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Abstract

In this thesis, we develop a rich family of efficient and performant Bayesian
optimisation (BO) methods to tackle various AutoML tasks. We first introduce a
fast information-theoretic BO method, FITBO, that overcomes the computation
bottleneck of information-theoretic acquisition functions while maintaining their
competitiveness on the noisy optimisation problems frequently encountered in
AutoML. We then improve on the idea of local penalisation and develop an
asynchronous batch BO solution, PLAyBOOK, to enable more efficient use of
parallel computing resources when evaluation runtime varies across configurations.
In view of the fact that many practical AutoML problems involve a mixture of
multiple continuous and multiple categorical variables, we propose a new framework,
named Continuous and Categorical BO (CoCaBO) to handle such mixed-type
input spaces. CoCaBO merges the strengths of multi-armed bandits on categorical
inputs and that of BO on continuous space, and uses a tailored kernel to permit
information sharing across different categorical variables. We also extend CoCaBO
by harnessing the concept of local trust region to achieve competitive performance
on high-dimensional optimisation problems with mixed input types.

Beyond hyper-parameter tuning, we also investigate the novel use of BO on
two important AutoML applications: black-box adversarial attack and neural
architecture search. For the former (adversarial attack), we introduce the first
BO-based attacks on image and graph classifiers; by actively querying the unknown
victim classifier, our BO attacks can successfully find adversarial perturbations with
many fewer attempts than competing baselines. They can thus serve as efficient
tools for assessing the robustness of models suggested by AutoML. For the latter
(neural architecture search), we leverage the Weisfeiler-Lehamn graph kernel to
empower our BO search strategy, NAS-BOWL, to naturally handle the directed
acyclic graph representation of architectures. Besides achieving superior query
efficiency, our NAS-BOWL also returns interpretable sub-features that help explain
the architecture performance, thus marking the first step towards interpretable
neural architecture search. Finally, we examine the most computation-intense step
in AutoML pipeline: generalisation performance evaluation for a new configuration.
We propose a cheap yet reliable test performance estimator based on a simple
measure of training speed. It consistently outperforms various existing estimators
on on a wide range of architecture search spaces and and can be easily incorporated
into different search strategies, including BO, to improve the cost efficiency.



Statement of Originality

I, Binxin Ru, hereby declare that, except where made explicitly clear, the contents
of this dissertation are my own original work, and to the best of my knowledge
do not contain materials submitted in whole, or in part, for consideration for any
other degree or qualification at the University of Oxford or any other academic

or professional institution.

Binzin Ru
September 17, 2021



Acknowledgements

First and foremost, I want to thank my supervisors. Thank Michael Osborne and
Stephen Roberts, for offering me the opportunity to pursue this memorable DPhil
journey, granting me enormous freedom to explore interesting research topics and
being always super supportive of my decisions. Specifically, Michael introduced
to me the concept of Bayesian machine learning, especially Bayesian optimisation
(BO), and has steadily guided me on this exciting research direction. Besides being
an excellent academic supervisor, Michael has also been my life mentor, especially on
parenting for which he is much more experienced. Stephen is a perfect co-supervisor
who is very responsive and inspiring. Stephen provided many ideas and comments
with his impressive breath and depth of knowledge on machine learning. I am
also deeply grateful to Yarin Gal, my informal supervisor, who kindly accepted me
into his OATML group when Michael was on parental leave in 2019 and has been
actively supervising me since then. Yarin extensively stretched my understanding
on Bayesian deep learning and sharpened my research thinking with many thought-
provoking discussions. Also his energetic working style, impressive time management
and capability to master and leverage a remarkably broad spectrum of research
directions also influenced me heavily. In addition, I would also like to thank Fabio
Carlucci, Frank Hutter, Jan-Peter Callies, Jun Wang, Mark van der Wilk, Nathan
Koren, Pedro Esperanca, Philip Torr, Stefan Zohren, Xiaowen Dong, Zhenguo Li,
for their enriching guidance and helpful comments during the course of my DPhil.

Second, I have been very lucky and honoured to work with and learn from a long
list of excellent collaborators and colleagues. The list includes members of MLRG
(Adam Cobb, Arno Blaas, Ivan Kiskin, Ahsan Alvi, Diego Granziol, Ed Wagstaff,
Favour Mandanji Nyikosa, Gabriele Abbati, Henry Kenlay, Jack Fitzsimons, Logan
Graham, Mark McLeod, Michael Cohen, Olga Isupova, Paul Duckworth, Pengfei
Zhang, Saad Hamid, Sebastien Schulze, Sin-Chi Kuok, Vu Nguyen, Xingyue Pu,
Yunpeng Li, Zihao Zhang), members of OATML (Aidan Gomez, Andreas Kirsch,
Angelos Filos, Challenger Mishra, Clare Lyle, Joost van Amersfoort, Lewis Smith,
Lisa Schut, Milad Alizadeh, Sebastian Farquhar, Tim G. J. Rudner, Tom Rainforth,
Zac Kenton) as well as researchers outside Oxford (Arber Zela, Colin White, Fengwei
Zhou, Jiashun Feng, Kaichen Zhou, Lanqing Hong, Roy Eyono, Yang Liu). Special
thanks first go to Diego Granziol, with whom I shared the same office at Eagle



House, watched Dragon Ball series, had numerous stimulating discussions, and
experienced several sleepless nights fighting for deadlines. Beyond his academic
strength, Diego is also the most charismatic person I've ever met in Oxford, and
has become my lifelong friend involved in most of my happiest memories during
this long DPhil journey. I also want to thank Xingchen Wan, a direct junior of
mine as we went to the same high school in Singapore, did the same undergraduate
degree in Oxford as well as finally joined the same research lab for DPhil. Xingchen
is a very active and quick learner with strong capability to fix problems and get
things working, reminding me of a younger version of myself but a better version.
Collaborating with you is such a smooth and amazing experience and I really enjoy
the synergy and efficiency when we teamed up. Moreover, it is my great pleasure
to work with Ahsan Alvi and Vu Nguyen, both of whom broadened the scope of
my understanding on BO and improved my research skills/efficiency with your
professional well-organised working style. Vu also provided me with many helpful
advices on research in general. Finally, I want to thank Zihao Zhang, Xingyu Pu
and Sin-Chi Kuok for bringing lots of fun to my life in Oxford.

Third, I would like to take this opportunity to thank my family members. My
deepest gratitude goes to Yang Yuan, my beloved wife, who has accompanied me
through all the ups and downs over the years and has empowered me with enormous
understanding and encouragement. Without your support, I would hardly start
the DPhil journey, not to mention completing it with such a satisfactory /fulfilling
fashion. I also owe the huge debt of gratitude to my parents for your unwavering
love and support which make me who I am today. A final thank-you note goes
to my daughter, Yichen Ru. Despite many chaotic and stressful moments, you
are the greatest source of joy, happiness and motivation for me during the final
lapse of my DPhil study. In fact, you made the endless stay at home due to
covid-19 a positive experience for me.

Lastly, I would like to thank the Clarendon Fund for supporting three years of my
PhD with the Clarendon Scholarship, and the Oxford-Man Institute of Quantitative
Finance for providing a user-friendly server and a nice working environment.

The main chapters of this thesis are based on a number of joint-authored publica-

tions. These are listed below, along with a description of my contribution to them.
o Chapter 3

Binxin Ru, Mark McLeod, Diego Granziol, and Michael A. Osborne. Fast
information-theoretic Bayesian optimisation. In International Conference
on Machine Learning (ICML 2018), 2018.



I was responsible for all the theory, algorithmic development and experiments.
Granziol helped with experiments on real world problems and McLeod con-
tributed to the discussion and implementation of other information-theoretic
baselines. Osborne was key in suggesting the initial research idea and provided
general advice on theory and experiments.

e Chapter 4

Ahsan Alvi*, Binxin Ru*!, Jan-Peter Calliess, Stephen Roberts, and
Michael A. Osborne. Asynchronous Batch Bayesian Optimisation with

Improved Local Penalisation. In International Conference on Machine
Learning (ICML 2019), 2019.

Alvi and T contributed equally to the theory, research idea discussions and
experiments. Specifically, I led the design of the local penalisation function,
created all the illustrative plots in the paper and performed the real-world
experiment on tuning CNN hyper-parameters. Alvi led the asynchronous
design and method implementation, and performed all other experiments.
Calliess provided theoretical insights on Lipschitz constants. Roberts and
Osborne provided problem motivation as well as general advice on theory and

experiments.
e Chapter 5

Binxin Ru*, Ahsan Alvi*, Vu Nguyen, Michael A. Osborne, and Stephen
Roberts. Bayesian optimisation over multiple continuous and categorical
inputs. In International Conference on Machine Learning (ICML 2020),
2020.

Alvi and T contributed equally to the theory, algorithmic development and
experiments. Specifically, I was responsible for the multi-armed bandits part of
the algorithm and its regret analysis while Alvi focused on the continuous BO
part. We jointly designed the CoCaBO kernel and the batch algorithm. All the
experiments are performed jointly by both of us. Nguyen and Roberts provided
general advice on the problem motivation and kernel design respectively.

Osborne provided general guidance.

Xingchen Wan, Vu Nguyen, Huong Ha, Binxin Ru, Cong Lu, and Michael
A. Osborne. Think global and act local: Bayesian optimisation over

high-dimensional categorical and mixed search spaces. In International
Conference on Machine Learning (ICML 2021), 2021.

1* denotes equal contribution.



Wan was the main author of the paper who led the methodology development
and experiments. Nguyen provided the problem motivation and proposed the
initial research idea with Wan. Ha provided all the theoretical analyses. I
contributed to the discussion on how to extend the categorical kernel and
combined kernel in CoCaBO (Ru et al., 2020a) for the proposed new method.
I also contributed to running the baselines for mixed-input-type experiments
as well as helped set up the black-box adversarial attack experiment. Osborne

provided general guidance.

o Chapter 6

Binxin Ru, Adam Cobb, Arno Blaas, and Yarin Gal. BayesOpt adver-
sarial attack. In International Conference on Learning Representations
(ICLR 2020). 2020.

I contributed to the majority of the theory, algorithmic development and exper-
iments. Cobb contributed to the research idea discussions. Blaas contributed
to the discussions on dimensionality reduction techniques, related attack
approaches and experiment design. Gal provided the problem motivation and

important guidance on all theory and experiments.

Xingchen Wan, Henry Kenlay, Binxin Ru, Arno Blaas, Michael A.
Osborne, and Xiaowen Dong. Attacking graph classification via Bayesian
optimisation. In International Conference on Machine Learning Work-
shop on Adversarial Machine Learning, 2021.

Wan was the main author of the paper who drove the theory, algorithmic
development and experiments. Kenlay contributed to the graph theory, the
implementation of existing graph attack approaches and attack result analyses.
I contributed to the discussions about the problem motivation, the BO-
based attack framework and the surrogate model of the BO attack. Blaas
contributed to background information on adversarial attacks and general
discussions about algorithmic development. Osborne provided general advices,
especially on experiments. Dong provided important guidance on the problem
motivation, graph theory, graph attacks and experiments.

o Chapter 7 NAS-BOWL

Binxin Ru*, Xingchen Wan*, Xiaowen Dong, and Michael A. Osborne.
Interpretable neural architecture search via Bayesian optimisation with
Weisfeiler-Lehman kernels. In International Conference on Learning
Representations (ICLR 2021), 2021.



Wan and I contributed equally to the theory, algorithmic development and
experiments. Specifically, I provided the problem motivation and background
on neural architecture search. I was also responsible for illustrating the
Weisfeiler-Lehman procedure, processing NAS-Bench datasets and running
baseline methods for all experiments. Wan was responsible for implementing
and running our method for all experiments and generating useful plots in
the interpretability section. We jointly developed the search strategy and its
interpretability aspect. Dong and Osborne provided valuable guidance on

graph kernel and BO respectively.

Chapter 8 TSE

Binxin Ru*, Clare Lyle*, Lisa Schut, Mark van der Wilk, and Yarin
Gal. Speedy Performance Estimation for Neural Architecture Search. In
arXiv preprint arXiw:2006.04492 (Under review of NeurIPS 2021), 2021.

Lyle and I contributed equally to the theory and algorithmic development.
Specifically, I provided the problem motivation, background on neural archi-
tecture search as well as was responsible for all the experiment design and
empirical analyses. Lyle drove the theoretical connection to training speed and
Bayesian marginal likelihood. Schut contributed to the theoretical connection
and helped with the experiments. van der Wilk and Gal provided crucial
guidance on the theoretical motivations, all the experiment design as well as
result analyses.



Contents

List of Figures Xiv

List of Tables XXV

1 Introduction 1

1.1 Motivation . . . . . . . ..o 1

1.2 Contribution . . . . . . . . . ... 3

1.3 Thesis Structure. . . . . . .. .. 9

2 Background on Bayesian Optimisation 11

2.1 Gaussian Process . . . . . . . ... o 13

2.1.1 Kernel Functions . . . . . . ... ... .. .. ........ 16

2.1.2 GP Hyper-parameter Treatment . . . . . . . . .. ... ... 17

2.2 Acquisition Functions . . . . . . .. ..o 19

2.2.1 Improvement-based Acquisition Functions . . . . . ... .. 19

2.2.2  Optimistic Acquisition Functions . . . . . ... .. ... .. 22

2.2.3 Information-based Acquisition Functions . . . . .. .. . .. 23

2.3 Extension Settings . . . . . .. .. ... 25

23.1 BatchBO . ... ... ... ... 25

2.3.2 High-dimensional BO . . . . . .. ... ... ... ..., .. 29

2.3.3 BO on Categorical or Mixed Inputs . . . . . .. .. .. ... 31

3 Fast Information-theoretic Bayesian Optimisation 33

3.1 Introduction . . . . . . . . ... 34

3.2 Fast Information-theoretic Bayesian Optimisation . . . . . . . . .. 36

3.2.1 Parabolic Transformation and Predictive Posterior Distribution 37

3.2.2 Hyper-parameter Treatment . . . . . . . . . ... ... ... 39

3.2.3 Approximation for the Gaussian Mixture Entropy . . . . . . 40

3.2.4 The Algorithm . . . . .. ... ... ... ... ... 43

3.3 Experiments . . . . . . ... 43
3.3.1 The Acquisition Function Obtained by Numerical Integration

and Moment-matching . . . . . .. .. ..o 45

3.3.2 Runtime Tests . . . . . . . . ... ... .. 45

1



Contents x
3.3.3 Tests with Benchmark Functions . . . ... ... ... ... 49
3.3.4 Test with Real-world Problems . . . . ... ... ... ... 51

3.4 Conclusion . . . . . . .. L 53

4 Asynchronous Bayesian Optimisation with Improved Local Penal-

isation 55
4.1 Introduction . . . . . . . . ... 56
4.2 Related Work . . . . . ... oo 57
4.3 Preliminaries . . . . . . .. .. o8
4.4 Asynchronous vs Synchronous BO . . . . . ... .. ... ... ... 59
4.5 Penalisation-based Asynchronous BO . . . . . ... ... ... ... 61
4.5.1 Hard Local Penaliser . . . . . .. ... ... ... ...... 62
4.5.2 Local Estimated Lipschitz Constants . . . . . ... ... .. 64
4.6 Experiments . . . . . . . . ... 66
4.6.1 Implementation Details . . . . . . . ... .. ... ... ... 67
4.6.2 Synchronous vs Asynchronous BO . . . . . .. ... ... .. 68
4.6.3 Asynchronous Parallel BO . . . ... ... .. ... ..... 71
4.7 Conclusions . . . . . . . . ... 74
5 Bayesian Optimisation over Multiple Continuous and Categorical
Inputs 76
5.1 Imtroduction . . . . . . . . . .. ... 7
5.2 Preliminaries . . . . . . . ... 79
5.3 Related Work . . . . . .. ..o 80
5.4 Continuous and Categorical Bayesian Optimisation . . . . . . . .. 82
5.4.1 CoCaBO Bandit Algorithm . . . .. ... .. ... ... .. 82
5.4.2 CoCaBO Kernel Design . . . . .. ... ... ... ..... 85
5.4.3 Batch CoCaBO . . .. .. .. ... .. ... ... ...... 88
5.5 Experiments . . . . .. ..o 90
5.5.1 Predictive Performance of the CoCaBO Posterior . . . . . . 93
5.5.2  Performance of CoCaBO in Sequential Setting . . . . . . .. 94
5.5.3 Performance of CoCaBO in Batch Setting . . ... ... .. 95
5.6 Extension Work . . . . . . . ... 97
5.6.1 Modified Kernel Design . . . . . .. ... .. ... ... ... 98
5.6.2 Trust Region . . . . .. .. ... ... ... .. 99
5.6.3 Acquisition Function Optimisation . . . .. .. .. ... .. 100
5.6.4 Experiments . . . . . . ... o oL 101
5.7 Conclusion . . . . . . . . ... 105



Contents

6 Bayesian Optimisation for Adversarial Attack

6.1 Introduction . . . . . . . . ... ... .
6.2 Related Work . . . . . . . ...
6.3 Preliminaries . . . . . . .. .. o
6.3.1 Problem Definition . . . . . .. ... .. .. ... ... ...
6.3.2 Bayesian Optimisation . . . . . .. ... .. ... ... ...
6.4 BayesOpt Attack . . . . . ... . ... ...
6.4.1 BayesOpt Attack Objective . . . . . . ... ... ... ...
6.4.2 GP-based BayesOpt Attack . . . . ... ... ... .....
6.4.3 Additive GP-based BayesOpt Attack . . . . ... ... ...
6.4.4 Learning The Optimal d”. . . . . . .. ... ... ... ...
6.5 Experiments . . . . . . . ...
6.5.1 Effectofd” . ... .. ... ...
6.5.2 Performance Under a Fixed Query Budget . . . . . .. . ..
6.5.3 Query Efficiency Comparison . . . . . ... ... ......
6.5.4 Ablation Studies . . . . ... ... ... L
6.6 Extension Work . . . . . ... ..o oL
6.6.1 Problem Setup . . . ... ... ..o
6.6.2 Surrogate Model in GRABNEL . . . ... .. ... .. ...
6.6.3 Sequential Perturbation Selection . . . . .. ... ... ...
6.6.4 Experiments . . . . . . .. ... Lo
6.6.5 Atack Analysis . . . . . ... ...

6.7 Conclusion . . . . . . . s,

Bayesian Optimisation for Neural Architecture Search

7.1 Imtroduction . . . . . . . . . ...

7.2 Preliminaries . . . . . ... ...

7.3 Bayesian Optimisation with Weisfeiler-Lehman Graph Kernel . . . .
7.3.1 Surrogate Design and Graph Kernel . . . . . ... ... ...
7.3.2 Acquisition Function Optimisation over Graph Inputs . . . .
7.3.3 Interpretable Motifs . . . . . ... ... .. ... ... ...

7.4 Related Work . . . . . .. . ...

7.5 Experiments . . . . . . ...
7.5.1 Surrogate Regression Performance . . . . . . ... ... ...
7.5.2  Architecture Search on NAS-Bench Datasets . . . . . . . ..
7.5.3 Architecture Search on Open-domain Space . . .. .. . ..
7.5.4 Ablation Studies . . . . ... ...

7.6 Conclusion . . . . . . . . .,

Tl

107
108
111
113
113
114
114
114
115
116
117
119
120
121
125
126
128
128
130
131
133
136
138



Contents Tt

8 Speedy Performance Estimation for Neural Architecture Search 170

8.1 Introduction . . . . . . . ... ... 171

8.2 Training Speed Estimation . . . . . . . .. ... ... ... ... 172

8.2.1 Theoretical Motivations . . . . .. .. ... ... .. .... 172

8.2.2 Method Description . . . . . . ... ..o 175

8.3 Related Work . . . . . . . . ... 177

8.4 Experiments . . . . . . ... 179

8.4.1 Hyper-parameters of TSE Estimators . . . . . .. ... ... 181

8.4.2 Comparison of Performance Estimation Quality . . . . . .. 182

8.4.3 Architecture Generator Selection . . . . . ... .. ... .. 189

8.4.4 Speed up Query-based NAS . . . . .. ... ... ...... 189

8.4.5 Improving One-shot and Gradient-based NAS . . . . . . .. 192

8.4.6 Ablation Studies . . . .. ... ... L 197

85 Conclusion . . . . . . . . . ... 201

9 Conclusions and Future Directions 203

9.1 Conclusion . . . . . . . . . 203

9.2 Future Directions . . . . . . . . . . ... 206
Appendices

A Additional Experiments 212

A.1 Compare Methods for Approximation a Gaussian Mixture Entropy 212
A.2 Compute a Gaussian Mixture Entropy in FITBO using Maximum

Entropy Algorithm . . . . . . .. ... ..o 216
A.2.1 Moments of a Gaussian Mixture . . . . . . .. .. ... ... 216
A.2.2 Maximum Entropy Distribution . . . . . .. ... ... ... 216
A.2.3 Approximate Gaussian Mixture Entropy with MEMe . . . . 218
A2.4 Experiments . . . . . .. ... 219
A.3 Additional Experiments for PLAyBOOK . . . ... ... ... ... 223
A.3.1 Asynchronous vs. Synchronous Parallel BOs . . . . ... .. 223
A.3.2 Asynchronous Parallel BOs . . . ... ... ......... 223
A.4 Additional Experiments for BayesOpt Attack . . . . . . . .. .. .. 229
A.5 Combining Different Kernels to Improve GPWL . . . . . . ... .. 229
A.6 More Motif Discovery on NB101 and Other NB201 Tasks . . . . . . 231
A.7 Additional NAS-BOWL Experiments . . . . . ... ... ... ... 233
A.8 Additional Experiments for TSE . . . . . . ... .. ... ... ... 234

A.8.1 Overfitting on CIFAR10 and CIFAR100 . . . ... ... .. 234



Contents Tl

B Additional Informations 237
B.1 Kriging Believer . . . . . . . .. . oL oo 237
B.2 Algorithmic Description of the WL kernel . . . . . . ... ... .. 238
B.3 Other Implementation Details of NAS-BOWL and Competing Baselines238
B.4 Experiment Set-up for the DARTS Space . . . . . . . .. ... ... 241
B.5 NAS Datasets Description . . . . . . . ... .. ... ... ..... 242

C Additional Derivatives 247
C.1 Compute the derivatives of the FITBO Acquisition Functions . . . . 247

C.1.1 Derivative of FITBO . . . . ... ... ... ... ...... 248
C.1.2 Derivative of FITBO-MM acquisition function . . . . . . .. 250
C.2 Learn the Hyper-parameters of the CoCaBO Kernel . . . . . . . .. 250
C.3 Theoretical Analysis for CASMOPOLITAN . . . . ... ... ... 251
C.3.1 Lemma on Validity of Proposed Kernels . . . . .. ... .. 252
C.3.2 Theorem on Maximum Information Gains of Proposed Kernels252
C.3.3 Theorem on Local Convergence . . . ... .. ... ..... 257
C.3.4 Theorem on Global Convergence of Categorical Setting . . . 260
C.3.5 Proof of Theorem 3 . . . . . .. .. .. ... ... ...... 260
C.3.6 Theorem on Global Convergence of Mixed Setting . . . . . . 262
C.3.7 Proof of Theorem 4 . . . . . . . .. .. ... ... ...... 262

Bibliography 266



2.1

2.2

3.1

3.2

List of Figures

Demonstration of BO on a 1D objective function. The red dashed line
represents true objective function.The solid black line and blue shade
represents the mean and + standard deviation of the prediction by
the surrogate model (GP in this case) that approximates the objective
function. The green line denotes the acquisition function whose value
is high at locations where the surrogate model gives a low predictive
mean (exploitation) and/or high predictive variance (exploration).
This figure is inspired by a similar figure in (Brochu et al., 2010b).

Random samples generated by a GP prior with the SE-ARD kernel
function and different characteristic length scales. The smaller length
scale leads to more wiggly function. . . . . . . ... ... ... ...

BO for a 1D objective function using FITBO method at the 1st, 3rd,
5th evaluations. In each subfigure, the top plot shows the objective
function (red dotted line), the posterior mean (black solid line) and
the 95% confidence interval (blue shaded area) estimated by the
Gaussian process model as well as the observation points (black dot)
and the next query point (red dot). The middle plot shows the
acquisition function. The bottom plot is the histogram of 7 samples
as well as its relation to the minimum observation (black vertical

line) and the true global minimum (red vertical line). . . . . . . ..

Acquisition functions obtained using numerical integration and moment-

matching approximation methods. The top plot shows the objective
function (red dotted line), the posterior mean (black solid line) and
the 95% confidence interval (blue shaded area) estimated by the
Gaussian process model as well as the observation points (black
dot). The following three plots show the acquisition function value of
FITBO-MM and those of FITBO with different tolerance level (1e-3,
le-4, 1le-6) used for numerical integration.The next query points
are recommended by maximising respective acquisition functions:
FITBO-1e-3 (green dot), FITBO-1e-4 (red dot), FITBO-1e-6 (pink
dot) and FITBO-MM (blue triangle). The acquisition functions are
computed using 600 hyperparameter samples. . . . . . . . ... ..

T

12

44



List of Figures

3.3

3.4

3.5

3.6

4.1

4.2

The runtime of evaluating 7 different acquisition functions (PI, EI,
GP-UCB, PES, MES, FITBO and FITBO-MM) at 100 test inputs.
The left plot shows the runtime of evaluating the acquisition functions
using M hyper-parameter samples for 2D input data and M tested
are 100, 300, 500, 700, 900. The right plot shows the runtime
of evaluating the acquisition functions using 400 hyper-parameter
samples for input data of dimension d where d are 2, 4, 6, 8, 10. The
y-axes are the evaluation runtime expressed in the logarithm to the
base 10. . . . . . .
Optimisation performance of EI, PES, MES, FITBO and FITBO-MM
for three benchmark test functions. . . . . . . ... ... ... ...
Evaluations taken by FITBO and EI in the Branin-2D problem. The
white crosses in the top plots indicate the first 50 query points recom-
mended by the two algorithms. The yellow triangles in the bottom
plots indicate the guesses of the global minimiser recommended by
the algorithms (i.e. X,) after each evaluation. FITBO, which is
more explorative in taking evaluations, successfully identifys all three
global minimisers (red circle) but EI misses out one of the global
MINIMISErS. . . . . . . . o
Performance on tuning hyper-parameters for (a) training a neural
network on the Boston housing dataset, (b) training an SVM on the
MNIST dataset and (c) training a classification neural network on

the breast cancer dataset. . . . . . . . .. ... ... ...

[llustration showing the difference between synchronous and asyn-
chronous batch BO in the case of k = 3 parallel workers. The blue
bar indicates the processing time taken for a worker to evaluate its
assigned task and the red bar indicates the waiting time for a worker
between completing its previous task and beginning a new task. It
is clear that asynchronous batch BO, which makes better use of the
computing resources, can complete a greater number of evaluations
than its synchronous counterpart within the same duration.

[llustration of asynchronous batch selection by naive LP and HLP.
The top left plot shows the acquisition function «(x) and the locations
(i.e. xp and xpy denoted in black dots) under evaluation by busy
workers. The top right plot shows the shapes of two penalisers at
the busy location x;;. Their respective penalisation effects on «(x)
at x;1 and X as well as the new batch point x5 to be assigned to
the available worker are shown in the subplots that follow, LP on
the left and HLP on the right. . . . . . ... ... ... .. ... ..

Tv

29



List of Figures

4.3

4.4

4.5

4.6

4.7

5.1

Different penalisation effects on a(x) of using a single global Lipschitz
constant compared to local Lipschitz constants. The top plots in
both (a) and (b) show the true objective function (red line), six
observed points (black crosses), the GP posterior mean (black line)
and variance (blue shade), the two busy locations (black dots) and
the next query point (red dot) selected by using the HLP with global
and local Lipschitz constants respectively. The plots in (a) show the
penalisation effect on busy locations using the same global Lipschitz
constant while those in (b) show the effect of using local Lipschitz
constants. It is clear that penalising the busy locations based on local
Lipschitz constants allows the algorithm to capture the informative
peak at the central region while selection based on the single global
Lipschitz constant leads us to revisit the flat region near the boundary
due to insufficient penalisation at x;. . . . . . ... ... ... ...
A head-to-head comparison of synchronous (orange) vs asynchronous
(blue) versions of a parallel BO method over evaluation time, t. The
median (solid line) and quartiles (shaded region) of the regret for
optimising ack-5D for 30 random initialisations are shown. As ex-
pected, asynchronous methods clearly outperform their synchronous
counterparts in terms of evaluation time. . . . . . . . ... ... ..
A head-to-head comparison of synchronous (orange) vs asynchronous
(blue) versions of a parallel BO method over number of evaluations,
N. The median (solid line) and quartiles (shaded region) of the regret
for optimising ack-5D for 30 random initialisations are shown. Sur-
prisingly, asynchronous methods also outperform their synchronous
counterparts in terms of sample efficiency. . . . . . . ... ... ..
The median (solid line) and quartiles (shaded region) of the regret
for different asynchronous BO methods on the global optimisation
test functions for 30 random intialisations is shown. We can see that
our proposed PLAyBOOK methods perform competitively, especially
when we start choosing larger batch sizes. . . . . ... ... .. ..
Asynchronous optimisation of 9 hyper-parameters of a 6-layer CNN
for image classification on the CIFAR10 dataset. The network is
trained on half of the training set and evaluated on the second half.
The objective being minimised is the classification accuracy on the
validation set. PLAyBOOK outperforms both KB and TS in this

expensive optimisation task. . . . . ... ... o000

Optimisation procedure in CoCaBO. . . .. . ... ... ... ...

TVl

73



List of Figures

0.2

5.3

5.4

9.9

2.6

5.7

5.8

CoCaBO correctly optimises the two categorical inputs h; (Red) and
ho (Blue) of the Func-2C test function over 200 iterations. The best
category is h; = 2 for both hy (N; = 3) and hy (N = 5), and is
highlighted in all plots. The left subplot shows the selections made
by CoCaBO, showing how the both categorical inputs increasingly
focus on the best categories as the algorithm progresses. The second
left subplot shows the histogram of categories selected, with the best
category being chosen the most frequently. The right subplots show
the reward for each categorical value for h; and hy across iterations.
Again, we see the correct category being identified for both categorical
inputs for the highest rewards. . . . . . . . . ... ... ... ....
Three example cases for selecting a batch of 4 unique points (b = 4).
u; represents a unique categorical point. If all the categorical points in
the batch are different, we select 1 continuous location x conditioned
on each u; (Case A). If 2 out of a batch of 4 categorical points are
equal to uy, we sequentially select 2 continuous locations x(!) and x(?)
conditioned on u; using KB and collect only 1 continuous location
for the other two categorical data up and ug (Case B). . . . .. ..
Performance of CoCaBOs against existing methods on various tasks
in the sequential setting (b=1). . . . . ... ... ... ... ....
Performance of CoCaBOs against existing methods on synthetic and
real-world tasks in the batch setting (b=4). . . . . ... ... ...
Mlustration of CASMOPOLITAN in mixed space. Note that in
Steps 1 & 3 we show the GP posterior on X conditioned on the
incumbent h¥, and in Step 2 we show the acquisition function on X
conditioned on h at various optimisation steps. Suppose we optimise
over a b-dimensional mixed problem with 3 categorical dimensions
with {3,2,2} choices for each dimension respectively, and 2 additional
continuous dimensions. Initially (Step 1), the best location so far
z; = argmax,{y; }._, = [h{, x{] (with the continuous TR and x7}. in
red box and cross). In optimisation of acquisition function (Step 2),
we interleave the local search on H described in Section 5.6.3 with
gradient-based optimisation on X until convergence. In Steps 3a/3b,
we adjust both the continuous and categorical TRs correspondingly
and restart if/when either shrinks below its minimum length. . . . .
Results on various categorical optimisation problems. Lines and
shaded area denote mean + 1 standard error. . . . . . . ... ...
Results on various mixed optimisation problems. Lines and shaded
area denote mean + 1 standard error. . . . . ... ... ... ...

TV

96

97



List of Figures

5.9

6.1

6.2

6.3

6.4

6.5

Ablation studies of our method on categorical and mixed optimisation
problems. . . . ...

Performance of BayesOpt attack with GP surrogate in different
reduced dimension d”. Each color represents a particular d”. The
left subplot shows the attack success rates(ASR) for attacking all
the other 9 classes on each of the 5 original images. The d" that leads
to the highest ASR varies with the original images. The middle
subplot shows the number of queries needed to attack the same
attack instances (i.e. the same original image and the same attack
target) by using different d". For the same 4 attack instances, the
right subplot show the effect of the choice of d” on the L, distances
between the resultant adversarial examples and the original image. .
CIFAR10 adversarial examples generated by our BayesOpt attack.
True labels and target labels correspond to the rows and columns. .
Query efficiency of BayesOpt Attacks. The plots show the attack
success rate (ASR) of different methods up to certain query counts.
The best BayesOpt attacks (i.e. GP-BO-auto-d" (red) and ADDGP-
BO (blue)) can achieve an ASR of 98% on MNIST (a) and 87% on
CIFARI10 (b) within a budget of 1000 queries. To achieve the same
success rates, GenAttack (purple) takes 3500 for MNIST and 5141
for CIFAR10, and AutoZOOM (green) takes 800 for MNIST and
3880 for CIFAR10. For ImageNet (c), the best BayesOpt attack is
ADDGP-BO (blue), which achieves an ASR of 60% with 1985 queries.
To achieve the same success rates, GenAttack (purple) takes a budget
of 4711 queries and AutoZOOM (green) takes 19451 queries. ZOO
fails to make any attack on ImageNet within the given budget. . . .
Attack objective value against BayesOpt iterations(query count) for
using various BayesOpt methods to attack one CIFAR10 image of
class label 9 (denoted by i). Curves of different colours correspond
to the 9 different target labels (denoted by t). Convergence to 0
objective value indicates successful attack. ADDGP-BO and GP-BO-
auto-d” enjoy faster convergence and thus higher attack success rates
than simple GP-BO. . . . . .. .. ...
Sequential edge selection. At each stage the BO agent sequentially
proposes candidate graphs with edge edit distance of 1 from the base
graph Qé(i) (which is the original unperturbed graph G at initialisation,
or a perturbed graph that led to the largest increase in loss from the
previous stage otherwise). This procedure repeats until either the
attack succeeds (i.e. we find a graph G’ with yatac(G') > 0) or the
maximum number of B queries to the victim model f is exhausted.

TV

120

124

125

132



List of Figures

6.6

6.7

6.8

7.1

7.2
7.3

7.4

Attack success rate (ASR) against the number of queries to the victim
models (normalised by the square of the number of nodes of each
graph) in various datasets on GCN and GIN models. Note the x-axis
is on log-scale. Lines and shades denote mean +1 sd across 3 random
initialisations. It is evident that grabnel outperforms other attack
methods considerably. Random and appear to converge faster
in some tasks as they always use exploit full perturbation budget
allocated, while grabnel only attempts a higher perturbation budget
when attack fails in a lower one. . . . . . ... ...
ASR of GRABNEL against number of queries on a GCN model
trained on PROTEINS dataset under various attack constraints. . .
Adversarial examples found by the proposed method. Red edges
denote deleted edges from the original samples and
indicate those added. In Twitter fake news detection task,
denote the injected nodes and their connections to the
existing graphs. . . . . ...

[Mlustration of one WL iteration. Given two architecture cells at
initialisation, WL kernel first collects the neighbourhood labels of
each node (Step 1) and compress the collected h = 0 labels into A = 1
features (Step 2). Each node is then relabelled with h = 1 features
(Step 3) and the two graphs are compared based on the histogram
on both h =0 and h = 1 features (Step 4). This WL iteration will
be repeated until h = H. h is both the index the WL iteration and
the depth of the subtree features extracted. Substructures at h = 0
and h =1 in Arch A are shown in the bottom right of the plot.

Motif discovery on NB201-CIFAR10 and DARTS spaces. . . . . . .
Best cells discovered by (left to right) DARTS, ENAS, LaNet, BOGCN
and NAS-BOWL (ours) in the DARTS search space. Note the
dominance of separable convolutions (especially ) in operation
nodes (i.e. nodes excluding input, output and add) and the presence
of encompassing the in Figure 7.2
inallcells. . . . . . . . . . .
Mean Spearman correlation achieved by various surrogates across 20
trials on different datasets. Error bars denote +1 standard error. The
red dashed lines are there to help with visual comparison between
the performance of GPWL and other baselines. GPWL can achieve
superior regression performance measured in terms of high rank
correlation with at least 3 times fewer training data than GCN
on NB201 (CIFAR10, CIFAR100, ImageNet120) datasets and over
20 times fewer training data on datasets with larger search spaces
(RWNN-Flower102 and NB101-CIFAR10). . . ... ... ... ...

Tix



List of Figures

7.5

7.6

7.7

7.8

7.9

7.10
7.11

8.1

8.2

8.3

Spearman correlation on train/validation sets and the negative log-
marginal likelihood of GP against H (the maximum WL iteration)
and the histograms of selected H by GPWL over 20 trials on (a)
NB101-CIFARI10 and (b) RWNN-Flower102. . . . .. ... ... ..
Predicted vs ground-truth validation error of GPWL in various NAS-
Bench tasks in log-log scale. Error bar denotes +1 SD from the GP
posterior predictive distribution. . . . . . . ... ...
Median test error on NAS-Bench datasets with deterministic obser-
vations from 20 trials. Shades denote 1 standard error and black
dotted lines are ground-truth optima. Note the seemingly large regret
in NB201-ImageNet120 is due to that there are only 5 out of 15.6K

architectures with test error in the interval of [52.69 (optimum), 53.25].

Median test error on NAS-Bench datasets with noisy observations
from 20 trials. Shades denote +1 standard error and black dotted
lines are ground-truth optima. . . . . . . .. ... ... L.
Equivalent representations of the best cell identified by NAS-BOWL
in the DARTS search space. Our method uses the node-attributed
version during search, and this cell is used for both the normal and
reduction cells. . . . . . .. . Lo
Effect of varying P on NAS-BOWL in NB101. . . . . ... ... ..
Ablation studies of various design choices for NAS-BOWL . . . . .

Rank correlation performance of TSE-E computed over E most
recent epochs. Different F values are investigated for architectures
in NASBench-201 (NB201) on three image datasets and 5000 archi-
tectures from NASBench-301 (DARTS) on CIFAR10. In all cases,
smaller E consistently achieves better rank correlation performance
with E =1 being the best choice. . . . . . . . .. .. ... .. ...
Rank correlation performance of TSE-EMA with + on architectures
in NASBench-201 (NB201) on three image datasets and 5000 archi-
tectures from NASBench-301 (DARTS) on CIFAR10. In all cases,
TSE-EMA is very robust to different ~ values; the difference among
TSE-EMA with different ~ is indistinguishable compared to that
with TSE-E. . . . . . . . .
Rank correlation performance of various baselines for (a) to (c)
NB201 architectures on three image datasets and for (d) RWNNs on
Flowers102. In all cases, our TSE-EMA and TSE-E achieve superior
rank correlation with the true test performance in much fewer epochs
than other baselines. In (a) and (c), we mark SNIP in a violet dotted
line labelled with its rank correlation value as it falls out of the
plotted range. . . . . .. .. Lo

Tr

162

182

184



List of Figures

8.4

8.5

8.6

Rank correlation performance of various baselines for ResNet and
ResNeXt architectures on CIFAR10. In (b) and (d), we evaluate
estimators on the top 1% of the ResNet/ResNeXt architectures and
show that our TSE-EMA and TSE-E can remain competitive on

ranking among top architectures, which are particularly desirable for

Rank correlation performance of various baselines for 5000 small
8-cell architectures (a) and 150 large 20-cell architectures (b) to (d)
from DARTS search space on CIFAR10. We use NAS-Bench-301
dataset(NAS301) for computing (a) and for large architectures, we
test three training hyper-parameter set-ups with different initial
learning rates, learning rate schedulers and batch sizes as denoted in
the subcaptions. On all four settings, our TSE-E again consistently
achieves superior rank correlation in fewer epochs than other baselines.
Note all three zero-cost estimators perform poorly (below the plotted
range) on DARTS search space across all settings. We denote them

in dotted lines with their rank correlation value labelled. . . . . . .

Rank correlation performance up to T' = T,,q. If the users want to
apply our estimators for large training budget, they can estimate
the effective range of our estimators based on the minimum epoch
T, when overfitting happens among the N, observed architectures.
They can then stop our estimators early at 0.97,(marked by vertical

lines) or switch back to validation accuracy beyond that. . . . . . .

Xl



List of Figures

8.7

8.8

8.9

Model selection among 69 random graph generator hyper-parameters
on RWNN-Flower102 dataset using our TSE-EMA (a) and VAccES
(b). We use each hyper-parameter value to generate 8 architectures
and evaluate their true test accuracies after complete training. The
mean and standard error of the test performance across 8 architectures
for each hyper-parameter value are presented as Test Acc (yellow)
and treated as ground truth (Right y-axis). We then compute our
TSE-EMA estimator for all the architectures by training them for
T < Tyna = 250 epochs. The mean and standard error of TSE-EMA
scores for T' = 10, ..., 90 are presented in different colours (Left y-axis
of (a)). The rank correlation between the mean Test Acc and that of
TSE-EMA for various 7" is shown in the corresponding legends in (a).
The same experiment is conducted by using early-stopped validation
accuracy (VAccES) for performance estimation (b). With only 10
epochs of training, our TSE-EMA estimator can already capture
the trend of the true test performance of different hyper-parameters
relatively well (Rank correlation= 0.851) and can successfully identify
24-th hyperparamter setting as the optimal choice. The prediction
of best hyper-parameter by VAccES is less consistent and the rank
correlation scores of VAccES at all epochs are lower than those of
TSE-EMA. . . . .
NAS performance of Regularised Evolution (RE), Bayesian Optimisa-
tion (BO) and Random Search (RS) in combined with final validation
accuracy Val Acc (T=200), early-stopping validation accuracy Val
Acc (T=10) and our estimator TSE-EMA (T=10) on NB201. For each
subplot, we experiment on the three image datasets: on CIFAR10
(left), CIFAR100 (middle) and ImageNet120 (right). TSE-EMA leads
to the fastest convergence to the top performing architectures in all
cases. The black dashed line is to facilitate the comparison of runtime
taken to reach a certain test error among different variants. . . . . .
Test accuracy of the subnetwork recommended by differentiable
NAS methods over the search epochs. Original DARTS, DrNAS (in
green) use the gradient of validation loss to update the architecture
parameters but their variants (DARTS-TSE and DrNAS-TSE) (in
red) uses that of our estimator computed over 100 mini-batches. TSE
help mitigate the overfitting of DARTS on NB201. . . . . . . . . ..

Tl



List of Figures

8.10

8.11

8.12

8.13

Al

A2

A3
A4

Rank correlation (with final test accuracy) performance of TSE
(yellow) and TSE-E (blue), and those of validation losses (pink),
SoVL (solid) and SoVL-E (dash dot), as well as that of final test loss
(black) for architectures in NB201 on three image datasets. Note the
correlation performances of final test loss and SoVL-E near the end
of training get surprisingly poor for CIFAR10/100. . . . .. .. ..
Training losses, validation losses and validation accuracies of three
example architectures on CIFAR100. The average of the training
losses, validation losses and validation accuracies over the final 10
epochs is presented in the subcaption of each architecture. . . . . .
Rank correlation performance of our TSE (yellow), the sum over
training accuracy, SoTAcc (blue), the sum over validation losses,
SoVL (pink), the sum of validation accuracy, SoVAcc (green) as well

as their summing over the recent £ epoch counterparts (dash dot) for

5000 random architectures in NASBench-201 on three image datasets.200

Rank correlation performance of the sum of training losses over E
most recent epochs (TSE-E) on the 20-cell DARTS dataset. Different
E values include those < 1 are investigated for 100 random architec-
tures in DARTS search space under three different evaluation set-ups.

In all three settings, £ = 1 again is the best choice. . . . . . . . ..

Log median absolute error in approximating the entropy of a Gaussian
mixture. . . ... L.
Log median fractional error in approximating the entropy of a
gaussian mixture. . . . . .. ..o Lo Lo
Compare the running times of the approximation methods.

Bayesian Optimisation (BO) on a 1D toy example with acquisition
functions computed by different approximation methods. In the top
subplot, the red dash line is the unknown objective function, the
black crosses are the observed data points, and the blue solid line
and shaded area are the posterior mean and variance, respectively, of
the GP surrogate that we use to model the latent objective function.
The coloured triangles are the next query point recommended by the
BO algorithms, which correspond to the maximiser of the acquisition
functions in the bottom subplot. In the bottom plot, the red solid line,
black dash line, and green dotted line are the acquisition functions
computed by Quad, MM, and MEMe using 10 Legendre moments,

respectively. . . . . . Lo

200

222



List of Figures

A.5 Performance of various versions of FITBO on 2 benchmark test prob-
lems: (a) Michalewicz-5D function and (b) Hartmann-6D function.
The immediate regret (IR) on the y-axis is expressed in the logarithm
to the base 10. . . . . . . . ..

A.6 A head-to-head comparison of synchronous (orange) vs asynchronous
(blue) versions of a parallel BO on ack-10 over evaluation time, t.

A.7 A head-to-head comparison of synchronous (orange) vs asynchronous

(blue) versions of a parallel BO on ack-10 over number of evaluations,

A.8 Predictive vs ground-truth validation error of GPWL with additive
kernel on NB101-CIFAR10 and RWNN-Flower102 in log-log scale.

T

Error bar denotes =1 SD from the GP posterior predictive distribution.231

A.9 Motif discovery on NB101 and CIFAR100 and ImageNet120 tasks of
NB201. Note that since NB101 is trained on CIFARI10 only, it is not

possible to show the results transferred on another task. All symbols

and legends have the same meaning as in Figure 7.2 in Section 7.3.3. 232

A.10 Computed motifs and ground-truth optimal cells for all 3 tasks of
NB201. Note that optimal architecture cell for CIFAR10 contains
motifs 1 and 3, optimal architecture cell for CIFAR100 contains motif
3 and optimal architecture cell for ImageNet120 contains motif 2.

A.11 Median validation error on NAS-Bench datasets with deterministic
observations from 20 trials. Shades denote 41 standard error.

A.12 Median validation error on NAS-Bench datasets with noisy observa-
tions from 20 trials. Shades denote +1 standard error. . . . .. ..

A.13 Mean and 5 standard error of training losses and validation losses
on all architectures on different NB201 image datasets. (a) shows
the training curves and (b) shows the number of architectures
whose training losses go below 0.1 as the training proceeds. Many
architectures reach very small training loss in the later phase of the
training on CIFAR10 and CIFAR100, thus may overfitting on these
two datasets. But all the architectures suffer high training losses on
ImageNet120, which is a much more challenging classification task,

and none of them overfits. . . . . . . . . . . . . ... ...

. 233

. 234



3.1

3.2

4.1

5.1
5.2
5.3

6.1

6.2

6.3

6.4

6.5

List of Tables

Runtime of evaluating PI, GP-UCB and FITBO-MM at 100 2D

inputs using M hyper-parameter samples (Unit: Second). . . . . . . 47
Runtime of evaluating PI, GP-UCB and FITBO-MM for 100 test
inputs of dimension d with M = 400 (Unit: Second). . . .. .. .. 47

Test accuracy (%) on CIFAR-10 after training the best model chosen
by various asynchronous BO methods for 80 epochs . . . . . . . .. 72

Continuous and categorical input range of the synthetic test functions 91
Continuous and categorical input ranges of the real-world problems 92
Mean and standard error of the predictive log likelihood of the
CoCaBO and the One-hot BO surrogates on synthetic test functions.
Both models were trained on 250 samples and evaluated on 100 test
points. The CoCaBO surrogate can model the function surface better
than the One-hot surrogate as the number of categorical variables

INCTEASES. . v v v v v e o e e, 93

Attack results on 50 random MNIST images by using d” = 14 x 14 x 1.
@ denotes the query count. ASR denotes attack success rate. The
standard errors are in parentheses. . . . . . .. .. ... ... ... 121
Attack results on 50 randomly selected CIFAR10 images with d" =
14 x 14 x 3. @ denotes the query count. ASR denotes attack success
rate.The standard errors are in parentheses. . . . . . .. ... ... 122
Attack results on 50 randomly ImageNet images with random target
label under a query budget of 2000. ) denotes the query count. ASR
denotes attack success rate. The standard errors are in parentheses.
7200 fails to make any successful attack within this budget. . . . . 122
Summary of attack results on CIFAR10 for different decomposition
learning method. d, = 14 x 14 x 3 which is further decomposed into
12 subspaces of d; = 49. @ denotes the query count. ASR denotes
attack success rate. The standard errors are in parentheses. . . . . . 127
Key statistics of the TU datasets used. . . . . .. ... .. ... .. 133

T



List of Tables TTUi

6.6

7.1

7.2

8.1

8.2

Al
A2
A3
A4

A5
A6

AT

Validation accuracy of the victim models on the TU datasets before
(clean) and after various attack methods. Results shown in mean +
1 standard deviation across 3 trials. . . . . . .. ... ... 133

Regression performance in terms of Spearman’s rank correlation for
different graph kernels. WL graph kernel adopted by us consistently
outperforms other kernels across search spaces while retaining modest
computational costs. . . .. ... oo 159
Performances on CIFAR10. GPU days do not include the evaluation
cost of the final architecture; NAS-BOWL results from 4 random
seeds on a single NVIDIA GeForce RTX 2080 Ti. . . ... .. ... 165

NAS search spaces used. The true test accuracy of architectures
from each search space is obtained after training with SGD on the
corresponding image datasets for T,,q epochs. Ny denotes the total
possible architectures exist in the search space and Nggmpres denotes
the number of architectures we sample/generate for our experiments. 181
Results of performance estimators in one-shot NAS setting over 3
supernetwork training initialisations. For each supernetwork, we
randomly sample 500 random subnetworks for DARTS and 200
for NB201, and compute their TSE, Val Acc, SoVL, Tlmini after
inheriting the supernetwork weights and training for B additional
minibatches. Rank correlation measures the estimators’ correlation
with the rankings of the true test accuracies of subnetworks when
trained from scratch independently, and we compute the average test
accuracy of the top 10 architectures identified by different estimators
from all the randomly sampled subnetworks. . . . . . .. ... ... 192

Mean fractional error in approximating the entropy of the mixture
of M Gaussians using various methods. . . . . . . . ... .. .. .. 220
Mean runtime of approximating the entropy of the mixture of M
Gaussians using various methods. . . . . . . . ... ... ... ... 220
Mean and s.t.d. of the log(regret) after 50 steps of asynchronous BO. 226
Mean and s.t.d. of the log(regret) after 75 steps of asynchronous BO. 227
Mean and s.t.d. of the log(regret) after 100 steps of asynchronous BO.228
Summary of attack results on 7 MNIST images. ) denotes the query
count. ASR denotes attack success rate. The standard errors are in
parentheses. . . . . . . . . .. 229
Summary of attack results on 27 CIFAR10 images. () denotes the
query count. ASR denotes attack success rate. The standard errors
are in parentheses. . . . . . . . . ... L 230



List of Tables

A.8 Regression performance (i.t.o rank correlation) of additive kernels

B.1 Search spaces for ResNet and ResNeXt. Each network is formed of
three stages and for each of the stage i, there are d; the number of
blocks, w; number of channels per block. For ResNeXt, we also need
to decide on the bottleneck width ratio r; and the number of groups
gi per stage. The total number of possible architectures is (dw)? and
(dwrg)? for ResNet and ResNeXt. . . . . . ... ... ... .....

TXUL

. 230



Introduction

1.1 Motivation

Machine learning models have been successfully applied in many domains, ranging
from robotics (Stone and Veloso, 2000), material science (Butler et al., 2018) to
biology (Jumper et al., 2021) and medicine (Rajkomar et al., 2019). However, their
performance heavily depends on the appropriate choices of model architectures and
hyper-parameters. Designing or selecting a model often requires strong expertise
and tuning its hyper-parameters is traditionally done via laborious trial and error.
These manual processes often lead to results that are suboptimal or not scientifically
reproducible (Hinz et al.). The difficulty of model design and hyper-parameter
optimisation is exacerbated by the fact that the complexity of machine learning
models grows rapidly over the years and many of them act like black boxes which
are hard to analyse and expensive to evaluate (Golovin et al., 2017). Moreover, the
heavy reliance on the inputs from human experts also hinders the deployment of such
models on many new or niche applications where prior knowledge or experience are
highly limited. Therefore, the rising demand for machine learning models, together
with the supply shortage and potential limitations of human experts, creates the
need for methods that automatically design, configure and/or deploy algorithms

to perform well for specific applications. This motivating research direction of
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automated machine learning is called AutoML and aims to empower non-experts to
apply machine learning tools for their own problems. The scope of AutoML covers
the entire end-to-end pipeline from data preparation to model deployment or even
result analyses/visualisation (Hutter et al., 2019). In this thesis, we focus on three
core processes/tasks in the scope: hyper-parameter optimisation, neural architecture
search (i.e. model discovery) and model robustness assessment, and the key technique
that we work on to develop efficient solutions is Bayesian optimisation (BO)

BO is a powerful global optimisation technique, which is particularly useful
when the objective function does not provide gradients and for which each function
evaluation/query is very expensive (Brochu et al., 2010b; Shahriari et al., 2016b).
There are two key components in BO. First, we need to define a probabilistic
surrogate model to model the unknown objective problem. A popular choice for this
is a Gaussian process (GP) due to its expressiveness and well-calibrated uncertainty
estimates. Second, based on the probabilistic model, we need to design a utility
function, named acquisition function (actually all expected utility), to balance
the exploitation and exploration during the search. The next point to evaluate is
then acquired/selected by maximising the acquisition function. Essentially, BO
transfers the challenging problem of optimising an expensive-to-evaluate black-box
objective to a much easier one of optimising a cheap-to-evaluate self-designed /known
acquisition function.

The most fundamental and common problem in AutoML is to automatically
optimise the hyper-parameters of machine learning models (Hutter et al., 2019).
The high computational costs associated with hyper-parameter evaluation and the
complex interaction between hyper-parameters and the model performance make
it an ideal problem to adopt BO (Hutter et al., 2019; Shahriari et al., 2016b) and
since then, BO has demonstrated state-of-the-art performance in a wide range of
hyper-parameter tuning tasks (Snoek et al., 2012b; Bergstra et al., 2011b, 2013;
Hutter et al., 2011b; Klein et al., 2016a). In comparison to other approaches
such as grid search, random search (Bergstra and Bengio, 2012; Li et al., 2017),

evolutionary algorithms (Hansen and Ostermeier, 2001; Real et al., 2017a) and
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reinforcement learning (Zoph and Le, 2016; Baker et al., 2016), BO can often achieve
satisfactory results with many fewer queries of the objective model and thus, is
more cost-efficient. Moreover, BO also enjoys the additional merit of enabling the
incorporation of expert knowledge and key characteristics of the objective problem to
deign a more informative prior model (Hennig et al., 2015) and thus guide the hyper-
parameter search. With these advantages, BO has become the backbone technique
for hyper-parameter tuning in most AutoML packages/platforms such as Google
Vizier (Golovin et al., 2017), Amazon SageMaker (Perrone et al., 2021), Microsoft
NNI ! and Huawei VEGA (Wang et al., 2020) while being gradually /recently applied
to other AutoML processes such as neural architecture search (Kandasamy et al.,

2018b; Shi et al., 2019; Ma et al., 2019a; White et al., 2021a; Ru et al., 2021).

1.2 Contribution

Despite the initial success of BO methods on hyper-parameter optimisation, existing
BO methods still suffer many limitations which prevent their usage on a wider range
of AutoML tasks: there remains much room for improvement in the acquisition
function design and parallel computing resource usage, and better solutions are
needed for practical problems involving search spaces of high-dimensions, mixed
input types or graph-like structure. Our research therefore focuses on further
advancing the efficiency and performance of BO methods for hyper-parameter
optimisation while extending BO methods to be a highly competitive candidate for
other AutoML processes such as neural architecture search and model robustness
assessment. At a high level, we hope our research endeavours can contribute to
solving a large variety of challenges in the AutoML pipeline by improving and
using the principled tool of BO.

Specially, our contributions are as follows:

1. Accelerating Information-theoretic Acquisition Function: Acquisi-

tion function is a core component of BO. Compared to traditional acquisition

Inni.readthedocs.io
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functions such as Probability of Improvement (PI) (Dixon and Szegé, 1978;
Jones et al., 1998) and Expected Improvement (EI) (Mockus et al., 1978; Jones
et al., 1998), the more recently proposed information-theoretic family offers a
fresh perspective to efficiently select the query locations that maximise our
information gain about the unknown global minimiser (Hennig and Schuler,
2012b; Herndndez-Lobato et al., 2014; Wang and Jegelka, 2017a) and thus
enjoys higher robustness to query noise (objective evaluation is noisy) and
better exploration when applied for AutoML processes. Despite these merits,
prior information-theoretic approaches (Hennig and Schuler, 2012b; Herndndez-
Lobato et al., 2014; Wang and Jegelka, 2017a) require many approximations
in implementation, introduce often-costly computational overhead due to
the need for sampling the global minimum/minimiser. We develop a fast
information-theoretic BO method, FITBO, that reduces the expensive process
of sampling the global minimum /minimiser to a much more efficient process of
sampling one additional surrogate hyper-parameter, thus overcoming the speed
bottleneck of information-theoretic approaches. We demonstrate empirically
that FITBO inherits the competitive performance associated with information-
theoretic methods, while being as fast to compute as simpler acquisition
functions, such as EI and PI. This makes information-theoretic approaches a

practical option for potential usage on AutoML.

2. Asynchronous Batch Selection: Whilst standard BO 2 may be sufficient
for many applications, it is often the case that multiple model configurations
can be evaluated concurrently in AutoML tasks given the availability of
parallel computing resources. This leads to the development of synchronous
batch /parallel BO algorithms (Ginsbourger et al., 2010a; Azimi et al., 2010;
Ginsbourger et al., 2011; Azimi et al., 2012; Contal et al., 2013a; Chevalier and
Ginsbourger, 2013; Gonzalez et al., 2016b; Shah and Ghahramani, 2015a; Wu
and Frazier, 2016a; Rontsis et al., 2017; Wang et al., 2017; Hernandez-Lobato

2standard BO or sequential BO means that at each optimisation step, only one query location
is proposed and evaluated.
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et al., 2017; Kandasamy et al., 2018a), which, at each optimisation iteration,
recommend a batch of k configurations to be evaluated simultaneously.
In cases where the evaluation runtime of all configurations are roughly
equal, this synchronous setting is usually sufficient, but, if the runtimes
in a batch vary widely, this will lead to inefficient utilisation of our parallel
computing hardware — we need to wait for the worker evaluating the slowest
configuration in the batch to finish before starting the next BO iteration,
leaving the other workers idle. We address this problem by developing an
asynchronous approach, Penalising Locally for Asynchronous BO on k& workers
(PLAyBOOK), which immediately assigns a new configuration to the free
worker when it completes the previous/current evaluation. PLAyBOOK
uses penalisation-based strategies to prevent redundant batch selection and
harnesses the local variability features of the surrogate to more effectively
explore the search space. We demonstrate that our proposed PLAyBOOK
can outperform its synchronous variants both in terms of wall-clock time and
sample efficiency, particularly for larger batch sizes. This renders PLAyBOOK

a competitive batch BO method for performing resource-efficient AutoML.

