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Abstract

X-ray Free Electron Lasers (XFELs) have shown to be an extremely versa-
tile tool for the experimental study of warm and hot dense matter. Their
femtosecond pulse length, high peak brightness and tunable wavelength
open up an immense window of opportunity to study solid-density plas-
mas that are created in a well-controlled manner. At these high densities,
the light-matter interaction can be modelled with a collisional-radiative
code that describes the ion charge state populations, electron distribution

function (EDF) and radiative properties.

In this thesis I will outline a numerical scheme based on the inhomoge-
neous, isotropic Fokker-Planck equation that describes the non-equilibrium
evolution of the EDF in a warm dense system. The scheme encompasses
a variety of collisional and radiative interactions between electrons, ions
and photons in the system and implicitly conserves density and energy.
The Fokker-Planck scheme has been integrated into a non-Local Thermo-
dynamic Equilibrium (LTE) collisional-radiative code that computes the
ion charge state populations of a warm dense system under irradiation of
an XFEL. The two schemes together constitute a self-consistent method
to compute the population dynamics, energy- and density balance of the

combined electron and ion system.

The experimental section of this thesis describes a measurement of the col-
lisional ionisation frequencies in a solid-density magnesium plasma. These
rates are of great interest as they relate to the optical and electrical prop-
erties of high energy-density materials. The experiment relies on the use
of an XFEL both to produce and probe the sample, and obtain a spectro-
scopic measurement of the rate and plasma conditions. This is the first
direct measurement of the ionisation rate in the strongly-coupled regime
where the rates are significantly enhanced by density effects such as ioni-

sation potential depression.
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The study of high energy density science has seen a recent increase in research
interest since the advent of powerful X-ray free electron lasers that can be used to
experimentally produce high energy density systems. A high energy density system
is loosely defined as having an energy density exceeding 10°J - em ™3, and they are
prevalent in nature in many forms. Examples of such Warm Dense Matter (WDM)
are the interior of large planets such as Jupiter, lightning discharges, and the matter
that all types of stars are built out of. Our understanding of the warm dense systems
in the universe around us hinges on our ability to model and measure their electrical,
thermal and radiative properties.

The type of WDM that this work focuses on has a charge carrier density compa-
rable to that of a solid metal, and an electron temperature that can be associated
with the plasma state. Whereas this type of matter can be found in a stable state in
nature, it requires significant effort to recreate these systems in a laboratory environ-
ment. The high energy density causes the systems to rapidly expand in the absence of
the strong gravitational confinement of an astrophysical body. The theoretical study
of WDM is severely complicated by the fact that free electrons carry a similar amount

of electrostatic- Vot and kinetic (thermal) energy Ejy,. This is expressed in the form



of a coupling constant I' for the system:

V})ot

[ = Pt
Ekin

(1.1)

Classical plasmas for which a well-developed theory exists, live in the weakly coupled
regime (I"' < 1). In this case, the electrons move as if they were a weakly-interacting
gas apart from possible electron-ion interactions. Any interaction that electrons have
with each other or with an ion can be described as a binary event; an interaction
between two or three particles depending on the atomic process of interest. Solid
state materials, on the other hand, are strongly coupled (I' > 1) and the electrons
have a larger binding potential than kinetic energy. WDM is a state of matter that lies
in the transition range where electron-electron and electron-ion interactions become
many-body events.

When creating high energy density systems experimentally, there are two classes
of methods to contain the particles in the system and substitute the role of the
gravitational confinement that cannot be replicated in a laboratory: either through an
externally-applied magnetic field, or through the inertia of the particles themselves.
Inertial confinement methods rely on having a rapid discharge of energy into the
system during which the system heats up before eventually expanding. In this thesis,
the heating mechanism comes in the form of photo-absorption from a powerful X-ray
source. The use of a X-ray-driven heating mechanism provides a way to create warm
dense systems with near-homogeneous conditions in a reproducible manner.

The advent of fourth generation of X-ray Free Electron Laser (XFEL) sources
plays a central role in the research underpinning this thesis. Free Electron Lasers
(FELs) had already been built for higher wavelengths in the visible and infra-red
range in the 1970s [1]. From the moment X-ray FEL were proposed in 1992, it
took almost two decades for the first XFEL to be taken into commissioning at the
Linac Coherent Light Source (LCLS) facility [2]. As these experimental efforts and
investments would suggest, XFELs are extremely versatile machines that have a great
potential to contribute towards many branches of science.

They can be deployed both as a diagnostic tool used to probe matter with a
femtosecond temporal resolution, as well as a photo-pump used for X-ray heating.
Furthermore, XFELSs are uniquely tunable and the peak power, frequency and pulse
duration can be set independently (within some limits of the experimental facility).
Owing to the small bandwidth in frequency, XFELs can be tuned to pump or probe
specific atomic transitions for the study of physical, biological and chemical dynamics

of matter at a time scale that was previously inaccessible.



This work will explore the collisional dynamics of warm dense systems both ex-
perimentally and computationally. Dense plasmas are heavily transient systems with
a complex balance of atomic transitions. I will address the question on how to model
the light-matter interaction in a non-equilibrium warm dense system that is irradiated
by an XFEL. This computational model includes a description of the non-equilibrium
evolution of both the free-electron population as well as the ion system.

Subsequently, an experimental study will be presented on the collisional ionisa-
tion and recombination dynamics in warm dense magnesium. The nature of collisional
dynamics in a dense, strongly-coupled system is that of a quantum many-body inter-
action. The main results of this work are a measurement of the collisional frequencies
for a strongly-coupled magnesium plasma, as well as a cross-section model that can
be readily implemented in atomic-kinetics simulations. All experiments discussed
make extensive use of the capabilities of XFELs and at present could not have been

performed without them.

1.1 Relevant concepts

The work presented in this thesis will focus on the non-equilibrium collisional dynam-
ics of a solid-density plasma. Understanding the modelling approaches and constraints
requires some background knowledge on the subjects of local thermodynamic equilib-
rium and detailed balance. Although the systems studied in this work are often not
in equilibrium, most of the computational models used here are benchmarked and
validated in equilibrium conditions.

Closely connected to the concept of local thermodynamic equilibrium is that of
detailed balance. Detailed balance provides a framework to relate the transition rates
of counter-directional atomic transitions to each other. Being able to relate the rate
of every atomic process to its inverse reaction allows for a reduction in the number of
models required to describe a warm dense system. It is essential that detailed balance
is applied when constructing ion transition rate models in order to correctly describe
their behaviour near local thermodynamic equilibrium.

In the penultimate subsection, the operating mechanism and the properties of
X-ray free electron lasers will be discussed. Finally, I will introduce the concept of

modelling warm dense systems with radiative-collisional codes.



1.1.1 Local Thermodynamic Equilibrium

Laboratory-created plasmas are often created on short time-scales through a rapid
discharge of energy, or by exposing a solid to a powerful laser. The method of creation
of a warm dense system intrinsically leads to a system that is unstable and rapidly
evolves. Nevertheless, it is still possible for warm dense systems to be close to a state
of Local Thermodynamic Equilibrium (LTE) while they evolve, even if this is on the
femtosecond time scale. The concept of LTE therefore warrants special attention,
and it plays an important role in deriving and benchmarking the ion transition rates,
as well as verifying conservation laws for the electron density and energy.

Thermodynamic equilibrium is an internal state of a system that maximises the
entropy, while minimising some thermodynamic potential'. Thermodynamic equilib-
rium is a unique state that any isolated system will naturally evolve towards, if given
enough time to do so. A classic example is an isolated gas held at a constant volume.
Through inter-particle collisions, the gas particles will redistribute their energy until
they reach an energy distribution that maximises the entropy, the Maxwell-Boltzmann
(MB) distribution given by Eq. 1.2:

fus(E) = 2n\/§ (kgT)~3?exp (—E/kpT), (1.2)
where E is the particle’s kinetic energy, kg the Boltzmann constant, n the particle
density, and T denotes the temperature. In a global state of equilibrium, there is a
clear relation between the gas properties such as the pressure, density and tempera-
ture. Each of these quantities will be uniform across the system, and they are uniquely
connected through an equation of state. When applied to a gas of non-interacting
particles, this well-known result from the kinetic theory of gases leads to the ideal gas
law. In plasma physics, this distribution carries significance as it is the equilibrium
distribution for a hot electron gas. The interaction processes in an electron gas are
of an entirely different nature, but lead to the same distribution.

A state of equilibrium can also exist locally. It is possible for a warm dense system
to have a number density, and also an energy density, that varies (slowly) over space,
all while the system has equilibrated locally. For this to occur, the time scale on
which collisions take place that redistribute energy, must be much smaller than the
time scales associated with the system’s time evolution or macroscopic transport

properties. This loose definition enables us to speak of a local temperature and

!Depending on the conditions, this can be the Helmholtz or Gibbs free energy.



density, even in a dynamic system with spatial and temporal gradients. A warm

dense system in LTE has three properties:

e All free particle species present have a MB distribution function (thermal dis-

tribution) at the same temperature
e The occupation numbers of bound atomic levels follow a Boltzmann distribution
e The ionisation degrees of the ions are given by the Saha distribution

Though seemingly different, these properties are all established by collisional inter-
actions of the species in the system. When allowed to equilibrate, these collisions
will re-arrange the energy distribution and ion states in a way that they observe
equilibrium relations. For this reason, the LTE state is unique as the ion population
dynamics, as well as the plasma conditions (temperature and density), are prescribed
by the same physics. There exists a distribution for the radiation field that maintains
the equilibrium relations of all radiation-induced transition rates, the Planck radia-
tion field or black-body radiation. An external field from an XFEL generally does
not have this profile due to its narrow frequency bandwidth. However, the black-
body field can be used to derive the reaction cross-sections of radiation-induced ion
transitions.

Due to the connection between the ion state occupations and the electron distri-
bution, there exists a unique temperature-density relation for each plasma. When a
system of some given density has an excess of thermal energy (higher temperature)
than this relation prescribes, more ions will be ionised to bring the system back to
LTE. Any plasma state created through electron collisions takes the system closer to
LTE.

The XFEL laser field is therefore a perturbation to the state of LTE. The laser
has the ability to independently alter bound state occupation levels of the ions, and
in particular the degree of ionisation, without involving the free electrons. A laser-
created plasma is by definition not in LTE, but if the collisions are fast enough
compared to the plasma evolution, LTE can be restored. In much of this work, that
is the case and we still have all the benefits of being in a state of LTE despite having
a laser-created plasma.

The fundamental parameters that determine whether this is true are the electron-
ion collision frequencies, particularly for ion transitions that rearrange the bound
occupation levels or the degree of ionisation. This notion explains the significance of

measuring these collisional rates, more of which will be discussed in Chapter. 4.
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Figure 1.1: Two ion states, | —) and its excited state | +) separated by an energy
E, — E_. Each state has an occupation level given by n.

As mentioned before, LTE implies that there is a unique relationship between
bound occupation levels and the ionisation degree of the ions. There are two distri-
butions that govern this, the Boltzmann distribution for bound states and the Saha
distribution for ionisation.

The Boltzmann distribution is best explained when considering two bound ionic
states where state | —) is the lower state, and state | 4+) the excited state as depicted
in Fig. 1.1. State | —) with occupation n_ and | +) with occupation n, are linked
through each other by an excitation event induced by free electrons, collisional exci-
tation?. When there is LTE, these occupation levels relate to each other through the
Boltzmann distribution as:

ny g+ E+—E,
I ST o) 1.3
e (<) (13)

The ratio of ion state number densities is proportional to the ratio of their statisti-
cal weights ¢ (also called multiplicities), and the Boltzmann factor. For increasing
temperatures, the occupation levels more closely resemble the states” multiplicities as
electrons can more easily excite. Naturally, at low temperatures the system resides
in the lower accessible state. This relation is only valid for bound-bound transitions,
where the number of bound electrons is the same for both states.

For bound-free transitions in WDM, as is the case for ionisation events, the Saha
distribution is valid instead [3,4]. For states separated by an ionisation event, follow-

ing the same notation as in Eq. 1.3 , the ratio of occupations is given as:

Mt 29t g ("E+ _—E) , (1.4)
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2See Subsection 3.5.2.



where a dependency on the electron density enters the equation. The wavelength in

Eq. 1.4 is the thermal De Broglie wavelength for electrons, given as:

= (15)
V2mtmekgT
Formally speaking, a better expression for the De Broglie wavelength would use the
reduced mass of the electron and ion, but in this work the ions are always at room
temperature and can be considered motionless compared to the electrons.

Similarly to excitation, a higher temperature implies a higher degree of ionisation.
For a warm dense system of a known charge number, there is then a unique relation
between electron density and temperature. By examining how close a system lies to
this prescribed temperature-density curve, it can be quantified how close or distant

a system is from the state of LTE.

1.1.2 Detailed Balance

A concept very closely tied to LTE is that of microscopic reversibility or detailed
balance. This reversibility lays a connection between a forward transition rate and
its inverse, for instance collisional excitation and de-excitation. If one rate is known
for a given distribution function, the other can be constructed through microscopic
reversibility.

These terms are often used interchangeably, although here the author will refer to
microscopic reversibility for discussing reaction cross-sections and rates in non-LTE
circumstances. Detailed balance will be reserved for volumetric transition rates in
LTE. The form of the Maxwell-Boltzmann, Saha and Boltzmann distributions can all
be derived from the principles of detailed balance alone [5]. Its main application in
this thesis, is to be able to relate forward to inverse transition rates and describe both
processes with a single reaction cross-section. Appendix B contains an introduction
to reaction cross-sections.

The notion of microscopic reversibility relies on the fact that in an LTE state of
a WDM system, the occupation levels of ion states are determined by the electron
distribution and radiation field. The occupation levels of bound states, as well as
the degree of ionisation, are fixed depending on the electron temperature and density.
Despite this, there will be forward and inverse transitions taking place. In order for the
ion occupations to be constant, the forward and inverse reactions must be in balance
and this creates a natural connection between forward and inverse cross-sections.

It is not merely a convenience that one cross-section can be derived from the

other. It is in fact a condition for a collisional-radiative code to be able to describe an
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Figure 1.2: Energy diagram for collisional excitation and de-excitation of an ion from
energy F_ to E, due to collisions with free electrons. Upon a reaction, an electron
from a region in the distribution is relocated to another energy due to giving or
receiving energy from the ion transition.

equilibrium situation accurately, that all cross-sections satisfy microscopic reversibil-
ity relations. Simply taking two cross-sections from independent research efforts may
result in a validation of this principle, which is why microscopic reversibility will be
applied to every cross-section in this section on ion transition rates.

Taking as an example the bound-bound transitions induced by electron impact,

collisional excitation and de-excitation, the atomic transitions are:
z24+e =2 +e (1.6)

where the incident electron loses energy to excite an ion into an excited state z*.
For a given incident electron energy, we examine this process in Fig. 1.2. In this
figure, we see the bound ion states that are separated by an energy £, = F, — E_.
In this example, we let the electrons from the distribution function with energies
between E; and F; 4+ dE collide with the ion population in the lower state. This can
produce a collisional excitation event with probability o_,. The forward rate is then

proportional to:
SCE) )V =n_(2E;/m.)Y?0_ (E;) fe(E;, t)dE. (1.7)

After the excitation, the electrons involved will have lost energy and have relocated in
phase space to energies between [E;, E;+dE]. As energy conservation applies, it must
hold that E_, = F;, — E/;. When these electrons collide with the ion population in the
upper state, they can induce a collisional de-excitation reaction whereby they gain

energy and end up with energy F; that they had initially. The collisional de-excitation



rate is proportional to:
SCPE()/V = n (2B; /m.) o, (E;) fu(E;, 1)dE. (1.8)

In equilibrium, the ion populations are fixed and the forward and inverse rates must
be equal. Due to this statement, the cross-sections become linked to each other. In

equilibrium, the relation

(v VEo (B fo(E) " = (ne/Bio (B fu(Ey)” (1.9)

yields an explicit form for the cross-sections. Eq. 1.9 is not only valid for bound-
bound, but also for bound-free processes involving multiple electrons and possibly
photons. This form of microscopic reversibility is far more general than it appears to
be. Although it is constructed from equilibrium principles, it holds also for distribu-
tion functions that are non-thermal and for ion occupations that don’t satisfy LTE
relations.

This becomes clear by substituting equilibrium expressions for the population ratio
n_/n,. For bound-bound transitions, we can substitute the Boltzmann distribution
Eq. 1.3 into Eq. 1.9 which gives:

_g_fE‘i‘Eer

o (E) = . E o +(E+E_1), (1.10)

where this expression has been generalised across all electron energies and energy
conservation links the incoming and outgoing electron. The dependencies on electron
temperature and density disappear from the cross-section, making this a generally
applicable formula regardless of the equilibration status of the WDM sample. When
using double differential cross-sections, Eq. 1.10 sometimes contains a delta function
term d(E; — E; — E_1) to express energy conservation as is used in Appendix B,
Eq. B.4. This removes the need to integrate cross-section integrals over both the
incoming and outgoing energies, as there is a one-to-one relation between them.
When bound-free transitions are involved, the Saha equation Eq. 1.4 should be

used. Its exact form will depend on the reaction products involved.

1.1.3 X-Ray Free Electron Lasers
History

First invented in 1971 by John Madey for generating infrared light [1], FELs are
machines to generate stimulated emission from electrons moving through a periodic

magnetic field. There is no optical resonator cavity which has distinct benefits, and



the laser parameters are entirely determined by the external electromagnetic fields
applied to the electrons.

Due to there not being an optical cavity?®, it is possible to obtain pulses of order
femtosecond duration, that are near monochromatic. FELs can be tuned for a wide
range of emitted wavelengths, from infra-red to hard X-rays. They also come with
peak powers beyond 10 W/ cm’ in a narrow wavelength band, 8-10 orders of mag-
nitude higher than what can be accomplished with synchrotron radiation sources [6].

Claudio Pellegrini proposed to build a FEL for X-rays in the 1990s [7] and it took
until 2009 before it was indeed commissioned and made available for experiments at
the Stanford Linear Accelerator Centre (SLAC) in California [2]. Driven by the scien-
tific success of this facility, more XFELs have been built around the globe, amongst
them Swiss X-ray Free Electron Laser (SwissFEL) in Switzerland [8,9], SPring-8
Angstrom Compact free electron LAser (SACLA) in Japan [10], Pohang Accelerator
Laboratory X-ray Free Electron Laser (PAL-XFEL) in South Korea [11] and at the
time of writing, most recently the European X-ray Free Electron Laser (European
XFEL) in Germany [12].

Operating principle

An XFEL consists of an electron accelerator that fires electron bunches into an undu-
lator, a series of magnets with alternating poles that cause the electrons to oscillate
along their trajectory. When the electrons are accelerated by the magnetic field to
move in a sinusoidal trajectory, they emit radiation in the direction normal to the
acceleration vector, which is the longitudinal direction along the beam path. This
mechanism is the source of light that is generated.

The radiation emitted due to the electrons’ acceleration comes at random points in
time and would therefore naturally be incoherent. Although the intensity can still be
increased by providing a larger electron current, this is sub-optimal as the radiation
intensity will only scale linearly with the number of electrons. What makes XFELs
so powerful is that the electrons are collected in bunches and made to emit light
coherently, thereby making the intensity proportional to the square of the electron
current. This is what causes the significant increase in peak brightness when compared

to previous generations of light sources, such as synchrotrons [13].

3There are also no known materials that reflect X-rays sufficiently well to even consider building
a resonator cavity where the light needs to be reflected many times in order to achieve the required
gain.
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Hans Motz laid out the foundation to create this near-monochromatic, short pulse
of coherent emission by applying periodic magnetic fields along the electron trajec-
tory [14]. He expressed the wavelength of the emitted radiation in terms of the
undulator spatial period, magnetic field strength and the electron kinetic energy, set-
ting the basis to tune the wavelength. For an electron bunch, the wavelength A,

observed on the longitudinal axis (the axis the beam moves along) is seen as:

A K2
A= 1+ 2 ), 1.11
272(+2) (L1

where )\, is the spatial period of the undulator’s magnetic field, v being the relativistic

Lorentz factor, and K the undulator parameter defined as:

_ QeBO)\u

2Tmec

K (1.12)

Here, By denotes the magnetic field amplitude. With this knowledge, the wave length
can be easily tuned by changing the magnetic field strength. Eq. 1.11 can be under-
stood by considering the relativistic effects taking place on an electron bunch as it
moves through the undulator. From a frame of reference of the electrons, Lorentz
contraction takes place and the magnetic field’s period is reduced by a factor . Sec-
ondly, upon emission the relativistic Doppler effect reduces the wavelength further by
another factor .

The only condition for the tunability is that the electrons are grouped into bunches
that are shorter than the emitted wavelength. Previously, this was a restriction for the
emitted wavelength, as higher energies (or shorter wavelengths) require the electron
bunches to be more closely packed. Pellegrini’s proposal in 1992 was therefore to
propose a Self Amplified Spontaneous Emission (SASE) XFEL, to get the electron
bunches to self-organise. Fortunately, this self-assembly process happens naturally
due to the interaction of the electron bunch and its emitted radiation [15].

As depicted in Fig. 1.3, the radiation then interferes constructively, leading to the
high gains observed in XFELSs despite the beam only making a single pass through the
undulator system. When the radiation fields from individual electrons (P;) add up
randomly, the total emitted power scales linearly with the number of electrons N. For
the case where the emitted radiation adds up constructively, as the electromagnetic
waves are spaced by a regular length A, the total emitted power scales quadratically
with the number of electrons. As it has been developed over the course of over 50
years, the theory of XFELs is much more extensive than what has been discussed

here. For more details, I refer the interested reader to publications from Pellegrini

11



log(power)

distance

Figure 1.3: The effect of SASE in an XFEL is demonstrated here. When the electrons
emit radiation at random times, the total power scales linearly with the number of
electrons N. Under the SASE scheme, the interaction between electrons and their
emitted radiation enforces a regular spacing A between the emitted radiation waves,
causing them to interfere constructively and raising the power by a factor N2.

et al. where he gives a historical review of both the experimental and theoretical
development of the XFEL in Ref. [16].

Life cycle of X-ray irradiated foil

Irradiating a thin foil target is an attractive way to generate HED systems that are
reasonably uniform in electron conditions. When the target thickness is comparable
to an absorption length of the X-rays, the front and back of the target are heated to
similar conditions [17]. This effect is strengthened by using increasingly intense X-
rays, as saturable absorption starts to occur when the front of the target eventually
becomes fully ionised, causing the X-rays to penetrate deeper and thus reducing
longitudinal energy density gradients [18]. As a result, volumetric heating can be
achieved where a small volume of dense plasma lives in similar conditions as it evolves
over time.

When a pulse of X-ray photons hits the foil, the most likely process to occur is
K-shell Photo-Ionisation (PI). This produces a large fraction of core-hole ionised ions
and ensures that the energy density in the system rapidly increases. The core-hole
ions primarily decay in two ways, both of which processes involve in an electron
from a higher shell dropping down into the K-shell. This can be done by emitting a
photon through Spontaneous Emission (SE), or by ejecting another electron through
Auger decay. The latter process is far more likely to occur, accounting for roughly
96 % of all decay processes [19]. Auger decay is a process that further increases the

degree of ionisation, and it also distributes energy from the ions into the free electron
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population. It is therefore the most important heating process taking place in an
X-ray created plasma.

After the highly energetic Auger electrons are created, they go on to collide with
the remaining ions, causing Collisional Excitation (CE) and Collisional Ionisation
(CI) , as well as the inverse processes collisional Collisional De-Excitation (CDE) and
Three-Body Recombination (3BR). These collisional processes occur on the femtosec-
ond time scale and act primarily as the driver towards LTE. If it were not for the
frequent collisional events, the free electron population would be a dual distribution
with cold and hot electrons living in separate regimes. It is not, and this is owed to
the collisional redistribution of the free electron kinetic energy.

As the plasma becomes hotter and denser, the remainder of atomic processes
begins to take effect. Continuum lowering is an effect that only affects the plasma at
a high electron density, and it changes the electronic structure of the ions by lowering
the ionisation thresholds. This effect has been measured directly in LCLS-produced

plasmas and we will discuss two models to describe the continuum lowering.

Possible experiments

The XFEL has unique properties that enable us to probe materials on the length?
and time® scales of atomic and molecular dynamics [13]. It comes as no surprise that
the XFEL revolutionised many branches of material science, biology, chemistry and
physics [20,21].

Of special importance to this thesis is the XFEL’s ability to create a solid-density
plasma that is isochorically heated with radiation intensities up to 108 W/ cm®, with
small longitudinal temperature gradients in the target [22]. This opens up the possibil-
ity to create WDM that can be well characterised, making it suitable for experiments
related to WDM.

A large variety of phenomena can be studied with XFELs, ranging from the evolu-
tion of the charge state distribution of ions [23], transport properties such as the elec-
trical and thermal conductivity [24-26], optical properties such as the opacity [27,28],
collisional rates [29,30], lifetimes of atomic core-hole® states [31], and probing the elec-
tronic structure as it changes due to the influence of a high electron density [32,33],

and equilibration behaviour for non-equilibrium electron distributions [34].

4Due to the photon wavelength being on the order of the Bohr radius.

5The femtosecond pulse duration is comparable to the classical orbital period of a valence electron
around a nucleus.

SThese are states with an electron vacancy in an inner shell; generally this refers to the n=1 shell.
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All these experiments typically start by first producing a hot, dense plasma with
conditions where it is possible to observe a characteristic feature of an atomic tran-
sition. The appropriate diagnostic tools, most often emission and transmission spec-

troscopy, can then shed light on the underlying physics.

1.1.4 Modelling Warm Dense Systems

At the macroscopic level, a transient warm dense system can be characterised by its
energy density, equation of state, particle density and transport properties. In order
to obtain the macroscopic properties, some knowledge is required of the internal
state of the system at a more microscopic level. In this thesis, this amounts to having
knowledge of the material’s charge state distribution as a function of time. Whereas a
solid metal at room temperature has a fixed number of conduction electrons that obey
Fermi-Dirac statistics, a transient warm dense system has more degrees of freedom to
evolve. The number- and energy density of the free electron population can be much
higher than in the solid state. Additionally, the ion states can have a wide variety of
vacancies in the electron shell structure. The complete electron-ion system still obeys
the quasi-neutrality principle as a rapidly heated or shocked system is confined by
the inertia of the ions.

Due to the high kinetic energy of the free electrons, they can collisionally induce
excitations or ionisations in the bound ion states. In solid-density plasmas, this leads
to a large collection of possible charge state configurations that can occur. The
state of the system can be expressed by the population of each configuration, having
defined what these configurations look like. In this work, the super-configuration
construct is used to express the occupation numbers of bound electron shells. Only
the principal quantum number n is used to denote a state, and super-configurations
simply count how many electrons are bound with each quantum number. States
are denoted in the K®L?M¢ notation which means that there are a electrons in the
K-shell (n = 1), b electrons in the L-shell (n = 2), and ¢ electrons in the M-shell
(n = 3). When more bound shells are occupied, the notation can be extended. This
is a simplified description when compared to the full relativistic quantum mechanical
characterisation of an ion state that includes spin and angular momentum (referred
to later as detailed configurations). The advantage is that there are far fewer super-
configurations to keep track of, rather than the intractably large number of detailed
configurations.

The warm dense system evolution can be computed with radiative-collisional codes

that make use of the super-configuration framework, or possibly hybrids of super- and
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detailed configurations. Each of them account for the population dynamics by linking
ion states to each other through their atomic transition rates. Ion states can evolve
into other states through atomic transitions, some of which occur spontaneously, or
under the influence of a collisional or radiative stimulus. Computing the transition
rates for each ion population, a coupled system of equations in the form of the Master
equation arises for the ion populations. From the time-dependent population, other
material properties such as the opacity, emissivity, electron- density and energy can
be derived. One of the most valuable diagnostic tools is the ability to compute an
emission spectrum that can be compared to experimental results.

The non-LTE radiative-collisional codes used in our group are CCFLY and its
predecessor SCFLY. The codes are designed to be consistent with each other and
lean on the same experimental benchmarks. SCFLY has been verified experimen-
tally on low-Z systems with high pressure ionisation (fewer states), created by > 1
keV X-rays. Examples include verifying the population evolution of XFEL-irradiated
neon, measured by Young et al. [35] and modelled by Orlando Ciricosta [36]. Further
benchmarks include modelling the aluminium K-« emission spectra [22,37], measure-
ments of IPD in Al, Si, Mg and oxide mixtures [32,38]. Finally, SCFLY was also
benchmarked on optical properties with a series of absorption [17], opacity [28] and
energy density [39] measurements.

The combination of these experiments led to the development of an atomic-kinetics
module where the rates, continuum lowering, radiation transport and emission spec-
tra were all experimentally verified. A review paper by Orlando Ciricosta discusses
the experimental validation, as well as model approaches used in SCFLY [40]. The

equations of motion for a warm dense system are formulated in Section 3.2.

1.2 Awuthor contribution

It must be stated that the research conducted in the process of writing this thesis
is largely a collaborative effort. The experimental work involved contributions from
research groups in Spain, South Korea, California, Germany, the Czech Republic and
of course the UK where this work was written. Various arrangements of people took
part in experiments before and during my DPhil time, and they made it possible for
me to make a modest contribution to the field of research.

The research presented is not an exhaustive list of all the activities undertaken
during my DPhil. T composed the chapters in a way that only highlights the areas

where my contribution has been instrumental. The research can be divided between
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computational and experimental work, with the computational part directed towards
expanding our group’s atomic-kinetics modelling suite CCFLY by writing a module
that can describe non-equilibrium electron behaviour. CCFLY and its predecessor
SCFLY are amongst the most-used research tools in our group, and they have been
used in numerous high-profile publications.

All earlier code versions operated on the assumption that the electron population
lives in an equilibrated (thermal) distribution function, a Maxwellian profile. This
assumption works well for lighter elements that are pumped with soft X-rays, because
their evolution is largely governed by collisional effects causing the electrons to rapidly
assume a thermal distribution. It will break down for experiments done with hard
X-rays of O(10keV), as these will produce more energetic electrons that need more
time to equilibrate. My contribution enables our group to use the CCFLY code to
model the evolution of higher-Z warm dense materials irradiated with hard multi-keV
X-rays.

In the new CCFLY version, the electron distribution function can take on any
arbitrary shape depending on the electron-electron and electron-ion interactions in
the system. The evolution of the distribution function was tracked with the Fokker-
Planck equation, an approximation of the Boltzmann collision integral. In addition to
integrating the elastic Fokker-Planck operator into the atomic-kinetics code, this work
also involved generalising the physics models for all the rate formulas of all atomic
transitions into a cross-section integral form. The elastic Fokker-Planck equation
and its conservative properties are discussed in Chapter 2. Inelastic electron-ion
interactions and their contributions to the Fokker-Planck equation are discussed in
Chapter 3.

The experimental part of my thesis focuses on measuring the rate of collisional ion-
isation and recombination in warm dense magnesium. In these collisional processes,
the charge of an ion is either increased (ionisation) or reduced (recombination) due
to a collisional interaction with the free electrons. For WDM studies, both processes
heavily influence the time evolution of the degree of ionisation, as well as the equili-
bration behaviour of both the ion and electron populations. Furthermore, collisional
rates are relevant to diffraction imaging applications on biological samples, as they
relate to the rate of radiation damage formation [41].

In Chapter 4, an experimental dataset is presented from which the collisional
ionisation rate for a solid-density, optically-thin magnesium plasma can be measured.
The samples are created and probed with a single bright pulse of X-rays. This was the

first direct measurement of such a kind and has been published in Physical Review
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Letters [30]. Through some variation of the XFEL conditions, the collisional rates
can be measured in a range of plasma conditions and degrees of continuum lowering,
allowing for a more accurate measurement. The measurement is accompanied by some
theoretical work: the data is presented together with a newly constructed parametric
collisional cross-section model that is consistent with data obtained from dilute and
dense plasma experiments’. The experiment itself was conducted by my other co-
authors in the month before I started my DPhil.
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18



Chapter 2

Elastic Electron Collisions in
Atomic Kinetics

Contents
2.1 Imtroduction .. ... ... ... ... 0 0 ... 20
2.2 Distribution functions . . . . ... ... ... 0000, 21
2.2.1 Definitions . . . . .. ..o 21
2.2.2  Transforming distribution functions . . ... ... ... .. 24
2.2.3 Maxwell-Boltzmann distribution . . . .. .. ... ... .. 26
2.3 Fokker-Planck Equation . .. ... ............. 28
2.3.1 Elastic collision operator . . . . . . .. .. .. ... ... .. 28
2.3.2 Conservation Laws . . . . .. ... ... ... ... 32
2.3.3 Collisional Time Scales . . . . .. .. ... ... .. .... 33
2.3.4 Energy Discretisation . . . . ... ... ... ... .. ... 36
2.4 Elastic Collisions Benchmarking . ... ... ... .. .. 37
2.4.1 Lightly-perturbed thermal distribution . . . . . . . . .. .. 39
2.4.2 Variable perturbation strength . . . . ... ... ... ... 51
2.4.3 Variable perturbation energy . . . . . . ... ... 57
2.4.4 Mono-energetic distribution . . . . . ... ..o 60
25 Conclusions . . . . ... . e e 68

19



2.1 Introduction

Warm dense systems can be characterised by their high density of free electrons, in this
thesis generally of order 10%® cm™3. These free electrons act as an intermediary that
can store thermal and electrostatic potential energy. In addition to the multitude of
possible interactions between electrons and ions in a warm dense system, the electrons
also interact with each other through elastic collisions.

The elastic collisions redistribute momentum and kinetic energy amongst the elec-
trons and therefore play an important role in determining the overall state of the free
electron population. Due to the elastic nature of these long-ranging Coulomb colli-
sions, they conserve total vector momentum and kinetic energy. It is the subject of
this chapter to describe the elastic collisional processes numerically, while imposing
the proper conservation laws.

Although the physics describing the individual motion of charged particles under
the influence of a potential is well-known, there are several practical complications
that hamper the application of electromagnetic theory to describe electron behaviour
in warm dense systems.

Firstly, the number of particles is intractably high, with electron densities being on
the order of ~ 10%® cm~ for hohlraum densities in Inertial Confinement Fusion (ICF)
or X-ray Free Electron Laser (XFEL)-produced plasmas. A complete description of
a system of electrons would be to track the position and velocity vectors over time
for each electron. In order to capture all electrons in a cubic volume of a typical
length scale of interest, for instance a Debye length®, this would require tracking an
impractically high number of electrons. Even the most powerful supercomputers are
currently unable to perform such a task.

Secondly, in regimes with electron densities this high, the electrons can no longer
be considered to be independently moving particles. A characteristic of Warm Dense
Matter (WDM) is that the free electrons are strongly coupled to each other, thereby
defining a quantum many-body physics problem. The picture of individual electrons
moving in a pre-defined potential landscape should be replaced by a treatment in
which the electrons undergo collective motion.

Thirdly, even if the above-mentioned complications could be overcome and one

could compute a wave function for the total free electron population, the information

'The Debye length is ill-defined in this density regime, due to a Debye sphere not containing a
significant number of electrons. The physical interpretation of screening is therefore not valid and
in principle, one shouldn’t make use of this classical plasma physics parameter for describing warm
dense systems.
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content would be so large that the results would need to be condensed down for
further analysis and interpretation. The same would apply if one wanted to compute
physical parameters of the warm dense system, e.g. atomic transition rates, transport
properties or equilibration time scales.

What remains is the challenge to capture the behaviour of the free electron pop-
ulation in a way that can be practically implemented, while maintaining sufficient
degrees of freedom to describe the relevant physics. An efficient method to do this
stems from the kinetic theory of gases. Rather than attempting to track the motion
of individual particles, this kinetic theory provides a statistical framework to de-
scribe particle populations in terms of their energy or velocity distribution function.
The distribution function is the main parameter of interest in the discussion of the
free electron description, and it can also be used to describe the inelastic collisional
interactions of warm dense systems.

The subsequent sections provide an overview of the equations of motion for the
electron distribution function and lay the foundation of the numerical schemes to
study fast electron dynamics. A distinction will be made between an approach that as-
sumes thermal equilibrium in the electron population, and a more generalised method

that can describe non-equilibrium electron behaviour.

2.2 Distribution functions

2.2.1 Definitions

In this Subsection we will describe the mathematical description of the particle dis-
tribution function, and how it relates to the physical quantities in a WDM system.
The distribution function, f,(z,v,t), is defined such that

fo(z,v,t)dedv (2.1)

is the expectation value of the number of electrons?, in an infinitesimal spatial vol-
ume dx, and velocity-space volume dv, at position x and velocity v at time ¢. The
combination of position- and velocity-space that may be up to 6-dimensional® will be
referred to as the phase space. The distribution function is effectively a particle den-

sity in phase space, and behaves in similar ways to a probability density function. It is

2In this thesis, the particles of interest will always be electrons, although this theory holds for
any collection of identical fermions.

36-D phase space would be made up of three spatial dimensions, and a further three dimensions
in velocity-space.
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a useful representation that can both capture physical quantities, as well as provide a
computationally efficient framework for evaluating them. In the following sections we
will review how the distribution function can be used to describe particle interactions,
as well as how to extract physical quantities from this distribution function.
Physical parameters can be extracted from the distribution function by evaluating
its moments, or if another perspective is preferred, by applying the relevant operator
to the distribution function. In the context of operators, we apply an operator A(m, v)

to the distribution function and compute its expectation value by as:

(A(z, 1)) = / dvA(z,v)f,(z,v,1). (2.2)

Choosing the operators such that they represent a physical quantity of interest, we can
compute quantities such as the particle density. The density at a particular position
z and time ¢ can be computed by using the unit operator, which corresponds to the
zeroth moment with respect to velocity as the number density is velocity-independent,

as:

t):/fv(ar:,'v,t)dv
(2.3)
—/47w2fv(.'1:,v,t) dv,

where in the second integral, the volume element dv is computed as 47v?dv, an
integral over the magnitude of the velocity that makes use of spherical symmetry.

If required, the total number of particles can be computed by further integrating
the density over space. Similarly to the electron density in Eq. 2.1, the momentum
density of electrons with momentum m.vy can be expressed as mvgf,(x,v,t). The

expectation value of momentum P(z,t) at a position z and time ¢ therefore becomes

/ mev f, (2, v,t) dv (2.4)

In Eq. 2.4, the integration over velocity-space cannot be simplified by making use of
spherical symmetry as the momentum is a vector quantity. It can be observed that the
momentum density is proportional to the first moment of the distribution function.
The energy density of electrons with kinetic energy ime|vo|* is sme|vol?f,(z, v, 1)
and the concentration of kinetic energy Ej,(z,t), held by all the particles can be

computed as:
1
Epin(x,1) )V = /émevzfv(x,'v,t) dv
= /27rm€v4fv(m, v, t) dv.
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This is the second moment of the distribution function, where v denotes the velocity
magnitude |v|. Even more physical quantities related to plasma physics (or alterna-

tively, fluid dynamics) can be computed from the distribution function. For instance,

the bulk flow velocity V' can be computed by applying the operator A(z) = n,(z) .
Defining the random particle velocity v, as
v, =v-V, (2.6)

we can compute the temperature by applying the operator A= %ne_lmevf, provided
the particle system is in a state of local thermal equilibrium®. The relation for the

particle temperature T' is then given as:
1
kaT(@, 1) = 2men; (2,1 / on(@,, 1) fu (0, 1) dv, (2.7)

where kp denotes the Boltzmann constant. It is possible for different particle species
to co-exist at different temperatures, even when they are in direct interaction with
each other. This can only occur in non-equilibrium situations, as collisional interac-
tions between particles would eventually eradicate any differences in energy concen-
trations. It should be noted that when the different particle species have very different
masses, for instance in a proton-electron plasma, the equilibration time for species
to equilibrate with each other can be far longer than for the species amongst them-
selves [42]. This observation justifies the omission of interactions between electrons
and cold ions when considering the equilibration process of the electron distribution.
The ion-electron scattering events are efficient at establishing isotropy, but the energy
transfer is hampered by the large difference in particle mass. In gases, or in plasmas
with a lower density such that they are not in the coupled regime, there are more fluid
quantities that can be computed directly from the distribution function. However, in
this thesis that concerns matter in the strongly coupled regime, the distribution func-
tion will be primarily used to compute atomic transition rates with the cross-section
formalism.

In summary, the distribution function has a large informative capacity, being able
to capture the bulk behaviour of a gas-like particle distribution in a concise form. This
is due to the function having a 3-D spatial, 3-D velocity and temporal dependencys;
a total of seven independent parameters. The drawback to this approach is that in
order to compute changes to the distribution, we need to consider these additional
dependencies, leading to a great computational complexity. It can be more convenient
to reduce the number of free parameters where possible at the expense of informative

content, as we will explore in the next section.

4Having local thermal equilibrium is also the requirement for being able to define a temperature.
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2.2.2 Transforming distribution functions

In the previous subsection we outlined the definition of the particle distribution and
its uses in computing physical quantities such as a density, temperature and bulk flow
velocity. We can consider the distribution function to be a density map that depends
on seven parameters; three for space, three for velocity and one for time.

It is not convenient to work with the full seven-parameter dependencies in every
situation, as it significantly increases the computational complexity of tracking the
distribution over time. We will consider some physical regimes where the distribution
can be described with fewer, and other parameters to make it more tractable. In the
rest of this section we will explore the process of mapping the distribution function
from one representation to another, for instance from velocity-space to energy-space.

In isotropic media, that is media with properties that are uniform in all directions,
it is not always strictly necessary to separate the three velocity components. Rather,
we can consider the velocity magnitude v = /v - v to drop two degrees of freedom. If
in addition to being isotropic, the material can be estimated to be (locally) uniform,
the space dependence can be dropped and what remains is a distribution with only
a velocity magnitude and time dependency.

Particle interactions, such as elastic collisions, are often described in terms of
their momentum rather than in terms of velocities. In this context, it is useful to
be able to transform the velocity distribution to a momentum distribution, or more
generally, be able to map one parameter space onto another. This can be done rather
straightforwardly for any transformation where there exists a one-to-one mapping
between the representations. For a transformation of a distribution function fx(z) in
parameter space z, into another distribution gy (y), through a known mapping y(x),

the density function g(y) can be derived to satisfy the following relation:

gy (y) = fx(@)| | (2.8)

This ensures that the density of particles in some interval of parameter space, a
physical quantity, is invariant under a transformation of the parameter space. For
demonstration purposes, we can examine a case where distribution f(x) is being
transformed to the representation g(y(z)), illustrated in Fig. 2.1. Here, we consider

the number of particles with an observable parameter x satisfying a < x < b, which

/ e fe).
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Figure 2.1: Transformation of a density function from parameter space x onto y(z).
The distribution functions change accordingly to preserve the density through the
relation described in Eq. 2.8.

