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Abstract

In this thesis we explore limit groups from two different angles. One of
them is model-theoretic (wherein limit groups serve as our main tool),
while the other pertains to the profinite topology on limit groups (where

we uncover insightful results on limit groups and residually free groups).

First, we generalize Merzlyakov’s theorem about the first-order theory of
free groups to acylindrically hyperbolic groups. We consequently deduce
that if G is an acylindrically hyperbolic group, and E(G) denotes the
unique maximal finite normal subgroup of G, then G and the HNN ex-
tension Gy = (G,t | [t,g] =1, Vg € E(G)) (which is simply G * Z if
E(QG) is trivial) have the same V3-theory.

The second part of this thesis focuses on limit groups over coherent right-
angled Artin groups. We prove that cyclic subgroup separability is pre-
served under exponential completion for groups that belong to a class that
includes all coherent RAAGs and toral relatively hyperbolic groups. We
thus infer that the cyclic subgroups of limit groups over coherent RAAGs

are closed in the profinite topology.

In the last part of the thesis, we turn to study “classical” limit groups (over
free groups), as well as residually free groups. We show that the virtual
second Betti number of a finitely generated, residually free group G is
finite if and only if G is either free, free abelian or the fundamental group
of a closed surface. Relying on these results, and employing techniques
involving rank gradients of pro-p groups, we show that direct products
of free and surface groups are profinitely rigid among finitely presented,

residually free groups.
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Introduction

Limit groups have been studied under various guises, and in multiple contexts, over
the past 75 years. Some have found limit groups interesting for their defining residual
properties and close relation to free groups. Others have been drawn to them since
they naturally appear in the study of the first-order logic of groups. Still others
have been intrigued by limit groups for their interesting structure, and the pleasing
balance that they strike between being well-understood and remaining enigmatic.

This dissertation celebrates limit groups from all of these perspectives.

Chapters I and 11

We open this dissertation with two introductory chapters: Chapter I which covers
essential basic definitions of notions that appear throughout this thesis, and Chapter
IT which includes a broad (yet detailed) overview of limit groups (and other related
classes of groups). Although Chapter II does not contain any new results, we thought
that it was important to devote the time and space to introduce the reader to the
world of limit groups. This chapter is intended to be an easy read, and it contains
many uncomplicated proofs which are carried out in full detail. We hope that this
chapter will serve as a first introduction to limit groups for curious readers (who
might not necessarily be interested in the specifics and technicalities found in later

chapters).

Chapter 111

Given a group G, a natural model-theoretic question is whether or not G and G * Z
have the same first-order theory. This problem was first considered by Tarski in the
case of free groups. Around 1945, he posed the following question: “are all non-
abelian free groups elementarily equivalent?”. A positive answer to this question was

given by Sela in [108] (see also [71] by Kharlampovich and Myasknikov). Then, Sela



generalised this result in two directions: first, he proved in [109] that every torsion-free
non-elementary hyperbolic group G is elementarily equivalent to G * Z. A few years
later, he established the same result in the case where GG is a non-trivial free product,
different from the infinite dihedral group Do, = Z/2Z + Z[27Z (see [110]). In fact, in
both cases he proved the following stronger result: G is elementarily embedded into
G * 7.

All these groups (namely non-elementary hyperbolic groups and non-elementary
free products) have in common the property of being acylindrically hyperbolic, mean-
ing that they admit a non-elementary acylindrical action on a hyperbolic space (for
details, we refer the reader to Section 1.2). The main result of Chapter III is a partial
generalisation of the above-mentioned theorems of Sela to all acylindrically hyper-
bolic groups (see Theorem A below). This wide class of groups was introduced by
Osin in [93] in order to unify several classes of negatively-curved groups considered
by different authors (in particular, see [39]). This class of groups has been intensively
studied in the past few years. Examples of acylindrically hyperbolic groups include,
notably, all non-elementary (relatively) hyperbolic groups, all but finitely many map-
ping class groups of surfaces of finite type, Out(F,) for n > 2, most 3-manifold groups,
all non-cyclic and directly indecomposable right-angled Artin groups and many fun-

damental groups of graphs of groups.

Despite the intense activity around acylindrically hyperbolic groups in geomet-
ric group theory, very little is known about the first-order theory of these groups.
Dahmani, Guirardel and Osin proved that acylindrically hyperbolic groups are not
superstable [39, Theorem 8.1]. We remark that superstability (or more generally, sta-
bility) is a deep model theoretic notion; however, every superstable group G admits a
chain of normal subgroups 1 = Hy< H; < ---< H,, = G such that each H;,1/H; is either
abelian or simple [8]. This is the criterion used by Dahmani, Guirardel and Osin in

their proof.

Groves and Hull adapted some of Sela’s techniques to the context of acylindrically
hyperbolic groups and initiated the study of solutions of systems of equations over
such groups [57]. We build on their results, extend them, and derive new results
throughout Chapter III.

The results presented in Chapter I1I are focused around the V3-(first-order) theory
of acylindrically hyperbolic groups. An V3-sentence is a first-order sentence of the
form Va 3y ¢ (x,y), where & and y are two tuples of variables, and v is a quantifier-

free formula in these variables; the set of such sentences satisfied by a group G is



called the V3-theory of G. We also say that the inclusion i of a group G into an
overgroup G’ is an IV 3-elementary embedding if the following condition is satisfied:

for every first-order formula of the form

¢(t) : 3z Vy 3z (z,y, 2, 1),

where ¢(x,y, z,t) is a quantifier-free formula, and for every tuple g of elements of G
of the same arity as ¢, if the statement ¢(g) holds in G, then ¢(i(g)) holds in G'. We
refer the reader to Subsection 1.4, where these notions are explained in more detail.
Before stating our main result, recall that every acylindrically hyperbolic group G
admits a unique maximal finite normal subgroup, denoted by E(G) [39, Theorem
2.24]. In what follows, G%g(e) denotes the HNN extension where the stable letter
acts trivially, that is the group

G ey (Zx B(@)) = {G.t | [tg] = 1, Vge B(G)).

Theorem A. Let G be an acylindrically hyperbolic group. The canonical inclusion of
G into G*g) ts an 3V3-elementary embedding. In particular, G and G*gq) have
the same Y 3-theory.

Remark. This is known to be true for hyperbolic groups (see [3]).

Remark. Note that if the finite group E(G) is trivial, the group G gy is simply
the free product G = Z. If E(G) is non-trivial, one easily sees that G * Z cannot have
the same V3-theory as G, since the existence of a non-trivial normal finite subgroup

18 expressible in an Y3-sentence.

Remark. As an immediate consequence of Theorem A, one recovers a result of Hull
and Osin [69] stating that an acylindrically hyperbolic group G with E(G) = 1 is
mized identity free: for every n € N and every w € G * F,, there is a homomorphism
f:GxF, > G such that f|g =1dg and f(w) + 1. Note that this holds if and only if

GE3Izy,...,z0)w(xy,...,x,) # 1, which is indeed an V3-sentence.

For now, it is an open question whether Theorem A above remains true if one
considers the whole first-order theories of G' and G*pg(g) instead of the V3 or 3V3-
fragments of these theories. This question can be viewed as a broad generalisation of

Tarski’s problem about elementary equivalence of non-abelian free groups.
The Generalised Tarski Problem. Let G be an acylindrically hyperbolic group.

1. Are G and G*p(q) elementarily equivalent?

3



2. Is G elementarily embedded into G* g ?

As mentioned before, Sela proved that the answer to both of these questions is
positive, under the stronger assumption that G is a torsion-free non-elementary hy-
perbolic group or a non-trivial and non-dihedral free product. In all other cases,
including the case of hyperbolic groups with torsion, the answer is not known. More-
over, as far as we are aware, there are no examples of finitely generated groups G that
are not acylindrically hyperbolic, and such that G has the same first-order theory (or
even the same V3-theory) as G * Z. The question of the existence of such a group is
closely related to that of the preservation of acylindrical hyperbolicity under elemen-
tary equivalence among finitely generated groups; we discuss this in Section II1.8. It

is worth mentioning the following corollary of Theorem A (see Proposition I11.8.4).

Corollary B. Let G be an acylindrically hyperbolic group, and let H be a group that
admits a non-trivial splitting over a virtually abelian group. Suppose that G and H
are elementarily equivalent (or simply that they have the same 3V¥3-theory). Then the
group H is acylindrically hyperbolic.

Remark. As a consequence, if there exists a group G that is not acylindrically hy-
perbolic and such that G and G * Z are elementarily equivalent, then all non-trivial
splittings of G (if they exist) have sufficiently complicated edge groups. For instance,
if G is a generalized Baumslag-Solitar group, then G and G * Z are not elementarily

equivalent.

Positive theory, verbal subgroups

A first-order sentence is called positive if it does not involve inequalities. We say
that a group G has trivial positive theory if every positive sentence satisfied by G is
satisfied by all groups. In [84], Merzlyakov proved that non-abelian free groups have
trivial positive theory. As a consequence, G has trivial positive theory if and only
if it has the same positive theory as F,,, for any n > 2. Recently, in [28] and [29],
Casals-Ruiz, Garreta, Kazachkov and de la Nuez Gonzalez proved that many groups
acting non-trivially on trees have trivial positive theory. In particular, they showed
that every acylindrically hyperbolic group that acts hyperbolically and irreducibly
on a tree has trivial positive theory [28, Corollary 8.2]. They also established the
following quantifier elimination result [28, Theorem 6.3|: a group has trivial positive
theory if and only if it has trivial positive V3-theory. Using this fact in conjunction

with Theorem A, we prove the following result in Section II1.7 (which was conjectured

in [28]):



Corollary C ( |28, Conjecture 9.1|). Acylindrically hyperbolic groups have trivial

positive theory.

As a consequence of Corollary C, one recovers the main result of [15], due to
Bestvina, Bromberg and Fujiwara (more details, and the definition of verbal width,

appear in Section IIL.7).

Corollary D. Let G be an acylindrically hyperbolic group, let k > 1 be an integer
and let w be a non-trivial element of Fy. If the image of w in the abelianization
Fi/[Fy, Fx] 2 ZF is not primitive (i.e. it is not a proper power), then w(G) has
infinite width.

It is worth noting that we do not know of any group G with non-trivial positive
theory, and such that w(G) has infinite width for every non-trivial w whose image in

Fy/[ F, Fy] is not primitive (see |28, Section 9.8] for further discussion).

Merzlyakov’s theorem

In Section IIL.5, we deduce Theorem A from a generalisation of Merzlyakov’s theo-
rem [84]. Assuming that a non-abelian free group F' satisfies the positive first-order
sentence

Ve Jy X(x,y) =1,

where Y(x,y) = 1 denotes a finite system of equations, Merzlyakov’s theorem asserts
that there exists a retraction from (x,y | ¥(x,y) = 1) onto the free group F(x) on x.
Upon closer inspection, this result resembles the classical implicit function theorem
in the sense that it enables one to convert the relations between the tuples & and
y into a function. This is why Merzlyakov’s theorem is sometimes referred to as an
implicit function theorem for groups. This fundamental result was one of the first
steps in Sela’s positive answer to Tarski’s question about the elementary equivalence

of non-abelian free groups.

Let us mention that previous generalisations of Merzlyakov’s theorem were proved
for torsion-free hyperbolic groups, for hyperbolic groups with torsion, and for m-groups
(that is, pairs of the form (F,7) where 7 : F > @ is a homomorphism from a free
group [ to a finite group @), respectively by Sela (see [109]), by Heil (see [67]), and
by de la Nuez Gonzalez (see [40]).

Given a group GG and an element g € G, we denote by ad(g) the inner automor-
phism x € G — gxg~'. Before stating our generalisation of Merzlyakov’s theorem, let

us introduce the following definition.



Definition. Let G' be a group, and let H be a subgroup of G. We define the subgroup
Autg(H) of Aut(H) as follows:

Autg(H) ={oce Aut(H) | Jge G, ad(g)|y =0o}.

We prove the following version of Merzlyakov’s theorem (in Section I11.3, we give
a more general statement allowing us to deal with finite disjunctions of finite systems

of equations and inequations).

Theorem E. Let G be an acylindrically hyperbolic group, and let a be a tuple of
elements of G (called constants). Fix a presentation (a | R(a) = 1) for the subgroup
of G generated by a. Let

Y(z,y.a)=1 A ¥(z,y,a)#1

be a finite system of equations and inequations over G, where  and y are two tuples
of variables. Let Gy, denote the following finitely generated group, finitely presented
relative to (a | R(a) =1):

(r,y,a | R(a) =1, ¥(x,y,a) =1).

Let p be the arity of & = (x1,...,1,). Suppose that G satisfies the following first-order
sentence:

Ve Jy Y(x,y,a) =1 A ¥(x,y,a) # 1.
Then, for every p-tuple o = (01,...,0,) € Autq(E(G))P, there exists a morphism
oGy = Go = G+ (m,E(G) | ad(x;)|ge) = 03, Vie{l,... ,p}),
called a formal solution, enjoying the following properties:
o T,(x) =1,
e T,(a)=a,
o U(x,m,(y),a) # 1.

Moreover, the image of mo is a subgroup of G4 of the form

(g,a) *E(Q) (Q’J,E(G) | ad(xz)|E(G) =0y, Vie {1, cen ,p})

for some tuple g of elements of G.



Remark. Note that G, is isomorphic to the group G %) (Fp x E(G)) obtained
from G by adding p stable letters commuting with E(G). Indeed, from the definition of
Autq(E(G)), for every 1 <i <p, there exists an element g; € G such that ad(x;)|p(e) =
ad(g:)|ec)- It follows that t; = x;9;1 commutes with E(G).

Remark. This theorem captures the spirit of Merzlyakov’s original theorem, in the
following sense: let g = (g1,...,9,) be a tuple of elements of G, of the same arity as
x. Let o = (ad(g1)|e): - -, ad(gp)|e@)), and let ¢ : G5 - G be the retraction that
maps x; to g; and coincides with the identity on G. The homomorphism p o, from
Gy, to G maps x to g. Denote by h the image of y under this homomorphism. The
equalities (g, h,a) =1 hold in G. In other words, just as with Merzlyakov’s original
theorem, the theorem above gives a mechanism for associating to every tuple g € GP
another tuple h of the same arity as y such that the equalities (g, h,a) = 1 hold in
G. However, note that the image of V(x,75(y),a) by ¢ may be trivial.

Since the statement of Theorem E is rather complicated, we hope to make it easier
to digest through the following examples, which describes two formal solutions in a

simple context:

Example. Let G = (g1,99,a | a® = 1, giag;! = a, goagy' = a®) ~ Z[3Z x Fy. Let
o be the automorphism of (a) that maps a to a?, and let us consider the following
first-order sentence, which is clearly satisfied by G: Yz Jy ([z,a] =[y,a]) A (z#y).
By definition, one has:

L4 GZ = (m,y,a | CL3 = 17 [a:,a] = [yaa]>7
o Gia=G#ypy(zr,a | zax™ = a),

o Gy =Gy (w,a | vax™ = a?).

Gs
ﬂy xa
Gia Go
N/
G

The morphism mq can be defined by mq(z) = x, ma(a) = a and mq(y) = g1. The
morphism m, can be defined by m,(x) = x, m,(a) = a and 7,(y) = g2. Note that
mia(Gx) and 7,(Gyx) are both isomorphic to G.



Lastly, we would like to mention that the structure of the proof of Theorem E,
which is quite different from Merzlyakov’s original combinatorial proof, is inspired by
Sela’s geometric proof of Merzlyakov’s theorem [107|. Nevertheless, both proofs rely
crucially on small cancellation theory (combinatorial in one case, geometric in the

other case).

Chapter 1V

Casals-Ruiz, Duncan and Kazachkov defined in [30] a new class of groups C, which
was carefully designed to serve as a general framework for studying limit groups over
(coherent) right-angled Artin groups (RAAGs). They succeed in showing that, as in
the classical case of limit groups over free groups, the limit groups over any coherent
right-angled Artin group G embed in the Z[t]-completion of G (a group containing
G in which one can interpret exponents with respect to elements in Z[t], see Section
IV.1.2 for more details), and that this completion can be built by repeatedly extending
centralisers. Casals-Ruiz, Duncan and Kazachkov [30] then pose the question: are
cyclic subgroups of limit groups over coherent RAAGs closed in the profinite topology?

In Chapter IV we give a positive answer to this question.

Constructing completions of groups using extensions of centralisers is not a new
idea; in the 1960s, Baumslag gave a construction of the Q-completion of a group
with unique roots, which uses extensions of centralisers. Thirty odd years later, as a
first step towards showing that all non-abelian free groups share the same first order
theory, Sela investigated the structure of limit groups (over free groups) in [106] and
showed that they admit a hierarchical structure. This structure implies that limit
groups embed in the Z[t]-completion of a free group, or in other words F%[!] serves
as a universe for limit groups over the free group F. Similar results were obtained
by Kharlampovich and Miasnikov, and in |72] they extended their argument to prove
that the limit groups over any toral relatively hyperbolic group G embed in GZ[1].,

The latter work was carried out in the context of groups in the class CSA: groups
whose maximal abelian subgroups are malnormal. The authors showed that extending
a centraliser of a CSA group yields a CSA group, which allowed them to use induction
in the process of repeatedly extending centralisers. RAAGs, even coherent ones, do
not necessarily lie in the class CSA. This deficit motivated Casals-Ruiz, Duncan
and Kazachkov to seek a broader setting in which similarly structured proofs would

work, leading them to the class C. They show in [30] that this class C contains all



coherent RAAGs, as well as all toral relatively hyperbolic groups. In addition, they
prove that if G is in the class C (and satisfies the technical condition R of Definition
IV.2.5) then GZ[Y] can be built as an iterated centraliser extension over G and is fully
residually G. They also show that if G is a coherent RAAG, then every limit group
over G embeds in GZ[tl. They suggested that this fact, combined with the relatively
simple structure of GZ[*], ought to provide fertile ground for addressing algorithmic
problems and establishing residual properties of limit groups over RAAGs. They also
highlighted some specific challenges of this type, which we address in Chapter IV.

As well as building on [30], the results that we shall present here rely crucially
on the simple observation that direct extensions of centralisers, which are the basis
for the construction of Z[t]-completions, have a much tamer structure than more
general amalgamated products. By definition, if Co(u) denotes the centraliser of u
in G, then the direct extension of Cg(u) by Cg(u) x B is the quotient of the free
product G = B by relations that force the subgroups C¢(u) and B to commute. This
is an example of a free product with commuting subgroups: such a product is obtained
from pairs of groups L < G and M < H by forming the amalgamated free product
G %1, (L x M) %y, H, which is abbreviated to (G, H| [L,M] = 1). We shall exploit
the way in which G%[!] is built from extensions of centralizers to prove the following
theorems, repeatedly employing a criterion developed by Loginova [79] for the cyclic
subgroup separability of certain free products with commuting subgroups. When G
is a coherent RAAG, the special combinatorial structure of its defining graph (see

Subsection IV.1.1) also plays an important part in our proof.

Theorem F. Let G be a group in the class C which satisfies condition R, and let A
be a ring. If G is cyclic subgroup separable, then the A-completion of G, G4, is cyclic

subgroup separable.
Theorem G. Limit groups over coherent RAAGs are cyclic subgroup separable.

In the classic setting of limit groups over free groups, Wilton showed that all
finitely generated subgroups are separable [116]. However, limit groups over coherent
RAAGs are not necessarily subgroup separable: the coherent RAAG given by the
presentation L = (z,y, z,w| [x,y] = [y, 2] = [2,w] = 1), and whose defining graph is

o ———— o — 0

is not subgroup separable |91, Theorem 1.2].



In the last section of Chapter IV, Section IV.3, we shall discuss the word problem
for free products with commuting subgroups. Given L < G and M < H, if the word
problem is solvable both in G and in H, and the membership problem is solvable for

L in G and for M in H, then there is a solution to the word problem in
(G, H|[L,M]=1).

We shall use once again the way in which exponential completions of groups from the

class C can be built by iterating centraliser extensions to prove the following:

Proposition H. Let G be a group in the class C. If G satisfies condition R and has a
solvable word problem, then every finitely generated subgroup H of GA has a solvable

word problem.

In particular, we recover the fact that limit groups over coherent RAAGs and toral

relatively hyperbolic groups have a solvable word problem.

Chapter V

In Chapter V, the final chapter of this dissertation, we focus on rigidity within the
class of limit groups (and the broader class of residually free groups). In particular, a
recurring theme in this chapter is to utilize the homology of finite-index subgroups of
a given group, in order to recognize whether it is a free or a surface group. We do so
within the following classes of groups: limit groups, (finitely generated) residually free
groups and word-hyperbolic fundamental groups of graphs of free groups amalgamated
along cyclic subgroups. For abbreviation and readability, we refer to the latter as
HGFC-groups (which stands for Hyperbolic Graphs of Free groups with Cyclic
edge groups).

Given a finitely generated group G and a field k£ (endowed with a trivial G-action),
we denote the i-th Betti number of G with coefficients in k by b¥(G) = dimy, H;(G; k).
We focus on the virtual i-th Betti number of GG, which allows us to study G by looking

at the homology of all of its finite-index subgroups at once.

Definition. Let G be a finitely generated group and let k be a field. The virtual i-th
Betti number of G with coefficients in k is given by

vbi(G) = sup{dimy, H;(H; k)| H is a finite-index subgroup of G}

Remark. When k = Q, we simply write by(G) and vby(G) to denote b2(G) and
vb2(G) respectively.
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One of many remarkable properties of finitely generated residually free groups, is
that many group-theoretic properties can be read from their (virtual) homology. For
example, the failure of a finitely generated residually free group G to satisfy certain
finiteness properties, can be detected in the homology of finite-index subgroups of
G |25, Theorem BJ. This makes residually free groups a compelling object to study
via virtual properties, and in particular via virtual homology. For more detail, we
refer to Subsection I1.1.6, where we give a brief overview of different properties of

residually free groups which often unravel after passing to a finite index subgroup.

Virtual homology of residually free groups

Wilton showed in [120] that every one-ended HGFC-group contains a surface sub-
group, and deduced that its virtual second Betti number, with coefficients in any
field k, is positive. We extend this result and give a full classification of HGFC-
groups by their virtual second Betti number. This classification is remarkably simple:
apart from the obvious cases, the virtual second Betti number of an HGFC-group is

infinite.

HGFC-groups also play a special role in the study of limit groups. Limit groups
exhibit a cyclic hierarchical structure: they can be built up from easy-to-understand
building blocks (namely free and free abelian groups), repeatedly taking cyclic amal-
gams and HNN extensions. In particular, HGFC-groups lie (almost) at the bottom
of this hierarchical structure of a limit group. We also derive a classification for limit
groups, and more generally for finitely generated residually free groups, in terms of

their virtual second Betti number.

Theorem 1. Let G be a finitely generated residually free group, or a hyperbolic fun-
damental group of a finite graph of finitely generated free groups with infinite cyclic
edge subgroups, and let k be a field. Then

1. vb5(G) = 0 if and only if G is free,

2. vbE(G) =1 if and only if G = 71 (X) where X is a closed, connected surface,
3. vb5(G) = (9) if and only if L 2 Z% (for d >2)

4. vbE(G) = 0o otherwise.

Therefore, free, surface and free abelian groups are characterized among limit

groups by their virtual second Betti number.
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Remark. By slightly modifying the proof of Theorem I, and considering maps induced
on cohomology groups, the same classification holds if one replaces ng(G) by the

following cohomological analogue:
sup{dim,(H?*(H;k))| H <G of finite index}.

The idea behind the proof of Theorem I is that once a surface subgroup of infinite
index appears in a limit group L, one can employ structural properties of L to repli-
cate it and produce finite-index subgroups of L containing many surface subgroups,
independent from each other in second homology. The techniques used for producing
such subgroups come from the covering theory of graphs of spaces, and the methods

are often inspired by previous works of Wilton [119, 120].

In fact, similar methods can be used to calculate the virtual homology of limit
groups in all dimensions. In dimension 3 or higher, the proof relies on the fact that
the cohomological dimension of a non-free limit group L is equal to max(2, k), where
k is the maximal rank of a free abelian subgroup of L. By replicating free abelian

subgroups of L within its finite-index subgroups we obtain:

Proposition J (Proposition V.2.2). Let L be a limit group and let k be a field. Then

for any n >3, vbE (L) < oo if exactly one of the following statements holds:
1. ¢cd(L) <n, and hence vbE(L) =0, or

2. L is free abelian of rank at least n, and hence vb¥ (L) = (rani(L)).

This allows us to describe the structure of closed, aspherical manifolds with a
residually free fundamental group. We remark that Wilton classified which (prime,
compact) 3-manifolds with incompressible toral boundary admit a residually free
fundamental group; this in particular implies the case where n = 3 below [117, Main
Theorem and Proposition 2.4]. We suspect that experts are probably also familiar
with the rest of the description (see Remark V.2.5), but we record it as it easily

follows from Proposition J.
Corollary K. Let M be an aspherical, closed manifold of dimension n. Then:
1. if m (M) is fully residually free and n >3 then M =T™.

2. if m (M) is residually free and n > 5 then M has a finite cover that is homeo-

morphic to the direct product of a torus and finitely many closed surfaces.
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Virtual Betti numbers of finitely generated groups have been studied before on
numerous occasions: in [22], Bridson and Kochloukova show that the virtual first
Betti number of a finitely presented nilpotent-by-abelian-by-finite group is finite,
and in [74], Kochloukova and Mokari show that the same holds for some abelian-
by-polycyclic groups. In contrast, Agol proved that fundamental groups of closed,
hyperbolic 3-manifolds are large (that is, they virtually surject onto a non-abelian
free group) [2, Theorem 9.2|, which implies that their virtual first Betti number is
infinite. It is worth mentioning that preceding works of Agol [1]|, Venkataramana [114]
and Cooper, Long and Reid [35] showed that under some conditions, the virtual first
Betti number of arithmetic hyperbolic 3-manifold groups is infinite. In Section V.4.1

we give more examples of calculations of virtual Betti numbers of groups.

Another related work is [23], in which Bridson and Kochloukova show that the

second L2-Betti number of a limit group L is always 0. By Liick’s approximation
dim H (Hn;Q)
[L:Hp]

where (H,)ney is any nested sequence of normal subgroups of finite-index in L with

theorem, the second L2-Betti number of a limit group L is equal to lim,,

trivial intersection, i.e. N, H, = {1}. From the proof of Theorem I, one can easily

produce a nested sequence (G,,) of finite-index normal subgroups of a given limit

dim H3 (Grn;Q)
[L:Gr]

for the reasons above, such a sequence (G,,) can never have trivial intersection.

group L, with lim,, ,..[L : G, ] = oo, satisfying liminf,, > 0. However,

The surface group conjectures

We recall a duo of famous conjectures revolving around surface groups, inspired by
a question of Mel'nikov’s. A group G is called a Mel’nikov group if it is a non-free
infinite one-relator group, all of whose finite-index subgroups are one-relator groups
(see |50, Definition 1.1 and following discussion|). The Surface Group Conjectures,

which appear in numerous papers, claim the following:

Surface Group Conjecture A. Let G be a residually finite Mel’nikov group. Then
G 1is either a surface group or G 2 BS(1,n) (for somen+0).

Surface Group Conjecture B. Let G be a Mel'nikov group, all of whose infinite-

index subgroups are free. Then G is a surface group.

It is worth noting that Fine, Kharlampovich, Myasnikov, Remeslennikov, and
Rosenberger posed a third Surface Group Conjecture [44, Surface Group Conjecture

C], which states that a non-free and freely indecomposable limit group, all of whose
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infinite-index subgroups are free, must be a surface group. The Surface Group Con-
jecture C was resolved by Wilton [119, Corollary 5], and it follows from [119, Theorem
3] which states that every one-ended HGFC-group which is not a surface group con-
tains a one-ended infinite-index subgroup. Building on Wilton’s result, Ciobanu, Fine
and Rosenberger further confirmed that the Surface Group Conjecture B holds for a
slightly larger class of cyclic amalgamations and HNN extensions of free groups [34,
Theorem 3.1|. Recently, Gardam, Kielak and Logan established that both Surface
Group Conjecture A and Surface Group Conjecture B are true for two-generated one-
relator groups [50, Theorem 1.5]. Surface Group Conjectures A and B also appear in

Baumslag’s, Fine’s and Rosenberger’s book [11, Conjecture 2.17 and Question 2.18|.

Since one-relator groups have second Betti number at most one [81], Theorem I

confirms Surface Group Conjecture A in the residually free case:

Corollary L. Let G be a residually free group all of whose finite-index subgroups
are one-relator groups. Then G s either a free group or the fundamental group of a
closed surface ¥ with x(2) < 0. In particular, every residually free Mel’'nikov group

1s a surface group.

In fact, we show that a stronger statement holds: if G is a finitely generated
residually free group all of whose finite-index subgroups H have a one-relator pro-p
completion Hg, then G must be either free or surface. This assertion (see Theo-
rem V.3.2) is stronger than Corollary L. and will be used in the proof of Theorem
N.

Profinite rigidity within the class of limit groups

From a logician’s point of view, limit groups are notoriously hard to distinguish from
one another: they all have the same universal first-order theory. This makes the
question of telling limit groups from one another a compelling one. A key ingredient
in studying profinite invariants of limit groups is cohomological goodness, an important
notion introduced by Serre in [111]. A group G is cohomologically good (or just good)
if for every finite G-module M, the map H"(G; M) — H"(G; M) on cohomology
groups, induced by the canonical map G — G, is an isomorphism. Grunewald, Jaikin-
Zapirain and Zalesskii showed that limit groups are good [59, Theorem 1.3]; the same
holds for HGFC-groups [66,76]. Wilton used this to show that free and surface groups
are profinitely rigid among limit groups in [120, Corollary D] and [121, Theorem 2],

respectively. Theorem I gives an alternative proof of the latter theorem.
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Corollary M. Let m(X) be the fundamental group of a closed, connected surface
and let G be a limit group or a hyperbolic group that splits as a graph of free groups
with cyclic edge groups. If G = m(X) then G 2 m(X).

Proof. Since G = (X) and G and 7,(X) are both cohomologically good,
sup{dimp, (H*(H;F,))|H < G of finite index} = 1.

Theorem I and the aforementioned Remark imply that G is a surface group. Surface
groups are distinguished from one another by their abelianizations, and therefore by
their finite quotients. Hence G = 7 (X). O

Due to the nature of the classification of limit groups and HGFC-groups by their
virtual Betti numbers, one cannot deduce further profinite rigidity results by looking
at the virtual homology of limit groups (apart from the obvious cases, when G is free
or free abelian). In the end of this dissertation, in Section V.4, we discuss more refined
virtual homological invariants of groups which might aid in profinite recognition of

more complicated limit groups.

Profinite rigidity and direct products

A celebrated result of Platonov and Tavgen [96] states that a direct product of two
non-abelian free groups is not profinitely rigid: given two non-abelian free groups
F and F”, there exist (infinitely many non-isomorphic) finitely generated subgroups
H < FxF" of infinite index such that the inclusion H < F' x F’ induces an isomorphism
of profinite completions. In Subsection I1.1.6 we give one such example (see Lemma
[1.1.63). Since a finitely presented subgroup of F' x F’ that intersects both factors
non-trivially and maps onto each factor must be of finite index [13|, there are no
such examples H < F' x F’ as above where H is finitely presented. This raises the
question of whether direct products of free groups are profinitely rigid among finitely
presented, residually free groups. Utilizing structural results about finitely generated
residually free groups, as well as methods involving rank gradients in pro-p groups

(for more details, see Subsection V.3.2), we prove the following stronger result:

Theorem N (Theorem V.3.17). Let G be a finitely presented residually free group.
Let Sq,...,S, be free or surface groups and let I" = Sy x---x .S, be their direct product.
IfG=T, then G ~T.

This resolves a particular case of Bridson’s conjecture [24, Conjecture 7] that direct
products of free groups are profinitely rigid among finitely presented, residually finite

groups.
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Preliminaries

? # groundwork, encompassing essential basic notions and
i Yo\ definitions. These include hyperbolic and acylindrically
hyperbolic groups, profinite groups and the profinite topology
on a group, as well as a brief introduction to first-order logic

and model theory.
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I.1 Conventions, notations and basic definitions

For a group G generated by a (not necessarily finite) set .S, the word length |g|s of an
element g € G is the length of the shortest word in S U S~! representing ¢g in G. We
denote the Cayley graph of G' (with respect to S) by X (G, S) (or just X when it is
clear who are G and S) and regard X as a metric space by setting ds(g,h) = |g71hs.
The ball of radius R in X (G, S) is denoted by Br(G,.S) (or, again, just Bg(G) when
the generating set S is clear from the context). Throughout this paper, all groups
acting on metric spaces act by isometries, and all metric spaces are geodesic, meaning
that every two points z and y are connected by a path whose length coincides with
d(z,y).

F will usually denote a (finitely generated) free group; if S is any set, we denote
the free group on S by F(S). Also, if F'is known to be of rank n, we denote this by a
subscript F,. We recall the definitions of hyperbolic spaces, real trees and hyperbolic

groups:

Definition I.1.1. A geodesic metric space (X,d) is called d-hyperbolic if every

geodesic triangle A = (x,y,2) in X is d-slim: every side of A is contained in the
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closed ¢-neighbourhood of the union of the two other edges. The space (X,d) is
called hyperbolic if it is 6-hyperbolic for some §.

Definition 1.1.2. A geodesic metric space (X, d) is a real tree (or an R-tree if it is

0-hyperbolic.

Remark 1.1.3. If (X, d) is O-hyperbolic, then every geodesic triangle is in fact a tripod.
In particular, every three points xz,y, z € X admit a join point p that lies on each of the
segments [z,y], [z, z], [y, z]. We also remark that every simplicial tree is a real tree,
and a real tree (X, d) is a simplicial tree if and only if its set of branch points (that
is, points whose complement has more than two connected components) is closed and

discrete.

Definition I.1.4. We say that a group G is hyperbolic if it is finitely generated, and

it admits an action G ~ (X,d) by isometries on a hyperbolic space satisfying:

1. Cocompactness: the quotient X /G, endowed with the quotient topology, is

compact;

2. Proper discontinuity: for every compact subset K c X, |[{g € G|lg. K n K + @}| <

Q.

Remark 1.1.5. If G is generated by a finite tuple S, then the action G ~ X(G,S5)
always satisfies the cocompactness and proper discontinuity conditions above. There-
fore, G is hyperbolic if and only if it admits a finite generating tuple S such that
(X(G,S),ds) is hyperbolic. We remark that hyperbolicity is easily seen to be a
quasi-isometry invariant, and (X (G, S),ds) is quasi-isometric to (X (G, S"),dgs) for
any finite generating tuples S and S’ of G. Therefore if G is hyperbolic then any
Cayley graph of G (with respect to a finite generating set) is hyperbolic.

We continue with a brief review of the types of isometries of a hyperbolic space.
Let (X, d) be a d-hyperbolic space, and recall that the Gromov boundary of X, 0X,
is defined as the collection of equivalence classes of quasi-isometric embeddings N —
X (where two embeddings are equivalent if their images lie at bounded Hausdorff
distance from one another). Every isometry f: X — X belongs to exactly one of the

following three types:

1. Elliptic, if the orbit of some z € X by f, {f*(x)|n € Z}, is bounded; this is
equivalent to the orbit of any x € X by f being bounded.
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2. Parabolic, if it is not elliptic, and the orbit of some (equivalently any) = € X by

f has a unique accumulation point on 0.X.

3. Lozodromic (or hyperbolic), if it is not elliptic, and the orbit of some (equiva-

lently any) = € X by f has precisely two accumulation points on 0.X.

If G is a hyperbolic group, it is well-known that the classification of elements in

G takes an even simpler form:

Lemma 1.1.6. Let G be a hyperbolic group generated by a finite set S, and consider
its natural action on its Cayley graph X(G,S). Then g€ G is

1. elliptic, if and only if g has finite order.
2. loxodromic, if and only if g has infinite order.
Remark 1.1.7. We remark that ¢ is loxodromic if and only if for some (equivalently,

any) x € X, the map Z — X defined via m ~ g™z is a quasi-isometric embedding.

We also recall the definition of graphs of groups:
Definition 1.1.8. A graph of groups G consists of the following data:

e an oriented graph (I',¢,7,-7') where ¢ : E(T') - V(I') maps each edge e to its
initial vertex ¢(e), 7: E(I') » V(I') maps each each e to its terminal vertex 7(e)
and -1 : E(T") - E(T") is a fixed-point free involution that satisfies t(e) = 7(e™!)
for every e € E(T");

e for each vertex v e V(I'), a choice of a vertex group G,;

e for each edge e € E(I"), a choice of an edge group G., as well as two monomor-

phisms % : Ge = Gy and @] : Ge = G(e).

If " in Definition [.1.8 above is finite and connected, we can associate a fundamen-
tal group to G. The fundamental group of G, relative to a base point v € V(I'), can be
defined in a similar way to a standard topological fundamental group by considering
equivalence classes of loops in I', twisted by elements of G, at every vertex v € V(I")
that appears along the loop. We give below an equivalent definition, in the form of a

group presentation, that will be used in later chapters.
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Definition 1.1.9. Let G be a graph of groups as in Definition [.1.8 with a finite
and connected underlying graph I', and let T" be a spanning subtree of I'. Fix pre-
sentations (X,|R,) and (X |R.) for every vertex group G, and edge group G, of G.
The fundamental group of G with respect to T is the group admitting the following

presentation:

m(G,.T)=( U X,u{te, ecE(T)NE(T)}
veV(T)

U RUUR>

veV(T)

where R is a (possibly infinite) set of relations which includes relations of two types:

e relations which identify the set of generators X, of the edge group G, with their

images in the adjacent vertex groups under ¢ and ¢7 whenever e € E(T), and
e relations of the form ;1! (x.)t. = I (x.) where e € E(T') N E(T) andz, € X..

Remark 1.1.10. The resulting group 71(G,T") does not depend on the spanning subtree
T, and we will therefore omit 7" and denote it by 7 (G). It is also clear from the
definition above that the fundamental group of G can be obtained from the vertex
and edge groups by repeatedly taking amalgamated products, followed by a sequence

of HNN extensions.

I.2 Acylindrically hyperbolic groups

The aim of this Section is to familiarize the reader, without going into great depth,

with acylindrically hyperbolic groups.
Let G be a group acting on a d-hyperbolic space (X, d); as discussed in the previous

section, every hyperbolic element g € G has exactly two limit points g** and ¢~ on
0X. These are represented by the quasi-isometric embeddings n — g"z and n ~ gz

(for some x € X) respectively.

Definition 1.2.1. Two hyperbolic elements g and h in a group G acting on a J-
hyperbolic space (X,d) are called independent if {g*>*} n{h*>°} = @. We call the
action of G on X non-elementary if there are two (or equivalently, infinitely many)

independent hyperbolic elements in G.

The notion of an acylindrical group action on a metric space was first introduced
by Bowditch in [21], and was inspired by Sela’s notion of a k-acylindrical group

action on a tree: a group action on a tree is called k-acylindrical if it contains no
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arcs of length greater than k£ which are fixed by a non-trivial element of the group
(and hence, the tree contains no “cylinders”). This notion was later generalized by
imposing a bound on the cardinality of a subgroup which fixes an arc of length greater

than £ in the tree, and coarsified in the following manner.

Definition 1.2.2. A group action on a metric space G ~ (X, d) is called acylindrical
if for every € > 0 there exist N >0 and R > 0 such that for every x,y € X satisfying
d(z,y) > R,

{g€G | d(z,gz) <e and d(y,gy) <c}| < N.

Lemma 1.2.5 which appears in [39] is one of the most important structural results
concerning acylindrical group actions on hyperbolic spaces. In order to state it, we

first define quasi-geodesic axes of loxodromic isometries:

Definition 1.2.3. Let f be a loxodromic isometry of a d-hyperbolic space (X, d).
Let x € X, and let ¢ be a geodesic connecting x and f(x). €, = Upez f*(£) is called a

quasi-geodesic axis of f (based at x).

Remark 1.2.4. Note that ¢, contains f(x) for every n € Z. Also, ¢, is a quasi-geodesic

for every x € X.

Lemma I1.2.5 ( [39, Lemma 6.5, Corollary 6.6]). Let G be a group acting acylindrically
on a hyperbolic space X and let g € G be a hyperbolic element. Then g is contained in
the unique mazimal and virtually cyclic subgroup A(g) which consists of all h € H for
which the Hausdorff distance between ¢ and h{ is finite, where £ is some quasi-geodesic

axis of g in X. In addition, the following are equivalent for any h € G:
1. heA(g).
2. h=tgmh = g* for some 0+ m, k€ Z.
3. h~tg"h = g*" for some n € N*.
In addition, there exists r € N such that the centralizer of g” is given by
Ca(g")={heG|IneN, h'g"h=g"} c A(g).

Suppose now that a group G acts acylindrically on a hyperbolic space (X, d). The

action of G on X falls into exactly one of three categories [93, Theorem 1.1]:

1. the action of G is elliptic, that is every G-orbit is bounded.
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2. G is virtually cyclic and contains a hyperbolic element.

3. G contains two (equivalently, infinitely many) pairwise independent hyperbolic

elements.

If an action falls into category (1) or (2) above, it is termed elementary; groups
that fall into category (3) above were studied by Osin in [93|, where he termed the

notion of acylindrically hyperbolic groups:

Definition 1.2.6 ( [93, Definition 1.3 and Theorem 1.2.(AH;)|). A group G is said
to be acylindrically hyperbolic if it admits a non-elementary and acylindrical action

on a hyperbolic space.

As a matter of fact, we can always choose the hyperbolic space on which G acts

to be a simplicial graph:

Theorem 1.2.7 ( |93, Theorem 1.2|). If G is acylindrically hyperbolic then there
exists a (not necessarily finite) generating set S of G such that the Cayley graph X
of G with respect to S is hyperbolic and such that the natural action of G on X 1is

non-elementary and acylindrical.

Remark 1.2.8. If the group G is not hyperbolic, then the generating set S mentioned

in Theorem 1.2.7 above is necessarily infinite.

I.3 Profinite groups and the profinite topology

We commence by recollecting the definitions of inverse systems and inverse limits:

Definition 1.3.1. Let (/,<) be a directed poset, that is every i, j € I admit an upper
bound k > i,5. An inverse system of groups consists of a collection of groups G;
indexed by I together with homomorphisms f;; : G; - G; for j > i that satisfy the

following conditions:
1. for every i e I, f;; = Idg,,
2. forevery k>j5>din I, fjio fi; = fu-

The inverse limit of such a system is the group

yLn(Gi)ieI = {(gi)iel € H Gi‘fji(gj) = g; whenever j > Z}

iel

Armed with this definition, we can define profinite groups:
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Definition 1.3.2. Let C be a variety of finite groups (that is, a collection of finite
groups that is closed under taking subgroups, finite direct products and quotients).
A pro-C group is a group obtained as the inverse limit of a system of groups from C.
If C is the variety of all finite groups, we call such a group a profinite group; if C is

the variety of all finite p-groups, we call such a group a pro-p group.

Notation 1.3.3. We will often denote profinite groups by bold letters, e.g. H and
G.

To each group we can associate a profinite completion by considering the inverse

system of finite quotients of the group:

Definition 1.3.4. Let G be a group, and consider the system
{G/NI|N is a normal finite index finite index subgroup of G}

ordered by G/M < G/N if N is a subgroup of M, and fo/nam : G/N - G/M the
corresponding quotient map. The inverse limit of this system is denoted by G and is

called the profinite completion of G.

Remark 1.3.5. We can form the pro-C completion of G with respect to any variety of
finite groups C by considering only the quotients of G that lie in C. It is also easy
to see that the map G — G given by g = (¢N)nq,,G is an embedding if and only if
G is residually finite. The corresponding statement also hold when considering pro-C

groups.

Notation 1.3.6. We denote the pro-C completion of a group G' by G, and the pro-p
completion of G by Gp.

Note that any profinite group G embeds in the product of finite groups appearing
in its defining inverse system; this product can be equipped with the product topology,
and hence G inherits the structure of a topological group. This topology on G makes

it a compact, Hausdorff, totally disconnected topological group.

When G is residually finite (and therefore embeds in G), it inherits a topological
structure from G. It is easy to see that a basis around 1 € G for this topology is given
by the collection of finite-index normal subgroups of G. A similar definition can be

made for all groups (and not necessarily residually finite ones):

Definition 1.3.7. The profinite topology on a group G is the topology whose neigh-

bourhood basis around 1 consists of finite-index normal subgroups of G.
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Note that in the above setting, the image of G under the inclusion map G - G is

always dense in G.

Remark 1.3.8. Finite-index normal subgroups of a group G are in fact clopens: since
cosets of finite-index normal subgroups are also open, the complement of such a

subgroup is open as the union of finitely many such cosets.

Corollary 1.3.9. A subgroup H of G is closed in the profinite topology if and only if

it is an intersection of finite-index normal subgroups.
We seal the discussion with a brief overview of separability properties:

Definition 1.3.10. Let G be a group and let H < G. We say that H is separable in G
if for every g € G\ H there is a finite quotient ¢ : G - @ of G such that ¢(¢g) ¢ ¢(H).

Remark 1.3.11. This is equivalent to H being closed in the profinite topology on G.

Definition 1.3.12. A group G is called subgroup separable, or LERF (locally ex-
tended residually finite), if every finitely generated subgroup of G is separable in
G.

We remark that subgroup separability is a strong tool for generating finite-index
subgroups of a given group with additional properties, as evident from the following

elementary lemma which will prove to be useful in Chapter V:

Lemma 1.3.13. Let G be a subgroup separable group and let H be a finitely generated
subgroup of G. Then for every finite-index subgroup Hy < H, there is a finite-index
subgroup Gy < G such that Gon H = Hy.

Proof. Hj is a finitely generated subgroup of G and therefore separable in GG. Let
J1,---,9n be coset representatives of all non-trivial cosets of Hy in H, and for every
1 <n let G; be a finite-index subgroup of G which contains the subgroup H, but not
the element g;. Letting Gy = N;.; G; we have that Gon H = H,. O

We also define another separability property that can be seen as a strengthening

of subgroup separability:

Definition 1.3.14. Let GG be a group and let H < G. We say that G wvirtually retracts
onto H if there is a finite-index subgroup Gy of G containing H and a retraction
r: Gy - H, that is a homomorphism 7 such that r(h) = h for every h € H. In this
case we say that H is a wirtual retract of G. If G virtually retracts onto all of its

finitely generated subgroups we say that G admits local retractions.
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Remark 1.3.15. If G is a residually finite group that virtually retracts onto H < G then
H is closed in the profinite topology on G: let r : Go - H be a retraction where Gy is
a finite-index subgroup of G and let {G}};n be a collection of finite-index subgroups
of G such that Ny G = {1}. We have that H = Nen((kerr n G;) - Go) so H is the
intersection of finite-index subgroups of G. In particular, if G is a residually finite

group that admits local retractions, then G is subgroup separable.

I.4 Equations over groups and first-order logic

In order to discuss first-order logic in a group theoretic context, we first need to define

equations over groups:

Definition 1.4.1. A (group theoretic) equation in variables @ = (z1,...,x,) is simply
an element w € F'(x). We will sometimes refer to the equation w as w(x) or w(zx) =1,
depending on the context. An inequality (or an inequation) is an expression of the

form w(x) # 1 where w e F'(x).

Definition 1.4.2. An equation over a group G in variables @ is an element w ¢
F(x)*G. As before, we will often refer to w as w(x,a) where a is a tuple of elements

from G. An inequality over a group G is an expression of the form w(x,a) # 1.

Remark 1.4.3. We can always refer to an equation w(x) as an equation over a group

G. In this case we say that the equation is without parameters.

Notation 1.4.4. Let G be a group. Given a tuple of variables & = (z1,...,2,),
w e F(x) and g = (g1,-..,9,) € G™, we write w(g) to denote the element of G
obtained from w by replacing each z3! with the corresponding g#'. For w € F(x) * G,

w(g,a) is defined similarly.
Armed with this notation, we can define solutions to equations over groups:

Definition 1.4.5. A solution to an equation w(x,a) =1 over a group G consists of a

tuple g of elements from G, of the same arity as «, such that w(g,a) =1 holds in G.

It is natural to define systems of equations: given a subset X (@, a) = {w;(x,a) }is C
F(x) * G, we refer to the conjunction Ay w;(x,a) =1 as a system of equations (over
G). We abbreviate and write this as ¥ (x,a) = 1. We say that a tuple g of elements

from G is a solution to X(x,a) = 1 if for every w;(x,a) € 3(x, a), one has w;(g,a) =1
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in G. Just like systems of equations, systems of inequations are conjunctions of in-
equations; we say that a tuple g of elements from G satisfies the system of inequations
®(x,a) + 1 in G if for every wi(x,a) € (x,a), w;(g,a) + 1 holds in G.