3. Handling Mixed Input Types: Many practical optimisation problems
including those in AutoML processes often involve a mixture of multiple
continuous and multiple categorical variables. However, having a mixture
of categorical and continuous variables presents significant challenges for
conventional BO methods which mainly focus on continuous input spaces.
Prior solutions, like converting categorical variables into continuous ones via
one-hot encoding (authors, 2016), severely increases the dimension of the
search space, while separate modelling of category-specific data (Gopakumar
et al., 2018; Nguyen et al., 2019) is query-inefficient. Moreover, these
work-arounds are not scalable to practical applications involving multiple
categorical variables with multiple possible values. We present a novel
optimisation framework, named Continuous and Categorical BO (CoCaBO),

which combines the strengths of multi-armed bandits and GP-based BO to
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search over both categorical and continuous inputs. We model this mixed-type
space using a tailored GP kernel to allow sharing of information across multiple
categorical variables; this allows CoCaBO to leverage all available query data
efficiently. We further extend CoCaBO to handle high-dimensional problems
by modifying the kernel design and incorporating the concept of local trust
region (Eriksson et al., 2019). Our methods achieve superior performance
over existing approaches on both synthetic and real-world AutoML tasks with

multiple categorical and continuous inputs.

4. BO for Assessing Model Robustness: The widespread adoption of deep
learning models in many important real applications, fuelled by the rise of
AutoML, has led to ever-growing costs and risks associated with potential
model failure. This motivates the study of adversarial attacks in order to assess
the robustness of such models, especially those found via AutoML. In this
thesis, we focus on the a highly practical adversarial attacks setting where 1)
the attacker has little knowledge about the target model and can only interact
with the model by querying it, i.e. black-box setting, and 2) the maximum
query number of limited due to the high inherent cost (computational or
monetary) of model evaluation. Prior black-box adversarial attacks which rely
on substitute model training (Papernot and McDaniel, 2016; Su et al., 2018),
gradient estimation (Chen et al., 2017; Ilyas et al., 2018; Tu et al., 2018) or
genetic algorithms (Alzantot et al., 2018), often require an excessive number
of queries. Although techniques like searching for adversarial perturbations
in a low-dimensional latent space (search dimensionality reduction) have
been adopted to improve query efficiency (Chen et al., 2017; Tu et al., 2018;
Alzantot et al., 2018), learning the effective dimensionality of the latent search
space can be challenging by itself, and has not been investigated by the
prior works. In view of these limitations, we introduce a new query-efficient
black-box attack method, BayesOpt attack, which uses BO with GP surrogate
models to find the successful adversarial example for state-of-the-art image

classifiers and is capable of dealing with high-dimensional image inputs. We
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also proposes the use of Bayesian model selection to learn the optimal degree
of search dimensionality reduction, which can be incorporated naturally into
our attack procedure, leading to efficient optimisation over both adversarial
perturbation and the latent search space dimension. Empirical evidence shows
that our BayesOpt attack can achieve comparable success rates with 2-5 times
fewer queries compared to previous state-of-the-art black-box attacks, while
finding adversarial examples that are closer to the original image (in terms of
average L2 distance). Built on the BayesOpt attack, we further develop the
first BO-based black-box adversarial attack for graph classification models,
and demonstrate its effectiveness and flexibility on a variety of graph-based
learning tasks under different attack constraints. We believe that BO-based
adversarial attacks can be a competitive alternative for efficient assessment of

the machine learning model robustness.

5. BO for Neural Architecture Search: Recently, a highly popular research
direction under AutoML is Neural Architecture Search (NAS) which aims
to automate the design process of good neural network architectures for a
given task/dataset. Neural architectures found via different NAS strategies
have achieved impressive performance outperforming human experts’ design
on a variety of tasks (Real et al., 2017a; Zoph and Le, 2016; Cai et al., 2019;
Liu et al., 2018b; Real et al., 2019; Pham et al., 2018; Zoph et al., 2018b;
Xie et al., 2018). NAS is very similar to hyperparameter optimisation: both
can be formulated as a black-box optimisation problem where the objective
evaluation is very expensive (Elsken et al., 2018; Kandasamy et al., 2018b;
Shi et al., 2019). However, despite the similarity, conventional BO methods
cannot be applied directly to NAS because the popular NAS search spaces
are non-continuous and graph-like (Zoph et al., 2018b; Ying et al., 2019;
Dong and Yang, 2020b); each possible architecture can be represented as
an acyclic directed graph whose nodes correspond to operation units/layers
and the edges represent connection among these units (Ying et al., 2019).

To accommodate such search space, prior works either depend on tailored
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encoding schemes (Ying et al., 2019; Kandasamy et al., 2018b; White et al.,
2021a) or resort to the use of graph neural networks (Shi et al., 2019; Ma
et al., 2019a); the former is not scalable to large architectures and ignore
the implicit topological structure of architectures while the latter requires
additional hyperparameter tuning and a large amount of observed data which
is particularly expensive to obtain in NAS. We propose a neat BO-based
strategy for NAS, named NAS-BOWL. NAS-BOWL combines the Weisfeiler-
Lehman (WL) graph kernel (Shervashidze et al., 2011) with a GP surrogate to
capture the topological structure of architectures without having to explicitly
define a GP over high-dimensional vector spaces. Building on our proposed
framework, many GP-based BO techniques previously developed for hyper-
parameter optimisation (e.g. those deal with the multi-objective or transfer
learning settings) can be easily re-deployed to tackle the more challenging NAS
problems. More importantly, during the search, our NAS-BOWL also learns
human interpretable architecture sub-features and their corresponding effects
on the architecture performance; this marks the first step towards interpretable
NAS whereby NAS algorithms can not only return the optimal architecture
but also feedback interpretable insights and guidances on good architecture
design to help human practitioners better understand this topic. We show
the superior query-efficiency of our method over existing NAS approaches
on a diverse set of NAS search spaces and demonstrate the usefulness of the

interpretable sub-features via both qualitative and quantitative analyses.

6. Efficient Generalisation Performance Estimation: Reliably estimating
the generalisation performance of a proposed configuration/model has always
been the major computational bottleneck in many AutoML processes, such
NAS (Elsken et al., 2018) and is crucial to their success. Traditional approaches
face various limitations: training each model to completion is prohibitively
expensive, early stopped validation accuracy may correlate poorly with fully
trained performance, and predictor-based estimators require large training

sets. In this thesis, we target at the domain of NAS and propose a simple
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model-free method, Training Speed Estimation (TSE), which provides a
reliable yet computationally cheap estimate of the generalisation performance
of architectures based on a direct measure of training speed. Our estimator
is theoretically motivated by the connection between generalisation and
training speed, and is also inspired by the marginal likelihood under the
Bayesian setting. We find that on various NAS search spaces that our TSE
estimator consistently outperforms many other alternatives in achieving better
correlation with the true test performance rankings. We further show that our
estimator can be easily incorporated into both query-based and one-shot NAS
methods, including BO, to improve the speed and/or quality of the search.
We believe our reliable yet efficient performance estimator can significantly
reduce the computation and time required for running AutoML processes,

making them more affordable to potential users with limited budgets.

1.3 Thesis Structure

The remainder of this thesis is structured as follows. In Chapter 2, we provide basic
backgrounds of GP and BO, as well as give an overview of various research directions
in BO ranging from acquisition function design, non-continuous input space to
multi-objective problems. In Chapter 3, we present our work on speeding up the
information-theoretic acquisition functions, followed by our work on developing
asynchronous batch selection for parallel BO methods in Chapter 4 as well as our
proposed BO solutions for optimisation problems involve a mixture of multiple
continuous and multiple categorical variables in Chapter 5. In Chapter 6, we
showcase our use of BO for performing query-efficient black-box adversarial attacks
on image classifiers and graph machine learning models. In Chapter 7, we present
our work on interpretable NAS which leverages WL graph kernel in BO to do
architecture search on graph space while learning interpretable sub-features together
with their impact on architecture performance. In Chapter 8, we discuss a diverse
set of performance estimation methods in the example context of NAS and show

the competitive performance of our cheap model-free estimator, TSE. Finally,
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in Chapter 9, we conclude all our works, and suggest interesting and important

directions for future exploration.



Background on Bayesian Optimisation

This chapter provides the background materials and an overview of the recent
advancements in Bayesian optimisation (BO) which is the main theme of this
thesis. Specifically, in Section 2.1, we provide the basics of Gaussian process (GP)
as it is the most popular type of surrogate model in the BO literature and is
also the one adopted in all our BO works. We then review different types of
acquisition functions for BO in Section 2.2, followed by an overview over various
extensions such as batch BO, high-dimensional BO and multi-objective BO in
Section 2.3. BO is a power tool for finding the global optimum of a black-box
objective function. It is particularly useful when the unknown objective function is
expense to evaluate and only noisy observations of the function value at queried
points can be obtained (Brochu et al., 2010b).

Assume we want to minimise an objective function with BO. We first define
a probabilistic surrogate model to represent our prior belief over the unknown
objective function. We then update this probabilistic/prior model by incorporating
query observations to obtain a Bayesian posterior which reflects our updated beliefs
about the objective function based on data observed so far. Based on the posterior
model, we design an acquisition function to evaluate the utility of potential test
locations by trading off exploitation (where the posterior mean of the model is

low) and exploration (where the posterior variance of the model is high). The

11
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H(X|Dp) + o(X|Dp)

(a) t=3

Next query x, i

(c) t=5b

Figure 2.1: Demonstration of BO on a 1D objective function. The red dashed line
represents true objective function.The solid black line and blue shade represents the mean
and + standard deviation of the prediction by the surrogate model (GP in this case)
that approximates the objective function. The green line denotes the acquisition function
whose value is high at locations where the surrogate model gives a low predictive mean
(exploitation) and/or high predictive variance (exploration). This figure is inspired by a
similar figure in (Brochu et al., 2010Db).

next query location is then determined by maximising the acquisition function
(Shahriari et al., 2016b). The procedures of BO is summarised in Algorithm 1
(Brochu et al., 2010b). And Figure 2.1 demonstrates three iterations of Bayesian

optimisation on a 1D objective function. In essence, BO has two key components:
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1) the probabilistic surrogate that models the unknown objective function and 2)
the acquisition function that evaluates the utility of possible query points, for which

we will go through in more details in the next two sections.

Algorithm 1 General algorithm of Bayesian optimisation
Input: Initial observation data D;, A black-box function f, Total number of BO
steps T’
Output: The best recommendation about the global optimiser X,
fort=1,...,7T do
Select the next x;;1 by maximising acquisition function a(x|D;)
Evaluate the objective function at x;,; to obtain ;.
Dyiy1 + Dy U (Xp41, Yeg1)
Update the surrogate model
end for

2.1 Gaussian Process

Many regression models have been used as the surrogate models in BO research,
such as a random forest (Hutter et al., 2011b), a deep ensemble (White et al., 2021a)
as well as a Bayesian neural network (Springenberg et al., 2016a) and its various
approximations (Snoek et al., 2015; Hernandez-Lobato et al., 2017). However, GPs
remain as the most common choice due to some favourable properties. First and
foremost, GPs enjoy the desirable identities of a Gaussian distribution i.e. its
marginals and conditionals remain Gaussian and thus can be analytically calculated
(Rasmussen and Williams, 2006b). This leads to analytically defined posterior
distribution if we assume Gaussian likelihoods as well as tractable acquisition
functions. Second, GPs provide better calibrated uncertainty estimates than the
other alternatives because in contrast to the analytic uncertainty (posterior variance)
of GPs, other surrogate choices often need to estimate uncertainty measures from
limited number of empirical samples (sample variance). Given the quality of
uncertainty estimate is crucial for the trade-off between exploration and exploitation
in BO, GPs tend to deliver better empirical performance compared to other
alternatives (Golovin et al., 2017; Snoek et al., 2012a) especially when the number of

queries are small. Third, GPs are highly expressive and data efficient in modelling
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the objective functions. This is particular suitable for BO applications where the
objective is assumed to be very costly to evaluate and thus the surrogate model
can only train on a relatively small number of query/observation data to perform
regression. Note that the common small-data regime of BO also nicely circumvents
the scalability issue of GPs !, except in the transfer-learining or multi-task scenarios
(Wistuba et al., 2016, 2018).

The GP is defined as a collection of random variables, any finite number
of which have a multivariate Gaussian distribution (Rasmussen and Williams,
2006b). It is a non-parametric model which can be viewed as a distribution over
functions or over infinite number of variables. A GP is fully specified by a mean
function () and a covariance function (also known as the kernel function) k(-, -)

(Rasmussen and Williams, 2006b):

f(x) ~ GP (u(x), k(x,x')) . (2.1)

At an arbitrary input x = X, a GP returns the mean and variance of a normal
distribution over the possible values of f(X) ~ N (u(X),k(%X,%’)). The mean
function of the prior distribution provides an offset and specifies our inference far
from observations. The kernel function affects the smoothness properties of the GP
model (Brochu et al., 2010b) and thus determines the structure of the surrogate
we can model. For simplicity, the common practice is to set the mean function to
zero i.e. pu(x) = 0,vx € X (Rasmussen and Williams, 2006b) as we can simply
reformulate the regression objective from f to f — u(x). Thus, the GP prior is
often solely determined by the covariance function.

After querying the objective function at n input locations, we obtain observation
data Dy = {(xi, fi)}I=;- As we impose a GP prior on the objective function,
the function values f,, are assumed to be drawn from the multivariate normal
distribution p(f,) = N (fn; 0, K(X,, Xn)), where each element of the covariance

matrix K is defined as K;; = k(x;,x;).

!The computation cost of GPs is O(n3) where n is the number of observation data.
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The joint distribution of the observed function values f,, and the function value

at a test location f = f(x) is also Gaussian (Rasmussen and Williams, 2006b) :

oz o
f K(x,X,) K(x,x)

By manipulating the joint distribution based on the analytic property of
Gaussian conditional distributions, we obtain the predictive posterior distribution

at the test point x:

P(f1%, X, £2) = N (3 104(), K () (2.3)

where
pp(x) = K(x,X,)K(X,, X,,) " 'f, (2.4)
Ki(x,x') = K(x,x') — K(x,X,)K(X,,, X,,) ' K(X,,, %). (2.5)

However, in a real world situation, we do not have access to the true function
values but only noisy observation of the function y; = y(x;) = f(x;) + € where € is
assumed to be an independently and identically distributed Gaussian noise with vari-

(i.e. the likelihood function is also Gaussian p(y|f) = N (y;f,02,,..I) =

» Y notise

ance o2

notse

17 N (yi; fi,afwise)) (Rasmussen and Williams, 2006b). In such case of noisy
observation data D, = {(x;,v:)}~; = {X,,yn}, the predictive distribution of

the noisy observation y at the test point x has the form

p(y|X, men) :N(y;uy<')7Ky<'7')> (26)

where

() = K (%, X0) [K (X0, X,) + 021y, (2.7)

,(0x) = K(x,x) = K (3, X,) [K (X, X,) +020] K (X, %), (2.8)
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2.1.1 Kernel Functions

The choice of covariance or kernel function is essential for a GP because it affects the
smoothness property of the functions we can model (Shahriari et al., 2016b). Take
the example of the squared exponential kernel function with automatic relevance
determination (SE-ARD), which is a popular kernel choice used to model smooth

functions. The analytical form of the SE-ARD kernel function is
1
k(x;,x;) = o exp —§(Xi —x;) A (% — %) (2.9)

where o is the output scale and A; is a diagonal matrix of d characteristic length
scales. The automatic relevance determination allows us to learn the characteristic
length scales in each input dimension, thus measuring the influence of each dimension
on the function value. Characteristic length scales measure how far we need to
move between two points in input space for their function values to be uncorrelated
(Rasmussen and Williams, 2006b). As shown in Figure 2.2, if the characteristic
length scale of a certain input dimension is very large, the function value will become
almost independent of that dimension . On the other hand, a small characteristic

length scale leads to more fluctuating function values.

Length scale = 0.03 Length scale = 0.3 Length scale = 0.9
3 o o o
O 4 4 ;
_3 o
0.0 0.5 10 00 0.5 10 00 0.5 1.0

Figure 2.2: Random samples generated by a GP prior with the SE-ARD kernel function
and different characteristic length scales. The smaller length scale leads to more wiggly
function.

A kernel function is valid if its covariance/Gram matrix K, whose element is
K;; = k(x;,x;), is positive semidefinite and a valid kernel function can be expressed

as an inner product in the feature space k(x;,x;) = ¢(x;)7¢(x;) (Bishop, 2006).
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It can be easily proven that a combination of (e.g. multiplying and/or adding)
simple valid kernel functions (Rasmussen and Williams, 2006b) is also a valid
kernel. Thus, we can leverage this to efficiently construct new kernel functions

as we will show in Chapter 5.

2.1.2 GP Hyper-parameter Treatment

Hyper-parameters 6 of a GP often refer to the kernel parameters, such as output
scale and characteristic length scales, as well as the observation noise variance. As
illustrated above, different hyper-parameter values will heavily affect the inference
performance of a GP model (Rasmussen and Williams, 2006b). There are mainly
two approaches to tune these hyper-parameters. First, we could find one set of
optimal hyper-parameter values via maximum likelihood estimation (MLE) or
maximum a posterior estimation (MAP). Second, we could marginalise over all

possible sets of hyper-parameters to perform inference.

Maximum Likelihood Estimation

The maximum likelihood estimation (MLE) approach, as the name suggested, is
to learn an optimal hyper-parameter values @ by maximising the log marginal
likelihood function log p(D,|@). The log marginal likelihood function for a zero-

mean GP model has the analytic form

1 S 1 n
log p(Dy|0) = =5y, [K7 (X, X))y —5 log | K3 (X, X})| = 5 log 27 (2.10)

noise

where K¢(X,,, X/,) = KP(X,,,X],) 4 021 is the covariance matrix for the noisy
observation data D, = {X,,,y,}. K9(X,,X!) depends on the hyper-parameters
0 = [B, Onoise) Which include both the kernel hyper-parameters 3 as well as the
Gaussian noise standard deviation opise.

With reference to Equation 2.10, the log marginal likelihood comprises three
terms, the first term measures how well the GP model fits the data; the second term
penalises excessive model complexity and the last term is a normalising constant

(Rasmussen and Williams, 2006b). As the model complexity increases (i.e. the
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second term decreases), we obtain a more flexible model which supports a larger
class of functions/hypotheses and thus leads to better fitting of the data (i.e. the
first term increases). Therefore, the maximum likelihood estimation inherently
induces the trade-off between model fit and model complexity, leading to the finding
of the simplest model that can well fit the data.

However, the log marginal likelihood function is generally a non-convex function
with multiple local optima (Bishop, 2006). Thus, maximum likelihood estimation
may lead to hyper-parameters corresponding to a bad local optimum, causing the
problem of over-fitting. This is more likely to occur when the observation data
set is small, which is the case for BO, and the local optima of marginal likelihood
are quite close (Rasmussen and Williams, 2006b).

If we have some prior knowledge about hyper-parameters, we can combine the
prior distribution over @ with the marginal likelihood to implement the max-
imum a posteriori estimation (MAP). By Bayes rule, the posterior over the

hyper-parameters is

p61D,) = B x oD, (2.11)

)
= log p(0|D,,) x log p(D,|0) + log p(8). (2.12)

Thus, maximising the log posterior over hyper-parameters is equivalent to max-
imising the sum of the log marginal likelihood and the log prior. The maximum
a posteriori estimation can be viewed as the maximum likelihood estimation with
regulation, thus alleviating the problem of overfitting. In real BO practice, we
usually perform multi-start optimisation 2 for MLE or MAP to further alleviate

the chance of being trapped into a poor local optima.

Marginalisation

Both maximum likelihood estimation and maximum a posteriori estimation are not
desirable as they give point estimates and ignore our uncertainty about the hyper-

parameters. In a fully Bayesian treatment of the hyper-parameters in GP inference,

2We conduct the local optimisation around multiple starting locations and pick the best of all
the local optima found as the final choice.
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we should consider all possible hyper-parameter values by marginalising the predic-

tive posterior distribution with respect to the hyper-parameter posterior p(8|D,,):

Plyx. D) = [ plylx, D, 0)p(6]D,)d6. (2.13)

Since complete marginalisation over hyper-parameters is analytically intractable,
the integral must be approximated using the Monte Carlo method (Snoek et al.,
2012b) by drawing M hyper-parameters samples {t9(j)}j]\i1 from p(0|D,,), leading
to the approximation:

M

p(y|x. Dy) = > plylx, Dy, 09) (2.14)

j=1
2.2 Acquisition Functions

Acquisition functions are carefully designed to balance exploration and exploitation
during the search. They would recommend the next query location where the
function value predicted by the surrogate model is low (exploitation in the case
of minimising the function) and/or the uncertainty about the prediction is large
(exploration) (Brochu et al., 2010b). As compared to the objective function, the
acquisition functions is often assumed to be much cheaper to evaluate or approximate
and thus can be globally optimised (Shahriari et al., 2016b). In this section, we
would introduce different categories of acquisition functions: 1) improvement-based
acquisition functions, 2) optimistic acquisition functions and 3) the information-
based acquisition functions. For consistent presentation in this Section, we assume

that we want to maximise the objective function x = arg max,y f(x).

2.2.1 Improvement-based Acquisition Functions

Probability of Improvement

An simple form of acquisition function developed early in 1964 is Probability of
Improvement (PI) (Kushner, 1964). PI method measures the probability that a
location x leads to an improvement upon the incumbent best value observed f.

Here we aim to maximise the objective function so improvement means higher than
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the maximum value observed so far f+ = maX;eq1,..n} f(X;). This probability is
computed in the form of a cumulative distribution function (Brochu et al., 2010b):

on(x/,) = P = 1) =0 (M) (215)

where @ is the standard normal cumulative distribution and p(x) and o(x) are the
mean and standard deviation of the predictive posterior distribution at a test location
x. The next sample is then taken at the location with the maximum ap;(x|D,,) .

PI acquisition function tends to be highly exploitation-oriented. To encourage
more exploration, Kushner (Kushner, 1964) proposes to add a positive trade-off
parameter ¢ so that PI method would recommend the next point by maximising
the probability of improving over f* + (. However, the value of ( is often set
arbitrarily. If ( is too small, the search will be highly local whereas if { is too high,

the search will be global but slow to converge (Jones, 2001).

Expected Improvement

Expected Improvement (EI) acquisition function improves over PI method by also
considering the magnitude of improvement (Dixon and Szego, 1978) (Jones et al.,
1998). In EI acquisition function, the utility is represented by an improvement

function 7(x) which is defined as:

I(x) = max{0, f(x) — fT}. (2.16)

I(x) is positive only when the prediction at the test location leads to an improvement
over the best value known thus far f*. Otherwise, I(x) is zero. The new query

point is then recommended by maximising the expected improvement

X = arg)rcnaXE[I(xﬂDn]. (2.17)



2. Background on Bayesian Optimisation 21

The expectation can be computed analytically for a GP surrogate (Dixon and Szego,

1978):

api(x|Dn) = E[I(x)|Dy)

= [ 10N (1(x); plx) = £, 0 (%) (x)

0

(,u(x) — f*)CD <M();)_f+> +o(x)¢ (W) if o(x)>0

0 if o(x)=0
where ® and ¢ denotes the cumulative distribution function and the probability
density function of the standard normal distribution respectively, and p(x) and
o(x) are the mean and standard deviation of the predictive posterior distribution
at a test location x.

The two terms in EI acquisition function balances the trade-off between exploita-
tion and exploration respectively. Similar to the PI case, Lizotte (Lizotte, 2008)
proposes to incorporate a parameter ¢ into EI acquisition function to encourage
exploration. Based on experiments in (Lizotte, 2008), ¢ = 0.0lo(x works well

in almost all cases.

Knowledge Gradient

Knowledge Gradient (KG) is initially proposed in (Frazier et al., 2009). Rather than
only considering the function values at the previously queried/observed locations
like PI and EI, KG focuses on the posterior (mean) over the entire search space and

tend to do better on problems with noisy observations and derivative observations

(Frazier et al., 2009; Frazier, 2018). The expression of KG is as follows:
o (xXIDn) = E [jr — ihfxass = X] (2.15)

ph = maxyey (4(x|D,) denotes the maximum of the current posterior mean
pn(x) which is computed conditioned on the observation data so far D,. ., =
maxyey (4(X|Dpy1) is the maximum of the mean of the updated posterior fi,1(x)

if we query at a new location x,,1 (i.e. conditioned on D, 11 = D, U (Xn11, fni1)-
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Since the true function value f,.; at x,,41 is unknown, Equation (2.19) computes
the expected value with respect to the current posterior distribution.

Therefore, the next query location x,,1 = arg max, axg(x|D,) will lead to the
largest expected increase in the maximum of the posterior mean but the function
value at x,,.1 may not be better than the best value observed previously.

The computation of the expectation in Equation (2.19) is intractable, (Frazier
et al., 2009) proposes to approximate akg(x|D,,) by sampling function values from

the posterior distribution, f7(i7+)1 ~ N (pn(Xnt1), 02 (Xpe1)):

R YA .
aKG(X|Dn) ~ ar Z Hont1 = My (219)
M =
where /2*,(121 = maxxex U(X|Dp U (X115 f,(lﬂz )). A more computationally efficient
way to compute and optimise KG is proposed in (Wu and Frazier, 2016a) and

is based on stochastic gradient ascent.

2.2.2 Optimistic Acquisition Functions
Upper Confidence Bound

The concept of using confidence bounds for BO is first explored by Cox and
John (Cox and John, 1992) in their Sequential Design for Optimisation(SDO)
algorithm. SDO recommends the next point for evaluation by maximising the

following acquisition function:
aucs(X|Dy) = pu(x) + ko (x). (2.20)

which is a weighted sum of posterior mean m(x) and standard deviation o(x).
The trade-off between exploitation and exploration is controlled by the user-
defined parameter k.

Srinivas et al. (Srinivas et al., 2009) uses a GP as the surrogate model and
theoretically derive a schedule for the value of k, which can lead to minimisation

of the cumulative regret:

Ry =30 10) = f(x) (221)
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where x* is the true global maximiser and x; is the query point selected via the
acquisition function at i-th BO iteration. With this guideline, they define the GP
Upper Confidence Bound (GP-UCB) whose acquisition function is a modified

version of Equation 2.20:

acp-ucs(X|Dn) = p(x) + /o (x) (2.22)

where 3, = 2clog(n®?+272/38) for ¢ > 0. d is the input dimension and n is the
number of queries taken. Notably, the approach introduced in Srinivas et al. (2009)
to derive the cumulative regret bounds for GP-UCB inspires and underlies most

theoretical analyses in the BO literature.

2.2.3 Information-based Acquisition Functions

Entropy Search

Entropy Search (ES) (Hennig and Schuler, 2012b) introduces a new perspective to
efficiently select the query points in BO. It guides our evaluations to locations where
we can maximise the reduction in the uncertainty about the unknown optimum
rather than to locations where we expect to obtain lower function values (Hennig
and Schuler, 2012b). As a result, the acquisition function for ES has the form
(Hennig and Schuler, 2012b):

aps(xDy) = H[p(x"|Dn)] = Epiyip,, ) [H p(x" D, U (x, y))H (2.23)

where H[p(x)] = — [ p(x)logp(x)dx and the expectation is taken with respect
to the posterior distribution p(y|D,,x).

The first differential entropy term in the above function embodies our current
uncertainty about the unknown maximiser x,. The second term measures our
expected uncertainty about x, after querying an arbitrary point (x,y). Thus, the
acquisition function (Equation 2.23), which is the mutual information between x,
and the next query point, represents the information gain about x, and ES method
would select the point that maximise this information gain.

However, an exact evaluation of the ES acquisition function (Equation 2.23)

is only feasible after many approximations because the entropy terms cannot be
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computed analytically and the optimisation of Equation 2.23 involves calculating
p(x*|Dn U (x, y)) for many different values of x and y (Hernandez-Lobato et al.,
2014). The approximation proposed by (Hennig and Schuler, 2012b) is based on
discretisation of the continuous search space, which results in a high computational

costs of O(M*) where M is the number of discrete representer points.

Predictive Entropy Search

In view of the difficulties of implementing ES method, Lobato et al.(Hernandez-
Lobato et al., 2014) propose a modified alternative, named Predictive Entropy
Search (PES). PES method utilises the symmetric property of mutual information
and rewrites Equation 2.23 as (Hernandez-Lobato et al., 2014) :

apes(X|Dn) = H[p(y[Dn, X)] = By o, [H [p(y[ D, x, 7] (2.24)

where p(y|D,,, x,x*) is the posterior distribution for y conditioned on the observation
data D,, the test point x and the global maximiser x*. Different from ES
acquisition function (Equation 2.23) which depends on the entropies of distributions
on maximiser x*, the PES acquisition function (Equation 2.24) uses the entropies of
predictive posterior distributions over output y which can be computed analytically
or be approximated more easily (Hernandez-Lobato et al., 2014).

PES has been shown to achieve better optimisation performance than ES while
requiring lower computational cost to be implemented. However, the implementation

of PES involves two separate sampling processes:

1. sampling hyper-parameters for marginalisation because PES treats hyper-

parameters in a fully Bayesian way,

2. sampling the global maximiser x* for approximating the second entropy term

in the acquisition function.

The second sampling process not only contributes significantly to the computational
burden of these information-based acquisition functions but also requires the

construction of a good approximation for the objective function based on Bochner’s



2. Background on Bayesian Optimisation 25

theorem (Herndndez-Lobato et al., 2014), which limits the kernel choices to the
stationary ones (Bochner, 2016). Moreover, the approximation for the intractable
distribution p(y|D,,x,x*) is also very tedious and requires the first and second
partial derivatives of the kernel function, further limiting our kernel choices to the
ones whose derivatives are easy to compute or approximate. As a result, PES is
still very slow to evaluate in comparison with traditional methods like PI, EI and
GP-UCB. In addition, the fact that PES depends heavily on the samples of x* and
deals with the input space makes it less efficient for higher dimensional problems

(Hoffman and Ghahramani, 2015; Wang and Jegelka, 2017a).

Output-space Predictive Entropy Search and Max-value Entropy Search

Output-space Predictive Entropy Search (OPES) (Hoffman and Ghahramani, 2015)
and Max-value Entropy Search (MES) (Wang and Jegelka, 2017a) improve on
PES by focusing on the information content in output space instead of input
space. Therefore, they aim to select the next query point by minimising the
entropy of the global maximum value f(x*) instead of the global maximiser f(x*).
For simplicity, we denote f(x*) as f* and the acquisition functions of OPES

and MES have the same form:

ongs(X|Dy) = H([p(y|Da, X)) = Eppeim,) [H (YD, f*)H- (2.25)

Since OPES and MES deal with output space which is always 1-dimensional, they

are more efficient than PES, especially in higher dimensional problems.

2.3 Extension Settings

2.3.1 Batch BO

The conventional BO algorithms (Algorithem 1) evaluate at only one query location
X;41 at each optimisation iteration and we call them the sequential BO methods. In
many applications, these BO methods have been extended to recommend a batch of

query points at each iteration so that we can take the advantage of parallel processing
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resources (e.g. multiple GPUs in a server) to evaluate multiple query locations

simultaneously. Algorithm 2 shows the general procedure of a batch BO method.

Algorithm 2 General algorithm of batch BO
Input: Initial observation data D;, A black-box function f, Total number of BO
steps T’
Output: The best recommendation about the global optimiser Xt
fort=1,...,7T do
Select the next B;,; by maximising acquisition function «(B|D;)
Evaluate the objective function at By = {X41,}%_; to obtain {ye 1},
Div1 < Dy U{(Xet1,5s Y1) Fi—1
Update the surrogate model
end for

Most of the current batch selection techniques can be categorised into two classes:

1. Non-greedy methods by which all the points in the batch are selected simulta-

neously,

2. Greedy methods by which the points in the batch are selected sequentially

(one by one).

Some examples of batch BO algorithms that use non-greedy batch selection
are ¢-EI method (Chevalier and Ginsbourger, 2013), which obtains the batch by
maximising the approximated multi-points EI acquisition function, and Parallel
Predictive Entropy Search (PPES) (Shah and Ghahramani, 2015b), which selects
the batch that leads to the maximum information gain about the unknown global
minimiser. In addition, Rontsis et al (Rontsis et al., 2017) derive a computationally
tractable lower bound on multi-points EI acquisition function and solve it efficiently
using distributionally ambiguous optimisation techniques to obtain the batch points.
Wang et al. (Wang et al., 2017) propose a batch BO targeted at high-dimensional
problems and use the determinantal point process (DPP) to select a diverse batch.
Thompson sampling is another simple yet effective way to obtain batch points
(Hernandez-Lobato et al., 2017; Kandasamy et al., 2018a) and is more scalable to
large batch sizes than other batch selection methods. For example, Hernandez-

Lobato et al. (2017) has applied Thompson sampling to collect up to 500 query points
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in each single batch when searching for chemical molecules with high-throughput
virtual screening. Different from the previous methods which all use a single type of
acquisition function, a more recent technique proposed in Lyu et al. (2018) deploys
an ensemble of multiple types of acquisition functions (PI, EI and UCB) and
performs a multi-objective optimisation to define the Pareto front of the ensemble.
The batch points are then selected from the Pareto front by random sampling.
As for the greedy batch selection, many batch methods (Ginsbourger et al.,
2010b; Contal et al., 2013b; Desautels et al., 2014) exploit a nice feature of GPs:
the GP posterior variance only depends on the function inputs and thus can be
updated without evaluating at these inputs. Specifically, the two heuristics proposed
in Ginsbourger et al. (2010b), the Kriging Believer (KB) and the Constant Liar
(CL), greedily approximate the multi-points EI method. For both heuristics, after
choosing a query location by optimising the EI acquisition function, the observation
data is augmented with the chosen location and an estimator of the function value
at that location (KB uses the posterior mean at that location while CL uses a
constant value specified by the user) and the GP posterior is then updated with
the augmented data. The optimisation-augmentation process is repeated untill
all the b points in the batch are selected. The GP-batch UCB (BUCB) method
developed in Desautels et al. (2014) works in a similar manner and selects the
batch of points by iteratively updating the posterior model and optimising the
UCB score computed via the out-dated posterior mean but up-to-date posterior
variance. Another UCB-based method, GP-UCB and Pure Exploratio (GP-UCB-
PE) (Contal et al., 2013b), decides the first query point in the batch via the UCB
criteria and chooses the remaining batch points from the relevant subregions ® in
the search space to maximise the information gain about the unknown objective
function f. GP-UCB-PE also enjoys theoretical guarantee on the regret bounds
(Contal et al., 2013b). Apart from exploiting the nice property of GP posterior

variance, Gonzélez et al. (2016a) propose a local penalisation (LP) function ¢(x;x;)

3In cases of maximising the objective function, the relevant subregion is defined to be regions
where the upper confidence bound on the function values is higher than the maximum of the lower
confidence bound, thus promising higher probability of containing the global optimum x*.
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to efficiently reduce the acquisition function value in the neighbourhood around the
selected batch point x;. The batch points are then recommended via an iterative
maximisation-penalisation loop around the acquisition function. The penalisation
function is designed such that it penalises a smaller region if the existing point in the
batch x; is close to the global optimiser x* and/or if the variation in the objective
function value is large (i.e. a large Lipschitz constant). However, since the objective
function and its optimum are unknown, both x* and the Lipschitz constant need
to be approximated based on the surrogate model. This procedure of penalising
the acquisition function essentially simulates the effect of updating GP posterior
with x; on the acquisition function but avoids the need and thus the computational
costs of performing the update. Thus, the LP method is computationally more
scalable to large batch size. Also the LP method, though being empirically tested
on GP-UCB and EI only, can be applied to any type of acquisition functions.

Synchronous vs Asynchronous Settings

Most of the batch BO approaches focus on the synchronous setting: we evaluate all
b points in the batch B; = {x; }?:1 simultaneously on b parallel workers and wait for
all the workers to complete their evaluations before updating the surrogate model
and the acquisition function, as well as sending a new batch of points B; 1 to the
workers. In applications where the evaluation times of different input points are
roughly equal, this synchronous setting is usually sufficient. However, in AutoML
tasks, the evaluation times in a batch often vary largely. Take the example of neural
architecture search. A larger neural architecture with more parameters and/or
flops will take significantly longer to train and validate compared to a small neural
architecture with fewer parameters and/or flops. Under the synchronous setting,
all the GPU workers need to wait for the evaluation of the largest neural network
to finish before receiving the next round of evaluation jobs. Thus, workers that
complete their jobs ahead of others will be left idle at each BO iteration. This
leads to inefficient utilisation of parallel computing resources and motivates the

adoption of asynchronous setting whereby a new evaluation job is assigned to a
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worker as soon as it completes their current evaluation. Compared to the rich
synchronous batch BO literature, the field of asynchronous BO (Ginsbourger et al.,
2011; Wang et al., 2016a; Kandasamy et al., 2018a; Alvi et al., 2019; Li et al., 2020a)
receives much less attention and most approaches are direct extensions of their
synchronous counterparts. Although asynchronous batch BO has a clear runtime
advantage over synchronous methods, it is often believed to lose out in terms of query
efficiency (Kandasamy et al., 2018a); given the same number of function evaluations,
synchronous methods will outperform the asynchronous method. However, we will
provide strong empirical evidence showing the opposite in Chapter 4, where we
will discuss synchronous and asynchronous batch BO in more detail and propose a

novel asynchronous batch BO which can be potentially useful for AutoML tasks.

2.3.2 High-dimensional BO

Scaling BO to tackling high-dimensional problems is a very important yet difficult
task (Wang et al.; Kandasamy et al., 2015). There are two main challenges in
using BO for high-dimensional problems. The first is the curse of dimensionality in
modelling the objective function. When the unknown function is high-dimensional,
estimating it with non-parametric regression becomes very difficult because it is
impossible to densely fill the input space with finite number of sample points, even
if the sample size is very large (Gyorfi et al., 2006). The second challenge is the
computational difficulty in optimising the acquisition function. For commonly used
global optimisation methods such as grid search, multi-start methods and DIRECT
algorithm, the computation cost needed for optimising the acquisition function to
within a desired accuracy grows exponentially with dimension (Kandasamy et al.,
2015). Thus, the default assumption that the acquisition function can be optimised
accurately at negligible cost no longer holds in high dimensions.

An effective way to extend the scalability of BO to high dimensions is to adopt
an additive structure (Duvenaud et al., 2011; Kandasamy et al., 2015; Rolland
et al., 2018; Wang et al., 2017; Gardner et al., 2017; Wang et al., 2018; Mutny and

Krause, 2018). Namely, we make the key assumption that the objective function
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can be decomposed into a sum of low-dimensional composite functions defined
over overlapping or disjoint subspaces f(x) = Zj]\il O (x(49)) where x = U?JX(AJ')
(Duvenaud et al., 2011). If we impose a GP prior for each fU), the prior for the
overall objective f is an additive GP. We then construct and optimise an acquisition
function in each low-dimensional subspace. The optimum input at all the subspaces
{xiAj ) J]\i , are then combined to give the next query point (Kandasamy et al., 2015).
As a result, the two challenges mentioned above are resolved. However, the exact
decomposition is often unknown and accurately inferring the decomposition (e.g. via
sophisticated sampling (Gardner et al., 2017; Wang et al., 2018)) can be expensive.

Another group of high-dimensional BO methods (Binois et al., 2015; Wang
et al., 2016b; Binois et al., 2020) assume the objective function is mainly influenced
by a small subset of effective dimensions and aims to learn such low-dimensional
latent space (Wang et al., 2016b; Nayebi et al., 2019; Letham et al., 2020). The
surrogate modelling and acquisition function optimisation are conducted on the low-
dimensional space, thus circumventing the difficulties in the original high-dimensional
space. The low-dimensional points found by BO are then transformed back to
the original high dimension via different projections such as random projection in
REMBO (Wang et al., 2016b) or hash functions in HesBO (Nayebi et al., 2019).

Other alternatives include BOCK (Oh et al., 2018) which introduces a cylindrical
kernel to mitigate excessive exploration near the boundary region in high dimensional
space, LineBO (Kirschner et al., 2019) which restrict the search at each iteration
to a one-dimensional subspace to achieve efficient optimisation of the acquisition
function, and TuRBO (Eriksson et al., 2019), which constructs local trust regions
centred around the best previously observed locations and resizes these trust region
to focus the search on promising local zones.

In Chapter 6, we adopt both the assumptions of the additive structure as well as
the low-dimensional effective embedding to efficiently handle the high dimensionality
of the image input space for performing adversarial attacks. In Chapter 5, we make
use of the local trust region idea to achieve efficient optimisation of high-dimensional

problem involving both categorical and continuous inputs.
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2.3.3 BO on Categorical or Mixed Inputs

The basic approach to deal with categorical variable is to transform them to
continuous variables via one-hot encoding (Rasmussen and Williams, 2006a; authors,
2016; Snoek et al., 2012a). While simple in implementation, one-hot encoding suffers
several obvious drawbacks: first, it is not scalable to problems with large number of
categorical variables and/or categorical variables with large number of choices. For
dy, categorical variables, each facing n; choices, the one-hot-transformed continuous
input has a high dimension of %, n; in total, further exacerbating the curse of
dimensionality. Second, a categorical space differ fundamentally with the continuous
counterparts in terms of differentiability and continuity; the function value over
categorical input space are only defined in finite locations. This lead to difficulties in
using gradient-based methods to optimise the acquisition function of the transformed
problems. Therefore, approaches that directly handle the categorical inputs without
the need for one-hot encoding is more desirable.

BOCS (Baptista and Poloczek, 2018) is a BO method for the binary categorical
inputs: it uses a sparse monomial representation up to the second order and
adopts Bayesian linear regression as the surrogate. Inevitably, its expressiveness is
constrained by the quadratic model, while scaling it beyond the second order and/or
to high dimensionality is usually intractable due to the exponentially-increasing
number of parameters that need be learnt explicitly. Also BOCS is specific to
binary variables only. COMBO (Oh et al., 2019) is another method that uses a GP
surrogate (which is capable of learning interactions of an arbitrary order) with a
tailored kernel to deal with categorical inputs directly. It represent all possible joint
assignments of the variables (i.e. all categorical combinations) as a combinatorial
graph and uses a diffusion graph kernel to model the interactions as well as guide
the search. However, COMBO suffers from poor scalability; to avoid overfitting,
COMBO approximately marginalises the GP hyper-parameters via Monte Carlo
sampling, and it needs to pre-compute the combinatorial graph beforehand. To
overcome the challenge of optimising the acquisition function over categorical input

space, several recent works proposes the use of the genetic algorithm to evolve
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to good categorical structures (Kandasamy et al., 2018b; White et al., 2021a), a
learned search control knowledge to uncover promising discrete candidates (Deshwal
et al., 2020) or training a policy to generate good candidates and updating the
policy in an online fashion (Swersky et al., 2020).

Besides categorical inputs, many practical problems also involve multiple contin-
uous inputs at the same time. For example, when tuning the hyper-parameters for
a neural network, we will face categorical hyper-parameters such as the activation
type and the optimiser type, as well as continuous variables such as the learning
rate and the dropout value. However, BO in mixed categorical-continuous search
spaces is rather under-explored. Earlier attempts such as SMAC with random forest
surrogates (Hutter et al., 2011a) as well as TPE with non-parametric densities over
inputs (Bergstra et al., 2011b) are compatible with such mixed input types. A
recent approach, MVRSM, proposed in Bliek et al. (2020) uses a linear combination
of rectified linear units (ReLU) to trade off modelling expressiveness for query
efficiency in dealing with high-dimensional mixed-variable problems. In terms of
GP-based BO, Gopakumar et al. (2018) and Nguyen et al. (2020) consider the
simplified setting of a single categorical input with multiple continuous inputs. The
continuous inputs are constrained to be specific to each categorical choice: namely,
they divide the observed data into smaller subsets, one for each categorical and fit a
separate independent GP surrogate for each category. In Chapter 5, we propose new
BO solutions which fit a shared GP surrogate across categorical inputs to enhance
data efficiency, and thus can generalise to the more practical setting involving a

mixture of multiple categorical variables and multiple continuous variables.



Fast Information-theoretic Bayesian
Optimisation

The content of this chapter is based on the following paper:

Binxin Ru, Mark McLeod, Diego Granziol, and Michael A. Osborne. Fast
information-theoretic Bayesian optimisation. In International Conference on

Machine Learning (ICML 2018), 2018.

where our contributions were listed in the acknowledgements section of this thesis.

As discussed in Section 2.2, acquisition function controls the trade-off between
exploration and exploitation in Bayesian optimisation (BO) and thus is crucial
to its search efficiency. BO techniques with information-theoretic acquisition
functions have demonstrated state-of-the-art performance in tackling the noisy
global optimisation problems, which are commonly seen in AutoML tasks due
to the stochasticity in performance evaluation. However, current information-
theoretic approaches require many approximations in implementation, introduce
often-prohibitive computational overhead and limit the kernel choices available to
model the objective. We develop a fast information-theoretic BO method, FITBO,
that avoids the need for sampling the global minimiser, thus significantly reducing

computational overhead. Moreover, in comparison with existing approaches, our

38
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method faces fewer constraints on kernel choice and enjoys the merits of dealing with
the output space. We demonstrate empirically that FITBO inherits the performance
associated with information-theoretic BO, while being even faster than simpler

BO approaches, such as Expected Improvement.

3.1 Introduction

A core step in BO is to define an acquisition function which uses the available
observations effectively to recommend the next query location (Shahriari et al.,
2016b). There are many types of acquisition functions such as Probability of
Improvement (PI) (Kushner, 1964), Expected Improvement (EI) (Mockus et al.,
1978; Jones et al., 1998) and Gaussian Process Upper Confidence Bound (GP-UCB)
(Srinivas et al., 2009). The most recent type is based on information theory and
offers a new perspective to efficiently select the sequence of sampling locations based
on entropy of the distribution over the unknown minimiser x, (Shahriari et al.,
2016b). The information-theoretic approaches guide our evaluations to locations
where we can maximise our learning about the unknown minimum rather than to
locations where we expect to obtain lower function values (Hennig and Schuler,
2012b). Such methods have demonstrated impressive empirical performance and
tend to outperform traditional methods in tasks with highly multimodal and noisy
objective functions, which are particularly common in AutoML.

One popular information-based acquisition function is Predictive Entropy Search
(PES) (Villemonteix et al., 2009; Hennig and Schuler, 2012b; Hernédndez-Lobato
et al., 2014) . However, it is very slow to evaluate in comparison with traditional
methods like EI, PI and GP-UCB and faces serious constraints in its application.
For example, the implementation of PES requires the first and second partial
derivatives as well as the spectral density of the Gaussian process kernel function
(Hernéndez-Lobato et al., 2014; Requeima, 2016). This limits our kernel choices.
Moreover, PES deals with the input space, thus less efficient in higher dimensional
problems (Wang and Jegelka, 2017a). The more recent methods such as Output-
space Predictive Entropy Search (OPES) (Hoffman and Ghahramani, 2015) and
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Max-value Entropy Search (MES) (Wang and Jegelka, 2017a) improve on PES by
focusing on the information content in output space instead of input space. However,
current entropy search methods, whether dealing with the minimiser or the minimum
value, all involve two separate sampling processes : 1) sampling hyper-parameters
for marginalisation and 2) sampling the global minimum /minimiser for entropy
computation. The second sampling process not only contributes significantly to
the computational burden of these information-based acquisition functions but also
requires the construction of a good approximation for the objective function based
on Bochner’s theorem (Herndndez-Lobato et al., 2014), which limits the kernel
choices to the stationary ones (Bochner, 1959).

In view of the limitations of the existing methods, we propose a fast information-
theoretic BO technique (FITBO). Inspired by the Bayesian integration work in
Gunter et al. (2014), the creative contribution of our technique is to approximate
any black-box function in a parabolic form: f(x) = n + 1/2g(x)?. The global
minimum is explicitly represented by a hyper-parameter 7, which can be sampled
together with other hyper-parameters. As a result, our approach has the following

three major advantages:

1. Our approach reduces the expensive process of sampling the global mini-
mum /minimiser to the much more efficient process of sampling one addi-
tional hyper-parameter, thus overcoming the speed bottleneck of information-

theoretic approaches.

2. Our approach faces fewer constraints on the choice of appropriate kernel

functions for the Gaussian process prior.

3. Similar to MES (Wang and Jegelka, 2017a), our approach works on information

in the output space and thus is more efficient in high dimensional problems.
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3.2 Fast Information-theoretic Bayesian Optimi-
sation

Information-theoretic techniques aim to reduce the uncertainty about the unknown
global minimiser x, by selecting a query point that leads to the largest reduction in
entropy of the distribution p(x.|D,) (Hennig and Schuler, 2012b). The acquisition
function for such techniques has the form (Hennig and Schuler, 2012b; Herndndez-

Lobato et al., 2014):
xs(x1D,) = Hp(< [D,)] ~ Byym [Hp(x 10U 9)]]. 1)

PES makes use of the symmetry of mutual information and arrives at the

following equivalent acquisition function:

aPES(len) = H[p(yrDmX)} - EP(X*|DH) {H [p(yu)n’ X, X*)H7 (32)

where p(y|D,,x,x*) is the predictive posterior distribution for y conditioned
on the observed data D, the test location x and the global minimiser x* of
the objective function. For more detailed description on information-theoretic
acquisition functions, please refer to Section 2.2.3 in Chapter 2.3.1.

FITBO harnesses the same information-theoretic thinking but measures the
entropy about the latent global minimum f* = f(x*) instead of that of the global
minimiser x*. Thus, the acquisition function of FITBO method is the mutual
information between the function minimum f* and the next query point (Wang
and Jegelka, 2017a). In other words, FITBO aims to select the next query point

which minimises the entropy of the global minimum:

OéFITBO(X|Dn) = H[p(yﬂ)n, X)] - I['Ep(f*an) [H [p(len, X, f*>H . (3-3)

This idea of changing entropy computation from the input space to the output
space is also shared by Hoffman and Ghahramani (2015) and Wang and Jegelka
(2017a). Hence, the acquisition function of the FITBO method is very similar to those
of OPES (Hoffman and Ghahramani, 2015) and MES (Wang and Jegelka, 2017a).
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However, our novel contribution is to express the unknown objective function
in a parabolic form f(x) = n + 1/2g(x)?, thus representing the global minimum x*
by a hyper-parameter 1 and circumventing the laborious process of sampling the

global minimum. FITBO acquisition function can then be reformulated as:

o (%[Ds) = HIp(y{Dy, )] = Byt | H [py/D. 1)

1| [ plyDasx. mpalDa)dn| ~ [ poI D) H [p(yIDrx,m)]

The intractable integral terms can be approximated by drawing M samples
of n from the posterior distribution p(n|D,) and using a Monte Carlo method
(Hernéndez-Lobato et al., 2014). The predictive posterior distribution p(y|D,,x,n)
can be turned into a neat Gaussian form by applying a local linearisation technique
on our parabolic transformation as described in Section 3.2.1. Thus, the first term
in the above FITBO acquisition function is an entropy of a Gaussian mixture,
which is intractable and demands approximation as described in Section 3.2.3. The
second term is the expected entropy of a one-dimensional Gaussian distribution
and can be computed analytically because the entropy of a Gaussian has the closed
form: H[p(y|D,,x,n)] = 0.5log {27re(af(x|1)n,77)2 + aﬁoise)} where (x| D,,n)? =
K;(x,x') and o2

noise

is the variance of observation noise.

3.2.1 Parabolic Transformation and Predictive Posterior
Distribution

Gunter et al. (2014) use a square-root transformation on the integrand in their
warped sequential active Bayesian integration method to ensure non-negativity.
Inspired by this work, we creatively express any unknown objective function f(x)

in the parabolic form:

f(x) =n+12g(x)?, (3.4)

where 7 is the global minimum of the objective function. Given the noise-free

observation data Dy = {(xi, fi)}l=, = {X,,f,}, the observation data on g is
Dy, = {(xi,9:)|i = 1,...n} = {X,,,8,} where g; = /2(fi — 1) .
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We impose a zero-mean Gaussian process prior on g(x), g ~ GP (0, k(x, x’)),
so that the posterior distribution for g conditioned on the observation data D,

and the test point x also follows a Gaussian process:

91Dy x.m) = GP(g: pg(-). Ky () (3.5)

where

pg(x) = K (x, X0) K (X, Xo) g,
K,(x,x') = K(x,x') — K(x,X,,)K(X,,,X,) " K(X,,x).

The parabolic transformation causes the distribution for any f to become a
non-central y? process, making the analysis intractable. In order to tackle this
problem and obtain a posterior distribution p(f|Dy,x,n) that is also Gaussian, we
employ a linearisation technique (Gunter et al., 2014).

We perform a local linearisation of the parabolic transformation h(g) = n+1/2¢*
around g and obtain f ~ h(go) + h'(g0)(9 — go) where the gradient h'(g) = g. By
setting go to the mode of the posterior distribution p(g|Dy,x,n) (i.e. go = py),

we obtain an expression for f which is linear in g¢:

FX) = [0+ 12pg(%)%] + p1g(x)[g(x) — p1g(x)]
=0 — Lpg(x)? 4 pg(x)g(x). (3.6)

Since the affine transformation of a Gaussian process remaiGns Gaussian, the

predictive posterior distribution for f now has a closed form:

p(f1Ds,x,m) = GP(f3 s (), K4 (-,-)) (3.7)
where
pp(x) =+ 1/2p1(x)?
K (x,X') = py(x) Ky (%, X" ) 1y (X).
However, in real world situations, we do not have access to the true function

values but only noisy observations of the function, y(x) = f(x) + €, where € is

assumed to be an independently and identically distributed Gaussian noise with
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2

variance o ;.

(Rasmussen and Williams, 2006b). Given noisy observation data

D,, = {(x5,¥:) }y = {X, ¥n}, the predictive posterior distribution (3.7) becomes:
(YD %,1) = GP (43 15 (), K () + 0o (). (3.8)
3.2.2 Hyper-parameter Treatment

Hyper-parameters are the free parameters, such as output scale and characteristic
length scales in the kernel function for the Gaussian processes as well as noise
variance. We use 0 to represent a vector of hyper-parameters that includes all
the kernel parameters and the noise variance. Recall that we introduce a new
hyper-parameter 7 in our model to represent the global minimum. To ensure that
n is not greater than the minimum observation ¥,,;,, we assume that log(ymin — 1)

follows a broad normal distribution. Thus the prior for n has the form:

pn) = N (10800 — )i 11.7%). (39)

Ymin — 1)
The most popular approach to hyper-parameter treatment is to learn hyper-
parameter values via maximum likelihood estimation (MLE) or maximum a posterior
estimation (MAP). However, both MLE and MAP are not desirable as they give
point estimates and ignore our uncertainty about the hyper-parameters (Hernandez-
Lobato et al., 2014). In a fully Bayesian treatment of the hyper-parameters,
we should consider all possible hyper-parameter values. This can be done by

marginalising the terms in the acquisition function with respect to the posterior

p(¥|D,) where ¥ = {0,n}:
armno(x|D,) = | [ p(y[Du. X, 9)p(@ID)AY| — [ pabD) H [p(y]Dy,x.16)] v

Since complete marginalisation over hyper-parameters is analytically intractable,
the integral can be approximated using the Monte Carlo method (Hoffman and

Ghahramani, 2015; Snoek et al., 2012b), leading to the final expression:
1 M N
Ouran(XID2) = H| 1Y p(yID0 %, 89,79
J

M
- 2]1\4 > log [2me(04(x|D, 689, 7) + 07 ). (3.10)
J
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3.2.3 Approximation for the Gaussian Mixture Entropy

The entropy of a Gaussian mixture is intractable and can be estimated via the

following three methods:

1. Taylor expansion Huber et al. (2008) propose a novel method for approximat-
ing the entropy of a Gaussian mixture model by using a Taylor-series expansion
of the logarithm of the Gaussian mixture. Let ¢(y) = Z;-VI wiN (y; pj, 03).
The Gaussians in the mixture are univariate in our case because the function

value at a test location x is 1-D. The entropy of this mixture is:

= —/q(y) log h(y)dy (3.11)

where h(y) = ¢(y) but we uses different notations to differentiate the Gaussian

mixture that’s argument of the logarithm from that in front of the logarithm.

By expanding the logarithm term around the mean of each Gaussian term

in h(y), the resultant R-th order Taylor series is

R i d*(log h(y))

log h(y Z

k=0 dy*

(3.12)

y=p;

We then substitute Equation (3.12) into Equation (3.11) and obtain
Hlq(y)] = —/ ) log h(y
= ijN (41 15,%) log h(y)dy

k1 d*(logh(y))

_ gj;wj > i

/N(y;uj,af)(y — 1) dy

y=1;

where [N (y; p1j,07)(y — p;)Fdy is the k-th central moment of a Gaussian
distribution and thus has a closed form (Requeima, 2016). The k-th derivative
of the logarithm of Gaussian mixture h(y) can also be computed analytically
because the derivatives of a Gaussian distribution always exist and Kronecker

algebra can be used to achieve a compact representation (Huber et al., 2008).

The entropy approximation by Taylor expansion faces the trade-off between

the accuracy and computational burden as we can obtain more accurate
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approximations by including higher order Taylor-series terms at the expense
of computational speed (Huber et al., 2008). Experiments with this approxi-
mation approach are carried out with a second-order Taylor-series expansion

whose explicit form is provided by the Appendix in Huber et al. (2008):

J=1

H []17 Zp(y|Dn,X,7}(j))] ~ Holy| + Ha[y]

M M, y02
= — > wilogh(u;) = —5+F ()
j=1

Jj=1

where

F(y) =h(y)~! ; wio; *[h(y) " (y — )W (y)

+ 0,y — pa)? — UN (y; s, 07).

2. Numerical integration As mentioned before, one advantage of FITBO
method is that it allows us to transform the entropy calculation from the
multi-dimensional input space to the one-dimensional output space. This, thus,
permits the use of numerical integration techniques to effectively compute the
entropy of a Gaussian mixture. Experiments with numerical integration are
performed with the quad function in MATLAB which utilises the adaptive

Simpson quadrature.

3. Monte Carlo integration Let p(y|I%)) denotes p(y|D,,x,n")). The first
term in our FITBO acquisition function can be reformulated in the following

way:
H liwjp(y\f(j))] -/ (%wjp(y!ﬂ”)) log (f: wjp(ylf‘”)) dy
— —ij /p(y|l(j))log (ijp(y\f(j))) dy

where w; = % in our case. By drawing N samples of y from p(y|/V)) and

using Monte Carlo integration, the entropy of a Gaussian mixture can be



3. Fast Information-theoretic Bayesian Optimisation 42

approximated as

H [ijp(ylf(j))] ~ —ij

jlvfjlog (i wjp(y“)lf(j)))] (3.13)

The accuracy of the simple Monte Carlo approximation can be enhanced by
increasing the sample size M. But larger number of samples will increase
the computational burden. Thus, we also face a trade-off between the

approximation precision and computational speed.

Of these three, our experimentation in Appendix A.1 revealed that numerical
integration (in particular, an adaptive Simpson’s method) was clearly the most
performant for our application. Note that our Gaussian mixture is univariate. In
another work (Granziol et al., 2019) for which I am the joint first author, we also
propose the use of a maximum entropy algorithm to efficiently approximate the
Gaussian mixture and the results are shown in Appendix A.2.

A faster alternative is to approximate the first entropy term by matching the
first two moments of a Gaussian mixture. The mean and variance of a univariate

Gaussian mixture model p(z) = XV ;N (2|y;, K;) have the analytical form:

Bl = > 14 (3.14)
iwj L (K + p15) — E[2]. (3.15)

By fitting a Gaussian to the Gaussian mixture, we can obtain a closed-form upper
bound for the first entropy term: Hp(z)] ~ 0.5log {27re(a(z)2 + Uﬁoiseﬂ, thus
further enhancing the computational speed of FITBO approach.

