ON THE BRUN-TITCHMARSH THEOREM
JAMES MAYNARD

ABSTRACT. The Brun-Titchmarsh theorem shows that the number of
primes which are less than x and congruent to a modulo ¢ is less than
(C+o0(1))z/(¢(q) log x) for some value C depending on log z/ log q. Dif-
ferent authors have provided different estimates for C' in different ranges
for logz/logq, all of which give C' > 2 when logz/logq is bounded.
We show that one can take C' = 2 provided that logz/logg > 8 and
q is sufficiently large. Moreover, we also produce a lower bound of size
x/(q"/%¢(q)) when log z/log g > 8 and is bounded. Both of these bounds
are essentially best-possible without any improvement on the Siegel zero
problem.

1. INTRODUCTION

We let 7(z;q,a) denote the number of primes less than or equal to x
which are congruent to a (mod ¢), for some real > 0 and positive coprime
integers a, ¢. It is a classical theorem of Walfisz [24] based on the work of
Siegel that, for any fixed N > 0, uniformly for ¢ < (logz)" and (a,q) = 1,

as r — 0o we have

x
1.1 m(z;q,a) ~ ————.
(1) (#50.0) ~ B og

It is generally believed that this asymptotic holds in a much wider range of ¢.
If we assume the generalised Riemann Hypothesis (GRH), then the asymp-
totic (1.1) holds uniformly in the much larger range ¢ < /27 for any fixed
d > 0. Montgomery [17] has conjectured that (1.1) holds uniformly in the
even larger range ¢ < x'7%. Friedlander, Granville, Maier and Hildebrand
[5] have shown for any A, (1.1) cannot hold for all ¢ > z/(log ).

Any improvement in the range of ¢ for which the asymptotic holds would
exclude the possibility of the existence of zeros of Dirichlet L-functions in
certain regions, but unfortunately such a result seems beyond our current
techniques. Without this type of improvement, however, we cannot hope to
prove results stronger than

2z

1 o(Ges) <09 < gz
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2 J. MAYNARD

when log z/log ¢ is bounded.

Linnik [15], [16] gave a non-trivial lower bound for 7(z; ¢, a) for a wider
range of ¢q. He showed that there is a constant L > 0 such that, whenever
x > q¥ and ¢ is sufficiently large there is at least one prime in the arithmetic
progression {n < z : n = a (mod ¢)} for any a with (a,q) = 1. Pan [20]
showed that one can take L < 10,000. This has subsequently been improved
by many authors including (in chronological order) Chen [1], Jutila [13],
Chen [2], Jutila [14],Chen [3], Graham [9], Wang [25], Chen and Liu [4],
and Heath-Brown [11]. The best known result is due to Xylouris [26], which
shows that we can take L = 5.2.

Titchmarsh [23] used Brun’s sieve to show that for ¢ < x we have the
upper bound

(13) W(]J;Q,(Z) <<m

The implied constant can be made explicit, and has been estimated by
various authors. The strongest result of this type which holds for all ranges
of ¢ is due to Montgomery and Vaughan [18], who used the large sieve to
obtain the following result.

Theorem 1.1 (Brun-Titchmarsh Theorem). For x > g we have

. < 2 T
m(@;g,a) < (1 — logq/logx) ®(q)logx’

The constant 2/(1—1log ¢/ log =) of the Brun-Titchmarsh theorem should
be compared with the constant 1+ o(1) which Montgomery conjectures for
> ql—i—e_

Since it appears unlikely that we can prove an upper bound with a

constant less than 2 with the current techniques, any improvements are
likely to reduce the factor 1/(1 — loggq/logx). Several authors including
Motohashi [19], Goldfeld [7], Iwaniec [12] and Iwaniec and Friedlander [6]
have made improvements of this type for different ranges of ¢. If we put

log ¢

(1.4) 0= logz’
then we have

o (C+o(1))x
(1.5) m(x;q,a) < —qb(q) gz
where

2-((1-0)/4)°)/(1-0), 2/3 <6,
C=148/(6—-10), 9/20 <6 <2/3,

16/(8 — 36), 6 < 9/20.
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This improves the Brun-Titchmarsh bound of C' = 2/(1—6) slightly through-
out the entire range of ¢. We note that in all cases we still have C' > 2 for
0> 0.

It has been known as a folklore amongst specialists that for € less than
some fixed constant we should be able to take C' = 2. In this paper we es-
tablish this, and give a quantitative bound for the range when this happens.
We show that provided ¢ is sufficiently large we can take

C=2 ife<1/8

2. NOTATION

We will let p represent a generic prime. We will consider the arithmetic
progression where all terms are < x and are congruent to a (mod ¢). We
will assume that ¢ is larger than some fixed constant throughout, and so
may not explicitly say that we are assuming ¢ to be sufficiently large for a
given statement to hold. y will refer to a Dirichlet character (mod ¢) and
Xo the principal character.

For the purposes of this paper we shall define an ‘n-Siegel zero’ to be a

real zero p of a Dirichlet L-function L(s, x) which lies in the region

o n
log q

1 <R(p) < 1.

3. MAIN RESULT

We improve on the Brun-Titchmarsh constant for some range of ¢. In-
stead of using sieve methods to count primes in arithmetic progressions
we will use the analytic techniques developed in the estimation of Linnik’s
constant.

In Linnik’s theorem one counts primes with a smooth weight, and esti-
mating this requires estimating corresponding weighted sums over the zeros
of Dirichlet L-functions. In the most successful work on Linnik’s theorem
only zeros of the form p = 1+ O(1/log q) make a significant contribution. In
this paper we wish to count primes weighted by the characteristic function
of the interval [0, x|, however, and this means we must consider all zeros
p = B+1ivy with v < 1 in the corresponding weighted sums over zeros. Thus
the zero density estimates of Heath-Brown [11] are insufficient, and we need
to extend them to this larger range.
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Theorem 3.1. There exists an effectively computable constant q;, such that
for ¢ > qi and x > ¢® we have
2 Li(x)

olq)

We note that without excluding the possible existence of 7-Siegel zeros

m(z;q,a) <

for some n > 0 this is the strongest possible bound which we can hope to
prove for log z/log ¢ bounded.
We also obtain lower bounds which are essentially the strongest possible

for log =/ log ¢ bounded without excluding the existence of an n-Siegel zero.

Theorem 3.2. There exists an effectively computable constant qo such that
for ¢ > qo and x > ¢® we have

log q x _
o7 (o) < oo

Theorem 3.3. Let € > 0. There exists an (ineffective) constant qs(€) such

that for q > q3(€) and x > ¢® we have
R
¢(q)logx
Theorem 3.4. Assume that there exists a constant n > 0 such that there

<L (w5 q,a).

are no n-Siegel zeros. Then there exists an effectively computable constant
qs such that for ¢ > qu and x > ¢ we have
2z

x
¢(q)logx ¢(q)logx’
Thus the number of primes in an arithmetic progression is close to ex-

<L m(x;q,a) <

pected order predicted by GRH, provided logz/logq > 8 and ¢ is suffi-
ciently large. If there are no zeros exceptionally close to 1 then the number
of primes has the same order as the asymptotic predicted by GRH.

In order to establish Theorems 3.1, 3.2, 3.3 and 3.4 we prove the following

proposition.

Proposition 3.5. There are fixed constants € > 0 and n > 0 such that:
There exists an effectively computable constant qs, such that if there is
an n-Siegel zero p; = 1 — \;/logq to modulus q > g5 then for x > ¢" we

have
) Z (1—X\)z
R T R

There exists an effectively computable constant qg such that if there are no
7.999

n-Siegel zeros to modulus q > qg then for x > q we have

v a) (1—e)x
‘w(x’q’ ) ¢(q)

xZ

o(q)
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We now establish Theorems 3.1, 3.2, 3.3 and 3.4 assuming Proposition
3.5.

By partial summation we have for any constant 7 < A < 8

r(z:g.a) = 2E09) +/ 9(t;q>2a)dt

log o tlog“t

0(z; T h(t “o(t: < o(t;

(31) = (z:9,a) +/ ( ,q;a)dH/ ( ,q;a)dH/ ( ,q;a)dt

log z g4 tlog™t 2 tlog't 9 tlog™t
By the Brun-Titchmarsh Theorem for ¢ <t < g4 we have

t
3.2 0(t;q,a) < (logt)n(t;q,a) < —,
(3.2) (t;q,a) < (logt)m(t;q,a) o)
and trivially for ¢ < ¢® we have
(3.3) 0(t;q,a) < tlogt.
We also note that
0(x;q,a) = ¥(z;q,a) + O(z'/?).
Thus we have uniformly for x > ¢® and 7 < A < 8 that
V(xig.a) [T Y(tg,a) ( e, ¢ )

3.4 ga)=—2—" 4 | 2T 240 (P4 ).
(3-4) m(:q,0) log x A tlog*t v »(q)
This gives

Li(z) x ’ /m (t;q,a) —t/d(q)]
m(z;q,a) — < Y(z;q,a) — — |+ dt

(z:g.a) ¢(q) | ~ logz (zig.a) o(@)|  Joa tlog?t
1/2 ¢

3.5 +0 (x + —) )
(3:5) ¢(q)

If there is an n-Siegel zero (where 7 is the constant from Proposition 3.5)
then we choose A = 7 and by Proposition 3.5 uniformly for ¢ > ¢ and
x > ¢® we have

ad) Li(z)|  (1—X\)x S W L2 q

(70:0) =50 | = d@oga + / o) 1og2td“0< ! ¢<q>)
(1 — A1) Li(z) T

(3.6) = o(q) o (qcb(q)) '

By Pintz [21, Theorem 3] we have that \; > logq/q"/? (with the implied
constant effectively computable). Thus for ¢ sufficiently large the error term
in (3.6) is at most
A Li(z)

20
Thus for ¢ sufficiently large and x > ¢® we have
(2 — A1/2) Li(z) < 2 Li(z)

¢(q) ~ o)

(3.7)

xlog q A Li(z)

(3.8) q'2¢(q)log x 20(q)

< 7(w5q,a) <
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with all constants effectively computable.

