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Abstract

This thesis is divided into six chapters.

Chapter 1 is an introduction, an overview of rough path theory and of the

contribution of this thesis.

Chapter 2 is about space of paths taking value in Banach space, where we

define p-variation and set notations.

Chapter 3 is about area operator and geometric 2-rough path. (1) When

continuous bounded-variation paths are equipped with 2-variation and their

areas are equipped with p-variation, the area operator is closable when p = 1

but not closable when p > 1. When p = 1, the area operator is closable

but unbounded, and the paths in the closure are not linear. (2) The area

defined by Riemann-Stieltjes integral is the only possible function to enhance

a vanishing 2-variation path to a geometric 2-rough path, but the integral

may not exist.

Chapter 4 is about rough path theory, where we state the main theorems but

without detailed proof.

In Chapter 5, we prove that the partial sum process of orthogonal series∑
n≥0 cnun is a geometric 2-rough process, for any orthonormal system {un} in

L2 and any sequence of numbers {cn} satisfying
∑

n≥0 log2 (n+ 1)2 |cn|2 <∞.

Since being a geometric 2-rough process implies the existence of a limit func-

tion up to a null set, this theorem could be treated as an improvement of

Menshov-Rademacher theorem. Moreover, for Fourier series and i.i.d. se-

quence, the condition can be strengthened to
∑

n≥0 log2 (n+ 1) |cn|2 <∞.

In Chapter 6, we work on the partial sum process of L2 Fourier series. We

prove that for s > 0 and f ∈ L2
(
[−π, π] ,Rd

)
with Fourier series {cn},∑∞

n=0 log2 (n+ 1)2s |cn|2 <∞ is equivalent to∫ π

−π

∫ π

−π

|f (u)− f (v)|2∣∣sin u−v
2

∣∣
(
log2

π∣∣sin u−v
2

∣∣
)2s−1

dudv <∞.

As a result, if f satisfies
∫ π
−π

∫ π
−π

|f(u)−f(v)|2

|sin u−v
2 |

dudv < ∞, then the partial sum

process of the Fourier series of f is a geometric 2-rough process. On the other

hand, we construct an L2 Fourier series whose partial sum process has infinite

2-variation a.e., by using upper semi-continuity of cumulative distribution

function of p-variation.
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Chapter 1

Introduction

Rough path theory develops a method to give meanings to differential equations driven

by irregular paths in such a way that the solutions (to rough differential equations) are

continuous with respect to the driving paths. Rough path achieves this goal by enhancing

the original driving path with higher leveled functions and identifying a family of norms

on these functions (called rough norms). For a continuous path with bounded variation,

there exists a canonical choice for these higher leveled functions—the iterated integrals

of the original path. The path and higher leveled functions are considered as a single

object, called the signature (of the path).

For a continuous bounded variation path γ, its signature S (γ) is a function on

{(s, t) |0 ≤ s ≤ t ≤ T}, defined as the linear combination of iterated integrals (⊗ is the

tensor product)

S (γ) (s, t) := 1 + γ1 (s, t) + · · ·+ γk (s, t) + · · · (1.1)

with γk (s, t) :=
∫
···
∫
s<u1<···<uk<t

dγ (u1)⊗ · · · ⊗ dγ (uk) .

When γ is of bounded variation, all higher leveled iterated integrals are controlled

by γ :
∥∥γk (s, t)∥∥ ≤ (k!)−1 ∥γ∥k1−var,[s,t]. Actually, suppose we impose the p-variation

seminorm on the set of continuous paths on [0, T ], (D is any finite partition of [0, T ], i.e.

D = {tk}nk=0 for 0 = t0 < t1 < · · · < tn = T )

∥γ∥p−var,[0,T ] :=

(
sup

D⊂[0,T ]

∑
k,tk∈D

∥γ (tk+1)− γ (tk)∥p
) 1

p

. (1.2)

Then based on Young integral [38], if γ is of finite p-variation, p < 2, then the iterated

integrals are well-defined as Riemann-Stieltjes integrals and controllable by the first level

path:∥∥γk+1 (s, ·)
∥∥
p−var,[s,t] ≤ Cp

∥∥γk (s, ·)∥∥
p−var,[s,t] ∥γ∥p−var,[s,t] ≤ (Cp)

k ∥γ∥k+1
p−var,[s,t] .

However, when γ is of infinite p-variation, p < 2, the iterated integrals may not exist

as Riemann-Stieltjes integrals. Brownian motion is a typical example for such irregular

paths, and the definition of its iterated integrals depends on the selection of representative
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points of subintervals (e.g. Itô/Stratonovich integral). Though depending on the selection

of representative points, the integral exists (at least in probability), which results from

the symmetry of Brownian motion and is not true for general deterministic paths (as

stated below).

A continuous path γ on [0, T ] is said to be of vanishing 2-variation, if

lim
δ→0

sup
D⊂[0,T ],|D|≤δ

∑
k,tk∈D

∥γ (tk+1)− γ (tk)∥2 = 0. (1.3)

Denote γD as the piecewisely linear approximation of γ w.r.t. finite partition D. Then

based on Wiener’s characterization (Thm 5.31 [9]), (1.3) is equivalent to

lim
|D|→0

∥∥γD − γ∥∥
2−var = 0. (1.4)

Then paths of vanishing 2-variation can be approximated by continuous bounded varia-

tion paths in 2-variation, and are of finite 2-variation.

In Chapter 3, we give an example of a continuous path f : [0, 1] → R2, which is of

vanishing 2-variation, but for any a ∈ [−∞,∞], there exists a nested sequence of finite

partitions {Dn} s.t. limn→∞
∫ 1

0
fDn ⊗ dfDn =

(
0 a
−a 0

)
. Thus, based on (1.4), the

operator γ 7→
∫ T
0
γ ⊗ dγ is neither continuous nor bounded, when considered as defined

on continuous bounded variation paths equipped with 2-variation. On the other hand,

when γ : [0, T ] → R2 is continuous and of bounded variation, t 7→
∫ t
0
γu ⊗ dγu is the

solution to the second level projection of the differential equation:

dSt = St ⊗ dγt, S0 = (1, γ0, 0) ∈ 1⊕ R2 ⊕
(
R2
)⊗2

.

Thus the non-continuity and unboundedness of the operator γ 7→
∫ T
0
γ ⊗ dγ seems to

pose an unsurmountable obstacle to the continuity of solution map.

Rough path intelligently resolved this problem by incorporating
∫
γ ⊗ dγ as part of

the driving signal, and proved the remarkable theorem that: for a continuous path γ with

vanishing 2-variation, the pair Γ :=
(
γ,
∫
γ ⊗ dγ

)
contains enough information such that,

(when V is regular enough) the differential equation

dy = V (y) dΓ, y0 = ξ,

has a unique solution, and the solution is continuous w.r.t. Γ (in rough path metric).

However, when γ is of vanishing 2-variation, the Riemann-Stieltjes integral
∫
γ ⊗ dγ

may not exist. One possible solution is to look for another function α, which behaves

like
∫
γ ⊗ dγ, so one could combine γ with α and define differential equation driven by

(γ, α). This pair (γ, α) is called a 2-rough path. Moreover, if (γ, α) can be approximated

by step-2 signatures of continuous bounded variation paths in 2-rough norm (consisting

2-variation of γ and 1-variation of α), then (γ, α) is called a geometric 2-rough path.

In Chapter 3, for a fixed γ with vanishing 2-variation, we try to find the possible α,

such that (γ, α) is a geometric 2-rough path. However, as we demonstrate, the Riemann-

Stieltjes integral
∫
γ ⊗ dγ is the only possible candidate to enhance γ (to a geometric
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2-rough path), and the integral may not exist. While based on [22], there exists an

enhancement of γ into a geometric p-rough path, for any p > 2.

As the regularity of the driving path further weakens, higher leveled information is

needed. If γ is a continuous path with finite p-variation, then the enhancement of γ into a

p-rough path involves [p] functions:
(
γ1, γ2, · · · , γ[p]

)
(with γ1 = γ), where (γj)j satisfy an

algebraic condition (Chen’s identity) and an analytical condition (finite p-rough norm).

The p-rough norm is induced from p-rough metric:

dp
(
(γj1)j, (γ

j
2)j
)
:= max

1≤j≤[p]

(
sup
D

∑
k,tk∈D

∥∥γj1 (tk, tk+1)− γj2 (tk, tk+1)
∥∥ p

j

) 1
p

.

A p-rough path is said to be geometric if it can be approximated by step-[p] signature of

continuous bounded variation paths in p-rough metric.

Suppose Γ is a geometric p-rough path, then y is said to be a solution of the rough

differential equation:

dy = V (y) dΓ, y(0) = ξ, (1.5)

if there exists a sequence of continuous bounded variation paths {γn} s.t. the step-[p]

signature of {γn} converge in p-rough metric to Γ, and the solution yn of the ordinary

differential equation:

dyn = V (yn) dγn, yn(0) = ξ,

converges in uniform norm to y. The solution to (1.5) exists when V is Lip (γ), γ > p−1,

and is unique when V is Lip (γ), γ ≥ p.

Chapter 5 is somehow detached from Chapter 2 ∼ 4, and lies at the junction of rough

path, classical analysis and harmonic analysis. Our main object of investigation is the

partial sum process of general orthogonal series. Suppose {un} is an orthonormal system

in L2 (Ω,F , µ;V , ⟨·, ·⟩) and {cn} is a sequence of numbers, then the partial sum process

X of
∑

n≥0 cnun is the continuous process on the positive half-line, obtained by assigning

Xn (ω) :=
∑n

k=0 ckuk (ω), ∀n ∈ N, and interpolating linearly between adjacent integers.

Thus the partial sum process is of bounded variation on any finite interval, and the only

possible oscillation occurs near infinity. We want to control the oscillation near infinity

and prove that the partial sum process is a geometric 2-rough process (i.e. geometric 2-

rough path almost everywhere), under some decay condition on the coefficients {cn}. This
decay condition holds for all orthonormal systems—it does not depend on the measure

space, nor on the Hilbert space, and it does not depend on the orthonormal system.

Since being a geometric 2-rough process implies the existence of a limit function upto

a null set, our theorem has a direct connection with almost everywhere convergence of

general orthogonal series.

Menshov-Rademacher Theorem Suppose {cn} is a sequence of numbers satisfying∑
n≥0 log2 (n+ 1)2 |cn|2 < ∞, then

∑
n cnun converges almost everywhere for any or-

thonormal system {un}. Moreover, log2 (n+ 1)2 can not be replaced by o(log2 (n+ 1)2),
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and there exists an absolute constant C1, s.t.∫
Ω

sup
0≤i≤j≤∞

∥
j∑
k=i

ckuk (ω) ∥2µ (dω) ≤ C1

∞∑
n=0

log2 (n+ 1)2 |cn|2 . (1.6)

We improve this theorem by replacing sup0≤i≤j≤∞ ∥
∑j

k=i ckuk (ω) ∥ by 2-rough norm

of the partial sum processX of
∑

n cnun, which consists of 2-variation ofX and 1-variation

of the area of X. Suppose γ is a continuous bounded variation path. The area A (γ) of

γ is a function on {(s, t) |0 ≤ s ≤ t ≤ T} defined as, ([u, v] := u⊗ v − v ⊗ u)

A (γ) (s, t) :=
∫∫

s<u1<u2<t
[dγ (u1) , dγ (u2)] .

Then one can check that A (γ) (s, t) + 1
2
(γ (t)− γ (s))⊗2 =

∫∫
s<u1<u2<t

dγ (u1) ⊗ dγ (u2).
Thus when γ is of finite 2-variation, there is no critical difference between the 1-variation

of the area and 1-variation of the second iterated integral. Note that 1-variation of area

is defined differently from that of the path in (1.2). The 1-variation of area is defined as

∥A (γ)∥1−var := sup
D⊂[0,T ]

∑
k,tk∈D

∥A (γ) (tk, tk+1)∥ ,

and generally A (γ) (tk, tk+1) ̸= A (γ) (0, tk+1)− A (γ) (0, tk).

Back to our improvement of Menshov-Rademacher theorem, we prove that∫
Ω

∥X (ω)∥22−var + ∥A (X (ω))∥1−var µ (dω) ≤ C2

∞∑
n=0

log2 (n+ 1)2 |cn|2 . (1.7)

Thus, when
∑

n log2 (n+ 1)2 |cn|2 < ∞, the partial sum process of
∑

n cnun is of finite

2-rough norm a.e. and a geometric 2-rough process, because the partial sum process

can be pathwisely approximated by truncations on [0, n], n ∈ N, which are of bounded

variation.

For orthonormal system {un}, satisfying that there exists constant C3 such that for

any sequence of numbers {an} ∈ l2∫
Ω

sup
0≤i≤j≤∞

∥
j∑
k=i

akuk (ω) ∥2µ (dω) ≤ C3

∞∑
n=0

|an|2 , (1.8)

we can improve log2 (n+ 1)2 in (1.7) to log2 (n+ 1), and get∫
Ω

∥X (ω)∥22−var + ∥A (X (ω))∥1−var µ (dω) ≤ C4

∞∑
n=0

log2 (n+ 1) |cn|2 . (1.9)

Fourier series and i.i.d. sequences are examples of orthonormal systems satisfying (1.8),

based on Carleson-Hunt inequality and Burkholder-Davis-Gundy inequality. Moreover,

for Fourier series, log2 (n+ 1) in (1.9) can not be replaced by o (log2 (n+ 1)) with lower

bound given by Dirichlet kernel.
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Suppose f ∈ L2
(
[−π, π],Rd

)
with Fourier coefficients {cn}, we want to know what∑

n log2 (n+ 1) |cn|2 <∞ implies about the regularity of the limit function f . In Section

6.1, we prove that: for s ∈ (0,∞) and any d ≥ 1, there exist constants ks and Ks,

0 < ks ≤ Ks <∞, s.t. for any f ∈ L2
(
[−π, π] ,Rd

)
with Fourier coefficients {cn},

ksl ≤ L ≤ Ksl, (1.10)

where L :=

∫ π

−π

∫ π

−π

|f (u)− f (v)|2∣∣sin u−v
2

∣∣
(
log2

π∣∣sin u−v
2

∣∣
)2s−1

dudv,

and l :=
∞∑
k=1

log2 (n+ 1)2s |cn|2 .

Combining (1.9) with (1.10), we get that, if f : [−π, π]→ Rd satisfies∫ π

−π

∫ π

−π

|f (u)− f (v)|2∣∣sin u−v
2

∣∣ dudv <∞,

then f ∈ L2
(
[−π, π] ,Rd

)
and there exists constant C5 (depending on d) such that,

(Denote X as the partial sum process of the Fourier series of f)∫ π

−π
∥X (θ)∥22−var + ∥A (X (θ))∥1−var dθ ≤ C5

∫ π

−π

∫ π

−π

|f (u)− f (v)|2∣∣sin u−v
2

∣∣ dudv. (1.11)

(1.11) could be treated as a modest complement to the nontrivial result in [26], where

the authors proved that, for r > 1, p > max {2, r/(r − 1)},(∫ π

−π
∥X (θ)∥rp−var dθ

) 1
r

≤ Cp,r

(∫ π

−π
|f (θ)|r dθ

) 1
r

.

Thus, the partial sum process of L2 Fourier series is of finite p-variation a.e., p > 2.

One might be tempted to ask whether all L2 Fourier series has finite 2-variation a.e.,

which, however, is not true. Jones and Wang [10] gave a counterexample of a bounded

function on [−π, π], whose Fourier series has infinite 2-variation a.e.. Their proof relies on

the result by Qian [30], who gave a concrete lower bound on the growth of 2-variation of

partial sum process of i.i.d. sequences. We also give a counterexample and our proof does

not rely on the result by Qian. Instead, we use the upper semi-continuity of cumulative

distribution function of p-variation. More specifically, suppose {Xn} and X are stochastic

processes taking value in Rd, and Xn converge to X in distribution as n tends to infinity,

in the topology induced by the metric

d (ω1, ω2) :=
∞∑
n=1

1

2n
max
0≤t≤n

(|ω1 (t)− ω2 (t)| ∧ 1) .

Then we have that, for any p ≥ 1 and constant C > 0,

limn→∞P
(
∥Xn∥p−var ≤ C

)
≤ P

(
∥X∥p−var ≤ C

)
.

In our setting, {Xn} are rescaled random walks, X is Brownian motion and p = 2. By

picking out trigonometric functions
{
einkθ

}
k
whose {nk}k increases so fast that

{
einkθ

}
k

resemble an i.i.d. sequence, we construct a L2 function whose Fourier series has infinite

2-variation a.e..
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Chapter 2

Spaces of paths

Although rough path is essentially nonlinear, we first inspect the linear part of a rough

path—the first level regular path. This part is treated in detail in P. Friz and N. Victoir

[9], so this chapter may not contain anything new, but mainly gives definitions and sets

notations.

First, we define p-variation of a path, which dates back to Wiener [36], and widely

used in rough path [19], [20], [9], [21].

Notation 2.1 Suppose (V , ∥·∥) is a Banach space. Denote C ([0, T ] ,V) as the space of

continuous paths defined on [0, T ] taking value in V.

Definition 2.2 A finite set of points D = {tk}nk=0 is said to be a finite partition of

interval [0, T ], if 0 = t0 < t1 < · · · < tn ≤ T . Denote the mesh of |D| := maxk |tk+1 − tk|.

Definition 2.3 Suppose γ ∈ C ([0, T ] ,V). Then when 1 ≤ p <∞, define the p-variation

of γ on [0, T ] as

∥γ∥p−var,[0,T ] :=

(
sup

D⊂[0,T ]

∑
k,tk∈D

∥γ (tk+1)− γ (tk)∥p
) 1

p

, (2.1)

where we take supremum over all finite partitions.

When p =∞, define ∥γ∥∞−var,[0,T ] := sups,t∈[0,T ] ∥γ (t)− γ (s)∥.

A path defined on [0, T ] is of finite p-variation iff it can be reparametrised to be

p−1-Hölder continuous.

Notation 2.4 For 1 ≤ p < ∞, denote Cp−var ([0, T ] ,V) ⊆ C ([0, T ] ,V) as the space of

continuous paths with finite p-variation.

Proposition 2.5 (lower semi-continuity) Suppose {γn}
∞
n=1 ⊂ C1−var ([0, T ] ,V) is a

sequence of continuous bounded variation path converging to γ pointwisely. Then

∥γ∥p−var,[0,T ] ≤ limn→∞ ∥γn∥p−var,[0,T ] .
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Proof. By passing to a subsequence, we assume that ∥γn∥p−var,[0,T ] converge (to the

lower limit) as n tends to infinity. For ϵ > 0, suppose Dϵ = {tk} is a finite partition of

[0, T ] satisfying

∥γ∥p−var − ϵ ≤

( ∑
k,tk∈Dϵ

∥γ (tk+1)− γ (tk)∥p
) 1

p

.

Then since γ is the pointwise limit of {γn}n and Dϵ is finite,

∥γ∥p−var − ϵ ≤ lim
n→∞

( ∑
k,tk∈Dϵ

∥γn (tk+1)− γn (tk)∥
p

) 1
p

≤ lim
n→∞

∥γn∥p−var,[0,T ] = limn→∞ ∥γn∥p−var,[0,T ] .

Let ϵ→ 0, proof finishes.

Notation 2.6 Suppose γ ∈ C ([0, T ] ,V). For p ∈ [1,∞), denote

ωp (γ, δ) :=

(
sup

D,|D|≤δ

∑
k,tk∈D

∥γ (tk+1)− γ (tk)∥p
) 1

p

; (2.2)

When p =∞, denote ω∞ (γ, δ) := sup|t−s|≤δ ∥γ (t)− γ (s)∥.

For fixed γ and δ, the function p 7→ ωp (γ, δ) is non-increasing. For fixed γ and p,

the function δ 7→ ωp (γ, δ) is non-decreasing with ωp (γ, T ) = ∥γ∥p−var,[0,T ], so the limit

limδ→0 ωp (γ, δ) exists (and <∞ when ∥γ∥p−var,[0,T ] <∞).

Definition 2.7 (paths with vanishing p-variation) Suppose γ ∈ C ([0, T ] ,V). For

1 ≤ p <∞, γ is said to be of vanishing p-variation if

lim
δ→0

ωp (γ, δ) = 0. (2.3)

Denote C0,p−var ([0, T ] ,V) as the space of paths with vanishing p-variation.

(In [9], C0,p−var ([0, T ] ,V) denotes the closure of continuous bounded variation paths

in p-variation, and these two notions coincide when 1 < p <∞, see Theorem 2.12 below.

We define it in this way for the convenience of Chapter 2.)

Since norm satisfies triangle inequality, a path of vanishing 1-variation is a constant.

Lemma 2.8 Suppose 1 ≤ p <∞ and γ ∈ C ([0, T ] ,V), we have

∥γ∥p−var,[0,T ] <∞⇔ lim
δ→0

ωp (γ, δ) <∞.

Proof. ⇐ Fix δ > 0 s.t. ω (γ, δ) <∞. Then

∥γ∥∞−var,[0,T ] := sup
0≤s<t≤T

∥γ (t)− γ (s)∥ ≤ T

δ
ω∞ (γ, δ) ≤ T

δ
ωp (γ, δ) .

7



For any finite partition D = {tk},∑
k,tk∈D

∥γ (tk+1)− γ (tk)∥p

=
∑

k,|tk+1−tk|≤δ

+
∑

k,|tk+1−tk|>δ

≤ ωpp (γ, δ) +
T

δ
∥γ∥p∞−var,[0,T ]

≤

(
1 +

(
T

δ

)p+1
)
ωpp (γ, δ) <∞.

⇒ Since δ 7→ ωp (γ, δ) is non-decreasing,

lim
δ→0

ωp (γ, δ) ≤ ωp (γ, T ) = ∥γ∥p−var,[0,T ] <∞.

Thus, combine Lemma 2.8 with definition of C0,p−var ([0, T ] ,V) at (2.3),

C0,p−var ([0, T ] ,V) ⊆ Cp−var ([0, T ] ,V) .

Corollary 2.9 Suppose γ ∈ Cp−var ([0, T ] ,V) for some p ≥ 1. Then for any q > p,

limδ→0 ωq (γ, δ) = 0.

Proof. Since q > p,

ωq (γ, δ) ≤ (ω∞ (γ, δ))1−
p
q (ωp (γ, δ))

p
q .

γ is continuous so uniformly continuous on [0, T ], so ω∞ (γ, δ) tends to zero as δ → 0.

ωp (γ, δ) is bounded by ∥γ∥p−var,[0,T ], so limδ→0 ωq (γ, δ) = 0.

Thus, based on Corollary 2.9,

∪q>pC0,q−var ([0, T ] ,V) ⊆ Cp−var ([0, T ] ,V) .

Lemma 2.10

lim
δ→0

ωp (γ, δ) = 0 iff lim
δ→0

sup
|D|≤δ

∑
k,tk∈D

∥γ∥pp−var,[tk,tk+1]
= 0. (2.4)

Proof. Recall the definition of ωp :

ωp (γ, δ) :=

(
sup
|D|≤δ

∑
k,tk∈D

∥γ (tk+1)− γ (tk)∥p
) 1

p

.

Since ∥γ (tk+1)− γ (tk)∥p ≤ ∥γ∥pp−var,[tk,tk+1]
, “ ⇐ ” in (2.4) is clear. For “ ⇒ ”, firstly,

fix finite partition D = {tk}k. Then
∑

k,tk∈D ∥γ∥
p
p−var,[tk,tk+1]

is obtained through taking

supremum over all finite partitions D′, D′ ⊇ D. Since |D′| ≤ |D|,∑
k,tk∈D

∥γ∥pp−var,[tk,tk+1]
≤ sup

|D′|≤|D|

∑
j,tj∈D′

∥γ (tj+1)− γ (tj)∥p .

Then take supremum over all D, |D| ≤ δ,

sup
D,|D|≤δ

∑
k,tk∈D

∥γ∥pp−var,[tk,tk+1]
≤ sup

D′,|D′|≤δ

∑
j,tj∈D′

∥γ (tj+1)− γ (tj)∥p .

Let δ tends to zero. Proof finishes.
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Notation 2.11 Suppose γ ∈ C ([0, T ] ,V) and D = {tk}k is a finite partition of [0, T ].

Denote γD as the piecewise linear approximation to γ w.r.t. D, i.e.

γD (t) =
t− tk

tk+1 − tk
γ (tk+1) +

tk+1 − t
tk+1 − tk

γ (tk) , t ∈ [tk, tk+1] . (2.5)

The following theorem is Thm 5.31 in [9], which identifies C0,p−var ([0, T ] ,V), p > 1,

as the closure of C1−var ([0, T ] ,V) in p-variation norm.

Theorem 2.12 (Wiener’s characterization) Suppose 1 < p < ∞. Then the follow-

ing three statements are equivalent:

(i) γ ∈ C0,p−var ([0, T ] ,V) ; (2.6)

(ii) ∃ {γn}n ⊂ C1−var ([0, T ] ,V) , lim
n→∞

∥γn − γ∥p−var,[0,T ] = 0;

(iii) lim
|D|→0

∥∥γD − γ∥∥
p−var = 0.

When p = 1: γ ∈ C0,1−var ([0, T ] ,V) iff γ is a constant, (ii) and (iii) are equivalent

to the absolute continuity of γ (Prop 1.32 and Corollary 1.34 [9]). When p =∞, (i), (ii)

and (iii) are equivalent to the continuity of γ on [0, T ].

Proof. (iii)⇒ (ii) is clear, since
{
γD
}
D
⊂ C1−var ([0, T ] ,V).

(ii) ⇒ (i). We want to prove limδ→0 ωp (γ, δ) = 0. For any fixed ϵ > 0, there exists

N ≥ 1, s.t. ∥γN − γ∥p−var < ϵ. This fixed γN is continuous and of bounded variation, so

according to Corollary 2.9, γN is of vanishing p-variation (since p > 1). Thus, for fixed

ϵ > 0, there exists δ0 > 0, s.t. for any δ ∈ (0, δ0), we have ωp (γN , δ) < ϵ and

ωp (γ, δ) ≤ ∥γN − γ∥p−var + ωp (γN , δ) < 2ϵ, ∀δ ∈ (0, δ0).

(i) ⇒ (iii). Fix a finite partition D = {tk}. Denote γD as at (2.5), and denote

γDc := γ − γD. Since γ and γD coincide at {tk}, γDc (tk) = 0, ∀k.
Suppose tk−1 < s ≤ tk ≤ tl ≤ t < tl+1, then∥∥γDc (t)− γDc (s)

∥∥p ≤ 2p−1
(∥∥γDc (t)− γDc (tl)

∥∥p + ∥∥γDc (tk)− γDc (s)
∥∥p) ,

where we used γDc (tk) = γDc (tl). In this way, we replace [s, t] by [s, tk] ∪ [tl, t], with

[s, tk] ⊂ [tk−1, tk] and [tl, t] ⊂ [tl, tl+1]. For any finite partition of D, apply our estimates

to every interval of D, sum them together, and take supremum over all finite partitions,

we get: ∥∥γD − γ∥∥p
p−var,[0,T ] =

∥∥γDc ∥∥pp−var,[0,T ] ≤ 2p−1
∑
k,tk∈D

∥∥γDc ∥∥pp−var,[tk,tk+1]

≤ 22p−2
∑
k,tk∈D

(
∥γ∥pp−var,[tk,tk+1]

+
∥∥γD∥∥p

p−var,[tk,tk+1]

)
≤ 22p−1

∑
k,tk∈D

∥γ∥pp−var,[tk,tk+1]
,
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where we used
∥∥γD∥∥

p−var,[tk,tk+1]
= ∥γ (tk+1)− γ (tk)∥, ∀k. Since γ is of vanishing p-

variation, based on Lemma 2.10,

lim
δ→0,|D|≤δ

∥∥γD − γ∥∥p
p−var,[0,T ] ≤ 22p−1 lim

δ→0,|D|≤δ

∑
k,tk∈D

∥γ∥pp−var,[tk,tk+1]
= 0.

Proposition 2.13 (Separability) As a result of Wiener’s characterization (Theorem

2.12), when dim(V) < ∞ and 1 < p < ∞, C0,p−var ([0, T ] ,V) is separable. While when

V is not trivial (∃e ∈ V, e ̸= 0) and 1 ≤ p <∞,
(
Cp−var ([0, T ] ,V) , ∥·∥p−var,[0,T ]

)
is not

separable (Example 1.26 and Example 5.26 in [9]).

Sum it up, we have the following inclusion property:∪
1≤q<p

Cq−var (1)
⊂ C0,p−var (2)

⊂ Cp−var (3)
⊂
∩
q>p

C0.q−var.

All inclusions are strict (when dim(V) ≥ 2 and 1 < p <∞) with examples:

For (1) : f1 (x) = x
1
p cos2 (π/x) / ln x, x ∈ [0, 1] (Exer 5.35 (ii) [9]).

For (2) : For sufficiently large c (Exer 5.35 (i) [9]),

f2 (x) =
∞∑
n=0

c−
n
p exp (2πicnx) , x ∈ [0, 1] .

For (3) : For any 1 < p <∞, the sample paths of p−1-fractional brownian motion are of

infinite p-variation but of vanishing q-variation a.e., for any q > p (see [29]).
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Chapter 3

Area operator and geometric
2-rough paths

In this chapter, we investigate the “ area ”, which is the second level function of a rough

path (in terms of Lie algebra), and is where rough paths start to be different from paths.

For a path γ ∈ C1−var ([0, T ] ,V), the area of γ, A (γ) is defined as the Riemann-Stieltjes

integral (for v1, v2 ∈ V , [v1, v2] := v1 ⊗ v2 − v2 ⊗ v1 with “⊗ ” the tensor product defined

below in Section 3.1.1)

A (γ) (s, t) :=

∫∫
s<u1<u2<t

[dγ (u1) , dγ (u2)] , ∀ 0 ≤ s ≤ t ≤ T . (3.1)

For paths in ∪1≤p<2C
p−var ([0, T ] ,V), the area is well defined based on Young integral

[38]. In 2009, P. L. Lions [18] sketched a proof of the statement that: if γ1 and γ2 are of

vanishing 2-variation, then the path t 7→
∫ t
0
γ1⊗ dγ2 can be defined as Riemann-Stieltjes

integral and is of vanishing 2-variation. His statement, however, is incorrect. We give a

counterexample and demonstrate that, the integral
∫ T
0
γ⊗ dγ may not exist when γ is of

vanishing 2-variation.

As a result, when γ ∈ C0,2−var ([0, T ] ,V) the differential equation

dS (t) = S(t)⊗ dγ(t), S(0) = (1, γ(0), 0) ∈ 1⊕ V ⊕ V⊗2, (3.2)

may not have solution in the sense of ordinary differential equation. Indeed, the projection

of (3.2) to V⊗2 is the differential equation

dy(t) = γ(t)⊗ dγ(t), y(0) = 0 ∈ V⊗2. (3.3)

To give meaning to the differential equation (3.2), one might be tempted to enhance

γ to a geometric 2-rough path and solve (3.2) as a rough differential equation. However,

as we demonstrate, the Riemann-Stieltjes integral at (3.1) is the only possible function to

enhance γ into a geometric 2-rough path. This limitation on choices, in a sense, bridges

the potential gap between paths and rough paths, and manifests the special closable

property of geometric n-rough path for n ∈ N, n ≥ 2.

The area operator A is the operator which sends a continuous bounded variation path

to its area. We equip continuous bounded variation paths with ∥·∥2−var,[0,T ] and equip
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their area with ∥·∥A. We choose different ∥·∥A to investigate the properties of the area

operator. (The p-variation of areas is similar to but different from the p-variation of

paths, see Section 3.1.3.)

As we demonstrate, even when ∥·∥A = ∥·∥∞−var,[0,T ] (the uniform norm), the area oper-

ator is neither continuous nor bounded. When considering the closability, the area opera-

tor is closable when ∥·∥A = ∥·∥1−var,[0,T ], but not closable when ∥·∥A = ∥·∥p−var,[0,T ] , p > 1.

When ∥·∥A = ∥·∥1−var,[0,T ], the area operator is closable. Denote paths in the closure

as G2 (V), i.e.
γ ∈ G2 (V)⇐⇒ ∃{γn} ⊂ C1−var ([0, T ] ,V) s.t. (3.4)

lim
n→∞

∥γn − γ∥2−var,[0,T ] = 0 and lim
n1,n2→∞

∥∥A (γn1

)
− A

(
γn2

)∥∥
1−var,[0,T ] = 0.

Then G2 (V) is a subset of C0,2−var ([0, T ] ,V) and is exactly the set of paths which admits

an enhancement into a geometric 2-rough path.

We explore the properties of G2 (V) (e.g. non-linearity), and get an extension to Young

integral when p−1 + q−1 = 1, by assigning a finer scale continuity.

In this chapter we mainly follow the contents of [37]. Proofs are postponed to the last

section.

3.1 Area operator

In this section, we demonstrate what can go wrong for the Riemann-Stieltjes integral∫
fdg when f and g are of vanishing 2-variation, and investigate the properties of the

area operator A : γ 7→ A (γ) when γ is restricted to be in the normed vector space:(
C1−var ([0, T ] ,V) , ∥·∥2−var,[0,T ]

)
.

3.1.1 Tensor product

We follow the definition of tensor product in [32].

Suppose U and V are two Banach spaces. Denote B (U × V) as the set of bilinear

forms on U × V and denote its dual space as B (U × V)∗. For u ∈ U and v ∈ V , define
u⊗ v ∈ B (U × V)∗ as

(u⊗ v) (B) := B (u, v) , ∀B ∈ B (U × V) . (3.5)

Then the tensor product of U and V (denoted ad U ⊗ V) is defined as the subspace of

B (U × V)∗ spanned by finite linear combinations of functionals in the form of (3.5):

U ⊗ V :=

{
n∑
i=1

ui ⊗ vi
∣∣∣∣ ui ∈ U , vi ∈ V , n ≥ 1

}
.

The primary goal of defining tensor product is to linearize bilinear maps on U×V, and
it produces an isomorphism between B (U × V) and L (U ⊗ V) (linear forms on U ⊗ V).
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More specifically, suppose B ∈ B (U × V) is a bilinear form, then define B̃ on U ⊗ V by

setting B̃ (w) := w (B), ∀w ∈ U ⊗ V . Then

B̃ (u⊗ v) = B (u, v) ,

and B̃

(
n∑
i=1

ui ⊗ vi

)
=

(
n∑
i=1

ui ⊗ vi

)
(B) =

n∑
i=1

B (ui, vi) =
n∑
i=1

B̃ (ui ⊗ vi) .

On the other hand, suppose B̃ is a linear map on U ⊗ V . Define B on U × V by

B (u, v) := B̃(u ⊗ v), then it can be checked that B is bilinear. This bijection is an

isomorphism because it preserves the linear structure.

In the special case that U and V are finite-dimensional, with bases {ei}ni=1 and {fj}mj=1

respectively, {ei⊗ fj}1≤i≤n,1≤j≤m compose a basis of U ⊗V . In this case, any linear form

B̃ on U ⊗ V satisfies, for any sequence of numbers {ci,j}1≤i≤n,1≤j≤m:

B̃

( ∑
1≤i≤n,1≤j≤m

ci,j ei ⊗ fj

)
=

∑
1≤i≤n,1≤j≤m

ci,jB (ei, fj) ,

where B is the bilinear map on U ×V corresponding to B̃. Thus, when U and V are finite

dimensional, the tensor product U ⊗ V can be identified with the vector space of n×m
matrices.

In addition to the algebraic structure, we equip U⊗V with a norm denoted as ∥·∥U⊗V ,

which satisfies that,

∥u⊗ v∥U⊗V ≤ ∥u∥U ∥v∥V , ∀u ∈ U , ∀v ∈ V. (3.6)

(3.6) is satisfied by projective and injective tensor norms (Prop 2.1 and Prop 3.1 [32]).

Moreover, we make completion of U ⊗ V w.r.t. ∥·∥U⊗V . The Banach space got is still

denoted as U ⊗ V and is the tensor space we mainly work with. More specifically,

Notation 3.1 (normed Tensor space) Suppose (U , ∥·∥U) and (V , ∥·∥V) are two Ba-

nach spaces. We denote
(
U ⊗ V, ∥·∥U⊗V

)
as the Banach space defined as the completion

of {
∑n

i=1 ui ⊗ vi, ui ∈ U , vi ∈ V, n ≥ 1} w.r.t. ∥·∥U⊗V .

Notation 3.2 Suppose (V , ∥·∥V) is a Banach spaces. Then for v1, v2 ∈ V, we denote

(the Lie bracket) [v1, v2] := v1 ⊗ v2 − v2 ⊗ v1, and denote
(
[V ,V ] , ∥·∥V⊗V

)
as the Banach

space defined as the completion of {
∑n

i=1 [v
1
i , v

2
i ] , v

1
i , v

2
i ∈ V , n ≥ 1} w.r.t. ∥·∥V⊗V . Sim-

ilarly, we denote ([V , [V ,V ]] , ∥·∥V⊗3) as the Banach space defined as the completion of

{
∑n

i=1 [v
3
i , [v

1
i , v

2
i ]] , v

1
i , v

2
i , v

3
i ∈ V , n ≥ 1} w.r.t. ∥·∥V⊗3, so on and so forth.

3.1.2 Riemann-Stieltjes integral

By Riemann-Stieltjes integral, we mean the existence of a strong limit of Riemann sums

as the mesh of finite partitions tends to zero, which does not depend on the selection of

representative points of subintervals.
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Suppose γ1 and γ2 are continuous paths on [0, T ] taking value in Banach space V , and
consider the Riemann-Stieltjes integral (whenever it exists):

i (t) =

∫ t

0

γ1 (u)⊗ dγ2 (u) , t ∈ [0, T ] .

