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Abstract

The descent algebr&y, of a finite Coxeter groupV, discovered by Solomon in 1976,
is a subalgebra of the group algebra \&@f Due to Solomon, it is intimately linked to the
representation theory ofV, by means of a homomorphism of algebrdsmapping 2y into
the algebra of class functions ®¥. For W of type A, Jollenbeck and Reutenauer derived the
identity 0(X)(Y)=0(Y)(X) for all X,Y € Zy, where class functions aV have been extended
to the group algebra oWV linearly. They conjectured that this symmetry property%fy holds
for arbitrary finite Coxeter group®. This conjecture—actually a combinatorial refinement—is
proven here.

As a consequence, several properties of the charactevg afforded by the primitive idem-
potents of Zy may be derived at once, including a symmetry of the corresponding character
table, and a combinatorial description of their intertwining numbers with the descent charac-
ters of W. This recovers and extends results of Gessel-Reutenauer and Scharf-Thibon on the
symmetric group, and of Poirier on the hyperoctahedral group.
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1. Introduction

Let (W, S) be a finite Coxeter system and denote the lengthwods a word in
the elements ofS by ¢(w), for all we W. For eachl C S, let W; be the parabolic
subgroup ofW generated by, then

Wl ={xeW|t(x) < (xs) for all s}

is a cross-section of the left cosets 0§ in W, consisting of the unique representatives
of minimal length (for general reference, sggl7]).
Due to a remarkable result of Solomon [25], the linear span of the elements

x! = Z x (ICS)

xew!

is a subalgebra of the integral group alge#®, the descent algebraf W. Further-
more, if ¢, denotes the character @ induced by the principal character &f;, then
the linear map) defined by

0x" = ¢,

for all 1 €S is a homomorphism of rings mapping the descent algebra into the ring
of class functions of/V.

Several surprising properties and generalization®g@f have been achieved through
the last 15 years, linking the descent algebra to such different fields as the theory of
the free Lie algebra, the probabilistic theory of card shuffling and more general random
walks, or the structure and representation theory of the underlying dho(gee, for
example,[1-4,6,11,12,14,19,23)).

The main goal of this paper is to further expose the interplay between the descent
algebra and the representation theoryfbased on the following symmetry property
of Dyw.

Main Theorem. For all X,Y € Dy,
0(X)(Y) = 0(Y)(X),

where each class function of W has been extendedWolinearly.

This result was conjectured by Jollenbeck and Reutenauer, who provided a proof
in caseW is of type A, by means of an algebraic approach involving higher Lie
representations of the symmetric grofi8].
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Note that, more explicitly, the Main Theorem implies the combinatorial identity

D= Y @)

yeX/ xeXx!

for all 1, J € S when applied to basis elements= X’ andY = X’ (and vice versa,
by linearity).

The conjugacy classes & may be lumped together to sets éfelements inW
if, roughly speaking, they cannot be separated by parabolic subgi@lps$iere A
is a Coxeter class oV, and consists of subsets & generating conjugate parabolic
subgroups. Any complete set of primitive idempotentsIaf may be indexed by the
Coxeter classed of W in a natural way. An explicit construction of such idempotents
was given by Bergeron et al. [3], generalizing and, to some extent, also clarifying the
ideas developed by Garsia and Reutenauer for the symmetric group [12].

In Section 3, we show that the symmetry bfmplies a number of surprising results
on the characterg, of W afforded by the primitive idempotents @y, which are
referred to asSolomon charactersf W here. To give an instance, recall that Des =
{seS|L(ws) < £(w)} is the descent set ok, for all we W, and consider the basis
of Dy consisting of the sums of descent classes

y! — Z w:Z(_l)#J—#IXI (JCS)

Deqw)=J I1CJ
and the corresponding descent characters
5] — H(Y,)

of W [24,25]. The Main Theorem allows to give the following description of the
intertwining numbers of these characters with the Solomon characters.

Theorem 1.1. The number ofi-elements in W with descent set J(jg, ' )yw, for all
Coxeter classed of W and allJ C S.

This result extends those of Gessel and Reutenauer on the symmetric 5huand
of Poirier on the hyperoctahedral group [20]. Further applications of the Main Theorem
concern the values of the Solomon characters (see Theorem 3.3), and the dimension
of the fixed space of a parabolic subgrodfy in the corresponding-modules (see
Theorem 3.5). The latter includes, in particular, the result on the dimension of these
modules of Bergeron et al. [3, Theorem 7.15].

The proof of the Main Theorem is closely adapted to its combinatorial nature, thus
also sheds new light on the symmetry Bfy in the symmetric group case studied in
[18]. In fact, our objective is the combinatoriaéfinementstated below (which was
conjectured in [16] only recently). Some illustrations of our terminology in dAsis
of type A, can be found at the end of Section 2.
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Let 7 C S, then eachw € W has a unique factorization

w=wl w;

into parabolic components)! e W/ and w; € W;. If, additionally, / € S, then the
elementsb of W/ := (W)=t n W’/ represent theW;, W,)-double cosets inW
[25, Lemma 1]. The sets

W, J,b) :=={weW|w b= wb 1}

play a key role in our approach. More precisely, here is what may be viewed as the
(combinatorial) core of our efforts.

Theorem 1.2. #W(I, J,b) = #W(J, I,b~1), forall I, J S andbe W'/,

This result implies the Main Theorem (see Sect®)nlts proof, given in the remain-
ing Sections 4 to 6, builds on subtle combinatorics related to theVgétdn particular,
in crucial Section 4, conjugates of minimal coset representative$y! are studied,
based on the notion of parabolic conjugator. This relates to work of Fleischmann [9]
on the subject and could be of independent interest.

