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Abstract

A mathematical model of the interactions between a growing tumor and the
immune system is presented. The equations and parameters of the model
are based on experimental and clinical results from published studies. The
model includes the primary cell populations involved in effector T-cell me-
diated tumor killing: regulatory T cells, helper T cells, and dendritic cells.
A key feature is the inclusion of multiple mechanisms of immunosuppression
through the main cytokines and growth factors mediating the interactions
between the cell populations. Decreased access of effector cells to the tumor
interior with increasing tumor size is accounted for. The model is applied to
tumors with different growth rates and antigenicities to gauge the relative
importance of various immunosuppressive mechanisms. The most important
factors leading to tumor escape are TGF-3-induced immunosuppression, con-
version of helper T cells into regulatory T cells, and the limitation of immune
cell access to the full tumor at large tumor sizes. The results suggest that
for a given tumor growth rate, there is an optimal antigenicity maximizing
the response of the immune system. Further increases in antigenicity result
in increased immunosuppression, and therefore a decrease in tumor killing
rate.

Keywords: immunosuppression, regulatory t cells, TGF-3, IL-10, tumor
growth

1. Introduction and Motivation

Understanding the interplay between a growing tumor and the host’s im-
mune system is fundamental for optimizing current treatments and propos-
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ing new ones. Despite much research into these tumor-immune interactions
(Dunn et al., 2002; Villunger and Strasser, 1999), there are many open ques-
tions in the field and quantitative theories are relatively few. Although the
immune system is known to play a role in the prevention and removal of some
tumors, it appears to be incapable of fighting others (Vaage, 1971). Recent
research suggests that immunosuppression is a significant obstacle that the
immune system faces when fighting a tumor (Chouaib et al., 1997). Since
there are many forms of immunosuppression acting at different levels of the
immune system, it is important to quantify the effect of each suppressive
element at each stage of tumor growth.

Mathematical modeling has been used in conjunction with experimen-
tal and clinical results to explore the significance of tumor-immune interac-
tions. Previous work has included models of T cells with interleukin-2 (IL-2)
(Kirschner and Panetta, 1998), transforming growth factor beta (TGF-f3)
(Arciero et al., 2004), regulatory T cells (Tregs) (Leon et al., 2007), and
natural killer cells (de Pillis et al., 2005).

The mathematical model presented in this paper examines the T-cell
response to a tumor. Several new features are included in the model. The
effects of multiple suppressive elements are examined, so that their respective
effect can be quantified at different stages of tumor growth. The growth law
of the tumor is modeled as a hybrid between exponential and power law
growth. Immune cell access to the interior of a large tumor is limited, based
on perfusion data. Helper T cells are also included in the model, since they
affect the dynamics of the immune response. In addition, helper T cells can be
converted into regulatory T cells by TGF-3. Finally, all the parameters were
estimated from experimental and clinical data. Although these parameters
necessarily come from different systems, using realistic parameters ensures
that the model operates within a biologically reasonable regime.

The paper is organized as follows: Section 2 briefly outlines the biological
processes involved in mounting a T cell immune response to a tumor. The
mathematical model is presented in Section 3, and the analysis of the model
is described in Section 4. Conclusions and ideas for further development of
this model are given in Section 5.

2. Tumor Immune Interactions

Many murine and in wvitro studies have shown that tumor cells can be
killed by immune system cells (Hellstrom and Hellstrom, 1974). It is plau-



sible that in humans, some tumors which begin to grow in the body are
removed by the immune system without external intervention. Of course,
these tumors are not observed, since they are removed before they are of de-
tectable size. In murine studies, immunodeficient mice have been shown to
have increased incidence of cancers (Dunn et al., 2006), and human patients
taking immunosuppressive agents also show increased susceptibility to many
cancer types (Wimmer et al., 2007), suggesting that the immune system plays
a role in the spontaneous removal of some small tumors.

Although other immune cells play a role in fighting cancer, T cells have
been suggested as one of the principal methods that the body uses to combat
a tumor (Hellstrbm and Hellstrom, 1991; Rosenberg et al., 1986). A diagram
of the interactions between the cancer and the T-cell immune system is shown
in Figure 1. As the tumor grows, it provokes an immune response from the
T cells in the host. The strength of this response depends on the tumor’s
antigenicity, which describes how much antigen a tumor presents, and also
how sensitive the immune system is to this antigen.

In the cases where a tumor reaches a clinical size on the order of 10°
to 10! cells, there may be several mechanisms by which the tumor may
have escaped the immune response. One possibility is that the antigens
presented by the tumor are not strong or prevalent enough to elicit an immune
response. In this case, the tumor is not recognized as a significant threat by
the immune system. Another possibility is that antigen may be present in
sufficient strength, but the immunosuppressive elements may be reducing
the efficacy of the immune system. Research has shown that some murine
tumors which have grown without check can be removed by the immune
system, after certain suppressive factors are blocked (Gorelik and Flavell,
2001; Viehl et al., 2006). This suggests that the immune system has the
capability to fight the tumor, but that the suppressive effects prevent proper
action of the T cells on the tumor.

In a simplified model of an immune response to a tumor, excluding any
immunosuppression, the system can be seen as a predator-prey system. The
T-cell response would fall into three categories. If the antigenicity is high
enough, the tumor will provoke a large immune response, and the T cells
will fully remove the tumor. If the antigenicity is very low, then the T-cell
reaction will be minimal. The immune system may slow down the tumor
growth rate, but the tumor will continue to grow without bound. At a
moderate antigenicity, there may exist an equilibrium state, where the tumor
growth rate and the immune system killing rate balance each other.
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The addition of immunosuppression adds a complex negative feedback
loop to the activation of the immune system. The tumor provokes an immune
response as described above, but also promotes suppression of the immune
system, which will diminish the T-cell response. There are a number of
mechanisms for this suppression; the literature suggests that the significant
sources of T-cell immunosuppression are Tregs (Viehl et al., 2006; Frumento
et al., 2006), TGF-3 (Gorelik and Flavell, 2001; Kobie and Akporiaye, 2003;
Wojtowicz-Praga, 2003), and interleukin-10 (IL-10) (Avradopoulos et al.,
1997; Hsieh et al., 2000). These immunosuppressive elements act in different
ways on the system, and have different levels of activity at different stages of
tumor growth. The model of these interactions is presented in the following
section.

