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A B S T R A C T

Understanding of climate change and policy responses thereto rely on accurate measurements
as well as models of both socio-economic and physical processes. However, data to assess
impacts and establish historical climate records are non-stationary: distributions shift over
time due to shocks, measurement changes, and stochastic trends - all of which invalidate
standard statistical inference. This thesis establishes econometric methods to model non-
stationary climate data consistent with known physical laws, enabling joint estimation and
testing, develops techniques for the automatic detection of structural breaks, and evaluates
socio-economic scenarios used in long-run climate projections.

Econometric cointegration analysis can be used to overcome inferential difficulties stem-
ming from stochastic trends in time series, however, cointegration has been criticised in climate
research for lacking a physical justification for its use. I show that physical two-component
energy balance models of global mean climate can be mapped to a cointegrated system,
making them directly testable, and thereby provide a physical justification for econometric
methods in climate research.

Automatic model selection with more variables than observations is introduced in mod-
elling concentrations of atmospheric CO2, while controlling for outliers and breaks at any
point in the sample using impulse indicator saturation. Without imposing the inclusion
of variables a-priori, model selection results find that vegetation, temperature and other
natural factors alone cannot explain the trend or the variation in CO2 growth. Industrial
production components, driven by business cycles and economic shocks, are highly significant
contributors.

Generalizing the principle of indicator saturation, I present a methodology to detect
structural breaks at any point in a time series using designed functions. Selecting over these
break functions at every point in time using a general-to-specific algorithm, yields unbiased
estimates of the break date and magnitude. Analytical derivations for the split-sample
approach are provided under the null of no breaks and the alternative of one or more breaks.
The methodology is demonstrated by detecting volcanic eruptions in a time series of Northern
Hemisphere mean temperature derived from a coupled climate simulation spanning close to
1200 years.

All climate models require socio-economic projections to make statements about future
climate change. The large span of projected temperature changes then originates predomi-
nantly from the wide range of scenarios, rather than uncertainty in climate models themselves.
For the first time, observations over two decades are available against which the first sets of
socio-economic scenarios used in the Intergovernmental Panel on Climate Change reports can
be assessed. The results show that the growth rate in fossil fuel CO2 emission intensity (fossil
fuel CO2 emissions per GDP) over the 2000s exceeds all main scenario values, with the dis-
crepancy being driven by underprediction of high growth rates in Asia. This underestimation
of emission intensity raises concerns about achieving a world of economic prosperity in an
environmentally sustainable fashion.
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1
I N T R O D U C T I O N : H A Z A R D S I N E C O N O M E T R I C M O D E L S O F
C L I M AT E C H A N G E

Abstract

Econometric tools based on cointegration and model selection have the potential
to contribute to existing climate research through rigorous observation-based
analyses, however, these have to be conducted carefully to avoid statistical hazards.
The importance of this is highlighted in the first chapter by assessing two studies
from the recent literature using econometric techniques in climatology after a
brief description of a basic model of the Earth’s climate and changes therein. The
chapter concludes with an overview of the thesis.

This chapter has been published as:

Pretis, F. and Hendry, D.F. 2013. “Some Hazards in Econometric Models of Climate
Change”. Earth System Dynamics. 4, 375-484.

and

Pretis, F. and Allen, M.R. 2013. “Climate Science: Breaks in Trends”. Nature
Geoscience. 6, 992-993.
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1.1 introduction

Human influences on climate are clear (IPCC, 2013), yet it has proved difficult to establish
robust links between specific human actions and climate outcomes given natural variability
and the highly varying observed climate time series. Understanding of climate change and
responses thereto rely on accurate measurements as well as models of both socio-economic
and physical processes. However, data to assess impacts and establish historical climate
records are non-stationary: distributions shift over time due to shocks, measurement changes,
and stochastic trends - all of which invalidate standard statistical inference and require careful
data analyses to obtain viable inferences.

In this thesis I develop and apply econometric methods to augment climate research by
disentangling complex links between human actions and natural variability and their climate
responses masked by stochastic trends, omitted variables and breaks. To do so, I establish
econometric methods to model the non-stationary nature of the data consistent with known
physical laws and socio-economic processes, enabling joint estimation and testing. I propose
procedures to detect structural change - both to generate robust models, as well as to use
break detection as an aim in itself - by detecting previously unknown events and quantifying
their magnitudes.

Econometric tools based on cointegration and model selection have the potential to
contribute to existing climate research through rigorous observation-based analyses, however,
these have to be conducted carefully to avoid statistical hazards. The importance of this
is highlighted in the first chapter by assessing two studies from the recent literature using
econometric techniques in climatology after a brief description of a basic model of the Earth’s
climate and changes therein.

1.2 econometric models of climate change

Earth’s climate is driven by natural variability and anthropogenic (human) influences - see
IPCC (2013) for a comprehensive overview. Natural variability broadly stems from solar
radiation, Earth’s orbit and tilt, the composition of its atmosphere and ocean circulation.
Anthropogenic factors include emission of greenhouse gases (GHGs), aerosols, and land
use changes. The concentration of GHGs has direct effects on Earth’s climate – in highly
simplified terms (i.e., using a model with an atmosphere made up of a single isothermal slab),
heat enters the Earth’s atmosphere as short-wave radiation from the Sun, and is radiated
in the form of long-wave radiation from the warmed surface to the atmosphere, where
greenhouse gases absorb some of that heat. This heat is re-radiated, so some radiation is
directed back towards the Earth’s surface. Thus, greater concentrations of greenhouse gases
increase the amount of absorption and hence re-radiation. The most prominent greenhouse
gases include water vapour, carbon dioxide (CO2), methane (CH4), nitrous oxide (N2O), ozone
(O3), and chlorofluorocarbons (CFCs). The physics of greenhouse gases are reasonably well
understood, and date from insights in the late 19th century by Arrhenius (1896), who showed
that atmospheric temperature change was proportional to the logarithmic change in CO2. The
longevity of effects of different gases varies drastically across the gases, for example N2O has
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Figure 1: Time series of Radiative Forcing (Top) and Global Mean Surface Temperature Anomaly
(bottom). Total forcing is shown in red as the sum of the individual factors including well-mixed
greenhouse gases (WMGHGs, black), stratospheric aerosols (volcanic eruptions, dashed green) etc.

a lifetime1 around 121 years, while CO2 is extremely long-lived with no lifetime that can be
calculated (Myhre et al. 2013). Thus, any shock in a source of emissions in CO2 will remain
present unless a sink actively removes it.

Together with many other factors (e.g. solar irradiance, reflective aerosols from volcanic
eruptions, soot, etc.) the effect of GHGs is quantified through the concept of radiative
forcing. In simple terms, this captures the change in energy in the atmosphere due to a
change in concentration of a GHG or other factor. The radiative forcing effect, measured
in watts per square meter (wm−2), is calculated for the different forcing agents (e.g. GHGs,
aerosols) and links the effect of the concentration of a gas on to temperatures. Myhre et al.
(2001) provide an extensive overview of the different radiative forcing of various greenhouse
gases: a well known equation describes the radiative forcing effect of atmospheric CO2

as FCO2 = 5.35ln(CO2/CO2,1860) where CO2,1860 denotes the pre-industrial concentration,
generally assumed to be 280ppm. Figure 1 (top) shows the radiative forcing of different
factors over the latter half of the 20th century (Meinshausen et al. 2011). The bottom panel
shows the global mean surface temperature anomaly2 over the same time period (Hansen et al.
2010). Greenhouse gases are grouped together3 as well-mixed GHGs (WMGHGs) due to their
long lifetime and property that they are ”well-mixed” – concentrations are at approximately
the same level across the globe (Myhre et al., 2013).

The effect of GHGs and other factors onto temperatures can be modelled using energy
balance models (EBMs) equating incoming and outgoing energy. Equation (1) shows a simple

1 Lifetime is defined as the time it takes to turn over the global atmospheric burden, the total burden or concentration
divided by mean global sink (i.e. how much is removed per year) - see Myhre et al. (2013).

2 Global mean surface temperatures are traditionally reported as anomalies relative to a reference period. The
reference period here is 1951-1980.

3 The major gases grouped together as WMGHGs include CO2, CH4, N2O, and SF6 (Sulfur hexafluoride).
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zero-dimensional energy balance model (see e.g. Kaufmann et al. 2013) describing the change
in atmospheric temperatures (T) over time t:

C
dT
dt

= F− λT (1)

where C is the heat capacity, F denotes the radiative forcing in wm−2(e.g. from GHGs) and λT
captures the feedback of increased outgoing long-wave radiation from higher temperatures.
The forcing F consists of the aggregate of all forcing effects. An increase in the forcing F (e.g.
due to increased emissions of CO2) leads to an increase in temperatures dT/dt > 0 subject to
a feedback of −λT.

The simple EBM (1) provides the motivation and starting point for the use of econometric
analyses of climate dynamics. In simple zero-dimensional energy balance models the time-
series properties of radiative forcing should be transferred onto temperature, in other words if
both GHGs and temperatures are driven by the same stochastic trends or shocks, they should
cointegrate or co-break. This provides the basis for using statistical methods to link effects of
greenhouse gases to temperature responses. The transfer of time series properties may not
hold for a limited number of observations, sufficiently noisy time series, or if the model is
inappropriate. However, Kaufmann et al. (2013) provide evidence that this result generalizes
from simple to more complex climate models: the stochastic trend in model temperature is
driven by the stochastic trends in the anthropogenic forcing series. Equally, if there are breaks
in anthropogenic forcing, one could expect these breaks to be present in observed temperature
series as well.

There are various reasons why the observed record of temperature and other climate
variables may not exhibit the warming patterns suggested by theory or large-scale simulated
coupled climate models.4 Empirical modelling can play a role in investigating these underlying
issues and test whether observations exhibit the relationships implied by theory. Econometric
methods specialised in the analysis of non-stationary time-series, model-selection, and break
detection can augment climate research by investigating these empirical links to test theories,
estimate parameters, identify policy as well as other previously unknown effects, and assess
model robustness and stability.

In this thesis, I first provide an overview of hazards that arise in time-series econometric
models of climate (chapter 1), I then show how a physical system can be mapped to a
cointegrated vector autoregression (CVAR), providing an econometric system approach to the
estimation of relationships between temperatures, ocean heat, and radiative forcing (chapter
2). Chapter 3 then explores how one of the forcing series, atmospheric CO2, can be modelled
endogenously without prior restrictions on which contributing variables are relevant, using
model selection methodology for more variables than observations. This approach introduces
indicator saturation methods to detect structural breaks and outlying observations in the
form of impulses to the modelling of climate data. I then generalize the principle of indicator
saturation to designed break functions - treating the detection of breaks as an aim in itself
(chapter 4). The resulting methodology is applied to detect volcanic eruptions in temperature
time series. All climate models, ranging from small EBMs to large-scale simulated models
rely on socio-economic projections to make statements about future climate change. Chapter

4 Coupled climate models refer to large-scale computer simulations coupling ocean and atmosphere dynamics.
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5 assesses the performance of the initial socio-economic scenarios used in IPCC reports to
provide evidence on the course of global development.

1.3 hazards in econometric models of climate change

There are at least six key reasons why econometric models may lead to spurious conclusions:
data measurement errors (e.g. inaccurate interpolation); unmodelled shifts (when a change
in policy or measurement shifts a relationship); mistaken inference; incorrectly modelled
relations (when the residuals from the estimated relationship do not satisfy the statistical
properties of the assumed error processes, so claimed inferences are invalid); omitted variables’
bias (omitting relevant explanatory variables); and aggregation bias (mixing data from very
different populations). All six can powerfully distort any empirical statistical study, and need
to be controlled for to avoid coming to fallacious conclusions.

In this chapter I highlight some of these hazards5 based on two recent papers: Estrada
et al. (2013), on detecting and attributing breaks in linear trends, and Beenstock et al. (2012)
on cointegration of temperatures and greenhouse gases. In particular the focus here lies
on unmodelled shifts (through policy intervention and measurement changes), incorrectly
modelled relations (through stochastic trends and mistaken physical relationships), and
omitted variables (primarily ocean effects). While the individual hazards are specific in their
nature, they illustrate technical difficulties which may lead to spurious conclusions, and are
representative of the broad range of hazards encountered in time series analysis of climate
data. The individual hazards span three common themes that have to be tackled: structural
breaks, stochastic trends, and consistency of statistical models with underlying physical laws.

Global temperature records and radiative forcing of greenhouse gases (GHGs) are non-
stationary time series, the statistical properties of which invalidate standard inference proce-
dures that seek to detect relationships between them. Non-stationarity comes in many forms,
two of which are particularly prominent: stochastic trends from economic activity and sudden
shifts through policy interventions, natural shocks, or changes in measurement.

Cointegration analysis can be used to overcome the inferential difficulties resulting from
stochastic trends when that is the only source of non-stationarity, and is applied to test whether
there exist combinations of non-stationary variables that are themselves stationary (see Hendry
& Juselius 2001). Cointegration analysis crucially relies on the time-series properties of the
available data, and while tests can be performed on an estimated equation’s residual in
bi-variate models (see Engle & Granger 1987), cases with more than two variables require
testing in a system setting. The literature6 on stochastic trends and cointegration differentiates
between series being stationary, trend stationary, first difference stationary, denoted I(1), and
stationary in second differences, I(2). Stationary variables are drawn from distributions that
are invariant over time. Trend stationarity implies that a series is stationary once a linear
trend component is removed. Integrability refers to one aspect of the stationarity properties
of a time series. Series that are integrated of order one, I(1), and two, I(2), are stationary
if differenced once or twice respectively.7 An I(1) process contains a unit-root, that is, the
characteristic polynomial of the process has a root at 1. The presence of more than one unit

5 Pretis & Hendry (2013) provides a complete treatment of all six hazards relative to the work of Beenstock et al.
6 The focus here lies on linear processes, cointegration in non-linear processes can also be considered – see

Berenguer-Rico & Gonzalo (2014).
7 In general a series that is I(k) needs to be differenced k times to be stationary.

15



root is indicative of higher order integration (e.g. I(2)). The level of integration is traditionally
determined using unit-root tests.8

Unmodelled shifts are unaccounted changes in the distributions of the variables in the
model over time. These unmodelled shifts (due to many potential causes, including techno-
logical innovations, changes in legislation, wars, major geophysical disturbances, changes
in measurement etc.) can play havoc with statistical inference: they add an additional non-
stationarity to that induced by integrating forces (such as unit roots). For example, standard
inference made under the assumption of stationarity will be invalid if there is a shift in the
mean—the underlying distribution of that variable is then not invariant over time. Further,
unmodelled shifts distort the relationships between the variables that have been included; lead
to residuals with properties that differ from the assumed error processes and thus invalidate
inference; and can induce forecast failure out of sample. These shifts or structural breaks
require explicit modelling, however, their timing and magnitudes are often unknown a-priori.
In any data series, there might be an unknown number of location shifts of unknown durations
and magnitudes, possibly from unknowingly omitted variables: data-based, sample-wide
procedures are required to detect changes.

1.3.1 Structural Breaks in Climate Data

There are uncountable possible reasons for breaks in observed data. Common candidates
include policy interventions and changes in measurement. These shifts or breaks have to be
modelled for valid inference and identified using sample wide searches if they are previously
unknown. Breaks themselves can be informative - they can provide insight into whether
policy is effective or identify previously unknown events such as volcanic eruptions (see
Chapter 4), and be used to evaluate models (see Pretis et al. 2015).

Policy Interventions

Estrada and colleagues (2013) investigate the relationships between the time series of global
mean temperatures and atmospheric greenhouse gas concentrations using tests for breaks
in trends, arguing that both time series of temperature and atmospheric greenhouse gas
concentrations can be approximated by deterministic, linear trends with breaks. Using tests
to identify these break points in each time series, they find that the trends and breaks in the
evolution of temperature and of atmospheric greenhouse gas concentrations match up. Based
on these matches, Estrada et al. conclude that two changes in human-made emissions may
have contributed to the relatively slow warming over the past fifteen years or so: reductions
in the emissions of chlorofluorocarbon (CFC) greenhouse gases that were regulated under the
Montreal Protocol from 1989 to protect the Earth’s stratospheric ozone layer; and a cut-back
in methane emissions as a result of changes in farming practices since the 1990s. They also
identify the impacts of the two World Wars and the Great Depression on carbon dioxide

8 System-based cointegration analysis (Johansen, 1988), as used in Chapter 2, does not require pre-testing for
unit-roots. The term unit root stems from the case when unity is a solution to the characteristic polynomial of a
process. As an example, let yt be the first-order autoregressive process: yt = αyt−1 + εt where εt is a white-noise
process. Note that yt is a random walk, which is an I(1) process, and has a unit root if α = 1. To see this, using
the lag-operator L (see Hendry 1995, Ch4.), the process can be expressed as yt = αLyt + εt, so re-arranged to
(1− αL)yt = εt where (1− αL) is a first order polynomial in L. This polynomial has a root of 1/α, and thus a
unit-root if α = 1.
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emissions, on the rate of warming during the 20th century. Estrada et al. identify the breaks
using the sample-wide Perron and Yabu (2009) procedure which tests for a single break in a
linear trend.

There are concerns with both the break detection approach as well as with the underlying
models. The Perron-Yabu (2009) test allows for at most one break at a time, thus, requiring
a sequential testing procedure to detect multiple breaks. The sequential approach implies
that the detection of possible first breaks will be affected by the presence of further breaks
and may therefore lead to spurious results. A general to specific approach starting with a
general model of a break at every point without an upper limit on the number of breaks can
offer improvements – chapters three and four of this thesis propose and apply methods for
multiple breaks. A further concern is Estrada et al.’s search for breaks in linear trends - if the
linear trend model is incorrect (as section 1.3.2 suggests), it is likely that stochastic movement
could be attributed to changes in deterministic trend functions resulting in spurious detection.

Changes in Measurement

Changes in measurement equally can manifest themselves as breaks in observations and
wreak havoc with conventional inference. In their empirical statistical study of temperature
and radiative forcing of greenhouse gases, Beenstock et al. (2012) present statistical tests
that purport to show that these variables have different integrability properties, and hence
cannot be related unless they polynomially cointegrate. Beenstock et al. then show that
their constructed measure of anthropogenic forcing (a component of F in equation (1)), an
“anthropogenic anomaly”, does not cointegrate with observed temperature, presenting this
as evidence against anthropogenic global warming. Beenstock et al. address an interesting
question, to do so they rely heavily on the time-series properties, in particular the order of
integration of the data to reach their conclusions. They argue that temperatures are I(1) while
individual anthropogenic GHGs are I(2). In their analysis, the GHGs cointegrate into an I(1)
process, an “anthropogenic anomaly”, which, however, they find is not cointegrated with
global mean temperatures. Cointegration methods as applied in Beenstock et al. require that
series first exhibit the same degree of integration before a meaningful relationship between
them can be established. Therefore, unit-root tests to determine the level of integration often
play a major part in single-equation cointegration analyses.

We obtained the data on concentration of greenhouse gases used by Beenstock et al. (2012,
see their section 3.1) using the values provided by Myhre et al. (1998) to convert the series into
their radiative forcing equivalents. The fact that the measured series of GHGs come from a
variety of different sources is omitted from Beenstock et al. If the measurements were identical
in all sources, this would not be an issue: however, our graphs reveal sharp differences in the
data properties. Consider the CO2 and N2O series. Both are initially based on ice core data
(up to the dates indicated by the vertical lines in Figure 2: 1850 until 1958 for CO2 and 1850

until 1978 for N2O) followed by flask and other measurements thereafter. Figure 2b shows
that up until approximately the point when the switch from ice-core to non-ice core data was
made, many of the changes have precisely the same magnitude, revealing an artificial pattern
different to the latter half of the sample. Moreover, there are large changes in the variances
of the second differences of both series at the measurement system switch. Despite the
well-established problems for unit-root tests, the data are analyzed in Beenstock et al. as if they
come from the same populations. Interacting with unmodelled shifts, measurement errors can
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Figure 2: Time series of the first and second differences of rfCO2 and rfN2O

can lead to false interpretations of the stationarity properties of data. In the presence of these
different measurements exhibiting structural changes, a unit-root test9 on the entire sample
could easily not reject the null hypothesis of I(2) even when the data are in fact I(1). Indeed,
once we control for these changes, our results contradict the findings in Beenstock et al. (see
their section 3.1 and Table 1). Our results are presented here in Table 1 and Table 2 below.

As is to be expected from the data in Figure 2, but based on augmented Dickey–Fuller
(ADF) tests (see Dickey & Fuller 1981), the first difference of annual radiative forcing of CO2

is stationary initially around a constant (over 1850–1957), then unit-root non-stationary (over
1958–2011). Although these tests are based on sub-samples corresponding to the shift in the
measurement system, there is sufficient power to reject the null hypothesis of a unit root.
In a similar manner, unit-root tests reject non-stationarity of the first difference of N2O for
the second set of observations (1978–2011). Unit-root non-stationarity cannot be rejected for
1850–1978 for N2O: however, given the manifestly artificial appearance of the data such a
result should be interpreted with extreme caution. Particularly, the ∆N2O series appears to
exhibit a step shift in the early 1900s, which also leads to spurious results in unit-root tests.
The split points for our sub-sample unit-root tests are given by the extraneous dates of change
in the measurement system, so the tests do not need to allow for that choice.

Given these time-series properties including apparent shifts, interpolation, and changes
in variance, assuming that all annual anthropogenic GHGs are I(2) over the entire sample is
an incorrect starting point, and the findings in Beenstock et al. appear to be an artefact of

9 Unit-root tests are used to determine the level of integration of time series. For the ADF (see Dickey & Fuller
1981) test used here, rejection of the null hypothesis provides evidence against the presence of a unit-root and
suggests that the series is I(0) (stationary) rather than I(1) (integrated).
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Table 1: ADF Unit-root Tests on ∆rfCO2

1850–1957 1958–2011

constant constant

D-lag (AIC) t-adf Reject H0 D-lag (AIC) t-adf Reject H0
5 (-12.11) -3.737 ** 5 (-9.68) -2.055

4 (-12.05) -2.910 * 4 (-9.72) -2.132

3 (-12.06) -2.948 * 3 (-9.76) -2.124

2 (-12.08) -3.146 * 2 (-9.74) -2.645

1 (-12.07) -2.706 1 (-9.72) -3.529 *
0 (-12.05) -3.544 ** 0 (-9.73) -4.815 **
ADF unit-root tests: the null hypothesis H0 is that the series has a unit root so is
non-stationary. Rejecting the null hypothesis suggests no unit-root non-stationarity.
D-lag specifies the number of lags included in the ADF unit root test, where the
AIC is given in parentheses. Unit root test outcome: ** indicates rejection of the
null hypothesis at 1% and * at 5%.

Table 2: ADF Unit-root Tests on ∆rfN2O

1850–1978 1979–2011

constant constant

D-lag (AIC) t-adf Reject H0 D-lag (AIC) t-adf Reject H0
5 (-17.20) 3.621 5 (-13.35) -3.856 **
4 (-17.20) 3.461 4 (-13.29) -3.318 *
3 (-17.20) 3.135 3 (-13.33) -3.594 *
2 (-17.18) 2.477 2 (-13.37) -3.993 **
1 (-17.02) 0.861 1 (-13.41) -4.721 **
0 (-16.64) -1.900 0 (-13.47) -7.711 **
ADF unit-root tests: the null hypothesis H0 is that the series has a unit root and is
non-stationary. Rejecting the null hypothesis suggests no unit-root non-stationarity.
D-lag specifies the number of lags included in the ADF unit root test, where the
AIC is given in parentheses. Unit root test outcome: ** indicates rejection of the
null hypothesis at 1% and * at 5%.



pooling data with very different measurement systems and behaviour in the two sub-samples.
Measurement problems also extend to other radiative forcing series such as black carbon or
reflective aerosols not plotted here.

In line with our analysis suggesting that the presence of measurement changes affects the
unit root test outcomes, Stern & Kaufmann (2000) show that when using univariate unit root
tests, the results can vary considerably depending on which type of test is used and also vary
across different anthropogenic gases. For example, CO2 appears to be I(1) in two out of their
four tests, and I(2) in the others (Table 1 in their paper). Similarly, N2O appears I(1) in three
out of the four test types. Second, Kaufmann & Stern (2002) test the time-series properties
of the aggregate of the radiative forcing of all the major greenhouse gases (CO2, CH4, N2O,
CFC-11, CFC-12) and find them to be I(1). This result on the aggregate is important - as the
following section (and Chapter 2) argue - it is the time series properties of the aggregate
rather than those of the individual series that determine the corresponding properties of
temperatures.

Crucially, the level of integration, and thus stationarity, of data is not intrinsic to its process
and can change over time. There is nothing inherent in the physical data generating process
that makes anthropogenic forcings, or other variables, I(1) or I(2). The observational data may,
over some period, be consistent with a process that is I(1) or I(2), but this is not an intrinsic
property that cannot change. There are many examples of changes, two being that the level of
CO2 emissions is related to economic activity, which has varied over time, and emissions of
CFCs which only arose in the latter part of the 20th century. Both of these may be stationary
in second differences from the 1950s onwards, but because of the underlying processes, they
may well have been stationary in first differences or levels before then, or in the case of CFCs
non-existent before their discovery and declining after the Montreal Protocol of 1989 as the
example of Estrada et al. (2013) shows. The claim that all greenhouse gases are always I(2) is
incorrect. Such a result is also inconsistent with the tests conducted in the previous literature
and with our analysis.

As shown, data measurement errors induced by changes in measurement, can mislead
any form of inference. Empirical relationships then represent correlations between what was
incorrectly measured, not what actually happened. Interpolation, unless perfect, creates mea-
surement errors and measurement errors in explanatory variables which induce downwards
biases in parameter estimation. Further, interpolation leads to negative error autocorrelation in
dynamic relations which invalidates standard statistical inference unless this auto-correlation
is handled appropriately. To see this, let {Yt} be a stationary autoregressive process:

Yt = γYt−1 + et

where et ∼ ID[0, σ2
e ] (denoting independent sampling from a constant distribution with mean 0

and variance σ2
e ). Suppose {Yt} is only observed with error as Ỹt = Yt + vt where vt ∼ ID[0, σ2

v]

is a random error of measurement or interpolation, then the observed variable is:

Ỹt = γỸt−1 + et + vt − γvt−1 = γỸt−1 + ut − ρut−1

where ρ depends on σ2
e and σ2

v. The presence of ut and ut−1 in the above equation implies
that the model will automatically exhibit negative error autocorrelation. In turn, this negative
error autocorrelation strongly affects the outcomes of integration and cointegration tests (see
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Schwert 1987, and Hendry 1995, Ch. 12). An additional major concern is that periods of
interpolation and regular measurement are combined and treated as if they stemmed from
the same measurement process despite changes in error autocorrelation and variance.

1.3.2 Stochastic Trends and (In)Correctly Modelled Relations

There is an ongoing debate in the literature on how to model non-stationarity in climate data.
Some studies (Kaufmann et al. 2013, Kaufmann & Stern 2002) argue that temperature and
GHGs are best approximated by stochastic trends that are in their nature random and driven
by underlying processes (e.g. economic activity which are stochastic trends themselves). On
the other hand, Estrada et al. argue that temperature and also GHGs can be reasonably
approximated by linear, deterministic trends with breaks in the trend function. There are
some concerns over this, in particular that GHGs are closely linked to economic activity and
the long lived nature of some GHGs means that shocks (e.g. increases in CO2 emissions)
will affect atmospheric concentrations for a long time - the concentration of that gas will not
quickly revert to an underlying trend. This is more consistent with a stochastic trend model,
rather than a linear trend model. Such model mis-specification can lead to spurious detection
of breaks.

Beenstock et al., in turn, rely on a stochastic trend model and use cointegration techniques
to tame the apparent non-stationarity. However, hazards equally arise in this world. The
main message of Hendry (1995) is that before any statistical inferences can be conducted, a
model must be congruent, or well-specified in that it satisfies the assumptions on which the
statistical analysis relies. The unit root tests in Table 1 in Beenstock et al. make many untested
assumptions, including accurate data, that there is a single measurement regime, and that no
location shifts occurred.

Beenstock et al.’s conclusion that anthropogenic forcings do not cointegrate with the
observed temperature anomaly relies on their constructed measures of anthropogenic forcing
which approximates parts of the F term in (1), the “anthropogenic anomaly” (see their part
3.2). In light of model specification, we assess this method of constructing the measure of
anthropogenic forcing. The measures of anthropogenic forcing, the “anthropogenic anomalies”
in in Beenstock et al. (given by equations 9 and 10 in Beenstock et al., reproduced here as
equations (2) and (3)) are the residuals g1 and g2 of a single regression of radiative forcing of
CO2 (denoted here as “rf”) on the forcing of other greenhouse gases.

rfCO2 = 10.972 + 0.046rfCH4 + 10.134rfN2O + g1 (2)

rfCO2 = 12.554 + 0.345rfCH4 + 9.137rfN2O + 1.029BC + 0.441ReflAer + g2 (3)

where BC is their radiative forcing of black-carbon concentration, and ReflAer is their radiative
forcing of all reflective aerosols. Such regressions are a variant for possibly I(2) variables of
the approach in Engle & Granger (1987). Banerjee et al. (1986) demonstrated that this type of
test imposed ‘common-factor’ restrictions of the form criticized by Hendry & Mizon (1978)
and Mizon (1995), as a consequence of which the test often lacks power and is substantively
inferior to the systems approach in Johansen (1988). We now consider their ‘anthropogenic
anomaly’.
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Despite the above ADF unit root test outcomes, suppose one accepted the starting point of
Beenstock et al. that all anthropogenic variables are I(2). They state that equations (2) and (3)
are to test for cointegration between the anthropogenic series. However, cointegration is a
system property, so the variables need to be treated as such. To establish cointegration between
the variables in Equation (2) (rfCO2 regressed on rfCH4 and rfN2O), the full system of three
variables needs to be considered (see Hendry & Juselius 2001). This is further complicated
here as the variables are assumed to be I(2), so an I(2) cointegration analysis is required (see
Juselius 2006): the system has at most full rank (=3), or if there is (polynomial) cointegration
the system may exhibit reduced rank of one or two, and if no (polynomial) cointegration, rank
zero. If there is reduced rank (which has to be tested in an I(2) procedure), the system needs
to be decomposed into the cointegrating relations (which are I(0) and therefore stationary) and
the common underlying stochastic trends (of which some may be I(1) and some I(2) trends).
Given the assumed I(2) property, if the three variables cointegrate, there may be up to two
I(1) cointegrating relations between the three series, and thus two potential anthropogenic
anomaly measures. The single anthropogenic anomaly given in their equation (2) is then a
linear combination of these measures of anthropogenic forcing. The same problem generalizes
to their equation (3), with there being five variables in the system and a much larger set of
potential cointegrating relations. The system of five variables may have full rank (=5), rank
zero, or reduced rank between one and four if there is cointegration, implying up to four
I(1) cointegrating relations and up to four measures of the anthropogenic anomaly. Thus,
even if their starting point that all anthropogenic are I(2) is accepted, then their measure of
the anthropogenic anomaly is likely only one of many, given the large number of potential
cointegrating relations. There could well be a residual (anthropogenic anomaly) that does
cointegrate with temperature and solar irradiance. A further problem arises in the physical
implications of the constructed “anthropogenic anomaly” as the next section shows.

1.3.3 Consistency to Physical Laws and Omitted Variables

It is important to recognize that any attribution analysis requires some form of model to
establish cause and effect. Every estimated statistical model implies a physical model, even if
not explicitly stated or assumed. Cointegration and break detection can be useful tools, but,
econometric models in themselves are often (more often than not validly) criticised for lacking
a physical basis. To draw conclusions and quantify the magnitude of effects it is important to
have a strong physical basis for the use of statistical models.

The challenges of underlying physical models show themselves in Beenstock et al. in two
ways. First, how radiative forcing of anthropogenic greenhouse gases is used and modelled.
Given that the starting point of assuming all anthropogenic variables are I(2) is incorrect, the
measures of the anthropogenic anomaly (g1 and g2) are inappropriate. In Beenstock et al.
the measures of anthropogenic forcing are the residuals of regressions of rfCO2 on radiative
forcing of the other greenhouse gases. This means that the measure of anthropogenic forcing
used in Beenstock et al. is really the variation in radiative forcing of CO2 that is unexplained
by the variation in other greenhouse gases. In a basic energy balance model, radiative forcings
are measured in a single unit (wm−2) and summable (see equation (1) and Figure 1). The
total effect of all forcings together (while taking feedbacks into account) is what is important.
Taking the unexplained variation in radiative forcing of CO2 as a measure of anthropogenic
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forcing (i.e. the “anomaly”) is then incorrect and does not measure what Beenstock et al.
state it does. Their main test of anthropogenic global warming (the regression of temperature
on solar irradiance and the anthropogenic anomaly in their Table 3) is then a regression of
temperature on solar irradiance and a residual, which need not capture any anthropogenic
component at all, and does not capture the main anthropogenic forcing component. This
leads to the main point (alluded at in the section 1.3.1): the time series properties of individual
GHGs are not what is directly relevant, total forcing F is what matters. When aggregating the
effect across GHGs and other factors (e.g. solar irradiance, volcanic forcing etc.) the weights
in the sum are given by the radiative forcing equivalent, not by a single equation cointegrating
relationship as used in Beenstock et al. Thus, even if some of the series are I(2), the physical
cointegrating relationship is given by the sum of the forcing. This property is also highlighted
in Chapter 2, and resolves much of the debate around the different orders of integration of
gases and temperatures.

The second concern is the tendency to “leave the ocean out”, prevalent in many econo-
metric studies of climate change. The simple EBM in equation (1) equally does not model
any ocean effect. Ocean-atmosphere dynamics should not be ignored in empirical models
of climate, whether it is heat exchange (see Chapter 2), or cyclical fluctuations such as the
El Niño Southern Oscillation (see Chapter 3). In particular the ocean’s role as a large heat
sink is crucial. Even though ocean heat content has steadily been increasing (see Chapter 2),
Beenstock et al. omit the ocean entirely from their analysis based on arguments of different
order of integration, stating that ocean heat is not I(2) and should therefore be omitted.

Omitted variables induce biases in general (unless orthogonal to all included variables),
and in Beenstock et al.’s analysis based on cointegration, the negative effects of having omitted
important factors may be even more pronounced. Suppose one accepts their analysis of
integration properties (see above in section 1.3.1), and the anthropogenic anomaly, (see above
in section 1.3.2), the main equation to test for cointegration between the anthropogenic compo-
nent and temperature in Beenstock et al. is a regression of temperature on the anthropogenic
anomaly and solar irradiance (reproduced here as equation (4) to approximate equation (1),
see section 3.3 and Table 3 of cointegration tests in Beenstock et al.):

Temperaturet = β0 + β1Solar Irradiancet + β2Anthropogenic Anomalyt + εt (4)

Their main conclusion stems from the fact that, using unit-root tests, the error term εt of
this regression is non-stationary, I(1), suggesting that there is no cointegration between the
three series. Any omitted I(1) variable in this equation will induce the error term to appear
I(1), and lead to spurious rejection of cointegration. Ocean heat uptake is one of many
factors missing in this equation, and, according to Beenstock et al.’s analysis is I(1). Beenstock
et al. state that the omission of ocean heat is not a concern as ocean heat content and
temperature do not cointegrate (Table 4 in Beenstock et al.), however, this cointegration test is
undertaken using temperature, ocean heat and water vapour alone, rather than considering
the full system where the anthropogenic measure and solar radiation are also included.
These individual regressions do not capture the important system property of cointegration
(emphasized in section 1.3.2). Further, any other omitted forcing series (CFCs, ozone) may
also be I(1). Any omitted I(1) variable in their main test of cointegration between temperature,
the anthropogenic anomaly and solar radiation will induce an I(1) stochastic trend in the
residual. Given that the regression only consists of a constructed measure of anthropogenic
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Figure 3: Radiative forcing and global mean temperature since 1960. (a), Between 1960 and 2020,
various factors are known to have affected the balance between incoming and outgoing energy on
Earth. These factors include atmospheric methane concentrations (green) and levels of CFCs and other
gases whose emissions are regulated under the Montreal Protocol (blue). Total radiative forcing (from
Meinshausen et al. (2011)) is depicted in red. Without implementation of the Montreal Protocol, it is
assumed that CFC levels would have risen beyond 1990 in a linear extrapolation (blue dashed line).
(b), An energy balance model allowing for faster shallow ocean and slow deep ocean warming (Held
et al. 2010) highlights the temperature response from each factor (same colours as in a), and suggests
that as a result of the implementation of the Montreal Protocol, temperatures today are almost 0.1 C
cooler than they would have been without it (dashed versus solid red lines). Observed annual mean
temperatures, offset to have the same mean as model temperatures over the period 1900 to 2012, are
included as diamonds.

forcing and solar irradiance, there are many factors that will lead to the error term appearing
I(1) and thus, to spurious rejection of cointegration.

Statistical models of climate require a physical foundation. Estrada et al. detect a break
around the time of the Montreal Protocol and thus attribute (parts of) the recent temperature
slowdown (the warming “hiatus”) to this policy intervention as well as hypothesized changes
in agricultural practices affecting methane emissions around the same time. However, while
suggesting this link between policy and the observed slowdown in warming, they do not
directly evaluate the magnitude of their break effect and whether it is sufficient in explaining
the entirety of the observed phenomenon.

Estrada et al.’s conclusion regarding the contribution of the Montreal Protocol and reduc-
tions in methane emissions from agriculture can be tested with a more conventional approach
(Boucher & Reddy 2008) that uses an analytically tractable calibrated model which accounts
for faster warming in the shallow ocean and the slow component of deep ocean warming
(Held et al. 2010). Using such a model to construct a simple null-hypothesis (Fig. 3), and
linearly extrapolating the trend in radiative forcing from the late 1980s, there is indeed a
break around 1990 in response to the Montreal Protocol. The impact of this change is small
but non-negligible: temperatures could be almost 0.1C warmer than they are today without
the reductions in CFC emissions. A trend break in methane forcing can also be constructed
through extrapolation in this way, but its effect is much smaller.

This simple analysis supports the idea that the CFC emissions reductions, that were
enforced by the Montreal Protocol, contributed to the warming hiatus of the past 15 years.
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However, it also suggests that this is unlikely to be the whole story. To fully compensate
for the warming that would have been expected between 1998 and 2012, the reduction in
radiative forcing from CFCs would have had to be much stronger. The untidy conclusion is
that the explanation of the much-discussed warming hiatus over the past decade and a half
is unlikely to be a simple single issue: various neglected effects that are difficult to capture
adequately through deterministic linear trend models, such as stratospheric volcanic aerosols,
deep ocean heat uptake, the unusually strong solar minimum and internal climate variability
(Kosaka & Xie 2013) are all likely to have played a role.

1.4 structure of the thesis

Econometric time series models of climate data have to account for the underlying non-
stationarity of the data and be consistent with physical laws. Stochastic trends and structural
breaks have to be modelled for inference to be valid. Equally, breaks in themselves can provide
insight into previously unknown events, and assess models and policy alike. Through the
work of Beenstock et al. and Estrada et al. I highlighted some of the challenges encountered
in the use of time-series econometric methods in climate research. The following chapters are
not a response to the work of Beenstock et al. and Estrada et al., but, in encountering some of
these challenges, show directions through which they can be addressed. Without making the
claim of providing a complete solution approach, this opens up a new line of research and
provides a strong case of support for the use of econometric methods using energy balance
models based on cointegration, and model selection based break detection. The remainder of
the thesis is composed of chapters two to six, here I provide a short overview of the topics
covered and contributions to econometric methodology and the wider literature.