If γ1 is continuous and γ2 is of bounded variation, then i is of bounded variation, and

∥i∥1−var,[0,T ] ≤
(
∥γ1∥∞−var,[0,T ] + ∥γ1(0)∥

)
∥γ2∥1−var,[0,T ] .

Young [38] demonstrated that, when γ1 is of finite p-variation, γ2 is of finite q-variation,

and p > 1, q > 1, p−1 + q−1 > 1, then i is still well-defined, and

∥i∥q−var,[0,T ] ≤ Cp,q ∥γ1∥p−var,[0,T ] ∥γ2∥q−var,[0,T ] . (3.7)

(i is of finite q-variation, q > 1, the same as γ2.) However, the existence of integral is

problematic when p−1 + q−1 = 1. In the special case γ1 = γ2 := γ, the definition of∫
γ ⊗ dγ is problematic when γ is of (vanishing) 2-variation.

Problem 3.3 Suppose V is a Banach spaces, and γ ∈ C0,2−var ([0, T ] ,V). Does the

Riemann-Stieltjes integration
∫ T
0
γ ⊗ dγ exist; if it exists, what is the regularity of path

t 7→
∫ t
0
γ ⊗ dγ?

In 2009, P. L. Lions [18] sketched a proof of the statement that: if γ1 and γ2 are of

vanishing 2-variation, then
∫ ·
0
γ1⊗dγ2 can be defined as Riemann-Stieltjes integral and is

of vanishing 2-variation. His statement, however, is incorrect: first of all, the Riemann-

Stieltjes integral may not exist (Example 3.36); secondly, (when restricted to continuous

bounded variation paths equipped with 2-variation) the area operator is not bounded.

In [9](p194), the authors give an example of possible divergence of Riemann sums

w.r.t. the finite partition D as |D| → 0. Here we modify the example and get non-

existence.

For paths of vanishing 2-variation, selecting different representative points only pro-

duces a negligible error. Actually, suppose that γ is a path defined on [0, T ] of vanishing

2-variation, and D = {tj} is a finite partition satisfying |D| ≤ δ. Then for any
{
ηj, ξj

}
j

satisfying ηj, ξj ∈ [tj, tj+1], we have (assume ∥u⊗ v∥ ≤ ∥u∥ ∥v∥):∥∥∥∥∥∑
j

(
γ
(
ηj
)
− γ

(
ξj
))
⊗ (γ (tj+1)− γ (tj))

∥∥∥∥∥
≤

(∑
j

∥∥γ (ηj)− γ (ξj)∥∥2
) 1

2
(∑

j

∥γ (tj+1)− γ (tj)∥2
) 1

2

.

Since
{
ηj, ξj

}
j
can be treated as points in another finite partition whose mesh is less or

equal to 2δ,

lim
δ→0

sup
D,|D|≤δ

∥∥∥∥∥∥
∑
j,tj∈D

(
γ
(
ηj
)
− γ

(
ξj
))
⊗ (γ (tj+1)− γ (tj))

∥∥∥∥∥∥
≤ lim

δ→0
sup

D,|D|≤2δ

∑
j,tj∈D

∥γ (tj+1)− γ (tj)∥2 = 0.
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However, a problem may occur when one keeps on inserting partition points—the area

generated by the added points could be infinite. In Example 3.36, we give a path f ∈
C0,2−var ([0, 1] ,C):

f (t) =
∞∑
n=1

ln+1−1∑
k=ln

1

k
1
22k

exp
(
2πi (−1)n 22kt

)
, t ∈ [0, 1] , (3.8)

where c > π, cn ≤
ln+1∑
k=ln

k−1 ≤ cn + 1, ∀n ≥ 1,

which satisfies that, there exists a sequence of finite partitions {Dn}n of [0, 1] satisfying

(x := Re f , y := Im f)

Dn ⊂ Dn+1 ∀n ∈ N, lim
n→∞

|Dn| = 0, (3.9)

∀a ∈ [−∞,+∞] ,∃{Da
n} ⊂ {Dn} s.t. lim

n→∞

∑
k,tk∈Da

n

x (tk) y (tk+1)− x (tk+1) y (tk) = a.

As a result, since the Riemann sum of
∫ 1

0
f ⊗ df w.r.t. finite partition D is (we select

the middle point because the error occurred from selecting different representative points

tends to zero as |D| → 0)∑
k,tk∈D

1

2
(f (tk) + f (tk+1))⊗ (f (tk+1)− f (tk))

=
1

2

∑
k,tk∈D

[f (tk) , f (tk+1)] +
1

2
f (T )⊗2 − 1

2
f (0)⊗2 ,

which does not have a limit as |D| → 0 because of (3.9), so the Riemann-Stieltjes integral∫ 1

0
f ⊗ df does not exist.

The function f in (3.8) takes value in C. Similar argument can be applied to a Banach

space V when dim (V) ≥ 2. Select e1, e2 ∈ V , s.t. [e1, e2] ̸= 0. With f at (3.8), define

f̃ = (Re f) e1 + (Im f) e2. Then following the similar reasoning, the Riemann-Stieltjes

integral
∫ 1

0
f̃ ⊗ df̃ does not exist, and for any a ∈ [−∞,∞], there exists a sequence of

nested finite partitions {Da
n}n of [0, 1], s.t.

lim
n→∞

|Da
n| = 0 but lim

n→∞

∥∥∥∥∥∥
∑

k,tk∈Da
n

[
f̃ (tk) , f̃ (tk+1)

]∥∥∥∥∥∥ = a. (3.10)

When dim (V) = 1, the Riemann-Stieltjes integral
∫ T
0
γdγ does exist for any γ ∈

C0,2−var ([0, T ] ,V) and equals to 2−1 (γ2 (T )− γ2 (0)), because the vector field is commu-

tative in one-dimensional case and the Lie bracket vanishes.

3.1.3 Variation norm for functions on triangle

In a similar way as defining p-variation for paths, we define p-variation of functions on

the triangle {(s, t) |0 ≤ s ≤ t ≤ T}.
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Notation 3.4 △[0,T ] := {(s, t) |0 ≤ s ≤ t ≤ T}

Notation 3.5 Denote

C
(
△[0,T ],V

)
:=
{
α|α : △[0,T ] → V is continuous, α (t, t) = 0, ∀t ∈ [0, T ]

}
.

Definition 3.6 Suppose α ∈ C
(
△[0,T ],V

)
. For p > 0, define the p-variation of α on

[0, T ] as

∥α∥p−var,[0,T ] :=

 sup
D⊂[0,T ]

∑
j,tj∈D

∥α (tj, tj+1)∥p
 1

p

, (3.11)

where the supremum is over all finite partitions of [0, T ].

When p =∞, define ∥α∥∞−var,[0,T ] := sup0≤s<t≤T ∥α (s, t)∥.

Notation 3.7 For p > 0, denote Cp−var (△[0,T ],V
)
⊆ C

(
△[0,T ],V

)
as the space of con-

tinuous functions with bounded p-variation.

For any fixed α ∈ C
(
△[0,T ],V

)
, the function p 7→ ∥α∥p−var,[0,T ] on p ∈ (0,∞] is

non-increasing.

Definition 3.8 Suppose α ∈ C
(
△[0,T ],V

)
. Then α is said to be of vanishing p-variation

for some p > 0, if

lim
δ→0

ωp (α, δ) = 0, where ωp (α, δ) :=

 sup
D,|D|≤δ

∑
j,tj∈D

∥α (tj, tj+1)∥p
 1

p

. (3.12)

Denote C0,p−var (△[0,T ],V
)
⊆ Cp−var (△[0,T ],V

)
as the space of functions with vanishing

p-variation.

A path γ ∈ C ([0, T ] ,V) can be treated as a function γ̃ ∈ C
(
△[0,T ],V

)
, by setting

γ̃ (s, t) := γ (t)− γ (s).

3.1.4 Area operator

Suppose that γ1 and γ2 are two paths on [0, T ] taking value in Banach space V . Consider
the Riemann-Stieltjes integrals which defines α : △[0,T ] → V⊗2:

α (s, t) =

∫ t

s

(γ1(u)− γ1(s))⊗ dγ2 (u) , ∀ (s, t) ∈ △[0,T ]. (3.13)

If γ1 is continuous and γ2 of bounded variation, then α is of bounded variation, and

∥α∥1−var,[0,T ] ≤ ∥γ1∥∞−var,[0,T ] ∥γ2∥1−var,[0,T ] .

When γ1 is of finite p-variation, γ2 is of finite q-variation, p > 1, q > 1, p−1 + q−1 > 1,

based on Young integral (and Thm 1.16 in [20]), we have∥∥∥∥∫ t

s

(γ1(u)− γ1(s))⊗ dγ2(u)
∥∥∥∥ ≤ C ′

p,q ∥γ1∥p−var,[s,t] ∥γ2∥q−var,[s,t] . (3.14)
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Then by using Hölder inequality, we get

∥α∥(p−1+q−1)−1−var,[0,T ] ≤ C ′
p,q ∥γ1∥q−var,[0,T ] ∥γ2∥p−var,[0,T ] . (3.15)

Thus, α is of finite (p−1 + q−1)
−1
-variation, (p−1 + q−1)

−1
< 1.

Definition 3.9 Suppose that V is a Banach space, and γi ∈ C1−var ([0, T ] ,V) , i = 1, 2.

Define the area produced by γ1 and γ2 : A (γ1, γ2) : △[0,T ] → [V ,V ] by setting

A (γ1, γ2) (s, t) := 2−1

∫∫
s<u1<u2<t

[dγ1 (u1) , dγ2 (u2)] , ∀ (s, t) ∈ △[0,T ]. (3.16)

Then it can be checked (through direct computation) that: for any 0 ≤ s ≤ u ≤ t ≤ T ,

A (γ1, γ2) (s, t) = A (γ1, γ2) (s, u) + A (γ1, γ2) (u, t) (3.17)

+2−1 [γ1 (u)− γ1 (s) , γ2 (t)− γ2 (u)] .

This property is preserved under pointwise convergence (so preserved under p-variation

convergence, 1 ≤ p ≤ ∞), and will be used in our proofs.

Definition 3.10 Suppose that γ ∈ C1−var ([0, T ] ,V), then the area of γ is denoted as

A (γ) and defined as A (γ) := A (γ, γ).

Definition 3.11 The area operator A : C1−var ([0, T ] ,V) → C
1
2
−var (△[0,T ], [V ,V]

)
is

defined as the operator which sends γ to A (γ).

When γ ∈ C1−var ([0, T ] ,V), we have A (γ) ∈ C 1
2
−var (△[0,T ], [V ,V ]

)
because of (3.15).

The area operator can be extended where the Riemann-Stieltjes integral is well-defined,

e.g. to ∪1≤p<2C
p−var ([0, T ] ,V) (or G2 (V) defined in the next section).

The following property is useful when we investigate the regularity of geometric 2-

rough paths:

{A (γ) |γ ∈ C1−var ([0, T ] ,V)}
1−var

⊆C0,1−var (△[0,T ], [V ,V ]
)
. (3.18)

Actually, when γ ∈ C1−var ([0, T ] ,V),

A (γ) ⊆ C
1
2
−var (△[0,T ], [V ,V ]

)
⊆ C0,1−var (△[0,T ], [V ,V ]

)
.

On the other hand, C0,1−var (△[0,T ],V
)
is closed under 1-variation, because ω1 (α, δ) ≤

∥α− αn∥1−var + ω1 (αn, δ) (ω1 defined at (3.12)), so we get (3.18).

Before starting our investigation, we clarify what do we mean by saying that a (non-

linear) operator is continuous/bounded/closable. Suppose (E, dE) and (F, dF ) are two

metric spaces, and α : E → F is an operator. Then α is said to be a continuous

operator if it is a continuous function from (E, dE) to (F, dF ); α is said to be bounded

if it sends bounded sets in (E, dE) to bounded sets in (F, dF ); α is said to be closable,

if for any two sequences {xn}n and {yn}n in E which satisfy: (1) limn xn = limn yn (2)

both limn α(xn) and limn α(yn) exist, we have limn α(xn) = limn α(yn). Thus, continuity

implies closability and boundedness on compact subsets.

Then we investigate the properties of the area operator.
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Problem 3.12 When equipping C1−var ([0, T ] ,V) with 2-variation norm, is the area op-

erator continuous, or bounded?

When dim (V) = 1, the area operator is trivial. In that case it is continuous and

bounded.

When dim (V) ≥ 2, as a consequence of possible non-existence and divergence of the

Riemann-Stieltjes integral (3.10), the area operator is neither continuous nor bounded.

Actually, suppose that γ is a path of vanishing 2-variation on [0, T ], and γD is the

piecewise linear path which coincides with γ on points in D (as defined at (2.5)). Then

after direct computation, the Riemann sum of
∫
γ ⊗ dγ w.r.t. D equals to A

(
γD
)
(0, T )

plus a constant: ∑
k,tk∈D

1

2
(γ (tk) + γ (tk+1))⊗ (γ (tk+1)− γ (tk)) (3.19)

=
1

2

∑
k,tk∈D

[γ (tk) , γ (tk+1)] +
1

2
γ⊗2 (T )− 1

2
γ⊗2 (0)

= A
(
γD
)
(0, T ) +

1

2
(γ (T ) + γ (0))⊗ (γ (T )− γ (0)) .

Thus, based on (3.10), there exists a path f : [0, 1] → V of vanishing 2-variation, such

that for any a ∈ [−∞,∞], there exists a sequence of finite partitions {Da
n} of [0, 1],

limn→∞ |Da
n| = 0, satisfying limn→∞

∥∥A (fDa
n
)
(0, 1)

∥∥ = a. While fD
a
n converges to f in 2-

variation when n tends to infinity (based on (2.6)). Thus, the area operator is neither

continuous nor bounded, at least when area is equipped with uniform norm.

Moreover, by modifying our example, we get a sequence of continuous bounded varia-

tion paths (Example 3.39 at p38) converging to zero in 2-variation, but their area diverge

at any non-trivial point: (s, t) ∈ △[0,T ], s < t. (The paths in Example 3.39 are in

C∞ ([0, 1] ,C), and can be generalized to C1−var ([0, 1] ,V) whenever dim (V) ≥ 2.) Thus,

when C1−var ([0, T ] ,V) is equipped with 2-variation, the area operator is never continuous

nor bounded (when dim (V) ≥ 2).

On the other hand, 2-variation is not the clear-cut norm which fails the boundedness

of the area operator. Based on our extension to Young integral (Section 3.3), there exists

a sequence of norms on C1−var ([0, T ] ,V) (by adding a log term, log log term, etc.) which

fails the boundedness of the area operator. However, these norms are linear (on paths),

while the area is essentially non-linear, so generally, it is not possible to describe the

behavior of the area by a norm on paths (unless dim (V) = 1, in which case the area

operator is trivial).

Problem 3.13 When C1−var ([0, T ] ,V) is equipped with 2-variation norm, is the area

operator closable in p-variation? In other words, if {γn}n and {γm}m are two sequences

of paths in C1−var ([0, T ] ,V) converging in 2-variation to the same limit, and {A (γn)}n
and {A (γm)}m converge in p-variation respectively. Then is it true that {A (γn)}n and

{A (γm)}m converge to the same limit?
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When p > 1, it is not true. When p = 1, it is true. (We assume dim (V) ≥ 2, because

area vanishes for one-dimensional paths.)

For p > 1, an illustrative example is rn (t) =
(

cosnt√
n
, sinnt√

n

)
, t ∈ [0, 2π], n ≥ 1. rn

converges to 0 in q-variation for any q > 2, but their area converge to t− s in p-variation
for any p > 1:∫ t

s

(
cosnu√

n
− cosns√

n

)
d
sinnu√

n
−
(
sinnu√

n
− sinns√

n

)
d
cosnu√

n
= t− s− sinn (t− s)

n
.

and ∥∥∥∥ 1√
n
exp (int)

∥∥∥∥
q−var

. 1

n
1
2
− 1

q

,

∥∥∥∥sinn (t− s)n

∥∥∥∥
p−var

. 1

n1− 1
p

.

Thus, (0, 0) and (0, t− s) are two geometric q-rough paths with the same first level path

for any q ∈ (2, 3). (Geometric q-rough paths q ∈ [2, 3) are elements in the closure of

{(γ,A (γ)) |γ ∈ C1−var ([0, T ] ,V)} under the metric

d ((γ1, A (γ1)) , (γ2, A (γ2))) :=
(
∥γ1 − γ2∥

q
q−var + ∥A (γ1)− A (γ2)∥

q
2
q
2
−var

) 1
q
.

However, {rn} are uniformly bounded in 2-variation, but do not converge in 2-variation

(||n− 1
2 cos (nt)− (2n)−

1
2 cos (2nt) ||2−var ≥

√
2, ∀n). To construct our example, we add a

decay factor, sum finitely many of them together to compensate the decaying effect on

t− s, and end up with functions {gn}n ⊂ C∞ ([0, 1] ,C) (Example 3.40 at p38)

gn (t) =

(
π

ln+1−1∑
k=ln

1

k

)− 1
2 ln+1−1∑

k=ln

1

k
1
22k

exp
(
2πi22kt

)
, t ∈ [0, 1] , (3.20)

where

ln+1−1∑
k=ln

k−1 ≥ 1, n ≥ 1.

We prove that gn converges in 2-variation to zero as n tends to infinity, but their areas

converge to t− s in p-variation, for any p > 1.

For Banach space V , dim (V) ≥ 2, select e1, e2 ∈ V , s.t. [e1, e2] ̸= 0. With gn
defined at (3.20), define g̃n := (Re gn) e1 + (Im gn) e2. Then {g̃n}n ⊂ C1−var ([0, 1] ,V),
limn→∞ ∥g̃n∥2−var = 0 and

lim
n→∞

∥A (g̃n) (s, t)− (t− s) [e1, e2]∥p−var = 0 for any p > 1.

When p = 1, if (γ, α1) and (γ, α2) are two geometric 2-rough paths, then α1−α2 := φ is

additive thus a path. Moreover, α1 and α2 are limits in 1-variation of areas of continuous

bounded variation paths, so based on (3.18), α1 and α2 are of vanishing 1-variation and

φ is also of vanishing 1-variation. While a path of vanishing 1-variation is constant, so

α1 = α2.

Actually, for the same reason we have: the projection of a geometric n-rough path to

its first n − 1 level elements is injective for any n ∈ N, n ≥ 2. While in Remark 9.13
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(case ii b2) in [9], the authors commented that the projection is not an injection without

providing a proof.

Thus, the area operator is closable when paths equipped with 2-variation and area

equipped with 1-variation (which is the 2-rough norm). Thus, under 2-rough norm, the

area operator is a closable but non-continuous and unbounded operator on continuous

bounded variation paths.

3.2 Enhancible paths

As we demonstrated, when γ ∈ C0,2−var ([0, T ],V),

dS(t) = S(t)⊗ dγ(t), S(0) = (1, γ(0), 0) ∈ 1⊕ V ⊕ V⊗2, (3.21)

may not have solution as ordinary differential equation (because its second level projection

is dy(t) = γ(t)⊗ dγ(t), y(0) = 0). One might be tempted to enhance γ into a geometric

2-rough path, and solve (3.21) as a rough differential equation. However, as we will prove

in the following, the Riemann-Stieltjes integral
∫
γ ⊗ dγ is the only possible function to

enhance γ (into a geometric 2-rough path).

Definition 3.14 (weak geometric 2-rough path) Suppose γ ∈ C ([0, T ] ,V) and α ∈
C
(
△[0,T ], [V ,V ]

)
. Then Γ := (γ, α) ∈ C

(
△[0,T ],V⊕ [V ,V ]

)
is called a weak geometric

2-rough path, if for any 0 ≤ s ≤ u ≤ t ≤ T ,

α (s, t) = α (s, u) + α (u, t) +
1

2
[γ (u)− γ (s) , γ (t)− γ (u)] , (3.22)

and ∥Γ∥G(2) :=
(
∥γ∥22−var + ∥α∥1−var

) 1
2 <∞.

Property at (3.22) is called multiplicativity. ∥·∥G(2) is 2-rough norm.

Definition 3.15 (geometric 2-rough path) Γ := (γ, α) ∈ C
(
△[0,T ],V⊕ [V ,V ]

)
is a

geometric 2-rough path, if there exist {γn}n ⊂ C1−var ([0, T ] ,V) such that

lim
n→∞

∥Γ− (γn, A (γn))∥G(2) = 0.

A geometric 2-rough path is automatically a weak geometric 2-rough path.

If (γ, α) is a geometric 2-rough path, then γ is of vanishing 2-variation (Theorem 2.12

at p9) and α is of vanishing 1-variation (because of (3.18) at p17).

Definition 3.16 (enhancible path) Suppose γ ∈ C0,2−var ([0, T ] ,V). Then we say

γ can be enhanced into a geometric 2-rough path (or enhancible), if there exists α ∈
C0,1−var (△[0,T ], [V ,V ]

)
such that (γ, α) is a geometric 2-rough path.

Notation 3.17 For Banach space V, denote G2 (V) as the set of enhancible paths.

G2 (V) is invariant under reparametrisation and contains C1−var ([0, T ] ,V).
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3.2.1 Questions and answers

We investigate the properties of G2 (V) through several questions.

Based on Wiener’s characterization of paths with vanishing 2-variation (Theorem

2.12),

G2 (V) ⊆ C1−var ([0, T ] ,V)
2−var

= C0,2−var ([0, T ] ,V) .

Problem 3.18 Is it true that every path in C0,2−var ([0, T ] ,V) admits an enhancement

into a (weak) geometric 2-rough path?

When dim (V) = 1, the area vanishes for any γ ∈ C1−var ([0, T ] ,V), so

G2 (V) = C0,2−var ([0, T ] ,V) when dim (V) = 1. (3.23)

When dim (V) ≥ 2, the proposition is not true, and an example is given in Exer

9.14 [9]. Actually, following the same reasoning as in Thm 9.12 [9], we use f defined at

(3.8) on page 15 to prove that G2 (V) $ C0,2−var ([0, T ] ,V) when dim (V) ≥ 2. Select e1,

e2 ∈ V , s.t. [e1, e2] ̸= 0. With f in Example 3.36, denote f̃ := (Re f) e1 + (Im f) e2, so

f̃ ∈ C0,2−var ([0, T ] ,V). Assume that
(
f̃ , α

)
is a weak geometric 2-rough path. Then

using multiplicativity of
(
f̃ , α

)
, for any finite partitions D, we have∥∥∥∥∥∥

∑
j,tj∈D

[
f̃ (tj) , f̃ (tj+1)

]
−
[
f̃ (0) , f̃ (1)

]∥∥∥∥∥∥ = 2

∥∥∥∥∥∥α (0, 1)−
∑
j,tj∈D

α (tj, tj+1)

∥∥∥∥∥∥
≤ 4 ∥α∥1−var <∞.

Then contradiction is established, if
∑

j,tj∈D

[
f̃ (tj) , f̃ (tj+1)

]
are not uniformly bounded

for all finite partitions, which is true because of (3.10). Thus, there exists a path f , which

is of vanishing 2-variation, but can not be enhanced into a (weak) geometric 2-rough path.

On the other hand, in [22] the authors proved that: any continuous path with finite

p-variation can be enhanced to a geometric q-rough path for any q > p, and can be

enhanced into a weak geometric p-rough path when p is not an integer. (For the definition

of (weak) geometric p-rough path, please refer to Chapter 4.) As a result, the f̃ above can

be enhanced to a geometric p-rough path for any p > 2, and that f̃ can not be enhanced

to a (weak) geometric 2-rough path is related to the fact that 2 is an integer.

Then a natural question arises:

Problem 3.19 What is the condition for vanishing 2-variation paths to be enhancible

(i.e. in G2 (V))?

We prove that:

Theorem 3.20 Suppose γ ∈ C0,2−var ([0, T ] ,V). Then γ ∈ G2 (V) if and only if A
(
γD
)

converges in 1-variation as |D| → 0.
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The proof is given in page 47.

In Thm 8.22 [9], the authors proved that, when V = Rd, if (γ, α) is a geometric 2-

rough path, then there exists a sequence of continuous bounded variation paths {γn}, s.t.
(γn, A (γn)) converge to (γ, α) in 2-rough norm ∥·∥G(2) as n tends to ∞. However, their

construction of {γn} depends on α (i.e. Chow-Rashevskii connectivity theorem), while

not {γD}D, in general.

For any 0 ≤ s ≤ t ≤ T and any finite partition D of [s, t], the Riemann sums of

2−1
∫ t
s
[γ (u)− γ (s) , dγ (u)] w.r.t. D ⊂ [s, t] is

2−1
∑
k,tk∈D

1

2
[γ (tk) + γ (tk+1) , γ (tk+1)− γ (tk)]− 2−1 [γ (s) , γ (t)]

= 2−1
∑
k,tk∈D

[γ (tk) , γ (tk+1)]− 2−1 [γ (s) , γ (t)] .

On the other hand, direct computation gives us

A
(
γD
)
(s, t) = 2−1

∑
k,tk∈D⊂[s,t]

[γ (tk) , γ (tk+1)]− 2−1 [γ (s) , γ (t)] .

Thus, the Riemann-Stieltjes integral 2−1
∫ t
s
[γ (u)− γ (s) , dγ (u)] is the pointwise limit

of A
(
γD
)
as |D| → 0. Hence, if γ is in G2 (V), then A

(
γD
)
converges in 1-variation

(Theorem 3.20), so converges pointwisely, to 2−1
∫ t
s
[γ (u)− γ (s) , dγ (u)].

Therefore, Riemann-Stieltjes integral is the only possible candidate to enhance γ: If

the integral does not exist, or (γ, 2−1
∫ t
s
[γ (u)− γ (s) , dγ (u)]) is not a geometric 2-rough

path, then γ can not be enhanced into a geometric 2-rough path.

The fact that the Riemann-Stieltjes integral is the only possible candidate to enhance

γ can also be derived from (3.24) below, which can be got through direct computation

(also spelt out in Lemma 3.44 on p47). Suppose (γ, α) is multiplicative, then for any

s < t and any finite partition D of [s, t], we have

α(s, t) =
∑

k,tk∈D⊂[s,t]

α(tk, tk+1) + A(γD)(s, t). (3.24)

If further assuming that α is of vanishing 1-variation, we have

α(s, t) = lim
|D|→0,D⊂[s,t]

A(γD)(s, t). (3.25)

Thus, when (γ, α) is multiplicative and α is of vanishing 1-variation, the limit on the

r.h.s. of (3.25) exists and is the only possible choice for α. However, in getting (3.25),

the regularity of γ does not seem to be very important. Actually, no matter what norm

we place on continuous bounded variation paths, if we equip their area with 1-variation,

the (path, area) graph is closable. (3.25) actually established the only possible “ area ”

corresponding to γ. There exist paths, which are not of vanishing 2-variation, but for

which the limit in (3.25) exists and is of vanishing 1-variation. (As a trivial example,

one-dimensional paths.) The existence of Riemann-Stieltjes integral of the area implies
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the existence of limit in (3.25), but the other way is not true. They are equivalent when

the error occurred from selecting different representative points is negligible, e.g. when γ

is of vanishing 2-variation.

When p > 2, the convergence of A
(
fD
)
as |D| → 0 is not necessary to enhance a path

in C0,p−var ([0, T ] ,V). Our path f at (3.8) is in C0,2−var ([0, T ] ,V) ⊂ C2−var ([0, T ] ,V) ⊂
∩p>2C

0,p−var ([0, T ] ,V). Based on [22], a path of finite p-variation can be enhanced into

a geometric q-rough path for any q > p, so f can be enhanced into a geometric p-rough

path for any p > 2. While supD⊂[0,1]A
(
fD
)
(0, 1) is not bounded, so A

(
fD
)
do not

converge in p-variation as |D| → 0, for any p ∈ [1,∞].

Problem 3.21 Is G2 (V) a linear space?

G2 (V) is a linear space when dim (V) = 1; it is not a linear space when dim (V) ≥ 2.

Based on (3.23), when dim (V) = 1, G2 (V) = C0,2−var ([0, T ] ,V) thus linear. When

dim (V) ≥ 2, select e1, e2 ∈ V , s.t. [e1, e2] ̸= 0. With f defined at (3.8) on page 15,

denote f̃ := (Re f) e1 + (Im f) e2. Then both (Re f) e1 and (Im f) e2 are one-dimensional

and of vanishing 2-variation, so in G2 (V). While based on Problem 3.18, f̃ /∈ G2 (V), so
G2 (V) is not a linear space.

The non-linearity of G2 (V) is inherited from the non-linearity of the area.

Proposition 3.22 When dim (V) ≥ 2, both G2 (V) and C0,2−var ([0, T ] ,V) \G2 (V) are

dense in C0,2−var ([0, T ] ,V) under 2-variation norm.

Proof. G2 (V) is dense in C0,2−var ([0, T ] ,V), because

C1−var ([0, T ] ,V) ⊆ G2 (V) ⊆ C0,2−var ([0, T ] ,V) =: C1−var ([0, T ] ,V)
2−var

.

On the other hand, when dim (V) ≥ 2, for any fixed γ ∈ C0,2−var ([0, T ] ,V), we want

to find a non-enhancible path γ̃ in the 2-variation neighborhood of γ. Based on the

definition of f at (3.8):

f (t) :=
∞∑
n=1

ln+1−1∑
k=ln

1

k
1
22k

exp
(
2πi (−1)n 22kt

)
, t ∈ [0, 1] .

Define

fN (t) :=
∞∑
n=N

ln+1−1∑
k=ln

1

k
1
22k

exp
(
2πi (−1)n 22kt

)
, t ∈ [0, 1] .

Then (based on Lemma 3.35 below, which is used in the proof of the non-enhancibility of

f), {fN} ⊂ C0,2−var ([0, 1],C) and supN l
1
2
N ∥fN∥2−var := C <∞ (where lN is the smallest

index in the definition of fN). Moreover, for each fixedN , we have supD

∣∣∣A((fN)D) (0, 1)∣∣∣ =
∞ (because supD

∣∣A (fD) (0, 1)∣∣ =∞ and f − fN is smooth).

Select e1, e2 ∈ V , s.t. [e1, e2] ̸= 0. For any ϵ > 0, choose an integer K, s.t. 2−2K < T ,

∥γ∥2−var,[0,2−2K ] < ϵ and (∥e1∥+ ∥e2∥) (Cl
− 1

2
K ) < ϵ. Define g as

g (t) = (Re (fK (t)− fK (1))) e1 + (Im (fK (t)− fK (1))) e2, t ∈ [0, 1] .
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Then g ∈ C0,2−var ([0, 1] ,V), g (1) = 0 and

∥g∥2−var,[0,1] ≤ (∥e1∥+ ∥e2∥) ∥fK∥2−var,[0,1]
≤ (∥e1∥+ ∥e2∥) (Cl

− 1
2

K ) < ϵ;

sup
D

∥∥A(gD) (0, 1)∥∥ = sup
D

∣∣∣A((fK)D) (0, 1)∣∣∣ ∥[e1, e2]∥ =∞.
Define

γ̃ (t) =


g
(
22(K+1)t

)
+ γ( 1

22(K+1) ), t ∈ [0, 2−2(K+1)]
linear, t ∈ [2−2(K+1), 2−2K ]
γ (t) , t ∈ [2−2K , T ]

.

Then γ̃ is of vanishing 2-variation and

∥γ − γ̃∥2−var ≤ 2 ∥γ∥2−var,[0,2−2K ] + ∥g∥2−var,[0,1] < 3ϵ.

On the other hand,

sup
D⊂[0,1]

∥∥A(γ̃D)∥∥
1−var ≥ sup

D⊂[0,1]

∥∥A(γ̃D)∥∥∞−var

≥ sup
D⊂[0, 1

22(K+1)
]

∥∥∥∥A(γ̃D)(0, 1

22(K+1)
)

∥∥∥∥ = sup
D⊂[0,1]

∥∥A(gD) (0, 1)∥∥ =∞.

Thus A(γ̃D) does not converge in 1-variation as |D| → 0, and based on Theorem 3.20, γ̃

is not enhancible.

When γ is a path of finite p-variation, p ∈ [1, 2), based on Young integral and Theorem

3.20, the enhancement of γ to geometric 2-rough path exists uniquely in the form of

Riemann-Stieltjes integral. Thus ∪1≤p<2C
p−var ([0, T ] ,V) ⊆ G2 (V). Then

Problem 3.23 Is the inclusion ∪1≤p<2C
p−var ([0, T ] ,V) ⊆ G2 (V) strict?

Yes, it is. When dim (V) = 1, G2 (V) = C0,2−var ([0, 1] ,V) (based on (3.23)). Select

e ∈ V , e ̸= 0, and define h (t) =
(
t
1
2 cos2

(
π
t

)
/ ln t

)
e, t ∈ [0, 1]. Then

h ∈ C0,2−var ([0, T ] ,V) \ ∪1≤p<2 C
p−var ([0, T ] ,V) (Exer5.35[9]).

When dim (V) ≥ 2, the inclusion is strict because ∪1≤p<2C
p−var ([0, T ] ,V) is a space, but

G2 (V) is not (Problem 3.21).

Although G2 (V) is not a space, it can be shifted in any of the “ Young ” direction.

Proposition 3.24 ∀γ1 ∈ G2(V), ∀γ2 ∈ ∪1≤p<2C
p−var ([0, T ] ,V), γ1 + γ2 ∈ G2(V).

Suppose γ1 ∈ G2 (V), then γ1 is of finite 2-variation. For any γ2 of finite p-variation,

p ∈ [1, 2), according to Young integral (i.e.(3.15)), A(γD1 , γ
D
2 ) (defined at (3.16)) converges

in (2−1 + p−1)
−1
-variation as |D| → 0 (p < 2, so converges in 1-variation). Similarly,

A(γD2 , γ
D
1 ) and A(γ

D
2 , γ

D
2 ) converge in 1-variation as |D| tends to zero. On the other hand,

γ1 ∈ G2 (V), so applying Theorem 3.20, A(γD1 ) := A
(
γD1 , γ

D
1

)
converge in 1-variation.
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Therefore A((γ1 + γ2)
D) =

∑
i,j=1,2A

(
γDi , γ

D
j

)
converge in 1-variation as |D| → 0 and

γ1 + γ2 is enhancible (Theorem 3.20).

Moreover, we can extend the space ∪1≤p<2C
p−var ([0, T ] ,V) to a larger space in G2 (V)

(which is a special case of the extended Young integral in Section 3.3).

Theorem 3.25 Let γ : [0, 1]→ V be a continuous path. If there exists a non-decreasing

function m : [0, 1]→ R+ satisfying

lim
t→0

m (t) = 0, m (1) ≤ 1, and

∫ 1

0

m2 (t)

t
dt <∞,

such that

sup
0≤s<t≤1

∥γ (t)− γ (s)∥
|t− s|

1
2 m (t− s)

<∞. (3.26)

Then γ ∈ G2(V).

The proof of Theorem 3.25 is given in p48.

Remark 3.26 In Theorem 3.25, by adding a log term and log-log term so on and so

forth to function “ m ”, one can get a sequence of nested linear spaces in G2 (V). Because
they are nested, their union is still a linear space in G2 (V).

Since being enhancible is invariant under reparametrisation, as a variational form of

Theorem 3.25, we have:

Corollary 3.27 Let γ : [0, T ] → V be a continuous path. If there exists continuous

function φ : [0,∞)→ [0,∞) which is strictly increasing and onto, satisfies φ (0) = 0,

u 7→ u2

φ(u)
is non-decreasing , and

∫ 1

0

u

φ (u)
du <∞ , (3.27)

such that

sup
D

∑
k,tk∈D

φ (∥γ (tk+1)− γ (tk)∥) <∞. (3.28)

Then γ ∈ G2 (V).

Corollary 3.27 is proved on p49.

Moreover, the condition
∫ 1

0
m2(t)
t
dt <∞ is necessary:

Example 3.28 For any Banach space V satisfying dim (V) ≥ 2, and any non-decreasing

function m : [0, 1]→ R+ satisfying

lim
t→0

m (t) = 0,m (1) ≤ 1 and

∫ 1

0

m2 (t)

t
dt =∞,

there exists γ ∈ C ([0, 1],V) satisfies (3.26) but not in G2 (V).

Example 3.28 is a special case (p = q = 2) of Example 3.33 in Section 3.3.
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3.3 Extension to Young integral

In the way of exploring paths in G2, we get an extension to Young integral [38] by

assigning a finer scale continuity. We prove convergence in q-variation, while similar

pointwise convergence was obtained in [4]. More resembling of our theorem is Corollary

3.90 in [7].

Before stating the theorem, we define the iterated integral of two paths, which is used

in our estimation.

Definition 3.29 For i = 1, 2, suppose Vi are Banach spaces, and γi ∈ C ([0, T ] ,Vi).
Define the iterated integral of γ1 and γ2, I (γ1, γ2) : △[0,T ] → V1⊗V2 by setting (whenever

the Riemann-Stieltjes integral exists)

I (γ1, γ2) (s, t) :=

∫∫
s<u1<u2<t

dγ1 (u1)⊗ dγ2 (u2) , ∀ (s, t) ∈ △[0,T ]. (3.29)

Then we have, for any (s, t) ∈ △[0,T ],

I (γ1, γ2) (s, t) =

∫ t

s

γ1 (u)⊗ dγ2 (u)− γ1 (s)⊗ (γ2 (t)− γ2 (s)) .

