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Abstract

The experimental determination of the magnitude and momentum dependence
of electron-phonon coupling (EPC) is an outstanding problem in condensed mat-
ter physics. The intensity of phonon peaks in Resonant Inelastic X-ray Scattering
(RIXS) spectra can be related to the underlying EPC strength under significant 
approximations whose validity deserves careful verification. We measured the Cu
L3 RIXS phonon intensity as a function of incident photon energy and momen-
tum transfer in several layered cuprates. For CaCuO2, La2−xSrxCuO4+δ and 
YBa2Cu3O6, using a generally accepted theoretical model, we quantitatively 
estimate the EPC for the bond-stretching mode along the high-symmetry direc-
tions (ζ,0) and (ζ,ζ), and as a function of the azimuthal angle φ at fixed q∥. We 
compare our results with theoretical predictions and find that the q∥-dependence
of the phonon RIXS intensity can be largely ascribed to the phonon symme-
try. However, a more satisfactory prediction of the experimental results requires
an accurate description of the electronic structure close to the Fermi level. Our 
extensive investigation indicates that Cu L3 RIXS can reliably determine the 
momentum dependence of EPC for the bond-stretching modes of cuprates. More-
over, the large experimental basis provided here constitutes a stringent test for 
advanced theoretical predictions on the EPC.

Introduction

Since the discovery of high-temperature superconductivity (HTS) in layered copper 
oxides (cuprates) [1], the role of phonons has been hotly debated. Although the early 
consensus was that phonons are insufficient to  de scribe th e ph ysics of  HT S, sub-
sequent theoretical [2–6] and experimental studies [7–12] have concluded that the 
electron-phonon interaction cannot be entirely neglected. These results have prompted 
a reassessment of the influence o f p honons o n t he s uperconducting p airing o f HTS, 
and have rekindled the interest in determining the electron-phonon coupling (EPC).

The generic EPC depends on the initial (k) and final (k′) e lectronic wave vectors 
and on that of the phonon q = k′ −k. The EPC is notoriously difficult to calculate the-
oretically and to determine experimentally, especially in strongly correlated materials 
such as cuprates. Several theoretical approaches have been proposed to study elec-
tron–phonon interactions, including density functional theory (DFT) for computing 
the electron–phonon coupling [13–17], and quantum Monte Carlo (QMC) [18–22] and 
dynamical mean-field theory (DMFT) [23–27] to investigate the many-body effects
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arising from this coupling. Although DFT can accurately predict the EPC in conven-
tional superconductors [28], this is not always the case for cuprates, where DFT can 
underestimate the EPC strength by more than one order of magnitude [29].

On the experimental side, prominent techniques to determine the EPC in correlated 
systems include inelastic neutron scattering (INS) [30–32], inelastic x-ray scattering 
(IXS) [33–38], Raman and infrared spectroscopy [39–42], angle-resolved photoemis-
sion spectroscopy (ARPES) [43, 44], scanning tunneling spectroscopy (STS) [45, 46] 
and resonant inelastic x-ray scattering (RIXS) [47–62]. Due to the distinctive char-
acteristics of each technique, experimental findings a re r outinely a ccompanied b y a 
supporting theoretical framework, which facilitates the interpretation of the data and 
the derivation of the EPC strength. For example, INS and IXS probe the EPC at 
well-defined phonon momenta i n the Brillouin zone (BZ), averaging over a ll electron 
momenta near the Fermi surface. There, the information about the EPC is derived 
from the linewidth of the phonon peak (γ), which also strongly depends on the 
electronic density of states [63].

The use of RIXS to study phonons and the EPC is largely based on a theoretical 
work by Ament et al. [47], who showed that the dimensionless EPC can be determined 
from RIXS directly, i.e., without further, material-specific, t heoretical o r computa-
tional steps (e.g., to derive the EPC from phonon linewidths). Systematic studies of the 
momentum dependence of the EPC in Nd1+xBa2−xCu3O7−δ along the (ζ,0) direction 
[51, 64] led to results in good agreement with previous Raman and optical conductiv-
ity measurements [42, 65] as well as with theoretical calculations [5, 6, 66, 67]. These 
studies were an important evidence that RIXS is a reliable spectroscopic probe of EPC 
and that, thanks to its unique ability to track multiple degrees of freedom (charge 
[68–71], orbital [72–74], spin [75] and lattice [76, 77]) simultaneously, it can be used 
to determine the interplay of phonons with other elementary excitations.

Ament’s pioneering work [47, 78] established a direct connection between the RIXS 
one-phonon peak intensity and the dimensionless EPC constant g̃ that can be deduced 
from detuning measurements (see below for details). Initially obtained from a sim-
ple model containing a non-dispersive Einstein phonon, this result can be formally 
extended to realistic (dispersive) phonons, enabling the momentum (q) dependence of 
the EPC to be extracted from RIXS data [51]. However, calculating q-dependent EPCs 
in practice, either from first principles or f rom s implified mo dels, is  complex, making 
Ament’s key result very appealing but also rather difficult to  fu lly va lidate. Th is is 
compounded by the lack of a suitable experimental benchmark, since, to our knowl-
edge, besides the initial work by Braicovich et al. [51] and some specific applications 
related to charge order [79–83], there are no systematic studies of the q-dependent 
one-phonon intensity in cuprates.

In this paper, we present measurements, performed on some representative cuprates 
CaCuO2, La2−xSrxCuO4+δ, and YBa2Cu3O6 of the Cu L3 edge RIXS intensity of the 
bond-stretching phonon peak as a function of detuning energy and then of momentum 
along two high-symmetry directions (ζ,0), (ζ,ζ) and as a function of the azimuthal 
angle φ at fixed modulus of the in-plane momentum q∥. We find that the EPC strength 
in three antiferromagnetic cuprates is between ∼ 0.15 and 0.17 eV, consistent with 
previous results for NdBa2Cu3O6 [64] at the same point in the Brillouin zone. For
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the momentum dependence, we compare our results with two different theoretical
calculations: one based on Ament’s model and either the tight-binding approximation
or DFT, and the other one based on a frozen-phonon model that does not directly
invoke the EPC. Strikingly, for dispersionless phonons the q-dependent intensities
from tight-binding and frozen phonon calculations are identical and capture the main
momentum dependence along the two high-symmetry directions. This clearly indicates
that the q-dependence of the one-phonon RIXS intensity is primarily determined by
the symmetry of the phonon, being mostly sensitive to the projection of the oxygen
phonon displacements onto the directions of the x2 − y2 orbitals, regardless of the
model used to interpret the data. However, the φ dependence is better reproduced by
DFT model calculations, suggesting that, when calculating EPC, the electron wave
vectors k and k′ cannot be neglected, despite the strong electron-electron correlation
characteristics of cuprates.

Results

Probing EPC with RIXS

We remind the reader of the main features of lattice excitations in the RIXS process
(see Fig. 1 (a)-(b)) that are relevant for our discussion. The absorption of a x-ray pho-
ton at the Cu L3 resonance creates an excitation of an electron from the 2p3/2 core
level up to the highest 3d valence state, where it couples with the local charge distri-
bution. In this RIXS ‘intermediate state’, coupling with the lattice occurs primarily
through coordinated displacements of the ligand oxygens, which can be conceptual-
ized as though the equilibrium lattice were perturbed by a coherent superposition of
vibrational modes. The photo-excited electron radiatively decays back into the 2p3/2
state with a typical time constant of a few fs, leaving one or more excited phonons in
the final state. The conservation laws impose that the total wave vector q and energy
ωq of the final phonons are exactly the difference between wave vectors and energies
of the incoming (kp, ω) and outgoing (k′

p, ω
′) photons, q = k′

p − kp and ωq = ω− ω′.
As mentioned above, the model developed by Ament et al. [47] implies that quan-

titative information about the EPC can be directly extracted from the RIXS spectra.
The initial assumption of this model is to consider both electrons and phonons as local-
ized during the RIXS process. Hence, the electronic structure is approximated with
a single-ion model, and the phonon is considered non-dispersive (Einstein phonon).
From this basis, Ament proceeds to establish a direct connection between the one-
phonon peak intensity I1 observed in RIXS and the dimensionless EPC strength g̃
(g̃ = M2/ωq

2), with no momentum dependence as the wave vectors of the vibrational
mode and of the Cu 2p (core) and 3d (valence) electronic states are undefined:

I1 ∝ e−2g̃

g̃

∣∣∣∣∣
∞∑

ni=0

g̃ni(ni − g̃)

ni![∆ + iΓ + (g̃ − ni)ωq]

∣∣∣∣∣
2

(1)

Here, M is the EPC in eV; ∆ is the detuning energy, i.e., the difference between
the incident and resonance energy; Γ is the natural width of the resonance, which is
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inversely proportional to the core-hole lifetime τ (τ ∝ 1/Γ); ωq is the phonon frequency 
(in that model ωq is a constant) and ni is the number of phonons in the intermediate 
state. This expression assumes a single vibrational mode that, in general, could be 
excited multiple times in the intermediate and in the final s tate of RIXS; the case of 
several modes possibly being excited simultaneously is considered by Gilmore et al. in 
Ref. [49, 50] and discussed by Scott et al. in [55].

