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Introduction

This thesis is concerned with the following two naive questions about
the widely used Persistent Homology1 (PH) descriptor for data analysis: 1 Persistent Homology [EH08, ZC05] is

a central tool in Topological Data Anal-
ysis (TDA) whose construction origi-
nates from Algebraic Topology and pro-
vides a stable, computable and topologi-
cally meaningful invariant for geometric
datasets such as graphs and point clouds.
In its classical form Persistent Homol-
ogy encodes the topological variations of
the sublevel-sets f ´1pp´8; tsq of a func-
tion f : X Ñ R on a topological space X
(such as a graph or a point cloud).

(dPH) Can we do Machine Learning with Persistent Homology?

(PH´1) What are the objects giving rise to the same Persistent Homology?

These interrogations stem from the numerous applications of PH to
data science problems2 where geometry and topology are prominent,

2 Fields of applications include Neu-
roscience [DBF14, BMM`

16, GGB16,
LEF`

16, YKAY16, Cur17], Cancer Di-
agnosis [DCCW`

10, NLC11, SCM`
14],

Cellular Differentiation [RCK`
17],

DNA Folding [ESR16], Proteins [XW14,
GHI`

15, KNBNH16, XLM18], Phylo-
genetics [CLR16], Contagion Spread-
ing [CCR13, TKH`

15, LP18], Material
Science [KGKM13, KGKM14, HNH`

16],
Robotics [VAB13, BGK15, PHR16],
Sensor Networks [DSG07], Fi-
nance [Gid17, LPRS08], Col-
laboration and Social Net-
works [CH13, BDP`

15, PMRS17], Com-
puter Vision [CIDSZ08, CBK09, BGKP13],
Natural Language Processing [Zhu13],
Time Series and Dynamical Sys-
tems [PDHH15, MZR16].

yet they are themselves of theoretical nature. Namely when it comes to
solving such data science problems:

(dPH) Machine Learning and Optimisation pipelines are the modern fa-
vorite candidates. Since gradient descent is the unavoidable paradigm
of large-scale optimisation, including PH in these pipelines requires
a notion of differentiability for PH; and

(PH´1) Deciding a priori whether PH is a relevant descriptor depends on
its discriminative power, i.e. if it is able to distinguish between the
important groups that constitute the data science problem at hand.
This calls for an analysis of the fiber (pre-image) of PH.

It came as a pleasant surprise that the processes of addressing these
two relatively independent problems cross-fertilized in multiple ways:
the structure developed to describe PH, e.g. the stratifications of its
domain and co-domain, have been fundamental in the course of tackling
both (dPH) and (PH´1).

This thesis is organised around six chapters that compile the six
papers written during the last three years, the first three of which
investigate (dPH) while the remaining ones are devoted to (PH´1).
Next we give an overview of these contributions.
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Chapter 1: Differential Calculus on Persistence Barcodes

In this chapter we adopt the point of view on Persistent Homology,
which will carry over the entire thesis, as a map PH from the space of
real-valued functions over a fixed topological space X (often taken to
be a simplicial complex or a smooth manifold in applications) to the
space Bar of barcodes.3

3 The barcode or persistence diagram PHp f q

of a function f is a multi-set of
points pb, dq called intervals that encode
the scales at which the topology of the
sublevel-sets f ´1pp´8; tsq change in a
given dimension. For instance in di-
mension 0 the interval pb, dq indicates
the appeareance of a novel connected
component in f ´1pp´8; bsq that is fur-
ther merged with an older component
in f ´1pp´8; dsq. In dimension 1 we have
the analog interpretation with loops, in
dimension 2 with voids and similarly in
higher dimensions. These notions are
properly formalised e.g. in section 1.2.

The space Bar is infinite-dimensional and has singularities, yet in-
spired by Diffeology Theory4 we manage to make sense of the differen-

4 Patrick Iglesias-Zemmour. Diffeology.
Mathematical Surveys and Monographs,
volume 185. American Mathematical So-
ciety, Providence, RI, 2013

tiability and derivatives for maps from and to Bar. These notions are
convenient enough that we have techniques such as the chain rule to
check whether maps are differentiable and compute their derivatives in
concrete scenarios.

In particular we show that PH is differentiable on a generic (open
and dense) subset of its domain when the latter consists of functions
on a simplicial complex X “ K or Morse functions on a smooth mani-
fold X “ M.

Moreover we can study the singularities of PH by means of a stratifi-
cation5 of its domain: on each lower-dimensional stratum PH may not 5 Roughly speaking, a stratification of a

space is a partition by submanifolds of
varying dimensions that glue together
nicely.

be differentiable but it admits directional derivatives.
We also consider the commonly used maps out of barcodes, namely

the vectorizations and the metrics on Bar, and show that they are generi-
cally differentiable as well.

With the understanding of the differentiability properties of these
classes of maps in and out Bar, our framework legitimates the existing,
emerging and incoming applications that apply gradient descent to
optimise objective functions involving Persistent Homology.6 6 Examples of applications are point

cloud inference [GHO16], shape
matching [PSO18], classifiers’ reg-
ularization [CNBW19], image seg-
mentation [HLSC19], graph classi-
fication [HGR`

20a, YL21], surface
reconstruction [BGGSSG20a] and
generative modelling [GNDS20a].

Contributions, Funding and Acknowledgements

This is joint work with Ulrike Tillmann and Steve Oudot. There is a
public version and a version published at Foundations of Computational
Mathematics. Besides there is a recorded online talk given on this
subject at the ATMCS conference. The authors are indebted to the
anonymous reviewers for their valuable insights in the final revisions
of the manuscript. The authors thank Vidit Nanda and Oliver Vipond
for useful conversations. The author of this manuscript also thanks
Heather Harrington for general guidance and Yixuan Wang for sharing
knowledge on Morse theory and differential geometry. His research
has been supported by ESPRC grant EP/R018472/1.

https://arxiv.org/abs/1910.00960
https://link.springer.com/article/10.1007/s10208-021-09522-y
https://www.youtube.com/watch?v=8LKpPq2HqY8
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Chapter 2: Optimisation of Spectral Wavelets for Persistence-
based Graph Classification

The first chapter guaranteed the (generic) differentiability of PH and
enabled the computation of its derivatives, thereby answering (dPH)
by the affirmative: it is theoretically possible to include Persistent
Homology in Machine Learning and Optimisation pipelines.

Next we consider an actual computational application of (dPH): the
implementation of a Machine Learning methodology based on PH and
the Laplacian operator for classifying data sets of graphs.

Instead of ordinary Persistent Homology we consider the Extended
Persistent Homology (EPH), which is more expressive7 and more con- 7 Informally speaking Extended Persis-

tent Homology EPHp f q records the
additional information of the topo-
logical variations in the super-level
sets f ´1prt; `8qq of the function f : X Ñ

R.

venient to deal with computationally.8 In turn we adapt the necessary

8 In the ordinary barcode PHp f q we may
have unbounded intervals pb, `8q that
are not easy to handle, and those are ab-
sent in EPHp f q.

results of the previous chapter to this context.
The resulting optimisation pipeline can be applied to arbitrary data

sets of graphs, for example we demonstrate its performance on datasets
of molecules, proteins and movie reviews.

The implementation makes use of the Gudhi and PyTorch libraries
for TDA and Deep Learning respectively, and is available in a public
GitHub repository.

Online resources, Contributions and Acknowledgements

This is joint work with Ka Ma Yim. There is an open-access version
of this work published at Frontiers of Artificial Intelligence and a public
repository containing the associated code base.

The authors thank Ulrike Tillmann and Heather Harrington for their
close guidance and thoughtful advice on this project. In addition, the
authors would like to thank Vidit Nanda, Peter Grindrod CBE, Steve
Oudot, Mathieu Carrière, and Theo Lacombe for fruitful discussions.
Finally they are indebted to the reviewers for their thoughtful and
constructive comments. The author of this manuscript has been funded
by the EPSRC grant EP/R513295/1.

https://gudhi.inria.fr
https://pytorch.org
https://github.com/kmyim/Persistence_Opt_Spectral_Wavelets
https://www.frontiersin.org/articles/10.3389/fams.2021.651467/full
https://github.com/kmyim/Persistence_Opt_Spectral_Wavelets
https://github.com/kmyim/Persistence_Opt_Spectral_Wavelets
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Chapter 3: A Gradient Sampling Algorithm for Stratified
Maps with Applications to Topological Data Analysis

In this final investigation of (dPH) we face the following situation:
the map PH is generically differentiable by the 1st chapter, hence it is
possible to optimise it using standard gradient descent (GD) as done in
the 2nd chapter, however the set where PH is not differentiable hinders
the convergence guarantees of GD.

From a theoretical standpoint the situation is not as bad as the general
context of non-smooth optimisation, that is minimising locally Lipschitz
objective functions, which by Rademacher Theorem are differentiable
on a full-measure subset. Here the irregularities of Persistent Homology
are strongly organised: there is a stratification of the domain of PH such
that on lower-dimensional strata PH is not differentiable but admits
as many directional derivatives as there are incident top-dimensional
strata.

Therefore PH is part of the class of stratifiably smooth functions, for
which we design an algorithm specifically tailored to put strata at work.
This methodology takes great inspiration from the Gradient Sampling
(GS) algorithm9 for general locally Lipschitz objective functions, hence 9 James V Burke, Adrian S Lewis, and

Michael L Overton. A robust gradient
sampling algorithm for nonsmooth, non-
convex optimization. SIAM Journal on
Optimization, 15(3):751–779, 2005

we refer to it as the Stratified Gradient Sampling (SGS) approach.
The SGS benefits from asymptotic convergence towards (generalised)

critical points and a very useful stopping criterion on the norm of the
(generalised) gradient which is absent from GD. Unlike both GD and
GS, there is a (super-linear) convergence rate for SGS.

We apply the SGS methodology to objective functions based on
Persistent Homology: for this we provide an efficient method to explore
the stratification associated to PH. Through experiments we provide
empirical evidence that SGS outperforms the other approaches when
minimising stratifiably smooth functions.

Online resources, Contributions and Acknowledgements

This is joint work with Mathieu Carrière, Théo Lacombe and Steve
Oudot. There is a public version, a version published at Mathemat-
ical Programming, and a public repository containing the associated
codebase. The authors are indebted to Charles Arnal for his thorough
proofreading and in-depth feedback.

The author of this manuscript has been funded by the EPSRC grant
EP/R513295/1.

https://arxiv.org/pdf/2109.00530.pdf
https://link.springer.com/article/10.1007/s10107-023-01931-x
https://arxiv.org/pdf/2109.00530.pdf


12

Chapter 4: The Fiber of Persistent Homology for Simplicial
Complexes

In this chapter the following materialization of the problem (PH´1)
is at stake: we consider the space FiltK of filter functions on a fixed
simplicial complex10 K and study the properties of the fiber of the 10 The notion of a simplicial complex K

is a natural generalisation of undirected
graphs to higher dimensions: K Ď Pprnsq

is a subset of the power set of a finite
set rns, closed under inclusion. A filter
function is a function f : K Ñ R that
respects inclusions: σ Ď τ ñ f pσq ď

f pτq.

persistence map:
PH : FiltK ÝÑ Bar.

We introduce two natural actions of increasing homeomorphisms of R

on FiltK and Bar turning PH into an equivariant map. In fact FiltK

and Bar are Whitney stratified and homotopically stratified respectively
by the orbits of these actions.11 11 There are various categories of strati-

fied spaces that differ in the quality of
the gluing of adjacent strata. In particu-
lar the gluing condition of Whitney strat-
ified spaces [Tho69] is very strong com-
pared to that of homotopically stratified
space [Qui88].

Over each barcode stratum B Ď Bar the persistence map PH is a
trivial fiber bundle: in particular all its fibers PH´1pDq for D P B
are homeomorphic. More precisely, we find that the fiber enjoys the
structure of a polyhedral complex.12 From this structure together with

12 A polyhedral complex is a set of poly-
hedra that intersect at common faces only,
and which alike simplicial complexes is
closed by taking faces.

upper-bounds on the dimension of the polyhedra we derive some
geometric consequences about PH´1pDq.

Between barcodes D, D1 taken from adjacent strata B Ď B1 we
find a natural notion of morphism, making Bar into a topological
category. Each morphism ϕ : D Ñ D1 functorially gives rise to a
map Lϕ : PH´1pDq Ñ PH´1pD1q relating fibers and sending polyhedra
to polyhedra, hence PH´1 is best viewed as a functor from barcodes to
polyhedral complexes.

We illustrate the analysis by computing the 34 distinct fibers when K
is the seemingly elementary example of the triangle. For some bar-
codes D the fiber PH´1pDq are homeomorphic to disjoint union of
circles or to a Möbius strip.

Online resources, Contributions and Acknowledgements

This is joint work with Ulrike Tillmann. There is a public version, a
version published at Journal of Pure and Applied Algebra. Besides there is
a recorded online talk given at the GEOTOP-A seminar, which reviews
some contributions of the current chapter to (PH´1) as well as some
contributions from the two subsequent chapters.