2. Symmetry of the descent algebra

This is a short recall of arguments already presented in [16], showing that Theorem
1.2 implies the Main Theorem.

For the proof of the symmetry property, it suffices to consider basis elenXeatsy”
andY = X/, by linearity. In this case, the permutation charaapgr = 0(X”’) of W
counts fixed points ifW/W,. In other words, the Main Theorem says that

X (x) = > ¢,

xew!
Y HyeW! [ xyw, =yw,)
xew!

#H, ) eW x W ixyw; =yWw,}

is invariant with respect to exchange bfand J. The latter set decomposes into the
subsets

FU,J,b) :={(x,y)e Wl x (W nW;bW,) | xyW; = yW;} (beW!),
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according to the double cosév;pW; containing the second component Write
bJb~1 = {bsb=Ll|seJ} for all be W, JCS, then there is the following variant
of a result due to Howletf7, Proposition 2.7.5], which is useful here and later on.

Proposition 2.1. For all 7,/ < S andbe W!/,
W AWbW, =W’ A wib = (WINPT A wy)b.

(see[16, Proposition 1]) The (easier) first identity allows to link the séid, J, b) to
Theorem 1.2.

Corollary 2.2. #F(I, J,b) =#W(, J,b), for all I, J < S andbe W'/,

Proof. A bijection from F(1, J, b) onto W(I, J, b) is afforded by the product mapping
(x,y) — xy. For, if (x,y)eF,J,b) and w = xy, then wW; = yW; implies
w’ =y, sinceyeW’. Furthermorexe W/ and ye W/ n W;pbW,; = W’ n W;b,
by Proposition2.1, hence(wb™1); = (x(yb~1); = yb~1 = w’/b~L. It follows that
weW(, J,b).

To define the inverse mapping, let e W(I, J,b) and puty := w’ and x :=
(wb™H!. Thenxe W! andy = (w/bHb = (wb Y ;be W/ n Wb W’/ nW;bW,.
The observation thaty = (wb™ 1)/ (wb™1);b = xy andxyW; = wW; = w/ W, =
yW;, completes the proof. O

As a consequence of Corollary 2.2, another way of stating Theorem 12(i5 #, b)
=#F(J, 1,b1), which implies

OxX)x'y= > #FU.Jb)= Y #FU.LbH=0X")(X)
bewh/ bewh/

and therefore the Main Theorem.

Consider the case wheMY is the symmetric groups, on [n] := {1,...,n} and
S = {s1,...,s,_1} consists of the transpositions in S, swappingi andi + 1, for
all i <n—1. When viewing elements € W as bijections[n] — [n], the terminology
introduced above has the following illustrative description.

A finite sequencel. = (41, ..., 4;) of positive integers such that; +---+ 4 = n
is a composition ofn. Associated to each such there is the set partitiorP* =
(Pf,..., P/) of [n] which consists of the successive blocks [im] of order /i,
Jo, and so on. For example, = (3,2,3) is a composition ofn = 8 and P* =
({1,2,3},{4,5}, {6,7,8)).

The stabilizer ofP* in W is the parabolic subgroup

Wi =W, ={weW|w(P =P/ foralli<Il}).

Here, | consists of all transpositiong € S such thati is not a partial sum of.. For
instance, ifA = (3, 2, 3) as above, thed = {s1, 52, 54, s6, s7}. Subsets ofS as indices
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may thus be replaced by compositionsrofThe set of minimal coset representatives
of W, in Wis

W ={xeW| x| p. is non-decreasing for afl <17}.

In particular, the upper parabolic component of w e W is the unique permutation
in W mappinng onto w(Pl.i) in a non-decreasing fashion, for alkl /. For example,
(81475263323 = 14857236, where we used the notation= w(L)w(2) - - - w(n)
for wew.

Let u = (uq, ..., 1) be a second composition afand M = (m;;) be ak x I matrix
of non-negative integers such thaty+- - -+m;; = p,; forall i <k andmyj+---+my; =
J; for all j < 1. The double coset representatives W** = (W*)~tn WH are in 1-1
correspondence to such matridds For example, ifu = (3,5), A =(3,2,3) and

2 01
M = ,
1 2 2
we may replace, columnwise from left-to-right, the entrigg of M by the consecutive
subsets ofn] of orderm;; to obtain

B L2t ¢ {6}
{3 {45 (7.8)

Arranging non-decreasingly the numbers occurring in each set and juxtaposing the
resulting segments rowwise, from top to bottom, we get the corresponding double coset
representativé = by = 126 34578 W*~. The matrix corresponding 11@;41 e Whtis
M', the transpose d¥l. Using the simplified notatiotF (M) andW(M) for F(I, J, by)
and W(, J, by), respectively, Theoreml.2 thus saysV(M) = W(M"), or F(M) =
F(M"), by Corollary 2.2.

We shall look at the se (M) in more detail. An elementv € W is contained in
the double coseW;by W, if and only if #(w(P,.“)ﬂPfl) =mj; foralli <k, j<lIn
particular, eacty e Wt N W;by W, can be visualizec{ by an arrdy = (¥;;) of subsets
of [n] such that #;; = m;; for all i, j and ijl is the disjoint union ofYy;, ..., ¥;; for
all j <1I: simply assign toy the array defined by;; = y(Pl.“) N Pj* for all i, j. For
example, with/, u andM as abovey = 13724568 W# N W;by W, corresponds to

y_ (L3 0 {7}
S\ {22 {45 (68)

Bearing in mind the definition ofF (M), the elementsc € W need to be determined
such thatx e W* and xyW, = yW,. This translates into the two more illustrative
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conditions thatx is order-preserving on each “c:olumn‘l’j1 =Y;U---UY; of Y,
j <1, and stabilizes each “row$(P/) = Y;1 U---U Yy of Y, i <k. For example,

passing fromY to
7 {L,77 o {3}
~\ {5} (6.8 {24

(with the obvious understanding that-* 1, 3+ 7 in the upper left component, and
so on), both conditions above are fulfilled, and we obtais= 157 68 234 W32
such thatxyW, = yW,.

