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Abstract

We investigate the manifestation of strong electronic correlations in the quasiparticle
interference (QPI), arising from the scattering of conduction electrons from defects and
impurities in an otherwise translationally-invariant host. The QPI may be measured
experimentally as the Fourier transform of the spatial modulations in the host surface
density of states that result, which are mapped using a scanning tunnelling microscope.

We calculate the QPI for a range of physically relevant models, demonstrating the
effect of strong local electronic correlations arising in systems of magnetic impurities
adsorbed on the surface of non-interacting host systems. In the first instance the
effect of these magnetic impurities is modelled via the single Anderson impurity model,
treated via numerical renormalization group (NRG) calculations. The scattering
of conduction electrons, and hence the QPI, demonstrate an array of characteristic
signatures of the many-body state formed by the impurity, for example due to the
Kondo effect. The effect of multiple impurities on the QPI is also investigated, with
a numerically-exact treatment of the system of two Anderson impurities via state-of-
the-art NRG calculations. Inter-impurity interactions are found to result in additional
scattering channels and additional features in the QPI.

The QPI is then investigated for the layered transition metal oxide SroRuQOy, for
which strong interactions in the host conduction electrons give rise to an unconventional
triplet superconducting state at T, ~ 1.5K. The detailed mechanism for this super-
conductivity is still unknown, but electron-electron or electron-phonon interactions on
are believed to play a central role. We simulate the QPI in SroRuQOy4, employing an
effective parametrized model consisting of three conduction bands derived from the Ru
4d t9, orbitals that takes into account spin orbit coupling and the anisotropy of the
Ru ty, orbitals. Signatures of such interactions in the normal state are investigated
by comparing these model calculations to experimental results. We also calculate the
QPI in the superconducting state, and propose how experimental measurements may
provide direct evidence of the anisotropy and symmetry of the superconducting gap,

and thus offer insight into the pairing mechanism and the superconducting state.
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Chapter 1

Introduction

Strong correlations between electrons in condensed matter systems give rise to a
plethora of interesting phenomena, in which the collective behaviour of electrons does
not admit a complete description in terms of simple, single-particle states. As a result,
these systems are of fundamental scientific interest, and the theoretical treatment
of strong correlations in a variety of forms has been a central challenge for over
half a century. Experimental investigations have evolved from the observation and
measurement of such effects towards their manipulation and possible exploitation for
practical applications; a detailed understanding of the electronic states giving rise to
these effects is of great importance in order to harness them effectively.

In the past decade, for example, theoretical study of correlated magnetic systems
has informed the development of nanoscale spintronic devices. Similarly, progress in
understanding the mechanism of superconductivity in unconventional superconductors,
typically driven by electron-electron interactions, helps to direct the search for materials
displaying superconductivity at higher temperatures, but also sheds light on the
nature and properties of the superconducting state. The development of a theoretical
framework for the classification and understanding of the topological nature of electronic
states has perhaps had the most profound impact on the study of strongly-correlated
condensed matter electronic systems in recent years, with the proposal of topologically
non-trivial states arising due to strong correlations as the basis for quantum information
processing and computation. Accurate characterization of these states is therefore a
key goal of theoretical and experimental investigations in such exotic materials.

In this thesis, we investigate how the effects of strong correlations are manifest
in the scattering of electronic states from impurities, in particular considering the
resultant effect on the quasiparticle interference (QPI). The QPI depicts the magnitude

of this scattering in reciprocal space, as we explain briefly below, before a more



2 Introduction

detailed introduction in Chapter 2. The QPI is considered for several systems in
which electron-electron interactions affect significantly the physics, and we demonstrate
how these interactions impact on the QPI in each case. As a number of different
interacting systems are considered, the scope of the material covered in this thesis is
quite broad, touching on several different fields within condensed matter theory, and
thus several different bodies of literature. We therefore do not undertake a discussion
of the background material at the outset, but instead give a more detailed introduction
to the important concepts in each chapter. Here we provide an overview of the material
covered in the thesis, placed within the context of a more general investigation of the
QPI in strongly-correlated electronic systems.

The delocalized states of a translationally-invariant material are scattered by defects
that break the translational symmetry; the scattered states thus contain information
about both the nature of host material and the nature and distribution of defects
or impurities. The interference between these scattered states gives rise to spatial
fluctuations in the electronic density of states at the surface of the material, which
may be measured experimentally using a scanning tunnelling microscope (STM): the
Fourier transform of these spatially-mapped fluctuations yields the QPI. Chapter 2
serves as a detailed introduction to the QPI, presenting a formal derivation in terms
of the scattered electronic states of the host material, and comparing this with the
experimental protocol, and the commonly-used phenomenological interpretation of the
QPI that is pervasive throughout the literature. We demonstrate how the electronic
structure of both the host and the impurity (or impurities) enter the QPI. The presence
of electron-electron interactions between states of either the host or adsorbed impurities
is also considered; the detailed formulation is carried out for a non-interacting host
material with a single 2D conduction band in the first instance, but we subsequently
address the additional formalism in the case of correlated electronic states of the host
material. Moreover, we consider a range of complicating factors that are relevant in
the QPI for more realistic materials, including the presence of multiple conduction
bands and the effect of coupling between the surface electronic states and those of the
bulk for 3D host materials.

Magnetic atoms adsorbed on the surface of a host material provide a simple
realization of an interacting system for which the QPI may be calculated, and for which
experimental measurements are possible. Such systems are typically well-described by
quantum impurity models, which consist of a small subsystem of interacting degrees
of freedom coupled to a bath of non-interacting, delocalized electronic states. In

Chapter 3 we consider the QPI for magnetic adatom systems, focusing on the case of



a single magnetic impurity adsorbed on a range of representative host lattices. The
magnetic adatom is modelled as a single-level Anderson impurity model, for which the
electron-electron interaction term is an on-site Hubbard interaction. We demonstrate
that the scattering of conduction electrons and modulation of the density of states can
be expressed in terms of the impurity electron dynamics, calculated via the numerical
renormalization group (NRG) method. These quantities display clearly the effect of
many-body correlations (in this case due to the Kondo effect). In order to calculate the
spatial modulations of the density of states, the propagation of conduction electrons
in the absence of the impurity must also be known. In Appendix A we derive a
computationally-efficient method for the calculation of the lattice Green functions in
hypercubic tight binding models, which we use in Chapter 3 and throughout the thesis.

Chapter 4 studies the case of multiple magnetic impurities embedded on a metallic
host surface, described by multiple Anderson impurities. We begin by considering in
detail the two-impurity case, the Anderson Alexander model, as a minimal model dis-
playing inter-impurity interactions. A careful investigation of the Anderson Alexander
model is presented, demonstrating the interplay of intra- and inter-impurity correlations,
which give rise to a richer range of physics than the simpler single-impurity case. These
effects are shown to have a potentially profound impact on the scattering of conduction
electrons, and hence the QPI, giving rise to additional non-local scattering channels as
well as more complex local impurity electron dynamics — again, calculated using NRG.
Exact results for the AAM allow us to establish an effective range of inter-impurity
interactions in real space, beyond which impurities become essentially independent.
Using this information we establish a controlled “independent cluster approximation”
for the QPI in the experimentally-relevant many-impurity case, comparing with a
simpler independent impurity approximation, valid only in the dilute limit.

Having focused on the QPI in systems of interacting impurities embedded in hosts
with non-interacting conduction electron bands in Chapters 3 and 4, we turn our
attention in Chapter 5 to a material for which strong electronic correlations are of
fundamental importance in the electronic structure. In this chapter we study the QPI
for SroRuOy, a strongly-correlated transition metal oxide for which electron-electron
(and electron-phonon) interactions, the interplay of spin and orbital degrees of freedom,
and the presence of multiple conduction electron bands are all of vital importance for
the physics of the system. Of primary interest is the unconventional superconducting
state exhibited by SroRuOy4 below T, ~ 1.5K. Experimental evidence points to a
triplet superconducting state with a chiral, p-wave order parameter, which may also

be topologically non-trivial and thus be of interest for applications in topological
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quantum computation and information processing. However, the detailed nature of
the superconducting state and the underlying mechanism giving rise to it are still not
well understood. It is hoped that theoretical and experimental QPI measurements may
help to resolve the controversy surrounding the pairing mechanism, which is thought
to be driven by strong electron-electron interactions, themselves readily observed to
result in significant magnetic fluctuations in the normal state.

In the first instance, we study the QPI in the normal state of SroRuQO,, using
a non-interacting effective model, in order to interpret experimental measurements
carried out by collaborators. Careful account must be taken of the more complicated
nature of the material in comparison with the simpler, idealized hosts considered
in Chapters 3 and 4, including the multi-band structure of SroRuO,, the detailed
surface electronic structure of the surface compared to the bulk, and the nature of the
scattering from defects. As outlined previously in Chapter 2, these effects are expected
to have a significant qualitative impact on the QPI, and thus a detailed comparison
with experimental measurements requires a full consideration of these effects. By
examining the deviation of experimental measurements from the calculated QPI for
the non-interacting model, the effect of interactions on the electronic structure of the
conduction bands in the normal state is revealed. Furthermore, these interactions
are thought to be relevant for the superconducting pairing mechanism; measurements
of interactions in the normal state may therefore indirectly offer insight into the
superconducting state. We also calculate the QPI for the superconducting state, which
reflects the anisotropy in the magnitude of the superconducting gap around the Fermi
surface, directly related to the superconducting order parameter and thus indicative
of the pairing mechanism. Comparison of such calculations to future experimental
measurements may yield further information on the anisotropic superconducting gap
function and hence the pairing mechanism in SrosRuQOy, which may help to confirm or

refute the topologically non-trivial nature of the superconducting state.



Chapter 2

Imaging electron standing waves &

probing band structure via STM

In this chapter we present the basic theory behind the quasiparticle interference (QPI),
which is measured experimentally via scanning tunnelling microscopy (STM), where
it has largely been used to map the electronic structure of the host material under
study. However, this interpretation of the QPI, based on very basic phenomenological
arguments about the joint density of states detailed in Section 2.2, is greatly over-
simplified. We carefully examine the QPI from a more rigorous theoretical perspective,
demonstrating the pitfalls of the more simplistic approach, and attempt to develop
an intuitive physical picture of the processes giving rise to the QPI. In anticipation
of calculations in later chapters, we consider several important effects relevant to the

QPI in more complex systems in Sections 2.2 and 2.3.

2.1 Spectroscopic STM measurements &

Fourier transform STS

Since its development 35 years ago [22, 23|, the scanning tunnelling microscope
has provided scientists with a non-destructive technique to image surfaces and their
features directly at atomic resolution. The tunnelling current depends (via the electron
tunnelling amplitude) exponentially on the separation of STM tip and sample, and thus
STM measurements are extremely sensitive to the physical geometry of the surface;
by rastering the STM tip over the surface and adjusting the tip height to maintain
a constant tunnelling current (“constant-I mode”), the sample surface features are

mapped on the atomic scale. In addition, the electronic structure of the material is
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also critical in controlling tunnelling — STM measurements over adsorbed molecules
in constant-I mode may show an increase or a decrease in tip height [38, 25]. The
topographical maps generated by constant-I STM measurements in fact image the
local density of states (LDOS) of electrons at the surface.

Theoretical treatments of the tunnelling process demonstrate that, neglecting the
effects of the tunnelling matrix element and the tip density of states, the differential
conductance dI/dV at a given tip-sample bias voltage V' is proportional to the surface
LDOS at a particular energy, eV [192]. The complicating factors of tip-sample separa-
tion and bias may be partially mitigated by considering the normalized (dimensionless)
conductance (dI/dV')/(1/V') which more accurately reflects the sample LDOS [52, 25,
38]:

(%) (r) x p(ryw=c¢€V). (2.1)
Measuring the (normalized) conductance between tip and sample as a function of bias
voltage thus offers detailed spectroscopic information about the electronic state of the
sample surface with high spatial and energetic resolution. So-called scanning tunnelling
spectroscopy (STS) has been widely used to study the electronic structure of metallic
[93] and insulating materials [52], as well as that of adsorbed adatoms [118, 128, 129].

Mapping LDOS features in real space allows direct imaging of the quantum mechan-
ical interference caused by defects and impurities in the sample material. Such defects
break the translational symmetry of the underlying host, scattering conduction elec-
trons: the resultant interference between incoming and outgoing electron wavefunctions
gives rise to electronic “standing waves”, visible as spatial modulations in the LDOS
[42, 40]. The spatial structure of these modulations reflects the shape (and distribution)
of the scatter(s) in space as illustrated in Figure 2.1, reproduced from Ref. 41. A single
point defect (e.g. an adatom) gives a circular modulation in the LDOS, Figure 2.1 (left
panel), while more elaborately engineered structures can cause interference of scattered
electronic states, for example in the creation of confined wavefunctions in a “quantum
corral”, Figure 2.1 (right panel).

These spatial modulations in the LDOS, as measured by STS, contain information
not only about the nature and distribution of scatterers but also about the underlying

electronic states of the host material:

p(r,w) = —7'Im G(r,r,w +i0") = —7 7 'Im [GO + GOTGO] (r,r,w+i07), (2.2)
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Fig. 2.1 Constant-I images of electron standing waves due to Fe adatoms on Cu(111)
surface, which hosts a 2DEG-like surface band. Reproduced from Ref. 41. Left: Circular
standing waves due to scattering of surface electrons from a single Fe adatom. Right:
Interference of standing waves confined in a corral of 48 Fe adatoms

where G(r,r,w + i0") is the local retarded Green function of the host conduction
electrons (G° denotes the Green function for the free system, in the absence of scattering
centres). T is the t-matrix, which generically describes all effects of scattering due to
defects, including multiple scattering processes, and the effect of interactions [74]. As we
shall only consider retarded Green functions (and other quantities where appropriate)
in this thesis, we specify G(w) = G(w + i0") as implicit henceforth for notational
simplicity; on occasion, the (complex) frequency argument is stated explicitly where it
is appropriate and relevant. As such, measured LDOS maps can be thought of as the
outcome of an “in-situ scattering experiment”, in which both the scattering particles
and the scattering centres are investigated. The scattered particles are the states of
the clean (defect-free) host, which have well defined momentum due to translational
symmetry in the absence of defects. The spatial LDOS modulations therefore contain
scattering of amplitude and momenta characteristic of the underlying host material.
The Fourier transform of these modulations depicts the sum of all such scattering

events for a particular vector in momentum space, written generically as

pla,w) = e ™ p(ry,w) = p’(q,w) + Ap(q,w). (2.3a)
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Under the assumption of elastic scattering from defects,

Ap(qw) =—7""Im > AG(k k+q,w)
k

(2.3b)
=—7'Im > G'(k,w)T(k, k+q)G’(k +q,w),
k

where GO(k,k',w) = 8, 0G°(k,w) is the Green function in the basis of surface
momentum (eigen)states. A detailed derivation of Eq. 2.3 from Eq. 2.2 is given in
Chapter 3.

In Fourier transform STS (FT-STS) the power spectrum of such LDOS modulation
measurements is calculated. Examining Eq. 2.3, we see that this can be interpreted
physically in terms of (elastic) scattering between iso-energetic states across the
Brillouin zone of the underlying host. By analyzing the variation with energy and the
geometry of features in the quasiparticle interference (QPI), as measured by FT-STS,
it is therefore possible in principle to map the constant energy contours (CECs) of the
host at particular scanning energies, and hence the dispersion of electronic states.

Employed in this fashion, FT-STS is a complementary technique to ARPES, a
single-particle technique widely used to probe the momentum-resolved spectral function
of materials [131, 199]. I(k,w), the intensity of photoelectrons emitted at a given
momentum and for a specific incident photon energy £, = w+ Exg+ ¢, is proportional

to the spectral function
I(k,w) ~ f(w) x =7 'm G(k,w +i0") for w<0, (2.4)

where f(w) is the Fermi function, Fxg the emitted photoelectron kinetic energy, ¢
the work function, and w the binding energy of the displaced electron [46]. In direct
comparison with ARPES, FT-STS offers two key potential advantages: enhanced
energetic and momentum-space resolution of FT-STS measurements, and the ability
to map states below and above the Fermi level. However, the QPI is an intrinsically
two-particle phenomenon, and as already indicated is an information-rich measurement,
depending intimately on both the host electronic structure and that of the scattering
centre(s). As a result, significant care must be taken in the interpretation of FT-STS
measurements in terms of simplistic models, in order to avoid misconstruction of

observed results.
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2.2 Interpreting FT-STS measurements: QPI and

joint density of states

We have introduced FT-STS as a powerful experimental technique to investigate
the (surface) band structure of materials and the distribution of, and nature of
scattering from, defects/impurities. However, the two-particle nature of the QPI
process necessitates careful theoretical work to provide reasonable predictions and/or
interpretations, even for qualitative features observed in FT-STS [77].

Early investigations using F'T-STS approached the problem phenomenologically,
rationalizing the observed features in QPI intensity in terms of the “transition rate”
(via Fermi’s golden rule) of scattering between points on the CEC at a given energy

78, 183],

[Ap(a,w)| ~ D |T(k k +q)|p’(k,w)p’(k + q,w) . (2.5)

We assume that the scattering giving rise to QPI is local in space and s-wave in nature,
such that the ¢t-matrix is independent of momentum, 7'(k,k + q) = T. The QPI is
therefore related directly to the joint density of states (JDOS),

Ap(q,w) ~ [T|J(q,w),
where, J(q,w) is simply the autocorrelation of the Im G°(k,w), (2.6)

J(q,w) =" Im G°(k,w)lm G°(k + q,w),
k

noting that p°(k,w) = —7'Im G°(k,w + i07). Simplifying further within this
definition, specific pairs of points in k-space with large JDOS are therefore expected to
dominate the (Brillouin zone summed) JDOS [78, 204], leading to the assignment of
high-intensity features in the QPI as resulting from these individual scattering events.
Such rationale has proven at least partially successful in interpreting experimental
FT-STS results, for example Refs. 78, 183 and 184.

By comparison, Eq. 2.3, defining of QPI from a microscopic perspective, becomes

Ap(q,w) = =1 'Tm TA(q,w), with A(q,w) =) G(k,w)G(k+q,w), (2.7)
k
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under the assumption of local, s-wave scattering, and therefore
—mAp(q,w) =Re T (ZRe GOk, w)Im G°(k + q,w)
Kk

+ ) Im G°(k,w)Re G°(k +q, w)>
k (2.8)
+Im T (Z Re G°(k,w)Re G°(k + q,w)

=Y Im G°(k,w)Im G°(k + q,w)) :

Comparing Eq. 2.6 with Eq. 2.8, it is clear that the phenomenological JDOS calcula-
tion, while superficially similar to the full QPI calculation, has no direct correspondence.
The QPI depends on the complex response function A(q,w) and complex scattering
t-matrix 7', while the JDOS approximates the experimentally-measured FT-STS in
terms of the product of two real quantities, the JDOS J(q,w) and the magnitude of
the scattering t-matrix, |T'|. Eq. 2.8 demonstrates clearly how the scattering phase
shift, arg(T"), directly impacts on the QPI as observed by FT-STS. In the case of
magnetic impurities considered in Chapters 3 and 4, a dynamic t-matrix, varying in
both magnitude and phase, arises due to electronic correlations on the impurity site,
affecting the resultant QPI. The incompleteness of the JDOS interpretation leads in
some cases to the absence of features in the QPI as predicted by the JDOS, termed “QPI
extinction” [199]. Such “extinctions”, which are the result of destructive interference
between different scattering contributions in the terms of Eq. 2.8, can have a profound
impact upon theoretical predictions of QPI signatures expected in experiment; for
example, the absence of (JDOS-predicted) features in the QPI due to intra-Fermi-arc
scattering in Weyl semi metals, demonstrated in Ref. 140.

Despite the deficiency of the JDOS approximation, the simplicity of the theoretical
framework and directness of the approach compared to the full treatment of the QPI
allows the interpretation of the QPI as directly mapping features of CECs in the host
band structure, as we demonstrate in Sec. 2.2.1. We seek, therefore, both to understand
the features in the JDOS and to develop a deeper understanding of the commonality
between the JDOS and the QPI. In particular, we develop careful arguments about
when the JDOS may share common features with the QPI measured by STS, and
under what requirements for the physical system, beyond the previously discussed

restrictions on the form of the scattering ¢-matrix.
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2.2.1 Generalized joint density of states

Comparison of Egs. 2.6 and 2.8 has shown that the relationship between the QPI and
the JDOS is at best qualitative, even in the simple case of local, s-wave scattering due to
impurities — differing, for example, in the effect of the scattering phase shift on each. To
make more rigorous the connection between the two quantities, further approximation
must be made. In the case of a purely imaginary t-matrix, corresponding to resonant
scattering from a single bound state, Eq. 2.7 simplifies to Ap(q,w) ~ |T'|Re A(q,w),
while a purely real t-matrix, corresponding to weak scattering (in the Born limit) of
magnitude vy, leads to Ap(q,w) ~ vgIm A(q,w).
We introduce the “generalized JDOS” (GJDOS),

R(q,w) =Y Im G°(k,w) x G’k + q,w), (2.9)

the real and imaginary parts of which are related to the QPI in the weak and bound-
state scattering limits (respectively) presented above. In the bound-state-scattering

case, the QPI is given by
Ap(q,w) ~ |T| (Z Re G°(k,w) Re G°(k + q,w) — Im R(q,w)) ) (2.10a)
Kk

ie. J(q,w) =Im R(q,w), while in the weak-scattering case, under the condition of

centrosymmetric G°(k,w),
Ap(q,w) ~2|T| Re R(q,w), (2.10b)

such that Im A(q,w) = 2Re R(q,w).

In order to illustrate clearly the basic framework within which the GJDOS (and
QPI) should be interpreted in the first instance, we consider a minimal model for the
host material, described by a single, non-interacting 2D band of conduction electrons
with a generic dispersion, ¢, such that G°(k, z) = (z — e)~!. States of momentum
k = (k;, ky) are thus well-defined quasiparticles of a particular energy and with infinite
lifetime. The GJDOS is thus

4 d*k 0
R(q,w)=—m —(w — )G (k+ q,w)

it (2.11)

— (wp) [ (P( ! ) —iwlé(w—ekm)) :

ac | V| W — €xiq
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where ¢y is the CEC at energy w, defined by w — €x = 0, along which the line integral
is performed. It is convenient to parametrize ¢ (whose length is L. ) such that
k(s) = (kz(s), ky(s)), where k, ,(s) are regular functions and s € [0, 1),

1
R(q,w) = / — im0 (w — €xs . (212
@)= [t (P ) i) - 212

The CEC ¢ may consist of a single, continuous curve, or be defined in terms of several

disconnected sections; the parametrization of ¢y is piecewise in this case, but the
following analysis is not affected.
Only points, ko, which lie on both the CEC ¢k and cxiq contribute to Im R(q, w),

simultaneously satisfying
w—e€g, =0 and w —ex4q=0. (2.13)

In order to evaluate the contribution to Im R(q,w) of each point ko, the function eyxq
must be expanded along the CEC ¢y around ko = k(sg). Expanding to second order

in s, the curve parameter,

dEk s)+ d2€k s)+ (8 — 80)2
€k(s)+q = €k(so)+q + <d(8)q> (S — 30) + (d;;q T + ...
§=S0 s$=50 :

(2.14)
where
dex = Ve - dk + ;!dkT(VVTek)dk +... (2.15a)
and
dk = T'(s)ds + ln( )N(s)ds®+ ..., (2.15b)

21

where T'(s), N(s) and (s) are the tangent and normal vectors to and the curvature

of ¢ at k(s) respectively. It follows therefore that

dek(s)-i-q

ds Vex(s)ra  1'(s), (2.16a)
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Fig. 2.2 Illustration of JDOS calculation for the single-site 2D square lattice tight-
binding model considered in detail in Chapter 3, ¢, = —2t(cos(a0k:x) + cos(aoky)),
at w = —t. Intersections of CECs cx and cyxiq defined by ey and ey q for a given q
are found and the vector product of the two group velocities Ve, on each CEC are
evaluated. Left, —apq/m = (0.2,0.3): ¢k and cxiq cross at two intersection points with
non-collinear group velocities, giving a finite JDOS. Right, —aoq/m ~ (0.8,0.8): ¢
and ciyq touch at a single intersection point such that group velocities are antiparallel
and JDOS diverges.

and

d2€k(s)+q

ds? = H(S)VEk(s)_,_q . ]\7(3) + T(S)T(VVTEk(S)_,_q)T(S) . (2.16b)

The imaginary part of the integrand in Eq. 2.12 therefore becomes

1
|Ver(s)ra - T(s)|

5w = xgoa) = = 2 ( ) (s — 0): (2.17)

Tk(so) is perpendicular to Vey(,) by definition, so that

1
Im R E .
m <q’ 7T2QBZ Ko |V€k0 X V6k0+q’

(2.18)

For an ideal 2D system, therefore, contributions to the JDOS (Im R(q,w)) are given
from the cross product of the group velocity at pairs of points in k-space separated
by q which both satisfy w — ¢, = 0 — or, equivalently, the intersection points of the

CECs ¢k and ¢k q, as illustrated in Fig. 2.2 (left panel). Such a contribution is clearly



14 Imaging electron standing waves & probing band structure via STM

divergent when k or ko + q lies on a critical point (|Vex| = 0), accompanied by a van
Hove singularity; however, there is also a divergence if the two group velocities are

collinear, such that
\Vek X V€k+q| =0. (219)

This is realized at specific points (qq,; ) where ¢ and ¢, touch (rather than crossing) at
one or more points in k-space, equivalent to Vek0+q~Tk0 = 0 in Eq. 2.16a. Consequently
the expansion in ey q along the CEC ¢y around ky must be carried out to second order
for such points in order to determine the asymptotic form of J(q,w) as q — Q-

For a centrosymmetric system, €, = €_y, the group velocity is necessarily antisym-
metric with respect to inversion — and thus antiparallel for pairs of points k and —k.
Points on ¢y related by inversion therefore satisfy Eq. 2.19, and the JDOS diverges at
q = 2k for all points on the CEC. The JDOS, therefore, directly maps the CEC at
a given energy as lines of divergence in k-space, in close analogy to ARPES (which
measures the momentum-resolved spectral function directly).

Interpreting the QPI directly in terms of the JDOS has lead to the widespread
use of QPI in mapping the fermiology and dispersion of unusual or novel materials,
first in the cuprate superconductors [78, 55], but also in pnictides [215], topological
insulators (TIs) [168], and semi-metals [183, 184]. However, obvious problems remain
with this simplistic interpretation. The most pathological point in g-space is q = 0, at
which all points on the CECs ¢k and cxq touch; the JDOS diverges strongly here as a
result, irrespective of the detailed electronic structure of the host. However, considering

instead the response function A(q,w) which governs the QPI, it is simple to show that

1 29
A0, w) = Ek: (w T 6k> = %Go(r, r,w), (2.20)
such that the QPI only diverges at q = 0 if the derivative of the local Green function
of the host diverges, i.e. at a van Hove singularity. The question naturally arises: does
A(q,w), and hence the QPI, share any lines of divergence with the JDOS, and if so,
can the extinction of QPI [199] (the absence of high intensity features despite such
features in the JDOS, discussed above) for some values of q be predicted?

Before continuing, we highlight another important implication of this inconsistency
between JDOS and QPI. The QPI may be related to Re R(q,w), for example in the
limiting weak-scattering case in Eq. 2.10b, and does not diverge at q = 0 in the absence

of a van Hove singularity. However, we have demonstrated that the JDOS Im R(q,w)
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must diverge at q = 0: it might then be expected that the real and imaginary parts of
the GJDOS would diverge at common points in k-space. This apparent contradiction
is resolved by noting that the definition of R(q,w) in Eq. 2.9 involves Im G°(k,w),
which is not an analytic function of w or k, and thus R(q,w) is itself non-analytic. By
contrast, A(q,w) depends only on analytic functions (full, complex Green functions),
and thus is an analytic function of w; Re A(q,w) and Im A(q,w) are thus related by
the familiar Kramers-Kronig relation, and therefore diverge along common curves in

qg-space. As

Re A(q,w) = ZRe Gk, w)Re G°(k + q,w) + Im R(q,w), (2.21)
k

we conclude that the autocorrelation of Re GY(k,w) exactly cancels divergences in the
JDOS for some q = 0, and potentially other q.,.

In order to determine the conditions under which divergences in the JDOS are not
reproduced in the QPI, we consider Re R(q,w) at the point where CECs ¢y and c¢yyq

touch. This corresponds to the first derivative of ey, 4 along cx vanishing at ko, such

that
d2€k s (S — 50)2
W — €kg+q = — ((d;;—i_q> T —+ ... s (222)
S=50 :

with the second derivative of exyq given by Eq. 2.16b, so that

d®ex(s) -
k(s)+q . 2
Re R(q,w) WQBZ / |V€k(s (KdSQ )850 (s —s0)° + .. ] ) . (2.23)

Clearly if the second derivative is non-zero, the principal value integral, and thus

Re R(q,w), will diverge; if the second derivative also vanishes at kg, then the PV

integral around k; takes the form

80+6s 1 3 A ex(s)+
I / ( ) w [ L K)ta , 2.24
v |V6k(so)| so—0ds §— 50 ( ds? 5=s0 ( )

which vanishes, and so Re R(q,w) remains finite (provided the third derivative of

€k(s)+q does not vanish at sg).
Consulting Eq. 2.16b, we note that the tangent and normal vectors to ¢y are

necessarily (respectively) perpendicular to and collinear with Veg 4 at ko, and it
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therefore follows that

d2€k(s)+q Vek : VGk +q
— = ¢ > . 2.25
< 52 — |V éxg+l (’f(so) Ve, - Ve | + H(%)) (2.25)

The second derivative vanishes if the orientations of Ve, and Ve 4 are parallel,
and the curvatures are equal k(sg) = k(s,). As a result, Re R(q,w) is not divergent at
values of q for points on the CEC satisfying these criteria, while Eq. 2.19 shows that
the JDOS, Im R(q,w), does diverge at these points. This rather subtle result is relevant
only to the q = 0 point for simple, single-band systems, but becomes particularly
significant for more complicated, multi-band hosts, for example the transition metal
oxide SroRuQy4 considered in Chapter 5. The QPI in multi-band systems is considered
in more detail in Section 2.3.1.

Having developed a general approach to interpreting the QPI in simple 2D systems,
and carefully examined the relationship with the JDOS, we now illustrate these concepts
by investigating the QPI and JDOS in the simple example of a 2D electron gas host

with a single, local scattering centre.

2.2.2 QPI & JDOS for the 2D electron gas

In the previous section, the GJDOS R(q,w) resulting from a single local scatterer in a
2D system was analyzed, with a focus on finding the positions of divergences in both
the real and imaginary parts of R(q,w). We now illustrate our findings by considering
the QPI and JDOS for the 2D free electron gas (2DEG), the simplest generic model
for a host conduction band in 2D, and the de-facto model for electronic surface bands
in bulk metallic systems, for example the Cu(111) surface [42, 180]. Furthermore, the
QPTI for the 2DEG, calculated via A(q,w) defined in Eq. 2.7, may be found in closed
analytic form via direct integration, as demonstrated in Ref. 34. Results for R(q,w)
from the more general approach detailed in Sec. 2.2.1, applicable more widely, may
therefore be corroborated with exact solutions for this simplest possible case study.

For a 2DEG with a chemical potential p and effective mass m,

G'k,w) = ————— where g =— —pu, (2.26)

so that CECs, defined by w — €, = 0 are simply circles of radius y/2m(w + u), and
kr = \/2mypu defines the Fermi surface. Following Ref. 34, A(q,w) is calculated by
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expressing the requisite Green functions in the canonical conjugate (real-space) basis,

Aq,w) => Gk,w)G(k +q,w) = /d2r e9TGO(r,0,w)GY(0, 1, W) (2.27)
K
Eq. 2.27 can be directly evaluated using the exact expression for the Green function in
real space,

de eik~r
2m)2 w + 10t — ¢

(0, r, w) :/( — i1 (k(w)le]) (2.28)

where HO is the zeroth order Hankel function of the first kind and

k(w) = ke |1+ i (2.29)

Carrying out the angular and radial integrals in Eq. 2.27, Eq. 2.27 evaluates to [34]

2m? hl (\/ la|?2— 4k(w) (UJ)) ’q| > 2]{3(0.1)

Re A(q,w) = ﬂq‘\/'qp e Viafotke | l(w) : (2.30a)
. 2ms _a
lal 4k<w>2—|q|2 arctan <\/4k(w>2—q|2> af < 2k(w)
and
Im A(q,w) = g > 2k(w). (2.30D)

laly/| ql2 4k (w

By contrast, the calculation of the GJDOS is much more transparent; considering
q = (q,0), the two CECs ¢ and cxiq, both of length 27k(w), intersect at ko =
(—q/2, :I:\/k: — (g/2)?), giving the imaginary part of the GJDOS,

21k (w)

I —
R =T O

(2.31a)

_21:( )7 (|ql/2k(w \/1— (al/2k(w))?
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Similarly, the real part of the GJDOS is given by Eq. 2.12 as

) L ds 1 1
Re R(q,w) ~4m2(k(w) /)2 /0 k(w)/m ’q‘/k(w)P ((]q\/k(w)) - cos(27rs))
m? 1

= 2k(w) ,
P (gl 2k @z =1 4 2

(2.31b)

and Re R(q,w) = 0 for |q| < 2k(w), following straightforward contour integration, in

agreement with Eq. 2.30b with 2Re R(q,w) = Im A(q,w). From Egs. 2.30 and 2.31
it is clear that A(q,w) (and hence R(q,w)) can be written as a universal function of
|q| rescaled in terms of k(w), the radius of the CEC at scanning energy, w, defined
in Eq. 2.29. Despite the relationship between Im R(q,w) and Re A(q,w), given by
Eq. 2.21, comparison of Egs. 2.30a and 2.31a yields no simple analytic form for the
autocorrelation of the real part of G°(k,w), the difference between the two quantities,
and there is no direct quantitative connection between the JDOS, Im R(q,w), and the
QPI, determined by A(q,w).

The results for R(q,w), plotted in Fig. 2.3, clearly demonstrate the discrepancy
between the features in the real and imaginary parts of the GJDOS, which differ in the
presence of a strongly divergent feature at |q| = 0, where the JDOS, Im R(q,w) ~ |q|™?,
as given by Eq. 2.31. This difference is due to the non-analyticity of the GJDOS
R(q,w), as discussed in Sec. 2.2.1; the divergence is also absent in Re A(q,w), implying
a divergence in the other component as defined in Eq. 2.21 with equal magnitude and
opposite sign cancelling that of Im R(q,w). Both Re R(q,w) and Im R(q,w) diverge
at |q|aic = 2k(w), with the functional form Im R(q,w) ~ —|q — qu;| /2, from above
and below respectively; Re A(q,w) is controlled by Im R(q,w) at this point, and thus
diverges also.

These results illustrate clearly the lack of predictive power of the JDOS in inter-
preting the QPI; divergent features in JDOS may be present or absent in the QPI, and
further work is needed to give more reliable insight, even in the simplest limiting cases
(the weak scattering and bound-state scattering cases discussed in Sec. 2.2.1).

Despite this lack of direct correspondence between the QPI and the JDOS, the
interpretation of the QPI in terms of scattering between points on a CEC at a given
scanning energy is still largely valid, and the presence of strong (divergent) features at
lq| = 2k(w) in the A(q,w) (and hence the QPI) seen in Fig. 2.3 allows the dispersion
of the host material to be mapped in a similar way to ARPES measurements. By

recording the position of the divergence, and thus k(w), as a function of scanning
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Fig. 2.3 Plots of real and imaginary parts of R(q,w) and A(q,w) for the 2DEG, which
are universal when rescaled in terms of k(w), the radius of the CEC at scanning energy
w. Upper, left to right: Visualization of the protocol for calculation of R(q,w), with the
resultant Re R(q,w) and Im R(q,w) scaled to match the appropriate part of A(q,w).
Lower, left to right: Cuts through the real and imaginary parts of R(q,w), Re A(q,w)
(NB. Im A(q,w) = 2Re R(q,w)), with colourmaps of Re A(q,w) and Im A(q,w). The
divergence at |q| = 0 seen in Im R(q,w) is absent in the full Re A(q,w).
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Fig. 2.4 Plot of Im A(q,w) as a function of momentum |q|/kr and energy w/pu for the
2DEG, showing the position of the divergence (at |q| = 2k(w)) which maps out the
dispersion of k(w) = v/2mw, represented by the black curve.

energy, the Fermi velocity and (effective) electron mass of the host material 2DEG may
be determined, as depicted in Fig. 2.4. In weakly-interacting systems such as Cu(111)
for which such a 2DEG-like surface band exists, this approach provides an accurate
measure, due to the high energy and momentum-space resolution possible via FT-STS,
for the effective mass m and the volume enclosed by the Fermi surface.

In more complicated materials, for which the quasiparticle mass may be strongly
(and dynamically) renormalized due to electron-electron interactions, or the surface
quasiparticles are unusual (for example TIs, unconventional superconductors and
(Weyl) semi-metals), FT-STS measurements are still valuable in providing this accurate
information about the quasiparticle dispersion.

However, the wealth of information contained in the QPI due to coherent scattering
and interference processes offers deeper insights into the physics of the system, poten-
tially providing information on correlations in both the host material [180, 217] and
scattering centres [48, 138]; the properties of emergent quasiparticles, for example due
to spin-orbit coupling in TIs [219, 120]; and the mechanisms responsible for supercon-
ducting pairing in unconventional SCs such as the cuprates [78], pnictides [10, 77] and
ruthenates [53]. In the following chapters we study the QPT in several such systems,

investigating the way in which electronic correlations are manifest therein, and what
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more information may be gained from a more complete study of experimental QPI

measurements.

2.3 QPI in realistic systems

In order to model accurately more complex systems (for which experimental FT-STS
measurements may be particularly valuable), several important complicating factors
have to be considered in addition to the basic theoretical formulation of the QPI given
thus far. Care must be taken to give consideration to these effects in order to model
accurately the QPI, and thus provide interpretation for experimental measurements.
We conclude this chapter with an outline of some key effects which can arise in realistic
materials, and profoundly influence the calculated QPI for the systems under study in
the remainder of this thesis. These factors are of great importance when calculating the
QPI for comparison with experimental results. In Chapter 5, we investigate the QPI
in the binary transition metal oxide SroRuQOy, a multi-band system with a complicated
surface electronic structure and strong electronic correlations. The considerations made
in this section are of particular importance in this case, for which we compare theoretical
calculations with experimental FT-STS measurements carried out by collaborators and
detailed in Ref. 206.

2.3.1 Multi-band systems

Interesting electronic systems are often so due to orbital degrees of freedom and
their mutual interactions and interplay with spin degrees of freedom; multi-band
systems arise, and calculations for the QPI must take account of this orbital texture.
Additionally, the real-space structure of the unit cell can give rise to multiple bands,
and must also be incorporated. The effect on theoretical calculations of the QPI
is twofold: not only must the additional structure of the host material be included,
but the details of the scattering of conduction electrons must be considered. Such
multi-band scattering effects may be particularly significant for the QPI, with small
changes in the microscopic detail causing marked changes in the topology and intensity.

Considering the modulations of the LDOS for a generic multi-orbital unit cell, we

generalize Eq. 2.2 to

p(r,w) = —7"'Tr Im [GO + GOTGO} (r,r,w+i07), (2.32)
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where G is the (unperturbed) Green function matriz for the unit cell. The QPI (as
defined in the single-orbital case by Eq. 2.3) is

Ap(qw) = =7 'Im»_Tr Gk,w)T(k.k+ q)G’(k + q,w). (2.33)
k

The evaluation of the LDOS, and hence QPI, involves a trace over the orbital degrees
of freedom at a given position r, as the STM measurement of the LDOS is not
(controllably) orbitally selective. While spin polarized STM measurements are possible
[38, 24], typical STS measurements are not spin-selective and thus the trace in Eq. 2.33
includes spin.

In the case of a single-site unit cell, coupling between spin and/or orbital degrees of
freedom generates off-diagonal elements in G°, and thus the simple picture of the QPI
in terms of scattering between points on a CEC is insufficient. We write the Green

function matrix in terms of the dyadic decomposition

GO(k,w) = >~ G (K, W), 4l . (2.34)

where n is the band index, 1,y the corresponding eigenvector of G’(k,w), and
GY(k,w) = (w+i0" —€, )" is the electronic Green function of band n (with dispersion
énx). Eq. 2.33 is therefore expressed in terms of the (diagonal) band-space Green

functions as

Ap(g,w) =) (—7r_1 Im > Gy (k,w)Tm (k. k +q)Go (k +q, w)) : (2.35a)

n,m

where the t-matrix is

Tm(k k +q) = Tr i, 300 T(k, K + Q) 1oy o i - (2.35b)

Eq. 2.35 restores the notion of scattering between points on well-defined CECs,
summing over such scattering events between each pair of bands (n and m). However
the resultant scattering t-matrix for the multi-band systems is momentum-dependent,
even for a local scatterer T(k,k 4+ q) = T, due to the momentum dependence of the
unitary transformation between band and orbital space (whose columns are 1, k).

From Eq. 2.35b the structure of the scattering t-matrix in orbital(/spin) space is
clearly essential, even for a local scattering defect. For the weak potential scatterer

discussed in Section 2.2 it is reasonable to assume that T = vyl, i.e. diagonal in orbital



2.3 QPI in realistic systems 23

space. The t-matrix in band space T}, (k, k + q) is therefore maximal between states
in momentum-space with common orbital composition. In Section 2.2 we demonstrated
that dominant (divergent) features in the QPI are observed at points in q-space where
the CECs cx and cxyq touch at ko, such that the group velocities are anti-parallel. By
analogy, the QPI in multi-band systems is expected to be dominated by divergences at
points in g-space for which ¢, x and ¢, k+q (CECs for the n and m bands) touch at a
point, kg, and the overlap of orbital character between the two bands at this point
is maximized. With uj,, the coefficient of orbital 7 in band n at k, full calculation of

Eq. 2.35b for a diagonal scatterer in fact yields

Tom(k.k+q) =vg Y ul (uflk) Uy yeiq (ufn,kﬂl) : (2.36)
1,J
Under the assumption that one orbital contribution is dominant for a particular band

state at a given k, Eq. 2.36 reduces to
Tom (K, K+ a) ~ v D [0 1141 (2.37)

which is the form that one would expect based on qualitative arguments about maxi-
mizing the overlap of orbital character between the two bands.

This treatment of orbital-diagonal scattering applies equally in systems with unusual
spin texture (which is typically due to strong spin-orbit coupling [143, 168]). The
non-trivial topology of 3D strong TlIs generates a 2D metal at the surface, with an
effective surface theory of massless Dirac fermions in which spin and momentum are
locked together — and as such, back-scattering (k — —k) is forbidden without a spin
flip. Setting the scattering matrix to be diagonal in spin space, Eq. 2.37 corresponds to
a formal generalization of the so-called “spin-dependent scattering probability” (SSP)
[168], which heuristically takes the spin texture into account in the framework of the
JDOS (discussed in Section 2.2). Of course, scattering in different channels, for which
the t-matrix is not diagonal in orbital/spin space, gives rise to different QPI signatures
[66]. Such off-diagonal terms may arise when considering scattering due to defects in
the effective tight binding model of a more complicated multi-orbital host material.