In applying Eq. 1, it is important to consider that multiple values of Γ have been 
reported in the literature for a given absorption edge [84–87]. Experimentally, Γ cor-
responds to the half-width at half-maximum (HWHM) of the x-ray absorption (XAS) 
spectrum. In this work at the Cu L3 edge we mainly use Γ ∼ 0.41 eV evaluated 
from XAS spectrum of antiferromagnetic La2CuO4 (see Fig. 1(c)) This number is in 
agreement with previously reported experimental values from Ref. [87].

A graphical representation of the relationship between g̃ and I1 at ∆ = 0 and three 
different Γ  c alculated n umerically w ith Eq. 1  f or n i r unning u p t o 1 50 i s s hown in 
Fig. 1 (d). It illustrates how Γ influences the shape of the Ament curve: as Γ  increases, 
the relationship I1-g̃ becomes more linear in a larger range of g̃, and the plateau shifts 
to higher g̃. For g̃ < 10 I1 is a monotonically increasing function of g̃, quasi-linear for 
g̃ < 2. Using this relation one can map the relative value of g̃ (or I1) as a function 
of a parameter, e.g. the momentum transferred by the scattering photon, opening the 
possibility of measuring the EPC as a function of q.

Eq. 1 points out the crucial dependence of I1 on the lifetime of the intermediate 
state τ during which the phonon is created. For higher Γ (lower τ) the probability of 
the electron-phonon interaction significantly decreases, such that at the L 3 edge of 5d 
elements phonons are not observed. Figure 1 (e) shows the comparison between raw 
RIXS spectra at the Cu L3 and L2 edges. Here we note that the ratio between the 
phonon and elastic peak is considerably lower at the L2 edges, as the intermediate 
state lifetime is shorter than that at the L3 edge. Similarly, the bimagnon to single 
magnon intensity ratio is much smaller at L2 than at L3, indicating that the fomer 
excitation, but not the latter, is influenced by the intermediate state l ife t ime [88]

Since the RIXS intensities are never measured on an absolute scale, one cannot 
use intensity data at a single energy in combination with Eq. 1 to determine the 
absolute EPC [48], and alternative procedures must be employed [47, 51, 53, 89]. A 
possible method is based on the ratio of the intensity of one-phonon peak I1 and 
its first o vertone I 2, s ince I 2/I1 i s s cale-independent b ut e xplicitly c ontains g̃  [47]. 
However, this approach is hardly applicable to Cu L3 edge RIXS of cuprates, since the 
phonon satellites are usually difficult or  ev en im possible to  id entify unambiguously. 
Moreover the two-phonon excitation has a momentum dependence different f rom the 
single phonon, because the total momentum is given by the sum of the momenta of the 
two phonons, leading to a rather q-independent I2 [55]. In such a case, an alternative 
is the so-called ‘detuning’ method [51, 64], which consists in acquiring multiple RIXS 
spectra at incident energies progressively detuned by ∆ away from the resonance. By 
tracking the decrease of I1 with ∆, the absolute value of g̃ can be determined using 
Eq. 1.

In Ament’s original model, the local character of the excited phonons forces g̃ to 
be independent on q, while in reality, g̃ (or M) is known to be momentum dependent,
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while the experimental I1 are also q-dependent. Eq. 1 has been employed in the past
(with limited precautions) to extract the relative q-dependence of the EPC constant
g̃ (or M) from RIXS data, which does not require any detuning [77, 81, 82, 90].

Momentum-dependent EPC in cuprates: tight-binding
calculations

First theoretical attempts to capture the experimental results were made using a
tight-binding (TB) model of the electronic structure [5, 6, 66, 67, 91, 92]. This model
provides a simple analytical expression of the q-dependent EPC strength, and was first
applied to the Cu-O in-plane bond-stretching phonon mode (also known as breathing
mode). One of the reasons for this choice is the connection between bond-stretching
phonons and charge-order correlations [77], which are ubiquitous in all cuprate fam-
ilies and result in phonon energy softening and increases in intensity at the charge
order wave-vector [80–82, 93]. Moreover, from the theoretical perspective, the role of
breathing phonons in HTS superconductivity is controversial, since different authors
have argued that they provide either an attractive [5, 94] or a repulsive [6, 95, 96]
interaction.

For the breathing mode, using a TB model, Johnston et al. [6] found that the EPC
M(q,k,k’), once averaged over all the electronic states at the Fermi level, simplifies
into

Mbr(q) ∝ 1
√
ωq

√
sin2(qxπ) + sin2(qyπ), (2)

and the estimated EPC strength at q∥ = (0.5, 0) r.l.u. is of the order of 86 meV [97]. 
It must be noted that for other modes the dependence on k cannot be eliminated. 
In Eq. 2 the EPC M depends on the phonon wave-vector q through the sine function 
and the phonon frequency ωq. As discussed below, the frequency term is crucial, as 
the breathing modes exhibit a non-negligible dispersion in the BZ. Using Eq. 1 or its 
simplified e xpression I 1(q) ∝  g̃ (q), o ne c an t hus e xtract t he e xperimental v alue of 
M(q) to be compared with the theory.

Nomenclature of phonons in cuprates and previous
measurements

Bond-stretching optical phonons in cuprates have traditionally been given different 
names, depending on the direction in the BZ. Along the Cu-O bond (the (ζ,0) direction 
in our conventions — see below), only two Cu-O bond lengths oscillate and the mode 
is called half-breathing; at 45◦ from the Cu-O bond (the (ζ,ζ) direction), all four Cu-O 
bond lengths oscillate and the mode is called full-breathing [92, 98, 99] (see Fig. 2 (a)). 
In addition to the breathing and half-breathing branches, along each of the two high-
symmetry directions (ζ, 0) and (ζ, ζ) there is another bond-stretching branch, which 
we label BS10 and BS11 in the two directions. These branches are indicated with 
dashed lines in Fig. 2 (b), and merge with the breathing/half-breathing branches into 
a degenerate phonon at the Γ point, as confirmed by our DFT calculations. However,
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the BS10 and BS11 modes have little effect on the average Cu-O bond lengths all along
the dispersion, and are expected to be weakly coupled to RIXS (see Methods). This
is indeed confirmed by all the theoretical models we tested.

For some cuprate families, the phonon dispersion along high-symmetry directions
in the BZ has been determined experimentally by means of INS measurements, and
the energy of the breathing modes was found to be in the range between 65 and 85 meV
[100–103]. However, their coupling to the electrons has not been determined, because
INS/IXS phonon linewidths are resolution-limited.

More recently, RIXS investigations have shown that the intensity of the half-
breathing mode scales as sin2(qxπ) in the (ζ,0) direction for Nd1+xBa2−xCu3O7−δ [51,
64], La1.8−xEu0.2SrxCuO4+δ [79, 81], La2−xSrxCuO4 [104, 105], Bi2Sr2−xLaxCuO6+δ

[90], Bi2Sr2CaCu2O8+δ [77, 106]. The agreement between RIXS observations and Eq. 2
strengthened the idea that the RIXS intensity is proportional to g̃ and that the TB
model is appropriate to describe the EPC in cuprates. However, so far, no systematic
investigation of the phonon intensity has been carried out along other paths in the
BZ, calling for a more robust experimental test of the Ament prediction (Eq. 1) and
of the TB model prediction of EPC (Eq. 2).