Under the transformation z — y(z), the particle number in this interval becomes

y(b)
/ 9(y) dy.
y(a)

Eq. (2.8) describes this transformation mathematically, allowing us to change the
representation of distribution functions at will to whatever parameter space may be
more convenient. Applying this to the specific case of electron distribution functions,
we can make a transformation from a velocity-space to a momentum-space picture
of the electron distribution. Noting again that the distribution relates to a particle
density, this is the quantity to preserve under transformations. We denote f, to be
the velocity-space distribution and f, to be the momentum-space distribution. Omit-
ting possible spatial and temporal dependencies, and considering only the respective
magnitudes of the velocity and density, a particle density of particles with velocity v
is:

Fulwo)dv = £, (po)dp, (2.9)
where py = mvg and dp = mdv denotes a small momentum fluctuation around py.
This is only valid for the non-relativistic case, although corrections can be made to
apply the same approach to the relativistic regime. It becomes clear that in order to
represent the same particle density, the distribution in momentum-space must abide

the following relation:

0) = £u(e) 52 -

= %fv(v)

Similarly, a velocity distribution can also be expressed in terms of energy. The energy-

space representation is particularly useful for describing inelastic particle collisions,
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or interactions with another particle species such as photons in isotropic media. In

the spherically symmetric non-relativistic case,

Fo(E) = 4m0* f,(v) dz(b]f)

AmV2E (2.11)

= va(“)

= 47TU(E) fv(v)‘

There is no principle objection to constructing a relativistic energy-space representa-

tion of the particle distribution function, as is discussed in more detail in [43].

2.2.3 Maxwell-Boltzmann distribution

One of the most common distribution functions observed in nature and used in atomic
kinetic theory is the Maxwell-Boltzmann (MB) distribution. Originally derived for
weakly-interacting gases, this distribution describes the momentum distribution of a
large particle collection in local thermodynamic equilibrium. Every classical particle
distribution, provided there is conservation of kinetic energy and particles in a fixed
volume, will eventually equilibrate into a MB distribution through inter-particle col-
lisions that redistribute the kinetic energy. For this reason, the MB distribution is
often also referred to as the thermal distribution. It should also be mentioned that
the thermal distribution maximises the entropy, another indication that it is a state
of equilibrium. In energy space, the MB distribution for a single particle species is

given by:

fup(E) = 2n6\/§ (kpT) 32 exp (—E/kgT). (2.12)
This distribution describes the probability of any one particle in the system to be
found at a particular kinetic energy. For illustrative purposes, the distribution is
plotted for various temperatures in Fig. 2.2 so we can examine the properties of
this function in more detail. As is expected, the peak of the distribution shifts
towards higher energies with increasing temperature. In hotter plasmas or gases, one
is therefore more likely to find particles with a higher kinetic energy; the distribution
is also broadened more. The energy with the highest likelihood can be found at the

peak of the distribution where
Ifun
oF

— 0, (2.13)
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Figure 2.2: Maxwell-Boltzmann functions for a single particle distribution at different
temperatures. All distributions are normalised by maximum to unity for visibility
reasons.

and this condition is satisfied at £ = %kBT. The mean energy, however, is much

higher and can be computed by averaging over the distribution through

<E> = /OOOEfMB(E) dE

3
= —kpT.
5B

(2.14)

1
2

%kBT. This result is consistent with the average energy obtained from applying the

The expectation value of the kinetic energy, also expressed as im(v?), is equal to
equipartition theorem to three degrees of translational motion.

The MB distribution is a useful approximation of the real distribution function
when the time scale of inter-particle collisions is much smaller than any other process
that adds or subtracts energy to the particle system.

The typical time scale required to reach a thermal distribution through the equi-
libration of a given particle distribution can vary across many orders of magnitude,
depending on the conditions of the plasma system. The particle density plays a partic-
ularly important role in determining the equilibration time scale, as does the nature
of the inter-particle collisions. For instance, there can be short-range interactions

best described as head-on collisions or collisions mitigated by a force with a short
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spatial range. Alternatively, collisions can be dominated by long-range interactions,
such as Coulomb interactions. In this case, there can also be many-body interactions
provided the particle density is sufficiently high and the description becomes more
complicated.

In the next section, a framework will be discussed that describes the evolution
of an arbitrary distribution function under the influence of both elastic inter-particle
collisions. This will lead to a time-dependent description of the distribution function,
rather than only having information about its final state in equilibrium.

The velocity- or energy distribution function provides a useful, concise way of
describing the properties of a large collection of particles in warm dense systems.
It eliminates the necessity to track individual particles, while still being able to de-
scribe macroscopic properties of the material. The distribution function can have
any arbitrary shape, depending on how particles are added or removed to the system,
how they are perturbed by external fields, and finally how they interact. An impor-
tant distribution function is the MB distribution, a state that is attained after many
inter-particle collisions that redistribute the kinetic energy in order to maximise the

entropy.

2.3 Fokker-Planck Equation

This section will describe the equilibration process of an arbitrary distribution to-
wards a MB distribution. The force that mitigates the interactions between parti-
cles is the long-ranging Coulomb force, a central force with 1/r? behaviour. As the
Coulomb potential scales with 1/r, the strong coupling and large length scales cause
the scattering processes to be dominated by small-angle collisions. Due to the na-
ture of small-angle collisions, the Fokker-Planck framework is suitable for describing
the electron-electron interactions in the system [44]. The equation itself is derived
from the Boltzmann equation in Appendix A, and it is taken as a starting point for

implementing a numerical framework that solves it.

2.3.1 Elastic collision operator

Provided that the electron distribution of an electron system is known at a certain
point in time, its evolution can be described by the Fokker-Planck equation. The

derivation and validity conditions of this equation are discussed in Appendix A. In
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energy space®, the evolution is described as

Ofe(E,t)
ot

[a(2) £o(E.0)] + 22 [D(E) ()] (2.15)

_ 0
ce  OF

Eq. 2.15 closely resembles a drift-diffusion equation with non-constant coefficients.
The elastic collision terms can alter the shape of the distribution, while preserving
particle density and total kinetic energy. It is a requirement that any numerical
scheme used to solve this equation implicitly conserves these quantities. It is not
possible to manually correct the distribution to conserve either of these quantities
without violating the other conservation law. Additionally, the distribution function
should equilibrate at the correct speed towards a MB distribution.

For the description of the conservative numerical scheme, it is more convenient
to cast the Fokker-Planck equation into an operator form in which the operator is
made to obey all relevant conservation laws. Adherence of the scheme to all conser-
vation laws can be verified by computing the distribution moments directly from its
theoretical form, as well as numerical experiments to test the operator. Following the
lines of available literature on this topic, this collision operator will be given in its
velocity-space representation.

In velocity-space, the Fokker-Planck equation is a fourth-order, three-dimensional,
time-dependent and non-linear equation. There is, however, symmetry that can sim-
plify the problem significantly. In this context, Rosenbluth rephrased the collision
operators into potentials that are now referred to as the Rosenbluth potentials [45].
The potentials are constructed as a series expansion of spherical harmonics, and allow
for the construction of a conservative numerical scheme.

First derived by Bobylev and Chuyanov [46], and cast into a non-relastivistic
collision operator by Tzoufras et al. [47,48], this formulation is given in integro-

differential operator form by:

Ofs(v)\  4nlee 1 0 [LOW(fu(v),v)
(25 )ee— o [,

(2.16a)
where the function W(f,(v),v) is given by:

W(fs(v),v) = f, /Ov foutdu 4+ V3 f, /OO fuudu — 3/0O fuudu /0” fuu?du.  (2.16b)

The function W (f,(v),v,t) contains the time evolution of the electron distribution

due to to electron-electron collisions that conserve particle number and kinetic energy.

5The distribution can always be transformed in a manner described in Subsection 2.2.2.
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The pre-factor of Eq. 2.16a is defined as (47/3)Tee = (47/3)47wq? In A/m?, where ¢, is
the electron charge, and In A denotes the Coulomb logarithm. For clarity, all velocity
integrals in Eq. 2.16b are computed as integrals over spherical shells. It can be shown
that when a thermal distribution is inserted into Eq. 2.16b, the time-derivatives are
zero, reiterating the notion that the MB distribution is a stable solution. The fact that
the effects of dynamical friction and energy diffusion as a result of Coulomb collisions
can be captured into a single elastic collision operator implies that the friction and
diffusion are related. It can be shown that indeed there is a direct relation between
the Rosenbluth potentials associated with both quantities, therefore creating a direct
link between the friction vector and diffusion tensor [49,50].

The interpretation of the Coulomb logarithm in Eq. 2.16a is ill-defined for strongly
coupled conditions, as a Debye sphere around an ion is only lowly populated with
electrons, thus violating the assumptions used to construct the underlying plasma
screening theory. The exact interpretation and numerical value of an appropriate
Coulomb logarithm would be an interesting subject of research, but it is not being
considered here. The Coulomb logarithm for electron-electron interactions in hot
plasmas (7" > 36.2 eV) is computed with a semi-empirical formula constructed by
Huba [51]:

A = 23.5 — In (Y2751 — [107° + (InT — 2)* /16] ", (2.17)

where the density and temperature have units cm =2 and eV, respectively.

The first paper by Tzoufras et al. [47] normalises the parameters in Eqgs. 2.16a and
2.16b in a way that is more appropriate for electrons moving at relativistic velocities.
Throughout this thesis, the electron velocities encountered are in the non-relativistic
regime and this particular normalisation would result in parameters that become
either intractably small, or so close to unity that the variation lies on the order of a
floating point error. Therefore, the author adopted the normalisation introduced in a
later paper by Tzoufras et al. [48]. This form uses dimensionless parameters defined

as:
q— q/qe

44/ 27neqr In A
t— t
3/me(kpT)3/?
v v/ (2.18)
m— m/me

(o/27)”

Te

Jo—
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Eq. 2.18 is not limited to electrons and can be generalised to other identical parti-
cles. The velocity v; is the thermal velocity /3kgT/m. and the normalisation for
time makes use of the e-e deflection time that will be introduced in Eq. 2.25. This

normalisation simplifies the homogeneous Fokker-Planck equation into:

<3fv(v)>ee: 10 F@W(fU(v),v)}’

ot v2ov |v ov (2.19)
where it must be taken into account that all parameters (and derived parameters)
are made to be dimensionless; the velocity, time, charge, mass, and the distribution
function itself. Eq. 2.19 is useful for propagating distribution function forward in
time to model an equilibration process, as numerical stability is easier to achieve
with normalised parameters. However, when computing any physical parameters
for comparison with experiments or other calculations, the normalisation Eq. 2.18
must be reversed. Due to having to invert the normalisation, the specific choice of
normalisation is in principle arbitrary.
The finite-difference form of Eq. 2.19 in normalised units is given as [47,48]:
Af, 1 1 Wy — W, 1 W,—W,

1
- . , 2.20
0t V20, [Uny12 Onsij2 Un-1/2  On—1/2 (2.20)

with vy, 110 = %(Un + Vpt1), Op = %(Unﬂ — VUp_1), Ont1/2 = Vng1 = Un, Jn = fu(vn) and
W,, = W(v,) defined by Eq. 2.16b. In order to be able to compute the derivatives, the
definition v_; = 0 is followed which leads to W_; = W(0) = 0. The changes in density

and energy as a result of in- or outflow of particles at the upper energy boundary are
Wn_1—-Wn_2
vN-1)-1/20(N—1)—1/2

required to set Wy _o = Wy _1. It should be noted that (N — 1) is the last grid point,

as the indexing is zero-based.

proportional to . To enforce energy and density conservation, it is

For large velocities, Eq. 2.16b can be evaluated through standard discretisation
techniques such as the chained trapezoid method. For velocities that are small com-
pared with the characteristic velocity v. of the distribution, the second and third
term in Eq. 2.16b cancel up to O(v®). It is necessary to modify the numerical scheme
to capture this, in order for the distribution to equilibrate to a Maxwellian. This
can be done by writing W (v,,) as a Taylor series f,, =~ f(0) + [fi — f(0)] (v3/v?) and
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f(0) = (fo — fivd/vd) /(1 —v2/v?) [47]. This results in:
Wlon <) = Walw) = fu x O + (= F0) 2]
3@2]

2
Uy

| (o = FO) V2 = (f1 = F(0)) (221)

(frvre + fr—1Vr-1) Ok—1/2,

o (2.22)
_3 [ Z 3 (fevk + fr—1Uk—1) 5k—1/2]

k=n+1

< lzé (Fiv? + frroby) 5k_1/2] .

k=1

There are no dependencies on the shape of the distribution function in Eqs. 2.21
and 2.22, where the explicit dependence of W on f,(v) has been omitted from
the notation. The method in which they are applied does not affect the density,
momentum or energy conservation properties and Eq. 2.21 only contributes to being
able to achieve a Maxwellian distribution after equilibration. The authors of Tzoufras
et al. propose a recipe for selecting v, as %AU < v, < vy In practice, where the first
few velocities on the velocity grid are as low as possible, this amounts to allocating 2
grid points to resolve v; and Eq. 2.21 will only be used on the first two nodes. This
is also a requirement due to the number of degrees of freedom that Eq. 2.21 offers, as
it only contains two free constants fy and f;.

The numerical scheme described by Egs. 2.20, 2.21 and 2.22 can be integrated
with an implicit solver scheme. In this case, a backward Euler (first-order Runge-
Kutta) method in the CVODE package is used [52]. The equations of the distribution
are evaluated in their velocity-space representation for the elastic electron-electron

interactions.

2.3.2 Conservation Laws

The elastic Fokker-Planck collision operator describes electron-electron collisions that
redistribute kinetic energy and alter the distribution function over time. For an iso-

lated system with a constant number of particles and energy, there is a unique solution
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of the final distribution function, the MB distribution. This solution maximises the
entropy and regardless of the initial state, any distribution will evolve towards an MB
distribution.

The collisions that facilitate the thermalisation process preserve the number of
electrons, their total vector momentum and total energy. In the spherically-symmetric
velocity-space representation, the vector momentum cannot be computed and only
the particle number and kinetic energy are conserved. This can be formulated by
stating that the second, and fourth moment of the distribution function are constant,

for any system without sources or sinks and a constant volume:

d d *

pr (ne) = 47TE (/0 v f, (v, 1) dv) =0Vt (2.23)
d d *
E (E]%n) = QWmea (/O 'U4fU(U,t) d?}) =0Vt (224)

Note that the distribution moments are equal to the number density of electrons
(Eq. 2.23) and total energy density (Eq.2.24), rather than the absolute values of
aforementioned quantities. The absolute number of electrons, momentum and energy
can be obtained by integrating these densities over space. In the isotropic systems
discussed in this work, this amounts to simply multiplying by the volume.

Before adding inelastic collisional operators at a later stage, it should be verified
that Eqgs. 2.23 and 2.24 hold for a standalone calculation without ion-electron dy-
namics. Any possible deviation should fall within the range that can be expected of
the numerical accuracy of the algorithm and grid parametrisation used to solve the

homogeneous Fokker-Planck equation.

2.3.3 Collisional Time Scales

When we observe the time evolution of a non-equilibrium electron distribution to-
wards its stationary Maxwellian solution, one of the key observables is the equili-
bration rate. Given the wide variety of possible initial value problems that can be
posed, there are several relevant time scales that can be associated with the relax-
ation process. Each of them represents a physical process that can be defined in terms
of a drag or diffusion coefficient in the Fokker-Planck equation, examples being the
isotropisation time, the rate of momentum transfer (drag or dynamical friction), and
the rate of energy diffusion. In benchmarking the collision operator, it would be ideal
if each of these processes could be observed separately. This is not possible due to the
inter-dependence of each process and as the functional form of the collision operator

suggests, they all take place simultaneously.
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This Subsection will list some of the collisional time scales that are relevant for
the benchmarking. The main purpose is to obtain orders of magnitude estimates
and scaling behaviour in order to better understand the behaviour of the collision
operator, as well as to verify the results of time-dependent simulations. They are not
exact equilibration rates and the most accurate estimates follow from the simulations
themselves.

The elastic collision operator for an electron plasma introduces a natural time
unit for the rate of change of the distribution function. This would be a charac-
teristic duration that is needed before appreciable changes can be observed in a
non-equilibrium distribution function as a result of elastic inter-particle collisions.
Chandrasekhar and Spitzer proposed an approach for computing equilibration time
scales using the concept of releasing test particles in a background field, and examin-
ing the collective effects of collisions on the test particles [42,53]. A time scale that
can be obtained directly by substituting a thermal distribution into the Fokker-Planck

equation Eq. 2.16a is the electron-electron deflection time:

 3y/me(kpT)??
© 4V2mn.gtIn A

This is the average time required to deflect a test particle off its original trajectory

™ (2.25)

by 90 degrees as a result of interactions with its surrounding thermal background
field [54]. The deflection time is the time scale at which anisotropy is removed from
the system. Eq. 2.25 only considers the effect of electron-electron collisions. In
systems that also contain ions, the deflection time is a factor (Z + 1) shorter due to
ion-electron interactions, where Z is the proton number.

Although the deflection time Eq. 2.25 is defined for a fully thermal distribution, it
is a useful order of magnitude to consider for non-equilibrium problems because it is
simple to compute and relates to other relevant time scales. Computing the deflection
time for non-thermal distributions can be done by adopting an effective value for
the temperature as T — i% [ Efe(E)dE [55]. The effective temperature is the
temperature of the thermal distribution that the system will have once equilibrium
has been established. In strongly non-thermal systems, the deflection time can only
be loosely associated with its physical interpretation.

For a warm dense system with a density n, = 1.0 x 10* cm™ and an electron
temperature 7' = 50 eV, the deflection time is approximately 1.2/InA fs. This
indicates that the effects of electron-electron interactions on the distribution function

should become noticeable within a few femtoseconds.
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The two most noticeable effects that can be observed in time-dependent simula-
tions of the distribution function are dynamical friction (energy exchange) and energy
diffusion. Friction removes any differences between the average energy between parti-
cle groups, e.g. between a bulk of thermal electrons and a hot electron perturbation.
Energy diffusion removes sharp distribution gradients in energy space by dispersing
energy across an increased range, and acts as a smoothing effect. The two processes
happen on similar time scales, but they have different proportionality relations with
respect to the test particle energy. These relations can be retrieved directly from the
Rosenbluth potentials from which the collision operator is derived [56].

The time scale associated with friction is the slowdown time 7, defined as the
rate of momentum transfer between the two particle species. It depends on the bulk

temperature and test particle’s initial kinetic energy and is given by [42]:

/T 1 E; \'?
74Em%@TL_6(X EK@T»(%T> ™, (2.26)

where the function G(x) is defined by Chandrasekhar as:

mw:y@;?ﬂl (2.27)

with ®(x) being the error function given by:

O(x) = % /Oﬂf exp(—y?) dy. (2.28)

There exist two useful asymptotic forms that can be readily evaluated without the
need for tabulated results for Eq. 2.27: one for an incoming particle with an energy
FE; < kgT and the other for E; > kgT. The relation between the slowdown time

and the deflection time can be made explicit by expressing their ratio as:

27D, if B; < kgT
s (i, ne, kpT') = = (B \*?_ . 2.29
T. ( n B ) L ( E; > ™ leZ > kBT, ( )

3 kT

The slowdown time is the time constant with which the mean velocity of a test
particles is reduced exponentially. In this context, Spitzer defined the "mean of a
group of test particles” as the mean of repeated iterations with one test particle, and

not as an ensemble average over multiple test particles simultaneously®.

61f we had considered an ensemble of test particles decelerating as a group, the difference between
(v?) and (v)? would be the variance of the test particle velocity distribution. Naturally, the variance
is zero for a single test particle.
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Despite its simple functional form, the slowdown time only has a limited appli-
cability, as in many cases it cannot be used without also considering the distortion
of the test particle distribution as a result of energy diffusion. The proportionality
behaviour is the most relevant content for a benchmark, as the intertwining of friction
and diffusion makes it difficult to estimate precise relaxation times from the collision
operator alone.

The effect of diffusion can be demonstrated by considering an initially mono-
energetic test particle distribution. In order for this non-equilibrium distribution
to relax to a Maxwellian, the energy needs to be diffused over the full energy range
(while possibly eradicating mean energy differences through friction). Chandrasekhar
has shown that a mono-energetic distribution is dispersed into a Gaussian in (vec-
tor) velocity-space [57]. For the special case of an isotropic, thermal distribution its
corresponding width is described by a diffusion coefficient D that grows linearly with

energy:
1

D(E;) < E;—, (2.30)

™D
where 7p is the deflection time Eq. 2.25. Due to only considering one particle species,
the time scales for isotropisation, momentum transfer and energy diffusion are related
through the same time unit 7p that will be used throughout the remainder of the
Chapter. For test particles being introduced into a thermal field, the energy diffusion

coefficient has useful asymptotic forms for energies far above and below the thermal

energy:
164/ megilnA .
e e LBkl
D(E;) = 2! In A . (2.31)
rnB/Q—EE.l/Q’ 1sz > k’BT,

The asymptotic forms for high energies of both the slowdown and diffusion coeffi-
cients are an underestimate of the relaxation time for test particle velocities much
higher than thermal, despite this being the range where the asymptotic forms can
be constructed. Most importantly, the proportionality between energy diffusion and
friction components Eqs. 2.29 and 2.31 is different. It is possible to vary the starting
conditions of initial value problems in a way that demonstrates the mechanism of

effect of each effect, while both are present at the same time.

2.3.4 Energy Discretisation

A thermal electron distribution can be uniquely described by its electron density

and temperature, capturing all information in these two parameters alone. For an
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arbitrary non-equilibrium distribution, the energy grid points need to be chosen such
that they adequately capture the relevant degrees of freedom. The Fokker-Planck
numerical scheme will be integrated into an atomic-kinetics code at a later stage,
hence it is important that the energy grid is chosen such that it can be re-used to
perform the inelastic ion-electron interactions that will be added to the description.

Firstly, the energy grid needs to be fine in the low-energy range up to ~5 eV to
be able to account for electrons ionised through pressure-ionisation. Having sufficient
grid points in this range is also crucial for the stability of the elastic Fokker-Planck
collision operator [47]. Secondly, the grid needs to reach high enough to capture the
energetic electrons produced through photo-ionisation and Auger decay with energies
of multiple keV. A rule of thumb is that the maximum grid energy should be twice
the maximum energy that a free electron can obtain through an ion transition. In
cases where electron-electron collisions achieve complete energy transfer, an outgoing
electron can have the sum of the two incoming energies. It is not a likely event and
truncating the grid at twice the maximum expected energy is a good approximation”.

A natural choice of grid type that satisfies these criteria could be a logarithmic
energy grid. Its properties would be desirable, having a fine grid spacing at the lower
energies and a coarse spacing at larger energies in order to cover the range efficiently.
However, the use of logarithmic energy or velocity grid spacings has shown to cause
convergence problems in the Ordinary Differential Equation (ODE) solver. To over-
come these challenges, a uniform, linear energy spacing has been used throughout
this chapter. In the velocity-space representation in which Fokker-Planck equation
is solved, the velocity grid is then non-uniform and its spacing grows as ﬁ This
demonstrates that the numerical scheme can still be used with a non-uniform velocity
grid, allowing for the possibility to create more grid points at specific velocity ranges

of interest.

2.4 Elastic Collisions Benchmarking

The isotropic Fokker-Planck equation that describes inter-particle collisional dynam-
ics for small-angle collisions has been cast into a form proposed by Tzoufras et al.
in Eq. 2.19 that conserves particle number and energy. The proposed elastic colli-
sion operator can be used to compute the time-evolution of any arbitrary electron

distribution, provided it is known at some point in time.

"Truncating the grid at twice the maximum expected energy omits third-order processes and
above.
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The collision operator for a one-species plasma evolving due to elastic collisions

alone has several general properties:
e Conservation of particle density

e Conservation of vector momentum (not of practical use here in the isotropic

case)
e Conservation of total energy

e [f the distribution function was positive at ¢ = 0, it remains positive at all times:

fu(E,t) > 0, VE, Vt)

e The Maxwell-Boltzmann distribution fj;p is stationary: 8%% =0

e All solutions approach the thermal distribution: the Maxwell-Boltzmann dis-

tribution is the only stationary solution.

The last three properties follow from Boltzmann’s H-theorem. A further criterion
may be added, namely that the time evolution of an arbitrary distribution towards
its Maxwellian solution takes place within the correct time range depending on its
initial condition. No rigorous proofs for these statements will be provided in this thesis
and instead it will be made plausible through some test cases that the elastic collision
operator satisfies these conditions for the initial value problems and time-dependent
simulations relevant to warm dense matter studies.

It is important to perform a benchmark on the elastic collision operator’s condi-
tions before adding inelastic ion-electron interactions that further complicate the time
evolution as well as the conditions it should satisfy. To that end, the benchmark in
this Chapter focuses exclusively on closed electron systems with a constant particle-
and energy density. In this case, any density or energy fluctuations or drifts should
fall within a range that can be expected of the accuracy of the numerical scheme, the
ODE solver and the energy grid parametrisation used to compute the time-dependent
distribution function. The inelastic interactions will be considered in Chapter 3.

In this section, a few test cases are presented where the distribution function
is initialised to various non-equilibrium states before being left to evolve over time.
Each of these cases serves to validate the requirements outlined above. The first case
involves a thermal distribution that is perturbed by a comparatively small, mono-
energetic population with a kinetic energy higher than the bulk thermal energy. This

case has physical significance as it resembles the situation after a photo-ionisation
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event in a warm dense system. Furthermore, it is suitable for a benchmark of the
effects of dynamical friction that occur in Coulomb collisions. An added benefit is
that the overall distribution function remains close to equilibrium, meaning that the
system has a reasonably well-defined temperature and deflection time.

The other test cases introduce progressively larger perturbations to the distribu-
tion, up until the distribution becomes nearly mono-energetic. Under such circum-
stances, the energy diffusion term of the collision operator dominates over friction,
allowing for a different type of benchmark. These cases are also useful to verify the
conservation laws under a more significant exchange of energy amongst electrons, as
well as a qualitative assessment on whether or not the final state is indeed the MB
distribution. Another benefit of benchmarking the collision operator with large non-
thermal populations is that it also adds non-linear effects to the interaction process.
The non-thermal population is able to affect the mean kinetic energy of the thermal
bulk population and vice versa, before the initial two populations equilibrate to a

new temperature.

2.4.1 Lightly-perturbed thermal distribution

The first test case is an initial value problem where the distribution is initialised to a

delta-perturbed thermal distribution of the form:
fe(E,t=0)=(1—a)fus(ne, ksT)+an.-0(E — E*) with0<a <1, (2.32)

where §(E — E*) denotes the Dirac delta function with a perturbation strength o € R.
In this Subsection, o < 1, but other benchmarks will use progressively stronger
perturbations. The perturbation energy £* is initially set to values above the thermal
energy. This case corresponds to a small number of mono-energetic hot electrons
being added to an electron plasma in Local Thermodynamic Equilibrium (LTE) with
itself. In the computational scheme, the delta function is discretised in energy space
and does have a finite width. The plasma conditions remain reasonably well-defined
throughout the interaction because the mean kinetic energy is only changed by a few
percent as a result of the perturbation.

The time-evolution of these initial value problems is computed through the elas-
tic collision operator Eq. 2.20. In discretising the collision operator, the function
W (v, f(v)) is computed with Eq. 2.21 for the first two grid points and Eq. 2.22
is applied to the remainder of the grid. The simulations are performed with the
CCFLY radiative-collisional atomic-kinetics code that can be used to compute the

XFEL-matter interaction. It can treat an ensemble of inelastic interactions between
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light, electrons and ions, but it is used in a simplified form here that only considers
electron-electron interactions. Throughout the evolution, the majority of the electron
population is expected to remain in the MB distribution that it is initialised to, bar-
ring minor heating effects as a result of the energy contained in the perturbation. The
total density and the total energy should remain constant up to the level of numerical
accuracy.

The test scenario outlined above has physical significance, as it closely resembles
an electron distribution in a warm dense system shortly after an ionisation event.
Depending on the nature of the ionisation reaction, the free electrons can appear at
near-zero kinetic energies (e.g. pressure-ionisation), or at energies far above the bulk
temperature as is the case for Auger decay [34]. This situation will occur frequently
in an atomic-kinetics code that considers interactions between ions, electrons and a
radiation field.

The calculations presented in this Subsection are initialised with the parameters

listed in Table 2.1. The Coulomb logarithm as computed from Eq. 2.17 is a slowly-

e-e calculation settings for a lightly-perturbed Maxwellian
Parameter Value

Ne 2.0 x 10#® cm ™3

T 40 eV

In A ~ 0.84

# energy grid points 300

Minimum energy 0.01 eV

Maximum energy 500 eV

a 2.5 x 1072

E* {100, 300} eV

Table 2.1: The simulation settings used to evaluate the elastic Fokker-Planck collision
operator in this Subsection. The initial distribution is a lightly-perturbed thermal
distribution. Inelastic interactions between ions and electrons are omitted.

varying function of the temperature and density. For the purpose of the test cases

outlined here, it is treated as a constant.

2.4.1.1 Time Evolution

The first test case features a perturbed Maxwellian as defined in Eq. 2.32 with the
parameters given in Table 2.1 and a perturbation strength a = 2.5x 1072. This means
that 97.5 % of the electron population is in local thermal equilibrium at a temperature

of 40 eV. The perturbation that holds the remaining 2.5 % of the electrons is placed
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at 300 eV, before the electron populations are left to equilibrate. As a consequence of
the perturbation, the effective temperature is raised to 44 eV and this should be the
temperature of the combined system once thermal equilibrium has been established
through collisional interactions.

The distribution function is plotted in Fig. 2.3 for various points in time. The
time is measured in units of the electron-electron deflection time Eq. 2.25 that is
approximately equal to 6.0 x 107!¢ s for these plasma conditions. The runtimes for
the simulations in this Subsection are far longer than what would normally occur
in the study of material states pumped by an XFEL where the interaction times of
interest lie in the femtosecond regime [58]. This is done for demonstration purposes,
as well as for gaining insight into the equilibration and conservative properties of the

elastic collision operator. Most of the distribution remains nearly stationary over
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Figure 2.3: The time-dependent distribution function of a Maxwellian perturbed by a
hot mono-energetic electron population represented as a delta-function centred around
300 eV. The bulk population absorbs the energy from the more energetic population.
The time is measured in deflection time units 7p ~ 6.0 x 10716 s as computed through
Eq. 2.25. Other simulation parameters are listed in Table 2.1.

time and the region around the perturbation energy is brought into focus. For this
particular case with £* > kgT, relaxation of the distribution to its thermal state can
only be achieved by transferring kinetic energy from the perturbation to the bulk to
cool down the perturbed electrons, and for the bulk to equilibrate at a temperature
that is 4 eV higher than its initial value during or after the slowing down process. As
can be seen in Fig. 2.3, the distribution of the non-thermal population is broadened
towards higher and lower energies in the region of the perturbation energy within a

few deflection times.
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The perturbation is rapidly broadened (energy diffusion) at early times, as ex-
pected by examining the energy diffusion coefficient Eq. 2.30. Diffusion is driven
by the large gradient of the distribution function around the perturbation energy,
meaning it is faster at early times. The process of eradicating the energy difference
between the thermal bulk and perturbation takes longer, and requires several dozens
of deflection times before the non-thermal tail merges with the thermal bulk. This is
more noticeable on a logarithmic scale.

In addition to the cooling of the hot electrons, part of the equilibration process in-
volves heating the bulk population. Although this initial value problem is formulated
as having a small perturbation around thermal equilibrium, it does involve a signifi-
cant transfer in kinetic energy amongst the electron populations. The mono-energetic
electrons with a kinetic energy of 300 eV represent only 2.5% of the total electron
density, but they contain over 10% of the total energy in the system. Approximately
1—12 of the energy in the system needs to be redistributed amongst the electrons in
order to reach equilibrium.

The observations so far are in agreement with the asymptotic forms of the diffusion
coefficient and the slowdown time. At energies far above thermal, the proportionality
of the diffusion coefficient on energy causes it to dominate over dynamical friction.
This finding can also be substantiated by Eq. 38 in Tzoufras et al. [47] and sub-
stituting Eq. 2.32 for the distribution function. The narrow distribution becomes
wider and extends its range in both directions of energy-space, albeit with a slight
bias towards smaller energies. This bias is caused by the friction component. The
same behaviour can be observed in Fig. 2.4 by examining the time-derivatives that
result from substituting Eq. 2.32 into the collision operator Eq. 2.16a at ¢ = 0 with
a=25x1072

The negative derivative directly on the perturbation energy shows that the peak
is being reduced in magnitude, as would be expected. The energy is dispersed in the
positive and negative direction, causing the initially narrow distribution to broaden.
There is a slight bias towards lower energies caused by dynamical friction. Little en-
ergy leaves the region in energy-space [E* — AE, E* + AFE] around the perturbation
energy E* = 300 eV (for AE ~ 1), a statement substantiated by the net outflow of

electrons that can be computed as:

E*+AFE _
/ w dE. (2.33)
E*—AE t

Evaluating Eq. 2.33 for the value of AF = 10 eV with the time-derivatives shown in

Fig. 2.4, the resulting net outflow of electrons is approximately 2.0 x 103 cm=3s~!
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Figure 2.4: The time derivatives in the energy region around a delta-function per-
turbation to a thermal distribution function at ¢t = 0. The derivatives immediately
after initialisation show that the perturbation is being dispersed which will cause the
distribution to broaden in both directions. This particular case was computed for
a value of a = 2.5 x 1072, although the figure looks similar for other values of the
perturbation strength of up to 11—0.

which is much smaller than the magnitude of the time-derivative at the perturbation
energy would suggest. Narrow perturbations with a higher mean kinetic energy than
the background field are effectively dispersed by elastic e-e collisions within a few
to several tens of deflection times, depending on the perturbation strength. Con-
versely, the elastic collisions are less efficient at transferring larger fractions of kinetic
energy from a hot mono-energetic perturbation to a colder bulk population. This
does not hamper the relaxation process of an ion-electron system, as there are in fact
many other atomic transitions that can facilitate larger energy transfers and thereby
complement the role of dynamical friction.

The presence of elastic collisional interactions between electrons can cause changes
to a solid-density electron distribution on a time scale of several femtoseconds. This
time scale is comparable to those associated with atomic state lifetimes and transitions
that can occur in XFEL-irradiated plasmas [35]. Due to this similarity in collisional
time scales, electron-electron collisions play an important role in smoothing out the
distribution function and counteracting the formation of peaks in the energy-space
electron density. This equilibrating effect can take place over the full electron energy
range because there is no energy threshold for elastic e-e collisions to take effect, and

it does not require the presence of any ion charge states.
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After examining an initial value problem where the perturbation energy lies far
above the bulk temperature, the next test case considers the situation in which the
perturbation overlaps more with the thermal bulk distribution. When the perturba-
tion is placed around an energy E* = 100 eV, as shown in Fig. 2.5, the equilibra-
tion process is noticeably faster. The deflection time here is slightly different, with
0 ~ 5.4 x 10716 5, as the equilibrium temperature of this initial value problem is
lower. In order to restore equilibrium, it is not necessary to slow down the perturbing
electrons as much as for the case of E* = 300 eV and the perturbation has mostly
vanished after 40 deflection times. This finding is consistent with the difference in
slowdown time for electrons at an initial energy of 100 eV (when compared to 300
eV). The slowdown time is proportional to (E*)*?2 hence the slowdown time for the
E* =100 eV case can be expected to be (@)3/2

100
difference in diffusion rates due to the o< E'/2 proportionality on the diffusion rate.

~ 5.2 times longer, neglecting the
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Figure 2.5: The time-dependent distribution function of a Maxwellian perturbed by
a hot electron population represented as a delta-function centred around 100 eV.
The distribution function equilibrates towards a single Maxwellian by absorbing the
more energetic electrons into the bulk. The time is measured in deflection time units
Tp ~ 5.4 x 1071¢ 5 as given by Eq. 2.25. Other simulation parameters are listed in
Table 2.1.

The perturbing population vanishes within several tens of deflection times, while
thermal equilibrium is reached after several hundreds of deflection times. The energy
difference between the perturbation energy and final temperature is smaller, hence
it requires fewer collisional interactions to slow down the perturbing population and
eradicate the energy difference. As the final temperature of the equilibrated system

is also closer to its initial bulk temperature, the equilibration time is further reduced.
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Based on the slowdown and diffusion coefficients Eq. 2.29 and 2.31, the time
needed in order to reach equilibration can be expected to be shorter for the E* = 100
eV case. The observations of the time-dependent distribution function do not con-
tradict this expectation. Nevertheless, based on visual inspection of the distribution
it is up to some level of interpretation where to define the precise point in time from

which moment onwards the distribution can be considered to be in equilibrium.

2.4.1.2 Conservation Laws

It is crucial that the algorithm that propagates the distribution function forward in
time implicitly preserves the particle density and energy. Due to the fact that these
quantities are proportional to the second and fourth moment of the velocity-space
distribution function, it is not possible to manually re-normalise the distribution at
each time step to correct violations of conservation laws. From the time-dependent
distribution function, it appears that the conservation laws are satisfied sufficiently
much to not notice any visible deviations from particle- and energy conservation. It
is therefore informative to quantify to what level of precision the collision operator
can satisfy the conservation laws in numerical simulations.

Figs 2.6 display the computed free-electron density over time for the cases of £* =
{100,300} eV. The density is computed from the distribution moment Eq. 2.3. The
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(a) Density for the case E* = 100 eV.

(b) Density for the case E* = 300 eV.

Figure 2.6: The computed electron density as a function of time measured in units
deflection time. In this system free of sinks and sources, the density is expected to be
constant and any fluctuations and drifts are the result of inaccuracies in the numerical
scheme or ODE solver. The deviations from perfect conservation are of order O(107?)
over the full time range.

relative error, computed as the fractional difference between the time-dependent value

and its initial value, is plotted on the second (RHS) y-axis. There is little difference
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between the density evolution when comparing the two perturbation energies. In
both cases, the density is conserved up to an error that amounts to approximately
0.1% of the initial density.

There are some fluctuations in the density over time, but most of all an upward
trend can be identified as the system moves closer to equilibrium. The time range is
20,000 deflection times which in this case is approximately equal to 10 ps for both
systems. This is a long time scale when compared with the typical duration of the
XFEL-plasma simulations encountered in this work that usually have run times up
to ~ 100 fs. At some point in time when the system has (nearly) equilibrated, the
density ceases to fluctuate or drift.

The presence of an upward trend in the density may be a cause of concern when
constructing density balances in more complex systems that also include ion-electron
interactions. The largest increases in density appear to take place when the system
is out of equilibrium, and this situation is ongoing when ion-electron transitions are
taking place. Le et al. demonstrated that lower levels of fluctuations can be achieved
by modelling the distribution function through more sophisticated basis function ex-
pansion, where the distribution at each discrete bin is written as a sum series [55].
The numerical accuracy that can be achieved with this approach appears to be bound
primarily by floating point round-off errors. With the same discretisation approach
and ODE solver as was used in this thesis, the authors achieve a similar numerical
accuracy.

Similarly to the density, the closed system holds a fixed amount of energy from its
initial time and this energy should be conserved. Figs 2.7 show the computed free-
electron energy over time for the cases of E* = {100,300} eV. The energy is computed
from the distribution moment Eq. 2.5. In addition to fluctuations, the total kinetic
energy held by the electrons has a downward trend over time. The fluctuations at
early times are marginally larger for the £* = 100 eV case which can be explained
by the fact that this system equilibrates faster. Over the full evolution, the drift in
kinetic energy is an order of magnitude lower when compared to the E* = 300 eV
case where there is more energy exchange.

The magnitude of the energy drift that amounts to approximately 0.01-0.1% de-
pending on the perturbation energy, which is comparable to the variation of the
density. Again, the duration of the simulation is longer than generally required for
XFEL-plasma interactions where the XFEL acts as a pump. As the trends in the
energy and density go in opposite directions, it can be deduced that (on average)

the most significant errors in the numerical scheme are made at energies below the
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(a) Density for the case E* =100 eV. (b) Density for the case E* = 300 eV.

Figure 2.7: The computed electron kinetic energy as a function of time measured in
units deflection time. In this closed system, the electron kinetic energy should remain
constant. The deviations from perfect conservation are of order O(1072) over the full
time range.

thermal energy. On a net basis, the density increases while the total kinetic energy
goes down and this indicates that too many electrons are created in the low-energy
range.

Overall, the results concerning conservation laws are satisfactory for atomic-kinetics
calculations with a runtime of up to a few hundred femtoseconds during which the
distribution does not deviate much from equilibrium. When the distribution is far-
removed from equilibrium, for instance as a result of sink or source terms, it should
be re-verified that the drifts in energy and density remain at a similar order of mag-
nitude as in the cases discussed here. If problems in the conservation laws occur, the
discretisation scheme of the distribution function can be modified to use a different

set of basis functions as proposed by Le et al. [55].

2.4.1.3 Relaxation Time Scale

After verifying the conservation laws, the last quantity that can be empirically verified
is the time scale of the relaxation process. There are multiple physical processes that
take place simultaneously, each of which could have its own time scale. For the cases
discussed so far, Figs. 2.3 and 2.5 of the time-dependent distribution function show
that the equilibration process of a thermalisation process involves several steps that

take place simultaneously:

e Hot electrons are decelerated through dynamical friction (or more generally,
energy differences between the bulk and the perturbation are removed through

friction)
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e The distribution of the perturbation is broadened through energy diffusion

e The combined system thermalises at its new equilibrium temperature (this had
not yet happened until several hundreds of deflection times when the perturba-

tion in Fig. 2.3 appeared to have vanished).

For a benchmark on the equilibration rate, it would be ideal if the dynamical friction
and energy diffusion components could be studied independently. This is not the case,
and they act simultaneously to bring a system closer to equilibrium. Through choos-
ing various initial value problems, the role of each component can be demonstrated,
but they cannot be completely isolated from each other. An empirical estimate of the
relaxation rate is therefore not a direct estimate of either the slowdown or diffusion
time scale, but rather of their combined effect.

