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Abstract – The protein hydrophobin HFBII self-assembles into very elastic films at the surface
of water; these films wrinkle readily upon compression. We demonstrate and study this wrinkling
instability in the context of non-planar interfaces by forming HFBII layers at the surface of bubbles;
the interfaces are then compressed by deflating the bubble. By varying the initial concentration
of the hydrophobin solutions, we are able to show that buckling occurs at a critical packing
fraction of protein molecules on the surface. Independent experiments show that at this packing
fraction the interface has a finite positive surface tension, and not zero surface tension as is usually
assumed at buckling. We attribute this non-zero wrinkling tension to the finite elasticity of these
interfaces. We develop a simple geometrical model for the evolution of the wrinkle length with
further deflation, and show that wrinkles start close to the needle used for deflation and grow
rapidly towards the mid-plane of the bubble. This geometrical model yields predictions for the
length of wrinkles in good agreement with experiments, independently of the rheological properties
of the adsorbed layer.

Introduction. – From the formation of finger prints
[1] to geological structures [2], the buckling of thin sheets
in various situations can be explained by the onset of an
elastic instability in which an in-plane compression leads
to an out-of-plane deformation. The theory of elasticity of
a beam or a plate [3] can be used to predict the wavelength
and amplitude of the wrinkles by balancing the bending
and stretching energies [4, 5]. Conversely, buckling instabilities have frequently been used to infer properties of
materials, such as Young’s modulus and thickness, based
on measurements of the wrinkling pattern [6, 7].
Wrinkling is also observed in materials with more complicated rheologies than simple Hookean solids. For example, wrinkling has been observed in surfactant and protein
monolayers [8] as well as in ‘particle rafts’ [9, 10]. While
these systems have been well studied, theoretical models
are often based on the assumption that buckling occurs
when the interfacial tension vanishes (so that deformation
out of the plane costs little or no surface energy). This
hypothesis has been verified experimentally for films with
no significant elastic shear modulus, such as lung surfac-

tants [8]. However, the literature provides many examples
of layers buckling before this zero tension state is reached.
For example, interfaces coated with spherical [11] and ellipsoidal [12] colloidal particles buckle upon compression
whilst the interfacial tension is still a significant fraction
of its value before coating. Although commonly observed,
the buckling of layers with finite shear modulus has yet to
be fully understood from a theoretical point of view. Various models based on the mechanics of elastic sheets have
been proposed to explain the observed wavelength of wrinkles [9,13]. It is also observed that folds may form in such
systems; one proposal is that the formation of these folds
is analogous to the formation of Griffith cracks in solid
plates [14]. Nevertheless, no existing model is able to explain the observation of buckling at finite surface tension
and, in particular the sensitivity of the buckling tension
on the geometry of the experimental apparatus [10, 15].
The observation that the onset of wrinkling has a vital
geometrical aspect makes it surprising that most studies
of the buckling and collapse of interfacial monolayers focus largely on compression in planar geometries such as a
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Langmuir trough. Recently, Stanimirova et al. [16] have
observed wrinkles on a pendant droplet covered by the surfactant Saponin, which has the potential to develop highly
elastic monolayers. Here, we develop a controlled setup to
investigate the wrinkling of hydrophobin HFBII films on
the surface of a bubble where the compression of the interface is achieved by deflation of the bubble. Our use of the
protein hydrophobin HFBII is motivated by recent interest
in its ability to self-assemble into highly elastic films. This
high level of elasticity is believed to explain HFBII’s capacity to stabilize foams on long timescales [17], which in turn
makes it of interest in a range of food and medical applications. We focus on studying the wrinkling of hydrophobin
films in this geometry since it is both one of practical interest and because it removes some of the complexities
that arise studying wrinkling in planar Langmuir troughs,
such as friction with side walls [15]. We show that buckling appears to occur when the hydrophobin layer reaches
a critical surface concentration but also demonstrate that
some features of the problem, such as the rapid rate at
which wrinkles grow, can be understood using purely geometrical ideas.
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Fig. 1: (a) Experimental image of a wrinkled bubble in hydrophobin solution. The bubble is initially allowed to equilibrate with the bulk solution before it is deflated causing the
wrinkling seen here. (b) Schematic diagram illustrating the
model parameters used here, namely the radius of the needle
to which the bubble is attached, a, the typical radius of curvature of the bubble, R, and the length of the wrinkled portion
Lw .