Note that there is a one-to-one correspondence between the set of solutions to the

system of equations ¥.(x,a) = 1 over a group G and the set of homomorphisms
¢:Gx=(x,a| R(a)uX(z,a)) > G

(where R(a) is a set of relations for which (a | R(a)) is a presentation of the subgroup
of G generated by a). If g is a solution to ¥(x, a) = 1, there exists a homomorphism ¢ :
Gy, > GG mapping « to g and a to a; on the other hand, given such a homomorphism
¢, the tuple p(x) € GP is a solution to X(x,a) = 1 over G. In addition, a solution g to
the system of equations X(x,a) = 1 satisfies the system of inequations ®(x,a) # 1 if
and only if there exists a homomorphism ¢ : Gy, - GG which maps « to g and a to a,
and such that for every w;(x,a) € ®(x,a), p(w;(x,a)) # 1. Thus one often regards
the study of equations (and their solutions) over G, as the study of homomorphisms
from the group Gy to G. Equations are also closely related to the first-order logic
of groups. Equations over groups are a major part in the study of the first-order
logic of groups. We continue with a short introduction to model theory, from a group

theoretic perspective.

First-order logic statements take the shape of formulas and sentences; to create
formulas and sentences, one has to use a language. The language of groups has three
symbols: 1, a constant which corresponds to the trivial element in a group, (-, -), a
2-ary function which corresponds to group multiplication, and (-)~!, a l-ary function
that corresponds to taking the inverse of an element. Formulas (in any language)
admit a recursive definition, but to avoid complications we will define formulas as
ones that are in conjunctive normal form. Every formula is equivalent to one in
conjunctive normal form, so we do not lose any generality by restricting our point of

view.

Definition 1.4.6. Let z be a tuple of variables. A formula ¢(z) (in the variables z)

has the form
k
ve'dz? Ve \/(Zi(z, 2, ..., 2") = 1A V(z, 2", ... 2") £ 1)
i=1
where each a’ is a tuple of variables, each ¥;(z, x!,... ,&") = 1 is a system of equations

and each V;(z,x!,... ") # 1 is a system of inequations. If the tuple z is empty, we

call the formula a sentence (or a closed formula).
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Note that given a group GG, one can always choose a tuple a of elements from G,
of the same arity as z, and plug it into the expression ¢(z) above. If the statement
one obtains is true, we say that G satisfies ¢(a) and denote this by G = ¢(a). We

will often be interested in the set of all sentences that hold in a group.

Definition 1.4.7. The (first-order) theory of a group G is the collection of all sen-
tences ¢ such that G = . If two groups G and H have the same theory, we say
that they are elementarily equivalent and denote this by G = H. A homomorphism
f:H — G is called elementary if for every formula ¢(z) and for any tuple a in H of

the same arity as z, H £ p(a) <= Gk o(f(a)).

A special case of interest is when H is a subgroup of GG, that is, when the homo-
morphism f : H — G is an inclusion. In this case, we say that H is an elementary

subgroup of G (or that the inclusion map is an elementary embedding).

As mentioned in the Introduction, we are particularly interested in V3-sentences,
that is sentences of the form Vz3yp(x,y) (where & and y are tuples of variables, and
¢ is a formula without any quantifiers). The subset of the theory of G that consists
of all V3-sentences of G is called the V3-theory of G. Similar to definition [.4.7 above,
one can define the notions of V3-elementary equivalence or ¥Y3-elementary subgroups.
The same definition can be made for any string of alternating quantifiers; for example,
in Chapter III we will talk about 3V3-elementary embeddings: embeddings i : H —
G such that for every formula ¢(t) of the form JzVy3Iwiy(x,y,z,t) where ¥ is a
quantifier-free formula, and for every tuple a of elements of H (of the same arity as
t),

Heyp(a) < GE=y(i(a)).

Lastly, we introduce the language of wultrafilters. This will enable us to phrase
certain statements related to sequences with relative ease, rather than often passing
to subsequences. Loosely speaking, ultrafilters simply form “strainers” or “filters”; in
the sense that they give us a precise manner of saying when a subset of a set X is

either “small” or “large”. More precisely:

Definition 1.4.8. An ultrafilter (on N) is a finitely additive probability measure
w:2N > {0,1}. Alternatively, we can think of w as a collection of subsets of 2% which
is closed under finite intersections, closed under taking supersets and maximal in the

sense that it is not a proper subset of any subset of 2V that satisfies these properties.

Definition 1.4.9. An ultrafilter w is non-principal if it satisfies w(F') = 0 for every
finite F' c N.
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Using the language of ultrafilters is straightforward: for a statement P, depending

on an index n € N, we say that P holds w-almost-surely if
w({neN | P holds for n}) = 1.

We also define limits with respect to ultrafilters:

Definition 1.4.10. The w-limit of a sequence (2, )neny in R is z € R if for every € > 0,
w{neN||r-z,|<e}) =1

In this case we denote lim,(z,) = z. We say that lim,(z,) = oo if w({n e N | z, >
N}) =1 holds for every N e N.

Another advantage of adopting the language of ultrafilters, is the following: every
sequence of real numbers has a unique w-limit in R u {+oc0}. Note that if a sequence
is bounded then its w-limit is always a real number, but the w-limit of an unbounded

sequence can be in R.
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I1

Limit groups and graphs of
spaces

Y —’@Q IMIT groups are in the limelight of this dissertation; in
(1@@ this chapter we will define limit groups, discuss differ-
B2 ent approaches towards them, highlight a few historical
anecdotes, and recollect some of their prominent properties. We
will also define graphs of spaces and review related techniques,
focusing on graphs of free groups amalgamated along cyclic sub-
groups.

II.1 Limit groups

Limit groups have been studied under many guises, and the first works that bring
limit groups to the focus were conducted, independently, by two brothers: Gilbert
Baumslag in his paper “On generalised free products” [10] from 1962, and more no-
tably, Benjamin Baumslag in his paper “Residually free groups” [9] from 1967. In the
late 1990’s, limit groups gained popularity due to Sela’s work on Tarski’s problems
revolving the first-order theory of free groups ( [106] et seq.). Limit groups have
since been studied in the context of first-order logic by numerous authors, many of
which are mentioned in Chapters III and IV; they were also studied on their own, for
their interesting structure and properties (for example [116] and [80]). Recently, limit
groups were also used as a tool outside of the study of model theory of groups: Sela
and Fujiwara [49] and Fujiwara [48] used limit groups as a tool to study exponential
growth rates in groups exhibiting a hyperbolic behaviour.

We begin by defining limit groups through their residual properties, as in the

aforementioned works of Gilbert and Benjamin Baumslag:
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Definition II.1.1. Let C be a class of groups; a group G is called residually-C if for
every 1 # g € G there is a normal subgroup N < G such that G/N €C and g ¢ N.

Note that another way to phrase that a group G is residually-C is by saying that

every non-trivial element of G survives in a quotient that belongs to C.

Definition I1.1.2. Let C be a class of groups; a group G is called fully residually-C
if for every finite subset F' = {g,...,g,} of G there is a quotient ¢ : G - @ such that

@ € C and the restriction ¢| is injective.

Remark 11.1.3. If the class C is closed under taking direct products, e.g. when C is
the class of finite groups, then the notions residually-C and fully residually-C coincide:
clearly, if G is fully residually-C it is in particular residually-C. On the other hand,
if F'={g1,...,9,} is a finite subset of G that does not contain the trivial element,
let ¢; : G > @Q; (1 <i<n) be a collection of n quotients of G such that g; survives
in @; and @; € C. The map ¢ x - x¢q, : G* » Q1 x --- x @, is injective on F' and
Q1 %--xQ), € C which implies that G is fully residually-C. However, in other cases, and
in particular when C is the class of (finitely generated) free groups, being residually-C

does not imply being fully residually-C as we will see in Observation II1.1.6.

Finally, we define:

Definition I1.1.4. A group G is called a limit group if it is a finitely generated, fully
residually free group (that is, G is fully residually C where C is the class of [finitely

generated| free groups).

Finitely generated free groups are clearly limit groups (as the identity map is a
map to a free group that is injective on any finite subset). Another basic example of

a limit group is the following:

Example II.1.5. Z? is a limit group. Let F' = {(ay,b1),...,(an,b,)} be a finite
subset of Z2. Let k> Y¥!"|a;| and define ¢ : Z? - Z by ¢((1,0)) =1 and ¢((0,1)) = k.
Now q((ai,b;)) = a; + k-b; = ¢((a;,b;)) = a; + k- b; implies a; = a; and b; = b; which
shows that ¢|r is injective. A similar argument shows that every finitely generated

free abelian group is a limit group.

In Subsection II.1.5 we will see that these two examples, namely finitely gener-
ated free and free abelian groups, can be seen as the basic building blocks of limit
groups: every limit group can be constructed from finitely generated free and free
abelian groups by repeatedly taking free products, free products with infinite cyclic

amalgamation and HNN extensions.

In contrast with Remark I1.1.3, we observe the following:
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Observation I1.1.6. Not every finitely generated, residually free group is a limit
group. For example, let F' be a finitely generated non-abelian free group and consider
F x Z. Each non-trivial element in F' x Z projects to a non-trivial element in (at
least) one of the factors, so F' x Z is residually free. On the other hand, let 1 # ¢ €
7Z and let ¢ and h be non-commuting elements in F'; if F' x Z was a limit group,
there would exist a quotient ¢ : F' x Z — () such that @ is a free group and ¢ is
injective on {(1,1), ([a,b],1),(1,%)}. Since [(a,1),(1,¢)] =[(b,1),(1,£)] =1 and @Q is
free, q((a,1)),q((b,1)) and ¢((1,t)) are all powers of an element g € ). Therefore
q(([a,b],1)) =1 = q((1,1)) which contradicts the assumption that ¢ is injective on

{(1,1), ([a,6],1), (1,1)}.

Remark 11.1.7. The argument in Observation I1.1.6 shows that limit groups are com-
mutative transitive (meaning that commutativity among non-trivial elements of a
limit group is a transitive relation). In addition, the example given above is minimal
in the following sense: Benjamin Baumslag proved [9, Theorems 1 and 3] that for a

finitely generated residually free group G, the following three are equivalent:
1. GG is a limit group,
2. (G is commutative transitive,
3. G does not contain F' x Z as a subgroup (where F' is a free group of rank 2).

Sela’s study of limit groups originated in studying equations over free groups; this
led him to study the space of homomorphisms from a fixed finitely generated group to
a free group (recall the connection between equations in a group and homomorphisms
discussed in Subsection I.1). This space of homomorphisms is not compact, but it
can be compactified by adding points that correspond to homomorphisms from limit

groups to a free group. We explain this idea in further detail in the next subsection.

II1.1.1 Limits in the space of marked groups

As part of his study of groups of polynomial growth, Gromov came up with an idea
as to how to equip a set of groups with a topology [54]. This idea led Grigorchuk
to define a topological space of marked groups in his work on groups of intermediate
growth from 1985 [53|. This topological space gives a natural setting in which to define
limit groups. The contents of this Subsection are loosely based on Champetier’s and

Guirardel’s expository work on limit groups [33|, and it includes a few simple proofs
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that should be well-known to experts but which do not appear in the literature (to

the best of our knowledge).

We sealed the previous subsection by mentioning that limit groups can be seen as
“points at infinity” that compactify the space of epimorphisms from a given finitely

generated group G to a free group. In this subsection, we make this assertion precise.

Given a finitely generated group G with a generating tuple S = (g1, ...,9,), every
epimorphism f from G to a free group F' yields a possible generating tuple for F,
namely f(S) ={f(g1),-..,f(gn)} (note that f(.S) does not have to be a basis for F).
This suggests the following definition:

Definition I1.1.8. A marked group is a pair of the form (G,S) where G is a group
and S is a finite tuple whose elements generate G. Given n € N, denote by G,, the set

of all marked groups (G, S) with |S| =n.

Remark 11.1.9. We emphasize that S in Definition I1.1.8 above is a tuple, that is S is
ordered and repetitions are allowed. In addition, if G, (¢1,...,9,) and G',(¢},...,g,)
are two marked groups, and the map g; ~ g; extends to an isomorphism G - G’, we

consider G, (g1,...,9,) and G',(¢},...,g,) as the same point in G,,.

The next step is to define a topology on G,; we do so by defining a metric on G,,.

Note that a priori this metric is a pseudometric, but identifying points as in Remark
I1.1.9 makes it a metric. Given (G,S), (G’,S") € G,, set v((G,S), (G",S")) to be the
maximal N € Nu{oo} such that w(S) =1 in G if and only if w(S") =1 in G’ for every
word w € F,, of length at most N (if (G,S) and (G’,S") are isomorphic as marked
groups, and they represent the same point in G,, set v((G,S), (G',S")) = o).

Definition I1.1.10. The metric d, : G, x G, - Ry is given by
4((G.9). (G, 87)) = (S,
Finally, we can give an alternative definition of limit groups:

Definition I1.1.11. A group G is a limit group if there is n € N and a generating
tuple S of G of size n such that (G,S) is the limit of a sequence (G, S;) in G, and

every (G; is a free group.

It is easy to see that Definition I1.1.4 implies Definition I1.1.11, that is every
finitely generated, fully residually free group G is a limit of free groups in the space of
marked groups: given a generating tuple S of G of size n, and given NV € N, there exists

a homomorphism from G to a free group fy : G - F which is injective on By (G, S5).

31



This implies that d,((G,S), (F, (fn(S)))) < eV, and one can approximate (G, S) as
a limit of free groups in G,,. The converse to this claim is harder to prove, and it relies
on the fact that free groups are equationally Noetherian; we discuss this concept in
Subsection I1.1.4.

We now turn to explaining how limit groups compactify the set of marked free
groups in G,. The explanation is rather elementary, but we could not find a detailed

account of it in the literature. Hence we include it here in full detail.

Note that

{(G,S) € G,|G is free} = {(G,S) € G,|G is free} U {(G, S) € G,|G is a limit group}

and it is therefore enough to establish that G, is a compact space. To do so, we
identify G,, with a subset of 2f». By Tychonoff’s Theorem, 2/ is compact, so it

suffices to prove the following two claims:

1. The topology that G inherits from 2%» coincides with the topology induced by

the metric d,,.
2. G is a closed subset of 2.

Endow F,, with a basis {x1,...,z,} and identify G with a subset of 2= in the following
manner: every (G,S = (s1,...,5,)) € G, can be seen as a quotient of F,, through the
map q(q,s) : £ = G which sends x; to s;. Note that (G, S) and (G’,S") are isomorphic
as marked groups if and only if the maps ¢q,5) : ), = G and g1y : i, = G" have
the same kernel, and therefore G,, can be identified with the set of normal subgroups
of F,, (which is a subset of 2f#), which we denote by N,,.

As mentioned earlier, N,, inherits the product topology from 2/»; it also comes
equipped with the metric that we previously defined on G. This metric can also be
described as follows: given K, K’ € N,,, let

(K, K") =max{N e Nuoo|K n By(F,,,{z1,...,2,}) = K'n By(F,,{z1,...,2,})}.

We now define
d/\/_"([(7 KI) — e—vN(KJ(/)'

Note that indeed v((G, S),(G",S")) = va(ker(qa,s)). ker(q(er,s1y)). We next ob-

serve:

Lemma I1.1.12. The metric induced by this topology coincides with the topology that
N, inherits as a subset of 2 (endowed with the product topology):
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Proof. On one hand, the open ball of radius e around K in Ny is open in the

topology inherited from 2/~ as it can be written as

Mo Mm@ T o)
geKnBN (Fp,{z1,....,2n}) geBN (Frn{z1,..;xn})NK g¢BN (Frny{T1,sxn})
On the other hand, the topology that N,, inherits from 27~ is generated by sets of the

following form:
Uy={KeMNgeK} and V,={keN,|g¢K}.
Given g € F,, let N be such that g € By(F,,{z1,...,2,}). We have

Ug= U By(K) and Vo= | Bny(K)
KeNp, geK KeNy, g¢K
where the balls are taken with respect to the metric dy;, defined above. This shows
that U, and V, are open in the topology induced by dy;, and the two topologies on
N,, coincide. O

Finally, we prove:
Lemma I1.1.13. N, is a closed subset of 2F».

Proof. Let (K,) be a sequence in N, that converges to K € 2f». We will show that
K is a normal subgroup of F), and it therefore lies in A,. One clearly sees that K
is not empty since 1 € K,, for every n. Given g,h € K, a tail of the sequence (K,)
must be contained in the open set Uy ), = {A c 2fn|g, h € A}; hence for every N large
enough, gh ' € Ky, and K,, € Uy,-1 = {A c 2f»|gh™t € A}. Since K is contained in
exactly one of Uy,-1 = {A c 2fn|gh™t € A} and V-1 = {A c 2F»|gh™t ¢ A} we must
have that K € Ug,-1. This shows that K is a subgroup of F,.

Similarly, given g € K and h € F},, for N large enough we have that g € K and
hence hgh™! € Ky; just like before, this implies that hgh™' € K and K is a normal
subgroup of F,. n

We conclude this subsection by opening up another discussion, and suggesting a
definition for a (marked) limit group over a group G this definition is not the common
definition for an (algebraic) limit group over a group G (presented in Subsection

I1.1.2). However, we will see that the two definitions coincide (see Lemma I1.1.20).

Recall that our discussion started by considering homomorphisms from a finitely

generated group H, generated by a tuple S of size n, to a free group F'; these gave
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rise to epimorphisms from H to free groups of rank n, or equivalently markings of
F,. Replacing F' by another group G, we obtain that homomorphisms from H to G
correspond to marked groups (G’,S") where |S’| =n and G’ is a subgroup of G. This

suggests the following definition:

Definition I1.1.14. Let G be a group. A group H is called a marked limit group
over G if there is an integer n such that H is the limit of a sequence of marked groups
(G, Si) € Gy, and such that G; < G for every i € N.

Remark 11.1.15. With this definition, a limit group is simply a marked limit group

over a free group.

Therefore, a group H is a (marked) limit group over G if and only if it admits a
finite generating tuple S such that (H,S) € {(G’,S") € G,|G' < G} c G, for some n € N.
With this definition, we get that as in the case of free groups, the set of subgroups

of G marked by n elements can be compactified by the collection of (marked) limit
groups over G. In other words, the closure of {(G’,5") € G,|G' < G} is

{(G',S") e G,|G" <G} u{(G',S") € G,|G" is a limit group over G}.

I1.1.2 Sequences of homomorphisms

In this subsection we discuss an algebraic point of view towards limit groups; in the
last subsection we saw that a finitely generated, fully residually free group H gives
rise to a sequence of marked free groups converging to a marking of H in some G,.
Such a group H also gives rise to a stable sequence of homomorphisms (with a trivial
stable kernel) from H to a free group F. We begin by defining the notion of a stable

sequence of homomorphisms:

Definition I1.1.16. Let G be a group, and let H be a finitely generated group.
A sequence (¢, )ney € Hom(H, G)N is called stable if for every g € H, the sequence
(©n(9))neny € GN is eventually always 1, or eventually never 1. The stable kernel of

(¥n)nen is defined as
ker((¢n)nen) = {g € H| the sequence (,,(g))nen is eventually always 1}.

Remark 11.1.17. Note that ker((4n)nev) is a normal subgroup of H.

Given a finitely generated, fully residually free group H, one can easily construct
a stable sequence (p,,)neny € Hom(H, F5)N with a trivial stable kernel: let Hy ¢ Hy C -+
be an exhaustion of H by finite subsets, that is U,y H, = H. For every n € N, there
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is a homomorphism ¢,, : H - F5 which is injective on H,,. Every g € H is contained
in every Hy for N large enough, implying that the sequence (¢, (g))nen is eventually
never 1; in other words, the sequence (¢n)nen is stable and ker((¢y)nen) = {1}. This

brings us to the following definition:

Definition II1.1.18. Let G be a group, and let H be a finitely generated group. An
(algebraic) limit group over G is a quotient of the form H/ker((¢n)nen) for some

stable sequence (@, )neny € Hom(H, G)N.

Remark 11.1.19. The discussion preceding Definition I1.1.18 perhaps suggested that
an (algebraic) limit group H over G should be defined by admitting a stable sequence
(¢n)neny € Hom(H, G)N with a trivial stable kernel; in the case of free groups, and
more generally, whenever G is equationally Noetherian, the two definitions coincide
(see Subsection I1.1.4). As a matter of fact, the two definitions are equivalent if and
only if GG is equationally Noetherian. However, the groups we deal with in Chapter

[T are not equationally Noetherian, and we therefore stick to Definition I1.1.18.

However, Definitions 11.1.14 and I1.1.18 do coincide; more precisely:

Lemma I1.1.20. Let G be a group. A group H is a marked limit group over G if

and only if H is an (algebraic) limit group over G.

Proof. Suppose first that H is a marked limit group over G; in other words, there
is n € N, a generating tuple S of H of size n and a sequence of marked groups
(G, S;) € G, such that G; <G for every i € N and

(Gz‘,Si) n_)—o: (H,S).

We will show that H is an (algebraic) limit group over G by constructing a sta-
ble sequence of homomorphisms (¢; : F,, > G)iy € Hom(F,,, G)Y for which H =
Fn/lfir((‘»pi)ieN)-

Define ; : F,, - G by mapping the standard generating tuple of F), to the tuple
(S;) € G;" ¢ G". This sequence is clearly stable: given w € F,, with |g| = N, whenever
d,((Gi,S;:),(H,S)) < eV we have that p;(w) = 1 if and only if w(S) is the trivial
element in H; in particular, the sequence (y;(w));en is either eventually trivial, or
eventually never trivial (depending on whether w(S) is trivial in H), and (¢; : F,, »
G)ien is stable. This also implies that the kernel of the epimorphism ¢ : F,, - H
which maps the standard generating tuple of F,, to S is exactly l({ir((goi)ieN); hence

H = Fn/l({e_l"((¢i)ieN)'
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For the converse, suppose that there is a group H' generated by a tuple (g1, ..., gn)
and a stable sequence of homomorphisms (p; : H' - G);y € Hom(H’, G)N such that
H = H'[ker((¢:)ien). We will show that the marking

(1= 1 en(( ). 5 = o (o (i) )

of H is the limit of the sequence (G; = p;(H'),S; = (vi(91),---,%i(gn)))ien in G,.

It is enough to show that for every N e N, there is jy € N such that for every
w € F, of length at most N, w(S) =1 in H if and only if w(S;) =1 in G; for i > jy
(as this implies that d,((H,S), (G}, S;)) < eN). For every w € F,, there is j, € N such
that w(S;) =1 in G; if and only if w(gi, ..., gn) € ker((¢i)en), that is w(S) =11in H.

Since | By (F,)| < oo, setting jy = maxyep, (F,) Jw gives the desired result. O

Stable sequences of homomorphisms are by no means special: a standard di-
agonalization argument shows that every sequence of homomorphisms (@, )ney €
Hom(H,G)N has a stable subsequence (as long as H is countable, which is always the
case since we assume that H is finitely generated). The process of extracting a sta-
ble subsequence via diagonalization involves choice, and different stable subsequences
can admit different stable kernels. Using ultrafilters (see Subsection 1.4) we avoid
this ambiguity, while still working with general (and not necessarily stable) sequences
of homomorphisms. Adopting the language of ultrafilters also saves us from often
passing to subsequences, and allows us to phrase statements with relative ease. We

fix a non-principal ultrafilter w and define:

Definition II1.1.21. Let G be a group, let H be a finitely generated group and let
(©n)neny € Hom(H, G)N be a sequence of homomorphisms. The stable kernel of (¢n )nen
(with respect to w), ker,,((¢n)nen), is the collection of all g € H for which ¢,(g) =1

w-almost-surely, that is

ker, ((n)nen) = {g € H | g € ker(p,) w-almost-surely}.

Subsequently, we give a definition for limit groups over a group G as follows; this

definition is simply a rephrasing of Definition II.1.18 in the language of ultrafilters:

Definition I1.1.22. Keeping the notation from Definition 11.1.21, an (algebraic) limit
group over G is a group of the form L = H [ker,,((¢n)nen)-

We use the following terminology and notation when discussing (algebraic) limit

groups over a group G
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Notation I1.1.23. The sequence (¢, )ney € Hom(H, G)N is called the defining se-
quence of homomorphisms for L. The corresponding quotient map H — L obtained
by quotienting out the stable kernel 1}3%((%1)%1\1) is denoted by ¢+ and we refer to

it as the limit map associated with the sequence (¢, )ney € Hom(H, G)N.

In the following subsection we explore how such a sequence of homomorphisms
can be used to construct an action of a limit group on an R-tree, given that G admits
a suitable action on a hyperbolic space. In subsection II.1.4 we will discuss how
the algebraic definition for a limit group over G given in this subsection relates to

equational Noetherianity and being fully residually-G.

I1.1.3 Limiting R-trees

The main advantage of embracing the approach in Subsection I1.1.2 is that it enables
one, under some conditions, to extract an action of a limit group on a real tree. In
what follows, we assume that all metric spaces are geodesic (recall that a metric space
(X, d) is geodesic if any two points x,y € X are connected by a geodesic, i.e. a path
whose length is d(x,y)). A pointed metric space is a triplet (X, d,0) where (X,d) is

a metric space and o€ X.

Definition I1.1.24. Let (X,,,d,, 0,)nen be a sequence of pointed metric spaces. The
limit of (X, dn, 0n)nen with respect to an ultrafilter w is a triplet (X, d,,0,) where

X, = (] X0)/w = {(2) e | limy, dy, (2, 0n) < 00}

neN (xn)neN (yn)neN — hmw dn(l‘nayn) = 0’

d,: X, x X, - R,0is given by

dw([(l'n)neN]a [(yn)neN]) = hur)n dn($n7 yn)

and o, is the equivalence class of the sequence (0;,)pen-

Remark 11.1.25. We will often abuse notation and refer to the equivalence class of a
sequence (T, )peny in X, as (2, )ney instead of [(x,)nen]. If a sequence (2, )ney lies in

X, we call it a visible sequence.

It is straightforward to verify that (X,,d,,0,) is a pointed metric space (that is,
d,, is well-defined and satisfies the required conditions). We continue by showcasing a
simple instance in which (X, d,,, 0,) inherits some properties from the spaces in the

sequence (X, d,, 0, )nen; this will prove to be of great importance in Chapter II1.
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Lemma I1.1.26. Let (X,,,d,, 0n)nen be a sequence of pointed metric spaces such that
each (X,,dy) is 0,-hyperbolic. If §, = lim, d; < co then (X,,d,) is a d,-hyperbolic

space. In particular, if §, =0 then (X, d,,) is a real tree.

Proof. 1t suffices to verify that X is a geodesic space that satisfies the Gromov

four-point condition with respect to d, that is

((xn)nd\b (Zn)neN)(pn)neN 2 {((xn)nel\h (yn)mN)(pn)neNv ((yn)n€N7 (Zn)HEN)(pn)neN} — 04

It is easy to see that (X,,d,) is a geodesic space: given (x,)nen, (Yn)nen € X,
let ¢, : [0,d,(zn,yn)] = X, be a geodesic from z, to y, in (X,,d,). Define t :
[Oadw((xn)nGNu (yn)neN)] - X, by

ot )

Aoy (2 )nens (Yn Jnen) '

It is straightforward to verify that ¢ is the suitable geodesic in (X,,,d,). First, note
that for every s € [0, dy,((2n)nen, (Un)nen)] With £(s) = (S, )nen We have that s, is on

the geodesic between x,, and y,, so
limd,,(0n, $n) <lim(d,(0n, n) + dp(Tn, $5)) <Hm(d,(0n, 2,) + dp (0, yn)) < 00

and t is well-defined. Furthermore, given s; < sg € [0,dy((Z7)nen, (Yn )nen)] we have
that

a0 t(62) =t (et (ol )

Ao ((Zn ) nens (Yn Jnew) ' Aoy (T ) nen, (Yn ) new

( A (Tns Yn) ]
dw((xn)neNa (yn)neN)

_ limy (dn (2, 4n))
o (1) nens (Yn Jnew)

and ¢ minimizes distances.

=lim
w

(82—31))

(82—81) =82~ 851

Finally, given ., Yn, 2n, pn € X, for every n € N we have that

(xm Zn)pn 2 {(l‘n, yn)pm (ym Zn)Pn} - 5”

for every n € N since (X,,,d,) is d,-hyperbolic. Letting n - oo we get that (X,,,d,)

satisfies Gromov’s four-point condition for ¢, = lim,, 6,,. O

Remark 11.1.27. The proof above also shows that if geodesics in (X,,,d,,) are unique
(e.g. when (X,,d,) is an R-tree), then every geodesic in (X,,,d,) can be approxi-
mated by geodesics in the spaces (X, d,).
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Suppose now that H is a finitely generated group, and let S = (s1,...,s,) be a
finite generating tuple of H. Let (X,,,d,,0,) be a sequence of pointed metric spaces,
and suppose in addition that H acts on each (X,,d,,0,). Under a mild assumption,
we get that H acts on X:

Lemma I1.1.28. [f lim, d,(0,,5.0,) < oo for every s € S, then H acts on X, by
h-(xn)neN = (h-l'n)neN-

Proof. We just need to verify that for every (x, )ney and h € H we have that (h.x,,)pey €
X, that is lim,, d,,(0,, h.x,) < co. The other properties that define a group action

easily follow.

Write h = s1---s; where s; € S for 1 <i <k and note that

dy(0p, h.0,) = d,(0n, (S1°++5k).0n)

<dp(0n,81-0n) + dy(81.00, (S1-82).0n) + -+ + dp((S1°+°Sk-1) -0n, (S1°+-Sk ) -0n)
k

= Zdn(on,si.on).
i-1

and therefore

limd, (o, h.z,) <limd,(o,, h.0o,) +limd, (h.o,, h.x,)

=d,(0op, h.0,) +limd, (0, ,)

k
< liur)n dy(0n, Ty) + ;hgndn(on, 8i.0,) < 00

as desired. [

Corollary I1.1.29. Let G be a group acting on a sequence of pointed metric spaces
(X0, dn, 0n)nen, let H be a group generated by a finite tuple S and let (pn)nen €
Hom(H,G)N be a sequence of homomorphisms. For each n, we get an action H ~ X,
by setting h.x = p,(h).x for h € H and x € X,,. Therefore, by Lemma I1.1.28, if

lim,, d,,(0n, $.0,) < 00 for every s € S then H acts on X,,.

The remainder of this subsection will focus on how to extract a (non-trivial) action
of a limit group on a limiting R-tree (that is, an action without a global fixed point).
We therefore fix a group G admitting a non-trivial action on a d-hyperbolic space
(X,d) and a limit group L = H [ker,((¢5)nen). We also assume that H is generated
by a finite tuple S. The limiting real tree that we obtain will be a limit of a sequence
of pointed metric spaces, where each element in the sequence is X equipped with a

rescaling of the metric d. We therefore define:
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Definition II1.1.30. Let o be a choice of a basepoint of (X,d), and let n € N. The

scaling factor of p, at o is given by

[[enllo = maxd(o, pn(s).0).
Combining Lemmas I1.1.26 and I1.1.28 we obtain:

Corollary I1.1.31. If there is a sequence (0 )nen Of points in X such that limy||p,||., =
oo then the sequence (X, d/||enllo,,0n) converges to a real tree (X, dy,0,) on which
H acts by h.(zp)neny = (0n(h).0n)nen. Furthermore, H ~ X, gives rise to an action
L ~X,.

Proof. Since (X,d) is 6-hyperbolic, (X, d/||¢nllo,) is 0/||¢nllo,-hyperbolic; by Lemma
I1.1.26, since lim||p,||z, = o0, (X,,dy) is a real tree.
It is enough to show that the boundedness condition of Lemma II.1.28 holds.
Indeed, given s € S we have that
maxges d(0, on(8).0) _1
[lnllo

as desired. Lastly, since @w((@n)neN acts trivially on X, the action H ~ X, induces

||90n||0n(0n= @n(s)‘on) <

an action L ~ X . O

Corollary I1.1.31 is still not enough: there is nothing preventing the action H ~ X,
from having a global fixed point. Bestvina introduced a method for overcoming this
problem in [17| (where the spaces considered are hyperbolic n-spaces), which was
later generalised by Paulin in [94] (to accommodate any hyperbolic space). This
method is often referred to as the “Bestvina-Paulin trick”, and it revolves around
carefully choosing the sequence basepoints (0, ),n. We amass the relevant definitions
for explaining this method, and begin with an absolute version of the scaling factor

defined above:

Definition I1.1.32. Keeping the notation above, the scaling factor of a homomor-
phism ¢, : H - G is

lpnll = inf maxd(z, pn(s).2).
Remark 11.1.33. Note that ||,|| does not depend on a choice of a basepoint o of X.

The scaling factor of a homomorphism will play a crucial role in Chapter III,
where we prove a version of the shortening argument which essentially says that if the
homomorphisms in the sequence (@, )nen € Hom(H, G)N satisfy a certain minimality
condition (that’s related to their scaling factor), the stable kernel of the sequence

l(ie_rw((cpn)neN) cannot be trivial.
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Definition II.1.34. The limit group L is called divergent if ker,,(|¢n|) = oo.
We conclude with the following Theorem:

Theorem I1.1.35 (Bestvina-Paulin trick). If L is a divergent limit group then there
exists a choice of basepoints (0 )nen 1 X such that the sequence (X, d/||pnl], 0n) con-

verges to a real tree (X, dy,0,) on which L acts non-trivially.

Proof. For every n € N, choose o,, € X that satisfies d(0,, pn(5).0n) < ||@n|| + 1n for
every s € S (this is possible since ||,|| = infex maxges d(x, pn(s).x)). As in Corollary
I1.1.31, we obtain an action H ~ X, which gives rise to an action L ~ X_; it is
enough to show that the action of H on X, is non-trivial, that is, no (x, )y € X, is
fixed by all of H.

Since S is finite, there exists s € S such that d(o,, pn(s).0n) < [|@n]| + n holds

w-almost surely. Therefore, for every (x,)ny € X, we have that

dOn?QOnS~On —17’L 1
Yol (o, on(5) r) 2 Do Enten) i,y 1

[ ]
w-almost surely, $0 dy,((2n)nex, S-(Tn)new ) = 1 and H does not fix (x,,)pnen- O

Remark 11.1.36. Note that H and L are both finitely generated, and therefore count-
able. If X, is not a line, the valence of every vertex of X, is uncountable and therefore
the action H ~ X, is not minimal. If needed, one can always reduce to a subtree on

which the action is minimal.

I1.1.4 Equational Noetherianity and residual properties

We begin by defining equational Noetherianity, a notion that was introduced by Baum-

slag, Myasnikov and Remeslennikov in [12]:

Definition I1.1.37. A group G is called equationally Noetherian if the following
holds: every system of equations ¥ ¢ G * F'(x) with finitely many variables & =
(z1,...,2,) (and parameters from G) admits a finite subsystem ¥, ¢ X, such that

the sets of solutions to ¥ and X,
Va(X)={geG"NoeX, o(g)=1} and Vg(Xo)={gecG"|VooeX, oo(g) =1}

respectively, coincide. In this case, we say that the two systems > and Xy are equiv-

alent.
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The proof of the following lemma highlights why “equational Noetherianity” is a
suitable name for the property described in Definition I1.1.37:

Lemma 11.1.38. Finitely generated free groups are equationally Noetherian.

Proof. Equational Noetherianity is inherited by subgroups; we will therefore prove

the lemma for a free group of rank 2, F; = (z1, x9).

F5 embeds in SLy(Z) by mapping

I Olanxg 2 1]

We denote this embedding by ¢ : Fy - SLy(Z). The fact that the subgroup of SLo(Z)
generated by the two matrices above is a free group of rank 2 can be easily verified
by considering the action of SLy(Z) on the real plane R? and using the Ping Pong
lemma with the sets {(z,y) € R?||z| > |y|} and {(z,y) € R?||z| < |y|}.

Let ¥ c Fy % F, be a system of equations in Fy with variables y = (y1,...,Yn)-
Let 37 c SLy(Z) * F,, be the corresponding system of equations in SLy(Z), that is for
every o € 2 define ¢’ € ¥’ to be the same equation where the parameters from F, are
replaced with their image under ¢ in SLy(Z). Note that o(g) =1 in F, (for g € FY)
if and only if

otan =y 1)

Regarding the n variables in each o’ as matrices with four entires, we get that o’
gives rise to four polynomial equations (with coefficients in Z) in 4n variables z =
(21,23, 23,24, ..., 20, 20, 28 21), obtained by comparing the different entries with those
of the identity matrix. Therefore, the system of equations X gives rise to a system of

polynomial equations ¥ over Z.

Consider the ideal (V) in Z[z]; by Hilbert’s basis theorem, Z[z] is Noetherian,
and therefore the ideal (V) is finitely generated. Write (V) = (¢1,...,1). Each v,
was obtained from some o] € ¥'. It follows that {o{,...,0,} c ¥’ is equivalent to X/,

and therefore {oy,...,0,} c X is equivalent to X. O]

Remark 11.1.39. The same argument shows that if a group G is linear over a field (or
more generally, a commutative Noetherian unity ring) then G is equationally Noethe-
rian (cf. [12, Theorem B1]). In particular, right-angled Artin groups are equationally
Noetherian, a fact that will come into play in Chapter IV.
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We point out that other classes of groups that are closely related to free groups
have also been shown to be equationally Noetherian; these include hyperbolic groups
(proven by Sela [109] in the torsion-free case, and generalized by Reinfeldt and Wei-
dmann [97] to all hyperbolic groups), torsion-free toral relatively hyperbolic groups
(proven by Groves [55]) and more generally any group that is hyperbolic relative to
equationally Noetherian groups (proven by Groves and Hull [57, Theorem D).

We explained in Subsection I1.1.1 why a finitely generated group H, which is fully
residually-G, is in fact a limit group over G (we did this in the case where G is a free
group, but the same argument works for any group G); we now turn to prove the

converse for an equationally Noetherian group G.

Lemma 11.1.40. Let G be an equationally Noetherian group and let H be a limit
group over GG. Then H is fully residually-G.

Proof. Let S be a finite generating tuple of H such that (H,S) is the limit of a
sequence (G, S;)ien in G, and G; < G for every i € N. Let 3 c F,, be the kernel of
the homomorphism F,, - H given by mapping the standard generating tuple of F,
to S. Since G is equationally Noetherian, there is a finite subset ¥y c ¥ such that
Va(X) = Va(Xo). In particular, for every g € G", if 09(g) = 1 for every og € X, then
o(g) =1 for every o € 3.

We next show that for sufficiently large i, the map which sends S to S; extends
to a homomorphism f; : H — G;. It is enough to show that for every o € X, o(5;)
is trivial in G;. Given o € 3, since 0(S5) =1 in H we have that ¢(S5;) = 1 in G; for
sufficiently large i; since Y, is finite, we have that, for sufficiently large i, 0¢(S;) = 1
in G; for every og € ¥y. As discussed in the previous paragraph, it follows that, for
sufficiently large i, 0(5;) = 1 in G; for every ¢ € ¥ and the map which sends S to S;

extends to a homomorphism f;: H — G.

Finally, given a finite subset F' c H, set N = maxger|g|. For ¢ large enough we get
that d,,((H,S), (G, S;)) < e, which implies that the homomorphism f;: H — G; is

injective on F'. O]

The proof of Lemma I1.1.40 also implies the following: if L = H /ker,((¢n)nen)
is a limit group over an equationally Noetherian group G with a defining sequence
of homomorphisms (¢, )ney € Hom(H, G)N, then ¢, factors via the limit map ¢o :
H — L w-almost surely. It follows that in this case, there is a stable sequence of
homomorphisms (¢, )xen € Hom(L, G)N whose stable kernel is trivial. As a matter of

fact, this condition is equivalent to equational Noetherianity:
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Lemma 11.1.41. Let G be a countable group. The following are equivalent:
1. G 1is equationally Noetherian,

2. For every finitely generated group H and for every sequence of homomorphisms

(©n)neny € Hom(H, G)N, ¢, factors via the limit map Yo w-almost surely,

3. For every finitely generated group H and for every sequence of homomorphisms

(¢n)neny € Hom(H, G)N, there exists n € N such that ¢, factors via the limit map
Poo.-

Remark 11.1.42. The assumption that G is countable is only required for the impli-

cation 3. — 1.

Proof. The fact that 1. implies 2. follows from Lemma [1.1.40; it is obvious that 2.
implies 3. We will show that 3. implies 1 by proving the contrapositive statement.

Suppose now that 3. holds, and let ¥ c G % F,, be a system of equations with
parameters from G in variables & = (x1,...,x,). Since G is countable, G * F}, is
countable and therefore ¥ admits an exhaustion by finite subsets >; c 35 c ---. We
will show that X is equivalent to X; for some 7. Suppose, to obtain a contradiction,
that X is not equivalent to any of the X;’s. In particular, for each ¢ there exists
g:=(g%,..., 1) € V(%) \ Ve (X). Therefore, the map which sends @ to g, extends
to a homomorphism ; : G * F,, > G that satisfies:

1. ¢, is the identity on G,
2. pi(0) =1 for every o € ¥;, that is X; c ker(ip;) (since p;(x) =g, € Vo (%)),

3. X ¢ ker(ip;) (since g;(x) = g, ¢ Va(2), there exists o € X such that p;(0) = o(g,)

is non-trivial).

Since ¥; c ker(y;) for every j >4, we also have that ¥ = Uy 2; € ker(po)-

Consider now the sequence (¢;|r,) € Hom(F,, G)N, and by our assumption ¢;|g,
factors through ¢e|r, for some i. It follows that ¢; factors via ., since v;|g = Poola =
Idg. Therefore 3 c ker(¢o) c ker(y;), which contradicts 3. above. O

Remark 11.1.43. In [57, Theorem B|, Groves and Hull prove that if G is acylindrically
hyperbolic, then the failure of G to be equationally Noetherian can be detected by a
non-divergent sequence of homomorphisms from a finitely generated group to G that

fails to factor through the corresponding limit map.
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In light of Lemma I1.1.41, we see how the lack of equational Noetherianity can
pose a problem when working with limiting real trees; as mentioned earlier, parts of

Chapter III are devoted to overcoming these obstacles.

We have established that for a countable group G, being equationally Noetherian
is equivalent to every limit group over GG being fully residually-G. We conclude the
discussion with a few historical anecdotes, yielding some examples of limit groups
(other than free and free abelian groups that were discussed in Example 11.1.5) and
preparing the grounds for Subsection I1.1.5 where we discuss the structure of limit
groups. Gilbert Baumslag proved the following in 1962 (the following is a rephrasing

of Baumslag’s original statement):

Proposition 11.1.44 (cf. [10, Proposition 1|). Let F' be a free group, and let

J1s-- 5 Gn,u € F.

If [u,g;] # 1 for every 1 <i<n, then there exists N € N such that for every ky,... k,
with |k;| > N,
gr-uft - go - uFreg U £ 1.

Remark 11.1.45. Proposition I1.1.44 above can be proved using a standard Ping Pong
argument.

We continue with a short list of examples, based on Benjamin and Gilbert Baum-
slag’s works [9, 10].
Example I1.1.46. The fundamental group of an orientable surface Y of genus 2,
m(X) = {a,b,¢,d| [a,b] = [¢,d]) is fully residually free, and hence a limit group. To
prove this, define f: 7 (X) - F, = (x1,22) by mapping a and ¢ to x; and b and d to
x9. Let ¢ :m(X) - m(X) be the automorphism of 7 (%) given by a Dehn twist by

[a,b], that is the unique automorphism of 71 (X)) extending the map
g ge€{a,b
¢(9) = . \ab)
[a,b]g[a,b]"" g€ (c.d)
Now, given g € m(X), write g = g1-h1---gx-hx where for every 1 <i <k g; € (a,b) and h; €

(c,d); we may assume further that no g; and h; are trivial or lie in ([a, b]) (except for,

perhaps, g1 and hy). By Proposition 11.1.44, for f(g1), f(h1), .., f(gx), f(hx), f([a,b])
there exists N = N(g) € N such that (note that the only elements commuting with
[a,b] in m1(X) are powers of [a,b])
fow™(g) =f(g) (- f([a,b])"- f(ha)- f([a,b])7")
= f(gi) - (F(La,0])" - f(he) - f([a,0]) ™) # 1
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as long as n > N(g). Finally, given any finite subset F c m(X), we have that
fopm:m(X) - F, must be injective on E for

> N(g).
e ge(EUer‘I}?%{EUe‘l) (g)

Remark 11.1.47. The double of a free group F = (x1,...,z,) along an element w € F’
is given by

Foxy F={x},....xk 23 .. 22 |w(zi,...,oh) =w(?, ... 22)).

yYnd rrn

The exact same proof as in the example above shows that whenever w is not a proper
power in F, F' %, F' is a limit group.

In fact, the exact same proof also shows that generalised doubles over limit groups,
which were introduced by Champetier and Guirardel (see |33, Definition 4.4]) are
limit groups themselves. We record here the definition of a generalised double: a
generalised double over a group G is a group H that admits a splitting A *c B (or
A % () satisfying:

1. A and B are finitely generated,

2. C'is a non-trivial abelian group that is maximal abelian in both A and B (or
just in A if H = Ax¢),

3. there is a surjective homomorphism f : H - G such that f|4 and f|g (or just

fla if H = Ax¢) is injective.

We therefore extablished that iterated generalised doubles over a free group are
limit groups, yielding a large family of examples of limit groups; as a matter of fact,
following Sela’s work on the structure of limit groups, Champetier and Guirardel

proved the (much stronger) converse of the aforementioned result:

Theorem I1.1.48 ( [33, Theorem 4.6]). Every limit group is an iterated generalised

double over a free group.
We continue by mentioning another family of examples of limit groups discussed
in [10] and [9].

Definition 11.1.49. Let G be a group and let u € G. Let C' be another copy of the
centraliser C(u) of u, and let H = C'xZ. The free extension of the centraliser Co(u)
is the group

G(u) = G *cgwy-c H.
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Example I1.1.50. Every free extension of a centraliser in a non-abelian free group
is a limit group. Indeed, let F' be a free group and let C'r(u) be the centraliser of an
element u € F'; as in Definition 11.1.49 write H = C'xZ = C'x(t). Define ¢, : F(u) - F
to be the identity on F' and map ¢ to u™. Using Proposition 11.1.44 as in Example
[1.1.46 we obtain that for every finite F c F(u), ¢, is injective on E for n large

enough.

As before, we get that a free centraliser extension of a limit group is a limit group;
therefore, every iterated free extension of centralisers over a free group F' is a limit

group. As in the case of generalised doubles, the following stronger statement holds:

Theorem I1.1.51 ( [70]). Every limit group is a subgroup of an iterated free extension

of centralisers over a free group.

We will further discuss extensions of centralisers in Chapter IV, where we exploit

the fact that they can be seen as free products with commuting subgroups.

We have just discussed two hierarchical structures that can be associated to a
limit group. We now turn to present additional hierarchical structures, and recollect
some finer properties of limit groups.

I1.1.5 Structure and properties

In what follows we assume that limit groups are always defined over finitely generated
free groups. We begin with a list of classical and elementary properties of limit groups.
Most of these appear in some of the texts cited in the previous Subsections, and in
particular in [33]|; we remark that the proofs are elementary, and are included here

for completeness.
Lemma 11.1.52. Let L be a limit group. The following holds:
1. L is torsion-free,

2. Every 2-generated subgroup of L is either free abelian or free; in particular, if
g,h e L then (g,h) e {{1},Z,72, F,},

3. L is commutative transitive and conjugacy separated abelian (CSA), that is

every maximal abelian subgroup of L is malnormal,

4. if L is non-abelian then it has the same Y -theory as a non-abelian free group.
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5. if a finitely generated group H has the same Y -theory as a non-abelian free group

then it is a non-abelian limit group.
Proof. We prove properties 1.-5.:
1. Every 1 # g € L survives in a free quotient, and is therefore not a torsion element.

2. Let g,h € L; if (g,h) is abelian then by 1. it must be either trivial, Z or Z2.
Otherwise, there is a map f from L to a free group F which is injective on
{g,h,[g,h]}; the subgroup of F' generated by {f(g), f(h)} must therefore be a
free group of rank 2. This implies that (g, h) = F.