Eqgs. 2.35 and 2.36 indicate that the simple arguments made for the single-band
case in Section 2.2, demonstrating the presence of divergences in the QPI at scattering
vectors relating a specific pair of points on a given CEC for which the group velocities
are anti-parallel, can also be extended to the multi-band case. By analogy to the

single-band case, we can consider a generalization of the host response function A(q,w)
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to
Anm(a,w) = D Go(k,w)GY, (k + q,w) (2.38)

between bands n and m, which is equivalent to the QPI due to scattering between
bands n and m if the structure of the ¢t-matrix (Eq. 2.36) is neglected. Whether or
not these divergent contributions to A,,,(q,w) also result in divergences in the QPI
depends on the magnitude and phase of the ¢t-matrix 7,,,,(k, k + q) between specific
pairs of points. Thus the presence (or absence) of divergent features in the QPI can be
rationalized in terms of scattering between specific pairs of points in k-space for the
multi-band case, as for a single band, with the additional consideration of the specific
scattering t-matrix element between any pair of points (which varies in a complicated
way across the Brillouin zone).

Another important aspect of the investigation of the GJDOS and QPI in Section 2.2
is that divergent features in the QPI are only expected between points on the CEC
(separated by q) where the group velocities are anti-parallel, while the JDOS (commonly
used as an approximation to interpret the QPI) also diverges at points where the
group velocities are parallel. The corollary of this finding in multi-band systems is
that the form of the QPI due to inter-band scattering depends strongly on whether
the bands are particle-like or hole-like in nature. Systems involving both particle-
and hole-like bands include the Fe-based unconventional superconductors, in which
the proposed si-wave pairing mechanism is thought to involve spin fluctuations at
q vectors connecting the particle- and hole-like bands [190, 76, 77]. FT-STS is a
key tool to further understand and attempt to confirm the underlying mechanism
of pairing [215, 156, 214, 10]. In Chapter 5 we investigate the QPI in a different
multi-band system, the layered transition metal oxide SroRuQy4. Here the interplay of
spin and orbital degrees of freedom, and the presence of strong electronic interactions,
generates an unconventional superconducting state, believed to be spin-triplet with
p-wave order parameter, with a critical temperature of T, ~ 1.5K. The electronic
structure of SroRuQ, is well-described by a multi-orbital tight binding model on the 2D
square lattice, giving rise to both particle-like and hole-like bands; as in the Fe-based
superconductor case, spin fluctuations are thought to play a key role in the pairing
mechanism. The formalism established here for the QPI in multi-band 2D systems is
used to understand and interpret the QPI for SroRuO,4 in Chapter 5.

Multiple bands also arise in systems where the unit cell consists of multiple sites at

distinct positions in space, rather than multiple orbitals on a single site. Graphene,
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represented by a single-orbital tight binding model on the 2D honeycomb lattice, is
one such system, consisting two interpenetrating triangular sublattices. In Chapter 3
we consider the QPI for the honeycomb lattice, detailing the effect of this sublattice
structure on the QPI in Section 3.2.

2.3.2 Material-specific & surface effects

FT-STS is a fundamentally 2D technique, which is explicitly surface-sensitive. Bulk
states of the host material may contribute to surface LDOS and thus be measured via
STS, but only via the projection of these states at the surface. Many of the systems
investigated using FT-STS are therefore either formally 2D (for example graphene [220]
or the surface states of 3D TIs [168]) or are layered materials giving rise to pseudo-2D
electronic structure (for example the cuprate and pnictide superconductors [78, 214],
as well as the triplet superconductor SroRuO, studied in Chapter 5 of this thesis [206]).
While FT-STS is an appropriate technique to apply to such pseudo-2D materials,
care must be taken to investigate the possible surface reconstruction effects which
may distort the measured electronic structure in comparison with the bulk pseudo-2D
electronic structure of such layered materials. The effect of coupling to bulk electronic
states of the host material must also be considered.

At the simplest level, coupling of pseudo-2D electronic states to the bulk results in
surface states of momentum k = (k,, k) no longer being eigenstates (and thus perfectly
defined quasiparticles of infinite lifetime). Instead the quasiparticles are dephazed,
resulting in a finite lifetime and uncertainty in the energy. For weak coupling between
bulk and surface, such that the surface quasiparticle lifetime is long, the structure
of the QPI is largely the same as the pure 2D case, with sharp features broadened
or smeared out in both momentum- and energy-space due to lifetime effects. As the
strength of surface-bulk coupling is increased, surface quasiparticles become less well
defined, with shorter lifetime and thus a finite, increasing bandwidth of surface states.
The limit in which the measured LDOS is simply the projection of a bulk band at the
surface is investigated in Section 3.2 in terms of the (100) surface of the 3D cubic tight
binding model; the QPI is found to change dramatically on increasing the surface-bulk
coupling, going from the 2D square to (100) surface 3D cubic lattices.

Care is taken to ensure the STM tip fashioned in experiment is “atomically sharp”
(terminating in a single atom), allowing STS measurements of the LDOS in real space
to be carried out with sub-unit-cell resolution. By contrast, theoretical calculations
are carried out on lattice models [106], yielding (implicitly) lattice Green functions

in real space (or their Fourier components). STM measurements naturally probe
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the continuum LDOS, and thus the continuum (spatial) Green functions of the host.
Expanding in terms of an appropriate Wannier basis, with W (r — r;) the Wannier

function at position r due to lattice point r;,

G(r,r',w) = Z W —r)W* (' —r;)G(ri,rj,w), (2.39)

where G%(r;,r;,w) are the lattice Green functions between lattice point ¢ and j [106,
45]. These continuum Green functions G°(r,1’,w) are then used in the calculation of
the LDOS (Eq. 2.2), and thus the QPI. Eq. 2.39 has the form of a 2D convolution in
real space; the observed QPI (c.f. Eq. 2.3) is therefore

Ap(q,w) =—7""Im > W(k)AGKk,k+q,w)W*(k+q), (2.40)

where W (k) = [ d*r e®TW (r).

The QPI is typically calculated in terms of the lattice Green functions (the lattice
QPT), with no consideration given to the possible effect of the spatial distribution of
local orbitals of the host surface. Recent work has begun to address this issue [106,
45], but such considerations are still not widespread in the literature. In Chapter 3 we
explore the effect of calculating the QPI in a representative Wannier basis (the Wannier-
basis QPI) for a single impurity, and in Chapter 5 when carrying out detailed QPI
calculations for the transition metal oxide SroRuO, in order to simulate experimental
results.

Moreover, surface-specific features in the electronic structure must also be included
in order to calculate the QPI in realistic systems, as we show in Chapter 5 for SroRuQy,
which has a layered physical structure resulting in a pseudo-2D electronic structure. As
noted here, QPI and F'T-STS studies have largely been restricted to true 2D systems or
those with pseudo-2D electronic structure, and the effect of coupling between surface
and bulk states is typically neglected. In Chapter 3 we also investigate the QPI for
the (100) surface 3D cubic lattice, a system in which the coupling between surface and
bulk states is strong, and demonstrate that coupling to the bulk has a profound impact
on the resultant QPL.

2.3.3 Electronic correlations

Insight into the nature of electronic correlations in the system under study is a key

objective of FT-STS measurements. Interactions between the conduction electrons of
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the host give rise to a generically dynamic, momentum-dependent self-energy for the

conduction electrons, altering the host Green functions via the Dyson equation,
Glk.2) = (C°(k,2) " —S(k,2)) . (2.41)

Exact treatment of these interactions is impossible in all but the simplest theoretical
models, and thus effective non-interacting or mean-field solutions are often employed to
understand the physical content. For strongly-correlated bulk materials, the numerical
method of choice is dynamical mean field theory (DMFT) [62, 104]; however, the central
approximation of DMFT is to neglect non-local interactions, such that the self-energy,
while dynamic, is momentum-independent. While such a treatment becomes exact
in the limit of infinite dimensions, using DMFT to accurately describe the physics of
low-dimensional systems (e.g. the 2D systems studied here) is a formidable, ongoing
challenge [165, 105, 104], and beyond the scope of this thesis.

Despite the difficulty of full theoretical treatment, QPI calculations and experimental
FT-STS offer insight into the nature of electronic correlations in such interacting systems.
In Chapter 5 we calculate the QPI for one such strongly correlated material, SroRuQy,
using an effective mean-field description for the electronic structure. The comparison
of these QPI results with the experimentally measured FT-STS yields information
about the failure of the mean-field approach and thus the effect of interactions in the
system. Perhaps the most common application of FT-STS to date has been in systems
displaying unconventional superconductivity, in particular the cuprate and pnictide
high-T.. superconductors [78, 79, 55, 214, 215, 156]. Here the superconducting pairing
is driven by electronic interactions, rather than the conventional phonon-mediated
mechanism. These unusual pairing mechanisms give rise to characteristic features, for
example an anisotropic superconducting order parameter, which may be probed via
FT-STS. SrosRuQy, studied in Chapter 5 is one such unconventional superconductor,
for which the QPI offers great potential insight.

As well as the interactions between conduction electrons in the host, the QPI is
strongly influenced by the nature of the scattering from defects and impurities [48]. In
the case of impurities with internal degrees of freedom, for example magnetic impurities
[74], local interactions on the impurity site have a profound effect on the scattering
of (free) host conduction electrons and thus the QPI, via the magnitude and phase
of the scattering t-matrix. Systems of magnetic impurities, represented by quantum
impurity problems, are often amenable to exact treatment, for example via numerical
renormalization group calculations [211, 29]. The QPT due to a single magnetic impurity

is the focus of Chapter 3, in which we demonstrate that characteristic signatures of
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electronic interactions arise in the QPI. In the case of multiple magnetic impurities,
considered in Chapter 4, additional scattering channels arise due to inter-impurity
correlations, in addition to the increased complexity due to the interference between

scattering from spatially distributed impurities.

2.4 Conclusion

In this chapter we have introduced the QPI, which arises due to scattering of electronic
surface states of a (bulk) host material from defects and impurities. The interference
of incoming and outgoing electron waves results in modulations in the (electronic)
LDOS of the surface around these scattering centres, the spatial distribution of which
is measurable via STS as the conductance between STM tip and sample surface. The
QPI, related closely to the Fourier transform of these spatial LDOS modulations, is
therefore a two-particle quantity which reflects both the nature of the electronic states
of the host material and the type and distribution of defects or scattering centres in
the material. The conventional approach has been to interpret FT-STS measurements
of the QPI in terms of overly simplistic models, employing arguments based on Fermi’s
golden rule to assign QPI features to specific, individual scattering processes, and thus
provide information on the electronic structure of the host material. We have carefully
examined the validity of such simple approaches, and sought to develop a more rigorous
framework within which the QPI (and FT-STS measurements) may be understood,
illustrating our approach for the simple case study of the 2D electron gas.

We have shown that the QPI necessarily involves the interference of many scattering
processes, rather than a single, characteristic event, and that the relative phase of these
contributions is crucial in the resulting QPI. Moreover, the nature of the scattering
centre(s), entering via the scattering t-matrix, was also shown to be of great importance
in the qualitative appearance of features in the QPI. In experiment it is very challenging
to control the distribution and type of defects or impurities in a sample; as a result,
detailed knowledge of the scattering t-matrix is often unavailable. A distribution of
impurities in real space results in interference between scattering contributions to the
QPI, and is typically of little general value (in the case of random distribution). As a
result, the absolute value of the QPI (the power spectrum of surface LDOS modulations)
is the meaningful experimental quantity of interest with phase information lost in the
resultant FT-STS measurements.

We have provided a basic physical understanding of the QPI as far as possible, and

examined the effect of several additional complicating factors that are experimentally
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and theoretically relevant, and will be explored more fully in the following chapters of
this thesis.






Chapter 3

Quasiparticle interference from

magnetic impurities

In Chapter 2 we presented scanning tunnelling spectroscopy (STS) as a direct experi-
mental probe of the local density of electronic states (LDOS) at a particular scanning
energy and temperature, related to the differential conductance between STM tip and
surface [192, 52]. Moreover, the atomic sharpness of the STM tip allows the LDOS in
the vicinity of features such as adsorbed impurities to be mapped in real space [128,
129] by rastering the tip across the surface, as represented schematically in Figure 3.1.
Such impurities break translational symmetry at the surface, causing scattering of
conduction electrons and modulations in the LDOS that depend strongly on both the
electronic structure of the underlying sample “host” and the properties and distribution
of impurities.

Fourier transform STS (FT-STS) — in which such LDOS modulations are analyzed in
momentum space — thus provides a wealth of information on the nature of the impurity-
host and (host-mediated) inter-impurity correlations. We have shown that these
FT-STS measurements may be interpreted in terms of the quasiparticle interference
(QPI) between the states of the “clean” host (defined in the absence of impurities)
[204, 34, 131], a complex response function characterizing both the host and scattering
centres (impurities). In this chapter we investigate the QPI due to individual magnetic
impurities [14, 74] adsorbed on a range of representative non-magnetic host surfaces,
contrasting with the case of a simple scalar impurity or point defect. We demonstrate
how the electronic correlations present for magnetic impurities markedly affect the
QPI, showing, for example, a large intensity enhancement due to the conventional
Kondo effect [74] for a metallic host, and universality at low temperatures and scanning

energies.
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Fig. 3.1 Schematic FT-STS setup: a spatial map of surface LDOS modulations due to
electronic scattering from magnetic adatom impurities is extracted from differential
conductance measurements as an STM tip is rastered over the surface.

In Chapter 2 we carried out a careful analysis of the relationship between the joint
density of states (JDOS), commonly used to interpret FT-STS measurements [135,
184], and the full QPI. We demonstrated that the JDOS approach was insufficient to
capture interference effects observed in FT-STS fully, even in the simplest cases. In the
magnetic impurity case this failure is profound, as we demonstrate in this chapter; the
complex, dynamical nature of the scattering from magnetic impurities, arising due to
the effects of electronic correlations on the impurity site, must be fully accounted for
in order to accurately calculate the QPT [48]. In this chapter we calculate exactly the
QPI due to magnetic adatoms on metallic surfaces, drawing comparison with the case
of non-magnetic, “scalar” impurities (s-wave potential scatterers in the weak-scattering
Born limit [34]). We examine the qualitative failure of the JDOS approach to capture
the dynamic and thermal variation of the QPI in particular, and also investigate
qualitatively a number of relevant experimental factors affecting the interpretation of
FT-STS measurements in terms of the “true” QPI, calculated theoretically.

Systems of magnetic atoms embedded on non-magnetic surfaces provide realizations
of quantum impurity models [74] which are amenable to detailed experimental study
and manipulation with STM techniques [118, 191, 128, 129, 130]. Such systems are
promising candidates as a basis for nanoscale computational, memory storage and
spintronic devices [73, 98], for which the manipulation and control of spin degrees of
freedom, and therefore an understanding of the effect resulting from coupling these

local correlated degrees of freedom to free bulk states, is essential. They are also
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of fundamental interest in their own right, due to the subtle interplay of strongly
correlated local spin and orbital degrees of freedom coupled to a conduction electron
bath.

Magnetic impurities can be spectroscopically probed directly when the STM tip
is positioned over an impurity. A narrow resonance in the tunnelling conductance
is commonly observed around the Fermi energy in these local STS measurements
[118, 191, 128, 129], arising from the formation of a many-body Kondo singlet state
(a “Kondo resonance”) where the impurity local moment is screened dynamically by
surrounding host conduction electrons. For STS studies of Co adatoms on noble
metal surfaces, typical Kondo temperatures of Tx ~ 50 — 100K are extracted from the
half-width at half-maximum of the spectral Kondo resonance [202]. The single-orbital
Anderson impurity model [14] has been successfully used to rationalize such local
STS measurements [176, 195, 223]. It is adopted here as a qualitatively accurate
description of a generic, low-spin magnetic adatom, and treated using the numerical
renormalization group (NRG) [29]. In other cases, for example high-spin Mn or Fe
adatoms, generalized impurity models must be employed to capture the full orbital
structure of the adatom and the host material [39, 69, 80]. These calculations are quite
specific to the particular system under consideration [61], with the qualitative outcome
depending sensitively on the detailed form of the multi-orbital impurity model and
the coupling to the host. As a consequence it is difficult to draw general insight from
specific calculations on these systems, and thus we adopt a single-orbital impurity
model for magnetic impurities throughout.

We discuss the general formulation of QPI due to any number or type of impuri-
ties embedded on the surface of tight-binding hosts in Section 3.2, highlighting the
differences between the 3D cubic lattice with a (100) surface, the 2D square lattice,
and the 2D honeycomb lattice. These simple but representative hosts reproduce a
range of possible material realizations: the LDOS for each features distinct behaviour
close to the Fermi level, with flat, divergent and vanishing LDOS for the three lattices
respectively. Each host lattice gives rise to qualitatively different impurity physics, with,
for example, the single-impurity Kondo temperature significantly enhanced (suppressed)
by increased (depleted) density of states around the Fermi level [65, 143, 144, 139, 31].

The QPI due to single magnetic and scalar impurities for each host is considered in
Section 3.3, drawing attention to the qualitative differences in QPI arising from the
different types of scattering centre and host. The rich dynamical properties of the QPI
are studied in detail for systems containing a magnetic impurity in Section 3.4; we

emphasize that this strong energy-dependence cannot be reproduced in systems con-
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taining only scalar impurities or structural defects. Indeed, strong electron correlations
are shown to produce characteristic signatures in QPI: in metallic systems, the QPI
exhibits universality in terms of rescaled scanning energy and temperature due to the
Kondo effect, while non-trivial local moment physics is observed in the 2D honeycomb
case [65, 56, 30, 143, 122].

Section 3.5 examines the interpretation of experimentally-measurable FT-STS. By
simulating the experimental protocol, we investigate the possible deviation of FT-
STS measurements from calculated QPI due to the finite size of the LDOS plaquette
measurements in real-space. While the LDOS and thus QPI is calculated on the lattice
of the underlying host, STS measurements of LDOS are made in real (continuous)
space — we also explore, therefore, the effect of different choices of Wannier basis,
as discussed in Section 2.3.2. We conclude the chapter by critically examining the
relationship between the JDOS and the QPI for the case of a magnetic impurity, in
the spirit of Section 2.2, demonstrating the failure of the JDOS to capture important
features in the QPI (and hence FT-STS measurements).

3.1 Host systems & impurity problem

3.1.1 Model

We consider a host material with impurities deposited on the surface, which scatter
the quasiparticles of the clean host. Initially we consider the general problem of N
magnetic surface adatoms, formulating the QPI generally for any type, number and
distribution of adatoms.

The clean host is taken to be non-interacting and of tight-binding form, given in

its real-space basis by

Huost = €0 Z ciiacma —t Z (cimcrja +H.c.), (3.1)

i,O' <Z]>7U

where ¢ , creates an electron of spin ¢ =1/ in the Wannier orbital localized at site r;;
and (ij) denotes a sum over nearest-neighbor sites, coupled by a tunnel matrix element
t. Here we consider the half-filled host, ¢, = 0.

Specifically, we focus on the simple 2D square lattice, the 3D cubic lattice with
a (100) surface, and the 2D honeycomb lattice. The 3D cubic lattice in particular
is representative of a wide class of regular metallic systems, with a constant (finite)

electronic density of states at low energies. By contrast, the 2D square lattice features
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a van Hove singularity with a logarithmically diverging density of states around the
Fermi level [144, 124]. The honeycomb lattice, describing graphene within the simplest
non-interacting tight-binding approximation, is notable because it is a bipartite lattice
with a vanishing (pseudogapped) density of states at low energies [37, 56]. Although
simplified, these host systems exemplify a number of distinctive features relevant to
real materials, and each induces qualitatively different impurity physics (Section 3.3).

The full model, including N impurities, is given by

N
H = Hhost + Z Himp,a . (32)

a=1
In the simplest case, the local potential at site r, is modified by impurity «,
breaking translational invariance and causing additional electronic scattering. These

static defects, referred to as potential scattering (or scalar) impurities, are described by
Hor oo = V0> Ch s (3.3)

This simple model, while often appropriate to describe point defects in materials, does
not faithfully capture the physics of many adsorbed impurity adatoms — in particular
magnetic impurities, which are dynamic objects with internal degrees of freedom and
strong local Coulomb interactions. In this chapter we focus primarily on these adsorbed

magnetic impurities [74], described in terms of correlated quantum levels,
AIM T 1
H' - Z eddladag + UdaTdaTdaida\L

imp,a

(3.4)

+ V> (dl e, +He)

where di  creates a spin-o electron on impurity «, which is coupled to host site r, by
tunnelling matrix element V. For simplicity we consider explicitly the particle-hole
symmetric case ¢, = —U/2. Before continuing, we emphasize that true magnetic
impurities preserve SU(2) spin symmetry and time-reversal symmetry. The term
“magnetic impurity” is commonly used in the QPI literature for a static local moment
[78, 204, 7], corresponding to a single site with a local magnetic field (and thus non-zero
magnetization). Such an impurity breaks spin and time-reversal symmetry, and is

completely distinct from the quantum impurity models considered in this thesis.
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3.1.2 Impurity dynamics

Single-particle dynamics of correlated impurities embedded in a non-interacting host are
described generically by the Green function matrix [Gq(z = w +i0")]a5 = G5 (w) =
(d, . d5 V), with ((A; B)), = Fi[-i6(t)({A(t), B(0)})] the Fourier transform of the
retarded correlator; w = w + 10" is implicit in all appropriate quantities henceforth,

unless otherwise noted. The matrix Dyson equation for the impurity Green functions is
[Ga(w)] ™" = [ga(w)] " — B(w) . (3.5)

The non-interacting (but host-coupled) impurity propagators are given by
[ga(w)] ™ = (w+i0" — )T — T(w) (3.6)

in terms of the hybridization matrix I'(w) with elements [['(w)], 5 = V?G%(ra,rs,w);
where G°(rq, 15,w) = ((¢;,; CIBJ)>2 is the (retarded) propagator between sites r, and
rg of the clean host (in the absence of impurities), and r, and rz are the host sites
to which impurities o and /3 are coupled. The self-energy matrix ¥(w) contains all
the nontrivial information due to electronic interactions, which give rise to many-body
effects such as the Kondo effect and RKKY interaction, investigated later in this
chapter and in Chapter 4.

In this chapter we employ NRG to solve the underlying quantum impurity problem
[29, 211, 108, 109]. In the spirit of Ref. 28, equations of motion can be used to obtain

an expression for the self-energy matrix,
2(w) = [Ga(w)] ' Fa(w) , (3.7)

where [Fg(w)]as = U((d,y: dTadT5dﬁ5)>w. Both G,4(w) and Fy(w) are calculated directly
in NRG using the full density matrix approach [210, 159] within the complete Anders-
Schiller basis [12].

In the case of a single impurity, the Dyson equation, Eq. 3.5, reduces to G} (w) =
(w+i0" — e — T(w) — 11 (w)) ™!, with the hybridization I'(w) = V2G°(ry, 11, w) related
simply to the clean host LDOS (itself independent of position due to translational
invariance). In NRG a discretized version of the conduction electron Hamiltonian is
formulated, and mapped onto a semi-infinite 1D chain with the impurity located at
one end [29]. Discretizing the energy scale logarithmically leads to the “Wilson chain”
representation in which hopping matrix elements decrease exponentially down the chain

[211, 29]. The renormalization group (RG) scheme involves iterative diagonalization,
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starting at the impurity and working down the Wilson chain, discarding high-energy
states at each step [29].

3.1.3 Host dynamics

The full dynamics of the host, in the presence of impurities, is embodied in the lattice
Green functions G(r;,r;,w) connecting arbitrary host sites r; and r;. They can be

related exactly to the above impurity Green functions by equations of motion [224]:

G(r;,rj,w) — Go(ri, rj,w) = Z Go(ri, I'a,CU)Tag(W)GO(I'g, rj,w), (3.8)
B

where the sum runs over impurities & and 3, and T,z(w) is the real-space t-matrix and
G" denotes the Green function for the clean system, in the absence of impurities (with

AIM

0 used analogously for other quantities). For magnetic impurities described by Himp

in Eq. 3.4, the t-matrix takes the form

TR (w) = V2GS (w) (3.9)

«

requiring as such a knowledge of the full impurity Green functions from Eq. 3.5. By
contrast, the t-matrix for potential scattering impurities, described by M, in Eq. 3.3,

can be obtained simply in closed form,
TP () = vl — G (w3} (3.10)

where the elements [G°(w)]as = G°(ra, rs,w) are clean host Green functions connecting
pairs of impurity sites.
For the clean host, Eq. 3.1 can also be written as

Hiost = D €1Cho Cren (3.11)

k,o

with e, the dispersion (k labels the Bloch state momentum). The t-matrix equation

(Eq. 3.8) can also be transformed into the momentum-space basis,

AG(k X, w) = Gk, w)T(k, k', w)G° (K, w) , (3.12)
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where AG(k, k', w) = G(k,k',w) — G°(k,w)dy v and G°(k,w) = (w + 10" — &)~ 1. All

quasiparticle scattering induced by the impurities is now contained in

1

Tk kK, w)=—
( )= q., 2

el ra=kra) s\ 0 o(w) (3.13)

where Qg is the volume of the first Brillouin zone (1BZ).

3.2 QPI

As discussed in Chapter 2, the differential conductance dI(r,V)/dV between STM tip
and surface for a particular bias V' is proportional to the LDOS, p(r,w = eV), of the
sample at (surface) position r at sufficiently low temperature and bias [192, 52]. STS
thus measures the energy-resolved electronic structure of the sample at a particular
point in real space.

The QPI is the Fourier transform of a real-space surface LDOS map p(r;,w),
obtained at given scanning energy w, and measured by STS over an L x L sample

region

pla,w)= > e ip(r,w). (3.14)

1€(LxL)

In 2D systems such as graphene, or effective 2D layered systems such as the cuprates,
STS thus probes directly and in full the desired electronic structure of the underlying
host. In 3D systems, by contrast, the lattice probed by STS corresponds to the
crystallographic surface lattice, and the density of states measured that of the surface
atomic layer; the STS measurement is thus the projection at the surface of bulk
electronic structure and spatial modulations in the LDOS due to impurities. This effect
is addressed in Section 3.2.2.

As discussed in Chapter 2, the FT-STS technique has primarily been employed
to investigate the electronic structure of materials, mapping Fermi surfaces and the
dispersion of constant energy contours with scanning energy [160, 161, 184]. This
provides complementary information to angularly-resolved photoemission spectroscopy
(ARPES) [131, 135, 199], with the advantages of being able to probe both conduction
and valence states, and offering enhanced energetic and momentum resolution. FT-STS
has proven of particular value in the study of layered materials such as cuprates and
pnictides [78, 79, 55, 214, 215, 156] as well as topological insulators [168, 219], graphene
[27, 220] and heavy-fermion materials [193, 217]. However, much of the analysis
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of experimental evidence relies on crude, phenomenological models for the QPI. In
Chapter 2 we demonstrated the potential pitfalls of overly simplistic interpretation
of FT-STS measurements in these terms, showing that such models have limited
predictive power, even for qualitative features in the QPI. In some cases (for example
weak, disorder-induced scattering in cuprates [78]), the local defects giving rise to
scattering and hence the QPI may be reasonably approximated as scalar impurities in
the Born limit [34]. However, this simplification has been shown to be insufficient or
misleading in many cases (particularly for systems involving multiple bands), even for
scalar impurities [193, 217]; for magnetic adatoms, the full interacting impurity model
must be considered.

A strong signal is observed in experiment at q = 0, and is also expected at
q = >; n;A; where A; are the reciprocal lattice vectors of the surface lattice (and n; any
integer). This signal is extensive in the plaquette size L?, with contributions from the
LDOS of the clean host sampled at each site, corresponding to trivial Bragg scattering.
This simply provides an underlying background signal to the two-particle interference
processes of interest; in Chapter 2 we demonstrated that enhanced scattering at Bragg
momenta, present in the JDOS, is not seen in the QPI due to the interference of
scattering paths. The QPI, the impurity contribution to the measured FT-STS, is then

obtained by subtracting the result for the clean system without impurities,

Ap(q,w) = Y e Ap(r;,w) (3.15)

1€(LxL)

where Ap = p — p® (with p° for the clean host). Since p°(q,w) o dq.0, Ap(q,w) scales
with the number of impurities. The normalized QPI power spectrum, |Ap(q,w)/N|?
|Ap(q,w)/L??, is intensive, independent of the number of impurities or sample region
size (for a given impurity number density).

We now give a general formulation for calculating the QPI due to scattering from
single or multiple impurities, applying equally to the case of (static) potential scattering

defects or magnetic (dynamic, interacting) impurities.

3.2.1 Real-space formulation

Following the experimental protocol, the QPI can be calculated by discrete Fourier
transform of the LDOS within an L x L region of the host surface, using Eq. 3.15.
The LDOS at site r; in the presence of impurities is related to the local host Green
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function, p(r;,w) = —7 'Im G(r;,r;,w), such that from Eq. 3.8,

Ap(ri,w) = =7 'Im > GO(r;, v, w)Tp(w)G(rs, 1y w) (3.16)
a,B
in terms of the full scattering t-matrix and non-local host Green functions of the clean
host. The virtue of Eq. 3.16 is that it is entirely general, and can in principle be used
for any lattice with any number or type of impurities. Although the LDOS is sampled
over a finite region in experiment, the host system is of course in the thermodynamic
limit.

The accurate calculation of lattice Green functions G%(r;, r;,w) is itself a subtle
and well-studied problem [198, 97, 67, 43]. Exact diagonalization of finite-sized lattices
or discrete Fourier transforms can yield poor approximations to Green functions of
the desired (semi-)infinite systems, especially in the vicinity of van Hove singularities
[18]. The single-site tight binding models considered here admit exact solutions for
local and near non-local lattice Green functions for periodic boundary conditions in
the thermodynamic limit, from which recursive relations can be used, in principle, to
generate all non-local functions [97, 147, 146]. However, these techniques are numerically
unstable for large site separations |r;—r;| as shown in detail in Ref. 18, and the treatment
of semi-infinite systems, such as the 3D cubic (100) surface, is not possible. The
“Recursion Method” [162] provides a general and powerful methodology for calculating
lattice Green functions via continued fraction expansions of the resolvent matrix
(inverse Green function) [71, 72, 51], but converged solutions can be computationally
demanding, particularly in the region of singularities and for non-local lattice Green
functions [18, 19]. Specific methodologies have also been developed to treat semi-infinite
systems, for example based on iterative calculation of transfer matrices [172] and via
“Bond cutting” methods, treating the surface as a perturbation on the infinite bulk
structure [164]. However, no method provides a robust, numerically inexpensive way
to calculate far non-local lattice Green functions (between lattice points separated by
tens or hundreds of sites) as a full function of frequency. Consequently, calculation of
all N x L? non-local Green functions required in order to directly calculate the LDOS
modulations for a system of N impurities in an L x L region via Eq. 3.16, and thus
simulate the experimental procedure, is a major challenge.

In Appendix A we develop instead a novel technique for fast and accurate numerical
calculation of free Green functions on hypercubic-type lattices, which we employ in
Section 3.5.1 to simulate the FT-STS procedure. The method involves successive

convolutions of simpler 1D Green functions which are known exactly in closed form;
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moreover, the convolution itself can be performed efficiently using fast Fourier transform,

as detailed in Appendix A.

3.2.2 Scattering state formulation

The “true” QPI containing all scattering information is obtained by taking the ther-
modynamic limit of plaquette size, L — oo. Translational symmetry implies a basis
of states with well defined momentum parallel to the surface over the first surface
Brillouin zone (1SBZ). The local Green function for a surface lattice site is expressed

in terms of this basis by 2D Fourier transformation,

dh@hlﬂrm /

I'l, r;,w // ‘ X G(k”, kH,CU) y (317)
QBZ

1SBZ

with Qpz now the volume of the 1SBZ. Writing Ap(r;,w) = —7 'Im AG(r;, r;,w),
Eq. 3.15 takes the form,
d*k, d?k| ,
Ap(q,w) = —7! Ze—lq *im // b i _lri'(kn—kH)AG(kH, h,w) 7 (3.18)
Y
1SBZ
where AG (k| k|,w) = G(k, kj,w) — G°(k, k|,w). Permuting the Fourier sum and
taking the imaginary part in Eq. 3.18,

Apla,w) = =5 [Q(a.w) — Q(-a.w)] | (3.19)

where
Qa.w) = [ dy AG(K k) +a,w) (3.20a)
zlgcraﬂ(w) % Aos(a,) - (3.20D)

As highlighted by Eq. 3.20b, the QPI factorizes into a momentum-independent scatter-
ing amplitude T,s(w) (Egs. 3.9 or 3.10), and a host response function A,z(q,w) which
depends only on the host lattice and the spatial location of impurities, but not the
type of impurity (and thus details of the scattering). The explicit form of this host

function must be determined separately for each lattice, as considered below.
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2D square lattice

We consider first the 2D square lattice, where the QPI calculation is conceptually
simplest. As the system is itself two-dimensional, the surface-momentum basis is simply
the diagonal representation, k = k. The QPI thus follows from Eqgs. 3.20a, 3.12 and
3.13, and is indeed of form Eq. 3.20b with
d’k 0 0 ilk-ra—(k+q)rg]
Naplaw) = [ G GOk, w)GO (K + qw)elersOstarmsl, (3.21)
1SBZ L5z

The free momentum-space Green functions are themselves given by G°(k,w) = (w +

i0" — €)1, with 2D square lattice dispersion (and lattice constant ag)
ex = —2t (cos(apk,) + cos(aoky)) ; (3.22)

in terms of the lattice hopping matrix element ¢ appearing in Eq. 3.1, giving a half-
bandwidth of 4¢. For numerical calculations, poles in G°(k,w) are broadened using
complex frequency, w + 10T — w + in with finite 7, as is conventional. For the QPI
colour plots, we use 1/t = 1073, while for Brillouin zone cuts we use n/t = 10~* for
improved accuracy near divergences.

Aup(q,w) can be computed efficiently by using the convolution theorem to do the

Brillouin zone integration:
FielMap(q,w)] = FfGO(k,w)e™ ] x F[GO(k,w)e 7]
where Fi denotes the 2D fast Fourier transform.

3D cubic lattice with (100) surface

3D host lattices are more subtle, due to the surface-sensitive nature of the STM
measurement. As only the surface LDOS is probed, the QPI amounts to a partial trace
over the t-matrix equation Eq. 3.12, in contrast to the full trace for the 2D square lattice,
given by Eq. 3.21. The QPI must thus be evaluated in a basis that preserves the layer
index, the surface momentum basis of Eq. 3.17, rather than the (fully) diagonal basis of
Eq. 3.12. AG(ky, k| + q,w) in Eq. 3.20 thus involves propagators between states with
surface momentum k| and kj 4+ q. The 2D transform of G(r;,r;, w), Eq. 3.17, leads to
a diagonal representation in each 2D plane in isolation — but surface states labelled by
k) remain coupled to the bulk (and thus to each other). In general, AG(ky, k| + q,w)
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does not therefore take the form of Eq. 3.12, but rather

d2 /Id2k/// R ~
/ _ I I 0 " "oy 0.1 1.1
AG(k”a ||7w) - // QBZ G (kH7 ||7W>T< | ,M)G ( | > ”,W) ) (323)

where éo(kH, k|, w) is a complex through-bulk propagator. Calculation of the QPI thus
in general requires the full integrals over intermediate scattering pathways. Alterna-
tively, Eq. 3.23 may be formulated in terms of a semi-infinite system of principal layers,
each of which consists of one or more atomic layers of the lattice, and thus potentially
a multi-site unit cell for the principal layer. Translational invariance parallel to the
surface guarantees that the in-plane momentum k| is well-defined in the diagonal basis
of this principal layer description, but the surface LDOS measured via STS will amount
to a partial trace over only the topmost atomic layer within the surface principal layer
— an equivalent problem to the intermediate scattering pathways of Eq. 3.23.

In the case of hypercubic-type lattices, a significant simplification arises because
the surface principal layer consists only of a single layer of the cleaved lattice, and thus
the basis of kj-states of the surface atomic layer is in fact diagonal. As such a surface
momentum ¢-matrix equation with the same structure as Eq. 3.12 still applies, albeit
with modified host surface Green functions. The result for the 3D cubic lattice (100)

surface is simply,

surf surf

AG(k”, le,w) = GO (k”,w)T(kH, kh,UJ)GO (kh’w) y (324)
where the ¢-matrix is still given by Eq. 3.13, but

sgn(w)va? -1 |o| >1
ivVI— @2 @ <1’
(3.25)

GO lkpw) = f (2= N s
surt(K|, w) = f o where tf(@) =

with €, the 2D square lattice dispersion, Eq. 3.22. This broadens the pole in G°(k,w)
arising for the pure 2D system, to an ellipse of width 2t centred on w = €, in
GOk, w) for the 3D system; the effect of coupling to the bulk is to dephase the
surface quasiparticles, giving them a finite lifetime. It follows that the structure of the
host function A(q,w) is the same as in the 2D square case, Eq. 3.21, with G2, (k| w)
in place of GY(k,w). In Section 3.3 we calculate the true 3D cubic QPI via Egs. 3.19,
3.20 and 3.21, using the exact expression for the bulk-coupled surface Green functions,

Eq. 3.25.
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For more complex systems where such a prescription is not available, the bulk
dephazing of pure 2D surface states could be approximated by using G°(kj,w) =
(w+ir ! — ekH)_l, such that the surface states are well defined and 7 > 0. Simple
poles in the surface momentum Green functions are thereby broadened by 77!, where

7 is the quasiparticle lifetime.

Honeycomb lattice

The 2D honeycomb lattice is more complicated due to the bipartite structure consisting
of two interlocking triangular sublattices. The unit cell thus contains two sites, A
and B, and thus two orbitals giving rise to two electronic bands [37]. Eq. 3.1 may be
written compactly in terms of the basis state vector of A and B sites for each unit
cell, Jrlf_,o = (CL,”’U, cgmm), with 2 x 2 intra-cell and inter-cell Hamiltonian matrices,

diagonalized by Fourier transform,

. o
¢W:/Ql/2e K (3.26)
1Bz ""BZ
This leads to
— - _t k
Hiowe = 3 G G, where Hg = @ T} o)
k,o 7 7 _t(k) €0
and
t(k) = te 7 (1 4 e 4 ek (3.28)

in terms of the triangular lattice vectors a; and a, and the inter-sublattice vector
7 =1 — 18 (where r] is the position in real space of the v = A/B site of the i-th unit
cell). Henceforth ¢, (the site energy) is set to 0 for half-filling.

Generalizing Eq. 3.16 to take account of this sublattice structure gives the LDOS

modulation at site v = A/B of the i-th unit cell as

Ap(r],w)=—7 1Im2[ (ri,ro,w)Tos(w )Go(rg,ri,w)]w, (3.29)

where T,5(w) is the 2 x 2 scattering t-matrix between the (A and B) sites of unit
cells r, and rg to which impurities a and 8 couple (respectively). Here we consider
impurities coupling only to a single sublattice site (7,4 is either A or B), such that
only one element of Tyg(w) is non-zero, Top(w) = Tos(w)Cas where [Cuplij = 05,05,
is the connectivity matrix of impurities a and 3. Consequently the QPI contains
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contributions from each sublattice,
Apy(q,w) = =11 > e Ap(r], w) (3.30)

with the real-space sum over 7 spanning unit cells, and r] the position in real space of

site v; as r?

= r# + 7 there is a phase factor between the two contributions of e~47.
Using Eq. 3.26 to expand Ap(r],w) in momentum space, Ap,(q,w) takes the same

form as Eq. 3.18,

PkdK’ ,
Ap,(a,w 1Ze—““z Im// q e AGKK.w)]| . (33
1BZ

In the (multi-orbital) unit cell basis, the ¢-matrix equation (analogous to Eq. 3.12) is
then calculated in terms of the matrix Green functions G (k,w) = ((w+i0")I-H(k))™*,

giving

AG(k, K, w) = G'(k,w)T(k, k', w)G’(K,w), (3.32)
with
Ta —iprs /_
Tk K, w) =) Tap(w) e ik —k) (3.33)
a,B QBZ

Equivalently, as outlined in Section 2.3.1, AG(k,k’,w) is expressed in terms of the
(diagonal) 4/— bands,

AGk K, w)= Y Gk w)id,, i Tk kK, w)i, i), Gk w),  (3.34)

p7p/:+97

such that GY(k,w) = (w+10" — ,) 7" and @), = (@2 pe=i¢M/2) /\/2 with

exx = t|t(k)]| (3.35a)
o(k) = arg t(k) . (3.35Db)

At low energies, w < t, this description reduces to two inequivalent Dirac cones centred

at K = 27/3a0(1, +1/4/3) and K’ = 27/3a0(1, —1/+/3), such that

3
ef = toplk — kk| where vp = \é_aot. (3.36)
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The QPI contribution then follows as,

Apy(a,0) = —5 = [@(a,0) ~ Qs (~a,0)" (3.37)
where
Qrfa:) = X Tasle) % ALp(a ), (3.8)

Eqgs. 3.37 and 3.38 are thus analogues of Eqgs. 3.19 and 3.20, with

d’k

Q
1Bz "~ B2

Asla,w) = eillera—(icta) ry)

><< 3 [ﬁp7kﬁ;k0aﬁﬁp,7kﬁpt7k}WGg(k,w) Gg,(k’,w)>.
pvp/:+77

(3.39)

We stress that both the inter-band scattering and the momentum-dependent phase
factors appearing in Eq. 3.39 are important, and affect the full QPI qualitatively. In
particular, we note that inter-band scattering contributions to the QPI are relevant
despite the fact that Im GY (k,w)Im G° (k,w) = 0 follows from the sign-definite
dispersion for each band, given by Eq. 3.35a.

3.3 Single impurity QPI:
magnetic & scalar impurities

The generalized problem involving N magnetic impurities, spatially separated and
coupled to conduction electrons of the host lattice, is naturally highly rich and complex,
and is the subject of Chapter 4. In this chapter we focus on the QPI due to a single
magnetic or scalar impurity, in order to understand the essential features of the QPI.
Moreover, the interpretation of experimental FT-STS measurements is typically in
terms of a single scattering centre — the simplest form for the scattering t-matrix in
Egs. 3.16 and 3.20 [34, 102]. In this case the QPI is given by Eq. 3.20b (with a = § =1,
dropped hereafter),

Qq,w) =T(w)A(q,w) , (3.40)

with T'(w) the single-impurity ¢-matrix and explicit forms for the host functions A(q, w),
to be given in Secs. 3.3.2-3.3.4.
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As explained in Chapter 2, the impurity is often taken to be a static potential
defect in the weak-scattering Born limit [34]. The ¢-matrix is then pure real and
energy-independent,

T (w) ~ vy , (3.41)

with vy the potential scattering strength (see Eq. 3.3). Eq. 3.41 is the leading-
order approximation to the exact t-matrix given by Eq. 3.10, holding provided
[00G (T, To,w)| < 1. We emphasize however that this approximation is not valid
for stronger scattering potentials, or even for weak scattering potentials at scanning
energies w in the vicinity of divergences in the host density of states (arising for example
at w = 0 in the 2D square lattice); in such cases, higher-order terms in the Born series,
involving powers of G°(r,, T4, w), cannot be neglected. In particular we emphasize
that the phase of the scattering t-matrix depends non-trivially on both the strength of
the potential scatterer and the magnitude and phase of G%(r,, ro,w). As discussed in
Chapter 2, a strong scattering potential (for example from a bound state) gives rise to a
purely imaginary t-matrix, and qualitatively affects the resultant QPI. The higher-order,
multiple-scattering terms in the Born series may also introduce an energy-dependence
to t-matrix, which is typically weak except in the very close vicinity of van Hove points.
In this chapter we employ Eq. 3.41 to describe the potential scatterer, as the simplest
“zeroth-order” approximation that may be made for generic, unspecified scattering,
typically assumed for a weak perturbation [34, 102, 131]. However, we note that when
comparing QPI calculations to experimental FT-STS measurements, the specific nature
of the impurity scattering must be considered even for the potential scattering case, as
in Chapter 5.