wrinkles form when the molecules reach a critical packing
fraction. This hypothesis may be confirmed by estimating the molecular area at which wrinkling first occurs. To
do this, we use a plot of the surface pressure, Π, (defined
in terms of the surface tensions of the clean and dirty interfaces, γc and γd , respectively, by Π = γc − γd ) as a
function of the average area occupied per molecule, Am .
Fig. 2 shows such a surface pressure isotherm for an interface compressed in a Langmuir trough1 . The equilibrium surface tension of the hydrophobin solution, together
with the surface pressure isotherm, gives an estimate of
the average surface area per molecule on the surface of
the bubble initially, Am
i . The average surface area per
m
molecule at the onset of wrinkling, Am
w = Ai ×Swrink /Seq ,
can then be calculated and the surface pressure at wrinkling Πw = Π(Am
w ) deduced from the isotherm. The results of this procedure are shown in Fig. 2 and demonstrate that the value of Πw is well-defined and is, to
within experimental errors, independent of the equilibrium surface pressure of the solution. Here, we observe
that the apparent surface tension at wrinkling is not negligible (γwrink = γC − Π ≃ 72.8 − 30 ≃ 42.8 mN/m). We
note that this estimate is based on the surface-averaged
Results. – As the bubble is deflated we see that wrin- area per molecule at wrinkling. Since wrinkling cannot
kles appear first at a critical value of the bubble surface occur unless the stress within the interface is locally comarea Swrink (see Fig. 2a-c). Experiments show that this pressive, we conclude that the true stress state within the
critical value is proportional to the surface area of the layer must be inhomogeneous and anisotropic. However,
bubble before deflation, Seq , for bubbles of different ini- it is not possible to distinguish between the contributions
tial sizes (see Fig. 2a-c). We note that the compression to this stress state from the elastic response of the interratio at wrinkling, Swrink /Seq , varies with the initial equi- face and variations in the ‘true’ surface tension [20]; we
librium surface tension of the hydrophobin solution. As
1 It should be emphasised here that, as studied in previous work
might be expected, Swrink /Seq → 1 as the concentration
the measurements of surface pressure returned by a Wilhelmy
of hydrophobin in the bulk solution (and hence on the [15],
plate in a rigid layer might not correspond simply to the pure surface
interface) increases; the bubble wrinkles with a smaller pressure. However, this technique can still be useful to provide an
amount of compression. This observation suggests that idea of the surface area per molecule and pressure at wrinkling.
Experiment. – Class II hydrophobin (HFBII) from
Trichoderma Reesei was a gift from Unilever Global Development Centre and was obtained from VTT Biotechnology (Espoo, Finland). Details of the preparation are
described elsewhere [18,19]. A drop tensiometer (First Ten
Angstroms, UK) comprising of a precise microstage and a
camera was used for the buckling experiment. A bubble
was formed at the tip of a J-needle dipped into a cuvette
filled with a hydrophobin solution, left to equilibrate for
20 minutes (to reach the equilibrium surface tension of the
surrounding solution), and then deflated by sucking the air
back into the syringe gently, see Fig. 1. The volume and
surface area at which the bubble wrinkles can be recorded
as well as the length of the wrinkles. The J-needles with
outer diameters of 0.75 mm and 1.25 mm were made by
bending blunt stainless steel needles with round pliers.
The experiment was repeated varying the initial volume of
the bubble (typically between 2 and 10 µL) and the surface
tension of the bulk hydrophobin solution. The equilibrium
surface tension of the hydrophobin solutions was measured
by Wilhelmy plate tensiometry (process tensiometer K12,
Kruss GmbH, Hamburg).
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therefore refer to the stress state of the layer in what follows. Finally, we note that the value of γwrink measured
here is consistent with observations by Kisko et al. [21] on
hydrophobin HFBII films, who imaged the collapse of the
layer by Brewster Angle Microscopy at a surface pressure
≥ 30 mN/m.
Once wrinkles have appeared near the needle, their
length grows dramatically as the bubble is deflated further. This is illustrated in Fig. 3, which shows the wrinkle
length as a function of bubble volume for a range of initial bubble volumes and bulk solution concentrations. In
the next section we present a minimal model aimed at
explaining this behaviour. Our model is based on the assumption that the surface pressure is not isotropic within
the thin layer, as is demonstrated by the formation of orientated wrinkles. Furthermore, we assume that wrinkling
occurs “far from threshold” [22], so that the stress along
the wrinkles dominates that perpendicular to the wrinkles.
Because of the anisotropy of the stress state, the shape
of the bubble will deviate significantly from the Laplace–
Young equation, as discussed by Stanimirova et al. [16].
We therefore begin by discussing the equations describing
the shape of such a bubble.
Model. – We model the bubble as an elastic capsule
of thickness h and Young’s modulus E. Initially the bubble has some typical radius, R, and is subject to an internal
pressure p ≈ 2γe /R with γe being the equilibrium surface
tension coefficient for the hydrophobin solution. Studies of
the deformation of a pressurized spherical capsule [23, 24]
show that the bending stiffness of the capsule may be neglected if the dimensionless tension in the capsule due to
the internal pressure
 2
p R
≫ 1.
(1)
τ=
E h
For the hydrophobin-coated bubbles studied here with
a thickness h ≃ 2 nm, the effective Young’s modulus
E may be estimated from the surface elastic modulus
ε = Eh where ε can in turn be estimated from the
slope of compression isotherms as ε = A × (dΠ/dA). For
γe ≃ 50 mN/m, ε ≃ 30 mN/m and E ≃ 15 MPa. With
R ≈ 1 mm, we therefore find that τ & 105 , i.e. τ ≫ 1: the
bending stiffness may safely be neglected in what follows.
The stresses within the surface, the meridional stress σs
and the azimuthal, or hoop, stress σφ , determine the shape
of the capsule according to the normal and tangential force
balance equations
cos θ
1 d
(rσs ) −
σφ = 0.
r ds
r
and

