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Abstract

Motivated originally by the question of defining a rational canonical associator, we study
rational structures associated to multiple zeta values. In particular, we focus on the
question of providing an explicit description of the motivic Lie algebra g™ associated to
P1\ {0,1, 00} via new families of motivic relations among multiple zeta values.

Inspired by results obtained by considering depth-graded multiple zeta values, we at-
tempt a similar approach. We introduce the block filtration on the space of multiple zeta
values and show that it agrees with the coradical filtration induced by the motivic coac-
tion. By considering the associated graded Lie algebra of g™ with respect to this filtration,
we obtain an isomorphic Lie algebra bg with canonical representatives for its generators in
Q(ep, e1). This provides a possible route to defining canonical generators of g™ by finding
a section of the projection induced on Q(eg, e1) by this isomorphism.

We then consider relations among block graded motivic multiple zeta values, finding
several new families of relations and providing a complete description of bg in low block
degree. We use the motivic coaction to lift these relations to genuine relations among
motivic multiple zeta values, providing new families of relations and generalising previously
known relations such as those due to Borwen, Bradley, Broadhurst and Lisonek.

Finally, we consider the implication of previously known relations on the p-adic valu-
ation of coefficients of a rational associator, providing a bound on the growth in terms of
weight and block degree. We also present a partial solution to the question of canonical

generators via the introduction of an inner product.
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Part 1

The Block Filtration



Chapter 1

Background

1.1 Introduction

1.1.1 Goals

Multiple zeta values (MZVs) are a class of interesting transcendental numbers, going back
to Euler in the 1700s and generalising values of the Riemann zeta function at integer
argument. While they were not a focus of mathematical research for many years, there
has been a recent resurgence of interest in these numbers. They have been found arising
naturally in many areas of mathematics and physics: in generalisations of modular forms,
in quantum field theory and high energy physics, in knot theory, in the study of the
absolute Galois group of the rationals, in quantum algebra, and in the theory of associators.
They also arise naturally as periods of mixed Tate motives [9].

The Tannakian category MT(Z) of mixed Tate motives over Spec(Z) is equivalent
to the category of finite dimensional representations of an affine group scheme called its
Galois group Gar(z)- It is well known [17] that this group decomposes as a semidirect

product of the multiplicative group and a pro-unipotent group

GMT(Z) = Gy, X UMT(Z)‘

U (z) has graded Lie algebra g™ that is non-canonically isomorphic to a free Lie algebra
with generators in odd weight

gm = Lie[ag, 05, .. ]



called the motivic Lie algebra. This Lie algebra is related to several problems, having
ties to the Grothendieck-Teichmuller group [38] and associators [19], and injecting into
Racinet’s double shuffle Lie algebra dmrtg [38]. The connection to associators and the
Grothendieck-Teichmuller group is particularly interesting, suggesting an explicit descrip-
tion of g™ could be used to construct an explicit rational associator. This would be a
powerful computational tool, allowing construction of universal knot invariants, quasi-
triangular Hopf algebras, and solving problems in quantisation-deformation.

As MZVs arise as periods of mixed Tate motives, we obtain an action of G 7 (z) on
(motivic) MZVs. In fact, the Lie algebra g™ is known to be dual to (motivic) MZVs,
in the following sense: in [27], Goncharov defines a bialgebra A of unipotent de Rham
multiple zeta values, formal analogues to multiple zeta values (modulo ((2)), endowed
with a coproduct. Brown [9] extends this definition to a comodule H over the graded ring
of affine functions over G 7(z), called motivic multiple zeta values. This algebra, along
with its coaction

A:H—-AQH

encodes all motivic relations among MZVs. We have that A = H/(¢™(2)), where (™(2)
is the motivic analogue of ((2). Taking the Lie coalgebra of indecomposables of A, we

obtain the dual of g™.

dz.

~Z:, so that elements of g™

Remark 1.1.1. We take our convention as identifying e; <>
describe relations among iterated integrals, rather than multiple zeta values. As such, our

results are ‘depth-signed’.

Providing an explicit injection g™ < Q(eg, e1) provides a complete description of
relations among motivic MZVs modulo ((™(2)), and describing all relations among motivic
MZVs determines g™, and hence G r¢7(z). This could then be used in constructing explicit

rational elements of the Grothendieck-Teichmuller group via the inclusion

UMT(Z) C GRT; € DMRy,

where the final group is Racinet’s double shuffle group. These are conjecturally equalities,

and proving this is a very classical approach to describing the motivic Galois group. This is



equivalent to showing that equality of the corresponding Lie algebras, or that the double
shuffle equations, or associator equations describe all relations among motivic multiple

zeta values.

1.1.2 Motivation

The Lie algebra g™ inherits two filtrations arising from filtrations on motivic multiple zeta

values. The multiple zeta value

1
C(nl,...,nr) = Z W
1 ---kr

1<ki<ko<--<kp

is said to have weight n; + --- + n, and depth r. We can also consider ( as a function

Q(ep, e1) — C via iterated integrals, as in Proposition 1.2.9.

Example 1.1.2. We define the function {(w) as an integral over the simplex 0 < ¢; <

-+ <ty < 1, of the differential form obtained by identifying e; with %, e.g.

dt; dty dts dty
{(eleoeleo) = / —_— —_— = C(2,2).
0<ti<to<ts<ta<1 l1 —1 ta t3 —1 t4
To see that, up to a sign, we obtain a multiple zeta value, we write ﬁ =—> 502" and

integrate term by term.

As such, we can extend these notions to Q(eg,e;), where the weight |w| of a word
w € {eg, e1}* is given by its length, and the depth d(w) of w is the number of occurrences

of e;. Thus we define

WaQfep, e1) = (w : [w] < n)q,

D,Q(eg, e1) == (w : d(w) < n)g.

These induce increasing filtrations on H and hence induce decreasing filtrations on g™,

given via its embedding into Q(eq, e1) (viewed here as the graded dual of Q(eg,e1)) by

W"Q(eo, 1) = (w = |w] = n)q,

D"Q(eo, e1) == (w : d(w) > n)g.



It is known that weight is a grading for g™, but depth is not.

The classical approach to describing elements of G 47 (z) has been to solve the dou-
ble shuffle equations [38] depth by depth. This has been met with some success, such
as Brown’s solution modulo depth 4 [13], but still proves quite challenging. To further
simplify, we can consider depth graded analogues. In [10], Brown studies the associated
bigraded vector space 0g := grpg™ and its embedding into the linearised double shuflle
algebra [s. These describe relations among motivic MZVs modulo products and terms of

lower depth.

Example 1.1.3. Classically, it is a standard result that

€(2,3) +¢(3,2) + ¢(5) = C(2)<(3),

arising from the decomposition of domain of summation as follows

OB =Y 5>

m>1 n>1

3 L 3 L 3 1
N m2n3 m2n3 mo

o<m<n 0<n<m m=n>0

=¢(2,3) +¢(3,2) +¢(5)

The depth graded version of this relation, modulo products, is

((2,3) +¢(3,2) = 0.

This approach has many strengths. Depth is somehow ‘motivic’, by which we mean it
is compatible with the Lie algebra structure on g™. We can thus show that 0g is in fact
a Lie algebra, and the depth 1 part of o941 defines canonical representative of oo41 in
0g — Q(ep, e1). The combinatorics is significantly simplified, and this approach has led to
several interesting results regarding totally odd zeta values [18]. Most importantly, there
is an explicit description of a conjecturally complete set of relations among depth graded
motivic MZVs [33].

Unfortunately there also exist relations in dg.



Example 1.1.4.

{o3,09} —3{05,07} =0
modulo terms of depth three or higher.

Hence ‘exceptional’ generators are needed. These relations are shown to have a some-
what mysterious connection to period polynomials of modular forms by Pollack [37][26],
and this has been further explored by Baumard and Schneps [4]. However, we only have a
conjectural description of the dimension of the graded pieces due to Broadhurst-Kreimer,
given in terms of the space of cusp forms [7].

Thus this approach is limited by our understanding of this connection to modular

forms.

1.1.3 Strategy

In this thesis we propose an alternative approach. We introduce a new increasing mo-
tivic filtration on motivic multiple zeta values, which we call the block filtration, based
on Charlton’s decomposition into alternating blocks [14]. We define this in terms of a

combinatorial degree on Q(eg, e1).

degp(w) := #{Occurrences of epeg or eje; in egwe; }

The occurrences of e? in egwe; divide egwe; into alternating blocks of length (I1, . . ., ldeg s (w)+1)s

which we call the block decomposition associated to w.

Example 1.1.5.

degg(erepep) =1
degg(epereren) =2

degg(ereperereren) =2

This filtration is very nice to work with: it has a simple description, it is (unlike depth)
preserved by the symmetry {0} <» {1} of P!\ {0,1,00}, and we show it agrees with the
coradicial filtration defined via the motivic coaction. This suggests that the algebra of

block graded multiple zeta values may be a very natural object to consider. Indeed, we

10



have already seen some success with this approach: the block filtration generalises the
level filtration on the Hoffman zeta elements, which was instrumental in Brown’s proof
that the Hoffman zeta elements form a basis for the space of motivic MZVs [9].

We immediately see that many known relations are significantly simplified when con-

sidered modulo products and terms of lower block degree.

Example 1.1.6. Recall

€(2,3) +¢(3,2) + ¢(5) = C(2)C(3)-

The block graded version of this relation, modulo products, is

¢(5) = 0.

Modulo products, one can show

2¢(3,3) +¢(3,1,2) = ¢(2,2,2).

The block graded version of this is

2¢(3,3) +((3,1,2) = 0.

We find that many MZVs vanish modulo terms of lower block degree. This provides
a slight barrier, as many known relations “vanish” in the block graded algebra. However,
unlike the depth graded case, the dimension of each graded piece is known explicitly. So
if we can find a set of relations, it is simple to check if these are sufficient to describe
all relations among block graded multiple zeta values. Furthermore, as a consequence of
Theorem 2.2.7, providing a lift of these relations to relations among motivic MZVs will

describe all relations among motivic MZVs. Thus we have a clear strategy:

1. Describe all relations among block graded MZVs. Equivalently, explicitly describe

D>, B g™ /B T 1g™ as a subset of Q(eq, e1).

2. Prove that these relations describe a space of the correct dimension in each block-

11



graded piece.
3. Lift these relations to genuine relations among motivic MZVs, and explicitly describe
the image of g™ in Q(eq, €1).
1.1.4 Summary of Results

We have made significant progress towards this goal. Our strategy relies quite explicitly

on the following result, shown in Theorem 2.2.7 and Corollary 2.2.8.
Theorem.
(0.9}
gm ~ @Bngm/gn—i-lgm
n=1
With this in mind, we move toward step 1 of describing relations. This is very fruitful:

for example, we find a new shuffle relation.

Theorem. Let I(l,...,l.) denote the MZV associated to the block decomposition (I1,...,1;)

as in Definition 2.3.2 and define
Shirp={c€S o)< - <o X k), o'k +1) < <o (r)}

Then for 1 <k <r,
O’EShkm_k
modulo products and terms of lower block degree.

Example 1.1.7. Choosing r =4, k=1 and (Iy,l2,13,14) = (4,3,4,2), we find that
€(2,1,2,1,2,3) +2¢(3,2,1,2,3) + ((3,2,1,3,2) = 0

modulo products and terms of lower block degree.

We also find an embedding B"g™/B" g™ < Q[z1, ..., 2n11], which reveals additional

symmetries. We denote the image of this embedding by tbg,,.

Theorem. Any f(z1,...,2Tnt1) € thy,, satisfies

f(:])l, .. -;CUn—&-l) = f(xg, e ,$n+1,1}1) = (—1)"+1f(:cn+1, e ,:1:2,3:1).

12



Furthermore, tbg,, is annihilated by the differential operator given in Definition 2.7.1.
0 0 ) 0
D = —_— —1 - _1 n—1_ "~ .
" 4 H (83:1 +(=1) 0xo o= 8a:n>
7’1:'~~:Zn—1€{0,1}

Promisingly, we can achieve a complete description of all block graded relations in low

block degree.

Theorem. There exist explicit relations completely describing B'g™/B? and B%g™/B3,

giving vector spaces of the correct dimension.

If these results can be extended beyond block degree 2, this provides a complete de-
scription of all relations among block graded MZVs. We have also been able to lift many

of these to genuine relations among motivic MZVs.

Example 1.1.8.

7.[.4n+2k n
C((2Yw{L,3)") = (2 - k)

Cn+1)@dn+2k+ 1)\ &k

This provides significant evidence for validity of this strategy, and establishes new and
exciting relations among multiple zeta values.

Additionally, as this project was originally motivated by defining a canonical rational
associator we also briefly consider the implication of known relations - specifically the
double shuffle relations - on the coefficients of a rational associator. We establish the
non-existence of integral solutions, and provide a bound on the p-adic valuation of co-
efficients. We also establish a partial result deriving a motivic relation from the double

shuffle relations.

1.1.5 Outline

In Chapter 1, we will condense the necessary background material. We briefly introduce
multiple zeta values, their combinatorics, and their connection to Drinfeld associators.
We then introduce three algebraic groups - the double shuffle group, the Grothendieck-
Teichmuller group, and the motivic Galois group - and their Lie algebras. Here we shall
also introduce motivic multiple zeta values, the motivic coaction, and some results due to

Brown.

13



In Chapter 2, we expand on some of the implications of Brown’s motivic machinery,
in particular of the motivic coaction. We introduce a new filtration preserved by the
coaction - the block filtration - of multiple zeta values, arising from a decomposition due
to Charlton. This filtration can be shown to agree with the coradical filtration associated
to the motivic coaction. We consider the associated graded algebra with respect to this
filtration, and describe some new families of relations arising from the Lie algebra. The
dual Lie algebra is shown to be isomorphic to the motivic Lie algebra. This isomorphism
suggests that many of these graded relations should lift to families of relations among
motivic multiple zeta values.

In Chapter 3, we ask whether the relations satisfied by block graded multiple zeta
values imply graded versions of known relations, specifically the double shuffle relations
and the Ohno-Zagier relations. We conclude that the “obvious” graded relations are indeed
consequences of the block relations.

In Chapter 4, we consider the lifts of our block graded relations to relations modulo
products. We provide an explicit isomorphism between the shuffle algebra and the block
shuffle algebra to establish yet another family of relations modulo products. We then
compute the products via combinatorial methods.

In Chapter 5, we consider solutions to the double shuffle equations over fields of positive
characteristic, and use this to establish the non-existence of integer and p-adically integral
solutions to the shuffle equations. We can then use this to obtain lower bounds on the
p-adic valuation of any p-adic or rational solution.

In Chapter 6, we present some small observations on an alternative approach to defining
canonical generators, and some thoughts on duality as a consequence of the double shuffle

relations.

1.2 Multiple zeta values and iterated integrals

The field of study surrounding multiple zeta values is deep, wide and sprawling. One
cannot hope to give a comprehensive survey of the current state of affairs within the
confines of this thesis, and thus we limit ourselves to a brief overview of the bare necessities.

For further details, the author recommends [31] or [41] for a more expository recap. A

14



reader familiar with the material may skip to the next chapter.

Definition 1.2.1. For a sequence of integers (si,...,s,) with s; > 1 and s, > 2, we define

the corresponding multiple zeta value by

1
Coros) = D ommw

0<ni<no<...<n,

To a multiple zeta value (abbreviated MZV), we can associate two quantities: weight and
depth. The weight of ((s1,...,s,) is defined to be s; + s9 + -+ + s,, and the depth is

defined to be r.

Let Z be the Q-vector space Q& (((s1, ..., Sr))g spanned by multiple zeta values. We
can endow this with the structure of an algebra using the stuffle relations among MZVs,

arising from splitting the summation obtained in the product.

Example 1.2.2.

(B =33

m>1n>1
a m2n3 m2n3 nd
m>n>1 n>m>1 n>1

=¢(2,3) +¢(3,2) +¢(5).

Generalising this example, we see that any product of multiple zeta values lies in Z.

We make this precise as follows.

Definition 1.2.3. Denote a sequence of positive integers (ii,...,i;) by the product
Vi, Yis - - - Yi,, in noncommutative formal variables yi,y2,.... Denote the empty sequence
by 1. Given two sequences of integers, y;, - ..y;, and yj, ...y;,, we recursively define their

stuffle product as the formal sum obtained from

Ly o Y, = Yiy - Yir * L =iy - 0,
Yiy - Yir % Yjr - Yjg = Yir Wi -+ Yir %Y1 - -+ Yig)
+yj1(yi1"'yir*ij"'yjq)

+ Y+ (yiz < Yir X Yja - yjq)'

15



Then, define {(yi, -..vi,.) := ((i1,...,i,) and extend ¢ by linearity to find:

Proposition 1.2.4.

CWir -+ Y )C(Wiy -+ Yig) = C(Wiy - Yir * Yjy -+ Yjig)-

Thus we obtain one algebra structure on MZVs. However, it is not the only such struc-
ture. We obtain another product on Z by considering the iterated integral representation

of MZVs, an idea going back to Chen [15].

Definition 1.2.5. Let M be a connected differentiable manifold, and let P(M) be the

set of all paths in M. To be precise, define

+P(M)y :={v:[0,1] = M|y piecewise continuous with y(0) = z, v(1) =y}

and
P(M) = Um,yGM xP(M)y
Then, given smooth k-valued 1-forms wq,ws,...,w, on M, we define the iterated integral
of wi,wa,...,w, to be the function
/wl,wg,...,wr :P(M) =k
Y = /w1w2,...wr
¥
given by

/wl,wg,...,wr—/ fl(tl)...fr(tr)dtl...dtr
v 0<t1<...<t,<1

where f;(t)dt := v*w;. We view the constant function 1 as an empty iterated integral.

Remark 1.2.6. In this thesis, we perform iterated integrals from left to right. It is equally
valid, and quite common to work from right to left. Indeed, it is down to the author’s
personal preference. Similar differences may be found in the definitions of multiple zeta
values. Thus, the reader should not worry if another discussion seems at odds with this

one.
Multiple zeta values may be obtained as iterated integrals on P!\ {0, 1, 00} as follows.

16



Definition 1.2.7. Define the 1-form

for i = 0, 1. Then for any binary sequence of the form w = 10°17110%711...10% !, define
the differential form

Wy = wiwy' Low wS’"_l.

Remark 1.2.8. Similarly to order of integration in iterated integrals, and order of sum-
mation in MZVs, there is no standard convention for these w;. It is quite common to have

this defined as

We will exclusively use Definition 1.2.7.

Proposition 1.2.9. For a binary sequence of the form w = 10171102711 ...10° 71, we
obtain upon evaluation of the iterated integral of wy along the straight line path between 0

and 1
C(81y.veySp) = (—1)T/ww.

Example 1.2.10. Let w := 100, then the iterated integral of w,, is given by

Lore v dz dyde
iy = A s
L[
Yy x
_ // iy %
B z—|—1 T

B /Zz—i—l
:_Z(z—i—l) =@

=0

Now, by considering the product of two multiple zeta values as iterated integrals, and

splitting the domain of integration, we obtain another algebra structure on Z.

17



Example 1.2.11.

dz @dﬁ dt ds

0<z<y<z<1 L =2 ¥ T Jo<y<s<1 1 —t s

0<t<2<y<s<z<1 0<2<t<s<y<z<1 0<t<z<s<y<z<1
dz dydzx dt ds
+ -z il
0<t<s<z<y<a<1 L —2 Yy x 1l—1s

=3((2,3) +¢(3,2) +6¢(1,4).
To make this precise, we consider ¢ as a function on e;Q(e, e1)eg, a sub-vector space

of the polynomial algebra in two non-commuting variables as follows:

leredter. . erey ) = ((s1,. .., 8p)
and extending by linearity. We call monomials in this vector space convergent words, and
monomials not in this subspace divergent.

Definition 1.2.12. Given two elements of Q(ep,e1), define their shuffle product recur-

sively by

1y = uwlll = u,

zulllyy = z(ullyv) + y(zullv)
where u, v are monomials in eg, e1, and z,y € {eg, 1 }.

Proposition 1.2.13. For any monomials u,v in e;Q(eg, e1)ep, we have

C(uv) = ((u)¢(v).

Thus we have a double algebra structure on Z. We also have the following relation,

arising from the involution of P!\ {0,1, 00} that interchanges 0 and 1.

Proposition 1.2.14. Let D : Q(eg,e1) — Q(ep,e1) be the antihomomorphism mapping

18



e; — e1—;. Then we have ((w) = ((Dw) for all w € e1Q(ep, e1)ep.

One might feel that restricting ourselves to the sub-vector space e1Q(ep, e1)eg is quite
limiting, and this is to some extent true. Fortunately, there exist regularisation procedures,
one compatible with the shuffle algebra structure and one compatible with the stuffle
algebra structure, which allow us to extend ¢ to a function on all of Q(eg,e;) [33]. For

example, we can define shuffle regularised iterated integrals as follows.

Definition 1.2.15. For a word w = efjejej'er ... eiep", define ((w) by the sum

k;
((w) = — Z H <nl r ) (erep' Thie epzthe | gpeprthny,

ki+..+kr=ni=1
k'h 7k7‘>0

By application of this formula, and Proposition 1.2.14, we can uniquely associated a sum

of convergent multiple zeta values to any word w in {eg, e }.

Indeed, these regularised MZVs prove critical in providing sufficient relations for conjec-
tured dimensions of the various weight spaces of Z to hold.

We now mention a few standard conjectures in the theory of MZVs.

Conjecture 1.2.16. Z is weight graded: defining Z,, := ({(s1,...,8;)|s1+ -+, = n)q,

we have
z=pz.
n=0
where we take ((@) = 1.

Conjecture 1.2.17. The weight graded pieces of Z have dimensions given by the gener-

ating series
1
n __
ZdlmZt T2 5

Conjecture 1.2.18. All relations among multiple zeta values can be obtained from the

shufie and stuffle relations, alongside the Hoffman relation:

Cleru — ey *u) =0

for all convergent wu.

19



1.2.1 The motivic Galois group and the geometry of P!\ {0, 1, 00}.

As discussed in the introduction, our goal is to describe the motivic Galois group of mixed
Tate motives via relations among multiple zeta values. We now review the definitions
of the motivic Galois group and motivic multiple zeta values. As general references, the
works of Ayoub [2], Deligne [17] and Brown [11], [9] can be useful.

Let MT(Z) denote the category of mixed Tate motives unramified over Z. This is a
(neutral) Tannakian category over QQ, which is to say it is a rigid abelian tensor category
with an exact faithful Q-linear tensor functor - the fiber functor - to the category of finite
dimensional Q-vector spaces. It is hence equivalent to the category of representations of a
group scheme, called its Galois group and denoted by G (7 (z). Explicitly, if wgg is the fiber
functor, G y7(z) is defined to be Aut®(w4r), the group scheme of tensor automorphisms
of the fiber functor. MT(Z) contains as a full Tannakian subcategory MT'(Z), the
Tannakian subcategory generated by the motivic fundamental group of P!\ {0,1,00}.

We hence obtain a map

Gmr) = GmT(z)-

Remark 1.2.19. In [9], Brown shows this map is in fact an isomorphism. As such, we

will often identify MT'(Z) with MT(Z).

We now define the motivic fundamental group of X = P\ {0,1, 00}, or rather, the
motivic fundamental groupoid, of which the motivic fundamental group is a special case.

For a more precise definition, we refer the reader to Deligne [16]

Definition 1.2.20. Let T(g 1 o0)(X) be the set of tangent vectors to X at {0,1,00}, in the
sense of Deligne [16]. The motivic fundamental groupoid of X consists of the following

data.

e (Betti) A scheme 7 (X, z,y) defined over Q for every ,y € X(C)UT|q 1) (X) such

that the collection is equipped with the structure of a groupoid
(X, 2,y) x 77 (X,y,2) = 7] (X, 7, 2)
for any x,y,2 € X(C) UT(g,1,00)(X) and such that there exists a natural homomor-
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phism

TP (X, 2,y) = 7P (X, 2,y)(Q),

where the fundamental groupoid on the left is given by the homotopy classes of paths

relative to their endpoints.

e (de Rham) An affine group scheme over Q for every z,y € X(C)UT|q 1 ), denoted by
788X, x,y). This is independent of choice of basepoints, so we often write m(X)
instead. It is the Tannakian Galois group of the category of unipotent vector bundles

over X with integrable connection.

e (Comparison) For every z,y € X(C) UT|(g,1 o), @ canonical isomorphism of schemes
over C

comp : 72 (X, z,y) xg C = 7 (X) xq C.

Remark 1.2.21. We gloss over the technicalities of tangential basepoints [16]. For sake
of precision, the reader should read 7§(X,0,1) as 7} (X, 1o, —fl) where 1, denotes the unit
vector parallel to the real line, based at x. Thus, all paths v : (0,1) — C\ {0,1} with

7(0) =0, v(1) =1 in the following discussion have v/(0) =+/(1) = 1.

Theorem 1.2.22. There is an ind-object
O(n"(X,0,1)) € Ind( MT(Z))

whose Betti and de Rham realisations are the affine rings O(7P(X,0,1)) and O(mdf(X))

respectively.
Define oI1; := Spec(O(n(X))). This is the affine scheme over Q which associates to
any commutative unitary Q-algebra R the set of grouplike formal power series

{S € R{(ep,e1))|AS =S5 ® S and S has constant term 1}

where A is the completed coproduct for which e; are primitive. This carries an action of
the motivic Galois group G%?T(Z)’ which depends on our choice of basepoints, even though

797(X) does not contain an explicit dependence on these points.
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Remark 1.2.23. Among all paths in P! \ {0, 1, 00} from 0 to 1 satisfying our velocity con-
straints, there is a distinguished straight line path v(¢) = ¢, referred to as the droit chemin
and denoted dch. The natural homomorphism mentioned in Definitions 1.2.20 maps dch
onto an element o17 € 78(X,0,1)(Q). The image of this map under the comparison

isomorphism is called the KZ associator

comp(p1f) = {(w)w € oI11(C).

w

The action of G r(7(z) is made more transparent via the decomposition

Gmr) = Umrz) ¥ Gm

into a semidirect product of a pro-unipotent Up,7(z) and the multiplicative group.