Chapter 2: Linking Cointegration and Energy Balance Models

While econometric cointegration methods are powerful tools to handle stochastic trends,
they are often criticised for lacking a physical justification for their use. In turn, physical
energy balance models such as the one used to evaluate the claims made by Estrada et al.
above, are pre-dominantly calibrated rather than estimated, and not tested as a system. The
second chapter of this thesis shows that econometric models - restricted cointegrated vector
auto-regressions (CVARs) - are equivalent to two-component energy balance models taking
ocean interactions into account.

This chapter contributes to econometric methodology by providing a physical basis for
the use of CVARs, and allows energy balance models to be estimated jointly as a system and
tested as such. The application of the modelling approach in this chapter provides empirical
links between radiative forcing, observed global mean temperatures and ocean heat content.
Using a restricted CVAR I establish a complete econometric system model of global mean
climate consistent with physical processes modelling the interaction between atmosphere,
ocean, and radiative forcing.10

10This indirectly addresses many of the issues encountered in the work by Beenstock et al.
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Chapter 3: Automatic Model Selection and Break Detection

The CVAR estimated energy balance model in Chapter 2 takes radiative forcing as exogenous
and does not account for potential breaks in the observed time series. The third chapters
explores how the most prominent of the greenhouse gas forcing series, atmospheric CO2,
can be modelled without imposing a-priori importance of variables while being robust to
structural breaks and outliers. Using automatic model selection starting with a general
unrestricted model incorporating impulse indicator saturation (IIS, Hendry et al. 2008),
individual contributions to atmospheric CO2 are determined.

On the methodology side, the chapter introduces econometric automatic model selection
with more variables than observations to climate research. Impulse indicator saturation is
applied to allow for outlying observations and structural breaks at any point in the sample,
as well as a tool to indicate model misspecification. The application establishes the strong
anthropogenic contribution to atmospheric CO2, natural factors are necessary but not sufficient
to account for the observed trend.

Chapter 4: Detection of Breaks using Designed Functions

Model selection-based break detection is not limited to impulses (IIS) or step shifts (SIS,
Castle et al. 2015, Doornik et al. 2013) but rather can be generalized to any break form.
The fourth chapter expands on the indicator saturation based break detection methodology
and generalizes it to any form of designed break function. This model selection approach
takes break detection as the aim in itself and demonstrates its use to improve historical
measurements: to detect volcanic eruptions in the historical record without prior knowledge
of their occurrence. This is done while remaining consistent with the underlying physical
processes - the break form is determined by a simple energy balance model.

The work contributes to econometric methodology by generalising results from the indica-
tor saturation literature to break detection using designed break functions, demonstrating the
feasibility by providing analytical derivations for the split-sample approach under the null of
no breaks and the alternative of one or more breaks. Monte Carlo simulations confirm the
approximate size and power. The application demonstrates that break functions designed on
theory models can be used to detect previously unknown breaks – in particular this holds
promise for future volcanic detection efforts using real-world reconstructions of tempera-
ture variability over the last several millennia, and forecasting through breaks ranging from
eruptions to recessions.

Chapter 5: Long-Run Socio-Economic Scenarios

Any prediction (using a simulated or empirical model) of climate change requires projections
of how future emissions of greenhouse gases will evolve. The wide range of different global
socio-economic scenarios in the IPCC reports results in high uncertainty about future climate
change. It is therefore crucial to understand on which trajectory the world is developing. For
the first time, observations over two decades are available against which scenarios can be
compared. The fifth chapter evaluates the socio-economic scenarios on which IPCC long-run
climate predictions are based, and shows that the growth rate in fossil fuel CO2 emission
intensity - fossil fuel CO2 emissions per GDP - over the 2000s was rising while all main
emission scenarios envisaged a decline. The underprediction is explored by decomposing

26



global model errors of growth rates into individual country contributions using down-scaling
and country-level decompositions. Emphasizing the importance of observation-based models
and consistency of initial values across different scenarios, the chapter provides an outlook
into expected future climate developments.

Chapter 6: Epilogue

The epilogue in chapter six summarizes the findings and provides an outlook into future
research building on the work of this thesis.

Summary

On a purely methodological side, the thesis establishes a physical-science basis for the use
of econometric cointegration methods in climate research. It introduces automatic model
selection with more variables than observations together with the detection of breaks using
indicator saturation to the climate literature. Break detection is formulated as a model selection
problem and addressed using designed functions. Global model errors are decomposed to
individual contributions using a proposed growth rate decomposition.

The applications in the thesis first establish a strong empirical link between observed
global mean temperature, radiative forcing, and ocean heat content, by estimating a complete
model of global mean climate. Results suggest a possible explanation for the low estimates
of the temperature response to the doubling of CO2 in other observation-based models.
Anthropogenic contributions to atmospheric CO2 are established, showing that natural factors
are necessary but not sufficient to explain the observed trend in atmospheric CO2. Using
econometrics, volcanic eruptions can be detected without prior knowledge of their occurrence,
holding promise to augment historical records and the use of designed functions in robust
forecasting. Turning from historical data to future projections, growth in CO2 emission
intensity has been underpredicted in all main initial socio-economic scenarios used for climate
predictions, this underestimation of emission intensity raises some concerns about achieving
a world of economic prosperity in an environmentally sustainable fashion.
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2
E S T I M AT I O N O F N O N - S TAT I O N A RY S Y S T E M S I N C L I M AT O L O G Y:
T H E E Q U I VA L E N C E O F T W O - C O M P O N E N T E N E R G Y B A L A N C E
M O D E L S A N D C O I N T E G R AT E D VA R S

Abstract

Emissions of greenhouse gases, global mean temperatures, and other climate ob-
servations are non-stationary time series invalidating the use of standard statistical
inference procedures. Econometric cointegration analysis can be used to overcome
some of these inferential difficulties, however, cointegration has been criticised
in climate research for lacking a physical justification for its use. Here I show
that a physical two-component energy balance model of global mean climate is
equivalent to a cointegrated system that can be mapped to a cointegrated vector
autoregression, making it directly testable, and providing a physical justification
for econometric methods in climate research. Doing so opens the door to inves-
tigating the empirical impacts of shifts from both natural and human sources.
My approach finds statistical support of the model using global mean surface
temperatures, 0− 700m ocean heat content and radiative forcing. The model
results show that previous empirical estimates of the temperature response to the
doubling of CO2 may be misleadingly low due to model mis-specification.
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2.1 introduction

Emissions of greenhouse gases, global mean temperatures, and other climate observations are
non-stationary time series invalidating the use of standard statistical inference procedures
(Pretis & Hendry 2013, Kaufmann et al. 2013, Kaufmann & Stern 2002, Stern & Kaufmann
2000). Econometric cointegration analysis can be used to overcome the inferential difficulties
resulting from stochastic trends when that is the only source of non-stationarity, and is applied
to test whether there exist combinations of non-stationary variables that are themselves
stationary (see Hendry and Juselius 2001 for an overview, Juselius 2011 for an application
to climate data, and Kaufmann & Juselius 2013 for a paleo-climate analysis). Cointegration,
however, has been criticised in climate research for lacking a physical justification. In turn,
multiple-component physical energy-balance models (see Gregory et al. 2002, Held et al.
2010, Schwartz 2012, Pretis & Allen 2013) that model the ocean and atmosphere interactions
have tracked global mean climate well while remaining analytically tractable, but are rarely
formally tested as estimation is difficult due to the non-stationarity of observations. Here I
show that two-component energy-balance models of global mean climate can be mapped to a
cointegrated system, both making them directly testable, and providing a physical justification
for econometric methods that account for data non-stationarity. This makes it possible to
estimate a complete system model of global mean-climate model using econometric methods.
Doing so opens the door to investigating the empirical impacts of shifts from both natural
and human sources, and enables a close linking of data-based macroeconomic models with
climate systems.

Here I first show the mathematical equivalence of a two-component energy balance model
to a restricted cointegrated system that can be mapped to a cointegrated vector autoregression
(CVAR). This provides a system-based statistical framework in which an EBM can be estimated
jointly (rather than one equation at a time) and therefore can be tested against observed data.
Equally, this mathematical equivalence provides a strong physical basis for the application of
CVARs in climatology, and places the entire CVAR toolkit at the disposal of energy balance
models.

Climate observations are predominantly non-stationary time series invalidating the use of
standard statistical inference procedures such as ordinary least squares regression and simple
correlations. This makes the estimation of parameters in EBMs from observations a challenge.
Additionally, most statistical approaches which estimate model parameters from observations
do not formally test whether the EBM is an appropriate model for the system but rather
estimate one equation at a time. It is, however, exactly the system nature of two-component
EBMs and the non-stationarity of the data that provides a useful property that allows EBMs
to be tested against observations. As I will show, a two-component EBM is equivalent to
a restricted CVAR and this equivalence implies directly testable assumptions: if the model
holds then the modelled series together form stationary relations (cointegrate), restrictions
across the estimated equations are not rejected, and individual parameters are statistically
significant.

As an application, I estimate a two component EBM through the use of a CVAR and test
it against the observational record. The approach here is highly simplified climatologically
and takes the fast, mixed component as the atmosphere at the surface, while the slower
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component is proxied by the ocean heat content1 from 0-700m. I find that tests against
the statistical properties implied by the EBM do not reject the model. The time series
form stationary relations (cointegrate) consistent with theory. Previous empirical estimates of
climate sensitivity (ECS) may be misleadingly low due to model mis-specification (e.g apparent
through residual autocorrelation), partly induced by volcanic aerosol forcing. Recursive
estimates suggest that the recent slowdown in temperature increase, the “hiatus” (Kaufmann
et al. 2011, Meehl et al. 2011, Watanabe et al. 2013), does not strongly affect the estimate
of ECS. A simple forecasting exercise shows that the hiatus can be approximated through
changes in radiative forcing and ocean heat uptake.

2.2 two-component energy balance models

Two component energy balance models are characterised by a mixed upper layer (the shallow
ocean/atmosphere) with low heat capacity and a deeper ocean layer with higher heat capacity
(Gregory et al. 2002, Held et al. 2010, Schwartz 2012). The upper, mixed (denoted by subscript
m) component responds more quickly to perturbations (radiative forcing such as an increase
in greenhouse gases) and refers to the mixed layers of the atmosphere and shallow ocean.
The deeper (denoted by subscript d) component responds slower and allows for delayed,
recalcitrant warming (Held et al. 2010). In other words, if external forcing stopped and the
system was in disequilibrium, high temperatures in the deep component would lead to a
slow warming of the mixed atmosphere component (and vice versa). This energy balance
model explicitly takes ocean-atmosphere interactions into account. A simple two-component
EBM is given here as differential equations in (5)-(6). Let Tm be the temperature anomaly
(deviations from steady state) for the mixed layer, Cm is the component heat capacity and F
denotes radiative forcing. Heat capacity denotes the amount of energy needed to change the
temperature of the component. Net heat flux denoting the net incoming energy is given by
Q = F− λTm where climate feedback is defined as λ, the change in downward net flux with
temperatures Tm. The term λT captures the increasing outgoing long-wave radiation with
increased temperatures.

The upper component of the model describes the changes in heat content relative to the
steady state Cm

dTm
dt as a function of net flux F− λTm and the heat exchange H with the lower

component:

Cm
dTm

dt
= −λTm − H + F (5)

The change in the heat content of the lower component Cd
dTd
dt is given by:

Cd
dTd

dt
= H (6)

where Cd denotes the effective heat capacity of the deep compartment and Td is the associated
temperature anomaly. The heat exchange between the bottom and upper component is
assumed to be proportional to the difference in temperatures:

H = γ(Tm − Td) (7)

1 The shallow depth implies the lower ”slow” component will not be as slow as suggested in other studies.
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Substituting this expression into the above equations yields the two component model as a
system of two differential equations:

Cm
dTm

dt
= −λTm − γ(Tm − Td) + F (8)

Cd
dTd

dt
= γ(Tm − Td) (9)

Parameters are traditionally estimated using individual equations, or calibrated based on
theory or general circulation model (GCM) simulations. I show in section 2.4 that this system
of differential equations in discrete time is mathematically equivalent to a cointegrated vector
auto-regression which can be estimated using econometric techniques.

2.3 cointegrated vector autoregressions

Cointegration analysis can be used to overcome difficulties associated with stochastic trends in
time series and applied to test whether there exist combinations of non-stationary series that
are themselves stationary. To model both the short-run and long-run relations between non-
stationary time series in energy balance models, I outline the structure of cointegrated vector
auto-regressions in econometrics2 (CVAR) and in the following section show the equivalence
to the two-component energy balance model.

Let Yt = (Y1,t, Y2,t, ..., Yp,t)′ denote a p-dimensional vector of p non-stationary (specifically
I(1) or integrated of order one3) variables to be modelled for which observations are available
over time. In equilibrium-correction form the CVAR model is given by:

∆Yt = Γ1∆Yt−1 + ... + Γk∆Yt−k + ΠYt−1 + Φ + εt (10)

where ∆ is the first difference operator, such that ∆Yt = Yt − Yt−1. The CVAR describes
changes in the endogenous Yt variables as a function of past changes up to k lags through
the cofficient matrices Γ1, Γk and changes in the long run-dynamics as captured through the
coefficient matrix Π. The rank of Π determines the presence of cointegrating, or long-run,
stationary relations. If the rank of Π = 0, there are no cointegrating relations, and if Π is
full rank, the system must be stationary. The matrix Π will have full rank if the series tested
are stationary (∼ I(0)) or if all internal stochastic trends can be explained by exogenous
variables entering the cointegrating relation. The matrix has a rank of zero if the series do
not cointegrate, and reduced rank (p > rank > 0) if the series cointegrate. The number of
cointegrating relations is chosen using the trace statistic which tests the null hypothesis that
there are r− 1 cointegrating relations against the null hypothesis that there are r relations
(Johansen 1988, Johansen 1995). To alleviate concerns associated with small samples, a
bootstrapping procedure to test the cointegrating rank (see Cavaliere et al. 2012) could be
used. Using a system approach (Johansen 1988) avoids many problems associated with
single equation cointegration procedures (e.g. Engle & Granger 1987) and does not require
pre-testing of the individual series for stationarity (for a discssion of potential hazards see
Pretis & Hendry 2013).

2 See Hendry & Juselius (2001), and Juselius (2006) for a comprehensive overview of cointegration methods.
3 A series that is I(s), or integrated of order s needs to be differenced s times to be stationary.
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In cointegration the long-run dynamics are modelled explicitly by decomposing the
estimated matrix Π under reduced rank into a cointegrating vector β and the adjustment
coefficients α to this cointegrating vector:

αβ′ = Π (11)

It then holds that β′Yt forms a stationary combination that describes the long-run dynamics
between the endogenous variables. The elements of α describe how the individual variables
adjust to this long-run relation.

Consider the case of three endogenous variables: Y1,t, Y2,t, Y3,t with a single lag in the
CVAR specification where I have assumed for illustration purposes the presence of a single
cointegrating relation (rank of Π = 1):∆Y1,t

∆Y2,t

∆Y3,t

 = Γ ·

∆Y1,t−1

∆Y2,t−1

∆Y3,t−1

+

α1

α2

α3

 · [β1 β2 β3

]
·

Y1,t−1

Y2,t−1

Y3,t−1

+ εt (12)

The cointegrating relation is given by β′Yt−1 which is stationary. In equilibrium it holds that:

β′Yt−1 = (β1Y1,t−1 + β2Y2,t−1 + β3Y3,t−1) = 0 (13)

If the expression is not in equilibrium, β′Yt−1 6= 0, then this disequilibrium moves the variables
towards the new equilibrium through the adjustment coefficients α = (α1, α2, α3)′.

2.4 linking ebms to cointegration and mapping to cvars

I now show that the system of differential equations of the two-component EBM is equivalent
to a restricted cointegrated system and can be mapped to a restricted CVAR. The energy
balance model in (8) and (9) can be expressed as

dTm

dt
=

1
Cm

[−λTm + F] +
γ

Cm
[Tm − Td] (14)

dTd

dt
=

γ

Cd
[Tm − Td] (15)

with no explicit formulation given for dF
dt in the EBM. Let α and β denote (p× r) matrices

(where p = 3, r = 2) corresponding to:

α =

 1
Cm

γ
Cm

0 γ

0 0

 and β′ = (β1, β2)
′ =

[
−λ 0 1
1 −1 0

]
(16)

Then the two-component EBM can be written as the following system:

dY = αβ′Ydt (17)

where Y = (Tm, Td, F)′, a (3× 1 vector).
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Assuming stochastic processes (e.g. due to imperfect measurement and omitted variables)
the two component EBM can be written with a noise term v as an Ornstein-Uhlenbeck process
given by the stochastic differential equation:

dY = ΠYdt + v (18)

= αβ′Ydt + v (19)

where Π is a (p × p) matrix of reduced rank r = 2 such that Π = αβ′. The noise term
v = DdW captures omitted effects from the model, with D being a (p× p) matrix and W a
p-dimensional Brownian motion. The following analysis relies on the results in Kessler &
Rahbek (2004) and Kessler & Rahbek (2001).

The formulation of the stochastic two-component energy balance model then implies that,
if the continuous Ornstein-Uhlenbeck process is integrated of order one, I(1), the series in the
EBM cointegrate into two stationary relations given by β′Y with adjustment coefficients of
α. The physical stochastic two-component energy balance model is equivalent to a restricted
cointegrated system in continuous time in (20) and (21) where the expressions in brackets
correspond to the cointegrating vectors, and the coefficients outside the brackets are the α

adjustment coefficients in the cointegration model:

dTm

dt
=

1
Cm︸︷︷︸
α1,1

[−λTm + F]︸ ︷︷ ︸
β′1Y

+
γ

Cm︸︷︷︸
α1,2

[Tm − Td]︸ ︷︷ ︸
β′2Y

+v1,t (20)

dTd

dt
=

γ

Cd︸︷︷︸
α2,2

[Tm − Td]︸ ︷︷ ︸
β′2Y

+v2,t (21)

The energy balance model implies that the three variables of upper component tempera-
tures, lower component temperatures, and radiative forcing cointegrate into two stationary
relations. The first

(
β′1Y = [−λTm + F]

)
, an equation linking upper component tempera-

tures to radiative forcing describing the net heat flux (Q). The second
(

β′2Y = [Tm − Td]
)
,

an equation describing the heat transfer between the upper and lower component. Upper
component temperatures adjust to both cointegrating vectors, lower component temperatures
adjust to the second cointegrating vector (α2,1 = 0), and radiative forcing is weakly exogenous
(α3,1 = α3,2 = 0). Cointegration between these variables is a testable property, and cointegra-
tion analysis can further be used to estimate and conduct inference on the parameters α and
β.

The differential equations describe the two-component energy balance model in continuous
time, while sampling happens at discrete intervals. Inference on cointegration and parameter
estimates in the continuous-time EBM can be conducted based on discrete observations using
the results in Kessler & Rahbek (2004).4 It is important to note though that the discretization
method moving from discrete to continuous time can have effects on the auto-correlation
structure of the error term, and thus affect the statistical properties of the estimates (Sargan

4 In particular, Theorem 1 in Kessler & Rahbek (2004).
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1974). Given the specification in equation (19) as an Ornstein-Uhlenbeck process, discrete
observations Yt of Y follow a VAR process as in equation (22):

Yt = AYt−1 + εt (22)

where εt ∼ N (0, Σ). The coefficient matrix A in the VAR in (22) equals the matrix exponential
of the coefficient matrix Π in equation (19), A = exp (Π). This result derives from solving the
Ornstein-Uhlenbeck process5 in equation (19) – see appendix 2.7.1. Let P = A− I, then (22)
can be written in equilibrium correction form as:

∆Yt = PYt + εt (23)

There is then a direct mapping of the EBM parameters from equation (19) to the parameters
in the discrete-time model (23). In particular, the coefficient matrix P in the CVAR relates to
the EBM parameters α, β as:

P = A− I = exp(Π)− I = exp
(
αβ′
)
− I = ακβ′ = α̃β′ (24)

where α̃ = ακ and the (r × r) matrix κ =
(

β′α
)−1 [exp

(
β′α
)
− I
]
, see appendix 2.7.1 for a

proof. This mapping implies that the two-component continuous-time EBM can be tested and
estimated using a CVAR estimated on discrete observations: the rank of the coefficient matrix
of the discrete-time VAR model equals that of the EBM, rank(P) = rank(Π) = rank(αβ′),
and the matrix P̂ = ˆ̃αβ̂

′
yields estimates of the EBM parameters given by β′. The adjustment

coefficients α are not identified given that the CVAR parameters α̃ correspond to ακ. Thus,
restrictions in α are not directly preserved in the CVAR formulation. In other words, while
in the continuous time EBM the lower component temperatures Td do not adjust to the
first cointegrating vector, α2,1 = 0, this does not directly imply that the same holds for the
discrete-time CVAR, α̃2,1 6= 0. An intuitive explanation for this comes from the fact that at
the discrete time interval the lower component may adjust to the upper component given the
feedback between Tm and Td. The extent of this can be tested by assessing whether α̃2,1 equals
zero or not using CVAR estimates.6 One exception on restrictions linking α and α̃ occurs
under weak-exogeneity. The forcing series is assumed to be weakly-exogenous (not adjusting
to the cointegrating relations) in the EBM, thus α3,1 = α3,2 = 0. Given α̃ = ακ this implies that
α̃3,1 = α̃3,2 = 0, forcing should also be weakly exogenous in the CVAR formulation. Writing
the model (23) in matrix form we can formulate equations (20) and (21) as a discrete CVAR
where the CVAR parameters (given by α̃ and β) correspond to (combinations of) parameters
of the EBM: ∆Tm,t

∆Td,t

∆Ft

 =

α̃1,1

α̃2,1

α̃3,1

 · [β1,1 β1,2 β1,3

]
·

Tm,t−1

Td,t−1

Ft−1

 (25)

+

α̃1,2

α̃2,2

α̃3,2

 · [β2,1 β2,2 β2,3

]
·

Tm,t−1

Td,t−1

Ft−1

+ εt (26)

5 Where for simplicity the frequency of observations is assumed to be equal to one.
6 Sections 2.5 and 2.7.5 investigate this further.
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The cointegrating vectors and adjustment coefficients are linked to the continuous-time
two-component EBM such that: β1,1 = −λ, β1,2 = 0, β1,3 = 1, linking upper component
temperatures and radiative forcing in the first cointegrating relation; β2,1 = −β2,2 = 1, and
β2,3 = 0, linking upper component temperatures and lower component temperatures in the
second cointegrating relation; and α̃3,1 = α̃3,2 = 0, as forcing is assumed to adjust to neither
cointegrating relation. In matrix notation this can be expressed as:∆Tm,t

∆Td,t

∆Ft

 =

α̃1,1

α̃2,1

0

 · [−λ 0 1
]
·

Tm,t−1

Td,t−1

Ft−1

 (27)

+

α̃1,2

α̃2,2

0

 · [1 −1 0
]
·

Tm,t−1

Td,t−1

Ft−1

+ εt

This yields the discrete-time CVAR representation of the stochastic energy balance model and
can be estimated using standard CVAR methods.

2.4.1 Testable Properties implied by the EBM-CVAR mapping

The equivalence of a two component EBM and a CVAR provides direct restrictions which
can be tested against observations. Formally the EBM implies the following properties of the
estimated CVAR (10) which can then be tested:

1. rank(Π)=2 (Trace test): the time series cointegrate to two stationary relations, linking up-
per component temperatures with radiative forcing, and lower component temperatures
with upper component temperatures.

2. Restrictions in (27) are not rejected (Likelihood ratio test).

3. Estimates for β (and α̃) are statistically different from zero, (Likelihood ratio tests) and
theory-consistent.

In particular, for the EBM to hold we require that the three series – upper component
temperatures, lower component temperatures, and radiative forcing – cointegrate into two
stationary relations: The first, an equation linking upper component temperatures to radiative
forcing, describing the net heat flux (Q):

h1,t =
(

β1,1Tm,t−1 + β1,3Ft−1

)
(28)

where β1,1 = −λ, and β1,3 = 1. The second, an equation describing the heat transfer between
the upper and lower component:

h2,t =
(

β2,1Tm,t−1 + β2,2Td,t−1

)
(29)

where β2,1 = 1 = −β2,2. The order of cointegration, can be tested using the Johansen trace
test (Johansen 1988).

With respect to the physical structure between variables, this implies that any stochastic
trends present in the radiative forcing (where the stochastic component is driven by anthro-
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pogenic emission of greenhouse gases from economic activity) will be imparted onto the
temperatures of the mixed component, through which it transfers onto the lower component.
This generalizes the results in Kaufmann et al. (2013) to the two-component EBM.

Notably, estimating a two-component EBM through a CVAR avoids potential hazards
associated with statistical and econometric climate models. The Johansen cointegration
procedure requires no pre-testing of individual series for the order integration (up to I(1)) and
takes the system nature of the model into account. The model also relies on the aggregate
of radiative forcing, rather than single series which, individually, may suffer from data
measurement problems.

2.4.2 Estimation using ocean heat content observations

The EBM characterises changes in temperatures while the data available for applications
often is a mixture of heat content and temperature observations. Given the availability of
data, the application in section 2.5 uses ocean heat content (Ht) for the lower component and
temperatures for the upper component. This transformation yields a re-parametrised, but
otherwise identical EBM for estimation where I use Ht ≈ CdTd,t, the re-parametrised EBM is
given as:

∆Tm,t

∆H,t

∆Ft

 =

α̃1,1

α̃2,1

0

 · [−λ 0 1
]
·

Tm,t−1

Ht−1

Ft−1

 (30)

+

α̃1,2

α̃2,2

0

 · [1 −1/Cd 0
]
·

Tm,t−1

Ht−1

Ft−1

+ εt

To determine the cointegrating rank of the model, estimation includes an unrestricted
constant. If the rank equals two, then the first corresponding cointegrating vector is restricted
and given by:

h1,t =
(

β1,1Tm,t−1 + β1,3Ft−1

)
(31)

The second, a restricted equation for temperature changes in the lower component:

h2,t =
(

β2,1Tm,t−1 + β2,2Ht−1

)
(32)

For identification both cointegrating vectors are normalized such that β1,3 = 1 and β2,1 = 1.
The additional restrictions given by the EBM are: lower component temperatures do not enter
the first cointegrating vector, β1,2 = 0; radiative forcing does not enter the second cointegrating
vector, β2,3 = 0, and is weakly exogenous, α3,1 = α3,2 = 0 which implies that α̃3,1 = α̃3,2 = 0.
This is a simplification since some of the radiative forcing series are determined endogenously,
CO2 concentrations generally vary with temperatures as does ice-albedo. The weak exogeneity
assumption is relaxed in a simple extension of the model (see model C in Table 4) where an
aggregate of radiative forcing is modelled endogenously.

Every parameter in the cointegrating vector of the CVAR has a structural interpretation. To
estimate the model parameters of interest, it then holds that in the second cointegrating vector
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(32) β2,2 = −1/Cd, providing an estimate of the heat capacity of the deep component. The cli-
mate feedback parameter λ can be determined using β1,1 = −λ. Approximate standard errors
and confidence intervals can be derived using the asymptotic normality of the cointegrating
parameters. In the case of parameters of interest being non-linear transformations of the
cointegrating estimates (such as −1/Cd = β1,1), I rely on the δ-method to provide approximate
standard errors.7 Based on these restrictions all EBM parameters in the approximation can be
identified and the over-identifying restrictions can be tested.

Appendix 2.7.5 considers an alternate approach mapping the EBM to a CVAR using a
simple discrete-time approximation. In this setup further restrictions on the adjustment
coefficients are imposed for identification of additional EBM parameters.

2.5 application

Here I estimate a CVAR as a simple test of the two-component EBM, and to obtain estimates
of the model parameters, notably estimated climate sensitivity, while accounting for the
non-stationary nature of the climate time series.

2.5.1 Data

The upper/mixed component is specified as the atmosphere at the surface and temperatures
are taken as global mean surface temperature anomalies from the GISS dataset (Hansen et
al. 2010). The lower component is proxied by the ocean heat content anomalies from 0-700m
(Levitus et al. 2009). This is a crude approximation as it omits the deep ocean and will
therefore provide a high estimate of the adjustment speed of this component.8 The series are
graphed in Figure 4. Radiative forcing time series (Figure 5) are taken from Meinshausen et
al. (2011). The aggregate of the forcing used for the model includes well-mixed greenhouse
gases (WMGHGs), stratospheric water vapour (Str. H2O), stratospheric ozone (O3), black
carbon, stratospheric aerosols, snow albedo changes, land use changes, indirect aerosol effects
and reflective aerosols. The short time period from 1955-2010 masks the dramatic increase in
radiative forcing stemming from WMGHGs since the late 19th century.

To directly estimate the parameters of the EBM here I rely on the aggregate of radiative
forcing. An extension could consider disaggregates by separating out volcanic forcing in the
form of stratospheric aerosols. Stern & Kaufmann (2014) test for links between individual
forcing series and surface temperatures, further work could focus on more detailed models
using individual forcing series found to be significant in Stern & Kaufmann (2014), while
series with little impact (e.g. black carbon) could be omitted. Few econometric models
accounting for non-stationarity in the form of stochastic trends also consider ocean heat
content and thus the heat transfer between the atmosphere/top component and the ocean.
Stern (2006) is a notable exception. Relative to Stern (2006) here I provide a direct link to the
two component EBM and estimate the system jointly as a CVAR.

7 Given a sequence of random variables Xn satisfying
√

n(Xn − µ)
D→ N

(
0, σ2) and a continuous function g(µ),

using a Taylor-expansion we can approximate the distribution of g(Xn) by
√

n (g(Xn)− g(µ)) D→ N
(
0, σ2[g′(µ)]2

)
.

8 Data for deeper ocean heat content for 0-2000m is available but only through pentadal averages (Levitus et al.
2012).
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Figure 4: Left: Global mean surface temperatures in levels (top) and first differences (bottom). Right:
Ocean heat content from 0-700m in levels (top) and first differences (bottom).
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Figure 5: Radiative forcing from 1955-2011 in Wm−2. Panel A shows disaggregated forcing, panel B
shows the first difference of total forcing, panel C graphs first difference of total forcing excluding
stratospheric aerosol forcing from volcanic eruptions. Data obtained from Meinshausen et al. (2011).



Data availability for ocean heat content constrains the sample to a period from 1955

onwards. The estimation period is then 1955-2011 at an annual frequency, resulting in T=56

observations. This time period, together with the use of an aggregate of radiative forcing
rather than individual series, alleviates some concerns over measurement changes and the
data quality of the radiative forcing series (see Pretis and Hendry 2013).

While the time series properties of radiative forcing series are heavily debated in the
econometric literature (Kaufmann & Stern 2002, Stern & Kaufmann 2000, Beenstock et al. 2012,
Pretis and Hendry 2013), the individual order of integration of these series is not directly
relevant. Within the EBM formulation it is aggregate forcing that drives upper component
temperatures. On initial inspection it may appear inconsistent that global mean surface
temperatures are well approximated by an I(1) process while well-mixed greenhouse gases (in
particular) atmospheric CO2 concentrations can be argued to be I(2) (see appendix section
2.7.6 and above sources). However, jointly the individual forcing series sum (or cointegrate)
to an I(1) aggregate of forcing, where the I(1) cointegrating relation is given simply by the
sum of the individual forcing series. Given the same unit of measurement and the aggregate
effect, forcings are directly summable – this is a crucial oversight in the analysis of Beenstock
et al. (2012) who argue that, due to the different time series properties, temperatures and
WMGHGs cannot be related. While individual forcing series may be I(2) or I(0), aggregate
forcing appears to be consistent with an I(1) process, and thus exhibits approximately the
same order of integration as global mean surface temperatures.9

2.5.2 Model Specification

Determining the number of cointegrating relations and conducting inference on the estimated
parameters relies on well-specified models (Juselius 2006). While the theoretical EBM model
does not imply additional lags, the time series properties of the data may support a longer lag
length. To formally determine the lag structure I estimate a general unrestricted VAR starting
with three lags. Removing the third lag is not rejected (p = 0.08), while dropping both the
second and third lag is rejected (p = 0.003). The model with the lowest Schwarz criterion
(Schwarz 1978) includes just one lag (SC=3.28, relative to 3.45 for two, and 3.76 for three lags).
Assessing the diagnostic tests of the unrestricted models, a VAR(1) model rejects no-residual
autocorrelation (p=0.003), while a VAR(2) passes the residual vector autocorrelation test
(p=0.59) and dropping the second lag in the VAR(2) is rejected (p=0.005). Many discrete
approximations use the average of two periods which further provides a justification for the
use of two lags. Additional results on the dynamic stability and unit-root properties of the
estimated VAR models are provided in appendix 2.7.2.

I proceed by estimating four variations of the CVAR EBM model. First, model A is
estimated with a single lag corresponding to the theoretical two-component EBM. While this
model is likely mis-specified and thus inference should be interpreted with care, it is included
as a comparison to show the estimates if just the theory model is estimated. Second, model B
includes two lags as suggested by the tests determining the lag structure. Once the restrictions
implied by the EBM are imposed, both models A and B do not model forcing explicitly.
Nevertheless, some of the forcing series are not exogenous but rather may vary with observed

9 While not required by the Johansen methodology, for completeness univariate unit root tests are provided in the
appendix in section 2.7.6
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temperatures. Model C (estimated with 2 lags) relaxes the strong restrictions from model B
by allowing aggregate forcing to adjust to the first cointegrating relation. This changes the
system to three variables, however, no additional variables are included to explain forcing.
In other words, radiative forcing is modelled endogenously and is allowed to adjust to the
first cointegrating vector (α̃3,1 6= 0). Further research could expand the EBM to disaggregate
the forcing series and also incorporate a macroeconomic VAR to model the anthropogenic
emissions, as well as additional equations modelling natural variability (notably snow albedo
changes).

An additional concern for residual autocorrelation are the time series properties of volcanic
forcing (stratospheric aerosols) which act more as structural breaks than continuous series and
may induce auto-correlation in the error terms. Therefore, a preliminary fourth specification,
reported as Model V (in appendix 2.7.3) provides an initial attempt at modelling a simple
disaggregate of the forcing series where volcanic aerosol forcing are modelled as breaks to
avoid concerns of estimating climate sensitivities based on volcanic forcing in general (see
e.g Lindzen & Giannitsis 1998). Only limited results are reported on model V as the precise
modelling of volcanic eruptions requires a detailed treatment exceeding the scope of this
paper in which the application to real data serves primarily as an illustration of estimating
EBMs using CVARs.

In summary, model A corresponds directly to the EBM theory with a single lag, model B
is estimated with two lags to account for additional dynamics and residual autocorrelation,
model C is equivalent to model B with weak-exogeneity of the forcing series relaxed. Model
V in appendix 2.7.3 provides an initial attempt at accounting for break-like volcanic forcing.
Full results are reported for models A-C.

2.5.3 Results

The time series of global mean surface temperature anomalies, 0-700m ocean heat content
anomalies, and total radiative forcing cointegrate to two stationary relations consistent with
the theory of a two-component EBM. Likelihood ratio tests cannot reject the presence of two
cointegrating vectors (rank = 2) in all the models estimated here (pA=0.58, pB = pC = 0.76
for models A, B, C respectively), consistent with the theory provided by the two-component
EBM (3). A single cointegrating relation (rank=1) is rejected in all models (see Table 3 for full
results).10

Table 4 provides the estimated parameters of the CVAR. Fitted values are given in levels
in Figure 6 and first differences in Figure 7. Residual plots are provided in appendix 2.7.4.
The imposed restrictions on the CVAR are not rejected at the 1% level (p=0.02) in model A
(see Table 4), though this should be interpreted with care given the failure of the residual
autocorrelation mis-specification test of the model. The restrictions are, however, rejected in
model B which controls for residual autocorrelation. To explore the rejection of the restrictions,
model C relaxes weak-exogeneity of the forcing series. Taking into account the error serial
correlation through the extension of the model to two lags, the model restrictions are not
rejected in model C once forcing is allowed to adjust to upper component temperatures
(p=0.32). This is a notably strong result – it is not unusual for restrictions of this complexity

10Future work will explore the effects of the small sample sizes using the bootstrap rank testing approach in
Cavaliere et al. 2012.
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to be rejected.11 For completeness, despite the rejection of the restrictions in model B and
mis-specification in A, the proceeding analysis reports results for all models A, B, and C.

Normality of the residuals cannot be rejected in diagnostic tests of the models A and B, it
is, however, rejected for model C. The rejection of normality in C likely stems from the forcing
series as indicated by the single-equation diagnostic tests – normality is not rejected in all but
the forcing series. This can be driven by the volcanic impacts resembling structural breaks.
Model V in (appendix 2.7.3), modelling volcanic forcing as breaks, shows improvements in
diagnostic test results (see also the residual plots in appendix 2.7.4) and the EBM restrictions
(including weak exogeneity of forcing) are then not rejected (p=0.17).

The estimated parameters of the EBM in the cointegrating relations are highly significant
and estimated with theory-consistent signs. There is little evidence that the ocean heat
content series adjusts to the first cointegrating vector (α̃2,1 is insignificant in Table 4). This
is consistent with the continuous-time EBM where the lower component only adjusts to
the second cointegrating relation in (21).12 The two cointegrating relations representing the
equations of the EBM are reported here as an example for the EBM theory model A:

ĥ1,t =

(
− 2.71

(0.51)∗∗
Tm,t−1 + Ft−1

)
(33)

ĥ2,t =

(
Tm,t−1 − 0.044

(0.003)∗∗
Ht−1

)
(34)

where standard errors are given in parentheses and the coefficients on Ft−1 in the first equation,
and the coefficient on Tm,t−1 in the second equation are normalized to 1 for identification.

Table 3: Cointegration Tests of the Two-Component EBM

A: Base, 1-lag B & C: 2-lag
Rank=0 61.52 [p<0.00]** 57.90 [p<0.00]**
Rank=1 20.35 [p<0.01]** 22.46 [p<0.01]**
Rank=2 0.31 [p=0.58] 0.09 [p=0.76]

Obs. 56 55

Cointegration rank tests using the Johansen (1988) trace test.
p-values are reported in brackets [ ], ∗ indicates rejection at
5%, ∗∗ indicates rejection at 1%.

11Equally future work will explore the effects of the small sample sizes using the bootstrap hypotheses testing
approach in Cavaliere et al. 2014.

12Results for models where an additional restriction of α̃2,1 = 0 is imposed are reported in appendix 2.7.5
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Figure 6: EBM Model Fit (estimated as a CVAR). Left panels shows model fit and observed (GIS) upper-
component (global mean-surface) temperature anomalies. Right panels shows model fit and observed
0-700m ocean heat content (OHC) anomalies (Levitus et al. 2009) which proxy lower component heat
content in the EBM.
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Figure 7: EBM Model Fit of First Differences (estimated as a CVAR). Left panels shows model fit and
observed first differences of (GIS) upper-component (global mean-surface) temperature anomalies.
Right panels shows model fit and first differences of observed 0-700m ocean heat content anomalies
(Levitus et al. 2009) which proxy lower component heat content in the EBM.