The relaxation rate can be estimated by comparing the time-dependent distri-
bution with the MB distribution of the same energy and density. The purpose of
defining a quantitative measure for the amount of overlap between a distribution and
its equilibrium is to avoid the need for retrieving a relaxation rate by visual inspection
of the distribution function. Such figures can be useful for ranking the equilibration
rate of different initial value problems, but are less suitable for obtaining quantitative
estimates for relaxation times.

For a system with a fixed density of particles and energy, or more generally for a
system in which the time-dependent density and total kinetic energy are known, the
equilibrium distribution that will be reached after sufficient time has passed is known.
It is therefore possible to compute the difference Af,,(F,t) between a distribution at
a time ¢ and its equilibrium (MB) solution. This yields a construct that can be used to
quantify the strength of a perturbation to the equilibrium, and estimate the minimum
amount of energy exchange required to reach equilibrium. For these purposes, the

non-thermal part of the distribution is defined as:
= 2
Afeq(Eat) :fE(E,t) _fMB (Tle,kBT_ §<E>> R (234)

where fM g is the MB distribution that contains the same particle- and energy density
as the current distribution fg(F,t). In equilibrium, there should be no difference and
Afe,(E,t) = 0. Unlike the real distribution function, A f,, is not strictly non-negative.

The non-thermal part of the distribution Eq. 2.34 can be used to deduce physical

quantities associated with the equilibration process through its modified distribution
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moments. The fractional density of non-thermal particles §,(¢) that has been intro-
duced to the system can be retrieved up to some approximation by computing an
integral that resembles the zeroth distribution moment:

11
2n,

B,(t) /Ooo |Afe,(E 1) dE, (2.35)

where the factor % prevents double-counting. For an arbitrary time-dependent or
initial value problem, /3, is an estimate of the number of electrons that does not live in
equilibrium due to having been injected into the system or otherwise affected in a way
that caused the distribution to go out of equilibrium (e.g. by adding external fields).
The non-thermal density fraction 0 < f,(t) < 1 quantifies how far the equilibration
process has progressed. When 8, = 0, the system is in equilibrium and 8, =1 is a
completely non-thermal distribution.

For larger perturbation strengths, 5,(t = 0) # «, because a large perturbation
will also change the distribution of the thermal bulk. The necessity for the pre-factor
% in Eq. 2.35 stems from the observation that the non-thermal part of a distribution

always has a zeroth moment of zero®:

/ T AL (B 1) dE =0, V. (2.36)
0

Eq. 2.36 holds because as a consequence of density- and energy conservation, any
density excess at a particular energy (peak in the distribution function) leads to an
equally large deficit elsewhere. When the electrons exchange energy, eventually these
peaks and valleys in the distribution will cancel out. The perturbation strength has
the appearance of a density, but it does not imply that only a fraction of the electron
population is involved in the energy exchange process. On the contrary, the entire
electron population interacts when restoring a non-equilibrium distribution of energy.

Quantities related to the energy exchange can be computed from the Af,, distri-
bution. Each perturbation introduces an energy an.E* to the system that needs to
be (partially) redistributed amongst the electrons in order to establish equilibrium.
For stronger perturbations, the energy that needs to be redistributed is smaller than
aneE* as a result of bulk heating. The time-dependent scalar quantity Sg(t) specifies
what fraction of the total energy in the system still needs to be redistributed between

the electrons in order to reach equilibrium and is defined as:

1 1 %0
350 = 3 T o E T / B |Af(B. ) dE, (2.37)

8With the exception of inaccuracies in the conservation laws.
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where the denominator is twice the total energy in the system in order to normalise
the non-thermal energy fraction to 0 < fg(t) < 1. Eq. 2.37 assumes conservation of
density and energy and needs a correction when electron sources or sinks are present.
Eq. 2.37 is a lower bound of the actual energy exchange taking place, as it only
accounts for reshaping the perturbed part of the distribution into a Maxwellian.

Similarly to the non-thermal density fraction Eq. 2.35, the case Sg = 0 implies
that the distribution is thermal and g = 1 is a completely non-thermal distribution.
The proportion of 8, to Bg can reveal in what energy range the most significant
changes to the distribution are taking place.

Eqgs. 2.35 and 2.37 are primarily intended to be used as a time tracker for the
relaxation process. They should not be interpreted as the fraction of electrons that is
still participating in the collisional interactions. On the contrary, the system remains
strongly coupled and all electrons in the system are in constant interaction with each
other.

Due to small drifts and fluctuations in the density and energy, the time range
for which 3, and Bg are useful is restricted. Figures on the density and energy
conservation (e.g. Fig. 2.7) show that the relative accuracies are capped at O(1073)
for the density and O(107%) for the energy. Whenever a non-thermal fraction decays
to approximately this level, it is unclear whether it is affected by the relaxation process
or numerical errors. Despite requiring a more subtle interpretation due to density and
energy fluctuations, the fractions will still be shown over larger time ranges.

Fig. 2.8 is produced by computing the non-thermal density fraction Eq. 2.35 for
the initial value problems Eq. 2.32 with E* = {100,300} eV and a perturbation
strength o = 2.5 x 1072, The bulk temperature is 40 eV and the time is measured in
deflection time units that are marginally different for the two cases due to a difference
in the effective temperature (5.4 x 107's and 6.0 x 107'6s). The dotted lines are

mean-squared error fits of the form

B = Byexp (—t/t,), (2.38)

for 0 < ¢ < 37p, where f (initial value) and ¢, (decay time) are fit parameters. The
fits to the decay times result in values of ¢, ~ {9.8 £0.1,97.4 4+ 0.4} - 7 for the cases
E* = {100,300} eV, respectively.

The non-thermal density fraction decays monotonically although this decay de-
clines within several tens of deflection times for the case with the higher perturbation
energy. This is due to the role of energy diffusion in the equilibration process. In

this system, the mean kinetic energy of background particles is 60 eV, meaning that
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Figure 2.8: The fraction of non-thermal electrons in a lightly-perturbed Maxwellian
plasma (kgT = 40eV, n, = 2.0 x 10¥ cm™?) for two different perturbation energies
E* and a perturbation strength o = 2.5 x 1072. The time is measured in deflection
time units and the dashed lines are exponential fits for 0 < ¢ < 37p. The perturbation
strength decays exponentially at early times, before the decline flattens out.

the energy transfer required to reach equilibrium is relatively small for the case of
E* =100 eV. At a higher perturbation energy E* = 300eV =5 ngT, more energy
transfer is needed during the relaxation process and it takes longer for the system to
equilibrate.

If the relaxation process were primarily driven by dynamical friction, the difference
in decay times would have been a factor (%)3/ *~52 according to the slowdown time
Eq. 2.29. That is not the case, and the relaxation time constant differs by a factor
97.4/9.8 ~ 10. The increase in the relaxation time is larger than the asymptotic form
of the slowdown time Eq. 2.29 would predict. This can either be caused by the effects
of energy diffusion that are also energy-dependent, or the invalidity of the asymptotic
formula in this energy range.

When using the non-thermal energy fraction fg(t), the findings (including fit-
ted relaxation times) are the same and this test case does not lead to a particular
preference of 3,(t) over Bg(t) or vice versa. For completeness, the decay of the en-
ergy fraction held by the non-thermal electrons is plotted in Fig. 2.9. Qualitatively,

Figs. 2.8 and 2.9 are very similar.

2.4.2 Variable perturbation strength

Thus far, some initial value problems have been examined in which the initial dis-

tributions were only lightly perturbed from equilibrium (o < 1). Even for small
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Figure 2.9: The energy fraction of the non-thermal electrons in a lightly-perturbed
Maxwellian plasma (kgT = 40eV, n. = 2.0x 10?3 cm~3) for two different perturbation
energies E* and a perturbation strength o = 2.5 x 1072, The time is measured in
deflection time units and the dashed lines are exponential fits for 0 <t < 37p.

perturbations at energies above the bulk temperature, there can be a substantial
transfer of energy between the thermal and non-thermal electron populations that is
sufficient to slightly heat the bulk temperature of the system. Initially, the pertur-
bation strength was set somewhat arbitrarily to the value of 2.5 x 1072 in order to
be large enough to notice, yet small enough to consider it a linearised perturbation
problem. At this point it is unknown how the collision operator performs for initial
value problems further removed from equilibrium (larger «), particularly with respect
to the equilibration time.

In this Subsection, the perturbation strength o will be varied for the same initial
value problem with the perturbed thermal distribution Eq. 2.32. The perturbation
energy E* will be fixed at 120 eV. Rather than choosing the same bulk temperature
for all cases, the temperature is adjusted with the choice of o in order to keep the
final temperature after equilibration fixed at 60 eV. This means that for a stronger
perturbation (that contains more energy), the initial bulk temperature is lowered
so that the equilibration temperature is the same for all cases. As a consequence,
the effective temperature and derived parameters such as the Coulomb logarithm
Eq. 2.17, deflection time Eq. 2.25 and slowdown time Eq. 2.26 are also fixed for all
simulations in this Subsection. An overview of the simulation parameters is listed in
Table 2.2. The amount of energy that is redistributed amongst the electrons grows
with the perturbation strength, whereas the fraction of electrons that needs to be

heated decreases with a. This creates a non-linearity that will shed light on the
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Simulation parameters for variable « initial value problems
Parameter Value

Ne 2.0 x 10% cm ™3
T, 60eV

InA ~ 1.27

™ ~6.3x 107165
# energy grid points 300

Minimum energy 0.01 eV
Maximum energy 500 eV

o 0.01-0.30
kT 56.5 - 59.9 eV
E* 120 eV

Table 2.2: The simulation settings used in the scan over perturbation strength « to
evaluate the non-linear effects of the elastic collision operator. « is varied between
0.01 and 0.30 and the initial bulk temperature kg7 is chosen such that the final
temperature of the equilibrated system is always 60 eV. Inelastic interactions between
ions and electrons are omitted in this Subsection.

mechanics of the equilibration and conservative properties of collision operator. The
time-dependent distribution function for each of these initial value problems is too
similar to those of Figs. 2.3 and 2.5 to be able to infer more information than we
already have.

A quantitative comparison can be made by computing the density- and energy
conservation, as well as the relaxation times for cases with a perturbation strength in
the range of 5.0 x 1073 < a < 1.5 x 107!, In this range, the bulk temperature varies
between 56.5-59.9 eV.

2.4.2.1 Conservation Laws

The cases with a stronger perturbation are more demanding on the collision opera-
tor with respect to the conservation laws, because they involve a larger transfer of
energy between particles. Furthermore, there are fewer electrons in the system to
transfer any excess energy to which introduces a non-linearity in the interaction pro-
cess. Aside from a different redistribution of energy, there is no principal reason why
the conservative properties of the collision operator should manifest themselves any
differently.

Fig. 2.10 shows the density error computed for the solution of the time-dependent
distribution function through Eq. 2.3 for all values of a. The initial density was

2.0 x 10%2ecm~2 for all cases. The time range is sufficiently long for the system to
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Figure 2.10: The density error as a function of time for a lightly-perturbed Maxwellian
for various values of the perturbation strength . The system is initialised at a density
ne = 2.0 x 102 ecm ™ and has no sinks or sources. The largest drifts occur at early
times when the distribution undergoes the largest changes as a result of choosing a
non-equilibrium initial condition. Overall, the drifts and fluctuations remain within
0.1% of the initial density.

equilibrate and over the full time range, the density drifts and fluctuations remain
below 0.1% of the initial density for all time steps and perturbation strengths. In the
absence of sinks or sources, the initial density should have remained constant.

The conservation of energy is directly affected by variations in the density. An
upward (artificial) drift in density would increase the total energy to the system
creation and conversely, a downward drift would take energy out of the system.

Fig. 2.11 shows the energy error computed from the solution of the time-dependent
distribution function through Eq. 2.5. The systems are initialised such that the total
energy density equals 3n.kpT,, = 1.8x10%° eV-cm™? with an equilibrium temperature
T., = 60 eV. The energy error has the opposite trend when compared with the density
error, as the numerical scheme produces a total energy below the value it should
hold. The direction of the trend and the magnitude of the error, which is one order of
magnitude smaller than that of the density, indicating that the energy error is being

made in the low energy range.

2.4.2.2 Relaxation Time Scale

The non-thermal fraction (,(¢f) can also be computed for initial value problems
(Eq. 2.32) with varying perturbation strengths . The results thereof are plotted
in Fig. 2.12. For lower perturbation strengths, the non-thermal fraction f, is lower
(as expected) and it decays faster. The thermal part of the distribution is barely
affected by the hot electrons and the cooling process is linear.The dynamical friction

is equally effective for all values of o as the energy difference compared with the bulk
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Figure 2.11: The energy error as a function of time for a lightly-perturbed Maxwellian
for various values of the perturbation strength a. The sink- and source-free system
is initialised at a total kinetic energy £ = 1.8 x 10¥eV - cm™. The energy has a
continuous downward trend that persists even after the distribution function stops
evolving noticeably. Overall, the drifts and fluctuations remain below 0.01% of the
initial energy.
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Figure 2.12: The non-thermal density fraction §,(¢) as a function of time for a per-
turbed Maxwellian for various perturbation strengths «. The non-thermal score j,
decays with time for all cases, initially through an exponential relation before the
decline slows down.

distribution is constant, so any differences in the decay rate arise due to the behaviour
of the energy diffusion component. When « is large, so too is the gradient of the dis-
tribution around E = E*, causing the diffusion contribution to increase. Exponential
fits to the non-thermal fraction are shown in Fig. 2.13. The fit function for the non-
thermal fraction is of the form 8 = f, exp (—t/,) in the range of 0 < t < 75 /2, where
t, represents the relaxation time constant. The fitted relaxation times themselves are
fitted with a linear function:

tr=po+pi-a, (2.39)
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Figure 2.13: Fitted relaxation rates for a perturbed Maxwellian with various values
of the perturbation strength a. The fitted function is of the form 8 = 3y exp (—t/t,)
for 0 <t < 7p/2, where 5 represents the relaxation time constant. The relaxation
time grows (indicating slower equilibration) when the perturbation is stronger.

where py captures the dynamical friction that is the same for all perturbation strengths,
and p; is representative of the energy diffusion contribution. The fit constants are
given as {po, p1} = {6.26 £ 0.04, —5.4 + 0.5} where the uncertainties encompass 95%
confidence intervals. The fitted relaxation time ¢, decreases linearly with «. Larger
perturbations introduce a stronger gradient W

decrease in in the decay time indicates that an increased contribution from the energy

in the electron density. The

diffusion component accelerates the relaxation process in an exponential way. The
scaling on the relaxation time is approximately linear, but the decay time is located
in the exponent of the solution of a diffusion-broadened delta function [53].

The sign (negative trend) and proportionality of the fit coefficients are more sig-
nificant than their numerical value. They show expected behaviour for the collision
operator, as the linear scaling indicates the increased presence of energy diffusion.
Dynamical friction is represented by the offset in Fig. 2.13 as it has the same contri-
bution for all values of a because friction is driven by energy differences, a quantity
that is the same for these initial value problems.

Traces of the non-thermal fractions 3, and S remain present even at times when
the distribution appears to have become stationary. At this point, their magnitudes
become close to the accuracy with which the conservation laws are adhered to. A non-
zero contribution to the non-thermal part of the distribution may well be a numerical
inaccuracy that has no physical meaning. The relevant time range to consider reaches
up to several hundreds of deflection times during which the time-dependent solution

of the distribution can still be seen to evolve.
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2.4.3 Variable perturbation energy

The relaxation time of a non-equilibrium system depends on the energy where the per-
turbation is placed. A scan over the perturbation energy can reveal how the relaxation
rate is impacted by the choice of perturbation energy E*. The corresponding initial
value problem of the delta-perturbed thermal distribution is still given by Eq. 2.32.
The perturbation energy will be varied up to values of 350 eV while the initial thermal
bulk temperature is such that the final system equilibrates at 60 eV for all cases with
a total density n. = 2.0 x 10 cm~3. Under these conditions, 7p ~ 6.3 x 10716 s.

For the cases in this Subsection, the perturbation strength will be held constant
at in the small perturbative range: o = 1.5 x 1072, Here, the non-linearities in the
energy exchange process are absent and any variations in the relaxation behaviour can
be attributed to the changes in perturbation energy. Particularly the energy domain
E* > kgT is useful as it can be related to the asymptotic limits of the slowdown time
Eq. 2.29 and diffusion coefficient Eq. 2.31. Furthermore, superthermal perturbations
can be tracked more easily as they leave a more distinct alteration in the distribution
function.

The energy grid still has 300 points with a maximum energy of 500 eV. In order to
avoid repeating similar results as before regarding the time evolution and conservation
laws (that do not yield new findings for the aforementioned initial conditions), this

Subsection focuses on the relaxation time scale.

2.4.3.1 Relaxation Time Scale

After initialising the distribution with a delta-perturbed Maxwellian and computing
its time evolution, the non-thermal density fraction is retrieved from Eq. 2.35. For
visibility reasons, only a subset of them is plotted in Fig. 2.14. For all energies,
the density of the non-thermal population decays exponentially at early times. The
perturbation is diffused and decelerated within a few tens of femtoseconds, after which
the relaxation process slows down and continues at a lower rate until equilibrium is
restored. The decay of the energy held by the non-thermal electrons can be computed
through Eq. 2.37 and is shown in Fig. 2.15.

The decay of the non-thermal energy fraction energy (g follows a pattern similar
to that of 8,. By comparing Figs. 2.14 and 2.15, it can be seen that the ratio of the
non-thermal density and energy decay speed is not constant. For lower perturbation
energies and at early times, 3, decays faster than 3g. This can only be the case if the

interactions that lead to equilibration primarily take place in the low-energy range.
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Figure 2.14: The non-thermal density fraction as a function of time for a perturbed

Maxwellian for various values of the perturbation energy E*. The non-thermal score
B, decays exponentially at early times, before the decay rate declines.

This is not surprising, considering this is where the perturbation was placed. For a
larger E*, the situation is the opposite and Bg decays faster than f3,, indicating the
energy exchange process takes place at higher energies around the perturbation itself.

After fitting a relaxation time ¢, on the B,(t) slopes for the time range 0 <t < 7p, it
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Figure 2.15: The non-thermal density fraction as a function of time for a perturbed
Maxwellian for various values of the perturbation energy E*. This parameter tracks
the fraction of energy in the system that still needs to be exchanged before the
distribution equilibrates. S shows exponential decay decays exponentially at early
times, before the decay rate declines.

is informative to examine how the estimated relaxation time depends on E*. To this

end, the relaxation times are fitted with the function:

tr =po+Dp1-E" 4 p3jo- (E*)?)/Qa (2.40)
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in the energy range E* > %k‘BT, where {po, p1,ps/2} are fit coeflicients labelled by
the powers of the energy. Functionally, p; represents the contribution of energy
diffusion and p3/, describes the dynamical friction (Eq. 2.29). The fits to the re-
laxation time at ¢ = 0 are shown in Fig. 2.16 with 95% confidence fit coefficients
{po,p1,p3/2} = {2.5+£0.5,-5.8+1.5,9.8 £ 1.4}. For convenience, the perturbation

energy is measured in units kgT = 60 eV, the system’s equilibrium temperature. As
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Figure 2.16: Fitted relaxation times for delta-perturbed Maxwellians as a function
of perturbation energy. The relaxation time is affected by energy diffusion as well as
dynamical friction.

indicated by the relatively large uncertainty in the fit parameters, the increase in relax-

3/2 .
/2 can describe.

ation time with energy is steeper than the proportionality ¢, o (E)
Contrary to the cases with a varying perturbation strength, the asymptotic limits of
the slowdown and diffusion times Eqs. 2.29 and 2.31 result in an underestimate of the
relaxation time. Spitzer notes that the energy exchange time approximations used
in the benchmark are indeed an underestimate that omit contributions that grow in
the range of E*/(kgT) > 1 [42]. Observing Fig. 2.16 yields a similar finding, as the
estimated relaxation time is longer than the asymptotic limit formula would suggest.
This does not impact the accuracy of the collision operator itself, and it merely shows
that its features cannot always be replicated by a simple asymptotic formula.

There is another limiting factor to using the slowdown time expressions formulated

by Spitzer. They were constructed for individual electrons, or species with such small
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densities that they cannot interact with themselves. Even a perturbation of 1.5%
of the particles in the system is already noticeable because they are concentrated
in a small energy range. The perturbation strength cannot be set to much smaller
values, because it would then fall in the range of the density fluctuations and become
untraceable. The assumption of having a fully linearised perturbation problem is
therefore not entirely satisfied.

In the atomic-kinetics simulations that CCFLY is designed to handle, hot electrons
will be created at up to several tens of times the thermal energy. It should be noted
that in this regime, elastic electron-electron collisions are not the only process to
facilitate the energy transfer from the hot electrons to the bulk. There will be several
inelastic ion-electron interactions that have similar or higher rates of energy transfer
because the energy transfer per collisional event is larger. The most efficient processes
are collisional ionisation and recombination and they will be discussed in the next

two chapters.

2.4.4 Mono-energetic distribution

After exploring the perturbative regime, the next test case covers the opposite sit-
uation with a nearly fully non-thermal distribution. The chosen form for the initial
value problems used in this Subsection is a delta-function in energy space that holds
most of the electron density, and a small thermal background to avoid breaking the
positivity criterion of the distribution function. The functional form of these initial
value problems is still given by Eq. 2.32 for a perturbation strength a = 0.98 and
various initial energies E*. E* will be referred to as an initial energy for this Sub-
section because « is too large to speak of a perturbation. The symbol E* will be
retained by convention, as the functional form of the initial value problem Eq. 2.32
is still relevant here.

The cases of a mono-energetic initialisation are edge cases in which nearly all
the energy in the system needs to be redistributed over energy space in order to re-
establish equilibrium. The equilibration process is expected to be driven largely by
energy diffusion, as there is no difference in mean kinetic energy between the small
thermal background and the delta-peak. Dynamical friction does play an important
role here as well, because the MB solution is not symmetric around E* and this
asymmetry can only be brought in through friction.

The final temperature T¢, after equilibration and the perturbation energy are
related through E* = %k‘BT eq- As a consequence, the deflection time 7p is different

for each case. All simulation settings are listed in Table 2.3. The runtime of the
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calculations (when measured in deflection times) is also different, primarily because

the relaxation rate depends on E*.

Simulation parameters for delta-function initial value problems
Parameter Value

Ne 1.0 x 10® cm ™3

a 0.98

E* {30,45,60,120} eV

# energy grid points 300

Minimum energy 0.01 eV

Maximum energy 10 - E* for each case

Table 2.3: The simulation settings used in the strongly-perturbed time-dependent
electron distribution calculations. The distribution is initialised to a delta-function
with a small thermal background of the same mean energy. The deflection time
depends on E* and is different for each case.

The number of energy grid points had to be kept constant at 300 in order to
maintain a reasonable computational time. The maximum grid energy is scaled such
that it is ten times higher than the corresponding value of E*, but may need to be

increased further for higher energies.

2.4.4.1 Time Evolution

The time evolution of the distribution will be shown for the cases E* = {30, 120} eV,
as they are the lowest and highest energies used in the simulations. When initialising
a distribution to a tall narrow peak, the first expected change would be its broadening
through energy diffusion. As can be seen in Fig. 2.17, this process is fast at early
times and rapidly broadens the distribution to a width AF =~ FE* in fewer than
20 deflection times. This case is useful for testing the robustness of the numerical
scheme’s ODE solver as it produces the largest time-derivatives that can occur as a
result of e-e collisions alone. Furthermore, these peaks in the time-derivatives are
concentrated in a small region of the energy grid. After 410 deflection times, the
asymmetry of a Maxwellian profile becomes visible and the broadening speed begins
to stagnate. It then takes a further several thousands of deflection times before the
distribution cannot be distinguished from a thermal profile. It is understandable
that the relaxation rate decreases with time, as the time-derivatives that drive the
equilibration process approach zero as the distribution becomes closer to thermal. The
Fokker-Planck framework is being used far outside its intended range (near-thermal

distributions with small perturbations), yet it still produces a sensible output.
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Figure 2.17: Time evolution of an electron distribution initialised to a delta-function

around 30 eV, and a small (2%) thermal background of the same energy. Time is

measured in deflection time units Eq. 2.25 computed with an effective (T¢,,n.) =
(20eV, 1.0 x 10% cm™3).

At a higher initial energy of 120 eV, the time evolution of Fig. 2.18 looks similar.
Within a few deflection times, the delta function has been broadened into a Gaussian
profile of a width comparable to E*. After around 100 deflection times, this width has
doubled and the asymmetry of the MB distribution begins to surface. By this time,
roughly half of the total energy in the system has been redistributed. When compared
with the case of E* = 30 eV, the relaxation process is approximately four times faster.
The energy range over which energy needs to be diffused grows approximately linearly

with E*, so the increase in diffusivity itself increases at least quadratically based on
these two observations.

2.4.4.2 Conservation Laws

For each choice of the perturbation energy, the system has a different energy density
that is equal to n, - E*. The number density is held constant at n, = 1.0 x 10?3 cm 3.
The numerical accuracy made in the energy conservation is therefore more easily
visualised by computing relative errors. This is also done for the number density. For
this type of initial value problem, the collisional interactions are more localised in
energy space. As opposed to having sharp gradients and differences in mean kinetic
energies between two electron groups, the distribution function is broadened from a
central energy through diffusion. For this reason, the level of agreement with energy

and density conservation may well be different from the previous test cases that
involve energetic perturbations.
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Figure 2.18: Time evolution of an electron distribution initialised to a delta-function
around 120 eV, and a small (2%) thermal background of the same mean kinetic

energy. Time is measured in deflection time units Eq. 2.25 computed with an effective
(Teq,me) = (80eV, 1.0 x 10 cmm™?).

The electron density for a few initial energies £* between 30 and 120 eV is plotted
in Fig. 2.19. The density is computed by applying Eq. 2.3 to the solution of the time-

dependent distribution function. A logarithmic scale has been used for both axes
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Figure 2.19: The density errors as a function of time for the distributions initialised
to delta-functions of various central energies. The error is absolute, in order to fit
both positive and negative fluctuations on a logarithmic grid.

because the time range when measured in deflection times is different for each simu-

lation. The relative density error fluctuates between positive and negative numbers,
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so the absolute values are taken to fit these errors on a logarithmic scale. Considering
the significant exchange of energy within the system, the density conservation law is
satisfied to a reasonably high degree. After equilibration, the highest error observed
is under 2%. This is for the case of E* = 30 eV, for which the energy grid choice
may have been sub-optimal (the highest energy being too high). Overall, the results
concerning density conservation are satisfactory for atomic-kinetics applications.
The relative error in the density is not a smooth function and even oscillates,
although this is more desirable than recognising a distinct trend. The absolute value
of the error is plotted in Fig. 2.20. The sign of the energy error is negative for all

energies and times. The absolute value of the fluctuations is two orders of magnitude
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Figure 2.20: The energy errors as a function of time for the distributions initialised to
delta-functions of various central energies. The error is plotted as its absolute value,
although it is in fact negative in sign for all times and energies.

below those of the density errors. This finding reveals that the numerical inaccuracies
occur at low energies. In all simulations discussed in this chapter, the energy grid has
been linear in energy (quadratic in velocity). It has occurred that a higher degree of
non-uniformity in the velocity grid led to larger numerical errors, so it may be useful
to construct a grid that has a more steady increase in grid spacing.

Despite being an edge case not typically associated with a perturbative problem,
the case of initialising a distribution to a mono-energetic peak has relevant similari-
ties to the photo-ionisation process in XFEL-plasma interactions. When irradiating
a plasma with X-rays, the free electrons at early times are primarily created through

inner-shell photo-ionisation. The distribution of these free electrons would not be

64



mono-energetic, but can be approximated as a sum of delta peaks until they equili-
brate towards a near-thermal distribution. With the intention to apply this simulation
code to XFEL-plasma problems, it is useful to verify that the conservation laws are

still satisfied in regimes with a larger energy exchange.

2.4.4.3 Relaxation Rate

As can be seen from the time evolution of the distribution function, the rates of
energy diffusion at early times are sufficiently high to redistribute large fractions of
the total energy within a few deflection times. This is when the largest changes
to the distribution occur, before the rate of change reduces as a result of shrinking
time-derivatives from the collision operator.

Due to the symmetry around the initial energy of the initial distribution, there
is an alternative method to visualise when the relaxation process has completed. At
early times, the distribution retains some degree of symmetry around its central en-
ergy until the stationary thermal distribution begins to take shape. The symmetry
stems from the effect of energy diffusion. The time-dependent solution of a distri-
bution initialised to a delta-function is a Gaussian that broadens over time [53, 56].
Without the effects of dynamical friction, the asymmetry of a thermal distribution
could not be realised. The fraction of particles with energies below E* (compared with
the total density) can be used as a time tracker in a similar way to the non-thermal
fractions 3, and Bg.

In a thermal distribution, the fraction of particles S with energies below the mean

kinetic energy is equal to:

E*=3kpT
S = / fMB(E) dE
0

= % [F (g,0> -7 (g g)} (2.41)
~ 0.608,

where T'(z,y) = [~ t""'exp(~t)dt is the incomplete Gamma function. At t = 0,
the distribution is nearly symmetric and S = % The speed with which the symmetry
fraction moves from % towards the value it would have in equilibrium can be used to
quantify the relaxation rate. The symmetry fraction S(t) is plotted in Fig. 2.21. All
distributions decrease their symmetry until they reach a near-constant value given

by Eq. 2.41. This shows that the symmetry can be used as a time tracker as well.

65



. E*=120eV

~0.60 - -t E = 60 eV
¢4 E =45eV
aka E"=30eV

Symmetry S
o
ul
Ul

0.50

107 103 10°
t (tp)

Figure 2.21: Symmetry of the delta-initialised distribution functions over time for
various initial energies. All distributions take on the same symmetry factor after
sufficient time passes, indicating equilibrium has been reached.

The cases with higher initial energies equilibrate faster. The time is plotted on a
logarithmic scale, so the difference in relaxation speed is larger than it appears.

The maximum energy on the grid for the case £* = 120 eV is not sufficiently
high, which also caused a density drift in Fig. 2.19.

For a comparison with the other test cases, the non-thermal fractions 3, and SE
used earlier are also computed for these initial value problems. They contain similar
information about the relaxation rate, and their decay denotes equilibration. Fig. 2.22

shows the evolution of the non-thermal density fraction. The relaxation process takes
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Figure 2.22: The decay of the non-thermal density fraction [, for various initial
energies. Contrary to before, 3,(t = 0) ~ 1.

a few thousand deflection times for all cases, and the relaxation rate increases with

E*. The time when the non-thermal fraction ceases to change coincides with the
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moment after which no changes can be observed in the time-dependent distribution
function. The decay of the non-thermal energy fraction confirms this observation in

Fig. 2.23. The figures on the relaxation rate are consistent with each other and the

100 5 E:=120eV
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Figure 2.23: The decay of the non-thermal density fraction fg for various initial

energies. The decay is slower than for 3,, indicating the equilibration process at
higher energies takes longer than in the low-energy range.

relaxation rate can be seen to increase with initial energy E*. Figs. 2.23 shows that
the decay of B is slightly slower than for 3,. This finding confirms that for initial
value problems of this sort, the equilibration process takes longer at higher energies
than in the low-energy regime. It can be understood by considering the energy range
on which the distribution needs to be populated, which is (0, E*] for the low-energy
range and [E*, 00) for the upper range.

Finally, a fit of the relaxation times on 3, and g show that they contain similar
information. Fig 2.24 shows the fitted relaxation times using the fit formula Eq. 2.38
for the time range 0 < ¢t < 57p, which results in nearly identical relaxation times. The
relaxation time decreases with energy, indicating faster equilibrium. This is consistent
with observations of the time-dependent distribution function, as well as graphs of
the non-thermal density and energy fractions.

At larger energies, the MB solution is not only shifted but also broader. Despite
this, the equilibration is still faster. The relaxation times obtained for early times are
not necessarily representative of the entire equilibration process that can take several
thousands of deflection times. However, they do contain sufficient information to rank
the initial value problems in the order of the fastest relaxation time. The relaxation

rates are consistent with figures shown by Le et al. [55].
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Figure 2.24: Fitted relaxation times for distributions initialised as delta-functions
for various energies. The fits are obtained from the non-thermal density and energy
fractions.

2.5 Conclusions

This Chapter introduces the concept of electron distribution functions, and the Fokker-
Planck equation that governs their time evolution. Non-equilibrium distributions
evolve towards the Maxwell-Boltzmann solution through successive Coulomb colli-
sions that redistribute the energy amongst the electrons. Coulomb collisions ho-
mogenise the mean kinetic energy of different particle species or sub-distributions
(dynamical friction), and diffuse particles in energy space to smoothen out sharp gra-
dients in the distribution (energy diffusion). These effects are described by the elastic
e-e collision operator that implicitly conserves the total density and energy.

The elastic collision operator has been implemented in the CCFLY atomic-kinetics
code and applied to various initial value problems that only involve electron-electron
interactions. The problems differ in the degree of non-equilibrium introduced into
the system, ranging from the small to strong perturbative regime. Results on the
time evolution, adherence to density- and energy conservation, and the relaxation

time scales are discussed for each case. Three quantitative scores for defining the
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degree of non-equilibrium in the electron system are also presented to supplement the
discussion on the relaxation time scale.

The collision operator behaves as expected for all cases and computes the time
evolution of arbitrary distributions towards their equilibrium solution. In the absence
of ion-electron or radiation-electron interactions, the electron density and total energy
should be conserved. Both conservation laws are satisfied up to relative errors in the
range of O(107*) — O(1072) for the various cases with picosecond runtimes. This is
sufficiently accurate to perform atomic-kinetics simulations that typically only run
for several tens to hundreds of femtoseconds.

A time scale that estimates the order of magnitude during which changes to distri-
bution function take place is the electron deflection time: the average time required to
deflect an electron off its original trajectory by 90 degrees through successive Coulomb
interactions. This natural time unit relates to the relaxation time through its rela-
tion to the rate of momentum and energy exchange, as well as energy diffusion. For
solid-density systems of several tens of €V, this time is in the femtosecond range. The
time-dependent simulations are in agreement with this finding.

For future work and experimental studies in which the CCFLY simulations will be
used, the author would like to make a suggestion regarding the Coulomb logarithm.
In the discussion throughout this Chapter, an empirical formula has been used for
its numerical value without giving much attention to its validity or interpretation.
When experimental data on the distribution function is available, the author believes
it can be interesting to use the Coulomb logarithm as a fit parameter to verify how

it compares with the empirical formula (Eq. 2.17).
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3.1 Introduction

In warm dense systems created through X-ray Free Electron Laser (XFEL) irradiation
of a solid target there can be a wide variety of interactions between X-ray photons, free
electrons and bound electrons. When an X-ray pulse hits a target, the X-ray photons
are primarily absorbed through K-shell photo-ionisation, a process that produces
energetic free electrons and excited ions with a hole in an inner shell. The majority
of the excited ions, approximately 96% of them in magnesium, decay through Auger
decay, thereby emitting another energetic electron [19]. The sequential occurrence
of photo-ionisation and Auger decay acts as an efficient ionisation mechanism, and a
pathway to couple energy from the radiation field into the free electrons.

The presence of an energetic free electron population and an intense X-ray ra-
diation field opens up many reaction channels of spontaneous decay, collisionally-
and radiation-induced atomic transitions. The atomic processes that follow medi-
ate energy transfer between its various forms in the system: the radiation field, the
electrostatic potential held by electrons to an ion, and the kinetic energy of the free
electron populations. The system’s state description, namely its time-dependent ion
populations and electron distribution function, can be computed by tracking all the
atomic transitions over time.

From the perspective of the electron distribution function, the ion-electron and
radiation-electron interactions are inelastic by nature. Depending on the type of in-
teraction, both electrons and energy can be added or subtracted from the free electron
population. Previously, the radiative-collisional codes used in our research group were
constructed on the assumption that the electron population always lives in equilibrium
with itself, even when the ion populations do not. More precisely, the distribution
was assumed to have a Maxwell-Boltzmann (MB) profile at a single temperature.
This assumption significantly simplifies the computation of ion transition rates with
the cross-section formalism, as well as the electron particle and energy balances.

The contents of this chapter will cover how to compute the evolution of the ion
populations and electron distribution in a non-thermal system where both the ion-
and electron populations can live in a state not described by Local Thermodynamic
Equilibrium (LTE). This adds many degrees of freedom to the distribution function
so that it can now describe non-thermal effects, such as having electrons much more
energetic than the bulk of the distribution. As a result of this generalisation, the ion
transition rates can now only be computed from their general cross-section integral

forms without further simplification or semi-analytic expressions.
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The electron distribution function itself still follows an evolution described by
the Fokker-Planck equation introduced in Chapter 2. The Fokker-Planck equation
there only contained the elastic collision operator that describes inter-electron colli-
sional mechanics that bring the distribution towards equilibrium. When considering
ion-electron interactions and a radiation field, the Fokker-Planck equation must be
complemented with inelastic collision operators for each atomic transition. These in-
elastic operators describe the addition or subtraction of electrons and energy to and
from the free population.

The chapter is written in a style such that the contents can be readily imple-
mented into an atomic-kinetics code, as has been done with the Oxford-developed
CCFLY code. In the underlying code-development project, the author generalised
the zero-dimensional CCFLY code so that it can track arbitrary electron distribution
functions during an atomic-kinetics calculation, and forego the need to impose a MB
distribution. This involved modifying the ion transition rates, as well as the electron
density and energy balances. The parts of the code that do not differ from the use
case with thermalised electrons remained unchanged, and closely reflect the SCFLY
radiative-collisional code [40,59].

An overview will be given of the atomic processes that can occur in a warm dense
XFEL-produced plasma, their associated transition rate model, and their inelastic
collision operator. This also serves as a benchmark of the non-thermal CCFLY-
extension and ensures that although it gives access to new non-equilibrium regimes,
the results obtained are consistent with previous studies with imposed LTE assump-
tions. An introduction into the concepts of differential reaction cross-sections and
detailed balance are required for the discussion of transition rates. Sections 1.1.2 and
Appendix B provide a recapitulation on the concept of reaction cross-sections and
detailed balance.

Finally, a demonstration of a full atomic-kinetics calculation for an X-ray irradi-
ated magnesium sample will be discussed. This calculation cannot be benchmarked
with results known from the thermal version of CCFLY, and serves to demonstrate

the possibilities of a non-thermal electron module.

3.2 Warm Dense System Dynamics

Section 2.3 saw the introduction of the source-free Fokker-Planck equation applied
to an isotropic medium. This equation describes the time-evolution of an electron

distribution function as a result of inter-electron collisional interactions. Given an
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initial condition, it can be used to compute the distribution for all future time steps
through the formalism of the elastic collision operator and solved on a discrete energy
grid through the numerical scheme described by Eq. 2.20.

In a warm dense system, the free-electron population does not live in isolation
and the elastic interactions are only a subset of the true range of interactions that an
electron can have with its surroundings. Free electrons in a warm dense system have
sufficient kinetic energy to collisionally induce ion transitions, such as ionisation,
recombination and excitation and de-excitation events. Additionally, the external
radiation field supplied through the XFEL can trigger photon-induced ion transitions
such as photo-ionisation, excitation, de-excitation or recombination events.

To complete the set of first-order interactions, free-free interactions such as Bremsstrahlung
and inverse Bremsstrahlung should also be considered. They have been omitted in
this thesis due to time constraints and will be implemented at a later stage. Finally,
spontaneous decay reactions such Auger decay and its inverse, dielectronic recombi-
nation, contribute significantly to the heating process of XFEL-irradiated matter, as
they add energetic electrons to the free-electron population.

An effective description for the time-evolution of a warm dense system subjected
to an XFEL should include the ion transition rates, as well as a self-consistent method

to describe the free-electron population.

3.2.1 Ion Transition Rates

The collisional and radiative interactions induce a range of ionic transitions whose
rates can be computed through the cross-section formalism. Spontaneous rates that
do not depend on the radiation field or free-electron population can be computed
from atomic physics codes and treated as constants.

A description of the warm dense system can be composed by constructing a set
of coupled rate equations, one for each charge state population. Charge states are
defined as super-configurations in this work, a configuration whereby the atomic shell
structure is defined only by the principal quantum number n of the bound electrons.
For example, the configuration K*LVYM? has a total of (a 4+ b + ¢) electrons, with a
electrons in the K-shell (n = 1), b electrons in the L-shell (n = 2) and ¢ electrons in
the M-shell (n = 3). The super-configuration is a coarse description of the full state
spectrum of an ion, but significantly reduces the number of states to several dozens

or hundreds for atoms with atomic numbers 2 < Z < 20.
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Regardless of the profile of the electron distribution, a collisionally-induced ion
transition rate ST (t)/V that takes an ion from state | —) to state | +) can be

computed with a cross-section integral of the form:

S™t(t))V = / (2E/m.)Y?0_(E) fg(E,t)dE, (3.1)

where o_, (E) is the energy-dependent reaction cross-section, and the factor (2E /m,)"/?

is the electron’s linear velocity. Photon-induced reaction rates have a similar form to
Eq. 3.1, where the photon energy distribution is substituted for the electron distribu-
tion. For photon or electron distributions with an analytically expressible profile, such
as a Gaussian or MB profile, the rate equation is generally simplified to semi-analytic
expressions. When the electron distribution function can take on any arbitrary shape,
Eq. 3.1 must be computed numerically on the discrete energy grid.

Computing the transition rates for all available ion states and transitions, a rate
matrix S can be constructed. For each available ion state N;, the population is

determined by the rate equations in the form of:

N;(t +dt) — N;(t)

J _ D2 =) Sk Ny(t) — Ni(t)> - S (3.2)
Gk J#k

which computes all the population rates Si; that take other states N to state Nj,

and subtracts the rates S;, that depopulate state NN;. In isochoric conditions, the

total ion density remains constant and populations can only be re-assigned to other

states:

ni=» Nj(t), Vt. (3.3)

The electron density can be calculated directly from the charge of the ion populations

through the quasi-neutrality principle as:

ne(t+dt) = N;(t + dt)z;, (3.4)

j
and the sum j runs over all possible ion configurations where z; is the ionisation
degree of each configuration. Through energy conservation, the total free-electron
energy can also be computed from the ion transition rates. Transitions typically add
energy to or draw energy from the free-electron population, a quantity that equals
the reaction threshold. Knowing the rate of an ion transition, the effect it has on

the free-electron energy can be computed by multiplying the rates by their respective
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reaction thresholds. The energy being released into the free electron population is
then given by:

CZE’;;:@) = SpEuN;(t). (3.5)

J

Eq. 3.5 states that for every ion that undergoes a transition, the change in binding
energy Fj, between the initial and final ion states is released into or drawn from the
free electron population. This energy balance contains the effects of photo-absorption,
Auger decay, as well as the collisional interactions between ions and electrons.