The author of this manuscript has been funded by the EPSRC grant
EP/R513295/1.

https://arxiv.org/abs/2104.01372
https://www.sciencedirect.com/science/article/pii/S0022404922000950
https://www.youtube.com/watch?v=imzHXmC6iIs
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Chapter 5: Algorithmic Reconstruction of the Fiber of Persis-
tent Homology on Cell Complexes

The previous chapter has established various properties of the
fiber PH´1pDq such as its structure of polyhedral complex, but also
made explicit the fact that computing the homotopy type of PH´1pDq

is a particularly intricate exercise for general simplicial complexes K.
Even intermediate ambitions like determining whether PH´1pDq

is a combinatorial manifold or is non-empty are challenging. In fact
for a well-chosen barcode D we show that PH´1pDq ‰ H amounts to
the collapsibility13 of K. Thus this is a quite deep property since for 13 An elementary collapse of K is the re-

moval of a maximal simplex σ P K to-
gether with one of its face τ Ď σ that has
no other co-face. Then K is collapsible if
there exists a finite sequence of elemen-
tary collapses down to a point. We refer
to [Coh12] for a proper introduction to
Simple Homotopy Theory.

instance the collapsibility of (a finite iterated barycentric subdivision
of) K ˆ r0; 1s for all contractible 2-complexes K is the open Zeeman’s
conjecture14 that entails the 3-dimensional Poincaré conjecture.

14 E Christopher Zeeman. On the dunce
hat. Topology, 2(4):341–358, 1963

Only when K is a finite subdivion of the line complex or of the circle
the fibers have been determined explicitly15. In this chapter we con-

15 Jacek Cyranka, Konstantin Mischaikow,
and Charles Weibel. Contractibility of a
persistence map preimage. Journal of Ap-
plied and Computational Topology, 4(4):509–
523, 2020; and Konstantin Mischaikow
and Charles Weibel. Persistent homology
with non-contractible preimages. arXiv
preprint arXiv:2105.08130, 2021

struct an algorithm that computes the polyhedral complex forming the
fiber for arbitrary K in order to generate new examples and intuition.

The fiber being a polyhedral complex then facilitates the calculation
of intersections of polyhedra, which allows us to compute homology
groups and other interesting statistics about the fiber PH´1pDq.

Online resources, Contributions and Acknowledgements

This is joint work with Gregory Henselman-Petrusek. There is a
public version of the associated paper, which is still under review at
the first journal to which it was submitted. The authors thank Heather
Harrington and Ulrike Tillmann for closed guidance and regular dis-
cussions.

The author of this manuscript has been funded by the EPSRC grant
EP/R513295/1.

https://arxiv.org/pdf/2110.14676.pdf
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Chapter 6: Fiber of Persistent Homology on Morse functions

This last chapter takes a completely independent angle on pPH´1q:
here the Morse functions f : M Ñ R on a compact smooth finite-
dimensional manifold M with boundary replace the filter functions on
a simplicial complex K of the previous chapters.16 16 We impose that on the boundary BM

a Morse function f has no critical point
and is constant on each boundary com-
ponent BMj.

Diffeomorphisms of M (and in particular isotopies17) naturally act on

17 Isotopies are diffeomorphisms in the
path connected component of the identity
map.

Morse functions by pre-composition. Let D be the barcode of a Morse
function f and let PH´1

f pDq Ď PH´1pDq the path connected component

of the fiber containing f . Our main observation18 is that PH´1
f pDq

18 This observation essentially relies on
a Mather’s fibration theorem for stable
smooth mappings [Mat69], which we
slightly adapt to the case of Morse func-
tions with equal critical values combining
results of Cerf [Cer70].

equals the orbit OIdp f q of f under isotopies:

PH´1
f pDq “ OIdp f q.

This bridge enables the use of extensive treatments of the homotopy
type of diffeomorphism groups in order to analyse the fiber PH´1

f pDq.
In particular we rely on the Maksymenko’s study of the orbit OIdp f q

in order to determine the homotopy type of the fiber when M is a
connected compact surface without boundary.19 19 Sergiy Maksymenko. Homotopy types

of stabilizers and orbits of Morse func-
tions on surfaces. Annals of Global Analy-
sis and Geometry, 29(3):241–285, 2006

In the 1-dimensional settings where M is the unit interval or the
circle we are able to extend the analysis to continuous functions (instead
of Morse functions), and show that the fibers PH´1pDq are made of
contractible and circular components respectively.

Online resources, Contributions and Acknowledgements

This is joint work with David Beers. There is a public version, a
version published at Journal of Applied and Computational Topology . The
authors are indebted to Ulrike Tillmann whose help has been decisive
in overcoming several technical obstacles.

The author of this manuscript has been funded by the EPSRC grant
EP/R513295/1.

https://arxiv.org/abs/2108.07512
https://link.springer.com/article/10.1007/s41468-022-00100-x
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1
Differential Calculus on Persistence Barcodes

Abstract

We define notions of differentiability for maps from and to the space
of persistence barcodes. Inspired by the theory of diffeological spaces,
the proposed framework uses lifts to the space of ordered barcodes,
from which derivatives can be computed. The two derived notions
of differentiability (respectively from and to the space of barcodes)
combine together naturally to produce a chain rule that enables the use
of gradient descent for objective functions factoring through the space
of barcodes. We illustrate the versatility of this framework by showing
how it can be used to analyze the smoothness of various parametrized
families of filtrations arising in topological data analysis.
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1.1 Introduction

1.1.1 Motivation

Barcodes have been introduced in topological data analysis (TDA) as a
means to encode the topological structure of spaces and real-valued
functions. They have been shown to provide complementary infor-
mation compared to classical geometric or statistical methods, which
explains their interest for applications. However, so far they have been
essentially used as an alternative representation of the input, engineered
by the user, as opposed to optimized to fit the problem best.

Optimizing barcodes using e.g. gradient descent requires to differen-
tiate objective functions that factor through the space Bar of barcodes:

M // Bar // R, (1.1)

where M is a parameter space equipped with a differential structure,
typically a smooth finite-dimensional manifold. A compelling example
arises in the context of supervised learning, where the barcodes can
be used as features for data, generated by using some filter function
f : K Ñ R on a fixed graph or simplicial complex K. Instead of
considering f as a hyperparameter, it can be beneficial to optimize
it among a family t fθ : K Ñ RuθPM parametrized by a smooth map
which we call the parametrization:

F : θ P M ÞÝÑ fθ P RK.

Post-composing F with the persistent homology operator PHp in homol-
ogy degree p yields a map PHp ˝ F : M Ñ Bar. Given a loss function
L : Bar Ñ R, the goal is then to minimize the functional

M
PHp˝F

// Bar L // R (1.2)

using variational approaches, which are standard in large-scale learning
applications. In order to do so, we need to put a sensible smooth
structure on Bar and to derive an analogue of the chain rule, so that
we can compute the differential of L ˝ PHp ˝ F as the composition of
the differentials of L and PHp ˝ F. The difficulty arises as Bar is not a
manifold and so far has not been given a structure in which the above
makes sense.

Beyond optimization, we want to be able to address other types of
applications where differential calculus is involved. For this, a variety
of potential scenarios must be considered, e.g. when the filter functions
are defined on a fixed smooth manifold, or when the second arrow
in (1.1) takes its values in Rn or more generally in some smooth finite-
dimensional manifold. The goal of our study is to provide a unified
framework that accounts for all these scenarios.
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1.1.2 Related work

Despite the lack of a smooth structure on the space Bar, developing
heuristic methods to differentiate the composition in Equation (1.2)
has been an active direction of research lately, leading to innovative
computational applications. In Table 1.1, we specify, for each of these
contributions, the choice of parametrization F and of loss function L, the
optimization problem under consideration, and the sufficient conditions
worked out to guarantee the differentiability of the composition in (1.2).

In the context of point cloud inference considered by [GHO16], the
positions of points in a fixed Euclidean space form the parameter
space M, and the resulting Rips filtration (resp. Alpha filtration) of
the total complex on the point cloud is the parametrization F. The
loss function L is given by the least-squares approximation of a fixed
barcode. By developing a clear functional point of view on the con-
nection between the barcode of the Rips or Alpha filtration and the
positions of the points in the cloud, based on lifts to Euclidean space,
the authors show that L is differentiable wherever the pairwise dis-
tances between points in the cloud are distinct. The approach is further
refined by [DC19], where it is observed that the parametrization F is a
subanalytic map, which implies that the barcode-valued map admits
subanalytic (hence generically differentiable) lifts. In turn, this fact is
leveraged to show that any probability measure with a density w.r.t.
the Hausdorff measure on M induces an expected persistence diagram
(viewed as a measure in the plane) with a density w.r.t. the Lebesgue
measure.

In many applications, F parametrizes lower-star filtrations, i.e. filter
functions induced by their restrictions to the vertices of K [BGGSSG20a,
CNBW19, GNDS20a, HGR`

20a, HLSC19, PSO18]. In [PSO18], the
problem of shape matching is cast into an optimization problem involv-
ing the barcodes of the shapes. [CNBW19] uses the degree-0 persistent
homology as a regularizer for classifiers. Similarly, [HLSC19] proposes
a persistence based regularization as an additional loss for deep learn-
ing models in the context of image segmentation. In [HGR`

20a], a
dataset of graphs is seen as part of a bigger common simplicial complex,
which allows to learn a filter function which is shared across the whole
dataset. These contributions require the differentiability of (1.2), and
they show that it holds whenever the filter function fθ is injective over
the vertex set.

Functions on a grid are used in [BGGSSG20a] to tackle the problem
of surface reconstruction. These functions are sums of gaussians whose
means and variances are parameters one wants to optimize according to
an objective/loss that depends on the degree-1 persistent homology of
the functions. [GNDS20a] considers optimization problems involving
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Targeted
Application

Loss
function L

Parametrization F
Conditions for
Differentiability
of (1.2)

Topological regulariser
for classification [CNBW19]

Penalty on the
degree-0
persistent
homology

Parametrizations
of lower star

filtrations

Injectivity of the filter
function over the vertices

Topological regulariser
for image segmentation [HLSC19]

Penalty on the
degrees 0 and 1
persistent
homology

Graph classification [HGR`
20a]

Any loss of
supervised
learning

Shape matching [PSO18]
Bottleneck or
Wasserstein
distance

Surface reconstruction [BGGSSG20a]
Sum of
persistences Local correspondence between

barcodes interval endpoints
and vertices in the simplicial
complex

Generative modelling,
Adversarial attacks, and
Regularization [GNDS20a]

Weighted sum
of persistences

Point cloud continuation [GHO16]

Least-squares
approximation
of a fixed
barcode

Point clouds
determining
a Rips filtration

Distinct pairwise distances
between points

Table 1.1: Some of the current frame-
works for differentiating the composition
in (1.2). The first column lists the tar-
geted applications. The second and third
columns show the choices of loss func-
tion L and parametrization F. The differ-
entiability of L ˝ PHp ˝ F is guaranteed
under the conditions listed in the fourth
column.

persistence with many useful applications as in generative modelling,
classification robustness, and adversarial attacks. Both contributions
need to take the derivative of (1.2), and to do so, they require the
existence of an inverse map taking interval endpoints in the persis-
tence diagram PHpp fθq to the corresponding vertices of K. This is a
strictly weaker requirement than the injectivity of fθ , as used in the
previous contributions, because an inverse map always exists (provided
for instance by the standard reduction algorithm for persistent homol-
ogy). However, per se, it does not guarantee the differentiability of the
composition—see e.g. [HGR`

20a] for a counter-example.
This variety of applications motivates the search for a unified frame-

work for expressing the differentiability of the arrows in diagrams of
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the form:
M // Bar // R. (1.3)

Since the first appearance of this paper as a preprint, there have been
novel applications of persistence differentiability in optimisation. For
instance, the first author has developed a graph classification framework
based on the Laplacian operator [YL21], applying the differentiability of
the persistence map (Theorem 1.4.9) to the case of extended persistence.
In addition, new heuristics to smooth and regularise loss functions as in
Eq. (1.3) improved the optimisation procedure for specific data science
problems [CD20, SWB21]. Another strong guarantee is provided when
the loss in Eq. (1.3) is semi-algebraic (and more generally subanalytic
or definable in some o-minimal structure), as then the classic stochastic
gradient descent (SGD) algorithm converges to critical points [DDKL20].
The bridge between this result in non-smooth analysis and persistence
based optimisation problems is made in [CCG`

21], where sufficient
conditions for loss functions as in Eq. (1.3) to be semi-algebraic are
given. The main results of [CCG`

21] also derive from our general
framework, see Remark 1.4.25.

1.1.3 Contributions and outline of contents

Ultimately, our framework should make it possible to determine when
and how maps between smooth manifolds M and N that factor
through the space of barcodes can be differentiated:

M B // Bar V // N .