3. A Mathematical Model

3.1. Variables

Since the immune system and its interactions with tumor cells are highly
complicated, a full model which includes all the significant cell types and
signaling molecules is unrealistic. However, if the model is too simple, the
results will be trivial and will likely lack the complex dynamics observed in
experimental and clinical settings.

In selecting the variables to consider in this model, several principles were
used as a guide. First, the values of the parameters appearing in an equation
must be available from experimental data which allowed for a reasonable es-
timation of a biologically appropriate range. Second, enough cell types and
interactions must be included to capture the short time scale dynamics of
T-cell proliferation observed in experiments. The activation and prolifera-
tion of T-cells is subject to competition between the different T-cell types,
and involves several phases which have different characteristic time scales.
Third, the immune system must respond naturally in the absence of tumor-
induced suppressive terms, as opposed to only acting reasonably when these
suppressive effects are applied.

The model presented here uses 12 biological variables: 9 cell types, and
3 cytokines. Naturally, tumor cells are included, and are denoted by the
variable T (t), where t stands for time in days. The heterogeneity of the
interactions between tumor cells and the immune system is an important
effect that is neglected in this model due to a lack of specific experimental
data. While there is no explicit spatial component to the model at this time,
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we do account for tumor vasculature by its action on tumor growth rate and
immune system access. The model assumes that the tumor is perfused from
the outside. Therefore, immune system cells will only reach a certain layer of
the tumor once the tumor becomes large compared to the perfusion depth.

In order to investigate the effects of the T-cell response, the model must
include CD8™ effector T cells, which directly kill the tumor cells. In addition,
CD4" CD25% Foxp3™ regulatory T cells are included in order to account for
immunosuppression, since they produce suppressive cytokines and also act
directly to reduce effector T-cell killing rates.

Stimulation of T cells occurs in the lymph nodes, and begins when antigen-
presenting cells (APCs) bearing tumor antigens interact with the T cells. In
this model, dendritic cells are the chosen APCs, since they are the primary
mechanism for T-cell activation (Roitt and Delves, 2001).

A third population of T cells, CD4" helper T cells, is included to as-
sist with cytokine production and dendritic cell licensing. The inclusion of
helper T cells as a distinct population is necessary for two reasons. First,
the helper cells license the dendritic cells, which prevents an unrealistically
rapid development of effector T cells. Second, the helper cells are converted
to Tregs by TGF-3, which is a key immunosuppressive mechanism observed
in experiments (Liu et al., 2007b).

All three types of T cells are all specific to the tumor antigen, and are a
small fraction of the total T-cell repertoire within a host. Each of the three
T-cell populations are broken into three subpopulations. The memory T cell
population (M,,, M,,, and M,,, which are all assumed to be constant) is a pool
of T-cell precursors, which are activated by dendritic cells. There is a short
lived activation phase (A, (t), A, (t), and A, (t)) where T-cell proliferation
occurs. The fully functional T-cell phase (E (t), H (t), and R (t)) consists
of the cells that kill the tumor cells, produce cytokines, and suppress the
immune response. These subpopulations capture the different time scales of
the cellular phases, and contribute three constants and six variables to the
model.

The dendritic cell population has two subpopulations. The unlicensed
state, U (t), is a mature dendritic cell that interacts with helper cells. After
licensing, the dendritic cell, D (t), is free to interact with all T cells, causing
them to activate.

The T-cell and dendritic cell populations are subdivided in order to ac-
count for the dynamic delays in activation observed in experiments (Mempel
et al., 2004). In addition, the subdivision allows the various immunosuppres-
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sive effects which occur at different steps in the T-cell activation sequence to
be properly included.

The selection of relevant cytokines was motivated by the literature. 1L-2,
denoted by the variable C'(t), is not only a key proliferative cytokine for
T cells, but is also a current option for immunotherapy (Dudley et al., 2002;
Rosenberg and Lotze, 1986). It is necessary to include IL-2 in order to include
other suppressive effects, as IL-2 plays a role in balancing the ratio of Tregs to
other T cells (Setoguchi et al., 2005). For the suppressive cytokines, TGF-g,
denoted by S (t), and IL-10, denoted by I (¢), are considered to be important
suppressors of T-cell activity, as described above, and are produced by both
tumor cells (Hsieh et al., 2000) and Tregs (Jarnicki et al., 2006).

The subset of equations describing the response of the immune system
to antigen functions realistically in the absence of tumor-induced immuno-
suppression. This ensures that any tumor-associated suppressive effects are
properly scaled with respect to the innate immune response. The tumor-
immune interactions and the associated suppression caused by Tregs, TGF-£,
and IL-10 are added to the base model of T-cell activation.

While other suppressive cytokines and cell types exist, these 12 popula-
tions are the important players in the evolution of the tumor-immune system
and have been described extensively in experimental and clinical literature.

Figure 2 shows a detailed view of the interactions modeled in this paper.
The tumor cells produce antigen, which is collected by dendritic cells. These
dendritic cells then interact with three T-cell types: effector T cells, helper T
cells, and Tregs. The Tregs produce suppressive molecules TGF-3 and I1.-10
and also directly suppress the activity of the immune system (Piccirillo et al.,
2002). All three of these T-cell types are expanded due to antigen presenta-
tion by the dendritic cells. Tregs have an additional expansion mechanism.
Research has shown that TGF-{ can promote the conversion of helper T cells
into Tregs (Liu et al., 2007b), which adds another feedback mechanism to
the model.

3.2. Equations

3.2.1. Tumor Cells
In our model, the evolution of tumor cells (T) is governed by

. T T 1
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where ~; is given by
M= 7(T1>m_lv (2>
and T is given by

T = r 3)
(1 ()"
k1

The first term on the right hand side of Eq. (1) accounts for tumor growth.
Previously, the growth law for a tumor has been modeled in several ways,
including logistic (Arciero et al., 2004; de Pillis et al., 2005; Kuznetsov et al.,
1994) and Gompertzian (Norton, 1988) models. Experimental data for dif-
ferent types of tumors under different conditions exhibit different growth
curves, so there is no universal choice in general. Power law growth has been
shown to be a good fit for breast cancer (Hart et al., 1998). In this paper,
the growth is modeled in two phases. When the tumor is small, the growth
is exponential with coefficient v;; when the tumor is large, the growth fol-
lows a power law with exponent m and coefficient . The transition between
these two modes of growth is smooth. The parameters v and ~; are chosen
so that the growth rate is the same at the transition, chosen to be T} = 10°
cells (Steele, 1977). The exponent p determines smoothness of the transition
between the two growth laws, and does not qualitatively affect the results.
The parameter v will be used as one of the two fundamental control param-
eters in the model, in order to account for tumors growing at different rates.
There is no explicit term for natural death of tumor cells; rather, it is taken
into account in the growth term. Although there is evidence that TGF-/ can
promote tumor growth (Fitzpatrick et al., 1996), this effect is not included
in this study.

