RATES OF DECAY IN THE CLASSICAL
KATZNELSON-TZAFRIRI THEOREM

DAVID SEIFERT

ABSTRACT. Given a power-bounded operator T', the theorem of Katznelson
and Tzafriri states that |77 (I —T)|| — 0 as n — oo if and only if the spectrum
o(T) of T intersects the unit circle T in at most the point 1. This paper
investigates the rate at which decay takes place when o(T) N'T = {1}. The
results obtained lead in particular to both upper and lower bounds on this rate
of decay in terms of the growth of the resolvent operator R(eie, T)as0 — 0. In
the special case of polynomial resolvent growth, these bounds are then shown
to be optimal for general Banach spaces but not in the Hilbert space case.

1. INTRODUCTION

The Katznelson-Tzafriri theorem (see [25, Theorem 1]) is one of the corner-
stones of the asymptotic theory of operator semigroups; for surveys, see for in-
stance [6] and [I2]. In its original and simplest form, the result concerns the
asymptotic behaviour of [|T"(I —T')|| as n — oo for suitable operators T" and has
applications both in the theory of iterative methods (see [35]) and to zero-two
laws for stochastic processes (see [25] and [38]). Writing T for the unit circle
{A € C: |\ =1}, it can be stated as follows.

Theorem 1.1. Let X be a complex Banach space and let T € B(X) be a power-
bounded operator. Then
(1.1) lim |T"(I -T)||=0

n—o0

if and only if o(T)N'T C {1}.

Since its discovery in 1986, the Katznelson-Tzafriri theorem has attracted a
considerable amount of interest, and this has lead to a number of extensions and
improvements of the original result; see [I2], Section 4] for an overview, and also
[29], [39] and [41]. One aspect which so far has been studied only in special cases,
however, is the rate at which decay takes place in (L.1)); see for instance [13], [15],
[35, Chapter 4], [36] and [37]. Of course, for operators T satisfying o(T)NT = ()
the question is of no real interest, since in this case r(T) < 1 and the decay
is necessarily exponential. The focus here, therefore, will be on the case where
o(T)NT = {1}, with the aim of relating the rate of decay in to the growth
of the norm ||R(el?, T')|| of the resolvent operator as § — 0. Once the behaviour
of the resolvent near its singularity is adequately taken into account, it turns out
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to be possible not only to obtain explicit bounds on the quantity || 7" (I —T)|| for
sufficiently large n > 0 but also to establish their sharpness, or lack thereof, in an
important special case. Crucial in this undertaking are certain techniques which
can be viewed as discrete analogues of ideas developed recently in the context of
Co-semigroups, where they can be used to study energy decay for damped wave
equations; see [5], [7], [8], [11], [31] and the references therein.

The remainder of the paper divides into two parts. The first, Section [2], con-
tains the main general results. Most importantly, these include both a lower
(Corollary and an upper bound (Theorem in terms of the growth of the
resolvent near 1 for the quantity |77 (1 —T)|| when T is a suitable power-bounded
operator and n > 0 is sufficiently large. Section [3|then investigates the optimality
of these bounds in the case of polynomial resolvent growth. The two main results
here show, respectively, that in this situation no tighter bounds may be found for
operators on general Banach spaces (Theorem but that a stronger conclusion
holds if the underlying space is assumed to be a Hilbert space (Theorem .

The notation used throughout is as follows. Given a complex Banach space X,
let B(X) stand for the algebra of bounded linear operators on X. An operator
T € B(X) is said to be power-bounded if sup{||7"|| : n > 0} < co. Denote the
range and kernel of an operator T € B(X) by Ran(7") and Ker(7T'), respectively,
and write Fix(T) := Ker(I — T) for the set of fixed points of T, o(T) for its
spectrum and r(7T") for its spectral radius. Furthermore, given an element A of
the resolvent set p(T) := C\o(T), let R(\,T) := (A — T)~! denote the resolvent
operator of T'. All remaining pieces of notation will be introduced as the need

arises.

2. GENERAL RESULTS

Let T € B(X) be a power-bounded operator on a complex Banach space X, and
suppose that o(T)NT = {1}. In order to address the question of rates of decay in
, it will be convenient to have in place a few non-standard pieces of notation.
Thus, given an operator T as above, a decreasing function m : (0,7] — (0, 00)
such that ||[R(e, T)|| < m(|@]) for all @ with 0 < || < 7 will be said to be
a dominating function (for the resolvent of T'). Likewise a decreasing function
w:Zy — (0,00) such that ||[T"(I — T)|| < w(n) for all n € Z, will be said to be
a dominating function (for T'). The minimal dominating functions are given, for
6 € (0,7] and n > 0, by

m(6) = sup {||R(e"”, )| : 6 < 9] < 7},

2.1
@1) w(n) =sup {|T*(I - T)|| : k > n},

respectively. Thus, for the minimal dominating function w of T, w(n) — 0 as
n — oo precisely when holds. Note also that the function m defined in
(2.1) is continuous. In what follows, the same will be assumed to be true of any
dominating function m for the resolvent of T'. In particular, any such dominating
function m possesses a right-inverse m~! defined on the range of m. On the other
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hand, given a dominating function w for T" which satisfies w(n) — 0 as n — oo,
define the function w* : (0,00) — Z4 by

(2.2) w*(s) :=min{n € Z; : w(n) < s}.

Then w(w*(s)) < s for all s > 0, with equality for all s in the range of w.
Recall the elementary estimate
1

(2.3) IR T = TSt o (1))

which holds for all X € p(T'). Since 1 € o(T), it follows that m(f) > 6~ for all
0 € (0,7]. Thus there is a minimal rate at which the resolvent of any operator T
as above must blow up near its singularity. This may suggest that there should
exist a corresponding minimal rate, independent of the operator 7', at which
decay takes place in . As Corollary below will show, however, this is far
from being the case; see also [I, Theorem 4.2]. The next result, on the other
hand, shows that instances in which the decay is faster than that of n=' are of

a very special nature. It is a direct analogue of 7, Theorem 6.7]; see also [30,
Remarks 2.3 and 2.4].

Theorem 2.1. Let X be a complex Banach space and let T € B(X) be a power-
bounded operator such that o(T) N'T = {1}. Then either

(2.4) limsupn||/T"(I —T)| >0
n—oo

or there exist closed T-invariant subspaces Xy and X; of X such that Xy C
Fix(T), the restriction Ty of T to X, satisfies r(T1) < 1 and X = Xy @ X;.