Theorem 3.30 Let Vi, i = 1, 2, be two Banach spaces and γi : [0, 1] → Vi be two

continuous paths. If there exist p > 1, q > 1, p−1 + q−1 = 1, and two non-decreasing

functions mi : [0, 1]→ R+, i = 1, 2, satisfying

lim
t→0

mi (t) = 0, mi (1) ≤ 1, and

∫ 1

0

m1 (t)m2 (t)

t
dt <∞,

such that

sup
0≤s<t≤1

∥γ1 (t)− γ1 (s)∥
|t− s|

1
p m1 (t− s)

:=C1 <∞, sup
0≤s<t≤1

∥γ2 (t)− γ2 (s)∥
|t− s|

1
q m2 (t− s)

:=C2<∞. (3.30)

Then the Riemann-Stieltjes integral
∫ t
0
γ1 (t)⊗ dγ2 (t), t ∈ [0, 1], exists, and∥∥∥∥∫ ·

0

γ1 (t)⊗ dγ2 (t)
∥∥∥∥
q−var

≤ 8C1C2

(
2 +

∫ 1

0

m1 (t)m2 (t)

t
dt

)
.

The proof for Theorem 3.30 starts on page 42.

Remark 3.31 When m1 (x) = xa, m2 (x) = xb, a > 0, b > 0, we get Young integral.

Remark 3.32 In the proof of Theorem 3.30, we get an estimate of the iterated integral

of γ1 and γ2:

∥I (γ1, γ2)∥1−var ≤ C1C2

(
15 + 8

∫ 1

0

m1 (t)m2 (t)

t
dt

)
.

On the other hand, the condition
∫ 1

0
m1(t)m2(t)

t
dt <∞ in Theorem 3.30 is necessary:
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Example 3.33 Suppose mi : [0, 1] → R+ are two non-decreasing functions, satisfying

limt→0mi (t) = 0, mi (1) ≤ 1, i = 1, 2, and
∫ 1

0
m1(t)m2(t)

t
dt = ∞. Then for any p > 1,

q > 1, p−1+ q−1 = 1, there exist two continuous real-valued paths γi : [0, 1]→ R, i = 1, 2,

s.t.

sup
0≤s<t≤1

|γ1 (t)− γ1 (s)|
|t− s|

1
p m1 (t− s)

<∞, sup
0≤s<t≤1

|γ2 (t)− γ2 (s)|
|t− s|

1
q m2 (t− s)

<∞,

but the Riemann-Stieltjes integral
∫ 1

0
γ1 (t) dγ2 (t) does not exist.

Proof of Example 3.33 is give in page 45.

Suppose γi = (xi, yi), i = 1, 2, are two 2-dimensional paths. Then the existence

of Riemann-Stieltjes integral
∫
γi ⊗ dγi for i = 1, 2, only implies certain compensation

between the regularities of xi and yi, i = 1, 2, while it does not provide information about

the relationship between x1 and y2 or x2 and y1. Therefore, there is no reason to expect

the Riemann-Stieltjes integral
∫
(x1 + x2) d (y1 + y2) to exist. Actually, when adding two

paths together, the rougher one counts for the regularity, so it is possible that the integral∫
(x1 + x2) d (y1 + y2) does not exist. This compensating property also manifests itself in

rough paths, and is one of the potential reasons for the set of rough paths (and G2 (V))
to be non-linear.

3.4 Proofs

Recall △[0,1] = {(s, t) |0 ≤ s ≤ t ≤ 1}.

Lemma 3.34 For any p > 1 and any a > 0, there exists a constant Ca,p > 0, such that

for any integer m ≥ 1,
m∑
k=1

22(1−
1
p)k

ka
≤ Ca,p

22(1−
1
p)m

ma
.

Proof. L’Hospital’s rule.

The following lemma is in the form of Exercise 9.14 in [9], only that we give uniform

estimates.

Lemma 3.35 Suppose V is a Banach space, {φn}n≥1 ⊂ C
(
△[0,1],V

)
, and there exists

constant M > 0 s.t.

∥φn (s, t)∥ ≤M (1 ∧ |t− s|) , ∀ (s, t) ∈ △[0,T ], ∀n ≥ 1.

For p ∈ (1,∞), a ∈ (0,∞) and integers 1 ≤ N1 ≤ N2 ≤ ∞, define

ga,pN1,N2
(s, t) =

N2∑
k=N1

1

ka2
2k
p

φk
(
22ks, 22kt

)
, t ∈ [0, 1] .

Then

(i) sup
1≤N1≤N2≤∞

sup
0≤s<t≤1

∥∥ga,pN1,N2
(s, t)

∥∥
|t− s|

1
p
(
ln 2

t−s

)−a ≤ Ca,p.M <∞; (3.31)
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for any δ ∈ (0, 1) (recall ωp (γ, δ) defined at (3.12)), we have

(ii) sup
1≤N1≤N2≤∞

ωp
(
ga,pN1,N2

, δ
)
≤ Ca,p,M

(
ln

2

δ

)−a

; (3.32)

and for any fixed N1 ≥ 1,

(iii) sup
N1≤N2≤∞

∥∥ga,pN1,N2

∥∥
p−var,[0,1] ≤

C̃a,p,M
Na

1

, (3.33)

where Ca,p,M = (ln 4)a 2−
1
pM

(
8Ca,p +

(
2

2
p − 1

)−1
)

with Ca,p from Lemma 3.34, and

C̃a,p,M =

(
(ln 4)−apCp

a,p.M + 2Mp
(
1− 2−

2
p

)−p) 1
p

.

Proof. We prove (3.31) first. Fix 0 ≤ s < t ≤ 1. Denote n :=
[
log4

8
t−s

]
, then using

∥φk (s, t)∥ ≤M (1 ∧ |t− s|), we get∥∥ga,pN1,N2
(s, t)

∥∥ ≤ n∑
k=1

1

ka2
2k
p

∥∥φk (22ks, 22kt)∥∥+ ∞∑
k=n+1

1

ka2
2k
p

∥∥φk (22ks, 22kt)∥∥
≤ M

n∑
k=1

22(1−
1
p)k

ka
|t− s|+

∞∑
k=n+1

M

ka2
2k
p

.

Based on Lemma 3.34, there exists Ca,p, s.t. for any m ≥ 1,
∑m

k=1 k
−a22(1−

1
p)k ≤

Ca,pm
−a22(1−

1
p)m. Thus (n > log4

2
t−s and 2

t−s < 22n ≤ 8
t−s),∥∥ga,pN1,N2

(s, t)
∥∥ ≤ MCa,p

22(1−
1
p)n

na
|t− s|+ M

2
2
p − 1

1

na2
2n
p

≤ M

(
8Ca,p +

1

2
2
p − 1

)
1

na2
2n
p

≤ (ln 4)aM

2
1
p

(
8Ca,p +

1

2
2
p − 1

)
|t− s|

1
p

(
ln

2

t− s

)−a

.

Since our estimates holds for any 0 ≤ s < t ≤ 1 and any integers 1 ≤ N1 ≤ N2 ≤ ∞,

(3.31) is done.

Based on (3.31), for any δ ∈ (0, 1), and any finite partition D = {tj}, |D| ≤ δ, we

have∑
j,tj∈D

∥∥ga,pN1,N2
(tj, tj+1)

∥∥p ≤ Cp
a,p.M

(
ln

2

δ

)−ap ∑
j,tj∈D

|tj+1 − tj| = Cp
a,p,M

(
ln

2

δ

)−ap

.

It holds for any D, |D| ≤ δ, and any integers 1 ≤ N1 ≤ N2 ≤ ∞, so (3.32) holds.

Then we prove (3.33). Fix N1. Finite partitions whose mesh are less than 2−2N1 are

done in (3.32):

sup
N1≤N2≤∞

sup
|D|≤2−2N1

∑
j,tj∈D

∥∥ga,pN1,N2
(tj, tj+1)

∥∥p ≤ Cp
a,p.M

(ln 4)ap
1

Nap
1

. (3.34)
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For finite partitions D = {tj}, |D| > 2−2N1 , denote JN1+ :=
{
j| |tj+1 − tj| > 2−2N1

}
.

Since there can not be more than 2×22N1 many subintervals in JN1+ (and using ∥φn (s, t)∥ ≤
M)

∑
tj∈D,j∈JN1+

∥∥ga,pN1,N2
(tj, tj+1)

∥∥p ≤ 22N1+1

(
∞∑

k=N1

M

ka2
2k
p

)p

≤ 2

(
2

2
pM

2
2
p − 1

)p
1

Nap
1

.

The intervals in D which are not in JN1+ can be treated as subintervals in another finite

partition D′, |D′| ≤ 2−2N1 , so using (3.34) to bound them, we get

∑
tj∈D

∥∥ga,pN1,N2
(tj, tj+1)

∥∥p ≤ ∑
j /∈JN1+

+
∑

j∈JN1+

≤

(
Cp
a,p,M

(ln 4)ap
+ 2

(
2

2
pM

2
2
p − 1

)p)
1

Nap
1

.

Our estimates hold for any finite partition D, and for any integer N2 ≥ N1, so (3.33)

holds.

Example 3.36 Suppose c > π is a constant, and {ln} is a sequence of increasing integers,

satisfying

cn ≤
ln+1−1∑
k=ln

1

k
≤ cn + 1, ∀n ≥ 1. (3.35)

If define f : [0, 1]→ C as

f (t) =
∞∑
n=1

ln+1−1∑
k=ln

1

k
1
22k

exp
(
2πi (−1)n 22kt

)
, t ∈ [0, 1] .

Then f is of vanishing 2-variation, and for any a ∈ [−∞,∞], there exists a sequence of

finite partition {Da
n} of [0, 1] satisfying (with x := Re f , y := Im f)

lim
n→∞

|Da
n| = 0 and lim

n→∞

∑
l,tl∈Da

n

(x (tl) y (tl+1)− y (tl) x (tl+1)) = a. (3.36)

The (−1)n ensures that the limit oscillates. Without (−1)n we only get divergence,

while not non-existence.

Proof. f of vanishing 2-variation follows from (3.32) in Lemma 3.35 (with a = 1
2
, p = 2,

M = 1, N1 = 1, N2 =∞). Suppose N ≥ 1 is an integer, denote

DN :=
{
l2−2N

}22N
l=0

, tNl := l2−2N , l = 0, 1, . . . , 22N , (3.37)

and ⟨f,DN⟩ :=
22N−1∑
l=0

(
x
(
tNl
)
y
(
tNl+1

)
− y

(
tNl
)
x
(
tNl+1

))
. (3.38)

We want to prove that for each a ∈ [−∞,∞], there exists a sequence of finite partitions

{Da
n}n ⊂ {DN}N , satisfying limn→∞ ⟨f,Da

n⟩ = a.

Denote

ϵk := (−1)n , for k = ln, . . . , ln+1 − 1;

29



cNk := 2π22k−2Nϵk, for k = l1, . . . , N − 1.

Then 2πϵk2
2ktNl = lcNk , and

x
(
tNl
)
y
(
tNl+1

)
− y

(
tNl
)
x
(
tNl+1

)
=

(
N−1∑
j=l1

1

j
1
22j

cos
(
2πϵj2

2jtNl
))(N−1∑

k=l1

1

k
1
22k

sin
(
2πϵk2

2ktNl+1

))

−

(
N−1∑
j=l1

1

j
1
22j

sin
(
2πϵj2

2jtNl
))(N−1∑

k=l1

1

k
1
22k

cos
(
2πϵk2

2ktNl+1

))

=
N−1∑
k,j=l1

1

k
1
2 j

1
22k+j

sin
(
(l + 1) cNk − lcNj

)
=

N−1∑
k=l1

1

k22k
sin
(
2πϵk2

2k−2N
)

+
∑

l1≤k<j≤N−1

1

k
1
2 j

1
22k+j

(
sin
(
l
(
cNk − cNj

)
+ cNk

)
+ sin

(
l
(
cNj − cNk

)
+ cNj

))
Sum l from 0 to 22N − 1,

⟨f,DN⟩ =
22N−1∑
l=0

x
(
tNl
)
y
(
tNl+1

)
− y

(
tNl
)
x
(
tNl+1

)
=

N−1∑
k=l1

1

k22k−2N
sin
(
2πϵk2

2k−2N
)

+
∑

l1≤k<j≤N−1

1

k
1
2 j

1
22k+j

22N−1∑
l=0

(
sin
(
l
(
cNk − cNj

)
+ cNk

)
+ sin

(
l
(
cNj − cNk

)
+ cNj

))
Since

22N−1∑
l=0

sin
(
l
(
cNk − cNj

)
+ cNk

)
=

22N−1∑
l=0

sin
(
l
(
cNj − cNk

)
+ cNj

)
= 0,

we have

⟨f,DN⟩ =
N−1∑
k=l1

1

k22k−2N
sin
(
2πϵk2

2k−2N
)

= :
J−1∑
j=1

(−1)j sNj + (−1)J
N−1∑
k=lJ

1

k22k−2N
sin
(
2π22k−2N

)
.

where lJ + 1 ≤ N ≤ lJ+1, and

sNj :=

lj+1−1∑
k=lj

1

k22k−2N
sin
(
2π22k−2N

)
, 1 ≤ j ≤ J − 1.
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Using 2
π
θ ≤ sin θ ≤ θ when θ ∈

[
0, π

2

]
and condition (3.35), we have, for any j ≥ 1, and

any N ≥ lj+1,

4× cj ≤ sNj ≤ 2π ×
(
cj + 1

)
.

Thus using sNj − sNj−1 ≥ (4c− 2π) cj−1 − 2π, we estimate
∑m−1

j=1 (−1)j sNj . When m is

even and m ≥ 4, for any N ≥ lm,

m−1∑
j=1

(−1)j sNj = −
(
sNm−1 − sNm−2

)
− · · · − sN1 (3.39)

≤ −4c− 2π

c2 − 1

(
cm − c2

)
+ π (m− 2)− 4c.

Similarly, when m is odd and m ≥ 5, for any N ≥ lm,

m−1∑
j=1

(−1)j sNj =
(
sNm−1 − sNm−2

)
+ · · ·+ (sN2 − sN1 ) (3.40)

≥ 4c− 2π

c2 − 1
(cm − c)− π (m− 1) ;

and when m is odd and m ≥ 5, for any N ≥ lm, the upper bound:

m−1∑
j=1

(−1)j sNj = sNm−1 −
(
sNm−2 − sNm−3

)
− · · · − sN1 (3.41)

≤ 2π ×
(
cm−1 + 1

)
− 4c− 2π

c2 − 1

(
cm−1 − c2

)
+ π (m− 3)− 4c

=

(
2π

c
− 4c− 2π

c (c2 − 1)

)
cm + π (m− 1) +

4c− 2π

c2 − 1
c2 − 4c.

Since we assumed c > π, in (3.39) and (3.40) we have 4c−2π
c2−1

> 0. On the other hand,

since ⟨f,Dlm⟩ =
∑m−1

j=1 (−1)j slmj , based on (3.39) and (3.40), we have

lim
n→∞

⟨f,Dl2n⟩ = −∞ and lim
n→∞

⟨
f,Dl2n+1

⟩
= +∞.

Thus, when a = +∞ let Da
n := Dl2n+1 , when a = −∞ let Da

n := Dl2n .

Fix a ∈ (−∞,∞).

Firstly, we assumed c > π, so

0 <
2π

c
− 4c− 2π

c (c2 − 1)
<

2π

c
< 2.

For our fixed c > π, choose integer Mc ≥ 1, s.t. for any m ≥Mc,(
2π

c
− 4c− 2π

c (c2 − 1)

)
cm + π (m− 1) +

4c− 2π

c2 − 1
c2 − 4c ≤ 2cm.

Thus, combined with (3.41), when m is odd and m ≥ 5 ∨Mc, for any N ≥ lm, we have

m−1∑
j=1

(−1)j sNj ≤ 2cm. (3.42)
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Then for our fixed a ∈ (−∞,∞), choose odd integer M (a) ≥ 5 ∨Mc such that, for any

odd integer m ≥M (a), and any N ≥ lm, we have

m−1∑
j=1

(−1)j sNj > |a|+ 10π, (3.43)

which is possible because of (3.40).

We prove that for any odd integer m ≥ M (a), there exists Nm (a), lm < Nm (a) <

lm+1, s.t. ∣∣⟨f,DNm(a)

⟩
− a
∣∣ ≤ π

lm
.

Fix odd integer m ≥M (a). For any N ≥ lm (use cm ≤
∑lm+1−1

k=lm
k−1, i.e.(3.35)),

|a|+ 10π <
m−1∑
j=1

(−1)j sNj ≤ 2cm ≤ 2

lm+1−1∑
k=lm

k−1. (3.44)

Thus, when N = lm+1 in (3.44), we have

⟨
f,Dlm+1

⟩
=

m−1∑
j=1

(−1)j slm+1

j −
lm+1−1∑
k=lm

sin
(
2π22k−2lm+1

)
k22k−2lm+1

(3.45)

≤
m−1∑
j=1

(−1)j slm+1

j − 4

lm+1−1∑
k=lm

k−1

≤ −2
lm+1−1∑
k=lm

k−1 < − |a| − 10π .

While in (3.44) let N = lm, we have

⟨f,Dlm⟩ =
m−1∑
j=1

(−1)j smj > |a|+ 10π. (3.46)

Combine (3.45) with (3.46), if |⟨f,DN⟩ − ⟨f,DN+1⟩| is uniformly small when lm ≤ N ≤
lm+1 − 1, then ∃Nm (a), lm ≤ N1 (a) ≤ lm+1, s.t.

⟨
f,DNm(a)

⟩
is in the neighborhood of a.

Actually, for any N ≥ l1 + 1,

|⟨f,DN+1⟩ − ⟨f,DN⟩|

≤

∣∣∣∣∣
N−1∑
k=l1

1

k22k−2(N+1)

(
sin
(
2π22k−2N

)
4

− sin
(
2π22k−2(N+1)

))∣∣∣∣∣+ 4

N
.

For any θ ∈
[
0, π

2

]
, using sin (2θ) = 2 sin θ cos θ, we have

1

θ

∣∣∣∣sin (4θ)4
− sin θ

∣∣∣∣ = sin θ

θ
|cos θ cos 2θ − 1|

≤
∣∣∣∣(1− 2 sin2 θ

2

)(
1− 2 sin2 θ

)
− 1

∣∣∣∣ ≤ 14 sin2 θ

2
≤ 7

2
θ2.
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Thus let θ = 2π22k−2(N+1), we have

1

22k−2(N+1)

∣∣∣∣∣sin
(
2π22k−2N

)
4

− sin
(
2π22k−2(N+1)

)∣∣∣∣∣ ≤ 28π3

(
1

22(N+1)−2k

)2

.

Thus, when lm ≤ N ≤ lm+1 − 1,

|⟨f,DN+1⟩ − ⟨f,DN⟩| ≤ 28π3

N−1∑
k=l1

1

k

(
1

22(N+1)−2k

)2

+
4

N
. (3.47)

While one can prove that for any m ≥ 2,
∑m−1

k=1
24k

k
≤ 24m

m
by using mathematical induc-

tion, so for any N ≥ l1 + 1,

N−1∑
k=l1

1

k

(
1

22(N+1)−2k

)2

≤ 1

24N+4

N−1∑
k=1

24k

k
≤ 1

16N
. (3.48)

Then, combined (3.47) with (3.48), we get when lm ≤ N ≤ lm+1 − 1,

|⟨f,DN+1⟩ − ⟨f,DN⟩| ≤
(
7

4
π3 + 4

)
1

N
<

20π

lm
.

Thus, combined with (3.45) and (3.46), there exists integer Nm (a), lm ≤ Nm (a) ≤ lm+1,

s.t. ∣∣⟨f,DNm(a)

⟩
− a
∣∣ < 10π

lm
.

Moreover, since ⟨f,Dlm⟩ > |a|+ 10π ≥ |a|+ 10π
lm

,
⟨
f,Dlm+1

⟩
< − |a| − 10π ≤ − |a| − 10π

lm
,

we have lm < Nm (a) < lm+1.

Therefore, if let Da
m := DNm(a), m ≥ 1, then {Da

m}m is a sequence of finite partitions,

whose mesh tends to zero, but the limit of the corresponding Riemann sum is a.

Next, we demonstrate that when the space of smooth paths is equipped with 2-

variation, the area operator is unbounded, and non-closable when the area is equipped

with p-variation, p > 1.

Lemma 3.37 Suppose {ln}n is a sequence of strictly increasing integers. Then

lim
n→∞

∥∥∥∥∥
ln+1−1∑
k=ln

1

k22k
sin
(
2π22k (t− s)

)∥∥∥∥∥
p−var,[0,1]

= 0 for any p > 1.

Proof. We do estimation for fixed p > 1 and fixed sufficiently large n.

For integer m ≥ ln, denote Im := (2−2p(m+1), 2−2pm], and denote Iln+ := (2−2pln , 1].

Suppose D = {tj} is a finite partition satisfying that {|tj+1 − tj|}j ⊂ ∪
s
i=1Imi

∪ Iln+ with

min1≤i≤smi ≥ ln. Denote Jmi
:= {j|tj+1 − tj ∈ Imi

} and Jln+ := {j|tj+1 − tj ∈ Iln+}.
We assume that Jmi

is not empty for each i. For Jln+, since we can not have more than

22pln+1
∑

j,j∈Jln+
(tj+1 − tj) intervals in Jln+,∑

j,j∈Jln+

(
ln+1−1∑
k=ln

1

k22k
sin
(
2π22k (tj+1 − tj)

))p

(3.49)

≤ 22pln+1

(
ln+1−1∑
k=ln

1

k22k

)p ∑
j,j∈Jln+

(tj+1 − tj) ≤
22p+1

3plpn

∑
j,j∈Jln+

(tj+1 − tj) .
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Then we do estimation for fixed i, i = 1, 2, . . . , s. Suppose tj+1 − tj ∈ Imi
, then(

ln+1−1∑
k=ln

1

k22k
sin
(
2π22k (tj+1 − tj)

))p

≤ 2p−1

((
2π

mi∑
k=ln

1

k

)p

|tj+1 − tj|p +

(
∞∑

k=mi+1

1

k22k

)p)

≤ 2p−1

(
(2π (1 + lnmi))

p

(
1

22p2mi

)
+

1

3pmp
i 2

2pmi

)
.

Since there can not be more than 2× 22p(mi+1)
∑

j,j∈Jmi
(tj+1 − tj) many intervals whose

length fail into the category Imi
,

∑
j,j∈Jmi

(
ln+1−1∑
k=ln

1

k22k
sin
(
2π22k (tj+1 − tj)

))p

(3.50)

≤ 2p−1

(
(2π)p

(1 + lnmi)
p

22p2mi
+

1

3pmp
i 2

2pmi

)
× 22p(mi+1)+1

∑
j,j∈Jmi

(tj+1 − tj)

≤ 23p
(
(2π)p

(1 + lnmi)
p

22p(p−1)mi
+

1

3pmp
i

) ∑
j,j∈Jmi

(tj+1 − tj) .

Since {ln} are strictly increasing integers, limn→∞ ln = +∞. Thus, for our fixed p > 1,

there exists N (p) ≥ 1, s.t. for any n ≥ N (p) and any mi ≥ ln, we have

(1 + lnmi)
p

22p(p−1)mi
≤ 1

mp
i

.

Therefore, for any fixed finite partition D = {tj} of [0, 1], when n ≥ N (p), we have (using

(3.49), (3.50) and
∑s

i=1

∑
j∈Jmi

(tj+1 − tj) +
∑

j∈Jln+
(tj+1 − tj) = 1, min1≤i≤smi ≥ ln)

∑
j,tj∈D

(
ln+1−1∑
k=ln

1

k22k
sin
(
2π22k (tj+1 − tj)

))p

≤ 23p
(
(2π)p +

1

3p

) s∑
i=1

1

mp
i

∑
j,j∈Jmi

(tj+1 − tj)

+
22p+1

3plpn

∑
j,j∈Jln+

(tj+1 − tj)

≤ 23p
(
(2π)p +

1

3p

)
1

lpn
.

Hence, for any fixed p > 1, there exists integer N (p), s.t. for any n ≥ N (p),∥∥∥∥∥
ln+1−1∑
k=ln

1

k22k
sin
(
2π22k (t− s)

)∥∥∥∥∥
p

p−var,[0,1]

≤ 23p
(
(2π)p +

1

3p

)
1

lpn
.
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Lemma 3.38 Suppose {ln}n is a sequence of strictly increasing integers. Define

gn (t) =

ln+1−1∑
k=ln

1

k
1
22k

exp
(
2πi22kt

)
, t ∈ [0, 1] .

Then limn→∞ ∥gn∥2−var = 0, and for any p > 1,

lim
n→∞

∥∥∥∥∥A (gn) (s, t)−

(
π

ln+1−1∑
k=ln

1

k

)
(t− s)

∥∥∥∥∥
p−var,[0,1]

= 0.

Proof. Since trigonometric functions are Lipschitz and bounded, according to (3.33) in

Lemma 3.35 with p = 2, limn→∞ ∥gn∥2−var,[0,1] = 0.

According to the definition of area, if we denote xn := Re gn, yn := Im gn, and

pn (s, t) : =

∫ t

s

xn (u) dyn (u)− yn (u) dxn (u) ,

qn (s, t) : = yn (s) xn (t)− xn (s) yn (t) ,

we have

A (gn) (s, t) =
1

2
(pn (s, t) + qn (s, t)) .

Firstly, for pn (s, t),

pn (s, t)

= 2π

∫ t

s

(
ln+1−1∑
i=ln

1

i
1
22i

cos
(
2π22iu

))(ln+1−1∑
j=ln

2j

j
1
2

cos
(
2π22ju

))

+

(
ln+1−1∑
j=ln

1

j
1
22j

sin
(
2π22ju

))(ln+1−1∑
j=ln

2i

i
1
2

sin
(
2π22iu

))
du

= 2π

ln+1−1∑
i,j=ln

∫ t

s

2j−i

i
1
2 j

1
2

cos
(
2π22iu

)
cos
(
2π22ju

)
+

2i−j

i
1
2 j

1
2

sin
(
2π22ju

)
sin
(
2π22iu

)
du

=

(
2π

ln+1−1∑
k=ln

1

k

)
(t− s) + 2π

∑
ln≤i<j≤ln+1−1

(
2j−i

i
1
2 j

1
2

+
2i−j

i
1
2 j

1
2

)∫ t

s

cos
(
2π
(
22j − 22i

)
u
)
du

=

(
2π

ln+1−1∑
k=ln

1

k

)
(t− s) +

∑
ln≤i<j≤ln+1−1

1

i
1
2 j

1
22i+j

pi,j (s, t) ,

where

pi,j (s, t) :=

(
22j + 22i

22j − 22i

)(
sin
(
2π
(
22j − 22i

)
t
)
− sin

(
2π
(
22j − 22i

)
s
))
.
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While, for qn (s, t),

qn (s, t) = yn (s) xn (t)− xn (s) yn (t)

=

(
ln+1−1∑
i=ln

1

i
1
22i

sin
(
2π22is

))(ln+1−1∑
j=ln

1

j
1
22j

cos
(
2π22jt

))

−

(
ln+1−1∑
i=ln

1

i
1
22i

cos
(
2π22is

))(ln+1−1∑
j=ln

1

j
1
22j

sin
(
2π22jt

))

=

ln+1−1∑
i,j=ln

1

i
1
2 j

1
22i+j

sin
(
2π
(
22is− 22jt

))
= −

ln+1−1∑
k=ln

1

k22k
sin
(
2π22k (t− s)

)
+

∑
ln≤i<j≤ln+1−1

1

i
1
2 j

1
22i+j

qi,j (s, t) ,

where

qi,j (s, t) = sin
(
2π
(
22is− 22jt

))
+ sin

(
2π
(
22js− 22it

))
.

Thus

A (gn) (s, t)−

(
π

ln+1−1∑
k=ln

1

k

)
(t− s)

=
1

2

− ln+1−1∑
k=ln

1

k22k
sin
(
2π22k (t− s)

)
+

∑
ln≤i<j≤ln+1−1

1

i
1
2 j

1
22i+j

(pi,j (s, t) + qi,j (s, t))

 .

Based on Lemma 3.37,
∑ln+1−1

k=ln
k−12−2k sin

(
2π22k (t− s)

)
converge to 0 as n tends to

infinity in p-variation for any p > 1, so we are left with∑
ln≤i<j≤ln+1−1

1

i
1
2 j

1
22i+j

(pi,j (s, t) + qi,j (s, t)) .

While

pi,j (s, t) + qi,j (s, t)

=

(
22j + 22i

22j − 22i

)(
sin
(
2π
(
22j − 22i

)
t
)
− sin

(
2π
(
22j − 22i

)
s
))

+sin
(
2π
(
22is− 22jt

))
+ sin

(
2π
(
22js− 22it

))
=

(
2× 22i

22j − 22i

)(
sin
(
2π
(
22j − 22i

)
t
)
− sin

(
2π
(
22j − 22i

)
s
))

+
(
sin
(
2π
(
22j − 22i

)
t
)
+ sin

(
2π
(
22is− 22jt

)))
+
(
sin
(
2π
(
22js− 22it

))
− sin

(
2π
(
22j − 22i

)
s
))

=

(
2× 22i

22j − 22i

)(
sin
(
2π
(
22j − 22i

)
t
)
− sin

(
2π
(
22j − 22i

)
s
))

−2 cos
(
2π

(
22jt− 22i

t+ s

2

))
sin

(
2π22i

t− s
2

)
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−2 cos
(
2π

(
22js− 22i

t+ s

2

))
sin

(
2π22i

t− s
2

)
=

(
4× 22i

22j − 22i

)
cos

(
2π
(
22j − 22i

) t+ s

2

)
sin

(
2π
(
22j − 22i

) t− s
2

)
−4 cos

(
2π
(
22j − 22i

) t+ s

2

)
cos

(
2π22j

t− s
2

)
sin

(
2π22i

t− s
2

)
= 4 cos

(
2π
(
22j − 22i

) t+ s

2

)((
22i

22j − 22i

)
sin

(
2π
(
22j − 22i

) t− s
2

)
− cos

(
2π22j

t− s
2

)
sin

(
2π22i

t− s
2

))
.

Therefore,

|pi,j (s, t) + qi,j (s, t)| ≤ 4

(
22i+2j

22j − 22i

)
(3.51)

×

∣∣∣∣∣sin
(
2π22j t−s

2

)
22j

cos

(
2π22i

t− s
2

)
−

sin
(
2π22i t−s

2

)
22i

cos

(
2π22j

t− s
2

)∣∣∣∣∣ .
While, for any θ, and any integer n ≥ 1,

sin θ
n−1∏
k=0

cos
(
2kθ
)
=

sin (2nθ)

2n
,

so, when j > i,
sin (22jθ)

22j
=

sin (22iθ)

22i

2j−1∏
k=2i

cos
(
2kθ
)
.

Thus when θ = π (t− s), continue with (3.51), we have

|pi,j (s, t) + qi,j (s, t)|

= 4

(
22i+2j

22j − 22i

) ∣∣∣∣∣sin
(
2π22i t−s

2

)
22i

∣∣∣∣∣
×
∣∣∣∣cos(2π22i t− s2

)
2j−1∏
k=2i

cos

(
2π2k

t− s
2

)
− cos

(
2π22j

t− s
2

)∣∣∣∣
≤ 4

(
22i+2j

22j − 22i

) ∣∣sin (2π22i t−s
2

)∣∣
22i

× 2

≤ 32

3

∣∣∣∣sin(2π22i t− s2

)∣∣∣∣ . (
22j

22j − 22i
≤ 4

3
when j > i)

Therefore, for any p ∈ (1, 2),∑
ln≤i<j≤ln+1−1

1

i
1
2 j

1
22i+j

|pi,j (s, t) + qi,j (s, t)| (3.52)

≤ 32

3

ln+1−1∑
j=ln+1

1

j
1
22j

(
j−1∑
i=ln

1

i
1
22i

∣∣∣∣sin(2π22i t− s2

)∣∣∣∣
)

≤ 32

3

ln+1−1∑
j=ln+1

1

j
1
22(2−

2
p)j

(
j−1∑
i=ln

1

i
1
22

2
p
i

∣∣∣∣sin(2π22i t− s2

)∣∣∣∣
)
.
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While since |sin (t− s)| ≤ 1∧|t− s|, based on (3.33) in Lemma 3.35, for any p > 1, there

exists a constant C̃ 1
2
,p,1, s.t. for any ln and any j > ln, we have,∥∥∥∥∥

j−1∑
i=ln

1

i
1
22

2
p
i

∣∣∣∣sin(2π22i t− s2

)∣∣∣∣
∥∥∥∥∥
p−var

≤
C̃ 1

2
,p,1

l
1
2
n

.

Therefore, for any p ∈ (1, 2), since ∥·∥p−var is a norm, combined with (3.52),∥∥∥∥∥∥
∑

ln≤i<j≤ln+1−1

1

i
1
2 j

1
22i+j

(pi,j (s, t) + qi,j (s, t))

∥∥∥∥∥∥
p−var

≤ 32

3

ln+1−1∑
j=ln+1

1

j
1
222(1−

1
p)j

∥∥∥∥∥
j−1∑
i=ln

1

i
1
22

2
p
i

∣∣∣∣sin(2π22i t− s2

)∣∣∣∣
∥∥∥∥∥
p−var

≤
32C̃ 1

2
,p,1

3l
1
2
n

ln+1−1∑
j=ln+1

1

j
1
222(1−

1
p)j
≤

32C̃ 1
2
,p,1

3(22(1−
1
p) − 1)

1

ln2
2(1− 1

p)ln
→ 0 as n→∞.

Thus, for any p > 1 (since p-variation is non-increasing, so if converge in p-variation,

p ∈ (1, 2), then converge in p-variation, p > 1)

lim
n→∞

∥∥∥∥∥A (gn) (s, t)−

(
π

ln+1−1∑
k=ln

1

k

)
(t− s)

∥∥∥∥∥
p−var

= 0.

Example 3.39 Suppose {ln} is a sequence of increasing integers, satisfying that for any

n ≥ 1,
∑ln+1−1

k=ln
k−1 ≥ n. Define

fn (t) =

ln+1−1∑
k=ln

1

k
1
22k

exp
(
2πi22kt

)
, t ∈ [0, 1] . (3.53)

Then limn→∞ ∥fn∥2−var,[0,1] = 0, but for any 0 ≤ s < t ≤ 1, limn→∞A (fn) (s, t) = +∞.

Proof. Follows from Lemma 3.38:

lim
n→∞

∥∥∥∥∥A (fn) (s, t)−

(
π

ln+1−1∑
k=ln

1

k

)
(t− s)

∥∥∥∥∥
p−var

= 0, for any p > 1.

As a clear consequence of this example, when the space of smooth paths is equipped

with 2-variation, the area operator is not continuous, nor bounded.

Example 3.40 Suppose {ln} is a sequence of increasing integers, satisfying that for any

n ≥ 1,
∑ln+1−1

k=ln
k−1 ≥ 1. Define

gn (t) =

(
π

ln+1−1∑
k=ln

1

k

)− 1
2 ln+1−1∑

k=ln

1

k
1
22k

exp
(
2πi22kt

)
, t ∈ [0, 1] .
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Then limn→∞ ∥gn∥2−var,[0,1] = 0, and for any p > 1,

lim
n→∞

∥A (gn) (s, t)− (t− s)∥p−var,[0,1] = 0.

Proof. Follows from Lemma 3.38.

The convergence of A (gn) to t−s can not hold in 1-variation, because hn is a sequence

of smooth paths, so the limit of A (gn) in 1-variation is of vanishing 1-variation, while t−s
is not. Actually, gn converges to zero in 2-variation, so if A (gn) converges in 1-variation

then should converge to 0 (closable when area equipped with 1-variation).

Example 3.40 demonstrates that when the space of smooth paths is equipped with

2-variation and their area with p-variation, p > 1, the area operator is not closable.

Next, we extend Young integral [38] to the case p−1 + q−1 = 1 by assigning a finer

scale continuity (e.g. logarithmic). Before that, we prove a lemma. Suppose V1 and V2
are two Banach spaces. For simplicity, we denote ∥ · ∥V1 , ∥ · ∥V2 and ∥ · ∥V1⊗V2 as ∥ · ∥.
Recall definition of ωp (γ, δ) at (3.12).

Lemma 3.41 Suppose γ1 ∈ Cp−var ([0, 1] ,V1), γ2 ∈ Cq−var ([0, 1] ,V2), p−1 + q−1 = 1.

D1 = {tk}k and D2 = {sj}j are two finite partitions of [0, 1], and D2 is a refinement of D1,

i.e. for any k, there exist integers nk < nk+1, s.t. tk = snk
< snk+1 < · · · < snk+1

= tk+1.

If denote ID := I
(
γD1 , γ

D
2

)
(see definition at (3.29)) and suppose |D1| ≤ δ, then we have∥∥ID1 − ID2

∥∥
1−var,[0,1] ≤

∑
k

∥∥ID1
∥∥
1−var,[tk,tk+1]

+
∑
k

∥∥ID2
∥∥
1−var,[tk,tk+1]

+2ωp (γ1, δ) ∥γ2∥q−var,[0,1] + 2ωq (γ2, δ) ∥γ1∥p−var,[0,1] .

Proof. Denote △γi := γD1
i − γD2

i , i = 1, 2, and denote △I := ID1 − ID2 . For any

(s, t) ∈ △[0,T ],

△I (s, t) =

∫ t

s

(
γD1
1 (u)− γD1

1 (s)
)
⊗ dγD1

2 (u)−
∫ t

s

(
γD2
1 (u)− γD2

1 (s)
)
⊗ dγD2

2 (u)

=

∫ t

s

(△γ1 (u)−△γ1 (s))⊗ dγD1
2 (u) +

∫ t

s

(
γD2
1 (u)− γD2

1 (s)
)
⊗ d△γ2 (u)

= : I
(
△γ1, γD1

2

)
(s, t) + I

(
γD2
1 ,△γ2

)
(s, t) .