By Siegel’s theorem [22], given any € > 0 there is a constant C(€) such
that if ¢ > C(e) we have A\; > 2¢~¢. Here the constant C'(¢) is not effectively
computable. In this case, we have

xq € < A Li(z)
¢(q)logz ~ 2¢(q)logx
If there is no n-Siegel zero then we instead choose A = 7.999. By Proposition

(3.9) < 7(x;q,a).

3.5 and (3.5) there exists an € > 0 and g5 such that uniformly for x > ¢®
and for ¢ > g5 we have

Li(x) (1 —e)x /x 1—e¢
m(x;q,a) — < + ——dt
( 4 ) gb(q) (}5((]) log T q7-999 gb(q) 1Og2 t
" g7
+0 (x + —)
¢(q) logx
_ - 1-1/10,000
(3.10) _ (1—¢)Li(z) L0 (x—> .
¢(q) ¢(q)logx
Thus for ¢ sufficiently large and ¢® < = we have
x 2x
3.11 — <« 7(riqa) < ———.
34y d@logz <Y S G oga

Theorems 3.1, 3.2, 3.3 and 3.4 now follow immediately from (3.8), (3.9) and
(3.11).

4. CASE 1: SIEGEL ZEROES

We first consider the case when there are zeros very close to 1. For this
section we assume that 7-Siegel zeros exist for some small constant n > 0.

In order to establish Proposition 3.5 we will make use of the analytic
techniques developed in the estimation of Linnik’s constant. In particular,
there are three main results which we use:

Proposition 4.1 (Zero-free region). There is a constant ¢; > 0 such that
for q sufficiently large
H L(o +it, x)

x (mod q)

has at most one zero in the region
&1

" oga i) =7

Such a zero, if it exists, is real and simple, and the corresponding character

must be a non-principal real character.



ON THE BRUN-TITCHMARSH THEOREM 7

Proposition 4.2 (Deuring-Heilbronn phenomenon). There is a constant
co > 0 such that, if the exceptional zero p; = 1—X\1/(log q) from Proposition
4.1 exists, then for q sufficiently large, the function

Il Le+ity

X (mod g)

has no other zeros in the region

_ elogNY)
log q(2 + [t|)

Proposition 4.3 (Log-free zero-density estimate). For T > 1 there are
constants cg > 0 and C3 > 0 such that

Z N(o,T,x) < Cs(qT)*" ).

X (mod q)

Here
N(o,T,x) =#{p: L(p.x) =0, R(p) =0, [S(p)|<T}.

We recall that for the purposes of this article we are defining a n-Siegel
zero to be a real zero p of some Dirichlet L-function in the region

(4.1) 1- -1 <p<i

log q
for a fixed small positive constant 7.

We will choose n < ¢;/2, so by Proposition 4.1 a n-Siegel zero, if it exists,
must be simple, and the corresponding character must be a real character.
Moreover, there can be at most one such zero. We label this exceptional
zero py = 1 — A\;/(logq) with corresponding character x;. Thus we have
that A\; < 7. We will also make use of the fact that A\ >, ¢~ '/>~¢ (with
the implied constant effectively computable), which follows from Dirichlet’s
class number formula.

We note that by [10] and [11, Equation 1.4] we can take

(4.2) ¢y =2/3-1/1000, ¢35 =12/5+ 1/1000,

provided n < ¢4, some suitably small absolute constant.
We wish to prove

r | (1 —)\1):0.

(43) ¢($;q’a)_¢(q) ~ ¢lg)
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We have that
Y(rig,a) = Y An)

1 _
(4.4) =50 > Xl (Z A(n)x(n)) :

We use the explicit formula:

P x? z(logx)?
15 C M) = ab0s -t - 3T o (HEh),
n<lx P p P T

where:

17 X = Xo,
4.6) € =
(46) &) {0, otherwise,

1, X is a character corresponding to the possible
(4.7) e9(x) = exceptional zero py of [] L(s, x),

0, otherwise,

and the sum ) , is over all non-exceptional non-trivial zeros p = f§ + iy of
L(s, x) in the region {0 < g < 1,|y| < T'}.
We choose T = q(log z)3/\; so that the last term is o(A\z/d(q)).
Recalling that p; =1 — A1/ log ¢ we have

P1 1
(4.8) i T exp ( A1 ng) + o(A1x).
p1 log g

Substituting (4.5) and (4.8) into (4.4) we have
T x log x 1
v(ig,a) ¢(Q)‘ = 5@ eXp( llogQ) (g Z zp:

(4.9) +o0 (%) : o

hS)

x
p

We now bound the sum

(4.10) > Z

x (modgq) p

P

We first consider the case when logz > ¢*/3°%.

Since A; > ¢~ /271100 we have T' < ¢*/?t1/1%0(log )3 < (log 2)*%. By
Proposition 4.1 (and recalling |p| > \;/log ¢ for all p) each zero in the sum
(4.10) contributes at most
P

1
(4.11) —| <zexp| —c o8t
log log x
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for some constant ¢ > 0. By Proposition 4.3 the total number of zeros in

the sum is
(4.12) < (qT)12/5H1/1000 (1o )20000,
Thus we have that
g 1
(4.13) > 2 = | < 2(log 2)™* exp <—C oe e ) = o(\1).
x (modgq) p P loglog x

Thus we see that for z sufficiently large and log x > ¢'/3°°, the right hand
side of (4.9) is
(4.14) @ (exp (—AI%) + 0()\1)> < UMz d)(;)l)m,
as required.

We now consider the case when logz < ¢/?%%. In this case, since \; >
g2 11000 o have T < @3/2+2/1000

We first consider the contribution to the sum (4.10) from zeros in the
rectangle

m+1 m
BT T
where 1 < n < T and m < 0.4logq. By Proposition 4.2 with ¢; = 2/3 —
1/1000 there are no zeros in the rectangle unless

2 1 1
m>|(=-— ©8 4 log \[*
3 1000 logq(2+T)

(4.16) > 0.266log A\

(4.15) 1 n < [3(p)] < 20,

Recalling that m < 0.4logq, by Proposition 4.3 with c¢3 = 12/5 + 1/1000
there are

(4.17) < n"exp (2.41m)

zeros in the rectangle.
If (4.16) holds then we see that each zero contributes

T ( 10gx>
< —exp|—m
n log q
z - log 1 o ( m )
= — X — _— X e —
n P logq  0.266 P\70.266

1
(4.18) <M (—m < 08T _ 3.76)> .
n log q

Thus zeros in the rectangle give a total contribution of

A 1
(4.19) < n;é exp (—m < 8T 6.17)) .

log q

P

P
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From summing this bound over n = 2/ with j € N, we see that provided
q%18 < x, the contribution to the sum (4.10) from all non-exceptional zeros

in the region

(4.20) 0.6 <R(p) <1, 1<IS(p)| <T
is at most
(4.21) Chzexp(—clog A1) < CA\jzexp(clogn)

for some constants C, ¢ > 0. Since A\; < 71 we see that for n sufficiently small
(depending only on C, ¢) this is at most A;z.
Similarly we consider the contribution to the sum (4.10) from zeros in
the region
S R <1
log ¢q log g

with m < 0.4logq. As above, each zero contributes

1
(4.23) <K Az exp (—m < 8T 3.76)) :

(4.22) 1 S(p)| < 1,

log q
The number of zeros in the rectangle is
(4.24) < exp(2.41m).

Thus again the contribution of all zeros from the rectangles is at most
(4.25) Chzexp(—clog A1) < CA\zexp(clogn)

for some positive constants C, c. Thus for 7 sufficiently small this contribu-
tion is at most A\;x.
Finally we consider zeros in the rectangles

(4.26) 0<R(p) <06,  [S(p)| <VT
and
(4.27) 0<R(p) <06, VT <|S(p)|<T.

By symmetry of zeros around the line R(s) = 1/2 we have that R(p) >

~1/2—-1/100

A1/ log g for all such p. Thus, since A; > ¢ and x > q each zero

satisfying (4.26) contributes

P

(4.28) —| < 2",
p

and every zero satisfying (4.27) contributes
P $0.6

(4.29) Tl
pl = VT

For ¢ sufficiently large there are

(4.30) < (gv/T)1+1/1000 < (176
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zeros satisfying (4.26), and

(4.31) < (qT)FY/1000 < 176/

zeros satisfying (4.27). Thus the combined contribution is
0.6,1.76 il

(4.32) < 20010 < Ny (W) '

We see this is at most Az for ¢® < x and ¢ sufficiently large.
Since we have now covered all possible zeros in our sum, we see that for

n sufficiently small and ¢%' < 2 we have

7P
4.33 —| <3\
(4.33) >, 1 <3x
x (modgq) p
Substituting this into (4.9) we see that
x x log x

4.34 Yv(x;q,a ——’S—(exp(—A )+4)\>.
430 fotaina - 5ol < o Togg) T
We note that if ¢" < x and n < 1/10 then we have

1
(4.35) exp (—/\1 ng> FAN < 1— A,

log q
since 1 — e~ — 5t is zero and increasing at 0, has a unique turning point

and is positive at 1/10.
Thus we have shown that for n sufficiently small, ¢° < z and logz <

q'/3%0 we have

X

?(q)

(436) ‘Wﬂﬂ;q,a) - (b(Q)

as required.

5. CASE 2: NO SIEGEL ZEROES

We now consider the case where there are no n-Siegel zeros for some
small fixed constant > 0. In this case we have \, > 7 for all zeros p with
1S(p)| < ¢* Following the method in the previous section and using this
zero free region, we can establish Proposition 3.5 if log 2/ log ¢ is sufficiently
large. To obtain an explicit lower bound for the range of logx/loggq in
which this holds, however, would require us to estimate the constant Cj
in Proposition 4.3, and would likely produce a very large bound if done
directly.