PROOF. Supposing first that 1 is a limit point of o(T), let A\; € o(T)\{1} be
such that A\; — 1 as j — oo and set n; := [|1 — \;|71|. Since r(T"(I —T)) <
|T"(I —T)|| for all n > 1, it follows that

. 1\
limsupn||/T"(I —T)|| > lim e (1 - > =
n—00 j—oomj+ 1 nj

and hence ([2.4]) holds.
If 1 is an isolated point of o(7'), on the other hand, then a standard spectral

decomposition argument (see for instance |2, Proposition B.9]) shows that there
exist closed T-invariant subspaces Xy and X; of X and a bounded projection P
of X onto X7 along Xy which commutes with 7. In particular, X = Xy ® Xi.
Moreover, the restrictions Ty and 77 of T' to X and X; satisfy o(Tp) = {1} and
o(Ty) = o(T)\{1}, respectively. Now, if fails, then

lim inf n|| 73 (I — Tp)|| =0
n— oo

and it follows from [24, Theorem 2.2] that Tz = « for all x € X, as required. [

Remark 2.2. It is easily seen that, if X splits, then in fact X¢ = Fix(7") and
X1 = Ran(/—T). In particular, Ran(I —T) is closed; see also [35, Theorem 4.4.2].
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Thus ||T™(I — T)| decays either at least exponentially as n — oo or at a

rate no faster than n—!

. The case of decay at this borderline rate turns out to
be connected with a special class of operators. Recall that an operator T on a
complex Banach space X is said to be a Ritt operator if o(T) NT = {1} and
there exists a constant C' > 0 such that

C
1= Al
for |A| > 1; various interesting results on Ritt operators may be found for instance
in [3], [9], [10], [14], [16], [17], [18], [27], [32], [33] and [40]. The reason why Ritt
operators are important in the present context is that a power-bounded operator
T satisfying o(T)NT = {1} is a Ritt operator if and only if || R(e?, T)|| = O(|8] 1)
as |0 — 0; see for instance the proof of Lemma below. The following result
shows that these operators are precisely those for which the rate of decay in
is no slower than n~—!. This characterisation was obtained independently in [30]
and [34]; see also [35, Theorem 4.5.4].

(2.5) 1RO T <

Theorem 2.3. Let X be a complex Banach space. An operator T € B(X) is a
Ritt operator if and only if it is power-bounded and |[T"(I — T)|| = O(n™!) as
n — 0o.

Thus decay in at a rate no slower than that of n=! already implies a strong
condition on the growth of the resolvent near its singularity at 1. The next result
establishes a corresponding resolvent bound in a rather more general situation;
see [7, Theorem 6.10] for an analogous result in the setting of Cy-semigroups.

Theorem 2.4. Let X be a complex Banach space and let T' € B(X) be a power-
bounded operator. Suppose that w is a dominating function for T such that
w(n) — 0 as n — oo, and let w* be as defined in (2.2). Then o(T)NT C {1} and,
for any ¢ € (0,1),

(2.6) IR, )| = O (@” o <c|9|>>

as |0] — 0.

PROOF. Suppose that A € o(T') N T. By the spectral mapping theorem for poly-
nomials, \"(1—M\) € o(T™(I —T)) and hence |1 —A| < w(n) for all n > 0. Letting
n — oo, it follows that A =1, s0 o(T)NT C {1}.
Now let A € T\{1}. Then, for n > 0,
n—1
N (L=A) =TI =T) =1 =)\ Y AFTFA-T) - T"(A-T)
k=0
and hence, letting M := sup{||T"|| : n > 0},

1= AR, Tzl < w®)|RA, T)z]| + M (1+nj1 = Al



RATES OF DECAY IN THE KATZNELSON-TZAFRIRI THEOREM 5

for all z € X. Fix b € (¢,1) and let n = w*(b|1 — A|). Then

M 1
RO < —( ——+w" (b1 =\
1RO < 1 (g o7 0= )
and, since b|1 — A| > ¢|f| whenever A = e for some sufficiently small § €
(—m,m]\{0}, the result follows. O

Remark 2.5. A similar argument shows that, given any constant K > M, where
M is as above, there exists ¢ € (0,1) such that

(27) IRE. )| < K (@ o <cre|>)

whenever |6] is sufficiently small. Note also that, by (2.3)), the |§|~! term in (2.6))
and (2.7) cannot in general be omitted.

In analogy with [7, Corollary 6.11], these observations can be used to obtain a
lower bound on the quantity ||7"(I — T)|| when n > 0 is large.

Corollary 2.6. Let X be a complex Banach space, let T € B(X) be a power-
bounded operator such that o(T)N'T = {1} and let m be the minimal dominating
function for the resolvent of T' defined in (2.1)). Suppose that

(2.8) gi_rf(l)maX{HGR(ew,T)H, HGR(e_ie,T)H} = 00.

Then, given any right-inverse m~! of m, there exist constants ¢, C > 0 such that
(2.9) |7 = T)|| = em™(C)

for all sufficiently large n > 0.

PROOF. Let w be as defined in (2.1). Since w(n) — 0 as n — oo by Theo-
rem it follows from Theorem that there exists B > 0 such that m(6) <
B (6! +w* (6/2)) for all sufficiently small § € (0, 7], and hence

(2.10) W (0/2) > m(0) <; - eml(m)

for all such values of #. Let C' := 2B and, for n > 0, let 6,, := 2w(n). By (2.8)),
0,m(6,) > C for all sufficiently large n > 0, so ([2.10) implies that w*(6,,/2) >
C~tm(0,,) for each such n > 0. Since w*(6,,/2) < n and therefore

m(m~1(Cn)) = Cn > Cw*(0,/2) > m(6,),

it follows that m~1(Cn) < 6, for all sufficiently large n > 0. Moreover, 6,, <
2M||T™(I —T)|| for all n > 0, where M := sup{||T"| : n > 0}, which shows that
[2-9) holds for ¢ = (2M)~1. O

Remark 2.7. A similar argument using Remark instead of Theorem
shows that the conclusion (2.9 remains true if (2.8]) is replaced by the weaker
condition that L > M, where M is as above and

L :=lim inf max {I6R(?, T)|, |0R(e™,T)|}.
—
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Taking T' to be the identity operator shows that the conclusion can be false when
L=M.

Suppose that T is a power-bounded operator such that o(7)NT = {1} and let
m be the minimal dominating function for the resolvent of 7" defined in (2.1)). If
T is a Ritt operator, then it follows from Theorem that, for any ¢ € (0,1),

IT™(I = T)|| = O(m™"(cn))

as n — oo and, in view of Corollary this type of upper bound is in general
the best one can hope for. The next result describes the class of functions m
for which such an upper bound is satisfied in the case of a normal operator on a
Hilbert space; see also [7, Proposition 6.13].

Proposition 2.8. Let X be a complex Hilbert space and let T € B(X) be a
power-bounded normal operator such that o(T) N'T = {1}. Furthermore, let m
be the minimal dominating function for the resolvent of T defined in , let
m~! be any right-inverse of m and let S C N.

