Expansion are unimportant

in the limit of increasing data. The Law of Large Numbers, recalling (6.4), gives

Ĝ − G P−−−→
E→∞

0.

This allows for application of the multivariate Delta Method to each component θ̂i(Ĝ)

of the maximum likelihood estimate, providing the result. The Delta Method (see

e.g. [25], p242) is a generalisation of the Central Limit Theorem, which ensures that

high order terms in Ĝ −G do not affect the limiting distribution as this quantity tends

to zero in probability.

Theorem 6.1.

Suppose we have data D such that θ̂(D) is C1 differentiable in an open neighbourhoud
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N 3 D. Take θ̂ = θ̂(D). Then, if

|∇2
θL(θ̂,D)| 6= 0, (6.6)

we have

∇θ̂(D) =
(
∇2
θL(θ̂,D)

)−1

∇D∇θL(θ̂,D). (6.7)

Moreover, if ∇θL(θ̂,D) at D is Ck differentiable for k > 1, then so too is θ̂(D).

Proof. First order optimality conditions imply that ∇θL(θ̂,D) = 0. The implicit

function theorem [94] guarantees the existence of a unique, continuously differentiable

function ψ : Rn → Rq, and an open set U 3 D, such that:

∇θL(ψ(z), z) = 0 ∀z ∈ U.

Without loss of generality we can assume U ⊆ N . By first order optimality conditions,

we have

∇θL
(
θ̂(z), z

)
= 0 ∀z ∈ U.

Uniqueness of ψ then implies that θ̂(z) = ψ(z) on U . Their gradients at D must

therefore correspond, giving (6.7).

Another consequence of the implicit function theorem is that if ∇θL(θ̂,D) is Ck dif-

ferentiable at D, for some k, then so too is ψ(D), and by extension θ̂(D).

Equation (6.6) is a key assumption of the previous theorem. However, it is not

restrictive. One can consider a line of reasoning analogous to that of Remark 6.1.
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Consider the Lebesgue measure of the following set:

A = {D ∈ Rr×n : |∇2
θL(θ̂(D),D)| = 0}.

We conjecture that for non-pathological models, λ(A) = 0, and hence the proba-

bility of drawing data not satisfying (6.6) is also zero. Intuitively, this follows as

a consequence of the set of singular matrices being low-dimensional in the space of

nonsingular matrices. More formally, if λ(A) were positive, we would require the

existence of a D ∈ Rn, and ε > 0 satisfying

|∇2
θL(θ̂(z), z)| = 0 ∀z : ‖z −D‖2

2 < ε;

Since the mapping z → |∇2
θL(θ̂(z), z)| goes from Rn to R, and depends in a compli-

cated way on the characteristics of the model output Y(θ), one would not expect it

to be identically 0 on an open set.

6.4 Covariance Approximation of the Maximum

Likelihood Estimator

We will approximate the covariance of θ̂(D[E]) with the following function:

C(D[E]) = ∇θ̂(D[E])
Σ

E
∇θ̂(D[E])T . (6.8)

The motivation for this approximation is given by Lemma 6.1, and the fact that

lim
E→∞

θ̂(D[E]) = θ̂(G)
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by consistency. The expression for C(D[E]) can be calculated by using Theorem 6.1.

In this section we consider the properties of this approximation, and compare it to the

traditional covariance estimate predicated on the inverse Fisher Information Matrix.

Definition 6.1.

The Fisher Information Matrix of a parameterised Likelihood function L(θ;D), at θ∗,

is defined as

I(θ∗) = Eθ∗
[(
∇θ logL(θ;D(θ∗))

)(
∇θ logL(θ;D(θ∗))

)T]
, (6.9)

where D(θ∗) is the random variable representing the output of the experimental model

at θ∗.

As mentioned in the preliminaries, the log-likelihood is additive with respect to ex-

perimental replicate number. So the Fisher Information Matrix of E-replicated data

is

IE(θ∗) = EI(θ∗).

In this chapter we have taken D(θ) as the corruption of Y(θ) with Gaussian measure-

ment noise, i.e.

D(θ) ∼ N
(
Y(θ),Σ

)
.

In this case, the Fisher Information Matrix takes the following form:

I(θ) = ∇θY(θ)TΣ−1∇θY(θ) (6.10)
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Recall that the Cost Hessian was previously referred to as the Fisher Information Ma-

trix in the discussion accompanying Lemma 4.1. This was for the case of a particular

cost function given as (see (6.3))

CY(θ∗)(θ) = KL
[
D(θ∗)||D(θ)

]
.

This is consistent with Definition 6.1. The equality between the Hessian of the

Kullback-Leibler Divergence and the Fisher Information Matrix is proved in e.g. [34].

The inverse Fisher Information constitutes an asymptotic lower bound on the covari-

ance of the maximum likelihood estimator, through the Cramer-Rao inequality (see

Lemma 4.1). Thus both C(D[E]) and IE(θ̂(D[E])−1 approximate the same quantity,

namely the covariance of θ̂(D[E]). They have complementary properties, as we now

demonstrate:

Consider the following linearisation of Y(θ) around some θ∗:

Ỹ(θ) = Y(θ∗) + 〈∇θY(θ∗), (θ − θ∗)〉.

Note that the linearisation does not affect the quantity I(θ∗), calculated according to

(6.10). Furthermore, we now have that

I(θ) = I(θ∗), ∀θ ∈ Θ.

This demonstrates how it is the nonlinearities in the dependence of Y(θ) on θ that

add an intractable error term I
(
θ̂(D)

)
− I(θ∗) to the estimate of the true Fisher

Information on which the Cramer-Rao inequality is predicated, i.e. I(θ∗). In the

limit of increasing experimental replicates, one assumes that θ̂ →P θ
∗, and therefore,

correspondingly, that IE
(
θ̂(D[E])

)
→P IE(θ∗).

Now consider the original nonlinear model Y(θ), and suppose that the parameter
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estimation routine is itself linearised. Thus:

˜̂
θ(Ĝ) = θ̂(G) +∇Ĝ θ̂(G)(Ĝ − G)

= θ∗ +∇Ĝ θ̂(G)(Ĝ − G).

Then we would have

˜̂
θ(Ĝ)− ˜̂

θ(G) ∼ N
(

0,C(G)
)

In other words, the convergence in distribution relation (6.5) (the subject of Lemma

6.1) would be replaced by equality, regardless of the multiplicity E of repeated exper-

iments. Furthermore, the covariance estimate would be immune to the error Ĝ − G,

as we would have C(Ĝ) = C(G) regardless of Ĝ.

In conclusion, estimating the covariance of a parameter estimate, whether through

IE(θ̂
(
D[E])

)
or C(Ĝ), is made inaccurate due to the presence of nonlinearities. These

inaccuracies vanish asymptotically, as the number of experimental replicates E in-

creases. For IE
(
θ̂(D[E])

)
, the nonlinearities occur in the dependence of the determin-

istic model on its parameters, and couple with an inaccurate parameter estimate. For

C(Ĝ), the nonlinearities occur in the dependence of the maximum likelihood estimate

on the data, and couple with an inaccurate estimate of the noise-free data G.