Eq. 3.5 omits free-free interactions which need to be summed separately. The
method by which pressure-ionisation is implemented in atomic-kinetics codes often
also leads to artificially created electron sources and sinks that need to be considered
in the energy and density balance. This will be described in more detail in Section 3.4.

In a thermal system where the electron distribution function is always a MB
distribution, the full distribution can be uniquely characterised by the electron density

and temperature alone. For these systems, the temperature can be computed as:

gne(t)kBT(t) = Epin(t). (3.6)

The time-evolution of the ions is coupled directly to the electron density and tem-
perature, making Eqs. 3.2, 3.4, 3.5, and 3.6 a self-consistent set of equations. Energy
conservation is directly imposed by treating the free-electron population simultane-
ously with the ions. This self-consistency is a feature implemented in the thermal
version of the radiative-collisional non-LTE SCFLY and CCFLY codes [40].

A non-thermal system has an analogous description that is also self-consistent.
The energy and density of the free-electron population remains directly coupled to
the ion populations and their transition rates, with the additional degree of freedom
that the distribution need not be Maxwellian. This causes additional complexities due
to the fact that the electron density and mean kinetic energy alone are not sufficient
to compute the full distribution function.

It requires a self-consistent calculation for each energy node on the discrete energy
grid to correctly compute the ion transition rates, as well as the rates of change in

the electron distribution function. This is the subject of the next Subsection.

3.2.2 Inhomogeneous Fokker-Planck Equation

While the system’s ion populations undergo transitions through spontaneous, collisionally-
or photon-driven reactions, the electron distribution function undergoes changes as

well. Any energy or particles that are released or drawn from the distribution should
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be considered in a self-consistent way, in a fashion similar to the treatment of a
thermal system.

For this purpose, the Fokker-Planck equation Eq. 2.15 needs to be supplemented
with inelastic collision operators that describe the source and sink terms of electrons

and energy:

9fe(E)

ot

(3.7)

Eq. 3.7 contains the elastic collision operator introduced earlier in Eq. 2.15, and
adds a source S(E) and inelastic term I(fg(E)). The source term is a collection of
interactions that do not depend on the electron distribution. Ion transitions that
fall under this category are photo-ionisation and Auger decay. Both these processes
release bound electrons to the free-electron population.

The collection of inelastic contributions I(fg(FE)) encompasses all ion-electron
interactions whose rates depend on the electron distribution. This creates a circular
dependence; the ion transition rates depend on the electron distribution, and the
rates of change of the electron distribution depend on the ion transition rates. By
capturing the effects on the electron distribution in an inelastic collision operator, a
self-consistent treatment for the ion populations and electrons can be achieved.

The elastic collision operator is written for a distribution in velocity-space, whereas
the inelastic operations are written as a function of energy-dependent cross-sections.
It is therefore convenient to compute the elastic operator in velocity-space by trans-
forming the energy-space distribution. The code architecture of the Fokker-Planck
module integrated into CCFLY is shown in Fig. 3.1.

The distribution function itself is required to compute the time-derivatives as
a result of elastic electron-electron interactions. For this purpose, the distribution
is transformed from its energy-space representation to its velocity-space counterpart,
before applying Eq. 2.20. The resulting time-derivatives are then transformed back to
their energy-space representation. The ion-electron collision operators are computed
in energy-space with the inelastic collision operators that are still to be described.
Finally, source terms are added to the derivatives, which completes the set of deriva-
tives. The current distribution function and its time-derivatives can then be fed into

an Ordinary Differential Equation (ODE) solver.
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Figure 3.1: The time-derivatives of the electron distribution are computed as a sum
of elastic inter-electron and inelastic electron-ion interactions, and source terms that
do not depend on the distribution function. The elastic electron-electron collision
operator is computed in velocity space.

3.3 Numerical Grid Operations

An equilibrated electron distribution, the MB distribution, lets itself be fully described
by its electron density and temperature. The density can be determined by imposing
quasi-neutrality of the combined ion and electron system, and the temperature can
be derived from a self-consistent energy balance.

When the distribution function is allowed to take on any arbitrary shape, the
distribution must be discretised in some way. In this work, the free-electron energy
is discretised onto a grid. The choice of the energy grid has implications for the
distribution functions that can be described, and the numerical errors of the transition

rates and electron energy balances.

3.3.1 Discretisation Errors

There exist several guidelines when determining the energy grid for the free electrons.
Firstly, the grid needs to be fine enough in the low-energy range up to ~5 eV to be able
to account for electrons ionised through pressure-ionisation. This energy domain also
plays a role in the elastic collision operator scheme, and ensures that the distribution

has the possibility to equilibrate to a Maxwellian [47].
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Secondly, the grid needs to reach high enough to capture the high-energy electrons
produced through photo-ionisation and Auger decay with energies of multiple keVs.
A rule of thumb is that the maximum grid energy should be twice the maximum
energy that a free electron can obtain through an ion transition. This is because
elastic collisions between high-energy free electrons can produce electrons with even
higher kinetic energies, although this is not a likely process'.

In the mid-range, typical excitation and ionisation energy thresholds lie in the
range of several tens to several hundreds of eV for materials with 10 < Z < 30. In
this energy range, the grid needs to be fine enough to be able to define the integration
range of cross-section integrals. Close to the energy thresholds, the cross-sections can
have more curved profiles and it is beneficial to have a grid fine enough to sample
this curvature.

A natural choice of grid type that satisfies all these criteria is a logarithmic en-
ergy grid, possibly with some refinements in particular energy regions of interest, for
instance for the study of resonant atomic transitions. For a range reaching from 0.01
eV to 10 keV, an energy grid with O(100) grid points can yield satisfactory results.

Whereas a MB distribution function often leads to semi-analytical expressions for
the ion transition rates, the ion rates can generally only be calculated from numeri-
cal integration techniques for a non-equilibrium distribution. The accuracy of these
integrals depends heavily on the grid-point density in the energy region where the
reaction cross-section is strongly curved.

As shown in Fig. 3.2, the numerical errors arising from grid discretisation can be
attributed largely to sampling errors of the reaction cross-sections. The distribution
function itself is not represented so accurately in regions where it is strongly curved,
for instance near its peak. Secondly, calculating the transition rates as a rate inte-
gral over a cross-section cannot be done as accurately when the cross-section varies
rapidly in between grid points. Collisional ionisation- and excitation cross-sections
are typically curved in the near-threshold region, and the ion transition rate can be
miscalculated by undersampling.

The energy grid is also truncated at some finite value, leading to some numerical
differences as compared with integrating the rate integral to infinity. This truncation
error can be reduced by increasing the maximum energy that fits on the grid, although
this will reduce the grid density if the same number of grid points is kept. The
truncation and sampling errors can therefore not be optimised together, and the grid

choice should be examined for each use case.

ITruncating the grid at twice the maximum expected energy omits any third-order processes.
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Figure 3.2: Maxwell-Boltzmann distributions on a coarse and fine energy grid, along
with an exemplative reaction cross-section. Having a coarser grid leads to errors
in representing the distribution function, and also in sampling the cross-section in
transition rate integrals.

3.3.2 Interpolation Procedures

The numerical scheme for the elastic collision operator is written for the distribution
function on the grid nodes. Executing this yields the time-derivatives directly on each
grid point, allowing them to be processed further in an ODE solver. On the other
hand, the inelastic collision operators yield operations on the distribution function at
energy values that do not necessary lie exactly on the discrete grid.

An example where this occurs is pressure-ionisation. In the super-configuration
mode of CCFLY, continuum lowering is treated as an instantaneous process whereby
an ion species ceases to exist in a stepwise manner. This produces electrons that must
be added to the distribution at an energy value that is prescribed by their binding
energies. In principle, this energy value can take on any continuous value in the range
up to a few eV. In order to maintain energy and density conservation simultaneously,
it is necessary to interpolate a change in distribution function onto the discrete grid.

The same interpolation process occurs when computing time-derivatives due to

inelastic ion-electron interactions. These processes can result in electrons being drawn
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from or released into the free-electron population at any continuous energy allowed
by the energy balance. It cannot be assumed that the energy grid is constructed such
that these energies occur on the grid, and rounding off will lead to a violation in
energy conservation.

The time-dependent density is computed from the electron distribution function

through the composite trapezoid rule as:

/fEEt

~ % ; (Fu(Eirt) + fu(Eir,t) (Eir — E3) (3.8)
% - (fi(t) + fisa () (Eis1 — E7),

I\
=)
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where the substitution f;(t) = fg(E;,t) has been used, with the reminder that the
inelastic collision operators are all written for energy-space distribution functions in
this thesis. The number of energy grid points is N, thereby setting the index of
the highest energy equal to NV — 1. The distribution in Eq. 3.8 is normalised to the
electron density by convention. No assumptions can be made about the step size in
the integral, as the energy grid is typically non-uniform. Similarly, the total kinetic
energy density held by the distribution is computed as:

Erin(t) = /000 Efg(E t)dE
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Eqgs. 3.8 and 3.9 can be used to determine how to interpolate a change to the distri-
bution function in case it takes place at an energy E* that does not occur on the energy
grid: E* ¢ {Ey,...,En_1}. Given an energy grid {Eo, E1, ..., E;_1,E;, Ej1, ..., En_1}
on which the time-derivatives of the energy-space distribution is defined, electrons
with energy E; < E* < Ejy; for some 1 < j < N — 1 are released into the free-
electron population at a production rate an amount of d;n. The time-derivative
notation is abbreviated to 0;. This situation is depicted in Fig. 3.3.

The rate of change in the number of electrons at this energy should then be
distributed over the time-derivatives {0;fo,...,0uf;, ..., 0:fn—1} such that they ac-
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Figure 3.3: An inelastic atomic process causes the release of electrons with energy E*
into the free-electron population. The change is interpolated onto the time-derivative
vector that is defined on the discrete energy grid.

curately represent the production of free electrons while conserving energy. For il-
lustration purposes, the energy E* is located between the grid points 7 and j + 1:
E; < E* < F;;;. Assuming that F;_; and Ej  are defined on the grid, the produc-
tion term is distributed between three energy bins: F; ; < < Ej, E; < E < Ej4,
and F;;1 < E < Ej;5. The production rate of the number of electrons can be

expressed as:
j+1

One = % Z (Ocfi + Ocfira) (Bipr — Ei), (3.10)

i=j—1
whereas the mean energy at which this density change occurs must obey the relation:
1 Jj+1
E*=(0me) " § > (i + Oufinr) (B} — EF). (3.11)
i=j—1
As E* and Oin.t are given, the time-derivatives are to be chosen such that they
simultaneously obey the relations Eqs. 3.10 and 3.11. Only the derivatives on the
neighbouring grid points are allowed to undergo a change, and the change to the
derivatives at grid points 7 — 1 and j + 2 are constrained to zero. Egs. 3.10 and 3.11

can be written in a compact matrix-vector form:

((Ej+1 —Ej1) (Eje— Ej)> ( A f ) _ ( 20yn ) . (3.12)
(E32+1 - Ej{l) (E32+2 - E?) atfj+1 4E* O

The time-derivatives 0, f; and 0; f;+1 can be determined from Eq. 3.12 by inverting the
2x energy matrix. By handling time-derivatives through this scheme, the production
or destruction rates of free electrons at any continuous value of energy can be captured
in a discrete time-derivative vector while conserving density and energy. The same

scheme can be used for instantaneous changes (e.g. pressure-ionisation), as well as

for changes described through rates that need to be integrated over time.
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For the boundary cases where E* < Ej, Eq. 3.12 can be used by setting £_; = Fj.
This introduces an error in the energy conservation, but still conserves density. It
is not possible to correct the energy balance if the energy grid does not allow it. If
this scenario occurs often, the energy grid should be extended towards lower energies.
Similarly, if £* > En_, the scheme can be modified by setting F;;» = Ej;;. This
too introduces a deviation in the energy conservation, but still preserves the total
electron density.

It is possible to adopt a different scheme to account for changes to the distribution
function. Egs. 3.8 and 3.9 make use of the simplest possible integration method,
which is computationally efficient. More sophisticated schemes such as variations of
the Galerkin method can also be implemented [60]. Whichever method is used, it is
important that the same scheme is adopted for both distribution function changes,

as well as the computation of physical parameters.

3.4 Continuum lowering

Tonisation Potential Depression (IPD) is an effect that occurs only at high electron
and ion densities, whereby the energy threshold between bound electrons and their
free counterparts is lowered. It is caused by an overlap between the wave functions
of the outer orbitals of ions, upon which an electron in that orbital can no longer
be considered bound and is therefore pressure-ionised. This means that the energy
required to ionise an ion is reduced as the density increases. Fig. 3.4 shows the effect
of neighbouring atoms on the band structure of a magnesium atom and metal.

Whereas an isolated atom has a band structure without an upper limit on the
principal quantum numbers of electrons, a magnesium metal has a distinct cut-off
on the number of bound electrons. Above the M-shell, there are only conduction
electrons and the continuum has been reduced. In a dense plasma, a similar effect
occurs that grows stronger with an increasing electron density, pushing down the
threshold to ionise an atom and further increasing the near-free (conduction) electron
density. The difference between the ionisation potential of an isolated atom, and that
of an atom in a dense plasma environment is the IPD.

The change in potential can be significant enough to alter the plasma dynamics,
as transition rates often scale exponentially with energy thresholds. In addition to

altering transition rates, IPD may even make certain ionic bound states unavailable.
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Figure 3.4: Effect of the ion surroundings on the ionisation potential. An atom in a
metal or dense plasma environment has a cut-off on the maximum principal quantum
number that a bound electron can have.

If an electron shell lies in the continuum and is pressure-ionised, no electronic configu-
rations involving that shell can exist. This plays another role in the plasma dynamics

as these states need no longer be considered.

3.4.1 Pressure-lonisation Models

In a manner analogous to using parametric cross-section models, CCFLY and SCFLY
require a parametric model for continuum lowering as well. Continuum lowering is
an effect that must be accounted for and this work focuses on the implications of the
IPD modelling on the treatment of the free-electron distribution.

At present, the large part of the atomic-kinetics that require a parametric IPD
model make use of one of two models to describe continuum lowering in the solid-
density regime. The first is a commonly-used model within the plasma physics and
Inertial Confinement Fusion (ICF) community, and the second is the model used in
the work of our own group. These models are inconsistent with each other and it
should be noted that continuum lowering models are still an active area of research.
Both models and their implications on spectroscopy diagnostics are discussed by
Preston et al. in the context of High Energy Density (HED) science and listed here
for convenience [61]. The first is a model by Stewart and Pyatt (SP):

3(z* 4+ 1)z¢2 2/3
cC+1 -1 1
(471'60)\Dk'BT + ’ (3 3>

kgT
2(z* 4+ 1)

APsp =
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where ¢, is the electron charge, ¢y the vacuum permittivity, and z* = (2%)/(z) is a
measure of the ionisation levels in the system computed by the population weighted
mean squared ionisation over the mean ionisation. It should be noted that generally,
z* # (z). The Debye length \p is computed for ions and electrons together, and the
charge z is the charge after the ionisation event has taken place (z=1 for the neutral
atom). The scaling behaviour is APgp o 2%/3.

Another commonly used model has been proposed by Ecker and Kroll (EK), and

1S written as:
1 zq?

— 4 Ap’
APpi —{ TN e

EK47|'60 TEK

if n; + ne < Nepit

(3.14)

elsewhere,

where the IPD function is two valued, depending on whether the sum of the ion and
electron density is above or below a critical density. The EK radius in Eq. 3.14 is
defined as the average inter-particle distance rgpx = (% [ne + ni])l/ 3, counting both
the ions and electrons. The IPD scales linearly with z on both sides of the critical

density. The critical density is defined as:

3

Nerit = % (%) . (3.15)
with Z being the atomic number of the material. The critical density is, roughly
speaking, the point where the plasma transitions from the weakly coupled into the
strongly coupled regime. For all practical purposes, HED science takes place in the
regime far above the critical density.

The constant Cgg in the EK model has been given a different value in work by
Orlando Ciricosta et al. [38] than its original creators had in mind. Whereas originally,
the constant was chosen such that the IPD was a continuous function between the
two density regimes, Ciricosta set it to unity in order to match IPD measurements
in dense plasmas created at Linac Coherent Light Source (LCLS). This model will
be referred to as the Modified Ecker-Kroll (mEK) model as it largely preserves the
parametric form. It is clear from the proportionality of the IPD models with respect

2/3 compared with o z), that the mEK and SP models cannot

to the ion charge (x z
be consistent across a broad range of charges.

The relevance of the model choice stems from the observation that with the SP-
model, the M-shell remains bound for densities up to three times the solid density.
This is ruled out by the EK model and creates a clear difference in the modelling of
the ion populations. Both models are supported by experimental data, albeit with
data from different laser facilities. K-S lines have been observed from laser-heated

aluminium foils heated to inferred temperatures of 600 eV at electron densities around
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3 times solid density [62]. On the other hand, direct measurements of the IPD on the
LCLS facility by tuning the XFEL wavelength are more consistent with a modified
EK model.

This thesis focuses on the implementation of the IPD models in the CCFLY code
and the treatment of the pressure-ionised electrons that need to be considered in the
description of the electron distribution function. It is not the goal of this work to
address the questions surrounding the general modelling approach and model selection
of continuum lowering.

In any application where the electron distribution has not thermalised yet, and
the temperature thereby undefined, an effective temperature can be computed with
the expectation value of the free electron kinetic energy kT =~ 2/3(Ey;,). There is
currently no framework to modify the analytic IPD models for arbitrary distribution
functions and the adoption of an effective temperature circumvents this problem.
Similarly, to the best of the author’s knowledge it is currently not known how ac-
curate the effective temperature description would be when a distribution deviates

significantly from the equilibrium distributions.

3.4.2 Pressure-Ionisation Operator

In an atomic-kinetics calculation of an X-ray heated foil, the IPD is generally on the
increase for all charge states due to the increase in electron density, until the point
in time when the targets starts to expand and cool down. It will then occur that an
ion state ceases to exist due to part of its upper shell now residing in the continuum.
Any electrons that occupied this shell then join the free-electron population, implying
that the distribution function needs to be accurately updated in order to conserve
the bound and free electron density.

In the current atomic-kinetics simulations, it was opted to make pressure-ionisation
an instantaneous process. For this purpose, the IPD is computed at each time step on
a pre-determined grid and held constant until the next user-set time step is reached.
The time grid that illustrates this is depicted in Fig. 3.5. Variables whose evolu-
tion is described by differential equations, such as the ion populations and electron
distribution, are propagated forward in time with an ODE solver. The time steps
selected by the solver are semi-stochastic and determined largely by the magnitude
of the time-derivatives and numerical stability criteria. As a result, the number of
time steps that the solver requires is not known a priori.

Considering an ion state ¢ with population n; that is pressure-ionised to a state j

with fewer bound electrons at time ¢ = ¢, the number of electrons £ that is released
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Figure 3.5: The time grids for instantaneously updated variables (IPD, XFEL radi-
ation field) and continuously updated variables (free-electron distribution, ion popu-
lations). The user-defined time grid is the one the instantaneously updated variables
are evaluated at. In between, the variables whose evolution is described by differential
equations are propagated forward with an ODE solver. The solver chooses time steps
according to numerical stability and accuracy criteria.

into the continuum can be computed from the charge of the initial and final ion states
as £ = z; — #z; electrons where z is the charge of the ions. The index k is used to
denote the discrete time step. The energy released into the free-electron population
can then be computed from the difference in the electrostatic potential held by the

bound electrons as dF = F; — E;. This process is visualised in Fig. 3.6.

Continuum level

New continuum level

tk tk+1

Figure 3.6: The effect of pressure ionisation of a bound shell in an ion in a simulation
time step. The M-shell becomes pressure-ionised, and the two bound electrons join
the free population. They obtain their binding energy as kinetic energy.

When the electron density increases in between time ¢;_; and t; to the point that
it causes pressure-ionisation of a bound shell, the electrons in that shell are assigned
to the free electron population. The initial state at time t; is set to zero and the

population is assigned to the newly created state. The electrons carry the difference
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in binding energy so as to conserve the total energy; the energy contained in the ions
and electrons does not change.

For this process, the corresponding Fokker-Planck operator can be written as:

(w) =n;E0(E — dE)o(t — ty,). (3.16)
ot IPD

The operator Eq. 3.16 describes an instantaneous release of electrons into the contin-
uum that preserves the total number of bound and free electrons, and their energy.
The second delta-function represents the choice to make this an instantaneous process.
Its physics is similar to the use case of the elastic Fokker-Planck operator examined
in Section 2.4. Pressure-ionised electrons often have small kinetic energies for as long
as the IPD varies gradually.

A CCFLY validation on IPD has been conducted with a near solid-density quasi-
neutral Mg™ system that is entirely in the K2L°M? super-configuration state. The
density is such that continuum lowering given by the mEK model would pressure-
ionise the entire M-shell, thereby adding three electrons per ion to the free-electron
population. This process affects the ion population by depleting a state, the electron
population by increasing its density and modifying the kinetic energy. Nevertheless,
it is a process that should conserve the total number of bound and free electrons,
as well as the energy retained by them. The parameters of this test scenario are
listed in Table 3.1. With an M-shell ionisation threshold of 111.5 eV, the initial ion
state can be pressure-ionised when the IPD exceeds this value. At the given electron
density, this is the case and the continuum is lowered by = 127 eV. This is sufficient
to ionise one M-shell electron, which raises the free-electron density further and in
turn increases the IPD. Through successive ionisations, the entire M-shell is depleted
in one operation.

The case demonstrated here serves strictly to examine the conservative proper-
ties of the IPD operator. It is not realistic for any system to be entirely in one
super-configuration state that is not the ground state, and particularly not with a
depleted L-shell when the M-shell still holds three electrons. In a transient system,
the M-shell electrons would typically be ionised before the L-shell electrons through
collisional interactions. The artificial nature of this benchmark is the only reason
that multiple pressure-ionised electrons can be produced for each ion with energies
of O(100) eV. Typically, only one electron is pressure-ionised at a time and they
are normally released with low kinetic energies which constitutes a less demanding

numerical operation.
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IPD CCFLY benchmark
Parameter Value
Material Magnesium 7+
Initial ion state K2LOM3
Final ion state K2LOMO
E_| 760 eV
M-shell threshold 111.5 eV
n; 4.0 x 103 cm™3
Nelinit (z) m; =2.8 x 10 cm™3
Teinit 50 eV
# energy grid points 500
Minimum energy 0.01 eV
Maximum energy 1250.0 keV

Table 3.1: The simulation settings used to evaluate the pressure-ionisation Fokker-
Planck operator for tracking the electron density and energy changes. The M-shell
electrons of the initial ion state will be pressure-ionised when the mEK IPD is applied.
The difference in binding energy between the initial and final ion state is E_ .

Fig. 3.7 shows the density- and energy balance of the electrons held in the sys-
tem. Given that the continuum lowering is strong enough to deplete the outer shell,
pressure-ionisation reduces the density of bound electrons and transfers them to the
free-electron population. The sum of bound and free electron densities represents the
total number of electrons in the system, and this remains constant. The energy held
by the bound and free electrons shows similar behaviour, as energy is transferred to
the free-electron population. Importantly, the total density and energy are conserved
during pressure-ionisation. The matter of reversibility is not addressed, as there is
no need to implement a reverse operator in case the continuum is raised due to a
decreasing electron density. The electron distribution function will be affected by
pressure-ionisation at the distinct energies that correspond to the electrostatic poten-
tial held by the pressure-ionised electrons. For the process of ionising three M-shell
electrons, Fig. 3.8 shows the change in the distribution. The distribution is initialised
toa (n.=(z)-n; =28 x 102 cm™3, T = 50eV) thermal distribution. The complete
ion population is put into the same state that is being pressure-ionised. Each of
the three M-shell electrons leaves a distinct peak in the distribution function. The
energies at which they appear are different due to two effects; after each ionisation,
the binding energy of the remaining electrons increases as they become more strongly
bound. Secondly, the change in electron density affects the degree of continuum low-

ering. As a result, continuum lowering can become a cascading effect that amplifies
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Figure 3.7: The density- and energy balance of the ion and electron system dur-
ing pressure-ionisation. Both quantities are split between bound and free electrons.
Pressure-ionisation transfers electrons and electrostatic potential energy to the free-
electron population.
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Figure 3.8: An electron distribution function before and after pressure-ionisation in
the case detailed in Table 3.1. The distribution is initialised to a 50 eV thermal
distribution, and sees the addition of three peaks for each of the pressure-ionised
M-shell electrons.

itself. Depending on the mean kinetic energy in the distribution and the binding
energy of the outer-shell electrons being ionised, pressure-ionisation can be either a
heating or a cooling effect. There happens to be a difference in peak height and this
carries no significance. The height of each peak is determined by its energy and how
close or distant this energy may be from the nearest energy grid point. Therefore,
the height can vary depending on its location while containing the same number of

electrons.
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The density is conserved exactly due to the conservative nature of the numerical
schemes used to track the distribution function. Pressure-ionised electrons can appear
at any continuous energy and need to be interpolated onto the discrete energy grid.
The changes to the distribution are treated in the same way as the derivatives are
interpolated in Eq. 3.12. There can be slight drift in the density of O(1%) when
pressure-ionising the entire ion population. This is caused by the cascade of ionisation
events and the step-wise recalculation of the IPD in between each ionisation. The
possible errors that arise are insignificant considering the fact that it will not normally
occur that a significant fraction of the ions is pressure-ionised at once.

Sharp delta-function like modifications to the distribution function are not the
ideal way to describe the physics of pressure-ionisation, as the electron shell structure
is much more refined than the super-configuration model can represent. However,
these peaks in the distribution are dispersed in a dense system in a similar way as
the results presented in section 2.4. The numerical scheme can be modified to make

pressure-ionisation a more gradual process in case numerical instabilities arise.

3.5 Benchmarking Rates and Conservation Laws

This section will assess the accuracy of the numerical schemes used by benchmark-
ing the ion transition rates, and the conservation laws applied to the free electron
distribution. The generalised numerical schemes should be consistent with results
obtained from a thermal distribution, provided the numerical scheme operates on
a discretised Maxwell-Boltzmann distribution. The cases will be outlined and ap-
plied to the following atomic transitions considered in ccfly; Collisional Excitation
(CE), Collisional De-Excitation (CDE), Collisional Ionisation (CI), Three-Body Re-
combination (3BR), Photo-Ionisation (PI), Auger decay, Dielectronic Recombination
(DR), and pressure ionisation. CCFLY also considers Radiative Excitation (RE) and
Radiative De-Excitation (RDE) and Spontaneous Emission (SE), which will not be
discussed in more detail as these process do not involve free electrons.

Despite imposing a thermal distribution in the free-electron population, it cannot
be stated that the combined ion and electron system is in LTE. Throughout the
benchmarks, the ion populations are frequently modified to values that differ from
the Boltzmann or Saha distributions. In some cases, the electron density is also varied
independently from the temperature. This is done purely to observe the effect on the

ion transition rates and Fokker-Planck collision operators, but the conditions do not
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necessarily reflect a static equilibrium. It is only the electron distribution that is
thermal.

The full list of acronyms used for the atomic processes can be found after the Table
of Contents. For clarity, the subscripts —+ and +— are added to the cross-sections
to indicate the direction of the atomic transition. By convention, —+ indicates a
process whereby the ion gains energy and vice versa, +— corresponds to a process
whereby the ion loses energy. The residual energy of a free electron after a transition

is denoted as P or F_, throughout this section.

3.5.1 Maxwellian Test Case

For the non-thermal electron module to be consistent with results obtained in LTE
conditions, the same ion rates should be recovered when the distribution is Maxwellian.
Provided a parametric cross-section model o_ (E) as a function of the impact energy,
the volumetric rates S_,/V of atomic transitions induced by electron collisions can

be computed as:
S_JV=n_(t) /OOO v(E)o_(E)fe(F)dE, (3.17)

where the velocity is computed from the energy as v = /2E/m, and n_ is the
ion density of the charge state configuration undergoing a transition. For a MB
distribution, Eq. 3.17 can be evaluated by using the analytic expression of the thermal

distribution:

SV =n(0) [ o(BYo i (B) s (E)dE

o /3 (3.18)

NTD

Eq. 3.18 can often be evaluated through tabulated results for analytic cross-section

= n_(t) (kgT)™%? /0 N VEo_,(E)exp(—E/kgT) dE.

expressions. This method of implementation is present in the SCFLY code, as well as
in an earlier version of CCFLY that only considered thermal electron distributions.
The non-thermal electron module computes the ion transition rate through composite

trapezoidal integration, which should yield the same result. In the case where a
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Maxwellian distribution is used for comparison, the ion rate can be computed as:

S_/V = n_(t) / "W)oo (E) fun(E) dE

jﬁi;e (kpT)™? % Z_ <\/E + m) (0 (E) +0_(Eip))

=0
X €xp (_(Ez + Ei-i—l)/k?BT) (Ei—H — EZ) .

~ n_(t)

(3.19)

Eq. 3.19 is subject to the truncation and sampling errors described in Subsection 3.3.1
that arise from the discrete energy grid. Accounting for these, Eq. 3.19 should yield
the same ion transition rates as Eq. 3.18, provided the electron distribution and cross-
section are the same. Any discrepancies should be linked to the energy grid selection
for the non-thermal electron module to be considered consistent with equilibrium
results.

Due to the coupled nature of the ion and free electrons, they evolve together and
obey a density conservation law for the total number of bound and free electrons.
Between the initial and final state of each atomic transition, a possible change in
charge must be drawn from or released into the free electron population. For in-
stance, a collisional excitation process should leave the free electron density intact.
A collisional ionisation process, on the other hand, releases a bound electron into the
free population. This is accounted for in the thermal mode by computing a density
derivative for the free electrons as the product of the volumetric ion rate and the

number of electrons liberated by each interaction as:

dn,
dt

=SV, (3.20)

where ( denotes the number of electrons added to the system per ion transition. De-
pending on the atomic process, ¢ can take on integer values of {—1,0,+1}. Applying
Eq. 3.20 to each atomic transition, the principle of quasi-neutrality remains valid for
all times of the interaction.

In the non-thermal mode, a similar relation must hold. The density change can

now be computed as the expectation value of changes in the distribution function as:

dne o > de(E)
= _/0 S dE (3.21)
sz dfs(Ei) | dfe(Bia

1=
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Eq.3.22 reflects the fact that electrons can be displaced in energy-space through a
multitude of pathways, and the total density change must be equal to that of the
thermal electron mode if the distribution is Maxwellian. The time-derivatives of the
electron energy and density are formulated as derivatives of the distribution function
at each energy grid point. They cannot be compared for each energy grid point
individually, but on the macroscopic scale however, the total changes in density and
electron energy should match the thermal case. Eq. 3.20 and and 3.22 should yield
the same result, regardless of the numerical value of the ion transition rate.

Any inelastic interaction can be associated with an energy transfer from the bound
electrons to the free-electron population, or vice versa. The energy time-derivative

for the free-electron population can be expressed as:

— E7+ . S,+/V, (323)

where F_ . is the energy difference between the initial and final ion state. Eq. 3.23
gives the total amount of energy added to the free-electron population, with the
convention that a positive change adds energy to the electrons. What is not revealed,
is how this energy change is distributed over the electron distribution function. The

energy change can be computed from the change in distribution as:

dBn [ dfs(E)

i /0 2= dp (3.24)
1.= dfp(E de( Ei)
72 & ) (B - ), (3.25)

Similarly to the electron density, the energies obtained from Eqs. 3.23 and 3.25 should
be equal, regardless of the value of the ion transition rate. This would ensure that
the energy drawn from the electrostatic potential is conserved in the form of thermal
energy, or vice-versa.

In the subsequent subsections, the validity of the energy and density conservation
laws will be examined for each atomic transition. Additionally, the consistency in the
ion rate will be verified for an imposed thermal electron distribution function. This
acts as a benchmark for the numerical integration scheme used to compute the ion

rates, and its coupling to the free-electron distribution function.

3.5.2 Collisional Excitation and De-Excitation

Collisional Excitation (CE) and its inverse, Collisional De-Excitation (CDE) are in-

elastic electron-ion interactions in which, as a result of free-electron collisions, a bound
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electron can be raised (excitation) or lowered (de-excitation) into another bound shell.

Both atomic transitions are depicted in Fig. 3.9.

Collisional excitation

Collisional de-excitation

Free electron

Figure 3.9: Collisional excitation and de-excitation in a magnesium ion. The ions
undergo a bound-bound transition where an electron changes orbital as a consequence
of a collision with a free electron. The free electron carries the residual energy to
conserve energy.

3.5.2.1 Cross-section model

The excitation process depicted in Fig. 3.9 has a volumetric rate that can be computed
with a single integral, provided the reaction cross-section o_,(E) and the electron

distribution function are known:

SCEW) )V =n_(t)\/2/m. /P " VEoCE(E) fp(E, )dE

~n_ (t)%\/Q/me 2_: (x/Ei+1aff(E,~+1)fE(Ei+1, t)  (3.26)

i=argmin; (E; —P>0)
Y EiU?E(Ei)fE(Eiat)> (B — Ey),

where the integration starts at the excitation threshold P. The ion population is n_,
and scales linearly with the volumetric rate. The integral in Eq. 3.26 has been ap-
proximated through the trapezoid rule, where the summation starts at the first index
J where the energy exceeds the reaction threshold: F; > P. In both expressions for
the rate, the probability is calculated that the electrons with a kinetic energy between
(E;, E;11) cause an excitation event. Below the energy threshold, this cannot take
place. The cross-section for CDE can be obtained from the microscopic reversibility
relation Eq. 1.10. This relation is only valid for bound-bound collisional processes,
and will differ for the cross-sections of bound-free or radiative transitions. When the

cross-section of the forward process is known, the cross-section for the inverse process
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that de-excites the ion must obey the microscopic reversibility relation in order to
model the correct behaviour in LTE. With this requirement, the CDE rate can be

computed as:

SCPE() JV = n (t)\/2]me = / VEo“P(E + P)fu(E,t)dE

argmax;(E;+P<En_1)

~n+<t>% z/mei_; 3 (VE0E (Bi) fi( B, )

1=0

— VEo (B f5(Eit)) (Bui — By),
(3.27)

where g4 denotes the state multiplicity of the ion super-configuration, and n, is
the population of the excited ion undergoing a de-excitation transition. There is no
reaction threshold for the free-electron impact, as the impact electron gains energy
in this reaction. Nevertheless, the sum must be truncated at the index j such that
the final free-electron energy E; + P is a value that fits on the energy grid. This
truncation introduces an error that is proportional to [ Ej fe(E)dE, the number of
electrons with energies above the truncation point. If the error grows too large, the
upper boundary of the energy grid must be increased.

The cross-section form for CE used in this work is given by the Van Regemorter
model, a fitted form of Coulomb-Born calculations [63]. The cross-sections contain
a correction factor to account for quantum effects, which is contained in the Gaunt

factor [64]. The cross-section takes the form of:

O’Cf(E) — 87:/2?%EF+G(E/P)
- 3 P E ’

where F_, is the oscillator strength of the transition, and G(E/P) is the Gaunt

Factor (GF). For the GF, some different expressions exist in the form of power series.

(3.28)

The one used in this work was originally proposed by Vainstein [65] (published in

Russian) and is of the form:

G(E/P)=c_1In(E/P)+ > ¢;(E/P)™", (3.29)

for values of M up to 4 depending on the charge state configuration. Where fitted

values were not available for Eq. 3.29, values from Mewe were used [66].
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3.5.2.2 Inelastic Collision Operator

From the nature of the atomic transitions, it can be seen that the inelastic collision
operator must conserve the total number of free electrons. The operator may merely
act as a displacement operator, relocating electrons from a higher to a lower energy
for CE and in the opposite direction for CDE. Whereas the electron density must
be conserved, each excitation subtracts a constant amount of energy from the free-
electron population. This should manifest itself as a cooling process. Conversely, a
de-excitation event draws energy out of the ion electrostatic potential and therefore
adds energy to the free-electron population. No such statement can be made for
the momentum held by the free electrons. The ions are at room temperature in
the regimes that occur in this work, and are capable of absorbing any amount of
momentum required to maintain the energy balance.

To verify whether the inelastic collision operator acts as desired, similar methods
can be used as in Section 2.3.1 where the elastic collision operator was benchmarked.
Rates of change in the electron density and energy can be computed from the moments

of the distribution function’s time-derivatives:

d [ dfs(E)

o n0) = /0 V2D ap =ow, (3.30)
d *° dfp(E
%(Ekm): /0 E%dE:xE_+S(t)¢i/v V. (3.31)

Eq. 3.30 computes the total density change in the free-electron population as the ze-
roth moment of the distribution’s time-derivatives. Energy conservation is expressed
through Eq. 3.31 which relates the ion transition rate and the excitation potential
to the total change in energy in the free-electron population. For CE, the process
in which an ion gains energy (—+ signs), this implies that energy is subtracted from
the free electrons. The sign reversal for CDE (+— signs) states that this energy is
added to the free electrons for each de-excitation event. The ion transition rates scale
linearly with the energy exchanged between the ion potential and free-electron kinetic
energy.

The inelastic collision operator must obey the conservation laws Eqs. 3.30 and
3.31. In particular the energy conservation statement creates a direct coupling with

the ion transition rate and population. The CE operator that does this is given as:

(%)w = n_()V/2/me (~fu(BOVE 0<% ()

+ fo(E+P)WE+ Po % (E + P)) , (3.32)
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CE
inelastic terms of the Fokker-Planck Eq. 3.7. The effect described in Eq. 3.32 is that

of electrons being displaced from an energy E to an energy E — P in the distribution

where the inelastic operator ( is the CE contribution contained in the

function. This probability scales with the electron density at the kinetic energy
being considered, the cross-section and the population of the ground-state ion species
undergoing an upward transition.

For CDE, a similar operator can be formulated:

(P55)  — nveim (el + ROVET PR (B +P) (339
CDE

— fu(BOVE UEPE(E)) .

Conversely for the CDE operator, the displacement operation adds the threshold en-
ergy P to each electron group inducing a de-excitation. The corresponding probability
of this event scales with the electron density at the kinetic energy being considered,
the cross-section and the population of the excited-state ion species undergoing a

downward transition.

3.5.2.3 Benchmark

In line with the protocol outlined earlier, the rate calculations and inelastic collision
operator for CE and CDE will be examined by using a discretised thermal distribu-
tion. The electrons are left to interact with a two-state ion system in a constrained
CCFLY calculation. The calculation is initialised with thermal distributions at vari-
ous temperatures, and allowed to run for a single time step.

The thermal version of CCFLY with semi-analytic expressions , which is based on
SCFLY, is compared with a calculation done in the non-thermal mode with a discre-
tised Maxwellian. Given an excitation transition between two ion states, the ion rates,
and electron density- and energy change are computed at a range of temperatures.
The results should be consistent between the thermal and non-thermal versions of
CCFLY, as the same distribution has been imposed. The calculation parameters are
listed in Table 3.2.

The transition between the lower and upper state listed in Table 3.2 is a synthetic
test case that does not necessarily need to be realistic. Depending on the IPD model
used, M-shell can be pressure-ionised and the upper state may exist at this electron
density. For magnesium, a K — L collisional excitation requires temperatures on the

order of 1 keV, a scenario that does not occur in the experimental work discussed in
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CE and CDE CCFLY benchmark
Parameter Value
Material Magnesium
Charge 6"
Lower ion state K2LA*M°
Upper ion state K2L3M?
E_, 32.2 eV
n_ 1cm™3
n, 1 cm™3
n; 4.31 x 10?2 cm ™
N, 3.02 x 102 cm™3
T, 10-250 eV
# energy grid points 250
Minimum energy 0.01 eV
Maximum energy 10.0 keV

Table 3.2: The simulation settings used to evaluate the inelastic Fokker-Planck colli-
sion operator for bound-bound collisional transitions. E_, is the excitation potential
between the lower and upper ion states, and ny are the target ion densities. Two
modes of the CCFLY code will operate on these settings; one with a thermal dis-
tribution in the standard Maxwell-Boltzmann mode, the second with a discretised
Maxwellian in the non-thermal mode. The consistency of the ion rates, electron
density- and energy changes will be investigated.

this thesis. Regardless, the benchmarking calculation can demonstrate the accuracy
of the ion rate calculations, as well as the electron distribution balance.

The ion densities of the upper and lower state (target states) are set to 1 cm™, as
the rates of the ion transition rates, energy and density are linear in the ion density.
The volumetric rates presented can therefore be interpreted as the rates per ion. The
total ion density, composed of non-interacting ground-state ions of the same charge,
is set to solid-density (n; = 4.31 x 10** cm ™) to obtain a representative degree of

correct continuum lowering and quasi-neutrality in the system.

Ton Transition Rates

In the thermal electron distribution mode, the ion transition rates are computed with
Eq. 3.18 and the CE and CDE cross-sections. For the specific choice of cross-sections
in this Subsection, this results in semi-analytic expressions for the ion transition rates
whose results are tabulated. In the non-thermal mode, the rates are calculated with
Eq. 3.19. Provided the distribution is imposed to be Maxwellian, this should yield

the same transition rate, omitting discretisation and truncation errors caused by the
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discrete energy grid. The results of this comparison are plotted in Fig. 3.10. The

x10~7 «10-8
2.5 I I
‘ sann S | thermal .
o i VYV Vs5-. | non-thermal i 4‘—|'
. 2.0F\ AT
L vv,,.vvvvwv-vvvvwv.v "
c 'S o 122 €
C 15\ g o
- b = == S,_ |thermal w
EJ) x\ “‘SJ,_ | non-thermal }'2 0N
o 1.0 ¥ v @)
o FON 1.8 8
= o5k o T8
c 0.5F - *N =
o ; “"N 116 S
; 2 TV 2
v | | “
0'00 100 200

Figure 3.10: L — M collisional excitation (S_;) and de-excitation (S;_) rates in a
67 magnesium ion. The rates in the thermal version are calculated from semi-analytic
cross-section expressions. Their counterparts in the non-thermal CCFLY version are
computed for a discretised Maxwellian. Any differences can be traced back to grid
discretisation errors.

density of data points is higher than the markers in Fig. 3.10 would suggest. Only
every fifth data point is marked for visibility reasons, as the curves largely overlap.
This style is retained for the figures in this subsection.

