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Abstract

This thesis is divided into six chapters.

Chapter 1 is an introduction, an overview of rough path theory and of the
contribution of this thesis.

Chapter 2 is about space of paths taking value in Banach space, where we
define p-variation and set notations.

Chapter 3 is about area operator and geometric 2-rough path. (1) When
continuous bounded-variation paths are equipped with 2-variation and their
areas are equipped with p-variation, the area operator is closable when p =1
but not closable when p > 1. When p = 1, the area operator is closable
but unbounded, and the paths in the closure are not linear. (2) The area
defined by Riemann-Stieltjes integral is the only possible function to enhance
a vanishing 2-variation path to a geometric 2-rough path, but the integral
may not exist.

Chapter 4 is about rough path theory, where we state the main theorems but
without detailed proof.

In Chapter 5, we prove that the partial sum process of orthogonal series
> >0 Cnlln is @ geometric 2-rough process, for any orthonormal system {u,} in
L2 and any sequence of numbers {¢, } satisfying > o logs (1 + 1)* |en)? < 0.
Since being a geometric 2-rough process implies the existence of a limit func-
tion up to a null set, this theorem could be treated as an improvement of
Menshov-Rademacher theorem. Moreover, for Fourier series and i.i.d. se-
quence, the condition can be strengthened to 3 -, log, (n + 1) |c,|* < oo,

In Chapter 6, we work on the partial sum process of L? Fourier series. We
prove that for s > 0 and f € L*([-m,x],R?) with Fourier series {c,},
5% log, (0 + 1)% |ca|® < 00 is equlvalent to

2s5—1
/ / ’f |Sln | <10g2 ﬁ) dud?f < Q.
2

2
As a result, if f satisfies ffﬂ ffﬂ %dudv < 00, then the partial sum
=

process of the Fourier series of f is a geometric 2-rough process. On the other
hand, we construct an L? Fourier series whose partial sum process has infinite
2-variation a.e., by using upper semi-continuity of cumulative distribution
function of p-variation.
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Chapter 1

Introduction

Rough path theory develops a method to give meanings to differential equations driven
by irregular paths in such a way that the solutions (to rough differential equations) are
continuous with respect to the driving paths. Rough path achieves this goal by enhancing
the original driving path with higher leveled functions and identifying a family of norms
on these functions (called rough norms). For a continuous path with bounded variation,
there exists a canonical choice for these higher leveled functions—the iterated integrals
of the original path. The path and higher leveled functions are considered as a single
object, called the signature (of the path).

For a continuous bounded variation path =, its signature S () is a function on
{(s,t)]0 < s <t < T}, defined as the linear combination of iterated integrals (® is the
tensor product)

S(Y)(s,t) == 144" (s,t) 4+~ (s,8) 4 --- (1.1)
with ¥ (s,1) = i "'fs<u1<...<uk<td7 (u1) @ -+ - @ dry (uy,) .

When 7 is of bounded variation, all higher leveled iterated integrals are controlled
by ~ : Hvk (s,t)” < (k)7! ||7||’f_wr,[s7t]. Actually, suppose we impose the p-variation
seminorm on the set of continuous paths on [0, 7], (D is any finite partition of [0, 77, i.e.
D=A{ty};_jfor0=tg <ty <---<t,=T)

||/y”p—var,[0T = ( sup Z H’y tk+1 (t/ﬂ)”p) : (12)

DCl0.T] 4 ep

Then based on Young integral [38], if «y is of finite p-variation, p < 2, then the iterated
integrals are well-defined as Riemann-Stieltjes integrals and controllable by the first level
path:

k+1

fH (87 .)”p*va?",[s,t} < CP ||7k (87 .)”pfvar,[s,t} nyprvar,[s,t] — ( ) ||7Hp var,[s,t]

Iy
However, when v is of infinite p-variation, p < 2, the iterated integrals may not exist
as Riemann-Stieltjes integrals. Brownian motion is a typical example for such irregular
paths, and the definition of its iterated integrals depends on the selection of representative



points of subintervals (e.g. It6/Stratonovich integral). Though depending on the selection
of representative points, the integral exists (at least in probability), which results from
the symmetry of Brownian motion and is not true for general deterministic paths (as
stated below).

A continuous path 7 on [0, 7] is said to be of vanishing 2-variation, if

lim  sup Z Iy (th1) = (t)|1* = 0. (1.3)

6—0
Dclo,T7, |D\<5kt D

Denote v? as the piecewisely linear approximation of v w.r.t. finite partition D. Then
based on Wiener’s characterization (Thm 5.31 [9]), (1.3) is equivalent to

lim ||+ = 0. (1.4)

[D|—0 B ’}/HQ—var

Then paths of vanishing 2-variation can be approximated by continuous bounded varia-
tion paths in 2-variation, and are of finite 2-variation.

In Chapter 3, we give an example of a continuous path f : [0,1] — R? which is of

vanishing 2-variation, but for any a € [—00, 00|, there exists a nested sequence of finite

partitions {D,} s.t. lim, fol fPr @ dffr = 0 8 ) Thus, based on (1.4), the

operator 7y fOTv ® dry is neither continuous nor bounded, when considered as defined
on continuous bounded variation paths equipped with 2-variation. On the other hand,
when 7 : [0,7] — R? is continuous and of bounded variation, ¢ — [} 7, ® dv, is the
solution to the second level projection of the differential equation:

dSt = St X d"}/t, SO = (1,’)/0,0) €l @R2 D (R2)®2

Thus the non-continuity and unboundedness of the operator v — fOT'y ® dy seems to
pose an unsurmountable obstacle to the continuity of solution map.

Rough path intelligently resolved this problem by incorporating [ ® dv as part of
the driving signal, and proved the remarkable theorem that: for a continuous path ~ with
vanishing 2-variation, the pair I' := (7, [v® d’y) contains enough information such that,
(when V' is regular enough) the differential equation

dy = V<y> dr) Yo = ga

has a unique solution, and the solution is continuous w.r.t. I' (in rough path metric).
However, when v is of vanishing 2-variation, the Riemann-Stieltjes integral [~ ® dy
may not exist. One possible solution is to look for another function «, which behaves
like [y ® dv, so one could combine v with « and define differential equation driven by
(7, @). This pair (v, «) is called a 2-rough path. Moreover, if (v, @) can be approximated
by step-2 signatures of continuous bounded variation paths in 2-rough norm (consisting
2-variation of v and 1-variation of «), then (v, a) is called a geometric 2-rough path.

In Chapter 3, for a fixed v with vanishing 2-variation, we try to find the possible «,
such that (v, «) is a geometric 2-rough path. However, as we demonstrate, the Riemann-
Stieltjes integral [~ ® dv is the only possible candidate to enhance v (to a geometric

2



2-rough path), and the integral may not exist. While based on [22], there exists an
enhancement of v into a geometric p-rough path, for any p > 2.

As the regularity of the driving path further weakens, higher leveled information is
needed. If v is a continuous path with finite p-variation, then the enhancement of ~ into a
p-rough path involves [p] functions: (y',72,--+,~#) (with y' = 7), where (77); satisfy an
algebraic condition (Chen’s identity) and an analytical condition (finite p-rough norm).
The p-rough norm is induced from p-rough metric:

1
. . . . p\7?
dy ()5, (1)) = max | sup Y [|7] (b tes) — 93 (bt |7 ]
1<l \ »
JgtLeD

A p-rough path is said to be geometric if it can be approximated by step-[p| signature of
continuous bounded variation paths in p-rough metric.

Suppose I' is a geometric p-rough path, then y is said to be a solution of the rough

differential equation:
dy =V (y)dl', y(0)=¢, (1.5)

if there exists a sequence of continuous bounded variation paths {v,} s.t. the step-[p]
signature of {~,,} converge in p-rough metric to I', and the solution y,, of the ordinary
differential equation:

dy, =V (yn> d7n7 yn(o) =¢,

converges in uniform norm to y. The solution to (1.5) exists when V' is Lip (y), v > p—1,
and is unique when V' is Lip (7), v > p.

Chapter 5 is somehow detached from Chapter 2 ~ 4, and lies at the junction of rough
path, classical analysis and harmonic analysis. Our main object of investigation is the
partial sum process of general orthogonal series. Suppose {u,} is an orthonormal system
in L2 (Q, F, 1i;V, (-,+)) and {c, } is a sequence of numbers, then the partial sum process
X of ano Cnly, 18 the continuous process on the positive half-line, obtained by assigning
X, (w) = Yo cug (w), Vn € N, and interpolating linearly between adjacent integers.
Thus the partial sum process is of bounded variation on any finite interval, and the only
possible oscillation occurs near infinity. We want to control the oscillation near infinity
and prove that the partial sum process is a geometric 2-rough process (i.e. geometric 2-
rough path almost everywhere), under some decay condition on the coefficients {c,}. This
decay condition holds for all orthonormal systems—it does not depend on the measure
space, nor on the Hilbert space, and it does not depend on the orthonormal system.

Since being a geometric 2-rough process implies the existence of a limit function upto
a null set, our theorem has a direct connection with almost everywhere convergence of
general orthogonal series.

Menshov-Rademacher Theorem Suppose {c,} is a sequence of numbers satisfying

D o l0gs (1 + 1% fen]? < o0, then SO, cpun converges almost everywhere for any or-

2

thonormal system {u,}. Moreover, log, (n+1)* can not be replaced by o(log, (n + 1)?),



and there exists an absolute constant C4, s.t.

/ sup ||chuk () < 0> oy (4 12 e (1.6)
Q y

0<i<j<o0 n—0

We improve this theorem by replacing supp<;< ;< || S cxuy (W) || by 2-rough norm
of the partial sum process X of » . ¢,u,, which consists of 2-variation of X and 1-variation
of the area of X. Suppose 7 is a continuous bounded variation path. The area A () of
7 is a function on {(s,¢) |0 < s <t < T} defined as, ([u,v] = =u®v—0v®u)

A) (8,) = [[ i cuper [dy (u1)  dy (u2)] .

Then one can check that A () (s,t) + 1 (v (t) — v (s))** = T ey cuy ey (1) @ dry (us).
Thus when + is of finite 2-variation, there is no critical difference between the 1-variation
of the area and 1-variation of the second iterated integral. Note that 1-variation of area
is defined differently from that of the path in (1.2). The 1-variation of area is defined as

A 1 var = sup > [1A() (st

DCl0.T] 1 ep

and generally A (7) (tx, ti1) # A (7) (0, trs1) — A (7) (0,25).

Back to our improvement of Menshov-Rademacher theorem, we prove that

/Q X )12+ 1A (X @)l ot (d0) < O3 oy (n+ 12 e . (L)

n=0

Thus, when 3 log, (n + 1)* |e,|> < oo, the partial sum process of 3 ¢,u, is of finite
2-rough norm a.e. and a geometric 2-rough process, because the partial sum process
can be pathwisely approximated by truncations on [0,n], n € N, which are of bounded
variation.

For orthonormal system {u,}, satisfying that there exists constant C3 such that for
any sequence of numbers {a,} € [>

/ sup ||Zakuk )P (d) < O3 (1.8)
(9] k=i

0<i<j<o0 n—0

we can improve log, (n 4+ 1)* in (1.7) to log, (n + 1), and get

/QIIX (@) par + 1A @Dy (dw) < Ca ) logy (n+1) el . (1.9)

n=0

Fourier series and i.i.d. sequences are examples of orthonormal systems satisfying (1.8),
based on Carleson-Hunt inequality and Burkholder-Davis-Gundy inequality. Moreover,
for Fourier series, log, (n + 1) in (1.9) can not be replaced by o (log, (n + 1)) with lower
bound given by Dirichlet kernel.



Suppose f € L? ([—m,n],R?) with Fourier coefficients {c,}, we want to know what
S, log, (n + 1) |ea]* < oo implies about the regularity of the limit function f. In Section
6.1, we prove that: for s € (0,00) and any d > 1, there exist constants k, and K,
0 < ks < K, < oo, s.t. for any f € L? ([—m, x|, R?) with Fourier coefficients {c,},

kil < L < K.l (1.10)

- - B 9 25—1
where L := / / f (u) {(U” log, % dudv,
S/ e =

and [ := z:log2 (n+1)* |ea|* .

k=1
Combining (1.9) with (1.10), we get that, if f [, 7] — RY satisfies

™ 2
/ / |f (u — (v)] dudv < 00,
o ‘sm 5 ‘

then f € L*([—m, n],R?) and there exists constant C5 (depending on d) such that,
(Denote X as the partial sum process of the Fourier series of f)

[ x o, 1ax o o< [ [ TS a6

’sm 5

(1.11) could be treated as a modest complement to the nontrivial result in [26], where
the authors proved that, for r > 1, p > max{2,r/(r — 1)},

(/_ZHX(G)H,, ch)i <, (/_:!f<9)|"d9>"1"

Thus, the partial sum process of L? Fourier series is of finite p-variation a.e., p > 2.

One might be tempted to ask whether all L? Fourier series has finite 2-variation a.e.,
which, however, is not true. Jones and Wang [10] gave a counterexample of a bounded
function on [—7, 7], whose Fourier series has infinite 2-variation a.e.. Their proof relies on
the result by Qian [30], who gave a concrete lower bound on the growth of 2-variation of
partial sum process of i.i.d. sequences. We also give a counterexample and our proof does
not rely on the result by Qian. Instead, we use the upper semi-continuity of cumulative
distribution function of p-variation. More specifically, suppose { X,,} and X are stochastic
processes taking value in R?, and X,, converge to X in distribution as n tends to infinity,
in the topology induced by the metric

[e.9]

don) =D 5 o (b ()~ 2 (O A D).

Then we have that, for any p > 1 and constant C' > 0,
m’n—)OOP (HXn”p—va,r < O) < P <||X||p var — C) °

In our setting, {X,} are rescaled random walks, X is Brownian motion and p = 2. By
picking out trigonometric functions {em’“a} . whose {ny} increases so fast that { e""’“(’} .
resemble an i.i.d. sequence, we construct a L? function whose Fourier series has infinite
2-variation a.e..



Chapter 2

Spaces of paths

Although rough path is essentially nonlinear, we first inspect the linear part of a rough
path—the first level regular path. This part is treated in detail in P. Friz and N. Victoir
[9], so this chapter may not contain anything new, but mainly gives definitions and sets
notations.

First, we define p-variation of a path, which dates back to Wiener [36], and widely
used in rough path [19], [20], [9], [21].

Notation 2.1 Suppose (V,||-||) is a Banach space. Denote C ([0,T],V) as the space of
continuous paths defined on [0,T)] taking value in V.

Definition 2.2 A finite set of points D = {ty},_, is said to be a finite partition of
interval [0,T], if 0 =ty < t; < --- <t, <T. Denote the mesh of |D| := maxy, [tx11 — tgl.

Definition 2.3 Suppose vy € C ([0,T],V). Then when 1 < p < 0o, define the p-variation
of v on [0,T] as

1
HfYHp—var,[OT = < Sup Z ||7 tk+1 (tk)“p> ) (21)

O T] k,treD

where we take supremum over all finite partitions.
When p =00, deﬁne ||7Hoo—va'r,[0,T] = Sups,tE[O,T] H’Y (t) -7 (S>||

A path defined on [0,7] is of finite p-variation iff it can be reparametrised to be
p~1-Holder continuous.

Notation 2.4 For 1 < p < oo, denote C*P~"* ([0,T],V) C C([0,7],V) as the space of
continuous paths with finite p-variation.

Proposition 2.5 (lower semi-continuity) Suppose {7, },—, C C*"* ([0,T],V) is a
sequence of continuous bounded variation path converging to v pointwisely. Then

nyHp var,[0,T] < hmn—>oo nyan var,[0,T] *



Proof. By passing to a subsequence, we assume that ||v,,|| | converge (to the

p—var,[0,T
lower limit) as n tends to infinity. For € > 0, suppose D, = {tx} is a finite partition of

[0, 7] satistying

17y —var — € = ( D Iy (b)) = (tk)”p> -

kit €Dc

Then since 7 is the pointwise limit of {v,} and D, is finite,

||’7||p—var —€ S lim ( Z ||’Yn (tk'f'l) — Tn (tk>||p>

n—00
k,tr€Dc

S nh~>nolo ||7n||p—var,[0,T] = h—mn‘)OO ”,}/an—var,[O,T] ’

Let € — 0, proof finishes. m

Notation 2.6 Suppose v € C ([0,T],V). For p € [1,00), denote

wp (7,0) := ( sup ) llv(tkﬂ)—v(tk)ll”)p; (2.2)

D,|D|<s kitreD
When p = 0o, denote wo (7,0) 1= sup_y<s |7 (£) — v (s)||-

For fixed v and ¢, the function p — w, (7,0) is non-increasing. For fixed v and p,
the function 0 — w, (7, 6) is non-decreasing with wy, (v, 1) = |[7[|,_ 4 0.7): SO the limit

limso wy (7, 6) exists (and < oo when [[y||,_,4. 017 < 00)-

Definition 2.7 (paths with vanishing p-variation) Suppose v € C([0,T],V). For
1 <p< oo, is said to be of vanishing p-variation if

limw, (7,9) = 0. (2.3)
6—0
Denote COP= ([0, T],V) as the space of paths with vanishing p-variation.

(In [9], C%P=ve" ([0, T],V) denotes the closure of continuous bounded variation paths
in p-variation, and these two notions coincide when 1 < p < 0o, see Theorem 2.12 below.
We define it in this way for the convenience of Chapter 2.)

Since norm satisfies triangle inequality, a path of vanishing 1-variation is a constant.

Lemma 2.8 Suppose 1 <p < oo and~y € C([0,T],V), we have
||7||p—var,[0,T] <00 = (151~I>I(1] Wp (77 5) < 0.

Proof. < Fix 6 > 0 s.t. w(v,d) < oco. Then

T

T
H’YHoo—var,[O,T] ‘= sup H’y (t) -7 (S)H < <Woo (77 5) < <~Wp (’ya 5) :
0<s<t<T J )



For any finite partition D = {;},

D Iy ) =y I

k,treD

T
_ Z + Z < wg (”}/7 6) + g HVHgo—var,[O,T]

Elthy1—te]|<6  kyltpq1—te]|>0

(1 + <§>P+1) wh (7,0) < oo.

= Since § — wy, (77, d) is non-decreasing,

IN

(lsi_I)I(l)wp (77 6) < Wp (77 T) = ||/7||p—va/r,[0,T] < 0.

]
Thus, combine Lemma 2.8 with definition of C%*~v" ([0,T],V) at (2.3),

corver (10, T),V) C CP~*" ([0,T],V).

~—

Corollary 2.9 Suppose v € CP~v ([0,T],V) for some p > 1. Then for any q > p,
lims 0wy (7,9) = 0.

Proof. Since ¢ > p,

p

Wa (1,6) < (weo (7:6))' 77 (wy (7,6))7 .

7 is continuous so uniformly continuous on [0, 7], S0 we (7,0) tends to zero as 6 — 0.
wp (7,6) is bounded by [V, 401077
Thus, based on Corollary 2.9,

UgspC ([0,77, V) € CP ([0, 11, V).

so lims_,ow, (7,0) =0. =

Lemma 2.10

limw, (v,0) =0 f lim sup Z o ——— b = 0- (2.4)

6—0 5—>0| D|< éktGD

Proof. Recall the definition of w), :

wp (7,0) == <sup Z Iy (ter1) — (tk)||p>p.

IDI<é 14 ep

Since || (tr+1) =7 G < VI par sy, b &7 In (2.4) is clear. For * =7, firstly,
fix finite partition D = {t;},. Then Zk,tkeD ||’y||§_mr’[tk’tk+ﬂ

supremum over all finite partitions D', D" O D. Since |D'| < |D|,

D e < sup > Il () = (@)

!
k,treD \D'ISIDl e

is obtained through taking

Then take supremum over all D, |D| <4,

sup Z Hrpr var[tgtks1] — sup Z Hry J+1 (J)“p

D|DI<6 1 = D’ D18 55T

Let ¢ tends to zero. Proof finishes. ®m



Notation 2.11 Suppose v € C'([0,T],V) and D = {t;}, is a finite partition of [0,T].
Denote 4P as the piecewise linear approzimation to v w.r.t. D, i.e.
lpp1 —

t—1t
k Y (trg1) +

D
vt) =/
®) tps1 — tk tpy1 — tg

Y (k) s tE [k, teta] - (2.5)
The following theorem is Thm 5.31 in [9], which identifies C%P~*" ([0, T],V), p > 1,
as the closure of C*=v%" ([0,T],V) in p-variation norm.

Theorem 2.12 (Wiener’s characterization) Suppose 1 < p < co. Then the follow-
ing three statements are equivalent:

(i) v € COP ([0, 1], V) ; (2.6)
(/”’) 3 {P}/n}n - Clivar ([07 T] ) V) ’ hm "7n - f)/prvar,[O,T] = O’

i) i [ =l =0

When p = 1: v € C%'7v ([0, T],V) iff 7 is a constant, (iz) and (4ii) are equivalent
to the absolute continuity of v (Prop 1.32 and Corollary 1.34 [9]). When p = oo, (i), (i7)
and (i77) are equivalent to the continuity of v on [0, 7.
Proof. (iii) = (i) is clear, since {y”} < C*=* ([0,T],V).

(i1) = (i). We want to prove lims_,gw, (7,0) = 0. For any fixed € > 0, there exists
N >1,st. ||y —
according to Corollary 2.9, v, is of vanishing p-variation (since p > 1). Thus, for fixed
e > 0, there exists dg > 0, s.t. for any § € (0,d¢), we have w, (yy,0) < € and

ol pvar < € This fixed v, is continuous and of bounded variation, so

wp (1:8) < 1oy = My + 0 (72 8) < 2¢, 6 € (0,60).

(i) = (ii7). Fix a finite partition D = {t,}. Denote v? as at (2.5), and denote
vP =~ — 4P, Since v and P coincide at {t;}, v2 (tx) = 0, Vk.
Suppose tp_1 < s <t <t <t <t then

[7¢ (8) = )" <277 (e @) =22 @ + [|ve &) =2 $)][7)

where we used 2 (t;) = 72 (;). In this way, we replace [s,t] by [s,t] U [t,t], with
[s,tx] C [tk—1,tx] and [t;, t] C [t;, ti41]. For any finite partition of D, apply our estimates
to every interval of D, sum them together, and take supremum over all finite partitions,
we get:

||Py _7Hp var,[0,T] - HVC Hp var,[0,T] — <2 Z HPYCDHP var, [tk 1]
k,treD
< 22;0*2 Z (ny”g—uah[tkatml] + H,YDHp var [tk,tk+1])
k,treD
< 22p—1 Z ‘|7Hp var,tg,tgy1]
k€D



where we used ||7DH = ||v (tkr1) — v (tx)|l, Yk. Since 7 is of vanishing p-

o p—var,[ty,tp41]
variation, based on Lemma 2.10,

: p 2p—1 . P
lim || b _ H < 24P lim E =
§—0,|D|<8 " K p—var,[0,T] — §—0,|D|<6 ||7||p—va7“7[tk7tk+1}
kitreD

Proposition 2.13 (Separability) As a result of Wiener’s characterization (Theorem
2.12), when dim(V) < oo and 1 < p < oo, C*P=v%" ([0, T],V) is separable. While when

V is not trivial (Je € V, e #0) and 1 < p < oo, (C’p_“a’” ([0,77,V), ||-||p_var7[07T]> is not
separable (Example 1.26 and Ezample 5.26 in [9]).

Sum it up, we have the following inclusion property:

(1) (2) (3)
U Ca—var CO,p—var C op-ver & ﬂ C«O.q—var'

1<g<p a>p
All inclusions are strict (when dim(V) > 2 and 1 < p < oo) with examples:

For (1) : fi () = 7 cos? (n/x) /Inx, x € [0,1] (Exer 5.35 (ii) [9]).
For (2) : For sufficiently large ¢ (Exer 5.35 (i) [9]),

o0

fa(x) = Z ¢ v exp (2mic"z) ,x € [0,1].

n=0

For (3) : For any 1 < p < oo, the sample paths of p~!-fractional brownian motion are of
infinite p-variation but of vanishing g-variation a.e., for any ¢ > p (see [29]).
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Chapter 3

Area operator and geometric
2-rough paths

In this chapter, we investigate the “ area”, which is the second level function of a rough
path (in terms of Lie algebra), and is where rough paths start to be different from paths.
For a path v € C*7v" ([0, T],V), the area of v, A(7) is defined as the Riemann-Stieltjes
integral (for vy, vy € V, [v1, 2] := 11 ® vy — V9 ® v1 with “®” the tensor product defined
below in Section 3.1.1)

A() (s.1) :://< ) dy(w) YOS <I<T, (3.1)

For paths in Uy<,<2CP~"* ([0,7],V), the area is well defined based on Young integral
[38]. In 2009, P. L. Lions [18] sketched a proof of the statement that: if 7, and ~y, are of
vanishing 2-variation, then the path ¢ — f(f v, ® dy, can be defined as Riemann-Stieltjes
integral and is of vanishing 2-variation. His statement, however, is incorrect. We give a
counterexample and demonstrate that, the integral fOT v ® dy may not exist when 7 is of
vanishing 2-variation.

As a result, when v € C%?*7%" ([0, T],V) the differential equation

ds (t) = S(t) @ dy(t), S(0)=(1,7(0),0) €1V ®V*? (3.2)

may not have solution in the sense of ordinary differential equation. Indeed, the projection
of (3.2) to V®2 is the differential equation

dy(t) = ~v(t) ® dy(t), y(0)=0¢€ V*2 (3.3)

To give meaning to the differential equation (3.2), one might be tempted to enhance
v to a geometric 2-rough path and solve (3.2) as a rough differential equation. However,
as we demonstrate, the Riemann-Stieltjes integral at (3.1) is the only possible function to
enhance v into a geometric 2-rough path. This limitation on choices, in a sense, bridges
the potential gap between paths and rough paths, and manifests the special closable
property of geometric n-rough path for n € N, n > 2.

The area operator A is the operator which sends a continuous bounded variation path
to its area. We equip continuous bounded variation paths with H-||2_wr,[07T] and equip
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their area with ||-|| ;. We choose different ||-|| , to investigate the properties of the area
operator. (The p-variation of areas is similar to but different from the p-variation of
paths, see Section 3.1.3.)

As we demonstrate, even when ||-|| , = o, (the uniform norm), the area oper-

|| ’ ||oo—var
ator is neither continuous nor bounded. When considering the closability, the area opera-
tor is closable when ||-[| ; = [[*[|;_ 4. o7}, Put not closable when [|-[| y = [|-||,_,4. 0.7y, 2 > 1-

When ||| 4 = [ll,_yar o7+ the area operator is closable. Denote paths in the closure

as Gy (V), Le.
Y EG (V)<= 3{y,} cC'""([0,T],V) s.t. (3.4)
=0.

77,11—I>Iolo ||7n - 7||2—U¢1T,[0,T] =0 and lim HA (7711) —A (7712) Hl—var,[O,T]

n1,M2—00
Then G, (V) is a subset of C%?7 ([0, T],V) and is exactly the set of paths which admits
an enhancement into a geometric 2-rough path.

We explore the properties of Go (V) (e.g. non-linearity), and get an extension to Young
integral when p~! + ¢~! = 1, by assigning a finer scale continuity.

In this chapter we mainly follow the contents of [37]. Proofs are postponed to the last
section.

3.1 Area operator

In this section, we demonstrate what can go wrong for the Riemann-Stieltjes integral
[ fdg when f and g are of vanishing 2-variation, and investigate the properties of the
area operator A : vy — A (v) when 7 is restricted to be in the normed vector space:

<C«17uar ([07 T] 7V) ) ”'“2*UWV[O’T}> '

3.1.1 Tensor product

We follow the definition of tensor product in [32].

Suppose U and V are two Banach spaces. Denote B (U x V) as the set of bilinear
forms on U x V and denote its dual space as B(U x V)". For u € U and v € V, define
u@uveBUXV) as

(u®w)(B):=B(u,v), VBeBUxXV). (3.5)

Then the tensor product of & and V (denoted ad U ® V) is defined as the subspace of
B (U x V)" spanned by finite linear combinations of functionals in the form of (3.5):

=1

u; €U, viev,nzl}.

The primary goal of defining tensor product is to linearize bilinear maps on U x V, and
it produces an isomorphism between B (U x V) and L (U ® V) (linear forms on U @ V).

12



More specifically, suppose B € B (U x V) is a bilinear form, then define Bonld ®V by
setting B (w) := w (B), Vw € U ® V. Then

B(u®v) = B (u,v),

and B <Zui®vi> = (Zuz(@vl) (B) :ZB(W,UZ‘) :Zé(ui@)vi).

i=1 =1 i=1

On the other hand, suppose B is a linear map on Y ® V. Define B on U x V by
B (u,v) := B(u ® v), then it can be checked that B is bilinear. This bijection is an
isomorphism because it preserves the linear structure.

In the special case that ¢/ and V are finite-dimensional, with bases {e;}7; and {f;}72,
respectively, {e; ® f;1<i<ni<j<m compose a basis of i @ V. In this case, any linear form
B onU ® YV satisfies, for any sequence of numbers {¢; ; }1<i<ni<j<m:

E ( Z Cij € ® fg) = Z Cz‘,jB (€i7 fj) ,

1<i<n,1<j<m 1<i<n,1<j<m

where B is the bilinear map on U x V corresponding to B. Thus, when U and V are finite
dimensional, the tensor product & ® V can be identified with the vector space of n x m
matrices.

