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A B S T R A C T 

We explore the impact of spin 0, spin 1, and spin 2 ultralight dark matter (ULDM) on small scales by numerically solving the 
Schrödinger–Poisson system using the time-split method. We perform simulations of ULDM for each spin, starting with different 
numbers of identical initial solitons and analyse the properties of the resulting haloes after they merge. Our findings reveal that 
higher spin lead to broader, less dense haloes with more prominent Navarro–Frenk–White (NFW) tails, a characteristic that 
persists regardless of the number of solitons involved. Additionally, we study the process of dynamical heating for these haloes, 
and find that the heating time-scale for higher spin increases order of magnitude compared to the spin 0 case. Then, we identify 

scaling relations that describe the density profile, core-NFW of spin s ULDM haloes as a function of the number of initial 
solitons Nsol . These relations allow us to construct equivalent haloes based on average density or total mass, for arbitrarily large 
Nsol , without having to simulate those systems. We simulate the orbit of an ULDM satellite in a constructed halo treated as an 

external potential, and find that for host haloes having the same average density, the disruption time of the satellite is as predicted 

for uniform sphere regardless of the spin. However, satellites orbiting haloes having the same mass for each spin, result in faster 
disruption in the case of spin 0, whereas for haloes having the same core size result in faster disruption in the case of spin 2. 

Key words: galaxies: structure – dark matter. 
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ltralight dark matter (ULDM), namely bosonic dark matter particles
hose mass is of order 10−22 eV , has been established as a viable and
henomenologically rich candidate for the observed cosmological
ark matter (J. C. Niemeyer 2020 ). ULDM is modelled as an
scillating classical field minimally coupled to gravity, existing
s a superposition of nearly coherent waves, with spin 0 (scalar
eld; W. Hu, R. Barkana & A. Gruzinov 2000 ; T. Matos, F. S.
uzman & L. A. Urena-Lopez 2000 ; E. G. M. Ferreira 2021 ), spin
 (vector field) or spin 2 (tensor field; S. Alexander, L. Jenks & E.
cDonough 2021 ; M. Jain & M. A. Amin 2022 ). In these models,

rovided the mass is sufficiently small, the de Broglie wavelength
s of the order of kiloparsecs, the typical size of observable galaxies
n the Universe.The result is an effective ‘quantum pressure’ that
ounteracts gravitational attraction which then has an impact on the
ormation and distribution of structures at small scales. 

ULDM may be compared to cold dark matter (CDM) which is
 collision-less cold fluid that forms self-bound, virialized units
alled haloes through a hierarchical process. Both ULDM and CDM
redict the formation of large-scale structures in the Universe in
oncordance with observations from cosmological surveys at large
 E-mail: lopez@fzu.cz (JNL); munive@fzu.cz (EMV); 
ederico.urban@fzu.cz (FRU) 
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Commons Attribution License (https://creativecommons.org/licenses/by/4.0/), whi
cales. However, ULDM may have an edge when confronted with
bservations at small scales, where CDM predictions seem to be in
ension with the data (J. S. Bullock & M. Boylan-Kolchin 2017 ; A.
el Popolo & M. Le Delliou 2017 ) – see also (J. L. Feng 2010 ; G.
ertone & T. M. P. Tait 2018 ; S. Tulin & H.-B. Yu 2018 ) for an
verview of the alternatives. 

While spin 0 ULDM has been the subject of investigation over the
ast two decades, the study of higher spin ULDM using both analytic
nd numerical methods is more recent. Small-scale simulations of
olitonic configurations for spin 0 and spin 1 ULDM were contrasted
n M. A. Amin et al. ( 2022 ), where it was shown that the central region
f solitons in spin 1 ULDM is less dense and has a smoother transition
s the radius increases compared to the spin 0 case. Additionally, it
as found that solitons for spin 1 and spin 2 are formed later than

or the spin 0 case, that is, the higher the spin, the larger the soliton
ondensation time (M. Jain et al. 2023 ). In all cases, the solitons are
urrounded by a Navarro–Frenk–White (NFW) envelope connected
o other filamentary structures (M. Gorghetto et al. 2022 ; J. Chen et al.
023 ; M. Jain et al. 2023 ). These results show differences between
ach model in simple configuration ensembles, which can give rise to
ignificant observable effects. Two such effects concern the dynamics
f satellite sub-halo systems within a host halo, specifically, their tidal
isruption and the effect on dynamical heating. 
The tidal disruption of sub-haloes has been extensively explored

ithin the CDM model. In L. Hui et al. ( 2017 ) it is shown that,
ontrary to what would happen with an ULDM structure, the sub-
© The Author(s) 2025.
y. This is an Open Access article distributed under the terms of the Creative
ch permits unrestricted reuse, distribution, and reproduction in any medium,
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aloes in CDM would orbit forever, provided that they are within the
idal radius in the absence of dynamical friction. Furthermore, F. C.
osch et al. ( 2018 ) reported that physical disruption of CDM sub-
aloes with NFW profiles is a relatively rare occurrence. However, 
hese sub-haloes do experience mass-loss, which depends on the 
mount of energy injected into them. In fact, the density profiles of
elf-bound remnants are fully determined by the fraction of mass 
ost, and tend to approach an exponentially truncated NFW profile 
R. Errani & J. F. Navarro 2021 ). 

In contrast to CDM, disruption always occurs in the case of
LDM, as this type of dark matter can eventually tunnel through 

he potential barrier given a sufficiently long time-scale (L. Hui et al.
017 ). This phenomenon has been studied only in the spin 0 case. In
. Hui et al. ( 2017 ), the tidal radius of a spin 0 ULDM satellite was
stimated using a spherically symmetric tidal potential ∝ r2 (cen- 
red around the satellite) using the time-independent Schrödinger–
oisson system (SP). It was shown that spin 0 ULDM within the

idal radius can escape to infinity by tunnelling through the potential 
arrier at the tidal radius, implying that all systems subjected to an
xternal tidal field will eventually be disrupted. The survival time of
 satellite sub-halo depends on the ratio of its central density to the
verage density of host halo over the orbital radius of the satellite. It
as found that larger such ratios result in more circular orbits before
isruption happens. The time-independent approximation to the SP 

ystem was questioned in X. Du et al. ( 2018 ) where it was seen to
e valid only for small enough times. Considering time dependence 
nd still within the ∝ r2 tidal potential model, it was found that
he core loses mass faster and becomes increasingly susceptible to 
idal effects, leading to faster disruption times. Increasing the model 
omplexity, X. Du et al. ( 2018 ) also performed full three-dimensional
umerical simulations for determining the time-dependent profile of 
 spin 0 ULDM satellite moving in a host halo modelled as a uniform
phere with a fixed mass and treated as an external potential. In this
ase, the satellite loses mass gradually and quickly relaxes to a less
ompact configuration, which can be described by a new soliton with 
ower central density. Using their numerical simulations, X. Du et al. 
 2018 ) then estimated the survival time of satellite galaxies in the

ilky Way. 
The effects of tidal disruption in the context of spin 0 ULDM

as further studied in N. Glennon et al. ( 2022 ) with the inclusion
f both attractive and repulsive self-interactions. It was found that 
epulsive interactions enhance the efficiency of disruption, whereas 
ttractive interactions have the opposite effect. These phenomena are 
articularly relevant because it is possible to reproduce the effects of
 self-interacting scenario by adding extra degrees of freedom to the 
odel, as in the case of spin s ULDM, where solitons would become
ore or less likely to disrupt depending on the spin value (M. A.
min et al. 2022 ; M. Gosenca et al. 2023 ; M. Jain et al. 2023 ) 
The study of the dynamics between satellite galaxies and their 

ost haloes within alternative dark matter models and examining 
heir effects on survival time, structural configurations, and mass 
ransfer, can reveal significant differences that can be compared with 
bservational data. Specifically, one may ask how the satellite dy- 
amics changes for ULDM models with different spin s. In this work,
e investigate the properties of haloes formed through the mergers 
f soliton configurations, characterizing their density profiles using 
niversal scaling relations. We then apply these findings to model 
he dynamics of a satellite within a realistic external potential that 
e numerically compute for a spin s ULDM halo using the SP

ystem. By considering spin 0, spin 1, and spin 2 ULDM, we aim
o distinguish the effects specifically attributed to having additional 
egrees of freedom arising from the different ULDM spins. 
The paper is organized as follows: in Section 2 , we discuss the non-
elativistic modelling of ULDM, focussing on the multicomponent 
P system for spin 0, spin 1, and spin 2. Section 3 provides a brief
verview of the numerical methods employed to evolve the system 

f equations in each model. In Section 4 , we report on the results of
ultiple soliton mergers of each spin s model in order to explore the

volution and properties of the resultant halo, including the density 
rofile, total energy, and spin density. In Section 6 , we identify scaling
elations between the initial density profile of the solitons and the
ensity profile of the final soliton, corresponding to a final halo
rofile, created through their merging. This allows us to construct 
LDM haloes with the equivalent properties for each model. In 
ection 7 , we apply the resultant dark matter profiles to use them as
ost haloes of satellite systems. In this case, the host halo is made of
pin 0, spin 1, or spin 2 and is considered an external potential. We
ummarize our conclusions in Section 8. 

 NON-RELATI VI STI C  APPROACH  F O R  SPIN  s 
L D M  

 spin s massive field in the non-relativistic limit can be described
y the multiple-component SP system (P. Adshead & K. D. Lozanov
021 ; M. Jain & M. A. Amin 2022 ) 

i�
∂ 

∂ t 
� = − �

2 

2 ms 

∇2 � + ms �� , 

∇2 � = 4 πGρ0 (Tr [� 

† � ] − 1) , 

(1) 

here � stands for the reduced Planck constant, G is the gravitational
onstant, ms is the mass of the ULDM particle, and ρ0 is the mean
ensity of the simulation. We have normalized the wavefunction 
o the mean density on the simulation so that 〈Tr [� 

† � ] 〉 = 1 and
r [� 

† � ] is the probability density of occupation. Throughout this 
ection, we use the notation in M. Jain & M. A. Amin ( 2022 ) to
onstruct the initial conditions of the simulations. Then, the field is
xpressed as a function of the spin as follows: 

ψ = [� ] spin 0 , 

ψi = [� ]i spin 1 , 

ψij = [� ]ij spin 2 . 