Suppose tk1−1 < s ≤ tk1 ≤ tk2 ≤ t < tk2+1, then

I
(
△γ1, γD1

2

)
(s, t) = I

(
△γ1, γD1

2

)
(s, tk1) + I

(
△γ1, γD1

2

)
(tk1 , tk2) + I

(
△γ1, γD1

2

)
(tk2 , t)

+ (△γ1 (tk1)−△γ1 (s))⊗
(
γD1
2 (t)− γD1

2 (tk1)
)

+(△γ1 (tk2)−△γ1 (tk1))⊗
(
γD1
2 (t)− γD1

2 (tk2)
)
.

where the last term vanishes, because △γ1 (tk1) = △γ1 (tk2). Similar result holds for

I (γ2,△γ) (s, t):

I
(
γD2
1 ,△γ2

)
(s, t) = I

(
γD2
1 ,△γ2

)
(s, tk1) + I

(
γD2
1 ,△γ2

)
(tk1 , tk2) + I

(
γD2
1 ,△γ2

)
(tk2 , t)

+
(
γD2
1 (tk2)− γD2

1 (s)
)
⊗ (△γ2 (t)−△γ2 (tk2)) .
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Thus (since △I = I (△γ, γ1) + I (γ2,△γ), ∥v1 ⊗ v2∥V1⊗V2
≤ ∥v1∥V1

∥v2∥V2
)

∥△I (s, t)∥ ≤ ∥△I (s, tk1)∥+ ∥△I (tk1 , tk2)∥+ ∥△I (tk2 , t)∥ (3.54)

+ ∥△γ1 (tk1)−△γ1 (s)∥
∥∥γD1

2 (t)− γD1
2 (tk1)

∥∥
+
∥∥γD2

1 (tk2)− γD2
1 (s)

∥∥ ∥△γ2 (t)−△γ2 (tk2)∥ .
For △I (tk1 , tk2), by using multiplicativity and △γi (tk) = 0,∀k, i = 1, 2, we get

△I (tk1 , tk2) =
k2−1∑
j=k1

△I (tj, tj+1) . (3.55)

Thus, combining (3.54) with (3.55), we decompose [s, t] into the union of three kinds

of subintervals: [s, tk1 ], [tj, tj+1] and [tk2 , t], and each of them is a subinterval of some

[tk, tk+1]. Thus, for any finite partition, applying our estimates to each subinterval, sum-

ming them together, and taking supremum over all finite partitions. By using Hölder

inequality, we get

∥△I∥1−var,[0,1] ≤
∑
k

∥△I∥1−var,[tk,tk+1]
(3.56)

+

(∑
k

∥△γ1∥
p
p−var,[tk,tk+1]

) 1
p ∥∥γD1

2

∥∥
q−var,[0,1]

+

(∑
k

∥△γ2∥
q
q−var,[tk,tk+1]

) 1
q ∥∥γD2

1

∥∥
p−var,[0,1]

On the other hand, when i = 1, 2,

sup
D

∥∥γDi ∥∥p−var,[0,1] ≤ ∥γi∥p−var,[0,1] , (3.57)

and since △γi := γD1
i − γ

D2
i ,

∥△γi∥p−var,[tk,tk+1]
≤

∥∥γD1
i

∥∥
p−var,[tk,tk+1]

+
∥∥γD2

i

∥∥
p−var,[tk,tk+1]

(3.58)

≤ 2 ∥γi∥p−var,[tk,tk+1]
.

Therefore, combine (3.56), (3.57) with (3.58),

∥△I∥1−var,[0,1] ≤
∑
k

∥△I∥1−var,[tk,tk+1]
+ 2

(∑
k

∥γ1∥
p
p−var,[tk,tk+1]

) 1
p

∥γ2∥q−var,[0,1]

+2

(∑
k

∥γ2∥
q
q−var,[tk,tk+1]

) 1
q

∥γ1∥p−var,[0,1] .

Since ∥△I∥1−var,[tk,tk+1]
≤
∥∥ID1

∥∥
1−var,[tk,tk+1]

+
∥∥ID2

∥∥
1−var,[tk,tk+1]

and |D1| ≤ δ, use ωp (γ, δ)

(defined at (3.12)).

The following lemma will be used in the proof of Theorem 3.30.
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Lemma 3.42 Suppose γi : [0, T ] → Vi, i = 1, 2, are two continuous piecewise linear

paths obtained by interpolating on the same finite partition of [0, T ]. Then for any p > 1,

q > 1, p−1 + q−1 = 1, there exists a finite partition D = {tk} of [0, T ] s.t. |D| ≤ 2−1T

and

∥I (γ1, γ2)∥1−var,[0,T ] ≤
∑
k,tk∈D

∥I (γ1, γ2)∥1−var,[tk,tk+1]
+ 2 ∥γ1∥p−var,[0,T ] ∥γ2∥q−var,[0,T ] .

If γi are linear on [0, T ] then

∥I (γ1, γ2)∥1−var,[0,T ] ≤ ∥γ1∥p−var,[0,T ] ∥γ2∥q−var,[0,T ] .

Proof. Denote I := I (γ1, γ2) and denote D′ = {tj}nj=0 as the finite partition on which

γi, i = 1, 2, are interpolated.

When n = 1, {tj}nj=0 = {0, T}, then γi are linear on [0, T ], i = 1, 2. After computation,

one gets

∥I∥1−var,[0,T ] = ∥(γ1 (T )− γ1 (0))⊗ (γ2 (T )− γ2 (0))∥ (3.59)

≤ ∥γ1 (T )− γ1 (0)∥ ∥γ2 (T )− γ2 (0)∥
≤ ∥γ1∥p−var,[0,T ] ∥γ2∥q−var,[0,T ] .

When n ≥ 2, denote tj1 := minj {tj|tj ≤ 2−1T}.
If tj1 = 0, then j1 = 0, and tj1+1 = t1 > 2−1T . Thus

∥I∥1−var,[0,T ] ≤ ∥I∥1−var,[0,t1] + ∥I∥1−var,[t1,T ]
+ ∥γ1∥p−var,[0,t1] ∥γ2∥q−var,[t1,T ] .

Use (3.59) for ∥I∥1−var,[0,t1],

∥I∥1−var,[0,T ] ≤ ∥I∥1−var,[t1,T ] + ∥γ1∥p−var,[0,t1] ∥γ2∥q−var,[0,t1]
+ ∥γ1∥p−var,[0,t1] ∥γ2∥q−var,[t1,T ] .

≤ ∥I∥1−var,[t1,T ] + 2
1
p ∥γ1∥p−var,[0,T ] ∥γ2∥q−var,[0,T ] .

Since T − t1 < 2−1T , lemma holds.

If tj1 > 0, then

∥I∥1−var,[0,T ] ≤ ∥I∥1−var,[0,tj1 ] + ∥I∥1−var,[tj1 ,T ] (3.60)

+ ∥γ1∥p−var,[0,tj1 ] ∥γ2∥q−var,[tj1 ,T ].

Then if tj1+1 = T , γi are linear on [tj1 , T ], i = 1, 2, so similar as above,

∥I∥1−var,[0,T ] ≤ ∥I∥1−var,[0,tj1 ] + 2
1
q ∥γ1∥p−var,[0,T ] ∥γ2∥q−var,[0,T ] .

Since tj1 ≤ 2−1T , lemma holds.
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If tj1+1 < T , then 0 < tj1 ≤ 2−1T < tj1+1 < T , continue with (3.60),

∥I∥1−var,[tj1 ,T ] ≤ ∥I∥1−var,[tj1 ,tj1+1] + ∥I∥1−var,[tj1+1,T ] (3.61)

+ ∥γ1∥p−var,[tj1 ,tj1+1] ∥γ2∥q−var,[tj1+1,T ].

While γi are linear on [tj1 , tj1+1], so

∥I∥1−var,[tj1 ,tj1+1] ≤ ∥γ1∥p−var,[tj1 ,tj1+1] ∥γ2∥q−var,[tj1 ,tj1+1] . (3.62)

Thus, combining (3.60), (3.61) with (3.62), and using Hölder inequality, we get

∥I∥1−var,[0,T ] ≤ ∥I∥1−var,[0,tj1 ] + ∥I∥1−var,[tj1+1,T ]

+2 ∥γ1∥p−var,[0,T ] ∥γ2∥q−var,[0,T ].

Since tj1 ≤ 2−1T and tj1+1 > 2−1T , lemma holds.

Theorem 3.30 Let γi : [0, 1] → Vi, i = 1, 2, be two continuous paths. If there exist

p > 1, q > 1, p−1 + q−1 = 1, and two non-decreasing functions mi : [0, 1]→ R+, i = 1, 2,

satisfying

lim
t→0

mi (t) = 0, mi (1) ≤ 1, i = 1, 2, and

∫ 1

0

m1 (t)m2 (t)

t
dt <∞.

such that

C1 := sup
0≤s<t≤1

∥γ1 (t)− γ1 (s)∥
|t− s|

1
p m1 (t− s)

<∞, C2 := sup
0≤s<t≤1

∥γ2 (t)− γ2 (s)∥
|t− s|

1
q m2 (t− s)

<∞.

Then the Riemann-Stieltjes integral
∫ t
0
γ1 (t)⊗ dγ2 (t), t ∈ [0, 1], exists, and∥∥∥∥∫ ·

0

γ1 (t)⊗ dγ2 (t)
∥∥∥∥
q−var

≤ 8C1C2

(
2 +

∫ 1

0

m1 (t)m2 (t)

t
dt

)
.

Proof. Recall the definition of I
(
γD1 , γ

D
2

)
at (3.29):

I
(
γD1 , γ

D
2

)
(s, t) =

∫ t

s

(
γD1 (u)− γD1 (s)

)
⊗ dγD2 (u) , 0 ≤ s < t ≤ 1.

Denote IDi := I
(
γDi
1 , γDi

2

)
, i = 1, 2 . Firstly, we prove that ID converges in 1-variation

as |D| → 0.

Since mi are non-decreasing, (ωp defined at (3.12))

ωp (γ1, δ) ≤ C1m1 (δ) , ωq (γ2, δ) ≤ C2m2 (δ) ; (3.63)

since |mi| ≤ 1 so ∥γ1∥p−var,[0,T ] ≤ C1, ∥γ2∥q−var,[0,T ] ≤ C2.

42



Based on Lemma 3.41, for any finite partition D1 ⊂ D2 ⊂ [0, 1], if |D1| ≤ δ then∥∥ID1 − ID2
∥∥
1−var (3.64)

≤
∑
k

∥∥ID1
∥∥
1−var,[tk,tk+1]

+
∑
k

∥∥ID2
∥∥
1−var,[tk,tk+1]

+2ωp (γ1, δ) ∥γ2∥q−var,[0,1] + 2ωq (γ2, δ) ∥γ1∥p−var,[0,1] .

Combined with (3.63), we get

2ωp (γ1, δ) ∥γ2∥q−var,[0,1] + 2ωq (γ2, δ) ∥γ1∥p−var,[0,1] (3.65)

≤ 2C1C2 (m1 (δ) +m2 (δ))

For
∑

k

∥∥ID1
∥∥
1−var,[tk,tk+1]

in (3.64), since D1 is linear on [tk, tk+1],∥∥ID1
∥∥
1−var,[tk,tk+1]

≤ ∥γ1 (tk+1)− γ1 (tk)∥ ∥γ2 (tk+1)− γ2 (tk)∥
≤ ∥γ1∥p−var,[tk,tk+1]

∥γ2∥q−var,[tk,tk+1]
.

Therefore, using Hölder inequality,∑
k

∥∥ID1
∥∥
1−var,[tk,tk+1]

(3.66)

≤

(∑
k

∥γ1∥
p
p−var,[tk,tk+1]

) 1
p
(∑

k

∥γ2∥
q
q−var,[tk,tk+1]

) 1
q

≤ mp (γ1, δ)mq (γ2, δ) ≤ C1C2m1 (δ)m2 (δ) .

For
∑

k

∥∥ID2
∥∥
1−var,[tk,tk+1]

, applying Lemma 3.42 to
∥∥ID2

∥∥
1−var,[tk,tk+1]

, ∀k, then there

exists a partition D(1) =
{
u1j
}
j
,
∣∣D(1)

∣∣ ≤ 2−1δ, s.t.∑
k

∥∥ID2
∥∥
1−var,[tk,tk+1]

≤
∑

j,u1j∈D(1)

∥∥ID2
∥∥
1−var,[u1j ,u1j+1]

+ 2
∑
k

∥γ1∥p−var,[tk,tk+1]
∥γ2∥q−var,[tk,tk+1]

≤
∑

j,u1j∈D(1)

∥∥ID2
∥∥
1−var,[u1j ,u1j+1]

+ 2

(∑
k

∥γ1∥
p
p−var,[tk,tk+1]

) 1
p
(∑

k

∥γ2∥
q
q−var,[tk,tk+1]

) 1
q

≤
∑

j,u1j∈D(1)

∥∥ID2
∥∥
1−var,[u1j ,u1j+1]

+ 2C1C2m1 (δ)m2 (δ) .

Continue the process: applying Lemma 3.42 to
∥∥ID2

∥∥
1−var,[u1j ,u1j+1]

, ∀j, then there exists

a finite partition D(2) =
{
u2j
}
,
∣∣D(2)

∣∣ ≤ 2−2δ, s.t.

∑
j,u1j∈D(1)

∥∥ID2
∥∥
1−var,[u1j ,u1j+1]

≤
∑

j,u2j∈D(2)

∥∥ID2
∥∥
1−var,[u2j ,u2j+1]

+ 2C1C2m1

(
δ

2

)
m2

(
δ

2

)
.
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So on and so forth, and we get (for fixed D2, I
D2 is of vanishing 1-variation)∑

k

∥∥ID2
∥∥
1−var,[tk,tk+1]

≤ 2C1C2

∞∑
n=0

m1

(
δ

2n

)
m2

(
δ

2n

)
. (3.67)

Since m1 and m2 are non-decreasing, when n ≥ 1,

m1

(
δ

2n

)
m2

(
δ

2n

)
≤
(
δ

2n

)−1 ∫ δ
2n−1

δ
2n

m1 (t)m2 (t) dt ≤ 2

∫ δ
2n−1

δ
2n

m1 (t)m2 (t)

t
dt.

Thus
∞∑
n=0

m1

(
δ

2n

)
m2

(
δ

2n

)
≤ m1 (δ)m2 (δ) + 2

∫ δ

0

m1 (t)m2 (t)

t
dt.

Combined with (3.67),∑
k

∥∥ID2
∥∥
1−var,[tk,tk+1]

≤ 2C1C2

(
m1 (δ)m2 (δ)+2

∫ δ

0

m1 (t)m2 (t)

t
dt

)
. (3.68)

Therefore, combining (3.64), (3.65), (3.66) with (3.68), we get∥∥ID1 − ID2
∥∥
1−var

≤ C1C2

(
2 (m1 (δ) +m2 (δ)) + 3m1 (δ)m2 (δ) + 4

∫ δ

0

m1 (t)m2 (t)

t
dt

)
.

In the above we assume D2 ⊂ D1. For two general finite partitions D and D′,

|D| ∨ |D′| ≤ δ, denote D′′ := D ∪D′, apply our estimates to D, D′′ and D′, D′′, we get∥∥∥ID − ID′
∥∥∥
1−var

≤ 2C1C2

(
2 (m1 (δ) +m2 (δ)) + 3m1 (δ)m2 (δ) + 4

∫ δ

0

m1 (t)m2 (t)

t
dt

)
.

Because we assumed that limt→0mi (t) = 0 and
∫ 1

0
m1(t)m2(t)

t
dt < ∞, so the Riemann-

Stieltjes integral I (γ1, γ2) exists, I
(
γD1 , γ

D
2

)
converge in 1-variation to I (γ1, γ2) as |D| →

0, and (|mi| ≤ 1, i = 1, 2)

sup
D

∥∥I (γ1, γ2)− I (γD1 , γD2 )∥∥1−var ≤ 2C1C2

(
7 + 4

∫ 1

0

m1 (t)m2 (t)

t
dt

)
.

Moreover, if denote finite partition D0 := {0, 1} then∥∥ID0
∥∥
1−var ≤ ∥(γ1 (1)− γ1 (0))⊗ (γ2 (1)− γ2 (0))∥ ≤ C1C2.

Thus, ∥I (γ1, γ2)∥1−var ≤ C1C2

(
15 + 8

∫ 1

0

m1 (t)m2 (t)

t
dt

)
(3.69)

Then we work out
∥∥∫ ·

0
γ1 (u)⊗ dγ2 (u)

∥∥
q−var from ∥I (γ1, γ2)∥1−var. Since

I (γ1, γ2) (s, t) : =

∫ t

s

(γ1 (u)− γ1 (s))⊗ dγ2 (u)

=

∫ t

s

γ1 (u)⊗ dγ2 (u)− γ1 (s)⊗ (γ2 (t)− γ2 (s))
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Therefore, if define function β : △[0,1] → V1 ⊗ V2 by setting

β (s, t) := γ1 (s)⊗ (γ2 (t)− γ2 (s)) , ∀ (s, t) ∈ △[0,1].

Then

∥β∥q−var ≤ ∥γ1∥∞−var ∥γ2∥q−var ≤ C1C2.

Thus, combined with (3.69), we get∥∥∥∥∫ ·

0

γ1 (u)⊗ dγ2 (u)
∥∥∥∥
q−var

≤ ∥I (γ1, γ2)∥1−var + ∥β∥q−var

≤ 8C1C2

(
2 +

∫ 1

0

m1 (t)m2 (t)

t
dt

)
.

When m1 (t) = ta, m2 (t) = tb, a > 0, b > 0, we get Young integral.

The condition
∫ 1

0
m1(t)m2(t)

t
dt <∞ is necessary in the sense of following example.

Example 3.33 Suppose mi : [0, 1] → R+ are two non-decreasing functions, satisfying

limt→0mi (t) = 0, |mi| ≤ 1, i = 1, 2, and
∫ 1

0
m1(t)m2(t)

t
dt =∞. Then for any p > 1, q > 1,

p−1 + q−1 = 1, there exist two continuous real-valued paths γi : [0, 1]→ R, i = 1, 2, s.t.

C1 := sup
0≤s<t≤1

|γ1 (t)− γ1 (s)|
|t− s|

1
p m1 (t− s)

<∞, C2 := sup
0≤s<t≤1

|γ2 (t)− γ2 (s)|
|t− s|

1
q m2 (t− s)

<∞, (3.70)

but the Riemann-Stieltjes integral
∫ 1

0
γ1 (t) dγ2 (t) does not exist.

Proof. Let ϵk = 1 or −1, ∀k, and define

γ1 (t) =
∞∑
k=1

m1

(
2−2k

)
2

2k
p

cos
(
2π22kt

)
, t ∈ [0, 1] ,

γ2 (t) =
∞∑
k=1

ϵk
m2

(
2−2k

)
2

2k
q

sin
(
2π22kt

)
, t ∈ [0, 1] .

Then γi satisfy (3.70). Take γ1 as an example. For 0 ≤ s < t ≤ 1, let n =
[
log4

4
|t−s|

]
,

we have

|γ1 (t)− γ1 (s)| (3.71)

≤ 2π

(
n∑
k=1

m1

(
2−2k

)
22(1−

1
p)k
)
|t− s|+ 2

∞∑
k=n+1

m1

(
2−2k

)
2

2k
p

.

Since limt→0
m1(4t)
m1(t)

= 1 (
∫ 1

0
mi(t)
t
dt ≥

∫ 1

0
m1(t)m2(t)

t
dt = ∞ so limt→0

mi(t)

(ln 1
t )

−2 = ∞), using

L’Hospital’s rule, there exists constant C1, s.t. for any n ≥ 1,

n∑
k=1

m1

(
2−2k

)
22(1−

1
p)k ≤ C1m1

(
2−2n

)
22(1−

1
p)n,
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Continue with (3.71), since m1 is non-decreasing (n =
[
log4

4
t−s

]
, 2−2n < |t− s| ≤

2−2(n−1))

|γ1 (t)− γ1 (s)| ≤ 2πC1m1

(
2−2n

)
22(1−

1
p)n |t− s|+ 2

2
2
p − 1

m1

(
2−2n

)
2−

2
p
n

≤
(
8πC1 +

2

2
2
p − 1

)
|t− s|

1
p m1 (t− s) .

Then we prove the Riemann-Stieltjes integral
∫ 1

0
γ1 (t) dγ2 (t) does not exist. First,

the limit of Riemann sum as |D| → 0 does not depend on the selection of representative

points, because γ1 ∈ C0,p−var, γ2 ∈ C0,q−var. Actually, since γi satisfy (3.70) and mi are

non-decreasing, we have ωp (γ1, δ) ≤ C1m1 (δ) and ωq (γ2, δ) ≤ C2m2 (δ). On the other

hand, since∑
k,

1

2
(γ1 (tk+1) + γ1 (tk)) (γ2 (tk+1)− γ2 (tk))

=
1

2

∑
k

(γ1 (tk) γ2 (tk+1)− γ2 (tk) γ1 (tk+1)) +
1

2
γ1 (1) γ2 (1)−

1

2
γ1 (0) γ2 (0) ,

so the existence of Riemann-Stieltjes integral
∫ 1

0
γ1 (t) dγ2 (t) is equivalent to the existence

of

lim
|D|→0

∑
k,tk∈D

(γ1 (tk) γ2 (tk+1)− γ2 (tk) γ1 (tk+1)) .

Similar as the estimates in Example 3.36, if denote finite partition D2N :=
{
tNl
}22N
l=0

with

tNl := l2−2N , we get⟨∫
γ1dγ2, D2N

⟩
:=

22N−1∑
l=0

(
γ1
(
tNl
)
γ2
(
tNl+1

)
− γ2

(
tNl
)
γ1
(
tNl+1

))
(3.72)

=
N−1∑
k=1

ϵk
m1

(
2−2k

)
m2

(
2−2k

)
22k−2N

sin
(
2π22k−2N

)
.

While since mi are non-decreasing, for any k ≥ 1,

m1

(
2−2k

)
m2

(
2−2k

)
≥ 1

3

∫ 2−2k

2−2(k+1)

m1 (t)m2 (t)

t
dt,

so based on our assumption
∫ 1

0
m1(t)m2(t)

t
dt =∞, we have

∞∑
k=1

m1

(
2−2k

)
m2

(
2−2k

)
=∞.

Thus, sincemi are non-decreasing and limt→0mi (t) = 0, using exactly the same estimates

as in Example 3.36, for any sequence of strictly increasing integers {ln} satisfying for some

c > π

cn ≤
ln+1−1∑
k=ln

m1

(
2−2k

)
m2

(
2−2k

)
≤ cn + 1, ∀n ≥ 1,

we let ϵk = (−1)n , when ln ≤ k ≤ ln+1 − 1.
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Then, for any a ∈ [−∞,∞], there exists a sequence of finite partitions {Da
n}n ⊂ {D2N}N ,

limn→∞ |Da
n| = 0, but limn→∞

⟨∫
γ1dγ2, D

a
n

⟩
= a.

Next, we want to prove that a vanishing 2-variation path γ can be enhanced into a geo-

metric 2-rough path, if and only if A
(
γD
)
(the areas of piecewisely linear approximation)

converge in 1-variation as |D| → 0.

Lemma 3.43 Suppose γ ∈ C0,2−var ([0, T ] ,V). D1 = {tk}k and D2 = {sj}j are two

finite partitions of [0, T ], and D2 is a refinement of D1, i.e. for any k, there exist integers

nk < nk+1, s.t. tk = snk
< snk+1 < · · · < snk+1

= tk+1. Then if |D1| ≤ δ, we have∥∥A (γD1
)
− A

(
γD2
)∥∥

1−var ≤
∑
k

∥∥A (γD2
)∥∥

1−var,[tk,tk+1]
+ 4 ∥γ∥2−var,[0,T ] ω2 (γ, δ) .

Proof. Almost the same as that of Lemma 3.41 when p = q = 2, by using ∥[u, v]∥ ≤
2 ∥u∥ ∥v∥.

∑
k

∥∥AD1
∥∥
1−var,[tk,tk+1]

= 0 because γD1 is linear on [tk, tk+1], ∀k.

Lemma 3.44 Suppose (γ, α) is a weak geometric 2-rough path, and D = {tk}nk=0 is a

finite partition of [0, T ]. Then

A
(
γD
)
(0, T ) =

1

2

n−1∑
k=0

[γ (tk) , γ (tk+1)]−
1

2
[γ (0) , γ (T )] ,

α (0, T ) =
n−1∑
k=0

α (tk, tk+1) + A
(
γD
)
(0, T ) .

Proof. The first is obtained from directly computation, the second is got by using

multiplicativity of (γ, α) (i.e.(3.22)).

Theorem 3.20 Suppose γ ∈ C0,2−var ([0, T ] ,V). Then γ ∈ G2 (V) if and only if A
(
γD
)

converges in 1-variation as |D| → 0.

Proof. ⇐ is clear; we prove ⇒. Suppose (γ, α) is a geometric 2-rough path. Then

γ is of vanishing 2-variation, and α is of vanishing 1-variation. Thus, for any ϵ > 0,

there exists δ > 0, s.t. for any finite partition D of [0, T ] satisfying |D| ≤ δ, we have∑
k,tk∈D ∥γ∥

2
2−var,[tk,tk+1]

< ϵ and
∑

k,tk∈D ∥α (tk, tk+1)∥ < ϵ.

Suppose D1 = {tk}k and D2 = {sj}j are two finite partitions of [0, T ] satisfying

|D1| ≤ δ, |D2| ≤ δ, D2 is a refinement of D1. Based on Lemma 3.43,∥∥A (γD1
)
− A

(
γD2
)∥∥

1−var ≤
∑
k

∥∥A (γD2
)∥∥

1−var,[tk,tk+1]
+ 4 ∥γ∥2−var,[0,T ] ϵ

1
2 .

Then we estimate
∑

k

∥∥A (γD2
)∥∥

1−var,[tk,tk+1]
. Since γD2 is a piecewisely linear path

on each [tk, tk+1], we only consider finite partitions, whose points are all “ corner ” points.

Suppose D3 is a finite partition satisfying D1 ⊂ D3 = {ui} ⊂ D2. Suppose ui = smi
<

smi+1 < · · · < smi+1
= ui+1, then based on Lemma 3.44, for each i,

∥∥A (γD2
)
(ui, ui+1)

∥∥ ≤ ∥α (ui, ui+1)∥+
mi+1−1∑
j=mi

∥α (sj, sj+1)∥

47



Sum over i, then

∑
i,ui∈D3

∥∥A (γD2
)
(ui, ui+1)

∥∥ ≤ ∑
i,ui∈D3

∥α (ui, ui+1)∥+
∑
i

mi+1−1∑
j=mi

∥α (sj, sj+1)∥ .

Since |D2| ≤ |D3| ≤ |D1| ≤ δ, based on the selection of δ,
∑

i,ui∈D3
∥α (ui, ui+1)∥ < ϵ,∑

i

∑mi+1−1
j=mi

∥α (sj, sj+1)∥ =
∑

j,sj∈D2
∥α (sj, sj+1)∥ < ϵ. Thus∑

i,ui∈D3

∥∥A (γD2
)
(ui, ui+1)

∥∥ < 2ϵ.

Therefore, taking supremum over all possible D3, we get∑
k

∥∥A (γD2
)∥∥

1−var,[tk,tk+1]
≤ 2ϵ.

Thus ∥∥A (γD1
)
− A

(
γD2
)∥∥

1−var ≤ 2ϵ+ 4 ∥γ∥2−var,[0,T ] ϵ
1
2 .

For any finite partition D and D′, denote D′′ = D ∪D′, and use the above estimates

for D, D′′ and D′, D′′.

Therefore, if a vanishing 2-variation path γ can be enhanced into a geometric weak

geometric 2-rough path, then A
(
γD
)
converges in 1-variation as |D| → 0, so converges

pointwisely to the Riemann-Stieltjes integral 2−1
∫ t
s
[γ (u)− γ (s) , dγ (u)].

Lemma 3.45 Suppose γ : [0, T ] → V, is a continuous finitely piecewise linear path.

Then for any p > 1, q > 1, p−1 + q−1 = 1, there exists finite partition D = {tk} s.t.

|D| ≤ 2−1T and

∥A (γ)∥1−var,[0,T ] ≤
∑
k,tk∈D

∥A (γ)∥1−var,[tk,tk+1]
+ 2 ∥γ∥22−var,[0,T ] .

Proof. Almost the same as that of Lemma 3.42 when p = q = 2, by using ∥[u, v]∥ ≤
2 ∥u∥ ∥v∥.

Theorem 3.25 Let γ : [0, 1] → V be a continuous paths. Then if there exists an

non-decreasing function m : [0, 1]→ R+ satisfying

lim
t→0

m (t) = 0, m (1) ≤ 1, and

∫ 1

0

m2 (t)

t
dt <∞,

such that

sup
0≤s<t≤1

∥γ (t)− γ (s)∥
|t− s|

1
2 m (t− s)

<∞.

Then γ ∈ G2 (V).

Proof. Denote

C := sup
0≤s<t≤1

∥γ (t)− γ (s)∥
|t− s|

1
2 m (t− s)

<∞.
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Then ∥γ∥2−var,[0,T ] ≤ C, ω2 (γ, δ) ≤ Cm (δ). Using Lemma 3.43,∥∥A (γD1
)
− A

(
γD2
)∥∥

1−var ≤
∑
k

∥∥A (γD2
)∥∥

1−var,[tk,tk+1]
+ 4 ∥γ∥2−var,[0,T ] ω2 (γ, δ) .

≤
∑
k

∥∥A (γD2
)∥∥

1−var,[tk,tk+1]
+ 4C2m (δ) .

While, applying Lemma 3.45 to bisect intervals, and using similar reasoning as that lead

to (3.67) in proof of Theorem 3.30 (starting from page 42), we get∑
k

∥∥AD2
∥∥
1−var,[tk,tk+1]

≤ 2C2

∞∑
n=0

m2

(
δ

2n

)
≤ 2C2

(
m2 (δ) + 2

∫ δ

0

m2 (t)

t
dt

)
.

Thus,
∥∥A (γD1

)
− A

(
γD2
)∥∥

1−var ≤ 2C2

(
2m (δ) +m2 (δ) + 2

∫ δ

0

m2 (t)

t
dt

)
.

Since limδ→0m (δ) = 0 and
∫ 1

0
m2(t)
t
dt < ∞, A

(
γD
)
converge in 1-variation as |D| → 0.

Based on Theorem 3.20, γ is in G2 (V).
Corollary 3.27 Let γ : [0, T ] → V be a continuous path. If there exists a continuous

function φ : [0,∞)→ [0,∞) which is strictly increasing and onto, satisfies φ (0) = 0,

u 7→ u2

φ(u)
is non-decreasing, and

∫ 1

0

u

φ (u)
du <∞, (3.73)

such that

sup
D

∑
k,tk∈D

φ (∥γ (tk+1)− γ (tk)∥) <∞. (3.74)

Then γ ∈ G2 (V).

Proof. Based on Prop 5.39 in [9], there exists control ω on [0, T ], such that

∥γ (t)− γ (s)∥ ≤ φ−1 (ω (s, t)) . (3.75)

Then because ω is a control and φ−1 is increasing, we have

∥γ (t)− γ (s)∥ ≤ φ−1 (ω (0, t)− ω (0, s)) .

Thus, if define γ̃ (ω (0, t)) := γ (t), then γ̃ is well-defined, because if ω (0, s) = ω (0, t) then

ω (s, t) ≤ ω (0, t)− ω (0, s) = 0 and (3.75) implies that γ is constant on [s, t]. Therefore,

∥γ̃ (t)− γ̃ (s)∥ ≤ φ−1 (t− s) , ∀ 0 ≤ s ≤ t ≤ ω (0, T ) .

Then we only need to check that t−
1
2φ−1 (t) satisfies the condition of Theorem 3.25. (Since

the integral in (3.73) is finite, so limu→0
u2

φ(u)
= 0)∫ 1

0

u

φ (u)
du =

∫ 1

0

1

φ (u)
d
1

2
u2 =

u2

2φ (u)
|10 +

1

2

∫ 1

0

u2

φ2 (u)
dφ (u)

=
1

2φ (1)
+

1

2

∫ φ(1)

0

(φ−1 (t))
2

t2
dt

which is finite because
∫ 1

0
u

φ(u)
du <∞.
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Chapter 4

Rough Path Theory

Rough path is a path taking value in topological group and controllable in rough norm.

Normally a rough path is composed of several levels of functions, with the first level

function a path taking value in vector space, and higher leveled function defined as the

iterated integrals (or something equivalent) of the first level path.

When the first level path is regular enough (e.g. with finite p-variation, 1 ≤ p < 2),

all higher leveled functions (the canonical choices) are controlled by the first level path.

In that case, the increment of the driving path already contains sufficient information to

determine the solution to a differential equation (under some assumptions on the vector

field), which is the story of classical ordinary differential equation.

However, as the regularity of the first level path weakens, it could fail to control the

higher leveled functions. Suppose V is a Banach space, and consider the space of con-

tinuous bounded variation paths C1−var ([0, T ] ,V) equipped with p-variation norm. The

area operator A, as we defined before, is the operator which sends γ ∈ C1−var ([0, T ] ,V)
to A (γ) : △[0,T ] → [V ,V ] defined by

A (γ) (s, t) =

∫∫
s<u1<u2<t

[dγ (u1) , dγ (u2)] , ∀ (s, t) ∈ △[0,T ].

According to Young integral, when p ∈ [1, 2), there exists a constant Cp, s.t.

∥A (γ)∥ p
2
−var,[0,T ] ≤ Cp ∥γ∥p−var,[0,T ] , ∀γ ∈ C

1−var ([0, T ] ,V) .

While based on Section 3.1.4, when p = 2 (and dimV ≥ 2), there does not exist C,

∥A (γ)∥∞−var,[0,T ] ≤ C ∥γ∥2−var,[0,T ] , ∀γ ∈ C
1−var ([0, T ] ,V) .

Thus, when the norm on C1−var ([0, T ] ,V) is weakened to 2-variation, the area is no

longer controllable by the path. Since C0,2−var ([0, T ] ,V) = C1−var ([0, T ] ,V)
2−var

, when

γ ∈ C0,2−var ([0, T ] ,V), if we want to give meaning to differential equation as simple as

dy (t) = γ(t)⊗ dγ(t), y (0) = 0 ∈ V⊗2,

which is the second level projection of

dS (t) = S (t)⊗ dγ (t) , S (0) = (1, γ(0), 0) ∈ 1⊕ V ⊕ V⊗2,
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then we have to control the area of γ (or something equivalent).

More generally, as the norm on C1−var ([0, T ] ,V) weakened to p-variation, p ≥ 1, we

need to control the regularity of kth iterated integral of γ, k = 1, 2, . . . , [p], which are

defined as

γk (s, t) :=

∫
. . .

∫
s<u1<u2<···<uk<t

dγ (u1)⊗ · · · ⊗ dγ (uk) , ∀ (s, t) ∈ △[0,T ].

Although relying on and is closely related to rough path theory, this manuscript is not

intended to give a full-coverage of rough path theory. For more general and systematical

treatments of rough path, please refer to [20], [21] and [9].

In this Chapter, we mainly use the structure and follow the line of reasoning in [9]

and [20].

4.1 Definition of rough paths

For Banach space V , recall the definition of normed tensor space V⊗k and [V , [V , . . . [V ,V ]]]
in Section 3.1.1.

Notation 4.1 Suppose V is a Banach space and N ≥ 1 is an integer. Denote

TN (V) :=
(
0,V ,V⊗2, . . . ,V⊗N) .

Denote V1 := V, Vk+1 :=
[
V ,Vk

]
, and

LN (V) :=
(
0,V ,V2, . . . ,VN

)
. (4.1)

V⊗k is called the space of homogeneous polynomial of degree k. Vk is called the space

of homogeneous Lie polynomial of degree k. Vk is a subspace of V⊗k. LN (V) is a subspace
of TN (V).

Denote

1 + TN (V) :=
(
1,V , . . . ,V⊗N) .

Then 1 + TN (V) is closed and associative under ⊗, and is invertible:

(1 + a)−1 := 1 +
N∑
k=1

(−1)k a⊗k, ∀a ∈ TN (V) .

Thus, 1 + TN (V) is a group.

Notation 4.2 Denote πk : 1 + TN (V)→ V⊗k as the projection to homogeneous polyno-

mial of degree k.

Definition 4.3 For N ≥ 1, we define norm ∥·∥ on 1 + TN (V) as

∥t∥ :=
N∑
k=1

∥πk (t)∥
1
k

V⊗k , ∀t ∈ 1 + TN (V) . (4.2)
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Then, it can be checked that
(
1 + TN (V) , ∥·∥

)
is a topological group. Next, we define

a metric on continuous paths g : [0, T ]→
(
1 + TN (V) , ∥·∥

)
.

Definition 4.4 (metric on C
(
[0, T ] ,

(
1 + TN (V)

)
, ∥·∥

)
) Suppose g is a continuous path

defined on [0, T ] taking value in
(
1 + TN (V) , ∥·∥

)
, (denote gs,t := g−1

s ⊗ gt)

when 1 ≤ p <∞, define ∥g∥p−var,[0,T ] :=

(
sup

D⊂[0,T ]

∑
k,tk∈D

∥∥gtk,tk+1

∥∥p) 1
p

, (4.3)

when p =∞, define ∥g∥∞−var,[0,T ] := sup
0≤s≤t≤T

∥gs,t∥ .

For g1, g2 ∈ C
(
[0, T ] ,

(
1 + TN (V) , ∥·∥

))
, define

dp−var,[0,T ]
(
g1,g2

)
:=

(
sup

D⊂[0,T ]

∑
k,tk∈D

∥∥∥g1tk,tk+1
− g2tk,tk+1

∥∥∥p) 1
p

. (4.4)

Definition 4.5 (Rough path) Suppose p ≥ 1 and V is a Banach space. Then g ∈
C
(
[0, T ] ,

(
1 + T [p] (V) , ∥·∥

))
is called a p-rough path, if ∥g∥p−var,[0,T ] < ∞. Denote the

set of p-rough paths as Ωp

(
1 + T [p] (V) , ∥·∥

)
.