The ion rates have been computed with a target ion density of 1 ecm™2. Judging
by the low rate?, this makes bound-bound collisional transitions an unlikely process.
It merely serves as a use case for demonstration and verification purposes here, but
it may be of importance with heavier elements with populated states that contain at
least three occupied atomic shells.

The excitation energy of 32.2 eV is small compared with the temperature change
used in the benchmarking. From 7, ~ 120eV onwards, approximately 4 times the
threshold, the excitation rate saturates. The de-excitation rate decreases with increas-

ing temperature, as the energetic incentive to undergo a de-excitation is reduced.

2In subsequent sections, it will be demonstrated that other transition rates such as three-body
recombination have rates on the inverse femtosecond time scale.
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The energy grid was deliberately chosen to have a high grid density, so it can be
seen that the ion rates match in the limiting case. The numerical scheme has the
ability to retrieve the same transition rates in up to differences that are below 0.1%
for all temperatures. Due to the large number of benchmarks required on all the
atomic transitions, the effects of varying the grid density will be examined for other
processes.

For verifying the density- and energy conservation of the collision operators Egs. 3.32
and 3.33, it is relevant to depict their profile at various temperatures. From the
same benchmarks, the time-derivatives as a result of CE and CDE were retrieved at
T. = {10, 50, 210} eV, with the results plotted in Fig. 3.11. The results in Fig. 3.11
are computed with the non-thermal electron mode of CCFLY. The thermal version
only requires a change in number density and total kinetic energy, a less detailed
description than the full spectrum of the distribution function derivatives provided
here.

As the distribution for this benchmarking case is thermal, and the cross-sections
are smooth polynomials (Eq. 3.28), the collision operator would be expected to also
have a smooth profile. Rather, it displays a spiked profile that has no intrinsic phys-
ical significance. It is a feature of the numerical scheme Eq. 3.12 together with the
logarithmic energy-grid spacing, and would not occur if the grid spacing were uniform.

At higher energies, the spacing between grid points grows larger. This becomes
visible in the collision operator for CE. Electrons that come from a higher energy bin
are placed in a bin that lies P = 32.2 eV lower in energy, a bin that is much narrower
than the bin of origin. This creates high peaks, as the density of electrons in a bin is
proportional to the magnitude of the distribution function and its bin width, a width
that will be lower than at the energy bin of origin. Due to the growth in bin size at
higher energies, some closely-spaced bins at lower energies are not populated at all
by this displacement operation.

The effect is less noticeable for CDE, as the displacement takes electrons up in
energy space towards the wider energy bins. An averaging effect takes place, reducing
the number of sharp peaks in the collision operator.

It may be more appropriate to distribute a change in the distribution to a larger
collection of neighbouring energy groups when considering a single atomic transition.
In a large-scale atomic-kinetics calculation, the problem is reduced by the number
of transitions that can occur. The excitation threshold can take on a large range of
continuous values, thereby distributing the electrons over more energy groups when

considering the range of transitions. Should any artificial peak in the distribution
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Figure 3.11: Inelastic collision operators for collisional excitation (left) and collisional
de-excitation (right) in an Mg®" L — M collisional transition. The collision opera-
tor should act as a displacement operator, relocating electrons from higher to lower
energies (excitation) or vice-versa for de-excitation.

function still occur, it will blur out in subsequent time steps as any peak will produce

large time-derivatives in the elastic collision operator.
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Density Conservation

For the conservation of the electron density it is of importance that the collision
operators plotted in Fig. 3.11 conserve the number of particles regardless of the ion
transition rate, or the shape of distribution’s time-derivatives. It is likely the case that
a collision operator acting on a system with many possible transitions has a smoother
profile. Nevertheless, for each number of transitions, conservation of density should
hold.

This was examined by integrating the inelastic collision operator over energy,
thereby obtaining the energy-independent time-derivative of the electron density
Eq. 3.30. For both bound-bound processes, there should be no change in the electron
density. Any deviations should be related to the electron grid parameters, integration

methods or floating point errors. The findings are plotted in Fig. 3.12 The dotted
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Figure 3.12: Electron density time-derivatives as a result of L — M collisional exci-
tation (above) and de-excitation (below) in Mg®". Both processes should not affect
the electron density and any deviations should be traceable to the numerical scheme
or floating point errors.
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lines in Fig. 3.12 mark the result obtained from the thermal CCFLY version; no
density change is expected at any electron temperature. Results obtained from the
non-thermal version fluctuate around density changes of O(107% — 107%2) cm ™ per

ion transition. The target ion density is set to 1 cm™3, with the total ion density
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(of non-interacting ground-state ions of the same charge) set to 4.31 x 10%cm™3.
These fluctuations are insignificant when compared with the electron number den-
sity, even when considering the fluctuations of the full ion population. The numerical
scheme therefore conserves electron energy, even when it has artefacts that manifest

themselves in the form of sharp peaks in the collision operator.

Energy Conservation

Analogously to the verification of density conservation, there exists an energy con-
servation constraint that the collision operators must obey. Each bound-bound tran-
sition adds or subtracts a fixed amount of energy from the free-electron population,
regardless of the ion transition rate. For a known transition rate, it is known how
much energy is exchanged with the free-electron population.

This should be reflected in the collision operators, which reveal not only how
much energy was added to or taken from the free-electron population, but also at
which kinetic energies. The time-derivative of the total kinetic energy held by the
free electrons can be computed with Eq. 3.31. The findings are plotted in Fig. 3.13

The time-derivatives of the free-electron total kinetic energy contain depend on the
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Figure 3.13: Electron energy time-derivatives as a result of L — M collisional exci-
tation (above) and de-excitation (below) in Mg®". Excitation draws energy from the
free electrons, de-excitation feeds energy into the free electrons. The energy per ion
transition is fixed at the reaction threshold.
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3 and

excitation potential, which is close to constant over all electron temperatures
the ion transition rate. Excitation draws energy from the free population, resulting in
a negative kinetic energy change for all temperatures. The energy derivative saturates
in the same way that the ion transition rate does, as can be seen in Fig. 3.10.

The energy change for CDE also follows the same trend as the ion transition rate.
In fact, it is a scaled version of its ion rate where the scaling factor is the excitation
potential. The energy transfer to and from the free-electron population matches up
to < 0.1% between the thermal and non-thermal CCFLY modes, a satisfactory result.
The fluctuations are also distributed in the upward and downward direction, thereby
partly cancelling out across the full temperature range.

The dotted lines in Fig. 3.12 mark the result obtained from the thermal CCFLY
version; no density change is expected at any electron temperature. Results obtained
from the non-thermal version fluctuate around density changes of O(107% — 10722)
cm ™ per ion transition. The numerical scheme therefore conserves electron energy,
even when it has artefacts that manifest themselves in the form of sharp peaks in the
collision operator.

The ion rates computed with the thermal and non-thermal version of CCFLY
are in good agreement with each other, up to 0.1% discrepancies that are related
to the energy grid discretisation. For various temperatures, the results obtained
from an analytic thermal distribution and a discretised Maxwellian are consistent.
The inelastic collision operator Eqgs. 3.32 and 3.33 that has been implemented in
CCFLY obeys the density and energy conservation laws for bound-bound collisional
transitions.

Momentum does not occur in the discussion, as the total free-electron momentum

is not a conserved quantity in inelastic ion-electron collisions.

3.5.3 Auger Decay and Dielectronic Recombination

Auger decay is one of the main heating processes in XFEL-heated solid-density plas-
mas. When a magnesium ion loses a core-electron, it has a probability of O(96%) to
decay through Auger decay for magnesium ions*, with the remainder shedding their
excess energy through radiative decay channels [19]. Auger recombination involves an

electron dropping down into the core hole from a higher shell, while expelling another

3Tt can fluctuate up to second order with IPD, which is generally a function of the electron
temperature and density.

4This probability is material-dependent. However, the fraction of ions that decays through Auger
recombination is significant for low-Z elements.
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electron that carries the residual energy P. Auger decay is named by the shells par-
ticipating in the transition (vacancy-electron-electron), and in low-Z elements such as
magnesium, as discussed in this thesis, the main contribution comes from KLL decay.

The Auger process produces highly energetic electrons that are added to the free
population, and because of the high rate of Auger decay, this makes it possible to use
X-ray heating to create warm dense plasmas in well-controlled conditions. Its inverse
process is DR, a two-step reaction whereby a free electron is captured without the
immediate emission of radiation. Instead, the residual energy of the electron capture
is used to excite a bound-bound transition in the ion. In the second step, this excited
state decays to a more stable ion state through the emission of a photon. Due to the
discrete energy levels of the bound ion states, DR is a resonant process in which free
electrons can be absorbed.

In the discussion of the DR transition rates and conservation laws, only the
radiation-less capture of a free electron is considered. Only this step involves an
interaction between the ion and the free-electron population and therefore only this
part of the interaction model needs to be generalised to be able to deal with a non-
thermal electron distribution. The subsequent decay process does not depend on the
free-electron distribution function and is omitted from the discussion. Both processes

are pictured in Fig. 3.14.

3.5.3.1 Cross-section Model

Auger decay has a rate that is, to first order, constant with respect to the plasma
conditions. There are some slight density effects, where a high electron density (>
10** em ™ for a magnesium plasma) can alter the Auger rate by O(1%), but these are
negligible for our purposes [67]. The Auger rate can therefore be modelled as having
a constant value for each charge state configuration. The Auger rates calculated for
the purpose of this thesis are obtained from a Dirac-Hartree-Slater code and treated
as being constant [68].

The ejected electron has a narrow spread in energy that is determined by the
level structure of the ion. For computational purposes, it can be considered a delta-
function source of electrons in energy-space. This can be done because for atoms
with Z 2 10, any ejected Auger electron has an energy above 1 keV. In this range,
the resolution of the free-electron energy grid is several tens of eV. In cases where
the true energy spread does matter, the energy spread can be related to the excited

state’s lifetime to approximate a typical spread [69].
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Figure 3.14: Auger recombination in a magnesium ion (left) and its inverse, dielec-
tronic recombination (right). In Auger decay, a spontaneous process, an L-shell elec-
tron drops down to fill a K-shell vacancy. The excess energy is carried by another
L-shell electron that is ionised as a result. The final charge of the ion is decreased,
while its total binding energy has also decreased. The radiation-less capture of di-
electronic recombination follows the same reaction pathway in reverse order, before
the ion subsequently decays to a more stable state upon the emission of a photon.

The DR transition is a resonant process induced by a free electron. Assuming a
delta-function energy spread in ejected electrons and a MB distribution, the DR rate
can be directly related to the Auger rate through detailed balance without an explicit
cross-section model formulation:

1 h? 9-
“Ar \/% m3/2
Eq. 3.34 is already present in SCFLY and the thermal-electron version of CCFLY,

and acts as the benchmark for DR. The relation is fundamentally different from what

SPR)/V = n(t)n. (kpT)**exp (P/kpT) KV (3.34)

would be expected at a resonant transition typically associated with radiationless
capture. Also derived from microscopic reversibility is the DR cross-section that can
be applied to a non-thermal electron distribution:

g 2 h3 SK LL /V

DR
E
o= (E) = g+ m3 167 E

+_

§(E — P). (3.35)

Due to the delta-function dependence, the DR cross section samples the distribution
at the transition energy P. Provided an arbitrary distribution function, Eq. 3.35 can

be related to the ion transition rate:

SPR(1) )V = n+<t>£§7%v<E = P)

SKLL/V

Iz fe(E = P). (3.36)
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Eq. 3.36 is the generalised counterpart of Eq. 3.34 that can be used for non-thermal

distribution functions.

3.5.3.2 Inelastic Collision Operator

Auger decay and DR add and subtract electrons to and from a narrow energy range.
This resonant behaviour also manifests itself in the simple form of the inelastic colli-
sion operator. Auger decay can be considered a source term collected in S in Eq. 3.7
as there is no coupling to the distribution function. For an Auger process with a

known rate, the strictly non-negative source can be written as:
Srrp(E,t) = SEE (1) )V - §(E — P), (3.37)

where the only time-dependence originates from the time-dependent ion population
contained in the volumetric rate. The delta function ensures that electrons are ejected
at the resonant energy, and one electron is ejected per transition. The collision

operator for DR is formulated as:

(angf’t)> — —ny ()V2/mefe(E,t)VE cP*(E) - §(E — P). (3.39)

Eq. 3.38 indicates that electrons can only be drawn from the free-electron population
in a narrow energy range. The operator is non-positive, and draws one electron per

transition from the free population.

3.5.3.3 Benchmark

Due to the temperature- and density-independence of the Auger rate, there is no
variation in the ion transition rate between the free-electron modelling approaches
for this process. The DR collision operator behaves similarly to the operators of CE
and CDE, and similar benchmark methods can be used here.

The benchmark will be based on the K2L°M° + e~ = K'LSM! transitions in
magnesium, a reaction channel that connects the ground state of a 54 ion and its
core-hole excited state. The remainder of the parameter ranges to compare the results
of a thermal and non-thermal electron calculation are listed in Table 3.3: With the
amount of continuum lowering in a magnesium system at this density range, the
upper ion state is partially pressure-ionised and the M-shell electron will not be
bound (according to the mEK model). Pressure-ionisation is not of relevance in this
benchmark and in the CCFLY code used for these calculations, it would be applied

after the collision operators. Although the system is at solid density, the densities of

107



CE and CDE CCFLY benchmark
Parameter Value
Material Magnesium
Charge 5t
Lower ion state K2L5>M°
Upper ion state K'LSM?
E_, 1238 ¢V
n_ 1cm™3
n, 1 cm™3
n; 4.31 x 10** cm ™
Ne 103 — 10%* cm ™3
T. 10-1500 eV
# energy grid points || 10-10%
Minimum energy 0.01 eV
Maximum energy 10.0 keV

Table 3.3: The simulation settings used to evaluate the inelastic Fokker-Planck colli-
sion operator for auto-ionisation transitions (Auger decay and dielectronic recombi-
nation). The energy difference between the lower and upper ion states F_ excludes
IPD. The ion densities of the target states is 1 cm™3 so that the rates can be in-
terpreted as per-ion rates. Two modes of the CCFLY code will operate on these
settings; one with a thermal distribution in the standard Maxwell-Boltzmann mode,
the second with a discretised Maxwellian in the non-thermal mode. The consistency
of the ion rates, electron density- and energy changes will be investigated.

the target ions is set to 1 cm™3 so that the rates can be interpreted as per-ion rates.
The remainder of the ion population is set to the Mg+ ground state to bring the ion
density up to solid density. In the benchmark, there is no significance as to what the
total ion density is as the transition listed in Table 3.3 is being considered in isolation.

For the non-thermal electron calculation to work correctly, it should be consistent
with results from the thermal electron CCFLY module when the distribution function
is an imposed Maxwellian. This will be verified for a range of electron temperatures,
densities, and the number of grid points on the discretised energy grid. This parameter
that can be independently set plays a particularly important role for a resonant
process. The results of this benchmark can be of use when determining the energy

grid spacing.

Ion Transition Rates

The ion transition rates were computed in the thermal and non-thermal electron

mode, for a fixed density n, = 3.0 x 10%®> cm™3 and an energy grid with 300 grid
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points. The remainder of the parameters are listed in Table 3.3. Volumetric ion
transition rates are linear in the electron density and ion density, and the variation
with temperature is more relevant for this process. This is the case because the
threshold energy (> 1 keV) of the resonant DR process is far above the typical
electron temperature range. The Auger rate is condition-independent, regardless of
the modelling method of the electron distribution. The ion transition rates are plotted

in Fig. 3.15.
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Figure 3.15: KLL Auger recombination (S_;) and Dielectronic Recombination (DR)
(S4_) rates in Mg®". The Auger rates are constant. The DR rates in the thermal
version are calculated from detailed balance, and from a cross-section expression in

the non-thermal mode with a discretised Maxwellian. Any differences can be traced
back to grid discretisation errors.

The Auger rate is treated as a constant in the CCFLY code, hence there is no
difference between the thermal and non-thermal electron mode. In the temperature
range accessible with XFEL-produced plasmas, typically a few hundred eV, there is
no noticeable difference (< 1%) for the DR rates. Differences arise in the temperature
range T' 2 500 eV, where the overlap between the distribution and cross-section grow
larger. The delta-function DR cross-section is located at an energy where the energy
grid has spacings of O(30) eV, a spacing that is not fine enough to resolve the cross-

section. This is the cause of discrepancies of order 5% or below, a result that indicates
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the energy spacing is sufficiently small.

The DR collision operator displays strongly resonant behaviour around the same
energy as the residual energy of Auger-ionised electrons. The residual energy is the
ionisation potential listed in Table 3.3 supplemented by the IPD computed with the
mEK model Eq. 3.14. The Auger source and DR collision operator are plotted in
Fig. 3.16 at T = 160 eV, a density n. = 3.0 x 10?3 cm ™2 and an energy grid with 300

points.
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Figure 3.16: KLL Auger source and Dielectronic Recombination (DR) collision opera-
tor in Mg®*. Both processes are resonant and only affect the free-electron population
in a narrow energy range around the reaction threshold. The magnitude of the DR
operator is much smaller than the strength of the Auger source, re-enforcing the
stability of the lower K2L? ion state.

Note that the scale on the negative axis (107) is different from the positive scale
(10''). In the full temperature range examined here, the transition rate of Auger
decay is at least 4 orders of magnitude higher than the DR rate. The cause for this
observation lies in the instability of the K'LSM! state that undergoes Auger decay,
and the stability of the state it transitions into (K?L®). DR acts as a slight reduction
in the Auger rates, as the electrons released by the same ion can then induce a DR
event. Additionally, photo-electrons or Auger electrons from higher energies can do
the same as they collisionally release energy. The benchmarking continues for DR

only, as there is no variation in the Auger source with the plasma conditions.
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Conservation Laws

Each DR event withdraws one electron from the free-electron population that becomes
bound in a high energy shell, thereby producing an unstable ion state. The collision
operator should reflect this through its negative density time-derivative, which should
equal the ion transition rate in magnitude. Each electron that is withdrawn from the
free-electron population originates from the narrow energy range around the reaction
threshold. The collision operator should reflect this by having a negative energy
time-derivative whose magnitude equals the product of the ion rate and the energy

threshold. These requirements are formulated in Eqs. 3.39 and 3.40:

% (n,) = /0 h % dE = —SPR(1) )V i, (3.39)
% (Brin) = /0 h E% dE = —E_, SPR(t)/V V. (3.40)

It will be examined how well the conservation laws are abided by for variations in
electron density, and the number of energy grid points. The scan over electron density
will be done at a constant temperature 7' = 100eV and an energy grid containing
300 grid points. All other parameters remain as specified in Table 3.3. This use case
will test the linearity of the electron density- and energy loss with respect to density,
with the results plotted in Fig. 3.17.
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Figure 3.17: Dielectronic Recombination density- (above) and energy (below) loss
rates due to the collisional operator Eq. 3.38 against density in Mg®>*. Both loss rates
are linear in electron density for the thermal electron calculations. In the non-thermal
mode, the discrepancies are caused by a slight mismatch in ion transition rate.

The loss rates of the density and energy density are linear in the thermal electron

calculations. The discrepancies between the thermal and non-thermal case with an
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imposed Maxwellian are directly proportional to the mismatch in ion transition rates.
The observation indicates that the energy- and density balance is carried out as
expected. More importantly, the evolution of the distribution function is computed
self-consistently, with every modification to the distribution being traceable to the
ion transition.

Finally, the last use case of the DR examines the accuracy of the collision operator
while varying the number of energy grid points. The energy grid (logarithmic) spacing
is a parameter that can be changed independently, and it is in line with intuition to
choose the number of grid points as high as computationally practical. The cost and
benefits of the number of grid points can be quantified by varying the number of grid
points between 10 and 10,000 on a 1072 — 10* eV energy grid at a fixed temperature
T = 100eV and density n, = 5.0 x 10% cm=3.

The energy- and density conservation laws are the benchmarked quantity, as they
can be computed from a thermal electron mode as a reference. For the non-thermal
case, the density and energy time-derivatives are computed with the distribution
integrals used in Eqgs. 3.39 and 3.40, with the comparison plotted in Fig. 3.18.

Results obtained from the thermal electron module compute the density- and
energy time-derivatives directly from the ion transition rates, and act as a benchmark
once more. It requires at least O(100) energy grid points before these values can
be approached in the non-thermal electron mode. The differences arise due to the
differences in the ion transition rate, or rather, the inability to calculate it accurately
with a coarse grid. Above ~ 200 grid points, there is no noticeable gain to refining the
energy grid even further. DR, being a resonant process, places the highest requirement
on the fineness of the energy grid, and the figure of 200 grid points can be taken as

a reference for a full atomic-kinetics calculation.

3.5.4 Collisional Ionisation and Three-Body Recombination

Collisional bound-free transitions in warm dense plasma systems are critical to es-
tablish LTE during the short-lived time frames of laboratory-created plasmas. These
transitions mitigate the transfer of energy, as well as electrons, from a bound state to
the free-electron population. As such, they can drive a system towards equilibrium
by altering the electron density and mean kinetic energy simultaneously. Due to their
relevance in the equilibration process, this sub-set of bound-free transitions is of great
importance to the overall description of warm dense matter.

Fig. 3.19 depicts the process of Collisional Ionisation (CI) and its inverse process,

Three-Body Recombination (3BR), for a 7t magnesium ion. The ionisation process
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Figure 3.18: Dielectronic Recombination density- (above) and energy (below) loss
rates due to the collisional operator Eq. 3.38 against the number of energy grid points.
Both conservation laws can only be maintained with a minimum of O(100) energy

grid points on a 10 keV energy range.
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Figure 3.19: Collisional bound-free transitions in a magnesium ion. Collisions by free
electrons induce an ionisation event (collisional ionisation), causing the ion to increase
its charge. In the inverse process, three-body recombination, an electron collisionally
recombines and the ion increases its charge. The residual energy is carried by the free

electrons.
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is induced by a free electron that collides with the ion, giving off its kinetic energy
to ionise a bound L-shell electron. The electrons redistribute the residual energy and
remain in the continuum. CI removes kinetic energy from the free-electron popula-
tion while increasing its density and therefore acts as a cooling effect. In 3BR, a free
electron becomes bound and the binding energy is carried away by another free elec-
tron. This process reduces the free-electron density while increasing its mean kinetic
energy, and acts as a heating process. The temperature-density conditions of the
warm dense system determine which of the two processes is more likely to happen,
and they both aid in establishing LTE.

The description involving a distinct electron inducing an ionisation event is the
binary picture that is consistent with a non-interacting free-electron population. The
same applies to the situation where a single electron carries away the full excess energy
after a recombination event. In a strongly coupled plasma, the binary picture is not
accurate and collisions have a more collective nature [70]. It is therefore more precise
to speak of a collisional event induced by a group of electrons that share in providing
the threshold energy to cause an ionisation. Vice versa, the residual energy after a

recombination transition is shared between a group of electrons.

3.5.4.1 Cross-section Model

Similar to the excitation and de-excitation transitions, CI and 3BR ion transition
rates can be modelled with the cross-section formalism. The CI can be computed in
the same method as a collisional excitation rate (Eq. 3.26), albeit with a different
cross-section. For use in atomic-kinetics codes, where ion transition rates must be
computed for a wide variety of atomic states and conditions, the cross-section models
of interest are formulated in parametric form. The 3BR rate can be constructed from
microscopic reversibility principles in order to link it directly to the CI cross-section.

There exist many forms of CI cross-sections, some of which will be discussed in
more detail in Ch. 4. This extended chapter that is entirely focused on impact ioni-
sation will also address the matter of parametrising density effects such as shielding
and continuum lowering into the cross-section model.

The majority of parametric models contain at least a logarithmic term of the
form log (F'/P), where E' is the impact energy and P the ionisation threshold. This
term originates from the Bethe stopping power law that was formulated in 1930 for
describing the attenuation of a charged particle flux traversing a medium [71]. In
this application, the energy given off by a charge particle is absorbed by the medium

through ionisation events. Many parametric models that have been proposed in
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the decades that followed build on this logarithmic form, with refinements in the
form of rescaling and the addition of extra terms that better describe near-threshold
behaviour of the cross-section model [72-74]. In this benchmark, the cross-section
model used to describe the probability of a CI event occurring in an atomic sub-shell

containing £ electrons was originally proposed by Lotz [72]:

In (E/P)
— 5 E=P (3.41)

C_IA,_( ) = CLotzg
where P is the ionisation potential and Cp,;, is a material- and charge configuration-
dependent constant.

Given a cross-section model %2 (E), the CI ion transition rate can be computed

as:

SCLE) )V =n_~/2/m / VEo L (E)fe(E,t)dE
Nn_§\/2/m6 Z (\/E¢+1U(_J+( Eii1)fe(Ei,t) (3.42)

i=arg min; (E;—P>0)
/E C’I
— VEioZ (E)[E Ez7t>) (Biy1 — Ei).

In the binary picture, each ionisation event caused by an electron with energy £ leaves
a residual energy (E — P) that is shared between the two outgoing electrons. This
energy can be partitioned in many ways, some of which are more likely than others.
With a constrained thermal electron distribution, any created electrons are implicitly
allocated uniformly over the full energy range. In the cross-section formalism, this

corresponds to having a uniform differential cross-section for all energies:

do®! 1
= A4

so that the normalisation |, " d"01| dW = 1 is recovered. W is defined as the en-
ergy transfer from the incoming electron to the lowest-energy outgoing electron. The
atomic-kinetics codes SCFLY and CCFLY in its Maxwellian electron mode there-
fore both operate with a uniform differential cross-section, stated implicitly through
the electron density- and energy balances Eqs. 3.4, 3.5 and microscopic reversibility
relations for the ion transition rates.

Early scattering theory formulated by Thomson and Rutherford indicates that it
is more likely for one of the electrons to carry the majority of the energy and the
other to remain nearly static, rather than observing a near-even split [75]. Derived

from classical mechanics for weakly-coupled systems, this differential cross-section
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expresses the likelihood of observing a post-collision energy partitioning where one
electron carries an energy E — W [76]:
do®! mqt 1

where the electron charge ¢, is given in cgs units, and P < W < E is the energy loss
of the incident electron that initially had energy E. The energy loss must be at least
the threshold potential, in which it retains all the energy and the ionised electron
remains static. In the other extreme case, the incident electron loses all its energy
(while remaining unbound) and the ionised electron carries the full residual energy.
The cross-section of observing an ionisation event with an incident particle of energy
E that scatters into two electrons with energies (£ — W, W — P) can be formulated

as:

doCT E 1,CI -1
0% (B, W) = oL (B) T < /P i dW> , (3.45)

where the differential cross-section (either uniform or Rutherford) has been normalised
to account for unit conversions and the discretisation methods used to evaluate the
cross-section integral Eq. 3.42. Despite its parametric form, normalising the differ-
ential cross-section analytically can create numerical inconsistencies between the ion
transition rate and electron density time-derivative to evaluate, because the rate is
still computed on a discretised energy grid. Self-consistency between the mean ion
charge and electron density (effectively the enforcement of quasi-neutrality) can only
be obtained when the differential cross-section is normalised through the same dis-
cretised integration method as in the rate calculation of Eq. 3.42.

The differential cross-section in a coupled electron system reflects the nature of the
collisional interactions, and the energy distribution of the electron groups undergoing
collective collisions. There is no a priori reason to believe that the differential cross-
section takes on a profile derived for uncoupled systems, nor is there a reason to
believe it it perfectly uniform across all energies. It is therefore a possible area
of future research, and the numerical schemes presented here are flexible and can
be easily modified to accommodate any arbitrary parametric single- and differential
cross-section form.

The 3BR rate is a double integral over the energies of the two incoming electrons
7 and k. In order to relate the cross-sections of ionisation and recombination to each

other, the pair of incoming electron energies is denoted as (E; = W —P, B, = E—W),
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which will result in a residual energy F being carried away by the single electron post-

recombination. The 3BR transition rate becomes:

S3BR(4) )V =n (t) / / VE;Evfe(E;,t) fe(Ey, t)o PR (E;, Ey) dE;dE),

—nt)2 [* [ ESWIW = PifeE - Wit
X fE(W P t)oBR(E, W) dWdE

M; M,
et ZZ VE;Eifr(Ej, t) fp(Ey, t)o*P(E;, Ey) AE;AE,
€ j=0 k=0

(3.46)
with M; = arg max;(E;+ P+ Ey < Ey_1) and My, = argmaxy(E;+ P+ E, < En_1).

The double integral in Eq. 3.46 runs over both incident particle energies. In discrete
form, the summation boundaries are such that the ejected electron has an energy that
fits on the energy grid. Observing this criterion, the 3BR transition rate is computed
from all possible electron energy pairs in the system.

In integral form, Eq. 3.46 is deliberately written in the energy-transfer formal-
ism, making use of the same parameters as in Eq. 3.42 to reflect the fact that it is
the inverse transition. The outgoing electron carries the energy of the two incident
electrons and the ionisation potential, summed up as (E — W)+ (W — P) + P = E.
This energy has a lower bound of P, as both electron energies must be non-negative,
and no upper boundary. The energy balance and parameterisation is depicted in
Fig. 3.20. The differential cross-sections of CI and 3BR can be related to each other

Electron impact ionisation Three-body recombination

Figure 3.20: The energy balance of collisional ionisation (left) and recombination
(right). For ionisation with impact energy E, the residual energy after ionisation
is parametrised in terms of an energy transfer . The ionisation threshold P is
required to liberate the second electron. The inverse transition (recombination) is
parametrised in the same manner to construct the transition rates.

through the microscopic reversibility principle. By constructing a two-level system
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in LTE and forming the rate equations for the upward and downward transition, the
cross-section relation is obtained:

h? g E
16mm. g+ (E —W)(W — P)

BB W) = o“L(E,W) (3.47)

Eq. 3.47 is often referred to as the Fowler relation. Though derived for equilibrium
conditions, it is valid in non-LTE systems as well due to the density- and tempera-
ture independence of the relation. It is a condition for any system that accurately
describes equilibrium, that the CI and 3BR cross-sections satisfy Eq. 3.47. This
symmetry translates to the energy partitioning between two incident electrons in
the recombination process in the same way that it relates the outgoing electrons of
ionisation.
With the Fowler relation, the 3BR rate Eq. 3.46 can be rewritten as:

E;+ E,+ P

VE,Ex

SV =nett)yr 0 [T [ e(B 0 e

87Tm2 g+
x 01 (E; + By, + P,W) dE;dE,

M; M,
h3 9- k (3.48)
() g g 2;;; [e (B, ) A, [ ( By, 1) AEy]
= YN B+ B+ PW
X &Ek (B 4 B+ ),

with M; = arg max;(E;+ P+ Ey < En_1) and My, = argmaxy(E;+ P+ E, < En_q).
The recombination rate has been expressed as a function of the ionisation cross-
section. The same differential cross-section should be used here as for the ionisation
process, with W = (E;+ E,+ P) — E; = Ej,+ P being the energy transfer experienced
by electron j by convention. It is equally valid to define W as the energy transfer
of electron k. Between square brackets there is a density product of the electron
population at energies (Ej;, Ej) and for this reason, the recombination rate scales

quadratically with the electron density.

3.5.4.2 Inelastic Collision Operator

Due to the differential cross-section and the increased number of particles involved,
the collision operators for three-body processes are more elaborate than the operators
presented thus far. For ionisation, there is one destruction operator that removes the
incident electron from the distribution. Subsequently, two electrons are created at
different energies as prescribed by the differential cross-section Eq. 3.45. The CI

operator must reflect the creation of an additional electron per transition, at the
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expense of the ionisation potential. Any residual energy must also be preserved in
the creation of the ionised electrons.

The ionisation collision operator can be formulated as:

(angf, t))CI _ n_(t)\/mzefE(E, t)WEsCL(E)

on (t)\/mze / o ( / i dW) h (3.49)

x VE+W oL (E+W)fp(E+ W,t) <j_fv) dw.

The collision operator for impact ionisation Eq. 3.49 contains a term that removes
electrons that induce an ionisation event. In return, two electrons are created at
energies I/; — W and W — P for each ionisation, where W is the energy transfer
and £ the impact energy. The operator lowers the total kinetic energy held by the
free electrons while increasing the density. The differential cross-section distributes
the outgoing electron energy across the electron pairs, giving additional weight to
energy combinations that are more likely to occur. The differential cross-section is
normalised by the inner integral.

Conversely, the operator for recombination contains an annihilation operator for
two electrons that remove the incident electrons from the distribution. A creation
operator must account for the outgoing electron. The recombination operator must

add the ionisation potential to the free-electron population while lowering the density

E-P E=P Jo ( do
x VW — Pfp(W — P t) o3BR(E + W, W) dW

—n= [ E_Pj—;‘vdw)_l JE TP

me Jp P

and can be written as:

().

-1

X fp(E—W,t)fe(W — P, t)o3" " (E,W) (j—;/) dw.

(3.50)

The cross-section in Eq. 3.50 includes a normalised differential cross-section for both
the creation and annihilation terms. At each recombination event, two electrons are
removed at energies £ — W and W — P and one electron is created at an energy
(E—W)+ (W —P)+ P = E. The operator increases the mean kinetic energy in the

free-electron distribution while lowering its density.
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3.5.4.3 Benchmark

The bound-free collisional transitions will be benchmarked on a Mg’" transition
that is revisited in the experimental work discussed in Ch. 4. It works with core-
hole ionised states that have a lower ionisation potential, enabling the test case to
work across a broader range of temperatures. The transition of interest is K'L* =
K'L3 + e, two super-configurational states that differ by one electron in their L-
shell occupation. The remainder of the benchmark parameters are summarised in
Table 3.4. Relevant for this benchmark is the ionisation potential £_, = 277¢eV, a

CI and 3BR CCFLY benchmark
Parameter Value
Material Magnesium 7+
Lower ion state KYLAMO
Upper ion state K'L3M?
E_, 277 eV
n_ 1 cm™3
ny 1cm™3
Ne 102 — 10%* cm™3
T, 10-500 eV
Cross-section Lotz
j—ﬁ‘/ Uniform, Rutherford
# energy grid points 250
Minimum energy 0.01 eV
Maximum energy 10.0 keV

Table 3.4: The simulation settings used to evaluate the inelastic Fokker-Planck col-
lision operator for bound-free collisional transitions. Two modes of the CCFLY
code will operate on these settings; one with a thermal distribution in the stan-
dard Maxwell-Boltzmann mode, the second with a discretised Maxwellian in the
non-thermal mode. The consistency of the ion rates, electron density- and energy
changes will be investigated.

value that will be strongly attenuated by continuum lowering in the density range of
interest. The continuum lowering model used here is the modified Ecker-Kroll model
given by Eq. 3.14. The consequences of this model choice stretch beyond the numeri-
cal value of the IPD. In this model, the M-shell of magnesium is pressure-ionised and
the super-configuration states can be described solely by the K- and L-shell occupa-
tion numbers. There are no consequences of the IPD model choice for the benchmark
with respect to bound-free transition rates. What is most relevant for this case, is

that the ionisation potential is varied as an additional degree of freedom and that
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is the primary motivation to include IPD in the benchmarking. It would be equally
useful to repeat the analysis for a different bound-free transition.

Varying the density tests the reliability of the 3BR operator, as the recombination
rate scales quadratically with the density as per Eq. 3.46. The number of grid points
is kept constant at 250, a number that originates from the DR benchmark. The cross-
section models for bound-free collisional transitions are non-resonant and generally
smoother functions than the delta-function like cross-sections previously examined.
It is expected that 250 grid points are sufficient over this density and temperature
range. The model choice, Lotz in this case, is also arbitrary and it is only important
that the cross-section is a continuous function for energy values above the ionisation
threshold. It can be readily exchanged for any other parametric model, as will be
done in Ch. 4.

Ton Transition Rates

The first comparison to be made is between the ion transition rates of the ionisation
and recombination process. As before, these will be computed for the benchmark
parameters with a thermal distribution as well as a discretised Maxwellian in the
non-thermal numerical scheme. For the specific case of using a Lotz cross-section
(Eq. 3.41) and a thermal distribution, the impact ionisation rate Eq. 3.42 can be
simplified to:

SCI(t)/V:CLOth_nM/ (kgT) 3/25/ E/P exp (—E/kgT) dE
8

(3.51)

=N_N,

(kBT)71/2 Clrots fFEl (P/kpT),

e

where E; denotes the exponential integral of the first kind, & = 4 for the upper ion
state chosen in Table 3.4, and Cry. ~ 4.5 x 10~ cm—2eV? for this material and
charge state [77]. For all temperatures and densities, the results from Eq. 3.51 should
be similar to the rate computed with a discrete Maxwellian and Eq. 3.42.

For the same transition, the recombination rate will be computed for the discrete
Maxwellian distribution with Eq. 3.46. With a thermal distribution, the recombina-
tion rate is directly linked to the ionisation rate due to the detailed balance principle

and does not require any integration procedures to be evaluated. The rate becomes:

S0 Vi =g om [ fus(BOu(E)o(E) B
(3.52)

;’g Non2 (kpT) ™2 exp (~ P/kgT) SCL(t)/V.
JF
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where Ag is the thermal De-Broglie wavelength. Contrary to most other collisional
rates, the 3BR rate scales quadratically with the electron density. In solid-density
plasmas, this makes it amongst the highest transition rates. The time dependence
remains, as the temperature can still change over time despite the parametric form
of the distribution being a Maxwellian.

Fig. 3.21 shows the ionisation and recombination rates for a variable temperature,
at a constant electron density of 3.0 x 10?3 cm 3. Due to the constant electron density,
the IPD is constant and leads to an ionisation threshold P = 146.7¢eV as is marked
in the dashed vertical line. The transition rates are computed for a target ion density

3 meaning the rates can be interpreted as a per-ion rate. The remainder of

of 1 em™
the ions are put in the K2L3 (77) state to maintain a solid ion density and obtain the
correct continuum lowering. All results presented here scale linearly with the target

ion density.
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Figure 3.21: L-shell Collisional Tonisation (CI, S_;) and Three-Body Recombination
(3BR, S, _) rates in Mg"" computed in the thermal and non-thermal electron modes,
for a uniform and Rutherford differential cross-section. The density n. = 3.0 x
10%% cm ™3 is constant, as is the ionisation threshold at P = 146.7 V.

Fig. 3.21 compares the ion rates computed with the thermal (Eq. 3.51) and non-
thermal scheme (Eq. 3.42) for a Maxwellian distribution. Additionally, the differential
cross-section that determines the pairing of the outgoing (ionisation) and incoming
(recombination) electrons is varied between the uniform Eq. 3.43 and Rutherford
functional form Eq. 3.44. Both differential cross-sections are normalised according to
Eq. 3.45.

The ionisation rate flattens off to a frequency on the femtosecond time scale as soon
as the temperature exceeds the ionisation threshold. Below the threshold, it is possible
to observe ionisation due to the long tail of the Maxwellian that contains sufficiently
energetic electrons. The rate observed for the thermal and non-thermal scheme differs

no more than 1% over the full temperature range. These minor differences arise due
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to the truncation error introduced by the finite sum of Eq. 3.42 as compared to an
integral that runs to infinity, and the energy grid spacing. Between the differential
cross-section models, there is no difference in the ionisation rate. The differential
cross-section only influences the distribution of outgoing electron energies, and not
the rate at which they are produced. The incoming electrons and their cross-section
are in no way influenced for the ionisation process.

The recombination rate has the opposite trend and decreases with increasing tem-
perature. As three-body recombination removes electrons from the free population
while adding thermal energy, it is a heating effect that becomes increasingly unlikely
as the system heats up. However, being a collisional process whose cross-section is
linked to that of ionisation, it maintains a non-negligible rate even at temperatures
above the ionisation threshold.

The recombination rate does depend on the differential cross-section, as it acts
as a pairing mechanism to determine which pairs of electrons mitigate the energy
transfer process. Results obtained from detailed balance with a thermal distribu-
tion (Eq. 3.52) match to the rates computed with the full non-thermal rate integral
Eq. 3.46 only if a uniform differential cross-section is used. In thermal equilibrium,
this implies that there is no energy-dependence on how electrons pair up to induce
a recombination event. Applying the Rutherford differential cross-section Eq. 3.44
reduces the recombination rate at temperatures 7' > 70eV and increases the rates
at temperatures below 70 eV, as compared to the thermal results. The Rutherford
model loosely states that it is more likely to pair up an energetic electron with a near-
static electron. This mechanism enhances the rate when there is a significant cold
electron population, or possibly an energetic tail or spike in the distribution. For a
bulk of electrons at a comparable energy to the threshold, the relative energy transfer
after recombination is generally large, causing the ion transition rate to decrease.

In order for the atomic-kinetic models to obey equilibrium relations (detailed bal-
ance), it is a requirement that the differential cross-section used for the ionisation
process are the same as for the recombination process. As the ionisation rate is
computed from a single integral, the same ionisation rate can be recovered for any
differential cross-section. This appears to be a contradiction with detailed balance,
as the recombination rate can be seen to differ between the Rutherford and uniform
energy pairing. The electron distribution could remain Maxwellian as long as the
collision operators for ionisation and recombination sum to zero, but the ion popula-
tions would not remain in balance. Based on these observations, the conditions that a

system in LTE obeys should be extended to having a uniform differential cross-section
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for three-body interactions. This does not rule out having a strongly coupled system,
as it still allows for uniform coupling.

The collision operators Eqgs. 3.49 and 3.50 are plotted in Fig. 3.22 for three tem-
peratures at a constant density. For visibility reasons, the energy grid is linear in the
range of 0.01 — 1000 eV with 1000 grid points. The operators are evaluated for the
uniform and Rutherford differential cross-section, and they differ most in the lower
energy range 1" < 10 eV. The effect of the Rutherford cross-section is an enhancement
of the collision operator at low energies, as it makes it more likely for electrons to be
scattered off (ionisation) or drawn from (recombination) at low energies. Over the

remainder of the energy range, there is no significant change to the collison operator.
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Figure 3.22: The collisional- ionisation (top) and recombination (bottom) collision
operators for various temperatures of the core-hole ionised Mg’* state. The density
is held constant at n. = 3.0 x 10%* cm~3, for a uniform and Rutherford differential
cross-section.