We will follow the work done on the estimation of Linnik’s constant to
obtain an explicit lower bound for logx/logq for which the result holds.
This section follows closely the method of Heath-Brown in [11, Section 13].
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We define the following quantities which we shall for the rest of the
paper:

log x
1 =
(51) e
(5.2) L :=logq,
1
2, q cube-free or ord(y) < loggq,
(5.3) by = {% _ () < log
T otherwise,
(5.4) Z(x) == {p: L(p,x) = 0}.
5.1. Weighted Sum over Primes. We wish to investigate
(5.5) Ylrga)= > Aln).
n<x

n=a (mod q)

We fix a small positive constant € > 0 and let

0, t<1/2

10%(25—1/2), 1/2<t<1/2+4¢/logx
(5.6) f(t) =141, 1/24+¢/loge <t <1

1—182(t 1), 1<t<1l+e¢/logx

L0, 1+¢/logz <t.

The Brun-Titchmarsh theorem for primes in short intervals (see [18], for
example) states that

2y

5.7 m(r;q,a) —m(r —vy;q,a) < ————Frm.
(57) ( )=l ) ¢(q)logy/q
We replace the sum

(5.8) > AW

n<lz
n=a (mod q)
with the weighted sum
> logn
: A :
(5.9) >, A (logm)

n=1
n=a (mod q)

By the Brun-Titchmarsh theorem for primes in short intervals and for e
sufficiently small, the error introduced by making this change is

< Y Am+ DY A

z<n<ze® n<ecxl/?
n=a (mod q) -
< (log 2e?) (r (e ¢, @) — 7w 4, @) + e“(log )z

dex
(5.10) < @
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Thus in order to prove

510 ‘Mx;cba) - Jq) : (1¢_(q€))x’
it is sufficient to prove that
- logn x (1 —5¢)x
512) 2. A (e2) 50| < o
n=a (modq)

We note also
(5.13)

- logny) 1 — [ logn

> amr () - A L @ (;A(n)f(logx>x(n))-

n=a(mod q)

We now replace y in the inner sum with the primitive character x* which

induces it. This introduces an error

1
) DD ST

X plg z1/2<pe<zges

(5.14) < ex

(recalling that x > ¢).
Thus it is sufficient to prove that

S X gA(n)x*(n)f (}iz) .,

(5.15)

5.2. Sum over Zeroes. We let F' be the Laplace transform of f. Hence

F(s) = /O " exp(—st) f()dt

a0 = () (S e ().

From the Laplace inversion formula we have

logn logz [2Ti°
5.17 = *F(—sl ds.
( ) / (log:ﬂ) 2mi /Qm " (=slogz)ds
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Therefore for y # xo we have

nf;/\(n)x*(n)f (IOg”) e o (—%<s,x*>) (F(—slog)) ds

log 21 Joing
IOgI —1/2+ic0 L
— ~Zs,x") ) (F(=slogz))d
ot e (FTex)) (Fsiony as
(5.18) —1ongF(—plogx)

o
where »_  indicates a sum over all non-trivial zeros of L(s, x).
On Rs = —3 we have

/

L
(519) T(5,x) < log(q(1+1sl),  F(—sloga) < a~]s| 2(logx) "

Hence, recalling that ¢ < z,

(5.20) 1087 /_ e (_Q(S,X*Q (F(—slogz))ds = Oz~ log ).

2mi 1/2—ico L
Thus
= . logn
S [ A ()] < oge 3 Y IF(-ploga)
Xx#xo |n=1 & X#X0 P
+ O(qz~Y*log x)
(5.21) <logx Z Z |F(—plogz)| + ex.
X#Xo P

We now consider the case xy = xo. We note that x{ is identically 1. Hence
by the prime number theorem we have

= . logn

> (1)~

Thus putting together (5.21) and (5.22) we have
- 1

3@ 3 A )] (i2n) - '

N ' log

> i (o) ~+| + 3

X#X0

(5.22) < 3ex.

< > A (E22)

n=1

(5.23)
< dex + logx Z Z |F(—plogx)|.

X#Xo P

In particular it is sufficient to prove that

(5.24) logz » Y |F(—plogz)| < (1 — 10¢)z.

X#EX0 P
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We now consider the contribution from the other characters where x # xo.
We first consider all zeros p = f+i7 of all L-functions L(s, x) (with x # xo)

in the rectangle

1
(5.25) - e ™ a<hl<,m
log q log q
for n > 1.
We use the well-known zero density estimate
(5.26) Y N(ox. T) < ¢ (1+T?).
X

Thus there are
(5.27) < e (1+n?)
such zeros in the rectangle.
Each zero contributes
exp(—mﬁ%)

(5.28) logz |F(—plogz)| < 5
en

to the right hand side of (5.23).
Thus, provided M > 3, there is a constant R (depending only on €) such
that the contribution of all zeros in the rectangles with max(m,n) > R is

(5.29) < ex.
Similarly we consider zeros in the rectangle

1 1
(530)  max(s1-)<p<i-o L pi<L

2 log q log q
There are
(5.31) <L e'm
such zeros, and each zero contributes

log ©
exp(—m=?)

(5.32) < p— 1

€
Therefore again provided M > 3, the contribution from all zeros in

rectangles with m > R is < ex.
We now consider the final rectangle

1
(5.33) 0<sp=<g, Dhlist

All zeros must have 3 > ¢~1/271/1% for ¢ sufficiently large (by symmetry of
zeros about the critical line and the non-existence of Siegel zeros which are
within ¢=/271/100 of 1),

There are

(5.34) < ¢
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zeros in this rectangle, and each zero contributes

1/22/100
(5.35) < Z
Therefore the contribution from these zeros is

g 1/2gB/2+1/50

<
€
(5.36) < ex.
Thus at a cost of 3ex we only need to consider the contribution of zeros p
satisfying
1

(5.37) 11—-R(p)| < —, J(p) <. L.

log q
For such p, and for e sufficiently small and ¢ sufficiently large, we have
1 — P2
(5.38) ’(L) e
p
Also, for any z € C with R(z) > 0 we have

<1+ 3e.

<1

(5.39)

1—e77
z

Thus, putting R(p) = 1 — A,/ log g, and recalling that ¢"*% < x we have

(1 —a:_p/Z) (1 — e‘”’)
e’
p ep

logz |F(—plogz)| = zexp(—(1 — p)logz)

log
< xexp (—)\p logq) (14 3¢)
(5.40) =xexp (—MA,) (1+ 3e).

As before, we have put
_logx
~logq’

(5.41) M

Thus we have shown that

(5.42) ‘w(x; q,a) — m‘ < 126m +(1+ BG)m X;@ ;exp(—M)\p),

*

where Z represents a sum over all zeros of L(s, x) in

(5.43) R = {z 1 — loqu <R(2) <1,8(2) < R} )

with R a constant (independent of z and ¢).
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6. ZERO DENSITY ESTIMATES

We wish to estimate the sum

(6.1) Z Z eXp(_M)\p)a

X#X0 pERNZ(x)

where

(6.2) 2(x) = {p: L(p,x) = 0},

We do this by obtaining a zero density estimate for zeros in R by means
of different weighted sums over zeros of L(s, x). We note that by the log-
free zero density estimate given in Proposition 4.3 this sum is finite for any
M € R. We specifically wish to show that the sum is < 1 when M = 7.999.

Similar sums have been looked at in the estimation of Linnik’s constant.
We will broadly follow the approach of Heath-Brown in [11], but most of
the estimates must be extended to cover a region where (p) < 1 instead
of S(p) < L7

We split R vertically into smaller rectangles each with height 1/£. We

put

R —1/2 1/2
(6.3) Ry = {z 1= 5 <R < 1,% < |3(2)] < %}
We label our non-principal characters (mod ¢) as x(*), ¥, ... in some order.

For each character x), and for each rectangle R,, for which L(s, x\)) has
a zero in R, we pick a zero of L(s, x\¥)) with greatest real part, which we
label p0m™).

We introduce the notation
Am)

logq’ logq "

We also specifically label special zeros py, p| and py. We let p; be a zero
of [T, L(s,x) which is in R and has largest real part. We let x; be the
corresponding character. We let ps be a zero of Hx,x o L(s, x) which is
in R and has largest real part. We let p} be a zero of L(s, x1) which is in R

(6.4) pUm) = UM 4 jnlim) - glm) =

and is not p; or p; but otherwise has largest real part. If p; is not a simple
zero we simply have p] = p;.

For simplicity we argue as if py, p/, p2 all exist. Our argument is simpler
and stronger if any of these do not exist.

We now wish to estimate separately a weighted sum over rectangles and
a weighted sum over zeros in any such rectangle. Specifically we wish to

prove the following three lemmas:
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Lemma 6.1. For any 0 > 0 any m € Z and any constant K > 0 we have
for q > qo(9) that

Y. Bi) G

PERMNZ(x))
where
(1-— exp(—K)\))2
Bi(\) =
1) X2 4+1/4
O (1 —exp(—2KX))  2KX—1+exp(—2K\)
Ci(\) = o\ + o2 4.

Lemma 6.2. Let (xV)ic; be a set of characters (mod q). Then for any
d >0 and ¢ > qo(0) we have
Z Bz(A(i’m)) <
meZ,iel

where

62)\561 _|_ 62)\900 _'_ 62/\U1 + e?)vu,o > -1
)

1 — Zo U — Ug

By(\) = (

Oy = <x1+$°_v_u1> (14 G,) + 6,

2w(v — uy)

Go is defined in (6.55),

and x1,To, v, ur, ug, w are all constants > 0 satisfying
xr1 > o, x0>v+w+1/3, v > Uy, Uy > U, u0>2w—|—1/3
In particular, we have

j,m j,m j,m j,m -1
63.243...,\(% >+62.823...)\(77 ) 61.238.../\<J >+€1.126...)\(J )
< 11.826...
]m

0.21 * 0.056
Lemma 6.3. Let g : [0,00) — R be a non-negative continuous func-
tion, supported on [0,xq) for some xo > 0, which is twice differentiable on
(0,29) and has a bounded second derivative on (0,xq). Moreover, assume
the Laplace transform G of g satisfies R(G(z)) > 0 for R(z) > 0.
Let 0 < A1 < A1 and 0 < X <2 be such that

GOA— i) >g(0)/6  and (GO = Au) — g(0)/6)2 > G(—=A11)g(0)/6.