Experimental details

Å

We measured the phonon dispersion and intensities in three distinct cuprates families, 
all grown as thin films:

i) Infinite-layer C aCuO2 ( CCO), t hickness t  =  40 n m, l attice c onstants a  =  b  = 
3.85 ̊A, c = 3.2 ̊A.

ii) La2−xSrxCuO4+δ series. Antiferromagnetic (LCO-AF), x ≈ 0, δ ≈ 0, t ≈ 30 nm. 
Strongly underdoped, non-superconducting (LCO-UD0), x ≈ 0, δ ≈ 0.03, t ≈ 30 nm. 
Underdoped with Tc = 26 K (LCO-UD26), x ≈ 0, δ ≈ 0.12, t ≈ 30 nm. Opti-
mally doped with Tc = 33 K (LSCO-OP33), x ≈ 0.16, δ ≈ 0, t ≈ 18 nm. Although 
bulk L(S)CO would be orthorhombic at the temperatures where our experiment was 
conducted, our epitaxial L(S)CO films are all tetragonal with approximate lattice con-

stants a = b = 3.76 ̊A for all L(S)CO samples, while c = 13.15, 13.16, 13.19 and 13.24 
for the four samples respectively. Additionally, in Supplementary we discuss the RIXS 
measurements on another underdoped LCO sample.

iii) Antiferromagnetic YBa2Cu3O6 (YBCO-AF), hole doping p < 0.04, t = 50 nm, 
lattice constants a = b = 3.87, c = 11.83 ̊A.

Details of sample growth and characterization are discussed in Ref. [73, 107, 108] for 
CCO, in Ref. [73, 109, 110] for L(S)CO and in Ref. [111] for YBCO. All measurements 
were performed at the beamline ID32 of the European Synchrotron (ESRF, France) 
using the ERIXS spectrometer [112], with an overall energy resolution between 35 
and 45 meV at the Cu L3 edge (≈ 931 eV). All RIXS data are normalized only to the 
incident flux. To m aximize t he p honon s ignal, t he i ncident p olarization w as chosen 
to be σ, which is perpendicular to the scattering plane and parallel to the ab Cu-O 
planes, while there was no outgoing polarization analysis.

The detuning method was applied to estimate EPC in CCO, LCO-AF and YBCO-
AF. The data were acquired at q∥ = (−0.4, 0) r.l.u. with incident photon energy 
progressively detuned from the Cu L3 resonance, ∆ (see Fig. 3 (a)). The scattering
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angle 2θ was set to 149.5◦ and the temperature was kept constant at about 20 K. The
overall experimental geometry is schematically illustrated in Figure 3 (b). All detuning
spectra are corrected for geometrical and energy-dependent self-absorption effects.

The momentum (q)-dependence of the EPC was measured in all described samples
by moving along high-symmetry (ζ, 0) and (ζ,ζ) directions and along the azimuthal
direction with fixed q∥ = 0.4 r.l.u. in the BZ (see Fig. 3 (c)). In this work, the momen-
tum transfer q is expressed in reciprocal lattice units (r.l.u.), and its projection on
the basal ab plane is indicated as q∥. Special points in the BZ are labeled according
to the conventions introduced by Pintschovius et al. [101], which are appropriate for
the body-centered cell of L(S)CO (see schematic drawing in Fig. 2 (a)).

At a fixed scattering angle 2θ the modulus of the q∥ (q∥) is defined by the angle θ,
while the in-plane orientation of q∥ is set by the azimuth angle φ. It must be noted
that by 2θ we indicate the angle formed by kp and k’p, which is independent of the
value of θ; 2θ = 2 × θ only for q∥ = 0. With this convention, the (ζ, 0) direction
corresponds to φ = 0◦ and (ζ,ζ) to φ = 45◦. Since in φ scans the angles 2θ, θ and
χ are fixed, the self-absorption effect for each q∥ is exactly the same [113]. For that
reason, we did not apply the self-absorption correction to φ scans, whereas we did it
for all other momentum trajectories.

Detuning method

Figure 3 (d), (f), (g) displays RIXS spectra for the antiferromagnetic cuprates as a
function of detuning energy ∆. The strongest inelastic scattering signal is observed
between -1 and -3.5 eV which arises from crystal field dd-excitation. Similarly, the
spectral weight below -3.5 eV (not shown here) is attributed to charge-transfer (CT)
excitations. However, in this work we discuss more in details the energy region above
-1 eV (see insets) which includes contributions from elastic (0 eV), phonons (between
-0.03 and -0.08 eV), magnon (∼ −0.35 eV) and bimagnon (∼ −0.55 eV) peaks.

In order to extract quantitative information from our experimental results, we 
modeled the spectra using a standard multi-peak fitting a pproach ( see Fig. 3 ( e)). In 
particular, we used resolution-limited Gaussian profiles f or t he e lastic ( orange) and 
a low energy phonon branches (cyan), a broader Gaussian curve for the breathing 
phonon (red) and its overtone (gray) and damped harmonic oscillators for magnon 
and bimagnon excitations (pink and blue, respectively). Following the same approach 
as in our previous works [51, 64], we extract the integrated intensities (i.e., peak 
areas, I∆) of the inelastic excitations for each detuning energy ∆. These intensities are 
normalized to their on resonance value I0, and the resulting ratio I∆/I0 is plotted as 
a function of ∆, compared with the XAS spectrum normalized in the same way (see 
Fig. 4 (a)–(c)). We note that while the detuning dependence of dd and CT excitations 
coincide with the XAS decrease, in CCO and LCO-AF the magnon decays more slowly 
upon detuning and it resonates before the maximum of the XAS. On the other hand, 
the breathing phonon and bimagnon decay faster than XAS, highlighting the slow 
nature of the excitation process. Surprisingly, the maximum of the bimagnon peak 
seems to be shifted at higher energy with respect to the XAS maximum, an unusual 
behavior considering that Ref.[79, 93, 114] report opposite displacement for phonons.
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The detuning dependence of the magnon integrated intensity can be partially
explained by Ref. [115]. It suggests that the single spin-flip excitation is mostly unaf-
fected by the lifetime of the intermediate state, as it is primary formed during the
decay process. The reason why this feature has not been observed in YBCO-AF and
NBCO [64] could be a less sharp single magnon peak that overlaps with bimagnon.
This hallmark becomes particularly relevant when analyzing detuning data in highly
doped cuprates, as, for example, in Ref. [79]. In such cases, the broad paramagnon
significantly overlaps with the breathing phonon, making it difficult to separate the
two in a multi-peak fitting analysis. By accident, a part of the magnetic spectral
weight may be captured within the phonon Gaussian leading to slower decay of the
phonon area with detuning and, consequently, to the higher EPC. For these reasons,
we selected an experimental geometry where magnons are at high energies and the
phonons cross-section is maximized.

With these measurements, we can estimate the EPC in CCO, LCO-AF and YBCO-
AF using Eq. 1 (see Fig. 4 (d)-(f)). As discussed above, the value of g̃ is sensitive to
the choice of Γ. Here, we use the fitting procedure carried out with Γ = 0.41 eV, which
was determined experimentally. Considering that in literature smaller Γ are often
used, we also re-evaluate the strength of the EPC using Γ = 0.28 eV and Γ = 0.34 eV
(see Table 1). We note that reducing Γ leads to an increase in the estimated value
of M , although the overall variation is moderate. The values reported in Table 1 are
estimated for the undoped parent compounds. In doped samples, the values of M
are expected to increase by up to a factor of 2, as discussed in Refs.[51, 79]. We
note that the EPC values extracted from RIXS data are typically affected by sizable
uncertainties, including ours, and therefore should be interpreted as indicative rather
than absolute.

Table 1 Extracted EPC strength from detuning
analysis, assuming different values of the HWHM Γ.

Γ (eV) g̃ M (eV)

CCO 0.28 7.48 (±1.97) 0.20 (±0.03)
0.34 6.34 (±2.03) 0.19 (±0.03)
0.41 4.9 (±2.19) 0.17 (±0.04)

LCO-AF 0.28 5.6 (±1.48) 0.19 (±0.02)
0.34 4.7 (±1.44) 0.17 (±0.03)
0.41 3.51 (±1.46) 0.15 (±0.03)

YBCO-AF 0.28 8.93 (±1.06) 0.19 (±0.01)
0.34 7.35 (±1.06) 0.18 (±0.01)
0.41 5.38 (±1.30) 0.15 (±0.02)

Momentum-dependence of the EPC

Figure 5 (a)-(c) displays the RIXS intensity maps and (d) a stack of RIXS spectra
collected on CCO as a function of energy loss and momentum along high-symmetry
directions (a) (ζ, 0), (b) (ζ,ζ) and (c), (d) along the azimuthal direction with fixed q∥ =
−0.4 r.l.u.. To evaluate the momentum-dependence of the EPC we extract from the fit
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of the data the breathing phonon energies and integrated intensities, see Fig. 5 (e)-(h).
Since we know the EPC g̃ for q∥ = (-0.4,0) r.l.u. we calculate the proportionality factor
between theoretical and experimental integrated intensity and then use the Ament
model to evaluate g̃(q∥) and M(q∥), M(q∥) = ωq

√
g̃(q∥), for all q∥, see Fig.6 (a).