The corresponding element = xy of W(M) is obtained fromY in the same way
as by, was obtained fronB, yielding w = 173568 24 in the >xample.

3. Applications to Solomon characters

Throughout this section, we work over a fidkdof characteristic 0. The group ring
of W over K is denoted byKW, and Dy denotes the descent algebraKiv, that is,
the K-linear span of{ X! |71 €S} in KW.

A number of interesting consequences of the Main Theorem is obtained when idem-
potents inDy are considered. The line of reasoning mimics the one presentdd]in
for the symmetric group, and is based on the following result due to Frobenius (which
actually holds for arbitrary finite group& instead ofW). As in the Main Theorem,
class functionsx of W are linearly extended t&W.

Lemma 3.1. Let E € KW be idempotent and denote by the character of W afforded
by the left ideal(K W)E of KW. Thenfor any class functiorx of W,

(o xp)w = a(E),

where (-, -)w is the usual scalar product on the ring of class functions of W

([10, Section 5], see also [8, Section 9, Exercise 16]) In the case wherd(X)
for some X e Dy, and E = Y € Dy, this allows to give a representation theoretical
interpretation of the tern®(X)(Y) occurring in the Main Theorem.

Some basic facts on idempotentsZiyy are needed first. Denote the Jacobson radical
of Dw by radDy,. For I, J C S, write I ~J if I =uJu~1 for someu € W, then

radDy =ker 0 = ({ X! — X/ |I~J})k (3.1)

[25, Theorem 3]. The equivalence classes of subsetS with respect to~ are the
Coxeter classesf W. Denote the set of all Coxeter classesA¢W), and the conjugacy
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class inW containingw by C(w), for all we W. If Ae A(W), thenwe W is a /-
elementif there exists an elemente 4 such thatC(w)NW; # ¢ and C(w) N Wg =
forall K C I, K # I. The set of alli-elementsC) is a union of conjugacy classes of
W. By [3, Section 6], the characteristic functions

char : W K, w+— L itwed; (he A(W))
) — K, . L
2 v 0ifwegc, F

form a linear basis and a complete set of mutually orthogonal idempotents of the image
of Dy under. Consequently, for alX € Dy,

0(X) = Z 0(X)(C;) char, (3.2)
Le AW)

where 0(X)(C;) denotes the (unique) value 6{X) on eachi-element inW.
Considering inverse images of the cfiarunderf and lifting these modulo raBy =
ker 0, a complete set E; | 1€ A(W)} of mutually orthogonal primitive idempotents
of Dy is obtained such thal(E,) = char, for all A (for an explicit construction, see
[3]). The characters o#V afforded by theW-left module (K W)E, are calledSolomon
charactersof W, and denoted byy,. Not surprisingly, these characters do not de-
pend on the actual choice of thg;’s, as the following, slightly more general result
shows.

Proposition 3.2. Let E € Dy be an idempotentthen the character afforded by the
W-left module(K W)E is given by

1E =ZXA1
2

where the sum ranges over alle A(W) such thatd(E)(C,) # O.

Proof. Let A be the set of allie A(W) such thatO(E)(C;) # 0. Since the
chary’s are mutually orthogonal idempotents afide)2 = 0(E2) = 0(E), (3.2) im-
plies

O(E) = Z char,.

ZEAE

In particular, there exists an element ker 0 such thatt: = 3, _ 4 E;+r, andF :=
> seap Ei=E —ris an idempotent withyy =3, 4, 1,- Thus g = yp remains.
But r is nilpotent, by 8.1), hence + r and 1+ r are invertible inKW. It follows that
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right multiplication with E yields a surjective homomorphism ®¥-left modules from
(KW)F onto (KW)FE = (KW)(1—r)E = (KW)E, while right multiplication with
F yields a surjective homomorphism frotk W)E onto (KW)EF = (KW)(1+r)F =
(KW)F. This implies(KW)E~(KW)F and yp = yp. U

If Wis of typeA, then the modulesK W)E; are isomorphic to certain modules of
W arising from the Poincaré—Birkhoff-Witt basis of the free associative algebra, the
higher Lie modulesof the symmetric group (seRl, Chapter 8]).

Now, as a first consequence of the Main Theorem, there is the following symmetry
of the charactery.

Theorem 3.3. For all 4, ue A(W),

Y nw =) 1.

weCy veC;

Proof. Eachw € W is conjugate to its inversd3, Corollary 3.2.14]. Thus, by definition
of the scalar product and Lemma 3.1,

1
T 2 1w = (1, chaw = chap(E;) = 0(E)(E)).

wely,

The latter term is symmetric im and 4, by the Main Theorem. [

For the symmetric group, this yields the symmetry of the higher Lie characters
discovered by Scharf and Thibd@22, Remark 3.11] (see also [26, Example 7.89q]),
since theC;’s are simply the conjugacy classesWfin this case. This symmetry was
indeed the starting point of [18], and was proven directly by means of an elegant and
amazingly short symmetric-function argument, while the symmetr§ whs derived as
a consequence. Here, for arbitrdy the line of reasoning has been reversed. However,
Theorem 3.3 states th&(E,)(E;) = 0(E;)(E,) for all 4, ue A(W), which in return
implies the Main Theorem as in the symmetric group case. For, the idempdients
span a complement of rdely = ker 6 in Dy, and each class function ¥ vanishes
on the (nilpotent) elements of rday .