Then for any 6 > 0 and q > qo(d,g) we have

G(=XM1)G3
2 S (G0 ) (010 — G A 0)/6

)\(j,;n)g)\

Here G5 is defined in equation (6.90).

+ 0.
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We will now proceed to prove each of these Lemmas in turn.

We note here that we can easily ensure the L given in [11, Lemma 6.1]
satisfies R < L < %E rather than just L < %0[, by following exactly the
same argument but with this restriction. This means that all the results of
Heath-Brown [11] and Xylouris [26] which consider zeros in the region

(6.5) 1-—=2"<s<1, |t|<L

also apply to the zeros which we consider in R.

6.1. First Zero Density Estimate. We now consider zeros within one
of the rectangles R,,. We follow almost identically the argument of Heath-
Brown in [11, Lemma 13.3].

We put

(6.6)

00 1 KX\ —KA\ 92 —Kz
(6.7) Hi(z) = / e " hy(t)dt = 3 < S _ 2 > :
0

68)  Hs) = (i)

sinh(K — 1)\, 0<t<K
w):{ (K —1)

z

for some constants K € R and A € C, which will be declared later.
We note that

1 — e~ KOFit) |2\ oKX .
= |Ha(X +it)] .

/\eK)\
2

(6.9)  R(H.(it)) =

A+t
Since Hy(z) and Ha(A + z) tend uniformly to zero in $(z) > 0 as |z]| — oo,
and R(H,(2)) = XX Hy(\ + 2)|/2 when R(z) = 0, by [11, Lemma 4.1] we
have

)\GK)\
2

(6.10) R(H(2)) > |Hy(X + 2)|

whenever R(z) > 0.

We fix a character y = x) # xo and take A = A@™), Therefore L(s, x)
has no zeros in the region {o > 1—\/L} NR,,.

Thus we have

2e—K)\

(6.11) Y [Ho((1—ptim/L)L)| < > R(Hi((s—p)L)),

PERmMNZ(X) PERmMNZ(X)

where s =1 —\/L+im/L.
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By [11, Lemma 5.2] and [11, Lemma 5.3] we have (recalling that |m| < £
so |S(s)| < L for ¢ sufficiently large), for any given § > 0 and g > ¢(0)

Y. R(Hi((s—p)L))

PERmMNZ(X)
MO0y | | x(n) 1
< NPX AN
S —5 + L ;A(n)% o hi(L™ logn)| + 6
h1(0)¢ e Xo(n _
< % +L 1;A(n) (n(;f(s))) hi(L ' logn) + 6
h1(0
(6.12) < % + |Hi(R(s) — 1)L)| + 20.
This gives
(6.13)
o —KX—iK(m—v,L) |2 2K\ . —2K\
Z 1)\6 | . Py (1 2; )+2K)\ 21)\:—6 95,
permnziy | Mo H U= %L

Since p € R,, we have |m — 7,L| < 1/2. Thus, recalling that y = x9) and

A = A0 we have

Z (1 —e FM)? < By (1 — e 2E0)
NXr1jd S 2w

PERMNZ(x)

QKNG _ 1 4 2N
(6.14) + A Y

Hence Lemma 6.1 holds.

6.2. Second Zero Density Estimate. We now prove Lemma 6.2. The
proof uses ideas originally due to Graham [9]. We follow the method of [11,
Section 11], but extend the result to a weighted sum over zeros rather than
just characters. We do this by using integrated exponential weights instead
of exponential weights, an idea originally due to Jutila [14].

We adopt similar notation to that of [11, Section 11]. We put

(6.15) Up=q", U1 =¢", Xo=q¢", X1 =¢",V=¢"W=4¢g"

with constant exponents 0 < w < up < u; < v < g < x; to be declared

later. We put
(6.16) U=q¢", X =¢"

with ug < u < wup and xyp < & < 2y parameters which we will integrate over.
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We define

p(d), 1<d<U

(6.17) b= {2V, vy <d<v
0, d>V,

and

logW/d

(6.18) 0, = pd) s, 1<d<wW

0, d>W.

We wish to study the sum

(6.19)  J(pU™ x) = wim S S v | [ Y 0a | x(n)n " (),

n=1 d|n dln

where

(6.20)

( ) f f —n/X _ e—nCZ/U)dudx
Jj(n

(ur — uo)(x1 — o)
and w; ., are some non-negative weights.

We start with the following weighted-sum result.

Lemma 6.4. For xog > w +v + ¢X(j) we have:

WP, < (14 0(L7) | 7(p5™ )

Jm

Proof. The argument of [11, Pages 317-318] shows that for xo > w+v+¢, )
(6.21)

L+0(L7 Z Z%f Zed X(j)(n)n_p<j’m) (e—n/X _ 6—n£2/U> .

n=1 \ dln d|n
We note that in [11] the definition of v is slightly different (it defined with
constants labelled U and V rather than U; and V' as in our case), but this
does not affect the argument in any way since U; > U.
Multiplying the above expression by weights w;,, and integrating over
x € [zg, x1] and u € [ug, uq] gives

(6.22) Wim = (1+O(L7H))J(pFm™) ),
Squaring both sides of the above expression gives the result. U

We sum the expression of Lemma 6.4 over all zeros p¥™. We let Z
denote this sum. Jm
Thus

(6.23) Zw (1+0(L Z\J Gm) @)
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We now use the well-known duality principle, which we will state here for

convenience.

Lemma 6.5 (Duality Principle). If

2
Z Z anjmCim| < B Z |Cj,m|2
J.m =

for all choices of the coefficients C ,,, then

2
Z Zan,j,mbn S B Z |bn|2

7,m n

for any choice of b,,.

We wish to use Lemma 6.5 with

(6.24) g = Wy XD ()02 ZQd j(n)?,
dn
(6.25) de n='2j(n)1?,
dn

to bound this sum. We note that
(6.26) 3"t gnba = J(p9 ),
n=1

First we evaluate > bZ.

Lemma 6.6. For xq > v we have:

T+ 2xg— U —v

Z’b ’2 (1+0(L 110g£)) 2(v —uy)

Proof. The argument leading to equation (11.14) of [11, Page 319] shows
(recalling our definition of 14 used parameters U; and V rather than U and

V') that provided x > v we have
(6.27)

2

S (S| wtemx - e - (s oge o ) 2

n=1 dln

Since we have x > x5 > v this holds in our case.
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Therefore, integrating with respect to x € [zg, 1] and u € [ug, u;] and

dividing through by (z1 — xo)(u; — ug) gives

f f (e7™/X — e LU duda

(21— 20)(u1 — uo)

> Zw
n=1 dln

(6.28) =(1+0(L " og L))

T+ 2x9g— U —v
2(v — uq)

Hence the result holds. O

Therefore in order to use Lemma 6.5 we want to find a bound B such
that

00 2
(6.29) S animCim| < B ICml
n=11|jm J,m

for any possible choice of Cj .

Expanding the left hand side, terms are of the form

Z Qn,j1,m1 An,ja,ma le,m1€j2,m2 = le,m16j27m2wj1,m1 Wiy ,ma
n=1
2
(6.30) X Z Z Ba | U0 (n)x2) (n)nt =P 5y
n=1 d|n
To ease notation we let
(631) p(l) = p(j17m1)’ p(2) — p(j?me)’
and correspondingly define x(1), X(2), B1), B2)s A1), A@)s Y1)s V2)-
We first deal with the terms When X(1) 7 X(2)-
We put
(6.32) (s 0) = Y by x([wr, wa])[wr, wa] ™

w1, w2 <W

(Here [a, b] denotes the least common multiple of a and b).
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By the inverse Laplace transform of the exponential function we have

2

Z Z O X(l)(H)Y(g)(n)nl—pm—ﬁ(z)(e—n/X . e_nﬁz/U)
n=1 dln
1 14400 )
= omi L(s + pay + Py — LX) X)) (X° — (UL72)?)
T J1—ico

x I'(s)Ja(s + pay + P — 1, X(UY(Q))dS
1 2—B(1)—B(2)—1/k+ioco

s L(s + pay + P — 1, x)X(2) (X° — (UL?))
T J2—By—B2)—1/k—ico

(6.33)
x L'(s)Ja2(s + pay + Py — 1, X(1)X(2))ds.

where k& > 10 is a fixed constant (to be declared later).

On R(s) =2 — Ba) — By — 1/k with x # xo we have
(6.34) L(s+pa) +Pa) — 1, X) <k g R (1 4 Jt),
(6.35) T'(s) < e M,

Ja(s 4 pay + Py — 1,x) < Y _[wr,wo] YA
< Z n~ kG (n)?

n<W?2
(6.36) < WHk3,
Thus, letting x = x(1)X(2), We obtain
1 1-B1)—B(2)—1/k+ico

i L(s+ pa) + P — L, )T (s)(X* — (UL?)°)
Tt J1-B1)—B(2)—1/k—ioo

x Ja(s + pay + ) — 1, x)ds
< (@ WRUILA VRGN LU L) PP
(6.37) < (g WU k@R
(Recalling 1 — By and 1 — B9) are o(1))

This is O(L™1) provided that & is chosen sufficiently large and (recalling
¢y < 1/3 for all x) provided we have that

(6.38) uo > 2w + 1/3.

The terms with x(1) # x(2) therefore contribute

2
(6.39) <L (Z \Cj,m\wj,m) <L <Z wf-,m> > 1Ciml.
jm gsm Jm
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We now consider terms with (1) = x(2). Such terms are of the form

2
o]

(6.40) 0(1)0(2)(w(1)w(2)) Z Z Qd Xo(n)nl—ﬂ(l)_ﬁ(mj(n).

n=1 dln

Lemma 6.7. For x > v we have:

2
Do - 1+0(L 1 og L))

0 n)n! PO P@ j(n)| < (
Zl qun d XO( ) ]( ) — w£2<2_p(1) _ﬁ(2)>2

[e.e]
n—=

Xf*r”(l)*%) B Xg—Pu)—W Uf*r”(l)*ﬁ(z) . Ug—Pu)—W

X
r1 — Zo U — U

+0(L™).