Figure 6 (b), (c) shows the evolution of M as a function of φ and q∥ where the colored
surrounding indicates the error bars. Despite the large uncertainty that propagates
from the error in the detuning result, we see a minimum in the φ dependence of M
at φ = 45◦. In the same way, in q∥ scans the extracted M along the (ζ, 0) direction
is larger comparing to the (ζ,ζ) direction. We highlight that all data are plotted for a
constant q∥, such that along the (ζ,0) direction the coordinates are (qx = ζ, qy = 0),

while along the (ζ,ζ) direction we have (qx = ζ/
√

2, qy = ζ/
√

2).
In addition to the quantitative analysys discussed above, we look at the data in

a simplified way assuming M(q∥) to be proportional to ωq

√
I1(q∥). As shown in

Fig. 6 (d), (e) the simplification leads to a smaller difference between (ζ,0) and (ζ,ζ)
directions and the φ scans become flatter, though the minimum at φ = 45◦ can still
be observed. As mentioned above, the deviation between the two approaches increases
for higher value of the experimental EPC g̃.

The q-dependence of the EPC in LCO-AF and YBCO-AF is shown in Fig. 7. For
LCO-AF (see panels (a)-(e)) the EPC is quasi-isotropic in φ for each q∥, while for
YBCO-AF (see panels (f)-(h)) with the Ament model we clearly observe a stronger
EPC along the (ζ, 0) with respect to (ζ,ζ). Due to the large value of g̃ obtained with
the detuning approach, the results from the simplified model deviate from those of the
full Ament model.

To investigate the effect of doping on the q-dependence of the EPC, we per-
formed additional measurements on three doped L(S)CO samples. Since we do not
have detuning data for these samples, our discussion is limited to qualitative observa-
tions. Figure 8 shows the collection of the experimental data (a)-(c) and the extracted
one-phonon energies ωq (d), integrated intensities I1 (e) and their product ωq

√
I1 (f)

for doped and antiferromagnetic L(S)CO. In LCO-UD0 and LCO-UD26 we detect a
large softening of ωq and an enhancement of I1 compared to LCO-AF. However, in√
two cases, the product ωq I1 remains almost constant in φ, suggesting that in this 
approximation oxygen-doping does not change the q-dependence of the EPC.

In LSCO-OP33 the overall RIXS intensity, including dd region, normalized to the 
incident photon flux i s s ignificantly weaker. In  principle, RIXS sp ectral weight might 
be strongly sample dependent, for instance significantly changing w ith t he thickness 
of the film a nd t he l evel o f d oping. H ere, e ven t hough ω q r emains n early unchanged

from LCO-AF, we find that the√anisotropy in I 1 is more pronounced when comparing 
φ = 0◦ and 45◦. As a result, ωq I1 shows a clear minimum at φ = 45◦.

Theoretical predictions
Fig. 9 shows the evolution of the EPC strength M according to the TB model (see 
Eq. 2) and the integrated one-phonon intensity I1 (I1 is almost proportional to g̃ =
M2/ω2

q ∝ sin2(qπ)/ω3
q) along the (ζ,0), (ζ,ζ), and azimuthal directions, using the 

phonon dispersion determined from the fitting of our spectra. It is important to note
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that since the breathing mode is characterized by a relatively large dispersion, the
q-dependence of I1 and M do not coincide due to the ω3

q term in the denominator.
One prominent feature of our experimental data is that the estimated EPC M

of the breathing phonon at φ = 45◦ is smaller than at φ = 0◦ which is opposite to
the theoretical prediction based on the TB model (see Fig. 9 (b)). In particular,the
experimental difference M(45◦) < M(0◦) at q∥ ≈ 0.4 r.l.u. is ∼ 20 % in CCO, ∼
15 % in LCO-AF and ∼ 27 % in YBCO-AF with respect to theoretical curves where
M(45◦) > M(0◦) by ∼ 12 %. The same effect is observed for large q∥ along the (ζ,0)
and (ζ,ζ) directions (see Fig. 9 (a)). However, if we consider separately the evolution
of the phonon peaks along the (ζ,0) and (ζ,ζ) the shape is fitted well by the theory.
This explains why this discrepancy was not detected in previous works, which only
reported measurements along a single high-symmetry direction [51, 64].

The dependence on q∥ is qualitatively the same in all cuprates, strongly suggest-
ing that there is a general discrepancy between the one-phonon experimental RIXS
EPC and the theoretical one, calculated by combining Eq. 1 from Ref. [47] and Eq. 2
from Ref. [5, 6, 66, 67]. We note also that hints of this discrepancy can be found in
supplementary figures of some recent articles on charge order in cuprates [83, 116].

Density functional theory

To move beyond TB, the RIXS phonon intensity can be calculated using Ament’s
formula with the EPC obtained from DFT [13–16]. Compared to TB, DFT pro-
vides a more complete description of the electronic structure, although the effects of
correlation are largely missing in both models.

DFT calculations are routinely performed to estimate the phonon linewidth in the
INS and IXS experiments, and it is worth emphasizing the difference between these
calculations and those required for the RIXS amplitude. The linewidth γq is related
to the EPC constant as follows

γqj = 2πωqj
1

Nk

∑
k

∑
µν

∣∣∣gqjkµ,k+qν

∣∣∣2 ×
×δ(ϵkµ − ϵF )δ(ϵk+qν − ϵF ),

(3)

where the indices µ and ν label electronic bands occupied by the electron before and
after the scattering with a phonon, respectively. Eq. 3 contains a sum over scattering
processes between electronic states very close to the Fermi energy ϵF , weighted by the
squared EPC matrix elements g(k,q) for phonon branch j. In practice, in the calcula-
tions the delta functions are replaced by Gaussians confined to a rather small energy
range around the Fermi level (here with a width of 0.2 eV, see inset in Fig. 10 (d)). In
the following we neglect the index j and refer exclusively to the bond-stretching mode.

For our purposes, we can define a joint density of states (JDOS) χq:

χq =
1

Nk

∑
k

∑
µν

δ(ϵkµ − ϵF )δ(ϵk+qν − ϵF ) (4)
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Eq. 4 looks similar to the formula for γq, but without the EPC matrix elements. χq

is a purely electronic property that depends only on q, not on the specific phonon
branch. χq can be used to define an average of the EPC matrix elements:

⟨M⟩ =
√〈

g2q
〉

=

√
γq

2πχqωq
. (5)

We performed DFT calculations for La2CuO4 in the high-temperature tetragonal 
(HTT) phase. DFT calculations of phonon properties and EPC matrix elements were 
based on density functional perturbation theory [117] as implemented for a mixed-basis 
pseudopotential method [118, 119], following previous work on phonons of cuprates 
[14, 33, 34]. The exchange-correlation functional is treated in the local-density approx-
imation [120]. We focused on the (ζ,0), (ζ,ζ) and φ lines for q∥ = 0.4 r.l.u. and L = 0.76 
r.l.u. to follow closely the experimental paths, though the L-value is not very impor-
tant in our calculations. The coupling to phonons in the RIXS process occurs via the 
intermediate state, which involves electronic states over a wider energy window, in 
contrast to the pairing interaction in phonon-mediated superconductivity, where only 
states very close to the Fermi energy contribute. To take into account this larger energy 
spread, we set the width of the Gaussian to 0.2 eV. Although the EPC extracted from 
RIXS data cannot be used directly in the McMillan equation [121], we expect it to 
be closely connected to the electron–phonon interaction relevant for superconductiv-
ity. We found that only minor details in magnitude and momentum dependence are 
sensitive to the details of the mesh and Gaussian energy width (e.g. setting it to 0.1 
eV), indicating that the overall trends are robust. For each q point, we calculated ωq 
(directly from DFT), γq (from Eq. 3), χq (from Eq. 4), and the EPC constant ⟨M⟩
(from Eq. 5).