The action of Gy 7(z) restricts to an action
Umt @) * oll1 = oIk

which factors through a map
o*: 0H1 X 0H1 — 0H1
called the Thara action, computed explicitly first by Y. Thara, but described in [17].

Remark 1.2.24. We later introduce the linearised, or infinitesimal Thara action, in the
context of the Lie algebras of DMRg and U1 (z). We will almost exclusively refer to this

linearised Thara action, rather than the group law.
1.2.2 Motivic multiple zeta values
To the preceding groups, we can associate a ring of motivic periods, as in [11]. Given two

fiber functors wg,wqr : MT (Z) — Vecg, we define the ring of motivic periods

Prra = OUsom®(war,ws))-

Every motivic period can be represented as a triple, consisting of an object M € MT(Z),

and a pair of elements w € wgr(M) and o € wp(M)V, which we write as [M, w, g]™.
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Denote by O(;I13}') the affine ring of the motivic fundamental groupoid of P\ {0, 1, 00}.
Considering motivic periods with M = O(,11}}'), we obtain our first definition of motivic

iterated integrals and motivic multiple zeta values.
Definition 1.2.25. Define the motivic multiple zeta value associated to the word w in
{0,1} to be the motivic period
(2305 y) = [OGT), w, 171 € Pl )
where xlf € O(rP(X,z,y)) are the images of the paths

deh if (z,y) = (0,1); deh™t if (z,y) = (1,0); ¢, the constant path at z, if = = y.

Denote by H the algebra of motivic multiple zeta values.

By considering triples [O(gCH;‘),w,mlgR]v, where leR € O(,I1¢%) is given by projec-

tion onto weight 0, we obtain elements of O(Isom®(wqr,wqr)). We call these de Rham
multiple zeta values. The de Rham multiple zeta value associated to the word w in {0, 1}
is denoted by I%(z;w;y), and we define A to be the algebra of de Rham multiple zeta
values. In a slight abuse of notation, we will also introduce (™(w) and (*(w) which are
defined by

¢ (w) := (1)1 (0; w; 1).

Remark 1.2.26. One can define a naive map H — A sending I™(z; w;y) — I%(z; w;y).

This can be shown to be well defined, with kernel equal to the ideal generated by (™(2).

With these definitions, the existence of an action
U.%/}IET(Z) X oll] = olI4
is apparent. This action dualises to a coaction

A O(Ih) = O(Uz)) ® OoIh)
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which gives a coaction

A:H—->AQH.

This has an explicit formula, initially due to Goncharov [27], who computed the corre-
sponding coproduct

A:A—- AR A

This was later extended by Brown to the following explicit coaction [9].

Proposition 1.2.27. The motivic coaction A : H — A ® H is given by the following

formula.
AT™(ag; a1, ..., an;Qpt1) =
n k
E E H Flaiy; Giprty -5 Gipy 1304, ) | @ IM(a0;as - - -, 6,5 anot).

k=0 i0<i1<...<ik+1 p:0
10=0,ir+1=n+1

With this coaction in mind, we can provide an alternative, more concrete definition of

motivic multiple zeta values.

Definition 1.2.28. Define a period map from O(pll;) — C by taking the associated
iterated integral: eg, ...eq, — 1(0;a1,...,ay,;1), and denote by J C O(pIl;) the largest

ideal contained in the kernel of this period map that is stable under A. We define

H:=0(ll)/T

and let I™(0; a1, ..., an; 1) denote the image of e, ...e,, in H.

n

We can then define A :=H/(¢™(2)).

Remark 1.2.29. Note that it is a nontrivial task to show equivalence of these definitions.
However, this is well established in the literature, and we will not focus too much on this

detail.

This coaction is a very powerful computational tool. It somehow encodes all motivic
relations, best illustrated in a theorem due to Brown [9], given below. First, we introduce
the infinitesimal coactions: a family of maps through which the motivic coaction factors

that are easier to compute.
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Definition 1.2.30. Let A~ be the subspace of A spanned by elements of positive weight.
Define the Lie coalgebra of indecomposables to be £ := A-y/As9A>p, and denote by
I'(z;w;y) the image of I°(z;w;y) in L. Then, for every r > 0, define the infinitesimal
coaction

DQT_HIH—)E@H

as the derivation given by

D2r+11m(0; A1y ...,0Qn; 1) =
n—2r—1

[ . . m . .
E F(ai; aigty - -5 Gigorg1; Girort2) @ IM(ags ar, . .., @i, Gigoargo, oo Qps Qnyt).
k=0

Then, Brown tells us that the following holds.

Theorem 1.2.31. Let Hy be the subspace of H spanned by elements of weight N. Then

H N ker( @ Dyyi1) = QC™(N).

3<2r+1<N

This provides a powerful tool for finding and verifying relations among multiple zeta

values of motivic origin.

1.3 The double shuffle equations

While the theory of motives provides a powerful tool for producing relations among motivic
MZVs, it does not give us an explicit spanning set of relations, and so we cannot easily
describe elements of the motivic Galois group. In attempting to provide such an explicit
description, we can consider conjecturally complete sets of relations. The simplest of these
are the double shuffle relations, arising from the double algebra structure on Z. Following
the work of Racinet [38], we define a group scheme containing G 47 (z). Let k be a field.

It need not be of characteristic zero, but is normally taken to be.

Definition 1.3.1. We say a power series ® € k((eo, e1)) solves the shuffle equations if it
is grouplike for the completed coproduct for which ey, e; are primitive. That is, ® has
constant coefficient 1 and

AD =0,
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where

Ale;))=e; @1+ 1®e; for i € {0,1}.

Definition 1.3.2. Let Y = y1,92,¥s,... be a collection of formal variables. We say a
power series & € kE((Y)) solves the stuffle equations if it is grouplike for the completed

coproduct defined on generators by

n
Ayn) =D yi @ Y
i=0

where we define yg := 1.

Definition 1.3.3. Define the projection map 7y : k{{ep,e1)) — k{({Y)) to be the linear
map given by

ni—1 nao—1 np—1ly _
7Ty(€160 €1€y ... €1€, ) = Yn1Yno - - - Yny,

and 7y (eow) = 0 for any word w € k(ep,e1). Define also, for any element ® € k((a,b)),

Oeorr € K{((Y)) by

—1)" n— n
Dorr 1= exp(z( n) (@’6160 1)y1)

n>1

where (®|w) denotes the coefficient of w in .

Definition 1.3.4. We say a power series ® € k((ep, e1)) solves the (regularised) double
shuffle equations if ® solves the shuffle equations and ®* := @,y (P) solves the stuffle

equations.

Then, the statement that multiple zeta values satisfy the double shuffle relations is

precisely the statement that

d:=1+ Z C(w)w

we{eog,e1 }

solves the double shuffle equations. The space of solutions to the double shuffle equations,
denoted DMR, contains a subspace of solutions, DMRy, such that (®leg) = (Ple;) =
(®leger) = 0. This subspace forms a pro-unipotent group [38] with multiplication given
by

D - (g, e1) := P (eg, e1)P (e, P Le ).
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It is known [38] that
U MT(Z) C DMRy

and it is a standard conjecture this is an equality. However, studying DMRg is much
simpler that G 7(z): it is described by explicit, simple relations that behave well with
respect to the weight and depth filtrations. Additionally, the double shuffle equations lend
themselves well to a rewriting in terms of commutative power series, a technique used
extensively by Brown, and very similar to Ecalle’s theory of moulds [20]. This technique

has allowed Brown to define a canonical rational associator up to depth 4.

Remark 1.3.5. From this point in the text, we are interested primarily in DMRgy, and
so we shall assume (®|eg) = (®|e1) = (Pleger) = 0 for all potential solutions to the shuffle

or stuffle equations.

Definition 1.3.6. Denote by D,, the vector space spanned by words of depth n in k(eg, e1)

and let p,, : Dy, — k[[y0, Y1, -, Yn]|] be the isomorphism of vector spaces given by
pnlegereg™ .. ereg™) = yo 'yt L yn

The map p:=> 7, pp, then defines an isomorphism

p:k(eg,e1) — @k[yoa o Ynl

n=1

® = {2 (yo, ... yn) Fos

We can then define the double shuffle equations in this new formulation as polynomial

equations. First we note the following lemma.

Lemma 1.3.7. I[f® =1+ &1+ P54 .. solves the shuffle equations, where ®,, is the depth

n component of ®, then pp(®y) € k[yo, ..., yn] is translation invariant.

Proof. Define ¢ : k(eg,e1) — k(eo,e1) to be the derivation given on generators by
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Note that

k
degPereg™ .. ereq™) = g mseqPerey ... 6168”_1 c.erept
i=0

and that this agrees with the derivation given by (my ® id) o A, where mo(®) := (P|eg).
Thus, if AP =P ® ¢ we get
00 = (Pleg)P = 0.

But since § preserves depth, this clearly implies §®,, = 0. Translating into the language

of commutative power series, we get

~ 0 o) _
;8%@ =0.

O

In light of this, we lose no information about solutions to the double shuffle equations
by setting yo = 0. Indeed, this is how we shall proceed. In a slight abuse of notation,
we shall still refer to the resulting polynomial as ®(™. In order to make our discussion

unambiguous, we shall adopt the following notational distinction.

q)(n) (y07 Y1, -, yn) = pn(q)n)(y(% DR yn):

M (21, 2n) = pp(®p)(0, 21, ..., 20).

That is, we will use y; as variables for the image of p, and z; as variables for the power
series obtained by setting yo = 0. We can now define the double shuffle equations in the

language of commutative power series.

Definition 1.3.8. Given a polynomial f € k[z1,...,x,], define f# € k[x1,...,z,] by

f#(xl,...,acn) = f(z, 21 + 22,21 + 22+ 23,. .., 21 + T2+ -+ + Tp).

We also define recursively the polynomial
f(:l:l SN J{NNE T R :I:n) = f(.’l?l, (:1:2 RN NN 7 R ccn))+f(ccj+1, (:131 R J NN T, R :l:n))

where f(x1...xy,) = f(z1,...,2y).
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Definition 1.3.9. We say a family of polynomials { (™} solves the shuffle equations if

f(n)#(xl .- .JijLuwj+1 . wn) = f(])(xla s >$j)f(n_j)(xj+17 s 7xn)

forall 1 <j < n.

Defining the stuffle equations is slightly more challenging and requires a few extra

definitions.

Definition 1.3.10. For any family of polynomials { (™}, define the operators
si(f(’"*l)(xl, TGy gLy e X)) T = f(r)(a:i,xl, ey L1, Tigl, - -, @y) for 1 <4 <.

Definition 1.3.11. Define recursively

A%y x)=f @y xex1) = (2., 3,),
f(r)(zcl B 7 IR a7 CCT) = Slf(ril)(wg B IR 7 S .’BT)
+ si+1f(r_1)(a:1 X KT wr)

81 — Si+1 _
+ <Z> f(r 2)(:132 R TR X AT
T1 — Titl

where 1 <4 <.

Definition 1.3.12. We say a family of polynomials { (™} solves the stuffle equations if

f(n)((lil N R . N LTy) = f(j)(l'l, .. .,xj)f("*j)(:cj_ﬂ, ces ,I‘n)

forall 1 <j < n.

Remark 1.3.13. Note that in this formulation, there is no mention of an analogue to

Deorr- It is true that we must add a corresponding correction term, given by

el DONID DI | ") P

r>1 kit kp=ni=1

where ¢, (f) denotes the coefficient of 27 in f() Denote by {f(n)s} the family of polyno-
mials {f(”) + fc(é"?r}
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Example 1.3.14. In depth 2, the double shuffle equations are

FO (@, 21 +22) + B (22,1 + 22) = [ (21) fV (2),

(1) (1)
£ (a1, w9) + 2 (o, 9) + L) e (@) a0y 0
r1 — T2

while in depth 3, they become

T (@1, 21 + 9,21 + 29 + 23) + [O) (00, 21 + 20, 21 + 20 + x3) + O (2, T2 + 23, 1 + T + 23)
= fO (1) f P (2, 23),
fo(g)(3?173627373) + f.(g)($2,$1,3?3) + f.(g)(m, x3,T1)

e ws) = P wa,ws) S (e w) = £, )
Ir1 — T2 Tr1 — I3

= @) £ (g, w3).

+

Remark 1.3.15. From this point onward, we shall often neglect the superscript f (n)
instead writing only f, as it should be obvious from the number of variables to which

depth we refer.

These provide powerful computational tools for studying the motivic Galois group.

1.4 Drinfeld associators and the KZ equations

MZVs additionally satisfy relations coming from the theory of associators. In his 1990
work [19] Drinfeld introduced these power series in two non-commuting variables, arising

from a study of braided monoidal categories.

Definition 1.4.1. Let k be a field of characteristic 0 and A\ # 0 € k. A A-associator over

a k is an element ® € k({eg, e1)) that is grouplike for the continuous coproduct

A(ei):ei®1+l®ei

and satisfies the pentagon and hexagon equations

D (t12,ta3 + toa)P(t13 + tag, taa) = P(tag, t34) P(t12 + t13, toa + t34) P(t12, t23),
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+)e Aeoso Ae
5P (€oo, e0)expl( )P (er, excJexp(d ) B(eo, 1) = 1

exp(

where e, = —eg—e1. The t;; are the infinitesimal braid variables, satisfying the following:

tij = tji,
[tij, tkl] = 0if i, j, k, 1 distinct,

[tij, tik + tjk] = 0if i, j, k distinct.
Together, we refer to these equations as the associator equations.

Interestingly, the hexagon equations are, to some extent, unnecessary, as shown by

Furusho [24].

Theorem 1.4.2 (Furusho). Let ® be a grouplike power series in two non commuting
variables, satisfying Drinfeld’s pentagon equation. Then there is a unique X\, depending
only on the coefficient of the degree 2 terms, such that the pair (A, ®) satisfy the hexagon

equations.

While arising originally from the study of quasi-Hopf algebras and braided monoidal
categories, associators have since sparked interest in many areas of mathematics, including
knot invariants [3], quantum field theory and deformation-quantisation [34], and number
theory. In particular, the ties between associators and the Grothendieck-Teichmiiller group
has drawn much interest.

The Grothendieck-Teichmiiller group is quite an important object in algebra, acting
on a range of objects in various fields. It exists in three versions: a profinite version, a
pro-1 version and a pro-unipotent version. The first two are of interest as the action of the
absolute Galois group factors through them, while the latter arises in homological algebra

and motivic contexts. It is this last version that appears in the discussion of associators.

Definition 1.4.3. Define the Grothendieck-Teichmiiller group GT to be the affine group
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scheme over QQ, whose k points are given by pairs (A, f) in k% x k{(x,y)) such that

Af =f&f,
fly,x) = fz,y)7",
A1 A1 A1
fzx)z 2 fy,2)y 2 flz,y)z 2 =1,
(212, x23w24) f (213223, x34) = f(223, x34) f (12013, T2ax34) f (212, T23),
where zyz = 1 and z;; are elements of the pure braid group, and A is the completed

coproduct for which z,y are primitive. We endow this with a group structure as follows:

M) - NS ) () = O f () f' (2 F0 ).
Remark 1.4.4. The coefficient of ege; in f nearly determines A. To be precise, the
. N2
coefficient is 5.

GT acts on the space of associators on the left. We get a similar action on the right
by the graded Grothendieck-Teichmiiller group GRT. GRT; is the space of power series
® € k((ep,e1)) solving the equations of Definition 1.4.1 with A\ = 0, the space of ‘0-
associators. GRT := k* x GRT; with p - ®(eg,e1) := ®(ueo, per), with product defined
by

P - (eg, e1) := P (eg, e1)P (e, P Le ).

which the reader will note is identical to that of DMRgy. We have the following result due

to Furusho [25].

Theorem 1.4.5. Let ® be a grouplike power series in two moncommuting variable. Sup-

pose also that it satisfies the pentagon equation. Then ® solves the double shuffle equations.
This has the immediate corollary.
Corollary 1.4.6. GRT; is a subgroup of DMRy

In fact, we have the chain of inclusions (conjecturally equalities)

UMT(Z) C GRT; C DMRy.
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Thus, by studying associators, in particular O-associators, we can gain information about
Gmrz)-

One of the first questions one might have about the space of associators is whether it
is empty? It is far from obvious that a solution to the associator equations exists for any
A. Drinfeld in fact showed a solution existed and constructed it explicitly [19] from the
monodromy of the Knizhnik-Zamolodchikov equations. Its coefficients were later evaluated

by Le and Murakami [35], giving the following result.

Theorem 1.4.7. There exists a solution to the associator equations, called the KZ asso-

ciator, whose coefficients are given by multiple zeta values

Do)=Y (~DMIc(w)w.

we(eo,e1)

This is the KZ associator obtained as the image of the path dch in G 47 (7). We direct
the interested reader to the discussion of [39] for a derivation of the KZ associator via the

Knizhnik Zamolodchikov equations. We also have the following interesting corollary.
Corollary 1.4.8. There exists an associator with coefficients in Q.

We will only give the barest of sketches of a proof of this corollary. Should the reader be
interested, we recommend either Drinfeld original work [19], or, if the reader is comfortable

with braid theoretic language, Bar-Natan’s constructive proof [3].

Sketch. It is known that GRT = G,, x GRT;, with GRT; a prounipotent group. Hence,
GRT has trivial Galois cohomology, and any torsor over GRT must also be trivial. Thus,
if the space of associators is non-empty over any field containing Q. it is non empty over

Q. We have a C-associator, and therefore there exist QQ-associators.

A rational associator is a powerful computational tool, allowing constructions of certain
categories and universal knot invariants. Similarly, an explicit rational element of GRT

would be a prime candidate for an explicit element of G'r¢7(z)(Q).
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1.5 The motivic Lie algebra

In order to further simplify computation, we can, instead of considering the inclusion of
pro-unipotent groups

UMT(Z) C GRT; € DMRy

consider the inclusion of their graded Lie algebras

gm C get C omrg C Q<€0,€1>

equipped with the Thara bracket [38].

Definition 1.5.1. Given ¢ € Q(eg, 1), define the derivation dy : Q(eg, e1) — Q(eo, €1)

by
d¢(€0) =0,
dy(e1) = ler, ¥,
where [u,v] := uv — vu is the standard Lie bracket on Q(eg,e1). We define the IThara

bracket {-,-} : A2Q(eg, e1) — Q(eq, e1) by

{1, 92} = dy, 1 — dy, P2 — [th1, 2]

Alternatively, we can define the Ihara bracket via the linearised Ihara action [10].

Definition 1.5.2. Define the linearised Ihara action o : Q{eg, e1) ® Q(eg, e1) — Q(ep, e1)
on monomials by

uoegeiv = eque1v + egeru’v + eger(uov)

where (ujus ... up)* = (—1)"u, ... w1 and vwoel = efu, for all u, v monomials in Q(eq, e1).
0 0

We extend this linearly to all of Q(eg, e1). Define the Ihara bracket by

{01,009} = 01009 —03007.

As the motivic relations, associator relations, and double shuffle relations are all weight

graded, so too are the corresponding Lie algebras. It is therefore sufficient to establish
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equality of their weight graded pieces as finite dimensional vector spaces. This is a much
more approachable task, and has been verified numerically to high weight.

It is a standard fact from the theory of mixed Tate motives that g™ := grLie(Up7(z))
is non-canonically isomorphic to the free Lie algebra Lie|os, 05,07, ...], with a generator
in each odd weight greater than 1 [17]. As this isomorphism not canonical, there is no

canonical representation of these oo 11 in Q(eg, e1). We have that

oons1 = ad*™(eg)(e1) + terms of higher depth

where the adjoint action is with respect to the Lie bracket [X,Y] = XY — Y X. However,

given an embedding

{o2n+1}n>1 — Qleo, €1),

we can replace 0gy,41 with 09,41 + ¢, for ¢ € {g™, g™} of weight 2n + 1, and obtain the
same Lie algebra. Thus the 09,41 are ambiguous, limiting their computational use.

Nevertheless, we can still attempt to describe g™ via it’s inclusion into grt and dmry.

Definition 1.5.3. 9(eg, e1) € grt if and only if ¢ satisfies

AYy=9v1+1® 1Y,
¢<61760) = _¢(€0761)7
Y(—e1 — eq,eo) +Y(e1, —e1 —eg) — (e, e1) =0,

(w12, 23724) + Y (213723, ¥34) = Y (T23, 34) + (212713, T24734) + (212, T23),
where A(e;) = e; ® 1 +1® e;, and the z; ; are as before.

Remark 1.5.4. If we were interested in complex points of these Lie algebras, the inclusion
g™ C grt can be used to define inexplicit canonical o-elements: these exists an element
of GRT which acts to take the Drinfeld 2mi-associator to it’s conjugate —2mi-associator.
This acts non-trivially on ((2n + 1), and the weight graded pieces of the logarithm define
non-trivial complex o9,+1. However, this is not a rationally defined construction, and so

does not solve the problem of finding a canonical injection {o2,+41}r>1 — Q(eq, e1).

We can similarly define dmr( as an explicit subset of Q(eg, e1).
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Definition 1.5.5. We say o € Q(ep, e1) solves the double shuffle equations mod products
if the following hold

AU:U®1+1®01
A(o")=0"®1+1®0c",

(oleo) = (aler) = (aleoer) = 0,

—1)n _
where o* := Ty o + Ocorr, a0d Oeopy 1= Zn21 %(cﬂba” Dy

As before, we may translate this into a statement about commutative polynomials.

Example 1.5.6. In terms of commutative polynomials, the double shuffle equations mod-

ulo products are given in depth 2 by

f(2)(331,1‘1 +x9) + f(2)(il727331 +x9) =0,
(@) — £ (22)

1 — X2

f.(2) (x1,22) + f.(Z) (x2,21) +

=0,

Note that, if we assume f to be homogeneous in weight, the correction term only appears
in maximal depth, and so can be largely ignored when the weight is greater than the

depth.
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Chapter 2

The block filtration and block

graded multiple zeta values

2.1 The block filtration

In addition to the weight and depth filtrations, we will define a ‘block filtration’ on (mo-
tivic) multiple zeta values, arising from the work of Charlton [14]. In his thesis, Charlton
defines the block decomposition of a word in two letters {z,y} as follows.

Begin by defining a word in {z,y} to be alternating if it is non empty and has no
subsequences of the form xx or yy. There are exactly two alternating words of any given
length: one beginning with x and one beginning with y. Charlton shows that every non-
empty word w € {z,y}* can be written uniquely as a minimal concatenation of alternating
words. In particular, he defines the block decomposition w = wiws ... w; as the unique
factorisation into alternating words such that the last letter of w; equals the first letter of
Wi+1-

We can use this to define a degree function on words in two letters.

Definition 2.1.1. Let w € {z,y}* be a word of length n, given by w = a; ...a,. Define
its block degree degg(w) to be one less than the number of alternating words in its block

decomposition. Equivalently, define

degp(w) := #{i: 1 <1i < n such that a; = a;+1}
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Remark 2.1.2. Note that, unlike depth, the block degree of a word is preserved by the
duality anti-homomorphism mapping e; — e;_;, induced by the automorphism z — 1 — z

of P\ {0,1, 00}.

We can then define an increasing filtration on Q(eq, e1) by

B,Q(eo, e1) := (w : degg(w) < n)g

which, following the suggestion of Brown [8], when restricted to a filtration on e;Q{eg, e1)eq

induces a filtration on motivic multiple zeta values
BoH = (("(w) : w=ejuey, degg(w) < n)g.

Brown goes on to show the following.

Proposition 2.1.3 (Brown). Let G%?T(Z) denote the de Rham motivic Galois group of the
category MT(Z), and let Uﬁfﬂz) denote its unipotent radical. Then B, is stable under

the action of G%T(Z)’ and U/C\lfT(Z) acts trivially on gr3H. Equivalently
A"(ByH) C O(Usrz)) ® BoaH

where A™(z) :== A(z) —x® 1 —1® x is the reduced coproduct.

Corollary 2.1.4 (Brown). The block filtration induces the level filtration on the subspace
spanned by the Hoffman motivic multiple zeta values (™(ni,...,n,), with n; € {2,3},

where the level is the number of indices equal to 3.

Proof. The word corresponding to (ni,...,n,), with n; € {2,3} of level m has exactly
m occurrences of the subsequence egeg and none of eje;. Therefore, its block degree is
exactly m. Furthermore, since the da,11 ¢ operators introduced in Definition 5.7 of [9] are
shown in Proposition 2.1.3 to reduce block degree, we must have that a composition of
m + 1 such operators annihilates any element of block degree m. Since these are known
to be injective and level reducing, this implies any element of block degree m is a sum of

elements of level at most m. O
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As a corollary to both this and Brown’s proof that the Hoffman motivic multiple zeta

values form a basis of H, we obtain the following.

Corollary 2.1.5 (Brown). Every element in B,H of weight N can be written uniquely
as a Q-linear combination of motivic Hoffman elements of weight N and level at most n.

Additionally
1

m, n>0

where H,, denotes the weight n piece of H.

However, trying to naively extend this filtration by
ByH = (("(w) : degg(w) < n)g
we find that the associated graded gr®H becomes nearly trivial. If we instead extend the

filtration as follows, we obtain a much more interesting structure.

Definition 2.1.6. We define the block filtration of Q(eg,e1) by
BnQ(eo, e1) == (w : degg(eower) < n)q.
This induces the block filtration of motivic multiple zeta values
BH = (("(w) : degg(0wl) < n)g.