The covariance approximation C(Ĝ) was formulated without the perfect model as-

sumption (i.e. G = Y(θ∗)), while the inverse Fisher Information relies on it. There-

fore, it is sensible to check the properties of C(Ĝ) when the perfect model assumption

holds, in order to be assured that it yields similar conclusions to the Fisher Infor-

mation. In fact C(Ĝ) corresponds asymptotically to the inverse Fisher Information

Matrix in the limit of increasing experimental replicates and given the perfect model

assumption, as we now show.
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Lemma 6.2.

Suppose that G = Y(θ∗) and assumptions A1 to A3 hold. Then

C(D[E])→D IE
(
θ̂(D[E])

)−1
(6.11)

Proof. By assumption, the MLE θ̂(D) is both consistent and differentiable in an open

set surrounding θ∗. So we have

lim
E→∞

θ̂(Ĝ) = θ∗ P a.s.,

and differentiation gives us

d

dθ∗
lim
E→∞

θ̂(Ĝ) = Iq P a.s., (6.12)

where Iq ∈ Rq×q is the identity matrix. Application of the chain rule to the LHS of

(6.12) results in:

lim
E→∞

∇Ĝ θ̂(Ĝ)T∇θ∗Ĝ = Iq. (6.13)

By the perfect model assumption and consistency, we have that

lim
E→∞

Ĝ = G = Y(θ∗).

So we can rewrite (6.13) as

lim
E→∞

∇Ĝ θ̂(Ĝ)T∇θ∗Y(θ∗) = Iq.
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So, by expansion and cancellation

lim
E→∞

C(Ĝ)IE(θ̂(Ĝ)) = ∇θ̂(Ĝ)
Σ

E
E∇θ̂(Ĝ)T∇θY(θ∗)TΣ−1∇θY(θ)

= Iq

as required.

Remark 6.2. The Likelihood L(θ,D) is likely to possess multiple local minima in θ,

given data D for models exhibiting complex behaviours and many parameters [80, 130].

The form of the measurement noise may influence which of these is globally minimis-

ing. As experimental data tends to infinity, consistency (Assumption A1) implies that

eventually a single, particular local minimum will become globally minimising, with

a probability tending to one. This is the asymptotic regime under which both C(Ĝ),

and I
(
θ̂(Ĝ)

)−1
, become valid as approximations to the covariance of the maximum

likelihood estimator. It is important to note that both covariance estimates therefore

discount the effect of the parameter estimation protocol jumping between different lo-

cal minima of the cost function due to the vagaries of the data. This phenomenon

is likely to occur not only due to the form of the measurement noise, but also due to

deficiencies in the parameter estimation protocol. After all, global optimisation is an

NP-hard problem [80].

6.5 Examples

6.5.1 Structurally Identifiable Example for which Parameter

Estimation is Impossible

Consistency, as defined in Assumption A1, is a prerequisite to meaningful parameter

estimation. In the case that the perfect model assumption holds, structural identifi-
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ability of the model (along with other easily satisfied conditions, see equations (2.4)

of the Preliminaries) is sufficient for consistency. As discussed in previous chapters,

structural identifiability itself may be a hard property to verify. Even then, it ceases

to be a sufficient condition for consistency in the case that the perfect model assump-

tion does not hold. This is now demonstrated by example. We provide an example

of a structurally identifiable model of an (artificially constructed) process for which

parameter estimation to any degree of confidence is impossible, due to the small dis-

crepancy between the dynamics of the process and the model. This is of course both

an academic example and an extreme case, but it illustrates the principle of structural

identifiability not guaranteeing consistency.

We wish to estimate a process that we will endow with the following dynamics:

ġ(t) = Ag(t) g(0) = [4, 5]T

A =

−3 1

2 1


Data consists of noisy process observations taken at arbitrary timepoints {tj}rj=1. So

we have G = {g(ti)}ri=1 and

D ∼ N
(
G,Σ

)
,

with the covariance matrix Σ of measurement noise taken as the identity. Note that

this choice of covariance matrix is not necessary for the methods of the chapter to

be applicable, but it improves the clarity of exposition. Typically, the process being

estimated is unknown, and the objective is to accurately model it. However, model

structures cannot always capture the true dynamics of the modelled process. Of

course in this example we know the process dynamics a priori by construction. We

will deliberately provide a parameterised model structure that undermodels process
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Figure 6.1: For any t∗ > 0, the set of model outputs y(t∗, θ), for θ ∈ (−π, π] forms a
circle with centre g(t∗).

dynamics: no parameter vectors of the model can perfectly reproduce the noise-free

process dynamics, even if some can closely approximate them. This is done in order

to observe the consequent pathologies in the parameter estimation routine. Model

dynamics are given as:

ẋ(t) = Ãx(t)

y(t, θ) = C(θ)x(t)

where

Ã =

A 0

0 G

 C(θ) =

1 0 sin(θ) − sin(θ)

0 1 cos(θ) − cos(θ)


G =

−3.5 1.5

2 −1

 x(0) = [g(0), 1, 1]T .

Note that the quantity

‖y(t, θ)− g(t)‖2
2 (6.14)
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is invariant to change in θ, for all t > 0. In particular, y(t, θ′) can be obtained from

y(t, θ), for θ′ > θ, by a clockwise rotation through the angle θ′ − θ around g(t) (see

Figure 6.1).

Since measurement noise is Gaussian, the maximum likelihood can be calculated from

the mean data

Ĝ =
1

E

∑
i=1

Di,

which is distributed as

Ĝ ∼ N
(
G, Σ

E

)
.

Note that, since Σ is the identity matrix, the probability density of Ĝ is a radial

function centred at G. Therefore, Ĝ is invariant over sets of the form:

{x : ‖x− G‖2 = c} .

This observation, combined with the invariance of (6.14) with respect to θ, ensures

that the likelihood of any parameter being the MLE is constant over parameter space.

Since the distribution of the MLE is uniform over (−π, π], we can calculate its true

covariance as

Cov
(
θ̂(Ĝ)

)
=

1

3
π2.

Note that this covariance is independent of E, the number of experimental iterations

taken.

Since the covariance does not decay with increasing E, Assumption A1 (consistency)

does not hold. Thus asymptotic covariance quantification of any parameter estimate,
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either through C(Ĝ) or I
(
θ̂(Ĝ)

)−1
, is mathematically invalid. Nevertheless the model

is structurally identifiable. In general, verification/invalidation of Assumption A1

without the perfect model assumption is impossible in any real-life context despite

being key to much of the theory associated with the field. In this case it is possible

only because we know the process dynamics a priori. Therefore it is worthwhile to

test the fidelity of the covariance approximations C(Ĝ) and I
(
θ̂(Ĝ)

)−1
regardless.