The second term of Eq. (1) describes tumor cell kill by effector cells (E),
which is the only mechanism for tumor cell death in the model. The first
fraction in this term accounts for tumor cell death in the absence of enhancing
or suppressing effects. The parameter 7 is the rate at which an effector cell
kills a tumor cell. The total rate of tumor cell killing depends on the ratio of
tumor cells and effector cells. When this ratio is high (effector cell numbers
are small compared to tumor cell numbers), each effector cell has access to
many tumor cells, and thus the killing rate is on the order of %, proportional
to the number of effector cells. When effector cell counts are much larger than
tumor cell counts, the killing rate saturates to a level dependent on tumor
cells only (roT™), since additional effector cells entering the system will not




contribute significantly to the tumor cell killing rate. The parameter ko
controls the shape of the interaction when cell counts are comparable in
number.

The variable T* represents the number of tumor cells which are accessible
by the immune system, and combines different effects. Poor vascularization
of a growing tumor limits the access of immune cells to the entire tumor (Jain
and Ward-Hartley, 1984; Tannock et al., 2002). For small tumor sizes, the
entire tumor is accessible to the immune cells. As the tumor grows larger,
only an outer shell of the tumor is sufficiently perfused with blood vessels
to allow immune cell access (Jain and Ward-Hartley, 1984). This transition
occurs at approximately the same size as the transition in the growth law,
since both have a dependence on blood vessel perfusion depths. In the model,
T™ is used in place of T whenever the interactions are dependent on the
spatial access to the tumor cells. For example, production of TGF-3 can
be expected of all functional tumor cells, and therefore 7' is used for that
process. The interaction of CD8" effector T cells and tumor cells, however,
requires physical contact, and therefore effector cells primarily encounter the
perfused tumor mass, T™.

The second fraction in the second term of Eq. (1) represents the sup-
pressive effects of Tregs and TGF-3 on the cytotoxicity. The term 1 + kg%
represents the effect of Tregs (R) on the effector cells’ killing rate. The sup-
pression is ratio dependent, with parameter k3 controlling the shape of the
interaction, so that increased Treg to effector T cell ratios will decrease the
tumor cell killing rate. The term 1+ sﬁl represents suppression of effector cell
activity due to TGF-3 (), which has been shown to reduce the cytotoxicity
of effector T cells (Thomas and Massagué, 2005). The parameter S is the
TGF-f3 concentration where killing is suppressed by half.

3.2.2. Dendritic Cells
Mature dendritic cells evolve according to

. T A
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where U represents the number of unlicensed dendritic cells, and D is the
number of licensed dendritic cells. The first term of Eq. (4) describes the
maturation of dendritic cells by encounter with tumor antigen. The anti-
genicity of a tumor, denoted by the parameter a, is known to vary highly
among different types of tumors (Chen et al., 1994; Kripke, 1974), and is
taken as the second control parameter in this study.

The maturation process is inhibited by Tregs and IL-10 (Larmonier et al.,
2007), represented by the two suppressive denominator terms. Following
our previous discussion of effector cells, the difficulty of accessing the tumor
interior by immune cells is reflected by the use of T*. The model assumes
that there is a constant pool of immature dendritic cells which circulate in
the body searching for antigens. This constant is effectively included in the
parameter a.

The second term of Eq. (4) and first term of Eq. (5) account for the
licensing of dendritic cells upon encounter with helper T cells. This licensing
process depends on the ratio of the two cell types. For small numbers of
dendritic cells, licensing helper T cells are abundant, and the process goes as
AU. For high numbers of dendritic cells, the rate is limited by the availability
of helper cells, so the licensing is on the order of AM,,. Egs. (4) and (5) both
include terms to account for cell death or deactivation after a characteristic
time period, given by d,, and J,,.

3.2.3. Memory T cells
All three types of T cells in the model are activated in the same basic way.
The memory cells enter a brief activation phase where proliferation is rapid,
and then they become fully functional T cells. The total memory population
M is defined by
M:ME+MH+MR7 (6)

where the right hand terms are the constant populations of effector memory
T cells, helper memory T cells, and Treg memory cells, respectively.

3.2.4. CD8" Effector T cells
CDS8T effector T cells follow
OélM

= e 5 A
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The first term of Eq. (7) activates the effector memory cells, in the presence
of mature licensed dendritic cells. Again, this process is ratio dependent. As
dendritic cell numbers increase, the term saturates to a; M. The second
term describes the expiration of the activated phase of these cells.

The first term of Eq. (8) gives the proliferation of CD8+ effector cells.
This depends on the presence of activated cells and the proliferative cytokine
IL-2 (C). As IL-2 increases, the level of proliferation reaches a maximum
of as A, in the absence of suppression. TGF-3 (S) suppresses T-cell prolif-
eration (Thomas and Massagué, 2005; McKarns and Schwartz, 2005), so we
include the parameter S to account for this effect. The second term accounts
for effector cell death or inactivation, with parameter 9,,.

3.2.5. CDAT Helper T cells

Helper T cells follow a similar activation path as effector T cells:

OégMH
L LT 9)
and AC HS
H= U u a7 5, H. (10)

(1+S%>(Cl+0)_53+5_

These two equations differ from those for the effector T cells in two ways.
First, the activation of memory helper cells can be prompted by both licensed
and unlicensed dendritic cells (Smith et al., 2004). Second, helper T cells can
be converted into Tregs in the presence of TGF-3, and this is represented by
the second term in Eq. (10). As TGF-f increases, the rate of change from
helper cells to Tregs saturates at a;H.