This filtration agrees with our earlier definition if we restrict to w € e;Q(eg, e1)ep, but the

associated graded remains interesting.

Proposition 2.1.7.

n—1

A"B,H C Z B A® B, H
k=1

where A"(z) = A(x) —ma(z) ® 1 — 1 @ x is the reduced coaction and wy : H — A is the

natural projection.

Proof. We will in fact show a stronger statement, that A is graded for block degree at

the level of words. Let Z := (I'(0;w;1) : w € {0,1}*)g be the vector space spanned by
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formal symbols, with natural projection

T —H,
U(0;w; 1) — I™(0;w; 1)

and, similarly, a natural projection Z — A.

Recall that the motivic coaction is given by the formula

AI™(ag;at, ..., anApg1) © =

k
a . . m . .
E H I (aip, Qi 1s e v oy Qi —13 aierl) ® 1 (ao, Qg s ey Qi an+1)
0=i0<1<...<ip<ip1=n+1p=0

where 0 < k < n. The infinitesimal coactions are given by

Dory1 : HN = Lor11 @ HN—2r—1

Im(ao;ala “e ,CLN;CLN+1) =

N—-2r—1
a . . m . .
E I (apa Ap+1y -« Ap42r+1; ap+2r+2) @I (G'Oa aty ... 0p; Ap42r+42; .-+, AN, CLN+1)
p=0

where I® is taken to be its projection into £ := Asg/AspAsop. Note that these lift to
coactions Z — Z ® Z, by calculating these purely symbolically.

Define Z,, := (I'(0;w;1) : degg(0wl) = n)g. It is sufficient to show that AZ, C
Yoo Zi ® Ip,—i, as the result follows upon composition with the necessary projections. In

fact, it suffices to show that

D2r+1In C ZIz & In—i-
=0

Now, consider I'(0;w; 1), w a word in {0,1} such that deggz(0wl) = n. Then we can
decompose Owl = biby...b, 41 into alternating blocks, and consider the action of Doy,

on I'(by ...b,41). All terms in Do, 1T(by ... byy1) will be of the form
If(.%'; b;/bz‘+1 oo b;~+j; y) & If(bl oo bi—lb;xyb;;jbi—l—j—‘rl e bn—l—l)
for some 1 < i < n+ 1, where b; = bjzb}, bj1; = b;ﬂybg’ﬂ-. For the left hand term to be
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non-zero, we must have x # y, and so we see
degg(xb]biy1 ... biyy) = j,
degB(b b/xybH»] bn-‘rl) =n-—7,

by counting the blocks. Thus, we get that the total block degree of any term in the

coproduct is n, and the result follows. O
Corollary 2.1.8. The block filtration on Q{eq, e1) induces the coradical filtration on H.

Proposition 2.1.9. For all r > 1, the (linearised) Ihara action o : Lie[eg,e1]art1 ®
Q(ep,e1) — Q(eg, e1) is graded for block degree, where Lieleg, e1]2,+1 denotes Lie polyno-

mials of degree 2r + 1.

Proof. The Thara action is dual to the motivic coaction. The linearised Thara action
o : Lie[eg, €1]2r+1 @ Q(ep, e1) — Q(eq, €1)
is dual to the infinitesimal coaction
Doypi1 - H—->LROH

As this proof shows the coaction to be, at the level of words, graded for block degree, the
claim follows immediately. One can also show this directly via the recursive formula [12]

for the linearised Ihara action. For example, one must have

r+1
006160- eleorzg 6180- 6160 Jelelg'. elelgr

E eleo. 6160 ela*egi...elegr,

where (wy ... wy)* = (—1)"w,, ... w;. Since o € Lieleg, e1], one must have o +o* = 0, and
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SO

r+1
ki— ;
oo elegl ... elegr = g 616181 ...erey 10’616’81 ... eleg’“
=1

T
k. .
— g elelgl ...erey’ 1610‘6’81...61610%.
=1

Now consider the terms in this sum arising from a word w appearing in . We can assume
it occurs with coefficient 1. We obtain terms of two kinds
k ki1 k;
1. e1ey' ... e1ep werey' ... e1eg
* k‘z kr

k ki—1
2. erey . ..erey erwrey’ ... ereg

Note that, for terms of the first type,

k ki—1 ki kr k ki—1 ki kr
degg(ereg’ ... e1eq werey ... e1ey”) = deggleiey' ... erey’  erey ... erey”) + degg(w)

unless k;_1 = 0. However, in this case, there is a term in the second sum

—elegl .. elegi”elwelelgi .. .elelgr
that will cancel it out. Similarly, for terms of the second type,

k ki ki kr k kic1 ki kr
degg(eiey' .. .e1ey  terwrey ... erey”) = degglerey’ ... erey terey ... erey) + degg(w)

unless k; = 0, in which case there is a term in the first sum that will cancel it out. As

such, we can divide the Ihara action into graded pieces.

We also recall a short observation due to Charlton [14].

Lemma 2.1.10. Let w = wy ... wy, be a word in {0,1}* of length n, with degg(w) = b.
Then I™(w) =0 ifb=w+1 (mod 2).

Remark 2.1.11. This provides a natural analogue of the depth parity theorem [10].
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Proposition 2.1.12. Suppose o € [s is of weight N and depth d. Then, if N and d are of
opposite parity, o = 0. That is, there are no non-trivial solutions to the linearised double

shuffle equations with weight and depth of opposite parity.

With Proposition 2.2.5, we obtain a similar corollary to the final conclusion of the

following corollary.

Corollary 2.1.13. For a solution to the double shuffle equations mod products ¢ € dmry,
of weight N, the depth d+ 1 # N (mod 2) components are uniquely determined by the

lower depths. In particular, oont1 s uniquely determined in depths 1 and 2.

Specifically, 02,11 is uniquely determined in block degree 1 and 2.

2.2 Block-graded multiple zeta values and an encoding of

relations

As the block filtration is motivic and invariant under the duality arising from the symmetry
z + 1 — 2z of P!\ {0,1,00}, we can consider the associated graded algebra gr®A :=
D, BrA/Bn-1.A. We follow the example of Brown’s depth graded multiple zeta values
[10].

Remark 2.2.1. In the following it is important to keep in mind that we are identifying

e; <> %, and, as such, elements of g™ describe relations among iterated integrals, rather
than multiple zeta values. As such, our results are ‘depth signed’ compared to standard

notation.

Definition 2.2.2. Define B"Q(eq, e1) := (w : degg(epwei) > n)g and define
gI“B’gm — @ Bngm/8n+lgm
n=0

where we identify B"g™/B" g™ with its image in B"Q{eg, e1)/B" 1 Q(eo, e1), equipped
with the block graded Thara bracket.

Definition 2.2.3. If degg(eowe;) = n, define I°(0;w; 1) to be the image of I%(0;w; 1) in
B, A/B,_1A. Similarly, define I°'(0; w; 1) to be the image of I'(0;w; 1) in B,L/Bp_1L.

Define ¢° and ¢% similarly.
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Definition 2.2.4. Fix an embedding of {o3,05,...} < Q(eg,e1). We define the block
graded generators {pop+1}r>1 to be the image of the generators {oaxt1}r>1 of g™ in
B'Q{eg, e1)/B2Q(eg, e1). We define the bigraded Lie algebra bg to be the Lie algebra

generated by por41 and the Thara bracket.

One of the challenges in studying g™ is that we have an ambiguity in our representation
of the generators: ooy is unique only up to addition of another element of weight 2k + 1.
Its depth one part is canonical, so Brown’s depth graded Lie algebra avoids this issue. We

find similar success here.

Proposition 2.2.5. The generators por11 of bg are canonical, i.e. independent of our

choice of embedding of generators {oog+1} — Q(eo, €1).
Proof. Let oary1, 04,41 € Q(eo,e1) be two choices of generator for g™ in weight 2k + 1.
We must have

Ook+1 — Ogppq € {07, 0™}.

Proposition 2.1.9 tells us that the Thara action is compatible with the block filtration, and

SO
{g", g"} C Bg"
and therefore

P2kt1 — Py = 0.
O

Note that we can still define a concept of depth on bg as before. We define the
depth of a word w to be d(w), and induce a decreasing filtration on bg via its embedding
bg — Q(eg,e1). It is interesting here that depth grading gives canonical generators in

depth 1, while block grading gives po;+1 consisting only of terms of depth &k or k + 1.
Lemma 2.2.6. poiy1 contains only depth k and k + 1 terms.

Proof. Suppose w is a word of block degree 1 and weight 2k + 1. Then eywe; has two
blocks and hence contains exactly one of €2 or €2. In the first case, the number of e; must
be exactly half 2k + 1 — 1, i.e. k. In the second case, the number of ey must similarly be

k and hence the number of ey is k& + 1. O
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Theorem 2.2.7. by is freely generated by {par+1}r>1 as a Lie algebra.

Proof. We have a bijection between the generators of g™ and of bg, and Proposition 2.1.9

tells us that the Thara action is graded for block degree. Thus, we can write an element

{p2k1+1, { < {pzkb,lﬂ,pzkbﬂ}, .- }}

as the image of

{02k1+1a { SR {Uka—1+1v Uka-‘rl}v .- }}

in Bg™/BP*1g™. Hence, we have a relation in bg if and only if the corresponding sum of
terms is 0 in grzg™. Indeed, we have an injective Lie algebra homomorphism bg — grgg™
induced by the bijection {o2x+1}k>1 ¢ {P2k+1}te>1. Now, as greg™ is dual to grBL, the
existence of relations in bg implies the existence of additional relations in gr®L. To be

precise, we must have that

dim grf Ly < dim (I'(w)|degg(w) = n, |w| = N)o.

Then, by the proof of Theorem 7.4 in [9], we know that the right hand side has is spanned
by {¢*(k1,...,k,)}, where k; € {3,2}, and k; = 3 exactly n times and ky + --- + k, = N.
In particular, it has a basis given by (*(k1, ..., k) such that (ki,..., k) is a Lyndon word
with respect to the order 3 < 2. This basis, called the Hoffman-Lyndon basis, forms a

spanning set for grfﬁ ~- Thus,

dim grf £y < dim (I*(w)|deggz(w) = n, |w| = N)g

which implies that there is a sum of Hoffman-Lyndon elements of weight N with n threes
that can be written as a sum of Hoffman-Lyndon elements of weight N with fewer threes.
However, the Hoffman-Lyndon elements of weight IV form a basis of Ly, and, so, no such
relation can exist. Thus, we must have that £ = gr®L as they have equal dimensions,
and hence, greg™ = g™. Thus grgg™ is free as a Lie algebra, and hence bg is free as a Lie

algebra. ]
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Corollary 2.2.8.

Proof. We have that both bg and g™ are non-canonically isomorphic to Lie[os, 03, .. .], and
hence bg = g™. Furthermore, we have bg — grgg™, and the dimension of the weight N
piece of greg™ is equal to the dimension of the weight N piece of g™ = Lie[os, 05, . . .| = bg,

and hence we must have bg = grzg™. O

Remark 2.2.9. While both Brown’s 0g and our bg have canonical generators, Theorem
2.2.7 tells us that bg is free, while there exist relations in 0g, and hence ‘exceptional’
generators are needed, first appearing in depth four. These relations are shown to have
a somewhat mysterious connection to modular forms by Pollack [37], and this has been
further explored by Baumard and Schneps [4]. However, it is a computationally challenging
task, and suggests that ‘depth graded’ multiple zeta values may not be the most natural

choice of object to study.

2.3 Polynomial representations

We now reframe this Lie algebra in terms of commutative polynomials, similarly to Brown
[12][13] and Ecalle [21], as follows.
Recall that Charlton shows that every word w € {ep,e1}* can be written uniquely as

a sequence of alternating blocks [14]. In doing so, he establishes a bijection

bl: {eg, e1} \ {0} — U, {0,1} x N"

w (651,10 1)

where € defines the first letter of w, and ly,...,[, describe the length of the alternating
blocks.

Example 2.3.1.

eperepepereperer — (0;3,4,1),

erereperepererepey — (1;1,5,2,1)
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Definition 2.3.2. Define I™(ly,...,1,) := I™(0; a1, ..., ax; ax+1), where the a; are deter-

mined by bl(epeq, - - €qy, ;) = (0;11,...,1n).

We can use the map bl to define an injection of vector spaces by

o1 Qleo, e1) \ {Q - 1} = @ Qlan, . ..,
n=1

(2.3.1)
w a:lll Ll
where bl(eqwei) = (0;11,...,1,). The image of this injection is given by
oo
@azl v xn Qg . ]
n=1
where Q[z1,...,x,] consists of polynomials of odd degree. This parity requirement is a

consequence of Lemma 2.1.10.
In this formulation, a word of block degree n and weight N > 1 is represented by a
polynomial in n + 1 variables of degree N + 2. From this point on, we shall freely identify

elements of bg with their images under this injection.

Proposition 2.3.3. The projections of the depth-signed oar+1 € g™ onto their block degree

one part are given by

DPok+1(21, 2) = Qapt1(21, T2) — qop+1(z2, 1)

where

Gorr1(T1,m2) =)

7

2k 1 Qk 2i+1 _2k+2—21 2k+2
[(21) - (1_2%) <2k+1—2¢>]$1l T2 it

and oog1 have been normalised to correspond to (721)k§(2k +1).

k
=1

Proof. We will compute the block degree 1 part of o911 consisting of terms containing an

e2. This will give gogr1. That pori1(21,22) = gorr1(x1, 72) — gorr1(w2, 1) follows from

duality. In terms of eg, e, we have

k

Q2k+1 = Z Cz’(€1€0)i60(€1€0)k_i,
i=0
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where ¢™({2}71,3, {2}F7%) = ac;¢™(2k 4 1) (mod ¢™(2)), for i > 0 and some a € Q, and
¢p is obtained via shuffle regularisation [9].

Shuffle regularisation of ege; ... eq tells us that

k
Co+2ZCi = 0.
i=1

Next, from the work of Zagier [42],

C({2)",3.2)") = 2a§1<—w (o 5) ~ 0= 5 (5 ) |t er + )

Brown then shows in [9] Theorem 4.3 that this lifts to an identity among motivic multiple

zeta values. Considered modulo (™(2), we find

(2o 2 =20 | (5F) = (1= ) (53 Loy ) | m2k 1)

and thus, we can take ¢; = [(2215) —(1- 2%)(%4_2{“_21)] for i > 0. The result then follows.

O]

Computing these sums explicitly, we obtain the following theorem.

Theorem 2.3.4.

1 =220 () + 29)%F — (21 — 32)%*
Pakt1(21, ¥2) = T122(21 — 22) <( A sz) ( ) > ’

With this in mind, we can provide a characterisation of these generators in terms of

polynomial equations.

Corollary 2.3.5. The polynomial pop41(x1,x2) is, up to rescaling, the unique homoge-

neous polynomial p(x1,x2) of degree 2k + 3 such that

p(z1,0) = p(0,22) = p(x1,22) + p(22, 1) = 0,

p(r1,22)

and, defining r(x1,x2) := Tizs(e1-13)’

satisfying

r(0,z) = 2r(z, —x),
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and

((98:51)27"(9“"”2) _ (;@)27«@1,@).

Proof. The condition p(z1,0) = p(0,x2) = p(x1,x2) + p(x2,x1) = 0 suggests we can write

p(x1,e) = xi1x9(T1 — T2)7 (21, 22). Letting u = 21 + x9, and v = x; — x9, we can rewrite

d\? d\? %
(81‘1> r(x1,xe) = (8@) r(x1,x2) & Sudo (u,v) =0,

which has polynomial solution, homogeneous of degree (2k + 3) — 3 = 2k
r(u,v) = au®* + pv?*

which is to say

r(x1,x2) = a(z1 + 1‘2)2k + Bz — xz)%.

Finally, the condition
r(0,x) = 2r(z, —x)

gives
(a + ,B)(E2k — 22k+15$2k,
and hence
a=—(1-2%)g,
giving the desired result. O

We can provide an exact polynomial formula for the Thara action. Recall that we have
chosen g™ to differ from Brown’s by sending e; — —ej1, and so this is only accurate for

‘depth-signed’ elements. We delay the proof of this until later.

Theorem 2.3.6. For (depth-signed) elements of the motivic Lie algebra, the Ihara action
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1s given at the level of block-polynomials for each block homogeneous piece by

(fog)(xi,. ., Tmin—

1) = (—1)(m+1)(n+1) Z f(xiviiﬂa e Tigm—1)

i—1 i~ Titm—1
1
X (lg(xlﬂ sy Li—1, Tiy Titmy - - - 733m+n71) <232)
1
1
- (1, T, i1 Tmgn—1) | -
Titm—1

2.4 Relations arising in the polynomial representation

We find several relations

arising naturally in the polynomial representation which are

preserved by the Thara action, and dual to relations in gr®£. We prove these by induction

on the block degree. We illustrate the method by reproving that the duality arising from

the symmetry 0 «+ 1 of P'\ {0,1,00} holds. While this is not a new result, it serves to

demonstrate the approach in a case where all computations remain simple.

Proposition 2.4.1. For all f(z1,...,z,) € bg,

flay,... xpn) = (—1)"+1f(3:n, cee, ).

Proof. 1t suffices to show that this holds for poy11, and that, if this holds for f,g € bg,

then it holds for f o g. The former holds by definition of pory1. To see the latter, note

that

(f % g)($m+n—1, . ,xl) =

X

X

n
(1)) Z f(fl?m+n—i2, $m+n—z‘—12, ooy Tpgl—i)
i=1 Tmtn—i — Tntl—i
Tn+1—i
((1 + ——)9(Tmtn—1,- -+ Tmtn—i+t1s Tmtn—i> Tn—iy - - - , T1)
Tm4n—i
Lm4n—i
(]- + 7)g(xm+n—17 ooy Tm4n—it+1l, Tn4l—gs - - - ,$1)>
Tn+1—i

(—1)(mF D)) i(_l)mf(ﬂfnﬂ—m L4215 Tmtn—i)
i=1

2 2
Tht1—i — T

m+n—i
Tn+1—g
((_1)n+1(1 + M)g(ajla <oy In—iy Tm+4n—ir Tm4n—iy - - - 7$m+n—1)
Tm+n—i
_(—1)t(q LTm4n—i ' ‘
( ) ( + )g(xh'"7xn+1—laxm+n—2+17"'7xm+n—1)
Tpt1-i

(_1)m+n(_1)(m+1)(n+1) z”: f(xn+1*iv Tn4+2—15--- 7xm+n7i)

2 2
i—1 LTot1—i — Tmgn—i
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Tm+n—i
X ((1 + 7)g($1, ey Tt l—iy Tongn—itly - - - ,xm+n_1)
Tpt1—i

Ln+1—i )

- (1 + Q(IL vy Tn—iy Tm4n—is Tm—4n—is -« -« $m+n1)>

Tm4n—i
= (_1)m+n(f © g)(xla s 7xm+n—1)7
and hence, the duality relation is preserved by the Ihara bracket. O

We can similarly prove Charlton’s cyclic insertion conjecture, up to terms of lower
block degree. While this has been verified in upcoming work due to Hirose-Sato, in this
formulation, it is merely a consequence of the Thara action, allowing for a significantly
simpler proof. We will instead show that a more general relation holds, of which cyclic

insertion is a corollary. These are the ‘block shuffle’ relations.

Definition 2.4.2. For any 1 < r < n, define the shuffle set

Shy, ={ce€Sulo (1) <...<o  (r)o7 r+1)<... <o n)}.

Then, for any f € Q[z1,...,x,], define

f(a:l Y PN W 7S R :L’n) = Z f(wg(l),x(,@), e ,IL’J(n)).

oc€Shn,r

Theorem 2.4.3. For any f(z1,...,x,) € bg, and any 1 <r < n, we have

flrizg. .. xpWEpgq ... xy) = 0.

Proof. For pop41, this is equivalent to p(z1,x2)+p(z2, 1) = 0, given by Proposition 2.4.1.

Then, as the Thara action is associative, it in fact suffices to show that

(f Og)(l'l L] -erL’ZUT+1 . ..’L‘n+1) = 0

for all f = pogr1(z1,22), g(x1,...,2,) € bg.

We write (fog)(z1... 2, 1U&py1 ... Tpy1) aS
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Z Z a(z 0'(1+1) ) %

0€Shpq1,r i=1 U o(i+1)

<g($0'(1)7 <y Lo(i)s To(i42)s - -+ 7330(71—1—1)) . g(x0(1)> <oy Lo(i=1) To(i41)s - -+ 7$a(n+1))>
Lo (i) Lo(i+1)

This sum splits as follows

Z Z (1)) Lo ( H—l)) %

oSty i=1 Lo T Toli+1)
(9(%(1)7 o)y To(i42)> - Tont1) 9 Ta(1)s - To(i=1) To(it1), - - 7xa(n+1)))
Lo (i) Lo(i+1)

4 Z zn: f(ma(iﬁ xo(i+1)) %

O'Gshn+1 ri=r+1 wa(l) o :Uo-(i"'_l)

(g(xa(1)7 s To(h)s Lo(i42)s - - - 7$U(n+1)) . g(xa(l)a < To(i—1) Lo(itl)y - - - 7$a(n+1))>
Lo (i) Lo(i+1)

LEO’T?‘/'UO'T
N Z f (o) (+1))><

o€Shpi1.r xo(r) - xa(r—i—l)
such that
{o(r),o(r+1)}#{rr+1}
(g(xa(l)v s Lo(r)s Lo(r42)y - - ’xo(n—i-l)) g(xcr(l)7 oy Lo(r=1)s Lo(r+1)y - - 7xo(n+l))>

xa(r) :Ea(r—‘rl)

Denote the first sum by A, the second by B, and the third by C. Now, this sum can

Z flag, x) <Gk,l B Hk,l>

XL — X X X
1<k<l<nt1 “F k L

be written uniquely as

where G, ;, Hy,; are polynomials related by swapping xj <+ x;. We have 4 cases to consider

1. 1<,

2. k>r+1,

. k<r<r+1<l,
4. k=r=101-1.

In the first case, both A and B only contribute non-zero terms if [ = k+1, while C only

contributes if | > k + 1. Thus, denoting by ®(o,i) the condition {o(i) =k, o(i +1) =
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k+ 1}, we have

Grir1= ) > I(To(1)s -+ s Ta(i=1) Ths To(i42)s - - - s To(nt1))
k<i<r o€Shpy1,r
such that ®x(o,i)

+ Z Z g(xa(l)v < Lo(i—1) Thy Lo(i+2)s - - - 7xa(n+1))

i>r UGShrH»l,r
such that ®(0,7)

+ Z g(xa(l)a s 7xa(i—1)> Tk, xo‘(i+2)7 ceey xo‘(n—&-l))'
O'EShn+1m
such that & (o,r)

Let P(o,r) denote the condition
{o7' D) <...<o7 ()07 (r+1) <. ... <o Y n+ 1)}
Then, this is a sum over the set of permutations
Uk<i<r{o|®x(o,4) and P(o,r)} U Uisr{o|®r(0,i) and P(o,7)}

which is clearly in bijection with a set of shuffles of [n+1]\ {k+1}, and so the contribution
is 0 by induction.

Then, if [ > k + 1, we find that the non-zero terms in

f (@, 1) (Gk,l 3 Hk:,l)

Tk — 21 Tk Z

due to permutations with o(r) = k,o(r+1) = [ cancel with those due to o(r) = [, o(r+1) =

k. Thus, in this case,

f (@, 1) (Gk,l B Hk,l) o

Tk — X \ Tk x

The second case, k > r—+1, is similar. In the third case, every term due to a permutation

with o(i) = k,o(i + 1) = [ cancels with the term due to the permutation 73 ; o o, where
Tk, is the transposition (k,1).

Finally, in the fourth case, our sum splits into a sum over the following sets

Ui<7"{(7 S Shn+1,r’0'(l) = T,O'(i + 1) =r+ 1}7
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Uisr{o € Shypt1,|lo(i) =r,o(i+1) =r+ 1},
Ui<r{0 € Shn+1,r|o-(i) =r+1, U(i + 1) = T}a
Uisr{o € Shpti,|lo(i) =r+1,0(i +1) =1}

All of these must be empty due to the order preserving property of shuffle permutations.

Thus,
(F o g)(@1 ... arlitysr .. nsr) = O.
]
Corollary 2.4.4. For any finite sequence of integers ly, ..., l,, and any 1 < r < n, we
have

Z Ib[((la(l)a ceey la(n)) =0

oE€Shn,r

when considered modulo products.

Proof. Using Theorem 2.2.7, we can consider bg as the dual Lie algebra to the graded Lie
coalgebra of indecomposables gr® £, and hence, relations among the coefficients of elements

of bg induce relations among elements of gr®L. Specifically, we define a Q-linear pairing

<Ib[(l1, R ,ln)]xlfl . xfﬁ”) = (5117]61 R 5lnykn

where 1°Y(1y, ..., 1,) is the image of 1°(ly,...,l,) in grgl. We have that R is a relation in
grBL if and only if (R|f) = 0 for all f € bg. Hence, as f(z129... 2, WTyy1...2,) = 0 for

all f € bg, we must have that

Corollary 2.4.5 (Block graded cyclic insertion). The cyclic sum

Z Ib[(la(l)a lo‘(2)7 S 7l0'(’n)) =0.

O'ECTL
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Proof. 1t suffices to show that

Z f(xa(1)7x0(2)> s 7xa(n)) =0

O’ECn

for all f € bg.
Suppose f € bg. Then, Theorem 2.4.3 implies that the image of f under the following

vector space isomorphism

@Q[:Ela o ,ZL‘n] :> Q<Z1a 22523y .- >
n=0 (241)

11,02 in L. .
xS T 2 Ry - 2

n

lies in Lie[z1, 29, ...]. In particular, the image lies in the span of elements of degree at least

2. Now, we define a linear map C : Q(z1, 2o, ...) = Q(z1, 22,...) by

C(Zl'l g v Zin) = E zia(l)zi(;@) e Ziv(n)
O'ECTL

for a word of length n. Thus, it suffices to show that C(Z) = 0 for all Z € Lie[z1, 22, .. .]
of degree at least 2.

