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Abstract

This paper models the indirect evolution of the preferences of a pop-
ulation of fully rational agents repeatedly matched to play a symmetric
2 × 2 game in biological fitnesses. Each agent is biased in favor of one
of the strategies, and receives a noisy signal of his and his opponent’s
bias. With sufficiently accurate signals, the resulting global game se-
lects a unique outcome, allowing preference biases to be shaped by the
replicator dynamics. Stability analysis in this setting requires the ex-
tension of recent techniques for evolution on infinite strategy spaces,
introducing new setwise stability concepts. In coordination games, the
interval of preference biases supporting the Pareto-dominant equilib-
rium is Lyapunov stable and weakly attracting, by virtue of constitut-
ing a “strongly uninvadable set.” In Prisoners’ Dilemmas that satisfy
Kandori and Rob’s (Games and Economic Behavior 22, 1998, 30–60)
“marginal bandwagon property,” meanwhile, an interval of biases sup-
porting efficient cooperation is a “neutrally uninvadable set,” and thus
Lyapunov stable. Journal of Economic Literature Classification Num-
ber: C70, C72.

Key Words: evolution; preferences; global games; replicator dynam-
ics; continuous strategy spaces; evolutionary stability.

“Man with all his noble qualities. . . still bears in his bodily
frame the indelible stamp of his lowly origin.”

Charles Darwin, The Descent of Man (1871)
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1 Introduction

Ideas and techniques from evolutionary biology have been fruitfully applied

to the modelling of adaptive economic behavior in evolutionary game theory.

Such models have provided powerful support for fully rational game-theoretic

equilibria as the eventual outcomes reached by groups of boundedly rational

individuals. However, the fit between biological models and traditional microe-

conomic assumptions remains an uneasy one, with evolutionary agents seem-

ingly distant ancestors of homo economicus. This paper applies evolutionary

methods at a more biological level, modelling the evolution of the preferences

of fully rational agents playing symmetric 2×2 games in “biological fitnesses.”

The model adopts the “indirect evolutionary approach” originating in the

work of Güth (1995) and Güth and Yaari (1992), but with antecedents in Frank

(1987) and Schelling (1960) for example. This approach assumes that individ-

uals play rationally for given preferences, but that these preferences need not

coincide with game fundamentals (fitnesses) and are subject to evolutionary

selection according to their success. Divergence from fitness-maximizing pref-

erences is then possible because of the resulting effect on opponents’ play,

as has been demonstrated very generally by Heifetz, Shannon, and Spiegel

(2003).1

As Samuelson (2001b) notes, the indirect evolutionary approach raises two

key questions. First, what preferences would emerge evolutionary victors if the

whole range of possible preferences were allowed to compete, rather than some

subset chosen for the example at hand? Second, can non-fitness-maximizing

preferences emerge in the absence of preference observability? Dekel, Ely, and

1See also, for example, Benos (1998), Bergman and Bergman (2000), Bolle (2000), Bester
and Güth (1998), Eshel, Samuelson and Shaked (1988), Fershtman and Weiss (1997, 1998),
Heifetz and Segev (2003), Guttman (2000), Huck, Kirchsteiger, and Oechssler (1999), Huck
and Oechssler (1999), Koçkesen, Ok and Sethi (2000a, 2000b), Kyle and Wang (1997),
Possajennikov (2000), Rotemberg (1994), and Sethi and Somanathan (2001).
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Yilankaya (2004) provide an answer to these questions with their conclusion

that an outcome is stable only if it is efficient, given observability of prefer-

ences. This nontrivial role for non-fitness-maximizing preferences breaks down,

however, if preferences are unobservable, in which case the stability concept

employed coincides with the notion of neutrally stable strategies. Ok and

Vega-Redondo (2001), meanwhile, also find that complete information is cru-

cial to departures from “individualistic” preferences, whilst Ely and Yilankaya

(2001) and Güth and Peleg (2001) reach similar conclusions.

Dekel, Ely, and Yilankaya (2004) consider an intermediate case between

complete and incomplete information where players know the population dis-

tribution of preferences and observe their opponents’ preferences with a prob-

ability p ∈ (0, 1). They demonstrate local robustness of their findings for the

polar cases to small changes in p (except for sufficiency of neutral stability

in the unobservable preferences case). Heifetz, Shannon, and Spiegel (2003)

also consider a number of intermediate cases between complete and incom-

plete information in the context of an example with a unique Bayesian equi-

librium: first, that preferences are observable in some fraction of interactions

but unobserved in others; second, that preferences are observed with noise;

and third, that players can make a costly signal of preferences. They find that

non-fitness-maximizing preferences may remain evolutionarily viable in these

imperfect observability scenarios.

Whilst a good deal is known then about the stability properties of pref-

erences under indirect evolution, there remains a key obstacle to a general

dynamic analysis: the possibility of multiple equilibria precludes the existence

of a well-defined function from preferences to fitnesses. Hence, existing studies

have made use of static stability concepts, partial dynamic analysis or cases

with a unique equilibrium. Sandholm (2001) overcomes this problem by nesting
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a model of (rapid) behavioral evolution within a model of (sluggish) prefer-

ence evolution, thus providing a full dynamic analysis of “two-speed” indirect

evolution. In particular, Sandholm’s players have idiosyncratic preference bi-

ases in a two-strategy game, and can only learn the aggregate distribution

of behavior—they have no knowledge of opponents’ preferences. In this set-

ting, aggregate behavior adjusts smoothly to the population analog of mixed-

strategy equilibrium in equilibration games such as Hawk-Dove, whilst discrete

jumps are possible in coordination games, with limit behavior depending on

initial conditions.

This paper considers the intermediate case between complete and incom-

plete information where, having publicly observed the population distribu-

tion of preferences for a given underlying fitness game, players privately ob-

serve a noisy signal of match-specific preferences. Common knowledge of the

fundamentals fails in this setting, giving a global game (Carlsson and van

Damme 1993, Morris and Shin 2002) in payoffs. The unique equilibrium se-

lection resulting from such games allows expected fitness to be expressed as a

(well-defined) function of preferences. This, in turn, means that the replicator

dynamics (Taylor and Jonker 1978) are well defined on the space of prefer-

ences, allowing an investigation of their dynamic indirect evolution in a fully

rational setting.

Specifically, it is assumed that the underlying fitness game is transformed

by a preference bias in favor of one strategy or the other to give the (global)

game in payoffs. The replicator dynamics then shape preference biases in the

familiar manner, increasing the frequency of those that deliver high expected

fitness relative to the population average. In order to analyze continuous

biases—as is required by the global games framework—use is made of the

replicator dynamics for infinite strategy spaces (Bomze 1990, 1991, Oechssler
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and Riedel 2001, 2002). In particular, the variational norm is adopted as the

measure of “distance” between populations, which are described by probabil-

ity measures on the space of preference biases. Evolutionarily stable strate-

gies are no longer asymptotically stable with infinite strategy spaces, but the

stronger requirement of a homogeneous, “uninvadable” population does suffice

(Oechssler and Riedel 2001). In the present model though, no populations sat-

isfy this requirement—except possibly in Hawk-Dove fitness games, which have

the character of an “arms race” in biases. Instead, a setwise generalization of

uninvadability—a “strongly uninvadable set”—is defined and shown to give

the infinite-dimensional analog of asymptotic stability for a set of probability

measures on a closed interval of the real line.