Proof. We have that

2
D 0| xoln)n' o 7e (efn/X B e*"”/U)

n=1 dln
= ba,0a,x0([d1, da])[dy, o) PP
dy,d2
(6.41) X Z kP P@) y o (k) <€—k[d1,d2}/X _ e—k[dl,dg]EQ/U> _
k=1

By the inverse Laplace transform of the exponential function again we have

Z Xo(k)kl—pm—ﬁ(z)(e—k[dl»dz]/X _ e—k[deQ]EQ/U)
k=1

1 1+ioc0

" 2mi 1—ico L(s + pay + P2 = 1, x0)L'(s)

642 (@) - () )

We again move the line of integration to R(s) = 2 — Bn) — B2y — 1/k, and

by exactly the same reasoning, we have that the integral over this contour
is negligible when ug > 2w. We encounter a pole at s = 2 — pay — p(g),

however, which contributes

(6.43)
¢(Q) _ X 2=P)~P(2) U 2—p)—P(2)
TF(2 — P — P(2)) (—[d1, d2]) - <—L’2[d1, dz]) .
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Thus
2
Z Z Qd XO(”)nl—P(l)_ﬁ@) <6—TL/X . 6_n£2/U>
n=1 dn
= ¢(Q)-F( — Py — P2) (X2 PP — (UL2)2 P —P)
q
00, Xo ([, ds]) .

6.44 % 04, o
o g dy, ds] (£7)

We now perform the integrations with respect to x and u. We have
1

oo X2 P)=Pe) — (UL2)2P0P@) dudx
(21 — o) (u1 — uo) /:co /uo ( | | )

2—pa)—p, 2—pay—p 2—pa)—p, 2—pay—p
(Xl ) <2>_X0 1) ~P(2) U, 1) <2>_U0 6h) (2))

Tr1 — X Up — Up
(6.45)
o 1
L2~ pay— D)
Thus
2
S04 volnynt o7
n=1 din
< @) | T2 =0 —Pe) | T 0, 0, x0([d1, do])
— Lqg | 2=pa)— P e [dy, ds)]
(6.46)
2=p1y=P(2) 2=p1)=P(2) 2=p(1)=P(2) 2=p1)=P(2)
X - X U —U
% 1 0 o 1 0 + O(ﬁ—l)

1 — Zo Uy — U

We now estimate the sum over d;, dy,. We have

1
Z9d19d2[d1,dQ]_1Xo([d1,dz])‘:N > 9d19d2<% > 1+O(Q)>'
dy,d2 dy,do<W q [d1,d2]|n
n<N
(nuq)zl
2
q 2 a7—1
= —— 0 + O(gW*N
w2 (2 0) FO@VINT
(n,q)=1
2
q 2 a7—1
6.47 < ) +O(gW-"N).
(6.47) ¢(Q)NT;\, dzh; ¢ ( )
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Graham [8] has shown that for N > ¢*W? we have

(6.48) NI Y o :M.

<\ log W

Hence for N > ¢*W? we have

Z 9d19d2 dy, d2] XO([dlu d2

< NZ > b +O(71)

di,do n<N \ dn
_ (1+0(£)g
¢(q) log W

6.49 —(1+0(£ ) —TL
(6.49) (1+0( ))¢(q)w£
Thus

2

N 0 1—p() P2 ; (14+0(£) |F2 = pa) = pe)
; C”Zn i | xo(n)n' PO P@j(n)| < w0 2= ) — P
(6.50)

2—p1y—p 2—p1y—p 2—p1y—p 2—p1y—p
Xl (1) (2)_XO (1)7P2) Ul (1) (2)_U0 (1)7P2)

T1 — Xo Uy — o

X +0(L7h.

We recall the Weierstrass product expansion of I'(s)
e 7

1 S _1STL

(6.51) I(s) =

We see that when s = 2 — py — D9, since 2 — By — B) = O(L 1 1og L),

we have

|F( e%(s n
1—|—O(L' 1logﬁ) ( R(s) ) R(s)/n
- || s
1+0(L 1 og L) ™y R(s)
= 12 = pay — Do)l H HO e
(2)
1 1
(6.52) +OlL” ‘1g£).
12— pay — Do)l
This completes the proof. Il

To simplify notation we put

1 X127a7b o ngafb U127a7b o Ugfafb
L2(2 —a—b)? T, — T Uy — U '

(6.53) ja(a,b) :=
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Thus the sum over all the terms of the form (6.40) with x ) = x(2) is

(1+0(L 1 og L))

= w > CwCrwuweiapa, pe))|
P(1):P(2)
X(1)=X(2)
(6.54) +O | L7 Y [CoyCrwamuwe)]
P(1)>P(2)
X(1)=X(2)
We put
(6.55) Gz:rﬂ(?)x Y wyweiaea), pe)l-
X(2§)(:2>)<<1>

Since 2’0(1)0(2)’ < ’O(I)P + ‘0(2)‘2, we have

(6.56) > |CoCowaweia(pa), pe)| < G2 ICHI
P(1):P(2) p(1)
X(1)=X(2)

Combining (6.39) and (6.56) we have

2§<%(1+O(£1log£ ( 1Zw ))

(6.57) X |Ciml®
7,m

>

n=1

E n,j;mCim

j7m

for any choice of the coefficients Cj ,,,.
Therefore by (6.23), Lemma 6.5 and Lemma 6.6 we have

> wl, < (1+0(L7 og L)) (% +0 <,cl > w]%m))
Jim 7,m

T+ 2g— U —v
(6.58) X ( 20 =) ) ,
which gives
1 T+ 2o — U —v
(6.59) Zw (1+0(L " log L)) ( e ) Go.

We are therefore left to choose suitable weights wj ., bound G and choose

suitable constants w, ug, u1, v, g, 1.
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We note that, using Cauchy’s inequality, we have

1

2—p1)—p 2—pa1)—p 2—p1)—p 2—pa1)—p
‘X &) <2>_X0 (1)~P(2) U, €) <2>_UO (1) ~P(2)

X1 — Xo Uy — U

(60\(1)+>\<2))901 4 A tA@e))zo eQyTA@)ur L o(Aa)+A@))uo
+

1 — Zo Uy — Ug

(62)\(1)1‘1 + 62)\(1):130 62)\(1)u1 + 62/\(1)’u,0 1/2
+

T1 — Xo U — U

(6.60)

62)\(2)581 +62A(2)$0 e?)\(2>u1 +€2)\(2>u0 1/2
+ .
Tr1 — Xy Uy — Up

Also

since |I(pm)) — F(plm2)| > (|my — my| — 1)/L£ by our choice of the
rectangles R,,.

Motivated by these observations we choose

G0z | Gmay 22y 2G| T
1 — 2o Uy — Up

(6.62) Wjm = ( +

We assume from here on that we are only considering zeros p™ with
AGm) > A for some fixed value of A\pin.

We now wish to estimate G5, and so bound me lwmywj2(pay, pe))l-
We assume p(j) is in a rectangle R,,, and then consider the contributions
Gy, from zeros in rectangles R,,, where |m; — ma| = ¢ € Z (since we have
picked a fixed zero in each rectangle, there are at most 2 zeros corresponding

to each choice of ¢).
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We first consider ¢ = 0. In this case pi) = p) (and there is only one

zero). This contributes at most

Gao < sup [(pay, pay)why)|

P(1)
2-2B1) 2-2B1) 2-2B1) 2-28)
= sup Xl — XO Y1 — UO
p(1) T1 — Xo Uy — Ug
2—-201 2—-2B 2—-2B1 2—-201
Xl ()+XO (1) U'1 ()+UO (1) L
X + (2)\(1))
1 — X U — U
(62501)\(1) _ 62560)\(1) eQU1>\(1> _ €2u0)\(1)>
= sup —
A1) >Amin L1 — Zo Uy — Uo

(6.63)

<621‘1/\(1) + 62500)\(1) N eQU1>\(1> + €2u0)\(1>

)_1 (2A@) ™%

We now deal with the case 1 < ¢ < 6. This means that ¢ — 1 < [S(pn)) —
I(p(2))| < ¢+1, and there are at most two zeros p(2). These zeros contribute

Ty — Zo U — U

at most

2 sup
A(l)a)‘(2)2>\mi'n
c—1<t<c+1

(62171)\(1) + 62330/\(1) N 62’LL1/\(1) + 62u0/\<1)>1/2

1 — 2o Uy — Ug

211\ 2o 2u1 A 2up —1/2
e (2) ++ e=*0(2) e (2) + e="04(2) 1
2 2
( + ((Aay + @) +¢7) .
1 — X U — U
(6.64)
ezl()‘(l)+>‘(2)+it) o exo()\(l)-l-)\(g)-i-it) eul()\(l)+)\(2)+it) _ euo()\(1)+)\(2)+it)
X

Tr1 — X U1 — Up

As in (6.60), it follows from Cauchy’s inequality that

Q0 PA@)T 4 O HA@)re O HA@)u 4 eGay+Ae)uo 2
L1 — Zo Uy — Uo
eleA(g) + €2£E0)\(2) 62u1)\(2) + 62u0)\(2)
< +

T — Zo U — Ug

621‘1>\(1) _I_GQSCQ)\(U e?ul)\(l) +€2u0>\(1)
(6.65) X + .

xr1 — To U — U
Hence
e®1(2A+it) _ owo(2X2+it) eu1(2A+it) _ guo(2A+it)
Goe <2 sup —
c—1<t<c+1
2r1 A 2xoA 2u1 A 2ugA -1
e +e e + e -1
(6.66) + (4N +¢%) .
T1 — To Uy — Up
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When ¢ > 7 we use the simple estimate:

-1
Goo <2 sup (()\(1) + )\(2))2 + t2)
A(1),A(2) ZAmin
c—1<t<c+1

2
< .
SNt (e 1P

For given constants x1, xg, uy, ug, w, v and \,,;, we use Mathematica’s NMax-

(6.67)

imize function to calculate the bounds above for Gy and G for 1 < ¢ <6.
We can estimate the bound given for Go . when 7 < ¢ < 101 exactly, and
then for ¢ > 102 we use an integral comparison to see that

2
2GS ) e

e>102 m>101 ~ man

</°O 2
= Jioo AN, 12

< tan ! (A\nin/50)

(6.68)

o )\min
We can then use this information to estimate Gs.
2 tan™t (Ain/50)
6.69) Gy < Gs.. )
( ) 2 S z,o-l-z 2,c T Z 4)\3nin+m2 N
1<c<6 6<m<100

As is the case in [11], it is optimal to choose uy = 2w + 1/3 4+ § and
o = w+v+1/340 with § small. We will take 6 = 2/3000 for our purposes.
We are then left to choose suitable positive constants w, u; > ug, v > uq
and z; > 9. We fix these now as

(6.70) w=0.115, up=0.564, us=0.620,
(6.71) v=0964, z=1413, =z =1623.