(2)

sin θ
dθ
+ σφ
− ρgz.
(3)
ds
r
These equations are also known as the equations of
membrane-shell theory [25, 26]. In eqns. (2)-(3), s is the
arc length measured from the base of the bubble (where
p = σs

it contacts the needle) along the bubble surface and θ(s)
is the inclination of the surface tangent to the horizontal.
The position of a point on the bubble surface, [r(s), z(s)],
is determined in terms of the arc length s and interfacial
inclination θ(s) by the geometrical relationships
dr
= cos θ,
ds

dz
= sin θ.
ds

(4)

Equations (2), (3) and (4) are to be solved together with
the boundary conditions that
z(0) = 0,

r(0) = a,

r(smax ) = 0,

θ(smax ) = π

(5)

for 0 ≤ s ≤ smax for some smax . In reality, the value of
smax will be determined by the volume of the bubble V
according to
Z z(smax )
Z smax
V =
πr2 dz =
πr2 sin θ ds .
(6)
0

0

We note that upon letting σs = σφ = γ (as is usually the
case for bubbles) then eq. (3) becomes the Laplace–Young
equation [27], and eq. (2) is identically satisfied because
of the geometrical relationship of eq. (4).
We intend to study the numerical solutions of eqns. (2)–
(3) in the future. This requires the assumption of a constitutive relationship between stresses and strains. However,
to obtain some physical understanding of the growth of
wrinkles, we present here a simplified, geometrical model.
This approach eliminates some of the problems and uncertainties associated with our incomplete knowledge of the
mechanical behaviour, i.e. the rheology, of hydrophobin
monolayers.
In studies of the wrinkling of membranes (sheets with
negligible bending stiffness), it is common to assume that
the stress in the direction perpendicular to the wrinkles
is significantly smaller than that in the direction along
the wrinkles [5, 22, 28]; wrinkling relieves the compressive
stress. For the wrinkled bubbles studied here, therefore,
we assume that σφ ≪ σs within the wrinkled region. Furthermore, we assume that σs /R ≫ p + ρgz(smax ) so that
eq. (3) becomes
dθ
≈0
(7)
σs
ds
within the wrinkled region 0 ≤ s ≤ Lw with Lw denoting
the length of the wrinkles. This approximation is motivated by the experimental observation that within the
wrinkled region of the bubbles θ ≈ α, a constant. In
the unwrinkled region, we assume that the stress state
is isotropic so that σφ = σs and, for simplicity, we take
σφ = σs = σ0 with the additional assumption that
p ≫ ρgz(smax ) so that the unwrinkled portion of the bubble is simply a spherical cap, again as is observed experimentally.
Taken together our assumptions model the wrinkled
bubble as consisting of a wrinkled part, in which the interface makes a constant angle α with the horizontal, connected to an unwrinkled, spherical cap. We note that
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Fig. 2: There is strong evidence that buckling occurs at a fixed area per molecule. The inset illustrates that the surface area
of the bubble when the first wrinkles appear, Swrink , is proportional to the surface area of the bubble before compression, Seq .
Each marker represents a new bubble, and a single compression experiment. The data sets in (a), (b) and (c) correspond to three
hydrophobin solutions respectively with surface tensions of 52 mN/m, 48 mN/m and 44 mN/m. These initial surface pressures
are reported on an isotherm of compression (∗, +,×) obtained from compression of a hydrophobin layer in a Langmuir trough,
as shown in the main panel. The compression ratio Swrink /Seq can be deduced from the inset plots, and used to calculate the
mean molecular area and surface pressure at wrinkling (◦, △, ); all three markers coincide.