In addition to displacing electrons by the ionisation threshold, the ionisation and
recombination operators also affect the number of free electrons. The trends displayed
by the collision operators is similar to those of the ion transition rates. At higher

temperatures, ionisation is a more likely process than recombination, and vice versa.
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Most collisional transition rates scale linearly with the electron density in a similar
way as to the ion density. CI and 3BR behave differently due to continuum lowering.
Whereas excitation and de-excitation events are inner-shell transitions, the bound-
free interactions discussed here involve the outermost electron shell that is strongly
affected by the IPD. As a result, increasing the electron density will not only linearly
increase the rates but also strongly decrease the ionisation threshold, causing further
non-linear enhancement to the rate.

The effects on the ionisation rate of varying the electron density are visualised in
Fig. 3.23. In the figures containing density scans, Fig. 3.23 and 3.24, the density
is varied independently from the ion density that remains constant at n; = 4.31 x
1022 cm~3. The threshold potential is computed by subtracting the IPD as computed
with the mEK model of Eq. 3.14 from the atomic potential, and plotted alongside

the rate in the dashed yellow curve.
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Figure 3.23: L-shell collisional Tonisation (CI, S_,) rate of core-vacancy Mg as a
function of the electron density in the thermal and non-thermal electron modes. The
temperature is held constant at 100 eV. The rate grows non-linearly, enhanced by
continuum lowering.

Continuum lowering enhances the scaling of the ionisation rate by an order of
magnitude over this density range. Varying the density thus effectively corresponds to
varying the ionisation threshold, which increases the thoroughness of this benchmark.
The thermal and non-thermal electron modes remain in good agreement for all density
values. There is no difference between the differential cross-section models, hence they

are omitted in this comparison.
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Figure 3.24: L-shell collisional recombination (3BR, S, _) rate of core-vacancy Mg’*
as a function of the electron density in the thermal and non-thermal electron modes.
The temperature is held constant at 100 eV. The rate grows non-linearly, enhanced
by continuum lowering.

Eq. 3.46 and 3.52 reveal that the 3BR rate scales quadratically with the elec-
tron density. Over a density range of 10?3 — 10%* cm ™2, there should be an increase
in the transition rate of at least two orders of magnitude. This is expected to be
further increased due to continuum lowering, as Eq 3.52. Continuum lowering weak-
ens the exponential decay of the recombination rate, while enhancing the ionisation
rate. The two effects combined cause the recombination rate to grow faster than the
quadratic scaling for increasing density. Results obtained for the density scan of the
recombination rate are plotted in Fig. 3.24.

The Rutherford differential cross-section lowers the ion transition rate by 10- 12%
over the full density range. The trends are similar, with the recombination rate
increasing by nearly three orders of magnitude for one order of magnitude density
variation. Due to this behaviour, CI and 3BR processes are of great interest to warm
dense matter studies, as they become amongst the highest transition rates in the

system.

Density Conservation

The high bound-free collisional interaction rates have a profound effect on the free-
electron population as they involve the simultaneous exchange of particles and energy
between free-electron population and ion states. Each ionisation event releases one

electron and a self-consistent energy balance can only be maintained if the collision
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operator reflects this constraint. This self-consistency between density changes and
the ion rates is even more important than the agreement between results obtained
from the thermal and non-thermal electron mode. As shown earlier, it is possible
that the 3BR rates differ depending on the differential cross-section. When there is
no reason to assume a particular cross-section profile, the numerical scheme should
be constructed such that it maintains overall density conservation for all cross-section
models; the code should conserve the sum of ion and electron charge.

The time-derivatives of the electron density as a result of bound-free transitions
can be computed with Eq. 3.22. They are the energy-integrated collision operators

for ionisation and recombination and should obey:

dn.
dt

=4S (D))V, (3.53)

meaning the free-electron density increases for ionisation (—+) and decreases for re-
combination (+—) with the same rate magnitude as the ion transition. Fig. 3.25
shows how the collision operator behaves over a range of temperatures and density,
with one parameter being fixed. The density and temperatures are varied indepen-
dently from each other while maintaining a Maxwellian profile. There is no LTE
between the ion populations or electron shell occupation numbers as the system is
not left to equilibrate before computing the transition rates. The transition rates for

the ions and electron distribution function are computed from the static initialisation.
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Figure 3.25: Density time-derivatives of the bound-free collisional operators in Mg™*
for various temperatures and densities in the non-thermal electron mode. The ref-
erence for all density rates is the ion rate and charge balance Eq. 3.53, whereas the
non-thermal rates are obtained from their respective collision operator.
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For all temperatures and densities, the impact ionisation rate is equal to the den-
sity time-derivative, the condition stated in Eq. 3.53. There match is exact due to the
conservative nature of the aggregation methods used to interpolate time-derivatives
onto the discrete energy grid, as described by Eq. 3.12. This is the non-thermal equiv-
alent of a density calculation based on quasi-neutrality that has been implemented
in the SCFLY collisional-radiative code [40]. For recombination, a similar relation
holds and the ion transition rate is equal to the density rate in magnitude, but op-
posite in sign. The differences between the differential cross-sections arise solely due

to differences in the ion rate.

Energy Conservation

Bound-free collisional transitions are a powerful mechanism to re-arrange the balance
of kinetic energy held by the free electrons and electrostatic potential retained in the
bound electrons. The exchange of each electron from the free to the bound population
or vice versa is accompanied by an energy transfer of the ionisation potential. In
order to conserve energy, the sum of electrostatic energy and thermal energy must
be constant for a closed system. This translates to the requirement on the energy
contained in the collision operators:

ag—f) =FP-S¢:(t)/V, (3.54)
which states that ionisation subtracts an amount P from the free-electron energy and
recombination adds it. The energy rates scale linearly with the ion transition rate
and the energy is computed through the second moment of the collision operator as
is done in Eq. 3.31. As long as Eq. 3.53 holds, the collision operators can be used in
a self-consistent energy calculation. Fig. 3.26 shows the energy time-derivatives for
a range of temperatures and density as a result of bound-free transitions occurring.
When the density is varied, it reduces the ionisation potential through continuum
lowering. This creates an extra degree of freedom that benefits the benchmark, as
it omits the need to repeat the process for different atomic transitions with other
ionisation thresholds.

Fig. 3.26 shows that energy conservation is indeed maintained, as the collision
operators follow the product of the ion rate and ionisation potential exactly. There
is no numerical difference at all as the method of aggregating the time-derivatives
Eq. 3.12 is completely conservative. In an atomic-kinetics code, it could still not
be ruled out that minute numerical differences arise when these time-derivatives are

propagated forward in time through an ODE solver. This should be dealt with as it
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Figure 3.26: Free-electron total energy time-derivatives of the bound-free collisional
operators in Mg'* for various temperatures and densities in the non-thermal electron
mode. The reference for all density rates is the ion rate and energy balance Eq. 3.54,
whereas the non-thermal energy rates are obtained from their respective collision
operator.

occurs and the numerical scheme can only be made to be conservative when evaluating

the collision operators.

3.5.5 Photo-Ionisation and Radiative Recombination

Bound-free radiative transition processes are an essential component in the description
of a non-equilibrium warm dense system. In the experimental creation of warm dense
matter, inner-shell Photo-Ionisation (PI) acts as the primary absorption mechanism
to couple energy from an X-ray field into the target. In addition, also middle and
outer electron shells can also be photo-ionised albeit with a lower probability.

As its inverse process, Radiative Recombination (RR) involves the recombination
of a free electron into a bound ionic state upon the emission of a photon. Being a
reaction without an energy threshold, this process can occur spontaneously with a
free electron of any energy. Due to the symmetry of the PI transition under time-
reversal, a recombination process can also be induced by the X-ray field. The bound-
free processes discussed here are depicted in Fig. 3.27. RR is significant but not
due to its high transition rates; bound-free collisional transitions are more likely in
solid-density systems. The diagnostic capabilities offered by the emitted photon are
what generates the key interest in RR. The emitted photon’s energy is the sum of

the incident electron’s kinetic energy and the ionisation threshold, and can reach
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Figure 3.27: Photo-ionisation (left) and radiative recombination (right). Radiative
recombination can happen spontaneously, or be induced by an incoming photon. The
residual energy is emitted by another photon.

far higher energies than what would be observed in any bound-bound transition.
This allows RR to be used as a diagnostic tool to detect the presence of high-energy

electrons through spectroscopy.

3.5.5.1 Cross-section Model

Bound-free radiative rates can be induced by either a photon (ionisation or stimu-
lated recombination), or an electron for spontaneous recombination. In essence, both
the photon- and electron-induced reaction rates can be computed through the cross-
section formalism in which a photon or electron can be used as the single incident
particle.

In a zero-dimensional code, the radiation field J,(v,t) can be characterised as a
frequency- and time-dependent intensity. In this thesis, the radiation field is approx-

imated as a Gaussian function in both photon frequency v and time as:

J,(v,t) = Io-exp ((ue — t)?/207) - exp (1 — v)?/207) (3.55)

where the mean and spread of both quantities are denoted by p and o. The intensity
maximum /[y occurs at the central frequency and time. Given an incident X-ray field,

the PI rate can be computed as:

J (v, t
SPL) )V = dmn_(t) / ;LV )0_+(V) d(v), (3.56)
v
where h is Planck’s constant and o_, (hv) is the energy-dependent ionisation cross-
section. The fraction W represents the photon number density per unit area
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and the factor 47 arises from integration over all solid angles. Each ionisation event
produces one electron with an energy £/ = hi — P. The cross-section model used in
this thesis is a series expansion by Veigele et al. [78] where available, and the Kramers

cross-section [79] when not. The form proposed by Veigele is similar to those of Gaunt

factors [64] with a set of experimentally obtained expansion coefficients {cy, ..., cp}:
M .
Ino?’(v) =Y ¢ (nv)', h>P. (3.57)
i=0

Spontaneous RR occurs due to a vacancy in an electron shell and its rate can be

computed as a collision integral:

SER(t)/V = n+(zs)\/mz / N VE o™(E) fz(E,t)dE. (3.58)

Eq. 3.58 describes a collisionally-induced recombination of the excited or ionised pop-
ulation n, that has no reaction threshold. In each recombination event, the incident
electron is annihilated from the free-electron population upon the emission of a pho-
ton that carries away the residual energy. The recombination photon energy ensures
energy conservation as the photon energy hv = P + E, where P is the ionisation
threshold that separates the initial and final ion state, and F is the electron energy.
More energetic electrons therefore generate more energetic photons and through this
mechanism, the distribution function can be experimentally measured in the energy
range that lies above the bound-bound recombination lines.

The recombination cross-section can be obtained by examining the transition rates
in a static LTE system with a thermal electron distribution, Planckian radiation field
and through use of the Boltzmann and Saha equations [5]. The result is a relation

between the recombination- and ionisation cross-sections that was first derived by
Milne:

. g- (w)?
TR () — alji(y)ﬁm o (3.59)

where FE is the incident electron energy and the ion state multiplicities are g.. Energy
conservation is implicitly contained in Eq. 3.59 as the photon energy and electron en-
ergy must are directly related: hv = E + P. Finally, there is a contribution of the
stimulated RR rate. The cross-sections for stimulated and spontaneous recombina-
tion can be related through microscopic reversibility relations, and the stimulated

recombination cross-section can be written as [80]:

2

RR,s C
o B v t) = s

g, (v, )P () (3.60)
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where there is a time-dependence through the radiation field. Eq. 3.60 can be con-
sidered to be a differential cross-section as it has a dependence on the electron distri-
bution function and on the radiation field. Computing the total recombination rate

that includes a radiation-induced contribution requires a double integral of the form:

SER(H)/V = “+<’f>¢mze / ) / " VE o OB,y ) f(B, ) dvdE. (3.61)

There is no energy threshold to induce a recombination event as it is a reaction that
releases electrostatic energy. When both stimulated and spontaneous recombination

are to be calculated together, the total RR cross-section can be composed as:

2
o B y 1) = (1 1 ﬁJ,,(y, t)) (), (3.62)

where the time-dependence only arises due to the radiation field.

3.5.5.2 Inelastic Collision Operator

When using XFELs, the spread in frequency of the incident X-ray field can be very
narrow (< 1%). Due to this small bandwidth, the X-ray field can be treated as near-
monochromatic as far as the recombination electrons are concerned. The electrons
will be created at energies where the energy bin size on a discrete grid is comparable
to the frequency bandwidth of the radiation field. The photo-pump acts like a source
term in a similar way to way Auger electrons are added to the free population. The
PI rate does not depend on the distribution function itself. Its contribution to the

Fokker-Planck equation for the electron balance can be written as:
Spr(t) = STI) )V - 6(E — (hv — P)), (3.63)

which states that one electron is produced per ionisation at an energy that remains
after subtracting the ionisation potential from the photon energy. The effective rate
including stimulated recombination is used, as the ionisation and stimulated recombi-
nation rate are both computed through an integral over the photon energy. Eq. 3.63
is a non-negative operator, even in a system where there are more excited-state ions
than ground state populations.

Contrary to the ionisation process, both the stimulated and spontaneous recom-
bination Fokker-Planck operators do depend on the electron distribution function.
Accumulating their cross-sections into a total cross-section of the form in Eq. 3.62,

the inelastic collision operator can be written as:

(%) = —n, (t)\/2/mefu(E,t)WVE /0 h oMU B 1) du. (3.64)
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Eq. 3.64 is strinctly non-positive over the full energy range. In the absence of a
radiation field, the operator only contains contributions from the spontaneous recom-

bination component.

3.5.5.3 Benchmark

Due to the combination of having a spontaneous and induced recombination reaction
channel, the benchmark must be split into a case with and one without an exter-
nal radiation field. The primary focus will be recombination, as ionisation has a
straightforward source term described by Eq. 3.63 that conserves density and energy
exactly for all possible plasma conditions. Extending the electron model to include
non-thermal behaviour does not affect the PI rate calculations in any way.

For recombination, the benchmark will be based on a transition that occurs in
solid-density Mg%*. This state is produced at the later stages of an XFEL-plasma
interaction when a high energy density has been achieved. The system is kept at quasi-
neutrality and therefore has an electron density n, = (z)n; = 3.88x10?* cm™3 and the
ion target density of the excited state population is set to unity. The remainder of the
ions reside in the 97 ground state. In line with previous benchmarks, the ion rates
will be compared between the thermal and non-thermal electron models, followed
by the energy- and density conservation laws. A full overview of the benchmark
parameters is listed in Table 3.5. The temperature range is far higher than the
normal operational mode of CCFLY. This is to verify the transition rates in the
temperature region above the reaction threshold, and purely used to investigate the
validity of the numerical schemes implemented here. One of the benchmarks requires
a radiation field to validate the stimulated recombination model. The peak intensity
is the most relevant parameter of the X-ray field and the rates, density- and energy
time-derivatives are computed at peak intensity and there is no temporal variation.
Additionally, the photon energy is set to 1950 eV with a 0.1% frequency bandwidth p,,.
There is some significance to the narrow bandwidth, as it can allow for simplifications
in the rate calculations of the stimulated recombination rate. Compared to the photon
energy, ionisation threshold and the mean kinetic energy of free electrons, the spread

in photon energy is small enough to consider the radiation field monochromatic.

Radiationless Benchmark

The first benchmark is a radiation-less setup where only spontaneous recombination
can occur. An ion system is placed in its Mg®" ground state with one 10" target

ion in the core-hole ionised state. In a non-thermal electron treatment, the transition
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RR CCFLY benchmark
Parameter Value
Material Magnesium 9%
Lower ion state K2L'M°
Upper ion state K'L*MO
E_| 1715 eV
7 4.31 x 1022 cm™3
Ne 3.88 x 102 cm™3
T, 10-2500 eV
I 0-10'® W /cm?
Cross-section Veigele
# energy grid points 250
Minimum energy 0.01 eV
Maximum energy 10.0 keV

Table 3.5: The simulation settings used to evaluate the inelastic Fokker-Planck colli-
sion operator for bound-free radiative transitions. Two modes of the CCFLY code will
operate on these settings; one with a thermal distribution in the standard Maxwell-
Boltzmann mode, the second with a discretised Maxwellian in the non-thermal mode.
The consistency of the ion rates, electron density- and energy changes will be inves-
tigated. The ionisation potential between the upper and lower states is £, and I,
denotes the incident X-ray intensity.

rate is computed through a discretised form of Eq. 3.58. When adding a radiation
field at a later stage, the contribution from Eq. 3.60 can be added.

In case the distribution is an analytical Maxwellian, the rate equation takes on a
simpler form:

SER(1) )V = m(ﬂ%)\i’ne exp(—P/kpT)dr
+

o 2h3\ 1
X / ol (v) (Jy(l/,t)+ hgv )h_exp(—hu/kBT) dv,
0 C v

(3.65)

where A\? is the thermal De Broglie length, P the ionisation potential between the
initial and final ion state, and g4 the state multiplicities. The total recombination
rate is only an integral over the photon energies. Contributions from the stimulated
and spontaneous components of the RR rates can be split by setting the radiation
field to zero in Eq. 3.65.
Comparing the spontaneous RR rates computed with Eqs. 3.65 (analytical Maxwellian)

and 3.58 (discretised Maxwellian) for a range of temperatures and J, = 0 yields the
data presented in Fig. 3.28. Only one target ion is core-hole ionised and able to

undergo recombination, with the rest of the 10" ions remaining in the ground state.
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The ion rates are volumetric, but can be interpreted as per-ion rate due to the target

density of unity. Despite the instability of this ion and its high ionisation potential,
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Figure 3.28: The radiative recombination rates for a core-hole ionised Mg
function of temperature. The density is held constant at n, = 3.88 x 10?3 cm™
there is no radiation field present.

the recombination rate is 2-3 orders of magnitude smaller than the collisional bound-
free transition rates. Even at temperatures above the ionisation threshold, there is no
noticeable difference between the spontaneous recombination rates. As the temper-
ature increases, the likelihood of recombination decreases. The temperature reaches
so high that if the benchmark was not constrained, the excited ion state could be-
come collisionally populated. However, this degree of freedom is not present in the
benchmark.

The collision operators corresponding to this case are plotted in Fig. 3.29. For
all temperatures, the operators are strictly non-positive and can only draw electrons
from the free population. At lower temperatures, static electrons are the most likely
ones to recombine and this is due to the ionisation cross-section peaking around its
threshold energy. When the system gets hotter, the operator becomes more uniform
across the energy range and the higher-energy electrons gain an increased likelihood

of recombining as compared to their lower-energy counterparts.
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Density conservation holds for the free-electron population during the recombina-
tion process. Each recombination absorbs one free electron and therefore the magni-
tude of the negative time-derivative of the electron number density must equal the

ion transition rate:

dn.
dt
where Sgg(t)/V is the sum of the spontaneous and induced volumetric rates. In the

= —Spr(t)/V, (3.66)

non-thermal mode, this number density is computed from the zeroth moment of the
distribution function’s time-derivatives that are computed with the collision operator
Eq. 3.64.

Energy conservation is not as straightforward to verify for bound-free radiative
processes as they are for collisional interactions and cannot be formulated by observing
only the ions and electrons in the system alone. The discussion on benchmarking the
energy conservation laws is not relevant to computing the Fokker-Planck operator,
as this is already known through Eq. 3.64. In addition to being able to validate

the energy balance, the subsequent discussion also provides insight into the spectral
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emission that is a signature of this type of recombination.

Each electron is drawn at a different energy in the distribution, does not couple
any energy back into the free population and triggers the emission of a photon. The
energy balance can only be formulated by including the emitted radiation.

Using the reference of a thermal electron system, the change in free-electron energy
can be derived from observing the radiative losses emitted through the recombination
photons and the change in electrostatic potential of the ion system. The energy carried

away by the photons can be computed as:

dE g_
%H :n+(t)ﬁ)\2ne exp(—P/kgT)4r

(3.67)

* pr 2h3\ 1
X i oL (W) (E+P)( J(vt)+ > Eexp(—hu/kBT) dv,

where the integrands of the ion transition rate and energy time-derivative only differ
by a factor £+ P. This reflects the energy balance for each group of electron energies
in the system, which is then accumulated through the integral.

Although the electrons lose all their energy to the radiation field, the majority
of the energy in the radiation field typically comes from the change in electrostatic
energy held by the ion populations in the system °. Defining the binding energy to be
negative by convention, the electrostatic potential increases with each recombination
event. The energy balance considering ions, electrons and photons reads:

dE dE dE

E|e :Eh - EH . (3.68)

—SIN(E)/V - P~ ol

where the subscripts e, ¢ and v denote the electron, ion and photon populations, re-
spectively. Eq. 3.68 has been simplified by observing that the change in electrostatic
energy is P for each ion, regardless of the incident electron energy. The energy- and
density balance of the radiation-less benchmark are plotted in Fig. 3.30. The energy
balance in Fig. 3.30 is computed from the change in electrostatic potential in the ions,
and the energy radiated away that is given by Eq. 3.67. The analytic thermal and
generalised non-thermal electron models are consistent for both energy- and density
conservation. Both time-derivatives saturate at a temperature where the ion tran-
sition rate becomes small. The energy derivative still retains a high absolute value
because although it is unlikely for a very energetic electron to radiatively recombine,

if it does happen it will give off all its energy.

5This is only true when the free-electron mean kinetic energy is below the ionisation threshold.
In this benchmark, that is true when T, < 1.5keV.
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Figure 3.30: Density- and energy conservation during the spontaneous recombination
process as a function of temperature. The density change in the free electrons is the
negative ion transition rate. The energy change is computed from Eq. 3.68.

When using the generalised cross-section integral for an arbitrary distribution

function, the energy contained in the outgoing radiation field can be computed as:

dE [2 > [
%]7:—n+(t) p— /0 /0 VE o™ B v t)(E + P)fp(E,t)dvdE.  (3.69)

Full Benchmark

Having verified the consistency in ion transition rates, density- and energy conser-
vation of the spontaneous recombination process, an incident radiation field can be
added to verify the same for the stimulated recombination process. When stimulated
recombination occurs, it cannot be separated from spontaneous emission. In the re-
mainder of the discussion, the recombination rates are the sum of both contributions.
An optically-thin target is assumed so that the X-rays can penetrate the target with-
out experiencing any opacity effects. The X-ray energy is chosen sufficiently high at
1950 eV to avoid resonant or near-threshold effects of the ionisation cross-section.

In order to visualise the effect of an external radiation field, the temperature is
fixed for all calculations in which the radiation field is varied. The temperature and
density of the electron distribution is marked in each figure.

When a radiation field is applied, it can induce ionisation as well as recombination
events. The ionisation rate scales linearly with the peak XFEL intensity [y and is
given by Eq. 3.56. This rate is computed for a single ground state Mg”" ion and
plotted in Fig. 3.31. It shows that the PI process happens on time scales of a few
femtoseconds. The ionisation rate is independent from the electron energy or density

insofar as they allow the X-rays to penetrate the target. The method to compute PI
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Figure 3.31: The photo-ionisation and total (spontaneous + stimulated) radiative
recombination rates as a function of incident peak intensity in the K2L! = K!'L!

magnesium transition. The temperature and density are constrained to n, = 3.88 x
102 cm™3 and T = 150eV.

rates does not depend on the method in which the electron distribution is modelled,
hence there is no comparison to be made. The total recombination rate is larger than
it was in the case of spontaneous emission. With an electron temperature constrained
to 150 eV, the data point at Iy = 0 corresponds to the rate observed in Fig. 3.28.
The recombination rates are calculated through Eq. 3.61 (discretised Maxwellian for
non-thermal scheme) and 3.65 (analytical Maxwellian in thermal scheme). The rate
magnitude of recombination is three orders of magnitude lower than that of ionisation,
indicating it is an unlikely process to occur. Bound-free collisional recombination is
much more prevalent in a solid-density system.

There is a slight difference between the results of the thermal- and non-thermal
electron models. This arises due to the grid discretisation errors that become more
significant as the recombination cross-section attains high numerical values at energies
E > 1keV. In this region, the step size between energy grid points is large.

An approximation that has been made to expedite the computational efforts when
computing ion transition rates. In the double integral Eq. 3.61, the bandwidth of
the radiation field is small for all XFEL applications. The scheme operates as if the
radiation field were monochromatic, and the integral over the incident photon energies
is computed first and held constant. This approximation has no consequences for the
ion rates, but does aggregate photon energies and removes the bandwidth of the
XFEL from the outgoing photons.

Comparing the ion transition rates of the spontaneous and total recombination
rates, it can be seen that the induced component of RR is of a similar magnitude as

the spontaneous contribution in this photon energy range. The photons only induce
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the reaction but do not give off any energy that affects the energy balance. For this
range of peak intensities, the collision operators Eq. 3.64 have been computed and

plotted in Fig. 3.32. The collision operator for Iy = 0 is the same as the operator at
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Figure 3.32: Total recombination collision operators for a core-hole ionised Mg!0*

ion as a function of X-ray intensity. The operators are strictly non-positive for all
temperatures and intensities.

T = 150eV in Fig. 3.29. By applying an increasingly strong incident X-ray field, the
magnitude of the operator can be doubled while retaining the same qualitative form
as a function of energy. The profile does not change because it is directly proportional
to the PI cross-section for both stimulated and spontaneous recombination. Provided
there is an excited-state population n (), the radiation field can only scale the total
derivative by a constant value that depends on the beam parameters.

Integrating the collision operator over energy yields the change in density of the
free-electron population. Rather than drawing the comparison between the two elec-
tron models, it is more relevant that each of them is self-consistent in its density
calculation. Therefore, the density time-derivatives for the total RR rates are com-
puted for the window of XFEL peak intensities. The results are plotted in Fig. 3.33.
The numerical scheme conserves the sum of bound and free electrons exactly by draw-
ing electrons from the free-electron population at the same rate as the ion transition

occurs.
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Figure 3.33: Total recombination collision operators for a core-hole ionised Mg!+

ion as a function of X-ray intensity. The operators are strictly non-positive for all
temperatures.

The energy balance has a similar form as for the spontaneous recombination case.
The incident X-rays only enhance the rate, but do not affect the energy balance. In
this case, the emissivity will be calculated for future experimental use. It requires
a photon field operator similar to the Fokker-Planck operator in order to calculate
the energy-dependent radiation field. Given the reaction cross-section, the energy-

dependent distribution e(fw, t) of the recombination photons can be written as:

(hw, 1) :n+(t)1/i/oo VE—Tw—P
me Jo
x Tttt (hy — P t)(hw) fe(E = hw, t) dv,

(3.70)

provided hw — P > 0. The outgoing photon energy has been written as hw to avoid
confusion with the incoming X-ray photons. The photon operator Eq. 3.70 draws an
energy F from the incident electron group, draws the ionisation potential P from the
ion species and produces a photon with the residual energy hw = E+4 P. The radiation
production term e(hw,t) can be considered the emissivity, the volumetric production
of light at a specific emission wavelength. This quantity can in principle be measured
through emission spectroscopy and is therefore of great interest. Due to the shifting
operator whereby each photon is emitted at an energy P above the incident electron
energy, the bound-free contribution to the total emissivity is separated in energy from

the spectral region in which most bound-bound transitions occur.
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The emissivity Eq. 3.70 is plotted in Fig. 3.34 for some incident X-ray intensities,
together with the radiative losses and ion energy gains. From these quantities, the

energy loss in the free-electron population can be computed. At a constant electron
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Figure 3.34: The emissivity and radiative energy loss rates of a Mg!'®* ion that is
photo-pumped by a 1950 eV X-ray field at various intensities. The X-rays enhance
the stimulated recombination rate.

temperature and density of (n.,T) = (3.88 x 10** cm™?,150eV) and a photon energy
hv = 1950eV, the X-ray field strongly enhances the RR rate of a core-hole Mg!®+
ion. The target ion density is taken to be 1 cm™3, with the remainder of the ions
residing in a non-interacting ground state.

The emissivity, the volumetric production of light per frequency, has been com-
puted with Eq. 3.70. Although it is not part of the self-consistent set of collision
operators that governs the energy and particle transfer between free and bound elec-
trons, this operator self-consistently couples the ion and electron energy to the photon
field. Integrating the emissivity spectra over photon energy yields the total energy
density contained by the photon field that originates from the target region.

The spectral region of the recombination process starts at the IPD-adjusted ioni-
sation potential P —IPD = 1534 eV. As will be discussed in more detail in Chapter 4,
this constitutes a spectral gap of O(200) eV for magnesium with respect to the bound-
bound emission lines. This statement is also valid for other materials, albeit with
different spectral separations because the bound-bound transitions always have lower

thresholds than their bound-free counterparts. Despite the relatively low intensity
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that is a result of the low transition rate®, a bound-free spectrum can be measured
experimentally due to this spectral separation. Before drawing a comparison with
experimental data, opacity effects need to be accounted for. Opacity effects do not
influence the discussion in this section as it the energy balance only relates to the
production term of light, and not to its transport properties.

The spectrum peaks approximately at the energy value corresponding to the sum
of the bulk electron temperature and the ionisation potential. If there is a hotter
non-thermal tail on the distribution, this will produce even more energetic photons.
Measuring bound-free spectra provides a way to detect the presence of the high-energy
tail of the electron distribution.

During the atomic transition, the ion state undergoes a change in electrostatic
potential. The potential remains fixed and the energy exchange in the ion population
can be computed as a product of this potential and the rate. The energy drawn from
the ion population is nearly equal to the energy transmitted to the photon field. This
implies that the emitted photons draw the majority of their energy from the ions,
provided the electron system has a mean kinetic energy below the ionisation potential.
When the energy changes in the ion population and radiation field are summed up,
the statement of energy conservation Eq. 3.68 dictates that this should be the energy
loss experienced by the free-electron population. Computing the first moment of the
collision operator Eq. 3.64 shows that this indeed the case, as demonstrated by the
electron losses shown in Fig. 3.34.

The Fokker-Planck numerical scheme has been extended such that the computa-
tion of the spontaneous and stimulated recombination transition rates and collision
operators is consistent with equilibrium results. Additionally, RR can provide in-
sight into the high-energy dynamics of the free-electron population as they have a
characteristic spectral signature that is separated from the bound-bound transition

lines.

3.6 Conclusions

The Fokker-Planck numerical framework proposed by Tzoufras et al. [47] that de-
scribes the evolution of the electron distribution function has been extended to include
electron-ion interactions. In addition to the elastic electron-electron interactions,

this equation now accounts for the electrons released or absorbed during inelastic

5The RR ion transition rate is several orders of magnitude lower than the bound-bound sponta-
neous emission rates.
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electron-ion interactions. These processes are collisional excitation and de-excitation,
Auger decay, dielectronic recombination, photo-ionisation, spontaneous and stimu-
lated radiative recombination, collisional ionisation and three-body recombination.
The model also contains radiative bound-bound transitions that have no interaction
with the free-electron population. Each interaction has its own collision operator
that describes how the ion transition affects the free-electron distribution function.
Accumulating all collision operators discussed here into the Fokker-Planck equation,

the full equation that includes electron-electron and electron-ion interactions reads:

dfp(E,t) 0
dt oFE

i) | (42
+(—afE(E’t)) +<w> (3.71)
)

where the sum aggregates the contributions of all the ion populations. The combi-
nation of an ion transition rate model coupled to the Fokker-Planck equation con-
stitutes a self-consistent method to compute the density- and energy balance of the
free-electron population together with the ion population dynamics in a warm dense
system.

The ion transition rates, as well as the conservation laws for the electron density
and total energy have been benchmarked for a thermal electron distribution. This
was done by feeding a discrete thermal distribution into the numerical scheme and
comparing these results to those obtained by computing the cross-section integrals
with an analytical Maxwell-Boltzmann distribution. The transition rates and con-
servative properties are found to be in agreement in equilibrium after accounting for
small numerical errors that can be expected when discretising the energy grid. After
benchmarking the numerical scheme in known conditions, the scheme is now suitable

to be used in non-equilibrium and time-dependent problems.
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4.1 Introduction

Collisional Tonisation (CI) is a collisional interaction between ions and electrons in
which free electrons liberate bound electrons through impact. The incoming electrons
need to overcome an ionisation potential, and the resulting electrons share any resid-
ual energy. Subsection 3.5.4 contains the theoretical background on the cross-section
models and conservation laws relevant to bound-free collisional transitions. The re-
action products of CI and its inverse, Three-Body Recombination (3BR) are given in
Eq. 4.1.

e~ +ion, = ion,_; + 2¢". (4.1)

Cl is a process that is not unique to Warm Dense Matter (WDM) physics, as it has
been observed in the context of electric discharges in gases by Townsend [81], and later
also in MOSFETS by McKay [82]. There, it is what is known as the avalanche effect of
ionising radiation; after some form of radiation ionises an atom, the cascade of electron
collisions that follows leads to the production of even more ionised electrons that can
be detected. It is the operating mechanism of a Geiger counter that allows low fluxes
of radiation to be measured with relatively simple electronics [83], and was used as
the primary ionisation mechanism in the development of mass spectrometry [84].

CI is also related to the radiation stopping power of materials, defined as the loss
rate of energy over the distance that the radiation travelled [85]. CI is one of the main
mechanisms to slow down high-energy electrons in matter. As a result of this, the
material gets damaged and this how radiation damage also relates to the frequency
of CI events taking place.

In WDM physics, the ionisation balance, and directly through this, the charge
state distribution of the ion populations, are determined by the rate of CI and its
inverse process 3BR. The transition rates associated with these processes are amongst
the highest in a hot dense system, and understanding them is critical in order to
correctly model the ion population dynamics. Being a key factor in determining what
state the material resides in, CI and 3BR influence all material properties through
direct and indirect ways.

For example, the optical properties such as the opacity depend on the ion charge
state configuration [27,31]. In order to know the time-dependent opacity, the ionisa-
tion balance needs to be tracked over time.

Transport properties such as the thermal and electrical conductivity are even

inversely proportional to the collisional rates [23—-25]. For modelling these macroscopic

146



quantities, the collisional rates therefore also play an important role. This applies even
more to non-equillibrium states of WDM.

The equillibration process itself is even described by collisions, because CI and
3BR are efficient processes to transfer kinetic energy from the free electron popu-
lation into binding energy of the ions, and vice versa. Many plasmas created in a
laboratory environment do not reside in the regime of Local Thermodynamic Equi-
librium (LTE), because they are created through rapid heating or shock compression.
Inherently, these methods produce an unstable system that evolves rapidly over time.
Our success in modelling or interpreting experiments in the context of inertial con-
finement fusion [86] and in astrophysical plasmas [87] relies on our knowledge of
collisional frequencies in the plasma [34]. Provided we leave a WDM for enough time,
the collisional interactions will redistribute the energy between electrostatic potential
energy and kinetic energy in such a way that LTE is eventually achieved.

Yet another consequence of high-frequency electron-ion collisions involving X-ray
Free Electron Lasers (XFELs), but outside the field of plasma physics, can be found
in diffractive imaging techniques [88]. In these imaging techniques, bright XFEL light
sources are focussed onto single molecules for structural imaging. As a result of the
high intensity of light, the evolution of a sample is similar as that of targets in WDM
studies. The samples, often of interest to biology or chemistry studies, start off in
room-temperature conditions and end up as a hot plasma. This time, the collisional
processes taking place relate to the creation of electronic damage to the sample.

Many diffractive imaging techniques rely on the notion that we can obtain an im-
age before the sample is destroyed by the intense irradiation process [89,90]. Knowl-
edge of the collisional ionisation frequencies, the main driver of electronic damage in
bio-molecular imaging experiments, is critical to test this assumption. It also allows
one to quantify the rate of damage formation, which places a fundamental limit on
the highest attainable spatial resolution of the diffractive imaging technique.

With their roles in the population dynamics, transport properties, diffractive imag-
ing and equillibration processes, it can be stated that the rates of CI and 3BR are
fundamental state parameters. There are sufficient reasons to want to know the as-
sociated rates, but as the reader may have suspected, they are far from trivial to
measure. It is experimentally challenging to create a hot dense system with tunable
conditions, a requirement for any experiment to take place. Secondly, collisional pro-
cesses are fast and take place on femtosecond time scales in a solid-density plasma
system and any experimental effort used must be able to isolate the collisional rate

from other competing atomic transitions [29]. To add to the challenge, collisions
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in strongly coupled environments are no longer binary events, and instead have the
characteristics of a many-body interaction. This many-body effect means that the
reaction cross-section is radically different from the cross-sections found in isolated
atoms.

This chapter will explore experimental work in plasma systems created before
XFELs existed, with electron densities in the range of 10'® — 107 cm™3, as well as
after the advent of XFELs when electron densities as high as multiple times solid
density (~ 10** cm™3). The author will outline some LCLS experiments on CI rates
in solid-density magnesium plasmas in various conditions, and infer a cross-section
from the experimental data.

The material of choice will be magnesium, due to its simple atomic structure.
At the densities of interest, only two superconfiguration shells are bound (K and L
corresponding to n = 1,2) so the interaction can be modelled with all its supercon-
figuration rather than having to truncate the number of accessible states.

The data analysis largely leans on the non-LTE collisional-radiative codes SCFLY
(Fortran) and CCFLY (C++) introduced in Sections 1.1.4 and 3.2.1. For most pur-
poses in this chapter, there is no difference in the outcomes of these codes. CCFLY
completes any calculations significantly faster, but both codes work with the same
rate models and atomic input data. The only difference lies in the treatment of the
free electrons: it can be thermal (equillibrated to a Maxwell-Boltzmann (MB) distri-
bution), or non-thermal and compute the distribution dynamics with a Fokker-Planck
scheme outlined in Section 3.5.4. In the Fokker-Planck mode it is not yet possible
to compute an emission spectrum at the time of writing. This is no problem for
magnesium, as it turns out the distribution is close to thermal.

One of the main results from this chapter is the construction of a cross-section
model for CI in magnesium. It is made to be consistent with previously known cross-
section data obtained at electron densities in the range of 10'° — 10" cm =3, but scales
correctly to account for density effects up to inferred electron densities exceeding

10% em™3.

4.2 Cross-section models

Like all collisionally-induced transitions in atomic physics, the probability of an ion-
isation event occurring can be parametrised with the cross-section formalism. For
a recapitulation, the cross-section concept is introduced in Appendix B. The cross-

section for the inverse process 3BR is related to the CI cross-section through the
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microscopic reversibility relation Eq. 3.47. Thus by correctly modelling the ionisa-
tion cross-section as a function of energy, the recombination rate is also implicitly

obtained.

4.2.1 Theoretical models

A range of theoretical work has been done to compute cross-sections for low to mid-
Z materials [91]. Omne such class of models is the suite of scaled hydrogenic ap-
proaches [33,92]. The idea here is to obtain the cross-section for impact ionisation
of a hydrogen-like atom either through calculations or measurements, before scaling
the solution to that of the ion of interest with a different electron confguration. The
benefit of this technique is that results can be obtained for complex charge state con-
figurations for which direct calculations may not be feasible. A weakness is that the
accuracy of the cross-section depends on knowledge of the scaling behaviour.

A second set of theoretical models includes the distorted wave model [93-96]. This
approach requires a full quantum mechanical calculation to calculate the wave func-
tions of an incoming electron and the ion system with which it interacts. Collisional
cross-sections are then expressed in terms of the matrix elements connecting the ini-
tial electron population and initial ion, and the now increased number of electrons
and the final state of the ion after the collision. The calculations is cumbersome to
do and must be repeated for the many possible ion charge state configurations that
can occur, as well as the many spatial arrangements in which the ions can be found.

Lastly, there are the binary encounter models [75,97-99]. They are worth men-
tioning, despite having expressed concern over their applicability in the strongly cou-
pled regime. These models capture CI cross-sections by describing them as inelas-
tic Coulomb scattering effects from an incoming electron on a static atom. It is a
semi-classical approach that is amongst the oldest of CI models. What the binary
encounter, distorted wave and scaled hydrogenic models have in common is that they
require calculations to be repeated for each particular set of electron and ion param-
eters. As a result they thus become computationally intense when used in atomic
kinetics calculations when many ion states are present and the possible range of elec-
tron impact energies spans over many hundreds of eV.

This is the motivation to capture cross-sections in a parametric form as a function
of some ion parameters and an incoming electron energy. The overarching goal of
using this type of model is twofold. Firstly, the cross-section is a suitable way to
quantify experimental data so that it can be used to compute rates for a wide range

of electron temperature-density conditions. Secondly, parametric cross-sections can
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be rapidly evaluated in atomic kinetics codes. When the cross-sections are derived
from theory, a parametric fit is made to calculation results so the cross-sections can be
evaluated or interpolated more easily without re-running the often computationally

intense calculations.

4.2.2 Semi-empirical models

In addition to theoretical approaches, there are cross-section models drawn from
experimental data. One of the oldest and simplest cross-section models was proposed
by Lotz [72,77]. It is a semi-empirical formula that was inspired by data on singly-
ionised low-Z ions. For a sub-shell containing £ electrons, the Lotz cross-section is
given by:
010t (E OLotZZ@hl EIB) psp, (4.2)
I
where P; denotes the ionisation potential, and Cpo, = 4.5 x 107 cm2eV? for mag-
nesium. The summation runs across all occupied atomic sub-shells to add the con-
tributions of different shells. In order to calculate the CI rate for a given ion, all its
electrons must be considered and the total CI rate is obtained by summing up their
respective contributions. The Lotz cross-section has the characteristic logarithmic
tail also seen in the Bethe-Bloch stopping power formula [100].
As can be seen from Eq. 4.2, the cross-section rises steeply for the region around
the threshold. Any measurement error of what the reaction threshold is can signif-
icantly alter the rate. In order to smoothen the transition around the threshold,

Burgess and Chidichimo (BC) proposed a cross-section of the form [101,102]:

osc(E) = Oscwao&j EH n (E/P)" 701 B> P, (4.3)

where I is the Rydberg constant, ay the Bohr radius, C'gc a material constant that

is 2.3 for Mg, and 8 a smoothening parameter defined as:

1| /1002 +91\"
_ - o B 4.4
b 4 [( 4z+3 > ’ (4.4)
where z is the ionisation degree of the ion before ionisation occurs. The smooth-
ing effect is only appreciable for energies near the threshold, or for low charges, as
lim, ., 8(z) = 0 and S rapidly decays for increasing charge. Interestingly, Burgess

himself stated in the original paper that the model is deemed suitable for ionisation

levels 2 < z < 5, however, it is commonly used for higher ionisation states as well.
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The BC cross-section can be seen as a generalisation of the Lotz case, as the Lotz
cross-section is obtained (albeit with different constants) for the case f = 0. Due to

their simplicity, both models have become popular over the last 50 years.

