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Abstract

In this thesis we explore limit groups from two different angles. One of
them is model-theoretic (wherein limit groups serve as our main tool),
while the other pertains to the profinite topology on limit groups (where
we uncover insightful results on limit groups and residually free groups).

First, we generalize Merzlyakov’s theorem about the first-order theory of
free groups to acylindrically hyperbolic groups. We consequently deduce
that if G is an acylindrically hyperbolic group, and E(G) denotes the
unique maximal finite normal subgroup of G, then G and the HNN ex-
tension G∗̇E(G) = ⟨G, t ∣ [t, g] = 1, ∀g ∈ E(G)⟩ (which is simply G ∗ Z if
E(G) is trivial) have the same ∀∃-theory.

The second part of this thesis focuses on limit groups over coherent right-
angled Artin groups. We prove that cyclic subgroup separability is pre-
served under exponential completion for groups that belong to a class that
includes all coherent RAAGs and toral relatively hyperbolic groups. We
thus infer that the cyclic subgroups of limit groups over coherent RAAGs
are closed in the profinite topology.

In the last part of the thesis, we turn to study “classical” limit groups (over
free groups), as well as residually free groups. We show that the virtual
second Betti number of a finitely generated, residually free group G is
finite if and only if G is either free, free abelian or the fundamental group
of a closed surface. Relying on these results, and employing techniques
involving rank gradients of pro-p groups, we show that direct products
of free and surface groups are profinitely rigid among finitely presented,
residually free groups.
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Introduction

Limit groups have been studied under various guises, and in multiple contexts, over
the past 75 years. Some have found limit groups interesting for their defining residual
properties and close relation to free groups. Others have been drawn to them since
they naturally appear in the study of the first-order logic of groups. Still others
have been intrigued by limit groups for their interesting structure, and the pleasing
balance that they strike between being well-understood and remaining enigmatic.
This dissertation celebrates limit groups from all of these perspectives.

Chapters I and II

We open this dissertation with two introductory chapters: Chapter I which covers
essential basic definitions of notions that appear throughout this thesis, and Chapter
II which includes a broad (yet detailed) overview of limit groups (and other related
classes of groups). Although Chapter II does not contain any new results, we thought
that it was important to devote the time and space to introduce the reader to the
world of limit groups. This chapter is intended to be an easy read, and it contains
many uncomplicated proofs which are carried out in full detail. We hope that this
chapter will serve as a first introduction to limit groups for curious readers (who
might not necessarily be interested in the specifics and technicalities found in later
chapters).

Chapter III

Given a group G, a natural model-theoretic question is whether or not G and G ∗Z
have the same first-order theory. This problem was first considered by Tarski in the
case of free groups. Around 1945, he posed the following question: “are all non-
abelian free groups elementarily equivalent? ”. A positive answer to this question was
given by Sela in [108] (see also [71] by Kharlampovich and Myasknikov). Then, Sela
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generalised this result in two directions: first, he proved in [109] that every torsion-free
non-elementary hyperbolic group G is elementarily equivalent to G ∗Z. A few years
later, he established the same result in the case where G is a non-trivial free product,
different from the infinite dihedral group D∞ = Z/2Z ∗ Z/2Z (see [110]). In fact, in
both cases he proved the following stronger result: G is elementarily embedded into
G ∗Z.

All these groups (namely non-elementary hyperbolic groups and non-elementary
free products) have in common the property of being acylindrically hyperbolic, mean-
ing that they admit a non-elementary acylindrical action on a hyperbolic space (for
details, we refer the reader to Section I.2). The main result of Chapter III is a partial
generalisation of the above-mentioned theorems of Sela to all acylindrically hyper-
bolic groups (see Theorem A below). This wide class of groups was introduced by
Osin in [93] in order to unify several classes of negatively-curved groups considered
by different authors (in particular, see [39]). This class of groups has been intensively
studied in the past few years. Examples of acylindrically hyperbolic groups include,
notably, all non-elementary (relatively) hyperbolic groups, all but finitely many map-
ping class groups of surfaces of finite type, Out(Fn) for n ≥ 2, most 3-manifold groups,
all non-cyclic and directly indecomposable right-angled Artin groups and many fun-
damental groups of graphs of groups.

Despite the intense activity around acylindrically hyperbolic groups in geomet-
ric group theory, very little is known about the first-order theory of these groups.
Dahmani, Guirardel and Osin proved that acylindrically hyperbolic groups are not
superstable [39, Theorem 8.1]. We remark that superstability (or more generally, sta-
bility) is a deep model theoretic notion; however, every superstable group G admits a
chain of normal subgroups 1 =H0◁H1◁⋯◁Hn = G such that each Hi+1/Hi is either
abelian or simple [8]. This is the criterion used by Dahmani, Guirardel and Osin in
their proof.

Groves and Hull adapted some of Sela’s techniques to the context of acylindrically
hyperbolic groups and initiated the study of solutions of systems of equations over
such groups [57]. We build on their results, extend them, and derive new results
throughout Chapter III.

The results presented in Chapter III are focused around the ∀∃-(first-order) theory
of acylindrically hyperbolic groups. An ∀∃-sentence is a first-order sentence of the
form ∀x ∃y ψ(x,y), where x and y are two tuples of variables, and ψ is a quantifier-
free formula in these variables; the set of such sentences satisfied by a group G is
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called the ∀∃-theory of G. We also say that the inclusion i of a group G into an
overgroup G′ is an ∃∀∃-elementary embedding if the following condition is satisfied:
for every first-order formula of the form

ϕ(t) ∶ ∃x ∀y ∃z ψ(x,y,z, t),

where ψ(x,y,z, t) is a quantifier-free formula, and for every tuple g of elements of G
of the same arity as t, if the statement ϕ(g) holds in G, then ϕ(i(g)) holds in G′. We
refer the reader to Subsection I.4, where these notions are explained in more detail.
Before stating our main result, recall that every acylindrically hyperbolic group G

admits a unique maximal finite normal subgroup, denoted by E(G) [39, Theorem
2.24]. In what follows, G∗̇E(G) denotes the HNN extension where the stable letter
acts trivially, that is the group

G ∗E(G) (Z ×E(G)) = ⟨G, t ∣ [t, g] = 1, ∀g ∈ E(G)⟩.

Theorem A. Let G be an acylindrically hyperbolic group. The canonical inclusion of
G into G∗̇E(G) is an ∃∀∃-elementary embedding. In particular, G and G∗̇E(G) have
the same ∀∃-theory.

Remark. This is known to be true for hyperbolic groups (see [3]).

Remark. Note that if the finite group E(G) is trivial, the group G∗̇E(G) is simply
the free product G ∗Z. If E(G) is non-trivial, one easily sees that G ∗Z cannot have
the same ∀∃-theory as G, since the existence of a non-trivial normal finite subgroup
is expressible in an ∀∃-sentence.

Remark. As an immediate consequence of Theorem A, one recovers a result of Hull
and Osin [69] stating that an acylindrically hyperbolic group G with E(G) = 1 is
mixed identity free: for every n ∈ N and every w ∈ G ∗ Fn there is a homomorphism
f ∶ G ∗ Fn → G such that f ∣G = IdG and f(w) ≠ 1. Note that this holds if and only if
G ⊧ ∃(x1, . . . , xn)w(x1, . . . , xn) ≠ 1, which is indeed an ∀∃-sentence.

For now, it is an open question whether Theorem A above remains true if one
considers the whole first-order theories of G and G∗̇E(G) instead of the ∀∃ or ∃∀∃-
fragments of these theories. This question can be viewed as a broad generalisation of
Tarski’s problem about elementary equivalence of non-abelian free groups.

The Generalised Tarski Problem. Let G be an acylindrically hyperbolic group.

1. Are G and G∗̇E(G) elementarily equivalent?
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2. Is G elementarily embedded into G∗̇E(G)?

As mentioned before, Sela proved that the answer to both of these questions is
positive, under the stronger assumption that G is a torsion-free non-elementary hy-
perbolic group or a non-trivial and non-dihedral free product. In all other cases,
including the case of hyperbolic groups with torsion, the answer is not known. More-
over, as far as we are aware, there are no examples of finitely generated groups G that
are not acylindrically hyperbolic, and such that G has the same first-order theory (or
even the same ∀∃-theory) as G ∗Z. The question of the existence of such a group is
closely related to that of the preservation of acylindrical hyperbolicity under elemen-
tary equivalence among finitely generated groups; we discuss this in Section III.8. It
is worth mentioning the following corollary of Theorem A (see Proposition III.8.4).

Corollary B. Let G be an acylindrically hyperbolic group, and let H be a group that
admits a non-trivial splitting over a virtually abelian group. Suppose that G and H

are elementarily equivalent (or simply that they have the same ∃∀∃-theory). Then the
group H is acylindrically hyperbolic.

Remark. As a consequence, if there exists a group G that is not acylindrically hy-
perbolic and such that G and G ∗ Z are elementarily equivalent, then all non-trivial
splittings of G (if they exist) have sufficiently complicated edge groups. For instance,
if G is a generalized Baumslag-Solitar group, then G and G ∗Z are not elementarily
equivalent.

Positive theory, verbal subgroups

A first-order sentence is called positive if it does not involve inequalities. We say
that a group G has trivial positive theory if every positive sentence satisfied by G is
satisfied by all groups. In [84], Merzlyakov proved that non-abelian free groups have
trivial positive theory. As a consequence, G has trivial positive theory if and only
if it has the same positive theory as Fn, for any n ≥ 2. Recently, in [28] and [29],
Casals-Ruiz, Garreta, Kazachkov and de la Nuez González proved that many groups
acting non-trivially on trees have trivial positive theory. In particular, they showed
that every acylindrically hyperbolic group that acts hyperbolically and irreducibly
on a tree has trivial positive theory [28, Corollary 8.2]. They also established the
following quantifier elimination result [28, Theorem 6.3]: a group has trivial positive
theory if and only if it has trivial positive ∀∃-theory. Using this fact in conjunction
with Theorem A, we prove the following result in Section III.7 (which was conjectured
in [28]):
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Corollary C ( [28, Conjecture 9.1]). Acylindrically hyperbolic groups have trivial
positive theory.

As a consequence of Corollary C, one recovers the main result of [15], due to
Bestvina, Bromberg and Fujiwara (more details, and the definition of verbal width,
appear in Section III.7).

Corollary D. Let G be an acylindrically hyperbolic group, let k ≥ 1 be an integer
and let w be a non-trivial element of Fk. If the image of w in the abelianization
Fk/[Fk, Fk] ≅ Zk is not primitive (i.e. it is not a proper power), then w(G) has
infinite width.

It is worth noting that we do not know of any group G with non-trivial positive
theory, and such that w(G) has infinite width for every non-trivial w whose image in
Fk/[Fk, Fk] is not primitive (see [28, Section 9.8] for further discussion).

Merzlyakov’s theorem

In Section III.5, we deduce Theorem A from a generalisation of Merzlyakov’s theo-
rem [84]. Assuming that a non-abelian free group F satisfies the positive first-order
sentence

∀x ∃y Σ(x,y) = 1,

where Σ(x,y) = 1 denotes a finite system of equations, Merzlyakov’s theorem asserts
that there exists a retraction from ⟨x,y ∣ Σ(x,y) = 1⟩ onto the free group F (x) on x.
Upon closer inspection, this result resembles the classical implicit function theorem
in the sense that it enables one to convert the relations between the tuples x and
y into a function. This is why Merzlyakov’s theorem is sometimes referred to as an
implicit function theorem for groups. This fundamental result was one of the first
steps in Sela’s positive answer to Tarski’s question about the elementary equivalence
of non-abelian free groups.

Let us mention that previous generalisations of Merzlyakov’s theorem were proved
for torsion-free hyperbolic groups, for hyperbolic groups with torsion, and for π-groups
(that is, pairs of the form (F,π) where π ∶ F → Q is a homomorphism from a free
group F to a finite group Q), respectively by Sela (see [109]), by Heil (see [67]), and
by de la Nuez González (see [40]).

Given a group G and an element g ∈ G, we denote by ad(g) the inner automor-
phism x ∈ G ↦ gxg−1. Before stating our generalisation of Merzlyakov’s theorem, let
us introduce the following definition.
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Definition. Let G be a group, and let H be a subgroup of G. We define the subgroup
AutG(H) of Aut(H) as follows:

AutG(H) = {σ ∈ Aut(H) ∣ ∃g ∈ G, ad(g)∣H = σ}.

We prove the following version of Merzlyakov’s theorem (in Section III.3, we give
a more general statement allowing us to deal with finite disjunctions of finite systems
of equations and inequations).

Theorem E. Let G be an acylindrically hyperbolic group, and let a be a tuple of
elements of G (called constants). Fix a presentation ⟨a ∣ R(a) = 1⟩ for the subgroup
of G generated by a. Let

Σ(x,y,a) = 1 ∧ Ψ(x,y,a) ≠ 1

be a finite system of equations and inequations over G, where x and y are two tuples
of variables. Let GΣ denote the following finitely generated group, finitely presented
relative to ⟨a ∣ R(a) = 1⟩:

⟨x,y,a ∣ R(a) = 1, Σ(x,y,a) = 1⟩.

Let p be the arity of x = (x1, . . . , xp). Suppose that G satisfies the following first-order
sentence:

∀x ∃y Σ(x,y,a) = 1 ∧ Ψ(x,y,a) ≠ 1.

Then, for every p-tuple σ = (σ1, . . . , σp) ∈ AutG(E(G))p, there exists a morphism

πσ ∶ GΣ → Gσ = G ∗E(G) ⟨x,E(G) ∣ ad(xi)∣E(G) = σi, ∀i ∈ {1, . . . , p}⟩ ,

called a formal solution, enjoying the following properties:

● πσ(x) = x,

● πσ(a) = a,

● Ψ(x, πσ(y),a) ≠ 1.

Moreover, the image of πσ is a subgroup of Gσ of the form

⟨g,a⟩ ∗E(G) ⟨x,E(G) ∣ ad(xi)∣E(G) = σi, ∀i ∈ {1, . . . , p}⟩

for some tuple g of elements of G.
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Remark. Note that Gσ is isomorphic to the group G ∗E(G) (Fp × E(G)) obtained
from G by adding p stable letters commuting with E(G). Indeed, from the definition of
AutG(E(G)), for every 1 ≤ i ≤ p, there exists an element gi ∈ G such that ad(xi)∣E(G) =
ad(gi)∣E(G). It follows that ti = xig−1i commutes with E(G).

Remark. This theorem captures the spirit of Merzlyakov’s original theorem, in the
following sense: let g = (g1, . . . , gp) be a tuple of elements of G, of the same arity as
x. Let σ = (ad(g1)∣E(G), . . . ,ad(gp)∣E(G)), and let φ ∶ Gσ ↠ G be the retraction that
maps xi to gi and coincides with the identity on G. The homomorphism φ ○ πσ from
GΣ to G maps x to g. Denote by h the image of y under this homomorphism. The
equalities Σ(g,h,a) = 1 hold in G. In other words, just as with Merzlyakov’s original
theorem, the theorem above gives a mechanism for associating to every tuple g ∈ Gp

another tuple h of the same arity as y such that the equalities Σ(g,h,a) = 1 hold in
G. However, note that the image of Ψ(x, πσ(y),a) by φ may be trivial.

Since the statement of Theorem E is rather complicated, we hope to make it easier
to digest through the following examples, which describes two formal solutions in a
simple context:

Example. Let G = ⟨g1, g2, a ∣ a3 = 1, g1ag−11 = a, g2ag−12 = a2⟩ ≃ Z/3Z ⋊ F2. Let
σ be the automorphism of ⟨a⟩ that maps a to a2, and let us consider the following
first-order sentence, which is clearly satisfied by G: ∀x ∃y ([x, a] = [y, a]) ∧ (x ≠ y).
By definition, one has:

● GΣ = ⟨x, y, a ∣ a3 = 1, [x, a] = [y, a]⟩,

● Gid = G ∗⟨a⟩ ⟨x, a ∣ xax−1 = a⟩,

● Gσ = G ∗⟨a⟩ ⟨x, a ∣ xax−1 = a2⟩.

GΣ

Gid Gσ

G

πσπid

The morphism πid can be defined by πid(x) = x, πid(a) = a and πid(y) = g1. The
morphism πσ can be defined by πσ(x) = x, πσ(a) = a and πσ(y) = g2. Note that
πid(GΣ) and πσ(GΣ) are both isomorphic to G.
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Lastly, we would like to mention that the structure of the proof of Theorem E,
which is quite different from Merzlyakov’s original combinatorial proof, is inspired by
Sela’s geometric proof of Merzlyakov’s theorem [107]. Nevertheless, both proofs rely
crucially on small cancellation theory (combinatorial in one case, geometric in the
other case).

Chapter IV

Casals-Ruiz, Duncan and Kazachkov defined in [30] a new class of groups C, which
was carefully designed to serve as a general framework for studying limit groups over
(coherent) right-angled Artin groups (RAAGs). They succeed in showing that, as in
the classical case of limit groups over free groups, the limit groups over any coherent
right-angled Artin group G embed in the Z[t]-completion of G (a group containing
G in which one can interpret exponents with respect to elements in Z[t], see Section
IV.1.2 for more details), and that this completion can be built by repeatedly extending
centralisers. Casals-Ruiz, Duncan and Kazachkov [30] then pose the question: are
cyclic subgroups of limit groups over coherent RAAGs closed in the profinite topology?
In Chapter IV we give a positive answer to this question.

Constructing completions of groups using extensions of centralisers is not a new
idea; in the 1960s, Baumslag gave a construction of the Q-completion of a group
with unique roots, which uses extensions of centralisers. Thirty odd years later, as a
first step towards showing that all non-abelian free groups share the same first order
theory, Sela investigated the structure of limit groups (over free groups) in [106] and
showed that they admit a hierarchical structure. This structure implies that limit
groups embed in the Z[t]-completion of a free group, or in other words F Z[t] serves
as a universe for limit groups over the free group F . Similar results were obtained
by Kharlampovich and Miasnikov, and in [72] they extended their argument to prove
that the limit groups over any toral relatively hyperbolic group G embed in GZ[t].

The latter work was carried out in the context of groups in the class CSA: groups
whose maximal abelian subgroups are malnormal. The authors showed that extending
a centraliser of a CSA group yields a CSA group, which allowed them to use induction
in the process of repeatedly extending centralisers. RAAGs, even coherent ones, do
not necessarily lie in the class CSA. This deficit motivated Casals-Ruiz, Duncan
and Kazachkov to seek a broader setting in which similarly structured proofs would
work, leading them to the class C. They show in [30] that this class C contains all
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coherent RAAGs, as well as all toral relatively hyperbolic groups. In addition, they
prove that if G is in the class C (and satisfies the technical condition R of Definition
IV.2.5) then GZ[t] can be built as an iterated centraliser extension over G and is fully
residually G. They also show that if G is a coherent RAAG, then every limit group
over G embeds in GZ[t]. They suggested that this fact, combined with the relatively
simple structure of GZ[t], ought to provide fertile ground for addressing algorithmic
problems and establishing residual properties of limit groups over RAAGs. They also
highlighted some specific challenges of this type, which we address in Chapter IV.

As well as building on [30], the results that we shall present here rely crucially
on the simple observation that direct extensions of centralisers, which are the basis
for the construction of Z[t]-completions, have a much tamer structure than more
general amalgamated products. By definition, if CG(u) denotes the centraliser of u
in G, then the direct extension of CG(u) by CG(u) × B is the quotient of the free
product G∗B by relations that force the subgroups CG(u) and B to commute. This
is an example of a free product with commuting subgroups : such a product is obtained
from pairs of groups L ≤ G and M ≤ H by forming the amalgamated free product
G ∗L (L ×M) ∗M H, which is abbreviated to ⟨G,H ∣ [L,M] = 1⟩. We shall exploit
the way in which GZ[t] is built from extensions of centralizers to prove the following
theorems, repeatedly employing a criterion developed by Loginova [79] for the cyclic
subgroup separability of certain free products with commuting subgroups. When G

is a coherent RAAG, the special combinatorial structure of its defining graph (see
Subsection IV.1.1) also plays an important part in our proof.

Theorem F. Let G be a group in the class C which satisfies condition R, and let A
be a ring. If G is cyclic subgroup separable, then the A-completion of G, GA, is cyclic
subgroup separable.

Theorem G. Limit groups over coherent RAAGs are cyclic subgroup separable.

In the classic setting of limit groups over free groups, Wilton showed that all
finitely generated subgroups are separable [116]. However, limit groups over coherent
RAAGs are not necessarily subgroup separable: the coherent RAAG given by the
presentation L = ⟨x, y, z,w∣ [x, y] = [y, z] = [z,w] = 1⟩, and whose defining graph is

is not subgroup separable [91, Theorem 1.2].
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In the last section of Chapter IV, Section IV.3, we shall discuss the word problem
for free products with commuting subgroups. Given L ≤ G and M ≤ H, if the word
problem is solvable both in G and in H, and the membership problem is solvable for
L in G and for M in H, then there is a solution to the word problem in

⟨G,H ∣ [L,M] = 1⟩.

We shall use once again the way in which exponential completions of groups from the
class C can be built by iterating centraliser extensions to prove the following:

Proposition H. Let G be a group in the class C. If G satisfies condition R and has a
solvable word problem, then every finitely generated subgroup H of GA has a solvable
word problem.

In particular, we recover the fact that limit groups over coherent RAAGs and toral
relatively hyperbolic groups have a solvable word problem.

Chapter V

In Chapter V, the final chapter of this dissertation, we focus on rigidity within the
class of limit groups (and the broader class of residually free groups). In particular, a
recurring theme in this chapter is to utilize the homology of finite-index subgroups of
a given group, in order to recognize whether it is a free or a surface group. We do so
within the following classes of groups: limit groups, (finitely generated) residually free
groups and word-hyperbolic fundamental groups of graphs of free groups amalgamated
along cyclic subgroups. For abbreviation and readability, we refer to the latter as
HGFC-groups (which stands for Hyperbolic Graphs of Free groups with Cyclic
edge groups).

Given a finitely generated group G and a field k (endowed with a trivial G-action),
we denote the i-th Betti number of G with coefficients in k by bki (G) = dimkHi(G;k).
We focus on the virtual i-th Betti number of G, which allows us to study G by looking
at the homology of all of its finite-index subgroups at once.

Definition. Let G be a finitely generated group and let k be a field. The virtual i-th
Betti number of G with coefficients in k is given by

vbkn(G) = sup{dimkHi(H;k) ∣H is a finite-index subgroup of G}

Remark. When k = Q, we simply write bi(G) and vbi(G) to denote bQi (G) and
vbQ

i (G) respectively.

10



One of many remarkable properties of finitely generated residually free groups, is
that many group-theoretic properties can be read from their (virtual) homology. For
example, the failure of a finitely generated residually free group G to satisfy certain
finiteness properties, can be detected in the homology of finite-index subgroups of
G [25, Theorem B]. This makes residually free groups a compelling object to study
via virtual properties, and in particular via virtual homology. For more detail, we
refer to Subsection II.1.6, where we give a brief overview of different properties of
residually free groups which often unravel after passing to a finite index subgroup.

Virtual homology of residually free groups

Wilton showed in [120] that every one-ended HGFC-group contains a surface sub-
group, and deduced that its virtual second Betti number, with coefficients in any
field k, is positive. We extend this result and give a full classification of HGFC-
groups by their virtual second Betti number. This classification is remarkably simple:
apart from the obvious cases, the virtual second Betti number of an HGFC-group is
infinite.

HGFC-groups also play a special role in the study of limit groups. Limit groups
exhibit a cyclic hierarchical structure: they can be built up from easy-to-understand
building blocks (namely free and free abelian groups), repeatedly taking cyclic amal-
gams and HNN extensions. In particular, HGFC-groups lie (almost) at the bottom
of this hierarchical structure of a limit group. We also derive a classification for limit
groups, and more generally for finitely generated residually free groups, in terms of
their virtual second Betti number.

Theorem I. Let G be a finitely generated residually free group, or a hyperbolic fun-
damental group of a finite graph of finitely generated free groups with infinite cyclic
edge subgroups, and let k be a field. Then

1. vbk2(G) = 0 if and only if G is free,

2. vbk2(G) = 1 if and only if G ≅ π1(Σ) where Σ is a closed, connected surface,

3. vbk2(G) = (d2) if and only if L ≅ Zd (for d > 2)

4. vbk2(G) = ∞ otherwise.

Therefore, free, surface and free abelian groups are characterized among limit
groups by their virtual second Betti number.
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Remark. By slightly modifying the proof of Theorem I, and considering maps induced
on cohomology groups, the same classification holds if one replaces vbk2(G) by the
following cohomological analogue:

sup{dimk(H2(H;k)) ∣H ≤ G of finite index}.

The idea behind the proof of Theorem I is that once a surface subgroup of infinite
index appears in a limit group L, one can employ structural properties of L to repli-
cate it and produce finite-index subgroups of L containing many surface subgroups,
independent from each other in second homology. The techniques used for producing
such subgroups come from the covering theory of graphs of spaces, and the methods
are often inspired by previous works of Wilton [119,120].

In fact, similar methods can be used to calculate the virtual homology of limit
groups in all dimensions. In dimension 3 or higher, the proof relies on the fact that
the cohomological dimension of a non-free limit group L is equal to max(2, k), where
k is the maximal rank of a free abelian subgroup of L. By replicating free abelian
subgroups of L within its finite-index subgroups we obtain:

Proposition J (Proposition V.2.2). Let L be a limit group and let k be a field. Then
for any n ≥ 3, vbkn(L) < ∞ if exactly one of the following statements holds:

1. cd(L) < n, and hence vbkn(L) = 0, or

2. L is free abelian of rank at least n, and hence vbkn(L) = (rank(L)n
).

This allows us to describe the structure of closed, aspherical manifolds with a
residually free fundamental group. We remark that Wilton classified which (prime,
compact) 3-manifolds with incompressible toral boundary admit a residually free
fundamental group; this in particular implies the case where n = 3 below [117, Main
Theorem and Proposition 2.4]. We suspect that experts are probably also familiar
with the rest of the description (see Remark V.2.5), but we record it as it easily
follows from Proposition J.

Corollary K. Let M be an aspherical, closed manifold of dimension n. Then:

1. if π1(M) is fully residually free and n ≥ 3 then M ≅ T n.

2. if π1(M) is residually free and n ≥ 5 then M has a finite cover that is homeo-
morphic to the direct product of a torus and finitely many closed surfaces.
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Virtual Betti numbers of finitely generated groups have been studied before on
numerous occasions: in [22], Bridson and Kochloukova show that the virtual first
Betti number of a finitely presented nilpotent-by-abelian-by-finite group is finite,
and in [74], Kochloukova and Mokari show that the same holds for some abelian-
by-polycyclic groups. In contrast, Agol proved that fundamental groups of closed,
hyperbolic 3-manifolds are large (that is, they virtually surject onto a non-abelian
free group) [2, Theorem 9.2], which implies that their virtual first Betti number is
infinite. It is worth mentioning that preceding works of Agol [1], Venkataramana [114]
and Cooper, Long and Reid [35] showed that under some conditions, the virtual first
Betti number of arithmetic hyperbolic 3-manifold groups is infinite. In Section V.4.1
we give more examples of calculations of virtual Betti numbers of groups.

Another related work is [23], in which Bridson and Kochloukova show that the
second L2-Betti number of a limit group L is always 0. By Lück’s approximation
theorem, the second L2-Betti number of a limit group L is equal to limn→∞

dimH2(Hn;Q)
[L∶Hn]

where (Hn)n∈N is any nested sequence of normal subgroups of finite-index in L with
trivial intersection, i.e. ⋂nHn = {1}. From the proof of Theorem I, one can easily
produce a nested sequence (Gn) of finite-index normal subgroups of a given limit
group L, with limn→∞[L ∶ Gn] = ∞, satisfying lim infn→∞

dimH2(Gn;Q)
[L∶Gn] > 0. However,

for the reasons above, such a sequence (Gn) can never have trivial intersection.

The surface group conjectures

We recall a duo of famous conjectures revolving around surface groups, inspired by
a question of Mel’nikov’s. A group G is called a Mel’nikov group if it is a non-free
infinite one-relator group, all of whose finite-index subgroups are one-relator groups
(see [50, Definition 1.1 and following discussion]). The Surface Group Conjectures,
which appear in numerous papers, claim the following:

Surface Group Conjecture A. Let G be a residually finite Mel’nikov group. Then
G is either a surface group or G ≅ BS(1, n) (for some n ≠ 0).

Surface Group Conjecture B. Let G be a Mel’nikov group, all of whose infinite-
index subgroups are free. Then G is a surface group.

It is worth noting that Fine, Kharlampovich, Myasnikov, Remeslennikov, and
Rosenberger posed a third Surface Group Conjecture [44, Surface Group Conjecture
C], which states that a non-free and freely indecomposable limit group, all of whose
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infinite-index subgroups are free, must be a surface group. The Surface Group Con-
jecture C was resolved by Wilton [119, Corollary 5], and it follows from [119, Theorem
3] which states that every one-ended HGFC-group which is not a surface group con-
tains a one-ended infinite-index subgroup. Building on Wilton’s result, Ciobanu, Fine
and Rosenberger further confirmed that the Surface Group Conjecture B holds for a
slightly larger class of cyclic amalgamations and HNN extensions of free groups [34,
Theorem 3.1]. Recently, Gardam, Kielak and Logan established that both Surface
Group Conjecture A and Surface Group Conjecture B are true for two-generated one-
relator groups [50, Theorem 1.5]. Surface Group Conjectures A and B also appear in
Baumslag’s, Fine’s and Rosenberger’s book [11, Conjecture 2.17 and Question 2.18].

Since one-relator groups have second Betti number at most one [81], Theorem I
confirms Surface Group Conjecture A in the residually free case:

Corollary L. Let G be a residually free group all of whose finite-index subgroups
are one-relator groups. Then G is either a free group or the fundamental group of a
closed surface Σ with χ(Σ) ≤ 0. In particular, every residually free Mel’nikov group
is a surface group.

In fact, we show that a stronger statement holds: if G is a finitely generated
residually free group all of whose finite-index subgroups H have a one-relator pro-p
completion Hp̂, then G must be either free or surface. This assertion (see Theo-
rem V.3.2) is stronger than Corollary L and will be used in the proof of Theorem
N.

Profinite rigidity within the class of limit groups

From a logician’s point of view, limit groups are notoriously hard to distinguish from
one another: they all have the same universal first-order theory. This makes the
question of telling limit groups from one another a compelling one. A key ingredient
in studying profinite invariants of limit groups is cohomological goodness, an important
notion introduced by Serre in [111]. A group G is cohomologically good (or just good)
if for every finite G-module M , the map Hn(Ĝ;M) → Hn(G;M) on cohomology
groups, induced by the canonical map G→ Ĝ, is an isomorphism. Grunewald, Jaikin-
Zapirain and Zalesskii showed that limit groups are good [59, Theorem 1.3]; the same
holds for HGFC-groups [66,76]. Wilton used this to show that free and surface groups
are profinitely rigid among limit groups in [120, Corollary D] and [121, Theorem 2],
respectively. Theorem I gives an alternative proof of the latter theorem.
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Corollary M. Let π1(Σ) be the fundamental group of a closed, connected surface
and let G be a limit group or a hyperbolic group that splits as a graph of free groups
with cyclic edge groups. If Ĝ = π̂1(Σ) then G ≅ π1(Σ).

Proof. Since Ĝ ≅ π̂1(Σ) and G and π1(Σ) are both cohomologically good,

sup{dimFp(H2(H;Fp))∣H ≤ G of finite index} = 1.

Theorem I and the aforementioned Remark imply that G is a surface group. Surface
groups are distinguished from one another by their abelianizations, and therefore by
their finite quotients. Hence G ≅ π1(Σ).

Due to the nature of the classification of limit groups and HGFC-groups by their
virtual Betti numbers, one cannot deduce further profinite rigidity results by looking
at the virtual homology of limit groups (apart from the obvious cases, when G is free
or free abelian). In the end of this dissertation, in Section V.4, we discuss more refined
virtual homological invariants of groups which might aid in profinite recognition of
more complicated limit groups.

Profinite rigidity and direct products

A celebrated result of Platonov and Tavgen [96] states that a direct product of two
non-abelian free groups is not profinitely rigid: given two non-abelian free groups
F and F ′, there exist (infinitely many non-isomorphic) finitely generated subgroups
H ≤ F ×F ′ of infinite index such that the inclusionH ↪ F ×F ′ induces an isomorphism
of profinite completions. In Subsection II.1.6 we give one such example (see Lemma
II.1.63). Since a finitely presented subgroup of F × F ′ that intersects both factors
non-trivially and maps onto each factor must be of finite index [13], there are no
such examples H ≤ F × F ′ as above where H is finitely presented. This raises the
question of whether direct products of free groups are profinitely rigid among finitely
presented, residually free groups. Utilizing structural results about finitely generated
residually free groups, as well as methods involving rank gradients in pro-p groups
(for more details, see Subsection V.3.2), we prove the following stronger result:

Theorem N (Theorem V.3.17). Let G be a finitely presented residually free group.
Let S1, . . . , Sn be free or surface groups and let Γ = S1 ×⋯×Sn be their direct product.
If Ĝ ≅ Γ̂, then G ≅ Γ.

This resolves a particular case of Bridson’s conjecture [24, Conjecture 7] that direct
products of free groups are profinitely rigid among finitely presented, residually finite
groups.
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I
Preliminaries

I
n this preliminary chapter we lay out foundational
groundwork, encompassing essential basic notions and
definitions. These include hyperbolic and acylindrically

hyperbolic groups, profinite groups and the profinite topology
on a group, as well as a brief introduction to first-order logic
and model theory.

I.1 Conventions, notations and basic definitions

For a group G generated by a (not necessarily finite) set S, the word length ∣g∣S of an
element g ∈ G is the length of the shortest word in S ∪ S−1 representing g in G. We
denote the Cayley graph of G (with respect to S) by X(G,S) (or just X when it is
clear who are G and S) and regard X as a metric space by setting dS(g, h) = ∣g−1h∣S.
The ball of radius R in X(G,S) is denoted by BR(G,S) (or, again, just BR(G) when
the generating set S is clear from the context). Throughout this paper, all groups
acting on metric spaces act by isometries, and all metric spaces are geodesic, meaning
that every two points x and y are connected by a path whose length coincides with
d(x, y).

F will usually denote a (finitely generated) free group; if S is any set, we denote
the free group on S by F (S). Also, if F is known to be of rank n, we denote this by a
subscript Fn. We recall the definitions of hyperbolic spaces, real trees and hyperbolic
groups :

Definition I.1.1. A geodesic metric space (X,d) is called δ-hyperbolic if every
geodesic triangle ∆ = (x, y, z) in X is δ-slim: every side of ∆ is contained in the
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closed δ-neighbourhood of the union of the two other edges. The space (X,d) is
called hyperbolic if it is δ-hyperbolic for some δ.

Definition I.1.2. A geodesic metric space (X,d) is a real tree (or an R-tree if it is
0-hyperbolic.

Remark I.1.3. If (X,d) is 0-hyperbolic, then every geodesic triangle is in fact a tripod.
In particular, every three points x, y, z ∈X admit a join point ρ that lies on each of the
segments [x, y], [x, z], [y, z]. We also remark that every simplicial tree is a real tree,
and a real tree (X,d) is a simplicial tree if and only if its set of branch points (that
is, points whose complement has more than two connected components) is closed and
discrete.

Definition I.1.4. We say that a group G is hyperbolic if it is finitely generated, and
it admits an action G↷ (X,d) by isometries on a hyperbolic space satisfying:

1. Cocompactness : the quotient X/G, endowed with the quotient topology, is
compact;

2. Proper discontinuity : for every compact subset K ⊂X, ∣{g ∈ G∣g.K ∩K ≠ ∅}∣ <
∞.

Remark I.1.5. If G is generated by a finite tuple S, then the action G ↷ X(G,S)
always satisfies the cocompactness and proper discontinuity conditions above. There-
fore, G is hyperbolic if and only if it admits a finite generating tuple S such that
(X(G,S), dS) is hyperbolic. We remark that hyperbolicity is easily seen to be a
quasi-isometry invariant, and (X(G,S), dS) is quasi-isometric to (X(G,S′), dS′) for
any finite generating tuples S and S′ of G. Therefore if G is hyperbolic then any
Cayley graph of G (with respect to a finite generating set) is hyperbolic.

We continue with a brief review of the types of isometries of a hyperbolic space.
Let (X,d) be a δ-hyperbolic space, and recall that the Gromov boundary of X, ∂X,
is defined as the collection of equivalence classes of quasi-isometric embeddings N →
X (where two embeddings are equivalent if their images lie at bounded Hausdorff
distance from one another). Every isometry f ∶X →X belongs to exactly one of the
following three types:

1. Elliptic, if the orbit of some x ∈ X by f , {fn(x)∣n ∈ Z}, is bounded; this is
equivalent to the orbit of any x ∈X by f being bounded.
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2. Parabolic, if it is not elliptic, and the orbit of some (equivalently any) x ∈X by
f has a unique accumulation point on ∂X.

3. Loxodromic (or hyperbolic), if it is not elliptic, and the orbit of some (equiva-
lently any) x ∈X by f has precisely two accumulation points on ∂X.

If G is a hyperbolic group, it is well-known that the classification of elements in
G takes an even simpler form:

Lemma I.1.6. Let G be a hyperbolic group generated by a finite set S, and consider
its natural action on its Cayley graph X(G,S). Then g ∈ G is

1. elliptic, if and only if g has finite order.

2. loxodromic, if and only if g has infinite order.

Remark I.1.7. We remark that g is loxodromic if and only if for some (equivalently,
any) x ∈X, the map Z→X defined via m↦ gmx is a quasi-isometric embedding.

We also recall the definition of graphs of groups :

Definition I.1.8. A graph of groups G consists of the following data:

• an oriented graph (Γ, ι, τ, ⋅−1) where ι ∶ E(Γ) → V(Γ) maps each edge e to its
initial vertex ι(e), τ ∶ E(Γ) → V(Γ) maps each each e to its terminal vertex τ(e)
and ⋅−1 ∶ E(Γ) → E(Γ) is a fixed-point free involution that satisfies ι(e) = τ(e−1)
for every e ∈ E(Γ);

• for each vertex v ∈ V(Γ), a choice of a vertex group Gv;

• for each edge e ∈ E(Γ), a choice of an edge group Ge, as well as two monomor-
phisms φιe ∶ Ge → Gι(e) and φτe ∶ Ge → Gτ(e).

If Γ in Definition I.1.8 above is finite and connected, we can associate a fundamen-
tal group to G. The fundamental group of G, relative to a base point v ∈ V(Γ), can be
defined in a similar way to a standard topological fundamental group by considering
equivalence classes of loops in Γ, twisted by elements of Gv at every vertex v ∈ V(Γ)
that appears along the loop. We give below an equivalent definition, in the form of a
group presentation, that will be used in later chapters.
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Definition I.1.9. Let G be a graph of groups as in Definition I.1.8 with a finite
and connected underlying graph Γ, and let T be a spanning subtree of Γ. Fix pre-
sentations ⟨Xv ∣Rv⟩ and ⟨Xe∣Re⟩ for every vertex group Gv and edge group Ge of G.
The fundamental group of G with respect to T is the group admitting the following
presentation:

π1(G, T ) = ⟨ ⋃
v∈V(Γ)

Xv ∪ {te, e ∈ E(Γ) ∖E(T )}
RRRRRRRRRRR
⋃

v∈V(Γ)
Rv ∪R⟩

where R is a (possibly infinite) set of relations which includes relations of two types:

• relations which identify the set of generators Xe of the edge group Ge with their
images in the adjacent vertex groups under φιe and φτe whenever e ∈ E(T ), and

• relations of the form t−1e φ
ι
e(xe)te = φτe(xe) where e ∈ E(Γ) ∖E(T ) andxe ∈Xe.

Remark I.1.10. The resulting group π1(G, T ) does not depend on the spanning subtree
T , and we will therefore omit T and denote it by π1(G). It is also clear from the
definition above that the fundamental group of G can be obtained from the vertex
and edge groups by repeatedly taking amalgamated products, followed by a sequence
of HNN extensions.

I.2 Acylindrically hyperbolic groups

The aim of this Section is to familiarize the reader, without going into great depth,
with acylindrically hyperbolic groups.

LetG be a group acting on a δ-hyperbolic space (X,d); as discussed in the previous
section, every hyperbolic element g ∈ G has exactly two limit points g+∞ and g−∞ on
∂X. These are represented by the quasi-isometric embeddings n↦ gnx and n↦ g−nx

(for some x ∈X) respectively.

Definition I.2.1. Two hyperbolic elements g and h in a group G acting on a δ-
hyperbolic space (X,d) are called independent if {g±∞} ∩ {h±∞} = ∅. We call the
action of G on X non-elementary if there are two (or equivalently, infinitely many)
independent hyperbolic elements in G.

The notion of an acylindrical group action on a metric space was first introduced
by Bowditch in [21], and was inspired by Sela’s notion of a k-acylindrical group
action on a tree: a group action on a tree is called k-acylindrical if it contains no
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arcs of length greater than k which are fixed by a non-trivial element of the group
(and hence, the tree contains no “cylinders”). This notion was later generalized by
imposing a bound on the cardinality of a subgroup which fixes an arc of length greater
than k in the tree, and coarsified in the following manner.

Definition I.2.2. A group action on a metric space G↷ (X,d) is called acylindrical
if for every ε ≥ 0 there exist N > 0 and R > 0 such that for every x, y ∈ X satisfying
d(x, y) ≥ R,

∣{g ∈ G ∣ d(x, gx) ≤ ε and d(y, gy) ≤ ε}∣ ≤ N.

Lemma I.2.5 which appears in [39] is one of the most important structural results
concerning acylindrical group actions on hyperbolic spaces. In order to state it, we
first define quasi-geodesic axes of loxodromic isometries:

Definition I.2.3. Let f be a loxodromic isometry of a δ-hyperbolic space (X,d).
Let x ∈ X, and let ℓ be a geodesic connecting x and f(x). ℓx = ⋃n∈Z fn(ℓ) is called a
quasi-geodesic axis of f (based at x).

Remark I.2.4. Note that ℓx contains fn(x) for every n ∈ Z. Also, ℓx is a quasi-geodesic
for every x ∈X.

Lemma I.2.5 ( [39, Lemma 6.5, Corollary 6.6]). Let G be a group acting acylindrically
on a hyperbolic space X and let g ∈ G be a hyperbolic element. Then g is contained in
the unique maximal and virtually cyclic subgroup Λ(g) which consists of all h ∈H for
which the Hausdorff distance between ℓ and hℓ is finite, where ℓ is some quasi-geodesic
axis of g in X. In addition, the following are equivalent for any h ∈ G:

1. h ∈ Λ(g).

2. h−1gmh = gk for some 0 ≠m,k ∈ Z.

3. h−1gnh = g±n for some n ∈ N∗.

In addition, there exists r ∈ N such that the centralizer of gr is given by

CG(gr) = {h ∈ G ∣ ∃n ∈ N, h−1gnh = gn} ⊂ Λ(g).

Suppose now that a group G acts acylindrically on a hyperbolic space (X,d). The
action of G on X falls into exactly one of three categories [93, Theorem 1.1]:

1. the action of G is elliptic, that is every G-orbit is bounded.
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2. G is virtually cyclic and contains a hyperbolic element.

3. G contains two (equivalently, infinitely many) pairwise independent hyperbolic
elements.

If an action falls into category (1) or (2) above, it is termed elementary ; groups
that fall into category (3) above were studied by Osin in [93], where he termed the
notion of acylindrically hyperbolic groups :

Definition I.2.6 ( [93, Definition 1.3 and Theorem 1.2.(AH2)]). A group G is said
to be acylindrically hyperbolic if it admits a non-elementary and acylindrical action
on a hyperbolic space.

As a matter of fact, we can always choose the hyperbolic space on which G acts
to be a simplicial graph:

Theorem I.2.7 ( [93, Theorem 1.2]). If G is acylindrically hyperbolic then there
exists a (not necessarily finite) generating set S of G such that the Cayley graph X

of G with respect to S is hyperbolic and such that the natural action of G on X is
non-elementary and acylindrical.

Remark I.2.8. If the group G is not hyperbolic, then the generating set S mentioned
in Theorem I.2.7 above is necessarily infinite.

I.3 Profinite groups and the profinite topology

We commence by recollecting the definitions of inverse systems and inverse limits :

Definition I.3.1. Let (I,≤) be a directed poset, that is every i, j ∈ I admit an upper
bound k ≥ i, j. An inverse system of groups consists of a collection of groups Gi

indexed by I together with homomorphisms fji ∶ Gj → Gi for j ≥ i that satisfy the
following conditions:

1. for every i ∈ I, fii = IdGi
,

2. for every k ≥ j ≥ i in I, fji ○ fkj = fki.

The inverse limit of such a system is the group

lim←Ð(Gi)i∈I = {(gi)i∈I ∈ ∏
i∈I
Gi∣fji(gj) = gi whenever j ≥ i}.

Armed with this definition, we can define profinite groups :
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Definition I.3.2. Let C be a variety of finite groups (that is, a collection of finite
groups that is closed under taking subgroups, finite direct products and quotients).
A pro-C group is a group obtained as the inverse limit of a system of groups from C.
If C is the variety of all finite groups, we call such a group a profinite group; if C is
the variety of all finite p-groups, we call such a group a pro-p group.

Notation I.3.3. We will often denote profinite groups by bold letters, e.g. H and
G.

To each group we can associate a profinite completion by considering the inverse
system of finite quotients of the group:

Definition I.3.4. Let G be a group, and consider the system

{G/N ∣N is a normal finite index finite index subgroup of G}

ordered by G/M ⪯ G/N if N is a subgroup of M , and fG/N G/M ∶ G/N → G/M the
corresponding quotient map. The inverse limit of this system is denoted by Ĝ and is
called the profinite completion of G.

Remark I.3.5. We can form the pro-C completion of G with respect to any variety of
finite groups C by considering only the quotients of G that lie in C. It is also easy
to see that the map G → Ĝ given by g ↦ (gN)N◁f.i

G is an embedding if and only if
G is residually finite. The corresponding statement also hold when considering pro-C
groups.

Notation I.3.6. We denote the pro-C completion of a group G by GĈ, and the pro-p
completion of G by Gp̂.

Note that any profinite group G embeds in the product of finite groups appearing
in its defining inverse system; this product can be equipped with the product topology,
and hence G inherits the structure of a topological group. This topology on G makes
it a compact, Hausdorff, totally disconnected topological group.

When G is residually finite (and therefore embeds in Ĝ), it inherits a topological
structure from Ĝ. It is easy to see that a basis around 1 ∈ G for this topology is given
by the collection of finite-index normal subgroups of G. A similar definition can be
made for all groups (and not necessarily residually finite ones):

Definition I.3.7. The profinite topology on a group G is the topology whose neigh-
bourhood basis around 1 consists of finite-index normal subgroups of G.
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Note that in the above setting, the image of G under the inclusion map G→ Ĝ is
always dense in Ĝ.

Remark I.3.8. Finite-index normal subgroups of a group G are in fact clopens: since
cosets of finite-index normal subgroups are also open, the complement of such a
subgroup is open as the union of finitely many such cosets.

Corollary I.3.9. A subgroup H of G is closed in the profinite topology if and only if
it is an intersection of finite-index normal subgroups.

We seal the discussion with a brief overview of separability properties :

Definition I.3.10. Let G be a group and let H ≤ G. We say that H is separable in G
if for every g ∈ G∖H there is a finite quotient q ∶ G↠ Q of G such that q(g) ∉ q(H).

Remark I.3.11. This is equivalent to H being closed in the profinite topology on G.

Definition I.3.12. A group G is called subgroup separable, or LERF (locally ex-
tended residually finite), if every finitely generated subgroup of G is separable in
G.

We remark that subgroup separability is a strong tool for generating finite-index
subgroups of a given group with additional properties, as evident from the following
elementary lemma which will prove to be useful in Chapter V:

Lemma I.3.13. Let G be a subgroup separable group and let H be a finitely generated
subgroup of G. Then for every finite-index subgroup H0 ≤ H, there is a finite-index
subgroup G0 ≤ G such that G0 ∩H =H0.

Proof. H0 is a finitely generated subgroup of G and therefore separable in G. Let
g1, . . . , gn be coset representatives of all non-trivial cosets of H0 in H, and for every
i ≤ n let Gi be a finite-index subgroup of G which contains the subgroup H0 but not
the element gi. Letting G0 = ⋂ni=1Gi we have that G0 ∩H =H0.

We also define another separability property that can be seen as a strengthening
of subgroup separability:

Definition I.3.14. Let G be a group and let H ≤ G. We say that G virtually retracts
onto H if there is a finite-index subgroup G0 of G containing H and a retraction
r ∶ G0 → H, that is a homomorphism r such that r(h) = h for every h ∈ H. In this
case we say that H is a virtual retract of G. If G virtually retracts onto all of its
finitely generated subgroups we say that G admits local retractions.
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Remark I.3.15. If G is a residually finite group that virtually retracts onto H ≤ G then
H is closed in the profinite topology on G: let r ∶ G0↠H be a retraction where G0 is
a finite-index subgroup of G and let {Gi}i∈N be a collection of finite-index subgroups
of G such that ⋂i∈NGi = {1}. We have that H = ⋂i∈N((ker r ∩Gi) ⋅G0) so H is the
intersection of finite-index subgroups of G. In particular, if G is a residually finite
group that admits local retractions, then G is subgroup separable.

I.4 Equations over groups and first-order logic

In order to discuss first-order logic in a group theoretic context, we first need to define
equations over groups:

Definition I.4.1. A (group theoretic) equation in variables x = (x1, . . . , xn) is simply
an element w ∈ F (x). We will sometimes refer to the equation w as w(x) or w(x) = 1,
depending on the context. An inequality (or an inequation) is an expression of the
form w(x) ≠ 1 where w ∈ F (x).

Definition I.4.2. An equation over a group G in variables x is an element w ∈
F (x)∗G. As before, we will often refer to w as w(x,a) where a is a tuple of elements
from G. An inequality over a group G is an expression of the form w(x,a) ≠ 1.

Remark I.4.3. We can always refer to an equation w(x) as an equation over a group
G. In this case we say that the equation is without parameters.

Notation I.4.4. Let G be a group. Given a tuple of variables x = (x1, . . . , xn),
w ∈ F (x) and g = (g1, . . . , gn) ∈ Gn, we write w(g) to denote the element of G
obtained from w by replacing each x±1i with the corresponding g±1i . For w ∈ F (x)∗G,
w(g,a) is defined similarly.

Armed with this notation, we can define solutions to equations over groups:

Definition I.4.5. A solution to an equation w(x,a) = 1 over a group G consists of a
tuple g of elements from G, of the same arity as x, such that w(g,a) = 1 holds in G.

It is natural to define systems of equations: given a subset Σ(x,a) = {wi(x,a)}i∈I ⊂
F (x)∗G, we refer to the conjunction ⋀i∈I wi(x,a) = 1 as a system of equations (over
G). We abbreviate and write this as Σ(x,a) = 1. We say that a tuple g of elements
from G is a solution to Σ(x,a) = 1 if for every wi(x,a) ∈ Σ(x,a), one has wi(g,a) = 1
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in G. Just like systems of equations, systems of inequations are conjunctions of in-
equations; we say that a tuple g of elements from G satisfies the system of inequations
Φ(x,a) ≠ 1 in G if for every wi(x,a) ∈ Φ(x,a), wi(g,a) ≠ 1 holds in G.

Note that there is a one-to-one correspondence between the set of solutions to the
system of equations Σ(x,a) = 1 over a group G and the set of homomorphisms

φ ∶ GΣ = ⟨x,a ∣ R(a) ∪Σ(x,a)⟩ → G

(where R(a) is a set of relations for which ⟨a ∣ R(a)⟩ is a presentation of the subgroup
ofG generated by a). If g is a solution to Σ(x,a) = 1, there exists a homomorphism φ ∶
GΣ → G mapping x to g and a to a; on the other hand, given such a homomorphism
φ, the tuple φ(x) ∈ Gp is a solution to Σ(x,a) = 1 over G. In addition, a solution g to
the system of equations Σ(x,a) = 1 satisfies the system of inequations Φ(x,a) ≠ 1 if
and only if there exists a homomorphism φ ∶ GΣ → G which maps x to g and a to a,
and such that for every wi(x,a) ∈ Φ(x,a), φ(wi(x,a)) ≠ 1. Thus one often regards
the study of equations (and their solutions) over G, as the study of homomorphisms
from the group GΣ to G. Equations are also closely related to the first-order logic
of groups. Equations over groups are a major part in the study of the first-order
logic of groups. We continue with a short introduction to model theory, from a group
theoretic perspective.

First-order logic statements take the shape of formulas and sentences ; to create
formulas and sentences, one has to use a language. The language of groups has three
symbols: 1, a constant which corresponds to the trivial element in a group, ⋅(−,−), a
2-ary function which corresponds to group multiplication, and (−)−1, a 1-ary function
that corresponds to taking the inverse of an element. Formulas (in any language)
admit a recursive definition, but to avoid complications we will define formulas as
ones that are in conjunctive normal form. Every formula is equivalent to one in
conjunctive normal form, so we do not lose any generality by restricting our point of
view.