To achieve this goal, in Section 1.3 we define differentiability via lifts in
full generality, thereby extending the approach initially proposed by
[GHO16] for the specific case of parametrizations by Rips filtrations.
Here we provide some of the details. As a space of multi-sets (assumed
by default to have finitely many off-diagonal points), Bar does not
naturally come equipped with a differential structure. However, it is
covered by maps of the form:

R2m ˆ Rn

Bar

Qm,n

where R2m ˆ Rn can be thought of as the space of ordered barcodes
with fixed number m (resp. n) of finite (resp. infinite) intervals, and
where Qm,n is the quotient map modulo the order—turning vectors
into multisets (Definition 1.3.1). Then, the map B : M Ñ Bar is said
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to be r-differentiable at parameter θ P M if it admits a local Cr lift B̃
into R2m ˆ Rn for some m, n P N:

R2m ˆ Rn

Bar
Qm,n

θ P U Ă M

DB̃

B

(1.4)

This means that the map B̃ tracks smoothly and consistently the points
in the barcodes Bpθ1q, for θ1 ranging over some open neighborhood U of
θ. Dually, the map V : Bar Ñ N is r-differentiable at D P Bar if for every
possible choice of m, n, the composition V ˝ Qm,n : R2m ˆ Rn Ñ Bar
is Cr on an open neighborhood of every pre-image D̃ of D:

R2m ˆ Rn

Bar
Qm,n

N
V

(1.5)

The choice of m, n and pre-image D̃ of D should be thought of as the
type of perturbation we allow around D. Thus, essentially, V is asked
to be smooth with respect to any finite perturbation of D. In section
1.3.5 we connect these definitions to the theory of diffeological spaces,
showing that our two definitions of differentiability for maps B and V
are dual to each other and make the barcode space Bar a diffeological
space.

We then define the differentials of the maps B and V, given simply
by the differentials of the lift B̃ : M Ñ R2m ˆ Rn (for B) and of the
composition V ˝ Qm,n on the pre-image D̃ P R2m ˆ Rn (for V). Although
these differentials taken individually are not defined uniquely, their
corresponding diagrams (1.4) and (1.5) combine together as follows:

R2m ˆ Rn

Bar
Qm,n

N
B V

θ P U Ă M

DB̃

implying that the composition V ˝ B “ pV ˝ Qm,nq ˝ B̃ is a Cr map
between smooth manifolds, whose derivative is obtained by composing
the differentials of B and V, and this regardless of the choice of lift
and pre-image. This is our analogue of the chain rule in ordinary
differential calculus (Proposition 1.3.14).

In Sections 1.4 and 1.6, we focus on barcode-valued maps B : M Ñ

Bar arising from filter functions on fixed smooth manifolds or simplicial
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complexes. These maps are usually not differentiable everywhere on
their domain. However, motivated by the aforementioned applications,
we seek conditions under which B is differentiable almost everywhere
on M. A natural approach for this would be to use Rademacher’s
theorem [Fed69, Thm. 3.1.6], as we know that B is Lispchitz continuous
by the Stability Theorem of persistent homology [BL15, CdSGO16,
CSEH07]. However, this approach has several important shortcomings:

• it depends on a choice of measure on M;

• it calls for a generalization of Rademacher’s theorem to maps taking
values in arbitrary metric spaces, and to the best of our knowledge,
existing generalizations only provide directional metric differentials
(see e.g. [Pan89]);

• more fundamentally, it is not constructive and therefore does not
provide formulae for the differentials;

• finally, in the context of optimization, it is important to guarantee
the existence of differentials/gradients in an open neighborhood of
the considered parameter θ, and not just in a full-measure subset.

We therefore propose to follow a different approach, seeking conditions
that ensure the differentiability of B on a generic (i.e. open and dense)
subset of M, with explicit differential.

Our first scenario (Section 1.4) considers a parametrization F :
M ÝÑ RK of filter functions on a fixed simplicial complex K. Given
a homology degree p ď d, where d is the maximal simplex dimension
in K, the barcode-valued map B decomposes as B “ PHp ˝ F, and in
Theorem 1.4.9 we show that B is r-differentiable on a generic subset
of M whenever F is Cr over M or a generic subset thereof. The proof
relies on the fact that the pre-order on the simplices of K induced by
the values assigned by the filter function Fpθq is generically constant
around θ in M. We then relate the diffential of B to those of F in Propo-
sition 1.4.14, yielding a closed formula that can be leveraged in practical
implementations. Finally, we study the behavior of B at singular points
by means of a stratification of the parameter space M, whereby the
top-dimensional strata are the locations where B is differentiable, and
the lower-dimensional strata characterize the defect of differentiability
of B. We show in Theorem 1.4.19 that we can define directional deriva-
tives along each incident stratum at any given point θ P M. We also
show that the barcode valued map can be globally lifted and expressed
as a permutation map on each stratum (Corollary 1.4.24).

In Section 1.5 we illustrate the impact of our framework on a series
of examples of parametrizations coming from earlier work, including
lower-star filtrations, Rips filtrations and some of their generalizations.
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For each example, we examine the differentiability of the barcode-
valued map and, whenever readily computable, we give the expressions
of its differential. This allows us to recover the differentiability results
from earlier work in a principled way.

Our second scenario (Section 1.6) considers a parametrization F :
M ÝÑ C8pX , Rq of smooth filter functions on a fixed smooth compact
d-dimensional manifold X . In this scenario, given a parameter θ P M,
the barcode-valued map B computes all the barcodes of fθ at once, and
collates them in a vector of barcodes:

B : θ P M ÞÝÑ pPH0p fθq, ..., PHdp fθqq P Bard`1.

We show that B is 8-differentiable at any parameter θ such that fθ is
Morse with distinct critical values (Theorem 1.6.1). The key insights
are: on the one hand, that at any such parameter θ the implicit function
theorem allows us to smoothly track the critical points of fθ1 as θ1

ranges over a small enough open neighborhood around θ; on the other
hand, that the Stability Theorem provides a consistent correspondence
between the critical points of fθ1 and the interval endpoints in its
barcodes.

In Section 1.7 we look at examples of classes of maps V : Bar Ñ N .
We first consider persistence images [AEK`

17] and more generally
linear representations of barcodes, as an illustration of our framework
on barcode vectorizations. We show that persistence images and linear
representations are 8-differentiable under suitable choices of weight-
ing function (Propositions 1.7.3 and 1.7.5). We then consider the case
where V : Bar Ñ R is the bottleneck or Wasserstein distance to a fixed
barcode, and show it is semi-algebraic in a suitable sense (Proposi-
tion 1.7.7), which is useful in a context of optimisation. We then focus
on the bottleneck distance to a fixed barcode D0, which we believe can
be of interest in the context of inverse problems. We show that this
distance is differentiable on a generic subset of Bar (Propositions 1.7.9
and 1.7.10).

Finally, throughout the paper we sprinkle our exposition with exam-
ples of parametrizations and loss functions that illustrate our results
and demonstrate their potential for applications.

1.2 Preliminary notions

Throughout the paper, vector spaces and homology groups are taken
over a fixed field k, omitted in our notations whenever clear from
the context. As much as possible, we keep separate terminologies
for different notions of differentiability, for instance: maps from or to
the space of barcodes are called r-differentiable when maps between
manifolds are simply called Cr. The only exception to this rule is
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the term smooth for maps, which has a versatile meaning that should
nonetheless always be clear from the context.

1.2.1 Persistence modules and persistent homology

Definition 1.2.1. A persistence module V is a functor from the poset pR, ď

q to the category Vectk of vector spaces over k.

In other words, a persistence module is a collection V “ tVt, vs,t :
Vs Ñ Vtups,tqPR2,sďt of vector spaces Vt and linear maps vs,t, such that
vt,t “ idVt for all t P R and vs,t ˝ vr,s “ vr,t for all r ď s ď t P R. We
say that V is pointwise finite-dimensional (or pfd for short) if every Vt is
finite-dimensional. Unless otherwise stated, persistence modules in the
following will be pfd.

Definition 1.2.2. A morphism η : V Ñ W between two persistence
modules is a natural transformation between functors.

In other words, writing V “ tVt, vs,tusďt and W “ tWt, ws,tusďt, a
morphism η : V Ñ W is a collection of linear maps tηt : Vt Ñ WtutPR

such that the following diagram commutes for all s ď t:

Vs
vs,t //

ηs

��

Vt

ηt

��
Ws

ws,t // Wt

We say that η is an isomorphism of persistence modules if all the ηt are
isomorphisms of vector spaces. We denote by Pers the category of
persistence modules. Pers is an abelian category, so it admits kernels,
cokernels, images and direct sums, which are defined pointwise. By
Crawley-Bovey’s Theorem1, we know that persistence modules essen- 1 William Crawley-Boevey. Decomposi-

tion of pointwise finite-dimensional per-
sistence modules. Journal of Algebra and
its Applications, 14(05):1550066, 2015

tially uniquely decompose as direct sums of elementary modules called
interval modules. The interval module IJ associated to an interval J of R

is defined as the module with copies of the field k over J and zero
spaces elsewhere, the copies of k being connected by identity maps.

Theorem 1.2.3. For any persistence module V, there is a unique multi-set J
of intervals of R such that

V – ‘JPJ IJ , (1.6)

Persistence modules of particular interest are the ones induced by
the sub-level sets of real-valued functions.

Definition 1.2.4. Let f : X Ñ R be a real-valued function on a topo-
logical space. Write X t :“ f ´1pp´8, tsq for the closed sublevel set of f
at level t P R. Given p P N, the sublevel set persistent homology of f in
degree p is the (non-necessarily pfd) persistence module Hpp f q defined
by:
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• the vector spaces tHppX tqutPR, where Hp is the singular homology
functor in degree p with coefficients in k;

• the linear maps tvs,t : HppX sq Ñ HppX tqusďt induced by inclusions
X s ãÑ X t.

In the following we restrict our focus to finite-type persistence mod-
ules induced by tame functions, defined as follows:

Definition 1.2.5. A persistence module V is of finite type if it admits a
decomposition into finitely many interval modules.

Definition 1.2.6. A function f : X Ñ R is tame if its persistent homology
modules in any degree are of finite type.

In particular, filter functions on a finite simplicial complex (see below)
and Morse functions on a smooth manifold (see Section 1.2.3) are tame.

Definition 1.2.7. Let K be a finite simplicial complex. A filter function
f : K Ñ R is a function that is monotonous with respect to inclusions of
faces in K, i.e. f pσq ď f pσ1q for all σ Ď σ1 P K. This implies in particular
that every sublevel set Kt :“ tσ P K | f pσq ď tu is a sub-complex of K.

1.2.2 Persistence barcodes / diagrams

Given a decomposition of a finite-type persistence module V as in (1.6),
the (finite) multi-set J is called the barcode of V. An alternate repre-
sentation is as a (finite) multiset B of points in the plane, where each
interval J P J is mapped to the point pinf J, sup Jq. To this multiset
of points we add ∆8, that is the multiset containing countably many
copies of the diagonal ∆ :“ tpb, bq | b P Ru, to obtain the so-called per-
sistence diagram of V. When V is the sublevel set persistent homology
of a tame function f in degree p, we denote by PHpp f q its persistence
diagram. Persistence diagrams can also be defined independently of
persistence modules as follows:

Definition 1.2.8. A persistence diagram is the union B Y ∆8 of a finite
multiset B of elements in R ˆ R̄, where R̄ :“ R Y t`8u, with countably
many copies of the diagonal ∆. The set of persistence diagrams is
denoted by Bar.

From now on we also use the terminology barcodes for persistence
diagrams. Following this terminology, we also call intervals the points
in a persistence diagram. Points lying on the diagonal ∆ are qualified
as diagonal, the others are qualified as off-diagonal.

Remark 1.2.9. In the above definitions we follow the literature on ex-
tended persistence, in which persistence diagrams can have points
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everywhere in the extended plane R ˆ R̄. This is because our frame-
work extends naturally to that setting. Note also that, in the literature,
the diagonal is sometimes not included in the diagrams. Here we are
including it with infinite multiplicity. This is in the spirit of taking
the quotient category of observable persistence modules, as defined
by [CCBdS16].

Frédéric Chazal, William Crawley-
Boevey, and Vin de Silva. The observable
structure of persistence modules. Homol-
ogy Homotopy Appl., 18(2):247–265, 2016

Definition 1.2.10. Given two barcodes D, D1 P Bar, viewed as multisets,
a matching is a bijection γ : D Ñ D1. The cost of γ is the quantity

cpγq :“ sup
xPD

}x ´ γpxq}8 P R̄.

We denote by ΓpD, D1q the set of all matchings between D and D1.

Definition 1.2.11. The bottleneck distance between two barcodes D, D1 P

Bar is
d8pD, D1q :“ inf

γPΓpD,D1q
cpγq

Given q P R˚
`, a slight modification of the matching cost yields

the q-th Wasserstein distance on barcodes as introduced in [CSEHM10]:
David Cohen-Steiner, Herbert Edels-

brunner, John Harer, and Yuriy Mileyko.
Lipschitz functions have l p-stable persis-
tence. Foundations of Computational Mathe-
matics, 10(2):127–139, 2010

dqpD, D1q :“ inf
γPΓpD,D1q

p
ÿ

xPD

}x ´ γpxq}
q
8q

1
q (1.7)

Since we include all points in the diagonal with infinite multiplicity in
our definition of barcodes, d8 is a true metric2 and not just a pseudo- 2 In fact an extended metric as it can take

infinite values.metric. Indeed, for any D, D1 P Bar, we have d8pD, D1q “ 0 ñ D “ D1.
We call bottleneck topology the topology induced by d8, which by the
previous observation makes Bar a Hausdorff space.

