VINOGRADOV’S THEOREM WITH ALMOST EQUAL SUMMANDS

KAISA MATOMAKI, JAMES MAYNARD, AND XUANCHENG SHAO

ABSTRACT. Let 6 > 11/20. We prove that every sufficiently large odd integer n can be
written as a sum of three primes n = p; + po + p3 with |p; — n/3| < nf for i € {1,2,3}.

1. INTRODUCTION

Vinogradov’s celebrated theorem shows that every large odd integer N is the sum of
three primes (see e.g. [5, Chapter 26]), and was achieved by using Vinogradov’s exponential
sum estimates in the Hardy-Littlewood circle method. The circle method and exponential
sums are both powerful general tools in analytic number theory for showing the existence
of solutions to additive problems in a particular set, but it becomes increasingly difficult to
apply these methods successfully as the set involved becomes increasingly sparse.

The simplest extension of Vinogradov’s theorem to a sparse setting is to restrict all the
primes involved to lie in a short interval Z = [N/3 — N N/3 + N?]. If the intervals are
not too short, then one can use results about the density of zeros of the Riemann zeta
function to control the exponential sums involved. By using the Huxley zero density estimate,
Pan and Pan [25] showed that if & > 2/3 then every large odd integer N is the sum of
three primes from Z, improving on earlier work [11, 23, 4, 24]. Further progress used sieve
methods to construct majorants and minorants of the indicator function of the primes which
were easier to use in the exponential sum estimates. This resulted in a series of papers
(14, 15, 16, 17, 18, 19, 29, 20], the strongest being Baker and Harman’s result [1] that
showed 6 > 4/7 = 0.5714 ... is sufficient, and this appears to come close to the limit of such
techniques?.

Green [7] introduced a transference principle in his proof of Roth’s theorem in the primes.
Such a principle provides a powerful tool to study additive problems, and for translation-
invariant additive problems one can show the existence of solutions in any dense set which
has a ‘well-controlled” majorant. In particular, essentially no lower-bound information is
required beyond positive density. Vinogradov’s theorem with the primes in special sets is
not a translation-invariant problem (and the result does not hold for all sets of positive
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density), but the first and third authors [21, 27, 22] have shown how to use transference
arguments to establish Vinogradov’s theorem with certain reasonable dense subsets of the
primes. In these cases one only requires the existence of elements in Bohr sets as extra
lower-bound information.

In this paper we combine a transference principle with the previous work on Vinogradov’s
theorem with almost equal summands. The transference principle removes the need for such
strong bounds for the sieve minorant occurring in the work of Baker and Harman, which
then allows us to show Vinogradov’s theorem with primes in shorter intervals.

Theorem 1.1. Let § > 11/20. Ewvery sufficiently large odd integer n can be written as a
sum of three primes n = py + py + p3 with |p; —n/3| < n? fori e {1,2,3}.

Our method might allow one to obtain the result with a value of € slightly below 11/20 at
the cost of significant extra complication. The best known result on primes in short intervals
due to Baker, Harman and Pintz [3] shows the existence of primes in intervals [z, z 4 2%-5%°],
and so one certainly cannot improve our constant by more than 0.025 without significant
new ideas which would also improve this problem. Moreover, our method requires a good
numerical lower bound on the number of primes in a short interval, which is known for
6 > 11/20 by work of Baker, Harman and Pintz [2].

Simple probabilistic heuristics would suggest that Theorem 1.1 should hold whenever
6 > 0, but all known arguments appear to completely fail unless # > 1/2, even if one
assumes strong conjectures such as the Generalized Riemann Hypothesis.

We hope that the ideas in this paper (particularly the combination of ideas from additive
combinatorics with Dirichlet polynomial techniques) might have further applications - see,
for example, Remark 2.3.

2. OUTLINE

Imagine there exists an interval I C R/Z of length 1/3 — ¢ and a phase £ € R/Z such that
every prime p in [z, z + 2] lies in the shifted Bohr set

B={neZ: & (modl)el}.

Under this assumption, if py,ps,p3 € 2,2 + 2%] then we would have that &(p1 + pa + p3)
(mod 1) would always lie in the sumset [ + I + I (mod 1), which is an interval of length
1 — 3¢ in R/Z. In particular, it would not be the case that every large odd integer N €
32427, 3z +227] could be represented as the sum of three primes from [z, z+ 2], since these
odd integers are equidistributed modulo 1 when multiplied by £, assuming ¢ is in the minor
arcs. Thus a necessary condition for Vinogradov’s theorem with almost equal summands is
that there is no such ¢ and I.

To show the existence of primes in [z,x + z°]\B for a general Bohr set B, one would
typically first construct a sieve minorant for the indicator function of the primes, and then
demonstrate a positive lower bound for this sieve minorant summed over the Bohr set by
Fourier expansion of the indicator function of the Bohr set and using results on the sieve
minorant twisted by exponential phases. Unfortunately for short intervals it becomes difficult
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to obtain adequate bounds for sieve minorants twisted by exponential phases. To rule out
the above possibility, however, we only need to consider sets B coming from an interval I of
length at most 1/3 —e. Thus by inclusion-exclusion

(2.1) Hipelr,x+2°\BY=#{peclz,z+2°) —#{p e [z,z +2°nB}.
There are several results in the literature obtaining good lower bounds for the first term in
(2.1) of the form a~2%/logz for some constant o~ depending on @. Thus to show the left
hand side is positive, it suffices to get a suitable upper bound for the second term. By using
results on sieve majorants twisted by exponential phases, one typically obtains an upper
bound of the form a*|I|z?/logx for some constant a® depending on . Thus we obtain a
positive lower bound for (2.1) provided o™ < 3a~. Since it is generally easier to construct
sieve majorants, this seems to be the best way to show that the left hand side is positive,
and so is necessary for a proof of Vinogradov’s theorem with almost equal summands in the
absence of new ideas.

It turns out that such arithmetic information is actually essentially sufficient to deduce
a version of Vinogradov’s theorem with almost equal summands. In particular, the main
principle of proving Theorem 1.1 is summarized in the following result. Denote by p the
indicator function for the primes, so that p(n) = 1 if n is prime and p(n) = 0 otherwise.

Theorem 2.1. Let 6, € (0,1) and let x be large. Let pt be a function with p(n) < p*(n)
for every n € [x — 2%/3,x + 2°]. Let at,a=,n > 0. Assume that the following conditions
hold:

(1) Let W = [],<,,p where w = 0.1loglogx. For every residue class ¢ (mod W) with
(¢, W) =1, and every v € R, we have

S el - WS ey <
logz (W) ~ p(W)logx

x719/3§n§x+19 xfx9/3§n§x+xe
n=c (mod W) n=c (mod W)

(2) For every interval I C [x —2%/3,x + 2] of length |I| > 297¢, and every residue class
¢ (mod d) with (¢,d) =1 and d < logx, we have

Z p(n) > Lm

e o(d)log x
n=c (mod d)
If o™ < 3a™ and n is small enough in terms of 3a~ — a™, then any odd integer in [3z —

2%/3,3z + 2°/3] can be written as a sum of three primes in [x — 2°/3,x + 7).

For 6 = 11/20 4 2¢, we may take a~ = 0.99 by the work of Baker, Harman, and Pintz [2].
Note that their argument is not continuous in 6 at point 11,/20, so without significant numer-
ical work it is not clear how large a~ one could obtain for §# = 11/20 — e. Given the result
in [2] our main analytic input to deduce Theorem 1.1 from Theorem 2.1, roughly speak-
ing, is the construction of a sieve majorant p™, whose Fourier transform can be understood
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asymptotically, and which is, on average, less than three times the indicator function for the
primes. This will be provided in Proposition 5.1 from Section 5.

In comparison, Baker and Harman [1] require an analogue of (1) of Theorem 2.1 for a
minorant for the primes as well as a majorant. Naturally the minorant is much harder to
construct, and by avoiding the requirement to have such strong control when twisting by an
exponential phase we can improve the exponent in the short intervals from 4/7 to 11/20.
It is the use of the transference principle used to prove Theorem 2.1 which is the key to
allowing us to relax such a condition to the simpler bound for the minorant given by (2),
and which is the “substantial new idea” sought by Baker and Harman.

