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Abstract

The macroscopic behaviour of a two-phase foam depends on chemical prop­ 
erties such as surface tension, and physical properties such as the shape and 
size of the bubbles in the foam. The chemical properties of a foaming ma­ 
terial may be deduced from experiments on the material in the single phase, 
for example surface tension or viscosity measurements. However, in order to 
measure structure the foam must clearly be present. This presents a difficult 
problem, especially for liquid foams which are often fast-moving and liable 
to collapse or rearrange on coming into contact with a probe.

Optical techniques for examining foam structures can be non-invasive 
and take advantage of the semi-transparent nature of many liquid and solid 
foams. In particular, the application of confocal and axial tomography sys­ 
tems to real three-dimensional cellular foams can resolve their local geomet­ 
ric structure. This thesis covers the application of new optical tomographic 
techniques to the imaging of foams and presents the first three-dimensional 
models of bubble structure in liquid and solid foams. Complete descriptions 
of the hardware and software are included; imaging systems are based on 
a personal computer with an inexpensive video digitising card and a CCD 
camera.

A clear advantage of optical systems is that the high data bandwidth 
required for tomography is available even on relatively slow computers by 
modern standards. Typically, all the data for a sixteen-million (2563 ) voxel 
model covering a world volume of 64mm3 can be acquired in a period of 30 
seconds.

Results from this work include the first three-dimensional solid models 
of observed foams, both aqueous and polyurethane-based, including volume 
models of minimal energy cellular foam configurations. In particular, Kelvin's 
proposed minimal cell and also bubbles from the Weaire-Phelan structure 
have been resolved by the system.
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CHAPTER 1. INTRODUCTION

Chapter 1 

Introduction

1.1 Foams

Foam (foum), sb. [OE. fdm : WGer. 
*faimo- :  pre-Teut. *poimo- or *phoimo-.} 1. 
The aggregation of minute bubbles formed in 
water or other liquid by agitation, fermentation 
effervescence, etc. b. spec. The foaming saliva 
issuing from the mouth in epilepsy, rabies, etc. 
OE. Also fig. 2. Foaming water, the sea. arch. 
OE. 3. Mm. = APHRITE.

The Shorter Oxford English Dictionary, 1959.

It might seem, given the simple dictionary definition of /oara, that foaming 

research would feature in only a small number of modern scientific disciplines 

and have a similarly-sized impact on our everyday lives. In fact, the opposite 

is true research into foams and multi-phase mixtures is essential for the 

development of many domestic items we take for granted. Moreover, the 

same work has links with a wide range of theories on subjects as diverse as 

cucumber cell shapes and the placement of matter in the universe.

Anybody who wet-shaves in the morning will appreciate the enhanced 

stability of shaving foam which enables it to act as a better lubricant for the



1.1. FOAMS

blades. We have foam padding in chairs and mattresses which is rather more 

elastic and deformable than equivalent single-phase solid material. Foams 

abound in the food and drinks industry, from chocolate bars to ice-cream 

and carbonated soft drinks to beer [1]. The Germans and Danes prefer their 

beer to have a thick, stable head of froth, whereas in Britain we are happier 

when the head collapses quickly and the barman can fill our glass right up 

to the brim.

The different physical properties of all these foams have been tuned by 

extensive experimentation based on some theoretical work. However, it is 

not yet possible to deduce the complete foaming behaviour of a mixture 

from the physical and chemical properties of its components. It is possible to 

make a reasonable guess, but even in two-component mixtures the interac­ 

tions between each component can be complex, and these lead to sometimes 

surprising foaming behaviour.

An idea of the extent of foam structure research in other fields is given 

by Glazier and Weaire [2] in their paper on cellular patterns, from which is 

taken table 1.1. Each of the cellular systems listed here share a common 

structure of homogeneous domains separated by boundaries of varying thick­ 

ness, depending on the volume ratio of the component materials. 1 In many 

cases, the structure of the cellular network is defined by minimum boundary 

energy constraints the presence of a surface tension force in the domain 

borders suggests that a stable low-energy state is formed when the area of 

these borders is minimised. Even the wax used by bees in the manufacture 

of their honeycombs is subject to cellular boundary constraints [4].

1 A nice graphical depiction of metal grain boundaries is given in [3].
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System Type

Soap froth Bubbles

Lipids Bubbles

Metal Grains

Ceramics Grains

Potts model Domains

Iron garnets Domains

Cucumber Cells

Cornea of eye Cells

Geography Territories

Universe Voids

Table 1.1: Cellular systems [2].

1.2 Soap foams

Much time and effort has been devoted to researching one of these cellular 

systems, that of the air and water mixture stabilised by a soap or detergent 

surfactant. The structure of this system varies between a bubbly froth and a 

cellular network depending on the fraction of air in the mixture. For a low gas 

fraction, independent spherical bubbles are free to move through the liquid 

under the action of gravity until they come close to other bubbles, when they 

might coalesce. As the gas fraction is increased, the movement of bubbles be­ 

comes increasingly constrained by their neighbours and the liquid boundaries 

5etween bubbles become thinner and less mobile. Eventually, the bubbles 

are so large that motion becomes nearly impossible and a stable cellular net­ 

work begins to form. At the limit, where hardly any liquid is present, the
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Figure 1.1: Air/water foam structure; gas fraction increases from left to right.

foam cells are separated by extremely thin (of the order of microns or less) 

liquid lamellae. Figure 1.1 shows this evolution in two dimensions. Hrma [5] 

uses the terms 'bulk foam' and 'surface foam' to distinguish between foams 

with low and high gas fractions respectively, and his list of some typical 

characteristics of each type is shown in table 1.2.

It is easy to understand the physics governing the stability of the low- 

gas-fraction case above. The free liquid surface surrounding each bubble 

pulls the gas into a spherical shape which minimises surface area and hence 

surface energy. The surface tension is constant throughout.

But at the other extreme, where the large gas bubbles are separated 

from each other by thin liquid lamellae, what prevents the liquid structure 

collapsing into droplets or draining away under the action of gravity? The 

answer lies in the uneven distribution of surface forces along the gas-liquid 

interfaces. The soap and water system was studied in detail by Plateau [6] 

in the nineteenth century, and from his work the name Plateau border is 

given to the liquid channel which lies between two lamellae. The variation 

of surface forces between the Plateau border and lamella provides stability 

for the foam and hinders immediate collapse.

2 If the bubble rising velocity is vr and the bubble radius is r then vr > dr/dt.
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Surface foam Bulk foam

Example

Mode of generation

Soap foam

Accumulation of bubbles 

transported by buoyancy

to liquid surface 

Conditions for generation Bubble rising velocity2 >

bubble growth rate (low

viscosity, high gravity) 

Steady state Balance between bubble

supply through foam bot­ 

tom and burst at foam

Foam glass

Growth of bubbles within

liquid due to gas pressure

Bubble rising velocity <C 

bubble growth rate (high

viscosity, low gravity) 

Balance between bubble

nucleation and collapse 

vent holes

surface 
Upper limit for steady Either critical gas flux or

dynamic foam transition to bulk foam

Lower limit for steady dy- Minumum gas flux Critical gas holdup

namic foam
Film thinning mechanism Gravity and capillary Bubble expansion

__________________drainage_____________________________

Table 1.2: Differences between 'surface' and 'bulk' foams [5].
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High surface tension

Low surface tension

Figure 1.2: Cross-section through a Plateau border.

A cross-section of a Plateau border is shown in figure 1.2. In a stable 

foam, the Plateau border surface is virtually stationary and liquid drains 

from the lamellae into the border. Liquid then flows along the centre of 

the Plateau border into its neighbours. Often, the Plateau border is much 

thicker than the lamellae and contains the vast majority of the liquid in the 

foam.

The rate of drainage of liquid from the lamellae depends on the surface 

tension gradient between the lamellae and the Plateau border. This differ­ 

ence in surface forces arises because of the uneven distribution of surfactant 

molecules on the lamellae and Plateau border. The higher concentration of 

surfactant in the Plateau border causes the surface tension to be significantly 

reduced in this region compared to that in the lamellae. Figure 1.3 shows a 

common model for the liquid flow between lamella and Plateau border. The 

lamella is assumed to be flat-sided and therefore has no surface shear stress; 

the Plateau border surface is of constant curvature and there is a very small
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Fluid velocity profiles

Figure 1.3: Fluid flow between lamella and Plateau border.

liquid section between these regimes where the change in curvature occurs.

The increased curvature of the Plateau border implies a lower liquid pres­ 

sure compared to the pressure in the lamellae. This pressure gradient causes 

liquid to drain into the Plateau border. In the lamella the liquid moves by 

plug flow, but the surface tension gradient which inhibits liquid flow into 

the Plateau border causes this to distort to a parabolic flow profile where 

the surface liquid travels at a much reduced velocity. It is this effect which 

prevents liquid draining rapidly out of the lamella, and therefore improves 

the stability of the foam. Presumably the larger the surface tension gradient 

the more stable the foam becomes as the resistance to drainage increases.

This model is a popular one but it has a few problems. It seems unlikely 

that a liquid surface would have a relatively sudden gradient discontinuity for 

any reason. This would mean a very high local concentration of surfactant 

molecules at the gradient step and also the constant radius shape does not 

give an overall minimal length surface. There is also a problem with the plug 

flow assumption which must follow if a parallel-sided lamella is assumed.
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What happens in the centre of the lamella, where it would seem there must 

be a liquid source? And how can the lamella become thinner otherwise if the 

flow is perpendicular to the direction of thinning? Foam lamellae which are 

draining cannot have parallel sides in nature but the difference between this 

and the model is small enough that the extra complexity needed for a more 

accurate model often does not make the latter worthwhile.

Although this thesis is concerned with two-phase liquid/gas or solid/gas 

foams, three-phase foams are possible. Solid particles may be suspended at 

the interfaces of a gas/liquid foam, see [7], and this can be useful in separation 

processes relying on flotation of solids. A group in Manchester is using optical 

techniques to resolve bubbles in a water/air/coal-dust foam flotation system, 

see [8].

1.3 Foam structure and research motivation

Foaming research neatly divides into two main subject areas concentrating 

either on the low-level chemical processes responsible for foam formation 

and stability or on the physical structure of foam bubbles and other cellu­ 

lar networks. A thorough understanding of both these areas is needed for a 

complete model of foaming behaviour and bulk properties. A chemical engi­ 

neer designing a distillation vessel (for example [9]) would very much like to 

know what chemicals in the reactants produce foam and how, and also what 

are the values of bulk properties such as interfacial area per cubic metre. A 

designer of solid foam filling for cushions needs to know how the production 

process affects the size and shape of cells in the foam so that its bulk elastic 

properties can be varied.
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The scope of this thesis concerns the structural half of the foam problem. 

Less attention is paid to the chemical nature of foam formation, see [10], 

instead focusing on the determination of foam geometry using non-invasive 

optical methods. The breakdown by chapters is

• Chapter two outlines the state of structural research so far, includ­ 

ing computer simulation of random two-dimensional foams and spe­ 

cial cases of three-dimensional foam cells, measurements of real foams 

and other systems with a cellular arrangement. Also, some other non- 

invasive techniques such as gamma or X-ray analysis and their recon­ 

struction software are discussed.

• Chapter three is a short overview of the Z Notation, a mathematical 

framework based on set theory which is used to describe the software 

developed for the following tomographic projects.

• Chapter four details the experimental work done to develop an optical 

measuring system based on confocal imaging of a foam. Although 

simple to set up, it is difficult to get good results due to the asymmetry 

of the data acquisition system.

• Chapter five describes the implementation of an optical tomography 

scanner which solves many of the problems of the confocal system. 

Much better experimental results are presented, however, the cost is 

increased computation complexity.

• Chapter six is a description of an alternative video-based method 

which reduces the computational burden of tomography whilst still
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producing a model of foam cells. Unfortunately, though, some human 

help is needed in this process.

• Chapter seven concludes the work with a discussion of the results 

from chapters 4-6 and offers some insight into what research might be 

feasible and useful in the future.
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Chapter 2

Foam research literature

In the past many researchers have focussed on macroscopic models of foam 

behaviour, such as those for flow through pipes and foam heights in stirred 

vessels. One reason for this is that the microscopic details of foam structure, 

particularly in cellular foams, are very hard to observe and model. How­ 

ever, since a thorough understanding of the bulk properties of foams must 

eventually take into account the cellular network geometry, more attention is 

now being concentrated in this area. In this chapter, an overview of previous 

work is presented along with work in related fields which may be applicable 

to foaming research.

2.1 Cellular foam structure fundamentals

When a two-phase mixture forms, what is the driving force which governs 

how the bubbles arrange themselves in a foam? The answer is that, as 

might be expected, a foam settles into a minimum energy configuration. 

The short-term minimum is when the interfacial surface area is minimised 

since surface forces are initially the largest and quickest-acting. Eventually,
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gravity becomes the dominant force in the system, and its downward pull on 

the liquid drains the foam, possibly causing further rearrangement of cells as 

the minimum surface energy constraint always applies.

It is clear that bubbles in a minimal configuration in a foam of low gas 

fraction would be spherical. There is little interaction between bubbles and 

no constraint on the shape other than the minimum surface area consider­ 

ation. However, this spherical packing is not possible in a cellular foam of 

significantly high gas content, as the liquid channels separating the bubbles 

are thin enough to permit interaction between the latter. Bubbles may coa­ 

lesce, or stay separate and deform to fit closely together. It is still not clear 

exactly what cell shape, or shapes, which must tessellate perfectly, minimises 

the surface area of a random foam but this has been the subject of intense 

speculation. It is important because many researchers have assumed one cel­ 

lular structure or another in their foam theory and computational simulation. 

If the reality were to differ widely from the theory, some empirically-derived 

relationships might be suspect. The topic of minimal surfaces and the search 

for a cellular structure which could be successfully used in foam theories 

is discussed later in this chapter. But first, we should consider some basic 

characteristics shared by many cellular networks.

2.1.1 Two-dimensional foams

In its simplest form, the foam structure problem applies to a two-dimensional 

cellular network where the only force acting on the system is a uniform 

surface tension which tends to pull the material into a minimum energy 

arrangement. This is a much better understood system than the equivalent
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T1

Unstable Stable

Figure 2.1: Foam lamellae undergo a Tl change to form two stable 3-vertices.

three-dimensional case, mainly because the underlying mathematical theory 

is reasonably easy to understand and numerical simulations are feasible on 

modern computers.

A theoretical two-dimensional foam with infinitesimally small liquid con­ 

tent can be represented by an undirected graph containing lines of zero width. 

The total energy of the foam is simply proportional to the total line length. If 

the foam is in an equilibrium state, there are several geometrical rules which 

must be obeyed,

  Exactly three lamellae meet at a Plateau border.

  Lamellae join at local angles of 120°.

  Lamellae are either straight lines or arcs of constant curvature.

Figure 2.1 gives a clue as to why there would never be more than three 

lamellae joining together. The total side length of the lamellae joining at 

the four-fold vertex is 3.5% greater than that of those at joining at the two 

three-fold vertices, as pointed out by Glazier and Weaire [2]. Hence the 

higher energy 4-vertex splits into two lower energy 3-vertices. This decay
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involves a topological change, and could happen in a foam if two 3-vertices 

come together as a result of their shared lamella shrinking to zero length. The 

accepted notation for this is a ' Tl ' process, and it is the most common type 

of rearrangement in a foam. The 'T£' change is discussed later. Topological 

changes often occur on a much faster time scale than the general evolution 

of the foam.

The surface tension along each lamella must be constant and identical 

for all. This means that for a vertex to be stable the three lamellae must 

make angles of 120° with each other, as each is exerting a force of the same 

magnitude on the other two. The only way to balance these forces is by 

ensuring that they meet at equal angles.

Even though locally lamellae meet at equal angles, they must still be 

curved if the pressure in bubbles on their faces is unequal. The pressure 

difference is constant across a lamella so the curvature must also be constant, 

and the radius of curvature, r, is related to the pressure difference by

r = 2a/AP

wrhere AP is the pressure difference across the lamella and a is the surface 

tension.

The other type of topological change, the 'T£' process, occurs in foams 

which have gases diffusing between bubbles across lamellae (figure 2.2). If 

all the gas diffuses out of a cell, then it collapses and its exterior lamellae 

become joined. Further Tl transformations might also occur if the collapse 

of the original bubble created a greater than three-fold vertex.

An interesting rule was found by von Neuman [11], who showed that for
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T2

Unstable Stable

Figure 2.2: A T2 change occurs when a small bubble shrinks to zero size, 

a two-dimensional bubble of area A and number of sides n, 

f = K(n - 6)

where K is a constant value. This surprising result claims that bubbles with 

less than six sides will shrink in a diffusive system, whereas bubbles with 

more than six sides will grow. However, it correctly predicts the state of play 

for a network consisting entirely of equal-sided hexagons no change occurs. 

This is a special case, a monodisperse foam, where all the bubbles have equal 

size, which is the minimum energy configuration for a two-dimensional foam. 

Some researchers have used the hexagonal bubbles as a model for studying 

macroscopic properties, for example Kraynik and Reinelt in their studies on 

flowing foams [12, 13, 14].

2.1.2 Three-dimensional foams

The step up from theory and experiment on two-dimensional foams to three 

dimensions is a large one. Much of the mathematical simplicity of two- 

dimensional network modelling vanishes in a haze of complex curvatures and 

non-tessellating three-dimensional shapes. Plateau borders in three dimen­ 

sions lie between three bubble facets which meet at 120° and join with three
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T1

T2

Figure 2.3: Foam topological transformations in three dimensions.

other Plateau borders at local angles of 109.47°, the tetrahedral angle. Each 

Plateau border is then at the same angle to its neighbours in a junction.

It follows that the Tl and T2 processes also change to accommodate the 

extra dimension, as shown in figure 2.3. Tl processes occur when two 4- 

vertices join to briefly become 6-vertices before separating into two different 

4-vertices. The simplest case for a T2 bubble disappearance happens with 

a tetrahedral bubble, although as with the two-dimensional case other small 

bubbles may also vanish in an instant. Unfortunately, von Neumann's growth 

law has no simple equivalent in three dimensions. DeHoff and Liu [15], 

working with grains in polycrystals, suggested that the number of faces of a 

grain was proportional to some measure of the grain diameter. Avron and
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Levine [16] applied von Neuman's reasoning to three-dimensional foams but 

found that there was no minimum number of facets for a bubble above which 

it would be certain to grow. Sire [17] concluded that

where V is the volume of a bubble and F is its number of faces. This function 

is linear in F and vanishes for F — 15. 7. .16.1, and is true for averages of 

bubble clusters only. It does not hold for individual bubbles.

Here the awkwardness of the three-dimensional case becomes apparent. 

For a cellular network containing flat faces, the average number of faces on a 

cell is 13.7 compared with six edges in the two-dimensional system. Clearly 

this is an impossible number of sides for a single bubble, and many bubbles 

end up with twelve or fourteen sides. So why does Sire's function have a zero 

value for the range F = 15.7.. 16.1? Weaire and Glazier [18] suggest that
  1/3the Vy which results from the derivation of the equation skews the mean 

number of faces upwards.

The general message is that simulation of two-dimensional networks is 

straightforward, partly because of von Neumann's Law, whereas in three- 

dimensions a thorough understanding of the mathematics is not yet possible. 

Also, there is a simple minimal network composed of hexagons which can 

be used in computational experiments on two-dimensional foams, but an 

equivalent in three dimensions is harder to find.