A key fact is the Lipschitz continuity of the barcode function, known
as the Stability Theorem3: 3 Ulrich Bauer and Michael Lesnick. In-

duced matchings and the algebraic sta-
bility of persistence barcodes. Journal
of Computational Geometry, 6(1):162–191,
2015; Frédéric Chazal, Vin de Silva, Marc
Glisse, and Steve Oudot. The structure and
stability of persistence modules. Springer-
Briefs in Mathematics. Springer, 2016;
and David Cohen-Steiner, Herbert Edels-
brunner, and John Harer. Stability of per-
sistence diagrams. Discrete & Computa-
tional Geometry, 37(1):103–120, 2007

Theorem 1.2.12. Let f , g : X Ñ R be two real-valued functions with
well-defined barcodes. Then,

d8pPHpp f q, PHppgqq ď } f ´ g}8.

Note that the assumptions in the theorem are quite general and hold
in our cases of interest: tame functions on a compact manifold, and
filter functions on a simplicial complex.

1.2.3 Morse functions

Morse functions are a special type of tame functions, for which there is
a bijective correspondence between critical points in the domain and
interval endpoints in the barcode. This correspondence, detailed in
Proposition 1.2.14, will be instrumental in the analysis of Section 1.6.
For a proper introduction to Morse theory, we refer the reader to
[Mil63].

John Milnor. Morse theory. Prince-
ton University Press, Princeton, N.J., pages
vi+153, 1963
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Definition 1.2.13. Given a smooth d-dimensional manifold X , a smooth
function f : X Ñ R is called Morse if its Hessian at critical points (i.e.
points where the gradient of f vanishes) is nondegenerate.

Note that we do not assume a priori that the values of f at critical
points (called critical values) are all distinct. For such a value a, we call
multiplicity of a the number of critical points in the level-set f ´1paq. We
also introduce the notation Critp f q to refer to the set of critical points,
which is discrete in X . In particular, if X is compact, which will be the
case in this paper, Critp f q is finite. The number of negative eigenvalues
of ∆ f at a critical point x is called the index of x.

Proposition 1.2.14. Assume X is compact and all the critical values of f have
multiplicity 1. Denote by Ep f q the multiset of finite endpoints of off-diagonal
intervals (including the left endpoints of infinite intervals) of PH0p f q \ ... \

PHdp f q. Then, f induces a bijection Critp f q Ñ Ep f q.

This result is folklore, and we give a proof only for completeness.

Proof. Let a ď b be real numbers. Write X a for the sublevel set
f ´1pp´8, asq. If ra, bs contains a unique critical value c of f , then X b

has the homotopy type of X a glued together with a cell ep of dimension
p, where p is the index of the unique critical point x associated to c.
Therefore, H˚pX b,X aq is trivial except for ˚ “ p where it is spanned
by the homology class of ep. This does not depend on the choice of a, b
surrounding c and sufficiently close to it. Then, using the long exact
sequence in homology, we deduce that either there is one birth in de-
gree p at value c in the persistent homology module, or there is one
death in degree p ´ 1. Hence, c is either a left endpoint of an interval
of PHpp f q, or a right endpoint of an interval of PHp´1p f q. In either
case, we can define the map x ÞÑ f pxq for any x P Critp f q, and we
have just shown that its codomain is indeed Ep f q. The map is injective
because the critical values of f have multiplicity 1 by assumption. We
now show it is onto. Let a P R be a non-critical value of f . For any
(small enough) ε, η ą 0, the interval ra ´ η, a ` εs contains no critical
value of f , therefore X a`ε deform retracts onto X a´η , thus implying
that the inclusions HppX a´ηq Ñ HppX a`εq are identity maps for any
homology degree p. By the decomposition Theorem 1.2.3, this implies
that a cannot be an endpoint of an interval summand, i.e. a R Ep f q.

The assumption that each critical value of f has multiplicity 1 is
superfluous in Proposition 1.2.14, if we allow the correspondence map
to match trivial intervals. Let ra, bs be an interval containing a unique
critical value c. One can still use Morse theory and glue as many
critical cells ep to X a as there are critical points in f ´1pcq in order to
obtain a CW structure on X b from the one of X a. Considering the
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different critical cells, we know exactly the ranks of the morphisms
HppX aq Ñ HppX bq induced by inclusions in each homology degree p.

1.2.4 Diffeology theory

Diffeology theory provides a principled approach to equip a set with a
smooth structure. We use some concepts of the theory in Section 1.3.5,
where we equip the set Bar of barcodes with a diffeology and identify
the resulting smooth maps. We refer the reader to [IZ13] for a detailed

Patrick Iglesias-Zemmour. Diffeology.
Mathematical Surveys and Monographs,
volume 185. American Mathematical So-
ciety, Providence, RI, 2013

introduction to the material presented below. In the following, we call
domain any open set in any arbitrary Euclidean space.

Definition 1.2.15. Given a non-empty set S, a diffeology is a collection
D of pairs pU, Pq, called plots, where U is a domain and P : U Ñ S is a
map from U to S, satisfying the following axioms:

(Covering) For any element s P S and any integer n P N, the constant map
x P Rn ÞÑ s P S is a plot.

(Locality) If for a pair pU, Pq we have that, for any x P U there exists an open
neighborhood U1 Ď U of x such that the restriction pU1, P|U1 q is a
plot, then pU, Pq itself is a plot.

(Smoothness compatibility) For any plot pU, Pq and any smooth map F : W Ñ U where W is a
domain, the composition pW, P ˝ Fq is a plot.

If a set S comes equipped with a diffeology D, then it is called a
diffeological space. We think of a diffeological space S as a space where
we impose which functions, the plots, from a manifold to S, are smooth.
Notice that any set can be made a diffeological space by taking all
possible maps as plots. This is the coarsest diffeology on S, where D
is said to be finer than the diffeology D1 if D Ă D1, and coarser if the
converse inclusion holds.4 The prototypical diffeological space is the 4 This terminology is the opposite to the

one used when comparing topologies.Euclidean space Rn with the usual smooth maps from domains to Rn

as plots.

Definition 1.2.16. A morphism f : S Ñ S1, or smooth map, between two
diffeological spaces S and S1, is a map such that for each plot P of S,
f ˝ P is a plot of S1. f is called a diffeomorphism if it is a bijection and
f ´1 : S1 Ñ S is smooth. A map f : A Ñ S1, where A Ď S, is locally
smooth if for any plot P of S, f ˝ P|P´1pAq is a plot of S1. f is a local
diffeomorphism if it is a bijection onto its image and if f ´1 is locally
smooth as a map S1 Ě f pAq Ñ S.

Obviously, identities are smooth, and smooth maps compose together
into smooth maps, therefore we can consider the category Diffeo
of diffeological spaces. Finite dimensional smooth manifolds with
or without boundaries and corners, Fréchet manifolds and Frölicher
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spaces, viewed as diffeological spaces with their usual smooth maps,
form strict subcategories of Diffeo. In fact, finite dimensional smooth
manifolds can be defined in the context of diffeology as follows:

Definition 1.2.17. A diffeological space M is a n-dimensional diffeological
manifold if it is locally diffeomorphic to Rn at every point in M.

Patrick Iglesias-Zemmour. Diffeology.
Mathematical Surveys and Monographs,
volume 185. American Mathematical So-
ciety, Providence, RI, 2013

Theorem 1.2.18 (Section 4.3 in [IZ13]). Every n-dimensional smooth man-
ifold M is an n-dimensional diffeological manifold once equipped with the
diffeology given by the smooth maps U Ñ M from arbitrary domains U.
Conversely, every n-dimensional diffeological manifold is an n-dimensional
smooth manifold.

One appealing feature of Diffeo, compared to the category of smooth
manifolds for instance, is that it is closed under usual set operations—
here we only consider coproducts and quotients:

Definition 1.2.19. For an arbitrary family of diffeological spaces tpSj, DjqujPJ ,
the sum diffeology on

Ů

jPJ Sj is the finest diffeology making the injec-
tions Si Ñ

Ů

jPJ Sj smooth.

Definition 1.2.20. For a diffeological space pS,Dq and an equivalence
relation „ on S, the quotient diffeology on S{„ is the finest diffeology
making the quotient map S Ñ S{„ smooth.

1.2.5 Stratified manifolds

Stratified manifolds play a role in Section 1.4.3 of this paper. For
background material on the subject, see e.g. [Mat12].

John Mather. Notes on topological
stability. Bull. Amer. Math. Soc. (N.S.),
49(4):475–506, 2012

Definition 1.2.21. Let M be a smooth d-dimensional manifold. A
Whitney stratification SM of M is a collection of connected smooth
submanifolds (not necessarily closed) of M, called strata, satisfying the
following axioms:

(Partition) The strata partition M.

(Locally finite) Each point of M has an open neighborhood meeting with finitely
many strata.

(Frontier) For each stratum M1 P SM, the set M1zM1 is a union of strata,
where M1 is the closure of M1 in M.

(Condition b) Consider a pair of strata pM1,M2q and an element θ P M1. If there
are sequences of points pθ1

kqkPN and pθ2
k qkPN lying in M1 and M2

respectively, both converging to θ, such that the line pθ1
k, θ2

k q (defined
in some local coordinate system around θ) converges to some line l
and Tθ2

k
M2 converges to some flat, then this flat contains l.
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Stratified maps are those that behave nicely with respect to stratifica-
tions. Here we only use a subset of the axioms they satisfy, hence we
talk about weakly stratified maps.

Definition 1.2.22. Let M,N be stratified manifolds. A map f : M Ñ N
is weakly stratified if the pre-images f ´1pN 1q, for any stratum N 1 P SN ,
is a union of strata in SM.

1.3 Differentiability for maps from or to the space of barcodes

In Section 1.3.1 we provide a general framework for studying the
differentiability of maps from a smooth manifold to Bar. Then in
Section 1.3.2 we provide the analogue for maps with Bar as domain
and a smooth manifold as co-domain. Both frameworks are in some
sense dual to each other, and inspired by the theory of diffeological
spaces—we develop this connection in Section 1.3.5. We then derive a
chain rule in Section 1.3.3: if a map between manifolds factors through
Bar, then it is smooth whenever both terms in the factorization are
smooth according to our definitions, and in this case its differential can
be computed explicitly.

1.3.1 Differentiability of barcode valued maps

Throughout this section, M denotes a smooth finite-dimensional man-
ifold without boundary, which may or may not be compact. Our
approach to characterizing the smoothness of a barcode valued map is
to factor it through the bundle of ordered barcodes:

Definition 1.3.1. For each choice of non-negative integers m, n, the space
of ordered barcodes with m finite bars and n infinite ones is R2m ˆ Rn,
equipped with the Euclidean norm and the resulting smooth structure.
The corresponding quotient map Qm,n : R2m ˆ Rn Ñ Bar quotients the
space by the action5 of the product of symmetric groups Σm ˆ Σn, that 5 Σm acts on R2m by permutation of pairs

of adjacent coordinates while Σn acts on
Rn by permutation of coordinates.

is: for any ordered barcode D̃ “ pb1, d1, ..., bm, dm, v1, ..., vnq P R2m ˆ Rn,

Qm,npD̃q :“ tpbi, diqum
i“1 Y tpvj, `8qun

j“1 Y ∆8.

One can think of an ordered barcode D̃ P R2m ˆ Rn as a vector
describing a persistence diagram with at most m bounded off-diagonal
points and exactly n unbounded points. The former have their coor-
dinates encoded in the adjacent pairs of the 2m first components in
D̃, while the latter have the abscissa of their left endpoint encoded
in the last n components of D̃. The quotient map Qm,n forgets about
the ordering of the bars in the barcodes. So far Qm,n is merely a map
between sets, and it is natural to ask whether it is regular in some
reasonable sense:
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Proposition 1.3.2. For any m, n P N2, Qm,n is 1-Lipschitz when Bar is
equipped with the bottleneck topology.

Proof. For any two elements D̃1, D̃2 P R2m ˆ Rn, there is an obvious
matching γ on their images Qm,npD̃1q, Qm,npD̃2q given by matching the
components of the vectors D̃1 and D̃2 entry-wise. The cost of this
matching is then bounded above by the supremum norm of D̃1 ´ D̃2,
by the definition of the matching cost cpγq. In turn, the supremum
norm is bounded above by the ℓ2 norm.

We then say that a barcode valued map is smooth if it admits a
smooth lift into the space of ordered barcodes for some choice of m, n:

Definition 1.3.3. Let B : M Ñ Bar be a barcode valued map. Let
x P M and r P N Y t`8u. We say that B is r-differentiable at x if there
exists an open neighborhood U of x, integers m, n P N and a map
B̃ : U Ñ R2m ˆ Rn of class Cr such that B “ Qm,n ˝ B̃ on U. For an
integer d P N, a function B : M Ñ Bard`1 is r-differentiable at x P M if
each of its d ` 1 components is. We call B̃ a local lift of B.