Table 4: EBM Cointegration Model Parameter Estimates where α̃ = ακ

EBM/CVAR Model

Coint. Relations A: Base B: 2-lag C: Endo. Forc.
Vector 1 (Mixed)

β1,1 -2.71 (0.51)** -2.29 (0.41)** -2.21 (0.32)**
β1,2 - - -
β1,3 1 1 1

Adjustment
α̃1,1 0.11 (0.03)** 0.15 (0.03)** 0.11 (0.03)**
α̃2,1 0.60 (0.33) 0.53 (0.38) -0.03 (0.41)
α̃3,1 - - -0.55 (0.15)**

Vector 2 (Deep)
β2,1 1 1 1

β2,2 -0.044 (0.003)** -0.041 (0.004)** -0.041 (0.004)**

Adjustment
α̃1,2 -0.41 (0.12)** -0.46 (0.15)** -0.47 (0.15)**
α̃2,2 7.82 (1.48)** 7.43 (1.99)** 7.35 (1.99)**
α̃3,2 - - -

LR Test of Restric.
χ2(2), C: χ2(1) 12.87 [p=0.012]* 16.32 [p=0.003]** 2.47 [p=0.12]

Diagnostic Tests
AR (1-2) F-Test 2.96 [p=0.005]** 1.32 [p=0.24] 1.14 [p=0.32]

Normality χ2(4), C: χ2(6) 0.76 [p=0.94] 7.19 [p=0.13] 20.36 [p=0.002]**
Observations T 56 55 55

log-likelihood -72.48 -59.85 -51.84

EBM Estimates
λ (Wm−2K−1) 2.71 (0.51) 2.29 (0.41) 2.21 (0.32)

ECS (K) 1.37 (0.25)†
1.62 (0.29)†

1.67 (0.24)†

Cm (W year m−2K−1) - - -
Cd (W year m−2K−1) 22.72 (1.54)†

24.39 (2.38)†
24.39 (2.38)†

γ - - -
Model estimates based on CVAR estimation. Standard errors are given in parentheses ( ) while
p-values are reported in brackets [ ]. Standard errors are provided where available. If no standard
errors are reported, then parameter is restricted or derived from estimated model parameters. ∗

indicates significance at 5%, ∗∗ indicates significance at 1%. Standard errors derived using δ-method
are marked using †. Left column specifies parameters, right columns shows estimation results. Dash
- marks imposed restriction and no identification in the case of the structural EBM parameters given
the theoretical result of α̃ = ακ.
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Figure 8: Net heat flux based on the first cointegrating vector and observed top of the atmosphere
(TOA) net flux. Top panel graphs the net heat flux as described by the estimated first cointegrating
vector for models A-C from 1955-2011. Bottom panel graphs the net flux from 2000-2011 together with
annually averaged observed TOA net flux from the CERES Energy Balanced and Filled (EBAF) all skies
data (black line with points) (Loeb et al. 2009) which have not been used to estimate the model and
serve as an informal test of the model against a different set of independently measured observations.

2.5.4 Discussion

Physical Interpretation of First Cointegrating Vector

Based on the EBM in (5) and the equivalent cointegration formulation (28), the first cointe-
grating relation used to estimate climate feedback has a direct physical interpretation and
describes the net heat flux or net energy coming into the system: Q = F − λTm. As an
informal test of the model I compare the estimated cointegrating vector which corresponds to
estimated net heat flux Q against the independently observed net heat flux from satellite-based
measurements of annually averaged net flux at the top of the atmosphere (TOA) from the
CERES Energy Balanced and Filled (EBAF) All Skies data (Loeb et al. 2009). It is important to
emphasize that this data series is not used in the estimation of the model but is a different set
of observations from satellite measurements of the quantity captured by the first cointegrating
relation. Figure 8 plots the first cointegrating relation together with the satellite measurements.
While the models under-estimate the volatility and level slightly, the first cointegrating vectors
from models B and C remain close to the satellite-observed record. Model A, which does not
control for residual autocorrelation (and results in high estimates of climate feedback – see
section 2.5.4), consistently lies below satellite-observed TOA net flux.

Climate Feedback and Sensitivity

The estimates of the climate response to increasing emissions is characterised by climate
feedback λ and the equilibrium climate sensitivity.13 Estimates of climate feedback and

13ECS for a doubling of CO2 is derived from the steady-state equilibrium of the EBM. Using (8) and (9) in equilibrium
it holds that dTm/dt = dTd/dt = 0 and thus Tm = F/λ. ECS is then defined as the equilibrium temperature
response Tm given a radiative forcing of doubling of CO2: ECS = F2×CO2 /λ, where F2×CO2 ≈ 3.7Wm−2.
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equilbrium climate sensitivity (see Table 4) depend on the model specification, where model
mis-specification likely leads to an over-estimation of climate feedback (and thus an under-
estimation of climate sensitivity). Figure 9 plots the densities of estimated climate feedback
(λ) and sensitivity (ECS) relying on approximate asymptotic normality.14

Using model A which does not control for residual-autocorrelation, λ is estimated to be
2.71 (0.51) Wm−2K−1, equivalent to an equilibrium climate sensitivity of 1.37 (0.25) K for a
radiative forcing of 3.7Wm−2 for a step-shift doubling of CO2. This is lower than IPCC (IPCC
2013) best estimates of around 3K. A possible reason for why climate feedback may have been
over-estimated (and ECS under-estimated) when using observation-based approaches (for
example Schwartz (2007) finds ECS for a doubling of CO2 to be approximately 1.1K) could be
model mis-specification (e.g apparent through residual autocorrelation) and stochastic trends
in the data which are not accounted for when relying on correlations and not estimating
the system as a whole. Once residual autocorrelation is corrected for through the use of
additional lags (model B) the estimates of climate feedback are lower (and those of ECS
higher). Model B (two-lags) and model C (endogenous forcing) estimate λ at 2.29 (0.41)
and 2.21 (0.32) Wm−2K−1 respectively, with associated equilibrium climate sensitivities of
1.62 (0.29) K and 1.67 (0.24) K. However, this should be interpreted with care as the now
endogenous forcing is modelled as a simple aggregate. Appendix 2.7.5 reports the results
when additional restrictions are placed on α̃, generally resulting in higher estimates of ECS.

There are concerns on estimating λ and ECS using volcanic forcing data (Lindzen &
Giannitsis 1998). Model V makes an initial attempt in correcting for this by treating volcanic
forcing as transitory breaks, entering the CVAR unrestrictedly in first differences. The climate
feedback estimate in model V is notably lower than in models A-C, resulting in a higher
estimate of ECS of 2.16 (0.56) K, however, associated with higher uncertainty (see Figure 9,
model V, purple).

Overall, EBM estimates based on CVAR estimation show that the IPCC estimated range of
equilibrium climate sensitivities is robust to the non-stationary nature of the data at hand,
though at the higher end of the CVAR estimated distributions.

Component Heat Capacity

While the upper-component heat capacity Cm (the amount of energy needed to change the
temperature) is not directly identified in the discrete CVAR representation of the continuous-
time EBM, the heat capacity of the lower component can be estimated using the parameters
in the second cointegrating vector. The lower component heat capacity Cd is given by the
CVAR mapping as β2,2 = −1/Cd. Raw estimates of the heat capacity of the lower component
using observational data and a two-component EBM estimated as a CVAR from model A
suggests an effective ocean 0-700m heat capacity of 22.72 (2.70) W year m−2K−1. This increases
to 24.39 (2.38) when two lags are considered (models B) and when we allow forcing to be
endogenous (Model C). Thus, when estimating the EBM as a system and taking the time
series properties into account, the raw estimate is higher than found by Schwartz (2012),
who finds the heat capacity of the lower component up to 700m to be 14.1 W year m−2K−1

using OLS regression and suggests that his finding is a strong under-estimation. We may
still under-estimate the total effective heat capacity of the system, mostly due to omission of
the deeper ocean (>700m). Equally, other heat sinks are omitted in this simple model. If we

14The results should be interpreted with care given the presence of residual autocorrelation in model A.
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Figure 9: Estimated densities of climate feedback (λ, left) and equilibrium climate sensitivity (ECS,
right), the equilibrium temperature response for a doubling of CO2 for models A (theory, red), B
(2-lags, blue), and C (2-lags & endogenous forcing, green). Model V (purple) models volcanic forcing
as breaks (see appendix 2.7.5). Densities are plotted based on the asymptotic normality of the CVAR
parameter estimates. The IPCC “likely” range is denoted by vertical dashed lines in the right panel.

follow Schwartz’s approach of correcting the 0-700m estimate upwards (by 30% for deeper
ocean, and 19% for other heat sinks), this yields an estimate of 36.34 W year m−2K−1 (using
models B, C).

If we rely on a simple discrete-time approximation to map the EBM parameters to a CVAR
instead, the effective heat capacity of the upper component can be estimated using estimates
of the adjustment coefficients (see appendix 2.7.5).

Stability and Time Dependence

recursive estimation The CVAR specification of the EBM enables the stability of the
model to be assessed over time using recursive estimation - I recursively estimate the model
starting with a base sample of 20 observations from 1955-1976 onwards, expanding the sample
up until 2011. This permits an assessment of how the estimates would have changed over time
and can provide insight whether the recent slowdown in increase in surface temperatures
(the “warming hiatus”) affects the estimates of climate sensitivity. Figure 10 graphs the
recursively estimated climate feedback and ECS over the sample period for the different
model specifications. Consistent with the findings of Otto et al. (2013) (who use a single
component EBM), the ECS and climate feedback are relatively stable over the sample prior
to 2003. Notably, there is a dip in the recursively estimated system following 2003, where
estimates including the time period thereafter yield a lower climate feedback and thus higher
ECS with overall higher uncertainty as indicated by the ± 2 standard error interval.15 This
sudden change in 2003 is likely driven by unexpected increased ocean heat uptake during
this time period (see Figure 4).

15The wide range of the ± 2 standard error interval for ECS in Figure 10 primarily stems from the non-linear
transformation of the climate feedback estimate λ̂. The estimate for λ in model B falls close to zero in 2001-2003

leading to very high values (and uncertainty) of ECS which is a non-linear transformation of λ.
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Figure 10: Recursive Estimates of Climate Feedback λ and Equilibrium Climate Sensitivity (ECS). Top
panel shows the recursively estimated climate feedback λ starting with a base sample from 1956-1976

extended up to 1956-2011 for models A, B, and C. Bottom panel shows the corresponding ECS for a
radiative forcing of 3.7 Wm−2 for a doubling of CO2. Dashed lines graph the interval ± 2 standard
errors, where standard errors for ECS are derived using the δ-method. While the ± 2 SE range is
wide, the full sample 95% confidence interval is strictly positive for both ECS and λ. The range of
full-sample point-estimates is denoted by black bars at the end of the sample.

The inclusion of the hiatus period (approximately from 1998 onwards), despite little
increase in surface temperatures, suggests that estimates of ECS are relatively stable over time.
This is likely driven by increased ocean heat uptake towards the end of the sample.

forecasting through the hiatus To further investigate the performance and the
stability of the EBM I re-estimate the models up until 1997 and forecast the remaining period
(2011) 5-steps (years) ahead using the model estimates. While forecast performance is not
a directly useful model evaluation tool (Clements & Hendry 2005), it can provide insights
into model stability. The 5-step forecasts used here rely on dynamic forecasting in a closed
system – next period’s forecast are used as starting points for succeeding forecasts up to five
steps ahead (see e.g. Clements & Hendry 1999). Figure 11 graphs the 5-step forecasts of the
temperature and ocean heat content anomalies. While the forecast confidence intervals are
wide, the mean-level forecast tracks observed temperatures and ocean heat content closely.
This is consistent with Kaufmann et al. (2011): changes in radiative forcing over this time
period together with ocean heat uptake can (in part) account for the slow down in warming.
However, it appears that ocean heat uptake is generally slightly under-predicted relative to a
model estimated prior to 1997. This may provide some evidence that increased ocean heat
uptake accounts for some of the “missing energy” recently debated (Trenberth & Fasullo 2010,
Trenberth & Fasullo 2012).
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Figure 11: EBM/CVAR Model 5-Year Ahead Forecasts of Surface Temperature (left) and Ocean Heat
Content (right) during the Hiatus for models A, B, and C.

2.6 conclusion

I demonstrate the mathematical equivalence of a two-component energy balance model to
a cointegrated system that can be mapped to a cointegrated vector autoregression. This
result provides directly testable properties of an EBM when estimated on the observational
record, while accounting for non-stationarity in the form of stochastic trends in the data. The
equivalence result further provides a physical basis for the use of econometric CVARs in
climate research, and places the entire tool-kit of CVARs at the disposal of energy balance
models, ranging from tests of stability, to forecasts. A simple application of econometric
estimation of a two-component EBM using global mean surface temperature anomalies, 0-
700m ocean heat content anomalies, and aggregates of radiative forcing suggests that the
model is not rejected. The time series form two stationary relations (cointegrate), consistent
with the theoretical model and individual parameters are statistically significant with theory-
consistent signs and magnitudes. CVAR estimation of a two-component EBM shows that
estimates of ECS are relatively stable over the sample of observations, where the recent
slowdown in warming has little effect on the estimated climate sensitivity. However, careful
thought has to be given how the radiative forcing series is modelled. Using the model
parameter estimates, I find that model mis-specification (e.g. apparent through residual
autocorrelation) results in high values of the observationally determined climate feedback,
and in turn, to low estimates of equilibrium climate sensitivity. Future work will explicitly
model the socio-economic aspects determining disaggregates of the forcing series, and explore
un-modelled shifts in the data.
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2.7 appendix

2.7.1 Further Results on the Continuous to Discrete Mapping

The energy balance model is given as:

dY = ΠYdt + DdW (35)

The solution to the Ornstein-Uhlenbeck process can be found using a change-of-variable
approach. Define Z such that:

Z = exp (−Πt)Y (36)

where exp (−Πt) denotes the matrix exponential of −Πt, where for a n× n matrix A exp (A)

is defined as:

exp (A) =
∞

∑
k=0

1
k!

Ak = I + A +
1
2!

A2 + . . . (37)

with the inverse of exp (A) given by exp (A)−1 = exp (−A). Pre-multiplying (36) by
exp (Πt)−1 yields:

Y = exp (Πt)Z (38)

Using (36) we can write dZ as:

dZ = −Π exp (−Πt)Ydt + exp (−Πt)dY (39)

= −Π exp (−Πt)Ydt + exp (−Πt) (ΠYdt + DdW) (40)

= exp (−Πt)DdW (41)

Integrating from 0 to t yields:

Z = Z0 +
∫ t

0
exp (−Πu)DdWu (42)

Substituting for Z in (38) provides the solution to the Ornstein-Uhlenbeck process as:

Y = exp (Πt)Y0 + exp (Πt)
∫ t

0
exp (−Πu)DdWu (43)

= exp (Πt)
(

Y0 +
∫ t

0
exp (−Πu)DdWu

)
(44)

Discrete observations Yt of Y at a frequency of one then follow a VAR process as:

Yt = AYt−1 + εt (45)

where A = exp (Π), and εt ∼ N (0, Σ) . In equilibrium correction form the VAR is written as:

∆Yt = PYt + εt (46)
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with
P = A− I = exp(Π)− I = exp

(
αβ′
)
− I = ακβ′ (47)

where κ is a (r× r) matrix κ =
(

β′α
)−1 [exp

(
β′α
)
− I
]
. Proof:

P = exp
(
αβ′
)
− I

= I + αβ′ + αβ′αβ′
1
2!

+ · · · − I

= α

(
I + β′α

1
2!

+ . . .
)

β′

= α

((
β′α
)−1

[
β′α + β′αβ′α

1
2!

+ . . .
])

β′

= α

((
β′α
)−1

[
I + β′α + β′αβ′α

1
2!

+ · · · − I
])

β′

= α
((

β′α
)−1 [exp

(
β′α
)
− I
])

β′ (48)

For additional results see Kessler & Rahbek (2004).

2.7.2 Eigenvalues of the Companion Matrix

To further assess dynamic stability, Table 5 reports the moduli of the eigenvalues of the
companion matrix of models A and B & C for the unrestricted VAR and reduced rank
estimates (r=2) without the EBM theory restrictions imposed. The indicative results of the
eigenvalue analysis suggest a single unit root: one eigenvalue lies on the unit circle, all other
eigenvalues are within the unit circle. There is no evidence of an explosive process and
the system does not appear to be I(2) – once a reduced rank of two is imposed, all other
eigenvalues are well within the unit circle.

Table 5: Eigenvalues of the companion matrix of models A and B & C for the unrestricted VAR and
reduced rank (r=2) estimates (without EBM theory restrictions).

Model A (1 × 3 roots)

VAR(1) 0.98 0.49 0.17

r=2 1.00 0.48 0.17

Models B & C (2 × 3 roots)

VAR(2) 1.00 0.65 0.65 0.40 0.40 0.07

r=2 1.00 0.64 0.64 0.40 0.40 0.07

2.7.3 Modelling Volcanic Forcing as Breaks

Volcanic forcing (Ft,Volc.) closely resembles an impulse, where the first difference of volcanic
forcing (∆Ft,Volc.) appears similar to a transitory shock dummy e.g. (. . . , 0, 0, 1,−1, 0, 0, . . . )
– see Figure 12 which plots the level and first difference of stratospheric aerosol (volcanic)
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forcing. This break-like behaviour likely drives the rejection of normality in Model C in
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Figure 12: Radiative forcing of stratospheric aerosols from volcanic eruptions in levels, Ft,Volc. (left) and
first differences ∆Ft,Volc. (right)

section 2.5. There are multiple different ways in which volcanic forcing can be modelled
within the CVAR specification. The aggregate forcing series Ft could be disaggregated and
separated into exogenous and endogenous forcing series, alternatively eruptions could be
treated as transitory shocks. Here I follow the latter approach, future work will explore the
modelling of eruptions within the CVAR in more detail.

Treating volcanic eruptions as closely resembling transitory breaks, I re-estimate the CVAR
EBM from section 2.5 with 2-lags, where the forcing series F̃t = Ft − Ft,Volc. enters the first
cointegrating relation, and is itself restricted to be weakly exogenous. The first difference of
volcanic forcing, ∆Ft,Volc. enters the model unrestrictedly, similar to a transitory shock dummy.

Table 6 provides the estimation results where model V refers to the model including the
first difference of volcanic forcing unrestrictedly. The model now passes the diagnostic tests
for residual autocorrelation (p=0.21) and normality (p=0.22). The EBM restrictions, including
weak-exogeneity of the remaining forcing series F̃t, are not rejected (p=0.17). The estimate of
ECS is notably higher relative to models A-C. Figure 9 in section 2.5 plots the approximate
density of ECS and λ when estimated using model V.
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Table 6: EBM Cointegration Model Parameter Estimates - Unrestricted Volcanic Forcing

EBM/CVAR Model

Coint. Relations V: Volc. Breaks
Vector 1 (Mixed)

β1,1 -1.71 (0.44)**
β1,2 -
β1,3 1

Adjustment
α̃1,1 0.21 (0.06)**
α̃2,1 0.09 (0.81)
α̃3,1 -

Vector 2 (Deep)
β2,1 1

β2,2 -0.042 (0.004)**

Adjustment
α̃1,2 -0.65 (0.17)**
α̃2,2 6.43 (2.04)**
α̃3,2 -

LR Test of Restric.
χ2(2), C: χ2(1) 6.49 [p=0.17]

Diagnostic Tests
AR (1-2) F-Test 1.37 [p=0.21]

Normality χ2(4), C: χ2(6) 5.75 [p=0.22]
Observations T 55

log-likelihood 84.11

EBM Estimates
λ (Wm−2K−1) 1.71 (0.44)

ECS (K) 2.16 (0.56)†

Cm (W year m−2K−1) -
Cd (W year m−2K−1) 23.8 (2.26)†

γ -
Model estimates based on CVAR estimation. Standard errors are given
in parentheses ( ) while p-values are reported in brackets [ ]. Standard
errors are provided where available. If no standard errors are reported,
then parameter is restricted or derived from estimated model parameters.
∗ indicates significance at 5%, ∗∗ indicates significance at 1%. Standard
errors derived using δ-method are marked using †. Left column specifies
parameters, right columns shows estimation results. Dash - marks
imposed restriction and no identification in the case of the structural
EBM parameters given the theoretical result of α̃ = ακ.



2.7.4 Residual Plots

Figure 13 plots the scaled model residuals from models A-C (see section 2.5) and model V
(see section 2.7.3). The outlying observations in 1981/1982 are associated with strong volcanic
forcing from the “El Chichón” eruption. Model V where volcanic forcing is modelled as
transitory breaks alleviates some of these problems.
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Figure 13: Scaled model residuals from models A-C (section 2.5) and model V (section 2.7.3)
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2.7.5 Discrete Time Approximation of the two-component EBM

Section 2.4 relies on the discrete-time VAR formulation of the continuous Ornstein-Uhlenbeck
process. An alternative linking of EBMs to CVARs is to rely on a simple first-order Euler
discrete time approximation where dTm

dt ≈ ∆Tm,t = Tm,t− Tm,t−1 and dTd
dt ≈ ∆Td,t = Td,t− Td,t−1.

The system is then approximated as:

∆Tm,t =
1

Cm
[−λTm,t−1 + Ft−1]−

γ

Cm
[Tm,t−1 − Td,t−1] + u1,t (49)

and
∆Td,t =

γ

Cd
[Tm,t−1 − Td,t−1] + u2,t (50)

This system of equations is equivalent to a restricted cointegrated vector autoregression
(CVAR) where the expressions in brackets correspond to the cointegrating vectors, and the
coefficients outside the brackets are the α adjustment coefficients in the cointegration model.
The error terms (here u1,t and u2,t) will capture omitted effects from the model. In matrix
notation this approximation is given by:∆Tm,t

∆Td,t

∆Ft

 =

 1
Cm

0
0

 · [−λ 0 1
]
·

Tm,t−1

Td,t−1

Ft−1

 (51)

+

−
γ

Cm
γ
Cd

0

 · [1 −1 0
]
·

Tm,t−1

Td,t−1

Ft−1

+ ut

where ut = (u1,t, u2,t, u3,t)′ and the cointegrating vectors and adjustment coefficients are
linked through the approximation to the EBM such that: α̃1,1 = 1/Cm, α̃2,1 = α̃3,1 = 0,
β1,1 = −λ, β1,2 = 0, β1,3 = 1 further α̃2,2 = γ/Cd, α̃1,2 = −γ/Cm, α̃3,2 = 0, β2,1 = 1 = −β2,2
and β2,3 = 0.

Note that while the motivation linking EBMs to CVARs in this approximation is slightly
different to the one provided in section 2.7.5 (a simple approximation using Euler-discrete
time approach compared to the solution of the Ornstein-Uhlenbeck process), in practice the
estimation procedure is near-identical. Cointegration is preserved in this CVAR formulation,
testing for the rank and estimating the long-run relations given by β is exactly identical to
the results in 2.7.5, therefore test results in Table 3 still apply. The main difference lies in
the interpretation of the adjustment coefficients α. Given the simplifying approximation, the
CVAR adjustment coefficients α̃ have a structural interpretation where α̃ ≈ α.

If this discrete time approximation is considered, then the EBM implies additional re-
strictions on the adjustment coefficients and provides further estimates of the structural
parameters. These restrictions are: lower component temperatures only adjust to the second
cointegrating vector, α̃2,1 = 0; the adjustment of the lower component to the second cointe-
grating vector α̃2,2 equals the coefficient γ determining the rate of heat transfer. This provides
a cross-equation over-identifying restriction since γ is also identified in the first cointegrating
relation, therefore α̃2,1 = −α̃2,2α̃1,1 = γ/Cm. Upper component heat capacity is given through
α̃1,1 = 1/Cm.
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Figure 14: Appendix Model – Net heat flux based on the first cointegrating vector and observed top
of the atmosphere (TOA) net flux. Top panel graphs the net heat flux as described by the estimated
first cointegrating vector for models A*-C* from 1955-2011. Bottom panel graphs the net flux from
2000-2011 together with annually averaged observed TOA net flux from the CERES Energy Balanced
and Filled (EBAF) all skies data (black line with points) (Loeb et al. 2009) which have not been used to
estimate the model and serve as an informal test of the model against a different set of observations.

I re-estimate models A-C, and V, using the restrictions in (51), the models with additional
restrictions are denoted as A*-C* and V*. Estimation results when the additional restrictions
on α are imposed are provided here in Table 7 for models A* (1-lag, EBM theory), B* (2-lags),
C* (2-lags, endogenous forcing), and model V* (2-lags unrestricted volcanic forcing). Figures
14 to 16 repeat the analysis from section 2.5 for the present models. The additional restrictions
on α here can also be motivated by the fact that the adjustment coefficients α̃2,1 of ocean heat
to the first cointegrating vector in Table 4 in section 2.5 are insignificant.

Comparing Table 4 to 7 there is little difference in estimation results of the models with
additional α restrictions relative to those used in section 2.5. Estimates of ECS are generally
higher with additional α restrictions imposed, with Models C* and V* estimates for ECS of
1.76 (0.29)K and 3.10 (1.72)K respectively.

Given the structural interpretation of the adjustment coefficients here, estimates for Cm

can be obtained using α̃1,1 = 1/Cm. Theory consistent, the effective heat capacity of the mixed
component (here proxied through the use of global mean surface temperatures) is lower than
that of the deeper component. The estimates of 12.19 (2.68) W year m−2K−1 for model A*,
(8.33 for models B* and 11.11 for model C*) are relatively close in orders of magnitude to the
lower component heat capacity. This result likely stems from the fact that the deep component
in the present application does not directly represent the deep ocean, but rather only the
first 700m. Temperatures for this range are therefore likely to be close to the mean surface
temperature.
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Table 7: Appendix Model – EBM Cointegration Model Parameter Estimates with additional α restric-
tions

EBM/CVAR Model

Coint. Relations A*: Base B*: 2-lag C*: Endo. Forc. V*: Volc. Breaks
Vector 1 (Mixed)

β1,1 -2.57 (0.94)** -1.61 (0.77)* -2.10 (0.35)** -1.20 (0.67)
β1,2 - - - -
β1,3 1 1 1 1

Adjustment
α1,1 0.082 (0.018)** 0.12 (0.03)** 0.09 (0.02)** 0.18 (0.05)**
α2,1 - - - -
α3,1 - - -0.55 (0.13)** -

Vector 2 (Deep)
β2,1 1 1 1 1

β2,2 -0.043 (0.005)** -0.037 (0.005)** -0.041 (0.004)** -0.038 (0.005)**

Adjustment
α1,2 -0.52 -0.65 -0.57 -0.83

α2,2 6.28 (1.24)** 5.31 (1.14)** 6.20 (1.53)** 4.67 (1.07)**
α3,2 - - - -

LR Test of Restric.
χ2(4), C: χ2(3) 12.87 [p=0.012]* 19.45 [p=0.001]** 3.36 [p=0.34] 6.49 [p=0.17]

Diagnostic Tests
AR (1-2) F-Test 2.82 [p=0.01]** 1.03 [p=0.42] 0.89 [p=0.59] 1.42 [p=0.20]

Normality χ2(4), C: χ2(6) 1.25 [p=0.87] 5.57 [p=0.23] 19.34 [p=0.004]** 5.67 [p=0.22]
Observations T 56 55 55 55

log-likelihood -74.46 -61.42 -53.36 83.43

EBM Estimates
λ (Wm−2K−1) 2.57 (0.94) 1.61 (0.77) 2.10 (0.35) 1.20 (0.67)

ECS (K) 1.44 (0.53)†
2.30 (1.10)†

1.76 (0.29)†
3.10 (1.72)†

Cm (W year m−2K−1) 12.19 (2.68)†
8.33 (2.08)†

11.11 (2.47)†
5.55 (1.54)†

Cd (W year m−2K−1) 23.25 (2.70)†
27.02 (3.65)†

24.39 (2.38)†
26.31 (3.46)†

γ 6.28 (1.24) 5.31 (1.14) 6.20 (1.53) 4.67 (1.07)
Model estimates based on CVAR estimation. Standard errors are given in parentheses ( ) while p-values are reported
in brackets [ ]. Standard errors are provided where available. If no standard errors are reported, then parameter is
restricted or derived from estimated model parameters. ∗ indicates significance at 5%, ∗∗ indicates significance at
1%. Standard errors derived using δ-method are marked using †. Left column specifies parameters, right columns
shows estimation results. Dash - marks imposed restriction, specifically the restrictions based on the EBM are:
β1,2 = 0, β1,3 = 1, α2,1 = 0, α3,1 = 0, β2,1 = 1, α1,2 = −α2,2α1,1, α3,2 = 0.
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Figure 15: Appendix Model – Estimated densities of climate feedback (λ, left) and equilibrium climate
sensitivity (ECS, right), the equilibrium temperature response for a doubling of CO2 for models A*
(theory, red), B* (2-lags, blue), and C* (2-lags & endogenous forcing, green). Densities are plotted based
on the asymptotic normality of the CVAR parameter estimates. The IPCC “likely” range is denoted by
vertical dashed lines in the right panel.
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Figure 16: Appendix Model – Recursive Estimates of Climate Feedback λ and Equilibrium Climate
Sensitivity (ECS). Top panel shows the recursively estimated climate feedback λ starting with a base
sample from 1956-1976 extended up to 1956-2011 for models A*, B*, and C*. Bottom panel shows the
corresponding ECS for a radiative forcing of 3.7 Wm−2 for a doubling of CO2. Dashed lines graph the
interval ± 2 standard errors, where standard errors for ECS are derived using the δ-method. While the
± 2 SE range is wide, the full sample 95% confidence interval is strictly positive for both ECS and λ.
The range of full-sample point-estimates is denoted by black bars at the end of the sample.



2.7.6 Univariate Unit Root Tests

While the Johansen cointegration procedure does not require pre-testing for unit-roots, for
completeness I provide the results of uni-variate augmented Dickey-Fuller (ADF) (Dickey
& Fuller 1981) unit root tests on both levels and first differences for global mean surface
temperatures, 0-700m ocean heat content, total radiative forcing, total radiative forcing exclud-
ing stratospheric aerosols (volcanic forcing) and well-mixed greenhouse gases (WMGHGs).
The null hypothesis H0 is that the series has a unit root, rejecting H0 suggests no unit-root
non-stationarity. D-lag specifies the number of lags included in the ADF test where choice of
lag length is based on the lowest AIC. A constant is included in the ADF test specification.
Test outcomes: ∗∗ indicates rejection of H0 at 1% and ∗ at 5%.

Table 8: GIS Temperature ADF Unit Root Tests

GIS Temp. ∆ GIS Temp.

D-Lag t-adf AIC D-Lag t-adf AIC
3 -0.1707 -4.252 3 -4.329** -4.263

2 -0.5416 -4.229 2 -6.850** -4.291

1 -1.168 -4.161 1 -8.252** -4.262

0 -1.949 -4.1 0 -10.26** -4.172

Table 9: 0-700m OHC ADF Unit Root Tests

0-700m OHC ∆ 0-700m OHC

D-Lag t-adf AIC D-Lag t-adf AIC
3 1.02 0.6989 3 -3.065* 0.6295

2 0.8619 0.6704 2 -5.301** 0.6821

1 0.3142 0.7122 1 -7.107** 0.6468

0 -0.1528 0.7377 0 -9.019** 0.675

Table 10: Total Radiative Forcing ADF Unit Root Tests

Total Forcing ∆ Total Forcing

D-Lag t-adf AIC D-Lag t-adf AIC
3 -1.655 -1.476 3 -4.969** -1.446

2 -1.789 -1.515 2 -5.400** -1.457

1 -2.867 -1.454 1 -7.166** -1.488

0 -2.299 -1.422 0 -6.182** -1.335
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Table 11: Total Forcing (excluding Stratospheric Aerosols) ADF Unit Root Tests

Total Forcing (excl. Str. Aerosols) ∆ Total Forcing (excl. Str. Aerosols)

D-Lag t-adf AIC D-Lag t-adf AIC
3 -0.5852 -6.789 3 -4.764** -6.917

2 -0.7223 -6.763 2 -3.794** -6.821

1 -0.7475 -6.801 1 -3.257* -6.791

0 -0.7114 -6.43 0 -3.543* -6.829

Table 12: Well-Mixed Greenhouse Gases (WMGHGs) ADF Unit Root Tests

WMGHGs ∆ WMGHGs

D-Lag t-adf AIC D-Lag t-adf AIC
3 -0.9117 -8.967 3 -1.793 -8.997

2 -0.6269 -8.902 2 -2.114 -8.989

1 -0.5831 -8.903 1 -2.898 -8.933

0 -0.6148 -8.619 0 -3.980** -8.935



3
A N T H R O P O G E N I C I N F L U E N C E S O N AT M O S P H E R I C C O 2

Abstract

We identify anthropogenic contributions to atmospheric CO2 measured at Mauna
Loa using the econometric automatic model selection algorithm Autometrics and
introduce impulse indicator saturation to econometric models of climate data. We
find that vegetation, temperature and other natural factors alone cannot explain
the trend or the variation in CO2 growth. Industrial production components,
driven by business cycles and economic shocks, are highly significant contributors.

This chapter has been published as:

Hendry, D.F. and Pretis, F. 2013. “Anthropogenic Influences on Atmospheric CO2”
in Handbook on Energy and Climate Change. R. Fouquet ed. Edward Elgar.

61



Figure 17: Historic and present levels of CO2
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3.1 introduction

We identify anthropogenic (human) contributions to atmospheric carbon dioxide (CO2) mea-
sured at Mauna Loa using the econometric automatic model selection algorithm Autometrics
and introduce impulse indicator saturation to econometric models of climate data. The
present work provides an application of a relatively recent development in econometrics -
selecting and then estimating models with more variables than observations. Estimating the
determinants of atmospheric CO2 is traditionally a challenge due to the complex systems
of data involved. The atmospheric concentration of Carbon dioxide is a highly autocorre-
lated, non-stationary time series, and globally there exist a large number of potential carbon
sources and sinks. There is mixed evidence in the literature on anthropogenic contributions
to atmospheric CO2: the long-term trend is widely attributed to human factors, while the
main seasonal fluctuations are thought to be driven by the biosphere. However, the statistical
measures applied are often somewhat unsatisfactory due to the complexities of dealing with
large numbers of variables. Econometric model selection can augment the existing approaches
to this problem.

Atmospheric carbon dioxide has varied over time, covering very low levels and high levels
over 1000 parts per million (ppm)1 (see Hendry 2011 for an overview). However, over the past
400,000 years, CO2 has been drastically below the current levels (Figure 17, Petit et al., 1999,
Tans & Keeling, 2011). The current strong increasing trend and the radiative forcing effect
contributing to an increase in global mean temperatures provides a motivation to establish
and estimate an underlying anthropogenic signature. This is of particular relevance when
considering target levels of CO2 for policy. Initial proposed target levels of 350ppm (Hansen
et al. 2008) have already been exceeded. New targets aim for a stabilization around 500ppm,
however, to achieve this, given the significant anthropogenic contribution (confirmed in the
present study), drastic reductions in emissions will be required (see Hepburn & Stern 2008

for a discussion).
We introduce a new approach to modelling changes in atmospheric CO2 using a model

selection algorithm which allows for a larger number of potential variables than observations

1
1 ppm by volume of CO2 in the atmosphere is approximately equal to 2.13 gigatons of carbon: see Clark (1982)
and http://cdiac.ornl.gov/pns/convert.html.
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without a priori forcing any to be significant or to be excluded. Using this method, the
main relevant explanatory variables are determined and their magnitudes estimated while
irrelevant factors are dropped from the model.

The model controls for a number of natural carbon sources and sinks: vegetation measured
by the Normalized Difference Vegetation Index (NDVI); temperature (measured as anomalies
in the Northern hemisphere); weather phenomena (measured through the Southern Oscillation
Index); as well as accounting for dynamic transport by including seasonal interaction terms.
This allows an estimate of the anthropogenic contribution to CO2 as measured by industrial
output indices and fossil fuel use for different geographical areas. Due to the high dimensional
properties of this system, this initial study focuses on identification of contributing factors
using a single equation approach. Endogeneity of surface temperatures is controlled using
instrumental variables in line with the analysis by Kaufmann et al. (2006).

Based on this initial study, the resulting estimates describe the direct effects on CO2

growth within the estimated conditional model and the proportional contribution of each
factor. Without imposing individual variables to be included in the final model, we find that
vegetation, temperature and other natural factors alone cannot explain either the trend or all
the variation in CO2 growth. Industrial production components, driven by business cycles
and shocks, are highly significant contributors.

Section 3.2 provides an overview of related literature as an introduction of climate change
modelling to econometrics. Section 3.3 discusses model selection, impulse indicator saturation
(IIS)–which we use to detect multiple breaks in the models–and the Autometrics algorithm.
Section 3.4 describes the data used, while section 3.5 outlines the estimation procedures,
section 3.6 reports the main results and section 3.7 concludes.

3.2 literature review

There is a plethora of literature on atmospheric CO2 and its link to anthropogenic factors. Key
aspects in the literature are finding an appropriate measure for anthropogenic activity and
sufficient controls for natural effects such as vegetation and oceanic absorption. Atmospheric
CO2 has been measured consistently and regularly since 1958, mostly due to the effort
of Charles Keeling who initiated and supported the measurement at Mauna Loa, Hawaii
(and later other measurement stations: see Sundquist & Keeling 2009). This led to the now
well established and often cited “Keeling Curve”, showing the increasing trend and highly
seasonal pattern in atmospheric CO2 (Figure 18). We are primarily interested in identifying
the anthropogenic contribution to atmospheric CO2, so the following section reviews existing
evidence and factors that need to be included in models.

3.2.1 Sources and Sinks

Economic sources

While atmospheric CO2 has been consistently measured at multiple sites for a long time (see
C. D. Keeling et al. 1976, and Sundquist & Keeling 2009), the choice of economic/anthropogenic
variables is less straight forward. Three variables are regularly used: estimates of fossil fuel
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Figure 18: Atmospheric CO2 measured at Mauna Loa—the “Keeling Curve”
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emissions, population, and cement production. In most cases, variables are measured on an
annual basis and interpolated to monthly frequencies.

A standard measure for estimating fossil fuel emissions is the product of the amount of
fuel produced, the proportion of the fuel that is oxidized, and the fuel carbon content (Marland
& Rotty 1984). Variations of this data are used in Erickson et al. (2008), Jones & Cox (2005),
Randerson et al. (1997), and Nevison et al. (2008). Recent data using this methodology are
available at an annual frequency by Marland et al. (2011). In contrast, Hofman et al. (2009) as
well as Newell & Marcus (1987) focus on population as a measure of human industrial output.
Granados et al. (2011) extend the model of population by including a measure of global
GDP. Cement production is a further major component of anthropogenic emissions. CO2

emissions in production through limestone calcination, kiln operation and power generation
are estimated to make up approximately five percent of anthropogenic emissions (Worrell et
al. 2001).

These measures provide a good starting point to capture anthropogenic emissions in the
long run, but due to the annual measurement frequency do not capture short-run fluctuations
and seasonality. Population and GDP are too broad as measures to capture variability other
than a trend. Measurement could be improved through supplementing overall fuel emissions
by disaggregate individual fuel consumption. However, most importantly, a higher-frequency
(monthly) anthropogenic measure is required to capture seasonal and short-term effects.

Vegetation and Transport

Aside from anthropogenic emissions, the terrestrial biosphere (vegetation) is a major factor in
the carbon cycle’s sources and sinks. Atmospheric carbon dioxide falls and rises seasonally
each year due to photosynthetic activity (during Summer) and respiratory release (during
Winter) of CO2 in the terrestrial biosphere (C. D. Keeling et al. 1996, Buermann et al. 2007).
The intensity of these effects depends on the length of the growing season, a fertilization effect
(feedback to plant growth from increased CO2), and shifts in seasonal patterns (Kaufmann et
al. 2008).