This result may be of general interest, but for the present purposes it

implies that the set of bias distributions giving the Pareto-dominant equilib-

rium of coordination fitness games—a strongly uninvadable set—satisfies the

infinite-dimensional analog of asymptotic stability under the replicator dynam-

ics. Moreover, the set of populations supporting the Pareto-dominated equilib-

rium are shown not to satisfy Lyapunov stability. In Prisoners’ Dilemma fitness

games, meanwhile, if Kandori and Rob’s (1998) “marginal bandwagon prop-

erty” (MBP) fails, then the set of bias distributions giving the usual inefficient

outcome is strongly uninvadable, and hence satisfies the infinite-dimensional

analog of asymptotic stability. However, if the MBP is satisfied for Prisoners’

Dilemma fitness games, then there are no strongly uninvadable sets of biases,

and a weaker setwise stability concept is needed. A “neutrally uninvadable

set” is defined, and shown to imply Lyapunov stability under the replicator

dynamics for a set of probability measures on a closed real interval. This is

again a general result, but in the model at hand it implies that a set of bias

distributions giving efficient cooperation is neutrally uninvadable, and hence
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Lyapunov stable. The usual inefficient outcome, on the other hand, cannot be

supported by such stable populations. Intuitively, Prisoners’ Dilemmas that

are not “too bad” (in the sense of the MBP) can be transformed into coordi-

nation games where efficient cooperation is the risk-dominant strategy (and is

thus played with probability 1).

2 The Model

The Fitness Game A population of individuals i = 1, . . . , N are repeatedly

matched to play a symmetric 2× 2 game in (real-valued) fitnesses :
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where f1 = f11−f21 and f2 = f22−f12. This fitness game will fall within one of

the usual symmetric 2× 2 game classes: coordination (f1, f2 > 0); Hawk-Dove

(f1, f2 < 0); or dominant-strategy (f1f2 < 0).
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Preference Biases To arrive at the payoffs that determine individual play,

however, any given underlying fitness game is transformed by idiosyncratic

preference biases for one strategy or the other, xi ∈ [a, b] ⊂ R, where

f1,−f2, 0 ∈ (a, b). This gives the following (asymmetric) game in payoffs :
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where R denotes the Row player and C the column player.2 It is this payoff

game that determines individual play, and thus outcomes; the players are quite

insouciant of underlying fitnesses.

Preference Evolution The individual preference biases are determined by

Taylor and Jonker’s (1978) replicator dynamics, with the attendant compli-

cations arising from the infinite strategy space S = [a, b] (Bomze 1990, 1991,

Oechssler and Riedel 2001, 2002). The aggregate play of the population is

described by a probability measure P on the measure space (S, B), where B

denotes the Borel σ-algebra on S. ∆ denotes the simplex of all populations on

S. The function f : S × S → R is defined to be a bounded, Borel-measurable

function f(xi, xj) mapping preference biases into (expected) fitnesses. The

2Note that, since xi can be positive or negative, either strategy may be preferred by any
given player.
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average fitness of population P against population Q is then

E(P, Q) =

∫

S

∫

S

f(x, y)Q(dy)P (dx). (1)

Following Oechssler and Riedel (2001), the analysis takes place on the Banach

space M e(S, B) of signed measures endowed with the supremum or variational

norm.3

Definition 1 The variational norm on M e(S, B) is given by

‖µ‖ = sup
f

∣∣∣∣
∫

f dµ

∣∣∣∣ ,

where the sup is taken over all measurable functions f : S → R bounded by 1,

supx∈S |f(x)| ≤ 1.

For the present purposes, the variational norm’s specialization to probability

measures,4

‖P −Q‖ = 2 sup
A∈B

|P (A)−Q(A)|,

is particularly useful.

The replicator dynamics then, as usual, increase the frequency of strategies

that are successful relative to the prevailing average fitness:

Q′(t)(A) =

∫

A

σ(x,Q(t))Q(t)(dx), Q(0) = P, (2)

3ν is a signed measure on (S,B) if there are two finite measures µ1 and µ2 such that for
all sets A ∈ B, ν(A) = µ1(A)− µ2(A).

4See Shiryaev (1995), p. 360.
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for all A ∈ B, where

σ(x,Q) :=

∫

S

f(x, y)Q(dy)−
∫

S

∫

S

f(x, y)Q(dy)Q(dx)

= E(δx, Q)− E(Q,Q) (3)

is the success of strategy x if the population is Q, δx denoting a Dirac measure

with mass 1 on x.

The choice of the replicator dynamics is justified by virtue of its status as

the leading biological selection dynamic. In the context of the evolution of pref-

erences, such a biological dynamic seems more appropriate than a behavioral

dynamic such as best response. The choice of the variational norm, meanwhile,

revolves around the question of what is meant by the “distance” between pop-

ulations in the infinite-strategy-space setting. Arguments can be made in favor

of the variational norm (Oechssler and Riedel 2001) or the topology of weak

convergence (Oechssler and Riedel 2002) as the appropriate measure, but here

the former is adopted, partly for the sake of convenience.

The Global Payoff Game Players are assumed (publicly) to observe the

underlying fitness game f that they are playing at any given time t, along

with the current population distribution of preference biases P . Each player

then privately observes a noisy signal x̃i = (x̃i
R, x̃i

C) = (xR, xC) + ψEi of the

true preference biases (xR, xC) in his game, where ψ > 0 is a scale param-

eter, the vector (ER, EC) has a continuous density, and the support of each

Ei is contained in a ball with radius 1 around 0 in R2.5 (ER, EC) is assumed

independent of x = (xR, xC), so that the players’ signals are independent con-

ditional on the true preference biases. However, the signals are unconditionally

5Note that the Ei’s can be such that each player is better informed about his own bias
than about his opponent’s.
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correlated, and hence the players can draw inferences about their opponents’

signals based on their own signals. But given the public observation of P ,

information about xi is uninformative about xj, j 6= i (assuming N is large).

This setup describes a global payoff game Γψ (Carlsson and van Damme 1993),

parameterized by ψ.

3 Analysis

So, what will be the equilibrium preferences to emerge from this schema?

A dynamic analysis of this question requires the existence of a well-defined

expected fitness function f in equation (1). Assuming that the players’ signals

of (xR, xC) are sufficiently accurate, the global payoff game delivers this well-

defined function through its equilibrium selection.