Thus, rough paths are continuous paths with bounded p-variation taking value in

topological group
(
1 + T [p] (V) , ∥·∥

)
.

Definition 4.6 (Signature) Suppose γ ∈ C1−var ([0, T ] ,V). Then for any integer N ≥
1, define the step-N signature of γ, SN (γ) : △[0,T ] → 1 + TN (V) by setting

SN (γ) (s, t) =
(
1, γ1 (s, t) , . . . , γN (s, t)

)
, ∀ (s, t) ∈ △[0,T ],

where γk : △[0,T ] → V⊗k are defined as

γk (s, t) :=

∫
· · ·
∫
s<u1<u2<···<un<t

dγ (u1)⊗ · · · ⊗ dγ (un) , ∀ (s, t) ∈ △[0,T ]. (4.5)

Properties of
{
γk
}
:

• dγk+1 (s, t) = γk (s, t)⊗ dγ (t).

•
∥∥γk (s, t)∥∥V⊗k ≤ (k!)−1 ∥γ∥k1−var,[s,t].

• For any 0 ≤ s ≤ u ≤ t ≤ T ,

γk (s, t) = γk (s, u) + γk (u, t) +
k−1∑
j=1

γj (s, u)⊗ γk−j (u, t) (4.6)

Properties of {SN (γ)}:

(i) dSN+1 (γ) (s, t) = SN (γ) (s, t)⊗ dγ (t).
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(ii) For any 0 ≤ s ≤ u ≤ t ≤ T ,

SN (γ) (s, t) = SN (γ) (s, u)⊗ SN (γ) (u, t) . (4.7)

(iii) Denote ←−γ as γ run backwards, then

SN (←−γ ) (0, T ) = (SN (γ) (0, T ))−1 .

(4.6) is truncation of (4.7) at degree k.

Based on (i), signature could be treated as non-commutative exponential of a path;

based on (ii) and (iii), signature takes value in a group (step-N free nilpotent Lie group

as defined below).

(4.7) is called Chen’s identity, which states: for γi ∈ C1−var ([0, T ] ,V), i = 1, 2, if

define the concatenation of γ1 and γ2 as

(γ1 ⊔ γ2) (t) =
{

γ1 (2t) t ∈ [0, 2−1T ]
γ2 (2t− T )− γ2 (0) + γ1 (T ) t ∈ [2−1T, T ]

,

then SN (γ1 ⊔ γ2) (0, T ) = SN (γ1) (0, T )⊗ SN (γ2) (0, T ) for any N ≥ 1.

Define exp : TN (V)→ 1 + TN (V) and log : 1 + TN (V)→ TN (V) by

exp (a) := 1 +
N∑
k=1

a⊗k

k!
, ∀a ∈ TN (V) ,

log (1 + a) :=
N∑
k=1

(−1)k+1 a
⊗k

k
, ∀a ∈ TN (V) .

Then we have

exp (log (1 + a)) = 1 + a, log (exp (a)) = a, ∀a ∈ TN (V) .

Definition 4.7 (Free nilpotent lie group) We call LN (V) (defined at (4.1)) the free

nilpotent Lie algebra of step N , and call

GN (V) := exp
(
LN (V)

)
the free nilpotent Lie group of step N .

The topology of GN (V) is inherited from 1+TN (V). That GN (V) is a group follows

from Campbell-Baker-Hausdorff formula, which states that

log (exp (a) exp (b)) = a+ b+
1

2
[a, b] +

1

12
[a, [a, b]] · · · ∈ LN (V) ,

∀a ∈ LN (V) , b ∈ LN (V) .

Based on the definition of signature, one has
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Theorem 4.8 {SN (γ) (0, T ) |γ ∈ C1−var ([0, T ] ,V)} ⊆ GN (V), and they are equal when

V = Rd.

Thus, for γ ∈ C1−var ([0, T ] ,V), SN (γ) is a path on [0, T ] taking value in GN (V).
When V = Rd, based on Chow-Rashevskii connectivity theorem, for any g ∈ GN

(
Rd
)

there exist γg ∈ C1−var ([0, T ] ,Rd
)
s.t. S

(
γg
)
(0, T ) = g. Thus,{

SN (γ) (0, T ) |γ ∈ C1−var ([0, T ] ,Rd
)}

= GN
(
Rd
)

However, whether or not Chow-Rashevskii can be extended to infinite dimensional spaces

is not clear.

Proposition 4.9 Suppose γ ∈ C1−var([0, T ],V). Then for any integer N ≥ 1, SN(γ) ∈
C1−var ([0, T ], (GN (V) , ∥·∥

))
, and

∥SN (γ)∥1−var,[0,T ] ≤ N ∥γ∥1−var,[0,T ] .

Proof. For k = 1, 2, . . . , N and any (s, t) ∈ △[0,T ],∥∥γk (s, t)∥∥V⊗k ≤
1

k!
∥γ∥k1−var,[s,t] .

Thus, ∥SN (γ)∥1−var,[0,T ] ≤
N∑
k=1

∥∥γk∥∥ 1
k
1
k
−var,[0,T ] ≤ N ∥γ∥1−var,[0,T ] .

Therefore, when signatures are considered as paths taking value in
(
GN (V) , ∥·∥

)
,

they are of bounded variation:{
SN (γ) |γ ∈ C1−var ([0, T ] ,V)

}
⊆ C1−var ([0, T ] , (GN (V) , ∥·∥

))
.

Denote [p] as the biggest integer which is less or equal to p. Then we define geometric

p-rough paths as
{
S[p] (γ) |γ ∈ C1−var ([0, T ] ,V)

}dp−var,[0,T ]

, with dp−var defined at (4.4).

Definition 4.10 (Geometric rough paths) Suppose p ≥ 1 and V is a Banach space.

Then g ∈ C
(
[0, T ] ,

(
G[p] (V) , ∥·∥

))
is said to be a geometric p-rough path, if there exist

{γn}
∞
n=1 ⊂ C1−var ([0, T ] ,V) s.t.

lim
n→∞

dp−var
(
g, S[p] (γn)

)
= 0.

Denote the set of geometric p-rough paths as GΩp

(
G[p] (V) , ∥·∥

)
.

When p = 1, GΩ1 is the set of absolutely continuous paths (Prop 1.32 [9]); when

p ∈ (1, 2), GΩp = C0,p−var ([0, T ] ,V) (based on Theorem 2.12 on page 9). When p ≥ 2,

GΩp

(
G[p] (V) , ∥·∥

)
⊆ C0,p−var ([0, T ] , (G[p] (V) , ∥·∥

))
.
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Its proof is based on Proposition 4.9 (signatures of continuous bounded variation paths

are of bounded variation so of vanishing p-variation, p > 1) and the inequality (ωp as

defined at (2.2)):

ωp (g, δ) ≤ dp−var (g, gn) + ωp (gn, δ) .

In the special case V = Rd, based on Theorem 8.22 [9] and that homogeneous norms are

equivalent on finite dimensional spaces, we have, for any p > 1,

GΩp

(
G[p]

(
Rd
)
, ∥·∥

)
= C0,p−var ([0, T ] , (G[p]

(
Rd
)
, ∥·∥

))
.

Definition 4.11 (Weak geometric rough paths) Suppose p ≥ 1 and V is a Banach

space. Then g ∈ C
(
[0, T ] ,

(
G[p] (V) , ∥·∥

))
is said to be a weak geometric p-rough path, if

∥g∥p−var,[0,T ]<∞. Denote the set of weak geometric p-rough paths asWGΩp

(
G[p] (V) , ∥·∥

)
.

Thus, weak geometric p-rough paths are continuous paths taking value in step-[p] free

nilpotent Lie group and of finite p-variation.

Then, we have the inclusion relation:

GΩp

(
G[p] (V) , ∥·∥

)
⊆ WGΩp

(
G[p] (V) , ∥·∥

)
⊆ Ωp

(
1 + T [p] (V) , ∥·∥

)
,

and both inclusions are strict (when p ≥ 2, dim (V) ≥ 2).

The relationship between GΩp and WGΩp is comparable to the relationship between

C0,p−var ([0, T ] ,V) and Cp−var ([0, T ] ,V) (e.g. when p = 1, the relationship between abso-

lutely continuous path and continuous paths of bounded variation). While the difference

betweenWGΩp and Ωp is more substantial, which is comparable to the difference between

anti-symmetric polynomials and general non-commutative polynomials.

GΩp is separable when dim(V) < ∞ (based on its definition). While WGΩp and Ωp

are not separable. For Ωp, we have

∀g ∈ Ωp

(
1 + T [p] (V) , ∥·∥

)
, ∀γ ∈ C

p
[p]

−var ([0, T ] ,V⊗[p]
)
, g+ γ ∈ Ωp

(
1 + T [p] (V) , ∥·∥

)
.

Thus, because C
p
[p]

−var ([0, T ] ,V⊗[p]
)
is not separable, Ωp

(
T [p] (V) , ∥·∥

)
is not separa-

ble. Similarly, when dim (V) ≥ 2, using the non-separability of C
p
[p]

−var ([0, T ] ,V [p]
)
,

WGΩp

(
G[p] (V) , ∥·∥

)
is not separable. When dim (V) = 1, select e ∈ V , e ̸= 0, then (one

can prove that)

g ∈ WGΩp

(
G[p] (V) , ∥·∥

)
⇔ ∃f ∈ Cp−var ([0, T ] ,R) s.t. g (t) = exp (f (t) e) , t ∈ [0, T ] .

Since Cp−var ([0, T ] ,R) is not separable (Proposition 2.13 at p10), WGΩp

(
G[p] (V) , ∥·∥

)
is not separable.

When p ≥ 2 and dim (V) ≥ 2, GΩp, WGΩp and Ωp are non-linear, but they are cones

w.r.t. dilation (πk is the projection to V⊗k):

δλg :=
(
1, λπ1 (g) , λ

2π2 (g) , . . . , λ
NπN (g)

)
, ∀g ∈ 1 + TN (V) , ∀λ ∈ R. (4.8)
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Theorem 4.12 (Lyons Lift) Suppose p ≥ 1 and g ∈ Ωp

(
1 + T [p] (V) , ∥·∥

)
. Then for

any integer N ≥ [p] + 1, there exists a unique lift of g into a path with finite p-variation

taking value in 1 + TN (V).

This theorem follows from Thm 3.7 in [20]. The neo-classical inequality used in Thm

3.7 is proved in [12].

Theorem 4.12 explains the reason why, in Definition 4.10 and 4.11, paths are members

of C
(
[0, T ],

(
G[p] (V) , ∥·∥

))
while not C

(
[0, T ],

(
GN (V) , ∥·∥

))
for N ≥ [p] + 1—because

the extension exists uniquely. The following two theorems explain why we did not use

C
(
[0, T ],

(
G[p]−1 (V) , ∥·∥

))
.

Theorem 4.13 Suppose p ≥ 2 and V is a Banach space satisfying dim (V) ≥ 2. For

integer N ≥ 1 denote

SN (V)
p
:= {SN (γ) |γ ∈ C1−var ([0, T ] ,V)}

dp−var,[0,T ]
.

Define Π[p]−1 : S[p] (V)
p
→ S[p]−1 (V)

p
by

Π[p]−1 (g) := 1 +

[p]−1∑
k=1

πk (g) , ∀g ∈ S[p] (V)
p
.

Then when p is not an integer, Π[p]−1 is not injective but surjective; when p is an integer,

Π[p]−1 is injective but not surjective.

This theorem is (a modified) part of Thm 9.12 in [9].

In Remark 9.13 [9], the authors point out that Π[p]−1 is not injective when p is an

integer, which is incorrect. It is because that when p is an integer, different choices of

level [p] function can only differ by a path of vanishing 1-variation, so a constant.

Theorem 4.14 Suppose p ≥ 2 and V is a Banach space satisfying dim (V) ≥ 2. Define

Π[p]−1 : C
p−var ([0, T ] , G[p] (V)

)
→ Cp−var ([0, T ] , G[p]−1 (V)

)
by

Π[p]−1 (g) := 1 +

[p]−1∑
k=1

πk (g) , ∀g ∈ Cp−var ([0, T ] , G[p] (V)
)
.

Then Π[p]−1 is not injective; is surjective when p is not an integer; is not surjective when

p is an integer.

This theorem is also part of Theorem 9.12 in [9].

Thus, when p ≥ 2 and dim (V) ≥ 2, if a path in Cp−var ([0, T ] , G[p]−1 (V)
)
can be lifted

to a path in Cp−var ([0, T ] , G[p] (V)
)
(i.e. a weak geometric p-rough path), then the lift is

not unique—(logarithm of) the lifted path could differ by a path γ ∈ C
p
[p]

−var ([0, T ] ,V [p]
)
.
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4.2 Carnot-Caratheodory norm

The Carnot-Caratheodory norm is the right norm on GN (V) when dimV < ∞. When

dimV < ∞, based on Chow-Rashevskii theorem, GN (V) is a geodesic space when

equipped with Carnot-Caratheodory norm. As a consequence, we have explicit charac-

terization of weak geometric rough paths and better characterization of geometric rough

paths, in term of signatures of continuous bounded variation paths. When dimV = ∞,

it is not clear whether GN (V) is a geodesic space or not, because the extension of Chow-

Rashevskii theorem to infinite dimensional spaces is not easy. For this reason, in this

section, we work with GN

(
Rd
)
.

4.2.1 Geodesic space

Definition 4.15 (geodesic space) Suppose (E, d) is a metric space. Then (E, d) is

said to be a geodesic space, if for any g, h ∈ E, there exists a path γ : [0, 1]→ (E, d) s.t.

γ (0) = g, γ (1) = h and

d (γ (s) , γ (t)) = |t− s| d (g, h) , ∀ (s, t) ∈ △[0,1].

The path γ is called a geodesic connecting g and h.

Definition 4.16 (geodesic approximation) Suppose (E, d) is a geodesic space, and

g ∈ C ([0, T ] , (E, d)). For finite partition D = {tk} of [0, T ], define geodesic approxima-

tion to g w.r.t. D as

gD (t) := γk

(
t− tk

tk+1 − tk

)
, ∀t ∈ [tk, tk+1] ,

with γk : [0, 1]→ (E, d) a geodesic connecting g (tk) and g (tk+1).

Lemma 4.17 (E, d) is a geodesic space and g ∈ C ([0, T ] , (E, d)). Then

lim
|D|→0

sup
0≤t≤T

d
(
gDt , gt

)
= 0. (4.9)

Moreover, if g ∈ Cp−var ([0, T ] , (E, d)), then

sup
D⊂[0,T ]

∥∥gD∥∥
p−var,[0,T ] ≤ 31−

1
p ∥g∥p−var,[0,T ] , (4.10)

and for any finite partition D and any δ > |D|,

sup
|D′|≤δ

∑
i,ti∈D′

∥∥gD∥∥p
p−var,[ti,ti+1]

≤ 3p−1 sup
|D′|≤δ

∑
i,ti∈D′

∥g∥pp−var,[ti,ti+1]
. (4.11)

Which is Lemma 5.19, Prop 5.20 and Remark 5.22 in [9].
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4.2.2 Carnot-Caratheodory norm

Definition 4.18 (Carnot-Caratheodory) Define the Carnot-Caratheodory norm (C-

C norm) on GN
(
Rd
)
as, for any g ∈ GN

(
Rd
)
,

|||g||| := inf
{
∥γ∥1−var,[0,T ] |γ ∈ C

1−var ([0, T ] ,Rd
)
, SN (γ) (0, T ) = g

}
,

and the infimum can be obtained at some γ∗ ∈ C1−var ([0, T ] ,Rd
)
.

Based on Theorem 4.8, for any g ∈ GN
(
Rd
)
, the set{

γ ∈ C1−var ([0, T ] ,Rd
)
|SN (γ) (0, T ) = g

}
is not empty, and the existence of γ∗ follows from Theorem 7.32 in [9].

Carnot-Caratheodory norm is a norm on the equivalent classes of paths sharing the

same step-N signature on a fixed time interval. In Hambly and Lyons [11], they demon-

strate that: if γ1, γ2 ∈ C1−var ([0, T ] ,Rd
)
satisfy SN (γ1) (0, T ) = SN (γ2) (0, T ) for all

N ≥ 1, then γ1 and γ2 differ by a tree-like path (i.e. a path which cancels itself out,

in lattice setting a tree-like path is comparable to different formal representations of the

trivial word, e.g. aa−1b−1b).

Properties of Carnot-Caratheodory norm (Prop 7.40 [9])

Suppose g, h ∈ GN
(
Rd
)
. Then

• |||g||| = 0 iff g = (1, 0, . . . , 0).

• |||δλg||| = |λ| |||g||| for all λ ∈ R.

• |||g||| = |||g−1|||.

• |||g ⊗ h||| ≤ |||g|||+ |||h|||.

We do not have |||g ⊗ h||| = |||h⊗ g||| (or equivalently |||h⊗ g ⊗ h−1||| = |||g|||),
because for γi ∈ C1−var ([0, T ] ,Rd

)
, i = 1, 2, the concatenated path←−γ2⊔γ1⊔γ2, generally,

does not have the same (tree-reduced) length as γ1.

GN
(
Rd
)
is a group, so is not linear (when N ≥ 2), but is a geodesic space when

equipped with C-C norm.

Proposition 4.19
(
GN

(
Rd
)
, |||·|||

)
is a geodesic space.

Which is Prop 7.42 in [9]. The geodesic connecting g and h can be chosen as g ⊗
SN (γ∗) (0, t), where γ∗ is a continuous bounded variation path satisfying SN (γ∗) (0, T ) =

g−1 ⊗ h, ∥γ∗∥1−var = |||g−1 ⊗ h||| and is reparametrised to be of unit speed.

Since GN

(
Rd
)
is finite dimensional, all norms on GN

(
Rd
)
are equivalent. Especially,

there exists a constant C (d,N) s.t. (with ∥·∥ defined at (4.2))

C (d,N)−1 ∥g∥ ≤ |||g||| ≤ C (d,N) ∥g∥ , ∀g ∈ GN
(
Rd
)
.
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However, in an infinite dimensional space, not all norms are equivalent, and the set of

rough paths depends on the choice of norm (see [34] for an infinite dimensional path, which

can be enhanced into a geometric rough path in one norm, but can not be enhanced into

a rough path in another norm).

We omit the norm used on GN
(
Rd
)
, and denote the set of weak geometric p-rough

paths/geometric p-rough paths on Rd as WGΩp

(
Rd
)
and GΩp

(
Rd
)
.

Corollary 4.20 Suppose g ∈ WGΩp

(
Rd
)
. Then there exist a sequence of continuous

bounded variation paths {γn} on [0, T ] taking value in Rd, such that

lim
n→∞

d∞−var
(
S[p] (γ

n) , g
)
= 0 and sup

n

∥∥S[p] (γ
n)
∥∥
p−var,[0,T ] ≤ Cd,p ∥g∥p−var,[0,T ] .

Proof. For finite partition D = {tk}, denote γtk,tk+1 as the geodesic connecting gtk
and gtk+1

. Using Chen’s identity at (4.7), geodesic approximation gD (Definition 4.16)

is the signature of the concatenated bounded variation path γ0,t1 ⊔ γt1,t2 ⊔ · · · ⊔ γtn−1,T .

Since
(
G[p]

(
Rd
)
, |||·|||

)
is a geodesic space and all homogeneous norms are equivalent,

combining Lemma 4.17 with Prop 8.15 in [9].

Using interpolation, the convergence in Corollary 4.20 holds in dq−var , q > p.

Under C-C norm, signatures have the same length as paths (Prop 7.59 [9]):

Proposition 4.21 Suppose γ ∈ C1−var([0, T ],Rd). Then for any integer N ≥ 1, SN(γ) ∈
C1−var ([0, T ] , GN

(
Rd
))
, and

∥SN(γ)∥1−var,[0,T ] = ∥γ∥1−var,[0,T ] .

Proof. For any 0 ≤ s < t ≤ T , we have

∥γt − γs∥ ≤
∣∣∣∣∣∣∣∣∣SN (γ)s,t

∣∣∣∣∣∣∣∣∣ ≤ ∥γ∥1−var,[s,t] .
The first inequality is because that the linear path is the shortest path which shares the

same step 1 signature with γ, so ∥γt − γs∥ = |||S1 (γ)s,t ||| ≤ |||SN (γ)s,t |||. The second

inequality is based on the definition of C-C norm.

Recall that the notation g ∈ C0,p−var ([0, T ] , GN
(
Rd
))

means

lim
δ→0

ωp (g, δ) := lim
δ→0

(
sup

D,|D|≤δ

∑
k,tk∈D

∥∥gtk,tk+1

∥∥p) 1
p

= 0.

Theorem 4.22 (Wiener’s characterization) Suppose p > 1. Then the following three

statements are equivalent when g ∈ Cp−var ([0, T ] , G[p]
(
Rd
))
:

(i) g ∈ C0,p−var ([0, T ] , G[p]
(
Rd
))
,

(ii) ∃ {γn} ⊂ C1−var ([0, T ] ,Rd
)
s.t. lim

n→∞
dp−var,[0,T ]

(
S[p] (γn) , g

)
= 0,

(iii) lim
|D|→0

dp−var,[0,T ]
(
gD, g

)
= 0.
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This theorem is Theorem 8.22 in [9].

Proof. (iii)⇒ (ii) Similar reasoning as that of Corollary 4.20.

(ii)⇒ (i) Based on Proposition 4.21, S[p] (γn) ∈ C1−var ([0, T ] , G[p]
(
Rd
))

when γn ∈
C1−var ([0, T ] ,Rd

)
. Suppose {gn} ⊂ C1−var ([0, T ] , G[p]

(
Rd
))

converge to g in dp−var,[0,T ]
as n tends to infinity. Then for ϵ > 0, choose n, s.t. dp−var,[0,T ] (g, gn) < ϵ. This selected

gn is continuous and of bounded variation, so of vanishing p-variation for any p > 1.

Thus, there exists δ0 > 0 s.t. for any δ ∈ (0, δ0), ωp (gn, δ) < ϵ. As a consequence,

ωp (g, δ) ≤ ωp (gn, δ) + dp−var,[0,T ] (g, gn) < 2ϵ, ∀δ ∈ (0, δ0) .

(i)⇒ (iii) Firstly, it can be verified that condition (i) is equivalent to

lim
δ→0

sup
|D|≤δ

∑
k,tk∈D

∥g∥pp−var,[tk,tk+1]
= 0. (4.12)

For any finite partition D, g and gD are in Cp−var ([0, T ] , G[p]
(
Rd
))
. Thus, for any

δ > |D| and any finite partition D′ = {ti}i∑
i,ti∈D′

d
(
gti,ti+1

, gDti,ti+1

)p
≤

∑
i,ti∈D′,|ti+1−ti|≤δ

d
(
gti,ti+1

, gDti,ti+1

)p
+

∑
i,ti∈D′,|ti+1−ti|>δ

d
(
gti,ti+1

, gDti,ti+1

)p
≤ 2p−1

∑
i,ti∈D′,|ti+1−ti|≤δ

(
∥g∥pp−var,[ti,ti+1]

+
∥∥gD∥∥p

p−var,[ti,ti+1]

)
+
T

δ

(
d∞−var,[0,T ]

(
g, gD

))p
.

Fixing δ > |D|, and taking supremum over all D′, we get(
dp−var,[0,T ]

(
g, gD

))p
≤ 2p−1

(
sup
|D′|≤δ

∑
i,ti∈D′

∥∥gD∥∥p
p−var,[ti,ti+1]

+ sup
|D′|≤δ

∑
i,ti∈D′

∥g∥pp−var,[ti,ti+1]

)

+
T

δ

(
d∞−var,[0,T ]

(
g, gD

))p
.

On the other hand, based on (4.11) and that all homogeneous norms are equivalent on

GN
(
Rd
)
, for any δ > |D|,

sup
|D′|≤δ

∑
i,ti∈D′

∥∥gD∥∥p
p−var,[ti,ti+1]

≤ Cp,d,1 sup
|D′|≤δ

∑
i,ti∈D′

∥g∥pp−var,[ti,ti+1]
.

Thus, for any finite partition D and any δ > |D|,(
dp−var,[0,T ]

(
g, gD

))p ≤ Cp,d,2 sup
|D′|≤δ

∑
i,ti∈D′

∥g∥pp−var,[ti,ti+1]
+
T

δ

(
d∞−var,[0,T ]

(
g, gD

))p
.

Since g is of vanishing p-variation, (based on (4.12)) for any ϵ > 0 choose δ0 > 0,

Cp,d,2 sup
|D′|≤δ0

∑
i,ti∈D′

∥g∥pp−var,[ti,ti+1]
< ϵ.
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Based on (4.9) and Prop 8.15 in [9], lim|D|→0 d∞−var,[0,T ]
(
g, gD

)
= 0. Thus, for this fixed

δ0, choose δ1 < δ0, s.t. for any D, |D| ≤ δ1, we have

T

δ0

(
d∞−var,[0,T ]

(
g, gD

))p
< ϵ.

Therefore, for any ϵ > 0, there exists δ1 > 0, s.t.

sup
D,|D|≤δ1

dp−var,[0,T ]
(
g, gD

)
< (2ϵ)

1
p .

Based on the proof, Wiener’s characterization holds for paths taking value in any

geodesic space. Since all homogeneous norms on GN
(
Rd
)
are equivalent, geometric p-

rough paths on Rd, p > 1, are exactly the set of paths with vanishing p-variation taking

value in G[p]
(
Rd
)
.

4.3 Rough Differential Equations

4.3.1 Operator norm

Suppose U and V are two Banach spaces. Denote L (U ,V) as the set of linear functions

from U to V. Let x be a path taking value in V , ξ ∈ U and f : U →L (V ,U). Consider

the differential equation:

dyt = f (yt) dxt, y0 = ξ.

That f taking value in L (V ,U) explains the notation f (yt) dxt. In the special case

V = Rd,

f : y ∈ U 7→

{
(a1, a2, . . . , ad) ∈ Rd 7→

d∑
i=1

fi (y) ai ∈ U

}
,

f (yt) dxt :=
d∑
i=1

fi (yt) dx
i
t.

Definition 4.23 (operator norm) Suppose U and V are two Banach spaces, and f :

U →L (V ,U). Denote

∥f∥∞ := sup
y∈U

sup
x∈V

∥f (y)x∥U
∥x∥V

.

For α ∈ (0, 1], denote

∥f∥α−Höl := sup
y,z∈U ,y ̸=z

sup
x∈V

∥(f (y)− f (z))x∥U
∥y − z∥αU ∥x∥V

.

Suppose f : U →L (V ,U). Suppose f is Fréchet differentiable with derivative f ′, i.e.

for all y ∈ U , f ′(y) is a bounded linear operator from U to L (V ,U) s.t.

lim
∥h∥U→0

∥f(y + h)− f(y)− f ′(y)h∥∞
∥h∥U

= 0,
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with ∥·∥∞ is the operator norm we just defined. Then f ′ is an operator defined on U
taking value in L (U , L (V,U)) ∼ L (U ⊗ V ,U). Similarly, the kth derivative f (k) is an

operator defined on U and takes value in L(U⊗(k−1) ⊗ V ,U).

Definition 4.24 (Lip (γ) vector field) Suppose U and V are two Banach spaces, f :

U →L (V ,U) and γ > 0. Denote ⌊γ⌋ is the largest integer which is strictly less than γ.

Then f is said to be Lip (γ) if f is ⌊γ⌋-times differentiable, and

∥f∥Lip(γ) :=
(

max
k=0,1,...,⌊γ⌋

∥∥f (k)
∥∥
∞

)
∨
∥∥f (⌊γ⌋)∥∥

(γ−⌊γ⌋)−Höl <∞.

Thus, when γ = n for integer n ≥ 2, f is Lip (n) implies that f is (n− 1)-times

differentiable and f (n−1) is Lipschitz (with a global constant bound).

4.3.2 Solution of Rough Differential Equations

Based on Corollary 4.20, for any x ∈ Cp−var ([0, T ] , G[p]
(
Rd
))
, there exists a sequence of

continuous bounded variation paths {xn}n satisfying

lim
n→∞

d∞−var
(
S[p] (x

n) ,x
)
= 0 and sup

n

∥∥S[p] (x
n)
∥∥
p−var,[0,T ] <∞. (4.13)

Firstly, we define what we mean by a (full) solution to a rough differential equation

(RDE): the solution is a path taking value in Re, the full solution is a path taking value

in free nilpotent Lie group.

Definition 4.25 Suppose x ∈ Cp−var ([0, T ] , G[p]
(
Rd
))
, f : Re → L

(
Rd,Re

)
is continu-

ous, η ∈ Re, and ξ =
(
1, ξ1, . . . , ξ[p]

)
∈ G[p] (Re).

• Then y ∈ C ([0, T ] ,Re) is said to be a solution to the RDE

dyt = f (yt) dxt, y0 = η,

driven by x along the vector field f and starts from η ∈ Re, if there exists {xn}n ⊂
C1−var ([0, T ] ,Rd

)
s.t.

(i) (4.13) holds;

(ii) limn→∞ d∞−var (y, y
n) = 0, with yn a solution to the ODE

dynt = f (ynt ) dx
n
t , yn0 = η.

• Then y ∈ C
(
[0, T ] , G[p] (Re)

)
is said to be a Full solution to the RDE

dyt = f (yt) dxt, y0 = ξ =
(
1, ξ1, . . . , ξ[p]

)
,

driven by x along the vector field f and starts from ξ ∈ G[p] (Re), if there exists

{xn}n ⊂ C1−var ([0, T ] ,Rd
)
s.t.

(i) (4.13) holds;

(ii) limn→∞ d∞−var
(
y, ξ ⊗ S[p] (y

n)
)
= 0, with yn a solution to the ODE

dynt = f (ynt ) dx
n
t , yn0 = ξ1.

62



Based on Definition 4.25, the existence of a full solution implies the existence of a

solution to the same RDE. On the other hand, (as demonstrated in the following theorem,

which is Thm 10.35 in [9]) the full solution could be viewed as a solution driven by the

same rough path along a modified vector field.

Theorem 4.26 Suppose x ∈ Cp−var ([0, T ] , G[p]
(
Rd
))
, f : Re → L

(
Rd,Re

)
is Lip (γ)

for γ + 1 > p ≥ 1, initial condition ξ =
(
1, ξ1, ξ2, . . . , ξ[p]

)
∈ G[p] (Re), and y is a full

solution to the RDE

dyt = f (yt) dxt, y0 = ξ,

Then, y is a path in C
(
[0, T ] , 1 + T [p] (Re)

)
and is a solution to the RDE

dzt =W (z) dxt, z0 = ξ,

with W (z) = z ⊗ f (π1 (z)) : 1 + T [p] (Re) → L
(
Rd, 1 + T [p] (Re)

)
a local Lip (γ) vector

field.

Proof. Based on the characterization of weak geometric rough paths in Corollary 4.20,

we assume x = S[p] (x) with x ∈ C1−var ([0, T ] ,Rd
)
. Then, if y is a solution to the ODE

dyt = f (yt) dxt, y0 = ξ1 ∈ U , (4.14)

then (based on the continuity of f), y is in C1−var ([0, T ] ,Re). Denote yt := ξ⊗S[p] (y)0,t.

We have

dyt = ξ ⊗ S[p] (y)0,t ⊗ dy0,t = ξ ⊗ S[p] (y)0,t ⊗ f (yt) dxt. = yt ⊗ f (yt) dxt.

Thus, if y is a solution of the ODE (4.14), then ξ⊗S[p] (y) is a solution to the ODE

dzt = zt ⊗ f (π1 (zt)) dxt, z0 = ξ ∈ 1 + T [p] (Re) .

Based on the definitions of full solution and solution, theorem holds.

Theorem 4.26 is a key remark in [9] in getting full solution from solution.

Since we are working with finite dimensional spaces, all homogeneous norms are equiv-

alent. Thus, on one hand, one can use Carnot-Caratheodory norm to get good approx-

imation to the driving rough path (Corollary 4.20); on the other hand, one can use the

norm (which is inherited from 1 + TN(Re))

∥g∥ :=
N∑
k=1

∥πk(g)∥
1
k

(Re)⊗k , g ∈ GN(Re)

to get explicit estimation of the solution.

The theorems in the following are for (the existence and uniqueness of) full solutions;

the parallel results for solutions follows trivially.
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Theorem 4.27 (existence γ > p− 1) Suppose x ∈ Cp−var ([0, T ] , G[p]
(
Rd
))
, initial con-

dition ξ =
(
1, ξ1, ξ2, . . . , ξ[p]

)
∈ G[p] (Re), and f : Re → L

(
Rd,Re

)
is Lip (γ) for γ + 1 >

p ≥ 1. Then the RDE

dyt = f (yt) dxt, y0 = ξ,

admits a full solution in Cp−var ([0, T ] , G[p] (Re)
)
, and each solution satisfies

∥y∥p−var,[0,T ] ≤ C (p, γ)
(
∥f∥Lip(γ) ∥x∥p−var,[0,T ] ∨ ∥f∥

p
Lip(γ) ∥x∥

p
p−var,[0,T ]

)
.

Which is Theorem 10.36 in [9].

Notation 4.28 Suppose p ≥ 1 and g, h ∈ C
(
[0, T ] , 1 + TN (Re)

)
. Denote the inhomo-

geneous norm:

ωp−var,[0,T ] (g,h) := max
k=1,2,...,N

sup
D

∑
j,tj∈D

∥∥πk (gtj ,tj+1
− htj ,tj+1

)∥∥ p
k

(Re)⊗k

 k
p

.

Theorem 4.29 (uniqueness of full solution γ > p) Suppose ξ,η ∈ G[p] (Re) are ini-

tial conditions, for i = 1, 2, xi ∈ Cp−var ([0, T ] , G[p]
(
Rd
))
, f i : Re → L

(
Rd,Re

)
are

Lip (γ) for γ > p ≥ 1, and yit are full solutions to the RDEs

dy1
t = f1

(
y1t
)
dx1

t , y1
0 = ξ.

dy2
t = f2

(
y2t
)
dx2

t , y2
0 = η.

Denote v := ∥f1∥Lip(γ) ∨ ∥f 2∥Lip(γ) and lp := ∥x1∥p−var,[0,T ] ∨ ∥x2∥p−var,[0,T ]. Then (δ is

the dilation operator defined at (4.8))

ωp−var,[0,T ] (y1,y2)

≤ Cvlp

(∣∣ξ1 − η1∣∣+ 1

v

∥∥f 1 − f 2
∥∥
Lip(γ−1)

+ ωp−var,[0,T ]

(
δ 1

lp
x1, δ 1

lp
x2
))

exp
(
Cvplpp

)
,

where C depending on p and γ, and ξ1 = π1 (ξ), η
1 = π1 (η).

Which is corollary 10.39 in [9].

Theorem 4.30 (uniqueness γ = p) Same as the condition of the above Theorem. Then

when γ = p ≥ 1, the full RDE solution is still unique, and for any ϵ > 0, there exists

δ > 0 depending on ϵ, p, v and lp, such that∣∣ξ1 − η1∣∣+ ∥∥f 1 − f 2
∥∥
Lip(p−1)

+ d∞−var
(
x1,x2

)
< δ ⇒ d∞−var,[0,T ]

(
y1,y2

)
< ϵ.

Which is Theorem 10.41 in [9]. Theorem 10.41 is actually formulated to incor-

porate driving noise with finite ψp,1-variation, where ψp,1 (t) = tp/ (ln∗ ln∗ 1/t) with

ln∗ := max (1, ln). The ψp,1-variation of γ ∈ C ([0, T ] , (E, d)) is defined as:

∥γ∥ψp,1−var
:= inf

{
M

∣∣∣∣ sup
D⊂[0,T ]

∑
k,tk∈D

ψp,1

(
M−1d

(
γtk , γtk+1

))
<∞

}
.
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Since enhanced Brownian motion (denoted as B) has finite ψ2,1-variation, the RDE dy =

f (y) dB has a unique solution when f is Lip (2).

On the other hand, the condition γ ≥ p (for uniqueness) and γ > p−1 (for existence)

are necessary. In [6], examples are given that the solution may not unique when 1 < γ <

p < 2 and 2 < γ < p < 3, and the solution may not exist when γ = p− 1, 1 < p < 2.
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Chapter 5

Partial sum process of orthogonal
series as rough process

In this chapter, we prove that the partial sum process of orthogonal expansion
∑

n≥0 cnun
is a geometric 2-rough process, for any orthonormal system {un}n≥0 in L2 and any se-

quence of numbers {cn} satisfying
∑

n≥0 (log2 (n+ 1))2 |cn|2 <∞. Since being a geomet-

ric 2-rough process implies the existence of a limit function up to a null set, this theorem

could be treated as an improvement of Menshov-Rademacher theorem. For Fourier series,

the condition can be strengthened to
∑

n≥0 log2 (n+ 1) |cn|2 <∞, which is equivalent to∫ π
−π

∫ π
−π

|f(u)−f(v)|2

|sin u−v
2 |

dudv <∞ (with f the limit function).

This chapter mainly follows the content of [23].

5.1 Introduction

Definition 5.1 {un}∞n=0 is said to be an orthonormal system in L2 and denoted as {un} ∈
L2, if there exist measure space (Ω,F , µ) and Hilbert space (V , ⟨·, ·⟩), such that un :

(Ω,F , µ)→ (V , ⟨·, ·⟩), ∀n ∈ N, and
∫
Ω
⟨un (ω) , um (ω)⟩µ (dω) = δmn, ∀n,m ∈ N.

Generally, an orthonormal system is denoted as {un} ∈ L2 (Ω,F , µ;V , ⟨·, ·⟩). In the

above definition, we use L2 and omit explicit dependence on spaces, because we want to

identify a condition which does not depends on spaces.