In addition to the algebraic structure, we equip & ®V with a norm denoted as |[|[|;q,,
which satisfies that,

lu ® vllyoy < lullyllolly . Yo €U, Yo e V. (3.6)

(3.6) is satisfied by projective and injective tensor norms (Prop 2.1 and Prop 3.1 [32]).
Moreover, we make completion of Y ® V w.r.t. |||,y The Banach space got is still
denoted as U ® V and is the tensor space we mainly work with. More specifically,

Notation 3.1 (normed Tensor space) Suppose (U, ||-||,,) and (V,]-||,) are two Ba-
nach spaces. We denote (Z/l @V, H-Hu@,) as the Banach space defined as the completion
of {D i ui @i, g €U, v €V, > 1} worde |||l yey-

Notation 3.2 Suppose (V,||-||,,) is a Banach spaces. Then for vi,v, € V, we denote
(the Lie bracket) [v1,vo] := v1 @ v3 — v2 ® v1, and denote ([V, V], |||l,wy) as the Banach
space defined as the completion of {37 [v},v7], v}, v} € V,n > 1} wrt. ||| g,. Sim-
ilarly, we denote ([V,[V,V]], |Illyes) as the Banach space defined as the completion of
{370 W, ) 2] ol v v € Von > 1} wort. ||-|lyes, so on and so forth.

17 71 ?» Yy T

3.1.2 Riemann-Stieltjes integral

By Riemann-Stieltjes integral, we mean the existence of a strong limit of Riemann sums
as the mesh of finite partitions tends to zero, which does not depend on the selection of
representative points of subintervals.

13



Suppose 7, and v, are continuous paths on [0, 7] taking value in Banach space V, and
consider the Riemann-Stieltjes integral (whenever it exists):

t
()= [ ), ()t € 0.7,
0
If ~, is continuous and 7y, is of bounded variation, then ¢ is of bounded variation, and

il -sangorzy < (7 loesargoiry * 112 O) 172y -

Young [38] demonstrated that, when 7, is of finite p-variation, 7, is of finite g-variation,
and p>1,¢>1,p '+ ¢! > 1, then i is still well-defined, and

el y—var 0,11 S Cria 171 llp—var 0,77 172l g var o7y - (3.7)
(¢ is of finite g-variation, g > 1, the same as 7,.) However, the existence of integral is
problematic when p~' + ¢~! = 1. In the special case 7, = 7, := 7, the definition of
[ v ® d is problematic when + is of (vanishing) 2-variation.

Problem 3.3 Suppose V is a Banach spaces, and v € C%?7°%" ([0, T],V). Does the
Riemann-Stieltjes integration fOT”y ® dvy exist; if it exists, what is the reqularity of path
te [oy®@dy?

In 2009, P. L. Lions [18] sketched a proof of the statement that: if 7, and 7, are of
vanishing 2-variation, then fo v, ®dry, can be defined as Riemann-Stieltjes integral and is
of vanishing 2-variation. His statement, however, is incorrect: first of all, the Riemann-
Stieltjes integral may not exist (Example 3.36); secondly, (when restricted to continuous
bounded variation paths equipped with 2-variation) the area operator is not bounded.

In [9](p194), the authors give an example of possible divergence of Riemann sums
w.r.t. the finite partition D as |D| — 0. Here we modify the example and get non-
existence.

For paths of vanishing 2-variation, selecting different representative points only pro-
duces a negligible error. Actually, suppose that ~y is a path defined on [0, T'| of vanishing
2-variation, and D = {¢;} is a finite partition satisfying |D| < §. Then for any {nj,fj}j
satisfying 7,,§; € [t;, ;41], we have (assume [Ju ® v|| < [[ul| [[v]]):

\ l

< (; |7 (m;) = (éj)!\2> (; 1y (tj41) — v(tj)||2>

Since {nj, §; }j can be treated as points in another finite partition whose mesh is less or
equal to 26,

S (v () =7 (&) @ (v (t1) =7 (1))

J

2

N

lim sup Z (v () =7 (&) © (v (tjs1) = (¢)))

6—0
D,|D|<s jt;ED

<lim sup Z |y (1) — (tj)H2 = 0.

0—0
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However, a problem may occur when one keeps on inserting partition points—the area
generated by the added points could be infinite. In Example 3.36, we give a path f €
CO,Q—var ([07 1] 7@):

0o lpg1—1
=> Z -exp (2mi (—1)"2%1) , t€[0,1], (3.8)
n=1 k=l
lns1
where ¢ > 7, " < Zk’l <A +1,Vn>1,
k=ly,

which satisfies that, there exists a sequence of finite partitions {D,}, of [0, 1] satisfying
(x:=Ref,y:=Imf)

Dy C Dy ¥ €N, lim |Dy| =0, (3.9)
Va € [~o0, +oc], I{Dy} € {Dy} s.t. lim Z )Y (tesr) = 2 () y (1) = a.
ktkEDa

As a result, since the Riemann sum of fol f ®df wr.t. finite partition D is (we select
the middle point because the error occurred from selecting different representative points
tends to zero as |D| — 0)

S L0 0+ £ ) (F tn) — £ ()

kitreD
B 1 1 o 1 2
= §ktk€D Lf (k) f (egn)] + §f(T)® - §f(0)® ;

which does not have a limit as |D| — 0 because of (3.9), so the Riemann-Stieltjes integral
fol f ®df does not exist.

The function f in (3.8) takes value in C. Similar argument can be applied to a Banach
space V when dim (V) > 2. Select e1, e € V, s.t. [er, €] # 0. With [ at (3.8), define
f= (Re f ) er + (Im f) es. Then following the similar reasoning, the Riemann-Stieltjes
integral fo f ®d f does not exist, and for any a € [—00, 00|, there exists a sequence of
nested finite partitions {DZ2} of [0,1], s

Tim D3| =0 but Tim || Y- [f(tk),f(tk+1)] —a. (3.10)

When dim (V) = 1, the Riemann-Stieltjes integral fOT ~vdvy does exist for any v €
C%27var ([0, T],V) and equals to 27 (v (T') — 7* (0)), because the vector field is commu-
tative in one-dimensional case and the Lie bracket vanishes.

3.1.3 Variation norm for functions on triangle

In a similar way as defining p-variation for paths, we define p-variation of functions on
the triangle {(s,t) [0 < s <t < T}.
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Notation 3.4 A = {(s,1)[0<s <t <T}
Notation 3.5 Denote
C (Lo, V) = {ala: Do) — V is continuous, o (t,t) = 0,Vt € [0,T]}.

Definition 3.6 Suppose o € C (A[O,T},V). For p > 0, define the p-variation of o on
0,77 as

S =

Ha”p—var,[ﬂ,T] = Sup Z HOé J+1 || ) (311)
Dclo, T]jt D

where the supremum is over all finite partitions of [0,T].

When p = 00, define [[a yopjo 1 = SUPoc,cicr o (5. )]

Notation 3.7 For p > 0, denote CP~V" (A[O,T], V) ccC (A[Qﬂ, V) as the space of con-
tinuous functions with bounded p-variation.

For any fixed a € C (A[QT],V), the function p — ||«
non-increasing.

p—varfor] O P € (0,00] is

Definition 3.8 Suppose a € C (A[O,Tb V). Then « is said to be of vanishing p-variation
for some p > 0, if

3 =

(lsimwp (a,0) =0, where w,(a,0) sup Z e (tj, ti0) 1" ] - (3.12)

—0
D \D|<<SJlt D

Denote COP=var (A[O’T}, V) C ¢pvar (A[QT], V) as the space of functions with vanishing
p-variation.

A path v € C([0,T],V) can be treated as a function 7 € C (Ao}, V), by setting
T(s,8) =7 (1) =7 (s)-

3.1.4 Area operator

Suppose that v, and 7, are two paths on [0, 7| taking value in Banach space V. Consider
the Riemann-Stieltjes integrals which defines a : Ay ) — V&2

t
a(sit) = [ (nw) = 1) @ dn (w), V(5.0 € Som, .13
If 7, is continuous and 7, of bounded variation, then « is of bounded variation, and

Hal‘lfvar,[O,T} < H’ylHoofvar,[O,T} HWQ”lfvar,[O,T] :

When +, is of finite p-variation, 7, is of finite g-variation, p > 1, ¢ > 1, p~t +¢71 > 1,
based on Young integral (and Thm 1.16 in [20]), we have

/ (12() — 71 (8)) ® da ()

< C[/),q H71|’p—var,[s,t] ny2||q—var,[s,t} : (314)
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Then by using Holder inequality, we get

||a||(p*l—‘,—q*l)_l—vaﬁ[O,T} < C]/J,q ||71||q—var,[0,T] ||72||p—var,[0,T} : (3]‘5)
Thus, « is of finite (p~! + q_l)fl—variation, (p~t + q_l)il < L

Definition 3.9 Suppose that V is a Banach space, and vy, € C1= ([0, T],V),i = 1,2.
Define the area produced by v, and vy : A(71,72) : Do — [V, V] by setting

A ) =2 [ i )y ()], V() € Do (3.0
s<uy<ug<t
Then it can be checked (through direct computation) that: for any 0 < s <u <t < T,

A (71’ 72) (57 t) = A (717 '72) (37 u) + A (717 '72) (u7 t) (317)
+277 [y (u) =71 (8) 72 (1) — 72 (W)] -

This property is preserved under pointwise convergence (so preserved under p-variation
convergence, 1 < p < 00), and will be used in our proofs.

Definition 3.10 Suppose that v € C*7v" ([0,T],V), then the area of vy is denoted as
A () and defined as A(7y) := A(v,7).

Definition 3.11 The area operator A : C*=vr ([0,T],V) — Cz~vor (D, [V, V]) s
defined as the operator which sends v to A (7).

When y € C'=vr ([0, 7], V), we have A (y) € Cz~vor (L., [V, V]) because of (3.15).
The area operator can be extended where the Riemann-Stieltjes integral is well-defined,
e.g. t0 Ui<peaCP" ([0,T],V) (or Go (V) defined in the next section).

The following property is useful when we investigate the regularity of geometric 2-
rough paths:

1—var

{A(y) Iy e Cvr (0,71, V)F SO (Dpy, [V, V) (3.18)

Actually, when v € C'=v ([0, 7], V),
A(y) CCa (D, [V, V]) €O (D, [V, V).

On the other hand, C%i=ver (A[O,T],V) is closed under 1-variation, because w; (,d) <
| — anlly _par + w1 (@, ) (wq defined at (3.12)), so we get (3.18).

Before starting our investigation, we clarify what do we mean by saying that a (non-
linear) operator is continuous/bounded/closable. Suppose (E,dg) and (F,dr) are two
metric spaces, and « : E — F is an operator. Then « is said to be a continuous
operator if it is a continuous function from (F,dg) to (F,dr); a is said to be bounded
if it sends bounded sets in (E,dg) to bounded sets in (F,dr); « is said to be closable,
if for any two sequences {x,}, and {y,}, in E which satisfy: (1) lim, z,, = lim, y,, (2)
both lim,, a(z,) and lim,, a(y,) exist, we have lim, a(z,) = lim, a(y,). Thus, continuity
implies closability and boundedness on compact subsets.

Then we investigate the properties of the area operator.
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Problem 3.12 When equipping C*=°%" ([0, T], V) with 2-variation norm, is the area op-
erator continuous, or bounded?

When dim (V) = 1, the area operator is trivial. In that case it is continuous and
bounded.

When dim (V) > 2, as a consequence of possible non-existence and divergence of the
Riemann-Stieltjes integral (3.10), the area operator is neither continuous nor bounded.

Actually, suppose that 7 is a path of vanishing 2-variation on [0, 7], and v is the
piecewise linear path which coincides with v on points in D (as defined at (2.5)). Then
after direct computation, the Riemann sum of [ ® dy w.r.t. D equals to A ('yD ) (0,7)
plus a constant:

> L0047 () @ (3 (te) 7 (1) (3.19)
= 1Y bt At + @) - S
kitreD

= AGD) O.T) 45 (1) +7(0) ® (3 (1) ~ 7 (0)).

Thus, based on (3.10), there exists a path f : [0,1] — V of vanishing 2-variation, such
that for any a € [—o00,00], there exists a sequence of finite partitions {D¢} of [0, 1],
lim,, o0 | D2| = 0, satisfying lim, o || A (fP*) (0, 1) = a. While fP= converges to f in 2-
variation when n tends to infinity (based on (2.6)). Thus, the area operator is neither
continuous nor bounded, at least when area is equipped with uniform norm.

Moreover, by modifying our example, we get a sequence of continuous bounded varia-
tion paths (Example 3.39 at p38) converging to zero in 2-variation, but their area diverge
at any non-trivial point: (s,t) € Apq, s < t. (The paths in Example 3.39 are in
C>([0,1],C), and can be generalized to C'~%" (0, 1], V) whenever dim (V) > 2.) Thus,
when C'=v@ ([0, T],V) is equipped with 2-variation, the area operator is never continuous
nor bounded (when dim (V) > 2).

On the other hand, 2-variation is not the clear-cut norm which fails the boundedness
of the area operator. Based on our extension to Young integral (Section 3.3), there exists
a sequence of norms on C'=*%" ([0, T],V) (by adding a log term, log log term, etc.) which
fails the boundedness of the area operator. However, these norms are linear (on paths),
while the area is essentially non-linear, so generally, it is not possible to describe the
behavior of the area by a norm on paths (unless dim (V) = 1, in which case the area
operator is trivial).

Problem 3.13 When C'7v%" ([0,T],V) is equipped with 2-variation norm, is the area
operator closable in p-variation? In other words, if {~,}, and {v,,},. are two sequences
of paths in C*=v" ([0, T],V) converging in 2-variation to the same limit, and {A(v,)},,
and {A(7,,)},, converge in p-variation respectively. Then is it true that {A(v,)}, and
{A(v,,)},, converge to the same limit?
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When p > 1, it is not true. When p = 1, it is true. (We assume dim (V) > 2, because
area vanishes for one-dimensional paths.)

For p > 1, an illustrative example is r, (t) = (%,%), te0,2n],n>1 r,

converges to 0 in ¢g-variation for any g > 2, but their area converge to t — s in p-variation

for any p > 1:
/t <cosnu B cosns) dsinnu B <sinnu B sinns) geosnu sinn (t — s).
s\ vno n Vn vnooo/n Vn n
and
Hiexp(int) < 11 _ sinn (t — s) < 11
Vn g—var M2 4 n [

Thus, (0,0) and (0,¢ — s) are two geometric g-rough paths with the same first level path
for any ¢ € (2,3). (Geometric g-rough paths ¢ € [2,3) are elements in the closure of
{(v,A(7)) |y € C*= ([0, T],V)} under the metric

However, {r,} are uniformly bounded in 2-variation, but do not converge in 2-variation

[ SRV
Q=

d((v1; A1), (72, A(72))) = <||’71 - 72“3—1;@7- + | A (7)) — A()ll

(I[n~2 cos (nt) — (2n)7% cos (2nt) ||a—var > V2, ¥n). To construct our example, we add a
decay factor, sum finitely many of them together to compensate the decaying effect on
t — s, and end up with functions {g,}, C C*([0,1],C) (Example 3.40 at p38)

i1l 301 )
gn (t) = (7? Z E) Z exp (2mi2%"t) , ¢t € [0,1], (3.20)

1
1ok
P — k22
lng1—1
where Z E1>1,n>1.
k=L,

We prove that g, converges in 2-variation to zero as n tends to infinity, but their areas
converge to t — s in p-variation, for any p > 1.

For Banach space V, dim (V) > 2, select ej,eq € V, s.t. [eg,es] # 0. With g,
defined at (3.20), define g, := (Reg,)er + (Img,) es. Then {g,}, € C*7*"([0,1],V),
My, 00 [|gnlly_ e, = 0 and

lim [|A (gn) (s,2) — (t — s) [er, 2], _pq, = O for any p > 1.
n—oo

When p = 1, if (7, 1) and (7, ay) are two geometric 2-rough paths, then ay —as 1= ¢ is
additive thus a path. Moreover, a; and a» are limits in 1-variation of areas of continuous
bounded variation paths, so based on (3.18), a; and «ay are of vanishing 1-variation and
@ is also of vanishing 1-variation. While a path of vanishing 1-variation is constant, so
a1 = Q.

Actually, for the same reason we have: the projection of a geometric n-rough path to
its first n — 1 level elements is injective for any n € N, n > 2. While in Remark 9.13
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(case ii b2) in [9], the authors commented that the projection is not an injection without
providing a proof.

Thus, the area operator is closable when paths equipped with 2-variation and area
equipped with 1-variation (which is the 2-rough norm). Thus, under 2-rough norm, the
area operator is a closable but non-continuous and unbounded operator on continuous
bounded variation paths.

3.2 Enhancible paths
As we demonstrated, when v € C%270% ([0, T1],V),
dS(t) = S(t) @ dy(t), S(0)=(1,7(0),0) € 1@®V @ V*? (3.21)

may not have solution as ordinary differential equation (because its second level projection
is dy(t) = v(t) ® dy(t),y(0) = 0). One might be tempted to enhance v into a geometric
2-rough path, and solve (3.21) as a rough differential equation. However, as we will prove
in the following, the Riemann-Stieltjes integral [~ ® dv is the only possible function to
enhance v (into a geometric 2-rough path).

Definition 3.14 (weak geometric 2-rough path) Suppose v € C ([0,T],V) and o €
C (Lo V,V]). Then T = (v,a) € C(Lpr, VOV, V)]) is called a weak geometric
2-rough path, if for any 0 < s <u <t <T,

izl ettt % [y (w) =7 (s),7 () =7 (w)], (3.22)
nd Wl 2= (e + 0l var) < 00

Property at (3.22) is called multiplicativity. ||-|| e is 2-rough norm.

Definition 3.15 (geometric 2-rough path) I' := (y,a) € C (A, VO [V, V]) is a
geometric 2-rough path, if there exist {~y,}, C C*~""([0,T],V) such that

lim HF - (fYn?A (7n))||G(2) = 0.

n—o0

A geometric 2-rough path is automatically a weak geometric 2-rough path.
If (v, @) is a geometric 2-rough path, then v is of vanishing 2-variation (Theorem 2.12
at p9) and « is of vanishing 1-variation (because of (3.18) at p17).

Definition 3.16 (enhancible path) Suppose v € C%?7°* ([0,T],V). Then we say
v can be enhanced into a geometric 2-rough path (or enhancible), if there exists o €
CO=var (A gy, [V, V]) such that (v, @) is a geometric 2-rough path.

Notation 3.17 For Banach space V, denote Gy (V) as the set of enhancible paths.

Go (V) is invariant under reparametrisation and contains C*~v*" ([0, T], V).
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3.2.1 Questions and answers

We investigate the properties of Gy (V) through several questions.
Based on Wiener’s characterization of paths with vanishing 2-variation (Theorem
2.12),

2—var

G, (V) C Ctvar ([0,T],V) =% ([0,77,V).

Problem 3.18 Is it true that every path in C%*7"%" ([0,T],V) admits an enhancement
into a (weak) geometric 2-rough path?

When dim (V) = 1, the area vanishes for any v € C1=* ([0, T],V), so
Gy (V) = C**7"([0,T],V) when dim (V) = 1. (3.23)

When dim (V) > 2, the proposition is not true, and an example is given in Exer
9.14 [9]. Actually, following the same reasoning as in Thm 9.12 [9], we use f defined at
(3.8) on page 15 to prove that G, (V) & C%?7*" ([0, T, V) when dim (V) > 2. Select ey,
ey €V, s.t. [er,ea] # 0. With f in Example 3.36, denote f := (Re f)e; + (Im f) es, so

f e ¢%2=var ([0, T],V). Assume that < f ,a) is a weak geometric 2-rough path. Then

using multiplicativity of (f, a), for any finite partitions D, we have

> F ) F)] = 7O, F O] =21 = 3 alttin)

Jt;€D Jt;€D

S 4 ||aH171;ar < 00.

Then contradiction is established, if =, .p, [f(t]) : f(tj+1)] are not uniformly bounded
for all finite partitions, which is true because of (3.10). Thus, there exists a path f, which
is of vanishing 2-variation, but can not be enhanced into a (weak) geometric 2-rough path.

On the other hand, in [22] the authors proved that: any continuous path with finite
p-variation can be enhanced to a geometric ¢-rough path for any ¢ > p, and can be
enhanced into a weak geometric p-rough path when p is not an integer. (For the definition
of (weak) geometric p-rough path, please refer to Chapter 4.) As a result, the fabove can
be enhanced to a geometric p-rough path for any p > 2, and that fcan not be enhanced
to a (weak) geometric 2-rough path is related to the fact that 2 is an integer.

Then a natural question arises:

Problem 3.19 What is the condition for vanishing 2-variation paths to be enhancible

(i.e. in Gy (V))?
We prove that:

Theorem 3.20 Suppose v € C**7 ([0, T],V). Then v € Go (V) if and only if A (7P)
converges in 1-variation as |D| — 0.
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The proof is given in page 47.

In Thm 8.22 [9], the authors proved that, when V = R? if (vy,a) is a geometric 2-
rough path, then there exists a sequence of continuous bounded variation paths {,}, s.t.
(Vs A (7,,)) converge to (v, ) in 2-rough norm ||| as n tends to co. However, their
construction of {7, } depends on « (i.e. Chow-Rashevskii connectivity theorem), while
not {y”}p, in general.

For any 0 < s <t < T and any finite partition D of [s,¢], the Riemann sums of

-1 f (s),dy(u)] wr.t. D C [s,t] is

27t Y % [y (te) + 7y (trrn) 7y (b)) =y ()] — 271 [y (), 7 (2)]
k,treD

= 270 ) [y () v ()] — 27 [y (5) v (B)] -

k,treD

On the other hand, direct computation gives us

AP (s =27" Y [r(te) v (k)] =27 [ (), ()]

k,treDCls,t]

Thus, the Riemann-Stieltjes integral 27 f; [v (u) =7 (s),dy(u)] is the pointwise limit
of A(yP) as |D| — 0. Hence, if v is in G» (V), then A( ) converges in 1l-variation
(Theorem 3.20), so converges pointwisely, to 27 f (5),dy (u)].

Therefore, Riemann- Stieltjes integral is the only p0581ble candidate to enhance : If
the integral does not exist, or (v, 27! f (s),dv (u)]) is not a geometric 2-rough
path, then ~ can not be enhanced into a geometrlc 2-rough path.

The fact that the Riemann-Stieltjes integral is the only possible candidate to enhance
v can also be derived from (3.24) below, which can be got through direct computation
(also spelt out in Lemma 3.44 on p47). Suppose (7, «) is multiplicative, then for any
s < t and any finite partition D of [s, ], we have

als,t) = D alteti) + A(P)(s,1). (3.24)

k,tr€DCs,t]

If further assuming that « is of vanishing 1-variation, we have

. D

a(s,t) = |D|_>1017111;1C[S’ﬂ A(v7)(s,1). (3.25)
Thus, when (v, a) is multiplicative and « is of vanishing 1-variation, the limit on the
r.h.s. of (3.25) exists and is the only possible choice for a. However, in getting (3.25),
the regularity of v does not seem to be very important. Actually, no matter what norm
we place on continuous bounded variation paths, if we equip their area with 1-variation,
the (path, area) graph is closable. (3.25) actually established the only possible “ area ”
corresponding to . There exist paths, which are not of vanishing 2-variation, but for
which the limit in (3.25) exists and is of vanishing 1-variation. (As a trivial example,

one-dimensional paths.) The existence of Riemann-Stieltjes integral of the area implies
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the existence of limit in (3.25), but the other way is not true. They are equivalent when
the error occurred from selecting different representative points is negligible, e.g. when ~
is of vanishing 2-variation.
When p > 2, the convergence of A ( fP ) as | D| — 0 is not necessary to enhance a path
in C%P=var ([0,7T],V). Our path f at (3.8) is in C%?7v ([0, 7],V) C C*>7** ([0,T],V) C
Np>2COP~v9" ([0,T],V). Based on [22], a path of finite p-variation can be enhanced into
a geometric g-rough path for any ¢ > p, so f can be enhanced into a geometric p-rough
path for any p > 2. While suppco,; A (f7) (0,1) is not bounded, so A (f”) do not
converge in p-variation as |D| — 0, for any p € [1, co].

Problem 3.21 Is Gy (V) a linear space?

G2 (V) is a linear space when dim (V) = 1; it is not a linear space when dim (V) > 2.

Based on (3.23), when dim (V) = 1, Go (V) = C%*7v*" ([0, 7], V) thus linear. When
dim (V) > 2, select ey, es € V, s.t. [e1,ea] # 0. With f defined at (3.8) on page 15,
denote f := (Re f) e + (Im f) e2. Then both (Re f) e; and (Im f) e; are one-dimensional
and of vanishing 2-variation, so in Gy (V). While based on Problem 3.18, f ¢ G, (V), so
G2 (V) is not a linear space.

The non-linearity of Gy (V) is inherited from the non-linearity of the area.

Proposition 3.22 When dim (V) > 2, both Gy (V) and C%*7*" ([0,T],V)\G2 (V) are
dense in C%?7" ([0, T],V) under 2-variation norm.

Proof. Gy (V) is dense in C%?7v" ([0, T], V), because

2—var

Cr ([0,T,V) € G2 (V) € €O ((0,T),V) =: CT= (0,77, V)

On the other hand, when dim (V) > 2, for any fixed v € C%?7°% ([0, 7], V), we want
to find a non-enhancible path 7 in the 2-variation neighborhood of ~. Based on the
definition of f at (3.8):

0o lng1—1

=22 =

n=1 k=,

exp (2mi (—=1)"2°%t) ,t € [0,1].

Define

oo lpt1—1

=2 2

n=N k=lI,

n o2k
P kexp (2mi (—1)"2%1) ,t € [0,1].

Then (based on Lemma 3.35 below, which is used in the proof of the non-enhancibility of
1

), {fn} € €% ([0,1],C) and supy 1% || fnlly_yey := C < o0 (where Iy is the smallest

index in the definition of fy). Moreover, for each fixed N, we have sup, ’A((fN)D) (0,1)| =

oo (because supp, |A (fP) (0,1)] = co and f — fy is smooth).
Select ey, ex € V, s.t. [eq, e5] # 0. For any € > 0, choose an integer K, s.t. 2725 < T,
1
Vllo—varo,2-2x) < € and ([lex]| + [lea]]) (Clx?) < €. Define g as

g9(t) = (Re (fx (t) = fx (1)) ex + (Im (fx () — fx (1))) €2, € [0, 1]
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Then g € C%?79" ([0,1],V), g (1) = 0 and

190l—varfory < (el + llelD) [ lla—var o,
_1
< (leall + lleall) (Cl?) <

sup [A(g”) (0.1)]| = sup |A((f)”) 0. D) [ex. ea]]| = oo
Define
g (2001 + (), 1€ [0, 2720
7)) = linear, t € [272K+D) 2-2K]
v(t), t €275, T

Then 7 is of vanishing 2-variation and

||7 - ?||2—va7‘ <2 ||7||2—U{17",[0,2*2K] + ||g||2—var,[0,1} < 3e.

On the other hand,

sup [[AGF)],_,,. = sup [[AGO)] .,
Dclo,1] Dclo,1]

> sup

Dclo

1
AﬁD)(o,—)H: sup [[A(g”) (0, 1)]| = oo.
 SIRTD)) 22(K+1) DCl0,1]

Thus A(3”) does not converge in 1-variation as |D| — 0, and based on Theorem 3.20, 5
is not enhancible. m

When 7 is a path of finite p-variation, p € [1,2), based on Young integral and Theorem
3.20, the enhancement of 7 to geometric 2-rough path exists uniquely in the form of
Riemann-Stieltjes integral. Thus U;<,<oCP~"* ([0, T],V) C G5 (V). Then

Problem 3.23 Is the inclusion Ui<,<2C?~"*" ([0,T],V) C Go (V) strict?

Yes, it is. When dim (V) = 1, Go (V) = C%?7" ([0,1],V) (based on (3.23)). Select
e €V, e#0, and define h (t) = (t% cos? (%) /lnt) e, t € 0,1]. Then

h e €O ((0,T],V)\ Urgen €77 (0,7],V) - (Exers 35(9)).

When dim (V) > 2, the inclusion is strict because Uy <,<oCP~"*" ([0,T],V) is a space, but
G (V) is not (Problem 3.21).

Although G, (V) is not a space, it can be shifted in any of the “ Young” direction.
Proposition 3.24 Vv, € Go(V), Vv, € Ui<pcaCP7" ([0, T7],V), 71 + 74 € G2 (V).

Suppose v; € Gy (V), then v, is of finite 2-variation. For any ~, of finite p-variation,
p € [1,2), according to Young integral (i.e.(3.15)), A(v¥,~vL) (defined at (3.16)) converges
in (271 +p~1) -variation as |D| — 0 (p < 2, so converges in l-variation). Similarly,
AP AP) and A(vD,4L) converge in 1-variation as |D| tends to zero. On the other hand,
v, € Gy (V), so applying Theorem 3.20, A(rP) = A (%D,%D) converge in l-variation.
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Therefore A((y, +72)") = 22, -1, 4 (vP,~7P) converge in 1-variation as |[D| — 0 and
71 + 75 is enhancible (Theorem 3.20).