3.2.6. CDAT CD25% Foxp3™ Regulatory T cells
Tregs follow a similar pair of equations:
O[5M

_ 05 54
R 1+k4% AR

(11)
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The principal difference here is that Treg proliferation is not suppressed by
TGF-f, in contrast to the other T-cell populations.

3.2.7. Cytokines and Molecules
The proliferative cytokine IL-2 is produced by activated helper cells, and
the concentration is given by

PeAy _g
0D -

The first term of Eq. (13) represents the production of IL-2 by the activated
helper cells. This production is inhibited by TGF-3 (Thomas and Massagué,
2005; McKarns and Schwartz, 2005). The second term represents the removal
of IL-2 from the system, with characteristic time 7.

TGF-3 and IL-10 are produced by both tumor cells (Alleva et al., 1994)
and Tregs (Jarnicki et al., 2006), and follow

C = (13)

. S
S:p1R+p2T__v (14)
T

S

and I
I=p,R+p,T——. (15)
TI
The first terms of each equation represent the production by Tregs, the second
terms represent production by tumor cells, and the final terms represent the
removal from the system with characteristic times 7, and 7,.
For convenience, all 12 equations are collected here.

. T T 1
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where

=T, (28)
and

T
T = (29)

Tl—n p l/p'
(1 ()
This is a system of 12 ODEs with 41 parameters. The model has two
control parameters v and a representing, respectively, growth rate and anti-

genicity. The remaining 39 parameters are given in Tables 1 through 4,
following the analysis given in the next section.

3.8. Parameter Estimation

The parameter m was taken directly from Hart et al. (Hart et al.,
1998). Using this power law exponent, v was estimated, using measure-
ments of tumor doubling times from various studies (Friberg and Mattson,
1997; Iwashita et al., 1998; Jackson et al., 1984; Peer et al., 1993). Since the
doubling time for a power law depends on the size of the tumor, we assumed
that the clinical tumors were of typical detectable size when the doubling
times were measured (approximately lcm in diameter, or 109 cells). Growth
rates are highly variable, even among patients with the same type of tumor,
so we provide a range of reasonable values in Table 1, based on these studies.
The parameter v; was calculated from the value of v using Eq. 28 so that
the growth rates matched at the transition size 7T7.

The parameters ry and ko were taken from T-cell lysis data presented in
(Dudley et al., 2002). The level of tumor cell lysis at high T-cell to tumor
cell ratios provided 7y, and the slope at lower ratios allows for the calculation
of ky. The suppression of tumor cell killing by TGF-3 was calculated from
data (Thomas and Massagué, 2005) that measured the effectiveness of tumor
lysis in the presence and absence of TGF-3. The parameter S; represents
the concentration at which lytic capability is cut by half.

The value of the parameter a, which represents the antigenicity of a tu-
mor, exhibits significant variation between different tumor types (Kripke,
1974). To account for the large intertumor heterogeneity in both growth
rate and antigenicity, ranges of values are used for these parameters.
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The suppression of dendritic cell maturation by IL-10 and Treg cells was
calculated from experiments in Larmonier et al. (Larmonier et al., 2007).
Expression of the maturation marker Interleukin-12 (IL-12) was measured in
dendritic cell cultures. The presence of 1L.-10, TGF-( and Tregs all partially
abrogated the maturation process. The data for TGF-{ were not sufficient
to establish a suppressive term in Eq. 17, but parameters I; and R; for IL-
10 and Tregs were calculated. Data from Smith et al. (Smith et al., 2004)
provided the parameter A\. The death rate of mature dendritic cells, ¢,
was taken from experiments measuring the turnover of dendritic cells that
had been primed with antigen (Liu et al., 2007a). The parameter §,, which
represents the expiration of antigen presentation of the licensed dendritic
cells, was calculated using data from Mempel et al. (Mempel et al., 2004).

The parameters relating to CD4" and CD8% T-cell activation and pro-
liferation were calculated by separating the equations relating to these pop-
ulations and finding parameters which resulted in the proper dynamics as
outlined by Mempel et al. (2004). The typical ratio of CD4" to CD8" T cells
in a healthy individual is approximately 2:1 (Taylor et al., 1989); this ratio
is maintained with the choice of activation parameters. The death rates of
the T cells were chosen so that proper numbers of cells were activated upon
antigen presentation (Yates and Callard, 2001).

The parameter k4 relates to the number of T cells that can interact with
a dendritic cell at any given time. This value can vary, and here it is assumed
to be approximately 5 (De Boer and Perelson, 1994); k4 therefore controls
the activation of T cells when dendritic cell numbers are comparable to T-
cell numbers. The parameters C; and S5, which control the saturation of
T-cell proliferation by IL-2 and TGF-( respectively, were calculated from
experiments in (Thomas and Massagué, 2005; McKarns and Schwartz, 2005).
T-cell proliferation was measured for different concentrations of IL-2, and also
in the presence or absence of TGF-{.

The parameters for the conversion of helper T cells into Tregs are based
on systemic levels of TGF-4 (Wakefield et al., 1990; Desser et al., 2001)
and Treg to T-cell ratios in cancer patients (Liyanage et al., 2002). With
the tumor established, the parameter «a; is chosen so that Treg ratios are
consistent with the data in Liyanage et al. (2002) for a given tumor size.

Cytokine production and clearance rates were calculated from references
shown in Table 4. Concentrations of the cytokine measured in wvitro after a
given time period were used to determine production rates per cell. These
production rates can vary from tumor to tumor; for the present study a
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representative value was chosen.

4. Results and Discussion

4.1. Main Qualitative Behaviors

For a given set of immune system parameters, the effectiveness of the
immune system against the tumor depends on the tumor antigenicity and the
tumor growth rate. Figure 3 shows the results of the model for various values
of the growth rate and antigenicity. The horizontal axis represents increasing
tumor antigenicity, and the vertical axis represents increasing tumor growth
rate. The axis labels on the left show the time it would take a tumor to reach
10! cells (representing a lethal volume) in the absence of any immune system
response (i.e. setting parameter o = 0). The axis labels on the right show
the corresponding values of the control parameter v. Long-term behavior
of the tumor was determined for the ranges of the two control parameters
shown on the axes, using fixed point analysis (described below in section 4.3).
The long-term behavior of the tumor has three possible outcomes: tumor
removal, considered to occur when the value of T' falls below 1 cell; tumor
control, which occurs if the tumor is bounded, reaching either a stable fixed
point or a stable limit cycle; or unbounded growth. The initial conditions
for all simulations was T, = 1 cell; other cell populations were set to zero,
except variables that appear in denominator terms were set to a small value
(107°) to avoid singularities. Initial conditions for the cytokines were set to
ZEro.