The Normalized Difference Vegetation Index (NDVI) provides a direct measure of photo-
synthetic activity. Chlorophyll found in plants absorbs visible light for photosynthesis and
reflects near infra-red light (Myeni et al. 1995). The more active a plant is (indicated by higher
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density of green leaves), the more visible radiation is absorbed and the more near infra-red is
reflected. Thus, the difference between the two measures increases with higher leaf density.
Using satellite-based remote sensing the intensity of reflected visible and infra-red light can
be measured. Using the ratio of the difference between the two measures, the NDVI is defined
by:

NDVI =
ρNearIR − ρVisible
ρVisible + ρNearIR

(52)

where ρVisible, and ρNearIR measure radiation of visible and near infra-red light respectively.
NDVI is therefore an index ranging from −1 to +1, with values around 0 denoting non-
vegetation objects, and values near 0.7 and above indicating dense vegetation (Tucker et al.
2010). The NDVI provides a direct measure for vegetation activity with high values close
to 1 during the growing season (Summer in the Northern Hemisphere), and lower values
closer to 0 during the less active season (Winter in the Northern Hemisphere). Kaufmann et al.
(2008) investigate the link between NDVI and atmospheric carbon dioxide using econometric
methods and find evidence that NDVI values “Granger cause” CO2. There is also evidence of
a feedback effect of increased CO2, leading to enhanced vegetation activity.

Due to transport airflows, the primary influence of vegetation on measured atmospheric
CO2 depends on the location of the measurement station. In the case of Mauna Loa, Hawaii,
the seasonal variation due to the biosphere is driven by long-range transport from Eurasia
during Winter and short-range transport from North America during Summer (see Buermann
et al. 2007, Taguchi et al. 2003). Narrowing down the time frame, Levin et al. (1995) suggests
that Eurasian airflows dominate from October to June while North American airflows are
dominant from July to September.

In terms of long-term development of terrestrial vegetation, there has been a greening
trend—an increase of the growing season in the Northern Hemisphere (Lucht et al. 2002).
This trend, however, was interrupted by the eruption of Mount Pinatubo in June 1991 which
led to a decline in vegetation during 1992–1993. This poses the question whether volcanic
influence on atmospheric CO2 needs to be controlled for separately from the biosphere. Lucht
et al. (2002) state that the main channel through which volcanoes affect atmospheric CO2 is
indirect through temperature while Hofman et al. (2009) propose that the Pinatubo eruption
enhanced photosynthesis through scattered sunlight. Overall, Gerlach (2011) finds the direct
effect of volcanic activity on measured atmospheric carbon dioxide in the short run over the
recent observational record to be small, thus accounting for vegetation and temperature is
expected to be sufficient without considering volcanoes separately. However, sudden breaks
due to large eruptions will be detected through our IIS (3.3.3) procedure.

Oceanic absorption and El Niño

A large amount of carbon dioxide is transferred between the ocean and the atmosphere,
where the ocean acts as both a source and a sink of atmospheric CO2. Temperature is a key
factor in oceanic CO2 transfer, as higher sea surface temperature reduces uptake and increases
outgassing (Watson et al. 1995). Increased wind speed in turn leads to higher oceanic CO2

uptake. An additional effect is upwelling—dense cold water driven to the surface releases
carbon dioxide stored in the ocean. Absorption and upwelling play opposite roles; which
dominates is debated and depends on the geographical region.
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The atmospheric fluctuations of air pressure differences known as Southern Oscillation
affect oceanic absorption through the two channels described above. Southern Oscillation
describes the change of air pressure differences between Tahiti and Darwin, Australia (see
Troup 1965, Bacastow 1976, C. D. Keeling & Revelle 1985). It is measured as an index (SOI)
from the Australian Bureau of Meteorology 2011, and is defined as:

SOI = 10 · ∆Pt − ∆Pt

σ∆Pt

(53)

where ∆Pt is the difference in the average of mean sea level pressure between Tahiti and
Darwin for month t. ∆Pt is the long-run monthly average of ∆Pt and σ∆Pt is the long-run
standard deviation of ∆Pt for the given month. Negative values of the SOI are generally
referred to as El Niño years, while positive values correspond to episodes of La Niña.
However, the effect on oceanic absorption is not so clear cut. Episodes of La Niña (SOI > 0)
are associated with increased wind speeds thus making uptake easier. Nevertheless, increased
wind also increases upwelling which leads to a release of oceanic CO2. Bacastow et al. (1985)
suggests that easier absorption outweighs upwelling during episodes of La Niña (SOI > 0)
resulting in higher absorption of carbon dioxide by the ocean when the SOI is positive. In
turn, this implies less absorption during El Niño (SOI < 0) years.

On the contrary, Francey et al. (1995) find the opposite—during La Niña years (SOI > 0)
oceanic absorption is relatively lower because of the large upwelling effect. C. D. Keeling &
Revelle (1985) side with Francey on the theoretical model that upwelling should outweigh
increased absorption, but empirically find that less atmospheric CO2 is absorbed during El
Niño episodes (SOI < 0) which agrees with Bacastow’s (1976) findings.

Another factor that is not often considered in the literature is carbon dioxide use by
oceanic algae, as Ritschard (1992) mentions. Nevertheless, data on algae is limited as they
are not covered by the NDVI satellite measures, and consequently are not considered in our
study.

Looking at the bigger picture, most evidence suggests that the ocean has become a carbon
sink for anthropogenic emissions (Christopher et al. 2007). However, the absolute magnitude
of this effect is not known, and they estimate approximately 48 percent of fossil fuel emissions
are absorbed in the ocean; and atmospheric CO2 would be approximately 55 ppm (parts per
million) higher if there were no oceanic uptake. Orr et al. (2001) similarly find the ocean to be
a net carbon sink but, as well as Nevison et al. (2008), suggest that most models over-estimate
the proportion of carbon dioxide emissions absorbed by the ocean.

3.2.2 Modelling Methodology

The models for atmospheric CO2 can broadly be classed into two categories: global carbon
cycle atmospheric transport and econometric/statistical models. Data for both is often
decomposed into a long-run trend, cycle, and noise using non-parametric Fourier series or
the Hodrick–Prescott (HP) filter.

Global carbon cycle models describe spatial three dimensional models with vertical levels
based on solving the fundamental equations for conservation of mass, momentum, and energy.
For different latitude and longitude grid resolutions, these models simulate carbon emissions
and global transport (for the set-up and methodology of these models see Hansen et al. 1983,
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and Kawa et al. 2004). Within this group of models, Erickson et al. (2008), Nevison et al.
(2008), Randerson et al. (1997) and C. D. Keeling et al. (1995) use annual emissions data to
analyse anthropogenic effects.

Statistical approaches also vary in methodology. Thoning & Tans (1989), C. D. Keeling et
al. (1976) and Enting (1987) use Fourier series decompositions to study trend and seasonal
cycle. Granados et al. (2011) and Granados et al. (2009) use cointegration and time-series
regression to study links between population, GDP and HP-filtered CO2 growth. However,
there is no actual measure of anthropogenic emissions used in these studies. Hofman et al.
(2009) use regression and graphical comparisons of carbon and population, while Jones &
Cox (2005) regress growth rates of CO2 on global emissions and cement production. Newell
& Marcus (1987) look at the simple correlation between levels of carbon dioxide and global
population.

The analysis of model CO2 and observational data often suffer from similar problems based
on the time series properties of the data and the potential for sudden changes or structural
breaks. Correlation of time series alone is not an appropriate measure of dependence between
them. The low frequency of measurement of emissions data is problematic and models are
restricted by an initial choice of a small number of independent variables. Original data are
rarely used: instead series are decomposed. This step is not necessary a priori, especially when
explanatory variables that are seasonal themselves are available. Additionally, the regression
analyses applied in many papers are not robust to outliers or structural breaks, do not always
handle non-stationarity, and present few tests for mis-specification.

3.2.3 Summary of the Main Findings

Long-term trend

The long-term trend in atmospheric CO2 is fossil fuel induced. Pre-industrial levels of CO2

are estimated to be around 260-280 ppm (see Wigley 1983, and Hofman et al. 2009) based on
ice core, tree ring, and oceanic data. Consistent and repeated measurement, starting with
Keeling’s work in 1958, have documented the rise in CO2 to a current level of approximately
400 ppm measured at Mauna Loa. The rate of increase of CO2 is proportional to combustion
of fossil fuels (see C. D. Keeling 1973, C. D. Keeling et al. 1976, C. D. Keeling et al. 1995,
Thoning & Tans 1989). Using population as a proxy measure for emissions yields similar
results (Hofman et al. 2009, Newell & Marcus 1987, Granados et al. 2009, and Granados et al.
2011).

Seasonal variation and amplitude

Seasonal fluctuations and changes in amplitude are mainly attributed to factors in the
biosphere rather than industrial emissions. There are two effects described in the literature,
one is the general pattern of seasonality, the second is an increase in the amplitude of this
seasonality. In particular a perceived increase in the growing season is alleged to be the
driving force behind increases in amplitude.

Many studies propose that the seasonal component of atmospheric CO2 reflects the inter-
annual uptake by plants. This is supported by the fact that the amplitude of this seasonality
for a given season decreases towards the equator (C. D. Keeling et al. 1976). In particular,

67



Enting (1987) argues that vegetation is sufficient to account for most of the inter-annual
variation and that economic data does not show the required seasonality. While the peak
to trough ratio measured at Mauna Loa was approximately 0.8 for the time period Enting
investigates, he suggests that industrial emissions are not sufficient to cause this seasonal
change. However, as is obvious from many economic time series, there is high seasonality in
production and therefore in emissions.

The amplitude of the seasonal effect has been increasing over time. C. D. Keeling et al.
(1996), Randerson et al. (1997), Kohlmaier et al. (1989), and Bacastow et al. (1985) characterise
the increase as a result of a lengthening growing season with only a very small effect directly
from fossil fuel emissions. The effect from anthropogenic emissions in these studies ranges
from 0.01 to 0.2 percent on the change of amplitude. Additionally, C. D. Keeling et al. (1995)
find that changes in the overall growth rate of CO2 are driven by changes in vegetation and
temperature rather than changes in industrial emissions.

A major issue with many of the above mentioned studies is that anthropogenic emissions
and production data are measured annually and therefore do not have the required frequency
to be able to account for seasonal fluctuations. In a recent paper, Erickson et al. (2008)
investigate this issue and find that economic data would suggest the highest anthropogenic
fluxes occur at the same time as the respiration phase of plants (Winter in the Northern
Hemisphere). Once models account for seasonality in fuel consumption this will then lead to
a diminished effect of seasonality from the biosphere.

3.2.4 Contribution of this Study

There are recurring challenges in existing studies of anthropogenic contributions to CO2.
Climate and atmospheric carbon fluxes are complex systems, nevertheless, many of the models
are restricted by a priori selections of explanatory variables. The data used to account for
anthropogenic emissions are often measured at too low a frequency to capture any seasonality.
The main series of carbon dioxide is often decomposed into cycles and trends, something
that is not necessary if the explanatory data is measured at a reasonable frequency. On the
one hand, a significant number of the papers that approach the problem from a statistics or
economic point of view do not sufficiently control for the biosphere or other natural factors.
On the other hand, many models coming from a natural science background use statistical
methods that are ill fitted given the time-series characteristics of the data. Modern econometric
methods can make an interdisciplinary contribution to these problems.

To address these issues, we introduce an extended General to Specific (GETS) modelling
approach based on automatic model selection, encompassing and the theory of reduction.
This allows for a large number of candidate explanatory variables, in particular, models can be
selected with more explanatory variables than observations. It is therefore possible to include
many lags to capture time dynamics as well as a wide range of controls for natural factors
and industrial output measures. As our main measure of anthropogenic productivity and
emissions is industrial production (measured at monthly intervals), the data is analysed as a
whole without requiring prior decompositions into trends and cycles. Models are also not
restricted to a tight a priori selection of variables. Using IIS, the methods are robust to outliers
and structural breaks, handle unit roots reasonably well, and provide a straight-forward
method of testing for mis-specification.
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Overall, the literature indicates a clear necessity to control for the biosphere, temperature,
El Niño effects, and long (as well as short-run) anthropogenic measures. Following the idea
of encompassing, we try to include variables normally included in econometric analyses
of this topic as well as natural components. Intuitively, our approach is to utilise a large
number of potential determinants controlling for the above mentioned factors, and then use
automatic model selection techniques to determine which forces are significant. Starting
with a theory-based, but very broad General Unrestricted Model (GUM), the initial system
is reduced to a specific model. This is a comparatively agnostic and data-driven approach
that imposes few restrictions on explanatory variables while being robust to sudden shifts
(structural breaks). Naturally this approach is a simplification by relying on global averages
and using a single equation approach can only mimic a basic model of atmospheric carbon
uptake.

3.3 methodology

The carbon cycle, with its many potential sinks and sources is a complex system which
makes it near-impossible to correctly specify an appropriate model a priori. We thus require a
methodology that can handle more variables (N) than observations (T) and is based on model
selection. The literature for N > T is relatively new and can be split into two categories:2

general to specific (GETS) modelling, and models based on penalised shrinkage estimators.
GETS (which is outlined in more detail below) relies on the theory of reduction in which the
basic principle is to reduce a very general model to a specific one (see Campos et al. 2005).

The alternative are models based on penalised shrinkage estimators in the sparse mod-
elling literature (see Tibshirani 1996, and Stodden 2006). A model is said to be sparse, if for
a large number of variables, the associated coefficient vector only has few non-zero rows.
Penalised shrinkage estimators such as the LASSO (Least absolute shrinkage and selection op-
erator, Tibshirani 1996), least-angle-regression (LARS, Stodden 2006) or Stagewise Orthogonal
Matching Pursuit (StOMP, Donoho et al. 2006) therefore rely on a penalisation parameter on
coefficients. The models are estimated subject to a constraint that some of the entries in the
coefficient vector are smaller than a penalisation parameter. While many theoretical results
exist for this literature, in practice LASSO and LARS are closely related to forward stepwise
selection (Stodden 2006) in which variables are selected after each other, starting with the
highest correlated ones. This approach suffers from well known problems associated with
forward stepwise regression, in particular these methods often fail in selection when negative
correlation between regressors is present (see Castle et al. 2011a). It is for these reasons that
this thesis will rely on general to specific modelling to model complex equations.

The unknown data generating process (DGP) is the underlying structure that creates the
data. Empirical modelling will always deal with a subset of variables of the DGP, thus an
important factor is the local data generating process (LDGP)—the generating process in the
space of the variables under analysis: see Hendry (2009). The approach, therefore, is to
construct a set of data based on broad theoretical assumptions, which nests the LDGP, then
within this set, reduce the model from its general form down to a specific representation.
This is a two step procedure. Step one: define a set of N variables that include the LDGP

2 In the field of machine learning there also exist other approaches dealing with N > T, such as Random Forests
(Siroky 2009), though these are not directly applicable to regression analysis which is the focus here.
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as a sub-model. Step two: starting with that general model as a good approximation of
the overall properties of the data, reduce its complexity by removing insignificant variables,
while checking that at each reduction the validity of the model is preserved. This is the basic
framework of GETS modelling.

This section introduces theoretical concepts of model selection, their use in mis-specification
testing, followed by the introduction of impulse indicator saturation (IIS) and its general-
ized version. All these concepts are then united and applied through the automatic search
algorithm Autometrics (see Doornik 2009a). The algorithm combines these features through
automated selection based on GETS while handling more variables than observations with IIS
for detecting breaks and outliers, and mis-specification testing.

3.3.1 Model Selection in General to Specific Modelling

GETS modelling is based on the theory of reduction which attempts to explain the discovery
of econometric models based on the unobserved underlying DGP (see Hendry 1995, Ch.
9). The theory describes the process of moving from the unobserved DGP to the local DGP
(LDGP), which is a simplified admissible version of the underlying DGP that can be modelled
using the observed variables yt, xt. The choice of variables yt, xt will define the properties
of the LDGP to be modelled. The primary aim is to achieve a final model that is congruent
– defined as matching the empirical properties of the LDGP. From the theory of reduction
(Hendry 1995, p.365), there are five criteria that a final model should fulfil to be congruent:
1) Homoskedastic innovation errors – for the purpose of the present analysis this is tested
post-selection. 2) Weakly exogenous conditioning variables for the estimated parameters of
interest – this is currently taken as an assumption here, discussed in section 3.5 and indirectly
tested for in section 3.6.3. 3) Constant invariant parameters – tested here for sample constancy
using the Chow (1960) test. 4) Theory consistent estimates – these are evaluated post-selection.
5) Data admissible formulations on accurate observations – impulse indicator saturation (see
section 3.3.3) is used to check for outliers. Additional to the steps mentioned here, congruence
is evaluated by a wide range of further diagnostic and misspecification tests and through the
interpretation of selected indicators. Further, to be un-dominated, a model should encompass
all other valid competing sub-models (see e.g., Mizon & Richard 1986, Hendry & Richard 1989,
and Bontemps & Mizon 2008). The final aim for a congruent model is to be encompassing of
other models, that is to say able to explain outcomes of other valid models within its own
framework. Here we attempt to encompass sub-models by covering a large system of potential
variables that nest other models in the literature.

3.3.2 Misspecification Testing

Using more variables than observations, in particular IIS (further outlined in the next section)
allows for a new approach to control for model misspecification. By not being restricted in the
number of variables to include initially, the idea is to be agnostic about the first formulation
and use model reduction steps to achieve a well specified model. Impulse indicators can be
an especially useful source of information on misspecification – a large number of outliers
(selected through indicators) provide evidence for potential functional form misspecification.
Nevertheless, familiar diagnostic tests are still required to achieve a valid statistical model,
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where valid refers to a model corresponding to the statistical assumptions that are being
made (see Castle & Hendry 2011). These diagnostics include tests for heteroskedasticity
(non-constant variance) of the error terms, non-normality, non-constancy of parameters,
non-independence of errors, conditioning variables being independent of the errors and non-
linearities in functional form. All these can easily be tested during selection when N < T, but
when the number of variables exceeds the number of observations these tests will primarily
be applied on the terminal models. These models are the relevant models of interest on
which these properties should be tested, rather than models on sub-sets of variables that are
encountered during selection. These tests fall into the category of tests of congruence; which
exact tests are used in the present application is outlined in section 3.5.

3.3.3 More Variables than Observations: N > T

The model selection approach introduced here allows for more variables than observations
to be used in modelling (N > T). For Autometrics this was first introduced through impulse
indicator saturation, and has recently been extended to the general case.

Impulse indicator saturation

Empirical modelling often faces a large number of potential unknown unknowns. For a given
series of data, there might be an unknown number of location shifts for unknown durations
for unknowingly omitted variables. Therefore, an agnostic approach to detecting these breaks
and outliers should be applied. Impulse indicator saturation (IIS) was developed to solve
this problem. IIS creates a zero/one indicator variable for every observation in the sample,
such that for T observations there are T variables that correspond to 1j=t indicators. The
variables are equal to one when j = t for each j = 1...T and zero otherwise. By definition
(and since an intercept is always included), this leads to the situation of facing more variables
than observations, something that could not be handled in the past. The postulated solution
to this problem is to split the sample of indicators into blocks and estimate the model on
these partitions of variables. Consider the basic case of estimating the mean of a sample
using a split-half approach proposed in Hendry et al. (2008). In step one, only the first T/2
indicators are included, this is equivalent to dummying out the first part of the sample and
estimating the mean on half of the sample. Indicators that deviate significantly from this
estimated mean will be retained. This step is repeated for the other half of indicators, similarly
significant indicators are retained. In the final step all previously retained indicators are
included (which will generally lead to N < T), and the mean is estimated on the full sample
while simultaneously selecting significant indicators. Figure 19 (adapted from Hendry &
Santos 2010) shows these steps in the general case of estimating the mean under the null
hypothesis of no breaks for T=100 for a process yt ∼ iid N(10, 1). Under the null hypothesis,
for a significance level of selection α, the expected rate of retention for irrelevant indicators
is αT (Hendry & Mizon 2011). Here just one indicator is retained, as is to be expected for
α = 0.01.

Distributional properties of IIS are analysed by Hendry et al. (2008) for estimating a sample
mean under the null-hypothesis of no breaks or outliers and generalised to more than two
blocks. Johansen & Nielsen (2009) extend this analysis for the inclusion of regressors for both
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Figure 19: Impulse indicator saturation under the null of no break
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Figure 20: Impulse indicator saturation under a single location step-shift

Actual Fitted 

0 10 20 30 40 50 60 70 80 90 100

20

25

30
Actual Fitted 

0 10 20 30 40 50 60 70 80 90 100

0.5

1.0
Retained Indicators

stationary and unit-root autoregressions, similarly under the null hypothesis of no breaks in
the DGP.

To see IIS operating in practice when faced with a one time location shift, consider
estimating the mean under a one time break for observations from t = z...T. Let the DGP be
given as:

yt = µ + λ1{t>z} + εt (54)

Figure 20 shows a series generated according to (54) with µ = 20, z = 70, ε ∼ iid N(0, 1) and
a large location shift for illustration purposes: λ = 10σε. At α = 0.01 the break is correctly
identified as the retained indicators show. Using IIS this break is identified without prior
knowledge of the magnitude, timing or duration of it taking place. One might argue that the
break in Figure 20 is still relatively easy to spot simply by data inspection alone, however;
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Figure 21: IIS outcomes for six location shifts in data with seasonal cycles
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IIS remains successful even in more complex scenarios. Consider an autoregressive, trending
DGP (55) with a seasonal cycle not unlike the series of atmospheric CO2:

yt = ρyt−1 + β1t + β2sin(t) +
b

∑
i=1

λi1{zi,1>t>zi,2} + εt (55)

where b is the number of location shifts and sin(t) simulates a simple seasonal cycle. This
series is shown in Figure 21 for ρ = 0.2, β1 = 0.5, β2 = 3 and six breaks, b = 6, of varying
durations at t = 20, 30, 50, 70, 80 and 90 for λ ranging from 10σε to 20σε. As Figure 21

shows, IIS successfully identifies all six breaks even in the presence of a trend and seasonal
component. These large breaks here are shown for illustration purposes, IIS has been shown
to detect breaks of much smaller magnitude with high power (Castle et al. 2011c). IIS may
appear surprising, though some commonly used econometric techniques are variants of the
general IIS approach. Many techniques that “dummy out” observations are related. Recursive
estimation of regression coefficients is identical to IIS over future samples with the number of
indicators reduced in each recursion. Similarly, the Chow (1960) test for parameter constancy
can be seen as IIS over sub-samples of the data for T − k + 1 to T (without selection) as
Salkever (1976) showed. There are two clear purposes of IIS. First, as the examples above
demonstrated, IIS is successful in identifying location shifts, breaks, and outliers. Addressing
the success of IIS in identifying breaks, Hendry & Santos (2010) demonstrate that the key
factors influencing success of IIS for a single location shift are the magnitude of the shift,
the duration of the break, selection significance level α and error variance σε. Castle et al.
(2011c) extend this to multiple breaks and shifts within the sample and compensating for
non-normality. These results are intuitive, as the larger a break and the higher the signal to
noise ratio in the DGP is, the easier it will be to identify structural changes.

A second purpose of IIS is that, as mentioned in section 3.3.2, it can be a good indicator
of model misspecification. A large number of retained dummies is indicative of model
misspecification in the sense that a large fraction of the data cannot be explained by the
estimated model, which could apply to non-linearities, omitted variables or other forms of
misspecification.

So far IIS has focused on single impulses through indicator variables. This can be extended
to a more general approach (see Chapter 4), so rather than just focusing on single breaks,
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there could be step-shifts or breaks in coefficients where each independent variable xi,t is
interacted with a time indicator dummy 1{j=t} for each j = 1...T. (e.g. N. R. Ericsson 2011,
Doornik et al. 2013, Castle et al. 2015).

General case of N > T

A natural extension of IIS is to move from allowing more variables than observations with
indicators to the general case of all forms of independent variables (see Hendry & Krolzig 2005

and Hendry & Johansen 2011). Suppose there are N total regressors partitioned into J blocks
of nj, where N = ∑J

j=1 nj such that N > T and nj < T for all j. Consequently the total number
of variables N exceeds the number of observations T but total variables can be partitioned
into J blocks nj each smaller than T. Their approach suggests randomly partitioning the set of
variables into blocks of nj, applying GETS to each block retaining the selected variables and
crossing the groups to mix variables. The next step is to use the union of selected variables
from each block to form a new initial model and repeat the process until the final union of
selected variables is sufficiently small. Autometrics implements a variant of this algorithm to
handle the general case of N > T, with a key addition being an expansion step to search for
omitted variables.

3.3.4 Autometrics

Autometrics (see Doornik 2009a) is the latest installment in the automated GETS methodology
and is available in the OxMetrics (Doornik 2010b) software package. The algorithm is based
on the following main components:

1. GUM: The general unrestricted model (GUM) is the starting point of the search. The
GUM should be specified based on broad theoretical considerations to nest the LGDP.

2. Pre-Search: prior to specific selection, a pre-search lag reduction is implemented to
remove insignificant lags, speeding up selection procedures and reducing the fraction
of irrelevant variables selected (denoted the gauge of the selection process). Pre-search
is only applied if the number of variables does not exceed the number of observations
(N < T).

3. Search Paths: Autometrics uses a tree search to explore paths. Starting from the GUM,
Autometrics removes the least significant variable as determined by the lowest absolute
t-ratio. Each removal constitutes one branch of the tree. For every reduction, there
is a unique sub-tree which is then followed; each removal is back-tested against the
initial GUM using likelihood ratio tests (equivalent to an F-test). If back-testing fails, no
sub-nodes of this branch are considered (though different variants of this removal exist).
Branches are followed until no further variable can be removed at the pre-specified level
of significance α. If no further variable can be removed, the model is considered to be
terminal.

4. Diagnostic Testing: each terminal model is subjected to a range of diagnostic tests based
on a separately chosen level of significance. These tests include tests for normality (based
on skewness and kurtosis), heteroskedasticity (for constant variance using squares), the
Chow test (for parameter constancy in different samples), and residual autocorrelation
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and autoregressive conditional heteroskedasticity. Parsimonious encompassing of the
feasible general model by sub-models both ensures no significant loss of information
during reductions, and maintains the null retention frequency of Autometrics close to
α: see Doornik (2008). Both congruence and encompassing are checked by Autometrics
when each terminal model is reached after path searches, and it backtracks to find a
valid less reduced earlier model on that path if any test fails. This repeated re-use of the
original mis-specification tests as diagnostic checks on the validity of reductions does
not affect their distributions (see Hendry & Krolzig 2003).

5. Tiebreaker: as a result of the tree search, multiple valid terminal models can be found.
The union of these terminal models is referred to as the terminal GUM. As a tiebreaker
to select a unique model, the likelihood-based Schwarz (1978) information criterion
(SIC) is used, though other methods are also applicable, and terminal models should be
considered individually.

In simulation experiments, models are primarily evaluated based on three concepts: gauge,
potency and the magnitudes of the estimated parameters’ unconditional and conditional (on
selection) root mean-square errors (RMSEs) around the DGP values (see Doornik & Hendry
2009). Potency, the model selection equivalent of power, is defined as the proportion of
relevant variables (featured in the DGP) selected in the final model. For a given (linear)
DGP, let N + 1 be the total number of potential explanatory variables, of which the first q are
relevant (β1, ...βq 6= 0), and N + 1− q are irrelevant (βq+1, βq+2, ...βN = 0). Let β̂k,i denote the
coefficient of the selected variable k in replication i. For M replications, i = 1, 2, ..., M, potency
is thus defined as:

Potency =
1
q

1
M

q

∑
k=1

M

∑
i=1

1{β̂k,i 6=0} (56)

Gauge, the model selection equivalent of size (also referred to as false-positive rate), measures
the fraction of retained irrelevant variables:

Gauge =
1

N + 1− q
1
M

N

∑
k=q+1

M

∑
i=1

1{β̂k,i 6=0} (57)

Low gauge (close to zero) and high potency (close to 1) are preferred, as are small RMSEs (see
Castle et al. 2011a).

The main calibration decision in the search algorithm is the choice of significance level
α at which selection occurs. Selection continues until retained variables are significant at α,
though it can be the case that variables in the final model are also retained at a level above α

if removal leads to diagnostic tests failing. α is approximately equal to the gauge of selection.
Further, the choice of diagnostic tests and lag length selection for residual autocorrelation and
autoregressive conditional heteroskedasticity need to be set.

In the general case of N > T and IIS, Autometrics groups variables into two categories:
selected and not selected (Doornik 2010a). Not currently selected variables are split into
sub-blocks and the algorithm proceeds by alternating between two steps: first, the expansion
step, selection is run over not-selected sub-blocks to detect omitted variables. Second, the
reduction step, a new selected set is found by running selection on the system augmented with
the omitted variables found in step one. This is repeated until the dimensions of the terminal
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Figure 22: Annual changes in atmospheric CO2
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model are small enough and the algorithm converges, so the final model is unchanged by
further searches for omitted variables.

Autometrics has been applied successfully in a range of fields: see, for example, Hendry &
Mizon (2011) on US food expenditure, Bårdsen et al. (2010) on unemployment in Australia,
and Castle et al. (2011a) for a comparison with other selection methods.

Nevertheless overall selections should be interpreted carefully. Successful identification of
the underlying LGDP can be adversely affected by collinearity of the independent variables.
Most simulations of Autometrics with large numbers of variables use orthogonal regressors,
which makes selection easier. Furthermore, when N > T, in the block selection algorithm
of Autometrics, adding or dropping a variable from the initial GUM may change the block
partitioning of variables, so the selection is not invariant to the initial specification.

The next section covers the data used to construct the GUM in an attempt to nest the
LGDP for atmospheric carbon dioxide. In the section following, Autometrics is then used to
determine the anthropogenic contributions to CO2.

3.4 data

3.4.1 CO2

The atmospheric CO2 data used here are taken from Keeling’s measurements at Mauna Loa,
available from Tans & Keeling (2011) (Scripps Institution of Oceanography). The time series
of carbon dioxide in monthly averages runs from 1958:3 until 2011:7 at the time of writing.
Simple inspection of the data shows that both the level (see Figure 18) and the annual change
(see Figure 22) are increasing over time.3

The seasonal fluctuations are apparent in the data and as Buermann et al. (2007) poetically
describe it, the regular seasonal cycle of CO2 at Mauna Loa “records the breathing of the
Northern Hemisphere biosphere”. We empirically model atmospheric CO2 based on a
simplified version of the carbon cycle model used in Allen et al. (2009). While the Allen et al.
(2009) model consists of three carbon pools with varying time scales, we abstract from this

3 The reason annual changes of CO2 and following graphs are shown from 1982–2002 is that due to data availability
the estimation sample is limited to this time period, as section 3.4.2 describes.
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and model atmospheric CO2 as a single pool where the equilibrium level of CO2 increases
with cumulative emissions:

dCO2

dt
= E′tβ (58)

where Et is a vector of sources and sinks which, weighted by β, denotes net emissions per
year. The simplification of three to one carbon pool implies that all sources and sinks are
modelled to adjust on the same time scale. While this is a highly simplified version of the
Allen et al. (2009) model, it does account for the long-atmospheric lifetime of the gas (see
Myhre et al. 2013) by modelling CO2 as a stock variable driven by cumulative emissions. In
contrast to Allen et al (2009) the model for this study is estimated, rather than calibrated. An
alternative approach is followed by Kaufmann et al. (2006) who model CO2 in levels rather
than first-differences. Approximating the relationship in (58) in discrete time and assuming a
stochastic process due to omitted variables and measurement errors yields:

dCO2

dt
≈ ∆CO2,t = E′tβ + εt (59)

The dependent variable modeled is therefore ∆CO2,t. Equations (58)–(59) suggest a
potential linear relationship between the change in atmospheric carbon dioxide and netflow.
This is consistent with Scheffer et al. (2006) who argue that while the radiative forcing effect
of CO2 on temperatures is approximately logarithmic, the feedback effect of temperatures
on CO2 modelled here as one element in Et has an approximate linear relationship. Tests for
non-linearity are considered in the results section. The following section identifies variables
that make up the netflow Et, both anthropogenic as well as natural sources and sinks.

3.4.2 Vegetation

We use NDVI data to account for vegetation effects on carbon dioxide. Data are available
for the NDVI from the Oak Ridge National Laboratory Distributed Archive Center (see
Tucker et al. 2010) ranging from 1981:7 until 2002:12 at spatial resolutions of 0.25, 0.5 and 1.0
degrees latitude and longitude. CO2 measured at Mauna Loa is driven by North American
airflow during the Summer and airflow from Eurasia during the Winter. Therefore, the
NDVI data is split into two main regions: North America and Eurasia. Figure 23 shows the
NDVI measure in detail for North America in August and January respectively. Using 1

◦

spatial resolution an algorithm then takes the average of every 3× 3 observation grid on
land within the two regions (excluding water, permanent ice and missing observations). To
capture the main variation of vegetation the North American region is defined by the rectangle
ranging from 86

◦N/167
◦W to 14

◦N/48
◦W, and the Eurasian region by the rectangles ranging

from 75
◦N/9

◦E to 36
◦N/51

◦E and 76
◦N/52

◦E to 7
◦N/358

◦E. This generates 198 time series
variables for North America and 567 for Eurasia.

Due to the nature of a common growing season in the Northern Hemisphere, the generated
time series are highly collinear. Principal components (PCs) are used to reduce the number of
variables, while retaining most of the variation in the data. For p random variables Y1, ...Yp

define Y = (Y1−Y1, ...Yp−Yp) and let Cj denote the jth principal component, where j = 1, ...p.
The component Cj will be a weighted sum of variables Y1 −Y1, ...Yp −Yp.
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Figure 23: NDVI at 1
◦ North America: August (left) and January (right) 1981

Mauna Loa, Hawaii

Cj = w(j)′Y = w(j)
1 (Y1 −Y1) + ... + w(j)

p (Yp −Yp) (60)

The weights w(j) = (w(j)
1 , ..., w(j)

p )′ are chosen to maximize the variance of the associated
component under the constraint that the component is orthogonal to the previous components
and that w(j) has unit length:

w(j) = arg max Var(w(j)′Y) (61)

s.t. w(j−1)′w(j) = 0 for j = 2, ...p

s.t. w(j)′w(j) = 1

By construction the first component has the highest variance and captures the largest
fraction of variation in Y. Although PCs are just linear transformations of the original times
series, they have three potential advantages. First, PCs are mutually orthogonal, so adding
or eliminating any one PC has little effect on the coefficient estimates of others, making
selection more robust. Secondly, using components rather than individual variables reduces
the number of total variables in the initial model, further aiding with selection. Thirdly,
linear combinations of ‘small’ effects can be statistically significant (so retained during model
selection) when individual time series would not be: see Castle et al. (2011b) for a more
detailed discussion. The contributions of individuals variables can be disentangled if needed.
Since this process captures the overall variation in vegetation, it should also reduce the
problem of random noise due to cloud cover at the time of satellite measurement.

Naturally the issue of employing principal components on non-stationary time series
arises. While vegetation follows a relatively seasonally stationary pattern, section 3.4.4 and
3.4.4 also employ principal components on industrial production and emissions which are
clearly non-stationary.

There are two common concerns raised when using principal components on non-
stationary series (see Machado et al. 2001, Lansangan & Barrios 2009). First, in general
due to non-converging second moments of non-stationary series, if combined with stationary
data, the non-stationary variables will receive relatively larger component weights. Second,
simultaneous drifting of non-stationary variables could spuriously lead to high correlation
between variables that are not directly related. However, Harris (1997) shows that while
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principal components are not asymptotically efficient, they are consistent when applied to
cointegrating series. Addressing these issues for the present application, all series in section
3.4.4 and 3.4.4 are non-stationary, the issue of relative weighting compared to stationary series
should thus be minimal. We conduct a quick cointegration analysis (see 3.4.4 and 3.4.4) for
the production and emission series suggesting that both cointegrate. Principal components
should then be consistent and capture the main underlying features of production and emis-
sions rather than spurious correlation. Overall, principal components here serve primarily
as linear combinations of the variables of interest, if all components were included this is
equivalent to including the full non-stationary system with rotated axes. Therefore, given
that non-stationary series are not mixed with stationary ones, the series cointegrate, and are
primarily used as linear combinations of variables, we proceed by using regular components.
Possible further work could extend this to employ sparse components (Lansangan & Barrios
2009) which were developed for use on non-stationary series.

For the following analysis, the first three principal components of vegetation are entered
for both North America and Eurasia. Cumulatively they explain 93.6 percent of the variation
in North America and 88.5 percent of Eurasian variation. Table 13 summarizes the principal
components that account for variation in the biosphere and Figure 24 shows the seasonal
variation present in the biosphere as measured by PCs. The seasonal pattern is near constant,
closely resembling a sine-wave. The first principal component shows a higher amplitude
in Eurasia compared to North America but the seasonal pattern is nearly identical. NDVI
implicitly covers changes in land-use since it is a measure of photosynthetic activity for a
particular area. A forest that is cut down would result in a change of NDVI from around +1
to closer to zero for that particular region. However, once NDVI is calculated for large regions
and reduced in dimensionality (by PCs), changes in land use would have to occur on a grand
scale to be identified in the time series. The principal components of NDVI should, therefore,
be interpreted primarily as the variation in plant activity of photosynthesis and respiratory
release.

Table 13: Principal components for vegetation, 1981:7–2002:12

North America Proportion of variance Cumulative
Principal Component 1 0.831

Principal Component 2 0.064 0.895

Principal Component 3 0.042 0.937

Eurasia
Principal Component 1 0.735

Principal Component 2 0.108 0.843

Principal Component 3 0.042 0.885

3.4.3 Oceanic Effects: Temperature and Southern Oscillation

The measure of temperature used here is the anomaly in land and sea surface temperature
for the Northern Hemisphere. The temperature anomaly measure is expected to capture
the main factors of ocean CO2 absorption and is available from the NASA Goddard Insti-
tute for Space Studies (GISS) (2011) Surface Temperature Analysis from 1880:1–2011:9. The
data is measured as an index in 0.01 degrees Celsius of deviations from the 1951–1980 base

79



Figure 24: First principal components for Eurasian and North American NDVI
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Figure 25: Land and Sea temperature anomalies for the Northern Hemisphere
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period (see Hansen & Lebedeff 1987, and Hansen et al. 2010 for the detailed measurement
methodology). Land measures are taken from multiple stations and are combined and
corrected for urban and other non-climatic factors. Sea surface temperature measures are
restricted to ice-free regions. Figure 25 shows temperature anomalies from 1982:7–2002:12.
Following a spike in temperature anomalies 1990 associated with a strong el Niño event, the
low NH temperature anomalies in the early 1990s are partly driven by the Pinatubo eruption,
returning to pre-Pinatubo levels around 1995 (Hansen et al. 1996).

The feedback effect of CO2 is one of the main concerns in climate change and regularly
estimated through statistical energy balance models and large-scale global climate models.
The level of atmospheric CO2 feeds to temperature which, in turn, affects the rate of growth
of CO2 particularly through oceanic absorption. If the feedback occurs at a lag, the single-
equation approach is valid using the conditional model where temperatures are considered
weakly exogenous (see 3.5). While lagged variables are exogenous, the selection algorithm
may incorrectly select a lagged rather than contemporaneous variable, in this case the arising
problem of endogeneity is addressed here post-selection following the approach of Kaufmann
et al. (2006) using instrumental variables.

To take account of weather phenomena through the Southern Oscillation we include the
Southern Oscillation index (SOI). Data on the SOI is available from the Australian Bureau of
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Figure 26: Southern Oscillation index
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Meteorology, (2011) from 1876:1 until 2011:9. Figure 26 shows the SOI (equation (53) specifies
the units) for 1982 until 2002, with a noticeably strong episode of El Niño in 1997–1998

(SOI < 0).