Moreover, we can extend the space Uy<,<oCP~"" ([0, T], V) to a larger space in G (V)
(which is a special case of the extended Young integral in Section 3.3).

Theorem 3.25 Let «y :[0,1] — V be a continuous path. If there exists a non-decreasing
function m : [0,1] — RT satisfying

1. 2
t
limm (t) =0, m (1) <1, and / m( )dt < 00,
t—0 0 t

such that

sp O =G (3.26)

0<s<t<1 ¢ — 3|% m(t — s)

Then v € Go(V).
The proof of Theorem 3.25 is given in p48.

Remark 3.26 In Theorem 3.25, by adding a log term and log-log term so on and so
forth to function “m 7, one can get a sequence of nested linear spaces in Gy (V). Because
they are nested, their union is still a linear space in Gy (V).

Since being enhancible is invariant under reparametrisation, as a variational form of
Theorem 3.25, we have:

Corollary 3.27 Let v : [0,T] — V be a continuous path. If there ezists continuous
function ¢ : [0,00) — [0,00) which is strictly increasing and onto, satisfies ¢ (0) =0,

2 1
w s — s non-decreasing , and / U du< o ) (3.27)
p(u) o ¢ (u)
such that
sup > @y () =7 (8)]) < oo (3.28)

k,treD
Then v € Gy (V).
Corollary 3.27 is proved on p49

Moreover, the condition fo "Wt < 0o is necessary:

t

Example 3.28 For any Banach space V satisfying dim (V) > 2, and any non-decreasing
function m : [0,1] — RT satisfying
t—0

1,2
t
limm (t) =0,m (1) <1 and / mT()dt =
0

there exists v € C ([0, 1], V) satisfies (3.26) but not in Go (V).

Example 3.28 is a special case (p = ¢ = 2) of Example 3.33 in Section 3.3.
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3.3 Extension to Young integral

In the way of exploring paths in Gy, we get an extension to Young integral [38] by
assigning a finer scale continuity. We prove convergence in g-variation, while similar
pointwise convergence was obtained in [4]. More resembling of our theorem is Corollary
3.90 in [7].

Before stating the theorem, we define the iterated integral of two paths, which is used
in our estimation.

Definition 3.29 For i = 1,2, suppose V; are Banach spaces, and v, € C([0,T],V).
Define the iterated integral of v, and vy, I (71,73) : Do) = Vi®Vs by setting (whenever
the Riemann-Stieltjes integral exists)

T (1aa) (5,8) = / / dy, (u1) ® ds (u2) , ¥ (5,1) € Do, (3.29)
s<ui<uz<t

Then we have, for any (s,t) € Ajg 1,

I (1a7) (5.1) = / 1 () @ dyg (1) — 7, () ® (72 (£) — 72 (5))

Theorem 3.30 Let V;, i = 1,2, be two Banach spaces and v; : [0,1] — V; be two
continuous paths. If there exist p > 1, ¢ > 1, p ' + ¢! = 1, and two non-decreasing
functions m; : [0,1] — R¥, i = 1,2, satisfying

1
limm; (t) =0, m; (1) <1, and / Mdt < 00,
t—0 0 t

such that
t) — t) —
sup 71 ( 1) 71 (8)] .— () <00, sup 172 ( 3 72 () =y < 0. (3.30)
0<s<t<1 |t — s|p my (t — s) 0<s<t<1 [t — s|a my (t — s)

Then the Riemann-Stieltjes integral fot 71 (1) @ dy,y (t), t € [0,1], exists, and
‘ < 8C1Ch (2 + /1 Mdt)
< ; :
0

The proof for Theorem 3.30 starts on page 42.

/0 1 (1) ® dy (1)

q—var

Remark 3.31 When my (z) = 2%, my (x) = 2%, a > 0, b > 0, we get Young integral.

Remark 3.32 In the proof of Theorem 3.30, we get an estimate of the iterated integral
of 71 and 7y

1
HI(’}/DVQ)Hlfvar S 0102 (15 =+ 8/ Mdt> .
0

On the other hand, the condition fol Mdt < 00 in Theorem 3.30 is necessary:
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Example 3.33 Suppose m; : [0,1] — R¥ are two non-decreasing functions, satisfying
limy ,om; (t) =0, m; (1) < 1,4 = 1,2, and fl wdt = oo. Then for any p > 1,
g>1,pt+qt =1, there exist two continuous real- valued paths v; : [0,1] = R, i=1,2,

s.1.
sup ’71() 71 (s)] < 00 sup |72() Y2 (5)] < o0,

0<s<t<1 ‘t_3|p my (t — s) ’ 0<s<t<1 |t—s|q ma (t — s)

but the Riemann-Stieltjes integral fo 71 (t) dy, (t) does not ezist.
Proof of Example 3.33 is give in page 45.

Suppose v; = (z;,y;), ¢ = 1,2, are two 2-dimensional paths. Then the existence
of Riemann-Stieltjes integral [+, ® dv, for i = 1,2, only implies certain compensation
between the regularities of x; and y;, © = 1,2, while it does not provide information about
the relationship between x; and y, or x5 and y,. Therefore, there is no reason to expect
the Riemann-Stieltjes integral [ (z1 + 29) d (y1 + y2) to exist. Actually, when adding two
paths together, the rougher one counts for the regularity, so it is possible that the integral
[ (@1 + 22) d (y1 + y2) does not exist. This compensating property also manifests itself in
rough paths, and is one of the potential reasons for the set of rough paths (and G, (V))
to be non-linear.

3.4 Proofs
Recall Apq = {(s,t)[0 <s <t <1}

Lemma 3.34 For any p > 1 and any a > 0, there exists a constant C,, > 0, such that

for any integer m > 1,
——— < Cpp————.
ma

Proof. L’Hospital’s rule. =
The following lemma is in the form of Exercise 9.14 in [9], only that we give uniform
estimates.

Lemma 3.35 Suppose V is a Banach space, {¢,}n>1 C C (Dp1},V), and there evists
constant M > 0 s.1.

lon (s, )| S M (LAt —=s]), V(s,t) € Doy, V> 1.

Forp € (1,0), a € (0,00) and integers 1 < N3 < Ny < 00, define

Ny

a 1
Iy (5,8) = o (2%5,2%1) , t € [0, 1].
k=N, P
Then
T
(1) sup sup HgNl’Nz )” < Cyprt < 00 (3.31)

LSN1 SNz <00 0<s<t<1 [t — s] (ln E)*“
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for any 6 € (0,1) (recall wy, (v, 6) defined at (3.12)), we have

2 —a
(it)  sup  wp (9N ne0) < Cupmt <ln —> ; (3.32)
1<N <Np<oo b 5
and for any fived Ny > 1,
Cagot
iii)  su P < b 3.33
( ) N1§N£)§oo HgNl’NZ Hpiwr’[o’” - M ( )

-1
where Cypy = (In4)* 275 M (SC'a’p + (2% — 1) ) with C,,p from Lemma 3.34, and

—~—

Coont = ((ln 7P, + 207 (1 - 2‘>p> g

Proof. We prove (3.31) first. Fix 0 < s <t < 1. Denote n := [log, 73], then using
s, (s, )| < M (LAt = s]), we get

n o0

1 1
o5t (50 € 30— o @5, 25)] + 30 Lol (225, 2)|
k 1 ka2 k:n+1 ka2p
n 2 1—7 o] M
< MZ ]t—s\—i— Y —
k=n+1 a2r

Based on Lemma 3.34, there exists Cap, s.t. for any m > 1, > ", fa?(1=3)k <
C’a,pm_a22<1_%)m. Thus (n > log, ;% and 2 < 22" < 5

— t—s

. 22(17l)n M 1
o8 (s8] < MCup— It =5+ ——

1 1
< (s )y
2r —1/ no27»

In4)* M 1 2 \
< &(gcm )|t_3,; (m ) |
2 25 — 1 t—s

Since our estimates holds for any 0 < s < ¢t < 1 and any integers 1 < N; < N, < o0,
(3.31) is done.

Based on (3.31), for any 6 € (0,1), and any finite partition D = {t,}, |D| < §, we
have

a 2 2\ %
3, Wt 03l < s (15) ™ 32 b=t = o (5)
Jt;j€D Jt;€D
It holds for any D, |D| < §, and any integers 1 < N7 < N, < 00, so (3.32) holds.
Then we prove (3.33). Fix N;. Finite partitions whose mesh are less than 272V are
done in (3.32):

P
Cop

p
Nlﬁsxfﬁoo |D|2121P2N1 ];D HgNl N2 j+1)H = (ln 4)ap

- (3.34)

1
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For finite partitions D = {t;}, |D| > 272", denote Jy,4 = {j||tjs1 — ;| > 272V},
Since there can not be more than 2x 22" many subintervals in Jy, ; (and using ||, (s,1)]| <
M)

00 p 2 p
M 2» M 1
Z 987w, (5, t541) " <22 (Z —zk) = ( z ) N

a —
t;€D,J€JIN, + k=N, ka2r 2 1

The intervals in D which are not in Jy,+ can be treated as subintervals in another finite
partition D', |D'| <272V 50 using (3.34) to bound them, we get

2 p
pt 20 M 1
S i < 3 4 Y < (1%”(2 ))Nlap.

tjeD 3TN+ JEIN 2r =1

Our estimates hold for any finite partition D, and for any integer No > Nj, so (3.33)
holds. m

Example 3.36 Suppose ¢ > 7 is a constant, and {l,,} is a sequence of increasing integers,
satisfying

Iny1—1 1
> S S+ > 1 (3.35)

k=ln

o
3
(VAN

If define f:[0,1] — C as

o0 ln+l 1

>y = kexp (2mi (=1)"2%t), t €0,1].
= k22

n=1

Then f is of vanishing 2-variation, and for any a € [—00, 0], there exists a sequence of
finite partition {D%} of [0,1] satisfying (with z == Re f, y :=1Im f)

lim |Dg| =0 and lim > (z(t)y(t) —y (L) z (b)) = a. (3.36)

n—oo n—oo
l,t;eDga
The (—1)" ensures that the limit oscillates. Without (—1)" we only get divergence,
while not non-existence.
Proof. f of vanishing 2-variation follows from (3.32) in Lemma 3.35 (with a = %, p=2,

M =1, Ny =1, N, = 00). Suppose N > 1 is an integer, denote

Dy = {12~ 2N}l oot =027 =01, 2%V, (3.37)
22N 1
and (f, Dy) := Z (z (tfv) Yy (tfil) —y (tfv) x (t{\frl)) : (3.38)

1=0
We want to prove that for each a € [—o0, 0], there exists a sequence of finite partitions
{D¢}, C {Dn}y , satistying lim,_,o (f, D%) = a.
Denote
e = (1", fork=1,,....0,11—1;
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cr

=222 fork=1,,...,N —1.

Then 27e; 2%t = Ic | and

z (') y (tih)

j2

Jj=h

—y () @ (1)

No1 oy . N-1
(Z —— cos (27rej22jtfv)> <Z T sin (27r6k22ktﬁ1))

N-1 N-1
- (Z — sin (27rej22jtfv)> (Z T O (27T6k22ktﬁ_1))
1

j§21

Jj=h
N-1 1
. . N N
- mz:z k3 22K+ sin ((+ D — 1)
sJ=t1
N-1 1
= Z ———sin (27T€k22k_2N)
2%
= k2
1
* Z Ji3 j3 2k

h<k<j<N-1

Sum [ from 0 to 22% — 1,

<f>DN> =

Since

we have

where [; +1 < N <[;,q, and

22N _1

> o @)y () —y (1)

=0
N-1

1 :
Z L92k—2N S

z (%)

(27_‘_6]622]672]\7)

k=1l
1 22N 1
+ Y T
i <k<j<N—1 k2j22M7 =5
22N 1
Z sin (l (ck —c;
1=0
No1
(F.DN) = D i
k=l

= :Z(—Uf'sj.“r

ljy1—1

N ._
sj =
k

J]=

=l;

1

1 .
L92k—2N Sl

sin (27T6k22k_2N)

N-1

1 : _
(—1)J IZZ:J ]{322]’3—_2]\[ S11 (27T22k 2N) .

(2r2 M) 1<j< -1

30

(sin (I (cf =) + ) +sin (I (¢ — ) + )



Using %0 < sinf < ¢ when 0 € [O, %} and condition (3.35), we have, for any j > 1, and

any N 2 ljJrl,

4ch§s§y§27r>< (cj—i—l).
Thus using s) — sN | > (4c —27m) ™" — 27, we estimate Z;n:_ll (1)’ s¥. When m is
even and m > 4, for any N > [,,,

m—1
(—1)j sj»v = - (3%—1 — SZ_Q) — s (3.39)
j=1
4c — 2
< —H (" =) +7(m—2) —4c.

Similarly, when m is odd and m > 5, for any N > [,,,

m—1
(—1) sjy = (st_l — sﬁ_g) 4 (8 — s (3.40)
j=1
4c —2m ,
> L)~ (m - 1)

and when m is odd and m > 5, for any N > [,,,, the upper bound:

m—1
(_1)j3§'v = 37]7\17—1_((’3%—2_5%—3)_"'_SiV (3.41)
j=1
dc — 2
< 2 x ("H41) - 62 17T ("t =) +7m(m—3)—4c
2 _
2m 4e — 2m 4c — 27
- (- e —1 2 _4e.
(c 0(02—1))C Frlm—1)+ 2_1° ¢

Since we assumed ¢ > 7, in (3.39) and (3.40) we have 252% > 0. On the other hand,
since (f,D; ) =S""(—1) sé-m, based on (3.39) and (3.40), we have

7=1
lim <fa Dlgn> = —00 and lim <f, D12n+1> = +00.
n—00 n—00

Thus, when a = 400 let Dy := Dy, ., when a = —oo let D} := Dy, .
Fix a € (—o0, 00).
Firstly, we assumed ¢ > 7, so

2r 4c—2m 2m
0I< ———— < — < 2.
c c(=1) ¢

For our fixed ¢ > 7, choose integer M, > 1, s.t. for any m > M.,

27 4c — 27
c c(c®2-1)

de —2
02 7T02—4c§2cm.
ct—1

)cm+7r(m—1)+

Thus, combined with (3.41), when m is odd and m > 5V M., for any N > [,,, we have

(1) s < 2cm. (3.42)



Then for our fixed a € (—o00,00), choose odd integer M (a) > 5V M, such that, for any
odd integer m > M (a), and any N > [,,,, we have

m—1
7s% > |a| + 10m, (3.43)

Jj=1

which is possible because of (3.40).
We prove that for any odd integer m > M (a), there exists Ny, (a), l, < Ny, (a) <

lm+1, s.t. -
|(fs D)) — a| < L

Fix odd integer m > M (a). For any N > 1,,, (use ¢™ < Zlm“ "1 1e.(3.35)),

m—l lm+171
la] +10m < Y (1) sV <2cm <2 > kT (3.44)
=1 k=lm
Thus, when N = [,,;; in (3.44), we have
m—1 Im+1—1 . 2k—21
. sin (27?2 m+1)
(£ D) =D (s = > — o (3.45)
j=1 k=lm
m—1 m+1 1
< ( J lm+1 _ 4 Z k!
j=1 k=lm
Int1—1
< -2 Z k™t < —la| — 107
k=lm
While in (3.44) let N = [,,, we have
m—1 )
(f,D,) = (=1) 8" > |a| + 107 (3.46)

1

J
Combine (3.45) with (3.46), if |(f, Dn) — (f, Dn+1)| is uniformly small when [,, < N <

lms1 — 1, then 3N, (a), l, < Ny (a) < Ly, st. <f, DNm(a)> is in the neighborhood of a.
Actually, for any N > 1[; + 1,

|<f7DN+1> - <faDN>|

N-1 . _
1 sin (27r22k 2N) - 4
< g — — sin (27r2 - (N+1)) + —.
= k22k 2(N+1) ( 4 N

For any 6 € [0, 3], using sin (2) = 2sinf cos 6§, we have

1 |sin (40 in
i smi )—sin9‘ :Sl%‘COS@COSQG—H
0 0
§’(1—28in2§) (1—28in29)—1‘§14sinz§<gﬁ
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Thus let § = 272%-2(V+1) | we have

1 sin (2m22—2N)
92k—2(N+1) 4

1 2
o 2k—2(N+1) 3
sin (27T2 ) < 287 (—22(]\,“)%) .

Thus, when [,, < N <[+ — 1,

1 24
(f, Dn+1) = (f, D) <287T3Z (m) ¥ (3.47)
k=h

While one can prove that for any m > 2, S0 2% < 24

tion, so for any N > [y + 1,
N—-1 2 N—-1 Ak
1 1 1 2 1
Z I (22(N+1)2k) S 94N +4 Z ko < 16N (3.48)
k=1 k=1
Then, combined (3.47) with (3.48), we get when l,,, < N <11 — 1,

[(f, Dy1) = {f, D)l < (Z 3+4)zif 2;?:.

Thus, combined with (3.45) and (3.46), there exists integer N, (a), I, < Ny, (a) < Ly,
s.t.

by using mathematical induc-

45, D) —a] <
Moreover, since (f, D, ) > |a| + 107 > |a| + %, (f,Diiy) < —la| = 107 < —|a| — 1%,
we have [,,, < N, (a) < L1
Therefore, if let D% := Dy, (), m > 1, then {D2 } is a sequence of finite partitions,
whose mesh tends to zero, but the limit of the corresponding Riemann sum is a. m
Next, we demonstrate that when the space of smooth paths is equipped with 2-
variation, the area operator is unbounded, and non-closable when the area is equipped

with p-variation, p > 1.

Lemma 3.37 Suppose {l,,}, is a sequence of strictly increasing integers. Then

lns1—1

— sin (272%" (t — s))

lim 192k

n—o0

=0 for any p > 1.

=ln

p—var,[0,1]
Proof. We do estimation for fixed p > 1 and fixed sufficiently large n.

For integer m > I, denote I, := (27%(m+1) 2-2Pm] and denote I;,, = (272 1].
Suppose D = {t;} is a finite partition satisfying that {|t;11 —t;[}; C Ui_In, U I},+ with
minj<;<sm; > l,. Denote J,,, = {jltjs1 —t; € I, } and J, 4 = {jlt;js1 —t; € L1, 1}
We assume that .J,,, is not empty for each ¢. For J;, ., since we can not have more than
22t Y sen , (w1 — 1) intervals in Jj, 4,

Z ("Z k212’“ sin (2727 (¢4, — tj))) (3.49)

Gi€dint \ k=l
_ Int1-1 b 92p+1
nt
< 2% > k;22’f > (it < P Y (=t
k=ln 3.5E€ it " Gi€ Ty
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Then we do estimation for fixed i, ¢ = 1,2,...,s. Suppose t;;1 —t; € I,,,, then

lny1—1 1 p
( Z ]{,‘22k sin (27T22k (tj+1 — t])))

k=ln

_ 21 1
vt <<2W§ E) |tj+1—tj|p+< > m) )
k=l, k=m;+1
< 2l (2r(1+1 (L b

Since there can not be more than 2 x 22P(m+0 37 ., (1;,4 — t;) many intervals whose
length fail into the category I,,,,

Z (nz ]{721% sin (272% (tj+1 - tj))) (3.50)

IN

5.€Tm; \ k=ln
N (1+Inm;)” 1 -
=2 1 ((271-)1) 922p2m; + 3pmP2pm; X 22p( S Z (tj+1 _tj)
¢ 3,3 €Im,;
5 » (L +1nm;)” 1
< 27 (QW) 92p(p—1)mi + 3rmP Z (tj+1 = 15).
i/ j€Tm;

Since {[,} are strictly increasing integers, lim,_,, [, = +00. Thus, for our fixed p > 1,
there exists N (p) > 1, s.t. for any n > N (p) and any m; > [,,, we have

(1 + h’l mi)p
22p(p—1)m;

< 1
_mf‘

Therefore, for any fixed finite partition D = {¢;} of [0, 1], when n > N (p), we have (using
(349), (350) and Zj:l ZjEJmi (tj+1 — t]) + ZjGJz,mL (tj+1 — t]) = ]., minlgigs my; Z ln)

Iny1—1 1 p
)3 ( D e S (2727 (10 tj)))

Jiti€D \ k=ly

22p+1

1 1
2% ((27)p+§) > p— > (i — 1) 3 > (e —t)
i=1 " §,j€Jm,; J3:I€Jin+
1\1
3
< 2% ((27r)” + §> Ik

Hence, for any fixed p > 1, there exists integer N (p), s.t. for any n > N (p),

IN

R | ’ 1\ 1
. 2k 3
E m S1n (27T2 (t — S)) S 2°P ((27_‘_)17 + §> E
k=l p—wvar,[0,1]
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Lemma 3.38 Suppose {l,,}, is a sequence of strictly increasing integers. Define

ln+1—1
1
gn (t) = exp (2mi2%%t) , t € [0,1].
(t) Z;M% (2mi2*'t) , t € [0,1]
Then limy, o0 || gnlly_per = 0, and for any p > 1,
1=l
Tim 1A (gn) (s,1) = <7r ;; %> (t—s) = 0.

p—var,[0,1]

Proof. Since trigonometric functions are Lipschitz and bounded, according to (3.33) in
Lemma 3.35 with p = 2, lim,,_, ||9nH2—mr,[o,1] = 0.
According to the definition of area, if we denote x,, := Re g,,, y, := Im g,,, and

m@wzz/amw%w—%wmmw
Qn (37t> D =Un (S)xn (t)_xn (S)yn <t>7

we have

Ag) (5:0) = 5 (0n (5,0 + au (5,).

Firstly, for p, (s,1),

pn (5,1)
t [lny1—1 1 ' lny1—1 9 '
= 27r/S ( Z:Zln v cos (27r22’u)> (len j—%cos (27r22]u)>
Int1—1 1 Iny1—1 oi
+ ( Zl;l j%2j sin (27T22]u)) ( Z;l z_% sin (27r22’u)> du

ln+171 t _ ..

21— ) ) 2tJ ) .

= 27 Z / —— COS (27r222u) oS (27r22ju) + < sin (27?2271@) sin (27?22%) du
s 12)2 1272

1,j=ln

_ <2ﬂln§flé> (ERITE S <,2j.i+,2i,j) /:cos(27r(22j—22i)u)du

ln§i<jgln+1_1

ln+171 1 1
- (277 > E) (t=s)+ > b (s,

ln§i<j§ln+l_l

92j 4 92 ‘ A . ,
pij(s,t) = (m) (sin (27 (2% — 2*)t) —sin (27 (27 — 2%) 5))..
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While, for g, (s,1),

Gn (5,1) = yn (8) Tn () = 0 (5) yn (1)

sl sl
= ( Z —— sin (27?222'3)> ( Z ——— COS (27?22jt)>
2 227

i 122 pary 722
ln+1—1 1 ln+1—1 1
— ( Zzzln pro cos (27r2223)) ( J:Zln j%2j sin (27r22]t)>
lnt1-1 1
_ - 2. o2
= ”z:; i%j%Qiﬂ' sin (27T (2 s—2 ]t))
ln+171
= — —sin (2022 (t — 5)) + i, (5,1),
k:zln k22k ( ) i i%j%QH»] J
where
gij (s,t) = sin (27 (2%'s — 2%71)) + sin (27 (295 — 2%11)) .
Thus
ln+171 1
A(gn) (S,t) - (77 ]; E) (t — S)

lpp1—1
- % ( Z k212’f sin (27T22k (t — s)) + Z ; (pij (s,) + ai; (s,t))) .

1 1 . .
T
k=L, In<i<j<lpi1—1 12522

Based on Lemma 3.37, Zﬁ::zfl k=127 sin (272%% (¢ — 5)) converge to 0 as n tends to

infinity in p-variation for any p > 1, so we are left with

3 A

el i3 5321t
While
pij (8,t) + qij (s,1)
— (M) (sjn (271' (22j — 22i) t) — sin (27‘(‘ 2% 2%) S))
o 922j _ 92i
+ sin (27r (22is — 22jt)) + sin (27r (22j3 — 22’%))
2
= (%) (sin (27 (2% — 2%) t) — sin (27 (2% — 2%) 5))
-+ (sin (27r (22j — 22i) If) + sin (27T (22i3 - 22jt)))
+ (sin (27 (2%s — 2%t)) — sin (27 (2% — 2%) 5))

2 x 2% _ i o , 0i oo
= 5% o (sm(27r(23—2’)t)—81n(27r(2]—21)s))
—2cos (27T (22jt — QQiHTS)> sin (2%2%25—78)
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) -t 1t —
—2cos (27r (2235 — 2212)) sin (27r22l—8)
2 2
4 x 2% : ot A =
= (ﬁ) coS <27r (22] — 221) %) sin (27T (22] — 22’) 5 S)
. 1 t—
—4 cos (27r (223 — 22’) %) COoS (27?223 ) sin (27r22 5 )
. ot Q2 t
— dcos (2 (29 —22) T2 sin (27 (2% —22) 222
2 2% — 9% 2

_ S) sin (27T22it—8)> .
2

-t
— COS <27r22]

Therefore,
21427
|pi,j (S, t) + qu (8, t)l S 4 <m> (351)
sin (27227 t=s t— sin (27222 4 —
X M cos | 2m2% °) = ( 2 ) cos | 2m2% i )
22j 2 22 2
While, for any #, and any integer n > 1,
n—-1 in (2"0
sin® [] cos (2°0) = Smé—n),

k=0

so, when j > i,
in (2% in (229) 2i—1
sin (2¥6)  sin (2%0) T cos (21@9).

2j - 2
2% 2%y

Thus when 6 = 7 (t — s), continue with (3.51), we have
P (s,) + ¢ (s,1)]

2%+2] 1\ [sin (272%552)
= 4 22] _221

531
2] 1 t— 1 —

COS (27r22Z ) COoS (27?2"3 S) — CoS (27r22] 8) '
k=21 2 2

4( 221+2] > ‘sm 221t s)’

X

2% —
2 't — 22 4

S — |sin (27_‘,22278) ‘ . (m ~ 3 when j > Z)

Therefore, for any p € (1,2),

1
> P (s, 1) +qis (s, 1) (3.52)
ln<i<j<lni1—1 i7 220t
o
sin (27?221—8) D
2

3 it (J‘l 1
+—
sin (szm—s) ') .
2

]:ln+1 2221
32 "t U
3 (2—2)j Z 1.2

1
] ln+1.]22 P 1:ln 22217

j2Y

IN
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While since |sin (t —5)| < 1At — s/, based on (3.33) in Lemma 3.35, for any p > 1, there

exists a constant Cl s.t. for any [, and any j > [,,, we have,

50,17
G | t—s C1p1
Z —— [sin (27T22z )‘ <2
i=ln i229" 2 12

p—var

Therefore, for any p € (1,2), since ||| is a norm, combined with (3.52),

p—var

Z % (pij (8:) + a1 (s,1))

In<i<j<lpi1—1 2] 220 p—var
lng1— —
32 +1—1 1 j—1 ]_ . Qit — S
< 1 — — [sin | 272" ——
3 j=lp+1 j§22(1_;>J i=ly 7:5251 2 p—var
3201, "t 1 3201 pa 1

— 0 as n — oo.

<

1

<
313 joiat1 ‘7%22(17%)]' a 3(22(17) -1 l"22(17%)ln

Thus, for any p > 1 (since p-variation is non-increasing, so if converge in p-variation,
p € (1,2), then converge in p-variation, p > 1)

Alga) (5.1) - (w > %) (t-5)

k=ln

lim =0.
n—oo

p—var

Example 3.39 Suppose {l,} is a sequence of increasing integers, satisfying that for any
n>1, Zl"“ "%=1 > n. Define

ln+1—1
1
fo(t) = exp (2mi2%t) , t € [0,1]. 3.53
0= 3 pmewrizty) e (353)

Then lim,,_, oo Hf"H?—var,[O,l] =0, but for any 0 < s <t <1, lim, ,oo A(f,) (s,t) = +00.

Proof. Follows from Lemma 3.38:

AU (1) - <w > %) (i)

k=ln

lim
n—oo

=0, for any p > 1.

p—var

As a clear consequence of this example, when the space of smooth paths is equipped
with 2-variation, the area operator is not continuous, nor bounded.

Example 3.40 Suppose {l,} is a sequence of increasing integers, satisfying that for any
n>1, S0 kTt > 1. Define

o= (=31) 3

k=ln

exp (2mi2**t) , t € ]0,1].
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Then limy o0 [|9nlly—parjo.0) = 0, and for any p > 1,

lim {|A(gn) (5,8) = (t = )l —varjo.) = 0-

n—oo

Proof. Follows from Lemma 3.38. m

The convergence of A (g,) to t—s can not hold in 1-variation, because h,, is a sequence
of smooth paths, so the limit of A (g,) in 1-variation is of vanishing 1-variation, while ¢ —s
is not. Actually, g, converges to zero in 2-variation, so if A (g,) converges in 1-variation
then should converge to 0 (closable when area equipped with 1-variation).

Example 3.40 demonstrates that when the space of smooth paths is equipped with

2-variation and their area with p-variation, p > 1, the area operator is not closable.