Definition I.4.6. Let z be a tuple of variables. A formula φ(z) (in the variables z)
has the form

∀x1∃x2⋯∀xn
k

⋁
i=1
(Σi(z,x1, . . . ,xn) = 1 ∧Ψi(z,x1, . . . ,xn) ≠ 1)

where each xi is a tuple of variables, each Σi(z,x1, . . . ,xn) = 1 is a system of equations
and each Ψi(z,x1, . . . ,xn) ≠ 1 is a system of inequations. If the tuple z is empty, we
call the formula a sentence (or a closed formula).
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Note that given a group G, one can always choose a tuple a of elements from G,
of the same arity as z, and plug it into the expression φ(z) above. If the statement
one obtains is true, we say that G satisfies φ(a) and denote this by G ⊧ φ(a). We
will often be interested in the set of all sentences that hold in a group.

Definition I.4.7. The (first-order) theory of a group G is the collection of all sen-
tences φ such that G ⊧ φ. If two groups G and H have the same theory, we say
that they are elementarily equivalent and denote this by G ≡ H. A homomorphism
f ∶H → G is called elementary if for every formula φ(z) and for any tuple a in H of
the same arity as z, H ⊧ φ(a) ⇐⇒ G ⊧ φ(f(a)).

A special case of interest is when H is a subgroup of G, that is, when the homo-
morphism f ∶ H → G is an inclusion. In this case, we say that H is an elementary
subgroup of G (or that the inclusion map is an elementary embedding).

As mentioned in the Introduction, we are particularly interested in ∀∃-sentences,
that is sentences of the form ∀x∃yφ(x,y) (where x and y are tuples of variables, and
φ is a formula without any quantifiers). The subset of the theory of G that consists
of all ∀∃-sentences of G is called the ∀∃-theory of G. Similar to definition I.4.7 above,
one can define the notions of ∀∃-elementary equivalence or ∀∃-elementary subgroups.
The same definition can be made for any string of alternating quantifiers; for example,
in Chapter III we will talk about ∃∀∃-elementary embeddings : embeddings i ∶ H →
G such that for every formula φ(t) of the form ∃x∀y∃wψ(x,y,z, t) where ψ is a
quantifier-free formula, and for every tuple a of elements of H (of the same arity as
t),

H ⊧ φ(a) ⇐⇒ G ⊧ φ(i(a)).

Lastly, we introduce the language of ultrafilters. This will enable us to phrase
certain statements related to sequences with relative ease, rather than often passing
to subsequences. Loosely speaking, ultrafilters simply form “strainers” or “filters”, in
the sense that they give us a precise manner of saying when a subset of a set X is
either “small” or “large”. More precisely:

Definition I.4.8. An ultrafilter (on N) is a finitely additive probability measure
ω ∶ 2N → {0,1}. Alternatively, we can think of ω as a collection of subsets of 2N which
is closed under finite intersections, closed under taking supersets and maximal in the
sense that it is not a proper subset of any subset of 2N that satisfies these properties.

Definition I.4.9. An ultrafilter ω is non-principal if it satisfies ω(F ) = 0 for every
finite F ⊂ N.

26



Using the language of ultrafilters is straightforward: for a statement P , depending
on an index n ∈ N, we say that P holds ω-almost-surely if

ω({n ∈ N ∣ P holds for n}) = 1.

We also define limits with respect to ultrafilters:

Definition I.4.10. The ω-limit of a sequence (xn)n∈N in R is x ∈ R if for every ε > 0,

ω({n ∈ N ∣ ∣x − xn∣ < ε}) = 1.

In this case we denote limω(xn) = x. We say that limω(xn) = ∞ if ω({n ∈ N ∣ xn >
N}) = 1 holds for every N ∈ N.

Another advantage of adopting the language of ultrafilters, is the following: every
sequence of real numbers has a unique ω-limit in R ∪ {±∞}. Note that if a sequence
is bounded then its ω-limit is always a real number, but the ω-limit of an unbounded
sequence can be in R.
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II
Limit groups and graphs of

spaces

L
imit groups are in the limelight of this dissertation; in
this chapter we will define limit groups, discuss differ-
ent approaches towards them, highlight a few historical

anecdotes, and recollect some of their prominent properties. We
will also define graphs of spaces and review related techniques,
focusing on graphs of free groups amalgamated along cyclic sub-
groups.

II.1 Limit groups

Limit groups have been studied under many guises, and the first works that bring
limit groups to the focus were conducted, independently, by two brothers: Gilbert
Baumslag in his paper “On generalised free products” [10] from 1962, and more no-
tably, Benjamin Baumslag in his paper “Residually free groups” [9] from 1967. In the
late 1990’s, limit groups gained popularity due to Sela’s work on Tarski’s problems
revolving the first-order theory of free groups ( [106] et seq.). Limit groups have
since been studied in the context of first-order logic by numerous authors, many of
which are mentioned in Chapters III and IV; they were also studied on their own, for
their interesting structure and properties (for example [116] and [80]). Recently, limit
groups were also used as a tool outside of the study of model theory of groups: Sela
and Fujiwara [49] and Fujiwara [48] used limit groups as a tool to study exponential
growth rates in groups exhibiting a hyperbolic behaviour.

We begin by defining limit groups through their residual properties, as in the
aforementioned works of Gilbert and Benjamin Baumslag:
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Definition II.1.1. Let C be a class of groups; a group G is called residually-C if for
every 1 ≠ g ∈ G there is a normal subgroup N ◁G such that G/N ∈ C and g ∉ N .

Note that another way to phrase that a group G is residually-C is by saying that
every non-trivial element of G survives in a quotient that belongs to C.

Definition II.1.2. Let C be a class of groups; a group G is called fully residually-C
if for every finite subset F = {g1, . . . , gn} of G there is a quotient q ∶ G↠ Q such that
Q ∈ C and the restriction q∣F is injective.

Remark II.1.3. If the class C is closed under taking direct products, e.g. when C is
the class of finite groups, then the notions residually-C and fully residually-C coincide:
clearly, if G is fully residually-C it is in particular residually-C. On the other hand,
if F = {g1, . . . , gn} is a finite subset of G that does not contain the trivial element,
let qi ∶ G ↠ Qi (1 ≤ i ≤ n) be a collection of n quotients of G such that gi survives
in Qi and Qi ∈ C. The map q1 × ⋯ × qn ∶ Gn ↠ Q1 × ⋯ × Qn is injective on F and
Q1×⋯×Qn ∈ C which implies that G is fully residually-C. However, in other cases, and
in particular when C is the class of (finitely generated) free groups, being residually-C
does not imply being fully residually-C as we will see in Observation II.1.6.

Finally, we define:

Definition II.1.4. A group G is called a limit group if it is a finitely generated, fully
residually free group (that is, G is fully residually C where C is the class of [finitely
generated] free groups).

Finitely generated free groups are clearly limit groups (as the identity map is a
map to a free group that is injective on any finite subset). Another basic example of
a limit group is the following:

Example II.1.5. Z2 is a limit group. Let F = {(a1, b1), . . . , (an, bn)} be a finite
subset of Z2. Let k > ∑ni=1∣ai∣ and define q ∶ Z2↠ Z by q((1,0)) = 1 and q((0,1)) = k.
Now q((ai, bi)) = ai + k ⋅ bi = q((aj, bj)) = aj + k ⋅ bj implies ai = aj and bi = bj which
shows that q∣F is injective. A similar argument shows that every finitely generated
free abelian group is a limit group.

In Subsection II.1.5 we will see that these two examples, namely finitely gener-
ated free and free abelian groups, can be seen as the basic building blocks of limit
groups: every limit group can be constructed from finitely generated free and free
abelian groups by repeatedly taking free products, free products with infinite cyclic
amalgamation and HNN extensions.

In contrast with Remark II.1.3, we observe the following:
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Observation II.1.6. Not every finitely generated, residually free group is a limit
group. For example, let F be a finitely generated non-abelian free group and consider
F × Z. Each non-trivial element in F × Z projects to a non-trivial element in (at
least) one of the factors, so F × Z is residually free. On the other hand, let 1 ≠ t ∈
Z and let g and h be non-commuting elements in F ; if F × Z was a limit group,
there would exist a quotient q ∶ F × Z → Q such that Q is a free group and q is
injective on {(1,1), ([a, b],1), (1, t)}. Since [(a,1), (1, t)] = [(b,1), (1, t)] = 1 and Q is
free, q((a,1)), q((b,1)) and q((1, t)) are all powers of an element g ∈ Q. Therefore
q(([a, b],1)) = 1 = q((1,1)) which contradicts the assumption that q is injective on
{(1,1), ([a, b],1), (1, t)}.

Remark II.1.7. The argument in Observation II.1.6 shows that limit groups are com-
mutative transitive (meaning that commutativity among non-trivial elements of a
limit group is a transitive relation). In addition, the example given above is minimal
in the following sense: Benjamin Baumslag proved [9, Theorems 1 and 3] that for a
finitely generated residually free group G, the following three are equivalent:

1. G is a limit group,

2. G is commutative transitive,

3. G does not contain F ×Z as a subgroup (where F is a free group of rank 2).

Sela’s study of limit groups originated in studying equations over free groups; this
led him to study the space of homomorphisms from a fixed finitely generated group to
a free group (recall the connection between equations in a group and homomorphisms
discussed in Subsection I.1). This space of homomorphisms is not compact, but it
can be compactified by adding points that correspond to homomorphisms from limit
groups to a free group. We explain this idea in further detail in the next subsection.

II.1.1 Limits in the space of marked groups

As part of his study of groups of polynomial growth, Gromov came up with an idea
as to how to equip a set of groups with a topology [54]. This idea led Grigorchuk
to define a topological space of marked groups in his work on groups of intermediate
growth from 1985 [53]. This topological space gives a natural setting in which to define
limit groups. The contents of this Subsection are loosely based on Champetier’s and
Guirardel’s expository work on limit groups [33], and it includes a few simple proofs
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that should be well-known to experts but which do not appear in the literature (to
the best of our knowledge).

We sealed the previous subsection by mentioning that limit groups can be seen as
“points at infinity” that compactify the space of epimorphisms from a given finitely
generated group G to a free group. In this subsection, we make this assertion precise.

Given a finitely generated group G with a generating tuple S = (g1, . . . , gn), every
epimorphism f from G to a free group F yields a possible generating tuple for F ,
namely f(S) = {f(g1), . . . , f(gn)} (note that f(S) does not have to be a basis for F ).
This suggests the following definition:

Definition II.1.8. A marked group is a pair of the form (G,S) where G is a group
and S is a finite tuple whose elements generate G. Given n ∈ N, denote by Gn the set
of all marked groups (G,S) with ∣S∣ = n.

Remark II.1.9. We emphasize that S in Definition II.1.8 above is a tuple, that is S is
ordered and repetitions are allowed. In addition, if G, (g1, . . . , gn) and G′, (g′1, . . . , g′n)
are two marked groups, and the map gi ↦ g′i extends to an isomorphism G → G′, we
consider G, (g1, . . . , gn) and G′, (g′1, . . . , g′n) as the same point in Gn.

The next step is to define a topology on Gn; we do so by defining a metric on Gn.
Note that a priori this metric is a pseudometric, but identifying points as in Remark
II.1.9 makes it a metric. Given (G,S), (G′, S′) ∈ Gn, set v((G,S), (G′, S′)) to be the
maximal N ∈ N∪{∞} such that w(S) = 1 in G if and only if w(S′) = 1 in G′ for every
word w ∈ Fn of length at most N (if (G,S) and (G′, S′) are isomorphic as marked
groups, and they represent the same point in Gn, set v((G,S), (G′, S′)) = ∞).

Definition II.1.10. The metric dn ∶ Gn × Gn → R≥0 is given by

dn((G,S), (G′, S′)) = e−v((G,S),(G
′,S′)).

Finally, we can give an alternative definition of limit groups:

Definition II.1.11. A group G is a limit group if there is n ∈ N and a generating
tuple S of G of size n such that (G,S) is the limit of a sequence (Gi, Si) in Gn and
every Gi is a free group.

It is easy to see that Definition II.1.4 implies Definition II.1.11, that is every
finitely generated, fully residually free group G is a limit of free groups in the space of
marked groups: given a generating tuple S of G of size n, and given N ∈ N, there exists
a homomorphism from G to a free group fN ∶ G→ F which is injective on BN(G,S).
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This implies that dn((G,S), (F, (fN(S)))) ≤ e−N , and one can approximate (G,S) as
a limit of free groups in Gn. The converse to this claim is harder to prove, and it relies
on the fact that free groups are equationally Noetherian; we discuss this concept in
Subsection II.1.4.

We now turn to explaining how limit groups compactify the set of marked free
groups in Gn. The explanation is rather elementary, but we could not find a detailed
account of it in the literature. Hence we include it here in full detail.

Note that

{(G,S) ∈ Gn∣G is free} = {(G,S) ∈ Gn∣G is free} ∪ {(G,S) ∈ Gn∣G is a limit group}

and it is therefore enough to establish that Gn is a compact space. To do so, we
identify Gn with a subset of 2Fn . By Tychonoff’s Theorem, 2Fn is compact, so it
suffices to prove the following two claims:

1. The topology that G inherits from 2Fn coincides with the topology induced by
the metric dn.

2. G is a closed subset of 2Fn .

Endow Fn with a basis {x1, . . . , xn} and identify G with a subset of 2Fn in the following
manner: every (G,S = (s1, . . . , sn)) ∈ Gn can be seen as a quotient of Fn through the
map q(G,S) ∶ Fn → G which sends xi to si. Note that (G,S) and (G′, S′) are isomorphic
as marked groups if and only if the maps q(G,S) ∶ Fn → G and q(G′,S′) ∶ Fn → G′ have
the same kernel, and therefore Gn can be identified with the set of normal subgroups
of Fn (which is a subset of 2Fn), which we denote by Nn.

As mentioned earlier, Nn inherits the product topology from 2Fn ; it also comes
equipped with the metric that we previously defined on G. This metric can also be
described as follows: given K,K ′ ∈ Nn, let

vN (K,K ′) =max{N ∈ N ∪∞∣K ∩BN(Fn,{x1, . . . , xn}) =K ′ ∩BN(Fn,{x1, . . . , xn})}.

We now define
dNn(K,K ′) = e−vN (K,K

′).

Note that indeed v((G,S), (G′, S′)) = vN (ker(q(G,S)),ker(q(G′,S′))). We next ob-
serve:

Lemma II.1.12. The metric induced by this topology coincides with the topology that
Nn inherits as a subset of 2Fn (endowed with the product topology):
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Proof. On one hand, the open ball of radius e−N around K in NN is open in the
topology inherited from 2Fn as it can be written as

Nn ∩ ( ∏
g∈K∩BN (Fn,{x1,...,xn})

{1} × ∏
g∈BN (Fn,{x1,...,xn})∖K

{0} × ∏
g∉BN (Fn,{x1,...,xn})

{0,1}).

On the other hand, the topology that Nn inherits from 2Fn is generated by sets of the
following form:

Ug = {K ∈ Nn∣g ∈K} and Vg = {k ∈ Nn∣g ∉K}.

Given g ∈ Fn, let N be such that g ∈ BN(Fn,{x1, . . . , xn}). We have

Ug = ⋃
K∈NN , g∈K

BN(K) and Vg = ⋃
K∈NN , g∉K

BN(K)

where the balls are taken with respect to the metric dNn defined above. This shows
that Ug and Vg are open in the topology induced by dNn and the two topologies on
Nn coincide.

Finally, we prove:

Lemma II.1.13. Nn is a closed subset of 2Fn.

Proof. Let (Kn) be a sequence in Nn that converges to K ∈ 2Fn . We will show that
K is a normal subgroup of Fn and it therefore lies in Nn. One clearly sees that K
is not empty since 1 ∈ Kn for every n. Given g, h ∈ K, a tail of the sequence (Kn)
must be contained in the open set Ug,h = {A ⊂ 2Fn ∣g, h ∈ A}; hence for every N large
enough, gh−1 ∈ KN , and Kn ∈ Ugh−1 = {A ⊂ 2Fn ∣gh−1 ∈ A}. Since K is contained in
exactly one of Ugh−1 = {A ⊂ 2Fn ∣gh−1 ∈ A} and Vgh−1 = {A ⊂ 2Fn ∣gh−1 ∉ A} we must
have that K ∈ Ugh−1 . This shows that K is a subgroup of Fn.

Similarly, given g ∈ K and h ∈ Fn, for N large enough we have that g ∈ KN and
hence hgh−1 ∈ KN ; just like before, this implies that hgh−1 ∈ K and K is a normal
subgroup of Fn.

We conclude this subsection by opening up another discussion, and suggesting a
definition for a (marked) limit group over a group G; this definition is not the common
definition for an (algebraic) limit group over a group G (presented in Subsection
II.1.2). However, we will see that the two definitions coincide (see Lemma II.1.20).

Recall that our discussion started by considering homomorphisms from a finitely
generated group H, generated by a tuple S of size n, to a free group F ; these gave
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rise to epimorphisms from H to free groups of rank n, or equivalently markings of
Fn. Replacing F by another group G, we obtain that homomorphisms from H to G
correspond to marked groups (G′, S′) where ∣S′∣ = n and G′ is a subgroup of G. This
suggests the following definition:

Definition II.1.14. Let G be a group. A group H is called a marked limit group
over G if there is an integer n such that H is the limit of a sequence of marked groups
(Gi, Si) ∈ Gn, and such that Gi ≤ G for every i ∈ N.

Remark II.1.15. With this definition, a limit group is simply a marked limit group
over a free group.

Therefore, a group H is a (marked) limit group over G if and only if it admits a
finite generating tuple S such that (H,S) ∈ {(G′, S′) ∈ Gn∣G′ ≤ G} ⊂ Gn for some n ∈ N.
With this definition, we get that as in the case of free groups, the set of subgroups
of G marked by n elements can be compactified by the collection of (marked) limit
groups over G. In other words, the closure of {(G′, S′) ∈ Gn∣G′ ≤ G} is

{(G′, S′) ∈ Gn∣G′ ≤ G} ∪ {(G′, S′) ∈ Gn∣G′ is a limit group over G}.

II.1.2 Sequences of homomorphisms

In this subsection we discuss an algebraic point of view towards limit groups; in the
last subsection we saw that a finitely generated, fully residually free group H gives
rise to a sequence of marked free groups converging to a marking of H in some Gn.
Such a group H also gives rise to a stable sequence of homomorphisms (with a trivial
stable kernel) from H to a free group F . We begin by defining the notion of a stable
sequence of homomorphisms:

Definition II.1.16. Let G be a group, and let H be a finitely generated group.
A sequence (φn)n∈N ∈ Hom(H,G)N is called stable if for every g ∈ H, the sequence
(φn(g))n∈N ∈ GN is eventually always 1, or eventually never 1. The stable kernel of
(φn)n∈N is defined as

ker←Ð((φn)n∈N) = {g ∈H ∣ the sequence (φn(g))n∈N is eventually always 1}.

Remark II.1.17. Note that ker←Ð((φn)n∈N) is a normal subgroup of H.

Given a finitely generated, fully residually free group H, one can easily construct
a stable sequence (φn)n∈N ∈ Hom(H,F2)N with a trivial stable kernel: let H1 ⊂H2 ⊂ ⋯
be an exhaustion of H by finite subsets, that is ⋃n∈NHn = H. For every n ∈ N, there
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is a homomorphism φn ∶ H → F2 which is injective on Hn. Every g ∈ H is contained
in every HN for N large enough, implying that the sequence (φn(g))n∈N is eventually
never 1; in other words, the sequence (φn)n∈N is stable and ker←Ð((φn)n∈N) = {1}. This
brings us to the following definition:

Definition II.1.18. Let G be a group, and let H be a finitely generated group. An
(algebraic) limit group over G is a quotient of the form H/ker←Ð((φn)n∈N) for some
stable sequence (φn)n∈N ∈ Hom(H,G)N.

Remark II.1.19. The discussion preceding Definition II.1.18 perhaps suggested that
an (algebraic) limit group H over G should be defined by admitting a stable sequence
(φn)n∈N ∈ Hom(H,G)N with a trivial stable kernel; in the case of free groups, and
more generally, whenever G is equationally Noetherian, the two definitions coincide
(see Subsection II.1.4). As a matter of fact, the two definitions are equivalent if and
only if G is equationally Noetherian. However, the groups we deal with in Chapter
III are not equationally Noetherian, and we therefore stick to Definition II.1.18.

However, Definitions II.1.14 and II.1.18 do coincide; more precisely:

Lemma II.1.20. Let G be a group. A group H is a marked limit group over G if
and only if H is an (algebraic) limit group over G.

Proof. Suppose first that H is a marked limit group over G; in other words, there
is n ∈ N, a generating tuple S of H of size n and a sequence of marked groups
(Gi, Si) ∈ Gn such that Gi ≤ G for every i ∈ N and

(Gi, Si) ÐÐ→
n→∞

(H,S).

We will show that H is an (algebraic) limit group over G by constructing a sta-
ble sequence of homomorphisms (φi ∶ Fn → G)i∈N ∈ Hom(Fn,G)N for which H =
Fn/ker←Ð((φi)i∈N).

Define φi ∶ Fn → G by mapping the standard generating tuple of Fn to the tuple
(Si) ∈ Gi

n ⊂ Gn. This sequence is clearly stable: given w ∈ Fn with ∣g∣ = N , whenever
dn((Gi, Si), (H,S)) ≤ e−N we have that φi(w) = 1 if and only if w(S) is the trivial
element in H; in particular, the sequence (φi(w))i∈N is either eventually trivial, or
eventually never trivial (depending on whether w(S) is trivial in H), and (φi ∶ Fn →
G)i∈N is stable. This also implies that the kernel of the epimorphism φ ∶ Fn → H

which maps the standard generating tuple of Fn to S is exactly ker←Ð((φi)i∈N); hence
H = Fn/ker←Ð((φi)i∈N).
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For the converse, suppose that there is a groupH ′ generated by a tuple (g1, . . . , gn)
and a stable sequence of homomorphisms (φi ∶ H ′ → G)i∈N ∈ Hom(H ′,G)N such that
H =H ′/ker←Ð((φi)i∈N). We will show that the marking

(H =H ′/ker←Ð((φi)i∈N), S = (g1 ⋅ ker←Ð((φi)i∈N), . . . , gn ⋅ ker←Ð((φi)i∈N)))

of H is the limit of the sequence (Gi = φi(H ′), Si = (φi(g1), . . . , φi(gn)))i∈N in Gn.
It is enough to show that for every N ∈ N, there is jN ∈ N such that for every

w ∈ Fn of length at most N , w(S) = 1 in H if and only if w(Si) = 1 in Gi for i ≥ jN
(as this implies that dn((H,S), (Gi, Si)) ≤ e−N). For every w ∈ Fn there is jw ∈ N such
that w(Si) = 1 in Gi if and only if w(g1, . . . , gn) ∈ ker←Ð((φi)i∈N), that is w(S) = 1 in H.
Since ∣BN(Fn)∣ < ∞, setting jN =maxw∈BN (Fn) jw gives the desired result.

Stable sequences of homomorphisms are by no means special: a standard di-
agonalization argument shows that every sequence of homomorphisms (φn)n∈N ∈
Hom(H,G)N has a stable subsequence (as long as H is countable, which is always the
case since we assume that H is finitely generated). The process of extracting a sta-
ble subsequence via diagonalization involves choice, and different stable subsequences
can admit different stable kernels. Using ultrafilters (see Subsection I.4) we avoid
this ambiguity, while still working with general (and not necessarily stable) sequences
of homomorphisms. Adopting the language of ultrafilters also saves us from often
passing to subsequences, and allows us to phrase statements with relative ease. We
fix a non-principal ultrafilter ω and define:

Definition II.1.21. Let G be a group, let H be a finitely generated group and let
(φn)n∈N ∈ Hom(H,G)N be a sequence of homomorphisms. The stable kernel of (φn)n∈N
(with respect to ω), ker←Ðω((φn)n∈N), is the collection of all g ∈ H for which φn(g) = 1
ω-almost-surely, that is

ker←Ðω((φn)n∈N) = {g ∈H ∣ g ∈ ker(φn)ω-almost-surely}.

Subsequently, we give a definition for limit groups over a group G as follows; this
definition is simply a rephrasing of Definition II.1.18 in the language of ultrafilters:

Definition II.1.22. Keeping the notation from Definition II.1.21, an (algebraic) limit
group over G is a group of the form L =H/ker←Ðω((φn)n∈N).

We use the following terminology and notation when discussing (algebraic) limit
groups over a group G:
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Notation II.1.23. The sequence (φn)n∈N ∈ Hom(H,G)N is called the defining se-
quence of homomorphisms for L. The corresponding quotient map H ↠ L obtained
by quotienting out the stable kernel ker←Ðω((φn)n∈N) is denoted by φ∞ and we refer to
it as the limit map associated with the sequence (φn)n∈N ∈ Hom(H,G)N.

In the following subsection we explore how such a sequence of homomorphisms
can be used to construct an action of a limit group on an R-tree, given that G admits
a suitable action on a hyperbolic space. In subsection II.1.4 we will discuss how
the algebraic definition for a limit group over G given in this subsection relates to
equational Noetherianity and being fully residually-G.

II.1.3 Limiting R-trees

The main advantage of embracing the approach in Subsection II.1.2 is that it enables
one, under some conditions, to extract an action of a limit group on a real tree. In
what follows, we assume that all metric spaces are geodesic (recall that a metric space
(X,d) is geodesic if any two points x, y ∈ X are connected by a geodesic, i.e. a path
whose length is d(x, y)). A pointed metric space is a triplet (X,d, o) where (X,d) is
a metric space and o ∈X.

Definition II.1.24. Let (Xn, dn, on)n∈N be a sequence of pointed metric spaces. The
limit of (Xn, dn, on)n∈N with respect to an ultrafilter ω is a triplet (Xω, dω, oω) where

Xω = (∏
n∈N

Xn)/ω =
{(xn)n∈N ∣ limω dn(xn, on) < ∞}

(xn)n∈N (yn)n∈N ⇐⇒ limω dn(xn, yn) = 0
,

dω ∶Xω ×Xω → R≥0 is given by

dω([(xn)n∈N], [(yn)n∈N]) = lim
ω
dn(xn, yn)

and oω is the equivalence class of the sequence (on)n∈N.

Remark II.1.25. We will often abuse notation and refer to the equivalence class of a
sequence (xn)n∈N in Xω as (xn)n∈N instead of [(xn)n∈N]. If a sequence (xn)n∈N lies in
Xω we call it a visible sequence.

It is straightforward to verify that (Xω, dω, oω) is a pointed metric space (that is,
dω is well-defined and satisfies the required conditions). We continue by showcasing a
simple instance in which (Xω, dω, oω) inherits some properties from the spaces in the
sequence (Xn, dn, on)n∈N; this will prove to be of great importance in Chapter III.
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Lemma II.1.26. Let (Xn, dn, on)n∈N be a sequence of pointed metric spaces such that
each (Xn, dn) is δn-hyperbolic. If δω = limω δi < ∞ then (Xω, dω) is a δω-hyperbolic
space. In particular, if δω = 0 then (Xω, dω) is a real tree.

Proof. It suffices to verify that Xω is a geodesic space that satisfies the Gromov
four-point condition with respect to δ∞, that is

((xn)n∈N, (zn)n∈N)(pn)n∈N ≥ {((xn)n∈N, (yn)n∈N)(pn)n∈N , ((yn)n∈N, (zn)n∈N)(pn)n∈N} − δω.

It is easy to see that (Xω, dω) is a geodesic space: given (xn)n∈N, (yn)n∈N ∈ Xω,
let tn ∶ [0, dn(xn, yn)] → Xn be a geodesic from xn to yn in (Xn, dn). Define t ∶
[0, dω((xn)n∈N, (yn)n∈N)] →Xω by

s↦ tn(
dn(xn, yn)

dω((xn)n∈N, (yn)n∈N)
⋅ s).

It is straightforward to verify that t is the suitable geodesic in (Xω, dω). First, note
that for every s ∈ [0, dω((xn)n∈N, (yn)n∈N)] with t(s) = (sn)n∈N we have that sn is on
the geodesic between xn and yn so

lim
ω
dn(on, sn) ≤ lim

ω
(dn(on, xn) + dn(xn, sn)) ≤ lim

ω
(dn(on, xn) + dn(xn, yn)) < ∞

and t is well-defined. Furthermore, given s1 < s2 ∈ [0, dω((xn)n∈N, (yn)n∈N)] we have
that

dω(t(s1), t(s2)) = lim
ω
dn((

dn(xn, yn)
dω((xn)n∈N, (yn)n∈N)

⋅ s1),(
dn(xn, yn)

dω((xn)n∈N, (yn)n∈N)
⋅ s2))

= lim
ω
( dn(xn, yn)
dω((xn)n∈N, (yn)n∈N)

⋅ (s2 − s1))

= limω(dn(xn, yn))
dω((xn)n∈N, (yn)n∈N)

⋅ (s2 − s1) = s2 − s1

and t minimizes distances.

Finally, given xn, yn, zn, pn ∈Xn for every n ∈ N we have that

(xn, zn)pn ≥ {(xn, yn)pn , (yn, zn)pn} − δn

for every n ∈ N since (Xn, dn) is δn-hyperbolic. Letting n → ∞ we get that (Xω, dω)
satisfies Gromov’s four-point condition for δω = limω δn.

Remark II.1.27. The proof above also shows that if geodesics in (Xω, dω) are unique
(e.g. when (Xω, dω) is an R-tree), then every geodesic in (Xω, dω) can be approxi-
mated by geodesics in the spaces (Xn, dn).
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Suppose now that H is a finitely generated group, and let S = (s1, . . . , sn) be a
finite generating tuple of H. Let (Xn, dn, on) be a sequence of pointed metric spaces,
and suppose in addition that H acts on each (Xn, dn, on). Under a mild assumption,
we get that H acts on Xω:

Lemma II.1.28. If limω dn(on, s.on) < ∞ for every s ∈ S, then H acts on Xω by
h.(xn)n∈N = (h.xn)n∈N.

Proof. We just need to verify that for every (xn)n∈N and h ∈H we have that (h.xn)n∈N ∈
Xω, that is limω dn(on, h.xn) < ∞. The other properties that define a group action
easily follow.

Write h = s1⋯sk where si ∈ S for 1 ≤ i ≤ k and note that

dn(on, h.on) = dn(on, (s1⋯sk).on)
≤ dn(on, s1.on) + dn(s1.on, (s1 ⋅ s2).on) +⋯ + dn((s1⋯sk−1).on, (s1⋯sk).on)

=
k

∑
i=1
dn(on, si.on).

and therefore

lim
ω
dn(on, h.xn) ≤ lim

ω
dn(on, h.on) + lim

ω
dn(h.on, h.xn)

= dn(on, h.on) + lim
ω
dn(on, xn)

≤ lim
ω
dn(on, xn) +

k

∑
i=1

lim
ω
dn(on, si.on) < ∞

as desired.

Corollary II.1.29. Let G be a group acting on a sequence of pointed metric spaces
(Xn, dn, on)n∈N, let H be a group generated by a finite tuple S and let (φn)n∈N ∈
Hom(H,G)N be a sequence of homomorphisms. For each n, we get an action H ↷Xn

by setting h.x = φn(h).x for h ∈ H and x ∈ Xn. Therefore, by Lemma II.1.28, if
limω dn(on, s.on) < ∞ for every s ∈ S then H acts on Xω.

The remainder of this subsection will focus on how to extract a (non-trivial) action
of a limit group on a limiting R-tree (that is, an action without a global fixed point).
We therefore fix a group G admitting a non-trivial action on a δ-hyperbolic space
(X,d) and a limit group L = H/ker←Ðω((φn)n∈N). We also assume that H is generated
by a finite tuple S. The limiting real tree that we obtain will be a limit of a sequence
of pointed metric spaces, where each element in the sequence is X equipped with a
rescaling of the metric d. We therefore define:
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Definition II.1.30. Let o be a choice of a basepoint of (X,d), and let n ∈ N. The
scaling factor of φn at o is given by

∣∣φn∣∣o =max
s∈S

d(o,φn(s).o).

Combining Lemmas II.1.26 and II.1.28 we obtain:

Corollary II.1.31. If there is a sequence (on)n∈N of points in X such that limω ∣∣φn∣∣xn =
∞ then the sequence (X,d/∣∣φn∣∣on , on) converges to a real tree (Xω, dω, oω) on which
H acts by h.(xn)n∈N = (φn(h).on)n∈N. Furthermore, H ↷ Xω gives rise to an action
L↷Xω.

Proof. Since (X,d) is δ-hyperbolic, (X,d/∣∣φn∣∣on) is δ/∣∣φn∣∣on-hyperbolic; by Lemma
II.1.26, since limω ∣∣φn∣∣xn = ∞, (Xω, dω) is a real tree.

It is enough to show that the boundedness condition of Lemma II.1.28 holds.
Indeed, given s ∈ S we have that

∣∣φn∣∣on(on, φn(s).on) ≤
maxs∈S d(o,φn(s).o)

∣∣φn∣∣o
= 1

as desired. Lastly, since ker←Ðω((φn)n∈N acts trivially on Xω, the action H ↷Xω induces
an action L↷Xω.

Corollary II.1.31 is still not enough: there is nothing preventing the actionH ↷Xω

from having a global fixed point. Bestvina introduced a method for overcoming this
problem in [17] (where the spaces considered are hyperbolic n-spaces), which was
later generalised by Paulin in [94] (to accommodate any hyperbolic space). This
method is often referred to as the “Bestvina-Paulin trick”, and it revolves around
carefully choosing the sequence basepoints (on)n∈N. We amass the relevant definitions
for explaining this method, and begin with an absolute version of the scaling factor
defined above:

Definition II.1.32. Keeping the notation above, the scaling factor of a homomor-
phism φn ∶H → G is

∣∣φn∣∣ = inf
x∈X

max
s∈S

d(x,φn(s).x).

Remark II.1.33. Note that ∣∣φn∣∣ does not depend on a choice of a basepoint o of X.

The scaling factor of a homomorphism will play a crucial role in Chapter III,
where we prove a version of the shortening argument which essentially says that if the
homomorphisms in the sequence (φn)n∈N ∈ Hom(H,G)N satisfy a certain minimality
condition (that’s related to their scaling factor), the stable kernel of the sequence
ker←Ðω((φn)n∈N) cannot be trivial.
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Definition II.1.34. The limit group L is called divergent if ker←Ðω(∣∣φn∣∣) = ∞.

We conclude with the following Theorem:

Theorem II.1.35 (Bestvina-Paulin trick). If L is a divergent limit group then there
exists a choice of basepoints (on)n∈N in X such that the sequence (X,d/∣∣φn∣∣, on) con-
verges to a real tree (Xω, dω, oω) on which L acts non-trivially.

Proof. For every n ∈ N, choose on ∈ X that satisfies d(on, φn(s).on) ≤ ∣∣φn∣∣ + 1/n for
every s ∈ S (this is possible since ∣∣φn∣∣ = infx∈Xmaxs∈S d(x,φn(s).x)). As in Corollary
II.1.31, we obtain an action H ↷ Xω which gives rise to an action L ↷ Xω; it is
enough to show that the action of H on Xω is non-trivial, that is, no (xn)n∈N ∈Xω is
fixed by all of H.

Since S is finite, there exists s ∈ S such that d(on, φn(s).on) ≤ ∣∣φn∣∣ + 1/n holds
ω-almost surely. Therefore, for every (xn)n∈N ∈Xω we have that

d/(∣∣φn∣∣)(x,φn(s).x) ≥
d(on, φn(s).on) − 1/n

∣∣φn∣∣
≥ 1 − 1

n

ω-almost surely, so dω((xn)n∈⋉, s.(xn)n∈⋉) ≥ 1 and H does not fix (xn)n∈N.

Remark II.1.36. Note that H and L are both finitely generated, and therefore count-
able. If Xω is not a line, the valence of every vertex of Xω is uncountable and therefore
the action H ↷Xω is not minimal. If needed, one can always reduce to a subtree on
which the action is minimal.

II.1.4 Equational Noetherianity and residual properties

We begin by defining equational Noetherianity, a notion that was introduced by Baum-
slag, Myasnikov and Remeslennikov in [12]:

Definition II.1.37. A group G is called equationally Noetherian if the following
holds: every system of equations Σ ⊂ G ∗ F (x) with finitely many variables x =
(x1, . . . , xn) (and parameters from G) admits a finite subsystem Σ0 ⊂ Σ, such that
the sets of solutions to Σ and Σ0,

VG(Σ) = {g ∈ Gn∣∀σ ∈ Σ, σ(g) = 1} and VG(Σ0) = {g ∈ Gn∣∀σ0 ∈ Σ, σ0(g) = 1}

respectively, coincide. In this case, we say that the two systems Σ and Σ0 are equiv-
alent.
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The proof of the following lemma highlights why “equational Noetherianity” is a
suitable name for the property described in Definition II.1.37:

Lemma II.1.38. Finitely generated free groups are equationally Noetherian.

Proof. Equational Noetherianity is inherited by subgroups; we will therefore prove
the lemma for a free group of rank 2, F2 = ⟨x1, x2⟩.

F2 embeds in SL2(Z) by mapping

x1 z→ (
1 2
0 1
) and x2 z→ (

1 0
2 1
) .

We denote this embedding by φ ∶ F2 → SL2(Z). The fact that the subgroup of SL2(Z)
generated by the two matrices above is a free group of rank 2 can be easily verified
by considering the action of SL2(Z) on the real plane R2 and using the Ping Pong
lemma with the sets {(x, y) ∈ R2∣∣x∣ > ∣y∣} and {(x, y) ∈ R2∣∣x∣ < ∣y∣}.

Let Σ ⊂ F2 ∗ Fn be a system of equations in F2 with variables y = (y1, . . . , yn).
Let Σ′ ⊂ SL2(Z) ∗Fn be the corresponding system of equations in SL2(Z), that is for
every σ ∈ Σ define σ′ ∈ Σ′ to be the same equation where the parameters from F2 are
replaced with their image under φ in SL2(Z). Note that σ(g) = 1 in F2 (for g ∈ F n

2 )
if and only if

σ′(φ(g)) = (1 0
0 1
) .

Regarding the n variables in each σ′ as matrices with four entires, we get that σ′

gives rise to four polynomial equations (with coefficients in Z) in 4n variables z =
(z11 , z12 , z13 , z14 , . . . , zn1 , zn2 , zn3 , zn4 ), obtained by comparing the different entries with those
of the identity matrix. Therefore, the system of equations Σ gives rise to a system of
polynomial equations Ψ over Z.

Consider the ideal (Ψ) in Z[z]; by Hilbert’s basis theorem, Z[z] is Noetherian,
and therefore the ideal (Ψ) is finitely generated. Write (Ψ) = (ψ1, . . . , ψk). Each ψi

was obtained from some σ′i ∈ Σ′. It follows that {σ′1, . . . , σ′k} ⊂ Σ′ is equivalent to Σ′,
and therefore {σ1, . . . , σk} ⊂ Σ is equivalent to Σ.

Remark II.1.39. The same argument shows that if a group G is linear over a field (or
more generally, a commutative Noetherian unity ring) then G is equationally Noethe-
rian (cf. [12, Theorem B1]). In particular, right-angled Artin groups are equationally
Noetherian, a fact that will come into play in Chapter IV.
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We point out that other classes of groups that are closely related to free groups
have also been shown to be equationally Noetherian; these include hyperbolic groups
(proven by Sela [109] in the torsion-free case, and generalized by Reinfeldt and Wei-
dmann [97] to all hyperbolic groups), torsion-free toral relatively hyperbolic groups
(proven by Groves [55]) and more generally any group that is hyperbolic relative to
equationally Noetherian groups (proven by Groves and Hull [57, Theorem D]).

We explained in Subsection II.1.1 why a finitely generated group H, which is fully
residually-G, is in fact a limit group over G (we did this in the case where G is a free
group, but the same argument works for any group G); we now turn to prove the
converse for an equationally Noetherian group G.

Lemma II.1.40. Let G be an equationally Noetherian group and let H be a limit
group over G. Then H is fully residually-G.

Proof. Let S be a finite generating tuple of H such that (H,S) is the limit of a
sequence (Gi, Si)i∈N in Gn and Gi ≤ G for every i ∈ N. Let Σ ⊂ Fn be the kernel of
the homomorphism Fn → H given by mapping the standard generating tuple of Fn
to S. Since G is equationally Noetherian, there is a finite subset Σ0 ⊂ Σ such that
VG(Σ) = VG(Σ0). In particular, for every g ∈ Gn, if σ0(g) = 1 for every σ0 ∈ Σ0, then
σ(g) = 1 for every σ ∈ Σ.

We next show that for sufficiently large i, the map which sends S to Si extends
to a homomorphism fi ∶ H → Gi. It is enough to show that for every σ ∈ Σ, σ(Si)
is trivial in Gi. Given σ ∈ Σ, since σ(S) = 1 in H we have that σ(Si) = 1 in Gi for
sufficiently large i; since Σ0 is finite, we have that, for sufficiently large i, σ0(Si) = 1
in Gi for every σ0 ∈ Σ0. As discussed in the previous paragraph, it follows that, for
sufficiently large i, σ(Si) = 1 in Gi for every σ ∈ Σ and the map which sends S to Si
extends to a homomorphism fi ∶H → Gi.

Finally, given a finite subset F ⊂H, set N =maxg∈F ∣g∣. For i large enough we get
that dn((H,S), (Gi, Si)) < e−N , which implies that the homomorphism fi ∶ H → Gi is
injective on F .

The proof of Lemma II.1.40 also implies the following: if L = H/ker←Ðω((φn)n∈N)
is a limit group over an equationally Noetherian group G with a defining sequence
of homomorphisms (φn)n∈N ∈ Hom(H,G)N, then φn factors via the limit map φ∞ ∶
H ↠ L ω-almost surely. It follows that in this case, there is a stable sequence of
homomorphisms (ϕn)n∈N ∈ Hom(L,G)N whose stable kernel is trivial. As a matter of
fact, this condition is equivalent to equational Noetherianity:
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Lemma II.1.41. Let G be a countable group. The following are equivalent:

1. G is equationally Noetherian,

2. For every finitely generated group H and for every sequence of homomorphisms
(φn)n∈N ∈ Hom(H,G)N, φn factors via the limit map φ∞ ω-almost surely,

3. For every finitely generated group H and for every sequence of homomorphisms
(φn)n∈N ∈ Hom(H,G)N, there exists n ∈ N such that φn factors via the limit map
φ∞.

Remark II.1.42. The assumption that G is countable is only required for the impli-
cation 3. Ô⇒ 1.

Proof. The fact that 1. implies 2. follows from Lemma II.1.40; it is obvious that 2.
implies 3. We will show that 3. implies 1 by proving the contrapositive statement.

Suppose now that 3. holds, and let Σ ⊂ G ∗ Fn be a system of equations with
parameters from G in variables x = (x1, . . . , xn). Since G is countable, G ∗ Fn is
countable and therefore Σ admits an exhaustion by finite subsets Σ1 ⊂ Σ2 ⊂ ⋯. We
will show that Σ is equivalent to Σi for some i. Suppose, to obtain a contradiction,
that Σ is not equivalent to any of the Σi’s. In particular, for each i there exists
gi = (gi1, . . . , gin) ∈ VG(Σi) / VG(Σ). Therefore, the map which sends x to gi extends
to a homomorphism φi ∶ G ∗ Fn → G that satisfies:

1. φi is the identity on G,

2. φi(σ) = 1 for every σ ∈ Σi, that is Σi ⊂ ker(φi) (since φi(x) = gi ∈ VG(Σi)),

3. Σ /⊂ ker(φi) (since φi(x) = gi ∉ VG(Σ), there exists σ ∈ Σ such that φi(σ) = σ(gi)
is non-trivial).

Since Σi ⊂ ker(φj) for every j ≥ i, we also have that Σ = ⋃i∈NΣi ⊂ ker(φ∞)·
Consider now the sequence (φi∣Fn) ∈ Hom(Fn,G)N, and by our assumption φi∣Fn

factors through φ∞∣Fn for some i. It follows that φi factors via φ∞ since φi∣G = φ∞∣G =
IdG. Therefore Σ ⊂ ker(φ∞) ⊂ ker(φi), which contradicts 3. above.

Remark II.1.43. In [57, Theorem B], Groves and Hull prove that if G is acylindrically
hyperbolic, then the failure of G to be equationally Noetherian can be detected by a
non-divergent sequence of homomorphisms from a finitely generated group to G that
fails to factor through the corresponding limit map.
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In light of Lemma II.1.41, we see how the lack of equational Noetherianity can
pose a problem when working with limiting real trees; as mentioned earlier, parts of
Chapter III are devoted to overcoming these obstacles.

We have established that for a countable group G, being equationally Noetherian
is equivalent to every limit group over G being fully residually-G. We conclude the
discussion with a few historical anecdotes, yielding some examples of limit groups
(other than free and free abelian groups that were discussed in Example II.1.5) and
preparing the grounds for Subsection II.1.5 where we discuss the structure of limit
groups. Gilbert Baumslag proved the following in 1962 (the following is a rephrasing
of Baumslag’s original statement):

Proposition II.1.44 (cf. [10, Proposition 1]). Let F be a free group, and let

g1, . . . , gn, u ∈ F.

If [u, gi] ≠ 1 for every 1 ≤ i ≤ n, then there exists N ∈ N such that for every k1, . . . , kn
with ∣ki∣ ≥ N ,

g1 ⋅ uk1 ⋅ g2 ⋅ uk2⋯gn ⋅ ukn ≠ 1.

Remark II.1.45. Proposition II.1.44 above can be proved using a standard Ping Pong
argument.

We continue with a short list of examples, based on Benjamin and Gilbert Baum-
slag’s works [9, 10].

Example II.1.46. The fundamental group of an orientable surface Σ of genus 2,
π1(Σ) = ⟨a, b, c, d∣ [a, b] = [c, d]⟩ is fully residually free, and hence a limit group. To
prove this, define f ∶ π1(Σ) → F2 = ⟨x1, x2⟩ by mapping a and c to x1 and b and d to
x2. Let φ ∶ π1(Σ) → π1(Σ) be the automorphism of π1(Σ) given by a Dehn twist by
[a, b], that is the unique automorphism of π1(Σ) extending the map

φ(g) =
⎧⎪⎪⎨⎪⎪⎩

g g ∈ ⟨a, b⟩
[a, b]g[a, b]−1 g ∈ ⟨c, d⟩

Now, given g ∈ π1(Σ), write g = g1 ⋅h1⋯gk ⋅hk where for every 1 ≤ i ≤ k gi ∈ ⟨a, b⟩ and hi ∈
⟨c, d⟩; we may assume further that no gi and hi are trivial or lie in ⟨[a, b]⟩ (except for,
perhaps, g1 and hk). By Proposition II.1.44, for f(g1), f(h1), . . . , f(gk), f(hk), f([a, b])
there exists N = N(g) ∈ N such that (note that the only elements commuting with
[a, b] in π1(Σ) are powers of [a, b])

f ○ φn(g) =f(g1)( ⋅ f([a, b])n ⋅ f(h1) ⋅ f([a, b])−n)⋯
⋯f(gk) ⋅ (f([a, b])n ⋅ f(hk) ⋅ f([a, b])−n) ≠ 1
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as long as n ≥ N(g). Finally, given any finite subset E ⊂ π1(Σ), we have that
f ○ φn ∶ π1(Σ) → F2 must be injective on E for

n ≥ max
g∈(E∪e−1)⋅(E∪e−1)

N(g).

Remark II.1.47. The double of a free group F = ⟨x1, . . . , xn⟩ along an element w ∈ F
is given by

F ∗w F = ⟨x11, . . . , x1n, x21, . . . , x2n ∣ w(x11, . . . , x1n) = w(x21, . . . , x2n)⟩.

The exact same proof as in the example above shows that whenever w is not a proper
power in F , F ∗w F is a limit group.

In fact, the exact same proof also shows that generalised doubles over limit groups,
which were introduced by Champetier and Guirardel (see [33, Definition 4.4]) are
limit groups themselves. We record here the definition of a generalised double: a
generalised double over a group G is a group H that admits a splitting A ∗C B (or
A ∗C) satisfying:

1. A and B are finitely generated,

2. C is a non-trivial abelian group that is maximal abelian in both A and B (or
just in A if H = A∗C),

3. there is a surjective homomorphism f ∶ H → G such that f ∣A and f ∣B (or just
f ∣A if H = A∗C) is injective.

We therefore extablished that iterated generalised doubles over a free group are
limit groups, yielding a large family of examples of limit groups; as a matter of fact,
following Sela’s work on the structure of limit groups, Champetier and Guirardel
proved the (much stronger) converse of the aforementioned result:

Theorem II.1.48 ( [33, Theorem 4.6]). Every limit group is an iterated generalised
double over a free group.

We continue by mentioning another family of examples of limit groups discussed
in [10] and [9].

Definition II.1.49. Let G be a group and let u ∈ G. Let C be another copy of the
centraliser CG(u) of u, and let H = C ×Z. The free extension of the centraliser CG(u)
is the group

G(u) = G ∗CG(u)=C H.
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Example II.1.50. Every free extension of a centraliser in a non-abelian free group
is a limit group. Indeed, let F be a free group and let CF (u) be the centraliser of an
element u ∈ F ; as in Definition II.1.49 write H = C×Z = C×⟨t⟩. Define φn ∶ F (u) → F

to be the identity on F and map t to un. Using Proposition II.1.44 as in Example
II.1.46 we obtain that for every finite E ⊂ F (u), φn is injective on E for n large
enough.

As before, we get that a free centraliser extension of a limit group is a limit group;
therefore, every iterated free extension of centralisers over a free group F is a limit
group. As in the case of generalised doubles, the following stronger statement holds:

Theorem II.1.51 ( [70]). Every limit group is a subgroup of an iterated free extension
of centralisers over a free group.

We will further discuss extensions of centralisers in Chapter IV, where we exploit
the fact that they can be seen as free products with commuting subgroups.

We have just discussed two hierarchical structures that can be associated to a
limit group. We now turn to present additional hierarchical structures, and recollect
some finer properties of limit groups.

II.1.5 Structure and properties

In what follows we assume that limit groups are always defined over finitely generated
free groups. We begin with a list of classical and elementary properties of limit groups.
Most of these appear in some of the texts cited in the previous Subsections, and in
particular in [33]; we remark that the proofs are elementary, and are included here
for completeness.

Lemma II.1.52. Let L be a limit group. The following holds:

1. L is torsion-free,

2. Every 2-generated subgroup of L is either free abelian or free; in particular, if
g, h ∈ L then ⟨g, h⟩ ∈ {{1},Z,Z2, F2},

3. L is commutative transitive and conjugacy separated abelian (CSA), that is
every maximal abelian subgroup of L is malnormal,

4. if L is non-abelian then it has the same ∀-theory as a non-abelian free group.
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5. if a finitely generated group H has the same ∀-theory as a non-abelian free group
then it is a non-abelian limit group.

Proof. We prove properties 1.-5.:

1. Every 1 ≠ g ∈ L survives in a free quotient, and is therefore not a torsion element.

2. Let g, h ∈ L; if ⟨g, h⟩ is abelian then by 1. it must be either trivial, Z or Z2.
Otherwise, there is a map f from L to a free group F which is injective on
{g, h, [g, h]}; the subgroup of F generated by {f(g), f(h)} must therefore be a
free group of rank 2. This implies that ⟨g, h⟩ ≅ F2.

3. We already saw that L is commutative transitive in Remark II.1.7. We will prove
the stronger assertion that L is CSA. Let A be a maximal abelian subgroup of
L and let g ∉ A. We need to show that if there exists 1 ≠ h ∈ gAg−1 ∩ A then
it must be that g ∈ A. Since A is maximal abelian, it is enough to show that g
commutes with every a ∈ A, and since L is commutative transitive, it is enough
to show that g commutes with a single element of A. We will show that g
commutes with h.

As before, there is a map f ∶ L → F which is injective on {1, g, h, [g, h]}. Since
g−1hg ∈ A, g−1hg and h commute and therefore [f(g−1hg), f(h)] = 1. Hence
f(g−1hg) and f(h) lie in a cyclic subgroup C of F , and since the centraliser
of C is itself cyclic, up to replacing C with its centraliser we can assume that
this cyclic subgroup contains f(g). Hence f([g, h]) = 1 and we must have that
[g, h] = 1.

4. A priori it is not clear that all free groups have the same ∀-theory; this easily
follows from the following simple observation: if G ≤H, then the ∀-theory of H
is contained in that of G. Now, for every free group Fn we have that F2 ≤ Fn ≤ F2

so F2 and Fn have the same ∀-theory. By 2., we have that F2 ≤ L. Therefore,
it is enough to show that the ∀-theory of F2 is contained in the ∀-theory of L.

Let Φ be a ∀-sentence and assume that F2 ⊧ Φ; we can further assume that Φ

has the following form

Φ = ∀x
k

⋁
i=1

Σi(x) = 1 ∧Ψi(x) ≠ 1,

where x = (x1, . . . , xn) is a tuple of elements, and Σi and Ψi for 1 ≤ i ≤ k are,
respectively, systems of equations and inequations. We remind the reader that
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by writing Σi(x) = 1 we mean ⋀σ∈Σi
σ(x) = 1 (and the same when we write

Ψi(x) ≠ 1).