In the special case of a single impurity on a centrosymmetric surface, Q(q,w) =
Q(—q,w), so (from Eq. 3.19) Ap(q,w) = -7 'Im Q(q,w). For a scalar impurity in
the Born limit, the QPT is therefore given (as in Chapter 2) by

Ap(q,w) salar - _ -1 vol"(q,w), (3.42)

where A(q,w) = A(q,w) +iA"(q,w). The QPI scanning-energy dependence for the
case of a scalar impurity is thus solely due to A”(q,w).
For magnetic impurities by contrast, electron correlations give rise to nontrivial
dynamics. From Eq. 3.9,
T8 (w) = V2G4(w) (3.43)
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Fig. 3.2 Upper: Impurity-host hybridization functions, plotted as tI'(w)/V? for each
lattice. Lower: Dynamics of a single magnetic impurity on various lattices at T' = 0,
plotted as —Im tG4(w) (solid lines) and Re tG4(w) (dashed) vs w/t, calculated via
NRG. Impurity parameters: U = 1.95¢t and V' = 0.555¢ for 2D square and 3D cubic
lattices; U = 0.704t and V = 0.493t for 2D honeycomb lattice.

in terms of the impurity Green function Gy4(w); the QPT follows from Eqs. 3.19 and 3.40.
The QPI for a single magnetic impurity on a centrosymmetric surface is therefore,
V2

Ap(q,w) =28 - [Re Ga(w)A(q,w) + Im Ga(w)A'(q,w)] , (3.44)
with contributions from both real and imaginary parts of A(q,w), and weights that
depend on the impurity Green function at energy w. As discussed below, the Kondo
effect produces a scattering enhancement at low temperatures and scanning energies,
causing a crossover in the QPI from being dominated by A”(q,w) at high energies
(similar to that of a scalar impurity) to being dominated by A’(q,w) at low energies.
For simplicity we begin by considering the low-temperature limit, 7' < Tk, for which the
impurity dynamics (and thus conduction electron scattering and QPI) are essentially
those at T' = 0.
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3.3.1 Effect of host on impurity dynamics

For a magnetic impurity, the QPI depends on both the host function A(q,w) and the
impurity Green function G4(w) — which itself depends on the host. Specifically, the
impurity problem is controlled by the hybridization function I'(w), related to the clean
host density of states, pg(w), by —Im I'(w) = 7V ?py(w). The Kondo physics is sensitive
to the behaviour of py(w) near the Fermi level (w = 0) [65, 143, 144, 139, 122], given

for the three lattices under investigation as

71%(217(:%‘“‘) . 2D square
wlLt
polw) &~ 5% ¢ 3D cubic, (100) surface (3.45)
\/‘g:r‘ﬁ : honeycomb .

These lattices exemplify three paradigms, with densities of states that are diverging,
flat, or pseudogapped at low-energy. Real and imaginary parts of tI'(w)/V? are plotted
as a function of w/t for each of the three lattices in the upper panels of Figure 3.2.
The density of states for metallic systems is typically flat at low energies. This
gives rise to an exponentially-small Kondo scale [74] T /t ~ exp[—7U/8V?py(0)], and

low-energy Fermi liquid behaviour [74]

lw|< Tk
I

ImlN(w) x ImGy(w) 1 — ay(w/Tx)* + ..., (3.46)

with Fermi level spectral pinning, —7V?py(0)Im G4(0) = 1 (from the definition of
Im I'(w) given earlier in the section). This is shown for a magnetic impurity on the (100)
surface of a 3D cubic lattice in Figure 3.2 (centre panel), where the imaginary and real
parts of tG4(w) are plotted vs w/t. We have chosen representative impurity parameters
U = 1.95t and V = 0.56t, yielding Tx ~ 5x 1073¢, where Tk is defined throughout as the
half-width at half-maximum of the Kondo resonance Im I'(w = Tk) x Im G4(w = Tk) =
+Im T'(0) x Im G4(0). With the host bandwidth 12¢ = 11V (such that U = 1.79¢V and
V' = 0.51eV) we obtain Tk ~ 57K, consistent with established results for Co atoms on a
Cu surface [195, 119, 202]. As seen from Figure 3.2 (centre), the Kondo effect results in
a large imaginary part —tIm G4(w) ~ 6t/(7V?) ~ 6.2 for low energies |w| < Tk. We
emphasize that the Kondo temperatures adopted here, representative of experimentally
measured values, are quite large; the low-temperature limit 7' < Tk, which we consider
in the first instance, therefore corresponds to relatively high temperatures which are

easily accessible in experiment.
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For the 2D square lattice, the low-energy divergence in the host density of states
results in an enhanced Kondo temperature [144, 139]. In any Kondo-screened phase,
the pinning condition from Eq. 3.46 still holds [63, 122], implying that,

—Im Gy(w) “K° QVWJ [In(16t/lw])] (3.47)
which decays logarithmically at low energies. As confirmed in the left panel of Figure 3.2,
the impurity spectrum —Im ¢G4(w) therefore shows a maximum at |w| ~ Tk. With the
same parameters as the 3D cubic system, we now obtain a much higher Tk ~ 584K.

Finally, in the honeycomb lattice (for which the density of states is pseudogapped)
the Kondo effect is suppressed due to the depleted density of states near the Fermi
level, and the local moment phase is stable for any U/V? at particle-hole symmetry

[65, 56]. The impurity spectrum then takes the low-energy form

|w|—0
~Y

—Im Gy(w) o |w] (3.48)
(with o/ a constant). This decay of G4(w) is demonstrated in the right panel of Figure 3.2.
With ¢ = 2.84eV, the honeycomb lattice models the 7/7* bands of graphene [167]; we
use U = 0.704t and V' = 0.493t as realistic impurity parameters obtained from ab-initio
calculations for Co atoms on graphene [208]. We now turn to the QPI due to a single

magnetic or scalar impurity in turn for these three lattices in turn.

3.3.2 2D square lattice

The QPI is obtained from Eq. 3.42 and 3.44 for scalar and magnetic impurities
respectively, with A(q,w) for a single impurity given from Eq. 3.21 (with r, = rs = 0),
d*k

A<q7w) = o
1SBZ QBZ

GOk, w)G(k + q,w) . (3.49)

Figure 3.3 shows the absolute value of the QPI |Ap(q)| as a colour map in g-space
(upper panels), comparing the scalar impurity (left) with the magnetic impurity (right),
at a fixed scanning energy w ~ Tk, using the same parameters as Figure 3.2. The lower
panel shows a cut across the Brillouin zone of Ap(q)/Apiot, where Apior = Apior(w) =
[igz @*a|lAp(q, w)] is the total scattering amplitude at energy w. For a single impurity,
the topology in g-space, on which we now focus, is completely determined by the host
function A(q,w) (see Egs. 3.42 and 3.44), as we argued in Chapter 2.
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Fig. 3.3 QPI for a single impurity on the 2D square lattice at scanning energy w = 0.055¢.
Upper panels compare the QPI colourmaps |Ap(q)| for scalar (left) and magnetic (right)
impurities; lower panel shows a Brillouin zone cut along the path I' - X - M — T,
plotted as Ap(q)/Apie; for w = 5 x 107%t. Symmetry points defined as qp = 0,
ax = A, qy = A; + Ay in terms of reciprocal lattice vectors Ay = 27/ag(1,0),
Ay =2m/ap(0,1). Magnetic impurity parameters as given in Figure 3.2 such that the
scanning energy w = Tk, and v = 0.5¢ for the scalar impurity.

In Section 2.2 of that chapter, we found that both real and imaginary parts of
A(q,w) were divergent along (the same) specific envelope(s) in g-space, corresponding
to q vectors that join points on the constant energy contour (CEC) for a given
scanning energy (w) at which the group velocities Ve, and Vg, are antiparallel. The
dispersion of electronic states defined in Eq. 3.22, ¢, is inversion-symmetric, and thus
the group velocities are antisymmetric with respect to inversion. Lines of divergence
are thus expected in both real and imaginary parts of A(q,w), and hence the QPI,
at q*(w) = 2Ky, where kg, lies on the CEC c at energy w; divergences are also
expected at q points related to q* by translations of the reciprocal lattice, q* + nA,;
(where nA; is any multiple of a reciprocal lattice vector). Furthermore, results from
the case study of A(q,w) for the 2D electron gas in Section 2.2.2 suggest that the real

*|71/2 as the line is approached

and imaginary parts of A(q,w) should diverge as |q —q
from one side of the envelope and be finite when approached from the other, with the

real and imaginary parts diverging from opposite sides. Figure 3.3 clearly demonstrates
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the commonality of the divergent lines between the magnetic and scalar impurity QPI,
leading to similar g-space topology for both colour plots. However, there are marked
differences between the two cases in the magnitudes of the QPI response away from
the lines of divergence, and the behaviour on approaching these lines.

From Eq. 3.22, the CEC k.. for the 2D square lattice at scanning energy w is
described by,

cos <a0 (kc(w))z) + cos (ao (k’c(w))y> + (w/2t) =0, (3.50)

in agreement with the QPI for both scalar and magnetic impurities in Figure 3.3.
Around the I' symmetry point, Eq. 3.50 reduces approximately to a rectangular

hyperbola,
() = () =" £y (351

with the dispersive properties controlled by ar(w); around the M point, the intense
features in the QPI appear to be similar in form, despite the fact that the divergent

lines are in fact given by straight line segments,

lw]<t
~Y

(aoq, — m) £ (aoq, — ) + ayp(w) . (3.52)
This discrepancy illustrates that care must be taken when interpreting features in the
experimentally-measured QPI as divergences in A(q,w), as regions of high (but finite)
intensity may distort the perceived topology of the true divergences.

In g-space, A”(q,w) is found to approach the divergence envelope as

~1/2

A(qw) % |a—q' (3.53)

when approaching a point q* from the I' or M points. The region enclosed by these
divergences is therefore characterized by high QPI scattering intensity — see Figure 3.3
for the scalar impurity. A”(q,w) does not however diverge on approaching from X, and
remains comparatively small in its vicinity. In fact, A”(q,w) is odd in w due to the
exact symmetry A(q,w) = A(q, —w)*. The scalar impurity QPI Ap(q,w) ~ w thus
vanishes at low energies away from the lines of divergence.

The situation is rather different for the magnetic impurity because both real and
imaginary parts of A(q,w) are important (Eq. 3.44). Because A’(q,w) is even in w,
residual QPI intensity around the X symmetry point persists even at low energies,

due to finite A'(q,w = 0) = b,. A'(q,w) also diverges algebraically (as Eq. 3.53) on
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Fig. 3.4 QPI for an impurity on the (100) surface of a 3D cubic lattice for scanning
energy w = b x 1073t. As in Figure 3.3, upper panels compare the QPI colourmaps
|Ap(q)| for scalar (left) and magnetic (right) impurities, while lower panel shows a
Brillouin zone cut along the path I' — X — M — T, plotted as Ap(q)/Apiot. Magnetic
impurity parameters as given in Figure 3.2 such that the scanning energy w = Tk, and
v = 0.5t for the scalar impurity.

approaching the singular lines from X (it does not diverge in the vicinity of T" or M).
As such, the QPI scattering intensity is enhanced around X for magnetic impurities.
Further, as shown in the lower panel of Figure 3.3, the sign of Ap(q,w) can be
reversed by the contribution from the second term in Eq. 3.44. This is a hallmark of
scattering from magnetic impurities, where Im G4(w) < 0 can become large due to the
Kondo effect (see Figure 3.2). This leads to additional structure in the measurable

|Ap(q)|, not found in QPI for scalar impurities.

3.3.3 3D cubic lattice with (100) surface

The (100) surface of the 3D cubic lattice is again a square lattice, but surface states
are dephased by coupling to the bulk. This leads to the t-matrix FEq. 3.24 for a single

impurity, and

&k

Maw) = [ Gk Ghunlle, )Gl + ) (3.54)
1SBZ
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0
surf

with scattering vectors q = q; confined to the 2D surface (and Gg,,¢(k,w) given by
Eq. 3.25).

The dephazing due to the bulk broadens the features of G2, ¢(k,w) for the surface
band compared to the sharply-defined features of G°(k,w) for the bulk band of the
2D square lattice, giving rise to very different QPI responses — despite the two bands
sharing the same dispersion relation, Eq. 3.22, and thus CECs. The simple picture
of the QPI in terms of scattering between well-defined quasiparticle states lying on a
given CEC [78, 204] is no longer valid, and the ability of the QPI to map the CEC as
discussed in Chapter 2 and Section 3.3.2 is lost. The resulting QPI, shown in Figure 3.4,
does not contain the divergences arising in the 2D square lattice — but remnants of
this singular structure appear in broadened regions of enhanced scattering intensity
around the M symmetry point in the cubic lattice. The global four-fold symmetry of
the QPI evolves locally into a continuous rotational symmetry around this point, with
A(q,w) = A(l]q — qyl,w) for |w| < t. Further, the QPI for the scalar impurity (which

only depends on A”(q,w)) is distinctly conical, with
A"(q,w) T~ ay(w) + Bi(w) [a — ay| + Ola — ayl” . (3.55)

as determined from numerical calculations. By contrast the QPI for a magnetic impurity

is found to be controlled by the quadratic term (see Figure 3.4) since
N(g,w) T~ ay (@) + (@) la — ayl* + O la —ayl* - (3.56)

A striking feature of the QPI for the 3D cubic lattices is the difference in intensity
between scalar and magnetic impurities (note the rescaled colour range in Figure 3.4).
There are two distinct reasons for this. First, A”(q,w) is odd in w, whence A”(q,w) ~ w
at low energies |w| < t. For the scalar impurity, Eq. 3.42 implies that the QPI,
Ap(q,w) ~ w, is therefore also small. By contrast, the QPI for a magnetic impurity
(Eq. 3.44) has a contribution from A’(q,w), which remains finite as w — 0.

Second, in the case of magnetic impurities, the Kondo effect produces a spectral
resonance in Im Gy(w) of width Tk that does not decay at low energies (cf. Eq. 3.47
and Figure 3.2). In consequence, the QPI is considerably more intense at low energies

for magnetic impurities than scalar impurities in standard flat-band metallic systems.
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3.3.4 2D honeycomb lattice

The 2D honeycomb lattice, modelling the 7 and 7* bands in graphene within a nearest-
neighbor tight-binding picture [167], generates additional structure in the QPI due to
the bipartite nature of the lattice and the low-energy pseudogapped density of states
given by Eq. 3.45 [208, 207, 184].

A single impurity coupled to a single honeycomb site (on sublattice v, = A or
B) breaks sublattice symmetry, and thus inversion symmetry for the system. The
single-impurity QPI is therefore obtained from Eq. 3.19 and Eq. 3.40, with A(q,w)

comprising contributions from both sublattices,
Ma,w) = Au(q,w) . (3.57)
v

A (q,w) itself is given by Eq. 3.39, and depends on the phase ¢ defined in Eq. 3.35b.
This phase has a marked qualitative effect on the resulting QPI, and cannot be neglected.
For centrosymmetric lattices, the QPI is periodic across the first Brillouin zone because
A(q+nA;,w) = A(q,w) with integer n for any reciprocal lattice vector A;. But in the
honeycomb lattice

A(q + 3nA;,w) = Alq,w) , (3.58)

arising because ¢p(k +nA;) = ¢(k)+exp[2nmi/3]. This property follows from Egs. 3.28
and 3.35b, noting that 7 = %[al + ap] in terms of the real-space lattice vectors, and
a;- A = 2m;; as usual. As such, the period of the QPI is enlarged to include the third
Brillouin zone.

Figure 3.5 plots the QPI due to scalar and magnetic impurities respectively at a
scanning energy w = 0.3t. The Dirac cone electronic structure at low energies w < ¢
(Eq. 3.36) gives rise to circular features around the I'/T'y points (located at qp = 0
and qp, = A, respectively) characteristic of intra-valley (“on-cone”) scattering. As a
consequence of the enlarged periodicity of the phase ¢, the QPI features are distinct
around the I' and I'y points, despite arising from the same intra-valley scattering
processes, because A(qr,,w) = A(qr,w) x exp[—7i/3]. At low energies |w| < ¢, these

points are surrounded by lines of divergence in A(q,w) at q = q*,

la—q’| =dr(w), (3.59)

dispersing linearly as dr/r,(w) = 2|w|/vr, due to the effective Dirac cone structure at
low energies given by Eq. 3.36 (where vp is the Fermi velocity). For the scalar impurity

at low energies |w| < ¢, both points are surrounded by flat regions of high scattering
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Fig. 3.5 QPI for a single impurity on the honeycomb lattice for scanning energy w = 0.3t.
As in Figure 3.3 the upper panels compare the QPI colourmaps |Ap(q)| for scalar
(left) and magnetic (right) impurities, while lower panel shows a Brillouin zone cut
of the QPI plotted as |Ap(q)|/Aptoy along the path I' = M — I'y - My — K — T,
where qp = 0, qy = %Al, qr, = A1, qy, = A1 + %Ag, ax = %Al + %AQ, in terms
of reciprocal lattice vectors Ao = 27/ ag(%, +1). Magnetic impurity parameters as
given in Figure 3.2, and v = 0.5¢ for the scalar impurity.

intensity,
Ap(g,w)| T g (3.60)

with bp = bp, independent of scanning energy w. However, the local environment of
the I and I'y points is different. The immediate vicinity of the I's point possesses a
continuous rotational symmetry, with divergences in the QPI along the entire singular
line q = q*,

Mg, w) 2 1 ‘ao (a—q")

The form of these divergences is different to the conventional (inverse square root)

. (3.61)

algebraic form for the divergences, found in Chapter 2 for the 2D electron gas and
for the 2D square lattice in Section 3.3.2, likely due to the more complex nature of
the quasiparticles on each Dirac cone [37]. By contrast, a lower six-fold symmetry is
found around the I' point as w — 0 due to divergent points arising only when q* is
perpendicular to Aj, Ay and (A; + Ay).
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Complex features in the QPI also appear in the vicinity of the K symmetry
points due to inter-valley (“off-cone”) scattering, and are again enclosed by singular
lines, denoted q*. These features possess only reflection symmetry about the line
(qr — k), the continuous rotational symmetry being lifted by the underlying phase
texture (itself arising because the impurity couples to a single sublattice). The line
of divergence along q* is intersected by a perpendicular nodal line at pinch-points
where (q* —qk) - (qr — qx) = 0. For the scalar impurity, scattering is forbidden within
the region around the K point enclosed by the singular lines. These features are seen
clearly in the QPI map and cuts for the scalar impurity presented in Figure 3.5. At
higher scanning energies, trigonal warping sets in, giving rise to a local three-fold point
symmetry around q-.

For the magnetic impurity, the relative weight of A’(q,w) and A”(q,w) in the QPI
depends on the complex t-matrix, T'(w), which evolves with scanning energy w (see
Figure 3.2). Importantly, this can lead to distinctive features in the measurable QPI,
|Ap(q,w)|. Accidental cancellation of terms in Eq. 3.19 can produce characteristic
“dark spots” of suppressed scattering in the QPI. An example is shown Figure 3.5,
where |Ap(q,w)| ~ 0 for |q| < |q*| in the vicinity of the I" point. In contrast to the
scalar impurity case (Eq. 3.60), the QPT in general depends on w and varies with q
in the vicinity of the I' and I'y points when magnetic impurities are present. Indeed,

magnetic impurities also induce scattering near the K point.

3.4 Characteristic Kondo physics in the QPI

3.4.1 Scanning-energy dependence

We turn now to dynamical features of the QPI for the three lattices, comparing scalar
and magnetic impurities. Numerically-exact results that exemplify the key physics are
presented in Figure 3.6

For scalar impurities, the scanning-energy dependence of the QPI is due entirely to
the w-dependence of A(q,w), which characterizes the clean host lattice. The real part
of this function is plotted as a colour map in the centre column panels of Figure 3.6
(the real and imaginary parts are related by Hilbert transformation).

For magnetic impurities, QPI dynamics result from both A(q,w) and the impurity
Green function G4(w), whose spectrum is plotted in the left column panels of Figure 3.6
(see also Figure 3.2 and Eqs. 3.46-3.48 for the detailed low-energy behaviour). The
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Fig. 3.6 QPI dynamics for a single impurity on various lattices: 2D square, 3D cubic
(100) surface, honeycomb (top, middle, and bottom row panels respectively). Right
column panels: colour plots of the QPI |Ap(q,w)| across a Brillouin zone cut as a
function of scanning energy w/t, comparing scalar and magnetic impurities. Centre
column panels show a colour plot of the host function A’(q,w) over the same g-cut
and energies. Left column panels show the spectral function for a magnetic impurity,
—Im[tGy(w)] vs w/t, calculated via NRG at T'= 0. Magnetic impurity parameters as
in Figure 3.2. Scalar impurity v = 0.15¢.
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nontrivial scanning-energy dependence of the QPI reflects the rich structure of the
underlying quantum impurity problem.

For the 2D square lattice, divergences in A(q,w), described by Eqs. 3.51 and 3.52,
give rise to lines of intense scattering in the QPI. The dispersive properties of these
features are controlled at low energies |w| < t by ar(w) and ay(w), which are related
by continuity at the edge of the Brillouin zone through ay(w) = ar(w)?/(27). We find
linear dispersion of the divergent features around the M symmetry point, implying

am(w) ~ w5 ar(w) ~ w2, (3.62)
as confirmed directly in the upper panels of Figure 3.6.
As w — 0, the divergences are confined to the line g; = ¢, connecting I' and M
symmetry points, so that
|w|<t .1
ANy = qpow)  ~ aqd(w) + bglw| + icq + ..., (3.63)
with the non-analytic nature of A(g, = gy, 0) due to the presence of the van Hove point
in the 2D square lattice at w = 0. The QPI itself thus diverges along this line with the

universal asymptotic form,

| =0 ‘%‘ : scalar
Y

|Ap(4z = qy,w)] ) (3.64)

P

where Re G4(w — 0) ~ [In(16t/|w|)] 72 is used in the case of the magnetic impurity
(obtained by Hilbert transform of Eq. 3.47). The divergence is thus sharper along the
M-T" line for magnetic impurities, as evident in Figure 3.6.

Away from this divergent line (for instance along the cut I' — X — M in Figure 3.6),
the QPI is characterized by vanishing scattering intensity at low scanning energies due
to

Ao # ay,w) R g + bglw| + iGqw In |w/t] + ..., (3.65)

giving rise to the asymptotic behaviour of the QPI,

w—o |wlnjw/t| : scalar
1Ap(qs # qyrw)| < 1 (3.66)

n(i6t/fo) - Nag
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As a result, the QPI intensity for the magnetic impurity decays much more slowly than
that of the scalar impurity as the scanning energy is reduced in the vicinity of the X
symmetry point — see Figure 3.6.

At higher scanning energies |w| ~ U/2, the “Hubbard satellites” in the spectral
function of the magnetic impurity, arising due to valence fluctuations on the impurity
site [74], give rise to enhanced scattering near the M and X points. These features
are not of course present in the scalar impurity QPI, and are as such one signature of
strong electron correlations in magnetic impurities.

For the 3D cubic lattice the dynamics are rather different, for two reasons: the
host function A(q,w) does not contain divergences, and the magnetic impurity Green
function does not vanish at low energies because the host density of states is essentially
flat for |w| < t.

For a scalar impurity on the cubic (100) surface, the QPI intensity vanishes
everywhere at low energies |w| — 0 because A”(q,w) = —A"(q, —w) is odd in w — see
centre row panels of Figure 3.6. By contrast, the Kondo effect gives rise to enhanced
scattering at temperatures and energies < T; this gives rise to a large finite QPI
intensity for w < Tk. This is the typical behaviour expected for magnetic impurities
in standard metallic systems.

Finally, we consider QPI dynamics on the the honeycomb lattice. In the case of the
scalar impurity, the region of intense intra-valley scattering around I' and I'y described
by Eq. 3.60 disperses linearly at low energies according to Eq. 3.59, with dr(w) ~ w.
As w — 0, the only divergent points are at q* = qr and qr,. At q = qg, the QPI
Ap(qk,w) = 0 is identically zero for any |w| < t. These features are shown in the lower
panels of Figure 3.6.

The QPI for the magnetic impurity near these points shows intense scattering at
energies |w| ~ U/2, corresponding to the Hubbard satellites in the impurity spectral
function due to charge fluctuations. At lower energies, however, G4(w) vanishes linearly
according to Eq. 3.48 due to the host LDOS which also vanishes linearly at low
energies. Importantly, the Kondo effect is suppressed at particle-hole symmetry, and
the local moment phase is always stable for any interaction strength [65, 56]. Electron
correlations give rise to the nontrivial spin-flip scattering typical of such degenerate

non-Fermi liquid phases [65, 122]. As a result the QPI for the magnetic impurity
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vanishes everywhere at low energies, according to

|w]| In® ‘w/t‘ L q=dr,
w|—0
|Ap(g,w)| “ Lo © q=qg (3.67)

|w|ln‘w/t‘ . elsewhere .

3.4.2 Universality

We focus now on a single magnetic impurity on the (100) surface of a 3D cubic lattice —
the case most relevant to standard metallic systems where the host density of states
becomes essentially flat at low energies, w < t, as indicated by Eq. 3.45. At energy
scales significantly below the hopping matrix element ¢, the physics of the system is
essential that of a flat conduction band in the (infinitely) wide-band limit [74]. The
Kondo effect is operative in such systems [74], with a spectral resonance setting in
on temperature/energy scales ~ Tk as depicted in the centre panel of Figure 3.2.
This resonance embodies enhanced spin-flip scattering, which screens the impurity
local moment dynamically. Importantly, all physical properties depend only on the
single emergent scale Tk at low temperatures/energies, reflecting the universal RG
flow between local moment and strong coupling fixed points [74].

At sufficiently low temperatures T' < Tk, the impurity Green function Gg(w) is
a universal function of w/Tk on all energy scales |w| < min(¢,V?/U) — not only for
lw| < Tk where strong coupling Fermi liquid behaviour Eq. 3.46 holds, but also for
lw| > Tk where local moment physics dominates the dynamics. In that case, the

impurity spectral function takes the asymptotic form [64],

|w|>>Tk 1
Y

—Im G
m Ga(w) 1 +aln? |bw/Tk|’

(3.68)
with a,b = O(1) constants. This behaviour for Tx < |w| < min(¢,VZ/U) is
universal because the hybridization function Im ['(w) is essentially constant for
lw| < min(¢, V?/U) on the cubic lattice (and Re T'(w) ~ w).

Similarly, the real part of the host function A’(q,w) becomes constant on energy
scales |w| < t, while A’'(q,w) ~ w. In the scaling limit Tx — 0, Im G4(w) thus controls
the energy-dependence of the QPI in the universal regime (see Eq. 3.44). In practice,
non-universal contributions are negligible for finite Tx < min(¢, V?/U).

In consequence, the entire QPI develops a universal scanning-energy dependence at
low energies and temperatures. This means that magnetic impurities with different

interaction strengths U and couplings V' on different metallic substrates give the
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Fig. 3.7 QPI |Ap(q,w)|/|Ap(q,0)| vs w/Tk for a magnetic impurity on the 3D cubic
(100) surface for scattering vectors q = qr, qx and qy (vertically offset by 0.5 for
clarity), plotted for a range of impurity parameters: V/t = 0.555, 0.474, 0.392 with
fixed U = 1.95¢, corresponding to T/t =5 x 1073, 7 x 107* and 3 x 107°. Eq. 3.46
(solid line) and Eq. 3.68 (dashed) describe |w| < Tk and > Tk asymptotes.

same normalized low-temperature/energy QPI |Ap(q,w)|/|Ap(q,0)| when plotted vs
rescaled scanning-energy w/Tk, for any scattering vector q. Rescaled experimental
QPI data for different systems should thus collapse onto a part of this universal curve,
providing the unambiguous signature of scattering from magnetic impurities. This
scaling collapse is demonstrated for the 3D cubic lattice in Figure 3.7. Departure from
universality is governed by the onset of w-dependence in A(q,w), which is distinct
for each q; for the experimentally relevant parameters used, this is found to occur at
lw| Z 20Tk ~ 0.1t

3.4.3 Thermal effects

So far we have considered T" = 0, appropriate in practice when T" < Tk < t, such
that temperature is the smallest energy scale in the problem. This regime is of most
relevance, as typical STM experiments are conducted at ~ 5K [202]; however, studies
at higher T' may also be performed [148], allowing the change in QPI upon increasing
temperature through Tk and beyond to be investigated.

Non-interacting conduction electrons and uncorrelated impurities (such as the scalar
impurity) in practice have effectively T-independent electronic structure, and thus

QPI. By contrast, electronic correlations of the magnetic adatom exhibit a strong
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Fig. 3.8 Simulated experimental FT-STS measurements |Appeas(q,w = 0.17k)| for a
single magnetic impurity (parameters as in Figure 3.2, such that Tx = 5 x 1073¢) at
fixed scanning energy, plotted across the 1BZ for a series of temperatures, 17//Tx = 0.1,
0.2, 0.5, 1, 2 and 5.

T-dependence, entering the t-matrix via the impurity Green function. As T is increased
in metallic systems, the Kondo singlet is broken, destroying the Kondo resonance on
the scale T' 2 Tk and resulting in local-moment physics [74]. This results in a quite
dramatic change in the t-matrix, and hence QPI, on increasing T through Tk.

In addition to this interaction-driven T-dependence, the local tunnelling current
measured in STS is weakly T-dependent due to thermal excitation of conduction

electrons; at finite-T, the differential conductance is given by

dl 00
W(ri,w =eV,T) / de p(ri, e, T)f (w—¢,T), (3.69)

where f/(w—e,T) = L f(w—e,T) and f(z,T) = [1+exp(z/T)]"" is the Fermi function.
Eq. 3.69 represents the convolution of the LDOS (7-dependent only for the magnetic
impurity) with a broadening kernel, controlled by 7. The QPI measured via FT-STS,

ApPmeas(q, w, T), is then related to the “true” QPI by:

Apmeas(@,0,T) = [ de Apla,e. T)f(w = 2. T) (3.70)
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Figure 3.8 shows the thermal evolution of the QPI for an impurity embedded on the
3D cubic (100) surface. For the magnetic impurity, the magnitude of the QPI decreases
substantially as T" increases through Tk, and the Kondo resonance is suppressed. By
contrast the QPI for a scalar impurity has a much simpler T-dependence (entering only
via the thermal broadening, Eq. 3.70), with essentially no T-dependence for T' < t,
as depicted by the dashed line in Figure 3.9. The strong T-dependence of QPI is a
characteristic signature of Kondo physics in systems with magnetic impurities.

The asymptotic low-T" expansion of the impurity Green function at particle-hole
symmetry and w = 0 (applicable in the regime w < T' < Tk) is a universal function of
the Kondo temperature [74],

Iml(w = 0) x Im Gg(w = 0,T) "1 — ap(T/Tx)> + ... (3.71)
This leads to a close correspondence between the w- and T-dependence of the QPI (via
the impurity Green function, comparing Eqgs. 3.46 and 3.71), as seen by comparison of
the upper and lower panels in Figure 3.9.

As such we expect to observe universal scaling in the T-dependence of the QPI for
the magnetic impurity, analogous to that of the w-dependence. The comparison of the
pure QPI and the thermally broadened FT-STS signal in the inset of Figure 3.9 (inset)
demonstrates this universal behaviour, which is unaffected by the thermal broadening

of the STM-measured conductance Eq. 3.70 (up to a trivial scale factor).

3.5 Interpretation of FT-STS

3.5.1 Finite-size effects

In experiment, the surface LDOS Ap(r;,w) is measured over an L x L plaquette using
STM [78], with the QPT obtained from Eq. 3.15. The g-space resolution of the resulting
QPI naturally depends on the real-space sample size. The “true” QPI is recovered as
L — oo, obtained theoretically by the t-matrix approach.

We now consider explicitly the effects of finite sample size, by simulating the
experimental protocol. The LDOS for these surface sites is calculated exactly using
Eq. 3.16, with the non-local free Green functions obtained using the convolution method
described in the appendix.

Figure 3.10 shows a Brillouin zone cut through the QPI for a magnetic impurity
on the cubic lattice (100) surface, computed in the L — oo limit using the t-matrix

approach (solid line). This true QPI is compared with results for the same system
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Fig. 3.9 QPT |Apmeas(qy)| for a single magnetic impurity (parameters given in Figure 3.2,
such that Tix = 5 x 107%¢) at the point q,; = (, 7) in the 1BZ, shown as a function of w
(T') at a series of different 7' (w) in the upper (lower) panel; such that 7'/Tx (w/Tx) =
0.01,0.1,0.2,0.5,1,2,5,10. Increasing 7" from low to high is denoted by the arrow. The
QPI due to a scalar impurity is also plotted (dashed line) for comparison.

Lower panel inset: measured FT-STS (red) and the “true” QPI (blue), as a function of
T /Tk, showing very similar universal behaviour in each case (up to a scale factor due
to thermal broadening).
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Fig. 3.10 Brillouin zone cut of |Ap(q,w)| for a magnetic impurity on the 3D cubic
(100) surface at w = 107%. Exact QPI (line) calculated via the t-matrix approach
(Eq. 3.44), compared with the direct real-space approach (Eq. 3.15), sampling an L x L
surface plaquette with L = 100 (cross points) and L = 10 (diamond points). Impurity
parameters as in Figure 3.2.

restricting to an L x L surface sample, with L = 100 (crosses) and L = 10 (diamonds).
The true QPI is very well-approximated when L = 100 is used (corresponding to a
plaquette of side length ~ 10% A, as typical in experiment [78]). The g-space resolution
is also sufficient to capture accurately all features. Indeed, even for an extremely small
sample region L = 10, the accuracy is surprisingly good- although the discretization is
severe.

Reassuringly, the experimental protocol reproduces accurately the true QPI. A large
sample size is however still needed to resolve sharp g-space features; in 2D systems,
the characteristic sharp cusps in the QPI in Figs 3.3 and 3.5 would require very large

LDOS samples in real space.

3.5.2 JDOS interpretation

In Chapter 2 we considered the frequently-used interpretation of the QPI in terms of
the joint density of states (JDOS), for example in Refs. 78, 183, 184. Based on simple
phenomenological arguments [184] it is argued that the amplitude of impurity-induced
scattering from k to k’ at energy w is dependent on the product of the densities of
quasiparticle states at k and k' = k + q, i.e. the joint density of states between the
two points. Moreover it is proposed that the QPI may be dominated by individual
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contributions between specific pairs of points in k-space both with high densities
of states, giving rise to the assignment of particular features in the QPI |Ap(q,w)]
in terms of these characteristic vectors. This allows the inference of the electronic
structure of the clean host material, in particular the fermiology and dispersion of
electronic bands. Formalizing this phenomenological approach, the JDOS is defined as
d?*k

J(q,w) = / a

1BZ

Im G°(k,w)Im G°(k + q,w), (3.72)

BZ

where p°(k,w) = 7~ 'Im G°(k, w) is the spectral density of (surface) states at scanning
energy w. In the case of 2D or pseudo-2D systems, for which the surface quasiparticle
lifetime is long, the JDOS is related to scattering between particular pairs of points on
a constant energy contour (CEC) in k-space, as shown in Chapter 2. J(q,w) defined
via Eq. 3.72 may also be calculated for 3D systems in which surface states couple to
the bulk, for example the 3D cubic (100) surface investigated in Section 3.3.3 and
elsewhere in this chapter — although the simple picture of scattering between points
lying on a CEC is lost due to dephazing of surface quasiparticles by coupling to the
bulk, as discussed in Section 3.3.3.

The relative success of the JDOS approach in some cases, demonstrated in Ref. 204,
for example, and the simplicity of the JDOS picture has motivated efforts to connect
rigorously the QPI and JDOS. Notably, the perturbative approach employed in Ref. 183
attempts the link by assuming a constant scattering amplitude and phase along the
constant energy contour. However, a faithful description of interfering scattering
processes typically requires relative phase information; and the JDOS simply lacks
information about overlap matrix elements between states in the impurity-coupled
system. In consequence, the QPI may be small even when the JDOS is large (as may
be verified explicitly). The JDOS picture then fails to capture the basic physics of the
scattering — as is known, for example, in graphene [184], in topological insulators [66,
120] and Weyl semi-metals [140].

In Chapter 2, we undertook a careful analysis of the relationship between JDOS
and QPI, establishing the approximations and fundamental limitations of the former
in predicting the latter, and demonstrating that no quantitative link between the two
quantities exists in any case. It was shown that the JDOS is most closely related to
the QPI for a simple scalar impurity on a centrosymmetric lattice, for which the two

quantities are the imaginary and real parts (respectively) of a generalized joint density
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of states (GJDOS), a complex response function defined as

/ I GOk, w) GOk + qw) . (3.73)
Oz
From Egs. 3.42 and 3.49 (or Eq. 3.54), the QPI in this case can be written as Ap(q,w) =
volm A(q,w), such that
d’k
Ap(q,W) = 2ug / 0O

1BZ

Im G°(k,w)Re G°(k + q,w) , (3.74)
BZ

where we have exploited periodicity across the 1SBZ, i.e. Im A(q,w) = 2Re R(q,w),
while J(q,w) = Im R(q,w). Despite the QPI and JDOS being related to the real
and imaginary parts of R(q,w), we emphasize that they are not Hilbert conjugates as
R(q,w) is not an analytic function. In Chapter 2 we demonstrated that (divergent)
features in the JDOS were not necessarily reproduced in the QPI.

Nevertheless, the JDOS interpretation of the QPI may be qualitatively correct for
dilute scalar impurities on centrosymmetric lattices, because the underlying q-space
topology of singular lines is similar for Re R(q,w) and Im R(q,w). In Section 2.2.1
we established, for 2D systems, the singular lines along which (and points at which)
the JDOS diverges. Moreover, criteria for these lines to be present also in the QPI
were established. By way of illustration, the left panels of Figure 3.11 compare the
JDOS (lower panel) to the QPI (upper panel) for the 2D square lattice. The structure
of both quantities is qualitatively similar, displaying common envelopes traced by
lines of divergence in g-space. However, the detailed behaviour of the JDOS differs
substantially from that of the QPI: extra structure is evident around the I' (agq = (0,0))
point inside the envelope of divergence, while the intensity of the JDOS outside the
divergent envelope is significantly larger than that of the QPI, and the functional form
as the divergent envelope is approached from M (agq = (7,0)) is also different. The
middle panels of Figure 3.11 plot the JDOS and QPI for the 3D cubic lattice (100)
surface (respectively); in this case the JDOS fails completely to capture the g-space
structure and intensity of the QPI, even displaying a different periodicity. This is due
to the failure of the simple picture of scattering quasiparticles on a CEC: in the 3D
cubic (100) surface case, there are substantially more scattering contributions, which
interfere in a non-trivial manner to give the QPI. The JDOS neglects the interference

of such scattering terms, in effect simply summing the magnitudes of such scattering
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Fig. 3.11 Comparison of QPI, |Ap(q,w)| (upper panels), with the JDOS (lower panels),
plotted as vyJ(q,w), for the 2D square (left), 3D cubic (100) surface (middle) and 2D
honeycomb (right) lattices for scanning energy w and Born impurity scattering potential
v as in Figs. 3.3, 3.4 and 3.5 respectively. Colour maps are scaled to highlight relevant
features as the relative intensities of the JDOS and QPI are somewhat arbitrary, given
the (at best) qualitative link between the two quantities.
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amplitudes across the Brillouin zone, and thus naturally fails to accurately represent
the QPL.

The above connection via Eq. 3.73 does not hold in the case of non-centrosymmetric
lattices, or lattices with multiple sites or orbitals, for which Eq. 3.74 is inapplicable.
The QPI, Ap(q,w), must instead be calculated via the general procedure given in
Section 3.2.2 in the case of the 2D honeycomb lattice, involving in that case an additional
momentum dependence of the scattering t-matrix and phase factors resulting from the
real-space sublattice structure (Egs. 3.37-3.39). This explains the failure of the JDOS
interpretation in the case of impurities in graphene, discussed Section 3.3.4 [184]. The

JDOS for such a multi-band system is defined heuristically in band space as

d’k
T (Q, 00) = / o m GO (k,w) Im GO (k + q,w), (3.75)

1BZ

such that intra- and inter-band scattering (n = m and n # m respectively) are
both permitted, and the momentum dependence of the t-matrix, arising even in the
local s-wave scattering case due to inter-orbital coupling in the host Hamiltonian,
is neglected. In the case of the honeycomb lattice, the sign-definite dispersion for
each band (Eq. 3.35a) means that Im GY_(k,w) = 0 and thus Jy,((q,w) = 0 for
w < (>)0, while J,_(q,w) = 0 for all w. We emphasize that, by contrast, the full
QPI, calculated via Egs. 3.37-3.39, includes (potentially non-zero) contributions due
to inter-band scattering of the form ~ Re G? (k,w) Re G (k + q,w). The right panels
of Figure 3.11 plot the QPI (upper panel) and JDOS (lower panel) for the honeycomb
lattice. As in the 2D square lattice case discussed above, the JDOS predicts the
approximate topology of the QPI in q space, but fails to capture detailed information
about both the magnitude inside and outside the envelopes of divergence, and the
functional form on approaching the divergent lines from either side. The lack of
phase information contained in the JDOS renders the I" and I's points (apq = (0,0)
and 27(1/4/3,1)) equivalent, in contrast to the QPI (as discussed in Section 3.3.4).
Most significantly, the features around K (apq = 27(1/v/3,1/3)), which result from
inter-valley scattering (see Section 3.3.4 for details), differ substantially in the QPI
and JDOS. The distinctive “pinch point” structure, in which the intensity of the QPI
around the divergent envelope has nodes along the line perpendicular to I' — K is
completely absent in the JDOS; these features reflect the orbital texture of the scattered
quasiparticles, which is lost in the JDOS.

Finally, we emphasize that the presence of magnetic impurities renders the JDOS

an even less accurate predictor for the QPI. This is because the t-matrix is a complex
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dynamical object: the real and imaginary parts of the host response function A(q,w),
defined by Eq. 3.20b both contribute to the QPI, with the sign and magnitude of each
contribution depending on the magnitude and phase of the t-matrix. The resulting
interference between different contributions to the QPI is thus dependent on phase

information that is simply not contained in the JDOS.