1

Next, we extend Young integral [38] to the case p~' + ¢~! = 1 by assigning a finer

scale continuity (e.g. logarithmic). Before that, we prove a lemma. Suppose V; and Vs,
are two Banach spaces. For simplicity, we denote || - ||y, || - [lv, and || - [lv,ev, as || - |-
Recall definition of w, (v,d) at (3.12).

Lemma 3.41 Suppose v, € CP7 ([0,1],V)), 7o € C17° ([0,1],Vs), pt + ¢! = 1.
Dy = {ty}), and Dy = {s;}, are two finite partitions of [0,1], and D, is a refinement of D1,
i.e. for any k, there exist integers ny < ngy1, S.t. ty = Sp, < Sppy1 <00 < Spyyy = Lyl
If denote IP := I (vP, 7)) (see definition at (3.29)) and suppose |D1| < 6, then we have

”ID1 — I ||1—vm",[0,ﬂ = Z HIDI H1—mr,[tk,tk+1] + Z HID2 Hl—vah[tk,tkﬂ]
L k

+2C<.)p (717 5) H72Hq7var,[0,1] + 2wq (72’ 5) HP)/Iprvar,[O,l} ’
Proof. Denote Ay, := 42" — P2 i = 1,2, and denote AT := IP* — P2, For any
(s:t) € Dy,

Al(s,t) = / (V2" () = AP () ® dyP* (u) / (V22 () — 72 (5)) ® dy* (u)

- / (B () — Ay (5)) @ P () + / (722 () — P2 (3)) ® d Dy (u)
= (O, 750 (s,8) + 1 (772, A7) (s,1).

Suppose tg, -1 < 8 < tg, < tp, <t < tg,41, then

I (A’71’72Dl) (S7t) = I (A’)/l?’ygl) (Satlﬂ) + I (A/717’72Dl) (tkmtlm) + I (A717’72Dl> (tk27t)
+ (L7 () = Dy () @ (32" (1) =72 (tw)
+ (A'Yl (tk2) - A’Vl (tkl)) ® (’)/2D1 (t) - 72Dl (th)) :

where the last term vanishes, because Ay, (ty,) = A7, (t,). Similar result holds for
I (’727 A/Y) (Svt):

(71 7A72) ( ) = (’71 >A72) (s>tk1) +1 (’71 7A72) (tkutkz) +1 (71 aA’)/Q) (tk’wt)
+ (772 () =972 (5)) @ (A () = D7y () -
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Thus (since AL = I (Av,71) + 1 (72, A7), [[o1 @ vally, gy, < 01y, llv2lly,,)

IAL (s, )l < (AL (s, ti) |+ 1AL (Eryy tio) |+ | AT (s, )] (3.54)
A7 (te) = Ay1 ()] |72 (8) = 72" ()|
[0 () = 0 ()| 1472 (8) = Doy ()]

For AT (tg,,tx,), by using multiplicativity and Ay, (tx) = 0,Vk, i = 1,2, we get

ko—1

Ity try) = > AT (tj,t551) (3.55)

Jj=ki

Thus, combining (3.54) with (3.55), we decompose [s,t] into the union of three kinds
of subintervals: [s,tx,], [tj,t;+1] and [tg,,t], and each of them is a subinterval of some
[tk txr1]. Thus, for any finite partition, applying our estimates to each subinterval, sum-
ming them together, and taking supremum over all finite partitions. By using Holder
inequality, we get

HAjulfvar,[O,l] < Z HAll‘lfvar,[tk,thrﬂ (356)
k

LA

+ (Z "A71|‘£—var,[tk,tk+1 ) ||7 ||q var,[0,1]
k
(Z "A72|‘q var,[ty,te+1] > ny Hp var,[0,1]

On the other hand, when ¢ = 1, 2,

Q=

Supry ||p var,[0,1] — Hrysz var,[0,1] (357)

. D D
and since Ay, =y, — ;%

A% (3.58)

p—var,[ty,tk+1] < H’Y Hp var, [t te+1] Hry Hp var,[tr,te+1]
<

2 ||7@||p—var,[tk,tk+1] '

Therefore, combine (3.56), (3.57) with (3.58),

ST

||AI||1—var ,[0,1] < Z HA‘[HI var,[te,ti+1] +2 <Z ||71||p var,[tg, tk+1]> ||72||q—va'r,[0,1]

q

+2 (Z ||72Hq var,[tk, tk+ﬂ> ||71|lp—var,[0,1] ’

Since [|AT[,_,,, ltrtin] = HIDI
) ylk+1
(defined at (3.12)). m
The following lemma will be used in the proof of Theorem 3.30.

IP2 and |Dq| < 4, use wy, (7, 9)

Hl—var,[tk,tk+1] H Hl—var,[tk,tk+1]
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Lemma 3.42 Suppose v, : [0,T] — Vi, i = 1,2, are two continuous piecewise linear
paths obtained by interpolating on the same finite partition of [0,T). Then for any p > 1,
q>1,p ' +q ' =1, there exists a finite partition D = {t} of [0,T] s.t. |D| < 27'T
and

H[ (71772)”17var,[0,T] < Z HI (71772)“17var,[tk,tk+1] +2 HﬁYIpr'uar,[O,T] ”’YQquvar,[O,T] :
k,treD

If v, are linear on [0,T] then

”I (717 ’72)||1—var,[0,T] < ||71||p—var,[0,T] ||’y2||q—va7",[0,T} :

Proof. Denote I := I (7y,7,) and denote D’ = {t;}"_ as the finite partition on which
v, © = 1,2, are interpolated.

Whenn =1, {t; }?:0 = {0, T}, then v, are linear on [0, 7], i = 1,2. After computation,
one gets

Il —varory = (31 (T) =71(0)) ® (7 (T) = 72 (0))]] (3.59)
171 (T) =71 (O)[[ 72 (T) =72 (0]

<
< ||71||p—var,[O,T} ||72||q—var,[0,T] '

When n > 2, denote t;, := min; {t;|t; < 27'T}.
If t;, = 0, then j, = 0, and t;, 4, = t;, > 27'T. Thus

<

||‘[Hl—var,[0,T] ||IH1—var,[0,t1] + HIHl—var,[tl,ﬂ

+ HfYIprvan[O,tl] ||72||q7var,[t1,T] :

Use (359) for “IHl—Uar,[U,tﬂ’

||I||1—Ua7",[0,T] < ||I||1—var,[t1,T] + ||71||p—var,[0,t1] ||f72||q—var,[0,t1]
+ ||71||p—var,[0,t1} ||72||q—var,[t1,T] :
1
< ||[||1—var7[t1,T] +2¢ ||’yl ||p—va7",[0,T] ||’Y2||q—var7[0,T} :

Since T — t; < 27T, lemma holds.
If tjl > 0, then

1] (3.60)

7).

1 vargors < W fors) + 1l
+ ||’)/1||p—’l)a’l”,|:0,tj1:| H,YQHq—Uar’[tjl,
Then if ¢;, 11 =T, , are linear on [t;,,T], ¢ = 1,2, so similar as above,

1
Hlyllfvar,[O,T} < HIHI—var,[O,t]’l] + 2¢ H’}/Iprvar,[O,T] H")/2Hq7var,[0,T} ’

Since t;, < 27T, lemma holds.
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If tj, 41 < T, then 0 < t;, <27'T < t;,1 <T, continue with (3.60),
||[||1—var,[tj1,T] S ||I||1—var,[tj1 ,t]-1+1] + ||I||1—var,[tjl+1,T} (361)
+ ||V1||p7var7[t]~1 7tj1+1] ||72||q—var7[tj1+l7T:|_
While ~; are linear on [t;,,t;,+1], so

(3.62)

||]||1*’U(l7’,[t]‘1,t]‘1+1] S ||’Yl||p—var’[tjl,tj1+1:| ||72||q*'”‘”3[tj17tj1+1] .
Thus, combining (3.60), (3.61) with (3.62), and using Holder inequality, we get
||[||1—va7",[0,T] < ”IHI—”L)(I'I',[O,tjl] + HI||1—va7‘,[tjl+1,T]
+2 ||71||p—va7’,[0,T] ||’72||q—va7‘,[0,T].

Since t;, <27'T and t;,4; > 27'T, lemma holds. m

Theorem 3.30 Let v, : [0,1] — V;, i = 1,2, be two continuous paths. If there exist
p>1,¢>1, p 4+ ¢t =1, and two non-decreasing functions m; : [0,1] — R+, i = 1,2,

satisfying
1
t t
limm, (1) =0, m; (1) < 1,i=1,2, and / miOma ),
t—0 0 t
such that
t) — t) —
C, = sup 71 (8) =71 ()]l <00, Cy:= sup 72 (£) = 72 (s)]l < co.

0<s<t<1 |t — s|v my (t — 5) 0<s<t<1 |t — 8|7 my (t — 5)

Then the Riemann-Stieltjes integral [} v, (t) @ dvy, (t), t € [0,1], exists, and

\ cscics (o [ ).

Proof. Recall the definition of I (v, %) at (3.29):

/0 () ® dy (1)

q—var

T0PA8) ()= [ (P ) =P (o) P ), 0<s <t

Denote [P := I (fyf) i,fYZD i), i = 1,2. Firstly, we prove that I” converges in 1-variation
as |D| — 0.

Since m,; are non-decreasing, (w, defined at (3.12))

wp (71,0) < C1my (9), wy (72,6) < Cama (6) ; (3.63)

since |m1| <lso ||fyl||p—va7’,[0,T} < Ol? ||72||q—var,[0,T] < Cz'
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Based on Lemma 3.41, for any finite partition Dy C Dy C [0, 1], if | D;| < 6 then

172 =1, ., (3.64)
< Xk: (Ll | NS Xk: (Ll | RPN
+2wy (71, 9) ||72Hq—yar,[0,1] + 2wq (72, 6) ”%Hp—var,[o,l] :
Combined with (3.63), we get
2wy (71,9) ”’Yqu—uar,[o,l] + 2wy (72,9) H%Hp—var,[o,l} (3.65)

< 20,0y (my (8) +my ()

For 3, || 17! n (3.64), since Dy is linear on [ty, tgt1],

|| 1—var,[tg,tg+1] 1

[ras 71 (trr) = 72 G 72 (tesr) = 72 (&)

Hlfvar,[tk,twrl]

<
S ”71 ‘|p—var,[tk7tk+1] ”72 Hq—var,[tk,thrl] :

Therefore, using Holder inequality,

; HIDl Hl—var,[tk,tk+1] (366)

1
< (Z ||71||p var,[tk, tk+1]> <Z ||72”ZUU«T,[tk7tk+1]>
k

< my (71,0) mg (7, 0) < C1Comy (6) ma (0) .

Q=

applying Lemma 3.42 to ||I D2 VEk, then there

For Zk HID2 Hl—var,[tk,thrl]’
exists a partition D) = {u}}j, |IDW| <2714, s.t.

ll
Z HI 1—var,[tg,tg+1]
k

D
Z ||] : H l—va'r‘, [u} ,u;_,'_l] + 2 Z ||/yl ‘|p—var7[tk7tk+1} ||72 ”q—Uah[tk,tk_‘_l]
k

o1 1
],quD( )

Z ”IDQHl—var,[u},Ugl'H] +2 (Z ||71||£—va7%[tk¢k+1]> (Z ||/Y2||q var, [t 1] >
k

juleD®

> P2t 1+ 2C1Coma (8) ma (6) .
var, [u] ’uﬂ+1]

juleD®

H l—UaT,[tk,tk+1] )

IN

1

IN

IN

Continue the process: applying Lemma 3.42 to ||I D2
a finite partition D® = {u?}, |IDP| <272, s.t.

) )
Z HID2||1_mr,[ujl-7“}+l] < Z HIDzHl_vaT [u?u?, ] + 2C1Comy (5) Mo (§> .

1 ha C2eD
jruyeDm juieD?)

V7, then there exists

) varfutat 1o
1 var,[uj,uj+1]
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So on and so forth, and we get (for fixed Dy, IP2 is of vanishing 1-variation)

= ) )
z :”IDZHl—vaT,[tk,thrl] S 20102 Zml (Q_n) e (2_n> ' (367)
k n=0

Since m, and my are non-decreasing, when n > 1,

m (%) ma (%) < (;n) B /;n61 ma (£) ma (1) dt < 2/27161 Mdt.

omn

s 35 () ma(£) Sty +2 [ 0L

Combined with (3.67),
5
X my (t) ma (t)
Z HID “1—var,[tk,t;€+1] S 20102 (ml (5) ma (5)+QA fdt . (368)
k

Therefore, combining (3.64), (3.65), (3.66) with (3.68), we get

17— 12

||1—var

ere (2 (m1 (8) + ma (8)) + 3my (8) ma (6) + 4/05 Mdt) .

In the above we assume D, C D;. For two general finite partitions D and D',
|D| Vv |D'| <6, denote D" := D U D', apply our estimates to D, D" and D', D", we get

H]D o ID/

1—var
5
t t
< 20,0, (2 (my (8) + ma (8)) + 3my () my (8) + 4 / Mdt) .
Because we assumed that lim; ,om; (¢) = 0 and f ! ml—dt < 00, so the Riemann-
Stieltjes integral I (vy,7,) exists, I (v,~%) converge in 1-variation to I (vy,7,) as [D| —
0, and (jm;| <1,i=1,2)

Yy (8)mo (t
sup 17 (vi,7v2) = T (V078 ||y, < 2C1C5 (7+4/ %dt) .
0
Moreover, if denote finite partition Dy := {0, 1} then

1720 e < 1071 (1) =72 (0) @ (72 (1) = 72 (0) || < C1Co.

1
Thus, |17 (11,72l yer < C1Co (15+8 / Mdt) (3.69)
0

Then we work out ||f0 71 (w) @ dv, (u )quvar from [|7 (71, 72)ll1_yqr- Since
Tm) (s,8) @ = / (1 (1) = 7, (5)) ® dyy ()
- / 7 (1) ® dyg (1) — 7, (3) ® (7 (2) — 75 (5))
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Therefore, if define function 8 : Ay ) — Vi ® Vs, by setting

ﬁ <S7t) = '71 (8) ® (/72 (t) - 72 (S>> I V(S,t) S A[OJ]'

Then
||/8||q—'ua7‘ S ||’Yl||oo—var ||72||q—fua7‘ S 0102'
Thus, combined with (3.69), we get

IA

||I (71772)”1—1}(17" + Hﬁnq—var

ey N

/0 1 (1) @ oy ()

q—var

n
When my (t) =%, my (t) = t°, a > 0, b > 0, we get Young integral.

The condition fol Mdt < 00 is necessary in the sense of following example.

Example 3.33  Suppose m; : [0,1] — RT are two non-decreasing functions, satisfying

limy ,om; (t) =0, |m;| <1,i=1,2, and fl ml—dt o0o. Then foranyp > 1, q¢ > 1,
p~l+qt =1, there exist two contmuous real- valued paths v, : [0,1] = R, i = 1,2, s.t.
C) = sup [y, (¢ ) 71 (8)] <00, Cy:= sup 72 (¢ ) V2 ()] <00, (3.70)
0<s<t<1 |t — s]f' my (t — s) 0<s<t<1 |t — 3\ amgy (t—s)

but the Riemann-Stieltjes integral fo vy (t) dryy (t) does not ezist.

Proof. Let ¢, =1 or —1, Vk, and define

0 2—2k
71 () = Z M cos (2m2%%¢) , t € [0, 1],

k=1 20
00 m 2—2k
vy (1) = ek#k) sin (272%¢) , t € [0,1].
- 2
k=1

Then ~, satisfy (3.70). Take 7, as an example. For 0 < s <t <1, let n = [log4 “f—s‘],

we have

171 (8) = 71 ()] (3.71)
n 2 2k>
< 2 (Y my (27%) 220708 ) Jr— o] 12 Z
k=1 k=n+1
Since lim;_ o — ((t)) =1 01 mt dt > f L (t)ma(t) — O gt = 0o so limy_p (1:2(;)’2 = 00), using
t

L’Hospital’s rule, there exists constant C', s.t. for any n > 1,
im (272) 22030 < Cymy (272m) 22003)n
1 1My (2 ) 2 P
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Continue with (3.71), since m; is non-decreasing (n = [log, =], 272" < [t—s| <
2—2(n—1))

71 (8) =71 (9)] < 2xCymy (2727) 22(1=3) it — s+ my (27") 275"

P —

Y= st m =),

S (87?01 +
P —
Then we prove the Riemann-Stieltjes integral fol 71 (t) dy, (t) does not exist. First,
the limit of Riemann sum as |D| — 0 does not depend on the selection of representative
points, because vy, € COP7v" ~, € C%7v4"  Actually, since v, satisfy (3.70) and m; are
non-decreasing, we have w, (7;,9) < Cymy (0) and wy (79,0) < Cyma (§). On the other
hand, since
1
Z 5 (1 () + 71 () (V2 (1) — 72 (k)

2
k,

1
= 52 V1 () V2 (1) — Yo (Be) 71 (1)) +
k

1

%’h (D)2 (1) = 5’71 (0) 74 (0),

so the existence of Riemann-Stieltjes integral fol 71 (t) dyy () is equivalent to the existence
of

lim Z (71 (tk) va (trg1) — Yo (te) 71 (trgr)) -

|D|—0
k,treD

2N
Similar as the estimates in Example 3.36, if denote finite partition Doy 1= {tfv }12:0 with
tN = 1272N we get

22N
([t Do) = 3 (0 ()2 60) = ()0 () G72)
=0
N-1 —2k —2k
— €k m (2 22,27;\2, (27) sin (2722 72V) .
k=1

While since m; are non-decreasing, for any k£ > 1,

m (277 my (27%) > % /2

1 my t)mz dt

2—2k

ma (t) mo (t)

—2(k+1) t

dt,

so based on our assumption f oo, we have

kiozml (2’%) Mo (2’2'“) = 00.

Thus, since m; are non-decreasing and lim;_,o m; (t) = 0, using exactly the same estimates
as in Example 3.36, for any sequence of strictly increasing integers {l,, } satisfying for some
c>T
Ini1—1
' < Z ™my (2_2k) Mo (2_%) <c"+4+1,YVn>1,
k=L,
we let € = (—=1)", when [, < k <1, — 1.
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Then, for any a € [—o00, 00, there exists a sequence of finite partitions {D2}, C {Dan}y,
limy, 00 [ D] = 0, but lim,, <f Y1 dYs, D7‘;> =q. u

Next, we want to prove that a vanishing 2-variation path « can be enhanced into a geo-
metric 2-rough path, if and only if A (fyD ) (the areas of piecewisely linear approximation )
converge in 1-variation as |D| — 0.

Lemma 3.43 Suppose v € C%*7*" ([0,T],V). Dy = {t}}, and Dy = {s;}, are two
finite partitions of [0, T, and Dy is a refinement of Dy, i.e. for any k, there exist integers
N < Nppy1, St by = Spy < Sppq1 < -+ < Spyyy = tegr. Then if | D] <0, we have

HA (fyDl) —A (VDQ) Hlfvar S Z HA (7D2) Hlfvar,[tk,tk+1] + 4 Hf}/HQ*Um"’[O’T] w2 <7’ 5) ’
k

Proof. Almost the same as that of Lemma 3.41 when p = ¢ = 2, by using ||[u, v]|] <
2l Noll: S [1AP |,

Lemma 3.44 Suppose (y,a) is a weak geometric 2-rough path, and D = {ty};_, is a
finite partition of [0,T). Then

o] = 0 because 771 is linear on [tk, thr1], Vk. m

—_

n—

AGP) O.7) = 5 3 1 (0 ()] = 5 By (0),7 (T,
(67 (O,T) = y (67 (tk,tk+1> + A (’}/D) (O,T) .

Proof. The first is obtained from directly computation, the second is got by using
multiplicativity of (v, ) (i.e.(3.22)). m

Theorem 3.20 Suppose v € C®?7 ([0, T],V). Then v € Go (V) if and only if A (77)
converges in l-variation as |D| — 0.

Proof. <« is clear; we prove =. Suppose (v,«) is a geometric 2-rough path. Then
v is of vanishing 2-variation, and « is of vanishing 1-variation. Thus, for any ¢ > 0,
there exists 6 > 0, s.t. for any finite partition D of [0,7] satisfying |D| < §, we have
D ktreD ||7||3—var,[tk,tk+1} <eand 3o op o (fr te)[] <€

Suppose D1 = {tx}, and D, = {s;}, are two finite partitions of [0,7] satisfying
|Dy| <9, | D3| <9, Dy is a refinement of D;. Based on Lemma 3.43,

HA (’YDI) —A (’}/D2) Hlfvar S Z ||‘/4 (7D2) Hlfvar,[tk,thrl] + 4 H’}/HZ*’UC”’:[QT] 6%'
k

Then we estimate ), HA ('yDQ) ||1—var,[tk,tk+1}' Since vP2 is a piecewisely linear path
on each [tg, tx41], we only consider finite partitions, whose points are all “ corner” points.
Suppose Dj is a finite partition satisfying Dy C D3 = {u;} C Ds. Suppose u; = Sy, <
Smit1 <+ < Sm,., = Uiy1, then based on Lemma 3.44, for each i,

mi+1—1

1A (772) (uiwi)|| < Hlov (s uip) |+ > Nl (s, 8540)ll

Jj=m;
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Sum over ¢, then

mi4+1— 1
> A6 Gonal € X Nl u)l + 3 D (s, )l
1,u, €D3 i,u; €D3 i Jj=m;

Since |Dy| < |Ds| < |Dy| < 4, based on the selection of 0, >
11
Zi Z;n:;zll HOé (Sja 8j+1>H = Zj,s]EDg HCK (Sj, SjJrl)H < €. Thus

Z HA (7D2> (uivui—i-l)” < 2e.

1,u; €D3

i,u; ED3 ||04(Ui>uz‘+1)|| < €

Therefore, taking supremum over all possible D3, we get

Z 1A (+72) Hl—vaﬁ[tkytk-k—l] < 2e.
!

Thus
HA (’yDl) - A (ryDQ) ||1—var S 2¢ + 4 ”,y||2_'0‘“")[07T] €.

For any finite partition D and D', denote D” = D U D', and use the above estimates
for D, D" and D', D". m

Therefore, if a vanishing 2-variation path « can be enhanced into a geometric weak
geometric 2-rough path, then A (7D ) converges in 1-variation as |D| — 0, so converges
pointwisely to the Riemann-Stieltjes integral 27 [* [y (u) — 7 (s) , dv (u)).

Lemma 3.45 Suppose v : [0,T] — V, is a continuous finitely piecewise linear path.
Then for any p > 1, ¢ > 1, p~' + ¢! = 1, there exists finite partition D = {t;} s.t.
|D| < 27T and

HA( )Hl var,[0,T] — Z “A ||1 var,[te,tie+1] +2H7H2 var,[0,T] *

k,itreD

Proof. Almost the same as that of Lemma 3.42 when p = ¢ = 2, by using |[|[u,v]|| <
2[ulf o]l -

Theorem 3.25 Let v : [0,1] — V be a continuous paths. Then if there exists an
non-decreasing function m : [0,1] — RY satisfying

t—0

1,2
t
limm (t) =0, m (1) <1, and / mT()dt < 00,
0

such that

I (8) =~ ()]

sup i < 0.
0<s<t<1 |t — 8|2 m (t — s)

Then v € Go (V).

Proof. Denote

Coe oy OGO

0<s<t<1 |¢ — 5’% m(t—s)
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Then [|V|ly_yor 0] < €, w2 (7,6) < Cm (). Using Lemma 3.43,

HA (le) -4 (7D2) Hl—var S Z HA (fyDz) Hl—va'r’,[tk,tk+1] +4 Hry”Q—var,[O,T} W2 (77 6) .
k

Z HA (VDQ) HlfvaT,[tk,thrl] +4C*m (5) .
k

While, applying Lemma 3.45 to bisect intervals, and using similar reasoning as that lead
to (3.67) in proof of Theorem 3.30 (starting from page 42), we get

> 5 "m? (t
ST i < 207 () < 207 (2 [ 2.
k n=0

Thus, ||A (v"') — A (fyDQ)Hka < 2C? <2m (6) +m? (6) + 2/0 @dt) .

IN

Since lims_,om (§) = (") converge in 1-variation as [D| — 0.
Based on Theorem 3.20, v is in Go (V). m
Corollary 3.27 Let v :[0,T] — V be a continuous path. If there exists a continuous

function ¢ : [0,00) — [0, 00) which is strictly increasing and onto, satisfies ¢ (0) = 0,

2 1
u— —— s non-decreasing, and / Y du < 00, (3.73)
p(u) o ¥ (u)
such that
sup Y @l (i) =7 (@) < oo (3.74)

kitreD
Then v € Ga (V).

Proof. Based on Prop 5.39 in [9], there exists control w on [0, 7], such that
Iy () =7 ()l < 7" (w(s,1) - (3.75)
Then because w is a control and ¢! is increasing, we have
Iy (@) =7 () < o™ (W (0,8) —w(0,5)).
Thus, if define ¥ (w (0,t)) := 7 (¢), then 7 is well-defined, because if w (0, s) = w (0, t) then
w(s,t) <w(0,t) —w(0,s) =0 and (3.75) implies that ~y is constant on [s, ¢]. Therefore,
F @) =T <o (t—s), VO<s<t<w(0,T).

Then we only need to check that t =2~ () satisfies the condition of Theorem 3.25. (Since

the integral in (3.73) is finite, so lim,_,q % =0)

m

[ it = [ it =gt s ) wamo

Y A G O)
“mwia e

which is finite because fol ﬁdu <00. H
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Chapter 4

Rough Path Theory

Rough path is a path taking value in topological group and controllable in rough norm.
Normally a rough path is composed of several levels of functions, with the first level
function a path taking value in vector space, and higher leveled function defined as the
iterated integrals (or something equivalent) of the first level path.

When the first level path is regular enough (e.g. with finite p-variation, 1 < p < 2),
all higher leveled functions (the canonical choices) are controlled by the first level path.
In that case, the increment of the driving path already contains sufficient information to
determine the solution to a differential equation (under some assumptions on the vector
field), which is the story of classical ordinary differential equation.

However, as the regularity of the first level path weakens, it could fail to control the
higher leveled functions. Suppose V is a Banach space, and consider the space of con-
tinuous bounded variation paths C*=v%" ([0, T],V) equipped with p-variation norm. The
area operator A, as we defined before, is the operator which sends v € C*" ([0, 7], V)
to A () : A — [V, V] defined by

A 0= [ )yl Vs € S
s<ui<ug<t
According to Young integral, when p € [1,2), there exists a constant C,, s.t.

HA (7)”%—1}&7‘,[0,T} < CP H’pr—var,[O,T] ) vry S levar ([O, T] ,V) .

While based on Section 3.1.4, when p = 2 (and dim V > 2), there does not exist C,

||A (’)/)Hoo—va'r7 07T S O ||7H2—1}a7’7 0,7]» V,y E Ol_var ([07T] 7V) .
[0,7] [0,T]

Thus, when the norm on C'="* ([0,7],V) is weakened to 2-variation, the area is no
2—var

longer controllable by the path. Since C%?7v" ([0,T],V) = C1-ver ([0,T],V) , when
v € C%27var ([0, T],V), if we want to give meaning to differential equation as simple as

dy (t) = y(t) @ dy(t), y (0) = 0 € V2,
which is the second level projection of
dS(t)=S () ®@dy(t), S(0)=(1,7(0),0) e 1dV @& V2
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then we have to control the area of 7 (or something equivalent).

More generally, as the norm on C'~" ([0, T],V) weakened to p-variation, p > 1, we
need to control the regularity of kth iterated integral of v, k = 1,2,...,[p], which are
defined as

v (s,t) = // dy (u1) @ - @ dy (ux), ¥ (s,1) € D).
s<up<ug<--<up<t

Although relying on and is closely related to rough path theory, this manuscript is not
intended to give a full-coverage of rough path theory. For more general and systematical
treatments of rough path, please refer to [20], [21] and [9)].

In this Chapter, we mainly use the structure and follow the line of reasoning in [9]
and [20].

4.1 Definition of rough paths

For Banach space V, recall the definition of normed tensor space V=¥ and [V, [V, ... [V, V]]]
in Section 3.1.1.

Notation 4.1 Suppose V is a Banach space and N > 1 is an integer. Denote
™ (V) = (0,V, V2., VoY),
Denote V' :=V, V1= [V, V¥], and
LN (V)= (0,V,V% ..., VN). (4.1)

V®F is called the space of homogeneous polynomial of degree k. V¥ is called the space
of homogeneous Lie polynomial of degree k. V¥ is a subspace of V. LY (V) is a subspace
of TN (V).

Denote

L+ TY (V)= (1,V,..., V).

Then 1+ TV (V) is closed and associative under ®, and is invertible:

(1+a) " =14> (-1)"a®, YaecT (V).

k=1

Thus, 14+ 7% (V) is a group.

Notation 4.2 Denote 7, : 1+ TN (V) — V& as the projection to homogeneous polyno-
mial of degree k.

Definition 4.3 For N > 1, we define norm ||| on 1+ TV (V) as

N
It o= Y ok (Dl jer s Ve € 1+TV (V). (4.2)
k=1
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Then, it can be checked that (1 + 7% (V),]-]|) is a topological group. Next, we define
a metric on continuous paths g : [0,7] — (1 + TV (V), |]).