(2) 

The trace is defined as Tr [� � 

† ] = ψi ψ
† 
i and Tr [� � 

† ] = ψij ψ
† 
ji 

or spin 1 and spin 2, respectively. A massive spin s field admits
 s + 1 spin configurations characterized by the orthogonal set
ε( p) } , where p ∈ {−s , . . . , s } is the polarization. Then, the spin
 wavefunction can be decomposed as 

 ( t, x ) =
∑ 

p 

ψp ( t, x )ε( p) , (3) 

here ψp is the field with polarization p. 
In what follows we are interested in setting up the system as

eing composed of multiple spin s solitons in the ground state, and
etting them evolve in time according to ( 1 ). For the spin 0 case, the
round state ψsol is a real function that satisfies the time-independent 
P system (F. S. Guzmán & L. A. López 2004 ), as described in
ppendix A . Without loss of generality, for higher spins we may

ake the ground-state of each soliton at the initial time t = 0 to be
s in the spin 0 case equal to ψsol , multiplied by a real coefficient cp 

nd a phase θp , such that 

p ( t = 0 , x ) = ψsol ( x ) cp e 
−iθp . (4) 

e assign the coefficients cp , which determine the mixing amongst 
he 2 s + 1 spin configurations and satisfy

∑ 

p c
2 
p = 1, and the phase
MNRAS 543, 4092–4108 (2025)
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p ∈ [0 , 2 π ), randomly for each soliton. A detailed description of
ow to compute the spherical ground state solution ψsol can be found
n Appendix A . 

.0.1 Spin 0 

his case is the simplest, and the field is defined by ψp in equation
 4 ) with cp = 1 

0 = ψsol e 
−iθ0 . (5) 

.0.2 Spin 1 

he basis is represented by the following set of orthonormal vectors,
ssociated with three polarization states ±1 and 0 (M. Jain & M. A.
min 2022 ): 

( ±1) ≡ 1 √ 

2 

⎛ 

⎝ 

1 
±i 

0 

⎞ 

⎠ ; ε(0) ≡
⎛ 

⎝ 

0 
0 
1 

⎞ 

⎠ . (6) 

e assign the two cp coefficients randomly and determine the third
sing

∑ 

p c
2 
p = 1 for each constructed soliton according to ( 4 ). This

s equivalent to constructing orthogonal random vectors. 

.0.3 Spin 2 

n this case, five independent states are defined by the polarization
2 , ±1 and 0. The maximally polarized orthonormal tensors can be
ritten in terms of the following orthogonal and traceless matrices 

( ±2) ≡ 1 

2 

⎛ 

⎝ 

1 ±i 0 
±i −1 0 
0 0 0 

⎞ 

⎠ , 

( ±1) ≡ 1 

2 

⎛ 

⎝ 

0 0 1 
0 0 ±i 

1 ±i 0 

⎞ 

⎠ , 

ε(0) ≡ 1 √ 

6 

⎛ 

⎝ 

−1 0 0 
0 −1 0 
0 0 2 

⎞ 

⎠ . (7) 

his case has five cp elements which are again assigned randomly
ubject to

∑ 

p c
2 
p = 1 for each soliton. 

Let us note that since we have ignored the possible self-
nteractions, whose structure is different for each type of spin,
he dynamical equations ( 1 ) can be mathematically mapped to a

ultifield system of ns scalars. For the spin cases that we have
tudied, this corresponds to ns = 1, ns = 3, and ns = 5. Such
ultifield systems have been studied in M. Gosenca et al. ( 2023 ),

owever, in the ns = 1, ns = 2, and ns = 4 cases. While the evolution
quations are equivalent, it is expected that the self-interactions
ill induce important differences in the early Universe when these
elds are produced, and this will manifest into the initial conditions.
pecifically, in the multifield case, one would expect that each initial
oliton will have roughly similar distribution of each constituent
eld with some fluctuations, resulting in almost zero spin density
nd in M. Gosenca et al. ( 2023 ) it was chosen to be the same
or all field components. The probability of extreme cases where
ifferent solitons have very different field-composition is statistically
uppressed and not expected to occur. On the contrary, such cases are
ossible in the spin s cases, where any field configuration amongst
he spin basis can occur; see M. Jain & M. A. Amin ( 2022 ). Indeed,
pecific mechanisms that change the relative amplitudes of the field
NRAS 543, 4092–4108 (2025)
omponents over time have been proposed, for example in D. W. P.
maral et al. ( 2024 ) and T. Ferreira Chase et al. ( 2025 ). In our case,
e have chosen a random polarization drawn isotropically from the
 s-sphere. This difference leads to important physical effects that
anifest during mergers, resulting in distinct post-merger density

rofiles compared to the multifield case. In Appendix D , we present
 comparison between the resultant halo densities for the spin 1 and
he ns = 3 multifield cases. 

We note also that one could in principle choose a different basis
han the spin representation ( 6 ) and ( 7 ), however, the decomposition
n terms of the given spin basis makes the connection with the
nderlying physics models clearer, see M. Jain & M. A. Amin ( 2022 ).
t is trivial to transform the spin 1 basis ( 6 ) to a (multifield) basis
f three unit column vectors via a linear transformation, however,
ransforming the spin 2 case into 5 column unit vectors, rather than
 7 ) is less so and makes the underlying physics obscure. Moreover,
ith the introduction of self-interactions, it is expected that the spin
ases will be better suited, particularly in the case of spin 2. 

 N U M E R I C A L  I MPLEMENTATI ON  

e have developed a new numerical code in C ++ which solves
he SP system ( 1 ) using a time-splitting pseudo-spectral method.
or the systems under study, Fourier methods perform better than
umerical local methods since the complexity is of the order of
log 2 N , whereas the Finite Difference Method or the Finite Element
ethod has a complexity of the order of N2 , being N the total number

f operations required for each time-step (W. H. Press et al. 2007 ).
his numerical technique has also been implemented in other works

o study the evolution of the scalar field, such as F. Edwards et al.
 2018 ) and S. May & V. Springel ( 2021 ). 

In this method, the time-step �t is expressed as a combination
f operations in configuration and in Fourier space, which are
pplied to each component of the spin s system ( 2 ), considering
hat there are three and five independent terms for spin 1 and spin
, respectively. Specifically, starting from the wavefunction ψp ( t, x )
or each component p at time t , we first compute the ψp ( t + �t/ 2 , x )
or each p at the half time-step �t/ 2. All wavefunction components
re then used for evaluating the potential � ( t + �t) by solving the
oisson equation. We finally combine both steps to evaluate the
avefunction ψp ( t + �t, x ) , as is captured by the following set of

quations 

p ( t + �t/ 2) = F−1 

[
e −

i�t ˜ � k 2 
2 ms F

(
e −

i�t � ( t ) 
2 ˜ � ψp ( t)

)]
, (8a) 

( t + �t) = F−1 

[
− 1 

k 2 
F

(
4 πGρ0 (Tr [� 

† � ] − 1)
)]

, (8b) 

p ( t + �t) = e −
i�t � ( t + �t ) 

2 ˜ � ψp ( t + �t/ 2) , (8c) 

here k is the spatial frequency domain, F and F−1 , respectively
tand for the discrete Fourier transformation and its inverse, and
r [� 

† � ] = ∑ 

p ψp ψ
† 
p , evaluated at t + �t/ 2. This works because

rom ( 8c ) we have that | ψp ( t + �t) |2 = | ψp ( t + �t/ 2) |2 so that ( 8b )
an be consistently used. The error associated with this numerical
pproach is of order O( �t3 ) (N. Glennon & C. Prescod-Weinstein
021 ). 
To be able to simulate maximum ULDM velocities of vmax ∼ 100

m s–1 for a given N -body simulation box size and ULDM mass,
 minimum number of grid points is required. For example, for
 mass value of ms = 2 . 5 × 10−22 eV, at least 4153 , 41503 , and
15003 points are needed for volumes of 0.1, 1, and 10 Mpc 3 ,
espectively. For lighter masses such as ms = 1 . 75 × 10−23 eV, these
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alues decrease significantly, reaching a minimum requirement of 
9003 points even in a modest simulation size of 10 Mpc 3 . Thus, 
he computational power required to run large-scale simulations 
ecomes evident. 
To obtain a robust numerical solution it is necessary to resolve 

he structures on the scale of the de Broglie wavelength λdB =
˜ � 

v 

here ˜ � = � 

ms 

and v is an estimate of the velocity of an ULDM fluid

acket. We can obtain v by appealing to the Madelung representation 
hich gives v = ˜ � | ∇α| , where α is the phase of the wave function
 and ranges between [0 , 2 π ]. Assuming a half-step approximation

or the spatial derivative, the maximum velocity that this method can 

esolve is estimated as vmax ∼ π ˜ � 

�x 
(S. May & V. Springel 2021 ), 

eading to the resolution criterion 

x <
π ˜ � 

vmax 
. (9) 

hen, following the Courant–Friedrich–Lewy condition R. Courant, 
. Friedrichs & H. Lewy ( 1928 ) for parabolic equations and consid-

ring that the phase of the wavefunction expressed in (8) should be
maller than 2 π , �t must fulfil the condition 

t < min 

(
4 �x2 

3 π ˜ � 
,

2 π ˜ � 

| � |max 

)
. (10) 

All our simulations were performed in a cubic box of L = 100
pc. To ensure good convergence we used a mesh of Ngrid = 5123 

rid points in the case of spin 1 and spin 2 with �x = 0 . 195 kpc,
nd vmax ∼ 123km s–1 , as given by ( 9 ). However, as we discuss in
ppendices C and E , we found that when merging a large number
f initial solitons this is not sufficient in the spin 0 case, but using
grid = 10243 convergence was indeed reached (corresponding to 
x = 0 . 098 kpc and vmax ∼ 247 km s–1 ). This is because the cores

re more compact in the spin 0 case and thus closer to the resolution
imit compared to spin 1 and spin 2 cases where the density is
istributed across two and five independent components, respec- 
ively. An analysis of the stability criteria of these configurations 
sing different resolutions is provided in Appendix C . Finally, we 
ccelerated our simulations using the fast Fourier transformation 
ibrary cuFFT 

1 that runs on the Compute Unified Device Architecture 
CUDA) for general-purpose computing on graphical processing 
nits (GPUs). In Appendix B , we discuss briefly the performance 
nhancement when using GPUs. 