Remark 2.2. The first and third authors [22, Theorem 2.3 used a transference principle to
show that if one has a set A of integers which have a suitably large intersection with all
shifted Bohr sets (with controlled complexity), and a well-controlled superset in terms of its
Fourier transform, then one can deduce that all sufficiently large integers are a sum of three
elements of A. This result could be adapted to our situation of short intervals, and would
then correspond to constructing a suitable sieve minorant which gave a positive lower bound
to (2.1) for any shifted Bohr set B (with controlled complexity). As mentioned previously,
this becomes difficult when the interval becomes short. A recent result by Harman [10]
should imply a lower bound of the form #{p € [z,z + 2] N B} > 2%/logz for § > 5/9, and
thus in principle such an argument should lead to a proof of Theorem 1.1 for 6 > 5/9.

Remark 2.3. Our proof of a positive lower bound for (2.1) has an immediate consequence
for the existence of primes in Beatty sequences in short intervals. Harman [10] has shown
that for any fixed irrationals £ > 1 and 7, there are primes of the form |&n + 5] lying in
the interval [z, 2 + 2% provided 6 > 5/9 and z is sufficiently large. Since p = [&n + ) is
equivalent to n+n—1/¢ < p/& < n+n, we see that it suffices to show primes p in the interval
[,z + 2% such that p/¢ (mod 1) lies in an interval of length 1/¢. Thus for 1 < £ < 3/2
we obtain Harman’s result in the wider range # > 11/20. We thank Glyn Harman for this
observation.

3. OVERVIEW OF THE PROOF OF THEOREM 2.1

Since we will be doing Fourier analysis on Z, it is natural to adopt the following normal-
ization for the Fourier transform: for a finitely supported function f : Z — C define

Fo) =" f(n)e(—nv).
For two finitely supported functions f, g : Z — C, the convolution f * g is defined by

frgn)=>" f(m)g(n—m).

The following combinatorial statement is a transference principle from which Theorem 2.1
can be deduced immediately. Here, and in the sequel, we write [IN] for the discrete interval
{1,2,--- ,N}.
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Proposition 3.1. Let e,n € (0,1). Let N be a positive integer and let fi, fa, f3: [N] = Rx>q
be functions, with each f € {f1, fa, f3} satisfying the following assumptions:
(1) For each arithmetic progression P C [N] with |P| > nN we have E,cpf(n) > 1/3+¢;
(2) There ezists a majorant v : [N] — Rxq with f < v pointwise, such that ||1/)—1/[;]||oo <
niV;
(3) We have ||f||q < KNV for some fived ¢, K with K > 1 and 2 < q < 3.
Then for each n € [N/2, N] we have

fr# fax f3(n) = (e(2) = Ocreg(m) N7,

where ¢(g) > 0 is a constant depending only on .

Proof of Theorem 2.1 assuming Proposition 3.1. Let p, p™,a~,a™ be as in the statement of
Theorem 2.1. Let ng € [3x — 2%/3,3x + 2%/3] be odd, and our goal is to represent ng as
a sum of three primes in [z — 2%/3,2 + 2%]. Let W = [I,<,p where w = 0.1loglogz,
and choose by, by, by (mod W) with (b;, W) = 1 such that b, + by + b3 = ng (mod W). Let
N = [42°/(3W)| and m = |(z — 29/3)/W |, and consider the functions f;, v; defined on [N]
by

_log (W) _logz (W)

fi(n) = — 0 p(W(m+n)+0b;), vi(n)= o P (W(m+n)+b).

Then f; < v; since p < pT. To prove the Fourier uniformity of v; (condition (2)), observe
that

S wmelmy) = ef(—b/W —mp) 5 EWI S ey + 01)
1<n<N z—a? /3<n<z+a?
n=b; (mod W)

and similarly
Y e(ny) =e((=b/W—m)y) Y elny/W)+0(1)

1<n<N z—a? /3<n<z+a?
n=b; (mod W)

for any 7 € R. Comparing the two equations above and using the assumption (1) about the
Fourier transform of p*, we obtain

Z vi(n)e(ny) — Z e(ny)| < B %

at
1<n<N 1<n<N

This verifies hypothesis (2) of Proposition 3.1.
On the other hand, for any arithmetic progression P C [N] of length > nN, by assumption
(2) we have the lower bound

> hin) = B2 PN oy > il = S P,

neP neqQ
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where @ = {W(m +n) +0b:n € P} (noting that if d is the common difference of @) then
d/p(d) = W/p(W)). Since at < 3a~, we may find € > 0 such that o~ /a™ > 1/3 +¢. This
verifies hypothesis (1) of Proposition 3.1.

Finally, the hypothesis (3) (with ¢ = 5/2 and K = O(1)) holds by the work of Green
and Tao [8]%. Since 7 is assumed to be small enough in terms of ¢, we may thus apply
Proposition 3.1 to find a representation of the form

n=mn;+ny+n3
for each n € [N/2, N|, with each n; in the support of f;. In particular, each p; = W (m+n;)+b;
is a prime in the range [z — 2%/3, 2 + 2], and we have the representation
W(3m +n) + by + by + by = p1 + p2 + ps.
Setting n = (ng — by — by — b3)/W — 3m above concludes the proof of Theorem 2.1. O
Via a standard transference argument [7], Proposition 3.1 is reduced to the dense case

when v = 1 and thus the functions f; are bounded by 1. We record this special case of
Proposition 3.1 separately:

Proposition 3.2. For any ¢ > 0, there exist constants n = n(e) > 0 and ¢ = c¢(¢) > 0 such
that the following statement holds. Let N be a positive integer and let fi, fa, f3 : [N] — [0, 1]
be functions, with each f € {f1, f2, f3} satisfying the inequality

]EnEPf(n) 2 1/3 +te

for each arithmetic progression P C [N] with |P| > nN. Then for each n € [N/2,N] we
have

fi % fa* f3(n) > cN>.

Taking A, Ay to be the essential supports of f1, fa, respectively, up to N/2, we see that
they have sizes larger than (1/3) - (N/2) by the assumption. In order for the conclusion to
hold, we need A; + As to have size larger than 2/N/3. Thus an understanding about sets of
doubling less than 4 is required. For two subsets A, B C Z and n > 0, denote by S,(A, B)
the set of n-popular sums in A + B:

Sy(A,B) ={n € Z:1,41g(n) > nmax(|Al|,|B])}.
Proposition 3.3. For any e > 0, there exists a constant n = n(e) > 0 such that the following

statement holds. Let N be a positive integer and let o € [0,1/2]. Let A, B C [N] be two
subsets with the properties that

|ANP| > «a|P|, |BNP|>alP|
for each arithmetic progression P C [N] with |P| > nN. Then
|S,(A, B)| > (4a — ) N.

ZPrecisely we need [8, Theorem 1.1] with F' being the linear form F(n) = an-+b with its coefficients satisfying
la|,|b] < N? (rather than |a|,|b] < N as stated there). This generalization follows with the same proof, since
the coefficient bounds are only used to control certain divisor functions.
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In the contrapositive, the statement roughly asserts that if a set has doubling less than 4,
then its density on a not-so-short progression is less than expected. We will deduce this from
a related result of Eberhard, Green, and Manners [6], which says that if a set has doubling
less than 4, then its density on a not-so-short progression is larger than 1/2.

4. THE TRANSFERENCE ARGUMENT

In this section we prove Proposition 3.1: In Subsection 4.1 we prove Proposition 3.3, in
Subsection 4.2 we deduce Proposition 3.2 from Proposition 3.3 and in Subsection 4.3 we
deduce Proposition 3.1 from Proposition 3.2.

4.1. Proof of Proposition 3.3. We start by deducing Proposition 3.3 from the following:

Theorem 4.1. For any ¢ > 0, there exists a constant § = 6(¢) > 0 such that the following
statement holds. Let N be a positive integer, and let A, B C [N] be two subsets with

1S5(A, B)| < 4min(|A|, |B|) — N.

Then there is an arithmetic progression P C [N] of length > N on which A has density at
least 1/2 + ¢/5.

This is an asymmetric version of [6, Theorem 4.1]; see the remarks following [6, Theorem
6.2]. To deduce Proposition 3.3, we may clearly assume that £/4 < a < 1/2 — 3. We may
also assume that N is sufficiently large depending on e, since otherwise the assumptions
imply that A = B = [N] and the statement is trivial.