(1) Suppose there exist constants ¢, C > 0 such that

(2.11) |T™(I —T)|| < Cm~*(cn)
for allm € S. Then, for any b € (0, c), there exists a constant B > 0 such
that

(2.12) mO) - sl — B,

m(9) — 0
for all § € (0, 7] of the form @ = m~!(cn) withn € S and for all sufficiently
small 9 € (0,7] .
(2) Conversely, if there exist constants b, B > 0 such that holds for all
0 € (0, 7] of the form § = m~'(bn) with n € S and all ¥ € (0, 7], then
there exists a constant C' > 0 such that holds with ¢ = b.

PRrROOF. Note first that, for 6 € (0, 7],
m(#) "' = min {Ix= e?l: A e a(T),0 <|pl < T},
and that (2.11)) is equivalent to having

[1=Al

1
2.13 log— > log ———
(2.13) MBI Cm~1(cn)

A
for all A € o(T)\{1} and all n € S.
Suppose this holds and let # = m~!(cn) for some n € S. Then

c 11—\
0) > 1
m()_logﬁ & Co

for all A € o(T)\{1}. Define the function g : (0,1) — R by g(s) := £L. Then g

7 logs”
is a continuous increasing function satisfying g(s) — 1 as s — 1, and in fact

—1
g(s):inf{qogrzs<r<1}
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for all s € (0,1). Thus, given any b € (0,c), there exists so € (0,1) such that
cg(so) > b. Now suppose that ¢ € (0,1 — sp), let A € o(T") be such that m(d) =
IA — e%| =L for some ¢ € (0, 7] with |¢| > ¥, and let r := |A|. Since m(d) > 971,
it follows from the estimate 1 —r < |\ — e¥| that r > sg. Thus, if |1 — | > g,
e @) cr-e7] | 1A
m(6 c|A—e'¥ 1—-A 0

1 > blog ——

m(®) = logl ° CO ~ %200

which gives (2.12) with B = blog2C. If |1 — A\| < g, on the other hand, then
A —el?| > g and hence

>

— > >blo i
m@) = 30 ="\ 300 )

which gives (2.12) with B = blog 3b. Thus, taking B = bmax{log 2C,log 3b}, the
proof the first statement is complete.
Now suppose, conversely, that (2.12) holds for some constants b, B > 0, all
0 < (0, 7] of the form 6 = m~'(cn) with n € S and all ¥ € (0,7]. Let A\ = rel® €
o(T)\{1}, and set ¥ := |¢|, so that
1 - 1
log=>1—r=|e%—-)\>—.
&= r=le |2 m(1)
Hence, if ¥ > %|1 — A|, then (2.12]) gives
1 _ 1m(m~t(bn)) J B 11— A B
log = > =M VM) S qpe [ — 2 ) — 2 >qpg (A ) 2
ML= ) = B\ ton) ) T b = B amtn) ) T b
thus establishing (2.13) with ¢ = b and C = 2e5/®. On the other hand, if
¥ < 3|1 — A, then 1 — 7 > |1 — A| and consequently

1 L= 1 1=l 1=l
log—>n(l—r)> b > ——— > —_
nogL = n(l—r)z 2b m(m = (bn)) = 2bm=1(bn) — ©8 2om~—1(bn) )’
which gives (2.13) with ¢ = b and C = 2b. Thus taking C' = 2max{eP/? b}
finishes the proof. O

Remark 2.9. The result remains true, with the same proof, for any complex
Banach space X and any power-bounded operator T € B(X) satisfying

IF(D)]| = sup {[f(N)] : X € o(T) }

for all functions f of the form f(\) = A*(1 — \) withn >0 or f(\) = (u— )~}
with g € p(T'). This includes, in particular, the class of multiplication operators
on any of the classical function or sequence spaces. Note also that the second
of the two implications holds more generally when m is an arbitrary dominating
function for the resolvent of T'.

Thus (2.11)) holds for a normal operator T if and only if the minimal dominating
function m(#) for the resolvent of T' grows in a fairly regular way as 6§ — 0. The
following example exhibits a class of normal operators for which this is not the
case.
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Example 2.10. Let X = ¢2. Given a strictly increasing sequence (r}) of positive
terms such that rp, — 1 as k — oo, let A\ := rkei/k and consider the operator
T € B(X) given by Tx := (Agxr). Then T is a normal contraction with o(7") =
{\ s k> 1}U{1}. Moreover, if ry > 1—k=2 for all k > 1, then 1 —rj, < [e//F — )]
whenever j # k and hence

1

1—rg

m(k™") = |R(e/",T)|| =

for all kK > 1, where m is the minimal dominating function for the resolvent of T’
defined in (2.1)). Suppose moreover that log i1 > 2log 7(x4qy for all £ > 1 and,
given ¢ > 0, let b € (0, ¢) and ny, := [—(blog (441y1)~']. Then
1 1
m((k+ 1))~ ! ~ —
(((k+1H7) o8 7

as k — oo, and hence m~*(cng) < ((k + 1)!)~! for all sufficiently large k > 1.
Since |1 — Agip1| > (3k!) ™! and |ALf, | > e~2/% for all k > 1, it follows that

n n 1 koo
T2 =T 2 I (L= M) = g = =™ en)

when k > 1 is sufficiently large. In particular, (2.11)) fails to hold for every ¢ > 0.
For an analogous example in the continuous-time setting, see [2, Example 4.4.15].

~ bny

1 T(k+1)!

Thus, given a power-bounded operator 7" such that o(7) N T = {1}, a right-
inverse m~! of some dominating function m for the resolvent of 7" and a constant
c € (0,1), it is not in general the case that || T"(I —T)| = O(m~1(cn)) as n — oco.
The next result shows that it is nevertheless possible to obtain an upper bound
of this kind provided the function m is modified appropriately. Indeed, given an
operator T as above and a dominating function m for the resolvent of 1", define
the function myeg : (0, 7] — (0, 00) by

(2.14) Miog (0) := m(0) log <1 + méf”) ,

noting that this function is strictly decreasing and hence possesses a well-defined
inverse mlgé defined on the range of mj,s. As Theorem m below shows, the

above upper bound on ||T™(I — T)|| for large values of n > 0 is valid when

m~! is replaced by mg; This raises the question by how much the asymptotic

behaviour of these two functions differs in particular instances. If m(f) = Ce®/?,

«a
log s

for example, where C,a > 0 are constants, then mgé(s) ~ as s — 00, SO

”’”1:); has the same asymptotic behaviour as m ™' in this case. On the other hand,

if m(0) = CO~ for some constants C' > 0 and « > 1, then m;)é(s) ~ (k’%)l/a as
§ — 00, S0 mgé differs from m~! by a logarithmic factor. For similar examples
in the continuous-time setting, see [8, Example 1.4] and [31], Section 2].
Throughout the proof of the next result, and also in various other places later
on, the letters ¢ and C, if used without having been introduced explicitly, stand
for positive constants, which will be thought of as being small and large, respec-

tively, and which need not be the same at each occurrence. The result itself is a
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discrete analogue of [31, Proposition 3.1], which in turn is a development of [8],
Theorem 1.5]; see also [19, Chapter VI|, where similar techniques are discussed
in the context of combinatorial problems.