 MULTIPLE  S O L I TO N  M E R G E R  

e consider an idealized initial configuration of solitons for each spin 
 case. These solitons have identical masses and radial profiles but 
ifferent spin distribution chosen randomly and drawn isotropically 
rom the 2 s-sphere as described in Section 2 . 

The number of initial solitons, Nsol , is varied as a proxy for the halo
ass, which allows us to focus specifically on the impact of spin on

he halo formation process, following a similar methodology to that 
escribed in M. Jain & M. A. Amin ( 2022 ). Such idealized set-ups
re an important step in developing fully fledged spin s simulations
hich also include the self-interactions, as they can provide a 
asis of comparison between the underlying spin model. A realistic 
osmological scenario would of course involve not only solitons of 
ifferent masses but also isolated solitons merging with haloes at 
 https://docs.nvidia.com/cuda/cufft/index.html 
W

ifferent stages in their evolutions, as well as, other processes such
s accretion of material and baryons. None the less, our controlled
etup allows us to directly track macroscopic differences that arise 
olely because of the ULDM spin. 

.1 Initial conditions 

e ran 24 simulations for each spin s ULDM model, varying
he number of solitons, Nsol , in steps of 5, starting from 5 up to
20. The solitons were initially positioned randomly within the 
ub-domain [10 , 90] kpc, so they were sufficiently far from the
oundaries, and with zero linear momentum. Each soliton config- 
ration was generated numerically following the procedure outlined 
n Appendix A , with a fixed scaling factor λ = 1000 and a scalar
eld mass ms = 2 . 5 × 10−22 eV. In the spin 0 case, each soliton

s described as in ( 5 ) with the phase assigned randomly. For spin
 and spin 2, each soliton is partially polarized through the linear
ombination given by ( 3 ) in terms of the set of maximally polarized
asis defined by ( 6 ) and ( 7 ), respectively. The coefficients cp have
een assigned randomly for each soliton following ( 4 ). The mass
f the soliton was computed in terms of the integrated density out
o infinity, M = ∫ 

V 
ρd V , in isolation. Thus, all solitons have the

ame mass Msol = 5 . 31 × 107 M
, but different polarizations cp and
hases θp in their wavefunction. 

.2 Evolution 

.2.1 Choosing the stopping time 

or studying the final steady-state configurations, the system was 
llowed to evolve until a final time of tf = 20 τdyn , where the
ynamical time τdyn is defined as 

dyn = 1 √ 

Gρ0 
, (11) 

nd denotes the typical time-scale that a system needs to relax to an
quilibrium configuration when collapsing under gravity. Here, ρ0 is 
he mean density from equation ( 1 ). We show in Section 4.2.2 that
he system virializes after t ∼ 2 τdyn for each model and so taking the
nal configuration at tf = 20 τdyn is justified as it is more probable

o lead to a stable and virialized system. 
If the initial number of solitons is smaller than Nsol < 5 then

dyn > 30 Gyr which makes the simulations computationally de- 
anding, as we verified explicitly. We thus focus our analysis to
sol ≥ 10. Moreover, if Nsol > 120, then the spatial resolution and 

ox size we use would not be enough, which sets our choice of
sol ≤ 120. 

.2.2 Energy evolution 

he stability criterion of the final halo configuration in each model
an be studied using the quotient W /| E| , where E = W + K is the
otal energy of the system, K the kinetic energy and W the potential
nergy, defined as (M. Jain et al. 2023 ) 

 =
˜ �2 

2 

∫ 
V 

d V Tr [ ∇� 

† · ∇� ] , (12) 

 = 1 

2 

∫ 
V 

d V �Tr [� 

† � ] . (13) 
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Figure 1. Evolution of the ratio W/| E| as a function of t/τdyn for spin 0, 
spin 1, and spin 2 models with Nsol = 25. 
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Fig. 1 shows the evolution of W /| E| as a function of t/τdyn for
ach spin with Nsol = 25, chosen without loss of generality. 2 Note
he initially large energy fluctuations, particularly around t/τdyn ∼
 − 2. The relaxation process can, however, last for hundreds of τdyn .
e observe that before the merger, the potential energy dominates,

eaching a maximum value when the collision starts. After that,
he three spin s models converge to a roughly constant value, with
pin 0 having a slight slope. This plot demonstrates that the system
lowly stabilizes to a specific value of W /| E| , which then remains
pproximately constant over time. We checked that the remaining
imulations with different Nsol exhibit similar behaviour. We note
hat the asymptotic value of W /| E| depends also on the spin content
f the initial solitons and so nothing can be said about the hierarchy
bserved in Fig. 1 between the three spins. We have checked that
ther Nsol cases show a different hierarchy. 

.3 Properties of the resulting profiles 

.3.1 Resulting density profile 

f the halo resulting from the soliton mergers is approximately
pherically symmetric, we can average its density over concentric
pheres. These spherical averages are shown on the left panel of
ig. 3 . We then fit these averages into template functions adopting

he prescription of spin 0 ULDM dark matter haloes as in H.-Y.
chive, T. Chiueh & T. Broadhurst ( 2014a ) and H.-Y. Schive et al.
 2014b ), 

halo ( r) = � ( rε − r) ρsol ( r) + � ( r − rε) ρNFW 

( r) , (14) 

o fit the halo density profile in each spin s model and final soliton
onfiguration. Here, � is the step function, and rε is the transition
adius between the soliton and the NFW tail, which are described by
he following expressions 

sol ( r) = ρc [
1 + α( r/rc )2 

]8 , (15) 

NFW 

( r ) = ρs 

( r /r ) ( 1 + r/r ) 2 
, (16) 
NRAS 543, 4092–4108 (2025)

s s 

 In Fig. C3 , we show the evolution of the potential energy as a function of 
he dynamical time for different values for Nsol . The merger process occurs 
round 0 . 6 τdyn in all cases; after that the system gradually relaxes. 

3

e

espectively, where α = 0 . 091 was fixed as in H.-Y. Schive et al.
 2014b ). We defined the centre of the final solitonic core as the point
ith the maximum density, and used this density as the parameter
f 
c , where the superscript f denotes ‘final soliton’. The parameter ρs 

s determined through ρsol ( rε) = ρNFW 

( rε), so we are left with three
arameters to fit: rε , rf 

c , and rs . However, naively doing this does not
ake into account the abrupt change from a core to an NFW profile
hich occurs at rε . This creates a strong degeneracy between rf 

c and
ε leading to best fits which under or overpredict the profile for a
ange of radii in the immediate neighbourhood of rε and which are
isibly distinguishable from the averaged profile. Thus our strategy
as to first fit the final solitonic core (by cutting off the NFW tail) to

 15 ) with a single parameter rf 
c , and only then fit the total profile by

arying only rε and rs . For our fits, we run Monte Carlo Markov Chain
hains using the Affine Invariant Ensemble Sampler (D. Foreman-
ackey et al. 2013 ). The fits for the case of Nsol = 25 are shown in

ig. 4 . 
In Fig. 3 (left panel), we display the set of final halo density

rofiles for spin 0 (in blue), spin 1 (in red) and spin 2 (in green). The
hin lines depict the density profile from simulations with different

sol , the thick lines mark the average profile for each spin, and
he vertical black dashed line denotes the numerical resolution. We
bserve that, within our chosen range of solitons 10 < Nsol ≤ 120
he profiles corresponding to each model exhibit similar behaviour,
hich can be effectively described by the average profile, a fact
hich has potential use in observational comparisons. A noticeable
ifference in the shape of the profiles is observed in the central
egions between spin 0 and spin 1, consistent with the findings of M.
. Amin et al. ( 2022 ). In contrast, the difference in central density
etween spin 1 and spin 2 is less pronounced. Increasing the spin
eads to less pronounced interference patterns (see section 2.2 of M.
. Amin et al. 2022 ) since the probability of constructive interference
ecreases with higher spin. 3 As the radius increases, spin 1 and
pin 2 exhibit a smoother transition than the spin 0 case and the
ensity profiles for all spins converge together at larger radii, as
xpected. 

In Fig. 3 (right panel), we show the final density normalized with
he maximum density value ρf 

c , as a function of the radius normalized
ith rf 

c . Once more, the thin lines represent the scaled densities
rom the simulations within the set 10 < Nsol ≤ 120, while the dark
ines mark the average density for each spin. The differences in the
ensity profile tails are now more pronounced, with the transition
rom the soliton to the NFW tail being sharper for spin 0 and
ecoming increasingly smoother with increasing spin. We observe
hat the transition radius rε for these final haloes lies in the range
ε = [2 . 5 , 5] × rf 

c represented by the blue, red, and green shaded
ands for spin 0, spin 1, and spin 2, respectively. The former exhibits
he highest values for this quantity. The black dashed line corresponds
o rε ∼ 3 . 5 rf 

c , reported in M. A. Amin et al. ( 2022 ). We observe in
oth panels of Fig. 3 that the NFW tails for spin 0 have a wider
ariation around the mean than for the other spins. This occurs
ecause the scalar field concentrates more mass in the central soliton,
eading to a lower probability of occupational density in the outer
egions. As a result, the tails become more diverse as the number of
olitons changes. This behaviour is less pronounced in the spin 1 and
pin 2 cases due to smaller interference patterns in the outer regions,
eading to a smoother transition between the core and the tail, which
 This is akin to what is observed in the spin 0 multifield case, see M. Gosenca 
t al. ( 2023 ) 
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Figure 3. Left panel : Density profiles for each type of spin s simulation in the range 10 < Nsol ≤ 120, constructed via spherical averaging. The thin curves 
denote the density profile for a given Nsol and different spin −s. The solid lines correspond to the radial average of each model and are sorted from top to bottom 

at small radii for spin 0 (blue), spin 1 (red), and spin 2 (green), respectivley. The vertical dashed line represents the spatial resolution. The mass of the ULDM 

particle is ms = 2 . 5 × 10−22 eV, and the mass of each soliton is M = 5 . 31 × 107 M
. Right panel : Density profiles normalized by the maximum density value 
ρ

f 
c as a function of the radius normalized by rf 

c . The reference soliton configuration (using rc = ρc = 1 in 14 ) is shown for comparison. The ordering at large 
radii is inverted. 