However, the moment-matching approach results in a looser approximation than
numerical integration shown in Section 3.3.1 and we will compare both approaches

in our experiments in Section 3.3.
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3.2.4 The Algorithm

The procedures of computing the acquisition function of FITBO are summarised by
Algorithm 3. Figure 3.1 illustrates the sampling behaviour of FITBO method for a
simple 1D BO problem. The optimisation process is started with 3 initial observation
data. As more samples are taken, the mean of the posterior distribution for the
objective function gradually resembles the objective function and the distribution

of n converges to the global minimum.

Algorithm 3 FITBO acquisition function
Input: a test input x; noisy observation data D,, = {(x;,v;)},
Sample hyper-parameters and 7 from p(1|D,): ¥ = {(8V), n(j))}jj‘il
forj=1,...,M do
Use f(x) = n+ 1/29(x)? to approximate
p(f|Dn, %, 09, 79) = GP(us(-), K (-, )
Compute p(y|Dy,x, 09, n0))
Compute H|[p(y|D,,x, 0V, ni))]
end for
Estimate the entropy of the Gaussian mixture :
Ei(x[D,) = H | T p(y/Do x, 8959)|
9: Compute the entropy expectation: Ey(x|D,) = - Z;M Hp(y| Dy, x, 09), 7)) =
oz XM log [27e (04 (x| Dy, 09), D)2 + 02, )]
10: return o, (x|D,) = E{(x|D,) — E2(x|D,,)

3.3 Experiments

We conduct a series of experiments to test the empirical performance of FITBO
and compare it with other popular acquisition functions. In this section, FITBO
denotes the version using numerical integration to estimate the entropy of the
Gaussian mixture while FITBO-MM denotes the version using moment matching.
In all experiments, we adopt a zero-mean Gaussian process prior with the squared
exponential kernel function and use the elliptical slice sampler (Murray et al.,
2010) for sampling hyper-parameters @ and 7. For the implementation of EI,
PI, GP-UCB, MES and PES, we use the open source Matlab code by Wang
and Jegelka (2017a) and Hernandez-Lobato et al. (2014). Our Matlab code for
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Figure 3.1: BO for a 1D objective function using FITBO method at the 1st, 3rd, 5th
evaluations. In each subfigure, the top plot shows the objective function (red dotted
line), the posterior mean (black solid line) and the 95% confidence interval (blue shaded
area) estimated by the Gaussian process model as well as the observation points (black
dot) and the next query point (red dot). The middle plot shows the acquisition function.
The bottom plot is the histogram of 1 samples as well as its relation to the minimum

observation (black vertical line) and the true global minimum (red vertical line).
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FITBO will be available at https://github.com/rubinxin/FITB0. We use the
type of MES method that samples the global minimum f(x*) from an approximated
posterior function f(x) = ¢(x)Ta where ¢(x) is an m-dimensional feature vector
and a is a Gaussian weight vector (Wang and Jegelka, 2017a). This is also the
minimiser sampling strategy adopted by PES (Hernandez-Lobato et al., 2014). The
computational complexity of sampling a from its posterior distribution p(a|D,,) is
O(n*m) when n < m (Hernandez-Lobato et al., 2014). Minimising f(x) to within
¢ accuracy using any grid search or branch and bound optimiser requires O({~¢)
calls to f(x) for d-dimensional input data (Kandasamy et al., 2015). For both
PES and MES, we apply their fastest versions which draw only 1 minimum or

minimiser sample to estimate the acquisition function.

3.3.1 The Acquisition Function Obtained by Numerical In-
tegration and Moment-matching

We first compare the resultant acquisition functions obtained by using (1) numerical
integration (FITBO) and (2) moment-matching (FITBO-MM) to approximate
Gaussian mixture entropy. Figure 3.2 shows the acquisition function of FITBO-MM
in comparison with those of FITBO which use different tolerance levels {le —3, le —
4,1e — 6} for numerical integration. We assume the acquisition function obtained
using numerical integration with a tolerance level of 1le — 6 (pink line in Figure 3.2)
to be a fair representation of the true value. It is evident that the moment-matching
method leads to a looser upper bound than numerical integration but the resultant
acquisition function manages to capture the true function shape quite well and

recommend a query point that is very close to the best numerical approximation.

3.3.2 Runtime Tests

The first set of experiments measure and compare the runtime of evaluating the
acquisition functions a,,(x|D,,) for methods including GP-UCB, PI, EI, PES, MES,
FITBO and FITBO-MM. All the timing tests were performed exclusively on a 2.3

GHz Intel Core i5. The runtime measured excludes the time taken for sampling
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Figure 3.2: Acquisition functions obtained using numerical integration and moment-
matching approximation methods. The top plot shows the objective function (red dotted
line), the posterior mean (black solid line) and the 95% confidence interval (blue shaded
area) estimated by the Gaussian process model as well as the observation points (black dot).
The following three plots show the acquisition function value of FITBO-MM and those of
FITBO with different tolerance level (1e-3, le-4, 1e-6) used for numerical integration.The
next query points are recommended by maximising respective acquisition functions:
FITBO-1e-3 (green dot), FITBO-1e-4 (red dot), FITBO-1e-6 (pink dot) and FITBO-MM
(blue triangle). The acquisition functions are computed using 600 hyperparameter samples.

hyper-parameters as well as optimising the acquisition functions. The methodology

of the tests can be summarised as follows:

1. Generate 10 initial observation data from a d-dimensional test function and
sample a set of M hyper-parameters ¥ = {8 n0)|j =1,... M} from the
log posterior distribution log p(1|D,,) using the elliptical slice sampler.

2. Use this set of hyper-parameters to evaluate all acquisition functions at 100

test points.
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Figure 3.3: The runtime of evaluating 7 different acquisition functions (PI, EI, GP-UCB,
PES, MES, FITBO and FITBO-MM) at 100 test inputs. The left plot shows the runtime
of evaluating the acquisition functions using M hyper-parameter samples for 2D input
data and M tested are 100, 300, 500, 700, 900. The right plot shows the runtime of
evaluating the acquisition functions using 400 hyper-parameter samples for input data of
dimension d where d are 2, 4, 6, 8, 10. The y-axes are the evaluation runtime expressed
in the logarithm to the base 10.

Table 3.2: Runtime of evaluating PI, GP-
UCB and FITBO-MM for 100 test inputs of
dimension d with M = 400 (Unit: Second).

Table 3.1: Runtime of evaluating PI, GP-
UCB and FITBO-MM at 100 2D inputs using
M hyper-parameter samples (Unit: Second).

M PI GP-UCB FITBO-MM d PI GP-UCB FITBO-MM
100 0.1293 0.1238 0.1193 2 05217 0.4991 0.4745
(£ 0.006) (= 0.005) (& 0.005) (£ 0.047) (% 0.034) (% 0.021)
300 0.3856 0.3731 0.3582 4 05215 0.5020 0.4800
(+0.011) (= 0.010) (& 0.009) (£ 0.011) (% 0.010) (£ 0.010)
500 0.6442 0.6205 0.6011 6  0.5281 0.5112 0.4879
(+£0.025) (£ 0.012) (4 0.027) (+£0.019) (& 0.023) (£ 0.019)
700 0.8990 0.8670 0.8382 8  0.5307 0.5102 0.4899
(+0.026) (= 0.026) (4 0.028) (£0.011) (% 0.010) (£ 0.013)
900 1.1426 1.1025 1.0618 10 0.5378 0.5159 0.4942
(£0.011) (£ 0.014) (£ 0.010) (£ 0.029) (£0.019) (£ 0.017)
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3. Repeat the procedures 1 and 2 for 100 different initialisations and compute
the mean and standard deviation of the runtime taken for evaluating various

acquisition functions.

We did not include the time for sampling 1 alone into the runtime of evaluating
FITBO and FITBO-MM because 7 is sampled jointly with other hyper-parameters
and does not add to the overall sampling burden significantly. In fact, we have
tested that sampling 1 by the elliptical slice sampler adds 0.09 seconds on average
when drawing 2 000 samples and 0.93 seconds when drawing 20 000 samples. Note
further that we will limit all methods to a fixed number of hyper-parameter samples
in both runtime tests and performance experiments: this will impart a slight
performance penalty to our method, which must sample from a hyper-parameter
space of one additional dimension.

The above tests are repeated for different hyper-parameter sample sizes M =
100, 300, 500, 700, 900 and input data of different dimensions d = 2,4,6,8,10. The
results are presented graphically in Figure 3.3 with the evaluation runtime being
expressed in the logarithm to the base 10 and the exact numerical results for
methods that are very close in runtime are presented in Tables 3.1 and 3.2.

Figure 3.3 shows that FITBO is significantly faster to evaluate than PES and
MES for various hyper-parameter sample sizes used and for problems of different
input dimensions. Moreover, FITBO even gains a clear speed advantage over EI.
The moment matching technique manages to further enhance the speed of FITBO,
making FITBO-MM comparable with, if not slightly faster than, simple algorithms
like PI and GP-UCB. In addition, we notice that the runtime of evaluating FITBO-
MM, EI, PI and GP-UCB tend to remain constant regardless of the input dimensions
while the runtime for PES and MES tends to increase with input dimensions at
a rate of 109, Thus, our approach is more efficient and applicable in dealing

with high-dimensional problems.
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Figure 3.4: Optimisation performance of EI, PES, MES, FITBO and FITBO-MM for
three benchmark test functions.

3.3.3 Tests with Benchmark Functions

We perform optimisation tasks on three challenging benchmark functions: Branin

(defined in [0, 1]?), Eggholder (defined in [0, 1]*) and Hartmann (defined in [0, 1]%).

2

noise

In all tests, we set the observation noise to o = 1072 and resample all the
hyper-parameters after each function evaluation. In evaluating the optimisation per-
formance of various BO methods, we use the two common metrics adopted by Hennig

and Schuler (2012b). The first metric is Immediate regret (IR) which is defined as:

IR = |f(x") = f(%)] (3.16)
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Figure 3.5: Evaluations taken by FITBO and EI in the Branin-2D problem. The
white crosses in the top plots indicate the first 50 query points recommended by the two
algorithms. The yellow triangles in the bottom plots indicate the guesses of the global
minimiser recommended by the algorithms (i.e. X,) after each evaluation. FITBO, which
is more explorative in taking evaluations, successfully identifys all three global minimisers
(red circle) but EI misses out one of the global minimisers.

where x* is the location of true global minimum and X, is the best guess rec-
ommended by a Bayesian optimiser after n iterations, which corresponds to
the minimiser of the posterior mean. The second metric is the Euclidean dis-
tance of an optimiser’s recommendation X, from the true global minimiser x*,

which is defined as:
[Lll2 = [Ix* — Ral]- (3.17)

We compute the median IR and the median ||L||s over 40 random initialisations.
At each initialisation, all BO algorithms start from 3 random observation data
for Branin-2D and Eggholder-2D problems and from 9 random observation data
for Hartmann-6D problem. The results are presented in Figure 3.4. The plots
on the left show the median IR achieved by each approach as more evaluation
steps are taken. The plots on the right show the median ||L||s between each
optimiser’s recommended global minimiser and the true global minimiser. The

error bars indicate one standard deviation.
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In the case of Branin-2D, FITBO and FITBO-MM lose out to other methods
initially but surpass other methods after 50 evaluations. One interesting point we
would like to illustrate through the Branin problem is the fundamentally different
mechanisms behind information-based approaches like FITBO and improvement-
based approaches like EI. As shown in Figure 3.5, FITBO is much more explorative
compared to EI in taking new evaluations because FITBO selects the query points
that maximise the information gain about the minimiser instead of those that lead
to an improvement over the best function value observed. FITBO successfully finds
all three global minimisers but EI quickly concentrates its searches into regions of
low function values, missing out one of the global minimisers.

In the case of Eggholder-2D which is more complicated and multimodal, FITBO
and FITBO-MM perform not as well as other methods in finding lower function
values but outperform all competitors in locating the global minimiser by a large
margin. One reason is that the function value near the global minimiser of Eggholder-
2D rises sharply. Thus, although FITBO and FITBO-MM are able to better identify
the location of the true global minimum, they return higher function values than
other methods that are trapped in locations of good local minima.

As for a higher dimensional problem, Hartmann-6D, FITBO and FITBO-MM
outperform all other methods in finding both the lower function value and the
location of the global minimum. In all three tasks, FITBO-MM, despite using a
looser upper bound of the Gaussian mixture entropy, still manages to demonstrate
similar, sometimes better, results compared with FITBO. This shows that the
performance of our information-theoretic approach is robust to slightly worse

approximation of the Gaussian mixture entropy.

3.3.4 Test with Real-world Problems

Finally, we experiment with a series of real-world optimisation problems. The first
problem (Boston) returns the L2 validation loss of a 1-hidden layer neural network
(Wang and Jegelka, 2017a) on the Boston housing dataset (Bache and Lichman,

2013). The dataset is randomly partitioned into train/validation/test sets and the
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Figure 3.6: Performance on tuning hyper-parameters for (a) training a neural network
on the Boston housing dataset, (b) training an SVM on the MNIST dataset and (c)
training a classification neural network on the breast cancer dataset.

neural network is trained with Levenberg-Marquardt optimisation. The 2 variables
tuned with BO are the number of neurons and the damping factor .

The second problem (MNIST-SVM) outputs the classification error of a support
vector machine (SVM) classifier on the validation set of the MNIST dataset (LeCun
et al., 1998). The SVM classifier adopts a radial basis kernel and the 2 variables
to optimise are the kernel scale parameter and the box constraint.

The third problem (Cancer) returns the cross-entropy loss of a 1-hidden layer
neural network (Wang and Jegelka, 2017a) on the validation set of the breast cancer
dataset (Bache and Lichman, 2013). This neural network is trained with the scaled
conjugate gradient method and we use BO methods to tune the number of neurons,
the damping factor A, the A\—increase factor and the A—decrease factor.

We initialise all BO algorithms with 3 random observation data and set the

observation noise to 2. = 1073. All experiments are repeated 40 times. In

noise
each case, the ground truth is unknown but our aim is to minimise the validation
loss. Thus, the corresponding loss functions are used to compare the performance
of various BO algorithms. Figure 3.6a and 3.6b shows the median of the best

validation losses achieved by all BO algorithms after n iterations for the Boston and

MNIST-SVM problems. Our FITBO and FITBO-MM perform competitively well
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compared to their information-theoretic counterparts and all information-theoretic
methods outperform EI in these real-world applications.

As for the Cancer problem (Figure 3.6¢), FITBO and FITBO-MM converge to
the stable median value of the validation loss at a much faster speed than MES and
EI and are almost on par with PES. By examining the mean validation loss shown
in the right plot of Figure 3.6¢, it is evident that both FITBO and FITBO-MM
demonstrate better performance than all other methods on average with FITBO
gaining a slight advantage over FITBO-MM. Moreover, the comparable performance
of FITBO and FITBO-MM in all three real-world tasks re-affirmed the robustness
of our approach to entropy approximation as our moment matching technique, while

improving the speed of the algorithm, does not really compromise the performance.

3.4 Conclusion

We have proposed a novel information-theoretic acquisition function for BO, FITBO.
With the creative use of the parabolic transformation and the hyper-parameter
n, FITBO enjoys the merits of less sampling effort, more flexible kernel choices
and much simpler implementation in comparison with other information-based
methods like PES and MES. As a result, its computational speed outperforms
current information-based methods by a large margin and even exceeds EI to be on
par with PI and GP-UCB. While requiring much lower runtime, it still manages to
achieve satisfactory optimisation performance which is as good as or even better
than PES and MES in a variety of tasks. Therefore, FITBO approach offers a
very efficient and competitive alternative to existing BO approaches for expensive

optimisation tasks in AutoML and beyond.

Future directions One direction to investigate is the prior distribution for 7.
Here we simply adopts a log-normal distribution for v,,;, —n to ensure n < y,in-
However, this might lead to unnecessary exploration after we have already sampled
the global minimum. Thus, the effect of using other prior distributions, such as

Gumbel distribution, on FITBO performance is worth studying to find a better
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alternative prior. In addition, we linearise the parabolic transformation in FITBO
to make the global minimum explicit in a tractable way. However, the trade-oft
between the tractability and the potential drawbacks caused by the linearisation
has not been analysed in this work. Such analysis would be helpful, especially if

we want to deploy the linearisation technique in other future applications.



Asynchronous Bayesian Optimisation
with Improved Local Penalisation

The content of this chapter is based on the following paper:

Ahsan Alvi*, Binxin Ru*!, Jan-Peter Calliess, Stephen Roberts, and Michael
A. Osborne. Asynchronous Batch Bayesian Optimisation with Improved Local

Penalisation. In International Conference on Machine Learning (ICML 2019),
2019.

where our contributions were listed in the acknowledgements section of this thesis.

AutoML processes, such as hyper-parameter tuning, can be significantly sped
up with parallel computing resources. Batch Bayesian optimisation (BO) has been
successfully developed to leverage such parallel computing and evaluate multiple
configurations simultaneously at each search iteration. However, in most AutoML
tasks, the evaluation runtime can vary significantly across different configurations.
The synchronous batch setting can thus be wasteful of resources: workers that
complete jobs ahead of others are left idle. We address this problem by developing an
approach, Penalising Locally for Asynchronous Bayesian Optimisation on k workers

(PLAyBOOK), for asynchronous parallel BO. We demonstrate empirically the

1* denotes equal contribution.
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efficacy of PLAyBOOK and its variants on synthetic tasks and a real-world problem.
We also undertake empirical comparisons between synchronous and asynchronous
BO, and show that asynchronous BO often outperforms its synchronous counterpart

in both wall-clock time and number of function evaluations.

4.1 Introduction

Whilst standard BO may be sufficient for many applications, it is often the case
that multiple experiments can be run at the same time in parallel. For example, in
the case of drug discovery, many different compounds can be tested in parallel via
high throughput screening equipment (Hernandez-Lobato et al., 2017), and when
optimising machine learning algorithms, we can train different model configurations
concurrently on multiple workers (Chen et al., 2018b; Kandasamy et al., 2018a).
This observation lead to the development of parallel (“batch”) BO algorithms, which,
at each optimisation step, recommend a batch of k configurations to be evaluated.

In cases, such as high throughput screening, where the runtimes of tasks are
roughly equal, this is usually sufficient, but, if the runtimes in a batch vary, which
is often the case in AutoML processes, this will lead to inefficient utilisation of
our hardware. For example, consider the optimisation of the number of units in
the layers of a neural network. Training and evaluating a large network (greater
number of units per layer) will take significantly longer than a small network (fewer
units per layer), so for an iteration of (synchronous) batch BO to complete, we
need to wait for the slowest configuration in the batch to finish, leaving the other
workers idle. In order to improve the utilisation of parallel computing resources,
we can run function evaluations asynchronously: as soon as ¢ workers (¢ < k)
complete their jobs, we choose new tasks for them.

Although asynchronous batch BO has a clear advantage over synchronous batch
BO in terms of wall-clock time (Kandasamy et al., 2018a), it may lose out in
terms of sample efficiency, as an asynchronous method takes decisions with less
data than its synchronous counterpart at each stage of the optimisation. We

investigate this empirically in this work.
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Our contributions can be summarised as follows.

o We develop a new approach to asynchronous parallel BO, Penalising Locally
for Asynchronous Bayesian Optimisation on k workers (PLAyBOOK), which
uses penalisation-based strategies to prevent redundant batch selection. We
show that our approach compares favourably against existing asynchronous

methods.

o We propose a new penalisation function, which prevents redundant samples
from being chosen. We also propose designing the penalisers using local
(instead of global) variability features of the surrogate to more effectively

explore the search space.

o We demonstrate empirically that asynchronous methods perform at least as
well as their synchronous variants. We also show that PLAyBOOK outperforms
its synchronous variants both in terms of wall-clock time and sample efficiency,
particularly for larger batch sizes. This renders PLAyBOOK a competitive
parallel BO method.

4.2 Related Work

Many different synchronous batch BO methods have been proposed over the past
years. Approaches include using hallucinated observations (Ginsbourger et al., 2010b;
Desautels et al., 2014), maximising the information gained about the objective
function or the global minimiser (Contal et al., 2013b; Shah and Ghahramani,
2015b), and sampling-based simulation (Azimi et al., 2010; Kandasamy et al., 2018a;
Herndndez-Lobato et al., 2017). A recent synchronous batch BO method that
demonstrated promising empirical results is Local Penalisation (LP) (Gonzalez
et al., 2016a). After adding a configuration x; to the batch, LP penalises the
value of the acquisition function in the neighbourhood of x;, encouraging diversity
in the batch selection.

Asynchronous BO has received surprisingly little attention compared to syn-

chronous BO to date. Ginsbourger et al. (2011) proposed a sampling-based approach
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that approximately marginalises out the unknown function values at busy locations
by taking samples from the posterior at those locations. Due to its reliance on
sampling, it suffers from poor scaling, both in batch size and BO steps.

Wang et al. (2016a) developed an efficient global optimiser (MOE) which
estimates the gradient of g-EI, a batch BO method proposed by Ginsbourger
et al. (2008), and uses it in a stochastic gradient ascent algorithm to solve the
prohibitively-expensive maximisation of the g-EI acquisition function, which selects
all points in the batch simultaneously.

A more recent method utilizes Thompson Sampling (Kandasamy et al., 2018a)
(TS) to select new batch points. This has the benefit of attractive scaling, since
the method minimises samples from the surrogate model’s posterior. In the case of
a Gaussian process (GP) model, a batch point is placed at the minimum location
of a draw from a multivariate Gaussian distribution. The disadvantage of TS is
that it relies on the uncertainty in the surrogate model to ensure that the batch

points are well-distributed in the search space.

4.3 Preliminaries

To perform Bayesian optimisation to find the global minimum of an expensive
objective function f, we must first decide on a surrogate model for f. As discussed
in Chapter 2 , a GP is a popular choice, due to its potent function approximation
properties and ability to quantify uncertainty. A more detailed introduction to GPs
can be found in Section 2.1 and just to quickly recap that the posterior distribution

of the GP at a test input x is also Gaussian:

p(f | Dux,) = N (f:1().0%(x)). (4.1)

with mean and variance

p(x) = K(x,X,) K (X, X))y, (4.2)

o?(x) = K(x,x') — K(x, X;) K(X;, X;) 'K (X4, ), (4.3)
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where D, = {(x;,v:) };_; = {X4, y:} are the observation data. The hyper-parameters
of the model have been dropped in these equations for clarity.

The second choice we make is that of the acquisition function o : R? — R. Many
different functional forms for a(x) have been proposed to date (Kushner, 1964; Jones
et al., 1998; Srinivas et al., 2009; Hennig and Schuler, 2012b; Hernandez-Lobato
et al., 2014; Ru et al., 2018), each with their relative merits and disadvantages as
discussed in Section 2.2. Although our method is applicable to most acquisition
functions, we use the popular GP-UCB in our experiments (Srinivas et al., 2009)

which is described in detail in Section 2.2.

4.4 Asynchronous vs Synchronous BO

Synchronous
c @@ a—————f)
C2
C3

Asynchronous E
ci @)l ——
c  @ueeeeeelu————
c @@=

Y

Time

Figure 4.1: Illustration showing the difference between synchronous and asynchronous
batch BO in the case of k = 3 parallel workers. The blue bar indicates the processing
time taken for a worker to evaluate its assigned task and the red bar indicates the waiting
time for a worker between completing its previous task and beginning a new task. It is
clear that asynchronous batch BO, which makes better use of the computing resources,
can complete a greater number of evaluations than its synchronous counterpart within
the same duration.

In synchronous BO, the aim is to select a batch of promising locations B =
{x;}i_, that will be evaluated in parallel (Figure 4.1). Solving this task directly

is difficult, which is why most batch BO algorithms convert this selection into
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a sequential procedure, selecting one point at a time for the batch (i.e. greedy
batch methods in Section 2.3.1). At the ¢-th BO step, the optimal choice of batch
point z; for j € {1,2,...,k} should then not only take into account our current
knowledge of f, but also marginalise over possible function values at the locations

{x;,}/—} that we have chosen so far for the batch:

j—1
X; = arg II;&X/O{(X | Dt,Dj_1> Hp(yz | Xi7Dt7Di_1)dyi, (44)
p<S i=1

where D, are the observations we have gathered so far and D;_; = {xi,yi}f;ll
and Dy = @ (Gonzdlez et al., 2016a).

In asynchronous BO, the key motivation is to maximise the utilisation of our
k parallel workers. After a desired number of workers ¢ < k complete their tasks,
we assign new tasks to them without waiting for the remaining b = (k — ¢) busy
workers to complete their tasks. Now the general design for selecting the next query
point marginalises over the likely function values both at locations under evaluation
by busy workers, as well as the already-selected points in the batch:

X; = arg max/a(x | D, Dy, Dj_1})

xeX
7j—1

b
11 2(vi | i, D, Dy, Dia) [T p(wi | %1, Dy )y, (4.5)
i=1 =1
where Dy, = {x;,v;}?_, represents the locations and function values of the busy
locations. D, are the observations available at the point of constructing the
asynchronous batch. In general, D;_ contains fewer observations than the D, that
would be used to select the equivalent batch of evaluations in the synchronous
setting. Figure 4.1 shows the case of c = 1 and thus b =k — 1 = 2.

In a given period of time, asynchronous batch BO is able to process a greater
number of evaluations than the synchronous approach: asynchronous BO offers
clear gains in resource utilisation. However, Kandasamy et al. (2018a) claim that
the asynchronous setting does not lead to better performance when measured by the
number of evaluations. The authors point out that a new evaluation in a sequentially-

selected synchronous batch will be selected with at most £ — 1 evaluations “missing”
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(that is, with knowledge of their locations x but absent the knowledge of their
values y), corresponding to the previously-selected points in the current batch
(i,e. 7 —1 <k —1 in Equation (4.4)). Evaluations in the asynchronous case are
always chosen with £ — 1 “missing” evaluations. Take the example of task points
{7,8,9} in Figure 4.1. In the synchronous setting, task 7 is selected informatively
by conditioning on past data. task 8 is selected with one missing evaluation at 7
and task 9 is chosen with two missing evaluations at tasks 8 and 7. But in the
asynchronous case, each of the three tasks is chosen with two missing evaluations.

However, to our knowledge, there exists little empirical investigation of the
performance difference between synchronous and asynchronous batch methods.
We conducted this comparison on a large set of benchmark test functions and
found that asynchronous batch BO can be as good as synchronous batch BO
for different batch selection methods. Additionally, for the penalisation-based
methods we propose, asynchronous operation often outperforms the synchronous
setting, particularly as the batch size increases. We will discuss this interesting

empirical observation in Section 4.6.2.

4.5 Penalisation-based Asynchronous BO

We now present our core algorithmic contributions. As discussed in Section 4.2, the
existing asynchronous BO methods suffer drawbacks such as the prohibitively high
cost of repeatedly updating GP surrogates when selecting batch points (Ginsbourger
et al., 2011) or the risk of redundant sampling at or near a busy location in
the batch (Kandasamy et al., 2018a). In view of these limitations, we propose
a penalisation-based asynchronous method which encourages sampling diversity
among the points in the batch as well as eliminating the risk of repeated samples
in the same batch. Our proposed method remains computationally efficient, and

thus scales well to large batch sizes.
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Inspired by the Local Penalisation approach (LP) in synchronous BO (Gonzélez

et al., 2016a), we approximate Equation (4.5) for the case of ¢ = 1 as:

k—1

Xj = arg max {a(x | D) H (x| Xi,'Dt_)} : (4.6)
where ¢(x | x;,D; ) is the penaliser function centred at the busy locations
{x;}}=!. In the following subsections, we design effective penaliser functions by
harnessing the Lipschitz properties of the function and its GP posterior. To
simplify notation, we denote ¢(x | x;,D;_) as ¢(x | x;) and a(x | D;_) as a(x)

in the remainder of the section.

4.5.1 Hard Local Penaliser

Assume the unknown objective function is Lipschitz continuous with constant L

and has a global minimum value f(x*) = M and x; is a busy task,
|f(x;) — M| < L[|x; —x7||. (4.7)

This implies x* cannot lie within the spherical region centred on x; with ra-

f(xj)—M:

dius r; = -

S(xj,r;) =X {xe X :|x—x;| <r;} (4.8)

If x; is still under evaluation by a worker, there is no need for any further selections
inside S(x;, ;).
Given that f(x;) ~ N(u(x;),0%(x;)) and thus E(r;) = W(xjiL)_M', applying

Hoeffding’s inequality for all € > 0 (Jalali et al., 2013) gives

2¢2 [
P (Tj > E(Tj) + 6) < exp <_0'(Xj>2> s (49)
If we substitute ¢ = 1'5‘7L(xj) into Equation (4.9):
1.50(x;) 2L (150(x;)\
P (T’j > E(Tj> + L‘7> < exp <—0_(X])2 < 7 J

= exp(—2 x 1.5%)

~ 0.0111
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Thus,
1.50(x;
P (rj < E(r) + &'L(XJ)> > 0.99 (4.10)

which implies there is a high probability (around 99%) that r; < (XJ[M‘ + 1.50(? ).

The penalisation function ¢(x | x;) should incorporate this belief to guide
the selection of the next asynchronous batch point by reducing the value of the
acquisition function at locations {x € S(x;,7;)}. A valid penaliser should possess

the several properties:

« the penalisation region shrinks as the expected function value at x; gets close

to the global minimum (i.e. small |p(x;) — M|) (Gonzélez et al., 2016a);
o the penalisation region shrinks as L increases (Gonzalez et al., 2016a);

 the extent of penalisation on a(x) increases as x gets closer to x; with

a(x;) =0if a(x) > 0 for all x € X.

The Local Penaliser (LP) in Gonzalez et al. (2016a) fulfils the first two properties
but not the final one which we believe is crucial. Thus, directly using it for
the asynchronous case makes the algorithm vulnerable to redundant sampling as
illustrated in Figure 4.2. In view of this limitation, we propose a simple yet effective

Hard Local Penaliser (HLP) which satisfies all three conditions

. Ix — x|
¢(X ‘ X]) = min {M, 1} s (411)

where v is a constant.

The above expression can be made differentiable by the approximation:

[ TR
E(Tj) + Y LJ

with ¢(x | x;) = ¢(x | x;) as p — —o0.

B(x | x;) =

In addition, the global optimum M is unknown in practice and is usually
approximated by the best function value observed M = min{f(x;)}? (Gonzilez

et al., 2016a). This approximation tends to lead to underestimation of y(x;)— M and
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Figure 4.2: Illustration of asynchronous batch selection by naive LP and HLP. The top
left plot shows the acquisition function «(x) and the locations (i.e. x3; and xpo denoted
in black dots) under evaluation by busy workers. The top right plot shows the shapes of
two penalisers at the busy location x;1. Their respective penalisation effects on a(x) at
Xp1 and xpo as well as the new batch point x3 to be assigned to the available worker are
shown in the subplots that follow, LP on the left and HLP on the right.

thus E(r;), reducing the extent of the penalisation at x; and in the region nearby.
HLP mitigates this effect by penalising significantly harder than the penaliser
proposed by Gonzélez et al. (2016a), and maximally at x; («(x;) = 0). Thus, our

method is less affected by over-estimation of the global minimum M > M.

4.5.2 Local Estimated Lipschitz Constants

In BO, the global Lipschitz constant L of the objective function is unknown.
Assuming the true objective function f is a draw from its GP surrogate model,
we can approximate L with L = maxyex ||io (x)| Where g (x) is the posterior
mean of the derivative GP (Gonzélez et al., 2016a). However, using the estimated
global Lipschitz constant L to design the shape of the penalisers at all busy
locations in the batch may not be optimal. Consider the case where a point in

an unexplored region is still under evaluation. If Lis large, then the penaliser’s
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Figure 4.3: Different penalisation effects on «(x) of using a single global Lipschitz
constant compared to local Lipschitz constants. The top plots in both (a) and (b) show
the true objective function (red line), six observed points (black crosses), the GP posterior
mean (black line) and variance (blue shade), the two busy locations (black dots) and the
next query point (red dot) selected by using the HLP with global and local Lipschitz
constants respectively. The plots in (a) show the penalisation effect on busy locations
using the same global Lipschitz constant while those in (b) show the effect of using local
Lipschitz constants. It is clear that penalising the busy locations based on local Lipschitz
constants allows the algorithm to capture the informative peak at the central region while
selection based on the single global Lipschitz constant leads us to revisit the flat region
near the boundary due to insufficient penalisation at x;.

radius will be small and we will end up selecting multiple points in the same
unexplored region, which is undesirable.

Therefore, we propose to use a separate Lipschitz constant, which is locally
estimated, for each busy location. Here, “locality” is encoded in our choice of
kernel and its hyper-parameters, e.g. via the lengthscale parameter in the Matérn
class of kernels. The use of local Lipschitz constants will enhance the efficiency
of exploration because they allow the penaliser to create larger exclusion zones in
areas in which we are very uncertain (the surrogate model is near its prior or has

low curvature) and smaller penalisation zones in interesting, high-variability, areas.
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We demonstrate the different effects of using approximate global and local
Lipschitz constants with a qualitative example. In Figure 4.3a, the estimated global
Lipschitz constant is used for penalisation at both busy locations x;,; = —1 and
xp2 = 1 (denoted as black dots). The relatively large value of the global Lipschitz
constant (f}bl = ﬁbg =L= 3.47) due to the high curvature of the surrogate in the
central region leads to a small penalisation zone around the two busy locations at
the boundary. This causes the algorithm to miss the informative region in the centre
and instead revisit the region near x;; to choose the new point in the asynchronous
batch. On the other hand, in Figure 4.3b, the use of a locally estimated Lipschitz
constant allows us to penalise a larger zone around points where the surrogate is
relatively flat (ﬁbl = 0.712 for x3;), while still penalising smaller regions where
there is higher variability (ZALS = 3.45 at x3).

In our experiments we used a Matérn-52 kernel and defined the local region for
evaluating the Lipschitz constant for a batch point x; to be a hypercube centred
on x; with the length of the each side equal to the lengthscale corresponding
to that input dimension.

In summary, we propose a new class of asynchronous BO methods, Penalisation
Locally for Asynchronous Bayesian Optimisation Of K workers (PLAyBOOK),
which uses analytic penaliser functions to prevent redundant sampling at or near
the busy locations in the batch and encourage desirably explorative searching
behaviour. We differentiate between PLAyBOOK-L, which uses a naive Local
penaliser, PLAyBOOK-H, that uses the HLP penaliser, as well as their variations
with locally estimated Lipschitz constants, PLAyBOOK-LL and PLAyBOOK-HL.

4.6 Experiments

We begin our empirical investigations by performing a head-to-head comparison
of synchronous and asynchronous BO methods, to test the intuitions described in
Section 4.4. We specifically look at optimisation performance for asynchronous

and synchronous variants of the parallel BO methods measured over time and
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number of evaluations, and we show empirically that asynchronous is preferable
over synchronous BO on both counts.

We then experiment with our proposed asynchronous methods (PLAyBOOK-L,
PLAyBOOK-H, PLAyBOOK-LL and PLAyBOOK-HL) on a number of benchmark
test functions as well as a real-world expensive optimisation task. Our methods
are compared against the state-of-the-art asynchronous BO methods, Thompson
sampling (TS) (Kandasamy et al., 2018a), as well as the Kriging Believer heuristic
method (KB) (Ginsbourger et al., 2010b) applied asynchronously.

For all the benchmark functions, we measure the log of the simple regret
R, which is the difference between the true minimum value f(x*) and the best

value found by the BO method:

.....

log(R) = log | f(x") — ,minnf(xz-) . (4.13)

4.6.1 Implementation Details

To ensure a fair comparison, we implemented all methods in Python using the
same packages?.

In all experiments, we used a zero-mean Gaussian process surrogate model
with a Matérn-52 kernel with ARD. We optimised the kernel and likelihood hyper-
parameters by maximising the log marginal likelihood. For the benchmark test
functions, we fixed the noise variance to o2 ;. = 107% and started with 3 % d random
initial observations. Each experiment was repeated with 30 different random
initialisations and the input domains for all experiments were scaled to [—1, 1]%.

All methods except TS used UCB as the acquisition function a(x). For our
PLAyBOOK-H and PLAyBOOK-HL, we choose v = 1 and p = —5 in the HLP
(Equation (4.12)). For TS, we use 10,000 sample points for each batch point
selection. For the other methods, we evaluate a(x) at 3,000 random locations

and then choose the best one after locally optimising the best 5 samples for a

small number of local optimisation steps.

2 Implementation will be made available via a GitHub repo.
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We evaluate the performance of the different batch BO strategies using popular
global optimisation test functions®. We show results for the Eggholder function
defined on R? (egg-2D), the Ackley function defined on R® and the Michalewicz

function defined on R (mic-10D).

4.6.2 Synchronous vs Asynchronous BO

In this section we address the question of choosing between asynchronous and
synchronous BO. In order to investigate their relative merits, we compared asyn-
chronous and synchronous BO methods’ performance as a function of wall-clock

time and number of evaluations.

Evaluation Time

In order to facilitate this comparison, we needed to inject a measure of runtime for
different tasks, as the test functions can be evaluated instantaneously. We followed
the procedure proposed in Kandasamy et al. (2018a) to sample an evaluation time
for each task so as to simulate the asynchronous setting. We chose to use a half-
normal distribution with scale parameter o = \/7%» which gives us a distribution
of runtime values with mean at 1.

Results on the ack-5D task are shown in Figure 4.4. We know that asynchronous
BO has the advantage over synchronous BO in terms of utilisation of resources,
as shown qualitatively in Figure 4.1, simply due to the fact that any available
worker is not required to wait for all evaluations in the batch to finish before moving
on. Therefore, given the same time budget, a greater number of evaluations can
be taken in the asynchronous setting than in the synchronous setting, which, as
confirmed by our experiments, translates to faster optimisation of f in terms of

the total (wall-clock) time spent evaluating tasks.
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Figure 4.4: A head-to-head comparison of synchronous (orange) vs asynchronous (blue)
versions of a parallel BO method over evaluation time, t. The median (solid line) and
quartiles (shaded region) of the regret for optimising ack-5D for 30 random initialisations
are shown. As expected, asynchronous methods clearly outperform their synchronous
counterparts in terms of evaluation time.

Number of Evaluations

A more interesting question to answer is whether asynchronous BO methods are
really less data efficient than synchronous BO methods as discussed in Section 4.4.
Figure 4.5 shows a subset of the experiments we conducted. More results can be
found in Appendix A.3. An unexpected yet interesting behaviour we note is that as
k increases, the PLAyBOOK methods tend to clearly outperform their respective
synchronous counterparts even in terms of sample efficiency. This observation runs

counter to the guidance provided in Kandasamy et al. (2018a) and such behaviour

3Details for these and other challenging global optimisation test functions can be found at
https://www.sfu.ca/~ssurjano/optimization.html
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Figure 4.5: A head-to-head comparison of synchronous (orange) vs asynchronous (blue)
versions of a parallel BO method over number of evaluations, N. The median (solid
line) and quartiles (shaded region) of the regret for optimising ack-5D for 30 random
initialisations are shown. Surprisingly, asynchronous methods also outperform their
synchronous counterparts in terms of sample efficiency.

is less evident for the other two batch methods, TS and KB.

We think this observation may be explained by the difference in nature between
the PLAyBOOK and TS/KB: in the case of T'S we rely on stochasticity in sampling,
and in KB we are re-computing the posterior variance and a(x) each time a batch
point is selected. The penalisation-based methods, on the other hand, simply
down-weight the acquisition function, and in the synchronous case these penalisers
coincide with the high-value regions of the acquisition function. This means that
unless the acquisition function has a large number of spaced-out peaks, we will
quickly be left without high-utility locations to choose new batch points from.

This seems to be the reason for the superior performance of asynchronous
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PLAyBOOK methods over their synchronous variants because they benefit from
the fact that the busy locations being penalised do not necessarily coincide with
the peaks in a(x), as the surrogate used to compute «(x) is more informed than
the one used to decide the locations of the busy locations previously. This means
that points with high utilities are more likely to to be preserved.

Taking into account the fact that the asynchronous PLAyBOOK methods tend
to perform at least equally well, if not significantly better than their synchronous
variants on both time and efficiency, and that the asynchronous PLAyBOOK
methods gain more advantage over synchronous ones as the batch size increases, we
believe that this points to the fact that penalisation-based methods are inherently
better suited as asynchronous methods. Hence, for users that are running parallel
BO and have selected LP, we recommend they consider running PLAyBOOK

instead due to its attractive benefits.

4.6.3 Asynchronous Parallel BO
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Figure 4.6: The median (solid line) and quartiles (shaded region) of the regret for
different asynchronous BO methods on the global optimisation test functions for 30
random intialisations is shown. We can see that our proposed PLAyBOOK methods
perform competitively, especially when we start choosing larger batch sizes.



4. Asynchronous Bayesian Optimisation with Improved Local Penalisation 72

Now that we have strengthened the appeal of asynchronous BO, we turn to

evaluating PLAyBOOK against existing asynchronous BO methods.

Synthetic Experiments

We ran PLAyBOOK and competing asynchronous BO methods on the global
optimisation test functions described in Section 4.6.1. The results are shown in
Figure 4.6, and more results on different optimisation problems are provided in
Appendix A.3. On the global optimisation test functions we noted that in most
cases PLAyBOOK outperforms the alternative asynchronous methods TS and KB.
The TS algorithm performed poorly on this test, which we believe is caused by the
fact that TS relies heavily on the surrogate’s uncertainty to explore new regions.
PLAyBOOK methods show strong performance, achieving better optimisation
performance than both TS and KB baselines.

Real-world Optimisation

Table 4.1: Test accuracy (%) on CIFAR-10 after training the best model chosen by
various asynchronous BO methods for 80 epochs

LTS KB PLAYBOOK

L H LL  HL

2 81.0 839 847 85.2 841 849
4 81.2 828 825 838 84.2 &83.0

We further experimented on a real-world application of tuning the hyper-
parameters of a 6-layer Convolutional Neural Network (CNN)* for an image
classification task on CIFARI10 dataset (Krizhevsky et al., 2009). The 9 hyper-
parameters that we optimise with BO are the learning rate and momentum for the
stochastic gradient descent training algorithm, the batch size used and the number

of filters in each of the six convolutional layers. We trained the CNN on half of the

4Follow the implementation in https://blog.plon.io/tutorials/
cifar-10-classification-using-keras-tutorial/


https://blog.plon.io/tutorials/cifar-10-classification-using-keras-tutorial/
https://blog.plon.io/tutorials/cifar-10-classification-using-keras-tutorial/
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Figure 4.7: Asynchronous optimisation of 9 hyper-parameters of a 6-layer CNN for
image classification on the CIFAR10 dataset. The network is trained on half of the
training set and evaluated on the second half. The objective being minimised is the
classification accuracy on the validation set. PLAyBOOK outperforms both KB and TS
in this expensive optimisation task.

training set for 20 epochs and each function evaluation returns the validation error
of the model. We tested the use of £ = 2 and k = 4 parallel workers to run this
real-world experiment. The results are shown in Figs. 4.7a and 4.7b.

We can see that for both £ = 2 and k = 4 parallel settings, all PLAyBOOK
methods outperform the other asynchronous methods, TS and KB. In the case
of k = 2 (2 parallel processors), only one busy location is penalised in each
batch so there is little gain from using a locally estimated Lipschitz constant.
However, as the batch size increases to k = 4, we see that methods using estimated
Lipschitz constants (PLAyBOOK-LL and PLAyBOOK-HL) show faster decrease
in validation error than PLAyBOOK-L and PLAyBOOK-H with PLAyBOOK-LL

demonstrating the best performance.
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We then took the final configurations recommended by each asynchronous BO
method in the £ = 2 and k = 4 settings and retrained the CNN model on the
full training set of 50K images for 80 epochs. The accuracy on the test set of
10K images achieved with the best model chosen by each BO method is shown in
Table 4.1. In both settings, our PLAyBOOK methods achieve superior performance
over TS with PLAyBOOK-H providing the best test accuracy when k£ = 2 and
PLAyBOOK-LL doing the best when k = 4.

4.7 Conclusions

In this work, we argue for the use of asynchronous (over synchronous) Bayesian
optimisation (BO), and provide extensive empirical evidence. Additionally, we
developed a new asynchronous BO approach, PLAyBOOK, which penalises the
acquisition function values based on the surrogate information about the objective
problem at locations that are still under evaluation. PLAyBOOK achieves highly
competitive performance on various synthetic functions and a real-world optimisation
task. More importantly, PLAyBOOK is more efficient than synchronous BO in
both wall-clock time and the number of queries. This makes PLAyBOOK an
ideal asynchronous BO option to make efficient use of parallel computing for

AutoML processes.

Future directions In Section 4.6.2, we provide an intuitive explanation for
the surprising result that asynchronous PLAyBOOK outperforms its synchronous
counterparts even when measured against number of evaluations. A theoretical
analyses on this phenomenon would be an interesting extension, which can further
encourage the use of asynchronous parallel BO when combined with penalisation-
based batch selection. Moreover, the estimation quality of the global optimum
and the Lipschitz constant is crucial to the performance of PLAyBOOK. Better
estimation methods are worth exploring. For example, PLAyBOOK could be
combined with the information-theoretic acquisition functions discussed in Chapter

3 to reuse the global optimum samples learnt by such acquisition functions to
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design the penaliser. Recently, Cardelli et al. (2019) derives robustness measure
for GP against input perturbations, which could be adapted to efficiently derive

bounds on the Lipschitz constant.
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The advancements in acquisition functions and parallel batch designs have sig-
nificantly improved the search efficiency of Bayesian Optimisation (BO), making it
the default choice for black-box problems involving continuous inputs such as tuning
the learning rate and the regularisation terms for training a deep neural network.
However, many important black-box problems often comprise both continuous and

categorical inputs and efficient optimisation over such mixed input space still poses

76
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significant challenges. Current approaches, like one-hot encoding, severely increase
the dimension of the search space, while separate modelling of category-specific data
is sample-inefficient. Both frameworks are not scalable to practical applications
involving multiple categorical variables, each with multiple possible category choices.
We propose a new approach, Continuous and Categorical Bayesian Optimisation
(CoCaBO), which combines the strengths of multi-armed bandits (MABs) and BO to
decide values for both categorical and continuous inputs. We model this mixed-type
space using a Gaussian Process (GP) kernel, designed to allow sharing of information
across multiple categorical variables; this allows CoCaBO to leverage all available
data efficiently. We also build a batch version of our method and propose an efficient
batch selection procedure that dynamically balances exploration and exploitation
whilst encouraging batch diversity. In addition, we further extend CoCaBO to
high-dimensional problems involving such mixed input types by leveraging the
concept of local trust regions. We demonstrate empirically that our methods
outperform existing approaches on both synthetic and real-world optimisation tasks

with multiple continuous and categorical inputs.

5.1 Introduction

Existing work has shown BO to be remarkably successful at optimising functions
with continuous input spaces (Snoek et al., 2012a; Hennig and Schuler, 2012a;
Hernandez-Lobato et al., 2015; Ru et al., 2018; Shahriari et al., 2016a; Frazier, 2018;
Alvi et al., 2019). However, optimisation problems in many situations, including
but not limited to those in AutoML processes, involve a mixture of continuous and
categorical variables. For example, with a deep neural network, we may want to
adjust the learning rate and the weight decay (continuous), as well as the activation
function type in each layer (categorical). Similarly, in a gradient boosting ensemble of
decision trees, we may wish to adjust the learning rate and the maximum depth of the
trees (continuous), as well as the boosting algorithm and loss function (categorical).

Having a mixture of categorical and continuous variables presents challenges.

If some inputs are categorical variables, then the common assumption that the
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BO acquisition function is differentiable over the input space, which allows the
acquisition function to be efficiently optimised, is no longer valid. Recent research
has dealt with categorical variables in different ways. The simplest approach for BO
with GP (Rasmussen and Williams, 2006a) surrogates is to use a one-hot encoding
on the categorical variables, so that they can be treated as continuous variables, and
perform BO on the transformed space (authors, 2016). Alternatively, the mixed-type
inputs can be handled using a hierarchical structure, such as using random forests
(Hutter et al., 2011a; Bergstra et al., 2011a) or MABs (Gopakumar et al., 2018).
These approaches come with their own challenges, which we will discuss below (see
Section 5.3). In particular, the existing approaches are not well designed for multiple
categorical variables with multiple possible values. Additionally, no GP-based BO
methods have explicitly considered the batch setting for continuous-categorical
inputs, to the best of our knowledge.

In this chapter, we present a new Bayesian optimisation approach for op-
timising a black-box function with multiple continuous and categorical inputs,
termed Continuous and Categorical Bayesian Optimisation (CoCaBO). Our main

contributions are as follows:

o We propose a method which combines the strengths of MABs and BO to
optimise black-box functions with multiple categorical and continuous inputs.

(Section 5.4).

o We present a GP kernel to capture complex interactions between the con-
tinuous and categorical inputs (Section 5.4.2). Our kernel allows sharing of
information across different categories without resorting to one-hot transfor-

mations.

o We introduce a novel batch selection method that extends CoCaBO to the
parallel setting, and dynamically balances exploration and exploitation and

encourages batch diversity (Section 5.4.3).



5. Bayesian Optimisation over Multiple Continuous and Categorical Inputs 79

o We demonstrate the effectiveness of our CoCaBO method on a variety of
synthetic and real-world optimisation tasks with multiple categorical and

continuous inputs (Section 5.5).

o« We make an extension work which builds on the CoCaBO kernel design
and the local trust region idea (Eriksson et al., 2019) to effectively tackle

high-dimensional problems with such mixed input types (Section 5.6).

5.2 Preliminaries

Problem Definition

In this chapter, we consider the problem of optimising a black-box function f(z)
where the input z consists of both continuous and categorical inputs, z = [h, x|,
where h = [hy,..., hg,| are the categorical variables, with each variable h; €
{1,2,..., N;} taking one of N; different values, and x is a point in a d-dimensional
hypercube X. Formally, we aim to find the best configuration to maximise the

black-box function
z" = [h", x| = arg max f(2) (5.1)

by making a series of evaluations zi,..., zp. Later we extend our method to
allow parallel evaluation of multiple points, by selecting a batch {zf) b | at each

optimisation step t. For an overview on BO and GP, please refer to Chapter 2.

Exponential-weight Algorithm for Exploration and Exploitation (EXP3)

The specific MABs method adopted in our CoCaBO approach is EXP3 (Auer
et al., 2002b). EXP3 deals with the non-stochastic, adversarial multi-arm bandit
problem. In such general problem setting, we assume that the rewards g, are
chosen by an adversary at each iteration. Thus, EXP3 can handle any form of

non-stationarity in the reward distribution (Allesiardo et al., 2017).
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Algorithm 4 EXP3 Algorithm

1: Input: A reward function g, the trade-off parameter v € [0,1], the set of
categorical choices {1,2,..., N}, maximum number of iterations 7'

2: Initialise the weights wo(j) =1 for j =1,2,..., N

3: fort=1,...,7 do

Set py(j) = (1 - 7)% +  for each j
Sample the next category j’ according to the probability distribution of p;(7)

Obtain the reward g,(j') and normalise it §:(j') = %

Update the weight of the selected category wii1(5") = wi(5") exp(vg:(j')/N)
Keep all other weights wy1(j) = wy(j) for j # j’
end for

o>

For a categorical variable h with N categories and bounded reward (g; < 1),

the regret bound for EXP3 algorithm is

< 2.63\/TN log(N), (5.2)

where h* is the best single action over all rounds and g;(+) is the reward function.

REPS = o zgm*)—E[;gt(h)

h*e{l,..N} 7

Please refer to (Auer et al., 2002b) for detailed derivation.

The algorithm of EXP3 is summarised in Algorithm 4. Essentially, EXP3 assigns
a dynamic weight to each category which is normalised to give the probability of
taking this category in the next iteration. These weights are updated with the
reward obtained and a trade-off parameter v € [0, 1] is introduced to encourage

a uniform sampling of categories.

5.3 Related Work

One-hot Encoding

A common method for dealing with categorical variables is to transform them into
a one-hot encoded representation, where a variable with N choices is transformed
into a vector of length N with a single non-zero element. This is the approach
followed by popular BO packages like Spearmint (Snoek et al., 2012a) and GPyOpt
(Gonzdlez et al., 2016b; authors, 2016).

There are two main drawbacks with this approach. First, the commonly-used

kernels in the GP surrogate assume that f is continuous and differentiable in the
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input space, which is not the case for one-hot encoded variables, as the objective
is only defined for a small subspace within this representation.

The second drawback is that one-hot encoding adds many dimensions to the
search space, making the continuous optimisation of the acquisition function much
harder. Additionally, the distances between one-hot encoded categorical variables
tend to be large. As a result, the optimisation landscape is characterised by many

flat regions, increasing the difficulty of optimisation (Rana et al., 2017).
Category-specific Continuous Inputs

We consider two recent approaches in handling category-specific continuous inputs,
a specific setting of mixed categorical-continuous problems. The first approach
is EXP3BO (Gopakumar et al., 2018), which can deal with mixed categorical
and continuous input spaces by utilising a MAB. When the categorical variable is
selected by the MAB, EXP3BO constructs a GP surrogate specific to the chosen
category for modelling the continuous domain, i.e. it shares no information across
the different categories. The observed data are divided into smaller subsets, one
for each category, and as a result EXP3BO can handle only a small number of
categorical choices and requires a large number of samples. Recently, Nguyen et al.
(2019) considered extending the category-specific continuous inputs to the batch

setting using Thompson sampling (Russo et al., 2018).
Hierarchical Approaches

Random forests (RFs) (Breiman, 2001) can naturally consider continuous and
categorical variables, and are used in SMAC (Hutter et al., 2011a) as the underlying
surrogate model for f. However, the predictive distribution of the RF, which
is used to select the next evaluation, is less reliable, as it relies on randomness
introduced by the bootstrap samples and the randomly chosen subset of variables
to be tested at each node to split the data. Moreover, RFs can easily overfit and we
need to carefully choose the number of trees. Another tree-based approach is Tree
Parzen Estimator (TPE) (Bergstra et al., 2011a), an optimisation algorithm based

on tree-structured Parzen density estimators. TPE uses nonparametric Parzen
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kernel density estimators to model the distribution of good and bad configurations
w.r.t. a reference value. Due to the nature of kernel density estimators, TPE

also supports continuous and discrete spaces.

Integer-continuous Inputs

There are also other approaches for integer-continuous variables (Swiler et al., 2014;
Garrido-Merchan and Hernandez-Lobato, 2019; Daxberger et al., 2019; Pelamatti
et al., 2020) which are related, but not essentially suitable for mixed categorical-

continuous variables.

Remark. To the best of our knowledge, none of the above approaches has solved
satisfactorily for the mixed type variables where (1) the continuous variables are
not specific to a category and (2) we have multiple categorical variables each of

which include multiple choices.

5.4 Continuous and Categorical Bayesian Opti-
misation

Our proposed method, Continuous and Categorical Bayesian Optimisation, harnesses
both the advantages of multi-armed bandits to select categorical inputs and the
strengths of GP-based BO in optimising continuous input spaces. The CoCaBO
procedure is shown in Algorithm 5. CoCaBO first decides the values of the categorical
inputs h; by using MAB (Step 4 in Algorithm 5). Given hy, it then maximises the
acquisition function to select the continuous part x; which forms the next point

z; = |[hy, %] for evaluation, as illustrated in Figure 5.1.
5.4.1 CoCaBO Bandit Algorithm
Motivations

The design of the MAB system in the CoCaBO algorithm is motivated by two

considerations.



5. Bayesian Optimisation over Multiple Continuous and Categorical Inputs 83

Algorithm 5 CoCaBO Algorithm

1: Input: A black-box function f, observation data Dy, maximum number of
iterations T’

2: Output: The best recommendation zr = [xr, hy]
3: fort=1,...,T do
4: Select ht = [hl,t7 e hdh,t] <— MAB({h“ fl}fil)
5. Select x, = argmax o (x|D;_1, hy)
6: Query at z, = [x4, hy] to obtain f;
7. Dy < Dy_1U(z, fi) and update the reward distributions of MAB with (hy, f;)
8: end for
Free h X
Fixed -m
ht X
Zi = h X
Figure 5.1: Optimisation procedure in CoCaBO.
First, our problem setting deals with multiple categorical inputs h = [hy, ..., hy,]

and the value of each h; is determined by a MAB agent. This results in a multi-
agent MAB system and requires coordination. We achieved the coordination across
the agents by using a joint reward function. Specifically, at each iteration, each
agent decides the categorical value for its own variable among the corresponding
N; choices but the objective function is evaluated based on the joint decision of
all the agents. This function value is then used to update the reward distribution
for the chosen category among all the agents. A concurrent work (Carlucci et al.,
2020) also uses the similar coordination in deploying multi-agent learning system
and shows its effectiveness on their neural architecture search application.
Second, we adopt the EXP3 (Auer et al., 2002b) method as the MAB algorithm
because it makes comparatively fewer assumptions on reward distributions and
can deal with the general setting of adversarially-defined rewards. The general
adversarial bandit setting is important for our application as it enables the MAB

part of our algorithm to handle the non-stationary nature of the rewards observed
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during the optimisation (Allesiardo et al., 2017); the function value for the given
values of categorical variables will improve over iterations as we apply BO on the
continuous space. In contrast, Thompson Sampling (Thompson, 1933), UCB and
e-greedy assume that the rewards are i.i.d. samples from stationary distributions
(Allesiardo et al., 2017), thus are not suitable for our application.

By using the MAB to decide the values for categorical inputs, we only need
to optimise the acquisition function over the continuous subspace X € R?. In
comparison to one-hot based methods, whose acquisition functions are defined
over RE+2" Ni) our approach enjoys a significant reduction in the difficulty and

cost of optimising the acquisition function!.

Regret Analyses

Assume we have ¢ categorical variables h = [hq,...,hg,| and each categorical
variables h;, determined by an agent, can take one of N categories. A simplified
version of the cumulative regret of such multi-agent MAB setting after T iterations
can be written as:

4, dy, T T
Z RI — Z Slllp . max Z gt(h;f, h\j) —E [Z gi(h;, h\j)] (5.3)
J J \J ]

(1N} 4 -

where R]f is the cumulative regret of agent 7 when we consider the decisions by
the other agents hy; are controlled by the adversary. g;(-) is the reward achieved
by the joint decisions of all the agents and is equal to the normalised (between
[0,1]) objective function value in our case.

We first look at the cumulative regret for a single agent when the decision of all
the other agents (i.e. the value of all the other categorical variables) are fixed to h;:

Ry ZSUP{ max > g(hj, hy) —E [Z gt(hjjh\j)] } (5.4)

hy; hie{l,..N} 5

!To optimise the acquisition function to within ¢ accuracy using a grid search or branch-
and-bound optimiser, our approach requires only O({~%) calls and one-hot approaches require

O(¢ —@+y ] Ni)) calls. The cost-saving grows exponentially with the number of categories ¢ and
number of choices for each category IV;.
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At iteration ¢ with given continuous inputs, the adversary’s reward function
g:(hj, hy;) (with fixed hy ;) is equivalent to g;(h;) where g;(-) has N possible outputs
while g;(-) has only N possible outputs (Carlucci et al., 2020). By substituting
Ge(hj) = gi(hj, hy;) in Equation (5.4), we reduce the setting for a single agent to
the EXP3 setting (Auer et al., 2002b) whose regret bound is Equation (5.2):

Ri - sup{ max 3 (h}) —E [i@(h»] }

hy; hie{l,..N} 7
= sup {R?XP?’J} < sup {2.63\/TN log(N)} (5.5)
hy; hy;

Therefore, the cumulative regret of our multi-agent EXP3 setting after T

iterations has the bound:

d,
SRS < 2.63d,\/TN log(N) (5.6)
J

d .
Zjh RI

which is sub-linear as limp_, o, =% T = 0 and increases with the number of

categorical variables d; and the number of choices N for each categorical input.
Empirical Demonstration

In Figure 5.2, we demonstrate the effectiveness of our approach in dealing with
categorical variables via a simple synthetic example Func-2C (described in Section
5.5), which comprises two categorical inputs, h; (N; = 3) and hy (N = 5), and
two continuous inputs. The optimal function value lies in the subspace when both
categorical variables hy = ho, = 2. The categories chosen by CoCaBO at each
iteration, the histogram of all selections and the rewards for each category are
shown for 200 iterations. We can see that CoCaBO successfully identifies and

focuses on the correct categories.