3.5.3 Wannier basis expansion of the QPI

In Section 2.3 we considered several complicating factors that may arise in an exper-
imental setting when measuring the QPI via FT-STS. The STM tip measures the
LDOS in (continuous) real space, while theoretical calculations are typically carried
out on (tight binding) lattice models of the underlying host, in which information
about atomic wavefunctions is “integrated out” (encoded solely in the form of the
hopping matrix elements). Moreover the STM tip is atomically sharp, providing
sub-unit-cell spatial resolution and thus able to probe oscillations in the LDOS with
momenta outside of the first Brillouin zone. In order to correctly account for the true
spatial structure of the LDOS, the lattice LDOS must be expanded in an appropriate
Wannier basis, as discussed in Section 2.3.2. The simplest, albeit somewhat crude,
approximation is to neglect the Wannier expansion coefficients, formally equivalent
to setting W(r —r;) = é(r — r;), assuming that STS directly probes the lattice Green
functions of the host system. We have adopted this convention implicitly thus far in
this chapter (as is conventional in theoretical calculations of the QPI — see, for example
Refs. 34, 204, 102).

From Section 2.3.2, we expand the lattice Green functions in the (local) Wannier

basis of each site,

G(r,r',w) = Z W —r)W*(r' —r;)G(ri, r;,w), (3.76)

giving the QPI calculated in the Wannier basis

Ap(q,w)=—7""Im > W(k)AGk,k+q,w)W*(k+q), (3.77)

where W (k) = [ d*r e%TW (r) [106, 45]. For a host material consisting of s-like atomic
orbitals, Wannier functions of Gaussian form are plausible, W (r) = Nye IF?/22* where
the ratio a/ag controls the extension of the Wannier orbital within the unit cell (with
normalization constant N,). The Fourier transform gives W (k) = Nye~l20kl*(a/a0)*/2,

and so the consideration of the full continuum representation of the Green functions
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Fig. 3.12 QPI, |Ap(q,w)|, calculated in the Wannier basis (of s-wave and d-wave orbital
symmetries for upper and lower panels respectively), with the left panels plotting the
local Wannier function W (r), given by Eqs. 3.78 and 3.79, for each case. W (r) is
red(blue) for positive(negative) phase.

in the Wannier basis is to impose a smooth, isotropic cutoff in the momentum-space
components of the LDOS modulation pattern, controlled by (ag/a), limiting the
resolution of experimental FT-STS measurements in g-space. By contrast, the simple
approximation that the FT-STS probes the lattice QPI directly results in a signal that is
periodic in momentum space, as seen in Section 3.3. Experimentally observed FT-STS
measurements, for example Refs 78 and 206, typically extends out to approximately
twice the first Brillouin zone, consistent with the concept of a momentum-space cutoff
in the scattering information that may be measured by the STM tip.

For a metallic system, the radial extension of the surface Wannier orbitals is
expected to be a significant fraction of the lattice constant, a/ag ~ 0.5. The upper
panels of Figure 3.12 plot the QPI due to a scalar (middle panel) and magnetic impurity

(right panel), calculated in the Wannier basis of s-like local orbitals in real space W (r)
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such that

for a = 0.5a¢ (depicted in the left panel). By comparison, the QPI response plotted in
Figure 3.3 is recovered for a < 0.1ag. The QPI in the first Brillouin zone is qualitatively
similar to that plotted in Figure 3.3, calculated directly from the lattice LDOS, but the
cutoff-effect of the evaluation in the Wannier basis is clear beyond the first Brillouin
zone. Moreover, the intensity of the QPI in certain regions is significantly altered: for
example, outside the envelope of divergent lines described in Section 3.3.2, the QPI
due to a scalar impurity has almost zero intensity for the lattice QPI (Figure 3.3 left
panel), while there is residual intensity in the Wannier-basis QPI (Figure 3.12 left
panel). This is due to destructive interference of higher-momentum components in the
lattice case, while the Wannier-basis QPI has incomplete cancellation of intensity at
these scattering vectors due to the imposed cut-off in momentum space.

Isotropic, s-like Wannier orbitals are an appropriate basis for simple metallic
systems, but in many of the materials studied via FT-STS the relevant conduction
electron bands are derived from atomic orbitals of higher angular momentum and
multi-site unit cells. As such Wannier bases consisting of higher angular harmonics
(of p-, d- or even f-wave symmetry) must also be considered. By way of illustration,
we consider the case of a d-wave symmetric Wannier basis, chosen to reproduce the
symmetry of the Cu 3d,2_,2 orbital, from which the active band in the cuprate high-T;
superconductor BisSraCaCuyOg [106, 45]. In the lower panels of Figure 3.12 we plot
the QPI for scalar (middle panel) and magnetic impurities (right panel), calculated in

a Wannier basis of d-wave symmetry,
W(r) = N¢ (r2 — r2) e e/t (3.79)

with a = 0.8ag, depicted in the left panel of Figure 3.12. The nodal structure of the
Wannier orbital in real space is reflected in additional g-space structure in the QPI in
comparison to the simple s-wave case for both scalar and magnetic impurities, which
depends on the spatial extent of the Wannier orbitals. While the symmetry of the
Wannier basis has a significant impact on the QPI, the exact form of the Wannier
orbital is found to have a much smaller effect.

Given the substantive effect that the choice of Wannier basis can have on the
resultant QPI, an accurate representation is needed in order to accurately match to

(or predict) experimental FT-STS measurements. In order to achieve quantitative
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accuracy, more advanced electronic structure calculations are necessary in order to
predict the detailed form of the relevant Wannier orbitals [106]. However, insight can
be gained easily via appropriate phenomenological forms for the spatial wavefunctions
of appropriate symmetry and radial extent. In Chapter 5 we investigate the QPI in
SroRuQy, a complex transition metal oxide in which the choice of Wannier basis is

expected to be relevant, using similar wavefunctions to calculate the Wannier-basis

QPI.

3.6 Conclusion

In this chapter, we have studied theoretically the use of quasiparticle interference
(QPI), measured in FT-STS experiments, as a probe of magnetic adatoms on surfaces.
Following a general detailed formulation of the QPI due to an arbitrary distribution
of impurities, we turned explicitly to single-impurities adsorbed on a range of host
surfaces, taken to be non-interacting electronic systems. The (100) surface of a 3D
simple cubic lattice, 2D honeycomb and 2D square lattices are considered, in which
the Fermi-level densities of states respectively embody standard metallic behaviour,
pseudogap behaviour, and a divergence due to a Van Hove singularity. In all cases,
the single-impurity QPI factorizes into a local scattering ¢t-matrix, and a host response
function A(q,w) at scanning energy w = eV

The scattering t-matrix for a magnetic impurity is simply related to the impurity
Green function — itself dependent on the host lattice — and thus the rich dynamics
due to electronic correlations are manifest in the QPI. The (single) quantum impurity
system is solved exactly using NRG for each host [29], providing numerically exact
impurity Green functions at a range of energies and temperatures. Despite the local,
momentum-independent nature of these correlations, the g-space structure of the QPI
is found to be qualitatively different from that of a simple scalar impurity due to
non-trivial phase shifts associated with scattering from magnetic impurities, which
reflect, for example, the Kondo effect [74].

The host response function A(q,w) is also non-trivial, despite being a property
of the free, non-interacting host system. It displays significant structure in gq-space,
symptomatic of the symmetry and dimensionality of the host. However, its energy-
dependence becomes featureless for |w| < t (with ¢ the inter-site lattice hopping). By
contrast, the Kondo physics due to a magnetic impurity is controlled by an emergent
scale Tk < t, and so scattering becomes strongly energy-dependent at low energies.

As a consequence, the QPI exhibits universal scaling in terms of w/Tx and T'/Tx — a
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characteristic hallmark for systems containing magnetic impurities. Conversely, the
QPI for systems containing scalar impurities has no energy or temperature dependence
on scales < t.

Having considered the “true” QPI of the underlying host lattice due to both scalar
and magnetic impurities, we considered the consequences of several complicating
practical factors for experimental FT-STS measurements and their interpretation. The
effect of the finite size of measured LDOS maps in real space was considered, and it was
found that measurements over a reassuringly small plaquette gave good quantitative
agreement with the theoretical QPI (corresponding to the infinite-plaquette limit). The
commonly-used interpretation of the QPI measured via FT-STS in terms of the JDOS,
explored in Chapter 2 was critically examined for the case of the three representative
lattices studied here, and the clear failure of the JDOS to reproduce qualitative features
present in the QPI demonstrated. In particular, the JDOS failed severely in the cases
of the 3D cubic (100) surface and 2D honeycomb lattices, due (respectively) to the
neglect of interference between multiple scattering processes and the underlying orbital
texture (multi-band nature) of the host material. We concluded by investigating the
effect of including spatial information about the local orbital basis of the host material,
calculating the QPI in a model basis of Wannier functions in order to simulate the
FT-STS measured via the true LDOS modulations in (continuous) real space. The
Wannier-basis QPI was compared to the lattice QPI which is typically calculated in
theoretical investigations of the QPI [34, 102, 106], and it was found that the symmetry
and radial extent of the local Wannier basis has a significant qualitative impact on
the theoretical FT-STS prediction. Consequently, detailed, quantitative comparison
between theory and experiment necessitates a careful consideration of the spatial
structure of the orbitals probed via STM.

Thus far we have considered local correlation effects only in the form of electron
interactions arising for isolated magnetic impurities. In Chapter 4 we turn to the
more complex case of multiple, mutually-interacting magnetic impurities embedded in
non-interacting host materials, and the resultant QPI. Such systems will display an even
wider array of impurity physics, due to the competition of local and non-local (RKKY-
type) interactions between impurities. These interactions have a significant impact
on the QPI for randomly distributed impurities at experimentally relevant number
densities. FT-STS also offers the ability to investigate the effect of interactions between
the conduction electrons of the host material, of particular interest for systems in
which unusual many-body states are manifest, such as unconventional superconductors.

In Chapter 5 we consider the QPI in one such material, SroRuQOy, of interest as an
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unconventional superconductor consisting of spin-1 Cooper pairs, for which QPI may
provide insights into the nature of the superconducting state and pairing mechanism
[174, 206]. Electronic correlations in the normal state are investigated via comparison
of theoretical calculations with experimental measurements, and predictions for the
QPI in the superconducting state are also made in anticipation of future experimental

work.



Chapter 4

Multiple magnetic impurities on

surfaces: scattering & QPI

In Chapter 3 we investigated in detail the QPI resulting from a single magnetic impurity;,
demonstrating the rich dynamical structure of the QPI in this case, in comparison with
the standard Born scatterer. Described in terms of a single interacting quantum level,
such a magnetic impurity can host a free local moment at high energies/temperatures,
which is then screened in metallic systems by conduction electrons through the Kondo
effect [74, 211, 108] below a characteristic scale T™. The enhanced spin-flip scattering
responsible for the Kondo effect at low energies leads to a characteristic impurity spectral
resonance [74, 64, 159, 210] observable in STS [118, 191, 128, 129, 202]. Interacting
quantum impurities give rise to non-trivial many-body effects which manifest in the
induced real-space LDOS modulations from a single magnetic impurity. This produces
a characteristic QPI signal, which acquires a universal temperature and scanning-energy
dependence at low energies due to universality of the Kondo resonance in terms of
w/T™ and T/T™ as discussed in Chapter 3.

The dynamics of the QPI therefore provides information on both the phase and
magnitude of the scattering t-matrix due to such impurities [143, 48]. The numerical
renormalization group (NRG) [211, 108, 29] was employed as the theoretical method of
choice for treating a single quantum impurity: it provides access to numerically-exact
dynamical impurity quantities on essentially any temperature/energy scale [159, 210,
12]. Solution of the local impurity problem then allows other real-space quantities [136]
to be calculated, as well as the QPI, as detailed generally in Chapter 3.

However, real systems contain many impurities: the real-space surface region of a
host material probed by STS to obtain QPI could include N 2 10 — 100 impurities,

depending on sampling size and impurity density. For potential scatterers of arbitrary
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strength the physics remains rather trivial, and the exact scattering ¢t-matrix can be
obtained via a summation of an infinite series of intra- and inter-impurity scattering
terms [138, 140]. In the case of weak potential scattering, the form of the ¢t-matrix
is particularly simple; however the impact on the QPI is significant as discussed in
Section 4.4.1. By contrast, systems containing many magnetic impurities embody
subtle interplays between Kondo physics, effective through-host RKKY interactions,
and disorder in the impurity distribution. A full solution in closed form to the scattering
problem in such systems is naturally impossible; instead, we seek to develop physically
motivated approximations, as described below. These two scenarios (weak potential
scattering impurities and magnetic impurities) and the validity of an independent
impurity picture are studied in Section 4.4 of this chapter.

We specify a model in Section 4.1 that takes into account explicitly the surface
of a 3D metallic host onto which multiple magnetic impurities are deposited, thereby
allowing calculation of surface LDOS maps and QPI. Realistic parameters are chosen,
yielding single-impurity Kondo temperatures in the range Téimp ~ 0.1 — 100K relevant
to experiment. Electronic and quasiparticle scattering in this system is described
in terms of the t-matrix, itself controlled by impurity dynamical quantities. The
theoretical prescription for calculating QPI for a many-impurity system in terms of
the impurity Green functions is given in Section 4.3, including the effect of surface
quasiparticle dephazing by the host bulk.

Solving such a model with N interacting quantum impurities is a formidable
challenge because in general it involves IV coupled screening channels. Generalization of
NRG to deal with two spatially-separated impurities already represents a very significant
increase in computational complexity, although accurate results for dynamical quantities
are now possible, as discussed in Section 4.2. Our approach to the many-impurity
problem in this chapter begins with a detailed analysis of the two-impurity model,
known as the Alexander Anderson model (AAM), solved using NRG. The two impurities
interact indirectly via an effective RKKY interaction mediated by the host conduction
electrons. In the past, the AAM has been approximated via simpler two-impurity
models such as the two-impurity Kondo model and two-impurity Anderson models,
which feature two impurities, each coupled to their own respective conduction bands,
with a direct coupling between them to approximate the host-mediated interaction
(see Refs. 87 and 90, for example). In Section 4.2 we treat the full AAM explicitly via
NRG, which allows the local impurity-host and the non-local inter-impurity interactions
to be treated non-perturbatively and on the same footing, rather than resorting to

effective models. Moreover, we demonstrate the rich phenomenology of the AAM that
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arises due to the dynamic nature of the inter-impurity interaction, which is not fully
captured by approximate models. While the qualitative physics of the AAM is broadly
similar to that of the effective models referenced above, the more complicated nature
of the inter-impurity interaction leads to a significantly more subtle interplay between
local (impurity-host) and non-local (inter-impurity) interactions, and some departures
from the oversimplified picture given by studies of the reduced, effective models. For
experimentally relevant impurity parameters, we find that inter-impurity interactions
are important when the impurities are separated by a few lattice sites, giving rise to a
rich range of correlated electron physics with distinctive QPI signatures.

A key finding of this chapter is that the impurities behave essentially independently
for surprisingly small inter-impurity separation. This has implications for the onset
of the “dilute limit” in many-impurity systems. In this case, local quantities are in
essence blind to the multi-impurity nature of the system — but the QPI is still affected
by a (trivial) impurity structure factor. Calculations for the two-impurity system
allow identification of the minimum impurity separation required for the onset of this
dilute limit for experimentally relevant parameters, facilitating a description in terms
of independent impurities. A “dilute cluster” limit is also identified in systems with
higher impurity density, where inter-impurity interactions are only important within
independent clusters. We calculate the QPI due to two and many impurities, and
explore the consequences of the independent impurity /cluster paradigm. Intra-cluster
interactions are found to be important for capturing local spectroscopic details, but to
have a weak overall effect on QPI due to low cluster occurrence at typical experimental
impurity densities. Our results provide a framework to investigate the effects of disorder

due to interacting impurities at experimentally relevant surface coverages.

4.1 Model for multiple magnetic impurities

We consider N > 1 magnetic impurities deposited on the surface of a metallic host

system. The full Hamiltonian is given by

N
H - Hhost + Z Himp,a . (4]‘)

a=1
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The host is taken here to be an infinite 3D cubic tight binding lattice, cleaved to reveal
the (100) surface, as studied for the single-impurity case in Chapter 3:

Hiost = —1 Z ( Z rz,z 1'J 2)o + H. C + Z (ri,z)o (rz,(z—l-l)) + H‘C')>7 (42)

(z5) 1,0

where cI .o creates an electron of spin ¢ =7/] in the single Wannier orbital localized
at site r; of layer z (with z = 0 denoting the surface), and (ij) denotes the sum
over nearest-neighbour sites of a 2D square lattice layer. The resulting LDOS on the
translationally-invariant surface is finite and flat at low energies, so although we focus
on this specific host realization, the real-space physics is rather generic and typical of
metallic 3D systems. More complicated materials can always be cast in the layered
form of Eq. 4.2 by generalizing to a matrix structure.

As in Chapter 3, we treat the surface explicitly to allow study of the QPI, which
is necessarily obtained through surface measurement in FT-STS experiments. We
note that coupling the surface layer to the semi-infinite bulk is required to capture
the important effects of surface quasiparticle dephazing. Properties of the clean host
are characterized by its real-space Green functions, here calculated exactly using the
convolution method introduced in Ref. 48, and discussed in detail in Appendix A.

Each magnetic impurity « is described in terms of a single interacting quantum

level, tunnel-coupled to a surface (z = 0) host site at position r,,

Himpa = D <ed - gdiu-,da&) i d,, +V (dT oo T H.c.) : (4.3)
o

where d!  creates a spin-o electron on impurity level a. Importantly, such an Anderson
impurity has internal spin and charge dynamics due to the local electronic interactions.
This is in contrast to a static “magnetic” impurity caricatured by an inhomogeneous
magnetic field that breaks underlying time-reversal and spin SU(2) symmetry (and is
non-interacting). This chapter aims to present the general formulation of the scattering
problem in a system of multiple interacting impurities embedded in a metallic host as
simply as possible, and the resultant QPI, using the single-level Anderson impurity as
an illustrative case. The generalization of Eq. 4.3 to multi-orbital magnetic impurities
is therefore not considered in this chapter (the formal aspects of the scattering problem

being largely unchanged).
The generalized quantum impurity problem involving N magnetic impurities, spa-
tially separated and coupled to conduction electrons of the host lattice, is distinctly

nontrivial and exhibits a rich range of correlated electron physics. The N = 1 model,
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comprising a single magnetic impurity, is studied in detail in Chapter 3. Even this
simplest case already exhibits strong, non-trivial dynamical effects due to interactions,
such as the Kondo effect [74, 39, 69].

In the case of multiple impurities, richer physical behaviour arises due to an
effective RKKY interaction which couples impurities indirectly [169, 96, 216, 92, 49].
The RKKY interaction is mediated via the host lattice and therefore depends on
the specific impurity distribution in real-space. There is an interplay between local
correlations, which lead to independently Kondo screened impurities, and non-local,
inter-impurity correlations that result in the formation of entangled clusters themselves
screened collectively in a multi-stage process. Impurities can also “screen themselves”
by forming inter-impurity singlet states when the effective RKKY interaction is strongly
antiferromagnetic.

As has already been highlighted, full treatment of the N-impurity model is a
formidable theoretical and computational challenge even for N = 2, due to the
irreducible two-channel nature of the problem [138]. Consonantly, the problem becomes
prohibitively difficult to treat exactly for three or more impurities; this limitation is
not only practical (computational), but moreover the treatment of N > 3 systems
via NRG is formally restricted to particular, high-symmetry cases, as is discussed in
Section 4.4. Recent technical advances in the field, as detailed in Ref. 187, raise the
possibility of treating the three-impurity model exactly within the restraints of these
symmetry requirements.

Despite the intractability of the general many-impurity model, much of the essential
physics of the many-impurity system is present in the two-impurity model, which
contains both local Kondo-type interactions between impurities and the host, and
non-local RKKY interactions between the two impurities. As such, the study of this
model provides qualitative insights into the many-impurity case, as well as being of
interest in its own right. Before investigating the manifestation of the many-impurity
effects in the context of QPI due to magnetic adatoms on surfaces, we first investigate
the real-space two-impurity Anderson model (known as the Alexander Anderson model
[8], given by Egs. 4.1 and 4.3 with N = 2) generally.
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4.2 The Alexander Anderson model

The Alexander Anderson model (AAM), given by Egs. 4.1 and 4.3 with N = 2,

Has = Hiost + EQ; (ed + gd35da§> dlydpy +V (A 00+ He) ,  (44)
consists of two spatially-separated Andersonian impurity sites coupled to a common
free-electron conduction band via a local (s—wave) hybridization. The model was
first proposed in 1964 [8] as a minimal model to investigate the mutual interaction of
interacting impurities coupled indirectly via a mediating conduction band. It is thought
that a detailed understanding of the physics of the AAM, would provide significant
insight into many-impurity systems and correlated lattice models, for example the
periodic Anderson model. Despite this, and the large body of work on the single-
impurity Anderson model (see Ref. 74 for an overview), limited progress has been made
for the AAM due to the significantly increased complexity over the single-impurity
Anderson model already alluded to in this chapter. Here we consider the AAM in
the context of magnetic adatoms on surfaces, treating the model exactly via NRG.
Such calculations have only recently become possible due to increased computational
power and technical advances [187], as we explain in Section 4.2.1. While the AAM is
explored in the case of magnetic adatoms herein, we note the wider context of these
results in the understanding of more complicated models such as the periodic Anderson
model.

The two-impurity problem is the simplest to capture the competition between
Kondo physics and inter-impurity interactions [87, 90]: a leading-order perturbative
treatment generates the host-mediated RKKY interaction, coupling impurities by
indirect exchange [169, 96, 216, 87, 112]. The magnitude and sign of the RKKY
interaction depends sensitively on the dimensionality and geometry of the host [1], and
on the impurity separation vector R = (ro —ry) [11].

Two spatially-separated Anderson impurities are often modelled by a two-impurity
Kondo model (2IKM) [87, 90], describing two exchange-coupled spin—% impurities
each coupled to its own independent conduction electron channel. The physics of
this model is immensely rich: Kondo-screened and inter-impurity singlet phases arise,
separated by a non-Fermi liquid quantum critical point (QCP) [91, 4, 5, 142]. The
characteristics of this QCP are those of the two-channel Kondo (2CK) type [142],
named for the two-channel Kondo model in which a single spin—% impurity is coupled

to two independent conduction channels. Competition between Kondo-screening of the
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impurity by each channel gives rise to frustration when the strength of the coupling is
the same to both channels, resulting in a non-Fermi liquid 2CK QCP [142].

However, the 2IKM is oversimplified because the two conduction electron channels
are not strictly independent in a true real-space system, both being constructed from
states of the same electronic host [11]. This is reflected by finite off-diagonal elements
of the hybridization matrix, I'(w) in Eq. 4.8. Since I'j5(w) = V2GY (r1, re,w) involves
the conduction electron propagator between sites on the surface of the host (r; # ry) to
which the impurities couple, the two-impurity problem evidently features inter-channel
charge transfer processes. These processes have an effect on the renormalization group
(RG) flow upon decreasing the energy scale towards the ground sate (they are “RG
relevant”) — simple perturbations that break the same symmetries can be incorporated
directly into the 2IKM, and are known to destabilize the critical point [5]. In such
cases, continuous crossovers between regimes of a common Fermi liquid phase arise
ubiquitously at low temperatures and energies [179, 141].

The AAM does not therefore support a quantum phase transition. Instead, there
is a crossover as a function of impurity separation or impurity-host coupling, with
the Kondo regime evolving continuously into an RKKY-dominated regime [182, 33,
157, 222]. This crossover is also known from a simpler variant of the two-impurity
Anderson model, in which a hopping ¢’ directly tunnel-couples impurities which are
themselves coupled to independent conduction electron channels [170, 171, 92, 89]. In
that case, the RKKY interaction is generated to second-order in the tunnel-couplings,
while the inter-channel charge transfer arises to third-order [89]. Due to this difference
in the orders of the RKKY and inter-channel charge transfer terms, the parameters
of the model may be tuned to suppress the latter. As such, despite the lack of a
phase transition, upon tuning of the parameters, the RG flow of the model can pass
arbitrarily close to the QCP before eventually flowing to a Fermi liquid ground state;
critical physics characteristic of the QCP is thus observed on finite energy /temperature
scales [89]. NRG, which allows essentially exact calculation of both static and dynamic
properties of the system on any temperature or energy scale, is thus invaluable for
investigations of such models: approaches focusing on solely the ground-state properties
of the system may fail to capture such manifestations of critical physics at intermediate
RG flow (finite temperatures/energies).

Returning to the full AAM, it is important to emphasize that inter-channel charge

0

ourf(T1, 2, w) is the common

transfer processes cannot simply be neglected: finite G
origin of both the RKKY interaction itself and the relevant perturbations destroying

2IKM criticality. This commonality makes it unclear if and how the relevant system
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parameters, namely the impurity-host interaction strength and the inter-impurity
separation (and hence inter-impurity interaction strength), may be tuned in order to

access critical physics in the spirit of the tunnel-coupled 2IAM variant discussed above

0

o ue(r1, To, w), resulting from through-

[89]. Furthermore, the dynamical nature of G
lattice electronic propagation, produces nontrivial RG flow. Physical regimes of the
real-space model might therefore be inaccessible within the tunnel-coupled 2IAM
(where G2 ¢(r, 15, w) is effectively replaced by an independently tunable real constant
hopping t'), or in the 2IKM (where it is neglected altogether).

Clearly if one is interested in the physics of the AAM one must study the full model
directly, treating both (local) intra-impurity correlations and (non-local) inter-impurity
correlations on an equal basis. As already indicated, such a treatment within NRG
has only recently become possible [137, 187]; in order to carry out NRG, the model

must first be recast in an appropriate form, as described below.

4.2.1 Numerical Renormalization Group

The NRG procedure for a single-channel quantum impurity model involves formulation
in terms of a small, interacting Hamiltonian coupled to a band of free conduction
electrons, written in Wilson chain form as a single channel of conduction electrons [211,
108, 109, 29]. The zero-orbital of the semi-finite Wilson chain then corresponds to the
effective local orbital (which may be one or more sites of the host lattice) to which
the impurity system couples. By contrast, the AAM is a fundamentally two-channel
model, despite consisting physically of only one band of conduction electrons, due to
the spatial separation of the impurities: the two impurities couple to different sites.
Furthermore, the local orbitals to which the impurities couple define the zero-orbitals
of two Wilson chains that are not orthogonal to each other at every site down the chain
(see Figure 4.1 lower panel), forming a ladder. This results in hopping terms between
orbitals of the two Wilson chains, disrupting the familiar exponential decay of couplings
between successive sites down the Wilson chains. This exponential decay is essential in
generating the separation of energy scales between NRG iterations, which gives the
procedure its RG character [211]. This is necessary in order that the truncation of the
high-energy sector of the Hilbert space at each step, required to prevent an exponential
increase in the size of the Hilbert space from iteration to iteration, may be carried out
[29].

Consequently a diagonal basis for the two Wilson chains must be found, rendering
the problem amenable to NRG; as we describe below, this is achieved by taking even

and odd combinations of the two local orbitals to which the impurities couple, and using
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these as the zero-orbitals of two new Wilson chains. Each iteration therefore involves
coupling two orbitals, one of each chain, onto the truncated system composed of the
interacting Hamiltonian plus a section of the Wilson chains (before diagonalization
and truncation of high energy states, as per the conventional NRG procedure [29]).
This results in a significant increase in computational complexity over a single channel
problem, unless the transformation to a basis in which the two Wilson chains are
orthogonal renders the system as two completely independent subsystems (discussed
below).

Of central interest, and calculable within NRG [159, 210], are the impurity single-
particle dynamics — described generically by elements of the retarded Green function

matrix

[Ga(@)as = G5 () = ((dogi do) ) (4.5)

where
(A BY = Fo [—i0@){A), BO)D) (4.6)

is the Fourier transform of the retarded real-time correlator. The propagator Ggﬁ (w)
therefore contains information on the energy-dependent scattering of electrons between
impurities a and /3, which manifests in the QPI (as discussed in Section 4.3), as well
as providing insight into the state of the impurities themselves.

For a many-impurity system, such Green functions are obtained from a matrix

Dyson equation,

[Ga(w)] ™ = [ga(w)] ™ — B(w), (4.7)

where the non-interacting (but host-coupled) impurity Green functions are given by

[ga(w)] " = (w+i0" — )T — T'(w), (4.8)

in terms of the hybridization matrix I'(w) with elements [['(w)]a s = V2G2,4(ra, 15, w).

This hybridization matrix describes the coupling to the two (non-orthogonal) Wilson
chains, described above. In general, G2, (rq, rs,w) = (¢, .05 CLB’Z,)U»SJ is the propa-
gator between site r,, of layer z and rg of layer 2’ in the clean host (without impurities).
As we consider explicitly the surface here, we denote Ggu(r,r’,w) = Goo(r,r',w)
throughout. The positions r, and rz denote the host surface sites (or effective orbitals)

to which the impurities o and 3 are coupled.
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The self-energy matrix 3 (w) contains all effects due to electronic interactions, which
give rise to the nontrivial physics in the system. Furthermore, impurity self-energies

can be calculated accurately within NRG through the identity,
2(w) = [Ga(w)] ' Fa(w) (4.9)

where [Fy(w)]as = U{{(d,,; dTadT5dﬁ5)>w (a matrix generalization to many impurities
of the result originally given for the single-impurity Anderson model [28]). Both G4(w)
and Fy(w) are calculated directly in NRG using the full density matrix approach [159,
210] within the complete Anders-Schiller basis [12]. Impurity Green functions then
follow from the matrix Dyson equation, Eq. 4.7.

As indicated above, a transformation that diagonalizes the hybridization matrix
(corresponding to the orthogonalization of the two Wilson chains) is required in order
to cast the model in a form amenable to treatment with NRG. For the AAM, the
translational invariance of the host surface implies that the transformation can be
achieved for all w by a single canonical transformation of operators to an even/odd
orbital basis, as illustrated schematically in Fig. 4.1. This yields G%/°(w) = (w + 0+ —
€4 — Leso(w) — Xes0) 7", in terms of even/odd quantities O/, = O11 £ O12 (noting that
011 = Oy and O15 = O9; due to the symmetry between the two impurities).

On the level of the Hamiltonian, this transformation corresponds to taking even
and odd combinations of the impurity and host fermionic operators around the mirror
plane between the two impurities [87, 90]. The explicit form of the resultant even
and odd conduction channels in terms of the basis of states of the conduction band is
generally complex (detailed in Ref. 222 and 112). However, we emphasize that this
complicated transformation of operators is exactly equivalent in this case to the (much
cleaner) formulation presented above, in which the energy-dependent hybridization
matrix I'(w) is rendered in diagonal form by taking even and odd combinations of
['11(w) and T'j9(w). This can be seen by considering the even/odd combinations of the

fermionic operators corresponding to the local orbitals to which each impurity couples,
_ ! + 4.1
Ce/oo’ - ﬁ (Cl‘lo' CI‘QO’) ) ( . O)

which leads directly to ({c,,,; CZ/M»O = (105 o)’ £ (105 o)), 50 that Ty /p(w) =
FH(W) + Plg(u}).
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y g )rm(w) ——>
U {1,2} — {e,0}

Fig. 4.1 Schematic representation for the transformation of the AAM into the even/odd
basis, amenable to treatment via NRG. The AAM, consisting of two impurity sites
coupled to a common conduction electron band via hybridization functions I'.(w), and
therefore indirectly coupled to each other via I';j(w), is transformed by taking even/odd
combinations into an effective 2IAM in which each impurity (even/odd) couples solely
to its respective channel. Note the difference in the energy dependence of the even and
odd conduction bands, given by I'y(w). Below, the same transformation is represented
in terms of the two Wilson chains, showing the orthogonalization of the two chains
defined by the zero-orbitals to which each (real) impurity couples. The transformation
scrambles the (local) interaction term, so that even and odd impurities are coupled by
two-electron hopping terms as denoted by sinuated line (see Egs. 4.11 and 4.12).
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Considering the impurity Hamiltonian given in Eq. 4.4, the transformation given
by Eq. 410 and d,,, = 2712(d,, + d,,) gives,

Haa = Hios + Y D athydyg +V (dic,, +Hoe.) + Hie iy
e
where
Hint :g (dhrder + dyyyy) (dlyd, s + o d, ) (4.12)
+[2] (dZTdOT + dZwa) (diﬂw + d2¢de¢> ‘ |

The on-site Hubbard interaction of the form ~ d;adpgd;gdp(—,, where 0 = —g =1/ | is
present in the even/odd basis, as it is in Eq. 4.4 for the {1, 2} basis of impurity states.
However Hi, in the even/odd basis has additional terms which couple the even and
odd impurities. Terms of the form ~ dggdpgdl, 50, 5 act as an inter-site repulsion of
opposite spins between the two impurity sites, while other terms ~ —d/| d_d dy 5

po'popc
hop a pair of fermions from one site to the other.

In the non-interacting system (U = 0) where X/, = 0, the even and odd channels
are strictly independent: the even(odd) impurity combination couples only to the
even(odd) host combination. The calculation then reduces to two independent one-
channel calculations. However, the even/odd transformation scrambles the interaction
term, generating cross terms in Eq. 4.12 which couple the even and odd channels for
U # 0 — thereby requiring an irreducible two-channel NRG calculation. We emphasize
that this coupling due to interactions is not in the form of a simple, single-particle
hopping between even and odd impurity sites, but instead a two-particle, non-local
interaction involving the transfer of a pair of electrons, and thus conserving the electron
“parity” (states of even(odd) numbers of electrons do not couple to states of odd(even)
numbers of electrons). As a result, the (single-particle) self-energy is diagonal in the
even/odd basis, despite the coupling of the two channels, in the same way that the
on-site interaction for a single impurity model couples the up and down spin channels
without causing spin flipping.

The original information about the real-space separation of the impurities is encoded
in the difference between the dynamical quantities I'.(w) and I',(w). As noted in Refs 5
and 11, the full energy dependence of these functions is required to capture the true
real-space physics of the problem. The explicit transformation of real-space conduction
electron operators to an even/odd basis (as described in Ref. 112) can be highly

complicated, depending on the host lattice and inter-impurity separation vector. We
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note however that this is not required, since the transformation can be performed on
the level of the continuous, energy-dependent hybridization functions.

The two-impurity NRG calculation then involves a logarithmic discretization [211,
108, 29] of even/odd hybridization functions I'c/,(w). A discretized version of the full
model is then formulated in terms of even and odd impurity combinations, coupled to
the end of even and odd Wilson chains. The model is then diagonalized iteratively,
starting from a subsystem comprising the impurities themselves, and then building
up the chains by successively coupling on even and odd Wilson chain orbitals. The
couplings down each Wilson chain decrease exponentially due to the logarithmic
discretization, and so high-energy states can be safely discarded at each NRG step to
avoid exponential Hilbert space growth. The physics of the problem is revealed on
progressively lower energies/temperatures as the Wilson chains grow in length — this is
the essential RG character of the quantum impurity problem.

As already emphasized, the computational complexity of real-space two-impurity
(necessarily two-channel) problems is significantly greater than that of single-impurity
problems [137, 145], which involve only a single effective conduction electron channel
— although accurate results are now possible. On the addition of a new pair of (even
and odd) Wilson chain orbitals, the the growth of the intermediate Hilbert space
is exponentially larger for two channels than in the single-channel case (4% = 16 x
growth vs. 4! = 4 x growth) before truncation and retention of the low-energy sector.
Moreover, the low-energy sector of the Hilbert space to be retained must be larger to
avoid truncation errors, and therefore minimize the discarded weight of the density
matrix at each step. In addition, the truncation and retention of the low-energy sector
of this intermediate Hilbert space at each step requires particular care for the AAM (in
comparison to other two-channel problems such as the conventional 2IKM and 2IAM).
This is because, as noted above, the dynamic inter-impurity coupling is encoded solely
in the difference in energy dependence of the even and odd channel hybridization
functions; these differences must be captured in the logarithmically discretized form of
the Hamiltonian used in NRG in order to reproduce the physics of the full (continuous)
model faithfully.

In all NRG calculations for the AAM presented in this thesis we adopt a discretiza-
tion parameter A = 2, retaining N = 10,000 — 15,000 states at each step of the
iterative process; these parameters have been found to give good convergence with
variation of A, as well as minimizing the discarded weight of the density matrix at
each iteration. By comparison, a conventional single-channel NRG calculation with a

featureless (or “flat”) hybridization function may require only Nx = 1,000 retained
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states for converged results, while Ny = 8,000 states may suffice for an analogous two-
channel calculation with featureless hybridization functions. Further improvements in
accuracy may be achieved by employing the interleaved NRG methodology of Refs. 145
and 187, which helps to mitigate the significant increase in computational difficulty in
two-channel calculations. The interleaved approach is limited in some cases for which
there is channel symmetry, as such symmetries are broken artificially in the course of
the calculation. However, the AAM formulated in the even/odd basis is necessarily
channel-asymmetric: the non-trivial inter-impurity physics is encoded in the difference

between the even and odd hybridization functions.

4.2.2 Impurity parameters for magnetic adatoms on metallic

surfaces

Before studying the general physics of the AAM in detail, it is useful to consider
what range of model parameters are appropriate for the magnetic adatom system for
which the QPI is being investigated. As detailed in Chapter 3, the Kondo physics of
a single magnetic impurity is sensitive to the underlying model parameters and host
material through its LDOS [74, 48], related to the hybridization I'(w). However, the
RG flow and associated universality is controlled by an emergent energy scale Tf(imp —
the single-impurity Kondo temperature. In the Kondo limit [74], Ti™ is determined
by the interaction strength U/T'y, where T’y = 7V ?py and py = 1/6t is the Fermi level
surface LDOS of the 3D cubic lattice.

In real systems, experimentally-measured Kondo temperatures are known to vary
widely, even for a given impurity type and host material [191]. This is principally due
to differences in the hybridization I'g, which is sensitive to details of the impurity’s
local environment. Guided by this, in this chapter we use realistic, fixed values of
the conduction electron bandwidth, 12¢ = 11 eV, and impurity interaction strength
U = 3t = 2.75 eV (taken from Refs. 185, 195, 119 for Co impurities on Au). For
convenience, we consider particle-hole symmetry, e; = —U/2, such that the impurity
is singly-occupied. Appropriate choice of V' then gives rise to a realistic spread of
single-impurity Kondo temperatures, as summarized in Table 4.1.

We note that U/Ty in the range 12-16 yields Kondo temperatures consistent with
classic studies of Co atoms on a Cu or Au surface [130, 101, 202, 191, 185, 195, 119];
while a passivating layer of CusN between surface impurities and bulk reduces the
hybridization to yield 7™ ~ 2K [155, 223]. Indeed, U/I'y = 24-28 is more appropriate
for Fe in Au, where T™ ~ 0.3K [212]. In the investigations of the QPI detailed below,
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U/T, T
12 85K
16 15K
20 3K
24 0.5K
28 0.1K

Table 4.1 Kondo temperatures Tk for a single impurity on the 3D cubic lattice surface,
with bandwidth 12t = 11 eV and U = 2.75 eV. T is calculated as the half-width at
half-maximum of the Kondo spectral resonance at 7' = 0 using NRG.

we use these impurity parameters in the context of many-impurity systems, where

different emergent energy scales and physics naturally arise.

4.2.3 Overview of the AAM

The transformation of the AAM Hamiltonian to the even/odd basis, given by Egs. 4.11
and 4.12 and represented schematically in Figure 4.1, yields a model consisting of even
and odd impurities coupled to even and odd baths of conduction electrons with differing
energetic dispersions (given by I'c/o(w)). The on-site interaction terms of Eq. 4.4 are
scrambled by the even/odd transformation, giving rise to two-electron interaction terms
which couple the even and odd impurities. Both the energy dependence of the even/odd
hybridization functions and the complicated interaction term are necessary in order
to describe inter-impurity physics of the model. However, the AAM is qualitatively
similar to simpler 2IAM /2IKM variants in which two (correlated single level or spin—%)
impurities are coupled in series between two conduction electron channels of constant
dispersion, I'y/gr(w) = T'y, with a parametrized effective (tunnelling or exchange)
coupling between the impurities. Motivated by this fact, and the relative difficulty
of studying the full AAM, such reduced models have been widely studied in the
literature in order to understand the general physics of the full AAM (see, for example,
Refs. 87, 90, 1, 5).

As already alluded to, investigations of these simplified models capture the basic
phenomenology of the AAM, allowing the qualitative features of the model to be
understood. In the case of an antiferromagnetic effective RKKY interaction between
impurities, the competition between local impurity-host interactions and indirect (host-
mediated) inter-impurity coupling gives rise to the independently Kondo screened

(IKS) and inter-impurity singlet (IIS) Fermi-liquid regimes, separated by a continuous
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crossover [33, 5|. The absence of a quantum phase transition and critical point (QCP)
between the IKS and IIS regimes [5] is examined in detail in Section 4.2.6. In the case
of a sufficiently large ferromagnetic effective RKKY interaction, the impurities may
form an entangled spin-1 object which is itself screened in a multi-stage process — the
so-called spin-1 Kondo screened (S1KS) regime [154].

Thus, the interplay between single-impurity Kondo physics and the effective host-
mediated interaction between two magnetic impurities, is expected to give rise to a
rich range of physics. However, the relationship of the relevant energy scales governing
these two interactions to the bare parameters of the Hamiltonian, namely the energy
scales U, V and t, and the inter-impurity separation, R, is nontrivial. From the bare
scales entering the problem, two emergent scales arise: the single-impurity Kondo
temperature T ™ and the effective inter-impurity RKKY exchange coupling, Jrkky-
The relative size of these scales, and the sign of Jrkky, controls the underlying RG
flow and low-energy physics [87, 90].

NRG calculations of the full AAM, for example presented in Figure 4.3, uphold
this picture of the general physics. We consider the AAM Hamiltonian, with a
generic metallic host conduction electron band modelled by the 3D cubic (100) surface
tight binding model. This allows Tk and Jgrkky to be extracted for given impurity
parameters and inter-impurity separation vector R. However there remains no detailed
understanding of the the relationship between the parameters of the AAM and the
emergent energy scales controlling the physics, nor a consistent basis for mapping these
parameters onto those of a reduced, toy model, such as the serially-coupled 2IAM
or 2IKM. It is therefore also instructive to obtain simple perturbative estimates for
comparison — although such treatments cannot capture the inherently non-perturbative
nature of both the RKKY and Kondo scales.