The area marked Removal in Figure 3 represents the tumors that are
removed by the immune system. These tumors are slower growing and more
antigenic, and the immune system is able to kill the tumor cells faster than
the tumor is able to grow. Suppression is limited, since Tregs, TGF-3 levels,
and IL-10 levels never become significant, and the size of the tumor is never
large enough to prevent immune cell access to the interior.

The area marked Control represents the tumors that either reach a
steady state greater than one cell, or oscillate around a size greater than
one cell. The immune system killing rate and the tumor growth rate in
Eq. 16 reach an equilibrium. The dotted contour lines in Figure 3 within the
Control section show the equilibrium size of the tumor for a given combina-
tion of growth rate and antigenicity. For some parameter values, the tumor
reaches a stable fixed point, while for other parameters, the tumor oscillates
within a stable limit cycle (see section 4.3). The lighter grey section is the
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area in which the tumor reaches a stable limit cycle, and the darker grey
region is where the tumor reaches a stable fixed point.

The stable size of the tumor is always between 1 cell and about 108 cells.
Stable fixed points with tumor sizes greater than 10® cells were not observed
for any growth rate or antigenicity. This region of stability at a small volume
can be viewed as a mechanism by which a tumor can remain dormant for
a period. However, it is important to note that the model is deterministic,
so that a steady state in the model will persist forever. In the biological
situation, conditions are constantly changing, due to tumor cell mutations,
health of the host, and other factors. These random effects can destabilize
an equilibrium and cause the tumor to begin to grow or be removed.

The area marked Growth in Figure 3 shows the tumors which grow
without bound, eventually reaching a detectable size (10° cells and greater).
The dashed lines in the growth section represent contours of the time needed
for the tumor to reach 10! cells in size. On the left side of the figure, for
a = 107°, the contour lines essentially reach the values determined by free
tumor growth shown on the left-hand axis, indicating that for antigenicities
less than this value, the immune system has no significant effect on tumor
growth. As antigenicity is increased, the immune system does slow down
tumor growth within the Growth region, up to the optimum value of about
10715, Further increases in the antigenicity beyond this level will cause the
tumor to grow faster than at the optimal antigenicity.

Tumors with high growth rates escape because they grow faster than the
immune system can kill them. Of interest is the region of growth to the right
of the control peak (point B). Even though the antigenicity is higher than
within the control peak, the tumor grows without bound. In a linear system,
increasing the antigenicity would result an increased response of the immune
system, and therefore more favorable tumor outcome. However, these highly
antigenic tumors in the region near point B escape because they promote a
large increase in Treg populations and TGF-( levels, and thus suppress the
immune system despite the high antigenicity.

4.2. Immunosuppressive Effects of TGF-3, Converted Tregs, and IL-10

Figure 4 shows the long-term behavior of the tumor when TGF-f is re-
moved from the system, by setting the value of S to zero. This has two effects
on the system: the direct suppressive effects of TGF-3 are removed, and the
conversion of helper cells to Tregs is stopped. These are the two mecha-
nisms responsible for the existence of the optimal antigenicity peak evident
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in Figure 3. When these mechanisms are removed, the fixed point contours
continuously increase towards an asymptotic value, rather than displaying a
peak. As expected, the control region expands significantly, since much of
the immunosuppression has been removed. However, the lower portion of
the figure, corresponding to slower growing tumors, is minimally impacted
by the change. Tumors which are removed and those which are maintained
at a small volume of T' < 10° cells exhibit very similar dynamics as in Fig-
ure 3. This is expected because conversion of helper cells to Tregs depends
on TGF-3, and the level of TGF-( at small tumor sizes is negligible.

Figure 5 shows the long-term tumor behavior when only the conversion
of helper cells to Tregs by TGF-( has been disabled by setting parameter ay
to zero. The direct suppressive effects of TGF-( remain in effect. The upper
Control region has expanded in this figure as well. The peak associated
with an optimal antigenicity persists, though shifted to the right about one
order of magnitude in antigenicity.

The effect of TGF-/ suppression on the system is shown in Figure 6, where
the direct suppressive effects of TGF-3 have been disabled by removing the
suppressive terms associated with parameters Sy, Sy, and Sy in Egs. (16),
(20), (22), and (25). Conversion of helper T cells into Tregs is still active for
this figure. The upper Control area is expanded in this case. The existence
of an optimal antigenicity persists for tumors that reach a stable size between
10% and 10? cells. Larger stable tumors can be reached when the antigenicity
is high, in contrast to Figures 3 and 5 where these tumors would grow without
bound. These high stability points do not exhibit an optimum antigenicity
profile. As with Figure 5, the lower portion of the figure for small tumor sizes
and removed tumors remains unchanged, due to minimal TGF-{ suppression
at these levels.

For the production rates of IL-10 found in the literature, I1L-10 has a
minimal suppressive effect in the model. The production rates of IL-10 would
need to be increased by over two orders of magnitude to see a difference in
suppression comparable to that seen with Tregs and TGF-3. This is not
consistent with experimental evidence showing that for some types of cancer,
IL-10 has a significant effect on immunosuppression (Avradopoulos et al.,
1997). The secretion of IL-10 in these cancers may be higher than estimated
in this study. It is also possible that IL-10 acts locally in a paracrine fashion,
rather than systemically, in which case the magnitude of suppression would
be underestimated in the model. This question could be further investigated
in a spatially realized model.
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The existence of an optimal antigenicity has bearing on immunotherapies
which attempt to increase the antigenicity of a tumor (dendritic cell therapy,
for example). For slower growing tumors (y < 400), increases in antigenicity
are wholly beneficial, since this leads to tumor removal. For faster growing
tumors, however, there is an optimal antigenicity and increasing beyond this
point will result in decreased therapeutic effect by increasing the effective
growth rate, and possibly allowing a controlled tumor to grow without bound.