3.1 The expected fitness function

Lemma 1 For ψ sufficiently small, the outcome of Γψ is the unique strict

equilibrium or the risk-dominant equilibrium.

This is a direct consequence of Carlsson and van Damme’s (1993) (henceforth

CvD’s) theorem. To see the familiar “infection” argument in this setting—

with diffuse priors for convenience—observe that player i will play strategy 1

iff

f11ρ
i
j + f12(1− ρi

j) + E(xi | x̃i) > f21ρ
i
j + f22(1− ρi

j),

where ρi
j = Pr(j plays 1 | x̃i). Assuming f1 + f2 > 0, this holds iff

ρi
j >

f2 − x̃i
i

f1 + f2

.
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Since ρi
j ∈ [0, 1], strategy 1 is strictly dominant for player i if x̃i

i > f2, whilst

strategy 2 is strictly dominant if x̃i
i < −f1. It then follows from CvD’s

Lemma 4.2 that, if (1, 1) is the iterative dominance solution for given (xR, xC),

then playing strategy 1 is conditionally dominant at (xR, xC) in Γψ when ob-

servations are only slightly noisy. Now, consider player i observing signal

x̃i = (f2, f2). Since ρi
j is bounded below by the probability that strategy 1 is

strictly dominant for player j, it must be the case that

ρi
j ≥ Pr(x̃j

j > f2 | x̃i) > 0 =
f2 − x̃i

i

f1 + f2

,

so that strategy 1 is strictly dominant for player i conditional on the signal

x̃i = (f2, f2). But this must also be true for x̃i within an ξ-ball of (f1, f2), with

ξ sufficiently small. And it then follows that

ρi
j ≥ Pr(x̃j

j > f2 | x̃i) + Pr(x̃j
j ≤ f2 | x̃i). Pr(x̃j ∈ B((f1, f2), ξ) | x̃i)

> Pr(x̃j
j > f2 | x̃i) ≥ f2 − x̃i

i

f1 + f2

for x̃i on the boundary of B((f1, f2), ξ). But then this in turn must also be

true for x̃i within a ζ-ball of signals on the boundary of B((f1, f2), ξ), with ζ

sufficiently small, and so on.

This infection argument can be repeatedly applied to give a region D11 of

iterative dominance of strategy 1. The boundary of this region is then defined

by the condition

ρi
j ≥ Pr(Strategy 1 dominant for j | x̃i = x̃∗) ≥ Pr(px̃j ≥ px̃∗ | x̃i = x̃∗) =

f2 − x̃i
i

f1 + f2

for each player i, where x̃∗ is a particular boundary point of D11, px̃j ≥ px̃∗,

p ∈ R2, is the halfspace above the line px̃j = px̃∗ that is tangent to some open
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ball B′ ⊂ D11 with x̃∗ on its boundary. The second inequality here follows

from the fact that Pr(x̃j ∈ B′ | x̃i = x̃∗) → Pr(px̃j ≥ px̃∗ | x̃i = x̃∗) as ψ → 0,

as demonstrated in Appendix A of CvD. Combining the conditions for each

player, and noting that x̃i = x̃j = x̃∗ = (x̃R, x̃C),

Pr(px̃j ≥ px̃∗ | x̃i = x̃∗) + Pr(px̃i ≥ px̃∗ | x̃j = x̃∗) =
2f2 − x̃R − x̃C

f1 + f2

.

It then follows from CvD’s Lemma 4.1 that

1 =
2f2 − x̃R − x̃C

f1 + f2

⇔ x̃R + x̃C = f2 − f1

as ψ → 0. Note that this is precisely the threshold where the risk-dominant

equilibrium shifts between (1, 1) and (2, 2):

(f1 + xR)(f1 + xC) = (f2 − xR)(f2 − xC)

⇔ xR + xC = f2 − f1.

A similar argument establishes the iterative dominance of strategy 2 in the

complementary region.

The resulting cutoff strategies employed by the players in Γψ are depicted

in Figure 1(a), where a unique equilibrium is selected as a function of the true

preference biases (xR, xC) as ψ → 0. The expected fitness function f(xi, xj) is

thus (well) defined (and continuous for ψ > 0).
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Figure 1: Γψ cutoff strategies, ψ → 0—(a) f1 + f2 > 0; (b) f1 + f2 < 0
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For the f1 + f2 < 0 case, a similar argument yields the cutoff strategies in

Figure 1(b). Here though, player i will play strategy 1 iff

ρi
j <

f2 − x̃i
i

f1 + f2

,

so that strategy 1 is strictly dominant if x̃i
i > −f1 and strategy 2 is strictly

dominant if x̃i
i < f2. The signal x̃i = (−f1, f2) is now the platform for the

region D12 where the outcome (1, 2) is the iteratively-dominant-strategy equi-

librium, since it gives

1− ρR
C ≥ Pr(x̃C

C < f2 | x̃R)

⇒ ρR
C ≤ 1− Pr(x̃C

C < f2 | x̃R) < 1 =
f2 − x̃R

R

f1 + f2

and

ρC
R ≥ Pr(x̃R

R > −f1 | x̃C) > 0 =
f2 − x̃C

C

f1 + f2

.

The infection then takes hold by noting that these conditions must both be

satisfied for x̃i within an ξ-ball of (−f1, f2), with ξ sufficiently small, and so

on.

The boundary of the D12 region is then defined by the conditions

ρR
C ≤ 1− Pr(Strategy 2 dominant for C | x̃R = x̃∗)

≤ 1− Pr(px̃C ≥ px̃∗ | x̃R = x̃∗) =
f2 − x̃R

R

f1 + f2

14



and

ρC
R ≥ Pr(Strategy 1 dominant for R | x̃C = x̃∗)

≥ Pr(px̃R ≥ px̃∗ | x̃C = x̃∗) =
f2 − x̃C

C

f1 + f2

.

Combining the two conditions for each player, and noting that x̃R = x̃C =

x̃∗ = (x̃R, x̃C),

Pr(px̃C ≥ px̃∗ | x̃R = x̃∗) + Pr(px̃R ≥ px̃∗ | x̃C = x̃∗) = 1− f2 − x̃R

f1 + f2

+
f2 − x̃C

f1 + f2

,

which—by CvD’s Lemma 4.1—gives

1 = 1− x̃R − x̃C

f1 + f2

⇔ x̃R = x̃C

as ψ → 0. This is again precisely the threshold where the risk-dominant

equilibrium shifts between (1, 2) and (2, 1):

(f2 − xR)(f1 + xC) = (f1 + xR)(f2 − xC)

⇔ xR = xC .

A similar argument establishes the iterative dominance of the (2, 1) equilibrium

in the complementary region.

The resulting cutoff strategies employed by the players in Γψ as ψ → 0

are depicted in Figure 1(b), the expected fitness function f(xi, xj) thus again

(well) defined (and continuous for ψ > 0).