Let g ∈ Ln and let E = {1}∪{σ(g)∣∃1 ≤ i ≤ k, σ ∈ Σi}∪{ψ(g)∣∃1 ≤ i ≤ k, ψ ∈ Ψi},
that is, E is the set of all words appearing in Φ evaluated at g (and the identity).
There is a homomorphism fE ∶ L→ F2 that is injective on E. Therefore

χ(g) = 1 in L ⇐⇒ χ(fE(g)) = 1 in F2

for every χ ∈ ⋃ki=1Σi ∪Ψi. Taking boolean combinations we have that

L ⊧
k

⋁
i=1

Σi(g) = 1 ∧Ψi(g) ≠ 1 ⇐⇒ F2 ⊧
k

⋁
i=1

Σi(fE(g)) = 1 ∧Ψi(fE(g)) ≠ 1

and since F2 ⊧ Φ it follows that L ⊧ ⋁ki=1Σi(g) = 1 ∧Ψi(g) ≠ 1. Repeating this
argument for every g ∈ Ln we get that L ⊧ Φ.

5. For this assertion we adopt the approach of Champetier and Guirardel [33,
Theorem 5.1]. Since every ∀-sentence is the negation of an ∃-sentence and vice-
versa, it is enough to show that if H has the same ∃-theory as F2 then H is
a limit group. Suppose that H is generated by a tuple S of arity n and work
in Gn. It is enough to find, for every R ∈ N, a free group F and a generating
tuple S′ of F of arity n such that the balls of radius R in X(H,S) and X(F,S′)
coincide. The idea behind the proof is simple: the ball of radius R in X(H,S)
can be encoded by a collection of equations and inequalities in H.

More precisely, given R ∈ N, let ΣR be the collection of all words in the variables
x = (x1, . . . , xn). Define

Σ+ = {σ1 ⋅ σ−12 ∣σ1, σ2 ∈ ΣR, σ1(S) = σ2(S) in H}

and similarly

Σ− = {σ1 ⋅ σ−12 ∣σ1, σ2 ∈ ΣR, σ1(S) ≠ σ2(S) in H}.

The collections of equations and inequalities Σ+ and Σ− encode the ball of radius
R in H. We have that H ⊧ ⋀σ∈Σ+ σ(S) = 1 ∧ ⋀σ∈Σ− σ(S) ≠ 1 and therefore the
following sentence

ΦR = ∃x ⋀
σ∈Σ+

σ(x) = 1 ∧ ⋀
σ∈Σ−

σ(x) ≠ 1

lies in the ∃-theory of H. Therefore, F2 ⊧ ΦR and there is a tuple S′ in F2

that witnesses this fact. Therefore the balls of radius R of X(H,S) and X(F =
⟨S′⟩, S′) are isomorphic which completes the proof.

49



Remark II.1.53. The proofs of 4. and 5. above also work for limit groups over an
equationally Noetherian group G.

Another important property of limit groups proven by Sela is the following:

Theorem II.1.54 ( [105, Theorem 3.1]). Every non-abelian limit group admits a
non-trivial cyclic splitting.

The proof of Theorem II.1.54 is highly involved and is beyond the scope of this
preliminary subsection; however, reading Chapter III will give the reader a clear idea
of how to prove it.

This property of limit groups was used by Sela to show that limit groups admit
a cyclic hierarchical structure in [106] (or analysis lattice in the language of [106]).
Before defining hierarchies more precisely, we briefly sketch Sela’s argument: given a
limit group L, take its Grushko decomposition L1 ∗⋯∗Lk ∗F ; if some Li is not a free
abelian or a surface group, take a cyclic JSJ decomposition of Li (see Section II.3 for
more details; also, note that such a splitting is not trivial by Theorem II.1.54) and
repeat the process for the vertex groups of this decomposition. Note that accessibility
arguments bound the complexity of such a JSJ splitting, so that it has finitely many
vertices and edges. One now repeats the process, which stops when the terminal
groups are all either free, free abelian or surface groups. Sela showed that this process
eventually terminates by proving that a certain measure of complexity decreases in
this iterative process (roughly speaking, the minimal first Betti number of a limit
group in which a group embeds decreases as one travels down a branch of the analysis
lattice) [106, Proposition 4.3]. An important Corollary of this argument is that limit
groups can be built from free abelian groups by repeatedly taking free products,
amalgamations and HNN extensions; this implies:

Theorem II.1.55. Limit groups are finitely presented.

Corollary II.1.56. Since every finitely generated subgroup of a limit group is itself
a limit group, limit groups are coherent.

We now turn to define cyclic group hierarchies:

Definition II.1.57. A cyclic hierarchy of a group G is a set H(G) of subgroups of
G obtained by iterating the following procedure, starting with G: for H ∈ H(G), if
H admits a splitting G(H) with (possibly trivial) cyclic edge groups, add each of the
vertex groups of this splitting to H(G).
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As previously mentioned, a priori the process described in Definition II.1.57 above
does not necessarily terminate. If this process comes to a halt after finitely many steps
(in which case H(G) is finite), as in the case of limit groups, G is said to have a finite
hierarchy. The groups appearing at the bottom of the hierarchy, that is groups which
do not split over a cyclic subgroup, are called absolutely rigid. Therefore, in modern
terms, the discussion above can be summarized as follows:

Theorem II.1.58. Limit groups have a finite hierarchy. Moreover, absolutely rigid
groups appearing in the hierarchy of a limit group are free abelian.

Note that every abelian subgroup of a limit group, which is not isomorphic to Z
or Z2, must be elliptic in its cyclic JSJ decomposition. Therefore, such subgroups
of a limit group must appear as terminal vertex groups in its hierarchy. By [106,
Proposition 4.3], the first Betti number of a group appearing at the bottom of the
hierarchy of a limit group L is bounded by b1(L) < ∞; we deduce:

Corollary II.1.59. Abelian subgroups of limit groups are finitely generated and free
abelian.

We further deduce:

Corollary II.1.60. Let L be a limit group. Then,

1. If all of the abelian subgroups of L are cyclic (which by Theorem II.1.59 is
equivalent to L not containing Z2 as a subgroup) then L is hyperbolic. This
follows from Corollary II.1.59 above, the Bestvina-Feighn Combination Theorem
[16], commutative transitivity (see Lemma II.1.52) and the fact that L can be
built from infinite cyclic groups by taking free products, amalgamations and HNN
extensions.

2. If L is a one-ended limit group and H ∈ H(L) is a one-ended group with no
one-ended groups below it in the hierarchy, then one of the following holds:

(a) H is absolutely rigid, and therefore free abelian, or

(b) H is a hyperbolic group that splits as a graph of free groups amalgamated
along infinite cyclic subgroups.

Another important type of structure that can be associated to limit groups is that
of ω-residually free towers. ω-residually free towers are not used explicitly in this
dissertation, but they form an indispensable tool in the study of limit groups so we
chose to mention them here.
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Definition II.1.61 ( [106, Definition 6.1]). An ω-residually free tower X of height
h ∈ N ∪ {0} is a space constructed with the following iterative process:

1. if h = 0, then X is a wedge sum of finitely many finite graphs, finite-dimensional
tori and closed hyperbolic surfaces of Euler characteristic less than −1.

2. if h > 0 then X is obtained from a tower Y of heigh h − 1 by attaching a block ;
blocks are in one of the following two forms:

(a) Quadratic block : a compact, hyperbolic surface with boundary Σ, with
connected components being either punctured tori or admitting Euler char-
acteristic less than −1, is attached to Y by identifying the boundary of Σ
with curves on Y . The resulting space is X. We also require that there is
a retraction r ∶X → Y such that r∗(∂(Σ)) is non-abelian.

(b) Abelian block : an n-torus T is attached to Y in the following way: fix a
coordinate circle t in T and a curve γ in Y such that γ generates a maximal
abelian subgroup in π1(Y ). Let T 2 be a 2-torus and identify its coordinate
circles S1 × {0} and S1 × {1} with t and γ respectively.

It is not hard to see that if X is an ω-residually free tower then π1(X) is a limit
group; the proof is incredibly similar to Examples II.1.46 and II.1.50. It is much
harder to see that every limit group is a subgroup of an ω-residually free tower [107].
Finally, it is extremely difficult to see that a finitely generated group G is elementarily
equivalent to F2 if and only if it is the fundamental group of an ω-residually free tower
X constructed without using any tori [108].

In addition to having pleasing structural properties, limit groups also have good
separability properties. This is perhaps not surprising, since limit groups are closely
related to free groups, and free groups admit good separability properties. We recall
Marshall Hall’s famous theorem which states that given a finitely generated free group
F and a finitely generated subgroup H, there is a finite-index subgroup F ′ ≤ F in
whichH is a free factor. In particular, F ′ retracts ontoH so F admits local retractions
and is subgroup separable (see Section I.3). Wilton proved that a similar phenomenon
occurs in limit groups:

Theorem II.1.62 ( [116, Theorems A and B]). Limit groups are subgroup separable
and admit local retractions.

These results will be extensively used in Chapter V.
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II.1.6 Residually free groups

Unlike fully residually free groups, residually free groups can have a wild structure.
Many of the pathologies of residually free groups already appear within (the seemingly
simple) F2 × F2; these pathologies include, for example, incoherence and not being
subgroup separable. The following lemma illustrates some of these ideas:

Lemma II.1.63. F2 ×F2 has a finitely generated subgroup H of infinite index, which
is dense in the profinite topology. In particular, it is not subgroup separable.

Proof. The construction of H presented below relies on the fact that Thompson’s
group V , which is one of the most famous examples of infinite simple groups, admits
a finite presentation with two generators u and v and 7 relations [19, Theorem 1.3].
We remark that it is enough to use a group that admits a finite presentation on 2

generators that is not simple, but has no finite-index subgroups.

Fix an epimorphism f ∶ F2 ↠ V and let H be the corresponding fibre product,
that is

H = {(g, h) ∈ F2 × F2∣f(g) = f(h)}.

Since V is finitely presented, H is finitely generated [13, Lemma 2], and H is easily
seen to be of infinite index since V is infinite. Finally, to show that H is profinitely
dense in F2 ×F2, it is enough to show that it is not contained in a proper finite index
subgroup G of F2 ×F2. Indeed, if it were contained in such G, then G/(ker f × kerf)
would be a proper finite index subgroup of V × V , but these do not exist since V is
simple.

Residually free groups are closely tied to direct products of limit groups, and
arguments similar to the one above are common in the study of residually free groups.
Our segue into the exploration of the relation between residually free groups and
direct products of limit groups will be facilitated by a surprising property shared by
all finitely generated groups that are not limit groups. The reason this proof works
only for groups that are not limit groups, is that a limit quotient of a group that is
not a limit group must be a proper quotient.

Theorem II.1.64 ( [106, Theorem 7.2]). Let G be a finitely generated group that is
not a limit group. Then there are finitely many limit groups L1, . . . , Ln, and quotient
maps qi ∶ G↠ Li, such that every epimorphism f from G to a limit group L factors
through one of the maps q1, . . . , qn.
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Definition II.1.65. The collection of quotients {qi ∶ G ↠ Li}1≤i≤n mentioned in
Theorem II.1.64 is called a factor set of G.

The proof of Theorem II.1.64 below follows the proofs of [106, Lemmas 5.4 and 5.5,
Proposition 5.6 and Theorem 5.7], where the theorem is proved under the assumption
that G is a limit group. We remark that the proof in the case where G is a limit
group is a lot more intricate.

Proof of Theorem II.1.64. The factor set {qi ∶ G↠ Li}1≤i≤n that we construct consists
of maximal elements in a poset QG of limit quotients of G. We only consider such
quotients up to equivalence, where two quotients q1 ∶ G ↠ L1 and q2 ∶ G ↠ L2 are
equivalent if there is an isomorphism f ∶ Q1 → Q2 such that f ○ q1 ∶ L ↠ L2 and
q2 ∶ L↠ L2 are the same. We say that

(q1 ∶ G↠ L1) ≤ (q2 ∶ G↠ L2)

if and only if the quotient map q1 factors via q2. A straightforward application of
Zorn’s lemma shows that QG must contain a maximal element. Indeed, a diago-
nalization argument shows that every chain q1 < q2 < ⋯ in QG admits an upper
bound. For each qi ∶ G ↠ Li there is an associated sequence of homomorphisms
(f in ∶ G → F )n∈N; we extract a subsequence (hin ∶ G → F )n∈N such that hin is injective
on {g ∈ G∣g ∉ ker qi and ∣g∣S ≤ n}. The diagonal sequence (hii ∶ G → F ) gives rise to a
limit group L and a quotient q ∶ G↠ L, and since L is finitely presented, qi factors
via q for large enough i. Therefore every qi factors via q and q ∶ G↠ L is an upper
bound for the chain. Since G is not a limit group, q is a proper quotient and it is an
element of QG.

Therefore, every quotient q ∶ G ↠ L factors through a maximal element in QG,
and it is enough to show that there are only finitely many such maximal elements. An
identical diagonalization argument gives this result: if {qi ∶ L↠ Li}i∈N is a collection
of maximal elements in QG, and q∞ ∶ L↠ L∞ is obtained from this collection by the
same diagonalization process, then all but finitely many qi factor through q∞; since
qi is maximal, it follows that qi = q∞ and Li = L∞.

Theorem II.1.64 is a rare instance in which being fully residually free presents
an obstruction to a proof, rather than being a simplifying assumption. However, a
similar property does hold for (non-free) limit groups. This property is commonly
known as having “finite width”, and this name is derived from applying this corollary
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to the study of homomorphisms from a fixed finitely generated group G to a free
group. All such homomorphisms can be encoded within a tree-like diagram called the
Makanin Razborov diagram, and the fact that limit groups have finite width implies
that each branching point of the Makanin Razborov diagram is of finite valence. As
mentioned earlier, the difficulty in establishing a similar result for limit groups lies
in the fact that the identity map Id ∶ L ↠ L is the unique maximal element in the
poset of limit quotients of L. One overcomes this obstacle by looking at shortening
quotients, which are quotients obtained from sequences of short homomorphisms (see
Section III.1 in Chapter III).

Theorem II.1.66 ( [106, Theorem 5.7]). To any non-free limit group L one can
associate a finite collection of proper quotients {qi ∶ L ↠ Li}1≤i≤n such that each Li

is a limit group, and each homomorphism f ∶ L→ F factors through (at least) one of
the maps qi after precomposing L with an automorphism.

Remark II.1.67. The automorphisms of L appearing in Theorem II.1.66 are modular
automorphisms ; these are defined in Section III.1 in Chapter III.

Corollary II.1.68. Every finitely generated residually free group embeds into a direct
product of finitely many limit groups.

Proof. Let G be a finitely generated residually free group. If G is a limit group, the
assertion clearly holds. Otherwise, let {qi ∶ G↠ Li}1≤i≤n be the factor set associated
to G and consider the map q = q1 × ⋯qn ∶ G → L1 × ⋯Ln. It is enough to show that
ker q = ⋂ni=1 ker qi is trivial. Indeed, if 1 ≠ g ∈ G, since G is residually free there is
a free quotient q′ ∶ G ↠ F of G in which g survives. By Theorem II.1.64 q′ factors
through qi for some 1 ≤ i ≤ n, and therefore qi(g) ≠ 1. It follows that g ∉ ker q.

Direct products of free groups, or more generally direct products of limit groups,
are fairly tractable; however, their subgroups can be very complicated. Baumslag and
Roseblade studied subgroups of direct products of free groups, and proved:

Theorem II.1.69 ( [13, Theorem 1]). There are uncountably many non-isomorphic
subgroups of F2 × F2.

It follows that unlike limit groups, F2×F2 has (uncountably many) subgroups that
are not finitely presented (in fact, it has uncountably many subgroups that are not
even recursively presented). However, under additional finiteness assumptions, the
situation becomes completely different:

55



Theorem II.1.70 ( [13, Theorem 2]). If H ≤ F2 × F2 is finitely presented, then it is
virtually a direct product of two free groups of finite rank.

Bridson, Howie, Miller and Short took these ideas further in [25], and described
how groups can be embedded into a direct product of limit groups; these embeddings
are dictated by the finiteness properties of the embedded subgroups. Before we state
their results, we briefly remind the reader of some finiteness properties of groups.

Definition II.1.71. A group G is said to be of type

• Fn (n ≥ 1), if there is an aspherical CW-complex X with a finite n’th skeleton
such that G = π1(X).

• F∞, if it is of type Fn for every n ≥ 1.

• F, if it is the fundamental group of a finite, aspherical CW-complex.

• FPn(R) (n ≥ 1 and R is a ring), if there is an exact sequence of R[G]-modules
⋯ →M1 →M0 → R → 0 in which M0, . . . ,Mn are finitely generated, projective
R[G]-modules.

• FP∞(R), if it is of type FPn(R) for every n ≥ 1.

• FP(R), if there is an exact sequence 0 → Mn → ⋯M0 → R → 0 in which every
Mi is a finitely generated, projective R[G]-module.

It is worth noting that among residually free groups, being of type FP2(Q) is
equivalent to being finitely presented [26, Theorem D]; this strengthens the analogy
between Theorem II.1.70 and the following:

Theorem II.1.72 ( [25, Theorem A]). Let L1,⋯, Ln be limit groups and let S ≤
L1 × ⋯ × Ln be a subgroup of type FPn(Q). Then S is virtually a direct product of n
(or fewer) limit groups. In particular, every residually free group of type FP∞(Q) is
virtually a direct product of finitely many limit groups.

Another result of Bridson, Howie, Miller and Short allows one to regard finitely
presented residually free groups as a subgroup of a direct product of limit groups that
contains a term of the lower central series. This result will be used in Chapter V.
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Theorem II.1.73 (Propositions 3.1 and 6.4, [25]). Let G be a finitely presented
subgroup of a direct product of limit groups L1 × ⋯ × Ln, that projects onto each Li

and such that G ∩ Li ≠ 1 for all 1 ≤ i ≤ n. Then there exists a finite-index subgroup
E ≤ L1 ×⋯×Ln and a positive integer N such that the N-th term in the lower central
series of E, γNE, is contained in E ∩G.

Residually free groups also admit nice separability properties, which are again
linked to finiteness properties. The following theorem will also play an important
role in Chapter V:

Theorem II.1.74 ( [27, Theorems A and B]). Let G be a finitely generated residually
free group, and let H ≤ G. If H is finitely presented, then H is separable in G; if
furthermore H is of type FP∞(Q) then G virtually retracts onto H.

II.2 Graphs of spaces

As evident from the last section, splittings (and in particular cyclic splittings) are in
abundance when working with limit groups. In this section, we introduce the notion
of a graph of spaces which will allow us to incorporate additional geometric techniques
when working with group splittings. The standard reference for graphs of spaces is
Scott’s and Wall’s “Topological methods in group theory” [102, Chapter 5]; we adopt
some of their terminology, along with more modern terminology following Wilton’s
works ( [116], [119]).

Definition II.2.1. A graph of spaces X consists of the following data:

• a graph Ξ,

• for each vertex v ∈ V(Ξ) a connected CW-complex Xv,

• for each edge e ∈ E(Ξ) a connected CW-complex Xe and two π1-injective maps
∂±e ∶Xe →Xv± (called attaching maps) where v+ and v− are the endpoints of the
edge e.

We will usually assume all graphs of spaces to have a finite underlying graph.
Note that each graph of spaces X has a topological space naturally associated to it:

Definition II.2.2. The geometric realization of X is defined as

⎛
⎝ ⊔v∈V(Ξ)

Xv ⊔ ⊔
e∈E(Ξ)

Xe × [−1,1]
⎞
⎠
/ ∼

where the equivalence relation ∼ identifies (x,±1) ∈Xe × [−1,1] with ∂±e (x) ∈Xv± .

57



Remark II.2.3. We will often abuse notation and use X to refer to the geometric
realization of X.

With this in mind, we define:

Definition II.2.4. The fundamental group π1(X) of a graph of spaces X is simply
the fundamental group of the geometric realization of X.

By the Seifert–Van Kampen theorem, the fundamental group of X admits a graph
of groups decomposition: π1(X) is the fundamental group of the graph of groups with
underlying graph Ξ and whose vertex and edge groups are {π1(Xv)∣v ∈ V(Ξ)} and
{π1(Xe)∣e ∈ e(Ξ)} respectively. The edge maps of this graph of groups are given, up
to conjugation, by (∂±e )∗ ∶ π1(Xe) → π1(Xv±). We will denote this graph of groups
decomposition by G(X) and refer to the vertex and edge groups of G(X) as Gv and
Ge.

II.2.1 Covering spaces and precovers

The (finite-index) subgroups of the fundamental group G of a graph of spaces X
correspond to (finite-sheeted) coverings of X. In Chapter V we will construct sub-
groups of fundamental groups of graphs of spaces geometrically, heavily relying on
the contents of this subsection. Most of the theory covered in this subsection appears
in works of Wise [123] and Wilton [119], and some key ideas date back to Gitik’s
work [51]. We begin by explaining how a covering space of the geometric realization
of a graph of spaces admits a graph of spaces decomposition.

Let X be a graph of spaces with an underlying graph Ξ, vertex spaces {Xv}, edge
spaces {Xe} and attaching maps ∂±e ∶ Xe → Xv± . Suppose now that X̂ is a covering
of (the geometric realization of) X. X̂ inherits a graph of spaces structure from X,
with the following vertex and edge spaces:

• The vertex spaces of X̂ are the connected components of the preimages of the
vertex spaces of X under the covering map; each of these forms a covering space
of a vertex space of X.

• The edge cylinders of X̂ are the connected components of the preimages of the
edge cylinders of X under the covering map; again, each edge space of X̂ is a
covering space of an edge space of X.
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From this, it is evident that the underlying graph Ξ̂ of X̂ can be obtained from X̂

by collapsing each vertex space to a point and each edge cylinder to an arc. Defining
the attaching maps of X̂ is a bit more subtle. The following definition is due to
Wise [123].

Definition II.2.5. An elevation of an attaching map ∂±e ∶ Xe → Xv± is defined as
follows: let X̂v̂ be a vertex space of X̂ which lies above Xv. Let {X̂ê1 , . . . , X̂êk} be the
edge spaces of X̂ such that each êi ∈ E(Ξ̂) is in the preimage of e ∈ E(Ξ) and incident
to v̂. This data fits into the following commuting diagram:

⊔ki=1 X̂êi

��

⊔k
i=1 ∂̂

±
êi // X̂±v̂

��

Xe
∂±e // Xv

±

where the maps ⊔ki=1 ∂̂±êi form the pullback of the attaching maps ∂±e and the covering
map. The pullback can be thought of as satisfying the following property: fix a
bsaepoint x of Xe, and for every 1 ≤ i ≤ k fix a basepoint x̂i in the preimage of x
under the covering map X̂êi ↠Xe. Every ∂̂±êi ∶ X̂êi → X̂±v̂ is a lift of the map

(X̂êi , x̂i) ↠ (Xe, x)
∂e
±
ÐÐ→ (Xv

±, ∂e
±(x))

to X̂±v̂ which is minimal in the following sense: for every intermediate cover

(X̂êi , x̂i) ↠ (X ′e, x′) ↠ (Xe, x)

the map (X ′e, x′e) ↠ (Xe, x)
∂±eÐ→ (X±v , ∂±e (x)) does not lift to a map

(X ′e, x′) → (X̂v̂, ∂̂
±
êi
(x̂i)).

This is better illustrated in Example II.2.8. Finally, an elevation is a restriction of
this map to one of the X̂êi , and each elevation is an attaching map of X̂.

Our next goal is to explain how can one construct covering spaces of graphs of
spaces from a collection of covers of the different vertex spaces; such a construction
is reminiscent of assembling a jigsaw puzzle, and the following definition is essential
for explaining when two pieces can “interlock”.

Definition II.2.6. The degree of an elevation ∂±êi is the conjugacy class of π1(X̂êi)
in π1(Xe).
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Remark II.2.7. If π1(Xe) is abelian, conjugacy classes of subgroups contain a single
element, and the degree of an elevation can be simply thought of as π1(X̂êi) itself.
When Xe is a circle, the degree of ∂±êi can be thought of as the degree of the covering
map X̂êi →Xe.

Note that covers of different vertex spaces that are attached by an edge cylinder
in X can be attached by some edge cylinder in a cover X̂ of X if and only if the
corresponding elevations to X̂ have the same degree. The following example illustrates
how to assemble a covering space of a graph of spaces from covering spaces of the
vertices.

Example II.2.8. Consider the group G = ⟨a, b, a′, b′∣[a, b]2 = [a′, b′]2⟩. G admits
a graph of spaces decomposition X, where the two vertex spaces are surfaces with
boundary and the single edge space is a circle. This is better illustrated with the
following drawing:

Xe

Xv Xu×2↷×2↶

Figure II.1: A graph of spaces decomposition X of G. The “×2” inscriptions signify
that the attaching maps Xe → Xv and Xe → Xu wrap the boundary components of
Xv and Xu twice (and hence both of are degree two).

For illustrative purposes, we construct a cover X̂ of X from the ground up, that
is we construct covers of Xv, Xu and Xe that fit into commuting diagrams as in
Definition II.2.5 above. Each of Xv and Xu admit a 4-fold cover that is a surface
with two boundary components; we denote these by X̂v and X̂u. Each attaching map
admits four elevations with target in X̂v or X̂u, and each of these elevations is of
degree one. This information fits in the pullback diagram in Figure II.2.

Note that ⊔4
i=1 ∂̂

+
êi

indeed forms a pullback: any space that maps to both Xe and
X̂v̂ and fits in a suitable commuting diagram must factor through one of the four X̂êi .

It is left for us to choose a pairing between the two sets of elevations {∂̂+êi}1≤i≤4 and
{∂̂−êi}1≤i≤4; any pairing will yield a 4-fold covering space of X. In Figure II.3 below we
illustrate the geometric realization of one such possible 4-fold cover X̂.

We are now ready to define precovers, which are spaces that admit a construction
similar to that in Examples II.2.8 but are not covering spaces. These were first defined
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Xe Xv

⊔4
i=1 X̂êi X̂v̂

⊔4
i=1 ∂̂

+
êi

∂e
+

Figure II.2: A cover X̂v̂ of Xv, and the corresponding pullback diagram. Each of the
enlarged dots maps to another enlarged dot (of the same colour, when possible).

Figure II.3: The geometric realization of a 4-fold cover X̂ of X. For interpretability,
different edge cylinders appear in different colours.

by Gitik in [51], and the definition that we use first appeared in Wilton’s work [116].
Informally, a precover X ′ of X is a graph of spaces which partially covers X: the
vertex and edge spaces of X ′ cover those of X and the degrees of the two ends of
each attaching map coincide. A good picture to keep in mind when thinking of a
precover, is that of the core graph corresponding to a finitely generated subgroup
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of a free group; Lemma II.2.12 should make the analogy clearer. We begin with a
constructive definition of precovers:

Definition II.2.9. Let X be a graph of spaces. Construct another graph of spaces
X ′ in the following manner: let {X ′v′ →Xv} be a collection of covering maps of vertex
spaces of X and for each e ∈ E(Ξ) let {∂+e′i}i∈Ie and {∂−e′i}i∈Ie (where Ie is some indexing
set) be subsets of the elevations of ∂+e and ∂−e to ⊔v′Xv′ . Assume further that the
degrees of ∂+e′i and ∂−e′i

coincide for every e ∈ E(Ξ) and every i ∈ Ie. Now let X ′ be
the graph of spaces obtained by gluing the collection {X ′v′} along the attaching maps
{∂±e′i}. A graph of spaces obtained in this manner is called a precover of X. Note
that X ′ comes equipped with a locally injective map X ′ →X. Elevations of attaching
maps of X to X ′ which are not attaching maps of X ′ are called hanging elevations.

One can also use the following equivalent definition:

Definition II.2.10. Let X and X ′ be graphs of spaces. We say that X ′ is a pre-
cover of X if there is a locally injective map p′ ∶ X ′ → X that satisfies the following
properties:

1. if X ′v′ is a vertex space of X ′, then f ∣X′
v′

is a covering map that maps X ′v′ onto
some vertex space Xv of X;

2. similarly, if X ′e′ is an edge space of X ′, then f ∣X′
e′

is a covering map that maps
X ′e′ onto some edge space Xe of X;

3. for any attaching map ∂′e′
± ∶X ′e′ →X ′v′± , the following diagram commutes:

X ′e′

f ∣X′
e′

��

∂′
e′
±

// X ′v′±

f ∣X′
v′±

��

Xe
∂±e // Xv±

Example II.2.11. We keep the setting of Example II.2.8, and construct a precover
X ′ of X that is a closed and orientable surface of genus 9. Let X̂v̂ and X̂û be the
covers of Xv and Xu given in Example II.2.8, and note that all of the elevations of ∂e±

to X̂v̂ and X̂û are of degree 2; we choose two elevations ∂̂+ê1,2 to X̂v̂ and two elevations
∂̂−ê1,2 to X̂û and glue them together as in Figure II.4 below.
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Figure II.4: The precover X ′ is a closed and orientable surface of genus 9.

The key observation regarding precovers is that precovers of X give rise to sub-
groups of X: each precoverX ′ can be extended to a covering space by attaching pieces
that do not contribute additional information to the fundamental group, resulting in
a covering space with fundamental group π1(X ′). For the sake of completeness, we
include a proof of this assertion below:

Lemma II.2.12 ( [116, Proposition 2.19] and [119, Lemmas 15 and 16]). If X ′ is
a precover of X then the natural map X ′ → X can be extended to a covering map
X̂ → X such that the induced map π1(X ′) → π1(X̂) is an isomorphism. Therefore
the induced map π1(X ′) → π1(X) is injective.

Proof. Note that a precover without any hanging elevations is simply a cover; we will
therefore “cap off” each hanging elevation of X ′ and obtain the suitable cover X̂ of
X. Let ∂e′ ∶ X ′e′ → X ′v′ be a hanging elevation of an attaching map ∂e ∶ Xe → Xv of
X to X ′; we will attach another precover of X to X ′ via ∂e′ . Repeating this for all
hanging elevations to X ′ will result in the desired cover (if there are infinitely many
hanging elevations to X ′, one can simply take the corresponding ascending union).

Let X̂e′ be the covering space ofX with fundamental group π1(X ′e′), and recall that
it inherits a graph of spaces decomposition from X. This decomposition contains an
edge space with fundamental group π1(X ′e′). Detach the corresponding edge cylinder
by unidentifying its ends with their target in the vertex groups of X̂e′ , and note that
each connected component Y of the resulting space satisfies:

1. π1(Y ) = π1(X ′e′), and

63



2. there is a single hanging elevation ∂Y of either ∂e+ or ∂e− to Y (where ∂e± are
the two attaching maps corresponding to the edge e ∈ E(Ξ)).

Assume without loss of generality that ∂e′ is an elevation of ∂e+, and choose such Y

with ∂Y an elevation of ∂e− to Y . Glue Y to X ′ (note that the degree of ∂Y coincides
with that of ∂e′). This yields a precover X ′′ of X that extends X ′, and such that
the inclusion map X ′ → X ′′ induces a monomorphism of fundamental groups, as
desired.

The next subsection will focus on a certain kind of graphs of spaces: graphs of
graphs amalgamated along circles.

II.2.2 Graphs of free groups with cyclic edges

Graphs of free groups amalgamated along cyclic subgroups play a special role in the
study of limit groups: they are the groups which lie at the second level of the hierarchy
of a hyperbolic limit group, above free groups (for more details, see Subsection II.1.5).
These groups also admit a natural graph of spaces decomposition, where the vertex
spaces are graphs and the edge spaces are circles.

Remark II.2.13. Since the spine of a (connected) compact surface with boundary is a
(connected) finite graph, we will sometimes (when applicable) refer to vertex spaces of
such a graph of spaces decomposition as surfaces (with boundary), attached to other
vertices along boundary components. This is better illustrated in Example II.2.8.

Note that by Theorem II.1.62, every finitely generated subgroup of a limit group
is a local retract, and therefore quasiconvex (since a retract of a group can always be
quasi-isometrically embedded into the ambient group). Since quasiconvex subgroups
of hypebrolic groups are hyperbolic, the (fundamental groups of the) graphs of free
groups mentioned in the previous paragraph are hyperbolic themselves. We therefore
focus on hyperbolic graphs of free groups amalgamated along cyclic subgroups. Note
that since hyperbolic groups are finitely presented, these graphs of free groups must
have finitely generated vertex groups and a finite underlying graph.

Notation II.2.14. For abbreviation, we will refer to Hyperbolic fundamental groups
of Graphs of Free groups with infinite Cyclic edge groups as HGFC-groups.

We continue by mentioning a few separability properties of HGFC-groups; these
make HGFC-groups a convenient object to be working with, especially in the context
of constructing finite-sheeted covers and precovers. By work of Wise, HGFC-groups
admit nice separability properties:
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Theorem II.2.15 ( [123]). Let G be the fundamental group of a finite graph of finitely
generated free groups amalgamated along infinite cyclic subgroups. Then G is subgroup
separable unless there exists g ∈ G such that gn is conjugate to gm for n ≠ ±m. In
particular, if G is an HGFC-group, it is subgroup separable.

Hsu and Wise went on and showed in [68] that such groups are in fact virtually
compact special (the definition of a special group is highly technical and, apart for
its consequences in this context, does not play a role in this dissertation; we therefore
refer the reader to Haglund’s and Wise’s work [66] for the precise definition). The
benefits that follow from being virtually compact special include:

Theorem II.2.16 (follows from [66, Corollary 6.7 and Theorem 7.3]). Hyperbolic
compact special groups virtually retract onto their quasiconvex subgroups.

In addition, HGFC-groups enjoy the following property:

Theorem II.2.17 (follows from [18, Theorem D]). Every HGFC-group is locally
quasiconvex.

These together imply:

Corollary II.2.18. Let G be an HGFC-group. Then G has a finite-index subgroup
which admits local retractions.

Constructing precovers of (graphs of spaces associated to) HGFC-groups is one
of the main techniques used in Chapter V; in particular, we will be interested in
constructing precovers that are surfaces (or branched surfaces, in which the neigh-
bourhood of a point on the boundary of a vertex space is not isomorphic to a plane).
Recall that in Example II.2.8, we started with a graph of spaces that resembled a
surface, but its attaching maps were not homeomorphisms; that is, each attaching
map wrapped a boundary component of the surface multiple times. We “unwrapped”
these attaching maps in a finite cover, and as a result constructed a precover that was
homeomorphic to a closed surface in Example II.2.12. This is a common technique
used when working with graphs of free groups. In the next subsection we will prove
a standard lemma (Lemma II.2.28) that generalizes the constructions in Examples
II.2.8 and II.2.12.
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II.2.3 Peripheral structures and surface subgroups

In this subsection we discuss local-global interplay in graphs of free groups with cyclic
edge groups. In other words, we explore how the global properties in the group in
question are related to the local properties one sees when looking at a vertex and its
adjacent edges. Recall that a collection of non-trivial words w of a free group F is
called a multiword.

Definition II.2.19. A peripheral structure on a free group F is a set of pairwise
non-conjugate maximal cyclic subgroups of F .

Remark II.2.20. Note that every multiword w = (w1, . . . ,wn) gives rise to a peripheral
structure on F : for each wi pick a maximal cyclic subgroup Ci containing wi, and if
some Ci and Cj are conjugate simply remove one of them from the list. Sometimes
we will think of [w] as a collection of embedded circles in a graph Γ with π1(Γ) = F .

Notation II.2.21. We denote the peripheral structure induced by a multiword w in
F by [w]. We will refer to a free group accompanied by a peripheral structure as a
pair and denote this data by (F, [w]).

We remark that peripheral structures can be defined on any group (as a finite
collection of conjugacy classes of subgroups).

An important observation here is the following: ifG admits a splitting as a graph of
free groups with cyclic edge groups, then every vertex group Gv of G comes equipped
with a peripheral structure induced by the edge groups corresponding to the edges
adjacent to v.

Notation II.2.22. In the above setting, we denote the peripheral structure on Gv

by [wv]. We refer to the pair (Gv, [wv]) as the induced pair at v.

Since we will be interested in constructing finite-sheeted covers and precovers of
an HGFC-group G, we will also be interested in how peripheral structures behave
in such circumstances. Following the discussion in Subsection II.2.1 (and Wilton’s
work [119]), we define:

Definition II.2.23. Let [w] be a peripheral structure on a free group F , and let
F ′ be a finite-index subgorup of F . The induced pair for F ′ is the pair (F ′, [w′])
obtained from a pullback as in Definition II.2.5. Alternatively, one can think of [w′]
as the collection of conjugacy classes of maximal cyclic subgroups of F ′, that are
conjugate in F into one of the conjugacy classes in [w′].
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We continue by describing three types of pairs of particular interest:

Definition II.2.24. A pair (F, [w]) is said to be

• one-ended if F does not split freely relative to the elements of [w], that is, the
elements of [w] are hyperbolic in every free splitting of F ,

• rigid if the elements of [w] are hyperbolic in every cyclic splitting of F , and

• of surface type if there is a closed surface with boundary Σ and an isomorphism
F ≅ π1Σ which identifies [w] with the conjugacy classes of the cyclic subgroups
of π1Σ that correspond to ∂Σ.

Remark II.2.25. If (F, [w]) is of surface type, and the corresponding surface is Σ, we
will sometimes refer to (F, [w]) as (Σ, ∂Σ). If Σ is a thrice-punctured sphere, then
the pair (F, [w]) is also rigid; we will refer to pairs of this kind as pairs of surface
type and not as rigid pairs.

All of these types play a role when studying HGFC-groups through their induced
pairs at the different vertices; they will also appear in Subsection II.3 where we discuss
JSJ decompositions. A classical lemma that fits well with this theme is Shenitzer’s
lemma, which states that an amalgamated product of two free groups along an infinite
cyclic subgroup is free if and only if the edge group maps onto a primitive element in
one of the vertex groups. This was generalized by Wilton as follows:

Theorem II.2.26 (Relative Shenitzer’s Lemma: [119, Theorem 18] , see also [41,
Corollary 7.3] and [113, Main Theorem]). Let G be a finitely generated group which is
the fundamental group of a graph of groups with infinite cyclic edge groups. Then G is
one-ended if and only if each of its induced pair at the different vertices is one-ended.

Before proving a couple of related lemmas, we would like to introduce a “nor-
malization procedure” which, given a hyperbolic group G and a splitting of G as a
graph of free groups amalgamated along cyclic edges, outputs a different graph of
groups decomposition of G that will prove to be very convenient to work with. The
idea behind this procedure is not new, and it has been used before specifically in
the context of making JSJ decompositions canonical (we refer the reader to Section
II.3). We remark that a detailed algebraic description of Procedure II.2.27 below,
in the case where G is a free group, appears in [32, Section 2.4]; note that in our
context G is not necessarily a free group, but it does not exhibit any of the possible
obstructions mentioned in Cashen’s work. A more general approach towards making
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group splittings “canonical” can be found in Guirardel’s and Levitt’s work [64]. The
graph of groups decomposition described in Procedure II.2.27 below coincides with
the decomposition one obtains from [64, Example 3.1 and Subsection 4.1].

Procedure II.2.27. Let G be a hyperbolic group that splits as a finite graph of
finitely generated free groups amalgamated along cyclic subgroups, and let X be a
graph of spaces decomposition of G in which all of the vertex spaces are graphs (or
surfaces with boundary whenever the induced pair at a vertex is of surface type). We
will replace X with a graph of spaces that will satisfy the following:

1. the underlying graph is bipartite, with each edge connecting a non-cyclic vertex
(that is, a vertex with a non-cyclic vertex group) to a cyclic vertex (that is, a
vertex with a cyclic vertex group Z),

2. each cyclic vertex group is a maximal cyclic subgroup of G, and the degree (in
the underlying graph Ξ of X) of each cyclic vertex is at least 2,

3. for each non-cyclic vertex v consider the induced pair (Gv, [wv]); then for every
C ∈ [wv] there is exactly one edge incident to v whose edge group is mapped onto
C. In particular, for every edge e, the edge map that maps the corresponding
edge group Ge into a non-cyclic vertex Gv, maps Ge onto a maximal cyclic
subgroup of the vertex group.

To do so, we begin with a folding procedure: subdivide each edge space of X, adding
a cyclic vertex in the middle of the edge cylinder. Let e be an edge of the resulting
graph, connecting a non-cyclic vertex v to a cyclic vertex c. If the image of Ge in Gv is
not a maximal cyclic subgroup of Gv, we subdivide e edge yet again by adding another
cyclic vertex group c′; the two edges adjacent to c′ identify Gc′ with a maximal cyclic
subgroup of Gv, and Gc with a proper subgroup of Gc′ . This takes care of the second
part of item 3. above.

We next carry out a folding procedure iteratively, going over all non-cyclic vertices
of X one at a time: if for some Xv there are multiple edge cylinders with the same
image in Xv, we fold these edges and identify them to obtain a single edge; we are
also identifying the cyclic vertices lying at the other end of these edges in the process.
Note that in order to do so, we might need to “twist” the edge cylinders attached to
these cyclic vertices, so that the attaching maps that attach them to Xv line up. An
important thing to notice here, is that this folding is a homotopy equivalence. Since
all of the attaching maps are isomorphisms, the only obstruction one might encounter
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is the following: there are two edges that connect the same loop in Xv to a single
cyclic vertex Xc, and these are identified when we fold. Such a fold is clearly not a
π1-isomorphism. However, if a boundary component of some Xv is connected by two
edges to a cyclic vertex, it follows that G must contain Z2 or BS(1,−1) as a subgroup,
which is impossible since G is hyperbolic. We repeat this for every non-cyclic vertex
v ∈ V(Ξ). The resulting graph now satisfies conditions 2. and 3. above.

To finish, we still need to make the graph bipartite (as in 1. above): in the
beginning of the process, we (perhaps) divided some of the edges multiple times,
adding up to 3 cyclic vertices between two vertices of the original graph of spaces
decomposition X. However, note that if two cyclic vertices c and c′ are connected
by an edge, and both of the edge maps into Gc and Gc′ are not isomorphisms, then
G contains a Baumslag-Solitar subgroup contradicting the fact that it is hyperbolic.
Therefore, if any edge connects two cyclic vertices, it can be collapsed; collapsing all
such edges yields the desired decomposition.

We first use Procedure II.2.27 to generalize the “unwrapping technique” from Ex-
amples II.2.8 and II.2.12.

Lemma II.2.28. Let G be a group that splits as a finite graph of finitely generated free
groups amalgamated along infinite cyclic subgroups. If G is subgroup separable then
it admits a finite-index subgroup G′ that admits a graph of spaces decomposition X ′

with the three properties guaranteed in Procedure II.2.27, and in which the attaching
maps at each cyclic vertex are homeomorphisms.

Proof. We associate to G a graph of spaces X. Replacing X with the graph of spaces
decomposition of G obtained by applying Procedure II.2.27 gives a graph of spaces
that satisfies the first 3 properties described above.

We obtain the desired finite-index subgroup of G by using subgroup separability.
Note that if some edge inclusion into a cyclic vertex group is not an isomorphism, or
equivalently if an attaching map ∂e ∶ Xe → Xc into some cyclic vertex Xc of X is not
a homeomorphism, then the image of the generator of π1(Xe) under ∂e∗ ∶ π1(Xe) →
π1(Xc) is a proper power in π1(Xc).

Let D = {∂ei ∶ Xei → Xci}1≤i≤n be the (finite) list of all attaching maps into cyclic
vertices of X that are not homeomorphisms. For each i, denote by gi the generator
of π1(Xei). Note that ∂ei∗(gi) = g

ki
i generates a finite-index subgroup of π1(Xci),

and by Lemma I.3.13 there is a finite-index subgroup Gi of G in which gkii is not a
power. It follows that in the corresponding finite-sheeted cover Xi of X, there is an
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elevation of ∂ei that is a homeomorphism (and the fundamental group of its image in
the corresponding cyclic vertex is exactly ⟨gkii ⟩). In fact, in every finite cover of Xi

the elevation that corresponds to a power of gi must be an isomorphism.

Consider now the subgroup H = ⋂ni=1Gi; it is a finite-index subgroup of G, and
it admits a corresponding graph of spaces decomposition Y in which every elevation
that corresponds to a power of some gi must be an isomorphism. However, there can
be other elevations to Y (corresponding to conjugates of powers of gi in G, that are
not conjugate to a power of gi in H) that are not isomorphisms.

To resolve this, we simply pass to a normal cover. In such a cover, if one elevation
of some ∂ei is an isomorphism, then every elevation of ∂ei must be an isomorphism.
The normal cover that we take, is the one corresponding to the normal core of H,
that is we take

G′ = ⋂
g∈G

gHg−1.

Note that G′ is a finite index subgroup as the kernel of a map from G to a finite
symmetric group. More precisely, G′ is the kernel of the map G → Sym(G/H) (that
corresponds to the action of G on the left cosets of H by left multiplication).

Another simple observation is the following (cf. [120, Lemma 5.10]):

Lemma II.2.29. Let G be an HGFC-group. If for every vertex v of G the induced
pair (Gv, [wv]) is of surface type, then G has a surface subgroup (that is, a subgroup
that is isomorphic to the fundamental group of a closed, connected surface).

Proof. Note that since each induced pair is one-ended, G must be one-ended itself by
Lemma II.2.26. By Lemma II.2.28, up to replacing G with a finite-index subgroup,
we may assume that all of the attaching maps of G (or the corresponding graph of
spaces X) at cyclic are isomorphisms (or homeomorphisms); we may also assume
that each attaching map with target in a non-cyclic vertex space Xv identifies an
edge space with a boundary compoent of Xv. Note that all of the “singularities” (that
is, points that do not admit a neighborhood homeomorphic to the Euclidean plane)
in this graph of spaces are concentrated around cyclic vertices.

Therefore, if G is not a surface group itself, it follows that there is a cyclic vertex
space Xc with degree greater than 2 in the underlying graph Ξ of X. We will use this
to construct a precover X ′ of X that satisfies the properties described in Procedure
II.2.27, and in which every cyclic vertex space Xc has degree 2 in the underlying
graph Ξ of X. The geometric realization of X ′ will therefore be homeomorphic to a
closed, orientable hyperbolic surface, yielding a surface subgroup of G.
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We amass a collection of vertex spaces of X: we choose 2 copies of each sur-
face vertex space of X, and deg(c) copies of each cyclic vertex space Xc of X. Let
∂e ∶ Xe → Xv be an attaching map of X. If Xv is a surface vertex, there are two
hanging elevations in our collection of vertex spaces; these will be paired with hang-
ing elevations to cyclic vertex spaces. If Xv is a cyclic vertex, there are deg(v) such
hanging elevations. We can pair the hanging elevations, making sure that for every
cyclic vertex Xv of X, we pair exactly two elevations with targets in Xv. The resulting
precover X ′ is a closed surface, and each of its connected components yields a surface
subgroup of G.

One would probably expect that a graph of surfaces with boundary, attached along
their boundary components, must contain a surface subgroup. Surprisingly, Wilton
showed that the same holds for every HGFC-group. The proof is, unfortunately,
reaching far beyond the scope of this dissertation. We have mentioned local-global
interplay when studying graphs of free groups with cyclic edges, and Wilton’s proof
includes an additional layer of local-global interplay in which pairs now play the global
role (and Whitehead graphs, or links, at the different vertex spaces, form the local
pieces). It culminates in the use of linear programming techniques which allow one
to assemble multiple Whitehead graphs into a pair of surface type, and use these
pairs to construct a surface as in Lemma II.2.29. We remark that the formulation of
Wilton’s result that we state below is relatively complicated since we wish to avoid
using terminology that was not defined in this section.

Theorem II.2.30 ( [120, Theorem 5.11]). If (F = π1(Γ), [w]) is a one-ended pair,
then there exists a pair (Σ, ∂Σ) of surface type, that satisfies the following:

1. realizing (Σ, ∂Σ) as a graph accompanied by embedded loops, there is a combi-
natorial map f ∶ Σ→ Γ whose restriction to each component of ∂Σ is a covering
map that covers some wi,

2. f induces a monomorphism on fundamental groups,

3. for each wi and wj, the number of preimages of a point on wi under f coincides
with the number of preimages of a point on wj under f ,

4. the map f factors through an immersion

(Σ, δΣ) f
′
→ (F ′, [w′])

i

↬ (F, [w])

(where both maps above satisfy the properties of 1.) such that f ′ identifies ∂Σ
with [w′].

71



Corollary II.2.31 ( [120, Theorem A]). Every one-ended HGFC-group G has a
surface subgroup. This can be seen refining the corresponding graph of spaces X as
in Lemma II.2.29, replacing each non-cyclic vertex space by a pair of surface type
following Theorem II.2.30, and proceeding as in the proof of Lemma II.2.29.

II.3 JSJ decompositions

We conclude our background review with a brief overview of JSJ decompositions.
Roughly speaking, a JSJ decomposition of a group is a universal splitting, that serves
as a “dictionary” in which one can look up the different splittings of the group. The
different properties of JSJ decompositions often depend on the type of splittings that
one considers (that is, what are the edge groups that one allows in such splittings).
We will mention relevant results when the edge stabilizers are either finite (of bounded
cardinality) or two-ended. These results are used in Chapters III and V respectively.
We begin with the definition of a JSJ decomposition:

Definition II.3.1. Let G be a group, and let E be a family of subgroups of G that
is closed under conjugation and taking subgroups. A JSJ decomposition of G over E
is a tree T on which G acts, and which satisfies the following:

1. every edge stabilizer of the action G↷ T is in E ,

2. every edge stabilizer of the action G ↷ T is elliptic with respect to any action
of G on a tree T ′ with edge stabilizers in E ,

3. if an action of G on a tree S also satisfies condition 2. above, then there is a
G-equivariant map T → S.

Remark II.3.2. We also refer to the graph of groups corresponding to the action G↷ T

in Definition II.3.1 above as a JSJ decomposition of G (over E).

Example II.3.3. If E consists only of the trivial group, the Grushko decomposition
of a finitely generated group G is a JSJ decomposition of G over E .

We remark that a JSJ decomposition of a group G does not always exist. On the
other hand, if a JSJ decomposition of G exists, it is not necessarily unique. In some
cases, and in particular when G is finitely presented, all of its JSJ decompositions
(over the same class of elliptic subgroups E) are related, and can be seen as points in
a space called the JSJ deformation space. We refer the curious reader to [65, Section
2.3].
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A general strategy for constructing a JSJ decomposition of a group G over a family
of elliptic subgroups E is the following: take a splitting G of G over groups in E ; look
at the vertex groups of this splitting, and take splittings of these vertex over E in
which the edge groups of G are elliptic. Repeat this process. It is not clear that this
process comes to an end, and a common way to show that it must terminate is using
accessibility arguments.

Definition II.3.4. A group G is accessible with respect to a family of subgroups
E if there is a bound on the number of edges that can appear in a graph of groups
decomposition of G with edges in E (assuming that the decomposition is reduced).

One of the first accessibility results was proved by Linnell [77, Theorem 1], and it
states the following: let C ∈ N, then every finite group G is accessible with respect to
the family EC of finite subgroups of G of order at most C. This implies:

Corollary II.3.5. Let G be a finitely generated group and let C ∈ N. Then there
exists a JSJ decomposition of G over the family EC of finite subgroups of G of order
at most C.

This result will be used in Chapter III. We conclude by mentioning two additional
versions of JSJ decompositions in which the family of elliptic subgroups consists of
infinite cyclic groups. Unlike other JSJ decompositions mentioned above, these JSJ
decompositions are canonical (which means that their construction is invariant under
taking an automorphism of the group). They are both obtained by studying cut
points in the boundary (or a boundary-like space) of the group in question. The
first theorem we mention was proved by Bowditch, and it deals with splittings of
one-ended hyperbolic groups relative to two-ended subgroups. We state a simpler
version, for torsion-free groups, in which the elliptic subgroups are all isomorphic to
Z.

Theorem II.3.6 ( [20, Theorem 0.1]). Let G be a one-ended, torsion-free hyperbolic
group and let E be the family of all infinite cyclic subgroups of G. Then G admits a
canonical JSJ-decomposition G over E satisfying the following properties:

1. each vertex group of G is of one of the following types:

• cyclic, that is Gv ≅ Z,

• surface type, for which the induced pair (Gv, [wv]) is of surface type,
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• rigid, that is the vertex group does not admit a cyclic splitting relative to
the adjacent edge groups.

2. the graph is bipartite, with edges adjoining cyclic vertices to non-cyclic vertices.

Theorem II.3.7 ( [32, Theorem 4.25]). Let F be a free group, let w be a multiword
in F and let E be the family of all infinite cyclic subgroups of F . Then there is a
canonical relative JSJ decomposition F of F over E relative to w (that is, a maximal
universal splitting with respect to all splittings of F in which the elements of w are
elliptic) satisfying the following properties:

1. each vertex group of F is of one of the following types:

• cyclic, that is Fv ≅ Z,

• surface type, for which the induced pair (Fv, [wv]) is of surface type,

• rigid, for which the induced pair (Fv, [wv]) is rigid.

2. the graph is bipartite, and each edge adjoins a cyclic vertex to non-cyclic vertex.

3. if Fv is a non-cyclic vertex group, then the adjacent edge groups map onto
maximal cyclic subgroups of Fv that are non-conjugate in Fv.