Definition 5.2 Suppose {un}∞n=0 is an orthonormal system in L2, and {cn}∞n=0 is a se-

quence of numbers. Then the partial sum process X of
∑∞

k=0 cnun is a continuous process

indexed by [0,∞), got by defining for each ω ∈ Ω,

Xn (ω) :=
n∑
k=0

ckuk (ω) , ∀n ∈ N, (5.1)

and interpolating linearly between adjacent integers.

We will identify a condition on {cn}, under which X is a rough path with finite 2-

variation on the half line, almost everywhere on Ω and for every choice of orthogonal
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sequence. Since almost everywhere finiteness of 2-variation of partial sum process implies

the existence of a limit function upto a null set, our topic has a direct connection with

a.e. convergence of general orthonormal series, which dates back to Weyl[35].

Definition 5.3 (Weyl multiplier for property p) Suppose {w (n)}∞n=0 is a sequence

of positive non-decreasing numbers. {w (n)} is said to be a Weyl multiplier for property

p, if p holds for all orthogonal series
∑∞

n=0 cnun, for any orthonormal system {un} in L2

and any sequence of numbers {cn} satisfying
∑∞

n=0w (n) |cn|2 <∞.

Not every orthogonal series with coefficients in l2 is convergent. There exists an L2

Fourier series which diverges a.e. after some rearrangement, [39]. In fact, for any complete

orthonormal system in L2 ((0, 1) ,R), there exists a continuous function, whose expan-

sion diverges unboundedly almost everywhere after some rearrangement, [27]. Moreover,

Banach[2] proved that, if we equip L2 ((0, 1) ,R) with the metric

d ({un} , {vn}) =
∞∑
n=0

1

2n
∥un − vn∥L2

1 + ∥un − vn∥L2

, ∥u∥L2 =

(∫ 1

0

u2 (x) dx

) 1
2

, (5.2)

then the set of orthonormal systems, whose expansions of all bounded variation functions

diverge unboundedly almost everywhere, is a Gδ and everywhere second category subset

of L2 ((0, 1) ,R).
The exact Weyl multiplier for almost everywhere convergence of general orthogonal

series is found by Menshov[25] and Rademacher[31].

Theorem 5.4 (Menshov-Rademacher) The orthogonal series
∑∞

n=0 cnun converges

almost everywhere, for any {un}∞n=0 ∈ L2 and any sequence of numbers {cn}∞n=0 satisfying

∞∑
n=0

(log2 (n+ 1))2 |cn|2 <∞. (5.3)

Furthermore, (log2 (n+ 1))2 in (5.3) can not be replaced by o
(
(log2 (n+ 1))2

)
, and there

exists an absolute constant C such that∫
Ω

max
0≤i≤j<∞

||
j∑
n=i

cnun (ω) ||2µ (dω) ≤ C
∞∑
n=0

(log2 (n+ 1))2 |cn|2 . (5.4)

Although its estimation is rough using Cauchy–Schwarz inequality (p251[15]), the

Weyl multiplier {(log2 (n+ 1))2} is exact: For any Weyl multiplier {w (n)} satisfying

w (n) = o((log2 (n+ 1))2), there exists an a.e. divergent orthogonal series
∑

n cnun,

whose coefficients satisfy
∑

nw (n) |cn|2 < ∞ (p254[15]). (The main idea is to glue

independent pieces of finite orthogonal sequences together, where each piece provides a

constant increment on a sufficiently large set, then almost everywhere divergence follows

from Borel-Cantelli lemma.)

Moreover, as a remarkable improvement of the counter-example, Tandori[33] showed

that: if the absolute value of cn is monotone decreasing and
∑

n (log2 (n+ 1))2 |cn|2 =∞,
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then there exists {un} ∈ L2 such that
∑

n cnun diverges a.e.. Thus, if the absolute value of

{cn} is monotone decreasing, then
∑

n cnun converge almost everywhere for all {un} ∈ L2

if and only if
∑

n (log2 (n+ 1))2 |cn|2 <∞.

A recent improvement of Menshov-Rademacher Theorem by A. Lewko and M. Lewko

[17] strengthened a.e. finite ∞-variation to a.e. finite 2-variation. They decompose

the partial sum process into the sum of two, one of which encodes long range displace-

ment, while the other keeps returning to origin. The power of this decomposition already

manifested itself in the proof of Menshov-Rademacher theorem. We will use this decom-

position, and show that the partial sum process is a geometric rough process.

For a specific orthonormal system, Weyl multiplier for a.e. convergence can be

strengthened, even w (n) = 1 for all n. In that case, the orthonormal system is called a

convergent system. Among those convergent systems, almost everywhere convergence of

L2 Fourier series came as a deep theorem by Carleson[5]. Hunt[14] extended Carleson’s

result to Lr, 1 < r <∞, and proved:(∫ π

−π
∥X (θ)∥r∞−var dθ

) 1
r

≤ Cr

(∫ π

−π
|f (θ)|r dθ

) 1
r

, (5.5)

where X (θ) is the partial sum process of Fourier series of f at θ. Moreover, in a recent

paper by Oberlin, Seeger, Tao, Chiele and Wright[26], they proved a p-variation version

of Carleson’s theorem, which is a deep result and mainly the inequality: when r > 1 and

p > max {2, r/ (r − 1)},(∫ π

−π
∥X (θ)∥rp−var dθ

) 1
r

≤ Cp,r

(∫ π

−π
|f (θ)|r dθ

) 1
r

.

Thus, the partial sum process of L2 Fourier series has finite p-variation a.e., for any

p > 2. As a complement to [26], in [17], the authors proved that {log2 (n+ 1)} is a Weyl

multiplier for a.e. finite 2-variation of partial sum process of Fourier series.

We strengthen Menshov-Rademacher theorem by identifying {(log2 (n+ 1))2} as the
exact Weyl multiplier for the partial sum process to be a geometric 2-rough process, and

for Fourier series, the Weyl multiplier can be improved to {(log2 (n+ 1))}.

5.2 Geometric 2-rough path on [0,∞)

Before proceeding to our proofs, we recall (clarify) the definition of geometric 2-rough

path on [0,∞), following [20] with small modifications. (Rough paths on [0,∞) is just a

reparametrisation of rough paths on [0, 1]. See also Chapter 4.)

Notation 5.5 Denote △[0,∞) := {(s, t) |0 ≤ s ≤ t <∞}

In this chapter, intervals instead of points are used in definition of finite partition to

simply notations in our proof.

Definition 5.6 D = {[tj, tj+1]}n−1
j=0 is said to be a finite partition of [0, T ], if 0 = t0 <

t1 · · · < tn = T . Denote the set of finite partitions of [0, T ] as D[0,T ].
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Definition 5.7 (p-variation) Suppose (V , ∥·∥) is a Banach space, α : △[0,∞) → V is

jointly continuous satisfying α (t, t) = 0, ∀t ∈ [0,∞). Denote α ([s, t]) := α (s, t). Then

for p ∈ [1,∞), define the p-variation of α on [0,∞) as

∥α∥p−var,[0,∞) := lim
n→∞

∥α∥p−var,[0,n] := lim
n→∞

(
sup

{Ik}∈D[0,n]

∑
k

∥α (Ik)∥p
) 1

p

.

Continuous path γ on [0,∞) can be treated as a function γ̃ on △[0,∞) by setting

γ̃ (s, t) := γ (t)− γ (s), ∀ (s, t) ∈ △[0,∞).

Definition 5.8 path γ on [0,∞) is said to be of locally bounded variation if it is of

bounded variation on any finite interval.

Definition 5.9 Suppose γi : [0,∞) → (V , ∥·∥), i = 1, 2, are continuous and of locally

bounded variation. Then define the area produced by γ1 and γ2, A (γ1, γ2) : △[0,∞) →
[V ,V ] by setting

A (γ1, γ2) (s, t) :=
1

2

∫∫
s<u1<u2<t

[dγ1 (u1) , dγ2 (u2)] , ∀ (s, t) ∈ △[0,∞).

One can check that, if there exist c ∈ V and i = 1 or 2, such that γi (tk) = c on a

finite sequence of times 0 ≤ t0 ≤ t1 ≤ · · · ≤ tn <∞, then

A (γ1, γ2) (t0, tn) =
n−1∑
k=0

A (γ1, γ2) (tk, tk+1) . (5.6)

Definition 5.10 (area process) Suppose γ defined on [0,∞) is continuous and of lo-

cally bounded variation, then we call A (γ) := A (γ, γ) the area of γ.

Suppose X is a process indexed by [0,∞) such that X (ω) is of locally bounded variation

for every ω. Define the area process of X as (A (X)) (ω) := A (X (ω)).

One can verify that, for any 0 ≤ t1 ≤ t2 ≤ t3 <∞,

A (γ) (t1, t3)=A (γ) (t1, t2)+A (γ) (t2, t3)+
1

2
[γ (t2)−γ (t1) , γ (t3)−γ (t2)] , (5.7)

which is called multiplicativity of (γ,A (γ)).

(5.6) and (5.7) will be used in our proofs.

Definition 5.11 (geometric 2-rough path) Suppose (V , ∥·∥) is a Banach space. Γ :

△[0,∞) → V ⊕ [V ,V ] = (γ, α) is called a geometric 2-rough path, if there exists a sequence

of continuous bounded variation paths γn : [0,∞)→ V, n ≥ 1, s.t.

lim
n→∞

∥Γ− (γn, A (γn))∥G(2)

: = lim
n→∞

(
∥γ − γn∥

2
2−var,[0,∞) + ∥α− A (γn)∥1−var,[0,∞)

) 1
2
= 0.

We call ∥·∥G(2) the 2-rough norm. Here we define geometric 2-rough path in term of

Lie algebra, which is equivalent to the definition given in Chapter 4.

Definition 5.12 (geometric 2-rough process) (X,A) is called a geometric 2-rough

process if (X (ω) , A (ω)) is a geometric 2-rough path for almost every ω.
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5.3 Main Result

Suppose {un} is an orthonormal system in L2 and {cn} a sequence of numbers. Using

techniques in rough analysis (e.g. [21], [11], [24]), we proved:

Theorem 5.13 The partial sum process of
∑

n cnun, when enhanced by its area process,

is a geometric 2-rough process (denoted as X) for any {un} ∈ L2 and any {cn} sat-

isfying
∑∞

n=0 (log2 (n+ 1))2 |cn|2 < ∞. Moreover, log2 (n+ 1)2 can not be replaced by

o(log2 (n+ 1)2), and∫
Ω

∥X (ω)∥2G(2) µ (dω) ≤ 768
∞∑
n=0

(log2 (n+ 1))2 |cn|2 . (5.8)

That (log2(n + 1))2 can not be replaced by o((log2(n+ 1))2) follows from Menshov-

Rademacher theorem. It is an improvement of Menshov-Rademacher Theorem since

∥X (ω)∥∞−var ≤ ∥X (ω)∥G(2) , ∀ω.

Definition 5.14 {un} ∈ L2 is said to have the Hardy property with constant C, if for

any sequence of numbers {an}∞n=0 satisfying
∑∞

n=0 |an|
2 <∞,

∫
Ω

sup
0≤i≤j<∞

∥∥∥∥∥
j∑
k=i

akuk (ω)

∥∥∥∥∥
2

µ (dω) ≤ C

(
∞∑
n=0

|an|2
)
.

Theorem 5.15 Suppose {un} ∈ L2 has the Hardy property with constant C. Then,

for {cn} satisfying
∑

n log2 (n+ 1) |cn|2 < ∞, the partial sum process of
∑

n cnun, when

enhanced by its area process, is a geometric 2-rough process (denoted as X). Moreover,∫
Ω

∥X (ω)∥2G(2) µ (dω) ≤ (3580 + 40C)
∞∑
n=0

log2 (n+ 1) |cn|2 . (5.9)

Almost everywhere finiteness of 2-variation of the partial sum process in Theorem

5.13 and Theorem 5.15 are proved in [17]. Thus, since area vanishes if the orthonormal

system is one-dimensional, our result is an improvement only in multi-dimensional case.

Corollary 5.16 Suppose (Ω,F , P ) is a probability space, and ξn : (Ω,F , P )→ (V, ⟨·, ·⟩)
is an i.i.d. sequence satisfying E(ξn) = 0 and E ∥ξn∥

2 = 1. Then Theorem 5.15 applies

to {ξn}.

This corollary follows from Burkholder-Davis-Gundy inequality. Actually, based on

[28] and Thm 14.12 in [9], if {ξn} is an i.i.d. sequence taking value in Rd with zero mean

and unit variance, then for any p ≥ 1, p ̸= 2, there exists constant C(d, p) s.t. for any

{an} ∈ l(p∨2), (denote X as the partial sum process of
∑∞

n=0 anξn)

E
(
∥X∥2p−var,[0,∞)

)
≤ C(d, p)

(
∞∑
n=0

|an|2
)
∨

(
∞∑
n=0

|an|p
) 2

p

. (5.10)
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However, based on Donsker’s theorem, (5.10) can not be extended to p = 2. Indeed,

Qian [30] further proved that, if in addition {ξn} are of finite 2 + δ moment for δ > 0

and denote Xn as the partial sum process of n− 1
2

∑n
k=1 ξk, then there exists c > 0 s.t.

limn→∞ P
(
∥Xn∥22−var ≥ c ln lnn

)
= 1. It is not surprising if the Weyl multiplier on the

r.h.s. of (5.9) can be improved, with the best possible {ln lnn} based on Qian’s result.

Corollary 5.17 Theorem 5.15 holds for Fourier system, where log2 (n+ 1) in (5.9) can

not be replaced by o (log2 (n+ 1)).

This corollary follows from Carleson–Hunt’s inequality (5.5) (see also [8]) and Theorem

5.15. The lower bound, as indicated in [26] or [17], can be obtained in the case of de la

Vallée-Poussin kernel, or say, Dirichlet kernel.

5.4 Proof of Theorem 5.13 and Theorem 5.15

Definition 5.18 Denote the set of integers N := {0, 1, 2, . . . }. Interval I is said to be

an integer interval, if I = [m,n] for m ∈ N, n ∈ N, m < n.

If two intervals only intersect on their boundary, then we abuse the notion and label

them as “ disjoint ”.

Since the process we are considering is piecewise linear obtained by interpolating on

integers, we assume that all intervals in finite partitions are integer intervals, without

decreasing the 2-variation of the path, or 1-variation of the area. In the rest of this

section, unless otherwise specified, “ I is an interval ” means “ I is an integer interval ”.

Definition 5.19 Interval I is called a dyadic interval of level n ∈ N, if I = [k2n, (k + 1) 2n]

for some k ∈ N. Integer m is called a dyadic point of level n ∈ N, if m = k2n for some

k ∈ N.

Notation 5.20 For interval J , denote the level of biggest dyadic interval in J as n (J),

i.e. n (J) = max {level of dyadic interval I|I ⊆ J}. Similarly, for P ∈ N, denote N (P ) :=

max {n|P = k2n for n ∈ N, k ∈ N}.

Thus, 2n(J) ≤ |J |, so n (J) ≤ log2 |J |; N (0) =∞; N (m) ≥ 0, ∀m ∈ N.

Notation 5.21 Suppose J is a finite interval. Denote BJ as the set of dyadic intervals

in J , i.e. BJ := {I| interval I is dyadic, and I ⊆ J}, and Bj
J := {I|I ∈ BJ , n (I) = j}.

Then two properties of BJ(B
j
J).

(i) Suppose {Ik} ∈ DJ (i.e.{Ik} is a finite partition of interval J), then BIk1
∩BIk2

= ∅
when k1 ̸= k2, and

⊔kBIk ⊆ BJ . (5.11)

Similar result holds for Bj
J for any level j:

⊔kBj
Ik
⊆ Bj

J . (5.12)
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Proof. Only prove (5.11); (5.12) is similar. Ik ⊆ J so BIk ⊆ BJ . Ik1 and Ik2 are disjoint

when k1 ̸= k2, so BIk1
∩BIk2

= ∅.

(ii) Let X be the partial sum process of
∑∞

n=0 cnun. Then for any interval J ,∑
I∈BJ

∫
Ω

∥Xω (I)∥2 µ (dω) ≤ 2 log2 (|J |+ 1)
∑

k,[k−1,k]⊆J

|ck|2 . (5.13)

Proof. Since each [k − 1, k] ⊆ J can only be included in one dyadic interval of level j,

0 ≤ j ≤ n (J), so in ∪I {I|I ∈ BJ} (the union of all dyadic intervals in J), [k − 1, k] is

counted at most n (J) + 1 ≤ log2 |J | + 1 ≤ 2 log2 (|J |+ 1) times. While for any interval

I, ∫
Ω

∥Xω (I)∥2 µ (dω) =
∫
Ω

||
∑

k,[k−1,k]⊆I

ckuk (ω) ||2µ (dω) =
∑

k,[k−1,k]⊆I

|ck|2 ,

so sum over all dyadic intervals I in BJ ,∑
I∈BJ

∫
Ω

∥Xω (I)∥2 µ (dω) =
∑
I∈BJ

∑
k,[k−1,k]⊆I

|ck|2

=
∑

k,[k−1,k]⊆J

# {I| [k − 1, k] ⊆ I, I ∈ BJ} |ck|2

≤ 2 log2 (|J |+ 1)
∑

k,[k−1,k]⊆J

|ck|2 .

The following two Lemmas give a method of decomposing an interval as union of

dyadic intervals: each time, we cut out biggest dyadic interval available, and the number

of dyadic sub-intervals is bounded above by logarithm of the length of the interval. (The

decomposition is in the same spirit in Prop 4.1.1. in [21].)

Lemma 5.22 Suppose J is an interval with one boundary point a level n dyadic point

k2n, for some k ≥ 0, n ≥ 1, and |J | < 2n. Then, J can be decomposed as union of disjoint

dyadic intervals, in such a way that the level of dyadic intervals is strictly monotone with

respect to their position in J (strictly increasing when k2n is the right boundary point of

J ; strictly decreasing when k2n is the left boundary point of J).

Proof. Suppose k2n is the right boundary point of J (result for left boundary point can

be obtained by symmetry). Translate J by − (k − 1) 2n (translating J , |J | < 2n, by j2n,

j ∈ N, will not affect our conclusion) and assume J = [m, 2n] for some m ≥ 1. We use

mathematical induction on n. As a clear consequence of |J | < 2n, any dyadic interval in

J is of level strictly less than n.

When n = 1, since |J | < 2n, |J | = 1. Thus J itself is a 0 level interval.

Suppose the result is true for n = l, i.e. for any 1 ≤ m < 2l,
[
m, 2l

]
can be decomposed

as union of dyadic intervals such that their level is strictly increasing with respect to their

position in
[
m, 2l

]
. Then we will prove that the same statement holds when n = l + 1.
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Suppose J =
[
m, 2l+1

]
for some 1 ≤ m < 2l+1. If m < 2l, then according to inductive

hypothesis, there exists a dyadic partition of
[
m, 2l

]
= ∪kIk, such that the level of Ik is

strictly increasing. In that case, decompose
[
m, 2l+1

]
= ∪kIk ∪

[
2l, 2l+1

]
. Since each Ik

has level strictly less than l, ∪kIk ∪
[
2l, 2l+1

]
is still strictly increasing in their level. If

m = 2l, then J is itself a dyadic interval
[
2l, 2l+1

]
. If m > 2l, then by translation, use

inductive hypothesis on
[
m− 2l, 2l

]
, proof finishes.

Lemma 5.23 Suppose J is an interval, then there exists a decomposition of J as union

of disjoint dyadic intervals, in a way that there exists a point P in the dyadic partition,

such that N (P ) ≥ n (J) + 1, and to the left and right side of P , the level of dyadic

intervals is strictly decreasing. As a result, no more than two dyadic intervals of any

given level are included, and the number of dyadic intervals is bounded by 4 log2 (|J |+ 1).

Proof. Denote n0 := n (J) (the level of biggest dyadic interval in J). Then there exists

at least one dyadic interval of level n0 in J , and there can be two adjacent ones, but

there can not be more than two of them. If there are two n0 intervals, then they are

adjacent, because the gap between n0 intervals is a union of n0 intervals, so if there were

gap between them, there would be at least three consecutive n0 intervals in J (because

J is an interval, all intermediate intervals are also in J), thus two of them will constitute

a level n0 + 1 interval, contradicting with maximal assumption for n0. Same reasoning

applies that one can verify that there are no more than two n0 intervals in J . In this

way, we decompose J as union of three intervals: the interval to the left of n0 interval(s),

denoted as Il; n0 interval(s); the interval to the right of n0 interval(s), denoted as Ir.

We take Il as example. Suppose Il is not empty. According to the construction of

Il, it is an interval with right boundary point a n0 level dyadic point, and |Il| < 2n0

(otherwise Il contains an n0 interval—since it shares a n0 level dyadic point with the n0

interval(s)—contradicting with the construction of Il). Thus according to Lemma 5.22, Il
can be decomposed as union of dyadic intervals, whose level are less than n0, and strictly

increasing with respect to their position in Il. Same reasoning applies to Ir, i.e. Ir can

be decomposed as union of dyadic intervals of strictly decreasing level, with highest level

less than n0. Then we select P as one of the boundary points of n0 interval(s). If there

are two n0 intervals, then select P as the point which parts them. The reason that these

two n0 intervals do not constitute an n0 + 1 interval is that the point parting them is

a dyadic point of level n0 + 1, so N (P ) ≥ n (J) + 1. Otherwise there is only one n0

interval, denoted as [k2n0 , (k + 1) 2n0 ] (there are no more than two n0 intervals, as we

verified). If k is even, let P = k2n0 ; if k is odd, let P = (k + 1) 2n0 . Then 2n0+1|P ,
N (P ) ≥ n (J)+1. In this way, J is decomposed as disjoint union of dyadic intervals, s.t.

there exists point P ∈ J satisfying N (P ) ≥ n (J) + 1, and the level of dyadic intervals

is strictly decreasing from P to left and right. As a result, no more than two dyadic

intervals of any given level are included. Since 2n0 ≤ |J |, the number of dyadic intervals

is bounded by 2n0 + 2 ≤ 2 log2 |J |+ 2 ≤ 4 log2 (|J |+ 1).

Remark 5.24 Since the level of dyadic intervals to the left/right of P is strictly decreas-

ing and
∑n−1

k=0 2
k = 2n− 1 (thus one can not get new dyadic interval through union), one
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can check that, the decomposition will be the same, if one repeatedly cut out the biggest

dyadic interval available in J .

Definition 5.25 Suppose γ : [0,∞)→ (V , ∥·∥) is continuous, and {tn}∞n=0 is a sequence

of strictly increasing positive real numbers satisfying limn→∞ tn = +∞. Then we say γ1

is the piecewisely linear path which coincides with γ on {tn} and denote γ1 = L (γ, {tn}),
if γ1 (t) = γ (t0) on t ∈ [0, t0], and for any n ∈ N,

γ1 (t) =
tn+1 − t
tn+1 − tn

γ(tn) +
t− tn

tn+1 − tn
γ (tn+1) , t ∈ [tn, tn+1].

Suppose X is a continuous process indexed by [0,∞). Then we say X1 is the piece-

wisely linear process which coincides with X on {tn} and denoted as X1 = L (X, {tn}),
if for any ω ∈ Ω, X1 (ω) = L (X (ω) , {tn}).

Lemma 5.26 Suppose γ : [0,∞) → (V , ∥·∥) is a continuous path, and {tn}∞n=0 is a

sequence of strictly increasing positive numbers satisfying limn→∞ tn = +∞. Let γ1 =

L (γ, {tn}), then

∥γ∥22−var ≤ 3
(
∥γ∥22−var,[0,t0] +

∞∑
n=0

∥γ∥22−var,[tn,tn+1]
+
∥∥γ1∥∥2

2−var

)
,

Proof. For any finite interval [s, t] ⊂ [0,∞), if there exists k ≤ l, s.t. s < tk ≤ tl < t.

Then

∥γ (s, t)∥2 ≤ 3
(
∥γ (s, tk)∥2 + ∥γ (tk, tl)∥2 + ∥γ (tl, t)∥2

)
. (5.14)

In this way, we divide [s, t] into [s, tk] ∪ [tk, tl] ∪ [tl, t]. Therefore, for any N ≥ 1 and any

fixed finite partition {[sk, sk+1]}k ∈ D[0,tN ], apply (5.14) to each [sk, sk+1], sum over k,

∑
k

∥γ (sk, sk+1)∥2 ≤ 3
(
∥γ∥22−var,[0,t0] +

N−1∑
n=0

∥γ∥22−var,[tn,tn+1]
+
∥∥γ1∥∥2

2−var,[0,tN ]

)
.

Take supremum over all possible finite partitions of [0, tN ], and let N tends to infinity.

Lemma 5.27 Suppose γ, γ2 : [0,∞) → (V , ∥·∥) are of locally bounded variation, and

there exist c ∈ V and a sequence of positive strictly increasing numbers {tn}∞n=0 satisfying

limn→∞ tn = +∞, such that γ2 (tn) = c, ∀n ∈ N. Then if denote γ1 := γ − γ2, and

A := A (γ), A11 := A (γ1), we have

∥A∥1−var ≤ ∥A∥1−var,[0,t0] + 2 ∥γ∥22−var

+2
∞∑
n=0

∥A∥1−var,[tn,tn+1]
+ 2 sup

{nk}

∑
nk<nk+1

∥∥A11
(
tnk
, tnk+1

)∥∥ .
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Proof. We estimate ∥A∥1−var,[0,tN ], N ≥ 1, by inserting partition points {tn}N−1
n=0 into

any finite partition of [0, tN ]. Fix {[sk, sk+1]} ∈ D[0,tN ]. If there exist integers n1, n2, such

that sk < tn1 ≤ tn2 < sk+1. Then using multiplicativity,

∥A (sk, sk+1)∥
≤ ∥A (sk, tn1)∥+ ∥A (tn1 , tn2)∥+ ∥A (tn2 , sk+1)∥

+2 ∥γ (sk, tn1)∥
2 + 2 ∥γ (tn1 , tn2)∥

2 + 2 ∥γ (tn2 , sk+1)∥2

≤ ∥A (sk, tn1)∥+ ∥A (tn1 , tn2)∥+ ∥A (tn2 , sk+1)∥+ 2 ∥γ∥22−var,[sk,sk+1]
.

In this way, we cut out those big intervals [tn1 , tn2 ], n1 < n2, which have no partition

points, and divide [sk, sk+1] which contains one tn into [sk, tn]∪[tn, sk+1]. Therefore, apart

from intervals in the form [tn1 , tn2 ], we have three kinds of intervals: [sk1 , tn1 ], [tn2 , sk1+1]

and [sk2 , sk2+1], each of which is included in some [tn, tn+1]. Thus,

∥A∥1−var ≤ ∥A∥1−var,[0,t0] +
∞∑
n=0

∥A∥1−var,[tn,tn+1]
+ 2 ∥γ∥22−var (5.15)

+ sup
{nk}

∑
nk<nk+1

∥∥A (tnk
, tnk+1

)∥∥ .
Denote A11,c := A− A11. Since γ2 (tn) = c, ∀n ∈ N, using identity (5.6),

∥∥A11,c
(
tnk
, tnk+1

)∥∥ ≤ nk+1−1∑
k=nk

∥∥A11,c (tk, tk+1)
∥∥ .

Hence, sup
{nk}

∑
nk<nk+1

∥∥A11,c
(
tnk
, tnk+1

)∥∥ ≤ ∞∑
n=0

∥∥A11,c (tn, tn+1)
∥∥

≤
∞∑
n=0

∥A (tn, tn+1)∥+
∞∑
n=0

∥∥A11 (tn, tn+1)
∥∥ .

Therefore,

sup
{nk}

∑
nk<nk+1

∥∥A (tnk
, tnk+1

)∥∥
≤ sup

{nk}

∑
nk<nk+1

∥∥A11,c
(
tnk
, tnk+1

)∥∥+ sup
{nk}

∑
nk<nk+1

∥∥A11
(
tnk
, tnk+1

)∥∥
≤

∞∑
n=0

∥A (tn, tn+1)∥+
∞∑
n=0

∥∥A11 (tn, tn+1)
∥∥+ sup

{nk}

∑
nk<nk+1

∥∥A11
(
tnk
, tnk+1

)∥∥
≤

∞∑
n=0

∥A∥1−var,[tn,tn+1]
+ 2 sup

{nk}

∑
nk<nk+1

∥∥A11
(
tnk
, tnk+1

)∥∥ .
Combined with (5.15), proof finishes.

Corollary 5.28 Suppose X is a process defined on (Ω,F , µ) taking value in (V , ∥·∥), and
indexed by [0,∞). Further assume that Xω is of locally bounded variation for every ω, with
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area process A := A (X), and X1 = L (X, {tn}) (Definition 5.25) with A11 := A (X1).

Then if (X1, A11) is a geometric 2-rough process, we have (X,A) is a geometric 2-rough

process provided

∞∑
n=0

(
∥Xω∥22−var,[tn,tn+1]

+ ∥Aω∥1−var,[tn,tn+1]

)
<∞, a.e..

Moreover,∫
Ω

∥Xω∥22−var µ (dω) ≤ 3

∫
Ω

∥Xω∥22−var,[0,t0] µ (dω) (5.16)

+3
∞∑
n=0

∫
Ω

∥Xω∥22−var,[tn,tn+1]
µ (dω) + 3

∫
Ω

∥∥X1
ω

∥∥2
2−var µ (dω) ,

∫
Ω

∥Aω∥1−var µ (dω) ≤
∫
Ω

∥Aω∥1−var,[0,t0] µ (dω) + 2

∫
Ω

∥Xω∥22−var µ (dω) (5.17)

+2
∞∑
n=0

∫
Ω

∥Aω∥1−var,[tn,tn+1]
µ (dω) + 2

∫
Ω

∥∥A11
ω

∥∥
1−var µ (dω) .

Proof. Since Xω is of locally bounded variation for every ω, thus if (Xω, Aω) has finite

2-rough norm a.e., (X,A) is a geometric 2-rough process. X1 = L (X, {tn}), so for each

ω ∈ Ω, (Xω −X1
ω) (tn) = 0, ∀n ∈ N, and the rest of this corollary follows from Lemma

5.26 and Lemma 5.27.

The following Lemma works in the same spirit as the Lemma used in the proof of

Menshov-Rademacher theorem, but replace ∞-variation by 2-variation.

Lemma 5.29 Suppose X is the partial sum process of
∑n

k=0 cnun, then,∫
Ω

∥Xω∥22−var,[0,n] µ (dω) ≤ 8 (log2 (n+ 1))2
n∑
k=1

|ck|2 .

Proof. Suppose interval J ⊆ [0, n]. By Lemma 5.23, decompose J as union of disjoint

dyadic intervals, denote them as Ik, 1 ≤ k ≤ l, with l ≤ 4 log2 (|J |+ 1). BJ is the

set of dyadic intervals included in J (Notation 5.21). Ik are disjoint as k varies since

{Ik} is a finite partition of J , and each Ik is a member of BJ , so
∑l

k=1 ∥Xω (Ik)∥2 ≤∑
I∈BJ

∥Xω (I)∥2 for each ω ∈ Ω. Then using Cauchy-Schwarz inequality, we get

∥Xω (J)∥2 = ||
l∑

k=1

Xω (Ik) ||2 ≤ l
l∑

k=1

∥Xω (Ik)∥2 (5.18)

≤ 4 log2 (|J |+ 1)
l∑

k=1

∥Xω (Ik)∥2 ≤ 4 log2 (n+ 1)
∑
I∈BJ

∥Xω (I)∥2 .

Suppose {Ij} ∈ D[0,n] (the set of finite partitions of [0, n]). Use (5.18) for each Ij, and

⊔jBIj ⊆ B[0,n] (according to (5.11)),

∥Xω∥22−var,[0,n] = sup
{Ij}∈D[0,n]

∑
j

∥Xω (Ij)∥2 ≤ 4 log2 (n+ 1)
∑

I∈B[0,n]

∥Xω (I)∥2 .
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Integrate both sides, and use property at (5.13), i.e.
∑

I∈B[0,n]

∫
Ω
∥Xω (I)∥2 µ (dω) ≤

2 log2 (n+ 1)
∑n

k=1 |ck|
2, we get∫

Ω

∥Xω∥22−var,[0,n] µ (dω) ≤ 8 (log2 (n+ 1))2
n∑
k=1

|ck|2 .

This inequality is interesting when taking into account that: (p255[15]) there exists

c0 > 0 such that, for any n ≥ 1 there exists an orthonormal sequence {φk}
n
k=1 on (0, 1),

s.t. the partial sum process Xn of 1√
n

∑n
k=1 φk satisfies

P
(
∥Xn∥∞−var ≥ c0 log2 n

)
≥ 1

4
.

The following result is proved in [17], we put it here for completeness.

Lemma 5.30 The partial sum process of
∑

n cnun (denoted as X) is of finite 2-variation

a.e. for any orthonormal system {un} in L2 and any sequence of numbers {cn} sat-

isfying
∑

n (log2 (n+ 1))2 |cn|2 < ∞. Moreover, (log2 (n+ 1))2 can not be replaced by

o
(
(log2 (n+ 1))2

)
and∫

Ω

∥Xω∥22−var µ (dω) ≤ 36
∞∑
n=0

(log2 (n+ 1))2 |cn|2 . (5.19)

Proof. Since ∥Xω∥∞−var ≤ ∥Xω∥2−var, ∀ω ∈ Ω, based on Menshov-Rademacher Theo-

rem, we only have to prove (5.19). Define process X1 := L (X, {2n}), then according to

(5.16) in Corollary 5.28,∫
Ω

∥Xω∥22−var µ (dω) ≤ 3

∫
Ω

∥Xω∥22−var,[0,1] µ (dω) (5.20)

+3
∞∑
n=0

∫
Ω

∥Xω∥22−var,[2n,2n+1] µ (dω) + 3

∫
Ω

∥∥X1
ω

∥∥2
2−var µ (dω) .

While if denote f as the limit function (according to Menshov-Rademacher theorem,

f (ω) = limn→∞Xω (n) exists a.e., set f (ω) = 0 elsewhere), we have∫
Ω

∥∥X1
ω

∥∥2
2−var µ (dω) =

∫
Ω

sup
{mk}

∑
k

∥Xω (2
mk+1)−Xω (2

mk)∥2 µ (dω)

≤ 2

∫
Ω

∞∑
n=0

∥Xω (2
n)− f (ω)∥2 µ (dω) = 2

∞∑
n=0

∑
k≥2n+1

|ck|2

≤ 4
∞∑
n=2

(log2 (n+ 1))2 |cn|2 .

Combined with Lemma 5.29 for estimation of ∥Xω∥22−var,[2n,2n+1], n ≥ 0, and (5.20).

We will use Lemma 5.30 in the proof of Theorem 5.13.
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Proof of Theorem 5.13. Denote the partial sum process of
∑∞

n=0 cnun as X, and

A := A (X) as the area process of X. Since ∥Xω∥∞−var ≤ ∥Xω∥2−var, ∀ω ∈ Ω, so

based on Menshov-Rademacher Theorem(in p67), we only need to prove
∫
Ω
∥Xω∥22−var +

∥Aω∥1−var µ (dω) ≤ 768
∑∞

n=0 (log2 (n+ 1))2 |cn|2. While
∫
Ω
∥Xω∥22−var µ (dω) is done in

Lemma 5.30, so we concentrate on 1-variation of area. Denote X1 := L (X, {2n}) (Defi-
nition 5.25) and A11 := A (X1), then use (5.17) in Corollary 5.28:∫

Ω

∥Aω∥1−var µ (dω) ≤ 2

∫
Ω

∥Xω∥22−var µ (dω) +
∫
Ω

∥Aω∥1−var,[0,1] µ (dω) (5.21)

+2
∞∑
l=0

∫
Ω

∥Aω∥1−var,[2l,2l+1] µ (dω) + 2

∫
Ω

∥∥A11
ω

∥∥
1−var µ (dω) .

Since Xω is linear on [0, 1] and [1, 2], ∥Aω∥1−var,[0,1] = ∥Aω∥1−var,[1,2] = 0, ∀ω ∈ Ω. Thus,

we are done if we can prove∫
Ω

∥Aω∥1−var,[2l,2l+1] µ (dω) ≤ 10
2l+1∑

n=2l+1

(log2 (n+ 1))2 |cn|2 , ∀l ≥ 1 (5.22)

and ∫
Ω

∥∥A11
ω

∥∥
1−var µ (dω) ≤ 32π2

∞∑
n=0

(log2 (n+ 1))2 |cn|2 . (5.23)

(π2 ≤ 10, 2× 36 + 2× 10 + 2× 32π2 ≤ 732, 732 + 36 = 768.)

In the following, we do analysis for fixed ω ∈ Ω.

Using multiplicativity of (Xω, Aω) (identity (5.7) at p69), for any finite interval I and

any disjoint decomposition {I1, I2} ∈ DI , we have

∥Aω (I)∥ ≤ ∥Aω (I1)∥+ ∥Aω (I2)∥+ ∥Xω (I1)∥ ∥Xω (I2)∥ .

Therefore, for Aω on dyadic interval I = [m2n, (m+ 1) 2n+1], repeatedly bisecting I

down to 0 level dyadic intervals on which Xω is linear and the area vanishes, we get (BI

is the set of dyadic intervals included in I, Notation 5.21),

∥Aω (I)∥ =
∥∥Aω (m2n, (m+ 1) 2n+1

)∥∥ (5.24)

≤
n−1∑
j=0

2n−j−1∑
k=0

∥∥Xω

([
m2n + k2j,m2n + (k + 1) 2j

])∥∥2
≤

∑
I′∈BI\{I}

∥Xω (I
′)∥2 .

This estimation of Aω on dyadic intervals will be used repeatedly.