3. We already saw that L is commutative transitive in Remark I1.1.7. We will prove
the stronger assertion that L is CSA. Let A be a maximal abelian subgroup of
L and let g ¢ A. We need to show that if there exists 1 # h € gAg~' n A then
it must be that g € A. Since A is maximal abelian, it is enough to show that ¢
commutes with every a € A, and since L is commutative transitive, it is enough
to show that g commutes with a single element of A. We will show that g

commutes with A.

As before, there is a map f: L — F which is injective on {1, g, h,[g,h]}. Since
g thg € A, go'hg and h commute and therefore [f(gthg), f(h)] = 1. Hence
f(g7thg) and f(h) lie in a cyclic subgroup C' of F, and since the centraliser
of C is itself cyclic, up to replacing C' with its centraliser we can assume that

this cyclic subgroup contains f(g). Hence f([g,h]) =1 and we must have that
[9,h] = 1.

4. A priori it is not clear that all free groups have the same V-theory; this easily
follows from the following simple observation: if G < H, then the V-theory of H
is contained in that of G. Now, for every free group F;, we have that F, < F,, < F}
so F5 and F,, have the same V-theory. By 2., we have that Fy < L. Therefore,
it is enough to show that the V-theory of F3 is contained in the V-theory of L.

Let ® be a V-sentence and assume that F5 E ®; we can further assume that ¢

has the following form
k
P=Ve\/Zi(x)=1AV;(x) +1,
i=1

where @ = (z1,...,x,) is a tuple of elements, and ¥; and ¥; for 1 < i < k are,

respectively, systems of equations and inequations. We remind the reader that
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by writing ¥;(x) = 1 we mean A,x, 0(x) = 1 (and the same when we write
U,(x)+1).

Let ge L™ and let E={1}u{o(g)|31<i<k, oceX;Ju{(g)|I1 <i<k, ¥ e V;},
that is, £ is the set of all words appearing in ® evaluated at g (and the identity).

There is a homomorphism fz: L — F, that is injective on E. Therefore

x(g)=1inL < x(fe(g))=1inF,

for every y € U¥, ¥; u ¥,;. Taking boolean combinations we have that

L= V/Sg) =10 Wilg) +1 = B V/S(Us(9) =14 ¥(fe(0)) +1

i=1
and since Iy = @ it follows that L & V5, 3;(g) = 1A U;(g) # 1. Repeating this
argument for every g € L™ we get that L £ ®.

. For this assertion we adopt the approach of Champetier and Guirardel [33,
Theorem 5.1]. Since every V-sentence is the negation of an 3-sentence and vice-
versa, it is enough to show that if H has the same 3-theory as F, then H is
a limit group. Suppose that H is generated by a tuple S of arity n and work
in G,. It is enough to find, for every R € N, a free group F' and a generating
tuple S’ of F of arity n such that the balls of radius R in X (H,S) and X (F,S")
coincide. The idea behind the proof is simple: the ball of radius R in X (H,S)

can be encoded by a collection of equations and inequalities in H.

More precisely, given R € N, let X be the collection of all words in the variables

x = (z1,...,2,). Define

Yt ={01-05' 01,00 € X, 01(S) =02(S) in H}
and similarly

Y ={01 05 01,00 € X, 01(S) # 02(S) in H}.

The collections of equations and inequalities >* and >~ encode the ball of radius
R in H. We have that H £ Ayes+ 0(S) = 1 A Ages- 0(S) # 1 and therefore the
following sentence
Pr=3x N\ o(x)=1a A\ o(z)=+1
oext ¥~

lies in the 3-theory of H. Therefore, F5 = & and there is a tuple S’ in F,
that witnesses this fact. Therefore the balls of radius R of X (H,S) and X (F =
(S"),S") are isomorphic which completes the proof.
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]

Remark 11.1.53. The proofs of 4. and 5. above also work for limit groups over an

equationally Noetherian group G.

Another important property of limit groups proven by Sela is the following:

Theorem II.1.54 ( [105, Theorem 3.1|). Every non-abelian limit group admits a

non-trivial cyclic splitting.

The proof of Theorem II.1.54 is highly involved and is beyond the scope of this
preliminary subsection; however, reading Chapter 111 will give the reader a clear idea

of how to prove it.

This property of limit groups was used by Sela to show that limit groups admit
a cyclic hierarchical structure in [106] (or analysis lattice in the language of [106]).
Before defining hierarchies more precisely, we briefly sketch Sela’s argument: given a
limit group L, take its Grushko decomposition Ly *---* L * F'; if some L; is not a free
abelian or a surface group, take a cyclic JSJ decomposition of L; (see Section I1.3 for
more details; also, note that such a splitting is not trivial by Theorem I1.1.54) and
repeat the process for the vertex groups of this decomposition. Note that accessibility
arguments bound the complexity of such a JSJ splitting, so that it has finitely many
vertices and edges. One now repeats the process, which stops when the terminal
groups are all either free, free abelian or surface groups. Sela showed that this process
eventually terminates by proving that a certain measure of complexity decreases in
this iterative process (roughly speaking, the minimal first Betti number of a limit
group in which a group embeds decreases as one travels down a branch of the analysis
lattice) [106, Proposition 4.3]. An important Corollary of this argument is that limit
groups can be built from free abelian groups by repeatedly taking free products,

amalgamations and HNN extensions; this implies:
Theorem I1.1.55. Limit groups are finitely presented.

Corollary I1.1.56. Since every finitely generated subgroup of a limit group is itself

a limit group, limit groups are coherent.
We now turn to define cyclic group hierarchies:

Definition II.1.57. A cyclic hierarchy of a group G is a set H(G) of subgroups of
G obtained by iterating the following procedure, starting with G: for H € H(G), if
H admits a splitting G(H) with (possibly trivial) cyclic edge groups, add each of the
vertex groups of this splitting to H(G).
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As previously mentioned, a priori the process described in Definition I1.1.57 above
does not necessarily terminate. If this process comes to a halt after finitely many steps
(in which case H(G) is finite), as in the case of limit groups, G is said to have a finite
hierarchy. The groups appearing at the bottom of the hierarchy, that is groups which
do not split over a cyclic subgroup, are called absolutely rigid. Therefore, in modern

terms, the discussion above can be summarized as follows:

Theorem 11.1.58. Limit groups have a finite hierarchy. Moreover, absolutely rigid

groups appearing in the hierarchy of a limit group are free abelian.

Note that every abelian subgroup of a limit group, which is not isomorphic to Z
or Z?, must be elliptic in its cyclic JSJ decomposition. Therefore, such subgroups
of a limit group must appear as terminal vertex groups in its hierarchy. By [106,
Proposition 4.3], the first Betti number of a group appearing at the bottom of the
hierarchy of a limit group L is bounded by b;(L) < oo; we deduce:

Corollary 11.1.59. Abelian subgroups of limit groups are finitely generated and free

abelian.
We further deduce:
Corollary 11.1.60. Let L be a limit group. Then,

1. If all of the abelian subgroups of L are cyclic (which by Theorem I1.1.59 is
equivalent to L not containing Z* as a subgroup) then L is hyperbolic. This
follows from Corollary I1.1.59 above, the Bestvina-Feighn Combination Theorem
[16], commutative transitivity (see Lemma I1.1.52) and the fact that L can be
built from infinite cyclic groups by taking free products, amalgamations and HNN

extensions.

2. If L is a one-ended limit group and H € H(L) is a one-ended group with no

one-ended groups below it in the hierarchy, then one of the following holds:
(a) H is absolutely rigid, and therefore free abelian, or
(b) H is a hyperbolic group that splits as a graph of free groups amalgamated

along infinite cyclic subgroups.

Another important type of structure that can be associated to limit groups is that
of w-residually free towers. w-residually free towers are not used explicitly in this
dissertation, but they form an indispensable tool in the study of limit groups so we

chose to mention them here.

o1



Definition II.1.61 ( [106, Definition 6.1]). An w-residually free tower X of height

h e Nu {0} is a space constructed with the following iterative process:

1. if A =0, then X is a wedge sum of finitely many finite graphs, finite-dimensional

tori and closed hyperbolic surfaces of Euler characteristic less than —1.

2. if h >0 then X is obtained from a tower Y of heigh h — 1 by attaching a block;

blocks are in one of the following two forms:

(a) Quadratic block: a compact, hyperbolic surface with boundary ¥, with
connected components being either punctured tori or admitting Euler char-
acteristic less than —1, is attached to Y by identifying the boundary of ¥
with curves on Y. The resulting space is X. We also require that there is

a retraction 7 : X — Y such that r,(9(X)) is non-abelian.

(b) Abelian block: an n-torus T is attached to Y in the following way: fix a
coordinate circle ¢ in 7" and a curve 7 in Y such that v generates a maximal
abelian subgroup in m;(Y"). Let T2 be a 2-torus and identify its coordinate
circles S x {0} and S! x {1} with ¢ and ~y respectively.

It is not hard to see that if X is an w-residually free tower then 7 (X) is a limit
group; the proof is incredibly similar to Examples 11.1.46 and II.1.50. It is much
harder to see that every limit group is a subgroup of an w-residually free tower [107].
Finally, it is extremely difficult to see that a finitely generated group G is elementarily
equivalent to F5 if and only if it is the fundamental group of an w-residually free tower

X constructed without using any tori [108].

In addition to having pleasing structural properties, limit groups also have good
separability properties. This is perhaps not surprising, since limit groups are closely
related to free groups, and free groups admit good separability properties. We recall
Marshall Hall’s famous theorem which states that given a finitely generated free group
F and a finitely generated subgroup H, there is a finite-index subgroup F' < F' in
which H is a free factor. In particular, F” retracts onto H so F' admits local retractions
and is subgroup separable (see Section 1.3). Wilton proved that a similar phenomenon

occurs in limit groups:

Theorem I1.1.62 ( [116, Theorems A and B|). Limit groups are subgroup separable

and admit local retractions.

These results will be extensively used in Chapter V.
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I[1.1.6 Residually free groups

Unlike fully residually free groups, residually free groups can have a wild structure.
Many of the pathologies of residually free groups already appear within (the seemingly
simple) F, x Fy; these pathologies include, for example, incoherence and not being

subgroup separable. The following lemma illustrates some of these ideas:

Lemma I1.1.63. F, x I3 has a finitely generated subgroup H of infinite index, which

1s dense in the profinite topology. In particular, it is not subgroup separable.

Proof. The construction of H presented below relies on the fact that Thompson’s
group V', which is one of the most famous examples of infinite simple groups, admits
a finite presentation with two generators u and v and 7 relations [19, Theorem 1.3].
We remark that it is enough to use a group that admits a finite presentation on 2

generators that is not simple, but has no finite-index subgroups.

Fix an epimorphism f : F» - V and let H be the corresponding fibre product,
that is

H={(g,h) e Fax F5|f(g) = f(h)}.

Since V' is finitely presented, H is finitely generated [13, Lemma 2|, and H is easily
seen to be of infinite index since V' is infinite. Finally, to show that H is profinitely
dense in Fy x Fy, it is enough to show that it is not contained in a proper finite index
subgroup G of Fy x Fy. Indeed, if it were contained in such G, then G/(ker f x ker f)
would be a proper finite index subgroup of V' x V', but these do not exist since V' is

simple. O

Residually free groups are closely tied to direct products of limit groups, and
arguments similar to the one above are common in the study of residually free groups.
Our segue into the exploration of the relation between residually free groups and
direct products of limit groups will be facilitated by a surprising property shared by
all finitely generated groups that are not limit groups. The reason this proof works
only for groups that are not limit groups, is that a limit quotient of a group that is

not a limit group must be a proper quotient.

Theorem I1.1.64 ( [106, Theorem 7.2|). Let G be a finitely generated group that is
not a limit group. Then there are finitely many limit groups L+, ..., L,, and quotient
maps q; : G > L;, such that every epimorphism f from G to a limit group L factors
through one of the maps q1,...,qy.
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Definition I1.1.65. The collection of quotients {¢; : G - L;}1<i<, mentioned in
Theorem I1.1.64 is called a factor set of G.

The proof of Theorem I1.1.64 below follows the proofs of [106, Lemmas 5.4 and 5.5,
Proposition 5.6 and Theorem 5.7|, where the theorem is proved under the assumption
that G is a limit group. We remark that the proof in the case where G is a limit

group is a lot more intricate.

Proof of Theorem I1.1.64. The factor set {q; : G - L;}1<i<, that we construct consists
of maximal elements in a poset Qg of limit quotients of G. We only consider such
quotients up to equivalence, where two quotients ¢; : G - L; and ¢ : G - Lo are
equivalent if there is an isomorphism f : (); - Q)2 such that fogq; : L - Lo and
G2 : L - Lo are the same. We say that

(1:G > L1)<(q2:G > Ly)

if and only if the quotient map ¢ factors via go. A straightforward application of
Zorn’s lemma shows that ()¢ must contain a maximal element. Indeed, a diago-
nalization argument shows that every chain ¢; < ¢ < -+ in )¢ admits an upper
bound. For each ¢; : G - L; there is an associated sequence of homomorphisms
(fi:G - F)uen; we extract a subsequence (hf, : G = F'),y such that hl is injective
on {g € G|g ¢ ker ¢; and |g|s < n}. The diagonal sequence (hi: G — F) gives rise to a
limit group L and a quotient ¢ : G - L, and since L is finitely presented, ¢; factors
via q for large enough i. Therefore every ¢; factors via ¢ and ¢ : G - L is an upper
bound for the chain. Since G is not a limit group, ¢ is a proper quotient and it is an

element of Q.

Therefore, every quotient ¢ : G - L factors through a maximal element in Q)¢
and it is enough to show that there are only finitely many such maximal elements. An
identical diagonalization argument gives this result: if {g; : L > L;};cy is a collection
of maximal elements in ()¢, and ¢ : L - L, is obtained from this collection by the
same diagonalization process, then all but finitely many ¢; factor through ¢.; since

¢; 1s maximal, it follows that ¢; = ¢ and L; = L.

O

Theorem I1.1.64 is a rare instance in which being fully residually free presents
an obstruction to a proof, rather than being a simplifying assumption. However, a
similar property does hold for (non-free) limit groups. This property is commonly

known as having “finite width”, and this name is derived from applying this corollary
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to the study of homomorphisms from a fixed finitely generated group G to a free
group. All such homomorphisms can be encoded within a tree-like diagram called the
Makanin Razborov diagram, and the fact that limit groups have finite width implies
that each branching point of the Makanin Razborov diagram is of finite valence. As
mentioned earlier, the difficulty in establishing a similar result for limit groups lies
in the fact that the identity map Id : L - L is the unique maximal element in the
poset of limit quotients of L. One overcomes this obstacle by looking at shortening
quotients, which are quotients obtained from sequences of short homomorphisms (see
Section III.1 in Chapter III).

Theorem I1.1.66 ( [106, Theorem 5.7|). To any non-free limit group L one can
associate a finite collection of proper quotients {q; : L - L;}1<i<n Such that each L;
is a limit group, and each homomorphism f: L — F factors through (at least) one of

the maps q; after precomposing L with an automorphism.

Remark 11.1.67. The automorphisms of L appearing in Theorem I1.1.66 are modular

automorphisms; these are defined in Section III.1 in Chapter III.

Corollary I1.1.68. Every finitely generated residually free group embeds into a direct
product of finitely many limit groups.

Proof. Let GG be a finitely generated residually free group. If GG is a limit group, the
assertion clearly holds. Otherwise, let {¢; : G > L;}1<<, be the factor set associated
to G and consider the map ¢ = ¢; x ---q, : G — Ly x---L,,. It is enough to show that
kerqg = Ni.; kerg; is trivial. Indeed, if 1 # g € G, since G is residually free there is
a free quotient ¢’ : G - F of G in which g survives. By Theorem I1.1.64 ¢’ factors
through ¢; for some 1 <4 <n, and therefore ¢;(g) # 1. It follows that g ¢ kergq. n

Direct products of free groups, or more generally direct products of limit groups,
are fairly tractable; however, their subgroups can be very complicated. Baumslag and

Roseblade studied subgroups of direct products of free groups, and proved:

Theorem I1.1.69 ( [13, Theorem 1|). There are uncountably many non-isomorphic

subgroups of Fy x Fy.

It follows that unlike limit groups, F5x Fy has (uncountably many) subgroups that
are not finitely presented (in fact, it has uncountably many subgroups that are not
even recursively presented). However, under additional finiteness assumptions, the

situation becomes completely different:
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Theorem I1.1.70 ( [13, Theorem 2|). If H < Fy x Fy is finitely presented, then it is

virtually a direct product of two free groups of finite rank.

Bridson, Howie, Miller and Short took these ideas further in [25], and described
how groups can be embedded into a direct product of limit groups; these embeddings
are dictated by the finiteness properties of the embedded subgroups. Before we state

their results, we briefly remind the reader of some finiteness properties of groups.
Definition II1.1.71. A group G is said to be of type

e I, (n>1), if there is an aspherical CW-complex X with a finite n’th skeleton
such that G = m(X).

o F,if it is of type F,, for every n > 1.
e F. if it is the fundamental group of a finite, aspherical CW-complex.

e FP,(R) (n>1 and R is a ring), if there is an exact sequence of R[G]-modules
- —> M; - My - R - 0 in which M,, ..., M,, are finitely generated, projective
R[G]-modules.

e FP,(R), if it is of type FP,(R) for every n > 1.

e FP(R), if there is an exact sequence 0 - M,, - ---My - R — 0 in which every

M; is a finitely generated, projective R[G]-module.

It is worth noting that among residually free groups, being of type FPy(Q) is
equivalent to being finitely presented |26, Theorem DI; this strengthens the analogy
between Theorem I1.1.70 and the following:

Theorem I1.1.72 ( [25, Theorem A|). Let Ly,---, L, be limit groups and let S <
Ly x -+ x L, be a subgroup of type FP,(Q). Then S is virtually a direct product of n
(or fewer) limit groups. In particular, every residually free group of type FPo(Q) is

virtually a direct product of finitely many limit groups.

Another result of Bridson, Howie, Miller and Short allows one to regard finitely
presented residually free groups as a subgroup of a direct product of limit groups that

contains a term of the lower central series. This result will be used in Chapter V.
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Theorem I1.1.73 (Propositions 3.1 and 6.4, [25]). Let G be a finitely presented
subgroup of a direct product of limit groups Ly x --- x L,,, that projects onto each L;
and such that G L; # 1 for all 1 <1 <n. Then there exists a finite-index subgroup
E<Lyx--xL, and a positive integer N such that the N-th term in the lower central

series of E, ywE, is contained in EnG.

Residually free groups also admit nice separability properties, which are again
linked to finiteness properties. The following theorem will also play an important

role in Chapter V:

Theorem I1.1.74 ( |27, Theorems A and B|). Let G be a finitely generated residually
free group, and let H < G. If H s finitely presented, then H is separable in G; if
furthermore H is of type FPo(Q) then G wvirtually retracts onto H.

II.2 Graphs of spaces

As evident from the last section, splittings (and in particular cyclic splittings) are in
abundance when working with limit groups. In this section, we introduce the notion
of a graph of spaces which will allow us to incorporate additional geometric techniques
when working with group splittings. The standard reference for graphs of spaces is
Scott’s and Wall’s “Topological methods in group theory” [102, Chapter 5|; we adopt
some of their terminology, along with more modern terminology following Wilton’s
works ( [116], [119]).

Definition I1.2.1. A graph of spaces X consists of the following data:
e a graph =,
e for each vertex v € V(Z) a connected CW-complex X,

e for each edge e € E(Z) a connected CW-complex X, and two 7i-injective maps
0% : X, > X+ (called attaching maps) where vt and v~ are the endpoints of the

edge e.

We will usually assume all graphs of spaces to have a finite underlying graph.

Note that each graph of spaces X has a topological space naturally associated to it:

Definition I1.2.2. The geometric realization of X is defined as

( | ] X.u | Xex[—l,l])/'v
veV(2) ceB(2)

where the equivalence relation ~ identifies (z,+1) € X, x [-1,1] with 0%(z) € X,=.
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Remark 11.2.3. We will often abuse notation and use X to refer to the geometric

realization of X.

With this in mind, we define:

Definition I1.2.4. The fundamental group w1 (X) of a graph of spaces X is simply

the fundamental group of the geometric realization of X.

By the Seifert—Van Kampen theorem, the fundamental group of X admits a graph
of groups decomposition: 71 (X) is the fundamental group of the graph of groups with
underlying graph = and whose vertex and edge groups are {71 (X,)[v € V(Z)} and
{m(X.)|e € e(Z)} respectively. The edge maps of this graph of groups are given, up
to conjugation, by (0%), : m(X.) - m(X,+). We will denote this graph of groups
decomposition by G(X) and refer to the vertex and edge groups of G(X) as G, and
G..

I1.2.1 Covering spaces and precovers

The (finite-index) subgroups of the fundamental group G of a graph of spaces X
correspond to (finite-sheeted) coverings of X. In Chapter V we will construct sub-
groups of fundamental groups of graphs of spaces geometrically, heavily relying on
the contents of this subsection. Most of the theory covered in this subsection appears
in works of Wise [123] and Wilton [119], and some key ideas date back to Gitik’s
work [51]. We begin by explaining how a covering space of the geometric realization

of a graph of spaces admits a graph of spaces decomposition.

Let X be a graph of spaces with an underlying graph =, vertex spaces {X,}, edge
spaces {X.} and attaching maps 9% : X, - X,+. Suppose now that X is a covering
of (the geometric realization of) X. X inherits a graph of spaces structure from X,

with the following vertex and edge spaces:

e The vertex spaces of X are the connected components of the preimages of the
vertex spaces of X under the covering map; each of these forms a covering space

of a vertex space of X.

e The edge cylinders of X are the connected components of the preimages of the
edge cylinders of X under the covering map; again, each edge space of X is a

covering space of an edge space of X.

o8



From this, it is evident that the underlying graph Z of X can be obtained from X
by collapsing each vertex space to a point and each edge cylinder to an arc. Defining
the attaching maps of X is a bit more subtle. The following definition is due to
Wise [123].

Definition I1.2.5. An elevation of an attaching map 0% : X, - X,« is defined as
follows: let X’g be a vertex space of X which lies above X,. Let {Xa, . ,ng} be the
edge spaces of X such that each & € E(Z) is in the preimage of e € E(Z) and incident

to U. This data fits into the following commuting diagram:

ox
r o .
Ui Xeo - = — = - + X5

X, ——————X,°*
where the maps |I¥, 3\,; form the pullback of the attaching maps 0% and the covering
map. The pullback can be thought of as satisfying the following property: fix a
bsaepoint x of X., and for every 1 < i < k fix a basepoint Z; in the preimage of x
under the covering map Xa. - X.. Every (/3;%1 : Xa - X; is a lift of the map
(ReT) > (Xow) 2 (X,5,0,4(2))
to )?g which is minimal in the following sense: for every intermediate cover
(Xe, @) > (XL,2') > (Xe, )
8i

the map (X/,z.) » (X, ) — (XF,05(x)) does not lift to a map

(XL 2') = (X5, 02 (3)).

This is better illustrated in Example 11.2.8. Finally, an elevation is a restriction of

this map to one of the Xa, and each elevation is an attaching map of X.

Our next goal is to explain how can one construct covering spaces of graphs of
spaces from a collection of covers of the different vertex spaces; such a construction
is reminiscent of assembling a jigsaw puzzle, and the following definition is essential

for explaining when two pieces can “interlock”.

Definition II1.2.6. The degree of an elevation 0z is the conjugacy class of ﬂl(ya.)
in m(Xe).
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Remark 11.2.7. If 71(X,) is abelian, conjugacy classes of subgroups contain a single
element, and the degree of an elevation can be simply thought of as Wl()?a) itself.
When X, is a circle, the degree of 05 can be thought of as the degree of the covering
map Xgi - X..

Note that covers of different vertex spaces that are attached by an edge cylinder
in X can be attached by some edge cylinder in a cover X of X if and only if the
corresponding elevations to X have the same degree. The following example illustrates
how to assemble a covering space of a graph of spaces from covering spaces of the

vertices.

Example I1.2.8. Consider the group G = (a,b,a’,V'|[a,b]? = [a’,b']?). G admits
a graph of spaces decomposition X, where the two vertex spaces are surfaces with

boundary and the single edge space is a circle. This is better illustrated with the

X, Xu
2 XA
CSI==1O

Figure I1.1: A graph of spaces decomposition X of G. The “x2” inscriptions signify
that the attaching maps X, - X, and X, - X, wrap the boundary components of
X, and X, twice (and hence both of are degree two).

following drawing:

For illustrative purposes, we construct a cover X of X from the ground up, that
is we construct covers of X,, X, and X, that fit into commuting diagrams as in
Definition II.2.5 above. Each of X, and X, admit a 4-fold cover that is a surface
with two boundary components; we denote these by X, and X,. Each attaching map
admits four elevations with target in X, or X,, and each of these elevations is of
degree one. This information fits in the pullback diagram in Figure I1.2.

Note that [ |}, 5g indeed forms a pullback: any space that maps to both X, and

X, and fits in a suitable commuting diagram must factor through one of the four )?a.

It is left for us to choose a pairing between the two sets of elevations {5g }<ics and
{56‘ }<ica; any pairing will yield a 4-fold covering space of X. In Figure I1.3 below we

illustrate the geometric realization of one such possible 4-fold cover X.

We are now ready to define precovers, which are spaces that admit a construction

similar to that in Examples I1.2.8 but are not covering spaces. These were first defined
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Figure IL.2: A cover X5 of X,, and the corresponding pullback diagram. Each of the
enlarged dots maps to another enlarged dot (of the same colour, when possible).

0000
0000

Figure I1.3: The geometric realization of a 4-fold cover X of X. For interpretability,
different edge cylinders appear in different colours.

by Gitik in [51], and the definition that we use first appeared in Wilton’s work [116].
Informally, a precover X’ of X is a graph of spaces which partially covers X: the
vertex and edge spaces of X’ cover those of X and the degrees of the two ends of
each attaching map coincide. A good picture to keep in mind when thinking of a

precover, is that of the core graph corresponding to a finitely generated subgroup
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of a free group; Lemma I1.2.12 should make the analogy clearer. We begin with a

constructive definition of precovers:

Definition I1.2.9. Let X be a graph of spaces. Construct another graph of spaces
X' in the following manner: let {X/, - X, } be a collection of covering maps of vertex
spaces of X and for each e € E(Z) let {07 }ics. and {0 }ier, (where I, is some indexing
set) be subsets of the elevations of J9F z;nd 9; to Ly Z X,. Assume further that the
degrees of 6* and 0, coincide for every e € E(Z) and every i € I.. Now let X’ be
the graph of spaces obtamed by gluing the collection {X/,} along the attaching maps
{0%}. A graph of spaces obtained in this manner is called a precover of X. Note
thalt X' comes equipped with a locally injective map X’ — X. Elevations of attaching

maps of X to X’ which are not attaching maps of X’ are called hanging elevations.
One can also use the following equivalent definition:

Definition I1.2.10. Let X and X’ be graphs of spaces. We say that X' is a pre-
cover of X if there is a locally injective map p’ : X’ - X that satisfies the following

properties:

1. if X/, is a vertex space of X', then f]| x’, 18 a covering map that maps X, onto

some vertex space X, of X;

2. similarly, if X/, is an edge space of X', then f|x/ is a covering map that maps

X!, onto some edge space X, of X;

3. for any attaching map 9,* : X/, - X/.., the following diagram commutes:

/ E

/ e’ /
Xel—>X,U’j:
f|X;, f|X1’J,i

o
X, —————— X«

Example I1.2.11. We keep the setting of Example I1.2.8, and construct a precover

X’ of X that is a closed and orientable surface of genus 9. Let )?g and )/(} be the

covers of X, and X, given in Example I1.2.8, and note that all of the elevations of 9,*

to X:,; and Xﬂ are of degree 2; we choose two elevations 5;1 , to X\g and two elevations

J=  to Xz and glue them together as in Figure I1.4 below.
€1,2
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Figure I1.4: The precover X’ is a closed and orientable surface of genus 9.

The key observation regarding precovers is that precovers of X give rise to sub-
groups of X: each precover X’ can be extended to a covering space by attaching pieces
that do not contribute additional information to the fundamental group, resulting in
a covering space with fundamental group 71(X’). For the sake of completeness, we

include a proof of this assertion below:

Lemma I1.2.12 ( [116, Proposition 2.19| and [119, Lemmas 15 and 16]). If X' is
a precover of X then the natural map X' — X can be extended to a covering map
X - X such that the induced map m(X') - n1(X) is an isomorphism. Therefore
the induced map m (X") — m(X) is injective.

Proof. Note that a precover without any hanging elevations is simply a cover; we will
therefore “cap off” each hanging elevation of X’ and obtain the suitable cover X of
X. Let 0. : X!, - X!, be a hanging elevation of an attaching map 0, : X, - X, of
X to X’; we will attach another precover of X to X’ via ... Repeating this for all
hanging elevations to X’ will result in the desired cover (if there are infinitely many

hanging elevations to X', one can simply take the corresponding ascending union).

Let X, be the covering space of X with fundamental group 7, (X)), and recall that
it inherits a graph of spaces decomposition from X. This decomposition contains an
edge space with fundamental group 7 (X/,). Detach the corresponding edge cylinder
by unidentifying its ends with their target in the vertex groups of X., and note that

each connected component Y of the resulting space satisfies:

1. m(Y)=m(X.), and
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2. there is a single hanging elevation dy of either d," or 9.” to Y (where 9,* are

the two attaching maps corresponding to the edge e € E(Z)).

Assume without loss of generality that 0. is an elevation of 9., and choose such Y
with Jy an elevation of 0,” to Y. Glue Y to X’ (note that the degree of Jy coincides
with that of d./). This yields a precover X" of X that extends X', and such that
the inclusion map X’ — X" induces a monomorphism of fundamental groups, as
desired. O]

The next subsection will focus on a certain kind of graphs of spaces: graphs of

graphs amalgamated along circles.

I1.2.2 Graphs of free groups with cyclic edges

Graphs of free groups amalgamated along cyclic subgroups play a special role in the
study of limit groups: they are the groups which lie at the second level of the hierarchy
of a hyperbolic limit group, above free groups (for more details, see Subsection I1.1.5).
These groups also admit a natural graph of spaces decomposition, where the vertex

spaces are graphs and the edge spaces are circles.

Remark 11.2.13. Since the spine of a (connected) compact surface with boundary is a
(connected) finite graph, we will sometimes (when applicable) refer to vertex spaces of
such a graph of spaces decomposition as surfaces (with boundary), attached to other

vertices along boundary components. This is better illustrated in Example I1.2.8.

Note that by Theorem II.1.62, every finitely generated subgroup of a limit group
is a local retract, and therefore quasiconvex (since a retract of a group can always be
quasi-isometrically embedded into the ambient group). Since quasiconvex subgroups
of hypebrolic groups are hyperbolic, the (fundamental groups of the) graphs of free
groups mentioned in the previous paragraph are hyperbolic themselves. We therefore
focus on hyperbolic graphs of free groups amalgamated along cyclic subgroups. Note
that since hyperbolic groups are finitely presented, these graphs of free groups must

have finitely generated vertex groups and a finite underlying graph.

Notation I1.2.14. For abbreviation, we will refer to Hyperbolic fundamental groups

of Graphs of Free groups with infinite Cyclic edge groups as HGFC-groups.

We continue by mentioning a few separability properties of HGFC-groups; these
make HGFC-groups a convenient object to be working with, especially in the context
of constructing finite-sheeted covers and precovers. By work of Wise, HGFC-groups

admit nice separability properties:
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Theorem I1.2.15 ( [123]). Let G be the fundamental group of a finite graph of finitely
generated free groups amalgamated along infinite cyclic subgroups. Then G is subgroup
separable unless there exists g € G such that g™ is conjugate to g™ for n # +m. In

particular, if G is an HGFC-group, it is subgroup separable.

Hsu and Wise went on and showed in [68] that such groups are in fact virtually
compact special (the definition of a special group is highly technical and, apart for
its consequences in this context, does not play a role in this dissertation; we therefore
refer the reader to Haglund’s and Wise’s work [66] for the precise definition). The

benefits that follow from being virtually compact special include:

Theorem I1.2.16 (follows from [66, Corollary 6.7 and Theorem 7.3|). Hyperbolic

compact special groups virtually retract onto their quasiconvexr subgroups.
In addition, HGFC-groups enjoy the following property:

Theorem I1.2.17 (follows from [18, Theorem D|). Every HGFC-group is locally

quasiCONveL.
These together imply:

Corollary I1.2.18. Let G be an HGFC-group. Then G has a finite-index subgroup

which admits local retractions.

Constructing precovers of (graphs of spaces associated to) HGFC-groups is one
of the main techniques used in Chapter V; in particular, we will be interested in
constructing precovers that are surfaces (or branched surfaces, in which the neigh-
bourhood of a point on the boundary of a vertex space is not isomorphic to a plane).
Recall that in Example 11.2.8, we started with a graph of spaces that resembled a
surface, but its attaching maps were not homeomorphisms; that is, each attaching
map wrapped a boundary component of the surface multiple times. We “unwrapped”
these attaching maps in a finite cover, and as a result constructed a precover that was
homeomorphic to a closed surface in Example 11.2.12. This is a common technique
used when working with graphs of free groups. In the next subsection we will prove
a standard lemma (Lemma I1.2.28) that generalizes the constructions in Examples
I1.2.8 and 11.2.12.
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I1.2.3 Peripheral structures and surface subgroups

In this subsection we discuss local-global interplay in graphs of free groups with cyclic
edge groups. In other words, we explore how the global properties in the group in
question are related to the local properties one sees when looking at a vertex and its
adjacent edges. Recall that a collection of non-trivial words w of a free group F' is

called a multiword.

Definition 11.2.19. A peripheral structure on a free group F' is a set of pairwise

non-conjugate maximal cyclic subgroups of F'.

Remark 11.2.20. Note that every multiword w = (wy, ..., w,) gives rise to a peripheral
structure on F: for each w; pick a maximal cyclic subgroup C; containing w;, and if
some C; and Cj are conjugate simply remove one of them from the list. Sometimes

we will think of [w] as a collection of embedded circles in a graph T" with 71(T") = F.

Notation II.2.21. We denote the peripheral structure induced by a multiword w in
F by [w]. We will refer to a free group accompanied by a peripheral structure as a
pair and denote this data by (F,[w]).

We remark that peripheral structures can be defined on any group (as a finite

collection of conjugacy classes of subgroups).

An important observation here is the following: if G admits a splitting as a graph of
free groups with cyclic edge groups, then every vertex group G, of G' comes equipped
with a peripheral structure induced by the edge groups corresponding to the edges

adjacent to v.

Notation I1.2.22. In the above setting, we denote the peripheral structure on G,
by [w,]. We refer to the pair (G, [w,]) as the induced pair at v.

Since we will be interested in constructing finite-sheeted covers and precovers of
an HGFC-group G, we will also be interested in how peripheral structures behave
in such circumstances. Following the discussion in Subsection 11.2.1 (and Wilton’s
work [119]), we define:

Definition I1.2.23. Let [w] be a peripheral structure on a free group F, and let
F'" be a finite-index subgorup of F. The induced pair for F' is the pair (F',[w'])
obtained from a pullback as in Definition I1.2.5. Alternatively, one can think of [w’]
as the collection of conjugacy classes of maximal cyclic subgroups of F’, that are

conjugate in F' into one of the conjugacy classes in [w'].
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We continue by describing three types of pairs of particular interest:
Definition I1.2.24. A pair (F,[w]) is said to be

e one-ended if F does not split freely relative to the elements of [w], that is, the

elements of [w] are hyperbolic in every free splitting of F,
e rigid if the elements of [w] are hyperbolic in every cyclic splitting of F', and

e of surface type if there is a closed surface with boundary ¥ and an isomorphism
F = m 3 which identifies [w] with the conjugacy classes of the cyclic subgroups
of m% that correspond to 0.

Remark 11.2.25. If (F,[w]) is of surface type, and the corresponding surface is 3, we
will sometimes refer to (F,[w]) as (X,0%). If ¥ is a thrice-punctured sphere, then
the pair (F,[w]) is also rigid; we will refer to pairs of this kind as pairs of surface

type and not as rigid pairs.

All of these types play a role when studying HGFC-groups through their induced
pairs at the different vertices; they will also appear in Subsection I1.3 where we discuss
JSJ decompositions. A classical lemma that fits well with this theme is Shenitzer’s
lemma, which states that an amalgamated product of two free groups along an infinite
cyclic subgroup is free if and only if the edge group maps onto a primitive element in

one of the vertex groups. This was generalized by Wilton as follows:

Theorem I1.2.26 (Relative Shenitzer’s Lemma: [119, Theorem 18| , see also [41,
Corollary 7.3] and [113, Main Theorem]). Let G be a finitely generated group which is
the fundamental group of a graph of groups with infinite cyclic edge groups. Then G s

one-ended if and only if each of its induced pair at the different vertices is one-ended.

Before proving a couple of related lemmas, we would like to introduce a “nor-
malization procedure” which, given a hyperbolic group GG and a splitting of G as a
graph of free groups amalgamated along cyclic edges, outputs a different graph of
groups decomposition of G that will prove to be very convenient to work with. The
idea behind this procedure is not new, and it has been used before specifically in
the context of making JSJ decompositions canonical (we refer the reader to Section
I1.3). We remark that a detailed algebraic description of Procedure 11.2.27 below,
in the case where G is a free group, appears in [32, Section 2.4]; note that in our
context GG is not necessarily a free group, but it does not exhibit any of the possible

obstructions mentioned in Cashen’s work. A more general approach towards making
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group splittings “canonical” can be found in Guirardel’s and Levitt’s work [64]. The
graph of groups decomposition described in Procedure I1.2.27 below coincides with

the decomposition one obtains from |64, Example 3.1 and Subsection 4.1].

Procedure 1I1.2.27. Let G be a hyperbolic group that splits as a finite graph of
finitely generated free groups amalgamated along cyclic subgroups, and let X be a
graph of spaces decomposition of G in which all of the vertex spaces are graphs (or
surfaces with boundary whenever the induced pair at a vertex is of surface type). We

will replace X with a graph of spaces that will satisfy the following:

1. the underlying graph is bipartite, with each edge connecting a non-cyclic vertex
(that is, a vertex with a non-cyclic vertex group) to a cyclic verter (that is, a

vertex with a cyclic vertex group Z),

2. each cyclic vertex group is a maximal cyclic subgroup of G, and the degree (in

the underlying graph = of X) of each cyclic vertex is at least 2,

3. for each non-cyclic vertex v consider the induced pair (G,, [w, ]); then for every
C € [w,] there is exactly one edge incident to v whose edge group is mapped onto
C. In particular, for every edge e, the edge map that maps the corresponding
edge group G, into a non-cyclic vertex G,, maps G, onto a maximal cyclic

subgroup of the vertex group.

To do so, we begin with a folding procedure: subdivide each edge space of X, adding
a cyclic vertex in the middle of the edge cylinder. Let e be an edge of the resulting
graph, connecting a non-cyclic vertex v to a cyclic vertex c. If the image of G, in G, is
not a maximal cyclic subgroup of G,, we subdivide e edge yet again by adding another
cyclic vertex group ¢’; the two edges adjacent to ¢’ identify G with a maximal cyclic
subgroup of GG,,, and G, with a proper subgroup of G... This takes care of the second

part of item 3. above.

We next carry out a folding procedure iteratively, going over all non-cyclic vertices
of X one at a time: if for some X, there are multiple edge cylinders with the same
image in X,, we fold these edges and identify them to obtain a single edge; we are
also identifying the cyclic vertices lying at the other end of these edges in the process.
Note that in order to do so, we might need to “twist” the edge cylinders attached to
these cyclic vertices, so that the attaching maps that attach them to X, line up. An
important thing to notice here, is that this folding is a homotopy equivalence. Since

all of the attaching maps are isomorphisms, the only obstruction one might encounter
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is the following: there are two edges that connect the same loop in X, to a single
cyclic vertex X, and these are identified when we fold. Such a fold is clearly not a
mp-isomorphism. However, if a boundary component of some X, is connected by two
edges to a cyclic vertex, it follows that G must contain Z?2 or BS(1,-1) as a subgroup,
which is impossible since G is hyperbolic. We repeat this for every non-cyclic vertex

v € V(Z). The resulting graph now satisfies conditions 2. and 3. above.

To finish, we still need to make the graph bipartite (as in 1. above): in the
beginning of the process, we (perhaps) divided some of the edges multiple times,
adding up to 3 cyclic vertices between two vertices of the original graph of spaces
decomposition X. However, note that if two cyclic vertices ¢ and ¢’ are connected
by an edge, and both of the edge maps into GG. and G. are not isomorphisms, then
(G contains a Baumslag-Solitar subgroup contradicting the fact that it is hyperbolic.
Therefore, if any edge connects two cyclic vertices, it can be collapsed; collapsing all

such edges yields the desired decomposition.

We first use Procedure 11.2.27 to generalize the “unwrapping technique” from Ex-
amples I1.2.8 and I1.2.12.

Lemma I1.2.28. Let G be a group that splits as a finite graph of finitely generated free
groups amalgamated along infinite cyclic subgroups. If G is subgroup separable then
it admits a finite-index subgroup G’ that admits a graph of spaces decomposition X’
with the three properties guaranteed in Procedure 11.2.27, and in which the attaching

maps at each cyclic vertex are homeomorphisms.

Proof. We associate to GG a graph of spaces X. Replacing X with the graph of spaces
decomposition of G obtained by applying Procedure 11.2.27 gives a graph of spaces
that satisfies the first 3 properties described above.

We obtain the desired finite-index subgroup of G' by using subgroup separability.
Note that if some edge inclusion into a cyclic vertex group is not an isomorphism, or
equivalently if an attaching map 0, : X, - X, into some cyclic vertex X, of X is not
a homeomorphism, then the image of the generator of 71(X,) under 0., : m(X.) —
m1(X,) is a proper power in 7 (X,).

Let D ={0,, : Xe, > X, }1<i<n be the (finite) list of all attaching maps into cyclic
vertices of X that are not homeomorphisms. For each 7, denote by ¢; the generator
of m(X,,). Note that d,,(g:) = ¢g' generates a finite-index subgroup of m (X,,),
and by Lemma 1.3.13 there is a finite-index subgroup G; of GG in which gf" is not a

power. It follows that in the corresponding finite-sheeted cover X; of X, there is an
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elevation of 0., that is a homeomorphism (and the fundamental group of its image in
the corresponding cyclic vertex is exactly (gf)) In fact, in every finite cover of X;
the elevation that corresponds to a power of g; must be an isomorphism.

Consider now the subgroup H = N, G;; it is a finite-index subgroup of G, and
it admits a corresponding graph of spaces decomposition Y in which every elevation
that corresponds to a power of some g; must be an isomorphism. However, there can
be other elevations to Y (corresponding to conjugates of powers of g; in G, that are

not conjugate to a power of g; in H) that are not isomorphisms.

To resolve this, we simply pass to a normal cover. In such a cover, if one elevation
of some 0., is an isomorphism, then every elevation of 0., must be an isomorphism.
The normal cover that we take, is the one corresponding to the normal core of H,

that is we take

G'=(\gHg™"
geG

Note that G’ is a finite index subgroup as the kernel of a map from G to a finite
symmetric group. More precisely, G’ is the kernel of the map G — Sym(G/H) (that
corresponds to the action of G on the left cosets of H by left multiplication). m

Another simple observation is the following (cf. [120, Lemma 5.10]):

Lemma I1.2.29. Let G be an HGFC-group. If for every vertex v of G the induced
pair (Gy,[w,]) is of surface type, then G has a surface subgroup (that is, a subgroup

that is isomorphic to the fundamental group of a closed, connected surface).

Proof. Note that since each induced pair is one-ended, G must be one-ended itself by
Lemma I1.2.26. By Lemma I1.2.28, up to replacing G with a finite-index subgroup,
we may assume that all of the attaching maps of G (or the corresponding graph of
spaces X) at cyclic are isomorphisms (or homeomorphisms); we may also assume
that each attaching map with target in a non-cyclic vertex space X, identifies an
edge space with a boundary compoent of X,. Note that all of the “singularities” (that
is, points that do not admit a neighborhood homeomorphic to the Euclidean plane)

in this graph of spaces are concentrated around cyclic vertices.

Therefore, if G is not a surface group itself, it follows that there is a cyclic vertex
space X, with degree greater than 2 in the underlying graph = of X. We will use this
to construct a precover X’ of X that satisfies the properties described in Procedure
[1.2.27, and in which every cyclic vertex space X. has degree 2 in the underlying
graph = of X. The geometric realization of X’ will therefore be homeomorphic to a

closed, orientable hyperbolic surface, yielding a surface subgroup of G.
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We amass a collection of vertex spaces of X: we choose 2 copies of each sur-
face vertex space of X, and deg(c) copies of each cyclic vertex space X. of X. Let
0. : X, - X, be an attaching map of X. If X, is a surface vertex, there are two
hanging elevations in our collection of vertex spaces; these will be paired with hang-
ing elevations to cyclic vertex spaces. If X, is a cyclic vertex, there are deg(v) such
hanging elevations. We can pair the hanging elevations, making sure that for every
cyclic vertex X, of X, we pair exactly two elevations with targets in X,. The resulting
precover X’ is a closed surface, and each of its connected components yields a surface

subgroup of G. O

One would probably expect that a graph of surfaces with boundary, attached along
their boundary components, must contain a surface subgroup. Surprisingly, Wilton
showed that the same holds for every HGFC-group. The proof is, unfortunately,
reaching far beyond the scope of this dissertation. We have mentioned local-global
interplay when studying graphs of free groups with cyclic edges, and Wilton’s proof
includes an additional layer of local-global interplay in which pairs now play the global
role (and Whitehead graphs, or links, at the different vertex spaces, form the local
pieces). It culminates in the use of linear programming techniques which allow one
to assemble multiple Whitehead graphs into a pair of surface type, and use these
pairs to construct a surface as in Lemma [1.2.29. We remark that the formulation of
Wilton’s result that we state below is relatively complicated since we wish to avoid

using terminology that was not defined in this section.

Theorem I11.2.30 ( [120, Theorem 5.11|). If (F = m(T"),[w]) is a one-ended pair,
then there exists a pair (3,0%) of surface type, that satisfies the following:

1. realizing (X,0%) as a graph accompanied by embedded loops, there is a combi-
natorial map f:3 — ' whose restriction to each component of 0% is a covering

map that covers some w,
2. f induces a monomorphism on fundamental groups,

3. for each w; and wj, the number of preimages of a point on w; under f coincides

with the number of preimages of a point on w; under f,
4. the map f factors through an immersion

(2,68) 5 (F [w']) % (F, [w])

(where both maps above satisfy the properties of 1.) such that f' identifies 0¥
with [w'].
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Corollary 11.2.31 ( [120, Theorem A|). Every one-ended HGFC-group G has a
surface subgroup. This can be seen refining the corresponding graph of spaces X as
i Lemma 11.2.29, replacing each non-cyclic vertex space by a pair of surface type

following Theorem I1.2.30, and proceeding as in the proof of Lemma II.2.29.

II.3 JSJ decompositions

We conclude our background review with a brief overview of JSJ decompositions.
Roughly speaking, a JSJ decomposition of a group is a universal splitting, that serves
as a “dictionary” in which one can look up the different splittings of the group. The
different properties of JSJ decompositions often depend on the type of splittings that
one considers (that is, what are the edge groups that one allows in such splittings).
We will mention relevant results when the edge stabilizers are either finite (of bounded
cardinality) or two-ended. These results are used in Chapters IIT and V respectively.

We begin with the definition of a JSJ decomposition:

Definition II.3.1. Let G be a group, and let £ be a family of subgroups of G that
is closed under conjugation and taking subgroups. A JSJ decomposition of G over &

is a tree T" on which G acts, and which satisfies the following:
1. every edge stabilizer of the action G ~T is in &,

2. every edge stabilizer of the action G ~ T is elliptic with respect to any action

of G on a tree T” with edge stabilizers in &,

3. if an action of G on a tree S also satisfies condition 2. above, then there is a

G-equivariant map T'— 5.

Remark 11.3.2. We also refer to the graph of groups corresponding to the action G ~ T

in Definition I1.3.1 above as a JSJ decomposition of G (over &).

Example 11.3.3. If £ consists only of the trivial group, the Grushko decomposition
of a finitely generated group G is a JSJ decomposition of G over £.