The trajectory of g(t) was simulated multiple times, and data D[E] was collected by

adding measurement noise and storing outputs at the measurement timepoints. At

the Kth iteration (i.e. after K experimental replicates), an MLE parameter estimate

θ̂(D[K]) was calculated, taking into account data from all K replicates. A plot of

parameter estimate against replicate number K is provided in Figure 6.2. Although

the distribution of parameter estimates given K replicates is uniform for any K, as

proved previously, this is not true given knowledge of the parameter estimate over

K − 1 iterations. Thus significant autocorrelation is clearly visible in Figure 6.2.

At each iteration K of the experiment, both C(Ĝ) and I
(
θ̂(Ĝ)

)−1
were calculated,

and graphs of the estimated covariance for both methods are provided respectively in

Figure 6.3.

The mean data Ĝ converges to G as the number of replicates increase. One can easily

see that the maximum likelihood estimator θ̂ possesses an asymptote at θ̂(G), at which

point all parameters have equal likelihood. The magnitude of the gradient ∇θ̂(Ĝ)

correspondingly tends to infinity as this asymptote is approached. The estimate

C(Ĝ) , despite being blind to the underlying process dynamics, is predicated on this

gradient, and thus flags the estimation problem as ill-conditioned. This stands in

contrast to I
(
θ̂(Ĝ)

)−1
, which incorrectly predicts a swiftly decaying covariance as the

number of replicates increases. A comparison is provided in Figure 6.3.
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Figure 6.2: Multiple parameter estimates of an ill-posed model. Plot of θ̂(Ĝ). Each
iteration alters the sample mean, changing the nominal parameter estimate. This
scheme is carried out four times, to emphasise unpredictability. Figure 6.3 uses the
red set of iterations (depicted in bold).

Figure 6.3: Comparison of covariance estimation routines on an ill-posed model.
Estimate of covariance using (6.8), and the sample mean after each iteration. Any
estimates over 100 were taken to be 100 to maintain the scaling of the graph.
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6.5.2 Chemical Reaction Network Example

We first supply a structurally identifiable ODE system corresponding to a chemical

reaction network, with parameters representing unknown rate constants. We simulate

data by picking an ‘optimal’ parameter vector θ∗, and adding measurement noise.

Therefore the perfect model assumption holds, as G, the noise free data, is equal to

Y(θ∗). We compare our method of covariance quantification with the existing one

as increasing numbers of experiments replicates are taken. Results suggest that the

methods converge, as proven mathematically in Lemma 6.2. We further produce a

numerically synthesised estimate of parameter covariance, by running 1000 parameter

estimations, and calculating their sample covariance. The ODE, and corresponding

chemical reaction network, are described below:

ẋ(t, θ) = A(θ)x(t) y(t, θ) = x(t, θ) ∈ R3

A(θ) =


−0.7− θ1 θ2 0

θ1 −θ2 2

0.7 0 −3

 θ ∈ R2 (6.15)

x(0, θ) = [50, 50, 50]T

x1

θ1


θ2
x2 x1

0.7→ x3 x3
2→ x2 x3

1→ ∅

Global structural unidentifiability can be proved by taking a Laplace transform of the

dynamics. If we denote by x̂(s, θ) the component of the complex frequency s in the

trajectory x(t, θ), then we have that

x̂(s, θ) = (sI− A(θ))−1 x(0, θ).
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For two values of θ to induce identical model dynamics, x̂(s, θ) must be preserved for

all values of s. Therefore one need only show that sI−A(θ) is injective as a function

of θ, in order to prove global structural identifiability. This can be performed using

the symbolic toolbox in MATLAB, for example. Note too that a similar computation

verifies nonsingularity of A(θ) for all values of θ.

We set θ∗ = [3, 4]T . Output is measured at a set of timepoints T = [0, 1, 2, . . . , 10].

We add Gaussian noise with identity covariance matrix to Y(θ∗) to generate data.

We also varied E, the number of experimental replicates, since the results of this

chapter are asymptotic in the limit of increasing E. Figure 6.4 (top half) shows

that the Frobenius distance between the covariance estimates produced by C(Ĝ) and

I
(
θ̂(Ĝ)

)−1
respectively, tends to numerical zero as E increases (note that the y-axis

of the graph is scaled by E, for reasons outlined in the accompanying caption). This

serves as numerical validation of Lemma 6.2. The figure also suggests that the rate of

convergence of either method to the sample covariance, as E increases, is sublinear.

This is likely either due to the inaccuracies in both methods highlighted in Remark

6.2, or to error in the sample covariance of parameter estimates (taken, for each E,

by running 1000 parameter estimation routines).

We now add an extra depletion term to one of the state derivatives of the ODE

generating synthetic data. However, we do not alter the ODE model (6.15) used

in the parameter estimation protocol: this is a ‘hidden’ depletion term. Thus the

perfect model assumption does not hold. The deterministic trajectory generating the

synthetic data, and the corresponding chemical reaction, are described below:

ġ(t) = A(θ∗)g(t)− [0, 0, g3(t)]T θ∗ = [3, 4]T , (6.16)

x1

θ1


θ2
x2 x1

0.7→ x3 x3
2→ x2 x3

2→ ∅
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Note the change of notation from (6.15) to (6.16): the latter describes a process,

whereas the former describes a model of the process.

Here A is as in (6.15), and g3(t) represents the third component of the vector g(t) ∈ R3.

Figure 6.4 (bottom half) depicts the results. The figure demonstrates the superior

convergence properties of (6.8) towards the asymptotic sample covariance in the case

that the perfect model assumption does not hold.

Figure 6.4: Comparison of covariance estimation routines on a chemical reaction
network model. Sample covariance matrix of θ̂(Ĝ) taken by running 1000 identifi-
cations. Graphs show Frobenius distance between sample covariance and covariance

estimators C(Ĝ) (red, dotted) and I
(
θ̂(Ĝ)

)−1
(black, dashed). The blue, solid line rep-

resents Frobenius distance between C(Ĝ) and I
(
θ̂(Ĝ)

)−1
. The Y -axis is scaled by K

to cancel the effect of absolute decrease in covariance with increasing K. All graphed
distances are monotonically decreasing with K in the absence of this scaling. Co-
variance estimates are taken at increasing integer values of log10K, starting from 0.
Model dynamics given by (6.15) for both figures. TOP: Process dynamics are model
dynamics at θ∗ = [3, 4]. BOTTOM: Undermodelled case: process dynamics given by
(6.16).

179



6.6 Summary

We have considered the problem of parameter estimation in models with finite dimen-

sional output fitted to data corrupted by Gaussian measurement noise. In particular,

we have focused on the sensitivity of the estimated parameters to measurement noise.

Existing methods of quantification assume that the model structure can perfectly in-

terpolate the data, for some (unknown) parameter vector. We have produced a new

method of quantification that agrees asymptotically with the existing method, given

this assumption. However, it remains mathematically valid when such interpolation

is not possible, and no parameter vector can recreate the noise-free process dynamics.