Theorem 2.11. Let X be a complex Banach space and let T € B(X) be a power-
bounded operator such that o(T)NT = {1}. Furthermore, let m be a dominating
function for the resolvent of T' and let myog be as defined in . Then, for any
ce (0,1),

I77(1 = 7] = O(myg}(em)

as n — oo.

PRrROOF. Having fixed a dominating function m and a constant ¢ € (0, 1), let
denote the closure of the set

c
m(|6])
Moreover, noting that o(T") C 2 by a standard Neumann series argument, define
the function F,, : C\Q2 — B(X) by

F,(A\)=T"2-T)(I - (A\—1)R(\,T)).

{reiaeC:()grgl— ,O<|9\§7r}.

It then follows from the resolvent identity that
(2.15) Fu(\) = (2 = TY2R(\ T) (I - R(2,T)),

and hence F,,(2) =T"(I —T). Thus, by Cauchy’s integral formula,
n _ 1 Ay
™I -T)= 27r1j€)\—2Fn()\) dA,
where I' is any contour outside {2 around the point 2 and where A is any function
that is holomorphic in the relevant region and satisfies h(2) = 1. In what follows,
it will be convenient to take I' = I}, U I,y to consist of an outer contour Iy,
which encloses both the point 2 and the set €2, and an inner contour Ij,, which
lies in the interior of I'yy¢ and incloses €2 but not the point A = 2. Such a contour
can be thought of as being closed by inserting a cut from any point on [}, to any
point on Iy, the contributions along which cancel out.
Let ¢ be the Cayley transform defined by ¢(\) := % and, for r € (0,1) and
R >0, let
1+ 72

B 2r
1—7r2] 1—12

and I'r := {A € C : |\ — 1| = R}, noting that ¢ maps 7, onto 7T, the real
line onto itself and the unit circle T onto the imaginary axis. Now suppose that
r e (0, %) and R > 2, and let Ty = g and T}, = C, U~;F, where v, denotes the
part of «, that lies outside the unit disc D := {A € C: |\| < 1} and where C, is
any suitable path in D\ connecting the endpoints of ~;". Furthermore, choose

(2.16) Yr 1= {AG(C: ‘A—
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for h the map h, given by

he()) = le <1 4 @&2) ,

so that h, is holomorphic away from 1. Now, letting M := sup{||7"| : n > 0}, it
follows from the series expansion of the resolvent that

M
Al -1
whenever |A| > 1 and hence, by and the fact that T is power-bounded,
|Fnll < C(JA] — 1)~ for all such A, where C is independent of n > 0. Since h,. is
bounded above in modulus independently of r along I'g, it follows that

]ﬁ (V) Fo(N) d)\‘

(2.17) [RX, T <

<<
A—2 R

where C' is independent of n > 0, and hence, by appealing to Cauchy’s theorem
and allowing R — oo, this contribution can be neglected.

Next note that, for A € rT, the function g, defined by g.(\) := 1 4 r2A~2
satisfies |g-(\)] = 2r~!|Re A|. Moreover, an elementary calculation shows that,
for A € ,,

2 4Re p(N)
(2.18) L= = 14+ 2Rep(N) +r?

Since h, = {555 and ¢(v,) = T, it follows that

(2.19) \hr()\)|§C|Ref()\)| SC”M_”

,
for all A € ,. But for each A € ., |A| =1 < Cr and |1 — A| < Cr so, by (2.17))
and the definition of F,,

for all A € 4;F. Hence

<
A2 < Cr,

where C' is independent of n > 0, and it remains to control only the contribution

/ ) ) g2y da

along C,.
Let 0, € (0,5) denote the argument of the point at which v, meets T in the
upper half-plane and define the curve Cy, for 6, < |0| < m, by

0 = (1= )

Furthermore, let C:* denote the rays given, for 1 —cm(6,)™' < s < 1, by CE(s) :=
set¥ and set C,, = C2 U C}F U C;-. Defining

n—1

Pn(A) == Z An—k=lpk
k=0
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for A € C\Q, it follows from the resolvent identity, the relation p,(\) = (A" —
T™)R(A,T) and some elementary manipulations that

1
Fu() = 75 @ =T ((A = D(\"ROAT) = pu(N) — T"R(2.T))
for all A € C\Q with A # 2; see also [31, Lemma 2.2]. Hence Cauchy’s theorem
gives

R(2,T)2/C iTEA;Fn(A)dA—L }WR(/\,T)d)\

N / (;LT_O;)V (A =Dpp(A) + T"R(2,T)) dA,

where 7,7 := v, N D. To estimate the first integral on the right-hand side, note
first that, by a standard Neumann series argument, ||R(\, T)|| < (1 — ¢)~tm(6,)
for all A € C7. Since h, is uniformly bounded independently of r along C7, it

follows that
he (M) (A= 1DA"
/ he A= DX oy Tyan
Ccr

<m0 (1= 55)

(A-2)?
Similarly,
hr(A) (A — 1)A" !
/ MR()\,T) d)\H <C s"ds < .
cr ()‘ - 2) 1—cm(6,)—1 n+1
To bound the integral along 7, , note that
Cr
A=Dp, (N <
= Do € 77

for all A € v;-. Thus by (2.19) both h,(A\) and h,(A)(A — 1)pn(A) are uniformly
bounded, independently of r and n, as A ranges over v, , and it follows that
hy (M)
A—1Dpp,(A\) +T"R(2,T)) dA
|| 55 (= 1) + TR 7)
where C' is independent of n > 0.

<Cr,

Since C~ ' < 6, < Cr, combining these bounds gives

=1 < € (6 bmion) (1- —22)).

n+1

,%) Now, if n > 0 is sufficiently
) so as to satisfy 6, = mgé(cn) gives exp(m(0,) ten) =

where C' is independent of n > 0 and r € (0
large, choosing r € (0,%

1+ 6, 'm(6,) and hence
c

m(6,) (1 - m(m) < m(8,) exp (—Wf{;)) <0,

Since moreover (n+1)7! < legé(cn) for all n > 0, this completes the proof. [J

Remark 2.12. As in [31I], it is possible to obtain an analogous result when
o(T) N T is finite by replacing I — T with a finite product of linear terms of the
form e — T with 6 € (—, 7).
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3. OPTIMALITY IN THE CASE OF POLYNOMIAL RESOLVENT GROWTH

Suppose that X is a complex Banach space and that T € B(X) is a power-
bounded operator such that o(7") N T = {1}. The purpose of this section is to
investigate the optimality of Theorem [2.4]in the special case where the resolvent of
T grows at most polynomially, which is to say it admits a dominating function of
the form m(60) = CO~* for some constants C' > 0 and o > 1, where the restriction
on the parameter « is a consequence of . Corollary and Theorem m
combine to give the following result, which describes the range of decay rates that
are possible in this situation. Here, given 2 C (0,00) and functions f,g : Q@ —
(0,00), the notation f(s) = ©(g(s)) as s — 0 (or s — 00) means that there exist
constants ¢, C' > 0 such that cg(s) < f(s) < Cg(s) for all sufficiently small (or
large) values of s € Q.