3.4.4 Economic Indicators

Anthropogenic contributions to atmospheric CO2 are normally approximated by low-frequency
economic indicators; for example annual GDP, population, an estimate of total CO2 emissions
or cement production (see section 3.2). This works reasonably well when trying to explain
the long-run dynamics of carbon. However, using only low-frequency annual measures does
not allow for estimation of any effect of anthropogenic emissions on the seasonal variation of
CO2. High-frequency (monthly) measures of anthropogenic output permit a richer analysis.
Here we use a combination of multiple low-frequency (annual) and high-frequency (monthly)
indicators. The annual data is included to provide a robustness check and potentially account
for long-run growth. Monthly measures are included for short-run dynamics, which could
explain the seasonal fluctuations as well as long-run growth. To capture atmospheric transport,
variables are chosen to reflect North America as well as Europe/Asia.

High-frequency (monthly) measures

The main high-frequency indicators for anthropogenic contribution to CO2 used here are
monthly industrial production indices for multiple regions. Industrial production for North
America is given by the US Industrial Production Index (2005=100) available from the Federal
Reserve, (2011a). The data are not seasonally adjusted and range from 1919:1 until 2011:5. The
index measures real output in the sectors covering manufacturing, electric and gas utilities
and mining and thus accounts for a large share in business-cycle fluctuations. Activities
associated with industrial production account for approximately 52% of emissions for the
United States (Environmental Protection Agency - EPA 2011).

To cover Europe and Asia, industrial production indices for the United Kingdom (UK),
Germany, India and Japan are included. These measures function as a proxy for business-cycle
fluctuations in the Eurasian region. Ideally Chinese and Russian production should also be
included, however there are no data available on industrial production for both countries at
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Figure 27: Industrial Production indices, 2005=100
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the required frequency and time span.4 UK industrial production is measured as an index
(2005=100) of non-seasonally adjusted manufacturing activities. The data are obtained from
the Office of National Statistics, 2011 and ranges from 1968:1–2011:6. German and Japanese
industrial production is measured by the industrial production index (2005=100) covering
manufacturing, mining and electricity, gas and water supply. The series are available only in
seasonally-adjusted format from the OECD (2011) from 1960:1 until 2011:2, where for Germany
after October 1990 the data account for the accession of the German Democratic Republic
to West Germany. The Indian industrial production index (2005=100) covers manufacturing,
mining and electricity (Government of India, Ministry of Statistics, 2011) and ranges from
1981:4–2011:5. Table 14 and Figure 27 summarize the high-frequency measures.

Table 14: High-frequency (monthly) variables

Measure Description Range Source

US Industrial Production Index 2005=100 1958:3–2011:5 US Federal Reserve
UK Industrial Production Index 2005=100 1968:1–2011:6 ONS

Germany Industrial Production Index 2005=100 1960:1–2011:2 OECD
India Industrial Production Index 2005=100 1981:4–2011:5 Govt. of India
Japan Industrial Production Index 2005=100 1960:1–2011:2 OECD

The seasonal adjustment of German and Japanese industrial production is visible in their
dampened seasonal cycles. The higher seasonal variation in UK industrial production likely
stems from it covering primarily manufacturing, which is more volatile to business cycles and
seasonal factors than mining and energy production included in the other indices.

These industrial production series are highly collinear, so we again employ principal
components to reduce the dimensionality and work with orthogonal variables. This improves
robustness in selection as discussed above, as well as it reduces the number of variables
and lags to select over (for a reduction from 5 to 3 variables at 12 lags, 24 variables fewer
are initially included for selection). As mentioned in section 3.4.2, to support the use of
principal components on these non-stationary variables, we provide a quick analysis of

4 Chinese gross industrial output is only available from 1979–1999 with a change in measure thereafter. Inclusion of
this series did not improve selection at the cost of a reduction in observations.
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Figure 28: Industrial production principal components
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cointegration between the series. We estimate a preliminary VAR covering all 5 industrial
production series at 12 lags with a restricted linear trend and unrestricted constant. Testing
for cointegrating rank (Hendry & Juselius 2001), reduced rank of 3 cannot be rejected at the
1% level in the VAR of 5 variables, providing evidence for cointegration. Table 15 summarizes
the first three industrial production components, which cumulatively explain approximately
97% of variation in production. An alternative specification for future analysis could be to
separate the seasonally adjusted from the non-seasonally adjusted variables before taking
principal component transformations. Figure 28 compares US industrial production to the
three components used in selection.

Table 15: Principal components for Industrial Production, 1981:4–2011:2

IP Proportion of variance Cumulative
Principal Component 1 0.809

Principal Component 2 0.119 0.928

Principal Component 3 0.047 0.975

These are the first 3 anthropogenic high-frequency components included in the GUM.
While industrial production reflects the intensity of economic activity associated with higher
emissions, it does not account for changing emission intensity. More efficient processes could
lead to an increase in industrial production without an equivalent increase in emissions –
this effect is visible for the US, the only country for which high frequency emission data is
available (see appendix 3.8.1). This is a crucial missing measure and difficult to control for: an
attempt is made by including overall long-run emissions estimates in addition to production.

Low-frequency (annual) measures

As a robustness check we also include the conventional measure of estimated global total
CO2 emissions available only at annual frequency. Total estimated fossil-fuel CO2 emissions
in million metric tonnes cover CO2 emissions for North America, Western Europe, Eastern
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Figure 29: Global (cubic-spline interpolated) CO2 emissions
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Europe, Central Asia and the Far East.5 Emissions are estimated based on the burning of fossil
fuels, cement manufacture and gas flaring by the US Department of Energy (see Marland et
al. 2011) from 1950–2007.

In order to usefully combine the annual measure with the monthly variables listed
above, global fossil fuel CO2 emissions are interpolated to monthly observations using cubic
splines (see Figure 29). While this is restrictive since any seasonal variation is not observed,
seasonal dummy variables and IIS can ‘pick up’ any systematic or large deviations induced by
spline-interpolation. The annual measure is included to account for potential low-frequency
movements, but the industrial production short-term indicators are expected to be sufficient
to capture inter-annual dynamics.

3.5 estimation

3.5.1 Overview

The joint model of the system outlined above can be described as a vector autoregression
(VAR) (see e.g., Hendry 1995). There are two main groups of variables: the main variable
of interest ∆CO2,t, and the economic and natural factors which are grouped in the (20× 1)
vector Xt = (IP1−3,t, Emission1−3,t, NDVI1−3 Eur, NA,t, Seasonal NDVI1−3 Eur, NA,t, Tempt,
SOIt)′. Let Yt denote the full system of these variables, Yt = (∆CO2,t, X′t)′. The joint model is
then given by equation (62), where the vector Zt contains deterministic terms and impulse
indicators.

Yt =



∆CO2,t

IP1−3,t

Emissiont

NDVI1−3 Eur, NA,t

Seasonal NDVI1−3 Eur, NA,t

Tempt

SOIt


=

s

∑
j=1

AjYt−j + ΦZt + et (62)

5 See Marland et al. 2011 for a detailed listing of which countries are included. Eastern Europe includes Russia,
Central Asia includes China, and India is covered by the Far East category.
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The joint model (62) can be written as a marginal model (63), and a conditional model (64)
for ∆CO2,t.

Xt =
s

∑
j=1

Ax,jYt−j + ΦxZt + ex,t (63)

∆CO2,t = aj

s

∑
j=1

∆CO2,t−j +
s

∑
j=0

X′t−jBj + Zt
′φ + ε∆CO2·x,t (64)

The vector Zt consists of non-lagged deterministic terms such as a linear time trend, centred
seasonal variables and impulse indicators. Let q denote the total number of explanatory
variables that appear on the right-hand side of equation (64). Then the change in atmospheric
CO2 in the conditional model is modelled as a function of past values of the change in CO2,
current and past values of selected independent variables Xt−j, and deterministic components.
The VAR model specified in (62) contains a large number of variables and it is thus infeasible
to select models from a general unrestricted system jointly.6 Under the assumption of weak-
exogeneity we proceed by focusing on the conditional model (64) alone, without modelling
the marginal model (63). This is restrictive, as a single equation model implies the existence
of only a single cointegrating vector and rules out potential feedback effects. However, when
concerned with selection, due to the large number of variables this is a necessary initial step
whose primary purpose is identification of relevant variables. This could be followed by a
VAR analysis of the selected system. When no selection is conducted, an energy balance model
coupled with a model for carbon pools could be used (e.g. Allen et al. 2009). In particular, the
cointegrated vector autoregression energy balance model in Chapter 2 could be extended to
model CO2 and other anthropogenic factors endogenously. Equally, an approach following
Kaufmann et al. (2006) could be taken, where a complete system model is constructed through
estimation of a series of single equation models. Their approach does not make use of model
selection techniques and defines all relevant variables a-priori. In the present model it is
probably safe to assume that in the short time period considered here, the causal effect (if it
exists) between production and emissions to CO2 runs in only a single direction. This may
not strictly hold for other variables included (in particular the lowest block in equation 62).
However, weak-exogeneity does not rule out two-way causality. For example, if the feedback
of CO2 on temperatures is not directly contemporaneous, the conditional model remains valid.
Section 3.6.3 investigates the issue of exogeneity further by using IV estimation to account for
endogeneity of temperature.

For the current analysis, the dependent variable ∆CO2 is modelled as a finite autoregressive
distributed lag model (ADL) as specified in equation (64) (see e.g., Hendry 1995, Ch.6). Figure
30 graphs ∆CO2,t for 1982:7–2002:12. The seasonal variation is so large that it is difficult to
visually discern the slow but persistent growth.

There is a large number of potential explanatory variables Xt−j in modelling atmospheric
CO2. The model needs to account for all the above mentioned anthropogenic and natural
factors as well as their lag reactions, as CO2 is a highly autocorrelated time series. Adding IIS
quickly moves the general unrestricted model to a situation with more explanatory variables
than observations. This used to be a major difficulty in modelling, however, as outlined in

6 Recent research in this field is being conducted, see Doornik & Hendry (2012).
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Figure 30: Dependent variable ∆CO2,t over 1982:7–2002:12
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section 3.3, can now be handled by estimation in blocks using Autometrics to select variables to
retain in the final model in the form of (64). The estimation procedure operates as follows: first
the theory-motivated GUM is specified, then estimation in blocks following the Autometrics
algorithm selects down to individual terminal models. The union of terminal models is
captured by the final GUM. Formally, the selection for the final model can use the likelihood-
based SIC, though as each terminal model represents a valid representation, final model
selection can be based on other theoretical considerations.

Formulation of the GUM

The dependent variable that is being modelled is ∆CO2 (the change in atmospheric carbon
dioxide measured at Mauna Loa). While Autometrics has been shown to be effective at
recovering the data generating process in large models, the algorithm is not perfect and
is sensitive to initial specification. As a robustness check, therefore, we estimate multiple
variations of initial specifications. Further robustness checks and theoretical considerations
of robustness are investigated in section 3.6.4. The GUMs 1 and 2 are selected for different
initial variables, though they always include the main variables of interest: short-term
dynamics captured by monthly industrial production and the control variables for natural
factors—temperature, SOI and vegetation. Non-anthropogenic emissions are captured through
potential oceanic release of CO2 (SOI and temperature) and the respiratory release phase in
vegetation (NDVI close to zero). The models include general control variables of a constant, a
linear time trend and 11 centred seasonal dummy variables (annual frequency −1 dummies
with mean zero in the long run), which are subject to selection so not automatically included
in terminal models.

To capture inter-seasonal transport dynamics, interaction terms for Winter/Summer are
included with each vegetation measure. Summer is defined as May–October and Winter
is defined as November–April. Thus, binary variables (Winter and Summer Weights) are
interacted with all region-specific NDVI variables and included in the GUM. This could
be extended to smoothed weights following a sine/cosine pattern, but binary weights are
expected to capture the main seasonal effect of different atmospheric transport.

Specification 1 includes all variables measured at a monthly frequency: natural control
variables as well as the first three components of industrial production. Specification 2 includes
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Figure 31: Partial-autocorrelation function for ∆CO2
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all short-term dynamics as in specification 1 and adds the first low-frequency interpolated
fossil fuel emission variable. The GUM does not initially include any non-linear terms (apart
from seasonal NDVI interaction), while this is restrictive, we test for non-linearities post-model
selection. Further, a large number of retained impulse indicators could provide evidence for
functional form misspecification and potential non-linearities.

Since ∆CO2 is a highly autocorrelated series when measured monthly, a long lag length
is allowed. Based on the partial-autocorrelation function (PACF) of ∆CO2 and the monthly
frequency of the data, the longest lag length is selected to be 12, as longer lags fall below the
95% critical level. Similar results are obtained when likelihood-based lag selection criteria are
used. Figure 31 shows the PACF for ∆CO2. Additionally, 12 lags of each independent variable
are added to GUM 1. Lag lengths for GUM 2 are specified based on selection from GUM 1 to
compensate for a larger number of independent variables (see section 3.8.2).

Table 16: GUM: Specification 1

Variables included lag length

Temperature 12

NDVI PC1 Eurasia (Eur) + Winter Interaction 12

NDVI PC2 Eurasia (Eur) + Winter Interaction 12

NDVI PC3 Eurasia (Eur) + Winter Interaction 12

NDVI PC1 North America (NA) + Summer Interaction 12

NDVI PC2 North America (NA) + Summer Interaction 12

NDVI PC3 North America (NA) + Summer Interaction 12

SOI 12

Industrial Production Comp. 1 12

Industrial Production Comp. 2 12

Industrial Production Comp. 3 12

Constant yes
Trend yes

Centred Seasonal Variables yes
Impulse Indicators yes

Total variables 492

As controls for the terrestrial biosphere are included in every GUM, it is the NDVI measure
that defines the maximum number of available observations. Carbon dioxide is measured
at Mauna Loa from 1958:3 until present, but NDVI data is only available from 1981:7 until
2002:12, so the vegetation control limits the maximum number of observations to 258. A
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maximum lag length of 12 then leads to the estimated sample size being 246 observations
(T = 246).

Impulse indicator saturation includes one binary variable for each observation. This means
that 246 individual binary variables are added to the GUM. Tables 16 and 19 provide an
overview of the variables making up the specific GUMs.

3.5.2 Non-stationarity

A non-stationary process is a process whose distribution changes over time, for example
the mean or variance of the process are non-constant (see Hendry & Juselius 2000, for a
detailed discussion). The trending level of CO2 measured at Mauna Loa is non-stationary as
its mean is increasing with time. There are numerous forms of non-stationarity. The time
series could be an integrated process (a time series is said to be integrated of order r, or I(r),
if differencing the series r times yields a stationary process), or alternatively there could be
structural breaks/shifts in coefficients, levels or variances. Non-stationarity through structural
breaks need not be removed by differencing. IIS is used to detect structural breaks (as well
as mis-specification): if a large number of impulse indicators are selected, the model may be
mis-specified, data badly mis-measured; or there are breaks in the data.

The time series properties of atmospheric greenhouse gas concentrations, other radiative
forcing series, and global mean temperatures are heavily debated in the literature (Stern
& Kaufmann 2000, Kaufmann & Stern 2002, Beenstock et al. 2012, Pretis & Hendry 2013).
Determination of an appropriate order of integration and the presence of breaks is further
complicated due to concerns about data measurements, however, due to the restricted sample
period here, concerns about the change of measurement (Pretis & Hendry 2013)7 of atmo-
spheric CO2 are mostly alleviated. While there is convincing evidence that global surface
temperatures are I(1) (Kaufmann et al. 2013), there is mixed evidence for the properties of
atmospheric CO2. Over the sample period used in this study, the annual change in CO2 is
increasing (see Figure 22). ∆CO2 for the present analysis could therefore be I(1), or I(0) around
a trend. However, unit-root non-stationary data is not a problem in automatic model selection
so long as it is approached correctly. Selection in Autometrics is primarily based on likelihood
ratios (which can be interpreted as t- and F-statistics) that under non-stationarity can follow
non-standard distributions. Sims et al. (1990) show that the limit distributions of these test
statistics are standard if the original equation can be re-written in terms of coefficients on
mean-zero stationary variables. That is to say, the actual re-parametrization is not required,
merely the existence of a linear re-parametrization in mean-zero variables is sufficient for the
test statistics in the original equation to have standard distributions. So long as the equation
can be written that way, selection based on t- and F-statistics will be valid. For example,
suppose ∆CO2 is I(1) and was modelled as an ADL(2,2) model with a single I(1) independent
variable x1,t:

∆CO2,t = θ1∆CO2,t−1 + θ2∆CO2,t−2 + β0x1,t + β1x1,t−1 + β2x1,t−2 + εt (65)

7 Pre 1958 measurements of CO2 rely on approximations based on ice-core reconstructions, while data from 1958

onwards stems from in-situ measurements.
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This can be re-written in equivalent equilibrium correction form:

∆2CO2,t = λ1 ∆2CO2,t−1︸ ︷︷ ︸
I(0)

+κ0 ∆x1,t︸︷︷︸
I(0)

+κ1 ∆x1,t−1︸ ︷︷ ︸
I(0)

+α(∆CO2,t−1 − δx1,t−1) + εt (66)

where the coefficients in (66) are functions of the coefficients in (65). The variables ∆2CO2,t−1,
∆x1,t, ∆x1,t−1 are mean zero and stationary. Under cointegration (∆CO2,t−1 − δx1,t−1) will
also be stationary. The existence of this re-parametrization is sufficient – the actual re-
parametrization is not necessary for the required test statistics to have standard distributions
and it is therefore acceptable to work with the model given in equation (65) rather than
(66). The estimation process here proceeds with the GUM in form of the ADL model (64)
rather than in equilibrium correction form (66). While equilibrium correction models can be
beneficial when dealing with integrated data, the re-parametrisation is not necessary as the
previous section describes. Further, in model selection with a large number of potentially
relevant variables, it is not straightforward to specify the equilibrium correcting term a priori
in the GUM.8

There are potential problems during selection when a path is considered in which this
re-parametrization is not possible. Such a difficulty is hard to avoid, so is handled here by
using tight significance levels that allow for possible non-standard distributions. As Figure
22 showed, ∆12CO2 manifests a strong trend so is clearly not stationary: in monthly data,
that trend is ‘swamped’ by the seasonal variation. Due to this strong seasonality, augmented
Dickey–Fuller (Dickey & Fuller 1981) type tests would not successfully identify a unit root.
Seasonal unit-root tests are somewhat unreliable as other determinants, such as breaks, are
not included, but based on the apparent stochastic trend in ∆12CO2, and the long atmospheric
lifetime of CO2 it is likely that ∆CO2 is well approximated by a process integrated of order
one I(1) over the sample period.

If the system is unbalanced, e.g. the order of integration of the dependent variable
(∆CO2) is lower than the independent variables (Banerjee et al. 1993, Ch. 6) estimation is
still feasible. This topic has received less attention in the literature, though Baffes (1997)
proposes a post-estimation test for unbalanced or near to unbalanced regressions. Standard
single equation cointegration models rely on tests of stationarity on the residuals of the
model. In the I(1) on I(1) case, if the residual itself is a stationary process the system is said
to cointegrate. In an unbalanced system, stationarity of the residual is necessary but not
sufficient to establish a sensible relationship. Stationarity of the residuals in I(0) on I(1) models
can be the result of either a stationary combination of I(1) variables (cointegration), or if the
model fails, the residuals could simply pick up the stationarity of the dependent variable. If
the residuals are I(0) we require an additional test whether the model is appropriate or the
stationarity is simply the result of a failing model. For this matter Baffes (1997) proposes to
test the stationarity of the predicted values. Therefore an appropriate post-estimation testing
procedure in unbalanced models could be to first test for residual stationarity, followed by a
test for stationarity of the fitted values.

However, given the trend present in ∆12CO2 and thus also in ∆CO2, we proceed by
estimating the model as specified in equation (64), relying on the fact that it can be re-

8 Selection in an equilibrium correction framework could be conducted jointly over a complete set of first differences
and levels while modelling the endogenous variable in first differences and forcing the inclusion of a one-period
lagged dependent variable in levels.
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written as coefficients on stationary mean zero variables (see Banerjee et al. 1993), with tight
significance levels to account for selection effects where an I(0) re-parametrization is not
possible. To cover the case of unbalanced models, the model residuals are tested for unit-roots
post-selection, however, this test will only have power if the algorithm fails, since Autometrics
selects congruent models.

3.5.3 Algorithm specification

The Autometrics algorithm is used to estimate and select within the GUMs described in
tables 16 and 19. Selection is done at a 0.1% significance level, considerably tighter than the
conventional 5% or 1% used in the literature. In models starting with K irrelevant variables,
this implies that on average 0.001K irrelevant variables are retained in the terminal model,
with K=500 this implies 0.5 of a variable will be retained by chance. The current model is
reduced by removing the least significant variable until variables cannot be dropped at the
0.1% level. At the termination of each path, models are backtested to the initially specified
GUM when feasible. Diagnostic tests, defined formally below (see Doornik & Hendry 2009),
are conducted at a 1% level, for normality, heteroskedasticity, coefficient constancy (set to a
70% sample split), residual autocorrelation and autoregressive conditional heteroskedasticity,
both based on 8 lags. The specified GUM includes more variables than observations with
IIS, so diagnostic tests are only applied to terminal models, and if satisfactory, conventional
standard errors are used.

3.6 results

GUM Specification 1 includes all natural controls and monthly anthropogenic components;
specification 2 includes all natural controls as well as monthly and annual anthropogenic
components. The crucial feature of Autometrics is determining the selection of variables,
rather than their estimated coefficients, although bias corrections are feasible in specific cases.
Below, we also note the relative importance of individual variables through decompositions
of explained variance.

The selection algorithm results in 14 terminal models for specification 1, and 18 terminal
models for specification 2. Detailed results for GUM specification 2 are reported in the
appendix. It may surprise that so many congruent undominated different representations can
be found at such a tight significance level as 0.1%, but this merely reflects the high collinearity
both between the different series and over time as represented by their lagged values. Most of
the terminal models are minor variations on others as the final GUMs had 21 and 25 variables
respectively.9 The final models are selected from the set of terminal models by the smallest
Schwarz (1978) information criterion value. Equation (67) shows the selected final models for
specification 1, the model for specification 2 is reported in the appendix.

9 Detailed results are available on request.
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∆̂CO2,t = 0.24
(0.053)

∆CO2,t−1 − 0.67
(0.049)

∆CO2,t−2 + 0.20
(0.05)

∆CO2,t−3

− 0.32
(0.037)

∆CO2,t−4 + 0.24
(0.057)

IP1t−1 − 0.30
(0.056)

IP1t−4

− 0.20
(0.034)

IP2t−4 + 0.15
(0.035)

IP3t + 0.003
(0.0005)

Tempt−4

− 0.007
(0.0013)

SOIt−5 − 0.042
(0.007)

NDVI1, Eurt−1 + 0.019
(0.003)

NDVI1, Eurt−10

− 0.020
(0.006)

NDVI1, Eurt−12 + 0.026
(0.007)

w NDVI3, Eurt−8
(67)

σ̂ = 0.212 T = 246 n = 14 SIC = −0.006 Far(8, 224) = 1.55

χ2
nd(2) = 1.47 Freset(2, 230) = 1.42 Farch(8, 230) = 1.07 Fhet(28, 217) = 1.42

Let Fname denote an approximate Lagrange-multiplier F-test, then Far tests for autocor-
relation of order k (see Godfrey 1978, for original test under stationarity), Fhet tests for
heteroscedasticity (see White 1980, for original test under stationarity10), Farch tests for kth-
order autoregressive conditional heteroskedasticity (ARCH: see Engle 1982, for original test
under stationarity), Freset tests for functional-form mis-specification (see Ramsey 1969), and
χ2
nd(2) tests for non-normality (Doornik & Hansen 2008).

First, consistent with theory, controls for natural factors are selected in both final models.
Temperature anomalies enter the model with a positive coefficient, likely capturing the effect
of oceanic uptake such that atmospheric CO2 increases with higher temperatures. Vegetation
controls through the principal components of NDVI are selected in both models, as is the
control for Southern Oscillation. However, a key finding is that in both terminal models,
natural controls are insufficient to account for the variation in the change of atmospheric CO2

in this conditional model. Anthropogenic factors captured through components of industrial
output indices are consistently selected in both models. Selection of these components is
highly stable over the two models as the selected production components are near-identical in
models 1 and 2. Selection of these is robust to the addition of emissions components which
are not selected in specification 2, suggesting that the high frequency measures provide a
better approximation for anthropogenic emissions measured at Mauna Loa.

Second, most selected variables enter the model in lagged form. Only the third principal
component of production (in specification 1 and 2) and the first component of Eurasian NDVI
(in specification 2) have an estimated immediate effect on the growth of CO2. Most anthro-
pogenic emissions and vegetation growth “lead” measured atmospheric CO2 by suggested
time periods of 1 to 5 months (with the exception of the NDVI series). Relative to the initial
sizes of the GUMs, few variables are retained, yet relative to the tight significance levels, many
more are retained than could be attributed to chance (less than 1 on average).

Third, the final models are well specified. As a result of the algorithm, all models pass
tests for normality, heteroskedasticity, residual autocorrelation and autoregressive conditional
heteroskedasticity. There are no indicators from IIS retained in the final models suggesting

10Caceres & Nielsen (2005) show that the White test is unaffected by non-stationarity (for non-explosive processes)
under the null of no misspecification.
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that the model is correctly specified and there appear to be no real structural breaks or shifts
in the change of atmospheric CO2.

Fourth, no deterministic variables are selected: no constant, time trend or centred seasonals
appear in the final models. Consequently, although a possibility from the specification of
the GUM, there is no autonomous growth despite the growth in ∆12CO2 and no ‘exogenous’
seasonality even though Figure 30 showed such constant seasonal patterns. This suggests that
changes in CO2 are well approximated by the selected final variables covering anthropogenic
and natural factors. Linearity of both models is not rejected using a non-linear factor based
test (Castle & Hendry 2010), (Model 1: p=0.458, Model 2: p=0.23). If constants are included
post-selection (both not statistically different from zero in models 1 and 2), R2 can be used
as a rough measure of goodness of fit. Both final models exhibit a high goodness of fit (R2

= 0.974 and = 0.973 respectively), in comparison a random walk model with deterministic
seasonal indicators results in a much lower goodness of fit, R2 = 0.753. High goodness of fit of
the models is not a straight result of selection as Autometrics does not directly maximize the
goodness of fit. Moreover, R2 measures should not be attributed much weight when assessing
models, as there are preferred likelihood-based measures that also account for the number of
parameters included.

3.6.1 GUM: Specification 1

Specification 1 in equation (67) covers all variables measured at a monthly frequency. Auto-
metrics in specification 1 with 246 observations estimated 345 models reducing the number of
explanatory variables from an initial 492 (split into initial 6 blocks) down to 14 in the final
model. The final model passes the stationarity test on the residuals, the presence of a unit
root is rejected at the 1% level when using ADF tests with lag specifications from 1 to 12. To
alleviate concerns of an unbalanced regression we follow Baffes (1997) approach and also
conduct conventional unit root tests on the predicted values. A unit root is rejected for the
fitted values at the 1% level for lags 1 to 12. There are no impulse indicator variables selected
in the final GUM. Together this provides evidence for a well specified model that forms a
stationary relationship.

Selection: neither the constant, the linear time trend nor centred seasonal variables feature
in the final conditional model, so that the seasonality and increase in the growth of CO2 are
explained by the anthropogenic and natural factors. All selected variables (apart from IP3t

)
enter the model as lags, suggesting a delay in the effect of CO2 emissions/absorption and
measurement at Mauna Loa. The longest lag on an anthropogenic component is 4 months.

The anthropogenic sources that are selected are all three principal components for indus-
trial production at lag lengths ranging from immediate t to t− 4. Component 1 is selected at
t− 1 and t− 4 with opposite signs. This may suggest that it enters the model as a difference,
however, a likelihood ratio test rejects the model with IP1 entering as a difference (LR =
26.856, p < 0.0001). As these variables are principal components of production indices, the
coefficients are not straightforward to interpret. The key result is the consistent selection,
relative importance and lag length of these, rather than the signs of individual estimated
coefficients.

The non-seasonally weighted principal components for NDVI are mostly selected, but
only the Eurasian region is included. Given that the growth cycle is relatively similar in North
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America and Eurasia this should not be over-interpreted. It is likely that the PCs for North
American and Eurasian vegetation capture a very similar pattern and are to a considerable
extent interchangeable. The negative coefficient on the first PC of vegetation (at t− 1, as well
as in the long-run solution below) supports the theory that increased vegetation activity slows
down CO2 growth. The near equal magnitude, opposite signs on t− 10 and t− 12 suggest
a difference, a pattern also seen in (77). The coefficient on temperature is positive at a lag
of (t− 4), likely capturing reduced oceanic absorption under higher temperature. Southern
Oscillation enters the model at a lag of five months with a negative coefficient. Thus, during
El Niño episodes (SOI < 0) growth in CO2 appears to increase, in line with findings of other
papers (see Bacastow 1976, C. D. Keeling & Revelle 1985).

To quantify and assess the relative importance of each regressor, we decompose the
total explained variation in ∆CO2. Decomposition is not straightforward when independent
variables are correlated. The partial R2 provides a measure of the marginal contribution to
explained variation for a given variable, while holding other factors constant.11 Table 17 ranks
the selected variables by the partial R2.

Table 17: GUM: Specification 1 relative importance

Variable Partial R2

∆CO2,t−2 0.4472

∆CO2,t−4 0.2461

NDVI
1, Eurt−10 0.1583

IP2t−4 0.1259

NDVI
1, Eurt−1 0.1259

Tempt−4 0.1225

IP1t−4 0.1105

SOIt−5 0.0836

∆CO2,t−1 0.0796

IP3t
0.0756

IP1t−1 0.0727

∆CO2,t−3 0.0619

w NDVI
3, Eurt−8

0.0578

NDVI
1, Eurt−12 0.0483

Based on this decomposition, the single largest (non-autoregressive) contribution comes
from the Eurasian NDVI principal component of vegetation followed by industrial production.
The anthropogenic components explain a large fraction of the variation in atmospheric CO2.
The result of the vegetation cycle accounting for a large fraction of the variation in CO2 is
robust to the model selection approach employed here.

3.6.2 Addressing Endogeneity - Instrumental Variable Estimation

While the temperature variable is selected at a lag and is thus not endogenous by construction,
it can be the case that the selected lag specification is incorrect and temperatures should enter
the model contemporaneously, in which case the radiative forcing effect of CO2 concentrations

11An intercept is forced to be retained in selection of these models, though it is not statistically different from zero
for model 1 and 2.
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directly leads to an endogeneity problem.12 To address this issue we use an instrumental
variable approach post-selection. Instrument choice is based on Kaufmann et al. (2006) where
the endogenous temperature anomaly variable is instrumented using stratospheric aerosol
(volcanic activity) time series (Sato et al. 1993). Large volcanic eruptions inject sulphate
aerosols into the stratosphere and induce surface cooling (Kelly & Sear 1984). Thus, while not
affecting CO2 concentrations in the short-run, these eruptions affect global mean temperature
anomalies. The selected model is therefore re-estimated where the lagged temperature
variable is replaced by its contemporaneous counterpart, which is then instrumented using the
aerosol observations up to a lag of 3 months based on approximate durations of atmospheric
transport of large scale eruptions (McCormick et al. 1995). The estimated models for both
GUM specification 1 and 2 are reported in the appendix. While not directly comparable due
to the difference between contemporaneous and lagged variables, the IV estimates of the
temperature effect on CO2 are slightly lower than the standard OLS estimates. The static
long-run estimates of temperature on CO2 drops from 0.0018 (Model 1) to 0.0015 (Model 1

IV)13. The instruments are jointly significant in the first stage (F(4,229) = 10.2 for model 1,
and F(4, 229) = 10.45 for model 2). However, there is some concern of weak instruments,
while jointly significant, individual significance of the instrumental variables in the first stage
regressions is low.

An alternative to replacing the lagged temperature variable with its contemporaneous
version post-selection is to follow Hendry & Johansen (2014) and force the retention of
the contemporaneous temperature variable in the GUM. When forcing contemporaneous
temperatures, selection remains relatively stable compared to the previous model – industrial
production, SOI and NDVI are selected with minor variations in the lag structure.14 The
coefficient on temperature is positive and significant. Thus, in this particular application
there appears little difference in forcing temperatures pre-selection compared to adjusting the
variable post-selection.

3.6.3 Test of Super Exogeneity

Given concerns on weak exogeneity and parameter stability of some of the included variables
in section 3.5, here we address some of these issues by providing a test for super-exogeneity.
In particular, failure of weak exogeneity of temperature to the parameters in the conditional
model (64) is a possibility. However, weak-exogeneity of temperature does not rule out
two-way granger causality – temperatures can be weakly exogenous to CO2 if feedback
is not directly contemporaneous, as the selected model suggests. Modelling CO2 in the
conditional model then remains valid under weak-exogeneity. A thorough test of weak
exogeneity requires the variables to be modelled as a system of equations, which, given
the model selection approach here, is not straightforward. A VAR on a subset of variables,
or analysis of partial systems (see Harbo et al. 1998) would also be potential approaches.
An alternative to this is to test the variables for super exogeneity instead - a condition
which relies on weak exogeneity. For a conditioning variable to be super exogenous to the

12On a monthly time-scale weak exogeneity of temperatures is feasible since the feedback may not be contempora-
neous but occur at a lag. On an annual time scale, Chapter 2 provides a complete system model tackling feedback
consistent with an energy balance model.

13For model 2 the estimated long-run effect drops from 0.0019 to 0.0015.
14Full results are omitted here, available upon request.
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parameters in the conditional model, we require weak exogeneity of the conditioning variable
and parameter invariance to changes in parameters in the marginal model (see Hendry 1995,
Ch.5). Parameters in the conditional model should be invariant to interventions affecting
parameters in the marginal model. A test for super exogeneity is therefore not a direct test of
weak exogeneity, super exogeneity could be rejected due to failure of parameter constancy,
failure of invariance or failure of weak exogeneity. However, if super exogeneity cannot be
rejected this provides evidence that weak exogeneity of the conditioning variables cannot be
rejected either.

Table 18: Retained Indicators from Marginal Models

Marginal Model Indicators for Model 1

IP1 None
IP2 2002(5), 2002(6)
IP3 1985(2), 2001(1)
Temp. 1984(12), 1995(2), 2001(11)
SOI None
NDVI1,Eur 1983(5)
w NDVI3,Eur 1983(1), 1984(3), 1984(4), 1985(1), 1985(2), 1987(3),

1989(3), 1989(4), 1989(5)

Here we apply an automatic test for super exogeneity based on impulse indicators (Hendry
& Santos 2010). The idea is to estimate congruent marginal models for the conditioning
variables and detect interventions/shifts using impulse indicators. If super exogeneity holds,
these interventions should not affect parameters in the conditional model. These indicators
are then included in the conditional model and tested for joint significance using an F-test
which under the null of super exogeneity will follow an approximate F-distribution. Using
Autometrics we estimate marginal models (63) for each of the conditioning variables present
in the final model 1 (67), and retain significant indicators. The models are selected based
on a 0.1% level of significance and by construction satisfy the standard diagnostic tests.
Table 18 lists the retained indicators for each marginal model of the conditioning variables.
The retained indicators are then included in the conditional model (67) and tested for joint
significance. The null hypothesis of super exogeneity of the conditioning variables to the
parameters cannot be rejected F = 0.457 (p = 0.96) for model 1. This suggests that the
parameters in the conditional model are invariant to changes in the marginal models and
provides potential evidence that weak exogeneity of the variables cannot be rejected either
for the short time series considered here. However, this result can stem from a relatively low
power to reject super-exogeneity of the test and the short sample period considered. The test
for super-exogeneity here should then primarily be interpreted as a evidence for parameter
constancy.

3.6.4 Model Robustness Checks by Extra Variables

The series of atmospheric CO2 is clearly trending and it might be the case that industrial
production is only consistently selected as it is one of the few similarly trending series in the

95



Figure 32: First NDVI PC for Europe and NDVI measure of green area
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specified GUMs.15 This is highly unlikely as the model already accounts for a wide range of
(non-stationary) control variables. Industrial production is selected over a constant (trend in
levels), a linear trend (quadratic trend in levels) and the interpolated emission measure as well
as seasonal effects. However, to provide additional checks that the selection of production is
not the result of simply spurious relations we consider the following additional robustness
checks: deforestation and oil price are considered as additional explanatory factors, and
further, 4 irrelevant (trending) simulated random walk variables are included in the GUMs.

deforestation and the oil price The current NDVI variables used here (see section
3.4.2) measure the annual cycle, but not the level of vegetation. One might argue that the level
of Northern Hemisphere vegetation, in other words deforestation or forest coverage, should
also play a role. To investigate this, rather than taking the average NDVI value, we modify the
algorithm used in the previous section to provide a count of grid points where NDVI exceeds
the threshold level of 0.4 for the entire Northern Hemisphere.16 This provides a measure of
total green area. As Figure 32 shows, the values of total green area are nearly identical to the
simple annual cycle measure included in the model.

A regression of total green area on the first Eurasian and North American components
results in a near perfect fit, R2 = 0.975 (correlations with the components are: ρGreen,NDVI:Eur =

0.985 and ρGreen,NDVI:NA = 0.984 respectively). A linear trend in total green area is not significant,
p = 0.673. This suggests that the currently included vegetation measure is sufficient and the
annual vegetation cycle captures the same information as a measure of deforestation, which
appears to remain stable in the Northern Hemisphere.

In the previous analysis it was assumed that production variables sufficiently capture
emissions and already contain any relevant information captured in the oil price. As a
precaution against this failing, the actual annual emissions measures were included to capture
all emissions related information missed by production. Nevertheless, as a robustness check
GUM1 is re-estimated by including 12 lags of the monthly US dollar spot price of WTI crude

15I would like to thank participants at the 11
th OxMetrics Users Conference at George Washington University, and

participants at the Oxford Gorman and Econometrics Workshops for comments on this.
16The choice of 0.4 is slightly arbitrary, though changing the threshold would generally only affect the magnitude

of the cycle, not the trend. If there is a declining/increasing trend in the number of “green” grid points, any
reasonably chosen value between 0.2 and 0.7 should capture this.
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Figure 33: Fitted and actual values in differences and levels, and residuals

CO2ML Model 1 Fit 

1990 2000

340

350

360

370
pp

m

Model 1

Model 2

CO2ML Model 1 Fit DCO2ML Model 1 Fit 

1990 2000

-2

-1

0

1

2

pp
m

DCO2ML Model 1 Fit DCO2ML Model 1 Residuals 

1990 2000

-2

-1

0

1

2

SD
 (

sc
al

ed
 r

es
id

ua
ls

)

DCO2ML Model 1 Residuals 

CO2ML Model 2 Fit 

1990 2000

340

350

360

370

pp
m pp

m

CO2ML Model 2 Fit DCO2ML Model 2 Fit 

1990 2000

-2

-1

0

1

2

SD
 (

sc
al

ed
 r

es
id

ua
ls

)

DCO2ML Model 2 Fit DCO2ML Model 2 Residuals 

1990 2000

-2

0

2
DCO2ML Model 2 Residuals 

oil (Federal Reserve 2011b), inflation adjusted using US CPI data (US Department of Bureau
of Labour Statistics 2011). While there was some variation in the lags of selected terminal
variables, the oil price was not selected in any of the specifications.

simulated irrelevant variables There is large scale simulation evidence for the
success of Autometrics being able to identify irrelevant variables (see Castle et al. 2011a).
Nevertheless, to provide extra robustness checks, here four artificial irrelevant sun-spot
variables are added to GUM1. This is to provide an example rather than a full scale simulation.
The artificial DGP for the variables v1, ..., v4 is given by equation (68).

vi,t = vi,t−1 + ut where ut ∼ iid N(0, 1) for i = 1, 2 (68)

vi,t = vi,t−1 + δt + ut where ut ∼ iid N(0, 1) for i = 3, 4

The trend coefficient α = 0.0001 is chosen to be of similar order of magnitude as the linear
trend in ∆CO2. While there was slight variation in lag selection, none of the artificial variables
are selected, while industrial production, temperature, SOI and vegetation remain selected
consistently. One impulse is selected at 1983:4. Overall, none of the simulated irrelevant
variables, or oil price are retained, this provides evidence for the robust selection of Industrial
production which is unlikely solely due to the similar trending properties.