Notice that, in general, the Solomon character§\bére not constant on the sets;

(and thus not contained in the image &f Here is an illustrating example.

Example 3.4. Let (W, S) be the Coxeter system of tyge(p), that is,W is the dihedral
group of order 2 with generating sef = {r, s} and defining relations

r2=52=(@rs)! =e.
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The descent algebr®y is then generated by the elements

xS =e,
X = e+ s+rs+srs+rsrs+---  (p summands
XY = e+ r+sr+rsr+srsr+--- (p summands

X" = Zweww'

We restrict ourselves to the (more interesting) case whpereeven, then
AW) = {9, {s}, {r}, S}

with corresponding sets of-elementsCy = C(e), Ciy = C(r), Ci3 = C(s), and
Csg = U,ffl C((sr)*). A complete set of primitive idempotents ®fy, is

Ey = 5:X",

Egy = 3(X1 = 3x7),

Ey = 3(x¥) - 1x9),

-1
Es =e—3Xx" —1x 4 b x?

(see[3, (5.1)]). The values of the corresponding Solomon charagiemnhay be com-
puted by means of the formula

Do #HWINCw) Ey
ICcS

N
10 = 5=

for all we W, whereE, = stEz,lXI- This follows from Lemma3.1, applied
to the characteristic function of (w) and E = E,. It turns out that the Solomon
characters slightly depend on the parity mf:= p/2. In the table below, their values
are displayed in casen is even, while those for oddan are added in brackets (if
different).

C(e) C(r) C(s) C(sr) -+ C(sn™hH  Clsr)™
w1 1 1 1 1 1
i 5 0 (1) 0(-1) 0 0 —
1w 8 0(-1) 0@ 0 0 -~
s p—1 -1 ~1 ~1 -] p—1
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In particular, y(,, and ;,, are not constant o’s. However,

Dt =y ()™ ==p/2=p/215(r) = Y xs(w),

weCg w € Cypy

verifying Theorem3.3 in this particular case. As another immediate consequence, ob-
serve that the Solomon characters are linearly dependgnt2ifis even.

We proceed with a second application of the Main Theorem.
Theorem 3.5. Let Ae A(W) and I C S, then (y;, ¢,)w = #(C; N W).

Proof. By Lemma3.1 and the Main Theorem,
L oDw = @(E)) = 0X")N(E;) = 0(E)(X") =chan (X)) =#(C;, nw!). O

Notice that(y;, ¢;,)w = dim e;(KW)E;, wheree; = #Lw, Y wew, w is the trivial
idempotent inKW; affording the permutation character, of W. In other words,
(x5, @) w is the dimension of the fixed space 8f; in (KW)E,. In particular, for
I = (), it follows that the dimension of K W)E is equal to # ;. This latter result is
due to Bergeron et al. [3, Theorem 7.15].

The descent charactess = 0(Y7), J < S, of W mentioned in the introduction
decompose the regular characteMéfand have been studied in [24] already. The result
on their intertwining numbers with the Solomon characters is proved along the same
lines as Theorem 3.5 above:

Proof of Theorem 1.1.By Lemma 3.1 and the Main Theorem,
(2 0w = 00Y)(E;) = O(E (YY) = char,(Y') = #{w € C; | Desw) = J }.

This, of course, also follows from Theorem 3.5, by triangularitlyl

The ultimate significance of the Solomon characters for the representation theory of
W is yet to be discovered, and we propose a more detailed study of their properties.

4. Parabolic conjugators

The goal of this section is to construct, for certain elementsW (which will be
called I-positive), an element € W; such thatcwc=1e W/. Up to some extent, this
recovers results of [9]. However, the study of the conjugat@s emphasized here.

In what follows, W is considered as a reflection group acting faithfully on an
Euclidean R-vector space(V, (-, -)), which has a linear basig = {o;|s€ S} in
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bijective correspondence wit8 such that(o, o) = 1 for all s €S. The action ofW
is given by

sv=v— 2(v, o )0

for all se S, veV. Thuss acts as the reflection in the hyperplane orthogonakto

We recall some basic terminology on reflection groups (4&e Chapter 1]). The set
®={walaecd, weW}is the root system ofW, §), and the elements of are the

simple roots. Those roots contained " := (4 )R-, N @ are positive, while those
contained ind~ = —®™* are negative. Each roete @ is either positive or negative,
that is, @ is the disjoint union of®™ and ¢~.

Definition 4.1. If AC BCV, thenA is closed (respectively,completely closedin B
if o+ peA forall o, fe A such thate + € B (respectively, ifax + b€ A for all
o, f€ A anda, b € R.g such thatua+bff € B). FurthermoreA is (completely) biclosed
in B if both A and B\ A are (completely) closed iB.

For example, for allw € W, the set
Nw) :=dT N w i~

of inversions ofw is readily seen to be (completely) biclosed &t . If W is a Weyl
group, with a root system in the terminology [&f (i.e., a crystallographic root system
with normalisation conditions in the terminology of [17]), then the mapping—
N(w) is a bijection fromW onto the set of all biclosed subsets @' [5, p. 225,
Exercise 16]. However, some caution is advised when generalizing this resait to
bitrary finite Coxeter groups, with an arbitrary root system in the terminology of
[17, Chapter 1] (such as those of typg and Hy, in particular). In fact, this extension
requires the restriction t@ompletelybiclosed subsets i@ (although, by mistake,
stated and proven without this restriction in [9, Proposition 3.2]):

Proposition 4.2. The mapw +— N(w) is a bijection from W onto the set of all
completely biclosed subsets @i".