Proposition 1 For ψ sufficiently small, the replicator dynamics (2) on (S, B)

15



are well defined.

Proof. By Lemma 1, the expected fitness function f(xi, xj) is well defined

for sufficiently small ψ. The range of f is the convex hull of {f11, f12, f21, f22}.
Hence, f is bounded, and the result follows from Oechssler and Riedel’s (2001)

Theorem 2.

3.2 The bias game

Before analyzing the evolution of preference biases, consider first a scenario

where each player has an “evolutionary principal” who chooses that player’s

preference bias (prior to the playing of the global payoff game Γψ) with the aim

of maximizing the player’s expected fitness. In this case, there is a meta-game

Θψ of preference bias choice—the bias game—amongst the evolutionary prin-

cipals, which is a one-shot simultaneous-move game of complete information.

The outcome of this bias game will vary according to the underlying fitness

game.

Coordination fitness games Assuming without loss of generality that

f11 > f22, the Nash equilibria of the bias game Θψ for coordination fitness

games occupy the shaded regions of Figure 2(a) as ψ → 0. Evidently, there is

a set Λ11 of bias equilibria—containing an uncountable number of pure- and

mixed-strategy equilibria—that lead to efficient coordination on strategy 1,

either by making strategy 1 dominant for one or both players, or by ensur-

ing that Pareto dominance entails risk dominance in the coordination game

setting. However, there is also a set Λ22 of equilibria giving inefficient coordi-

nation on strategy 2, due to the familiar Prisoners’ Dilemma problem of the

suboptimal strategy being dominant for both players in this region. For non-

vanishing ψ in Figure 2(b), Λ11 has its boundary ψ inside the cutoff functions

16



...................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

.

...........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

.

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

.

...................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

.

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

.

.................................................................................................................................................

.................................................................................................................................................

........

.....

........

.....

........

.....

........

.....

........

.....

..

........

.....

........

.....

........

.....

........

.....

........

.....

........

.....

........

.....

........

.....

........

.....

............. ............. ............. ............. ............. .............

............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ...

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
........

0

0

xC

xR

x̃C
∗

x̃C
∗

x̃R
∗

x̃R
∗

−f1

f2

−f1 f2

(1, 1)

(2, 2)

(2, 1)

(1, 2)

(a)

Λ11

Λ22

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

...................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

.

...........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

.

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

.

...................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
............
.

........

.........
......

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

.

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

.

.................................................................................................................................................

.................................................................................................................................................

..............................................................

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

........

.....

........

.....

........

.....

........

.....

........

.....

..

........

.....

........

.....

........

.....

........

.....

........

.....

........

.....

........

.....

........

.....

........

.....

............. ............. ............. ............. ............. .............

............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ...

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............
........

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

....

................................................................................................................................................................................................................................................................................................................................................................................................................

..............................................................................

......

......

......

......

......

......

......

......

......

......

......

...

−f1

−f1

xC

xR

x̃C
∗

x̃C
∗

x̃R
∗

x̃R
∗

0

f2

0 f2

45◦

ψ

φ

Λ11

Λ22

(b)

c

c

←→

↑↓

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Figure 2: Coordination fitness game, f11 > f22—(a) ψ → 0; (b) ψ > 0
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x̃i
∗, in order to guarantee that the (1, 1) outcome is played with probability

1. Similarly, Λ22 has its boundary φ ≤ ψ inside the −f1 lines, representing

the point beyond which one of the players would deviate from a certain f22

to some available lottery over outcomes. The symmetric equilibria of Θψ are

those that coincide with the 45◦-line in Figure 2(b)—i.e. the sets ∆[c+(ψ/
√

2),b]

and ∆[a,−f1−φ] of all measures on the given intervals, where c = (f2 − f1)/2.

Hawk-Dove fitness games Assuming without loss of generality that f12 >

f21, the shaded regions of Figure 3(a) contain (uncountably many) Nash equi-

libria of Θψ for Hawk-Dove fitness games as ψ → 0. Clearly, there is a

set Λ12 of bias equilibria giving the Row player’s preferred outcome (1, 2)

by making strategy 1 dominant for him. Similarly, there is another set

Λ21 giving Column’s preferred outcome (2, 1) by making strategy 1 domi-

nant for him. Preference bias choice here then is essentially an “arms race”

to commit to playing strategy 1. For nonvanishing ψ in Figure 3(b), the

boundaries of Λ12 and Λ21 again retreat by ψ or φ ≤ ψ. Moreover, de-

pending on the model’s parameters, there may exist equilibria in the region

λ = (−f1 − ψ,−f1 + φ) × (−f1 − ψ,−f1 + φ), and if so, possibly also a set

Λ% of mixed-strategy equilibria randomizing over the interval [−f1 + φ, b] and

a subset(s) of (−f1 − ψ,−f1 + φ) with appropriate probabilities %. These are

the only possible symmetric equilibria of Θψ.

Prisoners’ Dilemma fitness games Assuming without loss of generality

that strategy 2 is dominant (i.e. f1 < 0, f2 > 0), if f11 > f22 then the dominant-

strategy fitness game is inefficient, or a “Prisoners’ Dilemma.” The equilibria

of Θψ for such fitness games differ according to the sign of f1+f2, as illustrated

in Figures 4 and 5. In either case, there is a set Λ22 of bias equilibria that give

the usual inefficient (2, 2) outcome. However, if—as in Figure 5—f1 + f2 > 0,

18
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Figure 3: Hawk-Dove fitness game, f12 > f21—(a) ψ → 0; (b) ψ > 0
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Figure 4: PD fitness game, f1 + f2 < 0—(a) ψ → 0; (b) ψ > 0
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then there is also a set Λ11 of equilibria supporting efficient coordination on

strategy 1, and this set grows with the size of f1 + f2. Moreover, there is a set

Λ% of mixed-strategy equilibria randomizing over the interval [c+(ψ/
√

2), f2−
φ′] and subsets of (f2 − φ′, b] with appropriate probabilities %, depending on

the model’s parameters; these equilibria also support efficient coordination

on strategy 1. Positive f1 + f2 corresponds to satisfaction of Kandori and

Rob’s (1998) “marginal bandwagon property” (MBP), which here captures the

feature that the disadvantage of strategy 1 over strategy 2 is minimized when

the other player is using strategy 1. This can be interpreted as meaning that

the Prisoners’ Dilemma is less “bad,” in the sense that the efficient outcome

(1, 1) is less vulnerable to deviation. The effect of the MBP on the bias game

Θψ is to allow the preference biases to transform the Prisoners’ Dilemma fitness

game into a coordination payoff game—which is stable when the risk-dominant

equilibrium is (1, 1), since the usual unilateral deviations are not available.6

Thus, preference biases allow the possibility of cooperation in the Prisoners’

Dilemma.