We consider \,,;,, = 0.35. For this value we calculate that

(6.72) G5 < 0.650.
Putting everything together we obtain
(6.73)
. . . . —1
63.246A<.W> +62.826>\<.7’m) 61.240A<J7m> +61.128,\(.7’m>
< 11.9288.
,\<jvm7>20.35

6.3. Third Zero Density Estimate. We now prove Lemma 6.3. The
proof uses the ideas [11, Section 12] to obtain a stronger zero density esti-
mate close to 1, but agan we extend this to our slightly larger region with

J(p) < 1. Specifically we wish to estimate
(6.74) N*(\) =4 {pU™ € R : \U™ < A}
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in the range 0 < A < 2. We note that from the log-free zero density bound,
that for 0 < A < 2 we have that N*()) is uniformly bounded in ¢ and .
Throughout this section we assume that we have a fixed non-negative
constant Aj; such that A\;; < A\;. We put 83 =1 — Ay /L.
We adopt the notation of [11]. We put

(6.75) K(s,x) = ZA(n)?R (%) g (L7 logn)

for some function g which satisfies:

Condition 1: g : [0,00) — R is continuous, g is supported on [0, zq) for
some g > 0, g is twice differentiable on (0, zy) and ¢” is bounded on (0, zy).
Condition 2: g is non-negative and its Laplace transform G satisfies R(G(z)) >
0 for $(z) > 0. We start with the following estimate

Lemma 6.8. Let g be a function satisfying conditions 1 and 2 and let o > 0.
Then for q > qo(0,g) and Ay > A\iq:
If
(6.76)
GA =) >9(0)/6  and  (G(A = Ai1) = g(0)/6)* > G(=Ai1)g(0)/6

then we have

G(—XM1)Gs
(GA = An) = 9(0)/6)* = G(=A11)g(0)/6
where Gy is defined in equation (6.90).

N*(A) < +9,

Proof. The first inequality of [11, Section 12] shows that for ¢ > ¢o(g, 1)

we have

6.77) LUK (B +iy9™, D) < g(0)gy 0 /2 + 61 — GAT™ — Apy).
Therefore, for any zero pl™ with G(AU™ — \j1) > g(0)¢, ) /2 we have
(6.78) 0 < GAU™ — A1) — g(0)py» /2 < =LK (Byy +iy9™, xD) + 6.

We note that G(AU™ — A1) is a decreasing function in AU™ and recall
that ¢, < 1/3 for all characters x. Therefore, if

(6.79) G(A — Air) > ¢(0)/6,
then for any AU < \ we have that

GAY™ — A1) = g(0)dy /2
—L7K (B + iy, X)) + 61

IN

(6.80)

IA
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We sum over all j,m for which A&™ < X. Thus for ¢ > qo(g, ;) we have

N (A(GA = A1) — 9(0)/6)
< Z GAP™ — A1) = g(0)/6

,\<Jm><,\
< —L~ ! Z K611+Z’Y ]) —|— Z (51
jm
A@m) <\ A M)<)\

=L ZA gL logn)R Z X(j)(n)n_”(j’m) + 09
,\(j?%rn)lg,\

< L ZA n"yo(n)g(L ™ logn) Z X(j)(n)n_mu’m) + 0y

7,m
)\(jym)g)\
(6.81)
< 0?52 + 6,
where
(6.82) &y = Z 51,
A<J'?f’nr?<,\
R YL LG
2
(6.84) =L ZA gL ogn) | Y0 XD
,\<ij7§£<,\

By [11, Lemma 5.3] for ¢ > qo(g, 61) we have

= L7'K(B11, X0)
(6.85) < G(=An) + 0.

We expand the square in Y5 and see that
(6.86)
Yy =RN(Ty) = L7 Z K(Biy + i(y0om) — yUzma)y 3 G)y(i2)),

J1,J2,m1,m2
AU1m1) A(F2:m2) <)\
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By [11, Lemma 5.3] the terms with j; = j5 contribute a total
L7 K (B +i(y0rm) — 4 0m)) x)

J1,m1,ma

(6.87) < Y (|R(G(=An + iU — ey | 46y

J1,m1,ma

By [11, Lemma 5.2] the terms with j; # j, contribute
L7 YL KBl =), x0Ox0)

J1#£j2,m1,me

(6.88) < Y (9(0)/6+5y).

J1#£j2,m1,me

Putting these together we get
S Y (R(G( +im) — m) 0)/6)

201, 7'{5”;\%37’1171312)<)\
(6.89) + N (\)2g(0)/6 + 6.
We put
(6.90) Gs:=sup > (R (G(=A1 + (1™ — 400m2)))| — g(0)/6) ,
grm

SO
(6.91) Sy < N*(V)2g(0)/6 + N*(\)Gs + 0.
Putting together (6.81), (6.85) and (6.91) we obtain
(6.92)
N*(N)*(G(A = Mir) — 9(0)/6)°

< Y13 + 02

Since N*(\) is bounded uniformly for 0 < A < 2 by the log-free zero density
estimate, all the sums and terms are finite. Therefore, by a suitable choice
of §; we have for given 6 > 0 and ¢ > ¢o(g,9) that

(6.94)
N () (GO = A1) = 9(0)/6)2 — G(~A11)9(0)/6)* < G(~A11)Gs + 6
Therefore the lemma holds. O

We are now left to choose a suitable function g and evaluate this expres-
sion. As in the work of Heath-Brown [11] and Xylouris [26] we choose

S ( Y2 = (t — 2)?)dx
3 5
(6.95) g(t) == = 310155 + 3P g2 107 te[0,2v),

0, t > 2y,



ON THE BRUN-TITCHMARSH THEOREM 35

for some constant v > 0.

We see that g is the convolution of max(0,7? — x?) with itself, and so
satisfies Condition 2 that £(z) > 0 = R(G(z)) > 0. We also see that it is
twice differentiable on (0,2v) and its second derivative is continuous and
bounded, and so also fulfills Condition 1.

We see the Laplace transform G is

G(z) = /0 ettt

167° -1 _ 8 _—3 2 —2v2\ ,—4

(6.96) = +4(—1+ €727 + 2yze %) 275 z#0,

86
9 z=0.

We bound G5 in the same manner as we did in proving Lemma 6.2. We

recall

(6.97) Gs(A) = sup Y (|R(G(=Au + i(w™) — pl2m2)))| — (0)/6) .

mi,j1 o

As in the proof of Lemma 6.2 we consider the contribution Gs. of zeros
from rectangles R,,, with |m; —ms| = c € Z.

We first consider Gso. There is only one zero plim2) = plimi) if it
exists. Thus

(6.98) Gz < G(—=Ai1) — g(0)/6.

For Gs. with 1 < ¢ < 5 we see that there are at most 2 zeros both with
c—1 < Jpbrm) — yUrm2)| < ¢4 1. These contribute

(6.99) G5, < 2max ( sup  |R(G(=A11 +it))| — g(O)/6,0> :

c—1<t<c+1

We estimate these using Mathematica’s NMaximize function.
We use a simpler bound to estimate G5, with ¢ > 6. Letting z = z + iy

we have

R(z7H

RG] < [

3
+ ‘8%3‘%({3)

+ 42 ‘?R ((1 + 6_272)2_4) ’

+4|R (14" + 2726_27z)z_6)|
167°x 87 (|z° + 3lzly®) | 4v*(1 +e7*)
—15(2% +y?) 3(2% +y?)° (22 +y?)?
A1 4 e 4 2y (2 4 g2 2T (a2 4+ )
(6.100) =: G4(z, 7).
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We see that G4(z,y) is decreasing in y, and so

G5, < 2max ( sup  |[R(G(=A1 +1t))| — g(O)/6,0>

1<t <et1
(6.101) < 2max (G4(—M1,c— 1) — g(0)/6,0).

We estimate this directly. We note that if G4(—A11,¢1 — 1) < ¢(0)/6 then
Gs. <O0forall c > ¢.

Using these estimates we can then bound G35 for any given value of our
parameter v and a given lower bound A;; for A;.

We consider separately the cases Ay > 0.35, \y > 0.40, \; > 0.44,
A1 > 0.52, Ay > 0.60, Ay > 0.66 and \; > 6/7. In each case we choose
the value of v € {1.00,1.01,...,1.60} which gives the best bound whilst
ensuring that conditions (6.76) still hold.

We give the results in the following table. We note that in comparison
with [11, Table 13] these are worse by a factor of approximately 4, but are
counting the number of rectangles containing a zero rather than just the

number of characters.