For interval J which is not dyadic, decomposing it as union of dyadic intervals {Ik}lk=1

by Lemma 5.23, then l ≤ 4 log2 (|J |+ 1). We estimate Aω (J) by successively removing

dyadic partition points from J . Suppose {Ik} are numbered that k 7→ Ik is increasing

from left to right of J , then the accumulated error incurred to ∥Aω (J)∥ from removing
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point between Ik and ∪lj=k+1Ij, 1 ≤ k ≤ l − 1, is bounded by

l−1∑
k=1

∥Xω (Ik)∥
∥∥Xω

(
∪lj=k+1Ij

)∥∥ ≤ l−1∑
k=1

(l − k) ∥Xω (Ik)∥2 (5.25)

+
l−1∑
k=1

l∑
j=k+1

∥Xω (Ij)∥2 ≤ l

l∑
k=1

∥Xω (Ik)∥2 ≤ 4 log2 (|J |+ 1)
l∑

k=1

∥Xω (Ik)∥2 .

After removing all dyadic partition points from J , we are left with area on Ik, 1 ≤ k ≤ l,

so

∥Aω (J)∥ ≤
l∑

k=1

∥Aω (Ik)∥+ 4 log2 (|J |+ 1)
l∑

k=1

∥Xω (Ik)∥2 .

While apply (5.24) to each Ik, and use ⊔lk=1 {Ik} ⊆ ⊔lk=1BIk ⊆ BJ (since Ik are dyadic

and {Ik}lk=1 is a finite partition of J , use (5.11)),

l∑
k=1

∥Aω (Ik)∥ ≤
l∑

k=1

∑
I∈BIk

∥Xω (I)∥2 ≤
∑
I∈BJ

∥Xω (I)∥2 .

Thus, ∥Aω (J)∥ ≤
∑
I∈BJ

∥Xω (I)∥2 + 4 log2 (|J |+ 1)
∑
I∈BJ

∥Xω (I)∥2 (5.26)

≤ 5 log2 (|J |+ 1)
∑
I∈BJ

∥Xω (I)∥2 .

Therefore, suppose {Ij} ∈ D[2l,2l+1], l ≥ 1, use (5.26) for each Ij, and ⊔jBIj ⊆
B[2l,2l+1],∑
j

∥Aω (Ij)∥ ≤
∑
j

5 log2 (|Ij|+ 1)
∑
I∈BIj

∥Xω (I)∥2 ≤ 5 log2
(
2l + 1

) ∑
I∈B

[2l,2l+1]

∥Xω (I)∥2 .

Taking supremum over all finite partitions,

∥Aω∥1−var,[2l,2l+1] = sup
{Ij}∈D[2l,2l+1]

∑
j

∥Aω (Ij)∥ ≤ 5 log2
(
2l + 1

) ∑
I∈B

[2l,2l+1]

∥Xω (I)∥2 .

Integrate both sides, use (5.13), i.e.

∑
I∈B

[2l,2l+1]

∫
Ω

∥Xω (I)∥2 µ (dω) ≤ 2 log2
(
2l + 1

) 2l+1∑
k=2l+1

|ck|2 ,

and log2
(
2l + 1

)
≤ log2 (k + 1) when k ∈

[
2l, 2l+1

]
, we get

∫
Ω

∥Aω∥1−var,[2l,2l+1] µ (dω) ≤ 10
2l+1∑

k=2l+1

(log2 (k + 1))2 |ck|2 . (5.27)
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Then, what left is the estimation of the long-time behavior, i.e.(5.23) about A11
ω :=

A (X1
ω). Since X

1 := L (X, {2n}), if denote

vn (ω) =
2n+1∑

k=2n+1

ckuk (ω)√∑2n+1

k=2n+1 |ck|
2
and bn =

√√√√ 2n+1∑
k=2n+1

|ck|2, (5.28)

then {vn} is an orthonormal system in L2, and X1 is the reparametrised partial sum

process of
∑

n bnvn.

Notation: Denote the partial sum process of
∑

n bnvn as Z, AZ := A (Z).

Since 1-variation is invariant under reparametrisation and

∞∑
n=1

n2 |bn|2 ≤
∞∑
n=0

(log2 (n+ 1))2 |cn|2 ,

so our aim is to prove
∫
Ω

∥∥AZω∥∥1−var µ (dω) ≤ 32π2
∑∞

n=1 n
2 |bn|2, which is actually a

modest version of our theorem.

Suppose J is an interval, we decompose J as union of dyadic intervals by Lemma 5.23

with small modifications: if [0, 2n], n ≥ 1, appear according to Lemma 5.23, decompose

it as [0, 1] ∪ ∪nk≥1

[
2k−1, 2k

]
, which does not affect the statement that there are no more

than two dyadic intervals of the same level in our decomposition for any level n ≥ 1, but

it does affect level 0 with one more possible copy. The reason is that, if the interval [0, 2n]

does appear in our decomposition, then it must be at the left most of some interval in

the finite partition. According to Lemma 5.23, in our decomposition, the level of dyadic

intervals is strictly decreasing from biggest dyadic interval(s) to left/right. Therefore,

since [0, 2n] is at the left most, replacing [0, 2n] by ∪nk≥1

[
2k−1, 2k

]
= [1, 2n] does not

affect the monotonicity of dyadic intervals (the level of
[
2k−1, 2k

]
, 1 ≤ k ≤ n, is strictly

increasing and less than n), thus does not affect the fact that there are no more than two

dyadic intervals of any given level. However, we are left with [0, 1], so one more possible

level 0 interval.

Having fixed the dyadic partition, we estimate
∥∥AZω (J)∥∥ for interval J by system-

atically removing dyadic partition points from J . We will first remove the point which

define the biggest dyadic subinterval, and kill subintervals level by level, from high to

low. We will not touch end points of dyadic intervals of certain level until all the dyadic

intervals of higher levels disappear. In this way, the bigger dyadic subintervals merge into

one, and absorb the smaller intervals as the process goes.

Denote the dyadic partition of J as {Ik}lk=1 (as we specified, [0, 2n], n ≥ 1, is not a

member of {Ik}).
For fixed k, 1 ≤ k ≤ l. If we remove one point which parts our merged big interval

Jk and dyadic interval Ik, then the change of area is bounded by

∥Zω (Jk)∥ ∥Zω (Ik)∥ ≤
1

2

(
∥Zω (Jk)∥2 + ∥Zω (Ik)∥2

)
. (5.29)
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Denote the level of Ik as n (Ik), then according to the way we remove points, Jk ⊆
∪i {Ii|Ii ∈ {Ik} , n (Ii) ≥ n (Ik)}. Use Hölder inequality,

∥Zω (Jk)∥2 ≤ 3

 ∑
j≥n(Ik)

1

(j + 1)2

 ∑
j≥n(Ik)

(j + 1)2
∑

n(Ii)=j

∥Zω (Ii)∥2
 ,

When we removed all dyadic partition points from J , Ii ∈ {Ik} is counted in ∪lk=1Jk at

most # {j|Ij ∈ {Ik} , n (Ij) ≤ n (Ii)} ≤ 2n (Ii) + 3 times, where we used the fact that

there are no more than two intervals of level n for any n ≥ 1, and no more than three

intervals of level 0. Therefore

l∑
k=1

∥Zω (Jk)∥2 (5.30)

≤ 3

(
∞∑
n=1

1

n2

)∑
j≥0

(j + 1)2
∑

n(Ii)=j

# {k|n (k) ≤ n (Ii)} ∥Zω (Ii)∥2


≤ π2

2

∑
j≥0

(j + 1)2 (2j + 3)
∑

n(Ii)=j

∥Zω (Ii)∥2 .

After removing all the partition points, combining the estimation of the AZω on dyadic

interval Ik (i.e.(5.24)), the error produced by removing points from dyadic partition

(i.e.(5.29) and (5.30)), we get

∥∥AZω (J)∥∥ ≤ l∑
k=1

∥∥AZω (Ik)∥∥+ 1

2

l∑
k=1

∥Zω (Ik)∥2 +
1

2

l∑
k=1

∥Zω (Jk)∥2 (5.31)

≤
l∑

k=1

∑
I∈BIk

\{Ik}

∥Zω (I)∥2 +
l∑

k=1

∥Zω (Ik)∥2

+
π2

4

∞∑
j=0

(j + 1)2 (2j + 3)
∑

n(Ii)=j

∥Zω (Ii)∥2

=
l∑

k=1

∑
I∈BIk

∥Zω (I)∥2 +
π2

2

∞∑
j=0

(j + 1)2
(
j +

3

2

) ∑
n(Ik)=j

∥Zω (Ik)∥2 ,

where {Ik} is are dyadic, so ⊔k (BIk\ {Ik}) ⊔k {Ik} = ⊔kBIk .

Recall Bj
J is the set of level j dyadic intervals included in J as defined in Notation

5.21 in p71, with property (5.12): If {Ik} is a finite partition of J , then for any level

j ≥ 0, ⊔kBj
Ik
⊆ Bj

J . Moreover, if Ik are all dyadic, then

{Ik|n (Ik) = j} ⊆ ⊔kBj
Ik
⊆ Bj

J . (5.32)

As we modified the dyadic partition of J , {Ik} does not include [0, 2j], j ≥ 1. Thus,

⊔kBIk does not include [0, 2j], j ≥ 1 (otherwise if [0, 2j], j ≥ 1, is included in BIk ,
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so [0, 2j] ⊆ Ik = [0, 2j
′
] for some j′ ≥ 1 (since Ik is dyadic), contradictory with our

modification). Then in addition to (5.32), we have

{Ik|n (Ik) = j} ⊆ ⊔kBj
Ik
⊆ Bj

J\{[0, 2
j]} when j ≥ 1.

Hence,
l∑

k=1

∑
I∈BIk

∥Zω (I)∥2 ≤
∑
I∈B0

J

∥Zω (I)∥2 +
∞∑
j=1

∑
I∈Bj

J\{[0,2j ]}

∥Zω (I)∥2 ,

and when j ≥ 1,
∑

n(Ik)=j

∥Zω (Ik)∥2 ≤
∑

I∈Bj
J\{[0,2j ]}

∥Zω (I)∥2 .

Continue with (5.31),

∥∥AZω (J)∥∥ ≤ (
3

4
π2 + 1

) ∑
I∈B0

J

∥Zω (I)∥2 (5.33)

+
∞∑
j=1

(
π2

2
(j + 1)2

(
j +

3

2

)
+ 1

) ∑
I∈Bj

J\{[0,2j ]}

∥Zω (I)∥2

≤ π2
∑
I∈B0

J

∥Zω (I)∥2 + π2

∞∑
j=1

(j + 1)3
∑

I∈Bj
J\{[0,2j ]}

∥Zω (I)∥2 .

where in the last step, when j ≥ 1, π
2

4
(j + 1)2 + 1 ≤ π2

2
(j + 1)2 ≤ π2

2
(j + 1)3.

Suppose {Im}Mm=1 ∈ D[0,2N ], apply (5.33) to each Im and use (property (5.12))

⊔mBj
Im
⊆ Bj

[0,2N ]
, 0 ≤ j ≤ N

(any dyadic interval in [0, 2N ] is of level less or equal to N),

M∑
m=1

∥∥AZω (Im)∥∥ ≤ π2

M∑
m=1

∑
I∈B0

Im

∥Zω (I)∥2 + π2

N∑
j=1

(j + 1)3
M∑
m=1

∑
I∈Bj

Im
\{[0,2j ]}

∥Zω (I)∥2

≤ π2
∑

I∈B0
[0,2N ]

∥Zω (I)∥2 + π2

N∑
j=1

(j + 1)3
∑

I∈Bj

[0,2N ]
\{[0,2j ]}

∥Zω (I)∥2

= π2 ∥Zω ([0, 1])∥2 + π2

N−1∑
j=0

(j + 1)3
2N−j−1∑
k=1

∥∥Zω ([k2j, (k + 1) 2j
])∥∥2 .

where B0
[0,2N ] = {[0, 1]}∪

{
B0

[0,2N ]\{[0, 1]}
}
. Take supremum over all finite partitions and

integrate ∫
Ω

∥∥AZω∥∥1−var,[0,2N ]
µ (dω) ≤ π2 |b1|2 + π2

N−1∑
j=0

(j + 1)3
2N∑

n=2j+1

|cn|2 .
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Take limit N →∞ and use Fatou’s Lemma,∫
Ω

∥∥A11
ω

∥∥
1−var µ (dω) =

∫
Ω

∥∥AZω∥∥1−var µ (dω) ≤ π2 |b1|2 + π2

∞∑
j=0

(j + 1)3
∑

n≥2j+1

|bn|2

= π2 |b1|2 + π2

∞∑
n=2

[log2(n−1)]∑
j=0

(j + 1)3

 |bn|2 .
When n ≥ 2, log2 (n− 1) + 1 ≤ 2 log2 n, and (log2 n)

4 ≤ 2n2, so
∑[log2(n−1)]

j=0 (j + 1)3 ≤
(log2 (n− 1) + 1)4 ≤ 16 (log2 n)

4 ≤ 32n2. Hence, using |bn|2 =
∑2n+1

k=2n+1 |ck|
2,∫

Ω

∥∥A11
ω

∥∥
1−var µ (dω) ≤ 32π2

∞∑
n=1

n2 |bn|2 ≤ 32π2

∞∑
n=0

(log2 (n+ 1))2 |cn|2 . (5.34)

Therefore, combine (5.21), (5.27), (5.34) and Lemma 5.30, use Fatou’s lemma, we get,∫
Ω

∥Aω∥1−var µ (dω) (5.35)

≤ 2
∞∑
n=1

∫
Ω

∥Aω∥1−var,[2n,2n+1] µ (dω) + 2

∫
Ω

∥∥A11
ω

∥∥
1−var + ∥Xω∥22−var µ (dω)

≤ 2
(
10 + 32π2 + 36

) ∞∑
n=0

(log2 (n+ 1))2 |cn|2 ≤ 732
∞∑
n=0

(log2 (n+ 1))2 |cn|2 .

As a result, we proved∫
Ω

∥Xω∥G(2) µ (dω) =

∫
Ω

∥Xω∥22−var µ (dω) +
∫
Ω

∥Aω∥1−var µ (dω)

≤ 768
∑
n

(log2 (n+ 1))2 |cn|2 .

Remark 5.31 Suppose Xω and Aω are as defined in the proof above. One can check that

for any (s, t) ∈ △[0,∞) and any ω ∈ Ω,

Aω (s, t) +
1

2
(Xω (t)−Xω (s))

⊗2

=
1

2

∫
s<u1<u2<t

dXω (u1)⊗ dXω (u2)− dXω (u2)⊗ dXω (u1)

+
1

2

∫
s<u1<u2<t

dXω (u1)⊗ dXω (u2) + dXω (u2)⊗ dXω (u1)

=

∫
s<u1<u2<t

dXω (u1)⊗ dXω (u2) :=

(∫
dXω ⊗ dXω

)
(s, t) ,

which is a function on △[0,∞), we call the “ second iterated integral ” of Xω. Thus∣∣∣∣∥Aω∥1−var − ∥∥∥∥∫ dXω ⊗ dXω

∥∥∥∥
1−var

∣∣∣∣ ≤ 1

2
∥Xω∥22−var .
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Therefore, use (5.35) in Theorem 5.13 and Lemma 5.30, we get∫
Ω

∥∥∥∥∫ dXω ⊗ dXω

∥∥∥∥
1−var

µ (dω) ≤ 750
∞∑
n=0

(log2 (n+ 1))2 |cn|2 .

Then {(log2 (n+ 1))2} is also a Weyl multiplier for the second iterated integral of partial

sum process to have finite variation a.e..

The following decomposition is used in Theorem 16 [17] to prove the first part of our

Theorem 5.15 (finiteness of 2-variation of partial sum process of Fourier series).

Lemma 5.32 Every non-dyadic interval J can be decomposed as disjoint union of two

intervals J = J1 ∪ J2, such that there exist two disjoint dyadic intervals I1 and I2,

satisfying J i ⊆ I i and |J i| > 1
2
|I i|, i = 1, 2.

Proof. First suppose that K is such an interval, that it can be decomposed as disjoint

union of dyadic intervals which are strictly monotone in their level, with biggest dyadic

interval In of level n. We want to find a dyadic interval I, s.t. K ⊆ I and |K| > 1
2
|I|.

If K = In, then In is the dyadic interval we want. If K ̸= In, then In is a strict

subset of K. Since the dyadic intervals in K are strictly monotone in their level, with

In of level n the biggest dyadic interval at one end, so K\In is an interval satisfying

|K\In| ≤
∑n−1

k=0 2
k = 2n − 1. Thus, since K\In shares a level n dyadic boundary point

with In, K\In is contained in another level n dyadic interval (denoted as I ′n). Therefore,

if In ∪ I ′n constitute a level n + 1 interval (denoted as In+1), then K is included In+1,

and |K| > |In| = 1
2
|In+1|. While the condition for In ∪ I ′n to constitute a level n + 1

dyadic interval is that the boundary point of In which it shares with K is a n + 1 level

dyadic point. Thus, if K satisfies C1: dyadic, or C2: (1) the level of dyadic intervals

changes monotonically, and (2) the boundary point which it shares with its biggest dyadic

subinterval (of level n) is not only a level n dyadic point, but also a level n + 1 dyadic

point. Then there exists a dyadic interval I, s.t. K ⊆ I and |K| > 1
2
|I|.

Suppose J is decomposed by Lemma 5.23, then we select a point in the dyadic partition

of J which part J1 and J2, such that J1 and J2 satisfy C1 or C2. According to Lemma

5.23, there exists a point P in the dyadic partition of J , s.t. N (P ) ≥ n (J) + 1, and the

level of dyadic interval to the left and right side of P is strictly decreasing. Thus, if P

divides J into two intervals with positive length, then we select P as the point parting J1

and J2 and both J1 and J2 satisfy C2(1) and C2(2). While if P is a boundary point of

J , then the level of dyadic intervals in J is already monotone. Denote the biggest dyadic

interval in J as In (of level n), and we select the other boundary point of In which divides

J into two intervals of positive length: In and J\In. In is dyadic so satisfies C1. J\In
is union of monotone dyadic intervals, so satisfies C2(1); the biggest dyadic interval in

J\In is of level less than n, but shares a level n boundary point with In, so J\In satisfies

C2(2).

Remark 5.33 As we selected, the point in J dividing J1 and J2 is one of the boundary

points of biggest dyadic sub-interval(s) of J , and the level of dyadic intervals is strictly

decreasing to left and right side of this point.
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Lemma 5.34 Suppose J is a finite non-dyadic interval. If we bisect J = J1∪J2 according

to Lemma 5.32, and continue to bisect non-dyadic J1 and/or J2, so on and so forth, until

all intervals left are dyadic. Then the dyadic intervals left constitute the dyadic partition

of J by Lemma 5.23.

Proof. Suppose the dyadic partition of J by Lemma 5.23 is {Ik}nk=1, where {Ik} are

numbered that k 7→ Ik is increasing from left to right of J . Denote P as the point

bisecting J = J1 ∪ J2 by Lemma 5.32. Based on Remark 5.33, P is one of the boundary

points of some Ik, 1 ≤ k ≤ n, and the level of dyadic intervals is strictly decreasing to the

left and right side of P . Since {Ik}nk=1 is a finite partition of J , J1 and J2 are union of Iks:

there existsm, 1 ≤ m ≤ n−1, such that J1 = ∪mk=1Ik and J
2 = ∪nk=m+1Ik. We continue to

bisect non-dyadic J1 and/or J2. Take J1 = ∪mk=1Ik for example. Since Ik, k = 1, 2, . . . ,m

are strictly increasing in their level, according to Lemma 5.32, bisecting J1 is to cut Im
out (the biggest dyadic subinterval). While J1\Im = ∪m−1

k=1 Ik is still composed of strictly

increasing dyadic subintervals, so bisecting J1\Im is to cut Im−1 out, so on and so forth.

In this way, bisecting J1 down to dyadic intervals, one gets back {Ik}mk=1. Similar is true

for J2. Thus, {Ik}mk=1∪{Ik}
n
k=m+1 = {Ik}

n
k=1 is the dyadic partition of J by Lemma 5.23.

Before proceeding to the proof of Theorem 5.15, we define B̃J for finite interval J as

the set of dyadic intervals which contain “ part ” of J .

Notation 5.35 Suppose J is a finite interval, denote

B̃J :=

{
I|I is dyadic, |I ∩ J | > 1

2
|I|
}
. (5.36)

Four properties of B̃J :

(i) BJ ⊆ B̃J .

Proof. Recall BJ is the set of dyadic intervals included in J . Suppose I ∈ BJ , then I is

dyadic and I ⊆ J , so |I ∩ J | = |I| > 1
2
|I|, I ∈ B̃J .

(ii) when J is dyadic, B̃J = BJ .

Proof. For two dyadic intervals, either one is wholly included in another, or they are

disjoint, bar boundary points. Thus, suppose J and I are dyadic intervals and |I ∩ J | > 0,

then either I ⊆ J , or J ⊂ I. If I ⊆ J , then I ∈ BJ ⊆ B̃J . If J ⊂ I, and I ∈ B̃J , then

|J | < |I| < 2 |I ∩ J | = 2 |J |, which is not possible since I and J are dyadic. Therefore,

when J is dyadic, B̃J is the set of dyadic intervals included in J , thus coincides with BJ .

(iii) If J ′ ⊆ J , then B̃J ′ ⊆ B̃J .

Proof. Suppose I ∈ B̃J ′ , then |I ∩ J | ≥ |I ∩ J ′| > 1
2
|I|, so I ∈ B̃J .
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(iv) Suppose {Ik} is a finite partition of J , then ⊔kB̃Ik ⊆ B̃J .

Proof. B̃Ik ⊆ B̃J is from (iii). If I ∈ B̃Ik1
∩ B̃Ik2

, k1 ̸= k2, then

|Ik1 ∩ Ik2 | ≥ |(I ∩ Ik1) ∩ (I ∩ Ik2)|
= |I ∩ Ik1 |+ |I ∩ Ik2| − |(I ∩ Ik1) ∪ (I ∩ Ik2)|

>
1

2
|I|+ 1

2
|I| − |I| = 0,

contradictory with that Ik are disjoint since {Ik} is a finite partition of J .

Proof of Theorem 5.15. Denote the partial sum process of
∑

n cnun as X, and

A := A (X). Denote X1 := L (X, {2n}) and A11 := A (X1). If let

vn (ω) =
2n+1∑

k=2n+1

ckuk (ω)√∑2n+1

k=2n+1 |ck|
2
, bn =

√√√√ 2n+1∑
k=2n+1

|ck|2,

then X1 is reparametrised partial sum process of
∑∞

n=0 bnvn. Since being geometric

rough process is invariant under reparametrisation, according to Theorem 5.13, X1 is a

geometric 2-rough process when
∑

n≥0 (log2(n+ 1))2 |bn|2 <∞. On the other hand, (use

(log2 (n+ 1))2 ≤ 2n, ∀n ∈ N)∑
n≥0

(log2 (n+ 1))2 |bn|2 ≤ 2
∑
n≥1

n |bn|2 ≤ 2
∑
n≥0

log2(n+ 1) |cn|2 .

Thus when
∑

n log2 (n+ 1) |cn|2 <∞, X1 is a geometric 2-rough process, and (according

to Lemma 5.30 and (5.35))∫
Ω

∥∥X1
ω

∥∥2
2−var µ (dω) ≤ 72

∞∑
n=0

log2 (n+ 1) |cn|2 , (5.37)∫
Ω

∥∥A11
ω

∥∥
1−var µ (dω) ≤ 1464

∞∑
n=0

log2 (n+ 1) |cn|2 .

Therefore, if we can prove that for any n ≥ 1,∫
Ω

∥Xω∥22−var,[2n,2n+1] µ (dω) ≤ 4C
2n+1∑

k=2n+1

log2 (k + 1) |ck|2 , (5.38)

∫
Ω

∥Aω∥1−var,[2n,2n+1] µ (dω) ≤ 2 (C + 1)
2n+1∑

k=2n+1

log2 (k + 1) |ck|2 .

Then according to Corollary 5.28 (in p75),∫
Ω

∥Xω∥22−var + ∥Aω∥1−var µ (dω)

≤ 9 |c1|2 + 9 |c2|2 +
∫
Ω

9
∥∥X1

ω

∥∥2
2−var + 2

∥∥A11
ω

∥∥
1−var µ (dω)

+
∞∑
n=1

∫
Ω

9 ∥Xω∥22−var,[2n,2n+1] + 2 ∥Aω∥1−var,[2n,2n+1] µ (dω) .
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Substitute in (5.37) and (5.38), we get∫
Ω

∥Xω∥22−var + ∥Aω∥1−var µ (dω) ≤ (3580 + 40C)
∞∑
n=0

log2 (n+ 1) |cn|2 ,

where 3580 + 40C = 9 × 72 + 2 × 1464 + 36C + 4 (1 + C). Thus, if the two inequali-

ties in (5.38) are true, then (X,A) is a geometric 2-rough process under the condition∑∞
n=0 log2 (n+ 1) |cn|2 <∞. Therefore, in the following, we concentrate on two inequal-

ities in (5.38).

Suppose we are working on [2n, 2n+1] for some fixed integer n ≥ 1.

For any fixed finite partition D = {[mk,mk+1]}k of [2n, 2n+1], denote the dyadic

intervals in D as {Ij} (i.e.[mk,mk+1] which are dyadic), denote the non-dyadic intervals in

D as {Jk}. Use Lemma 5.32 to bisect non-dyadic intervals: every Jk can be decomposed as

disjoint union of J1
k and J2

k , such that J1
k and J2

k are intervals of positive length, and there

exists two disjoint dyadic intervals I1k , I
2
k , satisfying J

i
k ⊆ I ik and |J ik| > 1

2
|I ik|, i = 1, 2. As

a result, when bisecting a set of disjoint non-dyadic intervals {Jk}, in the set of related

dyadic intervals {I1k , I2k}, each dyadic interval is counted at most once. (Otherwise, there

are two disjoint J ik share the same dyadic interval I, so there must be one J ik satisfies

|J ik| ≤ 1
2
|I|, contradicting with the selection of I.) Denote ∥X∥∞,I := supI′⊆I ∥X (I ′)∥.

Then, ∑
[mk,mk+1]∈D

∥Xω ([mk,mk+1])∥2 =
∑
k

∥Xω (Jk)∥2 +
∑
j

∥Xω (Ij)∥2 (5.39)

≤ 2
∑
k

(∥∥Xω

(
J1
k

)∥∥2 + ∥∥Xω

(
J2
k

)∥∥2)+∑
j

∥Xω (Ij)∥2

≤ 2
∑
k

(
∥Xω∥2∞,I1k

+ ∥Xω∥2∞,I2k

)
+
∑
j

∥Xω∥2∞,Ij
≤ 2

∑
I∈B[2n,2n+1]

∥Xω∥2∞,I ,

where we used that I1k , I
2
k and Ij are dyadic, and {I1k} ⊔ {I2k} ⊔ {Ij} ⊆ B[2n,2n+1]. That I

i
k

are different as k and i vary, as we stated, is because J ik are disjoint, thus there can not

be two J ik share the same I; while I ik differs from Ij is because if I ik = Ij for some i, j, k,

then J ik ⊆ I ik = Ij, so 0 < |J ik| = |J ik ∩ Ij| ≤ |Jk ∩ Ij|, contradicting with that Jk and

Ij are disjoint since they are elements of finite partition D. Thus, use (5.39) and take

supremum over all finite partitions of [2n, 2n+1], we get,

∥Xω∥22−var,[2n,2n+1] ≤ 2
∑

I∈B[2n,2n+1]

∥Xω∥2∞,I .

Using the assumption (Hardy property) that for any interval I,∫
Ω

∥Xω∥2∞,I µ (dω) ≤ C

∫
Ω

∥Xω (I)∥2 µ (dω)

and (5.13), i.e.

∑
I∈B[2n,2n+1]

∫
Ω

∥Xω (I)∥2 µ (dω) ≤ 2 log2 (2
n + 1)

2n+1∑
k=2n+1

|ck|2 ,
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we get, for any integer n,∫
Ω

∥Xω∥22−var,[2n,2n+1] µ (dω) ≤ 2

∫
Ω

∑
I∈B[2n,2n+1]

∥Xω∥2∞,I µ (dω) (5.40)

≤ 2C
∑

I∈B[2n,2n+1]

∫
Ω

∥Xω (I)∥2 µ (dω) ≤ 4C log2 (2
n + 1)

2n+1∑
k=2n+1

|ck|2

≤ 4C
2n+1∑

k=2n+1

log2 (k + 1) |ck|2 .

Then we estimate 1-variation of Aω on [2n, 2n+1]. On dyadic interval I ⊆ [2n, 2n+1],

use (5.24):

∥Aω (I)∥ ≤
∑

I′∈BI\{I}

∥Xω (I
′)∥2 . (5.41)

Suppose J ⊆ [2n, 2n+1] is a non-dyadic interval. Use Lemma 5.32 to bisect J = J1 ∪ J2,

with associated dyadic intervals I i, then |I i ∩ J | = |J i| > 1
2
|I i|. Thus I i ∈ B̃J (B̃J is

defined at (5.36)), and

∥Aω (J)∥ ≤
∥∥Aω (J1

)∥∥+ ∥∥Aω (J2
)∥∥+ ∥∥Xω

(
J1
)∥∥ ∥∥Xω

(
J2
)∥∥

≤
∥∥Aω (J1

)∥∥+ ∥∥Aω (J2
)∥∥+ ∥Xω∥2∞,I1 + ∥Xω∥2∞,I2 .

The bisecting process terminates if both J1 and J2 are dyadic, otherwise, continue to

bisect non-dyadic J1 and/or J2, so on and so forth, until all the intervals left are dyadic.

According to Lemma 5.34, all the dyadic intervals left constitute the dyadic partition of

J in Lemma 5.23.

The dyadic intervals, which are by-products of our sequence of bisections (e.g. I1 and

I2 from bisecting J), are elements of B̃J , because if dyadic interval I is obtained from

bisecting interval J ′ ⊆ J , then I ∈ B̃J ′ ⊆ B̃J (I ∈ B̃J ′ is the same reason as I1, I2 ∈ B̃J ;

B̃J ′ ⊆ B̃J is (iii) in p85). Moreover, these by-product dyadic intervals differ from one

another. Otherwise, suppose J (1) and J (2) are two different intervals generated in the

bisecting process, sharing the same dyadic interval I, i.e. J (i) ⊆ I, and
∣∣J (i)

∣∣ > 1
2
|I|,

then
∣∣J (1) ∩ J (2)

∣∣ > 0, and I is the smallest dyadic interval which includes J (1)(J (2)).

Since J (1) and J (2) are sub-intervals generated in the process of decomposing J , so if∣∣J (1) ∩ J (2)
∣∣ > 0, then one is wholly included in another. Thus, without loss of generality,

suppose J (2) ⊂ J (1), then J (2) is obtained from further bisecting J (1). When bisecting

J (1), according to Lemma 5.32, there exist two disjoint dyadic intervals I ′ and I ′′, s.t.∣∣J (1) ∩ I ′
∣∣ > 0,

∣∣J (1) ∩ I ′′
∣∣ > 0. Since J (2) is obtained from further bisecting J (1), so

without loss of generality, assume J (2) ⊆ I ′. As we denoted, I is the smallest dyadic

interval containing J (2), so I ⊆ I ′, while I is also the smallest dyadic interval containing

J (1), so J (1) ⊆ I, thus J (1) ⊆ I ′, contradictory with that I ′ and I ′′ are disjoint and∣∣J (1) ∩ I ′′
∣∣ > 0.
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Therefore, if denote the dyadic partition of J in Lemma 5.23 as ∪kIk, use the estima-

tion for Aω on dyadic intervals (i.e.(5.24)), we get∑
k

∥Aω (Ik)∥ ≤
∑
k

∑
I∈BIk

\{Ik}

∥Xω (I)∥2 ≤
∑
I∈BJ

∥Xω (I)∥2 .

Thus (all by-products dyadic intervals are elements of B̃J , and they are different from

one another),

∥Aω (J)∥≤
∑
k

∥Aω (Ik)∥+
∑
I∈B̃J .

∥Xω∥2∞,I≤
∑
I∈BJ

∥Xω (I)∥2+
∑
I∈B̃J

∥Xω∥2∞,I . (5.42)

Therefore, suppose {Ij} is a finite partition of [2n, 2n+1], combine estimation on dyadic

intervals(Ij ∈ B[2n,2n+1]) in (5.41) and on non-dyadic intervals(Ij /∈ B[2n,2n+1]) in (5.42),∑
j

∥Aω (Ij)∥

=
∑

j,Ij∈B[2n,2n+1]

∥Aω (Ij)∥+
∑

j,Ij /∈B[2n,2n+1]

∥Aω (Ij)∥

≤
∑

j,Ij∈B[2n,2n+1]

∑
I∈BIj

\{Ij}

∥Xω (I)∥2 +
∑

j,Ij /∈B[2n,2n+1]

(
∑
I∈BIj

∥Xω (I)∥2 +
∑
I∈B̃Ij

∥Xω∥2∞,I)

≤
∑
j

∑
I∈BIj

∥Xω (I)∥2 +
∑
j

∑
I∈B̃Ij

∥Xω∥2∞,I .

Use ⊔jBIj ⊆ B[2n,2n+1] (according to (5.11)), ⊔jB̃Ij ⊆ B̃[2n,2n+1] (according to (iv) in p86),

and B[2n,2n+1] = B̃[2n,2n+1] for dyadic interval [2n, 2n+1] (according to (ii) in p85), we get

∥Aω∥1−var,[2n,2n+1] = sup
{Ij}∈D[2n,2n+1]

∑
j

∥Aω (Ij)∥ ≤
∑

I∈B[2n,2n+1]

(
∥Xω (I)∥2 + ∥Xω∥2∞,I

)
.

Integrate both sides, use
∫
Ω
∥X∥2∞,I µ (dω) ≤ C

∫
Ω
∥X (I)∥2 µ (dω), and (5.13), i.e.

∑
I∈B[2n,2n+1]

∫
Ω

∥Xω (I)∥2 µ (dω) ≤ 2 log2 (2
n + 1)

2n+1∑
k=2n+1

|ck|2 ,

we get, for any n ≥ 1,∫
Ω

∥Aω∥1−var,[2n,2n+1] µ (dω) ≤ (1 + C)
∑

I∈B[2n,2n+1]

∫
Ω

∥Xω (I)∥2 µ (dω) (5.43)

≤ 2 (1 + C)
2n+1∑

k=2n+1

log2 (k + 1) |ck|2 .

Combined with reasoning at the beginning of the proof and (5.40).
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Chapter 6

Partial sum process of L2 Fourier
series

In this chapter, we mainly follow the content of [23].

In Chapter 5, {log2 (n+ 1)} is identified as a Weyl multiplier for the partial sum

process of L2 Fourier series to be a geometric rough process. More specifically, as stated

in Corollary 5.17, for any f ∈ L2
(
[−π, π],Rd

)
with Fourier coefficients {cn}, (denote X

as the partial sum process of the Fourier series of f),∫ π

−π
∥X (θ)∥2G(2) dθ ≤ (3580 + 40C0)

∞∑
n=0

log2 (n+ 1) |cn|2 , (6.1)

with C0 the constant in Carleson-Hunt inequality for L2 Fourier series. Moreover, in (6.1),

log2 (n+ 1) can not be replaced by o (log2 (n+ 1)), with lower bound given by Dirichlet

kernel.

It is interesting to know what does the decay condition
∑

n log2 (n+ 1) |cn|2 < ∞
imply about the regularity of the limit function f . For this reason, we define sobolev space

Hs
Log for s > 0, as the space of functions in L2

(
[−π, π] ,Rd

)
, whose Fourier coefficients

satisfy
∞∑
n=0

(log2 (n+ 1))2s |cn|2 <∞.

We establish the following identification of functions in Hs
Log (when s =

1
2
, the equiv-

alency is proved in Thm 4 [3]).

Theorem 6.1 For s ∈ (0,∞) and d ≥ 1, there exist constants 0 < ks ≤ Ks < ∞, such

that for any f ∈ L2
(
[−π, π] ,Rd

)
, with Fourier coefficients {cn},

if denote L :=

∫ π

−π

∫ π

−π

|f (u)− f (v)|2∣∣sin u−v
2

∣∣ (log2
π∣∣sin u−v

2

∣∣)2s−1dudv

and l :=
∞∑
n=0

(log2 (n+ 1))2s |cn|2 , then ksl ≤ L ≤ Ksl.
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Corollary 6.2 Suppose f : [−π, π]→ Rd satisfying∫ π

−π

∫ π

−π

|f (u)− f (v)|2∣∣sin u−v
2

∣∣ dudv <∞.

Then f is in L2, and the partial sum process of the Fourier series of f , when enhanced

by its area process, is a geometric 2-rough process (denoted as X). Moreover,∫ π

−π
∥X (θ)∥2G(2) dθ ≤ (3580 + 40C0) k

−1
1
2

∫ π

−π

∫ π

−π

|f (u)− f (v)|2∣∣sin u−v
2

∣∣ dudv,

where C0 is the constant in Carleson-Hunt inequality for L2 Fourier series and k 1
2
is

defined in Theorem 6.1.

This corollary follows trivially from Corollary 5.17 and Theorem 6.1.

Corollary 6.2 could be treated as a modest complement to [26], where the authors

proved the non-trivial result that, for any r > 1 and p > max{2, r/(r − 1)},∫ π

−π
∥X (θ)∥2p−var dθ ≤ Cr,p

∫ π

−π
|f (θ)|2 dθ.

However, although log2 (n+ 1) in (6.1) can not be replaced by o (log2 (n+ 1)), the

condition
∑

n log2 (n+ 1) |cn|2 <∞ is not necessary for the partial sum process of Fourier

series to be a geometric 2-rough process. In fact, we give a little stronger statement.