Note, for any monomials X, Y in {z1, 29, ...} of degree k, n — k respectively, we have
[X,Y] = XY — o(XY), for some o € C,, acting by cyclic rotations on words of length n.
Thus,

C([X,Y]) =C(XY)—-C(c(XY))=C(XY)-C(XY)=0

and so the image of any element of degree at least two in Lie[z, 22, . ..] is zero, and hence
Z f(xa(l)vxo(2)> s 7xa(n)) =0
O’ECTL
O
Remark 2.4.6. As in this proof, it can be useful to consider bg as a subspace of the
Hopf Q(z1, 29, 23, . ..), with the standard concatenation product, and a coproduct given

by Az, = 2z, ® 1 + 1 ® z;. For example, Theorem 2.4.3 implies elements of bg are primitive

for this coproduct, we immediately obtain Proposition 2.4.1 as a corollary, by considering
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the antipode map, i.e. the antihomomorphism z; — —z;. This is an idea explored further

in Section 2.11.

2.5 Shuffle Regularisation

The double shuffle relations among iterated integrals are not, in general, compatible with
the block filtration. However, the regularisation relation obtained by shuffling with an

element of weight 1, does respect the block filtration.

Theorem 2.5.1. Let w1 : Q(eg,e1) — Qeg ® Qe; denote the projection map onto weight
1, and let A : Q{ep,e1) — Q(ep,e1) ® Q(eg,e1) be the coproduct defined by A(e;) =

e, 1+ 1®e;. The map Ay := (m ® id)A is compatible with the block filtration:

A1B"Q(ep, e1) € B'Q(eg, e1) @ B 'Q{eq, e1).

Proof. For w € Q(eg, e1) every term in Aj(w) is of the form e; ® w for ¢ € {0,1}, where
w is obtained from w by omitting a letter. The left hand side is of block degree 1. The
right hand side is of higher block degree, if the omitted letter was internal to a block,
and of block degree 1 lower than w, if the omitted letter was at the beginning or end of a

block. 0
Thus, we can take the associated graded map of Aj.
Corollary 2.5.2. grg(Aq)(bg) = 0.

Proof. This follows from the work of Brown [9] and Racinet [38], as any element ¢ € g™
satisfies A(y)) = 0. O

In low degree, we can translate this to a statement about elements of bg considered as

polynomials.
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Example 2.5.3. For f(z1,z2) € bg and g(x1, 2, z3) € bg, we have

Ji
v50-(0.2) = f(z,—),

dg dg B
Yyz (81‘1(07?/’ Z) - aixl(ovyv Z)) =Y (g(y7 2, 72) + g(iyv Z, 72))
+z (g(_y7 Y, _Z) - 9(—% Y, Z)) )
dg dg g g _ o B
Yyz (83:1(0’%2) + 871‘1(07:% Z) + Tm(y707 Z) + Tm(yvov Z)) - y(g(y,z, Z) g( Y, z, Z))
-z (g(_y7 Y, _Z) + g(_ya Y, Z)) .

In order to better describe elements of bg, we use the following lemma to transform

our polynomial representation.

Lemma 2.5.4. For f(z1,2,...,x,) € bg, we can write

flx1, ... xn) =21 xp(z1 — 2p)r (21, .oy Tp)

for some polynomial r € Q[z1, ..., x,).

Proof. We induct on the number of variables. For n = 2, this follows from Theorem 2.3.4.

Now, suppose this factorisation holds for f(x1,x2), g(z1,...,z,) € bg. We have

{f,g} Z f $z,$1+1)

Ti — Ti+1

1 1
(g<$17 s Ly Lt 2 - '7'r’rl+1) - g(xlv s L1, L1y - - - 7xn+1)
i Ti+1

~glionseeesn) (- @1800) = f o))

Tl n

1
- g($27 L) 7xn+1 (f(xlva) -
x2

Tn41

f(961a56n+1)> :

Applying our induction hypothesis, we find

{f,9} =21 opparp(o, 22) ¥
((z1 — wpy1)rg(T1, 23, 1) — (T2 — Tpp1)rg(T2, - - Tpg1))
+Zx1 i (21 = g )T (0, i) X
(rg(xl, ey Ly Lj42 - - ,:L’n+1) - Tg(l'l, ey i1, L1y - - - ,$n+1))
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+ 21 T 17 (T, Tpg1) X

((1‘1 - :En)rg(xla s 7$n) - (731 - anrl)Tg(xla coy Tp—1, anrl))
—Zx1.. -In+17“g($17 e ,ﬂfn) ((961 - $n+1)7"f(561756n+1) - (ﬂﬁn - $n+1)7“f(93n, l‘n+1))
— X1 Tpg1Tg(X2, s Tpgr) (01 — 22)7 (21, 22) — (1 — Tpa1)Tp(T1, Tg1)) -

Considering only the terms not immediately divisible by x; ...z 41(x1 — Tpt1), We

reduce the problem to showing that

— 21 T (T2 — T r (21, 22)7g (T2, -0 Tng1)
+ 1. g1 (@1 — )7 (X, Tng1)Tg(T1, -0, )

+ 21 g1 (g — T )T (T, Trg1) g (21, -, )
—x1 .. Tppr(T1 — 22)r (2, )19 (T2, . - Trg1)

= —21 ... Tpg1(1 — Tpp1)7p (21, 2)Tg (22, .. o, Trg1)
+ 21 g 1(1 — T 1) (T, Tpg1) g (21, .- Th)

is divisible by x; ... zp41(x1 — 2y41). This is clear, so we are done.

Definition 2.5.5. For f(x1,...,x,) € bg, define the reduced block polynomial to be

flxy, .. xp)

1. xp(T] — Tp)

r(x1,...,xp) =

Define tbg to be the bigraded Q-vector space of reduced block polynomials.

Remark 2.5.6. It may be useful to recall how the various degrees we assign to motivic
iterated integrals relate to the reduced block polynomials. A reduced block polynomial
r(z1,22,...,x,) of degree N corresponds to elements of weight N +n —1 and block degree

n— 1.

2.6 The dihedral action

As an immediate corollary to Proposition 2.4.1 we obtain:
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Lemma 2.6.1. For all r(x1,...,x,) € tbg,

r(Tp,...,x1) = (=1)"r(z1,...,Zn).

Definition 2.6.2. We define a Lie algebra structure on tbg via the Lie bracket

{fla f2}(x17 s 7xm+n—1>

€y .- -xm—i-n—l(xl - xm—l—n—l)

{7“1, 7“2}(311, . 7$m+n71) =

for ri(x1,...,xm) = %,rz(m, cey ) = % € tbg. We call this the

reduced Thara bracket. It produces a polynomial of degree deg(r1) + deg(rz).

We can explicitly compute this, and in the case of r1 = r1 (21, z2), we obtain a partic-

ularly nice formula.

Proposition 2.6.3. For r(x1,z2), q(x1,...,7n—1) € tbg, the reduced Ihara bracket is

given by

n

{T7Q}($17 o e )xn) - Zr(xia $i+l)((I(l‘la ey Ty, $i+2) oo an)_Q(ﬂfl, e ey $i—1)xi+17 L) 7$n))
=1

where we consider indices modulo n.

Corollary 2.6.4.

r(x1,...,xn) =7(x2,. .., Tpn,x1)
forr(xy,...,x,) € thg.

Proof. This follows from a simple induction argument, using Lemma 2.6.1 as our base

case, and the natural cyclic symmetry in Proposition 2.6.3. ]
Remark 2.6.5. Corollary 2.4.5 follows as an immediate corollary to this invariance.

With this cyclic invariance, we can write down the general case of the reduced Ihara

bracket quite succinctly.

Corollary 2.6.6. Forr(xi,...,xm),q(x1,...,z,) € tbg, the reduced Ihara bracket is given
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by
m+n—1

{T7 Q}(x17 .. 7«73m+n—1) - Z T($i7 L )xi-i—m—l) (Q(«Tz—&—m; oy Im4n—1yT1y - - - 7‘ri)
=1

- q(wz‘+m—1, sy Tm4n—1,T1y - - - 7361‘—1))
where the indices are considered modulo m +n — 1.

Thus, we have an action of the dihedral group on tbg, restricting to either the trivial

or sign representation on the block graded parts.

2.7 A differential relation
We additionally obtain a differential relation, generalising the differential relation defining
the generators of bg.

Definition 2.7.1. For n > 2, define the differential operator

D, : Q[zy,...,zn] = Q[z1, ..., x4)

D, := 11 (8 + (—1)1'li +oe (—1)in18> .

i refony N9T1 O
Theorem 2.7.2.
Dypr(zi,...,zy) =0
for all r(x1,...,x,) € thg.

Proof. We induct on n. For n = 2, this follows from Corollary 2.3.5. Suppose this holds
for q(z1,...,x,) € thg.

Next define

Miv1; — Mivi141
I,:={MecM Mi;=1 J = 2L
n { € n(,u2) | 1,4 , Mi,j Mi,j+1 }a

and



Note that Dy, = [],/¢; L, and thus we have, for r(z1,22), ¢(71, ..., 2s) € tbg,

n

Dn+1{7"a q}(ﬂﬁh e 7irn+1) = ZDn+1(7’($z‘,i€z‘+1)Q($z’a Lit2,--- ,$¢+n) - 7“(3% $i+1)Q($z’+17$i+2,-

i=1

=3 (Il taor@oza)C I Lada@sive, o wign)

=1 SClpy1 MES MeT,+1\S

—Z Z (H L)r(@i, wig1)( H Lyr)q(Tig1, Tig2, -+ oy Tien)

=1 SCIn+1 MeS M€1n+1\s

where we have used the cyclic invariance of tbg and considering indices modulo n + 1.
Next denote by M]iy,...,ix] the submatrix of M obtained by restricting to rows and
columns iy, ..., 4. We see that Ly f(@iy, ..., i) = Lagsy,....i0)f (Tirs -5 Tiy,)-
Now, if {M[i,i +1] | M € S} = I, then ([[;eg La)r(2i, #i41) = 0. Otherwise, we
must have M[i,i + 1] = (1 1) forall M € S, or M[i,i+1] = (Y ') forall M € S. In

the first case, we must have all M € I,,;q with M[i,i+1] = (!, 7') contained in I, \ S.

The second case is similar. In either case, this implies that
{M[i,i+2,...;i4+n] | M€l 1 \S}={M[i+1,....i+n]|In41\S} =1,
and so

( H Ln)q(@i, @iz, - - -, Tign) = ( H La)q(@it1, Tigas - Tign) =0
MEIn+1\S M61n+1\s

Thus Dy, 41{r, ¢}=0. O

Remark 2.7.3. By direct computation, one can show that, in sufficiently high degree,
r(z1,...,7,) € kerDy, is equivalent to 7(z1,...,2n) € Y ycr kerLys. As an illustration,

consider solving the inhomogeneous equation

0 0 0

(Lf) (@1, 22,23) = (871 t o T 673)(,}”)(901,:62,:1:3) = (1 + @2)" (22 — 23)"

The right hand side is an element of the kernel of R = (8%1 — 8%2 — 8%3) Making a change
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of variables to u = x1 + 9, v = T3 — x3, W = 11 — T9, we obtain that

2g: a,b

u®v
ou

which clearly only has solutions of the form

1
w4 Cvtwt =

a2 T 5 (@1 ta2) ™ ey —23) 4 Clar —22)! (22— 25)".

flu,v,w) =

This is an element of kerL 4 kerR. By similar changes of variables, this argument gener-
alises.

This alternative condition clearly holds for n = 2, and can easily be shown to be
preserved by the Ihara bracket. Hence, we can equivalently state Theorem 2.7.2 as the
following;:

r(z1,...,zn) € Z kerLys for all r(zy,...,z,) € thg.
Mely,

Remark 2.7.4. Corollary 2.3.5 shows that in block degree 1, bg is isomorphic as a vec-
tor space to the bigraded vector space of homogeneous polynomials satisfying the block

relations:

(1): f(z1...2WTps1 ... xy) =0 for any 1 < k < mn,

(2): f(x1, . yxn) =21 xp(21 — )T (21, ooy Tp)y T(X1, ..oy 2) € Qg ..., T4,
(3): Dyr =0,
(4): r(z1, ... xn) =7(x2, ..y 2p, 1) = (=1)"r(xp, ..., 1),

(5): f satisfies shuffle regularisation, as in Example 2.5.3.

Note also that, as all these properties are preserved by the Thara bracket, bg is a Lie
subalgebra of the Lie algebra of homogeneous polynomials satisfying these properties.
However, in block degree b, and weight w, we can only show that the dimension of the
bigraded piece of the vector space of homogeneous polynomials satisfying these constraints

is bounded above by Cw’~! for some constant C.
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2.8 Further results in block degree two

While we can uniquely described elements of bg; as solutions to a set of equations, in block
degree two we can only bound the dimension above by something growing linearly in weight
using the same relations. We can, however, describe where the “missing” relations lie. Let

r(z1, 22, x3) € thgy. Then we have that

7’({131, .’1}'2, x3) - T(ZQ, CU37 xl) - _T(x?n .’1327 l’l),
84 04 84 84 84 4
72+7Z+7Z_2 2T2_2 2T2_2 327“2 =0,
Oz} Ox;  Oxj O0xy0xs O0r50x3 0x50x]
and that g(z1,z9,23) := xi1x9w3(21 — 23)r (21, T2, T3) satisfies the shuffle regularisation
equations:
15) 15)
Yyz (8;’71(07 Y, Z) - 871‘('}1(07 Y, _Z)> =Y (g(y7 Z, _2) + g(_ya Z, _Z))
+z (g(_yv Y, _Z) - g(_y7 Y, Z)) )
dg dg dg dg B
yz (8&71(07 Y, Z) + aixl((l Y, Z) + %(?ﬁ 07 Z) + 87332(:% 07 _Z) =Y (g(y7 Z, _Z) - g(_yv Z, _Z))

—2(9(~y,y,—2) + 9(—v,y,2)) -

Writing these relations in terms of r(z1, 22, z3), we find that these both reduce to

(T(Oa Y, Z) - ’I“(O, Y, _Z)) = ’l“(—y, Y, Z) - T(ya ) Z)

DO |

Observe that, considering the parity of the degrees of monomials, we must have that the

totally even part of r.

re(x1, o, x3) := = (r(x1, 22, 23) + r(—21, T2, 3) + (21, T2, —T3) + 7(—21, T2, —T3))

=

and the odd part of r, ro(x1, 22, x3) := (21, T2, v3) —Te(21, T2, T3), must both satisfy these
equations separately. We claim that if ¢(z1,x2,z3) satisfies these equations, then there
exists r(z1, z2,x3) € thgy such that g,(x1,x9, x3) = 1o(21, 22, 23). Equivalently, we claim

the following.

Proposition 2.8.1. Let V2" C Q[x1, 2, 23] be the space of homogeneous polynomials of
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degree 2n, satisfying

Equation (1): q(x1,x2,x3) = q(x2,x3,21) = —q(x3, T2, T1),

) 1
Equatzon (2) o ( (O Y, Z) - q(07y7 _Z)) = Q(_ya Y, Z) - Q(ya -z, Z)a
8q+8q+84q d'q B d'q B d'q
ozt = Oxy O 0x20x3 Ox302% 0x3022

Equation (3): =0,

Fquation (4) qe($1,$27$3) =0,

and let da 2, be the dimension of the degree 2n piece of tbgy, i.e. the dimension of the

weight 2n + 2 part of bgy. Then dimV2" = d2 2.

Proof. We first note that ds 2, is the number of independent Lie brackets {pag+1,p2i+1}
with 2k + 2l + 2 = 2n + 2, with k,] > 1. This is precisely the number of positive integer
solutions to k 4+ 1 =n with 1 <k <. Thus da2, = L"T_lj

Next, Equation (3) implies

q(x1, 22, 73) = Z i (1 — m2) (w2 — 23)7 + Bij(21 + 32)" (32 — w3)’
i+j=2n

+yij (21 — m2) (22 + 23)7 + 6 j(21 + 22) (T2 + 23)7.

Define q.(z1, 22, 23) == 7 (q(z1, 2, 23) — q(—21, B2, 23) — (21, T2, —73) + q(—21, T2, —73));

this the part of ¢ that is odd in x1 and x3 and even in xs. We can write

¢(x1, 22, 23) = E pij ((x1 — 2) (m2 — x3)” + (1) (21 + 22) (22 — 23)7
i+j=2n
i7>0

—(z1 — 22)" (22 + 23)” + (=1) (21 + 22)" (22 + 73)7)

where p; ;= aij + (=1 Bij — iy + (=1)"0i;. As q(w1, 22, 23) = —q(3,22,21), the
same holds for ¢,(x1,x2,x3) and thus p;; = —pj;.

Then, as ge(x1,x2,z3) = 0, and q(x1, 2, x3) = q(x2, 3, 1), we must have
q(z1,72,73) = qu(T1, T2, T3) + ¢2 (72, T3, 71) + gu(T3, 71, 73).

Thus, ¢ is uniquely determined by g,. We currently have n — 1 free variables in gy, so in

order for dimV>" to be equal to |5 |, we need Equation (2) to impose [“5?] independent
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constraints on the p; ;.

Writing Equation (2) in terms of ¢,(x1, 2, z3), we find that we must have

Q*(Z7 an) - 2Q*(Z7y7y) - 2Q*(y7 Z, Z)'

Evaluating the coefficient of y¥z! in this equation we obtain

o= 3 (o X ()
0<j<k 0<j<l
i+j=2n i+j=2n

if k is odd, and 0 = 0 if k is even, or if k = [. As the coefficient of y'2* is just the negative
of this, this gives us (”7_11 equations, so it suffices to show that they are independent. As
we are solving for rational p; ;, it is sufficient to show that these equations are independent
modulo 2. But mod 2 we obtain

PLE = 0 mod 2,

which are clearly independent. Hence, we have L"T_lj free variables in ¢, and dimV?" =

|25 ] = daon. O

As such, we can quantify the number of “missing” relations by computing the dimension

of totally even polynomials satisfying the defining relations.

Equation (1): q(x1,x2,x3) = q(x2, 3, 21) = —q(x3, 2, 71),

, 1
Equation (2): 3 (9(0,y,2) —q(0,y,—2)) = ¢(~y,y,2) — q(y, =2, 2),

oYq 0'q Y d'q d'q d'q
Equati ) — +—+—— —2 — — =0,
quation (3) oxt * oxy * Ox4 0x20x3 Ox30x3 0x3023

Equation (4): q(x1,x2,x3) = qe(x1, x2, 73).
Denote by V2" the vector space of such polynomials, homogeneous of degree 2n.

Proposition 2.8.2.
dim V" = {E

3
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Proof. We first note that, if

o1 ot ot ot ot ot
7?1"‘73"'73_2 2q2_2 2q2_2 2q2:07
Ox}  Oxy;  0Oxy Ox{0x5 Ox50x3 Ox50xy

and q(x1,x2,x3) is even in all its variables, we can write

g(z1,m9,23) = Y €y (@1 — 22) (w2 — 23)7 + (= 1) (21 + 22)* (w2 — 23)7
i+j=2n
1,520

+(21 — 22) (22 + 23)7 + (—1)" (21 + 22) (T2 + 73)7) .
Indeed, the set
Q := {(z1—a2) (w2—a3)! +(— 1) (w1+22) (v2—23) +(21—22) (22 +23)  +(— 1) (314+22) (v24+23) }itjm2n
forms a basis for the space of totally even solutions of
g 0% 0O 0*q 0*q 0*q

L R R —2 —2 =0
(9:1:‘1L 8x§ 856% 833%8:0% 833%8:0% 89:%833%

Then, as %(q(O,y,z) —q(0,y,—2)) = q(—y,y,2) — q(y,—z, z) holds trivially for any to-
tally even polynomial satisfying the symmetry conditions, it is sufficient to compute the
dimension of the subspace of skew-symmetric polynomials spanned by Q. This is a simple
representation theoretic argument: we consider Span(Q) as a representation of the sym-
metric group S3 via the standard polynomial representation, and compute the dimension

of the sign representation within this. In particular, representation theory says that

dimV?" = é [Tr(id) — 3Tr((13)) + 2Tr((123))]

= £ [0+ 1 3TR((13)) + 2Tr((123))].

Note that the vector spaces generated by {(z1 —x2)" (72 —x3)7 }it j—on and {(z1 +22) (22 —
z3)’, (v1 — 22)(z2 + x3)7, (21 + 22)" (w2 + 23)7 }iyjm2n are invariant under the action of
S3, and so it is sufficient to consider the trace of the action restricted to {(z1 — x9)*(z2 —
23) }itj=2n-

Clearly, the trace of (13) is 1, as the only diagonal entry corresponds to (1 —x2)"(ze —
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x3)" +— (r3 — x2)"(x2 — x1)". Now, computing the trace of (123), we find that it is given
by

i(_l)i <2ni— 7,>

1=0

To compute this, we consider the generating series

n>0 i=0 k>0 i>0
=) (L+ay)y*
k>0
B 1
1y —ay?
Setting z = —1, we obtain

S (" e =

n>0i=0

Thus,
.
1 if 2n =0 mod 6
2n L (2n — 1
Z(—l)’< . > =4q-1 if2n=4mod 6
i=0
0 if 2n =2 mod 6
Hence

dimV, = - (2n+1 -3+ 22),

| =

where z is determined by 2n mod 6. A quick consideration of each case shows we obtain

%] =131
0

While we have been unable to describe tbg, completely in terms of equations, we
can provide a complete characterisation. In particular, we show that you can recover

re(x1, o, x3) from ryeo(r1,0,23). We first claim that, in order to obtain a vector space
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of the correct dimension, it is sufficient to determine the coefficient of m%“+3m2x§b+2 for

all a,b > 0 in f(x1,29,23) € bg. This is equivalent to somehow specifying the value of
¢*'({212, 4, {2}°) relative to our normalisation of the generators oz 1. We will expand on
what we mean by this precisely in a moment. First we will show that the coefficients of
2293 2922+2 provide sufficient information.

Let f(z1,22,23) € x12023(21 — 23)Q[21, 22, 23] be homogeneous of degree 2n + 4, and

k

J@1.22.25) _ 16 it’s reduced form. Let a; j.x be the coefficient of 2%z}

let T(IL‘l, X2, x3) = T17223 (21 —13)

in r(z1,z2,x3). Now suppose r(z1, z2,x3) satisfies the first three conditions in Proposition
2.8.1. Then, as described in Propositions 2.8.1 and 2.8.2, the ‘odd’ part of r(z1, z2, z3) lies
in a vector space of dimension dimtbg, ,, the degree 2n piece of tbgy, while the totally
even part lies in a vector space of dimension | % |. We want to impose additional relations
so that r(x1,z2,23) lies in a vector space of dimension exactly dimtbgs 5,. It is therefore

sufficient to impose relations with which we can calculate the totally even part from the

‘odd’ part.

Lemma 2.8.3. Let r(x1,x2,x3) be as above, and suppose r(x1,x2,x3) — re(r1, T2, 23) I8

fized. Suppose also that the coefficient of x%“+3x2x§"_2“ in x1xows(xy — x3)r(x1, X2, x3) is

fized for each a: call it cq. Then re(x1,x9,x3) is uniquely determined.

Proof. The coefficients ¢, are related to the coefficients of r(x1, x9, x3) by

Ca = 02q+1,0,2n—2a—1 — (2¢+42,0,2n—2a—2
and hence
2042,0,2n—2a—2 = X2a+1,0,2n—2a—1 — Ca-

Thus the coefficients gy 2 are determined. This, in fact, determines all the coefficients

Qg 21,2m- Recall that re(zq, 9, z3) satisfies

o*r o*r or or otr o*r
f+ 46+ 48_2 262_2 262_2 282:0
ox7  Oxy  Oxg O0x{0xs 0r50x3 O0x50x]
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and hence is of the form

re(21, T2, x3) = Z €ij (1 — 22)" (m2 — x3)” + (—1)" (21 + 22)" (22 — 23)7
i+j=2n
1,j>0

+(z1 — 22) (w2 + 23)7 + (=1) (21 + 22) (22 + 73)7) .

Setting zo = 0, we get that

2s, 2t _ i 4,0 i
E , 0025,0,2t07 X3 = E 2€ 5 ((—1) T3 +951373>
s+t=n i+j=2n
5,620 i,j>0

and hence €, 91 = %0425707275. Then, as in the proof of Proposition 2.8.2, we note that the

vector spaces generated by

{(#1 — 22) (w2 — 23) }itjm2n

and

{(z1 + 22) (w2 — w3), (w1 —22) (w2 + 33)7, (21 4 2) (w2 + 23)7 Fiyj=om

are invariant under the action of S3, and so r¢(x1, 22, x3) = re(x2, x3, 1) implies that

> ey ((mr—w) (@ —x3)) = D ey (=) (22 —w3)' (w1 — x3)7).
i+j=2n i+j=2n
,7>0 1,520

Expanding (z1—x3) = (21 —22+22—23)/ and comparing coefficients of (z1—x2)%(z2—x3)?,

we obtain that

et = (—1)’(‘2)%-

i+j=2n
4,720

In particular, this implies

1 (9
€2541,2t—1 = 511 26252t — Z (-1) (2‘78> €5

i+j=2n
i>0,5>25+2

which recursively determines €as1,2(—1 in terms of €g; 9. Thus, re(21, 22, 23) is uniquely

determined by awg 0,2, and the result follows. O
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To determine the coefficients of x%“+3z2m§"72, we utilise the motivic machinery intro-

duced by Brown [9]. Brown defines a non-canonical Hopf algebra isomorphism ¢ : A —
Q(fs, f5,...) from the space of de Rham multiple zeta values with the motivic coproduct
to Q(fs, f5, fz,...) equipped with the shuffle product and deconcatenation coproduct given
by
n
k=0

This isomorphism is determined by a choice of elements mapping onto the set { fop11}r>1-
In this, we deviate slightly from Brown’s approach. Instead of choosing ®(¢*(2k + 1)) =
fok+1, we will rescale so that ®(¢*(2k+1)) = a2_k1+1f2k+1, where aop1 is the coefficient of
ele%k in o9k41-

Note that the block filtration, which by Corollary 2.1.8 agrees with coradical filtration,

induces a filtration on Q(fs, f5,...) given by

Bn@<f37f57"‘> = <fi1fi2 : flk D k< n>@'

We can define a pairing (-,-) : £ ® g™ — Q where (I'(0; w; 1), ¢) is the coefficient of w

in 0. Via @, this induces a pairing

Q(fs, o, )/ Qfs, f5, .. )2 @ g™ = Q

In particular, we have (for11,02141) = Ok -
The (induced) motivic coproduct on £ is dual to the Thara action on Q(eg, e1), and we

therefore have that

Hoors1, 00101}, 10 w; 1)) = (o211 ® o911, AT (0;w; 1)) — (091401 @ Topr1, A(T'(0;w; 1)).