We have produced an engineered example in which parameter estimation is not well-

posed, due to the form of the synthetic data generated. However, the model used

in the estimation is structurally identifiable, and, as such, a modeller would not

realise this lack of well-posedness without knowing the form of the data-generating

process itself. This highlights that even structural identifiability is not sufficient for

a well-posed parameter estimation routine when the process is undermodelled. In

the example, our covariance quantification method detected the ill-posedness of the

problem, whereas the existing method did not. We have also produced a more natural

example, demonstrating agreement of our method with the existing one in the absence

of undermodelling, and asymptotic superiority of our method in its presence.
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Chapter 7

Conclusions

An overarching theme of this thesis has been the analysis of mathematical models

through consideration of their behaviour as parameters are varied. This approach

was used to undertake tasks including model simplification (Chapter 5), assessment

of model suitability in the parameter estimation problem (Chapter 4), and quan-

tification of model performance over regions of parameter space (Chapter 3). Such

challenges are of increasing importance as computational advances allow for ever-more

detailed models, containing many parameters, whose high-level properties may not be

discernable solely from intuition and simulation. Multiple approaches were employed,

which nevertheless shared several flavours:

• We emphasised the importance of non-locality in any quantification of parame-

ter sensitivity, and provided mathematical analyses, and algorithms, reflecting

this. We demonstrated that linearised analyses of parametric sensitivity can

yield erroneous conclusions on models as simple as a damped harmonic oscilla-

tor.

• We analysed model behaviour over continuous ranges of parameter space, rather

than relying on methods based on repeated simulation at discrete parameter
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points. This allows for recovery of low-dimensional correlations in parameter

space that might otherwise be missed, and provides model guarantees valid for

every parameter within a region.

• The algorithms given in this thesis are all applicable to models containing non-

linearities. During the period of this thesis, we have consistently found linear

models to be a fruitful testing ground for formulating hypotheses and devel-

oping intuition. Nevertheless, the analysis of linear systems is a mature field,

and the increasingly detailed mathematical models now entering the literature

frequently possess nonlinearities integral to their functioning. Tools of model

analysis must reflect these developments.

It should be noted that sacrifices had to be made in order to allow our analyses to enjoy

the benefits previously listed. The scalability of those techniques presented in Chapter

3 that exploited sum-of-squares (SOS) programming is limited. Hopefully recent and

future improvements in the computational complexity of SOS programming, such as

those based on relaxation [1], or sparsity exploitation [142], will improve scalability

in the future. A more fundamental limitation of the algorithms of Chapter 3 is the

requirement of all amenable models to be asymptotically stable to an equilibrium

point. Thus the methods of the chapter are inapplicable to common classes of model

such as oscillators. The algorithm introduced in Chapter 5, by contrast, enjoys a

high of scalability and general applicability. However it is only suitable for regional

analyses of a model in parameter space, in that it cannot discriminate between locally

and globally identifiable parameter vectors.

7.1 Summary of Contributions

We summarise the most important contributions of the thesis.
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• The usage of storage functions as a tool for upper bounding model-related per-

formance criteria dates back to the work of Willems in [135]. The nature of

the convex optimisation routines nowadays used to construct storage func-

tions is such that they will fail due to unboundedness if modified to provide

lower bounds. In Chapter 3, we develop an approach that can create two-

sided bounds, which, moreoever, are parameter-dependent. Importantly, our

approach has novel theoretical guarantees on tightness of the bounds. Conse-

quently, we can provide upper and lower bounds on the discrepancy between

two models of wind turbines that have a near-zero residual. We believe that

the method will prove useful not only in the model discrimination problem, but

also in the parameter estimation problem, where it can be used to algebraically

describe the set of parameters inducing model outputs close to some reference

output.

• The duality between parametric sensitivity and the well-posedness of parame-

ter estimation from data has been appreciated ever since the seminal work of

Rao [103]. Many existing approaches to exploration of this duality rely on the

assumption of infinitesimal measurement uncertainty (see for example the con-

cept of model sloppiness introduced in [21]). In Chapter 4 we provide a rigorous

theoretical framework through which the duality can be explored when measure-

ment uncertainty is significant, and, correspondingly parametric sensitivity is

formulated with respect to large perturbations. We show that inferences drawn

under the assumption of infinitesimal measurement uncertainty can be very mis-

leading when extrapolated to the non-infinitesimal case, even for simple classes

of models such as those with linear dynamics and linear parameter dependence.

The suitability of high-dimensional, complex models to parameter estimation

is commonly assessed through an infinitesimal analysis. As such, the results of

the chapter suggest that a more careful analysis is needed for conclusions made
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on such a basis to be valid.

• Calculation of the nonlocal parametric sensitivity properties of high-dimensional

models is a computationally challenging task. This motivates the current pre-

ponderance of local analyses, which, as stated previously, may lead to flawed

conclusions. Chapter 5 introduces a scalable algorithm for finding curves in

parameter space over which model output varies minimally. This allows for

the delineation of functional relations in parameter space over which parame-

ter estimation is impossible, or ill-posed. Crucially, quantification of the well-

posedeness of parameter estimation is based on the framework of Chapter 4,

and thus valid for non-infinitesimal measurement uncertainty. The algorithm

represents a new approach to finding structurally unidentifiable combinations

of parameters, a problem that has a long history in the literature (see e.g. [10]).

It is distinguished by its scalability, applicability to very general model classes,

amenability to explicit incorporation of data, and provision of unidentifiable

functional relations on parameter space, as opposed to a list of structurally

unidentifiable parameters.

• Much of the statistical theory underlying parameter estimation from noisy data

makes use of the perfect model assumption. This requires the existence of an

(unknown) parameter vector inducing model output that perfectly recreates the

noise-free behaviour of the modelled process. The assumption is unlikely to be

valid in reduced models of complex processes that willingly omit some degree

of mechanistic detail in order to maintain computational tractability. It is also

unlikely to be valid where some details of the process are unknown and/or

mismodelled. Even where the perfect model assumption does not hold, model

analysis can be used to draw meaningful conclusions about the process under

consideration. However, as we show in Chapter 6, standard quantifications of
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the well-posedness of parameter estimation lose their validity. We introduced

a new approximation of the uncertainty associated with parameter estimation

that holds independently of the perfect model assumption. When the latter

does hold, our approximation corresponds asymptotically with the standard

approximation: the inverse Fisher Information Matrix. We believe that this

contribution will be useful in assessing the accuracy of parameter estimates in

simplified mathematical models of complex processes.

7.2 Future Research Directions

We now propose several avenues of research based upon the results of this thesis.

• Recall the convex optimisation routine used in Chapter 3 to give two-sided,

parameter-dependent bounds on the discrepancy between the outputs of two

models over parameter space. Novelty lay in both the tractability of the lower

bound, and the tightness of the bounds, which was demonstrated both practi-

cally and theoretically. We believe that modifications of the optimisation rou-

tine could produce tighter, two-sided bounds on a variety of model performance

criteria for which only loose, one-sided bounds are currently available. These

criteria could include the input-to-state and state-to-output gain of controlled

systems. This would allow for tighter guarantees of controller performance over

regions of parameter space.