The results of our DFT calculations, which we denote as M -DFT, are displayed in 
Fig. 10 (a)-(h). For the (ζ,0) and (ζ,ζ) scans, the dark red and blue lines correspond 
to the pure half-breathing and full-breathing modes, respectively, while the BS10 and 
BS11 modes are not shown. Since the BS10 and BS11 modes are assumed to be silent 
in RIXS (see Methods), we focus our analysis only on the breathing modes. How-
ever, in the φ scan, these four modes overlap in our calculations, resulting in a small 
overestimate of M at φ = 45◦.

It is worth emphasizing that i) γq is larger along (ζ,ζ) as compared to (ζ,0), so 
that a φ scan would have a maximum at 45◦; ii) the JDOS χq also has a strong q-
dependence, showing a marked drop along (ζ,0) towards ζ = 0.5 r.l.u., while being 
larger and flatter a long (ζ,ζ); i ii) ⟨M⟩ shows a  reversed b ehavior as compared to γq, 
being larger at (ζ,0) than at (ζ,ζ), while the sum over both branches has a minimum 
for φ = 45◦. This looks qualitatively different f rom the TB model (Eq. 2) and similar 
to the experimental data.

Notably, the M -DFT results also show good quantitative agreement with the tight-
binding calculations, even though it slightly underestimates the experimental value of 
the EPC. At q∥ = (0.4, 0) r.l.u. both approaches find M  of the order of 80 meV while 
from detuning we extract ∼ 150 meV. The possible reasons for this result are explained 
in the earlier works [6, 29] and are related to the fact that DFT always treats cuprates
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as metals. In particular, the high mobility of the electron induces a strong Coulomb
screening that may consequently reduce the coupling of electrons to phonons.

We note that our DFT calculations were performed on the ideal HTT structure
with formally no doping. Since doping affects the shape of the Fermi surface, the q-
dependence of the EPC quantities can in principle also be affected, and can also be
slightly different for different cuprate families. However, based on our experimental
data, there are no major differences in the general shape of the EPC vs φ for all
samples.

Resonant form factor modulation

Having analyzed the merits and limits of Ament’s model as combined with TB or DFT,
and having found that it works quite well despite the evident contradiction of adopting
a local description of the scattering process and of the vibrational excitation (Einstein
phonon) to study a non-local property such as the q-dependence of the EPC, we can
try to further simplify the approach by getting rid of the EPC, while still capturing the
collective properties of phonons. The idea is to bluntly ignore the electronic structure
and focus totally on the description of the RIXS process at local level, but to take
into account the q-dependent symmetry properties of the phonon mode. Therefore,
we propose a method to calculate the RIXS one-phonon intensity I1(q) that does not
include the EPC explicitly and does not use Ament’s formula (Eq. 1). This model,
which we name resonant form factor modulation (RFFM) for reasons that will soon
become clear, is directly inspired by the INS one-phonon structure factor, which, apart
from a pre-factor k′p/kp, is identical to the structure factor of a static modulation with
the same wavevector and displacement pattern of the phonon. When calculating the
resonant elastic x-ray scattering (REXS) form factor for the same static modulation,
the neutron diffraction (ND) expression requires a modification, because, unlike the
Fermi length, the resonant atomic scattering factor (or resonant form factor, for short)
depends on the local environment. Note that the resonant form factor depends upon
the incident and scattered x-ray polarization, thus encoding information about the
different polarization channels (not discussed here). Importantly, we assume the modes
to be dispersionless with the constant frequency ωq.

In general, the linearized expression of the REXS structure factor for a generic
scattering vector Q (capital letter to indicate the total wave vector, not reduced to
the first Brillouin zone as indicated elsewhere by q) can be written as the sum of two
terms (see Methods for further details):

F±
tot(Q) = FI(Q) + F±

II(Q) (6)

where

FI(Q) =
∑
i

(
∂fi
∂Q

)
eiQ·riQ0

(7)



ARTI
CLE

 IN
 P

RES
S

ARTICLE IN PRESS

F±
II(Q) =

∑
j

(εj ·Q)f0
j e

∓iφjeiQ·rjQ0
(8)

and

I1(q) ∝
k′p
kp

|Ftot(Q)|2 δ(Ef − Ei − ℏωq) (9)

Here, f0 is the total form factor (non-resonant plus resonant) in the ground-state
(undistorted) structure, ∂f/∂Q is the derivative of the resonant form factor with
respect to the phonon coordinate Q, and Q0 ∝

√
1/ωq meff is the one-phonon ampli-

tude, where meff is the mode effective mass. The indices i and j run over the resonant
sites and over all sites, respectively, rj are the relative position vectors of the sites
in the unit cell, and φj are the phases of the phonon for the different sites. The two
signs indicated by ± are for the two directions of the propagation vector. As for the
case of INS, the phonon is modeled as a rigid shift of the atoms from their equilibrium
position with a pattern defined by the mode branch and the wavevector Q (frozen
phonon). The F±

II(Q) defined in Eq. 8 contains both resonant and non-resonant con-
tributions but is formally identical to the neutron scattering term (with the Fermi 
length replacing the form factor) and is entirely due to the ionic displacements. By 
contrast, FI (Q) can be neglected for INS and IXS, because it emerges only at reso-
nance as due to the modulation of the resonant form factor arising from the structural 
distortion around each resonantly scattering site. Therefore, for IXS and INS the one-
phonon intensity is given by Eqs. 6 and 9 with FI (q) = 0; the term FII (q) is known 
as dynamical structure factor. By contrast, for RIXS both FI (q) and FII (q) in Eq. 6 
need to be retained, and FI (q) is totally dominant in certain conditions.

For RIXS measurements on cuprates at the Cu L3 edge, the variation of the RIXS 
resonant form factor fCu is almost entirely due to the breathing displacement of the 
nearby oxygen atoms. Moreover, since the high-energy breathing modes involve mainly 
the motion of the oxygens, the displacement of copper is εq ≃ 0, the contribution of 
the second term in Eq. 6 can be neglected. Therefore, in our RFFM model, considering 
that there is only one resonant Cu atom per unit cell, the RIXS intensity is taken to 
be given by Eqs. 6 and 9 with FI (q) = (∂fCu/∂Q) Q0.

The RFFM model has the merit of being extremely simple, especially with the 
further simplification we make here below. Before proceeding further, it is worth con-
sidering to what extent this model can also be realistic. Since the dynamical structure 
factor is obtained from a frozen phonon model, it is in principle exact for zero energy 
transfer, and should be a valid approximation provided that the inverse of the phonon 
frequency is larger than the core hole lifetime, since in this scenario the scattering 
process could be thought as ‘seeing’ an effectively f rozen p honon ( this i s e xactly the 
approximation that is made for INS and IXS). Even though the microscopic basis of 
the RFFM model is yet to be determined, as we shall see, it is in remarkable agreement 
with TB, and very close to DFT (both models being based on the Ament’s formula), 
indicating that the q-dependence of the phonon intensities is captured by the same 
underlying features in all models.
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A priori, ∂fCu/∂Q is strongly energy-dependent, and calculating its q-dependence
for a given energy is far from straightforward. We therefore make a further, bold
simplification by re-expressing the oxygen displacements in terms of the phonon eigen-
vectors and assuming that ∂fCu/∂Q is proportional to the mean squared breathing
displacement of oxygen around Cu.

In an extremely simplified version (s-RFFM), we construct a ‘toy model’ of the
phonon (see Methods), which, for the half- and full-breathing modes, yields

IHB ∝ sin2(πζ) =
1

2
sin2(πq∥)

IFB ∝ 2 sin2(πζ) = sin2(πq∥/
√

2)

(10)

which produces an identical result to Eq. 2 assuming ωq as a constant.
For the s-RFFM mode, we can also verify straightforwardly that the RIXS phonon 

intensity is expected to be zero for the other two bond-stretching branches (shown in 
Fig. 2 with dashed lines).

One can make further progress by inserting the more realistic phonon displacement 
parameters from DFT into the RFFM model (which we denote DFT-RFFM). In this 
case, we employed DFT to calculate the q-dependence of the eigenvectors, including 
the term Q0 in Eq. 7, for the two highest phonon branches along (ζ,0), (ζ,ζ), as well 
as the dependence of the RFFM intensity on the azimuth φ at fixed q ∥. N ote that, 
at intermediate values of φ, the contribution of the second bond-stretching branch to 
the intensity is not exactly zero. Therefore, we have calculated the intensity as the 
superposition of the two phonons, since they are too close in energy to be resolved.