5.4.2 CoCaBO Kernel Design

We propose to use a combination of two separate kernels: k,(z,z’) will combine
kr(h,h’), a kernel defined over the categorical inputs, with k,(x,x’), for the

continuous inputs.
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Figure 5.2: CoCaBO correctly optimises the two categorical inputs h; (Red) and ho
(Blue) of the Func-2C test function over 200 iterations. The best category is h; = 2 for
both hy (N7 = 3) and hy (N2 = 5), and is highlighted in all plots. The left subplot shows
the selections made by CoCaBO, showing how the both categorical inputs increasingly
focus on the best categories as the algorithm progresses. The second left subplot shows the
histogram of categories selected, with the best category being chosen the most frequently.
The right subplots show the reward for each categorical value for hy and ho across
iterations. Again, we see the correct category being identified for both categorical inputs
for the highest rewards.

For the categorical kernel, we propose using an indicator-based similarity metric,
kn(h,h') = ZH (hi — R}), (5.7)
h =1

where o is the kernel variance and I(h;, k) = 1 if h; = h] and is zero otherwise.
This kernel can be derived as a special case of a RBF kernel. Consider the standard

RBF kernel with unit variance evaluated between two scalar locations a and a':

1(a—d)?

k N = ———. 5.8

(at) e (-3 (55)

The lengthscale in Equation (5.8) allows us to define the similarity between the
two inputs, and, as the lengthscale becomes smaller, the distance between locations

that would be considered similar (i.e. high covariance) shrinks. The limiting case



5. Bayesian Optimisation over Multiple Continuous and Categorical Inputs 87

[ — 0 states that if two inputs are not exactly the same as each other, then
they provide no information for inferring the GP posterior’s value at each other’s
locations. This causes the kernel to turn into an indicator function as in Equation

(5.7) above (Kulis and Jordan, 2011):

1, fa=d

k(a,a") = (5.9)
0, otherwise.
By adding one such RBF kernel with [ — 0 for each categorical variable in h and
normalising the output we arrive at the form in Equation (5.7).

There are several ways of combining kernels that result in valid kernels (Duvenaud
et al., 2013). One approach is to sum them together. Using a sum of kernels,
that are each defined over different subsets of an input space, has been used
successfully for BO in the context of high-dimensional optimisation in the past
(Kandasamy et al., 2015). Simply adding the continuous kernel to the categorical
kernel k. (x,x")+ky(h, h'), though, provides limited expressiveness, as this translates
in practice to learning a single common trend over x, and an offset depending on h.

An alternative approach is to use the product of the two kernels k,(x,x’) x
kp(h,h’). This form allows the kernel to encode couplings between the continuous
and categorical domains, allowing a richer set of relationships to be captured,
but if there are no overlapping categories in the data, which is likely to occur
in early iterations of BO, this would cause the product kernel to be zero and
prevent the model from learning.

We therefore propose the CoCaBO kernel as a mixture of the sum and product ker-

nels:
ka(z,2) =(1 = \) (ku(h, W) + ko (x,%')) + Mea(h, )k, (x, X'), (5.10)

The trade-off between them is controlled by a parameter A € [0, 1], which can be
optimised jointly with the GP hyper-parameters (see Appendix C.2).
It is worth highlighting a key benefit of our formulation over alternative

hierarchical methods discussed in Section 5.3. Rather than dividing our data
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into a subset for each combination of categories, we instead use all of our acquired
data at every stage of the optimisation, as our kernel is able to combine information
from data within the same category as well as from different categories, which
improves its modelling performance (Section 5.5.3).

Our kernel is able to learn the covariances k., between observations in the joint
input space Z = H x X. When two data points come from different categories,
k. is dominated by k, (in the additive term). When there is some overlap in
categorical choices between data points, then k, is determined by contributions
from both k, and kj, (in both additive and multiplicative terms). In comparison, the
one-hot encoded kernel converts all values of the categorical variables into additional
continuous dimensions, allowing it to give nonzero covariances between points from
different categories. We compare the regression performance of the CoCaBO kernel
and a one-hot encoded kernel on some synthetic functions in Section 5.5.1 and show

that our kernel leads to a superior predictive performance over one-hot kernel.

5.4.3 Batch CoCaBO

Algorithm 6 CoCaBO batch selection

Input: Observation data D;_;
Output: The batch B; = {z,ﬁl), o 7z,gb)}
H, = {h!", ... h{"} « Batch MAB(D,_,)
(uy,v1),. .., (uy,v,) are the unique categorical values in H; and their counts
Initialise B; = @ and D;_;, = Dy
for j=1,...,qdo

{xi};Z, « KB(u;, D;_,)

Z; = {u;,x;};., and B; + B, UZ,

D; D,y U{Z;,(Z;)}
end for
: Output: B;

— =
—_= O

Our focus on optimising computer simulations and modelling pipelines provides
a strong motivation to extend CoCaBO to select and evaluate multiple tasks at
each iteration, in order to better utilise available hardware resources (Snoek et al.,

2012a; Wu and Frazier, 2016b; Shah and Ghahramani, 2015a; Contal et al., 2013a).
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(ug, 1) | x®

(uy, 1) | x® | 1 (my,2) [ x| x®

(u3, 1) | xO 11 (uy, 1) [ xO

(uy, 1) | x® (us, 1) | x® (ug,4) | xD | x® | x® | x®

Case A Case B Case C

Figure 5.3: Three example cases for selecting a batch of 4 unique points (b = 4). u;
represents a unique categorical point. If all the categorical points in the batch are different,
we select 1 continuous location x(¥) conditioned on each u; (Case A). If 2 out of a batch
of 4 categorical points are equal to uz, we sequentially select 2 continuous locations x(!)
and x(® conditioned on u; using KB and collect only 1 continuous location for the other
two categorical data uz and ug (Case B).

The batch CoCaBO algorithm uses the “multiple plays” formulation of EXP3,
called EXP3.M (Auer et al., 2002b), which returns a batch of categorical choices,
and combines it with the Kriging Believer (KB)? (Ginsbourger et al., 2010a) batch
method to select the batch points in the continuous domain. We choose KB for
the batch creation, as it can consider already-selected batch points, including those
with different categorical values, without making restrictive assumptions as do other
popular techniques, e.g. local penalisation (Gonzélez et al., 2016b; Alvi et al., 2019)
assumes that f is Lipschitz continuous. A detailed description of KB algorithm
is in Section 2.3.1. Our novel contribution is a method for combining the batch
points selected by EXP3.M with batch BO procedures for continuous input spaces.
Assume we are selecting a batch of b points B, = {zgi) b | at iteration t. A simple
approach is to select a batch of categorical variables H; = {hgi) b | and then choose
a corresponding continuous variable for each categorical point as in the sequential
algorithm above, thus forming {zﬁi)}ﬁ?:l = {h{"” x!¥ b ,. However, such a batch
method may not identify b unique locations, as some values in {hgi) b, may be

repeated and you will get identical x values for repeated ht(i) values. This is even

2Note that our approach can easily utilise other batch selection techniques if desired.
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more problematic when the number of possible combinations for the categorical
variables, Hfﬁl N;, is smaller than the batch size b, as we would never identify
a full batch of unique points.

Our batch selection method, outlined in Algorithm 6, allows us to create a
batch of unique points B; = {zgi) b, (ie. zgi) + zgj ) if 4 # j) by allocating multiple
continuous batch points to more desirable categories. The key idea is to first collect
the ¢ unique categorical points {u;}{_, and how often they occur {v;}j_; from
the batch H;. The count v; defines how many continuous batch points will be
selected via KB for each unique categorical point u;. This process is illustrated
in Figure 5.3 for three possible scenarios. The benefit of using KB here is that
the algorithm can take into account selections across the different h to impose

diversity in the batch in a consistent manner.

5.5 Experiments

We compared CoCaBO against a range of existing methods which are able to handle
problems with mixed type inputs: SMAC (Hutter et al., 2011a), TPE (Bergstra
et al., 2011a), GP-based Bayesian optimisation with one-hot encoding (One-hot BO)
(authors, 2016) and EXP3BO (Gopakumar et al., 2018). We did not compare to
the concurrent category-specific approach of (Nguyen et al., 2019) because its code
is not released yet. However, the method (Nguyen et al., 2019) is highly similar to
EXP3BO and suffers the same limitations as EXP3BO. For all the baseline methods,
we used their publicly available Python packages®. CoCaBO and one-hot BO
both use the UCB acquisition function (Srinivas et al., 2009) with scale parameter
k = 2.0. In all experiments, we tested four different \ values for our method*:
A =1.0,0.5,0.0,auto, where A = auto means A is optimised as a hyper-parameter.

This leads to four variants of our method: CoCaBO-1.0, CoCaBO-0.5, CoCaBO-0.0

and CoCaBO-auto. We used a Matérn, v = %, kernel for k,, as well as for One-hot

30mne-hot BO: https://github.com/SheffieldML/GPyOpt, SMAC: https://github.com/
automl/pysmac, TPE: https://github.com/hyperopt/hyperopt, EXP3BO: https://github.
com/shivapratap/AlgorithmicAssurance_NIPS2018

‘https://github.com/rubinxin/CoCaB0_code
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Table 5.1: Continuous and categorical input range of the synthetic test functions

Function f Inputs z = [h,x] Input values
hy {ros(x), cam(x), bea(x)}
Func-2C
(d=2,dy=2) ha {+ros(x), +cam(x), +bea(x), +bea(x), +bea(x)}
x [—1,1]2
hy {ros(x), cam(x), bea(x)}
Func-3C ha {+ros(x), +cam(x), +bea(x), +bea(x), +bea(x)}
(=2 d,=3) hs {+5 x cam(x), +2 x ros(x), +2 X bea(x),+3 x bea(x)}
x [—1,1]2
Ackley-cC for h; for {zi=—-140.125x (j—1), for j=1,2,...,17}
dh:{2737475} ’L:1,2,5
(d=1, N; =17) . 11

BO, and used the indicator-based kernel discussed in Section 5.4.2 for kj,. For both
our method and One-hot BO, we optimised the GP hyper-parameters by maximising
the log marginal likelihood every 10 iterations using multi-started gradient descent.

TPE is only used in the sequential setting (b = 1) because its package HyperOpt
does not provide a synchronous batch implementation. We started each optimisation
method except EXP3BO with 24 random initial points. EXP3BO requires much
more initial data to start with because as mentioned in Section 5.3, it needs to fit a
GP surrogate to each category. For example, if the problem involves 2 categorical
variables, each of which has 3 categorical choices, EXP3BO needs to construct 9
independent GP surrogates by dividing the observation data into 9 subsets (one
for each surrogate). When applying EXP3BO for our problems, we start it with 3
random initial points for each GP surrogate. For all the problems, the continuous
inputs were normalised to x € [—1,1]¢ and all experiments were conducted on a
36-core 2.3GHz Intel Xeon processor with 512 GB RAM.

We tested all these methods on a diverse set of synthetic and real problems:

o Func-2C is a test problem with 2 continuous inputs (d = 2) and 2 categorical
inputs (d, = 2). The categorical inputs control a linear combination of three 2-
dimensional global optimisation benchmark functions: beale, six-hump camel

and rosenbrock. This is the function used for the illustration in Figure 5.2;
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Table 5.2: Continuous and categorical input ranges of the real-world problems

Problems Inputs z = [h, x| Input values
Kernel type hq, {linear, poly, RBF, sigmoid}
SVM-Boston .
(d =3, dy = 3) Kernel coefficient hs, {scale, auto }
Shrinking hg, {shrinking on, shrinking off}
Penalty parameter 1, [0, 10]
Tolerance for stopping s, 10107%.4]
Lower bound of the fraction [0,1]

of support vector x3

Booster type hq, {gbtree, dart}
XG-MNIST Grow policies ha, {depthwise, loss}

(d=5,dy=3) Training objective hs, {softmax, softprob}

Learning rate x4, [0,1]

Maximum dept z, 1,2 10]

Minimum split loss x3, [0, 10]
Subsample x4, [0.001, 1]
Regularisation x; [0, 5]
Operations for the 5 intermediate {3 x 3 conv, 1 x 1 conv,

NAS-CIFAR10 nodes in the DAG {h;}?_,, and 3 x 3 max-pool}
(d =22, dy = 5)

Probability values for the 21 [0,1]
possible edges in the DAG {z;}7 1
Number of edges present in the DAG x99 [0, 9]

o Func-3C is similar to Func-2C but with 3 categorical inputs (d, = 3) which

leads to more complicated combinations of the three functions;

o Ackley-cC, with dj, = {2,3,4,5} and d = 1 is generated to test the performance
of CoCaBO on problems with large numbers of categorical inputs and inputs
with large numbers of categorical choices. Here, we convert ¢ dimensions of

the (dj 4+ 1)-dimensional Ackley function into 17 categories each;

« SVM-Boston outputs the negative mean square test error of using a support
vector machine (SVM) for regression on the Boston housing dataset (Dua and

Graff, 2017);
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o XG-MNIST returns classification test accuracy of a XGBoost model (Chen
and Guestrin, 2016) on MNIST (LeCun and Cortes, 2010);

o NAS-CIFARI10 performs the architecture search on convolutional neural
network topology for CIFARI10 classification. We conducted the search using
the NAS-Bench-101 dataset (Ying et al., 2019) and adopted the search space
proposed in Ying et al. (2019) which encodes each unique architecture with 5

categorical variables and 22 continuous variables.

The input space of each problem involves both continuous variables and multiple
categorical variables. We summarise the input description of all the synthetic

problems in Table 5.1 and that of real problems in Table 5.2.

5.5.1 Predictive Performance of the CoCaBO Posterior

Table 5.3: Mean and standard error of the predictive log likelihood of the CoCaBO and
the One-hot BO surrogates on synthetic test functions. Both models were trained on
250 samples and evaluated on 100 test points. The CoCaBO surrogate can model the
function surface better than the One-hot surrogate as the number of categorical variables
increases.

CoCaBO One-hot

Ackley-2C  —69.1(+£9.47) —60.4(+5.91)
Ackley-3C  —74.9(£3.17)  —107(+23.7)
Ackley-4C  —92.0(+£6.31)  —102(+7.94)
Ackley-5C  —114(+8.31)  —120(+10.3)
Func-2C  115(+14.1)  12.4(+10.7)
Func-3C 167(+6.54)  —81.0(+4.69)

We first investigate the quality of the CoCaBO-auto surrogate by comparing
its modelling performance against a standard GP with one-hot encoding. We
train each model on 250 uniformly randomly sampled data points and evaluate the
predictive log likelihood on 100 test data points. The mean and standard error
over 20 random initialisations are presented in Table 5.3. The results showcase

the benefit of using the CoCaBO kernel over a kernel with one-hot encoded inputs,
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especially when the number of categorical inputs grows. The CoCaBO kernel, which
allows it to learn a richer set of variations from the data, leads to consistently

better out-of-sample predictions.

5.5.2 Performance of CoCaBO in Sequential Setting

Function value

One-hot BO

Function value

-0.1|—#— CoCaBO-1.0 - SMAC
—#— CoCaB0-0.5 - TPE
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Figure 5.4: Performance of CoCaBOs against existing methods on various tasks in the
sequential setting (b = 1).
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We evaluated the optimisation performance of our proposed CoCaBO methods
and other existing methods in the sequential setting. We ran each sequential
optimisation method for 7" = 200 iterations. We performed 20 random repetitions
for synthetic problems and 10 random repetitions for the real-world problems.
The mean and standard error over all repetitions are presented in Figure 5.4.
For almost all synthetic and real-world problems, CoCaBO methods outperform
other competing approaches with CoCaBO-0.5 and CoCaBO-auto consistently
demonstrating the most competitive performance.

Note that we did not apply EXP3BO for Ackley-5C and NAS-CIFAR10 because
both cases involve multiple categorical variables and each categorical variable has
multiple categories, thus requiring EXP3BO to build a huge number of independent
GP surrogates (17° and 3° respectively) to model the objective problem. And this in
turn demands a large amount of observation data to start the optimisation. Hence,
EXP3BO is not suitable for problems involving multiple categorical inputs with
multiple possible values. Even in the cases where EXP3BO is compared (Figure
5.4a, 5.4b, 5.5d, 5.5¢), CoCaBO outperformed EXP3BO. This justifies the gain in
efficiency by using CoCaBO kernel to leverage all the data in a single surrogate in
contrast with subdividing data by categories to learn multiple separate surrogates.

Another observation is that TPE performs relatively well in the case when
the number of categorical combinations ( [[f* N;) is small e.g. Func-2C(15), SVM-
Boston(16) but performs clearly worse than CoCaBO when categorical combinations

are large e.g. Func-3C(60), NAS-CIFAR10(243), Ackley-5C(17°).

5.5.3 Performance of CoCaBO in Batch Setting

Now we move to experiments in the batch setting. We ran each batch optimisation
with b = 4 for T' = 80 iterations. The mean and standard error of the optimisation
performance over 20 random repetitions are presented in Figure 5.5. CoCaBO
methods again show competitive performance over other batch methods with
CoCaBO0-0.5 and CoCaBO-auto again remaining the top performing A\ options.

This supports our hypothesis that combining the sum and product kernels is
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Figure 5.5: Performance of CoCaBOs against existing methods on synthetic and real-
world tasks in the batch setting (b = 4).

beneficial for search over the mixed-type input space. Therefore, we recommend
A = 0.5 or A =auto as the default options for using our algorithm.

One point to note is that CoCaBO-1.0 (product kernel only) performs quite
competitively in the batch setting for problems like XG-MNIST and NAS-CIFAR10

whose categorical variables have few category choices. At the same iteration number,
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the batch setting provides more sample data for the BO algorithm than the sequential
setting, leading to more frequent overlapping categories in the data, especially when
the category choices are small. Hence, the product kernel, which captures the

couplings between the continuous and categorical data, can perform more effectively.

5.6 Extension Work
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Figure 5.6: Illustration of CASMOPOLITAN in mixed space. Note that in Steps 1 & 3
we show the GP posterior on X conditioned on the incumbent h7, and in Step 2 we show
the acquisition function on X conditioned on h at various optimisation steps. Suppose we
optimise over a 5-dimensional mixed problem with 3 categorical dimensions with {3,2,2}
choices for each dimension respectively, and 2 additional continuous dimensions. Initially
(Step 1), the best location so far zj = argmax,{y;}._; = [hf,x;] (with the continuous
TR and x7 in red box and cross). In optimisation of acquisition function (Step 2), we
interleave the local search on ‘H described in Section 5.6.3 with gradient-based optimisation
on X until convergence. In Steps 3a/3b, we adjust both the continuous and categorical
TRs correspondingly and restart if/when either shrinks below its minimum length.

In a more recent work (Wan et al., 2021b), we extend the CoCaBO to the more
challenging setting of high-dimensional problems involving a mixture of categorical
and continuous inputs. However, instead of using MABs for categorical inputs, which
is less scalable to high dimensions due to the need for pulling each arm at least once,
we resort back to GP-based BO with the kernel design in CoCaBO and leverage the
concept of local trust region (TR) (Eriksson et al., 2019) to effectively handle high
dimensions. We name the new method CASMOPOLITAN (CAtegorical Spaces, or
Mixed, OPtimisatiOn with Local-trust-reglons & TAilored Non-parametric). We
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Algorithm 7 CASMOPOLITAN

1: Input: #init (the number of random initialing points at initialisation or
restarts), #iter 7', initial TR size for categorical L} € Z*, and continuous
variables L € R
Output: The best recommendation zr = [x, hy]
Set restart to True initially, restart = True
fort=1,...,7T do
if restart then
Reset TR L" = L and L* = L¢ and reset GP. Randomly select #init
points in the search space as z, (if at initialisation),
or set the TR center as the point determined by Equation (5.13) and
randomly select #init points within the newly constructed TR as z; (if at
subsequent restarts)
7. else
8: Construct a TR TRy (h}) around the categorical dimensions of the best
point h} using Equation (5.12)
9: Construct a hyper-rectangular TR of length L*, TR, (x}) for the continuous
variables
10: Select next query point(s) within TRs
z; = argmax,a(z) s.t. x € TR, (x}),h € TR, (hf)
11:  end if
12:  Query at z; to obtain
13 Dy < Dy_1 U (z,y;) and update the GP surrogate
14:  Update the TRs and decide whether to restart.
15: end for

present the overall algorithm of CASMOPOLITAN in Algorithm 7 and include an
illustration in Figure 5.6. We highlight the key design features of CASMOPOLITAN
in the following subsections and recommend the readers to refer to (Wan et al.,

2021b) for more details and results.

5.6.1 Modified Kernel Design

To handle categorical variables, we modify the categorical kernel in Equation (5.7):
1 &

(b, W) = exp (d S 1d(hi, h;)), (5.11)
h =1

where d(, -) is the Kronecker delta function and {l;}% are the lengthscales, which
will be different for each categorical dimension if we enable automatic relevance
determination as we described in Section 2.1.1. This modification affords additional

expressiveness in modelling more complicated functions: for example, the kernel in
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Equation (5.11) can discern the dimensions to which the objective function value
is more sensitive via learning different lengthscales but the original categorical
kernel (Equation (5.7)) treats all dimensions equally. We empirically validate the
performance gain of the modified kernel in Figure 5.9, and we prove this kernel is
positive semi-definite in Lemma 1 in Appendix C.3. When modelling over high-

dimensional spaces with both categorical and continuous inputs, we again adopt

the CoCaBO kernel in Equation (5.10).

5.6.2 Trust Region

As mentioned in Section 2.3.2, one key difficulty in applying GP-based BO in high-
dimensional problems is that the surrogate attempts to model the entire function
landscape and tend to over-explore due to the existence of large regions of high
posterior variance. To circumvent this, TurBO (Eriksson et al., 2019) constrains
BO search on local TRs centred around the best observed inputs so far and resizes
these TRs to focus on promising local regions.

The TR definition in TurBO (Eriksson et al., 2019) is based on the Euclidean
distance which works for continuous space only. Here we adapt it to categorical
search space (Line 8 in Algorithm 7) by defining TRs in terms of Hamming distance,
i.e. a TR of radius L" from the best location, h*, observed at iteration ¢ includes

all points that are up to L" variables different from h*:

TRy (h*) 1 = {h | ié(hi, he) < Lh}. (5.12)

The TR radius is adjusted dynamically during optimisation, expanding on
successive successes (if best function value f;" improves) and shrinking otherwise.
Since Hamming distance is integer-valued bounded in [0, dy,|, we set the minimum
and maximum TR radius to L, = 0 and L" = dj respectively.

TRs in local optimisation are typically biased toward the starting points.
Therefore, most local optimisation approaches rely on a restarting strategy to

attain good performance (Shylo et al., 2011; Kim and Fessler, 2018). In our

case, we restart the optimisation when the TR length L" reaches the smallest
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possible value (Line 13 in Algorithm 7). However, rather than restarting randomly
as in Eriksson et al. (2019), we propose to restart our method using GP-UCB
principle (Srinivas et al., 2009).

Specifically, we introduce an auxiliary global GP model to achieve this. Suppose
we are restarting the i-th time, we first fit the global GP model on a subset of data
Di | = {h}f, i };:1, where h7 is the local maximiser found after the j-th restart or
a random input point, if the found local maximiser after the j-th restart is same
as one of previous restarts. The posterior of the global GP at a new categorical

input h is p(y|Di_;) = N (Y; pgiovar(h), 0giobar(h)?). Thus, at the i-th restart, we

select the following location h§0> as the initial centre of the new TR:
hEO) = arg Iglea’,l?[( //ngobal(h) + Bio-global(h)a (513)

where [3; is the trade-off parameter. As formally shown in Appendix C.3, this strategy
is optimal in deciding the next TR by balancing exploration against exploitation
(Srinivas et al., 2009) and leads to theoretical guarantee for CASMOPOLITAN.
When applied to the categorical-continuous input space, we adopt the GP-UCB
criteria in Equation (5.13) to choose the next restart location for continuous inputs
as well and will make a restart when the length of either categorical TR TRy, or

continuous TR TR, reaches the smallest possible value.

5.6.3 Acquisition Function Optimisation

For the categorical space, we cannot optimise the acquisition function via gradient-
based methods because we preserve the discrete nature of the variables in our
method like CoCaBO does. Instead, we use the simple strategy of local search
within the TRs defined above: at each BO iteration, we randomly sample an
initial configuration h’ € TRy (h*). We then randomly select a neighbour point
of Hamming distance 1 from h’, evaluate its acquisition function «(-), and move
from h’ if the neighbour has a higher acquisition function value and is still within
the TR. We repeat this process until a pre-set budget of queries is exhausted and

dispatch the best configurations for objective function evaluation.
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When optimising the acquisition function over the mixed input space (Line 10
of Algorithm 7), at each optimisation step, we simply do one step of local search
on the categorical variables, followed by one step of gradient-based optimisation
of the acquisition function on the continuous variables. We repeat this procedure

until convergence or when a maximum number of steps is reached.

5.6.4 Experiments

We first evaluate our proposed method, CASMOPOLITAN;, on several high-dimensional
problems involving categorical variables only to demonstrate the effectiveness of
our modified categorical kernel and adapted TR approach for categorical space. We
then compare CASMOPOLITAN on problems involving a mix of both categorical
and continuous input variables as the setting for CoCaBO. For fair comparison

with other baselines, we use sequential version of CASMOPOLITAN and CoCaBO

in the following experiments.
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Figure 5.7: Results on various categorical optimisation problems. Lines and shaded
area denote mean =+ 1 standard error.

We first compare our proposed method against a number of competitive baselines,

including TPE (Bergstra et al., 2011a), SMAC (Hutter et al., 2011a), BOCS
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(Baptista and Poloczek, 2018) ° and COMBO (Oh et al., 2019) which claims the
state-of-the-art performance on categorical space. We also include two additional
baselines: One-hot BO, which performs the naive GP-based BO approach after
converting the categorical variables into one-hot representations, and TuRBO, which
is identical to One-hot BO except that we additionally incorporate the TR approach

in Eriksson et al. (2019). We experiment on following real-life problems:

o Contamination Control (d, = 25): Contamination Control is a binary
optimisation problem in food supply chain (Hu et al., 2010; Oh et al.,
2019) with 25 stages: at each stage, we have the choice of whether to
introduce contamination control, but early use of contamination control could
inevitably lead to increase in cost and as such our objective is to minimise
food contamination with the smallest monetary cost (hence a minimisation
problem). It is worth noting that in this problem and the Pest Control problem
described below, the actions taken by the previous stage have implications on
the following stages, thus leading to highly complicated interactions amongst

the different variables.

o Pest Control (d;, = 25): Oh et al. (2019) expands the contamination control
problem into a multi-categorical optimisation problem: at each stage, we now
need not only to determine whether to take an action (to use pesticide or
not), but also the type of the pesticide (4 choices in total). This thus gives
rise to 5 potential choices for each stage. Similar to contamination control,

we again set the total number of stages to 25.

o MaxSAT (dj, = 60): Maximum satisfiability problem is a classical combinato-
rial optimisation problem that aims to determine the maximum number of
clauses of a given Boolean formula in conjunctive normal form that can be
made true by an assignment of truth values to the variables. Similar to Oh

et al. (2019), we take the same 60-variable binary benchmark from Maximum

SBOCS is only run in Contamination, as it by default does not support multi-categorical
optimisation and on MaxSAT, a single trial takes more than 100 hours, rendering comparison
infeasible within our computing constraints.
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Satisfiability Competition 2018 problem from https://maxsat-evaluations.

github.io/2018/benchmarks.html)

The results in Figure 5.7 show that our method achieves the best convergence
speed and query efficiency in general, and in terms of the performance at termination,
our method again outperforms the rest except in Contamination and MaxSAT
where it performs on par with COMBO. However, it is worth noting that in
terms of wall-clock speed, our method is 2 — 3 times faster than COMBO in

the problems considered.

Mixed-input Problems
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Figure 5.8: Results on various mixed optimisation problems. Lines and shaded area
denote mean =+ 1 standard error.

We then consider the optimisation problems involving a mix of continuous and
categorical input variables. In these experiments, in addition to SMAC, TPE,
One-hot BO and TurBO compared above, we also include MVRSM Bliek et al.
(2020), a recent advancements in this setup, and our CoCaBO. Note that we do
not compare against BOCS and COMBO here since they are suitable for purely
categorical spaces only. Under this setup, we consider three synthetic and real-life
problems described in Table 5.1 and 5.2: Func-2C (d = 2,d;, = 2), XG-MNIST
(d = 5,d, = 3), Ackley-50C (d = 3,d, = 50).

The results in Figure 5.8 again show that CASMOPOLITAN achieves the best

performance. It is interesting to observe that in lower dimensions (Func-2C and
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XG-MNIST), CoCaBO featuring tailored categorical kernels clearly outperform
MVRSM and TuRBO, both focusing on high dimensions. However, in high-
dimensional problems (Ackley-50C), the relative performance switches completely,
suggesting that the focus on dimensionality now outweighs the importance of better

treatment on different input types. Nonetheless, with both tailored kernels and

focus on scaling to high dimensions, CASMOPOLITAN consistently outperform

other baselines in all problems.

Ablation Studies
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Figure 5.9: Ablation studies of our method on categorical and mixed optimisation
problems.

Our method introduces a number of modifications over the naive GP approach.
To understand the benefits of these, we conduct ablation studies in both the

categorical and mixed problems. Specifically, we include the following setups.

o The naive BO approach with global GP surrogate and one-hot transformation

on the categorical variables (One-hot BO);
e One-hot transformed BO, but with local TRs i.e. TurBO (One-hot BO+TR);

o BO with global surrogates, but with the original categorical kernel in Equation

(5.7) where applicable (OldCatKer);

« BO with global GP surrogate, but with the kernel defined in Equation (5.11)
(NewCatKer);
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e Our approach that incorporates both local modelling and the kernel in

Equation (5.11) (NewCatKer+TR).

We use Pest Control and the Ackley-50C problems as representative problems for
the categorical and mixed setups for the ablation studies. To further understand the
relative importance of the various features of CASMOPOLITAN especially as the
dimensionality of the problems gets really large, we also include Pest control with
number of stages expanded to 80, which we denote as DifficultPest (the number
of possible configurations is more than 8.27 x 10%).

We show the results in Figure 5.9: in most problems, the usage of the categorical
kernel leads to improvements over baselines, with modified categorical kernel
(Equation (5.11)) generally outperforming the original categorical kernel (Equation
(5.7)). Unsurprisingly, the additional benefits of local optimisation and the use of
trust regions increase with increasing dimensionality and complexity of the problems,

with largest benefits coming from the higher-dimensional problem, DifficultPest.

5.7 Conclusion

Existing BO literatures use one-hot transformations or hierarchical approaches to
encode real-world problems involving mixed continuous and categorical inputs. We
presented a solution from a novel perspective, called Continuous and Categorical
Bayesian Optimisation (CoCaBO), that harnesses the strengths of MABs and
GP-based BO to tackle this problem. Our method uses a new kernel structure,
which allows us to capture information within categories as well as across different
categories. This leads to more efficient use of the acquired data and improved
modelling power. We extended CoCaBO to the batch setting, enabling parallel
evaluations at each stage of the optimisation. Furthermore, building on the kernel
design in CoCaBO and the idea of local trust region, we develop a unified GP-based
BO solution, CASMOPOLITAN;, to the more challenging setting of high-dimensional
problems with mixed input types. Both CoCaBO and CASMOPOLITAN demon-

strate strong performance over existing methods on a variety of synthetic and
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real-world optimisation tasks involving multiple continuous and categorical inputs.
We believe they will serve as very competitive alternatives to existing approaches

for practical optimisation tasks within and beyond AutoML domain.

Future directions In CoCaBO, we adopts a classic adversarial bandit algorithm,
EXP3, and achieves implicit coordination in the multi-agent system via the use of a
joint reward function. There exist many alternatives to these design choices,
and a better bandit algorithm or multi-agent coordination strategy can help
improve the performance of CoCaBO. Another interesting direction is to explore
other categorical kernel choices. The categorical kernels used in CoCaBO and
CASMOPOLITAN assume independence among different categories of a categorical
variable. Alternative options, like the one proposed in Zhang et al. (2020) which
maps categories to a low-dimensional latent space and assumes covariance in the
latent space, might give better modelling performance in specific applications. In
addition, the problem setting studied in this chapter does not assume conditioning
among the different variables but in real practice, that might be the case. For
example, the choice of continuous kernel hyper-parameters in a SVM might depend
on the categorical kernel choice. The adaption of conditional GP kernels into
our CoCaBO or CASMOPOLITAN frameworks can be investigated to deal with

such conditional search space.
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The extensive adoption of deep learning models in important real applications, fuelled
by the development of AutoML, has led to escalating costs and risks associated
with potential model failure. How to efficiently assess the adversarial robustness of
such models becomes an urgent question. This is especially important for models
suggested by the AutoML pipeline because they are unique for each task and we

often have little prior knowledge on their design logic or potential failure modes.
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One general way to assess model safety /robustness is to simulate model-agnostic
adversarial attacks under realistic scenarios, such as the adversary having no access
to the victim model (black-box setting) and the adversarial examples being visually
indistinguishable from the original input.

However, current black-box attacks, which reply on substitute model training,
gradient estimation or genetic algorithms, often require an excessive number of
queries. Therefore, they are not suitable for real-world systems where the maximum
query number is limited due to cost. We propose a query-efficient black-box attack,
BayesOpt attack, which uses Bayesian optimisation (BO) in combination with
Bayesian model selection to optimise over the adversarial perturbation and the
optimal degree of search space dimension reduction. We demonstrate empirically
that our method ! can achieve comparable success rates with 2—5 times fewer queries
compared to previous state-of-the-art black-box attacks. In a recent extension work,
we further adapt our BO-based attack framework to attacking graph-based machine
learning models, which again achieves the state-of-the-art query efficiency under

the black-box attack setting.

6.1 Introduction

Deep learning algorithms have been widely deployed in many real-world systems,
ranging from identity verification (Liu et al., 2018¢), to financial services (Heaton
et al., 2017) to autonomous driving (Bojarski et al., 2016). The advancements in
AutoML techniques free the human involvement in the painful processes of hyper-
parameter tuning and architecture design/selection, thus significantly lowering
the expertise required for applying such models. This is going to encourage the
use of deep learning algorithms in more important tasks. However, despite their
impressive performance on the designated tasks such as image classification, even
the most accurate deep learning models can be easily deceived by perturbations
which are visually imperceptible to the human eye (Szegedy et al., 2013; Carlini

et al., 2016). The growing costs and risks associated with the potential model

1Our code is available at https://github.com/rubinxin/BayesOpt_Attack.git
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failures has led to the importance of studying adversarial attacks, both in assessing
their robustness and their ability to detect such attacks. In this chapter we focus
on highly practical adversarial attacks that fulfil the following two criteria. First,
the attack is designed for a black-box setting because in real-world examples, the
attacker would normally have no knowledge of the target deep learning model
and can only interact with the model by querying it. Second, query efficiency
is highly prioritised because in practical cases where the damage caused by the
attack is high, the query budget available to the attacker will be highly limited
due to the risk of being detected by the defence system or other high inherent
costs (monetary or computational) of model evaluations.

Despite of the large array of adversarial attacks proposed in the literature,
many of them are white-box approaches that assume full access to the victim
model architecture and the ability of performing back-propagation to get gradient
information (Moosavi-Dezfooli et al., 2016; Kurakin et al., 2016; Gu and Rigazio,
2014; Goodfellow et al., 2014; Chen et al., 2018a; Carlini and Wagner, 2017). On
the other hand, for black-box attacks, there are various techniques that have been
used which do not require access to the model architecture. One class of methods
trains a white-box substitute model and attacks the victim model with adversarial
examples that successfully fool the substitute (Papernot et al., 2017). However,
this type of method requires the availability of the original training data or large
query data to train the substitute network and the performance is often limited by
the mismatch between the substitute and the victim models (Su et al., 2018). The
second class of black-box attacks, which show better empirical performance than
the substitute model approaches, numerically estimate the gradient of the victim
model by repeatedly querying it (Chen et al., 2017; Ilyas et al., 2018; Tu et al., 2018)
and attack with the estimated gradient. Although various techniques are employed
to increase the query efficiency for the gradient estimation, they need an excessively
large query budget to achieve a successful attack (Alzantot et al., 2018). Another
line of work removes the need for gradient estimation and uses decision-based

techniques (Brendel et al., 2017) or genetic algorithms (Alzantot et al., 2018) to
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generate adversarial examples. One popular technique that is adopted by many
black-box attacks (Chen et al., 2017; Alzantot et al., 2018; Tu et al., 2018) to
significantly improve the query efficiency is to search for adversarial perturbations in
a low-dimensional latent space (search dimensionality reduction). However, learning
the effective dimensionality of the latent search space can be challenging by itself,
and has not been investigated by the prior works to the best of our knowledge.
In light of the above limitations, we propose a query efficient black-box at-
tack that iteratively optimises over both the adversarial perturbation and the
effective dimensionality of the latent search space. Our main contributions are

summarised as follows:

o We introduce a novel gradient-free black-box attack method, BayesOpt attack,
which uses BO with Gaussian process surrogate models to find the effective
adversarial example and is capable of dealing with high-dimensional image

inputs.

» We propose a Bayesian technique which learns the optimal degree of search
dimensionality reduction by harnessing our statistical surrogate and infor-
mation from query data. This technique can be incorporated naturally into
our attack procedure, leading to efficient optimisation over both adversarial

perturbation and the latent search space dimension.

o« We empirically demonstrate that under the L., constraint, our proposed
attack method can achieve comparable success rate with about 2 to 5 times
fewer model queries in comparison to current state-of-the-art query-efficient

black box attack methods.

o We extend our BayesOpt attack framework to graph classification tasks and
develop the first query-efficient BO-based black box attack for graph-based

machine learning models.
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6.2 Related Work

Most of the existing adversarial attacks (Moosavi-Dezfooli et al., 2016; Kurakin et al.,
2016; Gu and Rigazio, 2014; Goodfellow et al., 2014; Chen et al., 2018a; Carlini and
Wagner, 2017) focus on white-box settings, where the attacker can get full access
to the victim model and has complete knowledge of the architecture, weights and
gradients to generate successful adversarial examples. However, real-world systems
are usually attacked in a black-box setting, where one has no knowledge about
the model and can only observe the input-output correspondences by querying the

model. Here we give a brief overview of various existing black-box attacks.

Substitute model One class of black-box attacks uses data acquired from
querying the target black-box model to train a substitute model (Papernot et al.,
2017), which mimics the classification behaviour of the victim model. The adversary
can then employ any white-box method to attack the fully observable substitute
model and apply the successful adversarial example to the victim model. Such
approaches rely on the transferability assumption that adversarial examples which
are effective to the substitute model are also very likely to conceive the victim
model given their similar classification performance on the same data (Szegedy
et al., 2013). Moreover, to provide training data for the substitute model, the
adversary either requires information on the victim model’s training set, which is
highly unrealistic in real-world applications, or needs to build a synthetic training
set by querying the victim model (Papernot et al., 2017), which implies a large
number of model evaluations and becomes hardly feasible for large models or

complex datasets (Brendel et al., 2017).

Gradient estimation An alternative to training a substitute model is to estimate
the gradient via finite differences and use the estimated gradient information to
produce attacks. However, the naive coordinate-wise gradient estimation requires
excessive queries to the victim model (2 queries per coordinate per descent/attack

step) and thus is not feasible for attacking models with high dimensional inputs
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(e.g. classifiers on ImageNet). Chen et al. (2017) overcome this limitation by using
stochastic coordinate gradient descent and selecting the batch of coordinates via
importance sampling, introducing the state-of-the-art zeroth-order attack, ZOO,
which achieves comparable attack success rate and perturbation costs as many white-
box attacks. Although ZOO makes it computationally tractable to perform black-box
attack on high-dimensional image data, it still requires millions of queries to generate
a successful adversarial example, making it impracticable for attacking real-world
systems where model query can be expensive and the budget limited. Improving
on ZOO, AutoZOOM (Tu et al., 2018) significantly enhances the query efficiency
by using random vectors to estimate the full gradient and adjusting the estimation
parameter adaptively to trade off query efficiency vs. input perturbation cost.
More importantly, AutoZOOM shows the benefits of employing dimension reduction
techniques in accelerating attacks (i.e. searching for adversarial perturbation in a low-
dimensional latent space and decoding it back to the high-dimensional input space).
Parallel work by Ilyas et al. (2018) estimate the gradient through a modified version
of natural evolution strategy which can be viewed as a finite-difference method
over a random Gaussian basis. The estimated gradient is then used with projected

gradient descent, a white-box attack method, to generate adversarial examples.

Gradient-free optimisation As discussed, gradient-estimation approaches in
general need an excessive number of queries to achieve successful attack. Moreover,
their dependence on the gradient information makes them less robust to defences
which manipulate the gradients (Athalye et al., 2018; Brendel et al., 2017; Guo
et al., 2017). Thus, truly gradient-free methods are more likely to bypass such
defences. One recent example, which has demonstrated state-of-the-art query
efficiency, is GenAttack (Alzantot et al., 2018). GenAttack uses genetic algorithms
to iteratively evolve a population of candidate adversarial examples. Besides having
an annealing scheme for mutation rate and range, GenAttack also adopts dimensional
reduction techniques, similar to AutoZOOM, to improve the query efficiency. In

parallel to GenAttack, Brendel et al. (2017) introduce a decision-based attack,
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Boundary Attack, which only requires access to the final model decision. Boundary
Attack starts from a huge adversarial perturbation and then iteratively reduces
the perturbation through a random walk along the decision boundary. However,
Boundary Attack takes about 72 times more queries than GenAttack to fool an
undefended ImageNet model (Alzantot et al., 2018). Another recent approach
introduced in Moon et al. (2019) reduces the search space to a discrete domain
and subsequently uses combinatorial optimisation to find successful attacks, mostly
focusing on the less challenging setting of untargeted attacks. Finally, the prior
works that use BO for adversarial attacks (Suya et al., 2017; Zhao et al., 2019)
only investigate the use of simple Gaussian process as the surrogate model and
are limited in their performance. The method proposed in Suya et al. (2017) deals
with the untargetted attack setting and only demonstrates the effectiveness of BO
in comparison to random search on a low-dimensional (d = 57) email attack task.
BO-ADMM proposed in Zhao et al. (2019) works on image data but it applies BO
directly on the search space of image dimension to minimise the joint objective
of attack loss and distortion loss. Despite its query efficiency, BO-ADMM leads

to poor-quality adversarial examples of large distortion loss.

6.3 Preliminaries

6.3.1 Problem Definition

We focus on the black-box attack setting, where the adversary has no knowledge
about the network architecture, weights, gradient or training data of the victim
model f, and can only query the victim model with an input x to observe its
prediction scores on all C classes (i.e. f: R? — [0,1]9) (Tu et al., 2018; Alzantot
et al., 2018). Moreover, we aim to perform targeted attacks, which is more challenging
than untargeted attacks, subject to a constraint on the maximum change to any of
the coordinates (i.e., a Lo, constraint) (Warde-Farley and Goodfellow, 2016; Alzantot
et al., 2018). Specifically, targeted attacks refer to the case where given a valid
INput Xorigin Of class torigin (.. argmax;eqy oy f(Xorigin)i = torigin) and a target

t # torigin, We aim to find an adversarial input x, which is close to X,igin, according
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to the Lo,—mnorm, such that argmax;cq; o f(x); = t. Untargeted adversarial
attacks refer to the case that instead of classifying Xpigin as torigin, We try to find

an input x so that argmax;cq; o F(X)i # torigin-

In our approach, we follow the convention to optimise over the perturbation &
instead of the adversarial example x directly (Chen et al., 2017; Alzantot et al.,
2018; Tu et al., 2018). Therefore, our problem can be formulated as:

arg max f(Xopigin +0)i =t st ||0]/oc < Omaa (6.1)
1e{1,...,C}

6.3.2 Bayesian Optimisation

BO is a query-efficient approach to tackle global optimisation problems (Brochu
et al., 2010a). It is particularly useful when the objective function is a black-box

and is costly to evaluate. Please refer to Chapter 2 for detailed explanation on BO.

6.4 BayesOpt Attack
6.4.1 BayesOpt Attack Objective

It has been shown that reducing the dimensionality of the search space in Equation
(6.1) increases query efficiency significantly (Chen et al., 2017; Tu et al., 2018;
Alzantot et al., 2018). Due to our focus on the small query regime where our
surrogate model needs to be trained with a very small number of observation data, we
adopt the previously suggested dimensionality reduction technique, bilinear resizing,
to reduce the challenging problem of optimising over high-dimensional input space of
x € R? to one over a relatively low-dimensional input space, setting x = Xorigin+9(0)
where § € R? with d” < d and g : RY — R? being the bilinear resizing decoder?.

Furthermore, we follow the approach of smoothing the discontinuous objective
function in Equation (6.1), which has been found to be beneficial in previous

work (Chen et al., 2017; Tu et al., 2018; Alzantot et al., 2018). Together with the

2Note that our method is not dependent on a particular choice of decoder, i.e. it could also be
used together with an autoencoder- or PCA-based dimensionality reduction technique.
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dimensionality reduction, this leads to the following black-box objective prob-

lem for our BO:

r

0" = argmaxy(d) s.t. € [—dnar, 5max]d (6.2)
B

C
where y(8) = |log f(Xorigin + 9(6)): — log Z f Xorigin + 9(6));
J#t
6.4.2 GP-based BayesOpt Attack

We first use BO with a standard GP as the surrogate to solve for the black-box
attack objective in the reduced input dimension in Equation (6.2). The GP encodes

our prior belief on the objective y :
y ~ GP(u(d), k(6,8")) (6.3)

which is specified by a mean function p and a kernel/covariance function k (we
use the Matern-5/2 kernel in this work). In this work, we normalise the objective
function value and thus use a zero-mean prior u(-) = 0. The predictive posterior
distribution for y; at a test point §; conditioned on the observation data D;_; =

{(62,3/1) f;% = {51;1571,}’1;1571} then has the form:

p(yt\(st?Dt—l) =N(y;uy(-),0y(-,~)2) (6-4)

where
11y(8) = K (81, 810 1) KTy Y1, (6.5)
O'y((st7 62)2 = K((st, (%) — K(Jt, 61:t_1)K;%_1K(61;t_1, 52) (66)

where Ky.y 1 = K(81.4-1,01.4-1) is the t — 1 X t — 1 matrix with pairwise covariances
Kit—1)im = k(8,6),), [,m <t —1 as entries. The optimal GP hyper-parameters
0* such as the length scales and variance of the kernel function k£ can be learnt by
maximising the marginal likelihood p(D,_1|@) which has analytic form as presented
in Section 2.1.2. Based on the predictive posterior distribution, we construct the
acquisition function o(8|D;—_1) to help select the next query point §;. The approach of
using BO with a GP surrogate to attack the victim model is described in Algorithm 8.
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Algorithm 8 BayesOpt Attack

: Input: A black-box function y, observation data Dy, iteration budget T, a
decoder g(+)
: Output: The best recommended adversarial example 2* = Xpigin + g(0%)
fort=1,...,T do
Select §; = arg max oy (6| D;_1)
yr = y(6;) and Dy < D1 U (¢, )
Update the surrogate model with D,
end for

[y

AN ol

6.4.3 Additive GP-based BayesOpt Attack

Although techniques such as bilinear resizing are able to reduce the input dimension
from the original image size (e.g. d = 3072 for CIFAR10 image) to a much lower
dimension (e.g. d’ = 192), the reduced search space for the adversarial attack is
still considered very high dimensional for GP-based BO (which is usually applied
on problems with d" < 20).

To alleviate the challenges of using BO for high-dimensional problems (as
discussed in Section 2.3.2), we adopt the additive-GP model (Duvenaud et al.,
2011; Kandasamy et al., 2015) to search for adversarial perturbation in the high
dimensional space. The key assumption we make is that the objective can be

decomposed into a sum of low-dimensional composite functions:
M .
y(8) = >y (W) (6.7)
j=1

where 6(4) denotes disjoint low-dimensional subspaces, § = Uj]‘/ild(Af) and 6) N
64 = () for all j # i. If we impose a GP prior for each y¥), the prior for the overall
objective y is also a GP: y ~ GP(u(d),k(d,d’)) where pu(d) = ij‘il p) (5(AJ'))
and k(d,d") = Zj]‘il k) (5(’41),5’(‘1.7)). The predictive posterior distribution for

each subspace p(y§{2_1\6§“‘”,2)t) is:

i A ; A; A; _
M?(J])((st( J)> = K(J)<67£ ])76§:t]—)1)K1:%fIY1:t717

U(j)((leAj), 5;(14]'))2 - K(j)<5§Aj), 52(143')) . K(j)((s,EAj), 6§ﬁfl)Ki%_lK(j)(5§ﬁj_)l’ 5£(Aj))'

Y

In our case, the exact decomposition (i.e. which input dimension belongs to which

low-dimensional subspace) is unknown but we can learn it together with other GP



6. Bayesian Optimisation for Adversarial Attack 117

hyperparameters by maximising marginal likelihood (Kandasamy et al., 2015). We
demonstrate the effectiveness of our decomposition learning in Section 6.5.4. Note
that in this case, the acquisition function is formulated based on p(y" )|6£Aj ), D) for
each subspace and is also optimised in the low-dimensional subspace, thus leading
to much more efficient optimisation task. The optimal perturbations in all the

subspaces {6(4)*}} “are then combined to give the next query point 6;.

6.4.4 Learning The Optimal d"

Generating the successful adversarial example x € R? by searching perturbation in
a reduced dimension 6 € R has become a popular practice that leads to significant
improvement in query efficiency (Chen et al., 2017; Tu et al., 2018; Alzantot et al.,
2018). However, what the optimal d" is and how to decide it efficiently have not
been investigated in previous work (Chen et al., 2017; Tu et al., 2018; Alzantot
et al., 2018). As we shown empirically in Section 6.5.1, setting d" arbitrarily can
lead to suboptimal attack performance in terms of query efficiency, attack success
rate as well as perturbation costs while finding a good d" by trial and error or
progressive increasing is computationally expensive and highly inefficient because
the optimal d" varies with different attack input Xoyigin. An effective way of learning
d" is thus very important for adversarial attacks. In this section, we propose a
rigorous method, which is neatly compatible with our attack technique, to learn
the optimal d" from the query information.

The optimal d" should be the one that both takes into consideration our prior
knowledge on the discrete d” choices and at the same time best explain the observed
query data. Given that our BayesOpt attack uses a statistical surrogate (i.e. GP
in our case) to model the unknown relation between the attack objective score
y and the adversarial perturbation §, this naturally translates to the criterion
of maximising the posterior for d":

p(Di—1|d})p(d})
p(Di-1)

p(dj|Di-1) = (6.8)
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where p(D;_|d}) is the marginal likelihood (evidence) of adopting a specific d7,
p(d}) is our prior over the possible d” values and p(D;—1) = 3=, p(D;—1|d})p(d}) is
a normalising constant. If we match different dj to different model choice, the
problem of choosing d” then becomes the classic Bayesian model selection task
(Rasmussen, 2003). In most cases, our prior assumption is that we do not prefer
one d" over another (i.e. flat prior p(d}) = p(d}) for j # i) and thus we can select
d" by comparing their evidence(MacKay, 2003):

p<d;|IDt71> _ p(thl\dE)p(di) _ p(Ithlld;)
p(d|Di—1)  p(Dial|d)p(d;)  p(Diald})

(6.9)

The exact computation of the evidence term requires marginalisation over model
hyper-parameters, which is intractable. We approximate the integral with point
estimates (i.e. the maximum marginal likelihood of our GP model): p(D;_1|d}) =
S p(D;-110,d;)p(0|d})dO ~ p(D;1|60*,d}) where 8* = argmaxy p(D;1/0,d;). For
query efficiency, we project the same perturbation query data in the original image
dimension D¢ ;| = {g(8;),y:}'=1 to different latent spaces to get corresponding
low-dimensional training data sets for separate GP models. The GP model that
corresponds to d7 is trained on Dﬁl = {(g7" (g(8:)) , y:) Y=} where g~ (9(8;)) € R%.
Then we select the optimal d” by comparing the marginal likelihood p(DfEl 0%, d7) of
each GP surrogate. The overall procedure for d" selection is described in Algorithm
9. We would like to highlight that the use of the statistical surrogate in our BayesOpt
attack approach enables us to naturally use the Bayesian model selection technique
to learn the optimal d" that automatically enjoy the trade-off between data-fit
quality and model complexity. And we also show empirically in Section 6.5.3 that
by automating and incorporating the learning of d" into our BayesOpt attack, we
can gain higher success rate and query efficiency. Other adversarial attacks methods
can also use our proposed approach to decide d” but it would require the additional

efforts of constructing statistical models to provide p(D;—1|d}).
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Algorithm 9 Bayesian selection of d"

1: Input: A decoder g(-), observation data D¢ | = {(g(d;), v:) Y. where g(d;) €
R? and a set, of possible d” : {d}}

2: Output: The optimal reduced dimension d"* and the corresponding GP model

3: foro: 1,...,N do

£ DYy ={(g7 (9(6:)),5)}od where g ((8,)) € RY

5:  Fit a GP model to Dfﬁ 1 and computes its maximum marginal likelihood
p(Di,167, d5)

6: end for

7: Select d'™ = argmaxgrergryy | p(D{,16*,d;) and its correspond GP model

6.5 Experiments

We empirically compare the performance of our BayesOpt attacks against the state-
of-the-art black-box methods such as ZOO (Chen et al., 2017), AutoZOOM(Tu
et al., 2018) and GenAttack (Alzantot et al., 2018). We denote the BayesOpt attack
with standard GP surrogate as GP-BO, its variant that learns the d" automatically
is GP-BO-auto-d" as well as the attack with additive GP surrogate as ADDGP-BO.
For all the BO methods, we use GP-UCB as the acquisition function * and update
the GP hyperperameters every 5 BO iterations. We relearn the optimal d" for GP-
BO-auto-d" and the search space decomposition for ADDGP-BO every 40 iterations.
For ADDGP-BO, we decompose the search spaces into M = 12 sub-spaces of equal
dimensions for MNIST and CIFAR10 and into M = 27 sub-spaces for ImageNet.

The victim models that we attack follow the same architectures as that used in
AutoZOOM and GenAttack; These are image classifiers for MNIST (a CNN with
99.5% test accuracy), CIFAR10 (a CNN with 80% test accuracy) and ImageNet
(the InceptionV3 with 78% test accuracy). Following the experiment design in Tu
et al. (2018), we randomly select 50 correctly classified images from CIFARI10 test
data and MNIST test data. We then perform targeted attacks on these images.
Each selected image is attacked 9 times, targeting at all but its true class and
this gives a total of 450 attack instances for both CIFAR10 and MNIST. For

ImageNet, we also select 50 correctly classified images from the test set but perform

3The parameter that trades off exploration and exploitation is set to 2.
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one random targeted attack for each image. We set d,,., = 0.3 for attacking
MNIST and 6,4, = 0.05 for CIFAR10 and ImageNet, which are used in Alzantot
et al. (2018). We use the recommended parameter setting and their open sourced
implementations for performing all competing attack methods (Chen et al., 2017;

Tu et al., 2018; Alzantot et al., 2018).

6.5.1 Effect of d"
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Figure 6.1: Performance of BayesOpt attack with GP surrogate in different reduced
dimension d". Each color represents a particular d”. The left subplot shows the attack
success rates(ASR) for attacking all the other 9 classes on each of the 5 original images.
The d" that leads to the highest ASR varies with the original images. The middle
subplot shows the number of queries needed to attack the same attack instances (i.e. the
same original image and the same attack target) by using different d”. For the same 4
attack instances, the right subplot show the effect of the choice of d” on the Lo distances
between the resultant adversarial examples and the original image.

We first empirically investigate the effect of the reduced dimensionality d" of the
latent space in which we search for the adversarial perturbation. We experiment with
the GP-based BayesOpt attacks for the CIFAR10 classifier using reduced dimension
of d, = {6 x6x3,8x8x3,10x10x3,12x12x3,14x14x 3,16 x 16 x 3,18 x 18 x 3}
and perform targeted attacks on 5 target images with each image being attacked
9 times, leading to 45 attack instances. We first investigate the attack success
rate (ASR) achieved at different d” for all the 5 images. The results on ASR out
of the 9 targeted attacks for each of the 5 images, which are indicated by Image

ID 1 to 5, are shown in the left subplot of Figure 6.1. It’s evident that the d"



6. Bayesian Optimisation for Adversarial Attack 121

which leads to highest attack success rate varies for different original images Xopigin.
More results are shown in Appendix A.4.

We then examines how the d" affects the query efficiency and attack quality
(average Lo distance of the adversarial image from the original image) for the
attack instances (e.g. make the classifier to mis-classify a airplane image as a
cat) that GP-based BO can attack successfully at all d". We present the results
on 4 attack instances of an airplane image in the middle and right subplots of
Figure 6.1. We can see that even for the same original image and attack instances,
varying d" can impact query efficiency and L, norm of the successful adversarial
perturbation significantly. For example, d” = 8 x 8 x 3 is most query efficient for
attack instance 1 and 4 but is outperformed by other dimensions in attack instance
2 and 3. Therefore, the importance of d" and the difficulty of finding the optimal
d" for a specific target/image motivates us to derive our method for learning it
automatically from the data. As shown in the following sections, our d" learner

does lead to more superior attack performance.

6.5.2 Performance Under a Fixed Query Budget

Table 6.1: Attack results on 50 random MNIST images by using d" = 14 x 14 x 1. @
denotes the query count. ASR denotes attack success rate. The standard errors are in
parentheses.

Attack method ~ ASR @ (Max, Median, Mean) Average Ly perturbation (per pixel)

ADDGP-BO  97% 829, 46, 95(=6) 6.81 x 1073(£3.12 x 1079)
GP-BO-auto-d”  98% 833,75, 121(+6) 6.89 x 1073(£5.55 x 1075)
GP-BO 82% 899, 42, 77(45) 7.15 x 1073(£4.17 x 1075)
GenAttack 92% 986, 146, 217(+9) 6.66 x 1073(+2.81 x 1075)
AutoZOOM 99% 998, 229, 265(+9) 5.05 x 1073(£7.71 x 1075)
700 1% 256, 128, 128(+64) 2.78 x 1073(£3.53 x 1075)

In this experiment, we limit the total query number to be 1000, which is slightly
above the median query counts needed for GenAttack to make a successful attack
on MNIST and CIFARI10 (Alzantot et al., 2018) and 2000 for ImageNet. We adopt
the reduced search dimension recommended by AutoZOOM, d" = 14 x 14 x 3 for
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Table 6.2: Attack results on 50 randomly selected CIFAR10 images with d" = 14 x 14 x 3.
(Q denotes the query count. ASR denotes attack success rate.The standard errors are in
parentheses.