The importance of various suppressive effects at different stages of tumor
growth can be quantified. The overall killing rate of tumor cells by effector
T cells is given by the second term of Eq. (16). The unsuppressed rate, rg
is altered directly by three factors: the presence of Tregs, the presence of
TGF-g, and the limitations of access to the interior of the tumor due to poor
blood vessel perfusion. By calculating the killing rate with and without each
of these suppressive effects in place, the relative strength of each effect can
be quantified.

The tumors marked at points A and B in Figure 3 take the same amount
of time to reach 10'! cells but exhibit different suppression profiles. Fig-
ure 7 shows the results of a simulation for a tumor with parameters v = 333
and a = 10742, corresponding to point A. Figure 7a shows the populations
of tumor cells, effector T cells, and Tregs. With such low antigenicity, the
number of T cells never becomes large enough to fight the tumor effectively.
Figure 7b shows how the T cell population is divided between helper cells,
effector cells, and Tregs. As the tumor grows, it recruits more Tregs, primar-
ily by producing TGF-3 which converts the helper cells. Figure 7c shows the
fraction of Tregs that is naturally expanded from the memory population,
and the fraction that is derived from helper cells. Figure 7d shows the sup-
pressive effects that are acting to prevent tumor cell killing. The solid line
represents the relative tumor kill rate due to all suppressive effects, where
a value of 1 would indicate that there is no suppression of the killing rate.
The three other traces show the contribution to this suppression by Tregs,
TGF-5, and tumor access limitation (7). For this growth rate and anti-
genicity, Tregs exert increasing suppression with increasing tumor size, but
the primary reason that the tumor escapes is that the effector T cell num-
bers are too low to provide significant tumor cell kill. TGF-{ suppression
is only significant when the tumor is large. Limited access to the interior of
the tumor does not significantly affect the immune system response, because
tumor to effector cell ratio is large, regardless of access limitations. The
effector cells that are present are insufficient to battle the accessible tumor

18



cells, regardless of access to the interior.

By contrast, Figure 8 shows the results of the model for a tumor with
parameters v = 574 and a = 10. This corresponds to the point labeled B
in Figure 3. In this case, the Tregs expand very quickly, and immediately
suppress T-cell killing. T-cell numbers are very high, but limited access to
the center of the tumor also limits the immune system efficacy, as seen in
the suppression plot (Figure 8d). Treg suppression is enhanced by early
conversion of helper cells into Tregs. Although the high antigenicity causes
large numbers of effector T cells to develop, there are also large numbers
of helper T cells, which in turn become Tregs through TGF-# mediated
conversion. This enhances Treg suppression of tumor cell killing.

In order to achieve the optimal immune response, the antigenicity has to
be large enough to provoke a significant immune response, but not so large
that the suppressive effects overwhelm the cytotoxic ability of effector T cells.

Tregs and TGF- appear to have the broadest suppressive effect on tumor
cell killing, consistent with experimental evidence showing the importance of
these suppressive factors (Gorelik and Flavell, 2001; Viehl et al., 2006; Fru-
mento et al., 2006; Kobie and Akporiaye, 2003; Wojtowicz-Praga, 2003), with
Tregs particularly acting in the early stages of tumor growth. IL-10 had a
limited qualitative effect on tumor outcomes in the model, for the produc-
tion rates derived from the literature. In all cases, TGF-{ does not appear to
have a significant suppressive effect until the tumor is large, 107 cells or more.
TGF-g-induced conversion of helper cells into Tregs also becomes significant
primarily above this threshold.

The lack of access to the center of the tumor by the effector cells is a
significant factor limiting the tumor cell killing when effector cell numbers are
high. This could limit the effectiveness of adoptive immunotherapies which
increase T-cell numbers and dendritic cell-based therapies which promote
dendritic cell activity, since they cannot easily penetrate the tumor interior,
therefore limiting the effect of additional cytotoxic cells.

4.8. Fized point analysis

Numerical simulations using the model show the existence of fixed points,
as well as stable limit cycles. These are observed within the biologically
reasonable range of values for the variables, specifically tumor sizes between
1 cell and 10® cells. Numerical analysis of fixed points was performed. Fixed
points were found by using a root solver in Mathematica, and the eigenvalues
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of the Jacobian of the matrix of equations were examined to determine the
type and stability of the fixed points.

Figure 9 shows bifurcation diagrams for several values of the antigenicity,
using the tumor growth rate as the bifurcation parameter. The vertical
axis shows the number of tumor cells on a log scale. For a tumor with
low antigenicity (Figure 9a), the stable branch (solid line) and the unstable
branch (dotted line) annihilate at a low growth rate. Tumors which grow
slower than this value will reach the stable equilibrium branch, while tumors
that grow faster will escape without bound, since the zero solution is unstable.

As the antigenicity is increased (Figure 9b), the stable branch moves lower
and becomes a stable limit cycle (dashed line) for a certain range of growth
rates. Tumors in this parameter regime exhibit oscillatory behavior. It is
possible that the oscillations may cause the tumor to be smaller than one
cell at the minima of each cycle, therefore effectively curing the tumor, but
this effect does not significantly affect the analysis of the tumor dynamics.
The oscillations are small enough that the Removal region of Figure 3 would
be only slightly larger than shown if the oscillatory nature of these tumors
was considered when determining if the tumor was cured or controlled.

A further increase in antigenicity (Figure 9c¢) leads to the development
of two lobes in the bifurcation diagram. Slower growing tumors will reach
the lower stable branch. Tumors growing faster than the growth rate at the
lower bifurcation point will reach the upper stable branch instead.

The lower branch continues to move descend on the diagram with in-
creasing antigenicity, and eventually will cross into the cure boundary of one
tumor cell (Figure 9d). Until this level antigenicity is reached, there is no
mechanism for complete tumor removal by the immune system.

This behavior continues with increasing antigenicity until the upper stable
lobe no longer extends beyond the lower lobe (Figure 9¢). Since the lower
stable branch has moved below the cure boundary of one tumor cell, and
the upper stable branch is inaccessible from an initial condition of one cell,
the dynamics only allow for two options. If the growth rate is less than the
lower lobe bifurcation point (approximately v = 435) then the tumor will be
removed. If the growth rate is higher, it will grow without bound. There is
no stable control of the tumor, since the fixed points are either below one
cell or inaccessible to a growing tumor. Mathematically, it is of interest to
note that tumors which are removed do not go to zero size in the simulation.
If the condition for tumor cure is removed from the simulation, all cured
tumors would reach a stable fixed point or limit cycle with values less than
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one cell.