Figure 4. The solid lines represent the density of dark matter computed 
directly from simulations, showing the Nsol = 25 case. The dashed lines show 

the best fits obtained from equations ( 15 ) and ( 16 ) and the scaling relations 
discussed in Section 6 . The solitonic cores are displayed with fainter lines for 
comparison. 

b  

i

o  

W  

s
m  

c  

a

4

T

s

w
2
o

S  

b
 

t  

a  

c
a  

o  

s  

o  

w  

n
o
a  

a
g  

b

t
o  

r  
ecomes closer to the average profile regardless of the number of
nitial solitons. 

In Fig. 4, we compare the spherically averaged halo density 
btained directly from the simulations (Fig. 3 ) and the fits using ( 14 ).
ithout loss of generality, we only show the result for Nsol = 25,

ince the rest of the simulations display a similar behaviour with 
ore (or less) pronounced effects which depend on the number of

ores in the merger. We can observe a good match for both the core
nd the tail for simulations and fits. 
.3.2 Spin scaling relation 

he spin density is defined as in M. Jain et al. ( 2023 ) 

 i = i� εijk 

[
� � 

† ]
jk 

, (17) 

here [� � 

† ]jk = � i � 

† 
j and [� � 

† ]jk = � ik � 

† 
kj for spin 1 and spin 

, respectively. The spin angular momentum is a conserved quantity, 
btained as the integral of the spin density over the volume 

S i = i�

∫ 
vol 

εijk 

[
� � 

† ]
jk 

d V . (18) 

ince S i is conserved, its integral over the whole box, |S tot | , should
e the same before and after the merger. 
We computed the spin density for spin 1 and spin 2 models, finding

hat in both cases the solitonic core is polarized, that is, s i points to
 specific direction. However, in the outer regions away from the
ore, s i is randomly oriented from point to point. This agrees with 
nd extends the results of M. A. Amin et al. ( 2022 ), which focused
n spin 1. Fig. 5 shows the relation between the spin density in the
olitonic core |S core | , defined using ( 18 ) within a spherical volume
f radius 2 rc , and the total spin |S tot | defined from ( 18 ) over the
hole simulation volume. We normalized |S core | and |S tot | to the total
umber of particles Ncore ≡ Mcore /ms of the core and Ntot ≡ Mtot /ms 

f the whole simulation box, respectively. We divided the Stot /Ntot 

xis into 40 equal bins of width 0.025 each, and determined the
verage value of S core /Ncore in each bin, depicted by the red and 
reen dots, as well as the standard deviation depicted by the error
ars. 
We observe a rough correlation between the core S core /Ncore and 

he total S tot /Ntot for both cases, with spin 1 reaching higher values 
f | Score | per particle. The initial assignment of spin to solitons is
andom and due to conservation of S i this is reflected in the final
MNRAS 543, 4092–4108 (2025)
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Figure 5. The normalized core spin S core /Ncore versus normalized total spin 
S tot /Ntot . The bars indicate the standard deviation for all the simulations, and 
the points represent the binned average data. The triangles correspond to spin 
1 and solid circles to spin 2. 
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Figure 6. Stability test of the stellar system evolved with our particle-mesh 
N -body code. The system remains stable over 1 Gyr, justifying its use as 
initial conditions for the study of dynamical heating. 

 

e  

o  

t  

c  

p  

e
 

a  

s  

t  

w  

o  

e  

b  

2  

w  

i
 

σ  

t  

w  

r  

c  

t  

c  

s  

a  

T  

p  

c  

F  

b  

d
 

a  

o  

c  

t  

c  

m
 

w  
S tot /Ntot . For simulations with larger Nsol there is more freedom to
verage out the total spin angular momentum and so those typically
orrespond to smaller S tot /Ntot . The case of spin 2 has more spin
onfigurations per initial soliton than the case of spin 1, resulting
n additional compactness in S tot /Ntot . The solid line represents the
deal case where the spin per particle in the core is the same as the
otal spin and since spin 1 has denser cores than spin 2, it generally
eads to higher S core /Ncore reflecting a higher degree of polarization
f the final soliton. 

 DY NA M I C A L  H E AT I N G  

he velocity dispersion σv of a galactic halo provides insights into the
tudy of the substructure and gravitational perturbations produced
y dark matter density fluctuations. This phenomenon, known as
ynamical heating, has been widely studied for stellar populations
f galactic discs. In ULDM models, heating mechanisms can be
elated to sub-halo perturbations or to time-dependent fluctuating
ub-structure due to interference patterns cause by the wave nature
f ULDM (B. V. Church, P. Mocz & J. P. Ostriker 2019 ). This has
een particularly explored in the case of spin 0 ULDM, showing that
he quantum interference patterns can be an efficient source of heating
f galactic discs (N. Dalal & A. Kravtsov 2022 ; H. Kawai et al. 2022 ;
. D. Chowdhury et al. 2023 ). In higher spin ULDM models, the

nterference patterns are in general different, a fact which can then
mpact the velocity dispersion of the halo. 

To investigate the dynamical heating process in spin s models,
e simulate an idealized system of approximately 106 particles,

ach representing a star with a mass of 3 . 6 M
. These particles are
mbedded in the final halo configuration corresponding to each spin
ase. Our objective is to trace how the granularities and the mass
istribution in the ULDM haloes affect stellar velocities. 
The stellar distribution was initialized using the GALIC code (D.

urin & V. Springel 2014 ), adopting a Hernquist profile (L. Hernquist
990 ). GALIC is an iterative method for constructing N -body galaxy
odels in collisionless equilibrium. The subsequent evolution of the

ystem was performed using our own cloud-in-cell (CIC) N -body
ode. Fig. 6 shows a stability test of the stellar profile after 1 Gyr of
volution, confirming that the stellar configuration is indeed stable. 
NRAS 543, 4092–4108 (2025)
Once the stability of the system was verified, the stars were
mbedded within a ULDM halo. These haloes result from the merger
f Nsol = 25 solitons after 5 τdyn . The two components then evolved
ogether during tf = 10 Gyr, meaning that the total potential includes
ontributions from both the halo and the stars. This combined
otential is updated at each time-step when solving the Poisson
quation for the system. 

In Fig. 7 , top panel, we show the evolution of the stellar density
longside that of the corresponding host haloes for spin 0, spin 1, and
pin 2, respectively. In the bottom panel of the same figure we display
he projected density of the host halo on the z = 0 plane, together
ith the contours of the stellar orbits at t = 10 Gyr. The final size
f this system shows how dynamical heating varies between models,
ven under identical initial conditions, as the interference patterns
ecome less pronounced when the spin is larger (M. A. Amin et al.
022 ). In fact, the spin 0 ULDM halo exhibits the highest density,
hile the stellar profile becomes more extended over time. This effect

s less evident in the spin 1and spin 2 models. 
Fig. 8 shows the evolution of the stellar velocity dispersion profile,

v . To compute σv , the radial coordinate r was divided into bins and
he average velocity dispersion was calculated using all the points
ithin each bin. The profiles are plotted with a colour gradient

epresenting the progression over time, where more transparent
olours correspond to earlier times and more saturated colours
o later times. The black solid line represents the initial isolated
ondition. We observe that the particles evolve differently for each
pin, influenced by constructive and destructive interference as well
s variations in core size, resulting in distinct velocity perturbations.
he case of spin 0 shows larger σv at smaller radii, indicating that
erturbations are more pronounced in the central regions of the halo,
onsistent with its denser core compared to the other models (see
ig. 3 ). In contrast, the spin 1 and spin 2 cases display a hierarchical
ehaviour for σ̄v , reflecting the hierarchy observed in their inner core
ensities. 
For better visualization, Fig. 9 shows the evolution of σv over time

t two characteristic radii: one near the centre, r ∼ 0 . 1 kpc, and the
ther near the outer edge of the core, r ∼ 1 kpc, for all ULDM haloes,
lose to the transition between the core and the NFW tail. Notably,
he separation between the curves is the largest for the spin 0 case,
onsistent with its overall trend of increased velocity dispersion and
ore efficient dynamical heating. 
Following a similar analysis as in D. D. Chowdhury et al. ( 2023 ),

e show the ratio between the time evolution of the dynamical
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Figure 7. Density distribution from the simulations during 10 Gyr of evolution. The host halo was constructed merging 25 solitons of equal mass, randomly 
distributed in all models and taking the resulting wave packet after 5 Tdyn . Top panels : From left to right, we show the time evolution of the radial density 
profile ρ( r) for 106 particles embedded in a host halo composed of spin 0, spin 1, and spin 2 fields, respectively and the density profile of the host halo. Bottom 

panels : From left to right, two-dimensional projections of the plane z = 0 of the final density distribution of the host halo for spin 0, spin 1, and spin 2 fields, 
respectively. The black contours indicate stellar density up to 6 orders of magnitude below the maximum value at the final time. We can observe that the heating 
process is spin-dependent. 