Since A acts by deconcatenation, this extracts the coefficients of fort1 for+1 and for+1 for+1
in ®(I'(0;w; 1)). Denoting by map11.2:+1(w) the coefficient of fory1fory1 in @(1'(0;w;1)),

we have shown the following lemma.
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Lemma 2.8.4. The coefficient of w in {ook11,094+1} is given by

Tok41,241(W) — Tor41,2k+1 (W).

In particular, we can consider the block degree 2 part to obtain the following corollary.

Corollary 2.8.5. Let C?;—H be the coefficient of;r’izvé in pos+1(x1,x2). Then the coefficient

2a+3 2n—2a . .
of x1" " xomy in {Pan—2k+1,D2k+1} 15 given by

2k+1  2n—2k+1 2%k+1  2n—2k+1
€1 2k+2C2a+3,2n—2a—2k Ln>a+k+1 = C7 0+ 9Coq_2k1 3 2n—2q La>k

_ on—2k+1  2k+1 on—2k+1  2k+1
€1 2n—2k+2C2043,2k—2a Lk>a+1 + €1 9, 0k 1 9Co0 ok —2n43.2n—2q Latk>n-

In particular, normalising {p2s+1}s>1 so that C%s;g}” = —1 for all s, this is given by

[/ 2n — 2k _(1_;) 2n — 2k 1
| \2a — 2k + 2 2202k’ \ 9q — 2k + 1 a>k
([ 2k 1 2k
— (1 = — Tisg
’ -<20+2) ( 2%)(2(14-1)] Fretd
[ 2n — 2k 1 o — 2k
_ (1 L
_<2a+2> ( 22n—2k)<2a+1 ﬂ n>a+k+1
| 2k Cao 2% )
L 2a + 2k —2n + 2 22k 20 +2k —2n+1 a+k>n

Corollary 2.8.6. Let f(x1,x2,23) € bg be homogeneous of degree 2n + 4. Let fooe be the

part of f that is odd in x1 and x5. Then %f—;‘;(xl,o,xg) € Vp where

2
_ _ gk T2 _ _
Vp = <(l’%k — 23 )Pan-—2k1 (71, m3) — (2" — 23" ) Popya (1, w3) — 5 3 (wfFay ™ — al 2k$§k)>

Q
where 1 <k < § and

L (w0 + - 0%) = 5L (1= ) (6w + 0% - = 0®)

Dok+1(2,y) ==

§n+2 vanishes as a conse-

Proof. Noting that, for f(x1,xe,x3) € bg, the coefficient of z1zox

2a+3 2n—2a
1

quence of the dihedral symmetries in tbg. Hence, if ¢, is the coefficient of x Ty ,
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we can write

n—1

_ 1 8f 8f afooe
2a+3,.2n—2a __ — _ _ —

;0 Calq T3 = 9 <8$2 (.%'1,0,.2173) 83]‘2( .%'1,0,.%'3)) Lo ($1707x3)'

Explicitly summing these polynomials, we see that for f = {po,_or+1,P2k+1}, We must

have
of 7 2y 2n =2k B o
8307;6 (21,0, 3) = (21" —23") (Pan-op1 (21, 23) == 9 )= (@1 =23 ) (o (w1, w3) -

Simplifying this, we obtain an element of V5. Hence, general f(z1,x2,23) € bg of degree

2n + 4 must have 5%(:171, 0,23) € V. O

An equivalent statement is that r(x1,x2, x3) € tbg must satisfy
213 0co (21,0, 3) — 1237 (21,0, 23) € V3

where 7,¢, is the part of r that is odd in z; and z3, and r. is the totally even part of r.

f(z1,22,23)

We claim that this condition determines the totally even part of r(xz1, z2, z3) = paaT—

Proposition 2.8.7. Let V be the vector space of r(x1,x2,x3) € Q[x1,x2,x3] that are

homogeneous of degree 2n + 2 and that satisfy

(1): r(x1, 22, 23) = r(22, 73, 21) = —7 (73, T2, 1),
1

(2) 5 (T(O7 Y, Z) - T(Oa Y, _Z)) = 7”(—2% Y, Z) - T(y7 —Z, Z))
o*r O 9 or otr otr

(3):

et — — — =0,
oxt Oz O} 0x20x3 Ox30x2 O0x3022
(4): T32370co(w1,0,23) — T1237e(71,0, 23) € Vj,

(5): 23237 000(x1, 0, 23) — 21237 (21,0, 23) = 0 only if r(21, 29, 23) = 0.

Let ds 2, be the dimension of the degree 2n piece of tbg,, i.e. the dimension of the weight

2n + 2 part of bgy. Then dimV = da 2,.

Proof. First note that, following Propositions 2.8.1 and 2.8.2, it is sufficient to show that
the totally even part r. of r € V is determined by r(x1, 2, £3)—7c(x1, T2, x3). Furthermore,

by Lemma 2.8.3, it is sufficient to show that r.(x1,0,x3) is determined by the odd part of
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r(x1,xe,x3). By (4), we must have 8 € Q such that

x%mgroeo(acl, 0,z3) — mlx?),re(xl, 0,23) =

Z Bk(ﬂﬁk - $§k)(9€%$302n—2k+1,o(9517 r3) — $1$§ﬁ72n—2k+1,e(x17 r3))
0<k<n/2

— Be(@" ™ — 23 (2w posr o(1, T3) — 2123 P2k 41,0 (T1, T3))

2%k, 2n—2k _ _2n—2k 2k
= Brrrag(ait e — " adt)

where

i) s = (1= g ) (0 0" (2 = ")

Pomite(T,y) @ = ((35 + y)Zm + (z — Z/)2m) :

Dividing through by x;1x3, we obtain

Z1T0eo(21,0, 23) — x37re (21,0, 23) =

Z Br(22F — 228 (21 p2n—2k11.0(71, T3) — T3p2n—2k11.e(T1, 73))
0<k<n/2

B ( 2n—2k gnf%)(l'lp%—&-l,o(xhxﬂ — x3p2k+1,e(331a$3))

2k, 2n—2k _ ,.2n—2k 2k
— Bras(r] 933n 1n 3)

Swapping 1 and x3, and adding this to the original equation, we then obtain

(21 — 23)T0e0(21,0,23) + (21 — x3)re(21,0,23) =
961 - 963 Z 5k - 953 )(Pzn 2k+1, 0(901, 903) + Pon—2k+1, 6(331,963))
0<k<n/2

—ﬁ ( 2n—2k x%n Qk)(p2k+l7o(x1,x3)+P2k+l,e(xl7x3))

2k 2n—2k on—2k 2k
+ By 25" — 2" agT).
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Dividing through by (1 — x3) and equating even and odd parts, we find

Toeo(1,0,23) = > Br(ai® — 23%) pan—ak11,0(21, 23)
0<k<n/2

— Bk(:r%"_% - $§n_2k)p2k+l,o(xla r3),

re(e1,0,23) = Y Be(@l® — 23" pan-aki1e(w1, )
0<k<n/2

— Be(@}" 2% — 23" ) pogeya e (21, m3) + Br(aiFad T — 7R agh).

Comparing coefficients for the odd part, we obtain equations for £;. We claim these
equations determine S completely.

Suppose otherwise. Then there exist non-trivial {8} C Q such that
k k —2k —2k
> Belat — 23" pan—skt1.0(x1, 23) = Br(21" 7 — 23" ) popy (w1, w3) = 0.
0<k<n/2

_ P2s+1(z1,22)

1w (1 —32)" and consider

Let 7541 (21, 22)

r(@e, w2, 23) = Y Befron-oke1s raks @, 32, 73).
0<k<n/2

By the above calculation, and our assumption, we must have
Toeo(xla 0, 1:3) =0.

However, from the proof of Proposition 2.8.1, 74e0(21, Z2,23) can uniquely determined
from 7roe0(21,0,23), and so we must have ryeo(21,x2,23) = 0, and so r(z1,x2,x3) =

re(x1, 2, x3). Proposition 2.8.1 also tells us that the projection map
To - tng,Qn — ‘/O
(w1, T2, T3) = (71, T2, T3) — Te(T1, T2, T3)

is an isomorphism. Thus, if r(x1,ze, x3) = re(z1, 2, 3), we must have r(x1,z2,23) = 0,
giving a relation in a free Lie algebra. Hence, no such {f;} exist. Therefore, given

Toeo(Z1, T2, T3), the corresponding §j are uniquely determined, uniquely determining r¢(z1, 2, 3).
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The result follows. O

Remark 2.8.8. While we did not explicitly use (3) in the above proof, it is essential
in constructing the isomorphisms. Indeed, if we removed (3) as a constraint, numerical
calculations suggest that comparing coefficients leaves us with a single degree of freedom
in our choice of ;. The author believes to to be related to the fact that the vector space

Vj only contains information about convergent MZVs.

2.9 Double shuffle and associator relations in the block graded

algebra

In general, it is quite difficult to produce graded analogues of previously known rela-
tions. We can, similarly to Corollary 2.5.2, attempt to define graded analogues of existing
relations among block graded multiple zeta values. For example, a weaker formulation
of shuffle regularisation exists, obtained by composing grz(A;) with projection onto the

second component.

Lemma 2.9.1. For f(z1,...,2,) € bg

n—1

Zf(xl,...,xi,xi,...,xn_l) -0
xr

[

i=1

However, the shuffle equations do not, in general, behave well with respect to the
block filtration. Attempting similar with the stuffle equations, we find that is is difficult
to encode stuffle relations as functional equations satisfied by elements of bg. However, re-
turning to direct computations with multiple zeta values, we find that the stuffle equations
behave very nicely with respect to the block filtration. We first note that, for convergent

MZVs, computation of block degree is a function of the arguments.
Lemma 2.9.2. The block degree of (™(n1,...,nk) is given by Zle |n; —2|.

Proof. To compute the block degree of (™(nq,...,ny), we compute the block degree of

- - 1
eperen! 181682 1...6168’“ e].
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Now, if n; > 1, 6166”_1 contributes exactly n; — 2 repetitions, and hence contributes n; — 2
to the block degree. If n; = 1, then we obtain an €2, contributing 1 = |1 — 2| to the block

degree. O

Remark 2.9.3. Note that this gives us a relation among the weight, depth and block
filtrations. To be precise, when restricted to ((™(n1,...,n%) : k> 1, n; > 2)g, we find
degp(C™(n1,...,ng) = n1 + - -+ + ng — 2k, i.e block degree is weight minus twice depth.

This is a special case of a more general relation
degp(I™(0;a1,...,an;1)) + 2d(I™(0; a1, . .. ,an; 1)) = n + 2degn(I™(0; ay, . .., an; 1))

where deg,, counts the number of occurrences of €?.

We can see that, in terms of MZVs, block degree is naturally opposed to depth. As

such, we can obtain the following formulation of the stuffle equations.

Proposition 2.9.4. Let (m1,...,my), (n1,...,n) be two sequences of integers with m;,n; >

1, k <, and define mgy1 =...=my =0. Then

Z ¢ (n1 + my(1), -+ M) =0
UESh(lyk)

modulo products.

Proof. This is precisely the lowest depth part of the stuffle equation modulo products. We
claim this is the highest block degree part of the stuffle equation: In the stuffle equation,
we obtain terms (™(s1,...,s;) where each s, € {my,...,mg,n1,...,n} U {m; +n;|1 <
i < j}. From our assumption on the values of m;, nj, this has block degree block degree
Zle m; + Zz-:l nj — 2t. Maximising block degree is therefore equivalent to minimising ¢,
so that all s, € {nq,...,m}U{m; +n;|1 <i < j}, which are precisely the terms obtained

in the above sum. O

Remark 2.9.5. We can, in fact, extend Proposition 2.9.4 to allow m;,n; to be equal to

1, in light of Remark 2.9.3, by restricting the sum to include only terms that minimise

#{i:mi=1}+#{ =1}y —k—1
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in the original stuffle equations.

As mentioned previously, the stuffle equations do not naturally see a description in
terms of bg. However, we may, by a simple induction argument show the following weaker

formulation.

Lemma 2.9.6. For any interval I = {k,k+1,....k+1} C {1,...,n} of cardinality at

least 2, and any f(x1,...,x,) € by, we have

f(z1,...,20) =0

where z; = x1 if 1 € I, and z; = x9 otherwise.

Proof. Clearly, this holds for poj1(z1,z2). Thus, we may induct on block degree, and so

it suffices to show that this holds for

flxy,22) 0 g(x1,. .. T 1)

assuming it holds for g(x1,...,z,—1) € bg. Suppose I = {k,..., k+ 1} is a fixed interval.

Then, evaluating

1 1
79(1.17 s Ly Lt 2,y - - 7:1771) -
i Lit1

g(ml, vy Li—1, Lj41y - - - ,a;n)

at (z1,...,2,) defined above, we obtain 0 by our induction hypothesis, except if I =
{k,k+1}, and i € {k —1,k,k+ 1}. If this is the case, we obtain three terms that are not

immediately zero by induction.

fla1,22) ((1 - i)g(l‘b 1, T, T ,fﬂl))

r1 — T2 X1 T2
1 1
+C(z2) | (— — —)g(z1,..., 21,22, 21,...,27)
X9 T2
To,T 1 1
+u <( — —g(xl, e, 1,292,217, .- .,561)) y
T2 — I €2 4o

which is clearly 0. Here, C'(x2) = limg, 4, f(@1,z2) Hence, the result holds for {f, g}, and

r1—x2 °

thus for all elements of bg. O
We may hope to similarly define ‘block graded’ versions of the associator equations.

77



While we can define a block filtration on the Lie algebra over which the pentagon equation
is defined, it remains combinatorially challenging. The hexagon equation is not signifi-

cantly simpler, but can to some extent be ignored, thanks to the following lemma.
Lemma 2.9.7. Suppose degg(I"(0;a1,...,a,;1)) > [§]. Then P(0;ay,...,a,;1) =0.

Proof. The Hoffman elements, (™(n1,...,ng), n; € {2,3} span H, and have block degree

degp(C™(n1,...,ng) = #{ni : n; = 3}.

Thus, every element of H of weight n can be written as a linear combination of Hoffman

elements of maximal block degree | %5 |. The result follows. O

Proposition 2.9.8. The set of equations obtained by extracting the coefficients of each

monomial in the linearised hexagon equation

P(eo,e1) + (e, —eg —e1) + ¢p(—ep —e1,e9) =0

contains no non-trivial relations in gr5H.

Proof. Fix a word w and consider the coefficient of w in the hexagon equation. We obtain
the following contributions

From ¢(ep, e1), we obtain I"™(0; w; 1). From ¢(e1, —ep — e1), we obtain a sum of terms
of the form I"™(0; u; 1) where u is a word with e only where w has e;. From ¢(—eg—e1, €q),
we obtain a sum of terms of the form I"™(0;v; 1) where v is a word with e; only where w
has eg.

Considering terms of highest block degree of this form, we see that the block graded

equation for a word of weight n involves only terms of the forms

k_n—k
€01

i j n—i—j
€p€1¢€9 )

el ege?_i_j ,
all of which have block degree at least n—2, which is strictly greater than | 5] for all n > 3.

Thus, by Lemma 2.9.7, the only block graded equation of interest is in weight 3. Direct
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calculation shows the weight 3 equation to be an immediate consequence of duality. [

Remark 2.9.9. Writing down block graded versions of the pentagon equation would be
an interesting challenge. Our naive approach to the hexagon equations provides little
information, but numerical evidence suggests that naively block grading the pentagon

equations could produce a new set of relations.

2.10 Deriving the Ihara action formula

For elements of the double shuffle Lie algebra, the (linearised) Thara action is given by the

following [13]:

Proposition 2.10.1. For o € Lie[eg,e1], u € {eg,e1}”, the linearised IThara action is

given recursively by
ooegeiu = egoeiu — eyero u + eger (o ou) (2.10.1)

where (a1 ...an)" := (=1)"ay ... a;.

Translating the linearised Ihara action into the language of commutative variables, we

find the following.

Theorem 2.10.2. Let f(x1,...,zy) be the image of the block degree m — 1 part of o €

Lieleg, e1], and g € Q[z1,...,xy,]. Then the linearised IThara action is given by

n

) — I‘i,ﬂfi 7"‘7$i m—
(o)1, tmin 1) = 3 (~ 1)t LT L0 T o)

i=1 Ty = Tiym—1
T -1 _ _
X <(1 + (_1)m+1H‘T77‘1)g(1,17 sy Liy Lidmy « - -5 IEern,l)
7
Z; _ _
_(1+(_1)m+1 : )g(xlw-'al'i—l’xi-&-m—l’-'-7-Tm+n—1)>
Titm—1

where we define T; := (—1)" ;.

Proof. We start by writing, for u = uy ... u, € {eg,e1}*,
n
TgoUl...U, = €EOU] . ..Uy + E €U .. U0 Ui - - - Up
i=1
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where ¢; € {0, %1} for each i. We first claim that ¢; = 0 if u; = u;11. We take here ug = eg
and upy1 = €1.

If u; = w41 = e, then our recursive formula (2.10.1) shows ¢; = 0, as o does not
‘insert’ between adjacent eg. If u; = w;41 = e1, then our recursion gives us terms of the

form
U .. ui_lelo*eluiH .o UptUul ... U;—1€10€1U+2 - - - Up+U1 ... ui_lelela*qu e Up Tt

As, for o € Lie[eg,e1], 0 + 0* = 0, the terms corresponding to uj ... u;0Ui1q ... U,
cancel, giving us that ¢; = 0. Hence, our block-polynomial formula will consist of a sum
over the blocks of u, each corresponding to the insertion of ¢ into a single block.

We will induct on the number of blocks in u. If u consists of a single block, u = (e1eg)*,

and

oou=c(ereg) +ero*eg(eren) ! + erego(eren) T + eregeraen(ereg) T + .

k
= Z[(eleo)ia(eleo)k*i 4 (6160)i€10*€0(61eo)kflfi],
=0

1

Letting f(x1,...,xm) be the polynomial representing the block degree n part of o and

g(r1) = x%kH be the polynomial representing w, this is equivalent to the statement that

k k—1
(Fog) oy o) = (il o)y gyman 2157 2 g (01222 Zuo(m)
i—0 m T, Tm (2o Fm T
_ w <(§;)2k+2 14 (_1)m+1(%)2k+1 o (_1)m+1;> g(xm)
= K] () — )+ (17 ) - (1) ),

which is precisely the result given by the formula.

Now suppose our formula is correct for words consisting of n — 1 blocks, and let eyue;
be a word consisting of n blocks, i.e. egue; = by...b,, represented by the monomial
g(x1,...,2y). As we have merely appended a block onto the end of a word, the first
n — 2 terms of (f o g) will be given by our formula, by our induction hypothesis. To see
this, consider (f o gq¢), where gq; is the polynomial corresponding to the word eguqe; =

by...bl,_,. Here b/, is the smallest block extending b,_; and ending on e;. The Thara
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action of any o € Lie[eg,e1] on u and ug; will produce terms that are identical upon
swapping b,_1b, <> b/,_; up to those terms in which o inserts into b,,_1b,. Indeed, they
will agree under this swapping until we consider terms in which ¢ inserts beyond the end
of b,_1. Thus, it suffices to show that the formula holds for a word egue; = b1bo of block
degree 1.

We have 2 cases: the repeated letter in egue; is eg, or it is e;. In the first case,
u = (ereg)Feq(ereg)’ and

k

cou= Z(eleo)za(eleo)k_zeo(eleo)l +) (ere)iera*eg(eren) 1 eg(erep)!
1=0

l . . . .

+ Z(eleo)keo(1‘3160)10'(6160)1_Z +) (ereq)feq(eren)’ero*eg(eren)

1=0 %

N
—

.
o

o~
—_

In terms of commutative polynomials, after summing the geometric series, we obtain

f(a:l, .. ,fm) <( Z1 )2k 1+ (_1)m+1(ﬂ)2k+1 - (_1)m+1ﬂ

(fog)(wt,...,my1) = 5 . o $m> 9(Zm, Tmy1)

Lyee.y X 1 i) 9o X9
+ f( 2 . m-+ ) (( )2l+2 — 14+ (_1)m+1( )2l+1 o (_1)m+1 > g(l‘lamerl)-
Ty — T4 Tm+1 Tm+1 Tm+1

Simplifying, and noting that g(z1, z2) = x%kﬂxgl”, we obtain
flx1,...,x x
(f ° g)(xl’ R 7‘Tm+1) = (562’_$,2m) ?Tg(xl,xm + 1) - g(:zm,a:m + 1)
1 m

xr
+(_1>m+1g(x17 wm—i—l) - (_1)m+1 ig(ﬂﬁm, xm—i—l))

m
L2553 1
+ 1 AR Redian )<g(:p1,m2) —g(x1, Tmy1)

T2

Tm+1
+(_1)m+1 m+ g(l‘l,l‘g) . (_1)m+1
X9 Tm+1

g(z1, l‘m+1)> :
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Considering parity, and defining Z; := (—1)™%!z;, we can rewrite this as

T1,. .., T _ ma1Zm
(fog)(xi,...,Tmy1) = (—1)(0)(m+1)f(;2_x2) (g<$17$m+1) +(=1) +1w719($1a$m+1)
1 m

X
*g(-Tm, l'erl) + (71)m+1 ig(xmv xm+1)>

Tm+1
L2y y X _ X _
+ (_1)m+1 f( 22 . m+1) <g($1,(l:2) N (—1)m+1m7+1g(1:1,562)
.’132 —xm+1 T2

_ €T _
9@ ) + (—1) =gz, xm+1>)
Tm+1

giving the desired formula. The second case follows similarly.

Hence, our general formula is (f o g)(z1,...,Tmin—1) = A+ B £ C, where

n—2
A— Z(_l)(m+1)(i—1) f(@i i1, Tigm—1)
i=1

2 2
Ty — Tiym—1
Li+m—1 _ _
X <(1 + (_1)m+1 l—;m )g(‘rh ey Ty Timyy - - -y xm-{—n—l)
KA
T _ B
—(1+ (_1)m+17’5 )9(ZT1s -y Tim1, Titm—1, - - - 7xm+n—1)> ,
Li+m—1

m n— f Tn—1y+++yTm4n—2
B — (_1)( +1)(n—2) ( . . +n—2)
L1~ Thim—2

X _
X <(1+ (_1)m+1 7;+m1Q)Q(i'l,--'a'fn—laxm—l-n—l)
n—

(L (1

9(3_717 e ey jn727 $n+m727 xm+n1)> )
Tn4+m—2

& (it S Esn)

xy = x;n-i-n—l
(@ I )
Tn
iy _ _
_(1+ (_1)m+1 h )g($1,---7xn—17xm+n—1)> 5
Tn4+m—1

and the signs of B and C agree. To fix this sign, we need only to consider the sign of

the term corresponding to (-—2= )2f(x”‘l""’z"”’””)g(xgl""’x”‘z’xm+'L‘2’xm+”‘1). This cor-
ITm+n—2 xm+n72

responds to inserting o after the first two letters of the (n — 1) block. The sign will be

positive if this block starts with an e; and must have the same sign as (—1)"*! otherwise.
Let g(z1,...,2,) = 29 ... 2% Then by Lemma 2.1.10 the (n— 1) block starts with eq if

di+...+dp—2 =n—2 (mod 2), and e; otherwise. Thus, the sign of the term correspond-
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(~Zn=1 )Qf(ﬂ»'nfl ----- Tman=2)9(@1sTn=2,Tmin=2LTmn=1) i (_1)(m—l)(1+d1+‘..+dn,2—n+2)‘

ing to
Tm+n—2 xm+n—2

Comparing this with our formula, we see that the final two terms must appear with a

positive sign, giving the desired result.

O]

To obtain (2.3.2), we must translate this across into the ‘depth-signed’ convention.
Specifically, we must find the action of the map e; +— —e; in terms of commutative

variables.

Lemma 2.10.3. The automorphism Q(eg,e1) — Q{ep, e1) given by e; — —eq, is equiva-

lent under the isomorphism (2.3.1) to the map

Qlz1,...,xn] = Q[z1,. .., x4)

l (2.10.2)
@y, an) = (=D f(—ay, 20, . (=1) 2n)

for f a homogeneous polynomial of degree | + 2.

Proof. Note that it suffices to show that, for a word w of length | and depth d, with

dy

mpi(w) = " ...z this congruence holds

l
|+di+ds+--- (mod 2).

dz(i

We will induct on the number of blocks in eqwe;. If egwe; consists of a single block,

then eqwe; = (eoel)%ﬂ, and so d = %, and d; = [ + 2. Thus the result holds.