with this assumption, elementary geometry ensures that
α = β, with α and β defined in Figure 1. The advantage of these simplifications are two-fold: firstly this model
is analytically tractable, secondly we neglect the details
of the stress state within the bubble, which depends on
both the detailed rheology of the interface as well as the
history of bubble deformations from an initial condition
[26]. To close the model, we assume that the surface area
of the bubble is fixed at its value at the onset of wrinkling, S = Swrink ; this corresponds to assuming that the
molecules are already at maximum packing and cannot
pack further.
The connection between the wrinkled and unwrinkled
parts occurs at an unknown arclength s = Lw . The position of the boundary of the wrinkled region, Lw must
be determined as part of the solution of the problem. Indeed, the position of the wrinkle extent has recently been
a focus of considerable theoretical and experimental effort in related systems [7, 20, 22, 23]. We therefore focus
on understanding the evolution of the wrinkle length as
the volume of the bubble is decreased further beyond the
onset of wrinkling.
The surface area of the bubble is the sum of that of
the section of a cone (the wrinkled region) and a spherical
cap of radius R (the unwrinkled region), which may be
expressed as
 2

S
R
π
2
(1
+
cos
α)
−
1
(8)
S̃ = 2 =
a
cos α a2

while the volume is


π R3 (1 + cos α)2
V
− tan α .
Ṽ = 3 =
a
3 a3
cos α

(9)

Here we are using the radius of the needle, a, to nondimensionalize all lengths since this is the only length scale
remaining in the problem after the capillary length has
been eliminated by neglecting the effect of gravity. S̃ and
Ṽ are thus the dimensionless surface area and volume of
the bubble, respectively. Geometry may also be used to
show that the dimensionless length of the wrinkles is given
by
Lw
R
= tan α − sec α.
(10)
L̃w =
a
a
For a given initial surface area at the wrinkling point
S̃ = S̃w , we may use the angle α to parametrize the bubble shapes with this S̃. To do this, we calculate the bubble radius R(S̃w ; α) from eq. (8) and use this value in
eqns. (9) and (10) to give the corresponding bubble volume and wrinkle length. In this way, it is possible to plot
the wrinkle length as a function of bubble volume for different initial surface areas. Such a plot is shown in Fig. 3
for a variety of different values of S̃w . We note that the
agreement between theoretical predictions for the length
of the wrinkles and experimental observations is extremely
good; we emphasize especially that there are no fitting parameters in this model.
The most striking feature of the theoretical and experimental curves in Fig. 3 is that the curves are normal to
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transition) rather than discontinuously. This result may
be demonstrated analytically by showing that V ′ (α0 ) = 0
where α0 is such that Lw (α0 ) = 0, which in turn requires
that R(α0 ) sin α0 = a.
Conclusion. – We have studied the deflation induced
buckling of bubbles coated by hydrophobin. This is novel
both in the sense that wrinkled bubbles may be of interest in applications and also because it may enable us in
future to study the rheology of such interfaces in more
realistic, curved geometries than the use of a Langmuir
trough currently allows. This latter feature is particularly
important since numerous studies have shown that the
use of a Langmuir trough and Wilhelmy plate introduce
geometrical complications that may invalidate results for
practically relevant scenarios.
Our study has shown that the wrinkling instability first
occurs when the molecules reach a critical packing fraction. The presence of elastic effects within the interface
means that the surface tension of the interface does not
vanish at this packing fraction. Furthermore, the geometrical nature of the wrinkling instability was highlighted by
a simple geometrical model using a minimal set of physi-
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