Figure 8. Radial velocity dispersion of the stars. The colour gradient shows 
the time evolution and the colours represent the effect of different host haloes 
on stars. They are also ordered from top to botom: blue, red and green for 
spin 0, spin 1 and spin 2 respectively. 
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Figure 9. Time dependence of the velocity dispersion of the stars, σr . The 
colours represent the evolution of different host haloes on stars. They are also 
ordered from top to botom in each scenario (solid and dashed curves): blue, 
red, and green for spin 0, spin 1 and spin 2 respectively. 
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eating time τheat = rgal 

d rgal / d t 
and the dynamical time in Fig. 10 . 

e observe that this ratio exceeds unity across all models, indicating 
hat the system reconfigures dynamically faster than it accumulates 
et heating. This suggests that dynamical heating is inefficient, as 
he injected energy is spread over multiple dynamical time-scales. 

oreover, this effect is amplified by up to an order of magnitude for
igher spin, indicating that the system can be described as a quasi-
quilibrium configuration for a longer duration. Even within the 
imitations of our simulations, this provides valuable insight into how 

pin s ULDM can help maintain stellar configurations in equilibrium, 
otentially explaining the long survival times of globular clusters, 
uch as those observed in Fornax. Specifically, the formation of 
ore extended and less centrally concentrated structures reduces the 

ffects of dynamical friction. Moreover, the suppression of dynamical 
MNRAS 543, 4092–4108 (2025)
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Figure 10. Evolution of the heating time-scale relative to the virialization 
time-scale over time for the three models. A higher ratio indicates lower 
heating efficiency. Notably, haloes with higher spin exhibit significantly larger 
values of this ratio throughout their evolution, implying that they remain as 
quasi-equilibrium over longer periods. The dashed lines represent smoothed 
profiles. 
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Figure 11. Time evolution of λρ for Nsol = 25 until t = 20 τdyn . Black curves 
show the best fit according to ( 21 ). The curves are ordered from top to botom 

for spin 0, spin 1, and spin 2, respectively. The horizontal dashed lines mark 
the λ∞ 

ρ saturation limit, assuming convergence. The value for τ99 , denoting 
the number of dynamical times required to achieve 99 per cent of the value 
of λ∞ 

ρ is also displayed. 
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eating may allow stellar clusters to persist without being rapidly
rawn toward the galactic centre. 

 SCALING  R E L AT I O N S  F O R  DENSITY  

ROFILES  O F  U L D M  H A L O E S  

he SP system allows the rescaling of soliton solutions { M, ms } →
 λM, βms } as 

{ t, x, ψ, ρ} → {
λ−2 β−3 t, λ−1 β−2 x, λ2 β3 ψ, λ4 β6 ρ

}
, (19) 

eaving the system unchanged, see ( A7 ). This leads to scaling
elations which we investigate in this section, particularly their time
ependence as the system relaxes towards equilibrium. For this, we
se the same set of 24 simulations as in Section 4 . Our aim is to
e able to infer the final state of the merger of an initial number of
olitons, Nsol , using such scaling relations. 

.1 Scaling relations for central solitons 

s discussed in Appendix A , the scaling symmetries of the SP
ystem allow the rescaling of soliton solutions, in particular, a single
oliton mass follows the relation Msol → λMsol . M. A. Amin et al.
 2022 ) argue of a relation Mf 

sol ∝ Nsol M
i 
sol and demonstrate a tight

orrelation between Mcore /Mtot and a measure of the total energy of
he system. We take this idea further and investigate the existence
f similar relations between the characteristic parameters ri 

c and ρi 
c 

hat describe the initial solitons with rf 
c and ρf 

c that describe the
nal ULDM core, and their dependency on time until asymptotic
elaxation. We focus on λρ given by 

ρ =
(

ρf 
c 

ρi 
c 

)1 / 4 

, (20) 

hich contains information about the halo’s characteristic maximum
ensity. 
As mergers undergo a relaxation process before forming the final

alo, λρ will evolve until it reaches a saturation value which is when
he system is fully stabilized. We calculate λρ from our simulations
y tracing the maximum density in the box to define ρf 

c ( t) at time t 
NRAS 543, 4092–4108 (2025)
nd use it in ( 20 ) along with ρi 
c . We do this for all our 24 simulations

ndexed by Nsol and the spin. Fig. 11 displays the evolution of λρ as
 function of t/τdyn for the case Nsol = 25. The solid lines (blue for
pin 0, red for spin 1, and green for spin 2) indicate the smoothed
ean value of the λρ parameter from the simulations. The dark and

ight-shaded regions represent 1 σ and 2 σ deviations, respectively.
he black solid curve corresponds to the best fit using the saturation

unction 

ρ( t) = a + bt 

1 + ct 
. (21) 

he saturation value λ∞ 

ρ , displayed in the figure, is marked for each
pin case as horizontal dashed lines. We also show τ99 , defined as
he value of t/τdyn where λρ reaches 99 per cent of its saturation
alue. Appendix E displays the evolution of λρ for different spatial
esolutions concerning the spin 0 model. This is a consistency test to
omplement the discussion shown in Appendix C . 

The spin 0 case has more interference patterns resulting in a higher
alue for λ∞ 

ρ , consistent with having higher central density as in
ig. 3 . This leads to a larger saturation value λ∞ 

ρ with a steeper initial
lope to reach it. This is less so for spin 1 and even less so for the
pin 2 case. We also observe that the relaxation time τ99 shows a
ierarchical behaviour, wherein the spin 0 case has the largest value,
ollowed by the spin 1 and then spin 2 cases. This is verified for any
umber of initial solitons, not only for Nsol = 25, see Appendix F . 
Additionally, we observe a monotonic increasing relation between

ρ( t) and Nsol as a function of the dynamical time τdyn when the
ensities ρf 

c and ρi 
c were computed. In fact, if the system evolves

ver longer dynamical times, the mergers with higher Nsol will result
n higher values of λ

τdyn 
ρ ≡ λρ( t = τdyn ); moreover, the larger the

ynamical time, the larger the density ratio λ
τdyn 
ρ . In Appendix F , we

nalyse the behaviour of λ
τdyn 
ρ as a function of Nsol across various

ynamical times. We observe a clear trend of convergence towards
he asymptotic curve λ∞ 

ρ . For simplicity, we will focus on λ20 
ρ , in the

ubsequent sections. 
We found that the relation of λ20 

ρ as a function of the number of
nitial solitons Nsol can be fit by the following power law 

20 
ρ ( Nsol ) = AλN

Bλ

sol (22) 
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Figure 12. The scaling of λ20 
ρ with Nsol for all simulations in each spin s 

model Dots, crosses and triangles denote data points for spin 0, spin 1 and spin 
2 respectively. The solid line corresponds to the best fit, and the dark-shaded 
(light-shaded) band represents the 1 σ (2 σ ) standard deviation away from the 
best fit. The best-fitting relations are also depicted in the figure. 
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Figure 13. The scaling of rs /r
f 
c with Nsol for all simulations in each spin 

s model, computed at t = 20 τdyn . The black line corresponds to the best 
fit, and the dark-shaded (light-shaded) band represents the 1 σ (2 σ ) standard 
deviation away from the best fit. The best-fitting relations are also shown. 

Figure 14. The scaling of rε/r
f 
c with Nsol for all simulations in each spin 

s model, computed at t = 20 τdyn . The black line corresponds to the best 
fit, and the dark-shaded (light-shaded) band represents the 1 σ (2 σ ) standard 
deviation away from the best fit. The best-fitting relations are also shown. 
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ith Aλ = { 1 . 27 , 1 . 53 , 1 . 67 } and Bλ = { 0 . 30 , 0 . 16 , 0 . 10 } for spin 0,
pin 1, and spin 2, respectively. This is displayed in Fig. 12 for all
hree spin models. The blue points, red crosses, and green triangles 
epresent the value of λ20 

ρ for spin 0, spin 1, and spin 2, for each
imulation indexed by Nsol . The black lines represent the best fit for
ach model with the fitting function displayed on the figure, assuming 
ρ depends only on Nsol . The dark and light-shaded regions represent 

he 1 σ and 2 σ standard deviations away from the best fit. We observe
 hierarchy in the slope of the best fit between the spins, with spin
 being the steepest. This is consistent with our findings of Section
.3.1 which indicates that the lower the spin, the more compact haloes 
ith higher central densities form by the merger of the same number
f solitons. 
Given the relation for λ20 

ρ just found and that Nsol is related to 
he total mass of the system, we may determine a scaling relation
etween the initial and final mass of the soliton configurations as 

f 
c = λ20 

ρ ( Nsol ) M
i 
c . (23) 

his has the advantage being able to characterize the resulting soliton
fter several τdyn of evolution without the need to run the simulations.

.2 Scaling relations for the NFW tail 

he outer regions of haloes are characterized by an NFW tail 
escribed in ( 16 ). We explored the evolution of rε and rs as a function
f Nsol , evaluated at t = 20 τdyn , using the simulations of Section
.3.1 . For this analysis, we fit first the core of the halo and then use
he corresponding rf 

c ( τdyn = 20) value to normalize the parameters 
hat characterize the tail, rs and rε . 

We find that rs /r
f 
c is well fitted with the same functional form

s in ( 22 ), that is, rs /r
f 
c = As N

Bs 

sol , with the following values As =
 15 . 14 , 14 . 18 , 9 . 9 } and Bs = { 0 . 22 , 0 . 05 , 0 . 04 } for spin 0, spin 1 and
pin 2, respectively. The result is graphically displayed in Fig. 13 ,
here we see that spin 0 requires a significantly higher value for rs 

han spin 1, which is marginally higher than the spin 2 model. This
mplies that mergers with the same number of solitons result in less
teep tails for spin 0 compared to either spin 1 or spin 2. 
Finally, rε/r
f 
c is once more fitted with the same functional form as

n ( 22 ), that is, rε/r
f 
c = AεN

Bε

sol , with the fitting parameters taking val-
es in Aε = { 4 . 94 , 5 . 35 , 5 . 54 } and Bε = {−0 . 05 , −0 . 013 , −0 . 17 }
or spin 0, spin 1, and spin 2, respectively; see Fig. 14 . We see that
ε is larger in the spin 0 model, followed by spin 1 and spin 2,
espectively, meaning that spin 0 transitions more slowly from the 
olitonic core to the NFW tail. 