Corollary 3.1. Let X be a complex Banach space and let T' € B(X) be a power-
bounded operator such that o(T) N'T = {1}. Suppose that, for some o > 1,
|R(e?,T)|| = ©(|6]~*) as & — 0. Then there exist constants c¢,C > 0 such that

nl/a

1 1/a
(3.1) sl m <o (<27

for all sufficiently large n > 0.

The remainder of this section is concerned with the question whether the log-
arithmic factor on the right-hand side of is really needed. It follows from
Proposition and Remark that it can be dropped whenever T is a suit-
able multiplication operator on some function or sequence space. The following
example exhibits a less trivial case in which the same is true.

Example 3.2. Let X = /# with 1 < p < oo and, writing S for the left-shift
operator on X given by Sx := (zyy1), define the operator T' € B(X) as T :=
1(I +5)%. Then T is a (non-normal) Toeplitz operator of unit norm, with
. 1 0
U(T):{re‘GE(C:—W<9§7rand0§r§—i_;OS}.
In particular, o(T)NT = {1}. A calculation shows that, for A € p(T) and z € X,
the resolvent satisfies R(\,T)x = y, where, for each k > 1,

& il 1 1
Y = A1/2 Zo(_l) <(1 _ 2)\1/2)n+1 o (1+ 2)\1/2)n+1> Lk+n;

the complex plane being cut along the negative real axis. Thus, for p € {1,000},
IR, T)| = O((]1 = 2AY2] —1)~1) as A — 1 through p(T") and, by the Riesz-
Thorin theorem, the same statement holds for p € (1, 00). It follows, in particular,
that |R(e'?,T)|| = O(]0]72) as § — 0. Since ||R(e!,T)|| > c|f]2 for all § €
(—m, ] by and the geometry of o(T), it follows from Corollary that
holds with o = 2 for some constants ¢,C' > 0 and all sufficiently large
n > 0. However, an explicit calculation involving Stirling’s formula shows that, for
p € {1,000}, the actual rate of decay satisfies | T"(I —T)|| ~ 2(7n)~"? as n — oo
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and hence, by another application of the Riesz-Thorin theorem, ||77(] — T')|| =
O(n~'/2) as n — oo also for p € (1,00). Thus the logarithmic factor in (3.1) is
redundant in this case.

Theorem [3.10] will show that, if the underlying space is a Hilbert space, then
the logarithmic factor in can in fact be dropped for any operator whose
resolvent grows at most polynomially. For general Banach spaces, however, this
is not the case, as Theorem [3.6]below establishes. The proof of this result requires
two lemmas. The first is a variant of [2, Lemma 4.6.6], which itself is a special
form of Levinson’s log-log theorem; see for instance [26, VII D7]. Here, given a
set Q) C C, 092 denotes the boundary of 2.

Lemma 3.3. Let X be a complex Banach space, let § € (—m, 7] and let Q be a
neighbourhood of the point € € T. Furthermore, given r € (0,1), let

< 2r
—1—-r2"

Then there exists a constant C' > 0 with the following property: If r € (0, i)
is such that 2,9 C € and if F' : 0 — X is a holomorphic function such that,
for some constant B > 0, |[F(\)|| < B|1l — |X|7! for all X € 909, 0\T, then
|E(N)|| < BCr=! for all A € Q..

_eia].—f'T'Q

(3.2) Qng = {)\E(Ci ‘)\ 1-,2

PROOF. Assume, without loss of generality, that § = 0 and, as in the proof of
Theorem let ¢ denote the Mdbius transformation defined by ¢(\) := L‘r—i,
so that ¢ maps the circle v, := 08, o onto T for each r € (0,1). Moreover, by
with r replaced by 2r, there exists a constant C’ > 0 which is independent
of r € (0,%) and such that |Rep(\)| < C'||A| — 1| for all A € 4s,. Consider the
function G : 2 — X defined by

G(\) = <1 + ‘PAE;)?) FON).

For A € 79, the term in brackets has modulus r~!|Re¢(\)| and hence, by the
assumption on F, [|G()\)|| < BC'r~! for all such A. Since Q.9 C Qa;.0, it follows
from the maximum principle that |G()\)|| < BC'r~! for all A € Q,o. But if
A € Q,p, then |p(A)| < r and hence ||G(A)|| > 3||F(\)|, which gives the result
with C' = 3C". O

The second auxiliary result is a technical one and analogous to [L1, Lemma 3.9)].
Given o > 1 and A € C\{0}, let
_ Jarg Al
- 2ma
where the argument of a complex number is taken to lie in (—m, 7|, and define
the regions €,,0, C C by
Qo :={A € C\{0} : |A| £ 1—K,(\)} U{0},
Oy :={A e C\{0} : 1 — K. (\) < || < 2},

(3.3) Ka(A) :

(3.4)
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respectively, so that ©, = 2D\Q,. Furthermore, given a complex measure p
whose support is contained in {2, define the transforms Cqp, Lop and Dy, for
A € By, k> 1and n > 0, respectively, by

Cah)i= [ S
(3.5) (o) = [ an),

(Dapt)(n) = /Q (1 - 2)dplz).

Lemma 3.4. Suppose that o > 2 and let the function K,, the regions €}, and
©., and the transforms C,, L, and D, be defined as in , and ,
respectively. Then there exists a constant C > 0 with the following property:
Given any ng € N, there exists a complex measure y whose support is contained
in Q. and which is such that

(i) KaN)|(Cap)(N)| < C for all X € O;
(ii) |(Lap)(k)| < C for all k > 1;
(iii) |(Dap)(n1)|® > (Cnq)~tlogny for some ny > ng.

PROOF. Choose 0 € (0, 3) and B € (35, {g) in such a way that £ := —36~*log 6
is an integer satisfying ¢ > ™ + 2 and that 6~(®=2 > 2a8~! + 1. Now, with

By = 2llogy ¥, (o := e2mi/t and Ap = 2e16 define the measure p as

Bﬂ 1¢
61/2 ZCé ( 23@/\0) 5)\0+ Cg ’

where J) denotes the Dirac measure concentrated at .
Then, for any A € O,

BT & 2B,(! 1 2r
(Caﬂ = Z ZCE + — ¢ .
61/2 2Bi(A—=Xo) — ¢ Ao 2Be(A—Xo) — ¢
However, for 1 < j < ¢ and A € C such that A\ #1,
/-1

SR
LN—¢ -1

l
(see also the proof of [11, Lemma 3.9]), and applying this with j = 1,2 gives
A 201/2
Ao 26\ — M)t — B,
for all A € ©,. Since B, ' < |\ — Xg| and [A| < 2 for all A € ©,, this in turn
becomes

(3.6) (Cap)(N) =

1/2
(37) Cam I < gr—sere
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Let A € ©, be given. If K,(\) > 6¢, then |argA| > 76 and an elementary
geometric argument shows that

A —Xo| > % + %(1 — cos((m — 1)0) — Kq(e™)) > (1 + 6% —0%).