In 1988, Kraynik [19] commented,

Current theories cannot provide definitive relationships between 

foam structure and rheology because they are restricted by two 

dimensionality in all cases and perfect order in most cases.
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Four years later, Glazier and Weaire [2] introduced their review paper with

We will focus primarily on the evolution of two-dimensional rather 

than three-dimensional cellular patterns because the experiments 

and theory are more tractable and therefore better understood. 

On the experimental side, this results from the difficulty of se­ 

rial sectioning and three-dimensional reconstruction in the direct 

'brute force' approach to structural analysis.

It is easy to see why the experimentalists concentrated their efforts on two- 

dimensional research. The study of a single bubble layer nestling between 

glass plates makes an easily visible and slow-moving target for analysis. In 

three dimensions, there are problems even getting a foam to stay still for 

long enough to make an observation, let alone being able to devise a system 

which can gather enough useful data in that time. Foams do not respond well 

to invasive techniques, being liable to collapse or rearrange on coming into 

contact with a probe, and taking visual measurements can be thwarted by the 

scattering or reflection of light, coherent or not, incident on Plateau borders. 

Macroscopic measurements of ensemble foam properties can sometimes be 

found using diffusing-wave spectroscopy [20], but this gives no local geometric 

data and is only applicable to foams which scatter light at laser wavelengths. 

There are problems for the theoreticians and modellers, too. A lamella in 

a two-dimensional foam is a simple arc, whereas in three-dimensions the total 

mean radius of curvature of the surface is constant but local curvatures in 

perpendicular directions may differ. The amount of storage required just to 

maintain a mesh model of a three-dimensional foam to a reasonable accuracy 

could run to hundreds of megabytes, even for simple cellular configurations,
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and the calculations on the model needed for diffusion or relaxation problems 

would consume more processing power than is currently available at all but 

the largest research establishments.

Because of these problems, researchers have concentrated mainly on study­ 

ing three-dimensional structures containing either only one type of bubble or 

only a handful of different cells. An account of modelling and measurement 

efforts in these cases and two-dimensional networks is given in the following 

sections.

2.2 Foam models

A large proportion of work concerning the drainage of foams has been per­ 

formed without reference to foam cellular structure. Some, like Leonard and 

Lemlich [21], Barigou and Davidson [22] or Barber and Hartland [23, 24], have 

considered liquid flow through a single idealised Plateau border or lamella. 

Other researchers have simulated a random foam network with a mathemat­ 

ically simpler device, such as Weaire et al. [25], Verbist and Weaire [26], 

Hutzler et al. [27] and Verbist et al. [28] who assumed all Plateau borders 

were vertical tubes in their theories on drainage. But the latter is careful to 

point out that

It can hardly be claimed that the validity of these assumptions 

and approximations is self-evident, and we cannot yet map out 

clearly their regimes of reliability.

It is, of course, possible to treat a foam as a more homogeneous material 

and consider bulk properties with even fewer structural details. Barber and
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Hartland [29] have derived a relation for foam collapse time t which depends 

on material properties such as density p, viscosity [i and surface tension cr,

t =
hoj hoj

where d is the bubble diameter, hQ is the initial foam height and 6C is the 

critical film thickness. In order to produce this, the authors assumed that 

their foams consisted of identical dodecahedral bubbles and that the foam was 

initially in a steady state where the height was unchanging. Unfortunately, 

although dodecahedral bubbles are mathematically friendly in geometry and 

hence surface area calculations, they do not actually tessellate in space (by an 

error of a few percent) and therefore could not be the only cellular component 

of a foam.

Also, using an average bubble diameter in this way eliminates the con­ 

sideration of internal Tl and T2 changes in the foam which would cause 

the foam to coarsen. This will affect the collapse time, which depends on a 

critical lamella thickness, as the overall surface area of the foam will decrease 

and presumably allow more liquid to thicken the remaining Plateau borders.

Hrma [5] has skirted round the cellular geometry problem by devising a 

model which relates foam height to gas flux and 'bubble radius,' which again 

is an average or effective quantity,

A   J-
2r jm

Here, jm is the minimum gas flux required for foaming to occur. This model 

seems to be too simple for most foaming situations, though.

Empirical models such as these can be accurate in a range of conditions, 

as Barber and Hartland point out, and may be useful in industry if a good



2.2. FOAM MODELS_____________________________21

enough fit can be obtained. However, no model is even available which 

covers all cases for one liquid system and certainly not for all systems in all 

conditions.

2.2.1 Two-dimensional cellular models

Weaire and Kermode [30] developed a computer simulation of a two-dimensional 

foam of infinitely low liquid fraction. The authors aimed to study the varia­ 

tion in bubble size as the foam coarsened, and therefore needed to model the 

diffusion of gas across cell boundaries. Here, von Neumann's law spares the 

expense of calculating the actual movement of gas molecules into and out of 

a bubble, because the rate of bubble size change is simply a function of its 

number of sides.

The authors used a local iterative scheme to save on processing power and 

memory, where each edge vertex was considered in turn. The positions of 

the vertices and the pressures of their three neighbouring cells were relaxed 

until equilibrium for the whole network was reached. During this process, the 

software had to check continually for possible rearrangements of the structure 

by Tl transformations. This topological change would occur if

D R,

where D is the displacement vector and R; is the vector to the zth nearest 

neighbour vertex which might be involved in the transformation.

After equilibrium had been reached, the program then calculated a dif­ 

fusion step using von Neumann's law to decide which bubbles had grown or 

shrunk and by how much. It is during this step that a T2 process may occur 

and a small bubble shrinks to zero area. It practice, small bubbles and their



2.2. FOAM MODELS_______________________22

very high pressures caused numerical problems for the simulation and were 

deleted when they assumed an area of less than a preset small value.

The initial network for the program was generated by randomly adjusting 

a hexagonal network and forcing a few Tl processes, and then removing the 

ten shortest sides to give a structure containing 100 bubbles.

The overall effect of the program was to simulate foam coarsening appar­ 

ently quite well. Occasionally, two-sided bubbles were created despite the 

fact that this could never happen in a 'real' two-dimensional foam. It seems 

that the discrete time steps used by the iterative solver sometimes caused 

the program to deviate some way from equilibrium and allowed Tl processes 

to occur when they would not normally have done so.

Whereas Weaire and Kermode had deliberately avoided a simultaneous 

solution due to computing power limitations, Herdtle and Aref [31] used a 

supercomputer to find a global matrix solution. Defining the problem as a set 

of equations relating the bubble pressures, positions and liquid film tensions 

and then using a sparse matrix solver to find a solution enabled the authors 

to be more sure about the numerical accuracy of their answers. The extra 

computing power also meant that a network of 1024 bubbles could be used 

instead of the 100 of the previous model. Unfortunately, Herdtle and Aref 

did not ever run the same initial conditions as Weaire and Kermode, so it is 

not known whether the two models would have either deviated or produced 

the same result.

Bolton and Weaire [32] then extended the simulation so that the liquid 

fraction in the foam could be varied. Also, they used a more common method 

among cellular researchers to generate the initial network, by a creating a
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Voronoi tessellation [33] of a set of random points on a plane. The Voronoi 

mesh has vertices at the centres of each triangle of nearest neighbouring initial 

points; it is a property of this network that each vertex joins three edges in the 

general case. They found that it was impossible to equilibrate the network for 

gas fractions of less than 0.84, because the Plateau borders were large enough 

to allow movement of bubbles. At this point the bubbles were circular, as 

would be expected. Perhaps less obvious is the fact that this arrangement 

of bubbles corresponds with the packing fraction of random hard discs, as 

determined by Bideau and Troadec [34]. Is there a similar relationship in 

three dimensions? It seems that this question will remain unanswered for 

some time, until three-dimensional models become more realistic. The efforts 

undertaken so far are documented next.

2.2.2 Three-dimensional models

The search for possible candidates for bubble shapes which would tessellate 

in three-dimensions and minimise surface area, and hence be of use in foam 

models, was led by Thomson (Lord Kelvin) [35] back in 1887. In an elegant 

piece of analysis, Thomson showed how the pattern of hexagonal bubbles 

in the two-dimensional minimum solution could be created from a grid of 

squares by a set of Tl transformations, and that similarly in three-dimensions 

a minimal tetrakaidecahedral network could be created by starting with a 

cubic structure. A single tetrakaidecahedron is shown in figure 2.4. The six- 

sided facets on Kelvin's cell are slightly curved in orthogonal directions to 

allow for local tetrahedral angles at the Plateau border junctions, although 

each surface has zero mean curvature. This curvature means that adjacent
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Figure 2.4: Kelvin's minimal tetrakaidecahedron.

tetrakaidecahedra are actually rotated 90° to each other along an axis through 

their joining hexagonal faces.

Kelvin produced approximate expressions for the curved edges and sur­ 

faces on his model, but did not derive an accurate value for the surface area 

on a cell of unit volume. This was left to Princen and Levinson [36] who 

showed that Kelvin's cell had a surface area which was 18% smaller than the 

orthic (planar-faced) tetrakaidecahedron. If the distance between the centre 

and middle of a side of a hexagon in the orthic cell is taken as one distance 

unit, the total surface area of the Kelvin cell is 35.6488 and its volume is 

17.4186.

Princen and Levinson also calculated the relative surface area and the 

isoperimetric quotient of the Kelvin cell and other polyhedra. The relative



2.2. FOAM MODELS 25

Body _____________ S/S0 IQ

Tetrahedron 1.4900 0.30230

Cube 1.2407 0.52360

Octahedron 1.1826 0.60459

Pentagonal dodecahedron 1.0984 0.75471

Rhombic dodecahedron 1.1053 0.74048

Orthic tetrakaidecahedron 1.0990 0.75337

Kelvin tetrakaidecahedron 1.0970 0.75746

Icosahedron 1.0646 0.82881

Sphere 1.0000 1.0000

Table 2.1: Relative surface area and isoperimetric quotient for several solid 

shapes [36].

surface area (S/So) is the ratio of the surface area to that of a sphere of 

the same volume. The isoperimetric quotient is the reciprocal of the relative 

surface area cubed,

IQ
These values are tabulated in table 2.1.

For a very long time, over 100 years, it was thought that the Kelvin cell 

had the minimal surface area for a space-filling shape, and researchers have 

used foams containing Kelvin cells in work on foam properties, for example 

the papers by Reinelt and Kraynik [37, 38, 39]. Although it is true that 

Kelvin's cell is the minimum single-shape solution found so far, Weaire and 

Phelan [40] have discovered a composite structure containing two different 

polyhedral shapes which has a lower surface area than Kelvin's solution by
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Figure 2.5: Weaire-Phelan minimal cell geometry (actual structure has 

slightly curved faces) consisting of six 14-sided polyhedra and two regular 

pentagonal dodecahedra.

about 0.3%. This newer structure has a unit cell composed of two pen­ 

tagonal dodecahedra and six tetrakaidecahedra consisting of two hexagonal 

and twelve pentagonal faces; see figure 2.5. Weaire and Phelan discovered 

this structure by mimicking the arrangement of atoms in the Ni8 Si46 cubic 

periodic clathrate solid on computer and then using a surface minimising 

program called the 'Surface Evolver,' written by Kenneth Brakke [41, 42], to 

produce an optimal cell. 1 The minimal surface formed by the Weaire-Phelan 

cell is composed of slightly-curved faces due to the pressure differences in the 

component bubbles. The criterion of equal volumes is preserved, though.

Although the Surface Evolver is very good at minimising shapes of a given 

starting topology, it does not allow topological changes like the Tl and T2 

transformations which occur in foams, and is therefore not able on its own 

to perform an exhaustive search for a minimal solution. This is a difficult

ik and Reinelt [43, 44] have already reported results of studying the elastic 
behaviour of foams composed of Weaire-Phelan cells.
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problem to solve in three dimensions and there is no known software yet 

written to cope with a general foam system.

2.3 Experimental work

The study of real foams has proved to be just as difficult as constructing 

convincing mathematical and computational models. Frothy liquid foams are 

the most interesting to researchers, but there are no simple ways to capture 

the structure of a three-dimensional foam in order to study its geometric and 

topological properties.

Liquid foams scatter light, making many optical observations hard at best 

and impossible in many cases. Attempts to illuminate foam cross-sections 

with a laser sheet are thwarted by the light-scattering effect of the foam 

Plateau borders. This, and the inability of many foams to support even 

small particles mean that particle image velocimetry methods [45], which 

are among the commonest ways to visualise liquid flow, are not suitable for 

this task. 2

Foams are generally short-lived phenomena, meaning that techniques 

which cannot sample the foam structure during a much shorter time scale 

than that by which the foam is rearranging or moving will be useless. The 

structure of two-dimensional foams can be recorded by placing the foam ves­ 

sel on a photocopier or by taking a photograph. In three dimensions, only 

bubbles next to the foam vessel wall are easily photographable. There has 

been much debate about whether this is of any value, too.

2 Chen and Fan [46] and MacCuaig et al. [47] have reported particle velocimetry results 
on a related system the fluidised bed.
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hit points

o intersections

Figure 2.6: Stereology grid points on a two-phase material sample.

Calderbank and Rennie [48] have presented an analysis of the froth formed 

on sieve-plates and have deduced the bulk foam properties by considering 

the bubbles in contact with the perspex walls of their container vessel. Us­ 

ing stereological techniques (see below), the researchers related bulk bubble 

volume to the two-dimensional bubble area next to the vessel walls. How­ 

ever, this work has been criticised [49] by others who believe that wall effects 

distort the accuracy of this technique.

More recent work on the stereological analysis of foam samples was un­ 

dertaken by Rhodes and Khaykin [50]. A multi-phase material is shown in 

figure 2.6 with a superimposed regular grid. By counting the numbers of 

intersections and enclosed mesh vertices, the stereological parameters in ta­ 

ble 2.2 are calculated. The two-phase material in figure 2.6 contains three 

regions, A.B and C, of one phase, in a substrate of a different phase. The test
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PT total number of test points PT =

d distance between test points

PH total number of hit points

PI total number of intersections

PLI total number of horizontal intersections

PL2 total number of vertical intersections

Vv volume density V\ = P

S\ surface density 5y = 2Pi/m2 d

S/V specific surface S/V = 2Pi/PH d

1/3 mean intercept length 1/3 = IP^d/Pi

X mean free distance between features A = L3 (l   Vy)/Vv

D mean diameter D = SP^d/Pi

Q elongation ratio Q = Pu/PL2

^12 degree of orientation fii 2 = (PLI   Pb2)/

	+ Q.571PL2 )

Table 2.2: Stereological parameters for foam characterisation [50].
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grid consists of a matrix of 132 points, and there are 42 hit points (PH ) and 

57 intersections (Pi). If the test points are 0.01m apart, then for example,

Vv = PE /m2 = 42/132 = 0.249

Sv = 2Pl /m2 d = 2 x 57/(132 x 0.01) = 67.5m- 1

S/V = 2Pi/PE d = 2 x 57/(42 x 0.01) - 271m- 1

Other material properties follow in a similar manner.

For stereological measurements to be successful the following require­ 

ments should hold,

  the foam structure should be distributed homogeneously

  the number of measurements must be statistically sufficient

In examining the bubbles near to a container wall, the former criterion may 

not be satisfied and, if only a limited section of foam can be viewed, nor may 

the latter.

Matzke [51] had read Kelvin's paper on minimal surfaces, since he had an 

interest in correlations between foam structure and the shapes of plant cells. 

Believing that the forces governing the creation and stabilisation of cells and 

bubbles were similar, he embarked on an extensive experimental program to 

try and create Kelvin's cells in a monodisperse soap foam.

Taking a small syringe with 0.01ml gradations, Matzke carefully blew 

individual bubbles of volume O.lml by dipping the tip of the syringe needle 

into the soap solution and expelling the required amount of air. He placed 

these bubbles one by one into a beaker which could hold about 1900 bubbles 

in total and left them to drain and settle for a day or more. To prevent 

excessive drainage and bubble collapse, Matzke left the beaker on a rotating
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clinostat which continually inverted the entire foam. This whole procedure 

was repeated for sixteen beakers' worth of foam. Sadly, the foams created 

in this way were not likely to stay monodisperse for long gaseous diffusion 

between bubbles would have caused volume changes throughout over the long 

period of time the foams were allowed to settle.

However, Matzke took photographs of the foams through the beaker. He 

made drawings of bubbles next to the vessel wall (see figure 2.7) and of 

those in the bulk of the foam a few bubble-widths away from the wall (see 

figure 2.8). At the periphery of the foam the bubbles had between seven and 

thirteen faces, whereas in the bulk of the foam the lower and upper numbers 

were eleven and sixteen respectively. Matzke could see no order or regular 

structure anywhere in the foams.

Matzke noted that peripheral bubbles averaged a different number of faces 

to those in the bulk of the foam, 10.99 to 13.7. More than two-thirds of all 

the bubble faces were pentagonal, and almost all were either quadrilateral, 

pentagonal or hexagonal. The most common type of bulk foam cell was a 

13-faceted bubble with one quadrilateral, ten pentagonal and two hexagonal 

faces.

Matzke's observations of a possibly polydisperse foam of similarly-sized 

bubbles give a clue as to why the Weaire-Phelan minimal cell is better than 

Kelvin's original suggestion. Despite the elegant symmetry of Kelvin's cell, 

wr here each vertex and Plateau border is identical, it is unusual because it 

contains no pentagonal faces. The Weaire-Phelan model requires two differ­ 

ent bubble shapes in order to tessellate, but pentagonal faces dominate the 

structure.



2.3. EXPERIMENTAL WORK 32

Figure 2.7: Bubbles next to vessel walls in a soap foam, drawn by Matzke.
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Figure 2.8: Bubbles in the centre of a soap foam, drawn by Matzke.
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The problem of accurately recording the three-dimensional structure of 

foams is now beginning to be addressed. It is possible with care to freeze 

a liquid foam so that the bubbles may be studied over a much longer time 

period than otherwise possible. Foot et al. [52] examined the structure of 

the thick stable foams formed on sludge plants by quench-freezing small sec­ 

tions of sludge in liquid nitrogen. These were then freeze-dried and allowed 

to warm up to room temperature before coating with gold for electron mi­ 

croscope analysis. The results are good, but sludge foams are not very good 

examples of cellular foam structures, looking rather more like solid foams and 

therefore not obeying surface area minimisation rules. Unfortunately, a less 

stable surfactant foam would be unlikely to withstand the trauma of rapid 

freezing without undergoing some rearrangement.

The development of medical imaging technology, in particular X-ray to­ 

mography and magnetic resonance imaging, has led some researchers to try 

to apply these techniques to foams in the hope of resolving three-dimensional 

liquid foam structure. Probably the earliest record of a tomographic study of 

a liquid foam was of that carried out by Morris and Morris [53] in 1965, who 

used an X-ray photographic method to resolve a series of horizontal slices 

in a liquid foam, figure 2.9. The rotation of the foam vessel and the photo­ 

graphic plate are synchronised which will cause a two-dimensional image of 

the foam cross section to be formed on the film. Some blurring occurs due 

to the presence of liquid above and below the imaging plane, but the results 

are good for a system developed before digital imaging became available.

Unfortunately, Morris and Morris' images are too blurred to be reprinted 

here, but it is possible to make out individual bubbles from their photographic
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Section being imaged

Photographic plate

Figure 2.9: Simple X-ray tomography arrangement.

plates and even to measure cell areas. Unfortunately though, the process of 

moving the foam vertically and changing films meant that capturing enough 

data for a three-dimensional model was infeasible.