Suppose the result holds for w such that egwe; consists of n blocks. Let eqwe; =

w'wg,,, be a word of length [+ 2 and depth d + 1,consisting of n + 1 blocks, where wq,

is a single block of length d, 41 and w’ is a word of length I’ and depth d’. Suppose

— dp . dnt1
mpl(w) = 7' ..o,

If I’ is even, then w’ = egue; consists of n =1 (mod 2) blocks, and d,,+1 must be odd.

So, by induction,

-2
d—1= 5 + Z d2i+1 (mod 2).

1<2i+1<n
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Thus

dn+1
2

dy
+ Z dgirr (mod 2) + [ 2+11(mod 2)
1<2i+1<n

U'+d -2
+ﬂ] + Z d2i+1 (mod 2)
1<2iF1<n+1

= [éW + > daipr (mod 2),

1<2i+1<n+1

d=d +
-2

1-1

and so the result holds. Similar considerations for I’ odd prove the result in general. [J

Applying this transformation, and simplifying, we obtain Proposition 2.3.6, giving the

formula

n
flxi . o Tipm—1 1

(fog)(xl)"'axm-i-n—l) - E (';7 J,j Z+m1 ) ;g(xla"'7xi7xi+ma”'7xm+n—l)
i—1 1 Lit+m— 1

1

Ti+m—1

9(x1, - i1, Tigm1, - - - ,l‘m+n—1)> :
2.11 The Ihara action in noncommuting variables
Using the isomorphism (2.4.1), we can define a vector space isomorphism

Q(eo, e1) = Q(z1, 22,23, ...) = Q(Z)

and hence an injection

bg — Q(2).

It can be helpful to consider functional equations satisfied by elements of bg as properties
of their images in Q(Z). For example, the block shuffle relation corresponds to elements

of bg being primitive with respect to the coproduct defined by

Azp =2, 1 +1Q z,.
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Concatenation in Q(Z) corresponds to the polynomial multiplication given by

flx1, .y xm) g1,y xn) = f(@1, .oy Zm) G (Tt 1y o s Tt -

We will use this to define the Thara action in Q(Z). We first need the following lemma.

Lemma 2.11.1. The Ihara action is a derivation for this concatenation product.

folg-h)=(fog)-h+g-(foh).

Proof. Recall that, for f € Q[x1,...,zy], F € Q[z1,...,x,], we define

n
(fOF)(xla”wxm—i-n—l) :z :f(xz, » Li+m 1) < (‘Tla y Liy Li+m, y Tm+n 1)
=1

Li — Titm—1 T
_F<w17-'~7xi—17wi+m—17'~7$m+n—1)>
Lit+m—1
Hence, if F(z1,...,2y) = g(21,...,2k)A(Tt1, ..., Tn), we have

k
(ng . h) :Z f(xu . 'in-i-m—l) (g(xl)' ..,:Ifi,ivi_i,_m,. "7xm+k—1)
=1

T — Titm—1 x
9(T1, . T, Tigm—1s -+, Tt k—1) b
- (mm—l—ka ce ,CL’ern,l)
Titm—1

n
s Tirm1) (W@t s T it - s T
+ Z g(xl,...xk)f(x“ y Li+m 1)( (xk+17 » Liy Litm, » Tm+n 1)

i Ti — Ti+m—1 T
_h(l"k+1w--7l“i1,56i+m1,--~75'3m+n1))
Tit+m—1
and so fog-h=(fog)-h+g-(foh). O

Hence (f o —) is a derivation for concatenation in Q(Z), and so, to define the Ihara

action, it suffices to define f o z,,. We have

fo:c’f:—f(xl’”"xm) (2p ' =2t = f(zr,. .. ) Z zhxl

xr1 — I

fom= Y LRif)

i+j=n—2
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where L;(zpu) := zn4iu, and Rj(uz,) 1= uzn4; are linear operators raising the first and
last variables, respectively, in a word.
This also provides us with an alternative proof of Theorem 2.4.3, via the following

equivalent statement.

Proposition 2.11.2. The image of every o € bg in Q(Z) is primitive with respect to the

coproduct A(zp) = 2, @ 1+ 1 ® zy,.

Proof. For this coproduct, o primitive is equivalent to o € Lie[Z]. In block degree 1, we
know this to be the case, as poxy1(21,22) + pokr1(x2, 1) = 0. It then suffices to show
that, if o, ¢ € Lie[Z], that o o4 € Lie[Z]. In particular, as we are interested in the image
of bg, we may take o to be in this image, and in fact, by associativity of the IThara action,
we may take o to be of block degree 1. Finally, since the Ihara action is linear and a

derivation, it suffices to show
([2m, zn]) © 2¢ € Lie[Z].

This is easily verified.

([Zma Zn]) 0zt = Z LiRj [Zm, Zn]
i+j=t—2

= E Em+ifn+j — Entifm4tj
itj—t—2

= g Em+ifn+j — Entjfmti
itj—t—2

= Z [Zeria Zn+j] .

itj=t—2

Thus, for ¢ in the image of bg, and ¢ € Lie[Z], 0 o ¢ € Lie[Z], and we can therefore

conclude that the image of bg is contained in Lie[Z]. O

Remark 2.11.3. Careful comparison of this proof, and that of Theorem 2.4.3 reveal
that these give two slightly distinct proofs, but they fundamentally rely on the same

properties. The proof of Proposition 2.11.2 requires that the Thara action be a derivation
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for concatenation, while the proof of Theorem 2.4.3 requires that in each

Liy LTi41 A
ng(th’xn)
Ti — Ti41

appearing in the formula for the Thara action, the § differs from g by the degree of at most
1 variable. This is equivalent to being a derivation, and, as such, these proofs utilise no
different properties. The key distinction is that the proof of Proposition 2.11.2 shows that
each summand in f o g satisfies the block shuffle property, while the proof of Theorem

2.4.3 only shows that the total sum satisfies the block shufie property.

87



Chapter 3

Block graded relations and known

relations

3.1 The double shuffle relations in the block graded algebra

As alluded previously, block graded double shuffle relations, in particular the shuffle rela-
tions, cannot easily be written down. However, in low block degrees we can show that the

block graded analogues of relations of the form
¢™(uwv) = 0 or ("™(u*v) = 0 modulo products

follow from the relations discussed in Remark 2.7.4. These do not encompass all block
graded double shuffle relations. For example, in block degree 2, we find the mod products

relation

20(3,3,2) +C(3,2,3) = —1 (20(4,2,2) + ((2,4,2))

as a consequence of the double shuffle relations, but this is not implied by the relations
discussed in Remark 2.7.4. Nevertheless, it is an interesting exercise.
We first show that the Hoffman regularisation relation is implied by the block relations.

In particular, it suffices to show that

S e L) = > Mngyemi 1, ) =0 (3.11)
0<i<k—1 1<i<k
nit17£1 n;#1
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when each term is considered modulo products, and ng; > 1.

Lemma 3.1.1. The Hoffman regularisation relation holds for block graded multiple zeta

values.

Proof. Consider —1°'(zjliz;, ... 2;,) = 0, with z;,,2;, > 1, so that 2 ...z, corresponds

n

to a monomial in e;Q(eq, e1)eg. This is
n—1
—I[’[(zlzil e Zln) — Ib[(zil e zinzl) - Z Ib[(Zil PN zijzlzin . Zln) = 0.
Jj=1

Let wy,wy € Q{eq, e1) be the monomials defined by the correspondences eqw; <> 21z, ... 2;

n

and waey ¢+ z;, ... 2z, 21. Using shuflle regularisation

—Ib[(zlzil A I[’[(zi1 e Ziy21) = Ib[(eou_lwl) — Ib[(zlzil ceeZiy) Ib[(elLLlwg) — Ib[(zi1 20 21)

n
§ : § : bl
=2 I (zil ce e zij_lzkzijJrl,k oo Zln)

J=12<k<i;
+3 g (% Zi %1% Zi,)
i1 e Rig_1R1%0 - Ry
2<j<n—1
ij—171
+ (2 Zii P %0 - Ziy)
i1 Zig_ 1 R1%0 e Ry )
2<j<n—1
ig=1

Thus 1°'(21lWz;, ... 2;,) = 0 is equivalent to

bl bl
Z Z 1 (Z’il ...zijilzkzij_s_l_k...zin) + Z 1 (Zl'l e Zig g R1% Zln) =0.

j=1 1<k<i, 2<j<n—1
171
Now, if I!(2;, ... 2;,) corresponds to (—1)*¢®(n1,...,ng), then the set

bl
{I (Zh e zi]._lzkzifrl,k oo Zln}llﬁjgn
<g<1tj

corresponds bijectively to

{(—1)k+lcb[(n1 cees M1, 1, Mjyeen,y nk)}nj7é17£n]-+1 U {(—1)kcb[(n1, N U 1,... 7nk)}nj762
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and the set

bl
{I (Zil e zi]._lzkzifrl,k cee Zin}1<j<n
ij_171

corresponds bijectively to

{(—1)k(b[(n1, cong, Linggg, .. ,nk)}nj:1¢nj+1 U {(—1)ka[(n1, cong+ 1,0 ,nk)}nj>2

and thus, I°'(z1lWz;, ... 2;,) = 0 is equivalent to equation (3.1.1). O

We now turn to the double shuffle relations in block degree 1. The shuffle relations
tell us that I'(0; uv; 1) = 0 for all u,v € Q(eg, e1). As we have considered the case where
u = eg, we can assume that u and v contains an ege; or an ejeg as a subword.

Thus in eg(ulv)e;, we can find a word containing both an e? and an e that were not
in v, and so degg(ulllv) > degg(v) + 2, and hence there are no interesting shuffle relations
in block degree 1.

Considering stuffle relations, we similarly see that a block degree 1 relation must arise
from ¢™(u*v) where degg(u) = 0, degg(v) = 1, and so u = &, and v = yyryh or v = ys3,
where k € {1,3}. However, as there exists a term in the stuffle containing a y4 or a ys, we
obtain a term with block degree strictly greater than 1. Hence, there exist no nontrivial
stuffle relations in block degree 1, and so the block relations imply the naive block graded
double shuffle relations in block degree 1.

Similar analysis in block degree 2 shows that we need only to consider relations arising
from I%(ejeplt(erep)™) = 0, and (™(y2 *x y5) = 0 modulo products. We first consider the
stuffle relation.

Taking the block graded piece, we obtain that
D ¢™M{2F 1 4,{2)" ") = 0 modulo products
i=1

which is equivalent to

n
bl
ZI (22i+12122n—2i+2) = 0,

i=1

which would follow from the statement that, for all f(x1,x2,x3) € bg, a’%}(xl, 0,z1) = 0.
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We know that f(x1,x9,x3) = x12003(21 — 23)7r (21, 22, 23), and hence

0
2;1;($1,07$3)22~$1$3($1-—-ws)T($1,0>$3)
)

from which the claim obviously follows.
Now, considering I*(ejegll(e1ep)™), and taking the block degree 2 piece, we obtain that
n—1ln—i—1

Z Z I ((e1e0)ie?(eper) et (e1eg) 1) = 0,

or equivalently

n n—i—1

bl
" (22i4222j4222n—2i—2;) = 0,
=0 j—

which we can rewrite once more as

bl
g 1" (29i225201) = 0
i+jtk=n+2
i,5,k>0

which follows from the statement that, for all f(z1,z2,23) € bg, feee(x,x,x) = 0, where

feee = f(x1, 72, 23) + f(—21, 22, 73) + f(21, —22,%3) + f(—T1, —72, —73).
Now, as f(x1,z2,23) = x12923(x1 — 23)7 (21, T2, X3), fOr 7 € thg, We have that

flz,z,x) =0,
f(—z,z,x) = 2:6'47“(—23, x,x),
f(xv —x,x) = 07

fl—x,—z,x) = —2:1:4r(—a:, —z,x).

The dihedral symmetry of tbg implies that r(x,y,y) = r(z,x,y) = 0, and thus feee = 0.
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3.2 The Ohno-Zagier relations in the block graded algebra

Recall in Remark 2.9.3, we noted that
Weight — Block = 2(Depth — Ones)

This quantity on the right, Depth—Ones, is precisely the number of n; > 1in (™(nq,...,ng)
and is known as the height. Thus a relation among motivic multiple zeta values is homo-
geneous in block degree if and only if it is homogeneous in height. A large family of such

relations come from the Ohno-Zagier relations [36].

Theorem 3.2.1. Let I(n,k,h) be the set of multi-indices (n1,...,ng) € N¥ with evactly

h of the n; greater than 1, ny > 1 and ny + ---+np =n. Then

Z ¢(ny,...,ng) =0 modulo products.
(n1,....,ng)EI(n,k,h)

We can show that this is a consequence of the homogeneity of elements of bg, and

Lemma 2.1.10, modulo terms of lower block degree.

Proposition 3.2.2.

Z ¢™(n1,...,ng) =0 modulo products and terms of lower block degree
(n1,...,nk)EI(n,k,h)

Proof. First note that the block degree of such elements is n — 2h, and that the depth of

I"™(zp, ... xp,,) is equal to

m—1 m—1

n

{gJ + Z Ly, tbi=it1 (mod 2) — Z L)+ +bi=i (mod 2)-
i=1 i=1

To see this, note that every word w in {eg,e;} can be written uniquely as a word in
{ege1, e1eq, €2, 6(2)} with a possible ey or e; appended to the end. |5 | counts the number
of pairs. 22_11 Lp,4tby=i+1 (mod 2) counts the number of e? (and whether the word
ends on ej), and Z?:ll Ly, 4. 4b;=i (mod 2) counts the number of eg. Thus, the depth of

an element with block decomposition zy, ...z, is uniquely determined by the parity

m
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sequence (pi,...,pm) = (b1,...,bn) (mod 2). Thus, we have that
Z Cm(nl,...,nk) =+ Z Z Ib[(JBbl ...xbm)
n—b D b1+ bm=n+2
(nl,...,nk)el(n,k, 2 ) Corg"p;éponpiiin)g to (b1,~~l~:bm)5(p1n~-~7pm)
depth d b1,bm>1
Thus, it will be sufficient to show the following, for any parity sequence (pi,...,pm) €
{0,1}™ and and f(z1,...,2m) € bg.
f(pl,...,pm)(x7 z,... 7'%.) = 07

0

f(fg;;pm) (0,2,...,2) =0if py =0,

0

f(gl’""pm)(x,...,x,O) =0if p,, =0,

Lm
62f(p1 Pm)
— (0, @, 0)=0if p1 = = 0.
8$18$m ( s Ly s Ly ) 1I D1 Pm
Here fip, . pm)(T1;- .., Ty) is the part of f such that the map x; — —x; sends f,,, . —
P for,m)-
1 ) )
for,pm) (@150 Tm) = om Z (_1)Zpﬂjf((—1)zlxla con (F) gy,

(i1,-rim)€{0,1}™

Recall that we must have, by Lemma 2.1.10, we must have n = m + 1 (mod 2). Thus,

using the homogeneity of f, we can write

1
f(plv---vpnl)(w? LIRS ,.T) == 27771
(41,
1
= ontl
(41,
1
= ontl
(i1,
1
- 2n+1
(i1,

2

cooim)€{0,1}m

2

wim)€{0,1}™

(=) EP i) (1)1 g

>

oosim)€40,1}™

H)EER (1),

>

cenim ) E{0,1}™

HEDHER f(-)ha,
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(1))

(=D)1m)



We similarly see that

Horcem o2 o= L 50 S Mg (s (1)
e (i1 y-eesim ) €40, 1} e
1 L of . A
=on 2 (TSP (1) (1))
(i1,..im)€{0,1}™
=0
as, if p; =1, Mpgimm, Z2,...,Tm) is homogeneous of degree congruent to m mod 2.

Near identical arguments show the final two equalities. Therefore we can conclude

Z ¢™(nq,...,ng) = 0 modulo products and terms of lower block degree.
(n1,...,ng)EI(n,k,h)
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Chapter 4

An ungraded block shuflle

We wish to extend relations among block graded multiple zeta values to motivic multiple
zeta values, modulo products. For example, the work of Charlton [14] suggests that cyclic
insertion holds at the level of motivic multiple zeta values. We shall first introduce an
extension of the block shuffle relation to motivic multiple zeta values, defined in work due
to Hirose and Sato [29].

On the algebra Q(Z) = Q(z1, 22, . . .), define a quasi-shuffle product by linearly extend-

ing the following.

Zmullznv = 2z (ullizpv) + 2n (2mulv) — Ly pp (ullv),

where

Hirose and Sato show the following.

Proposition 4.0.3. Let u,v € Q(Z) be such that (u,v) is not equal to (2, 28292%) or

(282928, 2) for any m >0, a,b> 0. Then

I"(ulv) =0
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considered modulo products.

We can translate this into a statement about primitivity of elements of g™ with respect
to the following coproduct, which we can readily check to be dual to the above quasi-shuffle

product.

Definition 4.0.4. Define a coproduct on Q(Z) by

Ap(l) :=1®1,

o k
Ab[(zn) = E (—1) E Ziy -« Ziy, ®Zik+1 o Rigpi +Zik+1 e Rigpig Q) Ziq « e+ i
k>0 i1+ t+iggr1=n
1;>0

Coassociativity of this coproduct can be checked easily, but tediously, and so we con-

clude the following.
Lemma 4.0.5. This quasi-shuffle product is associative.

We can equivalently reformulate Proposition 4.0.3 as the following statement.
Proposition 4.0.6. Forn > 0, define the vector space Vy, := Q21 © D, 4p—p_s Qz?zQzll’.

Let o0 € g™ C Q(Z) be an element of weight N — 2. Then

Ay(o)—o®1-1R0c Y VeV,
i+j=N

While discussing Hirose and Sato’s argument is beyond the scope of this thesis, we can

prove the following special case of Proposition 4.0.3.
Proposition 4.0.7. For all iy,.. .4, with i1,i, > 1. ™ (2102 ... 2;,) = 0.

Proof. We claim this is a consequence of Hoffman’s regularisation relation. In showing

this, we will introduce the following abuse of notation.
Im(eileiQ e ein) = Im(O; il,ig, e ,in; 1),
™(n1,. . omg) = (=1)FCP (o).

Now, let w = ejej,...€ej, ,e0 be a monomial in {eg,e1}, let yp, ...y, be the image in

the y-alphabet, and let z;, ...z;, be the image of eqwe; in the z-alphabet. Hoffman’s
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regularisation relation tells us that

k—1 k
Im(elLLlw) — Im<’wel) = Zlm(nl, ces g, Lingag, . ,nk) — ZIm(nl, ce,ng+ 100 ,nk).
=0 i=1

Via the duality relation, the left hand side is equal to
()N (I (eguDw) — I™(egDw)) = (—=1)MT™(212i,, . . . 2;,).
The sum Zf:_ol I™(ny,...,ni, 1,ni41,...,n) is equal to

((—I)Nlm(zlzin coz) e - Ieg)

| =

(Im(elLLlw) —I™(wey) + Iz — Ieg) -

N | —

— m : , ideri . —
where I > := >oi<k<n—11M(e1...eje1€5,, ... €). By considering when e;, = e ,, = e1
Jk=Jk+1=0
can occur, we see that

2 m
Ie% == 1 (zil...zikzl...zin),
1<k<n
’L'l-i-'“ikEk-i-l (mod 2)

and similarly

_ m . o . .
Ieg = g I™ (24« v - Zip_ ) Zigtingr +1%6g 4 - - - Zin)-
1<k<n
i1+---ik5k‘ (mod 2)

Hence this first sum is equal to

(=D

9 <Im(zlzin e 2’7;1)

m
+ E I™(2i, - Zig o 212k - - - Ziy)
1<k<n
i1+---’ik5k+1 (rnod 2)

E : m
— I (Zin "'Zik+2zik+ik+1+1zik—1 Z“)>

1<k<n
i1+-ix=k (mod 2)

Next, consider the sum Zle I™(ni,...,n; +1,...,n,). We can similarly show that
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this is equal to

1)V
( 2) (Im(zin e zilzl)
+ Z I™ (24 oo Zig 212k -+ - Ziy)
1<k<n

i1+ =k (mod 2)

§ : m
- I (ZZn oo Zik+zzik+ik+1+1zik—1 oo 211)) .

1<k<n
i1+-ix=k+1 (mod 2)

(=~
2

Combining these three equalities, and dividing through by , we obtain

n n—1
§ : m § : m —
I (Zin ...Zik+1212ik ...Zil) — I (Zin "‘72ik+2zik+ik+1+1zik—1 ~-2i1> =0
k=0 k=1

which is precisely that I™(z;Wz;, ...2;) = 0. O

Remark 4.0.8. Note that this is a genuine relation among motivic iterated integrals,
not just modulo products. However, as in Lemma 3.1.1, this proof can be identically ex-
tended when we consider these motivic iterated integrals modulo products, to obtain that
I™(2102, ... 2;,) = 0 modulo products, for all z;, ...z, & {20 29, 22277 '}. Associativ-
ity of this quasi-shuffle product then suggests Conjecture 4.0.3 could be strengthened to

assume I™(ulllv) = 0 modulo products for all {u,v} ¢ {217, 222, 2227 }.

We make the following conjecture, based on numerical evidence, to somehow ‘block

regularise’ g™.

Conjecture 4.0.9. Given 0 € Q(Z) of weight n, define 0* := == (2{'20 — 2227'), where

Co 18 the coefficient of 212,11 in . Then, for all o € g™, ¢ + ¢* is primitive with respect

to Ay
This regularisation is well defined.

Lemma 4.0.10. For any o, @ € g™

{o+0% ¢ +97} = {04} +{o,¢}".
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Proof. The statement is equivalent to showing

{o,¢}" ={o, "} +{o", ¥} + {o",¥"}.
As, for any element of g™ of Lie degree at least 2, all monomials have block degree at least
2 and hence ¢, = 0, it suffices to show that
1. {o0,2]22 — 2921} = 0 for all o and any n.
2. {2120 — 2027, 2] 22 — 2227} = 0 for any m, n.

We begin by showing (2). Using that the Thara action is a derivation, and noting that

ocoz =0 and oo zy =0, we see that

(2729 — 2027") 0 (222 — 2227) = 27" 29 — 22027 — 2] 2027 + 292"

This expression is symmetric in m and n, and hence {2722 — 22277, 27’22 — 2227} = 0.

To show (1), we first note the following.

oo (2129 — 2927") = 210 — 02T

We can assume that ¢ is homogeneous of block degree m — 1 without loss of generality.
Switching to the language of commutative polynomials and supposing o is represented by

a polynomial f(z1,...,%,), we obtain:

m
T Tpai(Tnas — x4 1. 1 .
(2722 — 2027) 0o = = x”“( wti ~ Ti) <4f(xi+17--~7$i+n)_f(xiy--wxi-i-n—l))

i1 i — Ln+i T Titn
m
= — Zﬂ«“iﬂ oo T f(@ig 1y Tign — Tio o T 1 f (T4 -, Tign1)
i=1
=21... Tnf(Tnt1y s Tmtn) — Tmtl - - - T f (T1, o, T)
=20 —oz7,
where we have defined f(xz, e Tign—1) = f(X1, ., Tio1, Titny - -y Tman). The result
then follows. ]

Remark 4.0.11. Hirose and Sato claim to have shown that the block shuffle relation holds
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for all words u, v with some regularisation. It is as yet unknown if this regularisation agrees

with that of Conjecture 4.0.9.

4.1 The block shuffle algebra

Assuming Conjecture 4.0.9, or taking any regularisation procedure, we can use the block
shuffle relation to gain further information about both g™, and the Lie coalgebra of motivic
multiple zeta values L.

As g™, or rather a regularised g™, is primitive with respect to Ay, there exists a
map g™ — P(Z), to the set of primitive elements of Q(Z). We will provide an explicit

generating set for Lie algebra P(Z).

Proposition 4.1.1. With respect to the coproduct given in Definition 4.0.4,

Wn, 222]{:1_‘_1 Z Zi1---zi2k,+1

k>0 i1+ Fiopr1=n
0<ij

18 primitive.

Proof. We first write Agi(wy) = Zn >0 Wr,s, Where
wr,s € Span{z;, ...z, ® 2zj, ...z, |ig, 51 > 0}

is the degree (r, s) component. As Ag is cocommutative, to show w;, is primitive, it suffices
to show that w, s =0 for all 0 <r <'s.

Let us consider the contribution of Ag(2;, ... 24y, ,) to wys. Every term in this con-
tribution can be identified with a triplet (j,C,d), consisting of a sequence of integers
0 <ji1<-<jm<2k+1,acomposition C = (ci,...,cp) of r into m parts, and a

sequence d = {d;} € {£1}", such that

m
2k+1—m+r+2di:s.
i=1

The sequence j determines which of z;,,. contribute terms to the left hand

. .,Zi2k+1

side of the tensor products in w, 5. C determines the degree contributed, and d determines
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the degree contributed to the right hand side. Specifically, (j, C,d) determines the product

j1—1 m Jt+1—1
Z(j,C,d) = ( H (1 ® Ziu)) H Z Zp1 -+ Zpe, ® RPeypt1 * * * PP2ci+dy H (1 ® Ziu)

u=1 t=1 \p1+-+Pac;,+d, =5y v=J¢+1

Here we take j,,+1 = 2k + 2. The sign of this is uniquely determined by (C,d) to be
[[L di(—=1)% = (=1)"I[}Z, ds.
Letting C(r,m) be the set of compositions of 7 into m parts, we can write w, s as the

sum

Wrs = Z Qk; 1 Z > oY (l:[l dt) Z5.c.a)

i1+ iggr1=n  CeC(r,m)de{xl1}™
0<31< L m <2k+1

where the final sum is restricted to those d such that 2k +1 —m 47+ > " d; = s

Changing this to a restriction on the sum over k, we find

wes = > > (=) (H dt) — rl_ S 3 Z.c.a)-

m=1CeC(r,m) de{£1}™ t=1 11+ lgp 41 =N
0<j1 < < jm <2k+1

Performing the sums over the ¢ and j indices, we obtain

G DR

m=1CeC(r,m) de{£1}m t=1

X g Zay - Zap & Zapyq -+ - Rapgs-

ar4-+aris=n

Hence, it suffices to compute

Z sy (H )S+m_r1_zgldt<s+m—%—2§ildt>.

m=1CeC(r,m)de{t1}™

Note that if Y ;" dy = m — ¢, then [[;~, d; = (—1)%, and so we can replace the sum over
d € {£1}™ with a sum over ¢, and perform the sum over compositions to obtain that this

sum is equal to
ii(_l),urq 1 s—r4+q\(r+m-—1\/m
s—r+gq m m—1 q)
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We will evaluate the sum

= L= () ()

Denote by [2] f(x) the coefficient of % in f(z), f a polynomial in . Then we have

- S—T m
Qm = & ZS_H (¢ +1) +q(q>

q=0

(y+1)"7"" Z Uy 4 1) (q)dy

_ / (y+ 1)~ (—y)™dy

= [2™]

H\

8

=0, as the term of minimal degree is 2.