[\ \

Using the fact that 1+ 6% — 0% > e2("*=0%) for all 6 € (0,1), it follows from (3.7)
that

(Cap)(N)| < CL2e 50707 — O (—Blog 0)V/29~5+3C77-D),

Now the choices of  and  ensure that the exponent of 6 on the right-hand side of
this expression is strictly greater than §, and hence |(Cop)(A)| and consequently
Ko(N)[(Cap)(N)| are uniformly bounded, independently of 6 and 3, for all A € ©,
satisfying Ko(\) > 0% If Ky4(\) < 6% on the other hand, then |A — Ag| >
(1 —20%) and, using the fact that 1 —26% > e~"" for all ¢ € (0, 3), gives

1(Cap)(N)| < CE/2640° = C(—Blog 0)1/20~(5+48),

Since the choice of 3 ensures that § + 48 < 32, K (A)|(Cap)(N)| is uniformly

bounded, again independently of 6 and 3, also for all A € ©, with K, () < 6.
This establishes (i) for C' = C1, where C > 0 is some suitably large constant.
Next observe that, for each k£ > 1,

BZ 1)\]@ 14 Cr k

Expanding and using the fact that, for any mteger s >0,

ZC£S+1 _{

if s+1=0 (mod ¢),
0 otherwise,

this becomes

BT A k) WY
(Lap)(k) = =575 — ZEYB <s> (2Bero)®

(3.9)

(")

(QBZ)\O)M—l'

Next note that, for 1 < r < L%J, (M]il) < (661) ((fg_ll))!!k(“l)f. Thus, for
1<k < By,

k+1

01/2 (-1 02k
<C
(a0 < g ) e ()

r=1

where C' is independent of £. Now, if k < 2¢ — 3, then (,*,) < 1(5*]) and, if
k > 2¢ — 2, then (Efl) < 2(];:1) so in either case 4 (zk1) < 2%%2(25:12). Hence

1/2 _
(3.10) (om0 < O3 (2 )):
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which by Stirling’s formula is bounded above independently of ¢. If k > By, on
the other hand, then (3.8) and the fact that 1 + B[l < el/Be give

J1/2gt-1
o] < 5 (

and, by the definition of By, the right-hand side is again bounded above indepen-
dently of ¢. Thus (ii) holds with C' = Cy for some sufficiently large Cy > 0.
In order to establish (iii), note first that, for each n > 0,

Bf 1)\701 -1 CZ n+1 CZ
(Daﬂ)( - gl/2 Z C@ < BZ)‘0> (1 — Ao <1 + 23@)\0)) ’

Thus, if n > 0 is such that 22| = 23], proceeding as in (3.9) gives

£1/23571

k
1 1/2 ol—1, —k(log 2— B!
1+B> < 20'2piteklos2=B, ) < ¢ -7

4

LTJ (n+1) Y (n+2)
_ yl/2pt-1\n ri—1 0\re—1
(Dapt)(n) = /"B, \g rzl 2Bo) 1

Now let ny := 2¢ — 4, so that ny > ng and |“2] = | 223 | = 1. Then

2 20— 2\ |1
|(Dap)(na)| = 44_2<£_ 1) ’2 — Ao

I

and hence, by another application of Stirling’s formula, |(Dap)(n1)| > cf, where
¢ is independent . Since the definition of ¢ implies that 6% > cnl_1 logny, it
follows that (iii) holds for C' = C3, where C3 > 0 is another suitably large
constant. Setting C' = max{C1, Cy, C3} now completes the proof. O

Remark 3.5. The estimates leading to may also be viewed in another
way. Indeed, given ¢ > 1, let Y; be the random variable counting the number
of tosses of a fair coin required in order to obtain a total of exactly ¢ heads, so
that Y7 has the negative binomial distribution with P(Y; = k) = & ( v 1) for each
k > 1. Then the aforementioned estimates amount to the observatlon that Yy has
mode 2¢ — 1. This probabilistic interpretation will reappear in Remark below.

The following result, which is an analogue of [I1, Theorem 4.1], shows that the
logarithmic factor in Corollary cannot in general be omitted.

Theorem 3.6. Given any o > 2, there exists a non-trivial complex Banach
space X, and a power-bounded operator T' € B(X,) such that o(T)NT = {1}
and ||R(e, T)|| = O(|0|~*) as  — 0, and for which

1/a
(3.11) hmsup\T"(I—T)H( - ) > 0.

n—00 log n

PROOF. Given any sequence x € £*°, define the function Fy, for |A\| > 1, by

A) = Z%
k=1

Now, with K, Q4 and O, as defined in (3.3)) and (3.4]), let X, denote the subspace
of > consisting of sequences x for which F, extends analytically to O, and
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satisfies sup{ Ko(\)|Fz(A)| : A € ©,} < co. This space is non-trivial, containing
for instance any finitely supported sequence as well as the constant sequence
(1,1,1,...), and, by an application of Vitali’s theorem, it is complete under the

norm | - [[x, given by [lz]x, := [[#[loc + [[#]la; where [[z]|o := sup{Ka(X)[F:(M)] :
A € O,}. Consider the restriction T' := S|x, to X, of the left-shift operator
S e B(£>).

Given z € X, and |\ > 1, Fp,(\) = AF,(\) — 21, so Fp, extends analytically
to Oq and |[|Tz|o < 3[|2[ls + 2[|z[la- Thus 7 maps X, into itself and defines an
element of B(X,) with norm ||T'|| < 2. More generally, having fixed some x € X,
and given n > 0, let F,, := Fpn,. Then F, extends analytically to ©, and is
given, for |\| > 1, by

(3.12) Z Itk _ AnE(0) — zn:A”—kxk
k=1

Writing A for the annulus {)\ € C:1 < | < 2}, it follows that

]l :
F0)] < = ‘ 1 if A€ A,

e+ |F(V)] if A€ ©aND,

and, in particular, |F,(\)| < |1 — |A|]|7Y|z||x, for all A € ©,\T. Let A\ € O, be
given. If A € (1,2), then K,(\)|F,(\)| = 0. Suppose therefore that 6 := arg A
satisfies 0 < |0 < 7, and note that Qg,, 9 C O, where ry := iKa()\) and Q¢
is defined, for r € (0,1), as in (3.2). Now either |1 — |A]| > 7, in which case
Ko(N)|Fr(N)] < C|lz||lo for some constant C' which is independent of z € X,,
n >0 and A, or [1 — |A[| < ry. In the latter case A € Q,, g, so the same estimate
follows from Lemma applied to the function Fj, on the disc €9, 9. Thus
|T"z||o < C|lz||x, for some constant C' which is independent of x € X, and

n > 0. Since moreover [|[T"z|s < ||z|oo for all n > 0, it follows that T is
power-bounded.