Further increases in antigenicity beyond Figure 9f do not significantly af-
fect the dynamics. Tumors either grow without bound, or are removed by the
immune system. The bifurcation point stabilizes with respect to antigenic-
ity, as seen by the horizontal boundary between the Removal and Growth
regions on the right side of Figure 3. This phenomenon occurs because the
immune system saturates at such high antigenicities, and therefore only the
growth rate determines the long-term behavior of the tumor.

If the analysis is performed with different initial conditions (7p = 105,
for example), then the upper stable branch that is inaccessible to a small
tumor at high antigenicities may be reached. This observation may have an
implication for experiments where tumors are implanted into a host, but does
not affect the dynamics of tumors started from one cell.

4.4. Behavior of small tumors in the limiting case

Since a tumor behaves differently at small sizes than at large sizes, both
with respect to growth law and immune system accessibility, the model can
be examined in the limiting case as T' << T}, where T} is the transition size
between growth laws.

For small tumors, TGF-( production is negligible, so Eq. (16) can be
written as T .

. /r()
e G R (e (30)

The fixed point of this equation occurs when 7" = 0, or when

# = (1 +k2%> <1 + k:gg) , (31)

where v, was replaced using Eq. (28). The primary interest of modeling
cancer is to find regimes where the tumor diminishes in size. For small
tumors, this occurs whenever

T, T R
———— > (14 ko= ([1+k—=]. 32
s> (1005) (105) ®
Since the right-hand side of Eq. (32) is always greater than 1, if the expo-

nential growth rate v(77)™ ! is higher than the killing rate r,, there is no
possibility that the immune system can reduce the tumor burden. For the
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parameters used in this analysis given in Table 1, tumors with growth rates
~v > 900 will always grow to a large size.

For tumors with v < 900, the behavior of the tumor will depend on the
right-hand side of Eq. (32). A failure of the immune system to clear a tumor
is either due to insufficient numbers of effector cells for a given tumor size,
leading to a large value for the first term on the right-hand side, or high
Treg ratios, leading to a high value for the second term. These are the two
mechanisms represented respectively by points A and B in Figure 3. The
tumor with low antigenicity at point A escapes because of decreased T-cell
stimulation, so the first term on the right side of Eq. (32) dominates. For
the highly antigenic tumor at point B, the T'/E ratio is very low, since T
cells are highly stimulated by the tumor. However, the second term begins
to dominate, since Tregs ratios become saturated with increased antigenicity.
In between these two regimes lies the optimal region, where the right hand
side of Eq. (32) is minimized, and the killing rate has the greatest advantage
over the growth rate.

Figure 10 shows solution curves of Eq. (31) assuming that the ratio R/E
remains constant. For any given constant ratio R/F, a choice of the param-
eter v and asymptotic ratio 7'/ E characterizes a unique point (log(E/T), 7).
If this point is above the corresponding curve, the dynamics of the system
will lead to unbounded tumor growth whereas a point below the curve will
lead to tumor removal.

As discussed in section 4.1, for high antigenicities there is sharp transition
between tumors that are cured and tumors that grow to a large size, greater
than Ty = 10° cells. This is because E/T ratios are large in this regime,
making the first term on the right side of Eq. (32) insignificant. The dynamic
of the tumor is therefore determined by the ratio of Tregs. For high values of
antigenicity, the ratio of Tregs to effector T cells will approach 0.1, since Treg
conversion from helper cells is negligible when a tumor is small. The contour
for R/E = 0.1 in Figure 10 approaches a «y value of about 435 for high F/T
ratios (dotted line in Figure 10). This effectively sets an upper limit for the
growth rate of a tumor that can be fully removed or controlled at a small size
by the immune system, and corresponds to the sharp boundary between the
Removal and Growth areas on the right side of Figure 3. It also matches
value the lower bifurcation point in Figure 9f.
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4.5. Comparison with other models

A number of models of tumor-immune interactions have been published
in the literature. Recent models that examine T-cell response have focused
on specific aspects of the interactions. Arciero et al. (2004) examined the
effects of TGF-/3 suppression on T-cell response. The mathematical model
showed that tumors producing TGF-( were more likely to escape the immune
system, for reasonable parameter values. The model of de Pillis et al. (2005)
examined T-cell interactions with natural killer cells. Multiple regimes of
tumor growth and removal were found. However, the model did not include
any suppressive effects. Leon et al. (2007) have modeled Tregs and their effect
on T-cell response. They found two modes of unbounded tumor growth, one
where the Tregs exert suppression on the effector cells, and one where the
Tregs have a minimal effect. These regimes, while qualitatively similar to the
dynamics observed for points A and B, are not distributed in the growth-
antigenicity parameter space in the same way that was found in this paper.
The approach to Treg expansion in that study is different than the method
used in the present paper, and other important suppressive elements such as
TGF-(3 are not included. In addition, the conversion of Helper T-cells into
Tregs was not addressed in the Leon model.

5. Discussion

The mathematical model developed here combines the primary suppres-
sive mechanisms involved in the T-cell response and quantifies the importance
of the different suppressive effects at different stages of tumor growth. Regu-
latory T-cells are shown to have significant effect on suppression at all stages,
while TGF-( has an effect that scales with tumor size. In addition, the lim-
itations of access to the interior of a large tumor can be a significant factor
in preventing immune system killing of the tumor cells. IL-10 had the least
significant suppressive effect, although tumors producing high 1L-10 values
may exhibit different dynamics.

The immune response provoked by a tumor varies widely according to
its growth rate and antigenicity. Although a simple immune response model
would predict that greater antigenicity would always lead to greater immune
response against the tumor cells, our model shows that there is an optimal
antigenicity for fast growing tumors. If a fast growing tumor is minimally
antigenic, then there is only a small immune response; if it is highly antigenic,
there may be a large immune response, but also a large suppressive response
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by Tregs and TGF-3. In between these two regimes, the immune response
may be large enough to affect the tumor, but avoid excessive promotion of
Tregs and other suppressive effects.