Definition 4.4 (metric on C ([0,77, (1 +T% (V)),||l)) Suppose g is a continuous path
defined on [0,T)] taking value in (1+TN (V),|-|]), (denote gss := g, @ g¢)

when 1 < p < o0, define gl por o) = ( s 3 o, tmu’”) (4.3
kt €D
when p =00, deﬁne ||g||oo—var,[0,T] = sup ||gﬁ,t” :
0<s<t<T

For gl € C (10,71, (1+TY (V). |[1))), define

S =

gtk lkt1 gtk lkt1
Dclo.1],, * *

dp—var,[O,T] (g 79 ( sup Z ’ ) . (44)
tr€D

Definition 4.5 (Rough path) Suppose p > 1 and V is a Banach space. Then g €
C ([O,T] , (1 + TP (V) ||||)) is called a p-rough path, if |g||

o] < 00 Denote the
set of p-rough paths as €, (1 + T V), [I])-

p—var,
Thus, rough paths are continuous paths with bounded p-variation taking value in
topological group (1+ T (V) [-]]).

Definition 4.6 (Signature) Suppose v € C*=" ([0,T],V). Then for any integer N >
1, define the step-N signature of v, Sy () : D) — 1+ TN (V) by setting

Sy (7) (s,t) = (1,71 (5,1) ...,/ (s,t)) , V(s t) € Doy

where Y* : AN Ve are defined as

F(s,t) :// dy (u1) ® - @ dy (u,), V(s,t) € DN (4.5)
s<ul<ug<-<unp<t
Properties of {7*}:

o Ayl (s,t) =% (s,t) @ dy ().
hd H’yk <S7t)Hv®k < (k'>_1 H’y”llg—var,[s,t]'

o Forany 0 <s<u<t<T,
F o) = 5w+ )+ YV et @) (49
Properties of {Sy (7)}:
(1) dSn+1(7) (s,t) = Sn (7) (s,1) @ dy (¢).
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(1) Forany 0 < s <u <t <T,

Sn (7) (s,8) = Sn (7) (5,u) © Sy (7) (u, 1) - (4.7)

(iii) Denote % as v run backwards, then

Sy () (0,T) = (Sy () (0,T)) "

(4.6) is truncation of (4.7) at degree k.
Based on (i), signature could be treated as non-commutative exponential of a path;

based on (ii) and (i77), signature takes value in a group (step-N free nilpotent Lie group
as defined below).

(4.7) is called Chen’s identity, which states: for v, € C*7v" ([0,T],V), i = 1,2, if
define the concatenation of v, and v, as

1 (2t) t€[0,27'7]
(nUm) (1) = { Vo (2t — T)Py_ 72 (0) +7, (1) te 27T, T]

then Sy (7, U7s) (0,T) = Sy (71) (0, T) @ S (7v5) (0,T) for any N > 1.
Define exp : TV (V) = 1+ TV (V) and log : 1 + TV (V) — TV (V) by
k

N o .®
exp (a) :zl—l—Zak—', Va € TV (V),
k=1

N ok
log (1+a) =Y (-1 “7 Ya e TV (V).

Then we have
exp (log (1 +a)) =1+a, log(exp(a))=a, YacT" (V).

Definition 4.7 (Free nilpotent lie group) We call LY (V) (defined at (4.1)) the free
nilpotent Lie algebra of step N, and call

GN (V) :==exp (LY (V))
the free nilpotent Lie group of step N.

The topology of G (V) is inherited from 1+ 7% (V). That GV (V) is a group follows
from Campbell-Baker-Hausdorff formula, which states that

L lafa b)) - € LY (V).

log (exp (a) exp (b)) =a+ b+ 1 [a, b] + o
Va € LN (V),be LN (V).

2

Based on the definition of signature, one has
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Theorem 4.8 {Sy (7) (0,T) |y € C*= ([0, T],V)} C GV (V), and they are equal when
Y =R<

Thus, for v € C* ([0,T],V), Sx (v) is a path on [0,7] taking value in GV (V).
When V = RY, based on Chow-Rashevskii connectivity theorem, for any ¢ € Gy (]Rd)
there exist 7, € C* ([0,T],R?) s.t. S (v,) (0,T) = g. Thus,

{Sn () (0, T) |y e C* ([0,T],RY) } = GV (R?)

However, whether or not Chow-Rashevskii can be extended to infinite dimensional spaces
is not clear.

Proposition 4.9 Suppose v € C1="([0,T],V). Then for any integer N > 1, Sy(v) €

¢t (0,7, (GY (V)L [I111)) , and
HSN (7)”17var,[0,T] <N HfYHIf'Uar,[O,T] :

Proof. For k =1,2,..., N and any (s,t) € A1,

1
H’yk (S7t)||v®k < E ||7||11€—var,[s,t] :

et
ThUS, ”SN (7)“17@'(17',[0,'1—'] < ; H7 H%—var,[O,T] <N HﬁyHlfvmdv[o’T] )

Therefore, when signatures are considered as paths taking value in (GY (V), ||-||),
they are of bounded variation:

{Sv (M ye (0,11, W)} € ¢ ([0, 7], (GY (), [111)) -

Denote [p] as the biggest integer which is less or equal to p. Then we define geometric
d —var
p-rough paths as { Sy () |y € C*- ([0,7],V)} " 1 with dp—var defined at (4.4).

Definition 4.10 (Geometric rough paths) Suppose p > 1 and V is a Banach space.
Then g € C ([0,T], (G¥ (V),[|-])) is said to be a geometric p-rough path, if there exist
(Voo € CT7 ([0, 71, V) st

nILm dp var (gas[p (’Yn)) - O

Denote the set of geometric p-rough paths as GQ, (G (V) ||-]) -

When p = 1, G, is the set of absolutely continuous paths (Prop 1.32 [9]); when
€(1,2), GQ, = C*?7v ([0,T],V) (based on Theorem 2.12 on page 9). When p > 2,

GQ, (GPL V), [I1l) € = ([0,T], (G V), [I]])) -
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Its proof is based on Proposition 4.9 (signatures of continuous bounded variation paths
are of bounded variation so of vanishing p-variation, p > 1) and the inequality (w, as
defined at (2.2)):

wp (97 5) S dp—var (ga gn) + wp (gn7 5) .

In the special case V = R, based on Theorem 8.22 [9] and that homogeneous norms are
equivalent on finite dimensional spaces, we have, for any p > 1,

GO, (G (RY) ,||-]) = COr=or ([0, 7], (G (RY), 1))

Definition 4.11 (Weak geometric rough paths) Suppose p > 1 and V is a Banach
space. Then g € C ([0,T], (G (V),]|-]])) is said to be a weak geometric p-rough path, if
18], yar,j0,7] < 00- Denote the set of weak geometric p-rough paths as WGS, (GEL V)LD

Thus, weak geometric p-rough paths are continuous paths taking value in step-[p| free
nilpotent Lie group and of finite p-variation.
Then, we have the inclusion relation:

GQ, (G V), [IM) € WGQ, (GY (V) [I) € @ (L+ TP V), |I1]) .

and both inclusions are strict (when p > 2, dim (V) > 2).

The relationship between G2, and WG, is comparable to the relationship between
Cr=var ([0, T],V) and CP~v*" ([0,T],V) (e.g. when p = 1, the relationship between abso-
lutely continuous path and continuous paths of bounded variation). While the difference
between WG, and €1, is more substantial, which is comparable to the difference between
anti-symmetric polynomials and general non-commutative polynomials.

G, is separable when dim(V) < oo (based on its definition). While WG, and €2,

are not separable. For 2,, we have
Vg € Q, (1+ TV (W), |), ¥y € CO ([0,7],VEW) | g4 €Q, (1+TH (V) |]).

Thus, because C'B """ ([0, 7], V®F) is not separable, €, (T (V),||||) is not separa-
ble. Similarly, when dim (V) > 2, using the non-separability of C'¥ " ([0, 77, V),
WGQ, (G (V) |-]) is not separable. When dim (V) = 1, select e € V, e # 0, then (one
can prove that)

g € WGQ, (GP V), )
& 3fe P ([0,T],R) st. g(t) =exp(f(t)e),te0,T].

Since CP~"*" ([0, T],R) is not separable (Proposition 2.13 at p10), WG, (G (V) -]
is not separable.

When p > 2 and dim (V) > 2, GQ,, WG, and (2, are non-linear, but they are cones
w.r.t. dilation (7} is the projection to V&F):

6xg = (L Ami (9), N°m2(g),...., AV 7n (9)), Vge1+TN (V),VAER. (4.8)
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Theorem 4.12 (Lyons Lift) Suppose p > 1 and g € Q, (1+ TP (V),|[-]). Then for
any integer N > [p] + 1, there exists a unique lift of g into a path with finite p-variation
taking value in 1+ TN (V).

This theorem follows from Thm 3.7 in [20]. The neo-classical inequality used in Thm
3.7 is proved in [12].

Theorem 4.12 explains the reason why, in Definition 4.10 and 4.11, paths are members
of C' ([0, 7], (GP'(V),|-]1)) while not C ([0,T7], (G (V),|]l)) for N > [p] + 1—because
the extension exists uniquely. The following two theorems explain why we did not use

C ([0, 7], (GF=2 (W), [11).

Theorem 4.13 Suppose p > 2 and V is a Banach space satisfying dim (V) > 2. For
integer N > 1 denote

dpfvar,O,T
Sy (V) = {Sy () |y € CT=var ([0, 77, V) "o,

Deﬁne H[p],l : S[p} (V)p — S[p],l (V)p by

[p]-1

M1 (g) =1+ > m(a), Yoy (V)

k=1

Then when p is not an integer, Iy, _y is not injective but surjective; when p is an integer,
I, -1 is injective but not surjective.

This theorem is (a modified) part of Thm 9.12 in [9].

In Remark 9.13 [9], the authors point out that IIj,_; is not injective when p is an
integer, which is incorrect. It is because that when p is an integer, different choices of
level [p] function can only differ by a path of vanishing 1-variation, so a constant.

Theorem 4.14 Suppose p > 2 and V is a Banach space satisfying dim (V) > 2. Define
1 : €77 ([0, 7], G (V) — CP=vor ([0, T], GP=1 (V) by

[p]—1
-1 (g) =1+ Y m(g), Yge " ((0,T],G¥ (V).
k=1

Then I,y is not injective; is surjective when p is not an integer; is not surjective when
p s an integer.

This theorem is also part of Theorem 9.12 in [9].

Thus, when p > 2 and dim (V) > 2, if a path in CP~v%" ([0, T),GP-1 (V)) can be lifted
to a path in CP~*" ([0, T], G (V)) (i.e. a weak geometric p-rough path), then the lift is
not unique— (logarithm of) the lifted path could differ by a path v € ol ([0, 77, V).
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4.2 Carnot-Caratheodory norm

The Carnot-Caratheodory norm is the right norm on GV (V) when dimV < oo. When
dimV < oo, based on Chow-Rashevskii theorem, GV (V) is a geodesic space when
equipped with Carnot-Caratheodory norm. As a consequence, we have explicit charac-
terization of weak geometric rough paths and better characterization of geometric rough
paths, in term of signatures of continuous bounded variation paths. When dimV = oo,
it is not clear whether Gy (V) is a geodesic space or not, because the extension of Chow-
Rashevskii theorem to infinite dimensional spaces is not easy. For this reason, in this
section, we work with Gy (Rd).

4.2.1 Geodesic space

Definition 4.15 (geodesic space) Suppose (E,d) is a metric space. Then (E,d) is
said to be a geodesic space, if for any g,h € E, there exists a path v : [0,1] = (E,d) s.t.

7(0) =9,7(1) =h and
d(’}/ (S) Y <t>> = |t - S’ d(ga h) ’ \V/<S,t) € A[0,1}-
The path ~v is called a geodesic connecting g and h.

Definition 4.16 (geodesic approximation) Suppose (F,d) is a geodesic space, and
g€ C([0,T],(FE,d)). For finite partition D = {ty} of [0,T], define geodesic approrima-
tion to g w.r.t. D as

t—1
g” (t) ==, <—k ) , Vit € [ty tera],
tpy1 — Tk

with v, : [0,1] = (E,d) a geodesic connecting g (tx) and g (tgr1)-
Lemma 4.17 (E,d) is a geodesic space and g € C ([0,T], (F,d)). Then

lim sup d (g2, = 0. 4.9
lim, sup (a0, o) (4.9)

Moreover, if g € CP~" ([0,T], (E,d)), then

“

_1
e 18”1, sarory <377 l8lly-var oy (4.10)

Dclo,T

and for any finite partition D and any 6 > | D],

D|[P . »
sup > 107} sy S35 D 1818 g 411
|D’|<6 iteDr H Hp var,[ti,ti+1] \Dr|<s et H Hp var,[titis) ( )

Which is Lemma 5.19, Prop 5.20 and Remark 5.22 in [9].
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4.2.2 Carnot-Caratheodory norm

Definition 4.18 (Carnot-Caratheodory) Define the Carnot-Caratheodory norm (C-
C norm) on GV (Rd) as, for any g € GV (]Rd),

Mgl = 0 {I ooy 1y € C (0,71, RY) .S (2) (0.7) = g .
and the infimum can be obtained at some v, € C*="" ([0,T],R?).
Based on Theorem 4.8, for any g € GV (Rd), the set
{ye ™ ([0,T],R) [Sy () (0,T) = g}

is not empty, and the existence of +, follows from Theorem 7.32 in [9].

Carnot-Caratheodory norm is a norm on the equivalent classes of paths sharing the
same step-N signature on a fixed time interval. In Hambly and Lyons [11], they demon-
strate that: if 7,7, € C*7 ([0, T],R?) satisfy Sx (1) (0,T) = S (v,) (0,T) for all
N > 1, then v, and 7, differ by a tree-like path (i.e. a path which cancels itself out,
in lattice setting a tree-like path is comparable to different formal representations of the
trivial word, e.g. aa~'b~'b).

Properties of Carnot-Caratheodory norm (Prop 7.40 [9])
Suppose g, h € GV (R?). Then

e ||lg]ll = 0iff g = (1,0,...,0).

o [[oxglll = IA[]lgl]] for all A € R.

o llglll = Illg~"1ll-

o lllg @ hlll < gl + IRl

We do not have ||lg® hl|| = [[[h©g][| (or equivalently [[[h & g®h~ || = llg]l]),

because for v, € C''7var ([0, T] ,Rd), 1 = 1,2, the concatenated path %I_I'y1 Liv,, generally,
does not have the same (tree-reduced) length as ;.

aN (Rd) is a group, so is not linear (when N > 2), but is a geodesic space when
equipped with C-C norm.
Proposition 4.19 (G (R?),||||||) is a geodesic space.

Which is Prop 7.42 in [9]. The geodesic connecting g and h can be chosen as g ®
Sy (7,) (0,t), where 7, is a continuous bounded variation path satisfying Sy (v,) (0,7) =
G @R 174l —oar = 197! @ R]|| and is reparametrised to be of unit speed.

Since G (Rd) is finite dimensional, all norms on G (]Rd) are equivalent. Especially,
there exists a constant C' (d, N) s.t. (with ||| defined at (4.2))

C(d, N) M lgll < lllglll < C (d. N) llgll, Vg € GV (RY).
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However, in an infinite dimensional space, not all norms are equivalent, and the set of
rough paths depends on the choice of norm (see [34] for an infinite dimensional path, which
can be enhanced into a geometric rough path in one norm, but can not be enhanced into
a rough path in another norm).

We omit the norm used on GV (]Rd), and denote the set of weak geometric p-rough
paths/geometric p-rough paths on R? as WG, (Rd) and GS2, (Rd).

Corollary 4.20 Suppose g € WG, (Rd). Then there exist a sequence of continuous
bounded variation paths {y"} on [0,T] taking value in R?, such that

lim do—var (S (1) 8) =0 and sup [|Su; (), 017 < Cap 181, var oz -

Proof. For finite partition D = {t}, denote "'+ as the geodesic connecting g,
and gy,,,. Using Chen’s identity at (4.7), geodesic approximation g” (Definition 4.16)
is the signature of the concatenated bounded variation path %!t L4tttz (... ] yte-2T,
Since (G (R?),[||]||) is a geodesic space and all homogeneous norms are equivalent,
combining Lemma 4.17 with Prop 8.151in [9]. =

Using interpolation, the convergence in Corollary 4.20 holds in dy_yqr , ¢ > p.

Under C-C norm, signatures have the same length as paths (Prop 7.59 [9]):

Proposition 4.21 Supposey € C=v ([0, T],RY). Then for any integer N > 1, Sy(v) €
ct—ver ([0,77,GN (RY)), and

HSN(’Y>H17var,[O,T] = H’yulfvar,[o,T] :

Proof. For any 0 < s <t < T, we have

H7t - ’ysH S H’SN (7)3,1‘, ‘ S HVHlfvar,[s,t} :

The first inequality is because that the linear path is the shortest path which shares the
same step 1 signature with v, so [[v, — vl = [[[S1 (7)., Il < [[[Sn ()4, 1ll- The second
inequality is based on the definition of C-C norm. m

Recall that the notation g € C?~* ([0, 7], GY (R?)) means

B =

hncl)wp (g,9) —hm< sup Z Hgtktk+1|| >

DIDI<6 52

Theorem 4.22 (Wiener’s characterization) Supposep > 1. Then the following three
statements are equivalent when g € CP~"" ([0, T], G (R?)):

(i) g € C%r7 ([0, 7], G (R)).
(ZZ) 3 {’}/n} C Cl_vw ([0 T] Rd) s.t. le dp_var [0,7) (S[p] (’yn) ,g) = 0,
(Z“) \[1)1|In dp var,[0,T] (g g) =0.
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This theorem is Theorem 8.22 in [9].

Proof. (iii) = (i) Similar reasoning as that of Corollary 4.20.

(it) = (i) Based on Proposition 4.21, Sp; (v,) € C*7" ([0,T],G¥ (R?)) when v, €
C'=var ([0, 7], RY). Suppose {g,} C C*v ([0,T],GP (R?)) converge to g in dy—yar[o1]
as n tends to infinity. Then for € > 0, choose n, s.t. dp—yaro,1) (8, 8n) < €. This selected
gn is continuous and of bounded variation, so of vanishing p-variation for any p > 1.
Thus, there exists dg > 0 s.t. for any ¢ € (0,dp), wy (gn, ) < €. As a consequence,

Wp (97 6) < Wp (gna 6) + dp—var,[O,T] (gv gn) < 267 Vo € (07 60) :

(1) = (4i7) Firstly, it can be verified that condition (i) is equivalent to

lim sup Z (1] ) (4.12)

=201pi<s,

For any finite partition D, g and g” are in CP~"" ([0, T],G¥ (R?)). Thus, for any
d > |D| and any finite partition D’ = {t;},

p
Z d (gti’ti+1 9 gg,tz‘+1>

i,t;€D’

p p
S Z d <gti,ti+1 9 gg,tiJrl) + Z d <gti,ti+1a gt[:,ti+1>

it €D/ |tip1—1i| <6 1,6, €D! |ty 1—t5]>0

< (Mo g 197 ) +

i,tiED/,|ti+1—ti|§(5

T
g (doo—var,[O,T} (ga gD))p :

Fixing ¢ > | D|, and taking supremum over all D’ we get
(dp—var,[O,T] (97 gD))p

< zp—1<sup DY L R Dy L 1)

|D/|<6 it; €D’ |D’|<6 i,t,€D’

T

‘I’g (doo—var,[O,T] (gy gD))p .

On the other hand, based on (4.11) and that all homogeneous norms are equivalent on
GY (R?), for any 6 > |D|,

D
Slllp Z ||‘g Hp var,[titiv1] — Opdl Sup Z ”g”p var,[ti,tit1]
ID'<0; 4.eDr ID'I<8 ;4 ey
Thus, for any finite partition D and any 6 > |D|,

T

(dp—var,[O,T] (g’gD)) < de2|;up Z ||g||p var,[ti,tit1] + = 5 (doo—var,[O,T] (g7gD))p’

*6zt ep’

Since g is of vanishing p-variation, (based on (4.12)) for any € > 0 choose 6y > 0,

sup Z < €.
Craz |D'|<60 ;3= Hng varltitisi]
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Based on (4.9) and Prop 8.15 in [9], limyp|—0 doo—var,[0,7] (g,gD) = 0. Thus, for this fixed
o, choose d; < g, s.t. for any D, |D| < 67, we have

T

6_ (doo—var,[O,T] (gagD))p <€
0

Therefore, for any € > 0, there exists §; > 0, s.t.

3=

sup dpfvar,[O,T} (gagD) < (26)
D’|D‘S51

[ |

Based on the proof, Wiener’s characterization holds for paths taking value in any
geodesic space. Since all homogeneous norms on GV (Rd) are equivalent, geometric p-
rough paths on R?, p > 1, are exactly the set of paths with vanishing p-variation taking
value in G (Rd).

4.3 Rough Differential Equations

4.3.1 Operator norm

Suppose U and V are two Banach spaces. Denote L (U,V) as the set of linear functions
from U to V. Let = be a path taking value in V, £ € Y and f : U —L (V,U). Consider
the differential equation:

dy, = f (?/t) dxy, yo=E.

That f taking value in L (V,U) explains the notation f (y;)dx;. In the special case
V=R

d
f:yEL{»—>{(al,ag,...,ad)ERdHZfi(y)aiEU},
i=1

d

f () dzy = Z fi (ye) dz}.

i=1
Definition 4.23 (operator norm) Suppose U and V are two Banach spaces, and f :
U —L(V,U). Denote

1l = supsup 10 7l
veu zev  ||Z]ly,

For o € (0,1], denote

Il = sup supld W= LDl

@
y,2€EUyF#z TEV Hy - ZHL{ HxHV

Suppose [ : U —L (V,U). Suppose f is Fréchet differentiable with derivative f’, i.e.
for all y € U, f'(y) is a bounded linear operator from U to L (V,U) s.t.

Ifty+h) = fy) = FWhlls _

lim
1All,~0 7]l
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with [|-||., is the operator norm we just defined. Then f’ is an operator defined on U
taking value in L (U, L (V,U)) ~ LU ®V,U). Similarly, the kth derivative f* is an
operator defined on U and takes value in L{U®*Y @ V. U).

Definition 4.24 (Lip () vector field) Suppose U and V are two Banach spaces, f :
U—LV,U) and v > 0. Denote |7] is the largest integer which is strictly less than ~y.
Then f is said to be Lip () if f is |v]|-times differentiable, and

o= (o PO ) VIl <

Thus, when v = n for integer n > 2, f is Lip(n) implies that f is (n — 1)-times
differentiable and f("~Y is Lipschitz (with a global constant bound).

4.3.2 Solution of Rough Differential Equations

Based on Corollary 4.20, for any x € CP~V%" ([0, T],GWP (Rd)), there exists a sequence of
continuous bounded variation paths {z"}, satisfying

lim dog—var (S (z"),x) = 0 and sup ||y (= < 0. (4.13)

n—o0 n) Hp—var,[O,T]

Firstly, we define what we mean by a (full) solution to a rough differential equation
(RDE): the solution is a path taking value in R, the full solution is a path taking value
in free nilpotent Lie group.

Definition 4.25 Suppose x € C*=" ([0, T], G (RY)), f: R® — L (R% R®) is continu-
ous, n € R, and & = (1,51, o ,ﬁ[p]> c GPL(R®).
e Theny e C([0,T],R®) is said to be a solution to the RDE
dye = f(ye) dx¢, yo =1,

driven by x along the vector field f and starts from n € R®, if there exists {x"}, C
Ctvar ([0, 7], RY) s.t.

(1) (4.13) holds;
(2) limy, 00 doo—var (Y, y™) = 0, with y™ a solution to the ODE
dy; = [ (y/) dat, y5 =
e Theny € C ([0,T],GP (R?)) is said to be a Full solution to the RDE

dy, = f (yr) dx, yo=8& = <1,§1, o ,5[1”]) ,

driven by x along the vector field f and starts from & € G (R®), if there exists
{a"}, C C'7r ([0,T],R?) s.t.

(1) (4.13) holds;

(2) limy, 00 doo—var (y, € ® S (y")) =0, with y" a solution to the ODE

dyy = f(yp)day, ygy =&
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Based on Definition 4.25, the existence of a full solution implies the existence of a
solution to the same RDE. On the other hand, (as demonstrated in the following theorem,
which is Thm 10.35 in [9]) the full solution could be viewed as a solution driven by the
same rough path along a modified vector field.

Theorem 4.26 Suppose x € CP~ '“‘”( 0,77, ( d)), f:Re = L (]Rd,Re) is Lip (7)
for v+ 1 > p > 1, initial condition & :( ...,f[p]> c GPL(R®), and y is a full
solution to the RDE

dy: = f (ys) dx¢, yo =&,
Then, y is a path in C ([O, T),1+ TP (Re)) and is a solution to the RDE

dzy = W (2)dxy, zo=§,

with W (z) = 2@ f(m1(2)) : 14+ TP(R®) — L (R 14 T¥ (R°)) a local Lip () vector
field.

Proof. Based on the characterization of weak geometric rough paths in Corollary 4.20,
we assume X = S, (z) with € C17v" ([O, T] ,Rd). Then, if y is a solution to the ODE

dy, = [ (ye) day, yo =€ €U, (4.14)

then (based on the continuity of f), y is in C'=**" ([0, T],R®). Denote y; := £RSy) (1),
We have

dyy = €@ Spp) (y)o, @ dyor = €@ Sy (1), @ f () dve. =y @ [ (ye) dave.
Thus, if y is a solution of the ODE (4.14), then £®S5, (y) is a solution to the ODE
dzy = 2@ f (71 (20)) day, 29 =€ € 1+ TP (R®).

Based on the definitions of full solution and solution, theorem holds. m

Theorem 4.26 is a key remark in [9] in getting full solution from solution.

Since we are working with finite dimensional spaces, all homogeneous norms are equiv-
alent. Thus, on one hand, one can use Carnot-Caratheodory norm to get good approx-
imation to the driving rough path (Corollary 4.20); on the other hand, one can use the
norm (which is inherited from 1+ T (IR¢))

”gH - Z Hﬂ_k (Re ®k y g S GN(]RE)

to get explicit estimation of the solution.
The theorems in the following are for (the existence and uniqueness of) full solutions;
the parallel results for solutions follows trivially.
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Theorem 4.27 (existence v > p — 1) Supposex € CP=*" ([0, T], GP (R?)), initial con-
dition € — (1,51,§2, o ,éﬂ) € GV (Re), and f: R® — L (R%,R) is Lip () for v +1 >
p>1. Then the RDE

dy: = f (y) dxi, yo =&,
admits a full solution in CP~"" ([0, T], G (R%)), and each solution satisfies

Hy”pfvar,[(],T] < C (p? 7) (”fHsz('y) ”Xprvar,[O,T} v Hfﬂizp('y) HXHZ—var,[O,T]> :
Which is Theorem 10.36 in [9].

Notation 4.28 Suppose p > 1 and g,h € C ([O,T] 1+ TN (Re)). Denote the inhomo-
geneous norm:

hSHE

ya
Wp—var,[0,T] (97[')) = k:r1n2aXN sup Z ||7rk (gtj:tj+1 - btjythrl) H(kRe)éak
o Jt;€D

Theorem 4.29 (uniqueness of full solution v > p) Suppose €, € G} (R®) are ini-
tial conditions, for i = 1,2, x' € CP=vr ([0,T],GP (R?)), f' : R* — L (R%,R®) are
Lip () fory>p>1, andy! are full solutions to the RDEs

dy, = ["(w)dx;, yo=¢&

dy; = [*(v)dxi, yo=mn.
Denote v := ||f1||Lip('y) N ||f2||Lip(7) and I, := ||x']|
the dilation operator defined at (4.8))

p—var,[0,T] N ||X2||p—va7‘,[0,T]‘ Then (5 is

Wp—var,[0,T] (Y1, ¥2)
< Cul, (\51 —n'l+ % |/t - fQHLim_l) + Wp—van,[0,7] (%xl, 5l;x2>> exp (CvPIB)
where C depending on p and v, and &' = 7, (€), n* = 71 (n).
Which is corollary 10.39 in [9].

Theorem 4.30 (uniqueness v = p) Same as the condition of the above Theorem. Then
when v = p > 1, the full RDE solution is still unique, and for any € > 0, there exists
0 > 0 depending on €, p, v and l,, such that

}51 - 7]1’ + ||f1 - f2HLip(p—1) + doo—var (X17X2) <= doo—var,[O,T} (ylu y2) <€

Which is Theorem 10.41 in [9]. Theorem 10.41 is actually formulated to incor-
porate driving noise with finite 1, -variation, where 1, (f) = #*/(In"In"1/t) with
In" := max (1,In). The ¢, ,-variation of v € C'([0,T], (£, d)) is defined as:

sup (0 (M_1d<7 )Y 1>)<oo .
DCo,T] ,g,,;D m! e e

|‘7’|¢p71—var = inf {M



Since enhanced Brownian motion (denoted as B) has finite v, ,-variation, the RDE dy =
f (y) dB has a unique solution when f is Lip (2).