Table 1: Third Zero Density Estimate

A Bound for N*(\)

Mz a2 Mz A2
0.35 | 0.40 | 0.44 | 0.52 | 0.60 | 0.66 6/7
0.74| 30 29 28 27 26 26 -
0.75| 31 30 29 28 27 26 -
0.76 | 32 31 30 29 28 27 -
0.77| 33 32 31 30 29 28 -
0.78| 34 33 32 31 29 29 -
0.79| 35 34 33 32 30 29 -
0.80| 36 35 34 32 31 30 -
0.81| 37 36 35 33 32 31 -
0.82| 38 37 36 34 33 32 -
0.83| 40 38 37 35 34 33 -
0.84| 41 39 38 37 35 34 -
0.85| 42 41 40 38 36 35 -
0.86 | 44 42 41 39 37 36 -
0.87| 45 44 42 40 38 37 34
0.88 | 47 45 44 41 39 38 35
0.89 | 49 47 45 43 41 39 36
0.90| 51 49 47 44 42 40 37
091| 53 50 49 46 43 42 38
0.92| 55 52 51 47 45 43 39
0.93| 57 54 52 49 46 44 40

Continued on next page...
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A | Bound for N*(\) - continued from previous page

DV VI IV VI I VP D VI I V= B N i
0.35 | 0.40 | 0.44 | 0.52 | 0.60 | 0.66 6/7

0.94| 59 57 35 51 48 46 41
0.95| 62 29 o7 53 49 47 43
0.96 | 65 61 29 55 51 49 44
0.97| 68 64 61 57 53 51 45
098] 71 67 64 99 25 52 47
099 74 70 67 61 57 54 48
1.00 | 78 73 70 64 29 26 20
1.01| 82 7 73 67 62 58 o1
1.02 | 86 80 76 70 64 61 53
1.03| 91 84 30 73 67 63 95
1.04 | 96 89 84 76 70 66 o7

1.05| 101 | 94 38 80 73 68 29
1.06 | 108 | 99 93 83 76 71 61
1.07 | 114 | 105 | 98 88 79 74 63
1.08 | 122 | 111 | 104 | 92 83 78 65
1.09 | 131 | 118 | 110 | 97 87 81 68

1.10 | 141 | 127 | 117 | 103 | 91 85 71
1.11 | 152 | 136 | 125 | 109 | 96 89 73
1.12 | 164 | 146 | 134 | 115 | 101 94 76
1.13| 179 | 157 | 143 | 122 | 107 98 30
1.14 | 197 | 171 | 155 | 130 | 113 | 104 83
1.15| 218 | 186 | 167 | 139 | 120 | 110 87
1.16 | 243 | 205 | 182 | 150 | 128 | 116 91
117 274 | 226 | 199 | 161 | 136 | 123 95
1.18 | 313 | 253 | 220 | 175 | 146 | 131 100
1.19 | 365 | 286 | 244 | 190 | 156 | 140 105
1.20 | 435 | 328 | 274 | 208 | 169 | 149 110
1.21 | 536 | 383 | 312 | 229 | 183 | 160 116
1.22 | 695 | 458 | 361 | 255 | 199 | 173 123
1.23 | 981 | 568 | 426 | 286 | 218 | 187 130
1.24 | 1642 | 742 | 518 | 326 | 241 | 203 138
1.25 | 4835 | 1063 | 658 | 377 | 268 | 222 146
1.26 | oo | 1844 | 895 | 446 | 301 | 245 156

1.27 6602 | 1382 | 543 | 343 | 272 167
1.28 oo |[2967 | 690 | 397 | 305 179
1.29 oo | 940 | 470 | 347 193
1.30 1457 | 573 | 400 208
1.31 3156 | 729 | 471 226
1.32 oo | 995 | 569 247
1.33 1549 | 716 272
1.34 3398 | 958 302
1.35 oo | 1433 338

Continued on next page...
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A | Bound for N*(\) - continued from previous page
VI 1P,V IV VI 1P VI [P V= I U IV
0.35 | 0.40 | 0.44 | 0.52 | 0.60 | 0.66 6/7
1.36 2782 382
1.37 35205 | 438
1.38 00 013
1.39 614
1.40 763
1.41 998
1.42 1430
1.43 2480
1.44 8791
1.45 00

7. PROOF OF PROPOSITION 3.5

We wish to estimate

Z Z Z exp(—MA,).

X7#X0 MEL pERmNZ(x)
We do this by Lemmas 6.1, 6.2 and 6.3.

We split the argument into 2 sections, when there is a zero close to one
(in which case it must be a real zero from a real character) and when there
are no zeros close to one (and so p; or x; might be complex).

The work in this section follows along the same lines as that of [11,
Sections 14 and 15].

7.1. A Zero close to 1. We consider the case when n < \; < 0.35. By [26,
Tabelle 11] we see that such a zero cannot exist if y; or p; is complex, and
hence p; must be a real zero corresponding to a real character. Moreover,
p1 is simple. Since x; is real we have that ¢,, = 1/4.

We first consider the contribution from characters x\9) # ;.

We note that

a2 (s /2)>2 (14 g5 )

The first two terms in the product are decreasing in A, and so for M > K
this is a decreasing function of A. Therefore for all p € R,, N Z(xW), if
M > K, we have

exp(—MAG™)

(72) exp(_M/\p) < Bl()\(j’m)) Bl<>‘P>
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Thus by Lemma 6.1 we have

exp(—MAG™)
Z exp(—M),) < B (0] Z Bi(Ay)
PERmMNZ () PERmMNZ(xW))
< exp(—M AT Oy (AG™)
- By (AGm)) '

(7.3)

We note that
exp(—2x1 )
By(A)
are a decreasing functions in A. Thus for M > 2z, + K we have that

exp(=MMNC1(A)

and Ci1(N)

7.4

74 BV B

is a decreasing function in A. Since for x\) # x; we have AU > )\, this

gives us

(7.5)

eXp(—MAQ)Cl()\g) (
exp(—M),) < By(AU™).

2. 2 eRtMAM S TRt 2 BT
M pERmNE(xD) gm

XD #x1,x0 XD #x1,x0

We now consider the contribution from the character x;. We give the zero
p1 close to 1 special treatment, and so treat the rectangle Ry which contains
p1 differently (p; € Ry since p; is real).

We first consider the contribution from rectangles R, with m # 0. Using
the same ideas as above we have

exp(—MM))Cy (N} im
(76) Y. ). exp(—M),) < %Q(A,I)Bi(xf) ) > By(A0m).

m#0 peERmNZ(x1) m;éO
W =x1
We now consider the rectangle Ry. We have
exp(—M )\,
Z exp(—M)\p) S exp(—M)\l) + W Bl()\p)
PERONZ(x1) DA peRronz(x)
p#p1
exp(—MN\,
S exp(—M)\l) + p(—,l) Bl()\p)
Bi(A1)
PERONZ(X)
exp(—MA})C1(A)
7.7 <exp(—MA\;) +

We note that By(\) and C1(\) are both decreasing in A. Therefore

exp(—MN)C4 (0)
B, (N)Ba(N,) ) B2

78 Y ew-an,) < es-an)+

PERONZ(x1)
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Combining this with (7.6) and using the fact the C} is decreasing we obtain

_ < J,m
2 D ewMA) ST anE s 2 BT
Jm  pERmNZ(x1)

D =x, D=y,

(7.9) + exp(—MA;).

j?m

Now combining (7.9) and (7.5) we get
Z Z exp(—MN,) < exp(—MA;) 4+ Cy(A], A2) ZBz(A(j’m))

X#X0 pERNZ(X) J,m
(710) S exp(—M)\l) + 04()\,1, )\2)02,
where

(7.11) Cu(X,, \2) = max (exp(—M)\z)C'1()\2) eXp(—M/\ll)C’l(O)>

Bi(A2)Ba(A2)  Bi(M)Ba(M)
By [11, Lemmas 8.4 and 8.8] for any 6 > 0 and for all ¢ > ¢o(d) we have

12
(7.12) N, Ag > (ﬁ — 5> log(A(h).
Also by [11, Tables 4 and 7] for A\; < 0.35 we have that
(7.13) N, >219, Ay > 1.42.

Thus, since Cy(\], A2) is decreasing in A} and A2, we have for any constant
Bwith0<B<M-K —2x

Cy(N],A\2) < exp (— (2 - 5) Blog()\l_l))

11
(7.14)
< ma exp(—1.42(M — B))C1(1.42) exp(—2.19(M — B))C4(0)
X .
B1(1.42)By(1.42) ’ B(2.19) B2(2.19)
We choose
(7.15) B=1,0=0.01,K =0.66
and as before
(7.16) w=0.115, wug=0.564, wu; = 0.620,
(7.17) v=20.964, x9=1413, =z;=1.623.
Given M we can now explicitly calculate the above quantities. For M = 7.5
we obtain
(7.18) D) exp(=75),) < exp(=T.5X) +2.38 x A},

X7#Xx0 pPERNZ(x)
We see that the right hand side is a function which is 1 when A; = 0, and
is decreasing at 0. Moreover, it is convex (has positive second derivative)

on (0,00) and so can have at most one turning point, which would be a
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minimum should it exist. Therefore the right hand side is always < 1 for
A1 € [n,0.35] if it is < 1 at 0.35.

Calculating this at 0.35 with M = 7.5 gives 0.8628.., and so this is < 1
for A1 € [n,0.35] provided M > 7.5.

7.2. No Zeroes close to 1. We now consider the case when A; > 0.35.

As above, for characters x\9) # y1,%,; we have

excio(— MG
> ewm s TUREERY Y B

PERNZ(x)) PERMNZ(x))

_ (d:m) (4,m)
(7.19) gzexp( AQ JGAT™)

()\(j,m))

We now consider the contributions for the character x; (and X7 if x; com-
plex). We separate out the contribution of p; (and p, if it exists). To do this

we put
2, X1 complex
(7.20) mlx) = '
1, otherwise
2, real and p; complex
(721) nQ(Xl) — { X1 ' P1 P
1, otherwise
2 I and lex and p; ¢ R
(7.22) ns(x1) = { ) X1 rea .an p1 complex and p; ¢ Ry
1, otherwise.