We remark that a JSJ decomposition of a group G' does not always exist. On the
other hand, if a JSJ decomposition of G exists, it is not necessarily unique. In some
cases, and in particular when G is finitely presented, all of its JSJ decompositions
(over the same class of elliptic subgroups &) are related, and can be seen as points in

a space called the JSJ deformation space. We refer the curious reader to [65, Section

2.3).
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A general strategy for constructing a JSJ decomposition of a group G over a family
of elliptic subgroups £ is the following: take a splitting G of GG over groups in &; look
at the vertex groups of this splitting, and take splittings of these vertex over £ in
which the edge groups of G are elliptic. Repeat this process. It is not clear that this
process comes to an end, and a common way to show that it must terminate is using

accessibility arguments.

Definition I1.3.4. A group G is accessible with respect to a family of subgroups
£ if there is a bound on the number of edges that can appear in a graph of groups

decomposition of G with edges in £ (assuming that the decomposition is reduced).

One of the first accessibility results was proved by Linnell |77, Theorem 1], and it
states the following: let C' € N, then every finite group G is accessible with respect to

the family & of finite subgroups of G of order at most C. This implies:

Corollary 11.3.5. Let G be a finitely generated group and let C € N. Then there
exists a JSJ decomposition of G over the family Ec of finite subgroups of G of order
at most C'.

This result will be used in Chapter III. We conclude by mentioning two additional
versions of JSJ decompositions in which the family of elliptic subgroups consists of
infinite cyclic groups. Unlike other JSJ decompositions mentioned above, these JSJ
decompositions are canonical (which means that their construction is invariant under
taking an automorphism of the group). They are both obtained by studying cut
points in the boundary (or a boundary-like space) of the group in question. The
first theorem we mention was proved by Bowditch, and it deals with splittings of
one-ended hyperbolic groups relative to two-ended subgroups. We state a simpler

version, for torsion-free groups, in which the elliptic subgroups are all isomorphic to

Z.

Theorem I1.3.6 ( 20, Theorem 0.1]). Let G be a one-ended, torsion-free hyperbolic
group and let £ be the family of all infinite cyclic subgroups of G. Then G admits a

canonical JSJ-decomposition G over € satisfying the following properties:
1. each vertex group of G is of one of the following types:

e cyclic, that 1s G, 2 Z,

e surface type, for which the induced pair (G, [w,]) is of surface type,
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o 1igid, that is the vertex group does not admit a cyclic splitting relative to

the adjacent edge groups.
2. the graph s bipartite, with edges adjoining cyclic vertices to non-cyclic vertices.

Theorem I1.3.7 ( [32, Theorem 4.25|). Let F be a free group, let w be a multiword
i Fand let € be the family of all infinite cyclic subgroups of F'. Then there is a
canonical relative JSJ decomposition F of F' over & relative to w (that is, a maximal
unwwersal splitting with respect to all splittings of F' in which the elements of w are

elliptic) satisfying the following properties:
1. each vertex group of F is of one of the following types:

e cyclic, that is F, 2 7,
o surface type, for which the induced pair (F,,[w,]) is of surface type,
e rigid, for which the induced pair (F,,[w,]) is rigid.

2. the graph is bipartite, and each edge adjoins a cyclic vertex to non-cyclic vertewz.

3. if F, is a non-cyclic vertex group, then the adjacent edge groups map onto

mazimal cyclic subgroups of F, that are non-conjugate in F,.

As mentioned earlier, note that the structure of these JSJ decompositions is similar
to the graph of groups decomposition obtained in Procedure 11.2.27. This normaliza-

tion process is what makes these splittings canonical.

Remark 11.3.8. With both of these theorems, it follows that if G splits over (g) (or F’
splits over (g) relative to w) then g is conjugate into a cyclic or a surface type vertex
of the JSJ decomposition. In addition, if GG is a one-ended, torsion-free HGFC-group
and v € V(G) is a rigid vertex in its canonical JSJ decomposition obtained from

Theorem I1.3.6, then G, is a free group and the induced pair (G, [w,]) is rigid.
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I11

Formal solutions and the
first-order theory of
acylindrically hyperbolic groups

non-abelian free groups is often considered as the first
& milestone in the study of the logic of free groups. We
generalise Merzlyakov’s theorem to all acylindrically hyperbolic
groups, a vast class of groups that is yet to be studied from a
model-theoretic point of view. As a corollary, we deduce that
if G is an acylindrically hyperbolic group and E(G) denotes
the unique maximal finite normal subgroup of G, then G and
the HNN extension G*pg(g), which is simply the free product
G + Z when E(G) is trivial, have the same V3-theory. As a
consequence, we confirm the following conjecture, formulated
by Casals-Ruiz, Garreta and de la Nuez Gonzalez: acylindrically
hyperbolic groups have trivial positive theory. In particular, one
recovers a result proved by Bestvina, Bromberg and Fujiwara,
stating that, with only the obvious exceptions, verbal subgroups
of acylindrically hyperbolic groups have infinite width.

G QS( ERZLYAKOV’S theorem about the first-order theory of

We begin with a quick reminder of some preliminary notions appearing in Chapters

I and IIL

Definition II1.0.1. A group G is said to be acylindrically hyperbolic if it admits a
non-elementary and acylindrical action on a hyperbolic space X: for every € > 0 there
exist N >0 and R > 0 such that for every x,y € X satisfying d(z,y) > R,

{geG | d(x,gx)<e and d(y,gy) <e}| < N.
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Remark 111.0.2. As mentioned in Section .2, we can, and therefore will, always assume
that X is a graph.

Recall that a limit group L over a group G is obtained from a sequence of ho-
momorphisms Hom(H,G)N (where H is a finitely generated group) by taking the

quotient of H by the stable kernel associated to the sequence,

ker,, ((¢n)nen) = {g € H | g € ker(p, ) w-almost surely}.

Fixing a finite generating set S of H, we associate a scaling factor to every mor-

phism in the sequence (@, )ney, defined by

lonl| = min max d(y, o (s)y)-

Note that X is a simplicial graph, so the scaling factor above is well-defined.

If the limit group is divergent, that is if lim,(||@,||) = oo, then L comes armed with
a limiting action on a real tree T. We refer to Subsection I1.1.3 for further details
about the construction of 7. The vast majority of this chapter revolves around

studying such actions of limit groups on their limiting R-trees.

III.1 Decompositions of limit group and approxima-
tions

We focus our attention on divergent limit groups over an acylindrically hyperbolic
group G. A group acting on a simplicial tree admits a graph of groups decomposition,
but the same is not always true for a group acting on a real tree. In the first half of
this section, we gather a few results that imply that divergent limit groups over G
do split (for a related discussion, see Subsection I1.1.5). We also give a description of

this action, that is commonly known as the output of the Rips Machine.

In the second half of this section, we introduce approximations of limit groups
over (G. Since G is not necessarily equationally Noetherian, the defining sequence
Hom(H,G)N of a limit group L over G does not necessarily factor through L (w-
almost surely); see Subsection I1.1.4 for additional details. We therefore seek to
approximate L by finitely presented groups (through which Hom(H, G)N will factor
w-almost surely), that admit splittings which mimic the different splittings of L.
This is an important ingredient in the next section, Section I11.1.4, where we prove a

version of Sela’s shortening argument for acylindrically hyperbolic groups.

Before getting down to the matter at hand, we give a brief overview of relative

group presentations as these will appear frequently throughout this chapter.
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II1.1.1 Relative group presentations

A relative presentation of a group G with respect to a subgroup H c GG and a subset

X c (G is a presentation of the form
G=(H,X|R),

which is obtained from H by adding the set of generators X and the set of relations
R. Thus G = (H » F(X))/{{R)), where F(X) is the free group on X and ((R)) is
the normal closure of R in H *» F/(X). In the case where the set R is finite, one says
that G is finitely presented relative to H.

I11.1.2 Graphs of actions and the Rips machine

Under certain conditions, a group acting on a real tree splits as a graph of actions.
This splitting endows the group with an action on a simplicial tree which is generally
easier to understand than an action on a real tree. Groves and Hull proved in [57]
that divergent limit groups over acylindrically hyperbolic groups (along with their
canonical actions on real trees) satisfy the desired conditions which are required to
invoke Guirardel’s version of the Rips machine (see [62]). We present the relevant
definitions and results from both works. For a more penetrating discussion about the

Rips machine, we refer the curious reader to [62].

Definition ITI.1.1. [62, Definition 1.2] A graph of actions G consists of:
1. an underlying graph of groups A = (A, (Av)vev(ay, (Ae)eer(a), (ie)eeE(A)),
2. a collection of real trees (75, d,)yev(a) such that A, acts on Ty,

3. a collection of points (pe € Ti(e))eer(a) such that every p. is fixed by i.(A.),

called attaching points,

4. a function ¢ : E(A) - R, assigning lengths to the edges of A, and such that
U(e) = L(€) for every e e E(A).

We usually present the information above as a tuple and write
g = g(A) = (Aa (Tv)veV(A)a (pe)eeE(A)7£) .

A graph of actions G(A) enables one to canonically construct a real tree Ty on
which G = w1 (A) acts: replace each vertex ¥ of the Bass-Serre tree T4 corresponding

to A by a copy of T, (where v is the image of © under the quotient map ¢ : Ty —
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G\T4 = A), and replace any edge € of T4 by a segment of length ¢(e) (where e = g(€)).
We also ask that if ¢(é) = © in T4 then t(é) = p. in Tg, that is we attach the tree
T, via the attaching point p.. The action of m;(A) on T4 extends naturally to an
action m1(A) ~ Tg. We next define notions of stability concerning group actions on

real trees which will allow us to describe the output of the Rips machine.
Definition II1.1.2. Suppose that L is a group acting on a real tree 7.

1. A subtree T” c T is called stable if for every non-degenerate subtree 17" c T",
the pointwise estabilizers of 77 and T" coincide, that is Staby,(7") = Staby (7).
Otherwise, T" is called unstable. An action on a real tree is stable if any non-

degenerate arc contains a non-degenerate stable subarc.

2. The action L ~ T is said to satisfy the ascending chain condition if for any se-
quence of nested arcs [; o I o --- in T whose lengths tend to 0, the corresponding

sequence of stabilizers Staby (1) c Staby(I3) c --- eventually stabilizes.

We are now ready to state a relative version of the Rips machine; we remark that
we use the term relative, because the decomposition is taken relative to a subgroup U.

Further information about relative group presentations appears in Subsection II1.1.1.

Theorem II1.1.3. /62, Theorem 5.1] Let L be a group acting minimally and non-
trivially on a real tree T by isometries. Let U be a subgroup of L such that L is
finitely generated over U and such that U fixes a point in a real tree T' on which
L acts. Assume in addition that the action of L on T satisfies the ascending chain

condition, and that for any unstable arc I c T,

1. Staby (1) is finitely generated, and

2. Staby (1) is not a proper subgroup of any conjugate of itself.
Then one of the following holds.

1. L splits over the stabilizer of an unstable arc and U is contained in one of the

factors.

2. L splits over the stabilizer N of an infinite tripod and U is contained in one of
the factors, and the normalizer of N contains a non-abelian free group generated

by two hyperbolic elements whose axes do not intersect.

3. The action L ~T decomposes as a graph of actions Ry where each vertex action

18 either
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(a) simplicial: a simplicial action on a simplicial tree,

(b) of Seifert-type: the action of L, has kernel N, and the faithful action of
Ly/N, is dual to an arational measured foliation on a compact 2-orbifold

with boundary,

(c) or axial: T, is a line, and the image of L, in Isom(T,) is a finitely gener-

ated group acting with dense orbits on T,.

We are (obviously) interested in decompositions of divergent limit groups over
acylindrically hyperbolic groups; the following lemma that appears in [57], also known
as the stability lemma, implies that such limit groups do indeed satisfy the stability
conditions required for applying Theorem III.1.3. Recall that L is a divergent limit
group with defining sequence of homomorphisms (¢, )ny € Hom(H,G)N. In the
following lemma, § denotes the hyperbolicity constant of a hyperbolic space on which
G acts acylindrically and non-elementarily, and N and R denote the acylindricity

constants appearing in Definition 1.2.2.

Lemma I11.1.4 ( [57, Lemma 4.7]). There is a constant C' depending only on §, N
and R such that the action of L on the corresponding real tree T' satisfies the following

conditions.

1. If A c L stabilizes a non-trivial arc of T, or if A preserves a line in T and fizes
its ends, then A is an extension of an abelian group by a finite group of order
<C.

2. The stabilizer of a tripod in T is of order < C.
3. The stabilizer of an unstable arc I cT is of order < C.

4. If K c L 1s locally stably elliptic, that is for every finitely generated subgroup
K'c K, the action of pn(K") (where K' is a lift of K’ to H) on X, is elliptic

w-almost surely, then the order of K is < C.

Corollary II1.1.5. The fact that stabilizers of unstable arcs are finite implies that the
action of L on T satisfies the ascending chain condition and the rest of the conditions
required for Theorem II1.1.3. Hence if L does not split non-trivially over a finite
subgroup of order < C, it must split as a graph of actions as in Theorem [I1.1.5.
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II1.1.3 Approximations of limit groups

We keep the notation from the previous subsection, that is G is a group that admits
an acylindrical and non-elementary action on a d-hyperbolic simplicial graph (X, d)
and L is a limit group with defining sequence (¢ )ney € Hom(H, G)N, where H is a

finitely generated group; we also assume that the sequence (¢, )ney is divergent.

Standing Assumption III1.1.6. In what follows, we assume that H is finitely pre-
sented over an infinite finitely generated (but not necessarily finitely presented) sub-
group U c H. We denote by S a finite generating set of H. In addition, we suppose
that U acts elliptically on the limiting tree T', and that the restriction of the limit map

Yoo to U is injective, which allows us to identify U with its image under Yo, .

In this subsection, we aim to prepare the grounds for proving a version of the
shortening argument for acylindrically hyperbolic groups (slightly different from the
version proved in [57| by Groves and Hull). First, let us recall that the group G is not
equationally Noetherian in general. Therefore, the sequence (i, : H - G),n defining
the G-limit group L does not factor through the quotient map ., a priori. This
is a major obstacle to generalising the standard proof of the shortening argument,
since we cannot rely on the splitting of L as a graph of actions outputted by the
Rips machine in order to shorten the morphisms of the sequence. Before we explain
our approach for overcoming this difficulty (which is, in some sense, similar to the
approach taken in [57, Lemma 6.3], coming from [106, Theorem 3.2]), we begin by

defining approzimations of limit groups.

Definition III.1.7. Given a finite set of relations R c ker(¢.,), we define the R-
approzimation A of L as A= H[{{R)). In general, we call a group A obtained in this

manner an approximation of L.

Remark I11.1.8. Since the set R is a subset of ker(¢ ), the action of H on the limiting
tree T' gives rise to an action of A on T'. Both quotient maps H - A and A - L are

equivariant with respect to the corresponding actions on 7.

Our motivations for introducing approximations of limit groups are the following.

1. Since H is finitely presented over U (see Standing Assumption II1.1.6), every
R-approximation A of L is finitely presented over U. Therefore, the homomor-
phisms in the sequence (p, : H - G),en factor w-almost surely through the
quotient map g : H - A (since each of the defining relations in the finite pre-

sentation of A over U is mapped to 1 under ¢,, w-almost surely). We will denote
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the maps arising from this factorization by 6,,, that is ¢, = 6, o ¢, and refer to
the corresponding limit map by either 0, : A - L or simply 7 : A - L. This
factorization will be crucial in our proof of the general version of the shortening

argument.

2. Suppose that L admits a nice splitting as a graph of groups (below we give a
list of such splittings). We will see that, provided that the finite set of relations
R c ker(po) is carefully chosen, the approximation A admits a splitting that

mimics the splitting of L, in a precise sense.

In the proof of the shortening argument, as well as in the proof of Merzlyakov’s

theorem, we will consider different splittings of L:

e if L splits non-trivially relative to U over a finite subgroup of order < C' (the
constant appearing in Lemma I11.1.4), a reduced JSJ splitting of L relative to
U over finite subgroups of order < C' (see Section I1.3 and Definition I1.3.1),
denoted by J;, (see Proposition III.1.11 and Corollary III.1.13);

e if [ does not split non-trivially relative to U over a finite subgroup of order
< (', a splitting of L as a graph of actions outputted by the Rips machine
as in Theorem II1.1.3, denoted by Ry (see Proposition III.1.11 and Corollary

[I1.1.14). This is our main motivation for approximating limit groups;

e more generally, a splitting RJ; of L obtained from J; by replacing the unique
vertex u fixed by U with Ry, (see Proposition I11.1.11 and Corollary III.1.15).

Before we construct approximations of L equipped with splittings that mimic one
of the aforementioned splittings, we define with more details the sense in which an

approximation of L mimics a certain splitting.

Definition III.1.9. Let A be an approximation of L as in Definition I11.1.7. Let
7m: A — L be the natural epimorphism (obtained by quotienting out by the image of
ker(¢s) in A). Suppose that L splits as a finite graph of groups S;. We say that A

is an Sy -approximation of L if the following four conditions hold:

1. A splits as a graph of groups S4 with the same underlying graph as S;, and in
which all the edge groups are finitely presented and all the vertex groups are

finitely presented (relative to U);

2. 7 induces an isomorphism of graphs, denoted by f, between the underlying

graph of Sy and the underlying graph of Sy;
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3.ifi: A, = A, denotes the inclusion of an edge group of S, into an adjacent
vertex group, and j : Ly) = Ly(,) denotes the corresponding inclusion in the

graph of groups Sy, then the following diagram commutes:

A, —— A,

ok

J
Ly — Ly

4. m maps every edge group A. of S, into the corresponding edge group Ly of
Sr.

For readability, we omit the isomorphism f and denote the vertex f(v) and the edge

f(e) by v and e respectively.

Remark 111.1.10. The second and third conditions in the definition above can be
phrased, equivalently, as follows: there exists a m-equivariant isomorphism of graphs

between the Bass-Serre trees of the splittings S, and Sy,.

A similar method of approximating limit groups appears in [106, Theorem 3.2]
(see also [56], [97, Lemma 6.1] and [57, Lemma 6.3]|). Note that in these papers, in
the process of approximating a limit group, one constructs countably many approx-
imations; each of them approximates the limit group L to a greater extent than its
predecessors. In addition, one does not obtain a concrete approximation of L catered
to satisfy a desired property. Below we give an alternative construction, which ap-
proximates (only) a specific properties of the limit group L and use it to approximate
the properties required for the proofs of the shortening argument and Merzlyakov’s

theorem.

Proposition I11.1.11. Suppose that L splits as a graph of groups Sy in which all
the edge groups are virtually abelian. Then there exists an Sy -approximation A of L,

which in addition satisfies the following two properties.

1. If Le s a finitely generated edge group of Sy, then the quotient map m: A - L

s an isomorphism.

2. Let L, be a vertex group of Si; if all the edge groups of Sy adjacent to L, are
finitely generated, then the quotient map w: A - L maps A, onto L,. Moreover,
if L, is finitely presented (relative to U), then the map w|a, : Ay, = L, is an

1somorphism.
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In addition, for any finite set of relations F c ker(¢e), we can choose the approxi-

mation A such that the image of F in A is trivial.

Proof. We choose to construct the vertex and edge groups of S, before constructing
the group A itself. By doing so, we hope to give the reader a better understanding
of the structure of the approximation A. Since the proof of this proposition is quite

intricate, we divide it into four steps.

Step 1. We begin by fixing explicit presentations of the edge and vertex groups
of the graph of groups S;, that will be used throughout the proof. Since L is finitely
generated, every vertex group L, of Sy is finitely generated relative to its adjacent
edge groups. Fix a presentation (S | Py u P) of H, where Py consists of relations
involving only elements from U and P is finite. We also fix a finite generating set Xy
of U.

For each edge e € E(Sy), fix a presentation (X, | R.) of the edge group L.. If
L. is finitely generated (and hence finitely presented, as a virtually abelian group),
we choose this presentation to be finite. Note that otherwise, X, and R, are both

infinite. Then, for each vertex v € V(Sy), fix a presentation of the vertex group L, of

the form
(Xy=Y,uXZuuX] | R,=Q,UR; U-—UR ),
where
® ¢p,...,e,, are the edges adjacent to v in the underlying graph of Sy ;

e cach (X2 | RY) is a copy of the corresponding edge group within L.

e Recall that L is finitely generated; therefore, L, is finitely generated relative to
its adjacent edge groups. Hence, the set Y, can be chosen to be finite (and if

L, contains U we choose Y, to be the union of Xy and a finite set).
e (), is a (possibly infinite) set of relations.

In addition, we fix a presentation of L as the fundamental group of S, that is

L= U X,u{t., ecE}
veV(SL)

U RUUR>

UEV(SL)

where

e E=E(S.)\Ts, for a spanning subtree Ts, of the underlying graph of Sy, and
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e R is a (possibly infinite) set of relations which includes relations of two types:

— relations which identify the set of generators X, of the edge group L. with

their images in the adjacent vertex groups whenever e € Tg, .

— relations of the form ¢;%i.(x.)t. = iz(z.) where e € E, x, € X, and the maps
i, and iz are the inclusion maps of the edge group L. into the adjacent

vertex groups.

Step 2. Having fixed the relevant presentations, we seek to pick a finite set
X1 € Upevis,) Xo U {te, e € B} that generates L (relative to U). The elements in
X, will be used to define the vertex and edge groups of S4. We choose X to be
extensive enough so that each of the relations in the finite set po (P U F) can be
written as a product of conjugates of relations from the presentation of L above as

the fundamental group of Sy, involving only elements from X .

For every s € S, write po(s) as a product of generators appearing in the presenta-
tion of L above. Let Xg be the finite subset of the generating set Uy,ev (s, ) XoU{te, €€

E} of L composed of the generators appearing in these products.

Similarly, each relation 7 in the finite set @, (P UJF) can be written as a product
of conjugates of relations appearing in the presentation of L above. Let R be the
finite set of relations that participate in such products, and let Xz be the finite subset
of Upev(s,) Xv U {te, e € E} which consists of all the generators of L participating in
the products of conjugates of relations from Rj described above.

Lastly, let X, = Xgu Xg.

Step 3. We finally construct the edge and vertex groups of the splitting S4. For
every e € E(Sy) we define A, as follows: if L, is finitely generated (and hence, finitely
presented), let A, = L.. We fix an alternative notation for the finite presentation of
Ac: (X! | R.). If L. is not finitely presented, let A, be the subgroup of L. generated
by L.n X ; note that A, is finitely presented (as a finitely generated virtually abelian
group) and fix a finite presentation (X! | R.) of A.. Up to modifying the original
presentation of L., we may assume that X! is a subset of X..

For every v € V(S ) we define A, as follows: if L, is finitely presented over U, we
let A, = L, (and fix an alternative notation for the presentation of A,: (X! | R.));

otherwise, we set A, to be the group admitting the following presentation:
(X0 =Y, u(X[)"uu (X[ )] Ry =@ uU(R,)"),
where
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® ¢p,...,e,, are the edges adjacent to v in the underlying graph of Sy ;
e Y, is as in the presentation of L,;
e cach ((X/ )" | (R.,)") is a copy of A, within A,;

e if [, does not contain U, one has Q! = Q, n Ry if @, is infinite, and Q! = @Q,
otherwise. If L, contains U, we pick @)/ in the same manner, but include in
Q! the (possibly infinite) subset of @), which consists of relations involving only

elements from U.

Recall that R is the set of relations from the presentation of L above. Let R’
be the finite set of relations which involve only the generators X! of A. for each
e € B(SL). Let R = Uyevs,) R, U R, where all of the relations in the union are written
with the letters of the generating set S of H. Note that R is finite. Now, let A be
the R-approximation of L, that is define A = H/{(R)).

Step 4. We now show that A satisfies the desired properties. First, note that A
admits the presentation (S | Py u PUR) in the generators of H. By expressing this

presentation in terms of the generators of X, we obtain the following presentation
of A:

A={ U X,u{t., ecE}
UEV(SL)

RLUR>.

But since Ry is contained in R by definition of the R, one can omit R, in the
previous presentation of A. Hence, A is simply the fundamental group of the graph
of groups S, obtained from S;, by replacing each vertex group L, with the group A,,
and each edge group L. with the group A.. In addition, all of the relations in F hold
in A. This shows that condition (1) of Definition I11.1.9 holds.

Next, note that the map 7/, defined by mapping each generator in the presentation
of A above to the corresponding generator in the presentation of L as the fundamental
group of Sy, coincides with the natural epimorphism 7 : A - L obtained by quoti-
enting out the image of ker(¢ ) in A. Indeed, denote by ¢ the quotient map H - A
and observe that for every s € S one has 7/ o ¢(s) = Yoo (s); this implies that 7’ = 7.
Last, properties (2), (3) and (4) appearing in Definition II1.1.9 are clearly satisfied.

To finish, let us check that properties 1. and 2. of Proposition III1.1.11 hold: for
property 1., recall that whenever an edge group L. of S is finitely generated, we
defined A, to be L.. For property 2., recall that if all the edge groups adjacent to a

vertex group L, of Sy are finitely generated, then the generators X/ of A, correspond
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to the generators X, of L,. This implies that the restriction of the map m: A - L
to A, is a surjection. If in addition L, is finitely presented (over U), then A, and L,

admit the same presentation and m maps A, isomorphically to L,. O

Remark TI1.1.12. Suppose that L admits a splitting Sy, and let {hy,...,h;} be a
finite set of elements of L. Write each element h; as a product s; ;--:s;.,,, of generators
appearing in the presentation of L as the fundamental group of S;. By choosing
the finite set of relations F in Proposition II1.1.11 above wisely, we can make sure
that L has an Sp-approximation A such that each h; has a preimage a; in A that
admits the same decomposition as h; as a product of generators. More precisely, let

hi,Si1, ..., 8m,; belifts of h;,8;1,...,8im;, to H, for 1 <i<k. Let
F = {Ez‘_lgi,l"'gi,mia 1<2< l{?} C ker(gooo),

and let A be an Sp-approximation of L in which the relations in F hold. Then by
Proposition II1.1.11 above, all of the generators s; ; appear in the presentation of A
as the fundamental group of S4, and the image of h; in A can be simply written
as Si1:Sim;- We will use this method in our proof of the general version of the

shortening argument.

We now deduce from Proposition III.1.11 a series of three corollaries.

Corollary 111.1.13. Suppose that L admits a splitting Sy, in which all the edge groups
are finite (for instance, Sy can be a reduced JSJ splitting of L relative to U over finite
subgroups of order < C, denoted by Jr). In this case, all the vertex groups of Sp are
finitely generated. Then there exists an Sy-approximation A of L, whose splitting is
denoted by Sy, such that S, and Sy, share the same edge groups, and the vertex groups

of Sa surject onto those of Sy,.

Proof. Since edge groups of Sy, are finite, they are virtually abelian and finitely gener-

ated. Thus the existence of A is an immediate consequence of Proposition I11.1.11. [

As mentioned earlier, the main motivation for defining approximations of limit
groups is to approximate in an accurate manner splittings of L as a graph of ac-
tions outputted by the Rips machine III.1.3. The following lemma proves that the
approximations given by Proposition III.1.11 capture many of the properties of such

splittings.
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Corollary I11.1.14. Suppose that L does not split non-trivially over a finite subgroup
of order < C, and let Ry be a splitting of L as a graph of actions outputted by the
Rips machine. Let A be an Rp-approzimation of L given by Proposition II11.1.11 and
let R4 denote its splitting. Then the following hold:

1. every edge group of Ry s finitely presented and virtually abelian, and the quo-
tient map w: A - L maps every edge group of R4 into the corresponding edge

group of Ry;

2. if L, is a simplicial vertex group of Ry, and A, is the corresponding vertex group

of Ra, then m maps A, onto a finitely generated (relative to U) subgroup of Li;

3. if L, is a Seifert-type vertex group of Ry and A, is the corresponding vertex
group of Ry, then m maps A, isomorphically to L,;

4. if Ly is an axial vertex group of Ry and A, is the corresponding group of R4,
then A, is finitely presented (relative to U) and virtually abelian, and © maps
A, into L,.

Proof. Recall that the edge groups of Ry, are virtually abelian, and that each edge
group A, of R, is finitely presented (condition (1) in Definition I11.1.9). We also have
that m maps A, into the corresponding edge group L. (condition (4) in Definition

[11.1.9). Hence, A, is virtually abelian and the first assertion above holds.

Next, note that the second assertion is an immediate consequence of the construc-
tion of A in Proposition I11.1.11.

For 3., let L, be a Seifert-type vertex group of R;. Note that L, is finitely
presented (relative to U). We will prove that m maps the corresponding vertex group
A, of R, isomorphically to L,. By the second assertion of Proposition III.1.11, it is
enough to show that L, does not contain infinitely generated abelian subgroups, and
thus that all the edge groups adjacent to L, are finitely generated. This follows from
the following easy observation: since L, is a Seifert-type vertex group, it is hyperbolic,

and therefore all of its abelian subgroups are virtually cyclic.

Lastly, for 4., note that any subgroup of L, which is finitely generated (relative to
U) is finitely presented (relative to U) since L, is virtually abelian. This implies that,
as part of the construction of A, in the proof of Proposition I11.1.11, A, is in fact a
subgroup of L, which is finitely presented (relative to U) and m maps A, injectively
to L,. ]
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The last corollary is a combination of Corollaries I11.1.13 and III.1.14, and it can

be proved in a similar way.

Corollary III1.1.15. Let J; be a reduced JSJ splitting of L over finite groups of
order < C relative to U, and let R]; be a splitting of L obtained from Ji by replacing
the unique vertexr u fized by U with Ry,. Note that L, can be viewed as a limit
group whose defining sequence of homomorphisms is (pn|m, Jnen, where H, denotes a
finitely generated subgroup of H that contains U and such that ¢o(H,) = L,. Then
any RJ; -approximation A of L outputted by Proposition II1.1.11 admits a splitting
RJ 4 satisfying the following conditions.

1. Denote by Ry, the subgraph of RJ 4, which corresponds to the subgraph R, of
RJ;. Denote by A, the fundamental group of Ry, and note that A, is a lift of
Ly to A. Then A, is an Ry -approximation of L,. Furthermore, the splitting
R4, of A, enjoys the properties described in Corollary I111.1.14.

2. Let Ja be the splitting of A obtained by collapsing the subgraph R4, of RJ 4 to
a point. Then A, equipped with the splitting J 4, is a Jp-approximation of L.

Remark 111.1.16. Note that the splitting RJ; is not unique in general since the finite
edge groups adjacent to the vertex u in J; may fix several vertex groups in the splitting
RLu of Lu

II1.1.4 The shortening argument

The shortening argument encompasses a wide array of results, all of which share a
similar nature: shortening homomorphisms. The classical result asserts that given a
sequence of homomorphisms from a finitely generated group to another group from
a certain class, either one can shorten the homomorphisms (in some sense), or the
stable kernel of the sequence is non-trivial. For the class of acylindrically hyperbolic
groups, a version of the shortening argument is proven in |57, Theorem 5.29]. In this
section, we provide two additional versions of this result which will help us deal with
inequalities in the proof of Merzlyakov’s theorem. We first define the notion of a short

homomorphism.

Definition II1.1.17. Recall that the scaling factor (or length) of a homomorphism
¢: H — (G is defined by

liell = inf maxd(y, o(s)y),
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where S is a finite generating set of H. We call ¢ short relative to U if for every
homomorphism ¢ : H - G whose restriction to U coincides with |y up to conjugation
(that is, there exists g € G such that ¢(h) = gp(h)g~! for every h e U), one has:

lell < lell-

We would like to point out once again the main difficulty which stands in our
way: unlike hyperbolic groups, acylindrically hyperbolic groups are not equationally
Noetherian in general. Therefore, the sequence of homomorphisms (¢, )y does not
necessarily factor via the limit group L (w-almost surely), and one cannot use au-
tomorphisms of L in order to shorten the homomorphisms in the sequence (¢, )nen-
To combat this, we use approximations of L which were defined in the previous sec-
tion (see Definitions II1.1.7 and III.1.9). Since the homomorphisms in the sequence
(¥n)nen do factor via an approximation A of L w-almost surely, we can use automor-
phisms of A in order to shorten the sequence (¢,)nen. The automorphisms which we

use are lifts of a certain type of modular automorphisms of L (see Definitions I11.1.21
and I11.1.23) to A.

Before stating and proving our two versions of the shortening argument, we begin

by collecting a few definitions and results.

Definition I11.1.18. [97, Definition 3.13] Let G be a group which splits as a graph
of groups S and let G, be one of its vertex groups. Suppose that «, € Aut(G,)
satisfies the following property: for every edge group G, adjacent to GG, there exists
an element c,, € G, such that a,, restricts to conjugation by c., on G,,. Recall that each

element of GG can be realized as a loop in the graph of groups S. The homomorphism
a: G - G defined by

[a07€17a17 . -aekuak] g [b()aelvbla e aekabk]
where
b a; a; ¢ A,
P = -1 .
ceilozv(ai)ceﬂ1 a; € A,
k3

is called a natural extension of «,.

Remark I11.1.19. Note that the elements c., are not unique in general, and hence the

morphism « above is not uniquely defined by «a,.

The following short lemma shows that such a natural extension « is an automor-

phism of G.

89



Lemma II1.1.20. Let G be a group that splits as a graph of groups S; let G, be one
of its vertex groups. Let «, € Aut(G,) satisfy the properties appearing in Definition
111.1.18 above and let o : G - G be a natural extension of a,. Then « s a well-defined
automorphism of G whose restriction to G, is o, and whose restriction to every edge

group of S is a conjugation (by some element, depending on the edge).

Proof. Since G can be realized as a sequence of amalgamated products followed by
a sequence of HNN extensions, it is enough to prove the lemma in the case where S

has only one edge.

First case. Suppose that G = A ¢ B, and assume that «, is an automorphism
of A such that «,|c = ad(a) for some a € A. Define « as in Definition III1.1.18, that
is: als = o, and a|g = ad(a). This endomorphism is well-defined, and it is clearly
surjective since its image contains «,(A) = A and aBa™!, which generate G. Let
us prove that « is injective. Consider a non-trivial element g = a1bya2bs---a,b, € G
written in normal form. The elements a; and b; do not belong to C, except maybe a;
or b,. One can write a(g) = ajbiabbe---al,byal ., with a} = a,,(aq)a, a; = a™t oy, (a;)a for
l1<i<nandal ,=at Observe that a; does not belong to C' for 1 < i < n, otherwise
al = atay(a;)a = c e C, thus a,(a;) = aca™ = a,(c). It follows that a; = ¢; this is a
contradiction. Hence, the previous decomposition of a(g) is in normal form, which

proves that a(g) is not trivial.

Second case. Suppose that G = (At | tet™! = o(c), Ve e Cy), where o denotes an
isomorphism between two subgroups C; and Cy = o(C4) of A. Suppose that «, is an
automorphism of A such that oy, = ad(a;) for some a; € A, for 1 <i < 2. Define

1

a as follows: aa = a, and a(t) = astay'. As in the first case, one easily sees that

a is well-defined and surjective. The injectivity follows from Britton’s lemma, by a

similar argument to the one appearing above. n
We next define the modular group of a limit group (see [57, Definition 5.22|).

Definition III1.1.21. Suppose that L admits a splitting as a graph of actions Ry,
outputted by the Rips machine. The modular group Modg, (L) associated with the
splitting Ry, is the subgroup of Aut(L) generated by the following automorphisms.

1. Inner automorphisms.

2. Dehn twists over the virtually abelian edge groups of Ry : if L. is an edge group
of Ry, and ¢ € Z(L.) then the Dehn twist by c is the automorphism of L given
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T.(a) =a, 7.(b) =cbc™t if L=A; %4, Ay, a€ Ay and be Ay
1.(a) = a, 7.(t) = tc if L = A, with stable letter t and a € A.

3. Natural extensions of automorphisms of Seifert-type vertex groups that satisfy
the following condition: recall that if L, is a Seifert-type vertex group of Ry

then it fits into a short exact sequence
1— N — L, 5 m,(0)

where N is finite and O is a 2-orbifold. If «, is an extendable automorphism of
L,, then a, restricts to conjugation on the preimage of (the orbifold fundamental
group of) each boundary component of @ under q. Note further than N is a

characteristic subgroup of L,, and therefore there exists a natural map
Aut(L,) — Aut(L,/N) = Aut(m(0)).

We require that «, is sent via this map to a mapping class of O (which corre-
sponds, up to isotopy, to a homeomorphism of O that fixes the boundary and

the conical points).

4. Natural extensions of automorphisms of axial vertex groups, which satisfy the
following condition. Denote by L, an axial vertex group of Ry, then by [57,
Lemma 5.1] every subgroup B < L, is virtually abelian, and has a unique max-
imal subgroup B* of index at most 2 which is finite-by-abelian. Denote by
E(L,) the subgroup of L, generated by its adjacent edge groups. We allow

natural extensions of automorphisms «, of L, for which:

(a) «, fixes the subgroup P} of L, which consists of all g € L, such that g €

v

ker(¢) for every homomorphism ¢ : L, — Z satisfying F(L,)n A} c ker(¢),

and

(b) a, restricts to conjugation on every subgroup B < L, for which B* = P}.

Remark 111.1.22. Note that every modular automorphism of one of the types (1)-
(4) above restricts to conjugation on every finite subgroup of L, and hence modular

automorphisms always restrict to conjugation on finite subgroups of L.
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Our next goal is to show that given a modular automorphism « of L, under
some restrictions, one can find an approximation A of L and a lift 5 € Aut(A) of a.
As Lemma I11.1.24 will show, every modular automorphism of types (1)-(3) above
admits a lift to an approximation of L. This follows from the extent to which one can
approximate the edge groups and the Seifert-type vertex groups of the splitting of L
as a graph of actions, as evident in Corollary I11.1.14. However, dealing with axial
vertex groups is slightly more complicated. We therefore discuss further the structure
of axial vertex groups of L and describe a few properties of modular automorphisms
of type (4) used in the proof of the shortening argument. We follow [97, Subsection
4.2.1] and refer the reader to [97] for further details.

Suppose that L admits a splitting as a graph of actions Ry, outputted by the Rips
machine and that L, is an axial vertex group of L. Denote by E < L, the torsion
subgroup of L, and let wg be the quotient map L, - L,/E. Recall that L, has a
subgroup L} of index at most 2 which is finite-by-abelian, and let (L,/E)* be the
image of L} in L,/E. The group (L,/E)* admits a decomposition (L,/E)* = A® B
where A is a finitely generated free abelian group and B is the torsion-free (and
abelian) kernel of the action of (L,/E)* on the line T, ¢ T. Let A = m;'(A) and
B = ' (B). As in [97, Subsection 4.2.1], there exists an element s € L, such that

L, = (A, B,s) and every g € L, can be written as a product of the form
g = abs"

where a € A, be B and 1€ {0,1}.

We now define the subgroup Aut*(L,) of Aut(L,) to be the subgroup which
consists of all the automorphisms «, € Aut(L,) which satisfy the following three
properties:

1. «, preserves fl;

2. «, restricts to the identity on (B, s);

3. consider the action of L, on the line T}, c T'. Then for every x € T}, v, restricts

to conjugation on the stabilizer (L, ), of x.
This leads us to define the following subgroup of Modg, (L).

Definition III.1.23. The group Modg, (L) is the subgroup of Modg, (L) generated
by:

1. modular automorphisms of types (1)-(3) (see Definition I11.1.21);
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2. modular automorphisms « of type (4) which satisfy the following: if « is a
natural extension of a, € Aut(L,) for an axial vertex group L, of L, then
a, € Aut*(L,).

The motivation behind Definition I11.1.23 comes from the fact that by [97, Sub-
section 4.2.1] it is enough to use modular automorphisms which lie in Modg, (L) in
the proof of the shortening argument. We finish this discussion with the following

easy observation.

Observation: Suppose that L, is an axial vertex group of L; since the torsion
subgroup FE of L, is finite (by Lemma II1.1.4) and since the subgroup A of (L,/E)*
is finitely generated, there are finitely generated subgroups of L, which contain A. In
addition, let a, € Aut™(L,) and suppose that L/ is any subgroup of L, which contains

A, then the restriction of a, to L! is an automorphism.

Proposition II1.1.24. Suppose that L does not split non-trivially over a subgroup of
order < C' and let Ry, be the graph of actions decomposition of L outputted by the Rips
machine. Let o € Modg, (L). Then there exists an Rp-approvimation A of L and

B € Aut(A) such that the solid part of following diagram commutes w-almost surely.

H

Poo

Moreover, for every h € H such that ¢,(h) # 1 w-almost surely, 0, o foq(h) + 1

w-almost surely.

Proof. Recall that the maps ,, factor via A w-almost surely and that the maps arising
from this factorization are denoted by 6,,, that is ¢,, = 6,,0q w-almost surely. The limit
map associated to the sequence (6,,),en is denoted by 0. The fact that ¢, =6, 0q
w-almost surely implies that the map 6., : A - L can also be obtained by quotienting
out the image of ker(y.,) in A.

Write a = ay o --- 0 ag where for every 1 < i < k, oy € Modg, (L) is a modular
automorphism of L of one of the types (1)-(4) appearing in Definition 111.1.21. Fur-
thermore, if «; is a modular automorphism of type (4), we assume that it satisfies the
condition appearing in Definition I11.1.23. It is enough to find an R -approximation
A of L and an automorphism [ € Aut(A) for which

O o B=cxol.
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In fact, it is enough to show that there is an R -approximation A of L and automor-
phisms f,..., 8, of L such that the following holds for every 1 < j < k:

0so 0 Bj = tj 0 Uoo.

We begin with the construction of the approximation A of L. We define a finite
subset C' of L as follows:

1. Whenever «; is a Dehn twist for 1 <i <k, we add to C' an element ¢ which lies

in an edge group of Ry, and such that «; is a Dehn twist by c.

2. We keep the notations from the discussion appearing before Definition I11.1.23.
Suppose now that «; is a modular automorphism of type (4); denote by «, €
Aut*(L,) an automorphism of an axial vertex group L, of L such that «; is
a natural extension of «,. Let L.,...,L., be the edge groups adjacent to
L, and recall that «, restricts to conjugation by elements cq,...,c; € L, on
Le,,...,Le, respectively. Let L! be a finitely generated subgroup of L, (over U)
which contains A and ¢4, . . ., c; such a group exists by the observation following
Definition III.1.23. Denote by S/ a finite set of generators of L. We add the

elements in S, to C.

Let A be an Ry-approximation of L which satisfies the following condition: for every
¢ € C belonging to an edge group L. of Ry, there is an element ¢’ € A, such that
0 (") = ¢. Such an approximation A of L exists by Remark I11.1.12. Recall that
by Lemma II[.1.9, A admits a splitting R4 which satisfies the following: 6., maps
every vertex group or edge group of A, to the corresponding vertex or edge group
of L,. In addition, #,, maps every stable letter in the presentation of A as the
fundamental group of R4 to the corresponding stable letter in the presentation of L
as the fundamental group of Ry.

We next construct the automorphisms 5,...,0, of A. Let 1 <j < k. We divide

the construction of §; into cases, depending on the type of the modular automorphism
aj € MOdRL(L).

1. a; is a modular automorphism of L of type (1), that is conjugation by some
element g € L. Let ¢’ € A be such that .(g’) = g and set 5, to be conjugation
by ¢’. It is clear that the desired equality holds.

2. «; is a modular automorphism of L of type (2), that is a Dehn twist by some

element ¢ € C' which lies in an edge group L. of R;. By the manner in which the
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approximation A was chosen, there is an element ¢’ € A, such that 6., (c) = c.
Let 3; be a Dehn twist by ¢. Assume that by collapsing every edge except
for e, A splits as an amalgamated product over A., that is A = Ay %4, Ay; the
case where A splits as an HNN extension is similar. It follows that L splits
as an amalgamated product over L.; write L = Ly *;_ Ly. In addition, by the

properties of the approximation A, one has 0, (A;) c L; for i € {1,2}.

Let g € A and write g as an alternating product of elements from A; and A,,
that is g = a1byas--a,,b,, with a; € Ay and b; € A, for 1 <i <m. We have that

Ooo © Bj(g) = 0o © Bij(arbraz+anbyn)
= 0o (a1 (b () Nagam (b ()7
= 000 (1) (oo (b1) 000 (a2)+Ooe (@ ) (Ooo (b))
= (00 (01)000 (01) 000 (2)+-Ooo () 0o (b))
= aj 0 f(g).

. o is a modular automorphism of type (3), that is a natural extension of an
automorphism «, of a vertex group L, of Ry of Seifert-type, as described in
Definition II1.1.21. Let €,---,ej € E(Ry) be an enumeration of the edges of
Ry, which are adjacent to v and recall that o; restricts to conjugation by some
Cev € Ly on Lev for every 1 <4 < /(. In addition, by Corollary II1.1.14, 6 maps
A, isomorphically to L,. This implies that «, is an isomorphism of A,, and
that there are elements Clegw . ’Cé/? € A, such that Hoo(c;;,) = Cev and «, restricts
to conjugation by ¢, on Aev for every 1 <i < /(. Let 3; be the natural extension
of a,, to A, with reslpect to the elements cévi, . ’C:ZZ' Now let g € A and write
g as a loop in the graph of groups R4, that is g = [ag,e1,a1, ..., ek, ar]. Then

Bi(g) = [bo,€1,b1,. .., ex, by] where

;-1 / ’
c.ay(ag)c, | ajeA,

To finish, note that 6., (¢) can be written as a 100p [fo(ag), €1, 000 (A1), - - -, €k, Ooo(ar)]

in Ry, which implies that a; 0 0. (g) = [co,€1,¢1, ..., €k, cx] Where
0o (s) Ooo (i) ¢ A,
“TlehanOu(@)))ee, acd,

One easily sees that 0. (b;) = ¢; for 1 <7 <k, which implies that

eoooﬁjo...oﬂl:O[jo'-'OOéloeoo.
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4. o is a modular automorphism of L of type (4), and which satisfies the condition
appearing in Definition III.1.23. In particular, o; is a natural extension of an
automorphism «a, € Aut*(L,) of an axial vertex group L, of L. Note that 0,
maps A, into L,; we identify A, with its image in L,. By the manner in which
the set C' was defined, and by the observation following Definition II1.1.23, we
have that the restriction of «, to A, is an automorphism. One can continue as

in (3) above, by taking a natural extension of .|, to A.

L,

Finally, let 8 = By o---0 1. The construction of the automorphisms fi,..., 5 implies
that the diagram appearing in the statement of this proposition does commute w-
almost surely. Lastly, let h € H be such that ¢, (h) # 1 w-almost surely. It follows
that 0 o q(h) # 1. Therefore a0 6., o g(h) # 1 which implies that ., o foq(h) # 1.
Hence 6,, 0 foq(h) # 1 w-almost surely. O]

Remark 111.1.25. Note that since the action of U on T is elliptic, the modular au-
tomorphism « of L restricts to conjugation on U. The proof of Proposition II1.1.24

above implies that § also restricts to conjugation on U.

Theorem II1.1.26 (The shortening argument). Suppose that L does not split non-
trivially over a finite subgroup of order < C', then w-almost surely the homomorphisms
@n are not short relative to U. More explicitly, denote by Ry the splitting of L as a
graph of actions outputted by the Rips machine. Then there is an Ry -approzimation
A of L admitting a splitting R4, and an automorphism 3 € Aut(A), for which the
following holds: denote by q the quotient map H - A and let (0, : A > G)nen be
such that o, = 0, o q w-almost surely. Then the sequence (¢, =0, 050q: H > G)pen
satisfies the following:

1. ¢ulu coincides with p,|y up to conjugation w-almost surely;
2. ||dnll < |lnl| w-almost surely;
3. for every h e H such that ¢,(h) # 1 w-almost surely, ¢,(h) # 1 w-almost surely.

Remark 1I1.1.27. Note that conditions 1. and 2. above imply that ¢, is not short
relative to U w-almost surely. Furthermore, condition 2. can be equivalently phrased
as follows: ||0,, o 5| <||0,]| w-almost surely, where the lengths are taken with respect

to the set ¢(.S). Condition 3. is equivalent to each of the following two conditions:

(3.) lgw((gbn)nel\l) c lgw(((zpn)nel\l);
(3'”) ﬁil(k{E‘W((en)neN)) c EW((en)nEN)'
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Remark 111.1.28. The version of the shortening argument appearing in [57, Theorem
5.29] satisfies conditions 1. and 2. above, but does not necessarily satisfy condition 3.
To obtain condition 3. we approximate a single modular automorphism of L, rather

than a sequence of modular automorphisms, and the result follows from Lemma
I11.1.24.

The second version of the shortening argument that will be proved is a strength-
ened version of Theorem II1.1.26 which accommodates the use of JSJ decompositions
of limit groups over finite groups of order less than C'. Note that in this version of the
shortening argument, we assume that a single vertex group of a JSJ decomposition
of L over groups of order < C admits a splitting outputted by the Rips machine, and

we shorten the homomorphisms with respect to the generators of this vertex group.