As mentioned earlier, note that the structure of these JSJ decompositions is similar
to the graph of groups decomposition obtained in Procedure II.2.27. This normaliza-
tion process is what makes these splittings canonical.

Remark II.3.8. With both of these theorems, it follows that if G splits over ⟨g⟩ (or F
splits over ⟨g⟩ relative to w) then g is conjugate into a cyclic or a surface type vertex
of the JSJ decomposition. In addition, if G is a one-ended, torsion-free HGFC-group
and v ∈ V(G) is a rigid vertex in its canonical JSJ decomposition obtained from
Theorem II.3.6, then Gv is a free group and the induced pair (Gv, [wv]) is rigid.
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III
Formal solutions and the

first-order theory of
acylindrically hyperbolic groups

M
erzlyakov’s theorem about the first-order theory of
non-abelian free groups is often considered as the first
milestone in the study of the logic of free groups. We

generalise Merzlyakov’s theorem to all acylindrically hyperbolic
groups, a vast class of groups that is yet to be studied from a
model-theoretic point of view. As a corollary, we deduce that
if G is an acylindrically hyperbolic group and E(G) denotes
the unique maximal finite normal subgroup of G, then G and
the HNN extension G∗̇E(G), which is simply the free product
G ∗ Z when E(G) is trivial, have the same ∀∃-theory. As a
consequence, we confirm the following conjecture, formulated
by Casals-Ruiz, Garreta and de la Nuez González: acylindrically
hyperbolic groups have trivial positive theory. In particular, one
recovers a result proved by Bestvina, Bromberg and Fujiwara,
stating that, with only the obvious exceptions, verbal subgroups
of acylindrically hyperbolic groups have infinite width.

We begin with a quick reminder of some preliminary notions appearing in Chapters
I and II.

Definition III.0.1. A group G is said to be acylindrically hyperbolic if it admits a
non-elementary and acylindrical action on a hyperbolic space X: for every ε ≥ 0 there
exist N > 0 and R > 0 such that for every x, y ∈X satisfying d(x, y) ≥ R,

∣{g ∈ G ∣ d(x, gx) ≤ ε and d(y, gy) ≤ ε}∣ ≤ N.
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Remark III.0.2. As mentioned in Section I.2, we can, and therefore will, always assume
that X is a graph.

Recall that a limit group L over a group G is obtained from a sequence of ho-
momorphisms Hom(H,G)N (where H is a finitely generated group) by taking the
quotient of H by the stable kernel associated to the sequence,

ker←Ðω((φn)n∈N) = {g ∈H ∣ g ∈ ker(φn)ω-almost surely}.

Fixing a finite generating set S of H, we associate a scaling factor to every mor-
phism in the sequence (φn)n∈N, defined by

∣∣φn∣∣ =min
y∈X

max
s∈S

d(y,φn(s)y).

Note that X is a simplicial graph, so the scaling factor above is well-defined.

If the limit group is divergent, that is if limω(∣∣φn∣∣) = ∞, then L comes armed with
a limiting action on a real tree T . We refer to Subsection II.1.3 for further details
about the construction of T . The vast majority of this chapter revolves around
studying such actions of limit groups on their limiting R-trees.

III.1 Decompositions of limit group and approxima-
tions

We focus our attention on divergent limit groups over an acylindrically hyperbolic
group G. A group acting on a simplicial tree admits a graph of groups decomposition,
but the same is not always true for a group acting on a real tree. In the first half of
this section, we gather a few results that imply that divergent limit groups over G
do split (for a related discussion, see Subsection II.1.5). We also give a description of
this action, that is commonly known as the output of the Rips Machine.

In the second half of this section, we introduce approximations of limit groups
over G. Since G is not necessarily equationally Noetherian, the defining sequence
Hom(H,G)N of a limit group L over G does not necessarily factor through L (ω-
almost surely); see Subsection II.1.4 for additional details. We therefore seek to
approximate L by finitely presented groups (through which Hom(H,G)N will factor
ω-almost surely), that admit splittings which mimic the different splittings of L.
This is an important ingredient in the next section, Section III.1.4, where we prove a
version of Sela’s shortening argument for acylindrically hyperbolic groups.

Before getting down to the matter at hand, we give a brief overview of relative
group presentations as these will appear frequently throughout this chapter.
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III.1.1 Relative group presentations

A relative presentation of a group G with respect to a subgroup H ⊂ G and a subset
X ⊂ G is a presentation of the form

G = ⟨H,X ∣ R⟩,

which is obtained from H by adding the set of generators X and the set of relations
R. Thus G = (H ∗ F (X))/⟨⟨R⟩⟩, where F (X) is the free group on X and ⟨⟨R⟩⟩ is
the normal closure of R in H ∗F (X). In the case where the set R is finite, one says
that G is finitely presented relative to H.

III.1.2 Graphs of actions and the Rips machine

Under certain conditions, a group acting on a real tree splits as a graph of actions.
This splitting endows the group with an action on a simplicial tree which is generally
easier to understand than an action on a real tree. Groves and Hull proved in [57]
that divergent limit groups over acylindrically hyperbolic groups (along with their
canonical actions on real trees) satisfy the desired conditions which are required to
invoke Guirardel’s version of the Rips machine (see [62]). We present the relevant
definitions and results from both works. For a more penetrating discussion about the
Rips machine, we refer the curious reader to [62].

Definition III.1.1. [62, Definition 1.2] A graph of actions G consists of:

1. an underlying graph of groups A = (A, (Av)v∈V(A), (Ae)e∈E(A), (ie)e∈E(A)),

2. a collection of real trees (Tv, dv)v∈V(A) such that Av acts on Tv,

3. a collection of points (pe ∈ Tt(e))e∈E(A) such that every pe is fixed by ie(Ae),
called attaching points,

4. a function ℓ ∶ E(A) → R≥0 assigning lengths to the edges of A, and such that
ℓ(e) = ℓ(e) for every e ∈ E(A).

We usually present the information above as a tuple and write

G = G(A) = (A, (Tv)v∈V(A), (pe)e∈E(A), ℓ) .

A graph of actions G(A) enables one to canonically construct a real tree TG on
which G = π1(A) acts: replace each vertex ṽ of the Bass-Serre tree TA corresponding
to A by a copy of Tv (where v is the image of ṽ under the quotient map q ∶ TA →
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G/TA = A), and replace any edge ẽ of TA by a segment of length ℓ(e) (where e = q(ẽ)).
We also ask that if t(ẽ) = ṽ in TA then t(ẽ) = p̃e in TG, that is we attach the tree
Tv via the attaching point pe. The action of π1(A) on TA extends naturally to an
action π1(A) ↷ TG. We next define notions of stability concerning group actions on
real trees which will allow us to describe the output of the Rips machine.

Definition III.1.2. Suppose that L is a group acting on a real tree T .

1. A subtree T ′ ⊂ T is called stable if for every non-degenerate subtree T ′′ ⊂ T ′,
the pointwise estabilizers of T ′ and T ′′ coincide, that is StabL(T ′) = StabL(T ′′).
Otherwise, T ′ is called unstable. An action on a real tree is stable if any non-
degenerate arc contains a non-degenerate stable subarc.

2. The action L↷ T is said to satisfy the ascending chain condition if for any se-
quence of nested arcs I1 ⊃ I2 ⊃ ⋯ in T whose lengths tend to 0, the corresponding
sequence of stabilizers StabL(I1) ⊂ StabL(I2) ⊂ ⋯ eventually stabilizes.

We are now ready to state a relative version of the Rips machine; we remark that
we use the term relative, because the decomposition is taken relative to a subgroup U .
Further information about relative group presentations appears in Subsection III.1.1.

Theorem III.1.3. [62, Theorem 5.1] Let L be a group acting minimally and non-
trivially on a real tree T by isometries. Let U be a subgroup of L such that L is
finitely generated over U and such that U fixes a point in a real tree T on which
L acts. Assume in addition that the action of L on T satisfies the ascending chain
condition, and that for any unstable arc I ⊂ T ,

1. StabL(I) is finitely generated, and

2. StabL(I) is not a proper subgroup of any conjugate of itself.

Then one of the following holds.

1. L splits over the stabilizer of an unstable arc and U is contained in one of the
factors.

2. L splits over the stabilizer N of an infinite tripod and U is contained in one of
the factors, and the normalizer of N contains a non-abelian free group generated
by two hyperbolic elements whose axes do not intersect.

3. The action L↷ T decomposes as a graph of actions RL where each vertex action
is either
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(a) simplicial: a simplicial action on a simplicial tree,

(b) of Seifert-type: the action of Lv has kernel Nv and the faithful action of
Lv/Nv is dual to an arational measured foliation on a compact 2-orbifold
with boundary,

(c) or axial: Tv is a line, and the image of Lv in Isom(Tv) is a finitely gener-
ated group acting with dense orbits on Tv.

We are (obviously) interested in decompositions of divergent limit groups over
acylindrically hyperbolic groups; the following lemma that appears in [57], also known
as the stability lemma, implies that such limit groups do indeed satisfy the stability
conditions required for applying Theorem III.1.3. Recall that L is a divergent limit
group with defining sequence of homomorphisms (φn)n∈N ∈ Hom(H,G)N. In the
following lemma, δ denotes the hyperbolicity constant of a hyperbolic space on which
G acts acylindrically and non-elementarily, and N and R denote the acylindricity
constants appearing in Definition I.2.2.

Lemma III.1.4 ( [57, Lemma 4.7]). There is a constant C depending only on δ, N
and R such that the action of L on the corresponding real tree T satisfies the following
conditions.

1. If A ⊂ L stabilizes a non-trivial arc of T , or if A preserves a line in T and fixes
its ends, then A is an extension of an abelian group by a finite group of order
≤ C.

2. The stabilizer of a tripod in T is of order ≤ C.

3. The stabilizer of an unstable arc I ⊂ T is of order ≤ C.

4. If K ⊂ L is locally stably elliptic, that is for every finitely generated subgroup
K ′ ⊂ K, the action of φn(K̃ ′) (where K̃ ′ is a lift of K ′ to H) on Xn is elliptic
ω-almost surely, then the order of K is ≤ C.

Corollary III.1.5. The fact that stabilizers of unstable arcs are finite implies that the
action of L on T satisfies the ascending chain condition and the rest of the conditions
required for Theorem III.1.3. Hence if L does not split non-trivially over a finite
subgroup of order ≤ C, it must split as a graph of actions as in Theorem III.1.3.
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III.1.3 Approximations of limit groups

We keep the notation from the previous subsection, that is G is a group that admits
an acylindrical and non-elementary action on a δ-hyperbolic simplicial graph (X,d)
and L is a limit group with defining sequence (φn)n∈N ∈ Hom(H,G)N, where H is a
finitely generated group; we also assume that the sequence (φn)n∈N is divergent.

Standing Assumption III.1.6. In what follows, we assume that H is finitely pre-
sented over an infinite finitely generated (but not necessarily finitely presented) sub-
group U ⊂ H. We denote by S a finite generating set of H. In addition, we suppose
that U acts elliptically on the limiting tree T , and that the restriction of the limit map
φ∞ to U is injective, which allows us to identify U with its image under φ∞.

In this subsection, we aim to prepare the grounds for proving a version of the
shortening argument for acylindrically hyperbolic groups (slightly different from the
version proved in [57] by Groves and Hull). First, let us recall that the group G is not
equationally Noetherian in general. Therefore, the sequence (φn ∶H → G)n∈N defining
the G-limit group L does not factor through the quotient map φ∞ a priori. This
is a major obstacle to generalising the standard proof of the shortening argument,
since we cannot rely on the splitting of L as a graph of actions outputted by the
Rips machine in order to shorten the morphisms of the sequence. Before we explain
our approach for overcoming this difficulty (which is, in some sense, similar to the
approach taken in [57, Lemma 6.3], coming from [106, Theorem 3.2]), we begin by
defining approximations of limit groups.

Definition III.1.7. Given a finite set of relations R ⊂ ker(φ∞), we define the R-
approximation A of L as A =H/⟨⟨R⟩⟩. In general, we call a group A obtained in this
manner an approximation of L.

Remark III.1.8. Since the set R is a subset of ker(φ∞), the action of H on the limiting
tree T gives rise to an action of A on T . Both quotient maps H ↠ A and A↠ L are
equivariant with respect to the corresponding actions on T .

Our motivations for introducing approximations of limit groups are the following.

1. Since H is finitely presented over U (see Standing Assumption III.1.6), every
R-approximation A of L is finitely presented over U . Therefore, the homomor-
phisms in the sequence (φn ∶ H → G)n∈N factor ω-almost surely through the
quotient map q ∶ H ↠ A (since each of the defining relations in the finite pre-
sentation of A over U is mapped to 1 under φn ω-almost surely). We will denote
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the maps arising from this factorization by θn, that is φn = θn ○ q, and refer to
the corresponding limit map by either θ∞ ∶ A ↠ L or simply π ∶ A ↠ L. This
factorization will be crucial in our proof of the general version of the shortening
argument.

2. Suppose that L admits a nice splitting as a graph of groups (below we give a
list of such splittings). We will see that, provided that the finite set of relations
R ⊂ ker(φ∞) is carefully chosen, the approximation A admits a splitting that
mimics the splitting of L, in a precise sense.

In the proof of the shortening argument, as well as in the proof of Merzlyakov’s
theorem, we will consider different splittings of L:

● if L splits non-trivially relative to U over a finite subgroup of order ≤ C (the
constant appearing in Lemma III.1.4), a reduced JSJ splitting of L relative to
U over finite subgroups of order ≤ C (see Section II.3 and Definition II.3.1),
denoted by JL (see Proposition III.1.11 and Corollary III.1.13);

● if L does not split non-trivially relative to U over a finite subgroup of order
≤ C, a splitting of L as a graph of actions outputted by the Rips machine
as in Theorem III.1.3, denoted by RL (see Proposition III.1.11 and Corollary
III.1.14). This is our main motivation for approximating limit groups;

● more generally, a splitting RJL of L obtained from JL by replacing the unique
vertex u fixed by U with RLu (see Proposition III.1.11 and Corollary III.1.15).

Before we construct approximations of L equipped with splittings that mimic one
of the aforementioned splittings, we define with more details the sense in which an
approximation of L mimics a certain splitting.

Definition III.1.9. Let A be an approximation of L as in Definition III.1.7. Let
π ∶ A↠ L be the natural epimorphism (obtained by quotienting out by the image of
ker(φ∞) in A). Suppose that L splits as a finite graph of groups SL. We say that A
is an SL-approximation of L if the following four conditions hold:

1. A splits as a graph of groups SA with the same underlying graph as SL, and in
which all the edge groups are finitely presented and all the vertex groups are
finitely presented (relative to U);

2. π induces an isomorphism of graphs, denoted by f , between the underlying
graph of SA and the underlying graph of SL;
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3. if i ∶ Ae ↪ Av denotes the inclusion of an edge group of SA into an adjacent
vertex group, and j ∶ Lf(e) ↪ Lf(v) denotes the corresponding inclusion in the
graph of groups SL, then the following diagram commutes:

Ae Av

Lf(e) Lf(v)

i

π π

j

4. π maps every edge group Ae of SA into the corresponding edge group Lf(e) of
SL.

For readability, we omit the isomorphism f and denote the vertex f(v) and the edge
f(e) by v and e respectively.

Remark III.1.10. The second and third conditions in the definition above can be
phrased, equivalently, as follows: there exists a π-equivariant isomorphism of graphs
between the Bass-Serre trees of the splittings SA and SL.

A similar method of approximating limit groups appears in [106, Theorem 3.2]
(see also [56], [97, Lemma 6.1] and [57, Lemma 6.3]). Note that in these papers, in
the process of approximating a limit group, one constructs countably many approx-
imations; each of them approximates the limit group L to a greater extent than its
predecessors. In addition, one does not obtain a concrete approximation of L catered
to satisfy a desired property. Below we give an alternative construction, which ap-
proximates (only) a specific properties of the limit group L and use it to approximate
the properties required for the proofs of the shortening argument and Merzlyakov’s
theorem.

Proposition III.1.11. Suppose that L splits as a graph of groups SL in which all
the edge groups are virtually abelian. Then there exists an SL-approximation A of L,
which in addition satisfies the following two properties.

1. If Le is a finitely generated edge group of SL, then the quotient map π ∶ A↠ L

is an isomorphism.

2. Let Lv be a vertex group of SL; if all the edge groups of SL adjacent to Lv are
finitely generated, then the quotient map π ∶ A↠ L maps Av onto Lv. Moreover,
if Lv is finitely presented (relative to U), then the map π∣Av ∶ Av → Lv is an
isomorphism.
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In addition, for any finite set of relations F ⊂ ker(φ∞), we can choose the approxi-
mation A such that the image of F in A is trivial.

Proof. We choose to construct the vertex and edge groups of SA before constructing
the group A itself. By doing so, we hope to give the reader a better understanding
of the structure of the approximation A. Since the proof of this proposition is quite
intricate, we divide it into four steps.

Step 1. We begin by fixing explicit presentations of the edge and vertex groups
of the graph of groups SL that will be used throughout the proof. Since L is finitely
generated, every vertex group Lv of SL is finitely generated relative to its adjacent
edge groups. Fix a presentation ⟨S ∣ PU ∪ P ⟩ of H, where PU consists of relations
involving only elements from U and P is finite. We also fix a finite generating set XU

of U .

For each edge e ∈ E(SL), fix a presentation ⟨Xe ∣ Re⟩ of the edge group Le. If
Le is finitely generated (and hence finitely presented, as a virtually abelian group),
we choose this presentation to be finite. Note that otherwise, Xe and Re are both
infinite. Then, for each vertex v ∈ V(SL), fix a presentation of the vertex group Lv of
the form

⟨Xv = Yv ∪Xv
e1 ∪⋯ ∪Xv

env
∣ Rv = Qv ∪Rv

e1 ∪⋯ ∪Rv
env
⟩,

where

• e1, . . . , env are the edges adjacent to v in the underlying graph of SL;

• each ⟨Xv
ei
∣ Rv

ei
⟩ is a copy of the corresponding edge group within Lv.

• Recall that L is finitely generated; therefore, Lv is finitely generated relative to
its adjacent edge groups. Hence, the set Yv can be chosen to be finite (and if
Lv contains U we choose Yv to be the union of XU and a finite set).

• Qv is a (possibly infinite) set of relations.

In addition, we fix a presentation of L as the fundamental group of SL, that is

L = ⟨ ⋃
v∈V(SL)

Xv ∪ {te, e ∈ E}
RRRRRRRRRRR
⋃

v∈V(SL)
Rv ∪R⟩

where

• E = E(SL)/TSL for a spanning subtree TSL of the underlying graph of SL, and
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• R is a (possibly infinite) set of relations which includes relations of two types:

– relations which identify the set of generators Xe of the edge group Le with
their images in the adjacent vertex groups whenever e ∈ TSL .

– relations of the form t−1e ie(xe)te = ie(xe) where e ∈ E, xe ∈Xe and the maps
ie and ie are the inclusion maps of the edge group Le into the adjacent
vertex groups.

Step 2. Having fixed the relevant presentations, we seek to pick a finite set
XL ⊂ ⋃v∈V(SL)Xv ∪ {te, e ∈ E} that generates L (relative to U). The elements in
XL will be used to define the vertex and edge groups of SA. We choose XL to be
extensive enough so that each of the relations in the finite set φ∞(P ∪ F) can be
written as a product of conjugates of relations from the presentation of L above as
the fundamental group of SL, involving only elements from XL.

For every s ∈ S, write φ∞(s) as a product of generators appearing in the presenta-
tion of L above. Let XS be the finite subset of the generating set ⋃v∈V(SL)Xv∪{te, e ∈
E} of L composed of the generators appearing in these products.

Similarly, each relation r in the finite set φ∞(P ∪F) can be written as a product
of conjugates of relations appearing in the presentation of L above. Let RL be the
finite set of relations that participate in such products, and let XR be the finite subset
of ⋃v∈V(SL)Xv ∪ {te, e ∈ E} which consists of all the generators of L participating in
the products of conjugates of relations from RL described above.

Lastly, let XL =XS ∪XR.

Step 3. We finally construct the edge and vertex groups of the splitting SA. For
every e ∈ E(SL) we define Ae as follows: if Le is finitely generated (and hence, finitely
presented), let Ae = Le. We fix an alternative notation for the finite presentation of
Ae: ⟨X ′e ∣ R′e⟩. If Le is not finitely presented, let Ae be the subgroup of Le generated
by Le∩XL; note that Ae is finitely presented (as a finitely generated virtually abelian
group) and fix a finite presentation ⟨X ′e ∣ R′e⟩ of Ae. Up to modifying the original
presentation of Le, we may assume that X ′e is a subset of Xe.

For every v ∈ V(SL) we define Av as follows: if Lv is finitely presented over U , we
let Av = Lv (and fix an alternative notation for the presentation of Av: ⟨X ′v ∣ R′v⟩);
otherwise, we set Av to be the group admitting the following presentation:

⟨X ′v = Yv ∪ (X ′e1)v ∪⋯ ∪ (X ′env
)v ∣ R′v = Q′v ∪⋯ ∪ (R′env

)v⟩,

where

84



• e1, . . . , env are the edges adjacent to v in the underlying graph of SL;

• Yv is as in the presentation of Lv;

• each ⟨(X ′ei)v ∣ (R′ei)v⟩ is a copy of Aei within Av;

• if Lv does not contain U , one has Q′v = Qv ∩RL if Qv is infinite, and Q′v = Qv

otherwise. If Lv contains U , we pick Q′v in the same manner, but include in
Q′v the (possibly infinite) subset of Qv which consists of relations involving only
elements from U .

Recall that R is the set of relations from the presentation of L above. Let R′

be the finite set of relations which involve only the generators X ′e of Ae for each
e ∈ E(SL). Let R = ⋃v∈V(SL)R′v∪R′, where all of the relations in the union are written
with the letters of the generating set S of H. Note that R is finite. Now, let A be
the R-approximation of L, that is define A =H/⟨⟨R⟩⟩.

Step 4. We now show that A satisfies the desired properties. First, note that A
admits the presentation ⟨S ∣ PU ∪ P ∪R⟩ in the generators of H. By expressing this
presentation in terms of the generators of XL, we obtain the following presentation
of A:

A = ⟨ ⋃
v∈V(SL)

X ′v ∪ {te, e ∈ E}
RRRRRRRRRRR
RL ∪R⟩ .

But since RL is contained in R by definition of the R′v, one can omit RL in the
previous presentation of A. Hence, A is simply the fundamental group of the graph
of groups SA obtained from SL by replacing each vertex group Lv with the group Av,
and each edge group Le with the group Ae. In addition, all of the relations in F hold
in A. This shows that condition (1) of Definition III.1.9 holds.

Next, note that the map π′, defined by mapping each generator in the presentation
of A above to the corresponding generator in the presentation of L as the fundamental
group of SL, coincides with the natural epimorphism π ∶ A ↠ L obtained by quoti-
enting out the image of ker(φ∞) in A. Indeed, denote by q the quotient map H ↠ A

and observe that for every s ∈ S one has π′ ○ q(s) = φ∞(s); this implies that π′ = π.
Last, properties (2), (3) and (4) appearing in Definition III.1.9 are clearly satisfied.

To finish, let us check that properties 1. and 2. of Proposition III.1.11 hold: for
property 1., recall that whenever an edge group Le of SL is finitely generated, we
defined Ae to be Le. For property 2., recall that if all the edge groups adjacent to a
vertex group Lv of SL are finitely generated, then the generators X ′v of Av correspond
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to the generators Xv of Lv. This implies that the restriction of the map π ∶ A ↠ L

to Av is a surjection. If in addition Lv is finitely presented (over U), then Av and Lv
admit the same presentation and π maps Av isomorphically to Lv.

Remark III.1.12. Suppose that L admits a splitting SL, and let {h1, . . . , hk} be a
finite set of elements of L. Write each element hi as a product si,1⋯si,mi

of generators
appearing in the presentation of L as the fundamental group of SL. By choosing
the finite set of relations F in Proposition III.1.11 above wisely, we can make sure
that L has an SL-approximation A such that each hi has a preimage ai in A that
admits the same decomposition as hi as a product of generators. More precisely, let
h̃i, s̃i,1, . . . , s̃i,mi

be lifts of hi, si,1, . . . , si,mi
to H, for 1 ≤ i ≤ k. Let

F = {h̃−1i s̃i,1⋯s̃i,mi
, 1 ≤ i ≤ k} ⊂ ker(φ∞),

and let A be an SL-approximation of L in which the relations in F hold. Then by
Proposition III.1.11 above, all of the generators si,j appear in the presentation of A
as the fundamental group of SA, and the image of hi in A can be simply written
as si,1⋯si,mi

. We will use this method in our proof of the general version of the
shortening argument.

We now deduce from Proposition III.1.11 a series of three corollaries.

Corollary III.1.13. Suppose that L admits a splitting SL in which all the edge groups
are finite (for instance, SL can be a reduced JSJ splitting of L relative to U over finite
subgroups of order ≤ C, denoted by JL). In this case, all the vertex groups of SL are
finitely generated. Then there exists an SL-approximation A of L, whose splitting is
denoted by SA, such that SA and SL share the same edge groups, and the vertex groups
of SA surject onto those of SL.

Proof. Since edge groups of SL are finite, they are virtually abelian and finitely gener-
ated. Thus the existence of A is an immediate consequence of Proposition III.1.11.

As mentioned earlier, the main motivation for defining approximations of limit
groups is to approximate in an accurate manner splittings of L as a graph of ac-
tions outputted by the Rips machine III.1.3. The following lemma proves that the
approximations given by Proposition III.1.11 capture many of the properties of such
splittings.

86



Corollary III.1.14. Suppose that L does not split non-trivially over a finite subgroup
of order ≤ C, and let RL be a splitting of L as a graph of actions outputted by the
Rips machine. Let A be an RL-approximation of L given by Proposition III.1.11 and
let RA denote its splitting. Then the following hold:

1. every edge group of RA is finitely presented and virtually abelian, and the quo-
tient map π ∶ A↠ L maps every edge group of RA into the corresponding edge
group of RL;

2. if Lv is a simplicial vertex group of RL and Av is the corresponding vertex group
of RA, then π maps Av onto a finitely generated (relative to U) subgroup of Lv;

3. if Lv is a Seifert-type vertex group of RL and Av is the corresponding vertex
group of RA, then π maps Av isomorphically to Lv;

4. if Lv is an axial vertex group of RL and Av is the corresponding group of RA,
then Av is finitely presented (relative to U) and virtually abelian, and π maps
Av into Lv.

Proof. Recall that the edge groups of RL are virtually abelian, and that each edge
group Ae of RA is finitely presented (condition (1) in Definition III.1.9). We also have
that π maps Ae into the corresponding edge group Le (condition (4) in Definition
III.1.9). Hence, Ae is virtually abelian and the first assertion above holds.

Next, note that the second assertion is an immediate consequence of the construc-
tion of A in Proposition III.1.11.

For 3., let Lv be a Seifert-type vertex group of RL. Note that Lv is finitely
presented (relative to U). We will prove that π maps the corresponding vertex group
Av of RA isomorphically to Lv. By the second assertion of Proposition III.1.11, it is
enough to show that Lv does not contain infinitely generated abelian subgroups, and
thus that all the edge groups adjacent to Lv are finitely generated. This follows from
the following easy observation: since Lv is a Seifert-type vertex group, it is hyperbolic,
and therefore all of its abelian subgroups are virtually cyclic.

Lastly, for 4., note that any subgroup of Lv which is finitely generated (relative to
U) is finitely presented (relative to U) since Lv is virtually abelian. This implies that,
as part of the construction of Av in the proof of Proposition III.1.11, Av is in fact a
subgroup of Lv which is finitely presented (relative to U) and π maps Av injectively
to Lv.
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The last corollary is a combination of Corollaries III.1.13 and III.1.14, and it can
be proved in a similar way.

Corollary III.1.15. Let JL be a reduced JSJ splitting of L over finite groups of
order ≤ C relative to U , and let RJL be a splitting of L obtained from JL by replacing
the unique vertex u fixed by U with RLu. Note that Lu can be viewed as a limit
group whose defining sequence of homomorphisms is (φn∣Hu)n∈N, where Hu denotes a
finitely generated subgroup of H that contains U and such that φ∞(Hu) = Lu. Then
any RJL-approximation A of L outputted by Proposition III.1.11 admits a splitting
RJA satisfying the following conditions.

1. Denote by RAu the subgraph of RJA which corresponds to the subgraph RLu of
RJL. Denote by Au the fundamental group of RAu and note that Au is a lift of
Lu to A. Then Au is an RLu-approximation of Lu. Furthermore, the splitting
RAu of Au enjoys the properties described in Corollary III.1.14.

2. Let JA be the splitting of A obtained by collapsing the subgraph RAu of RJA to
a point. Then A, equipped with the splitting JA, is a JL-approximation of L.

Remark III.1.16. Note that the splitting RJL is not unique in general since the finite
edge groups adjacent to the vertex u in JL may fix several vertex groups in the splitting
RLu of Lu.

III.1.4 The shortening argument

The shortening argument encompasses a wide array of results, all of which share a
similar nature: shortening homomorphisms. The classical result asserts that given a
sequence of homomorphisms from a finitely generated group to another group from
a certain class, either one can shorten the homomorphisms (in some sense), or the
stable kernel of the sequence is non-trivial. For the class of acylindrically hyperbolic
groups, a version of the shortening argument is proven in [57, Theorem 5.29]. In this
section, we provide two additional versions of this result which will help us deal with
inequalities in the proof of Merzlyakov’s theorem. We first define the notion of a short
homomorphism.

Definition III.1.17. Recall that the scaling factor (or length) of a homomorphism
φ ∶H → G is defined by

∣∣φ∣∣ = inf
y∈X

max
s∈S

d(y,φ(s)y),
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where S is a finite generating set of H. We call φ short relative to U if for every
homomorphism ϕ ∶H → G whose restriction to U coincides with φ∣U up to conjugation
(that is, there exists g ∈ G such that ϕ(h) = gφ(h)g−1 for every h ∈ U), one has:

∣∣φ∣∣ ≤ ∣∣ϕ∣∣.

We would like to point out once again the main difficulty which stands in our
way: unlike hyperbolic groups, acylindrically hyperbolic groups are not equationally
Noetherian in general. Therefore, the sequence of homomorphisms (φn)n∈N does not
necessarily factor via the limit group L (ω-almost surely), and one cannot use au-
tomorphisms of L in order to shorten the homomorphisms in the sequence (φn)n∈N.
To combat this, we use approximations of L which were defined in the previous sec-
tion (see Definitions III.1.7 and III.1.9). Since the homomorphisms in the sequence
(φn)n∈N do factor via an approximation A of L ω-almost surely, we can use automor-
phisms of A in order to shorten the sequence (φn)n∈N. The automorphisms which we
use are lifts of a certain type of modular automorphisms of L (see Definitions III.1.21
and III.1.23) to A.

Before stating and proving our two versions of the shortening argument, we begin
by collecting a few definitions and results.

Definition III.1.18. [97, Definition 3.13] Let G be a group which splits as a graph
of groups S and let Gv be one of its vertex groups. Suppose that αv ∈ Aut(Gv)
satisfies the following property: for every edge group Gei adjacent to Gv there exists
an element cei ∈ Gv such that αv restricts to conjugation by cei onGei . Recall that each
element of G can be realized as a loop in the graph of groups S. The homomorphism
α ∶ G→ G defined by

[a0, e1, a1, . . . , ek, ak] ↦ [b0, e1, b1, . . . , ek, bk]

where

bi =
⎧⎪⎪⎨⎪⎪⎩

ai ai ∉ Av
c−1
e−1i
αv(ai)cei+1 ai ∈ Av

.

is called a natural extension of αv.

Remark III.1.19. Note that the elements cei are not unique in general, and hence the
morphism α above is not uniquely defined by αv.

The following short lemma shows that such a natural extension α is an automor-
phism of G.
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Lemma III.1.20. Let G be a group that splits as a graph of groups S; let Gv be one
of its vertex groups. Let αv ∈ Aut(Gv) satisfy the properties appearing in Definition
III.1.18 above and let α ∶ G→ G be a natural extension of αv. Then α is a well-defined
automorphism of G whose restriction to Gv is αv, and whose restriction to every edge
group of S is a conjugation (by some element, depending on the edge).

Proof. Since G can be realized as a sequence of amalgamated products followed by
a sequence of HNN extensions, it is enough to prove the lemma in the case where S
has only one edge.

First case. Suppose that G = A ∗C B, and assume that αv is an automorphism
of A such that αv ∣C = ad(a) for some a ∈ A. Define α as in Definition III.1.18, that
is: α∣A = αv and α∣B = ad(a). This endomorphism is well-defined, and it is clearly
surjective since its image contains αv(A) = A and aBa−1, which generate G. Let
us prove that α is injective. Consider a non-trivial element g = a1b1a2b2⋯anbn ∈ G
written in normal form. The elements ai and bi do not belong to C, except maybe a1
or bn. One can write α(g) = a′1b1a′2b2⋯a′nbna′n+1 with a′1 = αv(a1)a, a′i = a−1αv(ai)a for
1 < i ≤ n and a′n+1 = a−1. Observe that a′i does not belong to C for 1 < i ≤ n, otherwise
a′i = a−1αv(ai)a = c ∈ C, thus αv(ai) = aca−1 = αv(c). It follows that ai = c; this is a
contradiction. Hence, the previous decomposition of α(g) is in normal form, which
proves that α(g) is not trivial.

Second case. Suppose that G = ⟨A, t ∣ tct−1 = σ(c), ∀c ∈ C1⟩, where σ denotes an
isomorphism between two subgroups C1 and C2 = σ(C1) of A. Suppose that αv is an
automorphism of A such that αv∣Ci

= ad(ai) for some ai ∈ A, for 1 ≤ i ≤ 2. Define
α as follows: α∣A = αv and α(t) = a2ta−11 . As in the first case, one easily sees that
α is well-defined and surjective. The injectivity follows from Britton’s lemma, by a
similar argument to the one appearing above.

We next define the modular group of a limit group (see [57, Definition 5.22]).

Definition III.1.21. Suppose that L admits a splitting as a graph of actions RL

outputted by the Rips machine. The modular group ModRL
(L) associated with the

splitting RL is the subgroup of Aut(L) generated by the following automorphisms.

1. Inner automorphisms.

2. Dehn twists over the virtually abelian edge groups of RL: if Le is an edge group
of RL and c ∈ Z(Le) then the Dehn twist by c is the automorphism of L given
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by

⎧⎪⎪⎨⎪⎪⎩

τc(a) = a, τc(b) = cbc−1 if L = A1 ∗Ae A2, a ∈ A1 and b ∈ A2

τc(a) = a, τc(t) = tc if L = A ∗Le with stable letter t and a ∈ A.

3. Natural extensions of automorphisms of Seifert-type vertex groups that satisfy
the following condition: recall that if Lv is a Seifert-type vertex group of RL

then it fits into a short exact sequence

1Ð→ N Ð→ Lv
qÐ→ π1(O)

where N is finite and O is a 2-orbifold. If αv is an extendable automorphism of
Lv, then αv restricts to conjugation on the preimage of (the orbifold fundamental
group of) each boundary component of O under q. Note further than N is a
characteristic subgroup of Lv, and therefore there exists a natural map

Aut(Lv) Ð→ Aut(Lv/N) = Aut(π1(O)).

We require that αv is sent via this map to a mapping class of O (which corre-
sponds, up to isotopy, to a homeomorphism of O that fixes the boundary and
the conical points).

4. Natural extensions of automorphisms of axial vertex groups, which satisfy the
following condition. Denote by Lv an axial vertex group of RL, then by [57,
Lemma 5.1] every subgroup B ≤ Lv is virtually abelian, and has a unique max-
imal subgroup B+ of index at most 2 which is finite-by-abelian. Denote by
E(Lv) the subgroup of Lv generated by its adjacent edge groups. We allow
natural extensions of automorphisms αv of Lv for which:

(a) αv fixes the subgroup P +v of Lv which consists of all g ∈ Lv such that g ∈
ker(ϕ) for every homomorphism ϕ ∶ Lv → Z satisfying E(Lv)∩A+v ⊂ ker(ϕ),
and

(b) αv restricts to conjugation on every subgroup B ≤ Lv for which B+ = P +v .

Remark III.1.22. Note that every modular automorphism of one of the types (1)-
(4) above restricts to conjugation on every finite subgroup of L, and hence modular
automorphisms always restrict to conjugation on finite subgroups of L.
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Our next goal is to show that given a modular automorphism α of L, under
some restrictions, one can find an approximation A of L and a lift β ∈ Aut(A) of α.
As Lemma III.1.24 will show, every modular automorphism of types (1)-(3) above
admits a lift to an approximation of L. This follows from the extent to which one can
approximate the edge groups and the Seifert-type vertex groups of the splitting of L
as a graph of actions, as evident in Corollary III.1.14. However, dealing with axial
vertex groups is slightly more complicated. We therefore discuss further the structure
of axial vertex groups of L and describe a few properties of modular automorphisms
of type (4) used in the proof of the shortening argument. We follow [97, Subsection
4.2.1] and refer the reader to [97] for further details.

Suppose that L admits a splitting as a graph of actions RL outputted by the Rips
machine and that Lv is an axial vertex group of L. Denote by E ≤ Lv the torsion
subgroup of Lv and let πE be the quotient map Lv ↠ Lv/E. Recall that Lv has a
subgroup L+v of index at most 2 which is finite-by-abelian, and let (Lv/E)+ be the
image of L+v in Lv/E. The group (Lv/E)+ admits a decomposition (Lv/E)+ = A⊕B
where A is a finitely generated free abelian group and B is the torsion-free (and
abelian) kernel of the action of (Lv/E)+ on the line Tv ⊂ T . Let Ã = π−1E (A) and
B̃ = π−1E (B). As in [97, Subsection 4.2.1], there exists an element s ∈ Lv such that
Lv = ⟨A,B, s⟩ and every g ∈ Lv can be written as a product of the form

g = absη

where a ∈ Ã, b ∈ B̃ and η ∈ {0,1}.
We now define the subgroup Aut∗(Lv) of Aut(Lv) to be the subgroup which

consists of all the automorphisms αv ∈ Aut(Lv) which satisfy the following three
properties:

1. αv preserves Ã;

2. αv restricts to the identity on ⟨B̃, s⟩;

3. consider the action of Lv on the line Tv ⊂ T . Then for every x ∈ Tv, αv restricts
to conjugation on the stabilizer (Lv)x of x.

This leads us to define the following subgroup of ModRL
(L).

Definition III.1.23. The group Mod∗RL
(L) is the subgroup of ModRL

(L) generated
by:

1. modular automorphisms of types (1)-(3) (see Definition III.1.21);
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2. modular automorphisms α of type (4) which satisfy the following: if α is a
natural extension of αv ∈ Aut(Lv) for an axial vertex group Lv of L, then
αv ∈ Aut∗(Lv).

The motivation behind Definition III.1.23 comes from the fact that by [97, Sub-
section 4.2.1] it is enough to use modular automorphisms which lie in Mod∗RL

(L) in
the proof of the shortening argument. We finish this discussion with the following
easy observation.

Observation: Suppose that Lv is an axial vertex group of L; since the torsion
subgroup E of Lv is finite (by Lemma III.1.4) and since the subgroup A of (Lv/E)+
is finitely generated, there are finitely generated subgroups of Lv which contain Ã. In
addition, let αv ∈ Aut∗(Lv) and suppose that L′v is any subgroup of Lv which contains
Ã, then the restriction of αv to L′v is an automorphism.

Proposition III.1.24. Suppose that L does not split non-trivially over a subgroup of
order ≤ C and let RL be the graph of actions decomposition of L outputted by the Rips
machine. Let α ∈ Mod∗RL

(L). Then there exists an RL-approximation A of L and
β ∈ Aut(A) such that the solid part of following diagram commutes ω-almost surely.

H
φn

//

q

&& &&

φ∞

�� ��

G

A
β

//

θ∞
����

θn

33

A

θ∞
����

θn

DD

L
α // L

Moreover, for every h ∈ H such that φn(h) ≠ 1 ω-almost surely, θn ○ β ○ q(h) ≠ 1

ω-almost surely.

Proof. Recall that the maps φn factor via A ω-almost surely and that the maps arising
from this factorization are denoted by θn, that is φn = θn○q ω-almost surely. The limit
map associated to the sequence (θn)n∈N is denoted by θ∞. The fact that φn = θn ○ q
ω-almost surely implies that the map θ∞ ∶ A↠ L can also be obtained by quotienting
out the image of ker(φ∞) in A.

Write α = αk ○ ⋯ ○ α1 where for every 1 ≤ i ≤ k, αi ∈ ModRL
(L) is a modular

automorphism of L of one of the types (1)-(4) appearing in Definition III.1.21. Fur-
thermore, if αi is a modular automorphism of type (4), we assume that it satisfies the
condition appearing in Definition III.1.23. It is enough to find an RL-approximation
A of L and an automorphism β ∈ Aut(A) for which

θ∞ ○ β = α ○ θ∞.
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In fact, it is enough to show that there is an RL-approximation A of L and automor-
phisms β1, . . . , βk of L such that the following holds for every 1 ≤ j ≤ k:

θ∞ ○ βj = αj ○ θ∞.

We begin with the construction of the approximation A of L. We define a finite
subset C of L as follows:

1. Whenever αi is a Dehn twist for 1 ≤ i ≤ k, we add to C an element c which lies
in an edge group of RL and such that αi is a Dehn twist by c.

2. We keep the notations from the discussion appearing before Definition III.1.23.
Suppose now that αi is a modular automorphism of type (4); denote by αv ∈
Aut∗(Lv) an automorphism of an axial vertex group Lv of L such that αi is
a natural extension of αv. Let Le1 , . . . , Lek be the edge groups adjacent to
Lv and recall that αv restricts to conjugation by elements c1, . . . , ck ∈ Lv on
Le1 , . . . , Lek respectively. Let L′v be a finitely generated subgroup of Lv (over U)
which contains Ã and c1, . . . , ck; such a group exists by the observation following
Definition III.1.23. Denote by S′v a finite set of generators of L′v. We add the
elements in S′v to C.

Let A be an RL-approximation of L which satisfies the following condition: for every
c ∈ C belonging to an edge group Le of RL, there is an element c′ ∈ Ae such that
θ∞(c′) = c. Such an approximation A of L exists by Remark III.1.12. Recall that
by Lemma III.1.9, A admits a splitting RA which satisfies the following: θ∞ maps
every vertex group or edge group of Av to the corresponding vertex or edge group
of Lv. In addition, θ∞ maps every stable letter in the presentation of A as the
fundamental group of RA to the corresponding stable letter in the presentation of L
as the fundamental group of RL.

We next construct the automorphisms β1, . . . , βk of A. Let 1 ≤ j ≤ k. We divide
the construction of βj into cases, depending on the type of the modular automorphism
αj ∈ModRL

(L).

1. αj is a modular automorphism of L of type (1), that is conjugation by some
element g ∈ L. Let g′ ∈ A be such that θ∞(g′) = g and set βj to be conjugation
by g′. It is clear that the desired equality holds.

2. αj is a modular automorphism of L of type (2), that is a Dehn twist by some
element c ∈ C which lies in an edge group Le of RL. By the manner in which the
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approximation A was chosen, there is an element c′ ∈ Ae such that θ∞(c′) = c.
Let βj be a Dehn twist by c′. Assume that by collapsing every edge except
for e, A splits as an amalgamated product over Ae, that is A = A1 ∗Ae A2; the
case where A splits as an HNN extension is similar. It follows that L splits
as an amalgamated product over Le; write L = L1 ∗Le L2. In addition, by the
properties of the approximation A, one has θ∞(Ai) ⊂ Li for i ∈ {1,2}.

Let g ∈ A and write g as an alternating product of elements from A1 and A2,
that is g = a1b1a2⋯ambm with ai ∈ A1 and bi ∈ A2 for 1 ≤ i ≤m. We have that

θ∞ ○ βj(g) = θ∞ ○ βj(a1b1a2⋯ambm)
= θ∞(a1(c′b1(c′)−1)a2⋯am(c′bm(c′)−1)
= θ∞(a1)(cθ∞(b1)c−1)θ∞(a2)⋯θ∞(am)(cθ∞(bm)c−1)
= αj(θ∞(a1)θ∞(b1)θ∞(a2)⋯θ∞(am)θ∞(bm))
= αj ○ θ∞(g).

3. αj is a modular automorphism of type (3), that is a natural extension of an
automorphism αv of a vertex group Lv of RL of Seifert-type, as described in
Definition III.1.21. Let ev1,⋯, evℓ ∈ E(RL) be an enumeration of the edges of
RL which are adjacent to v and recall that αj restricts to conjugation by some
cevi ∈ Lv on Levi for every 1 ≤ i ≤ ℓ. In addition, by Corollary III.1.14, θ∞ maps
Av isomorphically to Lv. This implies that αv is an isomorphism of Av, and
that there are elements c′ev1 , . . . , c

′
ev
ℓ
∈ Av such that θ∞(c′evi ) = cevi and αv restricts

to conjugation by c′evi on Aevi for every 1 ≤ i ≤ ℓ. Let βj be the natural extension
of αv to A, with respect to the elements c′ev1 , . . . , c

′
ev
ℓ
. Now let g ∈ A and write

g as a loop in the graph of groups RA, that is g = [a0, e1, a1, . . . , ek, ak]. Then
βj(g) = [b0, e1, b1, . . . , ek, bk] where

bi =
⎧⎪⎪⎨⎪⎪⎩

ai ai ∉ Av
c′ei
−1αv(ai)c′ei+1 ai ∈ Av

.

To finish, note that θ∞(g) can be written as a loop [θ∞(a0), e1, θ∞(a1), . . . , ek, θ∞(ak)]
in RL, which implies that αj ○ θ∞(g) = [c0, e1, c1, . . . , ek, ck] where

ci =
⎧⎪⎪⎨⎪⎪⎩

θ∞(ai) θ∞(ai) ∉ Av
c−1
e−1i
αv(θ∞(ai)))cei+1 ai ∈ Av

.

One easily sees that θ∞(bi) = ci for 1 ≤ i ≤ k, which implies that

θ∞ ○ βj ○ ⋯ ○ β1 = αj ○ ⋯ ○ α1 ○ θ∞.
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4. αj is a modular automorphism of L of type (4), and which satisfies the condition
appearing in Definition III.1.23. In particular, αj is a natural extension of an
automorphism αv ∈ Aut∗(Lv) of an axial vertex group Lv of L. Note that θ∞
maps Av into Lv; we identify Av with its image in Lv. By the manner in which
the set C was defined, and by the observation following Definition III.1.23, we
have that the restriction of αv to Av is an automorphism. One can continue as
in (3) above, by taking a natural extension of αv ∣Av

to A.

Finally, let β = βk ○⋯ ○ β1. The construction of the automorphisms β1, . . . , βk implies
that the diagram appearing in the statement of this proposition does commute ω-
almost surely. Lastly, let h ∈ H be such that φn(h) ≠ 1 ω-almost surely. It follows
that θ∞ ○ q(h) ≠ 1. Therefore α ○ θ∞ ○ q(h) ≠ 1 which implies that θ∞ ○ β ○ q(h) ≠ 1.
Hence θn ○ β ○ q(h) ≠ 1 ω-almost surely.

Remark III.1.25. Note that since the action of U on T is elliptic, the modular au-
tomorphism α of L restricts to conjugation on U . The proof of Proposition III.1.24
above implies that β also restricts to conjugation on U .

Theorem III.1.26 (The shortening argument). Suppose that L does not split non-
trivially over a finite subgroup of order ≤ C, then ω-almost surely the homomorphisms
φn are not short relative to U . More explicitly, denote by RL the splitting of L as a
graph of actions outputted by the Rips machine. Then there is an RL-approximation
A of L admitting a splitting RA, and an automorphism β ∈ Aut(A), for which the
following holds: denote by q the quotient map H ↠ A and let (θn ∶ A → G)n∈N be
such that φn = θn ○ q ω-almost surely. Then the sequence (ϕn = θn ○ β ○ q ∶ H → G)n∈N
satisfies the following:

1. ϕn∣U coincides with φn∣U up to conjugation ω-almost surely;

2. ∣∣ϕn∣∣ < ∣∣φn∣∣ ω-almost surely;

3. for every h ∈H such that φn(h) ≠ 1 ω-almost surely, ϕn(h) ≠ 1 ω-almost surely.

Remark III.1.27. Note that conditions 1. and 2. above imply that φn is not short
relative to U ω-almost surely. Furthermore, condition 2. can be equivalently phrased
as follows: ∣∣θn ○ β∣∣ < ∣∣θn∣∣ ω-almost surely, where the lengths are taken with respect
to the set q(S). Condition 3. is equivalent to each of the following two conditions:

(3.’) ker←Ðω((ϕn)n∈N) ⊂ ker←Ðω((φn)n∈N);

(3.”) β−1(ker←Ðω((θn)n∈N)) ⊂ ker←Ðω((θn)n∈N).
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Remark III.1.28. The version of the shortening argument appearing in [57, Theorem
5.29] satisfies conditions 1. and 2. above, but does not necessarily satisfy condition 3.
To obtain condition 3. we approximate a single modular automorphism of L, rather
than a sequence of modular automorphisms, and the result follows from Lemma
III.1.24.

The second version of the shortening argument that will be proved is a strength-
ened version of Theorem III.1.26 which accommodates the use of JSJ decompositions
of limit groups over finite groups of order less than C. Note that in this version of the
shortening argument, we assume that a single vertex group of a JSJ decomposition
of L over groups of order ≤ C admits a splitting outputted by the Rips machine, and
we shorten the homomorphisms with respect to the generators of this vertex group.

Theorem III.1.29. Let JL be a reduced JSJ splitting of L over finite groups of order
≤ C relative to U and let u be the vertex fixed by U . Let RLu be the splitting of Lu as
a graph of actions outputted by the Rips machine, and let RJL be the splitting of L
obtained from JL by replacing u with RLu. Let Hu be a finitely generated subgroup of
H containing U and such that φ∞(Hu) = Lu. Let Su be a finite generating set of Hu.
Then the following hold:

1. there exist an RJL-approximation A of L admitting a splitting RJA as in Corol-
lary III.1.15 and a sequence (θn ∶ A → G)n∈N that satisfies φn = θn ○ q ω-almost
surely (where q is the quotient map H ↠ A);

2. denote by RAu the subgraph of RJA corresponding to the subgraph RLu of RJL.
Denote by Au the fundamental group of RAu. There exists an automorphism βu

of Au that admits a natural extension β ∈ Aut(A), and such that the sequence
(ϕn = θn ○ β ○ q ∶H → G)n∈N satisfies the following properties:

(a) ϕn∣U coincides with φn∣U up to conjugation ω-almost surely;

(b) ∣∣ϕn∣Hu ∣∣ < ∣∣φn∣Hu ∣∣ ω-almost surely (where the lengths are taken with respect
to the Su);

(c) for every h ∈ H such that φn(h) ≠ 1 ω-almost surely, ϕn(h) ≠ 1 ω-almost
surely.

Remark III.1.30. As in Theorem III.1.26, the condition 2.(b) above is equivalent to

∣∣(θn ○ β)∣q(Hu) ∣∣ < ∣∣θn∣q(Hu)∣∣.

We need the following lemma in order to prove Theorems III.1.26 and III.1.29.
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Lemma III.1.31. Suppose that L does not split non-trivially over a finite subgroup
of order at most C, and that e ⊂ T (where T is the limiting tree on which L acts)
is an edge of a simplicial subtree of T ; denote its stabilizer by Le. Then there is an
element c̃e ∈ H whose image ce in L is contained in Z(Le) and such that φn(c̃e) is
hyperbolic ω-almost surely.

To prove this lemma, we use the following standard result which states that if an
isometry of a hyperbolic space does not move two distant points by a big amount,
then it acts as a quasi-translation on the geodesic connecting them.

Lemma III.1.32. [95, Lemma 3.5] Let (X,d) be a δ-hyperbolic space and let g ∶
X →X be an isometry. Suppose that for x, y ∈X

d(x, g(x)) + d(y, g(y)) < 2d(x, y) − 4δ.

Then for some λ ∈ R such that ∣λ∣ ≤ max{d(x, g(x)), d(y, g(y))} the isometry g acts
by (λ,2δ)-quasi-translation on a subgeodesic of [x, y]: for every p ∈ [x, y] at distance
greater than max{d(x, g(x)), d(y, g(y))} from both x and y (if such a point p exists),
one has

d(g(p), pλ) < 2δ and d(g−1(p), p−λ) < 2δ

where pλ and p−λ are the points on [x, y] which lie at distance λ from p.