3.6.5 From Changes to Levels

The models estimated as GUM specification 1 and GUM specification 2 describe the change
in atmospheric carbon dioxide, ∆CO2. While most of the analysis has been focused on the
change in CO2, it is possible to recover the estimated level from the models 1 and 2. Level
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estimates for model 1 and model 2, based on ĈO2,t = ∆̂CO2,t + CO2,t−1 are given in Figure
33 and show the close fit. The next step is to attribute the components of the long-run
explanation. To do so, we derive the relation after all dynamics from lagged variables have
been solved out (the ‘long-run solution’: see Hendry 1995, p.212). In a simple ADL(1) of the
form:

yt = λ1x1,t + λ2yt−1 + et (69)

where |λ2| < 1, the long-run conditional expected value is:

E [y | x] = λ1x1/(1− λ2) = β1x1 (70)

Then, based on the theoretical specifications given in equations (58)–(59), the solved estimated
model is in the approximate form given in equation (71):

∆CO2,t = β1x1,t + β2x2,t + · · ·+ βqxq,t + εt (71)

This can be re-written as:

CO2,t = CO2,t−1 + β1x1,t + β2x2,t + · · ·+ βqxqt + εt (72)

Recursive substitution for CO2,t−1, CO2,t−2, ... in equation (72) yields:

CO2,t = CO2,0 + β1

t

∑
j=1

x1,j + β2

t

∑
j=1

x2,j + · · ·+ βq

t

∑
j=1

xq,j + ẽt (73)

where ẽt =
t

∑
j=1

εj, CO2 cumulates all past shocks to emissions.

We divide the variables into two different groups: let s be the number of variables xi,t

that have a near-stationary cumulative sum (non-strongly-trending) ∑t
j=1 xi,j ∼ I(0), so that

q− s variables have non-stationary cumulative sums (trending) ∑t
j=1 xi,j ∼ I(r) where r > 0.

Equation 73 can then be expressed as:

CO2,t = CO2,0 + x′s,tβs + x′q−s,tβq−s + ẽt (74)

where xs,t and xq−s,t are s× 1 and (q− s)× 1 column vectors respectively with ∑t
j=1 xi,j as

their row elements. Equation (74) implies that the trending level of CO2 is a function of the
near-stationary and non-stationary cumulative sums of variables in our model. Variables
xs,t whose cumulative sums are near-stationary by nature cannot drive the trend. Only
explanatory variables with non-stationary cumulative sums, xq−s,t, determine the trend. This
provides a straight-forward method of evaluating the underlying factors of the long-run trend.
Quantifying the trend in the present application, atmospheric CO2 concentrations rise by
approximately 30ppm over the sample period (see Figure 34).

Out of the selected variables in models 1 and 2, only a sub-set exhibit strongly trending
cumulative sums, which are all the anthropogenic factors and the temperature anomaly. The
natural controls of NDVI while fluctuating seasonally only account for a drop of approximately
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2.5ppm CO2 over the sample period. SOI appears to be slightly increasing over the time frame
considered, but its effect is small in magnitude when weighted by its long run coefficient,
accounting for an approximate increase of 2ppm (see Figure 34). Importantly, neither final
model includes a deterministic intercept or trend, which on summation would become
a linear or a quadratic time trend. However, summed variables do not have a straight-
forward interpretation in the case of PCs of industrial output and temperature. The trending
temperature anomaly is likely a mutually supporting feedback effect driven by the increase
in anthropogenic activity, as mentioned in section 3.4. Overall, the trend in the levels of
CO2 in these conditional models is derived from the trends in the independent variables in
both estimated models, so is attributed primarily to the PCs of production and partly by
temperature. Specifically, the empirical equivalents of (74) for model 1 are:

x′s,tβs = −0.0038
t

∑
j=1

SOIj + (−0.0275
t

∑
j=1

NDVI1, Eurj + 0.0169
t

∑
j=1

w NDVI3, Eurj
) (75)

x′q−s,tβq−s = −0.037
t

∑
j=1

IP1j − 0.127
t

∑
j=1

IP2j + 0.097
t

∑
j=1

IP3j + 0.0018
t

∑
j=1

Tempj (76)

Figure 34 shows the resulting coefficient-weighted cumulative sums of vegetation (NDVIEUR

principal components), SOI, and the combined anthropogenic components (IP1 to IP3) and
temperature trend for both models 1 and 2, as well as their IV estimates (dashed lines), together
with the recorded level of CO2. The industrial production components and temperature
approximate the level of CO2 well (top panel in Figure 34), marking a slight slow down in
the trend around 1991–1993. The long-run trend slightly under-estimates the level of CO2

towards the end of the sample, this likely stems from the (small) positive contribution of
cumulative southern oscillation effects not included in the sum (Figure 34 bottom panels), and
could also stem from the omission of Chinese production for which no data was available. A
further concern, which likely acts in the opposite direction however, is the decreasing emission
intensity of production (see Figure 35 in Appendix 3.8.1), a feature that is not captured in the
model here due to monthly emission data not being available for countries other than the US.

Both cumulative near-stationary components vary over a small range so contribute little to
the long-run changes. In line with previous studies the seasonality is predominantly driven
by changes in vegetation as modelled using the NDVI series (bottom right panel in Figure 34).
Using instrumental variables to control for some of the endogeneity results in slightly lower
long-term trend estimates. Even though the model is estimated in net inflows to atmospheric
carbon dioxide, in re-parametrized form it can explain the long-run trend—and, within the
conditional model, attributes it primarily to anthropogenic emissions. This is an outcome of
the data analysis alone and is not enforced.

Overall, based on Autometrics selection, natural factors such as vegetation, temperature,
Southern Oscillation are necessary but not sufficient in explaining changes in the conditional
model for atmospheric CO2 measured at Mauna Loa. Industrial production variables are
consistently selected. Most estimated effects from selected variables affect ∆CO2 with a lag,
and there seem to be few or no structural breaks in the relationships being modelled. As
a further robustness check, future work could involve applying the estimation method to
other measurement stations such as Barrow, Alaska (R. F. Keeling et al. 2008). Atmospheric
carbon dioxide at Barrow has been measured from 1974:2 until 2007:12 and displays higher
amplitude and higher autocorrelation due to its location relative to Mauna Loa.
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Figure 34: Level CO2 and cumulative sums of anthropogenic and natural factors
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Using relatively few assumptions on variable relevance a-priori, automatic model selec-
tion with GETS modelling can provide a tool to successfully model complex relationships.
Starting from a broad GUM that nests the LDGP theoretically (accounting for natural and
anthropogenic sinks and sources), the analysis proceeds with an agnostic approach to de-
termine the key factors in changes in atmospheric CO2. Shortcomings of automatic model
selection are computational issues in Autometrics selection because of short cuts and block
partitioning. However, the terminal models appear congruent (acceptable diagnostic tests,
few to no indicators or seasonal dummies selected) and are also supported by theoretical
conclusions from the broader literature—natural effects are selected with the expected signs
on coefficients. Key in the results is that additionally to the natural determinants selected, all
terminal models include a large number of anthropogenic factors.

3.7 conclusion

This study provides an initial application of modelling more variables than observations in a
complex system. We identified anthropogenic contributions to atmospheric CO2 measured at
Mauna Loa using an automatic model selection algorithm. Traditionally, estimation of anthro-
pogenic effects on carbon dioxide relied on a priori selection of variables (which may not be
appropriate in complex relations), low-frequency measures of anthropogenic emissions, and
decompositions of time series. Using Autometrics in a general to specific modelling approach
allows for model selection with more variables than observations, stringent mis-specification
testing and a more agnostic way of modelling complicated interactions. The algorithm is
applied to model changes in atmospheric CO2, encompassing other approaches by controlling
for natural as well as anthropogenic sinks and sources without a priori restrictions of the
determinants. While not completely robust to initial specification, we find that natural factors
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such as vegetation, temperature and Southern Oscillation are necessary, but not sufficient
in explaining variation of atmospheric CO2 in the estimated conditional model. Industrial
production components measured monthly are highly significant and consistently selected in
the estimated models and primarily account for the long-run trend when cumulated, whereas
cumulated natural factors (except temperatures) to not trend strongly when cumulated. Pro-
ducing congruent models, our methodology introduces GETS modelling through Autometrics
as a useful tool in modelling complicated climate relationships.
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3.8 appendix

3.8.1 US Emission Intensity

Figure 35 shows the declining emission intensity of industrial production over the sample
period of the estimated models.

Figure 35: US CO2 Emission Intensity: Emissions per unit of Industrial Production
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3.8.2 GUM Specification 2: Including Annual Variables

GUM specification 2 is estimated as a robustness check based on the inclusion of annually
reported global fossil fuel CO2 emissions. Table 19 outlines the variables included in GUM 2.

Table 19: GUM: Specification 2

Variables included lag length

Temperature 6

NDVI PC1 Eurasia (Eur) + Winter Interaction 12

NDVI PC2 Eurasia (Eur) + Winter Interaction 12

NDVI PC3 Eurasia (Eur) + Winter Interaction 12

NDVI PC1 North America (NA) + Summer Interaction 12

NDVI PC2 North America (NA) + Summer Interaction 12

NDVI PC3 North America (NA) + Summer Interaction 12

SOI 6

Industrial Production Comp. 1 6

Industrial Production Comp. 2 6

Industrial Production Comp. 3 6

CO2 Emissions 12

Constant yes
Trend yes

Centred Seasonal Variables yes
Impulse Indicators yes

Total variables 475
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̂∆CO2 = 0.205
(0.0525)

∆CO2,t−1 − 0.639
(0.0487)

∆CO2,t−2 + 0.177
(0.0479)

∆CO2,t−3

− 0.249
(0.0321)

∆CO2,t−4 + 0.0551
(0.00998)

IP1,t−4 − 0.205
(0.0327)

IP2,t−1

+ 0.16
(0.0353)

IP3,t + 0.00295
(0.000492)

Tempt−4 − 0.00575
(0.00127)

SOIt−5

− 0.0394
(0.00712)

NDVI1,Eurt−1 + 0.0308
(0.00455)

NDVI1,Eurt−11 − 0.0432
(0.0085)

NDVI1,Eurt−12

+ 0.0224
(0.0067)

w NDVI3,Eurt−8

(77)

σ̂ = 0.212 T = 246 n = 19 SIC = −2.86 Far(7, 226) = 1.32

χ2
nd(2) = 1.25 Freset(2, 231) = 0.62 Farch(7, 232) = 0.62 Fhet(26, 219) = 1.56

Specification 2 in (77) covers all variables measured at a monthly frequency as well as
interpolated annual components for long-term anthropogenic emissions. Lag selection for
specification 2 is based on selection in specification 1. Selection in model 1 results in a
maximum lag of 4 on industrial production components and 5 for temperature and SOI. The
longest lag for vegetation was selected at t− 12. Therefore, GUM 2 starts with a maximum lag
of 6 for industrial production components, and a maximum lag of 12 for vegetation. To allow
for any potential lag length, annual cubic spline interpolated CO2 emissions are included
for up to 12 lags. Autometrics in specification 2 with 246 observations estimated 498 models
reducing the number of explanatory variables from an initial 475 down to 13 in the final
model. Unit roots are rejected for the model residuals and fitted values at the 1% level using
ADF tests covering up to 12 lags. There is no impulse retained suggesting no major breaks or
mis-specification.

Selection: the selection is highly stable relative to specification 1. Anthropogenic compo-
nents, as well as temperature and Southern Oscillation are selected near-identically to model
1. No deterministic terms are selected.

Anthropogenic emissions are captured solely by the principal components for industrial
production: the low-frequency fossil fuel measure is not selected. These findings suggest that
high-frequency industrial production provides a better measure for anthropogenic factors than
interpolated fuel emissions when working with monthly CO2 observations. This may appear
surprising given that anthropogenic emissions directly measure emitted carbon dioxide:
however, this result likely stems from the annual frequency of carbon dioxide emissions that
miss any seasonal component.

In terms of natural controls, the estimated coefficient on temperature is positive and that
on Southern Oscillation is negative, both as in the previous model.

3.8.3 IV Model Estimates

Instrumental variable estimation where the temperature anomaly is instrumented using
contemporaneous and lagged stratospheric aerosol time series (Sato et al. 1993).
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iv model estimates for gum specification 1

∆̂CO2 = 0.00235
(0.00138)

Tempt + 0.263
(0.0648)

∆CO2,t−1 − 0.697
(0.0551)

∆CO2,t−2

+ 0.215
(0.0512)

∆CO2,t−3 − 0.34
(0.0396)

∆CO2,t−4 − 0.282
(0.0716)

IP1,t−1

+ 0.34
(0.0714)

IP1,t−4 − 0.212
(0.0628)

IP2,t−4 + 0.158
(0.0523)

IP3,t

− 0.0059
(0.00138)

SOIt−5 − 0.0415
(0.00899)

NDVI1,Eurt−1 + 0.0196
(0.00295)

NDVI1,Eurt−10

− 0.0178
(0.00684)

NDVI1,Eurt−12 + 0.0243
(0.00726)

w NDVI3,Eurt−8

iv model estimates for gum specification 2

∆̂CO2 = 0.00221
(0.00137)

Tempt + 0.241
(0.0653)

∆CO2,t−1 − 0.665
(0.0577)

∆CO2,t−2

+ 0.195
(0.0504)

∆CO2,t−3 − 0.26
(0.0352)

∆CO2,t−4 + 0.0556
(0.0102)

IP1,t−4

− 0.232
(0.0608)

IP2,t−1 + 0.175
(0.054)

IP3,t − 0.00584
(0.00139)

SOIt−5

− 0.0377
(0.00933)

NDVI1,Eurt−1 + 0.0321
(0.00473)

NDVI1,Eurt−11 − 0.0428
(0.00932)

NDVI1,Eurt−12

+ 0.0199
(0.00737)

w NDVI3,Eurt−8
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4
D E T E C T I O N O F B R E A K S B Y D E S I G N E D F U N C T I O N S A P P L I E D T O
V O L C A N I C I M PA C T S O N H E M I S P H E R I C S U R FA C E T E M P E R AT U R E S

Abstract

We present a methodology to detect structural breaks at any point in a time series
using designed functions based on indicator saturation. Building on recent devel-
opments in econometric model selection for more variables than observations, we
saturate a regression model with a full set of designed break functions. By selecting
over these break functions at every point in time using a general-to-specific algo-
rithm, we obtain unbiased estimates of the break date and magnitude. Analytical
derivations for the split-sample approach are provided under the null of no breaks
and the alternative of one or more breaks. Monte Carlo simulations confirm the
approximate size and potency of the approach. We demonstrate the methodology
by detecting volcanic eruptions in a time series of Northern Hemisphere mean
temperature derived from a coupled climate simulation spanning close to 1200

years.
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4.1 introduction

Breaks in time series come in many shapes, durations, and may occur at any point in time.
Often an approximate shape of a break can be postulated a-priori, either from previous
observations or theory. For example, smooth transitions are common in economic time series,
while sudden drops followed by smooth reversions to the mean are typical in temperature
records following a large volcanic eruption (e.g. Kelly & Sear 1984). While the approximate
form of a break may be known, the timings and magnitudes of breaks are often unknown.
Here we propose an approach for detecting breaks of any specified shape using an indicator
saturation procedure. Our approach is based on recent developments in variable selection
within regression models that involve more variables than observations (Castle et al. 2011a).
By selecting over a complete set of designed break functions, our approach produces unbiased
estimates of the break magnitude and timing.

A structural break is defined as a time-dependent change in a model parameter from
the underlying data generating process. For example, a volcanic eruption leading to a rapid
cooling corresponds to a temporary shift in the mean of the surface temperature process. The
detection of structural breaks in time series has received significant attention in the recent
literature. The focus has primarily remained on breaks in the mean through the form of step
functions (Doornik et al. 2013, Castle et al. 2015), smooth transition functions (González &
Teräsvirta 2008), breaks in regression coefficients (see e.g. Bai & Perron 1998, Bai & Perron
2003, Perron & Zhu 2005, Perron & Yabu 2009), or individual outliers or groups of outliers
that can be indicative of different forms of breaks (see e.g. Hendry et al. 2008). Many of these
methods, however, involve limiting prior specifications.

For instance, specific-to-general methods (e.g. Bai & Perron 2003 and the subsequent
literature) are subject to an upper limit of breaks and require a minimum break length.1

Equally, if breaks in multiple coefficients are considered, the methods impose a co-breaking
restriction - different variables cannot break at different times.

Recent developments in impulse and step-indicator saturation (IIS, SIS) provide an alterna-
tive approach using a general-to-specific methodology (Doornik et al. 2013, Castle et al. 2015).
By starting with a full set of step indicators and removing all but significant ones, structural
breaks can be detected without having to specify a minimum break length, maximum break
number or imposed co-breaking. Step-functions and impulses are nevertheless only the sim-
plest of many potential break specifications and may not provide the closest approximation
to the true underlying break. N. R. Ericsson (2012) proposes a wide range of extensions to
impulse and step-shifts. Here we show that the principle of step-indicator saturation can be
generalized to any form of deterministic break function. The advantage over existing methods
is an expected higher frequency of detection (while the false-positive rate is controlled) when
a break function approximates the true break,2 high flexibility as multiple types of break
functions can be selected over jointly, and improvements in robust forecasting where designed
functions act as continuous intercept corrections.

The method is subsequently demonstrated as a way of detecting volcanic eruptions in a
time series of Northern Hemisphere mean temperature from a coupled climate simulation

1 The least-squares approach in Bai & Perron 2003 is also infeasible for outliers or volcanic breaks as considered
here.

2 For example step-indicator saturation exhibits higher power in detecting step shifts than using impulses alone –
see Castle et al. (2015). This result generalizes to other forms of breaks.
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spanning close to 1200 years. While a climate model with predefined forcing time series
represents an ideal test bed for this approach, there is considerable uncertainty in the timing
and magnitude of the climatic impact of historic volcanic eruptions over the last millennium
(Schmidt et al. 2011). Our technique demonstrates that eruptions can be statistically detected
without prior knowledge of their occurrence or magnitude- and hence may prove useful in
estimating the past impact of volcanic events using proxy-reconstructions of hemispheric or
global mean temperatures.

4.2 break detection using designed functions

While intrinsically stochastic, without prior knowledge of the timings and magnitudes of
breaks, a deterministic approach using a full set of break functions allows us to account for the
underlying breaks and to model the responses deterministically. The detection of structural
breaks can be formulated as a model selection problem where we select over a full set of
break functions, a subset of which accurately describes the underlying true break. Consider a
simple model as:

y = Zβ + ε (78)

where y and ε are (T× 1) vectors, β is a (k× 1) vector, and Z is a (T× k) matrix Z = (z1, ..., zk).
We investigate the presence of structural breaks in any of the β, where z may be a constant,
trend or variable. For each break type at any point in time for each variable considered we
augment the above model by a (T × T) break function matrix D:

y = Zβ + Dγ + ε (79)

where γ is a (T × 1) vector. The specification of D is such that the first column d1 (T × 1)
is set to denote some specified break function d(t) of length L, where d1,t = d(t) for t ≤ L
and 0 otherwise, d1,t = 0 for t > L. All further columns dj (for j = 2, ..., T) in D are set
such that dj,t = dj−1,t−1 for t ≥ j and 0 otherwise. The break matrix D is then defined as
D = (d1, d2, ..., dT), where dj denotes a vector with break at time t = j:

D = (d1, d2, ..., dT) (80)

d1 = (d1, d2, ..., dL−1, dL, 0, ..., 0)′

d2 = (0, d1, d2, ..., dL−1, dL, 0, ..., 0)′

d3 = (0, 0, d1, d2, ..., dL−1, dL, 0, ..., 0)′

...

This specification provides a general framework within which multiple break types can be
analysed - Table 20 provides a non-exhaustive overview.3 The form of the break function
d(t) has to be designed a-priori, however, this is implicitly done in most structural break
detection methods: for example, outlier detection through finding impulses (Impulse Indicator

3 While the framework presented here provides an encompassing specification for many break types, the construc-
tion of D is not limited to this particular case. Additional sets of specifications for step shifts are considered in
Doornik et al. (2013) and Castle et al. (2015). The appeal of the specification here is that the definition of D allows
for a general framework under which properties can be analyzed where many of the previously proposed cases
are a special case of D.
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Table 20: Break Function Specifications

Break value: d(t) Length: L

Deterministic Breaks
General Case d(t) L

Impulses/Outliers (IIS) 1 1

Step Shifts (SIS) 1 T
Broken Trends t T

Volcanic Functions see eq. (113) 3

Random Variables
Coeff. on zt (MIS) zt · dt,SIS T

D =



d1 0 . . . . . . . . . 0

d2 d1 0 . . . . . .
...

... d2 d1 0 . . .
...

dL
... d2 d1 0

...
... dL

... d2 d1 0
0 0 dL d3 d2 d1



Saturation, IIS, in Hendry et al. 2008) sets the break vector in d1 such that d(t) = 1 and L = 1,
while a search for step-shifts (SIS) sets d(t) = 1 and L = T. Breaks in linear trends (see e.g.
Perron & Yabu 2009, Perron & Zhu 2005, Estrada et al. 2013) can be constructed by setting
d(t) = t and L = T. Breaks in coefficients on random variables zt (see e.g. N. R. Ericsson 2012,
Bai & Perron 2003) can be constructed by interacting zt with a full set of step shifts. Sudden
declines followed by a smooth recovery to the mean in hemispheric temperature responses are
introduced here as volcanic functions and considered in detail in sections 4.2.1 and 4.3. Linear
combinations of multiple break-functions can allow for varying lengths of breaks without
pre-specification.

Searching for breaks in k variables implies that the complete break matrix D is of dimension
(T × kT). The inclusion of kT additional variables leads to the total number of variables N
exceeding the number of observations, N > T, even for k = 1. Thus, a methodology allowing
for more variables than observations is required.

Estimation of models with more variables than observations has relied on either shrinkage-
based penalised likelihood methods (Tibshirani 1996, Zou & Hastie 2005, Tibshirani 2011) or
general-to-specific methodology in the econometrics literature (see e.g. Castle et al. 2011a).
Here we rely on the latter due to methods based on the forward-step-wise searches not
performing as well in break detection contexts (see section 4.2.1 for a simple comparison).
Cox and Snell (1974) discuss some of the challenges of the general variable selection problem
and Hoover & Perez (1999) show the feasibility of general-to-specific model selection for
N << T. When facing more variables than observations the general-to-specific approach is
closely linked to robust statistics. Saturating a model with a full set of 0/1 indicator functions
which are then selected over is equivalent to a robust one-step M-estimator using Huber’s
skip function (see Johansen & Nielsen 2009, Johansen & Nielsen 2013 for the iterated case,
and Johansen & Nielsen 2014 for an overview). Here we generalize this allowing for any form
of designed break function in place of impulses and formulate break detection as a model
selection problem.

To estimate model (79) saturated with a full set of break functions D (where N > T) we
rely on a block-partitioning estimation procedure (Doornik 2010a, Hendry & Johansen 2014).
For this we partition D into b blocks of ni variables such that ni << T and ∑b

i=1 ni = N. We
then select over break indicators in each block using a selection algorithm. The selection
is repeated over the union of retained break functions. In the simplest case of testing for
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a break in a single variable (e.g. the intercept), a split-half approach (see Figure 36 and
Algorithm 1 in section 4.5.4) is feasible: initially we include the first half of break indicators
D1 = (d1, ..., dT/2) and retain all significant break indicators. We repeat the step for the
second half of break functions dj (for j = T/2 + 1, ...T) and finally combine the retained sets
and only keep significant indicators. This split-half approach is considered here for analytical
tractability in section 4.2.1.

In practice, however, we rely on a multi-split and multi-path search to lower the variance
of the estimators, allow for any number of variables for a given set of observations, and to
avoid a breakdown of the procedure if the breaks cannot be adequately modelled through
split-half indicators. This is implemented here through the general-to-specific model selection
algorithm Autometrics (Algorithm 2 in section 4.5.4, described in Doornik 2009a, see Hendry &
Pretis 2013 for an application to atmospheric CO2 – in chapter 3). The algorithm (referred to
as multi-path throughout the paper) uses a parallel step-wise backwards search, avoiding path
dependence through a tree-structure. A simulation-based comparison to shrinkage methods
is provided in section 4.2.1.

4.2.1 Properties of Designed Break Functions in the Presence of Breaks

To assess the theoretical power of the proposed methodology we first investigate the properties
in the benchmark case of a single break matched by a correctly timed break indicator in
section 4.2.1. Section 4.2.1 then assesses the properties of break indicator saturation when the
break date and magnitude are unknown. Section 4.2.1 investigates uncertainty around the
break date and 4.2.2 describes the properties in the presence of no breaks. Theory results are
derived for general designed functions, simulation examples are based on a volcanic break as
characterised by equation (113).

Power for Known Break Date

We investigate the theoretical power of detecting a break in a time series given a known break
date. Consider a data generating process (DGP) and model for a single known break with an
intercept:

yt = µ + λ1dt + εt (81)

where εt ∼ iid N(0, σ2
ε). The break shifts µ to µ + λ1dt where dt is a break function of length

L beginning at time t = T1 where T1 + L ≤ T such that dt 6= 0 for T1 ≤ t < T1 + L and 0
otherwise. The estimators µ̂ and γ̂ (where γ̂ is the estimator for λ1) on a correctly specified
model for a known break are given by:(

µ̂− µ

γ̂− λ1

)
=

T−1
d

(
∑T1+L−1

t=T1
d2

t ∑T
t=1 εt −∑T1+L−1

t=T1
dt ∑T1+L−1

t=T1
dtεt

)
T−1

d

(
∑T1+L−1

t=T1 dtεt −∑T1+L−1
t=T1 dt ∑T

t=0 εt

)  (82)

where Td = T
[

∑T1+L−1
t=T1

d2
t − 1

T

(
∑T1+L−1

t=T1
dt

)2
]

. The estimators are unbiased for the break and

intercept: E[µ̂ − µ] = 0 and E[γ̂ − λ1] = 0. For the special case when step-indicators are
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chosen as the functional form of dt and the single break lasts from t = 0 to t = T1, equation
(82) simplifies4 to µ̂− µ = ε̄2 and γ̂− λ1 = ε̄1 − ε̄2.

The variance of the estimators is given by:

V

(
µ̂− µ

γ̂− λ1

)
= σ2

εT−1
d

(
∑T1+L−1

t=T1
d2

t −∑T1+L−1
t=T1

dt

−∑T1+L−1
t=T1

dt T

)
(83)

The distribution of the break estimator is then:

(γ̂− λ1) ∼ N

0, σ2
ε

[
T1+L−1

∑
t=T1

d2
t −

T1+L−1

∑
t=T1

dtd̄

]−1
 (84)

where d̄ = 1/T ∑T
t=1 dt. The associated t-statistic is:

tγ̂ =
γ̂− λ1√

V̂(γ̂)
=

(γ̂− λ1)

√(
∑T1+L−1

t=T1
d2

t −∑T1+L−1
t=T1

dtd̄
)

σ̂ε
(85)

Ignoring the estimation uncertainty of σ̂ε, the t-statistic for a test of the hypothesis: λ1 = 0,
therefore has the approximate normal distribution:

tγ̂ ≈
γ̂

√(
∑T1+L−1

t=T1
d2

t −∑T1+L−1
t=T1

dtd̄
)

σε
∼ N(ψ, 1) (86)

where ψ is the non-centrality of the t-statistic:

ψ = E
[
tγ̂

]
=

λ1

√(
∑T1+L−1

t=T1
d2

t −
(

∑T1+L−1
t=T1

dt

)2
1
T

)
σε

(87)

Using the Cauchy-Schwarz inequality, the multiplying term ∑T1+L−1
t=T1

d2
t −

(
∑T1+L−1

t=T1
dt

)2
1
T , a

function of the break form dt and length L, will be positive. The non-centrality ψ increases
in the break magnitude λ1, varies with break length L and will depend on the underlying
break function given by dt. However, given the pre-specification of the break function, the
theoretical power can be computed prior to estimation. The asymptotic distribution of the
break estimator will be subject to further research to determine necessary conditions on the
designed break functions and appropriate scaling to yield non-degenerate limit distributions
(e.g. for linear trends or more complex specifications – see Phillips 2007).5

4 See supplementary material 4.5.3 for proof. Where ε̄1 = 1/T1 ∑T1
t=1 εt and ε̄2 = 1/(T − T1)∑T

t=T1+1 εt.
5 The asymptotic rates of convergence will generally depend on the specification of the break function – varying

scaling to obtain non-degenerate limit distributions may therefore be required. In the case of step functions
(dt = 1, L = T) and the simple no-intercept case, pre-multiplying the estimator by

√
T yields asymptotic normality

for the break estimator when T−1 ∑T1+L−1
t=T1

d2
t = T−1L→ τ as T → ∞. In other words, the ratio of break length

to the sample size remains constant as the sample size increases – this can be interpreted as obtaining more
information on the break period or sampling at higher frequencies as T → ∞. A similar analysis can be applied to
the volcanic functions considered here, where either the break length scales with the sample size, or alternatively
the magnitude increases similar to the asymptotic analysis for a single impulse in Doornik et al. (1998).
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Figure 36: Split-half approach for a single unknown break of the shape of a volcanic function at T=75.
Left column shows included indicators in each step, middle column shows the retained indicators,
right column graphs the selected model with actual and fitted data. Block 1 (top panel) includes the
first half of break functions, block 2 (middle panel) includes the second half, while block 3 uses the
union of retained indicators from blocks 1 and 2. Using a saturating set of break functions the break at
T=75 is detected without prior knowledge and is the only break function retained.
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Power for an Unknown Break Date

When the break date is unknown, we saturate the regression using a full set of specified
break indicators and select significant breaks through a general-to-specific algorithm. Here
we assess the feasibility of the proposed method by deriving the analytical power associated
with the split-half approach for an unknown break. Figure 36 illustrates the split-half method
for a single unknown break. In practice we rely on a multi-path, multi-block search algorithm
(such as Autometrics, see Algorithm 2 in section 4.5.4) to reduce the variance of the estimators.

Consider a single break falling into the first half of the sample beginning at time T1 for L
periods such that 0 < T1 < T1 + L < T/2. In matrix form the DGP is given as:

y = λ1dT1 + ε (88)

where ε ∼ iid N(0, σ2
ε) for simplicity and the (T × 1) vector dT1 denotes a break at t = T1 for

L periods. We specify the complete (T × T) matrix of break indicators as D = (d1, d2, ..., dT).
Using a split-half approach, we assess the power and properties of detecting the single break
when the break date is unknown. The split-half model for the first half of break functions is
given by:

y = D1γ(1) + v (89)
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where γ(1) = (γ1, γ2, ...γT/2)
′ and D1 = (d1, ..., dT/2). The estimator γ̂(1) equals:6

γ̂(1) =
(
D′1D1

)−1 D′1y = λ1
(
D′1D1

)−1 D′1dT1 +
(
D′1D1

)−1 D′1ε (90)

= λ1r +
(
D′1D1

)−1 D′1ε

where the (T/2× 1) vector r is equal to one at t = T1 and zero otherwise, rt = 1{t=T1}. It
follows that E[γ̂(1)] = λ1r and V[γ̂(1)] = σ2

ε (D′1D1)
−1. We find for the first half:(

γ̂(1) − λ1r
)
∼ N

(
0, σ2

ε

(
D′1D1

)−1
)

(91)

The estimator γ̂(2) on the second half of indicators will miss the break in the first half and
equals:

γ̂(2) = λ1
(
D′2D2

)−1 D′2dT1 +
(
D′2D2

)−1 D′2ε (92)

For step-shifts, Castle et al. (2015) show that the indicator in D2 closest to the sample split
will be retained in the second set of indicators. For the general form of break functions,
retention in D2, when there is a break in the first half, will depend on the specific functional
form. However, conditional on the break indicator being correctly retained in the first set D1,
retention of irrelevant indicators in D2 does not affect the correct identification of the break
overall: let D1∗ and D2∗ denote the set of retained break functions in the first and second set
respectively, where retention is based on a retention rule such as dj is retained if |tγ̂j

| ≥ cα.
The final step in the split-half procedure is then to combine the retained indicators using
DU = [D1∗D2∗] and estimate the model:

y = DUγ(U) + v (93)

This yields the estimator γ̂(U) unbiased for the true break:

γ̂(U) = λ1r +
(
D′UDU

)−1 D′Uε (94)

The carried-forward break function in D1∗ correctly identifies the true break, and coefficients
on all other break functions will thus be zero in expectation. The proof is identical to that
given for the first half of indicators in appendix 4.5.2. This shows that, conditional on retaining
the correct break indicator in D1, the retention of indicators in D2 does not affect the correct
identification of the break, when the first and second set are combined and re-selected over.
The distribution of the final split-half estimator is then given by:(

γ̂(U) − λ1r
)
∼ N

(
0, σ2

ε

(
D′UDU

)−1
)

(95)

Re-selection then results in only the true break indicator being retained in expectation.7

This result generalizes the specific case of step indicators presented in Doornik et al. (2013)
and Castle et al. (2015). Even though the break date and magnitude are unknown, the use of
a fully saturated set of break indicators allows us to obtain an unbiased estimate of the break

6 Proof given in appendix 4.5.2.
7 The split-half approach is not the only way of analysing the theory of indicator saturation: rather than splitting

the functions into a first and second half, alternatively one could consider including every other break function in
two sets such that D1 covers breaks at t = 1, 3, 5... and D2 covers breaks at t = 2, 4, 6.... Retention frequencies in
this setup can be derived using the results in section 4.2.1.
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magnitude and timing. The estimator then follows an approximate normal distribution subject
to correct specification of the break function. Thus the estimated coefficient at the precise
break time, γ̂T1

, is in expectation equal to the break magnitude, while all other estimated
coefficients are zero in expectation. This result generalizes to multiple breaks falling in a
single split. As in the case of the known break timing, the variance of the estimator depends
on the specified break function. Let δk,j denote the (k, j) element of the matrix (D′1D1)

−1. The
variance of the coefficient at the breakpoint in the first half is therefore:

V[γ̂T1
] = σ2

εδT1,T1 (96)

For iid error terms ε and D specified as a full set of step functions then δj,j = 2. The break
coefficient has twice the error variance. For the proposed volcanic function (derived and
assessed in detail in section 4.3) modelling a single drop followed by a reversion to the mean
we find that δj,j = 3.7, thus V[γ̂T1

] = 3.7σ2. This can be compared to the known-break/single-
indicator case where the variance is given by equation (83) and for the volcanic function
equals 2.3σ2 (for T=100). Due to collinearity of break functions, the variance of the estimator is
higher in a fully saturated model. In the more general case, δT1,T1 depends on the specification
of the break function but can be computed a-priori. The t-statistic is then given as:

tγ̂T1
=

γ̂T1

σ̂ε

√
δT1,T1

≈
(
γ̂T1
− λ1

)
σε

√
δT1,T1

+
λ1

σε

√
δT1,T1

∼ N

(
λ1

σε

√
δT1,T1

, 1

)
(97)

In practice we use sequential elimination of the break indicators or a multi-path search to
eliminate insignificant indicators to reduce the variance of the estimators from a saturated
model (96) closer to the single break (83) and increase the power of detection.

For dynamic time series models the above approach can be simply extended by including
time-dependent covariates. Valid conditioning (e.g. through the inclusion of auto-regressive
terms in the case of non-iid errors) can be ensured by always including the covariates in each
block estimation step and only selecting over the break functions. Johansen & Nielsen (2009)
provide the asymptotics under the null of no break for the special case of impulses as break
functions for stationary and unit-root non-stationary autoregressive processes (see Johansen
& Nielsen 2013 for the iterated version). The case for general break functions is discussed in
section 4.2.2 and section 4.5.5 provides simulation results for an AR(1) model and DGP.

simulation performance based on volcanic break function : Table 21 reports
simulation results (T=100) for a DGP with a single unknown shift (a volcanic break) at t = T1

of magnitude λ (over the entire break length in standard deviations (sd) of the error term,
this implies a trough of 0.58λ) followed by a smooth reversion to the mean over a total length
L = 3 (equation (113) provides the exact functional form). Simulations are assessed based on
the retention frequency (potency) for a single break and average retention of spurious breaks
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(gauge).8 Let γ̂j denote the coefficient of the selected break function j in replication i. For M
replications, i = 1, 2, ..., M, the retention frequency is defined as:

Retention: pT1 =
1
M

M

∑
i=1

1{γ̂i,T1
6=0} (98)

The false-positive rate or gauge, the model selection equivalent of size, measures the fraction
of retained irrelevant variables (i.e. in the case of impulses gauge measures the expected
frequency of falsely detected outliers, see Johansen & Nielsen 2014 for distributional results).
For a single break at t = T1 with the correct break function of dj = T1 there are T− 1 irrelevant
break indicators:

Gauge =
1

T − 1
1
M

T

∑
j=1,j 6=T1

M

∑
i=1

1{γ̂i,j 6=0} for j 6= T1 (99)

Low gauge (close to zero) and high retention (close to 1) are preferred.
The trade-off between potency and level of significance of selection α is shown in Figure

37 for a single volcanic break.9 A multi-path search generally increases the power of detection
relative to the split-half approach. Figure 38 shows the results for split-half (dashed) and
multi-path (solid) selection when using volcanic functions for a break of λ = 6. Consistent
with derived theory (96), the estimator has 3.7 times the variance of the error term when using
split-half estimation for the given function. Using a multi-path search reduces the variance
drastically. Any selection bias of the multi-path search estimates can be controlled through
bias correction after selection (see Castle et al. 2011a). Appendix 4.5.5 provides simulation
results for a simple autoregressive DGP and model.

Table 21: Potency of detecting an unknown break when using split-half and multi-path searches.
Statistics were generated from 1000 simulations and detection significance was set to α = 0.01, with a
length of L = 3. Break magnitude λ corresponds to the full response in standard deviations of the
error term (σ = 1) over the entire break, the trough is 0.58λ.

Split-Half Multi-Path

Potency Gauge D1 Potency Gauge
λ = 6, trough=3.48 0.69 0.013 0.88 0.015

λ = 4, trough=2.23 0.30 0.013 0.50 0.014

λ = 2, trough=1.16 0.06 0.013 0.11 0.015

comparison to shrinkage-based methods Shrinkage-based methods using penalised
likelihood estimation (Tibshirani 2011, Zou & Hastie 2005) provide an alternative to the general-
to-specific algorithm used here in selecting models with more variables than observations.
Figure 39 shows the simulation outcomes comparing multi-path indicator saturation (for
α = 0.01), the LASSO (Tibshirani 1996, estimated using LARS, see Efron et al. 2004) where
cross-validation is used to determine the penalisation parameter, and the LASSO where the
penalisation parameter is set such to approximate the false-positive rate of the IS procedure

8 All simulations and applications using the multi-path search Autometrics are coded using the Ox programming
language (Doornik 2009b). Simulations using the LASSO are coded using R.