3.3 The evolutionary game

Turning now to the evolution of preference biases, the “evolutionary princi-

pals” of the above bias game are replaced by the replicator dynamics (2) for a

population playing that game.

Now, it is well known that symmetric Nash equilibria are (amongst other

states) stationary under the replicator dynamics. In particular, if a symmetric

Nash equilibrium of the bias game Θψ puts positive probability on a preference

bias x, then the pure strategy x must achieve the same (maximal) expected

6Notice that the usual unilateral deviations are available from the regions where strategy
1 is dominant for one or more of the players, so that these regions are unstable.
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Figure 5: PD fitness game, f1 + f2 > 0—(a) ψ → 0; (b) ψ > 0
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fitness as any other pure strategy played with positive probability in that

equilibrium. Hence, all pure strategies (preference biases) played with positive

probability in a symmetric Nash equilibrium of Θψ earn the population average

fitness E(Q,Q), and their success (3) is thus 0, giving stationarity by (2).

To arbitrate between the large number of stationary states of the replicator

dynamics, it is common to compare their dynamic stability properties in the

implicit presence of local mutations. Such an analysis can be conducted in

infinite strategy spaces after an appropriate redefinition of “local.”

Definition 2 Let Q∗ be a rest point of the replicator dynamics,

σ(·, Q∗) = 0 Q∗ − a.e.

Then

– Q∗ is called Lyapunov stable if for all ε > 0 there exists an η > 0 such

that ‖Q(0)−Q∗‖ < η ⇒ ‖Q(t)−Q∗‖ < ε for all t > 0.

– Q∗ is called strongly attracting if there exists ε > 0 such that ‖Q(0) −
Q∗‖ < ε ⇒ ‖Q(t)−Q∗‖ → 0.

– Q∗ is called weakly attracting if there exists ε > 0 such that ‖Q(0) −
Q∗‖ < ε ⇒ Q(t) → Q∗ in distribution.

The last two concepts coincide for finite strategy spaces. Together with Lya-

punov stability they are called asymptotic stability.

Now, whilst there are stationary states of the replicator dynamics that are

not symmetric Nash equilibria, no such state satisfies even the weak require-

ment of Lyapunov stability. This result, due to Bomze (1986) for finite strategy

spaces, readily carries over to infinite strategy spaces if f is bounded (so that

the bilinear functional E(P, Q) given by (1) is continuous in the variational

23



topology (Oechssler and Riedel 2001)). Hence, if a population profile of prefer-

ence biases is Lyapunov stable under the replicator dynamics, then it must be

one of the symmetric Nash equilibria of Θψ identified in Subsection 3.2. But

which one? Indeed, it is unclear whether such a Lyapunov stable population

even exists.

With finite strategy spaces, the static criteria of evolutionary and neutral

stability are helpful in this regard.

Definition 3 (Maynard-Smith 1974) A population P is called an evolu-

tionarily stable state (ESS) if for every “mutation” Q, there is an invasion

barrier ε(Q) > 0 such that for all 0 < η ≤ ε

E(P, (1− η)P + ηQ) > E(Q, (1− η)P + ηQ). (4)

Definition 4 (Maynard-Smith 1982) A population P is called a neutrally

stable state (NSS) if for every “mutation” Q, there is an invasion barrier

ε(Q) > 0 such that for all 0 < η ≤ ε

E(P, (1− η)P + ηQ) ≥ E(Q, (1− η)P + ηQ).

In the finite case, every ESS is asymptotically stable in the replicator dynamics

(Taylor and Jonker 1978, Hofbauer, Schuster, and Sigmund 1979), and every

NSS is Lyapunov stable (Thomas 1985, Bomze and Weibull 1995).7 However,

in infinite strategy spaces, Oechssler and Riedel (2001) show that the former

result no longer holds in general, so that stronger concepts than ESS are nec-

essary.

Definition 5 (Vickers and Cannings 1987) A population P is called un-

7For a review of results in finite strategy spaces, see Weibull (1995).
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invadable if there is a uniform invasion barrier, that is, an ε > 0 such that (4)

holds for all Q and all 0 < η ≤ ε.

Uninvadability implies evolutionary stability, merely requiring a uniform inva-

sion barrier against mutations amongst a small fraction of the population. If

mutations amongst the whole population to “nearby” populations are allowed,

the following even stronger definition is reached.

Definition 6 (Bomze 1990) A population P is called strongly uninvadable

if there is a barrier ε > 0 such that for all populations R 6= P with ‖R−P‖ ≤ ε,

we have

E(P, R) > E(R, R).

Strong uninvadability implies uninvadability, and if the equilibrium population

state is homogeneous, then the criteria coincide (Oechssler and Riedel 2001).

Oechssler and Riedel’s (2001) Theorem 3 shows that every uninvadable, ho-

mogeneous population is Lyapunov stable, and—if f is continuous—weakly

attracting.

Unfortunately, this result is of limited use in analyzing the bias game Θψ of

Subsection 3.2. If there is a symmetric, uninvadable pure-strategy equilibrium

in the region λ for the Hawk-Dove fitness game (Figure 3), then it is clearly

Lyapunov stable and weakly attracting. But none of the symmetric Nash equi-

libria of the coordination and Prisoners’ Dilemma fitness games are uninvad-

able. This is because they all belong to regions of fitness-equivalent equilibria,

so that any such population P has a “nearby” population (1− η)P + ηQ such

that E(P, (1−η)P +ηQ) = E(Q, (1−η)P +ηQ), for η arbitrarily small. How-

ever, it seems likely that some of these regions will have some evolutionary

stability property, suggesting a switch of focus to setwise generalizations of

the static stability criteria.
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Definition 7 (Thomas 1985) A set of populations Π ⊂ ∆ is an evolution-

arily stable (ES) set if and only if it is nonempty and closed, and each P ∈ Π

has some neighborhood U such that E(P, Q) ≥ E(Q,Q) for all Q ∈ U , with

strict inequality if Q /∈ Π.

Clearly if a population P belongs to an ES set, then it is neutrally stable.

To investigate the dynamic stability properties of such sets, it is first nec-

essary to generalize Definition 2 to apply to sets of states.

Definition 8 Let Π ⊂ ∆ be a closed set of states (populations). Then

– Π is called Lyapunov stable if for all ε > 0 there exists an η > 0 such

that infR∈Π ‖Q(0)−R‖ < η ⇒ infR∈Π ‖Q(t)−R‖ < ε for all t > 0.

– Π is called strongly attracting if there exists ε > 0 such that

infR∈Π ‖Q(0)−R‖ < ε ⇒ ‖Q(t)−R′‖ → 0, for some R′ ∈ Π.

– Π is called weakly attracting if there exists ε > 0 such that

infR∈Π ‖Q(0)−R‖ < ε ⇒ Q(t) → R′ in distribution, for some R′ ∈ Π.