Theorem 111.1.29. Let J;, be a reduced JSJ splitting of L over finite groups of order
< C relative to U and let u be the vertex fived by U. Let Ry, be the splitting of L, as
a graph of actions outputted by the Rips machine, and let RJ; be the splitting of L
obtained from Jp by replacing u with Ry, . Let H, be a finitely generated subgroup of
H containing U and such that po(H,) = L,. Let S, be a finite generating set of H,.
Then the following hold:

1. there exist an RJ-approximation A of L admitting a splitting RJ 4 as in Corol-
lary 111.1.15 and a sequence (0, : A = G)pen that satisfies @, = 0,, o q w-almost
surely (where q is the quotient map H - A);

2. denote by Ry, the subgraph of RJ 4 corresponding to the subgraph Ry, of RJ; .
Denote by A, the fundamental group of Rys,. There exists an automorphism B,
of A, that admits a natural extension 5 € Aut(A), and such that the sequence
(¢ =0n0080q: H—> G)uen satisfies the following properties:

(a) ¢nlu coincides with p,|y up to conjugation w-almost surely;

() ||onla, |l < llpnlm, || w-almost surely (where the lengths are taken with respect
to the S, );

(c) for every h € H such that p,(h) # 1 w-almost surely, ¢,(h) + 1 w-almost

surely.

Remark 111.1.30. As in Theorem II1.1.26, the condition 2.(b) above is equivalent to

1B © B), ) | < 1Onlaazy I

We need the following lemma in order to prove Theorems I11.1.26 and II1.1.29.
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Lemma II1.1.31. Suppose that L does not split non-trivially over a finite subgroup
of order at most C, and that e ¢ T (where T is the limiting tree on which L acts)
1s an edge of a simplicial subtree of T'; denote its stabilizer by L.. Then there is an
element ¢, € H whose image c. in L is contained in Z(L.) and such that ¢,(¢.) is

hyperbolic w-almost surely.

To prove this lemma, we use the following standard result which states that if an
isometry of a hyperbolic space does not move two distant points by a big amount,

then it acts as a quasi-translation on the geodesic connecting them.

Lemma II1.1.32. /95, Lemma 3.5] Let (X,d) be a §-hyperbolic space and let g :
X — X be an isometry. Suppose that for x,ye X

d(z,g(x)) +d(y,g(y)) <2d(x,y) - 40.

Then for some X € R such that |\ < max{d(z,g(z)),d(y,g9(y))} the isometry g acts
by (A, 20)-quasi-translation on a subgeodesic of [x,y]: for every p e [x,y] at distance
greater than max{d(z,g(x)),d(y,g(y))} from both x and y (if such a point p exists),

one has

d(g(p),px) <26 and d(g7'(p),p-2) <20

where py and p_y are the points on [x,y] which lie at distance \ from p.

Proof of Lemma I11.1.31. Since L does not split non-trivially over a finite subgroup
of order < C, Lemma III.1.4 implies that there exists ¢ € L, of infinite order and
such that ¢, (¢) is hyperbolic w-almost surely. Fix ¢ = 8§ and let N and R be the
corresponding acylindricity constants. We claim that ¢, = ¢V' lies in Z(L.). Let
g € L, write e = [z,y] and let (x,)neny and (Y, )neny be approximating sequences for z
and y respectively; let g be a lift of g to H. Since g fixes both x and y in the limiting
tree, ¢,(g) must displace both x,, and y, by a distance which is significantly smaller

than d(x,,y,) w-almost surely. More precisely, we have that

d(zp,y,) >100- R
d(xm yn) > 100 - max {d(mm @n(g)%I)a d(yna @n(g)yn)}
d(zp,y,) > 100 - max {d(zn,@n(é)jxn),d(yn, gon(é)jyn)}

holds for all j € {1,..., N + 1} w-almost surely. Choose two points p,, ¢, € e satisfying
d(xp, pn) < d(Tn,qn), d(Pns gn) > R and

min{d(z,, pn), d(qn, yn)} > 10 ( max {d (ajn, gpn(ﬁ)xn) 7d(yn, gpn(ﬁ)yn)})

he{g,c,c?,...,cN+1}
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w-almost surely. It follows from Lemma III1.1.32 that each of g,c,c?,...,cN*! acts on
a subsegment of [z, y] which contains p, and ¢, by 26-quasi-translation, and therefore
both d (pn, [©n(7), pn(¢)]pn) < 85 and d (gn, [¢n(§), ©n(¢)7]gn) < 86 hold for every
je{l,...,N + 1} w-almost surely. The acylindricity condition implies that not all of

the N + 1 commutators can be distinct and there are 4,5 € {1,..., N + 1} for which

[@n(g)v (;Dn(é)j] :‘Pn(g)QDn(é)j@n(g)_l‘pn(é)_j
=0n(9)n(6) @n(9) ™ n(E)™
= I:Son(f])’ @n(é)l] :

In particular, ¢,(g) commutes with ¢,,(¢)7=" w-almost surely. Since |j —i| < N, the
element c, = ¢N' is a power of ¢/~ and ¢,,(§) commutes with ¢, (¢,) w-almost surely;

hence g commutes with c. O
Proof of Theorem II1.1.26. The proof of this theorem is divided in two:

1. using results from [97]| and [100] and explaining how they adapt to our setting,

we first find a suitable modular automorphism a € Modg, (L),

2. then, by means of Proposition I11.1.24, we find an R -approximation A of L

and an automorphism 3 of A which satisfy the desired properties.

The idea behind the proof amounts to finding a finite sequence of modular au-
tomorphisms of L, each of which shortens the actions of the generators S of H over
U with respect to the different vertex actions in the graph of actions decomposition
Ry of L. The construction of the modular automorphism a € Modg, (L) relies on
the proofs appearing in [97] for the axial and Seifert-type cases, and on the proof
appearing in [100] for the simplicial case. We begin with vertex actions L, ~ T,
which admit dense orbits, namely axial and Seifert-type vertex actions. Recall that
if L, is of Seifert-type, then the index of the 2-orbifold subgroup of L, is at most C'.
Therefore, by [97, Subsections 4.2.1 and 4.2.2|, for every such vertex action and every
finite subset /' ¢ H, there exists a modular automorphism o € Modg, (L) of type (3)
or (4) which satisfies the following: denote by 0 = (0,)nen the base point of T, then
for every f e I,

dr (0, (e (f))0) < dr(0, e (f)0)

whenever [0, 9o (f)o] has a non-degenerate intersection with a translate of T, in T,
and dp (0,0l (e (f))0) = dr (0, pee(f)0) otherwise.
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This allows us to shorten the actions (on the real tree T') of all the generators s for
which [0, pe(s)o0] intersects (a translate of) an axial or a Seifert-type component of T

non-degenerately: let vy, ---, v, be an enumeration of the axial and Seifert-type vertices

of Ry; we define a sequence (ay,...,as,) € Modg, (L)™ iteratively. Let a; = ozflm(s),
and after aq,...,a; were defined let
Qi+l = 3;+01ma1(s)~

Now note that for every s € S such that [0, v« (f)o] has a non-degenerate intersection

with (a translate of) an axial or a Seifert-type component of 7', we have that
dr(0, 0, 00 a1 0P (8)0) < dr(0, e (8)0).

Bring to mind that the modular automorphism «,,,0---oc; of L does not necessarily
shorten the actions of S on T it could be that for every s € S, [0, 9o (s)0] is contained
entirely in the discrete part of T, that is, it does not intersect non-degenerately
(translates of) axial and Seifert-type components of 7. We therefore adapt [100,
Theorem 6.1| to our settings. This theorem states that for every finite set F' ¢ H
there is a modular automorphism o € Modg, (L) of L, which can be written as a
composition of Dehn twists about elements which lie in the edge groups of Ry, and
which satisfies the following: for every f € F' which does not fix o, and such that
[0, P (f)o] lies entirely in the discrete part of T', let far bealift of ol (peo(f)) to

H; then

d (On, ©n (fagm) On) <d(on, on(f)on),

w-almost surely. In addition, for every f e F,

dr (0, & (9o (£))0) = dr(0, 00o (£)0)-

Note that in this case the modular automorphism o does not shorten the actions

of the elements in F' on T, but rather shortens the actions of the elements in F' directly

on the spaces X,,.

In the proof of Theorem [100, Theorem 6.1], one finds Dehn twists over the edge
groups of Ry, where each Dehn twist does not affect the displacement of o by the
elements of F' in T, but does affect the displacement of o, by ¢,(F) in X,. The
construction of a Dehn twist over the edge group corresponding to an edge e of Ry, is
divided into three cases (below, é denotes an edge of a simplicial subtree of T" which

corresponds to e as in the paragraph following Definition I11.1.1):
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1. o lies in the interior of € and L splits as an amalgamated product over the

stabilizer of ¢;

2. o lies in the interior of € and L splits as an HNN extension over the stabilizer

of ¢;
3. o does not lie in the interior of €, and is one of its vertices.

In the last case, one considers all such edges € in (simplicial subtrees of) 7' which
are adjacent to o and shortens the action of the generators with respect to all of
these edges simultaneously. The proof appearing in [100] can be transitioned almost
seamlessly to our setting. In [100], the stabilizers of edges in the limiting tree are
cyclic, whereas in our case they are virtually abelian. Therefore, in our case we cannot
take Dehn twists by any element in an edge group L. of Ry, and instead take Dehn
twists by a power of an element ¢, € Z(L,.), of infinite order, which exists by Lemma
[T1.1.31. The only other parts which do not carry over to our settings are Lemmas
6.2, 6.5, 6.8 and 6.11 in [100] which assert that there are elements of infinite order
in the edge groups of Ry which satisfy the following: let ¢ € H be a lift of such an
element, then ¢, (¢) displaces certain points in X,, by a distance bounded from below
by 106 or 206 w-almost surely. These are the elements by which one takes the Dehn
twists. We can easily overcome this: by [21, Lemma 2.2| (recall that X is a simplicial
graph), there is 7 > 0 which depends only on the hyperbolicity constant of X and the
acylindricity constants of the action G ~ X such that

1
n<{(g) = lim —d(g"0,0)
n—>oo ”’L

(where o is the basepoint of X) for every hyperbolic g € G. In addition, denote
llgl| = inf,ex{d(x,gx)} and by [36, Lemma 10.6.4] we have that £(g) <||g|| and clearly
¢(g™) =nl(g). Therefore, given D > 0 there exists N such that

D < Nn<N(g) =(g") <|lg"|| = inf {d(z, g" )}

for every hyperbolic g € G. We also remark that one might have to enlarge the
constant Cj appearing in [100] to accommodate the choice of N above. This implies

that the proof of [100, Theorem 6.1] can be carried out in our setting.
Now let

Oé:Oéa O:::0(x1 0 ( )OOémo"'OQIEMOdﬂ*gL(L)~

sim
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For every s € .S, denote by s, € H a lift of a(p(s)) to H. Since dr(0, a(pw($))0) <
dr(0, e (8)0) whenever [0, po(s)o] intersects a translate of an axial or a Seifert type

component of 7" non-degenerately, the following holds w-almost surely:

d(0n, ¥n(5a)0n) < d(0n, Pn(8)on).

By Proposition I11.1.24 there exists an Rp-approximation A of L and 5 € Aut(A)

such that the following diagram commutes w-almost surely.

H e G
\ /
oo A — A
e
L—>—— L
We claim that the approximation A and its automorphism [ satisfy the properties

described in the theorem.

By Remark IT1.1.25, since the action of U on T is elliptic, [ restricts to conjugation
on U. Hence condition 1. holds. For 2., note that for every s € S, a(¢«(s)) and
B(q(s)) share the same lift in H; setting ¢, =6, o o q, it follows that

d(0n, 0 0 Boq(s)on) = d(0n, Pn(s)on) < d(0n; n(s)on),

and in particular, since o, realizes the infimum inf,.y max,s d(z, @, (s)z),

[6all = inf maxd(z, g, (s)e)
< m%xd(on,¢n(5)0n)
< m%xd(on,wn(S)On)

= [nl]
w-almost surely. Lastly, Property 3. follows directly from Proposition I11.1.24. O
The proof of Theorem II1.1.29 is very similar to the proof of Theorem III.1.26.

Proof of Theorem I11.1.29. The proof is identical to that of Theorem III.1.26, with
one change (applied to both Theorem I11.1.26 and Proposition I11.1.24): one has to
take natural extensions of automorphisms of axial and Seifert-type vertex group with
respect to the entire graph of groups decomposition RJ; of L (and not with respect to
a graph of actions outputted by the Rips machine) instead of modular automorphisms
of L with respect to Ry. n
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I11.2 Test sequences

The goal of this section is to define test sequences and prove important preliminary
results about them; these will play a crucial role in the proof of Merzlyakov’s theorem
(Theorem E). This section culminates in the use of small cancellation arguments that
allow us to show that a certain subtree of the limiting tree 77, associated to a limit

group L must be simplicial.

II1.2.1 Transverse coverings

We will use the following definitions from [61]:

Definition II1.2.1 ( [61, Definition 4.6]). Let T be a real tree endowed with an
action of a group G, and let (Y});e; be a G-invariant family of non-degenerate closed
subtrees of T'. We say that (Y;);es is a transverse covering of T' if the following two

conditions hold:
o Transverse intersection: if Y; n'Y; contains more than one point, then Y; = Y;.
o Finiteness condition: every arc of T' is covered by finitely many Y;.

Definition III1.2.2 ( |61, Definition 4.8|). Let T" be a real tree, and let (Y);cs be
a transverse covering of 7. The skeleton of (Y;);es is the bipartite simplicial tree S

defined as follows:

1. V(S) = W(S) uVi(S) where V4 (S) ={Y; | j € J} and V(S) is the set of points
x €T that belong to at least two distinct subtrees Y; and Y,

2. there is an edge € = (Y}, x) between Y; € V1(5) and z € V5(S) if and only if z,

viewed as a point of 7', belongs to Y}, viewed as a subtree of 7.

Remark 1I1.2.3. The stabilizer of a vertex of S is the stabilizer Gy, or G, of the
corresponding subtree or point of 7". The stabilizer of an edge € = (Y}, 2) is Gy, N G,.
Moreover, the action of G on S is minimal, provided that the action of G on T is

minimal (see [61, Lemma 4.9]).

I11.2.2 Bounding the number of branch points

In this short subsection, we state a theorem of Guirardel and Levitt that will allow
us to both
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e bound the number of L-orbits of branch points in the real tree associated to the

limit group L, and

e bound the number of L-orbits of directions at each branch point in the real tree

associated to L.

Let T be a tree, and let G be a group acting on 7. Recall that an arc I c T is called
stable if for every non-degenerate subarc J c I, the stabilizer of J is equal to the
stabilizer of I (see Definition III.1.2). Otherwise, I is called unstable.

Definition II1.2.4. An action on a real tree is K -superstable if every arc whose

pointwise stabilizer has order greater than K is stable.

Let T be a real tree, and let x be a point of T. A direction at x is a connected
component of 7'\ {z}. We say that z is a branch point if there are at least three
directions at x. The following result appears in work in preparation [63] by Guirardel

and Levitt (improving [60]).

Theorem II1.2.5 ( [63, Theorem 4.27]). Let L be a group acting on a real tree Tf,.
Suppose that L is finitely generated relative to a countable subgroup 1" that is elliptic

i Typ,. Suppose that the following two conditions are satisfied:
1. the action is K-superstable for some constant K ;
2. arc stabilizers are finitely generated.

Then every point stabilizer is finitely generated relative to I'. Furthermore, the number
of orbits of branch points in Ty, is finite, and the number of orbits of directions at

branch points in Ty, is finite.

I11.2.3 Geometric small cancellation

Small cancellation theory is a fruitful notion that is often used to provide interesting
(counter) examples or groups that exhibit a strange behaviour. The original proof of
Merzlyakov’s theorem relies implicitly on combinatorial small cancellation, and Sela’s
geometric proof of Merzlyakov’s theorem utilizes metric small cancellation conditions.
We will use a geometric analogue of small cancellation in our proof.

Let (X,d) be a d-hyperbolic simplicial graph, let G be a group acting on (X, d)
by isometries, and let g be an element of G. We define the translation length of g

by ||lg|| = infzex d(z, gz). If g is loxodromic, the quasi-azis of g, denoted by A(g), is
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the union of all geodesics joining g~ € X and g** € X (note that this definition
is slightly different to the one given in Subsection 1.2). By [37, Lemma 2.26], the

quasi-axis A(g) is 11§-quasi-convex.

Definition II1.2.6. Let g and ¢’ be loxodromic elements of GG. The fellow traveling
constant of g and ¢', A(g,g'), is defined as:

A(g.9') = diam (A(g)** n A(g')"**) e Nu {eo},

where A(g)*19% is the 100§-neighbourhood of A(g) in (X, d), and A(g")*1%% is defined

similarly.

Recall that if G acts acylindrically on (X, d), then every loxodromic element g € G
is contained in a unique maximal infinite virtually cyclic subgroup A(g) of G (see
Lemma 1.2.5). Moreover, there exists a constant N(g) > 0 such that every element
h € G satistying A(g,hgh™') > N(g) belongs to A(g) (see for example [38]). Lastly,
if g and h are loxodromic elements of G, then either A(g) = A(h) or A(g) n A(h) is
finite.

Definition III1.2.7. Let £ > 0. We say that a hyperbolic element g € GG satisfies the

e-small cancellation condition if the following holds: for every h € G, if
A(g,hgh™) > elgll,
then h and g commute (and therefore h belongs to A(g)).

Remark 111.2.8. The definition above implies that if g satisfies the e-small cancellation

condition then g is central in A(g).

Definition II1.2.9. Let ¢ > 0. We say that a tuple (¢g1,...,¢,) € GP of loxodromic
elements of G satisfies the e-small cancellation condition if the following condition

holds: for every h € G, and for every 7,7 € {1,...,p}, if

A(gi, hg;h™) > emin([|gil|, lg; 1),

then 7 = j, and the elements h and g; commute. In particular, h belongs to A(g;).

Remark 111.2.10. As before, in this case g; is central in A(g;) and for every i,j €
{1,...,p} we have that A(g;) # A(g;), i.e. A(g;) nA(g;) = E(G).
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II1.2.4 Test sequences and preliminary lemmas

Let GG be an acylindrically hyperbolic group. By Theorem [.2.7, there exists a gener-
ating set S of G such that the Cayley graph X = X (G, S) of G with respect to S is
d-hyperbolic for some ¢ > 0. Furthermore, the natural action of G on X is acylindrical

and non-elementary. We denote by d the word metric on X (with respect to 5).

Definition II1.2.11. Let G be an acylindrically hyperbolic group, and let a be a
tuple of elements of G. Fix a presentation (a | R(a) = 1) for the subgroup of G
generated by a. Let ¥(x,y,a) = 1 be a finite system of equations over GG, where x
and y are tuples of variables. Denote Gy, = (x,y,a | R(a) = 1,%X(x,y,a) = 1). Let
p = |x| be the arity of «, and let x; denote the i-th component of . Let (oy,...,0,)
be a p-tuple of elements of Autg(E(G)) (recall that Autg(F(G)) was defined in the
Introduction, and it consists of all automorphisms of G that restrict to conjugation on
E(G)). A sequence of homomorphisms (¢, : Gy = G)ney is called a (o4,...,0,)-test

sequence if the following four conditions hold:

1. for every n, the morphism ¢,, restricts to conjugation on a,

2. foreveryie{1,...,p}, the translation length ||, (x;)|| of ¢, (z;) tends to infinity

as n tends to infinity,

3. for every i,j € {1,...,p}, there exists a real number 7; ; € (0, 00) such that the
ratio
[[$n ()
[lon ()l

tends to r;; as n tends to infinity,

4. there exists a sequence of positive real numbers (&, ),y converging to 0 such
that, for every n, the tuple ¢, (x) satisfies the ¢,-small cancellation condition
(see Definition I11.2.9). In addition, the following equality holds for every 1 <
1< p:

AMpn(:)) = (on(2:), E(G) | ad(en(zi))lE@) = 0i)-

In particular, the image of ¢, (x;) in A(p,(x;))/E(G) has no roots.

In the particular case where (0y,...,0,) = (idg(q), - - -,idg@G)), one simply says that

(¢n)nen 1S a test sequence.

106



Remark 111.2.12. Note that a test sequence is always divergent: by item 2. above, the
translation length ||¢,(z;)|| goes to infinity as n goes to infinity. [|¢,(z;)|| is also at
most the scaling factor ||¢,|| (see Definition I1.1.32) since x; belongs to the generating

set {x,y,a} of Gy.
Remark 111.2.13. Let (¢, : Gy = G)pen be a (074, ..., 0,)-test sequence. Let U be the

subgroup of Gy generated by « and a. Since the translation length ||| is constant
on conjugacy classes, one easily sees that any sequence (6, : Gz = G),en such that

0, coincides on U with ¢, up to conjugation is also a (o7,...,0])-test sequence for
some (o1,...,0,) € Autg(E(G))P.

Remark 111.2.14. Note that any subsequence of a (o74,...,0,)-test sequence is also a

(01,...,0,)-test sequence.

The following easy lemma will be useful in the sequel.

Lemma II1.2.15. Let (@5 )nen be a (01,...,0,)-test sequence. For every infinite
subset A c N and every integer 1 <1 <p we have

() Algn(zi)) = E(G).

neA

Proof. Suppose that g € G belongs to A(p,(z;)) for every n € A. Therefore, for every
n € A there exists an integer k, and an element g, € E(G) such that g = p,(x;)*g,.
Now, observe that k, must be equal to 0 for every n large enough, otherwise (up to
extracting a subsequence) ||¢, (z;)*"|| goes to infinity, and so does the constant ||g]|,
which is a contradiction. It follows that g belongs to E(G). O

Keeping the same notations as above, let (¢, : Gy, = G)nen be a (01,...,0,)-test
sequence. Let L be the quotient of Gy by the stable kernel of the sequence (,,)nen
and let p., : Gy > L be the corresponding limiting map. Let S be a finite generating
set of L containing the images of  and a in L (still denoted by & and a), and let
(X,d) be a hyperbolic Cayley graph of G on which G acts acylindrically and non-
elementarily. By Remark II1.2.12, the sequence (¢, )nen is divergent, and hence the
construction of the real tree described in Subsection I1.1.3 is applicable. From now

on, we denote the real tree corresponding to L by 77, (and denote its basepoint by o).

Lemma II1.2.16. Define K = {g € Gx | vn(g9) € E(G) w-almost surely} and F =
Yoo (K). Then F is finite. Moreover, it is the unique maximal finite subgroup of L

normalized by o (x;), for every element x; of = (x1,...,x,).
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Proof. Note that F is clearly finite. Indeed, for every finite subset K’ c K one has
that |pe (K”)| < |[E(G)| because ¢, (K') is contained in E(G) w-almost surely, and
hence |po (K)| < |E(G)|. We will prove that F' is the unique maximal finite subgroup
of L normalized by ¢ (x;) for every 1 < ¢ < p. To do so, we will first prove the
existence of a unique maximal finite subgroup of L normalized by ¢.(x;), which we
denote by F;. Then, we will prove that F; = F.

Let {F; ;};es be the collection of all the finite subgroups of L that are normalized
by ¢ (i), let A; = Ujes Fij and let F; be the subgroup of L generated by A;. Let
K; = ¢;1(F;). We claim that K; is contained in K, that is, that ¢, (k) belongs to
E(G) w-almost surely for every k € K;.

Suppose that k € K; is a preimage of an element of A;. From the definition of A;,
Yoo (k) is contained in a finite subgroup of L normalized by . (x;). Therefore, there
exists an integer m > 1 such that v ([k,27*]) = 1. It follows that ¢, ([k, 2["]) is trivial
w-almost surely. By Lemma 1.2.5, this implies that ¢, (k) belongs to A(g,(x;)) w-
almost surely. Recall that by the definition of a test sequence, A(¢,(z;)) is generated
by ¢n(x;) and E(G). In particular, A(p,(z;)) is E(G)-by-Z. This shows that ¢, (k)
is contained in E(G), since ¢, (k) is of finite order by definition of A;. Note that
since F; is generated by A;, this fact remains true if & is any element of K; (and not
necessarily a preimage of an element of A;). It follows that K; is contained in K.
Since F' is finite, F; is finite as well. Moreover, as evident from our construction, F;

is the unique maximal finite subgroup of L normalized by ¢o,(z;).

We next prove that K; and K coincide (and in particular K; does not depend on
i). Recall that K; is a subset of K. Let k € K; we will prove that k£ belongs to K;.
Let K! be the subgroup of Gy, defined by

K] = ({xflm;g, (e N}).

From the definition of K, ¢, (k) lies in F(G) w-almost surely, and hence ¢, (ztkz;t)
belongs to E(G) w-almost surely (since E(G) is normal in G). It follows that ¢, (K)
is a subgroup of E(G) w-almost surely. In addition, this subgroup is normalized by
©n(x;) by construction. As a consequence, @ (K]) is contained in F;. In particular,
Yo (k) belongs to F;, which implies that & belongs to K;. Thus K; = K for every
1 <¢ < p and the finite groups Fi,..., F, are all equal to F'. O]

In what follows, we abuse notation and use x; to denote not just the element of Gy,
but also its image in L under ¢.. Keeping the previous notation and assumptions,
let Y c L be the stabilizer of the base point o of T;,. Note that Y contains each

element of the tuple a. Indeed, each morphism ¢,, restricts to a conjugation on a.
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Lemma II1.2.17. Suppose that I' = (x uY) < L does not fix a point in Tr,. Then
the minimal subtree Tr c Ty, of I is simplicial. Moreover, the graph of groups Tr /T’

admits the following description:
e its underlying graph is a rose,
e ils unique vertex group is Y,

e cach of its edge group coincides with F (which is the finite subgroup of L defined

in the previous lemma), and
e the stable letters are the components x1,...,x, of x.

In particular, it follows that I admits a splitting of the form
['=Y %p (.’B,F | ad(xz)|F = Oy, Vie {17 SR 7p}>7

where a; denotes the automorphism of F' induced by the action of the stable letter x;

on F.

Proof. Suppose that I' does not fix a point of 77, and let T+ c T, be the minimal

subtree of I'. We first prove that each z; acts hyperbolically on Tr. Note that there

llon (i)l
llonll

Otherwise, I' (which is generated by Y and «) would be elliptic in 77,. Moreover, by
the third condition of Definition II1.2.11, ||, (x;)||/|l¢n(x;)| tends to a real number
rij € (0,00) for every 1 <i,j < p. Consequently, every x; is hyperbolic. Denote by ¢

(||90n(rc@-)\|)
lenll - Jren

Next, consider the subset T of It defined as the union of the axes of all of the
hyperbolic elements of I'. We prove that 7" is connected, i.e. that T is a subtree of Tt.

exists some 1 < 7 < p such that does not approach 0 as n goes to infinity.

the limit of the sequence

and note that one has 0 < ¢; < co.

Let p; and ps be two points of T. By the definition of T, there exist two hyperbolic
elements v, and 7, of I' such that p; belongs to the axis of 47 and p, belongs to the
axis of 9. If these two axes are not disjoint, we are done. Otherwise, if the axes
are disjoint, then it is well-known that ;79 is hyperbolic and that its axis A(7172)
intersects both A(7y;) and A(72). Hence, T is a subtree of Tr. In addition, T is
[-invariant since v A(72) = A(117277") for every 41 € I' and every hyperbolic element
vo € I'. The minimality of Tt also implies that 7" = 7. We will prove that Tt is a

simplicial tree. To do so, we prove a duo of auxiliary claims.
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Claim 1: for every 1 <i,7 <p and for every s €Y, if the intersection of the axes

of x; and sx;s71 contains two distinct points v and w, then i=j and s belongs to F.

Proof of Claim 1. By assumption, the arc [v,w] is contained in the intersection of
the axes of sz;s7! and z;. Let 1 be the length of [v,w] in the limiting tree 7. Let
S be a preimage of s in Gx. The fellow traveling constant A(p, (5257 "), ¢n(;))
is close to n||n|| w-almost surely. As a consequence, w-almost surely, the following

inequality holds:

A(SOn(Eing*l)’ Qpn(xj)) > M

Moreover, the translation length ||, (z;)|| is equivalent to £;]|¢,||. Thus, w-almost

surely, one has that
- Ul
Apn(3i57Y), pn(r5)) 2 @||<Pn(ifz’)||~

According to the fourth condition of Definition I11.2.11, the tuple (¢, (1), ..., ¢n(z}))
satisfies the ¢,-small cancellation condition for some sequence of positive real numbers
(g )nen converging to 0; particularly, w-almost surely, €, is smaller than n/(4¢;). We
deduce that ¢ and j are equal, and ¢, (5) is contained in A(g,(x;)) = E(G)»{vn(z;)).

Lastly, since s belongs to Y, the translation length of ¢, () is negligible compared
to that of ¢, (z;) w-almost surely, so s = @ (5) belongs to F' = o (K) (where H is
the subgroup from Lemma I11.2.16). ]

Claim 2: for every 1 <i<p,
e the pointwise stabilizer of the axis A(x;) of x; is the finite group F,
e the setwise stabilizer of A(x;) (denoted by Z;) is equal to (x;, F').

Moreover, A(x;) is transverse to its translates, which means that for every v e '\ Z;,

the intersection of A(xz;) and A(yx;y~') is either empty or a single point.

Proof of Claim 2. Let v € I' be such that the intersection of A(x;) and A(yz;y~')
contains two distinct points v and w. Let 7 be a preimage of v in Gx. As in the proof
of Claim 1, ¢, (%) is contained in A(g,(x;)) = E(G) % (pn(z;)). Hence, for every
n, there exists an integer p, such that ¢, (727") belongs to E(G) w-almost surely.
Note that the sequence (py,)nen is bounded w-almost surely, since ||@,(z;)|/||@x|| is
bounded away from 0 w-almost surely. In particular, p,, is constant w-almost surely,

equal to some p € N. Tt follows that vz fixes the basepoint o. In other words, = is
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equal to sz;” for some element s € Y. Now, observe that one has ya;y71 = sz;s7L.
Since the intersection of A(z;) with A(vyx;y~!) is neither empty nor a single point,
Claim 1 implies that s belongs to F'. This shows that Z; = (x;, F') and that A(z;) is

transverse to its translates, which completes the proof of Claim 2. O]

We are now ready to prove that Tr is a simplicial tree. First, we prove that the
number of orbits of directions at branch points in 7t is finite by using Theorem I11.2.5.
Note that T" is countable since it is a subgroup of the finitely generated group L (which
is a quotient of Gy;). We need to check that the two assumptions of Theorem I11.2.5
are satisfied, namely that the action of I' on Tt is K-superstable for some constant K
(i.e. that every arc whose stabilizer has order greater than K is stable) and that arc
stabilizers are finitely generated. In fact, we will prove the following stronger fact:

arc stabilizers are contained in the finite group F.

Let I c Tt be an arc. Observe that there exists a subarc J c I that is contained
in the axis of a hyperbolic element of I'. Indeed, let p;,ps be two distinct points of
I, and let 71,72 € I’ be two hyperbolic elements such that p; € A(y1) and ps € A(72).
Since Tt is a tree, if A(7y;) and A(72) are not disjoint then the arc [p1, p2] is contained
in the union A(v;) U A(72); thus, there exists a subarc J c [py,p2] that is contained
in A(v;) or in A(7,). If A(y1) and A(y2) are disjoint, then 737, is hyperbolic and
[p1,p2] is contained in A(7172). In this case, one can take J = [py,p2]. In either case,

there exists a subarc J c I that is contained in the axis of a hyperbolic element v € T".

We next observe that the axis of v is obtained by concatenating subarcs of the
axes of some conjugates of xi,...,x,, and therefore J contains a subarc J’ that is
contained in the axis of a conjugate hx;h~! of x; for some 1 <i<pand hel'. Now, let
g be an element that fixes I pointwise. In particular g fixes the subarc J’ and it follows
that J’ is contained in A(hz;h~!) and in gA(ha;h~t). Since A(x;) is transverse to its
translates, g belongs to F'. Hence, arc stabilizers are contained in the finite group F,
and so the assumptions of Theorem II1.2.5 are satisfied. We deduce that the number

of orbits of directions at branch points in 7T is finite.

We next seek to bound the number of branch points in arcs in Tt. More specifically,
let I be an arc of T; we will prove that there are only finitely many branch points on
I in Tr. Without loss of generality one can assume that the length of I is smaller than
the translation length ¢; of x; for every 1 <i < p. Assume towards a contradiction that
there are infinitely many branch points on /. Then, by I11.2.5, there exist necessarily

two non-degenerate subsegments J; and J of I such that

) J10J2=®,
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e there exists some v € I' such that vJ; = Js.

As above, up to taking subarcs of J; and .Jy, one can assume that J; and J; are
contained in the axes of two hyperbolic elements v, and 7, respectively. Since the
axes of v; and 7, are obtained by concatenating subarcs of the axes of some conjugates
of x1,...,x,, one can assume (again, up to taking subarcs of .J; and J;) that J; and
Jy are contained in the axes of two conjugates of z;, and x;, for some 1 <iy,75 <p. By
Claim 1, one has that i; = iy and that v belongs to (F,z;,) (up to conjugacy). This
is a contradiction, since F' fixes the axis of x;, pointwise, and since the intersection
of I with z;, I is empty or reduced to a point (because the length of I is smaller than
the translation length ¢; of x; for every 1 <i < p). Therefore, there are only finitely

many branch points on I, which proves that the tree Tt is simplicial.

To finish, we give a precise description of the graph of groups Tt/T". Since the
pointwise stabilizer of the axis of z; is F' for every 1 < ¢ < p, and since  and Y
generate I' by definition, it follows that the underlying graph of Tt/T" is a rose in
which the unique vertex group is Y, every edge group is equal to F', and the stable
letters are zy,...,x,. Therefore, I' can be decomposed as an amalgamated product
as follows:

[=Yoxp (e F|ad(@)|r = o, Vie{l,... . p}),

where «; denotes the automorphism of F' induced by the action of z; on F' by conju-

gation. L]

Corollary II1.2.18. With the same notations and the same hypotheses as in Lemma
H1.2.17 above, the tree It is transverse to its translates, i.e. for every element h €
L\ T, the intersection hIt NIt is at most one point. In addition, if e is an edge of

Tr, there are only finitely many branch points on e in TT,.

Proof. Let h be an element of L such that ATy nTt is non-degenerate. As a conse-
quence of the description of Tt above, we can find two elements u, v € I' such that the
axes of uz;u™t and h(vz;u~t)h~! have a non-trivial overlap in the limiting tree 77, for
some 1 < i,j < p; note that it could be that i = j. Let @, 7 and h be three preimages
of u, v, h respectively in Gyx. As in the proof of Lemma I11.2.17, we have that

A(pn(:), o0 (@ TV () (T D)) 2 2 min(llgn (o), lon (2)1))

w-almost surely. Hence, i = j and ¢, (@ 'hv) belongs to A(¢,(7;)) = E(G) x {(pn(x:)).
Thus, for every n, there exists p, such that ¢, (@ hvz?") lies in F(G). On the other
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hand, as in the proof of Lemma II1.2.17, since x; acts hyperbolically on T, p, is

bounded by a constant that does not depend on n w-almost surely. Otherwise,

i (L2GI
“Nlea(@ w0l

Since @, (T hv)/||¢,|| is bounded, ||, (x;)]|/||¢n|| w-tends to 0, contradicting that x;
is hyperbolic. As a consequence, we can assume that for some p, p, = p for all n.
Thus, ¢, (@ 'hvr?) belongs to F(G) w-almost surely, that is, 7 'hva? lies in H and
uthuz? belongs to pe(H) = F. We conclude that there is an element f e F' such
that u=thva!? = f, or in other words h = ufz;"v=1. Note that h €I since u, v, f and

x; belong to I'.

Lastly, let e be an edge of Tt. Assume without loss of generality that e is adjacent
to the basepoint o (since Tt is simplicial). We will prove that there are only finitely
many branch points on e in 7. First, note that the stabilizer of e in L is contained
in the finite group F'. Indeed, if an element g € L fixes the edge e, then it fixes the
basepoint o, whose stabilizer is Y c I'. Hence ¢ belongs to the stabilizer of e in T,
which is equal to F' by Lemma II1.2.17. This shows that the hypotheses of Theorem
I11.2.5 are satisfied.

It follows that the number of orbits of directions at each branch point of T} is
finite. Now, assume towards a contradiction that there are infinitely many branch
points on e. Then, by II1.2.5 there exist necessarily two non-degenerate subsegments
I and J of e, with InJ = @, and an element g € L such that gI = J. But we just proved
that Tt is transverse to its translates, so g belongs to I'. This is a contradiction, since

Tt is a simplicial tree by Lemma II11.2.17. [

II1.3 Merzlyakov’s theorem and an outline of the
proof of Theorem A

The main theorem proved in this chapter is the following generalisation of Mer-
zlyakov’s theorem. In this section we state the general version of Merzlyakov’s theo-
rem, and subtly reduce it to obtain a slightly easier statement. Note that Theorem
E stated in the introduction corresponds to the case where £ =1 in the result below.
We also provide a rough outline of the proofs of Theorems E and A in preparation

for the following sections.
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Theorem II1.3.1 (cf. Theorem E). Let G be an acylindrically hyperbolic group, and
let a be a tuple of elements of G (called constants). Fix a presentation (a | R(a) =1)
for the subgroup of G generated by a. Let

¢
e(mayaa) : \/(Zk(wayaa’) =1 A ‘Ijk(w7y7a) # 1)
k=1

be a finite disjunction of finite systems of equations and inequations over G, where x
and y are two tuples of variables. For every 1 <k </, let Gy, be the following group,
which is finitely presented relative to (a | R(a) =1):

GEk = (w,y,a | R(CL) = 17 Ek(wayaa’) = 1>

Let p = |x| be the arity of «, and let x; denote the i-th component of x. Suppose that

G satisfies the following first-order sentence:
‘
Ve Hy \/(Zk(wvyva) =1 A \Ijk(wayaa’) # 1)
k=1

Then, for every p-tuple o = (071,...,0,) € Autg(E(G))P, there exist an integer 1 <k <

¢ and a morphism
To: Gy, = Go = G *pc) (®, E(G) | ad(:)|p@) = 0i, Vie{l,...,p})
such that the following hold:
1. mo(x) =,
2. 15(a) =a,
3. U(x,m5(y),a) # 1.

Moreover, the image of 15 is a subgroup of G4 of the form

(9,a) *(c) (¢, E(G) | ad(x:)|p) = 0i Vie{l,...,p})
for some tuple g of elements of G.

In fact, as Lemma II1.3.3 will show, it is enough to prove the following version of
Merzlyakov’s theorem, which is a priori weaker than Theorem II1.3.1 since the group

E(G) is replaced with a subgroup E c E(G) that may be proper.
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Theorem 111.3.2. Keep the assumptions of Theorem II1.53.1. Then for every p-tuple
o =(01,...,0p) € Autg(E(G))?, there exist an integer 1 < k <{, a finite subgroup E
of E(G), and a morphism

o Gy, > G = (G, x | ad(x;)|g = 04|p, Yie{l, ... ,p})

such that the following hold:

1. mo(x) =,

2. 1o(a) =a,

3. V(x,ms(y),a) # 1.
Moreover, the image of ms is a subgroup of G4 of the form

(g,a) *p(x, F | ad(x;)|g = 0ilg, Yie{l,...,p})

for some tuple g of elements of G.
Lemma II1.3.3. Theorems I11.53.1 and II1.5.2 are equivalent.

Proof. Theorem I11.3.2 follows immediately from Theorem II1.3.1. Let us prove the

converse. The proof consists in slightly modifying the first-order formula
Ve Jy 6(x,y,a).

Let b be the tuple of elements of G consisting of @ and E(G), and let o1,...,0y be
an enumeration of the elements of Autg(E(G))P. For 1 <i< N, let p;(x,y,b) be the
quantifier-free formula which states that “6(x,y,a) is true and « acts on E(G) as
o;”. Since Yx Jy O(x,y,a) holds in G, the following first-order sentence holds in G

as well: N
i=1

Theorem I11.3.1 follows from Theorem II1.3.2 applied to this new first-order sentence.

]
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II1.3.1 An outline of the proof of Theorem A

In order to illustrate the main ideas appearing in the following sections, we sketch
a proof of Theorem A in the particular (and easier) case where the maximal normal
finite subgroup E(G) is trivial.

Suppose that G satisfies a first-order sentence
0:Va Jy X(x,y) =1AV(x,y) + 1.

Let T' = G = (t) ~ G * Z. Observe that the following two assertions are equivalent,

where p denotes the arity of «.

e [ satisfies the sentence 6.

e For every p-tuple v of elements from I', there exists a retraction r from Iy , =
(T,y | 2(v,y) = 1) onto I" such that no ¢(+, y) which appears in the conjunction
of inequations W(~,y) is killed by r, i.e. the inequations remain valid in the

image of r.

In order to prove that I' satisfies the sentence 6, we will construct such a retraction
r:I's 4 = I for any «v € I'’. The very first step of the construction of this retraction
relies on the existence of a quasi-convex free subgroup F(a,b) c G (see [39, Theorem
6.14] combined with [5, Lemma 3.1]). Using a sequence of elements (w,(a,b))ney €
F(a,b)N satsifying certain small cancellation conditions in the free group F(a,b), we
construct a test sequence (@, : I' > G,y by setting ¢,|q = idg and ¢, (t) = w,(a,d).
Since, by assumption, the sentence @ is true in the group GG, each morphism ¢,, extends

to a morphism v, : I's, , - G mapping y to a tuple g,, such that X(¢,(7),g,) =1
and W(¢n(7),g,) # L.
The fact that F'(a,b) is quasi-isometrically embedded in G enables us to prove

that the sequence of elements (,,(t) = w,(a, b)) satisfies nice geometric conditions

in (G, which, in some sense, encapsulate the first-order sentence

Jy X(v,y) =1A¥(y,y) # L.

The sequence (1, )nen yields a divergent limit group L acting on the corresponding
tree T'. We analyse the action of L on 7T using the Rips machine, which converts the
action L ~ T into an action of L on a simplicial tree. Using the version of the
shortening argument proved in Section I1I.1.4, we can assure that some properties of
the test sequence (), )nen are reflected in this splitting of L, and the rest of the proof

consists of constructing a retraction from L onto I, using this splitting.
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II1.4 Proof of Merzlyakov’s theorem III.3.2 in a par-
ticular case

In this section, we deal with the case where (01,...,0,) = (idg), - - -,idg@)). More
precisely, we prove the following result, which is stated here again for the reader’s

convenience, and which is a restrictive version of Theorem III.3.2.

Theorem II1.4.1. Let G be an acylindrically hyperbolic group, and let a be a tuple of
elements of G (called constants). Fiz a presentation (a | R(a) = 1) for the subgroup
of G generated by a. Let

l
\/(Ek(mayaa’) =1 A ‘;[jk‘(m7y7a’) # 1)
k=1

be a finite disjunction of finite system of equations and inequations over GG, where x
and y are two tuples of variables. For every 1 <k </, let Gy, denote the following
group, finitely presented relative to (a | R(a) =1):

(r,y,a | R(a) =1, X (x,y,a)=1).

Let p = |x| be the arity of x, and let x; denote the i-th component of x. Suppose that

G satisfies the following first-order sentence:

l
Ve Ely \/(Ek(wvy?a’) =1 A \Ilk(m>y7a’) * 1)
k=1

Then there exist an integer 1 <k <{, a finite subgroup E of E(G), and a morphism
o Gy, > Go = (G, x | ad(x;)|p =1dg, Vie{1,...,p})

such that the following hold:

e To(x) =z,

e 7,(a)=a,

o U(x,m,(y),a) # 1.
Moreover, the image of m5 is a subgroup of G4 of the form

(9.a) *p(z, B | ad(z;)|p =idp, Vie{l,...,p})

for some tuple g of elements of G.

Recall that an (idgqy, .. .,idg))-test sequence is simply called a test sequence.
We commence by constructing a test sequence enjoying two additional special prop-

erties.
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II1.4.1 Construction of a test sequence

The construction relies crucially on the existence of a quasi-isometrically embedded
subgroup of G of the form F(a,b) x E(G) (provided by [39, Theorem 6.14| together

with [5, Lemma 3.1]), which will enable us to use small cancellation within F'(a,b).

Proposition I11.4.2. Let G be an acylindrically hyperbolic group, and let a be a tuple
of elements of G. Fix a presentation (a | R(a) = 1) for the subgroup of G generated
by a. Let

¢
\/(Ek(w7yva’) =1 A ‘;[Ik(w7y7a’) # 1)
k=1

be a finite disjunction of finite system of equations and inequations over G, where x

and y are two tuples of variables. For every 1 <k </{, denote
GEk = <wayaa’ | R(a’) = 17 Ek(wayaa) = 1)

Suppose that G satisfies the following first-order sentence:
‘
Ve Hy \/(Zk(wvyva) =1 A \Ijk(w7y>a‘) # 1)
k=1

Then, there exists 1 < k < ¢ and a test sequence (@, : Gx, = G)nen satisfying the

following two conditions w-almost surely:

1. no Y(x,y,a) which appears in the system of inequations V(x,y,a) is killed by
On, and

2. the morphism @, maps a to a (and not only to a conjugate of a).

Proof. By Theorem 6.14 in [39], there exists a hyperbolically embedded subgroup
H <, G (see [39, Definition 2.1]) such that H = F'(a,b) x E(G) (where F(a,b) denotes
the free group on two generators a and b) and the elements a and b are loxodromic
in G.

By Theorem 1.2.7, there exists a (possibly infinite) generating set S of G such that
the Cayley graph of G with respect to S'is hyperbolic, and such that the natural action
of G on this Cayley graph is non-elementary and acylindrical. By [93, Lemma 5.1],
the conclusion of Theorem 1.2.7 is still satisfied for Su{a,b} instead of S. Therefore,
we can assume without loss of generality that a and b belong to S. Denote by (X, d)
the Cayley graph of G with respect to this enlarged set S.
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Let d' denote the metric in the free group (a,b) for the generating set {a,b}.

By [5, Lemma 3.1|, there exist two constants ¢ and r such that
d'(1,h) <qd(1,h) +r (II1.1)

for every h e (a,b).
We next choose a collection of elements in F'(a,b) that satisfy a small cancellation

condition. For any 1< i <p (where p is the arity of ) and n >0, we define
Gin = a(i‘l)”“ba(i‘l)"”b--‘amb.

Let g,, be the p-tuple (g1n;s- .-, 9pn)-
There exists 1 < k < /¢ such that, for infinitely many integers n, there is a tuple h,,

of elements of G for which
GEX(g,, hn,a)=1AV(g,, h,,a)+1.

By passing to a subsequence we assume without loss of generality that this system of
equalities and inequalities holds for all integers n. We will prove that the sequence

(¥ )nen defined by the three equalities below is a test sequence,

Spn(m) =9y Qpn(y) = hn and Spn(a’) =a.

For 1 <i¢<pandn >0, let 7;,, be the path in X connecting 1 to g;,; assume
that 7;, is labeled with the word ¢, ,, in a and b. Consider the bi-infinite path 7, =
Ukez gf’nn,n. The path 7, ,, is a geodesic in the Cayley graph of F'(a,b) (equipped with
the metric d’). By the inequality (ITI.1), this graph is quasi-isometrically embedded
into (X, d) (for some constants that do not depend on n). Therefore, 7;,, can also
be seen as a quasi-geodesic in (X, d). Consequently, 7, , lies in the A-neighbourhood
of the quasi-axis A(g;,) of g;, for some constant A > 0 (which is independent of n).
Similarly, let a be the edge of X that connects 1 to a, let @ denote the quasi-geodesic

@ = Upez d*a and let p be a constant such that @ lies in the p-neighbourhood of A(a).

Since g;,, is cyclically reduced in (a, b), an easy calculation shows that d’(1, g;,,) ~
(i — 1/2)n?. Thus, the second and third conditions of Definition I11.2.11 hold. In
addition, the inequality (I11.1) implies that there exists a constant R > 0 such that
lginll > Rn? for every n that is sufficiently large and every i € {1,...,p}.

It remains to prove the fourth condition of Definition I1I1.2.11, namely that each

tuple ¢,(x) satisfies a suitable geometric small cancellation condition. Since a is
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loxodromic, there exists N > 0 such that, for every g € G, if A(a,gag™") > N, then ¢
belongs to A(a) = (a) x E(G) (see Subsection 111.2.3). Let ny be such that

16-q-R-ng>N'=N+204-0+2-A+2-p.