We then have

(7.23)
Z exp(—MMA) = na(x1) exp(—MA,) + Z Z exp(—MM,).
PERNZ(x1) m pERmMNZ(x1)

P#p1,P1

We separate out the contribution from the rectangle R,,, which contains
p1. If x1 is real and p; is complex then we also separate the rectangle R,,,
which contains p, if this is different to R,,,. We note that all zeros in either

of these rectangles have either A\, = A; or A, > A|. The zeros in any other
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rectangle R, have A\, > AU We then use Lemma 6.1 again. This gives

Z exp(—MA,)
PERNZ(x1)
= na2(x1) exp(—M A1) + Z exp(—MA,)
PERmy URmy)NZ(x1)
PFP1,P1

+ Z Z exp(—MA,)

m#mi,m2 pERmNZ(x1)

Z exp(—MAT™) Oy (AG™)

< -
< = Bl()\(J,m))
exp(—M )\
+ p(—/l) Z Bi()\,)
Bi(X)
PE(Rimy URmy)NZ(x1)
exp(—MA})
—MMN) — ————B1(\
() (exp-ra) - ST B (1)
exp(=MAG™)Cy (AU™) exp(—MAX;)Ci(A)
<
= 7&2 By (AGm) raba) Bi(\)
m#mi,ma
exp(—M\))
—MM\) — ———LB ()
+n2(x1) <GXP( 1) BN 1(A1)
exp(—MM\) exp(—MAﬁ))
=(n Bi(A) —n Cr(A —
(1) B (M) = (o) ) () S
exp(—MAG™) O (AG™)
24 ‘ .
If x; is complex we follow the same argument and obtain the same result
for ;.
Putting together (7.19) and (7.24) we obtain
—MAGM)Cy (NG
(7.25) Z Z exp(—MM,) < Z exp( )\(jzn )1( ) + Ay,
X#X0 pERNZ(x)
where
Ar =mi(x1) (n2(x1) Bi(A1) — na(x1)Ci(A1))
exp(—M\) exp(—MXl))
7.26 — .
(720 (S~ 5

We now use Lemmas 6.2 and 6.3 to estimate the sum on the right hand side
of (7.25). We fix a constant A (to be declared later) and consider separately
the terms with A\@™ > A and A0 < A. We use Lemma 6.2 to estimate

the first set of terms, and Lemma 6.3 to estimate the second set.
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We first consider the terms with A0™) > A,

Z exp(—MAG™) Oy (AG™)
By (AGm™)

j’m
AGmI S A

(7.27) = Z (exp Mgi\n] mBZ(C;((J)?\n ) )) By(AU™).

Again we note that
exp(—K\) exp(—2x1\)
Bi(A) Ba(A)
are all decreasing functions of \. Therefore, provided M > K + 2x; we have

T exp(—MAG™) Oy (AG)
By (AGm)

and C1(\)

j?m
A@m) S A

(exp —MA 01

> B0

G m> >A

Jm)

exp A)Ci(A)
By (A)

exp( MA)Cl(A im)
‘( B (N Ba(A ) 2 B

j?m
A@M) <A

exp(—MA)Ci(A)Cy
- Bi(A)By(A)

exp(—MA)Cy (A -
72 -(MBwmw ) L B

j?m
A@M) <A

Hence

exp(=MAUM)CL(AU™)  exp(=MA)Ci(A)Cy
> B (3G S T BB

729
. Z (exp MA]m)Cl()\Jm))_eXp(_MA)Cl(A)>B2()\(j,m))‘

B1(AGm)) By(AGm) B, (A)Ba(A)

AU m> <A

We therefore are left to evaluate
(7.30)

Z exp(—MAGM)Cy (AGm) B exp(—MA)Cy(A) By( A0
2 \TBOGMBOT)  BMB(@h) )
AGm <A
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To ease notation we put

_ (exp(=MAN)Ci(A)  exp(=MA)Ci(A)
(7:31) D(”‘( BB BiWBM) )BM‘

We note that D()) is a decreasing function of A (and is non-negative for
A< A).
We separate the terms for A; and put A* = min(\}, A\2). This gives

(7.32) Z D(AY™) = ng(x1)n1(x1)D(A1) + Z D(AU™).

Jm J,m
A@mI<A A*<AEM) <A

We put A, = A — (0.01)r and define s such that Agy; < A* < A;. We then

split the sum into a sum over the different ranges A, 1 < A0™ < A,

s—1
Z D()\(j,m)) < Z Z D()\(j,m)) + Z D()\(j,m))
I,m r=0 j,m j,m
A*gAj@vm)gA Ar+1§JA<J'»m>§AT A*SAgﬂ‘vm)gAs

< (N*(As) = ma(xa)ns(x1)) D(AY)

(7.33) FIOV )~ N (A ) D(A ).

Note that we have used the fact that D()) is decreasing in .
By Abel’s identity we have

Y. DAY < —ni(a)ns(xa) D) + N*(A,) (D) = D(A,))

7,m
A*<AGm) <A
s—1
(7.34) + ) N (A)(D(Ar11) — D(AL)),
r=0

since D(A) = 0.
Since D(A,4+1) > D(A,) and D(A*) > D(A;) we may replace N*(\) with
an upper bound, say Nj()A). This gives

> DAU™) < —na(xa)ns(x1) DY) + N (M) D(X")
A*g)?(?m)g/\

[y

(7.35) £ N A) = N (A ) D(A 1)

r

Il
o
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Hence
> DAY™) < ny(xa)ns(xa)(D(M) — D)) + N (M) D(X)

j?m
AGm <A

—_

(7.36) £ NA) — N3 (Ara) D(A ).

s

Il
o

Putting (7.25), (7.29) and (7.36) together we obtain

S Y exp(—My,) < EREMNOWNG, |y s poey 4 a
Bi(A)By(A)
X#X0 pERNZ(x)

(737) £ NG (A) = Ny (Are)D(Ar),
where
;L exp(—MMA;)  exp(—MN))
Aj = ni(x1)n2(x1) Bi(A1) ( BOn) B >
+n1(x1)na(x1) (D(A1) — D(XY))
exp(—MMA;)  exp(—MN))
(7.38) —n1(x1)n3(x1)C1( A1) ( Bi(M) - Bi(V) )

We now wish to bound this when we consider A;, A} and Ay constrained in
size. Specifically, we consider Ay € [A11, Adia], Adg > Aoy and A > N};.

By definition Nj(As) > ni(x1)ns(x1), and so the coefficient of D(\*)
is > 0. Since D is a decreasing function, the right hand side of (7.37) is
decreasing as a function of A\y. The term Bj(A;) occurs no(x1)/ns(x1) times

in the sum

Y Bi()).

PERONZ(x1)

Since the sum is < C(A;), and all terms in the sum are positive we have
that

(7.39) na(x1)B1 (A1) < ng(x1)Ci(xa)-

Therefore, by expanding out A" we see that the right hand side of (7.37) is
also decreasing as a function of \|.
Therefore we may replace them A and Ay with their lower bounds A},

and A9y respectively.
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Considering this bound as a function of A\; we find that the right hand

side is
st (e ) - S B )
(7.40) + n1(x1)na(x1) Bi() <exlj;§1_(f;1) - exlgl_(iﬁﬂ)) e

where C' is independent of A;. We see this is

< ny(x1)ns(x1) <%C&()\u) — exprl_(jggz(Ck)(A) BQ()\12))
(7.41)

2B, () (exp(—]\/[)\ll) B eXp(—M)\ll)) Lo

Bi(A11) Bi(\y)

Therefore we obtain

Y Y emp(-May) < FREMYOWNC: )by 4oag

X#X0 pERNZ(X) By (A)32 A)
s—1
(7.42) + STV (A) = Ny (A1) D(Ari),
r=0

where

Alll = 2B1(/\11> (
(7.43)

exp(—MM\;) B exp(—M)\’H))
Bi(AM1) Bi(A1y)

- (exp(—MXll)Ol()\ll) B exp(—MA)Cy(A)

Bi(N) BN Bo() 2he) D(”’) ’

and ny is chosen to be 1 or 2 so as to give the largest value for A7.
We now proceed to estimate (7.42) for various ranges of A; which cover
the region A\; > 0.35. We consider

(7.44) M =138.

For each range of A\; we use the lower bounds for \] and )\ as given by [26,
Tabelle 2, 3, 7] and [11, Table 4 and 7]. We use the upper bounds for N§ as
calculated in Table 1.

We give these bounds on A} and Aq, our choices of A and the calculation
of the right hand side of (7.42) in Table 7.2.

We see that for each range of A\; we obtain an upper bound for (7.42)
which is < 0.99. Since the expression is decreasing in M, this holds for all
M > 7.8. We have therefore established Proposition 3.5 by taking e = 1073.
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TABLE 2. Calculation of the RHS of (7.42) for different
ranges of \;.

)\11 /\12 )\21 /\/11 A Total RHS of (742)
0.351040| 1.29 | 2.10 | 1.29 0.8579...
040044 | 1.18 | 2.03 | 1.27 0.9821...
0441046 | 1.08 | 1.66 | 1.28 0.9213...
0.46 048 | 1.08 | 1.53 | 1.28 0.9120...
0.4810.50| 1.08 | 1.47 | 1.28 0.9041...
0.50{0.52| 1.00 | 1.40 | 1.28 0.9304...
0.52]0.54| 1.00 | 1.34 | 1.31 0.8049...
0.540.56| 092 | 1.28 | 1.31 0.8427...
0.56 [ 0.58 | 0.92 | 1.23 | 1.31 0.8385...
0.5810.60| 092 | 1.18 | 1.31 0.8349...
0.60 [ 0.62| 0.85 | 1.13 | 1.34 0.7782...
0.620.64| 0.85 | 1.09 |1.34 0.7756...
0.640.66| 0.79 | 1.04 | 1.34 0.8363...
0.66 | 0.68 | 0.79 | 1.00 | 1.36 0.7652...
0.6810.70 | 0.79 | 0.96 |1.36 0.7636...
0.70 1 0.72 ] 0.745 | 0.93 | 1.36 0.8241...
0.7210.74]0.745 | 0.91 | 1.36 0.8229...
0.7410.76 | 0.745 | 0.89 | 1.36 0.8219...
0.76 | 0.78 | 0.76 | 0.86 | 1.36 0.7988...
0.7810.80| 0.78 | 0.84 | 1.36 0.7708..
0.80]0.82| 0.80 | 0.83 | 1.36 0.7463...
0.8210.86| 0.82 | 0.827 | 1.36 0.7243...
0.86| oo | 0.86 | 0.86 |1.44 0.5110...
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