9 For a volcanic break, λ denotes the entire temperature response over the specified length L, thus the trough will
be less than λ. For the present specification of L = 3, the initial trough of the function equals 0.58λ.
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Figure 37: Left: Potency of detecting a volcanic break of magnitude λ for level of significance α using
split-half and multi-path selection. Right: Proportion of spuriously retained break indicators (gauge).
Break magnitude λ corresponds to the full response in standard deviations of the error term (σ = 1)
over the entire break, the peak is 0.58λ.
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multi-path (yellow) selection. Left panel shows a simulated time series, middle panel the distribution
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Figure 39: Left: Average potency of detecting increasing number of volcanic breaks using Multi-Path
Indicator Saturation (IS, orange), Cross-Validated Lasso (blue), and Lasso with fixed penalisation
parameter (green) where the penalisation parameter is set such that the false-positive rate approximates
that of the indicator saturation procedure under the null of no break. Right: Corresponding false-
positive rate (gauge). M = 1000 replications.
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under the null of no breaks (≈ 0.01). The simulation uses a total break magnitude of 6
standard deviations (implying a peak of 3.48 sd) for an increasing number of evenly spaced
breaks from 0 up to 10 in a sample of T = 100. The general-to-specific multi-path algorithm
exhibits stable power exceeding that of the penalised likelihood methods across any number
of breaks. The false-positive rate remains stable and close to the theory level of 0.01. The
shrinkage-based procedures, due to their similarity to forward-selection, show decreasing
potency (which lies consistently below that of the multi-path algorithm) as the number of
breaks increases, and the false-positive rate is difficult to control.

Uncertainty on the break date

An estimated uncertainty on the break magnitude is simple to compute given the approximate
distribution of the coefficient on the break functions. While of considerable interest, it is
non-trivial, however, to quantify the uncertainty around the timing of the break. As Elliott &
Müller (2007) point out, it is easier to differentiate between models with and without breaks
than it is to estimate the uncertainty around the estimate of break dates. This is particularly
true for the literature focusing on break detection using general to specific methodology. Here
we provide an initial attempt at investigating the uncertainty around the timing of estimated
break points when using break indicator saturation. We compute the analytical power of
break indicators when the break function is correctly specified but the break time is not.
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Consider a simple DGP without an intercept and a single structural break in the mean:

yt = λ1dT1,t + εt (100)

The break shifts E[yt] from 0 to λ1dT,1 at t = T1 where dT1 is a break function of length
L beginning at time t = T1 such that T1 + L < T and dT1 = (0, ..., d1, d2, ..., dL, 0, ..., 0). The
corresponding model is then:

yt = γ̂dj,t + vt (101)

As a benchmark we consider the case when the break date is correctly specified, this means
that dj,t = dT1,t. When the break is correctly specified the estimator for λ1 is given by:

γ̂t=T1
− λ1 =

(
T1+L

∑
t=T1

d2
T1,t

)−1(T1+L

∑
t=T1

dT1,tεt

)
(102)

Similarly for a test of the hypothesis: λ1 = 0, the t-statistic has an approximate non centrality

of E
[
tγ̂,t=T1

]
= ψ =

λ1

√(
∑

T1+L
t=T1

d2
T1,t

)
σε

and the approximate normal distribution:

tγ̂ ≈
γ̂t=T1

√(
∑T1+L

t=T1
d2

T1,t

)
σε

∼ N(ψ, 1) (103)

The non-centrality ψ increases in the break magnitude λ1, varies with the break length L and
will depend on the underlying break function given by dt.

Now consider the model being incorrectly specified for the break date, such that dj,t 6= dT1,t

and is shifted by K periods dj,t = dT1±K,t. The estimator for λ1 is then:

γ̂t=T1±K − λ1 = λ1

(T1+L

∑
t=T1

d2
j,t

)−1(T1+L

∑
t=T1

dj,tdT1,t

)
− 1

+

(
T1+L

∑
t=T1

d2
j,t

)−1(T1+L

∑
t=T1

dj,tεt

)
(104)

It follows that γ̂t 6=T1
is not an unbiased estimator for λ1. Note that if dj is functionally

specified correctly such that the only difference to the true break function is through K
lags: dj = dT1±K, then it holds that

(
∑T1+L

t=T1
d2

j,t

)
=
(

∑T1+L
t=T1

d2
T1,t

)
. Equally it holds that(

∑T1+L
t=T1

dj,tdT1,t

)
=
(

∑T1+L
t=T1

dT1±K,tdT1,t

)
for K ≤ L and 0 for K > L. Using this we derive an

expression for the approximate t-statistic associated with the estimator given a break function
time mis-specified by K lags:

E
[
tγ̂,t=T1±K

]
≈

E
[
γ̂t=T1±K

]
σε

(
∑T1+L

t=T1
d2

T1

)−1/2 =
λ1

(
∑T1+L

t=T1
dT1±KdT1

)
σε

(
∑T1+L

t=T1
d2

T1

)1/2 (105)

This is equal to the non-centrality of the correct break date ψ scaled by a factor less than one,
decreasing with the distance K from the correct date:

E
[
tγ̂,t=T1±K

]
≈ ψ

(
∑T1+L

t=T1
dT1±K,tdT1,t

∑T1+L
t=T1

d2
T1,t

)
≤ ψ (106)
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For a given break specification dt and break length L, the corresponding power function can
be computed to provide an approximate measure of power for detection of a break at t = T1

in the neighbourhood of T1. Note that E
[
tγ̂,t=T1±K

]
is zero outside a neighbourhood of L. The

associated t-statistic of a break indicator further away from the true break date T1 than the
break length L is zero in expectation, since

(
∑T1+L

t=T1
dj,tdT1,t

)
= 0 for K > L. Intuitively, longer

breaks increase the likelihood that a break indicator that is not perfectly coincident with the
break date will appear significant, and we can expect the retention to be equal to the nominal
significance level outside a t = T1 ± L interval.

As before we consider the special case of volcanic functions and also provide results from
step shifts for comparison. Figure 40 shows the analytical as well as simulated non-centrality
and power around a true break date at t=26 of length L = 3 for α = 0.05. The Monte Carlo
simulations match the theoretical power and non-centralities closely.

For no break, the analytical power is uniform and equal to the nominal significance level.
When there is a break, outside of the interval T1 ± L the expected retention of the break
indicator equals the nominal significance level. For a step shift, given (106), the non-centrality
decreases linearly as the numerator falls by 1/L per shifted period relative to the correct break
date. For longer breaks this implies that the power around the true break date is close to
uniform. In the case of volcanic functions, due to the particular functional form, the power
and retention probability drop more rapidly and peak clearly around the true break date.
The special case presented here only considers the properties of a single time-mis-specified
indicator in the model. When selecting from a full set of break functions (see section 4.2.1)
it is less likely that a break function at T1±K appears significant if the correct T1 indicator is
included in the same model, a mis-timed indicator in a fully saturated model would likely
appear significant only if a chance draw of the error offsets the shift.

4.2.2 Properties under the Null of No Break

Under the null hypothesis when there are no breaks in the DGP, there are two primary
concerns regarding the inclusion of a full set of break functions in the statistical model. First,
break indicators may be retained spuriously, and second, there may be concerns about the
effect on the distribution of coefficients on variables that are known to be relevant when
including a full set of break functions - in other words, whether saturating a model with
irrelevant variables affects relevant ones.

First, we consider the spurious retention of break indicators. Under the null of no breaks,
λ1 = 0, the DGP from before (88) is given by:

y = ε (107)

Based on the above results, when using a split-half approach with a full set of break indicators,
the expectation of the estimated coefficients in the first half is given by:

E[γ̂(1)] = E
[(

D′1D1
)−1 D′1ε

]
= 0 (108)

The same result generalizes to the union of retained indicators DU . Thus, the t-statistics of the
included break functions will be centred around zero in expectation when there is no break.
Using the selection rule that retains the break function dj if |tdj | > cα, then αT/2 indicators
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Figure 40: Power and Retention Frequency around the Break Date where the timing of the break
functions is imposed without selection: Simulated data with and without shifts (top), associated
non-centrality and simulated t-statistics (middle), analytical and simulated power (bottom) around
break λ = −10 at T = 26 of length L = 3 and interval T± K for α = 0.05. Left shows no break, middle
a step-break and right panel a volcanic function break. Analytical non-centralities and power are
shown in yellow, simulated t-statistics and retention are shown in blue. Dashed lines mark the break
occurrence. Outside of an interval T = 26± L the retention probability and analytical power are equal
to the nominal significance level = α = 0.05.



will be retained on average in each half. Combining the retained indicators in the final set,
αT indicators are retained in expectation. The proportion of spurious indicators can thus be
easily controlled through the nominal significance level of selection. The properties under the
null are confirmed below using Monte-Carlo simulations.

Table 22 and Figure 41 report the simulation results when there are no breaks in the
DGP but a full set of break functions (of the form of volcanic functions) is included. When
using a split-half approach with a 1-cut variable selection decision based on the absolute
t-statistic the proportion of irrelevant retained indicators is close to the nominal significance
level. In practice when using a multi-path, multi-split procedure (here implemented through
Autometrics in Doornik & Hendry 2009 and Doornik 2006) the false-positive rate is close to
the nominal significance level for low levels of α. A conservative approach (low α ≤ 1%) is
recommended in practice.10 When compared to results in Doornik et al. 2013 and Castle et
al. 2015, there is little notable difference between different specifications of break functions,
consistent with the analytical properties of irrelevant indicators.

Table 22: Retention of spurious volcanic break functions when there is no break

Significance Level Split-Half One-Cut Multi-Path Search

Gauge D1 Gauge D2 Gauge D
α = 0.05 0.056 0.054 0.30

α = 0.01 0.013 0.012 0.015

α = 0.005 0.007 0.007 0.005

α = 0.0025 0.004 0.004 0.002

α = 0.001 0.002 0.002 0.001

We now assess the second consideration, which is the effect of including a full set of
break indicators when theory variables X are included in the model and not selected over.
These could include contemporaneous covariates or autoregressive dynamic variables. For
the specific case when the elements of D are specified to be impulse indicators, Johansen
& Nielsen (2009) derive the asymptotic distribution of β in the full split-half approach in
stationary and unit-root non-stationary regressions using the equivalence of IIS and one step
Huber-skip M estimators. For an iterated procedure (e.g. resembling the multi-block approach
in Autometrics) the distributional results under the null for IIS are derived in Johansen &
Nielsen (2013). For the general form of designed functions we follow theory for the sub-steps
of split-half estimation where N<<T in each step, and appeal to simulation results for the
overall algorithm. Consider a simple DGP:

y = Xβ + ε (109)

where ε ∼ iid(0, σ2
ε) and the elements of X (dynamic or static) are assumed to be relevant and

not selected over. The model relying on the split-half approach saturated with the first half of
the break functions is then:

y = Xβ + D1γ(1) + v (110)

10Results of high gauge for high significance levels (e.g. α ≥ 0.05) are consistent with previous results found by
Bergamelli & Urga (2013) for step-functions. Once a large number of spurious breaks is retained, it becomes more
likely to keep additional spurious breaks.
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Figure 41: Proportion of irrelevant retained break functions (gauge) using split-half and multi-path
selection for varying α when there is no break.
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where the true γ(1) = 0. Following Hendry & Johansen (2014), given that there is no break in
the DGP, the inclusion of a full set of irrelevant additional variables D1 does not affect the
distribution of the included relevant parameters β. Orthogonalizing X and D1 by regressing
each column of D1 on X yields the estimator β̂

∗
with asymptotic distribution:11

√
T

(
β̂∗ − β

γ̂(1) − 0

)
D→ N

[(
0
0

)
, σ2

ε

(
Σ−1

XX 0
0 Σ−1

D1D1|X

)]
(111)

The distribution of the parameters β̂∗ on the correct variables X is unaffected by the
inclusion of the orthogonalized break indicators D1 when there is no break. The equivalent
result holds when the second half of break indicators D2 is included and the resulting union
of retained indicators from D1 and D2 given that N<<T. Orthogonalization relative to shifts,
however, is not necessary for estimation in practice. Figure 42 shows the simulated distribution
of β̂ for a single xt when a full set of break functions is included and selected at α = 0.005
(yellow) and when break functions are not included (blue). The distribution of β̂ is unaffected
by the saturation of a full set of break functions. In practice the main risk is the spurious
retention of break indicators, but this can be controlled through a conservative selection
mechanism (low α).

11Where for a matrix Z the symmetric positive-definite matrix ΣZZ is defined as T−1Z′Z P→ ΣZZ. See supplementary
material 4.5.6 for proof of the distributional result based on Hendry & Johansen (2014).
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Figure 42: Simulated distribution and densities of coefficient β̂ (true β = 0.5) on forced parameter xt:
with (yellow), and without (blue), a full set of break functions.
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4.3 empirical illustration: detection of volcanic eruptions from

model surface air temperature data

Large volcanic eruptions that inject significant amounts of sulphate aerosols into the strato-
sphere cause short-lived (multi-year) radiative imbalances that induce surface cooling. Over
the course of the last several millennia there have been numerous eruptions that have had
significant impacts on global mean temperatures. Identifying their climatic fingerprint is
an important scientific endeavor that relies critically on the robust characterization of the
timing and magnitude of past volcanism. Records of climatically relevant events primarily
rely on sulphur deposits in ice cores (see e.g. Gao et al. 2008, and Crowley & Unterman 2012),
however, there remains uncertainty on the precise timing, magnitude, and climatic impact of
past volcanic activity (Brohan et al. 2012, Mann et al. 2012, Anchukaitis et al. 2012, G. Schmidt
et al. 2011). Statistical methods such as the break detection methodology presented herein
therefore can augment previous volcanic reconstruction estimates by providing additional
characterizations of the timing and magnitude of temperature responses to volcanic eruptions
when coupled with large-scale proxy estimates of past temperature variability. As a synthetic
evaluation of the performance of the break indicator saturation method, we search for vol-
canic eruptions in surface air temperature output from model simulations. While there is
some disagreement on the timing, magnitude, and climatic impact of real eruptions over the
past several millennia, the present simulation is forced with deterministic (known, imposed)
eruptions. It therefore can function as a useful tool for assessing the detection efficacy of the
proposed statistical methodology in real-world scenarios when the timing and exact DGP of
volcanic eruptions are uncertain.

For our empirical illustration we use the Northern Hemisphere (NH) mean surface air
temperature from the combined Last Millennium (LM) and historical simulation of the
National Center for Atmospheric Research (NCAR) Community Climate System Model 4
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(CCSM4) (Landrum et al. 2013). These simulations were made available as part of the Coupled
and Paleoclimate Model Intercomparison Projects Phases 5 and 3 (CMIP5/PMIP3), respectively
(Taylor et al. 2012). Collectively, the two simulations span the period 850-2005 C.E. To imitate
potential proxy reconstructions (e.g. tree-ring based), temperatures for extratropical land areas
(30 deg−90 deg N) were extracted from the model and only summer months (June-August)
were used to build annual averages. This time period is expected to show the strongest
cooling in response to an eruption (e.g. Zanchettin et al. 2013 argue for a winter-warming
effect). Temperatures are reported as anomalies relative to the 1850-1999 mean. The model is
forced with the volcanic reconstruction by Gao et al. (2008) that reports volcanic activity as
stratospheric sulphate loadings in teragrams (Tg). While the model is forced with multiple
radiative forcing conditions (e.g. solar irriadiance, greenhouse gases, volcanoes, land cover
changes, and anthropogenic aerosol changes), for the present experiments we treat these as
unknown and work with the univariate NH mean temperature series, although multivariate
models with more forcing variables could improve the detection algorithm. For a real-world
scenario, however, estimates of climate-forcing and -sensitivity are uncertain (IPCC 2013) and
may prove to be of limited use in explaining non-volcanic temperature variation in proxy
reconstructions.

4.3.1 Simulation Setup

The break functions to capture the temperature response to a large-scale volcanic eruption
is approximated through a simple zero-dimensional energy balance model with one time
constant (see e.g. section 1 in Rypdal 2012, or section 1 in Schwartz 2012):

C
dT′

dt
= F− αT′ (112)

where α is the climate feedback, C is the heat capacity, T′ the temperature deviation from
steady state and F denotes radiative forcing. The feedback response time of the model is
given by τ = C

α . Assuming a volcanic forcing effect of an impulse injection of stratospheric
aerosols decaying exponentially at rate −1/γ yields the following functional form of a volcanic
function for the associated temperature response:12

T′t = dt =

 1
C e

−α
C tF1

(
α
C −

1
γ

)−1 [
et( α

C−
1
γ ) − 1

]
t ≤ L

0 t > L
(113)

Different parameter calibrations are explored in the simulation section below. The main
results are reported for a normalized temperature response where the feedback response time
is set to 1, length of the volcanic impact is set to L = 3 to approximate the theory. The decay
of stratospheric aerosols is modelled as γ = 0.5 (function a) and γ = 3 (function b) to capture
one-period and two-period cooling respectively. On visual inspection these calibrations closely
match the average-model response based on a superposed epoch analysis (Mass & Portman
1989) of all large-scale volcanic eruptions in the climate model (see Figure 43). The average
model response in temperature is a drop by approximately 1–1.5 degrees C, followed by a

12See supplementary material 4.5.7 for a derivation. For break detection the function is normalized to sum to 1 over
L.
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Figure 43: Superposed Epoch Analysis of the Model temperature response to simulated volcanic
eruptions and sets of volcanic functions. Left: Superposed epoch analysis (Mass and Portman, 1989) of
NH mean model temperature response to volcanoes with sulphate emissions > 20Tg (42 events, dashed
blue) with 1 sample standard deviation bands (shaded light blue) and distribution over volcanoes
(box-plots). Approximate temperature response using a zero-dimensional energy balance model used
as volcanic function (a) is given in red and function (b) in orange. Right: Sets of EBM based volcanic
break functions for the two different specifications (a) (top) and (b) (bottom) to approximate the
temperature response in years T relative to an eruption at t = 0.

smooth reversion to the previous mean over a 3-4 year period. While Gao et al. (2008) estimate
the retention time for sulphate aerosols to be 2-3 years, a climatic perturbation of 4 years is in
line with findings by Landrum et al. (2013). It is important to emphasize that the in-sample
response to a volcanic eruption is not used to design the break function - the method is not
trained and evaluated on the same set of observations.

In a more theoretical approach, which avoids particular shape parameters, a single peak
(impulse) could be followed by auto-regressive reversion to the mean where we search over
a full set of impulses and full set of breaking autoregressive coefficients. The DGP for the
response variable NH temperature (Tt) is:

Tt = f (Xt, Vt) + εt (114)

To simulate sampling uncertainty of a proxy-based reconstruction we generate 100 replications
of the outcome by adding εt ∼ N(0, σ2) to the NH mean temperature. The main results here
are presented for simulations setting σ = 0.2 which is half the sample standard deviation of
the NH time-series of 0.4, the effect of the magnitude of noise is explored in Figure 45. The
function f (Xt, Vt) mapping volcanic Vt and other forcing Xt on to temperature is unknown,
and the observed forcing variables Vt and Xt are equally treated as unknown. As a proof
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of concept we consider two models (intercept-only, and AR(1) with intercept)13 to detect
eruptions:

yt = µ + γ′dt + vt (115)

yt = ρyt−1 + µ + γ′dt + vt (116)

where dt is a full set of volcanic break functions (113) to be selected over.14 To reduce
computational requirements due to the varying simulation setup, the full sample is split
into 10 sub-samples of T = 115 observations each.15 There is little difference between full
sample and sub-sampling performance (appendix 4.5.8 provides the results for a full sample
simulation). Selection is conducted at α = 1/T. Selection over T break functions in a time
series of T observations in a correctly specified model implies that on average we expect
to retain αT = T/T = 1 break functions spuriously. Higher retention of break functions
can be an indicator of model misspecification. Simulations are evaluated based on the
retention frequency of known individual volcanic events (potency), the average potency over
all volcanoes and the proportion of spurious eruptions detected (gauge).

4.3.2 Simulation Results

Figure 44 and Tables 23 and 24 show the results of detected volcanic events in 100 replications
of the modelled NH mean temperature16 using the model (a) volcanic function. The retained
volcanic breaks (in red, magnitude indicates retention frequency) coincide predominantly
with the simulated volcanic eruptions (sulphate graphed in blue and orange in Tg). Few
spurious volcanoes are detected, and those that are spurious exhibit retention frequencies
drastically lower than those of volcanoes used to force the model.

Most large-scale simulated volcanic eruptions are detected consistently: 74% of all larger
(> 20Tg) NH eruptions are detected on average within an interval of ±1 year (57% of all large
global eruptions, many of which appear to have had little impact on NH temperatures).

Consistent with the basic analytical results presented in the previous section, the intervals
of selection around the true break dates are small. While increasing the band from 0 to 1

generally yields an increase in potency, outside of ±1 year there is little difference – the
potency for ± 3 years is close to identical to that of ±1 year (see Table 23). An uncertainty
in break dates of +/− 1 year can be the result of a monthly dated volcanic forcing record
coupled with an annually dated temperature record. The season of sulphure injection - before
or after summer - can cause offsets in the timing of the temperature response. Equally there

13Unless otherwise stated, results refer to the intercept-only case.
14Given the specification of the volcanic break function and if σ was the only noise added to the DGP then the

approximate expected non-centrality for a single unknown break using (97) is λ
(

0.2
√

3.7)
)−1
≈ 0.4−1λ where

λ is the full temperature response following a volcanic eruption. Since the specified volcanic function has an
approximate trough of 0.58 λ, a temperature drop of 1 degree after a volcanic eruption implies that overall λ ≈ 1.7.
Thus in absence of additional noise and for a single volcanic break with an immediate temperature response of
1 degree, the expected t-statistic is approximately ≈ 4.3. The analytical probability of detecting this eruption is
roughly: P(|t| > cα) ≈ 0.96 for α = 0.01. Large eruptions should be consistently detected if the break function is
correctly specified and if σ was the only source of noise.

15The total sample size is T = 1155, resulting in 9 sub-samples of T = 115 observations and one sub-sample of
T = 120 observations. Significance levels are scaled accordingly.

16Retained volcanic functions with positive coefficients are dropped since these likely constitute positive outliers.
The focus here lies on the detection of volcanic events which have a negative temperature response.
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Figure 44: Detected Model Volcanic Eruptions from 850-2005. Top: Detected (red) volcanic eruptions in
the model temperature series from 850-2005 using function (a) modelling a single-period drop followed
by a reversion to the mean together with an intercept. Bar height indicates detection frequency [0, 1]
across 100 simulations. Stacked sulphure deposition record used to force model temperatures are
shown for Northern hemisphere (blue) and global measurements (orange) in Tg. Bottom: simulated
model mean temperature anomalies (green) used to detect the above volcanic eruptions. Mean NH
surface temperature data is taken from the Last Millenium and historical simulation of the NCAR
CCSM4 model as part of the CMIP5/PMIP3 data archive.



may be regional sampling biases based on the construction of the NH mean surface air
temperature.

Augmenting the designed break functions (a) by an autoregressive model results in nearly
similar potency and gauge relative to the baseline model using just a constant (see Table 23

and Figure 45).
The retention frequency of volcanic functions increases with the magnitude of sulphate

emissions of the volcanic eruption (Figure 45). While the overall potency for all volcanoes
in the Northern Hemisphere within a 1-year interval is 33%, this increases to 74% when
larger volcanic eruptions over 20Tg are considered. Given that potency covers all of the
volcanic forcing, much of which is small in magnitude, the result is unsurprising. In particular,
the lower potency for small eruptions is not driven by an inconsistency in selection of the
same volcano over multiple experiments, but rather in the variation in temperature response
between volcanoes. Eruptions in 1641 (Parker) and 1600 (Huaynaputina) are detected 100% of
the time while the eruption of 1783 (Laki) is not detected in any of the outcomes. In contrast
to most of the other volcanoes Laki is a high-latitude volcano. Since the model uses spatially
resolved sulphate estimates this eruption only affects the northernmost areas and causes only
a minor cooling of -0.15 degrees which is much lower in magnitude than that of any of the
other major volcanic events17 (see Figure 43).

Equally, the potency is affected by the chosen standard deviation of the noise process
added to the model mean. The main results here are reported for added noise with a standard
deviation of half the sample standard deviation. Figure 45 shows the potency for varying
levels of noise.

The proportion of spuriously detected volcanoes (gauge) at around 0.02 is close to the
nominal significance level (1/T ≈ 0.01). The fact that it is slightly higher is likely due to the
misspecification of the model, which is only run on a constant (including an auto-regressive
term in the alternate specification) and set of break functions. Any variability in temperature
other than volcanic eruptions may be spuriously attributed to the shape of the volcanic
functions. This could be controlled by augmenting the model with additional dynamics (e.g.
further autoregressive terms, long-term fluctuations through sine-cosine processes) or known
forcing series.

Results for volcanic functions (b) are reported in appendix 4.5.9 (see Tables 28 and 27).
Volcanic functions (b) that capture the slower initial decline in temperature yield a slightly
higher potency when measured at the precise timing (see Figure 45). Potency for t = T
for all NH volcanoes using (b) is 0.32 vs 0.17 for (a) (0.23 vs 0.11 for Global). This result
stems from the single drop in function (a) often being most significant in the second period
after an eruption if the cooling lasts for two periods. Once we consider the interval of T± 1
years or volcanoes of larger scale the results are nearly identical for functions (a) and (b).
Differentiation between one or two-period cooling following an eruption and thereby further
improvements in detection could be implemented by searching over functions of type (a) and
(b) simultaneously.

In summary, large-scale volcanic eruptions can consistently be detected with high power
within a ±1 year interval. Even though the model is likely mis-specified when using only
a constant, few spurious volcanic eruptions are retained. The signal to noise ratio remains,

17There is considerable uncertainty on the impact of the Laki eruption, for example A. Schmidt et al. (2012) find the
NH peak temperature response to Laki to be around -1 degree, suggesting that the LM simulation used here may
not reflect the entire impact of the eruption.
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Figure 45: Left: detection potency of NH eruptions for given minimum sulphate emissions and timing
for functions (a), (a) + AR(1), and (b) at the precise timing T (dashed) and in the interval of T ± 1
(solid). Right: Detection for varying levels of noise added in the simulation for function (a) for all
eruptions (dashed) and large eruptions over 20Tg (solid).
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however, crucial in detection. When the method is applied to real world proxy reconstructions
where lower temperature spikes and higher noise levels can be expected, a well specified
baseline model for the temperature process will be required against which volcanic events
can be detected to ensure a high power of detection.

Forecasting through Breaks

While structural breaks (such as volcanic eruptions) are by their nature stochastic, using a
deterministic approach through a full set of break functions allows us to account for the
underlying break and model the response deterministically. This can improve forecasts during
breaks if the break function is well specified. Once the break is observed (in this case a
volcanic eruption), a forecasting model can be augmented with a break indicator where the
magnitude is determined through estimation in the first break period. This indicator then
acts as a continuous intercept correction, thereby improving the forecast performance during
the break. To illustrate this concept, Figure 46 shows a 1-step forecast for NH model mean
temperatures following the simulated 1641 eruption, together with the root-mean-squared
(RMSE) forecast errors for all NH (> 20Tg) model eruptions based on volcanic function (a).
Using volcanic indicators to forecast through the breaks yields on average a lower forecast
RMSE (RMSE = 0.51) when compared to a simple AR(1) model (RMSE = 0.71) or even a robust
forecasting device (RMSE = 0.66) (Clements & Hendry 1999).18 Crucially this depends on the
correct specification of the break function - for volcanic eruptions further improvements could
be achieved by switching to volcanic function (b) if the initial cooling lasts for two periods.

18The robust forecasting device is based on first differences using the forecasting model for T + 1|T given by:
yT+1|T = yT + ρ̂∆yT where ρ is estimated using an AR(1) model. No error bars are shown on the green robust
forecast in Figure 46 due to the non-standard distribution of the forecast.
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Figure 46: 1-Step forecasts through volcanic eruptions using break indicators. Left: Forecast per-
formance across different methods: model mean temperature during the simulated 1641 eruption
is shown in yellow, 1-step forecasts from 1641 onwards are shown for using an AR(1) model with
volcanic indicator (red), an AR(1) model without a volcanic indicator (blue) and a robust AR(1) fore-
cast (Clements & Hendry 1999). Models are estimated from 1605 until 1641. Right: 1-step forecast
root-mean-squared-error over all NH model volcanic eruptions (> 20Tg) for an AR(1) model with
volcanic indicator (red), without (blue), and robust AR(1) forecast (green). Using volcanic indicators,
on average, improves the forecast performance during the break period. However, when no break
occurs (little to no temperature response), using a break indicator can result in higher RMSE as seen
for example for the 1783 model Laki eruption.



4.4 conclusion

Saturating a statistical model with a full set of designed break functions and removing all
but significant ones through a general-to-specific algorithm yields unbiased estimates of the
break magnitude and time. By initializing the model with a full set of break functions many
of the shortcomings associated with a forward selection or specific-to-general approach in
break detection can be avoided. Analytical power and non-centralities can be derived for
any deterministic break function and can be extended to breaks in random variables when
interacted with the deterministic break specifications. The break detection procedure exhibits
desirable properties both in the presence of breaks (stable potency across multiple breaks) and
under the null hypothesis of no breaks where the spurious retention of break functions can
be easily controlled through a chosen significance level of selection. The multi-path algorithm
outperforms shrinkage-based estimators, especially when facing multiple breaks. We provide
some initial insight into uncertainty on the break date by assessing the retention probability
of mis-timed break estimators.

Break indicator saturation appears to be effective for detecting large-scale temperature
responses to volcanic eruptions. This was shown using surface air temperature output from
a last millennium and historical simulation with the NCAR CCSM4 model. Statistically
searching over a set of break functions consistently detects large eruptions without prior
knowledge of their occurrence. This holds promise for future volcanic detection efforts using
real-world proxy reconstructions of temperature variability over the last several millennia.
More broadly, break detection using designed functions and indicator saturation provide a
framework to analyse the detection of breaks of any specified shape at any point in time.

Table 23: Potency and Gauge for Volcanic Functions (a)

Function (a) T t = T ±1 t = T ±2 t = T ±3

Potency NH Tg> 20 0.45 0.74 0.74 0.74

Potency NH Tg> 0 0.17 0.33 0.34 0.35

Potency Global Tg> 20 0.32 0.57 0.59 0.59

Potency Global Tg> 0 0.11 0.22 0.25 0.26

Gauge NH 0.02

Gauge Global 0.02

Function (a) + AR(1)

Potency NH Tg> 20 0.46 0.70 0.70 0.70

Potency NH Tg> 0 0.16 0.30 0.31 0.31

Potency Global Tg> 20 0.31 0.52 0.54 0.54

Potency Global Tg> 0 0.11 0.20 0.22 0.23

Gauge NH 0.02

Gauge Global 0.02
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Table 24: Potency of detection of Volcanic Eruptions > 20Tg using volcanic functions (a) for intervals
t = T ± 1, 2, 3

NH Volcano Tg Potency t = T t = T ±1 t = T ±2 t = T ±3

939 31.83 0 0.02 0.02 0.03

1167 29.535 0 0 0 0

1176 45.761 0.06 1 1 1

1227 58.644 0.01 0.02 0.06 0.06

1258 145.8 1 1 1 1

1284 23.053 0.14 0.97 0.97 0.97

1452 44.6 0.3 1 1 1

1459 21.925 0.26 0.98 0.98 0.98

1584 24.228 0.11 0.77 0.8 0.8
1600 46.077 1 1 1 1

1641 33.805 1 1 1 1

1719 31.483 0.75 1 1 1

1783 92.964 0.02 0.02 0.03 0.05

1809 27.558 0.67 0.99 0.99 0.99

1815 58.694 0.91 1 1 1

1835 26.356 1 1 1 1

Global Volcano Tg Potency t = T t = T ±1 t = T ±2 t = T ±3

854 21.387 0 0.02 0.03 0.03

870 22.276 0 0.25 0.25 0.25

901 21.283 0 0.34 0.5 0.54

939 33.128 0 0.02 0.02 0.03

1001 21.011 0 0.4 0.4 0.4
1167 52.114 0 0 0 0

1176 45.761 0.06 1 1 1

1227 67.522 0.01 0.02 0.06 0.06

1258 257.91 1 1 1 1

1275 63.723 0 0.06 0.08 0.08

1284 54.698 0.14 0.97 0.97 0.97

1341 31.136 0 0 0 0.01

1452 137.5 0.3 1 1 1

1459 21.925 0.26 0.98 0.98 0.98

1584 24.228 0.11 0.77 0.8 0.8
1600 56.591 1 1 1 1

1641 51.594 1 1 1 1

1693 27.098 0 0 0.03 0.07

1719 31.483 0.75 1 1 1

1783 92.964 0.02 0.02 0.03 0.05

1809 53.74 0.67 0.99 0.99 0.99

1815 109.72 0.91 1 1 1

1835 40.16 1 1 1 1

1883 21.864 0 0.98 0.98 0.98

1963 20.87 0 0.43 0.63 0.63

1991 30.094 0 0.48 0.48 0.48
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4.5 appendix

4.5.1 Power for a known break

The DGP is:
yt = µ + λ1dt + εt (117)

The break shifts µ to µ + λ1dt where dt is a break function of length L beginning at time
t = T1 where T1 + L ≤ T such that dt 6= 0 for T1 ≤ t < T1 + L and 0 otherwise. The correctly
specified model is:

yt = µ̂ + γ̂dt + εt (118)

Expressions for the estimators µ̂, γ̂ are given by:(
µ̂− µ

γ̂− λ1

)
=

(
T ∑T1+L−1

t=T1
dt

∑T1+L−1
t=T1

dt ∑T1+L−1
t=T1

d2
t

)−1(
∑T

t=1 εt

∑T
t=1 dtεt

)
(119)

= T−1

T1+L−1

∑
t=T1

d2
t −

(
T1+L−1

∑
t=T1

dt

)2
−1

·

(
∑T1+L−1

t=T1
d2

t ∑T
t=1 εt −∑T1+L−1

t=T1
dt ∑T1+L−1

t=T1
dtεt

−∑T1+L−1
t=T1

dt ∑T
t=t=1 εt + T ∑T1+L−1

t=T1
dtεt

)

=

T−1
d

(
∑T1+L−1

t=T1
d2

t ∑T
t=1 εt −∑T1+L−1

t=T1
dt ∑T1+L−1

t=T1
dtεt

)
T−1

d

(
∑T1+L−1

t=T1 dtεt −∑T1+L−1
t=T1 dt ∑T

t=0 εt

) 
where Td = T

[
∑T1+L−1

t=T1
d2

t − 1
T

(
∑T1+L−1

t=T1
dt

)2
]

.

4.5.2 Proof of equation (90)

To show that γ̂(1) = λ1r + (D′1D1)
−1 D′1ε we need to show that λ1 (D′1D1)

−1 D′1dT1 = λ1r.
This is equivalent to showing that:(

D′1D1
)−1 D′1dT1 = r (120)

Pre-multiply the above expression by (D′1D1):

D′1ιT1 =
(
D′1D1

)
r (121)

D′1ιT1 = D′1 (D1r) = D′1 ([d1, ..., dT1 , ..., dT/2] r) (122)

D′1dT1 = D′1dT1 (123)
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which follows from D1 = [d1, ..., dT1 , ..., dT/2] and D1r = dT1 , the T1 column of D1, where

dT1 =



0
...

d1
...

dL
...
0


and r =



0
...

1T1

0
...
...
0


(124)

The same result applies to the estimator γ̂(U) over the retained indicators DU = [D1∗D2∗]

where γ̂(U) = λ1r + (D′UDU)
−1 D′Uε. Assuming that the retained indicators of the first half

D1∗ include the true break indicator, then it holds that(
D′UDU

)−1 D′UdT1 = r (125)

for any retained indicators in D2∗ by the same steps as above.
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4.5.3 Proof of generalization of step-functions for known break

Proof that µ̂− µ = ε̄2 and γ̂− λ1 = ε̄1 − ε̄2 when dt take the form of SIS-type step indicators
and a single break from t = 0 to T1 is considered. Note, under these specifications ∑T1+L

t=T1
d2

t =

∑T1+L
t=T1

dt = T1. Then

µ̂− µ =
T1

(
∑T

t=1 εt −∑T1
t=1 εt

)
T
(
T1 − T2

1 /T
) =

∑T
t=T1+1 εt

T − T1
= ε̄2 (126)

and

γ̂− λ1 =
T ∑T1

t=1 εt − T1 ∑T
t=1 εt

T1(T − T1)
(127)

=
T ∑T1

t=1 εt − T1

(
∑T1

t=1 εt + ∑T
t=T1+1 εt

)
T1(T − T1)

(128)

=
T1(T − T1)ε̄1 − T1(T − T1)ε̄2

T1(T − T1)
(129)

= ε̄1 − ε̄2 (130)

using ε̄1 = 1/T1 ∑T1
t=1 εt and ε̄2 = 1/(T − T1)∑T

t=T1+1 εt.

4.5.4 Algorithm Specification

Here we outline the split-half algorithm (Algorithm 1, see Figure 36) used for theory-derivations
and simulations, and sketch the multi-path algorithm (Algorithm 2) used in simulations and
in practice:

Algorithm 1: Split-Half Indicator Saturation for Designed Break Functions. Choose a
target level of significance α.

1. Design a break function and construct the (T × T) break matrix D using equation (81).

2. Split the break matrix D into two sets: D1 = (d1, ..., dT/2) and D2 = (dT/2+1, ..., dT).

3. Compute the least squares estimators γ̂(1) and γ̂(2) using (90) and (92) fixing an intercept
(and additional covariates if required) in each regression.

4. Construct the union set of k retained break functions as DU = (dj, ..., dj+k) where dj is
included if |tγ̂i,j

| ≥ cα in step 3, where i = 1, 2 for each set.

5. Compute the least squares estimator γ̂(U) using (94), fixing an intercept (and additional
covariates if required) in each regression. Retain final break functions j if |tγ̂U,j

| ≥ cα.

Algorithm 2: Multi-Path Indicator Saturation for Designed Break Functions.

1. Design a break function and construct the (T × T) break matrix D using equation (81).
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2. Use a mulit-path and multi-block algorithm: for the present simulations and appli-
cation we rely on the parallel step-wise backwards tree-search algorithm Autometrics
(Doornik 2009a) fixing an intercept (and additional covariates if required) in the general
unrestricted model (79).

3. Retain the break functions from the terminal model chosen by the specified tiebreaker
criterion.

4.5.5 Simulation results for a simple dynamic DGP

Here we present the results on power and false-positive rate when using a multi-path search
and the DGP includes an auto-regressive term of order one. The DGP is given by:

yt = ρyt−1 + λ1dt + εt (131)

where ε ∼ iidN(0, σ2), σ2 = 1 and ρ = 0.3. The model includes an AR(1) term and a full set of
break functions. Figure 25 and Table 25 provide the results. The null-retention (false-positive
rate) remains well calibrated to the nominal size, the power is slightly lower compared to the
static case, likely due to the shape of the break mimicking an auto-regressive process and
thereby being detected less frequently.

Table 25: Power of detecting an unknown break when multi-path searches in an auto-regressive DGP
and model. Statistics were generated from 1000 simulations and detection significance was set to
α = 0.01, with a length of L = 3. Break magnitude λ corresponds to the full response over the entire
break, the peak is 0.58λ.