Proof of Lemma III.1.31. Since L does not split non-trivially over a finite subgroup
of order ≤ C, Lemma III.1.4 implies that there exists c ∈ Le of infinite order and
such that φn(c̃) is hyperbolic ω-almost surely. Fix ε = 8δ and let N and R be the
corresponding acylindricity constants. We claim that ce = cN ! lies in Z(Le). Let
g ∈ Le, write e = [x, y] and let (xn)n∈N and (yn)n∈N be approximating sequences for x
and y respectively; let g̃ be a lift of g to H. Since g fixes both x and y in the limiting
tree, φn(g̃) must displace both xn and yn by a distance which is significantly smaller
than d(xn, yn) ω-almost surely. More precisely, we have that

d(xn, yn) > 100 ⋅R
d(xn, yn) > 100 ⋅max{d(xn, φn(g̃)xn), d(yn, φn(g̃)yn)}
d(xn, yn) > 100 ⋅max{d(xn, φn(c̃)jxn), d(yn, φn(c̃)jyn)}

holds for all j ∈ {1, . . . ,N +1} ω-almost surely. Choose two points pn, qn ∈ e satisfying
d(xn, pn) < d(xn, qn), d(pn, qn) > R and

min{d(xn, pn), d(qn, yn)} > 10 ⋅ ( max
h∈{g,c,c2,...,cN+1}

{d (xn, φn(h̃)xn) , d (yn, φn(h̃)yn)})
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ω-almost surely. It follows from Lemma III.1.32 that each of g, c, c2, . . . , cN+1 acts on
a subsegment of [x, y] which contains pn and qn by 2δ-quasi-translation, and therefore
both d (pn, [φn(g̃), φn(c̃)j]pn) ≤ 8δ and d (qn, [φn(g̃), φn(c̃)j] qn) ≤ 8δ hold for every
j ∈ {1, . . . ,N + 1} ω-almost surely. The acylindricity condition implies that not all of
the N + 1 commutators can be distinct and there are i, j ∈ {1, . . . ,N + 1} for which

[φn(g̃), φn(c̃)j] =φn(g̃)φn(c̃)jφn(g̃)−1φn(c̃)−j

=φn(g̃)φn(c̃)iφn(g̃)−1φn(c̃)−i

= [φn(g̃), φn(c̃)i] .

In particular, φn(g̃) commutes with φn(c̃)j−i ω-almost surely. Since ∣j − i∣ ≤ N , the
element ce = cN ! is a power of cj−i and φn(g̃) commutes with φn(c̃e) ω-almost surely;
hence g commutes with ce.

Proof of Theorem III.1.26. The proof of this theorem is divided in two:

1. using results from [97] and [100] and explaining how they adapt to our setting,
we first find a suitable modular automorphism α ∈Mod∗RL

(L),

2. then, by means of Proposition III.1.24, we find an RL-approximation A of L
and an automorphism β of A which satisfy the desired properties.

The idea behind the proof amounts to finding a finite sequence of modular au-
tomorphisms of L, each of which shortens the actions of the generators S of H over
U with respect to the different vertex actions in the graph of actions decomposition
RL of L. The construction of the modular automorphism α ∈ Mod∗RL

(L) relies on
the proofs appearing in [97] for the axial and Seifert-type cases, and on the proof
appearing in [100] for the simplicial case. We begin with vertex actions Lv ↷ Tv

which admit dense orbits, namely axial and Seifert-type vertex actions. Recall that
if Lv is of Seifert-type, then the index of the 2-orbifold subgroup of Lv is at most C.
Therefore, by [97, Subsections 4.2.1 and 4.2.2], for every such vertex action and every
finite subset F ⊂H, there exists a modular automorphism αFv ∈Mod∗RL

(L) of type (3)
or (4) which satisfies the following: denote by o = (on)n∈N the base point of T , then
for every f ∈ F ,

dT (o,αFv (φ∞(f))o) < dT (o,φ∞(f)o)

whenever [o,φ∞(f)o] has a non-degenerate intersection with a translate of Tv in T ,
and dT (o,αFv (φ∞(f))o) = dT (o,φ∞(f)o) otherwise.
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This allows us to shorten the actions (on the real tree T ) of all the generators s for
which [o,φ∞(s)o] intersects (a translate of) an axial or a Seifert-type component of T
non-degenerately: let v1,⋯, vm be an enumeration of the axial and Seifert-type vertices
of RL; we define a sequence (α1, . . . , αm) ∈ Mod∗RL

(L)m iteratively. Let α1 = αφ∞(S)v1 ,
and after α1, . . . , αi were defined let

αi+1 = ααi○⋯α1(S)
vi+1 .

Now note that for every s ∈ S such that [o,φ∞(f)o] has a non-degenerate intersection
with (a translate of) an axial or a Seifert-type component of T , we have that

dT (o,αm ○ ⋯ ○ α1 ○ φ∞(s)o) < dT (o,φ∞(s)o).

Bring to mind that the modular automorphism αm○⋯○α1 of L does not necessarily
shorten the actions of S on T : it could be that for every s ∈ S, [o,φ∞(s)o] is contained
entirely in the discrete part of T , that is, it does not intersect non-degenerately
(translates of) axial and Seifert-type components of T . We therefore adapt [100,
Theorem 6.1] to our settings. This theorem states that for every finite set F ⊂ H
there is a modular automorphism αFsim ∈ Mod∗RL

(L) of L, which can be written as a
composition of Dehn twists about elements which lie in the edge groups of RL, and
which satisfies the following: for every f ∈ F which does not fix o, and such that
[o,φ∞(f)o] lies entirely in the discrete part of T , let fαF

sim
be a lift of αFsim(φ∞(f)) to

H; then

d (on, φn (fαF
sim
) on) < d(on, φn(f)on),

ω-almost surely. In addition, for every f ∈ F ,

dT (o,αFsim(φ∞(f))o) = dT (o,φ∞(f)o).

Note that in this case the modular automorphism αFsim does not shorten the actions
of the elements in F on T , but rather shortens the actions of the elements in F directly
on the spaces Xn.

In the proof of Theorem [100, Theorem 6.1], one finds Dehn twists over the edge
groups of RL, where each Dehn twist does not affect the displacement of o by the
elements of F in T , but does affect the displacement of on by φn(F ) in Xn. The
construction of a Dehn twist over the edge group corresponding to an edge e of RL is
divided into three cases (below, ẽ denotes an edge of a simplicial subtree of T which
corresponds to e as in the paragraph following Definition III.1.1):
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1. o lies in the interior of ẽ and L splits as an amalgamated product over the
stabilizer of ẽ;

2. o lies in the interior of ẽ and L splits as an HNN extension over the stabilizer
of ẽ;

3. o does not lie in the interior of ẽ, and is one of its vertices.

In the last case, one considers all such edges ẽ in (simplicial subtrees of) T which
are adjacent to o and shortens the action of the generators with respect to all of
these edges simultaneously. The proof appearing in [100] can be transitioned almost
seamlessly to our setting. In [100], the stabilizers of edges in the limiting tree are
cyclic, whereas in our case they are virtually abelian. Therefore, in our case we cannot
take Dehn twists by any element in an edge group Le of RL, and instead take Dehn
twists by a power of an element ce ∈ Z(Le), of infinite order, which exists by Lemma
III.1.31. The only other parts which do not carry over to our settings are Lemmas
6.2, 6.5, 6.8 and 6.11 in [100] which assert that there are elements of infinite order
in the edge groups of RL which satisfy the following: let c̃ ∈ H be a lift of such an
element, then φn(c̃) displaces certain points in Xn by a distance bounded from below
by 10δ or 20δ ω-almost surely. These are the elements by which one takes the Dehn
twists. We can easily overcome this: by [21, Lemma 2.2] (recall that X is a simplicial
graph), there is η > 0 which depends only on the hyperbolicity constant of X and the
acylindricity constants of the action G↷X such that

η < ℓ(g) = lim
n→∞

1

n
d(gno, o)

(where o is the basepoint of X) for every hyperbolic g ∈ G. In addition, denote
∣∣g∣∣ = infx∈X{d(x, gx)} and by [36, Lemma 10.6.4] we have that ℓ(g) ≤ ∣∣g∣∣ and clearly
ℓ(gn) = nℓ(g). Therefore, given D > 0 there exists N such that

D < Nη < Nℓ(g) = ℓ(gN) ≤ ∣∣gN ∣∣ = inf
x∈X
{d(x, gNx)}

for every hyperbolic g ∈ G. We also remark that one might have to enlarge the
constant C0 appearing in [100] to accommodate the choice of N above. This implies
that the proof of [100, Theorem 6.1] can be carried out in our setting.

Now let

α = ααm○⋯○α1○φ∞(S)
sim ○ αm ○ ⋯ ○ α1 ∈Mod∗RL

(L).
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For every s ∈ S, denote by sα ∈H a lift of α(φ∞(s)) to H. Since dT (o,α(φ∞(s))o) <
dT (o,φ∞(s)o) whenever [o,φ∞(s)o] intersects a translate of an axial or a Seifert type
component of T non-degenerately, the following holds ω-almost surely:

d(on, φn(sα)on) < d(on, φn(s)on).

By Proposition III.1.24 there exists an RL-approximation A of L and β ∈ Aut(A)
such that the following diagram commutes ω-almost surely.

H
φn

//

q

&& &&

φ∞

�� ��

G

A
β

//

θ∞
����

θn

33

A

θ∞
����

L
α // L

We claim that the approximation A and its automorphism β satisfy the properties
described in the theorem.

By Remark III.1.25, since the action of U on T is elliptic, β restricts to conjugation
on U . Hence condition 1. holds. For 2., note that for every s ∈ S, α(φ∞(s)) and
β(q(s)) share the same lift in H; setting φn = θn ○ β ○ q, it follows that

d(on, θn ○ β ○ q(s)on) = d(on, ϕn(s)on) < d(on, φn(s)on),

and in particular, since on realizes the infimum infx∈Xmaxs∈S d(x,φn(s)x),

∣∣ϕn∣∣ = inf
x∈X

max
s∈S

d(x,ϕn(s)x)

≤max
s∈S

d(on, ϕn(s)on)

<max
s∈S

d(on, φn(s)on)

= ∣∣φn∣∣

ω-almost surely. Lastly, Property 3. follows directly from Proposition III.1.24.

The proof of Theorem III.1.29 is very similar to the proof of Theorem III.1.26.

Proof of Theorem III.1.29. The proof is identical to that of Theorem III.1.26, with
one change (applied to both Theorem III.1.26 and Proposition III.1.24): one has to
take natural extensions of automorphisms of axial and Seifert-type vertex group with
respect to the entire graph of groups decomposition RJL of L (and not with respect to
a graph of actions outputted by the Rips machine) instead of modular automorphisms
of L with respect to RL.
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III.2 Test sequences

The goal of this section is to define test sequences and prove important preliminary
results about them; these will play a crucial role in the proof of Merzlyakov’s theorem
(Theorem E). This section culminates in the use of small cancellation arguments that
allow us to show that a certain subtree of the limiting tree TL associated to a limit
group L must be simplicial.

III.2.1 Transverse coverings

We will use the following definitions from [61]:

Definition III.2.1 ( [61, Definition 4.6]). Let T be a real tree endowed with an
action of a group G, and let (Yj)i∈J be a G-invariant family of non-degenerate closed
subtrees of T . We say that (Yj)j∈J is a transverse covering of T if the following two
conditions hold:

● Transverse intersection: if Yi ∩ Yj contains more than one point, then Yi = Yj.

● Finiteness condition: every arc of T is covered by finitely many Yj.

Definition III.2.2 ( [61, Definition 4.8]). Let T be a real tree, and let (Yj)j∈J be
a transverse covering of T . The skeleton of (Yj)j∈J is the bipartite simplicial tree S
defined as follows:

1. V (S) = V0(S) ⊔ V1(S) where V1(S) = {Yj ∣ j ∈ J} and V0(S) is the set of points
x ∈ T that belong to at least two distinct subtrees Yi and Yj,

2. there is an edge ε = (Yj, x) between Yj ∈ V1(S) and x ∈ V0(S) if and only if x,
viewed as a point of T , belongs to Yj, viewed as a subtree of T .

Remark III.2.3. The stabilizer of a vertex of S is the stabilizer GYi or Gx of the
corresponding subtree or point of T . The stabilizer of an edge ε = (Yj, x) is GYi ∩Gx.
Moreover, the action of G on S is minimal, provided that the action of G on T is
minimal (see [61, Lemma 4.9]).

III.2.2 Bounding the number of branch points

In this short subsection, we state a theorem of Guirardel and Levitt that will allow
us to both
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• bound the number of L-orbits of branch points in the real tree associated to the
limit group L, and

• bound the number of L-orbits of directions at each branch point in the real tree
associated to L.

Let T be a tree, and let G be a group acting on T . Recall that an arc I ⊂ T is called
stable if for every non-degenerate subarc J ⊂ I, the stabilizer of J is equal to the
stabilizer of I (see Definition III.1.2). Otherwise, I is called unstable.

Definition III.2.4. An action on a real tree is K-superstable if every arc whose
pointwise stabilizer has order greater than K is stable.

Let T be a real tree, and let x be a point of T . A direction at x is a connected
component of T ∖ {x}. We say that x is a branch point if there are at least three
directions at x. The following result appears in work in preparation [63] by Guirardel
and Levitt (improving [60]).

Theorem III.2.5 ( [63, Theorem 4.27]). Let L be a group acting on a real tree TL.
Suppose that L is finitely generated relative to a countable subgroup Γ that is elliptic
in TL. Suppose that the following two conditions are satisfied:

1. the action is K-superstable for some constant K;

2. arc stabilizers are finitely generated.

Then every point stabilizer is finitely generated relative to Γ. Furthermore, the number
of orbits of branch points in TL is finite, and the number of orbits of directions at
branch points in TL is finite.

III.2.3 Geometric small cancellation

Small cancellation theory is a fruitful notion that is often used to provide interesting
(counter) examples or groups that exhibit a strange behaviour. The original proof of
Merzlyakov’s theorem relies implicitly on combinatorial small cancellation, and Sela’s
geometric proof of Merzlyakov’s theorem utilizes metric small cancellation conditions.
We will use a geometric analogue of small cancellation in our proof.

Let (X,d) be a δ-hyperbolic simplicial graph, let G be a group acting on (X,d)
by isometries, and let g be an element of G. We define the translation length of g
by ∣∣g∣∣ = infx∈X d(x, gx). If g is loxodromic, the quasi-axis of g, denoted by A(g), is
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the union of all geodesics joining g−∞ ∈ ∂X and g+∞ ∈ ∂X (note that this definition
is slightly different to the one given in Subsection I.2). By [37, Lemma 2.26], the
quasi-axis A(g) is 11δ-quasi-convex.

Definition III.2.6. Let g and g′ be loxodromic elements of G. The fellow traveling
constant of g and g′, ∆(g, g′), is defined as:

∆(g, g′) = diam (A(g)+100δ ∩A(g′)+100δ) ∈ N ∪ {∞},

where A(g)+100δ is the 100δ-neighbourhood of A(g) in (X,d), and A(g′)+100δ is defined
similarly.

Recall that if G acts acylindrically on (X,d), then every loxodromic element g ∈ G
is contained in a unique maximal infinite virtually cyclic subgroup Λ(g) of G (see
Lemma I.2.5). Moreover, there exists a constant N(g) ≥ 0 such that every element
h ∈ G satisfying ∆(g, hgh−1) ≥ N(g) belongs to Λ(g) (see for example [38]). Lastly,
if g and h are loxodromic elements of G, then either Λ(g) = Λ(h) or Λ(g) ∩ Λ(h) is
finite.

Definition III.2.7. Let ε > 0. We say that a hyperbolic element g ∈ G satisfies the
ε-small cancellation condition if the following holds: for every h ∈ G, if

∆(g, hgh−1) > ε∣∣g∣∣,

then h and g commute (and therefore h belongs to Λ(g)).

Remark III.2.8. The definition above implies that if g satisfies the ε-small cancellation
condition then g is central in Λ(g).

Definition III.2.9. Let ε > 0. We say that a tuple (g1, . . . , gp) ∈ Gp of loxodromic
elements of G satisfies the ε-small cancellation condition if the following condition
holds: for every h ∈ G, and for every i, j ∈ {1, . . . , p}, if

∆(gi, hgjh−1) > εmin(∣∣gi∣∣, ∣∣gj ∣∣),

then i = j, and the elements h and gi commute. In particular, h belongs to Λ(gi).

Remark III.2.10. As before, in this case gi is central in Λ(gi) and for every i, j ∈
{1, . . . , p} we have that Λ(gi) ≠ Λ(gj), i.e. Λ(gi) ∩Λ(gj) = E(G).
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III.2.4 Test sequences and preliminary lemmas

Let G be an acylindrically hyperbolic group. By Theorem I.2.7, there exists a gener-
ating set S of G such that the Cayley graph X = X(G,S) of G with respect to S is
δ-hyperbolic for some δ ≥ 0. Furthermore, the natural action of G on X is acylindrical
and non-elementary. We denote by d the word metric on X (with respect to S).

Definition III.2.11. Let G be an acylindrically hyperbolic group, and let a be a
tuple of elements of G. Fix a presentation ⟨a ∣ R(a) = 1⟩ for the subgroup of G
generated by a. Let Σ(x,y,a) = 1 be a finite system of equations over G, where x

and y are tuples of variables. Denote GΣ = ⟨x,y,a ∣ R(a) = 1,Σ(x,y,a) = 1⟩. Let
p = ∣x∣ be the arity of x, and let xi denote the i-th component of x. Let (σ1, . . . , σp)
be a p-tuple of elements of AutG(E(G)) (recall that AutG(E(G)) was defined in the
Introduction, and it consists of all automorphisms of G that restrict to conjugation on
E(G)). A sequence of homomorphisms (φn ∶ GΣ → G)n∈N is called a (σ1, . . . , σp)-test
sequence if the following four conditions hold:

1. for every n, the morphism φn restricts to conjugation on a,

2. for every i ∈ {1, . . . , p}, the translation length ∣∣φn(xi)∣∣ of φn(xi) tends to infinity
as n tends to infinity,

3. for every i, j ∈ {1, . . . , p}, there exists a real number ri,j ∈ (0,∞) such that the
ratio

∣∣φn(xi)∣∣
∣∣φn(xj)∣∣

tends to ri,j as n tends to infinity,

4. there exists a sequence of positive real numbers (εn)n∈N converging to 0 such
that, for every n, the tuple φn(x) satisfies the εn-small cancellation condition
(see Definition III.2.9). In addition, the following equality holds for every 1 ≤
i ≤ p:

Λ(φn(xi)) = ⟨φn(xi),E(G) ∣ ad(φn(xi))∣E(G) = σi⟩.

In particular, the image of φn(xi) in Λ(φn(xi))/E(G) has no roots.

In the particular case where (σ1, . . . , σp) = (idE(G), . . . , idE(G)), one simply says that
(φn)n∈N is a test sequence.
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Remark III.2.12. Note that a test sequence is always divergent: by item 2. above, the
translation length ∣∣φn(xi)∣∣ goes to infinity as n goes to infinity. ∣∣φn(xi)∣∣ is also at
most the scaling factor ∣∣φn∣∣ (see Definition II.1.32) since xi belongs to the generating
set {x,y,a} of GΣ.

Remark III.2.13. Let (φn ∶ GΣ → G)n∈N be a (σ1, . . . , σp)-test sequence. Let U be the
subgroup of GΣ generated by x and a. Since the translation length ∣∣ ⋅ ∣∣ is constant
on conjugacy classes, one easily sees that any sequence (θn ∶ GΣ → G)n∈N such that
θn coincides on U with φn up to conjugation is also a (σ′1, . . . , σ′p)-test sequence for
some (σ′1, . . . , σ′p) ∈ AutG(E(G))p.

Remark III.2.14. Note that any subsequence of a (σ1, . . . , σp)-test sequence is also a
(σ1, . . . , σp)-test sequence.

The following easy lemma will be useful in the sequel.

Lemma III.2.15. Let (φn)n∈N be a (σ1, . . . , σp)-test sequence. For every infinite
subset A ⊂ N and every integer 1 ≤ i ≤ p we have

⋂
n∈A

Λ(φn(xi)) = E(G).

Proof. Suppose that g ∈ G belongs to Λ(φn(xi)) for every n ∈ A. Therefore, for every
n ∈ A there exists an integer kn and an element gn ∈ E(G) such that g = φn(xi)kngn.
Now, observe that kn must be equal to 0 for every n large enough, otherwise (up to
extracting a subsequence) ∣∣φn(xi)kn ∣∣ goes to infinity, and so does the constant ∣∣g∣∣,
which is a contradiction. It follows that g belongs to E(G).

Keeping the same notations as above, let (φn ∶ GΣ → G)n∈N be a (σ1, . . . , σp)-test
sequence. Let L be the quotient of GΣ by the stable kernel of the sequence (φn)n∈N
and let φ∞ ∶ GΣ↠ L be the corresponding limiting map. Let S be a finite generating
set of L containing the images of x and a in L (still denoted by x and a), and let
(X,d) be a hyperbolic Cayley graph of G on which G acts acylindrically and non-
elementarily. By Remark III.2.12, the sequence (φn)n∈N is divergent, and hence the
construction of the real tree described in Subsection II.1.3 is applicable. From now
on, we denote the real tree corresponding to L by TL (and denote its basepoint by o).

Lemma III.2.16. Define K = {g ∈ GΣ ∣ φn(g) ∈ E(G) ω-almost surely} and F =
φ∞(K). Then F is finite. Moreover, it is the unique maximal finite subgroup of L
normalized by φ∞(xi), for every element xi of x = (x1, . . . , xp).
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Proof. Note that F is clearly finite. Indeed, for every finite subset K ′ ⊂ K one has
that ∣φ∞(K ′)∣ ≤ ∣E(G)∣ because φn(K ′) is contained in E(G) ω-almost surely, and
hence ∣φ∞(K)∣ ≤ ∣E(G)∣. We will prove that F is the unique maximal finite subgroup
of L normalized by φ∞(xi) for every 1 ≤ i ≤ p. To do so, we will first prove the
existence of a unique maximal finite subgroup of L normalized by φ∞(xi), which we
denote by Fi. Then, we will prove that Fi = F .

Let {Fi,j}j∈J be the collection of all the finite subgroups of L that are normalized
by φ∞(xi), let Ai = ⋃j∈J Fi,j and let Fi be the subgroup of L generated by Ai. Let
Ki = φ−1∞ (Fi). We claim that Ki is contained in K, that is, that φn(k) belongs to
E(G) ω-almost surely for every k ∈Ki.

Suppose that k ∈Ki is a preimage of an element of Ai. From the definition of Ai,
φ∞(k) is contained in a finite subgroup of L normalized by φ∞(xi). Therefore, there
exists an integer m ≥ 1 such that φ∞([k, xmi ]) = 1. It follows that φn([k, xmi ]) is trivial
ω-almost surely. By Lemma I.2.5, this implies that φn(k) belongs to Λ(φn(xi)) ω-
almost surely. Recall that by the definition of a test sequence, Λ(φn(xi)) is generated
by φn(xi) and E(G). In particular, Λ(φn(xi)) is E(G)-by-Z. This shows that φn(k)
is contained in E(G), since φn(k) is of finite order by definition of Ai. Note that
since Fi is generated by Ai, this fact remains true if k is any element of Ki (and not
necessarily a preimage of an element of Ai). It follows that Ki is contained in K.
Since F is finite, Fi is finite as well. Moreover, as evident from our construction, Fi
is the unique maximal finite subgroup of L normalized by φ∞(xi).

We next prove that Ki and K coincide (and in particular Ki does not depend on
i). Recall that Ki is a subset of K. Let k ∈ K; we will prove that k belongs to Ki.
Let K ′i be the subgroup of GΣ defined by

K ′i = ⟨{xℓikx−ℓi , ℓ ∈ N}⟩.

From the definition of K, φn(k) lies in E(G) ω-almost surely, and hence φn(xℓikx−ℓi )
belongs to E(G) ω-almost surely (since E(G) is normal in G). It follows that φn(K ′i)
is a subgroup of E(G) ω-almost surely. In addition, this subgroup is normalized by
φn(xi) by construction. As a consequence, φ∞(K ′i) is contained in Fi. In particular,
φ∞(k) belongs to Fi, which implies that k belongs to Ki. Thus Ki = K for every
1 ≤ i ≤ p and the finite groups F1, . . . , Fp are all equal to F .

In what follows, we abuse notation and use xi to denote not just the element of GΣ,
but also its image in L under φ∞. Keeping the previous notation and assumptions,
let Y ⊂ L be the stabilizer of the base point o of TL. Note that Y contains each
element of the tuple a. Indeed, each morphism φn restricts to a conjugation on a.
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Lemma III.2.17. Suppose that Γ = ⟨x ∪ Y ⟩ ≤ L does not fix a point in TL. Then
the minimal subtree TΓ ⊂ TL of Γ is simplicial. Moreover, the graph of groups TΓ/Γ
admits the following description:

• its underlying graph is a rose,

• its unique vertex group is Y ,

• each of its edge group coincides with F (which is the finite subgroup of L defined
in the previous lemma), and

• the stable letters are the components x1, . . . , xp of x.

In particular, it follows that Γ admits a splitting of the form

Γ = Y ∗F ⟨x, F ∣ ad(xi)∣F = αi,∀i ∈ {1, . . . , p}⟩,

where αi denotes the automorphism of F induced by the action of the stable letter xi
on F .

Proof. Suppose that Γ does not fix a point of TL and let TΓ ⊂ TL be the minimal
subtree of Γ. We first prove that each xi acts hyperbolically on TΓ. Note that there
exists some 1 ≤ i ≤ p such that ∣∣φn(xi)∣∣

∣∣φn∣∣ does not approach 0 as n goes to infinity.
Otherwise, Γ (which is generated by Y and x) would be elliptic in TL. Moreover, by
the third condition of Definition III.2.11, ∣∣φn(xi)∣∣/∣∣φn(xj)∣∣ tends to a real number
ri,j ∈ (0,∞) for every 1 ≤ i, j ≤ p. Consequently, every xi is hyperbolic. Denote by ℓi
the limit of the sequence

(∣∣φn(xi)∣∣∣∣φn∣∣
)
n∈N

and note that one has 0 < ℓi < ∞.

Next, consider the subset T of TΓ defined as the union of the axes of all of the
hyperbolic elements of Γ. We prove that T is connected, i.e. that T is a subtree of TΓ.
Let p1 and p2 be two points of T . By the definition of T , there exist two hyperbolic
elements γ1 and γ2 of Γ such that p1 belongs to the axis of γ1 and p2 belongs to the
axis of γ2. If these two axes are not disjoint, we are done. Otherwise, if the axes
are disjoint, then it is well-known that γ1γ2 is hyperbolic and that its axis A(γ1γ2)
intersects both A(γ1) and A(γ2). Hence, T is a subtree of TΓ. In addition, T is
Γ-invariant since γ1A(γ2) = A(γ1γ2γ−11 ) for every γ1 ∈ Γ and every hyperbolic element
γ2 ∈ Γ. The minimality of TΓ also implies that T = TΓ. We will prove that TΓ is a
simplicial tree. To do so, we prove a duo of auxiliary claims.
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Claim 1: for every 1 ≤ i, j ≤ p and for every s ∈ Y , if the intersection of the axes
of xj and sxis−1 contains two distinct points v and w, then i = j and s belongs to F .

Proof of Claim 1. By assumption, the arc [v,w] is contained in the intersection of
the axes of sxis−1 and xj. Let η be the length of [v,w] in the limiting tree TΓ. Let
s be a preimage of s in GΣ. The fellow traveling constant ∆(φn(sxis−1), φn(xj))
is close to η∣∣φn∣∣ ω-almost surely. As a consequence, ω-almost surely, the following
inequality holds:

∆(φn(sxis−1), φn(xj)) ≥
η∣∣φn∣∣

2
.

Moreover, the translation length ∣∣φn(xi)∣∣ is equivalent to ℓi∣∣φn∣∣. Thus, ω-almost
surely, one has that

∆(φn(sxis−1), φn(xj)) ≥
η

4ℓi
∣∣φn(xi)∣∣.

According to the fourth condition of Definition III.2.11, the tuple (φn(x1), . . . , φn(xp))
satisfies the εn-small cancellation condition for some sequence of positive real numbers
(εn)n∈N converging to 0; particularly, ω-almost surely, εn is smaller than η/(4ℓi). We
deduce that i and j are equal, and φn(s) is contained in Λ(φn(xi)) = E(G)⋊⟨φn(xi)⟩.

Lastly, since s belongs to Y , the translation length of φn(s) is negligible compared
to that of φn(xi) ω-almost surely, so s = φ∞(s) belongs to F = φ∞(K) (where H is
the subgroup from Lemma III.2.16).

Claim 2: for every 1 ≤ i ≤ p,

• the pointwise stabilizer of the axis A(xi) of xi is the finite group F ,

• the setwise stabilizer of A(xi) (denoted by Zi) is equal to ⟨xi, F ⟩.

Moreover, A(xi) is transverse to its translates, which means that for every γ ∈ Γ∖Zi,
the intersection of A(xi) and A(γxiγ−1) is either empty or a single point.

Proof of Claim 2. Let γ ∈ Γ be such that the intersection of A(xi) and A(γxiγ−1)
contains two distinct points v and w. Let γ be a preimage of γ in GΣ. As in the proof
of Claim 1, φn(γ) is contained in Λ(φn(xi)) = E(G) ⋊ ⟨φn(xi)⟩. Hence, for every
n, there exists an integer pn such that φn(γxpni ) belongs to E(G) ω-almost surely.
Note that the sequence (pn)n∈N is bounded ω-almost surely, since ∣∣φn(xi)∣∣/∣∣φn∣∣ is
bounded away from 0 ω-almost surely. In particular, pn is constant ω-almost surely,
equal to some p ∈ N. It follows that γxpi fixes the basepoint o. In other words, γ is
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equal to sx−pi for some element s ∈ Y . Now, observe that one has γxiγ−1 = sxis−1.
Since the intersection of A(xi) with A(γxiγ−1) is neither empty nor a single point,
Claim 1 implies that s belongs to F . This shows that Zi = ⟨xi, F ⟩ and that A(xi) is
transverse to its translates, which completes the proof of Claim 2.

We are now ready to prove that TΓ is a simplicial tree. First, we prove that the
number of orbits of directions at branch points in TΓ is finite by using Theorem III.2.5.
Note that Γ is countable since it is a subgroup of the finitely generated group L (which
is a quotient of GΣ). We need to check that the two assumptions of Theorem III.2.5
are satisfied, namely that the action of Γ on TΓ is K-superstable for some constant K
(i.e. that every arc whose stabilizer has order greater than K is stable) and that arc
stabilizers are finitely generated. In fact, we will prove the following stronger fact:
arc stabilizers are contained in the finite group F .

Let I ⊂ TΓ be an arc. Observe that there exists a subarc J ⊂ I that is contained
in the axis of a hyperbolic element of Γ. Indeed, let p1, p2 be two distinct points of
I, and let γ1, γ2 ∈ Γ be two hyperbolic elements such that p1 ∈ A(γ1) and p2 ∈ A(γ2).
Since TΓ is a tree, if A(γ1) and A(γ2) are not disjoint then the arc [p1, p2] is contained
in the union A(γ1) ∪A(γ2); thus, there exists a subarc J ⊂ [p1, p2] that is contained
in A(γ1) or in A(γ2). If A(γ1) and A(γ2) are disjoint, then γ1γ2 is hyperbolic and
[p1, p2] is contained in A(γ1γ2). In this case, one can take J = [p1, p2]. In either case,
there exists a subarc J ⊂ I that is contained in the axis of a hyperbolic element γ ∈ Γ.

We next observe that the axis of γ is obtained by concatenating subarcs of the
axes of some conjugates of x1, . . . , xp, and therefore J contains a subarc J ′ that is
contained in the axis of a conjugate hxih−1 of xi for some 1 ≤ i ≤ p and h ∈ Γ. Now, let
g be an element that fixes I pointwise. In particular g fixes the subarc J ′ and it follows
that J ′ is contained in A(hxih−1) and in gA(hxih−1). Since A(xi) is transverse to its
translates, g belongs to F . Hence, arc stabilizers are contained in the finite group F ,
and so the assumptions of Theorem III.2.5 are satisfied. We deduce that the number
of orbits of directions at branch points in TΓ is finite.

We next seek to bound the number of branch points in arcs in TΓ. More specifically,
let I be an arc of TΓ; we will prove that there are only finitely many branch points on
I in TΓ. Without loss of generality one can assume that the length of I is smaller than
the translation length ℓi of xi for every 1 ≤ i ≤ p. Assume towards a contradiction that
there are infinitely many branch points on I. Then, by III.2.5, there exist necessarily
two non-degenerate subsegments J1 and J2 of I such that

• J1 ∩ J2 = ∅,
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• there exists some γ ∈ Γ such that γJ1 = J2.

As above, up to taking subarcs of J1 and J2, one can assume that J1 and J2 are
contained in the axes of two hyperbolic elements γ1 and γ2 respectively. Since the
axes of γ1 and γ2 are obtained by concatenating subarcs of the axes of some conjugates
of x1, . . . , xp, one can assume (again, up to taking subarcs of J1 and J2) that J1 and
J2 are contained in the axes of two conjugates of xi1 and xi2 for some 1 ≤ i1, i2 ≤ p. By
Claim 1, one has that i1 = i2 and that γ belongs to ⟨F,xi1⟩ (up to conjugacy). This
is a contradiction, since F fixes the axis of xi1 pointwise, and since the intersection
of I with xi1I is empty or reduced to a point (because the length of I is smaller than
the translation length ℓi of xi for every 1 ≤ i ≤ p). Therefore, there are only finitely
many branch points on I, which proves that the tree TΓ is simplicial.

To finish, we give a precise description of the graph of groups TΓ/Γ. Since the
pointwise stabilizer of the axis of xi is F for every 1 ≤ i ≤ p, and since x and Y

generate Γ by definition, it follows that the underlying graph of TΓ/Γ is a rose in
which the unique vertex group is Y , every edge group is equal to F , and the stable
letters are x1, . . . , xp. Therefore, Γ can be decomposed as an amalgamated product
as follows:

Γ = Y ∗F ⟨x, F ∣ ad(xi)∣F = αi,∀i ∈ {1, . . . , p}⟩,

where αi denotes the automorphism of F induced by the action of xi on F by conju-
gation.

Corollary III.2.18. With the same notations and the same hypotheses as in Lemma
III.2.17 above, the tree TΓ is transverse to its translates, i.e. for every element h ∈
L ∖ Γ, the intersection hTΓ ∩ TΓ is at most one point. In addition, if e is an edge of
TΓ, there are only finitely many branch points on e in TL.

Proof. Let h be an element of L such that hTΓ ∩ TΓ is non-degenerate. As a conse-
quence of the description of TΓ above, we can find two elements u, v ∈ Γ such that the
axes of uxiu−1 and h(vxjv−1)h−1 have a non-trivial overlap in the limiting tree TL, for
some 1 ≤ i, j ≤ p; note that it could be that i = j. Let u, v and h be three preimages
of u, v, h respectively in GΣ. As in the proof of Lemma III.2.17, we have that

∆(φn(xi), φn(u−1hv)φn(xj)φn(u−1hv)
−1) ≥ εnmin(∣∣φn(xi)∣∣, ∣∣φn(xj)∣∣)

ω-almost surely. Hence, i = j and φn(u−1hv) belongs to Λ(φn(xi)) = E(G)×⟨φn(xi)⟩.
Thus, for every n, there exists pn such that φn(u−1hvxpni ) lies in E(G). On the other
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hand, as in the proof of Lemma III.2.17, since xi acts hyperbolically on TΓ, pn is
bounded by a constant that does not depend on n ω-almost surely. Otherwise,

lim
ω
( ∣∣φn(xi)∣∣
∣∣φn(u−1hv)∣∣

) = 0.

Since φn(u−1hv)/∣∣φn∣∣ is bounded, ∣∣φn(xi)∣∣/∣∣φn∣∣ ω-tends to 0, contradicting that xi
is hyperbolic. As a consequence, we can assume that for some p, pn = p for all n.
Thus, φn(u−1hvxpi ) belongs to E(G) ω-almost surely, that is, u−1hvxpi lies in H and
u−1hvxpi belongs to φ∞(H) = F . We conclude that there is an element f ∈ F such
that u−1hvxpi = f , or in other words h = ufx−pi v−1. Note that h ∈ Γ since u, v, f and
xi belong to Γ.

Lastly, let e be an edge of TΓ. Assume without loss of generality that e is adjacent
to the basepoint o (since TΓ is simplicial). We will prove that there are only finitely
many branch points on e in TL. First, note that the stabilizer of e in L is contained
in the finite group F . Indeed, if an element g ∈ L fixes the edge e, then it fixes the
basepoint o, whose stabilizer is Y ⊂ Γ. Hence g belongs to the stabilizer of e in Γ,
which is equal to F by Lemma III.2.17. This shows that the hypotheses of Theorem
III.2.5 are satisfied.

It follows that the number of orbits of directions at each branch point of TL is
finite. Now, assume towards a contradiction that there are infinitely many branch
points on e. Then, by III.2.5 there exist necessarily two non-degenerate subsegments
I and J of e, with I∩J = ∅, and an element g ∈ L such that gI = J . But we just proved
that TΓ is transverse to its translates, so g belongs to Γ. This is a contradiction, since
TΓ is a simplicial tree by Lemma III.2.17.

III.3 Merzlyakov’s theorem and an outline of the
proof of Theorem A

The main theorem proved in this chapter is the following generalisation of Mer-
zlyakov’s theorem. In this section we state the general version of Merzlyakov’s theo-
rem, and subtly reduce it to obtain a slightly easier statement. Note that Theorem
E stated in the introduction corresponds to the case where ℓ = 1 in the result below.
We also provide a rough outline of the proofs of Theorems E and A in preparation
for the following sections.
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Theorem III.3.1 (cf. Theorem E). Let G be an acylindrically hyperbolic group, and
let a be a tuple of elements of G (called constants). Fix a presentation ⟨a ∣ R(a) = 1⟩
for the subgroup of G generated by a. Let

θ(x,y,a) ∶
ℓ

⋁
k=1
(Σk(x,y,a) = 1 ∧ Ψk(x,y,a) ≠ 1)

be a finite disjunction of finite systems of equations and inequations over G, where x

and y are two tuples of variables. For every 1 ≤ k ≤ ℓ, let GΣk
be the following group,

which is finitely presented relative to ⟨a ∣ R(a) = 1⟩:

GΣk
= ⟨x,y,a ∣ R(a) = 1, Σk(x,y,a) = 1⟩.

Let p = ∣x∣ be the arity of x, and let xi denote the i-th component of x. Suppose that
G satisfies the following first-order sentence:

∀x ∃y
ℓ

⋁
k=1
(Σk(x,y,a) = 1 ∧ Ψk(x,y,a) ≠ 1).

Then, for every p-tuple σ = (σ1, . . . , σp) ∈ AutG(E(G))p, there exist an integer 1 ≤ k ≤
ℓ and a morphism

πσ ∶ GΣk
→ Gσ = G ∗E(G) ⟨x,E(G) ∣ ad(xi)∣E(G) = σi, ∀i ∈ {1, . . . , p}⟩

such that the following hold:

1. πσ(x) = x,

2. πσ(a) = a,

3. Ψ(x, πσ(y),a) ≠ 1.

Moreover, the image of πσ is a subgroup of Gσ of the form

⟨g,a⟩ ∗E(G) ⟨x,E(G) ∣ ad(xi)∣E(G) = σi, ∀i ∈ {1, . . . , p}⟩

for some tuple g of elements of G.

In fact, as Lemma III.3.3 will show, it is enough to prove the following version of
Merzlyakov’s theorem, which is a priori weaker than Theorem III.3.1 since the group
E(G) is replaced with a subgroup E ⊂ E(G) that may be proper.
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Theorem III.3.2. Keep the assumptions of Theorem III.3.1. Then for every p-tuple
σ = (σ1, . . . , σp) ∈ AutG(E(G))p, there exist an integer 1 ≤ k ≤ ℓ, a finite subgroup E
of E(G), and a morphism

πσ ∶ GΣk
→ Gσ = ⟨G,x ∣ ad(xi)∣E = σi∣E, ∀i ∈ {1, . . . , p}⟩

such that the following hold:

1. πσ(x) = x,

2. πσ(a) = a,

3. Ψ(x, πσ(y),a) ≠ 1.

Moreover, the image of πσ is a subgroup of Gσ of the form

⟨g,a⟩ ∗E ⟨x,E ∣ ad(xi)∣E = σi∣E, ∀i ∈ {1, . . . , p}⟩

for some tuple g of elements of G.

Lemma III.3.3. Theorems III.3.1 and III.3.2 are equivalent.

Proof. Theorem III.3.2 follows immediately from Theorem III.3.1. Let us prove the
converse. The proof consists in slightly modifying the first-order formula

∀x ∃y θ(x,y,a).

Let b be the tuple of elements of G consisting of a and E(G), and let σ1, . . . ,σN be
an enumeration of the elements of AutG(E(G))p. For 1 ≤ i ≤ N , let µi(x,y,b) be the
quantifier-free formula which states that “θ(x,y,a) is true and x acts on E(G) as
σi”. Since ∀x ∃y θ(x,y,a) holds in G, the following first-order sentence holds in G

as well:

∀x ∃y
N

⋁
i=1
µi(x,y,b).

Theorem III.3.1 follows from Theorem III.3.2 applied to this new first-order sentence.
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III.3.1 An outline of the proof of Theorem A

In order to illustrate the main ideas appearing in the following sections, we sketch
a proof of Theorem A in the particular (and easier) case where the maximal normal
finite subgroup E(G) is trivial.

Suppose that G satisfies a first-order sentence

θ ∶ ∀x ∃y Σ(x,y) = 1 ∧Ψ(x,y) ≠ 1.

Let Γ = G ∗ ⟨t⟩ ≃ G ∗ Z. Observe that the following two assertions are equivalent,
where p denotes the arity of x.

● Γ satisfies the sentence θ.

● For every p-tuple γ of elements from Γ, there exists a retraction r from ΓΣ,γ =
⟨Γ,y ∣ Σ(γ,y) = 1⟩ onto Γ such that no ψ(γ,y) which appears in the conjunction
of inequations Ψ(γ,y) is killed by r, i.e. the inequations remain valid in the
image of r.

In order to prove that Γ satisfies the sentence θ, we will construct such a retraction
r ∶ ΓΣ,γ ↠ Γ for any γ ∈ Γp. The very first step of the construction of this retraction
relies on the existence of a quasi-convex free subgroup F (a, b) ⊂ G (see [39, Theorem
6.14] combined with [5, Lemma 3.1]). Using a sequence of elements (wn(a, b))n∈N ∈
F (a, b)N satsifying certain small cancellation conditions in the free group F (a, b), we
construct a test sequence (φn ∶ Γ↠ G)n∈N by setting φn∣G = idG and φn(t) = wn(a, b).
Since, by assumption, the sentence θ is true in the groupG, each morphism φn extends
to a morphism ψn ∶ ΓΣ,γ ↠ G mapping y to a tuple gn such that Σ(ψn(γ),gn) = 1
and Ψ(ψn(γ),gn) ≠ 1.

The fact that F (a, b) is quasi-isometrically embedded in G enables us to prove
that the sequence of elements (ψn(t) = wn(a, b))n∈N satisfies nice geometric conditions
in G, which, in some sense, encapsulate the first-order sentence

∃y Σ(γ,y) = 1 ∧Ψ(γ,y) ≠ 1.

The sequence (ψn)n∈N yields a divergent limit group L acting on the corresponding
tree T . We analyse the action of L on T using the Rips machine, which converts the
action L ↷ T into an action of L on a simplicial tree. Using the version of the
shortening argument proved in Section III.1.4, we can assure that some properties of
the test sequence (ψn)n∈N are reflected in this splitting of L, and the rest of the proof
consists of constructing a retraction from L onto Γ, using this splitting.
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III.4 Proof of Merzlyakov’s theorem III.3.2 in a par-
ticular case

In this section, we deal with the case where (σ1, . . . , σp) = (idE(G), . . . , idE(G)). More
precisely, we prove the following result, which is stated here again for the reader’s
convenience, and which is a restrictive version of Theorem III.3.2.

Theorem III.4.1. Let G be an acylindrically hyperbolic group, and let a be a tuple of
elements of G (called constants). Fix a presentation ⟨a ∣ R(a) = 1⟩ for the subgroup
of G generated by a. Let

ℓ

⋁
k=1
(Σk(x,y,a) = 1 ∧ Ψk(x,y,a) ≠ 1)

be a finite disjunction of finite system of equations and inequations over G, where x

and y are two tuples of variables. For every 1 ≤ k ≤ ℓ, let GΣk
denote the following

group, finitely presented relative to ⟨a ∣ R(a) = 1⟩:

⟨x,y,a ∣ R(a) = 1, Σk(x,y,a) = 1⟩.

Let p = ∣x∣ be the arity of x, and let xi denote the i-th component of x. Suppose that
G satisfies the following first-order sentence:

∀x ∃y
ℓ

⋁
k=1
(Σk(x,y,a) = 1 ∧ Ψk(x,y,a) ≠ 1).

Then there exist an integer 1 ≤ k ≤ ℓ, a finite subgroup E of E(G), and a morphism

πσ ∶ GΣk
→ Gσ = ⟨G,x ∣ ad(xi)∣E = idE, ∀i ∈ {1, . . . , p}⟩

such that the following hold:

● πσ(x) = x,

● πσ(a) = a,

● Ψ(x, πσ(y),a) ≠ 1.

Moreover, the image of πσ is a subgroup of Gσ of the form

⟨g,a⟩ ∗E ⟨x,E ∣ ad(xi)∣E = idE, ∀i ∈ {1, . . . , p}⟩

for some tuple g of elements of G.

Recall that an (idE(G), . . . , idE(G))-test sequence is simply called a test sequence.
We commence by constructing a test sequence enjoying two additional special prop-
erties.
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III.4.1 Construction of a test sequence

The construction relies crucially on the existence of a quasi-isometrically embedded
subgroup of G of the form F (a, b) ×E(G) (provided by [39, Theorem 6.14] together
with [5, Lemma 3.1]), which will enable us to use small cancellation within F (a, b).

Proposition III.4.2. Let G be an acylindrically hyperbolic group, and let a be a tuple
of elements of G. Fix a presentation ⟨a ∣ R(a) = 1⟩ for the subgroup of G generated
by a. Let

ℓ

⋁
k=1
(Σk(x,y,a) = 1 ∧ Ψk(x,y,a) ≠ 1)

be a finite disjunction of finite system of equations and inequations over G, where x

and y are two tuples of variables. For every 1 ≤ k ≤ ℓ, denote

GΣk
= ⟨x,y,a ∣ R(a) = 1, Σk(x,y,a) = 1⟩.

Suppose that G satisfies the following first-order sentence:

∀x ∃y
ℓ

⋁
k=1
(Σk(x,y,a) = 1 ∧ Ψk(x,y,a) ≠ 1).

Then, there exists 1 ≤ k ≤ ℓ and a test sequence (φn ∶ GΣk
→ G)n∈N satisfying the

following two conditions ω-almost surely:

1. no ψ(x,y,a) which appears in the system of inequations Ψ(x,y,a) is killed by
φn, and

2. the morphism φn maps a to a (and not only to a conjugate of a).

Proof. By Theorem 6.14 in [39], there exists a hyperbolically embedded subgroup
H ↪h G (see [39, Definition 2.1]) such that H = F (a, b)×E(G) (where F (a, b) denotes
the free group on two generators a and b) and the elements a and b are loxodromic
in G.

By Theorem I.2.7, there exists a (possibly infinite) generating set S of G such that
the Cayley graph ofG with respect to S is hyperbolic, and such that the natural action
of G on this Cayley graph is non-elementary and acylindrical. By [93, Lemma 5.1],
the conclusion of Theorem I.2.7 is still satisfied for S ∪{a, b} instead of S. Therefore,
we can assume without loss of generality that a and b belong to S. Denote by (X,d)
the Cayley graph of G with respect to this enlarged set S.
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Let d′ denote the metric in the free group ⟨a, b⟩ for the generating set {a, b}.
By [5, Lemma 3.1], there exist two constants q and r such that

d′(1, h) ≤ qd(1, h) + r (III.1)

for every h ∈ ⟨a, b⟩.
We next choose a collection of elements in F (a, b) that satisfy a small cancellation

condition. For any 1 ≤ i ≤ p (where p is the arity of x) and n ≥ 0, we define

gi,n = a(i−1)n+1ba(i−1)n+2b⋯ainb.

Let gn be the p-tuple (g1,n, . . . , gp,n).
There exists 1 ≤ k ≤ ℓ such that, for infinitely many integers n, there is a tuple hn

of elements of G for which

G ⊧ Σk(gn,hn,a) = 1 ∧Ψk(gn,hn,a) ≠ 1.

By passing to a subsequence we assume without loss of generality that this system of
equalities and inequalities holds for all integers n. We will prove that the sequence
(φn)n∈N defined by the three equalities below is a test sequence,

φn(x) = gn, φn(y) = hn and φn(a) = a.

For 1 ≤ i ≤ p and n ≥ 0, let τi,n be the path in X connecting 1 to gi,n; assume
that τi,n is labeled with the word gi,n in a and b. Consider the bi-infinite path τ i,n =
⋃k∈Z gki,nτi,n. The path τ i,n is a geodesic in the Cayley graph of F (a, b) (equipped with
the metric d′). By the inequality (III.1), this graph is quasi-isometrically embedded
into (X,d) (for some constants that do not depend on n). Therefore, τ i,n can also
be seen as a quasi-geodesic in (X,d). Consequently, τ i,n lies in the λ-neighbourhood
of the quasi-axis A(gi,n) of gi,n for some constant λ ≥ 0 (which is independent of n).
Similarly, let α be the edge of X that connects 1 to a, let α denote the quasi-geodesic
α = ⋃k∈Z akα and let µ be a constant such that α lies in the µ-neighbourhood of A(a).

Since gi,n is cyclically reduced in ⟨a, b⟩, an easy calculation shows that d′(1, gi,n) ∼
(i − 1/2)n2. Thus, the second and third conditions of Definition III.2.11 hold. In
addition, the inequality (III.1) implies that there exists a constant R > 0 such that
∣∣gi,n∣∣ ≥ Rn2 for every n that is sufficiently large and every i ∈ {1, . . . , p}.

It remains to prove the fourth condition of Definition III.2.11, namely that each
tuple φn(x) satisfies a suitable geometric small cancellation condition. Since a is
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loxodromic, there exists N ≥ 0 such that, for every g ∈ G, if ∆(a, gag−1) ≥ N , then g

belongs to Λ(a) = ⟨a⟩ ×E(G) (see Subsection III.2.3). Let n0 be such that

16 ⋅ q ⋅R ⋅ n0 ≫ N ′ = N + 204 ⋅ δ + 2 ⋅ λ + 2 ⋅ µ.

We remark that N ′ was chosen to cater for the use of [37, Lemma 2.13] which gives
a bound on the diameter of the intersection of two quasiconvex sets in a hyperbolic
space. We remind the reader that

• q is the constant involved in the inequality (III.1),

• R satisfies ∣∣gi,n∣∣ ≥ Rn2 for every 1 ≤ i ≤ p ω-almost surely,

• λ was chosen such that τ i,n lies in the λ-neighbourhood of the quasi-axis A(gi,n)
of gi,n, and

• µ was chosen such that α lies in the µ-neighbourhood of A(a).

We will show that for every n ≥ n0, the tuple φn(x) = gn satisfies the (16q/n)-
small cancellation condition (see Definition III.2.9). Let n > n0 and let g ∈ G be such
that

∆(gi,n, g ⋅ gj,n ⋅ g−1) ≥
16qmin(∣∣gi,n∣∣, ∣∣gj,n∣∣)

n
(III.2)

for some i, j ∈ {1, . . . , p}. We need to show that i = j and that g belongs to the
subgroup ⟨gi,n⟩ ×E(G). For convenience, we assume without loss of generality that
j ≥ i. Thus, ω-almost surely, one has that min(∣∣gi,n∣∣, ∣∣gj,n∣∣) = ∣∣gi,n∣∣. We first show
that g lies in the subgroup ⟨a, b⟩ ×E(G). Since

∆(gi,n, g ⋅ gj,n ⋅ g−1) ≥
16q ⋅ ∣∣gi,n∣∣

n
≥ 16 ⋅ q ⋅R ⋅ n ≥ 16 ⋅ q ⋅R ⋅ n0 ≫ N ′, (III.3)

we can choose two subpaths µi,n and µj,n of τ i,n and gτ j,n respectively, such that

1. each of µi,n and µj,n is labeled by aN ′ (and is of length N ′), and

2. diam((µi,n)+(100δ+λ) ∩ (µj,n)+(100δ+λ)) ≥ N ′.

Denote the initial points of µi,n and µj,n by oi,n and oj,n respectively. We have that

diam(oi,nα+(100δ+λ) ∩ oj,nα+(100δ+λ)) ≥ N ′.

It follows that

diam(A(a)+(100δ+λ+µ) ∩ o−1i,n ⋅ oj,n ⋅A(a)+(100δ+λ+µ)) ≥ N ′.
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By [37, Lemma 2.13] we have that

∆(a, (o−1i,n ⋅ oj,n) ⋅ a ⋅ (o−1i,n ⋅ oj,n)
−1) ≥ diam (A(a)+(100δ+λ+µ) ∩ o−1i,n ⋅ oj,nA(a)+(100δ+λ+µ))
− (204δ + 2λ + 2µ)
≥ N ′ − (204δ + 2λ + 2µ)
= N.

It follows that o−1i,n ⋅ oj,n belongs to Λ(a) = ⟨a⟩ × E(G). Next, observe that since
oi,n lies in ⟨a, b⟩, it is on the quasi-geodesic τ i,n. Similarly, oj,n can be written as
oj,n = gwj,n with wj,n ∈ ∠a, b⟩. It follows that g belongs to the subgroup ⟨a, b⟩×E(G).