In finite strategy spaces, every ES set is asymptotically stable (Weibull

1995), suggesting that the following concept may be of use in the infinite case.

Definition 9 A set of populations Π ⊆ ∆ is a strongly uninvadable (SU) set

if and only if it is nonempty and closed, and there is a barrier ε > 0 such that

each P ∈ Π has E(P, Q) ≥ E(Q,Q) for all Q within the ε-neighborhood of P ,

with strict inequality if Q /∈ Π.

Here, of course, the ε-neighborhood of P is defined on the variational topology.

The following result unsurprisingly holds.

Proposition 2 If P ∈ ∆ belongs to a strongly uninvadable set Π ⊆ ∆, then

P is a Nash equilibrium.
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Proof. Suppose otherwise. Then there exists some Rb ∈ ∆ such that

E(Rb, P ) > E(P, P ). Letting Q = (1 − η)P + ηRb, clearly ‖P − Q‖ ≤ η.

Equation (1) then gives

E(P, Q) =

∫

S

∫

S

f(x, y)((1− η)P + ηRb)(dy)P (dx)

= (1− η)

∫

S

∫

S

f(x, y)P (dy)P (dx) + η

∫

S

∫

S

f(x, y)Rb(dy)P (dx)

= (1− η)E(P, P ) + ηE(P, Rb)

and

E(Q,Q) =

∫

S

∫

S

f(x, y)((1− η)P + ηRb)(dy)((1− η)P + ηRb)(dx)

= (1− η)2

∫

S

∫

S

f(x, y)P (dy)P (dx)

+ η(1− η)

(∫

S

∫

S

f(x, y)P (dy)Rb(dx) +

∫

S

∫

S

f(x, y)Rb(dy)P (dx)

)

+ η2

∫

S

∫

S

f(x, y)Rb(dy)Rb(dx)

= (1− η)2E(P, P ) + η(1− η) (E(Rb, P ) + E(P,Rb)) + η2E(Rb, Rb).

Hence,

E(P,Q)− E(Q,Q) = η (E(P, P )− E(Rb, P ))

− η2 (E(P, P )− E(Rb, P ) + E(Rb, Rb)− E(P, Rb)) ,

which is negative for η sufficiently small, in violation of the strong uninvad-

ability of Π.

The concept of a strongly uninvadable set allows the following natural

generalization of Oechssler and Riedel’s (2001) Theorem 3.
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Theorem 1 If ∆[α,β] ⊆ ∆ is a strongly uninvadable set, then

– ∆[α,β] is Lyapunov stable;

– if additionally f is continuous, then ∆[α,β] is weakly attracting.

Proof. Consider Q(0) /∈ ∆[α,β] such that infR∈∆[α,β]
‖Q(0) − R‖ ≤ ε, where ε

is ∆[α,β]’s strong uninvadability barrier. From equations (2) and (3),

Q′(0)([α, β]) =

∫

[α,β]

(E(δx, Q(0))− E(Q(0), Q(0))) Q(0)(dx)

=

∫

[α,β]

E(δx, Q(0))Q(0)(dx)−
∫

[α,β]

E(Q(0), Q(0))Q(0)(dx)

=

∫

[α,β]

∫

S

f(x, y)Q(0)(dy)Q(0)(dx)− E(Q(0), Q(0))

∫

[α,β]

Q(0)(dx),

since E(δx, Q(0)) =
∫

S
f(x, y)Q(0)(dy) by equation (1). Construct the measure

R∗ given by Q(0)({x})/Q(0)([α, β]) for x ∈ [α, β] and 0 otherwise. Evidently,

R∗ ∈ ∆[α,β], and

‖Q(0)−R∗‖ = 2 sup
A∈B

|Q(0)(A)−R∗(A)|

= 2 Q(0)(S\[α, β])

= inf
R∈∆[α,β]

‖Q(0)−R‖.

Hence ‖Q(0)−R∗‖ ≤ ε, and

Q′(0)([α, β]) = Q(0)([α, β])

∫

S

∫

S

f(x, y)Q(0)(dy)R∗(dx)

−Q(0)([α, β])E(Q(0), Q(0))

= Q(0)([α, β]) (E(R∗, Q(0))− E(Q(0), Q(0)))

> 0
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by strong uninvadability of ∆[α,β]. The same argument applies to Q(t) /∈ ∆[α,β]

such that infR∈∆[α,β]
‖Q(t)−R‖ ≤ ε, and hence Q(t)([α, β]) is strictly increasing

until Q(t) ∈ ∆[α,β], given continuity of f .8

If Q(t) ∈ ∆[α,β], then Q(t) is Nash by Proposition 2. It follows that

E(δx, Q(t)) = E(Q(t), Q(t)) for all x in the support of Q(t), so that

σ(x,Q(t)) = 0 and hence Q′(t)({x}) = 0 from equation (2). For x not in

the support of Q(t) meanwhile, Q(t)({x}) = 0, so that again Q′(t)({x}) = 0.

This result may be of general interest, but it is also useful in arbitrating be-

tween the symmetric Nash equilibria of the bias game Θψ in Subsection 3.2—at

least for coordination fitness games.

Corollary 1 For coordination fitness games, the set of preference biases sup-

porting coordination on the Pareto-dominant equilibrium is Lyapunov stable

and weakly attracting.

Proof. ∆[c+(ψ/
√

2),b] is nonempty for ψ ≤ √
2(b− c).

Evidently, infR∈∆[c+(ψ/
√

2),b]
‖P −R‖ > 0 for all P ∈ ∆\∆[c+(ψ/

√
2),b]. Letting

ξ(P ) = (infR∈∆[c+(ψ/
√

2),b]
‖P−R‖)/2, it is clear that Bξ(P )(P ) ⊂ ∆\∆[c+(ψ/

√
2),b]

for all P ∈ ∆\∆[c+(ψ/
√

2),b]. Hence, ∆\∆[c+(ψ/
√

2),b] is open in the variational

topology, and ∆[c+(ψ/
√

2),b] is closed.