Remark 1.3.4 (Locally finite number of off-diagonal points). If a func-
tion B as above is r-differentiable at x P M, then locally for any x1

around x we can upper-bound the number of off-diagonal points aris-
ing in Bpx1q by m ` n. Notice that off-diagonal points can possibly
appear in Bpx1q and become part of the diagonal ∆ in Bpxq, which is to
say that Defnition 1.3.3 does not restrict the function B to locally consist
in a fixed number of off-diagonal points. Informally, in analogy with
the fact that a barcode has finitely many off-diagonal points, our defini-
tion of smoothness allows finitely many appearances or disappearances
of off-diagonal points in the neighborhood of a barcode.

Remark 1.3.5 (0-differentiability is stronger than bottleneck continuity).
If B : M Ñ Bar is 0-differentiable, then B is continuous when Bar is
given the bottleneck topology. This comes from the Lipschitz continuity
of Qm,n (Proposition 1.3.2) and the fact that continuity is stable under
composition. The converse is false, because, on the one hand, if B is
0-differentiable then locally the number of off-diagonal points in the
image of B is uniformly bounded (see the previous remark), while
on the other hand, the number of off-diagonal points appearing in
barcodes in any given open bottleneck ball is arbitrarily large.

Definition 1.3.6. Let B : M Ñ Bar be 1-differentiable at some x, and
B̃ : U Ñ R2m ˆ Rn be a C1 lift of B defined on an open neighborhood
U of x. The differential (or derivative) dx,B̃B of B at x with respect to B̃ is
defined to be the differential of B̃ at x:

TxM ÝÝÑ
dx B̃

R2m ˆ Rn.
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Post-composing with the quotient map, we can see Qm,n ˝ dx,B̃B :
TxM Ñ Bar as a multi-set of co-vectors, one above each off-diagonal
point of Bpxq (plus some distinguished diagonal points), describing
linear changes in the coordinates of the points of Bpxq under infinitesi-
mal perturbations of x. In this respect, the spaces of ordered barcodes
R2m`n play the role of tangent spaces over Bar. For practical compu-
tations, it can be convenient to work with an alternate yet equivalent
notion of differentiability, based on point trackings:

Definition 1.3.7. Let B : M Ñ Bar be a barcode valued map. Let
x P M and r P N Y t`8u. A Cr local coordinate system for B at x is a
collection of maps tbi, di : U Ñ RuiPI and tvj : U Ñ RujPJ for finite sets
I, J defined on an open neighborhood U of x, such that:

(Smooth) The maps bi, di, vj are of class Cr;

(Tracking) For any x1 P U we have the multi-set equality

Bpx1q “ tpbipx1q, dipx1qquiPI Y tpvjpx1q, `8qujPJ Y ∆8.

Thus, in a local coordinate system, we have maps bi, di (resp. vj)
that track the endpoints of bounded (resp. unbounded) intervals in the
image barcode through B. We will often abbreviate the data of a local
coordinate system of B at x by T “ pU, tbi, diuiPI , tvjujPJq.

Our two notions of differentiability are indeed equivalent:

Proposition 1.3.8. Let B : M Ñ Bar be a barcode valued map and x P M.
Then B is r-differentiable at x if and only if it admits a Cr local coordinate
system at x. Specifically, post-composing a Cr local lift B̃ : U Ñ R2m ˆ Rn

around x with the quotient map Qm,n yields a Cr local coordinate system, and
conversely, fixing an order on the functions of a Cr local coordinate system
yields a Cr local lift.

Proof. pñq Let B̃ : U Ñ R2m ˆ Rn be a Cr local lift of B at x. Extract
the components of pb1px1q, d1px1q, ..., bmpx1q, dmpx1q, v1px1q, ..., vnpx1qq :“
B̃px1q to get a local coordinate system, which is Cr over U as B̃ is. pðq

Let T “ pU, tbi, diuiPI , tvjujPJq be a Cr local coordinate system for B at x.
Set m “ |I| and n “ |J|, and fix two arbitrary bijections s : t1, ..., mu Ñ I
and t : t1, ..., nu Ñ J. Then the map B̃ : U Ñ R2m ˆ Rn defined as:

B̃px1q :“ rbsp1qpx1q, dsp1qpx1q, ..., bspmqpx1q, dspmqpx1q, vtp1qpx1q, ..., vtpnqpx1qs

is a lift of B. As a map valued in a Euclidean space, B̃ is Cr because all
its coordinate functions are.

Remark 1.3.9 (Non uniqueness of differentials). It is important to keep
in mind that the differential of B at x is not uniquely defined, as it
depends on the choice of local lift. Indeed, for two distinct lifts B̃, B̃1 of
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B at x, we usually get distinct differentials dBx,B̃, dBx,B̃1 . For instance,
if B̃1 is obtained from B̃ by appending an extra pair of coordinates of
the form p f , f q, where f is a smooth real function, then dBx,B̃1 takes its
values in a different codomain than that of dBx,B̃. Note that this will
not be an issue in the rest of the paper, as any choice of differential will
yield a valid chain rule (Section 1.3.3).

1.3.2 Differentiability of maps defined on barcodes

Let N be a smooth finite-dimensional manifold without boundary. Our
notion of differentiability for maps V : Bar Ñ N is in some sense dual
to the one for maps B : M Ñ Bar, as will be justified formally in the
next section.

Definition 1.3.10. Let V : Bar Ñ N be a map on barcodes. Let D P Bar
and r P N Y t`8u. V is said to be r-differentiable at D, if for all integers
m, n and all vectors D̃ P R2m ˆ Rn such that Qm,npD̃q “ D, the map
V ˝ Qm,n : R2m ˆ Rn Ñ N is Cr on an open neighborhood of D̃.

Notice that for each choice of m, n we have a unique map V ˝ Qm,n,
and we must check its differentiability at all the (possibly many) distinct
pre-images D̃ of D and for all m, n. One can think of a choice of m, n
and pre-image D̃ of D as a choice of tangent space of Bar at D.

Example 1.3.11 (Total persistence function). Let V : Bar Ñ R be defined
as the sum, over bounded intervals pb, dq in a barcode D, of the length
pd ´ bq. Given D P Bar and an ordered barcode D̃ P R2m`n such that
Qm,npD̃q “ D, the map V ˝ Qm,n is a linear form and in particular is of
class C8 at D̃. Explicitly, we have

V ˝ Qm,n : pb1, d1, ..., bm, dm, v1, ..., vnq P R2m`n ÞÑ

m
ÿ

i“1

di ´ bi P R

Therefore, V is 8-differentiable everywhere on Bar.

The relationship between 0-differentiability and the bottleneck con-
tinuity for maps V is the opposite to the one that holds for maps B
(recall Remark 1.3.5):

Remark 1.3.12 (Bottleneck continuity is stronger than 0-differentiability).
If V : Bar Ñ N is continuous when Bar is equipped with the bottleneck
topology, then V is 0-differentiable. This is because the quotient map
Qm,n is continuous (Proposition 1.3.2) and the composition of continu-
ous maps is continuous. The converse is false, as seen for instance when
taking V to be the total persistence function: although 0-differentiable
(because 8-differentiable) on Bar, V is not continuous in the bottleneck
topology as it is unbounded in any open bottleneck ball.



34 differential & fiber of persistent homology

Definition 1.3.13. Let V : Bar Ñ N be 1-differentiable at D P Bar, and
D̃ P R2m`n be a pre-image of D via Qm,n. The differential (or derivative)
of V at D with respect to D̃ is the map

dD,D̃V : R2m`n ÝÝÝÝÝÝÝÑ
dD̃pV˝Qm,nq

TVpDqN .

1.3.3 Chain rule

We now combine the previous definitions to produce a chain rule.

Proposition 1.3.14. Let B : M Ñ Bar be r-differentiable at x P M, and
V : Bar Ñ N be r-differentiable at Bpxq. Then:

(i) V ˝ B : M Ñ N is Cr at x as a map between smooth manifolds;

(ii) If r ě 1, then for any local C1 lift B̃ : U Ñ R2m`n of B around x we have:

dxpV ˝ Bq “ dBpxq,B̃pxqV ˝ dx,B̃B.

The meaning of this formula is that, even though the differentials
of B and of V may depend on the choice of lift B̃ : M Ñ R2m`n, their
composition does not, and in fact it matches with the usual differential
of V ˝ B as a map between smooth manifolds.

Proof. Since B is r-differentiable at x, there exists an open neighbor-
hood U of x and a local Cr lift B̃ : U Ñ R2m ˆ Rn for some integers
m, n, such that B|U “ Qm,n ˝ B̃. Meanwhile, since V is r-differentiable at
Bpxq, the map V ˝ Qm,n : R2m ˆ Rn Ñ N is Cr at B̃pxq. This implies that
the composition V ˝ B|U “ pV ˝ Qm,nq ˝ B̃ is Cr at x, and therefore that
V ˝ B itself is Cr at x since U is open. This proves (i). The formula of (ii)
follows then from applying the usual chain rule to pV ˝ Qm,nq and B̃,
which are C1 maps between smooth manifolds without boundary.

Example 1.3.15. In [HGR`
20a], given a C8 neural network architecture

Christoph Hofer, Florian Graf, Bastian
Rieck, Marc Niethammer, and Roland
Kwitt. Graph filtration learning. In In-
ternational Conference on Machine Learning,
pages 4314–4323. PMLR, 2020

F0 : RN Ñ RK0 valued in the set of functions over the vertices of a fixed
graph K, the optimization pipeline requires taking the gradient of the
following loss function:

L : θ P RN ÞÝÑ
ÿ

pb,dqPPHppF0pθqqz∆ bounded

spb, dq P R,

where s : R2 Ñ R is a fixed smooth map, and PHppF0pθqq is the degree-
p persistence diagram associated to the lower star filtration induced by
F0pθq on K (see Section 1.5.1 dedicated to the full analysis of lower star
filtrations). We may see L as the composition:

L : θ P RN B // PHppF0pθqq P Bar V // VpPHppF0pθqqq P R ,
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where V : D P Bar ÞÑ
ř

pb,dqPDz∆ bounded spb, dq P R. On the one hand, B
is 8-differentiable at every θ where F0pθq is injective, as will be detailed
in Section 1.5.1. On the other hand, V is 8-differentiable everywhere
on Bar, a fact obtained exactly as in the case of the total persistence
function of Example 1.3.11. By the chain rule (Proposition 1.3.14), we
deduce that the loss L is smooth at every θ where F0pθq is injective.
Thus we recover the differentiability result of [HGR`

20a]. In fact, the
upcoming Theorem 1.4.9 ensures that B is 8-differentiable over an
open dense subset of RN , and therefore so is L by the chain rule.

1.3.4 Higher-order derivatives

The notions of derivatives introduced in Definitions 1.3.6 and 1.3.13

extend naturally to higher orders. For simplicity, we place ourselves
in the Euclidean setting, letting M “ RN and N “ RN1

for some
N, N1 P N.

Definition 1.3.16. Let B : RN Ñ Bar be r-differentiable at some x, and
B̃ : U Ñ R2m ˆ Rn be a Cr lift of B defined on an open neighborhood
U of x. The r-th differential (or derivative) of B at x with respect to B̃ is
defined to be the r-th Fréchet differential of B̃ at x:

dr
x B̃ : pRNqr ÝÑ R2m ˆ Rn.

Dually:

Definition 1.3.17. Let V : Bar Ñ RN1
be r-differentiable at D P Bar,

and D̃ P R2m`n be a pre-image of D via Qm,n. The r-th differential (or
derivative) of V at D with respect to D̃ is the r-th Fréchet differential of
V ˝ Qm,n at D̃:

dr
D̃pV ˝ Qm,nq : pR2m`nqr ÝÑ RN1

.

Note that, given maps B : RN Ñ Bar and V : Bar Ñ RN1
that are

r-differentiable at x and Bpxq respectively, the chain rule of Section 1.3.3
adapts readily to higher-order derivatives of B ˝ V at x.

Meanwhile, we get a natural Taylor expansion of B at x with respect
to B̃:

Tr
x,B̃B : h P RN ÞÝÑ B̃pxq ` dx B̃phq ` ¨ ¨ ¨ `

1
r!

dr
x B̃ph, ¨ ¨ ¨ , hq P R2m ˆ Rn.

Proposition 1.3.18. Let B : RN Ñ Bar be r-differentiable at some x, and
B̃ : U Ñ R2m ˆ Rn be a Cr lift of B defined on an open neighborhood U of x.
Then,

d8pBpx ` hq, pQm,n ˝ Tr
x,B̃Bqphqq “ op}h}rq.

Proof. This follows from applying the standard Taylor-Young theorem
to B̃, then post-composing by Qm,n—which is 1-Lipschitz by Proposi-
tion 1.3.2.
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To our knowledge, there is in general no equivalent of this result for
the map V, due to the lack of a Lipschitz-continuous section of Qm,n.