Let 0 = 0(¢/2) > 0 be the constant from Theorem 4.1. Let ¢ be the product of all positive
integers up to d~!. We shall show that Proposition 3.3 holds with n = £d§/(2q).

Divide [N] into short intervals of length ~ ¢JN, and then divide each of these short
intervals into arithmetic progressions modulo ¢. In this way we obtain a partition

IN]=Q1U---UQp,

where each @); is an arithmetic progression of step ¢ and length ~ edN/q. By assumption
we have

[ANQi| = a|Qil, [BNQi| > o|Qil,
for each @);. By removing elements from A, B suitably, we may find A” C A and B’ C B
with the properties that

AN Qs = al@Qi[ +O(1), |B'NQs|=al@i]+0(1),
for each ;. We claim that |S5(A’, B")| > (4 — €) N, and thus
Sn(A, B)| 2 [S5(A, B)| = |S5(A, B)| = (4a —€)N,

as desired. To prove the claim, suppose for the purpose of contradiction that it fails. Then
by Theorem 4.1, there exists an arithmetic progression P C [N] of length > é N on which A’
has density larger than 1/2. A moment’s thought reveals that P is necessarily the union of
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some of the @);’s, up to a residual set of at most 2e0 N elements. It follows by the construction
of A’ that

|A"N P| < a|P|+O(m) + 20N < (a+ 3¢)|P| < |P|/2,
a contradiction. This completes the proof of Proposition 3.3.

Remark 4.2. Assuming that A, B have densities at least «, 3, respectively, on not-so-short
progressions, one should be able to prove using the arithmetic regularity lemma that

|A+ B| > (min(a + 5,1) —€)2N.
However, we do not see how to directly deduce this asymmetric version from Theorem 4.1.

4.2. Deduction of Proposition 3.2 from Proposition 3.3. We may assume that NV is
large enough in terms of ¢, since otherwise the statement is obvious. Fix a positive integer
no € [N/2,N], and let N = |ng/2]. Let A;, Ay C [N'] be the essential supports of fi, fo,
respectively:
Let n = n(e) be the constant from Proposition 3.3. For each arithmetic progression P C [N’
of length > 1N, since f; has average at least 1/3 + ¢ on P, it follows that

|A; N P| > (1/3+¢/2)|P|.
By Proposition 3.3 applied to A, Ay with o = 1/3 4+ ¢/2, we conclude that

1S, (A1, A)| > (4/3 4 )N' > 2n,/3.
Thus S, (A1, Az) is a subset of [ng] with density at least 2/3. On the other hand, the set
A3 = {n S [TLO] . f3(71) Z 6/2}
has density at least 1/3 + £/2 by assumption. To lower bound f; % fo * f3(ng), note that the
number of ways to write ng = a + b with a € A3 and b € 5,(A;, Ay) is at least
|A3‘ - (TLO — ’Sn(A17A2>D Z 8710/2 > eN.

Since f1 x f2(b) > e’nmax(|A1],|As]) > £nN whenever b € S,(A1, Az) and f3(a) > €
whenever a € Az, it follows that

fux f2 % fs(no) > e*nN?,
as desired. This finishes the proof of Proposition 3.2.

4.3. Deduction of Proposition 3.1 from Proposition 3.2. It remains to deduce Propo-
sition 3.1 from the special case v = 1. While the main idea is standard, it is a bit trickier
to work in Z instead of a finite group. We follow the arguments from [28]. The heart of
the matter is to decompose f into a uniform part, which contributes little to the three-fold
convolution, and a structured part, which is bounded by 1 pointwise.

Lemma 4.3. Let f € {f1, fo, f3} be as in the statement of Proposition 3.1. Let 6 € (0,1) be
a parameter. There is a decomposition f = g + h satisfying the following properties:

(1) the function g satisfies the pointwise bound 0 < g(n) < 1+ Os(n);
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(2) the function h is Fourier uniform in the sense that |||l < 6N

(3) for each arithmetic progression P C [N] with |P| > (n+6/e)N we have E,cpg(n) >
1/3+¢/2;

(4) we have |[g]l, < KNV and |[h||, < KN4,

Assuming the existence of such a decomposition, we may conclude the proof of Proposi-
tion 3.1 as follows. Fix a positive integer ng € [N/2, N|. For each i € {1,2,3}, let f; = g;+h;
be the decomposition of f; from Lemma 4.3, corresponding to a parameter § > 0 sufficiently
small in terms of ¢, K,q. We may assume that 7 is small enough in terms of £, 9, since
otherwise the conclusion can be made trivial. In particular, by property (1) we have the
pointwise bound g;(n) < 14 ¢/4.

Decompose fi * fo * f3(ng) into the sum of eight terms, one of them being the main term
g1*g2*g3(ng). By properties (1) and (3), we may apply Proposition 3.2 (after renormalizing
so that each g; is 1-bounded) to conclude that

g1 * g2 * gs(ng) > c(e)N?,

for some constant ¢(¢) > 0 depending only on . It remains to show that all the other seven

terms are small. We only consider hy * hg % h3(ng), as the other terms are treated similarly.
We have

1
|ha % hg % hs(no)| < / [l (M ha(Mha(V)]dy < [Nl [ hallollhally < 6°71KIN?
0

by Holder’s inequality and properties (2) and (4). This can be made smaller than ¢(e)N?/10
by choosing § small enough in terms of €, K,q. Thus the total contributions of the seven
error terms are small compared to the main term and we have

fix fox fa(no) > %C(&“)NQ

as desired. It remains only to prove Lemma 4.3.

Proof of Lemma 4.3. Let T be the set of large frequencies of f:

-~

T={yeR/Z:|f(y)| = 6N},
and define a Bohr set using these frequencies:

B={1<b< 0N :||by|rz < 9/30 for all v € T'}.

By the restriction estimate ||ﬂ|q < KN'"1% and a standard covering argument, one easily
deduces that |B| >s N (see [28, Lemma 3.2]). Define the functions g, h by

.g(n) = Eb1,b263f(n + bl - b2) and h(n) = f(n) - g(”)
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We show that these functions satisfy the required properties. To prove the pointwise upper
bound for g, note that

1
g(n) < Ky, pyepr(n+by — by) = ]EbLbQEB/ v(y)e((n + by — by)y)dy
0

1
= [ 0)e(m) Eucne(t) .
0
By the assumption on 7, we may replace v above by 1/[;] at the cost of an error bounded by
1
J
It follows that

1
g(n) < / 1 (Y)e(ny) [Eyepe(by)|* dy+05(1) = By, pyenlin (n+bi—bo)+0s(n) < 14+05(n),
0

1
o N
o(y) = 1 (7)‘ [Esee(by)[* dy < nN / By pe(by)|* dy < —?B| <5 1)
0

where the middle equality follows by reversing the above process. This proves (1).
To prove the Fourier uniformity of h, note that

(4.1) h(7) = J(3) (1= [Esee(®7)F)

If v ¢ T, then [h(7)] < |f(7)| < 6N by the definition of T. If y € T, then
1~ [Epee(bn)? < 2(1 — [Baepe(by)]) < 2Bsen|1 - efby)| < 5/2

by the definition of B. Thus in either case we have [h(7)| < 6N, proving (2).

Property (3) inherits from the similar property satisfied by f, since B C [1,0N]. More
precisely, for any arithmetic progression P C [N] with |P| > (n + 6/¢)N we have

Zg<n) = Ebl,bQEB Z f(n + bl - b2) = Ebl,bQGB Z f(”)
nepP nepP nEP+b;—bz

Since P + by — by is again an arithmetic progression, whose intersection with [N] has size at
least |P| — N > nN, each inner sum over n above is at least

(1/34¢)(|]P| —6N) = |P| (1/3+5 - %) > |P|(1/34¢€/2).

This proves property (3). The final property (4) follows immediately from (4.1). O

5. THE SIEVE MAJORANT

In this section we establish the condition (1) of Theorem 2.1 with § = 11/20 + 2¢ by
constructing the required sieve majorant p™. The argument is continuous and with slight
modifications would work also for § = 11/20 — . Note that if one takes p™ to be a standard
upper bound sieve (such as Selberg’s sieve), then a™ is at least 2/6 since the short interval
has exponent of distribution 6, which is not enough for our purposes. One may attempt to
rectify this issue by using a well-factorable error term from the linear sieve so that the short
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interval has a much larger level of bilinear distribution, but we are unable to control this
error term when twisted by an exponential phase.