Now fix # € X, and let © := {A € C: 1 < [\ < 3}. Then Q C p(T) and
(RN, T)z)pt1 = Fp(A) for all A € Q and all n > 0, where F,, is as above. In
particular, remains true for each n > 0 when the left-hand side is replaced
by (R(\,T)x)n+1, so the argument in the previous paragraph shows that

(3.13) KaW[RA, T)zlloo < Cll x,,

where C' is independent of both x € X, and A € Q. The aim now is to show
that Ko(N)|[|RN, T)z|o < Cllz|lo for all A € Q, from which it will follow that
the norm of the resolvent of T' grows at most polynomially. Since the estimate
holds trivially when \ is real, assume that A € € satisfies 0 < |arg A| < 7 and let

F)\ = FR(A,T)$ Then, for |,u| Z %

n— n—1
Z daus I—ZA 1(&@)—2%) “W’

n
n=1 n=1 K
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so F extends analytically to O, taking the values

{_W if 1€ O,\{\},

(3.14) Fx(p) = T i = A

Now let 11 € ©4 and set My (A, pt) := 1 max{Ky()\), Ka(p)}, which is positive by
the assumption on arg A. If |A — u| > My (A, ), then by (3.14))

Ka(A) + Ka(p)
Mo (A, 1)

where C' is independent of A\ and pu. Now suppose that |A — | < My (A, p1). By

(3'15) Ka(/\)Ka(:U') ‘F)\(U)’ <

[z]la < Cllzla;

Cauchy’s formula,

1 E.(\) — F.(2)
(3.16) ) = 5 § o s
where I' is any contour in ©, whose interior contains the point p and is itself
contained in ©,. If |A — u| < 2K, (A), choose I' to be the circle with centre A
and radius K, ()), so that I' C ©, by the definitions of ©, and 2. Elementary
estimates show that, for any 2z € ©, satisfying |A — z| < 3Ka(A), clargA| <
|arg z| < ClargA| and hence cK,(A) < Kq(z) < CK,(\), where ¢ and C are
independent of A and z. This applies in particular to all z € I" and also to z = pu.
Since moreover |p — z| > 1 Ko(A) for all 2z € T, it follows from that

Cllz||a Ko(p)  Kaolp)
317 KWEIRW) < 0§ (Kam n KM) dz] < Clla]la,

where C' depends neither on A nor on p. A similar argument applies when
1Ko(A\) < [A—p| < 1K, (p), this time taking I' to be the circle with centre
A and radius 3 Ko (p). Then |p—z| < 2K, (u) for all z € T, so I' C O, as before.
Moreover, K,(u) < CK,(z) for all z € T', where C is independent of A and g,
and Ko(\) < Kqo(p), giving

Clella Kal)
318 KWK IR < Q08 § (14750 ) 4] < Ol

Combining (3.17)), and shows that Ko(A\)||R(N, T)z||o < C||z||q for
all A € Q. Together with (3.13), this gives Ko(A\)||R(N, T)z| x, < C|lz| x,, where
C' is independent of x € X, and A € Q, and hence sup{K,(\)||R(A\,T)|| : A €
Q} < oco. In particular, it follows from by that o(T) N'T C {1}, and a
simple approximation argument shows that |[R(e!’, T)|| = O(|0]~®) as 6 — 0.
Furthermore, since (1,1,1,...) is a fixed point of T, 1 € o(T).

Finally, let the transforms C,, £, and D, be as defined in and note that,
given any complex measure u whose support is contained in €2, and for which

sup{|(Laop)(k)| : k > 1} < oo, there exists an associated sequence z# € > whose
entries are given, for each k > 1, by z}, := (Lop)(k). By Fubini’s theorem,

N[ AT - [ e
qum—;/ga g du) = [ = e
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whenever [A| > 1, so 2* € X, provided sup{K,(A)|(Car)(N)] : X € B4} < 0.
Note also that, for each n > 0, (Dap)(n) = x| — 2l ,, which coincides with the
first entry of T"(I — T)x*. Now, by Lemma it is possible to find a sequence
(n;) of integers, with n; — oo as j — oo, and associated measures p; such that
{z#i : j > 1} is a bounded subset of X, and moreover (Do) (n;)|* > cn;1 log n;
for each j > 1. By rescaling if necessary, there is no loss of generality in assuming

that ||z ]| x, <1 for all j > 1, so that
[T (I =T)|| = [[T™ (I = T)2" [|oc = [(Dap;)(ny)l-
Hence (3.11)) holds and the proof is complete. O

Remark 3.7. It is possible to replace Lemma [3.4] which here gives rise to the
sequences ' € X, used to establish to (3.11]), by a simpler, more ad-hoc con-
struction. Indeed, using the notation introduced in the proof of that result, let

1/2 \k—t
s T
21 \r—1

for each k > 1, so that x equals the first term of the final sum in (3.9) which
defines , in the above proof. In the notation of Remark this becomes

z, = 402 200) T P(Y, = k4 1),

so the formula for the probability generating function of Y (see for instance [21],
Section 4.2]) gives

A 2012
" 20200 = M)t
whenever |A| > 1, which should be compared with the right-hand sides of
and . Since the estimates for z# established in Lemma apply equally to
x, it follows that may also be obtained using sequences of this simpler form
in the final paragraph of the above proof.

()

Remark 3.8. It is unclear whether Theorem can be extended, for instance
by modifying the construction in Lemma to the range 1 < a < 2. Note
however that, by Theorem the case a = 1 is necessarily excluded. See [15],
Theorem 1.2] for a result relating specifically to the case v = 2.

Theorem B.10] below shows that the situation is different when X is a Hilbert
space. It relies on the following preparatory result, which is analogous to [11
Lemma 2.3] (see also [5, Lemma 1.1] and [28, Lemma 3.2]) and holds for general
Banach spaces. Recall that, if T € B(X) is a power-bounded operator with
M := sup{||T"|| : n > 0} and if A € C satisfies Re A < 0, then it follows from
that |R(\, I — T)|| < M|Re\|™!, and hence that the operator I — T is
sectorial. Thus, given any s > 0, the fractional power (I —T)% is defined as

(I—T) = QL f NROLT —T)d),
I

1

where the complex plane is cut along the negative real axis and where I' is any
suitable contour that contains the point 1 and otherwise encloses o(7") without



20 DAVID SEIFERT

touching it. Fractional powers coincide with the usual ones whenever s € N, and
moreover (I — T)™ = (I —T)*(I —T)! for all s,t > 0; see for instance [23] for
details.