Example 6.3 Suppose {w (n)} is a Weyl multiplier that n 7→ w(n)

(log2 log2 n)
2 is strictly

increasing from some point on, and limn→∞
w(n)

(log2 log2 n)
2 = ∞. Then there exists a 2-

dimensional Fourier series
∑∞

n=1 cne
inθ, such that its partial sum process is a geometric

2-rough process, but
∑∞

n=1w (n) |cn|2 =∞.

The above example is 2-dimensional, so area is non-trivial.

One might be tempted to ask whether all L2 Fourier series have finite 2-variation a.e.,

which, however, is not true. It is proved in [10] that there exists a bounded function,

whose Fourier series has infinite 2-variation a.e.. Their proof relies on nontrivial estimates

on 2-variation of partial sum process of i.i.d. sequences in [30]. In this paper, we provide

a self-contained proof, where we use the upper semi-continuity of cumulative distribution

function of p-variation. This example is constructed without knowledge of [10], nor the

result in [30].

Example 6.4 There exists an L2 Fourier series whose partial sum process has infinite

2-variation almost everywhere.
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6.1 Sobolev spaces Hs
Log

In this section, we identify an equivalent norm on the space of functions whose Fourier

coefficients satisfy
∑

n (log2 (n+ 1))2s |cn|2 < ∞ for some s > 0. We also construct an

example to show that
∑

nw (n) |cn|2 < ∞ is not necessary for the partial sum process

of Fourier series to be a geometric 2-rough process, for any Weyl multiplier {w (n)}
increasing strictly faster than {(log2 log2 n)

2}.
Let Hδ be the sobolev space W δ,2. The fact that f : [−π, π]→ Rd belongs to Hδ for

some 0 < δ < 1, can be stated equivalently in the following two ways (Theorem 8.6 in

[16]):
∞∑
n=0

n2δ |cn|2 <∞, (6.2)

and ∫ π

−π

∫ π

−π

|f (u)− f (v)|2∣∣sin u−v
2

∣∣2δ+1
dudv <∞. (6.3)

with {cn} the Fourier coefficients of f (if f = (f1, f2, . . . , fd), then cn =
(
c1n, c

2
n, . . . , c

d
n

)
∈

R2d, with ckn =
∫ π
−π fk (θ) e

inθdθ). When δ = 0, the space defined by (6.3) is strictly

included in L2, which, as we will prove (also proved in Thm4 [3]), is equivalent to

∞∑
n=0

log2 (n+ 1) |cn|2 <∞.

To fit the framework of our theorems,

Definition 6.5 Define sobolev spaces Hs
Log, −∞ < s < ∞, as the linear space of Rd

valued functions on [−π, π] with finite the following norm:

∥f∥Log,s :=

(
∞∑
n=1

(log2 (n+ 1))2s |cn|2
) 1

2

, (6.4)

where {cn} are Fourier coefficients of f .

Similar to Hs, Hs
Log is a separable Hilbert space for any −∞ < s <∞, with trigono-

metric polynomials as a dense subset; H−s
Log is the dual space of Hs

Log; and H
q
Log can be

compactly embedded into Hp
Log for any q > p. Moreover, for the interpolation space(

Hp
Log, H

q
Log

)
θ,2

= Hr
Log, where r = (1− θ) p+ θq, Hölder inequality holds:

∥f∥Log,r ≤ ∥f∥
1−θ
Log,p ∥f∥

θ
Log,q .

All these properties can be proved as counterparts as those of Hδ (e.g. p108-p117, [16]).

As an example, the function

fs,ϵ (x) =
1

x
1
2

∣∣log2 x
2

∣∣s+ 1
2
∣∣log2 (2 ∣∣log2 x

2

∣∣)∣∣ 12+ϵ , x ∈ (0, 1) ,
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(according to Theorem 2.24 at p190 in Vol I [40]) belongs to Hs
Log when ϵ > 0, not belongs

to Hs
Log when ϵ ≤ 0.

Next, we prove that there exists an equivalent norm on Hs
Log as the one for Hs in

(6.3), which is inspired by Theorem 8.6 in [16].

Theorem 6.1 For 0 < s <∞ and d ≥ 1 , there exist constants 0 < ks ≤ Ks <∞, such

that for any f ∈ L2
(
[−π, π] ,Rd

)
with Fourier coefficients {cn},

if denote L (f) :=

∫ π

−π

∫ π

−π

|f (u)− f (v)|2∣∣sin u−v
2

∣∣ (log2
π∣∣sin u−v

2

∣∣)2s−1dudv (6.5)

and l (f) :=
∞∑
n=0

(log2 (n+ 1))2s |cn|2 , then ksl (f) ≤ L (f) ≤ Ksl (f) .

Proof. Fix s. Without loss of generality, we assume f is one-dimensional. Since trigono-

metric polynomials are dense in Hs
Log, we only prove the theorem for trigonometric poly-

nomials. One can verify that einx, n ∈ Z are orthogonal w.r.t. this inner product:

⟨f1, f2⟩ =
∫ π

−π

∫ π

−π

Re
(
(f1 (u)− f1 (v)) (f2 (u)− f2 (v))

)
∣∣sin u−v

2

∣∣ (log2
π∣∣sin u−v

2

∣∣)2s−1dudv.

Thus, the problem boils down to: for any s ∈ (0,∞), there exists integer Ns and constants

0 < bs ≤ Bs <∞, s.t. for any n ≥ Ns,

bs (log2 (πn))
2s ≤ Rs

n :=

∫ 1

0

sin2
(
1
2
πnt
)

t

∣∣∣∣log2 t2
∣∣∣∣2s−1

dt ≤ Bs (log2 (πn))
2s .

Denote

Rs
n =

∫ πn

0

sin2 1
2
t

t

∣∣∣∣log2 t2 − log2 (πn)

∣∣∣∣2s−1

dt =

∫ 2

0

+

∫ πn

2

:= Rs
1 (n) +Rs

2 (n) .

For Rs
1 (n),

Rs
1 (n)

(log2 (πn))
2s−1 =

∫ 2

0

sin2 1
2
t

t

∣∣∣∣ 1

log2 (πn)
log2

t

2
− 1

∣∣∣∣2s−1

dt.

When n ≥ 1,

1 ≤
∣∣∣∣ 1

log2 (πn)
log2

t

2
− 1

∣∣∣∣ ≤ 1 +

∣∣∣∣log2 t2
∣∣∣∣ when t ∈ (0, 2) .

Thus when s ≥ 1
2
,

0 <

∫ 2

0

sin2 1
2
t

t
dt ≤ Rs

1 (n)

(log2 (πn))
2s−1 ≤

∫ 2

0

sin2 1
2
t

t

(
1 +

∣∣∣∣log2 t2
∣∣∣∣)2s−1

dt <∞. (6.6)

When 0 < s < 1
2
, the upper bound and lower bound in (6.6) exchange. Thus, Rs

1 (n) ∼
(log2 (πn))

2s−1, and for any ϵ > 0, there exists Nϵ ≥ 1, s.t.

|Rs
1 (n)| ≤ ϵ (log2 (πn))

2s , ∀n ≥ Nϵ. (6.7)
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For Rs
2 (n),

Rs
2 (n)

(log2 (πn))
2s =

1

log2 (πn)

∫ πn

2

sin2 1
2
t

t

∣∣∣∣ 1

log2 (πn)
log2

t

2
− 1

∣∣∣∣2s−1

dt. (6.8)

For the lower bound: When 2 ≤ t ≤
√
nπ,

0 ≤ 1

log2 (πn)
log2

t

2
≤ 1

log2 (πn)

(
1

2
log2 n+ logs

π

2

)
≤ 1

2
,

so
1

2
≤
∣∣∣∣ 1

log2 (πn)
log2

t

2
− 1

∣∣∣∣ ≤ 1 when 2 ≤ t ≤
√
nπ.

Denote [
√
n ] as the integer part of

√
n, then when s ≥ 1

2
, n ≥ 1,

Rs
2 (n)

(log2 (πn))
2s ≥

1

22s−1 log2 (πn)

[
√
n ]−1∑
k=1

∫ (k+1)π

kπ

sin2 1
2
t

t
dt ≥ 1

22s log2 (πn)

[
√
n ]−1∑
k=1

1

k + 1
.

While

[
√
n ]−1∑
k=1

1

k + 1
=

[
√
n ]∑

k=1

1

k
− 1 ≥

∫ [
√
n ]+1

1

1

x
dx− 1 = ln

(
[
√
n ] + 1

)
− 1 ≥ 1

2
ln (n)− 1,

so for s ≥ 1
2
, when n ≥ [e4π] + 1, we have lnn−2

lnn+lnπ
≥ 1

2
, and

Rs
2 (n)

(log2 (πn))
2s ≥

ln 2 (lnn− 2)

22s+1 (lnn+ ln π)
≥ ln 2

22s+2
.

Similarly, for 0 < s < 1
2
, when n ≥ [e4π] + 1,

Rs
2 (n)

(log2 (πn))
2s ≥

ln 2

8
.

For the upper bound of
Rs

2(n)

(log2(πn))
2s , in (6.8) let y =

log2
t
2

log2(πn)
, then

Rs
2 (n)

(log2 (πn))
2s ≤ ln 2

∫ 1

0

sin2 ((πn)y) (1− y)2s−1 dy ≤ ln 2

∫ 1

0

(1− y)2s−1 dy1 =
ln 2

2s
.

Thus, when n ≥ [e4π] + 1,

ln 2

22(s∨
1
2
)+2

= min{ ln 2

22s+2
,
ln 2

8
} ≤ Rs

2 (n)

(log2 (πn))
2s ≤

ln 2

2s
.

Therefore, if for s > 0 let ϵ (s) = ln 2

22(s∨
1
2 )+3

, then according to (6.7), there exists integer

Nϵ(s) ≥ 1, s.t. for any n ≥ Nϵ(s), |Rs
1 (n)| ≤ ϵ (s) (log2 (πn))

2s. Thus, we get: for any

n ≥ Ns := max
{
Nϵ(s), [e

4π] + 1
}
,

ln 2

22(s∨
1
2
)+3
≤ Rs

n

(log2 (πn))
2s ≤

ln 2

2s
+

ln 2

22(s∨
1
2
)+3

,

where we used Rs
2 (n) − |Rs

1 (n)| ≤ Rs
n ≤ Rs

2 (n) + |Rs
1 (n)|. Combined with reasoning at

the beginning of the proof.
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Remark 6.6 Similarly, one can prove that there exist constants 0 < k < K < ∞, s.t.

for any f ∈ L2
(
[−π, π] ,Rd

)
,

k

∫ π

−π
|f (x)|2 dx ≤

∫ π

−π

∫ π

−π
|f (u)− f (v)|2 dudv ≤ K

∫ π

−π
|f (x)|2 dx.

Then
∫ π
−π

∫ π
−π |f (u)− f (v)|

2 dudv < ∞ iff f is in L2. Since
∣∣sin u−v

2

∣∣ ≤ 1, so from this

perspective, one can also get that∫ π

−π

∫ π

−π

|f (u)− f (v)|2∣∣sin u−v
2

∣∣ dudv <∞ =⇒ f is an L2 function.

Combine Theorem 6.1 with Corollary 5.17(in p71), we get that if∫ π

−π

∫ π

−π

|f (u)− f (v)|2∣∣sin u−v
2

∣∣ dudv <∞,

then f is in L2(also Remark 6.6), and the partial sum process of Fourier series of f is a

geometric 2-rough process (denoted as X). Moreover, there exists absolute constant C,∫ π

−π
∥X (θ)∥2G(2) dθ ≤ C

∫ π

−π

∫ π

−π

|f (u)− f (v)|2∣∣sin u−v
2

∣∣ dudv ∼
∞∑
n=0

log2 (n+ 1) |cn|2 (6.9)

However, although in (6.9) log2 (n+ 1) can not be replaced by o (log2 (n+ 1)), as we show

below, the Weyl multiplier {log2 (n+ 1)} is not necessary for the partial sum process of

Fourier series to be a geometric 2-rough process.

Example 6.7 There exists a 2-dimensional L2 Fourier series
∑∞

n=1 cne
inθ, s.t. its partial

sum process is a geometric 2-rough process, but
∑

n log2 (n+ 1) |cn|2 =∞.

The same example can be modified to any Weyl multiplier growing strictly faster than

{(log2 log2 n)
2}, as in Example 6.3 proved after this example.

Proof. Define

f (θ) =
∞∑
n=1

1

n2
n
2

2n+1∑
k=2n+1

eikθ, θ ∈ [0, 2π). (6.10)

Then |cn|2 ∼ n−1 (log2 n)
−2, so f is in L2 and

∑
n log2 (n+ 1) |cn|2 = ∞. Denote X as

the partial sum process of f , then

Xθ (k) =
ei(2

n+1)θ − ei(k+1)θ

n2
n
2 (1− eiθ)

+Xθ (2
n) , k = 2n + 1, . . . , 2n+1. (6.11)

Suppose X1 = L (X, {2n}). Then X1 can be enhanced into a geometric 2-rough process

(if denote vn = 2−
n
2

∑2n+1

k=2n+1 e
ikθ, then X1 is the reparametrised partial sum process of∑

n n
−1vn, and based on Theorem 5.13). Denote A := A (X) as the area process of X.

Based on Corollary 5.28(in p75), we are done if we can prove,

∞∑
n=1

(
∥Xθ∥22−var,[2n,2n+1] + ∥Aθ∥1−var,[2n,2n+1]

)
<∞ a.e.. (6.12)
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When θ = 0, ∥Xθ∥1−var = ∞, so (X0, A0) is not a geometric 2-rough path. In the

following, we prove that (6.12) holds for any θ ∈ (0, 2π). More specifically, we prove that,

for any θ ∈ (0, 2π), there exists constant Cθ, s.t.

∥Xθ∥22−var,[2n,2n+1] + ∥Aθ∥1−var,[2n,2n+1] ≤
Cθ
n2
,∀n ≥ max

{
log2(

2π

θ
), 1

}
.

We do analysis for fixed θ ∈ (0, 2π) and on fixed interval [2n, 2n+1] for integer n ≥
max{log2(2πθ ), 1}.

Denote N :=
[
2nθ
2π

]
(the integer part of 2nθ

2π
), so N ≥ 1 since n ≥ log2(

2π
θ
). Denote

tj :=
2jπ
θ

for j = 0, 1, . . . , N .

In (6.11) for fixed θ and fixed n: Xθ (2
n), n, 2

n
2 , 1− eiθ and ei(2n+1)θ are constants, so

denote

Ỹ (t) =

{
eitθ t ∈ [0, 2n]
ei2

nθ t ∈ (2n,∞)
and Y (t) =


Ỹ (t) t = 0, 1, . . . , 2n

linear elsewhere on [0, 2n]

Ỹ (2n) t ∈ (2n,∞)

.

First, we estimate 2-variation of Y . since ∥Y ∥22−var ≤ ∥Ỹ ∥22−var, suppose s < tj1 ≤
tj2 < t, then

∥Ỹ (s, t) ∥2 ≤ 2
(
∥Ỹ (s, tj1)∥2 + ∥Ỹ (tj2 , t)∥2

)
,

where Ỹ (tj1) = Ỹ (tj2). Thus, when N ≥ 1, using ∥Ỹ ∥22−var,[tj ,tj+1]
≤ ∥Ỹ ∥21−var,[tj ,tj+1]

=

4π2, j = 0, 1, . . . , N ,

∥Ỹ ∥22−var ≤ 2
N∑
j=0

∥Ỹ ∥22−var,[tj ,tj+1]
≤ 8π2 (N + 1) ≤ 16π2N. (6.13)

For area of Y , denote

Y1 (t) :=


Ỹ (t) t = 0, 1, . . . , 2n or t0, t1, . . . , tN
linear elsewhere on [0, 2n]

Ỹ (2n) t ∈ (2n,∞)

,

Y2 := Y − Y1.

Denote AY := A (Y ) and AY,2 := A (Y2). According to Lemma 5.27(at p74), since

Y1 (tj) = 1, j = 0, 1, . . . , N , we have (here t0 = 0)

∥AY ∥1−var ≤ 2∥Ỹ ∥22−var + 2
N∑
j=0

∥AY ∥1−var,[tj ,tj+1]
+ 2 sup

{mk}

∑
mk<mk+1

∥∥AY,2 (tmk
, tmk+1

)∥∥
(6.14)

where we used ∥Y ∥22−var ≤ ∥Ỹ ∥22−var.
First, we prove that, ∥AY ∥1−var,[tj ,tj+1]

≤ π2 + 2 ∥Y ∥22−var,[tj ,tj+1]
, j = 0, 1, . . . , N .

Denote

nj := [tj] (the integer part of tj). (6.15)
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Since tj+1−tj = 2π
θ
> 1, so nj1 ̸= nj2 when j1 ̸= j2, and nj+1 ≤ nj+1, j = 0, 1, . . . , N−1.

Using multiplicativity of (Y,AY ) at (5.7) and taking supremum over all integer finite

partitions, we get

∥AY ∥1−var,[tj ,tj+1]
≤ ∥AY ∥1−var,[nj+1,nj+1]

+ 2 ∥Y ∥22−var,[tj ,tj+1]
. (6.16)

On [nj + 1, nj+1] ⊆ [tj, tj+1]: If nj+1 = nj+1 or nj+2, then Y on [nj + 1, nj+1] is a point

or describes a cord of unit circle, so ∥AY ∥1−var,[nj+1,nj+1]
= 0; If nj+1 ≥ nj + 3, then Y

on [nj + 1, nj+1] — after connecting Y (nj+1) with Y (nj + 1) — draws a simple convex

polygon, with unit circle its circumcircle, so ∥AY ∥1−var,[nj+1,nj+1]
≤ π2. Combined with

(6.16),

∥AY ∥1−var,[tj ,tj+1]
≤ π2 + 2 ∥Y ∥22−var,[tj ,tj+1]

.

Thus, we have, when N ≥ 1, (use ∥Y ∥22−var ≤ ∥Ỹ ∥22−var and (6.13))

N∑
j=0

∥AY ∥1−var,[tj ,tj+1]
≤ π2 (N + 1) + 2∥Ỹ ∥22−var ≤ 34π2N. (6.17)

Therefore, what left in (6.14) is sup{mk}
∑

nk<nk+1

∥∥AY,2 (tmk
, tmk+1

)∥∥.
For ∥AY,2(tmk

, tmk+1
)∥, using multiplicativity and Y2 (nmk

+ 1) = Y2
(
nmk+1

)
,

∥AY,2(tmk
, tmk+1

)∥ ≤
∥∥AY,2 (nmk

+ 1, nmk+1

)∥∥ (6.18)

+2−1 ∥Y2 (nmk
+ 1)− Y2(tmk

)∥2 + 2−1∥Y2(tmk+1
)− Y2(nmk+1

)∥2.

For AY,2
(
nmk

+ 1, nmk+1

)
, since Y2 (k) = 0, k = 0, 1, . . . , 2n, use property (5.6) and that

Y2 can only be non-trivial on [nj, nj + 1],∥∥AY,2 (nmk
+ 1, nmk+1

)∥∥ ≤ ∑
j,[nj ,nj+1]⊆[nmk

+1,nmk+1
]

∥AY,2 (nj, nj + 1)∥ .

Since Y2 is linear on [nj, tj] and [tj, nj + 1] (nj1 ̸= nj2 when j1 ̸= j2),

∥AY,2 (nj, nj + 1)∥ ≤ 2−1 ∥Y2(tj)− Y2 (nj)∥2 + 2−1 ∥Y2 (nj + 1)− Y2(tj)∥2 .

Thus ∥∥AY,2 (nmk
+ 1, nmk+1

)∥∥ (6.19)

≤
mk+1−1∑
j=mk+1

2−1
(
∥Y2(tj)− Y2 (nj)∥2 + ∥Y2 (nj + 1)− Y2(tj)∥2

)
.

Combine (6.18) with (6.19),∥∥AY,2(tmk
, tmk+1

)
∥∥ (6.20)

≤ 2−1

mk+1−1∑
j=mk+1

(∥Y2(tj)− Y2 (nj)∥2 + ∥Y2 (nj + 1)− Y2(tj)∥2)

+2−1 ∥Y2(nmk
+ 1)− Y2(tmk

)∥2 + 2−1
∥∥Y2(tmk+1

)− Y2(nmk+1
)
∥∥2 .
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Thus, because Y2(tj) = Y (tj) − Y1(tj) = Y (tj) − 1, j = 0, . . . , N , and Y2 (k) = 0,

k = 0, 1, . . . , 2n, so use (6.20), we get

sup
{mk}

∑
k

∥∥AY,2(tmk
, tmk+1

)
∥∥ (6.21)

≤ 2−1

N∑
j=0

(
∥Y2(tj)− Y2 (nj)∥2 + ∥Y2 (nj + 1)− Y2(tj)∥2

)
=

N∑
j=0

∥Y (tj)− 1∥2 .

Since Y is linear on [nj, nj + 1], so there exists ρj ∈ [0, 1], s.t. Y (tj) = ρjY (nj) +(
1− ρj

)
Y (nj + 1). Hence

∥Y (tj)− 1∥2 =
∥∥ρj (Y (nj)− 1) +

(
1− ρj

)
(Y (nj + 1)− 1)

∥∥2 (6.22)

≤ ∥Y (nj)− 1∥2 + ∥Y (nj + 1)− 1∥2

= ∥Ỹ (tj)− Ỹ (nj)∥2 + ∥Ỹ (nj + 1)− Ỹ (tj)∥2,

where we used that Y coincides with Ỹ at integers, and Ỹ (tj) = 1. Therefore, combine

(6.21) and (6.22), we get

sup
{mk}

∑
k

∥AY,2(tmk
, tmk+1

)∥ (6.23)

≤
N∑
j=0

(
∥Ỹ (tj)− Ỹ (nj)∥2 + ∥Ỹ (nj + 1)− Ỹ (tj)∥2

)
≤ ∥Ỹ ∥22−var.

Therefore, when N ≥ 1, combine (6.14) and (6.23), we get

∥AY ∥1−var ≤ 2∥Ỹ ∥22−var + 2
N∑
j=0

∥AY ∥1−var,[tj ,tj+1]
+ 2 sup

{mk}

∑
k

∥∥AY,2(tmk
, tmk+1

)
∥∥

≤ 2
N∑
j=0

∥AY ∥1−var,[tj ,tj+1]
+ 4∥Ỹ ∥22−var.

Use ∥Ỹ ∥22−var ≤ 16π2N at (6.13) and
∑N

j=0 ∥AY ∥1−var,[tj ,tj+1]
≤ 34π2N at (6.17), we get

∥AY ∥1−var ≤ 132π2N. (6.24)

Finally, since

∥Xθ∥22−var,[2n,2n+1] =
1

4n22n sin2 θ
2

∥Y ∥22−var ≤
1

4n22n sin2 θ
2

∥Ỹ ∥22−var,

combined with ∥Ỹ ∥22−var ≤ 16π2N at (6.13) and N ≤ 2nθ
2π

,

∥Xθ∥22−var,[2n,2n+1] ≤
4π2N

n22n sin2 θ
2

≤ 2πθ

sin2 θ
2

1

n2
, ∀n ≥ max{log2(

2π

θ
), 1}.

Similarly, for area of Xθ on [2n, 2n+1], use (6.24),

∥Aθ∥1−var,[2n,2n+1] =
1

4n22n sin2 θ
2

∥AY ∥1−var ≤
33πθ

2 sin2 θ
2

1

n2
, ∀n ≥ max{log2(

2π

θ
), 1}.
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Therefore,

If for θ ∈ (0, 2π) , define Cθ =
37πθ

2 sin2 θ
2

, then

∥Xθ∥22−var,[2n,2n+1] + ∥Aθ∥1−var,[2n,2n+1] ≤
Cθ
n2

, ∀n ≥ max{log2(
2π

θ
), 1}. (6.25)

Combined with the remark at the beginning of this example.

Although in the example above, (Xθ, Aθ) is of finite 2-rough norm when θ ̸= 0, the

integration
∫
Ω
∥Xθ∥G(2) dθ is not finite, and the problem occurs at 0 or 2π, as one may

see. After some modifications, we can push the result a little bit further. The convergent

factor n−2 only appeared in (6.25), so one could modify the example to

∞∑
n=1

1

a
1
2 (n) 2

n
2

2n+1∑
k=2n+1

eikθ, (6.26)

for any positive {a (n)} satisfying
∑

1
a(n)

<∞. However, the long time behavior will then

cause a problem. Denote X1 as the piecewisely linear process which coincides with X at

{2n}. According to Theorem 5.13, we know that if
∑

n (log2 n)
2 /a (n) < ∞, then X1 is

a geometric 2-rough process, so it will not be a problem under that condition, while the

local regularity is controlled by (6.25). In that case, based on Corollary 5.28(in p75), the

partial sum process of (6.26) is a geometric 2-rough process. Therefore, we can generalize

Example 6.7:

Example 6.3 Suppose {w (n)} is a Weyl multiplier that n 7→ w(n)

(log2 log2 n)
2 is strictly

increasing from some point on and limn→∞
w(n)

(log2 log2 n)
2 = ∞. Then there exists a 2-

dimensional Fourier series
∑∞

n=1 cne
inθ, s.t. its partial sum process is a geometric 2-rough

process, but
∑

nw (n) |cn|2 =∞.

Proof. In light of Example 6.7, we only have to prove the statement for {w (n)} growing
slower than {log2 (n+ 1)}. Thus, assume limn→∞

w(2n+1)
w(2n)

= 1. According to the condition

of this example, assume N ≥ 2 is such an integer, that n 7→ w(2n)

(log2 n)
2 is strictly increasing

for all n ≥ N . Let r : [N − 1,∞) → R+ be a differentiable path satisfying r′ (t) ≥ 0 for

all t ≥ N − 1, and

r (n) =
w (2n)

(log2 n)
2 , n ≥ N , with r (N − 1) =

1

2
r (N) . (6.27)

Moreover, we assume,

r′ (n) =
r (n+ 1)− r (n− 1)

2
, n ≥ N , with r′+ (N − 1) =

1

2
r′ (N) . (6.28)

Such kind of function r exists: The problem boils down to, for fixed real numbers k > 0,

k1 > 0, k2 > 0, constructing a one dimensional non-decreasing differentiable function f ,

defined on [0, 1], satisfying f (0) = 0, f (1) = k, f ′
+ (0) = k0, f

′
− (1) = k1, and we further
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require that
∫ t
0
f ′ (s) ds = f (t), ∀t ∈ [0, 1]. Then f exists, if there exists a continuous

function ρ, defined on [0, 1], satisfying ρ (t) ≥ 0, ρ (0) = k0, ρ (1) = k1,
∫ 1

0
ρ (t) dt = k.

Such ρ clearly exists, so f (t) =
∫ t
0
ρ (s) ds satisfies the condition of f . Thus, we can

construct r by first setting its value at integers by (6.27) and (6.28), then on [n, n+ 1]

for integer n ≥ N − 1 use the construction of f as above. In this way, r is absolutely

continuous on any finite interval [a, b] ⊆ [N − 1,∞) (its derivative is continuous, so r is

Lipschitz on any finite interval), thus we have
∫ b
a
r′ (t) dt = r (b)−r (a). As an application,

use (6.28),

r′ (n) =
1

2

∫ n+1

n−1

r′ (t) dt. (6.29)

Let
1

a (n)
=

r′ (n)

r (n)
√

(log2 n)
2w (2n)

; define f (θ) :=
∞∑
n=N

1

a
1
2 (n) 2

n
2

2n+1∑
k=2n+1

eikθ.

Then since limn→∞
w(2n+1)
w(2n)

= 1, so limn→∞
r(n+1)
r(n)

= 1, and using (6.29),

∑
n≥N

(log2 n)
2

a (n)
=

∑
n≥N

(log2 n)
2 r′ (n)

r (n)
√
(log2 n)

2w (2n)
=
∑
n≥N

r′ (n)

(r (n))
3
2

∼
∑
n≥N

r′ (n)

(r (n+ 1))
3
2

≤ lim
M→∞

M∑
n=N

1

2

∫ n+1

n−1

r′

r
3
2

dt = lim
M→∞

∫ M+1

N−1

dr

r
3
2

=
2√

r (N − 1)
<∞.

Thus, by following exactly the same reasoning of Example 6.7, the partial sum process of

f is a geometric 2-rough process. On the other hand, since {w (n)} is non-decreasing, so

∑
n≥2N+1

w (n) |cn|2 ≥
∑
n≥N

(
2n+1∑

k=2n+1

|ck|2
)
w (2n) =

∑
n≥N

w (2n)

a (n)

=
∑
n≥N

r′ (n)√
r (n)

(6.29)

≥ lim
M→∞

M∑
n=N

1

2

∫ n+1

n

r′√
r
dt = lim

M→∞

1

2

∫ M+1

N

dr√
r
=∞.

6.2 L2 Fourier series with infinite 2-variation almost

everywhere

Before construction, we prove the upper semi-continuity of the cumulative distribution

function of p-variation.

Lemma 6.8 Suppose {Xn}∞n=1 and X are continuous processes, defined on probability

space (Ω,F , P ), taking value in Rd, and Xn converge to X in distribution as n tends to

infinity. Then for any p ≥ 1, C ≥ 0,

limn→∞P
(
∥Xn∥p−var ≤ C

)
≤ P

(
∥X∥p−var ≤ C

)
.
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Proof. C[0,∞), the space of continuous Rd-valued functions on [0,∞), is a complete,

separable metric space when equipped with the metric:

ρ (ω1, ω2) :=
∞∑
n=1

1

2n
max
0≤t≤n

(|ω1 (t)− ω2 (t)| ∧ 1) .

Xn and X are random variables taking values in (C[0,∞),B (C[0,∞))). According to

Skorohod’s theorem, there exists X̃n and X̃ on an auxiliary space, s.t. Xn
D
= X̃n , X

D
= X̃

, and X̃n converges to X̃ a.e.. Use Fatou’s lemma and lower semi-continuity of p-variation,

limn→∞P
(
∥Xn∥p−var > C

)
= limn→∞P

(∥∥∥X̃n

∥∥∥
p−var

> C

)
≥ P

(
limn→∞

{∥∥∥X̃n

∥∥∥
p−var

> C

})
= P

(
limn→∞

∥∥∥X̃n

∥∥∥
p−var

> C

)
≥ P

(∥∥∥X̃∥∥∥
p−var

> C

)
= P

(
∥X∥p−var > C

)
.

As a trivial Corollary, for any α > 0, p ≥ 1,

limn→∞E
(
∥Xn∥αp−var

)
≥ E

(
∥X∥αp−var

)
(6.30)

Corollary 6.9 Suppose Sk is the sum of first k terms of a sequence of i.i.d. random

variables with mean 0 and variance 1. Define ξn as the continuous process on [0, 1]

obtained by interpolating Sk/n
1
2 at k/n, k = 0, 1, . . . , n. Then for any C ≥ 0,

lim
n→∞

P
(
∥ξn∥2−var > C

)
= 1.

Proof. ξn converge in distribution to the Wiener process W , use Lemma 6.8 and that

Wiener process is of infinite 2-variation a.e., we get

limn→∞P
(
∥ξn∥2−var,[0,1] > C

)
≥ P

(
∥W∥2−var,[0,1] > C

)
= 1.

It is proved in [30] that there exists constant c > 0 s.t., if the i.i.d. random variables

have finite 2 + δ moment for some δ > 0, then limn→∞ P
(
∥ξn∥

2
2−var ≥ c ln lnn

)
= 1.

If we were working with Rademacher functions (rk (t) = sgn sin
(
2kπt

)
, t ∈ [0, 1], k ≥

1), the construction would be clearer, because rk are independent. Glue pieces of rescaled

random walks together, where each piece provides sufficiently large 2-variation, then a.e.

infinite 2-variation follows from Borel-Cantelli lemma. It is similar for Fourier series, only

that we pick out those trigonometric functions which resemble an i.i.d. sequence. (For

any m and n, e2πinθ and e2πimθ are never independent: suppose θ is uniformly distributed

on [0, 1], with a binary expansion
∑∞

k=1 θk2
−k, then both {nθ} and {mθ} – the fractional

part of nθ and mθ – depend on σ({θk}k≥K) for some K ≥ 1, comparing to Rademacher

system, which is independent because rk = −2θk + 1.) However, there are far more
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trigonometric sequences, which do not exhibit random behavior, but with a heavy L2 tail

and infinite 2-variation almost everywhere.

Suppose we have a sequence of integers

m1︷ ︸︸ ︷
n1, n1, . . . , n1, . . . ,

mk︷ ︸︸ ︷
nk, nk, . . . , nk, . . . where

nk, mk, k ≥ 1 are integers. Denote the partial sum of this sequence as s0 = 0, sk =∑k
j=1mjnj. Suppose θ is uniformly distributed on [0, 1], and θk is the kth digit of the

binary expansion of θ, i.e. θ =
∑∞

k=1 θk2
−k. One can check that {θk}k≥1 are i.i.d. random

variables satisfying P (θk = 1) = P (θk = 0) = 1
2
.

Definition 6.10 Define a sequence of random variables

ς
(nk)
i = cos

(
2π

nk∑
j=1

θsk−1+(i−1)nk+j

2j

)
, i = 1, 2, . . . ,mk, k ≥ 1, (6.31)

where mk, nk, sk, and θk are defined above.

{ς(nk)
i , 1 ≤ i ≤ mk, k ≥ 1} are independent with mean 0 variance 1

2
, and for each fixed

k, {ς(nk)
i , 1 ≤ i ≤ mk} are identically distributed. Moreover,∣∣∣ς(nk)

i − cos
(
2π2sk−1+(i−1)nkθ

)∣∣∣ ≤ π

2nk−1
. (6.32)

Suppose X and Y are respectively the partial sum process of

f (θ) =
∞∑
k=1

1

k
√
mk

mk∑
j=1

cos
(
2π2sk−1+(j−1)nkθ

)
and ς =

∞∑
k=1

1

k
√
mk

mk∑
j=1

ς
(nk)
j .

Then by showing that Y is of infinite 2-variation a.e., and choosing nk and mk to control

the cumulated error produced by (6.32), we can prove that X of infinite 2-variation

a.e.. However, the estimation in Example 6.4 (re-stated below) forces us to choose mk

before nk. Therefore, we need a result of uniform growth of 2-variation of random walks

produced by ς
(nk)
i for different ks.

Definition 6.11 Define Y n
m as the continuous process on [0, 1] obtained by interpolating∑k

i=1 ς
(n)
i /m

1
2 at k/m, k = 1, 2, . . . ,m, where ς

(n)
i , i = 1, 2, . . . ,m, are as defined in

(6.31).

Lemma 6.12 For any constant C ≥ 0,

limm→∞limn→∞P
(
∥Y n

m∥2−var > C
)
= 1.

Proof. Suppose {θi}mi=1 are independent random variables uniformly distributed on [0, 1],

and Ym the continuous process got by interpolating (
∑k

i=1 cos θi)/m
1
2 at k/m. Since

P (ς
(n)
i = cos(2πk2−n)) = 2−n, k = 0, . . . , 2n − 1, so ς

(n)
i converge to cos θi in distribution

as n → ∞. Noting that m is fixed, and ς
(n)
i , i = 1, 2, . . .m, are independent, so Y n

m

converge to Ym in distribution as n→∞. Use Lemma 6.8 and Corollary 6.9,

limm→∞limn→∞P
(
∥Y n

m∥2−var,[0,1] > C
)

≥ limm→∞P
(
∥Ym∥2−var,[0,1] > C

)
= 1.
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Now, we are prepared to construct our series.

Example 6.4 There exists an L2 Fourier series whose partial sum process has infinite

2-variation almost everywhere.

Proof. According to Lemma 6.12, there exists a sequence of integers, {Ms}s≥2, s.t.

∀m ≥Ms, ∃N (s,m), s.t. ∀n ≥ N (s,m),

P
(
∥Y n

m∥
2
2−var > s2

)
≥ 1

s
.

Set mk := max1≤s≤kMs. Choose {nk}∞k=1, s.t. nk ≥ N (k,mk), 2nk > k
√
mk, and

nk+1 > nk. Hence,

P
(∥∥Y nk

mk

∥∥2
2−var > k2

)
≥ 1

k
, and

∞∑
k=2

√
mk

k2nk
<∞.

Denote Y as the continuous process constructed on [0,∞) by patching up Y nk
mk
/k, k ≥ 2.

Then based on the elementary inequality: a2 ≥ b2/2−(a− b)2, we have: (X is the partial

sum process of corresponding Fourier series)

∥X∥22−var ≥
1

2
∥Y ∥22−var −

(
2π

∞∑
k=2

√
mk

k2nk

)2

≥ 1

2
∥Y ∥22−var − C.

Noting that Y nk
mk

, k ≥ 1, are independent, use Borel-Cantelli lemma,

P
(
∥X∥22−var =∞

)
≥ P

(
∥Y ∥22−var =∞

)
≥ P

(
limk→∞

{∥∥∥∥Y nk
mk

k

∥∥∥∥2
2−var

> 1

})
= 1.

In fact, the method above can be applied to all orthogonal systems in the form

{φ (nx)}n≥1, x ∈ [0, 1], where φ is an α-Hölder continuous function, 0 < α ≤ 1.
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[35] Weyl, H., Über die Konvergenz von Reihen, die nach Orthogonal funktionen

fortschreiten, Ann. Math. 67(2), 225-245, (1909).

[36] Wiener, N., The quadratic variation of a function and its Fourier coefficients. J.

Math. Phys. 3, 72-94, (1924).

[37] Yang, D., Notes on area operator, geometric 2-rough paths and Young integral when

p−1 + q−1 = 1, http://arxiv.org/abs/1204.0112, (2012).
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