In order to estimate Tk, a third-order perturbative scaling treatment is carried
out in the spirit Anderson’s “Poor Man’s scaling” approach [15]. This is essentially a
modified (one-loop) RG calculation in which the (high energy) states of the conduction
band are successively integrated out by perturbatively treating excitations due to the
coupling of impurity and host involving these high-energy states, yielding renormalized
model parameters. The action of this RG operation is to increase the strength of the
effective coupling between impurity and conduction band while decreasing the effective
bandwidth; the Kondo scale is then identified as a scale-invariant quantity in the RG
procedure which relates the effect coupling and bandwidth at any point along the RG
flow [15]. Given the perturbative nature of this (specific) approach, the result can only

be expected to agree well with the true Kondo scale below some cutoff in the interaction
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strength, beyond which the perturbative treatment breaks down. For a single impurity

on the cubic lattice surface at particle-hole symmetry, such a calculation yields [74]

; T U
Tll(lmp = at ﬁo exp <—78T X Ib) s (413)

where 'y = 7V?2/6t, as in Section 4.2.2. The estimates compare well with exact
(non-perturbative) results in Table 4.1 using a ~ 3, indicating that the perturbative
treatment is reasonably reliable in this parameter range.

A similar scaling treatment of the RKKY coupling, in comparison, is much more
involved. Such calculations have been carried out for simplified two-impurity models
(88, 107], but not the full AAM, for two central reasons. In the AAM, the processes
responsible for the RKKY coupling are of fourth order in the impurity-host coupling,
significantly increasing the difficulty of the scaling calculation. Moreover, the crucial
dependence of the RKKY interaction on the functional form of the impurity-host
hybridization with energy must also be accounted for. As a consequence, no unanimous
conclusions have been reached about an approximate functional form for the expected
emergent RKKY interaction scale [88, 107, 54|, nor a detailed understanding of the
competition between the (non-perturbative) RKKY and Kondo scales.

We do not attempt such a perturbative scaling treatment here, employing instead a
(simpler) approach of treating the impurity-host coupling as a static coupling, calculated
perturbatively. We calculate JE L+, the static effective RKKY coupling constant in
the low-energy effective model for the AAM (at particle-hole symmetry) of two spin—%
impurities embedded in the host. The impurity-host exchange coupling J in this case
is given by the well-known (second order) Schrieffer Wolff projection [178], J = 8V?2/U.
JE iy is then calculated as the leading (second-)order perturbation in this exchange
coupling [112],

a8t To\* po o Im G? Im G? /
JIEIT(‘KY — <8t X 0) /_Gt dGA dE/P ( m Gsurf(Ra 6) m Gsurf(Rae )) ’ (414)

2 U € —¢€
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where P denotes the principal value, and GY (R,¢) = G2, (r1,r2,€) are free host
Green functions connecting surface impurity sites r; and rs.

We emphasize that the comparison between these two scales, Tx™ and Jhgiy,
can only be qualitative; while T}?mp is an emergent scale generated by a perturbative
RG procedure, Jiiy is a bare parameter in a low-energy effective model of the
AAM. This is reflected in the functional forms of Eqgs. 4.13 and 4.14: Tf{imp depends

exponentially on the bare parameters of the AAM, while JE 5+ depends algebraically
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Fig. 4.2 Imaginary parts of the even and odd hybridization functions —(¢/V?)Im I, ,(w)
for two impurities on the 3D cubic (100) surface at separations R/ag = (1,0), (00, 00)
and (1, 1), giving rise to the inter-impurity singlet (IIS), independently Kondo screened
(IKS) and and spin-1 Kondo screened (S1KS) regimes respectively.

on the same parameters, despite both scales deriving from the same fundamental
interaction. Nevertheless, these analytical estimates serve as a useful guide, inform
both our choice and understanding of the relevant parameter regimes of the AAM, as
well as a providing framework within which to interpret numerical results. Moreover,
such estimates are widely used in the literature when discussing the phenomenology
of the competition between (independent) Kondo screening and cooperative, inter-
impurity effects in systems of many impurities, for example in Ref. 49. A comparison
of the true RKKY scale obtained by exact numerical calculations with the analytical
approximation given by Eq. 4.14, is therefore instructive — see Section 4.2.4.

Physical quantities, such as impurity dynamics and thermodynamics, provide
detailed information about the underlying physics and screening mechanisms. Fig-
ure 4.3 plots NRG results for the (local) impurity spectral function TyIm G}'(w) and
the impurity contribution to the system entropy Simp(7)/ks, as functions of energy
and temperature respectively, for each of the three regimes outlined above, exempli-
fied by systems for which U/I'y = 28 and R/ay = (1,0), (1,1) and (o0, 00) for the
inter-impurity singlet, spin-1 Kondo screened and individually Kondo screened cases
respectively. The imaginary part of the respective even and odd channel hybridization
functions —Im I';/,(w) for these three cases are plotted in Figure 4.2.

Considering the spectral function, a Hubbard satellite peak arises in all cases at
high energies |w| ~ U/2, corresponding to impurity charge fluctuations [74]. For
lw| < U, the impurities become essentially singly-occupied and magnetic moments
form. Similarly, the projection out of doubly-occupied and vacant states as T is

decreased results in a reduction of the impurity entropy per impurity from In(4) to
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Fig. 4.3 Representative impurity spectra I'yIm G}'(w) (upper panels) and impurity
contribution to the entropy Simp(T") (lower panels) calculated via NRG for the three
regimes of the AAM, consisting of two equivalent magnetic impurities on the 3D cubic
(100) surface with U/T'y = 28 (see Table 4.1). Left — Right: R/ag = (1,0) (IIS regime),
R/ag = (00,00) (IKS regime) and R/ag = (1,1) (S1KS regime). Solid (red) lines
represent the AAM result, while dashed (blue) lines represent the single-impurity result
for the same parameters.
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In(2) on the same scale. Although the impurities are coupled by the effective RKKY
interaction, at energies or temperatures > |Jrkky|, the impurities behave essentially
independently. Corrections to this local moment fixed point then control the physics;
when max(|Jrxxyl|, T ™ < |w| < U, incipient RG flow for each impurity towards a
Kondo-screened strong-coupling state produces the classic inverse logarithmic spectral
behaviour detailed in Ref. 64,

1
14 bIn?|c w/TE™ ]’

—ToIm G§'(w) ~ (4.15)
with b, ¢ constants of O(1).

At large inter-impurity separations, we expect the mutual interaction to be weaker,
and thus one expects T; I?mp > |Jrkky| for a given U/Ty as |[R| — oco. Each impurity
is then individually Kondo-screened essentially independently of the other below the
single-channel scale Tf(imp, thereby quenching their magnetic moments and rendering
the RKKY exchange interaction inoperative — the independently Kondo screened (IKS)
regime. This screening is accompanied by a reduction in the impurity contribution of the
entropy from Sip/kg = 21n(2) to 0 on the same scale, Tx. The low-energy behaviour

of the impurity spectral function has the characteristic Fermi liquid asymptotics [74],

“Tolm GH(w) ¥ 5 g (“)2 , (4.16)
Tx
where Tx = Tf{imp and ¢ = O(1). The pinning condition p, considered in detail in
Appendix B, is somewhat more complex in the case of two impurities than the single-
impurity case, where p = 1 at particle-hole symmetry is given simply by the Friedel
sum rule [74, 110]. In the independent-impurity limit (JR| — o)

By contrast, at small inter-impurity separations (for example R/ag = (1,0), (1,1)
in Figure 4.3), |Jrxky| > Ti™ and RKKY physics dominates, causing the impurities
to bind together in either singlet or triplet configurations for negative/antiferromagnetic
(AFM) or positive/ferromagnetic (FM) Jrxky respectively. In both scenarios, the
single-impurity RG flow is cut off on the scale of Jrkky, and single-impurity Kondo
physics is disrupted. In the case of an AFM Jrkky, represented in Figure 4.3 by
R/ag = (1,0), this results in an impurity spectrum Im G} ~ 0 for |w| < |Jrkxy]-
Confirming this physical picture, the impurity contribution to entropy is quenched
from Simp/ks = 2In(2) to 0 on the same scale, with the functional form of the
crossover from local-moment to singlet state differing from that of Kondo screening.

The effective RKKY coupling in this case can thus be extracted from these crossovers
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as |Jrxky|/t &= 1073, Clearly the inter-impurity singlet state formed has markedly
different properties from the (individual) Kondo singlet states of the independently
Kondo screened regime described above. Moreover, we note that the inter-impurity
singlet state remains entangled with the host, which mediates the indirect exchange
coupling (in contrast to the situation in the 2IKM with direct exchange, where the
singlet decouples).

In the case of a FM RKKY interaction, represented in Figure 4.3 by R/ag = (1,1),
the impurities form a triplet configuration below a temperature scale of Jrxxy with
an associated impurity entropy Simp = In(3). This non-local, spin-1 object couples to
both the even and odd conduction channels, and as such is exactly Kondo screened, as
described in Ref. 154. The Kondo screening of the inter-impurity triplet is distinctly
two-stage in this case, with two energy scales, T2 /t ~ 1077 and T}=* ~ 1071%, due
to the inequivalence between the even and odd channel hybridization functions. We
note particularly the strong suppression in magnitude of the spin-1 Kondo scale Tj¢~"
in comparison to the corresponding single-impurity Kondo scale T™ [177, 151]. On
energy scales Ti*" < |w| < |Jrkxyl, spin-1 local moment physics naturally arises,
with spectral behaviour again that of Eq. 4.15, but with the characteristic scale T%imp

replaced by Ti*'. Analogously, for a sufficient separation between Ti2*" and T3~ 1,

spin—% local moment physics and accompanying spectral behaviour is observed with a
characteristic scale T =1, In fact, for sufficiently separated |Jrxky|, Tir* and T2~ 1,
universal lineshapes are obtained as a function of |w|/T%~! and T/T%=" for all |w|
and T' < |Jrkky|- In particular, the lowest-energy behaviour is again characteristic
of flow to a Fermi liquid ground state, with a fully quenched entropy, Simp(0) = 0.
The low-energy behaviour of the impurity spectrum has the characteristic Fermi
liquid asymptotics of Eq. 4.16, but with Tx = T~!, the spin-1 Kondo scale. The
Fermi level pinning condition p in the S1IKS regime has a different form than the
independently Kondo screened and inter-impurity singlet (AFM Jrkky) regimes, as
detailed in Appendix B — again, the single-impurity value p = 1 is recovered in the

limit |R| — oc.

4.2.4 Effect of impurity separation

The inter-impurity separation R = ro — r; is encoded via the hybridization matrix,

0
surf

I'(w), whose elements are given by [I'(w)]as = V2G2,4(ra, rs,w). Specifically, the off-

diagonal elements of the hybridization matrix are given by [I'(w)]i2(21) = V2Goue(R, w).

surf
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Fig. 4.4 Two equivalent magnetic impurities on the 3D cubic (100) surface with U/T'y =
28 (see Table 4.1). NRG results for the local impurity spectrum —Im[tGL (w)] vs w/t
at T'= 0 (upper panels) and the temperature-dependence of the impurity contribution
to entropy Simp(7") vs T/t for the same systems (lower panels). Inter-impurity vector
R, with R, = 0 (left panels) and R, = R, (right), where R, /ag = 1, 2,3, 4 for black,
red, blue and green lines. Circle points plot the single-impurity result.
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Transformation to the even/odd basis yields a diagonal hybridization matrix, for which

Depolt) = V2 (G0(0,0) + GO () (4.17)
At large inter-impurity lattice separations, we expect that the lattice Green function
GY (R, w) decays to zero, rendering the even and odd channel hybridization functions
equivalent. Similarly, the effective RKKY coupling JiE«y predicted by Eq. 4.14 also
goes to zero for large R — the two impurities are effectively independent, and therefore
in the TKS regime described above. It is found that J§ iy decays faster than |[R|™3 as
separation is increased, in contrast to the textbook results for the 2D and 3D electron
gas (for which J{iwy ~ |R|™¢, where d is the dimensionality [74]).

As inter-impurity separation is decreased, the expected RKKY coupling increases
until the emergent scale |Jrkky| increases above that of Ti™, at which point the
system crosses over into the inter-impurity singlet or spin-1 Kondo screened regime,
depending on the sign of Jrkky. The centrosymmetry of the 3D cubic (100) host
lattice enforces particle-hole symmetry requirements on the lattice Green functions;
specifically, the parity of the Manhattan distance dyi(R) = R, + R,, determines the
parity of the lattice Green function with respect to frequency, w,

G(s)urf(R’ _W> = <_1)(dM(R)+1)Ggurf(Rv w)* ) (418)
as seen in Figure 4.2. As a result of this well-defined parity due to centrosymmetry and
thus particle-hole symmetry of the host lattice, the effective RKKY interaction Jpiy
calculated via Eq. 4.14 is sign-definite with respect to the Manhattan distance dy(R).
Even Manhattan distances give rise to ferromagnetic (FM) coupling Jiky > 0, while
odd Manhattan distances give antiferromagnetic (AFM) coupling Jify < 0. The
well-defined parity of the lattice Green function with respect to frequency, and the
resultant regularity in the effective RKKY interaction, holds only for simple lattices
such as the monatomic hypercubic tight binding lattice; for a more complicated, generic
host, the sign of the RKKY interaction must be determined by evaluation of Eq. 4.14.

Table 4.2 shows the perturbative estimate for the RKKY coupling, as obtained from
numerical evaluation of Eq. 4.14 for various inter-impurity separations. For separations
with R, = 0, there is a clear alternation between antiferromagnetic and ferromagnetic
coupling, while for R, = R,, only ferromagnetic coupling arises, as expected on parity
grounds. The rapid decay of Jigy With increasing separation |R| is also clearly
seen (even for small separations) from this simple calculation. The variation in the

true, emergent RKKY coupling scale, Jrkky, and its interplay with Kondo physics,



100 Multiple magnetic impurities on surfaces: scattering & QPI

(Jikxy/t) x (U/To)?

R, R,=0 R, =R,

1 +4.5 x 1072 —2.5%x 102
2 —25x%x 1073 —2.0x 1073
3 +1.0 x 107* —29x%x107°
4 —2.5x%x 107 —-3.2x107°

Table 4.2 Perturbative estimate of the RKKY coupling from Eq. 4.14, given as
(JEEy/t) x (U/Tg)? between impurities on the 3D cubic lattice (100) surface, for
inter-impurity separations R = (R,, R,) as per Fig. 4.4.

must however be extracted from the full NRG solution for the two-impurity model,
which takes into account both the dynamical nature of the inter-impurity coupling and
renormalization effects.

Figure 4.4 plots the local impurity spectral function and impurity contribution
to the entropy for a series of separations along the lines R, = 0 and R, = R, for
two identical impurities with U/I'y = 28, for which T™/t = 5 x 1076, Along the
line R, = 0, the alternation of the sign of Jrxky with Manhattan distance is seen for
R./ag = 1 to 2, for which inter-impurity singlet and spin-1 Kondo screened physics,
respectively, are seen. In comparison to the perturbative predictions of Jigky in
Table 4.2, the observed values of the emergent scale Jriky/t ~ —1073 and +5 x 107°
for R,/ag = 1 and 2 respectively. However the rapidly decaying strength of the RKKY
interaction predicted by Table 4.2 sees the RKKY interaction cut off by the local

: 1i
Kondo screening scale Ty

, so that independently Kondo screened physics is seen for

R./ag > 3. Along R, = R,, the sign of Jrkky is positive for all separations, as expected
from JE ity (and the parity of the Manhattan distance). The values of Jriky extracted
from NRG calculations for R,/ag = 1,2 and 3 are Jrxxy/t =~ +5 x 1074, +5 x 107°
and +8 x 107%; for R,/ag > 4, the inter-impurity interaction is again cut off by the
local Kondo screening scale Ty™™.

The local impurity properties are strongly affected when their separation is on the
order of a few lattice sites. Importantly, however, the impurities are found to behave
essentially independently for rather small separations, |R| 2 44/2ay. This is in accord
with recent theoretical work [11], as well as experimental observation [130, 101, 191,
155, 202], where systems with small average impurity separation appear to be described
in terms of the independent impurity paradigm. From a real-space perspective this

might seem puzzling. A so-called “Kondo cloud” of conduction electrons surrounds each
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Fig. 4.5 Evolution of impurity spectra —tIm G}!'(w) with decreasing U/Ty, obtained
by NRG. Plotted at 7' = 0 vs w/t for R, /ag = R, /ag = 1,2, 3,4 as the black, red, blue
and green lines. Circle points plot the corresponding single-impurity results.

impurity and is responsible for screening its magnetic moment. This screening cloud is
typically large, characterized [3, 136, 32] by a length scale &™ ~ hwp /kpT™ (with
vp the Fermi velocity). Our results show that such Kondo clouds can be substantially
interpenetrating, even though the screening itself remains independent — a real-space
region containing ~ 10%* conduction electrons can support ~ 10?3 orthogonal collective

states capable of screening impurities independently [136].

4.2.5 Effect of impurity hybridization strength

As noted in Section 4.2.2, the impurity-host hybridization (and hence single-impurity
Kondo temperature) can vary widely in real systems. Here we examine how the physics
described in the previous subsection evolves with U/T.

In Figure 4.5, we consider again the local impurity spectrum —Im[tG}(w)] at
T = 0 with impurity separation R, = R, = 1,2, 3,4ao, for the range of U/I'y given
in Table 4.1 (keeping U = 3t fixed). With increasing hybridization I'y (and hence
limp

increasing Ti""), we find that independent Kondo physics becomes relatively more

important, overwhelming the effects of inter-impurity interactions at progressively
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smaller impurity separations (c.f. Egs. 4.13 and 4.14). For U/Ty = 12, the impurities
behave essentially independently already when separated by R = (2,2). The interplay
between Kondo and RKKY physics is naturally more pronounced for larger U/T'y where

the single-impurity Kondo scale T™ is smaller.

4.2.6 Observation of critical physics in the AAM

In Section 4.2.3 we began an overview of the physics of the AAM, based on the
qualitative picture established by investigations of simpler, related models; this was
largely upheld by exact NRG calculations for the full AAM. For an AFM effective
RKKY coupling, it was confirmed that the relative strengths of the inter-impurity
RKKY and impurity-host local Kondo screening interactions controlled the formation of
either an inter-impurity singlet (IIS) state or two independently Kondo-screened (IKS)
impurity singlet states. The simplest two-impurity, two-channel models qualitatively
capturing this competition are the classic two-impurity Kondo and two-impurity
Anderson models (2IKM and 2IAM respectively), in which two impurities, each coupled
to a single channel of conduction electrons via a constant hybridization function, are
arranged in series, with a direct (static) inter-impurity exchange or tunnel coupling.
In comparison to the full AAM in the even/odd impurity basis, given by Eqgs. 4.11
and 4.12, these models differ in the form of the interaction term (which is more complex
in the even/odd basis AAM) and the lack of energetic structure in the two hybridization
functions. While calculations for the full AAM support the qualitative picture of these
simpler models, we have demonstrated in previous sections that the correspondence
between the parameters of the full and simplified models may be non-trivial in the
absence of a rigorous, controlled mapping onto a reduced version of the full AAM. An
important question, then, is whether or not a given feature of the simplified 2IKM or
2IAM models is observable in the full AAM and, if so, for what physical parameters.

One feature of particular interest in the 2IKM is the presence of a quantum phase
transition (QPT) between two Fermi-liquid phases characterized by independently
Kondo screened and inter-impurity singlet states respectively, with a quantum critical
point (QCP) at zero temperature [91]. This QCP has been shown to be non-Fermi
liquid in character [4, 57], and maps to the well-known two-channel Kondo (2CK)
fixed point [58, 142, 5] originally observed in the two-channel Kondo model (consisting
of a single spin—% impurity coupled to two conduction electron channels). When the
parameters are tuned such that the inter-impurity coupling and the impurity-bath
(Kondo) coupling are frustrated, the Kondo scale, Tk, controls the RG flow to an
unstable fixed point associated with the QCP, with a characteristic impurity entropy of
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%1n(2) [4, 57], exemplifying the non-Fermi liquid nature of the ground state. However,
detailed analysis of has shown that the QCP is destabilized by inter-channel charge
transfer processes [142], giving rise to a second energy scale, T, controlling the RG
flow away from the unstable fixed point and to a stable Fermi-liquid fixed point.
Including such charge-transfer terms directly in the 2IKM gives rise instead to a
continuous crossover at low temperature/energy between the two Fermi liquid regimes
(independently Kondo screened and inter-impurity singlet), as described in Ref. 141.

Analogously, the (tunnel-coupled) 2IAM has been shown not to possess a QPT,
due to inter-channel charge transfer [170, 171, 89]. In Ref. 89 a perturbative treatment,
eliminating excitations from the manifold of singly-occupied impurity states in the spirit
of the Schrieffer-Wolff transformation [178], demonstrated that the low-energy effective
model for the tunnel-coupled 2IAM was a 2IKM with just such an inter-channel charge
transfer term, arising as an inevitable consequence of inter-impurity coupling. There is
no set of parameters for the 2IAM in which charge transfer may be suppressed without
decoupling the impurities. However, the functional dependence in the relative strengths
of the inter-channel charge transfer and inter-impurity interaction terms on the bare
parameters of the model differ. As a result, these parameters may be tuned to minimize
the effect of the charge transfer relative to the inter-impurity coupling and Kondo
screening, the competition of which is required for the critical physics of the 2IKM. As
a result, the two relevant energy scales, Tx and T™ may be tuned such that Tx < T
[89], allowing critical physics to be observed over a finite energy(temperature) range in
the 2IAM , T* < w(T') < Tk, with the characteristic impurity entropy of 3 In(2) and a
local impurity spectral function pinned at —I'gIm G}'(w) = 0.5 (approached as /w
for T* < w < Tk for the channel-asymmetric case of the 2IAM and the 2IKM with
additional charge transfer terms [89, 142]).

The qualitative relationship between the full AAM and these simpler variants raises
the intriguing possibility of observing quantum critical physics and non-Fermi liquid
behaviour in the relatively conventional (and realizable) setting of the AAM. However,
a perturbative treatment similar to that of Ref. 89 in the case of the 2IAM is not
practical for the full AAM due to the increased complexity of the model, as discussed
in Section 4.2.3. As a consequence, a simple approximate functional dependence of
the inter-channel charge transfer term, as well as the effective RKKY interaction is
not available. It is expected, however, that such charge transfer terms naturally arise
within the AAM due to finite, through-lattice inter-impurity coupling — which also gives
rise to the RKKY term. Furthermore, symmetry analysis of the 2CK QCP in simpler
two-impurity models [5, 170, 171] demonstrated that the critical point is only stable in
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the presence of particle-hole symmetry in both conduction electron channels, such that
Im I'c/p(—w) = Im I'c/p(4+w). As demonstrated in Section 4.2.4, however, the AFM
effective RKKY interaction is only generated when the Manhattan distance is odd,
giving a different particle-hole symmetry between the conduction electron channels,
Im I'cjo(—w) = Im I'y /e (+w), and thus the (pristine) QCP cannot be realized in the
AAM.

Nevertheless, the possibility remains (in principle) that the symmetry-breaking
terms destabilizing the QCP are sufficiently small that critical physics is observable over
some intermediate energy /temperature range. As detailed in Section 4.2.4 and 4.2.5,
the separation distance over which the effective RKKY interaction remains significant
is rather short for physically realistic parameters, with the inter-impurity interaction
competing with independent Kondo screening only over the range of a few lattice
sites. As indicated by Eq. 4.13, a larger interaction strength U results in a smaller Tk,
so that the competition between local Kondo screening and inter-impurity (RKKY)
singlet formation (between Tk and Jrkky) occurs for smaller Jrxxy — and thus for
larger impurity separations. However, the observation of critical physics is predicated
on frustration between Kondo screening and RKKY singlet formation, necessitating
extreme fine tuning in the two energy scales. In the simplified cases of the 2IKM and
2IAM, the control of both scales is (relatively) straightforward, and thus tuning to the
critical point is readily achieved. However, the highly non-trivial dependence of the
inter-impurity coupling Jrxky on the bare parameters of the AAM makes this a much

more challenging prospect — and the subject of ongoing investigations.

4.3 QPI due to two magnetic impurities

Having carefully considered the fundamental physics of the AAM, we consider the
effect of the inter-impurity physics discussed here on the QPI due to two impurities,
entering via the impurity single-particle dynamics. By studying first the two-impurity
QPI, we hope to gain insight into the more complicated and realistic many-impurity
case. In Chapter 3 we demonstrated that the QPI is highly sensitive to the details of
the defects or impurities and the (local) scattering that generates modulations in the
LDOS. In Chapter 2, we gave the qualitative interpretation of the QPI in terms of the
joint density of states, JDOS, derived from simple Fermi golden rule arguments, which
neglects the details of the scattering. This interpretation thus fails to capture the local,
single-impurity physics encoded in the QPI for magnetic impurities, necessitating a

more advanced treatment via the formalism developed in Section 3.2. Here we extend
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this formalism to consider two magnetic impurities embedded on the surface of the 3D
cubic (100) host, and investigate the resultant QPI due to inter- and intra-impurity
correlations.

As discussed in Chapter 2, the QPI is obtained via FT-STS from the LDOS map
p(r;,w) at scanning energy w and temperature 7' [160, 161, 184]. Modulations in the

LDOS are measured in real-space over a sample region of size L x L,

plaw) = 3 e p(r,w) | (4.19)
1€(LxL)
where p(r;,w) = —7 7 Im Ggu(r;, T;,w) is the LDOS of the host surface at position r;.

The full surface Green functions Gg(r;, r;,w) describe electronic propagation between
sites of the host surface in the presence of impurities. The contribution to the full
Green function due to scattering from all impurities is given in terms of the surface

Green functions of the clean (impurity-free) host in real-space via a t-matrix equation,

Gsurf(ri? Ty, w) = Ggurf<ri> ry, w) + ZGgurf(ri7 Tq, w)Taﬁ (W)Ggurf(rﬁ> Ty, w)> (4-20)
a?ﬁ
where the sum runs over impurity sites « and ; and the ¢-matrix is given explicitly in
terms of the impurity Green functions by

Tos(w) = V2GS (w). (4.21)

We emphasize that the effect of inter-impurity correlations are manifest in both the
diagonal and off-diagonal elements of the impurity Green function matrix (and hence
the t-matrix), despite the diagonal elements being related to local impurity Green
functions. While off-diagonal elements of the t-matrix represent scattering channels
that arise uniquely due to interactions, the absence of these inter-impurity terms
does not mean that the impurities are independent: local impurity quantities can be
profoundly affected by inter-impurity correlations, as seen in Section 4.2.

The surface sites of the host are of course coupled to those in the bulk, although
the STM tip itself probes only the surface. As detailed in Chapter 3, we therefore
formulate the scattering problem most effectively in the “surface diagonal” basis, in
which the layer index z is preserved, leading to a description of the QPI in terms of

surface quasiparticles. This follows from the partial diagonalization of Hyes: (Eq. 4.2)
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by 2D Fourier transformation of layers parallel to the surface,

1 ir;-k
Oz = 79}9/; ;e 1Cs, 20 (4.22)

where Qg is the volume of the first (surface) Brillouin zone (1SBZ). The host Hamil-

tonian then reduces to a bundle of decoupled 1D chains,

HhOSt - Z <Z 612{? I{HZO' kHZO' + (CI{HZUCI(H (z+1)cr —l— H'C’))7 (423)
k” z=0
where ekH = —2t[cos(agk,)+cos(apk,)] is the 2D square lattice dispersion, given in terms

of surface momentum k| = (k,, k,), and with lattice constant ag. As a consequence,
G (k) k|, w) = <<ckHw, CLT‘ o)) S K- Surface quasiparticles are however dephazed

by the bulk even in the clean host [48] giving rise to a finite surface quasiparticle

lifetime, with
sgn(@)va? —1 |o| >1

ivI— o2 <1
(4.24)

Ggurf(kH?w) = f <_2tk|2|D> where tf( ) =

Scattering of surface quasiparticles due to impurities is then described by a surface

t-matrix equation [48],

Gsurf(k\bkha )_G (k||a )5k” +Gsurf(kva)T(kH7k1|vw)Gsurf(k||a )a (4'25)

surf

with the t-matrix itself given by,

V2 i(k' rg—k-r «
Tk, k), w) = QBZZBe(k pmkera) 5 G (W) (4.26)

Following the procedure detailed in Chapter 3 for magnetic impurities on the 3D
cubic (100) surface, the QPI may be calculated either in real space, simulating the
experimental measurement, or directly in momentum space of the surface band. Taking
the sample size L — oo in Eq. 4.19 and subtracting the trivial contribution at q = 0
from the clean system, the exact QPI, Ap(q,w) = p(q,w) — p°(q,w) is given by,

1

Ap(q,w) = ~5

—(Qa,w) - Q(-q,w)") , (4.27)
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where
d’k
QB! (Gsurf(k”’ kH + q, CU) - Ggurf<k\\7w>6(q))

1SBZ (4.28)

= V23 G (w) X Aaplq,w)
op

Qq,w) =

is given in terms of the full impurity Green functions G5°(w). The quantity Ans(q,w)
is defined for the clean surface of the host material, and follows from Eqs. 4.25 and 4.26
in terms of the (diagonal) surface quasiparticle Green functions as,
d*k
Aopla.w) = [ G G
Qpz

1SBZ

0 k), ) Guelky + @, w)el (Krre—(i=a)ms) (4.29)
Eq. 4.29 can be computed as a convolution, taking advantage of the computational
efficiency of the fast Fourier transform (FFT) via the convolution theorem.

Scattering from two magnetic impurities produces rich structure in the QPI. Two-
impurity QPI differs from the idealized single-impurity limit in three key ways. First,
the existence of a real-space vector R = ry — r; connecting impurity positions gives
rise to additional complex phase factors in the surface scattering t-matrix, see Eq. 4.26.
Only in the single impurity case can these be eliminated by a suitable basis choice.
Second, there are both local (o« = ) and non-local (v # ) contributions to the QPI
in Eqgs. 4.27 and 4.28 due to the matrix structure of the impurity Green functions
Gg(w). Third, these Green functions themselves develop rich dynamics due to the
interplay between Kondo and effective RKKY physics. As highlighted in Chapter 3,
the resulting non-trivial scanning-energy and temperature dependence of the QPI is
the hallmark of scattering from quantum impurities Ref. 48.

For a generic system containing two equivalent impurities, the QPI can be de-
composed into local and non-local contributions, Ap(q,w) = Apiee(q, w) + Apn(q, w).
Eqgs. 4.26-4.28 imply,

Apy(a,0) = —5 (@4 (a,w) ~ @ (~a,0)] (4:30n)
Q,(a.0) = VAG)(w) x A (q,0) (4.30b)
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Fig. 4.6 QPI for two equivalent magnetic impurities on the 3D cubic (100) surface,
separated by vectors R/ag = (0,1), (0,2) and (1, 1), as shown in the left, centre and
right column panels, respectively. The full QPI |Ap(q,w)] is shown in the upper row
panels, while the local and non-local contributions, obtained from Eqs. 4.30, 4.31, are
shown in the centre and lower row panels. Obtained for U/T'y = 28 as per Figure 4.4,
with scanning energy w = 1076 = 0.170"™.
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with v =loc or nl, because G¥°(w) = G} (w) = G?*(w) and GB(w) = G2 (w) = G%(w)

as a result of the equivalence of the two impurities. The host functions are defined as,

Aloc(qaw) = COS(%q ’ R) X A((L CU) ) (431&)

and
A = & 1g-R-k;-R)&(k G (k 4.31b
nl(cbw) - Qpz COS(Qq I ) 0( IIaW) 0( ||+q,w), ( . )

1SBZ

where A(q,w) appearing in Eq. 4.31a is the corresponding single-impurity result [48],

koH

BZ

Maw) = |

1SBZ

Go(ky,w)Go(k) + g, w) - (4.32)

Interference between scattering events from each impurity leads to a modulation
of the QPI, controlled by the inter-impurity separation vector R. In particular, the
local contribution App.(q,w) in Eq. 4.31a carries an overall factor cos(%q -R) which
lowers the symmetry of the QPI, and introduces nodal lines of suppressed scattering
when q - R = (2n + 1)7. This is demonstrated in the centre row panels of Figure 4.6,
where colour plots of |Ap.(q)| are presented for R/ag = (0,1), (0,2) and (1,1) in
the left, centre and right columns, respectively (corresponding to the inter-impurity
singlet, independently Kondo screened and spin-1 Kondo screened regimes of the AAM
discussed in Section 4.2).

By contrast, the relative scattering phase does not appear simply as an overall
prefactor to the non-local contribution Apy(q,w) in Eq. 4.31b. The nodal structure is
therefore more complicated, as shown in the lower row panels of Figure 4.6.

Importantly, the local and non-local contributions to the total QPI Ap(q), plotted in
the upper row columns, are weighted according to the local and non-local Green function
elements — see Eq. 4.30. As discussed in Section 4.2.4, the impurity separation has a
major effect on the impurity dynamics. For R/ag = (0, 1), the non-local contribution to
the QPI dominates at low energies w = 1075¢, reflecting the strongly antiferromagnetic
RKKY interaction that binds the impurities together in a singlet state. This is shown
in the left column panels of Figure 4.6 (note the rescaled colour range); the full QPI
Ap(q) therefore resembles closely its non-local contribution, Apy(q).

For R/ag = (0,2) by contrast, the local contribution dominates (again, note the
rescaled colour range for the centre column panels), and the structure of the full QPI

Ap(q) now resembles closely Appoc(q). As shown in the right column panels, both local
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and non-local effects are important when the impurities are separated by R/ag = (1, 1),
due to the fine balance of Kondo and RKKY physics in this system.

When the two impurities are well-separated, each is Kondo-screened essentially
independently of the other, as discussed in Section 4.2.4. This is reflected in the
vanishing of non-local impurity Green functions G}?(w) ~ 0, and hence the vanishing
of the non-local contribution to the QPI, Appn(q). It was demonstrated in Section 4.2.4
that for parameters in an experimentally relevant range this independent screening is
observed from very short separations, |R| > 4y/2a9. On the other hand, the profound
impact on the QPI due inter-impurity interactions over short distances for two magnetic
magnetic impurities demonstrates that such many-impurity effects must be taken into
account when considering the QPI — albeit only for impurities in close proximity. In
a typical experimental setting, the full many-impurity case is expected; the control
of the distribution of impurities is challenging or impossible, and therefore careful
consideration of the effect of inter-impurity interactions is required when calculating

the QPI, as we now address.

4.4 Many Impurities

The treatment of models that consist of many magnetic impurities is an inherently
formidable task, as discussed in Section 4.2.1, because they involve N interacting
sites coupled to many screening channels. In particular, NRG (usually considered the
numerical method of choice for quantum impurity problems) cannot traditionally be
used for N > 2 impurity/channel systems. Recent developments with NRG — which
either utilize model symmetries fully [209, 69, 186], or exploit the fine-grained RG
description obtained by interleaving different Wilson chains [145, 187] — significantly
reduce the computational cost of solving multichannel problems. Although models with
N = 3,4 and possibly 5 channels can now be treated with NRG, true many-impurity
systems remain out of reach.

Furthermore, such real-space problems cannot generally be cast in the required form
involving N impurities connected to the end of N decoupled Wilson chains. The matrix
Dyson equation, Eq. 4.7, can only be diagonalized by a single canonical transformation
of operators in special cases where elements of the hybridization matrix possess the
symmetry [';;(w) = I'°(w) and I';2;(w) = ™ (w). Only in this case can one obtain a
representation in which G%(w) = (w +1i0T — ¢; — I',(w) — X,) ! are independent, as
required for treatment with NRG. In general, we expect the distribution of magnetic

impurity adatoms on a metallic surface to be disordered for low impurity concentrations.
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The system therefore does not fulfill the high-symmetry requirement for decomposition
in this way, and therefore be tractable via NRG.

The relatively short range of these inter-impurity interactions in the magnetic
adatom system admits the possibility that the many-impurity case may be treated
beyond the independent-impurity limit via systematic approximation. Sections 4.2.4
and 4.2.5 revealed that two impurities behave essentially independently when |R| > Ry,
such that the system is in the indepedently Kondo screened regime in which local Kondo
screening by the host conduction electrons cuts off the nascent inter-impurity RKKY
interaction. Beyond this length scale the physics is simply that of two independently
Kondo screened impurities, and as such, impurities with realistic parameters on the
prototypical 3D cubic lattice (100) surface can be treated independently for a rather
small separation Ry ~ 4+/2ay. Depending on the specific real-space distribution of
impurities, the system could therefore be decomposed into essentially decoupled and
hence independent smaller clusters. Indeed, if all impurities in a given finite sample
region are separated by more than Ry, each impurity can be treated independently.
This situation corresponds to the “dilute limit”: here an accurate description of the
local physics of each impurity is obtained from a model involving a single impurity in
the same host.

For given impurity surface coverage, ¢ = N/N; (with Ny the number of surface

1/2 But even for low

lattice sites), the average inter-impurity separation (|R|) ~ ag ¢~
coverage where (|R|) > Rqj, the sample may occasionally contain groups of a few
impurities located close enough that their mutual interactions cannot be neglected.
These rare “clusters” may nonetheless still be well-separated from other impurities or
clusters, whence independent clusters can be treated separately. At a given coverage,
and with a specific impurity distribution, one can then describe accurately the many-
impurity system in terms of independent impurities and clusters.

The question then naturally presents itself: what is the typical occurrence of
impurity clusters of size N, at a given impurity coverage? To answer this question, we
calculate the configurationally-averaged fraction of impurity clusters as a function of
surface coverage (with the impurities distributed at random) via numerical simulation
of a large number of random impurity distributions at a given surface coverage, ¢.
Specifically, we take a cluster of size N, to comprise N, impurities, each within a
cutoff distance Rgj of another impurity of that cluster (but separated from other
impurities by more than Rgy). Conceptually this is equivalent to factorizing the full
multi-impurity system into a set of irreducible impurity clusters; for given coverage,

and surface sample size relevant to FT-STS experiments, the average number of clusters
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Fig. 4.7 Average fraction of impurity clusters of size N. = 1,2,3 and > 4, vs impurity
coverage for a random distribution of impurities on a cubic lattice surface. “Clusters”
are defined by finding each set of impurities for which no impurity is more than the
impurity cutoff distance (Rg; = 4\/5&0) from at least one other impurity in the cluster.

of size N. = 2, 3, 4, ... can then be determined. In Figure 4.7 the variation of the
fraction of impurities in a cluster of size N, with surface coverage is plotted, with
Raiy = 4v/2a¢ used as the cluster cutoff. We note from Section 4.2.5 that this is a
relatively conservative definition of the cluster: a larger Téimp leads to smaller Ry,
and hence the earlier onset of the dilute limit.

At a representative impurity coverage of 0.04%, we find that ~ 96.9% of impurities
are independent (a cluster size N. = 1), 3% must be treated as an N, = 2 impurity
pair (as described in detail in Section 4.2), and 0.1% are in clusters of N. > 3. In
a 500ay x 500aq sample region, 0.04% impurity density corresponds to 100 surface
impurities: the surface is already rather crowded, with mean separation (|R|) ~ 28ay.
But even then, there are on average only 3 clusters with N, = 2 in such a sample.

We note that impurity coverage can be controlled through various experimental
protocols. For example, the extreme dilute limit of 107%% impurity coverage can be
accessed (see for example Ref. 163), and even specific distributions can be realized by
careful manipulation of individual impurities [130, 155]. Doped thin films (such as Cr
on Cu in Ref. 68) realize effective 2D systems with impurity densities on the order
of ~ 0.01%. Alternatively, evaporation techniques from wires onto surfaces (see for
example Ref. 101202) controllably achieve up to ~ 0.1% impurity density; while dilute
alloys are often characterized by an equivalent surface impurity coverage of 0.03 — 0.3%
[70, 50, 81].
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Fig. 4.8 Independent magnetic impurities deposited randomly on a 3D cubic lattice
(100) surface. Upper panels: real-space LDOS maps. Lower panels: corresponding QPI.
Left panels for N = 100 impurities within a 500ay x 500ay sample region, while right
panels show a 100ay x 100ag sub-block containing N = 5 impurities. Calculated for
U/Ty = 28 and scanning energy w = 1076t = 0.171™.

The results of Figure 4.7 show that at these experimentally-relevant surface cover-
ages, there is a clear scale separation for cluster occurrence. This suggests a hierarchy
of approximation in which the contribution from very rare clusters with size N, > N**
is neglected. Interestingly, at the above typical coverages, many-impurity systems
are very well described in terms of independent impurities and independent clusters
of size N. = 2. Such systems are therefore amenable to treatment with NRG, using
only single-impurity results and two-impurity results as in presented in Chapter 3 and
Section 4.2.

4.4.1 Independent impurities: dilute limit

Motivated by the above, we first consider a many-impurity system within an independent

impurity picture. Specifically, we study the semi-infinite 3D cubic lattice, with N = 100
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magnetic impurities placed randomly in a 500ag x 500ag sample plaquette on the surface
(corresponding to 0.04% impurity density).

The independent impurity approximation implies a strictly diagonal hybridization
matrix I'(w) = V2G%(r;, r;,w) I. Each impurity then behaves identically to a single
quantum impurity in the same host: the impurity distribution does not affect the
local impurity physics at this level. The off-diagonal elements of the t-matrix vanish
as a result, Tog(w) = V2G5 (W) = 045V2G9(w), so that the QPI comprises only
“local” contributions (from the diagonal terms of the ¢-matrix, in comparison with
Egs. 4.30 and 4.31 for the interacting two-impurity case). Moreover, these local
contributions from the diagonal elements of the real-space t-matrix differ from the
interacting-impurity case, as the local impurity Green functions are also affected by
inter-impurity correlations, as discussed above.

Despite this, the impurity distribution still strongly affects the real-space LDOS
map through Eq. 4.20, even for independent impurities, and the resultant QPI thus
also depends on the impurity distribution. It is given generally by Eq. 4.27, but with

Q(q,w) =T(q,w) x A(q,w) (4.33)

where A(q,w) is the single-impurity function Eq. 4.32, compared with the full multi-
impurity result, Eq. 4.28. The t-matrix 7(q,w) is the therefore the product of a
structure factor, S(q) = >, e 9% and the local t-matrix, Ti.c(w) = VZG¥(w),

reflecting the independent and identical nature of the impurities:
T(q,w) = 5(q) X Tiec(w) - (4.34)

The experimentally-measurable power spectrum of the QPI follows as

Ap(a,w) (zcos w = 3)al ) X [Aptim (e (4.35)

where Apjimp(q, w) = —* (GIOC( ) x A(q, w)) is the pristine single-impurity QPI,
as given in Chapter 3. AS Such7 the QPI for a many-impurity system in the dilute limit
is related simply to the single-impurity QPI, but with an overlaid moiré pattern due
to the superposed cosine factors in Eq. 4.35.

This is demonstrated in Figure 4.8, for an N = 100 impurity system. The upper left
panel shows the full spatial map of the LDOS, which allows the impurity positions to
be clearly identified. Despite the comparatively high surface density of 0.04% and the

apparent crowding, there are only two N, = 2 impurity clusters in the 500ay x 500ag
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Fig. 4.9 Left panel: block-averaged and symmetrized QPI, obtained by combining
M = 25 sub-blocks of size 100ay x 100ag from the original 500ay x 500ay sample shown
in the left panels of Figure 4.8. The right panel shows the pristine single-impurity
result for comparison.

surface sample (although recall that in this subsection all impurities are treated
independently). The upper right panel shows an expanded view of the LDOS for a
100ay x 100ag sub-block sample containing N = 5 impurities. The corresponding QPI
for both samples is shown in the lower panels of Figure 4.8.