We would like to thank Cédric Bonnafé and Pierre Baumann for valuable discussions
on the topic. A proof of the surjectivity part follows, for the reader’s convenience;
concerning the proof of the injectivity part, s€& Proposition 3.2].

Proof of the surjectivity part of Proposition 4.2. As a first step, observe that
(x) If AC®" is completely closed iPt and A C A, thenA = ™.

To prove (x), let «c T, then there existv e W and € 4 such thate = wp, by
[17, Corollary 1.5]. Proceed by induction dn:= ¢(w) to show thatee A. If k£ =0,
theno = fe AC A. Supposex ¢ 4, thenk > 0. Choosesy,...,sr €S such that
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w =s1---5¢ and setoy := oy, then
7= s100 € 51(PT\A) Cs1(PT\{on}) € DT\ {1},

by [17, Proposition 1.4], hence = sy---sxff € A, by induction. Buta = s1y =
y—2(y,01)o1 € @t andy, oy € 1 imply (7, o1) < 0. It follows thato € A as desired,
sinceA is completely closed id™, and the proof of(x) is complete.

Now let A € T be completely biclosed i®*. We show by induction om := #A
that there exists an elemente W such thatN (w) =

If n =0, thenA = ¢ = N(e). Let n > 0, then A # @ implies &7 # &T\A.
It thus follows from (x), applied to ®*\A, that AZ®+\A. Chooses € S such that
wi=oa;eANA, thenA = s(A\ {o}) = s(A) \ {—a} S P+ and dT\A = dT\s(A) =
s(@T\ A) U {a} € @7, by [17, Proposition 1.4] again.

Both A and #1\A are completely closed ip*: for A, this is readily seen; to
show that®™\A is also completely closed idb*, it suffices to consider e T \ A
and a, b € R such thatasv + ba e ®. Observe thatt = av — boc &', If © was
contained inA, thenv = a~Y(n + ba) e " would imply ve A, sincen,ac A, a
contradiction. Thereforez € ®*\ A anda(sv) + bo = sme dT\A.

Consequently, by induction, there exists an elemestW such thatN(u) = A,
since #A < n. Observe that. ¢ A, that is,ua e @+, Settingw = us, it follows that

A=sNw)U{a} = N(us) = Nw). O

For the remainder of this sectior,C S is fixed. The setd; = {ua;|sel} then
consists of simple roots for the Coxeter systéwy;, 1), and ®; = (4;)r N @ is the
corresponding root system. The distinguished coset representativés iof W may be
described as

Wl ={xeW|x4;,CdT})={xeW|x®; T CdT).
Furthermore, ifw € W, then
w e W, if and only if N(w) < ®}. (4.1)

Let N denote the set of positive integers, and 8&t := N U {0}. For anyw € W,
define

Ni(w) :={oae®"|TkeN: o, wa, ..., wloed;, waed \d;}.

These sets will be of major importance for all what follows. We start with some routine
calculations, which allow to apply Propositigh2 in order to define an elemeat W
by the propertyN (c) = Ny (w).

Proposition 4.3. N;(w) is completely biclosed i®", for eachw e W.
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Proof. This is essentially a consequence of the following general observation:

(x) If a,beR.g, yed; Ud™ \ &; and o0 @~ \ @; such thatay + bd e &, then
ay+bded™\ @;.

To see this, lety =Y, ,gw andd =Y, _ ,dyv, thendy < 0 for somey € 4\4;.
But the coefficient ofv in ay + bo is ag, + bd,, for eachve 4. As ye &; U @~ \ &;
implies g, < 0, it follows thatagy, + bdy, < O, henceay +bo e @~ \ P;.

Suppose now:, b € R.g anda, f e N;(w) such thatao + b € @. Choosek, l € N
minimal such thatw‘a ¢ @, respectivelyw'f ¢ ®;. We may assume that < /.
Then w™ (ao + bf) = aw™o + bw™ e ®; for all m < k, sinced; = (A;)g NP is
completely closed inb. Furthermorewfe ®; U &~ \ @; and wkue @~ \ &; imply
wX(ao+ bp) € =\ @y, by (x). Thus,ax+ bf e N;(w) as asserted.

Leta,beR-g anda, fe @1\ N;(w) such thatua+bp e T If w"o, w™pe ®; for
all m € Ny, then alsow™ (ao.+ bf}) € &; for all m € Np. In this caseaa+bf ¢ Ny(w)
follows directly.

Assume thatw®p ¢ &;, or wko ¢ @; for somek € Ng, and choosek minimal
with this property. Exchanging: and f3, if necessary, we may assume thatf ¢
®;. Then w"(ao + bP) = aw™o + bw™fe@; for all m < k, by minimality of
k. Furthermoreg, f ¢ N;(w) implies thatwfoe ®; U @\ &; and wkfe @t \ @;.
Applying (x) to y = —w*e andd = —wk B, yieldsw* (aa+bp) € T\ ®@;, henceaau+bp
¢ Nj(w). O

Corollary 4.4. Let w € W, then there exists a unique elemertd W such thatN(c) =
N;(w), called the tconjugatorof w. Furthermore ¢ € W;.

Proof. Existence and uniqueness offollow from Propositions4.2 and 4.3, while
c e W, follows from (4.1) andN; (w) € ®;*. O

We now introduce the notion of-positivity of we W, which allows to derive
cwe~te W! for the I-conjugatorc of w.

Definition 4.5. An elementw € W is I-positive if w(b}r Nd;Cdr.

Certainly, eachx € W/ is I-positive. More important examples bfpositive elements
are these.