Instead, following the arguments in [1], we define p™ based on Harman’s sieve. Let
p(n,y) = 11if (n, P(y)) =1 and p(n,y) = 0 otherwise, and take

(5.1) pr) =plna™+ >, plmip). z=atl

n=p1pa2pzm
2<p1<pa<pz<zl/4

This is a simpler version of the majorant constructed in [1], but it is already enough for
our purposes (and for theirs as well). The Fourier transform of p* can be understood via
Proposition 5.1 below.

In what follows € > 0 and A > 2 are always fixed, assumed to be sufficiently small and
sufficiently large, respectively. In particular when we have conditions like d < (log x)o(l) or
|| < 7(m)°M) we assume that A is large compared to the implied constants. We will also
repeatedly use B for an arbitrarily large constant. Moreover, x is assumed to be sufficiently
large in terms of ¢, A and B, and o(1) denotes a quantity that tends to 0 as x — oo.
To facilitate proofs, we will use smoothed sums, and compare sums over the short interval
[z, x + 2%] to their counterparts over the long interval [z, x + h], where

hy = x exp(—log"? x).

Proposition 5.1. Let § > 11/20, let g be a smooth function supported on [z, v+x%) satisfying
199 (t)] <; 2779 for all j > 0, and let g; be a smooth function supported on [z, + hy] with
hy = zexp(—log'/?z) satisfying |g% (t)] < hy? forall j > 0. Let vy = a/q+ X for some
(a,q) = 1 with ¢ < Q = 2 log ™ x and |\ < 1/qQ and let (¢,d) = 1 with d < log®" z
Then we have

0

> g = —F (Y awerm) (X stmetm) 0 k)

(0] T
n€lz,x+z?) ne€lx,z+hi] n€lz,z+29) &
n=c (mod d) n=c (mod d)
(n,q)=1

Moreover, if ¢ > log®® x then both sides of this equation are O(z?/log" ).

It is now simple to establish condition (1) of Theorem 2.1 from Proposition 5.1. To
simplify the notation we establish this condition for the interval [x,z + 2] but doing it for
[z — 2%/3, 2 + 2°] would make no difference.

By the expression (5.1) and the prime number theorem (compare with [9, Section 1.4]),

1 + 1—|—0 1/4 1 51 [33)
w02, M ( / 10 /a /g ~Fs ihdh




12 KAISA MATOMAKI, JAMES MAYNARD, AND XUANCHENG SHAO

where w is the Buchstab function. Numerical calculation® using the fact that w(u) < w(3) for
all u > 3 (see [9, Equation (1.4.16)]) shows that, writing a* for the expression in parentheses,
we have at < 2.9,

Let n > 0 be fixed and small enough. Let d = W = Hpgo.uoglogxp and let g be a
smooth function supported on [z, z + 2°] which is 1 on [z + nz?,  + (1 — 1)2?] and satisfies
gV (t) <; 7% For any v € R, we may write v = a/q + A for some (a,q) = 1 with ¢ < Q
and || < 1/¢Q as in the statement of Proposition 5.1. Then, by Proposition 5.1 we get

> g<n>p+<n>e<vn>:“++o(1)'¢<[[Vvvﬁqc]m 2 g(”)e”"”0< - )

1
nelz,x+z?) o8 ’ n€lz,z+a?) IOg v
n=c (mod W) n=c (mod W)
(n,q)=1

and if ¢ > log®* z then all terms in this equation are O(z%/log®z). By a simple sieve
upper bound, we see that the contribution to the left hand side from n € [z, 2 + nz?] and
€ [z + (1 —n)2?, x+ 2% is O(na®/p(W)logx). Thus, we find

+ — nﬁ
> ptmelm = 3 gl me(m) +O( o)

nelz,x+z0) nelz,x+z?)
n=c (mod W) n=c (mod W)
at+o(1) [W,q] na’
- - gln)e (m) + O =)
log o([W, q]) ne[grxg] o(W)logz
n=c (7m0d W)
(n,q):l
at+o(l) [W,q] na?
— . e(yn)+ O (—) .
logz (W, ql) ne[gﬂg] p(W)log
n=c (7m0d W)
(n,g)=1

If ¢ > log®* z then all terms are O(nz?/o(W)logz), which gives Theorem 2.1 in this case.
If instead ¢ < log™ = then [W, q]/o([W, q]) = (1+0(1))W/@(W) and the contribution to the
summation from n = ¢ (mod W) with (n,q) # 1 is o(z?/p(W)logz). From this condition
(1) of Theorem 2.1 follows immediately.

[t remains to prove Proposition 5.1. The proof is very similar to the proof in [1, Section 3]
but for completeness we give a relatively self-contained proof. We split the proof of Proposi-
tion 5.1 into two parts according to the size of ¢ appearing in the Diophantine approximation
for v. We let Q = 2~ 'log 4 2 and put

U U [ ’_+qu

q<log

3A Mathematica® file performing this computation is included along with this document on www.arxiv.org.
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We first decompose p* into simpler Type I and Type II sequences in Section 5.1, and then
establish Proposition 5.1 for v ¢ M in Section 5.2 and for v € M in Section 5.3.

5.1. Sieve decomposition. In this section we give a combinatorial decomposition
(Lemma 5.3 below) of the function p*, showing that it can be rewritten as a sum of ‘Type
I’ terms (sequences of the form a * 1 where a is supported on small numbers) and special
‘Type II" terms (sequences approximately of the form a % b* p where a and b have support in
dyadic ranges close to /2, and p is the indicator function of the primes.) In what follows
we always set

w = exp((log z)%/19).

Lemma 5.2 (Fundamental Lemma). Let {a,,} be a complex sequence supported on m <
297% satisfying |am| < 7(m)°W | Let

en) = amp(h,w) = > amp(d).
i oy

Then we have ,

S el <

B
nelz,z+x? log r

for any B > 1.
Proof. By [12, Lemma 15] we have

plhw)= 3 pd= Y wd+o( D 1)

dlh, d|P(w) dlh, d|P(w) dlh,d|P(w)
d<z® € <d<wz®

It follows that

em) < D aml< ) ((m)0W,

mdh=n mdh=n
d|P(w),x® <d<wz® d|P(w),z° <d<wz®
m<gf—2¢

Performing the summation over n, we obtain

>okml< Ym0 <t 3 T(m—)m))( 2 %z)

m
nez,z+zf)] mdh€[z,z+z9] m<xf—2e d|P(w)
d|P(w), ¢ <d<wz* € <d<waz®
m<gf—2¢

The first sum in the parentheses is O((logz)°®). It follows from the density of smooth
numbers (see [13, Theorem 1], for example) that the second sum is

1
< exp(—gug log(ug)) < exp(—(log z)*19),

where u = log z/logw = (log x)*/1°. This gives the result. O
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(1)

Lemma 5.3 (Sieve decomposition). There exists complex sequences ) (n), ¢; ' (n) for 1 <

1<K logo(l) x such that the following holds.

e Approxzimation to p*: Let 0 € [1/2 4 2¢,1]. We have

0
I II T
Do ) =2 (G )+ )| <
nelz,r+zf) J<J &
for any B > 1.
° cg-l) are Type I coefficients: There exists a sequence b;(m) < T(m)o(l) supported on

(m, P(w)) =1 such that

my= 3" bi(m).

mln
m<gzl/2+e

. cg-m are Type II coefficients: There exists sequences ej(m;t), f;j(m;t) < 7(m)°W

supported on (m, P(w)) = 1 which are smooth functions of t = (t1,ta,t3) such that

plte pl+e plte
- (n) = e;(m;t) f;(1; t)p’ 1, 2, t3)atiatadts
cﬁ”) () £ )p R K (4t ta)dt dtodt
_glte _gplte —qxplte mlp:n

m~FE

I~F

p~P

for some function K(ty,ty,t3) < (logz)°W/T_,(1 + |t:|) and quantities E = 2™,

F=a% Pxgl=h-F > exp(logg/10 x) satisfying |51 — 2| < 1/10+¢ and By + [ >
9/10 — .