• Gain scheduling is the technique of approximating a nonlinear model by a fam-

ily of linear models, linearised around a grid of operating points in parameter

space. It is widely used in the control of nonlinear models, where a controller

is synthesised for each of the linear models, and a switching algorithm chooses

the appropriate operating point, based on measured parameter values. Choos-
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ing where to place the operating points in parameter space, and how to switch

between them, is an open problem [13]. A grid of operating points that is too

dense leaves the switching algorithm prone to chattering, i.e. constant switching

between linear controllers as the parameters traverse the boundary of the re-

spective operating regions [108]. In the worst case this can induce instability of

the controlled system, and in the best case it degrades controller performance.

A grid that is too sparse means that the linear model being used is often a poor

approximation of the true dynamics, and so a conservative controller with poor

performance properties is necessary. The algorithm of Chapter 3 makes it pos-

sible to express bounds on the discrepancy between the nonlinear model and its

linearisation around a particular operating point as an algebraic function of the

parameters. Therefore a scheme for operating point placement and switching

could be based on the values attained by this algebraic function.

• Chapter 5 presented an algorithm producing curves in parameter space over

which model output varied little. Quantification of the variation in model out-

put was given by a cost function. We considered the construction of cost func-

tions for models of processes that were assumed to be deterministic, albeit with

data obscured by measurement noise. An interesting topic of research would

be quantification of the variability in output between models whose dynamics

were driven by stochasticity. Such models include those described by Markov

processes, mixed-effects models, or stochastic differential equations. We would

expect that a cost function, in these cases, would be based on the difference

between moments of the probability distribution of model output at different

parameter vectors. If such a cost function could be constructed, and tractably

calculated, then the algorithm of Chapter 5 could be extended to account for

stochastic systems. The motivation for doing so would be the same as that for

deterministic systems. However, theory relating to the parametric analysis of
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stochastic systems is less well-developed than the deterministic case.

• The standard protocol for establishing the uncertainty region around a param-

eter estimate is to find the set of parameter vectors inducing model output

‘reasonably’ close to that of the parameter estimate. The implicit question is

‘what perturbations of the estimated parameters do not perturb model outputs

much?’. The results of Chapter 6 modified this problem, in that we searched for

the set of parameter vectors inducing model output ‘reasonably’ close to that

of the experimental data. A question that builds on this would be: ‘what plau-

sible perturbations of the experimental data have the capacity to highly change

the set of well-fitting parameters?’. The estimated uncertainty of a parameter

estimate was given as a direct, tractable function of the experimental data in

Chapter 6. Therefore we believe that further development of this work could

go some way to answering the previous question. The result would be confi-

dence regions in parameter space that were acknowledged as robust (or not) to

fluctuations in the data.
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Appendix A

Convergence of the Integrated

Square Error between ODE

systems Sharing an Equilibrium

Point

In Chapter 3, we considered pairs of dynamical systems sharing an equilibrium point.

We claimed that the integral over time of the square error between the two systems

trajectories was finite, under weak regularity conditions. In this chapter we formalise

the claim, and provide a proof.

Take two dynamical systems of the form considered in equation (3.1) of Chapter 3,

namely

ẋ(t) = f(x(t), θ), y(t) = h1(x(t), θ) (A.1)

ż(t) = g(z(t), θ), r(t) = h2(z(t), θ). (A.2)
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Let us fix θ at an arbitrary value such that x∗(θ) and z∗(θ) exist, and y∗(θ) = r∗(θ).

Assume that there exists a compact domain Rx such that both the state trajectories

are asymptotically stable to the value x∗(θ) ∈ Rx, for x0 ∈ Rx. Assume further that

f, g, h1, h2 are C2 functions. Finally, take Ax as the linearisation of the trajectory

x(t; θ;x0) around its equilibrium point x∗(θ), i.e.

Ax =
∂f

∂x

∣∣∣
x=x∗(θ)

. (A.3)

Assume that Ax and Az are nonsingular. Then

∫ ∞
0

‖y(t, θ;x0)− r(t, θ;z0)‖2
2 dt (A.4)

converges to a finite value, for all x0 ∈ Rx.

Proof. Our proof will take several steps. We first prove that:

∫ ∞
0

‖x(t; θ, x0)− x∗(θ)‖2
2 dt <∞∫ ∞

0

‖z(t; θ, z0)− z∗(θ)‖2
2 dt <∞ (A.5)

holds for the system (A.1), and the analogous condition is true for system (A.2). Since

continuous differentiability of h1 and h2 implies that they are Lipschitz continuous on

any closed set within Rx containing the origin, finiteness of (A.5) implies:

∫ ∞
0

‖h1(x(t; θ, x0), θ)− h1(x∗(θ), θ)‖2
2 dt <∞∫ ∞

0

‖h2(z(t; θ, z0), θ)− h2(z∗(θ), θ)‖2
2 dt <∞ (A.6)

The sum of the two finite quantities in (A.6) provide an upper bound to (A.4) through

the triangle inequality, implying the result.
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We first show that

∫ ∞
0

‖x(t, θ;x0)− x∗(θ)‖2
2 dt (A.7)

is finite. Without loss of generality, we take x∗(θ) = 0. Since Ax is nonsingular, the

Hartmann Theorem (Perko; Differential Equations and Dynamical Systems, Chapter

2, Page 127, 3rd Edition 2001), implies the existence of a T ∈ R+ and open neigh-

bourhood N 3 0, such that, for all t > T , x(t, θ;x0) ∈ N . Furthermore, it guarantees

existence of a continuously differentiable homeomorphism h : N → Rn such that

h(0) = 0 (A.8)

∀ t∗ > 0, a ∈ N : h
(
x(t∗; θ, a)

)
= eAxt

∗
h(a). (A.9)

Note that the Hartmann theorem relies on nonsingularity of Ax. By the definition of

open sets, there exists ε > 0 such that the the closed ball of radius ε
2
, centred at 0 is

strictly contained within N . We shall denote this set B. Note that, by asymptotic

stability, there exists T † such that t > T † ⇒ x(t, θ;x0) ∈ B. Closedness of B and

continuous differentiability of h on B together imply that there exists Kl, Ku such

that

Kl‖x− x∗(θ)‖ ≤ ‖h(x)‖ ≤ Ku‖x− x∗(θ)‖ (A.10)

The result follows as, for all a ∈ B:

∫ ∞
0

‖h(x(t, θ; a))‖ dt =

∫ ∞
0

‖h(φt(a))‖ dt =

∫ ∞
0

‖eAxth(a)‖ dt <∞, (A.11)
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and (A.10) implies that

∫ ∞
0

‖x(t, θ; a)− x∗(θ)‖ dt ≤ 1

Kl

∫ ∞
0

‖h(x(t, θ; a))‖ dt (A.12)

We chose a arbitrarily within N , and know that we can therefore pick a such that it is

a point on the trajectory of x(t; θ, x0) after finite time, as asymptotic stability ensures

that the trajectory eventually, irreversibly, enters N . Equation (A.5) follows.
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Appendix B

Optimal Control

The field of optimal control is concerned with choosing (time-varying) inputs to a

dynamical system that allow it to optimise desired performance criteria. We are

interested in the case for which the system and inputs are treated as continuous func-

tions of time. Optimal control problems are a form of optimisation problem: one

searches for an input that minimises some cost (equivalently, optimises some objec-

tive) subject to constraints. They are distinguished from the class of optimisation

problems considered in Section 2.3 of the Preliminaries in that the objective and con-

straints are infinite-dimensional. In Section 2.3, the cost (equivalently, objective) and

constraint functions previously considered were functions of a finite-dimensional vari-

able x ∈ Rn. Here, they are functionals on the space of system trajectories, which

are indexed by time. For instance, we may want to control the acceleration/braking

of a car so as to minimise the total work done in achieving a particular driving ma-

neouvre. The cost functional is then the integral of power applied over time (equal

to total work done), and the trajectory of power output, as a time-varying function,

is infinite-dimensional.