The main conclusion from Figs 12 , 13 , and 14 is that spin 0
onfigurations produce more compact solitons with higher central 
ensities. These solitons enclose more mass than spin 1 and spin
 configurations, as the transition from the soliton to the NFW tail
ccurs at larger radii in spin 0 models. In fact, the lines for λ20 

ρ , rs ,
nd rε do not intersect for positive values of Nsol , indicating that
his behaviour remains consistent regardless of the number of initial 
onfigurations. Specifically, each model has distinct regions for rε , as 
hown by the shaded bands in Fig. 3 . This suggests that the density
MNRAS 543, 4092–4108 (2025)
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M

Figure 16. Relation between μeff and rsat when the scaling radius is fixed 
to rc = 0 . 15 kpc, which implies that the mass of the scalar field has to be 
modified in each case by a factor of β = { 1 . 03 , 1 . 25 , 1 . 38 } . We show the 
dashed vertical line at rsat = 25 kpc to compare the different values of μeff 

for each model at the position of the satellite. 
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Figure 17. Relation between μeff and rsat when M200 = 1 × 109 M
 is fixed 
for all models for the same range as in Fig. 16 . In this case the haloes must be 
rescaled by a factor of λ = { 0 . 38 , 0 . 30 , 0 . 29 } . The dashed black line represent 
the position of the satellite. 

Figure 15. The dimensionless effective density parameter μeff as a function 
of the number of solitons Nsol for each spin s model. In this case, ρsat 

c, 0 = 

1 . 37 × 107 M
 kpc −3 and rsat = 25 kpc are fixed. 
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rofiles for each model display distinct characteristics that can be
ontrasted with observations. 

Using this information, the density profile of each model can be
haracterized by the halo’s central density and the number of initial
oliton configurations, which can even be non-integer values. In
his sense, we can create equivalent haloes with the same mass and
orresponding density profile for each spin s model. This will be
pplied in the following section, using an equivalent host halo for
pin 0, spin 1, and spin 2 configurations. 

It is important to point out that in more realistic scenarios, such as
hose based on cosmological simulations, or when including baryonic
ffects, the shape of the NFW tail will be modified. In this sense, our
nalysis illustrates how varying the ULDM spin affects not only the
ore but the entire dark matter profile, even under identical initial
onditions. These differences motivate further studies aiming to
ompare theoretical predictions with observations. Lastly, while we
xpect that the differences between spins may be less pronounced in
ore realistic scenario, the inclusion of the ULDM self-interactions
ill instead enhance them; we leave this possibility for future work.

 S O L I TO N  C O R E S  A S  SATELLITE  H A L O E S  

n this section, we investigate how the ULDM spin influences the
idal disruption of a satellite orbiting a ULDM halo. To simplify the
nalysis, we treat the host halo as an external potential, following a
imilar process as in X. Du et al. ( 2018 ). For each model, we construct
quivalent haloes by applying the scaling relations introduced in
ection 6 , ensuring that either the core size or the total halo mass
re kept fixed across the models. This method allows us to define
he complete ULDM density profile. We will show that, for satellites
rbiting in the outer regions of these haloes (beyond the core), their
ynamics is primarily governed by the tail of the halo. In fact, the
tructure of this tail is determined by scaling relations that are closely
inked to the spin-dependent properties of the system. 

.1 Constructing the system: host halo and satellite 

n order to consider the ULDM halo as a host of a satellite
onfiguration, we will define the effective mean density of the host
alo as ρ̄eff = ρ̄halo ( rsat ) − ρhalo ( rsat ) , where ρ̄halo ( rsat ) is the average
ensity of the halo computed until rsat and use this to define the
NRAS 543, 4092–4108 (2025)
imensionless effective density parameter μeff ≡
ρsat 

c, 0 

ρ̄eff 
, where ρsat 

c, 0 is

he initial central density of the satellite. We constructed the host
aloes such that μeff is the same for each spin, trading Nsol with μeff 

ince for a specific value of Nsol , and given the spin, this completely
xes the halo profile for fixed ms and Msol . Fig. 15 shows the relation
etween μeff and Nsol . We observe a hierarchical behaviour across
he three cases, with spin 0 exhibiting the highest value. Additionally,
ince the relations shown in Section 6 are hierarchical over the
imulated domain, we expect that this behaviour remains the same
s Nsol increases, leading to a hierarchical behaviour for μeff as well.

We will consider variations in the total mass of the halo and the
undamental mass of the ULDM theories, ms . This allows us to
nalyse the dynamics of the satellite considering equivalent systems
n terms of a given parameter. We will refer to the mass of the system
s M200 = M( r < r200 ) where r200 is the radius at which the halo’s
ensity is 200 ρcrit , with ρcrit = 127 . 05M
 kpc −3. 
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Figure 18. Density profile of the host halo reconstructed given a value of μeff 

in the range 30 to 70. The upper boundary of each shaded band represents 
μeff = 30 while the lower boundary refers to μeff = 70. In all cases, the 
initial central density of the satellite is ρsat 

c, 0 = 1 . 37 × 107 M
 kpc −3. The 
arrow indicates the satellite’s position relative to the centre of the halo and 
the horizontal black dashed line shows the value of ρsat 

c, 0 . 

Figure 19. Evolution of the central density normalized to the initial value 
for μ0 = 30 and μ0 = 50 as a function of the number of orbits for spin 0 
(blue), spin 1 (red), and spin 2 (green) for μeff = 30 and μeff = 50. The case 
of uniform sphere is shown in black. The dashed horizontal line at the top 
shows the difference in the initial value of the density. The horizontal line at 
the bottom shows the threshold we used to estimate the parameter τ as in L. 
Hui et al. ( 2017 ) No significant differences are found between the spin cases 
and the uniform-sphere evolution. 
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4 This is consistent with X. Du et al. ( 2018 ), which showed that a NFW halo 
gives the same result as a uniform sphere. 
.1.1 Case 1: same core size 

ur purpose here is to examine ULDM haloes whose core has the
ame radius rc in all cases. Although the central regions of galaxies 
re not yet well characterized by observations, some surveys aim to 
btain more accurate measurements (D. A. Hunter et al. 2012 ). In
rder to keep the same value of rc = 0 . 15 kpc in all models, we con-
idered the scaling relation mULDM 

→ βmULDM 

(see Appendix A ). 
he mass of the system is M = { 2 . 60 , 3 . 29 , 3 . 46 } × 109 M
 and
= { 1 . 03 , 1 . 25 , 1 . 38 } for spin 0, spin 1 and spin 2, respectively. In

ig. 16 , the relation between μeff and the distance to the satellite
sat is shown. We observe that μeff and thus the tidal disruption time 
ollows a hierarchical behaviour, being spin 0 the model with the 
argest value. Moreover, spin 1 and spin 2 show more similar values
f μeff over the entire domain. Because the survival time grows for
arger μeff as τ ∼ eμeff (L. Hui et al. 2017 ), this implies that a satellite
ill survive longer when orbiting a spin 0 ULDM halo compared to
aloes with the same core size but composed of ULDM with a higher
pin. 

.1.2 Case 2: same M200 

n this case, we instead rescale M200 of the ULDM halo so that it is the
ame across all models. This approach can be applied to astrophysical 
ystems, where the halo mass has been inferred by considering 
recise measurements of the galactic components. The scaling 
elation to consider is M200 → λM200 , with λ = { 0 . 38 , 0 . 30 , 0 . 29 }
or spin 0, spin 1, and spin 2, respectively. The initial mass for
ach halo are M200 = { 2 . 60 , 3 . 29 , 3 . 46 } × 109 M
, giving a mass of
 = 1 × 109 M
 after the transformation. Fig. 17 shows the relation 

etween μeff and the distance to the satellite within the same range 
s in case (1). Here, we observe an inverted hierarchy where μeff 

ecome more similar as rsat increases. In this case, spin 2 shows the
ighest value of the tidal disruption time. 

.1.3 Comparison with previous results 

s a consistency test, we performed three-dimensional simulations 
y considering the host ULDM halo as an external potential calcu- 
ated from the fitted ULDM profile of equation ( 14 ). Similar problems
ave been studied analytically in L. Hui et al. ( 2017 ) for the spin 0
ase using a simplified quadratic external potential with spherical 
ymmetry. This was further explored through wave simulations in X. 
u et al. ( 2018 ) by assuming that the external potential is that of a
niform sphere with mass Mhalo rather than a realistic ULDM profile 
hat we use here. In this case, we make the additional assumption
hat the satellite is in a state of extreme polarization by setting,
ithout loss of generality, cp = δ0 p in equation ( 4 ). This amounts to
aving the satellite being described by a spin 0 ULDM soliton and
his approximation is valid as long as the satellite remains isolated. 
otice that in our actual simulations the satellite is consistently built 

rom spin s ULDM. As expected, the results were identical as long
s the host halo is an external potential. 