Proof. Our argument is essentially identical to [2, Lemma 3.8] with slightly different parame-

ters, but we give a proof for completeness. From the definition of p™ in (5.1) and Buchstab’s
identity, we obtain

P =pnz) = Y e+ Y plh2)

ph=n p1p2h=n
z<p<ocl/4 z<p2<p1 <:c1/4

= Z amp(ha Z)

mh=n
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for some coefficients |a,,| < 7(m) supported on m < x'/2. Let

uj(n) = > amp(h, p;),
mpy...pjh=n

w<p;<--<p1<2

1/2
mp1.--pj—1pj/ <29/20

Uj(n) = Z amp(h’v Cd),

mp1...pjh=n
W<p; < <p1 <z

1/2
mpln-pj—lpj/ <g9/20

wj(n) = > amp(h, p;)-
mp1...pjh=n
w<p;<--<p1<2

1/2
mP1~~~Pj—2Pj£1<$9/20

mpl.--pjfw}/?zzg/zo
Then Buchstab’s identity gives
us(n) = v3(n) = wys1(n) — U1 (n).
Clearly u;(n) = v;(n) = wj(n) = 0 for all n < x if j > 2logx, since py...p; > in

this case. Thus, by first applying Buchstab’s identity once and then repeatedly applying the
above identity, we obtain

)= 3 anplh ) = 3 anplhow) = () —wi(n)

2+0(1)

mh=n mh=n
[2log x|
— Z amp(h,w) + Z (=1)(v;(n) + w;(n)).

By Lemma 5.2 we have

um = 3 awhe)= S el =)

mp1...pjh=n mp1...pjdh=n
WLpj < <p1<z W<pj<--<p1<z
mpl...pj_1p;/2<x9/20 mpl...pj_1p;/2<x9/20
d<z®,d|P(w)

for some ¢;(n) satistying >, ., .10 [65(n)] < 2%log™ P 2 for any B > 1. We then see that

) (n) :=v;(n) — gj(n) satisfies the criteria of the Lemma, by taking

J
b(k) = > ampi(d),
mp1...pjd=k
W<p; <+ <p1<2z
mpl...pjflpjl./2<a:9/20
d<z®,d|P(w)

and noting that mp, ...p;d < x%2021/225 < ¥/2*¢. Similarly the term >, anp(h,w) is
also a Type I coefficient plus a negligible error.
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Thus, to complete the proof we need to show each w;(n) can be written as a combination
of Type II coefficients and a small error. We first decompose w;(n) into O(log” x) terms
Wj.5,.8,,8 (1) for different (51, B2, B3) € R2,, where we have the additional dyadic restrictions
h ~ 2% mpy...pj_1 ~ 2% and p; ~ xﬁ?’ in the summation of w;(n). Let us first see that
W;.8, o.85(n) = 0 for all n =< z unless (5, 2, f3) satisfy the inequalities of the Lemma. In
particular, since mp; ...p;h = n < x we have that w,g, 3, 8,(n) = 0 unless 8y + 2 + 5 =
14o0(1). Since p; < z = 2!/, we have that w;., s, g,(n) = 0 unless 1 — 3 — By = Bz+o(1) <
1/10 + . Similarly, since

~1/10

. (m . 1./2)2
pPa—p - TP -}-L-pa—l PPy )
T

by the restriction mp; .. .pj,lp;/Q > 2920 in w;(n), and

1/2
BB — (mps .. pj—1p;"")"
T

by the restrictions mp; ... p;— gp]/ < 2% and p; < pj_1 < z, we see that w;., s, 3,(n) =0

unless |f — B1| < 1/10 + e. This verifies that we only need consider 5, + £ > 9/10 — ¢ and
|1 — B2| < 1/10 + ¢, as required.

We now decompose w;.3, 3, 3,(n) further to remove the dependencies between p; or h and
the remaining variables. Let wj.g, 3, 5:»(7) denote the sum wj.s, g, 3,(n) with the additional
restriction that h = p} ...p. for some primes p; with p| > --- > p/. Then we may replace
p(h,pj) with 1 at the cost of the extra condition that p, > p;. Clearly wj.z, g, p,:r(n) = 0 if
r > log x since h < z, so this decomposes w;.3, g, 3,(n) into O(log x) further terms.

Finally, we apply Perron’s formula three times to remove the multiplicative dependencies
between pf ...pl, mpy...p;—; and p; which occur in the inequalities p; < p, p; < p;—1 and

mpy . ..pj— 1p;/ 2> 2920 For example, since pj»pj—1 < x, Perron’s formula gives

<<x_1/10pj_1pj < p1/10,2 o 21/10

*

Dj—1 — ]_/2>c+zt dt O(x1+0(1)>
Z 2m/ Z fim ( D; crat T /)

m,p1,.--,Pj5 ypl m,p1,-.. 7p]7p1 7p'r
P;i<pj—1

where ¢ < 1/logx and by >_" we indicate that we have suppressed the further conditions of
summation. (We have used p;_; — 1/2 to ensure the variables are never within more than
1/2 of each other.) We see that the error term contributes O(z!**°() /T to the sum over
n € [z,x + %) (using the fact that pj, p;_1 < ), and so can be ignored if we take T = z'**.
Repeatedly applying this to remove the three inequalities listed above, and choosing the
three values ¢; =< 1/logx suitably to cancel the real part of the exponent of p;, we are left
with a suitable Type II coefficient, and so have completed the decomposition. 0]

5.2. Minor Arcs. We now establish Proposition 5.1 when v does not have a rational ap-
proximation with small denominator. In this case the frequencies e(yn) equidistribute so
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the result follows quickly for any Type I or Type II sequence from standard bounds on
exponential sums.

Lemma 5.4 (Type I sums). Let a,, < 7(m)°Y be a compler sequence supported on m <
297, and let g be a smooth function supported on [z, x+2°) with |g(t)| < 1 and |g'(t)| < 279,
Let v € M¢ and d < log®V . Then

0

Z amg(mn)e(mny) < xA .
log**

mné€[z,z+a’)
mn=c (mod d)

Proof. This follows from well-known exponential sum estimates. Since 7 € M€, there is a
q € [log® x, Q] such that ||yq|| < 1/¢*. Thus

Z amg(mn)e(mny) < Z 7(m)°W

> glmm)e(mny)

mn€[z,z4+z?] m<z?—¢ n€lz/m,z/m+z? /m]
mn=c (mod d) mn=c (mod d)
0 1/2 o)\ 1/2
(T -1 0 7(m) >
<(5 o) (2 3
mgxa—s mgxe—s
0 1/2 0
i i
< 2 <— + 277 + q) (log z)°M <« — O
q log™" x

Lemma 5.5 (Type Il sums). Let ap,, by, < 7(m)°Y and let g be a smooth function supported
on [x,x + 2°] with |g(t)] < 1 and |¢'(t)] < 7% Let v € M and d < log®Vx. If
2170 <« M < 297 then we have

0
x
Z ambpg(mn)e(mny) < —55—.
mné€z,z+a’) IOg t

mn=c (mod d)
mn~M
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Proof. The proof is again standard. By applying the Cauchy-Schwarz inequality, we have

’ Z ambng(mn)e(mnv))2 < M(log z)°W Z ‘ Z bn,g(mn)e(ymn) i
‘]

mné€(z,x+x m~M pefz/m,x/mta® /m]

mn=c (mod d) mn=c (mod d)
mn~M
= M (log x)ou) Z T(n1>0(1)7(n2)0(1) Z g(mna1)g(mna)e(m(ni — n2)7y)
ni,nex=x/M m~M

mnl,mnge[:r;,x—i—:r}g]
mni=mne=c (mod d)
0
. Xz _
< M(log x)o(l) Z T(m)o(l) Z mm(gc/—]\/[’ |d(n1 — ng)y|| 1)
nixz/M noxx/M
|n2—n1|<<:c9/M

< M T 1 )O(l)< z? N )(1 n x? ) a )O(l) (M 0 4 g+ 20+1 N 1,26)
v — — ) = (logz 2’ +x ).
AR VR aM & T,
Recalling that ¢ < 22~ 'log ™ 2 and z'~** < M < 2%~ we see this is O(z*’ log~** z),
giving the result. 0

Combining Lemma 5.4 and Lemma 5.5 with our sieve decomposition from Lemma 5.3
allows us to prove Proposition 5.1 when v € M€, given by Lemma 5.6 below.