Gonatas et al. [54] have completed very recent work using magnetic 

resonance imaging to resolve foam structure. The cross section through a 

cylindrical foam sample 1.4cm in diameter can be resolved to an accuracy 

of 100//m, which is enough to allow measurement of the areas of 80% of the 

bubbles in the foam. In a similar piece of work, Prause et al. [55] have 

produced a three-dimensional magnetic resonance image of a foam. After 

processing, the final result is a voxel model of resolution 128x128x128 vox­ 

els. 3 However, it seems that this resolution is not high enough for detailed

3 A voxel is the smallest cubic section of material in a three-dimensional model, analo­ 
gous to a pixel in two dimensions.
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analysis of many bubbles in the foam.

2.4 Optical methods for three dimensions

After a brief chapter on the Z Notation, there follow three chapters describing 

work done on different optical techniques for resolving liquid and solid foam 

structure confocal imaging, optical tomography and a hybrid method which 

requires human assistance.
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Chapter 3

A short chapter about the Z 
Notation

3.1 Introduction

A substantial part of this thesis is concerned with the development of soft­ 

ware which will implement various tomographic reconstruction algorithms. 

A simple aid in the description of this process for researchers who wished 

to duplicate the work might be the publication of the computer source code 

for each program, written in the C programming language. However, this 

would be worthless for any programmers who used another language such as 

FORTRAN, for example. Even C programmers using a different operating 

system to the UNIX clones used for this project might have difficulty porting 

the code.

A much better solution is to describe the software with an abstract math­ 

ematical framework, which focusses on what each program does rather than 

how it does it. Fortunately, The Z Notation [56] has been developed at the 

University of Oxford with the specification of computer systems in mind, 

and is ideal for describing computer software. The aim of this chapter is
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to give a brief introduction to Z, to enable the reader to follow the general 

descriptions of the software given later. For more detailed information refer 

to Spivey [56].

3.2 Z fundamentals

Z uses mathematical sets to represent the data in a system specification. An 

example of a type which is always predefined for use in Z is the set of all 

integers, Z. A variable z, which is of type integer, is then declared as z : Z. 

Set operations may be applied to create new set types, such as the set of

natural numbers, 1 N,

N=={n:Z|n>0)

The { } construct is a set comprehension] in this case the variable n on 

the left satisfies the constraint n > 0 on the right hand side. N is the set of 

all possible values of n. The '==' symbol is used for a type definition.

The choice of basic data types for a specification depends on the system 

being described. Image processing software often deals with the manipulation 

of pixels which have an 8-bit value, so it will be useful to define the type 

PIXELS as follows,

PIXELS == { x : N x < 256 }

In English, PIXELS is defined as the set of all non-negative integers less 

than 256. Any variable of type PIXELS may have any value in the range 

0..255.

1 Non-negative integers.
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Compound types are possible in the form of tuples. An example of a tuple 

is a pair, p : Z x Z. Legal values for p could be (1,2) or (-3,7), for example. 

Tuples must have two or more components, and each component may have 

a different type. An example used later on is

VECT == R x R x R

where R is the set of real (floating point) numbers. VECT describes the set 

of all real three-dimensional vectors.

Another important type construct is the sequence, seq. The following line 

defines a variable s to be a sequence of five natural numbers,

s : seqN = 5

The # operator gives the number of items in a sequence. The first number 

in the sequence is referred to as s(l) and the last is s(5). The specification 

of s is global when presented in this manner.

Z offers a way of compartmentalising the mathematics in a way similar 

to the system of subroutines and functions in software. A function, square, 

which would return the square of a real number in software, could be de­ 

scribed by

square : R   >  R Vr : R   square(r) — r * r

In English, for all real numbers r, the square of r is r multiplied by r. 2 The

and   are separators, and the function type R   > R means 'a function

which operates on a value of type real and returns a value of type real.'

Such definitions may become quite complex and it is often the case that the

2 Arithmetic multiplication is represented by * in Z.
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function may not fit on one line. In order to improve legibility in these cases, 

the definition is normally rewritten vertically as

square : R  >

Vr : R   square(r] = r * r

3.3 Schemas

Local definitions in Z are often encapsulated in schemas of the form 

ExampleSchema = [D\; D2 \ D3 P±\ P2 ; PS]

where DI, D2 and £)3 are definitions, and PI, P2 and P3 are predicates 

involving those definitions. Again, this is normally presented vertically,

_ Ex ample Schema __________________________

A

D2

Pi 

P2

Each line in the vertical schema is part of a conjunction with its neighbours. 

There is a mechanism for transferring data between schemas. Any vari­ 

ables decorated with a '?' are designated inputs to a schema and require no 

initialisation. Variables decorated with a '!' are outputs from a schema. If
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two schemas share one or more common variables with the appropriate dec­ 

orations, the output of one schema can be piped to the input of the other. 

Consider these schemas, One and Two,

.One ___________________________________ 

a! :Z

a! =

6 = a?

The expression One » Two is the combination of One and Two joined by 

a pipe. The value of b will be 1, as a? assumes the value of a! by default.

3.4 Other expressions

To present a set of a given set type, the power set operator P is used, for 

example a set of integers, PZ. The following line is mathematically correct,

s:PZ s = {1,2, 3,4, 5}

The full set comprehension {   } construct allows complex sets to be 

described, such as the set of all positive even numbers,

{ z: Z z > 0   2: * 2 }
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There are other set constructs,

0 the empty set 

£ set membership 

U set union 

fl set intersection 

\ set difference

There are several predicate expressions possible in Z,

-i logical negation

A logical conjuction

V logical disjunction

x => y implication; y is true if x is true

x «=> y equivalence; y is true if and only if x is true

V x : X for all x of type X ...

3 x : X There is an x of type X ...

3j x : X There is only one x of type X ...

Other symbols are documented with a footnote when they first appear in the 

text.

In general, a Z specification consists of concise mathematical descriptions 

accompanied by English documentation. This is how the reconstruction soft­ 

ware, developed as part of this project, is described in the following chapters.
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Chapter 4

Focal plane photography

4.1 Introduction

The property of lenses known as depth of field provides a method of resolving 

the three-dimensional structure of a cellular foam network, such as a stable 

liquid foam of high gas fraction. A photograph taken of a foam shows Plateau 

borders in sharp focus only at distances from the camera lens within the focal 

plane. All other Plateau borders are less sharply focussed depending on their 

distance away from this plane a dark point object becomes a fainter and 

larger circle as it moves further out of focus.

By altering the configuration of the lens and aperture, it is possible to 

change the depth of field, or the range of distances from the camera in which 

an object is considered in focus. For a large depth of field, the aperture is 

reduced and the lens moved as far away from the image plane (film or CCD 

array) as possible. This means that light rays which hit the image plane will 

be nearly parallel to the axis of the lens, and any change in distance from the 

camera of an object means that its image changes only slightly. Conversely, 

if the aperture is widened and the object (and thus also the image plane)
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Figure 4.1: Lens configurations for varying depths of field.

brought closer to the lens, the light rays converge at a larger angle to the lens 

axis, and any movement of object or image plane results in a loss of focus 

and a small depth of field. This is shown in figure 4.1.

4.2 Experimental apparatus

A system is devised which uses a lens with a small depth of field to attempt 

to resolve the structure of an aqueous cellular foam. This consists of a trans­ 

parent perspex box containing foam and a Nikon F camera mounted on a 

movable platform.

The foam is formed from an aqueous solution of domestic detergent, pre­ 

sumably essentially Teepol an ionic surfactant composed mainly of alkyl 

sodium sulphates. A container consisting of two perspex sheets, 6mm thick 

and held apart by 50mm spacers, has a brass tube of diameter 15mm running
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Figure 4.2: The experimental foam rig.

from wall to wall lengthways with a series of small holes drilled through it. 

The box is filled with enough liquid to cover the tube, which then has air 

blown through it to generate the foam. Depending on the air flow rate and 

the hole diameters, foams with various bubble sizes and liquid hold-ups can 

be created. However, for a foam to be stable enough to photograph it needs 

small bubbles and has to be left to stand for a few minutes so that most of 

the liquid can drain away. The box is tall enough that even though foam at 

the top may collapse, there is a section of stable foam at the bottom which 

can be photographed see figure 4.2. The smallest depth of field available 

was obtained with a set of Nikon 185mm bellows and a Nikkor 135mm lens. 

The camera is mounted on a specially-made platform which can be moved
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towards the foam in 0.25mm increments using a screw-threaded device with 

a pitch of 1mm, operated by hand. Hence quarter turns yield a 0.25mm 

movement provided the play in the screw thread is taken up.

The foams tend to remain stable long enough for one reel of film to be 

taken. For this camera, that means a maximum of 36 exposures covering a 

depth through the foam of 8.75mm. Lighting is arranged carefully so that 

specular reflections in the foam are reduced as much as possible by means of 

a difTuser. As with all image processing problems, it is worth spending time 

to get the image quality as good as possible in order to save much effort in the 

processing stages later on. Care was taken to ensure a reasonably uniform 

background illumination was provided, although small variations in intensity 

can be corrected easily by image processing. This enables an aperture of f3.5, 

the largest available, to be used with a ^second exposure time.

The camera has a field of view which covers about 20mm in the horizontal 

direction at the focal plane. The foams used tend to have bubbles of diameter 

about 6-8mm, hence several fit into each frame.

After shooting, the film is developed and each picture converted to digital 

form by scanning the prints with an A4 flatbed scanner. This gives a sequence 

of images having 16 grey levels and an aspect ratio of roughly 5:3. To reduce 

noise in each image, the prints were scanned at 300 dots per inch and then 

compressed to 75 dots per inch by averaging over 16 pixel squares. This gives 

images with 256 grey levels at ^ the original area. The extra information 

which could be obtained by scanning at a higher resolution is small and offset 

by the extra storage and processing requirements needed for larger images. 

Moreover, photographic prints in general are noisy, grainy and exhibit poor
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contrast. The use of images at greater than 75 dots per inch is questionable.

4.3 Image processing

There are several problems with this system which must be corrected by 

digital image processing before any reconstruction of a computer model rep­ 

resenting the foam Plateau border geometry. Firstly, the developing process 

is not entirely regular due to inconsistencies in the photographic dyes, and 

this results in differing average grey levels between each picture. Since each 

image consists mainly of a light background hue, with only small sections of 

foam shown as dark regions, it is reasonable to simply normalise each image 

by directly modifying the values of individual pixels by the same amount in 

order to produce a uniform average image intensity. In practice, the changes 

are relatively small and do not cause pixel values to either over- or underflow. 

The first step in describing this and the other image processing algorithms 

with the Z specification language is to define the basic data types upon which 

the algorithms operate. The set of eight-bit (one byte) pixels is represented 

by PIXELS, and hence an image raster is an ordered sequence of columns, 

which in turn are ordered (equal length) sequences of pixels,

PIXELS == BYTE == {x : N x < 256}

RASTER == {r : seqseqPIXELS Vn : domr •3 1 l : NI   #r(n) = I} 1

since all the images used are 8-bit-deep grayscale, at least during the image 

processing steps. #r is the length of the sequence of columns in r, and
>N! ==N\{o).————
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#r(n) is the number of pixels in the nth column of r. 2 Since an image must 

be rectangular, each column contains the same non-zero number of pixels.

The origin of a raster is taken to be in the upper left corner, so the pixel 

p : PIXELS at the top left of raster r : RASTER is referenced by

where the first index is the x-coordinate and the second is the y-coordinate. 3 

Several operations on rasters occur frequently in this specification, so they 

are defined here as a convenient shorthand, a small raster toolkit. Firstly, D 

is defined as a function on an image giving an integer tuple of its width and 

height,

D : RASTER -> NI x NI

Vr : RASTER • D(r) - (#r,#r(l))

Secondly, the specification is simplified if there are operators which are rela­ 

tions on the dimensions of rasters. If an image r\ : RASTER is smaller than 

another, r2 : RASTER, in both dimensions, then the pair satisfy r x < D r^. 

The <n and = D relations are similarly defined according to the dimensions 

of their arguments,

2 In Z, # is the number of elements in a set; but as seq X == {1 i » xi,... , n i > xn }, 
#X is also the number of elements in the sequence.

3 In the Z language, sequences start at index 1, although in a C program implementation 
arrays start at index 0.
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_ < D -, - <D -, - = D - : RASTER «-> RASTER

Vr,s: RASTER •

r = = #s A #r(l) =

This may seem slightly odd, because two images are considered 'equal' if 

and only if their dimensions are the same, regardless of the values of their 

component pixels. However, this specification of equality is much more useful 

than a simpler definition r = s, which would mean that D(r) = D(s) and the 

pixel values of r and s were identical.

The global variable Aver ageGrey Level : BYTE is defined to be the 

required mean intensity value of each image in the dataset. The algorithm 

for this image equalisation function can be described by,

EqualiseGreymap : RASTER ->  RASTER

Vr, r' : RASTER • r' = EqualiseGreymap(r) 

r' =o r 

V x : domr; y : domr(l)  

3c : PIXELS   c = r'(x)(y) - r(x)(y)
#r' #r'(l)

E E r'(x)(y] 
AverageGreyLevel = x~^^ #

There is a small problem with arithmetic overflow in the definition of this 

function, but this is ignored as the result is assumed to be within the correct 

0..255 range. This is handled properly in the implementation. The correction 

factor, c, can be added to every pixel in raster r to produce an image with a
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normalised greymap.

Another problem is that each photographic print is not aligned correctly 

in the focal plane. The developer of the prints was asked to ensure that 

each print was orientated the same way, with no rotational error, but there 

is a translational error caused by inconsistent trimming of the prints. This 

is solved by cross-correlating images with their immediate neighbours and 

looking for a position with minimal error in intensity correlation. This trial- 

and-error process, where the computer searches through all possible displace­ 

ments of an image with its neighbour within a range of about 20 pixels along 

perpendicular axes in the images, is the most intensive preprocessing stage.

The correlation function is just a two-dimensional difference operator be­ 

tween images. The minimum absolute value of the correlation between two 

images gives the correct offset of one image to the next. For completeness, 

the absolute value function on integers is,

abs : Z -» N

Vn:Z»

if n < 0 then abs(n) = —n 

else abs(n) = n

The correlation function on two rasters, each not necessarily square but the 

first having smaller dimensions than the second, takes four arguments: two 

rasters and a horizontal and vertical offset in pixels. This returns a nor­ 

malised integer representing the total difference per pixel,
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correlate : RASTER x RASTER x N x N ->  N

Va,6: RASTER; r,ij : N | a < D 

r = correlate(a, 6, i, j) =>

What happens when a doesn't completely overlap 6 is not specified. In the 

implementation it is assumed that checks are performed by the calling rou­ 

tine to prevent an error occurring here. Before that schema is presented, one 

more function is necessary. The first image in the sequence is cropped slightly 

around all edges to allow some room for the correlation process. All subse­ 

quent images are similarly cropped after the best fit is found. Crop takes 

five arguments, an image and coordinates of the cropping region: minimum 

x, minimum y, maximum x and maximum y,

crop : RASTER x NI x NI x NI x NI ->  RASTER

V 7™, r : liAollL/rt] Xmin •> y-min •> %max i Umax JL 7717 77 *\ JLi max

II • < II < 3£ymm ^ ymax ^ rr

V X, y . INI I  £ 5: -Emax ^min /\ U —i ymax 2/min. * 

' CI Op\i 5 -^min^ ymin^ ^max •> ymax) ^^*

r'(x)(y) = r(x + xmin )(y + r/min )

A full definition of the algorithm required for the complete data pre-processing 

stage is now possible. Here, the sequence of photographic images is nor­ 

malised with respect to intensity and then cross-correlated and clipped to 

produce a suitable dataset for image analysis.
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I mag eP reprocess

dataset?,dataset,dataset\ : seqRASTER

dataset\(l) = crop(EqualiseGreymap(dataset?(l)),Xi f?, Yi 

Vn : dom dataset? \ {1}  

dataset(n) = EqualiseGreymap(dataset!(n}}

3x,y : Z   Vz, j : Z  

correlate(crop(dataset(n — 1), Xi?, Yi?, A^?, Y2 ?),

< correlate(crop(dataset(n — 1), A"i?, YI?,

dataset(n), i,j] 

dataset\(n) = crop(dataset(n),X\! + x, YI? 4- y,

The edges are cropped when all images match to give a set of correctly 

registered images, such that the centre of each is aligned on the axis of the 

lens. The values X\l r .. ,>2? depend on the size of the photographic prints 

and the scanning resolution. For a typical dataset, X{*. — X\l — 500 and 

F2 ? - yi? = 300.

This tends to work well in practice, although there are certain pathological 

images where it will fail. This is due to the problem of the expanding motion 

field caused by the camera moving towards the foam. Instead of parts of 

the foam just becoming more or less distinct as they move through the focal 

plane, they also move slightly outwards as they come closer to the lens. 

This is not a problem for objects in focus all over the image, because the 

best correlation will be found when the smaller image fits over the larger one
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symmetrically. However, suppose a small section of foam occupies one corner 

of two images with nothing else in the frame. The cross-correlation function 

will match the images without considering that one has been displaced away 

from the centre by an enlargement transformation and not by translation. 

Hence the resulting match will move the second image further away from 

the image centre than it should be. In practice this is not a problem, mainly 

because the enlargement of each frame relative to its predecessor is small and 

also because the foam tends to occupy most parts of the frame and is rarely 

confined to just one half or quadrant.

The cross correlation operation also solves another problem caused by the 

length of time required to take 36 exposures. Once the foam is formed, the 

air supply is cut off but this does not prevent liquid seeping back into the air 

delivery tube. This results in a steady decrease in the liquid level in the box, 

and hence the foam also starts to sink. The correlation function corrects this 

by moving the clipping window downwards with the moving foam. Whilst 

this reduces the size of the final images in the vertical direction, it does 

prevent the steady descent of the foam from affecting the results.

4.4 Image analysis

Each registered image typically contains areas of blurred, defocussed foam 

Plateau borders and also thin, dark line segments of Plateau borders which 

lie in the plane of focus of the camera. A line detector can be used to enhance 

the Plateau borders in focus and to reject the defocussed background so that 

thresholding the result will give a binary line image representing the cellular 

structure at the focal plane of the original photograph.
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1

Figure 4.3: 7x7 convolution kernels for edge detection.

The best algorithm for detecting lines in an image is to use multiple two- 

dimensional convolutions of the image with a selection of 7 x 7-pixel bitmaps 

containing lines in all possible orientations, as shown in figure 4.3. The raster 

produced as a result of each convolution has high values where the smaller 

line kernel matches with a line in the image being tested. By taking maximal 

values for each pixel out of the rasters produced for each convolution oper­ 

ation a complete line image can be created. It is then possible to threshold 

this image using Canny's upper and lower hysteresis threshold bounds [57] 

to prevent the 'streaking' effect of just using a single threshold value.