Although the basic structure of the pristine single-impurity QPI survives, the many
impurity QPI appears noisy due to the impurity disorder. The g-space resolution of
the QPI in the lower right panel is naturally more coarse than that in the lower left,
because the real-space sample is smaller. The moiré structure of the QPI due to the
N =5 impurities is also much more apparent, with well-defined interference fringes
characteristic of the underlying impurity separation vectors.

For random independent impurities, the QPI calculated via Eq. 4.35 from an
L x L surface sample in the limit L — oo recovers the single-impurity result [34, 102].
Equivalently, the single-impurity QPI can in principle be recovered by averaging the

QPI over different disorder realizations, since

(1Ap(q, w)[?)

4.36
N+ N25q0 ' ( )

|Aplimp(qa W)|2 =
where we have used (|S(q)|?) = N + N%q0. Such configurational averaging may
not however be experimentally feasible, due to the difficulty in controlling surface

topography across disparate real-space regions.
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Fig. 4.10 N = 100 impurities within a 500ay x 5002, surface region of a 3D cubic lattice.
Impurity distribution and parameters as in Figure 4.8. Left panel: spatially-resolved
LDOS difference |Ap(r) — Apau(r)|, where Ap(r) is calculated within the independent
cluster approximation (treating inter-impurity interactions in the two N, = 2 clusters
exactly), while Apq(r) is calculated assuming the dilute limit within an independent
impurity picture. Right panel: corresponding QPI difference |Ap(q) — Apan(q)|-

Instead, one can consider a single L x L sample region decomposed into M smaller
sub-blocks of size L, x Ly, as in Figure 4.8. The QPI from each block can be calculated
and the results averaged. If the underlying lattice symmetry is known, the QPI pattern
can also be symmetrized by averaging over equivalent scattering vectors q, further
reducing the effect of configurational noise. This method reduces the effect of impurity
disorder in the QPI at the expense of g-space resolution. This protocol was used to
obtain the QPI in the left panel of Figure 4.9, averaging over M = 25 non-overlapping
sub-blocks of 100ay x 100a, lattice sites. The result is clearly seen to be quantitatively

comparable to the “ideal” single-impurity QPI, shown in the right panel.

4.4.2 Independent clusters: beyond the dilute limit

We now go beyond the dilute limit by taking into account explicitly the contribution
from impurity clusters whose mutual interactions are important. These clusters are
nevertheless well-separated from other impurities or clusters, and therefore remain
independent.

Within this approximation, the hybridization matrix is block-diagonal, with [I'(w)]a2s

taken to be non-zero only for impurities o and 3 that are both members of the same
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cluster. The t-matrix T,5(w) then has the same block diagonal structure, and the full
QPI is as usual computed using Eqs. 4.27 and 4.28.

As a concrete example, we use the same impurity disorder realization as in Figure 4.8,
corresponding to N = 100 magnetic impurities within a 500ag x 500a region on the
3D cubic lattice surface (the specific distribution can be visualized through the LDOS
modulations in the upper left panel). In this representative case there are two N, = 2
clusters, and no larger clusters. The two-impurity clusters are treated independently
from the remaining impurities, which are themselves taken to be independent single-
impurity problems. Within this framework, the quantum impurity problems are solved
using NRG, and the QPI calculated. Since inter-cluster correlations are negligible when
clusters are well-separated (as discussed in Section 4.2.4), this independent cluster
approximation is essentially exact.

The local impurity physics of the N, = 2 clusters is strongly affected by inter-
impurity interactions as examined in detail in Section 4.2. This effect would be
observable through spectroscopic local measurements with STM, albeit that the contri-
bution to the overall QPI is expected to be weak because scattering is dominated by
the 96% of (effectively independent) impurities in the sample.

The left panel of Figure 4.10 shows the difference between the real-space LDOS
calculated using the independent cluster method, and the LDOS obtained through the
independent impurity approximation of Section 4.4.1. We find that this difference is
highly localized to the cluster sites themselves (note the logarithmic colour scale). This
confirms that bulk properties are not strongly affected by the contribution from dilute
clusters (although an accurate description of local quantities does of course require the
more sophisticated treatment of intra-cluster interactions).

In the right panel of Figure 4.10 we plot the corresponding difference in the QPI,
as calculated using the independent cluster and independent impurity approximations.
The change in the QPI is dominated by intra-cluster contributions for an N, = 2 pair
with separation vector R/ag = (2,2), as seen directly from the modulation of QPI
intensity in the Figure (the impurities in the other N, = 2 cluster are separated by
R /ag = (4,4); intra-cluster interactions are weak in this case, and so its contribution
to the overall QPT is small).

Our results indicate that the independent impurity picture, strictly applicable only
in the dilute limit, works surprisingly well when the cluster incidence is low. Then the
physics of independent quantum impurities dominates the QPI — even for relatively
large impurity densities up to 0.1% when sampling a surface region of size L x L, with

L ~ 100ay — 1000ag. To capture inter-impurity interactions, which become important
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for local quantities near clusters and for fine details in the QPI, the independent cluster

method can be employed.

4.5 Conclusion

In this chapter we have studied systems of multiple magnetic impurities deposited on
the surface of a 3D metallic host, the associated scattering of conduction electrons and
the resultant signatures in QPI. Scattering from multiple impurities for the surface
LDOS and the resultant QPI was considered formally for an arbitrary system of many
interacting impurities; however, such systems are impossible to treat exactly, and so
an approximate description was sought. From solution of the real-space two-impurity
model, we are able to define and identify a dilute impurity limit for many-impurity
systems, in which each impurity in practice behaves independently of the others. For
realistic parameters, the length scale Ry; for the onset of the dilute limit is found to be
strikingly low — the inter-impurity separation need only be a few lattice sites. Overall,
the physics is overwhelmingly dominated by independent single-impurity effects for
impurity coverages up to ~ 0.1% when the Kondo temperature is small, Tx ~ 0.1K;
while for Tk ~ 100K, a surface coverage up to ~ 1% is found to remain dilute. The
QPI therefore reflects the pristine single-impurity result, as presented in Chapter 3,
modulated only by a trivial structure factor due to the real-space impurity distribution.
As such, the temperature and scanning-energy dependence of the QPI are entirely
characteristic of the underlying single-impurity Kondo effect.

Going beyond the dilute limit to higher impurity coverage, inter-impurity inter-
actions within impurity clusters must naturally be taken into account. The clusters
themselves can nevertheless be well-separated, and therefore behave independently. An
“independent cluster” approximation, applying in a dilute (cluster) limit, then yields
accurate results for the physics of such many-impurity systems. In order to capture the
effect of inter-impurity interactions, in Section 4.2 we considered as a minimal model
the case of two magnetic impurities, separated in real space, embedded on the (100)
surface of the 3D cubic lattice host. The so-called Alexander Anderson model was
demonstrated to involve complicated through-lattice inter-impurity correlations, result-
ing in a dynamic coupling between the impurities not captured in the simpler reduced
models often employed to describe the physics of the multi-impurity case. Indeed,
the relative strengths of local impurity-host interactions and non-local inter-impurity

interactions was found to depend non-trivially on both the impurity parameters (such
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as the interaction strength, U) and the magnitude and orientation of the separation
vector between impurities.

The local impurity-host interactions give rise to essentially independent Kondo
screening of the two impurities; the inter-impurity interaction, by contrast, results in
either the formation of an inter-impurity singlet or a non-local, spin-1 state (then itself
screened by interaction with the host conduction electrons) depending on the nature
of the effective RKKY interaction (antiferromagnetic or ferromagnetic respectively).
The interplay of these effects gives rise to distinctive signatures, as demonstrated by
the impurity contribution to the entropy and the local impurity spectral function,
both calculated exactly via NRG, presented in Section 4.2. The competition between
local antiferromagnetic interactions (responsible for Kondo screening) and an effective
antiferromagnetic RKKY interaction between impurities is of particular interest. As
discussed in Section 4.2.6, the frustration between these two competing effects may
result in signatures of the critical physics at the two-impurity Kondo critical point
being observable in the AAM at finite energy scales.

The physics of the Alexander Anderson model is significantly more complicated
than that of the simplified, reduced models often invoked to describe it. Despite
its simplicity, the model acts as a minimal model for the competition between local
and non-local interactions in more complicated magnetic materials. A more complete
understanding of the physics is therefore very desirable, and the subject of ongoing work.
In particular, calculations of the entanglement between the two impurities, and between
the impurities and the host, may shed further light on the nature of the inter-impurity
interactions in the system. We also plan to investigate a range of host materials,
including those without particle-hole symmetry, to deepen the understanding of how
the dynamical nature of the inter-impurity interaction, mediated by the conduction
electrons, impacts upon the physics of the system.

An independent cluster picture must of course ultimately fail when impurity coverage
is increased towards and above a percolation threshold where the entire system becomes
“connected”. The physics then involves a subtle interplay between Kondo, RKKY,
and disorder effects, and the collective heavy fermion physics of the diluted periodic
Anderson lattice. As discussed in this chapter, the treatment of truly many-impurity
systems such as these is not possible solely via NRG calculations, and remains a

formidable open problem in the field.






Chapter 5

QPI in strontium ruthenate:

correlations & superconductivity

The binary transition metal oxide strontium ruthenate forms a range of layered
perovskite-like compounds in the Ruddlesden-Popper series, Sr,,+1Ru,, 03,41, consist-
ing of n (AB-stacked) 2D layers of vertex-sharing RuOg octahedra followed by an
intercalating SrO plane. Despite being superficially similar in structure, the family
of compounds exhibits a significant range of phenomenology, due to the interplay
and interactions between lattice, orbital, charge and spin degrees of freedom (on the
partially-filled transition metal site, with the nominal oxidation state Ru'V giving
an electronic configuration of 4d*). The full perovskite (n = oo) SrRuOj3 is a bulk
ferromagnet (FM) with T ~ 165K [123], while the intermediate phase SrzRusO-
exhibits an unusual anisotropic metamagnetic state, exhibiting nematic spatial order
(115, 116]. The n = 1 case, SraRuQy is arguably the most interesting member of the
family, exhibiting an exotic superconducting (SC) phase with an order parameter (OP)
of p-wave symmetry below T ~ 1.5K [127, 134]. The structure, depicted in Figure 5.1,
consists of single RuO, planes intercalated between pairs of SrO planes, somewhat anal-
ogous to the planar structure of the cuprate unconventional superconductors (consisting
of CuO, planes). As a consequence of this planar structure, the RuO, layers are almost
(electronically) isolated in the direction of the c-axis, with a pseudo-2D, multi-band
electronic structure, described in Section 5.1.1. The ground state is non-magnetic,
but in close proximity to a number of structural and magnetic instabilities, such that
several different structural/magnetic phases lie close to the ground state and thus
influence the physics at low temperature. The pairing mechanism giving rise to the
unusual SC state is still somewhat unclear due to the multi-band nature of the system

and the relatively small magnitude of the pairing interaction [127, 197, 53], but is
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Fig. 5.1 Left: Unit cell structure of SroRuO,4, demonstrating the layered nature of
the compound, which can be thought of as AB stacked 2D layers of vertex sharing
RuOg octahedra with interstitial Sr, or as RuOs planes between two SrO planes.
Right: Top view of SrO surface following cleave along the (001) lattice plane, showing
the reconstructed surface structure, with the undistorted unit cell (solid line) and
reconstructed surface unit cell (dashed line).

thought to be closely linked to spin fluctuations in one or more of the bands [181, 134,
95, 203, as discussed in Section 5.1.2.

In Chapter 2 we demonstrated that the QPI may be interpreted loosely in terms
of an in-situ scattering experiment, providing information on both the scattered
quasiparticles of the host and the scatterer(s). Furthermore it was shown that strong
features in the QPI may arise from scattering between particular pairs of conduction
electron states in momentum space, and may be used to map the electronic structure
of the host material. The dispersion of these features with scanning energy may be
mapped by experimentally measuring the QPI (via FT-STS), and thus the dispersion
of the corresponding host conduction band states mapped also. Indeed, FT-STS has
been employed in this manner to study correlated materials similar to SroRuOy, such
as cuprate and pnictide superconductors [78, 214] and heavy fermion compounds [193].

In order to carry out STM studies on the conduction bands derived primarily from
the Ru orbitals, a surface must be revealed that allows electron tunnelling into the
RuO, layers. Experimental evidence [132] and theoretical calculations [158] indicate
that clean cleavage along the (001) plane may be achieved, exposing a surface SrO
layer depicted in Figure 5.1. Tunnelling into the RuO, layer is then facilitated by
orbital overlap via apical oxygen atoms of the surface RuOg octahedra. The surface
layer of RuOg octahedra has been shown to undergo reconstruction [47, 196], with

a static rotational distortion of the surface RuOg octahedra around the c-axis of



123

approximately 6°, corresponding to the “freezing out” of a (soft) bulk phonon mode
[133]. The modified surface electronic structure that results from this distortion is
discussed in Section 5.1.1. The planar structure and the ability to cleave cleanly to
expose the RuO, layers to STM make SroRuO,4 a good candidate for investigation
via FT-STS. Local STS has been shown to be a valuable tool to shed light on the
electronic structure, providing the (sub-)meV energy resolution necessary to probe the
SC state [53]; FT-STS offers the possibility of resolving the momentum-space structure
of the SC gap and giving further insight into the pairing mechanism.

FT-STS is therefore expected to provide valuable insight into both the normal and
SC state of SraRuOy [7, 59]. However, the QPT in this multi-band interacting system
is significantly more complicated than the simple, single-band examples considered
in Chapters 3 and 4, as discussed previously in Section 2.3. The interference of all
possible scattering processes gives rise to the QPI pattern observed via FT-STS: as
emphasized in previous chapters, a careful theoretical treatment is therefore required
in order to make valid predictions and provide accurate interpretation of experimental
FT-STS measurements. Previous theoretical studies [7, 59] have not only employed a
simplified model for the electronic structure in the normal and SC state (for example
neglecting the effect of spin-orbit coupling (SOC)), but moreover have not considered
the effect of these complicating experimentally-relevant factors, which we have shown
may have a profound impact on the measured QPI.

The multi-band structure of the host material, and the manner in which the states of
the host are scattered by impurities, is of particular importance. In order to investigate
these issues, we first detail an effective free tight binding model for the electronic
structure in both the normal state and the SC state in Section 5.1, before calculating
the QPI arising in the normal state in detail in Section 5.2. We include the effect on
the QPI of several complicating factors, considering the strength of scattering from
impurities, the spatial anisotropy of the host material orbitals that the STM tip probes
and the surface reconstruction detailed above, and compare the calculated QPI to
experimental results reproduced from Ref. 206.

In Section 5.3 we present collaborative results in which experimental FT-STS
measurements of the QPI are compared to theoretical QPI calculated within the free
tight binding description given in Section 5.1: deviations from this effective model
provide insight into the electronic correlations in the normal state. We show that the
normal state of SroRuQy is of interest in its own right, displaying significant interaction
effects and a departure from the commonly-held picture of a the weakly-interacting
(“good”) Fermi liquid [20], which are readily observed in FT-STS measurements. A
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detailed understanding of the normal state is essential in order to understand the SC
state, particularly in light of the likelihood that the pairing mechanism is driven by
interaction effects (specifically spin fluctuations), which persist in the normal state.
Having carefully considered the normal-state QPI, we turn to the SC state in
Section 5.4. The SC-state QPI is calculated based on the theoretical models introduced
in Section 5.1.2, comparing the results for both candidate SC OPs. We demonstrate
that the QPI may be used to distinguish between the two proposed OPs, indirectly
providing evidence of the SC pairing mechanism. Experimental efforts to measure the
QPI in the SC state are ongoing: the results of Section 5.4 provide predictions for the
QPI to be tested by experiment, with specific features indicative of each SC pairing

scenario identified.

5.1 Strontium ruthenate electronic structure

In order to calculate the QPI for the normal and SC states of SroRuQy, a description
of the electronic structure of the clean material (in the absence of impurities) in both
phases is required. Strong electronic correlations, SOC and the multi-orbital nature of
the problem present a significant challenge for ab-initio band structure calculations,
as discussed in Section 2.3.3. In order to simulate the QPI, we therefore adopt an
effective mean field, tight binding description of the electronic structure in the normal
state, retaining the multi-orbital nature and SOC in a minimal model of the Ru 5,
orbitals. Reducing the orbital basis from the full atomistic basis of the unit cell to
that of the relevant Ru ?9, orbitals lowers the complexity of the problem, integrating
out unimportant orbital degrees of freedom (for example to bridging O 2p orbitals)
and replacing these by tight binding hopping matrix elements on a square lattice
of (three-orbital) Ru atom sites. This effective quasiparticle tight binding model is
parametrized to fit the experimentally-observed electronic structure [218], as detailed in
Section 5.1.1. The SC pairing is also treated at mean field level, employing an effective
Bogoliubov-de Gennes description with an anisotropic SC gap function, candidates for

which are given in Section 5.1.2.

5.1.1 Normal state

The commonly-held picture of the SroRuO4 normal state is that of a conventional
Fermi liquid [20]. A minimal model for the relevant conduction electron bands, derived

from the Ru ty4 orbitals, is given by an effective three-orbital tight binding model of
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electrons hopping on a 2D square lattice. Following Ref. 174 and Refs. 37-41 therein:

Hhost = Z¢i(k)Hs(k)¢s(k) ) (51)

T
where 14(k) = (ca,svk, Chosor Cc,—s7k> , representing the 4d,,, 4d,, with spin +s and
4d,, orbitals with spin —s respectively with s = +1(—1) for up(down) spins. The

Hamiltonian kernel in this basis is given by

ca(k) gk)—in in
H k)= |gk)+in eak) —sn|, (5.2)

with
ei(k) = —2t; , cos(aoks) — 2t;,, cos(aoky) — 4t; »y cos(aok,) cos(aoky) — i, (5.3a)

and
g(k) = —4t,psin(agk,) sin(agk,) . (5.3b)

The spin-orbit coupling (SOC) is controlled by the parameter 1, and g(k) represents
the inter-orbital hopping between a and b (4d,, and 4d,,) orbitals. The parameters for
this effective free model are chosen to reproduce the shape of the Fermi surfaces (FSs)
and the ratio of effective masses for the resultant bands as obtained by experiment [174],
such that (tan = toy, tay = tows tagy = toay, tex = tey, teays tabs Ha = Wby Hey 1) =
(1.0,0.1,0.0,0.8,0.3,0.01,1.0,1.1,0.1)¢. As noted in Ref. 174, both ¢,, and 7 have the
effect of producing repulsion between the bands, and as such there is some freedom in
their choice. We adopt the value of ¢, used therein, which is smaller than calculations
without SOC [153, 203], but in agreement with recent fits to ARPES data in which
SOC is taken into account [197, 218].

Diagonalization yields three pairs of bands with pseudospin o = +1, labelled «,
£ and ~; the f and v bands are particle-like in nature, while the o band is hole-
like. Throughout we use roman letters to refer to orbital and spin space while greek
letters refer to band and pseudospin. Figure 5.2 plots the FSs of these three bands
across the first Brillouin zone (1BZ), which agree well with experimental results from
ARPES and quantum oscillation studies [127, 126]. The orbital contributions to each
band around the FS are depicted in Figure 5.2 via the hue of the plotted spectral
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Fig. 5.2 Left: Fermi surfaces of the a, 5 and v bands of SroRuOy (denoted by red,
blue and green respectively) across the 1BZ calculated within the three-orbital tight
binding model described by Eqgs. 5.1 and 5.2. Solid lines represent the bulk bands and
1BZ, while dashed lines represent the surface bands and the reduced 1BZ due to the
V2 x /2 surface reconstruction, described in the text. Right: The spectral function,
—TrIm G°k,w +i0T), for the bulk bands, plotted across the 1BZ, showing the a, 3
and 7 bands in terms of the relative contribution from the a, b and ¢ orbitals (red,
blue and green respectively).

function, — Tr Im G°(k,w), with red, blue and green representing the a, b and ¢ orbitals
respectively. The a and § bands are seen to be largely derived from the a and b (4d,.,
and 4d,,, out-of-plane) orbitals, while the v band is largely derived from the ¢ (4d,,,
in-plane) orbital.

In addition to the bulk electronic structure described by Egs. 5.1 and 5.2, SroRuQOy4
is known to undergo a reconstruction of the surface upon cleavage at low temperature
[47, 196], resulting in a rotation in the RuOg octahedra of ~ 6° and a doubling of the
unit cell, as shown in Figure 5.1. This reconstruction results in a down-folding of the
a, 5 and 7 bands into the reduced surface Brillouin zone (SBZ), and an accompanying
adjustment in the effective strength of electronic correlations and F'S topology [196].
In terms of the tight binding model described by Eqgs. 5.1 and 5.2, this reconstruction
of the surface band FSs is well-described by a simple shift in the chemical potential of
each orbital, fiq/bsurt = tasp —25meV and pie g = fe +25meV, as depicted in Figure 5.2
(c.f. Figure 1 of Ref. 196, in which a detailed treatment of the surface reconstruction
via DFT is carried out). The most significant effect of this reconstruction is a change
in FS topology of the v band, which becomes hole-like rather than electron-like (as it is
in the bulk). The van Hove point in the v band due to the critical point at kx = (,0)

(at which |Ve, x| = 0), which is above the Fermi level for the unreconstructed bulk
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Fig. 5.3 Left: Dispersion of the a (red), 8 (blue) and ~ (green) bulk and surface bands
(solid and dashed lines respectively) along a cut between the high symmetry points of
the 1BZ, I' - M — X — I'. Right: Local density of states for each bulk and surface
band.

band, is shifted to below the Fermi level for the surface band, as shown in Figure 5.3.
By contrast, the a and 8 bands are more weakly affected.

The multi-orbital tight binding model presented in this section is used to calculate
the normal-state QPI in Section 5.2. As already indicated, the conventional picture of
the SroRuOy4 normal state electronic structure is one of a weakly-correlated Fermi liquid
[20], although recent ARPES measurements have called this into question [82, 85].
In Section 5.2 we present a comparison between the calculated QPI for the effective
free-electron model discussed in this section and experimental FT-STS results presented
in Ref. 206, clearly demonstrating significant correlation effects indicative of a more

complicated, strongly-correlated state.

5.1.2 p-wave superconducting state

As introduced in the preamble to this chapter, SroRuQy is primarily of interest due to
the very unusual nature of the superconducting phase, found below T ~ 1.5K [127].
Experimental evidence strongly indicates a SC order parameter (OP) of odd parity (see
Refs. 150, 127 and references therein), in contrast to the even-parity OPs due to both
the conventional (s-wave) phonon-mediated pairing mechanism of BCS theory and
the interaction-driven (d-wave) pairing mechanism of the cuprates. This implies the
formation of spin-triplet (S = 1) Cooper pairs, also demonstrated in experiment [83,
95]: an electronic analogue to the spin-triplet p-wave state of paired neutral fermions

in superfluid 3He [17, 16]. The exact nature of the odd-parity SC state is still unclear,
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but further experimental evidence of time-reversal symmetry breaking from muon
spin-relaxation [125] and polar optical Kerr effect measurements [213] strongly suggest
a chiral OP [127, 20, 203]. Such a chiral SC state is topologically non-trivial, with
non-zero Chern number [175], and may support Majorana zero modes bound in vortices
— which could be used for topological quantum information processing [149]. However,
the chiral SC state is also expected to support edge currents, which have not been
observed despite intense experimental scrutiny [75, 44]: this central contradiction in
the phenomenology of the SC phase in SrosRuQ, casts doubt on the chiral nature of
the p-wave state, and thus its topological character [94].

One key difficulty in the theoretical understanding of the SC state lies in the
subtle interplay of orbital and spin degrees of freedom in the presence of strong
electron interactions, necessitating a full treatment of the multi-band system [203, 174].
Particular controversy revolves around the identity of the dominant SC instability,
given the three bands arising due to the Ru ty, orbitals. The prevailing assumption of
the field has been that the 2D « band, derived largely from the in-plane 4d,, orbital
is the active band due to the proximity to the van Hove singularity at +49meV, as
supported by strong-coupling functional RG calculations [203]. In such case, the SC
pairing is expected to be associated with FM spin fluctuations at small momenta, again
due to the van Hove point in the v band close to the Fermi level, which favours an
FM state. However, recent specific heat and STS measurements [53] indicate a similar
gap amplitude on all three bands, with a slightly larger gap on the quasi-1D « and f3
bands. This is in agreement with weak-coupling RG calculations [166, 174], in which
the SC instability is comparable on all three bands. It is proposed that the pairing
mechanism is driven by incommensurate spin fluctuations at higher momenta, due to
nesting of the FSs in the quasi-1D « and 8 bands [194, 175]. These fluctuations have
been found to be antiferromagnetic (AFM) in nature [181, 166].

An explicit theoretical treatment of interactions in the multi-band system, necessary
in order to fully describe the SC phase on a microscopic level, is beyond the scope
of this thesis. Instead, we treat the SC state via a mean-field description, extending
the effective tight binding model of Section 5.1.1 via a static SC pairing term for each
band, v = «, 3,7,

%SC,VO{) - = Z [AV(k>]o,a’ Cl,Ucl,U, + [AV(k)]Z’,o" CZ/,JCV,O" ’ (54)

o,0’

where the nature of the SC pairing is informed by both theoretical and experimental

findings [174, 175, 53, 127]. The anisotropic SC gap function is chosen to have p-wave
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symmetry, A,(—k) = —A7 ,(—k), in keeping with experimental findings. The full
(mean-field) Bogoliubov-de Gennes Hamiltonian may thus be written in Nambu spinor

notation as

Hiostse = 3 ¥ (k)Hpae (k) ¥(k), (5.5)
where
o H, (k) ®H_ (k) -A(k)
HBdG(k> - ( —A(k)* —H_H(k) D H_l(k)) (56)

and (k) = (¢1,(k), ¢1,(K), ¢11(k), ¢_(K)).
The spin components of the gap function may be elegantly represented in terms of a
complex vector OP, d, (k) = (d, »(k), d,,(k), d,.(k)), such that A, (k) = i(d,(k)-0)o

(with & = (071, 09, 03) the Pauli vector):

A (509 AL00) _ (~dull) idy00 a0 )
AiT(k) Ai,i(k) dy (k) dyx(k) +id,, 4 (k)

The d vector notation conveniently describes the symmetry of the triplet SC state, the
spin and orbital angular momentum of Cooper pairs and the k-space structure of the
SC gap in a compact way, as well as having a direct physical interpretation (see Ref. 127
for more details). In this formalism, a singlet SC is represented by A4 = —A| | = A,
or equivalently d, = —A,. The chiral OP for the triplet SC state of SroRuQy is given
generally by

dy == AV,O(px + 1py)2a (58)

where p,(,) represents any function with the same symmetry properties as sin(agkyy))
under the operations of the Ru local point group. This chiral p-wave SC state is
analogous to the superfluid state of the A-phase of *He. An alternative helical spin-
triplet OP, d, = A, o(p.2 & p,9), analogous to the B-phase of *He has also been
proposed in order to explain the absence of edge currents [174], but does not break
time-reversal symmetry and thus is not considered here.

Numerous attempts have been made to resolve the apparent lack of observed appre-
ciable edge currents with the evidence of time-reversal symmetry breaking indicative
of a chiral state [26, 113, 173]. Strong-coupling RG calculations predict a dominant
SC gap on the 2D v band driven by FM spin fluctuations, while the o and  bands



130 QPI in strontium ruthenate: correlations & superconductivity

are merely spectators, potentially with sub-dominant SC gaps induced via SOC. This
gives rise to the simplest possible “naive” form for the chiral OP, corresponding to

nearest-neighbour SC pairing,
00 (k) = Amo(sm (aoks) + isin (aoky)> 7 (5.9)

such that A,y > A,/p0. By contrast, weak-coupling RG calculations have indicated
a SC pairing mechanism driven by AFM spin fluctuations in the quasi-1D « and f3
bands caused by FS nesting, giving rise to similar gap sizes on all three bands and SC
pairing over a longer range. It was recently argued in Ref. 175, that the absence of
edge currents may be reconciled with a chiral OP for a state with a large topological
invariant (Chern number), in agreement with RG calculations taking into account both
multi-band and SOC effects [174, 175]. A microscopically-plausible ansatz for the SC
gap in orbital space (n € {a,b,c}, corresponding to the 4d,.,4d,. and 4d,, orbitals
respectively) was proposed which shows good agreement with the numerical RG result
[175],

Apra(k) = > AL gi(ke, ky) +1A7 ,9i(ky, ks) (5.10)
=123

with g1 (kg ky) = sin(ky), ga(ks, ky) = sin(k,) cos(k,) and g3(k., k,) = sin(3k,), for
(Ar = Al ALy, = Afy AZs = Aps) = (0,02, )A, Af; = Ay, = 0V i and
(AL, = Al ALy = Aly, ALy = Als) = (0.18,0.15, -0.3) Arg where Agg sets the
SC gap scale in absolute terms. The OP in band space is obtained by applying the
transformation that diagonalizes the normal state Hamiltonian in spin/orbital space
defined in Egs. 5.1 and 5.2.

Figure 5.4 depicts the variation of magnitude and phase of the chiral OPs d%(k)
and d!*(k) around the FS for each of the three bands calculated via Eqs. 5.9 and 5.10.
While both OPs are valid on symmetry grounds, they display dramatically different
physical properties; indeed they represent topologically distinct states, as codified by
their respective total Chern number, C given by the sum of the Chern numbers of the
individual bands at the Fermi level C,,. The Chern number is given by the winding
of the phase of d, . around the FS, equivalent to the skyrmion number of the BdG
Hamiltonian [201]

1

Co=1 | dkil, - (O, H, x O, H,) | (5.11)
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Fig. 5.4 Upper panels: Variation of two possible chiral p-wave SC OPs d° and d2¢,
described by Egs. 5.9 and 5.10, around the Fermi surface for SroRuQOy4. The x and y com-
ponents of the arrows give the real and imaginary parts of d, , respectively. Lower panels:
Corresponding variation in the magnitude of the SC gap |A, (k)| = /d, (k) - d, (k)
around the F'S for each possible chiral OP. The ratio of SC gap magnitudes A, for the
v = a, 3 and 7 bands is chosen as 1 : 1 : 2 for the simpler chiral OP, d?, reflecting the
expectation of dominant SC pairing in the v band, while the relative gap magnitudes
for d®¢ are fit to numerical results from the RG calculations of Ref. 174.
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where H, = (Re d,.(k), —Im d,,.(k), ¢,(k)) and H = H/|H|. Inspecting d° in Fig-
ure 5.4 it is clear that the phase of dj , winds once around the FS for all three bands.
The winding is anticlockwise for the particle-like 8 and ~ bands, so that Cz, = +1, and
clockwise for the hole-like @ band, giving C,, = —1; the total Chern number is therefore
C = +1. The winding of d-' is significantly more complicated: the particle-like 3 and ~y
bands exhibit Chern numbers of C3 , = —3, giving a total Chern number of —7. While
it has been shown that edge currents are inevitable in systems with |C'| = 1, they vanish
in systems with higher Chern number |C| > 1 (see Ref. 175 and references therein),
perhaps reconciling the absence of edge currents with the chiral state suggested by
broken time-reversal symmetry.

Direct measurement of the Chern number is not possible; it has also not been
possible to measure the phase of the SC OP, although a method for direct determination
of the SC gap sign structure via FT-STS has recently been proposed for pnictide SCs
[77]. However, in SrosRuQO, the unusual winding of the phase of d, around the FS is
accompanied by significant modulations in the magnitude of the proposed SC gap
function, as seen clearly in Figure 5.4. The simple chiral OP d° results in a dominant
SC gap on the v band with deep minima along the I' — M ((0,0) — (0, 7/ao) direction,
with flatter SC gap functions of smaller magnitude on o and (. By contrast, the RG-fit
chiral OP dB¢ displays gaps of similar magnitudes on all three bands, with a deep
minima in [AR| along I' = X ((0,0) — (7 /ag, 7/ag)), and in |AFY| either side of the
I' — X line, while the JARS| has a highly oscillatory structure with shallow minima
along I' — M, I — X and between these directions (at 61 ~ 7/4). These features, while
not causally linked to the winding of the phase around the F'S, are strongly suggestive
of this state of higher Chern number. Due to the relatively small absolute magnitude
of the SC gap in SroRuQy, resulting in a low critical temperature of T, ~ 1.5K, the
accurate measurement of such features requires sub-meV energetic resolution and high
resolution in momentum space. This is beyond the reach of ARPES, but may be
feasibly achieved via FT-STS measurements, which offer the ability to directly probe
the anisotropy of Bogoliubov quasiparticles in momentum space, and thus the SC gap
structure, as we discuss in Section 5.4.

While the primary interest in SroRuQy lies in the unusual SC state at low tem-
perature, an understanding of the normal state is vital to understand the SC state.
Moreover, spin fluctuations due to the aforementioned proximity of both AFM (in
the pseudo-1D 4d,, and 4d,, orbitals) and FM (in the 2D 4d,,, orbital) spin-density-
wave-ordered states to the ground state, which are believed to be involved in the

SC pairing mechanism, are also observed in the normal state. Consideration of the
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QPI (and FT-STS) in the normal state is therefore a necessary prelude to further
(direct) investigations of the SC state, as well as providing insights into the underlying
correlation effects in SroRuOy4 and thus, indirectly, the SC mechanism. We now turn to

the QPI for the normal state, and the comparison with experimental FT-STS results.

5.2 Normal state QPI

As discussed earlier in this chapter, detailed calculations of the QPI are required in
order to correctly interpret experimental FT-STS measurements, particularly in a
complex multi-band system such as SroRuO4. A number of relevant complicating
effects must be considered, going beyond the simplest idealized calculation, in order to
accurately reproduce experimental features such as the strength and type of scattering,
and the detailed physical and electronic structure of the host material surface in real
space.

In Chapters 2 and 3, the QPI was defined directly in terms of the modulations
in the LDOS of the host material. However, FT-STS experiments in fact measure
the conductance between STM tip and host material, which is closely related to the
LDOS [192, 52]. The multi-orbital electronic structure of SrosRuO, requires a more
careful consideration of the relationship between the measured conductance and the
LDOS. The spatial anisotropy of the Ru 4d ¢y, orbitals results in different degrees of
overlap with STM tip orbitals, and thus affects the tunnelling current and conductance.
In order to accurately account for these effects, we calculate the QPI as the power
spectrum of the spatial interference pattern of the conductance, g., measured via STM,
P(q,w) = |g.(q,w)*
states, treating the scattering in terms of the full t~-matrix within the three-orbital
model described by Eqgs. 5.1 and 5.2,

We calculate the interference of scattered conduction electron

Api(q,w) = —7~m > [Gg(k,w)T(k, k+q)G%(k + q,w)L, , (5.12)

s,k '
where GY(k,w) = ((w +1i0")I — H,(k))~' the unperturbed (retarded) Green function
matrix in orbital/spin space (and H,(k) defined by Eq. 5.2). For the normal state
of SryRuOy, we calculate the QPI over the 1BZ on a 2048 x 2048 grid in k-space (a
spacing of ag(dk)/m < 1073), employing a broadening parameter, § = 5meV, such that

w—+10" — w+1d. The conductance is then given by tracing over the contribution from
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each orbital,

ge(d,w) = g2(q, w) + Z; Cidpi(q,w), (5.13)
where the orbital-dependent coefficient C; reflects the magnitude of the tunnelling
matrix element between the tip and orbital 7, controlled by the spatial anisotropy of
the 4d to, orbitals. Experimental evidence suggests that cleavage of the bulk crystal
results in a surface SrO layer [158, 47], as depicted in Figure 5.1, so that there is an
oxygen atom lying above each outermost Ru atom. The p-orbitals of this apical oxygen
are of the correct symmetry to facilitate tunnelling overlap between the 4d,./4d,.,
out-of-plane orbitals and the tip, but not between the 4d,, in-plane orbital and the
tip, and thus C, = C, > C.. Here we take C, = (), = 1 and C, = 0, as is common
[53]; this results in the effective spectral density visible via STS plotted in the upper
left panel of Figure 5.5, where the hue represents the orbital contribution at a given
momentum from the a and b orbitals (red and blue respectively).

We assume scattering due to a local perturbation in the potential of a single site
in the lattice, i.e. a single potential scattering impurity; multiple independent, local
scattering centres give rise to trivial, moiré-type interference patterns in the QPI [138,
34], as detailed in Section 4.4, but no qualitative effect on the observed QPI. This
results in a t-matrix that is momentum-independent and diagonal in orbital space; in
the first instance, we further simplify the problem, considering the case of a scalar
impurity, corresponding to the weak-scattering (Born) limit potential scatterer.

Figure 5.5 compares the QPI measured via FT-STS (upper right) with that cal-
culated via Eqs. 5.12 and 5.13 (lower right, calculated for a single scalar impurity,
diagonal in orbital space) at the Fermi level (w = 0meV), plotted as |geexpt. (4, w)]
and |Ag.(q,w)]| respectively. The out-of-plane spectral density (upper left panel) also
depicts characteristic “nested” scattering vectors at which divergent (high intensity)
features in the QPI are expected, following the arguments presented in Chapter 2
(specifically Section 2.3.1). Scattering between sections of the same hue (which denotes
the orbital composition of states at a given momentum) dominates the theoretical QPI,
in broad agreement with experiment. This is a result of the structure of the t-matrix,
which is chosen to be diagonal in orbital space. These characteristic high-intensity
features, marked by the purple, green and grey vectors in the experimental and the-
oretical QPI in Figure 5.5, are due to scattering between specific pairs of points on

one (intra-band scattering) or two (inter-band scattering) CECs at which the group
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Fig. 5.5 Comparison of predicted dominant scattering vectors on the orbitally-resolved
spectral density Im G(k,w + i0%) (upper left panel; red (blue) corresponds to the
4d,, (4d,,) orbital), theoretical JDOS and QPI (lower panels) with the experimental
FT-STS measured at the Fermi level (upper right panel).
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velocities are antiparallel, and between which there is a non-zero scattering t-matrix
element (see Section 2.3.1 for detailed explanation).

The experimental QPI is dominated by intra-band scattering on the £ band,
indicated by purple arrows in Figure 5.5. Inter-band scattering between o and 3 (inter-
band but intra-orbital), as indicated by green arrows, is much weaker than predicted
by the theoretical calculation. Intra-band scattering on the o band, denoted by the
grey arrows in Figure 5.5, is almost absent in the experimental QPI, despite being
of comparable strength to the S band contribution in theoretical calculation. This is
puzzling at first sight, as the a and § bands are both largely derived from the a and b
orbitals; we provide two possible explanations for this discrepancy in Section 5.2.1 and
5.2.2. The presence in the experimental QPI of additional, weak features centred around
apq = (m, ), which appear to be replicas of the dominant (intra-5-band scattering)
features denoted by the purple arrows, is addressed in Section 5.2.3.

The lower left panel of Figure 5.5 plots the JDOS J(q,w), calculated within the
multi-band formalism detailed in Section 2.3 and taking into account the orbital texture
via Eq. 2.35b, provided for comparison to the theoretical and experimental QPI. The
discrepancy between the JDOS and the QPI in the multi-orbital case of SroRuO4
is substantial. The most striking difference is the presence in the JDOS of strong
features along ¢, = 0 and ¢, = 0, which result from inter-band scattering processes
between a and 3, exemplified by the pink arrows in Figure 5.5. Such scattering vectors
are expected to produce a strong QPI response within the simplistic picture of the
“JDOS interpretation” (isotropic scattering between points on the CEC), as discussed
in Section 2.2. However, due to the hole-like (particle-like) nature of the a () band
such vectors connect points on the CEC for which the group velocities are parallel
(rather than antiparallel, as is the case for the purple, grey and green vectors). In
Section 2.2, it was demonstrated that such scattering vectors do not result in divergent
features in the QPI.

5.2.1 Effect of scattering strength on QPI

In order to account for the discrepancy between the strength of signals in the QPI due
to intra-band scattering on the o and S bands, we first consider the effect of changing
the strength of the potential scattering in the theoretical calculation. Experimental
bulk thermodynamic measurements for Ti-doped SroRuOy4 [99] suggest that in-plane

substitutional impurities act as strong potential scatterers. We therefore adopt the full
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Toa(w =0) Typ(w = 0) Tee(w =0)
v/t abs(T)/t arg(T/vo)/g abs(T')/t arg(T/vO)/g abs(T)/t arg(T/vo)/g
-3.0 1.457 +0.612 1.593 +0.934 1.303 +0.748
-1.5 1.107 +0.420 1.335 +0.621 1.086 +0.518
-0.1 0.099 +0.035 0.102 +0.035 0.100 +0.038
+0.1 0.100 —0.038 0.971 —0.039 0.095 —0.044
+1.5 1.232 —0.437 0.985 —0.317 1.158 —0.415
+3.0 1.555 —0.682 1.280 —0.457 1.488 —0.632

Table 5.1 Variation with potential scattering strength vy in the magnitude abs(7") and
phase arg(T) of intra-orbital scattering matrix elements T,,(w = 0), Ty,(w = 0) and
Tee(w = 0) at the Fermi level due to a single potential scatterer. NB. the phase is
defined relative to that of vy, such that the absolute phase for vy < 0 is given by
7+ arg(T/vy).

expression for the (momentum-independent) t-matrix,

T(w) =V (1 + ZGO(k,w)V<1 +Y GUK,w)V(1+...) ))

k/

(5.14)
=V(I-G!

loc

(WV)™,

where G (w) = Ny 'Y G%(k,w) is the local Green function matrix in real space,
and V = yoI the local scattering potential. Eq. 5.14 represents the exact t-matrix for
arbitrary potential scattering strength (controlled by wg); the Born series expansion
is re-summed to infinite order, giving rise generically to a dynamic t-matrix, which
reduces to T ~ V in the weak-scattering (Born) limit, vy < ¢.

Varying the strength of the local potential scatterer in Eq. 5.14 gives rise to orbital-
dependent phase shifts and magnitudes in the elements of the scattering t-matrix. The
dominant scattering matrix elements are found to be intra-orbital; Table 5.1 presents
the magnitude and phase of the intra-orbital scattering matrix elements Ty, (w), Tyy(w)
and Ti.(w) for the 4d,,, 4d,, and 4d,, orbitals (respectively) for scattering potentials
ranging from vy = —3t to +-3t. While LDOS modulations in the 4d,, orbital are not
visible in the QPI due to the poor tunnelling between this orbital and the STM tip,
intra-c-orbital scattering still contributes to the QPI as the orbitals are coupled via SOC.
However, dominant contributions to the QPI are expected to result from intra-orbital
scattering on the a and b orbitals, represented in the first two columns of Table 5.1.