Lemma 5.6 (Proposition 5.1 for 4 in minor arcs). Let g be a smooth function supported on
[z, 2+ 2°] with |g9)(t)] <; 290 for all j. Let v € M and d < log®V x. Then we have for
0 > 11/20 + 2¢ that

0
i
Y ot mnem) <
og™x
nelz,z+z°)
n=c (mod d)

Proof. By Lemma 5.3 we obtain sequences cg-l) (n) and cgm (n) such that

Yo ptmgmetm) = Y Y () + P (m)g(n)e(yn) + O ).
log”™ x

nelz,z+af) §<log®W z neza+af]
n=c (mod d) n=c (mod d)

We have cg.l)(n) =" _ bi(m) for some b;(m) < 7(m)°Y supported on m < x/2+<. Thus,
by Lemma 5.4, we have
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We have that
r
Z c§- '(n)g(n)e(yn) < log®Vz sup

d
nelz,z+z°) psem. fi mlp€lz,x+x
n=c (mod d) mlp=c (mod d)
m~E, I~F, peoP

Y. enfidyg(mip)e(ymip)|,

]

where the supremum is over all sequences e,,, fmn, dym < T(m)o(l). Moreover, EF'P < z, and
P, E/F,F/E < 2"/1%%¢ 50 2%/207¢/2 < Pmin(F, E) < 2'/2%¢/2_ Thus, by Lemma 5.5, we

have
0

Z C§-H) (n)g(n)e(yn) < f—A/%.

nelz,z+z?) log
n=c (mod d)

Thus the claim follows. O

5.3. Major arcs. We now complete the proof of Proposition 5.1 by dealing with the case
when v € M, and so 7 does have a rational approximation with small denominator. In
this case large and mean value estimates for Dirichlet polynomials can control the Mellin
transform of the relevant sums for Type I coefficients or our shape of Type II coefficients.
The Mellin transform of a function h: R™ — C is defined to be

H(s) = /O by du

and its inverse is »
1 CT100
h(u) = — H ~*ds.
(u) o /C_ioo (s)u"*ds
We begin with a preparatory lemma bounding the Mellin transform of g(u)e(A(u)) when g
is a smooth function.

Lemma 5.7 (Stationary phase). Let g be a smooth function supported on [x, v+x°) satisfying
gD (t) < 2790 for all j > 0. Let 0 < A < x'=20+o() gpnq

Gi(s) = /000 g(u)u*re(Au)du.

Then for any j € Z>o we have

L1-0+0(1) >j
14|t +2mhx|/

Proof. Let h(t) =log(1 +1t) —t = —>_. ,(—t)’/j. We see that

GA(1/2 +it)] < x9*1/2<

Au = A x + Arlogu — Arlogx — Axh(u_x>,

T
so that

x4z _
Ga(1/2 +it) = ela)a 2 [ guut e e (< xah (M) Y

i
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To obtain our bound we repeatedly integrate by parts j times. We note that for |u—z| < ¢
there holds

Pt < P00 e 0,1
oul x T a j>2,

so that, using A < z'~2t°(1) and # < 1, we have

aJ,Axh<“ — I) < ; pi0to)
ouw’ T J

Thus, since g\ (t) < 2779 as well, we find that

S (£55) o

Furthermore, for y < x, we have

// BRI g :

r<u <uz <---<u; <y

2i—1/2

1+ |t 4 2mAx])7”

Using these bounds in the integration by parts gives the result. U

Lemma 5.8 (Type I Integrals). Let a,, < T(m)o(l) be a complex sequence supported on
m ~ M. Let h be a smooth function supported on [x/4M,4x /M| which satisfies |h9)(t)] <
(M/z)? for j € {0,1,2}. Let H(s) be the Mellin transform of h. Let x be a Dirichlet
character mod q < log®M z and

17 Zf X = Xos,
0, otherwise.

M) =Y = Y M) s e gy 5X:{

s’ s
m n q
m~M nxx/M

Then for T' < T? we have

T'+T
/ |M(1/2 +it)Z°(1/2 + it)|dt < qT oW 4 MY /2He®)

Proof. By Cauchy-Schwarz we have

/NT M(1/2 4 it)2°(1)2 + it)|dt < (/IT/” a2+ inar) (/NT z2a/2+infar)”

T T
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By the mean value theorem for Dirichlet polynomials, the integral of |M (1/2+it)|* is O(M +
T). For the second factor, we have that, by Mellin inversion, for R(s) = 1/2

1 2+i00
Z(s) = %/ L(s+ s, x)H(s")ds' — 5X¥H(l —5)
2—1i00
1 o . .
= % . H(Zt)L(S + 'Lt, X)dt

> |L(s +1t, x)|
12+t X1,
< /OO 1122

Here we used the fact that H(it) < 1/(1 + t?) from the bounds on the derivatives of h and
that the residue at s’ = 1 — s cancels out the 5X@H (1—s) term. By the reflection principle

(see, for example [26, Equation (21)]), there exists coefficients a’, a\t) < 7(n)°® such that

for t € [T,2T] we have
‘ ay)) at
[L(1/2 +it, x)| < ‘ Z i/t | T ’ nt/2+it
n<qT!/? n<qT/?

+ 1

Applying this and the mean value theorem for Dirichlet polynomials, we find

7T THT o0 |L(1/2 + ity + ita, x) |2
/ | Z°(1/2 + ity)|2dt, <</ / 1L/ Hth 2. X)) dtadty
’ 4 —00 2

T + |T" + ty| /2
log T
< glog /Oo 1+ t3

Putting these bounds together then gives the result. 0

dty < q(T 4 (T")/?)(log T)°W.

Lemma 5.9 (Type I sums). Let 0 < A < z!7%+°() gnd a,, < 7(m)°Y be a complex
sequence supported on m < x7¢. Let g be a smooth function supported on |[x,z + x°] with
199 (t)| < 2779 for all j > 0, and let g, be a smooth function supported on [,z + hi] with
hy = zexp(—log*?z) and g9 (t)| < hi’ for all j > 0. Let x be a Dirichlet character mod
q << logo(l) x. Then

0

> eaxtmmgmmetinn) = b( [ o0e00a) (= S ansn(mn)+0(55-).
0 ! mné€(z,x+hi] g T
(mn,q)=1

mnéE[zr,z+z%]

for any B > 1.

Proof. We may clearly assume that a,, is supported on m ~ M < z%7¢. Let G(s) be the
Mellin transform of g(u)e(Au) given by

Gi(s) = /OOO utg(u)e(Mu)du.
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Let h be a smooth function supported on [x/4M,4x/M] which is 1 on [x/2M,2x/M] and
satisfies |h7) ()| < (M/z)’ for j € {0,1,2}. Let H(s) be the Mellin transform of h. Thus,
inserting an artificial factor h(n) and using Mellin inversion, we find

Z amXx(mn)g(mn)e(Amn) = Z amh(n)x(mn)g(mn)e(Amn)

mne|z,z+z0] mné€[z,v+zf]
[ X (M) h(n)x(n)
T omi 2—ico GA(S)(; m? )(zn: ns )ds
L= . amX (M) h(n)x(n) ¢ ¢(q) :
- _OOGA(l/QJrzt)(Z ) (O e — 6 y H(1/2 ~ it) ) dt
I ¢(a) = @mxo(m) /°° /2“‘” u T H(L— s)
+2m’ . 7%4 - i g(u)e(Au) - o dsdu.

By Lemma 5.7, we have |G (1/2+it)| < 271°/t? unless [t + 27 \x| < 2179%%/2. Thus we may
restrict the integral in the first term to an interval of length O(z!~*%/2) inside [0, z2~20+¢]
at the cost of a negligible error. Since G(1/2 + it) < 27'/2, this remaining integral is
O(z=¢/*t°M ) by Lemma 5.8, and so the first term is O(z? log™® z). The second term here
is simply

o0 am

v(9) U >

—=0 — Au)h du =19¢ Au)d —
CX [ geOuntmd =5, [ gwetud 3 22,

mNMv(m7Q):1 mNM7(m7Q):1

by Mellin inversion for & and the fact that A(u/m) = 1 for m ~ M and u in the support of

g. This shows that
0

Z amXx(mn)g(mn)e(Amn) = 5x# </0°° g(t)e()wf)dt) (m;l %n +0 (logB x)

mné€[z,z+zf]

Now applying the same argument to the long interval [x,z + h;] with the smooth function
g1 in place of g, and taking x = xo and A = 0, we obtain

S xlmma,amm) = 205 0) 3y o( ),

B
mne€(z,x+hi) (m,q)=1 lOg X

The lemma follows by comparing the two equations above. 0

Lemma 5.10 (Type II integrals). Let a;,b;,c; € C satisfy |ajl, |bs], |c;| < 7(5)°Y for all
7, and let
an b,
M(s) = N(s) = Z(s) =

ns’ ns’

where MNZ =< x. Let 31, 3> be such that M = x°, N = 252 and B, 32 satisfy
(5.2) B+ P2 >4/5 — 4e, |81 — Ba| < 1/10 + 2e.