We remark that N’ was chosen to cater for the use of [37, Lemma 2.13| which gives
a bound on the diameter of the intersection of two quasiconvex sets in a hyperbolic

space. We remind the reader that
e ¢ is the constant involved in the inequality (I11.1),
e R satisfies ||g; || > Rn? for every 1 <i < p w-almost surely,

e )\ was chosen such that 7, lies in the A-neighbourhood of the quasi-axis A(g; )

of gin, and
e ;. was chosen such that @ lies in the p-neighbourhood of A(a).

We will show that for every n > ng, the tuple ¢, (x) = g,, satisfies the (16¢/n)-
small cancellation condition (see Definition I11.2.9). Let n > ngy and let g € G be such

that L6omi

A(Gin: 9+ Gjn -
for some 4,7 € {1,...,p}. We need to show that i = j and that g belongs to the
subgroup (g;,) x E(G). For convenience, we assume without loss of generality that
J > 1. Thus, w-almost surely, one has that min(||g; »||,|gjnll) = |lginll. We first show
that g lies in the subgroup (a,b) x E(G). Since

>16-g-R-n>16-q-R-ny> N, (II1.3)

1y 16q - |ginll
A(Gin:9-Gjm- 9 > .

we can choose two subpaths f;,, and p;,, of 7;, and ¢7,, respectively, such that
1. each of p;,, and p;, is labeled by a™" (and is of length N’), and
2. diam((uin)+(1005+>\) N (an)+(1006+>\)) > N/,
Denote the initial points of p;, and p;, by 0;, and o;, respectively. We have that
diam(o,- na+(1005+)\) no; na+(1006+/\)) > N'.
It follows that
diam(A(a)+(1005+’\+“) n O;%Z Ojn - A(a)+(1005+’\+“)) > N’
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By [37, Lemma 2.13| we have that

A(a, (0;71I “O0jn)- G- (o} ~0j7n)_1) > diam (A(a)+(1005+)‘+“) N 0;,1Z . oj’nA(a)“lOO“M“))

i\n

— (2046 + 22X\ + 2p)
> N' = (2040 + 2\ + 2p)
=N.

It follows that o), - 0;, belongs to A(a) = (a) x E(G). Next, observe that since
0in lies in (a,b), it is on the quasi-geodesic 7;,. Similarly, o;, can be written as
0jn = gWj, With w;, € 2a,b). It follows that g belongs to the subgroup (a,b) x E(G).

Up to replacing g with gc for some ¢ € E(G), we can assume that g € (a, b); this
does not affect the inequality in (IIL.3). Indeed, g-c-g;.(9g- c)f1 is equal to g- ¢;,97"
since g, centralizes F(G) as an element of (a, b).

Let Y denote the Cayley graph of the free group (a,b) (equipped with the metric

d"). The following inequality can be easily deduced from the inequalities (III.1) and
(I11.2):

.-l . / .
> 16-q d(lagz,n) -3. d(lvgz,n).

diam ((?Z n)+(q(1005+7")+1) n (475 n)+(q(1005+r)+1))
7 ’ 2-q-n 0

Since Y is a tree, this inequality implies that the axes of ¢, ,, and ¢- ¢;,9" have an
overlap of length at least 8d'(1,g;,)/n. Recall that d'(1,g;,) ~ (i — 1/2)n%. Thus,
8d'(1, gin)/n is asymptotically equivalent to 8n(i —1/2). Therefore, w-almost surely,
the axes of ¢;,, and ¢ - gj,, - g~! have an overlap of length at least 4n- (i -1/2) in Y.

To conclude, note that 4n(i—1/2) > 2ni—2 and that two distinct cyclic conjugates
of g;,, and g¢;, can have a mutual initial subword of length at most 2ni -2 (here we
use the assumption that j > 7). Thus, if the axes of g;,, and g-g;,,-¢g~! have a common
subsegment of length strictly larger than 2ni-2 in Y, then g, , and g-g,,-g~* have the
same axis. It follows that ¢ = j, and that g;,, and g have a common root. Since g ,,

is not a power, we must have that ¢ is a power of g, ,,, which finishes the proof. [
I11.4.2 Proof of Theorem II1.4.1 (partial version of Merzlyakov’s
Theorem)

Theorem II1.4.1 (Merzlyakov’s theorem where o = (idg(q),...,idg))) is an imme-
diate consequence of Proposition 111.4.2 (which proved the existence of a test se-

quence) and Proposition 111.4.3 below (which is essentially Theorem E under the
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additional assumption that a suitable (o7y,...,0,)-test sequence exists), applied with

(01, e ,Jp) = (1dE(G)7 e 71dE(G)))

Proposition 111.4.3. Let G be an acylindrically hyperbolic group, and let a be a tuple

of elements of G. Fiz a presentation (a | R(a) = 1) for the subgroup of G generated
by a. Let

Y(z,y,a)=1 A ¥(x,y,a)+1

be a finite system of equations and inequations over G, where x and y are tuples of
variables. Suppose that there exists a (o1,...,0,)-test sequence (@, : Gy > G)nen

satisfying the following two conditions w-almost surely:

1. no no Y(x,y,a) which appears in the system of inequations the system of in-

equations V(x,y,a) is killed by ¢,, and
2. the morphism @, maps a to a (not only to a conjugate).
Then there ezist a finite subgroup E of E(G) and a morphism
oGy > Go = (G, x | ad(x;)|p = 04|p, Yie{l,...,p})
such that the following hold:
o T,(x) =1,
e T,(a)=a,

e no Y(x,y,a) which appears in the system of inequations V(x,y,a) is killed by

To-
Moreover, the image of ms is a subgroup of G4 of the form

(g,a) *p(x, F | ad(x;)|g = 0ilg, Yie{l,...,p})
for some tuple g of elements of G.

We remark that the proof of Proposition I11.4.3 is quite intricate, and will therefore
be interrupted by supplementary lemmas.

Proof. By assumption, there exists a (071, .., 0,)-test sequence (¢, : Gy = G)nen that

satisfies the following two conditions w-almost surely:

1. for each ¥(x,y,a) which appears in the system of inequations ¥(x,y,a),
on(¥(x,y,a)) is non-trivial, and
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2. the morphism ,, maps a to a (not only to a conjugate).

Let U be the subgroup of Gy, generated by & and a. Since the Cayley graph of G
with respect to S (on which G acts acylindrically and non-elementarily) is discrete,
the length of any morphism Gy — G is a natural number. As a consequence, there
exists a sequence of morphisms (6, : Gy - (), that satisfies simultaneously the

following three conditions w-almost surely:
1. 6,, coincides with ¢, on U up to conjugation,

2. for each ¢(x, y, a) that appears in the system of inequations ¥(x,y,a), 0,,(¢¥(x,y,a))

is non-trivial, and

3. there is no morphism that satisfies simultaneously the conditions 1. and 2.

above, and that is stricly shorter than 6,,.

Note that by Remark II1.2.13, the sequence (6, )nen is a (07,...,0})-test sequence
for some (o7, ...,0,) € Autg(E(G))P; therefore, the sequence (0, )ney is divergent (by
Remark I11.2.12). However, one cannot guarantee that o] coincides with o;. Moreover,

f,, maps a to a conjugate of a, and not necessarily to a itself.

Let L = Gg/l(ic;rw((ﬁn)neN) and let 6, : Gy, > L be the corresponding limiting map.
Observe that 0 is injective on U = (a,z1,...,2,): indeed, by Lemma II1.2.17, the
limiting tree associated with the sequence (6,,|¢ )ney coincides with the Bass-Serre tree
of the decomposition of U obtained in Lemma I11.2.17. Recall that the underlying
graph of the graph of groups decomposition of U is a rose, that the unique vertex
group of this decomposition is (a) and that the edges groups are all equal to F', with
stable letters xy,...,x,. It follows that the sequence (6,|v)nen is discriminating (that

is, for every w e U, 6,,(u) # 1 w-almost surely) for the following two reasons:
1. 6, is injective on the vertex group (a), and

2. every element that does not belong to a conjugate of (a) is hyperbolic in the

limiting tree.

Therefore 6., is injective on U. Consequently, in the proof below, we abuse notation
and use U to denote its image in the successive quotients of Gy involved in the

construction of the formal solution 7.

Standing Assumption II1.4.4. For the rest of the proof, C' denotes the constant
defined in the Stability Lemma I11.1.4.
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A particular case. For presentational purposes, we first prove Proposition 111.4.3
in the particular case where L does not split non-trivially over a finite group of order
less than C'. Under this assumption, if one assumes (towards a contradiction) that U is
elliptic in the limiting tree associated to the test sequence (6, : Gx, = G)en, then the
relative Shortening Argument (Theorem I11.1.26) implies the existence of a sequence
of homomorphisms (p, : Gy = G)ey satisfying the following three conditions w-

almost surely:
1. p, coincides with 6, (and therefore with ¢, ) on U up to conjugation,
2. p, kills no ¢ (x,y,a) which appears in the tuple ¥(x,y,a),
3. and p, is stricly shorter than 6, relative to H.

This contradicts the definition of #,, as the shortest morphism satisfying both con-
ditions (1) and (2) w-almost surely. Hence, U is not elliptic in the limiting tree of
the test sequence (0, : Gy - G)nen. The conclusion now follows from the following
technical lemma (see Lemma I11.4.8 for a more general version). We postpone the
proof (of both lemmas) to the end of this section, so as not to disrupt the proof of
Proposition I11.4.3.

Lemma I11.4.5. Let F' be the finite subgroup of L defined in Lemma I11.2.16. If U
is not elliptic in the limiting tree, then the group L admits a splitting Sy with two
vertex groups, (€,a) (for some tuple € of elements of L) and (x, F'), and one edge
group F. Let A be an Sp-approximation of L as in Proposition 111.1.11. There exist
a finite subgroup E of E(G) and an epimorphism r from A onto a group of the form

<gaa’) *E (waE ‘ ad(xl)‘E = U’i'Ea Vie {17 .- 7p})7

where g denotes a tuple of elements of G, and such that r(x) = x, r(a) =a and r

does not kill any element appearing in the image of the tuple V(x,y,a) in A.

Lastly, one defines the formal solution 7, : Gy, > G by 7, = 7 0 ¢ where ¢ denotes
the natural epimorphism from Gy onto A. This concludes the proof of Proposition
I11.4.3 in the particular case where L does not split non-trivially over a finite group
of order less than C. In general, however, this hypothesis is not satisfied and one
has to deal with the complications that arise from splittings over finite subgroups.
In particular, one needs a strengthened version of the relative Shortening Argument
Theorem II1.1.26, namely Theorem III.1.29.
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General case. Since we are going to describe an iterative process, let us rename
0, to 09, and L to Lg. For any G-limit group L; that appears in the proof, denote by
LY the vertex group containing U in a reduced JSJ decomposition J; of L;, relative
to U, over finite groups of order less than C'.

The proof of Proposition I11.4.3 consists of constructing the following diagrams
(indexed by n), illustrated in Figure II1.1, w-almost surely.

Remark 111.4.6. A word of caution: not all parts of these diagrams commute as
it might appear. That is, 6! is not equal to 0! o ¢;,1, but there are other maps
P+ A; > G defined below such that 07 = pitl o g;,;.

AOZGE

0

LO L1 L'L L'Hl

Figure III.1: Constructing the maps ¢ by iteratively shortening approximations of
splittings of the resulting limit groups. The process eventually terminates with U
being non-elliptic in the corresponding limiting tree, yielding the desired formal so-
lution.

These diagrams are built iteratively, as follows: given the divergent sequence
(00 : A; > G)pen, one defines L; by L; = Ai/l(ic;rw((ﬁg)neN). Let J; be a reduced JSJ
spltting of L; over finite groups of order less than C, let R; be the splitting of the
vertex group LY as a graph of actions outputted by the Rips machine and let RJ; be
the splitting of L obtained from J; by replacing the vertex fixed by LY with the graph
of groups R;. Let A;;; be an RJ,;-approximation of L; given by Proposition III.1.11
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and Corollary III.1.15, and let pit! : A;,; - G be the factorization of 0 : A; - G

through the natural epimorphism ¢;,1: A; > A;,1.
Since A;,q is an RJ;-approximation of L;, it is also a J;-approximation of L; (in-

deed, one can collapse the subgraph corresponding to R; to a point). We denote by

AV the vertex group of the splitting of A;,; corresponding to LY. Note that AY,
unlike LY, may split non-trivially relative to U over finite subgroups of order less

than C. It remains to define the divergent sequence (64! : A;y1 = G)pen-

If U is elliptic in the limiting tree of the sequence (pit!),cy, then by the generalised
relative Shortening Argument (Theorem I11.1.29) there exists a sequence of homomor-

phisms (01 : A;y1 = G),en satisfying the following three conditions w-almost surely:
1. 01 coincides with pifl (and therefore with ¢,) on U up to conjugation,
2. 01 kills no element appearing in the image of the tuple ¥(x,y,a) in A;,1, and

3. the restriction 6! ;v is stricly shorter than the restriction pjf'[ v , relative to
U.

In addition, since the length of #i*! is a natural number, one can assume without loss
of generality that 62! is the shortest morphism from A;,; to G that satisfies the first
two conditions above w-almost surely. Note that the sequence (0:1),y is divergent

since it is a test sequence (see Remarks I11.2.12 and I11.2.13).

To show that this iteration eventually terminates, we have to prove that there
exists some 7 € N such that U is not elliptic in the limiting tree of the sequence

(e ) pen. In other words, we shall prove the following claim:

Claim II1.4.7. There exists an integer i such that q;.1(AY) = AY

i+1°

Before proving Claim I11.4.7 (whose proof, as one might expect, relies on accessi-
bility arguments), we first explain how to complete the proof of Proposition I11.4.3.
First, note that if ¢;.1(AY) is equal to AV, then shortening the restriction of 65
to AV, automatically shortens the restriction of pi, to AV. This is not possible by
the definition of pi,. As a consequence, if g;;1(AY) = AY |, then U cannot be elliptic
in the limiting tree of the sequence (0:!),y by the generalised relative Shortening
Argument (Theorem I11.1.29). In order to construct the formal solution, we will use
the following lemma (the generalised version of Lemma I11.4.5) (We remind the reader

that the proof of Lemma II1.4.8 is postponed to the end of this section)
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Lemma I11.4.8. Let F' be the finite subgroup of L;.1 defined in Lemma I11.2.16. If
U is non-elliptic in the limiting tree of the sequence (0:1),en, then the group Ly
admits a splitting S with two vertex groups, (£,a) (for some tuple € of elements of
Liy1) and (x, F'), and one edge group F'. Let A be an S-approximation of L1 given by
Proposition I11.1.11. There exists a finite subgroup E of E(G) and an epimorphism

r from A onto a group of the form
(9.a) 5 (. E | ad(z)|p = o, Vi€ {L....p}).

where g denotes a tuple of elements of G, and such that r(x) = x, r(a) = a and r

kills no element appearing in the image of the tuple V(x,y,a) in A.

As a consequence of this lemma, if U is not elliptic in the limiting tree of the

sequence (pil), .y, one can define the formal solution 7, : Gy - G by

Tg =T 941 °¢; © 2.

Therefore, in order to conclude the proof of Proposition I11.4.3, it remains to prove
Claim II1.4.7 (according to which there exists an integer i such that g¢;,1(AY) = AY ).
Denote by 7; the number of edges in a reduced JSJ splitting J; of L; over finite groups
of order less than C| relative to U. Let E(J;) be the set of edges of J;. We first prove

the following simple lemma, required for the proof of Claim I11.4.7:

Lemma II1.4.9. Let G and H be two groups, equipped with two splittings Sg and
Sy over finite groups. Let Ty and Ty be the Bass-Serre trees corresponding to these
splittings. Suppose that there exists an epimorphism 0 : G - H and a 0-equivariant
bijection f : T — Ty such that 6 is injective on finite vertex groups and maps infinite
vertex groups onto infinite vertex groups. Then, the following implication holds: if

Tq is reduced, then Ty is reduced.

Proof of Lemma I11.4.9. Suppose that T is reduced. Let € = [v,w] be an edge of
Ty such that H, = H, = H,. We need to prove that w is a translate of v, i.e. that
there exists an element h € H such that w = hv. Let e = [z,y] be a preimage of € by
f. Since H. is finite, H, and H,, are finite. Therefore, G, and G, are finite (indeed,
we assume that 6 maps infinite vertex groups onto infinite vertex groups). Moreover,
since 0 is injective on finite vertex groups, we have that G, = G. = G,. It follows

that y = gz for some g € G. In addition, f(y) = w, and, since f is f-equivariant,
f(gz) =0(g)f(x) =0(g)v. Hence, w =0(g)v. O
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Before proving Claim I11.4.7, we also make the following observation:

Observation: Note that L; is finitely generated as a quotient of the finitely generated

group Gy. Using a folding sequence argument, Dunwoody proved in [43] that the sum

1
2 Tl

GEE(Ji

where L;, denotes the edge group of e, is smaller than the rank of L; (that is, the
minimal number of elements required to generate L;). Therefore, for every i € N, one
has that 7; < Crank(L;). In addition, one has that rank(L;) < rank(Gy) since L; is
a quotient of G'y. Putting these inequalities together, we obtain that n; is bounded
from above by C'-rank(Gy).

Proof of Claim II1.4.7. We begin by showing that n;,1 > n;, with equality if and only
if ¢i1(AY) = AV, . Since A;,; is a J;-approximation of L;, there exists a splitting J/
of A;,1 with the same underlying graph as J;, and whose edge groups have the same
order as the corresponding edge groups in J;. In particular, J! is a splitting over
finite groups of order less than ', whose underlying graph has 7; edges. Moreover, by
Proposition III.1.11 and Lemma III.4.9, the splitting J; is reduced since J; is reduced.

In order to establish that n;,; > 7;, we take a closer look at the defining sequence
(001 2 Ajyy > G)pen of Lijy = Aﬂl/lgw((p“l)mN. In the proof of Theorem II1.1.29,

n

each morphism 6! is obtained by precomposing pit! by an automorphism « of A;;

(note that « is independent of n). The restriction of @ to AV, is a modular au-

i+1
tomorphism (or, more precisely, a lift of a modular automorphism of LY to AY,);
furthermore, the restriction of o to any other vertex group of J! is a conjugation. We
remark that « is a lift of a natural extension of a modular automorphism of LY (see
Lemma II1.1.20), and this extension exists because modular automorphisms restrict
to conjugation on finite subgroups. As a consequence, L;,; admits a splitting J. over
finite groups of order less than C' with 7, edge groups. This splitting obtained from
the splitting J! of A;,; by replacing each vertex group by its image under the limiting
map 621, This shows that a reduced JSJ splitting of L;,; has at least 7; edges, or in
other words, that ;.1 > ;.

Next, suppose that 7, = 1;.1. We will prove that J! is a reduced JSJ splitting
of L1 over finite groups of order less than C. Since we already know that J! is a
splitting of L;,; over finite groups of order less than C' with 7;,; edges, we only need
to show that J is reduced. To do so, it suffices to verify that the conditions of Lemma

II1.4.9 are satisfied. The manner in which J7 was defined implies the limiting map
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gitl s A;.qy > Ly maps each vertex group of J; onto the corresponding vertex group
of Ji’. We will verify that the following two hold:

1. 6% is injective on finite vertex groups, and
9 pirl i i
. 0 maps infinite vertex groups onto infinite vertex groups.

Consider the following diagram, where 7; denotes the natural epimorphism from A; .,

onto L; (in other words, 7; is the limiting map pit!):

[ee]

Ai+1

N

Li Li+1~

Note that for each vertex group V < A;,; of J; that does not contain U, the kernel
of the restriction of m; to V coincides with the kernel of the restriction of 6%t to V.
Indeed, recall that 6it! is obtained by precomposing pit! by an automorphism a of
A;y1 whose restriction to V' is a conjugation. As a consequence, the vertex groups
m: (V) and 62:1(V') are isomorphic. We know that m;(V') is infinite if and only if V'
is infinite, and that m;(V)) 2 V' if V is finite; this follows from the construction of
Ji and A;;; (see also Proposition II1.1.11 and Corollary II1.1.14). Therefore, §i31(V)
is infinite if and only if V' is infinite. In addition, #:31(V) and V' are isomorphic
whenever V' is finite. Finally, note that the image of the vertex group of J; containing
U under 0! is infinite since U is infinite (and since 6%! is injective on U). Hence,
the conditions 1. and 2. above are satisfied, Lemma II1.4.9 applies and J! is reduced,

as required.

Hence, if n; = 7541, then J/ is a reduced JSJ splitting of L;,; over finite groups of
order less than C'. It follows that the image of the vertex group Agl in L;,; coincides
with LY, and AV = ¢;,1(AY). O

i+1

It remains to prove Lemma I11.4.8, whose statement is recalled below (for the sake

of readability, the index i + 1 is replaced with 7).

Lemma. Let F be the finite subgroup of L; defined in Lemma I11.2.16. If U is non-
elliptic in the limiting tree of the sequence (0% ),en, then the group L; admits a splitting
S with two vertex groups, (€,a) (for some tuple £ of elements of L;) and (x, F), and
one edge group F. Let A be an S-approximation of L; given by Proposition I11.1.11.

129



There exists a finite subgroup E of E(G) and an epimorphism r from A onto a group
of the form
<gaa’) *E (iB, E | ad(l’z)|E = O-i|Ea Vie {17 cee 7p}>7

where g denotes a tuple of elements of G, and such that r(x) = x, r(a) = a and r

kills no element appearing in the image of the tuple V(x,y,a) in A.

Proof. By assumption, the group U is non-elliptic in the limiting tree T := Tng as-
sociated with the divergent sequence (6! | AU Jnen- First, we construct a splitting S of
L; with exactly two vertex groups (x, F') and (£, a) (for some tuple £ of elements of
L;) and one edge group F. Let Y be the stabilizer of the base point o in T. Let I'
be the subgroup (U,Y) of LY. Since U is contained in T, this group is non-elliptic in
the limiting tree T'. Let Tt ¢ T' be the minimal invariant subtree of I'. By Lemma

[11.2.17, the tree Tr is simplicial and I" admits the following splitting;:
r=Y *F (.’IJ,F | ad($2)|F = Oy, Vie {17 R ap}>7

where F' denotes the finite subgroup of L defined in Lemma II1.2.16 and «; denotes

the automorphism of F' induced by the action of x;.

Define an equivalence relation ~ on T by setting x ~ y if [z, y]nuTT contains at most
one point for every u € LY. Let (Y;);es denote the equivalence classes of ~ that are not
a single point. Each Yj is a subtree of T. We next show that (Y;)e;u{uTr | ue LY /T}

is a transverse covering of T' (recall Definition 111.2.1):

o Transverse intersection. For every ¢ # j, the intersection Y;nY] is clearly empty.
For every i and w € LY, Y; nuTr contains at most one point by definition. For
every u,u’ € LV such that w/'u™ ¢ T, [uTr nuw'Tr| < 1 by to Lemma IT1.2.18.

e Finiteness condition. Let x and y be two points of T. By Lemma II1.2.18, there
exists a constant € > 0 such that, for every u € U, if the intersection [z, y] nuTr
is non-degenerate, then the length of [x,y] nuTr is bounded from below by e.
Consequently, the arc [z,y] is covered by at most |d(z,y)/e| translates of T
and at most [d(z,y)/e]| + 1 distinct subtrees Y;.

Hence, the collection (Y;)jeyu{uTt | ue LY} is a transverse covering of 7. We next
consider the skeleton 7, associated to the transverse covering (Y;)jey U{uTr | ue LY}
(see Definition II1.2.2). Since the action of LY on T is minimal (from the definition
of T), |61, Lemma 4.9] implies that the same holds for the action of LV on T..
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We will now focus our attention on understanding the decomposition A, =T,/ LZU
of LY as a graph of groups. We begin by describing the stabilizer (in LY) of an edge e
of Tr. Let uw be an element of ng that fixes e; e is contained in Tt nuTt, so u belongs
to I' by Lemma II1.2.18. It follows that u belongs to F', because the stabilizer of e
in I' is contained in F' (indeed, recall that by Lemma II1.2.17, T} is isometric to the
Bass-Serre tree of the rose-like splitting of I" in which every edge group is F'). Thus,

the stabilizer of e in LY is equal to F.

We next prove that if one of the subtrees in the transverse covering (Y;)es U
{uTr | we LY} (other than Tt) intersects 71 in a point, then this point is necessarily
one of the terminal vertices of a translate of the edge e € Tr. Assume towards a
contradiction that Y, or It with u ¢ I' intersects Tt in a point x that is not one
of the extremities of e. Then the skeleton T, contains an edge ¢ = (z,7r) whose
stabilizer is Stab(z) N T" (where Stab(z) denotes the stabilizer of x in LY) By the
previous paragraph, Stab(z) nI' = F'. Recall that ¢, maps F into F(G) w-almost
surely, and therefore |F| < C. It follows that the splitting A, of LV is a non-trivial
splitting over finite groups of order < C' relative to I'. This is impossible since LY
does not split over a finite subgroup of order < C' non-trivially relative to I'. Hence, if
Y;nTr = {z} or ulrnTr = {x} (with u ¢ I'), then the point x is a terminal vertex of e
in Tr. As a consequence, Stab(z) is a conjugate of Y (the stabilizer of the basepoint
0) in T'; furthermore, every edge adjacent to Tt in T, admits the form (vyx,Ty) = e
with e = (z,1r).

Therefore, € is the only edge adjacent to Tt in the quotient graph A.. Its stabilizer
is Y. By collapsing all edges of A, except for ¢, one obtains a splitting T' *y H of LY
(where H is some subgroup of LY). Recall that

r=Yy *F (.’.U,F | ad(£z)|F = Oy, Vie {17 s 7p}>7
and hence the splitting I »y H of LY yields the following splitting of LY:

ng :H*F (IB,F | ad(ﬂf@)|F = Oy, Vie {177p}>

Since every finite subgroup of LY is conjugate to a finite subgroup of H, the group
L; splits as
Li =K *p <ZL‘,F | ad(l‘z)|p = Qy, Vi€ {]_, R ,p}),

for some subgroup K of L; with (a) c Y ¢ H c K. Denote this splitting of L; by S.

Note that if @ was empty, one could just retract L; onto the free group F(x) on .
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But a is not empty in general, which makes the construction of the retraction a little

bit more involved.

Let A be an S-approximation of L; (given by Proposition II1.1.11), and let Su
be the corresponding splitting of A. By Remark II1.1.12, we can assume that the
elements appearing in the tuple Vi (x,y,a) in L; and A have the same normal forms
when written in S and S4. The splitting S4 has a similar form to that of S; more

precisely, we have that
A=K’ * @ (33,F> = (K,,CC | ad(mz)|p =q4 Vie {1, . 7])})

Note that we abuse notation and use F' to denote a preimage of F'c L; in A. We also
use x and a to denote preimages of  and a in A (we also remark that a is contained
in K').

We claim that there exists a subgroup E of F(G) and an epimorphism r from A

onto a group of the form
(gaa’> *E <£B,E | ad('rz)|E = Ui|E> Vie {17 cee ap}>7

where g denotes a tuple of elements of G, and such that r(x) = , r(a) = a and r
kills no element appearing in the image of the tuple ¥(x,y,a) in A.

For every n, denote by v, : A - G the factorization of € : A; - G through the
natural epimorphism from A; onto A. 1, : A - G is better described by the following

commuting diagram:

A; - G
\ /
A
BN
L;

We remind the reader that we denote by x and a the copies of  and a in both
A; and A. The homomorphism 1, coincides with 67 on U = (x,a). Therefore, up
to postcomposing 1, with an inner automorphism of G, we can assume without loss
of generality that v, coincides with ¢, on U = (x,a), and in particular v, restricts
to the identity on a. This also means that the inner automorphisms ad(#,(x;)) and
ad(yn(z;)) induce the same automorphism o; of E(G) (recall that (¢, : Gx = G)nen

is the initial (o4, ...,0,)-test sequence).
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For every n, since 1, is the identity on a, the group v,,(K’) contains a. Since A is
finitely presented relative to U = (x,a), and since F' is a finite group, K’ and v, (K")
are finitely generated relative to a. Therefore, there exists a tuple g,, of elements of

G such that
Vn(K') = (g, a).

Let E =1, (F) c E(G). Consider the following amalgamated product:

Qn = (gm a’) *E (.’L‘,E | ad(xz)|E = 0y, Vie {17 s ap}>‘

For every n, one can define an epimorphism m, : A - @Q,, by setting 7,(x;) = x; and
Tn = 1, on K’. This morphism is well-defined (w-almost surely). Indeed, for every
integer 1 <7 < p, since x; normalizes F' there exists an automorphism «; of F' such

that x; fa;! = a;(f) for every f e F. The following relation holds w-almost surely:

¢noai=0io¢n

which shows that m, is well-defined w-almost surely. In addition, m, is surjective
because its image contains @ and v, (K"’) = (g,,,a), which generate the group Q,.
It remains to prove that 7, does not kill any element appearing in the image of the

tuple ¥y (x,y,a) in A w-almost surely.
Let v be an element appearing in the image of ¥y (x,y,a) in A. This element can
be written in normal form in the splitting S4 as

O N Al Tl

with k! € K’ and t; € {x1,...,2,} for every 1 < j <q. For every j, if t; = t;41 = z; and
£j = —€j+1, then £} ¢ . By Remark II1.1.12, the image of v in L; can be written in
normal form in a similar way, by replacing each k] with an element £; that belongs
to the subgroup K of L. Therefore, for every j, if t; = ¢;,1 = x; and €; = —¢,1, then
k; does not belong to F. It follows that m, (k) = ¢, (k}) does not lie in E w-almost
surely. Otherwise, if ’H'n(k‘],) belonged to £ w-almost surely, k; would lie in /' w-almost

surely, contradicting the previous condition. Thus

7"'n(v) = wn(koﬁfilwn(kl)t§2wn(k2)”'tzqwn(kq+l)

is non-trivial w-almost surely. To finish, simply take r = 7w for N such that 7y kills

no element appearing in the image of the tuple ¥, (x,y,a) in A. ]

This seals the proof of Proposition 111.4.3. O]
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I11.5 Proof of Theorem A

In this section, we prove Theorem A (which follows from the specific case of Theorem
E proven in the previous section). First, recall that Theorem A states that every
acylindrically hyperbolic group G is 3V 3-elementarily embedded into the HNN ex-
tensions G gy = (G,t | [t,9] =1, Yge E(G)). In fact, we just have to prove that G
is V3-elementarily embedded into G'* gy, in virtue of the following easy and general

lemma (which has nothing to do with acylindrical hyperbolicity or groups in general).

Lemma II1.5.1. Let G’ be a group, and let G be a subgroup of G. If G is V3-
elementarily embedded into G', then G is IV 3-elementarily embedded into G'.

Proof. Suppose that G is V3-embedded into G’. Let 0(t) be an 3V 3-formula with m
free variables. Suppose that there exists a tuple g € G™ such that 6(g) holds in G;
we will prove that 6(g) holds in G'.

The formula 6(t) can be written as & u(t,x), where p(t,x) denotes an V3-
formula in m + n variables, where n is the arity of . Since 6(g) holds in G, there
exists a tuple h € G™ such that u(g,h) holds in G. But the formula u(t,x) is an V3
formula, thus p(g, h) holds in G’. This concludes the proof. ]

In order to prove Theorem A, it remains to prove that every acylindrically hyper-
bolic group G'is V3-embedded into G* (). The proof of this result relies on Theorem
E.

Theorem I11.5.2. Every acylindrically hyperbolic group G is ¥ 3-embedded into G*g(qy -

Proof. For brevity, denote I' = G*g(q). Let

\?(Ek(w y.9)=1 A VUy(z,y,9)#1)

be a finite disjunction of systems of equations and inequations in & and y. Suppose

that G satisfies the following first-order sentence 1(g):

l
Ve Jy \/(Ci(x,y,9)=1 A ¥p(x,y,9) #1).
k=1

Let «v be a tuple of elements of ' of the same arity as . We will prove that there
exists a tuple v’ of elements of I' of the same arity as y such that the following holds
in I'": ,

VEe(7.7,9) =1 A Vi(v.7'.9) #1).

k=1
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To this end, we would like to construct a retraction 7 from the group

<F7y | Ek(7>y>g) = 1)

onto I, for some 1 < k </, such that 7 kills no ¥ (v, y,g) appearing in the system of
inequations ¥ (~,y,g) # 1. Indeed, given such a retraction 7, one can simply take
~" =m(y). We could construct this retraction by mimicking the proof of Theorem E,
as sketched in Subsection II1.3.1. However, in order to avoid unnecessary repetitions,
we will appeal to Theorem E. Before applying this result, we need to fix the following
problem: Theorem E does not apply directly in the present situation since it only
allows us to deal with constants from G, and -~ is not a tuple of elements of G in
general. In order to be able to use Theorem E, we have first to slightly reformulate
the problem.

Let s be a (possibly infinite) generating tuple of G. For every n > 1, let s,, be the
n-tuple composed of the first n components of s and let G, be the subgroup of G

generated by s,. For n sufficiently large, the following two conditions are satisfied:

e The subgroup G,, of G contains the finite subgroup F(G). Therefore, there is a
finite system of equations 6(s,,t) = 1 expressing the fact that the stable letter
t centralizes E(G).

e The subgroup (G,,t) of I" contains each component ~; of . As a consequence,

each 7; can be written as a word w;(s,,t).

Let a be the tuple of elements of G obtained by concatenating g and s,. Let
¥, (t,y,a) =1 denote the finite system of equations

(Zr((wi(sn,t),...,wp(sn,t)),y,9)=1) A (8(sn,t)=1),

and let ¥} (¢,y,a) # 1 denote the finite system of inequations

Ue((w1(8n,t),. .., wp(sn,t)),y,g9) # 1.

By assumption, G £ u(g). Therefore, G satisfies the following first-order sentence
f(a):

¢
Vi 3y \V(Zi(ty,a) =1 A Wit y,an) # 1).
k=1

By Theorem E, there exist 1 < k < ¢, a subgroup G’ of G containing (a) and an
epimorphism

i Gy > T = ((t) x B(G)) *p(c) G

such that
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1. w(t) =t,
2. m(a) = a (in particular 7(g) = g and 7 (s,,) = s,, and therefore 7(v) =),
3. no ¢ (t,y,a) in the system of inequations W/ (t,y,a) # 1 is killed by 7.

As a consequence, the following system of equations and inequations holds in I":

’>Z<z;<t,ﬂ<y>,a> S0 A U(tn(y).a) £ 1).

It follows that the following system of equations and inequations holds in I":

i@k(v,w(y),m 1A U(y.m(y).g) £ 1).

Since IV < T', this system holds in I' as well and one can take v’ = 7(y). ]

II1.6 Proof of Merzlyakov’s theorem III.3.2 in the
general case

We proved Merzlyakov’s theorem II1.4.3 under the additional assumption that the
tuple o of elements of Autg(FE(G)) is trivial, that is, each of its components is the

identity map of E(G). In this section we eliminate this assumption.

I11.6.1 Reduction to an overgroup Gy, of G

As above, p denotes the arity of « in the considered first-order sentence. In the proof
of Proposition I11.4.2, we used the fact that G contains a quasi-convex non-abelian
free subgroup F» that centralizes E(G) in order to construct a test sequence (that is,
a (01,...,0,)-test sequence with o; = idg(q) for every 1<i<p).

We wish to to circumvent the difficulties involved in adapting the construction of
the aforementioned F5 < G to the general setting; that is, we wish to avoid construct-
ing a non-central free subgroup of G that admits a prescribed action by conjugation
on E(G). We do so by utilizing Theorem A proved in the previous section. By
Theorem A, the inclusion of G into G * (e (E(G) x Z) is an 3¥3-embedding. More
generally, the inclusion of G into G, = G *g(e) (E(G) x F,;,) is an 3V 3-embedding,

for any m € N.

Take m = 2p, and let ti,...,t5, be a basis of Fy,. Let (01,...,0,) be a p-tuple
of elements of Autg(E(G)). For every 1 < i < p, there exists g; € G such that
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o; = ad(9:)| () (by the definition of Autq(E(G))). Note that o; = ad(git;)|g () since
t; centralizes E(G). Let a; be the automorphim of Gy, that coincides with ad(g;) on
G, maps t; to g;t; and maps t; to t; for j # 7. The composition a = aj o0 q, is an

automorphism of Gy, that satisfies the following conditions:
1. « coincides with conjugation by ¢;---g, on G,
2. a maps t; to g;t; for 1 <7 < p, and
3. afixes t; for p+1 <1< 2p.

Therefore, up to replacing t; by g;t;, we can assume without loss of generality that
ad(t;)|p(q) = o for every 1 < i < p. This also implies that Gy, has the following

presentation:

ad(t;)|pe) =0 for 1<i<p
Gop =G gy | E(G),t1,... 1oy
ad(ti)|E(G) =id for p+1<i<2p

IT1.6.2 Construction of a (0y,...,0,)-test sequence
We now build a (o4,...,0,)-test sequence from Gy, to Gg, for any (oy,...,0,) in
Autg(E(G))>.

Proposition I11.6.1. Let G be an acylindrically hyperbolic group, and let a be a tuple
of elements of G. Fizx a presentation (a | R(a) = 1) for the subgroup of G generated

by a. Let
¢

k\z/l(Ek(a:,y,a) =1 A Up(z,y,a) #1)

be a finite disjunction of finite systems of equations and inequations over G, where x

and y are tuples of variables. For every 1 <k </, denote
Gy, =(z,y,a | R(a) =1, ¥y(xz,y,a) =1).

Let p = |x| be the arity of x, and let (o1, ...,0,) be ap-tuple of elements of Autq(E(G)).
Suppose that G satisfies the following first-order sentence:

¢
6:Ve Iy \/(Ck(z,y,a)=1 A Vi(z,y,a) +1).
k=1

Then there exist an integer 1 < k < € and a (01,...,0,)-test sequence (¢, : Gy, -
Gap)nen such that ¢, (Vi(x,y,a)) is non-trivial for every n sufficiently large and
such that p,(a) = a.
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Proof. Recall that G, has the following presentation:

ad(t;)|pey =0; for 1<i<p
Gaop = G * g E(G),t1,. ...ty .
ad(ti)|E(G) =id for p+1<i<2p

For every 1 <i < p and for every integer n > 1, we let
e 0, be the order of o;,

e 7, be the remainder of the division of n by o;, and
® ¢, =0, +1—-r,.

Note that 2 < ¢, <o, +1 and that n+¢, =1 mod o0;. We define the element g;,, of G
by

_4n n+1 2n 4qn
Gim = birptitivy titigpty"

Observe that ad(g;,)|e() = 0; by the choice of g,.

Since the inclusion of G into Gy, is an 3V 3-embedding, the group G, also satisfies
the first-order sentence #. By the pigeonhole principle, there exists 1 < k < ¢ and an
infinite set A ¢ N such that for every integer n € A, the group Gy, satisfies the

following existential sentence:

Elyn Ek((gl,fw ce 7gp,n)7yn7 a) =1A \Ilk((gl,'m cee 7gp,n)7yn7 a) # 1.

Define ¢, : Gy, = G, by ¢n (i) = gin, pn(a) =a and ¢,(y) =y,,. One can check

that the sequence (¢, : Gy, = Gap)nen is a (01, .., 0,)-test sequence. O

I11.6.3 Proof of Merzlyakov’s theorem E

By Proposition I11.6.1 above, there exist an integer 1 < k < ¢ and a (oy,...,0,)-test
sequence (¢, : Gy, = Gap)nen such that ¢, (Vi(x,y,a)) is non-trivial for every n
sufficiently large (where Gy, is the group defined in the previous subsection). There-
fore, Proposition II1.4.3 applied to G, instead of G' provides a finite subgroup £ of
E(Gyp) = E(G) and a morphism

7ot Gy, = (Gap)o = (Gapo | ad()l = 03, Vi€ {1,...,p})
such that the following three conditions hold:

o T,(x) =1,
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e T,(a)=a,
e 10 (x,y,a) from the tuple ¥(x,y,a) is killed by =,.

Moreover, the image of 7, is a subgroup of (G,)s of the form
(g7a’> *E <CU, E | ad(xz)|E = 0y, Vie {17 s 7p}>

for some tuple g of elements of G5,. We conclude the proof of Theorem E by com-
posing the morphism 7, with the retraction r from Gj, onto G defined by r(t;) = z;

for every 1 <i<p and r(¢t;) =1 for every p+1 <7< 2p.

IT1.7 Trivial positive theory and verbal subgroups

In this section we prove Corollary C, which claims that acylindrically hyperbolic
groups have a trivial positive theory (meaning that every positive sentence satisfied
by an acylindrically hyperbolic group is satisfied by all groups). We also deduce
Corollary D about verbal subgroups of acylindrically hyperbolic groups.

The proof of Corollary C relies on Theorem A: the canonical inclusion of an
acylindrically hyperbolic group G into G* () is an 3V3-elementary embedding. In
particular, G' and G* () have the same V3-theory.

Proof of Corollary C. Let G be an acylindrically hyperbolic group. By Theorem 6.3
of [28], if a group satisfies a non-trivial positive sentence, then it also satisfies a non-
trivial positive V3-sentence. As a consequence, in order to prove that G has trivial
positive theory, it suffices to prove that G has trivial positive V3-theory. Let 6 be
a positive V3-sentence satisfied by G. Let F(G) denote the maximal finite normal
subgroup of G. It follows from Theorem A that the groups G and I" = (G, x,y | [z, g] =
[y,9] =1,Vg € E(G)) have the same V3-theory. As a consequence, @ is satisfied by T.
Now, observe that I' maps onto the free group (x,y) ~ Fy. Since positive sentences
are preserved under epimorphisms, @ is satisfied by F,. It follows that 6 is satisfied by

all free groups, and therefore, # holds in all groups. In other words, @ is trivial. [
We now turn to prove Corollary D. Given a word w € Fy, the verbal subgroup
w(G) = ({w(g), g€ G"})

is said to have finite width if there exists m € N such that any g € w(G) can be

represented as a product of at most m values of w and their inverses. Otherwise, one

139



says that w(G) has infinite width. We also introduce additional notation that will be
used in the proof of Lemma II11.7.1:

Let k > 1 be an integer and let w be an element of the free group F'(xq,...,z1).
Denote by e; the sum of the exponents of z; in w. If ey, ..., e, are all equal to 0, define
d(w) = 0. Otherwise, let d(w) be their greatest common divisor. Note that d(w) =1

if and only if the image of w in the abelianization of F'(x1,...,x) is not a power.

Lemma II1.7.1. Let G be a group, Suppose that G has trivial positive theory, then
w(G) has infinite width unless w is trivial or d(w) =1 (in which cases the width is

equal to 1).

Proof. First, suppose that w is trivial or d(w) = 1; we will show that the width of
w(@) is 1. If w is trivial, this is obvious. Next, suppose that w is non-trivial and that
d(w) = 1. Then there exist ay,...,a; € N such that aj-ey + -+ a; - e = 1. It follows
that w(g™,...,g%) = g for every g € G. Hence w(@G) is equal to GG, and its width is
equal to 1.

Now, suppose that G has a trivial positive theory, that w is non-trivial and that
d(w) # 1. We will prove that w(G) has infinite width. Assume towards a contradiction
that w(G) has finite width ¢ > 1. Then G satisfies the following positive first-order
(V3)-sentence ¢, for every integer n > 1: every element of g that can be represented
as a product of n elements of {w(g)*', g € G*}, can also be represented as a product
of ¢ elements of {w(g)*', g € G*}. Since G has trivial positive theory, the sentence
¢n, is satisfied by all groups. In particular, ¢, is true in the free group F» (for every
n). Thus, w(F») has finite width (equal to £). It follows from [104, Lemma 3.1.1 and
Theorem 3.1.2| (inspired by [98]) that either w is trivial or d(w) = 1, contradicting

our assumption. Hence w(G) has infinite width. O

We seal the discussion by noting that Corollary D is an immediate consequence

of Corollary C and Lemma III.7.1 above.

III.8 Questions and comments

In [110], Sela asked the following intriguing question:

Question IT1.8.1. Which (algebraic, first-order) properties are satisfied by groups G

such that G and G * Z are elementarily equivalent?
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If the answer to The Generalised Tarski Problem is ‘Yes’, then every acylindrically
hyperbolic group G with a trivial finite radical E(G) is elementarily equivalent to
G + Z. As far as we are aware, there are no examples of finitely generated groups G
such that G and G*Z are elementarily equivalent, and such that G is not acylindrically

hyperbolic. This raises the following question:

Question II1.8.2. Is there a finitely generated group G that is not acylindrically
hyperbolic, and such that G and G % Z are elementarily equivalent (or at least have
the same Y3-theory)?

This question is closely related to the following one:

Question II1.8.3. Is acylindrical hyperbolicity preserved under elementary equiva-

lence among finitely generated groups?

In [3], André proved that the hyperbolicity is preserved under elementary equiv-
alence among finitely generated groups (this result was proved by Sela in [109] for
torsion-free groups). Since acylindrically hyperbolic groups are not necessarily finitely
generated, Question I11.8.3 makes sense without assuming finite generation; however,
the answer to this question is negative in general, even among countable groups. This
can be seen by utilizing Lo§’s theorem (which states that the ultrapower GN/w of a
group G is elementarily equivalent to (7): the ultrapower of an acylindrically hyper-
bolic group is never acylindrically hyperbolic because centralisers in GN/w are not

virtually cyclic.

We conclude this chapter with the proof of Proposition B, which provides a partial
answer to Question II1.8.3. The proof relies on Theorem A and on a theorem of
Minasyan and Osin that gives a sufficient condition for a group H = A x¢ B or
H = Ax¢ to be acylindrically hyperbolic [86, Corollaries 2.2 and 2.3].

Proposition II1.8.4. Let G be a group and let H be a group that admits a non-trivial
splitting over a virtually abelian group C. Suppose that G and H are elementarily
equivalent (or simply that they have the same 3V¥3-theory). If G is acylindrically
hyperbolic, then H 1is acylindrically hyperbolic.

Recall that a subgroup C of H is called weakly malnormal in H if there exists
h € H such that hCh=' n C is finite.

Proof of Proposition B. First, note that H is not virtually cyclic since it has the same

first-order theory as GG, which contains a non-abelian free subgroup.
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We first prove the proposition under the simplifying assumptions that E(G) is
trivial and that C' is abelian. Fix a non-trivial element ¢ of C'. Assume towards a
contradiction that H is not acylindrically hyperbolic. By [86, Corollaries 2.2 and 2.3],
C' is not weakly malnormal in H. Hence, for every h € H, the intersection hCh™* nC
is infinite. In particular, this intersection contains a non-trivial element z. Since C'
is abelian, z commutes both with ¢ and hch™!. Therefore, H satisfies the following
3V 3-sentence 6:

Je#1Vh3z#1 ([c,2]=1 A [heh™t, 2] =1).

Since G and H have the same 3V 3-theory, G = 6. By Theorem A, G+ Z =G * (t) =6
as well. This is a contradiction, since no non-trivial element of G  (¢) commutes both
with ¢ and tct~!. Indeed, by writing the elements of G * (t) in normal form, one easily
sees that the centralizer of ¢ in G * (t) is contained in G, and that the only element

of GG that commutes with tct! is 1.

Suppose now that E(G) is non-trivial and denote its order by N > 2; suppose
furthermore that C' contains an abelian subgroup of index d. We slightly modify the
sentence € in order to ensure that ¢,z ¢ F(G) and that ¢ and z lie in the abelian
index-d subgroup of C'. To do so, we replace the conditions “Jc # 17 and “3z # 17

with the conditions

e “there exist NV + 1 pairwise distinct elements ¢4, ..., c%,,”, and
e “there exist IV + 1 pairwise distinct elements 2¢, ..., 2%, ,".

]

Remark 111.8.5. Note that the sentence 6 given in the proof of Corollary B shows
in particular that Baumslag-Solitar groups do not satisfy the conclusion of Theo-
rem A: BS(m,n) = (a,t | ta™t~' = a™) is not IV3-embedded into BS(m,n) * Z.
This observation is interesting because the main result of [28] applies to non-solvable
Baumslag-Solitar groups (and shows that these groups have a trivial positive theory).
Hence, the techniques used in [28| to deal with positive sentences are not sufficient if

one wants to deal with inequations.
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1A%

Limit groups over coherent
right-angled Artin groups are
cyclic subgroup separable

P IGHT-ANGLED Artin groups serve as an intermediate
(ﬁ/{ ground between free and free abelian groups. In this
ty@\é chapter we explore limit groups over right-angled Artin
groups, and prove that they are cyclic subgroup separable. More
specifically, we prove that cyclic subgroup separability is pre-
served under exponential completion for groups that belong to
a class that includes all coherent RAAGs and toral relatively
hyperbolic groups. We do so by exploiting the structure of
these completions as iterated free products with commuting sub-
groups. From this, we deduce that the cyclic subgroups of limit
groups over coherent RAAGs are separable, answering a ques-
tion of Casals-Ruiz, Duncan and Kazachkov. We also discuss
relations between free products with commuting subgroups and
the word problem, and recover the fact that limit groups over
coherent RAAGs and toral relatively hyperbolic groups have a
solvable word problem.