Hence, w,, = 0 for all 0 < r <'s, and thus w, is primitive. ]
With this choice of w,,, we can then generate all primitive elements.

Proposition 4.1.2. The Lie algebra of primitives in Q(Z) with respect to Ay is equal to

Liefwy, ..., wy,...].

Proof. Note that it is sufficient to show that any primitive element is contained in this
Lie algebra. Suppose o € Q(Z) is primitive and homogeneous in weight, and let n
be the minimum integer such that o € B"Q(Z). Denoting by & the projection into
B"Q(Z)/B"1Q(Z), we have that & is primitive with respect to 9(z,) = 2, ® 1 + 1 ® 2y,

and hence ¢ € Lie[Z]. Denote by ®& the image of & under the map
Lie[Z] — Lie[ws, ..., wp,...]
Zn > Wy

Then o — & is of strictly higher block degree than o. As block degree is bounded above
by weight, we can iterate this process to obtain a finite sequence of elements o1,...,0,, €

Lie[wt, ..., wp,...] such that o = ", 0; € Lie[wr,...,wp,...]. O

Remark 4.1.3. The work of Hirose and Sato, along side Proposition 4.1.2, suggests the

existence of an injection g™ — Liews,...,wy,...]. However the following diagram does
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not commute.

g" —— Lie[wi, ..., wy,...]
l zm—)wnT
bg — Lie[z1,...,2n,...]
If we could choose an automorphism of Lie[ws,...,wy,...] mapping {wy},>1 to an-

other set of generators{w/,}»>1 , such that the composition

Zn —w! Vi

bg — Lie[z1,...,2n,...] — Lie[w],...,w},...]

maps bg to the image of g™, we could use this to define canonical ogx1.

Dualising the map in Proposition 4.1.2, we will obtain an isomorphism between the
shuffle algebra (Q(Z), ), and the block shuffle algebra (Q(Z), W), which can be used to
produce relations in £, analogously to Hoffman’s work on quasishuffle algebras [32], [30].
While the block shuffle product does not precisely fit Hoffman’s definition of a quasi-shuffle

product, most of his results can be reproduced.

Definition 4.1.4. A composition I of n is a sequence of positive integers (i1, ...,%;) such
that i1 + - --4; = n. Given a composition I of n into [ parts and a composition J of [ into

k parts, we define the product composition:

Jol:= (il +ots gt ey - U1 T ijl'i‘“"i‘jk)'

Denote by C(n) the set of compositions of n.

We define an action of compositions on Q(Z) as follows. Define (24, ... 2a,] := Za1 4 +ay»

and given a compositon I of n, define

Izay - 2a,] = [2ay - - - zail][zailﬂ . Za¢1+i2] e [zaz'1+~~+z‘l,1+1 e Zay)

and I[w] = 0 for any words not of length n.

Proposition 4.1.5. Let Tanh : Q(Z) — Q(Z) be the linear map with Tanh(1) = 1 and,
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for w a word of length n

Tanh(w) = Z Ciy - Ciy (11, .., 0p) W]

(il,...,il)eC(n)

where c; is the coefficient of 27 in the Taylor erpansion of tanh(x). Then Tanh is an

algebra isomorphism

Tanh : (Q(Z), ) = (Q(Z), 1)
To prove this, we require the following two lemmas. The first is due to Hoffman [32].

Lemma 4.1.6. Let f(2) = c1z + c222 + .-+ be a function analytic at 0, with c; # 0,

and ¢; € Q for all i. Let f~'(z) = bz + be2® + --- be its inverse. Then the map

U, :Q(Z) = Q(Z) given by

Vp(w) = > ciy.ocilin, ... i)[w]

(41,-.-,81)€C(n)
for words of length n, and extended linearly to Q(Z), has inverse \Ilel =W,

We use this lemma to establish Tanh as the inverse map of a homomorphism Tanh™*
given by the dual of the coalgebra homomorphism z, — w,, hence avoiding having to

establish that Tanh is a homomorphism directly.

Lemma 4.1.7. The dual of ® : (Q(Z),A) — (Q(Z),Aw), P(2zn) := wy is given by
Uyonn—1, and defines a homomorphism Tanh™' : (Q(Z), 1)) — (Q(Z),w).

Proof. As a consequence of Proposition 4.1.1, ® is a coalgebra homomorphism, and hence
its dual will define an algebra homomorphism. Hence, it is sufficient to show that ®* =

U, unh—1- Note that here, we view Q(Z) as its own graded dual via the pairing
<u7 1}> = 5u,v

for monomials u,v. Thus

O (w) = Z(@*w, v)v,

v
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taking the sum over all words. We see that

(P*(w), 2qy - - - 2qy) = (W, P(2ay - - - 2an))

l
1

1=11<2k;+1<a; ’il+...+i2ki+1=ai

which is non-zero if and only if there exists some composition I = (i1, ...,%;) of n into odd

parts such that I{w] = v. The inner product then evaluates to Hé‘:1 % Thus

<I>*(w)= Z - 1 ,(il,...,il)[w]

(i, iecen) 1
ij odd
which is precisely ¥,,,n-1. The result then follows. O

As a corollary to Proposition 4.1.5, we obtain the following.
Corollary 4.1.8. (Q(Z),W) is the free polynomial algebra on the Lyndon words.

Proof. Hoffman’s proof of Theorem 2.6 [32] applies exactly. We sketch the proof here, but
refer the reader to Hoffman’s proof for further detail. The proof proceeds by induction on
the length of a word. Suppose w is a word of length [. As (Q(Z), L) is a free polynomial
algebra on Lyndon words, there exist Lyndon words wy, ..., w, and a polynomial P such
that

w = P(Tanh(w; ), Tanh(ws), ..., Tanh(wy,))

where P is considered as a Li-polynomial. Since the shuffle product preserves length, and
Tanh~!(w) has terms with length at most [, we can assume every term of P(w1,...,w,)

has length at most [, where P is considered as a L-polynomial. But then
w— P(wy,...,w,) = P(Tanh(w;),..., Tanh(w,)) — P(w1,...,wy,)
has only terms of length less than [, and so can be written as a (l-polynomial of Lyndon

words. O

Corollary 4.1.9. Recall we have a surjective linear map I' : Q(Z) — L, mapping a word

to its corresponding iterated integral modulo products. Denote by L(Z) the Q-span of the
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set of Lyndon words in Z. Then L = I'(L(Z)).

Proof. Every word in Q(Z) can be written as a LL-polynomial in the Lyndon words. Propo-
sition 4.0.3 tells us that the image of any terms of degree greater than 1 in this polynomial

is 0, and hence I'(w) is the image of the linear part, i.e. I'(w) € I(L(Z)). O

4.2 Further quasi-shuffle relations

We will also briefly comment on a way of producing further relations, drawing heavily
from the work of Hoffman and Ihara [30]. We first recall one of their results, specialised
to the case of block shuffle. In all that follows, A is a formal parameter, and we extend W ¢

by Ws(A) = A,

Definition 4.2.1. Define ¢ : QZ @ QZ — QZ by 2,02n := Zm+n. Then, for any

f(2) =c1z + cp2? + - - -, define
foe(Aw) := Z New®
i=1

for ¢ € {L1, 11} and w € Q(Z), or e = $ and w € QZ.

Remark 4.2.2. In a slight abuse of notation, we shall write expe(w) for 1+ fo(w) where
f(z) = €® — 1; and loge(1 + w) for fe(w), where f(z) = log(1l + z), and similarly for

tanhy (1 4+ w). Note that
loge(expe(Aw)) = Aw and expe(loge(l + Aw)) = 1 + Aw.

Proposition 4.2.3 (Theorem 5.1 [30]). For any f(z) = c1z+c22%+--- and z € QZ[[N]],

1 1
Vs (1—)\2> T 1= fo(he)

We also need a modification of a lemma due to Hofflman and Ihara.

Lemma 4.2.4. For z € QZ[[\]]

1
expy(Az) = Tanh (1 — Az) .
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Proof. Since Tanh : (Q(Z),w) — (Q(Z),) is an algebra isomorphism, we must have

that Tanh o f,, = fi; o Tanh. Thus, as Tanh|gz = id, we have

crpu(42) = expiTanh()) = Tanh(eap (42)) = Tanh ()

where we have used that

expu(Az) Z )\" Z )\nn‘z i A2

n=0

Thus we can show the following

Proposition 4.2.5. For z € QA[[)]]

1
1— Xz

ear:pu_l(tanh<> (14 X2)) =

Proof. By Lemma 4.2.4, this is equivalent to showing that

Tanh _11 = 1 .
1 —tanhy (1 + A\z) 1-Az

However, this follows immediately from the statement of Proposition 4.2.3 for f = tanh™!.

O

Corollary 4.2.6. For any z € QZ and any n > 1, I'(z") = 0.

Proof. Taking the image of the equality in Proposition 4.2.5, we obtain

tcmh
I[(l—}—tcmh (14 Az) +Z Z)\"I

n>2 n>0

As T' kills LL-products, the left hand side is just AI'(z). Comparing coefficients of A", we

see that I'(z™) = 0 for all n > 1. O

Remark 4.2.7. As I'(w) = 0 if the length of w and the weight of w are of the same parity,
we see that the projection of z onto EBfil Q2z9; must be non-zero for the statement to be

non-trivial. Additionally, as I'(w) = (=1)“T'(Dw), and (24, +- - -2, )" = D(zi, +- - +2, ),
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we obtain a trivial statement in odd weight. Hence we must take z € @fil Qz9; and n

odd to obtain something interesting.

Example 4.2.8. Consider z = zy, then I'(22¥"!) is the image of ¢*({1,3}*) in £, and thus

¢*({1,3}*) = 0 mod products. It is known due the work of Borwen, Bradley, Broadhurst,

and Lisonek [6] that we in fact have ¢({1,3}¥) = 0 42k”j;)!. Similarly, Theorem 2 of [6] tells

7r4n+2

us that ¢(2w{1,3}") = T3y and taking z = 29 + 24, and considering the weight 4n + 2
part of 2271 we see that ¢*(21{1,3}") = 0 mod products.

We can generalise this by considering the weight 4n + 2k part of 22" for z = 2z, +
24 + -+ + zop42, we obtain ¢*({2}*Ww{1,3}") = 0 modulo products. We conjecture that
the numerical sums evaluate to rational multiples of 74"t2*. The cases k =0, and k = 1

have been discussed. Checking the first few values numerically for k = 2,3,...,7 [5], we

make the following more precise conjecture, which we will prove in Theorem 4.3.14.
Conjecture 4.2.9.

,/T4n+2k

C({Z}’ﬂ_u{l, 3" = (2n + 1)(4n + 2k + 1)! (

2n + k
k

for all non-negative n, k.

Considering other weights, taking z to be some other linear combination, we obtain

that sums over certain subsets of the set of shuffles also evaluate to 0 modulo products.

Proposition 4.2.10. Let S, ., denote the set of words in {1,2,3} appearing in the shuffle
product {2}F1{1,3}" containing at least one group of p adjacent 2s, and no group of p+1
adjacent 2s. Then

Z ¢"(u) = 0 modulo products.

uESn,kyp

Proof. Corollary 4.2.6 tells us that, for any n,p > 1
(20 4+ 22p42)*" 1) = 0
Considering the difference of two such equalities, we see that

T'(((22 4 -+ 22p42) ™ — (29 + - + 29p) 2T 1)) = 0.

108



Letting T}, 1., be the set of all monomials of block degree 2n, weight 4n + 2k, containing

at least one 2o, 2, this is precisely the statement that

> Iw)=o0.

wETn,k,p

Translating this into the language of motivic multiple zeta values, we note that every
2942 corresponds to a group of exactly k adjacent 2s, and so elements of T}, ;. , correspond

exactly to elements of Sy, 1. ,. The result then follows. O

Example 4.2.11. For example, if we take z = z4, we obtain that ¢*({2,1,2,3}¥,2) =0

modulo products. This corresponds to Sjx4+1,1. Checking the first few values of this

7.l.Sk-‘—Q 47T8k+2

numerically [5], we conjecture that ¢*({2,1,2,3}*,2) = SEED GRS — (skpo 1t would

be interesting to see if every such sum evaluates to a rational multiple of a power of 7.

Remark 4.2.12. We can actually refine this result significantly: by considering z :=

a2z + - -+ + a2p4222p+2, and allowing the ag; to vary freely, we see that we must have

> I'(u) =0
DY 5eees ip+1,n,w

where I;, i 1 nw is the set of words of degree 2n + 1 and weight w with degzzj (u) = 1j.

This implies

Z ¢*(n1,...,ng) = 0 modulo products

(n1,emi)€diy iy mw

where J;, . nw is the set of tuples (n1,...,ng) with n; € {1,2,3}, exactly n of which

SlpH,
are 1 and exactly n of which are three such that n;+---+n; = w and (nq,...,ny) contains
exactly i; groups of exactly j — 1 adjacent 2s, for j > 1.

Numerical evidence suggests that every such sum is a rational multiple of 7%.

4.3 Genuine relations among motivic multiple zeta values

Given a relation among motivic multiple zeta values modulo products, there is the obvious

question of what the product terms are. While this is in general quite a challenging
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problem, we can approach this modulo (™(2) in block degrees 1 and 2.

We first note that block graded relations in block degree 1 and 2 are genuine relations
modulo products. Recall Lemma 2.1.10 tells us that we must have degg(w) = |w| mod 2.
Hence, we cannot have relations among terms of block degree 1 and block degree 0. In
particular, relations among motivic iterated integrals of block degree 1 modulo terms of
lower block degree are genuine relations modulo products. Similarly, as BoH = ((™(2)),
we have that relations among motivic iterated integrals of block degree 2 modulo terms of
lower block degree are genuine relations modulo products.

Relations in block degree 1 are completely described by duality, shuffle regularisation,

and Zagier’s formula [42][9]

¢((2)".3.12)") = 2a§1<—1>r (o s) ~ 03 (o) | encepemmemersu)

Relations in block degree 2 are much more interesting. We will consider block shuffle
and the relations arising from dihedral symmetry. To compute the products, we follow the
decomposition procedure outlined by Brown [22]. This algorithm allows us to present a
weight N relation in a chosen algebra basis, up to a multiple of (™(N). As we work modulo
¢™(2), and block degree 2 is necessarily of even weight, we obtain an exact decomposition.

We first recall a few key points from Brown’s work [9].

Definition 4.3.1. Define ox 41 : H — H by Oogt1 = (o1 @ id) 0 Dopiq. Here copi1

extracts the coefficient of (™(2k + 1) in the left hand term.

Proposition 4.3.2 (Brown). The coefficient of (™(2r+1)(™(2s+1)(™(2)"™ in the decom-
position of (™(w) into the algebra basis containing (™(2k + 1) for every k > 1 is given by

30251102741, where c§ means taking the coefficient of (™(2)".

Note that, as we work in block degree 2, and each 0941 reduces the block degree by
one, as in Proposition 2.1.7, we need only consider composition of two delta operators.
Working modulo (™(2), it therefore is sufficient to consider da54102,4+1 where 2r 4+ 2s + 2

is equal to the weight.
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Lemma 4.3.3.

2k+-2

2%+1
O2pq 1 (™ (qp)) E Coprg_iil (Tatb—26—1)La>2r43-i,
b>i

2k+2
Ozpr1 (I (zqzpze)) = c%’,ii%,_” <Jm($a+b2k196c)11a22k+3z‘+]m(37a1‘b+02k1)11b22k+3

i=1 b>i c>i
2k+2n—1
2k+1
82k+1(]m<37a1 cee xan g § Cokt3—iyi xal <o Laj_1Taj+aj1—2k—1Lajyg - - xan)]]-aj22k+3'—i,
i=1 j=1 aj4121

2k+1

where C( T 1s the coefficient ofaﬁla:Q in paxr1(x1, x2) and 1p is the indicator function for

a logical statement P.

Proof. We will demonstrate the proof in the first case, as the argument generalises easily.
First note that, following Zagier’s result, we see that the coefficient of (™(2k + 1) in

I™(x2q4+1T2p12) is given by chLﬂ gp4o if @+ b= k. Similarly, the coefficient of (™(2k + 1)

in I™(z2q+2%9p11) is given by CSSE ap41 if @+ b= k. Now, consider Oopr1(I™(zqp)). We

may assume, without loss of generality, that a = 2s+1 is odd and b = 2{+ 2 is even. Then
I"(zqp) = I™(0; {1,0}%,0,{1,0}%1).

Considering Doj1 of this, the only non zero terms are those in the sum

k
Zﬂzs+1>2>k+1 2 1'(0; {1,035 0, {1,0}%; 1) @ I™(0; {1,0}* 7%, 1)
1=0 =
k

—I—Zﬂzs>2k+2 2i1'(1;{0, 13577, 0,{0,1}% 0) ® I™(0; {1,0}* 7% 1).
P 2>2i

Thus, as I'(1; {0, 1}*7%,0, {0, 1}%;0) = —I'(0; {1,0}%,0, {1,0}*%; 1), we obtain that the non-

zero part is the sum

k
1 I'( ) @ I™( )
25+1>2k+1—-2id \T2k+1-2:T2i42 L2542t +2—2k
2t>2i
1=0
k
-3y I'( ) @ I™( ).
25>2k+2—2i1 \T24+1L2k—2i+2 L2542t +2—2k
i—o 2t>2i
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Letting i — k4 1 — i in the second sum, and using I'(z,,2,) = —I'(2,2y), this reduces to

2k+-2

[ m
E Lost1>2k+3—2il (Tort3—2i7i) @ I™ (2512t 42-2k)-
P 2142>2i

Applying the map co11 ®1id gives the desired result. The other cases follow similarly. [J

Proposition 4.3.4. Modulo (™(2), we have

I"(zqzpxe) + IM(xpzoxe) + IM(pTezy) = 0.

Proof. It suffices to show

0254102711 (1™ (xqmpze) + ™ (xpz0e) + ™ (2p20e)) = 0
for 2r +2s+4+4 =a+ b+ c. It is an easy computation using Lemma 4.3.3 to show
a2s+182r+1(Iﬂﬂl(xal'bxc) + Im(mbvaCc) =+ Im(xbxcxa))

2r+4-2
2r+1 2s+1 2r+1 2s5+1 )
- E : <c2r+3 iiCatb—2r— lcﬂa>2b7’+3 Z—i_027‘—|-3—i,iCa,b—l—c—Qr—1ILbZZ’;".?’_Z
= c>i

2r+1 2s+1 . 2r+1 2s+1
+ 62r+37i,ica+b72r71,c113227";(3*1 + Cor+3—4,i% Ja+c—2r— 1ﬂa>27"+3 (
a>i

c>i
2r+1 2s5+1 . 2r+1 2s5+1 .
+ 2r+37i,icb+072r71,a117227";“3_1 + C2r+3i,icb,a+02r1ﬂc>27";‘,3_1> .
c>1 a>i

Then, noting that under the substitution i — 2r + 3 — ¢, we have the following equality.

2r—+2

2r+2
2’V‘+1 _ 2,,.
Cort3—iila2r3—i = = E : Coria ”]lb>2r+3 -
=1 bZZ i=1 a>1
Recalling also that chH c?’j“, we see that the above sum vanishes. ]

Remark 4.3.5. Note that the vanishing of 0254102, +1(I™(xqzpze) H™ (Tpxqze) H™ (Tp2c4))

in the above proof does not require 2r + 2s +4 = a + b+ ¢. Thus we can conclude that

™(zqzpre) + 1™ (wpxaze) + I™(Tpweny) = a(m(2)%
for some rational a.
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Lemma 4.3.6. The cyclic symmetry of tbg implies
PYze_1zpze) + P20 10013) = ]{’[(xa:cb_lxc) + Ib[(xaxc_lxb).

Proof. Let f(x1,x2,x3) = x12923(21 — 23)7r(21, 22, 23) € bg.Then

(22 — x1) f(z1, 22, 23) = T12223(21 — 23) (22 — 1)1 (21, X2, 3)
= $1£C2333(931 - $3)($2 - 331)7’(372,$3, $1)

= (x1 — x3) f(x2, 23, 21).

Comparing coefficients of x¢xz} we see that
bl bl bl bl
M(zqxp_12c) — I (xg—1202p) = D (2pTcx0—1) — I (2pTe—124)

which, upon applying I®(zyz;2,,) = I°" (2, 22), rearranges to the desired identity. O
A similar computation to that of Proposition 4.3.4 shows the following

Proposition 4.3.7. Fora+b+c¢=2N + 3,

-Zm(xaflxbxc) + ]‘n(xa,1$0$b) - Im(-Taxb—lxc) - -Im(xa-rcfll'b)

- Z ar (M (2r +1)¢™(2s + 1)Cm(2)N77"73*1

s>r
2r4+2s+2<2N

up to a rational multiple of C™(2)N, where

2542

_ 2541 2r+1 2r+1 ) )
Qrs = ) Cyy3 jj |:(62r+37a,a + i3 pp) Lavb>2r+alavb>2ri2s45—Le>;

)

J=1

2r+1 2r+1
+ (02r+37a,a + C2r+3fc,c)]]'a+0227“+4]]'a+0227“+28+5*j]]'ij] :

We now return to Conjecture 4.2.9. We prove this analogously to the proof of the

k =0, 1 cases shown in [6]. We first give several definitions.

Definition 4.3.8. Let p, g, j be non-negative integers such that j < min(p, q), and define
Sptq.j to be the set of words occurring in (ba)PLLi(ba)? containing the subword a? exactly

j times.
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Remark 4.3.9. As noted in [6], the set Sp14; depends only on p + ¢ so long as j <
min(p,q). Note also that we must have equal numbers of subwords a? as b?, and thus
Sp-q,j contains only words of block degree 2j. We can similarly conclude |Spq.;| = (%77).

2j

Definition 4.3.10. Let p, q,j be as before. Define Tp, 14, := >

w
WESptq,j

Every term in the sum {2}*1{1,3}" corresponds to a word in Sa 4k, and there are

exactly (222:1‘:) terms, so we must have that ¢(Tons+xn) = C({2}F10{1,3}"). So to evaluate

the sum in Conjecture 4.2.9, we need only consider the combinatorics of T4, ;.

Proposition 4.3.11 (BBBL [6]). For any non-negative integers p, q, we have

min(p,q) D+q—2j
(ba)Pu(ba)? = Z 4/ ( b >Tp+q7j.
j=0

Using this, we can express To,r, in terms of shuffle products. We first require a

combinatorial lemma.

Lemma 4.3.12. For any non-negative integers n, k, we have

S (1) () () =

Proof. The statement of this theorem is equivalent to the statement that
k+r k+r—1 2n+k
—1) " =1.

Sy () () G

n>0rez
To evaluate this function, we first consider the function

k+r k+r—1 2n + k
G = -1)" Ty™.
= s () () G
n>0rez

Thus, we wish to show that G(1,y) = 1. We first recall two standard identities among

generating series

Z(2n+k>tn_ 1 < 2 )’“
—\ VI \1+ VT4t

% () -

n>0
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Using these, we can rewrite G(z,y) as follows.

() () e

n>0reZ
B
= T%(—xy)’” ((k;rr> + (]”I:_ 1)) m%:o <2m+7jr+k>ym
:%(—xy)r <<k‘—1:r> N (k:+;—1)> y % <1iu>2r+k

k

=i(1iu) () () ()

where v := /1 — 4y. Let q := m We can then evaluate the remaining sum.

G=i(fu)kz((k?%(’“*?l))f

reZ

_l’_

k
1 2 —k my m 1-k my m
— >
u<1+u> 1 Z<k>q Ty m=0(
m>0
1 2\ 144
S u\l+u (1 —q)ktt
Now, at x =1,
e u?—1 _u—1
q_(1+u)2_(1+u)2_u+1’
and so 1 —g¢q ﬁ and 1+q— . Thus, we find

1 9 k 1\ A1 9
G(1,y) = ut )=
14w 2 u—+1
The result then follows.

Corollary 4.3.13. For any non-negative integers n, k, we have

Zn:(—l)" ((k Z T) + <k +; - 1)) [(ba)™ "L (ba)™ 7] = 47T g
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Proof. From Proposition 4.3.11, we can write the left hand side as

S (M) () e s

r=0

= ~— [ (k+T k+r—1 o2n 4k — 2§
= —1T 4J Tn j
s () = () Gt e

n n—j .
; k+r k+r—1 2n+k—2j
=Y 4T j —-1)" .
2w 2O (1) (7)) G5
7=0 r=0
Thus, it is sufficient to show that the inner sum is 0 for j # n, and 1 if j = n. But this is
precisely the statement of Lemma 4.3.12. Hence the result follows. O

As a corollary, we obtain the following identity.