Extensions of this model have been made by the authors to include the
effects of chemotherapy (Robertson-Tessi et al., 2010) in combination with
the immune response. It would also be of interest to expand the scope of the
model to include a spatial element, and also compartmentalize the various
interactions between cells. At the moment, the model simulates a well mixed
system, except for the access limitations due to vasculature already described.
Since T-cell priming and expansion happens away from the tumor in the
lymph nodes, this additional effect should affect the dynamics of the system.
In addition, suppressive effects would be different at the tumor site than in
the lymph nodes and Treg populations in the tumor may be much larger
than in the lymphatic system. However, estimating the parameters for these
more detailed interactions presents a challenge beyond the scope of this initial
model.

Understanding the key processes in tumor-immune interactions will be
critical to develop effective therapies, both in terms of targets, and optimiza-
tion of dosing and schedule. The model presented here takes a step towards
demonstrating the effects of Tregs and TGF-/3 on various classes of tumors,
and further extensions of the model can be used to examine how treatments
interact with this system.
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Immune cells:
Dendritic Cells
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Figure 1: The interactions between a tumor and the immune system. The tumor creates
an immune response from T cells, which can then attack the tumor. At the same time,
the tumor promotes immunosuppressive factors, which damp the immune response.
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Figure 2: A diagram showing the interactions that are used in the model. Dotted lines

show suppressive mechanisms.
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Figure 3: The long term behavior of a tumor. Control parameters are the antigenicity a,
on the horizontal axis, and tumor growth rate 7, on the right-hand vertical axis. The
left-hand vertical axis shows the time it takes the tumor to reach 10! cells in the absence
of any immune system killing. The area marked Growth consists of tumors which grow
without bound, Removal denotes complete cure of the tumor by the immune system (i.e.,
T goes below one cell), and Control denotes maintenance of the tumor at either a stable
fixed point or a stable limit cycle. The dashed lines in the Growth area show the time
it takes for the tumor to reach 10'! cells. The dotted lines in the Control area show
the value of the fixed point. The lighter grey area in the Control section denotes tumors
which display a stable limit cycle, and contours passing through this region give the value
of the central unstable fixed point. The darker grey area accounts for tumors which grow
to stable fixed points. Circled letters refer to simulations shown in Figures 7 and 8.
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Figure 4: Tumor responses to the immune system, in the absence of TGF-3 (S = 0). In
contrast with Figure 3, an optimal antigenicity no longer exists. See caption from Figure 3
for explanation of regions.
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Figure 5: Tumor responses to the immune system, without conversion of helper cells to
Tregs (parameter c; = 0). See caption from Figure 3 for explanation of regions.
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Figure 6: Tumor responses to the immune system, without the direct effects of TGF-3
suppression. Conversion of helper T cells to Tregs remains active. See caption for Figure 3
from explanation of regions.
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Figure 7: Simulation of tumor growth for @ = 10~*2 and v = 333, corresponding to point
A in figure 3. a) Cell populations over time. b) T cell fractions. c¢) Treg origination. d)
Suppression of tumor cell killing rate.
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Figure 10: Solutions of Eq. (31) for fixed values of R/E. For a given R/E ratio, combi-
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Table 1: Parameter values for tumor cells, Eq. (16)

Parameter Value Units Reference

" 100 — 1000 cell'™-day~ Friberg and Mattson (1997)
Iwashita et al. (1998)
Jackson et al. (1984)
Peer et al. (1993)

T 10° cell Steele (1977)

m : Hart et al. (1998)

n 2 Jain and Ward-Hartley (1984)

P 3

T 0.9 day™" Dudley et al. (2002)

k1 100 cell*™ Jain and Ward-Hartley (1984)
Steele (1977)

ko 1.2 Dudley et al. (2002)

ks 11 Piccirillo and Shevach (2001)

Sy 3.5 ng-ml™* Thomas and Massagué (2005)

Table 2: Parameter values for dendritic cells, Egs. (17) and (18)

Parameter Value Units Reference

a 107° —10° day~!

I 0.4 ng-ml~!  Larmonier et al. (2007)
Ry 2 x 107 cell Larmonier et al. (2007)
A 0.5 day™! Larmonier et al. (2007)
o, 0.14 day™! Liu et al. (2007a)

5, 0.5 day™! Liu et al. (2007a)
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Table 3: Parameter values for T cells, Egs. (19)—(24)

Parameter Value Units Reference
a1 23 day™! Mempel et al. (2004)
Qo 16 day™! Mempel et al. (2004)
as 9.9 day™! Mempel et al. (2004)
ay 1.9 day™* Mempel et al. (2004)
as 5.1 day™* Mempel et al. (2004)
g 2.1 day™! Mempel et al. (2004)
oz 0.022  day™* Liu et al. (2007b)
k4 0.33 Mempel et al. (2004)
o 0.3 ng-ml~'  Thomas and Massagué (2005)
Sy 2.9 ng-ml~' Thomas and Massagué (2005)
McKarns and Schwartz (2005)
Sy 1.7 ng-mi~'  Liu et al. (2007b)
d, 0.2 day™! Mempel et al. (2004)
oy 1.0 day™* Yates and Callard (2001)
d, 0.1 day™* Yates and Callard (2001)
5y 0.1 day™* Yates and Callard (2001)
Vukmanovic-Stejic et al. (2006)
Table 4: Parameter values for cytokines, Eqgs. (25)—(27)
Parameter Value Units Reference
Do 1.7x107°  ng-ml~t-cell " day™" McKarns and Schwartz (2005)
D, 1.8 x 1078  ng-mi~t-day=' cell™* Liyanage et al. (2002)
D, 1.1 x107"  ng-mi~tday=! cell™* Danforth Jr and Sgagias (1996)
D, 1.4x107%  ng-ml~'-day='-cell™' Liyanage et al. (2002)
D, 1.3 x 1071% ng-ml='-day™' cell™ Gastl et al. (1993)
I 0.75 ng-mil—! Taga et al. (1993)
de Waal Malefyt et al. (1993)
S4 0.9 ng-mi~1 Thomas and Massagué (2005)
McKarns and Schwartz (2005)
T, 0.08 day Konrad et al. (1990)
Lotze et al. (1985)
Tq 0.07 day Wakefield et al. (1990)
T, 0.05 day Le et al. (1997)
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