Now, for any P ∈ ∆[c+(ψ/
√

2),b], and any Q /∈ ∆[c+(ψ/
√

2),b] such that

2|P ([a, c+(ψ/
√

2)))−Q([a, c+(ψ/
√

2)))| = ‖P −Q‖ = ε, E(P, Q) > E(Q, Q)

8See Oechssler and Riedel (2001), pp. 149–150, for the necessity of continuous f for weak
attractiveness.
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if and only if

∫

[a,b]

(∫

[c+(ψ/
√

2),b]

f(x, y)Q(dy) +

∫

[a,c+(ψ/
√

2))

f(x, y)Q(dy)

)
P (dx) >

∫

[a,b]

(∫

[c+(ψ/
√

2),b]

f(x, y)Q(dy) +

∫

[a,c+(ψ/
√

2))

f(x, y)Q(dy)

)
Q(dx). (5)

Note that

∫

[c+(ψ/
√

2),b]

f(x, y)Q(dy) = (1− k)

∫

[a,b]

f(x, y)R1(dy),

where k = ε/2, and R1({x}) = Q({x})/(1 − k) for x ∈ [c + (ψ/
√

2), b] and 0

otherwise. Similarly,

∫

[a,c+(ψ/
√

2))

f(x, y)Q(dy) = k

∫

[a,b]

f(x, y)R2(dy),

where R2({x}) = Q({x})/k for x /∈ [c + (ψ/
√

2), b] and 0 otherwise. Hence,

(5) holds if and only if

(1− k)

∫

[a,b]

∫

[a,b]

f(x, y)R1(dy)P (dx) + k

∫

[a,b]

∫

[a,b]

f(x, y)R2(dy)P (dx) >

(1− k)

∫

[c+(ψ/
√

2),b]

∫

[a,b]

f(x, y)R1(dy)Q(dx)

+ (1− k)

∫

[a,c+(ψ/
√

2))

∫

[a,b]

f(x, y)R1(dy)Q(dx)

+ k

∫

[c+(ψ/
√

2),b]

∫

[a,b]

f(x, y)R2(dy)Q(dx)

+ k

∫

[a,c+(ψ/
√

2))

∫

[a,b]

f(x, y)R2(dy)Q(dx)
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⇔ (1− k)f11 + kE(P, R2) >

(1− k)2

∫

[a,b]

∫

[a,b]

f(x, y)R1(dy)R1(dx)

+ k(1− k)

∫

[a,b]

∫

[a,b]

f(x, y)R1(dy)R2(dx)

+ k(1− k)

∫

[a,b]

∫

[a,b]

f(x, y)R2(dy)R1(dx)

+ k2

∫

[a,b]

∫

[a,b]

f(x, y)R2(dy)R2(dx)

⇔ (1− k)f11 + kE(P, R2) >

(1− k)2f11 + k(1− k)(E(R2, R1) + E(R1, R2)) + k2E(R2, R2)

⇔ (1− k)(f11 − E(R2, R1)) >

k(E(R2, R2)− E(R1, R2)) + (E(R1, R2)− E(P, R2)).

Since f11 > E(R2, R1) and E(R1, R2) → E(P, R2) as ε → 0, this must hold for

ε sufficiently small. This is true a fortiori if 2|P ([a, c + (ψ/
√

2))) − Q([a, c +

(ψ/
√

2)))| < ‖P − Q‖ = ε, since k < ε/2 in that case. For Q ∈ ∆[c+(ψ/
√

2),b],

meanwhile, E(P,Q) = E(Q,Q) = f11.

∆[c+(ψ/
√

2),b] is thus a strongly uninvadable set, and is hence Lyapunov sta-

ble and weakly attracting (given continuity of the expected fitness function for

ψ > 0) by Theorem 1. Any population belonging to this set coordinates on

strategy 1, giving the Pareto-dominant equilibrium of the underlying fitness

game.

The replicator dynamics thus support preference biases in favor of the efficient

strategy in coordination fitness games, making it risk dominant or dominant
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and hence giving efficient coordination. Moreover, biases in favor of the inef-

ficient strategy fail to receive such support.

Proposition 3 For coordination fitness games, the set of preference biases

supporting coordination on the Pareto-dominated equilibrium is not Lyapunov

stable.

Proof. Consider a population Q such that infR∈∆[a,−f1−φ]
‖Q − R‖ = ε and

Q([c + (ψ/
√

2), f2 − ψ]) = k = ε/2. Clearly

E(δx, Q) = f22

< (1− k2)f22 + k2f11

= E(Q, Q)

for all x ∈ [a,−f1−φ] and ε > 0. Hence, ∆[a,−f1−φ] is not strongly uninvadable,

and moreover, σ(x,Q) < 0 for all x ∈ [a,−f1 − φ], so that if Q(t) = Q,

Q′(t)([a,−f1 − φ]) < 0. Thus, ∆[a,−f1−φ] is not Lyapunov stable.

Interestingly, the equilibrium selection in the global payoff game Γψ plays a

key role in the instability of the populations supporting the Pareto-dominated

equilibrium, the efficient coordination engendered by preference biases in the

region [c + (ψ/
√

2), f2 − ψ]× [c + (ψ/
√

2), f2 − ψ] providing the destabilizing

mutation.

Turning to Prisoners’ Dilemma fitness games, the analysis is a little more

involved. If the MBP fails, ∆[a,f2−ψ] is strongly uninvadable and hence Lya-

punov stable and weakly attracting by Theorem 1, with the usual inefficient

(2, 2) outcome resulting. But if the MBP is satisfied, then there are no longer

any strongly uninvadable sets, and a weaker setwise stability criterion is re-

quired.
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Definition 10 A set of populations Π ⊂ ∆ is a neutrally uninvadable (NU)

set if and only if it is nonempty and closed, and there is a barrier ε > 0 such

that each P ∈ Π has E(P,Q) ≥ E(Q,Q) for all Q within the ε-neighborhood

of P .

Clearly Proposition 2 carries over to neutrally uninvadable sets, but Theorem

1 is weakened in the following manner.

Theorem 2 If ∆[α,β] ⊆ ∆ is a neutrally uninvadable set, then ∆[α,β] is Lya-

punov stable.

Proof. Consider Q(t) ∈ ∆ such that infR∈∆[α,β]
‖Q(t) − R‖ ≤ ε, where ε is

∆[α,β]’s neutral uninvadability barrier. Proceeding in the manner of the proof

of Theorem 1,

Q′(0)([α, β]) = Q(0)([α, β]) (E(R∗, Q(0))− E(Q(0), Q(0))) ,

which is nonnegative by neutral uninvadability of ∆[α,β]. The same argument

applies to Q(t) ∈ ∆ such that infR∈∆[α,β]
‖Q(t)−R‖ ≤ ε, and hence Q(t)([α, β])

is nondecreasing in t.

Corollary 2 For Prisoners’ Dilemma fitness games satisfying the MBP, a set

of preference biases supporting efficient cooperation is Lyapunov stable.

Proof. ∆[c+(ψ/
√

2),f2−φ′] is nonempty for ψ ≤ √
2(f2 − φ′ − c).

Evidently, infR∈∆[c+(ψ/
√

2),f2−φ′] ‖P − R‖ > 0 for all P ∈ ∆\∆[c+(ψ/
√

2),f2−φ′].

Letting ξ(P ) = (infR∈∆[c+(ψ/
√

2),f2−φ′] ‖P − R‖)/2, it is clear that Bξ(P )(P ) ⊂
∆\∆[c+(ψ/

√
2),f2−φ′] for all P ∈ ∆\∆[c+(ψ/

√
2),f2−φ′]. Hence, ∆\∆[c+(ψ/

√
2),f2−φ′]

is open in the variational topology, and ∆[c+(ψ/
√

2),f2−φ′] is closed.