Attack method — ASR @ (Max, Median, Mean) Average Ly perturbation (per pixel)

ADDGP-BO  87% 885, 154, 222(+10) 5.87 x 1074(£3.22 x 107°)
GP-BO-auto-d"  87% 891, 159, 234(+10) 5.96 x 10~4(£5.00 x 10~°)
GP-BO 72% 899, 141, 190(£8) 5.78 x 1074(£4.67 x 107°)
GenAttack 68% 991, 246, 329(+14) 7.38 x 1074(£4.14 x 107°)
AutoZOOM 38% 896, 102, 154(+11) 9.97 x 10~4(£1.53 x 107%)
700 4% 768, 256, 369(£57) 1.77 x 1074(41.16 x 1075)

Table 6.3: Attack results on 50 randomly ImageNet images with random target label
under a query budget of 2000. @) denotes the query count. ASR denotes attack success
rate. The standard errors are in parentheses. ZOO fails to make any successful attack
within this budget.

Attack method — ASR @ (Max, Median, Mean) Average Ly perturbation (per pixel)

ADDGP-BO  60%  1985,1247, 1206(+90) 1.74 x 1074(41.89 x 107)
GP-BO-auto-d”  32% 1999, 922,938(+128) 1.96 x 10~4(48.07 x 107)
GP-BO 16%  1947,1113,1232(£162) 1.62 x 1074(£7.94 x 10-6)
GenAttack 12%  1971,1354,1266(+£259) 2.03 x 1074(£9.81 x 107°)
AutoZOOM 29%  1451,1451,1451(40.00) 1.21 x 107%(£0.00)

CIFAR10 and d" = 14 x 14 x 1 for MNIST and allow GP-BO-auto-d" to automatically
learn the reduced dimension d" in a range between 6 X 6 x 1 and 28 x 28 x 1 for
MNIST, and between 6 x 6 x 3 and 32 x 32 x 3 for CIFARI0.

For ImageNet, due to the high dimensionality of its images, we adopt a
hierarchical decoding process: 1) first performance BayesOpt attacks(ADDGP-
BO and GP-BO) on a reduced dimension of dj = 48 x 48 x 3 and then 2) decode the
adversarial perturbation found in dj to dj = 96 x 96 x 3 via bilinear upsampling. 3)
This is followed by another bilinear decoder projecting the adversarial perturbation
in di back to image dimension of d = 299 x 299 x 3. As for the GP-BO-auto-d", we
allow the algorithm to automatically learn the reduced dimension dj in the phase 1)
in the range between 6 x 6 x 3 to 60 x 60 x 3. GenAttack is performed with the same
upsampling as our methods. As for AutoZOOM and ZOO, we uses the optimal d"
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settings recommended in Tu et al. (2018); Chen et al. (2017) for ImageNet.

For BayesOpt attack, each iteration requires 1 query to the objective function
so we limit its iteration to 1000 and early terminate the BayesOpt attack algorithm
when successful adversarial example is found. AutoZOOM comprises 2 stages in
their attack algorithm. The first exploration stage aims to find the successful
adversarial example. Once a successful attack is found, it switches to the fine-
tuning stage to reduce the perturbation cost (e.g. Lo norm) of the successful
attack. We report its performance on the attack success rate and Ly norm of
adversarial perturbations after a budget of 1000 queries, which allows it to fine-tune
the successful adversarial perturbations found. Moreover, AutoZOOM uses Ly norm
to measure the perturbation costs but our method and GenAttack limit the search
space via L., norm. We observe that the successful attacks found by AutoZOOM
incur much higher perturbation costs in terms of L., norm than GenAttack and
our method. Therefore, we only consider the final adversarial examples whose Lo
distances from the original images lie within [—8,,4z, Omaz] as the successful attacks 4.

The results on MNIST in Table 6.1 show that all our BayesOpt attacks can
achieve a comparable success rate but at a much lower query count in comparison
to GenAttack (Alzantot et al., 2018) and AutoZOOM (Tu et al., 2018). Specifically,
the median query count of ADDGP-BO is 68% less than GenAttack and 80%
less than AutoZOOM while that of GP-BO-auto-d" is 49% less than GenAttack
and 67% less than AutoZOOM.

As for results on attacking on CIFAR10, Table 6.2 shows that all our BayesOpt
attack can achieve significantly higher success rate but again at a remarkably lower
query counts than the existing black-box approaches. For example, our ADDGP-
BO can achieve 18% higher success rate while using 37.4% less queries in terms of
the median as compared to GenAttack. In addition, our approaches also lead to

better quality adversarial examples which are closer to the original image than the

4This still gives an advantage to ZOO and AutoZOOM because it allows them to inject
perturbation whose magnitude is larger than d,,4, at certain pixels but our BayesOpt methods
and GenAttack limit perturbation at all the pixels to be less than §,,4;-
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benchmark methods as reflected by the lower average Ly perturbation (20.5% less).
Figure 6.2 shows some CIFAR10 adversarial examples found by our BayesOpt attack.

plane auto bird cat deer dog frog horse ship truck

B
o
WK

!

bird auto plane

N
iN N
] & G

t

[

5 5
o[
,
=2 =7

—
.
o

—
. ’

i
.
i
b

o | “ ;
£ »

2]
Y3
iz
-
e

truck ship horse frog dog deer

£
I's
{

Figure 6.2: CIFAR10 adversarial examples generated by our BayesOpt attack. True
labels and target labels correspond to the rows and columns.

More importantly, this set of experiments also demonstrate the effectiveness
of our Bayesian method for learning d" as GP-BO-auto-d” leads to 15% increase
in attack success rate compared to GP-BO while maintaining the competitiveness
in query efficiency and L, distance.

Similarly, the results on ImageNet in Table 6.3 shows that all our BayesOpt
attacks can achieve higher attack success rate than the competing methods given
a query budget of 2000. ADDGP-BO is the clearly best performing method in
this very high-dimensional setting, achieving 5 times higher success rate than the

best competing method, GenAttack, while again obtaining successful adversarial
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perturbations with lower average Ly perturbation (14 % less) than GenAttack. This
confirms our hypothesis that the additive-GP surrogate together with decomposition

learning is very effective for high-dimensional optimisation.

6.5.3 Query Efficiency Comparison
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Figure 6.3: Query efficiency of BayesOpt Attacks. The plots show the attack success
rate (ASR) of different methods up to certain query counts. The best BayesOpt attacks
(i.e. GP-BO-auto-d" (red) and ADDGP-BO (blue)) can achieve an ASR of 98% on
MNIST(a) and 87% on CIFARI0 (b) within a budget of 1000 queries. To achieve the
same success rates, GenAttack (purple) takes 3500 for MNIST and 5141 for CIFARI10,
and AutoZOOM (green) takes 800 for MNIST and 3880 for CIFAR10. For ImageNet (c),
the best BayesOpt attack is ADDGP-BO (blue), which achieves an ASR of 60% with
1985 queries. To achieve the same success rates, GenAttack (purple) takes a budget of
4711 queries and AutoZOOM (green) takes 19451 queries. ZOO fails to make any attack
on ImageNet within the given budget.

We finish by comparing the query efficiency, measuring the change in the attack
success rate over query counts for all the methods. We limit the query budget of
our BayesOpt attacks to 1000 but let the competing methods to continue running
until they achieve the same best attack success rate as our best BayesOpt attacks

or exceeds a much higher limit (2000 queries for MNIST and 5000 queries for
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CIFARI10 and 14000 queries for ImageNet).

As shown in Figure 6.3, BayesOpt attacks converge much faster to the high
attack success rates than the other methods. Specifically, GP-BO-auto-d" take less
than 833 queries to achieve the success rate of 98% for MNIST, which is 24% of
that by GenAttack (2500). As for CIFAR10, both ADDGP-BO and GP-BO-auto-d”
takes around 890 queries to achieve a success rate of 87% which is 23% of the query
count by AutoZOOM and 17% of that by GenAttack. One point to note is that
AutoZOOM appears to be slightly more query efficient than GenAttack in this set
of experiments. However, we need to bear in mind that although we limit the mean
Liys norm of the adversarial perturbation found by AutoZOOM to 0,4, AutoZOOM
still have the advantage of exploring beyond the d,,,, for many dimensions. In the
case of ImageNet, all our BayesOpt attacks again enjoy faster convergence, with
ADDGP-BO taking only 1985 queries to achieve 60% ASR. Meanwhile, GenAttack,
takes a budget of 4711 queries, 2.4 times that of ADDGP-BO, to achieve the same
ASR and AutoZOOM costs 19451 queries which is 9.8 times that of ADDGP-BO.

6.5.4 Ablation Studies

Objective Value over BO Iterations

We illustrate t via the case of attacking a CIFAR10 image of label 9(class truck)
on the other 9 target labels with original label 9. We plot the value of objective
function (Equation 6.2), which is equal to the negative of attack loss, against the BO
iterations/query counts. We can see that our additive GP surrogate (ADDGP-BO)
as well as the Bayesian learning of optimal d" (GP-BO-auto-d") lead to faster

convergence and thus higher attack success rate for this instance.

Effectiveness of Decomposition Learning

As mentioned in Section 6.4.3, to learn the decomposition for the additive-GP
surrogate in ADDGP-BO attack, we follow the approach proposed in Kandasamy
et al. (2015) to treat the decomposition as an additional hyperparameter and learn

the optimal decomposition by maximising marginal likelihood. However, exhaustive
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Figure 6.4: Attack objective value against BayesOpt iterations(query count) for using
various BayesOpt methods to attack one CIFAR10 image of class label 9 (denoted by
i). Curves of different colours correspond to the 9 different target labels (denoted by
t). Convergence to 0 objective value indicates successful attack. ADDGP-BO and GP-
BO-auto-d" enjoy faster convergence and thus higher attack success rates than simple
GP-BO.

Table 6.4: Summary of attack results on CIFARI10 for different decomposition learning
method. d, = 14 x 14 x 3 which is further decomposed into 12 subspaces of ds = 49. @Q
denotes the query count. ASR denotes attack success rate. The standard errors are in
parentheses.

Attack method ASR @ (Maz, Median, Mean)  Average Lo perturbation (per pixel)

ADDGP-BO-LD  94% 885,134, 212(£16) 5.78 x 1074(£5.32 x 107°)
ADDGP-BO-FD  87% 899,143, 196(+£14) 5.05 x 1074(£4.52 x 107)

search over all M!d!/(d,!™)% possible decompositions is expensive. We adopt a
computationally cheap alternative by randomly selecting 20 decompositions and
choosing the one with the largest marginal likelihood. The method decomposition
learning procedure is repeated every 40 BO iterations and we use M = 12 for
CIFAR10. We denote the method as ADDGP-BO-LD in this section but as
ADDGP-BO in the rest of the chapter.

We also experiment with another alternative way to learn the decomposition
(ADDGP-BO-FD), which is similar to importance sampling in ZOO. We group

the pixels/dimensions together if the magnitude of average change in their pixel

°M is the number of subspaces and ds = |A4;| is the dimension of each subspaces
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values over the past 5 BO iterations are closer (i.e. pixels that are subject to the
most large adversarial perturbations are grouped together). Again, we divide the
dimensions into disjoint 12 groups as above to ensure fair comparison.

We compare the both types of decomposition learning methods using 20 randomly
selected CIFAR10 images, each of which is attacked on 9 other classes except its
original class and a query budget of 1000. The results are shown in Table 6.4. It is
evident that learning decomposition by maximising marginal likelihood (ADDGP-
BO-LD) can achieve higher attack success rate than pixel-value-change-based

decomposition learning (ADDGP-BO-FD) given the query budget.

6.6 Extension Work

Besides attacking image classification models, we demonstrate in a recent work
(Wan et al., 2021a) that BO can be used to efficiently attack graph neural networks
in a black-box setting. We name this first BO-based attack method for graph
classification models, GRABNEL, which stands for Graph Adversarial attack via
Bayesian Efficient Loss-minimisation. In view of the growing interest in applying
graph-based machine learning models in various important applications such as semi-
supervised learning, link prediction, community detection and graph classification
(Cai et al., 2018b; Zhou et al., 2020a; Hamilton, 2020), our GRABNEL can be a
useful tool to efficiently assess the adversarial robustness of complex graph-based
models designed by human practitioners or discovered by AutoML. We present
the overall algorithm of GRABNEL in Algorithm 10 and explain some key design
features in the following subsections. For readers who are interested in more details

about our attack method, please refer to (Wan et al., 2021a).

6.6.1 Problem Setup

A graph G = (V, ) is defined by a set of nodes V = {v;}_; and edges £ = {e;}™,

where each edge e, = {v;,v;} connects between nodes v; and v;. The overall
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Algorithm 10 GRaph Adversarial attack via BayesiaN Efficient Loss-minimisation
(GRABNEL)

1:

Input: Original graph Gy, victim model f, number of random initialising points
Ninit, query budget B, perturbation budget A

: Output: An adversarial graph G*
: Set base graph Gpase < Go; initialise stage count stage < 0

4: Randomly sample ny,;; perturbed graphs {G’'}=* that are 1 edit distance

different from G and query each perturbed graph to obtain their attack losses
{yattack<g£) Zl;nft

: Compute the WL feature encoding for all graphs:

[6(G1), ..., 9(G,, )] = WLFeatureExtract(Go, (G1,...G,, )

: Fit the sparse Bayesian linear regression surrogate with the data

{ (¢(gz/) » Yattack (g;)) :L;nllt

7: Divide total budget of B into A stages

@

10:

11:
12:
13:
14:
15:
16:
17:
18:

19:
20:

: while query budget is not exhausted and attack has not succeeded do

if query budget of the current stage is exhausted then
Increment the stage count stage <— stage + 1 and update the base graph
Gpase With the graph leading to largest increase in attack loss in the previous
stage.
end if
Propose graph to be queried next G . via acquisition optimisation
Compute Yattack(Gproposal) DY query the victim model f
if attack succeeded then
return G* < G|
end if
D+ DU {glgroposah yattack(gé)roposal)}
Update the WL feature encodings of all observed graphs [¢(G}), ..., #(G[p))] =
WLFeatureExtract(Jo, (G}, ... Gjp)) and the surrogate model
end while
return None if fail to find successful attack within the query budget

roposal

topology can be represented by the adjacency matrix A € {0,1}™" where A;; = 16

if the edge {v;,v;} is present.

The attack objective in this case is highly similar to, if not the same as, that

in Section 6.3.1: we aim to degrade the predictive performance of the pre-trained

victim graph classifier f by finding a graph G’ perturbed from the original test

graph G (ideally with the minimum amount of perturbation) such that f produces

an incorrect class label for G. Same as the case for image classification in Section

6.3.1, we assume the black-box attack setting where we can only interact with the

SWe discuss the unweighted graphs for simplicity.
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victim model f by querying it with an input graph G’ and observe the model output
as pseudo-probabilities over all classes f(G') € [0,1]¢. Additionally, we assume
that query efficiency is highly valued. Note, different from attacking images in
Section 6.3.1, adversarial attacks on graphs can happen at node level (cause the
victim model to misclassify the node labels) or at graph level (cause the victim
model to misclassify the class label of the entire graph). Our work focus on the
latter setting which is important but yet less explored.

Formally, we can modify Equation (6.2) accordingly:

/
attac. .]_
g/rél\%g{g) Yatt k(g ) (6 0)

where Yattack (g’ ) is the attack loss and ¥(G) denotes the set of possible G’ gen-
erated from perturbing the original graph G. In this work, we experiment with
a diverse modes of attacks to show that our attack method can be generalised
to different set-ups including but not limited to creating/removing edges and
rewiring/swapping edges.

Denote the output logit for the class i as f(G); and the correct label of the
original graph is thus toigin = argmax;cy oy f(G");. The attack 10Ss Yattack (Q”)

can be defined as:

( Q’) Maxist,,.,., 108 f(G")i —10g f(G')tpipn  (untargeted attack)
Yattack =
log f(G'): —10g f(G")t0rigin (targeted attack on class t).

6.6.2 Surrogate Model in GRABNEL

In the BO-based adversarial attack, we need to build a probabilistic surrogate
model to locally learn the mapping from a perturbed graph G’ to its attack loss
Yattack(G'). Under this graph attack setting, the surrogate model needs to be able
to handle graph inputs naturally while remaining scalable to large graphs (e.g. in
the order of 10 nodes or more) typical of common graph classification tasks with
reasonable run-time efficiency. In view of this and inspired by the GP surrogate
with Weisfeiler-Lehman(WL) graph kernel adopted in Chapter 7, we propose to first

use a WL feature extractor to extracts the latent feature representation of G, ¢(G),
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followed by fitting a sparse Bayesian linear regression on the latent feature space
to balances performance with efficiency and give an probabilistic output. This is
essentially equivalent to a GP with WL graph kernel but uses a linear base kernel
within the WL graph kernel computation. Please refer to Section 7.3.1 for more
detailed explanation of the WL mechanism underlying the WL feature extractor.
After running feature extraction with H WL iterations (i.e. a WL feature extractor
with its hyper-parameter h = H) for each training graph and concatenating their
corresponding feature vectors, we obtain a feature matrix ® = [¢(G}), ..., (G")]"
to be passed to the Bayesian linear regressor.

For large graphs, the resulting extracted feature vector will likely be very high-
dimensional, which would lead to high-variance regression coefficients a being
estimated if the number of input samples is comparatively few. To attain a
good predictive performance in such a case, we employ the automatic relevance
determination (ARD) prior for Bayesian linear regression surrogate to regularise

weights and encourage sparsity in a (Wipf et al., 2007):

yattack|q)v «, O-TZLOise ~ N(aTQ), U?LOiseI)7 (6‘11)

alA ~ N(0,A), diag(A) =271 = {A7 . A b (6.12)

i ~ Gammal(k, 0) Vi € [1,dim(\)], (6.13)

2

noise

where A is the diagonal covariance matrix. a and the noise variance o are learnt
by maximising the model marginal likelihood. Overall, the WL routines scales as
O(Hm) (Shervashidze et al., 2011), whereas training of Bayesian linear regression
has a linear scaling with respect to the number of queries to the victim model; these

ensure the surrogate is scalable to both larger graphs and/or a large number of

graphs, both of which are commonly encountered in graph classification attacks.

6.6.3 Sequential Perturbation Selection

In the default structural perturbation setting, given an attack budget of A (i.e. we
are allowed to flip up to A edges from G), finding exactly the set of perturbations

0A that leads to the largest increase in ¥, entails an combinatorial optimisation
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Initialisation . Stage 1 _
G,E)O) -G / G:glﬂ) — argmaxG,E_i) (L attack(f (G/](l))_y)) /
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Figure 6.5: Sequential edge selection. At each stage the BO agent Sequentlally proposes
candidate graphs with edge edit distance of 1 from the base graph QO (which is the
original unperturbed graph G at initialisation, or a perturbed graph that led to the largest
increase in loss from the previous stage otherwise). This procedure repeats until either
the attack succeeds (i.e. we find a graph G’ with yattack(G’') > 0) or the maximum number
of B queries to the victim model f is exhausted.

over (":) candidates. This is a huge search space that is difficult for the surrogate to
learn meaningful patterns in a sample-efficient way even for modestly-sized graphs.
To tackle this challenge, we adopt the strategy illustrated in Figure 6.5: given the
query budget B (i.e. the total number of times we are allowed to query f for a
given G), we amortise B into A stages and focus on selecting one edge perturbation
at each stage. While this strategy is greedy in the sense that it always commits the
perturbation leading to the largest increase in loss at each stage, it worths noting
that we do not treat the previously modified edges differently, and the agent can,
and does occasionally as we observed, correct previous modifications by flipping
edges back. This is possible due to the edge selection being permutation invariant.
Another benefit of this strategy is that it can potentially make full use of the
entire attack budget A while remaining parsimonious with respect to the amount
of perturbation introduced, as it only progresses to the next stage and modifies the
G further when it fails to find a successful adversarial example in the current stage.

In addition, the discrete graph nature of the input space makes it impossible to
use gradient-based methods for optimising the acquisition function in BO. Thus, we

optimise the acquisition function using genetic algorithm (GA) similar to what we
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do for the neural architecture search task in Section 7.3.2. Specifically, we generate
the initial population of 100 candidates by mutating from the top-3 perturbed
graphs that previously led to the largest attack loss; if we have not yet queried any
graphs, we simply mutate the base graph. Each mutation corresponds to flipping the
connection 7 between one pair of randomly selected end nodes from the base graph.
We then evolve the population 10 times, with each evolution cycle involving mutating
the current population to generate offspring, popping the oldest members in the
population and evaluating the acquisition function value of the population. Finally,
we select the top 5 unique candidates seen during the evolution process that have

the highest acquisition function value (EI in our case) to query the victim model.
6.6.4 Experiments

Table 6.5: Key statistics of the TU datasets used.

Dataset Ngraphs  Niabets Avg. number of nodes Avg. number of edges
IMDB-M 1500 3 13.0 65.9

PROTEINS 1113 2 39.1 72.8

COLLAB 5000 3 74.5 2457.8

Table 6.6: Validation accuracy of the victim models on the TU datasets before (clean)
and after various attack methods. Results shown in mean & 1 standard deviation across
3 trials.

Victim Models GCN (Kipf and Welling, 2017) GIN(Xu et al., 2019a)

Datasets IMDB-M PROTEINS COLLAB IMDB-M PROTEINS COLLAB
Clean 50.53i14 71-73i26 79.73:‘:21 48.85j;0A4 70.53:‘:23 80.80:‘:0‘9
Random 47-43i12 19.46:‘:17 76.41:‘:6‘2 40.44:‘:25 42.90:&:22 71'29i0.9
Genetic (Dai et al., 2018)  47.8241 5 14.88417 58.61179  39.68131 23.25153 61.68495
Gradiont—basedT 39.3112_2 50.60i4_5 36.67i]_2 37.56i2_2 11.9014_4 54~00i2.9
GRABNEL (ours) 45.23402 10.82125 35.38193 38.22439 10.72.74 57.33447

f: White-box method

“If an edge already exists, remove it; otherwise, add an edge.
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Figure 6.6: Attack success rate (ASR) against the number of queries to the victim
models (normalised by the square of the number of nodes of each graph) in various
datasets on GCN and GIN models. Note the x-axis is on log-scale. Lines and shades
denote mean +1 sd across 3 random initialisations. It is evident that grabnel outperforms
other attack methods considerably. Random and appear to converge faster in
some tasks as they always use exploit full perturbation budget allocated, while grabnel
only attempts a higher perturbation budget when attack fails in a lower one.

We validate the performance of our proposed attack method, GRABNEL, on
three common TU datasets (Morris et al., 2020), namely (in ascending order of
average graph sizes in the dataset) IMDB-M, PROTEINS and COLLABS. The key
statistics of these TU datasets are summarised in Table 6.5. In all cases, we define
the perturbation budget A in terms of the maximum structural perturbation ratio r
defined in Chen et al. (2021b) where A < rN?. We similarly link the maximum
numbers of queries B allowed for individual graphs to their sizes as B = 504,
thereby giving larger graphs and thus potentially more difficult instances higher
attack”. In the following experiments, unless otherwise specified, we set r = 0.03.

For our GRABNEL, we set H = 1 for the WL feature extractor.

8All TU datasets may be downloaded at https://chrsmrrs.github.io/datasets/docs/
datasets/.

9Due to computational constraints, we cap the maximum number of queries to be 2 x 10* on
each graph.


https://chrsmrrs.github.io/datasets/docs/datasets/
https://chrsmrrs.github.io/datasets/docs/datasets/
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For comparison we consider a number of competitive baselines, including random
search, genetic algorithm originally introduced in Dai et al. (2018) and an additional
simple gradient-based method which greedily adds or delete edges based on the
magnitude computed input gradient similar to the gradient based method described
in Dai et al. (2018) (note that this method is white-box as access to parameter
weights and gradients is required). To verify whether the proposed attack method
can be used for a variety of classifier architectures we also consider two widely used
victim models, namely the Graph Convolutional Network (GCN) (Kipf and Welling,
2017) and the Graph Isomorphism Network (GIN) (Xu et al., 2019a).

We show the classification performance of both victim models before and after
attacks using various methods in Table 6.6, and we show the attack success rate
(ASR) against the (normalised) number of queries in Figure 6.6. It is worth noting
that in consistency with the image attack setting in Section 6.5, we launch and
consider attacks on the graphs that were originally classified correctly, and compute
statistics, such as the ASR, in the same fashion.

The results generally show that the attack method is effective against both GCN
and GIN models with GRABNEL typically leading to the largest degradation in
victim predictions in all tasks, often performing on par or better than Gradient, a
white-box method. Further, GRABNEL typically outperforms by a larger extent for
the larger graphs (e.g. COLLAB) on which the benefit of the sequential selection
of edge perturbation is more significant.

As discussed, in real life, adversarial agents might encounter additional con-
straints other than the number of queries to the victim model or the amount
of perturbation introduced. To demonstrate that our framework can handle
such constraints, we further carry out attacks on victim models using identical
protocols as above but with a variety of additional constraints considered in several
previous works. Specifically, the scenarios considered, in the ascending order

of restrictiveness, are:

e DBase: The base scenario is identical to the setup in Table 6.6 and Figure 6.6;
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o 2-hop: Edge addition between nodes (u,v) is only permitted if v is within

2-hop distance of u;

o 2-hop+rewire (Ma et al., 2019b): Instead of flipping edges, the adversarial
agent is only allowed to rewire from nodes (u,v) (where an edge exists) to
(u, w) (where no edge currently exists). Node w must be within 2-hop distance

of u;

We test on the PROTEINS dataset, and show the results in Figure 6.7, where
it is evident that while additional constraints unsurprisingly lead to slightly lower
attack success rates, the performance of GRABNEL remains relatively robust in
all scenarios considered. In fact, as we elaborate in Section 6.6.5, we find the
phenomenon of attacked edges remaining relatively clustered within a relatively
small neighbourhood is a general pattern in adversarial examples of many tasks.
This implies that the 2-hop condition, which constrains the spatial relations of the
adversarial edges, might already hold even without explicit specification, thereby
explaining the marginal difference between the base and the 2-hop constrained

cases in Figure 6.7.

o
0

|/ —— Base
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2-hop + rewire

o
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Figure 6.7: ASR of GRABNEL against number of queries on a GCN model trained on
PROTEINS dataset under various attack constraints.

6.6.5 Atack Analysis

Having demonstrated the effectiveness of our method, in this section we provide a

qualitative analysis on the common interpretable patterns behind the adversarial
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(c) COLLAB (GCN)

(a) IMDB-M (GCN)
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Figure 6.8: Adversarial examples found by the proposed method. Red edges denote
deleted edges from the original samples and green edges indicate those added. In
Twitter fake news detection task, green nodes/edges denote the injected nodes and
their connections to the existing graphs.

samples found, which provides further insights into the robustness of graph classifica-
tion models against structural attacks. We believe such analysis is especially valuable,
as it may facilitate the development of even more effective attack methods, and
may provide insights that could be useful for identification of real-life vulnerabilities
for more effective defence. We show some examples of the adversarial samples in

Figure 6.8, and we summarise some key findings below.

1. Adwversarial edges tend to cluster closely together: A common observation
across many datasets and models is that the distribution of the adversarial
edges (either removal or addition) in a graph is highly uneven, with many
adversarial edges often sharing common end-nodes or having small spatial
distance to each other. This is empirically consistent with recent theoretical

findings on the stability of spectral graph filters in Kenlay et al. (2021).
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From an attacker point of view, this may provide a “prior” on the attack
to constrain the search space, as the regions around existing perturbations

should be exploited more.

2. Adversarial edges often attempt to destroy or modify community structures:
for example, the original graphs in the IMDB-M dataset can be seen to have
community structure. When the GCN model is attacked, the attack tends to
flip the edges between the communities, and thereby destroying the structure
by either merging communities or deleting edges within a cluster. On the
other hand, the GIN examples tend to strengthen the community structures
by adding edges within clusters and deleting edges between them. With
similar observations also present in, for example, PROTEINS dataset, this
may suggest that the models may be fragile to modification of the community

structure.

6.7 Conclusion

We introduce a new black-box adversarial attack which leverages BO to find
successful adversarial perturbations with high query efficiency. We also improve
our attack by adopting an additive surrogate structure to ease the optimisation
challenge over the typically high-dimensional task. Moreover, we take full advantage
of our statistical surrogate model and the available query data to learn the optimal
degree of dimension reduction for the search space via Bayesian model selection.
In comparison to several existing black-box attack methods, our BayesOpt attacks
can achieve high success rates with 2-5 times fewer queries while still producing
adversarial examples that are closer to the original image (in terms of average Lo
distance). One limitation of our attack methods is that due to the poor scalability
of GPs, the attack algorithms are computationally more expensive than most
existing alternatives especially as the query number increases. Thus, our BayesOpt
attacks are optimal for the setting where the cost of evaluating the victim model,

being it the monetary costs, computational costs or the risk of being detected,
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is much higher than the computational cost of the attack algorithm itself and
thus query efficiency is highly prioritised.

Beyond image classification attacks, we also extend the use of BO for attacking
graph-based machine learning models under the black-box setting. Our graph
attack method, GRABNEL, leverages the WL feature extraction to handle graph
inputs and uses a Bayesian linear regressor as the surrogate model to avoid the
above-mentioned scalability issue. GRABNEL achieves superior query efficiency
and attack success rate on a variety of graph classification tasks.

Therefore, our works demonstrate that BO-based adversarial attacks can be
a highly promising class of approaches for efficiently evaluating the adversarial

robustness of machine learning models.

Future directions With the initial successes achieved by our BO-based attacks,
one immediate extension would be to leverage the rich literature of transfer-
learning/multi-tasking BO techniques to further enhance the query efficiency in
performing black-box adversarial attacks. Moreover, given the high-dimensionality
of the adversarial attack problems, other useful techniques such as local trust region
used in Section 5.6 or more advanced input encodings (e.g. VAEs with deep metric
learning (Grosnit et al., 2021)) can be incorporated into our BO attack frameworks
to reduce the search complexity for adversarial examples. Finally, Bayesian neural
networks, which are highly expressive yet scalable, can be investigated as an alter-

native surrogate option to the GP and Bayesian linear regressor used in our works.



Statement of Authorship for joint/multi-authored papers for PGR thesis
To appear at the end of each thesis chapter submitted as an article/paper

The statement shall describe the candidate’s and co-authors’ independent research contributions in the thesis
publications. For each publication there should exist a complete statement that is to be filled out and signed by the
candidate and supervisor (only required where there isn’t already a statement of contribution within the paper
itself).

Title of Paper Attacking graph classification via Bayesian optimisation
Publication Status oPublished o Accepted for Publication
XISubmitted for Publication oUnpublished and unsubmitted work written

in a manuscript style
Xingchen Wan, Henry Kenlay, Binxin Ru, Arno Blaas, Michael A. Osborne, and
Xiaowen Dong. Attacking graph classification via Bayesian optimisation. Under
review at Advances in Neural Information Processing Systems (NeurlPS 2021),

Publication Details

2021.
Student Confirmation
Student Name: Binxin Ru
Gontribution to the te BO Sitack Which 1 heavily relatsd 16 anothar jortwork of Wan andr o oo "

| join the discussion on result analyses and experiments and helped with the final write-
up.

%
Py 17/09/2021
Signature I i L% Date

Supervisor Confirmation

By signing the Statement of Authorship, you are certifying that the candidate made a substantial contribution to the
publication, and that the description described above is accurate.

Supervisor name and title: Prof. Michael A. Osborne

Supervisor comments

To the best of my knowledge, all above seems fair and correct.

N@M Date | 17/09/2021

Signature

This completed form should be included in the thesis, at the end of the relevant chapter.



Bayesian Optimisation for Neural
Architecture Search

The content of this chapter is based on the following paper:

Binxin Ru*, Xingchen Wan*, Xiaowen Dong, and Michael A. Osborne. Inter-
pretable neural architecture search via Bayesian optimisation with Weisfeiler-
Lehman kernels. In International Conference on Learning Representations

(ICLR 2021), 2021.

where our contributions were listed in the acknowledgements section of this thesis.

Neural architecture search (NAS) is an important AutoML direction which aims
to automate the design of good neural network architectures for a given task and
dataset. Similar to hyper-parameter optimisation, NAS can also be formulated as
a black-box optimisation problem (Elsken et al., 2018) and each evaluation of the
objective is expensive as it involves training of the architecture queried. Therefore,
query efficiency is highly valued (Kandasamy et al., 2018b; Elsken et al., 2018;
Shi et al., 2019) and Bayesian optimisation (BO), which has been successfully
applied for hyper-parameter optimisation as shown in Chapter 3 to 5, becomes a
natural choice to consider. However, conventional BO methods cannot be applied

directly to NAS as the search spaces are non-continuous and graph-like (Elsken

140
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et al., 2018; Zoph et al., 2018a; Ying et al., 2019; Dong and Yang, 2020b); each
possible architecture can be represented as an acyclic directed graph with node or
edge attributes denoting the operation units/layers. In this chapter, we propose
a BO approach for NAS that combines the Weisfeiler-Lehman graph kernel with
a Gaussian process (GP) surrogate. Our method optimises the architecture in a
highly data-efficient manner: it is capable of capturing the topological structures of
the architectures and is scalable to large graphs, thus making the high-dimensional
and graph-like search spaces amenable to BO.

More importantly, our method affords interpretability by discovering useful
network features and their corresponding impact on the network performance.
Indeed, we demonstrate empirically that our surrogate model is capable of identifying
useful motifs which can guide the generation of new architectures. This marks the
first attempt towards interpretable NAS and is in contrast to current NAS strategies,
which only return a final good architecture without offering any insight into why a
specific architecture is good, or how we should modify the architecture if we want
further improvements. Through extensive empirical results, we show that our GP
surrogate model achieves superior prediction and is scalable to large architectures;
competing methods require 3 to 20 times more queries to be on par with ours. And
our BO strategy can generalise to a diverse set of search spaces and outperforms

existing NAS approaches to achieve the state of the art.

7.1 Introduction

Although different NAS strategies have led to state-of-the-art neural architectures,
outperforming human experts’ design on a variety of tasks (Real et al., 2017b; Zoph
and Le, 2017; Cai et al., 2018a; Liu et al., 2018b,a; Luo et al., 2018; Pham et al., 2018;
Real et al., 2018; Zoph et al., 2018a; Xie et al., 2018), these strategies behave in a
black-box fashion, which returns little design insight except for the final architecture
for deployment. In this chapter, we introduce the idea of interpretable NAS,
extending the learning scope from simply the optimal architecture to interpretable

features. These features can help explain the performance of networks searched
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and guide future architecture design. We make the first attempt at interpretable
NAS by proposing a new NAS method, NAS-BOWL; our method combines a GP
surrogate with the Weisfeiler-Lehman (WL) subtree graph kernel (we term this
surrogate GPWL) and applies it within the BO framework to efficiently query the
search space. During search, we harness the interpretable architecture features
extracted by the WL kernel and learn their corresponding effects on the network
performance based on the surrogate gradient information.

Besides offering a new perspective on interpratability, our method also improves
over the existing BO-based NAS approaches. To accommodate the popular cell-
based search spaces, which are non-continuous and graph-like (Zoph et al., 2018a;
Ying et al., 2019; Dong and Yang, 2020b), current approaches either rely on
encoding schemes (Ying et al., 2019; White et al., 2021a) or manually designed
similarity metrics (Kandasamy et al., 2018b), both of which are not scalable to
large architectures and ignore the important topological structure of architectures.
Another line of work employs graph neural networks (GNNs) to construct the BO
surrogate (Ma et al., 2019a; Zhang et al., 2019; Shi et al., 2019); however, the
GNN design introduces additional hyper-parameter tuning, and the training of
the GNN also requires a large amount of architecture data, which is particularly
expensive to obtain in NAS. Our method, instead, uses the WL graph kernel to
naturally handle the graph-like search spaces and capture the topological structure
of architectures. Meanwhile, our surrogate preserves the merits of GPs in data-
efficiency, uncertainty computation and automated hyper-parameter treatment. In

summary, our main contributions are as follows:

o We introduce a GP-based BO strategy for NAS, NAS-BOWL, which is highly
query-efficient and amenable to the graph-like NAS search spaces. Our
proposed surrogate model combines a GP with the WL graph kernel (GPWL)
to exploit the implicit topological structure of architectures. It is scalable
to large architecture cells (e.g. 32 nodes) and can achieve better prediction

performance than competing methods.
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o We propose the idea of interpretable NAS based on the graph features extracted
by the WL kernel and their corresponding surrogate derivatives. We show that
interpretability helps in explaining the performance of the searched neural
architectures. As a singular example of concrete application, we propose a
simple yet effective motif-based transfer learning baseline to warm-start search

on a new image tasks.

o We demonstrate that our surrogate model achieves superior performance
with much fewer observations in search spaces of different sizes, and that
our strategy both achieves state-of-the-art performances on both NAS-Bench
datasets and open-domain experiments while being much more efficient than

comparable methods.

7.2 Preliminaries

Graph Representation of Neural Networks

Architectures in popular NAS search spaces can be represented as an acyclic directed
graph (Elsken et al., 2018; Zoph et al., 2018b; Ying et al., 2019; Dong and Yang,
2020b; Xie et al., 2019a), where each graph node represents an operation unit (e.g.
a conv3x3-bn-relu ! in Ying et al. (2019)) and each edge defines the information
flow from one layer to another. To reduce the search complexity in NAS, a popular
practice is to search for the repeated motifs/cells in a neural network instead of
the whole architecture (Zoph et al., 2018b). The architecture is then formed by
stacking a number of searched cells in a predefined way. In such cell-based search
space, an architecture cell is an acyclic directed graph as shown in Figure 7.1.
With this representation, NAS can be formulated as an optimisation problem
to find the directed graph and its corresponding node operations (i.e. the directed
attributed graph G) that give the best architecture validation performance y(G):

G* = argmax y(Q) (7.1)
Geg

LA sequence of operations: convolution with 3 x 3 filter size, followed by batch normalisation
and ReL.U activation.
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Bayesian Optimisation

To solve the above optimisation, we adopt BO for optimising a black-box, expensive-
to-evaluate objective (Brochu et al., 2010b). Please refer to Chapter 2 for a detailed
discussion on BO. We use a GP as the surrogate model in this work, as it can achieve
competitive modelling performance with small amount of query data (Williams
and Rasmussen, 2006) and give analytic predictive posterior mean p(G¢|D;—1) and

variance o(Gy, G}|D;_1)? on the heretofore unseen graph G, given ¢ — 1 observations:

(G| Dy 1) = K(Gy, Gra-1)Kij Y11 (7.2)
0(Gy, Gy|Di-1)? = K(Gy, Gy) — K(Gy, G1a—1)Ki 1 K(Gr-1, G) (7.3)

where D;_1 = {(Gy,y;) ' = {G1.4-1,¥14-1} are the t — 1 observed graphs and
their corresponding objective function values. [Ki._1];; = k(G;, G;) is the (i, j)-th
element of Gram matrix induced on the (i, j)-th training samples by k(-,-), the
graph kernel function. For acquisition function, we use EI (Mockus et al., 1978)

in this work though our approach is compatible with alternative choices.
Graph Kernels

Graph kernels are kernel functions defined over graphs to compute their level of
similarity. A generic graph kernel may be represented by the function k(-,-) over

a pair of graphs G and G’ (Kriege et al., 2020):

k(G,G) = (9(G), d(G))x (7.4)

where ¢(-) is some feature representation of the graph extracted by the graph kernel
and (-, -)3 denotes inner product in the associated reproducing kernel Hilbert space
(RKHS) (Nikolentzos et al., 2019; Kriege et al., 2020). For example, the popular
class of R-Convolution graph kernels (Haussler, 1999) recursively decomposes
the graph G into smaller constituting substructures, and ¢(G) corresponds to
the counts of these substructures in the graph. For more detailed reviews on
graph kernels, the readers are referred to (Nikolentzos et al., 2019), (Ghosh et al.,
2018) and (Kriege et al., 2020).
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Algorithm 11 NAS-BOWL Algorithm. Optional steps of the exemplary use of
motif-based warm starting (Section 7.3.3) are marked in blue italics.

1: Input: Maximum BO iterations 7', BO batch size b, acquisition function a(-),
initial observed data on the target task Dy, Optional: past-task query data
Dpast and surrogate Spast
Output: The best architecture G7;
Initialise the GPWL surrogate & with D,
fort=1,...,7 do
if Pruning based on the past-task motifs then
Compute the motif importance scores based on Equation (7.8) with Spast/S
0n Dpast /Dy
while |G;| < B do
8: Generate a batch of candidate architectures and reject those which contain
none of the top 25% good motifs (similar procedure as Figure 7.2(a))
9: end while

=

10: else
11: Generate B candidate architectures G,
12:  end if

13: {Gi}h, = argmaxgeg, (G| Dy_1)

14:  Evaluate their validation accuracy {y;;}?_,
15: Dy ¢ Dy U ({Gritile, {weatioy)

16:  Update the surrogate S with D;

17: end for

18: Return the best architecture seen so far G%

7.3 Bayesian Optimisation with Weisfeiler-Lehman
Graph Kernel

We begin by presenting our proposed approach, NAS-BOWL in Algorithm 11 and
will discuss its three key design components in the following subsections. Specifically,
we explain the GP surrogate design for handling graph inputs in architecture search
(we term the surrogate GPWL) in Section 7.3.1 and go through the methods for
optimising the acquisition function over architectures in Section 7.3.2. Finally,
we elaborate the technique for learning the impact of interpretable motifs on
architecture performance in Section 7.3.3 and demonstrate the new possibilities
opened by our work followed by an exemplary practical use of interpretable motifs

for transfer learning.
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Figure 7.1: Illustration of one WL iteration. Given two architecture cells at initialisation,
WL kernel first collects the neighbourhood labels of each node (Step 1) and compress the
collected h = 0 labels into h = 1 features (Step 2). Each node is then relabelled with
h =1 features (Step 3) and the two graphs are compared based on the histogram on
both h =0 and h =1 features (Step 4). This WL iteration will be repeated until h = H.
h is both the index the WL iteration and the depth of the subtree features extracted.
Substructures at h =0 and h =1 in Arch A are shown in the bottom right of the plot.

7.3.1 Surrogate Design and Graph Kernel

To enable the GP to work effectively on the graph-like architecture search space,
we need to decide on a suitable kernel function. Here we propose to use the
Weisfeiler-Lehman (WL) graph kernel (Shervashidze et al., 2011) to enable the
direct definition of a GP surrogate on the graph-like search space. The WL kernel
compares two directed graphs based on both local and global structures. It starts
by comparing the node labels of both graphs via a base kernel kpase (qbo(G), do(G’ ))
where ¢(G) denotes the histogram of features at level h = 0 (i.e. node features)
in the graph, where h is both the index of WL iterations and the depth of the
subtree features extracted. For the WL kernel with h > 0, as shown in Figure
7.1, it then proceeds to collect features at h = 1 by aggregating neighbourhood
labels, and compare the two graphs with Apase ((;,’)1(G)7 o1(G' )) based on the subtree
structures of depth 1 (Shervashidze et al., 2011; Hoppner and Jahnke, 2020). The

procedure then repeats until the highest iteration level h = H specified and the



7. Bayesian Optimisation for Neural Architecture Search 147

resulting WL kernel is given by:
H
k\%L(G7 Gl) = Z kbase <¢h<G)7 ¢h(G/)) (75)
h=0

In the above equation, kp,s is a base kernel over the vector feature embedding (e.g.
a dot product ¢(G) - ¢(G’)). As h increases, the WL kernel captures higher-order
features which correspond to increasingly larger neighbourhoods. Features at each
h are concatenated to form the the final feature vector (¢(G) = [¢po(G), ..., du(G)]).
The algorithmic description of the WL procedure is shown in Algorithm 18 in
Appendix applOsec:sumkernelgpwl.

The WL kernel is a desirable choice for the NAS application for the fol-

lowing reasons:

1. Applicable to labeled and directed graphs. As discussed in Section 7.2,
architectures in almost all popular NAS search spaces (Ying et al., 2019; Dong and
Yang, 2020b; Zoph et al., 2018b; Xie et al., 2019a) can be represented as directed
graphs with node/edge attributes. Thus, WL kernel can be directly applied on
them. On the other hand, many graph kernels either do not handle node labels such
as graphlet kernel (Shervashidze et al., 2009), or are incompatible with directed
graphs such as those based on eigenvalues of the Laplacian (Kondor and Pan, 2016;
de Lara and Pineau, 2018); the eigenvalues are required to be real, which implies a
symmetric adjacency matrix hence an undirected graph. Converting architectures
into undirected graphs can result in loss of valuable information such as the direction

of data flow in the architecture (Shown in Section 7.5.1).

2. Expressive yet highly interpretable. @~ WL kernel is able to capture
substructures that go from local to global scale with increasing h values. Such
multi-scale comparison is similar to that enabled by a Multiscale Laplacian Kernel
(Kondor and Pan, 2016) and is desirable for architecture comparison. This is in
contrast to graph kernels such as (Kashima et al., 2003; Shervashidze et al., 2009),
which only focus on local substructures, or those based on graph spectra (de Lara

and Pineau, 2018), which only look at global connectivities. Furthermore, the
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WL kernel is derived directly from the Weisfeiler-Lehman graph isomorphism test
(Weisfeiler and Lehman, 1968), which is shown to be as powerful as a GNN in
distinguishing non-isomorphic graphs (Morris et al., 2019; Xu et al., 2018). However,
the higher-order graph features extracted by GNNs are hard to interpret by humans.
On the other hand, the subtree features learnt by WL kernel (e.g. the h = 0 and
h =1 features in Figure 7.1) are easily interpretable. As we will discuss in Section
7.3.3 later, we can harness the surrogate gradient information on low-A substructures
to identify the effect of particular node labels on the architecture performance and

thus learn useful information to guide new architecture generation.

3. Relatively efficient and scalable. Other expressive graph kernels are
often prohibitive to compute: for example, defining {n, m} to be the number of
nodes and edges in a graph, random walk (Gértner et al., 2003) and shortest path
(Borgwardt and Kriegel, 2005) incur a complexity of O(n?) and O(n*). Another
approach based on computing the architecture edit-distance (Jin et al., 2019) is
also expensive: its exact solution is NP-complete (Zeng et al., 2009) and is provably
difficult to approximate (Lin, 1994). On the other hand, the WL kernel only entails
a complexity? of O(hm) (Shervashidze et al., 2011). Empirically, we find that in
typical NAS search spaces (such as NAS-Bench datasets) featuring rather small
cells, h < 3 usually suffices; this implies the kernel computing cost is likely eclipsed
by the O(N?) complexity of GPs, not to mention the main bottleneck of NAS is the
actual training of the architectures. The scalability of WL is also to be contrasted
to other approaches such as path encoding (White et al., 2021a), which without

truncation scales exponentially with n.

4. WL kernel gives positive semidefinite covariance matrix. Given any
positive semidefinite base kernel, the resultant WL kernel is also positive semidefinite,
which is a prerequisite to be a valid GP covariance function. This is not enjoyed
by graph kernels in general: Some graph kernels, including graph edit distance

and the general optimal assignment (OA) kernel itself, are not generally positive

2Naively computing the Gram matrix consisting of pairwise kernel between all pairs in N
graphs is of O(N?hm), but this can be further improved to O(Nhm+ N?hn) (Morris et al., 2019).
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semidefinite (Vert, 2008) (although the OA kernel applied on WL is indeed positive
semidefinite (Kriege et al., 2016)).

With the above-mentioned merits, the incorporation of the WL kernel permits
the usage of GP-based BO on various NAS search spaces. This enables the
practitioners to harness the rich literatures of GP-based BO methods on hyper-
parameter optimisation and redeploy them on NAS problems. Most prominently,
the use of GP surrogate frees us from hand-picking the WL hyper-parameter H
as we can automatically learn the optimal values by maximising the Bayesian
marginal likelihood. As we will justify in Section 7.5.1, this process is extremely
effective. This renders a further major advantage of our method as it has no
inherent hyper-parameters that require manual tuning. This reaffirms with our
belief that a practical NAS method itself should require minimum tuning, as it is
almost impossible to run traditional hyper-parameter search given the vast resources
required. We empirically justify the superior prediction performance of our GP
surrogate with a WL kernel in Section 7.5.1. Other enhancements, such as improving
the expressiveness of the surrogate by combining multiple types of kernels, are briefly
investigated in Appendix B.2. We find the amount of performance gain depends on

the NAS search space and a WL kernel alone suffices for common cell-based spaces.

7.3.2 Acquisition Function Optimisation over Graph Inputs

Under the NAS setting, optimising the acquisition function over the search space
can be challenging (Kandasamy et al., 2018b; Ma et al., 2019a; White et al.,
2021a), because the non-continuous search space makes it ineffective to use the
analytic gradients, and exhaustively evaluating on all possible architectures is
computationally unviable. A way to generate a population of candidate architectures
for acquisition function optimisation at each BO iteration is necessary for all
BO-based NAS strategies.

The naive way to do so is to randomly sample architectures from the search
space (Ying et al., 2019; Yang et al., 2020). Specifically, we randomly generate a

valid adjacency matrix and a list of operation types assigned to each node. This is
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simple to implement but ignores any information contained in past query data, thus
inefficient in exploring the huge search space. A more popular approach is based on
genetic mutation which generates the candidate architectures by mutating a small
pool of parent architectures (Kandasamy et al., 2018b; Ma et al., 2019a; White et al.,
2021a; Shi et al., 2019). The parent architectures are usually chosen among queried
architectures which give the top validation performance or acquisition function
values. Generating candidate architectures in this way enables us to exploit the prior
information on the best architectures observed so far to explore the large search space
more efficiently. We report NAS-BOWL with both random sampling (NASBOWLr)

and mutation algorithm (NASBOWm) in our experiments in Section 7.5.2.

7.3.3 Interpretable Motifs
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(a) Best and worst motifs identified on NB201-CIFAR10 dataset using 300 training
samples (left) and on DARTS search space after 3 GPU days of search by NAS-BOWL
(right). For DARTS space, the motif boxed in is featured in all optimal cells found
by various NAS methods in Figure 7.3.
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(b) Validation accuracy distributions of the validation architectures on different tasks of
NB201 (left 3) and DARTS (right). all denotes the entire validation set, while good/bad
denote the distributions of the architectures with at least 1 best/worst motif, respectively;
dashed lines denote the distribution medians. Note that in all cases, the good subset
includes the population max and in NB201, the patterns solely trained on the CIFAR10
task also transfer well to CIFAR100/ImageNet120.

Figure 7.2: Motif discovery on NB201-CIFAR10 and DARTS spaces.
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In the preceding section, we have elaborated the advantages of using WL graph
kernels to make the NAS search space amenable to GP-based BO. A key advantage
of WL that we identify in Section 7.3.1 is that it extracts interpretable features,
i.e. network motifs from the original graphs. This in combination with our GP
surrogate enables us to predict the effect of the extracted features on the architecture
performance directly by examining the derivatives of the GP predictive mean w.r.t.
the features. Derivatives as tools to interpret ML models have been used previously
(Engelbrecht et al., 1995; Koh and Liang, 2017; Ribeiro et al., 2016) but, given
the GP, we can compute these derivatives analytically. Following the notations in
Section 7.2, the derivative with respect to ¢’(G;), the j-th element of ¢(G;) (the

feature vector of a graph G;) is Gaussian with an expected value:

y } ~ Ou HP(Gy), Priy—1)

_ -1
Ep(yGt,Dt—1)[a¢j(Gt) - 6¢J(Gt) - 8¢3(Gt) Kl:t—lYl:t—l (76)

where @1, 1 = [d(G1),...,d(G;_1)]|T is the feature matrix stacked from the feature
vectors of the previous observations. Intuitively, since each ¢?(G;) denotes the count
of a WL feature in Gy, its derivative naturally encodes the direction and sensitivity
of the objective (in this case the predicted validation accuracy) about that feature.
Computationally, since the costly term, K.} ;y14_1, is already computed in the
posterior mean, the derivatives can be obtained at minimal additional cost.

By evaluating the aforementioned derivative at some graph G, we obtain the local
sensitivities of the objective function around ¢(G). To achieve global attribution of
network performance w.r.t interpretable features which we are ultimately interested
in, we take inspirations from the principled averaging approach featured in many
gradient-based attribution methods (Sundararajan et al., 2017; Ancona et al., 2017),
by computing and integrating over the aforementioned derivatives at all training

samples to obtain the averaged gradient (AG). AG of the j-th feature ¢, is given by:

- o 1 o , .
AG) = Ba| 5] = o san@? @ @M@ (@)

Fortunately, in WL kernel, ¢/(-) € Z=° Vj and thus p(¢/(-)) is discrete, the

expectation integral reduces to a weighted summation over the “prior” distribution
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p(¢’(-))Vj. To approximate p(¢’(-)), we count the number of occurrences of each
feature ¢/(G,,) in all the training graphs {G1, ..., G;_1} where ¢/(+) is present and
assign weights according to its frequency of occurrence. For example, suppose in
100 training graphs, feature ¢/ occurs in 50 of them, and out of the 50 graphs,

in 30 graphs it appears once and appears twice in the rest. Its AG is given by

30
50 HpT Gt)|¢3 (Gr)=1 T 50 8(;5] Gt |¢J (Ge)= 2)

Formally, denoting G as the subset of the training graphs where for each of

its element ¢’ > 0, we have

2‘9‘1 wn(¢ )a(zﬂa(# Gn) 91
Z‘mlwn(qﬁ ) where w,,(¢;) = |g| Z 3(p;(Gn), 0(Gy)) (7.8)

where §(-, -) is the Kronecker delta function and | - | the cardinality of a set. Finally,

AG(¢') ~

we additionally incorporate the uncertainty of the derivative estimation by also
normalising AG with the square root of the empirical variance (EV) to penalise

high-variance (hence less trustworthy as a whole) gradient estimates closer to 0.

EV() = Va|

EV may be straightforwardly computed:
o ] B
)

9 2
ol -l -elgti) o

The resultant derivatives w.r.t. interpretable features AG(¢’)//EV(¢7) allow
us to directly identify the most influential motifs on network performance. By con-
sidering the presence or absence of such motifs, we may explain the competitiveness
of an architecture or the lack of it, provided the surrogate is accurate which we show
is the case in Section 7.5. More importantly, beyond passive ezxplaining, we can also
actively use these features as building blocks to facilitate manual construction of
promising networks, or as priors to prune the massive NAS search space, which we
believe would be of interest to both human designers and NAS practitioners.

To validate this, we train our GPWL on architectures drawn from respective
search spaces, rank all the features based on their computed derivatives and
show the motifs with most positive and negative derivatives (hence the most and
least desirable features) Specifically, for NASBench-201(NB201) and NASBench-
101(NB101) datasets, we train the GPWL surrogate on 300 random architectures to
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compute the motif derivatives, and label the top and bottom quantiles of the motifs
as "best motifs” and "worst motifs” respectively. As for the open-domain DARTS
search space, we train the GPWL surrogate on 120 architectures queried by NAS-
BOWTL during one round of search and select the top and bottom 15% of the motifs as
the "best motifs” and "worst motifs" respectively. As a regularity constraint, we only
consider the motifs which appear for more than 10 times in the NASBench training
set or appear at least twice in the DARTS training set to filter out rare outliers.

We present the extracted network motifs on the CIFAR10 task of NB201 (Dong
and Yang, 2020b) and DARTS search space in Figure 7.2(a). The motifs extracted
on other NB201 image tasks (CIFAR100/ImageNet120) and on NB101 (Ying et al.,
2019) are shown in Appendix A.6. The results reveal some interesting insights on
network performance: for example, almost every good motif in NB201 contains
conv_3x3 and all-but-one good motifs in the DARTS results contain at least
one separable conv_3x3. In fact, this preference over (separable) convolutions
is almost universally observed in many popular NAS methods (Liu et al., 2018b;
Shi et al., 2019; Wang et al., 2019; Pham et al., 2018) and ours: besides skip
links, the operations in their best cells are dominated by separable convolutions
(Figure 7.3). Moving from node operation label to higher-order topological features,
in both search spaces, our GPWL consistently finds a series of high-performing
motifs that entail the parallel connection from input to multiple convs often of
different filter sizes — this corresponds to the grouped convolution unit critical to
the success of, e.g. ResNeXt (Xie et al., 2017). A specific example is the boxed
motif in Figure 7.2(a), which combines parallel convs with a skip link. This motif
or other highly similar ones are consistently present in the optimal cells found by
many NAS methods including ours (as shown in Figure 7.3) despite the disparity in
their search strategies. This suggests a correlation between these motifs and good
architecture performance. Another observation is that a majority of the important
motifs for both search spaces in Figure 7.2(a) involve the input. From this and
our previous remarks on the consensus amongst NAS methods in favouring certain

operations and connections, we hypothesise that at least for a cell-based search
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Figure 7.3: Best cells discovered by (left to right) DARTS, ENAS, LaNet, BOGCN
and NAS-BOWL (ours) in the DARTS search space. Note the dominance of separable
convolutions (especially 3x3) in operation nodes (i.e. nodes excluding input, output and

add) and the presence of encompassing the in Figure
7.2 in all cells.

space, the network performance might be determined more by the connections in
the vicinity to the inputs (on which the optimal cells produced by different NAS
methods are surprisingly consistent) than other parts of the network (on which
they differ). This phenomenon is partly observed in Shu et al. (2019), where the
authors found that NAS algorithms tend to favour architecture cells with most
intermediate nodes having direct connection with the input nodes. The verification
of this hypothesis is beyond the scope of this work, but this shows the potential of
our GPWL in discovering novel yet interpretable network features, with potential
implications for both NAS and manual network design.

Going beyond the qualitative arguments above, we now quantitatively validate
the informativeness of the motifs discovered. After identifying the motifs, in NB201,
we randomly draw another 1,000 validation architectures unseen by the surrogate.
Given the motifs identified in Figure 7.2(a), an architecture is labelled either “good”
(> 1 good motif), “bad” (> 1 bad motif) or neither. Note if an architecture contains
both good and bad motifs, it is both “good” and “bad”. As demonstrated in Figure
7.2(b), we indeed find that the presence of important motifs is predictive of network
performance. A similar conclusion holds for DARTS space. However, due to the
extreme cost in sampling the open-domain space, we make two modifications to
our strategy. Firstly, the training samples are taken from a BO run, instead of
randomly sampled. Thus we are more biased towards the better performing networks,

explaining the smaller gap between “good” and “all” in Figure 7.2(b). Secondly,
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we reuse the training samples for Figure 7.2(b) instead of sampling and evaluating
the hold-out sets. The key takeaway here is that motifs are effective in identifying
promising and unpromising candidates, and thus can be used to aid NAS agents
to partition the vast combinatorial search space, which is often considered a key
challenge of NAS, and to focus on the most promising sub-regions. More importantly,
the motifs are also transferable: while the patterns in Figure 7.2(a) are solely trained
on the CIFAR10, they generalise well to CIFAR100/ImageNet120 tasks — this is
unsurprising, as one key motivation of cell-based search space is ezxactly to improve
transferability of the learnt structure across related tasks (Zoph et al., 2018a). Given
that motifs are the building blocks of the cells, we expect them to transfer well, too.

With this, we propose a simple transfer learning baseline as a singular demon-
stration of how motifs could be practically useful for NAS. Specifically, we can
exploit the motifs identified on one task to warm-start the search on a related new
task. With reference to Algorithm 11, under the transfer learning setup, we use a
GPWL surrogate trained on the query data of a past related task Spas as well as the
surrogate on the new target task S to compute the AG of motifs present in queried
architectures (equation 7.8) and identify the most positively influential motifs
similar to Figure 7.2(a). We then use these motifs to generate a set of candidate
architectures G, for optimising the acquisition function at every BO iteration on the
new task; Specifically, we only accept a candidate if it contains at least one of the
top 25% good motifs (i.e. pruning rule). Finally, with more query data obtained on
the target task, we will dynamically update the surrogate & and the motif scores to
mitigate the risk of discarding motifs purely based on the past task data. Through
this, we force the BO agent to select from a smaller subset of architectures deemed
more promising from a previous task, thereby “warm starting” the new task. We

briefly validate this proposal in the NB201 experiments of Section 7.5.2.