Convolution is defined here as a function which takes two rasters and 

returns a raster of the same dimensions as the second argument. Each raster 

may not necessarily be square but the first raster must be smaller than the 

second in both dimensions. Initially, a function which gives the value of the 

pixel in the i ih column and j ih row of the result is defined,4 

4 Div is the integer division operator.
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conv : RASTER x RASTER x NI x N! -> PIXELS

Va,6,r : RASTER] ij : NI a < D 6 A r = D

if (#a div 2 < i < #6 - #a div 2) A

(#a(l) div 2 < j < #6(1) - #a(l) div 2) 

then r(i)(j) = conv(a, 6, i, j) =»
#a #a(l)

E E fl W(?/) * - #a div 2)0' + y - #a(l) div 2)x=l = l

else r(i)(j) = conv(a,b,i,j) => r(i)(j) = 0

It is easily seen from this definition that if the a does not entirely overlap 

6, no convolution is attempted and a zero-valued pixel is returned for that 

(z,j). Although this would be unnecessary if periodic boundary conditions 

were used, there is no useful meaning to those on non-periodic images. It is 

better to leave a blank border around the resulting image to show the area 

where no information is available.

The set of twelve convolution kernels for line detection in the image is 

specified by the schema,

_ LineKernels _____________________________

kernels :P RASTER

Vr : kernels • 

^kernels = 12

= (7, 7)

These form part of the specification for the first phase of the line-detecting 

algorithm. Initially, each foam image is convolved with the set of line kernels 

and the maximum response at each pixel is taken to form a line-enhanced
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image. This gives the best chance of detecting faint lines in each image 

reliably, and is described by, 5

. EdgeEnhance _____________________________ 

ELineKernels 

dataset?, datasetl : seq RASTER

Vn : dom datasetl; x : domdataset?(n); y : dom dataset? (n) (I) 

dataset\(ri)(x)(y) =

max{c : kernels • conv(c, dataset? (n),x,y)}

The output of this schema, datasetl is a sequence of continuous tone (that 

is, 256 grey levels rather than a binary image) line-enhanced images. These 

must be segmented to be any use to a reconstruction algorithm; a binary 

image is required which should optimally contain only line information. To 

achieve this, Canny [57] suggests a hysteresis thresholding method which 

uses two threshold levels, upper? and lower?. All pixels in a raster having 

a value above upper? are immediately copied to the final image, while all 

neighbouring pixels to these and their neighbours are copied provided they 

have a value greater than lower?. This tends to prevent 'streaking', where 

noisy lines are only half detected resulting in a dotted line on the output 

image. The simplest programming solution involves using an algorithm which 

traverses an image iteratively, outputting pixels in each step which are in the 

immediate neighbourhood of pixels output in the previous traversal. This 

would be inefficient to describe in Z at a low level of abstraction. Instead, 

the problem can be formulated of in terms of outputting every pixel which is

5 The E line includes the variables and predicates of LineKernels in EdgeEnhance.
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connected to a pixel of value greater than upper? along a path composed of 

pixels of values greater than lower?. A description of the PATH datatype 

is

PATH == seq(N! x N

Vp:PATH] n:domp\{l}«

abs(first p(n) — first p(n - 1)) < 2 

abs(second p(n) — second p(n   1)) < 2

Pixels along a p : PATH are therefore eight-connected they can be linked 

to any of their nearest neighbours, including the diagonal ones. Given this, 

the segmentation step is described by

_ ImageSegment ____________________________

dataset?,datasetl : seqRASTER 

upper?, lower? : N

Vn : domdataset?; x : domdataset?(n); y : domdataset? (n)(l] • 

if 3p:PATH • 

(x,y) Gp 

V Ipair : ranp   dataset?(n)(first Ipair) (second Ipair)

> lower? 

Bupair : ranp   dataset?(n)(first upair)(second upair)

> upper?

then datasetl (n)(x)(y) = I 

else dataset\(n)(x)(y) = 0

All the components of the iterative image processing system have now been 

described. Because each schema uses the variable dataset? as an input and
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datasetl as an output, and because the types of these are identical, a full 

description is just each step connected by pipes,

_ ImagePipeline ____________________________

I mag eP reprocess » EdgeEnhance » ImageSegment

The final result is a sequence of binary images where line pixels in each image 

have value one and all other pixels have value zero. Ideally, the lines in each 

image represent parts of the foam cellular structure that are in focus at that 

camera position. Figure 4.4 shows a typical example of segmentation of an 

image of an aqueous detergent foam.

4.5 Reconstruction and Visualisation

An efficient computer model for the Plateau border network in a dry foam is 

simply a list of zero-thickness lines in space. A model close to this, which can 

be generated from the image data, is a set of lines in space where each line 

vertex must lie in the plane of one of the images. Vertex z-coordinates are 

quantised into 36 positions, one for each of the original photographs, 0.25mm 

apart. There is clearly an inhomogeneity in the spatial resolution of a vertex 

position, as the resolution in the plane of an image is roughly 0.04mm in 

horizontal and vertical directions.

However, it is reasonably straightforward to generate this type of com­ 

putational model by the morphological operation of skeletonisation on each 

binary image followed by tracing the remaining edges to detect short line 

segments between vertices. The skeletonisation step is necessary because an 

efficient line-tracing algorithm needs lines of single-pixel thickness which will
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Figure 4.4: The same image before (upper) and after segmentation.
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skeletonisation

Figure 4.5: The skeletonisation operator.

Figure 4.6: Configurations where the central pixel is deleted during the skele­ 

tonisation process.

not necessarily result from the image processing operations. Figure 4.5 shows 

the operation of the skeletonisation algorithm.

The skeletonisation algorithm used is by Arcelli et al. [58], and it produces 

images containing lines where pixels are connected to only two neighbours, 

except for pixels at junctions where lines join, which have three neighbours, 

and end pixels which only have one neighbour. Figure 4.6 shows pixel con­ 

figurations which must occur for the central pixel to be removed. These are 

tested for in order, Al, Bl, A2, B2, A3, B3, A4 and B4, and this results in 

proper thinning of the image.
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thin : RASTER x RASTER -> RASTER

V a, 6, r : RASTER • thin(a, b) = r =»

Vx : dom6; ?/ : dom6(l); dx,dy : {1, 2,3}

D(a) = (3,3) A r =n &  

if 2<x < #dom&-l A 2 <y< #domb(l) 

then

-1

if a(dx)(dy) = 6(x + drr - 2)(?/ 

then r(j;)(T/) = 0 

else

- 2) V a(dx)(dy) = 2

else r(x)(y) = 0

Each application of thin removes pixels from one corner or edge of the lines 

in an image. It must be applied eight times, once using each skeletonisation 

kernel, before testing for termination of the process. Skeletonise specifies 

one complete iteration,

_ Skeletonise ______________________________

kernel? : seq RASTER 

dataset?, datasetl : seq RASTER

Vn : dom datasetl •

dataset\(n)   thin(kernel(8).thin(kernel(7),thin(kernel(6),

thin(kernel(5),thin(kernel(4),thin(kernel(3),thin(kernel(2), 

thin(kernel(l], dataset?(n}}})})}}}

The algorithm described by Skeletonise is executed until datasetl = datasetl. 

The resulting sequence of binary rasters contains only single-pixel-wide lines
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which were originally the medial axes, the central lines in each region, of the 

original edges.

There are several steps in converting the sequence of binary images into 

a line model. The desired result is a set of lines in space which form a 

piecewise approximation to the lines in each raster, and there is an upper 

limit imposed on the length of each line. This is so that a curved line will 

be closely approximated by a series of short straight lines if the line length 

is unlimited, a less accurate model will result. However, the shorter the 

maximum allowable length, the more lines are needed and hence the more 

memory is required to store them. An acceptable compromise is that lines 

are allowed to be up to 20 pixels long. 6 In the specification, the lines have 

the set type LINE, which is a pair of coordinates in space, COORD,

COORD == Z x Z x Z 

LINE == COORD x COORD

The operation of converting the images to lines is described by the schema,

6 Strictly, the maximum line length is 20\/2 pixel units, since n-pixel lines at 45° in the 
image have a length which is n\/2.
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,_ Datallines.

dataset? \seqRASTER 

model] :VLINE

Vn : dom datasetl •

V(start, end) : LINE • (start, end)   modell =>

3p : PATH • (V(x,y) : ranp   datasetl (n)(x)(y) 

start = (first p(l), second p(l), n * 6) 

end — (first p(#p), second p(#p), n * 6)

= 1)

: PATH q / p   V coord : ran g   coord ^ ranp

The implementation of this involves simply looking for 1-valued pixels in an 

image and then following their 8-neighbours until a vertex, an endpoint or 

the maximum line length is reached, then the coordinates of the line are 

stored in a file.

Visualisation of this computational model is straightforward. Figure 4.7 

shows an example of a view of the line map across all 36 image planes. It is 

obvious that each Plateau border remains in focus across a range of images. 

This is because the depth of field of the system is not small enough to blur 

Plateau borders close to, but not in, the focal plane.

An alternative way to visualise this model is by attempting to coalesce the 

separate lines in each plane into one Plateau border, almost like stretching an 

elastic skin over the line framework. Here, a voxel model is used to represent 

the Plateau border structure. A voxel model is generated from the line model 

by using the morphological operation enlargement followed by a smoothing
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Figure 4.7: Three-dimensional line model of aqueous foam, 

process. Converting the set of binary images to a voxel model is described

by,

,_ Data2voxel ______________________________

dataset? : seq RASTER 

vmodell : seq RASTER

V n : NI n < dom datasetl * 6  

vmodell(n) = dataset?(n div 6 + 1)

The sequence of binary images is 'stretched' along it's axis and padded to 

ensure a correct aspect ratio for the whole voxel.

The dilation operator returns the maximum value of a group of 27 pixels 

as the centre pixel's new value,
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_ Dilation.

vmodelt :seq RASTER 

vmodell : seq RASTER

Vx : domvmodel?(l); y : domvmodel?(l)(l); z : domvmodel? • 

if 1 < x < #vmodel?(l) A 1 < y < #vmodel?(l)(l) A

1 < z < vmodell 

then vmodel\(z)(x)(y) = max{V dx,dy,dz : {-1,0,1}  

vmodell (z + dz)(x + dx)(y + dy)} 

else vmodel\(z)(x)(y) — 0

This operator substitutes a 3 x 3 x 3 voxel cube for every single voxel in 

vmodetf. This is repeated to thicken the voxel model, and thus to connect 

line segments in adjacent image planes. To stretch it taut, the annealing 

operator7 is used. This is a cellular automaton which works like a simple 

majority function over the 27-neighbourhood except that the middle two 

values are inverted. So, if the sum of values of voxels in the 27-neighbourhood 

is s : N, a zero result is produced ifs<12As = 14 and unity otherwise. 

The macroscopic effect is one of surface tension, so the skin begins to deform 

and shrink snugly over the line framework,

See Toffoli and Margolus [59] for the equivalent two-dimensional annealing algorithm.
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._ Anneal

vmodell : seq RASTER 

vmodell : seq RASTER

domvmodel?(l)] y : domvmodel?(l)(I); z : domvmodel? • 

if 1 < x < #vmodel?(I) A 1 < y < #v model? (I) (I) A

1 < z < vmodell 

then

3 sum : N  

sum =

vmodell (z)(x)(y) = 0 

vmodell (z)(x)(y) = 1 

else vmodell (z)(x)(y) = 0

L=-i vmodel(z 

< 13 V sum

sum > 14 V sum =

The repeated application of Anneal results in the solid model shown in fig­ 

ure 4.8.

Assuming that a depth of field can be chosen which is small relative to 

the distance between photographs, there is a further post-processing step 

which can be applied to the line list model of the Plateau border geome­ 

try. Although this system cannot produce a small depth of field, it can be 

simulated by passing a three-dimensional skeletonisation filter over the voxel 

model and then padding this in the z direction with space. The result of this 

operation is shown in figure 4.9. Now consider one Plateau border, which 

crosses several image frames as in figure 4.10. The whole line in the model 

is represented by a series of small segments lying in the focal planes of the 

original photographs. A better model would connect each of these loose ends
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Figure 4.8: Three-dimensional voxel model of aqueous foam, after dilation 

(top) and after annealing (bottom).
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Figure 4.9: Foam line model after skeletonisation and padding.

A

Image data Final model

Figure 4.10: Connection of line segments in the Plateau border model.
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to produce a single line segment across the model, interpolating between the 

images where there is no data.

Given an unordered list of straight lines in space, each line end point may 

either be a free end which should be linked to another line segment to form 

one uniform segment, or the end point may be part of a vertex in an image 

where two or more lines meet. In the former case, a search is required to find 

a matching line to be attached, but otherwise the point is left alone. Three 

functions are defined, IsVertex, Near, and CoAverage. The first of these 

tests a point to see if it has any duplicates in a frame, and hence is a vertex. 

The second is a relation on whether two points are near neighbours, and the 

last joins two vertices at the midpoint of the line which joins them, 8

IsVertex : PLINE <-> COORD

Near : P COORD x COORD

CoAverage : P COORD x COORD -> COORD

V Imodel : P LINE] x, y, z : Z   

I sVertex (Imodel, x, y, z)  <=>

3u,v : Imodel • (fst3(u) = fst3(v) V

fst3(u) = snd3(v)) A u / v 

Va, b : COORD • Near (a, 6) & ((fstt(a) - fst3(b)) 2 +

(snd3(a) - snd3(b)) 2 + (thd3(a) - thd3(b)) 2 )^ < 20 

CoAverage(a, b) = ((fst3(a) + fstt(b)) div 2,

(snd3(a) + snd3(b)) div 2, (thd3(a) + thd3(b)) div 2)

These functions are required by JoinLines, which scans the wire model and

8 The functions fst3, snd3, thd3 : COORD -> K return the first, second and third 
components of a vector triple. These are the triple equivalents of first and second.
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joins edges which are near neighbours in adjacent image planes, provided 

none are vertices,

,_ JoinLines ______________________________

Imodel?, Imodell : PLINE

/2 : Imodell /i ^ 12 A -i (IsVertex(first(l l )) V

I sV ertex(second(li)) V IsVertex(first(l2 )) V

IsVertex(second^)))  

Near(first(li),first(l2 )) =>

(CoAverage(first(li), first(12)), second(li)) G modell 

(CoAverage(first(li), first (fa)), second^)) G modell

Near(first(li), second^)) =>

(CoAverage(first(li), second^)), second(l\)) G model\ 

(firstfa), CoAverage(first(li), second^))) G modell

Near(second(li), second^)) =>

(first(li),CoAverage(second(li), second^))) G modell 

(firstfa), CoAverage(second(li), second^))) G modell

The set modell is a continuous model of the foam Plateau borders. Depending 

on the quality of the photographic data, this may be very representative 

of the real foam, especially if depths of field and distances between image 

planes are small. Figure 4.11 shows an example model. No explicit tests 

of the fidelity of the reconstruction algorithm were performed other than 

visual inspection. Given that no other mechanism capable of resolving the 

structure of liquid foams with either temporal or spatial resolution matching 

the optical system exists, testing the system with real foams is probably
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Figure 4.11: Three-dimensional line model of aqueous foam after smoothing.

impossible. However, it is possible to produce 'photorealistic' images with 

raytracing software on a PC. With considerable effort, a set of test images 

could be prepared artificially and then used by the reconstruction software. 

Traditional film processing followed by scanning prints is a very inefficient 

method of providing photographic data for these experiments. The entire 

ImagePreprocess step, which is computationally expensive for a large number 

of images, can be avoided if a CCD camera and framegrabber are used to 

supply the images. This is because all the problems caused by the slow 

capture rate and uneven printing of the photographic technique are solved 

by a reasonably fast digital system. Each digital image is properly registered 

with respect to its neighbours, the grey level palette is uniform across the 

set of images and the foam does not have time to sink or rearrange during
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the much shorter capture period.

Chapters five and six describe axial tomographic methods of resolving the 

structure of a foam with a digital image system. Further discussion of the 

relative merits of all three methods can be found in chapter seven.
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Chapter 5

Optical axial tomography

A method of capturing three-dimensional foam structure information, which 

does not suffer from the limitations of the small depth-of-field system de­ 

scribed in chapter four, is provided by a variant of traditional X-ray tomog­ 

raphy. This chapter explains how simple tomographic machines work and 

briefly describes other work in related fields to foam study, before ending 

with an account of the development of the author's optical tomography sys­ 

tem.

5.1 Tomographic principles

The earliest work on the basic mathematics for tomography was done by 

Radon in 1917 [60]. Tomography derives a relation between the intensities 

of samples of radiation attenuated by passing through an object of interest, 

and the reconstructed model of the object. For example, when a ray of 

x-radiation passes through a bone, the fraction of radiation which passes 

through the bone gives an indication of the integral of the bone density along 

the ray path. By shooting many rays through the bone at different angles
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Figure 5.1: A two-dimensional tomographic system with two orthogonal pro­ 

jections, sampling (left) and reconstruction (right).

and observing how much radiation is absorbed, a two- or three-dimensional 

image of the bone structure can be determined. If all the rays lie in one 

plane, a two-dimensional image is produced [61]. With added instrument 

complexity, if rays are unconstrained in three-dimensions, a volume model of 

the bone sample may be reconstructed. This principle has been extended to 

other fields and other imaging radiations [62].

Early tomographic systems used simple X-ray sources and photographic 

plates to resolve a cross-section through an object [63]. With the devel­ 

opment of computers came more accurate digital tomographic systems; a 

simple example of a two-dimensional digital tomographic system is shown 

in figure 5.1. This has two pairs of emitter and detector linear arrays ar­ 

ranged at 90° to each other. The left-hand picture shows the attenuation 

in radiation intensity perceived by the detector arrays, which are assumed 

to contain an infinite number of elements, caused by a semi-opaque solid 

object which blocks radiation to some degree. The right-hand image shows
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a reconstruction using a matrix of 24x24 pixels. The reconstructed model is 

generated by back-projecting discrete values of ray absorption into the pixel 

matrix. For each ray, the average density value along its path is placed into 

the pixels along that path in the reconstructed model. As more rays are 

traced through the reconstructed matrix, the model begins to become more 

defined and the signal to noise ratio increases. Finally, when all rays have 

been back-projected into the matrix, the values are normalised and a thresh­ 

old is chosen such that all pixels above the threshold value are tagged as 

belonging to the object and all other pixels are considered to be part of the 

space around it. Another way to look at the problem is that the pixel matrix 

holds a set of probability values of the chances of material being present at 

a particular pixel. By setting a threshold value, it is possible to decide what 

likelihood of being solid a pixel should have before it is considered to be part 

of the reconstructed model.

It is clear that a two-projection system like this will not provide very 

accurate tomographic reconstructions. The quality of reconstruction depends 

on the number of unique ray samples, where more is better. A commercial 

medical scanner will have over a thousand detectors in a linear array which 

can be rotated around a person in steps of fractions of a degree, giving many 

hundreds of unique projections. It is then possible to obtain a reconstructed 

cross-section at resolutions of 1000x1000 pixels, which are often needed to 

see the small symptoms of ailments accurately.

The two-dimensional system described here can be extended to three di­ 

mensions. The principles are the same, but there is extra complexity when 

designing emitter and detector arrays for three-dimensional use. A projection
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now becomes a two-dimensional image, and the reconstruction takes place 

using a cubic matrix of voxels. As will be described later, an elegant solution 

is to use a CCD camera as the detector array in an optical tomography ex­ 

periment. The data bandwidth is relatively high compared to X-ray systems, 

and it is very much cheaper and safer to use. Fortunately, the study of foam 

cellular structures is possible with optical tomographic methods, although 

there are some drawbacks.