Cn

ne’
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Let T = x'7%%¢ with § > 11/20 + 2¢, and assume that for some T' we have that
Zl/2

1
(5.3) sup ‘Z(— +it) ’ <
e[, m+1)! N2

for any B > 1. Then we have

log? x

T'+T 1 1 1 x1/2
/ ‘M(——H’t)]\f(—+z’t)Z<—+z’t>‘dt<< -
T 2 2 2 log X

for any B > 1.

Proof. This follows from [9, Lemma 7.3] with = 11/20 + ¢ and g = 2 after absorbing a
factor n'" into ay, by, ¢, to change the range of integration to [0,7]. The proof works by
considering sets S(oy, 02, 03) of well-spaced points ¢y, . .., ty in [0, 7] for which |M(1/24it;)],
IN(1/2 +it;)| and |Z(1/2 + it;)| are of size M=% No2=1/2 and Z7371/2 respectively, and
applying the mean-value and large-value bound

#S(O’l, o2, 0'3) < (10g (L’)O(l) <M2—20’1 + Tmin(Ml_Q"l, M4—601)>

and similar bound with (M, o;) replaced by (N, o3) or (Z", o3) for positive integers h, along
with the property (5.3) that Z?% < Z(logx)™ 8 for any B > 1 if S(o1,09,03) # 0. To-
gether these can be used to show that whenever (5.2) holds, we have #S(01,09,03) <
rM~1N=27-(logx) "B for any B > 1. O

Lemma 5.11 (Type II sums). Let CE-H) (n) be as in Lemma 5.3, let 0 < X < z'720+°() gnd

let x be a Dirichlet character mod q¢ < log®M 2. Let g be a smooth function supported on
[z, 2 + 29 with |gV) (t)| < 2797 for all j > 0, and let g, ‘be a smooth function supported on
[z, & + hy| with hy = xexp(— log'? ) and lgW ()| < hy? for all j§ > 0. Then we have

0

Z cg,ff)(n)e(An)g(n)x(n) = (/OOO g(t)e(/\t)dt>< Ox Z cgll)(n)gl(n)>+0< x >

q B
n€lz,z+af] 9 <O) nElz,x+hi) log” x
for any B > 1.

Proof. Let G\(s) be the Mellin transform of g(u)e(Au) as in the proof of Lemma 5.9. Then
we have

1/2+ic0 AD (Vv (n,
G Y metmgmm = = [ (2N 6 as

218 J 1200 n

nelz,z+x?) nxx

Since the sum in parentheses is O(z'/%*¢), by Lemma 5.7 we have that the integral with
[t+2m x| > T = 2179+ (where t = 3(s)) contributes a total of O(1), and so we may restrict
to |t + 2w Az| < T. Recalling the shape of cg.H)(n) from Lemma 5.3, we have
1
cg- )(

xl—‘—e .’El+€ ;E1+E

n)x(n)

> L= E(s;t)F(s;t)P(s;6) K (t)dt, dtodts,
ns _glve J _give J _give

nxx
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where t = (¢, t5,13) and

ej(n; t)x(n) fi(n; t)x(n) x(p)
Blsit)=) S5 Flsit)=) S50 Plsit) =) o
n~FE n~F pNPp
Writing u = t1 + to + t3 we obtain

1+e
3x 1

(5.5) /C‘ZM |ds| < Sup/_

veR3

0g®W ¢
S 1B (5 v) P 0 0) s
3xlte 1+ |U| C
for any contour C, where we have used the estimate
(E1+5 xl-&-s
/x1+5 /:L‘H‘E

$1+E I1+E
<<logo“>x/ / (L |6 ) 0+ )T U+ Ju— b — o)ty - d
_x1+e _$1+a

K(tl, t27 u — tl — tg) dtldtg

lo
<8 T
1+ |ul
If x is non-principal then, by the zero-free region for L(s, x), we have

P1/2

(5.6) |P(s +iu;0)| < —5
log” x

for any B > 1 and all s, u occurring in the integral above. Thus, Lemma 5.10 shows that

om\z II
/ 27\ +T) C; )(n)X(n) 21/2
—2m =T

nt/2+it it < log® 2’
Recalling that G (1/2 + it) < 29712 we find that for y # o this shows
0

Z cg.ll)(n)x(n)g(n)e()\n)« xB

nelz,z+z?) IOg r

If x = xo is the principal character, then we can replace x by 1 since CE-H) (n) are supported

on (n, P(w)) = 1. We separate the contribution from t € [—Tp, Ty], where Ty = exp(log'/? z).
From (5.5) we see that

1/2+4i(To+T) c;”) (n) 3wlte logO(l) o [Y/2H(ToAT) .
‘Z—‘|d$| < sup _— |E(s;v)F(s;v)P(s +iu; 0)||ds|du.
1/2+iTp = v Josaree LA ful i,

We have that the bound (5.6) holds whenever |3(s) + u| > T} /2 by the zero free region for
¢(s). Thus we split the integral above into two regions according to whether |t + u| < T| 01 /2
or |t + ul > T01/2’ where ¢t = $(s). As before, when |t + u| > Tol/2 Lemma 5.10 shows that
the total contribution to the integral is O(z'/?log™® ). In the remaining case, we see that
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[t+ul < Tol/2 implies that |u| > |t| > Ty. Thus, first integrating over u and using the trivial
bound P(s + iu;0) < P2, we find that this part contributes a total

1/2r1 /242 ot ” o dt
< PYETH" sup |E(1/2+zt,v)F(1/2+zt,v)|7.

v JTy
Splitting into dyadic ranges and applying the mean value theorem, we see that this

E+T 1/2 F+T 1/2 EFP 1/2 1/2
< P1/2T01/2+25 sup (E+T)2(F+1T) < ( ) x

T>T) T T01/2_25 log? x

for any B > 1. Thus, since G'y(1/2+it) < 271/2, we see that the total contribution to (5.4)
from |3(s)| > Ty is O(2% log™** ). Hence

1/2+iTo D 0

Z cg«ll)(n)e(/\n)g(n)—i/l (Z J <n)>G>\(s)ds+O< xB )

 2mi ; ns 1
n€z,x+z?) /2—iTo og- x

nxx

it—1/2

For |t| < Ty we use the Taylor expansion of u about u = = to obtain

z+a? 00
Ga(1/2+it) = / guw)u2e(Mu)du = xit_l/Q/ g(u)e(\u)du + O(x20~3/%+).
x 0

Thus
9

> ettt = (5 [ 1/2+iTO<Z—C§H)(n)>xS1ds> ([ stwetaa) +0( 5

2me ; ns og” w
nelz,z+x?) /2=1To 8

By applying the same argument to the interval [z, z + h;] with a smooth function ¢; in place
of g, and taking A\ = 0, we see that

1 1/2+iT0 C‘E'II) (n) ) 1 ([[) 1
— < |z ds = = ¢ (n)gr1(n —i—O( )
( ) 7.0) ne[ghﬂ 3 (M) + O (5

This gives the result. ]

2m )y J2—iTy ns

nxx

Combining Lemma 5.9 and Lemma 5.11 along with our decomposition from Lemma 5.3
finally allows us to complete the proof of Proposition 5.1.

Lemma 5.12 (Propositon 5.1 for v in major arcs). Let g be a smooth function supported on
[z, 2 + 2% with |gV) (t)] < 2799 for all j > 0, and let g, be a smooth function supported on
[z, + hy] with hy = xexp(—log"* ) and |g§j)(t)| < hy? forall j > 0. Let (¢c,d) = 1 with
d < 10g®Vx and v = a/q + X with (a,q) = 1, ¢ < log’* z and X\ < 2720t Then we

have
0

> e = 0 (= X atr ) (X atmetm) <0 ()

B
log” x
nelz,z+z°) nelx,x+hi] n€lz,z+a?) &
n=c (mod d) n=c (mod d)
(n,q)=1
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for any B > 1.