There are many classes of optimal control problem, and a large body of literature
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devoted to the theoretical and numerical analysis of their solutions (see e.g. [22],[67]

for reviews). We can broadly divide between solution styles based on the Hamilton-

Jacobi-Bellman (HJB) equations, and those based on Pontryagin’s Minimum Prin-

ciple. Solving the HJB equation associated with a given optimal control problem

provides a globally optimal control strategy. However, the equations take the form

of nonlinear partial-differential-equations, and are generally both impossible to solve

analytically, and hard to approximate numerically. A solution approach based on

Pontryagin’s Minimum Principle formulates conditions on an optimal control that

are necessary but not (usually) sufficient. However, such an approach is generally

more tractable, as the conditions only need be satisfied over a single trajectory of

the dynamical system. The HJB conditions, by contrast, apply to all possible system

trajectories. We only consider optimal control strategies based on Pontryagin’s Min-

imum Principle in this thesis. Our choice is based on the fact that for the particular

problem we consider, a finite (and usually small) number of candidate control strate-

gies synthesised using Pontryagin’s Minimum Principle will be guaranteed to contain

the globally optimal strategy.

This chapter provides the steps necessary to solve a particular class of control problem.

We eventually arrive at a set of necessary conditions on the optimal control. These

necessary conditions are further analysed in the main body of the thesis. We will deal

with dynamical systems of the following form:

ẋ(t) = f(x(t), u(t)) x(0) = x0 (B.1a)

x(t) ∈ Rn u(t) ∈ Rp. (B.1b)

Here u(t) is the system input at time t. We can choose the dynamics of u(t), and

thereby manipulate the trajectory of the system state x(t). Note that u(t) may be

subject to constraints. For instance, the acceleration we can demand of a car has
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certain physical limits. Note that the main body of the thesis does not require (or

allow for) the dynamical system (B.1) to correspond to the mathematical model un-

der consideration. In fact, the state space of the system (B.1) will correspond to the

parameter space of the analysed model. We can now define the particular class of

optimal control problem that this chapter is devoted to solving.

Problem B.1. Standard optimal control problem

Minimise J(u) =

∫ tF

0

L
(
x(t), u(t)

)
dt

subject to K1

(
x(t), u(t)

)
≤ 0; K2

(
x(t), u(t)

)
= 0.

(B.2)

Here tF is a fixed end-time. J(u) is referred to as the cost functional, while the

scalar integrand L
(
x(t), u(t)

)
∈ R is referred to as the Lagrangian. K1 and K2 rep-

resent coupled (in)equality constraints on the input and state trajectories. We assume

that the Lagrangian is differentiable, and that both the input and state trajectories are

continuous.

We first consider the effect of applying infinitesimal input perturbations on the cost

functional. Let us take an arbitrary function δu : [0, tF ]→ Rp such that J
(
u+ ε(δu)

)
is defined for any sufficiently small ε > 0. In perturbing the input by ε(δu), we induce

a change in the state at any time t. We therefore define

δx(t) := lim
ε→0

1

ε

∫ t

0

f
(
x(t′), u(t′) + ε(δu(t′))

)
− f

(
x(t′), u(t′)

)
dt′ (B.3a)

=

∫ t

0

〈
∂f

∂u

(
x(t′), u(t′)

)
, δu(t′)

〉
dt′, (B.3b)

where the final equality follows by application of the chain rule. So δx is a first order

approximation of the change in the state x(t) induced by infinitesimally perturbing the

input. This approximation is valid in the limit of decreasing perturbation magnitude.
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We also see that δx is linear in δu, by inspection of (B.3b). Note that the functions

δx and δu are distinct from the partial derivatives ∂x and ∂u.

We can now define the first variation of J at u as

δJ(δu) := lim
ε→0

J
(
u+ ε(δu)

)
− J(u)

ε
(B.4a)

=

∫ tF

0

[
lim
ε→0

L
(
x(t), u(t) + ε(δu(t))

)
− L

(
x(t), u(t)

)
ε

]
dt (B.4b)

=

∫ tF

0

[〈
∂L

∂x

(
x(t), u(t)

)
, δx(t)

〉
+

〈
∂L

∂u

(
x(t), u(t)

)
, δu(t)

〉]
dt. (B.4c)

We see that δJ is a functional in δu whose output quantifies the effect on J(u) of

infinitesimally perturbing the input u(t) in the direction δu(t). Furthermore, equation

(B.4c), which follows by direct application of the chain rule, shows us that δJ is a

linear functional of δu (since δx is linear in δu). Note that in deriving (B.4c), we have

assumed both x(0) and tF are fixed. The first variation δJ has an alternative, more

general form (derived using the Leibniz integral rule) when the latter quantities are

allowed to vary. However this generalisation is unnecessary for our purposes.

We now reformulate our expression for δJ so as to remove the explicit dependence

on δx. First, pick any function λ : [0, tF ] → Rn. We will refer to λ as the costate

function, and impose constraints on its behaviour subsequently. For now, regardless

of λ, we have that

J(u) =

∫ tF

0

L(x(t), u(t)) +
〈
λ(t),

[
ẋ(t)− f(x(t), u(t))

]〉
dt, (B.5)

as ẋ(t)− f(x(t), u(t)) = 0 by definition.

We then define the Hamiltonian function as

H(x, u, λ) = L(x, u) + 〈λ, f(x, u)〉, (B.6)
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which allows for reformulation of (B.5) as

J(u) =

∫ tF

0

H
(
x(t), u(t), λ(t)

)
−
〈
λ(t), f

(
x(t), u(t)

)〉
dt.

Integrating by parts with respect to time t, we get

J(u) =

∫ tF

0

H
(
x(t), u(t), λ(t)

)
+ 〈λ̇(t), x(t)〉 dt

+〈λ(0), x0〉 − 〈λ(tF ), x(tF )〉.

From this, the first variation of J , given fixed x0 and free x(tF ), is given by

δJ(δu) =

∫ tF

0

〈[
∂H

∂x

(
x(t), u(t), λ(t)

)
+ λ̇(t)

]
, δx(t)

〉
dt

+

∫ tF

0

〈
∂H

∂u

(
x(t), u(t), λ(t)

)
, δu(t)

〉
dt

− λ(tF )δx(tF ).