Other researchers have also experimented with optical methods. In order 

to understand the advances made in the foam work, it is useful briefly to 

cover some previous work in related fields. This material is covered in the 

next few sections.

5.2 Interferometry

Early optical tomography experiments have exploited the interference prop­ 

erties of coherent light rays passing through materials of varying refractive 

index, and hence varying optical path length. One such experiment involved 

the tomographic determination of refractive index variation across the cross- 

section of a Pyrex rod.

Snyder and Hesselink [64] used the apparatus shown in figure 5.2 to resolve 

ten 360 x 120-pixel projections of the Pyrex rod. A semi-silvered mirror is 

used to split a laser beam into a reference component and a component which 

will pass through the object being studied, the Pyrex rod. Two holographic 

optical elements (HOEs) have been specially made for the experiment these 

are essentially accurate converging mirrors, designed so that a parallel beam 

of light passes through the rod. The two separate laser beams are recombined



5.2. INTERFEROMETRY 77

HOE1

Beam 
splitter

\

\

Spatial 
filter

Reference

beam

Figure 5.2: An optical tomography system based on laser interferometry.

at the camera imaging plane to form an interference pattern consisting of 

fringes aligned nearly perpendicular to the axis of the rod. As the sample 

ray passes through the rod the change in path length which occurs is shown 

by a vertical movement of the fringes at the corresponding horizontal position 

of the beam.

By measuring the displacement of the fringes at each horizontal sample 

point, and resolving the phase wraparound which occurs for path length 

differences greater than one wavelength, a linear projection can be formed 

which can in turn be used in a tomographic reconstruction. The refractive 

index variation of a simple object such as a glass rod can be reasonably well 

resolved from only ten projections.

The reconstruction of the Pyrex rod leads on to a popular target for
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optical tomographers the gas jet. Various researchers [65, 66] have used a 

similar set up, perhaps with changes designed to speed up data collection 

and optimise the reconstruction algorithm, but the principles are the same. 

Modifications include using many mirrors to produce multiple projections 

from one laser beam simultaneously, or using a calcite crystal prism at various 

orientations to the sample beam to vary the fringe width and hence the 

resolution of an interferometer [67], or even using a fixed fibre-optic and 

photodiode array time-multiplexed to give 100 projections of 100 samples in 

less than 200ns [68].

Another popular area of study using optical tomographic systems is that 

of combustion and flame analysis. For a rotationally-symmetric flame, one 

image is enough to reconstruct a three-dimensional representation [69]. It is 

also possible to reconstruct in three dimensions a temperature map of a group 

of flame jets [70] and to control a combustion process using tomographic data 

[71].

5.3 Three-dimensional X-ray angiography

Computerised angiography seeks to resolve the geometry of the network of 

blood vessels in living tissues. Using digital subtraction angiography (DSA), 

where two X-ray images taken within a short time period are numerically 

subtracted to reveal which parts of each image have changed, blood carrying 

an iodine tracer through arteries and veins shows up with very high contrast. 

Researchers at Thomson [72] and General Electric [73, 74, 75, 76] are 

using several digital angiograms to reconstruct the three-dimensional struc­ 

ture of blood vessels in living tissues, with a method based on cone-beam
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tomography. The resolution of each angiogram is good, but there is only a 

limited time in which to gather the information, so the number of images is 

small, typically less than 50.

The reconstruction is a two-stage process, after each projection image 

has been prepared. Firstly, a region of support is determined which reduces 

the number of voxels needing to be considered for further processing. A 

voxel is eliminated from consideration if there is at least one frame in which 

the voxel is clearly empty, and that voxel is not immediately adjacent to a 

non-empty voxel. Then, the model is reconstructed using a variant of the 

algebraic reconstruction technique with constraints on the solution, such as 

non-negativity of voxel values.

The team have noted the need for rapid data acquisition, and hence 

have built an X-ray camera system which can sample several tens of high- 

resolution images (512x512 pixels) in the few seconds that the blood vessels 

are opaque to the X-rays. The reconstructed model resolution is either 256 x 

256 x 256 or 512 x 512 x 512 voxels, the processing being carried out by a 

parallel 'mini-supercomputer'.

A group in Japan [77] has tried to apply a simulated annealing [78] algo­ 

rithm to the reconstruction of DSA images. Working with computer simu­ 

lations only, they reconstruct a model of the heart and surrounding arteries 

using only eight projections.

Starting with an arbitrary voxel set, random perturbations are introduced 

to each voxel value, and if a specified cost function is minimised the changes 

are allowed to remain. Or, if the cost function is increased by less than a value 

related to the system 'temperature' in a Boltzmann probability function,
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e~fc^, the changes also stand. The temperature is slowly reduced during the 

calculation, so that eventually the system settles into an optimal solution. 

This is the principle of simulated annealing.

In order for this method to work at all, the cost function must be care­ 

fully chosen so that minimizing it accurately reflects the desired result. The 

authors have noted that the intensity distribution in a DSA image is bi- 

modal essentially the images are high contrast and have a high signal-to- 

noise ratio; blood vessels marked with a tracer show up strongly against a 

uniform background. Each voxel in the reconstructed model therefore has 

a value of either zero or one. In order to perturb the system, a statistical 

model is set up, where each voxel has a 20% chance of 'flipping' or inverting 

its state.

It is not necessary to devise a global cost, or energy, function, since only 

the relative change after an alteration to the voxel configuration is needed. 

The authors, Haneishi and Ohyama, propose,

AE =

AES is the mean square error in the projection domain. For each voxel 

alteration, the effect on the set of projections is calculated and compared to 

the original projections to form A£s . There are two weighting terms, wh and 

wc , which the authors only describe as 'positive'.

AEh is effectively a bounded reciprocal of the projection pixel intensity 

histogram, such that maximum values in the histogram are minimal energy 

values. The value of Eh is then determined in conjunction with the statistical 

calculation of the size of voxel perturbation as mentioned above.

The Ec term is an adjustment which takes into account the continuity of
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space around each voxel, 

= p-s

where p depends on the direction of voxel value change, and s is a weighting 

factor which depends on the spatial continuity of the local voxel neighbour­ 

hood. The values of p are taken as follows,

0 no change

1 jump from one to zero

  1 jump from zero to one

P =

The parameter s is more interesting. The reconstructed model is expected 

to have most of its voxels 'well' connected together, and spurious individual 

voxels, possibly caused by noise, are unwanted. In three dimensions, this can 

be represented by s as follows, where n is the number of one-valued voxels 

in the 26 immediate neighbours of the voxel being considered,

5 =
n/26 n > 0

Overall, minimising Ec will produce a tidier, less noisy reconstruction.

Figure 5.3 shows the result of applying the simulated annealing algorithm 

to a computer-generated phantom consisting of a cylinder surrounded by four 

spirals (this is meant to be a heart and arteries). The reconstructed model is 

a good representation of the original, with only 25 error voxels out of 32768 

(32 3 ) total voxels. However, the model resolution of 32 x 32 x 32 is too low to 

be applicable to most problems. The simulated annealing algorithm is unfor­ 

tunately too computationally intensive, and machines which can efficiently 

run such programs on large data sets are still not feasibly cheap. However,
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Figure 5.3: Simulated annealing tomographic reconstruction.
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the general idea of optimisation in cone-beam tomography is a good one, 

given the lack of data provided by most sampling geometries.

5.4 Microtomography

There have been attempts to scale down the tomography hardware to study 

small objects in the laboratory. Some of these are based on gamma-ray 

systems [79] and others on X-rays [80]. The latter method converts X-rays to 

visible light using a scintillator so that video images of the X-ray projections 

may be downloaded into a computer.

There have been a couple of attempts to use light rather than gamma- 

or X-rays in computerised tomography experiments. Both of the sets of 

researchers used modified microscope apparatus to study small objects no 

known work exists for the macroscopic case.

5.4.1 Optical microscope tomography

Japanese researchers [81, 82, 83] have developed an optical tomography ma­ 

chine based on a standard optical microscope. They have added a mask with 

an off-axis pupil in front of a transmitted-light source, which masks all light
i

rays except for a small subset that pass through the sample at an oblique 

angle. By rotating this mask, the direction of light passing through the sam­ 

ple can be altered. The configuration is shown in figure 5.4. An important 

parameter in the system is the angle the ray paths make with the axis of the 

microscope lens. Here, this is 18°; although a larger angle would probably 

give better results, the constraint is the geometry of the microscope viewing
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Figure 5.4: Optical microscope configuration.

system, in particular the size of the objective lens and its distance from the 

off-axis pupil.

The researchers have used the system to study the single-celled plant, 

Spirogyra. This is a cylindrical organism characterised by a helical chloro- 

plast coiled around the inner cell wall and a dark central nucleus, and hence 

makes a good test subject for tomographic analysis.

5.4.2 Optical tomography of a cochlea

A group at the University of Washington in Seattle [84] has done some work 

on optical tomography of translucent objects, including a guinea pig cochlea. 

After decalcification and staining with a blue dye, the cochlea is a suitable 

test object for an optical tomography experiment, being semi-opaque and
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Figure 5.5: Optical tomography system configuration.

having a spiral tectorial membrane running through the centre of its canal.

A block diagram of the experimental system is shown in figure 5.5. The 

cochlea is placed at the end of a probe on a microscope tilt stage and im­ 

mersed in Spalteholtz fluid to reduce scattering, which is also the reason for 

using a GOOnm light source. Using an 8-bit digitiser, one projection is formed 

by summing 16 240 x 240 transmission images into a 16-bit buffer to reduce 

the effects of background noise. After correcting for detector non-uniformity, 

96 evenly-spaced projections are captured over a 180° arc. A reconstruction 

of the cochlea is performed by convolution back projection, considering each 

voxel plane in turn, since the authors are making the assumption that each 

projection is parallel. Given the quality of the results, this seems reasonable 

although the reality is that the light rays forming the projection do diverge 

slightly.

Figure 5.6 shows a maximum voxel view of the cochlea reconstruction and 

a vertical section through the centre point. The tectorial membrane, which 

shows up strongly in the model, is arrowed in the second picture.
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Figure 5.6: Tomographic reconstruction, using visible light, of the inner ear 

of a guinea pig; left, one projection, right, a cross-section through the tomo- 

graphic model (Brown et al [84]).

The experiment shows that it is possible to use visible light to resolve 

the dimensions of relatively solid objects, as long as they are not totally 

opaque. Also, it demonstrates the usefulness of a CCD camera as a fixed 

detector. The authors note the lack of slice registration problems because 

the CCD array elements are all fixed relative to each other, and no movement 

is required, as it would be with a point detector or linear array.

5.5 Process tomography

Process vessels tend to be opaque, so X-ray tomography is often used to re­ 

solve multiphase flows in pipes, for example. However, other forms of tomog­ 

raphy using combinations of ultrasound, electrical capacitance or impedance, 

gamma-ray and positron-emission imaging systems have been developed. See
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Figure 5.7: Experimental rig for foam tomography.

the proceedings of the recent European Communities Workshop on Process 

Tomography [85] for a review of the state of the art.

Optical systems are currently rare. However, new applications which 

could be resolved with optical tomography are being discovered all the time; 

foaming processes are an example.

5.6 Optical foam tomography

Several types of foam are suitable for analysis with optical tomography. 

There are some limitations to the technique, since the foam must be trans­ 

parent to some degree and must remain stable for the duration of the data- 

collecting phase. During the course of this work, both solid and liquid foams 

have been studied, and examples of both are shown to be suitable to this 

type of analysis.

The experimental rig used initially is shown in figure 5.7. This configu­ 

ration is for studying liquid foams, which are contained in a glass tube on
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the turntable. For analysing solid foams, this is replaced with a simple wire 

support for the solid foam sample. The best source of diffuse illumination is 

created by reflecting an image of the sky outside the laboratory off a mirror 

placed behind the foam. For either clear blue sky, or complete cloud cover 

this gives a uniform bright background which produced a crisp image of the 

foam on the camera CCD array.

The turntable rotates at about 2.4 revolutions per minute. This gives 

a sampling time of roughly 25 seconds in which to digitise as many images 

of the foam as possible. There is a trade-off between sampling time, image 

resolution and number of images for a given video bandwidth. In tomography 

applications, it is generally thought that the optimal ratio of image dimension 

to number of images is 1:1. So for a set of 200 video images, each should have 

a resolution of 200 x 200 pixels, and this data should be used to reconstruct 

a voxel model of resolution 200 x 200 x 200 voxels.

The complete video subsystem consists of a Dage-MTI 72S charge-coupled 

device camera, of array resolution 750 x 580 elements, connected by a PAL in­ 

terface to a VideoLogic Captivator framegrabber sitting in a 486/66 personal 

computer. Video for Windows is the software used to drive the Captivator. 

This is an extremely low cost system, and as a result the available video 

bandwidth is relatively poor. The Captivator resides on the ISA backplane 

of the PC, and is capable of transferring 500kB per second to the processor 

and computer memory. The system is able to capture images at the rate of 

25 frames per second (the camera limit) but only at a resolution of 160 x 120 

pixels. At higher resolutions the frame rate degrades rapidly. Even so, this 

is still enough to enable tomographic experiments on small foam samples.
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Figure 5.8: Determination of image centre of rotation.

The camera mount guarantees that a vertical line in the image will be in 

the same vertical plane as the axis of rotation of the turntable, but there is 

no alignment which ensures the lens axis intersects the axis of rotation. Since 

it is essential for accurate tomographic reconstruction that the centre of the 

image be aligned with the centre of rotation, an experimental procedure is 

devised as follows: initially the camera is aligned by eye so that the axis of 

rotation of the foam sample is as near to the centre of the image as possible. 

Then, after all necessary video has been taken, the real centre of rotation 

is accurately calculated from the set of images and these are then cropped 

to give correctly aligned projections. Figure 5.8 shows how this is done. A 

point on the foam which can be seen at the left and right extremities of its 

arc is used to calculate the real centre line, which is just the midline between
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Figure 5.9: One frame from a typical foam video, with image centre line and 

cropping lines marked.

the left and right maximum values. The centre line is the same for all images 

in a video sequence, and they are all cropped to 1:1 aspect ratio from 4:3. 

Figure 5.9 shows a typical video image with lines indicating where the image 

centre line and the axis of rotation lie. Also marked are the edges where 

the image is to be cropped. This particular image comes from one of the 

early experiments in optical tomography, and has a strange bright spot in 

the centre. This is not caused by the type of illumination used, which was 

uniform across the image, but is an artifact of the lens configuration. The 

bubble in the centre of the picture is about 4mm in diameter, and in order 

to photograph at this magnification a Cosmicar 50mm lens was used with an 

extension tube of length 40mm. For some reason, this causes a bright spot
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Figure 5.10: Bubble voxel model, viewed as a transparent solid (left), and as 

an opaque isosurface (right).

to appear in the centre of the image. This lens was later replaced with a 

newer Cosmicar 50mm lens and the problem did not occur.

The experimental rig described above does not work particularly well. 

Using the video clip, from which figure 5.9 comes, to reconstruct a solid model 

of the Plateau borders shows a flaw in the alignment of the camera. Figure 5.9 

shows a dodecahedral bubble consisting of twelve pentagonal facets, where 

two of those facets are horizontal. These lie nearly parallel to the lens axis for 

the whole 360° camera arc, and it is therefore very difficult to determine their 

structure. Figure 5.10 shows two views of a tomographic voxel reconstruction 

of a dodecahedral bubble in an aqueous foam (details of the reconstruction 

methods will be presented later in this chapter). The horizontal bubble radius 

is approximately 4mm. Visualisation of volume models is always difficult, 

so here are presented two different types of three-dimensional model image. 1

[ Each of these images was produced with Iris Explorer 2.2 running on a Silicon Graph-
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Figure 5.11: Voxel model of a Kelvin bubble, viewed as a transparent solid 

and as an opaque isosurface.

Firstly, treating each voxel as being partly transparent, it is possible to see the 

outlines of a cellular structure and to see how well 'focussed' the tomographic 

model appears. An alternative visualisation scheme is to choose a threshold 

voxel value and create an isosurface enclosing all voxels above threshold 

value. This is then rendered as an opaque solid.

In this case, the reconstructed model is of poor quality, and although 

some of the more vertical Plateau borders have been resolved fairly accu­ 

rately, the more horizontal ones are blurred or indistinguishable from noise. 

Also, the horizontal pentagonal facets appear solid, instead of hollow as they 

should be. Figure 5.11 is another example which shows the problems more 

clearly. In this figure of the reconstruction of an aqueous bubble resembling 

Kelvin's suggested minimal shape [35, 36], the horizontal Plateau borders 

give rise to large horizontal plates which should not have been formed. The 

ics Indy machine, as were all other three-dimensional images in this chapter.
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intention is to resolve Plateau borders only, and not foam lamellae. There is 

a straightforward solution to these problems, which is that the camera should 

be angled away from perpendicular to the axis of rotation.

This is an example of the sampling problem which occurs in cone-beam 

tomography, and it is further complicated by the fact that the optical system 

used here does not have a continuous Radon transform. In both the cases 

of solid and liquid foams, the shadow cast by the Plateau borders is almost 

completely dark. With the solid foams, this is because the Plateau borders 

are totally opaque, whereas the liquid foam Plateau borders, although highly 

transparent, scatter light so well that none passes through to the camera. 

For X-ray tomographic scanners, the attenuation of radiation depends on 

the amount and density of material a ray passes through before reaching 

a detector. This gives added information which is not available if rays are 

either attenuated completely or not at all, giving a binary Radon transform.

The effect of varying the angle of the camera to the horizontal can be 

seen in figure 5.12. A phantom target was made from a piece of bent solder 

wire and then filmed from six different camera elevations, capturing about 

140 images for each elevation. A reconstruction is made in each of the six 

cases and these are then rendered from the same viewpoint. Clearly, at low 

elevations the wire voxel models suffer from the same problem as the foam 

ones. The wire has been elongated in the horizontal plane, and the lower loop 

has become one flat surface. At angles of 30° or so, the distortion is much 

less, and the correct structure of the phantom can be seen. The elevation 

of 40° seems to give the best reconstruction; however, at this angle the view 

of the camera is restricted by the turntable and it is virtually impossible
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Figure 5.12: Results of applying optical tomography to a bent wire phantom 

with differing camera orientations (left to right and top to bottom, 0°, 10°, 

20°, 30°, 40° and 45°. Angle is measured from horizontal, axis of rotation of 

object is vertical.
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to illuminate the subject properly from behind. Because of this, the foam 

experiments were carried out with a camera elevation of 30°, as this gives 

good reconstruction accuracy and allows even lighting of a large section of 

foam.

The choice of scanning geometry for cone-beam tomography is a compro­ 

mise between reconstruction accuracy and simplicity of mechanical design. 

Many commercial medical scanners avoid the problem by using multiple two- 

dimensional tomographic slices to form a three-dimensional image. In two 

dimensions, the Radon transform in the plane is complete if an infinite num­ 

ber of projections of infinite resolution are taken at all angles around the tar­ 

get. An approximation to this is easily made by using many high-resolution 

projections on a circular arc. In three dimensions, however, the complete 

Radon transform is an infinite set of planar projections taken at all angles 

on a sphere around the target. It is difficult to design a mechanical sys­ 

tem which can provide this, so approximations are made which can mean 

that the Radon transform is not mathematically complete and reconstruc­ 

tion accuracy will be compromised. Smith explains the details [86, 87, 88] 

and provides complex algorithms for several scanning geometries.