Proof. By Lemma 5.3 we obtain sequences 051) (n) and CE_U) (n) for j < log®® z such that

0

S pmemem) = Y S (@) + &P m)gmetm) +0(—5—).

log” x
nelz,z+xf §<log®M & nelz.a+a’] &
n=c (mod d) n=c (mod d)

(n,dg)=1

Here we have been able to add the summation condition (n,dq) = 1 to the right hand side

since the left hand side is supported on (n,dq) = 1. Since the same decomposition holds also

with 2% replaced by h; and g replaced by g1, it suffices to prove the desired equality with p*

replaced by c§-]) and c§-H) and with additional summation condition (n,dq) = 1.
For the type-I coefficients, we have

(5.7) Yo mygme(m) = > elar/g) D & n)g(n)e(rn).

n€z,z+zf 7 (mod [d,q]) n€z,z+z
n=c (mod d) r=c (mod d) n=r (mod [d,q])
(n,dg)=1 (r,dg)=1

Since (r,dq) = 1, by orthogonality of characters we obtain

1 S
Z Cg”(”)ﬂ(”)e()\n) = (. q) Z x(7) Z cg-l)(n)x(n)g(n)e()\n).
nE[?’,LB—S:L'Fd] ]) ’ X (mOd [d,q]) ne[z,azthg}
n=r (mo 4

The inner sum over n can be evaluated using Lemma 5.9 to be

0

5X( /Ooog(t)e()\t)dt>(gqio) 3 c§.f>(n)gl(n>)+o< v )

B
ne€lz,x+h1) IOg L
(n,dg)=1
Hence
> &mgnetm)
nelz,x+z°)
n=c (mod d)
S oot (sl S i) (2
= e(ar/q g(t)e — ¢ ngln> ( B).
(p([d’ q])r (mod [d,q]) 0 91(0 ne€lz,x+hi] 1Og L
r=c (mod d) (n,dg)=1
=1
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Here
> e(@?“/f])(/ g(t)e(At)dt) = Y elar/q)-ldq > gne(rn)+ O(qld, g]|Az”)
r (mod [d,q]) 0 r (mod [d,q]) n€lz,z+a°)
r=c (mod d) r=c (mod d) n=r (mod [d,q])
(r,dg)=1 (ra)=1
20
=[d,qg Y  gn)e(n)+0(——5
(logz)
nelz,x+z?)
n=c (mod d)
(n,g)=1

and the claim follows for type I coefficients. The type II coefficients can be treated completely
analogously, replacing the application of Lemma 5.9 by an application of Lemma 5.11. [

REFERENCES

[1] R. C. Baker and G. Harman. The three primes theorem with almost equal summands. R. Soc. Lond.
Philos. Trans. Ser. A Math. Phys. Eng. Sci., 356(1738):763-780, 1998.

[2] R. C. Baker, G. Harman, and J. Pintz. The exceptional set for Goldbach’s problem in short intervals.
In Sieve methods, exponential sums, and their applications in number theory (Cardiff, 1995), volume
237 of London Math. Soc. Lecture Note Ser., pages 1-54. Cambridge Univ. Press, Cambridge, 1997.

[3] R. C. Baker, G. Harman, and J. Pintz. The difference between consecutive primes. II. Proc. London
Math. Soc. (3), 83(3):532-562, 2001.

[4] J. R. Chen. On the representation of a larger even integer as the sum of a prime and the product of at
most two primes. Sci. Sinica, 16:157-176, 1973.

[5] H. Davenport. Multiplicative number theory, volume 74 of Graduate Texts in Mathematics. Springer-
Verlag, New York, third edition, 2000. Revised and with a preface by Hugh L. Montgomery.

[6] S. Eberhard, B. Green, and F. Manners. Sets of integers with no large sum-free subset. Ann. of Math.
(2), 180(2):621-652, 2014.

[7] B. Green. Roth’s theorem in the primes. Ann. of Math. (2), 161(3):1609-1636, 2005.

[8] B. Green and T. Tao. Restriction theory of the Selberg sieve, with applications. J. Théor. Nombres
Bordeauz, 18(1):147-182, 2006.

[9] G. Harman. Prime-detecting sieves, volume 33 of London Mathematical Society Monographs Series.
Princeton University Press, Princeton, NJ, 2007.

[10] G. Harman. Primes in Beatty sequences in short intervals. Mathematika, 62(2):572-586, 2016.

[11] C. B. Haselgrove. Some theorems in the analytic theory of numbers. J. London Math. Soc., 26:273-277,
1951.

[12] D. R. Heath-Brown. The number of primes in a short interval. J. Reine Angew. Math., 389:22-63, 1988.

[13] A. Hildebrand. On the number of positive integers < x and free of prime factors > y. J. Number Theory,
22(3):289-307, 1986.

[14] C. H. Jia. The three-primes theorem over short intervals. Acta Math. Sinica, 32(4):464-473, 1989.

[15] C. H. Jia. Three primes theorem in a short interval. II. In International Symposium in Memory of Hua
Loo Keng, Vol. I (Beijing, 1988), pages 103-115. Springer, Berlin, 1991.

[16] C. H. Jia. Three primes theorem in a short interval. III. Sci. China Ser. A, 34(9):1039-1056, 1991.

[17] C. H. Jia. Three primes theorem in a short interval. IV. Adv. in Math. (China), 20(1):109-126, 1991.

[18] C. H. Jia. Three primes theorem in a short interval. V. Acta Math. Sinica (N.S.), 7(2):135-170, 1991.
A Chinese summary appears in Acta Math. Sinica 35 (1992), no. 3, 431-432.

[19] C. H. Jia. Three primes theorem in a short interval. VI. Acta Math. Sinica, 34(6):832-850, 1991.



28 KAISA MATOMAKI, JAMES MAYNARD, AND XUANCHENG SHAO

[20] C. H. Jia. Three primes theorem in a short interval. VII. Acta Math. Sinica (N.S.), 10(4):369-387, 1994.
A Chinese summary appears in Acta. Math. Sinica 38 (1995), no. 5, 719.

[21] K. Matoméki. Sums of positive density subsets of the primes. Acta Arith., 159(3):201-225, 2013.

[22] K. Matomaéki and X. Shao. Vinogradov’s three primes theorem with almost twin primes. Compos. Math.,
To appear.

[23] C. D. Pan. Some new results in the additive theory of prime numbers. Acta Math. Sinica, 9:315-329,
1959.

[24] C. D. Pan and C. B. Pan. On estimations of trigonometric sums over primes in short intervals. II. Sci.
China Ser. A, 32(6):641-653, 1989.

[25] C. D. Pan and C. B. Pan. On estimations of trigonometric sums over primes in short intervals. III.
Chinese Ann. Math. Ser. B, 11(2):138-147, 1990. A Chinese summary appears in Chinese Ann. Math.
Ser. A 11 (1990), no. 2, 255.

[26] A. Perelli, J. Pintz, and S. Salerno. Bombieri’s theorem in short intervals. Ann. Scuola Norm. Sup. Pisa
Cl. Sci. (4), 11(4):529-539, 1984.

[27] X. Shao. A density version of the Vinogradov three primes theorem. Duke Math. J., 163(3):489-512,
2014.

[28] X. Shao. An L-function-free proof of Vinogradov’s three primes theorem. Forum Math. Sigma, 2:€27,
26, 2014.

[29] T. Zhan. On the representation of large odd integer as a sum of three almost equal primes. Acta Math.
Sinica (N.S.), 7(3):259-272, 1991. A Chinese summary appears in Acta Math. Sinica 35 (1992), no. 4,
575.

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF TURKU, 20014 TURKU, FINLAND
E-mail address: ksmato@utu.fi

MATHEMATICAL INSTITUTE, RADCLIFFE OBSERVATORY QUARTER, WOODSTOCK ROAD, OXFORD OX2
6GG, UNITED KINGDOM
E-mail address: james.alexander.maynard@gmail.com

MATHEMATICAL INSTITUTE, RADCLIFFE OBSERVATORY QUARTER, WOODSTOCK ROAD, OXFORD OX2
6GG, UNITED KINGDOM
E-mail address: Xuancheng.Shao@maths.ox.ac.uk