Multi-Path

Potency Gauge
λ = 6, peak=3.48 0.71 0.018

λ = 4, peak=2.23 0.34 0.015

λ = 2, peak=1.16 0.09 0.016

4.5.6 Proof of null result when forced variables are included

We investigate the approximate distributional consequences of including a full set of irrelevant
break variables into a model with assumed K relevant variables X with associated coefficients
β. This is based on the results of Hendry & Johansen (2014). The DGP is:

y = Xβ + ε (132)

where ε ∼ iid(0, σ2
ε). The model is given as:

y = Xβ + D1γ(1) + v (133)
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Figure 47: Left: Potency of detecting a volcanic break of magnitude λ for level of significance α using
multi-path selection for an autoregressive DGP and model. Right: Proportion of spuriously retained
break indicators (gauge). Break magnitude λ corresponds to the full response over the entire break,
the peak is 0.58λ.
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where the true γ(1) = 0. Consider first orthogonalizing X and D1 by regressing each column
of D1 on X, this yields the (K× T/2) matrix of coefficients Γ̂:

Γ̂ =
(
X′X

)−1 X′D1 (134)

The (T × T/2) residuals û are defined through:

D1 = XΓ̂ + û (135)

where û′X = 0. Substituting for D1 in the model equation yields:

y = Xβ +
(

XΓ̂ + û
)

γ(1) + v (136)

= X
(

β + Γ̂γ(1)

)
+ ûγ(1) + v (137)

= Xβ∗ + ûγ(1) + v (138)

where β∗ =
(

β + Γ̂γ(1)

)
. Then:

(
β̂∗ − β

γ̂(1) − 0

)
=

(
X′X X′û
û′X û′û

)−1(
X′ε
û′ε

)
(139)

=

(
(X′X)−1 X′ε
(û′û)−1 û′ε

)
(140)
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since û′X = 0. Under the assumption that T−1X′X P→ ΣXX The asymptotic distribution is
then:

√
T

(
β̂∗ − β

γ̂(1) − 0

)
D→ N

[(
0
0

)
, σ2

ε

(
Σ−1

XX 0
0 Σ−1

D1D1|X

)]
(141)

The distribution of the parameters β on the correct variables X is unaffected by the inclusion of
the break indicators D1 when there is no break. The equivalent result holds when the second
half of break indicators D2 is included. In practice the main risk is the spurious retention of
break indicators, however, this can be controlled through a conservative selection mechanism.

4.5.7 Model Response To Large Volcanic Eruption

The basic energy balance model in terms of deviations from the steady state is given by:

C
dT′

dt
= F(t)− αT′ (142)

The differential equation can be solved using an integrating factor. Re-arranging the above
model yields:

dT′

dt
+

α

C
T′ =

1
C

F(t) (143)

dT′

dt
+

1
τ

T′ =
1
C

F(t) (144)

Using the integrating factor I(t) = e
t
τ yields

d
dt

T′e
t
τ =

F(t)
C

e
t
τ (145)

T′e
t
τ =

∫ t

0

F(u)
C

e
u
τ du (146)

T′ =
1
C

e
−t
τ

∫ t

0
F(u)e

u
τ du (147)

This expression can be used to solve for the temperature response following a large volcanic
eruption under the assumption that the volcanic eruption is approximated by a pulse forcing
followed by exponential decay at rate −1/γ. Let F(t) denote the volcanic forcing:

F(t) = 0 for t ≤ 0 and F(t) = F1e
−t
γ for t > 0 (148)

Using this expression yields:

T′ =
1
C

e
−t
τ

∫ t

0
F(u)e

u
τ du (149)

T′ =
1
C

e
−α
C tF1

(
α

C
− 1

γ

)−1 [
et( α

C−
1
γ ) − 1

]
(150)
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4.5.8 Simulation Results using a Full Sample Search

Table 26 provides simulation results when a full-sample rather than a sub-sample approach is
used for function (a) with an intercept-only model. There is little difference relative to the
sub-sampling method at the cost of increased computational time. Using a 3Ghz processor
the sub-sample approach requires ≈ 5 seconds to cover the entire sample for one replication
(across 10 subsamples), compared to ≈ 5 minutes for one replication using a full-sample
approach.

Table 26: Potency and Gauge for Volcanic Functions (a) using a full sample search

T t = T ±1 t = T ±2 t = T ±3

Potency NH Tg> 20 0.32 0.67 0.67 0.67

Potency NH Tg> 0 0.22 0.53 0.57 0.58

Potency Global Tg> 20 0.23 0.52 0.57 0.58

Potency Global Tg> 0 0.22 0.53 0.57 0.58

Gauge NH 0.02

Gauge Global 0.02

4.5.9 Results for Volcanic Function(b)

Table 27: Potency and Gauge for Volcanic Functions (b)

T t = T ±1 t = T ±2 t = T ±3

Potency NH Tg> 20 0.60 0.71 0.72 0.72

Potency NH Tg> 0 0.22 0.32 0.33 0.34

Potency Global Tg> 20 0.40 0.55 0.56 0.57

Potency Global Tg> 0 0.15 0.22 0.25 0.26

Gauge NH 0.02

Gauge Global 0.02
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Table 28: Detection of Volcanic Eruptions > 20Tg using volcanic functions (b)

NH Volcano Tg Potency t = T t = T ±1 t = T ±2 t = T ±3

939 31.83 0 0 0.02 0.02

1167 29.535 0.01 0.02 0.04 0.04

1176 45.761 0.6 1 1 1

1227 58.644 0 0.01 0.03 0.03

1258 145.8 1 1 1 1

1284 23.053 0.76 0.82 0.82 0.82

1452 44.6 0.7 1 1 1

1459 21.925 0.81 1 1 1

1584 24.228 0.51 0.66 0.69 0.69

1600 46.077 0.99 1 1 1

1641 33.805 0.92 1 1 1

1719 31.483 0.94 0.98 0.98 0.98

1783 92.964 0 0.01 0.01 0.01

1809 27.558 0.9 0.98 0.98 0.98

1815 58.694 0.65 1 1 1

1835 26.356 0.77 0.9 0.98 0.98

Global Volcano Tg Potency t = T t = T ±1 t = T ±2 t = T ±3

854 21.387 0 0.03 0.04 0.04

870 22.276 0 0.24 0.24 0.24

901 21.283 0 0.5 0.63 0.65

939 33.128 0 0 0.02 0.02

1001 21.011 0 0.34 0.34 0.34

1167 52.114 0.01 0.02 0.04 0.04

1176 45.761 0.6 1 1 1

1227 67.522 0 0.01 0.03 0.03

1258 257.91 1 1 1 1

1275 63.723 0 0.01 0.01 0.01

1284 54.698 0.76 0.82 0.82 0.82

1341 31.136 0 0.01 0.02 0.03

1452 137.5 0.7 1 1 1

1459 21.925 0.81 1 1 1

1584 24.228 0.51 0.66 0.69 0.69

1600 56.591 0.99 1 1 1

1641 51.594 0.92 1 1 1

1693 27.098 0 0.01 0.03 0.11

1719 31.483 0.94 0.98 0.98 0.98

1783 92.964 0 0.01 0.01 0.01

1809 53.74 0.9 0.98 0.98 0.98

1815 109.72 0.65 1 1 1

1835 40.16 0.77 0.9 0.98 0.98

1883 21.864 0 0.95 0.95 0.95

1963 20.87 0 0.47 0.48 0.48

1991 30.094 0 0.38 0.38 0.38
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Abstract

The large span of long-run projected temperature changes in IPCC (Intergovern-
mental Panel on Climate Change) reports does not predominately originate from
uncertainty across climate models; instead it is the wide range of different global
socio-economic scenarios that results in high uncertainty about future climate
change. For the first time, observations over two decades are available against
which the first two sets of socio-economic scenarios (IS92 and SRES) can be as-
sessed. Here we compare these socio-economic scenarios created in both 1992 and
2000 against the recent observational record. We find that the growth rate in fossil
fuel CO2 emission intensity (fossil fuel CO2 emissions per GDP) over the 2000s
exceeds the projections of all six 1992 and all four 2000 marker emission scenarios.
Studying the differences between projections and observations we find that the
relative discrepancy is driven by underprediction of high growth rates in Asia, in
particular in Russia and China. This underestimation of emission intensity raises
concerns about achieving a world of economic prosperity in an environmentally
sustainable fashion.
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5.1 introduction

The large span of projected temperature changes in IPCC (Intergovernmental Panel on
Climate Change, 2013) reports does not predominately originate from uncertainty across
climate models; instead it is the wide range of different global socio-economic scenarios that
results in high uncertainty about future climate change. While the physical-science basis
of models is very much the focus of the debate in climate research (Rowlands et al. 2012),
the underlying socio-economic scenarios that determine emissions of greenhouse gases have
received comparably less attention. For the first time observations over two decades are
available against which the first two sets of socio-economic scenarios underlying the IPCC
reports can be assessed. Here we compare these socio-economic scenarios created in both 1992

(IS92 Leggett et al. 1992, Pepper 1992) and 2000 (SRES Nakicenovic & Swart 2000) against the
recent observational record. We find that observed fossil fuel CO2 emission intensity - fossil
fuel CO2 emissions per GDP - was rising over the 2000s while all six 1992 and all four 2000

marker emission scenarios envisaged a decline. Studying the differences between projections
and observations we find that the relative discrepancy is driven by underprediction of high
growth rates in Asia, in particular in Russia and China.

Three sets of socio-economic projections have been used in the IPCC reports - the 2nd IPCC
report used the IS92 projections, the 3rd and 4th IPCC report used the SRES (Special Report
on Emission Scenarios) and the 5th IPCC report relied on the Representative Concentration
Pathways (RCPs). We assess all main socio-economic indicators in IS92 and SRES (real gross
domestic product GDP, population and fossil fuel CO2 emissions) with a focus on emission
intensity as it is the crucial measure for the environmental impact of economic growth.
This combines two projected socio-economic series, real gross domestic product (GDP) and
fossil-fuel CO2 emissions.1

There are six socio-economic paths in the 1992 scenarios (named A-F). The SRES projections
are made up of multiple individual scenarios falling within four broad groups (named A1,
A2, B1, and B2). As the use of sub-group averages is not appropriate (Manning et al. 2010), we
instead study the four primary SRES marker scenarios2 together with the six IS92 scenarios.
Emission scenarios used in the early IPCC climate models are reported at a decadal interval
(1990, 2000, 2010). Different SRES scenarios were allowed varying initial values at the start of
the scenario projections (see Figure 1 panel a, and supplementary Figures S1-S2). This results
in small differences for global population (up to 0.38%) but in large differences in world GDP
and CO2 emissions up to 4.3% between scenarios A2 and B1. This variation in starting values
complicates any study of the accuracy in levels and is glossed over in many analyses of the
IPCC scenarios. Discrepancies in initial values make it necessary to focus on growth rates,
and since scenarios cannot be expected to capture short-term year-on-year fluctuations, a
comparison on a decadal scale is appropriate.

Unlike temperature forecasts derived from climate model ensembles, the socio-economic
scenarios are not probabilistic forecasts. Equally, uncertainties on observed CO2 emissions

1 We investigate population projections and fossil-fuel CO2 emissions per GDP per capita which combines all three
socio-economic scenarios in supplementary material 6.5.

2 These are: A1 AIM, A2 ASF, B1 IMAGE, B2 MESSAGE.
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and GDP are not available. Therefore we cannot employ a formal test of a scenario against the
observed record.3 Instead we assess the relative performance of scenarios against observations.

The adequacy of IPCC projections has been discussed previously (Höök et al. 2010, van
Vuuren et al. 2010, Richardson et al. 2011), however, the focus has remained solely on levels,
which is less meaningful given the aforementioned variation in initial values. Additionally the
focus remained primarily on CO2 emissions and not the wider socio-economic variables or
crucially, emission intensity. Due to a lack of data, few studies investigated the performance
of scenarios inclusive of 2010. Earlier studies using data up to 2009 find the level of CO2

emissions to fall within the SRES range (van Vuuren et al., 2010), and using within model
group averages, to lie on the upper scale of the 2000 scenarios (Richardson et al., 2011).
However, wider socio-economic variables, emission intensity, or the earlier 1992 scenarios are
not considered. On the physical side, a first assessment of an early probabilistic temperature
forecast based on a single scenario finds that observed global mean temperatures fall within
the predicted interval (Allen et al., 2013). We provide a similar analysis by assessing the
accuracy of the underlying socio-economic scenarios. This equally permits an assessment of
whether the single scenario chosen in the temperature forecast analysis (Allen et al., 2013) not
only matches observed temperatures, but also the socio-economic evolution which determines
the anthropogenic component in changes in climate.

5.2 data

IPCC scenario data are obtained from the IPCC Data Distribution Center (IPCC 2014). Ob-
served fossil-fuel emissions are available at global and national level (Boden et al. 2013).
Global and national population data are obtained from the UN Population Division (DESA,
UN 2014). Gross domestic product (GDP) on global and national scale is measured in 1990

market exchange rate adjusted USD to be consistent with SRES measures (World Bank 2014).

5.3 analysis

The world has seen rapid growth in CO2 emission intensity over the 2000s not envisaged
by any of the main scenarios (Figure 48, panel b). While all main IPCC scenarios projected
declining emission intensity, the observational record shows that emission intensity was in fact
rising. The average decadal growth rate in emission intensity over the 2000s of 0.37% per year
considerably exceeded even the closest marker scenario (A1) growth rate projecting a decline
of -0.1%. The remaining SRES and IS92 scenarios project declines ranging from -0.3% to -1.75%.
The plot of levels of emissions intensity (Figure 48, panel a) hides this discrepancy between
scenarios and observations: the level projections only appear to match the observations
closely due to the mismatch in starting values. These results are consistent for fossil-fuel CO2

emissions per GDP per capita: observed growth rates in per capita terms exceed all projected
IS92 and SRES marker scenarios despite the “Great Recession” (supplementary Figure 59).

To investigate the systematic discrepancy in global emission intensity growth rates between
observations and scenarios, we downscale the regional scenario values and assess the accuracy

3 Equally a test of the average annual growth rate against scenario growth rates provides little insight since the
assumption that the observed growth rate in a particular year is equal to the scenario growth rate is not made in
the scenarios.
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Figure 48: Observed and projected global emission intensity (fossil fuel CO2 emissions per GDP) in
levels (a) and growth rates (b). Panel a graphs global observed emission intensity (black) together
with decadal IS92 (dashed colour) and SRES marker projections (solid colour). Starting values are
shaded grey while projected values are shaded light blue. Note that initial values for SRES vary across
scenarios. Panel b shows observed annual growth rates (continuous black) together with observed
decadal growth rates (horizontal black) over both decades. Projected growth rates are shown in colour
for IS92 (dashed) and SRES marker projections (solid). Observed decadal growth rates exceed all
scenario projections over the 2000s.



based on a country-level dis-aggregation for the SRES projections. By downscaling the
regional values of the scenarios to a country level, we then compare the observed against
the projected country growth rates (Figure 49, panel a). The apparent regional differences
are consistent across all four marker scenarios: the observed growth rates of fossil-fuel
CO2 emission intensity in Sub-Saharan African and South Asian countries greatly exceed
those of the scenarios. Across all scenarios, growth rates observed in Latin American are
predominantly below scenario projections.

To quantify the country-by-country contribution to the discrepancy between projected and
observed global growth rates, the importance of the country in terms of the level of GDP
and emissions intensity has to be considered. We therefore decompose the aggregate (global)
difference in observed and scenario growth rates into individual country contributions (see
Methodology 5.5.2). While Sub-Saharan African countries exhibit the highest deviations from
scenario projections (Figure 49, panel a), their overall contribution to the global difference in
growth rates is small (Figure 49, panel b). When weighted according to their importance with
respect to global emission intensity, it becomes apparent that changes in emission intensity
and GDP in China, Russia, and wider Asia account for the dominant share of the difference
between global observed and SRES projected growth rates in all four SRES marker scenarios
(Figure 49, panel b). It is important to emphasize that this is relative to the SRES projections
and that the emission intensity in China and Russia actually declined over the 2000s (see
supplementary Figure 58). The discrepancy is primarily driven by unanticipated growth in
GDP in Asia. Rapid growth in Asia was unanticipated in most forecasts: even over much
shorter forecast horizons of one quarter to one-and a half years, GDP forecasts produced by the
Federal Reserve exhibit the highest forecast errors for China over the 2000s (R. Ericsson N et al.
2014). On a decadal scale, observed Chinese GDP growth exceeds the Consensus Economics
(2013) forecasts by 7%, a similar magnitude as SRES projections, which are exceeded by 2-11%.
IPCC projections do not appear systematically worse than alternative forecasts.

More broadly, we assess which scenario is closest to the observed record measured by
the smallest proportional deviation from observed levels and lowest absolute difference to
growth rates. The best fitting scenarios of each main socio-economic projection are listed
in the supplementary material for both levels and growth rates. Population projections
exhibit the lowest deviations from observations (supplementary Figure 52). No single scenario
uniquely dominates other scenarios when assessed against the observed variables over both
time intervals (see Figures 48, 50, supplementary Figures 51-56, and supplementary Table 29).
Notably, earlier IS92 scenarios are not systematically worse than later SRES projections. The
1992 A scenario chosen for the assessment of the temperature forecast by Allen et al. is the
closest IS92 scenario in levels of CO2 emissions, supporting the choice of this scenario as the
level of CO2 emissions is most relevant for a global mean temperature forecast. There is no
forecast failure as the levels of observed CO2 emissions are closely matched. However, over
the 2000s, nine out of the ten projections underestimated decadal growth in fossil-fuel CO2

emissions (Figure 50, panel b). While forecasts are not rejected in the short-run, we may expect
increasing divergence from scenario values in the long run based on the under-projection
of both growth rates in CO2 emission, and growth rates of emission intensity. Evidence for
this can already be seen through the accelerating accumulation of concentrations of CO2

in the atmosphere – the growth between 2012 and 2013 was the highest observed (World
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in particular.
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Meteorological Organization 2014) since 1984, and is also supported through the future
outlook on CO2 emissions by Friedlingstein et al. (2014).

5.4 conclusion

The evaluation of the IPCC projections against the observed record over two decades requires
careful analysis of the growth rates due to substantial differences in initial values in levels
across the different projections. The analysis of the growth rates revealed that global emissions
intensity growth exceeded all six 1992 and four 2000 marker scenarios over the decade 2000-
2010. Similarly, growth rates of fossil-fuel CO2 emissions exceeded projections in all but one
scenario over the same period. This underestimation of emission intensity raises concerns
about achieving a world of economic prosperity in an environmentally sustainable fashion.

5.5 appendix a - methods

5.5.1 Downscaling the SRES Projections

Individual country growth rates are obtained using linear downscaling: countries are assigned
their corresponding regional growth rate based on the four regions defined in the IPCC SRES
projections. These regions are: REF – countries undergoing economic reform , OECD90, ASIA,
and ALM - Africa and Latin America.4 Each region in the SRES projections has a common
growth rate across all countries. Figure 49 panel a plots the difference between observed and
projected (regionally common) growth rates. Due to the variation in observed growth rates,
there is variation in differences within each region. For level reconstructions the projected
growth rates are applied to the individual country’s5 observed values in 2000 (Boden et
al. 2013, DESA, UN 2014, World Bank 2014). More sophisticated downscaling methods are
available - van Vuuren et al. (2007) released a downscaled SRES data set. In this data set
the starting values are corrected, and while this adjustment of starting values is sensible in
general, it renders the data impossible for an assessment of the original IPCC projections.
Linear downscaling is chosen here as it does not require additional assumptions on regional
convergence and preserves the differences in initial values which are crucial for the task at
hand. Over long time scales we expect the values of different downscaling methods to diverge
due to compounding, however, over the short time period considered here (2000-2010), the
type of downscaling approach does have less of an effect on the final values.

5.5.2 Decomposition of Aggregate Growth Rates

We are interested in explaining the difference between observed global and projected global
growth rates in emission intensity (visible in Figure 48 panel b). For this we investigate which
countries are most important in explaining the aggregate difference. We use individual country
level data from 2000-2010 to calculate observed country-level growth rates. For each scenario
we use the downscaled projected country level growth rates described in the methodology

4 While the IPCC regional list does not include the United Kingdom, we include it within the OECD90 region.
5 Starting values in 2000 are chosen to be able to include a wide range of Eastern European countries for which no

observations in 1990 are available.
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section 5.1. To attribute the discrepancies in global growth rates to individual contributions in
growth rates at country-level (plotted in Figure 49, panel b), we use the following approach to
decompose aggregate growth rates: First, we show how to decompose aggregate growth rates
into individual country contributions (the method is naturally equivalent for both observed
and projected growth rates). Second, this allows us to decompose the aggregate difference
into individual country-level contributions.

Decomposing Aggregate Growth Rates

Let Yt = ∑j Y j
t denote aggregate GDP over countries j, and let Zt =

Ct
Yt

denote aggregate fossil

fuel CO2 emissions per GDP, where aggregate fossil fuel emissions Ct = ∑j Cj
t are summed

over countries j. Each country j’s fossil fuel CO2 emissions per GDP is defined as Zj
t =

Cj
t

Y j
t
.

The corresponding aggregate (Gt) and individual (Gj
t) growth rates are given by Gt =

Zt−Zt−1
Zt−1

and Gj
t =

Zj
t−Zj

t−1

Zj
t−1

respectively. The aggregate growth rate can then be re-expressed as:

Gt =
Zt − Zt−1

Zt−1
=

1
Zt−1

(
∑j Cj

t

Yt
−

∑j Cj
t−1

Yt−1

)
(151)

From above we use that the equation for the individual growth rate can then be re-arranged
to yield:

Gj
t
Cj

t−1

Y j
t−1

=
Cj

t

Y j
t

−
Cj

t−1

Y j
t−1

(152)

This provides an expression for country j’s fossil fuel emissions Cj
t :

Cj
t = (1 + Gj

t)C
j
t−1

Y j
t

Y j
t−1

(153)

Therefore we can write the aggregate growth rate as a function of disaggregate growth rates
by substituting for Cj

t in:

Gt =

(
∑

j

1
Yt

Cj
t −

1
Yt−1

Cj
t−1

)
1

Zt−1
(154)

This can be simplified to:

Gt =

(
∑

j

Cj
t−1

Y j
t−1

[
Y j

t
Yt

(1 + Gj
t)−

Y j
t−1

Yt−1

])
1

Zt−1
(155)

=

(
∑

j

Zj
t−1

Zt−1

[
Y j

t
Yt
−

Y j
t−1

Yt−1
+ Gj

t
Y j

t
Yt

])
(156)

=

(
∑

j

Zj
t−1

Zt−1

[
∆

Y j
t

Yt
+ Gj

t
Y j

t
Yt

])
=

(
∑

j
dj

)
(157)
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where dj =
Zj

t−1
Zt−1

[
∆ Y j

t
Yt
+ Gj

t
Y j

t
Yt

]
and the term ∆ Y j

t
Yt

=
Y j

t
Yt
− Y j

t−1
Yt−1

captures the change in the

proportion of country j’s GDP relative to total GDP. This yields the aggregate growth rates
as the sum of the individual components j and allows for a decomposition of the aggregate
growth rates into individual contributions dj. The individual contributions can be decomposed
further into an “emission intensity growth rate effect” and a “relative change in GDP effect”:

dj =
Zj

t−1

Zt−1

 ∆
Y j

t
Yt︸︷︷︸

GDP Effect

+ Gj
t
Y j

t
Yt︸ ︷︷ ︸

Growth Rate Effect

 (158)

If the ratio of the particular countrys GDP to global GDP is unchanged
(

∆ (Y j
t

Yt
= 0

)
, then the

only contribution to the overall growth rate is derived from the growth rate effect: Zj
t−1

Zt−1
Gj

t
Y j

t
Yt

.
Whether the contribution to the overall growth rate is positive or negative therefore depends
on the change in the ratio of a country’s GDP relative to the global GDP, and a country’s
growth rate in emissions per GDP, Gj

t scaled by the weight of the country’s GDP relative to
the global GDP.

Decomposing the Difference between Observed and Projected Aggregate Growth Rates

When comparing an observed growth rate (Gt) against a scenario predicted growth rate (Ĝt),
using the same decomposition procedure as above, the difference between observed and
predicted growth rates can be attributed to disaggregated country contributions, and further
into relative GDP change and emission intensity growth rate effects. Given the summability,
simple regional aggregates can be considered as well as country-level disaggregation. These
are plotted in Figure 49 (panel b) for individual contributions to the overall difference in
growth rates exceeding 0.1%.

Gt − Ĝt = ∑
j

dj −∑
j

d̂j (159)

= ∑
j

Zj
t−1

Zt−1

[
∆

Y j
t

Yt
+ Gj

t
Y j

t
Yt

]
−∑

j

Ẑj
t−1

Ẑt−1

[
∆

Ŷ j
t

Ŷt
+ Ĝj

t
Ŷ j

t

Ŷt

]
(160)

= ∑
j

(
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Zt−1

[
∆

Y j
t

Yt

]
−

Ẑj
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Ẑt−1

[
∆

Ŷ j
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Ŷt
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︸ ︷︷ ︸

GDP Effect
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j

(
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]
−

Ẑj
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[
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Growth Rate Effect
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5.6 appendix b

5.6.1 Observed Socio-Economic Indicators and Scenario Projections
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Figure 51: Global real GDP in levels in 1990 USD (top) and growth rates (bottom). Observed are shown
in black, projections in colour.
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Figure 52: Global population in levels (top) and growth rates (bottom). Observed are shown in black,
projections in colour.

5.6.2 Relative Scenario Performances

Table 29 lists the most accurate scenario based both on levels and growth rates for both 1990s
and 2000s. Accuracy here is measured by the smallest absolute percentage deviation in levels,
and the smallest absolute deviation in growth rates.

Table 29: Closest SRES and IS92 scenarios for 1990-2000 and 2000-2010 based on proportional deviation
from observed levels and absolute difference from observed growth rates. Deviations are shown in
parentheses.

GDP Population Foss. Fuel CO2 CO2 Intensity

Time Level Growth Level Growth Level Growth Level Growth
IS92 90s E (0.011) D (-0.045) C/D (0.013) C/D (0.206) D (-0.012) D (-0.196) D (0.084) D (-0.122)

IS92 00s B (-0.017) C (-0.015) A/B/E (0.025) A/B/E (0.137) A (-0.025) E (-0.361) E (-0.008) F (-1.375)
SRES 00s B1 (0.004) A2 (-0.201) B1 (-0.003) B2 (0.026) B1 (-0.018) A1 (0.697) B1 (-0.023) A1 (-0.474)
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Figure 53: CO2 Intensity Differences to Observed Levels (top) and Growth Rates (bottom) over
1990-2000 (left) and 2000-2010 (right)
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Figure 54: GDP Differences to Observed Levels (top) and Growth Rates (bottom) over 1990-2000 (left)
and 2000-2010 (right)
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Figure 55: Population Differences to Observed Levels (top) and Growth Rates (bottom) over 1990-2000

(left) and 2000-2010 (right)
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Figure 56: Fossil Fuel CO2 Differences to Observed Levels (top) and Growth Rates (bottom) over
1990-2000 (left) and 2000-2010 (right)
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5.6.3 Total Growth Rate Decomposition into GDP and pure Emission Intensity Growth Rate Effect

Country-by-country contributions to the difference in observed world growth rates and
projected growth rates can be further decomposed into a GDP effect and a growth rate effect
using the results from section 5.5.2:

Gt − Ĝt = ∑
j

(
Zj

t−1

Zt−1

[
∆

Y j
t
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−
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Ẑt−1

[
∆
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Ŷt

])
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︸ ︷︷ ︸

Growth Rate Effect

Figure 57 graphs the difference in growth rate decomposition for the SRES projection A1 for
countries with an overall effect exceeding 0.01 (1%). China contributes the largest absolute
amount, this is primarily driven by changes in the ratio of China’s GDP relative to aggregate
GDP. The largest CO2 intensity growth rate effects stem from Russia and South Africa,
however, the total effect of these is comparatively minor due to their small weight in global
emission intensity.
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Figure 57: Country-by-country contribution to the Global Difference between Observations and
Scenario Projections (A1) in Growth Rates 2000-10 of Emission Intensity Decomposed into CO2
intensity Growth (blue), GDP (green) and Total Effects (orange).
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5.6.4 Observed Country-by-Country Growth Rates of Emission Intensity

0 – 2.49 2.5 – 4.99 5 – 7.49 7.5 – 9.99 above 10-2.5 – -0.01-5 – -2.51-10 – -5.01below -10No Data
Observed Growth Rates (%) 2000-10 of Emission Intensity

Figure 58: Observed average decadal growth rates of Emission Intensity (CO2 per GDP) by country
over 2000-2010.
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5.6.5 Fossil-fuel CO2 Emissions per GDP per Capita

Here we present results of emission intensity measured as fossil-fuel CO2 emissions per GDP
per capita. Consistent with the results in the main text, decadal emission intensity per capita
growth over the 2000s exceeded all IS92 and SRES marker scenarios (see Figure 59).
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Figure 59: Observed and projected global emission intensity measured in fossil-fuel CO2 emissions per
GDP per capita in levels (a) and growth rates (b). Panel a graphs global observed annual fossil-fuel CO2
emissions per GDP (black) together with decadal IS92 (dashed colour) and SRES marker projections
(solid colour). Starting values are shaded grey while projected values are shaded light blue. Note that
initial values for SRES vary across scenarios. Panel b shows observed annual growth rates (continuous
black) together with observed decadal growth rates (horizontal black) over both decades. Projected
growth rates are shown in colour for IS92 (dashed) and SRES marker projections (solid). Observed
decadal growth rates exceed all scenario projections over the 2000s.
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6
E P I L O G U E

From the modelling of stochastic trends, to variable selection, the detection of breaks, and
evaluation of scenarios – the proposed economtric tool-kit to model non-stationary climate
data is vast. If we zoom out and look at the big picture, there is a natural progression in the
sequence of this thesis.

Following an overview of hazards in econometric models of climate data, I show how a
physical system can be mapped to a cointegrated vector autoregression (CVAR), providing
a system approach to the estimation of relationships between temperatures, ocean heat,
and radiative forcing. Exploring the restrictions in this CVAR estimated energy balance
model (EBM), it becomes apparent that a congruent model of radiative forcing is crucial. I
then explore how one of the radiative forcing factors, atmospheric CO2, can be modelled
endogenously without prior restrictions on which contributing variables are relevant. The
model selection approach introduces indicator saturation methods in the form of impulses
to the modelling of climate data. Based on the work on step indicator saturation developed
alongside this thesis (see Doornik et al. 2013, Castle et al. 2015), I generalize the principle
of indicator saturation to designed break functions - treating the detection of breaks as
an aim in itself. All climate models, ranging from small EBMs (e.g. chapters 2 and 4) to
large-scale simulated climate models require socio-economic projections to make statements
about future climate change. The large span of projected temperature changes then originates
predominantly from the wide range of scenarios, rather than uncertainty in climate models.
The final chapter assesses how the initial scenarios have fared so far to establish on which
trajectory the world is developing.

In exploring econometric methods and applications in modelling non-stationary climate
data, the thesis makes contributions to both econometric methodology and its applications.

6.1 contributions to econometric methodology

Setting the stage by highlighting methodological hazards in econometric models of climate
change, the first chapter emphasizes the importance of unmodelled shifts, stochastic trends,
and consistency with known physical laws when working with climate data.

The second chapter shows that a two-component energy balance model can be mapped to
a restricted cointegrated VAR providing a physical basis for the use of CVARs in modelling
climate data. It offers testable restrictions and a system-based methodology for estimating
physical models. This places the entire tool-kit of CVARs at the disposal of energy balance
models, ranging from tests of fit or stability, to forecasts. It also sheds light on the dynamics
of energy balance models themselves – they are implicitly equilibrium correction models,
from which forecasts have to be made with caution (Hendry 2006).

The third chapter introduces automatic model selection with more variables than observa-
tions and impulse indicator saturation (IIS) to modelling of climate data. General-to-specific
automatic model selection for monthly changes in atmospheric CO2 concentrations yields
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congruent models from which the level can be recovered, contributions decomposed, and the
gauge of selection controlled.

Generalizing the principle of break detection (based on IIS and step indicator saturation -
SIS) as a model selection problem, the fourth chapter demonstrates the feasibility of detecting
breaks using designed functions. Relying on a split-half approach, theoretical results show
that the method yields unbiased estimates of the break date and magnitude. The coefficient
on the correct break function follows an approximate normal distribution where the variance
scaling factor can be computed a-priori. Theory results are confirmed using Monte-Carlo
simulations, which further show that using a multi-path algorithm (e.g. Autometrics) improves
detection. A general-to-specific approach also outperforms shrinkage-based methods when
multiple breaks are present. A first investigation into the uncertainty of the break timing
computes the theoretical power (confirmed by simulations) for mis-timed break functions. The
gauge in selecting over break functions is easily controlled through the nominal significance
level of selection. The approach also holds promise for robust forecasting during breaks acting
as a continuous intercept correction. The chapter provides the basis for the study of designed
break functions (derived from theory or prior observations), as well as for breaks in more
commonly used deterministic terms such as linear trends.

The fifth chapter demonstrates how aggregate differences in growth rates can be de-
composed into individual contributions when down-scaling is necessary due to a coarser
resolution of the projected values relative to observational data.

6.2 contributions of applications

The argument against anthropogenic global warming based on an apparent lack of polynomial
cointegration between observed global mean temperatures and radiative forcing of GHGs
made by Beenstock et al. (2012) does not stand up to scrutiny, but is rather a modelling
artefact, as the first chapter illustrates. The chapter further assesses the magnitude of the
impact of the Montreal protocol on the recent observed slowdown in warming – while it is
likely to have played a role, the magnitude of the effect cannot account for the entirety of the
observed slowdown in warming.

The second chapter estimates a complete system model of global mean climate taking
ocean-atmosphere interactions into account. Estimates of the model show that observations
cointegrate consistently with theory. Likelihood ratio tests of the model’s restrictions highlight
one of the main challenges in estimating energy balance models – the modelling of the
radiative forcing series. Endogenizing forcing leads to non-rejection of the restrictions in
the CVAR, and reduces uncertainty in parameter estimates, however, break-like volcanic
eruptions need to be controlled for. Model results also suggest that previous observation-
based estimates of the temperature response to an increase in CO2 may be artificially low due
to model misspecification (e.g. apparent through serial correlation in the error terms).

Modelling a single forcing factor, atmospheric CO2, the third chapter determines contribu-
tions using high-frequency observations without prior restrictions on the inclusion of variables.
Natural factors are necessary but not sufficient in explaining the long-run underlying trend.
Anthropogenic factors captured through industrial production (together with temperature
effects) explain the long-run evolution.
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The fourth chapter shows that the detection of historical volcanic eruptions without prior
knowledge of their occurrence using theory-derived designed break functions is feasible. The
false-positive rate is easily controlled and the method yields a high detection frequency. This
holds promise for the creation of an updated record of eruptions relying on real-world proxy-
based temperature reconstructions, and general applications of designed break functions such
as robust forecasting through recessions based on continuous intercept corrections.

The fifth chapter shows that the growth rate in fossil fuel CO2 emission intensity, fossil fuel
CO2 emissions per GDP, over the 2000s was rising while all main IPCC (Intergovernmental
Panel on Climate Change) emission scenarios envisaged a decline. Equally, growth in observed
emission intensity per capita and observed CO2 emissions alone lie at the top end of scenarios.
While no single scenario dominates others in performance, the trajectory of underestimating
emission intensity raises concerns about achieving a world of economic prosperity in an
environmentally sustainable fashion.

6.3 where to go from here

Linking statistical and physical system models is a new development, allowing climate models
to be estimated empirically, consistent with physical laws, and tested for stability to assess
uncertainties. Pilot work in this thesis shows that a two-component energy-balance model
of global mean climate can be mapped to a cointegrated system. This provides the basis for
linking physical and econometric models and is generalizable to larger systems. Such systems
allow the socio-economic side to be modelled directly and provide a data-based alternative to
theory-based integrated assessment models to estimate feedbacks on the economy.

Statistical models of human effects on climate, such as the EBM in Chapter 2, mainly rely
on global averages ignoring the spatial dimension. Spatially-resolved gridded data (e.g. using
the EDGAR 1996 database now covering almost 25 years) can be used to estimate spatial
models of human influence on climate using emissions, precipitation and temperature series.
This permits estimation of local policy effects, as well as testing robustness of global models.
This will also spawn new methodology since although spatial panel procedures exist, spatial
panel cointegration handling stochastic trends and break detection have not been applied
jointly.

By saturating models with full sets of break functions then eliminating insignificant ones,
multiple breaks can be detected. However, many challenges remain to be solved. In particular
what remains open are: the properties of indicator saturation using step shifts and general
designed break functions when series exhibit stochastic trends; a complete quantification of
the uncertainty on the break dates; an evaluation of the performance of indicator saturation
in a cointegrated systems; and an assessment of how more variables than observations
should be split into sub-blocks for estimation. Equally, the IS models so far have relied on
linearity in parameters, in a working paper I have explored the joint modelling of non-linear
functions and break detection using semi-parametric estimation. The results hold promise for
a generalization of IS to non-linear models using series and other non-parametric estimators.
Crucially these methods conduct variable selection jointly with break detection. Such methods
can establish the impact of shocks on observed variables and assess whether policy changes
are effective.
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Historical data can be unreliable from measurement changes, and using these new break
detection methods to establish changes in measurement will reduce the uncertainty about
past climate change by correcting historical records. Research will continue following requests
of collaboration with the UK MET office, the National Center for Atmospheric research, and
building on the already established work with L. Schneider (Johannes Gutenberg University)
and J. Smerdon (Columbia University) on the detection of eruptions. Volcanic eruptions have
had devastating impacts on peoples lives, both locally and globally, yet there is uncertainty
about the precise timing of eruptions. Chapter 4 established the feasibility of modelling
temperature responses to volcanic eruptions as structural breaks. Using reconstructed ob-
served temperatures, work with J. Smerdon and L. Schneider will lead to an updated record
of historical eruptions. Historical surface temperature data are unreliable and plagued by
measurement changes: e.g. a change from bucket to engine measurements introduced a
step shift in sea surface temperature records. Measurement errors of this type are prevalent
throughout temperature records – concerns about this have spawned the International Surface
Temperature Initiative (ISTI) organised in part through the UK MET office. Indicator-based
break detection methods hold promise in identifying changes in measurements, ultimately
resulting in more accurate temperature records, including one of the main indicators of
climate change, the global mean surface temperature anomaly. Break detection can also single
out explanations for observed phenomena, including testing for effects of the recent economic
recession on climate.

Chapter 5 shows that growth in CO2 emissions per real GDP was under-projected in
long-run climate scenarios. Further work will investigate how non-probabilistic scenarios
should be assessed and study whether the scenarios exhibit systematic forecast biases. Break
detection as forecast evaluation has been applied by Ericsson et al. (2014) for debt but not
for climate scenarios: comparisons of IPCC estimates with other agencies (e.g. the IMF) will
assess their relative performance and lead to recommendations for future scenarios. Crucially,
only once EBMs are mapped to statistical systems can these additional features be tackled
jointly.

Econometric tools can augment climate research: future research can build on the es-
tablished physical science basis for their use which allows models to be estimated, tested
and applied for policy evaluation using global and spatially resolved data. IS methods
will evaluate the impacts of policy, and improve the historical record. Forecast evaluation
of socio-economic projections can potentially reduce the uncertainty about future climate
change.

160



R E F E R E N C E S

Allen, M. R., Frame, D. J., Huntingford, C., Jones, C. D., Lowe, J. A., Meinshausen, M., &
Meinshausen, N. (2009). Warming caused by cumulative carbon emissions towards the
trillionth tonne. Nature, 458(7242), 1163–1166.

Allen, M. R., Mitchell, J. F., & Stott, P. A. (2013). Test of a decadal climate forecast. Nature
Geoscience, 6(4), 243–244.

Anchukaitis, K. J., Breitenmoser, P., Briffa, K. R., Buchwal, A., Büntgen, U., Cook, E. R., . . .
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