7.4 Related Work

In terms of NAS strategies, there have been several recent attempts in using BO

(Kandasamy et al., 2018b; Ying et al., 2019; Ma et al., 2019a; Shi et al., 2019; White
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et al., 2021a). To overcome the limitations of conventional BO for discrete and graph-
like NAS search spaces, (Kandasamy et al., 2018b) use optimal transport to design a
similarity measure among neural architectures while (Ying et al., 2019) and (White
et al., 2021a) suggest encoding schemes to characterise neural architectures with
discrete and categorical variables. Yet, these methods are either computationally
inefficient or not scalable to large architectures/cells (Shi et al., 2019; White et al.,
2021a). Alternatively, several works use graph neural networks (GNNs) as the
surrogate model (Ma et al., 2019a; Zhang et al., 2019; Shi et al., 2019) to capture
the graph structure of neural networks. However, the design of the GNN introduces
many additional hyper-parameters to be tuned and GNN requires a relatively large
number of training data to achieve decent prediction performance as shown in
Section 7.5.1. Another related work (Ramachandram et al., 2018) apply GP-based
BO with diffusion kernels to design multimodal fusion networks; however, it assigns
each possible architecture as a node in an undirected super-graph and the need
for construction of and computation on such super-graphs limits the method to
relatively small search spaces. In terms of interpretability, (Shu et al., 2019) study
the connection pattern of network cells found by popular NAS methods and find a
shared tendency for choosing wide and shallow cells which enjoy faster convergence.
(You et al., 2020a), by representing neural networks as relational graphs, observe
that the network performance depends on the clustering coefficient and average
path length of its graph representation. (Radosavovic et al., 2020) propose a series
of manual design principles derived from extensive empirical comparison to refine a
ResNet-based search space. Nevertheless, all these works do not offer a NAS strategy,
and purely rely on human experts to derive insights on NAS architectures from
extensive empirical studies. In contrast, our method learns the interpretable feature

information without human inputs while searching for the optimal architecture.
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7.5 Experiments
7.5.1 Surrogate Regression Performance

We examine the regression performance of GPWL on several NAS datasets: NASBench-
101(NB101) on CIFAR10 (Ying et al., 2019), and NASBench-201(NB201) on
CIFAR10, CIFAR100 and ImageNet120. As both datasets only contain CIFAR-sized
images and relatively small architecture cells®, to further demonstrate the scalability
of our proposed methods to much larger architectures, we also construct a dataset
with 547 architectures sampled from the randomly wired graph generator described
in Xie et al. (2019a); each architecture cell has 32 operation nodes and all the
architectures are trained on the Flowerl02 dataset (Nilsback and Zisserman, 2008)
(we denote this dataset as RWNN-Flower102 hereafter). Please refer to Appendix
B.5 for more details on the datasets. Similar to (Ying et al., 2019; Dong and Yang,
2020b; Shi et al., 2019), we use Spearman’s rank correlation between predicted
validation accuracy and the true validation accuracy as the performance metric, as

what matters for comparing architectures is their relative performance ranking.

Comparison Against Other Surrogates

We first compare the regression performance against various competitive baselines,
including NASBOT (Kandasamy et al., 2018b), GPs with path encodings (PathEn-
code) (White et al., 2021a), GNN (Shi et al., 2019) which uses a combination of
graph convolutional network and a final Bayesian linear regression layer as the
surrogate, and COMBO (Oh et al., 2019)*, which use a GP with a diffusion kernel
on a graph representation of the combinatorial search spaces. We implemented the
GNN surrogate by ourself and use the released code for COMBO.

We repeat each trial 20 times on a varying number of training data to evaluate
the data-efficiency of different surrogates, and report the results in Figure 7.4: our

GPWL surrogate clearly outperforms all competing methods on all the NAS datasets

3In NB101 and NB201, each cell is a graph of 7 and 4 nodes, respectively.
4We choose COMBO as methodologically it is very close to the most related work (Ramachan-
dram et al., 2018) whose implementation is not publicly available.
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Figure 7.4: Mean Spearman correlation achieved by various surrogates across 20 trials
on different datasets. Error bars denote +1 standard error. The red dashed lines are there
to help with visual comparison between the performance of GPWL and other baselines.
GPWL can achieve superior regression performance measured in terms of high rank
correlation with at least 3 times fewer training data than GCN on NB201 (CIFARI10,
CIFARI100, ImageNet120) datasets and over 20 times fewer training data on datasets
with larger search spaces (RWNN-Flower102 and NB101-CIFAR10).

with much less training data: specifically, GPWL requires at least 3 times less data
than GNN and PathEncode and 10 times less than COMBO on NB201 datasets. It
is also able to achieve high rank correlation on datasets with larger search spaces
such as NB101-CIFAR10 and RWNN-Flower102 while requiring 20 times less data
than GNN on RWNN-Flower102 and 30 times less data on NB101-CIFAR10.

Comparison Against Other Graph Kernels

In addition to these surrogates previously used in NAS, we further compare the
performance of the WL kernel against other popular graph kernels when combined
with GPs. The graph kernels compared include random walk (RW) kernel (Kashima
et al., 2003; Gértner et al., 2003), shortest-path (SP) kernel (Borgwardt and Kriegel,
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Table 7.1: Regression performance in terms of Spearman’s rank correlation for different
graph kernels. WL graph kernel adopted by us consistently outperforms other kernels
across search spaces while retaining modest computational costs.

Kernel Complexity NB101 NB201 RWNN

CIFARI10 CIFAR10 CIFAR100 ImageNet120  Flowerl102

WL O(Hm) 0.862+0.03 0.812+0.06 0.823+0.03 0.796+0.04 0.804+£0.018
RW O(n?) 0.801£0.04  0.809+0.04 0.782+0.06  0.795%0.03 0.759+0.04
SP O(n) 0.801+0.05 0.792£0.06 0.761£0.06  0.762%0.08 0.694+0.08

MLP  O(Ln®) 0.458+0.07 0.412+£0.15 0.519+0.14  0.538%0.07 0.492+0.12

1: L is the number of neighbours, a hyper-parameter of MLP kernel.

2005) and multiscale Laplacian (MLP) kernels(Kondor and Pan, 2016). These
competing graph kernels are chosen because they represent distinct graph kernel
classes and are suitable for NAS search space with small or no modifications. In
each NAS dataset, we randomly sample 50 architecture data to train the GP
surrogate and use another 400 architectures as the validation set to evaluate the
rank correlation between the predicted and the ground-truth validation accuracy.

We repeat each trial 20 times, and report the mean and standard error of all
the kernel choices on all NAS datasets in Table 7.1. We also include the worst-case
complexity of the kernel computation between a pair of graphs in the table. The
results justify our reasoning in Section 7.3.1; combined with the interpretability
benefits we discussed, WL consistently outperforms other kernels across search
spaces while retaining the modest computational costs. RW often comes a close
competitor, but its computational complexity is worse and does not always converge.
MLP, which requires us to convert directed graphs to undirected graphs, performs

poorly, thereby validating that directional information is highly important.

Maximum Number of the WL Iterations, H

As discussed, the Weisfeiler-Lehman kernel is only parameterised by H, the
maximum number of WL iterations. The expressive power of the kernel generally

increases with H, as the kernel is capable of covering increasingly global features,
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Figure 7.5: Spearman correlation on train/validation sets and the negative log-marginal
likelihood of GP against H (the maximum WL iteration) and the histograms of selected
H by GPWL over 20 trials on (a) NB101-CIFAR10 and (b) RWNN-Flower102.

but at the same time we might overfit into the training set, posing a classical
problem of variance-bias trade-off. In this work, by combining WL with GP,
we optimise H against the negative log-marginal likelihood of the GP. In this
section, on different data-sets we show that this approach satisfactorily balances
data-fitting with model complexity.

To verify on both NB101-CIFAR10 and RWNN-Flower102 datasets, we train
GPWL surrogates on 50 random training samples. On NB101, we draw another
400 testing samples and on RWNN-Flower102, we use the rest of the data-set as
the validation set. We use the Spearman correlation between prediction and the
ground truths of the validation set as the performance metric. We summarise our

result in Figure 7.5: in both data-sets, we observe a large jump in performance
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from H = 0 to 1 (measured by the improvements in both validation and training
Spearman correlation), and a slight dip in validation correlation from H = 2 to 3,
suggesting an increasing amount of overfitting if we increase H further. In both
cases, the automatic selection described above succeeded in finding the “sweet spot”

of H = 1 or 2, demonstrating the effectiveness of the approach.

Good Uncertainty Estimates of GPWL
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Figure 7.6: Predicted vs ground-truth validation error of GPWL in various NAS-
Bench tasks in log-log scale. Error bar denotes £1 SD from the GP posterior predictive
distribution.

We further show the GPWL predictions on the various NAS datasets when
trained with 50 samples each in Figure 7.6. It can be shown that not only a satisfac-
tory predictive mean is produced by GPWL in terms of the rank correlation and the
agreement with the ground truth, there is also sound uncertainty estimates, as we
can see that in most cases the ground truths are within the error bar representing

one standard deviation of the predictive posterior distributions of GPWL.
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7.5.2 Architecture Search on NAS-Bench Datasets
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Figure 7.7: Median test error on NAS-Bench datasets with deterministic observations
from 20 trials. Shades denote 41 standard error and black dotted lines are ground-truth
optima. Note the seemingly large regret in NB201-ImageNet120 is due to that there

are

only 5 out of 15.6K architectures with test error in the interval of [52.69 (optimum),

53.25].

We benchmark our proposed method, NAS-BOWL, against a range of existing

methods, including random search, TPE (Bergstra et al., 2011b), Reinforcement
Learning (rl) (Zoph and Le, 2016), BO with SMAC (smacbo) (Hutter et al., 2011b),

regularised evolution (Real et al., 2019) and BO with GNN surrogate (genbo)
(Shi et al., 2019). On NB101, we also include BANANAS (White et al., 2021a)
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Figure 7.8: Median test error on NAS-Bench datasets with noisy observations from 20
trials. Shades denote 1 standard error and black dotted lines are ground-truth optima.

which claims the state-of-the-art performance. More implementation details of

NAS-BOWL and these baseline methods can be found in Appendix B.3. In both

NAS-Bench datasets, validation errors of different random seeds are provided,

thereby creating noisy objective functions. We perform experiments using the

deterministic setup described in White et al. (2021a), where the validation er-

rors over multiple seeds are averaged to eliminate stochasticity, and also report

results with noisy objective functions. We show the test results in both setups

in Figure 7.7 and the validation results in Appendix A.7. In these figures, we
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use NASBOWLm and NASBOWLr to denote NAS-BOWL with architectures
generated from mutating good observed candidates and from random sampling,
respectively. Similarly, BANANASm/BANANAST represent the BANANAS with
mutation/random sampling (White et al., 2021a). On CIFAR100/ImageNet120
tasks of NB201, we also include NASBOWLm(TL) which is NASBOWLm with
additional knowledge on motifs transferred from a previous run on the CIFAR10
task of NB201 to prune the candidate architectures as described in Section 7.3.3.
The readers are referred to Appendix B.3 for detailed setups.

It is evident that NAS-BOWL outperforms all baselines on all NAS-Bench tasks
in achieving both lowest validation and test errors. The recent neural-network-based
methods such as BANANAS and GCNBO are often the strongest competitors,
but we would like to highlight that unlike our approach, these methods inevitably
introduce a number of extra hyper-parameters whose tuning is non-trivial and
have poorly calibrated uncertainty estimates (Springenberg et al., 2016b). The
experiments with noisy observations in Figure 7.8 further show that even in a more
realistic setup with noisy objective function observations, NAS-BOWL still performs
very well as it inherits the robustness against noise from the GP. The preliminary
experiments on transfer learning also show that motifs contain extremely useful
prior knowledge that may be transferred to warm-start a related task: notice
that even the architectures at the very start without any search already perform
well — this is particularly appealing, as in a realistic setting, searching directly
on large-scale datasets like ImageNet from scratch is extremely expensive. While
further experimental validation on a wider range of search spaces or tasks of varying
degrees of similarity are required to fully verify the effectiveness of this particular
method, we feel as an exemplary use of motifs, the promising preliminary results

here already demonstrates the usefulness.

7.5.3 Architecture Search on Open-domain Space

We finally test NAS-BOWL on the open-domain search space from DARTS (Liu

et al., 2018b). We allow a maximum budget of 150 queries, and we follow the
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Table 7.2: Performances on CIFAR10. GPU days do not include the evaluation cost
of the final architecture; NAS-BOWL results from 4 random seeds on a single NVIDIA
GeForce RTX 2080 Ti.

Algorithm Avg. Error Best Error  #Params(M)  GPU Days
GP-NAS (Li et al., 2020b) - 3.79 3.9 1
DARTS(v2) (Liu et al., 2018b)  2.761000 - 3.3 4
ENAS' (Pham et al., 2018) - 2.89 4.6 6
ASHA(Li and Talwalkar, 2019) 3.0340.13 2.85 2.2 9
Random-WS (Xie et al., 2019a) 2.8510.08 2.71 4.3 10
BANANAS (White et al., 2021a) 2.64 2.57 - 12
BOGCN (Shi et al., 2019) - 2.61 3.5 93*
LaNet! (Wang et al., 2019) 2.5310.05 - 3.2 150
NAS-BOWL 2.61.00s 2.50 3.7 3

7: expanded search space from DARTS. *: estimated by us. -: not reported.

sep_conv_3x3

4
c_{k1} skip_connect ! E

(a) Edge-attributed DAG

(b) Node-attributed DAG

Figure 7.9: Equivalent representations of the best cell identified by NAS-BOWL in the
DARTS search space. Our method uses the node-attributed version during search, and
this cell is used for both the normal and reduction cells.

DARTS setup (See Appendix B.4 for details): during the search phase, instead of
training the final 20-cell architectures, we train a small 8-cell architectures for 50
epochs. Whereas this results in significant computational savings, it also leads to
the degraded rank correlation of performance during search and evaluation stages.
This leads to a more challenging setup than most other sample-based methods
which train for longer epochs and/or search on the final 20-cell architectures directly.

Beyond this, we also search a single cell structure and use it for the two cell types
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(normal and reduction) defined in DARTS search space. We also use a default
maximum number of 4 operation blocks to fit the training on a single GPU; this is
contrasted to, e.g. ENAS and LaNet that allow for up to 5 and 7 blocks, respectively.

We compare NAS-BOWL with other methods in Table 7.2, and the best cell
found by NAS-BOWL is shown in Figure 7.9. To ensure fairness of comparison,
we only include previous methods with comparable search spaces and training
techniques, and exclude methods that train much longer and/or use additional
tricks (Liang et al., 2019; Cai et al., 2019). Furthermore, since the GPU time for
BOGCN (Shi et al., 2019) is not reported, we estimate it based on the methodology
of the paper: during search stage they train each final architecture for 100 epochs and
sample 400 architectures; we assume training each architecture takes 200s per epoch,
a runtime typical on a single NVIDIA GeForce RTX 2080 Ti GPU. It is evident
that NAS-BOWL finds very promising architectures despite operating in a more
restricted setup. Consuming 3 GPU-days, NAS-BOWL is of comparable computing
cost to the one-shot methods but performs on par with or better than methods that
consume orders of magnitude more resources, such as LaNet which is 50x more
costly. Furthermore, it is worth noting that, if desired, NAS-BOWL may benefit
from any higher computing budgets by relaxing the aforementioned restrictions
(e.g. train longer on larger architectures during search). Finally, while we use
a single GPU, NAS-BOWL can be easily deployed to run on parallel computing

resources to further reduce wall-clock time.

7.5.4 Ablation Studies

Finally, we perform ablation studies on the candidate pool size P as well as several

other design choices in our proposed approach, NAS-BOWL.

Effect of Varying Pool Size

As discussed in the main text, NAS-BOWL introduces no inherent hyper-parameters
that require manual tuning as it relies on a non-parametric surrogate. Nonetheless,

besides the surrogate, the choice on how to generate the candidate architectures
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Figure 7.10: Effect of varying P on NAS-BOWL in NB101.

requires us to specify the pool size (P, the number of candidate architectures to
generate at each BO iteration). In all our NAS experiments above, we have set
P = 200 following (White et al., 2021a); here we show that the performance of
NAS-BOWL is robust to the value of P.

We vary P € {50,100, 200,400}, and keep all other settings to be consistent. We
report our results on NB101 with deterministic observations in Figure 7.10 where
the median result is computed from 20 experiment repeats. It can be shown that
while the convergence speed varies slightly between the different P choices, for all
choices of P apart from 50 which performs slightly worse, NAS-BOWL converges
to similar test errors at the end of 150 architecture evaluations — this suggests that
the performance of NAS-BOWL is rather robust to the value of P and that our
recommendation of P = 200 does perform well both in terms of both the final

solution returned and the convergence speed.

Other Design Choices

We further conduct ablation studies on both NB101 and NB201 with deterministic
test errors. We repeat each experiment 20 times and present the median and
standard error in terms of test performances in Figure 7.11. We now explain

each legend as follow:
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Figure 7.11: Ablation studies of various design choices for NAS-BOWL

1. mutate: Full NAS-BOWL with the mutation described in Section 7.3.2
(identical to NASBOWLm in Figures 7.7 and 7.8);

2. rand: NAS-BOWL with random candidate generation. This is identical to
NASBOWLr in Figures 7.7 and 7.8;

3. UCB: NAS-BOWL with random candidate generation, but with the acquisition
function changed from Expected Improvement (EI) to Upper Confidence
Bound (UCB) (Srinivas et al., 2009).

4. VH: NAS-BOWL with random candidate generation, but instead of leaving
the value of h (number of WL iterations) to be automatically determined by
the optimisation of the GP log marginal likelihood, we set h = 0, i.e. no WL
iteration takes place and the only features we use are the counts of each type
of original node operation features (e.g. conv3x3-bn-relu). This essentially

reduces the WL kernel to a Vertex Histogram (VH) kernel.

We find that topological information and using an appropriate h are highly
crucial: in both NB101 and NB201, VH significantly underperforms the other
variants, although the extent of underperformance is smaller in NB201 likely due to

its smaller search space. This suggests that how the nodes are connected, which
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are extracted as higher-order WL features, are very important, and the multi-scale
feature extraction in the WL kernel is crucial to the success of NAS-BOWL. On the
other hand, the choice of the acquisition function seems not to matter as much, as
there is little difference between UCB and WL runs in both NB101 and NB201. Finally,
using mutation algorithm leads to a significant improvement in the performance

of NAS-BOWL, as we have already seen in the main text.

7.6 Conclusion

In this chapter, we propose a novel BO-based NAS strategy, NAS-BOWL, which
uses a GP surrogate with the WL graph kernel to naturally handle the graph
input space and thus achieves competitive performance with remarkable query
efficiency. Building on our proposed framework, the rich literatures of GP-based
BO techniques in hyper-parameter optimisation can be re-applied to NAS, tackling
more challenging problems like searching for multi-objectives or warm-starting the
search with transfer learning. More importantly, our method represents a first step
towards interpretable NAS, where we propose to learn interpretable network features

to help explain the architectures found as well as guide the search on new tasks.

Future directions We believe interpretable NAS is an exciting direction that
warrants future investigations. Possible extensions include finding approaches
other than the use of the surrogate gradients proposed in this work to assess the
contribution of interpretable motifs to the architecture performance, developing
alternatives to identify architecture motifs which are different from the WL subtree
features and even macro substructures which span cross multiple architecture cells,
as well as suggesting other novel scenarios to make use of the interpretable insights
learnt during NAS. Hopefully, interpretable NAS can lead to new design paradigms

or guidelines that are valuable to human practitioners.



Statement of Authorship for joint/multi-authored papers for PGR thesis
To appear at the end of each thesis chapter submitted as an article/paper

The statement shall describe the candidate’s and co-authors’ independent research contributions in the thesis
publications. For each publication there should exist a complete statement that is to be filled out and signed by the
candidate and supervisor (only required where there isn’t already a statement of contribution within the paper
itself).

Title of Paper Interpretable Neural Architecture Search via Bayesian Optimisation with
Weisfeiler-Lehman Kernels
Publication Status XIPublished o Accepted for Publication
oSubmitted for Publication oUnpublished and unsubmitted work written

in a manuscript style
Binxin Ru*, Xingchen Wan*, Xiaowen Dong, and Michael A. Osborne.
Interpretable neural architecture search via Bayesian optimisation with
Weisfeiler-Lehman kernels. In International Conference on Learning
Representations (ICLR 2021), 2021.

Publication Details

Student Confirmation

Student Name: Binxin Ru
Contribution to the Wan and | contributed equally to the research idea discussions, experiments and code
Paper reviews and result analyses as well as the write-up of the paper. | was responsible for

processing NAS-Bench datasets and running competing baseline methods surrogate
regression and NAS experiments. Wan was responsible for implementing the our
method for experiments and generating plots in the interpretability section.

%
Py 17/09/2021
Signature o2 j L% Date

Supervisor Confirmation

By signing the Statement of Authorship, you are certifying that the candidate made a substantial contribution to the
publication, and that the description described above is accurate.

Supervisor name and title: Prof. Michael A. Osborne

Supervisor comments

To the best of my knowledge, all above seems fair and correct.

N@%g Date | 17/09/2021

Signature

This completed form should be included in the thesis, at the end of the relevant chapter.



Speedy Performance Estimation for
Neural Architecture Search

The content of this chapter is based on the following paper:

Binxin Ru*, Clare Lyle*, Lisa Schut, Mark van der Wilk, and Yarin Gal.
Speedy Performance Estimation for Neural Architecture Search. In arXiw

preprint arXiv:2006.04492 (Under review of NeurlPS 2021), 2021.

where our contributions were listed in the acknowledgements section of this thesis.

Evaluating the generalisation performance of a new configuration is the most cost-
intensive procedure in AutoML processes. Thus, efficient performance estimation is
crucial to the successful deployment of AutoML algorithms in practical applications,
and necessary for making AutoML affordable and accessible to a larger pool of
potential users. Following Chapter 7, in this chapter, we studies the problem of
performance estimation in the context of neural architecture search (NAS).

Traditional approaches to evaluate test performance of an new architecture face
a variety of limitations: training each architecture to completion is prohibitively
expensive, early stopped validation accuracy may correlate poorly with fully trained

performance, and model-based estimators require large training sets. We instead

170
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propose to estimate the final test performance based on a simple measure of
training speed. Our estimator is theoretically motivated by the connection between
generalisation and training speed, and is also inspired by the marginal likelihood,
which is used for Bayesian model selection. Our model-free estimator is simple,
efficient, and cheap to implement, and does not require hyper-parameter-tuning
or surrogate training before deployment. We demonstrate on various NAS search
spaces that our estimator consistently outperforms other alternatives in achieving
better correlation with the true test performance rankings. We further show that
our estimator can be easily incorporated into both query-based and one-shot NAS

methods to improve the speed or quality of the search.

8.1 Introduction

Reliably estimating the generalisation performance of a proposed architecture is
crucial to the success of Neural Architecture Search (NAS) but has always been a
major bottleneck in NAS algorithms (Elsken et al., 2018). The traditional approach
of training each architecture for a large number of epochs and evaluating it on
validation data (full training) provides a reliable performance measure, but requires
prohibitively large computational resources on the order of thousands of GPU
days (Zoph and Le, 2017; Real et al., 2017b; Zoph et al., 2018b; Real et al., 2019;
Elsken et al., 2018). This motivates the development of methods for speeding up
performance estimation to make NAS practical for limited computing budgets.
A popular simple approach is early-stopping, which offers a low-fidelity approxi-
mation of generalisation performance by training for fewer epochs (Li et al., 2016;
Falkner et al., 2018; Li and Talwalkar, 2019). However, if we stop training early and
evaluate the model on validation data, the relative performance ranking may not
correlate well with the performance ranking of the full training (Zela et al., 2018),
i.e. the test performance of the model after the entire trainin budget has been used.
Another line of work focuses on learning curve extrapolation (Domhan et al.; Klein
et al., 2016b; Baker et al., 2017), which trains a surrogate model to predict the final

generalisation performance based on the initial learning curve and/or meta-features
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of the architecture. However, the training of the surrogate often requires hundreds of
fully evaluated architectures to achieve satisfactory extrapolation performance and
the hyper-parameters of the surrogate also need to be optimised. Alternatively, the
idea of weight sharing is adopted in one-shot NAS methods to speed up evaluation
(Pham et al., 2018; Liu et al., 2019; Xie et al., 2019b). Despite leading to significant
cost-saving, weight sharing heavily underestimates the true performance of good
architectures and is unreliable in predicting the relative ranking among architectures
(Yang et al., 2020; Yu et al., 2020). A more recent group of estimators claim to
be zero-cost (Mellor et al., 2020; Abdelfattah et al., 2021). Yet, their performance
is often not competitive with the state of the art, inconsistent across tasks and
cannot be further improved with additional training budgets.

In view of the above limitations, we propose a simple model-free method,
Training Speed Estimation (TSE), which provides a reliable yet computationally
cheap estimate of the generalisation performance ranking of architectures. Our
method is inspired by recent empirical and theoretical results linking training
speed and generalisation (Hardt et al., 2016; Lyle et al., 2020) and measures the
training speed of an architecture by summing the training losses of the commonly-
used SGD optimiser during training. We empirically show that our estimator can
outperform strong existing approaches to predict the relative performance ranking
among architectures, and can remain effective for a variety of search spaces and
datasets. Moreover, we verify its usefulness under different NAS settings and find
it can speed up query-based NAS approaches significantly as well improve the

performance of one-shot and differentiable NAS.

8.2 Training Speed Estimation
8.2.1 Theoretical Motivations

Training Speed The theoretical relationship between training speed and gener-
alisation is described in a number of existing works. Stability-based generalisation
bounds for SGD (Hardt et al., 2016; Liu et al., 2017) bound the generalisation gap

of a model based on the number of optimisation steps used to train it. These bounds
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predict that models which train faster obtain a lower worst-case generalisation error.
In networks of sufficient width, a neural-tangent-kernel-inspired complexity measure
can bound both the worst-case generalisation gap and the rate of convergence of
(full-batch) gradient descent (Arora et al., 2019; Cao and Gu, 2019). However, these
bounds cannot distinguish between models that are trained for the same number of
steps but attain near-zero loss at different rates as they ignore the training trajectory.

We instead draw inspiration from another approach which incorporates properties
of the trajectory taken during SGD, seen in the information-theoretic generalisation
bounds of (Negrea et al., 2019) and (Neu, 2021). These bounds depend on the
variance of gradients computed during training, a quantity which provides a first-
order approximation of training speed by quantifying how well gradient updates
computed for one minibatch generalize to other points in the training set. In view
of this link, the empirical and theoretical findings in recent work (Fort et al., 2019;
Smith et al., 2021), which show a notion of the variance of gradients over the
training data is correlated with generalisation, become another piece of supporting

evidence for training speed as a measure of generalisation.

Bayesian Marginal Likelihood

Besides training speed, our estimator is also theoretically inspired by the marginal
likelihood, which is the basis for Bayesian model selection and has been briefly
discussed in Section 2.1.2 of Chapter 2. The marginal likelihood quantifies how
likely a dataset D,, is to have been generated by a model, and so can be used
to update a prior belief distribution over which model from a given set is most
likely to have generated D,,. Given a model with parameters w, prior p(w), and
likelihood p(D,|w) for a training data set D,, = {(x;, v:) }'-1 = {Xn, ¥n}, the (log)

marginal likelihood can be expressed as follows.

logp(Dn) - log Ep(w) Lp(Dn|W)] And 1ng(Dn) = Ing(Xi, yz|D<z)

M- 11:

s
I
_

log []Ep(W‘D<i) [p(x:, yz|W)”
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Interpreting the negative log posterior predictive probability — log p(x;, y;|D<;)
of each data point as a ‘loss’ function, the log marginal likelihood then corresponds
to the area under a training loss curve, where each training step would be computed
by sampling a data point (x;,¥;), taking the log expected likelihood under the
current posterior p(w|D.;) as the current loss, and then updating the posterior
by incorporating the new sampled data point: D1 := D U {(x;,4:)}. One
can therefore interpret the marginal likelihood as a measure of training speed in
a Bayesian updating procedure.

In the setting where we cannot compute the posterior analytically and only
samples w from the posterior over parameters are available, we obtain an unbiased

estimator of a lower bound £(D,,) on the marginal likelihood by Jensen’s inequality,
log p(D,) = Y- log [Eywip_) [p(x:. sl w)]]
i=1
> > Epwip) [log p(xi, yi|w)]

=1

~ Zlogp(xi, yi| W) = L(D,)

i=1
with ~ denoting equality in expectation. The unbiased estimator of a lower
bound L£(D,,) again corresponds to minimising a sum over training losses
Although not included in this thesis, we conduct a full analysis of the Bayesian
setting in Lyle et al. (2020) where we prove for linear models and infinitely wide
deep models performing Bayesian updates, the marginal likelihood can be bounded
by a notion of training speed (i.e. sum of training losses). In the NAS setting,
the deep neural networks does not follow Bayesian updates but we argue that the
training speed estimation metric is still plausibly useful for model selection. Just
as the marginal likelihood measures the utility of updates based on early data
points in predicting later data points, the TSE of a model trained with SGD will
be lower for models whose mini-batch gradient descent updates improve the loss of
later mini-batches seen during optimisation. We would like to emphasise that the
Bayesian connection thus justifies the use of a sum over training losses, instead of

the training loss from a single mini-batch update, as a tool for model selection.
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8.2.2 Method Description

The above theoretical motivations suggest that leveraging a notion of training speed
may benefit model selection procedures in NAS. Many such notions exist in the
generalisation literature: (Jiang et al., 2020) count the number of optimisation
steps needed to attain a loss below a specified threshold, while (Hardt et al., 2016)
consider the total number of optimisation steps taken. Both measures are strong
predictors of generalisation after training, yet neither is suitable for NAS, where we
seek to stop training as early as possible if the model is not promising.

We draw inspiration from the Bayesian marginal likelihood discussed above and
present an alternate estimator of training speed that amounts to the area under
the model’s training curve. Models that train quickly attain a low loss after few
training steps, and so will have a lower area-under-curve than those which train
slowly. This addresses the shortcomings of the previous two methods as it is able
to distinguish models both early and late in training.

We now define our proposed performance estimator. Let ¢ denote a loss function,
fw(x) the output of a neural network f with input x and parameters w, and let
w,,; denote the parameters of the network after ¢ epochs and ¢ minibatches of SGD.
After training the network for 1" epochs!, we sum the training losses collected so

far to get the following Training Speed Estimate (TSE):

TSE = ; [; Zg (th,i(Xi)7Yi)] (81)

where [ is the training loss of a mini-batch (X;,y;) at epoch t and B is the number
of training steps within an epoch.

This estimator weights the losses accumulated during every epoch equally.
However, recent work suggests that training dynamics of neural networks in the
very early epochs are often unstable and not always informative of properties of the
converged networks (Lewkowycz et al., 2020). Therefore, we hypothesise that an
estimator of network training speed that assigns higher weights to later epochs may

exhibit a better correlation with the true generalisation performance of the final

LT can be far from the total training epochs T.nq used in complete training
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trained network. On the other hand, it is common for neural networks to overfit on
their training data and reach near-zero loss after sufficient optimisation steps, so
attempting to measure training speed solely based on the epochs near the end of
training will be difficult and likely suffer degraded performance on model selection.

To verify whether it is beneficial to ignore or downplay the information from
early epochs of training, we propose two variants of our estimator. The first, TSE-
E, treats the first few epochs as a burn-in phase for w,; to converge to a stable
distribution P(w) and starts the sum from epoch t =7 — E + 1 instead of ¢t = 1.
In the case where 2 = 1, we start the sum at ¢t = T" and our estimator corresponds
to the sum over training losses within the most recent epoch ¢t = T

TSE-E — sz l; iﬁ (fuwe, (X0, y)] :

t=T—FE+1 1=
T 1 B

TSE-EMA =Y 47 [B N4 (fwm. (X4), y)]
t=1 =1

The second, TSE-EMA, does not completely discard the information from
the early training trajectory but takes an exponential moving average of the sum
of training losses with v = 0.9, thus assigning higher weight to the sum of losses
obtained in later training epochs.

We empirically show in Section 8.4.2 that our proposed TSE and its variants
(TSE-E and TSE-EMA), despite their simple form, can reliably estimate the
generalisation performance of neural architectures with a very small training budget,
can remain effective for a large range of training epochs, and are robust to the
choice of hyper-parameters such as the summation window E and the decay rate
~. However, our estimator is not meant to replace the validation accuracy at the
end of training or when the user can afford large training budget to sufficient train
the model. In those settings, validation accuracy remains as the gold standard
for evaluating the true test performance of architectures. Ours is just a speedy
performance estimator for NAS, aimed at giving an indication early in training
about an architecture’s generalisation potential under a fixed training set-up.

Our choice of using the training loss, instead of the validation loss, to measure

training speed is an important component of the proposed method. While it is
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possible to formulate an alternative estimator, which sums the validation losses of a
model early in training, this estimator would no longer be measuring training speed.
In particular, such an estimator would not capture the generalisation of gradient
updates from one minibatch to later minibatches in the data to the same extent as
TSE does. Indeed, we hypothesise that once the optimisation process has reached a
local minimum, the sum over validation losses more closely resembles a variance-
reduction technique that estimates the expected loss over parameters sampled via
noisy SGD steps around this minimum. We show in Section 8.4.2 and 8.4.6 that
our proposed sum over training losses (TSE) outperforms the sum over validation

losses (SoVL) in ranking models in agreement with their true test performance.

8.3 Related Work

Various approaches have been developed to speed up architecture performance
estimation, thus improving the efficiency of NAS. Low-fidelity estimation methods
accelerate NAS by using the validation accuracy obtained after training architectures
for fewer epochs (namely early-stopping) (Li et al., 2016; Falkner et al., 2018; Zoph
et al., 2018b; Zela et al., 2018), training a down-scaled model with fewer cells during
the search phase (Zoph et al., 2018b; Real et al., 2019), or training on a subset of
the data (Klein et al., 2016a). However, low-fidelity estimates underestimate the
true performance of the architecture and can change the relative ranking among
architectures (Elsken et al., 2018). This undesirable effect on relative ranking is
more prominent when the cheap approximation set-up is too dissimilar to the full
training (Zela et al., 2018). As shown in Figure 8.3 below, the validation accuracy at
early epochs of training suffers low rank correlation with the final test performance.
Another class of performance estimation methods trains a regression model to
extrapolate the learning curve from what is observed in the initial phase of training.
Regression model choices that have been explored include Gaussian processes with
a tailored kernel function (Domhan et al.), an ensemble of parametric functions

(Dombhan et al.), a Bayesian neural network (Klein et al., 2016b) and more recently a
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v-support vector machine regressor (v-SVR)(Baker et al., 2017) which achieves state-
of-the-art prediction performance (White et al., 2021b). Although these model-based
methods can often predict the performance ranking better than their model-free
early-stopping counterparts, they require a relatively large amount of fully evaluated
architecture data (e.g. 100 fully evaluated architectures in Baker et al. (2017)) to
train the regression surrogate properly and optimise the model hyper-parameters
in order to achieve a good prediction performance. The high computational cost
of collecting the training set makes such model-based methods less favourable for
NAS unless the practitioner has already evaluated hundreds of architectures on the
target task. Moreover, both low-fidelity estimates and learning curve extrapolation
estimators are empirically developed and lack theoretical motivation.

Weight sharing is employed in one-shot or gradient-based NAS methods to
reduce computational costs (Pham et al., 2018; Liu et al., 2019; Xie et al., 2019b).
Under the weight-sharing setting, all architectures are considered as subnetworks
of a supernetwork. Only the weights of the supernetwork are trained while the
architectures (subnetworks) inherit the corresponding weights from the supernetwork.
This removes the need for retraining each architecture during the search and
thus achieves a significant speed-up. However, the weight sharing ranking among
architectures often correlates poorly with the true performance ranking (Yang
et al., 2020; Yu et al., 2020; Zela et al., 2020), meaning architectures chosen by
one-shot NAS are likely to be sub-optimal when evaluated independently (Zela
et al., 2020). In Section 8.4.5, we demonstrate that we improve the performance
of weight sharing in correctly ranking architectures by combining our estimator
with it. Moreover, one-shot methods are often outperformed by sample-based NAS
methods (Dong and Yang, 2020a; Zela et al., 2020).

Recently, several works propose to estimate network performance without
training by using methods from the pruning literature (Abdelfattah et al., 2021)
or examining the covariance of input gradients across different input images
(Mellor et al., 2020). Such methods incur near-zero computational costs but their

performances are often not competitive and do not generalise well to larger search
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spaces, as shown in Section 8.4.2 below. Moreover, these methods can not be
improved with additional training budget.

Apart from the above mentioned performance estimators used in NAS, many
complexity measures have been proposed to analyse the generalisation performance
of deep neural networks. (Jiang et al., 2020) provides a rigorous empirical analysis
of over 40 such measures. This investigation finds that sharpness-based measures
(McAllester, 1999; Keskar et al., 2016; Neyshabur et al., 2017; Dziugaite and Roy,
2017) (including PAC-Bayesian bounds) obtain a good correlation with test set
performance, but their estimation require adding randomly generated perturbations
to the network parameters and the magnitude of the perturbations needs to be
carefully optimised with additional training, making them unsuitable performance
estimators for NAS. Optimisation-based complexity measures, which counts the
number of steps required to reach a certain loss value, also perform well in predicting
generalisation. However, as discussed in Section 8.2, it is closely related to our

approach but not as easy to deploy as our estimators under the NAS setting.

8.4 Experiments

In this section, we first evaluate the quality of our proposed estimators in predicting
the generalisation performance of architectures against a number of baselines
(Section 8.4.2), and then demonstrate that simple incorporation of our estimators
can significantly improve the search speed and/or quality of both query-based and
weight-sharing NAS (Sections 8.4.4 and 8.4.5).

We measure the true generalisation performance of architectures with their
final test accuracy after being completely trained for Ti,q epochs. To ensure fair
assessment of the architecture performance only, we adopt the common NAS protocol
where all architectures searched/compared are trained and evaluated under the
same set of hyper-parameters. Also following (Ying et al., 2019) and (Dong and
Yang, 2020a), we compare different estimators based on their Spearman’s rank
correlation which measures how well their predicted ranking correlates with the

true test ranking among architectures.
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We compare the following performance estimation methods: our proposed
estimators TSE, TSE-EMA and TSE-E described in Section 8.2 and simply the
training losses at each mini batch (TLmini). Sum of validation losses
over all preceding epochs (SoVL)? is similar to TSE but uses the validation
losses. Validation accuracy at an early epoch (VAccES) corresponds to the
early-stopping practice whereby the user estimates the final test performance of a
network using its validation accuracy at an early epoch T' < T.,4. Learning curve
extrapolation (LcSVR) method is the state-of-the-art extrapolation method
proposed in Baker et al. (2017) which trains a v-SVR on previously evaluated
architecture data to predict the final test accuracy of new architectures. The inputs
for the SVR regression model comprise architecture meta-features (e.g. number of
parameters), training hyper-parameters (e.g. initial learning rate), and learning
curve features up to epoch T (e.g. the validation curve and its lst-oder and
2nd-order differences up to epoch ¢t = T'). In our experiments, we optimise the
SVR hyper-parameters via cross-validation following (Baker et al., 2017). Three
recently proposed zero-cost baselines are also included: an estimator based on
input Jacobian covariance (JavCov) (Mellor et al., 2020) and two adapted
from pruning techniques SNIP and SynFlow (Abdelfattah et al., 2021).

We run experiments on architectures generated from a diverse set of NAS search
spaces listed in Table 8.1 to show that our estimators generalise well (more details
on the datasets are provided in Appendix B.5). Note Nygmpies = 6466 for NASBench-
201 (NB201) as it’s the number of unique architectures in the space. We use the
architecture information released in NAS-Bench-301 (Siems et al., 2020) for DARTS
and in (Radosavovic et al., 2019) for ResNet and ResNeXt. As for RandWiredNN
(RWNN) search space (Xie et al., 2019a; Ru et al., 2020b), although the number of
possible randomly wired architectures are immense, they are generated via a random
graph generator which is defined by 3 hyper-parameters. We thus uniformly sampled

69 sets of hyper-parameter values for the generator and generated 8 randomly wired

2Note, we flip the sign of TSE/TSE-EMA /TSE-E/SoVL/TLmini (which we want to minimise)
to compare to the Spearman’s rank correlation of the other methods (which we want to maximise).
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Table 8.1: NAS search spaces used. The true test accuracy of architectures from each
search space is obtained after training with SGD on the corresponding image datasets for
Tena epochs. Nyotar denotes the total possible architectures exist in the search space and
Nsamples denotes the number of architectures we sample/generate for our experiments.

Search space Tend  Nsamples Nt Image datasets

NASBench-201 (NB201) 200 6466 15625 CIFAR10, CIFAR100,
(Dong and Yang, 2020a) ImageNet120

DARTS

100 5000  O(2%2) CIFARI0
(Liu et al., 2019; Siems et al., 2020)

ResNet /ResNeXt

100 50000 O(2*) CIFAR10
(Radosavovic et al., 2019)

RandWiredNN (RWNN)

250 69 x 8  O(2°®) Flowerl02
(Xie et al., 2019a)

neural networks from each hyper-parameter value, leading to Nygmpies = 69X 8 = 552.

All the experiments were conducted on an internal cluster of 16 RTX2080 GPUs.

8.4.1 Hyper-parameters of TSE Estimators

Our proposed TSE estimators require very few hyper-parameters: the summation
window size E for TSE-E and the decay rate v for TSE-EMA, and we show
empirically that our estimators are robust to these hyper-parameters. For the
former, we test different summation window sizes on various search spaces and image
datasets in Figure 8.1 and find that £ = 1 consistently gives the best results across
all cases. This, together with the almost monotonic improvement of our estimator’s
rank correlation score over the training budgets, supports our hypothesis discussed
in Section 8.2 that training information in the more recent epochs is more valuable
for performance estimation. Note that TSE-E with £ = 1 corresponds to the sum of
training losses over all the batches in one single epoch. As for v, we show in Figure
8.2 that TSE-EMA is robust to a range of popular choices vy € [0.9,0.95,0.99,0.999]
across various datasets and search spaces. Specifically, the performance difference

among these v values are almost indistinguishable compared to the difference
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Figure 8.1: Rank correlation performance of TSE-E computed over E most recent epochs.
Different E values are investigated for architectures in NASBench-201 (NB201) on three
image datasets and 5000 architectures from NASBench-301 (DARTS) on CIFAR10. In all
cases, smaller I consistently achieves better rank correlation performance with £ =1
being the best choice.

between TSE-EMA and TSE-E. Thus, we set £ = 1 and v = 0.999 in all the
following experiments and recommend them as the default choice for potential users

who want to apply TSE-E and TSE-EMA on a new task without additional tuning.

8.4.2 Comparison of Performance Estimation Quality

Robustness across different NAS search spaces We now compare our TSE
estimators against a variety of other baselines. To mimic the realistic NAS setting
(Elsken et al., 2018), we assume that all the estimators can only use the information
from early training epochs and limit the maximum budget to T" < 0.57%,4 in this
set of experiments. This is because NAS methods often need to evaluate hundreds
of architectures or more during the search (Ru et al., 2020b) and thus rarely use

evaluation budget beyond 0.57,,q so as to keep the search cost practical/affordable.
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Figure 8.2: Rank correlation performance of TSE-EMA with ~ on architectures in
NASBench-201 (NB201) on three image datasets and 5000 architectures from NASBench-
301 (DARTS) on CIFARI10. In all cases, TSE-EMA is very robust to different v values;
the difference among TSE-EMA with different v is indistinguishable compared to that
with TSE-E.

The results on a variety of the search spaces are shown in Figure 8.3. Our proposed
estimator TSE-EMA and TSE-E, despite their simple form and cheap computation,
outperform all other methods under limited evaluation budget T < 0.57%,4 for all
search spaces and image datasets. They also remain very competitive on ranking
among the top 1% ResNet/ResNeXt architectures as shown in Figure 8.3(f) and
(g). TSE-EMA achieves superior performance over TSE-E especially when T is
small. This suggests that although the training dynamics at early epochs might
be noisy, they still carry some useful information for explaining the generalisation
performance of the network. The learning curve extrapolation method, LcSVR, is
competitive. However, the method requires 100 fully trained architecture data to
fit the regression surrogate and optimise its hyperparamters via cross validation;

a large amount of computational resources are needed to collect these training
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Figure 8.3: Rank correlation performance of various baselines for (a) to (¢) NB201
architectures on three image datasets and for (d) RWNNs on Flowers102. In all cases, our
TSE-EMA and TSE-E achieve superior rank correlation with the true test performance in
much fewer epochs than other baselines. In (a) and (c), we mark SNIP in a violet dotted
line labelled with its rank correlation value as it falls out of the plotted range.

data in practice. The zero-cost measures JacCov and SynFlow achieve good rank
correlation at initialisation but is quickly overtaken by TSE-EMA and TSE-E once
the training budget exceeds 6-7 epochs. SNIP performs poorly and falls out of
the plot range in Figure 8.3 (a) and 8.3 (c).

We further validate on the architectures from the more popular search space used
in DARTS. One potential concern is that if models are trained using different hyper-
parameters that influence the learning curve (e.g. learning rate), the prediction

performance of our proposed estimators will be affected. However, this is not a
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Figure 8.4: Rank correlation performance of various baselines for ResNet and ResNeXt
architectures on CIFAR10. In (b) and (d), we evaluate estimators on the top 1% of the
ResNet/ResNeXt architectures and show that our TSE-EMA and TSE-E can remain
competitive on ranking among top architectures, which are particularly desirable for NAS.

problem in NAS because almost all existing NAS methods (Dong and Yang, 2020a;
Ying et al., 2019; Xie et al., 2019a; Liu et al., 2019; Siems et al., 2020; White
et al., 2021b) search for the optimal architecture under a fixed set of training hyper-
parameters. We also follow this fized-hyperparamter set-up in our work. Verifying
the quality of various estimators for predicting the generalisation performance
across different hyper-parameters lies outside the scope of our work but would

be interesting for future work.

Robustness across different NAS set-ups Here, we conduct experiments to
verify the robustness of our estimators across different NAS set-ups. On top of

the architecture data from NAS-Bench-301 (Siems et al., 2020), we also generate
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Figure 8.5: Rank correlation performance of various baselines for 5000 small 8-cell
architectures (a) and 150 large 20-cell architectures (b) to (d) from DARTS search space
on CIFAR10. We use NAS-Bench-301 dataset(NAS301) for computing (a) and for large
architectures, we test three training hyper-parameter set-ups with different initial learning
rates, learning rate schedulers and batch sizes as denoted in the subcaptions. On all
four settings, our TSE-E again consistently achieves superior rank correlation in fewer
epochs than other baselines. Note all three zero-cost estimators perform poorly (below
the plotted range) on DARTS search space across all settings. We denote them in dotted
lines with their rank correlation value labelled.

several additional architecture datasets; each dataset correspond to a different
set-up (e.g. different architecture depth, initial learning rate, learning rate scheduler
and batch size) and contains 150 large 20-cell architectures which are randomly
sampled from the DARTS space and evaluated on CIFAR10. The results in Figure
8.5 show that our estimator consistently outperforms all the competing methods

in comparing architectures under different NAS set-ups. Note here the curve of
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TLmini corresponds to the average rank correlation between final test accuracy
and the mini-batch training loss over the epoch. The clear performance gain of our
TSE estimators over TLmini supports our claim that it is the sum of training losses,
which measures the training speed and thus carries the theoretical motivations
explained in Section 8.2, instead of simply the training loss at a single minibatch, that
gives a good estimation of generalisation performance. Note the rank correlation
of all zero-cost measures drop significantly (e.g. SynFlow drops from 0.74 on
NB201 to below 0.2) on the DARTS search space, and even do worse than the
training losses at the first few minibatches (TLmini at T=1). Such inconsistent
prediction performance, especially doing weakly on the more practical search space,

is undesirable for real-world NAS applications.
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Figure 8.6: Rank correlation performance up to T' = Tepnq. If the users want to apply
our estimators for large training budget, they can estimate the effective range of our
estimators based on the minimum epoch T, when overfitting happens among the Nj
observed architectures. They can then stop our estimators early at 0.97,(marked by
vertical lines) or switch back to validation accuracy beyond that.
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Algorithm 12 Find Effective Training Budget for TSE Estimators

: Input: A subset of N, fully trained architectures whose training losses are
{{::} =32 Overfitting criterion is_over fit()
: Output: The effective training budget T¢fcctive to use TSE-EMA or TSE-E
: S, =10
:fori=1,..., N, do
fort=1,...,T.,q do
if is_overfit((;;) then
7—11',0 =T
break
else

[y

W PN g ey

H
@

E,O — dend
end if
end for
13: Sp, =81, U Tio
14: end for
15: T, = min Sy,
16: Teffective = 0.97,

—_ =
DN =

Procedure to decide the effective training budget We include three exam-
ples showing the performance of our estimator for training budgets beyond 0.57¢,q
in Figure 8.6. Our estimators can remain superior for a relatively wide range
of training budgets. Although they will eventually be overtaken by validation
accuracy as the training budget approaches T,,q as discussed in Section 8.2, the
region requiring large training budget is less interesting for NAS where we want to
maximise the cost-saving by using performance estimators. However, if the user
wants to apply our estimators with a relatively large training budget, we propose a
simple method here to estimate when our estimators would be less effective than
validation accuracy. We notice that that our estimators, TSE-EMA and TSE-E,
become less effective when the architectures compared start to overfit because both
of them rely heavily on the lastest-epoch training losses to measure training speed,
which is difficult to estimate when the training losses become too small.

Thus, we can adopt the simple heuristic described in Algorithm 12 to decide
when to stop the computation of TSE-E and TSE-EMA early by reverting to a

previous checkpoint at Tiogective = 0.97, 3. Similar to Appendix A.8.1, we use a

3We use Tefective = 0.97, rather than T, to be conservative.
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simple criterion: training loss decreasing below 0.1 (i.e. {;;—7, < 0.1), to identify
when an architecture start to overfit on NB201 datasets. We randomly sample
N, = 10,50, 100,500 architectures and assume that we have access to their full
learning curves. We then decide the threshold training budget Tigective (Vertical
lines) as the minimum training epoch that overfitting happens among these N,
architectures. We repeat this for 100 random seeds and plot the mean and standard
error of the threshold for each Ny in Figure 8.6. It’s evident that we can find a

fairly reliable threshold with a sample size as small as Ny = 10.

8.4.3 Architecture Generator Selection

For the RWNN-Flower102 dataset, we use 69 different hyper-parameter values for
the random graph generator which generates the randomly wired neural architecture.
Here we would like to investigate whether our estimator can be used in place of the
true test accuracy to select among different hyper-parameter values. For each graph
generator hyper-parameter value, we sample 8 neural architectures with different
wiring. The mean and standard error of the true test accuracies, TSE-EMA scores
and early stopped validation accuracy (VAccES) over the 8 samples are presented in
Figure 8.7. Our estimator can accurately predict the relative performance ranking
among different hyper-parameters (Rank correlation > 0.84) and accurately identify
the optimal hyper-parameter (circled in black) based on as few as 10 epochs of
training (7" = 10). The prediction by VAccES is less consistent and accurate and
the rank correlation between VAccES and the final test accuracy is always lower

than that of our TSE-EMA across different training budgets.

8.4.4 Speed up Query-based NAS

In this section, we demonstrate the usefulness of our estimator for NAS by
incorporating TSE-EMA | at T' = 10 into several query-based NAS search strategies:
Regularised Evolution (Real et al., 2019) in Figure 8.8(a), Bayesian Optimisation
(Bergstra et al., 2011b) in Figure 8.8(b) and Random Search (Bergstra and Bengio,

2012) Figure 8.8(c). We perform architecture search on NB201 search space. We
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Figure 8.7: Model selection among 69 random graph generator hyper-parameters on
RWNN-Flower102 dataset using our TSE-EMA (a) and VAccES (b). We use each
hyper-parameter value to generate 8 architectures and evaluate their true test accuracies
after complete training. The mean and standard error of the test performance across
8 architectures for each hyper-parameter value are presented as Test Acc (yellow) and
treated as ground truth (Right y-axis). We then compute our TSE-EMA estimator for all
the architectures by training them for T' < Ti,q = 250 epochs. The mean and standard
error of TSE-EMA scores for T'= 10,...,90 are presented in different colours (Left y-axis
of (a)). The rank correlation between the mean Test Acc and that of TSE-EMA for various
T is shown in the corresponding legends in (a). The same experiment is conducted by using
early-stopped validation accuracy (VAccES) for performance estimation (b). With only
10 epochs of training, our TSE-EMA estimator can already capture the trend of the true
test performance of different hyper-parameters relatively well (Rank correlation= 0.851)
and can successfully identify 24-th hyperparamter setting as the optimal choice. The
prediction of best hyper-parameter by VAccES is less consistent and the rank correlation
scores of VAccES at all epochs are lower than those of TSE-EMA.

compare this against the other two benchmarks which use the final validation
accuracy at T' = T,,q = 200, denoted as Val Acc (T=200) and the early-stop
validation accuracy at 1" = 10, denoted as Val Acc (T=10), respectively to evaluate

the architecture’s generalisation performance. All the NAS search strategies start
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(c) Random Search (RS)

Figure 8.8: NAS performance of Regularised Evolution (RE), Bayesian Optimisation
(BO) and Random Search (RS) in combined with final validation accuracy Val Acc
(T=200), early-stopping validation accuracy Val Acc (T=10) and our estimator TSE-
EMA (T=10) on NB201. For each subplot, we experiment on the three image datasets:
on CIFARI10 (left), CIFAR100 (middle) and ImageNet120 (right). TSE-EMA leads to the
fastest convergence to the top performing architectures in all cases. The black dashed
line is to facilitate the comparison of runtime taken to reach a certain test error among
different variants.

their search from 10 random initial data and are repeated for 20 seeds. Note the
x-axis is in log scale. The mean and standard error results over the search time
are shown in Figure 8.8. By using our estimator, the NAS search strategies can
find architectures with lower test error given the same time budget or identify

the top performing architectures using much less runtime as compared to using
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final or early-stopping validation accuracy. The performance gain of using our
estimator or the early-stopped validation accuracy is more significant in the case
of RE and BO as compared to the case of RS. For example, given a budget of
50 hours on CIFAR100, RE and BO with our estimator can find an architecture
with a test error around or below 26% but RS only finds architecture with test
error of around 26.8%. This is due to the fact that RS is purely explorative
while RE and BO both trade off exploration and exploitation during their search;
our estimator by efficiently estimating the final generalisation performance of the
architectures will enable better exploitation. Therefore, we recommend the users
to deploy our proposed estimator onto search strategies which involve some degree

of exploitation to maximise the potential gain.
8.4.5 Improving One-shot and Gradient-based NAS

Table 8.2: Results of performance estimators in one-shot NAS setting over 3 supernetwork
training initialisations. For each supernetwork, we randomly sample 500 random
subnetworks for DARTS and 200 for NB201, and compute their TSE, Val Acc, SoVL,
Tlmini after inheriting the supernetwork weights and training for B additional minibatches.
Rank correlation measures the estimators’ correlation with the rankings of the true test
accuracies of subnetworks when trained from scratch independently, and we compute the
average test accuracy of the top 10 architectures identified by different estimators from all
the randomly sampled subnetworks.

Rank Correlation Average Accuracy of Top 10 Architectures
B Estimator
stimator NB201-CIFAR10 DARTS NB201-CIFAR10 DARTS
RandNAS FairNAS MultiPaths ~ RandNAS RandNAS FairNAS MultiPaths RandNAS

TSE  0.70 (0.02) 0.84 (0.01) 0.83 (0.01) 0.30(0.04) 92.67 (0.12 92.70 (0.10) 92.63 (0.12) 93.64(0.04)

100
Val Acc 044 (0.15) 056 (0.17)  0.67 (0.05)  0.11(0.04) 9147 (0.31)  91.73 (0.21)  91.77 (0.78)  93.20(0.04)
SoVL 054 (0.13) 0.84 (0.06) 0.83 (0.01) 0.10(0.04) 92.57 (0.15)  92.67 (0.06) 92.73 (0.06) 93.21(0.04)
Tlmini ~ 0.62 (0.03)  0.72 (0.09)  0.74 (0.02) 0.03)  91.80 (0.40) 9233 (0.40)  92.43 (0.06)  93.38(0.03)

0.06) 92.73 (0.06) 93.55(0.04)
0.10) 9223 (0.23)  93.34(0.02)
0.15) 9250 (0.10)  93.36(0.02)
0.25) 9240 (0.27)  93.15(0.01)

(
(
(
05(
500 TSE  0.70 (0.03) 0.850 (0.01) 0.83 (0.01) 0.32(0.04) 92.70 (0.00) 92.77
Val Acc 041 (0.10) 056 (0.17)  0.53 (0.11)  0.09(0.02)  91.53 (0.55)  92.40
SoVL 052 (0.17)  0.84 (0.06)  0.80 (0.02)  0.08(0.02)  90.70 (1.35)  92.53

(

(

(

(

(

Tlmini 046 (0.14)  0.72 (0.10)  0.69 (0.06)  0.02(0.01)  92.00 (0.35)  92.53

TSE  0.71 (0.03) 0.85 (0.00) 0.82 (0.01) 0.34(0.04) 92.70 (0.00) 92.77
Val Acc 044 (0.04)  0.62 (0.08)  0.59 (0.71)  0.06(0.02)  91.20 (0.35)  92.10
SoVL 045 (0.21)  0.81(0.05)  0.81(0.03) 0.05(0.02) 91.00 (1.60)  92.53
Tlmini 047 (0.12)  0.74 (0.02)  0.70 (0.04)  0.09(0.01)  91.60 (0.44)  92.43

06) 92.70 (0.00) 93.65(0.04)
50) 9143 (0.72)  93.31(0.02)
15) 9253 (0.06)  93.26(0.02)
21) 9227 (0.12)  92.95(0.01)

300

e B B

0.
0.
0.
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Different from query-based NAS strategies, which evaluate the architectures

queried by training them independently from scratch, another popular class of
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NAS methods use weight sharing to accelerate the evaluation of the validation
performance of architectures (subnetworks) and use this validation information to
select architectures or update architecture parameters. Here we demonstrate that
our TSE estimator can also be a plug-in replacement for validation accuracy or loss

used in such NAS methods to improve their search performance.

One-shot NAS

We first experiment on a classic one-shot method, RandNAS (Li and Talwalkar,
2020), which trains a supernetwork by uniform sampling, then performs architecture
search by randomly sampling subnetworks from the trained supernetwork and
comparing them based on their validation accuracy. We follow the RandNAS
procedure for the supernetwork training but modify the search phase: for each
randomly sampled subnetwork, we train it for B additional mini-batches after
inheriting weights from the trained supernetwork to compute our TSE estimator.
Note although this introduces some costs, our estimator saves all the costs from
evaluation on validation set as it doesn’t require validation data. To ensure fair
comparison, we also recompute the validation accuracy, SoVL, Tlmini of each
subnetwork after the additional training. We also experiment with more advanced
supernetwork training techniques such as FairNAS (Chu et al., 2019) and MultiPaths
(Yu and Huang, 2019), and show that our estimators can be applied on top of them
to further improve the rank correlation performance.