We begin by setting up notation and recollecting a few notions that will be used
in this chapter. Given a group G, we denote by Z(G) its center, and by Cg(g)
the centraliser of g € G. Throughout this chapter, we also assume that all rings are
associative, have a free abelian additive group and a multiplicative identity 1. For
such a ring A, the additive group generated by 1 is denoted char(A) = Z and whenever

we refer to Z c A we in fact mean char(A).

As stated in the Introduction, we will be working with free product with commuting
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subgroups. These are defined as follows:

Definition IV.0.1. Let G and H be groups, and suppose that L and M are subgroups
of G and H respectively. The free product of G and H with commuting subgroups L
and M is the quotient of the free product G * H by the normal closure of the set of
relations {[¢,m]| ¢ € L and m € M}. We often abbreviate and refer to this group as
(G,H|[L,M]=1).

Another key notion in this chapter is that of cyclic subgroup separability; to make

things perfectly clear:

Definition IV.0.2. A group G is called cyclic subgroup separable if each of its cyclic

subgroups is separable.

IV.1 The class C and exponential groups

In this section we discuss the class of groups C and define exponential groups (namely,
groups in which one can raise group elements to a power where the exponent is not an
integer). We also illustrate the relation between limit groups over coherent RAAGs

and exponential groups.

IV.1.1 Right-angled Artin groups and the class C

We recollect the definition of a right-angled Artin group:

Definition IV.1.1. Let I" be a simple graph; the right-angled Artin group (or in
short, RAAG) G(T') is the group with presentation

(VI'| [v,u], (v,u) €EL).
We refer to the graph I' as the defining graph of G(T").

Note that in the definition above we do not restrict ourselves to finite graphs.
Recall that a group is called coherent if all of its finitely generated subgroups are
finitely presented. In [42, Theorem 1|, Droms shows that a finitely generated RAAG
G(T) is coherent if and only if its defining graph T is chordal: every subgraph of I’
that is a cycle of more than 3 vertices admits a chord, i.e., an edge that connects
two vertices of the cycle. Note that if ' is an infinite chordal graph, then every
finitely generated subgroup H of G(T") is a subgroup of a RAAG G(I"), where I
is a finite and full subgraph of I'; I is chordal, which implies that H is finitely

144



presented and therefore G(I") is coherent. The class of coherent RAAGs includes free
groups, free abelian groups and RAAGs which are fundamental groups of 3-manifolds
(see [42, Theorem 2|).

In [30], Casals-Ruiz, Duncan and Kazachkov define a new class of groups C which
was crafted specifically to satisfy the following property: the Z[t]-completion (see
Subsection IV.1.2) of a group G in the class C can be built by iterating extensions of
centralisers (see Section IV.2), and is fully residually G. The definition of the class
C is long and technical, and is beyond the scope of this dissertation; in fact, we do
not use the definition of the class C directly, but rather use properties of groups in
the class C proven in [30]. We highlight a few of these properties: a group G in the
class C is torsion-free, has unique roots and satisfies the Big Powers (BP) property:
for every ¢i1,...,gx € G such that [g;, g;+1] # 1, there exists a positive integer N such
that for every ny,...,ng > N,

g;”l...gz’k ;& 1

The BP property is used to show that extending centralisers of G yields a group
which is fully residually G. We remind that this was disucssed in Subsection 11.1.4,
where we mentioned Baumslag’s work [10] (Lemma I1.1.44) and showed how this
condition implies that free extensions of centralisers in a non-abelian free group are

fully residually free (Example I1.1.50).

Free groups, free abelian groups and more generally coherent RAAGs all lie in
the class C; in addition, toral relatively hyperbolic groups (torsion-free groups which
are hyperbolic relative to a set of free abelian groups) are also in C. A common
property shared by these examples of groups in the class C is that they are equationally
Noetherian. Groves showed in [55, Theorem 5.16| that toral relatively hyperbolic
groups are equationally Noetherian. The fact that coherent RAAGs are equationally

Noetherian follows from their linearity and is mentioned in [31].

If G is a coherent RAAG or a toral relatively hyperbolic group, then limit groups
over G admit yet another description, which was not discussed in Section II.1: they
are the finitely generated subgroups of the Z[t¢]-completion of G (see [30, Corollary
6.12 and Theorem 8.1] and [72, Theorems D. and E.|). We therefore continue by
discussing exponential groups and A-completions of groups in the next subsection. We
will further explore this characterisation of limit groups over GG as finitely generated

subgroups of the Z[t]-completion of G in Section IV.2.
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IV.1.2 Exponential groups and A-completions

We carry on with laying further foundations required for the proof of Theorems F
and G.

Recall that throughout this chapter we assume that rings are associative, have a
free abelian additive group and a multiplicative identity 1; as a consequence, char-
acteristic subrings are always isomorphic to Z. The definitions appearing below are
simplified versions of the originals: for every definition which involves a ring A and
a subring Ay, we assume that Ay = char(A) = Z. Further details can be found in [8§|
and [85]. We begin by axiomatizing what it means to raise a group element to a
power, where the exponent is taken from a ring A that is not necessarily isomorphic
to Z.

Definition IV.1.2. Let A be a ring. A group G is called an A-group if there is a
map G x A - G which satisfies the following (below, ¢g® denotes the image of (g, a)
under the map G x A - G):

1. gt =¢g,¢°=1and 1=1 for every ge G and a € A,

2. g*t = gog® and (g)? = g? for every g € G and a,b € A,

3. (hgh™1)® = hg*h~! for every g,h € G and a € A, and

4. for every g,h e G and a € A, if [g,h] = 1 then (gh)® = g*h°.

We call G a partial A-group if there exists P c G x A such that g% is defined whenever
(g,a) € P, and all the properties above hold whenever the arguments belong to P.

A homomorphism f : G - H where G and H are A-groups is called an A-
homomorphism if f(g*) = (f(g))? for every g € G and a € A. If H < G and G is
a partial A-group we say that H is a full A-subgroup of G if h® is defined, and lies
in H, for every h € H and a € A. Within our limited settings, an A-completion of a

group G is defined as follows:

Definition IV.1.3. Let G be a group. An A-completion of G is an A-group G4

which satisfies the following two conditions:

1. (minimality) there is a homomorphism 7 : G - G4 such that no proper full

A-subgroup of G4 contains 7(G), and
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2. (unwversal property) if f : G - H is a homomorphism and H is an A-group,
then f factors via G4; in other words, there exists a unique A-homomorphism
f:GA > H such that f= for.

By [88, Theorems 1 and 2|, every group admits an A-completion and this com-
pletion is unique (up to A-isomorphism). We also remark that if G is abelian, then

G4 is abelian and coincides with G ®7 A as the two groups satisfy the same universal

property.

IV.2 Extensions of centralisers and cyclic subgroup
separability
Exponential completions of (certain) groups in the class C exhibit a fairly friendly

structure: they can be built, “from the group G up”, by iterating extensions of cen-

tralisers.

Definition IV.2.1. Let G be a group and let v € G. Let H be another group, and let
¢ : Cg(u) = H be an injective homomorphism such that p(u) € Z(H). The extension
of the centraliser Cg(u) by H is the group

G(u, H) = G *0g(u)=p(Ce(u)) H-

If o(Cg(u)) is a direct factor of H, then the extension is said to be direct. If,
furthermore, H = ¢(Cq(u)) x Z, the extension is said to be free.

Direct extensions of centralisers have a particularly nice structure. If G(u, C(u)x
B) is a direct extension of the centraliser C(u) by C = Cg(u) x B, then

G(u,Cq(u) x B) = G *cy ) (Ca(u) x B)
=G *Ca(u) <OG(u>7B| [Cg(U),B] = 1)
= (G, B[[Ca(u), B] = 1),
or in other words G(u,Cg(u) x B) is the free product of G and B with commuting
subgroups Cg(u) and B.

In [79], Loginova gives a criterion under which free products with commuting

subgroups are cyclic subgroup separable. This was later generalized in [112].

147



Theorem IV.2.2 (|79, Main Theorem], [112, Theorem 2.1|). Let G and H be cyclic
subgroup separable groups and let L < G and M < H. If the group with presentation
(G,H|[L,M] =1) is residually finite, then it is cyclic subgroup separable.

This criterion will be used throughout this section; as a warm-up we prove the

following lemma which easily follows from Theorem IV.2.2:

Lemma IV.2.3. Let G be a group in the class C and let v € G be such that Ce(u)
is abelian. Let B be a free abelian group and write C = Cg(u) x B. If G is cyclic

subgroup separable, then so is the direct centraliser extension G(u,C).

Proof. From the discussion preceding this lemma, G(u,C) is the free product of G
and B with commuting subgroups Cg(u) and B. Since B is free abelian, its cyclic
subgroups are separable; by our assumption, G is also cyclic subgroup separable.
Therefore, by Theorem IV.2.2] it is enough to show that G(u,(C') is residually finite.

By [30, Theorem 4.2, G(u,C) is fully residually G. Since G is cyclic subgroup
separable it is residually finite, and hence G(u, (') is residually finite. n

Remark 1V.2.4. Tt is worth mentioning that in an earlier paper, Loginova shows that
a free product with commuting subgroups (G, H| [L, M] = 1) is residually finite if
and only if G and H are residually finite, L is separable in G and M is separable in
H (see [78, Theorem 1]). It follows that if G is a residually finite group in the class
C and u € G is such that Cg(u) is abelian, then Cg(u) is separable. In particular,
abelian centralisers in graph towers over coherent RAAGs (see [30, Section 7]) are

separable.

The remainder of this section is devoted to proving Theorems F and G. We do
so by analysing the construction of the A-completion of a group G from the class C
in steps, following [30], and proving that each step yields a cyclic subgroup separable
group. We also remark that in [30], the authors assume that a group G € C satisfies
an additional condition, named condition R, in order to show that G4 enjoys the
structure of an iterated centraliser extension (in the case where G is not abelian) or
to show that G is a direct summand of G4 (in the case where G is abelian). We make

this assumption too (and state the definition of condition R below).

Definition IV.2.5. A group G € C is said to satisfy condition R if it is a partial
A-group, and for every u € G,
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1. if Cg(u) is non-abelian, then the centre Z(Cg(u)) of Cg(u) is a full A-subgroup,

and

2. if Cg(u) is abelian then for every g € Cq(u), a € A and 0 # n € Z, if (¢")* is
defined then so is g°.

Recall our standing assumption that all rings are associative, have a free abelian
additive subgroup and a multiplicative identity 1. We also recall the statement of

Theorem F for convenience:

Theorem F. Let G be a group in the class C which satisfies condition R, and let A
be a ring. If G is cyclic subgroup separable, then the A-completion of G, G4, is cyclic

subgroup separable.

We begin by proving Theorem F under the additional assumption that G is

abelian.

Lemma IV.2.6. Let G be an abelian group in the class C that satisfies condition R,
and let A be a ring. If G is cyclic subgroup separable, then the A-completion of G,

G4, 1s cyclic subgroup separable.

Proof. By [30, Proposition 6.1|, G embeds in G4, G4 is a torsion-free abelian group
and G is a direct summand of G4; write G4 = G x B. Let (g1,92), (h1,h2) € GA be
such that (hy,hs) ¢ ((91,92)) and let

G'=(G,(1,92),(1,h)) 2 G x(g2,h2) <G x B.

Note that (g, he) is isomorphic to either Z? or Z, which implies that G’ is cyclic
subgroup separable (keeping in line with the other proofs appearing in this Section,
one can see this for example by invoking Theorem IV.2.2 since G’ is the free product
of G and (gs, hy) with commuting subgroups G and (gs, h2)). In particular, one can
separate (hi, he) from ((g1,92)) in a finite quotient of G'.

To finish, it is enough to show that G4 retracts onto G’. Note that the A-
completion of G’ coincides with that of G. In addition, one can easily verify that
G’ satisfies condition R.2 (as it is the direct product of two groups that satisfy this
condition). Invoking [30, Proposition 6.1] yet again, we have that G’ is a direct

summand of G4, and therefore G4 retracts onto G". O
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In the case where G is not abelian, the strategy behind the construction of the
A-completion of GG is more complicated but still rather straightforward: we repeatedly
extend centralisers in G to obtain a group G* such that G is a full A-subgroup of G*;
in other words, for every g € GG, the action of A on g within G* is defined. Iterating
this construction, we eventually obtain the A-completion of G. We recall the following

construction from [85] which allows us to extend multiple centralisers at once:

Definition IV.2.7 ( [85, Definition 8|, [30, Definition 4.7]). Let € = {Cq(u;) }ier
be a set of centralisers in a group G and let {y; : Co(u;) - H;}ier be injective
homomorphisms such that o;(u;) € Z(H;) for every i € I. Let T be the tree whose
vertex set is {v} U {v; }ier and whose edge set is {e; = (v,v;) }ies. Let T be the graph
of groups whose underlying graph is 7', and whose vertex groups, edge groups and

edge maps are as follows:
1. G, =G,
2. Gy, = H;,
3. Ge, = Ca(uy),
4. the map which maps G., into G, is the inclusion, and
5. the map which maps G,, into G, is ;.

The fundamental group of this graph of groups is called a tree extension of centralisers.
It is denoted by G(€,H,®) where H = {H;}ic; and ® = {p; }ics-

We have already seen (Lemma IV.2.3) that direct extensions of abelian centralisers
of cyclic subgroup separable groups in C are cyclic subgroup separable. The following
lemma, which relies on [30, Proposition 4.8|, shows that the same holds for tree

extensions of centralisers:

Lemma IV.2.8. Let G be a group in the class C and let € = {Cq(u;)}ier be a set of
abelian centralisers in G such that no two of them are conjugate. For each i € I, let
H; be a free abelian group and let ¢; : Cq(u;) - H; be an injective homomorphism
such that H; = ¢;(Ca(u;)) x K; for some K; < H;.

Keeping the notation of Definition IV.2.7, if G is cyclic subgroup separable, then the

tree extension of centralisers G(&,H,®) is cyclic subgroup separable.
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Proof. Let < be a well-ordering of the set I u {0} (assuming 0 ¢ / and 0 < i for every
i € I). We construct, by recursion, a direct system of groups {G; }icruq0y over I, along
with inclusion maps f; ; : G; - G, (for i < j) and retractions r;,; : G; - G, (for i < j).
For readability, we refer to the maps r;; as retractions, but formally we mean that

r;i(fi;(g)) = g for every g € G;. In addition,
1. Go=G,

2. for every j <i eI, the centraliser of u; in G coincides with the centraliser of u;

in G, that is Cg, (fo;(u:)) = fo;(Ca(ui)),

3. every (5; is cyclic subgroup separable,
4. Uie[ GZ = G(@, H, @)

Suppose first that ¢ € I is a successor ordinal, that is ¢ = j+1; suppose in addition that
for every k < j the groups G have been defined, along with the suitable inclusion maps
and retractions. Set (i; to be the direct extension of the centraliser Ce, (fo,;(ui)) by
H;. Note that this is well-defined, since we assume that Cg, (fo,;(u)) = fo;(Ca(us))
so Cga;(fo;(us)) is a direct factor of H;. By Lemma IV.2.3, G; is cyclic subgroup
separable. Let f;; be the obvious inclusion map G; — G;, and for every k < j set
fri = fjio fu;. Define the retraction r;; : G; = G by mapping every element of K
to foj(w;). Similarly, for every k < j set 7, =7 o7 ;. In addition, for every k > i,
the fact that fy;(u) is not a conjugate of any element in Cg, (fo;(u;)) implies that
Ca, (foi(ur)) = foi(Ca(ur)).

Suppose now that ¢ is a limit ordinal, and that for every k& < ¢ the groups Gy,
along with the suitable inclusion maps and retractions, have been defined. Consider
the directed system of groups {G,};« and let G; be its direct limit. Denote by
7]-,2- Gy~ G; the canonical embedding of G in G, for j < i. To define retractions
Ti; Gy —> G, consider the cofinal system {G}}j<r<i; its direct limit is G,. For every

J <k << 1 we have the following commuting diagram:

G

fk,el w

Ge rg,j G]
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and by the universal property of direct limits we obtain a map 7, ; : G; - G; along

with the following commuting diagrams (for j < k < i):

Tri =

Ti
Txl ?

G
Note that for g € G},

Tii(f5:(9) =Tijo Fri(fin(9))
=713 (fix(9))
=g

so T, ; is a retraction. In addition, the fact that

Ca,(foj(ur)) = fo;(Ca(ur))

for every j <i and k > 7 implies that (g, (701(%)) = ?Oyi(Cg(uk)) for every k > 1.
The existence of these retractions also implies that G; is cyclic subgroup separable.
Let g, h € G; be such that h ¢ (g); there is j < i and ¢’,h’ € G; such that 7j’i(g’) =g,
fjﬂ-(h’) = h and A’ ¢ (¢'). Since G; is cyclic subgroup separable, there is a map
q : Gj - @ such that g(h') ¢ (¢(¢')) and @ is finite. The map goT7;; : G; - Q

separates h from (g).

We now define G; to be the direct extension of the centraliser C, (?Ol(ul)) by H;.
By Lemma IV.2.3, G; is cyclic subgroup separable. We also set f, : G; - G; to be
the inclusion map, and 7; : GG; —» G, to be the retraction which maps K; to fOz(ul)
Finally, define f;; = £ OTj,i and r; ; =7, j oT;. The desired properties of GG;, the maps

fji and the retractions r; ; can be verified as in the successor stage.

The cyclic subgroup separability of U;e; G; = G(€,H, ®) also follows, as in either
the successor or the limit stage, depending on the order type of {0} u I. O

With Lemma IV.2.8 in our arsenal, we are ready to describe the construction of
the A-completion of a group GG in C and prove Theorem F. Assume in addition that
G satisfies condition R; recall that as mentioned earlier, we first construct a group G*
which contains G, and such that G is a full A-subgroup of G*. We begin by choosing
a set of centralisers €(G) = {Cq(u;) }ier in G which satisfies the following:

1. every centraliser in €((G) is abelian, and not a full A-subgroup of G,
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2. no two centralisers in €(G) are conjugate, and

3. any abelian centraliser in G which is not a full A-subgroup is conjugate to a

centraliser in €(G).

Note that the existence of a set €(G) which satisfies the conditions above is guaranteed
by Zorn’s Lemma. Recall that as in Subsection IV.1.2, for every Cg(u;) € €(G) we
have that Cq(u;)* = Cg(u;)®zA; in addition, Cg(u;) is a direct summand of Cg (u;)4.
Setting
H(G) = {CG(ui)A}ieI
and
(G) = {i : Ca(us) = Ca(ui) Yier

where each ; is the canonical embedding, we define
G* =G(¢(G), H(G), 2(G)).

By [30, Lemma 6.5] G is a full A-subgroup of G*. In addition, by [30, Lemma 6.6],
G~ satisfies condition R and we can iterate this construction. As in [30, Subsection

6.2], we define a directed system of groups
G = G(O) < G(l) < e & G(n) '

where

GO = (GM) = GG H(G™), 2(G))

and the maps f; ; : G — GU) are the inclusion maps. The direct limit of this system
Uneny G is called an iterated centraliser extension of G by A, or in short an ICE of
G by A. Note that U,y G is an A-group, since every g € G lies in G(™ for some n,
and therefore the action of A on g is already defined in G("*1). As a matter of fact,
Uney G™ is the A-completion of G as evident in [30, Theorem 6.3]. Theorem F now

follows:

Proof of Theorem F. The case where G is abelian was covered in Lemma [V.2.6; we
therefore assume that G is not abelian. By Lemma IV.2.8, G("*1) retracts onto G(™)
for every n € N; composing these retractions we obtain retractions 7, , : G - G(™)
for every m < n. As in the proof of Lemma IV.2.8, these retractions imply the
existence of retractions from the direct limit U,y G™ onto each G(™. In addition,

each G(") is cyclic subgroup separable.
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Let g, h € Upey G be such that & ¢ (g); g and h lie in some G(. Since G is
cyclic subgroup separable, there is a homomorphism ¢ : G — @ such that g(h) ¢
(q(g9)) and @ is finite. The composition q o7, : U,y G — Q separates h from

(g)- 0

Corollary IV.2.9. Limit groups over cyclic subgroup separable toral relatively hy-

perbolic groups are cyclic subgroup separable.

Proof. Let GG be a toral relatively hyperbolic group; in particular G lies in C and
satisfies condition R. By Theorem F, the Z[t]-completion of G is cyclic subgroup
separable, and by [72, Theorems D. and E.| limit groups over G are exactly the
finitely generated subgroups of GZ[t], O]

With a bit more work, we can also deduce the following:
Theorem G. Limit groups over coherent RAAGSs are cyclic subgroup separable.

Proof. Let G(I') be a coherent RAAG. By [30, Corollary 6.12 and Theorem 8.1],
limit groups over G(I') are exactly the finitely generated subgroups of G(T', Z[t])%*]
(where G(I', Z[t]) is the graph product whose underlying graph is I', and whose vertex
groups are all Z[t]). In light of Theorem F, since G(I',Z[t]) lies in C and satisfies
condition R, it is enough to show that G(I',Z[t]) is cyclic subgroup separable. Let
g,h € G(I',Z[t]) be such that h ¢ (g); there is a finite full subgraph A of T' such
that g,h € G(A,Z[t]). Note that G(I',Z[t]) retracts onto G(A,Z[t]) by killing each
vertex group G, for v ¢ VA. Hence it is sufficient to show that G(A,Z[t]) is cyclic
subgroup separable for every finite full subgraph A of T'.

We prove that G(A,Z[t]) is cyclic subgroup separable by induction on the number
of vertices of A. Write VA = {vy,v9,...,v,} and for every i < n denote by A; the
full subgraph of A whose vertices are vy,vs,...,v;; denote by G; the copy of Z[t]
which corresponds to the vertex v; of A. For n =1, G(A4,Z[t]) is free abelian and
therefore cyclic subgroup separable. Suppose now that G(A;, Z[t]) is cyclic subgroup

separable, let v;,,...,v;, be the neighbours of v;,; in A; and note that

G(Ain, Z[t]) = (G, G [Gij7Gi+1]7 j=1,...,k)
= (Gv Gi+1| [(Gim e 7Gik>7 Gi+1]>

(if A is not connected, the group (G,...,G;, ) may be trivial). In other words,
G (A1, 7Z[t]) is the free product of G(A;,Z[t]) and G;,1 with commuting subgroups
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(Giys ..., Gy, ) and Gyyq. Since G(A;, Z[t]) and G,4; are cyclic subgroup separable and
since G(A41,7Z[t]) is residually finite as the graph product of residually finite groups

(see, for example, [52]), it follows that G(A;1,Z[t]) is cyclic subgroup separable by
Theorem IV.2.2. O

IV.3 Free products with commuting subgroups and
the word problem

It is well-known that an amalgamated product G *x H admits a solution to the word
problem if the word problem is solvable in G and in H and there is a solution to the
membership problem for K in both G and H. We refer the reader to [82, Chapter
IV, Corollary 2.2| for the similar case of HNN extensions; note that

(G,H|[L,M]=1)=(G*, LxM) %y H
and therefore, applying the aforementioned result twice, one obtains:

Lemma IV.3.1. Let G and H be groups with a solvable word problem and let L < G
and M < H. Suppose that the membership problem is solvable for L in G and for M
in H. Then there is a solution to the word problem in (G,H|[L,M]=1).

Recall that a free centraliser extension is a centraliser extension of the form
G(u,Cq(u) xZ) = (G,t| [Ca(u),t] = 1), where u € G. Using Lemma IV.3.1 above, we

obtain:

Proposition H. Let G be a group in the class C. If G satisfies condition R and has a
solvable word problem, then every finitely generated subgroup H of G* has a solvable

word problem.

Proof. The fact that H is finitely generated and embeds in G4 implies that H embeds
in a group obtained from G by taking finitely many free extensions of centralisers; that
is, there are groups Go, Gy, ..., G, such that Gy = G, Gi1 = (Gy, 6| [Ca, (w;),t;] = 1)
for some u; € G; and H < G,,.

We prove that G,,, and hence H, has a decidable word problem by induction on
n. Suppose that G; has a solvable word problem. By Lemma IV.3.1, a solution
to the membership problem for Cg,(u;) in G; would imply that G;,; has a solvable
word problem. But checking whether g € G; lies in Cg,(u;) is equivalent to asking
whether [g,u;] = 1 in G;, which is solvable by the induction hypothesis. Hence the

word problem in G, is solvable, which completes the proof. n
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Corollary IV.3.2. Limit groups over coherent RAAGs and toral relatively hyperbolic

groups have a solvable word problem.

Proof. If G(T") is a coherent RAAG and H is a limit group over G(I'), then by
[30, Theorem 8.1] H is a finitely generated subgroup of G(T',Z[t])*!Y]. The group
G(T,Z[t]) lies in C, satisfies condition R and admits an algorithm which checks
whether a given word in the canonical generators is trivial or not. Similarly, if G
is toral relatively hyperbolic and H is a limit group over G, then by [72, Theorems
D. and E.| H is a finitely generated subgroup of GZ[Y. G satisfies condition R and
by [58, Subsection 2.7| has a solvable word problem. O

The fact that limit groups over coherent RAAGs have a decidable word problem
was already mentioned in [30], and follows from these groups being finitely presented
and residually finite. The following proposition, which we record here for the sake of
completeness, proves that there exists a solution to the word problem for limit groups
over toral relatively hyperbolic groups (toral relatively hyperbolic groups are finitely
generated [in fact, finitely presented| and equationally Noetherian [55, Theorem 5.16];
in addition, every limit group over a toral relatively hyperbolic group G is recursively
presented since it embeds in a group obtained from G by taking finitely many free

estension of centralisers |72, Theorems D and EJ):

Proposition IV.3.3. Let G be a countable equationally Noetherian group. If G has
a solvable word problem, then so does every finitely generated, recursively presented,

residually-G group.

Proof. Let H be a finitely generated, recursively presented, residually-G group. We
execute the following two algorithms in parallel: first, since H is recursively presented

there is an algorithm which takes a word g € H as its input, and returns ’yes’ if g = 1.

Second, let S be a finite generating set of H and let g be a word in the alphabet
S uS-1. The equational Noetherianity of G implies that there is an algorithm which
checks, within finite time, whether a map S — G extends to a homomorphism f :
H — . Given such a homomorphism f, using a solution to the word problem in G
the algorithm can further verify whether or not f(g) # 1. Since H is residually G,

the algorithm described will return 'no’ whenever g # 1 in H. ]

Remark IV.3.4. Note that the proof above just implies the existence of an algorithm;
this is because it depends on equational Noetherianity, that is, on reducing infinite

systems of equations over GG to equivalent finite subsystems. Given a group G, if one
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has a concrete algorithm that converts any infinite system of equations over G into
an equivalent finite subsystem, then the proof above yields a concrete algorithm that

solves the word problem in G.
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v

Virtual homology of residually

We amass a few key theorems that will be used in this chapter; many of these

were already mentioned in Chapter II, and we state them again for the convenience

free groups and profinite

rigidity of direct products

2=y E study limit groups through the homology of their fi-
(ﬂ nite index subgroups, and use homological calculations
AP 10 show that certain groups are profinitely rigid among
finitely presented, residually free groups. More specifically, we
show that the virtual second Betti number of a finitely gen-
erated, residually free group G is finite if and only if G is ei-
ther free, free abelian or the fundamental group of a closed
surface. We continue and calculate the virtual Betti numbers
of limit groups in all dimensions. Later, we employ techniques
involving rank gradients of pro-p groups in order to recognize di-
rect product decompositions of certain groups from their finite
p-quotients. Combining the above ideas, we show that direct
products of free and surface groups are profinitely rigid among
finitely presented, residually free groups, partially resolving a
conjecture of Bridson’s.

of the reader.

The first set of theorems that we record revolves around separability properties
of HGFC-groups, limit groups and more generally finitely generated, residually free

groups:

Theorem V.0.1 ( [123], [66], [18], see Theorem I11.2.15 and Corollary 11.2.18). Let G
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be an HGFC-group. Then G is subgroup separable. Furthermore, G has a finite-index

subgroup which admits local retractions.

Theorem V.0.2 ( [116, Theorems A and B|, see Theorem I1.1.62). Limit groups are

subgroup separable and admit local retractions.

Theorem V.0.3 ( |27, Theorems A and B, see Theorem 11.1.74). Let G be a finitely
generated residually free group, and let H < G. If H is finitely presented, then H is
separable in G; if furthermore H is of type FPo(Q) then G wirtually retracts onto H.

We will utilize subgroup separability and virtual retractions when we construct
subgroups of a given group GG with certain homological features. The following two

lemmas lie at the heart of this strategy:

Lemma V.0.4 (see Lemma 1.3.13). Let G be a subgroup separable group and let H
be a finitely generated subgroup of G. Then for every finite-index subgroup Ho < H,
there is a finite-index subgroup Go < G such that Gon H = H.

The proof of this lemma is straightforward, and it appears in Subsection 1.3. A

different lemma of a similar flavour is the following:

Lemma V.0.5. Let G be a finitely generated group and let H be a virtual retract of
G. Then for any n and any field k there is a finite-index subgroup Gog < G such that
by (Go) 2 b (H).

Proof. Let Gy be a finite-index subgroup of G which retracts onto H; denote the
retraction by r : Gy - H and denote by i : H - GGy the inclusion map. Note that roi:
H — H is the identity map. It follows that the same holds for the induced maps on
the n-th homology, that is r, o7, = Idy, (u). In particular, 4, : H,(H; k) - H,(Go; k)
is injective and bF (Gg) > bF(H). O

We also remind the reader that the virtual i-th Betti number of a finitely generated
group G (with coefficients in k) is given by

vb¥ (@) = sup{dimy, H;(H; k)| H is a finite-index subgroup of G}

(the full definition appears in the Introduction).

Remark V.0.6. Lemma V.0.5 reduces the problem of showing that vb®(G) = oo to
finding finitely generated subgroups of G with an arbitrarily large n-th Betti number,

as long as GG admits local retractions.
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As a warm-up, we derive the following simple corollary (which follows the plan of

action described in Remark V.0.6 above):

Corollary V.0.7. If G is a finitely generated, residually free group that is not a limit
group, then vby(G) = oo.

Proof. Recall that as mentioned in Remark I1.1.7, Baumslag proved that in this case
G must contain F'xZ (where F' is a free group of rank 2) as a subgroup |9, Theorems
1 and 3|. It follows that G contains a subgroup that is isomorphic to F,, x Z (where

F, is a free group of rank n), and by Kiinneth formula,
H(F;k)® H(Z;k) =k"® k = k"

embeds in Hy(F, x Z; k). Thus b5(F, x Z) > n. Note that F}, x Z is of type FP,(Q)
(because it is the extension of two FP.,(Q) groups F,, and Z |90, Proposition 2.7|),
and therefore by Theorem I1.1.74, G virtually retracts onto F,, x Z. By Lemma V.0.5,
there is a finite-index subgroup Gy < G such that bo(Go) > ba(F,, x Z) > n. This shows
that vby(G) = co. O

These easy steps therefore reduce Theorem I to the case where G is either a limit
group or an HGFC-group.

Lastly, we also record another simple lemma that has do with cyclic splittings of
limit groups. The lemma follows easily from the fact that limit groups are commuta-
tive transitive (see Remark I1.1.7), and it will aid the proof of Theorem V.1.7:

Lemma V.0.8. Suppose that a limit group L contains a subgroup that splits as a
cyclic amalgamation Gy % -, G2 or as an HNN extension G4 (where ¢ is an iso-
morphism between two cyclic subgroups (c1) and (c2) of G). Then at least one of (1)

and (c2) is mazimal abelian in its target vertex group.

Proof. Assume that L contains a subgroup of the form G *.,-.,G2; the HNN extension
case is similar (and also follows from the proof for cyclic amalgamation: the HNN
extension G*4 contains a subgroup of index 2 which has a subgroup of the form
G *¢y=e, G).

Suppose for a contradiction that both (c¢;) and (o) are not maximal abelian in G4
and G respectively (or in G in the case of an HNN extension). Let ¢} be an element
that lies outside of (¢;) and commutes with ¢;. Since limit groups are commutative
transitive (see Remark I1.1.7), and since both ¢} and ¢, commute with ¢; = ¢o in L it
follows that ¢ and ¢, commute. However, since both of them do not lie in (¢1) = (¢2),
the commutator ¢;cc, "¢, is a reduced word in the amalgamated product and is

therefore non-trivial, which is a contradiction. O
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V.1 Classifying residually free groups by their vir-
tual second Betti number

In this section we prove Theorem I:

Theorem V.1.1 (Theorem I). Let G be a finitely generated residually free group, or
a hyperbolic fundamental group of a finite graph of finitely generated free groups with
infinite cyclic edge subgroups, and let k be a field. Then

1. vb5(G) = 0 if and only if G is free,

2. vb5(G) = 1 if and only if G = 7w (X) where ¥ is a closed, connected surface,
3. vbE(G) = (g) if and only if L2 Z¢ (for d>2)

4. vbE(G) = 0o otherwise.

The proof is inspired by Wilton’s work on surface subgroups of HGFC-groups,
and in particular borrows ideas from [120, Lemmas 5.9 and 5.10|. Recall that by
Remark V.0.6, if G is the fundamental group of a graph of spaces X and G admits
local retractions, then it suffices to construct precovers of X with arbitrarily large
second Betti numbers in order to obtain that vb%(G) = co. This will be the strategy
carried out in this section. We point out that the definition of a precover (along with

a few key techniques) appears in Subsection 11.2.1.

V.1.1 Local structures in graphs of spaces

Recall that if G is an HGFC-group with a corresponding graph of spaces decompo-
sition X, then every vertex X, of X, along with the incident edges, gives rise to a
free group equipped with a peripheral structure; we denote the induced pair at v (for
veV(Z2)) by (G, [w,]) and refer to Subsection I1.2.3 for further detail.

One-endedness is particularly important to us as it will serve as an indicator
for when an HGFC-group is not free (and therefore possibly has non-trivial second
homology). We remind that free splittings of HGFC-groups can be detected locally:
if an HGFC group G admits a free splitting, then for some v € V(Z) the induced pair

at v, (Gy,[w,]), is not one-ended. More generally,

Theorem V.1.2 (Relative Shenitzer’s Lemma [119, Theorem 18|, see Theorem 11.2.26).
Let G be a finitely generated group which is the fundamental group of a graph of groups
with infinite cyclic edge groups. Then G is one-ended if and only if every vertex group

is freely indecomposable relative to the incident edge groups.

161



It is worth mentioning at this point that every HGFC-group splits as the free
product of one-ended (hyperbolic) graphs of free groups with cyclic edge groups and

a free group:

Lemma V.1.3. Let G be a finitely generated group which splits as a (not necessarily
hyperbolic) graph of free groups with cyclic edge groups. Then G = Gy * --- % G, * F,
where each G; is a one-ended fundamental group of a graph of free groups with cyclic
edge groups, and F, is a free group of rank r > 0. Furthermore, if G is an HGFC-
group, then every G; is an HGFC-group.

Proof. By Grushko’s theorem we may write G = G * --- » GG, * F. where each Gj is
one-ended and F, (which might not appear in this decomposition, that is we may
have r = 0) is free. A standard argument using Bass-Serre theory shows that in fact
each (G; is the fundamental group of a finite graph of finitely generated free groups
with infinite cyclic edge groups: let T" be the Bass-Serre tree that corresponds to the
cyclic splitting of G and let 7T; be a minimal G;-invariant subtree of 7. Taking the
core of the quotient of T; by G; we obtain a finite graph of groups decomposition
G(G;) of G;. Since G; is freely indecomposable, the edge groups of G(G;) are all
infinite cyclic; in particular, these edge groups are finitely generated. By Grushko’s
theorem G is finitely generated, which implies that the vertex groups of G(G;) are
finitely generated. In addition, since the vertex groups of the cyclic splitting of G are

free, the vertex groups of G(G;) are all free.

Lastly, if G is hyperbolic, then by [18, Theorem D| G is locally quasiconvex, which
implies that every G; is hyperbolic. O

In order to prove Theorem I, we want to understand more than just the free
splittings of an HGFC-group G; we seek to understand cyclic splittings too, and for
this we employ JSJ decompositions (see Section I1.3). Utilizing JSJ decompositions
will allow us to endow a one-ended HGFC-group G with a refined splitting in which
the induced peripheral structures lie in one of two extremes: they are either flexible
(meaning that they admit many relative cyclic splittings) and come in the shape of
a pair of surface type, or rigid (meaning that they do not admit any relative cyclic
splittings). We will use Cashen’s version of a JSJ decomposition, which encompasses

all splittings of a free group relative to a finite set of elements.

Theorem V.1.4 ( [32, Theorem 4.25|, see Theorem 11.3.7). Let F' be a free group,
let w be a multiword in F' and let € be the family of all infinite cyclic subgroups of

F'. Then there is a canonical relative JSJ decomposition F of F' over & relative to w
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(that is, a mazimal universal splitting with respect to all splittings of F' in which the

elements of w are elliptic) satisfying the following properties:
1. each vertex group of F is of one of the following types:

e cyclic, that is F,, 2 7,
e surface type, for which the induced pair (Fy,, [w,]) is of surface type,

e rigid, for which the induced pair (F,,[w,]) is rigid.

2. the graph is bipartite, and each edge adjoins a cyclic vertex to a non-cyclic

vertex.

3. if F, is a non-cyclic vertex group, then the adjacent edge groups map onto

maximal cyclic subgroups of F, that are non-conjugate in F,.

Remark V.1.5. We could alternatively use Bowditch’s version of JSJ decompositions,
which takes a one-ended hyperbolic group G as its input (see Theorem I11.3.6). This
decomposition would serve us equally well: Bowditch’s theorem, in conjunction with
the additional structure of an HGFC-group, yields that the rigid vertices in a JSJ
dcomposition of an HGFC-group are all free (and hence the corresponding induced
pairs are rigid). We choose to use Cashen’s version to highlight the interplay between
the global properties of an HGFC-group GG and the local properties of the induced

pairs at the different vertex groups of G.

Wilton showed in [120] that one-ended HGFC-groups contain surface subgroups;
since these groups contain finite-index subgroups that admit local retractions, Lemma
V.0.5 implies that they have a positive virtual second Betti number. As mentioned in
the Introduction, in some cases we will replicate these surface subgroups in precovers,
obtaining precovers with large second homology. The following theorem of Wilton

will also prove to be extremely useful for replicating surface subgroups in a precover:

Theorem V.1.6 ( [119, Theorem 8|). If (F,[w]) is rigid then there is a finite-index
subgroup F < F such that for every finite-index subgroup F' < F, the pair (F',[w'])
obtained by pulling back [w] to F' admits the following property: for any component

w! of w', the pair (F',[w'—{w!}]) is one-ended.
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Figure V.1: A wedge of a surface 3 and a circle S on the left and a five-fold covering
on the right, corresponding to an index 5 subgroup of m;(X) * Z containing 5 surface
subgroups.

V.1.2 Precovers with large second homology

The main idea behind the proofs in this section is that if a one-ended HGFC-group G
is not a surface subgroup, then it contains a surface subgroup that can be promoted to
the existence of many surface subgroups. These surface subgroups will be independent
from each other in the second homology of the fundamental group of a precover,
producing a subgroup with a large second Betti number. To be precise, we will first

prove the following theorem:

Theorem V.1.7. Let G be a limit group or an HGFC-group. Suppose that G is not
a free, a surface or a free abelian group. Then there exists a closed, orientable surface
Y with x(2) <0 and an embedding m(X) *Z - G.

Remark V.1.8. We remark that one can also prove Theorem V.1.7 above, under the
assumption that G is hyperbolic, by using a Ping Pong argument. We refer the reader
to |6, Theorem 1].

Figure V.1 illustrates how an embedding m(X) * Z — G implies the existence of

many surface subgroups of G.

164



We divide the proof of Theorem V.1.7 into two cases, depending on whether the
relative JSJ decomposition of some induced pair at a vertex of GG contains a rigid
vertex. For the subsequent two lemmas, G is assumed to be a one-ended HGFC-
group. As usual, X will be a graph of spaces whose underlying graph coincides with
that of the graph of free groups with cyclic edge groups splitting of G, and whose
vertex spaces are either graphs or closed and connected surfaces with boundary (this
will depend on our point of view, and we will explicitly describe the vertex spaces
of X whenever relevant). Recall that we denote the vertex space corresponding to

v e V(Z) by X, and write G, for m X,; fix the same notation for an edge e € E(Z).

Lemma V.1.9. If there is a vertex u € V(Z) such that the relative JSJ decomposition
of the induced pair (G, [w,]) at u has a rigid vertezx, then G contains a subgroup H

with the following properties:
1. H splits as a cyclic amalgamation H = Hy %o F,
2. Hy is a one-ended HGFC-group, and
3. F is a non-abelian free group.

Proof. We begin by ‘normalizing” X by applying Procedure 11.2.27; this will reward
us with a graph of spaces that is particularly convenient to work with. We briefly

remind the reader how to refine the splitting of G:

Subdivide each edge cylinder of X by adding a cyclic vertex; then, replace each
vertex space X, with the relative JSJ decomposition of the induced pair (G, [w],)
at X, (identifying the cyclic vertices that correspond to the different elements of
[w], with the cyclic vertices of X that are adjacent to X, ). By [123], G is subgroup
separable and we may replace X with a finite-sheeted covering X in which all of the
attaching maps at cyclic vertices are isomorphisms (see Lemma 11.2.28). Folding as

in Lemma I1.2.29 results in a graph of spaces that satisfies the following properties:
e the graph is bipartite, and edges adjoin cyclic vertices to non-cyclic vertices.

e if F, is a non-cyclic vertex group, then the adjacent edge groups map onto

maximal cyclic subgroups of F), that are non-conjugate in F,.

By our assumption, the refined graph of spaces X now contains a vertex space X, such
that the induced pair (G, [w,]) at u is rigid. We replace X with a finite-sheeted

cover, also denoted by X, that contains a vertex space Xg satisfying the property
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Figure V.2: Constructing X’ by attaching an extra copy of Xz to X | along 5{* Cyclic
vertices correspond to the blue dashed circles.

described in Theorem V.1.6. In what follows, we will construct a precover X’ of X

whose fundamental group H =7 (X"’) satisfies conditions 1.-3. above.

In a manner similar to [120, Lemma 5.9], we construct a precover X' of X as
follows: write k = deg(@) (note that k > 1) and let &,...,8, € E(E) be the edges
adjacent to @. Take k copies of Xz and enumerate them Yﬁl,...,fﬁk; denoting
Wl(Xm) = G; and referring to the peripheral structure on G; induced by the adjacent
edges as [w;] = {@},...,@WF}, the induced pair at Xﬁi in the resulting precover will
be (G, [@, - {@}]). Take k -1 copies of each vertex space Xy of X for every T+ @
and enumerate these {)’(\m, e ,)’(\g,ﬂ}. In order to define the precover X ' it suffices
to specify which elevations of the attaching maps of X will be attaching maps of X7,
and to verify that there is a suitable degree-preserving bijection between them. Every
elevation of an attaching map to this collection of vertex spaces will be an attaching
map of X', except for the elevations that correspond to the edge space of € in Xg
Note that if 0% is an attaching map in X then every elevation 5; to X appears k-1
times as a hanging elevation in the collection of vertex spaces we have just defined.
Therefore one can pick a suitable degree-preserving bijection between these hanging
elevations and obtain a precover X’ of X (and of X). There are exactly k£ hanging
elevations in this precover, each of them corresponding to the edge space of €; in X@i

for some 1 <i<k.

Let X { be the connected component of X' containing Xgl and note that by Theo-
rem V.1.6 the induced pair at every vertex of X 1 is one-ended. It follows from Theorem
11.2.26 that Hy = m;(X]) is one-ended. Note that H; is hyperbolic: by [18, Theorem
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D], G is locally quasiconvex, and since H; is finitely generated it is a quasiconvex sub-
group of a hyperbolic group. Note that X{ contains at least one hanging elevation,
corresponding to the edge space of €7 in Xm; denote this elevation by 5{* Finally,
to finish, note that X’ contains a cyclic vertex X, and another vertex space Xp that
may be paired with )?gl along 5{*; attach these to )?{ as in Figure V.2 to obtain a
precover X’ of X. Setting H = m(X"') gives the desired result.

By Lemma II.2.12, we can complete X] to a cover X of X. Let X’ be the precover
of X which contains the embedded copy of X] in X, together with two extra vertex
spaces: a cyclic vertex space that is attached to the vertex space )?gl of X along
5{*, and a non-cyclic vertex space that is attached to this cyclic vertex. Letting
H = m(X'") completes the proof. ]

We next deal with the case where none of the relative JSJ decompositions of the
induced pairs of X have a rigid vertex. We will make use of the following lemma

which determines the finite-sheeted covering spaces of an orientable surface:

Lemma V.1.10 ( [89, Lemma 3.2|). Let ¥ be an orientable and connected surface
with positive genus and let o > 1. For each boundary component of X2, pick a collection
of degrees summing to . Then there is a connected a-sheeted covering S — ¥ such
that the connected components of the preimage of each boundary component 0%; of
cover 0%; with the prescribed degrees if and only if the number of boundary components

of & has the same parity as o - x(2).

Lemma V.1.11. Suppose that for every v € V(Z) the vertices of the relative JSJ
decomposition of the induced pair (G, [w,]) at v are all of surface type. If G is not
the fundamental group of a closed surface, then G contains a subgroup H with the

following properties:
1. H splits as a cyclic amalgamation H = (X)) * e F,
2. m(X) is the fundamental group of a closed and orientable surface, and
3. F is a non-abelian free group.

Proof. Applying Procedure 11.2.27 and Lemma I1.2.28, we obtain a finite-index sub-
group G of G and a graph of spaces decomposition X of G in which the attaching
maps at cyclic vertices are homeomorphisms. The construction of X also implies
that every non-cyclic vertex is adjacent only to cyclic vertices and vice-versa, and

that there is exactly one edge connected to each boundary component of each surface
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vertex space of X. The resulting space X is “almost a surface”, with singularities

concentrated only at the cyclic vertices of X.

Since G is torsion-free, Nielsen realization implies that G = m X is not a surface
group. Therefore, there exists €€ V(E) such that deg@> 2 and 7 Xz is cyclic. We
will use the fact that deg@ > 2 in order to construct a precover X’ of X whose
fundamental group H satisfies properties (1)-(3) above. Let €3, €3, €3 be three distinct
edges adjacent to €in = and assume that & adjoins € to a vertex v; € = (it is possible
that not all three vertices 7; are distinct). For 1 <i <3 let XZ be the precover of X
obtained by removing the edge cylinder Xz x (-1,1) from X. X; has two hanging
elevations which we denote by 5; : Xz, = X, and 52.‘ : Xz, > Xz We next construct
three precovers X/ of X (and X) with the property that the geometric realization of
X/ is a connected, orientable surface with two boundary components, each mapped

homeomorphically to Xz c X5 under the natural map X ;- X.

Take two copies of each surface type vertex space of X, and take deg(7) copies of
cach cyclic vertex Xz of X;. We may now pair the hanging elevations in this collection

of vertex spaces to obtain a precover X/ of X making sure that

e cach non-hanging elevation whose target space is of surface-type in X, is non-

hanging in X/,
o if X/, is a cyclic vertex space of X/ then deg(v’) =2,

e the two copies of (‘/3;.* in X! are the only hanging elevations in X whose target

space is of surface-type.

Since all of the attaching maps of X! at cyclic vertices are isomorphisms, each
attaching map with target in a surface vertex X identifies the corresponding edge
space with a boundary component of X/ and all of the surface-type vertices are
orientable, X is an orientable surface with two boundary components S?; and S°; as
desired. If X/ is not connected, replace it with a connected component that has a
non-empty boundary. If this connected component has a single boundary component,
replace it with a 2-sheeted covering with two boundary components of degree 1; the

existence of such a cover is guaranteed by Lemma V.1.10.