Example 4.6. (i) If x,ye W/, thenx~1y is I-positive.
(i) If be W'’ andae W, N W/M 7' b thenbab~? is I-positive.

Proof. Let oe ®;T such thatp := x lyaxe ®;. Thenxp = yoey®d;* C d*, since
ye W/, hence alsgf e ®;*, sinceffe ®; andx € W!. This proves the first part.
The second part follows from the first, as= b~' e W/, by the definition ofw!-/,

andy = ab~te (W, n W/ =1 — winw,p~1c W/, by Proposition2.1. O



430 D. Blessenohl et al./Advances in Mathematics 193 (2005) 416-437

Some of the impact ofV(w) on N;(w) for I-positive w is illustrated by the next
observation, which will be useful in the sections that follow (see Proposittbds
and 6.3).

Proposition 4.7. Let w e W be I-positive andA € @ such thatwA N (.bjr C A, then
ANN(w) =0 impliesAN N;(w) = @.

Proof. Let e A N N;(w) and choosek € N minimal such thatw®o ¢ @;. Then
wko e &=, and I-positivity of w implies w”x e wA N (15}r CA forall 0O<m <k, by
induction. It follows thatw*~1ee A N N(w). In other words,A N N;(w) # @ implies
ANN(w) # ¥, and we are done. [

Theorem 4.8. Let we W be I-positive andc e W; be the I-conjugator of wthen
cwe e wl!,

Proof. Observe first thatb; T Nw=1d;+ = &;* Nnw=1®;, sincew is I-positive, and
that

(¥) BeN(c) if and only if wfeN(c), for all fe ®;T Nw 1d;,

as is immediate from the definition @¥(c) = N;(w).

Let xe A;. We setf := ¢ laue @; and showcwe lo = cwf e dF.

Suppose thatwf e @;. If, on the one handfe ®;T, thencf = ac ® implies
Bedt \ N(c). By (%), it follows that wfe @™ \ N(c), hencecwpe &' as desired.
If, on the other hand-f e ®;*, thenc(—p) = —ax € @~ implies —f € N(c). Again by
(%), it follows that w(—p) € N(c), hencecwp = —cw(—f) e — P~ = &T.

Suppose now thatwfp ¢ @;. If fed;*, then f ¢ N(c) = N;(w) as above,
hencewf e ®"\®; by the definition of N;(w); while in casefe ®;~, it follows
that —ffe N(c) = N;(w), hencew(—p) € d~\®;, again by the definition oV, (w).
But c € W; implies N(c) C @;, thuswpf e @7\ ®; € dT\N(c) in either case. As a con-
sequencecwf € @, and the proof is complete. [

To conclude this section, we mention the following related result due to Fleischmann
which will be needed later.

Lemma 4.9. Let x, y e W/ and u € W; such thaty = uxu™?1, thenx = y.

([9, Proposition 1.1], see also [16, Lemma 1]).

5. Lower parabolic components

Throughout this section, J €S andb e W!-/ are fixed. Recall that

W, J,b)={weW]|w/b~1=wb 1}
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and denote thd-conjugator ofbab™ by c,, for all a € W,;. A crucial step in the
proof of the equality #/(1, J, b) = #W(J, I, b~ 1) is the characterization of the lower
parabolic components); and (wb~1); associated withw € W(I, J, b), which results
in a bijection fromW(I, J, b) onto

X(I,J,b):={(a,g) e (Wy N Wby 5 Cy (bab~L) | cug € WINIETH Y,

(see Lemmdb.6) HereCy, (bab™1) denotes the centralizer &b in W;. A bijection
from X(I, J,b) onto X(J,1,b~1) is then constructed in final Section 6, completing
the proof of Theorem 1.2.

To start with, here are some well-known results on minimal coset representatives
taken from [3, Lemmata 2.1-2.4] (see also [25, Lemma 2]).
Proposition 5.1. () W; NbWb~t = W,y -1

(ii) Wlﬂbjb’lb _ Wjﬂb’llb.

(i) w!(w; n meJlrl) — winbb™t

(In (ii)—and throughout—the notatiorlVV = {uv|ueU, veV} is used forU,
V C W.) Note that (i) may be restated as

Oy N bDy = Dyt (5.1)
in terms of roots. Applying this identity twice, yields
O Nbab @,y ;-1 SO N DDy = By syt (5.2)
for all « € W,. Furthermore, ifa € W, N W/ "1t then
bab~te w’ (W, N me—llb)b—l _ Wlﬂbjb‘l’ (5.3)

by Proposition5.1(ii) and (iii). More importantly, Propositions 2.1 and 5.1 allow to
derive the following necessary conditions on the lower parabolic components associated
with w e W(I, J, b).

Proposition 5.2. Let w e W(I, J, b), then
() (wb=Yy;ew; nwinbiv,

(i) wyew; nwInep,

Proof. By Proposition2.1, (wb~Y);b = w’ € W N Wb = (W; 0 W7 Yp  since
weW(, J,b). This implies the first claim, and furthermore

wb*l — (wal)l(wal)l c WI(W[ ) Wlﬂbjb’l) — Wlﬂbjb*’
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by Proposition5.1(iii). It follows that
ij] —we Wlﬁbfbilb — Wlﬁlfllb — WJ(WJ n Wlmbillb),

by Proposition5.1(ii) and (iii), hence the second claim.[]

Our next aim is to prove the converse of (ii) in the above Proposition:

Lemma 5.3. Letae W; N W/ U8 thenv = c,ba e W(I, J, b) and v; = a.

Combined with Propositiob.2(ii), this amounts to saying that the londecomponent

w > wy; mapsW(I, J,b) onto W, N W/ b For the proof of Lemma 5.3, an
additional property of thé-conjugatorc, is needed.