1.3.5 The space of barcodes as a diffeological space

In this subsection, we detail how Bar, when viewed as the quotient
of a disjoint union of Euclidean spaces, is canonically made into a
diffeological space, as defined in Section 1.2.4. We then show that the
resulting notions of diffeological smooth maps from and to Bar coincide
with the definitions 1.3.3 and 1.3.10 of differentiability we chose for
maps from and to Bar in the previous sections, thus making these two
definitions dual to each other.

As a set, Bar is isomorphic to
`
Ů

m,nPN R2m`n˘ {„, where „ is the
transitive closure of the following relations for m, n ranging over N:

• For any permutations π, τ of t1, ..., mu and t1, ..., nu respectively,

rpbi, diq
m
i“1, pvjq

n
j“1s „ rpbπpiq, dπpiqqm

i“1, pvτpjqqn
j“1s,

which indicates that persistence diagrams are multisets (i.e. intervals
are not ordered);

• Any element rpbi, diq
m
i“1, pvjq

n
j“1s P R2m`n such that one of the first

m adjacent pairs pbi, diq satisfies bi “ di is equivalent to the element
of R2pm´1q`n obtained by removing pbi, diq. These identifications
correspond to quotienting multisets by the diagonal ∆.

Since the Euclidean spaces R2m`n are equipped with their Euclidean
diffeologies, we obtain a canonical diffeology DpBarq over Bar from
Definitions 1.2.19 and 1.2.20. The plots of DpBarq can be concretely
characterized as follows:

Proposition 1.3.19. Let U Ď Rd be open and B : U Ñ Bar. Then B is a plot
in DpBarq if and only if, for every x P U, there exists an open neighborhood
V Ď U of x and a C8 lift B̃ : V Ñ R2m`n such that B|V “ Qm,n ˝ B̃.

In other words, a plot in DpBarq is an 8-differentiable map from a
domain U to Bar.

Proof. Note that the characterization of the quotient diffeology, as given
in Definition 1.2.20, is in fact the characterization of the so-called push-
forward diffeology induced by the quotient map—see [IZ13, § 1.43]6. 6 Patrick Iglesias-Zemmour. Diffeology.

Mathematical Surveys and Monographs,
volume 185. American Mathematical So-
ciety, Providence, RI, 2013

According to that characterization, B : U Ñ Bar is a plot if and only if,
for every element z P U, there exists an open neighborhood W Ď U of z
such that the restriction B|W admits a lift7 B̃ : W Ñ

Ů

m,nPN R2m`n, i.e. 7 Strictly speaking, according to [IZ13,
§ 1.43] there is also the alternative that
the restriction B|W be constant, but in this
case it also admits a lift to

Ů

m,nPN R2m`n.
Indeed, calling D the unique barcode in
the image of B|W , we can choose one pre-
image D̃ of D in one of the spaces of
ordered barcodes R2m`n, then take B̃ to
be the constant map W Ñ tD̃u.

a plot B̃ of
Ů

m,nPN R2m`n that matches with B|W once post-composed
with the quotient map modulo „. In turn, by the characterization of the
sum diffeology in [IZ13, § 1.39], B̃ is a plot of

Ů

m,nPN R2m`n if and only
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if, for any x P W, there is an open neighborhood V Ď W of x and a pair
of indices pm, nq such that the restriction B̃|V maps into R2m`n and is
in fact a plot of R2m`n. Equivalently, we have B|V “ Qm,n ˝ B̃|V , where
B̃|V is of class C8 (since the spaces of ordered barcodes are equipped
with their canonical Euclidean diffeologies).

Corollary 1.3.20. The smooth maps in Diffeo from a smooth manifold M
without boundary (equipped with the diffeology from Theorem 1.2.18) to the
diffeological space Bar are exactly the 8-differentiable maps from M to Bar.

Proof. Let B : M Ñ Bar be a smooth map in Diffeo. For any plot
ϕ : U Ñ M, the composition B ˝ ϕ is a plot in DpBarq, therefore it
locally rewrites as Qm,n ˝ B̃ for some C8 lift B̃, by Proposition 1.3.19.
Choosing ϕ to be a local coordinate chart, we then locally have B “

Qm,n ˝ B̃ ˝ ϕ´1, which means that B is 8-differentiable. Conversely, if
B is 8-differentiable, it locally rewrites as B “ Qm,n ˝ B̃, hence for any
plot ϕ : U Ñ M the composition B ˝ ϕ locally rewrites as Qm,n ˝ B̃ ˝ ϕ

and therefore is a plot in DpBarq by Proposition 1.3.19.

Dually:

Corollary 1.3.21. The smooth maps in Diffeo from the diffeological space
Bar to a smooth manifold N without boundary (equipped with the diffeology
from Theorem 1.2.18) are exactly the 8-differentiable maps from Bar to N .

Proof. Let V : Bar Ñ N be a smooth map in Diffeo. By Proposition
1.3.19, any 8-differentiable map B : U Ñ Bar defined on a domain
U is a plot, therefore the composition V ˝ B : U Ñ N is a plot hence
C8. In particular, the map Qm,n “ Qm,n ˝ IdR2m`n : R2m`n Ñ Bar is
8-differentiable, therefore V ˝ Qm,n is C8. This shows that V is 8-
differentiable. Conversely, if V is 8-differentiable, the maps V ˝ Qm,n :
R2m ˆ Rn Ñ N , for varying integers m, n, are C8. By Proposition
1.3.19, if B : U Ñ Bar is a plot, then it locally rewrites as Qm,n ˝ B̃ for
some C8 lift B̃, therefore V ˝ B is locally of the form pV ˝ Qm,nq ˝ B̃,
which is of class C8 as a map between manifolds by the chain rule.
Thus, V ˝ B is a plot, and therefore V is smooth in Diffeo.

Conceptually, we have made Bar into a diffeological space by viewing
it as the quotient of the direct limit of the spaces of ordered barcode.
Then, 8-differentiable maps are simply morphisms in Diffeo from or
to smooth manifolds, rather than maps satisfying the a priori unrelated
definitions 1.3.3 and 1.3.10. More generally, by seeing Bar as one object
in Diffeo where morphisms can come in or out, we have notions of
smooth maps from or to Bar with respect to any other diffeological
space. For instance, a map f : Bar Ñ Bar is smooth if and only if all
the maps f ˝ Qm,n, for varying integers m, n, are 8-differentiable (the
proof is left as an exercise to the reader). Note however that diffeology
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does not characterize the r-differentiable maps for finite r nor the maps
that are differentiable only locally, two concepts that are prominent in
our analysis.

1.4 The case of barcode valued maps derived from real functions
on a simplicial complex

In this section we consider barcode valued maps Bp : M Ñ Bar that
factor through the space RK of real functions on a fixed finite abstract
simplicial complex K:

Bp : M F // RK PHp // Bar

In other words, we consider barcodes derived from real functions on K.
Note that PHp, the barcode map in degree p, is only defined on the
subspace of filter functions, i.e. functions K Ñ R that are monotonous
with respect to inclusions of faces in K. This subspace is a convex
polytope bounded by the hyperplanes of equations f pσq “ f pσ1q for
σ Ĺ σ1 P K. From now on, we consistently assume that F takes its
values in this polytope.

Example 1.4.1 (Height filters). Given an embedded simplicial com-
ple K Ď Rd, let M “ Sd´1 and F : θ ÞÑ pσ P K ÞÑ maxxPσ xθ, xyq.
The filter functions considered here are the height functions on K,
parametrized on the unit sphere Sd´1 by the map F.

By analogy with the previous example, we generally call F the
parametrization associated to B, although it may not always be a topo-
logical embedding of M into RK (it may not even be injective). We also
call M the parameter space, and use the generic notation θ to refer to an
element in M.

As we shall see in Section 1.4.1, a local coordinate system for the map
Bp at θ P M can be derived when the order of the values of the filter
function Fpθq remains constant locally around θ. For this purpose we
introduce the following equivalence relation on filter functions K Ñ R:

Definition 1.4.2. Given a filter function f : K Ñ R, the increasing
order of its values induce a pre-order on the simplices of K. Two filter
functions f , g are said to be ordering equivalent, written f „ g, if they
induce the same pre-order on K. This relation is an equivalence relation
on filter functions, and we denote by r f s the equivalence class of f . The
(finite) set of equivalence classes is denoted by ΩpRKq.

In order to compare barcodes across an entire equivalence class of
functions, we introduce barcode templates as follows:



differential calculus on persistence barcodes 39

Definition 1.4.3. Given a filter function f P RK and a homology degree
0 ď p ď d, a barcode template pPp, Upq is composed of a multiset Pp of
pairs of simplices in K, together with a multiset Up of simplices in K,
such that:

PHpp f q “
␣

p f pσq, f pσ1qq
(

pσ,σ1qPPp
Y
␣

p f pσq, `8q
(

σPUp
Y ∆8 (1.8)

Note that we do not require a priori that dim σ “ p and dim σ1 “ p ` 1.

Proposition 1.4.4. For any filter function f P RK and homology degree
0 ď p ď d, there exists a barcode template pPp, Upq of f .

Proof. Consider the interval decomposition Hpp f q – ‘JPJ IJ of the p-th
persistent homology module of f . Note that every interval endpoint
in the decomposition corresponds to the f -value of some simplex of
K (since the persistent homology module has internal isomorphisms
in-between these values). For every bounded interval J with endpoints
b, d P R choose an element pσJ , σ1

Jq in f ´1pbq ˆ f ´1pdq Ď K ˆ K, then
form the multiset Pp :“ tpσJ , σ1

Jq | J P J boundedu. Meanwhile, for ev-
ery unbounded interval J with finite endpoint v P R choose an element
σJ in f ´1pvq, then form the multiset Up :“ tσJ | J P J unboundedu.

Barcode templates get their name from the fact that they are an
invariant of the ordering equivalence relation „:

Proposition 1.4.5. If f , f 1 are ordering equivalent filter functions, then any
barcode template of f is also a barcode template of f 1 and vice-versa.

The proof, detailed hereafter, relies on the following elementary
lemma.

Lemma 1.4.6. Let V be a persistence module, and h : R Ñ R be a continuous
increasing function. Denote by Vh the shift of V by h, i.e for any s ď t,
Vh,t :“ Vhptq and vVh

s,t :“ vV
hpsq,hptq. If V decomposes as V – ‘JPJ IJ , then

Vh – ‘JPJ Ih´1pJq.

Proof. The operation that takes a persistence module to its shift by h is
an endofunctor of Pers which commutes with direct sums. In particular
it preserves isomorphisms.

Proof of Proposition 1.4.5. Let f , f 1 be two ordering equivalent filter func-
tions. Since f „ f 1, we have f pσq “ f pσ1q ñ f 1pσq “ f 1pσ1q for any pair
of simplices σ, σ1 P K. Therefore the map h : f pσq P f pKq ÞÑ f 1pσq P

f 1pKq is well-defined. Furthermore, h is an increasing function and
we extend it monotonously and continuously over all R. Then, by the
reparametrization Lemma 1.4.6, any barcode template of f is also a
barcode template of f 1.
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1.4.1 Generic smoothness of the barcode valued map

We now state our first significant results (one local and the other global)
about the differentiability of the map Bp in the context of this section.
Equipping RK with the usual Euclidean norm, we assume that the
parametrization F is of class Cr as a map M Ñ RK. Under this
hypothesis, we show that Bp is r-differentiable in the sense of Definition
1.3.3 on a generic (open and dense) subset of M. The intuition behind
these results is that, whenever the filter functions Fpθ1q are all ordering
equivalent in a neighborhood of θ, we can pick a barcode template that
is consistent across all filter functions Fpθ1q in this neighborhood (by
Propositions 1.4.4 and 1.4.5) and the Equation (1.8) then behaves like a
local coordinate system for B at θ.

Here is our local result:

Theorem 1.4.7 (Local discrete smoothness). Let θ P M. Suppose the
parametrization F : M Ñ RK is of class Cr (r ě 0) on some open neighbor-
hood U of θ, and that Fpθ1q „ Fpθq for all θ1 P U. Then, Bp is r-differentiable
at θ.

Proof. Note that, as an open set, U is an open submanifold of M of
same dimension. By Proposition 1.4.4, we can pick a barcode tem-
plate pPp, Upq for Fpθq. By Proposition 1.4.5, this barcode template is
consistent for all Fpθ1q where θ1 P U. Therefore, we can locally write:

@θ1 P U, Bppθ1q “
␣

pFpθ1qpσq, Fpθ1qpσ1qq
(

pσ,σ1qPPp
Y
␣

pFpθ1qpσq, `8q
(

σPUp
Y ∆8

which is a local coordinate system for Bp at θ. This local coordinate sys-
tem is Cr because F itself is Cr over U. As a result, Bp is r-differentiable
at θ, by Proposition 1.3.8.

Corollary 1.4.8. Let θ P M. Suppose that the parametrization F is of class Cr

(r ě 0) on some open neighborhood of θ, and that the filter function Fpθq is
injective. Then, Bp is r-differentiable at θ.

Proof. For such a θ, all the quantities Fpθqpσq ´ Fpθqpσ1q for σ ‰ σ1 P K
are either strictly positive or strictly negative. Therefore, by continuity
they keep their sign in an open neighborhood of θ, over which all filter
functions are thus ordering equivalent. The result follows then from
Theorem 1.4.7.