We evaluate the rank correlation performance and average test accuracy of the
top-10 architectures recommended by different performance estimators among 500
random subnetworks sampled from the DARTS supernet* and 200 random subnet-
works from the NB201 supernet. We repeat the experiments on B = 100, 200, 300
and over 3 different supernetworks training seeds. The mean and standard deviation
results on rank correlation and test accuracy of top architectures are shown in
Table 8.2. It is evident that our TSE leads to 170% to 300% increase in rank

correlation performance compared to validation accuracy. Moreover, TSE achieves

4We use NAS-Bench-301 to compute the true test accuracy of each subnetwork when trained
independently from scratch.



8. Speedy Performance Estimation for Neural Architecture Search 194

higher average test accuracy of the top 10 architectures across all supernetwork
training techniques and search spaces. This implies that in comparison with other
performance estimators, our estimator can effectively help find architectures with
better generalisation performance under the popular weight-sharing setting. Note
although our TSE requires additional training of B mini-batches, it does not require
the computation of validation statistics. Thus, only a bit or even no additional
costs would be induced compared to conventional use of validation accuracy. For
example, on DARTS search space, if we follow the RandNAS protocol (batch
size=64, train/valid split=0.5), the average cost to compute validation accuracy
on entire validation set for one architecture is 6.6 seconds and the average cost
of training for B = 100 additional mini-batches takes 7.5 seconds. On NB201-
CIFARI0, if we follow its default protocol, the validation cost is 6.4 seconds while

the additional train cost for B = 100 is 4.4 seconds.

Differentiable NAS

Finally, we demonstrate the use of our estimators on differentiable NAS. We modify
two differentiable approach, DARTS (Liu et al., 2019) and DrNAS (Chen et al.,
2021c) by directly replacing the derivative of the validation loss with that of our
TSE estimator computed over 100 mini-batches (B=100 as in one-shot NAS setting
above) to update the architecture parameters. In DARTS (Liu et al., 2019), each
intermediate node ¢@is computed based on all of its predecessors:

o) = 3 5(h9) <¢(i)) (8.2)

i<j

where 6(+7)(¢) is a mix of all possible operations o(¢):

g ex( (i)
9 (9) = 3 oo (83)

0O 20’6(’) eXp(OZO/
The architecture parameters to be searched in DARTS is thus a set of continuous
vectors a = {al™)}. Assume we run the search for T epochs and each epoch
comprises B mini-batches, the algorithms of DARTS and DARTS-TSE is summarised
in Algorithm 13 and 14. Note in DARTS, the architecture parameters are updated
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Figure 8.9: Test accuracy of the subnetwork recommended by differentiable NAS
methods over the search epochs. Original DARTS, DrNAS (in green) use the gradient of
validation loss to update the architecture parameters but their variants (DARTS-TSE
and DrNAS-TSE) (in red) uses that of our estimator computed over 100 mini-batches.
TSE help mitigate the overfitting of DARTS on NB201.

with the derivative of validation loss V4/,. (W, ) at each mini-batch, leading
to a total of BT updates. In DARTS-TSE, we compute the TSE estimator and
its derivative using K = 100 mini-batches, leading to a less frequent update of
a. To compensate that, we set Volrsp (W, ) = S, Vol (w, o) instead of
Valrse (W, a) = =35, Vol (w,a) for updating a.

DrNAS (Chen et al., 2021c¢) is very similar to DARTS but instead of updating
the architecture parameters « directly, DrNAS assumes « is drawn from a Dirichlet

distribution ¢(e|3) and optimise the distribution parameters 3. (3 is updated
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at each mini-batch by descending:
Eqaip) [Vlva (W, )] (8.4)

In DrNAS-TSE, we instead use the derivative of TSE to update 3:
U k
Z Eq(alﬂ) [vﬁgtrain (Wv a)} (85)
k=1
For both DARTS and DrNAS, we set K = 100 for computing our TSE and
follow the default setting in Dong and Yang (2020a); Liu et al. (2019); Chen et al.

(2021c) for all the other hyper-parameters including B and 7'

Algorithm 13 DARTS

1: Create a mixed operation 0"/ parametrised by a®’ for each edge (i, 7)
2: fort=1,..., BT do

3:  Update architecture parameter a by descending Vo lyq (W, &)

4:  Update weights w by descending Vi qin (W, &)

5: end for

6: Derive the final architecture based on the learned o

Algorithm 14 DARTS-TSE

1: Create a mixed operation 0™/ parametrised by a® for each edge (i, j)
2: fort=1,...,|BT/K| do
3:  Update architecture parameter a by descending Vo lrse (W, o)
VQETSE (W, a) =0
for k=1,..., K do
Update weights w by descending V. iqin (W, )
vagTSE (W, a) = vagTSE (W, OC) + vwgtrain (W, a)
8: end for
9: end for
10: Derive the final architecture based on the learned «

We test both DARTS and DrNAS, as well as their TSE variants on the NB201-
CIFARI10 as well as DARTS search space. Again we use NAS-Bench-301 to obtain
the true test performance of searched DARTS architectures on CIFAR10 (DARTS-
NB301). The test accuracy of the subnetwork recommended over the search epochs
are shown in Figure 8.9: we average over 3 seeds for NB201-CIFAR10 and use the
default seed for DARTS-NB301. The results show that a simple integration of our
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estimator into the differentiable NAS frame can lead to clear search performance
improvement and even mitigate the overfitting (to skip-connection) problem suffered

by DARTS (Zela et al., 2020) on NB201 search space (Figure 8.9(a)).

8.4.6 Ablation Studies

Compute TSE with training losses or validation losses
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Figure 8.10: Rank correlation (with final test accuracy) performance of TSE (yellow)
and TSE-E (blue), and those of validation losses (pink), SoVL (solid) and SoVL-E (dash
dot), as well as that of final test loss (black) for architectures in NB201 on three image
datasets. Note the correlation performances of final test loss and SoVL-E near the end of
training get surprisingly poor for CIFAR10/100.

We perform a simple sanity check against the validation loss on NASBench-
201 datasets. Specifically, we compare our proposed estimators, TSE and TSE-E,
computed with training losses against two equivalent variants of validation loss-
based estimators: Sum of validation losses (SoVL) and that over the most recent
epoch (SoVL-E with E = 1). For each image dataset, we randomly sample 5000
different neural network architectures from the search space and compute the rank
correlation between the true test accuracies (at 7' = 200) of these architectures
and their corresponding TSE/TSE-E as well as SoVL/SoVL-E up to epoch T'. The
results in Figure 8.10 show that our proposed estimators TSE and TSE-E using
training losses clearly outperform their validation counterparts.

Another intriguing observation is that the rank correlation performance of SoVL-
E drops significantly in the later phase of the training (after around 100 epochs for
CIFAR10 and 150 epochs for CIFAR100) and the final test loss, TestL (T=200),
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also correlates poorly with final test accuracy. This implies that the validation/test
losses can become unreliable indicator for the validation/test accuracy on certain
datasets; as training proceeds, the validation accuracy keeps improving but the
validation losses could stagnate at a relatively high level or even start to rise
(Mukhoti et al., 2020; Soudry et al., 2018). This is because while the neural
network can make more correct classifications on validation points (which depend
on the maximum argument of the logits) over the training epochs, it also gets more
and more confident on the correctly classified training data and thus the weight
norm and maximum of the logits keeps increasing. This can make the network
overconfident on the misclassified validation data and cause the corresponding
validation loss to rise, thus offsetting or even outweighing the gain due to improved
prediction performance (Soudry et al., 2018). Training loss will not suffer from this
problem. While TSE-E struggles to distinguish architectures once their training
losses have converged to approximately zero, this contributes to a much smaller
drop in estimation performance of TSE-E compared to that of SoVL-E and only
happens near a very late phase of training (after 150 epochs) which will hardly be
reached if we want efficient NAS using as few training epochs as possible. Therefore,
the possibility of network overconfidence under misclassification is another reason

for our use of training losses instead of the validation losses.

Example showing training loss is better correlated with validation ac-
curacy than validation loss

We sample three example architectures from the NASBench-201 dataset and plot
their losses and validation accuracies on CIFAR100 over the training epochs T
The relative ranking for the validation accuracy is: Arch A (0.70) > Arch B
(0.67) > Arch C (0.64), which corresponds perfectly (negatively) with the relatively
ranking for the training loss: Arch A (0.05) < Arch B (0.31) < Arch C (0.69).
Namely, the best performing architecture also has the lowest final training epoch loss.
However, the ranking among their validation losses is poorly/wrongly correlated
with that of validation accuracy; the worst-performing architecture has the lowest

final validation losses but the best-performing architecture has the highest validation
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Figure 8.11: Training losses, validation losses and validation accuracies of three example
architectures on CIFAR100. The average of the training losses, validation losses and
validation accuracies over the final 10 epochs is presented in the subcaption of each
architecture.

losses. Moreover, in all three examples, especially the better-performing ones, the
validation loss stagnates at a relatively high value while the validation accuracy
continues to rise. The training loss does not have this problem and it decreases
while the validation accuracy increases. This confirms the observation we made
above that the validation loss will become an unreliable predictor for the final
validation accuracy as well as the generalisation performance of the architecture

as the training proceeds due to overconfident misclassification.

Comparison with sum over accuracy

We compute another two variants of our estimator, SoTAcc and SoTAcc-E, by
summing over training accuracies rather than training losses. Another two baselines
to check against are the sum over validation accuracy, SoVAcc and SoVAcc-E. The
results on CIFAR10 and CIFAR100 in Figure 8.10 confirm the discussion above: as
the training proceeds, the validation loss can become poorly correlated with the
validation/test accuracy while the training loss is still perfectly correlated with
the training accuracy. It is expected that SoVAcc-E should converge to a perfect

rank correlation (=1) with the true test performance at the end of the training.
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Figure 8.12: Rank correlation performance of our TSE (yellow), the sum over training
accuracy, SoTAcc (blue), the sum over validation losses, SOVL (pink), the sum of validation
accuracy, SoVAcc (green) as well as their summing over the recent E epoch counterparts
(dash dot) for 5000 random architectures in NASBench-201 on three image datasets.

However, the results in (a), (b) and (c¢) show that our proposed estimator TSE-E
can consistently outperform SoVAcc-E in the early and middle phase of the training

(roughly 7" < 150 epochs). This reconfirms the usefulness of our estimator.
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Figure 8.13: Rank correlation performance of the sum of training losses over F most
recent epochs (TSE-E) on the 20-cell DARTS dataset. Different E values include those
< 1 are investigated for 100 random architectures in DARTS search space under three
different evaluation set-ups. In all three settings, I/ = 1 again is the best choice.

We also compute the TSE-E statistics with £ < 1 (i.e. within an epoch) on the
20-cell DARTS architecture data (used for Figure 8.5 ), for which we have saved
each mini-batch training losses. For example, E = 0.1 corresponds to the sum of

training losses over the last 10% of the mini-batches/optimisation steps in an epoch.
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The results for different £ are shown in Figure 8.13. We consistently observe that
summing over the entire epoch (E = 1) gives the best performance, which might be
because ' = 1 covers the entire training set as the Bayesian marginal likelihood

does, which is the theoretical inspiration for our method.

8.5 Conclusion

We propose a simple yet reliable method, TSE, for estimating the generalisation
performance of neural architectures based on their training speed measured by
the sum of early training losses. Our estimator is theoretically motivated by the
connection between generalisation and training speed, as well as the link between sum
of training losses and Bayesian marginal likelihood. TSE consistently outperforms
many efficient estimators in terms of rank correlation with the true test performance
under a variety of search spaces as well as training set-ups. Moreover, it can lead
to significant speed-ups and/or performance gains when being directly applied
into different types of NAS strategies including even one-shot and differentiable
ones. Therefore, we believe TSE can be a valuable tool contributing to more
cost-efficient NAS, making NAS and potentially AutoML more affordable by users

with limited computation budgets.

Future directions One potential direction to extend our work is to modify the
neural network training protocol (e.g. using SGLD (Welling and Teh, 2011) rather
than SGD) to simulate a Bayesian update setting so that our proposed TSEs
or their variants can be theoretical justified or guaranteed. However, changing
the well-optimised neural network training protocol may compromise the network
performance and/or lead to significant overheads, thus less attractive from the
practical view. The trade-off between the theoretical assurance and practical
performance/simplicity needs to be analysed. In addition, our proposed estimators
are only empirically verified on comparing architectures for image classification
tasks. An exciting future work would be to further evaluate the robustness of

our TSE estimators on tasks beyond classification, such as natural language
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processing and image segmentation, and/or on other AutoML problems such as
hyper-parameter optimisation. One caveat for hyper-parameter optimisation is that
hyper-parameters like dropout or learning rate can directly affect the training loss
curve. Thus, direct application of our estimator might not work effectively and
smart modifications would be needed. Lastly, different performance estimation
methods can be complementary and thus potentially combined to achieve better
estimation. For example, our TSEs only focus on the network training trajectory
while surrogate-based predictors like GPWL or GCN introduced in Chapter 7
only consider the architecture topology and operation types. These two groups of
estimators can be integrated to account for both sources of information in predicting

the final generalisation performance.
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Conclusions and Future Directions

9.1 Conclusion

In this thesis, we have investigated and addressed a number of research challenges
for applying BO methods to AutoML problems like hyper-parameter tuning and
neural architecture search (NAS). All our proposed methods can be categorised

into two main themes as follows.

1. Improve the efficiency of BO In Chapter 3, we significantly reduced the
computation costs and complexity of information-theoretic acquisition functions,
leading to a fast alternative, FITBO. This speed-up is achieved via a parabolic
transformation of the objective function which allows us to circumvent the laborious
process of separately sampling for the global optimum/optimiser. While being
much faster to compute, FITBO still maintains the desirable properties and
competitive performance of information-theoretic approaches. In Chapter 4, we
advocated for the asynchronous batch BO setting to maximise the utility of parallel
computing resources. This is particularly relevant to AutoML tasks given that the
evaluation runtimes of different configurations often vary significantly. We also
demonstrated our penalisation-based approach, PLAyBOOK, is particularly effective

for asynchronous execution, clearly outperforming its synchronous counterpart in not

203
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only time efficiency but also query efficiency. Finally in Chapter 8, we studied the
important problem of generalisation performance estimation in the specific task of
NAS. Reliable performance estimation has always been the computation bottleneck
of all search methods, including BO. We developed a cheap yet effective solution,
TSE, which is theoretically motivated, mode-free and very simple to deploy. Through
extensive experiments on a variety of NAS datasets and search spaces, we showed
that our TSE can outperform many existing alternatives including early-stopped
validation accuracy, and can be easily plugged into different search methods to
achieve remarkable cost saving and/or performance gain. In summary, we improved
the efficiency of acquisition function optimisation for information-theoretic BO, the
efficiency of resource utilisation for parallel BO and the efficiency of performance

estimation for BO-based and in fact, all popular types of NAS strategies.

2. Expand the application scope of BO Besides making BO more efficient,
we also explored several new or under-explored problem scenarios for BO, especially
GP-based BO, in the thesis. In Chapter 5, we targeted optimisation problems
involving multiple categorical and multiple continuous variables. Such problems
is highly common in practical applications, including but not limited to AutoML
processes, but receives little attention in BO literatures and thus remains challenging.
We introduced a new framework, CoCaBO, which overcomes the drawbacks of
the default one-hotting encoding approach by harnessing multi-armed bandits to
handle categorical variables. Moreover, CoCaBO makes efficient use of the query
data through the design of combined kernel design to capture the coupling across
categorical variables. Built on the kernel design in CoCaBO and the concept of local
trust regions, we further proposed a new GP-based BO solution, CASMOPOLITAN,
which is scalable to the more challenging setting of high-dimensional problems
with mixed input types. In Chapter 6, we applied BO on a new application:
black-box adversarial attacks on machine learning models. For attacking image
classifiers, we overcame the high dimensionality of image input with additive GPs

or latent embedding, and developed a unified BO framework, BayesOpt Attack, to
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optimise the latent space dimension together with the adversarial perturbations. For
attacking graph classifiers, we drew inspiration from our prior work on NAS, and
adapted a graph kernel into a sparse Bayesian linear regression to deal with graph
structured inputs. The resultant attack method, GRABNEL, is scalable to large
graphs and robust under different attacking constraints. Both our BO-based attacks
achieve the state-of-the-art query efficiency on a diverse set of tasks, verifying
the great potential of BO for efficient assessment of model robustness. Lastly,
in Chapter 7, we re-examined the application of BO on NAS. Instead of using
encoding schemes or user-defined similarity metrics to compare architecture graphs,
we suggested the use of the Weisfeiler-Lehman (WL) graph kernel, which empowers
any GP-based BO strategy to naturally handle the graph-like search space. Based
on the WL graph kernel, our proposed BO strategy, NAS-BOWL, is applicable
to various search spaces and can find the top-performing architectures with much
fewer queries than existing baselines. More importantly, during the search, it is
also able to learn interpretable sub-features which contribute significantly to the
architecture performance, thus making the first attempt towards the interesting
direction of interpretable NAS. In summary, we explored new BO solutions for
practical problems with mixed input types and high dimensionality, identified a new
application domain of black-box adversarial attacks where BO gains clear advantage
in query efficiency and found a new kernel approach to enable efficient use of BO
on graph input space of NAS with added benefits of interpretability.

We would like to highlight that while we focused our research motivation on
the domain of AutoML, the impact of our research contributions goes beyond
AutoML because problem settings discussed in this thesis are also important
and commonly encountered in many other domains. For example, the graph-
structured search space, appeared in NAS and graph classification attacks, is highly
relevant to the molecule generation/optimisation in chemistry and drug discovery
(Chen et al., 2021a; Grosnit et al., 2021). Tasks involving a mixture of multiple
categorical and continuous inputs, tackled by CoCaBO and CASMOPOLITAN,

are also frequently faced in material design (Zhang et al., 2020). Therefore, we
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hope that the family of BO approaches developed by us can lead to promising
solutions for challenging black-box optimisation problems in many other industrial

or scientific applications than machine learning.

9.2 Future Directions

We have discussed the potential extensions of each of our methods at the end of
their corresponding chapters. Here we discuss several general research directions

that we would like to explore in the future

Distributional NAS

Architectures, which have operation types or topology structures generated from
the same generative distribution, tend to achieve similar test performance. However,
conventional NAS framework treats such architectures as different individuals and
requires evaluating them independently. In fact, lots of resources are often wasted
on evaluating very similar architectures, leading to inefficient exploration of the
search space (Yang et al., 2020; Ru et al., 2020b). A more efficient framework would
be distributional NAS where the objective is to search for the optimal (generative)
distribution of architectures rather than a single architecture. For example, instead
of deterministically defining all the wiring within an architecture, we can employ
random graph generators such as Watts-Strogatz model (Watts and Strogatz, 1998)
to create wiring stochastically (Xie et al., 2019a; Ru et al., 2020b). We can then
search for the best distribution over the wiring pattern (i.e. architecture topology) by
optimising the hyper-parameters of the random graph generator. Such reformulation
essentially converts NAS to back to hyper-parameter optimisation and introduces
several benefits. First, the hyper-parameters of the generative distribution are
likely to be continuous/discrete, and incur much lower dimensions than the original
deterministic search space (Ru et al., 2020b) !. Such hyper-parameter space is

essentially the same as a latent embedding space where multiple architectures can

!Take the example of defining the wiring pattern in a 32-node graph, if we use Watts-Strogatz
model,
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be projected to the same embedding, and is more amenable to BO compared to the
original graph-like space. Second, architectures sampled from the same generative
distribution tend to have close test performance (tight performance distribution),
especially for generative distributions over good architectures (Ru et al., 2020b). This
implies that we may only need to evaluate one architecture sample and use its test
performance as a noisy proxy for the entire distribution. As a result, we can spend
computation resources and time on evaluating and comparing architectures that are
truly different (from different generative distributions), significantly enhancing the
exploration efficiency over large search space. Third, searching good architecture
distributions can be potentially useful for other NAS variants. For example, in
architecture ensemble search, current methods (Zaidi et al., 2020) need to first build
a large enough candidate pool of good base learners by searching and fully evaluating
hundreds of architectures. Distributional NAS can offer an efficient way to build
such candidate pool because good generative distributions are inherently good
candidate pool from which we can sample well-performing base learner architectures.
Lastly, distributional NAS might better capture global properties important for the
network efficacy without distraction by local variations (You et al., 2020b), offering

valuable insights on network design and performance estimation.

Joint Optimisation of Hyper-parameters and Architectures

Different AutoML processes such as hyper-parameter optimisation and NAS are
often conducted in sequential stages. However, such separate execution requires
careful coordination by human experts and often lead to sub-optimal results (Dong
et al., 2020; Zela et al., 2018; Dai et al., 2020; Zhou et al., 2021) compared to
joint optimisation. Joint optimisation of hyper-parameters and architectures,
though being more desirable, remains challenging due to the largely increased
search dimension, mixed input types and complex interaction between different
inputs. Several attempts have been made: Dong et al. (2020); Zhou et al. (2021)
accommodate the high-dimensionality of the augmented search space by adapting

the gradient-based NAS methods to update both hyper-parameters and architectures
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under the weight-sharing assumption. Dai et al. (2020) trains a predictor to estimate
the network performance based on both the architecture and hyper-parameters, and
then uses evolutionary algorithm to perform the search. These approaches still have
much room for improvement, while elegant and competitive BO solutions are also
missing with only a brief attempt by Zela et al. (2018) on a simplified setting. Some
of our work discussed in the thesis may help address part of the challenge; we can
handle the high-dimensional mixed inputs of the augmented search space by using
the graph kernel on architecture subspace (Chapter 6 and 7) and using categorical
and continuous kernels (Chapter 5) on corresponding types of hyper-parameter
inputs. A combined kernel can then be designed as in Chapter 5 to effectively
model the joint search space. Moreover, efficient performance estimation would be
challenging but crucial for the success of the joint search as we need to extrapolate
the performance of an architecture under different training hyper-parameters. For
example, if we want to compare two configurations: A={arch A lr = 0.1} and
B={arch B,Ir = 0.01}. While the configuration with lr=0.01 is better that with
Ir=0.01 when fully trained (e.g. for 200 epochs), the configuration with Ir=0.1
would likely lead to higher validation accuracy if we early-stop the training at
5 epochs. Thus, we need estimators that can reliably predict the generalisation
performance based on early training curves. Our TSE estimator in Chapter 8 could

be potentially modified or combined with other predictors for this purpose.

Interpretability in AutoML

Following our very preliminary attempt to interpretable NAS in Chapter 7, we
believe there are a lot more to explore in the exciting direction of making AutoML
results more interpretable. Currently, most AutoML processes act like black-boxes
to the end users as the algorithms only return the final recommendation without
any explanation on the "thinking processes". If AutoML algorithms could offer some
human-interpretable insights on what constitutes to a good architecture or how
the final decision is made, the human users would be more willing to accept and

trust solutions suggested via AutoML, especially in safety-critical applications. This
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can encourage the adoption of AutoML in more real-world industrial applications.
Moreover, interpretable patterns or insights learnt during AutoML processes can
help improve our understanding on the objective task. Take the example of NAS.
Most, if not all, current NAS search spaces are well-engineered based on our prior
knowledge on good design practices, where, for example, residual connections and
structured operation units are manually enforced. Thus, the architectures found by
NAS nowadays are mainly close variants to the state-of-the-art manually designed
networks such as ResNet (He et al., 2016), DenseNet (Huang et al., 2017) and
Transformer (Vaswani et al., 2017). However, the more ambitious goal of NAS
should be to discover truly novel architectures in a highly general and expressive
search space. And with added interpretability, NAS could potentially discover new
design paradigms during the search for such novel architectures so as to enhance our
understanding on architecture design and guide future human design. Therefore, at
a higher level, interpretablAutoML methods, while being able to find the optimal
solution, may also offer the key to open up the black-box objective problem to

provide valuable general knowledge on the objective problem for the end users.

Automated Data Collection and Processing

Compared to model selection and hyper-parameter tuning, data collection and
processing receive much less attention in the AutoML research community but are,
nonetheless, equally important. In a common set-up, we assume the non-machine-
learning experts provide task datasets and objectives to the AutoML system and
the system returns the most suitable machine learning model for the task with
hyper-parameters tuned to maximise the objectives. However, randomly collected
datasets might be sub-optimal for model training or evaluation on the objective
task, and the amount of data available for a new task or for a task with expensive
data collection/labelling might be insufficient. Thus, it would be more desirable if
the AutoML system can inform the user how much additional data and which data
points are required by the machine learning model. Active learning is an ideal tool

for this purpose and many algorithms (Houlsby et al., 2011; Kirsch et al., 2019; Gal
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et al., 2017; Kossen et al., 2021) have been proposed to iteratively collect or label
data points that maximise the information gain for the target machine learning
models. Given that active learning and BO, though serve different purposes, are
closely related, we could potentially adapt advanced techniques from BO to active
learning to further improve its data selection efficiency. One successful example is
BatchBALD (Kirsch et al., 2019) which leverage the batch selection technique in
BO to parallelise the sequential BALD algorithm (Houlsby et al., 2011; Gal et al.,
2017). A more interesting direction would be to integrate active learning into a
BO framework (e.g. FABOLAS (Klein et al., 2016a) 2) to benefit from the synergy
among data collection, model selection and/or hyper-parameter tuning.

On a concluding remark, we hope that the techniques presented in this thesis

could contribute to the future of AutoML with BO playing a critical role.

2 FABOLAS optimises the dataset size along with hyper-parameters in a contextual BO
framework but selects the training data randomly.
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Additional Experiments

A.1 Compare Methods for Approximation a Gaus-
sian Mixture Entropy

The following experiments are conducted to validate as well as compare the three

entropy approximation methods used in FITBO in Chapter 3:
1. Huber’s method that uses Taylor series expansion (Huber),
2. Numerical integration that uses adaptive Simpson quadrature (Quadra) and
3. Simple Monte Carlo integration (MC).

The approximation performance is assessed in terms of accuracy and computational
speed. The optimal approximation method is then chosen based on the trade-off
between the accuracy and computational demand.

The methodology of the tests can be summarised as follows:

1. Generate a Gaussian mixture as a weighted sum of N 1-D random Gaussian

distributions

2. For the Gaussian mixture, estimate its true entropy by using simple Monte

Carlo method with large sample size (e.g. MC50000 )

212
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3. Use the 3 approximation methods to approximate the entropy of the Gaus-

sian mixture. For the MC method, try it with different sample sizes (e.g.

MC10,MC100,MC1000)

4. Compute and record the running time as well as absolute and fractional

approximation errors for each method.

5. Repeat the above processes for K different gaussian mixtures and compute

the median running time and the median of the approximation errors.
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Figure A.1: Log median absolute error in approximating the entropy of a Gaussian
mixture.

With reference to Figure A.1 and A.2, in the case of a single Gaussian(N = 1)
distribution, there is a closed-form expression for its entropy. The Huber’s method
gives the exact true entropy solution, thus having 0 approximation error. The

other 2 approximation methods (Quadra and MC) are compared against the true
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Figure A.2: Log median fractional error in approximating the entropy of a gaussian
mixture.

entropy value. It is evident that the approximation by Monte Carlo with 50000
samples (MC50000) is very close to the true value, which justifies our use of the
approximation results of MC50000 as our yardstick for the cases of more than
one Gaussians in the mixture.

For a mixture of more than one Gaussian distribution (N > 1), the performances
of all 3 approximation methods (Huber, Quadra, MC) are compared against the
entropy value estimated by MC50000. The results in Figure A.1 and A.2 show
that Monte Carlo with a sample size of 1000 (MC1000) produces the most accurate
approximation in terms of absolute and fractional approximation errors. MC100
and quadrature (Quadra) also have relatively accurate approximation with low
absolute and fractional error. The Huber method leads to the highest approximation
errors. This may be due to the low order (order of 2) of Taylor-series expansion

used in our experiments.
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In Figure A.3, the running times of all 3 approximation methods are compared.
As expected, the results show that the computation time increases as the number
of Gaussians in the mixture rises. This is mainly due to the computation burden
associated with the construction of the Gaussian mixture. More importantly, the
quadrature method (Quadra) gains speed advantage as the number of gaussians
in the mixture increases because the computational cost of approximation using
quadrature does not increase with the number of Gaussian components in the
mixture. The speed advantage of the quadrature method becomes more salient as
we have more Gaussians in the mixture which is reflected in the growing difference
among the running times of these methods. Since the number of gaussians in
the mixture (N) is determined by the number of hyperparameter samples we
use for marginalisation in our algorithm, if we want to use a larger number of
hyperparameter sets, we should adopt the quadrature method for fast approximation

of the Gaussian mixture entropy at decent accuracy.
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Figure A.3: Compare the running times of the approximation methods.
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A.2 Compute a Gaussian Mixture Entropy in FITBO
using Maximum Entropy Algorithm

As discussed in Section 3.2.3, the entropy of a Gaussian mixture does not have a
closed-form solution and needs to be approximated. Here we develop an effective
approach to estimate the Gaussian mixture entropy using Maximum Entropy

Method. Thus, we denoted this approach as MEMe.

A.2.1 Moments of a Gaussian Mixture

For a one-dimensional Gaussian N (y; 1, 02), we can compute its m-th moments ana-

lytically:
m ) m »
/ y exp( (y2 éj') >dy:Z(\/§U)l+l<i>ﬂm Ch (Al)
=0
where
o (=7 .
G —/ ZeFdz = 202 rever (A.2)
- [1/2(i = 1))!, i odd.

with (¢ — 1)!! denotes double factorial. Hence, for a mixture of M one-dimensional

Gaussians p(y) = 37 X} N (y; pj,07), the m-th moment is also analytic:

0, (. o

where w; is the weight of j-th Gaussian in the mixture. Since FITBO deals
with the one-dimensional output space, the Gaussian mixture involved in the
acquisition function is also a mixture of one-dimensional Gaussians, for which we

can compute the moments analytically.

A.2.2 Maximum Entropy Distribution

The method of maximum entropy (Pressé et al., 2013) is a procedure for gener-
ating the most conservative estimate of a probability distribution with the given
information and the most non-committal one with regard to missing information
(Jaynes, 1957). Intuitively, in a bounded domain, the most conservative distribution,

i.e., the distribution of maximum entropy, is the one that assigns equal probability
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to all the accessible states. Hence, the method of maximum entropy can be
thought of as choosing the flattest, or most equiprobable distribution, satisfying
the given moment constraints.

To determine the maximally entropic density

4(y) = exp(—[1 + f(:]aiym, (A4)

we need to maximise the entropic functional
S= —/q(y) logq(y)dy — )« [/q(y)yidy - %] , (A.5)
i=0
with respect to q(y), where the second term with v; = E,[y'] for some density p(y)
are the power moment constraints on the density ¢(y), {«;} are the corresponding
Lagrange multipliers, and m is the number of moments.

We develop an algorithm for determining the maximum relative entropy density
given moment constraints, which instead of maximising the generic objective of
Equation (A.5), minimises its dual form (Boyd and Vandenberghe, 2009):

S(q,q0) = /%(y) exp(—[1+) aqy'])dy + > i (A.6)
i=0 i=0

This is because this dual objective admits analytic expressions for both the

gradient and the Hessian:

(w =My~ /qO(y)yj exp(—[1 + f: '] dy, (A7)
m = /qo(y)y”m exp(—[1 + gaiyi])dy. (A.8)

For a flat prior in a bounded domain for Gaussian mixture models, go(z) is
a constant that can be dropped out. The overall maximum entropy algorithm
is shown in Algorithm 15.

Given that any polynomial sum can be written as 3, ayy* = 3, B; fi(y), where
fi(y) denotes another polynomial basis, whether we choose to use power moments
in our constraints or another polynomial basis, such as the Legendre basis, does

not change the entropy or solution of our objective. However, the performance of
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Algorithm 15 The Proposed Maximum Entropy Algorithm

Input: Moments {u;}, Tolerance Level €, Jitter variance in Hessian n = 1078
Output: Coefficients {«;}

Initialise o; = 0

Compute gradient: g; = it; — Ji qa(y)y’dy

Compute Hessian: Hj7k:f01 G () rdy, H:%(H + HT)+nl

Minimize [y q.(y)dy + 3; ayy; using Conjugate Gradients until Vj: g; < e

optimisers working on these different formulations may vary (Skilling, 1989). For
simplicity, we have kept all the formulas in terms of power moments. However, we
find vastly improved performance and conditioning when we switch to Legendre

basis as shown in Section A.2.4.

A.2.3 Approximate Gaussian Mixture Entropy with MEMe

MEMe essentially computes an analytic upper analytic upper bound of the Gaussian
mixture entropy, which is derived from the non-negative relative entropy between
the true Gaussian mixture density p(y) and the maximum entropy distribution

q(y) (Granziol and Roberts, 2017):

Dxw(pllg) = —H(p) + H(q) > 0, (A.9)

hence

H(p) < H(q). (A.10)

Notice that ¢(y) shares the same moment constraints {v;} as p(y) which can
be computed analytically using Equation (A.3). The entropy of the maximum
entropy distribution ¢(y) can also be derived analytically:

H(q) =1+ oy, (A.11)

=0
where {7,;} are the moments of a Gaussian mixture and {o;} are the Lagrange
multipliers that can be obtained by applying Algorithm 15. The overall algorithm for

approximating the Gaussian mixture entropy is then summarised in Algorithm 16.
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Algorithm 16 MEMe for Approximating Gaussian Mixture Entropy

Input: A univariate Gaussian mixture pau(y) = 15 X5 N (y;mj, 07)
Output: Gaussian mixture entropy Hqy ~ H[ﬁ Zj-w N(y;m;, 0]2-)}
Compute the moments of pau(y), {7:}, analytically using Equation (A.3)
Compute the Lagrange multipliers, {«;}, using Algorithm 15

Hon = —(1+ X, aEly]) = —(1+ X i)

A.2.4 Experiments

Estimate the Entropy of a Gaussian Mixture We first test a diverse set of
methods to approximate the entropy of two sets of Gaussian mixtures, which are
generated using FITBO with 200 hyperparameter samples and 400 hyperparameter
samples on a 2D problem. Specifically, we compare the following approaches
for entropy approximation: MaxEnt methods using 10 and 30 power moments
(MEMe-10 and MEMe-30), MaxEnt methods using 10 and 30 Legendre moments
(MEMeL-10 and MEMel-30), method proposed in (Huber et al., 2008) with 2
Taylor expansion terms (Huber-2), Monte Carlo with 100 samples (MC-100), and
simple moment matching (MM).

We evaluate the performance in terms of the fractional error between the approx-
imated entropy value and the true entropy value, the latter of which is estimated
via expensive numerical integration. The results of the mean approximation errors
by all methods over 80 different Gaussian mixtures are shown in Table A.1. We
can see clearly that all MEMe approaches outperform other methods in terms
of the approximation error. Among the MEMe approaches, the use of Legendre
moments, which apply orthogonal Legendre polynomial bases, outperforms the
use of simple power moments.

The mean runtime taken by all approximation methods over 80 different Gaussian
mixtures are shown in Table A.2. To ensure a fair comparison, all the methods are
implemented in MATLAB and all the timing tests are performed on a 2.3GHz Intel
Core 15 processor. As we expect, the moment matching technique, which enables us
to obtain an analytic approximation for the Gaussian mixture entropy, is the fastest

method. MEMe approaches are significantly faster than the rest of approximation
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Table A.1: Mean fractional error in approximating the entropy of the mixture of M

Gaussians using various methods.

Methods M=200 M=400
MEMe-10  1.24 x 1072 1.38 x 1072
MEMe-30  1.13 x 1072 1.06 x 1072
MEMeL-10 1.01 x 1072  0.85 x 1072
MEMeL-30 0.50 x 1072 0.36 x 102
Huber-2 ~ 24.7 x 1072 35.5 x 1072
MC-100  1.60 x 1072 2.72 x 1072
MM 2.78 x 1072 3.22 x 1072

methods. This demonstrates that MEMe approaches are highly efficient in terms
of both approximation accuracy and computational speed. Among all the MEMe
approaches, we choose to apply MaxEnt with 10 Legendre moments in the BO
for the next set of experiments, as it is able to achieve lower approximation error
than MaxEnt with higher power moments while preserving the computational

benefit of FITBO.

Table A.2: Mean runtime of approximating the entropy of the mixture of M Gaussians
using various methods.

Methods M=200 M=400
MEMe-10  1.38 x 1072 1.48 x 1072
MEMe-30  2.59 x 1072 3.21 x 102
MEMeL-10  1.70 x 1072 1.75 x 1072
MEMeL-30 4.18 x 1072 4.66 x 1072
Huber-2 209 x 1072 82.2 x 102
MC-100  10.6 x 1072 40.1 x 1072
MM 271 x10°%> 2.87x10°°

Apply to FITBO Framework We now test the effectiveness of MEMe when

applied to FITBO. We first illustrate the entropy approximation performance of
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MEMe using a 1D example. In Figure A.4, the top plot shows the objective function
we want to optimise (red dash line) and the posterior distribution of our surrogate
model (blue solid line and shaded area). The bottom plot shows the acquisition
functions computed based on Equation (C.1) using the same surrogate model but
three different methods for Gaussian mixture entropy approximation, i.e., expensive
numerical quadrature or Quad (red solid line), MM (black dash line), and MEMe
using 10 Legendre moments (green dash line). In BO, the next query location is
obtained by maximising the acquisition function, therefore the location instead of
the magnitude of the modes of the acquisition function matters most. We can see
from the bottom plot that MEMeL-10 results in an approximation that well matches
the true acquisition function obtained by Quad. As a result, MEMeL-10 manages
to recommend the same next query location as Quad. In comparison, the loose
upper bound of the MM method, though successfully capturing the locations of the
peak values, fails to correctly predict the global maximiser of the true acquisition
function. MM therefore recommends a query location that is different from the
optimal choice. As previously mentioned, the acquisition function in information-
theoretic BO represents the information gain about the global optimum by querying
at a new location. The sub-optimal choice of the next query location thus imposes
a penalty on the optimisation performance as seen in Figure A.5.

In the next set of experiments, we evaluate the optimisation performance of
three versions of FITBO that use different approximation methods. Specifically,
FITBO-Quad denotes the version that uses expensive numerical quadrature to
approximate the entropy of the Gaussian mixture, FITBO-MM denotes the one
using simple moment matching, and FITBO-MEMeL denotes the one using MEMe
with 10 Legendre moments. We test these BO algorithms on two challenging
optimisation problems, i.e., the Michalewicz-5D functio and the Hartmann-6D
function, and measure the optimisation performance in terms of the immediate
regret as defined in Section 3.3.3. The average (median) result over 10 random
initialisations for each experiment is shown in Figure A.5. It is evident that the

MEMe approach (FITBO-MEMeL-10), which better approximates the Gaussian
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A Qud & MM & MEMeL-10

Figure A.4: Bayesian Optimisation (BO) on a 1D toy example with acquisition functions
computed by different approximation methods. In the top subplot, the red dash line is
the unknown objective function, the black crosses are the observed data points, and the
blue solid line and shaded area are the posterior mean and variance, respectively, of the
GP surrogate that we use to model the latent objective function. The coloured triangles
are the next query point recommended by the BO algorithms, which correspond to the
maximiser of the acquisition functions in the bottom subplot. In the bottom plot, the red
solid line, black dash line, and green dotted line are the acquisition functions computed
by Quad, MM, and MEMe using 10 Legendre moments, respectively.

1.6 \ \
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Figure A.5: Performance of various versions of FITBO on 2 benchmark test problems:
(a) Michalewicz-5D function and (b) Hartmann-6D function. The immediate regret (IR)
on the y-axis is expressed in the logarithm to the base 10.

mixture entropy, leads to a superior performance of the BO algorithm compared to

the BO algorithm using simple moment matching technique (FITBO-MM).
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A.3 Additional Experiments for PLAyBOOK

As mentioned in Chapter 4, we conducted empirical evaluations on a large num-
ber of synthetic test problems to compare synchronous and asynchronous par-

allel BO methods:

e The tasks mat-2 and mat-6 refer to functions drawn from a Gaussian pro-

cess(GP) with Matérn-52 kernel in R? and RS respectively.

« The global optimisation tasks' that we considered are the Ackley function
defined on R® and R'? (ack-5 and ack-10), the Michalewicz function defined
on R and R (mic-5 and mic-10) and the Eggholder function in R? (egg-2).

o We also selected a robot pushing simulation experiment, which was first
explored in a BO context by Wang and Jegelka (2017b). Here the task is to
learn the correct pushing action to minimise the distance of the robot to a
goal. The problem has 4 inputs: the robot’s location (r,,r,), the angle of
the pushing force ry and the pushing duration .. We used the input space
suggested by Wang and Jegelka (2017b).

A.3.1 Asynchronous vs. Synchronous Parallel BOs

Similar to Figure 4.4 and 4.5 in Section 4.6.2, Figure A.6 and A.7 show head-to-head

comparisons of synchronous and asynchronous methods but on the ack-10 task.

A.3.2 Asynchronous Parallel BOs

We conducted a large number of experiments testing the different approaches for
asynchronous parallel BO methods. We computed the mean and standard deviation
of the log of the simple regret across 30 random initialisations. Tables A.3, A.4 and
A.5 show the results after 50, 75 and 100 asynchronous BO steps respectively.
Across all of these experiments, we can see that PLAyBOOK is performing

competitively, making it an attractive choice for asynchronous BO problems.

!Details for these and other challenging global optimisation test functions can be found at
https://www.sfu.ca/~ssurjano/optimization.html
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Figure A.6: A head-to-head comparison of synchronous (orange) vs asynchronous (blue)
versions of a parallel BO on ack-10 over evaluation time, t.
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Figure A.7: A head-to-head comparison of synchronous (orange) vs asynchronous (blue)
versions of a parallel BO on ack-10 over number of evaluations, N.
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Table A.3: Mean and s.t.d. of the log(regret) after 50 steps of asynchronous BO.

k  Task KB TS PLAyBOOK
L LL H HL

2 ack-10  -0.30 (0.16) -0.01 (0.03)  -0.23 (0.15) -0.37 (0.25)  -0.32 (0.18)  -0.27 (0.18)
ack-5 -0.55 (0.39) -0.22 (0.20) -0.85 (0.52)  -0.52 (0.40)  -0.64 (0.39)  -0.71 (0.48)
egg-2 0.28 (0.72) 0.89 (0.92)  -0.12 (1.26)  -0.05 (1.03) -0.44 (2.13)  -0.31 (1.62)
mat-2 0.81 (0.30) 1.05 (0.26) 0.78 (0.28)  0.82 (0.26)  0.81 (0.21)  0.89 (0.20)
mat-6 1.02 (0.16) 1.13 (0.14) 0.85 (0.43)  0.92 (0.33)  0.88 (0.26)  0.86 (0.31)
mic-10 1.84 (0.08) 1.92 (0.07) 1.78 (0.11)  1.80 (0.09)  1.82 (0.11)  1.83 (0.10)
mic-5 0.71 (0.28) 1.02 (0.13)  0.67 (0.27) 0.66 (0.26)  0.69 (0.33)  0.87 (0.16)
nrobot-4  -0.71 (1.05) -0.52 (1.21)  -0.88 (0.91)  -0.78 (0.86) -0.89 (0.69)  -0.87 (0.91)

4 ack-10  -0.29 (0.17) -0.01 (0.03)  -0.26 (0.16)  -0.32 (0.17)  -0.25 (0.14) -0.34 (0.18)
ack-5 -0.54 (0.36) -0.21 (0.13)  -0.66 (0.45)  -0.41 (0.27)  -0.53 (0.41) -0.71 (0.52)
egg-2 0.19 (1.06) 0.79 (0.92)  0.53 (0.91)  0.23 (0.98)  0.29 (0.86) -0.06 (1.26)
mat-2  0.77 (0.30) 098 (0.37)  0.94 (0.22)  1.01 (0.28)  0.82 (0.25)  0.87 (0.22)
mat-6 1.06 (0.17) 1.13 (0.05)  0.99 (0.18)  1.01 (0.26)  0.95 (0.23)  0.94 (0.20)
mic-10 1.82 (0.11) 1.92 (0.07)  1.82 (0.08)  1.83(0.08) 1.78 (0.09)  1.80 (0.08)
mic-5  0.66 (0.28) 1.01 (0.16)  0.78 (0.23)  0.87 (0.19)  0.76 (0.20)  0.82 (0.33)
nrobot-4  -0.67 (1.00) -0.39 (1.04) -1.01 (0.94)  -0.94 (0.97)  -0.75 (0.70)  -0.63 (0.79)

6 ack-10  -0.24 (0.19) -0.01 (0.04)  -0.29 (0.15)  -0.25 (0.14)  -0.20 (0.14) -0.31 (0.16)
ack-5 -0.51 (0.28) -0.20 (0.20) -0.54 (0.40)  -0.27 (0.18)  -0.35 (0.24)  -0.49 (0.27)
egg-2 0.37 (1.05) 0.78 (0.88)  0.71 (0.83)  0.77 (0.82) 0.07 (1.25)  0.32 (1.11)
mat-2 0.85(0.25) 1.04 (0.19)  0.98 (0.34)  1.06 (0.23) 0.84 (0.23)  0.85 (0.25)
mat-6 1.01 (0.17)  1.07 (0.18) 0.95 (0.28)  1.02 (0.28)  1.03 (0.16) 0.9 (0.24)
mic-10 1.84 (0.08) 1.92 (0.07)  1.84 (0.08)  1.81 (0.08)  1.84 (0.08) 1.80 (0.09)
mic-5  0.76 (0.21) 1.04 (0.15)  0.84 (0.23)  0.89 (0.24)  0.88 (0.19)  0.87 (0.20)
nrobot-4  -0.58 (0.96) -0.22 (0.95) -0.69 (1.04)  -0.47 (0.85)  -0.63 (1.02)  -0.51 (0.99)

8 ack-10  -0.23 (0.17) -0.01 (0.03)  -0.26 (0.17)  -0.34 (0.15)  -0.17 (0.11) -0.40 (0.14)
ack-5 -0.44 (0.27) -0.19 (0.14)  -0.65 (0.40)  -0.33 (0.21)  -0.38 (0.30) -0.68 (0.37)
egg-2 0.31 (0.93) 0.65 (0.92)  0.60 (1.20)  0.93 (0.77)  0.42 (0.61) 0.17 (1.05)
mat-2 0.80 (0.22) 0.93 (0.26)  0.81 (0.44)  1.09 (0.20)  0.87 (0.27)  0.79 (0.30)
mat-6  1.01 (0.19) 1.13(0.06)  1.03 (0.17)  1.02(0.22)  1.03 (0.15)  1.03 (0.20)
mic-10 1.84 (0.09) 1.91(0.07)  1.82(0.08)  1.81(0.10)  1.80 (0.13) 1.78 (0.08)
mic-5 0.70 (0.33)  1.02 (0.20) 0.68 (0.32)  0.79 (0.25)  0.73(0.32)  0.69 (0.32)
nrobot-4  -0.61 (0.78) -0.20 (0.96) -0.94 (0.92)  -0.62 (1.14)  -0.76 (1.11)  -0.39 (0.73)

16 ack-10  -0.13 (0.08) -0.02 (0.04) -0.24 (0.13)  -0.24 (0.13)  -0.22 (0.10) -0.44 (0.13)
ack-5 -0.36 (0.30) -0.18 (0.16)  -0.49 (0.34)  -0.36 (0.24)  -0.28 (0.19) -0.73 (0.26)
egg-2 0.58 (0.73)  0.56 (1.10)  1.04 (0.51)  1.22 (0.50) 0.30 (0.96)  0.71 (0.53)
mat-2  0.82 (0.27) 0.89(0.24)  1.07 (0.17)  1.12(0.20)  0.92 (0.31)  0.90 (0.31)
mat-6 1.10 (0.05) 1.14 (0.03)  1.05 (0.14)  1.06 (0.21)  1.02 (0.26)  1.00 (0.26)
mic-10 1.86 (0.08) 1.90 (0.07)  1.82 (0.07)  1.82(0.09)  1.83 (0.08) 1.79 (0.09)
mic-5  0.81 (0.25) 1.02(0.19)  0.85 (0.21)  0.84 (0.23)  0.81 (0.22)  0.82 (0.25)
nrobot-4  -0.43 (0.94) -0.22 (0.99) -0.78 (0.95)  -0.14 (0.77)  -0.37 (0.80)  -0.40 (0.81)
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Table A.4: Mean and s.t.d. of the log(regret) after 75 steps of asynchronous BO.

k  Task KB TS PLAYBOOK
L LL H HL
ack-10 -0.43 (0.18) ) -0.48 (0.27) -0.58 (0.26)  -0.55 (0.32)  -0.45 (0.28)
ack-5 -0.91 (0.56) ) -1.15 (0.58)  -0.76 (0.50)  -1.03 (0.52)  -0.92 (0.51)
egg-2 -0.12 (0.92) ) -0.59 (1.16) -1.13 (2.14)  -0.81 (1.99)  -0.82 (1.68)
mat-2 0.80 (0.30) ) 0.76 (0.28)  0.81 (0.26)  0.81 (0.21)  0.87 (0.20)
mat-6 0.95 (0.21) ) 0.74 (0.53)  0.87 (0.31)  0.84 (0.34)  0.89 (0.29)
mic-10 1.79 (0.12) ) 1.75 (0.11) 176 (0.14)  1.79 (0.12)  1.79 (0.13)
mic-5 0.52 (0.42) ) 0.61(0.29)  0.56 (0.24)  0.57 (0.37)  0.73 (0.28)
nrobot-4  -1.06 (1.08) ) -1.20 (0.86) -1.31 (0.75)  -1.24 (0.78)  -1.29 (0.80)
ack-10  -0.52 (0.21) ) <051 (0.27)  -0.42 (0.19)  -0.46 (0.22)  -0.50 (0.22)
ack-5 -0.83 (0.48) ) -1.10 (0.53)  -0.57 (0.33)  -0.75 (0.62)  -0.90 (0.54)
cgg-2 -0.19 (0.87) ) 0.16 (1.70)  -0.81 (2.55)  -0.23 (1.10) -0.89 (2.48)
mat-2 0.75 (0.29) ) 0.93(0.22)  1.01(0.28)  0.80(0.25)  0.85 (0.22)
mat-6 0.97 (0.27) ) 0.95(0.23)  1.02(0.24) 0.86 (0.28)  0.87 (0.30)
mic-10 1.77 (0.12) ) L77(0.09) 178 (0.09) 1.74 (0.09)  1.77 (0.10)
mic-5 0.56 (0.30) ) 0.69 (0.25)  0.76 (0.19)  0.63 (0.22)  0.67 (0.34)
nrobot-4  -0.92 (0.95) ) -1.51 (0.88)  -1.23 (0.89)  -1.07 (0.68)  -1.04 (0.79)
ack-10 -0.41 (0.22) ) -0.50 (0.26)  -0.30 (0.15)  -0.32 (0.18)  -0.38 (0.19)
ack-5 -0.83 (0.46) ) -0.86 (0.54)  -0.36 (0.23)  -0.52 (0.31)  -0.76 (0.37)
cgg-2 0.19 (1.00) ) 0.56 (0.93)  0.75 (0.84) -0.34 (1.48)  -0.21 (1.03)
mat-2 0.82 (0.26) ) 0.98(0.34)  1.06 (0.23)  0.82 (0.22)  0.84 (0.25)
mat-6 0.92 (0.25) ) 0.86 (0.36)  1.08 (0.25)  0.95(0.28)  0.94 (0.26)
mic-10 1.81 (0.08) ) 1.81(0.08)  1.79 (0.09)  1.80 (0.10) 1.78 (0.10)
mic-5 0.63 (0.28) ) 0.74(0.29)  0.82(0.22)  0.76 (0.26)  0.69 (0.33)
nrobot-4  -1.02 (0.88) ) -0.99 (1.04)  -0.78 (0.96) -1.04 (1.02)  -1.02 (0.95)
ack-10 -0.44 (0.21) ) -047(0.21)  -0.40 (0.20)  -0.28 (0.17) -0.52 (0.16)
ack-5 -0.77 (0.40) ) -1.04 (0.45)  -0.39 (0.22)  -0.52 (0.41)  -0.92 (0.36)
egg-2  -0.11 (0.96) ) 040 (1.22)  0.85(0.84)  0.22 (0.51)  -0.05 (0.96)
mat-2 0.78 (0.23) ) 0.81(0.44)  1.09 (0.20)  0.82 (0.26) 0.76 (0.30)
mat-6 0.95 (0.24) ) 097 (0.20)  1.10 (0.20) 0.93 (0.25)  0.97 (0.28)
mic-10 1.80 (0.09) ) 1.75 (0.09)  1.78 (0.09)  1.78 (0.13)  1.76 (0.08)
mic-5 0.58 (0.38) ) 0.59 (0.36)  0.70 (0.26)  0.61 (0.33) 0.55 (0.53)
nrobot-4  -0.92 (0.89) ) -1.25 (0.82)  -0.92 (1.08)  -1.07 (1.10)  -0.92 (0.88)
ack-10 -0.27 (0.14) ) -043(0.21)  -0.31 (0.20)  -0.31 (0.14) -0.54 (0.16)
ack-5 -0.55 (0.34) ) -0.77 (042)  -0.39 (0.25)  -0.39 (0.28) -0.94 (0.30)
egg-2 0.26 (0.74) ) 0.89 (0.63)  1.21 (0.50) -0.39 (1.81)  0.42 (0.61)
mat-2 0.79 (0.27) ) 1.07(0.17)  1.12(0.20)  0.87 (0.30)  0.86 (0.31)
mat-6 1.03 (0.20) ) 0.95(0.21)  1.08(0.25) 0.94 (0.26)  0.96 (0.36)
mic-10 1.83 (0.09) ) 179(0.08)  1.79 (0.09)  1.79 (0.10) 1.75 (0.13)
mic-5 0.66 (0.27) ) 077 (0.25)  0.73(0.39)  0.75(0.23)  0.75 (0.25)
nrobot-4  -0.72 (0.87) ) -1.00 (1.01)  -0.61 (0.95)  -0.72 (0.61)  -0.79 (0.78)
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Table A.5: Mean and s.t.d. of the log(regret) after 100 steps of asynchronous BO.

k  Task KB TS PLAYBOOK
L LL H HL

2 ack-10 20.67 (0.27) -0.01 (0.03)  -0.72 (0.34)  -0.73 (0.29) -0.80 (0.35)  -0.58 (0.26)
ack-5 -1.28 (0.70) -0.35 (0.22) -1.49 (0.65)  -0.95 (0.53)  -1.39 (0.62)  -1.08 (0.47)
egg-2 042 (1.62)  0.80 (0.92)  -1.10 (1.56) -1.58 (2.49) -1.54 (2.28)  -1.30 (2.01)
mat-2 0.79 (0.30) 1.04 (0.25) 0.76 (0.28)  0.81 (0.26)  0.81 (0.21)  0.87 (0.19)
mat-6 1.00 (0.21) 1.27 (0.17) 0.93 (0.36)  1.00 (0.31)  0.94 (0.26)  1.01 (0.27)
mic-10 176 (0.13)  1.92 (0.07) 1.72 (0.10)  1.73 (0.13)  1.72(0.13)  1.76 (0.12)
mic-5 0.39 (0.51) 0.94 (0.18)  0.54 (0.31)  0.45 (0.24)  0.45 (0.36)  0.65 (0.28)
nrobot-4  -1.33 (1.02) -1.12 (1.21)  -1.54 (0.84)  -1.51 (0.85)  -1.46 (0.74) -1.58 (0.78)

4 ack10  -0.72 (0.24) -0.01 (0.03) -0.68 (0.28)  -0.54 (0.24)  -0.67 (0.24)  -0.56 (0.24)
ack-5 113 (0.59) -0.41 (0.25) -1.46 (0.59)  -0.68 (0.32)  -0.98 (0.73)  -1.04 (0.52)
egg-2 2027 (0.82) 0.65(1.12)  -0.16 (L71)  -1.09 (2.57)  -0.50 (1.03) -1.17 (2.53)
mat-2 0.74 (0.29) 098 (0.37)  0.93 (0.22)  1.01 (0.28)  0.79 (0.25)  0.85 (0.22)
mat-6 1.03 (0.25) 130 (0.06)  1.07 (0.19)  1.12 (0.20) 0.98 (0.25)  1.01 (0.23)
mic-10 174 (0.11)  1.92 (0.07)  1.75(0.09)  1.74 (0.10) 1.70 (0.09)  1.74 (0.11)
mic-5 0.44 (0.32) 0.96 (0.14) 055 (0.27)  0.63 (0.21)  0.50 (0.27)  0.63 (0.34)
nrobot-4  -1.14 (0.88) -1.24 (1.23) -1.73 (0.88)  -1.48 (0.72)  -1.32 (0.83)  -1.24 (0.83)

6 ack-10 0.63 (0.27) -0.01 (0.04) -0.65 (0.29)  -0.37 (0.20)  -0.44 (0.25)  -0.43 (0.20)
ack-5  -1.19 (0.60) -0.39 (0.26)  -1.17 (0.65)  -0.39 (0.22)  -0.68 (0.41)  -0.87 (0.40)
egg-2 018 (1.05)  0.57 (L15)  0.50 (0.94)  0.65 (0.98) -0.53 (1.40)  -0.45 (0.99)
mat-2 0.82 (0.25) 1.02(0.20)  0.98 (0.34)  1.06 (0.23) 0.81 (0.22)  0.83 (0.24)
mat-6 1.02 (0.24) 1.25 (0.16) 0.99 (0.28)  1.18 (0.27)  1.05(0.23)  1.03 (0.23)
mic-10 177 (0.10)  1.92 (0.07) 1.76 (0.08)  1.76 (0.08)  1.76 (0.13)  1.77 (0.10)
mic-5 0.51 (0.34) 0.96 (0.15)  0.66 (0.27)  0.72 (0.25)  0.66 (0.37)  0.63 (0.30)
nrobot-4  -1.27 (0.80) -1.12 (1.28)  -1.24 (0.89)  -1.03 (0.94) -1.35 (0.95)  -1.27 (1.00)

8 ack-10 2057 (0.22) -0.01 (0.03)  -0.62 (0.26)  -0.44 (0.23)  -0.41 (0.25) -0.63 (0.16)
ack-5 116 (0.47) -0.42 (0.24) -1.32 (0.46)  -0.47 (0.23)  -0.70 (0.51)  -1.12 (0.41)
egg-2 2024 (0.91) 042 (1.13)  -0.02(2.20)  0.78 (0.86)  -0.04 (0.54) -0.27 (0.85)
mat-2 0.78 (0.23)  0.90 (0.25)  0.81 (0.44)  1.09 (0.20)  0.81 (0.26)  0.75 (0.30)
mat-6 1.01 (0.23) 1.30 (0.09)  1.07 (0.17)  1.23 (0.17)  1.02 (0.19)  1.04 (0.25)
mic-10 178 (0.08)  1.91 (0.07) 1.72 (0.10)  1.75 (0.09)  1.74 (0.13)  1.74 (0.08)
mic-5 0.46 (0.37) 0.93 (0.19)  0.53 (0.35)  0.68 (0.26)  0.50 (0.32)  0.50 (0.52)
nrobot-4  -1.24 (0.76) -1.18 (1.23) -1.44 (0.84) -1.17 (0.98)  -1.35 (1.02)  -1.13 (0.85)

16 ack-10 -0.44 (0.20) -0.02 (0.04) -0.63 (0.24)  -0.37 (0.18)  -0.40 (0.18)  -0.61 (0.16)
ack-5 0.83 (0.43) -0.41 (0.23)  -1.03 (0.51)  -0.41 (0.24)  -0.43 (0.30) -1.11 (0.35)
egg-2 2041 (2.18) 034 (L17)  0.83(0.67)  1.21 (0.49) -0.86 (2.23)  -0.53 (2.03)
mat-2 0.79 (0.26) 0.88 (0.24)  1.07 (0.16)  1.12 (0.20)  0.86 (0.29)  0.83 (0.31)
mat-6 1.09 (0.18) 1.31 (0.04)  1.02(0.21)  1.21 (0.20) 1.01 (0.23)  1.02 (0.42)
mic-10 1.80 (0.11)  1.90 (0.07)  1.75 (0.09)  1.77 (0.10)  1.76 (0.10) 1.72 (0.13)
mic-5 0.53 (0.33) 091 (0.21)  0.68 (0.25)  0.67 (0.38)  0.66 (0.28)  0.60 (0.36)
nrobot-4  -1.10 (0.86) -1.15 (1.20) -1.39 (0.95)  -0.95 (1.02)  -0.86 (0.60)  -1.07 (0.92)
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A.4 Additional Experiments for BayesOpt Attack

Table A.6: Summary of attack results on 7 MNIST images. ) denotes the query count.
ASR denotes attack success rate. The standard errors are in parentheses.