For small vy the Born limit holds, so that T},,(w) v is real and static. However, larger
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Fig. 5.6 SroRuO4 QPI calculated using the full t-matrix (Eq. 5.14) for a range of local
scattering potential strengths, with vy, noted in the inset of each figure, ranging from
—3t to +3t.

scattering potentials generate a significant scattering phase shift, which tends towards
7/2 (the unitary limit of resonant bound-state scattering) as the magnitude of vy
increases. The strong potential scattering suggested by experimental studies of in-plane
substitutional impurities [99] therefore gives rise to a significant phase shift.
Moreover, the magnitude and sign of the phase shift (and indeed the magnitude
of the scattering matrix element) is clearly dependent on the orbital for stronger
scattering. As a result both the magnitudes of different contributions to the QPI and
their relative phases depend on the strength of scattering, which can lead to changes
in the relative intensity of features in total QPI. Figure 5.6 plots the QPI calculated
for the range of local scattering potentials using in Table 5.1, from vy = —3¢ to +3t.
While varying the scattering strength does not change the topology of the important
(divergent) g-space features in the QPI, it changes the detailed behaviour of the QPI
around these divergent lines and thus has a qualitative effect on the observed QPI
signal. Not only do the relative intensities of different regions of the QPI maps vary,
but the strength of the divergent features is affected by the magnitude and sign of vy.
This is most clearly demonstrated in the comparison of the QPI for potential

scattering strengths of vg = —1.5¢t and +1.5¢, the upper and lower middle panels
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respectively of Figure 5.6. For vy = —1.5¢ the divergent features associated with intra-
a-band scattering, which form a convex square centred at the origin and extending
from ~ —0.7ay/m — +0.7a9/7 in ¢, and ¢,, are dominant, while the concave square
feature associated with intra-S-band scattering is suppressed. By contrast the QPI
for v = +1.5¢ displays the reverse: the intra-8-band scattering is dominant, while
the intra-a-band scattering is strongly suppressed. The link between the magnitude
and phase of the scattering matrix element between orbitals and the interpretation in
terms of scattering between states of the electron bands derived from these orbitals is
non-trivial, and the phase of the scattering matrix elements in band space is highly
complex due to the momentum-dependence of the t-matrix in band space (as discussed
earlier in the section and in Section 2.3). However, the effect on the QPI resulting from
intermediate or strong potential scattering, as displayed in Figure 5.6, is significant, and
must be considered when seeking to understand experimental FT-STS measurements,
as we turn to in Section 5.3. The suppression of features arising from intra-a-band
scattering in the QPI, seen in the experimentally measured QPI in Figure 5.5, may be

a result of intermediate or strong potential scattering, as demonstrated in Figure 5.6.

5.2.2 Wannier-basis QPI

In Section 3.5.3 we considered the effect of introducing a simple atomic-orbital-like
Wannier basis to account for the spatial extension of the surface density of states
beyond a simple lattice description. It was shown that a simple momentum-space
cutoff results in the case of an isotropic (s-wave) Wannier basis. This can substantially
change the detailed structure of the QPI calculated in this Wannier basis, but leaves the
qualitative features of the QPI at low momenta (for example within the first Brillouin
zone) unchanged in comparison with the “true” lattice QPI. However, many strongly
correlated electronic materials consist of conduction bands derived from anisotropic
atomic orbitals, in particular the d orbitals in transition metal oxides such as the
cuprates and pnictides, and SroRuQ, investigated here. In these materials, the radial
extension and angular form of the Wannier basis for the orbital or orbitals contributing
to the LDOS at the surface must be considered. This is particularly challenging in the
case of (binary) transition metal oxides such as SroRuQOy, because the lattice models
employed theoretically to understand their electronic structure are typically effective
tight binding models for the transition metal atoms only, with the electronic degrees
of freedom of other atoms in the lattice integrated out. Simple, heuristic forms for
these Wannier orbitals can be estimated by an appropriate basis of atomic-like orbitals

on each lattice site; however, for an accurate representation of the relevant Wannier
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Fig. 5.7 QPI for SrosRuO, calculated at the Fermi level in the Wannier basis for
three potential symmetries (s-wave, p-wave and d-wave). Upper: Illustrative Wannier
functions W (r) for the 4d,. orbital in each of the three candidate bases of s-, p- and
d-wave symmetry. The 4d,, orbital Wannier function is given by a rotation of 7/2,
while the 4d,, Wannier function is set to zero everywhere in keeping with the absence
of tunnelling between the tip and the (in-plane) 4d,, orbital. Lower: The QPI, plotted
as the Fourier-transformed conductance, |g.(q,w/t = 0)|, for each candidate Wannier
basis.

orbitals, more involved electronic structure methods considering the full-atom basis of
the lattice unit cell, such as density functional theory, are required [106].

In Figure 5.7 we plot three possible Wannier bases for the 4d,, orbitals of SroRuQ,,
and the resultant Wannier-basis QPI in each case. Representative atomic-orbital-
like Wannier functions of s-wave, p-wave and d-wave symmetries are considered: the
isotropic, s-wave basis is provided for reference, demonstrating the momentum-space
cutoff effect, while the p- and d-wave bases are expected to be more appropriate for
the 4d orbitals of SroRuQ,, as we now explain.

Considering the shape of the 4d t5, atomic orbitals in the (001) plane, the 4d,,
and 4d,. orbitals are expected to be of p-wave symmetry, while the 4d,, orbital is

of d-wave symmetry in the (001) plane. However, as argued earlier in Section 5.2
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the coupling between STM tip and the Ru 4d,.,. orbitals is facilitated by the apical
oxygen atom p,,-orbitals, while there is no orbital of appropriate symmetry to facilitate
coupling to the 4d,, orbital, which is thus not seen in the surface LDOS and QPI
(for example in Figure 5.5). We therefore set the Wannier function for the 4d,,
orbital to zero in each case. The Wannier functions for the 4d,. orbital in the s-,
p- and d-wave cases are given by Wi(r) = Nye M2 W (r) = N, 707 F/2¢* and

r*/20* with a/ag = 0.5, 0.6 and 0.8 respectively (chosen

Wa(r) = Nypsgn(r,)|rer,le”
to reproduce the momentum-space cutoff in the QPI as seen in experiment, as in
Figure 5.5). The Wannier functions for the 4,, orbitals are given by interchanging
ry <+ 1y. The p-wave basis, depicted in Figure 5.7, is expected in the case that the
coupling between STM tip and Ru orbitals is facilitated by the apical oxygen p orbitals,
while the d-wave basis is appropriate if the coupling is facilitated by the (s-like) orbitals
of the Sr surface atoms, situated at r/ag = (0.5,0.5).

The Wannier-basis QPI calculated for each symmetry, displayed in the lower panels
of Figure 5.7, differ notably from the lattice QPI plotted in Figure 5.5. In all three cases
the finite spatial extent of W (r) results in a momentum-space cutoff in the QPI, as
observed in Section 3.5.3, in good agreement with the experimental QPI measurement
depicted in Figure 5.5, with the dominant feature in the QPI due to the intra-g-band
scattering. Most notably, the momentum-space cutoff is seen to suppress the QPI
signal due to intra-a-band scattering, which occurs between states at higher momenta,
as well as the signal due to inter-band - scattering around agq = (7, 7). The angular
form of the Wannier functions also has a significant impact on the appearance of
the (Umklapp) QPI features due to intra-f-band scattering within the first Brillouin
zone. Such Umklapp processes have the same intensity in the lattice QPI calculated in
Figures 5.5 and 5.6, which is periodic over the first Brillouin zone, but have different
intensities in the Wannier-basis QPI, which extends over a range twice that of the
first Brillouin zone. Intra--band features inside the first Brillouin zone are suppressed
for QPI calculations in the s-wave and d-wave Wannier bases, while these features
are present in the p-wave basis result, albeit significantly weakened compared to the
corresponding intra-S-band feature outside the first Brillouin zone.

The p-wave case most closely resembles the experimental result, and thus we adopt
this Wannier basis when comparing calculations with experimental work in Section 5.3.
In order to accurately match experimental calculations, an in-depth consideration of the
Wannier basis is needed, necessitating a detailed calculation of the electronic structure
in the full-atom basis of the SroRuOy4 (001) surface, similar to that carried out for a

cuprate superconductor in Ref. 106. The phenomenological Wannier basis suggested
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Fig. 5.8 Typical topographic image of SrosRuO, reproduced from Ref. 206 showing a
uniform square lattice. Inset: Fourier transform of the topographic image, showing the
Bragg peak (black circle) and the /2 x /2 reconstruction peak (red circle).

in this section illustrates the effect on the QPI, and gives reasonable agreement with

experimental results; a more involved treatment is not attempted here.

5.2.3 Surface reconstruction & Brillouin zone folding

Cleaving the bulk SroRuOy crystal to expose the (001) surface for study via STM results
in a surface reconstruction in which the RuOg octahedra of the surface layer rotate by
~ 6° in a checkerboard pattern, depicted in Figure 5.1, corresponding to the freezing
out of a soft phonon mode of the bulk crystal. This reconstruction is reflected in the
topographic map of the surface measured by STM, depicted in Figure 5.8 (reproduced
from Ref. 206) which clearly shows the square lattice of the clean host with randomly
distributed point-like defects. While the doubling of the unit cell is not clear to the
naked eye, the Fourier transform of the topographic map demonstrates the presence of
reconstruction in the form of additional Bragg peaks, as noted in Figure 5.8.

The surface reconstruction results in small changes in the topology of the F'S in the
conduction bands, as discussed in Section 5.1.1, accompanied by the doubling of the
unit cell seen in Figure 5.8. The first Brillouin zone is therefore down-folded as depicted
in Figure 5.2. Based on simple qualitative arguments the rotation of surface octahedra
is expected to result in a weak hopping term between the two (inequivalent) sites of

the doubled unit cell, which is staggered in real space, in similar fashion to the bilayer
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Fig. 5.9 Comparison of experimentally measured QPI with calculated QPI at the
Fermi level, including the effects of surface reconstruction. Left: QPI measured
experimentally via FT-STS,reproduced from Ref. 206. Centre, Right: Calculated
Wannier-basis QPI (calculated as detailed in Section 5.2.2) for intermediate potential
scattering strength (Section 5.2.1). The effects of surface reconstruction are included
via the phenomenological approach of Eq. 5.16, with the mixing parameter x = —0.5
and +0.5 or the centre and right panels respectively. The choice of x = —0.5 gives the
best agreement with experimental measurement.

Sr3Rus 07, which undergoes an equivalent static distortion in the bulk [116]. This
perturbation weakly couples conduction band states at k and k 4+ Q for agQ = (7, 7)
(where aq is the lattice constant of the undistorted crystal): as a result, shifted replicas
of the un-reconstructed «, # and v bands are expected at k + Q where agQ = (7, 7),
as observed in ARPES measurements [47, 196].

In order to see similar folded features in the QPI, however, the un-reconstructed
and replica bands must be coupled by an appreciable scattering matrix element. A
full and detailed consideration of the effect of surface reconstruction on the electronic
structure is necessary to derive microscopically the scattering matrix element between
un-reconstructed and replica bands. However, such a treatment is not possible within
the effective tight binding description of the lattice, as relevant spatial structure and
electronic degrees of freedom have already been integrated out. Instead of a complete
treatment in the full atom basis the effects of surface reconstruction on the QPI are
included on a phenomenological basis and by comparison with experimental results as
depicted in Figure 5.5 and in more detail in Section 5.3.

Considering in the first case the lattice QPI (given by the Fourier transform of
modulations in the lattice LDOS, periodic across the first Brillouin zone), the QPI

contributions due to the scattering between un-reconstructed and replica bands is
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simply the un-reconstructed QPI shifted by Q. The total QPI response in the presence

of the surface reconstruction is therefore approximated as

Ap;oa(q,w) = Api(q,w) + zApi(q + Q,w), (5.15)

for i = a,b, c orbitals, where Ap(q,w) is the unfolded QPI response calculated via
Eq. 5.12 and z is a mixing parameter dependent on the (relative) strength of the scat-
tering between the un-reconstructed and replica bands. However, in order to consider
the more realistic Wannier-basis QPI in the presence of the surface reconstruction a

more involved calculation is required, such that

Ap; o1a(q,w) = Api(q,w) + xAp;,Q(qw w), (5.16)

where again Ap;(q,w) is the unfolded QPI response for orbital i, calculated this time
in the Wannier basis as described in Sections 5.2.2 and 3.5.3, while the folded QPI

response is given by

Apigla,w) = —m"'Im 3 [G(k,w)T(k,k+ )Gk +Q+qw)| .  (517)

1
s,k

In this phenomenological treatment, the mixing parameter x is chosen to match
the folded features observed in experimental measurements. We note that not only the
magnitude but also the sign of x is important, as this is in effect the interference of two
different QPI signals, i.e. |Ap;sia(a,w)| # [Api(q, w)| + |2||Ap; q(q,w)|. Figure 5.9
displays the experimentally-measured QPI at the Fermi level, which clearly displays
weaker, shifted replicas (centred around agq = (7, 7)) of the dominant features centred
around apq = (0,0). The QPI calculated via Eq. 5.16 in the p-wave Wannier basis
described in Section 5.2.2 for x = —0.5 and +0.5 are also plotted, demonstrating the
same folded features with reasonable agreement. By setting x = —0.5 we see reasonable
agreement with the experimentally-observed folded features. This value of x is adopted
to match these folded features when comparing to experimental QPI measurements, as
detailed in Section 5.3.
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5.3 Normal state FT-STS:

experimental measurements & theory

While the FS topology of SroRuQy is well-known (from extensive experimental measure-
ments, for example via ARPES [47, 20]), as well as the orbital character of the three Ru
4d ty4 derived conduction bands, a detailed and fulsome understanding of the normal
state is still lacking. This is due to the multi-orbital structure with both 2D (v band,
largely derived from the 4d,, orbital close to the Fermi level) and pseudo-1D electronic
states (o and  bands, with predominantly 4d,, and 4d,, orbital character close the
Fermi level), and the influence of substantial SOC effects [197] and electron-electron and
electron-boson interactions [82, 85, 100]. The mixing of these degrees of freedom gives
rise to the highly non-trivial triplet-SC state discussed in Section 5.1.2, believed to be
driven by electron-electron interactions also responsible for significant spin fluctuations
in the normal state. However, this mixing also makes disentangling the interaction
effects on the three bands very challenging, and, as a result, uncertainty persists about
the detailed SC pairing mechanism [152, 203, 166, 174], as detailed in Section 5.1.2.

The formidable complexity of the problem makes definitive, ab-initio theoretical
progress all but impossible; experimental evidence is required in order to understand
the balance of different possible effects and inform theoretical models. Detailed ARPES
studies have revealed interaction effects in the 2D « band [6, 82, 85, 100], but little
detailed information about interactions in the pseudo-1D bands [84]. FT-STS has
previously been used in the study of cuprate and pnictide SCs [78, 79, 55, 214] and heavy
fermion compounds [193, 217, 9, 221], including recent work to probe electron-boson
coupling in iron-based SCs [10]. Moreover, the very high energy resolution possible via
FT-STS makes it an ideal technique to directly study the momentum-dependent SC
OP A(k) with magnitude smaller than 1meV as is the case in SroRuQOy, and similarly
in heavy fermion SC systems [9, 221].

In Ref. 206 FT-STS was applied to SroRuQy for the first time, in combination
with momentum-resolved electron energy loss spectroscopy (M-EELS) — a powerful
technique for measuring the energy and dispersion of collective excitations that couple
strongly to electrons [103]. These measurements provide insight into the strength
of correlations in the pseudo-1D [ band, and thus potentially on the SC pairing
mechanism (indirectly) via the interactions that may enhance or even facilitate pairing,
as well as providing a basis for further, direct study of the SC state. From a theoretical
perspective, their value is twofold. Firstly, such measurements provide the opportunity

to benchmark and fit theoretical models for the electronic structure, and inform the
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modelling of quasiparticle scattering processes in the material. Secondly, by comparison
of experimental data to theoretical predictions for a free, non-interacting host material,
deviations resulting from interaction effects may be identified and characterized. This
gives insight and informs the development of theoretical (minimal) models in order to
account for the most relevant interaction effects.

Figure 5.10 depicts high-resolution FT-STS measurements for a range of scanning
energies around the Fermi level. Figure 5.10a—c show representative dI /dV (r,w) maps
on SroRuQ, at several different scanning energies, demonstrating the (approximately)
point-like nature of the scattering centres giving rise to the LDOS modulations measured
by FT-STS (and thus the QPI). The Fourier transforms of dI/dV maps, shown
in Figure 5.10d—/, demonstrate a rich array of features and a strong energetic and
momentum dependence. The lattice vector in reciprocal space is indicated by dashed
white arrow, and a sequence of inequivalent g-vectors corresponding to intense features
in the QPT are labelled as q;, with i = 0, 1,2, 3,4. The (white) vector q,, found to be
essentially non-dispersive over the energy range of interest, is potentially attributable to
electronic states derived from “spectator” orbitals of the full material [206], which are
neglected in the electronic structure deriving from the effective three-orbital considered
in this chapter (see Section 5.1.1). As was the case for similar vectors identified in
Figure 5.5, we assign the (dispersing) vectors q;-q,, which mark high-intensity features
in the QPI to scattering between specific points on the CEC (or CECs) of the host
conduction bands. Interpretation of QPI features in this way allows the detailed band
dispersion to be mapped with very high energetic resolution via FT-STS.

By way of comparison with the experimental FT-STS measurements of Figure 5.10,
Figure 5.11 provides the predicted QPI calculated (via Eq. 3.77) in the p-wave Wannier
basis as detailed in Section 5.2.2, for a moderate-to-strong scattering potential as
discussed in Section 5.2.1. At positive frequencies, folded features are observed in the
experimental QPI in Figure 5.10, which we account for using the phenomenological
method described in Section 5.2.3. The comparison of theoretical and experimental
QPI maps shows reasonable qualitative agreement in the dominant features; however,
the detailed dynamic structure of the experimental QPI in particular is not reproduced
by the simplistic theoretical calculations. This may be the result of the basic treatment
of the Wannier basis and folding effects in the QPI calculations, but may also point to
more complex scattering processes. The richer structure of the experimental QPI may
be a signature of correlation effects in the normal state, for example the presence of
significant spin fluctuations, both FM and AFM (as discussed in Section 5.1).
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Fig. 5.10 Reproduced from Ref. 206. a—c Spatially resolved dI/dV conductance maps
at —12.7meV, —0.5meV and +35.4meV. For clarity, a 34nm-square field of view (FOV)
is cropped from a larger 78nm x 78nm FOV used to obtain the Fourier transform
images. d—lI Drift-corrected and symmetrized Fourier transforms of d//dV conductance
maps at a range of scanning energies above and below the Fermi level. The (0,27 /ag)

Bragg peak is indicated by the red dot in d. Dominant scattering vectors are indicated
by ¢; (i =0,1,2,3,4).
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Fig. 5.11 QPI calculated in the p-wave Wannier basis (detailed in Section 5.2.2) for
intermediate potential scattering strength (Section 5.2.1) at scanning energies matching
the experimental measurements in Figure 5.10. For positive scanning energies, the
folded features observed in the experimental QPI are replicated in the calculations
using the phenomenological method described in Section 5.2.3.
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In studies of the cuprates [200, 13], the proximity of a charge-ordering instability to
the ground state has been argued to result in structured impurities in real space. Local
potential scatterers may pin small charge-ordered patches, giving rise to extended
impurities which may have complicated momentum and energy dependence. The
existence of such extended impurities in SroRuQy is plausible given the complicated
nature of the correlated ground state in this case; moreover, the impurities imaged
via STM, clearly seen in the topographical map in Figure 5.8, show some extended
structure. Further theoretical and experimental investigations are needed to explore
this possibility.

In comparison with the band structure depicted in Figure 5.2, it is immediately
clear that the v band is largely absent from the experimental QPI, in accordance with
the planar nature of the d,, orbital and resultant lack of overlap with the STM tip
wavefunction as discussed in Section 5.2. The vectors q; and g (purple arrows) along
the (m,0) direction are found to result from intra-S-band scattering (also depicted by
purple arrows in Figure 5.5). A second, similar feature denoted by q, (orange arrows)
is found to have identical curvature to q,, in contrast to the convex curvature of the
QPI feature resulting from intra-a-band scattering (depicted by the grey vectors in
Figure 5.5), and q, is therefore most likely also due to the 5 band. A secondary § band
was also observed in ARPES measurements [196, 121], attributed to the surface band
arising from the rotation of the RuOg octahedra in the surface layer (see Figure 5.1),
as discussed in Section 5.1.1, the modified band structure for which is depicted in
Figure 5.2. The feature around apqy = (7, 7) denoted by vector q; (green arrow)
has contributions from «-f inter-band scattering (green arrow in Figure 5.5), and
intra-y-band scattering, as the v band acquires some 4d,./,. character around the
I' — X vector, and thus is “visible” to STS measurement, as seen in the upper left
panel of Figure 5.5. Finally, the features highlighted the yellow box in Figure 5.10,
and denoted by vector q,, are assigned as weak replicas of the intra-S-band scattering
features denoted by q;(and q,), centred at qx. As discussed above in Section 5.2.3,
such features are thought to arise from the folding of the Brillouin zone due to surface
reconstruction although the exact mechanism of this QPI folding is unclear. The most
compelling evidence for this assignment is from the dispersion of the q, features, which
is equivalent to the corresponding q, feature, indicating that q, is the bulk and q, the
surface band. Moreover, the folded q, features are only observed close to and above the
Fermi level, where the q, features are also seen. This further validates the assignment
of q;(qy) as bulk (surface) bands respectively. Owing to the surface-sensitive nature of

FT-STS, the question naturally arises as to how bulk bands may be observed at the
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surface; one possible explanation is that the features arising from the “bulk” band are
in fact due to areas of the surface for which the rotational reconstruction (known to be
an energetically weak effect) is negligible [206].

To quantify the dispersion of the QPI features, line cuts are taken of the Fourier
transforms in the two high symmetry directions, I' — M and I' — K, and the positions
of the peaks corresponding to q,, found. The peak positions representing the energy
and momentum resolved qg-vectors are plotted in Figure 5.12a, excluding q, since it
represents the folded q,/q, band and is not an independent g-vector — we emphasize
the very fine energetic resolution of the FT-STS measurement that is apparent. The
divergence in the QPT from theoretical prediction for the bulk (solid blue line) and
surface (dashed blue line) is overlaid on the dispersion of experimentally recorded peak
positions, showing good general agreement away from the Fermi level.

The most striking feature of the dispersion is the dramatic change in slope near
the Fermi level along the I' — M cut, revealed by the high energetic resolution of
the FT-STS measurement. This indicates a strong mass renormalization resulting in
much smaller values of the Fermi velocity at this point on the Fermi surface for the
f band than obtained from de Haas-van Alphen oscillations [20] and from ARPES
measurements [196]. Quantum oscillation measurements, while very precise, give
an average value around the Fermi surface and thus the discrepancy with the value
measured by FT-STS along the I' — M cut is indicative of a momentum-dependent
mass renormalization effect. Moreover, the corresponding mass renormalization appears
weaker in the I' — X cut, further supporting this possibility. It is clear that FT-STS
measurements of the § band in Figure 5.12 reveal that the correlation effects on the
band are quite significant, and in fact much larger than previously thought [20]. The
quasi-1D nature of the g band, clear from the shape of the FS in Figure 5.2, is expected
to enhance the effect of correlations, in analogy to true 1D systems, although features
are rounded by an eventual crossover to 2D Fermi liquid behaviour on a sufficiently low
energy scale [36, 21]. Characteristic behaviours of 1D systems are observed via STM,
including a zero-bias anomaly in the tunnelling DOS at an energy scale of about 10meV
[206] and the previously discussed downward renormalization of the Fermi velocity
over the same energy scale. These observations taken together support the scenario of
enhanced correlation effects on the § band bolstered by its quasi-1D nature, and also
suggest that this system may be close to a charge and/or spin density wave instability,
as indicated by earlier neutron scattering data [181].

Comparison of the experimentally measured dispersion in Figure 5.12a with the

free-electron theoretical calculation (overlaid) also reveals kinks at multiple energy
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Fig. 5.12 a. Dispersions of 8 band q; and secondary 8 band q, extracted by fitting
peaks in line-cut along I' —+ M direction. These peaks reflect the dynamic nesting
processes involving band structures as well as the quasiparticle self-energy. Kink
features are seen at energies of about —35meV and —70meV for q;, and +32meV
for q,, as shown by arrows. Inset: Dispersion of q; along I' — M direction. An
additional kink at —10meV is found, which may be potentially related to coupling
to a spin excitation. b. Corresponding effective real-part of quasiparticle self-energy
(Re X(k = q/2,w) given by AE = Eqps — Epare) for the measured dispersion. A straight
line connecting two points at the Fermi level Er and +110meV in the dispersion is used
as the “bare” band for each q dispersion. Peaks at multiple energy scales are marked
with arrows: —37meV and —73meV for  band, +32meV for secondary (surface)
band and —11meV and —37meV for q;. ¢. Momentum-resolved electron energy loss
spectra taken along the (27/ag,0) direction. Two peaks at 38meV and 71lmeV are
clearly revealed, which match the energy scales of kinks seen in QPI.
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scales. Kinks are ubiquitous in many correlated electron systems and reflect (dynamic
and momentum-dependent) contributions to the electronic self-energy, and contain
important information about the effects of interactions. Among high-T, superconductors
for example, kinks in the dispersion and have been observed in cuprates [111, 35]
and Fe-based superconductors [10, 205, 114]. In order to characterize the interactions
giving rise to each kink in the self-energy, momentum-resolved electron energy loss
spectroscopy (M-EELS) is employed to investigate specifically the effective electron-
boson interactions (i.e. the effect of electron-phonon coupling). Kinks observed in
FT-STS at energies of w; ~ 35meV and ws ~ 70meV in the dispersion of q;, and one at
about ~ 32meV above Fermi level for q,, are clearly visible in the extracted self-energy
Re ¥(k,w) shown in Figure 5.12b. The effective self energy Re X(k,w) was obtained
by subtracting a “bare band” background from the observed dispersion in order to
show the peak positions. The peak energies of w; and ws in extracted Re 3(k,w) are
~ 37meV and ~ 73meV, while results of the M-EELS measurement along the I' -+ M
direction are shown in Figure 5.12c. Two dominant peaks are seen at ~ 38meV and
71meV, corresponding to w; and ws respectively. w; disperses with momentum in a
manner consistent with an optical phonon, while wy shows anomalous momentum
dependence, disappearing abruptly as we move away from the high symmetry point,
suggestive of a surface phonon merging with a bulk band. The comparison of FT-STS
with M-EELS provides clear evidence that w; and w, arise from collective bosonic
modes that strongly couple with the pseudo-1D § band in SroRuO,4. Moreover, similar
modes were observed in ARPES studies of the 2D 7 band [6, 85]; the similarity of these
energy scales to the M-EELS data for the pseudo-1D S provides strong indication that
the ARPES kinks at these energies also arise due to coupling of quasiparticles to the
same bosonic modes.

The dispersion of q4 along the I' — X direction, plotted in the inset in Figure 5.12a,
shows an additional kink around ws ~ 10meV, also clearly seen in Figure 5.12b. The
feature at q; in the QPI is significantly less intense than those of q;, q,, and consists
of contributions from both «a-f scattering and intra-y scattering, so assignment of the
interaction effect due to the kink at ws is less straightforward. As seen in Figure 5.5,
the a-f scattering around X is enhanced by pronounced nesting. While the intensity
of this response is reduced in the observed QPI (which we showed in Section 5.2.2 may
be the result of the projection into the Wannier basis of the surface states), we still
expect the a-f scattering to dominate as a result. Significant AFM spin fluctuations
have been measured by inelastic neutron scattering [181, 134] at incommensurate

momenta around agq = (27/3,27/3); the imaginary part of the dynamical magnetic
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susceptibility shows a broad peak near 8meV in the normal state [181], consistent
with the energy of ws. If, instead, the kink at w3 arises from interaction effects for
intra-y-band scattering, it is possible that it corresponds to coupling to the X3 soft
phonon mode that corresponds to the RuOg octahedron rotation associated with the
surface reconstruction (discussed in Section 5.1); further M-EELS measurements are
needed to disambiguate between the two possibilities.

Overall, the picture that emerges from comparison of experimental FT-STS and
theoretical QPI for the normal state in SroRuQy is one in which the g band, arising
from the Ru 4d,. and 4d,, orbitals, displays interaction effects significantly enhanced by
the pseudo-1D nature of the band, and beyond those expected for a weakly-correlated
2D Fermi liquid metal. These same interactions may also be of central importance in
the SC pairing mechanism [166, 175]. As previously discussed in Section 5.1.2, the
detailed mechanism of triplet superconductivity in SroRuO,4 has been a long-standing
issue since its discovery. While compelling experimental evidence favors an odd parity
(triplet) OP, and there is strong evidence that the SC order spontaneously breaks time
reversal symmetry [127, 95], this latter question has remained controversial. The most
direct way to distinguish between the various predictions involving pairing on either
the quasi-1D bands («,3) or the quasi-2D band () is by determining the momentum
dependent OP, a task not yet done due to the sub-meV magnitude of the gap and
the multi-band structure. However, FT-STS measurements such as those presented
here and in detail in Ref. 206 may provide a unique approach to directly confirm
the gap structure on the pseudo-1D bands, and thus provide evidence for either the
a/f-dominant [166, 174] or the y-dominant [152, 203] SC pairing mechanism. The
momentum dependence of the 5 band SC gap in each case results in complicated
near-nodal structure in the Bogoliubov quasiparticle CECs, resulting in characteristic
features in the QPI compared to that of the normal state, as discussed in Section 5.4.
Importantly, the two potential pairing mechanisms described in Section 5.1.2, which
result in the two SC OPs depicted in Figure 5.4, give rise to different nodal structures
in the SC gap function around the FS, and thus different QPI signals for the two
candidate OPs. Detailed information about |A(k)| on the 5 band can then be obtained
by tracking the energy evolution of this pattern, enhancing the understanding of the

microscopic pairing mechanism as we now consider.
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5.4 (QPI in the superconducting state

The addition of SC pairing to the normal state Hamiltonian results in a mean-field
Bogoliubov-de Gennes Hamiltonian given by Eqs. 5.5 and 5.6. This pairing term mixes
particle and hole excitations close to the Fermi level, yields Bogoliubov quasiparticles
with a gapped excitation spectrum; the momentum-space distribution of these Bo-
goliubov quasiparticles reflects that of the SC gap function. The anisotropic SC gap
functions proposed in Section 5.1.2 are plotted around the F'S in Figure 5.4, displaying
characteristic, near-nodal features. By measuring the QPI in the SC state, we aim to
map the CECs of these quasiparticles, infer the symmetry and structure of the SC OP,
and thus provide evidence for the candidate SC OP proposed from calculations for a
particular microscopic pairing mechanism [174, 175, 203].

The calculation of the QPI is complicated somewhat by the SC pairing, due to the
mixing of particle and hole states. In the Nambu spinor notation of Egs. 5.5 and 5.6, the
Green function matrix of the unperturbed host, Ggpag(k, w) = ((w+i0")I—Hpga(k)) ™!,

is given by

(5.18)

G (k) = (G(k,w) F(k,w) )

F(k,w)! —G(-k,—w)

where G(k,w) and F(k,w) are the normal and anomalous sectors of the (retarded)
Green function matrix in spin and orbital space respectively [204, 34, 77]. In the
notation of Zubarev [224], the propagators in these sections are respectively of the
form ({c;; c}})w and ({c;;¢;)).. We consider here the simplest case of a single (weak-
scattering) scalar impurity, such that the (momentum-independent) scattering matrix
T(w) ~ V, where the scattering potential is simply V = 73 ® (voI), where 7, denote
the Pauli matrices in Nambu space. The STM conductance is related only to the
normal sector of the Green function matrix, and is thus given by the trace over the
upper left block of AGpqa(k,k + q,w) as defined by Eq. 5.18. Similar to Eqgs. 5.12

and 5.13, it follows that

Age(a,w) = > Ci Y Apugla,w), (5.19)

i=a,b,c s=+1,—-1
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where

Apnlaee) = =7 [T (o + 7o) Gl ) Tl Gholk @]
= %Im [Go(k, w)G 'k + q,w) — F(k,w)F°(k + q, w)qm : 20
and the coefficients (C,, Cp, C.) = (1,1, 0) to take into account the absence of tunnelling
between the in-plane ¢ orbital and the STM tip.

In analogy to the simpler multi-band case considered generally in Chapter 2 and
for the specific case of the SroRuO,4 normal state in Section 5.2, a subtlety arises when
trying to interpret the QPI in terms of scattering between points on quasiparticle
CECs for the SC state. The physical scattering process, which is local and diagonal
in Nambu space, is more complicated in the Bogoliubov quasiparticle basis, giving
rise to a momentum-dependent scattering matrix element, analogous to that arising
due to orbital texture when considering multi-band systems in Section 2.3. This
scattering matrix element is given by the product of “coherence factors” (particle
and hole coefficients in the Bogoliubov quasiparticle state at a given momentum) [34,
77], analogous to the orbital coefficients for a given band in the multi-band problem.
Nevertheless, the qualitative picture in which Bogoliubov quasiparticles are scattered
between points on an appropriate CEC holds with these additional structures due to
coherence factors.

The left panels of Figures 5.13 and 5.14 plot the Bogoliubov quasiparticle CECs for
the two candidate SC OPs discussed in Section 5.1.2, d?(k) and d®¢(k) (respectively),
for a range of scanning energies. The SC critical temperature measured experimentally
is T. ~ 1.5K [127], corresponding to a SC gap scale of ~ 0.15meV. A, o and Agg, which
control the magnitude of the gap scale in each case, are adjusted to set the minima in
the magnitude of the gap function to approximately 0.15meV ~ 1073t. The magnitudes
of the SC gap functions around the FS for each band in both the “naive” and the RG-fit
cases are plotted in Figure 5.4; the scanning frequencies plotted in Figures 5.13 and
5.14, w/t = (0.001, 0.002,0.003,0.004, 0.01) correspond to |A(k)| = (0.2,0.4,0.6,0.8,2)
for the naive SC gap and |A(k)| = (0.3,0.6,0.9,1.2,3) for the RG-fit SC gap on the
scale of Figure 5.4 (in arbitrary units). The right panels of Figures 5.13 and 5.14 plot
the QPI due to a single scalar impurity for each scanning energy, plotted as |g.(q,w)|
defined in Eqgs. 5.19 and 5.20, and calculated on an 8192 x 8192 grid over the first
Brillouin zone (ag(dk)/m < 107%), with a finite broadening such that w +i0" — w + id
with 0 ~ 0.1meV. This smaller broadening parameter, which necessitates finer sampling

of the Brillouin zone in calculations, is required in order to accurately capture in the
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Fig. 5.13 Bogoliubov quasiparticle CECs (left panels) for the a, § and - bands (red,
blue and green contours respectively) and resultant QPI due to a single scalar impurity
(right panels) in the SC state with OP given by d%(k) for a range of scanning frequencies
around the absolute scale of the SC gap as depicted in Figure 5.4.
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Fig. 5.14 Bogoliubov quasiparticle CECs (left panels) for the «v, 8 and  bands (red, blue
and green contours respectively) and resultant QPI due to a single scalar impurity (right
panels) in the SC state with OP given by d?“(k) for a range of scanning frequencies
around the absolute scale of the SC gap as depicted in Figure 5.4.
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QPIT the physics of the SC state, where the characteristic energy scale of the SC gap is
of the same order of magnitude.

In the case of the naive SC OP, the dominant gap is on the v band, with deep,
near-nodal minima along the I' — M direction, while smaller gaps on the o and # band
are more uniform in magnitude around the FS. This is reflected in the Bogoliubov
quasiparticle CECs, which form (Fermi) arcs around the FS as the scanning energy
is increased from the bottom of the minima in the SC gap function, as seen for the
(dominant) v band in Figure 5.13. The resultant Fermi arcs form around the I' — M
direction, which are very narrow due to the small magnitude of the SC gap compared
to t, the characteristic energy scale of the normal state electronic structure. These
Fermi arcs coalesce to form continuous contours around the FS above the maxima
in the magnitude of the SC gap. By contrast, the relatively uniform magnitude of
the gap function in the o and § bands means that Fermi arcs are seen over a small
energy window. The « band arises almost completely from the ¢ orbital (except around
the I' — X direction), and thus scattering between points on the 7 band Fermi arcs
manifests in modulations in the ¢ orbital LDOS, not measured via STM due to the
poor tip-orbital overlap with the in-plane 4d,, orbital. The sub-dominant SC gap for
the a and  bands means that the Bogoliubov quasiparticles of predominantly o and
[ character quickly resemble the normal state quasiparticles as the energy is increased,
while the v band remains (partially) gapped. As a result, the calculated QPT largely
resembles that of the normal state, with the intensity and detailed structure affected
by the SC pairing.

In contrast with the naive SC OP, the OP of higher Chern number proposed to fit
the numerical weak-coupling RG results of Ref. 174 has comparable SC gap magnitudes
on all three bands, with a more complex nodal gap structure, as depicted in Figure 5.4.
The resultant Bogoliubov quasiparticle CECs, plotted in the left panels of Figure 5.14,
display this more complicated form of the SC gap, resulting in Fermi arcs on all three
bands. The v band forms Fermi arcs around the I' — M and I' — X directions, as
well as in between these two directions (at 6; ~ 7/4), in contrast to the naive SC OP
case. Moreover the o and [ bands have more pronounced anisotropy in the SC gap
magnitude, with Fermi arcs forming around the I' — X before coalescing at higher
scanning energies. As the SC pairing on the o and  band is more significant in the
RG-fit OP case, characteristic features are observed in the calculated QPI at scanning
energies around the SC pairing scale. At low energy close to the SC gap minima, the
quasiparticles are largely gapped and thus the magnitude of LDOS modulations is

low, and the QPI intensity reduced compared to the normal state QPI (recovered at
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high energies). As the scanning energy is increased, additional features are observed
in the ¢, = 0 and ¢, = 0 directions, which disappear when the scanning energy is
increased significantly above the SC gap scale as the quasiparticles reduce to those of
the normal state. These intense features result from inter-band scattering between the
a and § band Bogoliubov quasiparticles. Similar features are in fact observed in the
JDOS of the normal state in Figure 5.5, but are cancelled by destructive interference
in the normal state, as discussed in Section 5.2; the QPI contributions from these
scattering events do not interfere destructively in the SC state, and are clearly visible
in Figure 5.14.

Calculations of the QPI in the SC state indicate that FT-STS is sensitive to the
detailed structure of the SC gap function, and the relative magnitudes of the SC gap in
multi-band systems such as SroRuQOy. In particular the distinctive inter-band scattering
between o and 8 band Bogoliubov quasiparticles, which is seen in the SC state QPI
in Figure 5.14 but not in the normal state QPI, is a strong indicator for significant
SC pairing on these bands. The orbitally-selective nature of the conductance between
the STM tip and host material, which arises due to the spatial anisotropy of the Ru
4d tyy orbitals, further assists in distinguishing between the y-dominant SC pairing
scenario of the simplest proposed SC OP and the o/ dominant SC pairing of the
RG-fit SC OP, as signatures of the Bogoliubov quasiparticle scattering on the v band
(with predominantly in-plane 4d,, orbital character) are expected to be very weak in
the measured QPI. FT-STS at temperatures below T may therefore offer direct insight
into the SC pairing mechanism, in addition to the indirect information provided by

measurements of the normal state as detailed in Section 5.3.

5.5 Conclusion

The layered ruthenate SroRuQy is a fundamentally interesting quantum material that
has attracted a great deal of interest as an interacting multi-orbital system in which
orbital, spin and charge degrees of freedom are all relevant. This manifests in a spin-
triplet SC whose order parameter appears to break time reversal invariance, thereby
hosting half-quantized vortices with Majorana zero modes. While the nature of the
superconducting state is still a matter of controversy, it has long been believed that
the normal metallic state is well described by a weakly-interacting 2D Fermi liquid.
Previous QPI calculations for SroRuQ, [7, 59] have employed a simplified model
of the host, neglecting SOC effects, and present results for only the most basic

approximation to the true QPI. In order to provide more realistic QPI calculations, and
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attempt to accurately simulate experimental measurements [206], we have calculated
carefully the full QPI for SroRuQOy4 in the normal state within the effective model of
Section 5.1. The nature of quasiparticle scattering, the anisotropy of the host orbitals
to which the STM tip couples and the reconstruction of the host electronic structure at
the surface have all been considered, giving rise to qualitative effects on the resultant
QPI as demonstrated in Section 5.2.

Comparison of such theoretical results with experimental FT-STS measurements in
Section 5.3 demonstrated significant departure from the non-interacting effective model
for the electronic structure of SroRuO,4 due to electron-phonon and electron-electron
interactions. Theoretical investigations considering the effect of interactions on the
conduction electrons of the host and the scattering of electrons due to structured,
spatially-extended impurities are needed in order to provide further insight. Evidence
of strong correlation effects in the normal state casts doubt on the conventional picture
of a weakly-interacting 2D Fermi liquid, and has important implications for the SC
state and the unconventional pairing mechanism, which is thought to be related to
such correlations.

FT-STS also offers the possibility of directly probing the SC state due to the sub-
meV energetic resolution of the technique. In Section 5.4 we presented QPI calculations
for the SC state with two possible candidates for the SC pairing mechanism which
realize different forms for the SC OP. The sensitivity of the QPI to the detailed form
of the (anisotropic) SC gap function was demonstrated, indicating that future FT-STS
measurements on the SC state may provide further evidence of the pairing mechanism,
and help to resolve the long-standing controversy over the nature of the SC state in
SroRuOy.



Chapter 6

Summary & outlook

In this thesis we have investigated the quasiparticle interference (QPI) arising due to
the scattering of conduction electrons from local impurities embedded in a range of
host materials. In particular we focused on the effect of electronic interactions, both in
the host material and the impurities that cause scattering, on both the underlying host
electronic structure and the scattering characteristics of the impurities. The QPT is
measured experimentally using scanning tunnelling microscopy (STM), which is used
to map modulations in the surface density of states of the host material caused by
impurity scattering. Measuring the power spectrum of these spatial modulations gives
the QPI , a technique known as Fourier transform scanning tunnelling spectroscopy
(FT-STS).

The purpose of this thesis was two-fold. We studied the QPI in a number of
interacting systems of fundamental interest in their own right, and for which the QPI is
an experimentally accessible quantity that sheds light on the non-trivial physics arising
due to strong correlations. In addition, we sought to develop a general framework for
understanding and interpreting QPI results in simple physical terms where possible,
and understand the capabilities and limitations of experimental QPI measurements in
probing interaction effects in novel materials.

In Chapter 2 we developed the basic formalism of the QPI, starting from the
real-space distribution of scattered conduction electron states of a 2D non-interacting
host. The QPI was shown to be a two-particle quantity resulting from the interference
of these scattered states, and therefore measures the amplitude of scattering between all
pairs of conduction electron states separated by a given momentum, summed across the
Brillouin zone. The interference of these contributions complicates the interpretation of
the QPI at particular momentum vectors. We demonstrated that lines of divergence in

the QPI are characteristic of scattering between particular pairs of points in momentum
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space, but that the structure of the QPI away from these divergent lines is highly
dependent on the details of the scattering, and thus the nature of impurities. Moreover,
additional complicating factors that arise in realistic materials, such as the presence of
multiple bands of conduction electrons, detailed spatial structure of the local surface
orbitals of the host and electronic interactions, were shown to have a significant
qualitative impact on the QPI. This sensitivity requires that careful calculations of the
QPI are required in order to simulate accurately experimental measurements.