(B.7)

Since our choice of costate λ(t) has so far been arbitrary, we now impose the following

constraints:

λ̇(t) = −∂H
∂x

(
x(t), u(t), λ(t)

)
; λ(tF ) = 0.

This means that (B.7) becomes

δJ(δu) =

∫ tF

0

〈
∂H

∂u

(
x(t), u(t), λ(t)

)
, δu(t)

〉
dt. (B.8)

We have finally arrived at an expression for δJ that is explicitly a linear functional

in δu, with no explicit dependence on δx. The first stage in most optimal control

solutions relying on Pontryagin’s Minimum Principle consists of formulating an anal-

ogous expression of δJ in terms of δu. The mathematical techniques used to derive
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the expression may however, vary, dependent on the specific problem data.

Proposition B.1. Pontryagin’s Minimum Principle

Suppose u∗(t) is an optimal control, in that it is a minimiser of J(u). Denote by

x∗(t) and λ∗(t) the associated state and costate trajectories. Then, at all timepoints

t ∈ [0, tF ], we must have that

H
(
x∗(t), u∗(t), λ∗(t)

)
≤ H

(
x∗(t), u(t), λ∗(t)

)
,

for any admissible control u(t).

A rigorous derivation of the principle is provided in [17]. A weaker proposition that

is sufficient for our purposes, and implied by Pontryagin’s Minimum Principle, is now

provided.

Proposition B.2. Local minimality of the Hamiltonian

Suppose u∗(t) is an optimal control, in that it is a minimiser of J(u). Denote by

x∗(t) and λ∗(t) the associated state and costate trajectories. Then, at all timepoints

t ∈ [0, tF ], for all admissible input perturbations δu, we must have

H
(
x∗(t), u∗(t), λ∗(t)

)
≤ H

(
x∗(t), u∗(t) + ε(δu(t)), λ∗(t)

)
,

for sufficiently small ε.

Proof. We provide an outline of the argument, while omitting some technical details.
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First note that δJ(δu) ≥ 0, for any δu, by local minimality. Furthermore

δJ(δu) =

∫ tF

0

〈
∂H

∂u

(
x(t), u(t), λ(t)

)
, δu(t)

〉
dt

= lim
ε→0

1

ε

∫ tF

0

[H(x∗(t), u∗(t) + ε(δu(t)), λ∗(t))−H(x∗(t), u∗(t), λ∗(t))] dt,

so the integral over time of the Hamiltonian associated with the optimal control

u∗(t) must be locally minimal among the set of possible inputs. This in fact implies

minimality of the Hamiltonian, with respect to u, at any timepoint t̂. If not, then

there would exist some admissible δu satisfying, for sufficiently small ε,

1

ε

[
H
(
x∗(t), u∗(t) + ε(δu(t)), λ∗(t)

)
−H

(
x∗(t), u∗(t), λ∗(t)

)]
< 0, ∀t ∈ [ta, tb],

where [ta, tb] is some closed interval in [0, tF ], containing t̂. The validity of the in-

equality over an interval, rather than a point, is justified by the assumed continuity

of the Hamiltonian. We could then take

uε(t) =

 u∗(t) if t /∈ [ta, tb];

u∗(t) + ε(δu(t)) if t ∈ [ta, tb].

As a consequence, we would have

lim
ε→0

1

ε

∫ tF

0

[
H
(
x∗(t), uε(t), λ

∗(t)
)
−H

(
x∗(t), u∗(t), λ∗(t)

)]
dt < 0,

⇒ δJ(u1 − u∗) < 0

contradicting local minimality.

An immediate consequence of Proposition B.2 is that, at any point in time, the
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optimal control u∗(t) is a local minimum of the optimisation problem

Minimise
u∈Rp

H
(
x∗(t), u, λ∗(t)

)
subject to K1

(
x(t), u

)
≤ 0; K2

(
x(t), u

)
= 0.

(B.9)

To obtain necessary conditions on this minimisation, let us define the augmented

Hamiltonian

H̄(x, u, λ, µ) := H(x, u, λ) + µ1K1(x, u) + µ2K2(x, u),

where µ is chosen such that µ1 ≥ 0 and µ1K1 = 0. Note that the numerical values of H̄

and H always coincide over feasible trajectories of the optimal control problem, since

the terms µiKi are necessarily zero. In fact, we can replace every previous incidence of

the Hamiltonian H in this chapter with H̄, and not affect the validity of the arguments

provided, although the functional form of the modified costate derivative λ̇ = −∂H̄
∂x

will change. Thus we get

δJ(δu) =

∫ tF

0

〈
∂H̄

∂u

(
x(t), u(t), λ(t), µ(t)

)
, δu(t)

〉
dt. (B.10)

The KKT conditions of Lemma 2.1 now imply that a necessary condition on the

minimisation (B.9) is that

∂H̄

∂u

(
x∗(t), u∗(t), λ∗(t), µ∗(t)

)
= 0, ∀t ∈ [0, tF ]. (B.11)

Note the implicit assumption that the optimisation (B.9) has sufficient regularity for

the KKT conditions hold. This is shown for the specific problems encountered in the

main body of the thesis.
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An important point to note is that the (augmented) Hamiltonian H̄ is time-invariant,

as

dH̄

dt
=
∂H̄

∂x
ẋ(t) +

∂H̄

∂λ
λ̇(t) +

∂H̄

∂u
u̇(t). (B.12)

The first two terms of (B.12) cancel, as ∂H̄
∂x

= −λ̇, and ∂H̄
∂λ

= ẋ. Finally, nullity of the

third term is a necessary condition on the optimal control. Note that we need not

take partial derivatives of H̄ with respect to the multipliers µi(t), as the value of the

Hamiltonian is independent of their values. In any case, they are not guaranteed to

be differentiable functions of time.

The constancy of the value H over time adds further structure to the problem:

H = L
(
x(0), u(0)

)
+ 〈λ(0), ẋ(0)〉 = L

(
x(tF ), u(tF )

)
+ 〈λ(tF ), ẋ(tF )〉 ,

where the last equality occurs due to the condition that λ(tF ) = 0. So we can set

the value of the Hamiltonian as the desired final-value of L. This also imposes a

constraint on the as-yet undetermined value λ(0). In the specific problems that we

encounter later in the thesis, this constraint is combined with (B.11) to completely

determine λ(0), a trick that is not possible in the general case now being presented.

In summary, we have formulated necessary conditions for a control u(t) to be locally

optimal with respect to the optimal control problem defined in Problem B.1. The

search for a u(t) satisfying these conditions takes the form of a boundary-value prob-

lem (i.e. an ODE with terminal-time constraints) in the coupled dynamical variables

λ(t) and x(t). Specifically, we have

ẋ(t) = f
(
x(t), u(t)

)
λ̇(t) = −∂H̄

∂x

(
x(t), u(t), λ(t), µ(t)

)
; λ(tF ) = 0,
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where

H̄
(
x(t), u(t), λ(t), µ(t)

)
= L

(
x(t), u(t)

)
+
〈
λ(t), f

(
x(t), u(t)

)〉
+ µ1(t)K1

(
x(t), u(t)

)
+ µ2(t)K2

(
x(t), u(t)

)
.