Attack method d, ASR @ (Maz, Median, Mean) Average Lo perturbation (per pixel)
GP-BO 14x14x1 92% 899,53, 119(+28) 7.01 x 1073(£1.13 x 1074)
ADDGP-BO 14x14x1 98% 584,34, 67(+13) 6.50 x 1073(48.39 x 1079)
AutoZOOM 14x14x1 9% 892,186, 247(£27) 5.10 x 1073(£1.92 x 1074)
GenAttack 14 x14x1 97% 976,184, 239(22) 5.56 x 1073(£9.25 x 10-%)
GP-BO 16x16x1  97% 400, 50, 80(%12) 7.08 x 1073(£1.09 x 107%)
ADDGP-BO 16 x 16 x 1 100% 540,42, 72(+12) 6.49 x 1073(49.41 x 1079)
AutoZOOM  16x16x1 98%  812,251,295(£28) 5.98 x 1073(£2.03 x 1074
GenAttack 16x16x1  97% 928,202,237(£19) 5.61 x 1073(48.58 x 1079)
GP-BO 28 x 28 x1  98% 430,201, 225(£11) 8.71 x 1073(£1.94 x 1074)
ADDGP-BO 28 x28x 1 100% 666,57, 100(£15) 9.71 x 103(£1.12 x 1074
AutoZOOM 28 x 28 x 1 98% 860,185, 244(£27) 1.01 x 1072(£1.63 x 10°%)
GenAttack 28 x 28 x1  83% 976, 365, 399(£33) 6.26 x 1073(46.69 x 1075)

Table A.7: Summary of attack results on 27 CIFAR10 images. ) denotes the query
count. ASR denotes attack success rate. The standard errors are in parentheses.

Attack method d, ASR @ (Maz, Median, Mean) Average Lo perturbation (per pixel)
GP-BO §x8x3  52% 314,48, 70(£13) 5.78 x 1074(41.44 x 1079)
ADDGP-BO §x8x3 5% 899, 140, 234(+33) 5.55 x 1074(48.46 x 1076)
AutoZOOM §x8x3  56% 382,126, 139(+£17) 9.58 x 1074(42.66 x 107°)
GenAttack 8x8x3 67% 671,236, 286(+32) 7.40 x 1074(41.30 x 1075)
GP-BO 14x14x3 81% 899,142, 192(+11) 5.74 x 1074(46.96 x 1076)
ADDGP-BO 14 x14x3 90% 885,141,213(+£15) 5.79 x 1074(45.16 x 1076)
AutoZOOM 14x14x3 42% 376,95, 133(£12) 9.82 x 1074(41.95 x 107°)
CenAttack 14x14x3 7% 971,251, 321(+£21) 7.35 x 1074(46.92 x 1076)
GP-BO 16 x 16 x 3 83% 785,280, 292(+22) 5.34 x 1074(£1.43 x 107°)
ADDGP-BO 16 x 16 x3 87% 878,168, 229(+29) 5.76 x 1074(48.93 x 107)
AutoZOOM 16x16x3 3% 298,170, 170(£90) 7.50 x 1074(£1.35 x 1075)
GenAttack 16 x 16 x 3 79% 986, 281, 339(+36) 7.36 x 1074(41.55 x 1079)

We conducted more experiments on MNIST and CIFAR images to further verify
that the dimension of the latent space d” has a large impact on the attack success

rate, query efficiency and Ly norm of the successful adversarial perturbations of
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different attack methods and the optimal d" varies across different victim models

as well as attack methods.

A.5 Combining Different Kernels to Improve GPWL

Table A.8: Regression performance (i.t.o rank correlation) of additive kernels

Kernel NB101-CIFAR10 RWNN-Flowerl102
WL + MLP 0.871+0.02 0.813+0.018
WLT 0.8624-0.03 0.804+0.018
MLPf 0.458+0.07 0.4924+0.12

7: Taken directly from Table 7.1.
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Figure A.8: Predictive vs ground-truth validation error of GPWL with additive kernel
on NB101-CIFAR10 and RWNN-Flower102 in log-log scale. Error bar denotes +1 SD
from the GP posterior predictive distribution.

In general, the sum or product of valid kernels gives another valid kernel, as
such, combining different kernels to yield a better-performing kernel is commonly
used in GP and Multiple Kernel Learning (MKL) literature (Rasmussen, 2003;
Gonen and Alpaydin, 2011). In this section, we conduct a preliminary discussion

on its usefulness to GPWL. As a singular example, we consider the additive kernel
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that is a linear combination of the WL kernel and the MLP kernel:
kaad(G1, G2) = akwi(G1, Gs) + Skvip(G1,G2) st. a+6=1,a,6>0 (A.12)

where o, 5 are the kernel weights. We choose WL and MLP because we expect them
to extract diverse information: whereas WL processes the graph node information
directly, MLP consider the spectrum of the graph Laplacian matrix, which often
reflect the global properties such as the topology and the graph connectivity.
We expect the more diverse features captured by the constituent kernels will
lead to a more effective additive kernel. While it is possible to determine the
weights in a more principled way such as jointly optimising them in the GP log-
marginal likelihood, in this example we simply set « = 0.7 and g = 0.3. We then
perform regression on NB101-CIFAR10 and RWNN-Flower102 datasets following
the setup as in Section 7.5.1. We repeat each experiment 20 times and report
the mean and standard deviation in Table A.8, and we show the uncertainty
estimate of additive kernel in Figure A.8. In both search spaces the additive
kernel outperforms the constituent kernels but the gain over the WL kernel is
marginal. Interestingly, while MLP performs poorly on its own, it can be seen
that the complementary spectral information extracted by it can be helpful when
used alongside our WL kernel. Generally, we hypothesise that as the search space
increases in complexity (e.g., larger graphs, more edge connections permitted, etc),
we expect that the benefits from combining different kernels to increase and we
defer a more comprehensive discussion on this to a future work. As a starting
point, one concrete proposal would be applying a MKL method such as ALIGNF
(Cortes et al., 2012) in our context directly.

A.6 More Motif Discovery on NB101 and Other
NB201 Tasks

Supplementary to Figure 7.2 in Section 7.3.3, here we outline the motifs discovered
by GPWL also on the NB101 search space and on the other NB201 tasks (CIFAR100,
ImageNet120) in Figure A.9. We follow the identical setup as described in Section
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(b) Best and worst motifs identified on NB201-CIFAR100 (left), and the validation
accuracy distributions transferred on CIFAR10, CIFAR100 and ImageNet120 of NB201

(right 3).
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(c) Best and worst motifs identified on NB201-ImageNet120 (left), and the validation
accuracy distributions transferred on CIFAR10, CIFAR100 and ImageNet120 of NB201
(right 3).

Figure A.9: Motif discovery on NB101 and CIFAR100 and ImageNet120 tasks of NB201.
Note that since NB101 is trained on CIFAR10 only, it is not possible to show the results

transferred on another task. All symbols and legends have the same meaning as in Figure
7.2 in Section 7.3.3.

7.3.3. In all cases, the motifs are highly effective in separating the architecture
pool, and it is also noteworthy that the motifs found in the other NB201 tasks are
highly consistent with those shown in Figure 7.2 in the main text with only minor
differences, further supporting our claim that the GPWL is capable of identifying
transferable features without unduly overfitting to a particular task.

To give further concrete evidence on the working and advantage of the proposed
method in NB201, we show the top-4 motifs in terms of the derivatives computed

from one experiment on CIFAR10 only in Figure A.10 (a) and show the ground-truth
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Figure A.10: Computed motifs and ground-truth optimal cells for all 3 tasks of
NB201. Note that optimal architecture cell for CIFAR10 contains motifs 1 and 3,
optimal architecture cell for CIFAR100 contains motif 3 and optimal architecture cell for
ImageNet120 contains motif 2.

best architecture cell in each of the three image tasks in Figure A.10 (b) to (d).
In this case, while the optimal cells for the different tasks are similar (but not
identical) and reflective of a high-level transferability of the cells, transferring the
optimal cell in one task directly to another will be sub-optimal. However, using our
method as described in Algorithm 11 by transferring the motifs in Figure A.10(a)
onto CIFAR100 and ImageNet120 tasks, we reduce the search space and resultantly
search time drastically (as any cell to be evaluated now needs to contain one of
the top motifs in Figure A.10(a)) yet we do not preemptively rule out the optimal
cell (as all optimal cells contain > 1 "good" motifs). As such, our method strikes

a balance between performance and efficiency.

A.7 Additional NAS-BOWL Experiments

We show the validation errors against number of evaluations using both stochastic
and deterministic validation errors of NAS-Bench datasets in Figure A.11 and A.12.
It is worth noting that regardless of whether the validation errors are stochastic or

not, the test errors are always averaged to deterministic values for fair comparison.
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-+- NASBOWLr «x NASBOWLmM(TL)  —— gcnbo — random_search

Figure A.11: Median validation error on NAS-Bench datasets with deterministic
observations from 20 trials. Shades denote £1 standard error.

It is obvious that NAS-BOWL still outperforms the other methods under this
metric in achieving lower test error or enjoying faster convergence, or having both
under most circumstances. This corresponds well with the results on the test
error in Figure 7.7 and double-confirms the superior performance of our proposed

NAS-BOWL in searching optimal architectures.
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Figure A.12: Median validation error on NAS-Bench datasets with noisy observations
from 20 trials. Shades denote +1 standard error.

A.8 Additional Experiments for TSE
A.8.1 Overfitting on CIFAR10 and CIFAR100

In Figure 8.10 in Section 8.4.6, the rank correlation achieved by TSE-E on CIFAR10
and CIFAR100 drops slightly after around 7" = 150 epochs but a similar trend
is not observed for ImageNet120. We hypothesise that this is because many
architectures converge to very small training losses on CIFAR10 and CIFAR100
in the later training phase, making it more difficult to distinguish between these

good architectures based on their later-epoch training losses. However, this does
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Figure A.13: Mean and 5 standard error of training losses and validation losses on all
architectures on different NB201 image datasets. (a) shows the training curves and (b)
shows the number of architectures whose training losses go below 0.1 as the training
proceeds. Many architectures reach very small training loss in the later phase of the
training on CIFAR10 and CIFAR100, thus may overfitting on these two datasets. But
all the architectures suffer high training losses on ImageNet120, which is a much more
challenging classification task, and none of them overfits.

not happen on ImageNet120 because it is a more challenging dataset. We test this
by visualising the training loss curves of all architectures in Figure A.13a, where the
solid line and error bar correspond to the mean and standard error, respectively. We
also plot out the number of architectures with training losses below 0.1  in Figure
A.13b. It is evident that CIFAR10 and CIFAR100 both see an increasing number of
overfitted architectures as the training proceeds whereas all architectures still have
high training losses on ImageNet120 at end of the training 7" = 200 and none have
overfit. Thus, our hypothesis is confirmed. In addition, similar observation is also
shared in (Jiang et al., 2020) where the authors find the number of optimisation
iterations required to reach loss of 0.1 correlates well with generalisation but the

number of iterations required to go from a loss of 0.1 to 0.01 does not.

2The threshold 0.1 is chosen following the threshold for optimisation-based measures in (Jiang
et al., 2020)
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B.1 Kriging Believer

The Kriging Believer (KB) is a method proposed in (Ginsbourger et al., 2010a)
to sequentially select batch points in the continuous space. In KB, as the name
suggested, we fully trust the predictive posterior and use the posterior mean u(xgl))
at a selected batch location Xil) as a proxy for the true function value f (xgl)). We
then augment the observation data D,_; with this hallucinated data {x\" u(x{")}
to update the surrogate model as well as the the acquisition function. The next point

in the batch is then selected by maximising the updated acquisition function. This

process repeats until all b points in the batch are selected as shown in Algorithm 17.

Algorithm 17 Kriging Believer

1: Input: Observation data D;_;, batch size b

2: Qutput: The batch points B; = {xgl), e ,xgb)}
3: IDQ—I =D,

4: for j=1,...,bdo

5. xt) = argmax a(x|D;_,)

6: Compute ,u(x,gj))

7 Dj_y« Djy U plx”))
8: end for

237
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B.2 Algorithmic Description of the WL kernel

Complementary to Figure 7.1 in Section 7.3.1, here we include a formal, algorithmic

description of the WL procedure in Algorithm 18.

Algorithm 18 Weisfeiler-Lehman subtree kernel computation between two graphs
Shervashidze et al. (2011)

1: Input: Graphs {G1, Gy}, Maximum WL iterations H

2: Output: The kernel function value between the graphs &

3: Initialise the feature vectors {¢(G1), ¢p(G2)} with the respective counts of
original node labels i.e. the h = 0 WL features. (E.g. ¢'(G) is the count of
i-th node label of graph Gy)

4: for h=1,...,H do

5. Assign a multiset-label Mj(v) to each node v in G consisting of the multiset

{lp—1|u € N(v), where l;,_1(v) is the node label of node v of the h — 1-th WL
iteration; A/ (v) are the neighbour nodes of node v
6:  Sort each elements in Mj,(v) in ascending order and concatenate them into
string s;,(v)
. Add l,_1(v) as a prefix to s, (v).
8:  Compress each string sp,(v) using hash function f so that f(s,(v)) = f(sn(w))
iff sp(v) = sp(w) for two nodes {v, w}.

9:  Set I (v) := f(sp(v))Vv € G.

10:  Concatenate the ¢(G1), ¢(G2) with the respective counts of the new labels
11: end for
12: Compute inner product between the feature vectors in RKHS k£ =

(0(Gh), 9(G2))n

B.3 Other Implementation Details of NAS-BOWL
and Competing Baselines

NAS-BOWL We use a batch size B =5 (i.e., at each BO iteration, architectures
yielding top 5 acquisition function values are selected to be evaluated in parallel).
When mutation algorithm described in Section 7.3.2 is used, we use a pool size of
P =200, and half of which is generated from mutating the top-10 best performing
architectures already queried and the other half is generated from random sampling
to encourage more explorations in NASBench-101. In NASBench-201, accounting
for the much smaller search space and consequently the lesser need to exploration,

we simply generate all architectures from mutation. For experiments with random
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acquisition, we also use P = 200 throughout, and we also study the effect of varying
P later in this section. We use WL with optimal assignment (OA) (Kriege et al.,
2016) for all datasets apart from NASBench-201. Denoting the feature vectors of two
graphs G and Gs as ¢(G1) and ¢(G2) respectively, the OA inner product in the WL
case is given by the histogram intersection (¢(G1), @(G2)) = >; min(¢/(G1), ¢ (Gy),
where ¢/(-) is the j-th element of the vector. On NASBench-201 which features
a much smaller search space which we find a simple dot product of the feature
vectors @(G1)T@(G2) to perform empirically better. We always use 10 random
samples to initialise NAS-BOWL.

On NASBench-101 dataset, we always apply pruning (which is available in
the NASBench-101 API) to remove the invalid nodes and edges from the graphs.
On NASBench-201 dataset, since the architectures are defined over a DARTS-like,
edge-labelled search space, we first convert the edge-labelled graphs to node-labelled
graphs as a pre-processing step. It is worth noting that it is possible to use WL
kernel defined over edge-labelled graphs directly (e.g the WL-edge kernel proposed
by (Shervashidze et al., 2011)), although in this paper we find the WL kernels
over node-labelled graphs to perform empirically better.

On the transfer learning setup of N201, we first run a standard optimisation
task on the CIFAR10 task (we term this the base task) but we allow for up to
an expanded budget of 250 architecture evaluations to build up the confidence
of GPWL derivative estimates. We then extract the “good motifs” identified by
GPWL (i.e. those features with derivatives in the top quantile). For the subsequent
CIFAR100/ImageNet120 optimisations (we term this the transferred tasks). On the
transferred tasks, with everything else unmodified from standard runs (e.g. budget,
pool size, batch size, acquisition function choice, etc), we additionally enforce the
pruning rule such that only candidates in the pool with at least 1 match to the
previously identified “good motifs” are allowed for evaluations and the rest are
removed. The key difference is that under standard runs, the pool of size B is

generated once per BO iteration via random sampling/mutation algorithm since all
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candidates are accepted; here, this procedure is executed for many times as required

until we have a pool of B architectures where each meets the pruning criteria.

BANANAS We use the code made public by the authors (White et al., 2021a)
(https://github.com/naszilla/bananas), and use the default settings contained
in the code with the exception of the number of architectures queried at each BO
iteration (i.e. BO batch size): the default is 10, but to conform to our test settings we
use 5 instead. While we do not change the default pool size of P = 200 at each BO
iteration, instead of filling the pool entirely from mutation of the best architectures,
we only mutate 100 architectures from top-10 best architectures and generate the
other 100 randomly to enable a fair comparison with our method. It is worth
noting that neither changes led to a significant deterioration in the performance of
BANANAS: under the deterministic validation error setup, the results we report
are largely consistent with the results reported in (White et al., 2021a); under the
stochastic validation error setup, our BANANAS results actually slightly outperform
results in the original paper. It is finally worth noting that the public implementation

of BANANAS on NASBench-201 was not released by the authors.

GCNBO for NAS Weimplemented the GCN surrogate by ourselves following the
description in the most recent work (Shi et al., 2019), which uses a graph convolution
neural network in combination with a Bayesian linear regression layer to predict
architecture performance in its BO-based NAS. To ensure fair comparison with
our NAS-BOWL, we then define a normal Expected Improvement (EI) acquisition
function based on the predictive distribution by the GCN surrogate to obtain
another BO-based NAS baseline in Section 7.5.2, GCNBO. Similar to all the other
baselines including our NASBOWLr and BANANASr, we use random sampling to
generate candidate architectures for acquisition function optimisation. However,
different from NAS-BOWL and BANANAS, GCNBO uses a batch size B =1, i.e.
at each BO iteration, NAS-BOWL and BANANAS select 5 new architectures to
evaluate next but GCNBO select 1 new architecture to evaluate next. This setup

should favour GCNBO if we measure the optimisation performance against the


https://github.com/naszilla/bananas
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number of architecture evaluations which is the metric used in Figs. 4 and 7.7
because at each BO iteration, GCNBO selects the next architecture G; based on
the most up-to-date information o (G|D;_1) whereas NAS-BOWL and BANANAS
only select one architecture G ; in such fully informed way but select the other four
architectures {Gy;}7_, with outdated information. Specifically, in the sequential
case (B = 1), Gy is selected only after we have evaluated Gy, G2 is selected by
maximising oy (G|{D;—1, (G, y1)}); the same procedure applies for Gy 3, Gy 4 and
G 5. However, in the batch case (B = 5) where G ; for 2 < < 5 need to be selected

before Gy;_; is evaluated, {G,;}?_, are all decided based on oy (G|D;_1) like Gy ;.

Other Baselines For all the other baselines: random search (Bergstra and
Bengio, 2012), TPE (Bergstra et al., 2011b), Reinforcement Learning (Zoph and
Le, 2016), BO with SMAC (Hutter et al., 2011b), regularised evolution (Real et al.,
2019), we follow the implementation available at https://github.com/automl/
nas_benchmarks for NASBench-101 (Ying et al., 2019). We modify them to be
applicable on NASBench-201 (Dong and Yang, 2020b). Note that like GCNBO, all
these methods are sequential B = 1, and thus should enjoy the same advantage

mentioned above when measured against the number of architectures evaluated.

B.4 Experiment Set-up for the DARTS Space

We mostly follow the setup and the code base (https://github.com/quark0/
darts) from DARTS (Liu et al., 2018b), and we detail the setup in full below:

Architecture Search During the architecture search, we use half of the CIFAR10
training data and leave the other half as the validation set. We use stack the search
cell 8 times to produced a small network, and use batch size of 64 and initial number
of channels of 16. As discussed, we only search one cell, and use this for both normal
and reduction cells (in DARTS the two cells are searched separately). We use SGD
optimiser with momentum of 0.9, weight decay of 3 x 10~* and an initial learning

rate of 0.025 which is cosine annealed to zero over 50 epochs. As known by previous
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works (Liu et al., 2018b), the validation performance on CIFAR10 is very volatile,
and to ameliorate this we feed the average of the validation accuracy of the final
5 epochs as the observed accuracy to the GPWL surrogate. We use the identical
setup for GPWL surrogate as the NAS-Bench experiments and we use the standard

mutation algorithm described to generate the candidates every BO iteration.

Architecture Evaluation After the search budget (set to 150 architectures) is
exhausted, we evaluate the neural network stacked from the best architecture found,
based on the validation accuracy during the search stage. During evaluation, we
construct a larger network of 20 cells and is trained for 600 epochs with batch size
96 and initial number of channels of 36. Additional enhancements that are almost
universally used in previous works, such as path dropout of probability 0.2, cutout,
and auxiliary towers with weight 0.4 are also applied in this stage (these techniques
are all identical to those used in Liu et al. (2018b)). Any other enhancements not
used in DARTS such as mixup, AutoAugment and test-time data augmentation
are not applied. The optimiser setting is identical to that during architecture
search, with the exception that the cosine annealing is over the full 600 epochs
instead of 50 during search. During this stage, we use the entire CIFAR10 training
set for training, and report best accuracy encountered during evaluation on the
validation set in Table 7.2 of Section 7.5.3. We finally train the final architecture
for 4 random repeats on CIFAR10 dataset.

B.5 NAS Datasets Description

The NAS datasets we experiment with are:

« NASBench-101 (NB101) (Ying et al., 2019): this dataset contains 423,624
unique neural architectures, each of which is trained with SGD optimiser for
108 epochs and evaluated on CIFAR10 data. The training and evaluation
are repeated over 3 random initialisation seeds. The training accuracy/loss,
validation accuracy /loss and test accuracy/loss at 4-th, 12-th, 36-th and 108-th

epochs, as well as architecture meta-information such as number of parameters
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are all accessible from the dataset. The search space is an acyclic directed graph
with 7 nodes and a maximum of 9 edges. Besides the input node and output
node, the remaining 5 operation nodes can choose one of the three possible
operations: { conv3x3-bn-relu, convix1l-bn-relu, maxpool3x3 }. The

dataset is available at https://github.com/google-research/nasbench/.

« NASBench-201 (NB201) (Dong and Yang, 2020a): this dataset contains
information of 15,625 different neural architectures, each of which is trained
with SGD optimiser for 200 epochs and evaluated on 3 different datasets:
CIFAR10, CIFAR100, ImageNet120 for 3 random initialisation seeds. The
training accuracy/loss, validation accuracy/loss after every training epoch
as well as architecture meta-information such as number of parameters, and
FLOPs are all accessible from the dataset. The search space of the NASBench-
201 dataset is an acyclic directed graph with 4 nodes and 6 edges. Each
edge corresponds to an operation selected from the set of 5 possible options:
{ convix1, conv3x3, avgpool3x3, skip-connect, zeroize }. This search
space is applicable to almost all up-to-date NAS algorithms. The dataset is

available at https://github.com/D-X-Y/NAS-Bench-201.

« NASBench-301 (NB301) (Siems et al., 2020): this dataset contains 23000
8-cell architectures drawn from the DARTS search space and evaluated on
CIFAR10. DARTS search space (Liu et al., 2019) is more general than those
of NASBench-201 and contains over 10'® architectures. It’s also the most
widely adopted space in NAS (Zoph et al., 2018b; Liu et al., 2019; Chen et al.,
2019; Xie et al., 2019b; Xu et al., 2019b; Real et al., 2019; Li and Talwalkar,
2020; Pham et al., 2018; Shaw et al., 2019; Zhou et al., 2020b). Particularly,
this search space comprises a cell of 7 nodes: the first two nodes in cell &k
are the input nodes which equals to the outputs of cell k — 2 and cell k£ — 1
respectively. The last node in the cell £ is the output node which gives a
depthwise concatenation of all the intermediate nodes. The remaining four

intermediate nodes are operation nodes take can take one out of eight operation
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choices: { sep-conv-3x3, sep-conv-5x5, dil-conv-3x3, dil-conv-5Xx5,
max-pool-3x3,avg-pool-3x3, skip-connect, none }. Each architecture
in this dataset is trained for 100 epochs using a SGD optimiser with an
initial learning rate of 0.025, a cosine annealing schedule and a batch size of
96. The training also adopts regularisation techniques such as an auxiliary
tower with a weight of 0.4 and DropPath with probability of 0.2. For these
architectures, we can assess their training accuracy/loss, validation accuracy
after every training epoch from the dataset. Moreover, this dataset also
provides a well trained surrogate model which can accurately predict the final
test accuracy of any other possible architectures formed by 8 cells from the
DARTS search space. We use this surrogate model to predict the ground-
truth test accuracy of the subnetworks, when being trained from scratch
independently, in the one-shot experiments in Section 8.4.5. The dataset is

available at https://github.com/automl/nasbench301.

o« DARTS: this group of datasets correspond to the DARTS architectures used
for final evaluation and deployment; each architecture is formed by stacking
the DARTS cells 20 times, thus much larger than the 9-cell counterparts in
NASBench-301 above. Specifically, we generate three 20-cell DARTS archi-
tecture datasets; each dataset contains 150 architectures randomly sampled
from the search space but follows a different training set-up. Specifically, for
the dataset used in Figure 8.5 in Section 8.4.2, we use an initial learning
rate of 0.025, a cosine-annealing schedule and a batch size of 96 (i.e. the
setting for CIFAR10 complete training in (Liu et al., 2019). For the dataset
used in Figure 8.5¢ in Section 8.4.2, we use an initial learning rate of 0.1, a
step-decay schedule and a batch size of 128 (i.e. the setting for ImageNet
complete training in (Liu et al., 2019)). Finally, for the dataset used in Figure
8.5d in Section 8.4.2, we use an initial learning rate of 0.05, a cosine-annealing
schedule and a batch size of 128, modified from the setting in Figure 2 (b).
The other training setups are the same: all architectures are trained for 150

epochs using SGD optimiser with momentum of 0.9 and regularised using a
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Cut-Out of 16 and a DropPath with probability of 0.2 following (Liu et al.,
2019). For these datasets, we also record the training loss for each mini-batch
(TLmini) on top of the conventional training and validation loss/accuracies.
The mini-batch training loss is used to verify our claim that it is the sum of
training losses, which has nice theoretical motivation, instead of training loss
itself that gives good correlation with the generalisation performance of the

architectures.

« RandWiredNN (RWNN) : we produce this dataset by generating 552
randomly wired neural architectures from the random graph generators
proposed in (Xie et al., 2019a) and evaluate their performance on the image
dataset Flower102 (Nilsback and Zisserman, 2008). We explore 69 sets of
hyper-parameter values for the random graph generators and for each set
of hyper-parameter values, we sample 8 randomly wired neural networks
from the generator. A randomly wired neural network comprises 3 cells
connected in sequence and each cell is a 32-node random graph. The nodes
within the graph can take one of the three possible options: {input, output,
relu-conv3x3-bn }. The wiring/connection within the graph is generated
with one of the three classic random graph models in graph theory: Erdos-
Renyi (ER), Barabasi-Albert (BA) and Watt-Strogatz (WS) models. Each
random graph model has 1 or 2 hyper-parameters that decide the generative
distribution over edge/node connection in the graph. All the architectures are
trained with SGD optimiser for 250 epochs and other training set-ups follow
those in (Liu et al., 2019). This dataset allows us to evaluate the performance
of our simple estimator on hyper-parameter/model selection for the random

graph generator.

 ResNet and ResNeXt (Radosavovic et al., 2019): this group of search
spaces featuring two ResNet model families: ResNet and ResNeXt. The
number of architecture samples as well as the architecture parameters and

their corresponding range are shown in Table B.1. Each architecture is trained
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on CIFARI10 for 100 epochs using SGD with an initial learning rate of 0.1, a
cosine annealing schedule and a batch size of 128. The dataset is available at

https://github.com/facebookresearch/nds.

Table B.1: Search spaces for ResNet and ResNeXt. Each network is formed of three
stages and for each of the stage ¢, there are d; the number of blocks, w; number of channels
per block. For ResNeXt, we also need to decide on the bottleneck width ratio r; and the
number of groups g; per stage. The total number of possible architectures is (dw)? and
(dwrg)? for ResNet and ResNeXt.

di wy T 9i Nsamples Ntotal

ResNet [1,24] [16,256] 25000 1259712
ResNeXt-A [1,16] [16,256] [1,4] [1,4] 25000 11,390,625
ResNeXt-B  [1,16] [64,1024] [1,4] ]1,16] 25000 52,734,375
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Additional Derivatives

C.1 Compute the derivatives of the FITBO Ac-
quisition Functions

As explained in Section 3.2.2; the final acquisition function of our FITBO approach

has the following form:

1 M N
a(x|D,) :H{M Zp(ylbn,x,em,n(”)}
J
L %log [27re(af(x|D 0 n)? 4 02)} (C.1)
2M ] ) ) n
where o (x|D,00), n())? = K](cj)(X, X') = mgj)(X)Kéj)(X,X’)m(j)(X’)-
If the kernel function adopted is differentiable, we can compute the derivative

of a(x|D,,) with respect to x4, the d"* dimension of x, to facilitate the optimisation

of the acquisition function.

To simplify our notation, let G(y|x) = 7 =V p(y|x, vV)) = 3 S p(y| Dy, x, 09, 79
and vj(x) = o;(x|D,0V nW)2 4 62 . The acquisition function of FITBO
then becomes:

1

a(x|D,) = H[G(y]x)} ~ 57 Zlog [QWB(Uj(X))]

247
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C.1.1 Derivative of FITBO

If we approximate the entropy of the Gaussian mixture using numerical method,

the derivative of a(x|D,,) can be computed as follows:

daxD,) O]~ I Gl log Glybody]

0xg O0xq
1 M Olog [27re(v~(x))]
Y Z 8ycd :

[ / log (yIX)Wdy}

Ml@vj)

T

(C.2)

X 8$d

The key partial derivative needs to solve is 8%(5;‘ and for a 1D Gaussian mixture:

= 27 2 plyx p) {(y ;j/(ZSX)) 3/{;;(?)

+(w—uﬂwf—vﬂ>>&%)] (©3)

8550{
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Thus, %ylx)dy = 0 and the first derivative term in function C.2 can be expanded

in the following way:

[ 9G(ylx)
a[Ed

— — [10g G(ylx)

9G (y|x)
axd

+ log G(y|x)
oG (y|x)
ey Y

dy

= —/1ogG(y!X)]\142{
(%)) Opj(x)
&rd

X

(y — p;(x))? — v;(x)\ Ov;(x)
M ( 2(0;(x))? ) Dzg } }dy (C.4)

NG (y — p;(
plylx, ¥ )[ o5 (%)

The derivative of the acquisition function then has the form:

da(x|Dy,)
0xd

where

(C.7)

and 87;;’: Elx) and 8K§§§:’xl) can be computed from the definition of the chosen kernel

function.
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C.1.2 Derivative of FITBO-MM acquisition function

A faster alternative to approximate the entropy of the Gaussian mixture is to

use simple moment-matching:
1 J :
Glylx) = 37 2 plylx, PV) ~ N(ylme(x), va(x))
J

where

va(x) = 3 (1) + (5 6)) — (mo()”

J

This leads to an analytical form of the acquisition function:

a(x|D,) ~ ;log [2W€(Ug(x))} - 2]1\4 Zlog {2W€(UJ<X))}.

The derivative of the acquisition function then has a neat analytical form:

da(x[Dn) 1 Ovg(x) 1 Ovj(x)

| M
Org  2vg(x) Oxy QM%:vj(x) 04

where

v (x) _ f: 1 <81)j(x) 2 (%) 8;5]x(:c)>

ams( 5245

J

with agfr (dx) and 82; (:) have the same expressions as Equations (C.6) and (C.7).

C.2 Learn the Hyper-parameters of the CoCaBO
Kernel

We present the derivative for estimating the variable A in our CoCaBO kernel.

Eu(z,7) =(1 = X) (ki (1) + ko (x, %))

+ Mo (h, By (x, X7). (C.8)
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The hyperparameters of the kernel are optimised by maximising the log marginal

likelihood (LML) of the GP surrogate
0" = argmax L(6,D), (C.9)
0

where we collected the the hyperparameters of both kernels as well as the CoCaBO
hyperparameter into 6 = {0,,0,, A\}. The LML and its derivative are defined as

in (Rasmussen and Williams, 2006a)

L(8) = —;yTKly — ;log |K| + constant (C.10)
oL 1 0K oK
— = [y K=Ky - K'— A1
06 2<y o0 ¥ tr( ae))’ (G.11)

where y are the function values at sample locations and K is the kernel matrix
of k.(z,2z’) evaluated on the training data.

Optimisation of the LML was performed via multi-started gradient descent.
The gradient in Equation (C.11) relies on the gradient of the kernel k, w.r.t.

each of its parameters:

Ok, oky, Oky,

—(1-\)Zh 9 12
g0, — (L= Ngg Mgy (C.12)
k. ok, Ok,
S = (1= NG+ A5k (C.13)
ok,
B3 = —(kh + kx) + khkx, (C.14)

where we used the shorthand k, = k,(z,2'), k;, = kn(h,h’) and k, = k,(x,%’).

C.3 Theoretical Analysis for CASMOPOLITAN

In this section, we first proof the categorical kernel in Equation (5.11) and mixed
kernel in Equation (5.10) used for CASMOPOLITAN are positive semi-definite. We
then provide upper bounds on the maximum information gains of our proposed
categorical kernel and mixed kernel (Theorem 1). We then prove that after a restart,
under Assumptions 1 and 2, CASMOPOLITAN converges to a local maxima after
a finite number of iterations or converges to the global maximum (Theorem 2).

Finally, we prove that with our UCB-restart strategy, under Assumptions 1, 2 and
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some assumptions described in (Srinivas et al., 2009), CASMOPOLITAN converges
to the global maximum with a sublinear rate over the number of restarts in both

categorical (Theorem 3) and mixed space settings (Theorem 4).

C.3.1 Lemma on Validity of Proposed Kernels

Lemma 1 The proposed categorical kernel in Equation (5.11) and mized kernel in

Equation (5.10) are positive semi-definite and thus valid kernels.

Proof of Lemma 1. For the categorical kernel in Equation (5.11), we have that
exponential of a kernel is also a kernel, and since the categorical overlap kernel
in Equation (5.7) is a valid kernel, its exponentiated version is also a valid kernel.
For the mixed kernel in Equation (5.10), since addition and multiplication between
kernels result in valid kernels, and since both k,(.,.) and k(.,.) are valid kernels,

therefore, the mixed kernel in Equation (5.10) is also a valid kernel. [

C.3.2 Theorem on Maximum Information Gains of Pro-
posed Kernels

Theorem 1 Let us define v(T; k; V') := maxacv,ja<r ; log |1 + o7 2[k(v,V')]yveal
as the maximum information gain achieved by sampling T points in a GP defined
over a set V with a kernel k. Let us define N := H;»lil n;, then we have,
1. For the categorical kernel ky, y(T; kn; H) = O(NlogT);
2. For the mized kernel k, v(T; k; [H, X]) < (’)(()\]\7 + 1= N(Tsky; X) + (N +
2 —2)\)log T).

Proof of Theorem 1. We derive the maximum information gain of the categorical

kernel k;, first and then the mixed kernel k.

Maximum Information Gain of the Categorical Kernel

We derive the maximum information gain of the categorical kernel k;, proposed in
Equation 5.11) by bounding v(7'; k,; H) directly. Let us first consider the case when

the objective function f has only one categorical variable h with n distinct values
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(i.e. h € {A1, Ay, ..., A,} where A; is a categorical value and A; # A; when i # j).

Let us consider T' data points hy, hs, ..., hy, then its corresponding covariance
matrix Kp is [kx(hi, hy)]},—;. As the maximum information gain (T'; kx; H) is

equal to log |Ir + 072 K7| where I is the identity matrix of size T',! thus, we will
bound (T'; ky; H) by bounding log |I7 + ¢ 2K7|. Our general idea is to perform a
decomposition of Ky, i.e. expressing Ky = ®EUT where & € RT*" ¥ € RT*" and
E € R™" and then apply the Sylvester’s determinant theory and the Hadamard’s
inequality to derive an upper bound for log I+ + 02 Kp|.

In the sequel, for ease of notation, we define the function ¢ as a mapping from A;
to ¢. In particular, q(A4;) =14, Vi =1,...,n. With the categorical kernel kj(h, h') =

exp (I6(h, 1)), in the following, we will prove that K7 can be decomposed as,?
Ky = ®EUT, (C.15)

where ®, U € RT™*" E ¢ R™" and

o |0)| g _ [0(h)

[o(hr) ] [ (hr)]

E = diag(exp (I) +n—1,exp(l) — 1,...,exp () — 1),

with ¢(h;) being an n-dimensional row vector with 1 at the 1st column, (—1) at

the q(h;)-th column, and 1 at the (q(h;) + 1)-th column, i.e.,

[110..00] if q(h) =1
¢(hi) =3[100...0(=1)10...0], if1<q(h;)<n-
[100..0 (1), if g(h;) =n

11| denotes the determinant of matrix S.
2When T = n, this decomposition is equivalent to the eigendecomposition. That is, the diagonal
of matrix E consists of the eigenvalues of Kp and each column of ® is an eigenvector of K.
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and 1 (h;) being an n-dimensional row vector with the following formula,

n=1) (n-2) 1], i g(h) =1
s — 1) = (gl — 1) (= g(h) - 1,
if 1 < q(hz) <n
;[1 (<1) o —(n=1)],  if q(hs) =n.

To prove the decomposition in Equation (C.15), we compute the element at the
i-th row and j-th column of @EYT, ie. [PEUT];;, and then prove that [PEWT];; is
equal to [Kr];;. To compute [PEWT],; it can be directly seen that,

(I)E\IJT ] Z ¢r 2 Mﬁr )

where ¢,(h;) denotes the r-th element of ¢(h;), 1¥,.(h;) denotes the r-th element

of ¢(h;) and E, denotes the r-th element on the diagonal of matrix £. We then

consider the following three cases:

Case 1: q(h;) = q(h;). First, let us consider 1 < ¢(h;) < n, then we have,

[@FEUT);; =1 x (exp(l) +n — 1) x

+ (—1) x (exp(l) = 1) x (_Q(h;'L) +1)
+ 1 x (exp(l) — 1) x (n —s(h,))

=exp(l).
Note that when ¢(h;) = ¢(h;), we will have h; = h;, thus, the element [K7|;; is
equal to exp(l). Similar arguments can be made when ¢(h;) = 1 or ¢(h;) = n, that
is, [K7)i; is equal to exp(l). Therefore, [PEWT];; = [Kr|;; = exp(l).
Case 2: q(hj) > q(h;) + 1. Let us first consider 1 < ¢(h;), then,

[@FEUT);; =1 x (exp(l) +n — 1) x

+ (—1) x (exp(l) — 1) x (_Q(h;b) +1)
+1 x (exp(l) — 1) x (_qflhi))

=1.
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In this case, with g(h;) > q(h;) + 1, we will have h; # h;, hence, the element [K7r];;
is equal to 1. Similar arguments can be made when ¢(h;) = 1, that is, in this case,
[K7)i; is also equal to 1. Therefore, [PEWYT);; = [Kr];; = 1.

Case 3: q(hj) < q(h;) — 1. Let us first consider ¢(h;) < n, then,

1
[@EUT);; =1 x (exp(l) +n—1) x —
n

(1) x espll - 1) L0
) x (n —q(hi) — 1)

1 ) —1
+ 1 x (exp(l) -

=1.

Similar to Case 2, we also have h; # h;. Similar arguments can be made when
q(h;) = n, [K7);; is also equal to 1. Hence, [PEYT];; = [K7);; = 1.
Combining Cases 1, 2, 3, we proved the decomposition in Equation (C.15).

Now using this decomposition, we have,
V(T kp; H) = log | Ir + 0 2 Ky| = log |I + o 2@ EVT].
By Sylvester’s determinant theorem (Sylvester, 1851),
Y(T;kpyH) = log |1, + 0 UL (C.16)

Next, we prove the matrix WT®E is a positive semi-definite (p.s.d.) matrix, and
the maximum element on the diagonal of U7 ®E is equal or less than T'(exp(l)+n—1).
Let us denote m; as the number of times the categorical value A; appears in T

data points. It can be directly seen that,

T n
[\IJT®:|ij = Z¢z(hr)¢](hr) = Zmr¢z(Ar)¢](Ar)
r=1 r=1
Hence, the matrix ¥7® can be written as,

U'e = ViFe,, Dy, Uy, B e R, (C.17)
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where
I E O 0 0]
(AN |1 -1 1 0 0 0
o, |[¢A| 1 0 11 .0 o
6(A4)] |1 0 0 0 ... -1 1
1 0 0 0 0 —1]
- 1 n—1 n—2 2 I
W(A,) 1 -1 n-2 2 1
g YA 11 1 2 2 1 |
Y(An)] 1 -1 -2 ~(n-2) 1
1 -1 -2 .. —(n—-2) —(n—-1)
F =diag(my, ma,...,my).

It is straightforward that ¥4 ® 4 = I,,, thus, from Equation (C.17), we can see that
UL F®, is an eigendecomposition of W7'®, and hence, the eigenvalues of W7'® are
M1, Mo, ..., My. Asm; > 0,Vi=1,...,n, so VT® is a p.s.d. matrix, and therefore,
UTOF is also a p.s.d. matrix. Besides, note that the r-th element on the diagonal of
UT®E can be computed as [¥T®],.E, where [UT®],,. and E, are the r-th elements
on the diagonal of U7'® and E, respectively. Since [07®],, < ST (n—1)/nx1 < T,
and E, < (exp(l)+n—1), hence, [¥7®],,.E, < T(exp(l)+n—1). This results that the
maximum element on the diagonal of U7 ® F is equal or smaller than T'(exp(l)+n—1).

Combining Equation (C.16) and the Hadamard’s inequality (Mazya and Sha-

poshnikova, 1999) on the positive semi-definite matrix WT®FE, we have,
Y(T; kpy H) < log|I, + o 2W|,

where W = diag(diag™ ' (¢T®E)). Since the maximum element on the diagonal
of UT®F is equal or smaller than T(exp(l) + n — 1). Therefore, y(T; kn; H) =
O(nlog(l + o T (exp(l) + n —1))) = O(nlogT). O

Now let consider the case when the objective function f has d; categorical

variables where each variable has n; distinct values. This can be considered to be
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equivalent to the case when f has one variable with H?i1 n; distinct values. Thus,

the same proof can be used, and we have (T ky; H) = O((H?;l n;)log T). O

Maximum information gain of the mixed kernel

We make use of Theorems 2 and 3 in (Krause and Ong, 2011) to bound the
maximum information gain of the mixed kernel k. In particular, Theorem 2 states
that given two kernels: k;, on H and k, on X, and if kj, is a kernel on ‘H with
rank at most m, then (T kpk,; [H, X]) < my(T; ky; X) + mlogT. On the other
hand, Theorem 3 states that for any two kernels k;, on H and k, on X, then
VT kn + ks [H, X]) < (T Ky X) 4+ (T kn; X) 4 21og T

As proven above for the categorical kernel, the kernel k;, has at most rank
N = H?Ql n; (based on the eigen-decomposition). Thus, using Theorem 2 in

Krause and Ong (2011), we have
YT knko; [H, X)) < Ny(T; kp; X) + Nlog T (C.18)
Similarly, using Theorem 3 in (Krause and Ong, 2011), we obtain
V(T b + ki [H, X]) < O(4(T5 ks X) + (N +2)log T). (C.19)

We have the mixed kernel & defined as A(k,kp) + (1 — ) (kp, + k) where A € [0, 1]

is a trade-off parameter. By combining Equations (C.18) and (C.19), we have,
Y(T5 ks [, X] < XO(NA(T ki X) + Nlog T)
+ (1= N (VT3 ke; X) + (N +2)log T)
<O((NA+1 =N (Ts ke X)

+(N+2-2)\)logT). O

C.3.3 Theorem on Local Convergence

Assumption 1 The objective function f(z) is bounded in [H,X], i.e. I, F, €
R:Vz € [H,X], F| < f(z) < F,.
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Lz, and Lk, LE be the minimum and initial TR

min’ min

Assumption 2 Let us denote L"
lengths for the categorical and continuous variables, respectively. Let us also denote
o as the shrinking rate of the TRs. In the categorical setting, for any TR with length

< [(Lh,, +1)/as] — 1,2 the corresponding local GP approzimates f accurately. That
is, the GP posterior mean approzimates f accurately whilst the GP posterior variance
is negligible within this TR. In the mized space setting, the local GP approrimates
f accurately within any TR with length L* < max( e Jog, LE([(Lh, +1)/a,] —
1)/L}) and L' < max ([(Lhy, + 1) /o] = 1, [LE LS/ (0uLE)]).

min

Theorem 2 Given Assumptions 1 and 2, after a restart, CASMOPOLITAN
converges to a local maxima after a finite number of iterations or converges to

the global maximum.

Proof of Theorem 2. We prove that under Assumptions 1 and 2, after a restart,
(1) if CASMOPOLITAN terminates after a finite number of iterations, then it
converges to a local maxima of f, or, (2) if CASMOPOLITAN does not terminate
after a finite number of iterations, then it converges to the global maximum of
f- We prove this property by contradiction.

First, let us assume after a restart, case (2) occurs, i.e. CASMOPOLITAN does
not terminate after a finite number of iterations. This means when the iteration ¢
goes to infinity, the TR length L" is not shrunk below L”. in the categorical setting,
or, both L" and L* are not shrunk below L, and L%, in the mixed space setting.
From the algorithm description, the TR is shrunk after fail tol consecutive failures.
Thus, if after Ny, = fail_tol X m iterations where m = [log, (L{/L". )]* in
the categorical setting and m = max([log, (L&/L". )], [log,, (L¢/LE:,)]) in the
mixed space setting, there is no success, CASMOPOLITAN terminates. This
means, in order for case (2) to occur, CASMOPOLITAN needs to have at least

one improvement per Ny, iterations. Let consider the series {f(z*)}22, where

f(Z") = maxt;— (4 1) Npyut1,... kNmw 4 (2:) } and f(z;) is the function value at iteration

3The operator [.] denotes the ceiling function.
4The operator [.] denotes the ceiling function
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i. This series is strictly increasing and the objective function f(z) is bounded
(Assumption 1). Thus, using the monotone convergence theorem (Bibby, 1974),
this series converges to the global maximum of the objective function f.
Second, let consider case (1) occurs, i.e. CASMOPOLITAN terminates after
a finite number of iterations. We will prove that in this case, CASMOPOLITAN
converges to a local maxima of f(z) given Assumption 2. For simplicity, let us
consider the categorical setting first. Let us denote Lg as the largest TR length
that after being shrunk, the algorithm terminates. By the definition of Lg, we have
|as L] < LM, 5 Due to |asLs] < agLs < |asLs| + 1, we have Ly < (L, +1)/as.
And because Ly is an integer, we finally have Ly < [(L",, +1)/a,] — 1. By choosing
Ly=[(L", +1)/as] — 1, we have that VL > L,, a,L > a,[(L", +1)/a,] > L,
This says that for all TR with length L > L, after being shrunk one time, the
algorithm doesn’t terminate yet. Therefore, L, = [(L". +1)/as] — 1 is the largest
TR length that after being shrunk, the algorithm terminates. This tells us when
the TR length first becomes smaller or equal than L,, CASMOPOLITAN does not
terminate yet (Conclusion 1). In addition, since GP can fit f accurately within a TR
with length Ly (Assumption 2), for any TR with length L < L, the solution of BO
is a success (Conclusion 2). Combining Conclusions 1 and 2, we have that when TR
length first becomes smaller or equal than L, if the current TR center is not a local
maxima, CASMOPOLITAN can find a new data point whose function value larger
than the function value of current TR center. Thus, in the next iteration, the TR still
keeps the same length whilst having center as the new found data point. This process
occurs iteratively until a local maxima is reached (i.e. when CASMOPOLITAN
fails to improve from the current center), and CASMOPOLITAN terminates.
Similar arguments can be made for the mixed space setting. Let us remind
that for the mixed space setting, CASMOPOLITAN terminates when either the
continuous TR length < L%, or the categorical TR length < L. . Now let
us consider two cases. Case (i): when the continuous TR reaches L%, /as, the

corresponding length of the categorical TR is [LELZ, /(a,LE)]. Case (ii): when

®The operator |.| denotes the floor function
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the categorical TR length reaches [(L"

min

+1)/as] —1)/Lh. Based on Assumption 2, GP

+ 1)/a,] — 1, the corresponding length
of the continuous TR is LE([(L",,
can fit accurately a TR with continuous length L* < max (Lﬁﬁn Jas, LE([(LE +
1)/as] = 1)/L}) and L' < max ([(Lhy, +1)/a] = 1, [LE L2, /(a.Lg)]), then when
Case (i) or Case (ii) occurs, the GP approximates accurately the objective function
f within the corresponding TR, and thus similar argument as in the categorical
setting can be made. That is, if the current TR center is not a local maxima, then
CASMOPOLITAN can find a new data point whose function value larger than the

function value of current TR center. And this process occurs iteratively until a

local maxima is reached, and CASMOPOLITAN terminates. [

C.3.4 Theorem on Global Convergence of Categorical Set-
ting

Theorem 3 Let us consider the categorical setting, f: H — R. Let ¢ € (0,1) and
B; = 2log(|H|i*m2/6C) at the i-th restart. Suppose the objective function f satisfies
that: there exists a class of functions which pass through all the local maxima of f,°
share the same global mazimum with f, and is sampled from the auziliary global GP
GP(0,ky). Then given Assumptions 1 and 2, CASMOPOLITAN obtains a regret
bound of (9*<\/]7(I; kn, H) log |7-[|> w.h.p. Formally,

Pr{RI < \JOUBAT ki H) VI > 1} >1-¢)
with Cy = 8/log(1 + 072), (I kp, H) = O(Nlog(N)log(I)) and N = I, n;.

C.3.5 Proof of Theorem 3

Let us first remind our restart strategy in the categorical setting. At the i-th
restart, we first fit an auxiliary global GP model GP(0, k) on a subset of data
D; ;= {hj,f (h;‘)};;ll, where h7 is the local maxima found after the j-th restart,
or, a random data point, if the found local maxima after the j-th restart is same

as one of previous restart. Let us also denote g (h; D} ;) and o7 (h; D} ) as the

5This means for every function g belonging to this class of functions, g(h}) = f(h}) where h?
is a local maxima of f.
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posterior mean and variance of the global GP learned from D} ;. Then, at the i-th

restart, we select the following location h§°) as the initial centre of the new TR:
hi” = arg max iy (h; Df_y) + /Biog(hi D7),

where f3; is the trade-off parameter in GP-UCB (Srinivas et al., 2009).

To prove the convergence property of CASMOPOLITAN, apart from Assump-
tions 1 & 2, let us also assume that at the i-th restart, there exists a function g;(h)
that: (a) is a sample from the global GP(0, k1), (b) shares the same global maximum
h* with f, and, (c) passes through the all the local maxima of f and any data point h’
in D, U{h{”} that are not local maxima (i.e. g;(h’) = f(h') Vh' € D;_, U{h"}).
In layman’s terms, the function g;(h) is a function that passes through all the
maxima of f and is a sample from the auxiliary global GP(0, k). It is worth noting
that our assumption is more relaxed than the assumption in (Srinivas et al., 2009)
where it is assumed that the objective function f must be sampled from the global
GP(0,ky). Specifically, it can be seen that if the assumption in (Srinivas et al.,
2009) holds, our assumption also holds because if f(h) is a sample from GP(0, ky,),
then a choice for g;(h) is f(h), thus, our assumption holds.

Using Lemmas 5.1 and 5.2 in (Srinivas et al., 2009) for the function g;, when
B; = 2log(|H]i?m?/6C¢), for all i, with probability 1 — ¢, we have,

(0" DI y) + B (" D)
> pg(h*;Di ) + 1/ Biog(h™; D)
> g;(h").
Thus, with probability 1 — (,
gi(h*) — gz‘(hgo))
< g (05 D} ) + [ Biog (0”5 Dfy) — gu(hi)
< 2\/Biou(h{”; D).
Combining this inequality with the fact that ¢;(h!”) = f(h{”), and g;(h?) =

f(h}), we have, with probability 1 — ¢,

F(0) = f(0?) < 2\/Bi0,(0”; DL ).

()
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Let us denote h} as the local maxima found by CASMOPOLITAN at the i-th
restart. As f(hgo)) < f(h}), therefore,

F(h*) — f(}) < 2\/Biou(h”; D).

This results that, with probability 1 — (,
I I "
Ry =) (f(h") = f(h))) < D> 2y/Bioa(h; ;D y).
i=1 i=1
Finally, using Lemmas 5.3 and 5.4 in (Srinivas et al., 2009), we can bound R;

as Ry < \/101617(1; kn,H) with C; = 8/log(1 + 072) and ~(I; kj, H) being the

maximum information gain for the categorical kernel derived in Theorem 1. [J

C.3.6 Theorem on Global Convergence of Mixed Setting

Theorem 4 Let us consider the mized space setting, f : [H,X] — R. Let ( € (0,1).
Suppose the objective function f satisfies that: there exists a class of functions g
which pass through all the local mazimas of f, share the same global maximum with f
and lies in the RKHS Gi([H, X]) corresponding to the kernel k of the auziliary global
GP model. Suppose that the noise €; has zero mean conditioned on the history and
is bounded by o almost surely. Assume ||g||3 < B, and let 3; = 2B + 300; log(i/¢)?,
then given Assumptions 1 and 2, CASMOPOLITAN obtains a regret bound of

O*(\/Ify(l; k, [H,X])BI) w.h.p. Specifically,

PT{R[ < \/01]61’}/(1;]{3; [Hv‘)(]) VI > 1} > 1= C’

with Cy = 8/ log(1+02), v(I; k; [H, X]) = 0((w +1 = MY(T; k; X) 4+ (N +2 —
2\)log T') and N = [T, n;.

C.3.7 Proof of Theorem 4

Similar to the proof for categorical setting in Section C.3.5, let us first remind our
restart strategy in the mixed space setting. Suppose we are restarting the i-th time,
we first fit the global GP model on a subset of data D;_; = {z}, f(z})}/}, where

z; is the local maxima found after the j-th restart, or, a random data point, if the
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found local maxima after the j-th restart is same as one of previous restart. Let
us also denote jig(z; Dy ;) and 07(z; Dy ;) as the posterior mean and variance of

the global GP learned from D} ;. Then, at the i-th restart, we select the following
(0)

location z; * as the initial centre of the new TR:

0 * *
zg ) — arg zé?%q ,ugl(z;Di_l) + 5i0gl(Z;Di—1>7

where f3; is the trade-off parameter in GP-UCB Srinivas et al. (2009).

To prove the convergent property of CASMOPOLITAN in the mixed space
setting, apart from Assumptions 1 & 2, let us also assume that at the i-th restart,
there exists a function g;(z): (a) lies in the RKHS Gy ([H, X]) and ||¢;]|? < B, (b)
shares the same global maximum z* with f, and, (c¢) passes through all the local
maxima of f and any data point z’ in D} ; U {zgo)} which are not local maxima
(i.e. gi(2') = f(z') V2 € D} ;U {z§°)}). In layman’s terms, the function g;(z) is a
function that passes through the maxima of f whilst lying in the RKHS Gy ([H, X])
and satisfying ||g;||3 < B. Our assumption is more relaxed than (Srinivas et al.,
2009) which assumed that the objective function f lies in the RKHS Gi([H, X]).
Specifically, it can be seen that if the assumption in (Srinivas et al., 2009) holds,
our assumption also holds because if f(z) lies in the RKHS Gy ([H, X]), then a
choice for g;(z) is f(z), thus, our assumption holds.

Using Theorem 6 in (Srinivas et al., 2009) for function g;, when ; = 2||g;||? +
300;log(i/C)3, Vi, Vz € [H,X], we have,

Pr{|pg(z; D;_,) — gi(z)| < \/Biog(z; Di_,)|} > 1 — (. (C.20)

Note since ||g;||2 < B, Eq. (C.20) is also correct using 3; = 2B + 300; log(i/¢)>.
By using the inequality in Eq. (C.20), the proof technique is similar to that in

Section C.3.5. In particular, with probability 1 — {, we have that,

(2 Di ) + ) Biog (2" D)

> pg(h*;Df 1) + £/ Biog(z"; D;_1) > gi(z").

(C.21)
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Thus, with probability 1 — (, we have
9i(z") — gi(zz@))
< nt(@” D7)+ Biog (4" D) — gi(”)

<2 Biagl(z('o)é D; ).

Since gi(2(") = f(2{"), and gi(z;) = f(2)), hence, f(2*)~f(z") < 2V/Fioa(2”; D} )
with probability 1 — ¢. With z! as the local maxima found by CASMOPOLITAN
at the i-th restart. As f(zz(o)) < f(z}), therefore,

f(z) = f(z) < 2\/Bioa(2”; D).

This results, with probability 1 — (,
I I "
Ry =) (f(z") = f(2})) < > 2y/Biog(z; ; D;_y).
i=1 i=1
Finally, using Lemmas 5.3 and 5.4 in (Srinivas et al., 2009), we can bound R;

as Ry < \/[C'lﬁry([; k,[H,X]) with C; = 8/log(1 + ¢~2) and y(I; k, [H, X]) is the

maximum information gain for the mixed kernel derived in Theorem 1. [

Discussion We show in Theorem 2 that our TR-based algorithm with BO
converges to a local maxima or global maximum after a restart. We note that similar
convergence can be found in the original TR~based algorithms using gradient-descent
Yuan (2000). However, our proof technique is very different from (Yuan, 2000). In
addition, in Theorems 3 and 4, the fact that CASMOPOLITAN converges to the
global maximum with a sublinear rate over the number of restarts - not over the
number of iterations as in (Srinivas et al., 2009) - can be considered as the price paid
for a more relaxed assumption. In particular, Srinivas et al. (2009) assume that it
is possible to model the objective function f with a GP with kernel k£ on the whole
search space. On the other hand, we relax this assumption in Theorems 3 and 4 by
assuming that there is a class of functions, which pass through the local maxima and
share the same global maximum with f, that we can model with a GP with kernel

k. Further details on this class of functions can be found in Apps. C.3.5 and C.3.7.
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Despite the aforementioned strengths, there are some limitations with our theoret-
ical analysis. First, the maximum information gains v(T; ky; H) and (T k; [H, X])
derived in Theorem 1 increase exponentially with the dimension of the categorical
input (dp,). Thus, these terms can be large when the categorical dimension is high.
As we are solving a noisy NP-hard combinatorial problem, it might not be possible
to get away these exponential terms without a strict assumption. Second, as briefly
discussed above, Assumption 2 is true asymptotically, resulting Theorems 2, 3 and
4 to hold asymptotically. One way to eliminate this assumption is to instead prove
CASMOPOLITAN achieves € - accuracy, that is, CASMOPOLITAN can find a
point whose function value is within € of the objective function global maximum,
where € is a small positive value depending on the minimum TR lengths L%, , L". .

We consider these directions for future work.
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