With a framework for understanding the QPI in place, we consider the effect of
magnetic impurities on the QPI in Chapters 3 and 4. In Chapter 3 we considered the
QPI due to a single magnetic impurity embedded on a range of host materials. The
presence of strong on-site electronic interactions at the impurity was shown to affect the
magnitude and phase of scattering, and thus directly affect the QPI. The interacting
quantum impurity problem was treated exactly using numerical renormalization group
(NRG). In stark contrast to the simpler case of a weak potential scatterer, strong
dynamical features were observed in the QPI, which are characteristic of the interacting
impurity state for each host material, including universal scaling in the magnitude of
the QPI at low frequencies due to the Kondo effect.

The case of multiple magnetic impurities adsorbed on the (100) surface 3D cubic
lattice is considered in Chapter 4. The scattering of conduction electrons from different
impurities gives rise to interference between different contributions, which increases the
complexity of the QPI. In the case of independent impurities, the QPI is the product of
a structure factor, determined by the distribution of impurities, with the single-impurity
QPI; this results in a “noisy” signal, which may be mitigated against by averaging
over a number of different impurity distributions to recover the single-impurity result.
However, inter-impurity correlations not only result in additional, non-local scattering
channels, adding further contributions to the QPI, but also alter the nature of the local
scattering. Significant inter-impurity interactions may therefore result in profound
changes in the QPI, necessitating, in principle, a full treatment of the many-impurity
System.

In order to better understand systems containing multiple magnetic impurities, in
Chapter 4 we studied the two-impurity case, known as the Alexander Anderson model
(AAM). This minimal model captures the competition between local impurity-host
interactions and non-local inter-impurity interactions mediated by the conduction
electrons of the host. The AAM is also amenable to treatment via NRG, with accurate

calculations now possible due to recent technical and computational advances. Even



163

for this simple model, our calculations reveal a range of physics due to the interplay of
the these local and non-local interactions, as investigated in Section 4.2.

The detailed exploration of the AAM in Chapter 4 also demonstrated that im-
purities behave essentially independently beyond a certain separation, as the local
interactions with the host conduction electrons dominate the inter-impurity effects. For
experimentally reasonable impurity parameters, this cutoff length scale was found to be
of the order of only a few lattice sites. We were therefore able to establish a reasonable
upper bound on the impurity concentration, below which the “dilute limit” (in which
impurities behave independently) applies, for systems of many magnetic impurities.
Utilizing exact two-impurity results from the AAM, we were able to go beyond this
dilute limit with an “independent cluster approximation” for higher impurity concen-
trations. At higher concentrations this independent cluster approximation fails and
more complicated models such as the diluted periodic Anderson model are required;
this is expected not only to significantly affect the scattering of conduction electrons,
but also alter the electronic structure of the conduction band itself for sufficiently high
impurity density. Such models are often used to investigate heavy-fermion materials,
for which the study of the QPI is an active area of research [193, 217].

Electronic interactions in the scattering centres exert an effect on the QPI by
changing the magnitude and phase of local (and non-local, if applicable) scattering
matrix elements. Interactions between electrons in the conduction band affect both the
nature of the conduction electron states and the way in which they scatter, and hence
the QPI. FT-STS experiments, which measure the QPI, aim to provide insight into the
underlying conduction electron states of the material under study. These conduction
electrons typically exhibit interesting or unusual properties due to interactions, such as
superconductivity (SC) or unusual magnetic fluctuations. However, as demonstrated
throughout this thesis, the QPI is a complicated superposition of many interfering
scattering contributions, and is thus highly dependent on the detailed electronic
structure of the material and the nature of scattering. In depth calculations of the
QPI are needed in order to simulate experimental measurements, and provide an
interpretation of experimental results.

In Chapter 5 we studied the QPI in one such experimentally-investigated material:
the layered transition metal oxide SroRuQy, which undergoes a transition to an unusual
SC state at T, ~ 1.5K. The SC state is believed to consist of spin-triplet Cooper
pairs, and thus an order parameter of p-wave symmetry. However, controversy remains
as to the pairing mechanism, which is believed to be mediated by strong electron-

electron or electron-phonon interactions. In the first instance we calculated the QPI
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in the normal state, employing a non-interacting effective tight binding model for
the electronic structure taking into account multiple conduction bands and spin-
orbit coupling effects. We carefully considered the impact on the QPI of several
experimentally relevant features of the host material in order to improve agreement
with experimental measurements carried out by collaborators. These results were then
used to interpret important features in the experimental QPI. The deviation of the
experimental measurements from the calculations for a non-interacting model provide
insight into the effect of interactions in the normal state, which may also be responsible
for the SC pairing mechanism, and therefore shed light on the SC state indirectly. We
also calculated the QPI in the SC state, demonstrating how the QPI measured via
FT-STS may be used in the future to investigate the anisotropic structure of the SC
gap and thus give further insight into the pairing mechanism.

A detailed theoretical treatment of the QPI demonstrated the profound influence
that interactions exert on the QPI, in a wide range of systems. However, it has also
demonstrated that the QPI is a very complicated and information-rich quantity, and
that a direct and simple physical interpretation for the features present in the QPI is
often not possible. The QPI was also shown to be very sensitive to a wide range of
factors beyond the simple underlying structure of host conduction electrons. These
factors, such as the nature and distribution of impurities and the strength of scattering,
can qualitatively affect the resultant QPI, and furthermore are very hard to control
or accurately determine. As a result, great care must be taken to consider the effect
of all relevant, material-specific factors when calculating the QPI, in order to provide
relevant and accurate interpretations of experimental measurements. However, with
appropriately detailed calculations, the QPI offers a significant amount of insight into
the nature of strong correlations in novel electronic condensed matter systems, and is

expected to be of great use in understanding such materials in the future.



Appendix A

Lattice Green functions for
generalized hypercubic tight

binding models

The calculation of real-space Green functions (LGFs) for fermions on a tight binding
(TB) lattice is a well-known problem encountered in many areas of condensed matter
physics [198, 97, 67, 43]. The problem can in principle be formulated simply in terms

of the eigenbasis Green functions,

G(r,r', 2) = Z(r\z} p—

(ilr'), (A1)

where z = w +i0%/~ for the retarded/advanced Green function of the free (non-
interacting) system, but could generally include a local self-energy 3 (w) such that
w — w — X(w). For systems possessing translational invariance, Eq. A.1 corresponds
to an integral over the first Brillouin zone (1BZ) of the Green functions in momentum
space:

Pl kR

G(r,r’,z):G(R,z):/ ¢

18z Qpy, 2 — €(K) (4.2)

where R = (r’ — r). Despite the simplicity of Eq. A.2, analytic calculation of LGFs via
this direct methodology is possible only in the simplest cases and in low dimensions.
Furthermore, numerical evaluation of Eq. A.2 is computationally intensive for 2D and
3D systems, owing to the high cost of numerical quadrature in multiple dimensions

for integrands involving sharp features (e.g. first order poles, as in Eq. A.2). Several
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alternative approaches have been developed in order to circumvent this problem,
typically relying on recursive schemes [146, 18, 19, 71, 72, 162]. However, as discussed
in Section 3.2.1, none of these methods provide a robust, numerically inexpensive way
to calculate far non-local LGFs (between lattice points separated by tens or hundreds
of sites) as a full function of frequency.

In order to calculate the modulations in the local density of conduction electron
states due to impurities, which give rise to the QPI, we develop a novel technique
for fast and accurate numerical calculation of LGFs on hypercubic-type lattices. In
Section 3.5.1 we employ this technique to simulate the FT-STS procedure, while in
Chapter 4 we use the non-local LGFs for the (100) 3D cubic surface in order to calculate

the local and non-local hybridization functions for the Anderson Alexander model.

A.1 General formalism

We consider the TB lattice consisting of a general unit cell, with a local Hamiltonian £,
on a N-dimensional hypercubic lattice with only NN hopping between unit cells, tAZ-j.

The Hamiltonian for the system is given by

Hy =D 02+ (@Ej@ﬂﬁy + H'C~> ; (A.3)
i (i)

where (ij) runs over NN pairs of unit cells, and 1; = (Ci1s Cigs Ci3 - ) represents the
local electronic states of the unit cell. As the lattice vectors for the hypercubic lattice
form an orthogonal set, each non-local (hopping) term in the Hamiltonian only acts

along one lattice vector,

N
HN = Z {¢Izé ¢r¢ + Z (w.(rl‘i+an)tan¢ri + HC)} s <A4)
i n=1
for r = (ry,79,...,75) € RY. The NN TB lattice can thus be decomposed as a 1D
stack of identical (N — 1)D NN TB lattices:
Hn :Z\ﬂlé \I_}z + (\ffT

LT 0, +He) (A.5)
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with \1793 =@, 1/7(%32.) where s € RV~! such that r; = (24, s;), and &, T span the (N-1)D

subspace,

Eij = Orw,é + nfj? Orsxjranta, T Oriw;—ants. (A.6a)
such that
BE b, =3 { T Flan
]\zf (A.6b)
+n§::2 (D sanfon Vns + Hee )} ’
similarly
T=1®t,,, (A.7a)
such that
\I_;J(r:r:—&-l)j—’ Lf’x - Zﬁgxﬁ-l,si)falﬁ(x,si)' (A.7b)

As Hy_1 = \I_}lé \I_}m is the Hamiltonian for a NN TB lattice, it is diagonalized by
discrete Fourier transform in (N — 1)D, U ® I); where M is the state space of the unit

cell:
HN:;(I;; (U@ AM)T(S'A (A ® AM) (ng 48)
+ (@), T ®, +He)
where 51 = (U ® [M>T\flx,
o o o ikisj
®, =@idak) and ek = Z]: e\/ﬁk (w5)) (A.9)

This transformation, independent of the “stack index” z, leaves the hopping between

unit cells (f,,) unchanged, while the unit cell Hamiltonian becomes

(Oeiv)é (Taly) =ias, (A.10)

J
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where

N
cp S g, g okl (A11)
n=2

M)

The transformation thus alters the local Hamiltonian of the unit cell in the new
basis, rendering the full Hamiltonian, Hy, as a bundle of uncoupled, 1D TB chains,

Hy =>2; Hn,; where

—

Z‘b 24) 6k Py T ((b(a:Jrl k;) 1¢(m,kj) + H-C-> : (A.12)

Having recast the system Hamiltonian as Eq. A.12, the LGFs may be expressed in

this new basis as

G(ri>rj> ) :‘Jri>(zj - ,HN)_1<VEI"J|

Z sida Us, kllcbxzk,)(zl—HNl) <§;% ol (A.13)

U diagonalizes the (N — 1)D NN TB model with a single-site unit cell, the (retarded)
LGF for which is therefore

—m Mm G(s;, 85,w +101) = Z K US (W' —ey,), (A.14)

where ¢, = 2t >N, cos(k; - a,,), so that

S Vs Ud g :/ dw’{ > Ussg Ud 16 (0 — 1) } .
k; o k;

=— 7r_1/ dw'Im G(s;, 85,0 +107) . ..

(A.15)

and therefore Eq. A.13 becomes
G(I‘i,I'j,Z) = —7T_1/ dw'ImG(Si,Sj,w'+iO+) Gi]?(xi,xj,z), (A16)

where GIP(z;,z;,2) is the LGF between unit cells at z; and x; on a 1D TB chain
described by Hip(w'),

GIP (1,25, 2) = |60,) (2] = Hin () (&, (A7)
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where

Hip (W) =Y ¢l 4(wW)e,, + <$L+1£a1 by, + H‘C-) : (A.18)
The simplest model amenable to this protocol for calculating LGFs is a 2D square
lattice with a single-site unit cell, requiring only the knowledge of LGFs for the
single-site 1D TB chain (known in closed form). LGFs for the single-site 3D (and
higher-dimensional) hypercubic lattices may be calculated by applying the procedure
recursively (e.g. calculating the 3D cubic LGFs via Eq. A.16 using 2D square LGFs
calculated themselves via Eq. A.16). Edges (open boundary conditions in one or
more dimensions) of such lattices can also be treated in this approach, allowing the
calculation of surface LGFs with no increased computational difficulty.
We then consider the bulk and surface LGFs of the 2D honeycomb lattice via
a two-site unit cell on the 2D square lattice. The formalism of Sec. A.1 yields a
computationally efficient and accurate scheme for calculating the LGFs in this case,
both in the infinite (bulk) system, relevant to bulk graphene, and for a finite strip,
relevant to the graphene “nanoribbon” structure.

A.2 Monatomic hypercubic LGFs

For “monatomic” hypercubic TB lattices, the unit cell consists of a single site with
a single orbital, taken here to be “s-like” such that the lattice is spatially isotropic
(generalization to include anisotropy between spatial dimensions is straightforward).
With only a single degree of freedom at each lattice point, the on-site and hopping
Hamiltonians in the monatomic case are scalar, i.e. & = ¢y and f,, = —t (¢ > 0), and
thus &, = eo + 2t 2, cos(agk,), where |a,| = ag is the lattice spacing. Furthermore,
the electronic structure is that of a single, particle-hole symmetric band of conduction
electrons; such lattices are thus employed as a simple toy model for a (weakly-correlated)

metal with no orbital or spin texture in Chapter 3 and 4 in this thesis.

2D square lattice

For the monatomic 2D square lattice, Eq. A.3 may be written as

_ ; f f
Hw =603 oy Cagy T2 (Clasr gy + oy Cag) T Hee) (A.19)
z,Y z,Y
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Fig. A.1 Schematic representation of the transformation described in Section A.1
applied the 2D square lattice TB Hamiltonian, given by Eq. A.19, yielding a bundle of
uncoupled 1D TB chains described by Eq. A.20.

Despite the simplicity of the 2D square lattice, a complication arises due to the presence
of the van Hove singularity at w — ¢y = 0. The “critical points” k = (&7, &), where
|Vex| = 0 for dispersion ex = €y — 2t[cos(kzag) + cos(kyap)] are saddle points; the
density of states (DOS) is thus expected to diverge logarithmically, as confirmed by
direct integration of Eq. A.2, as demonstrated in Ref. 147. Under the transformation
described in Section A.1, the Hamiltonian is rendered in the form of a Eq. A.12,

Heq = Zkl Z€k¢zx7k)¢(z,kz) - (t¢J(r:c+1,k)¢(x,k:) + H-C-> ) (A.20)

where g, = €y — 2t cos(agk). This transformation is represented schematically in
Figure A.1. The uncoupled 1D chains described by Eq. A.20 are simply single-site 1D
TB chains with uniform hopping matrix elements ¢ and on-site energies ¢, for which

GP(z,2',2) = GP(x,2', 2 — W'). These LGFs are obtained in closed form via direct

integration of Eq. A.2, or via equations of motion,[224] yielding

o |z’ —z] o
tGlD(‘er,a Z = w/> - [fsemi <H>] X Jinf (Z ~ ) 9 (A'Ql)

2t 2t
where
sen(ReZ)segn(Im2)v22 —1 |Z]| > 1
fsemi(g) =zZ- & ( ) & ( ) | | ) (AZZ&)
iv1—z2 1Z| <1
and

Furl3) = sgn(Re2)sgn(Im 2)/v/22 -1 |Z| > 1 ‘ (A.29D)

—i/V/1 = 22 12 <1
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Using this closed form expression for 1D TB chain LGFs, together with Eq. A.16,
the retarded LGFs (z = w +10™) for the 2D square lattice are expressed in terms of
the linear convolution of two 1D TB chain LGFs, known in closed form:

Gyy(r, 7', 2) = —W’l/ dw'Tm G*P(r 7! W' +i0T)

Yy

(A.23)
x GPP(r,, 7, (w— ) +i0").

x) X

The convolution theorem gives the linear convolution of two functions in terms of the

product of their Fourier transforms,

(f*xg)(w) = /_OO du' f(w')g(w — ') (A.24)

=F 1 F[f(w)] x Flgw)]],

such that advantage may be taken of numerically efficient fast Fourier transform (FFT)

algorithms to calculate LGFs for the 2D square lattice to high accuracy.

ND hypercubic lattice:

open and periodic boundary conditions

The LGFs for higher-dimensional (ND) hypercubic lattices are obtained from the 2D
square lattice LGFs recursively, via the convolution of an appropriate 1D TB chain LGF
with the LGF for the hypercubic lattice in (N — 1) dimensions. The 3D cubic lattice
offers a toy model for a metallic system with a single conduction band. The density
of states is essentially constant close to the Fermi level (at energy scales significantly
below the hopping amplitude ¢) and is therefore appropriate as a minimal model for
simple materials such as the alkali metals. Higher-dimensional LGFs are also of interest,
as non-interacting two-particle LGFs may be expressed in terms of single-particle LGFs
in higher dimension (for example 3D two-particle LGFs in terms of single-particle LGFs
in 6D [19]).

In addition to the infinite hypercubic lattices (with periodic boundary conditions)
considered thus far, the method described in Section A.1 is also applicable to the
calculation of LGFs for the semi-infinite case (open boundary conditions), and even
the LGFs of a strip geometry (a finite system with open boundary conditions), with
no change in the structure of the calculation. Eqs. A.13 and A.16 define the LGFs
of the ND system in terms of a sum/integral (respectively) over the LGFs of a 1D
TB system, weighted by the imaginary part of an appropriate LGF for the (N — 1)D
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Fig. A.2 Schematic representation of the transformation described in Section A.1
applied the 3D cubic lattice TB Hamiltonian with open boundary conditions in the
z direction, given by Eq. A.25, which yields a bundle of uncoupled 1D TB chains
described by Eq. A.26.

system, given by Eq. A.14. The 1D LGF to be calculated for the TB system defined by
Eq. A.18; by specifying the bounds of the 1D chain index ¢ defined in this Hamiltonian,
infinite systems with periodic and open boundary conditions in the one dimension of
the ND system may be treated, with the 1D chain LGFs of Eq. A.18 to be calculated.
Open boundaries in multiple dimensions of the ND system follow simply by employing
(N —1)D LGFs for a system with open boundary conditions in Eq. A.16. Finite systems
with open boundary conditions may be calculated via Eq. A.13, where the imaginary
part of the 1D chain LGF employed is a sum of discrete poles.

In order to illustrate this procedure for higher-dimensional lattices, we consider
the (infinite) 3D cubic lattice case (with periodic or open boundary conditions). The

general Hamiltonian given by Eq. A.3 becomes

_ T i) T
Hy = Z €Cls;,2)Clsie) T <§:> (C(si,z)c(sj,y) + H-C-) i (Z Clsi2) C(sire+1) T H-C'> ;
1,2 ) #
(A.25)
defined in terms of a stack of 2D square lattice planes, indexed by z, where each site

in the plane is indexed by s = (s,, s,). Each 2D square lattice plane is diagonalized by

the same transformation, as argued in Section A.1. The transformation to a bundle of
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uncoupled 1D chains yields
Heuvie = 2. 2 kot @one) — (td(rm—l,k)qb(ak) T H'C') ) (A.26)
k z

where the site energies on the k-th chain are given by e = ¢ + 2t(cos(agk,) +
cos(apky)), and the range of the index z depends on the periodic (2 € (—o00,00))
or open (z € (0,00)) boundary conditions of the system. This transformation is
represented schematically in Figure A.2 for the case of open boundary conditions in
the z direction. The LGFs for the 3D cubic lattice are therefore given by Eq. A.16,

which becomes

Gew(r, 1, 2) = -1 /OO dw' Tm Gy (s , 8, +i0T)
— (A.27)
x GPP(r,,rl, (w—w) +i0").

zr z?

where the LGF Gy (s;,s;,w’ +107) is calculated on the infinite 2D square lattice with
periodic boundary conditions, and G?(r_, 7, z) is the 1D LGF between sites z and 2’
on the 1D TB chain for which the site energies are given by w’.

This new methodology for the calculation of LGFs for hypercubic lattices is employed
in Chapter 3 in the calculation of real-space modulations in the electronic density of
states (LDOS), given by the imaginary part of the local LGF at a given site, due to a
magnetic impurity embedded on the (100) surface 3D cubic lattice. Such calculations
require both the local and non-local LGFs of the impurity-free host, as detailed in
Section 3.2.1. By calculating the spatial modulations in LDOS, the QPI may be
obtained in direct analogy with the experimental measurement procedure. The low
computational cost of this convolution technique for calculation of LGFs allows the
LDOS modulations to be simulated on large plaquettes of the surface consisting of
several hundred lattice sites, as would be carried out in experiment; using other, more
expensive techniques (discussed earlier) to calculate accurately ~ 100 x 100 LGFs for

a range of energies would not be possible due to the significant computational cost.

A.3 2D honeycomb LGFs

The simple 2D honeycomb lattice of single-orbital sites is bipartite, consisting two
coupled, interpenetrating triangular lattices of “A” and “B” sites. The NN TB 2D
honeycomb lattice is commonly employed as a minimal model for graphene, as it

(largely) captures the electronic structure at low energies, which is approximately
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Fig. A.3 Schematic representation of the 2D honeycomb lattice as a square lattice of
two-site unit cells, described by Eq. A.28, transformed under partial diagonalization to
a bundle of 1D TB chains for which the Hamiltonian is Eq. A.30.

described in terms of massless Dirac fermions [37]. This unusual property of graphene
results in a bulk semi-metal, with a vanishing electronic density of states at the Fermi
level. In Chapter 3 this is shown to result in non-trivial local-moment physics when a
magnetic impurity is adsorbed on the 2D honeycomb lattice; moreover, the sublattice
structure results in significant complications in calculating the QPI. There are many
other properties of graphene that deviate from those of typical metallic systems as a
result of this low-energy electronic structure, for example the transport of heat and
current, and the inter-impurity interactions of adsorbed magnetic impurities. The
decomposition technique introduced in this appendix offers a numerically inexpensive
methodology for calculating the LGFs of the 2D honeycomb lattice, which are of
significant importance in the calculation of other dynamical properties of the lattice
(such as transport and magnetic interactions).

An alternative spatial representation for the 2D honeycomb lattice, depicted in
Figure A.3, consists of a square lattice of unit cells, each containing two orbitals (one
A and one B site) of the bipartite lattice; inter-cell coupling is nearest-neighbour
only, and so the lattice can be treated using the general approach of Sec. A.1. In this

representation, the Hamiltonian for the 2D honeycomb lattice is given by Eq. A .4,

Hpe =Y {JL@ Voo + 2 (Ul fan e + Hc)} (A.28)

i n=1,2
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with r; the position of the i-th unit cell and 1/71. = (cj As cz B) such that

e I I (A.29)
—t € 2 —t 0

Figure A.3 represents schematically the partial diagonalization of the 2D honeycomb
lattice given by Eqgs. A.8 and A.9, yielding a bundle of uncoupled 1D TB chains, cf.
Eq. A.12, with the Hamiltonian for each chain given by

— —

J+ (Bla i)t s,y +Hee), (A.30)

where

&, = ( ( © i +e_i&0kj>) . (A.31)

—t(1 + eldoks) €0

Egs. A.30 and A.31 describe a two-site 1D TB chain in which the inter-cell hopping,
tg is constant, while the intra-cell hopping, ¢; depends (both magnitude and phase)
on k;. This is a variation on the well-known Su Schrieffer Heeger (SSH) model for
polyacetylene [189, 188] in the Born-Oppenheimer limit, where the Peierls instability at
half-filling causes dimerization of the single-site 1D TB chain, resulting in alternating
hoppings t1 = —(t & dt), corresponding to alternating single and double bonds. We
emphasize that the transformation of the 2D honeycomb lattice to a bundle of 1D TB
chains described by Eq. A.30 is exact, and independent of filling fraction; moreover, the
modulation in hopping amplitudes is only in the intracellular hopping, as discussed.
The LGFs for the 2D honeycomb lattice,

AA (4 4l AB(y 1/
Ghe(r,r',2) = (th (. 2) - Gie (r’r’z)) : (A.32)

GBA(r,r' 2) GEB(r,v',2)

can be written via Eq. A.13 in terms of the sum over LGFs for the SSH-like 1D TB
chains described by Eq. A.30,

Gie(r, 1, 2) Z TG VT = M) T B, (A.33)

which must now be determined. Considering the A-B sublattice symmetry of the
2D honeycomb lattice, it follows that G4 (r, 1/, 2) = GBB(r, 1/, 2) and G{B(r, v, 2) =

GBA(r',r,z). Translational symmetry dictates that Gp(r,1’,2) = Gy (0,1 — 1, 2),
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so that calculation of the “AA” and “AB” LGFs for general (positive and negative)

R =1’ — r is sufficient.

A.3.1 LGFs for the 1D TB chain with alternating hopping

Here we consider a 1d lattice in which the unit cell consists of two sites (A and B
sites), with an inter-cellular hopping matrix element ¢z between neighboring unit cells,
an intracellular hopping matrix element ¢; and uniform site energies, €4 = eg =0, a

generalization of the Su Schrieffer Heeger (SSH) model,

Hssu =) € (CZ'L,ACLA + CI,BQ‘,B) + (tICI,BCLA + tECzT+1,ACi,B) + He.. (A.34)

1

It is necessary to consider t; and tg as complex, and thus the L — R directionality of

the hopping amplitudes indicated in Eq. A.34 is emphasized.

Local LGF

Considering an A site in the bulk of the SSH model, the local LGF may be written
simply via equations of motion as

-1
GAA(x’ L, z) = [Z - ‘t1’29(tE>tI’ Z) - ’tE‘Qg(ti;,tE, Z)} ) (A'35)

where g(t1,t,2) is the local LGF for the surface site of a SSH model with open
boundary conditions, alternating (complex) hopping matrix elements ¢; and ¢, and
uniform site energies (c.f. Eq. A.34). An equations of motion treatment gives g(t1, t2, 2)

in closed form:

z 2\t
ta|g(t1,t2, 2) = feomi <2|tQ| + Q(t1,t2)|22|> , (A.36)
where
[ta]* — [t1]?
Q(t1,t2) = W (A.37)

and feemi(x) is given by Eq. A.22a.
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For the retarded LGF (2 = w + in),

- 2z __w 2|1,
m-FQ(tbh)? _m—'—Q(thm)P (w) .
.38
- n/2lts| ( w ) _
@ 20 + (n/21Ea])? ( o) ~ @) )
so that

(ol g(t1, tayw + i) = & — sgn(z) sgn(n)va? — 1 Z] > 1
219(t1, 12, i(\/l — 224+ 0(Q(t1,t2)) X mo(T) x 2Q(t1,t2)> 1z <1
(A.39)

where

W

= —
2|ty]

9 2

Using these expressions, noting that [t2|2Q(t1,t2) = —[t1]2Q(t2, 1), Eq. A.35 becomes

2|ts]

GAA(.’L’,JT,Z) = fjnf ( i + Q(tl,tg)z> s (A41)

2|tz
with fine(x) given by Eq. A.22b.

The parameter, Q(t1,t3), thus controls the (topological) phase of the SSH system.
For Q(t1,t2) = 0 and, |t1] = |t2| and Egs. A.41 and A.39 reduce to the expressions for
local LGF on a single-site 1D TB chain with periodic or open boundary conditions
respectively, giving a metallic state; the complex phase of t; in Eq. A.34 is only relevant
in non-local LGFs (considered shortly). Q(t1,t2) < 0 and Q(t1,t2) > 0, by contrast,
give rise to insulating states, with a gap (whose magnitude is 2‘|t2\ - |t1]’) between
conduction and valence bands. For periodic boundary conditions these phases are
indistinguishable, but for open boundary conditions, Eq. A.39 reveals a zero-frequency
pole in the density of states at the edge (the imaginary part of g(t1,ts,w + in)) for
Q(t1,t2) > 0 (|t1] < |ta]). This corresponds to the localized edge state of the SSH
model in the topological insulating phase, adiabatically connected to the limiting
case of |ta| # |t1| = 0, where the TB chain consists of pairs of dimers with isolated,
uncoupled sites at the boundaries of the chain. respectively, giving a metallic state;
the complex phase of t; in Eq. A.34 is only relevant in non-local LGFs (considered
shortly). Q(t1,t2) < 0 and Q(t1,t2) > 0, by contrast, give rise to insulating states,
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with a gap (whose magnitude is 2‘ |ta] — |t1|‘) between conduction and valence bands.
For periodic boundary conditions these phases are indistinguishable, but for open
boundary conditions, Eq. A.39 reveals a zero-frequency pole in the density of states
at the edge (the imaginary part of g(t1,t2,w + in)) for Q(t1,t2) > 0 (|t1] < |t2|). This
corresponds to the localized edge state of the SSH model in the topological insulating
phase, adiabatically connected to the limiting case of |to| # |t;] = 0, where the TB
chain consists of pairs of dimers with isolated, uncoupled sites at the boundaries of the

chain.

Non-local LGFs

Treating the non-local LGFs for the SSH model via equations of motion, the phase

and hence directionality of the hopping elements ¢; and tg is important, with

GAB($7 Z, Z) - (tlg(tEv tla Z)) GAA(I'7 x, Z)

(A.42)
Gpa(z,x+1,2) =(tgy(ts, tp, 2)) Gz, z, 2),

while

GAB<:U7'Qj - 172) = (t*Eg(t;at*E7z)) GAA(:U7337 Z)

(A.43)
Gpa(w,v,z) =(t19(tp, 17, 2)) Gpa(T, T, 2).

From consideration of the local LGF above, we know that g(t1,ts,2) and Gaa(x, z, 2)
are independent of the phase of ¢; and t5, so that the general expression for the LGFs
for the SSH model is given by:

Gaalz, o', z) =44 (1119 (e, tr, )™ (telg(tr te, ) ™ Gaalz, z, 2)

(A.44a)
Gap(z, o', 2) =e®48@) (|t1]g(tp, tr, 2)" ") (|tglg(tr, tr, 2))" 70" Gu(z, 2, 2),
(A.44D)
with
daa(z, o) =(a' —x)arg(t;) + (' — z) arg(tp) (A.45a)

dap(z,2") =" —x—0(x — 2'))arg(t;) + (2’ —x — 0(2' — z)) arg(tg).  (A.45Db)
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Expressions for the local and non-local LGFs for this generalized SSH model reveal
that only the phase of the LGF is dependent on the phase of the intra- and inter-cell
hopping elements. The zero-frequency pole in g(t1,ts, 2), corresponding to the edge
state of the SSH model with open boundary conditions, also contributes to the non-local

LGFs in the case of periodic boundary conditions.

A.3.2 LGFs for the 2D honeycomb lattice

Having found closed-form expressions for the LGFs of the generalized SSH model
arising from the partial diagonalization of the 2D honeycomb lattice, the LGFs for the
full 2D honeycomb lattice may be written

fo(AB (r,r', 2) Z ok ;)GAA(AB)(TQJ,TCC,Z) (A.46)

with G aa(ap)(ry, 7%, 2) defined by Eqs. A.44 and A.45, and Eq. A.39. From Eqs. A.29

x) X

and A.31, t; = —t(1 + exp(iaok;)) and tp = —t such that arg(t;) = apk;/2 and

arg(tg) = 0, resulting in

qﬁAB(x, a:") :ao(x —x— 9(:13‘ — ')k /2. (A.47Db)

Eq. A.46 may therefore be rewritten as

G I‘ I' Z Z elk (ry —r —1k:j(rz—7"’z)/2 « (GAA(rxa 7“;, Z)/ew)AA(Tz,T‘é)) (A48a)

GAB(r,r, 2) Zelk (ry=1}) =ik (e =15 —=0(rs—12))/2 o <GAB(T$77~;’Z) feiéantrart))
(A.48D)

We note that the bracketed terms in Eqgs. A.48a and A.48b are independent of the

phase of ¢;. Introducing e, = 2t cos(agk;), we write

1] = vt Jeos(aaky) + 1 = ﬁtm , (A.49)
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and as such rewrite Eqs. A.48a and A.48b in terms of an integral,

Gd(r, v, 2) / {Z elk;lry (re=r2) /A5y — ekj)} X faa(re, 7, 2,w')

(A.50a)
GiB(r, 1, 2) / {Z ekillry=ry) = (e e =00 =r2 )2 5 () — ekj)} X fap(re, 1, 2,0')
(A.50D)

for which faaap)(rz, 5, 2,w") = Gaaup) (2,7, 2)/ exp(ipap(rs,7,)). The sum over
k; in Egs. A.50a and A.50b can be evaluated directly (in the thermodynamic limit,
where that sum converges to an integral) as the half-integer Chebyshev polynomial of
the first kind [2, 60], T,/2(x); for integer values, the Chebyshev polynomials simply
give the imaginary parts of the simple, single-site 1D TB chain LGFs, such that
—7 %Im G*(r' — r,w) = T»_,(w/2t). The honeycomb LGFs are therefore evaluated

for each value of frequency with z = w + in as
G (r, 1, 2) / dw' T, ) —(ra1)/2] (W /26)fan(re, 1), 2, 0") (A.51a)
y T x

GAB(r, 1, 2) /dw [(ry=r)—(ra r;_e(rw_r;))/g](w,/ztﬁAB(Tz?T:/mZaW/)- (A.51D)

These equations allow the calculation of local and non-local LGFs for the infinite
2D honeycomb lattice, with no significant increase in computational demand for far
non-local LGFs. The structure of the calculation is more complex than in the simple,
monatomic hypercubic lattice case, and as a result the integrals required (given by
Egs. A.51a and A.51b) are not simple convolutions, and the FFT algorithm cannot
be used. However, the calculation of LGFs is still significantly more computationally
efficient than direct integration via Eq. A.2. In contrast with recursive calculations
of the LGF [117], the method described here is formally in the thermodynamic limit,
calculating the LGF for the infinite system. In addition, the technique developed here
can be extended to treat the LGFs of the semi-infinite 2D honeycomb lattice and those
of a finite-strip or “nanoribbon”, treating the open boundary conditions in a manner
exactly analogous to that employed in the monatomic hypercubic lattice case. The use
of this technique to study the properties of the 2D honeycomb lattice is the subject of

future work.



Appendix B

Pinning condition for the

Fermi-level spectrum in the AAM

The Anderson Alexander model (AAM) consists of two single-level Anderson impurities

coupled to a common conduction band of non-interacting electrons, as introduced in
Chapter 4:

U
HAA = Hhost + ;2; <€d -+ 2d10-¢0'd0¢0'> dio’daa -+ vV (dlﬁc(ra,(])o + HC) . (B].)
We consider the two impurities at particle-hole symmetry, such that ¢, = —U/2,

here and throughout Chapters 3 and 4; however, these findings are also expected
to hold away from particle-hole symmetry, provided the impurities are deep in the
singly-occupied regime (with €, U > V). The impurities couple locally to the host
conduction band via the (effective) orbital represented by ¢, _g),, where (rq,0) denotes
the position of the impurity on the surface with o = 1,2, and r; # ry. The impurities
are spatially-separated by the vector R = ry — ry, so that there is an indirect, host-
mediated coupling between the two impurities which depends on the relative position of
the two impurities as well as the on-site impurity parameters (the interaction strength
U and hybridization strength V). The interplay between local impurity-band and
non-local inter-impurity correlations gives rise to several different regimes, detailed
in Section 4.2.3, depending on the relative strength and sign of these two effective
interactions. Despite this, the ground state of the model is necessarily a Fermi liquid,
with the (possible) non-Fermi liquid quantum critical point (present in the simpler
2IKM) destabilized as a result of the inter-channel charge transfer due to the through-

lattice coupling between the impurities, as argued in Section 4.2.6. As a result, the
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impurity spectral function follows a low-frequency asymptotic form characteristic of a

Fermi liquid, given by Eq. 4.16:

w w 2
Ty G (@) M p—g (£) (B:2)
Tk
In this appendix, we derive the form of the pinning condition p for the AAM, which
differs from the single-impurity result (p = 1) away from |R| # oo, the limit that the
impurities are infinitely separated.

Considering the matrix Dyson equation for the impurity Green functions,
(Ga(w)] ™" = (w+i0" — )] — T(w) — B(w), (B.3)

where [Gg(w)]as = (d,0; d;a»w are the retarded impurity Green functions between
impurity « and S, and [T'(w)]as = V2G2,¢(ra, rs,w) the hybridization matrix element,
given by the “clean” lattice Green function in the absence of impurities between sites
r, and rz. X(w) is the self-energy matrix, embodying the effects due to interactions,
such that for U = 0, 3(w) = 0. In the case of a translationally-invariant, inversion-
symmetric host, I'11(w) = Tyg(w) = Toe(w) and Tia(w) = Tog(w) = Top(w). As a result,
the non-interacting impurity Green function matrix is diagonalized by a transformation
to the even/odd basis,

oo legor) = 75 (Gnoliio) & o)) (B.4)
yielding
Galw) = (Gd’g(w) Gdo(w)) , (B.5)
where

[Gap(w)] ™ =w+i0T — ey — Tp(w) — By(w), (B.6)

for p = e, 0 such that O,/, = O11 £ O1, defines the even/odd combinations for a given
quantity. Writing O,o(w) = O, (w) — 10} ,(w), it follows from Eq. B.6 that

F;(w) + E}I)(w)

—Im Gd,p(w) = [w e — F};‘(w) _ E§(W>]2 + [Fé(w) + E}D(w)]z .

(B.7)



183

As the system is in a Fermi liquid phase, ¥ (w — 0) — 0 [74], and thus

1
I, _ ) —
—T(w=0)Im Ggp(w =0) = T Tambe— 5 <1, (B.8)
+ 'L (w=0)

with € = € + X'(w = 0) denoting the renormalized level energy, such that the
even/odd impurity spectral function is pinned at the Fermi level, analogous to the
Friedel sum rule for a single impurity [74]. Eq. B.8 is a general result for the AAM
with a translationally-invariant host, and results from the Fermi liquid nature of the
ground state for all parameters. However, the pinning condition in the even and odd
channels separately, and are dependent (respectively) on the even and odd impurity
renormalized level energies €} o~ themselves related to the (non-trivial) impurity
self-energy, which must be calculated by considering the full interacting system, for
example via NRG. Relating these pinning conditions in the even/odd basis to one of
the form Im T'y;(w = 0) Im G} (w = 0) ~ p — q(w/Tk)? for the local impurity spectral
function is not necessarily straightforward.

For a host material which is particle-hole symmetric, such as the (100) surface
3D cubic lattice employed in Chapter 4, the clean host lattice Green functions have
well-defined symmetry with respect to frequency, which depends on the parity of the
Manhattan distance dy(R) = R, + R, such that

Gout(R, —w) = (=1)™P*D GL (R, w)" (B.9)
In Section 4.2.4 it was explained that this well-defined parity symmetry resulted in
the effective inter-impurity RKKY interaction being sign-definite with respect the
Manhattan distance: impurities separated by an odd Manhattan distance experience
an antiferromagnetic RKKY interaction, while even Manhattan distances result in
a ferromagnetic RKKY interaction. As a result, the hybridization functions in the

local/non-local basis [I'(w)]a.s = V2G2,4(ra, s, w) obey

[(—w) = T (w)*, (B.10)

while

[a(—w) = . (B.11)
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Considering first the case of even impurity separation, in the even/odd basis, for
which I'j; (w) and I'12(w) have the same parity with respect to frequency, such that
Ie/o(w) = I'i1(w) £ T'12(w) has the same well-defined symmetry and Re I'yq12(w —
0) — 0, so

Lefolw=0)=04+i(Im I';y(w) £ Im I'p(w)) . (B.12)

In the non-interacting limit (particle-hole symmetric, such that U = —e;/2 = 0),
the impurity Green function, given by Eq. B.6, is given in terms of functions whose
real (imaginary) parts are odd (even) with respect to frequency, and thus the real
(imaginary) parts of G, Jo(w) are themselves odd (even) in frequency. Introducing
interactions does not break this well-defined symmetry, and the renormalized level

Low—0)—0

energy €/, = €4+ X1, (w) therefore vanishes at the Fermi level, while %3}

in keeping with the Fermi-liquid nature of the ground state. Inspecting Eq. B.8, all
dynamic terms in the denominator therefore vanish at the Fermi level, so that the
pinning condition is simply —Fé/o(w = 0)Im Gg/o(w = 0) = 1. Defining T'y = V?py =
—Im I'j3(w = 0), in terms of the local conduction band Fermi level density of states pg

at each impurity, the local impurity spectral function is therefore

1
—ToIm G} (w =0) = —ifolm [Gae(w =0) + Ggo(w = 0)]
1 1 1
= —Im I';; (0
2 m 11( ) Im F11(0) + Im Flg(O) + Im F11(0) —Im Flg(O)

(B.13)

For even impurity separation, we find that the pinning condition for the local impurity

spectral function is in fact related solely to the non-interacting hybridization functions,

Im T'y4(0)?
—TpIm G (w = 0) = -
oTm Gy (w = 0) = T 07 = I Ty (02
) (B.14)

In particular, we note that the value of the (appropriately scaled) impurity spectral
function at the Fermi level can exceed the unitary limit that holds in the single-impurity
case; such behaviour is indeed seen for R/ag = (1,1) in Figure 4.4.

In the case of odd impurity separation, I'1;(w) and I'j3(w) have different parity with

respect to frequency, such that I';/,(w) = I'11(w) £ I'12(w) have a more complicated
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symmetry in frequency. Instead I'y(w) = —T'.(—w)* and Im T'j5(w — 0) — 0, so that
I,(w=0)=—-ImIy(w) and T, (w=0)=Re Iyw). (B.15)

The renormalized level energy for the even/odd impurity is €}/, = €4 + X, (w) =
€q + Re[X11(w) 4+ X12(w)]. At the Fermi level, it is known that €, + Re ¥1;(w =0) =0
at particle-hole symmetry in analogy to the single-impurity case (and confirmed via
NRG calculations). The even/odd impurity renormalized level energy is therefore given

by
€ o =" £Re Lip(w = 0) = ¢, (B.16)

The even/odd impurity spectral functions are therefore subject to a pinning condition,
Eq. B.8, such that

1

I _ _ _ .
_I‘e/o(w =0)Im Gye/o(w =0) = o [ie*ﬂ{e Fu(o)r : (B.17)
Tm T11(0)

considering the local impurity spectral function, with T'y = —Im T';;(w = 0) as before,

we find
1
_FO Im Gll(w = 0) = — §F0 Im [Gdﬁ(w = O) + Gd7e(w = O)]
1 (B.18)
- *4+Re I'12(0)]2 <1
€ e I'1o
L+ [ T T'11(0) }

For odd impurity separations, the spectral pinning condition given by Eq. B.18
depends on the strength of interactions via the renormalized level energy, which
does not vanish due to the non-local self-energy contribution Re ¥q3(w = 0), and
as such must be determined for the full interacting system, for example via NRG
calculations. This pinning condition in the odd-separation case, for which the RKKY
interaction is antiferromagnetic is analogous to a similar effect found in the simpler
two-impurity Anderson model with featureless hybridization functions and a direct
inter-impurity hopping, described in Ref. 86. For both even and odd impurity separation
(corresponding to antiferromagnetic and ferromagnetic effective RRKY interactions)
the independent impurity limit |R| — oo recovers the single-impurity pinning condition,
as ['2(w) = 0 and ¥q3(w) — 0.
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