Up to replacing g with gc for some c ∈ E(G), we can assume that g ∈ ⟨a, b⟩; this
does not affect the inequality in (III.3). Indeed, g ⋅ c ⋅ gj,n(g ⋅ c)−1 is equal to g ⋅ gj,ng−1
since gj,n centralizes E(G) as an element of ⟨a, b⟩.

Let Y denote the Cayley graph of the free group ⟨a, b⟩ (equipped with the metric
d′). The following inequality can be easily deduced from the inequalities (III.1) and
(III.2):

diam ((τ i,n)+(q(100δ+r)+1) ∩ (gτ j,n)+(q(100δ+r)+1)) ≥
16 ⋅ q ⋅ d′(1, gi,n)

2 ⋅ q ⋅ n = 8 ⋅ d
′(1, gi,n)
n

.

Since Y is a tree, this inequality implies that the axes of gi,n and g ⋅ gj,ng−1 have an
overlap of length at least 8d′(1, gi,n)/n. Recall that d′(1, gi,n) ∼ (i − 1/2)n2. Thus,
8d′(1, gi,n)/n is asymptotically equivalent to 8n(i − 1/2). Therefore, ω-almost surely,
the axes of gi,n and g ⋅ gj,n ⋅ g−1 have an overlap of length at least 4n ⋅ (i − 1/2) in Y .

To conclude, note that 4n(i−1/2) > 2ni−2 and that two distinct cyclic conjugates
of gi,n and gj,n can have a mutual initial subword of length at most 2ni − 2 (here we
use the assumption that j > i). Thus, if the axes of gi,n and g ⋅gj,n ⋅g−1 have a common
subsegment of length strictly larger than 2ni−2 in Y , then gi,n and g ⋅gj,n ⋅g−1 have the
same axis. It follows that i = j, and that gi,n and g have a common root. Since gi,n
is not a power, we must have that g is a power of gi,n, which finishes the proof.

III.4.2 Proof of Theorem III.4.1 (partial version of Merzlyakov’s
Theorem)

Theorem III.4.1 (Merzlyakov’s theorem where σ = (idE(G), . . . , idE(G))) is an imme-
diate consequence of Proposition III.4.2 (which proved the existence of a test se-
quence) and Proposition III.4.3 below (which is essentially Theorem E under the
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additional assumption that a suitable (σ1, . . . , σp)-test sequence exists), applied with
(σ1, . . . , σp) = (idE(G), . . . , idE(G))).

Proposition III.4.3. Let G be an acylindrically hyperbolic group, and let a be a tuple
of elements of G. Fix a presentation ⟨a ∣ R(a) = 1⟩ for the subgroup of G generated
by a. Let

Σ(x,y,a) = 1 ∧ Ψ(x,y,a) ≠ 1

be a finite system of equations and inequations over G, where x and y are tuples of
variables. Suppose that there exists a (σ1, . . . , σp)-test sequence (φn ∶ GΣ → G)n∈N
satisfying the following two conditions ω-almost surely:

1. no no ψ(x,y,a) which appears in the system of inequations the system of in-
equations Ψ(x,y,a) is killed by φn, and

2. the morphism φn maps a to a (not only to a conjugate).

Then there exist a finite subgroup E of E(G) and a morphism

πσ ∶ GΣ → Gσ = ⟨G,x ∣ ad(xi)∣E = σi∣E, ∀i ∈ {1, . . . , p}⟩

such that the following hold:

● πσ(x) = x,

● πσ(a) = a,

● no ψ(x,y,a) which appears in the system of inequations Ψ(x,y,a) is killed by
πσ.

Moreover, the image of πσ is a subgroup of Gσ of the form

⟨g,a⟩ ∗E ⟨x,E ∣ ad(xi)∣E = σi∣E, ∀i ∈ {1, . . . , p}⟩

for some tuple g of elements of G.

We remark that the proof of Proposition III.4.3 is quite intricate, and will therefore
be interrupted by supplementary lemmas.

Proof. By assumption, there exists a (σ1, . . . , σp)-test sequence (φn ∶ GΣ → G)n∈N that
satisfies the following two conditions ω-almost surely:

1. for each ψ(x,y,a) which appears in the system of inequations Ψ(x,y,a),
φn(ψ(x,y,a)) is non-trivial, and
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2. the morphism φn maps a to a (not only to a conjugate).

Let U be the subgroup of GΣ generated by x and a. Since the Cayley graph of G
with respect to S (on which G acts acylindrically and non-elementarily) is discrete,
the length of any morphism GΣ → G is a natural number. As a consequence, there
exists a sequence of morphisms (θn ∶ GΣ → G)n∈N that satisfies simultaneously the
following three conditions ω-almost surely:

1. θn coincides with φn on U up to conjugation,

2. for each ψ(x,y,a) that appears in the system of inequations Ψ(x,y,a), θn(ψ(x,y,a))
is non-trivial, and

3. there is no morphism that satisfies simultaneously the conditions 1. and 2.
above, and that is stricly shorter than θn.

Note that by Remark III.2.13, the sequence (θn)n∈N is a (σ′1, . . . , σ′p)-test sequence
for some (σ′1, . . . , σ′p) ∈ AutG(E(G))p; therefore, the sequence (θn)n∈N is divergent (by
Remark III.2.12). However, one cannot guarantee that σ′i coincides with σi. Moreover,
θn maps a to a conjugate of a, and not necessarily to a itself.

Let L = GΣ/ker←Ðω((θn)n∈N) and let θ∞ ∶ GΣ↠ L be the corresponding limiting map.
Observe that θ∞ is injective on U = ⟨a, x1, . . . , xp⟩: indeed, by Lemma III.2.17, the
limiting tree associated with the sequence (θn∣U)n∈N coincides with the Bass-Serre tree
of the decomposition of U obtained in Lemma III.2.17. Recall that the underlying
graph of the graph of groups decomposition of U is a rose, that the unique vertex
group of this decomposition is ⟨a⟩ and that the edges groups are all equal to F , with
stable letters x1, . . . , xp. It follows that the sequence (θn∣U)n∈N is discriminating (that
is, for every u ∈ U , θn(u) ≠ 1 ω-almost surely) for the following two reasons:

1. θn is injective on the vertex group ⟨a⟩, and

2. every element that does not belong to a conjugate of ⟨a⟩ is hyperbolic in the
limiting tree.

Therefore θ∞ is injective on U . Consequently, in the proof below, we abuse notation
and use U to denote its image in the successive quotients of GΣ involved in the
construction of the formal solution πσ.

Standing Assumption III.4.4. For the rest of the proof, C denotes the constant
defined in the Stability Lemma III.1.4.
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A particular case. For presentational purposes, we first prove Proposition III.4.3
in the particular case where L does not split non-trivially over a finite group of order
less than C. Under this assumption, if one assumes (towards a contradiction) that U is
elliptic in the limiting tree associated to the test sequence (θn ∶ GΣ → G)n∈N, then the
relative Shortening Argument (Theorem III.1.26) implies the existence of a sequence
of homomorphisms (ρn ∶ GΣ → G)n∈N satisfying the following three conditions ω-
almost surely:

1. ρn coincides with θn (and therefore with φn) on U up to conjugation,

2. ρn kills no ψ(x,y,a) which appears in the tuple Ψ(x,y,a),

3. and ρn is stricly shorter than θn relative to H.

This contradicts the definition of θn as the shortest morphism satisfying both con-
ditions (1) and (2) ω-almost surely. Hence, U is not elliptic in the limiting tree of
the test sequence (θn ∶ GΣ → G)n∈N. The conclusion now follows from the following
technical lemma (see Lemma III.4.8 for a more general version). We postpone the
proof (of both lemmas) to the end of this section, so as not to disrupt the proof of
Proposition III.4.3.

Lemma III.4.5. Let F be the finite subgroup of L defined in Lemma III.2.16. If U
is not elliptic in the limiting tree, then the group L admits a splitting SL with two
vertex groups, ⟨ℓ,a⟩ (for some tuple ℓ of elements of L) and ⟨x, F ⟩, and one edge
group F . Let A be an SL-approximation of L as in Proposition III.1.11. There exist
a finite subgroup E of E(G) and an epimorphism r from A onto a group of the form

⟨g,a⟩ ∗E ⟨x,E ∣ ad(xi)∣E = σi∣E, ∀i ∈ {1, . . . , p}⟩,

where g denotes a tuple of elements of G, and such that r(x) = x, r(a) = a and r

does not kill any element appearing in the image of the tuple Ψ(x,y,a) in A.

Lastly, one defines the formal solution πσ ∶ GΣ → G by πσ = r ○ q where q denotes
the natural epimorphism from GΣ onto A. This concludes the proof of Proposition
III.4.3 in the particular case where L does not split non-trivially over a finite group
of order less than C. In general, however, this hypothesis is not satisfied and one
has to deal with the complications that arise from splittings over finite subgroups.
In particular, one needs a strengthened version of the relative Shortening Argument
Theorem III.1.26, namely Theorem III.1.29.
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General case. Since we are going to describe an iterative process, let us rename
θn to θ0n, and L to L0. For any G-limit group Li that appears in the proof, denote by
LUi the vertex group containing U in a reduced JSJ decomposition Ji of Li, relative
to U , over finite groups of order less than C.

The proof of Proposition III.4.3 consists of constructing the following diagrams
(indexed by n), illustrated in Figure III.1, ω-almost surely.

Remark III.4.6. A word of caution: not all parts of these diagrams commute as
it might appear. That is, θin is not equal to θi+1n ○ qi+1, but there are other maps
ρin ∶ Ai → G defined below such that θin = ρi+1n ○ qi+1.

A0 = GΣ

q1

$$ $$

θ0∞

����

θ0n // G

A1

π0







q2

    

θ1∞

����

θ1n

22

A2

π1







qi○⋯○q3

    

θ2n

66

Ai

θi∞

����

qi+1

!! !!

θin

BB

Ai+1

θi+1∞
����

πi}}}}

θi+1n

II

L0 L1 Li Li+1

Figure III.1: Constructing the maps θin by iteratively shortening approximations of
splittings of the resulting limit groups. The process eventually terminates with U
being non-elliptic in the corresponding limiting tree, yielding the desired formal so-
lution.

These diagrams are built iteratively, as follows: given the divergent sequence
(θin ∶ Ai → G)n∈N, one defines Li by Li = Ai/ker←Ðω((θ

i
n)n∈N). Let Ji be a reduced JSJ

spltting of Li over finite groups of order less than C, let Ri be the splitting of the
vertex group LUi as a graph of actions outputted by the Rips machine and let RJi be
the splitting of L obtained from Ji by replacing the vertex fixed by LUi with the graph
of groups Ri. Let Ai+1 be an RJi-approximation of Li given by Proposition III.1.11
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and Corollary III.1.15, and let ρi+1n ∶ Ai+1 → G be the factorization of θin ∶ Ai → G

through the natural epimorphism qi+1 ∶ Ai↠ Ai+1.

Since Ai+1 is an RJi-approximation of Li, it is also a Ji-approximation of Li (in-
deed, one can collapse the subgraph corresponding to Ri to a point). We denote by
AUi+1 the vertex group of the splitting of Ai+1 corresponding to LUi . Note that AUi+1,
unlike LUi , may split non-trivially relative to U over finite subgroups of order less
than C. It remains to define the divergent sequence (θi+1n ∶ Ai+1 → G)n∈N.

If U is elliptic in the limiting tree of the sequence (ρi+1n )n∈N, then by the generalised
relative Shortening Argument (Theorem III.1.29) there exists a sequence of homomor-
phisms (θi+1n ∶ Ai+1 → G)n∈N satisfying the following three conditions ω-almost surely:

1. θi+1n coincides with ρi+1n (and therefore with φn) on U up to conjugation,

2. θi+1n kills no element appearing in the image of the tuple Ψ(x,y,a) in Ai+1, and

3. the restriction θi+1n ∣AU
i+1

is stricly shorter than the restriction ρi+1n ∣AU
i+1

, relative to
U .

In addition, since the length of θi+1n is a natural number, one can assume without loss
of generality that θi+1n is the shortest morphism from Ai+1 to G that satisfies the first
two conditions above ω-almost surely. Note that the sequence (θi+1n )n∈N is divergent
since it is a test sequence (see Remarks III.2.12 and III.2.13).

To show that this iteration eventually terminates, we have to prove that there
exists some i ∈ N such that U is not elliptic in the limiting tree of the sequence
(ρi+1n )n∈N. In other words, we shall prove the following claim:

Claim III.4.7. There exists an integer i such that qi+1(AUi ) = AUi+1.

Before proving Claim III.4.7 (whose proof, as one might expect, relies on accessi-
bility arguments), we first explain how to complete the proof of Proposition III.4.3.
First, note that if qi+1(AUi ) is equal to AUi+1, then shortening the restriction of θi+1n

to AUi+1 automatically shortens the restriction of ρin to AUi . This is not possible by
the definition of ρin. As a consequence, if qi+1(AUi ) = AUi+1, then U cannot be elliptic
in the limiting tree of the sequence (θi+1n )n∈N by the generalised relative Shortening
Argument (Theorem III.1.29). In order to construct the formal solution, we will use
the following lemma (the generalised version of Lemma III.4.5) (We remind the reader
that the proof of Lemma III.4.8 is postponed to the end of this section)
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Lemma III.4.8. Let F be the finite subgroup of Li+1 defined in Lemma III.2.16. If
U is non-elliptic in the limiting tree of the sequence (θi+1n )n∈N, then the group Li+1

admits a splitting S with two vertex groups, ⟨ℓ,a⟩ (for some tuple ℓ of elements of
Li+1) and ⟨x, F ⟩, and one edge group F . Let A be an S-approximation of Li+1 given by
Proposition III.1.11. There exists a finite subgroup E of E(G) and an epimorphism
r from A onto a group of the form

⟨g,a⟩ ∗E ⟨x,E ∣ ad(xi)∣E = σi∣E, ∀i ∈ {1, . . . , p}⟩,

where g denotes a tuple of elements of G, and such that r(x) = x, r(a) = a and r

kills no element appearing in the image of the tuple Ψ(x,y,a) in A.

As a consequence of this lemma, if U is not elliptic in the limiting tree of the
sequence (ρi+1n )n∈N, one can define the formal solution πσ ∶ GΣ → G by

πσ = r ○ qi+1 ○ qi ○ ⋯ ○ q0.

Therefore, in order to conclude the proof of Proposition III.4.3, it remains to prove
Claim III.4.7 (according to which there exists an integer i such that qi+1(AUi ) = AUi+1).
Denote by ηi the number of edges in a reduced JSJ splitting Ji of Li over finite groups
of order less than C, relative to U . Let E(Ji) be the set of edges of Ji. We first prove
the following simple lemma, required for the proof of Claim III.4.7:

Lemma III.4.9. Let G and H be two groups, equipped with two splittings SG and
SH over finite groups. Let TG and TH be the Bass-Serre trees corresponding to these
splittings. Suppose that there exists an epimorphism θ ∶ G↠ H and a θ-equivariant
bijection f ∶ TG → TH such that θ is injective on finite vertex groups and maps infinite
vertex groups onto infinite vertex groups. Then, the following implication holds: if
TG is reduced, then TH is reduced.

Proof of Lemma III.4.9. Suppose that TG is reduced. Let ε = [v,w] be an edge of
TH such that Hv = Hε = Hw. We need to prove that w is a translate of v, i.e. that
there exists an element h ∈ H such that w = hv. Let e = [x, y] be a preimage of ε by
f . Since Hε is finite, Hv and Hw are finite. Therefore, Gx and Gy are finite (indeed,
we assume that θ maps infinite vertex groups onto infinite vertex groups). Moreover,
since θ is injective on finite vertex groups, we have that Gx = Ge = Gy. It follows
that y = gx for some g ∈ G. In addition, f(y) = w, and, since f is θ-equivariant,
f(gx) = θ(g)f(x) = θ(g)v. Hence, w = θ(g)v.
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Before proving Claim III.4.7, we also make the following observation:

Observation: Note that Li is finitely generated as a quotient of the finitely generated
group GΣ. Using a folding sequence argument, Dunwoody proved in [43] that the sum

∑
e∈E(Ji)

1

∣Lie∣
,

where Lie denotes the edge group of e, is smaller than the rank of Li (that is, the
minimal number of elements required to generate Li). Therefore, for every i ∈ N, one
has that ηi ≤ Crank(Li). In addition, one has that rank(Li) ≤ rank(GΣ) since Li is
a quotient of GΣ. Putting these inequalities together, we obtain that ηi is bounded
from above by C ⋅ rank(GΣ).

Proof of Claim III.4.7. We begin by showing that ηi+1 ≥ ηi, with equality if and only
if qi+1(AUi ) = AUi+1. Since Ai+1 is a Ji-approximation of Li, there exists a splitting J′i
of Ai+1 with the same underlying graph as Ji, and whose edge groups have the same
order as the corresponding edge groups in Ji. In particular, J′i is a splitting over
finite groups of order less than C, whose underlying graph has ηi edges. Moreover, by
Proposition III.1.11 and Lemma III.4.9, the splitting J′i is reduced since Ji is reduced.

In order to establish that ηi+1 ≥ ηi, we take a closer look at the defining sequence
(θi+1n ∶ Ai+1 → G)n∈N of Li+1 = Ai+1/ker←Ðω((ρ

i+1
n )n∈N. In the proof of Theorem III.1.29,

each morphism θi+1n is obtained by precomposing ρi+1n by an automorphism α of Ai+1
(note that α is independent of n). The restriction of α to AUi+1 is a modular au-
tomorphism (or, more precisely, a lift of a modular automorphism of LUi to AUi+1);
furthermore, the restriction of α to any other vertex group of J′i is a conjugation. We
remark that α is a lift of a natural extension of a modular automorphism of LUi (see
Lemma III.1.20), and this extension exists because modular automorphisms restrict
to conjugation on finite subgroups. As a consequence, Li+1 admits a splitting J′′i over
finite groups of order less than C with ηi edge groups. This splitting obtained from
the splitting J′i of Ai+1 by replacing each vertex group by its image under the limiting
map θi+1∞ . This shows that a reduced JSJ splitting of Li+1 has at least ηi edges, or in
other words, that ηi+1 ≥ ηi.

Next, suppose that ηi = ηi+1. We will prove that J′′i is a reduced JSJ splitting
of Li+1 over finite groups of order less than C. Since we already know that J′′i is a
splitting of Li+1 over finite groups of order less than C with ηi+1 edges, we only need
to show that J′′i is reduced. To do so, it suffices to verify that the conditions of Lemma
III.4.9 are satisfied. The manner in which J′′i was defined implies the limiting map
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θi+1∞ ∶ Ai+1 ↠ Li+1 maps each vertex group of J′i onto the corresponding vertex group
of J′′i . We will verify that the following two hold:

1. θi+1∞ is injective on finite vertex groups, and

2. θi+1∞ maps infinite vertex groups onto infinite vertex groups.

Consider the following diagram, where πi denotes the natural epimorphism from Ai+1

onto Li (in other words, πi is the limiting map ρi+1∞ ):

Ai+1
θi+1∞

## ##

πi

}}}}

Li Li+1.

Note that for each vertex group V ≤ Ai+1 of J′i that does not contain U , the kernel
of the restriction of πi to V coincides with the kernel of the restriction of θi+1∞ to V .
Indeed, recall that θi+1n is obtained by precomposing ρi+1n by an automorphism α of
Ai+1 whose restriction to V is a conjugation. As a consequence, the vertex groups
πi(V ) and θi+1∞ (V ) are isomorphic. We know that πi(V ) is infinite if and only if V
is infinite, and that πi(V ) ≅ V if V is finite; this follows from the construction of
J′i and Ai+1 (see also Proposition III.1.11 and Corollary III.1.14). Therefore, θi+1∞ (V )
is infinite if and only if V is infinite. In addition, θi+1∞ (V ) and V are isomorphic
whenever V is finite. Finally, note that the image of the vertex group of J′i containing
U under θi+1∞ is infinite since U is infinite (and since θi+1∞ is injective on U). Hence,
the conditions 1. and 2. above are satisfied, Lemma III.4.9 applies and J′′i is reduced,
as required.

Hence, if ηi = ηi+1, then J′′i is a reduced JSJ splitting of Li+1 over finite groups of
order less than C. It follows that the image of the vertex group AUi+1 in Li+1 coincides
with LUi+1 and AUi+1 = qi+1(AUi ).

It remains to prove Lemma III.4.8, whose statement is recalled below (for the sake
of readability, the index i + 1 is replaced with i).

Lemma. Let F be the finite subgroup of Li defined in Lemma III.2.16. If U is non-
elliptic in the limiting tree of the sequence (θin)n∈N, then the group Li admits a splitting
S with two vertex groups, ⟨ℓ,a⟩ (for some tuple ℓ of elements of Li) and ⟨x, F ⟩, and
one edge group F . Let A be an S-approximation of Li given by Proposition III.1.11.
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There exists a finite subgroup E of E(G) and an epimorphism r from A onto a group
of the form

⟨g,a⟩ ∗E ⟨x,E ∣ ad(xi)∣E = σi∣E, ∀i ∈ {1, . . . , p}⟩,

where g denotes a tuple of elements of G, and such that r(x) = x, r(a) = a and r

kills no element appearing in the image of the tuple Ψ(x,y,a) in A.

Proof. By assumption, the group U is non-elliptic in the limiting tree T ∶= TLU
i

as-
sociated with the divergent sequence (θin∣AU

i
)n∈N. First, we construct a splitting S of

Li with exactly two vertex groups ⟨x, F ⟩ and ⟨ℓ,a⟩ (for some tuple ℓ of elements of
Li) and one edge group F . Let Y be the stabilizer of the base point o in T . Let Γ

be the subgroup ⟨U,Y ⟩ of LUi . Since U is contained in Γ, this group is non-elliptic in
the limiting tree T . Let TΓ ⊂ T be the minimal invariant subtree of Γ. By Lemma
III.2.17, the tree TΓ is simplicial and Γ admits the following splitting:

Γ = Y ∗F ⟨x, F ∣ ad(xi)∣F = αi,∀i ∈ {1, . . . , p}⟩,

where F denotes the finite subgroup of L defined in Lemma III.2.16 and αi denotes
the automorphism of F induced by the action of xi.

Define an equivalence relation ∼ on T by setting x ∼ y if [x, y]∩uTΓ contains at most
one point for every u ∈ LUi . Let (Yj)j∈J denote the equivalence classes of ∼ that are not
a single point. Each Yj is a subtree of T . We next show that (Yj)j∈J∪{uTΓ ∣ u ∈ LUi /Γ}
is a transverse covering of T (recall Definition III.2.1):

● Transverse intersection. For every i ≠ j, the intersection Yi∩Yj is clearly empty.
For every i and u ∈ LUi , Yi ∩ uTΓ contains at most one point by definition. For
every u,u′ ∈ LUi such that u′u−1 ∉ Γ, ∣uTΓ ∩ u′TΓ∣ ≤ 1 by to Lemma III.2.18.

● Finiteness condition. Let x and y be two points of T . By Lemma III.2.18, there
exists a constant ε > 0 such that, for every u ∈ U , if the intersection [x, y] ∩uTΓ
is non-degenerate, then the length of [x, y] ∩ uTΓ is bounded from below by ε.
Consequently, the arc [x, y] is covered by at most ⌊d(x, y)/ε⌋ translates of TΓ
and at most ⌊d(x, y)/ε⌋ + 1 distinct subtrees Yj.

Hence, the collection (Yj)j∈J∪{uTΓ ∣ u ∈ LUi } is a transverse covering of T . We next
consider the skeleton Tc associated to the transverse covering (Yj)j∈J ∪{uTΓ ∣ u ∈ LUi }
(see Definition III.2.2). Since the action of LUi on T is minimal (from the definition
of T ), [61, Lemma 4.9] implies that the same holds for the action of LUi on Tc.
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We will now focus our attention on understanding the decomposition ∆c = Tc/LUi
of LUi as a graph of groups. We begin by describing the stabilizer (in LUi ) of an edge e
of TΓ. Let u be an element of LUi that fixes e; e is contained in TΓ ∩uTΓ, so u belongs
to Γ by Lemma III.2.18. It follows that u belongs to F , because the stabilizer of e
in Γ is contained in F (indeed, recall that by Lemma III.2.17, TΓ is isometric to the
Bass-Serre tree of the rose-like splitting of Γ in which every edge group is F ). Thus,
the stabilizer of e in LUi is equal to F .

We next prove that if one of the subtrees in the transverse covering (Yj)j∈J ∪
{uTΓ ∣ u ∈ LUi } (other than TΓ) intersects TΓ in a point, then this point is necessarily
one of the terminal vertices of a translate of the edge e ∈ TΓ. Assume towards a
contradiction that Yj or uTΓ with u ∉ Γ intersects TΓ in a point x that is not one
of the extremities of e. Then the skeleton Tc contains an edge ε = (x,TΓ) whose
stabilizer is Stab(x) ∩ Γ (where Stab(x) denotes the stabilizer of x in LUi ) By the
previous paragraph, Stab(x) ∩ Γ = F . Recall that φn maps F into E(G) ω-almost
surely, and therefore ∣F ∣ ≤ C. It follows that the splitting ∆c of LUi is a non-trivial
splitting over finite groups of order ≤ C relative to Γ. This is impossible since LUi
does not split over a finite subgroup of order ≤ C non-trivially relative to Γ. Hence, if
Yj ∩TΓ = {x} or uTΓ∩TΓ = {x} (with u ∉ Γ), then the point x is a terminal vertex of e
in TΓ. As a consequence, Stab(x) is a conjugate of Y (the stabilizer of the basepoint
o) in Γ; furthermore, every edge adjacent to TΓ in Tc admits the form (γx,TΓ) = γε
with ε = (x,TΓ).

Therefore, ε is the only edge adjacent to TΓ in the quotient graph ∆c. Its stabilizer
is Y . By collapsing all edges of ∆c except for ε, one obtains a splitting Γ ∗Y H of LUi
(where H is some subgroup of LUi ). Recall that

Γ = Y ∗F ⟨x, F ∣ ad(xi)∣F = αi,∀i ∈ {1, . . . , p}⟩,

and hence the splitting Γ ∗Y H of LUi yields the following splitting of LUi :

LUi =H ∗F ⟨x, F ∣ ad(xi)∣F = αi, ∀i ∈ {1, . . . , p}⟩.

Since every finite subgroup of LUi is conjugate to a finite subgroup of H, the group
Li splits as

Li =K ∗F ⟨x, F ∣ ad(xi)∣F = αi, ∀i ∈ {1, . . . , p}⟩,

for some subgroup K of Li with ⟨a⟩ ⊂ Y ⊂ H ⊂ K. Denote this splitting of Li by S.
Note that if a was empty, one could just retract Li onto the free group F (x) on x.
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But a is not empty in general, which makes the construction of the retraction a little
bit more involved.

Let A be an S-approximation of Li (given by Proposition III.1.11), and let SA
be the corresponding splitting of A. By Remark III.1.12, we can assume that the
elements appearing in the tuple Ψk(x,y,a) in Li and A have the same normal forms
when written in S and SA. The splitting SA has a similar form to that of S; more
precisely, we have that

A =K ′ ∗F ⟨x, F ⟩ = ⟨K ′,x ∣ ad(xi)∣F = αi, ∀i ∈ {1, . . . , p}⟩.

Note that we abuse notation and use F to denote a preimage of F ⊂ Li in A. We also
use x and a to denote preimages of x and a in A (we also remark that a is contained
in K ′).

We claim that there exists a subgroup E of E(G) and an epimorphism r from A

onto a group of the form

⟨g,a⟩ ∗E ⟨x,E ∣ ad(xi)∣E = σi∣E, ∀i ∈ {1, . . . , p}⟩,

where g denotes a tuple of elements of G, and such that r(x) = x, r(a) = a and r

kills no element appearing in the image of the tuple Ψ(x,y,a) in A.

For every n, denote by ψn ∶ A → G the factorization of θin ∶ Ai → G through the
natural epimorphism from Ai onto A. ψn ∶ A→ G is better described by the following
commuting diagram:

Ai

&& &&

θin //

θi∞

�� ��

G

A
ψn

88

����

Li

We remind the reader that we denote by x and a the copies of x and a in both
Ai and A. The homomorphism ψn coincides with θni on U = ⟨x,a⟩. Therefore, up
to postcomposing ψn with an inner automorphism of G, we can assume without loss
of generality that ψn coincides with φn on U = ⟨x,a⟩, and in particular ψn restricts
to the identity on a. This also means that the inner automorphisms ad(ψn(xi)) and
ad(φn(xi)) induce the same automorphism σi of E(G) (recall that (φn ∶ GΣ → G)n∈N
is the initial (σ1, . . . , σp)-test sequence).
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For every n, since ψn is the identity on a, the group ψn(K ′) contains a. Since A is
finitely presented relative to U = ⟨x,a⟩, and since F is a finite group, K ′ and ψn(K ′)
are finitely generated relative to a. Therefore, there exists a tuple gn of elements of
G such that

ψn(K ′) = ⟨gn,a⟩.

Let E = ψn(F ) ⊂ E(G). Consider the following amalgamated product:

Qn = ⟨gn,a⟩ ∗E ⟨x,E ∣ ad(xi)∣E = σi, ∀i ∈ {1, . . . , p}⟩.

For every n, one can define an epimorphism πn ∶ A↠ Qn by setting πn(xi) = xi and
πn = ψn on K ′. This morphism is well-defined (ω-almost surely). Indeed, for every
integer 1 ≤ i ≤ p, since xi normalizes F there exists an automorphism αi of F such
that xifx−1i = αi(f) for every f ∈ F . The following relation holds ω-almost surely:

ψn ○ αi = σi ○ ψn

which shows that πn is well-defined ω-almost surely. In addition, πn is surjective
because its image contains x and ψn(K ′) = ⟨gn,a⟩, which generate the group Qn.
It remains to prove that πn does not kill any element appearing in the image of the
tuple Ψk(x,y,a) in A ω-almost surely.

Let v be an element appearing in the image of Ψk(x,y,a) in A. This element can
be written in normal form in the splitting SA as

v = k′0tε11 k′1tε22 k′2⋯t
εq
q k
′
q+1

with k′i ∈ K ′ and tj ∈ {x1, . . . , xp} for every 1 ≤ j ≤ q. For every j, if tj = tj+1 = xi and
εj = −εj+1, then k′j ∉ F . By Remark III.1.12, the image of v in Li can be written in
normal form in a similar way, by replacing each k′i with an element ki that belongs
to the subgroup K of L. Therefore, for every j, if tj = tj+1 = xi and εj = −εj+1, then
kj does not belong to F . It follows that πn(k′j) = ψn(k′j) does not lie in E ω-almost
surely. Otherwise, if πn(k′j) belonged to E ω-almost surely, kj would lie in F ω-almost
surely, contradicting the previous condition. Thus

πn(v) = ψn(k0)tε11 ψn(k1)tε22 ψn(k2)⋯t
εq
q ψn(kq+1)

is non-trivial ω-almost surely. To finish, simply take r = πN for N such that πN kills
no element appearing in the image of the tuple Ψk(x,y,a) in A.

This seals the proof of Proposition III.4.3.

133



III.5 Proof of Theorem A

In this section, we prove Theorem A (which follows from the specific case of Theorem
E proven in the previous section). First, recall that Theorem A states that every
acylindrically hyperbolic group G is ∃∀∃-elementarily embedded into the HNN ex-
tensions G∗̇E(G) = ⟨G, t ∣ [t, g] = 1, ∀g ∈ E(G)⟩. In fact, we just have to prove that G
is ∀∃-elementarily embedded into G∗̇E(G), in virtue of the following easy and general
lemma (which has nothing to do with acylindrical hyperbolicity or groups in general).

Lemma III.5.1. Let G′ be a group, and let G be a subgroup of G. If G is ∀∃-
elementarily embedded into G′, then G is ∃∀∃-elementarily embedded into G′.

Proof. Suppose that G is ∀∃-embedded into G′. Let θ(t) be an ∃∀∃-formula with m
free variables. Suppose that there exists a tuple g ∈ Gm such that θ(g) holds in G;
we will prove that θ(g) holds in G′.

The formula θ(t) can be written as ∃x µ(t,x), where µ(t,x) denotes an ∀∃-
formula in m + n variables, where n is the arity of x. Since θ(g) holds in G, there
exists a tuple h ∈ Gn such that µ(g,h) holds in G. But the formula µ(t,x) is an ∀∃
formula, thus µ(g,h) holds in G′. This concludes the proof.

In order to prove Theorem A, it remains to prove that every acylindrically hyper-
bolic group G is ∀∃-embedded into G∗̇E(G). The proof of this result relies on Theorem
E.

Theorem III.5.2. Every acylindrically hyperbolic group G is ∀∃-embedded into G∗̇E(G).

Proof. For brevity, denote Γ = G∗̇E(G). Let

ℓ

⋁
k=1
(Σk(x,y,g) = 1 ∧ Ψk(x,y,g) ≠ 1)

be a finite disjunction of systems of equations and inequations in x and y. Suppose
that G satisfies the following first-order sentence µ(g):

∀x ∃y
ℓ

⋁
k=1
(Σk(x,y,g) = 1 ∧ Ψk(x,y,g) ≠ 1).

Let γ be a tuple of elements of Γ of the same arity as x. We will prove that there
exists a tuple γ′ of elements of Γ of the same arity as y such that the following holds
in Γ:

ℓ

⋁
k=1
(Σk(γ,γ′,g) = 1 ∧ Ψk(γ,γ′,g) ≠ 1).
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To this end, we would like to construct a retraction π from the group

⟨Γ,y ∣ Σk(γ,y,g) = 1⟩

onto Γ, for some 1 ≤ k ≤ ℓ, such that π kills no ψk(γ,y,g) appearing in the system of
inequations Ψk(γ,y,g) ≠ 1. Indeed, given such a retraction π, one can simply take
γ′ = π(y). We could construct this retraction by mimicking the proof of Theorem E,
as sketched in Subsection III.3.1. However, in order to avoid unnecessary repetitions,
we will appeal to Theorem E. Before applying this result, we need to fix the following
problem: Theorem E does not apply directly in the present situation since it only
allows us to deal with constants from G, and γ is not a tuple of elements of G in
general. In order to be able to use Theorem E, we have first to slightly reformulate
the problem.

Let s be a (possibly infinite) generating tuple of G. For every n ≥ 1, let sn be the
n-tuple composed of the first n components of s and let Gn be the subgroup of G
generated by sn. For n sufficiently large, the following two conditions are satisfied:

● The subgroup Gn of G contains the finite subgroup E(G). Therefore, there is a
finite system of equations θ(sn, t) = 1 expressing the fact that the stable letter
t centralizes E(G).

● The subgroup ⟨Gn, t⟩ of Γ contains each component γi of γ. As a consequence,
each γi can be written as a word wi(sn, t).

Let a be the tuple of elements of G obtained by concatenating g and sn. Let
Σ′k(t,y,a) = 1 denote the finite system of equations

(Σk((w1(sn, t), . . . ,wp(sn, t)),y,g) = 1) ∧ (θ(sn, t) = 1) ,

and let Ψ′k(t,y,a) ≠ 1 denote the finite system of inequations

Ψk((w1(sn, t), . . . ,wp(sn, t)),y,g) ≠ 1.

By assumption, G ⊧ µ(g). Therefore, G satisfies the following first-order sentence
θ(a):

∀t ∃y
ℓ

⋁
k=1
(Σ′k(t,y,a) = 1 ∧ Ψ′k(t,y,an) ≠ 1).

By Theorem E, there exist 1 ≤ k ≤ ℓ, a subgroup G′ of G containing ⟨a⟩ and an
epimorphism

π ∶ GΣ′
k
↠ Γ′ = (⟨t⟩ ×E(G)) ∗E(G) G′

such that
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1. π(t) = t,

2. π(a) = a (in particular π(g) = g and π(sn) = sn, and therefore π(γ) = γ),

3. no ψ′k(t,y,a) in the system of inequations Ψ′k(t,y,a) ≠ 1 is killed by π.

As a consequence, the following system of equations and inequations holds in Γ′:

ℓ

⋁
k=1
(Σ′k(t, π(y),a) = 1 ∧ Ψk(t, π(y),a) ≠ 1).

It follows that the following system of equations and inequations holds in Γ′:

ℓ

⋁
k=1
(Σk(γ, π(y),g) = 1 ∧ Ψk(γ, π(y),g) ≠ 1).

Since Γ′ ≤ Γ, this system holds in Γ as well and one can take γ′ = π(y).

III.6 Proof of Merzlyakov’s theorem III.3.2 in the
general case

We proved Merzlyakov’s theorem III.4.3 under the additional assumption that the
tuple σ of elements of AutG(E(G)) is trivial, that is, each of its components is the
identity map of E(G). In this section we eliminate this assumption.

III.6.1 Reduction to an overgroup G2p of G

As above, p denotes the arity of x in the considered first-order sentence. In the proof
of Proposition III.4.2, we used the fact that G contains a quasi-convex non-abelian
free subgroup F2 that centralizes E(G) in order to construct a test sequence (that is,
a (σ1, . . . , σp)-test sequence with σi = idE(G) for every 1 ≤ i ≤ p).

We wish to to circumvent the difficulties involved in adapting the construction of
the aforementioned F2 ≤ G to the general setting; that is, we wish to avoid construct-
ing a non-central free subgroup of G that admits a prescribed action by conjugation
on E(G). We do so by utilizing Theorem A proved in the previous section. By
Theorem A, the inclusion of G into G ∗E(G) (E(G) ×Z) is an ∃∀∃-embedding. More
generally, the inclusion of G into Gm ∶= G ∗E(G) (E(G) × Fm) is an ∃∀∃-embedding,
for any m ∈ N.

Take m = 2p, and let t1, ..., t2p be a basis of F2p. Let (σ1, . . . , σp) be a p-tuple
of elements of AutG(E(G)). For every 1 ≤ i ≤ p, there exists gi ∈ G such that
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σi = ad(gi)∣E(G) (by the definition of AutG(E(G))). Note that σi = ad(giti)∣E(G) since
ti centralizes E(G). Let αi be the automorphim of G2p that coincides with ad(gi) on
G, maps ti to giti and maps tj to tj for j ≠ i. The composition α = α1 ○ ⋯ ○ αp is an
automorphism of G2p that satisfies the following conditions:

1. α coincides with conjugation by g1⋯gp on G,

2. α maps ti to giti for 1 ≤ i ≤ p, and

3. α fixes ti for p + 1 ≤ i ≤ 2p.

Therefore, up to replacing ti by giti, we can assume without loss of generality that
ad(ti)∣E(G) = σi for every 1 ≤ i ≤ p. This also implies that G2p has the following
presentation:

G2p = G ∗E(G) ⟨
ad(ti)∣E(G) = σi for 1 ≤ i ≤ p

E(G), t1, . . . , t2p
ad(ti)∣E(G) = id for p + 1 ≤ i ≤ 2p

⟩ .

III.6.2 Construction of a (σ1, . . . , σp)-test sequence

We now build a (σ1, . . . , σp)-test sequence from GΣk
to G2p for any (σ1, . . . , σp) in

AutG(E(G))p.

Proposition III.6.1. Let G be an acylindrically hyperbolic group, and let a be a tuple
of elements of G. Fix a presentation ⟨a ∣ R(a) = 1⟩ for the subgroup of G generated
by a. Let

ℓ

⋁
k=1
(Σk(x,y,a) = 1 ∧ Ψk(x,y,a) ≠ 1)

be a finite disjunction of finite systems of equations and inequations over G, where x

and y are tuples of variables. For every 1 ≤ k ≤ ℓ, denote

GΣk
= ⟨x,y,a ∣ R(a) = 1, Σk(x,y,a) = 1⟩.

Let p = ∣x∣ be the arity of x, and let (σ1, . . . , σp) be a p-tuple of elements of AutG(E(G)).
Suppose that G satisfies the following first-order sentence:

θ ∶ ∀x ∃y
ℓ

⋁
k=1
(Σk(x,y,a) = 1 ∧ Ψk(x,y,a) ≠ 1).

Then there exist an integer 1 ≤ k ≤ ℓ and a (σ1, . . . , σp)-test sequence (φn ∶ GΣk
→

G2p)n∈N such that φn(Ψk(x,y,a)) is non-trivial for every n sufficiently large and
such that φn(a) = a.
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Proof. Recall that G2p has the following presentation:

G2p = G ∗E(G) ⟨
ad(ti)∣E(G) = σi for 1 ≤ i ≤ p

E(G), t1, . . . , t2p
ad(ti)∣E(G) = id for p + 1 ≤ i ≤ 2p

⟩.

For every 1 ≤ i ≤ p and for every integer n ≥ 1, we let

• oi be the order of σi,

• rn be the remainder of the division of n by oi, and

• qn = oi + 1 − rn.

Note that 2 ≤ qn ≤ oi + 1 and that n + qn = 1 mod oi. We define the element gi,n of G
by

gi,n = tni+ptitn+1i+p ti⋯t2ni+ptqni .

Observe that ad(gi,n)∣E(G) = σi by the choice of qn.

Since the inclusion of G into G2p is an ∃∀∃-embedding, the group G2p also satisfies
the first-order sentence θ. By the pigeonhole principle, there exists 1 ≤ k ≤ ℓ and an
infinite set A ⊂ N such that for every integer n ∈ A, the group G2p satisfies the
following existential sentence:

∃yn Σk((g1,n, . . . , gp,n),yn,a) = 1 ∧Ψk((g1,n, . . . , gp,n),yn,a) ≠ 1.

Define φn ∶ GΣ → G2p by φn(xi) = gi,n, φn(a) = a and φn(y) = yn. One can check
that the sequence (φn ∶ GΣk

→ G2p)n∈N is a (σ1, . . . , σp)-test sequence.

III.6.3 Proof of Merzlyakov’s theorem E

By Proposition III.6.1 above, there exist an integer 1 ≤ k ≤ ℓ and a (σ1, . . . , σp)-test
sequence (φn ∶ GΣk

→ G2p)n∈N such that φn(Ψk(x,y,a)) is non-trivial for every n

sufficiently large (where G2p is the group defined in the previous subsection). There-
fore, Proposition III.4.3 applied to G2p instead of G provides a finite subgroup E of
E(G2p) = E(G) and a morphism

πσ ∶ GΣk
→ (G2p)σ = ⟨G2p,x ∣ ad(xi)∣E = σi, ∀i ∈ {1, . . . , p}⟩

such that the following three conditions hold:

● πσ(x) = x,
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● πσ(a) = a,

● no ψ(x,y,a) from the tuple Ψ(x,y,a) is killed by πσ.

Moreover, the image of πσ is a subgroup of (G2p)σ of the form

⟨g,a⟩ ∗E ⟨x,E ∣ ad(xi)∣E = σi, ∀i ∈ {1, . . . , p}⟩

for some tuple g of elements of G2p. We conclude the proof of Theorem E by com-
posing the morphism πσ with the retraction r from G2p onto G defined by r(ti) = xi
for every 1 ≤ i ≤ p and r(ti) = 1 for every p + 1 ≤ i ≤ 2p.

III.7 Trivial positive theory and verbal subgroups

In this section we prove Corollary C, which claims that acylindrically hyperbolic
groups have a trivial positive theory (meaning that every positive sentence satisfied
by an acylindrically hyperbolic group is satisfied by all groups). We also deduce
Corollary D about verbal subgroups of acylindrically hyperbolic groups.

The proof of Corollary C relies on Theorem A: the canonical inclusion of an
acylindrically hyperbolic group G into G∗̇E(G) is an ∃∀∃-elementary embedding. In
particular, G and G∗̇E(G) have the same ∀∃-theory.

Proof of Corollary C. Let G be an acylindrically hyperbolic group. By Theorem 6.3
of [28], if a group satisfies a non-trivial positive sentence, then it also satisfies a non-
trivial positive ∀∃-sentence. As a consequence, in order to prove that G has trivial
positive theory, it suffices to prove that G has trivial positive ∀∃-theory. Let θ be
a positive ∀∃-sentence satisfied by G. Let E(G) denote the maximal finite normal
subgroup of G. It follows from Theorem A that the groups G and Γ = ⟨G,x, y ∣ [x, g] =
[y, g] = 1,∀g ∈ E(G)⟩ have the same ∀∃-theory. As a consequence, θ is satisfied by Γ.
Now, observe that Γ maps onto the free group ⟨x, y⟩ ≃ F2. Since positive sentences
are preserved under epimorphisms, θ is satisfied by F2. It follows that θ is satisfied by
all free groups, and therefore, θ holds in all groups. In other words, θ is trivial.

We now turn to prove Corollary D. Given a word w ∈ Fk, the verbal subgroup

w(G) = ⟨{w(g), g ∈ Gk}⟩

is said to have finite width if there exists m ∈ N such that any g ∈ w(G) can be
represented as a product of at most m values of w and their inverses. Otherwise, one
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says that w(G) has infinite width. We also introduce additional notation that will be
used in the proof of Lemma III.7.1:

Let k ≥ 1 be an integer and let w be an element of the free group F (x1, . . . , xk).
Denote by ei the sum of the exponents of xi in w. If e1, . . . , ek are all equal to 0, define
d(w) = 0. Otherwise, let d(w) be their greatest common divisor. Note that d(w) = 1
if and only if the image of w in the abelianization of F (x1, . . . , xk) is not a power.

Lemma III.7.1. Let G be a group, Suppose that G has trivial positive theory, then
w(G) has infinite width unless w is trivial or d(w) = 1 (in which cases the width is
equal to 1).

Proof. First, suppose that w is trivial or d(w) = 1; we will show that the width of
w(G) is 1. If w is trivial, this is obvious. Next, suppose that w is non-trivial and that
d(w) = 1. Then there exist a1, . . . , ak ∈ N such that a1 ⋅ e1 +⋯ + ak ⋅ ek = 1. It follows
that w(ga1 , . . . , gak) = g for every g ∈ G. Hence w(G) is equal to G, and its width is
equal to 1.

Now, suppose that G has a trivial positive theory, that w is non-trivial and that
d(w) ≠ 1. We will prove that w(G) has infinite width. Assume towards a contradiction
that w(G) has finite width ℓ ≥ 1. Then G satisfies the following positive first-order
(∀∃)-sentence ϕn for every integer n ≥ 1: every element of g that can be represented
as a product of n elements of {w(g)±1, g ∈ Gk}, can also be represented as a product
of ℓ elements of {w(g)±1, g ∈ Gk}. Since G has trivial positive theory, the sentence
ϕn is satisfied by all groups. In particular, ϕn is true in the free group F2 (for every
n). Thus, w(F2) has finite width (equal to ℓ). It follows from [104, Lemma 3.1.1 and
Theorem 3.1.2] (inspired by [98]) that either w is trivial or d(w) = 1, contradicting
our assumption. Hence w(G) has infinite width.

We seal the discussion by noting that Corollary D is an immediate consequence
of Corollary C and Lemma III.7.1 above.

III.8 Questions and comments

In [110], Sela asked the following intriguing question:

Question III.8.1. Which (algebraic, first-order) properties are satisfied by groups G
such that G and G ∗Z are elementarily equivalent?
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If the answer to The Generalised Tarski Problem is ‘Yes’, then every acylindrically
hyperbolic group G with a trivial finite radical E(G) is elementarily equivalent to
G ∗ Z. As far as we are aware, there are no examples of finitely generated groups G
such thatG andG∗Z are elementarily equivalent, and such thatG is not acylindrically
hyperbolic. This raises the following question:

Question III.8.2. Is there a finitely generated group G that is not acylindrically
hyperbolic, and such that G and G ∗ Z are elementarily equivalent (or at least have
the same ∀∃-theory)?

This question is closely related to the following one:

Question III.8.3. Is acylindrical hyperbolicity preserved under elementary equiva-
lence among finitely generated groups?

In [3], André proved that the hyperbolicity is preserved under elementary equiv-
alence among finitely generated groups (this result was proved by Sela in [109] for
torsion-free groups). Since acylindrically hyperbolic groups are not necessarily finitely
generated, Question III.8.3 makes sense without assuming finite generation; however,
the answer to this question is negative in general, even among countable groups. This
can be seen by utilizing Łoś’s theorem (which states that the ultrapower GN/ω of a
group G is elementarily equivalent to G): the ultrapower of an acylindrically hyper-
bolic group is never acylindrically hyperbolic because centralisers in GN/ω are not
virtually cyclic.

We conclude this chapter with the proof of Proposition B, which provides a partial
answer to Question III.8.3. The proof relies on Theorem A and on a theorem of
Minasyan and Osin that gives a sufficient condition for a group H = A ∗C B or
H = A∗C to be acylindrically hyperbolic [86, Corollaries 2.2 and 2.3].

Proposition III.8.4. Let G be a group and let H be a group that admits a non-trivial
splitting over a virtually abelian group C. Suppose that G and H are elementarily
equivalent (or simply that they have the same ∃∀∃-theory). If G is acylindrically
hyperbolic, then H is acylindrically hyperbolic.

Recall that a subgroup C of H is called weakly malnormal in H if there exists
h ∈H such that hCh−1 ∩C is finite.

Proof of Proposition B. First, note that H is not virtually cyclic since it has the same
first-order theory as G, which contains a non-abelian free subgroup.
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We first prove the proposition under the simplifying assumptions that E(G) is
trivial and that C is abelian. Fix a non-trivial element c of C. Assume towards a
contradiction that H is not acylindrically hyperbolic. By [86, Corollaries 2.2 and 2.3],
C is not weakly malnormal in H. Hence, for every h ∈H, the intersection hCh−1 ∩C
is infinite. In particular, this intersection contains a non-trivial element z. Since C
is abelian, z commutes both with c and hch−1. Therefore, H satisfies the following
∃∀∃-sentence θ:

∃c ≠ 1 ∀h ∃z ≠ 1 ([c, z] = 1 ∧ [hch−1, z] = 1).

Since G and H have the same ∃∀∃-theory, G ⊧ θ. By Theorem A, G ∗Z = G ∗ ⟨t⟩ ⊧ θ
as well. This is a contradiction, since no non-trivial element of G∗⟨t⟩ commutes both
with c and tct−1. Indeed, by writing the elements of G∗⟨t⟩ in normal form, one easily
sees that the centralizer of c in G ∗ ⟨t⟩ is contained in G, and that the only element
of G that commutes with tct−1 is 1.

Suppose now that E(G) is non-trivial and denote its order by N ≥ 2; suppose
furthermore that C contains an abelian subgroup of index d. We slightly modify the
sentence θ in order to ensure that c, z ∉ E(G) and that c and z lie in the abelian
index-d subgroup of C. To do so, we replace the conditions “∃c ≠ 1” and “∃z ≠ 1”
with the conditions

• “there exist N + 1 pairwise distinct elements cd1, . . . , cdN+1”, and

• “there exist N + 1 pairwise distinct elements zd1 , . . . , zdN+1”.

Remark III.8.5. Note that the sentence θ given in the proof of Corollary B shows
in particular that Baumslag-Solitar groups do not satisfy the conclusion of Theo-
rem A: BS(m,n) = ⟨a, t ∣ tamt−1 = am⟩ is not ∃∀∃-embedded into BS(m,n) ∗ Z.
This observation is interesting because the main result of [28] applies to non-solvable
Baumslag-Solitar groups (and shows that these groups have a trivial positive theory).
Hence, the techniques used in [28] to deal with positive sentences are not sufficient if
one wants to deal with inequations.
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IV
Limit groups over coherent

right-angled Artin groups are
cyclic subgroup separable

R
ight-angled Artin groups serve as an intermediate
ground between free and free abelian groups. In this
chapter we explore limit groups over right-angled Artin

groups, and prove that they are cyclic subgroup separable. More
specifically, we prove that cyclic subgroup separability is pre-
served under exponential completion for groups that belong to
a class that includes all coherent RAAGs and toral relatively
hyperbolic groups. We do so by exploiting the structure of
these completions as iterated free products with commuting sub-
groups. From this, we deduce that the cyclic subgroups of limit
groups over coherent RAAGs are separable, answering a ques-
tion of Casals-Ruiz, Duncan and Kazachkov. We also discuss
relations between free products with commuting subgroups and
the word problem, and recover the fact that limit groups over
coherent RAAGs and toral relatively hyperbolic groups have a
solvable word problem.

We begin by setting up notation and recollecting a few notions that will be used
in this chapter. Given a group G, we denote by Z(G) its center, and by CG(g)
the centraliser of g ∈ G. Throughout this chapter, we also assume that all rings are
associative, have a free abelian additive group and a multiplicative identity 1. For
such a ring A, the additive group generated by 1 is denoted char(A) ≅ Z and whenever
we refer to Z ⊂ A we in fact mean char(A).

As stated in the Introduction, we will be working with free product with commuting
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subgroups. These are defined as follows:

Definition IV.0.1. LetG andH be groups, and suppose that L andM are subgroups
of G and H respectively. The free product of G and H with commuting subgroups L
and M is the quotient of the free product G ∗H by the normal closure of the set of
relations {[ℓ,m]∣ ℓ ∈ L and m ∈ M}. We often abbreviate and refer to this group as
⟨G,H ∣ [L,M] = 1⟩.

Another key notion in this chapter is that of cyclic subgroup separability ; to make
things perfectly clear:

Definition IV.0.2. A group G is called cyclic subgroup separable if each of its cyclic
subgroups is separable.