In the interests of mechanical simplicity, this project uses only the circu­ 

lar scanning geometry described above. Fortunately, despite the theoretical 

mathematical shortcomings of this system, useful results are still obtainable.

Further complications arise in the ratio of emitters and detectors best 

suited to efficient reconstruction. Natterer [89] suggests that the number of 

emitter positions in a two-dimensional fan-beam tomography system should 

greatly exceed the number of detectors per projection for efficient recon-
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struction. In the three-dimensional optical case, this corresponds to a large 

number of low resolution images. In practice, limiting the resolution of a 

projection image can mean that the fine Plateau border filaments of a foam 

are not resolved. A high enough resolution is required that this is not the 

case, and since overall video bandwidth is restricted, the maximum number 

of images which may be sampled is less than optimal.

Fast reconstruction algorithms for two-dimensional tomography are well- 

documented, for example Peters [90]. The more complex three-dimensional 

problem is proving more difficult to implement in software. Feldkamp et 

al. [91] produce an approximate algorithm, noting that at that time no 

commercial scanners were known to use direct three-dimensional methods.

The algorithm presented in the next sections differs from those mentioned 

above by having a complexity based on the number of voxels, rather than the 

number or resolution of projections. It is not exact, but since the scanning 

geometry prevents an exact reconstruction this is not considered important. 

The software is reasonably efficient, bearing the above in mind.

5.6.1 Reconstruction of solid foams

The description of the reconstruction algorithms is divided into two cate­ 

gories, solid and liquid foams. The difference between the two is the value 

of the gas fraction in each type of foam. Solid foams in this project have a 

lower gas fraction than the liquid foams, and this simplifies the reconstruction 

process slightly.

Some examples of the foams are shown in figure 5.13. These are open 

polyurethane foams, and hence have no lamellae between Plateau borders.



5.6. OPTICAL FOAM TOMOGRAPHY 97

-'^:^
;• ..'-. • . .--,' -•'• -;^-i''*i"*^'-; *&••*'*'•;* f.s* " *f j iv-.T--<r;,-- • •: . ••••_, •;.-.•;.

' ^ . "\ / >"-. ri; *•"';'•• *''* ̂  V''^ "*-V ••"-*'-",'C" i* r V..'; - 

*^Y:*x> -*s?^.vC-s.Vi.-,v-'* >-i .^•-L <^"-;r t ^?^.'i_.*.iV'--'W.'.»'^s'.'.j'-ffli**if1 ^^ .^Si*,'*: *''' i-^V'"- ..

Figure 5.13: A selection of solid, open polyurethane foams.

Because of this, these foams are well suited to analysis by optical tomogra­ 

phy, as light passes through several layers of bubbles without much overall 

attenuation.

For accurate reconstruction, the position of the camera relative to the 

foam must be known. The details are shown in figure 5.14. Angle a is given 

accurately by a scale on the camera rig. The height of the CCD matrix, 

A, is taken from the camera documentation to be 6.6mm. The quantity 

D + d is measured with a ruler. This is roughly 300mm, depending on 

the magnification required to resolve individual bubbles in the foam sample. 

The distance H, the image height, is found by putting a ruler in front of the 

camera instead of the foam and measuring the size of the image directly.

The values of D and d can easily be calculated as they are in the same ratio 

as H and /i, since all four variables are on the sides of similar triangles. Given
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Figure 5.14: Actual camera geometry for tomography.
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D and a, the location of the point P is known. Successful reconstruction 

depends on knowing a, D and H, and also the azimuthal angle of rotation of 

the foam sample for each projection frame. The video system is assumed to be 

sampling frames at a regular rate; this is impossible to guarantee in computer 

terms without using a real time operating system. Microsoft Windows 3.11 

and the Captivator software provide no indication of the elapsed time between 

sampled images, although if a frame cannot be digitised quickly enough and 

it is skipped, the software is supposed to inform the user of this. In practice, 

Video for Windows version 1.0 sometimes skips frames quietly. The only way 

to be sure this has not happened is to go through the digitised video and 

check for duplicate frames, since if a frame is skipped the software copies the 

previous frame to the output file a second time.

To determine the angle the turntable rotates between frames, the total 

number of frames for one revolution are counted and divided into 360°. In 

order to make this as reliable as possible, all video was digitised to a buffer 

in memory first, then spooled to disk during moments when the processor 

was idle. Knowing the inability of Windows 3.11 to multitask efficiently, the 

accuracy of this procedure can only be guessed at. In general, recording at 

a given frame rate usually gave a variation of less than one percent in the 

number of frames required to store one revolution of the turntable. This 

margin of error could have been caused by a slightly binding bearing in the 

turntable hub. However, the error in frame rate was larger, such that the 

system never delivered the exact frame rate specified by the user.

The unit used internally by the reconstruction algorithm is the width of 

one pixel. Since the image height is known both in pixels and millimetres, a
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Figure 5.15: Solving for x and y gives the value of the pixel in frame F, and 

hence the intensity for a ray passing through F to a voxel v.

conversion between the two units is possible. The distance along the side of 

a voxel is also one unit.

The reconstruction algorithm implements the summation of all ray sam­ 

ples through each model voxel. It is assumed that the foam stays fixed in 

space and the camera rotates in a 360° circular arc around it. Figure 5.15 

shows how a reasonably efficient algorithm might work. For every voxel in the 

model, the intersection of a ray passing through it and the point P previously 

calculated with a frame F of the video gives the pixel value associated with 

that voxel. Since the pixel value represents the attenuation of light through 

the real foam at that point, inverting it by subtracting from 255, the max­ 

imum value, gives a probability of the voxel being part of a foam Plateau
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border. This value is added to the initial voxel value (zero) and the process 

is repeated for every frame. Hence, for a video sequence of 100 frames, the 

final value of the voxel v will be the sum of all the 100 probabilities derived 

from the frames with suitable normalisation to prevent overflow. A simple 

threshold, its value chosen depending the data, can then be used to decide if 

a voxel should represent gas or part of the foam Plateau border network.

The reconstruction system is most concisely and unambiguously described 

by a Z specification. The structure used to store the tomographic model is 

a voxel set, which is a sequence of images containing sequences of rows and 

columns, and is represented by the types,

VOXEL == BYTE

VOX ELS ET == seqseqseqVOXEL

The dimension of the voxel set is dv , so it contains dy voxels arranged in a 

cube. There is also a sequence of images, in similar format to that in chapter 

four, seq RASTER. These images are inverted to form projections for use 

in the reconstruction by,

,_ Invert __________________________________ 

datasetl, datasetl : seqRASTER

Vn : domdatasetl; x : domdatasetl (I)] y : domdataset(l)(l) • 

datasetl (n)(x)(y) = 255 - datasetl(n)(x)(y)

After this operation, each pixel in the image has a value in the range 0..255 

where higher numbers mean an increased likelihood of foam material along 

the ray through the pixel.
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Several parameters are required for the tomography software, as well as 

d\As'tj •

Hi : NI the number of projection images

Xi : NI the image width (pixels)

?/t : NI the image height (pixels)

acam : R the camera elevation (degrees)

The trigonometric functions 5m and Cos are assumed to exist without need­ 

ing specification, other than being of type R —> R. From these functions, 

the implementation of the rotation of a point about an axis can be defined. 

In particular, functions are required which describe the rotation of an ar­ 

bitrary point about the x and y axes, and these will operate with real co­ 

ordinates. An advantage of the small depth of field method described in 

chapter four is that it uses integer arithmetic throughout. The tomographic 

method requires floating point arithmetic, because of the trigonometric trans­ 

formations involved, and hence executes more quickly on a processor with 

fast hardware floating point arithmetic acceleration. The definition of a real 

three-dimensional coordinate type is the set of tuples of the form,

VECT == R x R x R

And from this, the specifications for rotation functions follow, where each 

function takes the coordinates of a point in space and an angle through 

which to rotate the point,
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rotX, rotY, rotZ : VECT x R ->

(x, - z * Cos(0)

(x * Cos(6>) - z * Sin(6),y, z * Cos(0) + z * Sm(0)) 

rotZ((x,y,z),0) =

* Cos(6>) - 2; * Sin(6),y * Cos(0) + x * 5m(6>),

Initially, the voxel set lies with its sides aligned with the x, y and z axes. 

The camera axis has azimuth and elevation offset angles relative to the z axis 

initially. An efficient way to proceed is to rotate the camera axis so that it 

lies along the z axis, and this requires a rotation about the y axis followed by 

a rotation about the x axis. The same transformations are applied to each 

voxel in turn, and it is then a simple matter to determine the intersection 

of the line joining the voxel and point P with the projection plane, which is 

now parallel to the xy plane and centred on the z axis. Figure 5.16 shows 

the situation after both rotations have been applied. It is a simple matter to 

find x and y by similar triangles, and hence the value which should be added 

to voxel v from the frame F.

There is a function RTransform, which applies both rotations to a real 

coordinate,

RTransform : VECT x R x R -> VECT

\/c:VECT- 6x ,6y :R^

RTransform(c, 6X , 9y ) = rotX(rotY(c, 0y ), Ox )
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Figure 5.16: Voxel and frame position after rotations.

The order of rotation is important. First the azimuthal rotation about the 

y axis is applied so that the camera axis is in the yz plane, then the x axis 

rotation aligns this axis with the z axis.

Given the constraint mentioned previously that the individual voxel side 

length is also the width of a pixel in F, the coordinates, relative to the axes 

of F, of the intersection of a ray through P and a given coordinate with F 

are found by applying the function Intersect. There is a problem with the 

specification of this function, as it seems to require a type cast, as indeed 

does the C language implementation. Type casting is the conversion of a 

data item of one type into another, usually done in software because storage 

requirements are different for each type. In Z, type casting is necessary to 

satisfy the strongly-typed nature of the language [56]. Z makes no provision 

for changing the types of variables in an expression, which is sometimes 

necessary in the description of a software module. In particular, Intersect 

needs to truncate real values to form integers. This is done by using () as 

the cast operator, 2 as in C, with the type of the expression between the

2 Z does not ordinarily support overloading of operators either.
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parenthesis. Although this may seem improbable in Z, the definition of a 

real to integer3 cast is straightforward,4

r2z : R x Z -> Z

Vr : R; z : Z«

if -1 < r < Ithen r2z(r,z) = z 

if r > 1 then r2z(r, z) = r2z(r -1,2 

if r < -1 then r2z(r, z) = r2z(r + 1, - 1)

Then the typecast operator to integers uses r2z as follows,

(Z)_ : R ->

Vr : R» (Z)r = r2z(r,0)

The definition of Intersect follows,

Intersect : VECT ->• Z x Z

Vx,y,z : R«

Intersect(x,y,z] =
f

(Z)
/ V \, div 2, (Z) —^-_
V 1 ~" D /

So, this function returns the offset, in image space coordinates, of the pixel 

associated with the voxel at (x,y,z).

Bringing all these functions together, the complete tomographic part of 

the reconstruction algorithm can now be defined, 5

3 (Z) rounds towards zero. 
4 Note that {0,1} e Z A (0,1} € R.
5 There is a shorthand notation here where if there is a tuple p : (N x N) = (a, 6), then 

dataset?(f)(d)(b) = dataset7(f)(p).
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. TomographicReconstruction. 

dataset? : seq RASTER 

vmodell : seqseqseqVOXEL

Vz, y, z : NI x<dv f\y<dv /\z<dv 

vmodel\(x)(y)(z) =

dataset(f) (Inter sect(

RTransform(x — dv div 2, y — dv div 2,z — dv div 2),

TomographicReconstruction outlines the transformations required for the 

correct reconstruction of the tomographic data. The resulting vrnodeU is a 

three-dimensional array of eight-bit density values, to which a threshold can 

be applied to distinguish the polyurethane foam material from the surround­ 

ing 'air.' The complete reconstruction system, going from video stream to 

solid model is,

_ SolidTomography __________________________

Invert » TomographicReconstruction

5.6.2 Reconstruction of liquid foams

Liquid/gas mixtures form closed foams, which may have either a high gas 

fraction and be polygonal, or a low gas fraction and be bubbly. The polygonal 

foams are better suited to analysis by optical tomographic means, since the 

cell lamellae are very thin compared to the Plateau border thickness, and 

almost completely transparent. The structure of foams of low gas fraction
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is more like that of spherical or elliptical bubbles in liquid, and the absence 

of thin lamellae means that virtually no light rays can pass through without 

being diffracted greatly. Since this optical tomography system depends on 

light rays passing through the foam sample in straight lines, low gas fraction 

foams are not easily studied with this method.

A problem with the dry polygonal foams is that, although the cellular 

structure is clear, individual Plateau borders are very thin (possibly tens 

of microns or less) and a typical CCD array does not have high enough 

resolution to properly resolve these thin strands of liquid. The effect is that 

what should be a crisp dark line in a video frame becomes a blurred grey line 

in the digital image. This effect can be seen in figure 5.9, where the already 

low resolution of the image is reduced by a greying and blurring of lines.

The ideal image which would be suitable for use as a tomographic projec­ 

tion would be a set of dark shadows from the Plateau borders on a uniform 

light background. Unfortunately, even with very thin liquid foams, the liquid 

lamellae can absorb a significant amount of light if they are oriented nearly 

parallel to the lens axis. This is also visible in figure 5.9. Lamellae which are 

almost 'edge on' to the camera appear grey and somewhat opaque, rather 

than completely clear. If something is not done to fix this, the lamellae will 

adversely affect the reconstruction, giving the appearance of liquid where 

none is intended.

A solution to both problems is to use the edge enhancement routines 

described in chapter four. Firstly, this has the effect of sharpening grey, 

defocussed lines into darker, sharper edges. But also, because it acts a bit 

like a two-dimensional differentiator, the darker lamellae are brightened up
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to match the rest of the background.

5.7 Results

The voxel models benefit from a low-pass filtering operation, as can be seen 

from figure 5.17. There are high spatial frequency noise artifacts in the 

reconstructed model but these are greatly diminished after filtering. The 

filter is a simple 27-neighbourhood averaging kernel which is applied in one 

pass to the voxel model. More passes only blur the data whilst adding no 

improvement.

The geometry of the Weaire-Phelan bubble [40] is clearly visible in fig­ 

ure 5.17. The regular 14-sided bubble has two hexagonal faces and twelve 

pentagonal faces. These monodisperse bubbles form a column in the foam 

tube such that they are surrounded by a single layer of bubbles next to the 

tube wall [92]. If the bubble volume is changed by a small amount, other 

regular bubble columns may be formed such as those from the bubbles shown 

in figure 5.18.

In figure 5.18 the bubble volume has been reduced, which means that 

more bubbles will fit into the tube. The 16-sided bubble is surrounded in 

the horizontal plane by fourteen bubbles, whereas the Weaire-Phelan bubble 

has twelve horizontal neighbours. The extra bubbles mean that the 16-sided 

shape has seven-sided horizontal faces and fourteen pentagonal faces. This 

leads to a greater distortion of the perimeter of the horizontal faces, which are 

planar, in order for the local Plateau border angle constraint to be satisfied. 

The extra curvature can be seen on the model.

Figure 5.18 also shows how the liquid threshold value affects the voxel
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Figure 5.17: Unfiltered (top) and filtered (bottom) Weaire-Phelan bubble.
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Figure 5.18: Varying thresholds for a 16-sided bubble model. Threshold 

values are (in rows, top to bottom) 90, 100, 110, 120, 130 and 140.
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model. The tomography experiment produces a continuous voxel result where 

varying the threshold changes the liquid content of the model. Tomographic 

models by their nature can never be black and white, but can only indi­ 

cate grey levels. The high end medical tomography scanners employ very 

sophisticated image processing techniques in order to produce useful images 

of tissue sections, but the raw tomographic data must be good enough for 

image processing to be worthwhile. In these foam models, there is no simple 

algorithm for determining the liquid threshold value automatically, however, 

if the foam density were known, the calculation of the correct threshold value 

would be trivial. In these experiments, the best situation is to scale the re­ 

construction so that a 'good' threshold value is somewhere near the middle 

of the 0..255 voxel value range.

Several magnified images of a Plateau border junction at different thresh­ 

old values are shown in figure 5.19. It is clear that the resolution of the voxel 

model at this level of detail is inadequate, and it is not reasonably possible to 

infer the exact junction geometry or even radii of curvature from the model. 

This should not be surprising, though, as the features are so small that very 

few voxels are needed to represent the curved surfaces. It is also true that if 

a much higher magnification were used (for example, a powerful microscope) 

to create pictures of the Plateau border, the tomography becomes less useful 

as a means of analysing liquid structures. This is because the scattering of 

light by the Plateau border is unpredictable, and only on a macroscopic scale 

does this produce a uniform dark shadow. At the microscopic level, some 

light will almost certainly pass through the Plateau border and be refracted 

towards the camera, producing a lighter area in the image than should be
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Figure 5.19: Close-up of a Plateau border junction. Threshold values are (in 

rows, top to bottom) 90, 100, 110, 120, 130 and 140.



5.7. RESULTS________________________________113

predicted by a simple application of the Radon transform.

Whilst the voxel models lack resolution, plenty of detail is captured by 

tomography. Figures 5.20 and 5.21 demonstrate this well. From reconstruc­ 

tions of aqueous Kelvin bubbles (figure 5.20) it is possible to see the slight 

curvature of the Plateau borders which Kelvin described in his paper. The 

quadrilateral faces are planar but have their edges bowed outwards by surface 

tension forces—this is visible in the model.

The solid foam in figure 5.21 shows a very good approximation of a por­ 

tion of a polyurethane foam. There is a broken Plateau border on the lower 

right part of the model. This is an accurate representation of the real foam 

which also has a broken Plateau border there. Since many uses of solid foams 

depend on foam structural properties, a more powerful version of the tomog­ 

raphy system could help to find weaknesses in foams caused by wear and tear 

or faulty manufacturing processes. If the foam contains many incomplete or 

broken links it will be less mechanically strong and resilient. Tomography 

could help in the quality assurance process.

Figures 5.22, 5.23 and 5.24 give an idea of the limitations of this sys­ 

tem. The solid foam tomography has no limitations on data gathering as the 

foams are clearly motionless. With any system, though, it is best to capture 

approximately the same number of frames as the dimension of the image or 

voxel set, as described earlier. Using a frame size of about 256 x 256 with 

256 frames, it is possible to reconstruct a voxel cube of side 256, or sixteen 

million voxels in total. For a target volume of about 64mm3 , a single voxel 

represents a volume of 3.8 x 10~ 15 m3 . The three figures represent a rough 

limit for foam complexity with this amount of data and the reconstruction
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Figure 5.20: The Kelvin Cell and close-up sections.
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Figure 5.21: Solid foam 1,

Figure 5.22: Solid foam 2.
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Figure 5.23: Solid foam 3.

Figure 5.24: Solid foam 4.
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software being used. At the expense of execution time, it may be possible to 

enhance the software to give minor improvements in model quality. It may 

also be that some other more complex scanning geometry may give some 

improvement; however, it is unlikely that either of these will lead to a big 

enhancement in image quality. What would probably be more helpful would 

be an increase in image and voxel resolution, which would also require a 

larger number of frames.



CHAPTER 6. OPTIMISED METHOD FOR LIQUID FOAM 118

Chapter 6

Optimised method for liquid 
foam

Any kind of tomography operation is a computationally expensive process 

and the optical method described in chapter five is no exception. There are 

large amounts of data to be dealt with at every stage, from the initial set 

of images to the final voxel dataset. A corresponding volume of processing 

power is required to complete the inversion of the Radon transform in reason­ 

able time. These computational requirements will not change in the future 

even though more powerful machines are becoming cheaper and more readily 

available.