Proposition 5.4. Leta e W; N W/ 1 thenc, e WINb/b™,
Proof. SetA = @,.,;,-1 andw = bab~'. We need to show thab; . 1NN (ca) =¥
or, equivalently,A N N;(w) = #. The latter identity can be derived using Proposition

4.7, as follows.
Recall first thatw is I-positive, by Example 4.6(ii). Furthermore, by (5.2),

wA N ¢}F = (babil(P]thbfl N ¢[) N §D+ - ¢Iﬂbjb—l n (13+ - A.
Finally, (5.3) yieldsw e W/™/¥™* hence
_ + 1 Ao —
w(A N Nw)) _w(qsmbjb,mw @ ) cotno =g

This showsA N N(w) = ¢ and thus alsaA N N;(w) = @, by Propositiond.7. [

Proof of Lemma 5.3. Proposition 5.4 and the second part of Corollary 4.4 imply

ca € Wr 0 WINIE™ 1t follows that cub e (W; N WMDYy — Wi 0 wibW,, by
Proposition 2.1. In particulary = (c,b)a has parabolic components’ = ¢,» and
vy = a. Furthermorec, (bab~)c;t e W!, by Theorem 4.8. As a consequence,

(wb™Yy; = (cubab™Y); = ((cabab_lca_l)ca)l —c,=v'b7 L,

henceveW(, J,b). O

Concerning the lower parabolic componeiitsb—1);, there is the following conse-
quence of Lemma.9.

Proposition 5.5. Leta € W; and v, w e W(I, J, b) such thatv; = a = wy, then

b H7  (wb ™Y, € Cy, (bab™Y).
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Proof. Letd, := (wb™Y; =w’/b~1 andd, := wb=1); = v/b~1, then
d;rwb ™Y dy, = b(w’)"twb™t = bab™t = bw!) ob™t = d; Wb Y d,.

Thus Lemma4.9 implies that(wb=1)! = (vb~1)!, and thatd, d;* is contained in
the centralizer of(vb™%)! = d,bab=1d;* in W;. This is another way of stating the
claim. O

Lemma 5.6. The mapping
. ~1,,7-1
B:W{U,J,b) — X(U,J,b), wr— (w;, cw](wb )1)
is a bijection.

Proof. Let w e W(I, J, b) and (a, g) = B(w), that is,a = w; and g = ¢, Y (wb™1);.

To see that(a, g) € X (1, J, b), observe first that € W, 0 W/ 1% follows from
Proposition5.2(ii). As a consequence,= c,ba is contained inV(1, J, b) andv; = a,
by Lemma 5.3. In particulak, = v/b~1 = (vb~1);. An application of Proposition 5.5
thus yieldsg = (vb~1);  (wb =), € Cy, (bab™1). Finally, c,g = (wb™Y); € winbsb~t
by Proposition 5.2(i).

The mapC : X(I, J,b) - W, J, b), (a, g) — cqgba is the inverse oB, as will
be shown now to complete the proof.

Let (a, g) € X(I, J, b) and setw = C(a, g) = cagha. Thencagh e (W; N Wb/

b < W', by Proposition 2.1, thus)/ = ¢,gb and w; = a. Furthermore,

wb™t = cag(bab™) = c,(bab g = vb g,
wherev := ¢ ba as in Lemmab.3. This implies(wb™1); = (vb~1);¢ and (wb—1)! =
(wb™H!, sinceg e W;. Now by Lemma 5.3w’b1 = c,g = (wb )8 = (wb™ b,
hencew e W(I, J, b) and B(C(a, g)) = B(w) = (a, g).
Conversely, letw e W(I, J, b) and set(a, g) = B(w), then

C(B(w)) =C(a, g) = cqgba = (wb_l)Iba = (wlb_l)ba = waJ = w. J

6. Bijection

Throughout,/, J €S andb e W/ are fixed. We define a mapping

Trjp : XU, J,b) — W x W
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as follows. Let(a, g) € X(I, J, b) and denote th&l N bJbh~1)-conjugator ofg by n.
Now set# := b~ 1nb and

L Aan—h.

Tr56(a, g) == (ngn-
The following concluding result implies Theoreh® (and therefore the Main Theorem),
since #Y'(1, J, b) = #W(, J, b), by Lemma 5.6.

Theorem 6.1. T; ;. is a bijection fromX (1, J, b) onto X'(J, I, b h.

Two auxiliary results on the second componentidfsets are needed for the proof
of Theorem6.1. For allw e W, set

P (w) :={oe®; |wkaed; for all ke N}.

Proposition 6.2. Letae W; nW/M 1> and g e Cw, (bab™1), then the following con-
ditions are equivalent

(i) (a.8)eX(I, J,b);
(i) (@}, ,, -+ NPT bab~Y) C &

Proof. Let w := bab~! and setc := ¢,, the I-conjugator ofw. By definition of
X(1, 7, b), (i) is equivalent tocg € WNb/b™",

Let cg € W/™75™" and chooser € qﬁ;rm“h,l N @& (w), then alsoga € d3°(w), since

g € Cy, (w). Assume, for a contradiction, thgtce @~, then —ga is contained in
(*) ®TNPP(w) S DT\ Ny(w) = d\ N(o).

This impliesc(—gax) € &+, hencecga e ¢~ contradictingeg € W70~ Thus (i) im-
plies (ii).

Now assume that (ii) holds and choose 4,q,,,-1. We need to showgx e @™,
for this impliescg € W/M75™* hence (i).

If o€ @7°(w), thengo e @, by (i), and alsogax € d$°(w), sinceg € Cw, (w). There-
fore () implies cga e @ as desired.