4.2.3 Density scaling

A major challenge for any cross-section model is to accurately describe ionisation
probabilities for a wide range of electron densities. In dilute plasma systems (I' < 1)
where the kinetic energy of the electrons is much higher than their potential energy,
e.g. a very hot system, or one at a low density, the mean free path length of the elec-
trons is much larger than the charisteric macroscopic length scale of the plasma [54].
These systems can be approximated as being collisionless, indicating that collisions
are not the dominant effect determining the plasma’s dynamics. Other macroscopic
effects alter the plasma in more significant ways in this case. If a collisional event
does occur, it can be regarded as being a binary event without much loss of accuracy.

In contrast, in a dense system that is strongly coupled (I" ~ 1), collisions occur
in the form of many-body interactions. Some of the most significant density effects
that occur are screening, Pauli blocking and the lowering of the ionisation potential.
Two models for the Ionisation Potential Depression (IPD), from Modified Ecker-
Kroll (mEK) and Stewart and Pyatt (SP) are given by Eqgs. 3.13 and 3.14 and further
described in Section 3.4. Both models return the IPD as a function of electron density,
mean kinetic energy and the ion charge.

Zammit et al. showed that in strongly coupled plasmas, the cross-section rises
significantly around the threshold energy [103]. The method they used is a convergent
closely-coupled approach, an approach where the Schrodinger equation is expanded in
order to calculate the cross-section as a sum of reaction channel probabilities [104,105].
What becomes clear in the qualitative sense is that the coupling in electrons increases
the ionisation rate in a non-linear way. The physics behind this can be described by
reformulating the one-particle electron distribution into a higher-order distribution
that captures pair interactions or, alternatively, by modifying the cross-section so it
scales with the density effect. In the latter case the distribution function can be left
as it is, and the transition rates can still be computed with the same cross-section
framework. The cross-section, however, then needs to be considered a function of the
incoming energy and the surroundings of the ion.

Clark, Abdallah and Mann (CAM) constructed a cross-section from the distorted-
wave model in a dense plasma environment in order to parametrise the increased

cross-section in the near-threshold energy range. The many-body effects are entirely
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contained in the IPD, so that the model can be applied at any electron density. The
cross-section is written in parametric form so it can be readily evaluated at any desired

value for the impact energy or IPD:
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The effective ionisation potential PJ/ is the atomic potential corrected by the IPD.
The weights {c1,...,c9} are material and charge-independent coefficients given by
{1.5369, 0.99656, —0.61916, 2.4463, —2.4773, 3.2151, —1.4512,1.7230, —0.47075}. Pa-
rameters n and [ represent the principal and angular momentum quantum numbers

of the electron undergoing ionisation. The logarithmic term is similar to the Lotz and

/

BC models, and the linear and quadratic additions of the terms (1 — % describe

the screening that occurs at near-threshold energies. For super-configurations, the
cross-section can be averaged over all angular momentum quantum numbers [ with

the substitution:
(An+1)(n —1)

6n
into Eq. 4.5. This model, although it did not match our experimental data in its

[ —

(4.6)

original form, was the starting point of constructing a description that scales cross-
sections from the dilute into the solid-density regime. It turned out that the IPD
scaling of the Lotz, BC and CAM models was still insufficient and that the cross-
sections were in fact higher than any of these models predict.

For any cross-section model, it holds that once it is obtained from one either
theory or experiments, the CI or 3BR transition rates can be computed from the rate
integrals Eqs. 3.42 and 3.46.

4.3 Earlier experiments without X-ray FELs

Amongst earlier experimental efforts to measure impact ionisation rates were cross
beam experiments [106-108]. Two beams of interacting particles with a known flux
and beam shape would be directed through each other’s path, after which the rate

of ionisation can be inferred from the reaction products, as depicted in Fig. 4.1. If
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Figure 4.1: Schematic setup of a crossed beam experiment to measure collisional
ionisation cross-sections. A beam of electrons is fired through a beam of target atoms.
If an ionisation occurs, the ionised atom are deflected by an electric or magnetic field
onto a detector.

an ionisation event occurs in a target atom, its charge will change and it can be
deflected with an electric or magnetic field onto a detector. The detected current is
then linearly proportional to the ionisation rate. Crossed beam methods have as a
benefit that the impact energy can be tuned with a high resolution across a large
range by accelerating the electrons, but their use is restricted to lowly-charged ionic
charge states due to the cross-section decreasing with charge, and the difficulty of
producing sufficiently large ion beam currents [109]. Crossed beam methods also rely
on being able to collimate a beam in order to have a well-defined interaction volume.
If the beam diverges too much or the volume is ill-defined, the inferred cross-section
has a high measurement uncertainty.

An alternative group of methods that was developed around the same era are ion
trap techniques [110-112]. In this approach, a plasma of a material of choice is first
created and heated and compressed to the desired temperature and density, before
introducing the ions of interest. The introduced ions then go through successive stages
of ionisation until they equilibrate with the bulk plasma. As they advance through
increasing levels of ionisation, the ions emit line emission which is then tracked over
time. The collisional ionisation rate can be inferred by modeling the process with
a rate equation model of coupled differential equations. Ion trap methods allow for
measurements up to higher charge states, provided that the plasma conditions are

well-defined, and that the atomic transition of interest can be isolated from other
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competing processes [113]. Often that is not the case, as the contribution of multiple
sub-shells needs to be considered, and neglecting inner-shell contributions can lead
to errors of several tens of percents [110].

Though combining both methods can counter some of their shortcomings, what
remains is that both methods are limited to electron densities < 10" cm™ [114].
The inability of creating a well-defined plasma at higher electron densities puts a cap
on the range of conditions where CI rates can be studied. Until recently, collisional
models could not be tested experimentally with either method in the WDM density
conditions in which they are commonly deployed.

The cross beam and ion trap methods, combined with a range of other experimen-
tal setups, did lead to a vast collection of cross-section data in the electron density
range up to 107 ecm™3 [91]. This data is still useful to benchmark new cross-section

models against by testing their scaling behaviour across a large density range.

4.4 Experiments at LCLS

Measuring CI rates in dense plasmas poses many experimental challenges related to
the extremely short time scale on which they take place, and to the general difficulty
of creating a well-characterised dense plasma at or near LTE [29]. With the advent
of bright XFEL sources it is now possible to do just that due to their high peak
brightness and femtosecond pulse duration [22]. The idea is to create a dense plasma
in conditions where it is possible to isolate collisional processes from other competing
processes, and measure their rates through emission spectroscopy.

Experiments on the Linac Coherent Light Source (LCLS) [2] facility at the Stan-
ford Linear Accelerator Centre (SLAC) have shown that XFEL pulses are sufficiently
intense to heat samples placed in the focus of the beam to temperatures approaching
200 eV within a few tens of femtoseconds [18,40].

The short pulse length leads to a well defined mass density, as the ions in the
plasma remain relatively cold and cannot move more than a lattice spacing during
the pulse duration. The use of X-rays instead of optical wavelengths has the benefit
that it allows isochoric heating, resulting in small temperature and density gradients
in the direction of beam propagation. These factors together lay the foundation for
creating a well-defined, solid-density plasma that can be used to study collisional

rates.
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4.4.1 Experimental setup

The experiments presented here to measure collisional ionisation rates in a solid-
density magnesium plasma were conducted at the SXR beamline of LCLS. One of the
setups, the most succesful one, is presented in Fig. 4.2. The targets are coated with a
thin CH layer to prevent oxidation and target degradation. In order to create a stable
target, the magnesium layer is mounted onto a silicon substrate that plays no further
role in the experiment. A single shot of focussed X-rays heats the thin foil target and
ionises the magnesium to ever increasing ionisation degrees. The peak intensity of the
X-ray pulse is ~ 10" W em 2, sufficient to heat the sample to temperatures exceeding

100 eV. The photon energy is carefully tuned so that it lies below the K-edge for all

Continuum
) (&)
(€] @ (€]

CH coating
Mg nanofoil

325 um Si substrate

X-ray pulse ;
X-ray emission spectrometer

Figure 4.2: Experimental setup: a (54£2) nm thick Mg foil is irradiated by the
focussed X-ray pulse [30]. The sample is ionised to ever increasing charge states,
with an X-ray wavelength that is tuned to the bound-bound resonance in a 7% Mg
ion. When the ground state 7" ion is created, the X-ray pump resonantly excites a
1s — 2p transition, thereby creating a core-hole excited state. The excited state can
then decay through Auger recombination or K, emission. (€)2018 American Physical
Society.

but the 2% ground state of the ion states produced in this experiment and no direct
K-shell photo-ionisation occurs in the charge states of interest. The primary source
of ion states with a K-shell vacancy is the photo-induced K-to-L excitation in the
ground state of Mg”. The resonant nature of the photo-pump is key to constrain
the conditions in which a K-shell vacancy can be produced in the ion states.

At the start of the experiment, the pulse rapidly heats the target, and a combina-

tion of L-shell photoionisation and electron collisional L-shell ionisation burn through
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the charge states until the 7 ion with super-configuration K?L3 is reached (2 elec-
trons in K-shell, 3 in the L-shell). At this point, the X-ray pulse resonantly induces
a 1s — 2p transition and produces a core-hole population, as illustrated in Fig. 4.2.
In what follows we will index the charge state of the Mg ion via the K- and L-shell
populations [32,38].

The pulse emits approximately 10'2 photons in a narrow bandwidth of photon
energies that are carefully tuned to ionise the foil up to a chosen charge state, a state
that will vary depending on the experiment. While the electrons are well into the
strong-coupling WDM regime, the ions remain cold. The pulse has a Full Width
at Half Maximum (FWHM) duration of 60 fs, too far below the electron-phonon
coupling time to heat the ions, but sufficiently long to reach electron densities in the
range of 10%% — 10%**cm 3.

Time-integrated emission spectroscopy records the K-a emission from the foil
for each pulse. The emission spectrum records the presence of ion populations due
to their characteristic emission wavelength. This technique can capture population
dynamics even when it occurs on the femtosecond timescale. By tuning the XFEL
photon energy, it is possible to pump a pre-selected charge state and produce a state
analogous to population inversion. Selecting a particular charge state is the key
to being able to isolate the CI process from competing processes so that it can be
observed through emission spectroscopy. If we create a sizeable core-hole population
with configuration K'L* we can observe its characteristic emission line and that
of its neighbours. When we create said charge state, it will have a lifetime that
is primarily determined by the Auger lifetime (see Subsection 3.5.3). During this
time, the ion may undergo an additional ionisation or recombination event before
decaying as another charge state (K'L? for ionisation, K'L? for recombination). If
this happens, it will be noticeable through the emission spectrum as the other charge
state emit at different photon energies. Fig. 4.3 clarifies these reaction channels.

The condition for this experiment to be successful, is that only one core-hole
state can be created through the X-ray pump. This is made possible by the narrow
bandwidth of the photon energies, which is around 0.4 % at LCLS at a photon
energy of 1304 eV. The K-a energies for each charge state are approximately 30
eV apart so the X-ray pump needs to be tuned carefully so as to not accidentally
create an unwanted state. At a resonant transition, the efficiency of the pump also
decreases drastically if the excitation energy is not matched exactly by the photon

wavelength [37]. Provided the photon energy is tuned correctly, the intensity of the
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Figure 4.3: The X-ray pump resonantly excites a core-hole electron in Mg’*. This
creates the super-configuration K'L* which can then decay through spontaneous
emission or Auger decay. The subscripts on N denote the L-shell occupation. If the
core-hole state undergoes a collisional transition, it can decay as a different charge
state and be observed through spectroscopy.

emission lines surrounding the photo-pumped states contain information about the
collisional frequencies with the L-shell electrons.

In the extreme case where there was no collisional interaction at all, the pumped
state could only decay to its original ground state and no neighbouring emission
lines would be observed. In the other extreme where the collisional frequencies were
infinitely high, the core-hole states would be equipartitioned across all possible L-
shell occupation levels. In this case, the emission spectrum of L to K photo-emission
would be nearly uniform across all charge states'. The intensity ratio of neighbouring
emission lines is therefore a measure of the collisional rates, for ionisation towards
increasing charges, and recombination for lower charges. These principles of an Auger
clock where the natural life-time of excited ion states states is used as an intrinsic
clocking mechanism originate from femtochemistry [115].

The resonant X-ray pump is one method to isolate a charge state. It can be
used for all choices of L-shell occupation, although it is most suitable for the middle
states with occupation numbers between and including 3 and 6 so that there are
neighbouring emission lines next to the pumped transition. It is also possible to create
core-hole states with a non-resonant pump. In the non-resonant scheme, the X-ray

pulse can be set to photo-ionise up to a certain charge state that can be controlled by

'The emissivity would only vary with emitted photon wavelength and the emission rate.
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tuning the photon energy. This process is depicted in Fig. 4.4. With the non-resonant
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Figure 4.4: The multi-step reaction channel that produces core-hole states. The
FEL pulse induces a core-hole excitation in the Mg®* state. Before decaying through
Auger or radiative decay, the core-hole state can undergo L-shell collisional ionisation
or recombination. It then has a probability of decaying as another charge state.

X-ray pump, the charge state can be chosen by tuning the wavelength to its ionisation
threshold while accounting for IPD. This is more challenging as it requires knowledge
of the continuum lowering to be able to plan the experiment. When successful, this
type of experiment only yields information about states above the pumped state.

With both the resonant and non-resonant setup, the same ion transition can be
observed in different plasma conditions by changing the pumped state. For instance,
if we want to observe the 7T to 8" transition, the pumped state can be set to be
61 (single collisional transition), or 57 (requires a two collisional events), or even
4" (requires three collisions). The higher the charge state, the higher the density it
occurs at so this provides a method to measure the same transition rate in different
conditions.

It is advantageous that the collisional frequencies are on the same order of magni-
tude as the Auger lifetimes. This makes the Auger lifetime a natural clocking mech-
anism for the collisional rates. Secondly, the short duration of the core-hole lifetime
constrains the plasma conditions in which the collisional processes take place. We
can identify a temperature and density range associated with the transition processes
observed, making it easier to infer a cross-section from the data.

The target foils are chosen to be optically thin, in this case 54 4+ 2 nm; they
are much thinner than a typical absorption wavelength in the K-a energy range of

interest. Due to this feature, any longitudinal gradients of the electron number or
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energy density into the target are small. Furthermore, the intensity /; of any K-«
emission lines observed is linearly proportional to the population of the core-hole
state:

lim [;(v) :/5(Vj)Ldt (4.7)

k(v)L—0

7

_ hyjst¢;(”) / n;(t) dt, (4.8)

for a foil of thickness L, where k(v) denotes the frequency-dependent opacity and
£(v) the emissivity. The spontaneous emission rate (Einstein A coefficient) is given
by S; and the line profile, here taken to be a Voigt profile, is denoted by ¢;(v).

It is not possible to infer information about the cross-section if the emission line
intensities saturate in an optically-thick target. In that case, it is unknown what
the emitting ion populations have been. For a target in the intermediate optical
thickness range, detailed knowledge of the opacity is required. Opacity effects are not
sufficiently well understood at present to be modelled efficiently to take this approach.
Furthermore, optical thinness also reduces the longitudinal temperature, density and
population gradients in the direction of the X-ray pulse and leads to better-defined
plasma conditions.

The next subsections will cover the experimental data for the resonant and non-

resonant X-ray pump.

4.4.2 Above-edge X-ray pump

The experimentally recorded spectrum for a non-resonant X-ray pump are plotted
in Fig. 4.5 for a pump photon energy of 1440 eV. This X-ray energy can produce
core-hole states through photo-ionisation for Mg 77. Any emission lines above the
pumped lines are the result of impact ionisation events that took place with the
L-shell electrons of a core-hole excited state.

This spectrum provides evidence that CI events take place on a time scale that
is of comparable magnitude as the lifetime of a core-hole ion, which is set by Auger
decay. It is known that the Auger lifetimes are in the 1-10 fs range, so we can infer
that the CI per-atom rates must be between 10 — 10 Hz.

The line intensity decays rapidly for subsequent charge states that lie above the
pump, indicating this method is only suitable to detect up to two collisional transitions
at once. While multiple collisional interactions are taking place, the system is still
being heated further. Each subsequent ionisation event takes place at ever increasing

temperatures and densities.
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Figure 4.5: Non-resonantly pumped K-a emission spectrum for magnesium pumped
at 1440 eV. The numerals below each emission line denote the L-shell electron occu-
pation of the emitting ion state. The ion states with energies above the X-ray pump
are created through collisional ionisation.

A target thickness of 54 nm led to finding an optimum between signal to noise
ratio, and having a reasonably optically thin target. There was data available from
200nm and 500 nm thick foils, but unfortunately these targets are no longer optically
thin. Opacity measurements presented by Preston et al. made this clear after the
experiment discussed here had been conducted [28]. The same measurement, how-
ever, concluded that the maximum optical depth in the K-« spectral range is below
0.1, meaning the line intensities recorded here are linearly proportional to the ion
populations. The thinnest targets available were 20 nm, clearly optically thin, but
they had a poor signal to noise ratio. The emissivity scales linearly with the target
thickness and there was too little signal to detect.

It requires a full atomic kinetics calculation to infer more detailed knowledge of
the collisional processes and the conditions in which they take place. The conditions
determine the degree of continuum lowering, and it is only possible to draw conclusions
when the full time evolution of the sample is computed in a self-consistent way. This

will follow, after the discussion on resonantly pumped data.

4.4.3 Resonant X-ray pump

The same experimental campaign also yielded a resonantly pumped dataset for a 54
nm thick magnesium target. The XFEL wavelength was tuned to 1304 eV with a ~ 5
eV bandwidth that overlaps the K2L? — K'L* excitation. The emission spectrum
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recorded for this experiment is plotted in in Fig. 4.6. The data shows that the K'L*
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Figure 4.6: A resonantly pumped K-« emission spectrum of magnesium. Roman
numerals denote the charge of the corresponding ion state. The X-ray creates a
7t excited state that can undergo collisional ionisation and recombination before
it decays. The collisional interactions produce neighbouring charge states that are
observed.

population was indeed the second-highest core-hole excited state in the system, beaten
only by the cold K-o line marked with I11, emited by the K'L? super-configuration
state. This is understandable, as the cold K-« line is emitted by a larger surface
area of the target. The resonantly pumped transition can only be seen from target
regions where the X-ray pump was at a sufficiently high intensity, whereas K'L® can
be produced with any stray X-ray photon outside the hottest target region as well.
Due to slight jitter in the XFEL wavelength, the pump energy may have been high
enough to directly ionise core-hole electrons from the Mg3* state. It is not a concern,
because the transition of interest lies 4 charge states away.

The spectrum also proves that radiative excitation is an efficient mechanism to
create a population inversion of a chosen state. There is no other efficient mechanism
to create K'L* ions due to the XFEL photon energy being below the ionisation
thresholds.
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In addition to observing ionisation, a resonant pump also reveals the recombina-
tion dynamics towards lower charge states. Whereas the above-edge data is produced
over transient plasma conditions, the resonant pump reduces the spread in plasma
conditions. When the 71 core-hole excited state is created, the recombinations and
ionisations start off in the same conditions. The second collisional and recombination
interactions (line V and line IX) are still produced in a hotter and denser environment
than the pumped line, but the transient spread is cut in half.

Despite having a strongly transient plasma, the resonant pump makes it possible
to isolate a set of temperature-density conditions in which the measured collisional
interactions take place. Having a narrower spread in plasma conditions benefits the

data analysis, and improves the accuracy of the inferred cross-sections.

4.5 CCFLY atomic kinetics modelling

For the resonant and non-resonant datasets, a full atomic kinetics calculation is re-
quired to interpret the data beyond a simple order of magnitude estimate of the
collisional rates. The emission spectrum is composed by ionic charge state configura-
tions that evolve in transient plasma conditions, with varying degrees of continuum
lowering. CCFLY,, a collisional-radiative code designed for X-ray /plasma interactions,
is our tool to model the plasma evolution.

Major ingredients to correctly model the WDM evolution are knowledge of the
atomic level structure including continuum lowering, the energy density, encoding the
XFEL beam parameters and finally, the collisional cross-sections. When we compute
an emission spectrum with CCFLY, the cross-section can be used as an optimisation
parameter to match the experimentally measured spectrum to calculations. The code
can be used to compute an emission spectrum only in the thermal electron mode: with
the distribution function constrained to a Maxwellian profile. This is a limitation in
the code that will be addressed in the future, but at the time of writing it still exists.
Secondly, the computational time of a calculation in the non-thermal mode is a few
days, compared to a few seconds for the thermal mode.

Previous experimental work on creating solid-density plasmas [22], X-ray ab-
sorption measurements [17], continuum lowering [38], XFEL focal spot characterisa-
tion [116], resonant K-a spectroscopy [37] and K-shell opacities [28] all conglomerates
into this project on collisional measurements. A reaction cross-section can only be
inferred when the WDM sample is created in a reproducible, well-understood manner

that can be modelled with the collisional cross-section as the only relevant unknown.
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The work on absorption measurements is relevant for determining the energy
density in the sample. Owing to the saturable absorption experiments presented
by Rackstraw et al. the energy density in the focal region can be constrained [17].
The energy density is an input to simulations, and also puts a constraint on the
accessible range of charge state distributions and plasma conditions. These conditions
are subsequently the input for the IPD model that was benchmarked by Ciricosta et
al. on LCLS-created solid-density plasmas [32]. Without addressing the questions
about which IPD model is universally valid, there is IPD data available from samples
in similar conditions. Having the correct IPD is essential, as the ionisation thresholds
can be reduced by up to 50% for L-shell electrons in a dense environment.

Finally, the intensity profile of the XFEL in the focal region needs to be accounted
for. The center of the focal spot sees a much higher intensity than the edges and
will attain much higher temperatures and densities than other regions. CCFLY and
SCFLY are both zero-dimensional codes that have no intrinsic way to account for
target geometries. A method to overcome this problem is a focal-scan method, where
the beam profile in focus is recorded with imprint targets [116]. This reveals the
intensity distribution across the target surface. The target can then be divided in
different intensity zones. The total emission spectrum is then a weighted sum of all
intensity zones, the weights being given by the surface area S of each zone. A focal
spot profile is depicted in Fig. 4.7. The intensity is plotted against the enclosed surface
area in Fig. 4.7. For example, the enclosed area is zero in the center of the focal spot.
On the outside perimeter of the focal area, the enclosed surface area is high but the
intensity is low. The results of atomic-kinetics calculations are averaged through a
weighted sum with weights given by the product of the intensity and enclosed surface
area. This averaging process can be applied to any simulation output that has spatial
variation due to the varying intensity: the spectra, populations, transition rates,
temperature or density.

The spot profile is parameterised in the form of a super-Gaussian profile:

r - mew (- (5) ) rmen(-(2)). uo

with constants {Fy, 5, A1, As,n, m} that are measured from spot imprints before the
experiment. Eq. 4.9 describes the fluence scan plotted in Fig. 4.7. It can be sampled
at any desired point and generally a set of 10-50 simulations is sufficient to obtain
an accurate representation of the focal area of the XFEL. The calculations presented

are a weighted sum of 20 simulations to represent the focal spot.
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Figure 4.7: The measured intensity profile for an X-ray pulse from LCLS as a function
of enclosed surface area S. In circular focal spots, the enclosed area is proportional
to the squared distance from the focal spot center. The surface-weighted intensity
has a distinct maximum away from the optical axis.

All the building blocks are present to model the experiments shown in Subsec-
tions 4.4.3 and 4.4.2. For the three collisional models described in Eqgs. 4.2, 4.3 and
4.5, this results in emission spectra given in Fig. 4.8.

In the convention used here, the element symbols denote the number of electrons
present in each ion state. It can be seen from the calculated emission spectra that
the collisional rates predicted by the Lotz and BC models are far too low. When
the core-hole excited ions with configuration K'L* are created, the ionisation and
recombination rates are insufficient to populate neighbouring charge states to levels
observed experimentally. The line intensity ratios between the resonant transition line
and its neighbours are so far off that they indicate we overlooked a strong density
effect.

The CAM model performs better, but the experimental spectrum is only retrieved
by manually scaling up the cross-section by 50%. This causes an inconsistency with
data at low densities, but gives a good measure of what the collisional cross-section
should be in the dense regime. The observations so far call for constructing a model
with a stronger density scaling.

Retrieving the emission spectrum from simulations requires computing the correct

evolution of the ion states and the conditions they live in, so the emission spectra

164



— Experimental
—--CAM x 1.5

3000

CAM
. —--Lotz
= 2000 —--BC ]
fav]
Z
7
g
et
= 1000

1300 1320 1340
Energy, eV

1280

Figure 4.8: Calculated emission spectra compared to an experimental spectrum for
resonantly-pumped magnesium. The pump energy is centered around 1304 eV. Colli-
sional ionisation is modelled with the Lotz, Burgess-Chidichimo and Clark-Abdallah-
Mann cross-sections..

can take the role of the cost function for testing each collisional model. If any aspect
of the time evolution is modelled incorrectly, the spectra should show some level of
disagreement. The only problem observed so far, seems to be that the collisional
frequencies are not high enough. The shape of the calculated spectra is in good
agreement with the data, giving confidence that the atomic models are are correct in

the range of conditions they’re being applied in.

4.6 Inferred cross-section model

Before discussing the temperature and density conditions of the measurements, as well
as the non-resonantly pumped spectra, it is useful to formulate a more appropriate
collisional cross-section model. It can already be seen from the spectra in Fig. 4.8
that continuing with the same cross-section models is futile as the line intensity ratios
cannot be matched in the K-a emission spectrum. The spectra do give insight into
the magnitude of the collisional frequencies. It is a reasonable estimate to state that
the cross-sections are 50% larger than predicted by the CAM model and by estimating

the temperature and density from prior knowledge, we can infer a cross-section. The
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challenge that remains is to construct a model that produces this cross-section.

4.6.1 Cross-section formulation

The model introduced here, referred to as the Clark and Fontes (CF) cross-section in
what follows, uses a functional form similar to the CAM model but applies the IPD
scaling from the cross-section model introduced by Fontes, Sampson and Zhang [117].
This form also occured in a similar form in the BigBart code [118,119], but did not
have the correct coefficients to be in agreement with cross-sections both in the atomic
limit and with the magnesium data presented here.

Both problems can be addressed at once, by making the cross-section consistent
with impact ionisation data in the dilute limit first?. The correct scaling for high-
density cross-sections then naturally follows and it can be shown that this cross-
section does allow the spectra to be reproduced with CCFLY.

The cross-section form is given by:

a2 ¢ PJ/ cy+c3-l ,
UCF(E> = (Pj/—](;{)g XJ: R_éf |:(Cl + T) log (E/PJ) (4.10)
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As before, n and [ denote the principal and azimuthal quantum number, respectively.
The exponent r, = {2.20,1.90,1.73,1.65,1.60,1.56,1.54,1.52} was determined by
Fontes et al. for n = {1-7,> 8} [117]. Special attention should be paid to the
ionisation potential in Eq. 4.10. P]/ is the potential corrected by IPD and P; is the
potential for an isolated atom. The ratio of the IPD corrected- and atomic potential,
Ry, equals P]' /P;. In the atomic limit, PJ' = P; and Ry = 1. The coefficients
{c1,...,¢c9} are to be determined with data in the dilute limit and this will be done
now by examining the atomic cross-sections around the threshold potential.

In the limit E/ PJ/ — 1, where the kinetic energy of an incoming electron is only
slightly above the ionisation threshold, it is desirable that all cross-section models

give the same result for an isolated atom. Defining £ =1+ x for 0 < z < 1, the CF

2To within an uncertainty margin, as the atomic cross-sections differ by up to 50% amongst each
other.
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cross-section near threshold can be evaluated as:

lim oop = lim [C} 2 31log(1 + )
z—0

x—0
+C 1 L
4,5,6 14z
1

2
+ C 1—
7,8,9 < 1 l‘)

1
= Cha3 (e — ExQ) + Cusg (e —2°) + Crsg-2° 4+ O (2°)

where the convention below has been used to compress the coefficients:

Cit1 T+ G Cito

Ciit1i+2 = Ci + - (4.11)
Doing the same for the BC cross-section, we obtain:
: — : B/(1+x)
}BILI(I) opc = Cpe JICIE)I(I) (log(1 + z) log(1 + x)) (4.12)

— Cpe (a: - %xz) +0 (2% + 0 (zB).

Omitting the terms of O (z*) and above, or mixed terms of O (z3), both cross-sections
have a linear and quadratic contribution in the near-threshold regime.

By imposing that the CF and BC models are consistent near the threshold re-
gion for an isolated atom, the coefficients {c,...,c9} can be determined by rescaling
the groups C; ;4142 by constants. This way, the relative scaling w.r.t. principal
and azimuthal quantum number is preserved, but the overall magnitude is adjusted
to the experimental data. With this scaling in mind, the coefficients can now be set to
{c1-+-co} = {1.0633,0.6895, —0.4284,1.6925, —1.7140, 2.2244, —0.5020, 0.5961, —0.1629}.
Once again, they are formulated as charge- and material-independent fitting con-
stants. Any uncertainty present in the cross-section models at low densities translates

into uncertainty in the CF cross-section.

4.6.2 Emission spectrum benchmark

Computing the emission spectrum with the CF model, the line intensity ratios are
matched for all collisionally-populated states. This can be seen in Fig. 4.9 where all
the tested cross-section models are plotted.

The agreement between the experimental and calculated spectrum with the CF

cross-section indicates that this model correctly captures the ion population dynamics
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Figure 4.9: Experimental and simulated (with CF, CAM, Lotz and BC model) K,
emission spectrum resulting from resonantly driving the K2L3 — K!'L? transition
centered around 1304 eV [30]. After excitation the states relax through collisional
ionisation (up in charge) and three-body recombination (down in charge). The nu-
merals below each emission line denote the charge state of the emitting ion, III thus
indicating the cold K, line. (€)2018 American Physical Society.

and electron conditions. The rates are also sufficiently high to populate neighbouring
charge states. The cross-section itself can be inferred from the knowledge of the
IPD, energy density and rate that has been obtained so far. The cross-sections are
compared in Fig. 4.10.

Cross-sections in the atomic limit can differ by several tens of percents for Mg’
an uncertainty range that is not uncommon in WDM physics. The parametric models
are on the upper part of the range, with the Lotz and CAM cross-sections being the
furthest outliers. By construction, the CF model nearly overlaps with the BC cross-
section.

When the density is increased, the ionisation threshold for the K'L* state shifts
is reduced by nearly 100 eV and the cross-section magnitude is increased by several
factors. It is now when the differences between the parametric models are amplified.
Although the CAM model scales up more quickly, it attains its maximum at a similar
magnitude as the Lotz and BC cross-section. The CF model that was adjusted to
match isolated-atom data naturally scales up to conditions in which the IPD changes

the ionisation threshold by approximately 30%.
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Figure 4.10: Collisional ionisation cross-section for the K'L* (77) Mg ion [30]. The-
oretical and semi-empirical models predict similar cross-sections in the atomic limit.
Accounting for increasing density via IPD lowers the threshold and raises the cross-
section; here the CF model differs significantly from the Lotz and BC models. The
range of cross-sections consistent with our experimental results shown in Fig. 4.9 lies
within the shaded band. (€)2018 American Physical Society.

The IPD, temperature and density can all be modelled with CCFLY and it is
important to do this correctly in order to reproduce an emission spectrum. The next
Subsection will focus on the plasma conditions around the time of emission, as these

play a vital role in interpreting the data.

4.6.3 Plasma conditions

The experiment with the non-resonant X-ray pump is designed to constrain the
plasma conditions around the time of emission. This allows us to infer a cross-section
for the CI rate, as the continuum lowering, conditions, and Auger lifetimes are all
known and somewhat constant for the limited time window of interest. Note that
the ionisation rate does not depend on these model choices and other inputs. If the

choice for for instance the IPD model was different, the inferred cross-section would
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need to be changed as well in a way that the same collisional rate is observed.

The non-LTE CCFLY calculations give insight into the temperature and density
evolution so the initial hypothesis on well-constrained plasma conditions can be tested.
Extracting the ion population of the emitting state K'L* from the same calculations
that produce the emission spectrum in Fig. 4.9 together with the electron temperature
and density they occur in, we obtain the range of conditions in which the emission

spectrum is produced.
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Figure 4.11: Simulated evolution of the pumped K?L? (left) and K'L* (right) popula-
tions in temperature-density space [30]. Charge state populations are obtained from
CCFLY simulations using the CF model (Eq. 4.10) that match the experimental con-
ditions and are binned in a 2D temperature-density histogram across all points in
time and space. Both populations peak near the LTE conditions, represented by the
white dotted curve. (©)2018 American Physical Society.

The results of Fig. 4.11 are made for the resonantly-pumped dataset. The ground
state of the pumped transition (K?L3) is seen to be present in conditions close to
LTE, indicating that the ground state is well-equilibrated by collisional processes
in the plasma. The core-excited state (K'L*) retains much of this characteristic
but is shifted to slightly higher temperatures, as it takes some time to produce via
photo-pumping the ground state, during which the system heats. The importance
of this observation is that there exists a narrow temporal and spatial window of
emission for each charge state. Equivalently, there is a narrow band of temperature-
density conditions in which each charge state is found. The pumped state, 77 is
present predominantly at temperatures at 75 eV and at electron densities around
3x10% cm™3. Despite the rapid transient evolution of the plasma, the range of

temperatures and densities associated with our measurement is small.
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A comparison of the population magnitude shows that the resonant pump is effi-
cient, exciting roughly half of the ground state ions. This explains the line intensity

on-resonance, which is good for the signal to noise ratio.

4.7 Non-equilibrium electron behaviour

In the discussion about collisional rates and plasma conditions, the electron tempera-
ture plays a central role. Formally, it would be more appropriate to speak about a dis-
tribution until it has been demonstrated that the distribution is close to a Maxwellian.
With the Fokker-Planck scheme discussed in Chapter 3, it can be investigated whether
this is indeed the case.

With the newly constructed electron module, the author ran a CCFLY simulation
with the following inputs summarised in Table 4.1. It is a calculation for magnesium
that uses the cross-section model presented earlier in Section 4.6. All other parameters

are similar to the simulations of the dataset of the resonantly-pumped target. Rather

CCFLY settings
Parameter Value
Material magnesium
FWHM pulse length 60 fs
Central photon energy || 1304 eV

Peak intensity 8.6x10' Wem ™2

Bandwidth 0.4%

Collisional model Clark-Fontes

Initial condition Room temperature solid
density, temperature

Runtime 90 fs

# energy grid points 60

Table 4.1: The simulation settings used in the non-thermal electron calculation in
CCFLY.

than averaging over 20 simulations to model the focal spot profile, a single calculation
is examined here with the peak laser intensity set to 80% of the peak intensity in the
experiment (8.6 x 10 Wem™2). This is due to the runtime of approximately two
weeks per simulation for a 150 fs runtime. The emitting target zone that is irradiated
at 80% of the peak intensity is most representative for the emitted spectrum. The
evolution of the sample is as expected; it heats up and undergoes atomic transitions.

The distribution function of the electrons is plotted in Fig. 4.12 for times between 0
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and 90 fs after the laser begins to irradiate the target. This Chapter has been written
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Figure 4.12: Simulated electron distributions of XFEL-irradiated magnesium. The
sample heats up during irradiation, and the distribution maintains a near-Maxwellian
profile.

before much of the work on the Fokker-Planck equation had been completed. The
assumption of having a thermal electron distribution is relatively accurate and the
author would like to include some preliminary work that was used to validate this
assumption. The key result was that the distribution appears near-thermal at all
times, and not much accuracy is lost by adopting its analytical form into the rate
equations.

Despite some artefacts, Fig. 4.12 shows that there are no persisting high-energy
electrons that distort the distribution into a non-Maxwellian profile. This finding
is the key justification for using a Maxwellian-constrained distribution function in
this chapter. Magnesium and other low-Z materials can be modelled well with a
Maxwellian distribution function, a finding that is supported by calculations done
with the BigBart code [34,119]. The authors of the BigBart code also participated
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in the data analysis published in the experiment with the resonant XFEL pump that
was presented earlier.

Other benefits, though not a justification, for using an imposed Maxwellian profile
are that the runtime of calculations is multiple orders of magnitude longer when the
full Fokker-Planck calculation is used. Evaluating the collision operator Eq. 3.71 adds
significantly to the run time and extends them from minutes to weeks. The code is
currently also not yet equipped to compute emission spectra, which is the key part of
matching calculations to the experiment. Also this will change in due course, when

the code modules are being fully integrated with the spectral calculations.

4.8 Non-resonant benchmarks

Having obtained a cross-section model obtained from the resonantly-pumped emis-
sion spectra, it would be interesting to see how this model performs on other datasets.
There is data available for non-resonantly pumped magnesium for a few different pho-
ton energies, and this section will demonstrate the spectra and conditions associated
for two different a non-resonant pump energies that ionise up to different ionisation
levels. The difference is that rather than exciting a K-shell electron to the L-shell,
the pump ionises them into the continuum. The conditions during emission are more
transient as there is less control over when an emitting charge state is produced, as

we will see.

4.8.1 Photo-pump at 1364 eV

The first dataset was produced with an XFEL photon energy of 1364 eV. This is
sufficient to photo-ionise magnesium atoms with charge states up to 5%, which causes
a bright emission spectrum up to line V. Any lines at higher energies have been
populated by collisional events of the core-hole ionised states. The emission spectrum
produced for this experiment, averaged over 100 laser shots, is plotted in Fig. 4.13.
Line III, the cold K-« line, is not given much importance as the majority of
the emitting region remains cold and does not evolve. The peak is cropped out for
visualisation reasons alone, and lies a factor of 10 above the intensity of line IV. The
relative line ratios between line IV and V approximately match between simulation
and experiment. The lack of height is compensated by a slight difference in line width,
thereby reaching a comparable line intensity. The core-hole ionised populations are

modelled in the same way as the experimental data shows.
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Figure 4.13: An emission spectrum of non-resonantly pumped magnesium at a photon
energy of 1364 eV. This ionises up to a charge of 5, with any higher charge states
created through collisional ionisation of the core-hole ionised states.

The collisional process that creates core-hole ionised Mg®* with super-configuration
K1'L? can be modelled with the same cross-section as the resonant case, Eq. 4.10. The
magnitude of line VII is larger in the experiment, indicating that something has been
overlooked in the simulations. This can be a drift in plasma conditions, as the system
evolves over a broader range of conditions during the time of emission. To say more
about the plasma conditions, let us examine what they are for the ground state and
core-hole ionised populations of Mg®* in Fig. 4.14.

Both states are formed earlier than desired at temperatures below the tempera-
tures associated with LTE. This is the effect of the powerful X-ray pump early in the
interaction process, as charge state 5T is a relatively low ionisation degree compared
to what can be achieved with XFEL capabilities. The laser energy is deposited so
quickly that for this state, the system has not had enough time to redistribute this
energy through Auger decay and subsequent collisional processes to establish an LTE
temperature and density.

Besides creating the ion states in conditions further removed from LTE, the spread
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Figure 4.14: Plasma conditions associated at the time when Mg®" states are created
in photo-pumped magnesium. It can be seen that the creation of both the ground-
and excited state are driven by the X-ray pump and not predominantly by collisions.

in conditions is also larger than for the resonant case. The typical density that both
states are found in lies around 2.1x10% cm ™ with 15% spread in both directions.
The spread in conditions can be explained by the observation that the creation
of ions with super-configuration K'LS can follow many pathways. There can be any
combination of photo-induced and collisional ionisation on all charge states below the
pump that leads up to the pumped charge state. Any expansion in the number of
reaction channels increases the time window of emission, thereby leading to a wider

window in temperature-density conditions.

4.8.2 Photo-pump at 1440 eV

A similar case as for 1364 eV can be examined for an X-ray pump energy centered
around 1440 eV. This pump is tuned to photo-ionise magnesium ions up to charge
state 71, the same state used for the resonant case and therefore the most interesting
dataset to compare. Contrary to the resonant case, only ionisation effects can be
detected. Any recombination events of the photo-pumped state blur in with the
many reactions taking place in states that can be photo-pumped. This would appear

to make a photo-pump above the ionisation edge to be a worse way of conducting an
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experiment. Perhaps it is, when there is little prior knowledge of the cross-section,
but it does provide a way to examine the IPD scaling of said cross-section across a
range of plasma conditions. After all, the emitting state exists in a broader range of
conditions.

The calculated and measured emission spectrum are plotted in Fig. 4.15.
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Figure 4.15: An emission spectrum of non-resonantly pumped magnesium at a photon
energy of 1440 eV. This ionises up to a charge of 7, with any higher charge states
created through collisional ionisation of the core-hole ionised states.

The spectra are scaled to match each other’s intensity at line VII. There are ~ 25%
discrepancies in the line intensities of line V and VI below the pump, indicating that
the evolution of the system towards the pumped charge state is different from what
the models would predict. This could be caused by collisional transitions between
configuration K'LS, K'L® and K'L* happening at higher rates than expected. If
this is true, then the IPD scaling reaches the correct magnitude eventually but does
not scale up fast enough.

If the discrepancies cannot be explained by collisions, the differences must be
caused by the photo-ionisation rates. For the resonant pump, the main criterion to

be able to model the experiment is that there is an efficient pump of some kind, and
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its magnitude can always be corrected for with a scalar factor. In the non-resonant
case, detailed knowledge of the photo-ionisation process is required in combination
with the collisional dynamics in order to model the emission lines below the ionisation
edge. Furthermore, the full evolution of IPD must also be part of the calculations.
If any of the three quantities is different in the experiment, it manifests itself in the
intensity discrepancies observed here.

Above the ionisation edge, the emission lines are still exclusively caused by impact
ionisation. The intensity ratio between lines VII and VIII are in agreement between
simulation and experiment. The intensity of line IX line, the line caused by decay of
charge state K'L?, is underestimated in simulations. This state is produced as a result
of two ionisation events of the core-hole ionised state. It requires a hot, dense plasma
to facilitate this process. It may be that in the simulations, the temperature-density
evolution is not fast enough as compared with the experiment. Another possible cause
for the discrepancy is the spatial profile of the emitting target zone. Only the hottest
regions of the target can facilitate multiple collisional events in the core-hole ionised
state. In this case, the method to model spot profile geometry is more prone to error
as the emissivity of the target rapidly decays further away from the focal point of the
X-ray pump.

Finally, the conditions around the time of emission are displayed in Fig. 4.16.