In Fig. 18 , we show the density profiles of the host haloes, ρhost ,
or μeff in the range [30,70], reconstructed using the scaling relations 
rom Figs 12 , 14 , and 13 . The lowest boundary of the shaded band
epresents μeff = 70, the solid line at the centre corresponds to μeff =
0 and the upper boundary refers to μeff = 30. Recall that the density
rofile for spin 0 exhibits the most pronounced transition, more 
losely resembling the density of a uniform sphere, characterized by 
 step function with an average density ρ̄eff for r ≤ r∗, where r∗ is
he radius of the sphere. 
Fig. 19 shows the evolution of ρsat 
c , normalized by its initial value,

s a function of the number of orbits. All models reproduce the
ame behaviour as the uniform sphere for a given μeff , consistent
ith the analytical prediction by L. Hui et al. ( 2017 ), who reported
 monotonically increasing relation between μeff and the disruption 
ime τ ∼ eμeff . This trend was also confirmed by X. Du et al. ( 2018 )
sing three-dimensional simulations of uniform spheres. Our results 
emonstrate that spin s ULDM models reproduce this behaviour 
hen the host halo is modelled as an external potential, neglecting
oth granularity and host-satellite interactions. This is because most 
f the halo mass lies in the outskirts and core effects are negligible. 4 
MNRAS 543, 4092–4108 (2025)
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 C O N C L U S I O N  

e performed idealized numerical simulations for the spin 0, spin
, and spin 2 ULDM models, finding important differences between
hem for virialized systems. First, the resulting haloes from merging

ultiple solitons exhibit notable variations in the density profiles.
he spin 0 model always produces denser, more compact cores with
 more prominent transition between the soliton and the NFW tails.
n contrast, the haloes formed in the spin 1 and spin 2 models share
ore similarities, featuring less dense central cores and less extended

nvelopes with smoother transitions. This is attributed to interference
ffects, as higher spin values reduce the probability of having fully
onstructive or destructive interference. In fact, these similarities
ersist across all the scaling relations observed for the density profile
arameters: spin 0 differs consistently significantly from spin 1 and
pin 2. The general shape of the haloes remains consistent regardless
f the number of solitons involved in the merger. While more detailed
imulations are needed to draw precise conclusions, the distinct
eatures of the spin s models already offer a basis to distinguish
etween them, making them a valuable framework for comparison
ith observational data. Additionally, notice that in this work we
ave limited ourselves ULDM without self-interactions. We expect
hat the introduction of the self-interactions will make the differences
etween spins even more prominent, because different polarizations
n the SP system ( 1 ) will couple to each other directly, rather than
imply through the common gravitational potential � . We leave this
ossibility for future work. 
The resulting haloes were used as a host of a stellar system with

 Hernquist profile in order to study the dynamical heating process.
e found that the velocity dispersion decreases for larger spin since

he central density for spin 0 is higher than spin 1 and spin 2, and
he interference patterns are fewer for the latter two models. This
esult can give an insight of the possibility to relax the constraints
n the mass of the ULDM candidates arising from the dynamical
eating of stellar systems. Indeed, for the spin 0 case, it has been
rgued that for masses below ∼ 10−19 the dynamical heating would
ncrease the velocity dispersion in ultralight dwarf galaxies to values
uch larger than what is observed (N. Dalal & A. Kravtsov 2022 ; D.
. Chowdhury et al. 2023 ). We found that the dynamical heating
rocess is up to an order of magnitude less efficient for spin 2
LDM compared to the spin 0 case. This implies that the system can

emain closer to an equilibrium configuration for a longer duration,
nabling the stellar system to better preserve its structure. Despite its
implicity, this approach can still provide valuable insight into related
henomena, such as the so-called timing problem observed in some
warf satellite galaxies, like Fornax. In standard CDM models, a
assive dark matter halo would cause globular clusters to experience

trong dynamical friction, leading them to lose energy, spiral inward,
nd eventually merge with the centre of the galaxy. This results in
urvival times that are much shorter than the observed age of the
alaxy. In contrast, in ULDM models, dynamical friction is greatly
uppressed. As a result, satellite systems can survive many more
rbits before merging, their evolution being primarily determined
y the time-scale for tidal disruption (L. Hui et al. 2017 ). This
ffect may be even more pronounced when considering higher-spin
odels. 
We emphasize that our results are based on idealized host haloes

ormed through mergers in simulations. While more detailed mod-
lling is needed for a deeper understanding of the dynamics involved,
he spin s models already exhibit unique characteristics that make
hem well-suited for comparison with observations. In order to test
his effect, we plan to perform more realistic simulations with a more
NRAS 543, 4092–4108 (2025)

C

omplex structure for the stellar system, including for example a disc
omponent. 

By varying the parameters of our simulations, we identified the
caling relations that characterize both the central core and the
xternal envelope of the resulting haloes based on the initial solitons
nvolved in the merger. These relations are expressed as a function of
he number of solitons (the total mass), which may be non-integer.
sing this information, it is possible to determine the free parameters
f the ULDM halo profile for a fixed halo mass, including the
haracteristic core radius rc , the transition parameter rε , the envelope
adius rs , and maximum density ρc . This particular approach serves
o construct equivalent configurations for the three models in terms of

ass or average density, which is valuable for comparative analysis.
These parametric relations can be used to characterize profiles at

ifferent simulation stages, helping reduce computational costs. For
xample, running cosmological simulations up to a high redshift,
uch as z > 3, can be computationally efficient. From there, the
rofile parameters can be determined by extrapolation, allowing
urther analysis without requiring extensive simulation time. More-
ver, thanks to the scaling relations we identified, we constructed
quivalent host haloes for each spin s model with the same core size
nding that the tidal disruption time is longer for spin 0. However,
hen fixing the total mass of the halo, the satellite survives longer

or the spin 2 model. We remark that the scaling relations and the
esults we derive from them hold within the context of our simplified
pproach, in which all initial solitons are identical. This setup is none
he less useful to directly trace the impact on the dark matter profile
omponents. 

In summary, spin 1 and spin 2 ULDM models can help resolve
ome of the problems that have been discussed for spin 0 ULDM
imulations. The first concerns the cores of haloes observed in some
alactic systems. While all three models form a core, in the spin 0 case
he core has higher central densities. J. Veltmaat, B. Schwabe & J. C.
iemeyer ( 2020 ) demonstrated that including baryons leads to cuspy

calar dark matter profiles, thereby reintroducing the tension with
bservational data that ULDM was thought to cure. This problem
an be relaxed if the resultant haloes have lower central densities, as
een in the spin 1 and spin 2 models. The second problem is related
o the discrepancy between the predicted velocity dispersion in spin
 models and observations. Higher-spin models could help resolve
his tension by predicting lower values for this quantity. Finally,
n the case of satellite systems, spin ULDM models may predict
onger orbital decay times, depending on the specific characteristics
f the host halo, which can be contrasted with observations of dwarf
pheroidal galaxies. 
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he evolution of the energies of the 24 simulations for each spin,
he spherically averaged density profiles (as shown in Fig. 3 ) and the
caling relations discussed in Section 6 are available in Zenodo, at 
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PPENDI X  A :  G RO U N D  STATE  SOLI TO N  

or spin 0 particles, the system of equations ( 1 ) is reduced to the
ell-known Schrödinger–Poisson (SP) system 

�
∂ 

∂t 
ψ = − �

2 

2 ms 

∇2 ψ + ms �ψ 

∇2 � = 4 πG| ψ | 2 . (A1) 

n spherical coordinates, the Laplacian can be expressed as 

2 f = 

( 

∂ 2 

∂ r2 
+ 2 

r 
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) 

f + 1 

r2 sin θ

∂ 

∂ θ

(
sin θ

∂ 

∂ θ

)

f + 1 

r2 sin 2 θ

∂ 2 

∂ ϕ2 
f , 

here θ and ϕ are the polar and azimuthal angles. After assuming
pherical symmetry, we can drop the angular dependency. Then, the 
P system takes the form 

�
2 

2 ms 

∂ 2 

∂ r2 
( rψsol ) = rψsol ( ms � − μc2 ) , (A2) 

∂ 2 

∂ r2 
( r� ) = 4 πGrψ2 

sol . (A3) 

It is convenient to rewrite the system of equations using the

ollowing transformations ˆ ψsol =
√ 

G 

˜ � 
ψsol and ˆ � = � 

˜ �2 
. Then, we 

ave 

1 

2 

∂ 2 

∂ r2 
( r ˆ ψsol ) = r ˆ ψsol ( ˆ � − ˆ μ) , (A4) 

∂ 2 

∂ r2 
( r ˆ � ) = 4 πr ˆ ψsol , (A5) 

here ˜ � = � 

ms 

and ˆ μ = ms μc2 

�2 
is a constant which corresponds 

o the eigenvalue of the system ( A4 ). Since we are looking for
quilibrium configurations, we consider the following conditions: 

ˆ ψsol ( r → ∞ ) → 0 , ˆ � ( r → ∞ ) = −GM 

˜ �2 r 
, 

ˆ ψ ( r → 0) = 1 , 
∂ ̂  � 

∂ r 

∣∣∣∣
0 

→ 0 , 

∂ ̂  ψ 

∂ r 

∣∣∣∣
0 

→ 0 , 
∂ ̂  ψ 

∂ r 

∣∣∣∣
r→∞ 

→ 0 , 

(A6) 

ith M ( r ) = ∫ 
ρdV = 4 π

∫ 
ρ( r ) r2 d r is the enclosed mass at radius

 and ρ/ρ0 = | ψ | 2 . By setting these conditions, there are unique 
alues of μ and � (0) for which the boundary conditions are fulfilled.
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M

Figure A1. Ground state solution for the time-independent SP system 

considering m = 2 . 5 × 10−22 eV. Differences in the central and outer regions 
described in equation ( A7 ) are obtained by varying the scaling parameter λ. 
Each solid line corresponds to a different value of the scaling parameter λ, 
increasing from bottom to top at small radii. In this paper we fixed λ = 1000 
for all the solitonic configurations used. 
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lso, the SP system is invariant under the rescaling relations given
y { M, mULDM 

} → { λM, βmULDM 

} 
{ t, x, ψ, ρ} → {

λ−2 β−3 t, λ−1 β−2 x, λ2 β3 ψ, λ4 β6 ρ
}

. (A7) 

e can find solutions for this system for a fixed value of the ULDM
ass, as shown in Fig. A1 . See M. A. Amin et al. ( 2022 ) and F. S.
uzmán & L. A. Ure˜ na-López ( 2003 ) for further details. 