The indeterminates u(t) and µ1(t) are chosen so as to satisfy

1. ∂H̄
∂u

(
x(t), u(t), λ(t), µ(t)

)
= 0.

2. µ1(t)K1

(
x(t), u(t)

)
= 0,

3. H̄
(
x(t), u(t), λ(t), µ(t)

)
= H̄

(
x(0), u(0), λ(0), µ(0)

)
while the feasibility constraints

K1

(
x(t), u(t)

)
≤ 0 K2

(
x(t), u(t)

)
= 0,

must also hold at all times.

Note that the fixed end-time tF only enters the necessary conditions provided through

the constraint λ(tF ) = 0. Meanwhile, λ(0) must be determined so as to ensure that

λ(tF ) = 0 holds. If, however, the other constraints are sufficient to determine λ(0),

then we need not define tF a priori. In this case, numerical solution of the necessary

conditions above can proceed as an explicit ODE without terminal constraints. If

and when the condition λ(t) = 0 (which is equivalent to L
(
x(t), u(t), λ(t)

)
= H̄) is

satisfied, we can set t = tF and terminate the ODE.
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Appendix C

IL13-induced JAK-STAT Pathway

Model

The IL13 JAK-STAT pathway is a metabolic signalling pathway within the cell, which

is constitutively activated in various types of lymphoma. It has been modelled as a

system of ODE’s in [99]. This system was suggested as a benchmark for identifiability

analysis in [104]. The original system has a 14-dimensional vector of time-dependent

state variables, which we denoted x(t). Each denotes a chemical concentration, details

of which are provided in [99, 104]. State evolution is dependent on the parameter

vector θ, which is 23-dimensional, with each component representing the rate constant

of a chemical reaction. We additionally have a constant u1 representing the level of

extracellular IL13. The 7-dimensional vector of measured variables is denoted y(t).

The system equations are:
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ẋ1(t) = −2.265k1u1x1(t)− k5x1(t) + k6x2(t)

ẋ2(t) = k5x1(t)− k6x2(t)

ẋ3(t) = k12.265u1x1(t)− k2x3(t)x7(t)

ẋ4(t) = k2x3(t)x7(t)− k3x4(t)

ẋ5(t) = k3x4(t)− k4x5(t)

ẋ6(t) =
−k7x6(t)

(
x4(t) + x3(t)

)
1 + k13x15(t)

+ x9k8x7(t)

ẋ7(t) =
k7x6(t)

(
x4(t) + x3(t)

)
1 + k13x15(t)

− x9k8x7(t)

ẋ8(t) = 0

ẋ9(t) = −k9x9(t)x7(t) + x9k10x10(t)

ẋ10(t) = k9x9(t)x7(t)− x9k10x10(t)

ẋ11(t) = k11x10(t)

ẋ12(t) = −2.265k12u1x12(t)

ẋ13(t) = 2.265k12u1x12(t)

ẋ14(t) =
k14x11(t)

k15 + x11(t)
− k16x14(t)

ẋ15(t) = k17x10(t).

y1(t) = x1(t) + x3(t) + x4(t)

y2(t) = k18

(
x3(t) + x4(t) + x5(t) + x13(t)

)
y3(t) = k19

(
x4(t) + x5(t)

)
y4(t) = k20x7(t)

y5(t) = k21x11(t)

y6(t) = k22x15(t)

y7(t) = x14(t)

y8(t) = x10(t).

The parameter vector is taken as:

θ = [k1, k2, k3, k4, k5, k6, k7, k8, k9, k10, k11, k12, k13, k14, k15, k16, k17, k18, k19, k20, k21, k22, k23].

The published parameter estimates θ∗ and initial conditions x(0) are provided in [99,

104]. We assumed that measurements of y(t; θ) were taken at seventeen timepoints,
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between t = 0 and t = 100 minutes, corresponding to those shown in Figure A of

[99]. Model output Y(θ) is taken as the concatenation of the measurements y(t; θ)

over these seventeen timepoints.
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Appendix D

NF-κB Regulatory Module Model

We consider the mathematical model of the NF-κB regulatory module formulated in

[68]. This module forms part of numerous metabolic signalling pathways. Our nota-

tion and analysis is identical to that of the JAK-STAT model described in Appendix

C. Each state xi(t) represents the concentration of a chemical, while each parameter

describes the rate constant of a chemical reaction. Details of the specific chemicals
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and associated reactions are provided in [68]. The system equations are

ẋ1(t) = kprod − kdegx1(t)− kprodx1(t)v(t)

ẋ2(t) = −
(
k3 + kdeg + a2x10(t) + a3x13(t)

)
x2(t)

+ t1x4(t) + t2x5(t) +
(
k1x1(t)− k2x2(t)x8(t)

)
v(t)

ẋ3(t) = k3x2(t)− kdegx3(t) + k2x2(t)x8(t)v(t)

ẋ4(t) = a2x2(t)x10(t)− t1x4(t)

ẋ5(t) = a3x2(t)x13(t)− t2x5(t)

ẋ6(t) = c6ax13(t)− a1x6(t)x10(t) + t2x5(t)− i1x6(t)

ẋ7(t) = i1kvx6(t)− a1x11(t)x7(t)

ẋ8(t) = c4x9(t)− c5x8(t)

ẋ9(t) = c2 + c1x7(t)− c3x9(t)

ẋ10(t) = −a2x2(t)x10(t)− a1x10(t)x6(t) + c4ax12(t)

− c5ax10(t)− i1ax10(t) + e1ax11(t)

ẋ11(t) = −a1x11(t)x7(t) + i1akvx10(t)− e1akvx11(t)

ẋ12(t) = c2a + c1ax7(t)− c3ax12(t)

ẋ13(t) = a1x10(t)x6(t)− c6ax13(t)− a3x2(t)x13(t) + e2ax14(t)

ẋ14(t) = a1x11(t)x7(t)− e2akvx14(t)

ẋ15(t) = c2c + c1cx7(t)− c3cx15(t).

y1(t) = x7(t)

y2(t) = x10(t) + x13(t)

y3(t) = x1(t) + x2(t) + x3(t)

y4(t) = x2(t)

y5(t) = x12(t),

while the parameter vector is

θ =[kprod, kdeg, k1, k2, k3, a1, a2, a3, t1, t2, c6a, i1, kv,

c1, c2, c3, c4, c5, c4a, c5a, i1a, e1a, c1a, c2a, c3a, e2a].
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Here v(t) represents activity of TNFα, an extracellular signal that excites the regula-

tory module. We follow [68] in taking this as a Heaviside step function that is turned

on 3600 seconds after time zero. Output was taken as the measurement of y(t) at

100 second intervals, up to 50000 seconds. The parameter components c1c, c2c, and

c3c were fixed at their published values and omitted from the parameter vector: each

is structurally unidentifiable a priori. We see this as they only affect the state x15,

which is neither observed nor affects dynamics of any other state.
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