Now, proceeding as in the proof of Corollary 1, for any P ∈ ∆[c+(ψ/
√

2),f2−φ′],

and any Q /∈ ∆[c+(ψ/
√

2),f2−φ′] such that 2|P ([a, b]\[c + (ψ/
√

2), f2 − φ′]) −
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Q([a, b]\[c+(ψ/
√

2), f2−φ′])| = ‖P −Q‖ = ε, E(P, Q) ≥ E(Q,Q) if and only

if

(1− k)(f11 − E(R2, R1)) ≥

k(E(R2, R2)− E(R1, R2)) + (E(R1, R2)− E(P,R2)). (6)

Clearly f11 ≥ E(R2, R1), with equality if and only if R2 has support con-

fined to (f2 − φ′, b], in which case E(R2, R1) = E(R2, R2) = E(R1, R2)) =

E(P,R2) = f11, giving 0 on the RHS of (6). With f11 > E(R2, R1), and

given that E(R1, R2) → E(P,R2) as ε → 0, (6) must hold for ε sufficiently

small. These arguments are true a fortiori if 2|P ([a, b]\[c+(ψ/
√

2), f2−φ′])−
Q([a, b]\[c + (ψ/

√
2), f2−φ′])| < ‖P −Q‖ = ε, since k < ε/2 in that case. For

Q ∈ ∆[c+(ψ/
√

2),f2−φ′], meanwhile, E(P, Q) = E(Q,Q) = f11.

∆[c+(ψ/
√

2),f2−φ′] is thus a neutrally uninvadable set, and is hence Lyapunov

stable by Theorem 2. Any population belonging to this set coordinates on

strategy 1, giving efficient cooperation in the underlying fitness game.

Moreover, the usual inefficient Prisoners’ Dilemma outcome is unstable in this

case.

Proposition 4 For Prisoners’ Dilemma fitness games satisfying the MBP,

the set of preference biases supporting the inefficient outcome is not Lyapunov

stable.

Proof. Consider a population Q such that infR∈∆[a,−f1−φ]
‖Q − R‖ = ε and
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Q([c + (ψ/
√

2), f2 − φ′]) = k = ε/2. Clearly

E(δx, Q) = f22

< (1− k2)f22 + k2f11

= E(Q, Q)

for all x ∈ [a,−f1−φ] and ε > 0. Hence, ∆[a,−f1−φ] is not neutrally uninvadable,

and moreover, σ(x,Q) < 0 for all x ∈ [a,−f1 − φ], so that if Q(t) = Q,

Q′(t)([a,−f1 − φ]) < 0. Thus, ∆[a,−f1−φ] is not Lyapunov stable.

Remark Note that some of the mixed-strategy equilibria Λ% may also belong

to a Lyapunov stable set, but that they too support efficient cooperation.

In a random matching setting, the marginal bandwagon property f1+f2 > 0

implies that the marginal loss of switching to strategy 1 is a decreasing func-

tion of the number of strategy-1 users in the population. When Prisoners’

Dilemmas are less “bad” in this sense then, Corollary 2 establishes the stabil-

ity of preferences supporting cooperation. And this result has less of a “0–1”

character than it might first appear, since the region of preferences supporting

cooperation grows with f1 + f2—i.e. as the MBP is more strongly satisfied.

Remark A straightforward application of Theorem 2 is that every neutrally

uninvadable, homogeneous population is Lyapunov stable. This result is a nat-

ural counterpart to Oechssler and Riedel’s (2001) result that every uninvadable,

homogeneous population is Lyapunov stable and—if f is continuous—weakly

attracting.

As for Hawk-Dove games, if there is no symmetric, uninvadable pure-

strategy equilibrium, it is difficult to say much in general about stability. De-
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pending on the model’s parameters, there may exist a (nontrivial) Lyapunov

stable set of populations, the elements of which may or may not be stationary

states.

Remark Note that it is quite possible for the measure on which the system

comes to rest to give zero weight to the dominant-strategy biases required to

begin the global game iterative dominance arguments of Subsection 3.1, so that

Lemma 1 would fail. To resolve this difficulty, some noise in the players’ ob-

servation of the measure could be introduced, or some continuous (small) rate

of mutation away from the deterministic dynamic (as is in any case implicit in

the dynamic stability analysis).

4 Conclusion

The observability of preferences is a key factor in models of indirect evolution.

By building observability explicitly into the model in a global-game-theoretic

manner, the multiple equilibria obstacle to a full dynamic analysis is removed.

And by employing the replicator dynamics for infinite strategy spaces, the evo-

lution of the necessarily continuous preferences can be examined. With the aid

of new setwise stability criteria, the stable preference biases for coordination

and certain Prisoners’ Dilemma fitness games are seen to be gratifyingly effi-

cient. Hawk-Dove fitness games, meanwhile, are a potentially more unstable

“arms race” in biases.

These results of course require the degree of observability necessary to

deliver equilibrium selection in the global payoff game, begging the question

of what happens with less observable preferences. One answer is that multiple

Bayesian equilibria return as usual, so that the replicator dynamics cease to be

well defined. Alternatively, one could consider the scenario where underlying
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fitnesses are not observed, so that an agent’s own bias is informative about that

of his opponent (and vice versa). As long as each agent observes his own bias

with sufficient accuracy, global game cutoff strategies will be employed, and

as his opponent’s bias becomes unobservable, an agent’s cutoff will condition

solely on his own bias.9 In this case, the structure of the bias game is essentially

that of the underlying fitness game, so that stability of efficient cooperation in

the Prisoners’ Dilemma, for example, breaks down. Observability thus assumes

its usual important role.

But the approach is not restricted to preference biases. The global games

framework permits a quite general parameter space to be mapped into games,

so that essentially any function from fitnesses to payoffs could in theory give

well-defined replicator dynamics. In practice, the complexities of the analysis

restrict attention to simple functions such as preference biases, but this very

simplicity is perhaps appealing, in accord with the idea of emotions as shortcuts

adopted by Nature allowing people to economize on reasoning resources.10

Indeed, the approach might even be used to adjudicate between alterna-

tive functional forms for preferences. For instance, one could posit a process

of “three-speed evolution,” whereby the parameter space of preferences (e.g.

bias space) adjusts very slowly, the parameters themselves (e.g. biases) adjust

somewhat more quickly, and behavior adjusts very quickly. The meta-meta-

game in the choice of parameter space could then be studied to reveal the

stable functional forms for preferences.

9See Carlsson and van Damme’s (1993) Appendix B, and Morris and Shin’s (2004) Sub-
section 2.3.

10See, for example, Samuelson (2001a). For a review of the importance of emotions in
economic theory, see Elster (1998).
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