Comparison between different theoretical models and with
experiments

Figure 11 (a)-(b) shows a comparison between the RIXS phonon q-dependent inten-
sities calculated using the TB, s-RFFM, and DFT-RFFM models. Remarkably, the 
TB and s-RFFM models yield identical results (for ωq = const, while DFT-RFFM 
is only slightly different, indicating that the displacement patterns of our ‘ toy model’ 
is a good approximation of the breathing phonons displacements. This suggests that 
the difference i n i ntensities b etween t he t wo b ranches a rises p rimarily f rom t he dif-
ferent projection of the phonon displacements onto the active x2 − y2 orbitals, which 
is captured by the models in a very similar way. However, the azimuthal dependence 
in TB, s-RFFM, and DFT-RFFM models is opposite to the experimental data, which 
are rather better described by M -DFT approach.

As pointed out above, the main difference between the TB approach and M -DFT 
calculations is how the electronic band structure of cuprates is taken into account. 
Indeed, one of the approximations in the derivation of Eq. 2 is the averaging over the 
Fermi surface of a more general expression of the EPC of the breathing modes [6]. As 
a consequence, the dependence on the electron wavevector k completely disappears for 
this specific case. M -DFT does not go through such a  simplification, since g(k, q)  for 
each k is calculated numerically within a certain bandwidth around the Fermi level,
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and the k averaging is performed afterwards. Likewise, the RFFM model in either the
simplified version (s-RFFM) does not consider the electronic structure at all, while
DFT-RFFM includes it only indirectly. However, it takes into account the phonon
symmetries and displacement patterns correctly. This explains the similarities of the
RFFM with TB Eq. 2 and the differences with M -DFT.

Discussion

This work had several objectives: i) to assess the reliability of the Ament formula
[47] which allows to extract EPC from one-phonon RIXS intensities; ii) within the
approximations of this model, to quantitatively determine EPC in widely studied
antiferromagnetic cuprates; and iii) to measure its momentum dependence throughout
the entire BZ. We specifically investigated the breathing phonon mode in CCO, LCO-
AF and YBCO-AF with the detuning method at the Cu L3 edge. The EPC values in
all three cases are nearly identical, ranging from 0.15 to 0.17 eV at q∥ = (−0.4, 0) r.l.u..
Next, we focused on the evolution of the EPC and phonon intensity with q∥ comparing
them with different theoretical models, including two (based on TB and DFT) that
calculate intensities using Ament formula and one that does not. Experimentally, once
the correspondence between I1 and g̃ was established, we used the Ament curve to
convert the measured one-phonon intensity I1 into the corresponding coupling g̃ and M
at different q||. We observed that EPC M is a monotonic increasing function of q∥ and√ √
it is consistently ∼20 % higher at q∥ = (−0.4, 0) than at q∥ = (−0.4/ 2, 0.4/ 2) r.l.u. 
across all samples. We further investigated the q-dependence in differently doped 
L(S)CO. Although a quantitative estimation of the EPC is not available for these 
samples, the overall trend of M(q∥) appears to be very similar.

We found that the theories we tested lead to rather consistent results but are not 
fully satisfactory. Indeed we found that the gross features of the relative q-dependent 
RIXS intensities can be captured equally well by all the models. Remarkably our 
new model of the RIXS dynamical structure factor that is not based explicitly on the 
EPC and is not based on Ament’s formula gives results identical to the prediction of 
Ament’s formula combined with tight-binding calculations of the EPC [122]. Moreover, 
the fixed q ∥ φ-scans of our experiments are not reproduced by the TB model [5, 6, 66, 
67, 91, 92], while DFT calculations reproduce the q-dependent intensities somewhat 
more accurately, most likely due to a better modeling of the electronic band structure 
of cuprates.

Although the Ament model is simplified in several respects, i t captures the essen-
tial features of phonon excitations in RIXS. The momentum dependence of the EPC 
extracted using this model exhibits the sinusoidal behavior predicted by both TB and 
DFT calculations, as well as by symmetry considerations. At q|| = (0.5, 0) r.l.u., the 
Ament model gives a coupling value approximately twice the predictions of DFT and 
TB, while remaining of the same order of magnitude. We remark that it will be inter-
esting to see how more advanced computational models [48, 89, 123, 124] can refine 
the extraction of the EPC strength and momentum dependence in cuprates, and help 
fully clarify the limitations of the Ament model.
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We note that the influence of the electronic band structure on the phonon peak
intensity in RIXS is even more complex if several resonances are present in the absorp-
tion spectrum. For example, in C K edge RIXS of graphite the multi-phonon features
are different at the π∗ and σ∗ resonances, which select different bands for the interme-
diate state [56]. Similarly, at the O K edge in the 1D compound Ca2+5xY2−5xCu5O10

the EPC was found different at the upper and lower band [53]. Therefore, in such cases
more sophisticated calculations like Green’s function or exact diagonalization methods
have to be employed to reliably extract the EPC from the experimental data.

Our results raise questions about the interplay between the ubiquitous charge order
(CO) in cuprates and lattice excitations. In doped cuprates, the breathing phonon
typically exhibits a pronounced softening in energy and a concurrent enhancement in
intensity near the CO wave vector. However, under the simplifying assumption that
M ∝ ωq

√
I1, these two effects tend to compensate each other, suggesting that the

EPC M does not necessarily increase.
We conclude that, pending further theoretical developments, although care should

be taken in interpreting one-phonon RIXS intensities as a direct measure of the EPC,
the q-dependence encodes the main symmetry properties of the phonon modes and is
also sensitive to the details of the electronic structure. In particular for the in-plane
bond-stretching mode in cuprates, different families are characterized by a similar φ-
dependence of the EPC irrespective of the doping. It suggests that the main features
that influence the EPC are of the Cu-O plane, common among all high-Tc super-
conductors and their parent compounds. Finally, we note that at the O K edge the
extraction of the EPC can be challenging because of the multiple absorption reso-
nances in the XAS, associated to the hybridization of oxygen with different nearby
ions [93]. In those circumstances, resonances are partly overlapping and tuning to the
maximum of one absorption peak inevitably means detuning from others. Disentan-
gling which phonon modes are excited at each resonance and how the incident energy
affects the various phonon intensities can be a difficult task. Therefore, results at O
K and Cu L3 edges have to be compared with care to derive consistent and reliable
estimations of the EPC in cuprates.

Methods

Derivation of the 1-phonon structure factor

We begin with the well-known expression for the inelastic scattering cross section for
phonons, which should be valid regardless of the probe:

∂2σ

∂Ω∂Ef
=

kf
ki

S(Q, ω) (11)

where

S(Q, ωq) = δ(Ef − Ei − ℏωq) |F (Q, q)|2 (12)
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and

F (Q, q) =
∑
n

∑
i

fi(n)eiQ·(Rn+ri+δi(n)) − Fel(Q) (13)

is the phonon structure factor, Fel(Q) is the elastic-scattering structure factor, the
n-sum runs over unit cells and the i-sum runs over sites within the unit cell. In the
case of neutrons, fi(n) is the Fermi length independent of n, while for x-rays we can
generally write:

fi(n) = εi · F i(n,E) · εi (14)

where εi, εf are the incident and scattered photon polarization and F i(n,E) rank-
2 complex tensor (is strongly an energy-dependent for resonant processes) that can
depend on the unit cell (see below). This dependence comes about because the ampli-
tude of the distortion due to phonons is different in different unit cells. To first order,
we can write:

fi(n) ≃ f0
i +

∂fi
∂Q

Q(n) (15)

and for a cos-wave phonon with propagation vector q

Q(n) = Q0 1

2
(eq·Rn + c.c.) (16)

where Q0 is the one-phonon amplitude.
Similarly, we can write:

δi(n) = Q0εi
1

2
(eiq·Rn+φi + c.c.) (17)

where the φi are phase shifts for individual atoms.
In the limit of small Q0, we can do the following approximation:

eiQ·δi(n) ≃ 1 + Q0i(Q · εi)
1

2
(eiq·Rn+φi + c.c.) (18)

Inserting the previous equations into Eq. 13 and to linear order in Q0, we obtain:∑
n

∑
i

fi(n)eiQ·(Rn+ri+δi(n)) =
∑
n

eiQ·RnF 0(Q)

+Q0
∑
n

ei(Q+q)·RnF−(Q)

+Q0
∑
n

ei(Q−q)·RnF+(Q)

(19)
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with

F 0(q) =
∑
i

f0
i e

iQ·ri

F−(Q) =
∑
i

(
∂fi
∂Q

+ f0
i (εi ·Q)ei(φ+π/2))

)
eiQ·ri

F+(Q) =
∑
i

(
∂fi
∂Q

+ f0
i (εi ·Q)ei(−φ+π/2))

)
eiQ·ri

(20)

In the approximation of an infinite lattice, the lattice sums in n in Eq. 19 can be
converted into δ functions as usual, yielding:∑

n

∑
i

fi(n)eiQ·(Rn+ri+δi(n)) = δ(G−Q)F 0(Q)

+Q0δ(G− (Q + q))F−(Q)

+Q0δ(G− (Q− q))F+(Q)

(21)

G being a reciprocal lattice vector. The first term correspond to the Bragg (elastic)
cross section and is subtracted off in Eq. 13, while the other two yield peaks at Q =
G− q and Q = G + q, respectively.