Considering the special case of liquid foams with a high gas content, it 

seems that the full tomography operation could be unnecessary if a simpler 

model of the foam is desired. In this chapter, efforts to produce a representa­ 

tive model of liquid cellular foam structure without using optical tomography 

are documented.
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6.1 Line models

A simple cellular foam model could be just a list of lines in space. Each 

line has no thickness or curvature and the whole list simply connects the 

Plateau border vertices of the foam. The amount of storage required to 

contain such a model could easily be less than one thousandth that needed 

for a voxel dataset. The processing power needed to manipulate these wire 

frame models is similarly reduced.

It is possible to convert a voxel model into a line model by applying a 

skeletonisation filter and then searching for and joining the vertices in the 

resulting voxel skeleton with straight lines. However, it is also possible to 

go directly to a wire model by using a simplified optical method using less 

storage and processing resources 1 than tomography at every stage. The down 

side is that a line model contains much less information about foam structure 

than a voxel model. Whereas it is possible to see Plateau border curvature 

in the voxel model, for example, this information is lost in the simple line 

model. The payoff is in the speed of execution and reduced computational 

requirements of the method.

6.2 Experimental apparatus and method

Essentially, the same rig as was used for the optical tomography experi­ 

ments previously can be used here (figure 5.7). A sequence of video images 

is digitised as before, only for this experiment it will be important to use 

the highest image resolution possible rather than the highest frame rate for

*But some human assistance is required, as explained later.
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reasons which will become clear later. 

There are five steps to the method, 

• Digi tise video sequence 

• Locate Plateau border vertices in each video image 

• Resolve the position of each vertex in space 

• Connect neighbouring vertices 

• Check for 'unlikely' incorrect links 

The most computationally difficult st~p is probably the second one listed 

here. Even for simple foam networks, devising a system for resolving every 

link and node reliably is rather difficult. To make this as easy as possible, the 

frame grabber configuration is altered so that fewer frames are captured, but 

at a higher resolution. In the same bandwidth that six frames per second 

at 160x120 can be digitised, we can get one frame per second2 at 640 x 

480 pixels, both at a depth of six bits per pixel. The extra resolution is 

useful in resolving more accurately the positions of vertices in particular. A 

comparison of the two image resolutions is shown in figure 6.1. It is clear 

that the higher resolution image will be a better subject for edge analysis 

than the lower resolution one. 

However, edge detection is still difficult. The pictures in figure 6.1 show 

a vertical column of Kelvin cells on the central axis of a glass cylinder of 

internal radius 12mm and wall thickness 1mm. This is about the simplest 

2With the Video for Windows software it is not possible to specify an exact frame rate, 
but after capture the system reports the average frame rate for the whole capture period. 

, .. 
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Figure 6.1: Two digitised images-left, at 160 x 120, right, at 640 x 480. 

interesting configuration it is possible to analyse, but even so, the configura­

tion of Plateau borders is very difficult to detect automatically by computer. 

Even by eye, it is hard to spot exactly where some Plateau border vertices lie. 

It seems that at this resolution and image complexity, it will not be possible 

to devise an algorithm which can reliably detect a large enough number of 

Plateau borders in each image to make reconstruction possible. 

The best solution to this problem, given the resources available, is to use 

a piece of software which allows a user to locate the Plateau border vertices 

by hand. This is not ideal, but even a human often has trouble trying to 

see exactly where links connect to vertices in an image. If it is a difficult 

recognition problem for a human, an automatic solution is probably going to 

be very hard to produce. 

The software displays one frame of video on the screen, magnified by a 

factor of two. A user can then use the mouse to highlight vertices in the 

image. A screen shot of the system in action is shown in figure 6.2. A user 

has placed markers on each visible Plateau border junction in the image. 

Inevitably, some vertices are obscured and can't be seen but over all the 
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Figure 6.2: User selection of Plateau border junctions in an image. 

images enough points are identified that a model can be constructed. The 

software remembers all the vertices marked by the user, and stores them 

in a file which will be used by the reconstruction program. This process 

is repeated for every image; on completion, a set of vertex files have been 

created which can be used to reconstruct a wire frame representation of the 

foam cellular structure. 

6.3 A reconstruction algorithm 

In detail , the reconstruction process comprises the following steps, 

• Digitise video sequence 

• Locate Plateau border vertices in each video image 
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• Resolve the position of each vertex in space 

Check for projection rays mutual closest approach less than min­

imum iDist? 

- Cluster closest approach midpoints 

- Average cluster points to form vertices 

• Calculate the nearest three neighbouring vertices of a vertex 

• Check for and reject 'unlikely' incorrect links such as links not con­

nected at about 109.47° 

These steps are described below with Z; where identifiers are not defined, 

they are assumed to be taken from definitions in the preceeding chapters. 

6.3.1 Calculation of ray paths 

Each vertex in a frame from the digitised video must lie on a line in three­

dimensional space which passes through the vertex and through the centre 

of the camera lens, when the image is correctly aligned in space. In similar 

fashion to the earlier experiments, the calibration of the camera is known 

from measurements taken from the foam rig, hence the sizes and positions of 

the projections and the reconstructed model can be deduced. 

As before, the real foam rotates about a vertical axis which lies in the same 

plane as the lens axis, which subtends an angle Q cam to the horizontal. Each 

projection is perpendicular to the lens axis, and the x axis of the projection 

is horizontal. 

The reconstruction software takes a list of triples, dataln? : seq(Z x Z x 

JR) , which contain two integer coordinates and a real angle. The coordinates 
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are offsets of a Plateau border vertex relative to the centre of its projection 

(through which the lens axis passes), and the angle is the azimuthal rotation 

of the foam about its vertical axis. The order of triples does not matter, 

although in the implementation projections are read in one at a time, so the 

rotations increase uniformly. 

The schema Points2Rays describes the process of converting the vertex 
. 

coordinates in the set of projections to a sequence of three-dimensional lines 

in the vector form a + A b, which has type V ECT x V ECT. Here, the z axis 

is vertical, and the x axis is horizontal and perpendicular to the axis of the 

camera lens. When transforming a vertex, the actual location in space of 

the vertex and the location of the camera lens must be determined. Initially, 

the lens lies on the negative y axis, at a distance lDist? from the origin, and 

the projection containing the vertex being transformed lies perpendicular the 

negative y axis with its centre on the origin. 

Points2Rays ____________________________________________________________________ _____ 

dataln? : seq(Z x Z x lR) 

lDist? : lR 

rays! : seq(V ECT x V ECT) 

Vn : Nl In < #dataln? 

rays!(n) = (rotZ(rotX((O, -lDist?, 0), Qcam) , thd3(dataln?(n))) , 

rotZ(rotX(((lR) - fst3(dataln?(n)), -lDist?, 

(lR} - snd3(dataln?(n))) , Qcam) , thd3(dataln?(n)))) 

A rotation about the x axis by Q cam sets the correct elevation for the vertex 

and lens, followed by a rotation about the vertical z axis to set the azimuth 
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to that specified in the third field of the vertex triple. The projection ray 

passing from the camera lens through the vertex is then found by simple 

vector subtraction. It follows that the true three-dimensional vertex must lie 

somewhere along this ray.

As noted previously, type casts are sometimes needed in real software. 

The next section requires an integer to real conversion, which is described 

below,

z2r : Z x R ->> R

Vz : Z; r : R«

if z = 0 then z2r(z,r) = r

if z > 0 then z2r(z, r) = z1r(z - 1, r + 1)

if z < 0 then z2r(z, r) = z1r(z + 1, r - 1)

Then the typecast operator to reals is

)_ : Z -> R

Vz : Z

Ray paths are calculated for each vertex in datalnl so that a complete set of 

projection rays is calculated and stored in the sequence raysl : seq(VECT x 

VECT).

6.3.2 Resolving ray intersections

From the list raysl, the location of Plateau border vertices in space can be 

determined. A simple way to do this is as follows,

• Test all pairs of rays for mutual closest approach
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• Discard all pairs greater than Amzn apart

• Cluster midpoints of remaining ray pairs to form vertices

It is unreliable to test for exact ray intersections, because of errors in the 

camera calibration, in the user-supplied vertex coordinates or in the floating­ 

point machine arithmetic, hence the closest approach of ray pairs is used to 

find intersections. The value of Amt- n is large enough to cover for errors of a 

percent or so, but small enough so that most rays which clearly do not nearly 

intersect can be rejected.

Considering two rays, r^ = a + A 6 and r2 = c + /j,d, the formula for 

calculating their distance apart at the closest point is,

(a-c).b/\d .„ . distance = ———-—— (6-1), b/\d

At the closest approach, the rays are mutually perpendicular. But a unit 

vector in this perpendicular direction is,

b/\dn = (6.2)b/\d

Hence, forming an equation for the vector joining the two rays at the closest

approach,
(&-c).bAd\ / bf\d' (6-3)\b/\d\ I V bf\d 

From this, the values of A and // can be found at the closest point. Then, the 

endpoints of the connecting line between closest points can be determined 

and hence its midpoint, which is the value used for the 'intersection' point 

of the two rays.

The specification of this procedure requires a modulus function for cal­ 

culating the length of a vector, length,
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length : VECT -»

: VECT*

length(x,y,z) = ^x2 + y2 + z2

Slightly more complex are the descriptions of the closest approach and mid 

point functions, which follow from the equations above,

dist : (VECT x VECT x R) x (VECT x VECT x R) -> R 

midpoint : (VECT x V£CT x R) x (V£CT x V£CT x R) -+

; A,// : R»

, A, ((x2 , 2/2, 22), (a2 , 62 , c2 )), //) = 

Iength(x2 — x\ -\- // 02 — A ai , y2 ~~ y\

midpoint(((xi,yi, zj, (ai, 61, Ci)), A, ((x2 , i/2 , z2 ), (a2 , 62 , c2 )), //) = 

A ai 4- x2 + // a2 )/2, (2/1 + A 6 X + y2 + A*

The schema Get Inter sections produces a list of midpoints of all possible ray 

pairs from the sequence of rays rays?. 3 The output sequence inter sections] 

is composed of tuples containing the intersection point, or mutual midpoint 

of closest approach, of its two parent rays. If two rays are never closer than 

iDist? apart then they are outside the margin of error for intersection and 

their mutual midpoint is not included in the output sequence of intersections.

3 Clearly rays! and rays? will form a pipe in Points2Rays » Getlntersections.
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,— Getlnter sections.

rays? : seq(VECT x VECT)

iDist? : R

intersections* : seq VECT

Vm,n : NI m < #rays? A n < #rays? A m / n • 

3A,Ai:R»Va,/?:R A ^ a A /j 7^ 0 • 

dist(rays!(m), A, rays?(n), fj,) <

rays?(n),/3)

dist(rays7(m),X,rays7(n),/j,) < 

midpoint (r ay s?(m), A, rays?(n), //) G inter sections*.

The power of Z enables the description of u»/ia£ happens when an algorithm 

is executed to occupy only a few lines of mathematics, even if how the goal 

is achieved typically takes many more lines of code. The specification of 

Get Inter sect ions is a case in point; the solution of equation 6.3 in order to 

find A and p, requires some modifications to account for the possible error 

conditions. Firstly, if the following occurs,

I t Ad |=0

then there must be an exact intersection between two rays, and it is also true 

that

b/\d = 0

but evaluating this expression will cause an arithmetic error for dividing by 

zero, which must be trapped. A more likely error is that the solution of
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equation 6.3 which looks like

bi X -di n = Zi- di + Ci

bj X -dj n = Zj - dj + Cj

bk X -dk // = zk - ak + ck

will yield one or more of the following to be zero,

but since at least one will always be non-zero if b A d |^ 0, a solution can 

always be found if care is taken to check the validity of divisions. Fortunately, 

in the specification, the level of abstraction chosen is such that essential, but 

distracting, implementation details can be ignored.

6.3.3 Locating Plateau border vertices

The set of ray intersection points form clusters around the Plateau border 

vertices. By identifying these clusters and taking the average of their compo­ 

nent vertices the centre of a Plateau border junction can be obtained. There 

is a function mean which finds the average of a set of real values,4

mean :

mean(0) = 0
min s (R)#s - 1 mean(s) = mean(s \ min s)

'This requires the Z function ram to be overloaded with a real variant, min
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This function is part of the schema MakeNodes which describes the agglom­ 

eration of the ray intersection points produced by Getlntersections. A blob 

is a set of points which satisfy the criterion that no point in the blob is more 

than nDistl from at least one other point in the same blob. Searching for 
blobs in the set intersections! should give a blob located at each Plateau 

border vertex, where there should be a high density of intersection points. In 

practice, ndist is only one percent or so of the width of the whole point space 
under consideration. Each blob has a centroid which is simply the average of 
its component points; this is taken to be the location of the Plateau border 
junction represented by the blob.

,_ AtakeNodes _____________________________

inter sections? : seq VECT 

nDist? : R 

nodesl : Px VECT

Vs : blobs • V(zi, 3/1,21, ni) : s • 3(x2 ,y2 , Z2 ,n2 ) : s • 

length(xi - x2 , y\ — y2 , z\ - z2 ) < nDist? 

V(x, y, z, n) : s • (x, y, z) = inter sections! (n)

(mean({(x, y,z,n) : s • x}), mean({(x, y,z,n) : s • y}), 

mean({(x,y,z,ri) : s • z})) £ nodes!

An implementation of this algorithm could be a recursive procedure which 

would flag pairs of points less that nDist? apart with a unique group flag. 

Successive iterations could then join vertices such that they both assumed the 

lowest group number of either vertex. Probably a more efficient implemen-
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tation would sort the points first in order to reduce the number of necessary 

comparisons.

6.3.4 Connecting vertices

There is no information about the Plateau border geometry fed into the 

reconstruction software. However, in the special case of monodisperse foams 

there seems to be a convenient heuristic which applies to the interconnection 

of most vertices. In all foams observed in the course of this work, a vertex is 

joined by Plateau borders to the closest four neighbouring vertices. Clearly 

though, vertices near the edge of a reconstructed model may join with fewer 

than four other vertices, as the model will be incomplete here.

Connecting the vertices is then achieved by searching for the nearest 

neighbours of any particular vertex. A routine for sorting real numbers is 

needed,

sort : FK-> seq

sort(0) =

Vr : R» sort({r}) = (r)

iPjR #R> !•

sort(R) = (mm R) ^ sort(R \ min R)

There is also a convenience function, vdiff, which calculates the difference 

of two vectors,

vdiff : VECT x VECT -> VECT

vdiff ((xi 1 yi,zi),(x2j y2,z2 )) =
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Both these functions are used in the schema LinkNodes, which produces an 

output list of pairs of connected nodes. The set dists contains the values of 

the distance of a vertex m to every other vertex in the model; hence when 

dist is sorted in ascending order, its fifth element will be further away from 

m than all of the vertices m could be connected to. All four vertices within 

this range (maxDist) are members of the output set linksl.

,_ LinkNodes ______________________________

nodes? : Px (VEOT x Px 

linksl : V^VECT x VECT)

Vm : nodes? • 3 dists : E • 

Vn : nodes? m ^ n •

length(vdiff(m,n)) € dists 

3 maxDist \ maxDist = sort (dists) (5) • 

if length(vdiff(m,n)) < maxDist 

then (m, n) £ linksl

Even though linksl is a set, it is possible for duplicate links to exist because 

the order of points in a link tuple of vertices could be reversed. RemDups 

sorts each link pair by the vector length of each vertex vector—a completely 

arbitrary criterion, but this enables duplicate links to be removed from the 

output set.
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,_ RemDups

links?, linksl : P(VECT x VECT)

V(a, b) : links? •

if length(a) < length(b) then (a, b) G linksl 

else (6, a) £ linksl

6.3.5 Model reality-check

The wire model reconstruction may not exactly resemble the foam in the 

video—errors in the reconstruction caused by noisy data, nodes which have 

been hidden in several images and are hence poorly located, or just errors in 

the human input stage of the method can lead to vertices being created which 

should not exist or to links being made where there are no Plateau borders 

in the real foam. Both these types of error can sometimes be corrected by 

checking that the Plateau borders at a junction meet at angles of about 

109.47°. Small errors in the locations of the Plateau border vertices and also 

the small curvatures of the Plateau borders not represented in the wire model 

mean that angles of exactly 109.47° do not exist, even if they did in the real 

foam. By rejecting links which do not satisfy the criterion that both ends of 

a link must make roughly 109.47° with at least two other adjacent links, the 

model is more likely to be correct. This allows for the case at the edges of a 

model where there are often only three links at a vertex.

A basic component of the link-checking system is a schema which de­ 

scribes the operation of calculating the angle between two vectors,
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vectAngle : VECT x VECT

, y2 , z2 )) = 
xi x x2 + 3/1 x y2 + 2! x

COS A
V^i x xi + y\ x yi + z\ x z\ x ^/x2 x x2 + 2/2 x y2 + 22 x

The vectAngle function is used in CheckLinks which describes the complete 

check on the set of links for foam-like Plateau border angles. An input here 

is AQn5/ e ? which is the permitted variation in line angles. In the implementa­ 

tion, this has to be 20° or more so that correct links are with 109.47° ± 20°. 

The two sets of pairs, linesl and /mes2, contain the links which attach 

at the first and second ends of a link (s, e). If there are two links in each set 

which make the right angles with the test link, then that link is added to the 

output set.
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— CheckLinks.

links? : ^(VECT x VECT)

linksl : ¥(VECT x VECT)

V(s, e) : links? •

V(s, w), (u, s), (10, e), (e, x) : VECT x VECT 

3 linesi, linesi : VECT •

vdiff(u,s) G linesi A vdiff(v,s) G linesi 

vdiff(w,e) G linesi A vdiff(x,e) G linesi 

if 3 /i, /2 : linesi] /a, /4 : linesi l\ ^ l^ A / 

vectAngle(vdiff(e, s),k) = 109.47° ± 

vectAngle(vdiff(e, s), /2 ) = 109.47° ± 

vectAngle(vdiff(s,e),l3 ) = 109.47° ± 

vectAngle(vdiff(s, e), /4 ) = 109.47° ± 

then (s, e) G /m/cs!

6.3.6 Complete reconstruction specification

Now that the component parts of the method are defined, the whole system 

is easily described by

PointslRays » Get inter sections » MakeNodes » 

LinkNodes » RemDups » CheckLinks

What can be done if the assumption that each Plateau border vertex is con­ 

nected to its nearest neighbours is not applicable? Although this pathological 

case is rare and not seen in the experimental foams studied here, it will cause
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Figure 6.3: User selection of Plateau borders in an image. 

the reconstruction software to fail. 

136 

Modifications to the user input step and the reconstruction algorithm 

can get around this problem. If the user can also specify which vertices 

are connected as well as their locations in an image then reconstruction can 

proceed with a simpler vertex-linking stage. Figure 6.3 shows a modified 

version of the image processing program used to select features in an image. 

This time, the user selects lines rather than points and can therefore add the 

link information to each frame as well as vertex points. 