On the other hand, the condition v > p (for uniqueness) and v > p —1 (for existence)
are necessary. In [6], examples are given that the solution may not unique when 1 < v <
p<2and 2 < vy < p<3, and the solution may not exist when vy =p—1, 1 <p < 2.
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Chapter 5

Partial sum process of orthogonal
series as rough process

In this chapter, we prove that the partial sum process of orthogonal expansion ) -, c,un
is a geometric 2-rough process, for any orthonormal system {u,}, -, in L? and z;ny se-
quence of numbers {c,} satisfying 3" _, (log, (n + 1))?|ca|* < 0. Since being a geomet-
ric 2-rough process implies the existence of a limit function up to a null set, this theorem
could be treated as an improvement of Menshov-Rademacher theorem. For Fourier series,

the condition can be strengthened to ), - olog, (n +1) |ea|” < oo, which is equivalent to
f:r ffﬂ f‘(lf)_—uf(fdeudv < oo (with f the limit function).
sin 5

This chapter mainly follows the content of [23].
5.1 Introduction

Definition 5.1 {u,}, - is said to be an orthonormal system in L* and denoted as {u,} €
L?, if there exist measure space (2, F,u) and Hilbert space (V,(-,-)), such that u, :
(Q,F, 1) =V, (), VneN, and [, (u, (), tp, (w)) pt (dw) = 8y, YV, m € N.

Generally, an orthonormal system is denoted as {u,} € L*(Q, F,u;V,(-,-)). In the
above definition, we use L? and omit explicit dependence on spaces, because we want to
identify a condition which does not depends on spaces.

Definition 5.2 Suppose {u,},— is an orthonormal system in L?, and {c,},—, is a se-
quence of numbers. Then the partial sum process X of Y, ¢y, s a continuous process
indexed by [0,00), got by defining for each w € Q,

X, (w) == Z cpug (W), Yn € N, (5.1)

and interpolating linearly between adjacent integers.

We will identify a condition on {¢,}, under which X is a rough path with finite 2-
variation on the half line, almost everywhere on 2 and for every choice of orthogonal
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sequence. Since almost everywhere finiteness of 2-variation of partial sum process implies
the existence of a limit function upto a null set, our topic has a direct connection with
a.e. convergence of general orthonormal series, which dates back to Weyl[35].

Definition 5.3 (Weyl multiplier for property p) Suppose {w (n)} ~, is a sequence
of positive non-decreasing numbers. {w (n)} is said to be a Weyl multiplier for property
p, if p holds for all orthogonal series Y .~ cain, for any orthonormal system {u,} in L*
and any sequence of numbers {c,} satisfying 3°°  w (n) |e,|* < oo.

Not every orthogonal series with coefficients in [ is convergent. There exists an L?
Fourier series which diverges a.e. after some rearrangement, [39]. In fact, for any complete
orthonormal system in L?((0,1),R), there exists a continuous function, whose expan-
sion diverges unboundedly almost everywhere after some rearrangement, [27]. Moreover,
Banach[2] proved that, if we equip L? ((0,1),R) with the metric

d(fu} () = Zl lon = enll: ||u||L2=(/01u2<w>dx);, (5.2

20 1+ [lup — UnHLQ

then the set of orthonormal systems, whose expansions of all bounded variation functions
diverge unboundedly almost everywhere, is a G5 and everywhere second category subset
of L?((0,1),R).

The exact Weyl multiplier for almost everywhere convergence of general orthogonal
series is found by Menshov|[25] and Rademacher[31].

Theorem 5.4 (Menshov-Rademacher) The orthogonal series - cyu, converges
almost everywhere, for any {u,} -, € L* and any sequence of numbers {c, },—, satisfying

Z (logy (n+ 1)) |en]? < 0. (5.3)
n=0

Furthermore, (logy (n+ 1))* in (5.3) can not be replaced by o ((logy (n + 1))2), and there
exists an absolute constant C' such that

max Hchun ) |12 (dw) Z log, (n + 1)) |en]?. (5.4)
n=0

0<7,<j<00

Although its estimation is rough using Cauchy—Schwarz inequality (p251[15]), the
Weyl multiplier {(log, (n 4+ 1))°} is exact: For any Weyl multiplier {w (n)} satisfying
w(n) = o((log, (n +1))?), there exists an a.e. divergent orthogonal series 3 ¢y,
whose coefficients satisfy 3w (n)|ca|* < oo (p254[15]). (The main idea is to glue
independent pieces of finite orthogonal sequences together, where each piece provides a
constant increment on a sufficiently large set, then almost everywhere divergence follows
from Borel-Cantelli lemma.)

Moreover, as a remarkable improvement of the counter-example, Tandori[33] showed
that: if the absolute value of ¢, is monotone decreasing and 3 (log, (n + 1))* |e,|* = o0,
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then there exists {u, } € L? such that > c,u, diverges a.e.. Thus, if the absolute value of
{¢,} is monotone decreasing, then Y ¢,u, converge almost everywhere for all {u, } € L?
if and only if 3", (log, (n + 1))* |ea|? < o0.

A recent improvement of Menshov-Rademacher Theorem by A. Lewko and M. Lewko
[17] strengthened a.e. finite oco-variation to a.e. finite 2-variation. They decompose
the partial sum process into the sum of two, one of which encodes long range displace-
ment, while the other keeps returning to origin. The power of this decomposition already
manifested itself in the proof of Menshov-Rademacher theorem. We will use this decom-
position, and show that the partial sum process is a geometric rough process.

For a specific orthonormal system, Weyl multiplier for a.e. convergence can be
strengthened, even w (n) = 1 for all n. In that case, the orthonormal system is called a
convergent system. Among those convergent systems, almost everywhere convergence of
L? Fourier series came as a deep theorem by Carleson[5]. Hunt[14] extended Carleson’s
result to L,, 1 < r < oo, and proved:

([ Ixe . de)’l” o[ s <e>|nz9)i | (55)

where X () is the partial sum process of Fourier series of f at 6. Moreover, in a recent
paper by Oberlin, Seeger, Tao, Chiele and Wright[26], they proved a p-variation version
of Carleson’s theorem, which is a deep result and mainly the inequality: when » > 1 and
p>max{2,r/(r—1)},

(/_ZHX(H)H;WdQ)i <, (/_Z!f(e)\rdey,

Thus, the partial sum process of L? Fourier series has finite p-variation a.e., for any
p > 2. As a complement to [26], in [17], the authors proved that {log, (n + 1)} is a Weyl
multiplier for a.e. finite 2-variation of partial sum process of Fourier series.

We strengthen Menshov-Rademacher theorem by identifying {(log, (n + 1))*} as the
exact Weyl multiplier for the partial sum process to be a geometric 2-rough process, and
for Fourier series, the Weyl multiplier can be improved to {(log, (n + 1))}.

5.2 Geometric 2-rough path on [0, c0)

Before proceeding to our proofs, we recall (clarify) the definition of geometric 2-rough
path on [0, 00), following [20] with small modifications. (Rough paths on [0, 00) is just a
reparametrisation of rough paths on [0, 1]. See also Chapter 4.)

Notation 5.5 Denote Ajg ) = {(5,1)[0 < s <t < oo}

In this chapter, intervals instead of points are used in definition of finite partition to
simply notations in our proof.

Definition 5.6 D = {[tj,tjﬂ]};:& is said to be a finite partition of [0,T], if 0 =ty <

ty--- <t, =T. Denote the set of finite partitions of [0,T] as Dy ).
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Definition 5.7 (p-variation) Suppose (V,|-||) is a Banach space, o : Ny ooy — V is
jointly continuous satisfying « (t,t) = 0, ¥Vt € [0,00). Denote «([s,t]) := a(s,t). Then
for p € [1,00), define the p-variation of a on [0,00) as

1
P
||a‘|p—va7’v[0100) = nh_)IIolo ||a‘|p—var,[0,n} = nh_>nolo < Sup Z ”O& ([k)Hp) :
1k

{Ix}EDjon

Continuous path v on [0,00) can be treated as a function 7 on Ay ) by setting
%(Sat) =7 (t) -7 (5)7 V(S,t) S A[(),OO)'

Definition 5.8 path v on [0,00) is said to be of locally bounded variation if it is of
bounded variation on any finite interval.

Definition 5.9 Suppose 7, : [0,00) — WV, ||-]|), i = 1,2, are continuous and of locally
bounded variation. Then define the area produced by v, and 7o, A(71,72) + Do,y —
[V, V] by setting

1

Al (0= 3 [ an ) dy ()], ¥ (5.0) € Do
s<ui<uz2<t

One can check that, if there exist ¢ € V and ¢ = 1 or 2, such that v, (tx) = c on a
finite sequence of times 0 <ty <t; <--- <t, < 0o, then

n—1

A(71,72) (o, tn) = Z A (71,72) (e, trr) - (5.6)

k=0
Definition 5.10 (area process) Suppose v defined on [0,00) is continuous and of lo-
cally bounded variation, then we call A(v) := A(y,7) the area of 7.

Suppose X is a process indexed by [0, 00) such that X (w) is of locally bounded variation
for every w. Define the area process of X as (A (X)) (w) = A (X (w)).

One can verify that, for any 0 < t; <ty < t3 < 00,

AG) (1,1 =A () (1, 8)+ A () (2, 85) 5 [y (12) =7 () 7 ()= (8], (5.7)

which is called multiplicativity of (v, A (7)).
(5.6) and (5.7) will be used in our proofs.

Definition 5.11 (geometric 2-rough path) Suppose (V,||-||) is a Banach space. T :
Aoy = V& [V, V] = (v, ) is called a geometric 2-rough path, if there exists a sequence
of continuous bounded variation paths 7, : [0,00) =V, n > 1, s.t.

Tim |17 = (7, A (7))l oo

N|=

. 2
= lim <H’y - 7n‘|27var,[0,oo) + HOd — A (ﬁ)/n)”lfvar,[(),oo)> = 0.

n—oo

We call [|-||s@ the 2-rough norm. Here we define geometric 2-rough path in term of
Lie algebra, which is equivalent to the definition given in Chapter 4.

Definition 5.12 (geometric 2-rough process) (X, A) is called a geometric 2-rough
process if (X (w), A (w)) is a geometric 2-rough path for almost every w.
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5.3 Main Result

Suppose {u,} is an orthonormal system in L? and {c,} a sequence of numbers. Using
techniques in rough analysis (e.g. [21], [11], [24]), we proved:

Theorem 5.13 The partial sum process of Y cyu,, when enhanced by its area process,
is a geometric 2-rough process (denoted as X) for any {u,} € L* and any {c,} sat-
isfying 3°.°°  (logy (n +1))?|ca]® < 00. Moreover, logy (n+1)* can not be replaced by
o(log, (n 4+ 1)*), and

/Q 1X () [ 1 (o) < 7683 (logy (1 + 1))? e (5.8)

That (log,(n + 1))? can not be replaced by o((logy(n + 1))?) follows from Menshov-
Rademacher theorem. It is an improvement of Menshov-Rademacher Theorem since
X (w) < X (w)llge » Ve

||OO—UCL7'

Definition 5.14 {u,} € L? is said to have the Hardy property with constant C, if for
%) . . 0o 2
any sequence of numbers {a,}, o satisfying > >~ o |a,|” < oo,

plde) < C (Z ranrz) .

Theorem 5.15 Suppose {u,} € L? has the Hardy property with constant C. Then,
for {c,} satisfying 3", logy (n + 1) |ca|* < o0, the partial sum process of 3., cntin, when
enhanced by its area process, is a geometric 2-rough process (denoted as X). Moreover,

J

[ |5
0 0<i<j<oo

k=i

apug (W)

/Q IX (@) 1 (deo) < (3580 +40C) Y " log, (n + 1) [en|*. (5.9)

n=0

Almost everywhere finiteness of 2-variation of the partial sum process in Theorem
5.13 and Theorem 5.15 are proved in [17]. Thus, since area vanishes if the orthonormal
system is one-dimensional, our result is an improvement only in multi-dimensional case.

Corollary 5.16 Suppose (Q, F, P) is a probability space, and &, : (Q,F,P) — (V, (-,-))
is an i.i.d. sequence satisfying B(E,) = 0 and E||,||> = 1. Then Theorem 5.15 applies
to {¢,}-

This corollary follows from Burkholder-Davis-Gundy inequality. Actually, based on
28] and Thm 14.12 in [9], if {£,,} is an i.i.d. sequence taking value in R? with zero mean
and unit variance, then for any p > 1, p # 2, there exists constant C(d,p) s.t. for any
{a,} € 1PV? | (denote X as the partial sum process of > a,&,,)

E (IX12_ o)) < Clds) (Z |an|2> v (Z |an|p> . (5.10)
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However, based on Donsker’s theorem, (5.10) can not be extended to p = 2. Indeed,
Qian [30] further proved that, if in addition {{,} are of finite 2 + § moment for 6 > 0
and denote X,, as the partial sum process of n-: > o1 &k then there exists ¢ > 0 s.t.
lim,, o P (||Xn|]§_var > clnln n) = 1. It is not surprising if the Weyl multiplier on the
r.h.s. of (5.9) can be improved, with the best possible {Inlnn} based on Qian’s result.

Corollary 5.17 Theorem 5.15 holds for Fourier system, where log, (n+ 1) in (5.9) can
not be replaced by o (log, (n + 1)).

This corollary follows from Carleson—Hunt’s inequality (5.5) (see also [8]) and Theorem
5.15. The lower bound, as indicated in [26] or [17], can be obtained in the case of de la
Vallée-Poussin kernel, or say, Dirichlet kernel.

5.4 Proof of Theorem 5.13 and Theorem 5.15

Definition 5.18 Denote the set of integers N :={0,1,2,...}. Interval I is said to be
an integer interval, if I = [m,n] for m € N, n € N, m < n.

If two intervals only intersect on their boundary, then we abuse the notion and label
them as “ disjoint”.

Since the process we are considering is piecewise linear obtained by interpolating on
integers, we assume that all intervals in finite partitions are integer intervals, without
decreasing the 2-variation of the path, or l-variation of the area. In the rest of this
section, unless otherwise specified, “ I is an interval” means “ I is an integer interval”.

Definition 5.19 Interval I is called a dyadic interval of leveln € N, if I = [k2", (k + 1) 2"]
for some k € N. Integer m is called a dyadic point of level n € N, if m = k2" for some
k e N.

Notation 5.20 For interval J, denote the level of biggest dyadic interval in J as n(J),
i.e. n(J) = max {level of dyadic interval I|I C J}. Similarly, for P € N, denote N (P) :=
max {n|P = k2" forn € N, k € N}.

Thus, 2" < |J|, so n(J) < log, |J|; N (0) = co; N (m) >0, ¥m € N.

Notation 5.21 Suppose J is a finite interval. Denote B as the set of dyadic intervals
in J, i.e. By :={I| interval I is dyadic, and I C J}, and B’ :={I|I € By, n(I) = j}.

Then two properties of B(B).

(¢) Suppose {I3} € Dy (i.e.{Ix} is a finite partition of interval J), then By, N By, =@
when ki # ko, and
UkB;, C By. (5.11)

Similar result holds for Bf} for any level j:

LBy, C B, (5.12)
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Proof. Ounly prove (5.11); (5.12) is similar. I, C J so By, C By. I, and I, are disjoint
when kl 75 kg, SO Blkl N Blkg =g. n

(i) Let X be the partial sum process of > ¢ u,. Then for any interval J,

/ X (D2 () < 2logy (T +1) S el (5.13)

IeB, k,[k—1,k]CJ

Proof. Since each [k — 1,k] C J can only be included in one dyadic interval of level j,
0<j<n(J),soin U {I|] € B;} (the union of all dyadic intervals in J), [k — 1, k] is
counted at most n (J) +1 <log, |J| + 1 < 2log, (]J| + 1) times. While for any interval

I
/Q||Xw(f)ll2u(dW)= I Y auWlPudw)= Y lal,

@ k-1KCT k,[k—1,k]CT

Y

so sum over all dyadic intervals [ in By,

> I mP) = Y Y al

I€B, I€B, k,[k—1,K]CI
= > #{U|k-1LKCLIEB}
k,[k—1,k]CJ
< 2log (M+1) Y, el
k,[k—1,k|CJ

The following two Lemmas give a method of decomposing an interval as union of
dyadic intervals: each time, we cut out biggest dyadic interval available, and the number
of dyadic sub-intervals is bounded above by logarithm of the length of the interval. (The
decomposition is in the same spirit in Prop 4.1.1. in [21].)

Lemma 5.22 Suppose J is an interval with one boundary point a level n dyadic point
k2", for somek > 0,n > 1, and |J| < 2". Then, J can be decomposed as union of disjoint
dyadic intervals, in such a way that the level of dyadic intervals is strictly monotone with
respect to their position in J (strictly increasing when k2" is the right boundary point of
J; strictly decreasing when k2" is the left boundary point of J ).

Proof. Suppose k2" is the right boundary point of J (result for left boundary point can
be obtained by symmetry). Translate J by — (k — 1) 2" (translating J, |J| < 2", by 52",
j € N, will not affect our conclusion) and assume J = [m, 2"] for some m > 1. We use
mathematical induction on n. As a clear consequence of |J| < 2", any dyadic interval in
J is of level strictly less than n.

When n = 1, since |J| < 2", |J| = 1. Thus J itself is a 0 level interval.

Suppose the result is true forn = [, i.e. forany 1 < m < 2, [m, 21} can be decomposed
as union of dyadic intervals such that their level is strictly increasing with respect to their
position in [m, 2’}. Then we will prove that the same statement holds when n =1 + 1.
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Suppose J = [m,?l“} for some 1 < m < 21 If m < 2!, then according to inductive
hypothesis, there exists a dyadic partition of [m, Qq = U1, such that the level of I is
strictly increasing. In that case, decompose [m,2'*!] = U, U [2!,271]. Since each Iy,
has level strictly less than [, Upl; U [21 , 2”1} is still strictly increasing in their level. If
m = 2!, then J is itself a dyadic interval [QZ, 2l+1]. If m > 2!, then by translation, use
inductive hypothesis on [m — 24 21}, proof finishes. m

Lemma 5.23 Suppose J is an interval, then there exists a decomposition of J as union
of disjoint dyadic intervals, in a way that there exists a point P in the dyadic partition,
such that N (P) > n(J) + 1, and to the left and right side of P, the level of dyadic
intervals 1s strictly decreasing. As a result, no more than two dyadic intervals of any
given level are included, and the number of dyadic intervals is bounded by 4log, (|J]| + 1).

Proof. Denote ng := n (J) (the level of biggest dyadic interval in .J). Then there exists
at least one dyadic interval of level ng in J, and there can be two adjacent ones, but
there can not be more than two of them. If there are two ng intervals, then they are
adjacent, because the gap between ng intervals is a union of ng intervals, so if there were
gap between them, there would be at least three consecutive ng intervals in J (because
J is an interval, all intermediate intervals are also in J), thus two of them will constitute
a level ng + 1 interval, contradicting with maximal assumption for ny. Same reasoning
applies that one can verify that there are no more than two ng intervals in J. In this
way, we decompose J as union of three intervals: the interval to the left of ng interval(s),
denoted as [j; ng interval(s); the interval to the right of ng interval(s), denoted as I,.

We take I; as example. Suppose [; is not empty. According to the construction of
I}, it is an interval with right boundary point a ng level dyadic point, and |[;] < 2™
(otherwise I; contains an ng interval—since it shares a ng level dyadic point with the ng
interval(s)—contradicting with the construction of [;). Thus according to Lemma 5.22, I
can be decomposed as union of dyadic intervals, whose level are less than ng, and strictly
increasing with respect to their position in /;. Same reasoning applies to I, i.e. I can
be decomposed as union of dyadic intervals of strictly decreasing level, with highest level
less than ng. Then we select P as one of the boundary points of ng interval(s). If there
are two ng intervals, then select P as the point which parts them. The reason that these
two ng intervals do not constitute an ng + 1 interval is that the point parting them is
a dyadic point of level ng + 1, so N (P) > n(J) + 1. Otherwise there is only one ng
interval, denoted as [k2"°, (k 4 1) 2™] (there are no more than two ng intervals, as we
verified). If k is even, let P = k2™; if k is odd, let P = (k+1)2". Then 2"t P,
N (P) > n(J)+1. In this way, J is decomposed as disjoint union of dyadic intervals, s.t.
there exists point P € J satisfying N (P) > n(J) + 1, and the level of dyadic intervals
is strictly decreasing from P to left and right. As a result, no more than two dyadic
intervals of any given level are included. Since 2" < |J|, the number of dyadic intervals
is bounded by 2ng + 2 < 2log, [J| +2 < 4log, (|[J|+1). m

Remark 5.24 Since the level of dyadic intervals to the left/right of P is strictly decreas-
g and Zz;é 2% = 2" — 1 (thus one can not get new dyadic interval through union), one

73



can check that, the decomposition will be the same, if one repeatedly cut out the biggest
dyadic interval available in J.

Definition 5.25 Suppose v : [0,00) = (V, ||-||) is continuous, and {t,}. ., is a sequence
of strictly increasing positive real numbers satisfying lim,_. t, = +00. Then we say '
is the piecewisely linear path which coincides with v on {t,} and denote v* = L (v, {t,}),
if Y1 (t) = v (to) ont € [0,t), and for any n € N,

toit —t

t—t,
V(tn> +

—(t e |ty t .
tret — b thor — tn’Y( n—i-l) [ n n+1]

Y(t) =

Suppose X is a continuous process indexed by [0,00). Then we say X' is the piece-
wisely linear process which coincides with X on {t,} and denoted as X' = L (X, {t.}),
if for anyw € Q, X' (w) = L(X (W), {t.}).

Lemma 5.26 Suppose v : [0,00) — (V,|||]) is a continuous path, and {t,} -, is a
sequence of strictly increasing positive numbers satisfying lim, oo t, = +00. Let v =

L(v,{t.}), then

H’}/Hgfvar S 3 <ny”§7var,[0,to} + Z H’y”;fvar,[tn,tn-;-l] + H71||;fva7“) ’

n=0

Proof. For any finite interval [s,t] C [0,00), if there exists k < [, s.t. s <t < ¢; < t.
Then

v (s, 11 < 3 (17 (st 1P + 1y s D1+ 1y (s )17 - (5.14)

In this way, we divide [s, t] into [s, tx] U [tx, t;] U [t;, t]. Therefore, for any N > 1 and any
fixed finite partition {[sy, Sp+1]}, € Dioey]s @apply (5.14) to each [sy, sp41], sum over £,

N-1
2 2 2 2
Z Hry <5k7 Sk+1)|| <3 (“7”2—1)(11",[0,150] + Z H,}/HQ—var,[tn,thrﬂ + ||71H2—va7“,[0,t1v]) ’
k n=0

Take supremum over all possible finite partitions of [0, ¢y], and let N tends to infinity. m

Lemma 5.27 Suppose v,7* : [0,00) — (V,||-|l) are of locally bounded variation, and
there exist c € V and a sequence of positive strictly increasing numbers {t,} -, satisfying
lim,, ;00 t, = 400, such that v*(t,) = ¢, ¥Yn € N. Then if denote ' := v — +*, and
A:=A(y), AY = A(y1), we have

2
||AH1—var < HAHl—var,[O,tg} +2 HVHZ—’U{IT

oo
22 M 20 3 A" (st )

n=0 ny} N <nk41
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Proof. We estimate [[Al|,_,,.10:y» V = 1, by inserting partition points {t,})7) into
any finite partition of [0, ty]. Fix {[s, Sx+1]} € Dpy)- If there exist integers ny, ny, such
that s; < t,, <tn, < Skt1. Then using multiplicativity,

[A (sks 141
1A (st tn) )| 4 1A (B o)) | 4 1A (B S840

F2 1y (s tan) 1P + 2117 (s taa)I” 4+ 217 (B, s1c40) I
< A G tu)ll + 1A (st + 1A (s 5601+ 2175,

IN

[skySE+1]

In this way, we cut out those big intervals [t,,,t,,], n1 < n2, which have no partition
points, and divide [sg, sk+1] which contains one t,, into [sg, t,]U[tn, sg41]. Therefore, apart
from intervals in the form [t,,,t,,], we have three kinds of intervals: [sy,,tn,], [tny, Sky+1]
and [Sk,, Sk,+1], each of which is included in some [t,, t,+1]. Thus,

2
”Al‘lfvar < HAulfvar,[O,to] + Z HAHlfvar,[tn,thrl] +2 H’yH2fvar (515)
n=0

s > At )]

{nk} N <Mg41

Denote A1 := A — AY. Since 72 (t,,) = ¢, Vn € N, using identity (5.6),

Ngy1—1
A (s tu )| <0 DA™ (i)
k=ny
Hence, sup Z HAll’C(tnk,tnkH)H < ZHAll’C(tn,th)H
(e} N <Ng41 n=0
< D At tag )+ DAY (b tag) |-
n=0 n=0
Therefore,
sup D [[A (tuy o) |
1k} e <ngern
< sup Y (|4 (tuta )| Fsup o Y (AT (Bt ) |
b g <npes "} g <ng
< D A, s+ DAY (o tog) [ +sup D> [[AY (tngs ) |
n=0 n=0

n
k NE<Ng+1

S Z ||A||1—Uar,[tn,tn+1} +2 ?Up Z HAII (tnk7tnk+1) H :
n=0

n
k} N <Nk

Combined with (5.15), proof finishes. m

Corollary 5.28 Suppose X is a process defined on (2, F, ) taking value in (V, ||-]]), and
indexed by [0, 00). Further assume that X, is of locally bounded variation for every w, with
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area process A := A(X), and X' = L(X,{t,}) (Definition 5.25) with A™ = A(X?).
Then if (X1, AY™) is a geometric 2-rough process, we have (X, A) is a geometric 2-rough
process provided

[e.e]
2
Z (‘|Xw|’27var,[tn,tn+1] + ”AwHkmr,[tn,thO < 00, a.e..

n=0
Moreover,
/Q IXoI2 i (dw) < 3 / 1Xall2 a0 44 () (5.16)
> 2
£33 [ 1K i 1) +3 [ LG, (),
n=0
/Q 1Aully o (o) < / 1Al a0 # () + 2 / Xl i (d)  (5.17)

2y / W e - / 1AM, (dw).
n=0

Proof. Since X,, is of locally bounded variation for every w, thus if (X, A,) has finite
2-rough norm a.e., (X, A) is a geometric 2-rough process. X' = L (X, {t,}), so for each
we N (X, —X)(t,) =0, ¥n € N, and the rest of this corollary follows from Lemma
5.26 and Lemma 5.27. =

The following Lemma works in the same spirit as the Lemma used in the proof of
Menshov-Rademacher theorem, but replace oo-variation by 2-variation.

Lemma 5.29 Suppose X is the partial sum process of Y ,_, Cnlin, then,

/ﬂ 112 o 2 () < 8 (10 (n+ 1) 3 e
k=1

Proof. Suppose interval J C [0,n]. By Lemma 5.23, decompose J as union of disjoint
dyadic intervals, denote them as I, 1 < k < [, with [ < 4log, (|J|+1). By is the
set of dyadic intervals included in J (Notation 5.21). I are disjoint as k varies since
{I} is a finite partition of J, and each Ij is a member of By, so S %_, || X, (Ix)||” <
> ren, 1 Xw (I)||? for each w € Q. Then using Cauchy-Schwarz inequality, we get

l

l
IXo (DIP = 1D Xe (T P <1 11X (1) (5.18)

k=1 k=1

< dlogy (17]+ 1) 31X, ()] < 4logy (n+1) 3 1%, (D).

k=1 IeBy

Suppose {I;} € Dy, (the set of finite partitions of [0,7n]). Use (5.18) for each I;, and
U; By, € By, (according to (5.11)),

IXoll3varo = sup Y IXo (1) < 4logy (n+1) D [1Xu (D]

{I;}€Djg j IE€Bg
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Integrate both sides, and use property at (5.13), i.e. ZIeB[O ]fQ 1 X, (D 1 (dw) <
2logy (n+ 1) 27 |ex]?, we get

/Q 1Xall2 o £ () < 8 (l0gy (1 + 1)) S [,
k=1

u
This inequality is interesting when taking into account that: (p255[15]) there exists
co > 0 such that, for any n > 1 there exists an orthonormal sequence {p,},_, on (0,1),
s.t. the partial sum process X" of \/iﬁ > r_y py satisfies
n 1
P (X" > ¢ologyn) > T

The following result is proved in [17], we put it here for completeness.