IV.1 The class C and exponential groups

In this section we discuss the class of groups C and define exponential groups (namely,
groups in which one can raise group elements to a power where the exponent is not an
integer). We also illustrate the relation between limit groups over coherent RAAGs
and exponential groups.

IV.1.1 Right-angled Artin groups and the class C
We recollect the definition of a right-angled Artin group:

Definition IV.1.1. Let Γ be a simple graph; the right-angled Artin group (or in
short, RAAG) G(Γ) is the group with presentation

⟨VΓ ∣ [v, u], (v, u) ∈ EΓ⟩.

We refer to the graph Γ as the defining graph of G(Γ).

Note that in the definition above we do not restrict ourselves to finite graphs.
Recall that a group is called coherent if all of its finitely generated subgroups are
finitely presented. In [42, Theorem 1], Droms shows that a finitely generated RAAG
G(Γ) is coherent if and only if its defining graph Γ is chordal : every subgraph of Γ
that is a cycle of more than 3 vertices admits a chord, i.e., an edge that connects
two vertices of the cycle. Note that if Γ is an infinite chordal graph, then every
finitely generated subgroup H of G(Γ) is a subgroup of a RAAG G(Γ′), where Γ′

is a finite and full subgraph of Γ; Γ′ is chordal, which implies that H is finitely
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presented and therefore G(Γ) is coherent. The class of coherent RAAGs includes free
groups, free abelian groups and RAAGs which are fundamental groups of 3-manifolds
(see [42, Theorem 2]).

In [30], Casals-Ruiz, Duncan and Kazachkov define a new class of groups C which
was crafted specifically to satisfy the following property: the Z[t]-completion (see
Subsection IV.1.2) of a group G in the class C can be built by iterating extensions of
centralisers (see Section IV.2), and is fully residually G. The definition of the class
C is long and technical, and is beyond the scope of this dissertation; in fact, we do
not use the definition of the class C directly, but rather use properties of groups in
the class C proven in [30]. We highlight a few of these properties: a group G in the
class C is torsion-free, has unique roots and satisfies the Big Powers (BP) property:
for every g1, . . . , gk ∈ G such that [gi, gi+1] ≠ 1, there exists a positive integer N such
that for every n1, . . . , nk > N ,

gn1
1 ⋯g

nk

k ≠ 1.

The BP property is used to show that extending centralisers of G yields a group
which is fully residually G. We remind that this was disucssed in Subsection II.1.4,
where we mentioned Baumslag’s work [10] (Lemma II.1.44) and showed how this
condition implies that free extensions of centralisers in a non-abelian free group are
fully residually free (Example II.1.50).

Free groups, free abelian groups and more generally coherent RAAGs all lie in
the class C; in addition, toral relatively hyperbolic groups (torsion-free groups which
are hyperbolic relative to a set of free abelian groups) are also in C. A common
property shared by these examples of groups in the class C is that they are equationally
Noetherian. Groves showed in [55, Theorem 5.16] that toral relatively hyperbolic
groups are equationally Noetherian. The fact that coherent RAAGs are equationally
Noetherian follows from their linearity and is mentioned in [31].

If G is a coherent RAAG or a toral relatively hyperbolic group, then limit groups
over G admit yet another description, which was not discussed in Section II.1: they
are the finitely generated subgroups of the Z[t]-completion of G (see [30, Corollary
6.12 and Theorem 8.1] and [72, Theorems D. and E.]). We therefore continue by
discussing exponential groups and A-completions of groups in the next subsection. We
will further explore this characterisation of limit groups over G as finitely generated
subgroups of the Z[t]-completion of G in Section IV.2.
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IV.1.2 Exponential groups and A-completions

We carry on with laying further foundations required for the proof of Theorems F
and G.

Recall that throughout this chapter we assume that rings are associative, have a
free abelian additive group and a multiplicative identity 1; as a consequence, char-
acteristic subrings are always isomorphic to Z. The definitions appearing below are
simplified versions of the originals: for every definition which involves a ring A and
a subring A0, we assume that A0 = char(A) ≅ Z. Further details can be found in [88]
and [85]. We begin by axiomatizing what it means to raise a group element to a
power, where the exponent is taken from a ring A that is not necessarily isomorphic
to Z.

Definition IV.1.2. Let A be a ring. A group G is called an A-group if there is a
map G ×A → G which satisfies the following (below, ga denotes the image of (g, a)
under the map G ×A→ G):

1. g1 = g, g0 = 1 and 1a = 1 for every g ∈ G and a ∈ A,

2. ga+b = gagb and (ga)b = gab for every g ∈ G and a, b ∈ A,

3. (hgh−1)a = hgah−1 for every g, h ∈ G and a ∈ A, and

4. for every g, h ∈ G and a ∈ A, if [g, h] = 1 then (gh)a = gaha.

We call G a partial A-group if there exists P ⊂ G×A such that ga is defined whenever
(g, a) ∈ P , and all the properties above hold whenever the arguments belong to P .

A homomorphism f ∶ G → H where G and H are A-groups is called an A-
homomorphism if f(ga) = (f(g))a for every g ∈ G and a ∈ A. If H ≤ G and G is
a partial A-group we say that H is a full A-subgroup of G if ha is defined, and lies
in H, for every h ∈ H and a ∈ A. Within our limited settings, an A-completion of a
group G is defined as follows:

Definition IV.1.3. Let G be a group. An A-completion of G is an A-group GA

which satisfies the following two conditions:

1. (minimality) there is a homomorphism τ ∶ G → GA such that no proper full
A-subgroup of GA contains τ(G), and
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2. (universal property) if f ∶ G → H is a homomorphism and H is an A-group,
then f factors via GA; in other words, there exists a unique A-homomorphism
f ∶ GA →H such that f = f ○ τ .

By [88, Theorems 1 and 2], every group admits an A-completion and this com-
pletion is unique (up to A-isomorphism). We also remark that if G is abelian, then
GA is abelian and coincides with G⊗ZA as the two groups satisfy the same universal
property.

IV.2 Extensions of centralisers and cyclic subgroup
separability

Exponential completions of (certain) groups in the class C exhibit a fairly friendly
structure: they can be built, “from the group G up”, by iterating extensions of cen-
tralisers.

Definition IV.2.1. Let G be a group and let u ∈ G. Let H be another group, and let
φ ∶ CG(u) →H be an injective homomorphism such that φ(u) ∈ Z(H). The extension
of the centraliser CG(u) by H is the group

G(u,H) = G ∗CG(u)=φ(CG(u))H.

If φ(CG(u)) is a direct factor of H, then the extension is said to be direct. If,
furthermore, H = φ(CG(u)) ×Z, the extension is said to be free.

Direct extensions of centralisers have a particularly nice structure. If G(u,CG(u)×
B) is a direct extension of the centraliser CG(u) by C = CG(u) ×B, then

G(u,CG(u) ×B) = G ∗CG(u) (CG(u) ×B)
= G ∗CG(u) ⟨CG(u),B∣ [CG(u),B] = 1⟩
= ⟨G,B∣[CG(u),B] = 1⟩,

or in other words G(u,CG(u) ×B) is the free product of G and B with commuting
subgroups CG(u) and B.

In [79], Loginova gives a criterion under which free products with commuting
subgroups are cyclic subgroup separable. This was later generalized in [112].
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Theorem IV.2.2 ( [79, Main Theorem], [112, Theorem 2.1]). Let G and H be cyclic
subgroup separable groups and let L ≤ G and M ≤ H. If the group with presentation
⟨G,H ∣ [L,M] = 1⟩ is residually finite, then it is cyclic subgroup separable.

This criterion will be used throughout this section; as a warm-up we prove the
following lemma which easily follows from Theorem IV.2.2:

Lemma IV.2.3. Let G be a group in the class C and let u ∈ G be such that CG(u)
is abelian. Let B be a free abelian group and write C = CG(u) × B. If G is cyclic
subgroup separable, then so is the direct centraliser extension G(u,C).

Proof. From the discussion preceding this lemma, G(u,C) is the free product of G
and B with commuting subgroups CG(u) and B. Since B is free abelian, its cyclic
subgroups are separable; by our assumption, G is also cyclic subgroup separable.
Therefore, by Theorem IV.2.2, it is enough to show that G(u,C) is residually finite.

By [30, Theorem 4.2], G(u,C) is fully residually G. Since G is cyclic subgroup
separable it is residually finite, and hence G(u,C) is residually finite.

Remark IV.2.4. It is worth mentioning that in an earlier paper, Loginova shows that
a free product with commuting subgroups ⟨G,H ∣ [L,M] = 1⟩ is residually finite if
and only if G and H are residually finite, L is separable in G and M is separable in
H (see [78, Theorem 1]). It follows that if G is a residually finite group in the class
C and u ∈ G is such that CG(u) is abelian, then CG(u) is separable. In particular,
abelian centralisers in graph towers over coherent RAAGs (see [30, Section 7]) are
separable.

The remainder of this section is devoted to proving Theorems F and G. We do
so by analysing the construction of the A-completion of a group G from the class C
in steps, following [30], and proving that each step yields a cyclic subgroup separable
group. We also remark that in [30], the authors assume that a group G ∈ C satisfies
an additional condition, named condition R, in order to show that GA enjoys the
structure of an iterated centraliser extension (in the case where G is not abelian) or
to show that G is a direct summand of GA (in the case where G is abelian). We make
this assumption too (and state the definition of condition R below).

Definition IV.2.5. A group G ∈ C is said to satisfy condition R if it is a partial
A-group, and for every u ∈ G,
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1. if CG(u) is non-abelian, then the centre Z(CG(u)) of CG(u) is a full A-subgroup,
and

2. if CG(u) is abelian then for every g ∈ CG(u), a ∈ A and 0 ≠ n ∈ Z, if (gn)a is
defined then so is ga.

Recall our standing assumption that all rings are associative, have a free abelian
additive subgroup and a multiplicative identity 1. We also recall the statement of
Theorem F for convenience:

Theorem F. Let G be a group in the class C which satisfies condition R, and let A
be a ring. If G is cyclic subgroup separable, then the A-completion of G, GA, is cyclic
subgroup separable.

We begin by proving Theorem F under the additional assumption that G is
abelian.

Lemma IV.2.6. Let G be an abelian group in the class C that satisfies condition R,
and let A be a ring. If G is cyclic subgroup separable, then the A-completion of G,
GA, is cyclic subgroup separable.

Proof. By [30, Proposition 6.1], G embeds in GA, GA is a torsion-free abelian group
and G is a direct summand of GA; write GA = G ×B. Let (g1, g2), (h1, h2) ∈ GA be
such that (h1, h2) ∉ ⟨(g1, g2)⟩ and let

G′ = ⟨G, (1, g2), (1, h2)⟩ ≅ G × ⟨g2, h2⟩ ≤ G ×B.

Note that ⟨g2, h2⟩ is isomorphic to either Z2 or Z, which implies that G′ is cyclic
subgroup separable (keeping in line with the other proofs appearing in this Section,
one can see this for example by invoking Theorem IV.2.2 since G′ is the free product
of G and ⟨g2, h2⟩ with commuting subgroups G and ⟨g2, h2⟩). In particular, one can
separate (h1, h2) from ⟨(g1, g2)⟩ in a finite quotient of G′.

To finish, it is enough to show that GA retracts onto G′. Note that the A-
completion of G′ coincides with that of G. In addition, one can easily verify that
G′ satisfies condition R.2 (as it is the direct product of two groups that satisfy this
condition). Invoking [30, Proposition 6.1] yet again, we have that G′ is a direct
summand of GA, and therefore GA retracts onto G′.
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In the case where G is not abelian, the strategy behind the construction of the
A-completion of G is more complicated but still rather straightforward: we repeatedly
extend centralisers in G to obtain a group G∗ such that G is a full A-subgroup of G∗;
in other words, for every g ∈ G, the action of A on g within G∗ is defined. Iterating
this construction, we eventually obtain the A-completion of G. We recall the following
construction from [85] which allows us to extend multiple centralisers at once:

Definition IV.2.7 ( [85, Definition 8], [30, Definition 4.7]). Let C = {CG(ui)}i∈I
be a set of centralisers in a group G and let {φi ∶ CG(ui) → Hi}i∈I be injective
homomorphisms such that φi(ui) ∈ Z(Hi) for every i ∈ I. Let T be the tree whose
vertex set is {v} ∪ {vi}i∈I and whose edge set is {ei = (v, vi)}i∈I . Let TG be the graph
of groups whose underlying graph is T , and whose vertex groups, edge groups and
edge maps are as follows:

1. Gv = G,

2. Gvi =Hi,

3. Gei = CG(ui),

4. the map which maps Gei into Gv is the inclusion, and

5. the map which maps Gei into Gvi is φi.

The fundamental group of this graph of groups is called a tree extension of centralisers.
It is denoted by G(C,H,Φ) where H = {Hi}i∈I and Φ = {φi}i∈I .

We have already seen (Lemma IV.2.3) that direct extensions of abelian centralisers
of cyclic subgroup separable groups in C are cyclic subgroup separable. The following
lemma, which relies on [30, Proposition 4.8], shows that the same holds for tree
extensions of centralisers:

Lemma IV.2.8. Let G be a group in the class C and let C = {CG(ui)}i∈I be a set of
abelian centralisers in G such that no two of them are conjugate. For each i ∈ I, let
Hi be a free abelian group and let φi ∶ CG(ui) → Hi be an injective homomorphism
such that Hi = φi(CG(ui)) ×Ki for some Ki ≤Hi.
Keeping the notation of Definition IV.2.7, if G is cyclic subgroup separable, then the
tree extension of centralisers G(C,H,Φ) is cyclic subgroup separable.
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Proof. Let < be a well-ordering of the set I ∪ {0} (assuming 0 ∉ I and 0 < i for every
i ∈ I). We construct, by recursion, a direct system of groups {Gi}i∈I∪{0} over I, along
with inclusion maps fi,j ∶ Gi → Gj (for i < j) and retractions rj,i ∶ Gj → Gi (for i < j).
For readability, we refer to the maps rj,i as retractions, but formally we mean that
rj,i(fi,j(g)) = g for every g ∈ Gi. In addition,

1. G0 = G,

2. for every j < i ∈ I, the centraliser of ui in Gj coincides with the centraliser of ui
in G, that is CGj

(f0,j(ui)) = f0,j(CG(ui)),

3. every Gi is cyclic subgroup separable,

4. ⋃i∈I Gi = G(C,H,Φ).

Suppose first that i ∈ I is a successor ordinal, that is i = j+1; suppose in addition that
for every k ≤ j the groupsGk have been defined, along with the suitable inclusion maps
and retractions. Set Gi to be the direct extension of the centraliser CGj

(f0,j(ui)) by
Hi. Note that this is well-defined, since we assume that CGj

(f0,j(ui)) = f0,j(CG(ui))
so CGj

(f0,j(ui)) is a direct factor of Hi. By Lemma IV.2.3, Gi is cyclic subgroup
separable. Let fj,i be the obvious inclusion map Gj → Gi, and for every k < j set
fk,i = fj,i ○ fk,j. Define the retraction ri,j ∶ Gi → Gj by mapping every element of Ki

to f0,j(ui). Similarly, for every k ≤ j set ri,k = rj,k ○ ri,j. In addition, for every k > i,
the fact that f0,i(uk) is not a conjugate of any element in CGj

(f0,j(ui)) implies that
CGi
(f0,i(uk)) = f0,i(CG(uk)).

Suppose now that i is a limit ordinal, and that for every k < i the groups Gk,
along with the suitable inclusion maps and retractions, have been defined. Consider
the directed system of groups {Gj}j<i and let Gi be its direct limit. Denote by
f j,i ∶ Gj → Gi the canonical embedding of Gj in Gi for j < i. To define retractions
ri,j ∶ Gi → Gj, consider the cofinal system {Gk}j<k<i; its direct limit is Gi. For every
j < k ≤ ℓ < i we have the following commuting diagram:

Gk
rk,j

  

fk,ℓ
��

Gℓ rℓ,j
// Gj
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and by the universal property of direct limits we obtain a map ri,j ∶ Gi → Gj along
with the following commuting diagrams (for j < k < i):

Gk

fk,i
//

rk,j
  

Gi

ri,j

��

Gj

Note that for g ∈ Gj,

ri,j(f j,i(g)) = ri,j ○ fk,i(fj,k(g))
= rk,j(fj,k(g))
= g

so ri,j is a retraction. In addition, the fact that

CGj
(f0,j(uk)) = f0,j(CG(uk))

for every j < i and k ≥ i implies that CGi
(f 0,i(uk)) = f 0,i(CG(uk)) for every k ≥ i.

The existence of these retractions also implies that Gi is cyclic subgroup separable.
Let g, h ∈ Gi be such that h ∉ ⟨g⟩; there is j < i and g′, h′ ∈ Gj such that f j,i(g′) = g,
f j,i(h′) = h and h′ ∉ ⟨g′⟩. Since Gj is cyclic subgroup separable, there is a map
q ∶ Gj → Q such that q(h′) ∉ ⟨q(g′)⟩ and Q is finite. The map q ○ ri,j ∶ Gi → Q

separates h from ⟨g⟩.

We now define Gi to be the direct extension of the centraliser CGi
(f 0,i(ui)) by Hi.

By Lemma IV.2.3, Gi is cyclic subgroup separable. We also set f i ∶ Gi → Gi to be
the inclusion map, and ri ∶ Gi → Gi to be the retraction which maps Ki to f 0,i(ui).
Finally, define fj,i = f i ○ f j,i and ri,j = ri,j ○ ri. The desired properties of Gi, the maps
fj,i and the retractions ri,j can be verified as in the successor stage.

The cyclic subgroup separability of ⋃i∈I Gi = G(C,H,Φ) also follows, as in either
the successor or the limit stage, depending on the order type of {0} ∪ I.

With Lemma IV.2.8 in our arsenal, we are ready to describe the construction of
the A-completion of a group G in C and prove Theorem F. Assume in addition that
G satisfies condition R; recall that as mentioned earlier, we first construct a group G∗

which contains G, and such that G is a full A-subgroup of G∗. We begin by choosing
a set of centralisers C(G) = {CG(ui)}i∈I in G which satisfies the following:

1. every centraliser in C(G) is abelian, and not a full A-subgroup of G,
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2. no two centralisers in C(G) are conjugate, and

3. any abelian centraliser in G which is not a full A-subgroup is conjugate to a
centraliser in C(G).

Note that the existence of a set C(G) which satisfies the conditions above is guaranteed
by Zorn’s Lemma. Recall that as in Subsection IV.1.2, for every CG(ui) ∈ C(G) we
have that CG(ui)A = CG(ui)⊗ZA; in addition, CG(ui) is a direct summand of CG(ui)A.
Setting

H(G) = {CG(ui)A}i∈I

and
Φ(G) = {φi ∶ CG(ui) → CG(ui)A}i∈I

where each φi is the canonical embedding, we define

G∗ = G(C(G),H(G),Φ(G)).

By [30, Lemma 6.5] G is a full A-subgroup of G∗. In addition, by [30, Lemma 6.6],
G∗ satisfies condition R and we can iterate this construction. As in [30, Subsection
6.2], we define a directed system of groups

G = G(0) < G(1) < ⋯ < G(n) < ⋯

where
G(n+1) = (G(n))∗ = G(n)(C(G(n)),H(G(n)),Φ(G(n)))

and the maps fi,j ∶ G(i) → G(j) are the inclusion maps. The direct limit of this system

⋃n∈NG(n) is called an iterated centraliser extension of G by A, or in short an ICE of
G by A. Note that ⋃n∈NG(n) is an A-group, since every g ∈ G lies in G(n) for some n,
and therefore the action of A on g is already defined in G(n+1). As a matter of fact,

⋃n∈NG(n) is the A-completion of G as evident in [30, Theorem 6.3]. Theorem F now
follows:

Proof of Theorem F. The case where G is abelian was covered in Lemma IV.2.6; we
therefore assume that G is not abelian. By Lemma IV.2.8, G(n+1) retracts onto G(n)

for every n ∈ N; composing these retractions we obtain retractions rn,m ∶ G(n) → G(m)

for every m < n. As in the proof of Lemma IV.2.8, these retractions imply the
existence of retractions from the direct limit ⋃n∈NG(n) onto each G(n). In addition,
each G(n) is cyclic subgroup separable.
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Let g, h ∈ ⋃n∈NG(n) be such that h ∉ ⟨g⟩; g and h lie in some G(n). Since G(n) is
cyclic subgroup separable, there is a homomorphism q ∶ G(n) → Q such that q(h) ∉
⟨q(g)⟩ and Q is finite. The composition q ○ rn ∶ ⋃n∈NG(n) → Q separates h from
⟨g⟩.

Corollary IV.2.9. Limit groups over cyclic subgroup separable toral relatively hy-
perbolic groups are cyclic subgroup separable.

Proof. Let G be a toral relatively hyperbolic group; in particular G lies in C and
satisfies condition R. By Theorem F, the Z[t]-completion of G is cyclic subgroup
separable, and by [72, Theorems D. and E.] limit groups over G are exactly the
finitely generated subgroups of GZ[t].

With a bit more work, we can also deduce the following:

Theorem G. Limit groups over coherent RAAGs are cyclic subgroup separable.

Proof. Let G(Γ) be a coherent RAAG. By [30, Corollary 6.12 and Theorem 8.1],
limit groups over G(Γ) are exactly the finitely generated subgroups of G(Γ,Z[t])Z[t]
(where G(Γ,Z[t]) is the graph product whose underlying graph is Γ, and whose vertex
groups are all Z[t]). In light of Theorem F, since G(Γ,Z[t]) lies in C and satisfies
condition R, it is enough to show that G(Γ,Z[t]) is cyclic subgroup separable. Let
g, h ∈ G(Γ,Z[t]) be such that h ∉ ⟨g⟩; there is a finite full subgraph ∆ of Γ such
that g, h ∈ G(∆,Z[t]). Note that G(Γ,Z[t]) retracts onto G(∆,Z[t]) by killing each
vertex group Gv for v ∉ V∆. Hence it is sufficient to show that G(∆,Z[t]) is cyclic
subgroup separable for every finite full subgraph ∆ of Γ.

We prove that G(∆,Z[t]) is cyclic subgroup separable by induction on the number
of vertices of ∆. Write V∆ = {v1, v2, . . . , vn} and for every i ≤ n denote by ∆i the
full subgraph of ∆ whose vertices are v1, v2, . . . , vi; denote by Gi the copy of Z[t]
which corresponds to the vertex vi of ∆. For n = 1, G(∆1,Z[t]) is free abelian and
therefore cyclic subgroup separable. Suppose now that G(∆i,Z[t]) is cyclic subgroup
separable, let vi1 , . . . , vik be the neighbours of vi+1 in ∆i and note that

G(∆i+1,Z[t]) = ⟨G,Gi+1∣ [Gij ,Gi+1], j = 1, . . . , k⟩
= ⟨G,Gi+1∣ [⟨Gi1 , . . . ,Gik⟩,Gi+1]⟩

(if ∆ is not connected, the group ⟨Gi1 , . . . ,Gik⟩ may be trivial). In other words,
G(∆i+1,Z[t]) is the free product of G(∆i,Z[t]) and Gi+1 with commuting subgroups
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⟨Gi1 , . . . ,Gik⟩ and Gi+1. Since G(∆i,Z[t]) and Gi+1 are cyclic subgroup separable and
since G(∆i+1,Z[t]) is residually finite as the graph product of residually finite groups
(see, for example, [52]), it follows that G(∆i+1,Z[t]) is cyclic subgroup separable by
Theorem IV.2.2.

IV.3 Free products with commuting subgroups and
the word problem

It is well-known that an amalgamated product G∗KH admits a solution to the word
problem if the word problem is solvable in G and in H and there is a solution to the
membership problem for K in both G and H. We refer the reader to [82, Chapter
IV, Corollary 2.2] for the similar case of HNN extensions; note that

⟨G,H ∣ [L,M] = 1⟩ = (G ∗L L ×M) ∗M H

and therefore, applying the aforementioned result twice, one obtains:

Lemma IV.3.1. Let G and H be groups with a solvable word problem and let L ≤ G
and M ≤ H. Suppose that the membership problem is solvable for L in G and for M
in H. Then there is a solution to the word problem in ⟨G,H ∣ [L,M] = 1⟩.

Recall that a free centraliser extension is a centraliser extension of the form
G(u,CG(u) ×Z) = ⟨G, t∣ [CG(u), t] = 1⟩, where u ∈ G. Using Lemma IV.3.1 above, we
obtain:

Proposition H. Let G be a group in the class C. If G satisfies condition R and has a
solvable word problem, then every finitely generated subgroup H of GA has a solvable
word problem.

Proof. The fact that H is finitely generated and embeds in GA implies that H embeds
in a group obtained from G by taking finitely many free extensions of centralisers; that
is, there are groups G0,G1, . . . ,Gn such that G0 = G, Gi+1 = ⟨Gi, ti∣ [CGi

(ui), ti] = 1⟩
for some ui ∈ Gi and H ≤ Gn.

We prove that Gn, and hence H, has a decidable word problem by induction on
n. Suppose that Gi has a solvable word problem. By Lemma IV.3.1, a solution
to the membership problem for CGi

(ui) in Gi would imply that Gi+1 has a solvable
word problem. But checking whether g ∈ Gi lies in CGi

(ui) is equivalent to asking
whether [g, ui] = 1 in Gi, which is solvable by the induction hypothesis. Hence the
word problem in Gi+1 is solvable, which completes the proof.
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Corollary IV.3.2. Limit groups over coherent RAAGs and toral relatively hyperbolic
groups have a solvable word problem.

Proof. If G(Γ) is a coherent RAAG and H is a limit group over G(Γ), then by
[30, Theorem 8.1] H is a finitely generated subgroup of G(Γ,Z[t])Z[t]. The group
G(Γ,Z[t]) lies in C, satisfies condition R and admits an algorithm which checks
whether a given word in the canonical generators is trivial or not. Similarly, if G
is toral relatively hyperbolic and H is a limit group over G, then by [72, Theorems
D. and E.] H is a finitely generated subgroup of GZ[t]. G satisfies condition R and
by [58, Subsection 2.7] has a solvable word problem.

The fact that limit groups over coherent RAAGs have a decidable word problem
was already mentioned in [30], and follows from these groups being finitely presented
and residually finite. The following proposition, which we record here for the sake of
completeness, proves that there exists a solution to the word problem for limit groups
over toral relatively hyperbolic groups (toral relatively hyperbolic groups are finitely
generated [in fact, finitely presented] and equationally Noetherian [55, Theorem 5.16];
in addition, every limit group over a toral relatively hyperbolic group G is recursively
presented since it embeds in a group obtained from G by taking finitely many free
estension of centralisers [72, Theorems D and E]):

Proposition IV.3.3. Let G be a countable equationally Noetherian group. If G has
a solvable word problem, then so does every finitely generated, recursively presented,
residually-G group.

Proof. Let H be a finitely generated, recursively presented, residually-G group. We
execute the following two algorithms in parallel: first, since H is recursively presented
there is an algorithm which takes a word g ∈H as its input, and returns ’yes’ if g = 1.

Second, let S be a finite generating set of H and let g be a word in the alphabet
S ∪ S−1. The equational Noetherianity of G implies that there is an algorithm which
checks, within finite time, whether a map S → G extends to a homomorphism f ∶
H → G. Given such a homomorphism f , using a solution to the word problem in G

the algorithm can further verify whether or not f(g) ≠ 1. Since H is residually G,
the algorithm described will return ’no’ whenever g ≠ 1 in H.

Remark IV.3.4. Note that the proof above just implies the existence of an algorithm;
this is because it depends on equational Noetherianity, that is, on reducing infinite
systems of equations over G to equivalent finite subsystems. Given a group G, if one
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has a concrete algorithm that converts any infinite system of equations over G into
an equivalent finite subsystem, then the proof above yields a concrete algorithm that
solves the word problem in G.
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V
Virtual homology of residually

free groups and profinite
rigidity of direct products

W
e study limit groups through the homology of their fi-
nite index subgroups, and use homological calculations
to show that certain groups are profinitely rigid among

finitely presented, residually free groups. More specifically, we
show that the virtual second Betti number of a finitely gen-
erated, residually free group G is finite if and only if G is ei-
ther free, free abelian or the fundamental group of a closed
surface. We continue and calculate the virtual Betti numbers
of limit groups in all dimensions. Later, we employ techniques
involving rank gradients of pro-p groups in order to recognize di-
rect product decompositions of certain groups from their finite
p-quotients. Combining the above ideas, we show that direct
products of free and surface groups are profinitely rigid among
finitely presented, residually free groups, partially resolving a
conjecture of Bridson’s.

We amass a few key theorems that will be used in this chapter; many of these
were already mentioned in Chapter II, and we state them again for the convenience
of the reader.

The first set of theorems that we record revolves around separability properties
of HGFC-groups, limit groups and more generally finitely generated, residually free
groups:

Theorem V.0.1 ( [123], [66], [18], see Theorem II.2.15 and Corollary II.2.18). Let G
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be an HGFC-group. Then G is subgroup separable. Furthermore, G has a finite-index
subgroup which admits local retractions.

Theorem V.0.2 ( [116, Theorems A and B], see Theorem II.1.62). Limit groups are
subgroup separable and admit local retractions.

Theorem V.0.3 ( [27, Theorems A and B], see Theorem II.1.74). Let G be a finitely
generated residually free group, and let H ≤ G. If H is finitely presented, then H is
separable in G; if furthermore H is of type FP∞(Q) then G virtually retracts onto H.

We will utilize subgroup separability and virtual retractions when we construct
subgroups of a given group G with certain homological features. The following two
lemmas lie at the heart of this strategy:

Lemma V.0.4 (see Lemma I.3.13). Let G be a subgroup separable group and let H
be a finitely generated subgroup of G. Then for every finite-index subgroup H0 ≤ H,
there is a finite-index subgroup G0 ≤ G such that G0 ∩H =H0.

The proof of this lemma is straightforward, and it appears in Subsection I.3. A
different lemma of a similar flavour is the following:

Lemma V.0.5. Let G be a finitely generated group and let H be a virtual retract of
G. Then for any n and any field k there is a finite-index subgroup G0 ≤ G such that
bkn(G0) ≥ bkn(H).

Proof. Let G0 be a finite-index subgroup of G which retracts onto H; denote the
retraction by r ∶ G0 →H and denote by i ∶H → G0 the inclusion map. Note that r ○ i ∶
H → H is the identity map. It follows that the same holds for the induced maps on
the n-th homology, that is r∗ ○ i∗ = IdHn(H;k). In particular, i∗ ∶Hn(H;k) →Hn(G0;k)
is injective and bkn(G0) ≥ bkn(H).

We also remind the reader that the virtual i-th Betti number of a finitely generated
group G (with coefficients in k) is given by

vbkn(G) = sup{dimkHi(H;k) ∣H is a finite-index subgroup of G}

(the full definition appears in the Introduction).

Remark V.0.6. Lemma V.0.5 reduces the problem of showing that vbkn(G) = ∞ to
finding finitely generated subgroups of G with an arbitrarily large n-th Betti number,
as long as G admits local retractions.
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As a warm-up, we derive the following simple corollary (which follows the plan of
action described in Remark V.0.6 above):

Corollary V.0.7. If G is a finitely generated, residually free group that is not a limit
group, then vb2(G) = ∞.

Proof. Recall that as mentioned in Remark II.1.7, Baumslag proved that in this case
G must contain F ×Z (where F is a free group of rank 2) as a subgroup [9, Theorems
1 and 3]. It follows that G contains a subgroup that is isomorphic to Fn × Z (where
Fn is a free group of rank n), and by Künneth formula,

H1(Fn;k) ⊗H1(Z;k) = kn ⊗ k ≅ kn

embeds in H2(Fn × Z;k). Thus bk2(Fn × Z) ≥ n. Note that Fn × Z is of type FP∞(Q)
(because it is the extension of two FP∞(Q) groups Fn and Z [90, Proposition 2.7]),
and therefore by Theorem II.1.74, G virtually retracts onto Fn×Z. By Lemma V.0.5,
there is a finite-index subgroup G0 ≤ G such that b2(G0) ≥ b2(Fn×Z) ≥ n. This shows
that vb2(G) = ∞.

These easy steps therefore reduce Theorem I to the case where G is either a limit
group or an HGFC-group.

Lastly, we also record another simple lemma that has do with cyclic splittings of
limit groups. The lemma follows easily from the fact that limit groups are commuta-
tive transitive (see Remark II.1.7), and it will aid the proof of Theorem V.1.7:

Lemma V.0.8. Suppose that a limit group L contains a subgroup that splits as a
cyclic amalgamation G1 ∗c1=c2 G2 or as an HNN extension G∗ϕ (where ϕ is an iso-
morphism between two cyclic subgroups ⟨c1⟩ and ⟨c2⟩ of G). Then at least one of ⟨c1⟩
and ⟨c2⟩ is maximal abelian in its target vertex group.

Proof. Assume that L contains a subgroup of the formG1∗c1=c2G2; the HNN extension
case is similar (and also follows from the proof for cyclic amalgamation: the HNN
extension G∗ϕ contains a subgroup of index 2 which has a subgroup of the form
G ∗c1=c2 G).

Suppose for a contradiction that both ⟨c1⟩ and ⟨c2⟩ are not maximal abelian in G1

and G2 respectively (or in G in the case of an HNN extension). Let c′i be an element
that lies outside of ⟨ci⟩ and commutes with ci. Since limit groups are commutative
transitive (see Remark II.1.7), and since both c′1 and c′2 commute with c1 = c2 in L it
follows that c′1 and c′2 commute. However, since both of them do not lie in ⟨c1⟩ = ⟨c2⟩,
the commutator c′1c′2c′1

−1c′2
−1 is a reduced word in the amalgamated product and is

therefore non-trivial, which is a contradiction.
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V.1 Classifying residually free groups by their vir-
tual second Betti number

In this section we prove Theorem I:

Theorem V.1.1 (Theorem I). Let G be a finitely generated residually free group, or
a hyperbolic fundamental group of a finite graph of finitely generated free groups with
infinite cyclic edge subgroups, and let k be a field. Then

1. vbk2(G) = 0 if and only if G is free,

2. vbk2(G) = 1 if and only if G ≅ π1(Σ) where Σ is a closed, connected surface,

3. vbk2(G) = (d2) if and only if L ≅ Zd (for d > 2)

4. vbk2(G) = ∞ otherwise.

The proof is inspired by Wilton’s work on surface subgroups of HGFC-groups,
and in particular borrows ideas from [120, Lemmas 5.9 and 5.10]. Recall that by
Remark V.0.6, if G is the fundamental group of a graph of spaces X and G admits
local retractions, then it suffices to construct precovers of X with arbitrarily large
second Betti numbers in order to obtain that vbk2(G) = ∞. This will be the strategy
carried out in this section. We point out that the definition of a precover (along with
a few key techniques) appears in Subsection II.2.1.

V.1.1 Local structures in graphs of spaces

Recall that if G is an HGFC-group with a corresponding graph of spaces decompo-
sition X, then every vertex Xv of X, along with the incident edges, gives rise to a
free group equipped with a peripheral structure; we denote the induced pair at v (for
v ∈ V(Ξ)) by (Gv, [wv]) and refer to Subsection II.2.3 for further detail.

One-endedness is particularly important to us as it will serve as an indicator
for when an HGFC-group is not free (and therefore possibly has non-trivial second
homology). We remind that free splittings of HGFC-groups can be detected locally :
if an HGFC group G admits a free splitting, then for some v ∈ V(Ξ) the induced pair
at v, (Gv, [wv]), is not one-ended. More generally,

Theorem V.1.2 (Relative Shenitzer’s Lemma [119, Theorem 18], see Theorem II.2.26).
Let G be a finitely generated group which is the fundamental group of a graph of groups
with infinite cyclic edge groups. Then G is one-ended if and only if every vertex group
is freely indecomposable relative to the incident edge groups.
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It is worth mentioning at this point that every HGFC-group splits as the free
product of one-ended (hyperbolic) graphs of free groups with cyclic edge groups and
a free group:

Lemma V.1.3. Let G be a finitely generated group which splits as a (not necessarily
hyperbolic) graph of free groups with cyclic edge groups. Then G ≅ G1 ∗ ⋯ ∗Gn ∗ Fr
where each Gi is a one-ended fundamental group of a graph of free groups with cyclic
edge groups, and Fr is a free group of rank r ≥ 0. Furthermore, if G is an HGFC-
group, then every Gi is an HGFC-group.

Proof. By Grushko’s theorem we may write G = G1 ∗ ⋯ ∗Gn ∗ Fr where each Gi is
one-ended and Fr (which might not appear in this decomposition, that is we may
have r = 0) is free. A standard argument using Bass-Serre theory shows that in fact
each Gi is the fundamental group of a finite graph of finitely generated free groups
with infinite cyclic edge groups: let T be the Bass-Serre tree that corresponds to the
cyclic splitting of G and let Ti be a minimal Gi-invariant subtree of T . Taking the
core of the quotient of Ti by Gi we obtain a finite graph of groups decomposition
G(Gi) of Gi. Since Gi is freely indecomposable, the edge groups of G(Gi) are all
infinite cyclic; in particular, these edge groups are finitely generated. By Grushko’s
theorem Gi is finitely generated, which implies that the vertex groups of G(Gi) are
finitely generated. In addition, since the vertex groups of the cyclic splitting of G are
free, the vertex groups of G(Gi) are all free.

Lastly, if G is hyperbolic, then by [18, Theorem D] G is locally quasiconvex, which
implies that every Gi is hyperbolic.

In order to prove Theorem I, we want to understand more than just the free
splittings of an HGFC-group G; we seek to understand cyclic splittings too, and for
this we employ JSJ decompositions (see Section II.3). Utilizing JSJ decompositions
will allow us to endow a one-ended HGFC-group G with a refined splitting in which
the induced peripheral structures lie in one of two extremes: they are either flexible
(meaning that they admit many relative cyclic splittings) and come in the shape of
a pair of surface type, or rigid (meaning that they do not admit any relative cyclic
splittings). We will use Cashen’s version of a JSJ decomposition, which encompasses
all splittings of a free group relative to a finite set of elements.

Theorem V.1.4 ( [32, Theorem 4.25], see Theorem II.3.7). Let F be a free group,
let w be a multiword in F and let E be the family of all infinite cyclic subgroups of
F . Then there is a canonical relative JSJ decomposition F of F over E relative to w
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(that is, a maximal universal splitting with respect to all splittings of F in which the
elements of w are elliptic) satisfying the following properties:

1. each vertex group of F is of one of the following types:

• cyclic, that is Fv ≅ Z,

• surface type, for which the induced pair (Fv, [wv]) is of surface type,

• rigid, for which the induced pair (Fv, [wv]) is rigid.

2. the graph is bipartite, and each edge adjoins a cyclic vertex to a non-cyclic
vertex.

3. if Fv is a non-cyclic vertex group, then the adjacent edge groups map onto
maximal cyclic subgroups of Fv that are non-conjugate in Fv.

Remark V.1.5. We could alternatively use Bowditch’s version of JSJ decompositions,
which takes a one-ended hyperbolic group G as its input (see Theorem II.3.6). This
decomposition would serve us equally well: Bowditch’s theorem, in conjunction with
the additional structure of an HGFC-group, yields that the rigid vertices in a JSJ
dcomposition of an HGFC-group are all free (and hence the corresponding induced
pairs are rigid). We choose to use Cashen’s version to highlight the interplay between
the global properties of an HGFC-group G and the local properties of the induced
pairs at the different vertex groups of G.

Wilton showed in [120] that one-ended HGFC-groups contain surface subgroups;
since these groups contain finite-index subgroups that admit local retractions, Lemma
V.0.5 implies that they have a positive virtual second Betti number. As mentioned in
the Introduction, in some cases we will replicate these surface subgroups in precovers,
obtaining precovers with large second homology. The following theorem of Wilton
will also prove to be extremely useful for replicating surface subgroups in a precover:

Theorem V.1.6 ( [119, Theorem 8]). If (F, [w]) is rigid then there is a finite-index
subgroup F̂ ≤ F such that for every finite-index subgroup F ′ ≤ F̂ , the pair (F ′, [w′])
obtained by pulling back [w] to F ′ admits the following property: for any component
w′i of w′, the pair (F ′, [w′ − {w′i}]) is one-ended.
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Σ S

Figure V.1: A wedge of a surface Σ and a circle S on the left and a five-fold covering
on the right, corresponding to an index 5 subgroup of π1(Σ) ∗Z containing 5 surface
subgroups.

V.1.2 Precovers with large second homology

The main idea behind the proofs in this section is that if a one-ended HGFC-group G
is not a surface subgroup, then it contains a surface subgroup that can be promoted to
the existence of many surface subgroups. These surface subgroups will be independent
from each other in the second homology of the fundamental group of a precover,
producing a subgroup with a large second Betti number. To be precise, we will first
prove the following theorem:

Theorem V.1.7. Let G be a limit group or an HGFC-group. Suppose that G is not
a free, a surface or a free abelian group. Then there exists a closed, orientable surface
Σ with χ(Σ) ≤ 0 and an embedding π1(Σ) ∗Z↪ G.

Remark V.1.8. We remark that one can also prove Theorem V.1.7 above, under the
assumption that G is hyperbolic, by using a Ping Pong argument. We refer the reader
to [6, Theorem 1].

Figure V.1 illustrates how an embedding π1(Σ) ∗ Z ↪ G implies the existence of
many surface subgroups of G.
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We divide the proof of Theorem V.1.7 into two cases, depending on whether the
relative JSJ decomposition of some induced pair at a vertex of G contains a rigid
vertex. For the subsequent two lemmas, G is assumed to be a one-ended HGFC-
group. As usual, X will be a graph of spaces whose underlying graph coincides with
that of the graph of free groups with cyclic edge groups splitting of G, and whose
vertex spaces are either graphs or closed and connected surfaces with boundary (this
will depend on our point of view, and we will explicitly describe the vertex spaces
of X whenever relevant). Recall that we denote the vertex space corresponding to
v ∈ V(Ξ) by Xv, and write Gv for π1Xv; fix the same notation for an edge e ∈ E(Ξ).

Lemma V.1.9. If there is a vertex u ∈ V(Ξ) such that the relative JSJ decomposition
of the induced pair (Gu, [wu]) at u has a rigid vertex, then G contains a subgroup H
with the following properties:

1. H splits as a cyclic amalgamation H =H1 ∗c=c′ F ,

2. H1 is a one-ended HGFC-group, and

3. F is a non-abelian free group.

Proof. We begin by “normalizing” X by applying Procedure II.2.27; this will reward
us with a graph of spaces that is particularly convenient to work with. We briefly
remind the reader how to refine the splitting of G:

Subdivide each edge cylinder of X by adding a cyclic vertex; then, replace each
vertex space Xv with the relative JSJ decomposition of the induced pair (Gv, [w]v)
at Xv (identifying the cyclic vertices that correspond to the different elements of
[w]v with the cyclic vertices of X that are adjacent to Xv). By [123], G is subgroup
separable and we may replace X with a finite-sheeted covering X̂ in which all of the
attaching maps at cyclic vertices are isomorphisms (see Lemma II.2.28). Folding as
in Lemma II.2.29 results in a graph of spaces that satisfies the following properties:

• the graph is bipartite, and edges adjoin cyclic vertices to non-cyclic vertices.

• if Fv is a non-cyclic vertex group, then the adjacent edge groups map onto
maximal cyclic subgroups of Fv that are non-conjugate in Fv.

By our assumption, the refined graph of spacesX now contains a vertex spaceXu such
that the induced pair (Gu, [wu]) at u is rigid. We replace X̂ with a finite-sheeted
cover, also denoted by X̂, that contains a vertex space X̂û satisfying the property
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X̂û1

∂̂′+1

X̂û1

∂̂′±1

X̂v̂

Figure V.2: Constructing X ′ by attaching an extra copy of X̂v̂ to X ′1 along ∂̂′±1 . Cyclic
vertices correspond to the blue dashed circles.

described in Theorem V.1.6. In what follows, we will construct a precover X ′ of X
whose fundamental group H = π1(X ′) satisfies conditions 1.-3. above.

In a manner similar to [120, Lemma 5.9], we construct a precover X̂ ′ of X̂ as
follows: write k = deg(û) (note that k > 1) and let ê1, . . . , êk ∈ E(Ξ̂) be the edges
adjacent to û. Take k copies of X̂û and enumerate them X̂û1 , . . . , X̂ûk ; denoting
π1(X̂ûi) = Ĝi and referring to the peripheral structure on Ĝi induced by the adjacent
edges as [ŵi] = {ŵ1

i , . . . , ŵ
k
i }, the induced pair at X̂ûi in the resulting precover will

be (Ĝi, [ŵi − {ŵii}]). Take k − 1 copies of each vertex space Xv̂ of X̂ for every v̂ ≠ û
and enumerate these {X̂v̂1 , . . . , X̂v̂k−1}. In order to define the precover X̂ ′, it suffices
to specify which elevations of the attaching maps of X will be attaching maps of X̂ ′,
and to verify that there is a suitable degree-preserving bijection between them. Every
elevation of an attaching map to this collection of vertex spaces will be an attaching
map of X̂ ′, except for the elevations that correspond to the edge space of êi in X̂ûi .
Note that if ∂±e is an attaching map in X then every elevation ∂̂±ê to X̂ appears k − 1
times as a hanging elevation in the collection of vertex spaces we have just defined.
Therefore one can pick a suitable degree-preserving bijection between these hanging
elevations and obtain a precover X̂ ′ of X̂ (and of X). There are exactly k hanging
elevations in this precover, each of them corresponding to the edge space of êi in X̂ûi

for some 1 ≤ i ≤ k.
Let X̂ ′1 be the connected component of X̂ ′ containing X̂û1 and note that by Theo-

rem V.1.6 the induced pair at every vertex of X̂ ′1 is one-ended. It follows from Theorem
II.2.26 that H1 = π1(X̂ ′1) is one-ended. Note that H1 is hyperbolic: by [18, Theorem
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D], G is locally quasiconvex, and since H1 is finitely generated it is a quasiconvex sub-
group of a hyperbolic group. Note that X̂ ′1 contains at least one hanging elevation,
corresponding to the edge space of ê1 in X̂û1 ; denote this elevation by ∂̂′+1 . Finally,
to finish, note that X̂ ′ contains a cyclic vertex X̂ĉ and another vertex space X̂v̂ that
may be paired with X̂û1 along ∂̂′±1 ; attach these to X̂ ′1 as in Figure V.2 to obtain a
precover X ′ of X. Setting H = π1(X ′) gives the desired result.

By Lemma II.2.12, we can complete X ′1 to a cover X of X. Let X ′ be the precover
of X which contains the embedded copy of X ′1 in X, together with two extra vertex
spaces: a cyclic vertex space that is attached to the vertex space X̂û1 of X ′1 along
∂̂′+1 , and a non-cyclic vertex space that is attached to this cyclic vertex. Letting
H = π1(X ′) completes the proof.

We next deal with the case where none of the relative JSJ decompositions of the
induced pairs of X have a rigid vertex. We will make use of the following lemma
which determines the finite-sheeted covering spaces of an orientable surface:

Lemma V.1.10 ( [89, Lemma 3.2]). Let Σ be an orientable and connected surface
with positive genus and let α ≥ 1. For each boundary component of Σ, pick a collection
of degrees summing to α. Then there is a connected α-sheeted covering Σ̂ → Σ such
that the connected components of the preimage of each boundary component ∂Σi of Σ
cover ∂Σi with the prescribed degrees if and only if the number of boundary components
of Σ̂ has the same parity as α ⋅ χ(Σ).

Lemma V.1.11. Suppose that for every v ∈ V(Ξ) the vertices of the relative JSJ
decomposition of the induced pair (Gv, [wv]) at v are all of surface type. If G is not
the fundamental group of a closed surface, then G contains a subgroup H with the
following properties:

1. H splits as a cyclic amalgamation H = π1(Σ) ∗c=c′ F ,

2. π1(Σ) is the fundamental group of a closed and orientable surface, and

3. F is a non-abelian free group.

Proof. Applying Procedure II.2.27 and Lemma II.2.28, we obtain a finite-index sub-
group Ĝ of G and a graph of spaces decomposition X̂ of G in which the attaching
maps at cyclic vertices are homeomorphisms. The construction of X̂ also implies
that every non-cyclic vertex is adjacent only to cyclic vertices and vice-versa, and
that there is exactly one edge connected to each boundary component of each surface
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vertex space of X̂. The resulting space X̂ is “almost a surface”, with singularities
concentrated only at the cyclic vertices of X.

Since G is torsion-free, Nielsen realization implies that Ĝ = π1X̂ is not a surface
group. Therefore, there exists ĉ ∈ V(Ξ̂) such that deg ĉ > 2 and π1X̂ĉ is cyclic. We
will use the fact that deg ĉ > 2 in order to construct a precover X ′ of X̂ whose
fundamental group H satisfies properties (1)-(3) above. Let ê1, ê2, ê3 be three distinct
edges adjacent to ĉ in Ξ̂ and assume that êi adjoins ĉ to a vertex v̂i ∈ Ξ̂ (it is possible
that not all three vertices v̂i are distinct). For 1 ≤ i ≤ 3 let X̂i be the precover of X
obtained by removing the edge cylinder X̂êi × (−1,1) from X̂. X̂i has two hanging
elevations which we denote by ∂̂+i ∶ X̂êi → X̂v̂i and ∂̂−i ∶ X̂êi → X̂ĉ. We next construct
three precovers X ′i of X̂ (and X) with the property that the geometric realization of
X ′i is a connected, orientable surface with two boundary components, each mapped
homeomorphically to X̂êi ⊂ X̂v̂i under the natural map X ′i → X̂.

Take two copies of each surface type vertex space of X̂i and take deg(v̂) copies of
each cyclic vertex X̂v̂ of X̂i. We may now pair the hanging elevations in this collection
of vertex spaces to obtain a precover X ′i of X making sure that

• each non-hanging elevation whose target space is of surface-type in X̂i is non-
hanging in X ′i ,

• if X ′v′ is a cyclic vertex space of X ′i then deg(v′) = 2,

• the two copies of ∂̂+i in X ′i are the only hanging elevations in X ′i whose target
space is of surface-type.

Since all of the attaching maps of X ′i at cyclic vertices are isomorphisms, each
attaching map with target in a surface vertex X ′v identifies the corresponding edge
space with a boundary component of X ′v and all of the surface-type vertices are
orientable, X ′i is an orientable surface with two boundary components Si1 and Si2 as
desired. If X ′i is not connected, replace it with a connected component that has a
non-empty boundary. If this connected component has a single boundary component,
replace it with a 2-sheeted covering with two boundary components of degree 1; the
existence of such a cover is guaranteed by Lemma V.1.10.

To construct X ′, we use X ′1, X ′2 and X ′3, and take two additional copies X̂ĉ1 and
X̂ĉ2 of X̂ĉ. We attach X̂ĉ1 to S1

1, S2
1 and S3

1 by three edge cylinders, and attach X̂ĉ2

to S1
2 and S2

2 by two edge cylinders. The geometric realization of X ′ is described
in Figure V.3. The fundamental group H of X ′ splits as a cyclic amalgamation,
where one of the factors is the fundamental group of a closed and orientable surface
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X ′1

X ′2

X ′3

Figure V.3: The precover X ′ is constructed by assembling a closed surface from X ′1
and X ′2, and then attaching X ′3 along one of its two boundary components.

(obtained from X ′1 and X ′2) and the other factor is π1(X ′3) (which is a non-abelian
free group).

The following lemma is an easy exercise which will help us turn the subgroups
obtained in Lemmas V.1.9 and V.1.11 into subgroups of the form π1(Σ) ∗Z.

Lemma V.1.12. Let G be a group and let F be a non-abelian free group. Then any
cyclic amalgamation G ∗c=c′ F contains a copy of G ∗Z.

Proof. Let H be a cyclic amalgamation of the form G∗c=c′ F . We first prove that any
g1 ⋅ h1⋯gn ⋅ hn ∈H satisfying the following properties is non-trivial:

1. none of gi and hi are trivial (except for, perhaps, g1 and hn),

2. each gi lies in G and each hi lies in F ,

3. none of the hi lie in the maximal cyclic subgroup of F containing c′.

Induct on the number k of elements gi such that gi ∈ ⟨c⟩; if no gi lies in ⟨c⟩ then
g1 ⋅ h1⋯gn ⋅ hn is reduced and hence non-trivial in G ∗c=c′ F . Suppose now that the
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claim holds for k < ℓ, and let g1 ⋅ h1⋯gn ⋅ hn be such that ℓ of the elements gi are in
⟨c⟩. If gj ∈ ⟨c⟩, consider

g1 ⋅ h1⋯gj−1 ⋅ (hj−1 ⋅ gj ⋅ hj)⋯gn ⋅ hn.

Since hj−1 and hj are outside of the maximal cyclic subgroup of F containing c′, so
is hj−1 ⋅ gj ⋅ hj. It follows that ℓ − 1 elements among g1, . . . , gj−1, gj+1, . . . , gn lie in ⟨c⟩,
and by the induction hypothesis g1 ⋅ h1⋯gj−1 ⋅ (hj−1 ⋅ gj ⋅ hj)⋯gn ⋅ hn ≠ 1 in H.