PPENDIX  B:  P E R F O R M A N C E  O F  T H E  C O D E  

o test the efficiency of the code, we have performed 1000 Fourier
ransformations using different mesh sizes to compare the execution
ime for two methods. The first one uses Fastest Fourier Transform
n the West (FFTW) with the Message Passing Interface (MPI) with
ifferent numbers of cores (2, 32, 256, and 1024), while the second
ne uses cuFFT on a single Nvidia A100 GPU with 80GB of memory.
ig. B1 shows the speed-up of each method, defined as the ratio
f its execution time to the execution time when using a single
PU. Theoretically, the speed-up is expected to match the number of
ores used. However, the process is inefficient due to communication
etween cores and memory allocation. The remarkable improvement
he GPU provides becomes evident as the number of mesh grid points
ncreases, significantly benefitting the type of simulations conducted
n this work. The GPU performance is 1 order of magnitude larger
han the MPI version. 

One disadvantage of GPUs is their limited memory, whereas
FTW–MPI depends on RAM for memory allocation, which is
sually larger than GPUs. We thus plan to use the MPI version
f cuFFT (cuFFTMp) to increase allocation capacity in a future
ork. 5 Additionally, it is worth mentioning that we have parallelized

he FFTW–MPI library for only one axis. Further improvements
ould involve parallelizing in two dimensions, leading to better
erformance. There are publicly available tools, like 2decomp-fft,
hat can be used for this purpose. 6 
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 https://docs.nvidia.com/hpc-sdk/cufftmp/index.html 
 https://github.com/2decomp-fft/2decomp-fft
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PPENDI X  C :  STABILITY  C R I T E R I O N  F O R  

H E  G P P  SYSTEM  (CONSERVATI ON  O F  

N E R G Y )  

n Fig. C1 , the evolution of the ratio �E/E0 over time is shown for 20
olitons, where �E = E( t) − E0 with E0 the energy at t = 0. Here
 = K + W , where the kinetic and potential energies are defined in

 12 ) and ( 13 ), respectively. This is presented for two different spatial
esolutions, Ngrid = 2563 and Ngrid = 5123 , for spin 0 (blue line),
pin 1 (green line) and spin 2 (red line). The algorithm we apply, also
nown as a kick-drift-kick method, has second-order error O(2) for
he temporal step. Ideally, the energy should remain constant, with
E = 0. However, some errors arise due to the finite approximation

f the wavefunction. Our code demonstrates convergence as we
ncrease the spatial resolution from 2563 (dashed lines) to 5123 

solid lines), with an exponential decrease in error. The spin 0 case
blue) exhibits the most significant error propagation, primarily due
o denser and narrower structures forming, which will require much

ore resolution than in the other models. In contrast, the spin 2 case
red) shows lower error propagation, given that the central density of
hese haloes is smaller. As expected, all three spin s ULDM models
onverge to zero at the highest resolution. This works as a consistency
est of the conservation of energy, with better convergence for lower
esolutions in the case of higher spin, since constructive interference
ecomes less likely. Consequently, the spin 0 model will require
igher resolution than spin 1 and spin 2, and the effects of varying
esolutions will be more pronounced in the first case. The behaviour
or a different number of solitons is similar. 

Additionally, we tested the energy stability of the system by
ollowing the ratio W /| E| over time. We considered two different
esh resolutions 5123 and 10243 . Fig. C2 shows the W /| E| ratio

sing Ngrid = 5123 for the three models and Ngrid = 10243 for spin
 only. In all cases, Nsol = 55 was considered. We found that, while
or spin 0 there is a break in the curve due to the resolution, spin 1
nd spin 2 show well-defined convergence behaviour. This becomes
ore evident for larger values of Nsol . In fact, we can reproduce the

ame behaviour using both resolutions for spin 0 if Nsol < 30. That
s, below this threshold it is valid to use both spatial resolutions for
he three models. As mentioned in Section 4.1 , the spin 0 model
equires higher resolution because it has only one component for the
ensity, which could lead to larger values near the resolution limit.
his issue is not present in the other models, where the wavefunction
an be split into more components. Therefore, using Ngrid = 512 for
igure B1. Comparison of the performance between the FFTW library using 
PI with 2, 32, 256, and 1024 cores, and CUDA FFT (cuFFT) library 

n a single CPU. In all cases, the speed was computed relative to the 
erformance of a single core. Horizontal dashed lines indicate the expected 
deal performance for MPI. 

https://docs.nvidia.com/hpc-sdk/cufftmp/index.html
https://github.com/2decomp-fft/2decomp-fft
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Figure C1. Energy variation as a function of time for spin 0 (top), spin 1 
(middle), and spin 2 (bottom) considering a merger of Nsol = 20, without 
loss of generality. 

Figure C2. Evolution of the ratio W/| E| as a function of t/τdyn for spin 
0, spin 1, and spin 2 models with Nsol = 55 (within the range where the 
stability criteria is not fulfilled for Ngrid = 5123 and spin 0). The blue, red, 
and green lines corresponds to spin 0, spin 1, and spin 2 with a resolution of 
Ngrid = 5123 . The black lines refers to the spin 0 model with Ngrid = 10243 . 
Note the significant deviation from the overall stability trend observed for the 
spin 0 model (blue) at t/τdyn > 15 when using the Ngrid = 5123 . 

s  

b
 

d

Figure C3. Evolution of the W/| E| ratio for the spin 0 model as a function of 
t/τdyn . We considered Nsol = 30, 50, 70, and 90 (ordered from top to bottom 

at large τdyn ) within a 100 kpc box and a 5123 meshgrid. We observe that the 
merging begins around 0 . 6 τdyn when most of the solitons merge to form more 
complex sub-haloes, after which the system collapses and gradually relaxes. 
In this sense, the merging time is compared to the dynamical time-scale τdyn . 
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pin 1 and spin 2 is sufficient, and increasing the resolution would
e unnecessarily computationally expensive. 
Finally, in C3 , we show the evolution of the ratio W /| E| for four

ifferent simulations considering spin 0 only to verify that τdyn is 
ndeed appropriate to scale the time evolution of our simulations. 
he peak of the potential energy, which is correlated to the merging
rocess, is shown as a dashed black line. We verify this for different
umbers of solitons Nsol and conclude that the system starts a 
elaxation process after t ∼ τdyn . 

PPENDI X  D :  MULTIPLE  S C A L A R S  

he multifield scenario is characterized by multiple scalar fields ψi 

uch that ψi ∝ ci ψ . The main difference compared to the spin s case
f equation ( 2 ) is that, for the multifield case, the mass distribution is
lobal, leaving little room for local perturbations; larger perturbations 
way from the global value are statistically suppressed and are not
xpected to occur. In contrast, for spin s ULDM, each soliton has
ts own field configuration determined by its linear combination of 
olarization states. This feature is particularly interesting in the spin 
 case, where one could choose to populate only the ε(0) polarization,
nd the evolution of that component would match that of spin 0, albeit
rojected only along the z-axis. On the other hand, in the polarization
asis of a spin s field each soliton can be only partially polarized,
llowing for both gravitational and component-wise interactions, 
hereby leading to a distinct phenomenology. 

In Fig. D1 , we show the differences between the multifield and
pin 1 models under identical initial conditions. From this plot, 
e can conclude that the multifield model with equal boson mass
ields a denser core, resembling the behaviour of the spin 0 case.
his is expected, since the evolution of the three components is
riven by equivalent fields with similar ground states. In contrast, the
pin 1 scenario behaves differently: each soliton has its own matter
istribution across the vector field components, resulting in distinct 
erging processes for each polarization. In some cases, this leads to

he early disruption of cores on a single component, highlighting the
nisotropic dynamics of model. 

PPENDI X  E:  R E S O L U T I O N  TESTS  F O R  λρ

s a complement of Appendix C , we compare the evolution of λρ

s a function of τdyn using both resolutions for the spin 0 model
ith Nsol = 25. This value of Nsol lies within the range where both

esolutions, Ngrid = 5123 and Ngrid = 10243 , converge and satisfy 
MNRAS 543, 4092–4108 (2025)
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he stability criterion (see Appendix C ). In Fig. D2 , we present λρ

or both cases, showing a similar behaviour for both scenarios. The
orresponding values of λ∞ 

ρ for each case are also included. Beyond
sol > 30, there is no convergence for λρ with Ngrid = 5123 . 

PPENDIX  F:  C O N V E R G E N C E  R AT E  F O R  λ∞ 

ρ

his section presents the evolution of λρ as a function of Nsol for
ifferent dynamical times. In Fig. F1 , we observe the curves for this
uantity at t = { 5 , 20 , ∞} τdyn , for the spin 0 (left), spin 1 (centre),
nd spin 2 (right) models. We found that the larger the dynamical
ime at which the densities from ( 20 ) were computed, the greater the
orresponding value of λρ for the same Nsol . The saturation value
s reached when t → ∞ . Due to computational limitations, in this
ork, we limit the simulations to 20 τdyn to perform the fits discussed

n Section 6 . Additionally, we considered more than 5 τdyn , since
or the larger Nsol , the systems show that they satisfy the energy
elaxation criteria, but some solitons still stay in orbit. On the other

igure D1. Density profiles after 5 Tdyn following the merger of 15 initial
olitons for five different initial conditions using a box of 100 kpc and 5123 

esh grid points. The curves (from top to bottom at small radii) represent,
espectively: a scalar field, a three-component multifield model, and a spin 1
ase. The gradation of tones (darker = later) shows the time evolution. 

igure D2. Evolution of λρ as a function of τdyn for spin 0 considering
wo different simulation resolutions: 5123 (denotted by solid circles) and
0243 (denoted by crosses), for Nsol = 25 (within the range where the
nergy stability criterion is satisfied for both resolutions). The asymptotic
onvergence value at infinity is also shown for both cases. 
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igure F1. From top to bottom: evolution of λρ for different Nsol for t =
 5 , 20 , ∞} τdyn for spin 0 (left), spin 1 (centre) and spin 2 (right). 

and, we also observe that, for the same dynamical time, λρ is higher
he lower the spin, due to the prominent cores for the spin 0 model,
howing a very defined hierarchical evolution for this quantity. 
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