Simplified RFFM model

In the present case, there is only one Cu atom located at the origin, surrounded by
four oxygen atoms, two located in the same unit cell and two in adjacent unit cells.
In the presence of a bond-stretching phonon, their normalized O displacements are
summarized in Table 2, while Cu displacements can be omitted to first order.

Table 2 Normalized oxygen displacements for our
simplified model of bond-stretching phonons, which are
all degenerate at the Γ point. The half-breathing mode
(HB) and the BS10 mode disperse along the (ζ, 0)
direction, while the full-breathing mode and the BS11

mode (also known as the quadrupolar mode), disperse
along the (ζ, ζ) direction.

O site HB FB BS10 BS11

( 1
2
, 0) (eπiζ , 0) (eπiζ , 0) (0, 0) (eπiζ , 0)

(0, 1
2
) (0, 0) (0, eπiζ) (0, 1) (0,−eπiζ)

(− 1
2
, 0) (e−πiζ , 0) (e−πiζ , 0) (0, 0) (e−πiζ , 0)

(0,− 1
2
) (0, 0) (0, e−πiζ) (0, 1) (0,−e−πiζ)

Time-dependent displacements for the unit cell labeled as [nx, ny] are obtained as

(δx, δy)(t) = Q (ϵx, ϵy)

2

(
ei(2π(qxnx+qyny)−ωt) + c.c.

)
(22)
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where (ϵx, ϵy) are from Table 2.
In our simplified model, we assume that the change of the Cu form factor is pro-

portional to the mean squared amplitude of the coherent breathing displacement of
the oxygens towards (or away from) Cu.

∂f

∂Q
=

1

Q

√
⟨∆d2B⟩ (23)

In other words, we ignore distortions of the local environment that do not affect
the average Cu-O bond lengths. We can immediately see that modes BS10 and BS11

produce no coherent breathing displacement, hence we expect that their RIXS inten-
sity will be very small (this is entirely consistent with other theoretical models based
on the EPC coupling).

For the HB and FB modes, the average change in bond lengths over a pair of
co-aligned Cu-O bonds meeting at the origin is:

Q sin(πζ) sin(ωqt) + O(Q2) (24)

which has amplitude ∆dB = Q sin(πζ).
Taking the root mean square over the four bonds, one obtains:

[
∂f

∂Q

]
HB

=
1√
2

sin(πζ)[
∂f

∂Q

]
FB

= sin(πζ)

(25)

From this, one can calculate the expected one-phonon RIXS intensity, which is
taken to be proportional to |∂fi/∂Q|2

IHB ∝ sin2(πζ) = sin2(πq∥)

IFB ∝ 2 sin2(πζ) = 2 sin2(πq∥/
√

2)
(26)

Eq. 26 should be compared with the TB expression (Eq. 2):

ITB ∝ sin2(πq∥ cosφ) + sin2(πq∥ sinφ) (27)

Remarkably, the TB model (Eq. 2) and 27 produce an identical dependence on q∥
along the two high-symmetry directions.
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DFT-RFFM

For the DFT-RFFM model, breathing displacement amplitudes are calculated using
the O and Cu eigenmodes obtained from DFT. The average Cu-O breathing
amplitudes along x and y are:

∆Bx = Q Qx sin(πqx)

∆By = Q Qy sin(πqy)
(28)

and the mean squared displacement is

∆RMS =
Q√

2

√
Q2

x sin2(πqx) + Q2
y sin2(πqy) (29)

Hence, for the intensity

I ∝ Q2
x sin2(πqx) + Q2

y sin2(πqy) (30)

Eqs. 2, 27 and 30 yield the same result with Qx = Qy = 1. The DFT-RMMF model 
is obtained by replacing Qx and Qy with the eigenmodes obtained from DFT.

Data availability. RIXS data of some experiments are available at 
ESRF portal HC4412 [125], HC4607 [126], HC5029 [127], HC5221 [128] and 
HC5627 [129]. The data from experiments HC4000 and HC4149 are available on 
https://doi.org/10.5281/zenodo.17865235.
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V., Büchner, B., Brink, J., Braicovich, L., Schmitt, T., Daghofer, M., Geck, J.:
Femtosecond Dynamics of Momentum-Dependent Magnetic Excitations from
Resonant Inelastic X-Ray Scattering in CaCu2O3. Phys. Rev. Lett. 112, 147401
(2014) https://doi.org/10.1103/PhysRevLett.112.147401

[116] Arpaia, R., Martinelli, L., Sala, M.M., Caprara, S., Nag, A., Brookes, N.B.,
Camisa, P., Li, Q., Gao, Q., Zhou, X., et al.: Signature of quantum criticality
in cuprates by charge density fluctuations. Nature Communications 14(1), 7198
(2023) https://doi.org/0.1038/s41467-023-42961-5

[117] Baroni, S., Gironcoli, S., Dal Corso, A., Giannozzi, P.: Phonons and related
crystal properties from density-functional perturbation theory. Rev. Mod. Phys.
73, 515–562 (2001) https://doi.org/10.1103/RevModPhys.73.515
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Fig. 1 Features of phonon excitation in RIXS. A scheme of phonon generation in RIXS process
at the Cu L3 edge in (a) real and (b) reciprocal spaces. Here, kp, ωp (k′

p, ω
′
p) are the wavevector

and energy of the incoming (outgoing) photon; kc, ϵc are the wavector and energy of the core-hole;
k, ϵ (k′, ϵ′) are the wavevector and energy of the photo-excited electron before (after) the phonon
generation; q, ωq are the wavevector and energy of the created phonon. For the conservation of the
momentum and energy: k′ = k+ q, k′

p = kp + q, ωq = ωp − ω′
p = ϵ− ϵ′, ϵc = ϵ− ωp = ϵ′ − ω′

p. (c)
Experimental XAS curve in total electron yield of the antiferromagnetic La2CuO4 (LCO-AF) around
the Cu L3 edge resonance and its Lorentzian fitting. (d) Calculated g̃-I1 relationship from Eq.1 for
ωq = 75meV, ∆ = 0 and three different values of Γ. (e) Raw (not normalized) RIXS spectra of LCO-
AF at the Cu L3 (black) and L2 (red) edges. The high energy phonon mode at ∼ 0.08 eV is indicated
by arrow. The ratio between the phonon and elastic peak is considerably lower at the L2 edge.
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lated phonon dispersion curves in La2CuO4. The high-energy phonon branches that can be studied
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Fig. 3 The detuning dependence of RIXS spectra.(a) XAS plot of CCO around the Cu L3

resonance, taken by measuring total electron yield. Arrows indicate incident photon energies in RIXS
detuning study. (b) A sketch of the experimental geometry. (c) Trajectories in the BZ along which the
q-dependence of the EPC was measured. (d) RIXS spectra of CCO collected at q∥ = (−0.4, 0) r.l.u.
as a function of the detuning energy ∆. The inset highlights low-energy features, including phonon
excitations. (e) Decomposition and fitting of a RIXS spectrum of CCO at resonance (∆ = 0). The
fitting procedure is described in the main text. (f), (g) Same as panel (d), but for YBCO-AF and
LCO-AF, respectively.
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Fig. 4 The detuning dependence of RIXS excitations.(a)-(c) The evolution of the integrated
intensity of various excitations (symbols) upon detuning in CCO, LCO-AF and YBCO-AF on top of
corresponding XAS plot (gray area). (d)-(f) Fitting curves (solid lines) calculated using Eq.1 to extract
EPC of the breathing mode. The empty circles show detuning dependence of the integrated phonon
intensity. The value of g̃ is related to the width of the detuning curve: a wider curve corresponds to
a larger g̃. The parameters for the Ament model and extracted EPC are summarized in each panel.
Here and in the following, error bars indicate the 95% confidence interval from the fit.