Theorem 4.3.14.

({21 w{1,3)") =

7r4n+2k om 4k
2n+1)dn+2k+ 1)\ k& )

Proof. Evaluating the zeta function on the identity given in Corollary 4.3.13, we obtain

cttzrutnayy =4 o ((557)+ (771 ) cctarniccare

r=0
n k k -1 An+2k
=47") (-1) Yy (Rt u
—~ k k (2n —2r + 1)!(2n + 2k + 2r + 1)!
using the well known identity ¢({2}") = (2]7{,27% The result then follows from Lemma
4.3.15 -

Lemma 4.3.15.

4n 2+ k
(in—!— 1)(4n + 2k + 1)!( k >
S () () @esmem e

for all non-negative n, k.
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Proof. Multiplying both sides by (4n + 2k + 2)!, we will prove the equivalent identity

n+k+1 i E+r E+r—1 An + 2k + 2
227’L+1 — _17“ .
) =z () ) G )

Denoting by [2™V]f(z) the coefficient of 2"V in a formal power series f(z), we find that the

right hand side is given by

ey e () () aeaee

r>0
k+r k+r—1
_ [.2n+1 An+2k+2 r 2r
= 221 + 2) ;H) << N >+< L >)z
(1 _ z2)(1 + Z)4n+2k+2
(14 22)k+1
(1 — 22)(1 + 22 + 2z)2nHh+1
(1 + 22)k+1

2n+k+1

2 k+1 . . 2 k+1 L

— [ZQn—H] § : ( n+i + )(14»22)2”_1(22)1 ( n+i + >(1+Z2)2n—z2zzz+2
=0

[22n+1]

[Z2n+1]

2n+k+1
1 7
=0

Considering the constant term of this expression, we obtain

i 2n+k+1\ [ 2n—i 2i_2”z+:1 20 k1Y (20— i | gonir (20t KA1
1 n— it 1 n— &1 2n+1

i=0 2 i=0 2
where ( KJX 1 ) := 0. Clearly, every term with ¢ even vanishes, so this simplifies to the
2
following.
Z”: 2n+k+1\[/2n—2i—1 222.“_2”: 2n k41 (20 =20 = 1) o gonin (20 h+1
por 2i+1 n—i —~\ 2n+1 n—i—1 k ’

As (2"53_1) = (22:121_—11)7 the two sums cancel, and thus we have

o2n-+1 (2n+kk:+1> =i(—1>’" <<k2r> . <k+;— 1)) @ijia

r=0
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Part 11

Further Observations
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Chapter 5

Finite characteristic, p-adic, and
integer solutions to the double

shuffle equations

5.1 Shuffle algebras over finite fields

In the search for rational associators, we may wish to consider the existence of simpler
solutions. For example, if we restrict to associators with integer coefficients, is it easier to
find a solution? The double shuffle equations are defined over the integers, and so can be
considered modulo primes. Can we find an IF,, solution, or a @@, solution? What about a
solution in any field of positive characteristic p?

The question of p-adic associators has been considered previously by Furusho, and
Alekseev, Podkopaeva and Severa. In [23], Furusho defines p-adic analogues of multiple
zeta values as elements of C,, showing the existence of a grouplike element of C,({eg, 1)),
before going on to show that these p-adic multiple zeta values are elements of Q,. Alekseev
et. al. define a non-empty class of grouplike elements of Q,((eo, €1)), that they call natural
associators, satisfying certain upper bounds on their p-adic valuation [1].

Thus we will focus instead on I, solutions to the double shuffle equations. In fact, we
can show that there are no non-trivial solutions to the shuffle equations with coefficients

in IF,. We begin by recalling the definition of a shuffle algebra over a field &.
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Definition 5.1.1. Given an alphabet X = {x1,x9,...,2,}, we define the shuffle algebra
Sh(R) over a ring R to be the R-module R(X) equipped with the shuffle product, which

we define recursively for u, v words in X, by
ulll = 1Wwu = u,

ziullzjv = ;(ullejv) + ;j(zulv).
It is easy to check that this defines a commutative associative algebra structure on R(X).

In particular, if we consider k of positive characterististic p, we find the following

decomposition.

Proposition 5.1.2. Let ¢, : Sh(k) — Sh(k) denote the ‘shuffle Frobenius’ map, sending

u — u™P, the shuffle product of p copies of u. Then Sh(k) =k & kerg,.
Proof. First note that, for any commutative product X, and any a,b € F,(X), (a+ b)HP =
a® 4+ v®P. Hence, ¢p is linear, and so, as ¢,|; is injective, it suffices to show that for a

word u in X, ¢,(u) = 0.

Let w = z;v. Then

¢p(u) = vz oll - - - ;v

p
= Z x; (ol -« WLl - - - L2,0),
k=1

where we take the z; from the k" copy of z;u. But as the shuffle product is commutative,

we find

P

Pp(u) = Z x;(vlzol - - - Wxiv)

k=1

= px; (vllz;oll - - - Wzv) = 0.
]

As grouplike elements of k((eg,e1)) define homomorphisms from the shuffle algebra
to k, we can use this proposition to obtain information about grouplike elements of

F,(({eo,e1)) deduce the following result.
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Theorem 5.1.3. There are no non-trivial grouplike elements of k{{eg,e1)) for k a field

of positive characteristic p.

Proof. Suppose ® € k((ep, e1)) is grouplike. Then we can consider ® as a homomorphism

Sh(k) — k, mapping a word u to the coefficient of u in & = > CpW.

we{ep,e1 } X

As @ is a homomorphism, we have, for all w # 1
O(w)P = &(w™?) = ®(0) =0

where the final two equalities follow from Proposition 5.1.2. As the Frobenius map is

injective on k, this implies ®(w) = 0 forallw # 1, andso ® = ) S(w)yw=1. O

we{eg,e1 }*
Corollary 5.1.4. There exist no non-trivial grouplike elements of Z{{eg,e1)).

Proof. Suppose ® = Zwe{eo,el}x cow € Z{ep,e1) is grouplike. Fix a word u # 1 in
{eo,e1}, and define uj, : R{(eo,e1)) — R to be the R-linear map sending « to 1 and all

other words to 0.

Then we have the following commutative diagram and, as a consequence of Theorem

.
Uz,

Z{{eg, €1)) —

(5.1.3), uﬁ;p is the zero map, for all p. Hence, the composition is the zero map. The second

Zifeo,e1)) —v 2 — [ B

p prime

map is injective, and so uy, is the zero map for every u # 1. Thus ® = 1. O

Thus we can have no integer grouplike elements of Q({eg, e1)).

Remark 5.1.5. The proof of Corollary 5.1.4 is distinctly overkill. The result also follows
if we let ¢, be the coefficient of some primitive w in ®, and note that c,un = % for

grouplike ®. As this tends to 0 as n grows, we cannot have every coefficient be integral.

Remark 5.1.6. As noted previously, Theorem 5.1.3 holds for any field of positive char-

acteristic. In particular, if k£ is a number field, and p an ideal of Oy then the result holds
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for series with coefficients in Oy /pO;. We can then show the analogous corollary and

conclude that there exist no non-trivial grouplike elements of O ({ep, €1)).

5.2 The p-adic valuation of coefficients

We can extend Remark 5.1.5 to show grouplike elements of Z,({eg, e1)) cannot exist.
Theorem 5.2.1. There does not exist a non-trivial grouplike element of Z,((eo, e1)).

Proof. Suppose ® € Z,({eg,e1)) is grouplike. We can therefore conclude that it is the

exponential of a primitive element o € Q,((eo, €1))-

0.n
n>0
Define a monomial order on Q,(eo, e1) by graded lexicographic ordering, and let w be the
minimal word with non-zero coefficient ¢, in o. Note that this will also be a word of
minimal weight m. As such, in weight mn, w™ will the the minimal word with respect to
the monomial order. We can therefore conclude that the coefficient of w™ will be %, with
p-adic valuation

np(cy) — vp(nl).

As n tends to infinity, this tends to negative infinity. Hence, we cannot have ® €

Zp<<60761>>. D

This provides an immediate answer to a Question 2.26 suggested by Furusho [23] about
the p-adic integrality of his p-adic multiple zeta values: the cannot all be elements of Zj,
as they would otherwise define a counter example to the above theorem. Additionally, we
cannot have a grouplike element ® =143 cc. . yx cow of Qy{(eo,€1)) for which the

valuations of ¢,, are bounded below.

Remark 5.2.2. This result is reminiscent of Deligne’s description of the motivic funda-
mental group of a smooth scheme [16]. In describing the ¢-adic realisation, he notes that
the N-th quotient by the descending central series has a Zg-structure only for N < /,

which suggests n = p may be sufficient to derive a contradiction.
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Corollary 5.2.3. Define v,(®), for ® =1+ Zwe{eo,q}x cww € Qp((en, e1)), by
vp(®) == inflvy(cyw) + w e {ep,e1}*}

where vp(cyw) is the normal p-adic valuation. Then, for any non-trivial grouplike @,

Vp(P) = —o0.

Proof. Let ® be a grouplike element of Q,((eg, e1)). If v,(®) > 0, then ¢ € Zy,({eg, e1)),
then @ is trivial by Theorem 5.2.1. Otherwise, if v,(®) = —N, for some N > 0, consider the
element ® € Zp({eo, e1)) obtained as the image of ® under the mapping e; — p™e;. This
is clearly p-adically integral, and, as this map is an automorphism of grouplike elements,
must be trivial. The map is also invertible, and hence we must have & = 1. Thus, any

group like element with finite valuation is trivial. O

Remark 5.2.4. By considering a decomposition & = 1+Zn20 p"®,, into p-adically graded
pieces, one can show that v,(cu,) > vp(cy) + vp(cy). A similar argument, considering
grouplike elements of C[[t]]({ep,e1)), show that any sufficiently ‘nice’ valuation is also
superadditive. Weight and depth are examples of such valuations. Block degree is not, as

an essential condition is a compatibility with the shuffle product.

Corollary 5.2.5. Let ® =1+ ) x CwW be grouplike with coefficients in Q, and

we{ep,e1}
let v be a word of weight n. Then, for all non-negative a, b such that 3a + 2b = n,

vp(cy) > al/l(jg) + bl/l(,2), where
y}(;j) = min{vy(cy) :u is of weight j}

Proof. As noted in Remark 5.2.4, the p-adic valuation is superadditive with respect to
concatenation. Thus, for any factorisation v = vy ... vy, we have vp(cy) > vp(cy,) + -+ +

Vp(cy,, ). The result follows immediately O

We contrast this result with those of Alekseev, Podkopaeva and Severa [1], who show

the following

Theorem 5.2.6. There exist associators with rational coefficients ¢ € 143, p (M7, (e, e1)"

for all p, where R(eg,e1) is the space of R-linear combinations of weight n monomials,
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and

)= ((plljnl)2 _pil)'

While this is at first glance an existence result rather than a global bound, they show

the following as a corollary.

Corollary 5.2.7. Forp > 2 prime, let (A, f) € GT(Q)) be such that A generates a dense

subgroup of Z,. Then there exists a unique associator ® with p-adic coefficients such that
f(@(eq, e1)eo®(e1, e0), e1)P(eo, e1) = P(Aeo, Ae1)

and satisfying

o0
OIS Zp_a?’(”)Zp@o, e1)”,
n=0

where

apl) = L) (1201

Then, letting (X', f') == (X, f)P~L, we have.
f € 1+ pZy{(eo,e1))=" + Zy((eo, 1)) =",
and ¢ :=In(f")/In(X) € gt(Qp) is of the form

(CJS Zp<<é07 é1>> + Zp_s_lzp“éo’ é1>>2ps(17—1)

s>0

where GT and gt are the (prounipotent) Grothendieck-Teichmuller group and Lie algebra,
respectively, Z,((€g,é1))=" denotes the set of elements of Z,({éo,é1)) of degree at least n,

and é; := exp(e;) — 1.

While this gives quite a strong bound on the growth of coefficients of elements of
GT(Qp), we cannot immediately apply this to rational associators, as not all elements of
Q generate a dense subgroup of Z7. Additionally, the strength of this bound, giving at
most logarithmic growth of the valuation, is true for ¢ € Q,((ép,€1)). Translating this
back to ¥ € Q,((eo, e1)) gives at most linear growth of the valuation, in line with results

of Corollary 5.2.5.
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Chapter 6

Defining orthogonal generators

and observations on duality

6.1 Canonical elements

As mentioned in Part 1, one of the strengths of the block graded approach is that bg
has generators with canonical presentations. Reproducing this canonical presentation for
generators of g™, in order to have an explicit generating set, would be a great step forward
in describing motivic relations. There seem to be four possible approaches to providing
such an explicit set : using inner products and a Gram-Schmidt-like procedure, using a
basis of multiple zeta values, Brown’s anatomical decomposition, or finding a section of
the block projection. The first approach has not been seen in the literature to this point,

and so we focus on this, finding several new results.

Theorem 6.1.1 (Keilthy, Hain). Given a choice of inner product on Q(eg, e1) and normal-
isation of (oax11,e1e2F), we can define a unique embedding of {03, 05,07,...} — Qlep, e1),

and hence of the motivic Lie algebra.

Proof. Suppose that we have a fixed embedding of o3, . . ., 091 into Q(ep, 1) and consider
the space Lie(os, . .., 02k+1)2k+1, Where the subscript denotes the sub-vector space spanned
by elements of weight 2k + 1. This contains Lie(os...,09,_1)2k+1 as a codimension 1

subspace, and, as it is finite dimensional, the inner product restricts to a non-degenerate

inner product. Hence, we can fix o951 up to a scalar multiple by imposing orthogonality
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of o941 to Lie(os,...,095_1)2k+1. Thus, as o3 has a unique embedding into Q(eq,e1),
given an inner product, we can define a unique embedding of every o951 up to rescaling.

A fixed choice of normalisation then completely determines the embedding. O

There a natural candidate for our inner product (-, -) : Q(a,b) x Q(a,b) — Q. Define,

for monic monomials u and v,

1 fu=w
<U, v)triv =
0, otherwise

and extend by linearity. It is easy to check that this satisfies the requirements of an inner

product.

Example 6.1.2. By considering the trivial inner product of the depth 3 components of
o11 and {o3,{03,05}}, and demanding that these be orthogonal, we find the following

canonical decomposition of o11:

4
o1 = Y11 — ﬁ{ﬂbl, {W_1,Y13}} — %{d}g, {3, 0_1}}
479 2053 2620903
+ m{wh {¢57 lb—l}} - @{1/%7 {¢7)1/)—1}} - m{037 {()‘3’0'5}} + ...

where we have omitted terms of depth 5 (that are uniquely determined), and where 9,11

is given by Definition 10.1 of [12].

Remark 6.1.3. One should note that the denominators of coefficients fixed by this method
tend to be quite large, with few prime factors. It remains unclear as to whether there is
a meaningful reason for this. We suspect it to merely be an artifact of the calculation, as

the numbers involves grow quite rapidly.

This has the advantage of being easy to calculate, with monomials of different weights
and depths being orthogonal, but is not “compatible” with the obvious Lie algebra struc-
ture on Q(a, b), nor with the Thara bracket. Indeed, it would be particularly interesting to
find such an inner product. Evidence coming from the work of Pollack [37] suggests the
existence of one, but gives no hints as to how to construct it.

One should note that, while the trivial inner product seems rather artificial, it actually
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has Hodge theoretic origins. Due to the inclusion

P\ {0,1,00} = E%

Oq

into the first order Tate curve, we obtain an inclusion

o™ — Lieﬂm(E:Q)dR.
q

Hodge theoretic arguments give a splitting HI*(E% ) = QA @ QT [28], with a natural

9q
inner product satisfying (A, T) = 0, corresponding to the trivial inner product.

Other authors have suggested candidates for canonical generators. For example, in
[13], Brown defines a family of {05, ,;} in terms of Bernoulli numbers. These solve the
double shuffle equations modulo products up to depth three and give interesting ties to
slp and period polynomials, that also arise in the work of Pollack [37]. Specifically, the
coefficients appearing in these 05, , | are proportional to those of the odd part of the period

polynomial for the Eisenstein series of weight 2n, which is proportional to:

P
3 < 2")1}3%13%)(2“1Y21’1 € QX,Y].
a+b=n, a,b>1 a

We have checked that this “anatomical” decomposition, and the trivial inner product give
distinct generators, but it would be interesting to see if there existed a reasonable inner

product giving Brown’s proposed generators.

6.2 The duality phenomenon
One phenomenon amongst elements of 0mrg is that of duality.
Definition 6.2.1. Define the following linear maps on Q{(a, b).
o R(ujug...uUp) = UplUp_1...uU,
e W is the homomorphism defined by Wa := b and Wb := a,
e D:=RW =WR.
We say o satisfies duality if o = Do.
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We have ((w) = ¢(Dw), which we expect: this is just swapping the roles of 0 and 1
in P\ {0,1,00}. What is unexpected is that we seem to have o = Do for all o € dmu.
It is not currently known if duality is a consequence of the double shuffie relations, but

numerical evidence seems to suggest it must be.

Remark 6.2.2. The map R defined here is, up to a sign, the antipode map S in the

shuffle Hopf algebra Q(a,b). Specifically, if w is a word of length n, then Rw = (—1)"Sw.

However, we do know that duality plays nicely with many of the structures on g™ and
omrp: D passes through the motivic coaction [9] and duality is preserved by the Ihara
bracket. While this latter fact follows from Brown’s proof that the Ihara action is motivic

[10], and Racinet’s thesis [38], we will present a direct proof of it.

Lemma 6.2.3 (K.). If ¢(a,b) € Q(a,b) satisfies the shuffle equations mod products, then
Dd)(a’ b) = *qb(*b) *a’)'

Proof. In a Hopf algebra with coproduct A and antipode S, it is a standard result that if
¢ is primitive with respect to A, then ¢ + S¢ = 0. If ¢(a, b) satisfies the shuffle equations

mod products, then it is primitive and hence

¢(a,b) + S(¢(a, b)) = ¢(a,b) + Ro(—a, _b) =0.

Applying D to this proves our result. O
Theorem 6.2.4 (K.). Duality is preserved in dmrvg by the Ihara bracket.

Proof. Recall that Thara bracket of two elements is defined by

{¢17 ¢2} = d¢2¢1 - d¢>1¢2 - [¢17 ¢2]

where dy is the derivation defined on generators by
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Now suppose ¢1,¢p2 € dmrg satisfy duality, and consider {¢1, p2}(—b, —a) We have the

following;:

[P1, 2] (—b, —a) = [¢1, P2].

Next define a derivation d;, by
dy(a) = la, ¢],

dy(b) =0

We can easily show by induction on the length of ¢ that dy(X)(—b, —a) = dy,(X(~b, —a))
and hence

dy, (¢5)(=b, —a) = —dg,(¢;) for (i, ) € {(1,2); (2, 1)}.

One can then check easily that dy(X) = d¢(X) — [X, ¢], by induction, and hence

(dgy (91) = dg (91))(=b; —a) = —d, (1) + dg, (1) + 2[1, ba],

and so D{¢1, 2} = —{b1, p2}(—b, —a) = {¢1, P2} -

As such, it would suffice to show D¢ = ¢ for a generating set. We first note that D

preserves solutions to the shuffle equations.

Lemma 6.2.5 (K.). If ¢(a,b) € Q(a,b) satisfies the shuffle equations mod products, then

so does Dao.

Proof. One can easily check that

(R®R)oA=AoR

and
(We@W)oA=AoS
Thus
(D®D)ocA=AoD
proving our result. O
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We can now show the following result. While it is not known that {02541 }x>1 generate
omry, and duality is known to hold for all of g™ for motivic reasons, it is still interesting to
see that it can be derived from the double shuffle equations with some minor assumptions,

and suggests a possible route for further exploration.

Proposition 6.2.6 (K.). Suppose o3, ..., 0951 satisfy duality. Suppose also that Doggq1 €

g". Then o941 satisfies duality.

Proof. By our assumption, Dogg+1 must be in the span of g9;4; and brackets of lower
weight generators. Thus, there exists o € Q such that oox11 — aDoggy1 is a linear
combination of brackets of lower weight generators. By the previous theorem, gopy1 —

aDogg 1 must satisfy duality and thus

(Oé + 1)02k+1 = (Oé + 1)D02k+1

Then, as g C dmrg, we obtain from the stuffle equation and translation invariance of o951,

evaluated at x1 =1 and z; = 0 for ¢ = 2,3, ..., 2k, that

(02k11]ab™) = —(02p11[bab®* 1) — (09141 [b%ab*" 72) — - - — (o9p11[0*"a)
2k—1
— Z (0_2k+1|bia2b2k—1—i)
=1

= (—1)*%(0op+1]ba®") = (0op41]a®*b)

and so

(D02k+1|a2kb) = (02k+1|ab2k) = (02k+1|a2kb).

Now, if @« = —1, then

(02k+1 — OéDO'Qk+1|CL2kb) == 2(02k+1|a2kb) 75 0.

But any sum of brackets of lower weight cannot have any terms of depth one, so we must
have

(02k+1 — aD02k+1|a2kb) =0.
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Thus, we must have o # —1 and so o941 = Doog11 O

One could alter the assumptions made about Dogg 1, however, it is not clear that the
altered assumptions would be weaker. For example, if we simply take Dogg11 € dmrg [40)]
we have to make certain assumptions about the nature of dmtg in order to follow the same
proof method. Note also that we cannot replace oor4+1 by an arbitrary element, as we
rely on having non-zero depth one components, and in this, o-elements are near unique in

omry.
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Chapter 7

Glossary of symbols

As we introduce many notions in this thesis, we include a short summary of some of the

important notations.

H : The Q-algebra of motivic multiple zeta values.

I™(e): The motivic iterated integral associated to to e. Here, ® could be a word in {0, 1},
{eo,e1}, {y1,y2,...} or {z1,29,...}. The image under the period map of I"™(e) is the

associated shuffle-regularised iterated integral.

M(e) : A motivic multiple zeta value. This differs from I™(e) by a factor of (—1)¢, where
¢™ (o) p ¥y ,

d is the depth of e.

A : The Q-algebra of de Rham multiple zeta values, A = #H/({™(2)). This can be

considered as the space of multiple zeta values modulo ((2).
I°(e) : The de Rham iterated integral associated to e.

(*(e) : The de Rham multiple zeta value associated to e. This differs from I°(e) by a

factor of (—1)%, where d is the depth of e.

L: The Lie coalgebra of motivic multiple zeta values, £ = A:t)i{;o? where Ao = A\ Q.

This can be considered as the space of multiple zeta values modulo products.
I'(e) : The image of I1°(e) in L.

g™ : The motivic Lie algebra. This is the Lie algebra of the unipotent part of the motivic

Galois group G 7(z), and the dual of £. Tt is non-canonically isomorphic to to
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0g :

If(o) :

the free Lie algebra on {0941 }x>1, and can be embedded into Q(eg, e1). It encodes

relations among elements of L.

: The weight filtration. An increasing filtration on #, such that I™(0; w; 1) € W, H if

|w| < n. This is a grading on H, and conjecturally remains a grading upon taking
the period map. W is also used to refer to the induced filtrations on A and £, along

with the dual decreasing filtration on g™.

: The depth filtration. An increasing filtration on A such that I™(0;w;1) € D,H

if 1 appears at most n times in w. This is not a grading on H, but is an algebra
filtration for both shuffle and stuffle products. Like W, D is used to refer to all

induced filtrations.

The associated graded Lie algebra of g™ with respect to the depth filtration: 0g =
@:2, D"g™ /D" 1g™. This describes relations among depth graded motivic multiple
zeta values. It is not a free Lie algebra, with quadratic relations arising from a

connection to period polynomials of modular forms.

We also defined the following notions.

The formal iterated integral associated to e. The formal iterated integrals are
purely formal symbols and satisfy no relations. The motivic coaction, applied purely
symbolically to the span of such formal symbols Z defines a coproduct. We have a
natural surjective map from Z to both H and A that commutes with the computation

of the coaction.

: The block filtration. An increasing filtration on H such that I™(0;w; 1) € B, H if

Owl can be decomposed into at most n + 1 alternating blocks of maximal length.
Equivalently if Qw1 contains at most n occurrences of the subsequences 00 or 11. It
is also used to refer to all induced filtrations. The block filtration agrees with the

coradical filtration associated to the motivic coaction.

degp(e) : The block degree of the word e. If e is a word in {eg, e}, then degp(e) is the

number of occurrences of the subwords epeg or ejeq.
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I°(e) : The block graded motivic iterated integral associated to e. If degg(e) = n, this

denotes the image of I™(e) in B, H/B,_1H.

¢(e) : The block graded motivic multiple zeta value associated to e. This differs from

I°(e) by a factor of (—1)?, where d is the depth of e.

I*'(e) : This is the image of I°(e) in gr3£. These span the space of motivic multiple zeta

values modulo products and terms of lower block degree.

¢*"(e) : The block graded motivic multiple zeta value modulo products associated to e.

bg :

thg :

This differs from I°'(e) by a factor of (—1)?, where d is the depth of e.

The block graded motivic Lie algebra: bg = @;, B"g™/B" g™, This is a free Lie
algebra and bg = g™. It is dual to gr®L, and so describes relations among motivic

multiple zeta values modulo products and terms of lower block degree.

The reduced block graded Lie algebra : The image of bg — @,~, Q[z1, ..., z,] lies

in the vector subspace ;- 5 z1 ... zn(x1 — 2n)Q[z1, ..., z,]. We have an injection

1. (] — ) Qlz1, .. oy xn) = Qla, ...,z

given by division by x;...z,(z1 — x,). tbg is the image of bg under the compo-
sition of these two injections. tbg = bg, but we find additional symmetries in this

presentation.
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