Lemma 3.9. Let X be a complex Banach space and let T € B(X) be a power-
bounded operator such that o(T)NT = {1}. Furthermore, let « > 1 and suppose
that |R(e, T)|| = O(|0]~%) as @ — 0. Then sup{||(I — T)*R\,T)| : |\ > 1} <

0.

PROOF. By it suffices to prove that sup{||(I — T)*R(\,T)| : A € A} < oo,
where A :={\ € C:1 < |A| < 2}. A first step towards this result is to establish
that, under the above assumptions, sup{||(1 — A)*R(\,T)|| : A € A} < co. Thus,
given r € (0,1), let

1+ 72 2r
Q, = {)\E(C:1§|)\|§23nd '17‘2_)\‘2 17“2}

and let the map H, : , — B(X) be defined by

7,,2

Hy()\) : <1 + cp()\)2> (1 =XN*R(\,T),
so that Hy(A) = h,(A\)(1 — N)*R(A\,T), where h, := g, o ¢ with g, and ¢ as
in the proof of Theorem Then sup{|h,(\)| : r € (0,3),A € Q} <
and, by the argument leading to equation (2.19), |k, (A)| < Cr=!(|A| — 1) for all
A € 09, N~y,, where v, is as defined in . Note also that |1 — | < Cr for
all A € 09, N~,. Thus, by and the assumption on the resolvent, ||H,(\)]|
is uniformly bounded, independently of r, for all A € 9, and hence, by the
maximum principle, sup{||H,(\)|| : 7 € (0,1),A € Q,} < co. Since, given any
A € A, there exists 7 € (0, 1) such that A € , and |h,(X)| > 3, the claim follows.

Now let n € N and 5 € [0,1) be such that & = n + 3, and note that, for any

k> 0and X\ € p(T),
k—1

k . i
1= TFROTY) < [1— AFIRAL T+ 3 (j.)u AP A - T
5=0
Setting £k = n — 1 and k = n, this shows, respectively, that
- T RAT) < —C and |- T"RAT)| <
NS T A TRSY:

for all A € A. In particular, if 8 = 0, the proof is complete. If 8 # 0, on the other
hand, the moment inequality (see for instance [22, Corollary 7.2]) gives

I(I=T)* "R T)| < Ol =T)" "R D' PII(I = T)"ROAT)|7,
and hence ||(I — T)* 1R\, T)|| < C|1 — A|7! for all A € A. Since
IR T)(L = T)*|| < L= AR T =)+ [|(2 = 1)
for all A € p(T), the result follows. O
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The final result shows that the phenomenon described in Theorem cannot
arise on Hilbert space. For analogous results in the continuous-time setting see
[11, Theorem 2.4] and [7, Theorem 7.6]; compare also with [37, Theorem 9].

Theorem 3.10. Let X be a complex Hilbert space and let T € B(X) be a
power-bounded operator such that o(T) N'T = {1}. Furthermore, let o > 1.
Then ||R(e?,T)|| = O(|0]~%) as § — 0 if and only if ||[T*(I — T)|| = O(n=%) as
n — 00.

PRroOOF. Suppose that |[R(e!?, T)|| = O(|0|7) as § — 0, so that, by Lemma
sup{||(I = T)*R(\,T)|| : |\| > 1} < o0o. For n > 0 and |\| > 1, let

n
Fu(A) == AR\ T) > AFT™.
k=0
Then a simple calculation using the series expansion for the resolvent shows that

o0

Fp(A) = (min{k,n} + 1)AFT*,
k=0

and hence, by Parseval’s identity,

0 Tk 2 1 21 )
> (min(tn + DX EE = L T () a9

k=0
for all n > 0, x € X and r > 1. Replacing z with (I — T7)%z and letting
B :=sup{||({ = T)*R(\,T)|| : |\| > 1}, it follows from the definition of F,, that
2
(k+1)2 B?p?2 (7
S L kg e < B2

de,
s
k=0

n

Z T—ke—ik‘GTkx

k=0

or indeed

(k+1)* 1 T 2
k=0 k=0
by another application of Parseval’s identity. Letting » — 1+, this gives

n
(3.19) > (k+ 12| TH( = T)*x))* < M2B*(n + 1) 2|,
k=0
where M := sup{||T"|| : n > 0}. Now, for y € X and n > 0,
n
k « x\n—k
mk:o ((k+ 1T —T)%, (T*)""y),
where T* denotes the adjoint of T. By and Cauchy’s inequality, the right-
hand side is bounded above in modulus by 2M?2B||z||||y||, and hence
2M?B
n+ 2
for all n > 0. Thus the proof is complete in the case « = 1. If &« > 1, on the

((n+2)T"(I = 7)) =

(3.20) [T =T)*|| <

other hand, the moment inequality gives

I1T"(1 =)l < ClT| =T (L = 1)
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for all n > 0, and the result now follows from (3.20) and the fact that 7" is
power-bounded.
The converse implication is a consequence of Theorem [2.4] O

Remark 3.11. The above proof follows the method used in [7]. An alternative
approach, analogous to that of [11], is to consider the operator @ € B(X x X)
given by Q(x,y) := (Tx +T(I — T)*y,Ty). Then, for n > 0, Q™ is represented

by the matrix
o — ( " nwI(I—T)° >
0 ™

and, in particular, @ is power-bounded if and only if sup{||[nT"(I — T)%| : n >
0} < oo. Since the latter is equivalent, by the moment inequality, to having
|T™(I — T)|| = O(n~Y*) as n — oo, the main implication of Theorem
can be deduced from results in [20], which characterise power-boundedness of an
operator on a Hilbert space in terms of a certain integrability condition on its
resolvent.

Remark 3.12. As in [1I, Theorem 2.4], the equivalent statements in Theo-
rem are also equivalent to the condition that, for every x € X, ||[T"(I —
T)z| = o(n"'/*) as n — oo, which in turn is equivalent, by another application
of the moment inequality, to having n7"(I — T)* — 0 in the strong operator
topology as n — oo. One implication follows from the general observation that,
given any complex Banach space X and a power-bounded mean ergodic opera-
tor T' € B(X) satisfying o(T) N'T C {1}, the powers T™ converge strongly, as
n — 00, to the projection P onto Fix(T') along the closure of Ran(I — T'); see [4,
Theorem 4.1]. Indeed, if |[T"(I — T)|| = O(n~"/%) as n — oo, then the opera-
tor Q € B(X x X) defined in Remark is power-bounded, and furthermore
0(Q) = o(T) and Fix(Q) = Fix(T') x Fix(T). Hence applying this observation
to @ shows that, for any z,y € X, T"x + nT"(I — T)*y — Px as n — oo.
Since T"x — Px as n — oo by the same observation applied to 7', it follows
that nT™(I — T)“ — 0 in the strong operator topology as n — oo. The converse
implication is a simple consequence of the Uniform Boundedness Theorem.
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