Consider now the case that‘o ¢ @; for somek € N, and choosé& minimal. Recall
from (5.3) thatw e W/™/4™" It thus follows thatwko e &%, since w™ue @51
for all m < k, by (5.2). Furthermoreg € Cy, (w) implies thatw™ (go) = g(w™ o) € @
for all m < k and w*(go) = g(w*ow) e g(®T\ ;) CdT, by (4.1). If goe P+, we
may conclude thatgxe @ \ N;j(w) = & \ N(c), hencecgaue ®t. If gaed™,
then —gae Nj(w) = N(c), hencec(—gu) e @~ and cgae &+. This completes the
proof. O

Proposition 6.3. Let (a, g) € X(I, J, b), then g is(I N bJb~1)-positive.
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Furthermore if ne W,~,;,-1 denotes the(I N bJb~1)-conjugator of g then
n(®} ., 1 NP (bab~h)) C &F.

Proof. There exists an elemeate W(I, J, b) such thaw = w; andg = ¢, L(wb™1),,
by Lemma5.6. In particular,(wb=1); e W/"/5™ andc, e WIN7/5™" | by Propositions
5.2(i) and 5.4, respectively. The first claim thus follows from Example 4.6(i).

Combined with Proposition 6.2, this allows to apply Proposition 4.¢ {mstead of
w), I NbJb~t (instead ofl), and A = @/ . N ®F(bab™1). As a resultnA < &F
as asserted. [

We are now ready to give the

Proof of Theorem 6.1.1t suffices to prove thaf; ;;, maps intoX(J, I, b1 and is
1-1, since both set&' (1, J, b)) and X (J, I, b~1) are finite and the arguments also apply
to T, ; ,-1 instead ofTy ;.

We first show thatl; ;, maps intoX'(J, I, b1, Let (a, g) € X(1, J, b). Denote the
(I nbJb~Y-conjugator ofg by n, and setg := ngn=1, /i := b~1nb anda := nan—1.
Then T ,(a, g) = (8, a). By Proposition 6.3 and Theorem 4.8c W2/~ while
geW; and ne Wy, -1 €Wy imply g e W;. Furthermore,n e W;qp-1;, € Wy, by
Proposition 5.1(i), hencé := ian~1 € W, follows from a € W,;. We also observe that,
simply by definition,

a (b 8b) = b tnbab tn b (b~ ngn"1b)
= b"tn (bab " YHgntb
= b tngabHn b (sinceg e Cy, (bab1))
= (b™'gb) a,

that is,a € Cw, (b~1gb). For the proof of(g, a) € X(J, I, b~1), the technical condition
in Proposition 6.2(ii) (fora and b=1gb instead ofg and bab—1) remains. First two
helpful observations:

(@) If e ® and & := n~tha, then

(b~ Lgb)ka™ oe @ -1y, if and only if g5 (bab 1" G e ®jryyp-1,

for all k, m € Np.

(0) Dyrp-1, NPT (B12D) S DY o, (b7 12D).

Let p = (b~ 1gb)*a™ o« andy = gk (bab™1)" &, then B = b~1ny, hence (a) follows
from n e W;,,,-1 and 6.1). Claim (b) is immediate from (5.2) (applied to'gb, J
and| instead ofbab™1, | and J).

Now let o€ T N &7 (b~1gh). We need to show thatx e &*.

X JOb=11b
Start with observing that

(€) & :=n"thoc dt

s (hence alsdbab~lae &F, by (6.3)).
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Indeed, (b) yieIdswe@i"nh_llh(bflgb), hence (a) impliesie @77, . 1(g) (with
m = 0). In particular,& ¢ N;q,;,-1(8) = N(n), thusnd = boe b®} C ¢T implies
e dt, and (c) is proven.

For a contradiction, assume thate &~ (hence anxec @), then n(bab=ta) =
baone =, asbhe W’. It follows that bab=4 € N(n) S ®;q,,,-1, by (), and thus
ane P17, by (@) (Withk =0, m = 1).

But € @P(b~1gb) anda € Cw, (b~1gb) imply aoe @ (b~1gb), hence everfio €
%, _1,,(b~1gb), by (b), and finallypab~tae ®, . 1(g), by (a) (withm = 1). This
yields bab=4 ¢ N;qp 5-1(¢) = N(n), a contradiction.

We have thus proven thdt ; ,(a, g) = (§,a) € X(J,I,b™Y).

Injectivity of 77 5, remains. Let(a1, g1), (a2, g2) € X' (I, J, b) such that

(&, a) :=Ti,yp(a1, g1) = T1,5p(az, g2),

and definen; andn; according to the definition of; ;;(a;, gi), for i € {1,2}. Then

But az,aze W/ 0 and A1, fip € W17, SO that Lemmad.9 impliesay = as.
As another consequencé[lﬁg = b‘lnflngb centralizesa := a;. Equivalently,d :=
nytng € Wypp -1 centralizeshab=t. As niginyt = § = nagon,*, it remains to show
thatd is the identity ofW.

Assume thatN(d) # @, and letae N(d), then o € @jmbjb,l. It follows that

bab~lo e &t andd(bab—ta) = bab~1(do) € ~, by (5.3). This yieldshab—to e N(d)
and, inductively,

ba*'blaeNd)S®} S P

for all k € N. In particular,n1do = npax € @*, by the second part of Propositidh3

(applied ton). But —do € @7, ., and

ba*bY(—da) = d(—ba*bYa) € @)y ;-1 € Py

for all k € N. The second part of Propositiof.3 (now applied toni) yields
ni(—dx) € ¥—a contradiction. This show®'(d) = ¢, and T}y, is injective. [
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