Lemma 5.30 The partial sum process of ), cyu, (denoted as X ) is of finite 2-variation
a.e. for any orthonormal system {u,} in L* and any sequence of mnumbers {c,} sat-
isfying 3., (logy (n + 1)) |e,|* < co. Moreover, (logy (n+1))* can not be replaced by
o ((logy (n+ 1))2) and

/Q X3 12 (dewr) <36 Y (logy (n + 1)) fen*. (5.19)

n=0

Proof. Since || X, || < [ Xullypar» Yw € €, based on Menshov-Rademacher Theo-
rem, we only have to prove (5.19). Define process X' := L (X, {2"}), then according to
(5.16) in Corollary 5.28,

oco—var

/Q X2 () < 3 / 1l 2 () (5.20)

+33 [IX o e ) 43 [ (X1 (d)
n=0

While if denote f as the limit function (according to Menshov-Rademacher theorem,
f(w) = lim, 00 X, (n) exists a.e., set f (w) = 0 elsewhere), we have

SR ) = [ sup ST (@me0) = X (27 ()

{mk} k
< 2/Z|1Xw<2”>—f<w>u2u<dw>=2Z S Jaf
2 =0 n=0 k>2n 11

< 42 (logy (n + 1))2 |cn]2 )

n=2

Combined with Lemma 5.29 for estimation of HX‘JJH;fvaT,[TL,Z”*l]? n >0, and (5.20). m
We will use Lemma 5.30 in the proof of Theorem 5.13.
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Proof of Theorem 5.13. Denote the partial sum process of Y~ c,u, as X, and
A = A(X) as the area process of X. Since [|X,|| < | Xullypars Yw € Q, s0
based on Menshov-Rademacher Theorem(in p67), we only need to prove [, 1 Xl +
1Al _yor # (dw) < 768372 (logy (n 4 1)) |c,|®. While o | Xol5_,0 tt (dw) is done in
Lemma 5.30, so we concentrate on 1-variation of area. Denote X' := L (X, {2"}) (Defi-
nition 5.25) and A'! := A (X1'), then use (5.17) in Corollary 5.28:

oco—var

/Q VAol i (d) < 2 / VXl 0 () + / N —r (5.21)
+ZZ/Q HAle—var,[Ql,ZHl] ILL(dCU) +2/Q HA‘}-}Hlfvar'u<dw)
[=0

Since X,, is linear on [0, 1] and [1,2], [[Aull,_y4r 01 = 1Awlli_varpg = 0, Vw € Q. Thus,

we are done if we can prove "
i1
/ “Ale—var,[zl,le] p(dw) < 10 Z (log, (n + 1)>2 |Cn|27 vi>1 (5.22)
Q n=2l+1
and -
/Q JAD ||, o it (dw) < 320> (logy (n+ 1)) ). (5.23)
n=0

(72 <10, 2 x 36 +2 x 10 + 2 x 3272 < 732, 732 + 36 = 768.)

In the following, we do analysis for fixed w € €.

Using multiplicativity of (X, A,,) (identity (5.7) at p69), for any finite interval I and
any disjoint decomposition {Iy, Is} € Dy, we have

[Aw (DI < 14w ()1 + [[Aw ()] + 1 X ()] Xe (Z2)]] -

Therefore, for A, on dyadic interval I = [m2", (m + 1) 2"™!|, repeatedly bisecting I
down to 0 level dyadic intervals on which X, is linear and the area vanishes, we get (B
is the set of dyadic intervals included in I, Notation 5.21),

14, (D] = ||[Aw (m2", (m + 1) 2" (5.24)
n—12""J-1
< 3N |Ix ([m2n + k2, m2" + (k +1)27]) |)”
7=0 k=0
< Z 12X, (1)
I'eBr\{I}

This estimation of A, on dyadic intervals will be used repeatedly.

For interval J which is not dyadic, decomposing it as union of dyadic intervals {1, k}iﬁ:l
by Lemma 5.23, then [ < 4log, (|J] +1). We estimate A, (J) by successively removing
dyadic partition points from J. Suppose {I} are numbered that k — I} is increasing
from left to right of J, then the accumulated error incurred to ||A, (J)|| from removing
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point between I and UL ikl 1 <k <1—1,is bounded by

1—

—_

-1

1% (T | X (Vi L Z k) 1 X ()| (5.25)
k=1 k=1
-1 l l !
A X I)IP <D X (TP < 4logy (1] +1) > 11X (I
k=1 j=k+1 k=1 k=1

After removing all dyadic partition points from J, we are left with area on I, 1 < k <,
SO

l l
14w (D < D7 1A Tl + 4logs (1] +1) Y 1 Xe (T)]I*
k=1 k=1

While apply (5.24) to each I, and use L _, {I} C Lt _,B;, C By (since I; are dyadic
and {I.}\_, is a finite partition of .J, use (5.11)),

ZIIA <D X X @IF< Y IX ()]

k=1 EB]k IEBJ
Thus, A, ()| < Y 1 Xe (DI +4log, (171 +1) Y I1X, (DIP (5.26)
IeBy IeB;
< 5log, (|[+1) Y [1X. (D]
IeBjy

Therefore, suppose {/;} € D[2, 21+1]; I > 1, use (5.26) for each I;, and U;B;, C
B[21’2l+1]7

> llAu ||<Z510g2 LI+ D X (DI < 5logy (27 +1) > [IXa (D]
j

IEB[ 163[2172l+1]

Taking supremum over all finite partitions,

||Aw||1_mr7[21721+1] = sup Z [ As (1;)]] < 5log, (21 + 1) Z [ X (DHQ :

{Ij}eD[Ql,Ql+l IEB[gl,2l+1]

Integrate both sides, use (5.13), i.e

21+1

3 / X (D)2 1 (dw) < 210, (2 +1) 3 Jerl?,

TeB 51 o141y @ k=2l+1

and log, (2! + 1) <log, (k + 1) when k € [2,2"71], we get

2l+1

J VA g o (@) 103l (5 1)) (5.27)

k=2l+1
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Then, what left is the estimation of the long-time behavior, i.e.(5.23) about Al! :=
A(X]}). Since X' := L (X,{2"}), if denote

2n+1

W= Y ) gy,

k=2r+1 Ziglnﬂ ‘Ck‘2

(5.28)

then {v,} is an orthonormal system in L? and X' is the reparametrised partial sum
process of > b,v,.

Notation: Denote the partial sum process of > b,v, as Z, A% := A(Z).

Since 1-variation is invariant under reparametrisation and

D 02 b <Y (log, (n + 1)) fenl*
n=1 n=0

so our aim is to prove [, ||AZ||, . jp(dw) < 327% 3500 m?|b,|*, which is actually a
modest version of our theorem.

Suppose J is an interval, we decompose J as union of dyadic intervals by Lemma 5.23
with small modifications: if [0,2"], n > 1, appear according to Lemma 5.23, decompose
it as [0, 1] U Up, [2k_1, 2’“], which does not affect the statement that there are no more
than two dyadic intervals of the same level in our decomposition for any level n > 1, but
it does affect level 0 with one more possible copy. The reason is that, if the interval [0, 2"|
does appear in our decomposition, then it must be at the left most of some interval in
the finite partition. According to Lemma 5.23, in our decomposition, the level of dyadic
intervals is strictly decreasing from biggest dyadic interval(s) to left/right. Therefore,
since [0,2"] is at the left most, replacing [0,2"] by Up., [2¥71,2%] = [1,2"] does not
affect the monotonicity of dyadic intervals (the level of f2k_1, 2’“], 1 < k < n, is strictly
increasing and less than n), thus does not affect the fact that there are no more than two
dyadic intervals of any given level. However, we are left with [0, 1], so one more possible
level 0 interval.

Having fixed the dyadic partition, we estimate HAf (J )H for interval J by system-
atically removing dyadic partition points from J. We will first remove the point which
define the biggest dyadic subinterval, and kill subintervals level by level, from high to
low. We will not touch end points of dyadic intervals of certain level until all the dyadic
intervals of higher levels disappear. In this way, the bigger dyadic subintervals merge into
one, and absorb the smaller intervals as the process goes.

Denote the dyadic partition of J as {[k}igzl (as we specified, [0,2"], n > 1, is not a
member of {I;}).

For fixed k£, 1 < k < [. If we remove one point which parts our merged big interval
Ji and dyadic interval I, then the change of area is bounded by

(1Z (T 1” + 1120 (L)1) - (5.29)

L\D|>—t

120 (J) I Ze (I <

80



Denote the level of Ij, as n([y), then according to the way we remove points, J; C
Ui {Li|L; € {Ix}, n(I;) > n(Ix)}. Use Holder inequality,

A D | IDORCERD SR LRI R

jzn(ly) jzn(Iy) n(li)=j

When we removed all dyadic partition points from J, I; € {I;} is counted in Ut_,J; at
most # {j|I; € {Ix}, n(L;) <n(l;)} < 2n(l;) + 3 times, where we used the fact that
there are no more than two intervals of level n for any n > 1, and no more than three
intervals of level 0. Therefore

> NZs (TP (5.30)

< 3(2%) SO k) < n (I} IZ ()P
n=1 >0 n(I;)=j
< TG Y 12 W)

7>0 n(l;)=j

After removing all the partition points, combining the estimation of the AZ on dyadic
interval Ij, (i.e.(5.24)), the error produced by removing points from dyadic partition
(i.e.(5.29) and (5.30)), we get

SOIAZ I+ 5 30120 BIF + 53 120 () (5.31)
<S> N 2O+ 12 ()P

k=1 1eBr, \{Ix}

IN

1AZ (D]

2 (e.0)
T
+7 . G+1*(25+3) > 11 Za(
j=0 n(Il;)=j
l 2 0o 3
. 2 . 2
S P ICHUIERS SRR (J+§) BRCAIAT
k=11I€By, j=0 n(Iy)=j

where {I;} is are dyadic, so Uy (B, \ {Ix}) Ux {Ix} = U Bi,.

Recall B’ is the set of level j dyadic intervals included in J as defined in Notation
5.21 in p71, with property (5.12): If {I;} is a finite partition of J, then for any level
7 >0, I_Ikng C B]f Moreover, if I, are all dyadic, then

{Iin (It) = j} C B C B, (5.32)
As we modified the dyadic partition of J, {I;} does not include [0,2/], 7 > 1. Thus,

Ug Bz, does not include [0,27], j > 1 (otherwise if [0,2/], 5 > 1, is included in By,
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0 [0,27] C I, = [0,27] for some j' > 1 (since I is dyadic), contradictory with our
modification). Then in addition to (5.32), we have

{Lin (L) = j} C ukB}'k C B’\{[0,27]} when j > 1.

l 00
Hence, »  Z. (DI < D N2 DIP+>- D> 1Z.@IF,

k=11I€By, I€BY 7=1 1eBI\{[0,27]}
andwhen j > 1, Y Z,(IP< Y. 1z
n(Iy)=j 1eB’\{[0,27]}

Continue with (5.31),

izl = (3ee1) iz (5.33)

IeBY

3
+Z< j—i—l( 2)+1) S lz@)P
I€B\{[0,27]}

o0

< Py NZOP+=Y G+ Y 12O

0 j ;
IeBY =1 1eBI\{[0,27]}

where in the last step, when j > 1, (] +1)+1< 5+ 1)<z =+ 1)°%.
Suppose {Im}m:1 € Dy on1, apply (5.33) to each I,,, and use (property (5.12))

U.Bj C B

[02N OSJSN

(any dyadic interval in [0, 2] is of level less or equal to N),

Yo AZUI)| < w Z > IZo )P +7 Z G+ S 1zm)p

0 — i .
m=lT1eB] m=lr1eB] \{[0,2]}
N

2 S 1zmP+2Y 0+ Y 12 0)P

IGB[ Y j=1 ferwN]\{[ogj]}

IN

N-1 oN-7_1

= ) Zo (0, DIP+ 72> G+ 1 3 |2 ([K27, (k+ 1) 27]) ||

=0 k=1
where B[O vy ={[0,1]}U { 028 \{[0; 1]}} Take supremum over all finite partitions and
integrate

N-1 2N

JACH RSOSSN DICER I S

Jj=0 n=27+41
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Take limit N — oo and use Fatou’s Lemma,

J 1AL (@) = [ AZ] () € 2 273G+ S Pl
Q Q j=0 n>29+1
o] [logy(n—1)]
= b)Y G (bl
n=2 7=0

When n > 2, log, (n — 1) +1 < 2log, n, and (log,n)* < 2n2, so 293%2(”*1” (G+1)° <

(logy (n — 1) +1)* < 16 (logy n)* < 32n2. Hence, using |b,|* = Zi:;url x|,

/HAHH1 a1t (dw) < 32 Zn b, |* < 327 Z log, (n 4 1)) |ea|”. (5.34)

n=0

Therefore, combine (5.21), (5.27), (5.34) and Lemma 5.30, use Fatou’s lemma, we get,

1A ) (5.35)
S 2 Z/Q ||AW||1—UGT,[2TL,2”+1] ,LL (dUJ) —'I_ 2/ HAS-}H]_—’UGT + ||Xw||§—var IU/ (dUJ)
n=1

< 2(10+ 3277 +36) > (logy (n+ 1)) |en? <7322 log, (n + 1)) |ea)”.
n=0

n=0

As a result, we proved

/Q 1%l 0 () = / 1Xol2 o it (deo) + / IR —
< 768 (log, (n+1))*[cal*

Remark 5.31 Suppose X, and A,, are as defined in the proof above. One can check that
for any (s,t) € Apoe) and any w € Q,

{L

w (st ( o () = X (s)™

Ul) &® dX ( ) de (UQ) (24 de (Ul)

N | —

s<ui<ug<t

1
+= / de (Ul) &® de (Ug) + de ('LLQ) X de (Ul)
2 s<uy<u2<t

- / dX, (u) ® dX,, (ug) := (/ dX, ® de) (s,t),
s<ui<uz<t

which is a function on Ay, we call the “ second iterated integral ” of X,. Thus

1
- | [ iw x| | < IR,

1—var
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Therefore, use (5.35) in Theorem 5.13 and Lemma 5.30, we get

J

Then {(log, (n + 1))} is also a Weyl multiplier for the second iterated integral of partial

/de ®dX,

p(dw) < 750 (logy (n + 1)) e[
n=0

1—var

sum process to have finite variation a.e..

The following decomposition is used in Theorem 16 [17] to prove the first part of our
Theorem 5.15 (finiteness of 2-variation of partial sum process of Fourier series).

Lemma 5.32 Fvery non-dyadic interval J can be decomposed as disjoint union of two
intervals J = J' U J?, such that there exist two disjoint dyadic intervals I; and I,
satisfying J* C I' and |J*| > |I'|, i = 1,2.

Proof. First suppose that K is such an interval, that it can be decomposed as disjoint
union of dyadic intervals which are strictly monotone in their level, with biggest dyadic
interval I, of level n. We want to find a dyadic interval I, s.t. K C I and |K| > 3 |I|.
If K = I,, then [, is the dyadic interval we want. If K # I,, then [, is a strict
subset of K. Since the dyadic intervals in K are strictly monotone in their level, with
I,, of level n the biggest dyadic interval at one end, so K\I, is an interval satisfying
|K\L,| < 372428 =27 — 1. Thus, since K\I, shares a level n dyadic boundary point
with I,,, K\I, is contained in another level n dyadic interval (denoted as I). Therefore,
if I,, U I}, constitute a level n + 1 interval (denoted as I,,41), then K is included I,,41,
and |K| > |I,| = 1|I,11]. While the condition for I, U I/, to constitute a level n + 1
dyadic interval is that the boundary point of I,, which it shares with K is a n + 1 level
dyadic point. Thus, if K satisfies C'1: dyadic, or C2: (1) the level of dyadic intervals
changes monotonically, and (2) the boundary point which it shares with its biggest dyadic
subinterval (of level n) is not only a level n dyadic point, but also a level n 4+ 1 dyadic
point. Then there exists a dyadic interval I, s.t. K C I and |K| > 3 |1|.

Suppose J is decomposed by Lemma 5.23, then we select a point in the dyadic partition
of J which part J! and J?, such that J* and J? satisfy C1 or C2. According to Lemma
5.23, there exists a point P in the dyadic partition of J, s.t. N (P) > n(J)+ 1, and the
level of dyadic interval to the left and right side of P is strictly decreasing. Thus, if P
divides J into two intervals with positive length, then we select P as the point parting J*
and J? and both J! and J? satisfy C2(1) and C2(2). While if P is a boundary point of
J, then the level of dyadic intervals in J is already monotone. Denote the biggest dyadic
interval in J as I,, (of level n), and we select the other boundary point of /,, which divides
J into two intervals of positive length: I, and J\I,. I, is dyadic so satisfies C'1. J\I,
is union of monotone dyadic intervals, so satisfies C2(1); the biggest dyadic interval in
J\I, is of level less than n, but shares a level n boundary point with I,,, so J\ I, satisfies
C2(2). m

Remark 5.33 As we selected, the point in J dividing J* and J? is one of the boundary
points of biggest dyadic sub-interval(s) of J, and the level of dyadic intervals is strictly
decreasing to left and right side of this point.
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Lemma 5.34 Suppose J is a finite non-dyadic interval. If we bisect J = J'UJ? according
to Lemma 5.32, and continue to bisect non-dyadic J* and/or J*, so on and so forth, until
all intervals left are dyadic. Then the dyadic intervals left constitute the dyadic partition
of J by Lemma 5.23.

Proof. Suppose the dyadic partition of J by Lemma 5.23 is {I;};_,, where {I;} are
numbered that & — [, is increasing from left to right of J. Denote P as the point
bisecting J = J' U J? by Lemma 5.32. Based on Remark 5.33, P is one of the boundary
points of some I}, 1 < k < n, and the level of dyadic intervals is strictly decreasing to the
left and right side of P. Since {I},_, is a finite partition of .J, J' and J? are union of I;s:
there exists m, 1 < m < n—1, such that J' = U’ I and J? = Up_, _,Iy. We continue to
bisect non-dyadic J' and/or J2. Take J' = Uy, I} for example. Since Iy, k = 1,2,...,m
are strictly increasing in their level, according to Lemma 5.32, bisecting J! is to cut I,,
out (the biggest dyadic subinterval). While J*\1,,, = U;"-' I is still composed of strictly
increasing dyadic subintervals, so bisecting J'\I,,, is to cut I,,,_; out, so on and so forth.
In this way, bisecting J' down to dyadic intervals, one gets back {I;},. . Similar is true
for J2. Thus, {I;};"y U{Ix},_ i1 = {Ik}r_y is the dyadic partition of J by Lemma 5.23.
[ ]

Before proceeding to the proof of Theorem 5.15, we define B s for finite interval J as
the set of dyadic intervals which contain “ part” of J.

Notation 5.35 Suppose J is a finite interval, denote

~ 1
By = {]|I is dyadic, |INJ| > 5 |I|} (5.36)

Four properties of B 7
(i) By C By.

Proof. Recall Bj is the set of dyadic intervals included in J. Suppose I € By, then [ is
dyadicand I C J,so [INJ|=|I|>i|I|, ] € B;. =

(ii) when J is dyadic, B; = B.

Proof. For two dyadic intervals, either one is wholly included in another, or they are
disjoint, bar boundary points. Thus, suppose J and I are dyadlc intervals and [ N J| > 0,
then either I C J,or J C I. If I C J, thenIEBJCBJ ItJcl, andIEBJ,then
|J| < |I| < 2|InJ|=2|J|, which is not possible since I and J are dyadic. Therefore,
when J is dyadic, B 7 is the set of dyadic intervals included in J, thus coincides with Bj.
|

(iii) If J' C J, then By C By.
Proof. Suppose I € By, then [INJ|>|INJ/|>L|I|,s0 € B;. =
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(iv) Suppose {I},} is a finite partition of J, then LB, C B;.
Proof. Elk C EJ is from (i23). If I € §1k1 N E%, ki # ko, then

’Iklmjk2| > |(Im]k1>m<ImIk2)|
= |Iﬂ[k1|+’[ﬂjk2|_‘<Im[k1)u<lm[’€2)‘

1 1
> —|I|+=|I|-|I|=0
Ml gl 1 =0,
contradictory with that [, are disjoint since {/j} is a finite partition of J. =

Proof of Theorem 5.15.  Denote the partial sum process of > c,u, as X, and
A= A(X). Denote X! := L (X,{2"}) and A := A (X1). If let

2n+1 2n+1

2 lal”

k=27+1

v (W) = Z itk () , by =

gn+1 2
k=2n+1 Zk:2n+1 |cx|

then X' is reparametrised partial sum process of > 2 b,v,. Since being geometric
rough process is invariant under reparametrisation, according to Theorem 5.13, X! is a
geometric 2-rough process when 3 _ (logy(n + 1)) [b,|> < 00. On the other hand, (use
(log, (n +1))* < 2n, ¥n € N) B

> (logy (n+ 1)) [ba|* <2 “nlbaf* <2 logy(n + 1) [enl*.

n>0 n>1 n>0

Thus when 3 log, (n + 1) |e,|* < 0o, X! is a geometric 2-rough process, and (according
to Lemma 5.30 and (5.35))

S (@) < 23ty 0+ 1) e (537

n=0

IN

/Q JAD ], or it (dw) < 1464 "log, (n + 1) [en|*

n=0

Therefore, if we can prove that for any n > 1,

2n+1
/ ||Xw||§—va'r,[2”,2”+1] H (dbd) < 4C Z 1Og2 (k + 1) |C]<J|2 ) (538)
Q k=27 41
2n+l
/ ||AW||1—var,[2",2"+1] pldw) < 2(C+1) Z log, (k +1) |C/7c|2 :
Q k=2n+1

Then according to Corollary 5.28 (in p75),

/Q Xl 4 Ay 2 (d)

+ 2 HAi}”lfvar K (dW)

I
2—var

< 9la)? 4 9|c)? +/9HX;
Q
2
+ Z /Q 9 HXUJHZ—fuar,[Q"Q"JFl} +2 HAWHI—var,[2",2"+1} K (dw> :
n=1
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Substitute in (5.37) and (5.38), we get

Il ALl 1 () < (3580 + 40C) D log -+ 1) feu

Q n=0

where 3580 + 40C = 9 x 72 4 2 x 1464 + 36C + 4 (1 + C'). Thus, if the two inequali-
ties in (5.38) are true, then (X, A) is a geometric 2-rough process under the condition
S ,logy (n + 1) |en|? < 0o. Therefore, in the following, we concentrate on two inequal-
ities in (5.38).

Suppose we are working on [2", 2""!] for some fixed integer n > 1.

For any fixed finite partition D = {[my, mg1]}, of [27,2""], denote the dyadic
intervals in D as {I;} (i.e.[my, my+1] which are dyadic), denote the non-dyadic intervals in
D as {Ji}. Use Lemma 5.32 to bisect non-dyadic intervals: every .Ji, can be decomposed as
disjoint union of J} and JZ, such that J} and J? are intervals of positive length, and there
exists two disjoint dyadic intervals I}, I?, satisfying Ji C I} and |J}| > 1 |I}], i =1,2. As
a result, when bisecting a set of disjoint non-dyadic intervals {J;}, in the set of related
dyadic intervals {I}, I?}, each dyadic interval is counted at most once. (Otherwise, there
are two disjoint J; share the same dyadic interval I, so there must be one J; satisfies
|Ji| < 11|, contradicting with the selection of I.) Denote [ Xl := suppey |IX ().
Then,

Do X [ mua )P = D IIX () + Z 1X (£3)11° (5-39)

[mk ,mk+1] GD

<23 (1% GOI + 1% D)) + 21 (1)
k J

L (R P N Sl P P B S D
k J

[EB[Qn’Qn-&-l]

where we used that I}, I and I; are dyadic, and {I;}} U{I?} U{I;} C Bjgn gns1}. That I}
are different as k and i vary, as we stated, is because J}, are disjoint, thus there can not
be two Ji share the same I; while I} differs from I; is because if I} = I; for some i, j, k,
then Ji C I} = I;, s0 0 < |Ji| = |Jp N I;] < |Jx N ], contradicting with that Jj and
I; are disjoint since they are elements of finite partition D. Thus, use (5.39) and take
supremum over all finite partitions of [27, 2" we get,

2 2
||Xw||2—var,[2",2"+1] <2 Z ||Xw||oo7l :

IEB[2n72n+l]

Using the assumption (Hardy property) that for any interval I,

/Q IXI2 o (dw) < C / X (D)) 4 (dw)

and (5.13), i.e.

2'n+1
>[I D) < 208,24 1) Y el
I€Byn ynt1) ” & k=2n+1

87



we get, for any integer n,

2
/ X5 par fon g1y 4 (dw) < 2 / [ Xoll5e,r 11 (dw) (5.40)
QIEBQn J2n+1]
2n+1

<20 3 [ OP ) <1l @+ 1) Y faf

IGB[Qn’Qn+1] Q k:2n+1

2n+1
< 40 ) logy (k+1) el

k=27+41

Then we estimate 1-variation of A, on [2",2""!]. On dyadic interval I C [27,2"+1]
use (5.24):
A, (DI < 7 IXe (] (5.41)
reB\{1}
Suppose J C [27,2""!] is a non-dyadic interval. Use Lemma 5.32 to bisect J = J' U J?
with associated dyadic intervals I*, then |I* N J| = |J'| > L1|I’|. Thus I' € B, (By is
defined at (5.36)), and

140 (DI < f[Aw ()] [As () + [ (DI ()]

<
< JAe (Y] + 14w ()] + 1Kl + Xl e

The bisecting process terminates if both J!' and J? are dyadic, otherwise, continue to
bisect non-dyadic J' and/or J2, so on and so forth, until all the intervals left are dyadic.
According to Lemma 5.34, all the dyadic intervals left constitute the dyadic partition of
J in Lemma 5.23.

The dyadic intervals, which are by- products of our sequence of bisections (e.g. I'* and
I? from bisecting J), are elements of B 7, because if dyadic interval [ is obtained from
blsectlng interval J' C J, then I € BJ/ - BJ (I € BJ/ is the same reason as I', I? € BJ,
B g C B s is (7i7) in p85). Moreover, these by-product dyadic intervals differ from one
another. Otherwise, suppose J and J® are two different intervals generated in the
bisecting process, sharing the same dyadic interval I, i.e. J® C I, and |J (i)‘ > %][ |,
then |JM' N J®| > 0, and I is the smallest dyadic interval which includes JM(J®).
Since J® and J® are sub-intervals generated in the process of decomposing J, so if
‘J Mg (2)| > 0, then one is wholly included in another. Thus, without loss of generality,
suppose J@ c JW| then J® is obtained from further bisecting J). When bisecting
JM | according to Lemma 5.32, there exist two disjoint dyadic intervals I’ and I”, s.t.
}J(l) ﬂ]" > 0, ‘J(l) ﬁ]"| > 0. Since J@ is obtained from further bisecting J®, so
without loss of generality, assume J®? C I’. As we denoted, I is the smallest dyadic
interval containing J), so I C I', while I is also the smallest dyadic interval containing
JV so JU C I, thus JO C I, contradictory with that I’ and I” are disjoint and
JO NI > 0.
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Therefore, if denote the dyadic partition of J in Lemma 5.23 as Uy I}, use the estima-
tion for A, on dyadic intervals (i.e.(5.24)), we get

ZHA W< > IOrF<) Ixd

k1B, \{Ix} I€B,

Thus (all by-products dyadic intervals are elements of B 7, and they are different from
one another),

[ |<ZHA N+ D0 X2 < D X (DIP+ D IXull, - (542)

IEBJ IeB; IEEJ

Therefore, suppose {1} is a finite partition of [2", 2"*1], combine estimation on dyadic
intervals(I; € Ban gn+17) in (5.41) and on non-dyadic intervals(l; ¢ Bjgn ont1)) in (5.42),

leAw(Ij)
_ S+ Y ALl

j,]jEB[Qn,2n+1] jvljiB[Qn,Q"H'l]
2 2 2
< > Yoo IXeDIF+ D (O IX DI+ Y Xl
j,IjGB[2n12n+1] IGB[J.\{I]'} j,Ing[Qn’QnJrl] IGBI]' IGE]].
2 2
< DO I MIP+D] D IXli,
J IGBIj J I€§1j

Use L; By, € Bjgn ont1] (according to (5.11)), l_IjEI]. C E[anﬂ] (according to (iv) in p86),
and Bijgn gn+1] = Bign gn+1) for dyadic interval [2,2"1] (according to (i¢) in p85), we get

Aol = s A 3 (10 (DI + X012, ) -

Ij}GD[QngnJrl IGB[Qn,2n+1]

Integrate both sides, use [, |X||OOI/L (dw) < C [, I X (I )P 1 (dw), and (5.13), i.e

2n+1
3 / X (D)2 1 (dw) < 210g, (2" +1) 3 e
I€Bpgn nt1)” k=2n+1

we get, for any n > 1,

[l zep@ <0r0) 3 [IX D) (543
IEB[2n72n+1] L
2n+1

2(14C) ) logy (k+1) el

k=241

Combined with reasoning at the beginning of the proof and (5.40). =
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Chapter 6

Partial sum process of L? Fourier
series

In this chapter, we mainly follow the content of [23].

In Chapter 5, {log, (n+ 1)} is identified as a Weyl multiplier for the partial sum
process of L? Fourier series to be a geometric rough process. More specifically, as stated
in Corollary 5.17, for any f € L? ([—,n],R?) with Fourier coefficients {c,}, (denote X
as the partial sum process of the Fourier series of f),

/ X (0) |62 d6 < (3580 +40Cy) Y log, (n+ 1) [ea|*, (6.1)
m n=0

with Cj the constant in Carleson-Hunt inequality for L? Fourier series. Moreover, in (6.1),
log, (n 4 1) can not be replaced by o (log, (n + 1)), with lower bound given by Dirichlet
kernel.

It is interesting to know what does the decay condition 3 log, (n +1)|ca|* < oo
imply about the regularity of the limit function f. For this reason, we define sobolev space
s

Log for s > 0, as the space of functions in L? ([—71’,71'] ,Rd), whose Fourier coefficients

satisfy

(logy (n + 1))25 |cn|2 < 00.

WE

Il
=)

n

We establish the following identification of functions in Hj,, (when s = 3, the equiv-
alency is proved in Thm 4 [3]).