As the link information exists only for the two-dimensional network in 

each individual frame, it is essential for the reconstruction system to keep 

track of which points end up in which cluster of intersection points. Then link 

information can be converted into three dimensions by understanding how 

the components of each vertex are connected to the components of other 
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vertices. Three schemas in the definition need modification to include this 

change. Firstly, a replacement for Get Inter sections now produces an output 

list which contains tuples of type VECT x NI x NI x R instead of VEOT x R. 

The extra pair of natural numbers are the offsets in the list rays? of the 

component vertices making the intersection point.

,_ Get Inter sections'! __________________________

rays? : seq(VECT x VECT)

iDist? : R

intersections] : seq(VECT x NI x NI x

•Vra, n : N! m < #rays? A n < #rays? A m ^ n 

3A,/^:R»Va,/3:R A ^ a A n ^ f3 •

dist(rays?(m) J X,rays?(n),n) < dist(rays?(m),a,rays?(n),fl) 

dist(rays?(m), A, rar/s?(n),/x) < iDist? 

(midpoint (r ay s?(m), A, rays?(n), ^), m, n,

dist(rays?(m), A, rar/s?(n),//)) G intersections^.

In a similar way, each norfe requires a set of numbers which represent its com­ 

ponent points. So the output set from MakeNodes'! has type P1 (VrJE'C'T x 

P! NI ) and this extra information is provided by the new fields in each mem­ 

ber of intersections?.
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intersections! : seq(VECT x NI x NI x

nDist? : E

nodes\ : V^VECT x P x

3 blobs iPjPj

Vs : 6/o6s • V(xi, ^,2!, m), (^2,^2,^2, n2 ) : «•

length((xi — x2 , y\ — yi, z\ — z^)} < nDist? 

V(x, ?/, z, n) : s • =3ni, n2 : NI ; r : R •

intersections\(n) = ((x,y, ^),ni,ri2,r) 

(mean {((x, y, z, n) : s • re}, mean {(x, ?/, z, n) : s •

mean {(x, y, 2, n) : s • 2}), {(x, r/, z, n) : s • n}) G nodesl

From the user-supplied edge information comes the set linkData? : Pl (Ni x 

NI), which is a set of pairs of offsets in the intersections? point list. The 

new schema LinkNodesI uses this information to connect the Plateau border 

vertices rather than searching for nearest vertex neighbours. If there are two 

points in separate nodes which are in the link list, then the parent nodes are 

added to the output set of Plateau borders.
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._ LinkN Odes'2

nodes? : ^(VECT x Px NI) 

intersections? : seq(VECT x NI 

linkData? : Px (Ni x NI) 

linksl -.^(VECT x

x N x

: nodes? \ (zi,2/i,zi) / (£2 ,2/2,^2) • 

, 6i,di) : {^i '• NI • inter sections? (ni)}, 

((P2,92, 7*2), 02, 62, d2 ) : {n2 : A^ • inter sections? (n2 )} • 

€ linkData? V (62,01) G linkData? V 

G linkData? V (02,6!) G linkData? =^

, 2/i, 21), (^2,2/2, ^2)) G /m/cs!

The output from LinkData2 has exactly the same signature as that from 

LinkData and can be piped on into RemDups as before. In practice, on the 

experimental data used in this project, the final model output is identical 

in most cases whichever method of linking the vertices is used. Rarely, a 

difference occurs when the software incorrectly locates vertices due to the 

reasons described earlier. In this case, the failure modes of each algorithm 

are different.

6.4 Results

Some computer models of foam bubbles seen in the experimental apparatus 

are shown in this section. In each case, the foam geometry is represented 

by a network of straight, thin lines in space even though the actual foam 

contains Plateau borders with a small curvature.



6.4. RESULTS_______________ _____________140

Figure 6.4 is an example of one of the simplest liquid foam structures. 

The bubbles in this foam are large enough to occupy a quadrant of the 

containing tube cross-section and meet in the centre of the tube with quadri­ 

lateral interfaces. This forms a vertical 'ladder' of squares linked by their 

diagonally opposite corners at almost mutually perpendicular angles. These 

quadrilateral faces are very similar to those in Kelvin's bubble, being planar 

and having outwardly-curved edges.

It is clear from the wire model that most of the visible structure has 

been correctly resolved although there are errors at the lower end. These are 

probably caused by the increasing refraction of light as the path through the 

glass tube becomes longer, lower down the video image. It is not possible 

to check for two legal Plateau border angles at each vertex in this model, 

because some Plateau borders only meet one other at one of their vertices.

As with the tomography experiments, it is possible to study some of the 

Weaire-Phelan bubble shapes. Figure 6.5 shows a highly regular fourteen- 

sided bubble with two hexagonal and twelve pentagonal faces. Unfortunately 

the video hardware used in this project is not suitable for resolving large 

numbers of bubbles, so it is impossible to try and resolve a cluster of bubbles 

which might be organised in the way Weaire and Phelan suggest. This, as 

well as the tomographic work, does however provide proof that the individual 

bubbles do exist in real foams.

Figure 6.6 shows a group of three near-perfect Kelvin bubbles arranged in 

a vertical column. There are a couple of flaws at the extremities of the wire 

model, again where refraction effects are more disruptive. However, two of 

the three bubbles are perfect representations of the real foam geometry and it



6.4. RESULTS 141 

Figure 6.4: Diamond foam lamellae (video top, wire model bottom). Each 

diamond is of side length approximately 2mm. 
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Figure 6.5: . Weaire-Phelan foam bubble. The bubble diameter is approxi­

mately 5mm. 
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is easy to see the overall bubble structure. Unfortunately it is not possible to 

resolve the surrounding layer of bubbles around this central bubble column.

Liquid foams such as the aqueous soap foams studied here are amenable 

to the use of a priori information to assist in the reconstruction process due 

to their strict adherence to geometric rules. However, the solid polyurethane 

foams by the nature of their production process do not conform so rigorously 

to the tetrahedral angle constraints, for example. In this case, there is little 

which can be done to assist reconstruction other than to apply very general 

constraints such as voxel continuity (see [77] as described in chapter five).

The next chapter reviews the whole foam visualisation project and adds 

some suggestions as to where future research should be directed.
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Figure 6.6: Kelvin foam bubbles. Individual bubble diameter is approxi­

mately 5mm. 
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Chapter 7 

Conclusions

This thesis has described three methods of using optical systems to resolve 

the geometric structure of cellular foam networks. Probably for the first 

time, voxel and wire frame models of real foam bubbles have been presented. 

Although the foam samples which have been studied are small and not very 

complex, these methods are scalable with the availability of more processing 

power and superior video systems.

7.1 Reconstruction method pros and cons

There are some general considerations when using photographic systems on 

foams. One of the difficult problems is the illumination of the foam sample, 

especially in the liquid foam case. Any light sources can reflect off shiny aque­ 

ous interfaces and cause specular highlights which disrupt the reconstruction 

processes. This tends to rule out the use of lasers, either as a parallel light 

source or as a plane illumination.

All the work presented here was done with foams lit by a diffuse back­ 

light, which gives good shadows for both liquid and solid foams and does
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not cause significant specular highlights. This does add an extra constraint; 

obviously the foam sample must be thin or sparse enough that some light 

travels through to the camera. Unfortunately, the quality of the reconstruc­ 

tion becomes worse when less light is let through, which does not bode well 

for the study of complex or very dense cellular structures.

Another important consideration is the time required for the capture 

of enough images for the reconstruction to be worthwhile. The confocal 

method using a photographic camera needed several minutes to capture 36 

exposures. During this time the foam sunk slightly in the containing vessel, 

although image processing was able to correct this error. It is much harder 

to determine if the foam has undergone any structural rearrangement, such 

as a Tl or T2 transformation. The use of a digital video system enables five 

times as many high resolution images to be digitised in the same time frame 

as the 36 exposures, which reduces the total time of capture considerably. 

Now it is possible to get image digitisers for pentium class computers which 

can grab twenty-five times as many high resolution frames per second as the 

system used in this work.

In the next sections, the advantages and disadvantages of each of the 

three optical methods presented here are discussed in more detail.

7.1.1 Focal plane photography

The confocal method uses what is probably the simplest experimental rig 

and requires the least processing power to reconstruct a model. However, 

this is only true if the image data set is of high quality. In particular, if the 

lens cannot produce a small depth of field, the computational requirements
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increase and even then it may not be possible to reconstruct an accurate 

model.

Even with a high quality lens, it seems unlikely that the spatial resolution 

in the direction parallel with the lens axis will be anywhere near as high as 

the resolution in the plane of each image. In the work described here, the 

depth resolution is well over 100 times lower than the resolution in the image 

plane. Any measurements on the foam as a whole would have to be carried 

out at the lower resolution.

Confocal imaging works more effectively when the (dark) features in an 

image are thin or sparse compared to the (uniform) background. If this is 

the case, other features which do not lie in the focal plane are more easily re­ 

jected because the blurring effect lightens them as well as reducing sharpness. 

For dense cellular networks, this effect is lessened by the darkening of the 

background caused by many defocussed features. The lower contrast between 

focal plane features and others makes detection of edges more difficult.

There are some applications, though, where this optical method may be 

the best possible method. Each of the axial tomography systems requires 

a foam sample small enough to be rotated in front of a camera; it is not 

hard to imagine an industrial foam analysis machine which could only be 

presented with a large foam sample and must conduct the survey from one 

edge. Provided suitable illumination can be found, it seems that confocal 

imaging can give results of foam structure several layers into the bulk of the 

material.

The confocal software developed here produces a wire frame model of the 

foam geometry. Given sufficient accuracy, there is no reason why this could
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not be extended to include Plateau border width information. It mav be
v

possible to assume that the properties of Plateau borders in the focal plane, 

whose widths are easy to measure, could be added to the Plateau borders 

parallel to the lens axis which are more difficult to measure. It is also possible 

to write software which could guess the locations of some Plateau borders 

using the geometric rules which must be satisfied by liquid foams. As always, 

the success of these programs depends on the quality of the initial image data.

7.1.2 Optical axial tomography

The axial tomography scanner adds complexity to the scanning geometry and 

experimental rig and increased computational requirements but produces a 

more detailed and useful end result. It is also more robust when the image 

data is of poorer quality, having lower signal to noise ratio for example.

The more complicated scanning system of axial tomography may restrict 

its use to small foam samples only. The liquid foams studied here were 

contained in a glass tube as any non-symmetrical vessel will refract light 

differently depending on its orientation to the camera. This will clearly 

affect the reconstruction, unless some way of equating the refractive indices 

of the vessel and its surroundings can be found. Even with a tubular vessel, 

the only useful part of the digitised images is in the central portion where 

the refraction is minimised. 1

Axial tomography does appear to cope well with the denser foams, for 

example the polyurethane solid foams. However, this method does have 

problems in reconstruction of high spatial frequencies such as the very thin

Attempts to add the refraction calculations to the reconstruction software resulted in 
programs which took an infeasibly long time to execute.
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Plateau borders found in some images. These invariably become blurred in 

the reconstructed voxel model even before low-pass filtering to remove noise. 

The voxel models produced by axial tomography are much more homo­ 

geneous than those produced by the confocal system. The resolution in all 

directions is approximately the same, with no noticeable variation. Measure­ 

ments of the bubble sizes and shapes could now be taken with much more 

accuracy than in the confocal case.

7.1.3 Optimised tomographic method

This is an attempt to overcome the focal plane system's problem with inho- 

mogeneous result resolution and the axial tomographic method's poor per­ 

formance with very thin Plateau borders. The final model, a wire frame, 

contains less information than the voxel model but is computed very much 

more cheaply and from very many fewer frames. However, the image process­ 

ing step is much more complicated in this case and the very high resolution 

necessary for this to be completed automatically was not available during the 

course of this work. Instead of working at a resolution of about 500 x 500 pix­ 

els, which requires a human to mark the edges and Plateau border vertices, 

double or triple this resolution might allow an image processing algorithm to 

perform this step. The extra resolution means that lines are more clearly de­ 

fined and an edge-detection program is more likely to find all of the Plateau 

borders and intersections.

Even though human assistance is required in the image processing stages, 

the relatively simple reconstruction software does well to reconstruct accu­ 

rately the cellular geometry. The wire models show the regularity and uni-
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formity of real monodisperse foam bubbles for the first time although infor­ 

mation about the curvature of Plateau borders is lost. The image processing 

stage could be modified to include curvature information, though.

7.1.4 Software execution times

The performance of all three reconstruction methods depends the size of the 

input data. A brief summary follows for typical runs of each program on an 

Iris 4D workstation with a 50MHz R4000 MIPS processor. 2

A major part of the execution time for the confocal system is taken in the 

image preprocessing stage. The lack of consistency in scanned photographs 

necessitates considerable computational time to correct, in particular the 

cross-correlation between images needed for correct registration. This takes 

approximately twenty minutes. Similarly, the convolution operations used 

for the edge detection are also processor-intensive. On the 36-frame data set 

this will take 10-15 minutes. Converting the images to a line model is much 

faster, the complete set being finished in under one minute. Visualisation 

of the finished model may take anywhere between milliseconds to minutes 

depending on the quality of the final images. The high-quality pictures in 

chapter four were produced by the POVray raytracer which takes tens of

minutes.

The axial tomography experiments uses more images and the more so­ 

phisticated algorithm requires much more processor time. The preprocessing 

step of inverting the digital images takes negligible time and is conveniently 

folded into the main reconstruction program, but liquid foams incur the

2 The 64MB main memory is sufficient to contain the largest data sets shown in chapter 
five.
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Method Image Image Reconstruction Visualisation

acquisition processing time

Confocal imaging several mins 20 mins 15 mins fast 

(with photography)

Axial tomography 30 sees 5 mins 30 mins slow 

(digital imaging)

Optimised method < 30 sees slow 1-2 mins fast 

(human assistance)

Table 7.1: A summary of tomographic system image aqcuisition and process­ 

ing times.

added burden of edge enhancement as above. Reconstruction time depends 

on the resolution of the final model; a voxel set of resolution 1303 takes about 

30 minutes to prepare. However, doubling the resolution in each direction 

results in an eight-times slowdown.

The optimised method in chapter six is more efficient with computer time. 

However, the time required for a person to outline each Plateau border in 

the projection images takes far longer. Reconstruction from these typically 

takes several minutes, although the algorithm is polynomial3 and complex 

foams may take up to ten times longer to reconstruct.

Table 7.1 summarises the differences between each method.
3 This is a simple-minded implementation which makes most of the n2 comparisons 

between n rays.
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7.2 Improvements and future work

The ultimate goal of these optical tomography systems is to analyse complex 

foam behaviour in real time. This could have widespread use in any of 

the many fields where the characteristics of foam systems are important, as 

mentioned in chapter one. It is clear that this goal is infeasible for now, but 

as computers and video subsystems in particular become ever more powerful 

it is highly likely that much progress could be made towards this end in 

the next five to ten years. Given sufficient resources, it is probably possible 

today for a determined organisation to study a small liquid foam sample (of 

the order of ten bubbles) in real time by using a version of the optimised 

tomographic method described in chapter six.

No doubt this would require substantial computing power and probably 

several cameras and video digitisers. It may be too expensive for the results 

which such a system can achieve at the moment, though.

As far as smaller-scale research is concerned, there are many improve­ 

ments which could be made to the systems described here. In fact, any 

one would be a good starting point for further research. Even for the same 

capital outlay, the equipment which can be supplied now for the same price 

as the 486/66 PC and video system used here is capable of five times the 

processing performance and full frame full motion video; this will improve 

the performance of the axial tomography method even with the same soft­ 

ware. The confocal and optimised axial methods will benefit from the new 

very-high-resolution digital cameras which give superior image quality.

Tomographic reconstruction in general lends itself to parallel computa­ 

tion and the speed of reconstruction in the optical systems presented here
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could be increased by the use of a parallel computing system. Traditionally 

transputers have been used for this sort of task, but with cheap PC hardware 

and fast ethernet cards readily available it seems that the most power for the 

least money could come from a PC cluster. Multiprocessor Pentium Pro 

motherboards perhaps running a free UNIX clone designed for symmetric 

multiprocessing can easily challenge much more expensive workstations for 

raw numeric performance.

There are improvements to be made in the software also. The back pro­ 

jection algorithm used for axial tomography is effective, but simple-minded 

and inefficient. A better algorithm could take account of the sparse nature of 

images of cellular networks. If the projection could be made orthographic by 

some means4 then there are some optimisations which could significantly in­ 

crease the speed of the back projection algorithm. The ray paths in a parallel 

projection can be calculated much more quickly than those in a cone-beam 

because for each projection the direction of a ray only needs to be calculated 

once. Cone-beam rays must be recalculated on an individual ray basis. Also, 

the three-dimensional system can be simplified to a series of two-dimensional 

reconstructions for which fast algorithms are known. Since back-projection 

is essentially a convolution operation, it is possible to fast Fourier transform 

the projections and complete the convolution as a multiplication in Fourier 

space before transforming back to world space. The implementation of this 

algorithm in the cone-beam case has been hampered by the difficulty of effi­ 

ciently performing the three-dimensional Fourier transform.

It is also possible to improve on the optimised axial tomography method. 

Instead of a user fitting points or straight lines to a foam image, parametric

4 By using a parallel light source, for example.
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curves like Bezier or B-splines which could capture the curvature of each 

Plateau border could be fitted to the image. As mentioned above, given an 

image of sufficient resolution and clarity this could be done automatically by 

computer. The optimised method seems to be the best candidate for use in a 

real time system which might be able to resolve types of dynamic foam. Sim­ 

ilarly to the raw tomographic method, parallel computing hardware such as 

the PC cluster described above will greatly increase the speed of both image 

processing and also model reconstruction. Performance of the system will 

also be improved by the removal of a software bottleneck which exists in the 

implementation used here. As can be seen from the specification in chapter 

six, the search for clusters of Plateau border vertices is very inefficient. The 

search space may be reduced considerably by considering coherence between 

adjacent frames in similar fashion to the stereo viewing problem. However, 

any stereo algorithm would need to be modified to account for the angle of 

elevation of the camera. Stereo problems are often simplified by maintaining 

scan line coherence such that a plane through any scan line in one image also 

contains the same scan line from the other stereo image. This is not true in 

the axial tomography system, where scan lines from two adjacent images are 

not coplanar. This apparently minor difference adds considerable complexity 

to the cluster search problem.

Finally, the experimental rig used in axial tomography could be improved. 

Currently, the liquid foam resolution is adversely affected by diffraction ef­ 

fects from the glass tube in which it resides. Whereas in this project the 

bubbles studied have been located in the central region of the tube, it would 

be possible to resolve a cross-section of the whole tube if diffraction problems
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were removed. Possibly this could be achieved by using a refractive index- 

matching liquid around the exterior of the tube, but the internal glass-air 

interface will still remain.

7.3 Concluding remarks

This work has demonstrated that optical tomographic systems can resolve 

the bubbles in small foam samples. The presence of Kelvin cells in real 

foams, as seen by the physicists of Trinity College Dublin [92], has finally 

been confirmed by tomographic analysis, as have the individual shapes in 

the Weaire-Phelan foam cell.

This work is still in the early stages. Not much is known about the 

behaviour or performance of optical systems, even though X-ray and gamma- 

ray tomography have been studied for decades. However, the optical systems 

have clear potential and it may eventually be possible to observe the structure 

of sufficiently complex foams to give further insight into the process of foam 

formation and collapse.

Paul Thomas June 9, 1997
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Appendix A 

Published papers

These papers and articles have been published during the course of this work 

[93, 94, 95, 96, 97].
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