Here is our global result:

Theorem 1.4.9 (Global discrete smoothness). Suppose the parametrization
F : M Ñ RK is continuous over M and of class Cr (r ě 0) on some open
subset U of M. Then, Bp is r-differentiable on the set U X M̃, where

M̃ :“
␣

θ P M | D open neighborhood Uθ of θ s.t. Fpθ1q „ Fpθq for all θ1 P Uθu,
(1.9)
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which is generic (i.e. open and dense) in M. In particular, if F is Cr on some
generic subset of M in the first place, then so is Bp (on some possibly smaller
generic subset).

Proof. Observe that M̃ is open in M. As a consequence, for every θ P

U X M̃ there is some open neighborhood on which F is Cr and all the
filter functions Fpθ1q are ordering equivalent, which by Theorem 1.4.7
implies that Bp is r-differentiable at θ. Thus, all that remains to be
shown is that M̃ is dense in M, which is the subject of Lemma 1.4.10

below.

Lemma 1.4.10. If a parametrization F : M Ñ RK is continuous, then the
set M̃ (as defined in Eq. (1.9)) is dense in M.

Proof. Let h : M Ñ R be a continuous function. Consider the boundary
of the zero-level set h´1p0q:

Bh´1p0q “ h´1p0q z ph´1p0qqo.

Since h is continuous, h´1p0q is closed in M, therefore Bh´1p0q is closed
with empty interior, i.e. its complement pBh´1p0qqc in M is open and
dense.

Consider now the case of function hσ,σ1 : θ P M ÞÑ Fpθqpσq ´

Fpθqpσ1q P R for some fixed simplices σ ‰ σ1 of K. The map hσ,σ1

is continuous by continuity of the parametrization F, therefore the
previous paragraph implies that pBh´1

σ,σ1 p0qqc is generic in M. Hence,
the finite intersection

M̂ :“
č

σ‰σ1PK

pBh´1
σ,σ1p0qqc

is also generic in M. We now show that M̂ is a subspace of M̃.
Let θ P M̂ and σ ‰ σ1 P K. If hσ,σ1pθq ą 0, then by continuity

we have hσ,σ1 ą 0 over some open neighborhood Vσ,σ1 of θ. Similarly
if hσ,σ1 pθq ă 0. And if hσ,σ1pθq “ 0, then, since θ P M̂, θ lies in the
interior of the level set h´1

σ,σ1 p0q, and therefore there is also an open
neighborhood Vσ,σ1 of θ over which hσ,σ1 “ 0. Let V be the finite
intersection

Ş

σ‰σ1PK Vσ,σ1 , which is open and non-empty in M. For
every σ ‰ σ1 P K, the sign Fpθ1qpσq ´ Fpθ1qpσ1q is constant over all
θ1 P V, where by sign we really distinguish between three possibilities:
negative, positive, null. Therefore, the pre-order on the simplices of
K induced by Fpθ1q is constant over the θ1 P V. In other words, all the
Fpθ1q are ordering equivalent. Therefore, θ P M̃. Since this is true for
any θ P M̂, we conclude that M̂ Ď M̃, and so the latter is also dense
in M.

Example 1.4.11 (Height functions again). Let us reconsider the scenario
of Example 1.4.1. The parametrization F of height filters is C0 on the
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entire sphere Sd´1. Moreover, F is smooth at every direction θ P Sd´1

that is not orthogonal to some difference v ´ v1 of vertices v ‰ v1 P K0

in Rd. The set U of such directions is generic in Sd´1, therefore Bp

is 8-differentiable over the generic subset U X S̃d´1 by Theorem 1.4.9,
with S̃d´1 defined as in Eq. (1.9). In fact, we have U X S̃d´1 “ U in this
case. Indeed, for any direction θ P U, the values of the height function
hθ at the vertices of K are pairwise distinct, and by continuity this
remains true in a neighborhood of θ. The pre-order on the simplices of K
induced by the height function is then constant over this neighborhood.

In Theorems 1.4.7 and 1.4.9, one cannot avoid the condition that filter
functions are locally ordering equivalent. Indeed, in the next examples,
we highlight that there is generally no hope for the barcode valued
map Bp to be differentiable everywhere, even if the parametrization F
is. This is because, essentially, the time of appearance of a simplex
is a maximum of smooth functions, which can be non-smooth at a
point where two functions achieve the maximum. The condition that
the induced pre-order is locally constant around θ is only a sufficient
condition though, because a maximum of two smooth functions can
still be smooth at a point where the maximum is attained by the two
functions. We provide a second example to illustrate this fact.

Example 1.4.12 (Singular parameter). Let us consider the following
geometric simplicial complex K on the real line:

a at 0 b at 1

That is, K has vertices K0 “ ta, bu with respective coordinates t0, 1u,
and edges K1 “ tabu. Consider the parametrization that filters the
complex according to the squared euclidean distance to a point, i.e
F : θ P R ÞÑ pσ P K ÞÑ maxxPσpx ´ θq2q. The map B0 is then essentially
a real function that tracks the squared euclidean distance of the vertex
closest to θ, specifically:

B0pθq “ tpminpθ2, p1 ´ θq2q, `8qu Y ∆8.

Hence, B0 is not differentiable at θ “ 1
2 since 1

2 is a singular point
of the map θ ÞÑ minpθ2, p1 ´ θq2q. Meanwhile, for θ ă 1

2 , we have
Fpθqpaq ă Fpθqpbq, whereas whenever θ ą 1

2 , we have Fpθqpaq ą Fpθqpbq.
In particular, the pre-order induced by the filter functions Fpθq is not
constant around θ “ 1

2 , and so 1
2 R R̃.

Example 1.4.13 (Only sufficient condition). We remove the edge ab from
the geometric complex K in the previous example, and we see the points
a and b as lying on the x-axis of R2. Consider the parametrization of
height filters F : θ P S1 ÞÑ pσ P K ÞÑ maxxPσxθ, xyq. The map Bp is then
trivial for each degree p except 0, where it writes as follows:

B0pθq “ tpxθ, ay, `8q, pxθ, by, `8qu Y ∆ “ tp0, `8q, pxθ, p1, 0qy, `8qu Y ∆8.
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We see that we have a valid local coordinate system given by the
two smooth maps θ ÞÑ 0 and θ ÞÑ xθ, p0, 1qy, so the map B0 is 8-
differentiable everywhere on S1 by Proposition 1.3.8. Meanwhile, we
have Fpθqpaq ă Fpθqpbq whenever xθ, p1, 0qy ą 0, and Fpθqpaq ą Fpθqpbq

whenever xθ, p1, 0qy ă 0, therefore the pre-order induced by the filter
functions Fpθq is not constant around θ “ p0, 1q and v “ p0, ´1q, hence
p0, 1q, p0, ´1q R R̃.

1.4.2 Differential of the barcode valued map

Given a continuous parametrization F : M Ñ RK of class C1 on some
open set U Ď M, Theorem 1.4.9 guarantees that a barcode template,
through Equation (1.8), provides a C1 local coordinate system for Bp

around each point θ P U X M̃. In turn, by Proposition 1.3.8, any
arbitrary ordering on the functions of this local coordinate system
induces a C1 local lift of Bp. Hence we have the following formula for
the corresponding differential:

Proposition 1.4.14. Given θ P U X M̃ and a barcode template pPp, Upq of
Fpθq, for any choice of ordering pσ1, σ1

1q, ¨ ¨ ¨ , pσm, σ1
mq, τ1, ¨ ¨ ¨ , τn of pPp, Upq,

the map

B̃p : θ1 ÞÑ

”

pFpθ1qpσiq, Fpθ1qpσ1
i qqm

i“1, pFpθ1qpσjqqn
j“1

ı

is a local C1 lift of Bp around θ, and the corresponding differential for Bp at θ

is:
dθ,B̃p

Bpp.q “

”

pdθ Fp¨qpσiq, dθ Fp¨qpσ1
i qqm

i“1, pdθ Fp¨qpτjqqn
j“1

ı

.

Remark 1.4.15 (Algorithm for computing derivatives). Suppose we
are given a parametrization F whose differential we can compute. Let
θ P M. If the barcode of Fpθq is given to us, then the proof of Proposi-
tion 1.4.4 provides an algorithm to build a barcode template pPp, Upq

for Fpθq. If the barcode of Fpθq is not given in the first place, then
the matrix reduction algorithm for computing persistence8 outputs 8 Herbert Edelsbrunner, David Letscher,

and Afra Zomorodian. Topological persis-
tence and simplification. Discrete and Com-
putational Geometry, 28:511–533, 2002; and
Afra Zomorodian and Gunnar Carlsson.
Computing persistent homology. Discrete
& Computational Geometry, 33(2):249–274,
2005

both the barcode and a barcode template. In both scenarios, Proposi-
tion 1.4.14 gives a formula to compute a differential of Bp at θ from the
barcode template pPp, Upq. The optimization pipelines mentioned in
the introduction [BGGSSG20a, CNBW19, GHO16, HGR`

20a, PSO18]
apply this strategy to compute differentials.

1.4.3 Directional differentiability of the barcode valued map along
strata

In this section we define directional derivatives for the barcode valued
map Bp : M Ñ Bar at points where it may not be differentiable in the
sense of Definition 1.3.3. For this we stratify the parameter space M in
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such a way that Bp is differentiable on the top-dimensional strata, then
we define its derivatives on lower-dimensional strata via directional lifts.
Intuitively, the strata in M are prescribed by the ordering equivalence
classes in RK, as we know from Theorem 1.4.7 that the pre-order on
simplices plays a key role in the differentiability of Bp.

Formally, consider the stratification of RK formed by the collection
ΩpRKq of ordering equivalence classes. This is a Whitney stratification,
obtained by cutting RK with the hyperplanes t f pσq “ f pσ1qu for varying
simplices σ ‰ σ1 P K. We look for stratifications of M that make the
parametrization F weakly stratified (in the sense of Definition 1.2.22)
and smooth on each stratum. Here are typical scenarios where such
stratifications exist:

Proposition 1.4.16. Let F : M Ñ RK be a continuous parametrization.
Suppose that, either

(i) M is a semi-algebraic set in RN and F is a semi-algrebraic map, or

(ii) M is a compact subanalytic set in a real analytic manifold and F is a
subanalytic map.

Then, there is a Whitney stratification of M, made of semi-algebraic (resp.
subanalytic) strata, such that F is weakly stratified with C8 restrictions to
each stratum.

Proof. This is Section I.1.7 of [GM88], after observing that the stratifica-
Mark Goresky and Robert MacPherson.

Stratified Morse theory. Ergebnisse der
Mathematik, volume 14. Springer-Verlag,
Berlin, 1988

tion ΩpRKq is made of semi-algebraic strata.

Example 1.4.17. We consider the parametrization F of height filters on
the sphere Sd´1 from Example 1.4.11. By Proposition 1.4.16, there is a
stratification of Sd´1 that makes F weakly stratified and C8 on each
stratum. To be more specific, such a stratification is obtained by taking
the pre-images9 of the strata of ΩpRKq via F. Figure 1.1 illustrates the 9 This is called the pull-back stratification.

In fact, for any smooth map F : M Ñ RK

that is transverse with respect to ΩpRKq

and to any stratification of M (e.g. the
trivial one), the pull-back of ΩpRKq via F
makes the latter weakly stratified and C8

on each stratum—see e.g. the section I.1.3
in [GM88].

result in the case d “ 3, where the obtained stratification of S2 is made
of an arrangement of great circles, each circle being the pre-image of a
set tFpθqpvq “ Fpθqpv1qu for vertices v ‰ v1.

Once a stratification SM of M is given, we can introduce a notion
of derivative for Bp at θ P M in the direction of an incident stratum M1,
i.e. a stratum whose closure in M contains θ.

Definition 1.4.18. Let B : M Ñ Bar be a map defined on a stratified
space pM,SMq. Let θ P M, and let M1 P SM be a stratum incident
to θ. The map B is r-differentiable at θ along M1 if there is an open
neighborhood U of θ in M and a Cr map B̃ : U Ñ R2m ˆ Rn for some
integers m, n such that B “ Qm,n ˝ B̃ on U X M1. The differential dθ B̃ is
called a directional derivative of B at θ along M1.
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Figure 1.1: The regular tetrahedron K em-
bedded in R3 (top left) induces the strati-
fication of S2 for the parametrization of
height filters (bottom right). The intersec-
tions of great circles are 0-dimensional
strata, the parts of the great circles that
do not intersect with each other are 1-
dimensional strata, the rest of S2 forms
the 2-dimensional strata. Each great cir-
cle corresponds to unit vectors that are
orthogonal to a given edge of the sim-
plicial complex. The edges joining the
vertices in the base of the tetrahedron
produce the blue circles (top right), while
the edges joining the apex of the tetrahe-
dron to the base face produce the green
circles (bottom left).