Theorem 6.1 For s € (0,00) and d > 1, there exist constants 0 < ky < K, < 00, such
that for any f € L? ([—7?, 7] ,Rd), with Fourier coefficients {c,},

™ ™ 2
if denote L ::/ / ’f<|l;>m_ui(|v>’ (log

™ _
2 .—H)QS 'dudv
|sm 3 |

2

and 1 :=") " (log, (n+1))* [ea|*, then kl < L < K.l

n=0
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Corollary 6.2 Suppose f : [—m,m| — R? satisfying

/7r /7r |f(u) _f(v”zdudv < 00.
S - ‘sm “2”‘

Then f is in L?, and the partial sum process of the Fourier series of f, when enhanced

by its area process, is a geometric 2-rough process (denoted as X). Moreover,

T T T . 2
/ X (0)]|% d6 < (3580 + 40C)) kél/ / |f(‘7“;)m LOW o,

uU—v ‘
2

where Cy is the constant in Carleson-Hunt inequality for L? Fourier series and k:% 18
defined in Theorem 6.1.

This corollary follows trivially from Corollary 5.17 and Theorem 6.1.
Corollary 6.2 could be treated as a modest complement to [26], where the authors
proved the non-trivial result that, for any » > 1 and p > max{2,r/(r — 1)},

J X i<, [ 110

However, although log, (n+ 1) in (6.1) can not be replaced by o (log, (n + 1)), the

condition ) log, (n + 1) |cn]2 < 00 is not necessary for the partial sum process of Fourier
series to be a geometric 2-rough process. In fact, we give a little stronger statement.

w(n)

W 18 St’l"iCtly

= o00. Then there exists a 2-

Example 6.3 Suppose {w(n)} is a Weyl multiplier that n
w(n)
(logy logy ”)2
, such that its partial sum process is a geometric

increasing from some point on, and lim, .

dimensional Fourier series Y oo, c,e™

2-rough process, but Y~ w (n) \cn\Q = 00.

The above example is 2-dimensional, so area is non-trivial.

One might be tempted to ask whether all L? Fourier series have finite 2-variation a.e.,
which, however, is not true. It is proved in [10] that there exists a bounded function,
whose Fourier series has infinite 2-variation a.e.. Their proof relies on nontrivial estimates
on 2-variation of partial sum process of i.i.d. sequences in [30]. In this paper, we provide
a self-contained proof, where we use the upper semi-continuity of cumulative distribution
function of p-variation. This example is constructed without knowledge of [10], nor the
result in [30].

Example 6.4 There exists an L* Fourier series whose partial sum process has infinite
2-variation almost everywhere.
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6.1 Sobolev spaces Hj

In this section, we identify an equivalent norm on the space of functions whose Fourier
coefficients satisfy > (log, (n + 1))** |cu|* < oo for some s > 0. We also construct an
example to show that 3w (n)|e,|* < oo is not necessary for the partial sum process
of Fourier series to be a geometric 2-rough process, for any Weyl multiplier {w (n)}
increasing strictly faster than {(log, log, n)*}.

Let H? be the sobolev space W%2. The fact that f : [—m, 7] — R belongs to H® for
some 0 < § < 1, can be stated equivalently in the following two ways (Theorem 8.6 in

[16]): N
> e < o0, (6.2)

/ /_7r |Sm_ 25+)1’2dudv < 00. (6.3)

with {c,} the Fourier coefficients of f (if f = (f1, fo, ..., fa), then ¢, = (¢}, c2,...,cl) €

R* with ¢& = [T f, (0) e™?d). When § = 0, the space defined by (6.3) is strictly
included in L?, which, as we will prove (also proved in Thm4 [3]), is equivalent to

and

Zlog2 (n+1) |e,]? < o0.

n=0

To fit the framework of our theorems,

Definition 6.5 Define sobolev spaces HS,,, —0o < s < 0o, as the linear space of RY

0g’
valued functions on [—m, 7| with finite the following norm:

11l 2og,s = (Z (logy (n+ 1)) !Cn\2> ) (6.4)

n=1

where {c,} are Fourier coefficients of f.

Similar to H*, Hj ,, 1

metric polynomials as a dense subset; Hng is the dual space of Hj}

is a separable Hilbert space for any —oco < s < 0o, with trigono-
o and Hi, can be
compactly embedded into H,’-jog for any ¢ > p. Moreover, for the interpolation space
(H7,,, Hgog)a , = Hlog where r = (1 —0) p + 0¢, Holder inequality holds:

Hf“Logr — HfHLOg,p HfHLogq

All these properties can be proved as counterparts as those of H° (e.g. p108-p117, [16]).
As an example, the function

1
fs,e(x): il T Z'E(O,l),
v [log, 2|"*7 [log, (2[log, 2])|**
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(according to Theorem 2.24 at p190 in Vol I [40]) belongs to H},, when e > 0, not belongs
to Hj,, when e <0.

Next, we prove that there exists an equivalent norm on Hj,, as the one for H® in
(6.3), which is inspired by Theorem 8.6 in [16].
Theorem 6.1 For 0 < s < oo and d > 1, there exist constants 0 < ky, < K, < 00, such

that for any f € L* ([—m,n] ,R?) with Fourier coefficients {c,},

s T 2
if denote L () = / / / <|“S)m_ = (|“)| (log, |smﬁu 125 dudy (6.5)
—mJ - 2

2

and [ (f i": (logy (n+ 1)) |en]?, then ki (f) < L(f) < Kl (f).
n=0

Proof. Fix s. Without loss of generality, we assume f is one-dimensional. Since trigono-

metric polynomials are dense in Hj, , we only prove the theorem for trigonometric poly-

0g’

in n € Z are orthogonal w.r.t. this inner product:

nomials. One can verify that e

o[ [ Re (i (u) - <>><U‘<> [A0) o

u
‘Sln D) 3

Thus, the problem boils down to: for any s € (0, 00), there exists integer N and constants
0 < bs < Bg < 00, s.t. for any n > N,

2s—1

1
Lrnt
mt) dt < B, (log, (7n))* .

1 o302
b, (log, (mn))* < R} = / sin” (gnt) |,
0

t
e / / n)+ RS (n).

2s—1

dt.

t
0g9 5

Denote

™ sin? %t
R} = 1
0 t
For R (n),
R3 (n) _ /2 sin® £t
(logy (mn)* ™ Jo

1
log, (mn)

t
082 5 —log, (mn)

1 t
1 ——1
log, (mn) 082 2

When n > 1,

1<

t
10g2§—1‘§1+

t
log, 5‘ when t € (0,2).
Thus when s > %,

o< | i LY { O N / e (1 ’
o (ogy () o

When 0 < s < 3, the upper bound and lower bound in (6.6) exchange. Thus, R§ (n) ~
(log, (7n))** ™", and for any € > 0, there exists N, > 1, s.t.

¢ 25—1
log, 5‘) dt < oco.  (6.6)

|R; (n)| < e (log, (7m))2s , Vn > N.. (6.7)
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For R (n),

R3 1 ™ San lt 1 ¢ 2s5—1
2 (n) — = / 2 log, ~ — 1 dt. (6.8)
(log, (7n)) log, (7n) Jy t log, (mn) 2
For the lower bound: When 2 < ¢ < /n,
1 t 1 1 m 1
0< —1 — | =1 log, — | < =
~ log, (mn) %825 = log2 (mn) (2 0827+ 108, 2) 2’
S0
1 < L 1 i 1| <1 when 2<t<+n
- < |— —— n .
2 = |log, (mn) 825 =W s stV
Denote [y/n ] as the integer part of \/n, then when s > 1, n > 1,
R; (n) > 1 el /(’““)7r sin? ltd RSl
osa ™ 2 B & b T2 Bl X T

hil ——1> —dr—1=1 1)—1> =1 —1
While Z k+1 Z / :Cdzv n([vn]+1) _zn(n) )

Inn—2 1
so for s > 1, when n > [e*n] 4 1, we have 2052 > £ and

R5 (n) S In2(lnn —2) . In 2
(log, <7Tn))2s — 22t (Inn+In7) — 925+2

Similarly, for 0 < s < %, when n > [e*r] + 1,
5 (n) _ > 1n_2
(log, (7)) 8

i3
For the upper bound of (—)))Z,S, in (6.8) let y = 1;?%7 then

< 1 1 In2
B < [ s () (- )y <tz -ty - 32
(log (xn) : : ”
Thus, when n > [e*r] + 1,

In2 . In2 In2 R3 (n) In2
Q2svht2 min{ s g 1 < R
22(+V3 22428 77 (logy (7n))™ T 25

Therefore, if for s > 0 let € (s) = %, then according to (6.7), there exists integer
2

Ny > 1, s.t. for any n > Ny, |RY(n)] < e(s) (log, (7n))**. Thus, we get: for any
n > Ng = maX{Ne () | eln] + 1},

In2 Ry In2 In2
s S 5 = + s
22(sv3)+3 (10g2 (ﬂ-n)) s 2s 22(sV3)+3

where we used RS (n) — |R; (n)] < RS < Rj(n) + |R; (n)]. Combined with reasoning at
the beginning of the proof. m
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Remark 6.6 Similarly, one can prove that there exist constants 0 < k < K < o0, s.t.
for any f € L* ([-m, 7] ,RY),

/ ]d:c<// ()] dudv<K/ )2 da.

Then [T [ |f (u) — f () dudv < oo iff f is in L. Since |sin 52| < 1, so from this
perspective, one can also get that

- 2
/ / |f (u )‘ dudv < co = f is an L* function.

Combine Theorem 6.1 with Corollary 5.17(in p71), we get that if

s T 2
/ / f (u) _uff‘v)‘ dudv < 00,
- J -7 2

then f is in L?(also Remark 6.6), and the partial sum process of Fourier series of f is a

geometric 2-rough process (denoted as X). Moreover, there exists absolute constant C,

/ 1X (0) |2 df < C'/ / |/ (u |sm dualverlog2 (n+1) |c,|? (6.9)

n=0

However, although in (6.9) log, (n + 1) can not be replaced by o (log, (n + 1)), as we show
below, the Weyl multiplier {log, (n + 1)} is not necessary for the partial sum process of
Fourier series to be a geometric 2-rough process.

Example 6.7 There exists a 2-dimensional L* Fourier series y cne™ | s.t. its partial

sum process is a geometric 2-rough process, but 3 log, (n 4 1) e, = oo.

The same example can be modified to any Weyl multiplier growing strictly faster than
{(log, log, n)z}, as in Example 6.3 proved after this example.
Proof. Define

o) on+l
:Z Z 9 € 0,2m). (6.10)
n:l k 2741

Then |c,|> ~ n~' (logyn) %, so f is in L? and 3, log, (n + 1) |c,|> = co. Denote X as
the partial sum process of f, then

i(2"+1)0 _ i(k+1)8

B =<
Xo (k) = n2% (1 — )

+Xg(2"), k=2"+1,..., 2" (6.11)

Suppose X! = (X {2"}). Then X! can be enhanced into a geometric 2-rough process
(if denote v, = 272 > keonit e then X' is the reparametrised partial sum process of
>, n v, and based on Theorem 5.13). Denote A := A (X) as the area process of X.

Based on Corollary 5.28(in p75), we are done if we can prove,

o0

2
Z (||X9”2—mr,[2n,2n+1] + HA9H1—mr,[2n,2n+l]> < 00 a.e. (6.12)

n=1

95



When 6 = 0, || Xoll;_p0r
following, we prove that (6.12) holds for any 6 € (0, 27). More specifically, we prove that,

= 00, so (Xp, Ap) is not a geometric 2-rough path. In the

for any 0 € (0,2m), there exists constant Cy, s.t.

2T

C
2 0
”X9H2fvar,[2”,2”+1] + HAeHlfvar,[Q”,Q""'l] < F,Vn 2 max {10g2(7), 1} :

We do analysis for fixed § € (0,27) and on fixed interval [27, 2""!] for integer n >

max{logQ(%”), 1}.

Denote N := [2%] (the integer part of 2¢), so N > 1 since n > logy(%F). Denote

tj = % for j=0,1,..., N.
In (6.11) for fixed 6 and fixed n: Xy (27), n, 22, 1 — € and '@"+Y? are constants, so

denote

Y(t) t=0,1,...,2"
¢ ¢ (27 00) and Y (t) = ¢ linear elsewhere on [0,2"]
’ Y (27) t e (2", 00)

?(t) _ { et te [O, 2”]

First, we estimate 2-variation of Y. since ||[Y|2 ... < IV |2 purs SUppOse s < t;, <
tj, <t, then
IV (58 12 < 2 (I1V (s, )1 + 1V (13, )1)

where Y (t;,) = Y (tj,). Thus, when N > 1, using ||Y||§7wn[tj’tj+ﬂ < ||Y||imr7[tj7tj+1] =
4% j=0,1,...,N

) )

N
||?||g—va7‘ < 22 ||}7||g—var,[tj,tj+1] < 87T2 (N + 1) < 167T2N‘ (613)
§=0
For area of Y, denote

Y () t=0,1,...,2" or to,t1,...,tx

Yi(t) ;=< linear elsewhere on [0, 2"] )
Y (2") t e (2" 00)
Y, =Y -1

Denote Ay := A(Y) and Ay, := A(Y3). According to Lemma 5.27(at p74), since
Yi(tj))=1,j=0,1,...,N, we have (here t; = 0)

N
||AY||1—var S 2||Y||g—va7‘ + 2 Z ||AY||1—var,[tj,tj+1] + 2 Sup Z HAY72 (tmk7 tmk+1) H
j=0 {mk} M <Mpg41
(6.14)
where we used Y13, < [[V]I5- 0
. 2 .
First, we prove that, ||Ay|l\_ye. 1,4, < 72+ 21V 15 arft; 0 § = 0:1,0 o V.
Denote
n; = [t;] (the integer part of ;). (6.15)
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Since tj11 —t; = 27” > 1, so nj, # n;, when j; # jo,and nj+1 <n;4y,7=0,1,...,N—-1.
Using multiplicativity of (Y, Ay) at (5.7) and taking supremum over all integer finite
partitions, we get

2
HAYH17var,[tj,tj+1} < ||AYH1fvar,[nj+1,nj+1] + 2 HYHvaar,[tj,thrl] : (616>

On [n; + 1,nj41] C [tj,tj41]: Ifnjy1 =n;+1orn;+2, then Y on [n; + 1,n,41] is a point
[n;+1,m;41] = 0, If UZES| > n; + 3, then Y
on [n; +1,n;41] — after connecting Y (n;1;) with Y (n; + 1) — draws a simple convex
] < 2. Combined with

or describes a cord of unit circle, so ||Ay||;_,..

polygon, with unit circle its circumcircle, so ||Ay|;_,,,.

(6.16),

[rj+1m541

2 2
||AY||1—var,[tj,tj+1] =T 42 ”YH?—WM%HH] ’

Thus, we have, when N > 1, (use |Y]2_.. < [|Y]% ... and (6.13))
N ~
Z ||AY||1—var,[tj,tj+1] S 7T2 (N + 1) + 2HY||§—’0(ZT‘ S 347T2N‘ (617)
j=0

Therefore, what left in (6.14) is supy,, an@kﬂ HAYQ (tgs trngsr) ||
For ||Aya(tmy, tm.. )|, using multiplicativity and Ya (n, + 1) = Y2 (., )

27 Y (g, + 1) = Ya(tu )|I° + 27 Yo (b 1) — Y(rtmy ).

For Ay, (nmk + 1,nmk+1), since Yo (k) =0, k =0,1,...,2", use property (5.6) and that
Y, can only be non-trivial on [n;,n; + 1],

[Ava (1, + Lo, ) || < > [Ayz2 (nj,n; + D]

Jilng g +1CMmy +1Lnm ]
Since Y3 is linear on [n;,¢;] and [t;, n; + 1] (nj, # n;, when j; # j2),

1Ay, (nj,my + DIl < 271 [Ya(ty) = Yo () + 271 ¥z (ny + 1) = Ya(ty) .

Thus
||AY:2 (nmk +1, nmk+1) ” (6.19)
mpy1—1
< N 2 (IYa(ty) = Ya ()P + [Ya (ny + 1) = Ya(t)]1%) -
Jj=mp+1

Combine (6.18) with (6.19),

HAY,Z(tmk, tmk+1)|| (620)

< 27 DT (alt) = Y ()P Y2 (g + 1) = Ya(t)])

Jj=mp+1

—_ _ 2
+2 ! ||}/2(nmk + 1) - Yé(tmk)||2 +2 ! H}/Q(tmk+1) - }/Q(nmlﬂ—l)H .
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Thus, because Ys(t;) = Y (t;) — Yai(t;) = Y(¢;) —1, 5 = 0,...,N, and Y5 (k) = 0,
k=0,1,...,2" so use (6.20), we get

{SupZHAYZ me s mk+1 H (621)
my}
N
< 270 (IVa(ty) = Ya (my) |+ V2 (ny +1) — ZHY ) —1)2.
7=0

Since Y is linear on [nj,n; + 1], so there exists p; € [0,1], s.t. Y(t;) = p;Y (n;) +
(1—p;) Y (n;+1). Hence

IY(t) =17 = Jlo (¥ () =D+ (L=p) ¥ (+ D= D)[* (622
<Y () = 1P+ Y g+ ) = 1P
— IP() = V)P + 17 + 1) = V)2,

where we used that Y coincides with Y at integers, and ?(tj) = 1. Therefore, combine
(6.21) and (6.22), we get

sup Z HAYZ mg ) mk+1)H (623)
{mg} k
N —~ ~ ~ ~ o~
< 3 (V) =Y eI+ 1V 05+ 1) = VE)I2) < IV v
7=0

Therefore, when N > 1, combine (6.14) and (6.23), we get

N

HAYHI var < 2“Y|l2 var+2ZHAY“1 var[t tj+1]+2Sllp}ZHAy2 mk7tmk+1)||
j=0 Mes |

< 22 HAYH]_—UG,T,[tj,thrﬂ + 4||Y||§—Uar‘

=0

Use ||V ]2, < 167N at (6.13) and Zj o 1AV 11— yar e, 1, ) < 347N at (6.17), we get

j+1]

Ay ||| _yur < 13272N. (6.24)

Finally, since

1 1
2 2
‘|X9H27var,[2“,2”+1] - m HYH27va7“ < m”Y"Q—vaﬂ

combined with [|Y||2_,,. < 1672N at (6.13) and N < 22¢,

472N 270 1 27
n22n sin? ¢ = st 02’ vn 2 max{logQ(F), 1}

2
||X0H2_UW7[2n,2n+1} S

)

Similarly, for area of X, on [27,2" "] use (6.24),

1 33760 1 27

HA9H1,U(W7[27L’27L+1] = WHAYHlfvar —, Vn Z max{log2(7), 1}

< —75
281112%712
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Therefore,

If for 6 € (0,27), define Cp =

Cy
2
”X6‘||2—mr,[2n,2n+l] + ||A0||1—mr,[2n,2n+l} =2 , Vn 2> Inax{logQ( ) 1}. (6.25)

Combined with the remark at the beginning of this example. m

Although in the example above, (Xy, Ag) is of finite 2-rough norm when 6 # 0, the
integration [, | Xo||se d6 is not finite, and the problem occurs at 0 or 27, as one may
see. After some modifications, we can push the result a little bit further. The convergent
factor n=2 only appeared in (6.25), so one could modify the example to

for any positive {a (n)} satisfying > ﬁ < 00. However, the long time behavior will then
cause a problem. Denote X! as the piecewisely linear process which coincides with X at
{2"}. According to Theorem 5.13, we know that if 3 (logyn)? /a (n) < oo, then X! is
a geometric 2-rough process, so it will not be a problem under that condition, while the
local regularity is controlled by (6.25). In that case, based on Corollary 5.28(in p75), the
partial sum process of (6.26) is a geometric 2-rough process. Therefore, we can generalize

2n+1

1 > etk (6.26)
az 22, oo

Example 6.7:

w(n)

Example 6.3 Suppose {w(n)} is a Weyl multiplier that n 5 is strictly

(logg logy n)

w(n) = o00. Then there exists a 2-

(logy log, ”)2
dimensional Fourier series > -, ¢,e™ s.t. its partial sum process is a geometric 2-rough

process, but 3, w (n) |en|* = oc.

increasing from some point on and lim,

Proof. In light of Example 6.7, we only have to prove the statement for {w (n)} growing

()

w(2m)
of this example, assume N > 2 is such an integer, that n —

= 1. According to the condition

% is strictly increasing
0goy M

for all n > N. Let r : [N — 1,00) — R™ be a differentiable path satisfying /' (¢) > 0 for

allt > N — 1, and

slower than {log, (n + 1)}. Thus, assume lim,,_,,

2" 1
rn) = 22 S N with (V= 1) = S (V). (6.27)
(log, ) 2
Moreover, we assume,
1) — -1 1
r'(n):r(n_l_ )27“(71 ),nZN,withr;(N—l):§r'(N). (6.28)

Such kind of function r exists: The problem boils down to, for fixed real numbers & > 0,
k1 > 0, ko > 0, constructing a one dimensional non-decreasing differentiable function f,
defined on [0, 1], satisfying f (0) =0, f (1) =k, f1 (0) = ko, f_ (1) = ky, and we further
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require that fo f'(s)ds = f(t), Vt € [0,1]. Then f exists, if there exists a continuous
function p, defined on [0, 1], satisfying p(t) >0, p(0) = ko, p(1) = ky, fo t)dt = k.
Such p clearly exists, so f (¢ fo s)ds satisfies the condltlon of f. Thus we can
construct r by first setting 1ts value at mtegers by (6.27) and (6.28), then on [n,n + 1]
for integer n > N — 1 use the construction of f as above. In this way, r is absolutely
continuous on any finite interval [a,b] C [N — 1 oo) (its derivative is continuous, so r is
Lipschitz on any finite interval), thus we have f t)dt = r(b)—r(a). As an application,
use (6.28),

)= 5 / Tyt (6.29)

Let L = r() ; define f (0) := i
) (n) \/(logy m)?w (20)

w n+1
Then since lim,,_, % =1, so lim,,_, T(:z:)l) = 1, and using (6.29),

log, n)? log, n)* 1 (n ' (n ' (n
s omnf s o) s P s~

3 3
=y ¢ (n) n>N T (n) \/(log2 n)w (@2 aen (r(n)? sy (r(n+1))2
< limz / —dt—hm T S <.

M—o0 no1 T2 M=o Jn_1 72 r(N —1)

Thus, by following exactly the same reasoning of Example 6.7, the partial sum process of
f is a geometric 2-rough process. On the other hand, since {w (n)} is non-decreasing, so

> wimef >Z( > Icﬁ)w@"):Zﬁii?

n>2N 41 n>N =241 >N
(6. 29 1 M+41 d’l“
E > lim g lim 3 7 = 0.
M%oo M%oo r
n>N N

6.2 L? Fourier series with infinite 2-variation almost
everywhere

Before construction, we prove the upper semi-continuity of the cumulative distribution
function of p-variation.

Lemma 6.8 Suppose {X,} ~, and X are continuous processes, defined on probability
space (0, F, P), taking value in R, and X,, converge to X in distribution as n tends to
infinity. Then for anyp > 1, C' >0,

0P (| Xollysr < €) < P (11X} < C)
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Proof. C[0,00), the space of continuous Ré-valued functions on [0, 00), is a complete,
separable metric space when equipped with the metric:

o0

1
plenw) = 3 o max (o (1)~ (D] A1)
n=1 -

X, and X are random variables taking values in (C0, 00), B (C[0,00))). According to
Skorohod’s theorem, there exists X,, and X on an auxiliary space, s.t. X, 2 Xn, X 22X
, and X, converges to X a.e.. Use Fatou’s lemma and lower semi-continuity of p-variation,

it (160l > €) = limeP (|5 > €)
e fonn{J, ..} [, )
> P (H)’E o c) —p (||X||p_W > 0) .
]
As a trivial Corollary, for any a > 0, p > 1,
lit oo B (10l ) 2 B (1K) (6.:30)

Corollary 6.9 Suppose Sy is the sum of first k terms of a sequence of i.i.d. random
variables with mean 0 and variance 1. Define &, as the continuous process on [0, 1]
obtained by interpolating Sk/n% at k/n, k=0,1,...,n. Then for any C >0,

nlglgop <||§n||2—var > C) =1

Proof. &, converge in distribution to the Wiener process W, use Lemma 6.8 and that
Wiener process is of infinite 2-variation a.e., we get

h—mn—>ooP <||£n||2—var,[0,1} > C) > P <||W||2—var,[0,1] > C) =1

]

It is proved in [30] that there exists constant ¢ > 0 s.t., if the i.i.d. random variables
have finite 2 4+ § moment for some ¢ > 0, then lim,,_, ., P (||§n||3_mr > clnlnn) = 1.

If we were working with Rademacher functions (ry (t) = sgnsin (2xt), t € [0,1], k >
1), the construction would be clearer, because ry are independent. Glue pieces of rescaled
random walks together, where each piece provides sufficiently large 2-variation, then a.e.
infinite 2-variation follows from Borel-Cantelli lemma. It is similar for Fourier series, only

that we pick out those trigonometric functions which resemble an i.i.d. sequence. (For

27mind 2mimo

any m and n, e and e are never independent: suppose 6 is uniformly distributed
on [0, 1], with a binary expansion Y -, 6;27", then both {nf} and {mf} — the fractional
part of nf and m# — depend on ({0}, ) for some K > 1, comparing to Rademacher
system, which is independent because ;k = —20; + 1.) However, there are far more
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trigonometric sequences, which do not exhibit random behavior, but with a heavy L? tail
and infinite 2-variation almost everywhere.

m1 mp
Suppose we have a sequence of integers T, nl,A.. D 77 nk,A ., Ng, ... where
ng, my, k > 1 are integers. Denote the partial sum of this sequence as sy = 0, s =
Z?:l m;n;j. Suppose 6 is uniformly distributed on [0, 1], and 6y, is the kth digit of the
binary expansion of 6, i.e. § = > 7~ 6x27%. One can check that {6}, are i.i.d. random

variables satisfying P (6 = 1) = P (6, =0) = 5

Definition 6.10 Define a sequence of random variables
(nx) O -t |
g; ¥ = cos QWZT ci=1,2,... my, k> 1, (6.31)

j=1

where my, ng, Sk, and 0y are defined above.

{ggn’“), 1 <i < my, k> 1} are independent with mean 0 variance % 3, and for each fixed
k, {c!"™) 1 <i <my)} are identically distributed. Moreover,

(6.32)

(nk) Sk—1+(i—1)n
;" — cos (2m2% ’fﬁ)‘ < ST

Suppose X and Y are respectively the partial sum process of

Zk\/_Zcos (2m2°%- 140 1>"’“9 andg—zk\/_z gl

Then by showing that Y is of infinite 2-variation a.e., and choosing n; and my to control

the cumulated error produced by (6.32), we can prove that X of infinite 2-variation
a.e.. However, the estimation in Example 6.4 (re-stated below) forces us to choose my,
before ng. Therefore, we need a result of uniform growth of 2-variation of random walks
produced by <™ for different ks.

Deﬁnition 6.11 Define Y." as the continuous process on [0, 1] obtained by interpolating
ZZ 1g /m2 at k/m, k = 1,2,...,m, where g( ), i = 1,2,...,m, are as defined in
(6.31).

Lemma 6.12 For any constant C' > 0,

lim,_, Jim, o P (Y per > C) =

Proof. Suppose {6;}!" | are independent random variables uniformly distributed on [0, 1],
and Y,, the continuous process got by interpolating (37, cos ;) /m2 at k/m. Since
P(qz(-n) =cos(27k27")) =2"", k=0,...,2" 1 SO g(n) converge to cos; in distribution
as n — oo. Noting that m is fixed, and g = 1,2,...m, are independent, so Y,
converge to Y, in distribution as n — co. Use Lemma 6.8 and Corollary 6.9,

hnlm—wohmn—ﬂx) (HY;ZHvaar,[O,l] > C)

> i (1l o > €) =
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Now, we are prepared to construct our series.

Example 6.4 There exists an L? Fourier series whose partial sum process has infinite
2-variation almost everywhere.

Proof. According to Lemma 6.12, there exists a sequence of integers, {M,},.,, s.t.
VYm > M, AN (s,m), s.t. Yn > N (s,m),

P (I3

||2—var

>s2)2

Set my, = maxj<s<i M. Choose {ng}y,, s.t. ng > N (k,my), 2" > ky/my, and
ng+1 > ng. Hence,

. 1 Vi _
P (HY kHz var > k2> > T and Z 1o < o0.

Denote Y as the continuous process constructed on [0, 00) by patching up Yx /k, k > 2.
Then based on the elementary inequality: a2 > b2/2— (a — b)*, we have: (X is the partial
sum process of corresponding Fourier series)

00 2
A/ 1M 1
||X||§—var — 2 ”YHQ var (27TZ konk ) 2 5 ||Y||§—UG/F - C

Noting that Y,7*, k > 1, are independent, use Borel-Cantelli lemma,

P (||X||§—'Ua7' = OO)
2
> 1 =1.
2—var

nk
> PV} =) 2 P (hrnm {H
In fact, the method above can be applied to all orthogonal systems in the form

{¢ (nz)},5,, v €[0,1], where ¢ is an a-Holder continuous function, 0 < a < 1.
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