ARTI
CLE

 IN
 P

RES
S

ARTICLE IN PRESS

	 � � � 	 � � � 	 � � � 	 � � � 0 . 0

	 �

	 �

	 �

	 �

0

0 . 0 0 . 2 0 . 45 0

6 0

7 0

8 0

0 . 0 0 . 2 0 . 40

1 0

2 0

0 4 5 9 05 0

6 0

7 0

8 0

0 4 5 9 0

1 2

1 4

1 6

1 8

0 . 1 0 . 2 0 . 3 0 . 4
	 � � � �

	 � � � �

	 � � � �

0 . 0 0

0 . 0 4

0 . 0 8

0

5I n t e n s i t y
( a r b . u n i t s )

C C O , z 0

Γ 0 . 5 , 0

( a )

En
erg

yo
ut-

in
(eV

)

q | | ( r . l . u . )
0 . 1 0 . 2 0 . 3 0 . 4

0
5

Γ

0 . 5 , 0 . 5( b )

q | | ( r . l . u . )

C C O , z z
0 1 5 3 0 4 5 6 0 7 5 9 0

0

4

C C O , q | | = - 0 . 4

Γ- 0 . 5 , 0

( c )

ϕ ( ° )

4 5 °

9 0 °

0 °

E n e r g y o u t - i n ( e V )

Int
en

sity
(ar

b.
un

its)

( d ) C C O , q | | = 0 . 4

ζ 0 e x p
ζ 0 f i t
ζζ e x p
ζζ f i t

( e )

q | | ( r . l . u . )

En
erg

y,
ω

q(
me

V)
ζ 0
ζζ

( g )

q | | ( r . l . u . )

Int
.In

ten
sity

,I 1
(ar

b.
un

its)

( f )

ϕ ( ° )

( h )

Γ

ϕ ( ° )

Fig. 5 RIXS spectra of CaCuO2.Experimental RIXS intensity maps along the (a) (ζ,0), (b)
(ζ,ζ) and (c) azimuth path. The trajectories in the reciprocal space are indicated in the insets. (d)
A stack of RIXS spectra in the φ scan. The red and blue curves indicate spectra at (-0.4,0), (0,0.4)
and (-0.4/

√
2,0.4/

√
2) in r.l.u, respectively. (e), (f) Experimental breathing phonon energy (symbols)

with q∥ along the same path as in (a), (b) and (c). The inset colormap in (f) indicates the adopted
color-q∥ convention. The dashed lines are the fitting of the phonon dispersion which are subsequently
used to reduce the number of free fit parameters as an input for theoretical calculations. (g), (h)
Experimental evolution of the breathing phonon integrated intensity with q∥ along the same paths
as in (e) and (f). All data are taken at 20K and 2θ = 149.5◦.
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Fig. 6 EPC in CaCuO2. (a) Curves of the Ament model for CCO calculated for two different ωq.
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EPC strngth M as a function of q∥ along the azimuth and (ζ,0), (ζ,ζ) directions. (d), (e) Evolution

with φ and q∥ of the product ωq
√
I1 which is defined as a simplified version of the Ament model in

the main text.
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Fig. 7 EPC in La2CuO4 and YBa2Cu3O6. (a) Fit (solid lines) of RIXS data (markers) of LCO-
AF corresponding to φ = 0◦ (red) and φ = 45◦ (blue). The phonon Gaussians are highlighted with
filled area, while other fitting features are omitted for clarity.(b) Evolution of the breathing phonon
EPC strngth M along the azimuth path. (c) φ evolution of the product ωq

√
I1. (d), (f) Same as

panels (b) and (c), but for (ζ,0) and (ζ,ζ) directions. All for LCO-AF are taken at 20K. φ scan
was performed at constant 2θ = 149.5◦ and q∥ = −0.4 r.l.u. (ζ,0) and (ζ,ζ) scans were performed at
constant L = 1.3 r.l.u. (q-component along c) and negative ζ. (f), (g), (h) Same as panels (a), (d) and
(e), respectively, but for YBCO-AF. (ζ,0) and (ζ,ζ) scans were performed at constant 2θ = 149.5◦

and positive ζ. The data for YBCO-AF are taken at 200K.



ARTI
CLE

 IN
 P

RES
S

ARTICLE IN PRESS

� � � � 0 . 00
1
2
3
4

� � � � 0 . 0 � � � � 0 . 0

0 4 5 9 0 0 4 5 9 00 4 5 9 06 0
7 0
8 0
9 0

0 4 5 9 00
5

1 0
1 5
2 0

0 4 5 9 0 0 4 5 9 0

0 4 5 9 07
8
9

1 0

0 4 5 9 0 0 4 5 9 0 0
2
4
6
8
1 0

0 °
4 5 °

E n e r g y o u t - i n ( e V )

Int
en

sity
(ar

b.
un

its)
( a ) L C O - U D 0

q | | = - 0 . 4
0 °
4 5 °

E n e r g y o u t - i n ( e V )

( b ) L C O - U D 2 6
q | | = - 0 . 4

0 °
4 5 °

E n e r g y o u t - i n ( e V )

( c ) L S C O - O P 3 3
q | | = - 0 . 4

U D 2 6 O P 3 3
A F
U D 0

( d )

En
erg

y,
ω

q(
me

V)

A F
U D 0

( e )

I 1(
arb

.u
nit

s)

U D 2 6

O P 3 3

U D 0( f )

ω
q�

� 1×
10

-1 (ar
b.

un
its)

ϕ ( ° )

U D 2 6

ϕ ( ° )

O P 3 3

ϕ ( ° )

Fig. 8 Qualitative evolution of the EPC in La2−xSrxCuO4+δ. (a)-(c) Collection of the exper-
imental data for LCO-UD0, LCO-UD26 and LSCO-OP33. (d) The extracted one-phonon energies
ωq for three doped samples (red-orange-blue circles) and for LCO-AF (gray circles). (e) Extracted
integrated intensities I1 for three doped samples (red-orange-blue squares) and for LCO-AF (gray
squares). (f) The product ωq

√
I1 for the three doped samples (red-orange-blue diamonds). All data

are taken at 20K and 2θ = 149.5◦.
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Fig. 9 EPC with TB model. (a), (b) Theoretical evolution of the EPC strength M along the
(ζ, 0), (ζ,ζ), and azimuthal directions for all investigated cuprates from the TB model. The material
dependence is taken into account via their phonon dispersions. (c), (d) The corresponding one-phonon
integrated intensity for all investigated cuprates. Due to non negligible dispersion its evolution with
q∥ and φ can be opposite to the evolution of M .
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Fig. 10 EPC with DFT. (a)-(h) The EPC quantities calculated with DFT along (a)-(d) the (ζ,0),
(ζ,ζ) and (e)-(h) φ (q∥ = 0.4) lines. The q-dependence of the energy of the bond-stretching mode is
in an agreement with previous INS measurements [100–103]. The inset in (b) shows Gaussian region
around the Fermi level considered in our DFT calculations. For the (ζ,0) and (ζ,ζ) scans, the red and
blue lines correspond to the half-breathing and full-breathing modes, respectively, while BS01 and
BS11 modes are omitted. The dashed lines in (g) and (h) indicate γq and ⟨M⟩ for two close in energy
phonon branches at intermediate φ between 0 and 45◦. The solid lines are the sum of two branches,
separately unresolved in our experiments. See main text for details.
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Fig. 11 Comparison between the TB, s-RFFM, and DFT-RFFM models.(a) The evolution
of the RIXS one-phonon integrated intensity along the high-symmetry directions in TB, s-RFFM (red
and blue solid lines) and DFT-RFFM (black dashed lines) models. TB and s-RFFM results perfectly
overlap for an appropriate choice of the RFFM parameters. (b) The same as (a) for φ scans at
q∥ = 0.5 r.l.u.. The dotted curves calculated with DFT indicate two close in energy phonon branches,
unresolved in our experiment. We note that assuming ωq = const the discrepancy between theory
and experiments increases (compare with Fig. 9 (c), (d)).