Compared to Mg®*, the ground- and excited-state populations live in conditions
much closer to LTE. The associated temperatures and densities are higher as ex-
pected. This state is created later in time than the previous case, and due to the ion
populations living in conditions closer to LTE, the conclusion can be drawn that they
are predominantly created by collisional events. The creation of these charge states
is not driven by the laser as much as was the case for the Mg®™ populations.

The spread in temperature and density is still present, and larger than it was for
the resonant case. It still holds that for the higher charge state examined here, the

ion populations are closer to LTE.

4.9 Pump-probe proposal

The dataset of the resonantly-pumped target was produced with a single shot of X-
rays. The XFEL acted simultaneously as the pump and probe, driving the heating
process and producing a useful signal for the diagnostics. Provided there is a mecha-
nism to heat a material, for instance an optical or another X-ray laser, an XFEL could

in principle also act as a probe. This section will showcase some calculations as to
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Figure 4.16: Plasma conditions associated at the time when Mg’ states are created
in photo-pumped magnesium. It can be seen that the creation of both the ground-
and excited state are driven by the X-ray pump but reside closer to LTE conditions.

what the emission spectrum would be if a sample was brought to specific charge state
at its LTE temperature, and then struck with a weak resonant probe that excites a
K-shell electron to the L-shell. The ionisation level determines the electron density
through the quasi-neutrality constraint, and the LTE temperature follows from the
Saha equation Eq. 1.4.

The X-ray probe is set to 1% of the peak intensity, enough to produce a detectable
signal but not strong enough to alter the temperature. The resulting spectra for these
calculations are plotted in Fig. 4.17.

The spectra have some resemblance of the resonantly-pumped data in Fig. 4.9 as
the brightest emission line is still centered on the probe energy. For each state, some
emission lines around the probe can be observed and as before, lines at lower energies
are caused by recombinaton and lines at higher energies follow from ionisation events
in the excited state ions.

A resonant X-ray probe is so efficient in producing population inversion when an
ion state is present, that it can be used to probe the existence of a population at a
specific point in time by applying a variable pump-probe delay. Probing for a state
with a variable time delay, the time- and spectrally integrated signal becomes a mea-

sure of the ion population at a point in time. It is therefore a possibility to measure
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Figure 4.17: Simulated pump-probe experiments with a resonant probe on solid-
density magnesium for charge states 37 — 9%. The material is brought to its LTE
temperature with the density determined by the ionisation, before being probed with
a resonantly-tuned XFEL.

the time-resolved charge state populations through time-integrated spectroscopy if a
pump-probe system is available.

An interesting feature occurs in the spectrum probed at lines VI, VII and VIII,
the cases that would be expected to match the experimental dataset. Rather than
observing symmetric spectra, the emission lines created after recombination events
(to the left) are brighter than the lines caused by ionisation. On closer inspection, it
turned out that the electron temperature of these calculations was initialised slightly
below the LTE temperature. This was not originally intended but reveals behaviour
that adds diagnostic capabilities to this technique.

Because the temperature was too low to be in LTE, some way must be found
to either increase the temperature or lower the density in order to re-establish LTE.
Collisional recombination is the atomic process that achieves both these things simul-
taneously, so the system favoured recombination over ionisation, causing the emission
spectrum to skew towards lower energies. This natural tendency towards equilibrium

makes a pump-probe scheme a tool to obtain time-resolved measurements of the
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Table 4.2: Simulation settings of the temperature scan in pump-probe Mg spectra.

Parameter value/unit
Material magnesium
FWHM pulse length 20 fs

Central photon energy 1304 eV

Peak intensity 2.0x10" Wem ™
Bandwidth 0.4%
Collisional model Clark-Fontes
Initial charge state 7+, K2L3
Electron density 3.0 x 102 cm ™3
Runtime 150 fs
Temperature 50-105 eV

Focal scan # grid points 10

temperature and density, again through time-integrated spectroscopy.

If the population exists in LTE when it is probed, the spectrum should be symmet-
ric after accounting for the emissivity of each excited state. The direction and degree
of skewing are a measure of the temperature and density. This principle has been
tested by running pump-probe CCFLY calculations with a short, weak X-ray pulse.
The set of fixed parameters is summarised in Table 4.2, with a varying temperature.
At a density determined by the charge state, the temperature dictates whether the
ion populations live in LTE conditions or not and whether the system would favour
ionisation or recombination in order to equilibrate. The X-ray pulse acts as a probe
only, being bright enough to produce an emission spectrum but not containing enough
energy to heat the target. For a range of electron temperatures between 50 and 105
eV, the emission spectrum was computed and plotted in Fig. 4.18 for temperature
steps of 10 eV. All calculations are initialised for a magnesium system with a mean
charge (z) = 7 and an electron density n. = (z)n; = 3.0 x 10*>cm™3, for a range of
temperatures. Depending on whether the temperature is below or above the corre-
sponding LTE temperature at this density, the core-hole excited states experience a
different ratio of ionisation and recombination events. A system that is too cold to
be in LTE tends to favour recombination, as this lowers the density and increases the
temperature. A system that is too hot can equilibrate itself with a positive ionisation
balance, as this does the opposite.

As the system naturally equilibrates, the ratio of recombination-produced lines
(below the probe energy) compared with ionisation-produced lines (above the probe
energy) is a measure of the electron temperature. For a probe photon energy of
hv, = 1304eV, the ratio R(T') of integrated spectra below and above the probe
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Temperature-sensitive emission spectroscopy
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Figure 4.18: Simulated pump-probe spectra produced at different electron temper-
atures. A 7t Mg system is resonantly pumped at 1304 eV. Depending on whether
the temperature is above or below its LTE temperature at fixed density, the system
favours recombination over ionisation. This manifests itself as a skew in the spectra.

energy is defined as:
hl/p v
Jor & %;h ) d(h )

and this ratio is plotted in Fig. 4.19. This curve was computed with a temperature

R(T) = (4.13)

step size of 5 eV and appears to be almost linear across a temperature range of 50 eV.
As long as the ratio of the Auger rate w.r.t. the radiative decay rate is approximately
constant for all configurations that emit in the integration bounds, Eq. 4.13 describes
how many probed ions underwent a recombination event as compared to an ionisation
interaction. It is then irrelevant whether any, or multiple secondary collisions followed
as ultimately, the state with a core-hole vacancy will decay and emit one photon. The
factor hv corrects for variations in the photon energy. The ratio of the integrated
spectra above and below the resonant probe increases monotonically with electron
temperature, making it a suitable probe. A calibration can be inferred from these

calculations, or it can be used as a relative temperature measurement.
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Figure 4.19: The ratio of recombination-produced against ionisation-produced spec-
tral lines in calculated pump-probe spectra at different temperatures according to
Eq. 4.13.

Calibrations can in principle also be derived by decomposing the emission spectra
into a charge-resolved spectrum and correcting each line intensity for the core-hole
lifetimes and photon energy, according to Eq. 4.8. This way, the time-integrated pop-
ulations that produced each emission line can be computed. With knowledge of the
populations, a temperature can be inferred by considering the detailed balance rela-
tions Eq. 3.52 between collisional ionisation and recombination. A derived calibration
requires more knowledge about the state of the electron distribution and IPD.

Rather than fixing the density and varying the temperature, there is no objection
to exchanging these variables and scanning over the density. The system will still
attempt to equilibrate, leading to the same behaviour.

The experiment benefits from using a pulse length as short as possible, as it
increases the temporal resolution of the temperature measurement. Furthermore, it
is essential that there is uniquely identifiable bound-bound transition that can be
associated with a same charge state across a range of conditions and does not overlap

with any other spectral range of interest. This may not be as challenging for a two-
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shell atom such as magnesium, but may pose more difficulty with heavier atoms that
have 3 or 4 bound shells. Use of a resonant probe ensures more stability of the probe
energy across a range of conditions. A bound-free probe would need to be adjusted
for IPD, opening the door to an IPD measurement when the temperature and density
are verified through a bound-bound probe.

Understanding the collisional interactions, we can infer a time-resolved tempera-
ture. Vice versa, if we know the temperature evolution, we can also conduct measure-
ments on collisional rates at different temperatures without experiencing the draw-
backs of heavily transient conditions.

Another possibility of this proposed setup, is to verify the IPD scaling of the
cross-section introduced in Section 4.6. With single-shot data, the model can only
be put to the test in conditions that the probed state lives in. The emitting charge
state and the conditions it lives in cannot be tuned independently with a single shot
in any trivial way. Data from the scaling across the density range that WDM evolves
in could be used to refine the scaling dynamics further. The discrepancies between
calculated and measured emision spectra for the non-resonantly pumped magnesium,
with samples that emit during more transient conditions, indicate that it can be

valuable to scan the scaling on a more refined density grid.

4.10 Conclusions

Collisional ionisation and recombination processes are some of the key processes that
occur within dense plasmas. They are responsible for governing the charge state
distribution, the redistribution of thermal and electrostatic potential energy in the
plasma system and even influence transport and thermodynamic properties. This
chapter discusses some early and more recent experimental methods to measure and
parametrise collisional rates through cross-section models.

Collisional rates could be measured long before the advent of X-ray free-electron
lasers, but only up to electron densities up to 10! cm~3. In this regime, the electrons
are weakly interacting and collisions can be described as binary events. Cross-sections
to model the probability of ionisation events occurring, can be simply inferred from
the particle densities and ionisation rates.

In a hot dense system with electron densities beyond solid density, this behaviour
changes fundamentally and the electrons are strongly coupled. The collisional rates in
dense conditions are found to be higher than expected. The leading causes for this are

density effects such as continuum lowering which lowers the ionisation threshold, and
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plasma screening, which significantly enhances the cross-section near the ionisation
threshold. It is the subject of this chapter to present a cross-section model that was
validated on experimental data to describe the density-dependence of the collisional
rates.

The experiments discussed here use a bright burst of near-monochromatic X-rays
generated at the Linac Coherent Light Source to create a solid-density plasma. Ions
in a hot dense system created through this method live in conditions close to local
thermodynamic equillibrium, despite experiencing a rapid evolution on the femtosec-
ond timescale. Furthermore, the sample is optically thin, meaning that the intensity
of all observed spectral lines is directly proportional to the emitting charge state
population.

The X-ray laser selectively excites (resonant process) or ionises (non-resonant)
a K-shell electron of a predetermined charge state. The radiative decay process is
observed through emission spectroscopy. Collisional interactions can alter the elec-
tronic configuration of the core-hole state ion before its decay, leading to the creation
of spectral lines that cannot be produced through any other pathway. The intensity
of these lines is proportional to the collisional rates and acts as a benchmark for the
cross-section models.

The author compares experimental to simulated spectra for various rate models,
and concludes that the popular rate models constructed by Lotz [72] and Burgess and
Chidichimo [102] underestimate the rates by a factor 2-4 for a solid-density magnesium
plasma. Continuum lowering is the primary cause of this discrepancy. The cross-
section model proposed by the author in Ref. [30] is consistent with widely available
experimental data at densities in the range of 10'® — 10" cm ™2, as well as at up to
three times solid density in the experiments presented.

For non-resonantly pumped magnesium, there are discrepancies between the sim-
ulated and experimental spectra on lines below the pumped transition. This indicates
that the population dynamics could be more complex than the way they are mod-
elled, which may be caused by the large number of reaction channels composed of
radiative and collisional transitions that produce the below-edge core-hole ionised
states. Alternatively, the recombination rate may be affected by a transient differen-
tial cross-section as the range of plasma conditions, and therefore the inter-electron
coupling, change during the X-ray pulse. No solution has been found yet to resolve
these discrepancies.

The temperature and density conditions are broader for the non-resonantly pumped

data. Emitting ion states still reside in conditions reasonably close to LTE, and more
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so for the higher charge states that are created later in time. The Mg®* states that are
created earlier during the irradiation show the effects of being photo-pumped, as they
come into existence at a temperature lower than where they would normally be ex-
pected. This is evidence that they are in part produced through radiative transitions,
rather than primarily through collisions. The Mg’ states live in transient condi-
tions more closely removed from LTE, indicating they are largely created through
collisional interactions before the ground state is photo-ionised.

The observed faster rates of collisional ionisation are beneficial for attaining local
thermodynamic equillibrium conditions in rapidly evolving, non-equilibrium plasma
systems. The higher cross-sections at high electron densities can have consequences
as transport properties such as the thermal and electric conductivity. The electron
distribution function remains near-Maxwellian at all times.

More efficient collisional dynamics negatively affect the ability to use X-ray free-
electron lasers for coherent diffraction imaging applications, as they can further limit
the timescales before the onset of observable electron damage. This can restrict
the spatial resolution in imaging applications used to study non-periodic nano-scale

samples, such as viruses [120] or disordered crystals [121].
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Chapter 5

Conclusions
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I have presented the theoretical and computational background surrounding an
expansion that I made to the capabilities of our collisional-radiative code CCFLY.
With the newly implemented code module it can now describe non-equilibrium ion and
electron behaviour in a solid-density plasma that is subjected to a high intensity of X-
rays. The code simulates the evolution of a plasma by tracking its super-configuration
ion populations over time and self-consistently computes the electron distribution
function. It can be used to gain insight into the ion transition dynamics, plasma
conditions and optical properties.

The experimental section of this thesis describes the measurement of the collisional
ionisation rates in a solid-density magnesium plasma. The experiment makes use of a
powerful X-ray free electron laser both to produce and probe the sample, and obtain a
spectroscopic measurement of the rate and plasma conditions. This is the first direct
measurement of the ionisation rate in the strongly-coupled regime where the rates are

significantly enhanced by density effects such as ionisation potential depression.

Summary

Collisional-radiative models can be applied to compute the time-evolution of dense
plasmas by solving a coupled system of multi-level atomic rate equations self-consistently
with a radiation field. Our research group makes extensive use of the collisional-
radiative code SCFLY (Fortran-77) and its successor CCFLY (C++) in modelling and
analyse experimental data that relates to physical quantities in low-Z dense plasmas:
ion transition rates, the degree of ionisation potential depression and radiative prop-
erties. The code is able to deal with non-LTE behaviour in the ion populations and
historically assumed that the electron distribution function has a Maxwell-Boltzmann
profile at all times.

In situations in which materials are subjected to hard X-rays that produced ener-
getic photo-electrons, the assumption of having a thermal electron distribution breaks
down. Such energetic electrons need time to give off their energy through collisional
interactions with other electrons and ions before they equilibrate back into the ther-
mal bulk of the free-electron population. This process happens sufficiently quickly in
low-7Z plasmas irradiated with soft X-rays, and can require too much time in the hard
X-ray regime to assume an instantaneous thermalisation electron model.

The electron distribution function has been generalised so that it can take on
any arbitrary form on a pre-defined electron energy grid. A generalised distribution

function adds additional degrees of freedom to the system and replaces existing model
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parameters such as the electron temperature and density. Its time-evolution has been
modelled by using the Fokker-Planck equation. This integro-differential equation
contains collisional operators for all types of elastic and inelastic interactions that
can occur between the electrons, ions and photons in a warm dense system. The set
of inelastic operators describes the transfer of electrons between the bound and free-
electron population, as well as the energy transfer between ion electrostatic potential,
the radiation field and the thermal energy held by the free-electron population.

Additionally, the elastic operators describe equilibration behaviour of the distri-
bution function. In a closed system of a constant volume, the electron distribution of
a warm dense system will equilibrate to a Maxwell-Boltzmann profile. Each operator
adds, removes or displaces groups of electrons in energy-space as the time-evolution
of the distribution is computed. They do so while intrinsically observing the same
conservation laws on energy and density as the physical processes that they repre-
sent. By constructing a conservative numerical scheme for the electron distribution
and fully integrating this with the atomic-kinetics code, it implicitly contains a self-
consistent density and energy calculation that is analogous to the previously-used
self-consistent collisional-radiative models that relied on the assumption of having
a thermal electron distribution. All ion transition rate models and methods have
been validated in known conditions by imposing an analytical and discrete thermal
distribution to verify the accuracy of the transition rate calculations as well as the
conservative properties.

The experimental section of this thesis describes a series of collisional ionisation
frequency measurements in a solid-density magnesium plasma. These collisional rates
are significantly enhanced in a solid-density system, primarily as a result of ionisation
potential depression. The abundance of data available on collisional cross-sections was
only valid for electron densities of up to < 10" cm=3.

X-ray free electron lasers make it possible to perform spectroscopic ionisation rate
measurements at solid-density. The presented experiments operate by photo-pumping
a core-vacancy in a pre-selected charge state, and observing its radiative decay pho-
tons through emission spectroscopy. Whenever neighbouring excited charge states are
populated through collisional interactions of the photo-pumped core-hole ion state,
they manifest themselves in the form of emission lines. By observing the emission
lines of states that an only be created through the sequence of photo-excitation or
ionisation followed by a collisional interaction, the collisional frequencies can be mea-

sured from emission line intensity ratios.
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The experiment leans on the use of an optically-thin yet solid-density plasma with
a known energy density degree of continuum lowering. The data is accompanied by
a newly-constructed parametric cross-section model that is consistent with the data

3

presented in the electron density range of up to 3.0 x 10%* cm™3, as well as with data

observed in the lower density range through other experiments.

Future work

Much of the work presented in this thesis was built onto the results achieved by the
work of researchers who came before me. I hope my modest contribution can assist
in facilitating future research and I will give some suggestions on research questions,
as well as shortcomings in the numerical schemes that can be addressed by the next
round of researchers.

The plasmas discussed in this work are in the solid-density range and are therefore
in the strongly-coupled regime. This gives rise to a variety of density effects and causes
all collisional interactions to become a quantum many-body interaction. This is not
yet represented in any of the ion transition rate calculations which are conducted as
if each interaction is a binary effect. There is also experimental evidence that the
transition rates of both bound-bound and bound-free rates are affected in a non-linear
way that cannot be adequately described by continuum lowering alone.

To unite experimental data with the parametric cross-section formalism, the cross-
sections themselves are scaled to obtain the correct rate. This viewpoint suggests that
the ion is the primary object of change, when in fact it is the change in behaviour
of the free-electron population that affects the rate. The Fokker-Planck scheme gives
the opportunity to model how electrons of different energies interact with the ions
in their proximity. Rather than scaling the cross-section as a function of lonisation
Potential Depression (IPD), it seems more appropriate to only account for the shift
in energy and recover the scaling behaviour from the many-body nature of the col-
lisional interactions. The Fokker-Planck scheme provides a framework that can be
used to investigate how electrons of multiple energies can collectively induce collisional
transitions. A first step has been made in this work by implementing a differential
cross-section for, when adopting a classical viewpoint, the two incident electrons
of a Three-Body Recombination (3BR) process. In a many-body interaction, there
is no principal reason why only two incident particles should be considered. The

Fokker-Planck numerical scheme can be modified to give insights into the nature of
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many-body collisional processes, as well as the energy-dependent coupling between
the electrons.

Another trait that the Fokker-Planck operator has inherited from classical plasma
theory is the Coulomb logarithm. It appears in the elastic collision operator that
describes elastic electron-electron interactions. In a strongly-coupled system, the
numerical value and interpretation of the Coulomb logarithm is troublesome. It is
worth clarifying how to interpret its physical meaning in plasma conditions where a
Debye sphere is populated with fewer than one electron. In experimental studies, it
may be of use to treat the Coulomb logarithm as a free model parameter rather than
using empirical fit formulas to give it some value.

At the time of writing, the Fokker-Planck scheme can be used to compute the evo-
lution of a super-configuration ion system and an arbitrary electron distribution. It it
not yet possible to compute a time-integrated spectrum for the full set of ion popula-
tions. Particularly the bound-free emission is expected to be of interest, as it provides
a mechanism to detect the presence of energetic non-thermal electrons. Section 3.5.5
lays out a method to compute the bound-free emissivity that has been implemented
in CCFLY. Adding an opacity calculation, as well as bound-bound contributions to
the spectrum would make the code a powerful research tool.

In addition to analysing experimental data where energetic electrons were directly
injected, the code can then also be applied to materials that have been irradiated with
hard X-rays. Having a spectral calculation allows for comparison with experimental
data.

In the possible interactions between electrons, ions and photons and their coupled
rate models, the free-free processes have been omitted for project planning reasons.
Free-free processes such as bremsstrahlung and inverse bremsstrahlung do not have
major effects on the electron distribution when compared to bound-free processes.
However, they do emit photons in a spectral range that can be of interest when
detecting energetic photons emitted through radiative recombination.

Amongst the more laborious tasks, but equally important for the accuracy of the
Fokker-Planck scheme, would be to improve the interpolation methods (Eq. 3.12)
through which changes in the distribution function are mapped onto a discrete grid.
Whenever a change in the distribution is set to occur, for instance as a result of
collisional excitation after which the incident electrons lose their energy, the distri-
bution at a lower energy value needs to be updated. Currently, the full changes are
split between only two neighbouring electron bins such that energy and density are

conserved. This can lead to un-physical situations where the distribution function
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becomes a heavily peaked profile, as seen in Fig. 3.11. Maintaining the same energy
spread in the electron energy when it moves over the energy grid will make the code
more robust when using non-uniform grids.

Finally, theoretical work on bound-bound emission spectra that have been probed
with a weak resonant X-ray pulse indicate that it is possible to obtain temperature
measurements by observing the line intensity ratios. This principle is inspired by the
collisional ionisation rate measurements presented in Chapter 4. In that chapter and
the accompanying publication, the collisional rates are inferred by constraining the
plasma conditions. Conversely, when the collisional dynamics are well-understood,
they can be used to infer the plasma conditions.

The operating principle described in Section 4.9 makes use of a resonantly 1s — 2p
X-ray probe that creates a core-hole excitation. Collisional interactions during the
life-time of the excited state can cause the state to decay as either a lower charge state
(after recombination), or a higher charge state (after ionisation). Which process is
more likely to occur depends on the plasma conditions with respect to Local Thermo-
dynamic Equilibrium (LTE) conditions. As the system will naturally evolve towards
LTE, the ratio of ionisation to recombination lines will indicate in which direction
the equilibrium can be found. A more quantitative measurement can be obtained by
repeating the process at different temperatures.

This set-up would be suitable to obtain pump-probe temperature measurements
for various time delays. In the ideal case, it would make use of two different X-ray
pulses so the warm dense system can be created with uniform conditions, before being

probed with a second narrow-bandwidth probe.
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Appendix A

Fokker-Planck Equation

The starting point of our description of a many-body system is the Hamiltonian
for a system of NN identical particles that interact through a pair-wise force. The

Hamiltonian has the form of

N N

A= g S+ Ve + 3 UE-) (A1)
and sums up the kinetic energies, the influence of the external potential V' (77), and
generally the most elaborate term, the result of particle interactions U(r; — 7;). The
number of particles N will typically be large, N ~ O (10%) as is often the case
in statistical mechanics. The equations of motions for each particle are given by

Hamilton’s equations:

opi OH or; OH
_ _ ot A.
ot or; and ot op; (A-2)

Due to the interactions between particles, Eq.A.2 is a system of 6/V coupled equa-
tions; three for momentum and three for position, for each particle. Despite not
being practically useful for solving anything other than the most trivial systems, it
does provide insight when applied to the continuity equation of a distribution func-
tion.

Rather than considering each individual particle in the collection of N identical
particles, we will adopt the description of a probability density function f(7;, p;;t)
over the 6N dimensional phase space. There is an additional dependence of time as
the distribution is generally time-dependent. The distribution function contains the
same information as a list of positions and momenta for all N particles, but provides

a different representation that we can transform into a useful framework later.
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The distribution is normalised according to
[drdnr i =1, v (A3)

As probability is conserved both locally and globally, it obeys the continuity equa-
tion; the probability distribution acts as an incompressible fluid in phase space. Any
change in probability in one region of phase space must be compensated by a flow
into neighbouring regions in order to preserve probability. The gradient operator in
the phase space continuity equation is defined as 7 = (9/07; 0/0p;) and the flow

vector is (f;, ]Z) The continuity equation reads

f (D (- d /o)
=+ 2 (ﬁ (7ir) + 7 (pif)) =0 (A4)
Substituting Hamilton’s equations from Eq. A.2 into Eq. A.4, his can be written
as
f [0 (0H o (0H
E+;<aﬁ (a:f)_ap:- <aﬁf))_0’ (A.5)
which in turn can be simplified to
of L /of (OH\ Of (OH
= — = A.
@t+;(8ﬁ <ap:> o5 \or ) ) = (A-6)

due to the independence of the partial derivatives. Eq. A.6 is Liouville’s equation
and it states that probability, or particle density in our context, cannot change as it
moves along a trajectory in phase space. Any initial density is preserved, provided
the evolution is described by a Hamiltonian that is not explicitly time-dependent!.

Another commonly written, more concise, way of formulating Liouville’s equation
is through using the Poisson commutator brackets {A, B} = g—é . g—g — g—g . g—g, thereby
expressing the change in distribution function as

of
¢ = UL (A7)

From this result, we can see that any equillibrium distribution must Poisson com-
mute with the Hamiltonian. Any distribution that is a function of the energy will

satisfy this relation.

'For a cloud of electrons, this is valid as long as the electron-electron collisions are elastic. It will
not be valid for an electron distribution function if there are also inelastic electron-ion collisions
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Finally, we can use Liouville’s equation to examine whether the expectation value
of a physical quantity in phase space is preserved or not. Calculating the expectation

value through Eq. A.7, its time dependence can be expressed as
diA) [ s s, Of
dt _/d“dp’ ot
= /d?’md?’pi f{A, H}
= ({4, H}).

This can be obtained by using Hamilton’s equations Eq. A.2 and using the fact

(A.8)

that the distribution must asymptotically vanish to zero, which is the case as f is
normalised.

Thusfar we have reformulated a computational framework to describe a many-
particle system, without making it any more feasible to apply computational methods.
We defined a distribution function that fully describes the particle system, but it still
depends on 6N variables and will be untractably large. Noting that all particles are
identical, it would be sufficient to know the one-particle distribution function and

scaling it by N to obtain the correct density at a point (7, p) in phase space:

N
fl (F7ﬁt) = N\/Hd?’?"ldspl‘f (F7 r_év s 7r_]{7725:p_éa s 7p7\fa t) 3 (Ag)
=2

with normalisation [d®rd®pf; = N. For convenience, we considered the first
particle with index ¢ = 1, although we could have picked any particle since they are
identical. This distribution function in Eq. A.9 is often all we need to know about
the system, as it can be used to compute macroscopic quantities such as the density,
bulk momentum, kinetic energy density and other transport properties in Eqs. 2.3,
2.4, and 2.5.

The plan now is to derive a suitable expression for the one-particle distribution,and
most importantly its evolution, so we can use it to analyse a realistic system of
O (10®) particles. Using Hamilton’s equations from Eq. A.2 and the many-body

Hamiltonian from Eq. A.1, we can compute the time derivative of f; to be
9h S
— =N d’r;d°p;{ H,
5 / 11 rid’pi{H, f}

N N
wo of 0V Of ou (ry —m) Of
:N/ &Erid®p; _&‘__,“___,'__,_F — s ' 7=
g p ;[ m Or;  Or; Op; Z or; op;
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In evaluating this expression, we obtain no contributions from the particles j =
2,---, N as can be seen by integrating by parts, and what remains are derivatives
with respect to 71 and p;. Separating out the particle interactions, the evolution of

the one-particle distribution can be written as

(9f1 —{Hl,f1}+NZm]—m gg
n ! (A.11)

afl
={H, f1} + ( BN )CO”

where the one-particle Hamiltonian is defined as H; = % + V(r1). The one-particle
distribution function is described by what looks like an inhomogeneous Liouville equa-
tion, where the first term describes the equation of motion for an independent particle
unperturbed by collisions. The effects of particle interactions are contained in the sec-
ond term of Eq. A.11, a contribution often referred to as the collision integral.
Unfortunately, the collision integral cannot be written as a function of the one-
particle distribution, as indeed it captures all the interactions with particles j =
2,---,N. It is not possible for a one-particle distribution to give any information
about positional differences of two particles, making it fundamentally impossible to
describe interactions. We will find that in order to calculate the one-particle distri-
bution function, we need knowledge of the two-particle distribution. This, however,
depends on corrections from the three-particle distribution, and so forth. In general,

the n-particle distribution

fn(r_i,...,rz,p_i,...,p_,};t): /H Erid®p; f (71, ..., T, DL, - DA E)
i=n+1
(A.12)

obeys the relation

Ofn oU (7; — rps Ofn
f = {Hrmfn} + Z/d Tn-i-ld Pn+1 ( or +1) : gpjl7 (A13)

where the Hamiltonian H, has been modified to a form similar in Eq. A.1 for
N = n. Note that the total number of particles in the system has not changed, it is

still N. However, interactions outside the sub-set of n particles are not considered in

this form.
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p1—k p2+ k

b1 D2

Figure A.1: Two identical particles with incoming momenta p; and p; scattering elas-
tically at position 7. They exchange momentum k, while preserving total momentum
and kinetic energy. The interactive force is mitigated by a virtual photon.

Equations A.12, A.13, and the appropriate Hamiltonian define a set of equa-
tions for the one-particle distribution function. This theoretical result goes by the
name of the BBGKY hierarchy, named after Bogoliubov, Born, Green, Kirkwood and
Yvon [122-124).

The problem is, however, that this set of equations is not closed, which means that
the n-particle distribution function always depends on successively higher orders of
distribution functions. The consequence is that the time derivative of the one-particle
distribuion cannot be written as a function of f; alone.

Although seemingly it doesn’t help us any further, Eq. A.13 is a suitable form for
constructing approximations. In order to proceed from here, we will do precisely that
and build a series expansion that we can solve. The starting point of approximations
is the Boltzmann equation, previously enountered in Eq. A.11. Though impossible
to solve in its complete form, this equation is an exact description of the N-particle
system. From the RHS of Eq. A.13, it can be seen that the rate of change of the
one-particle distribution depends on two-particle scattering events.

We consider a scattering event as depicted in Fig. A.1 at a position 7. Two
incoming particles with momenta pj and p; scatter into outgoing momenta p71 and p72.
The sum of momentum and kinetic energy for these two particles is conserved, and
the force is mitagated by a virtual photon.

The rate R at which this process will take place is proportional to the two-particle
density, as well as on a coefficient « that in itself is proportional to the differential

scattering cross section given.
R = a(pi, palpi, p3) fo7, 7, p1, 03) dpad®p) d°ph, (A.14)

where momentum and energy conservation imposes constraints between incoming

and outgoing momenta. An assumption that has been made here, is that the external
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potential V' as it appears in Eq. A.13 has a negligible effect on inter-particle scattering.
This is generally true, as scattering occurs on extremely short length scales where
external potentials do not vary enough to be of importance.

The rate constructed in Eq. A.14 is associated with depopulating the particle pop-
ulation with momentum pj. It is also possible for scattering processes to repopulate
this momentum state. This rate has a similar form, subject to time reversal and the

exchange of particles:
R = a(py, b|ps, 1) fo (7, 7', 9, ) > pad’p' d°ply. (A.15)

Any scattering process that is invariant under parity, spatial translation and time

reversal is also invariant under the reversal of momenta:

a(p1, p2lpi, p2) = o(ph, polp2, p1) (A.16)
This allows us to write the collision integral in a more concise form:

afl — — 7 N - = - -

(5) = [ ottty sl i) [0 )~ 27 7o) (A7
coll

Finally, we need a way to express f, in f; which is where two assumptions come

in. The first is that the typical timescale associated with a collision event, 7., is much

smaller than the mean free time 7:
T LT

The one-particle distribution function then follows a Hamiltonian evolution for
the majority of the time, perturbed by collisions in a time span 7. during which the
collision integral has a nonzero contribution. Motivated by this consideration, we
can assume that the initial momenta of the two scattering particles are uncorrelated.
After all, the momenta were the result of many previous scattering processes that
took place with a large number of other particles. During the collision, however, the
momenta are absolutely correlated, but then they have the mean free time to lose
this correlation. The assumption that is also referred to as molecular chaos manifests

itself in a separable distribution:

fo(7, 7 1, p2) = fu(F,pi) f1(7, p3) (A.18)
With this we can now obtain a form of the Boltzmann equation. This integro-

differential equation is a closed form expression of the one-particle distribution func-

tion.

— —

8 / / T A - 7 7 RN N
(aftl) :/d3p2d3p1d3p2Oé(plap2|p1up2) Fu(7 o) fu(Foph) — fl(T,pl)fl(r,pQ)]
coll
(A.19)
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The assumption of molecular chaos has far-reaching consequences, as it introduces
an arrow of time in the collision process. This is not entirely obvious from a seemingly
innocent assumption, but has been proven rigorously in the H-theorem introduced by
Ludwig Boltzmann [125].

Also of interest are the cases for which the collision integral vanishes. This crite-
rion,

FEF P (7 3) = ST o) S (7 1), (A.20)
defines the detailed balance condition. This observation better defines the class of
equillibrium distributions than the statement that they should Poisson commute with
the Hamiltonian. As expected, the Maxwell-Boltzmann distribution Eq. 2.12 satisfies
this criterion. Interestingly, this class of distributions allows for a drift velocity or
streaming term and is not to be mistaken for system-wide stationary state. Hence, the
Maxwell-Boltzmann distribution defines a state of local thermodynamic equillibrium
with the particle density, drift velocity and kinetic energy density being allowed to
vary over space.

Next, we will proceed with a method to solve or, more accurately stated, further
approximate the Boltzmann equation in its current form with the Fokker-Planck
formalism.

The electron systems of interest to us consist of a bulk that is largely at local ther-
modynamic equillibrium, with a relatively small fraction of the population brought

2. Furthermore, we note that in an electron

out of equillibrium by a perturbation
gas, the scattering is generally dominated by small-angle collisions which carry small
momentum changes. This assumption and observation allow us to linearise the Boltz-
mann Equation Eq. A.19 into a form that is much more computationally efficient.

Fast forwarding multiple decades from the work of Boltzmann in the 1870s, it was
in the 1950s when the first successful attempts were made to linearise the Boltzmann
equation and write it in a suitable form for effective computation. The key assumption
relied on is that after collisions take place, the distribution is close to equillibrium,
which is sufficient to linearise the Boltzmann equation [126-128].

Kramers and Moyal demonstrated that an integro-differential collision operator

can be written as a series expansion that now bears their name [129, 130]:

<—af1(§f’ t))w” - B s, (A21)

n=1

2Even if the number of electrons that is perturbed becomes larger, this approach can still be valid
as long as the equillibration process is fast and ensures that the out-of-equillibrium population at
any point in time remains small.
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where the expansion coefficients A,, depend on the momentum-transfer probabil-

ities a from Eq. A.14 through the relation

Af) = [ & 17 = a7 (A22)

For simplicity, we assumed isotropy by removing the directional dependence of the
momentum transfer. What remains is to decide how many terms to consider. One
may be inclined to think that this decision would depend on the required numerical
accuracy, but this does not seem to be the case here. Pawula showed in 1962 that
there can only be three answers to this question: one, two, or infinitely many terms,
if we are to relate the solution to a probability distribution. If we consider the first

two terms, we recover the homogeneous Fokker-Planck equation:
> 2
(L)~ nnGo)+ jos GG (a2

The Fokker-Planck equation Eq. A.23 is a versatile description that appears in
many fields of research in Physics and Engineering, but also Finance and Sociology.
The physical interpretation of the equation can therefore differ wildly. For us, the
first derivative contains a drift coefficient a. This can be interpreted as a predictable
force that is equivalent to friction. The second term, where the coefficient has been
given the symbol D for diffusion, is a random term that describes diffusive behaviour.
When a non-equillibrium distribution evolves towards equillibrium, it can be said that
the energy transfer associated with the driving viscous force is dispersed through the
diffusion term, as indicated by the opposite signs of each contribution.

The Fokker-Planck equation is linear in the distribution, but made to be non-linear
by the dependence of the drift- and diffusion coefficients on both the momentum, and
the distribution itself.

The same result can be derived in many ways, as has been done by Jenny et
al. [131], and also for particles moving at relativistic velocities by Nayakshin et al. [43].

In preparation for an appropriate numerical scheme that can be implemented in
a zero-dimensional atomic kinetics code, let us write Eq.A.23 for a distribution in
energy space. We will drop the subscript for the one-particle distribution, and omit
the explicit time dependence for brevity. For completeness, our description must also
contain source- and inhomogeneous terms, which can add and remove particles from
the distribution.

The energy-space distribution:

Ofe 0 1 02
5t = g GEVE(E) + 5 o0 [DIE) fe(B)] + I(f) + S(E) (A.24)



where the inelastic terms are contained in I and S represents an external source or

sink.
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Appendix B

Reaction cross section

Reaction cross sections is a fundamental description of the probability that a specific
interaction will occur in a collision between two particles. This can be an ionisation
or excitation event, or one of many other possible elastic or inelastic collisional in-
teractions. The goal of this description, is to be able to compute transition rates for
the population dynamics in Warm Dense Matter (WDM). The cross section formal-
ism is broadly used in nuclear, particle and atomic physics to describe energy and
momentum exchange between particles. It is also of importance in order to under-
stand the atomic physics taking place in WDM, as most reaction rates that populate
and depopulate ion charge states are described in the cross section formalism. The
subsequent discussion was inspired by Section 1.6 from Oxenius [80].

The principles of this formalism are visualised in Fig. B.1 for a pair-wise interac-

tion.

| ky, Ey)

Scattered particle

Scattering center

Figure B.1: A collisional event where an incoming particle scatters off a scattering
center, under momentum exchange Ak =k — kf and energy exchange AE = E; — E.
The additional momentum and energy is absorbed by the scattering cross section, or
any secondary particles that may have been created by the collision.

An incoming particle with momentum k; and energy FE; approaches a scattering
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center with a cross section 0. The scattering center is placed at rest in this observation
frame. The cross section represents an effective target area that the incoming particle
may or may not hit, depending on the magnitude of the cross section. It is analogous
to an unskilled darts player throwing a dart at a darts board, where the probability
for the dart to hit the board grows as the board becomes larger. A typical size for
atomic cross sections is the surface area of a circle with the Bohr radius!, ma? ~
8.79 - 107" cm?. Cross sections are often tabulated in units of barn, where 1 barn is
equal to 10724 cm?.

After the interaction, the scattered particle has a different momentum and possibly
a different kinetic energy. In general, both the scattering particle and scattering center
will be moving as they can be of a comparable mass, with possible interaction pairs
being electron-electron, photon-electron, photon-ion, or electron-ion. Occasionally, a
third particle is involved only to mitigate momentum conservation. There are even
situations, such as three-body recombination or many-body interactions in highly
dense environments, where more than two particles interact with each other at once.

Elastic collisions preserve the total momentum and energy of the initial particle
pair. Inelastic interactions generally involve the creation or destruction of particles,
for instance through an ionisation event that 'produces’ an extra free electron. The
total energy between the initial and final states of all particles involved are then
different, with energy having been absorbed or released by the ionisation threshold
I;.

A cross section for a two-particle interaction can be considered to be the transverse
surface area. Its main use is to be able to compute a transition rate between two
states for a scattering center being exposed to a flux of scattering particles. In this
example, the scattering center is an ion and the scattered particle is an electron. For
an isotropic system, we can describe this process in terms of an energy exchange and
the momentum directions do not need to be considered. The scattering electrons have
an energy distribution described by distribution function fg(F) which is normalised

to the density according to

pe = / " fe(B)E. (B.1)

When we want to compute the ion transition rate S;, for a transition from state

| ) to state | u), we compute a cross section integral

I This is the most probable distance between an electron and its nucleus in a hydrogen atom.
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Sl,u = /OOO "U(E)fE(E)ULU(E)dE, (BQ)

with the non-relativistic velocity being related to the energy by v(E) = \/m
Eq. B.2 represents as much as the flux of incident electrons (v(FE) fg(E)) multiplied by
the probability of a transition for each incident electron (o;,). Both quantities depend
on the kinetic energy, so the transition rate is an integral over all possible incident
energies. For inelastic collisions, the lower integration bound can be increased from
zero to the reaction threshold as the cross section is zero below the threshold. The
reaction threshold can be computed by considering the bound energy of the initial
and final state of the scattering center. Eq. B.2 is the simplest form of a reaction cross
section, where we are not concerned with the reaction products? of the ion transition,
or their respective energy distributions.

In the common case when the incident particle distribution is thermal (Maxwell-

Boltzmann), the rate integral becomes

St = E (kgT)~3/? / h Eo.(E)exp (—E/kgT)dE. (B.3)

’ TMe

Both equations are implemented in the atomic-kinetics code, depending on the
electron distribution being used. Eq. B.3 often reduces to a semi-analytic integral
and will generally be faster to evaluate than the full integration for an arbitrary
electron distribution.

When a collisional interaction has only one incoming and one outgoing particle,
the energy balance is straightforward. The outgoing particle’s energy must equal
the incoming energy, plus any changes in the binding energy of the ion. Whenever
an interaction leads to the production or destruction of particles, the energy balance
becomes non-trivial and we may be concerned by specifying the distribution of kinetic
energy between reaction products. Here’s where the differential cross section comes
in. There are many definitions and use cases for differential cross sections even for
a two-particle interaction® but here we use it to quantify the energy partitioning
between particles.

For a collisional ionisation cross section®, we have one incoming electron | i) and

two outgoing electrons | j) and | k). The differential cross section would be defined

2There could be a production or destruction term of free electrons in an inelastic collision.

3These can be variations of the exponential integral for cross sections that vary logarithmically
with incident energy.

4Most notably for specifying the incoming and outgoing propagation directions, or momentum
exchange.

5The process whereby an ion is struck by an electron, resulting in a bound electron being ionised.
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as the probability that the incoming electron causes an ionisation event where the
outgoing electrons are scattered into an infinitesimal part of the phase space around
energies IJ; and Ej. Its dimensions are area, per incoming energy, per outgoing energy

squared. The reaction rate can be computed from a differential cross section as

dal U
/ / / dE dE, dEkf p(Ei) -0(E; — I; = By — B )dEdE;dE,  (B4)

where the integration domains run over the possible values of kinetic energies,
subject to energy conservation as expressed by the delta function. Momentum is not
conserved, as the heavy ion can absorb any momentum the electrons may have. In case
this integration were to be done in velocity phase space for a non-isotropic system,
Eq. B.4 would be a 6-fold integral: (3 for each velocity vector, for both outgoing
particles). In practice, even doubly differential cross sections are not tabulated and
the cross sections can only be derived from the detailed balance principle. For more
details on the cross section formalism in the velocity-space representation, please refer
to Oxenius [80].
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