To finish, let g ∈ F be such that ⟨c′, h⟩ is a free group of rank 2; we claim that the
subgroup ⟨G,h⟩ of H is isomorphic to G ∗ Z. It suffices to show that every element
of ⟨G,h⟩ of the form g1 ⋅ hk1 ⋅ g2 ⋅ hk2⋯gn ⋅ hkn , and in which

1. every gi is non-trivial (except for, perhaps, g1),

2. every ki is different to 0 (except for, perhaps, kn), and

3. n ≥ 1 (and if n = 1 then either g1 ≠ 1 or k1 ≠ 0),

is non-trivial. This follows immediately from the first part of the proof.

We are finally ready to prove Theorem V.1.7:

Theorem V.1.13 (Theorem V.1.7). Let G be a limit group or an HGFC-group.
Suppose that G is not a free abelian, a free or a surface group. Then there exists a
closed, orientable surface Σ with χ(Σ) ≤ 0 and an embedding π1Σ ∗Z↪ G.

Proof of Theorem V.1.7. Suppose first that G is an HGFC-group. If G is one-ended,
then Lemmas V.1.9 and V.1.11 imply that G contains a subgroup of the form H∗c=c′F
where H is a one-ended HGFC-group and F is a non-abelian free group. By Lemma
V.1.12, G contains a subgroup isomorphic to H ∗ Z, and if H is not a surface group
then by [120, Theorem 6.1] H contains a surface subgroup π1(Σ) with χ(Σ) ≤ 0. The
existence of a suitable embedding π1Σ ∗Z↪ G follows.

IfG is not one-ended, by Lemma V.1.3 we may writeG = G1∗⋯∗Gn∗Fr where each
Gi is a one-ended HGFC-group, Fr (which might not appear in this decomposition)
is free and there are at least 2 factors in this free product. If some Gi is not a surface
group, then the previous paragraph implies that Gi, and hence G, contains a subgroup
of the form π1(Σ) ∗ Z. Similarly, if some Gi is the fundamental group of a closed,
connected hyperbolic surface, then G clearly contains a subgroup of the desired form.

Suppose now that G is a limit group, and let H be a one-ended group appearing
in the hierarchy of G with no one-ended groups below it. Recall that as in Corollary
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II.1.60, H is either free abelian (of rank at least 2), or an HGFC-group. If H is
an HGFC-group, and H is not a surface group, then the discussion above implies
that there exists a closed, orientable surface Σ with χ(Σ) ≤ 0 and an embedding
π1Σ ∗Z↪H ↪ G.

Otherwise, H is either free abelian (of rank at least 2) or the fundamental group
of a surface. Since G is not a surface or a free abelian group, there is a group H ′ lying
above H in the hierarchy. If H is a free factor of H ′, then G contains a subgroup of
the form H ∗Z as desired (note that a free abelian group of rank 2 is the fundamental
group of the torus T 2, and χ(T 2) = 0). If not, then H ′ contains a free factor K, which
admits a cyclic splitting in which H is one of the factors; denote this splitting by GK .
We divide the proof into two cases, depending on whether H is abelian.

Case 1: Suppose that H is non-abelian, and write H = π1(Σ) where Σ is a closed,
connected surface; up to passing to a finite-index subgroup, we may assume that Σ

is orientable. If H is the only vertex group of GK , realize GK as a graph of spaces XK

which consists of the single vertex space Σ accompanied by edge cylinders. Construct
a precover X̂K of XK by adjoining two copies of Σ with a suitable edge cylinder. One
can see that π1(X̂K) ≅ π1(Σ)∗c=c′ π1(Σ) contains a subgroup of the form π1(Σ)∗c=c′ F
where F is a free group of rank 2, and by Lemma V.1.12 there is an embedding
π1Σ ∗Z↪K ↪ G.

If H is not the only vertex group of GK , then K contains a subgroup that splits
as a cyclic amalgamation in which H is one of the factors; denote the other factor
by J . If J is non-abelian, then since every two non-commuting elements in a limit
group generate a non-abelian free group, K contains a subgroup of the form H ∗c=c′ F
(where F is a free group of rank 2). Evoking Lemma V.1.12 completes the proof. If J
is abelian (in which case its rank is at least 2), then similarly K contains a subgroup
of the form Z2 ∗c=c′ F (where F is a free group of rank 2), which yields the desired
subgroup of G.

Case 2: Suppose now that H is a free abelian group of rank at least 2. By Lemma
V.0.8, H cannot be the only vertex group of GK , and there is a vertex group J of
GK that is adjacent to H. Moreover, Lemma V.0.8 implies that J is non-abelian.
Since any two non-commuting elements of J must generate a free group of rank 2, K
contains a subgroup of the form H ∗c=c′F (where F is a free group of rank 2). Lemma
V.1.12 gives rise to an embedding Z2 ∗Z↪ G.

Theorem I now follows.
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Theorem V.1.14 (Theorem I). Let G be a finitely generated residually free group or
an HGFC-group. Then

1. vbk2(G) = 0 if and only if G is free,

2. vbk2(G) = 1 if and only if G ≅ π1(Σ) where Σ is a closed, connected surface,

3. vbk2(G) = (d2) if and only if L ≅ Zd (for d > 2)

4. vbk2(G) = ∞ otherwise.

Proof. First note that if G is free then vbk2(G) = 0, if G is a surface group then
vbk2(G) = 1 and if G ≅ Zd then vbk2(G) = (d2). Suppose now that G is a limit group
or an HGFC-group, and that G is not free, surface or free abelian. By passing to
a finite-index subgroup, we may assume that G admits local retractions (since G is
torsion-free and not isomorphic to a free, a surface or a free abelian group, it cannot
have a finite-index subgroup that is free, free abelian or surface). By Theorem V.1.7,
G contains a subgroup isomorphic to π1(Σ)∗Z; by Lemma V.0.5, it is enough to show
that π1(Σ) ∗ Z) contains subgroups with arbitrarily large second Betti number. Let
f ∶ π1(Σ) ∗ Z → Z/nZ be the map which sends π1(Σ) to the trivial element, and the
generator of Z to the generator of Z/nZ. ker f is a finite-index subgroup of π1(Σ)∗Z
that splits as a free product with n + 1 factors: one of them is nZ, and the rest are
conjugates of π1(Σ); ker f can also be seen as the fundamental group of the cover of
a wedge of a circle and Σ illustrated in Figure V.1. A repeated application of Mayer-
Vietoris shows that the second Betti number of kerf is at least n ⋅ bk2(π1(Σ)) = n.

It is left to show that if G is a residually free group that is not a limit group, then
vbk2(G) = ∞. This was done in Corollary V.0.7.

V.2 Virtual homology in higher dimensions and resid-
ually free manifolds

We now turn to calculating virtual Betti numbers in dimensions n > 2. The following
technical lemma will easily imply Proposition J.

Lemma V.2.1. Suppose that a finitely generated group G splits as a finite and con-
nected non-trivial graph of spaces X. Suppose furthermore that there is a vertex group
Gv of G(X) with bkn(Gv) > 0 for some n ∈ N and a field k. If every edge group Ge of
G(X) satisfies bkn(Ge) = 0, and at least one of the following holds,
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Figure V.4: Splicing together three copies of a precover of X along the red edge.

1. the underlying graph Ξ of X is not a tree,

2. the vertex group Gv is separable in G,

then for every ℓ ∈ N there is a finite cover X̂ of X with bkn(π1(X̂)) ≥ ℓ. In particular,
vbkn(G) = ∞.

Proof. Suppose first that Ξ is not a tree, and therefore the underlying graph Ξ of X
contains an edge e ∈ E(Ξ) with Ξ − {e} a connected graph. Take ℓ copies of X and
enumerate them X1,. . . ,Xℓ; let ei be the copy of e in E(Ξi). Remove Xei×(−1,1) from
Xi to obtain a precover X ′i of Xi with two hanging elevations ∂±i . Let X̂ be the space
obtained by splicing together X ′1, . . . ,X ′ℓ, pairing the elevation ∂+i with ∂−i+1 (and ∂+ℓ
with ∂−1 ). The resulting space for n = 3 appears in Figure V.4. We remark that the
ℓ-fold cover X̂ of X can also be obtained by choosing a loop γ in Ξ that contains e
and such that [γ] ∈ π1(Ξ) is a primitive element, mapping G onto π1(Ξ) by killing all
of the vertex groups, and retracting π1(Ξ) onto [γ]. The cover corresponding to the
preimage of ⟨[γ]ℓ⟩ in G is X̂.

Note that X̂ contains ℓ copies of Xv as vertex spaces. Since bkn(Gv) > 0 and for
every edge e ∈ E(Ξ) we have that bkn(Ge) = 0, a repeated use of Mayer-Vietoris shows
that bkn(Ĝ) ≥ ∑v̂∈V(Ξ̂) bkn(Ĝv̂) ≥ ℓ.

We still need to treat the case where Ξ is a tree; in this case, since Gv is separable
in G there are finite-index normal subgroups H1,H2, . . . of G such that Gv = ⋂i∈NHi.
Note that since Ξ is non-trivial, [G ∶ Gv] = ∞ and therefore the index of Gn = ⋂ni=1Hi

in G goes to ∞ as n → ∞. Consider the quotient maps qn ∶ G ↠ G/Gn = Qn, and
note that [Qn ∶ qn(Gv)] = ∣Qn∣ = [G ∶ Gn]

n→∞ÐÐ→ ∞. Let X̂n be the cover of X that
corresponds to Gn, and note that there are exactly ∣Qn∣ vertices covering Gv in the
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graph of spaces decomposition that X̂n inherits from X. In fact, each of the ∣Qn∣
corresponding vertex groups is isomorphic to Gv since Gv ≤ π1(X̂n) and X̂n is a
normal cover of X. Finally, as before, a repeated application of Mayer-Vietoris shows
that bkn(Gn) ≥ ∣Qn∣ ⋅ bkn(Gv) which goes to infinity as n→∞.

We can now easily calculate virtual Betti numbers of limit groups in all dimensions:

Proposition V.2.2 (Proposition J). Let L be a limit group and let k be a field. Then
for any n ≥ 3, vbkn(L) < ∞ if and only if one of the following two holds:

1. cd(L) < n, in which case vbkn(L) = 0, or

2. L is free abelian of rank at least n, in which case vbkn(L) = (rank(L)2
).

Proof of Proposition J . If cd(L) < n then vbkn(L) = 0. Suppose that cd(L) = m ≥ n,
and note that if L is free abelian, then clearly L ≅ Zm and vbkn(L) = (m2 ). It is left to
show that if L is not free abelian then vbkn(L) = ∞.

It is a well-known fact, that can be easily proved by employing the hierarchical
structure of a limit group, that cd(L) = max(2,m) where m is the maximal rank of
a free abelian subgroup of L. We may therefore assume that L contains a maximal
abelian subgroup M isomorphic to Zm. If L is freely decomposable, then by [118,
Lemma 3.2] M must be contained in one of the factors. It follows that L contains a
subgroup isomorphic to M ∗Z. Given ℓ ∈ N, consider the kernel of the map f ∶M →
Z → Z/ℓZ which kills M and maps a generator of Z to a generator of Z/ℓZ. kerf

is a finite-index subgroup of M ∗ Z which admits a free splitting with ℓ + 1 factors;
n of these factors are conjugates of M . Applying Mayer-Vietoris ℓ times yields that
bkn(ker f) ≥ ℓ ⋅ bkn(M) ≥ ℓ and therefore vbkn(M ∗Z) = ∞.

If L is freely indecomposable, then Theorem II.1.54 implies that L admits a non-
trivial cyclic splitting of one of the following forms:

1. A ∗C B where C is infinite cyclic, M is conjugate into one of the two factors, A
and B are non-cyclic, and C is maximal abelian in one of the two factors.

2. A∗C where C is an infinite cyclic, maximal abelian subgroup of L, and M is
conjugate into A.

Note that by Lemma V.0.5, the n-th Betti number of the vertex group of L that
contains a conjugate M is positive. Hence both of the possible splittings of L satisfy
the properties required to invoke Lemma V.2.1, and vbkn(L) = ∞.
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Remark V.2.3. Similar arguments show that if cd(L) = m ≥ 3 and L /≅ Zn then L

contains a subgroup isomorphic to Zm ∗ Z. This also implies that vbkn(L) = ∞ for
every 1 ≤ n ≤m using virtual retractions as in the proof of Theorem I.

A natural class of groups whose n-th virtual Betti number is always finite (and
equal to 1) is the class of fundamental groups of aspherical, closed manifolds of di-
mension n. Using the classification of limit group by their n-th virtual number in
Proposition J above, we can deduce:

Corollary V.2.4 (Corollary K). Let M be an aspherical, closed manifold of dimen-
sion n. Then the following two hold:

1. if π1(M) is fully residually free and n ≥ 3 then M ≅ T n.

2. if π1(M) is residually free and n ≥ 5 then M has a finite cover that is homeo-
morphic to the direct product of a torus and finitely many closed surfaces.

Proof of Corollary K. The manifold M is aspherical, and so are all its finite covers.
By Poincaré duality, it follows that vbn(M) = 1.

If π1(M) is fully residually free, for n ≥ 3 Proposition J implies that π1(M) ≅ Zn.
Note that the classifying map for π1(M), f ∶ M → K(Zn,1) = T n is a homotopy
equivalence, and in particular M is orientable.

If n = 3, then since π1(M) ≅ Zn is one-ended, the Poincaré Conjecture implies
that M is prime, and therefore irreducible. From Waldhausen’s homeomorphism
theorem [115] we have that M ≅ T 3. For n = 4, since Z4 is good in the sense of
Freedman, [45, Section 11.5] implies that M ≅ Z4. Lastly, for n ≥ 5, by [7, Theorem
A] the Borel Conjecture holds for Zn, so M is homeomorphic to T n.

Suppose now that π1(M) is residually free. By [73], M has the homotopy type of
a finite CW-complex and therefore π1(M) is of type FP(Q). By Theorem II.1.72, M
has a finite cover M̂ whose fundamental group is a direct product of finitely many
limit groups. Since vbn(π1(M̂)) = 1 and vbℓ(π1(M̂)) = 0 for ℓ >m, Proposition J and
a direct computation using Künneth formula imply that π1(M̂) is the direct product
of finitely many surface groups and a free abelian group. Invoking [7, Theorem A]
yields that M̂ is homeomorphic to the direct product of a torus and finitely many
closed surfaces, as desired.

Remark V.2.5. The corollary above can also be proved using other cohomological
techniques, and in particular by relying on the fact that a Poincaré duality group of
dimension n cannot have a Poincaré duality group of dimension n as an infinite-index
subgroup.
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Remark V.2.6. Passing to a finite cover in (2) of Corollary K above is necessary: let
G = S1 × S2 × S3 where each Si is the fundamental group of a surface of genus 2, and
let H be its index two subgroup which is the kernel of the map G→ Z/2Z that maps
each of the standard generators of G to the non-trivial element in Z/2Z. H is the
fundamental group of a 6-manifold which is a double cover of the product of three
surfaces, and it is residually free as a subgroup of a residually free group. Suppose
now that H splits as a direct product H1 ×H2. Projecting H1 and H2 to each of the
three factors Si of G, we get that for every i one of pi(H1) and pi(H2) is trivial in
Si. By the pigeonhole principle, either H1 or H2 is contained in one of the Si, say
H1 is contained in S1 × {1} × {1}. This implies that H2 is contained in {1} × S2 × S3.
Since [G ∶H] = 2 it follows that either H1 = S1×{1}×{1} or H2 = {1}×S2×S3, which
contradicts the fact that H does not contain any of the factors of G.

V.3 On the profinite rigidity of direct products of
free and surface groups

In this section we introduce the required tools to prove Theorem N, which asserts that
direct products of free, surface and free abelian groups are profinitely rigid among
finitely presented groups.

Notation V.3.1. Recall that, as mentioned in Section I, the profinite completion of
a group G is denoted by Ĝ, and the pro-p completion of G is denoted by Gp̂. Bold
letters such as A,B,G,H will denote profinite groups. In addition, we write H ≤c G
or H ≤o G (and H ⊴c G or H ⊴o G respectively) to indicate that the subgroup H ≤G
(respectively, normal subgroup H ⊴G) is closed or open.

The only profinite groups that are finitely generated as abstract groups are fi-
nite (since, otherwise, they are not even countable). Therefore, when we say that a
profinite group G is finitely generated, we really mean that it is topologically finitely
generated, i.e. that there exists a finite subset S ⊂G that generates a dense abstract
subgroup of G. One of the required ingredients for the proof of Theorem N is the
following consequence of Theorem V.1.7.

Theorem V.3.2. Let G be a finitely generated, residually free group. Suppose that
for every finite-index subgroups H ≤ G, there exists a prime p such that Hp̂ has a
presentation with at most one relator. Then G is either a free or a surface group.
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Proof. Suppose that G is not a free or a surface group; note in addition that under
our assumption, G cannot be a free abelian group of rank n ≥ 3. If G is a limit group,
then, by Theorem V.1.7, G contains a subgroup isomorphic to S ∗Z, where S is the
fundamental group of a closed, orientable surface. In particular, G contains S ∗ S as
a subgroup. By Theorem II.1.62, G virtually retracts onto S ∗ S, so there exists a
finite-index subgroup H ≤ G and a retraction r∶H Ð→ S ∗ S. r induces a retraction
at the level of pro-p completions r∶Hp̂ Ð→ (S ∗ S)p̂, which yields a retraction of
their continuous cohomology groups with trivial Z/p coefficients r∶H2(Hp̂;Z/p) Ð→
H2((S ∗ S)p̂;Z/p) ≅ (Z/p)2. In particular, the dimension of H2(Hp̂;Z/p) is at least
two and hence Hp̂ cannot admit a one-relator presentation for any prime p.

Lastly, if G is not a limit group, then it contains F × Z, where F is a free group
of rank 2. By Theorem II.1.74, F ∗ Z is a virtual retract of G. As before, we obtain
that dimZ/p(H2(Hp̂;Z/p)) ≥ 2 which completes the proof.

V.3.1 Nilpotent groups

In this subsection, G denotes a finitely generated nilpotent group and G denotes
a topologically finitely generated nilpotent pro-p group. The following is a classical
proposition that encompasses the definition of the Hirsch length of a group, along with
its properties. For a more detailed account, we refer the reader to Segal’s book [103].

Proposition V.3.3. Let G be a finitely generated nilpotent group. Then the following
statements hold:

(a) There exists a finite subnormal series 1 = G0 ⊴ G1 ⊴ ⋯ ⊴ Gn = G such that each
quotient Gi+1/Gi is isomorphic to a cyclic group. The number of i’s for which
Gi+1/Gi is infinite is independent of the chosen subnormal series, and is called
the Hirsch length of G. We denote the Hirsch length of G by h(G),

(b) The Hirsch length is additive in the following sense: for all normal subgroups
N ⊴ G, we have that h(G) = h(N) + h(G/N),

(c) Let H ≤ G. Then H has finite index in G if and only if h(H) = h(G).

We next seek to prove a pro-p strengthening of part (c) of Proposition V.3.3.
The analogous definition of Hirsch length (along with its properties) carries over to
the pro-p setting. More specifically, the classical proof of Proposition V.3.3, that
relies on Schreier’s Refinement Theorem which states that any two subnormal series
of subgroups of a given group have equivalent refinements, can be carried out in the
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pro-p setting (see for example [75, Lemma 4.3], where the authors prove a version of
Schreier’s refinement theorem for closed subnormal series of pro-p groups).

Proposition V.3.4. Let G be a topologically finitely generated nilpotent pro-p group.
Then the following statements hold:

(a) There exists a finite closed subnormal series 1 = G0 ⊴c G1 ⊴ ⋯ ⊴c Gn = G such
that each quotient Gi+1/Gi is isomorphic to a pro-p cyclic group. The number of
i’s for which Gi+1/Gi is infinite is independent of the chosen subnormal series
and it is called the Hirsch length of G. As in the abstract case, we denote it by
h(G).

(b) For every closed normal subgroup N ⊴G we have that h(G) = h(N)+h(G/N).

(c) Let H ≤c G be a closed subgroup. Then H has finite index in G if and only if
h(H) = h(G).

The main reason we introduced the Hirsch length is the following proposition,
which will help us in detecting when H is a finite-index subgroup of G by looking at
finite p-quotients.

Proposition V.3.5. Let G be a finitely generated nilpotent group and let H ≤ G be
a subgroup. Then H has a finite index in G if and only if the image of the induced
map on pro-p completions Hp̂ Ð→ Gp̂ has a finite index.

Proof. The first implication is easy: if the inclusion ι∶H Ð→ G has finite-index image,
then the image of the induced map ιp̂∶Hp̂ Ð→ Gp̂, which is equal to the closure H
of H in Gp̂, has a finite index in G = Gp̂. To prove the converse, suppose that the
induced map on pro-p completions ιp̂∶Hp̂ Ð→ Gp̂ has a finite-index image. Since G′ is
polycyclic, it admits a finite-index torsion-free subgroup G′ [103, Chapter 1]. Consider
H ′ = H ∩G′; it is enough to show that H ′ has finite index in G′. By [87, Theorem
C], the induced map H ′p̂ Ð→ G′p̂ is injective; note that it still has a finite-index image.
Hence, by part (c) of Proposition V.3.4, we have that h(H ′p̂) = h(G′p̂). The Hirsch
length of a finitely generated torsion-free nilpotent group coincides with that of its
pro-p completion (see for example [75, Lemma 5.2] where this is proven in greater
generality). Therefore h(H ′) = h(H ′p̂) = h(G′p̂) = h(G′). Finally, we conclude that
ι(H) ≤ G has finite index by part (c) of Proposition V.3.3.
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V.3.2 Pro-p groups with positive rank gradient

It is well-known that an automorphism of a direct product of free groups Fn ×Fn is a
direct product of automorphisms of each of the factors (up to permuting the factors).
This can be seen by noting that the centraliser of an element w ∈ Fn is always cyclic,
and the centralisers of both (w,1) ∈ Fn × Fn and (1,w) ∈ Fn × Fn are isomorphic
to Z × Fn. The same argument implies that the same holds for direct products of
torsion-free hyperbolic groups.

A different proof can be obtained using Schreier’s theorem about normal subgroups
of free groups [101], which states that a finitely generated and non-trivial normal
subgroup of a free group must be of finite index. Indeed, if ϕ ∶ Fn × Fn → Fn × Fn
is an automorphism, then the projection of ϕ(Fn × {1}) onto each of the factors
must be either a finite-index subgroup or the trivial group (and the same applies
for the projection of ϕ({1} × Fn)). One can further verify that ϕ(Fn × {1}) and
ϕ({1}×Fn)must project non-trivially to different factors (otherwise, their intersection
in one of the factors would be a finite-index abelian subgroup of Fn) and deduce that
Aut(Fn×Fn) ≅ (Aut(Fn) ×Aut(Fn))⋊(Z/2Z). By employing rank gradients, one can
prove that a similar phenomenon occurs in the realm of pro-p groups.

Definition V.3.6. Let G be a pro-p group and let G = G0 ⊵ G1 ⊵ G2 ⊵ ⋯ be a
descending chain of normal open subgroups of G with trivial intersection. The rank
gradient of G relative to {Gi} is given by

RG(G;{Gi}) = lim
k→∞

d(Gk) − 1
∣G ∶Gk∣

.

Remark V.3.7. Note that the limit in Definition V.3.6 above exists since it is the limit
of a monotonously decreasing sequence that is bounded from below.

One easily sees that the relative rank gradient of G does not depend on the choice
of a descending chain of open subgroups. We can therefore define:

Definition V.3.8. Let G be a pro-p group. The absolute rank gradient of G is given
by

RG(G) = inf
U⊴oG

d(U) − 1
∣G ∶U∣ .

We can extend the notion of a rank gradient to all finitely generated residually-p
group G: let G = G0 ⊵ G1 ⊵ G2 ⊵ ⋯ be a chain of normal (p-power)-index subgroups
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such that for every n ∈ N there exists N for which γn ⊆ GN . The p-gradient of G,
relative to the chain {Gi}, is given by

RG(G;{Gi}) = lim
k→∞

dimFp H
1(Gk;Fp) − 1
∣G ∶ Gk∣

.

As before, this limit exists and it is independent of the choice of the chain {Gi}.
The following is a particular instance of [92, Theorem 1.1], which is analogous to

the fact that free groups do not have non-trivial infinite-index normal subgroups:

Theorem V.3.9 ( [92, Theorem 1.1]). Let G be a finitely generated pro-p group with
positive rank gradient and let N ⊴c G be a finitely generated closed normal subgroup.
Then N is either finite or open.

Remark V.3.10. By Lück’s approximation [83], if G is a finitely presented residually-p
group then b(2)1 (G) ≤ RG(Gp̂). By [22, Corollary B], if L is a non-abelian limit group
then b(2)1 (L) > 0, so Theorem V.3.9 above applies to pro-p completions of non-abelian
limit groups.

We deduce the following:

Proposition V.3.11. Let Gi and Hj (1 ≤ i ≤ n and 1 ≤ j ≤ m) be a collection of
finitely generated, torsion-free pro-p groups that have a positive rank gradient. Suppose
that there is an isomorphism of pro-p groups

ϕ∶G1 ×⋯ ×Gn Ð→H1 ×⋯ ×Hm.

Then n = m and ϕ is a direct product of isomorphisms, that is, there exist a per-
mutation σ ∈ Sym(n) and isomorphisms ϕi∶ (Gi)p̂ Ð→ (Hσ(i))p̂ for 1 ≤ i ≤ n such
that

ϕ = (ϕσ−1(1) ○ πσ−1(1)) ×⋯ × (ϕσ−1(n) ○ πσ−1(n)) .

Proof. By assumption, we know that each of the Gi’s and Hj’s is infinite. For both
G1×⋯×Gn and H1×⋯×Hm, we denote by πi the projection onto the i-th coordinate.

For each 1 ≤ i ≤ n, there exists 1 ≤ j ≤ m such that πj(ϕ(Gi)) is an infinite
subgroup of Hj. A priori, there may be multiple choices of such a j for a given i; we
choose a single such j = j(i) for every 1 ≤ i ≤ n. Note that πj(i)(ϕ(Gi)) is normal
in Hj(i). Therefore, by Theorem V.3.9, πj(i)(ϕ(Gi)) is open in Hj(i). In particular,
it follows that we cannot have that j(i1) = j(i2) for different i1 ≠ i2: suppose for
a contradiction that j = j(i1) = j(i2). Therefore Hj contain two open commuting
subgroups πj(i1)(ϕ(Gi1)) and πj(i2)(ϕ(Gi2)) that intersect in an open subgroup. It
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follows that Hj is infinite and virtually abelian (as it contains the abelian group
πj(i1)(ϕ(Gi1)) ∩ πj(i2)(ϕ(Gi2)) as a subgroup of finite index), but such groups have
a rank gradient that is equal to 0, which is a contradiction. Therefore j(i) is an
injection {1, . . . , n} Ð→ {1, . . . ,m} and n ≤m. Reasoning analogously for the inverse
map ϕ−1, we derive that m ≤ n. Hence m = n, and so j(i) is a bijection. In fact,
for the exact same reasons we must have that πj(ϕ(Gi)) = 1 for every 1 ≤ i ≤ n and
j ≠ j(i).

Lastly, since ϕ is an isomorphism, πj(i)(ϕ(Gi)) = Hj(i). Taking σ(i) = j(i) and
ϕi = πj(i) ○ ϕ∣Gi

completes the proof.

We would like to establish a similar result for direct products of finitely presented
residually-p groups (and in particular, non-abelian limit groups). To do so, we begin
by proving a duo of lemmas:

Lemma V.3.12. Let n ≥ 1 and let K1, . . . ,Kn be finitely generated residually-p groups
with a positive p-gradient. Let K =K1×⋯×Kn and suppose that K ′ is an intermediate
group K ≤K ′ ≤Kp̂ such that the index ∣K ′ ∶K ∣ < ∞. Then K =K ′.

Proof. We prove the lemma by induction. For n = 1, since K ′ is dense in Kp̂,
RG(K ′) ≥ RG(K). In addition, we have that RG(K) = ∣K ′ ∶ K ∣ ⋅ RG(K ′) and
RG(K) > 0 so ∣K ′ ∶ K ∣ = 1 as desired. Suppose now that n ≥ 2, and consider the di-
rect product decomposition Kp̂ ≅ (K1)p̂ × ⋯ × (Kn)p̂. Denote by π1∶Kp̂ Ð→ (K1)p̂
and π1∶Kp̂ Ð→ (K2)p̂ × ⋯ × (Kn)p̂ the canonical projections. Consider the trio
K1 ≤ π1(K ′ ∩ (K1)p̂) ≤ (K1)p̂ and apply the base step of the induction to obtain that
K ′∩(K1)p̂ =K1. Lastly, considerK2×⋯×Kn ≅K/K1 ≤K ′/K1 ≤Kp̂/(K1)p̂ ≅ (K/K1)p̂;
as before we obtain that K/K1 =K ′/K1 and thus K =K ′.

We next state a sufficient condition that ensures that direct factors can be recog-
nised by looking at the pro-p completion.

Lemma V.3.13. Let n ≥ 1 and let H1, . . . ,Hn be finitely generated residually-p groups
with a positive p-gradient. Let H be a finitely generated group with Hp̂ ≅ (H1)p̂ ×⋯ ×
(Hn)p̂. Assume furthermore that the subgroup of H generated by the intersections
H ∩ (Hi)p̂ has a finite index in H. Then H = (H ∩ (H1)p̂) ×⋯ × (H ∩ (Hn)p̂).

Proof. We show by induction that H ∩ (Hi)p̂ is dense in (Hi)p̂ for all i and that H =
(H∩(H1)p̂)×⋯×(H∩(Hn)p̂). The base case n = 1 is trivial. Let n ≥ 2 and suppose that
the claim holds for n−1. By our assumption, the subgroup ⟨H∩(H1)p̂, . . . ,H∩(Hn)p̂⟩
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has a finite index in H and hence ⟨H ∩ (H1)p̂, . . . ,H ∩ (Hn)p̂⟩ is open in Hp̂. Hence
each H ∩ (Hi)p̂ is open in (Hi)p̂.

Consider the group H1 =H/H ∩ (H1)p̂. The natural map

H1 Ð→ ((H1)p̂/H ∩ (H1)p̂) × (H2)p̂ ×⋯ × (Hn)p̂

is the natural injection of H1 into its pro-p completion. By assumption, the first
factor

(H1)p̂/H ∩ (H1)p̂

is a finite p-group and its intersection with H1 is trivial. In particular, U = (H2)p̂×⋯×
(Hn)p̂ is an open subgroup of (H1)p̂. Suppose that (H1)p̂/H ∩ (H1)p̂ is of cardinality
k ≥ 1 and let H1

0 ≤ H1 be the finite-index subgroup H1
0 = H1 ∩ U. Denote by

π1∶ (H1)p̂ Ð→ (H2)p̂ × ⋯ × (Hn)p̂ the canonical projection. Note that ∣H1∶H1
0 ∣ = k,

and that both H1 and H1
0 project injectively to (H2)p̂ × ⋯ × (Hn)p̂ ≅ (H1

0)p̂. By
the induction hypothesis, we also have that H1

0 = K2 × ⋯ ×Kn with (Ki)p̂ ≅ (Hi)p̂
(where Ki = H1

0 ∩ (Hi)p̂). So, by Lemma V.3.12, we have that k = 1, implying that
H1 =H1

0 = (H ∩ (H2)p̂) ×⋯× (H ∩ (Hn)p̂) and that H ∩ (H1)p̂ is dense in (H1)p̂. The
conclusion follows.

We seal the discussion with the following proposition that will allow us to recover
direct product decompositions of certain finitely generated residually-p groups from
their finite p-quotients; this will serve as a key ingredient in the proof of Theorem N.

Proposition V.3.14. Let n ≥ 1 and let H1, . . . ,Hn be finitely generated residually-p
groups with a positive p-gradient. Suppose that H is a torsion-free and residually-
p finitely generated group. Suppose further that Hp̂ ≅ (H1)p̂ × ⋯ × (Hn)p̂ and that
there are pairwise-commuting infinite subgroups Ni ≤ H such that the natural map
N1 × ⋯ ×Nn Ð→ ⟨N1, . . . ,Nn⟩ is an isomorphism. If ⟨N1, . . . ,Nn⟩ has finite index in
H, then there exist subgroups N ′i ≤ H, each commensurable to Ni respectively, such
that H = N ′1 ×⋯ ×N ′n.

Proof. Replacing each Ni by one of its finite-index subgroups, we can assume that
each Ni is normal in H. For each 1 ≤ j ≤ n, denote by πj ∶Hp̂ Ð→ (Hj)p̂ the canonical
projection. Since each Ni is infinite, each of the closures Ni is an infinite normal
subgroup of Hp̂. Hence, for every i there exists j = j(i) such that πj(Ni) is an infinite
normal subgroup of (Hj)p̂. By Theorem V.3.9, πj(Ni) must have a finite index in
(Hj)p̂. Proceeding exactly as in the proof of Proposition V.3.11, we have that for
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every i, the choice of j = j(i) is unique. For every i and k ≠ j(i), the subgroup
πk(Ni) ≤ (Hk)p̂ is finite.

Replacing again each Ni by smaller finite-index subgroups, we can suppose that
for every i and k ≠ j(i), πk(Ni) = 1. Therefore Ni ≤H ∩ (Hj(i))p̂. Since the subgroup
generated by all the Ni is still of finite-index in H, we can apply Lemma V.3.13 and
obtain that H = N ′1 ×⋯ ×N ′n where N ′i =H ∩ (Hj(i))p̂.

V.3.3 Profinite completions of limit groups

In this subsection we gather a few results about profinite completions of limit groups;
these will be used in the proof of Theorem N. Zalesskii and Zapata employ the hi-
erarchical structure of limit groups to show that if L is a non-abelian limit group
then L̂ acts faithfully and irreducibly on a profinite tree. They further use this action
to establish a number of properties (that were known for abstract limit groups) of
profinite completions of limit groups.

Proposition V.3.15 (Corollary 4.4, [124]). Let L be a non-abelian limit group. Then
L̂ is centreless.

The following consequence of Proposition V.3.15 will also be important in the
proof of Theorem N.

Proposition V.3.16. Let L be a non-abelian limit group. Suppose that there are two
closed subgroups A and B of L̂ with the following two properties:

• Every a ∈A and b ∈ B commute,

• For some prime p, there are embeddings Zp ≤c A and Zp ≤c B.

Then the closed subgroup generated by A and B in L̂ is not open.

Proof. We argue by contradiction. Suppose that the closed subgroup ⟨A,B⟩ is open.
Then it is isomorphic to L̂1 for some finite-index subgroup L1 ≤o L; L1 must therefore
be a non-abelian limit group. Hence we can assume, without loss of generality, that
⟨A,B⟩ = L̂. By Proposition V.3.15, L̂ is centreless, which implies that A ∩B = {1}.
So L̂ ≅A×B and by [99, Proposition 4.2.4] L̂ is projective. However, since Zp embeds
in both A and B, Z2

p embeds in L̂, which contradicts the projectivity of L̂.
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V.3.4 Proof of Theorem N

We reformulate Theorem N to simplify the notation of the proof. The formulations
are equivalent because any product of free or surface groups has the form Γ = S1 ×
⋯ × Sn × Zk with n ≥ 1, k ≥ 0 and all of the Si being non-abelian free or hyperbolic
surface groups.

Theorem V.3.17 (Theorem N). Let n ≥ 1 and k ≥ 0 be integers and let G be a
finitely presented residually free group. Let S1, . . . , Sn be non-abelian free or surface
groups and let Γ be the direct product S1 ×⋯ × Sn ×Zk. If Ĝ ≅ Γ̂, then G ≅ Γ.

For the convenience of the reader, we give a brief overview of the different steps
of the proof of Theorem N.

(Step 1) Instead of working with G, we work with G/Z(G) which has a trivial centre.
This case will be enough as we explain in Claim V.3.25.

(Step 2) We view G as the subdirect product of n non-abelian limit groups L1 ×⋯ ×Ln
(see Corollary II.1.68); a priori, G might be a subdirect product of m limit
groups (with m ≠ n), but we show in Claims V.3.19 and V.3.20 that m must be
equal to n.

(Step 3) Using results of Bridson, Howie, Miller and Short regarding the structure of
finitely presented subgroups of direct products of limit groups (see Subsection
II.1.6), in combination with properties of Hirsch lengths in nilpotent groups
(see Section V.3.1), we show in Claim V.3.22 that G must have a finite index
in L1 ×⋯ ×Ln.

(Step 4) This clearly shows that G has a finite-index subgroup H that is a direct product
of n limit groups. Since each Li has a positive p-gradient, we can apply the
results from Subsection V.3.2 to lift the direct product decomposition structure
of H to G. This is done in Claim V.3.23.

(Step 5) We obtain that G = G1 × ⋯ × Gn, with each Gi a limit group. We show in
Claim V.3.24 that each Gi must be a free or surface group using Theorem
V.3.2.

As mentioned above, we begin by working with G0 = G/Z(G) instead of G; this
group is indeed centreless:
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Lemma V.3.18 ( [9], Lemma 4). Let G be a residually free group. Then G/Z(G) is
a residually free group with a trivial centre.

Note that the profinite completion of G0 is Ĝ0 ≅ Ĝ/Z(G). Since each Ŝi is centre-
less, we have that Z(Ĝ) = Ẑk and hence Ĝ0 ≅ Ŝ1 ×⋯× Ŝn ×A, where A = Z(Ĝ)/Z(G)
is an abelian profinite group.

Claim V.3.19. G0 is finitely presented and residually free, and its profinite comple-
tion is isomorphic to Ĝ0 ≅ Ŝ1 ×⋯ × Ŝn.

Proof. By Lemma V.3.18 and the fact that Z(G) is finitely generated, we have that
G0 is still a finitely presented residually free group. By Corollary II.1.68, G0 is a
subdirect product G0 ↪ L1 ×⋯×Lm of m limit groups, for some m. We pick m to be
minimal. Hence, in particular, G0 intersects non-trivially each factor Li. Since G0 is
centreless, each Li is non-abelian. Finally, by Proposition V.3.15, L̂i is also centreless.

For each 1 ≤ j ≤ m, denote by πj ∶L1 × ⋯ × Lm Ð→ Lj the projection onto the
j-th coordinate. By Theorem II.1.74, the induced map of profinite completions Ĝ0 ↪
L̂1 × ⋯ × L̂m is injective. Since the maps π̂j ∶ Ĝ0 Ð→ L̂j are surjective, and since each
L̂j is centreless, it follows that π̂j(A) = 1 for all j, implying that A = 1.

Claim V.3.20. Keeping the above notation, n =m.

Proof. Since limit groups are torsion-free and G ∩ Lj ≠ 1 for each 1 ≤ j ≤ m, there
exists an injection Zm ↪ G0. By Theorem II.1.74, this yields an injection in the
level of profinite completions Ẑm ↪ Ĝ0 ≅ Ŝ1 ×⋯× Ŝn, which, in combination with the
standard fact that no Ŝi contains Z2

p, implies that m ≤ n.

For the other direction, that is that n ≤ m, we argue by contradiction. Assume
that n ≥ m + 1. For each 1 ≤ i ≤ n, consider a closed infinite pro-p cyclic subgroup
Zp ≅ Zi ≤ Ŝi. Since n ≥ m + 1, there must exist two different Zk1 and Zk2 such that
both of their images π̂j(Zk1) and π̂j(Zk2) in some L̂j are isomorphic to Zp. However,
this would contradict Proposition V.3.16: in this case, the two pairwise commuting
closed groups π̂j(Ŝk1) and π̂j(∏i≠k1 Ŝi) would both contain a copy of Zp and would
generate L̂j. This contradiction shows that n ≤m, completing the proof.

We introduce futher notation required for the proof of Claim V.3.22, which states
that the injection G0 ↪ L1 × ⋯ × Lm has a finite-index image. By Theorem II.1.73,
there exists N ∈ N, a finite-index subgroup E ≤ L1×⋯×Lm and a finite-index subgroup
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G1 ≤ G0 such that γNE ≤ G1. Notice that the subgroup E1 = (E∩L1)×⋯×(E∩Ln) ≤ E
has finite index in E. We define

G2 = E1 ∩G1

and note that G2 has a finite index in G and that γNE1 ≤ E1 ∩G1 = G2. We further
denote

Ui = E ∩Li,

and each Ui is a limit group. The projection of the direct product U1 × ⋯ × Un onto
its i-th coordinate will still be denoted by πi. The closure of G2 inside Ĝ0 is an open
subgroup G2 ≤o Ĝ0. Denote

Ki = G2 ∩ Ŝi,

again, we have that K =K1 ×⋯ ×Kn is an open subgroup of G2.

We define
G3 =K ∩G0;

one has that Ĝ3 ≅K.

Summarising,

• G3 ≤ G0 has a finite index and Ĝ3 ≅K1 ×⋯ ×Kn,

• E1 = U1 × ⋯ × Un, and there is an injection f ∶G3 ↪ E1 such that each πj(G3)
has finite index in Uj.

Lastly, since each Ki is open in Ŝi, they are profinite completions of non-abelian free
or surface groups. We denote by (Ki)p the maximal pro-p quotient of the profinite
group Ki. In fact, (Ki)p is the pro-p completion of a non-abelian free or surface group
and

(G3)p̂ ≅ (K1)p ×⋯ × (Kn)p.

Claim V.3.21. The induced map in the level of pro-p completions, fp̂∶ (G3)p̂ Ð→
(E1)p̂, has a finite-index image.

Proof. By the proof of Claim V.3.20, there exists an injection Zn ↪ G0; therefore,
there exists an injection Zn ↪ G3. By [87, Theorem 7.12], the induced maps on pro-p
completions,

Znp ↪ (G3)p̂ and Znp ↪ (E1)p̂,

are injective. Since each (Ki)p is the pro-p completion of a non-abelian free or surface
group, no (Ki)p contains a copy of Z2

p. This implies that each intersection Znp ∩(Ki)p
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is infinite. In particular, since the restriction of fp̂∶ (G3)p̂ Ð→ (E1)p̂ to Znp is injective,
the restriction of fp̂ to each i-th coordinate (Ki)p of (G3)p̂ has an infinite image.

For each 1 ≤ i ≤ n, there exists j = j(i) such that

(πj ○ f)p̂((Ki)p) ≤ (Uj)p̂

is infinite. For each i there may be, a priori, several j with this property; we fix a
choice of j = j(i) for each i. Since Hi is normal in G3, (πj(i) ○ f)p̂((Ki)p) is normal
in the finite-index subgroup (πj(i) ○ f)p̂((G3)p̂) of (Uj(i))p̂. By Theorem V.3.9, this
implies that (πj(i) ○ f)p̂((Ki)p) has finite index in (Uj(i))p̂. With this observation we
conclude that for i1 ≠ i2, we must have j(i1) ≠ j(i2): if we had j = j(i1) = j(i2) for
i1 ≠ i2, then the open commuting subgroups (πj ○ f)p̂((Ki1)p) and (πj ○ f)p̂((Ki2)p)
of (Uj)p̂ would intersect in an open abelian subgroup. This contradicts the fact
that (Uj)p̂ is not virtually abelian (because Uj is not virtually abelian). Thus, for
each i there exists a unique choice of j(i) with (πj ○ f)p̂((Ki)p) ≤ (Uj)p̂ infinite,
yielding a bijection j∶ {1, . . . , n} Ð→ {1, . . . , n}. Furthermore, for each i and k ≠ j(i),
(πk ○ f)p̂((Ki)p) ≤ (Uk)p̂ is finite. Recall that (πj(i) ○ f)p̂((Ki)p) has finite index in
(Uj(i))p̂; this implies that fp̂((Ki)p) ∩ (Uj(i))p̂ is of finite index, and therefore open,
in (Uj(i))p̂. We conclude that fp̂ has a finite-index image as desired.

From this we deduce:

Claim V.3.22. The injection G0 ↪ L1 ×⋯ ×Lm has a finite-index image.

Proof. Since G3 ≤ G2 ≤ G0 and E1 ≤ E are finite-index subgroups, it suffices to verify
that the injection G2 ↪ E1 has a finite-index image. Since γNE1 ≤ G2, we can instead
consider the induced injection of finitely generated nilpotent groups h∶G2/γNE1 ↪
E1/γNE1. By Claim V.3.21, fp̂ ∶ (G3)p̂ Ð→ (E1)p̂ has a finite-index image, and so
does hp̂. Thus, since G2γNE1 and E1/γNE1 are finitely generated nilpotent groups,
Proposition V.3.5 implies that h has a finite-index image.

One easily concludes that G0 admits a direct product decomposition:

Claim V.3.23. There exist subgroups G1, . . . ,Gn ≤ G0, each with a positive p-gradient,
such that G0 = G1 ×⋯ ×Gn.

Proof. By Claim V.3.22, the (G0∩L1)×⋯×(G0∩Lm) has a finite index in G0 and each
G0 ∩Li is a non-abelian limit group. By Remark V.3.10, each G0 ∩Li has a positive
p-gradient. The desired conclusion follows directly from Proposition V.3.14.
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Theorem N now follows. We first deduce it for G0 (or, equivalently, under the
assumption that G is centreless), from which the general case easily follows.

Claim V.3.24 (Theorem N for a centreless group). G0 ≅ S1 ×⋯ × Sn.

Proof. By Claims V.3.19 and V.3.23 we have that:

• Ĝ0 ≅ Ŝ1 ×⋯ × Ŝn,

• there exist subgroups G1, . . . ,Gn ≤ G0, each with a positive p-gradient, such
that G0 = G1 ×⋯ ×Gn.

We know that free and surface groups are distinguished from each other by their pro-p
completion; this can be easily seen by, for example, looking at their abelianizations.
Combining this observation with Proposition V.3.11, it is enough to show that each
Gi is either a free or a surface group. For simplicity, we will verify this for G1; the
same argument yields that every other Gi must also be a free or a surface group.

By Theorem V.3.2, it is enough to show that for every finite-index subgroup K1 ≤
G1, the pro-p completion (K1)p̂ is the pro-p completion of either a free or a surface
group. Let K1 be a finite-index subgroup of G1. The subgroup K1 ×G2 ×⋯×Gn ≤ G
has finite index in G and so it has the same profinite completion as a finite-index
subgroup H of S1 × ⋯ × Sn. Note that (H ∩ S1) × ⋯ × (H ∩ Sn) has a finite index in
H, and we can therefore apply Proposition V.3.14 to H along with Ni = H ∩ Si. We
obtain subgroups N ′i of H, each commensurable to H ∩ Si respectively, such that

H ≅ N ′1 ×⋯ ×N ′n.

From this, we get that

(K1)p̂ × (G2)p̂ ×⋯ × (Gn)p̂ ≅Hp̂ ≅ (N ′1)p̂ ×⋯ × (N ′n)p̂.

Each N ′i is torsion-free, and commensurable to either a free or a surface group; by
Nielsen realisation, each N ′i is itself either a free or a surface group. By Proposi-
tion V.3.11, there exists 1 ≤ i ≤ n such that (K1)p̂ ≅ (N ′i)p̂, as required.

Claim V.3.25 (Theorem N in the general case). There is an isomorphism G ≅ Γ.

Proof. By Claim V.3.24, it is enough to show that G = G0 × Zk. G0 and G fit into a
short exact sequence

1Ð→ Zk Ð→ GÐ→ G0 Ð→ 1 (V.1)
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that induces a short exact sequence in the level of profinite completions:

1Ð→ Ẑk Ð→ ĜÐ→ Ĝ0 Ð→ 1.

Note that the short exact sequence above splits since

Ĝ ≅ Γ̂ ≅ Ŝ1 ×⋯ × Ŝn × Ẑk ≅ Ĝ0 × Ẑk

and since every short exact sequence of profinite groups in which the middle group
is isomorphic to the direct product of the other groups splits. By [122, Lemma 8.3]
and the goodness of G0, we have the short exact sequence in (V.1) splits. Hence
G ≅ Zk ×G0 finishing the proof.

V.4 Other calculations of virtual Betti numbers and
further questions

V.4.1 Virtual homology of RAAGs and manifolds

We compute the virtual homology of other classes of groups, including right-angled
Artin groups and fundamental groups of closed, hyperbolic 3 manifolds. These cal-
culations are simple and are probably well-known to experts.

Proposition V.4.1. Let G be a RAAG, let k be a field and let n ∈ N. Then vbn(G) <
∞ if and only if either cd(G) < n or G is free abelian.

Notation V.4.2. Recall that we denote the right-angled Artin group associated to
the graph Γ by G(Γ).

Proof. If cd(G) < n then vbkn(G) = 0. If G ≅ Zm, then vbkn(G) = (mn) < ∞. So one
direction is clear.

Let Γ be the underlying graph of G = G(Γ). Let N denote the cohomological
dimension of G, which is equal to the size of the biggest clique in Γ. Suppose that
N ≥ n, and that G is not free abelian. We will show that vbkn(G) = ∞.

There exists a subgraph Γ0 with N+1 vertices which is not complete but contains a
complete subgraph Kn on n vertices. Since N ≥ n, it follows that Γ0 contains a further
subgraph Γ1 with n+1 vertices that is not complete but contains a complete subgraph
Kn on n vertices. The group G(Γ1 is a retract of G = G(Γ), so vbkn(G(Γ1)) ≤ vbkn(G).
Hence it suffices to show that vbkn(G(Γ1)) = ∞. Note that the group G(Γ1) splits as
an HNN extension Zn∗Zm with m < n. We apply Lemma V.2.1 and conclude that
vbkn(G) = ∞.
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Remark V.4.3. Alan Reid pointed out that the fundamental group of an arithmetic
hyperbolic n-manifold M of simplest type has vbZ

i (π1(M)) = ∞ for 1 ≤ i < n. This
can be proven by induction as follows: by Agol’s work [2, Theorem 9.2], the assertion
holds for n ≤ 3. For n ≥ 4, we use the fact that M has an immersed totally geodesic
submanifold M ′ of dimension n − 1. By the induction hypothesis, vbZ

i (π1(M ′)) = ∞
for 1 ≤ i < n − 1. All immersed totally geodesic submanifolds contribute to homology
in finite covers by [14], which implies that vbZ

i (π1(M)) = ∞ for 1 ≤ i < n − 1. Finally,
by Poincaré duality, we also have that vbZ

n−1(π1(M)) = ∞.

V.4.2 Further questions and virtual invariants

Theorem I shows that when an HGFC-group G has vbk2(G) < ∞, then G is either a
free or a surface group. This suggests the following:

Question V.4.4. Let G be a hyperbolic group with cohomological dimension two. If
G has finite virtual second Betti number, does it follow that G is a surface group?

We remark that this question is closely related to the two most notorious questions
about hyperbolic groups (the first asks whether every hyperbolic group is residually
finite, and the second asks whether every one-ended hyperbolic group contains a
surface subgroup). Therefore this question is particularly ambitious, and an answer
is currently far out of reach.

Another property related to virtual homology is property (TFab):

Definition V.4.5. A group G has property (TFab) if the abelianisation of every
finite-index subgroup H ≤ G is torsion-free.

Question V.4.6. Let G be a one-ended limit group with property (TFab), that is, all
of the finite-index subgroups of G have a torsion-free abelianisation. Does it follow
that G is either a free abelian group or a surface group?

Remark V.4.7. We remark that computational evidence suggests that the answer to
Question V.4.6 is positive.

At this point we have seen many examples of groups, some of which admitting
interesting hierarchies, where the boundedness of vb2 (or higher virtual homology
notions) is very exceptional. In particular, most limit groups (with the only exceptions
being free, free abelian and surface groups) have unbounded vb2. We would therefore
like to introduce another notion which might aid in obtaining a finer classification of
limit groups based on virtual homological invariants.
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Definition V.4.8. Let G be a finitely generated group. Define the virtual i-th coho-
mology spectrum of G, with coefficients in a field k, to be the set

Spectrumk
i (G) = {dimkH

i(H;k)∣H ≤ G of finite index}.

Cohomological goodness implies that if G is a limit group or an HGFC-group,

Spectrum
Fp

i (Ĝ) = Spectrum
Fp

i (G).

In other words, the virtual i-th cohomology spectrum with coefficients in Fp is a
profinite invariant of G within good groups. This raises the following question:

Question V.4.9. Which numbers appear in the virtual i-th cohomology spectrum of
a given limit group or a given HGFC-group?

One can even strengthen the notion of a virtual cohomology spectrum, and define
the filtered virtual i-th cohomology spectrum of G, with coefficients in a field k, to be

FSpectrumi
k(G) = {dimkH i(H;k)

[G ∶H] ∣H ≤ G of finite index}.

This refined version also keeps track of the depth of the finite-sheeted coverings of G
in which large i-th homology is exhibited. Again the filtered virtual i-th cohomology
spectrum of G (with coefficients in Fp) is a profinite invariant of good groups.

Question V.4.10. Which limit groups and HGFC-groups are characterized by their
filtered second Betti spectrums?

The proof of Theorem I relies heavily on virtual retractions (see Section II.1.74).
Some information is lost in the process of transferring homological data via virtual
retractions. In particular, answering questions V.4.9 and V.4.10 should involve meth-
ods different to the ones used in this paper. Answering these questions would also,
hopefully, produce more examples of groups that are profinitely rigid among limit
groups and HGFC-groups.
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