To construct X', we use X{, X; and X}, and take two additional copies Xa and
)?52 of X-. We attach )?51 to Sty, S?; and S3; by three edge cylinders, and attach )’(\52
to Sty and S?%5 by two edge cylinders. The geometric realization of X’ is described
in Figure V.3. The fundamental group H of X’ splits as a cyclic amalgamation,

where one of the factors is the fundamental group of a closed and orientable surface
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Figure V.3: The precover X' is constructed by assembling a closed surface from X|
and X7, and then attaching Xj along one of its two boundary components.

(obtained from X and X}) and the other factor is m1(X}) (which is a non-abelian
free group).
[l

The following lemma is an easy exercise which will help us turn the subgroups
obtained in Lemmas V.1.9 and V.1.11 into subgroups of the form m;(X) * Z.

Lemma V.1.12. Let G be a group and let F' be a non-abelian free group. Then any

cyclic amalgamation G .. F' contains a copy of G * Z.

Proof. Let H be a cyclic amalgamation of the form G *.. F'. We first prove that any

g1 -hi--g, - h,, € H satisfying the following properties is non-trivial:
1. none of g; and h; are trivial (except for, perhaps, g; and h,),
2. each g; lies in G and each h; lies in F,
3. none of the h; lie in the maximal cyclic subgroup of F' containing c’.

Induct on the number k of elements g; such that g; € (¢); if no g; lies in (¢) then

g1 - h1---gp - by, is reduced and hence non-trivial in G *..» F. Suppose now that the
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claim holds for k < ¢, and let g; - hy---g,, - h,, be such that ¢ of the elements g; are in
(c). If g; € (c), consider

g1-hrgj1- (Bt g5 hy)-gn - hn.

Since hj_; and h; are outside of the maximal cyclic subgroup of F' containing ¢’, so
is hj_1-g;-hj. It follows that ¢ — 1 elements among g¢1, ..., gj-1, gj+1, - - -, gn lie in (c),
and by the induction hypothesis ¢y - h1---gj-1 - (hjo1- g5 - hj)-gn-hn # 1 in H.

To finish, let g € F' be such that (¢’, h) is a free group of rank 2; we claim that the

subgroup (G, h) of H is isomorphic to G * Z. It suffices to show that every element
of (G, h) of the form gy - h¥1 - gg - h¥2---g,, - h*» and in which

1. every g; is non-trivial (except for, perhaps, g1),
2. every k; is different to 0 (except for, perhaps, k,), and
3. n>1 (and if n =1 then either g; # 1 or k; #0),
is non-trivial. This follows immediately from the first part of the proof. n
We are finally ready to prove Theorem V.1.7:

Theorem V.1.13 (Theorem V.1.7). Let G be a limit group or an HGFC-group.
Suppose that G is not a free abelian, a free or a surface group. Then there exists a

closed, orientable surface ¥ with x(X) <0 and an embedding m>% 7 < G.

Proof of Theorem V.1.7. Suppose first that G is an HGFC-group. If G is one-ended,
then Lemmas V.1.9 and V.1.11 imply that G contains a subgroup of the form H *._. F'
where H is a one-ended HGFC-group and F' is a non-abelian free group. By Lemma
V.1.12, G contains a subgroup isomorphic to H * Z, and if H is not a surface group
then by [120, Theorem 6.1] H contains a surface subgroup (%) with x(X2) <0. The

existence of a suitable embedding 7% * Z — G follows.

If G is not one-ended, by Lemma V.1.3 we may write G = G *---*G, * F}. where each
G; is a one-ended HGFC-group, F, (which might not appear in this decomposition)
is free and there are at least 2 factors in this free product. If some G; is not a surface
group, then the previous paragraph implies that GG;, and hence GG, contains a subgroup
of the form 71(X) * Z. Similarly, if some G; is the fundamental group of a closed,

connected hyperbolic surface, then G clearly contains a subgroup of the desired form.

Suppose now that G is a limit group, and let H be a one-ended group appearing

in the hierarchy of G with no one-ended groups below it. Recall that as in Corollary
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I1.1.60, H is either free abelian (of rank at least 2), or an HGFC-group. If H is
an HGFC-group, and H is not a surface group, then the discussion above implies

that there exists a closed, orientable surface ¥ with y(3) < 0 and an embedding
mu*l—~>H<(G.

Otherwise, H is either free abelian (of rank at least 2) or the fundamental group
of a surface. Since G is not a surface or a free abelian group, there is a group H' lying
above H in the hierarchy. If H is a free factor of H’, then GG contains a subgroup of
the form H = Z as desired (note that a free abelian group of rank 2 is the fundamental
group of the torus 72, and x(72) =0). If not, then H’ contains a free factor K, which
admits a cyclic splitting in which H is one of the factors; denote this splitting by G

We divide the proof into two cases, depending on whether H is abelian.

Case 1: Suppose that H is non-abelian, and write H = 71 (%) where X is a closed,
connected surface; up to passing to a finite-index subgroup, we may assume that X
is orientable. If H is the only vertex group of G, realize G as a graph of spaces Xy
which consists of the single vertex space > accompanied by edge cylinders. Construct
a precover X of Xy by adjoining two copies of ¥ with a suitable edge cylinder. One
can see that m (Xg) 2 m () #ee 71 () contains a subgroup of the form () .o F
where F' is a free group of rank 2, and by Lemma V.1.12 there is an embedding
mu*l—> K< G.

If H is not the only vertex group of Gy, then K contains a subgroup that splits
as a cyclic amalgamation in which H is one of the factors; denote the other factor
by J. If J is non-abelian, then since every two non-commuting elements in a limit
group generate a non-abelian free group, K contains a subgroup of the form H *._. F
(where F'is a free group of rank 2). Evoking Lemma V.1.12 completes the proof. If .J
is abelian (in which case its rank is at least 2), then similarly K contains a subgroup
of the form Z? *..» F' (where F is a free group of rank 2), which yields the desired
subgroup of G.

Case 2: Suppose now that H is a free abelian group of rank at least 2. By Lemma
V.0.8, H cannot be the only vertex group of Gg, and there is a vertex group J of
Gk that is adjacent to H. Moreover, Lemma V.0.8 implies that J is non-abelian.
Since any two non-commuting elements of J must generate a free group of rank 2, K
contains a subgroup of the form H .., F' (where F is a free group of rank 2). Lemma
V.1.12 gives rise to an embedding Z? * Z - G.

0

Theorem I now follows.
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Theorem V.1.14 (Theorem I). Let G be a finitely generated residually free group or
an HGFC-group. Then

1. vb5(G) = 0 if and only if G is free,

2. vbE(G) =1 if and only if G =2 71 (X) where ¥ is a closed, connected surface,
3. vb5(G) = (9) if and only if L 2 Z% (for d >2)

4. VbE(G) = 0o otherwise.

Proof. First note that if G is free then vbi(G) = 0, if G is a surface group then
vb5(G) = 1 and if G = Z4 then vb(G) = (;l) Suppose now that G is a limit group
or an HGFC-group, and that G is not free, surface or free abelian. By passing to
a finite-index subgroup, we may assume that G admits local retractions (since G is
torsion-free and not isomorphic to a free, a surface or a free abelian group, it cannot
have a finite-index subgroup that is free, free abelian or surface). By Theorem V.1.7,
G contains a subgroup isomorphic to m1(X) *Z; by Lemma V.0.5, it is enough to show
that m1(2) * Z) contains subgroups with arbitrarily large second Betti number. Let
f:m(X) *Z - Z[nZ be the map which sends m;(2) to the trivial element, and the
generator of Z to the generator of Z/nZ. ker f is a finite-index subgroup of 7 (2) * Z
that splits as a free product with n + 1 factors: one of them is nZ, and the rest are
conjugates of m1(X); ker f can also be seen as the fundamental group of the cover of
a wedge of a circle and X illustrated in Figure V.1. A repeated application of Mayer-
Vietoris shows that the second Betti number of ker f is at least n-b5(7w (X)) = n.

It is left to show that if G is a residually free group that is not a limit group, then
vb4(G) = co. This was done in Corollary V.0.7. O

V.2 Virtual homology in higher dimensions and resid
ually free manifolds

We now turn to calculating virtual Betti numbers in dimensions n > 2. The following

technical lemma will easily imply Proposition J.

Lemma V.2.1. Suppose that a finitely generated group G splits as a finite and con-
nected non-trivial graph of spaces X . Suppose furthermore that there is a vertex group
G, of G(X) with bE(G,) >0 for some n €N and a field k. If every edge group G. of
G(X) satisfies bE(G,) =0, and at least one of the following holds,
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X, o X, X, o[, \
X, X,

Figure V.4: Splicing together three copies of a precover of X along the red edge.

1. the underlying graph = of X s not a tree,
2. the vertex group G, is separable in G,

then for every € € N there is a finite cover X of X with bk (m (X)) > £. In particular,
Vb (@) = 0.

Proof. Suppose first that = is not a tree, and therefore the underlying graph = of X
contains an edge e € E(Z) with = - {e} a connected graph. Take ¢ copies of X and
enumerate them Xj,...,Xy; let e; be the copy of e in E(Z;). Remove X, x(-1,1) from
X; to obtain a precover X/ of X; with two hanging elevations 9. Let X be the space
obtained by splicing together X7,..., X/, pairing the elevation 9} with 0;,, (and 0
with 7). The resulting space for n = 3 appears in Figure V.4. We remark that the
(-fold cover X of X can also be obtained by choosing a loop 7 in = that contains e
and such that [v] € m1(Z) is a primitive element, mapping G onto 71 (Z) by killing all
of the vertex groups, and retracting m1(Z) onto [v]. The cover corresponding to the
preimage of ([v]¢) in G is X.

Note that X contains ¢ copies of X,, as vertex spaces. Since b¥(G,) > 0 and for
every edge e € E(Z) we have that bk (G.) =0, a repeated use of Mayer-Vietoris shows
that b (G) 2 Yoey(z) bh(Gr) > €.

We still need to treat the case where = is a tree; in this case, since G, is separable
in G there are finite-index normal subgroups Hy, Hs, ... of G such that G, = Ny H;.
Note that since = is non-trivial, [G : G, ] = oo and therefore the index of G,, = N, H;
in G goes to oo as n - oo. Consider the quotient maps ¢, : G » G/G,, = @,, and
note that [Qy : ¢(Gy)] = |@n| = [G : Gn] ===> 00. Let X, be the cover of X that

corresponds to G, and note that there are exactly |@,| vertices covering G, in the
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graph of spaces decomposition that X, inherits from X. In fact, each of the Q0|
corresponding vertex groups is isomorphic to G, since G, < Wl(fn) and X, is a
normal cover of X. Finally, as before, a repeated application of Mayer-Vietoris shows
that bk (G,,) > |Qn] - b8 (G,) which goes to infinity as n — oc. O

We can now easily calculate virtual Betti numbers of limit groups in all dimensions:

Proposition V.2.2 (Proposition J). Let L be a limit group and let k be a field. Then
for any n >3, VbZ(L) < oo if and only if one of the following two holds:

1. cd(L) <n, in which case vbF(L) =0, or

2. L is free abelian of rank at least n, in which case vb (L) = (ranl;(L)).

Proof of Proposition J . If ¢cd(L) < n then vb¥(L) = 0. Suppose that cd(L) = m > n,
and note that if L is free abelian, then clearly L = Z™ and vb’ (L) = (7). It is left to
show that if L is not free abelian then vb (L) = co.

It is a well-known fact, that can be easily proved by employing the hierarchical
structure of a limit group, that cd(L) = max(2,m) where m is the maximal rank of
a free abelian subgroup of L. We may therefore assume that L contains a maximal
abelian subgroup M isomorphic to Z™. If L is freely decomposable, then by [118,
Lemma 3.2] M must be contained in one of the factors. It follows that L contains a
subgroup isomorphic to M * Z. Given ¢ € N, consider the kernel of the map f: M —
7 — ZJVZ which kills M and maps a generator of Z to a generator of Z/(Z. ker f
is a finite-index subgroup of M * Z which admits a free splitting with ¢ + 1 factors;
n of these factors are conjugates of M. Applying Mayer-Vietoris £ times yields that
bk (ker f) > £-bE(M) > £ and therefore vb¥ (M * Z) = oo.

If L is freely indecomposable, then Theorem I1.1.54 implies that L admits a non-

trivial cyclic splitting of one of the following forms:

1. Ax¢ B where C is infinite cyclic, M is conjugate into one of the two factors, A

and B are non-cyclic, and C' is maximal abelian in one of the two factors.

2. Axc where C' is an infinite cyclic, maximal abelian subgroup of L, and M is

conjugate into A.

Note that by Lemma V.0.5, the n-th Betti number of the vertex group of L that
contains a conjugate M is positive. Hence both of the possible splittings of L satisfy

the properties required to invoke Lemma V.2.1, and vb¥ (L) = co.

]
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Remark V.2.3. Similar arguments show that if cd(L) = m > 3 and L #¢ Z" then L
contains a subgroup isomorphic to Z™ + Z. This also implies that vb¥(L) = oo for

every 1 <n <m using virtual retractions as in the proof of Theorem I.

A natural class of groups whose n-th virtual Betti number is always finite (and
equal to 1) is the class of fundamental groups of aspherical, closed manifolds of di-
mension n. Using the classification of limit group by their n-th virtual number in

Proposition J above, we can deduce:

Corollary V.2.4 (Corollary K). Let M be an aspherical, closed manifold of dimen-
ston n. Then the following two hold:

1. if m (M) is fully residually free and n >3 then M =T™.

2. if m (M) is residually free and n > 5 then M has a finite cover that is homeo-

morphic to the direct product of a torus and finitely many closed surfaces.

Proof of Corollary K. The manifold M is aspherical, and so are all its finite covers.
By Poincaré duality, it follows that vb, (M) = 1.

If m (M) is fully residually free, for n > 3 Proposition J implies that m (M) = Z".
Note that the classifying map for (M), f: M - K(Z",1) = T™ is a homotopy
equivalence, and in particular M is orientable.

If n = 3, then since (M) = Z" is one-ended, the Poincaré Conjecture implies
that M is prime, and therefore irreducible. From Waldhausen’s homeomorphism
theorem [115] we have that M = T3. For n = 4, since Z* is good in the sense of
Freedman, [45, Section 11.5] implies that M z Z*. Lastly, for n > 5, by [7, Theorem
A] the Borel Conjecture holds for Z", so M is homeomorphic to 7.

Suppose now that w1 (M) is residually free. By [73], M has the homotopy type of
a finite CW-complex and therefore w1 (M) is of type FP(Q). By Theorem 11.1.72, M
has a finite cover M whose fundamental group is a direct product of finitely many
limit groups. Since vhy, (7, (M)) = 1 and vby(m; (M)) = 0 for £ > m, Proposition J and
a direct computation using Kiinneth formula imply that 7 (7) is the direct product
of finitely many surface groups and a free abelian group. Invoking |7, Theorem A]
yields that M is homeomorphic to the direct product of a torus and finitely many

closed surfaces, as desired. O

Remark V.2.5. The corollary above can also be proved using other cohomological
techniques, and in particular by relying on the fact that a Poincaré duality group of
dimension n cannot have a Poincaré duality group of dimension n as an infinite-index

subgroup.
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Remark V.2.6. Passing to a finite cover in (2) of Corollary K above is necessary: let
G = 51 x Sy x S where each S; is the fundamental group of a surface of genus 2, and
let H be its index two subgroup which is the kernel of the map G — Z/27Z that maps
each of the standard generators of G to the non-trivial element in Z/2Z. H is the
fundamental group of a 6-manifold which is a double cover of the product of three
surfaces, and it is residually free as a subgroup of a residually free group. Suppose
now that H splits as a direct product Hy x Hy. Projecting H; and Hs to each of the
three factors S; of G, we get that for every i one of p;(H;) and p;(H,) is trivial in
S;. By the pigeonhole principle, either H; or H, is contained in one of the S;, say
H, is contained in Sy x {1} x {1}. This implies that Hs is contained in {1} x Sy x Ss.
Since [G : H] = 2 it follows that either H; =S x {1} x {1} or Hy = {1} x S5 x S5, which

contradicts the fact that H does not contain any of the factors of G.

V.3 On the profinite rigidity of direct products of
free and surface groups

In this section we introduce the required tools to prove Theorem N, which asserts that
direct products of free, surface and free abelian groups are profinitely rigid among

finitely presented groups.

Notation V.3.1. Recall that, as mentioned in Section I, the profinite completion of
a group G is denoted by G, and the pro-p completion of G is denoted by Gp. Bold
letters such as A, B, G, H will denote profinite groups. In addition, we write H <. G
or H<, G (and H <. G or H 4, G respectively) to indicate that the subgroup H< G

(respectively, normal subgroup H < G) is closed or open.

The only profinite groups that are finitely generated as abstract groups are fi-
nite (since, otherwise, they are not even countable). Therefore, when we say that a
profinite group G is finitely generated, we really mean that it is topologically finitely
generated, i.e. that there exists a finite subset S c G that generates a dense abstract
subgroup of G. One of the required ingredients for the proof of Theorem N is the

following consequence of Theorem V.1.7.

Theorem V.3.2. Let G be a finitely generated, residually free group. Suppose that
for every finite-index subgroups H < G, there ewists a prime p such that Hy has a

presentation with at most one relator. Then G is either a free or a surface group.
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Proof. Suppose that G is not a free or a surface group; note in addition that under
our assumption, G cannot be a free abelian group of rank n > 3. If G is a limit group,
then, by Theorem V.1.7, G contains a subgroup isomorphic to S * Z, where S is the
fundamental group of a closed, orientable surface. In particular, G' contains S * S as
a subgroup. By Theorem I1.1.62, G virtually retracts onto S * S, so there exists a
finite-index subgroup H < GG and a retraction r: H — S % S. r induces a retraction
at the level of pro-p completions r: Hy — (S * §)z which yields a retraction of
their continuous cohomology groups with trivial Z/p coefficients r: H*(Hp; Z[p) —
H2((S * S)sZ[p) = (Z]p)?. In particular, the dimension of H2(Hp Z/p) is at least
two and hence Hy cannot admit a one-relator presentation for any prime p.

Lastly, if GG is not a limit group, then it contains F' x Z, where F' is a free group
of rank 2. By Theorem I1.1.74, F' = Z is a virtual retract of G. As before, we obtain
that dimg,(H?(Hp; Z/[p)) > 2 which completes the proof. ]

V.3.1 Nilpotent groups

In this subsection, G denotes a finitely generated nilpotent group and G denotes
a topologically finitely generated nilpotent pro-p group. The following is a classical
proposition that encompasses the definition of the Hirsch length of a group, along with

its properties. For a more detailed account, we refer the reader to Segal’s book [103].

Proposition V.3.3. Let G be a finitely generated nilpotent group. Then the following

statements hold:

(a) There exists a finite subnormal series 1 = Gy 4Gy 4+-- 4G, = G such that each
quotient G;,1/G; is isomorphic to a cyclic group. The number of i’s for which

Gi41/G; is infinite is independent of the chosen subnormal series, and is called

the Hirsch length of G. We denote the Hirsch length of G by h(G),

(b) The Hirsch length is additive in the following sense: for all normal subgroups
N 4G, we have that h(G) = h(N) + h(G/N),

(¢c) Let H<G. Then H has finite index in G if and only if h(H) = h(G).

We next seek to prove a pro-p strengthening of part (c) of Proposition V.3.3.
The analogous definition of Hirsch length (along with its properties) carries over to
the pro-p setting. More specifically, the classical proof of Proposition V.3.3, that
relies on Schreier’s Refinement Theorem which states that any two subnormal series

of subgroups of a given group have equivalent refinements, can be carried out in the
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pro-p setting (see for example |75, Lemma 4.3], where the authors prove a version of

Schreier’s refinement theorem for closed subnormal series of pro-p groups).

Proposition V.3.4. Let G be a topologically finitely generated nilpotent pro-p group.
Then the following statements hold:

(a) There exists a finite closed subnormal series 1 = Go <. Gy <+ <. G,, = G such
that each quotient G;y1/G; is isomorphic to a pro-p cyclic group. The number of
i’s for which Gi1/G; is infinite is independent of the chosen subnormal series

and it is called the Hirsch length of G. As in the abstract case, we denote it by
hG).

(b) For every closed normal subgroup N 4 G we have that h(G) = h(N) + h(G/N).

(¢c) Let H<. G be a closed subgroup. Then H has finite index in G if and only if
h(H) = h(G).

The main reason we introduced the Hirsch length is the following proposition,
which will help us in detecting when H is a finite-index subgroup of G by looking at
finite p-quotients.

Proposition V.3.5. Let G be a finitely generated nilpotent group and let H < G be
a subgroup. Then H has a finite index in G if and only if the image of the induced

map on pro-p completions Hy — G5 has a finite index.

Proof. The first implication is easy: if the inclusion t: H — G has finite-index image,
then the image of the induced map ¢z Hy — Gj, which is equal to the closure H
of H in G5, has a finite index in G = Gp. To prove the converse, suppose that the
induced map on pro-p completions iz Hy —> G has a finite-index image. Since G” is
polycyclic, it admits a finite-index torsion-free subgroup G’ [103, Chapter 1]. Consider
H' = Hn G'; it is enough to show that H' has finite index in G’. By [87, Theorem
C], the induced map Hj — G is injective; note that it still has a finite-index image.
Hence, by part (c) of Proposition V.3.4, we have that h(Hj;) = h(G5). The Hirsch
length of a finitely generated torsion-free nilpotent group coincides with that of its
pro-p completion (see for example [75, Lemma 5.2] where this is proven in greater
generality). Therefore h(H') = h(Hj) = h(G}) = h(G"). Finally, we conclude that
t(H) < G has finite index by part (c) of Proposition V.3.3. O
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V.3.2 Pro-p groups with positive rank gradient

It is well-known that an automorphism of a direct product of free groups F,, x F}, is a
direct product of automorphisms of each of the factors (up to permuting the factors).
This can be seen by noting that the centraliser of an element w € F), is always cyclic,
and the centralisers of both (w,1) € F,, x F,, and (1,w) € F,, x F,, are isomorphic
to Z x F,. The same argument implies that the same holds for direct products of

torsion-free hyperbolic groups.

A different proof can be obtained using Schreier’s theorem about normal subgroups
of free groups [101], which states that a finitely generated and non-trivial normal
subgroup of a free group must be of finite index. Indeed, if ¢ : F,, x F,, - F,, x F},
is an automorphism, then the projection of ¢(F,, x {1}) onto each of the factors
must be either a finite-index subgroup or the trivial group (and the same applies
for the projection of ¢({1} x F},)). One can further verify that ¢(F, x {1}) and
¢({1}x F,,) must project non-trivially to different factors (otherwise, their intersection
in one of the factors would be a finite-index abelian subgroup of F},) and deduce that
Aut(F, x F,) 2 (Aut(F,) x Aut(F,,))x(Z/2Z). By employing rank gradients, one can

prove that a similar phenomenon occurs in the realm of pro-p groups.

Definition V.3.6. Let G be a pro-p group and let G = Gy > Gy > Gy & -+ be a
descending chain of normal open subgroups of G with trivial intersection. The rank

gradient of G relative to {G;} is given by

d(Gy) -1

RG(G:H{G:)) = lim Zo~G T

Remark V.3.7. Note that the limit in Definition V.3.6 above exists since it is the limit
of a monotonously decreasing sequence that is bounded from below.
One easily sees that the relative rank gradient of G does not depend on the choice

of a descending chain of open subgroups. We can therefore define:

Definition V.3.8. Let G be a pro-p group. The absolute rank gradient of G is given
by

We can extend the notion of a rank gradient to all finitely generated residually-p

group G: let G = Gy > G > G & -+ be a chain of normal (p-power)-index subgroups
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such that for every n € N there exists N for which v, ¢ Gy. The p-gradient of G,
relative to the chain {G;}, is given by

dimg, H'(G; Fp) -1

RG(G{Gi) = Jim

As before, this limit exists and it is independent of the choice of the chain {G;}.

The following is a particular instance of [92, Theorem 1.1], which is analogous to

the fact that free groups do not have non-trivial infinite-index normal subgroups:

Theorem V.3.9 (|92, Theorem 1.1]). Let G be a finitely generated pro-p group with
positive rank gradient and let N 4. G be a finitely generated closed normal subgroup.

Then N is either finite or open.

Remark V.3.10. By Liick’s approximation [83], if G is a finitely presented residually-p
group then b§2) (G) < RG(Gp). By [22, Corollary B|, if L is a non-abelian limit group
then 652)(L) > 0, so Theorem V.3.9 above applies to pro-p completions of non-abelian

limit groups.

We deduce the following:

Proposition V.3.11. Let G; and H; (1 <i<n and 1< j <m) be a collection of
finitely generated, torsion-free pro-p groups that have a positive rank gradient. Suppose

that there is an isomorphism of pro-p groups
$: Gy % x Gy — Hy x - x Hy,.

Then n = m and ¢ is a direct product of isomorphisms, that is, there exist a per-
mutation o € Sym(n) and isomorphisms ¢;: (Gi)y — (Ho@))p for 1 < i < n such
that

6 = (So11) 0 Tar1(1)) %+ X (Bo1(m) © Torm)) -

Proof. By assumption, we know that each of the G;’s and H;’s is infinite. For both

G x---xG, and H; x---xH,,,, we denote by 7; the projection onto the i-th coordinate.

For each 1 < i < n, there exists 1 < j < m such that 7;(¢(G;)) is an infinite
subgroup of H;. A priori, there may be multiple choices of such a j for a given ¢; we
choose a single such j = j(i) for every 1 <i < n. Note that ;) (¢(G;)) is normal
in Hj;y. Therefore, by Theorem V.3.9, 7;;)(¢(G;)) is open in Hj;y. In particular,
it follows that we cannot have that j(i;) = j(i2) for different i; # i: suppose for
a contradiction that j = j(i1) = j(i2). Therefore H; contain two open commuting

subgroups ;) (#(Gy,)) and mj¢,)(¢(Gy,)) that intersect in an open subgroup. It
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follows that H; is infinite and virtually abelian (as it contains the abelian group
(i) (0(Giy)) N Ty (0(Giy)) as a subgroup of finite index), but such groups have
a rank gradient that is equal to 0, which is a contradiction. Therefore j(i) is an
injection {1,...,n} — {1,...,m} and n < m. Reasoning analogously for the inverse
map ¢!, we derive that m < n. Hence m = n, and so j(7) is a bijection. In fact,
for the exact same reasons we must have that 7;(¢(G;)) = 1 for every 1 <i <n and
j#3(i).

Lastly, since ¢ is an isomorphism, 7;¢;y(#(G;)) = H;(;). Taking o(i) = j(i) and
¢i = ;) © ¢, completes the proof. ]

We would like to establish a similar result for direct products of finitely presented
residually-p groups (and in particular, non-abelian limit groups). To do so, we begin

by proving a duo of lemmas:

Lemma V.3.12. Letn > 1 and let Ky, ..., K, be finitely generated residually-p groups
with a positive p-gradient. Let K = Ky x---x K, and suppose that K' is an intermediate
group K < K' < K5 such that the index |K': K| < co. Then K = K.

Proof. We prove the lemma by induction. For n = 1, since K’ is dense in K,
RG(K') > RG(K). In addition, we have that RG(K) = |K’' : K|-RG(K') and
RG(K) >0so |K': K| =1 as desired. Suppose now that n > 2, and consider the di-
rect product decomposition K5 2 (Kp)p x -+ x (K,)p. Denote by m: Kz — (K1)p
and m: K5z — (K3)5 x -+ x (K,,)7 the canonical projections. Consider the trio
K <m(K'n(K;)p) < (K1)p and apply the base step of the induction to obtain that
K'n(K,)p= K;. Lastly, consider Kox---xK, 2 K/K, < K'| K, < K5/(K1)52 (K/K})z
as before we obtain that K/K; = K’/K; and thus K = K'. O

We next state a sufficient condition that ensures that direct factors can be recog-

nised by looking at the pro-p completion.

Lemma V.3.13. Letn >1 and let Hy, ..., H, be finitely generated residually-p groups
with a positive p-gradient. Let H be a finitely generated group with Hy = (Hy)px -+ x
(Hy)p. Assume furthermore that the subgroup of H generated by the intersections
H n (H;)p has a finite index in H. Then H = (H n (Hy)p) x - x (Hn (Hy,)p).

Proof. We show by induction that H n (H;)z is dense in (H;)p for all ¢ and that H =
(Hn(Hy)p)x--x(Hn(Hy,)p). The base case n = 1is trivial. Let n > 2 and suppose that
the claim holds for n—1. By our assumption, the subgroup (Hn(H,)z, ..., Hn(H,)z)
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has a finite index in H and hence (H n (Hy)z, ..., H n(H,)p) is open in Hz. Hence
each H n(H;)z is open in (H;)z.
Consider the group H' = H/H n (H; )z The natural map

H' — ((Hl)ﬁ/Hr‘ (Hl)ﬁ) x (Hy)px - x (Hp)p

is the natural injection of H' into its pro-p completion. By assumption, the first
factor
(H1)p/H 0 (H:1)p

is a finite p-group and its intersection with H! is trivial. In particular, U = (Hg)zx:--x
(H,)g is an open subgroup of (H')5. Suppose that (H;)s/H n (Hy)z is of cardinality
k > 1 and let H! < H' be the finite-index subgroup Hj = H! n U. Denote by
i (HY)5 — (Ha)p x -+ x (H,)z the canonical projection. Note that |H': H}| = k,
and that both H' and H} project injectively to (Hz)z x -+ x (H,)p 2 (HJ)s By
the induction hypothesis, we also have that H} = Ky x -+ x K,, with (K;)7 % (H;)p
(where K; = H} n (H;)5). So, by Lemma V.3.12, we have that k = 1, implying that
H'=H} = (Hn (Hs)p) x-x (Hn (H,)p) and that H n (H;)p is dense in (H;)z The

conclusion follows. O

We seal the discussion with the following proposition that will allow us to recover
direct product decompositions of certain finitely generated residually-p groups from

their finite p-quotients; this will serve as a key ingredient in the proof of Theorem N.

Proposition V.3.14. Let n>1 and let Hy,..., H, be finitely generated residually-p
groups with a positive p-gradient. Suppose that H is a torsion-free and residually-
p finitely generated group. Suppose further that Hy = (Hy)p x - x (H,)z and that
there are pairwise-commuting infinite subgroups N; < H such that the natural map
Nix - x N, — (Ny,...,N,) is an isomorphism. If (Ny,...,N,) has finite index in
H, then there exist subgroups N} < H, each commensurable to N; respectively, such
that H = N{ x---x N/.

Proof. Replacing each N; by one of its finite-index subgroups, we can assume that
each NN; is normal in H. For each 1 < j <n, denote by 7;: H — (H, )3 the canonical
projection. Since each N; is infinite, each of the closures N; is an infinite normal
subgroup of Hy. Hence, for every i there exists j = j(i) such that 7;(N;) is an infinite
normal subgroup of (H;)p. By Theorem V.3.9, m;(N;) must have a finite index in
(H;)p Proceeding exactly as in the proof of Proposition V.3.11, we have that for
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every i, the choice of j = j(i) is unique. For every i and k # j(7), the subgroup
m(N;) < (Hy)p is finite.

Replacing again each N; by smaller finite-index subgroups, we can suppose that
for every i and k # j(i), mx(N;) = 1. Therefore N; < Hn (Hj¢))p- Since the subgroup
generated by all the NV; is still of finite-index in H, we can apply Lemma V.3.13 and
obtain that H = N{ x---x N} where N/ = H 0 (H;u)p O

V.3.3 Profinite completions of limit groups

In this subsection we gather a few results about profinite completions of limit groups;
these will be used in the proof of Theorem N. Zalesskii and Zapata employ the hi-
erarchical structure of limit groups to show that if L is a non-abelian limit group
then L acts faithfully and irreducibly on a profinite tree. They further use this action
to establish a number of properties (that were known for abstract limit groups) of

profinite completions of limit groups.

Proposition V.3.15 (Corollary 4.4, [124]). Let L be a non-abelian limit group. Then

L is centreless.

The following consequence of Proposition V.3.15 will also be important in the

proof of Theorem N.

Proposition V.3.16. Let L be a non-abelian limit group. Suppose that there are two
closed subgroups A and B of L with the following two properties:

o Fveryae A and be B commute,
e [or some prime p, there are embeddings Z,, <. A and Z, <. B.
Then the closed subgroup generated by A and B in L is not open.

Proof. We argue by contradiction. Suppose that the closed subgroup (A, B) is open.
Then it is isomorphic to L; for some finite-index subgroup L; <, L; L, must therefore
be a non-abelian limit group. Hence we can assume, without loss of generality, that
(A,B) = L. By Proposition V.3.15, L is centreless, which implies that A nB = {1}.
So L~ AxB and by [99, Proposition 4.2.4] L is projective. However, since Z,, embeds
in both A and B, ZZ% embeds in L, which contradicts the projectivity of L. O
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V.3.4 Proof of Theorem N

We reformulate Theorem N to simplify the notation of the proof. The formulations

are equivalent because any product of free or surface groups has the form I' = §; x

o x S, xZF with n > 1, k > 0 and all of the S; being non-abelian free or hyperbolic

surface groups.

Theorem V.3.17 (Theorem N). Let n > 1 and k > 0 be integers and let G be a

finitely presented residually free group. Let Si,...,S, be non-abelian free or surface
groups and let T be the direct product Sy x - x S, x ZF. If G =T, then G=T.

For the convenience of the reader, we give a brief overview of the different steps

of the proof of Theorem N.

(Step 1)

(Step 2)

(Step 3)

(Step 4)

(Step 5)

Instead of working with G, we work with G/Z(G) which has a trivial centre.

This case will be enough as we explain in Claim V.3.25.

We view G as the subdirect product of n non-abelian limit groups L x --- x L,
(see Corollary I1.1.68); a priori, G might be a subdirect product of m limit
groups (with m # n), but we show in Claims V.3.19 and V.3.20 that m must be

equal to n.

Using results of Bridson, Howie, Miller and Short regarding the structure of
finitely presented subgroups of direct products of limit groups (see Subsection
I1.1.6), in combination with properties of Hirsch lengths in nilpotent groups
(see Section V.3.1), we show in Claim V.3.22 that G must have a finite index

in Ly x-x L,

This clearly shows that GG has a finite-index subgroup H that is a direct product
of n limit groups. Since each L; has a positive p-gradient, we can apply the
results from Subsection V.3.2 to lift the direct product decomposition structure
of H to GG. This is done in Claim V.3.23.

We obtain that G = G| x --- x GG,,, with each G; a limit group. We show in
Claim V.3.24 that each G; must be a free or surface group using Theorem

V.3.2.

As mentioned above, we begin by working with Gy = G/Z(G) instead of G; this

group is indeed centreless:
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Lemma V.3.18 ( [9], Lemma 4). Let G be a residually free group. Then G|Z(G) is

a residually free group with a trivial centre.

Note that the profinite completion of Gy is Gy 2 G/Z(G). Since each S; is centre-
less, we have that Z(G) = Z* and hence Gy = S x---x S, x A, where A = Z(G)/Z(G)

is an abelian profinite group.

Claim V.3.19. G, is finitely presented and residually free, and its profinite comple-

tion is isomorphic to Gy 2 Sy x -+ x S,,.

Proof. By Lemma V.3.18 and the fact that Z(G) is finitely generated, we have that
G is still a finitely presented residually free group. By Corollary I1.1.68, G| is a
subdirect product Gg < Lj x -+ x L,,, of m limit groups, for some m. We pick m to be
minimal. Hence, in particular, G intersects non-trivially each factor L;. Since Gy is

centreless, each L; is non-abelian. Finally, by Proposition V.3.15, I, is also centreless.

For each 1 < j < m, denote by m;: Ly x --- x L,,, — L; the projection onto the
j-th coordinate. By Theorem II1.1.74, the induced map of profinite completions Go =
Ly x - x Ly, is injective. Since the maps 7?}:@\0 — fj are surjective, and since each
fj is centreless, it follows that 7;(A) =1 for all j, implying that A = 1. H

Claim V.3.20. Keeping the above notation, n =m.

Proof. Since limit groups are torsion-free and G n L; # 1 for each 1 < j < m, there
exists an injection Z™ < Gy. By Theorem I1.1.74, this yields an injection in the
level of profinite completions Z™ < Go 2 S; x -+~ x S,,, which, in combination with the

standard fact that no S; contains Z2, implies that m < n.

For the other direction, that is that n < m, we argue by contradiction. Assume
that n > m + 1. For each 1 < i < n, consider a closed infinite pro-p cyclic subgroup
Z,=7; <S;. Since n >m + 1, there must exist two different Z;, and Z, such that
both of their images 7(Zy, ) and 7;(Zy,) in some L; are isomorphic to Z,. However,
this would contradict Proposition V.3.16: in this case, the two pairwise commuting
closed groups 7;(Sk,) and (1., S:) would both contain a copy of Z, and would

generate Zj. This contradiction shows that n < m, completing the proof. O

We introduce futher notation required for the proof of Claim V.3.22, which states
that the injection Gy < L x --- x L,, has a finite-index image. By Theorem I1.1.73,

there exists N € N, a finite-index subgroup F < Ly x---x L,, and a finite-index subgroup
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G1 < Gy such that vy F < Gy. Notice that the subgroup £y = (EnLy)x---x(EnL,) < E
has finite index in E. We define

G2=E10G1

and note that G5 has a finite index in G' and that vy E; < Ey n Gy = Go. We further
denote

UZ’=EHLZ‘,

and each U; is a limit group. The projection of the direct product Uy x --- x U,, onto
its i-th coordinate will still be denoted by ;. The closure of (G5 inside @0 is an open
subgroup G; <, Go. Denote
K, = G_2 N §z’>
again, we have that K = K; x --- x K,, is an open subgroup of Gb.
We define
G3 =K nGy;

one has that @3 ~ K.

Summarising,
e (33 <Gy has a finite index and G5 2 K; x - x K,,,

o [y =U; x - xU,, and there is an injection f:Gs — E; such that each 7;(Gs)

has finite index in U;.

Lastly, since each K; is open in S, they are profinite completions of non-abelian free
or surface groups. We denote by (K;), the maximal pro-p quotient of the profinite
group K;. In fact, (K;), is the pro-p completion of a non-abelian free or surface group

and

(Ga)p2 (Ki)p x - x (Kn)yp.

Claim V.3.21. The induced map in the level of pro-p completions, fz(G3)y —

(E1)p, has a finite-index image.

Proof. By the proof of Claim V.3.20, there exists an injection Z" < Gy; therefore,
there exists an injection Z" < G3. By [87, Theorem 7.12], the induced maps on pro-p
completions,

Zg > (G3)y and Zg > (E1)p

are injective. Since each (K;), is the pro-p completion of a non-abelian free or surface

group, no (Kj;), contains a copy of Z2. This implies that each intersection Zy n (K;),
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is infinite. In particular, since the restriction of fz: (Gs)y — (E1)p to Zp is injective,

the restriction of fz to each i-th coordinate (K;), of (G3)z has an infinite image.

For each 1 < < n, there exists j = j(7) such that

(0 a((Ki)p) < (Uj)p

is infinite. For each i there may be, a priori, several j with this property; we fix a
choice of j = j(i) for each 7. Since H; is normal in G, (7)o f)p((K;)p) is normal
in the finite-index subgroup (7;;) o f)5((G3)5) of (Uju))p. By Theorem V.3.9, this
implies that (¢ o f)5((K;),) has finite index in (Uj(;))p. With this observation we
conclude that for i # i3, we must have j(i1) # j(i2): if we had j = j(i1) = j(i2) for
i1 # i, then the open commuting subgroups (7; o f)z((K;,),) and (7; o f)z((Ki,),)
of (U;j)p would intersect in an open abelian subgroup. This contradicts the fact
that (U;)p is not virtually abelian (because U; is not virtually abelian). Thus, for
each 7 there exists a unique choice of j(i) with (7; o f)5((K;),) < (U;)z infinite,
yielding a bijection j:{1,...,n} — {1,...,n}. Furthermore, for each i and k # j(i),
(mr o f)5((Ki)p) < (Ug)p is finite. Recall that (i) o f)((K;),) has finite index in
(Uj(i))p; this implies that fz((K;)p) N (Uj))s is of finite index, and therefore open,
in (Uj())p- We conclude that f; has a finite-index image as desired. O]

From this we deduce:
Claim V.3.22. The injection Gy < Ly x --- x L,,, has a finite-index image.

Proof. Since G3 < Gy <Gy and E; < F are finite-index subgroups, it suffices to verify
that the injection G5 — E; has a finite-index image. Since vy FE; < G9, we can instead
consider the induced injection of finitely generated nilpotent groups h:Gso/ynE1 <
Ei/ynE;. By Claim V.3.21, f5: (Gs)7 — (E1)p has a finite-index image, and so
does hg. Thus, since GoyyEy and Ei /vy E) are finitely generated nilpotent groups,
Proposition V.3.5 implies that h has a finite-index image. O]

One easily concludes that Gy admits a direct product decomposition:

Claim V.3.23. There exist subgroups G1,...,G, < Gy, each with a positive p-gradient,
such that Gog =Gy x - x G,,.

Proof. By Claim V.3.22, the (GonLy)x---x(GonL,,) has a finite index in Gy and each
Gy n L; is a non-abelian limit group. By Remark V.3.10, each Gy n L; has a positive
p-gradient. The desired conclusion follows directly from Proposition V.3.14. O]
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Theorem N now follows. We first deduce it for Gy (or, equivalently, under the

assumption that G is centreless), from which the general case easily follows.
Claim V.3.24 (Theorem N for a centreless group). Gp 2 Sy x --- x S,,.
Proof. By Claims V.3.19 and V.3.23 we have that:

o Go2S xxS,

e there exist subgroups Gi,...,G, < Gy, each with a positive p-gradient, such
that GO = G1 Xoeee X Gn

We know that free and surface groups are distinguished from each other by their pro-p
completion; this can be easily seen by, for example, looking at their abelianizations.
Combining this observation with Proposition V.3.11, it is enough to show that each
G, is either a free or a surface group. For simplicity, we will verify this for G;; the

same argument yields that every other G; must also be a free or a surface group.

By Theorem V.3.2, it is enough to show that for every finite-index subgroup K; <
G, the pro-p completion (K;)z is the pro-p completion of either a free or a surface
group. Let K be a finite-index subgroup of GG;. The subgroup K x Gy x--x G, <G
has finite index in G and so it has the same profinite completion as a finite-index
subgroup H of Sy x -+ x S,,. Note that (H nSy) x---x (HnS,) has a finite index in
H, and we can therefore apply Proposition V.3.14 to H along with N; = HnS;. We

obtain subgroups N/ of H, each commensurable to H n.S; respectively, such that
H = N{x--xN].
From this, we get that
(K1)px (G2)px - x (Gn)p2 Hp 2 (N1)p > -+ x (Ny)p.

Each N is torsion-free, and commensurable to either a free or a surface group; by
Nielsen realisation, each N/ is itself either a free or a surface group. By Proposi-
tion V.3.11, there exists 1 <7 <n such that (K;)z2 (N/)z as required. O

Claim V.3.25 (Theorem N in the general case). There is an isomorphism G = T'.

Proof. By Claim V.3.24, it is enough to show that G = Gy x Z*. G and G fit into a
short exact sequence
1 —7ZF—G—Gy—1 (V.1)

188



that induces a short exact sequence in the level of profinite completions:
1—>’ka—>§—>§0—>1.
Note that the short exact sequence above splits since
GeTa8 x xS, x7F=GyxTF

and since every short exact sequence of profinite groups in which the middle group
is isomorphic to the direct product of the other groups splits. By [122, Lemma 8.3]
and the goodness of Gy, we have the short exact sequence in (V.1) splits. Hence
G = ZF x G finishing the proof. O

V.4 Other calculations of virtual Betti numbers and
further questions

V.4.1 Virtual homology of RAAGs and manifolds

We compute the virtual homology of other classes of groups, including right-angled
Artin groups and fundamental groups of closed, hyperbolic 3 manifolds. These cal-

culations are simple and are probably well-known to experts.

Proposition V.4.1. Let G be a RAAG, let k be a field and let n € N. Then vb,(G) <
oo if and only if either cd(G) <n or G is free abelian.

Notation V.4.2. Recall that we denote the right-angled Artin group associated to
the graph I' by G(I).

Proof. If ¢d(G) < n then vb*(G) = 0. If G = Z™, then vbF(G) = (1:;) < 00. S0 one

direction is clear.

Let T" be the underlying graph of G = G(I'). Let N denote the cohomological
dimension of G, which is equal to the size of the biggest clique in I'. Suppose that
N >n, and that G is not free abelian. We will show that vb*(G) = .

There exists a subgraph I'y with N+1 vertices which is not complete but contains a
complete subgraph K, on n vertices. Since N > n, it follows that I'y contains a further
subgraph I'y with n+1 vertices that is not complete but contains a complete subgraph
K, on n vertices. The group G(I'y is a retract of G = G(I'), so vb (G(I'1)) < vb*(@Q).
Hence it suffices to show that vb*(G(T';)) = co. Note that the group G(I';) splits as
an HNN extension Z"%zm with m < n. We apply Lemma V.2.1 and conclude that
vbE (@) = oo. O
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Remark V.4.3. Alan Reid pointed out that the fundamental group of an arithmetic
hyperbolic n-manifold M of simplest type has vbZ(wy(M)) = oo for 1 < i < n. This
can be proven by induction as follows: by Agol’s work |2, Theorem 9.2], the assertion
holds for n < 3. For n >4, we use the fact that M has an immersed totally geodesic
submanifold M’ of dimension n — 1. By the induction hypothesis, vbZ(m;(M")) = oo
for 1 <i<n-1. All immersed totally geodesic submanifolds contribute to homology
in finite covers by [14], which implies that vbZ(71(M)) = oo for 1 <i < n - 1. Finally,
by Poincaré duality, we also have that vbZ_ (7 (M)) = .

V.4.2 Further questions and virtual invariants

Theorem I shows that when an HGFC-group G has vb(G) < oo, then G is either a

free or a surface group. This suggests the following:

Question V.4.4. Let G be a hyperbolic group with cohomological dimension two. If

G has finite virtual second Betti number, does it follow that G is a surface group?

We remark that this question is closely related to the two most notorious questions
about hyperbolic groups (the first asks whether every hyperbolic group is residually
finite, and the second asks whether every one-ended hyperbolic group contains a
surface subgroup). Therefore this question is particularly ambitious, and an answer
is currently far out of reach.

Another property related to virtual homology is property (TFab):

Definition V.4.5. A group G has property (TFab) if the abelianisation of every

finite-index subgroup H < G is torsion-free.

Question V.4.6. Let G be a one-ended limit group with property (TFab), that is, all
of the finite-index subgroups of G have a torsion-free abelianisation. Does it follow

that G is either a free abelian group or a surface group?

Remark V.4.7. We remark that computational evidence suggests that the answer to

Question V.4.6 is positive.

At this point we have seen many examples of groups, some of which admitting
interesting hierarchies, where the boundedness of vby (or higher virtual homology
notions) is very exceptional. In particular, most limit groups (with the only exceptions
being free, free abelian and surface groups) have unbounded vby. We would therefore
like to introduce another notion which might aid in obtaining a finer classification of

limit groups based on virtual homological invariants.
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Definition V.4.8. Let G be a finitely generated group. Define the virtual i-th coho-
mology spectrum of GG, with coefficients in a field £, to be the set

Spectrum?(G) = {dim, H'(H; k)|H < G of finite index}.
Cohomological goodness implies that if G is a limit group or an HGFC-group,
Spectrum]f”(@) = Spectrumf‘p(G).

In other words, the virtual i-th cohomology spectrum with coefficients in F, is a

profinite invariant of G within good groups. This raises the following question:

Question V.4.9. Which numbers appear in the virtual i-th cohomology spectrum of

a given limit group or a given HGFC-group?

One can even strengthen the notion of a virtual cohomology spectrum, and define

the filtered virtual i-th cohomology spectrum of GG, with coefficients in a field &, to be

dimy, H{(H; k)
[G:H]

FSpectrum,*(G) = { H < G of finite index}.
This refined version also keeps track of the depth of the finite-sheeted coverings of G
in which large i-th homology is exhibited. Again the filtered virtual i-th cohomology

spectrum of G (with coefficients in F,) is a profinite invariant of good groups.

Question V.4.10. Which limit groups and HGFC-groups are characterized by their

filtered second Betti spectrums?

The proof of Theorem I relies heavily on virtual retractions (see Section I1.1.74).
Some information is lost in the process of transferring homological data via virtual
retractions. In particular, answering questions V.4.9 and V.4.10 should involve meth-
ods different to the ones used in this paper. Answering these questions would also,
hopefully, produce more examples of groups that are profinitely rigid among limit

groups and HGFC-groups.
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