This definition agrees with the notions of r-differentiability and
derivatives introduced in Section 1.3 when M1 contains an open neigh-
borhood around θ, i.e. for θ located in a top-dimensional stratum M1.
When θ is located in some lower-dimensional stratum, it admits finitely
many incident strata M1 (possibly not top-dimensional), each one of
which yields a specific directional derivative at θ. The definition of
each derivative involves a local Cr lift B̃ of B near θ in M1. This lift is
required to extend smoothly over an open neighborhood U in M, to
ensure that B̃ and its derivatives have well-defined limits at θ.

Theorem 1.4.19 (Discrete smoothness along strata). Let r P N and
F : M Ñ RK. Suppose SM is a Whitney stratification of M such that:

(i) F is a weakly stratified map with respect to SM and ΩpRKq, and

(ii) the restriction of F to each stratum of SM is Cr, and

(iii) for every θ P M and every incident stratum M1 P SM, there is an
open neighborhood U of θ in M such that F|M1XU extends to a Cr map
U Ñ RK.

Then, at every θ P M, the barcode valued map Bp : M Ñ Bar is r-
differentiable along each stratum incident to θ. In particular, Bp is r-differentiable
in the sense of Definition 1.3.3 inside each top-dimensional stratum.
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Proof. Let θ P M and M1 a stratum incident to θ. By (i), combined with
Propositions 1.4.4 and 1.4.5, there exists a barcode template pPp, Upq

that is consistent across all Fpθ1q for θ1 P M1. Therefore, for all θ1 P M1:

Bppθ1q “
␣

pFpθ1qpσq, Fpθ1qpσ1qq
(

pσ,σ1qPPp
Y
␣

pFpθ1qpσq, `8q
(

σPUp
Y ∆8,

(1.10)
which by (ii) provides a Cr local coordinate system for Bp|M1 . Then by
Proposition 1.3.8, there is a Cr lift of Bp|M1 , whose coordinate functions
are of the form θ1 ÞÑ Fpθ1qpσq. Using (iii), we extend each coordinate
function of this lift (hence the lift itself) to an open neighborhood U
of θ in M.

Combining Proposition 1.4.16 with Theorem 1.4.19 yields the follow-
ing:

Corollary 1.4.20. Under the hypotheses of Proposition 1.4.16, there is a
Whitney stratification of M, made of semi-algebraic (resp. subanalytic) strata,
such that Bp is 8-differentiable on the top-dimensional strata (whose union
is generic in M). If furthermore F is globally Cr, then Bp is everywhere
r-differentiable along incident strata.

Example 1.4.21. Consider again the setup of Example 1.4.12. We strat-
ify R by the point t 1

2 u and the half-lines p´8; 1
2 q and p 1

2 ; `8q. The
parametrization F is C8 and sends strata into strata, therefore by
Theorem 1.4.19 the barcode valued map B0 admits directional deriva-
tives everywhere on R. More precisely, recall that we have a lift
B̃0 : θ ÞÑ minpθ2, p1 ´ θq2q, which is smooth in the top-dimensional
strata, while at θ “ 1

2 it admits directional derivatives along the two
half-lines, whose values are 1 and ´1 respectively and thus do not
agree.

Example 1.4.22. Consider again the stratification SSd´1 by the great
circles of the parameter space Sd´1 associated to the parametrization
of height filters (Example 1.4.17). By Corollary 1.4.20, we know that
there exists a refinement S 1

Sd´1 of SSd´1 such that Bp admits directional
derivatives along incident strata of S 1

Sd´1 at every point θ P Sd´1. In fact,
we can even take S 1

Sd´1 to be SSd´1 itself. Indeed, all the directions in a
given stratum M1 P SSd´1 induce the same pre-order on the simplices
of K, therefore

• the restriction F|M1 is valued in a stratum of ΩpRKq, and

• for every simplex σ P K, there is a vertex v̄pσq such that F|M1 p.qpσq “

x., v̄pσqy.

Consequently, the assumptions of Theorem 1.4.19 hold, and the barcode
valued map Bp admits directional derivatives along incident strata
of SSd´1 at every point θ P Sd´1.
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1.4.4 The barcode valued map as a permutation map

In this section, we work out a global lift of the barcode valued map,
which restricts nicely to each stratum of a stratification of M. To do so,
we first focus on the map PH which, given a filter function f P RK on a
fixed simplicial complex K of dimension d, returns the vector of all its
barcodes pPHpp f qqd

p“0. We observe that PH admits a global Euclidean
lift, and furthermore, that this lift is essentially a permutation map on
each stratum of ΩpRKq. Throughout, we fix an ordering of the simplices
of K, so that the canonical basis of RK turns into a basis of R#K, and
we let ϕ : RK Ñ R#K be the corresponding isomorphism.

Proposition 1.4.23. There exist integers mp, np for 0 ď p ď d such that
řd

p“0p2mp ` npq “ #K, and a map Perm : RK Ñ
śd

p“0 R2mp ˆ Rnp –

R#K whose restriction Perm|S to each ordering equivalence class S P ΩpRKq

is a permutation matrix, and such that the following diagram commutes:10 10 Strictly speaking, like PH, this diagram
applies only to the set of filter functions
in RK .

R#K
śd

p“0 R2mp ˆ Rnp

RK Bard`1

Q :“
śd

p“0 Qmp ,np

PH

ϕ

Perm

(1.11)

For simplicity, from now on we identify f P RK with its image in
R#K without explicitly mentioning the map ϕ.

Proof. Given a filter function f P RK, we define a total barcode template
pP, Uq for f to be the data of d ` 1 barcode templates pPp, Upq for f in
each homology degree, such that each simplex of K appears exactly
once, in a unique Pp or Up. We further require that the pairs pσ, σ1q

appearing in Pp consist of a p-dimensional simplex σ and a (p ` 1)-
dimensional simplex σ1, while the unpaired simplices appearing in
Up must be p-dimensional. A simplex σ is then labelled positive if it
appears as the first component of a pair in some Pp or Up, and negative
otherwise.

Note that total barcode templates always exist, by an argument
similar to (yet somewhat more involved than) the one used in the
proof of Proposition 1.4.4. Alternatively, applying the matrix reduction
algorithm for computing persistence11 to the sublevel-sets filtration 11 Herbert Edelsbrunner, David Letscher,

and Afra Zomorodian. Topological persis-
tence and simplification. Discrete and Com-
putational Geometry, 28:511–533, 2002; and
Afra Zomorodian and Gunnar Carlsson.
Computing persistent homology. Discrete
& Computational Geometry, 33(2):249–274,
2005

of f produces a total barcode template. By Proposition 1.4.5, total
barcode templates are invariant under ordering equivalences. We
therefore fix a unique total barcode template pPpSq, UpSqq per ordering
equivalence class S P ΩpRKq (there are only finitely many such classes),
and we denote by mppSq :“ #PppSq, nppSq :“ #UppSq their sizes in each
homology degree p.
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Since the barcode templates pPpSq, UpSqq are total, we have
řd

p“0p2mppSq `

nppSqq “ #K. Besides, since the number of infinite intervals in the bar-
code of a filter function is given by the Betti numbers of the simplicial
complex K, an easy induction on the homology degree shows that the
number of positive (resp. negative) simplices in each homology degree
is independent of the choice of filter function and of total barcode
template. Therefore, the integers mppSq, nppSq do not depend on the
stratum S.

For each stratum S P ΩpRKq and homology degree p, we pick arbi-
trary orderings pσk,S, σ1

k,Sq
mp
k“0 of PppSq and pτk,Sq

np
k“0 of UppSq. Any filter

function f P S admits pPpSq, UpSqq as total barcode template, therefore
we get that PHpp f q “ Qmp ,np pp f pσk,Sq, f pσ1

k,Sqq
mp
k“0, p f pτk,Sqq

np
k“0q in every

homology degree p. We simply set Permp f q :“ rp f pσk,Sq, f pσ1
k,Sqq

mp
k“0, p f pτk,Sqq

np
k“0sd

p“0 P
śd

p“0 R2mp ˆ Rnp , which ensures the commutativity of (1.11). Since
each simplex of K appears exactly once in pPpSq, UpSqq, the vector
Permp f q is a re-ordering of the coordinates of f (i.e. of its values on the
simplices) and therefore Perm|S is a permutation matrix.

We now turn to the parametrized barcode valued map

B : θ P M ÝÑ
F

Fpθq P RK ÝÝÑ
PH

rPHppFpθqqsd
p“0 P Bard`1

determined by a parametrization F : M Ñ RK of filter functions.
We show that if M admits a Whitney stratification SM satisfying the
assumptions of Theorem 1.4.19, then B admits a global lift B̃ that acts
as a permutation of F-values on each stratum.

Corollary 1.4.24. Using the same notations as in Proposition 1.4.23, the map

B̃ : θ P M ÞÝÑ PermpFpθqq P

d
ź

p“0

R2mp ˆ Rnp

is a global lift of B, i.e Q ˝ B̃ “ B everywhere on M. If moreover M admits
a Whitney stratification SM satisfying the assumptions of Theorem 1.4.19,
then B̃ “ PermM1 ˝ F for some permutation matrix PermM1 over each
stratum M1 P SM. Consequently, B is r-differentiable along incident strata
everywhere on M, with directional derivatives given by the ones of B̃.

The last part of the statement expresses the fact that directional
derivatives of B are simply given by permuting the directional deriva-
tives of the coordinate functions of F.

Proof. The first part of the statement is a straight consequence of Propo-
sition 1.4.23. Let SM be a stratification satisfying the assumptions
of Theorem 1.4.19. As F is weakly stratified with respect to SM and
ΩpRKq, it sends strata into strata and therefore by Proposition 1.4.23
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we have B̃ “ PermM1 ˝ F for some permutation matrix PermM1 over
each stratum M1 P SM. Then, since F admits local smooth extensions
over each stratum M1 of SM, so do its coordinate functions and in turn
so does B̃ “ PermM1 ˝ F. These local extensions of B̃ yield directional
derivatives for B along incident strata.

Remark 1.4.25. Recall that the map Perm is a linear map when restricted
to the strata of ΩpRKq, which are simply polyhedra in RK. Therefore,
if M is a semi-algebraic set (resp. subanalytic set or definable set in
an o-minimal structure) and F is a semi-algebraic (resp. subanalytic or
definable) map, then the global lift B̃ “ Perm ˝ F of Corollary 1.4.24 is
itself a semi-algebraic (resp. subanalytic or definable) map. Thus we
recover Proposition 3.2 and Corollary 3.3 of [CCG`

21]. Meanwhile, the
Mathieu Carriere, Frédéric Chazal,

Marc Glisse, Yuichi Ike, Hariprasad Kan-
nan, and Yuhei Umeda. Optimizing per-
sistent homology based functions. In In-
ternational Conference on Machine Learning,
pages 1294–1303. PMLR, 2021

differentiability of B̃ on top-dimensional strata (as per Corollary 1.4.20)
recovers their Proposition 3.4.

We conclude this section with a side result whose proof relies on
Proposition 1.4.23. This result states that PH is locally an isometry on
top-dimensional strata of ΩpRKq. It involves the distance d0p f q of any
filter function f P RK to the union of strata of ΩpRKq of codimension
at least 1:

d0p f q “
1
2

min
σ‰σ1

| f pσq ´ f pσ1q|.

Proposition 1.4.26. Let f , g P RK be two filter functions that are located in
the closure of a common top-dimensional stratum S P ΩpRKq. Then:

max
0ďpďd

d8pPHpp f q, PHppgqq ě minp} f ´ g}8, maxpd0p f q, d0pgqqq. (1.12)

In particular, for any filter function f P RK located in a top-dimensional
stratum, the map PH is a local isometry in a closed ball of radius d0p f q

around f , specifically:

@g P RK, } f ´ g}8 ď d0p f q ùñ (1.13)

max
0ďpďd

d8pPHpp f q, PHppgqq “ } f ´ g}8

@g, h P RK, maxp} f ´ g}8, } f ´ h}8q ď
d0p f q

3
ùñ (1.14)

max
0ďpďd

d8pPHppgq, PHpphqq “ }g ´ h}8.

Proof. We have several persistence diagrams to compare, so we first
simplify the problem as follows. Given two vectors D “ pD0, ..., Ddq P

Bard`1 and D1 “ pD1
0, ..., D1

dqd`1 of d ` 1 barcodes, let ΓpD, D1q be the
set of multi-matchings between D and D1, where a multi-matching
is a bijection γ :

Ůd
p“0 Di Ñ

Ůd
p“0 D1

i such that γpDpq “ D1
p for all

0 ď p ď d. The notions of cost cpγq and optimality are the same as for
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ordinary matchings. Specifically, for an optimal γ in ΓpPHp f q, PHpgqq,
we have cpγq “ max0ďpďd d8pPHpp f q, PHppgqq.

We fix an ordering σ1 ă ... ă σ#K of the simplices of K, which yields
an isomorphism ϕ : RK Ñ R#K. We denote by fi the i-th component of
f through this isomorphism, i.e fi “ f pσiq. Let us assume that f , g P RK

are two filter functions in a common top dimensional stratum S. If we
can prove (1.12) in this case then it will hold for f , g in the closure of
S by a continuity argument. Since f and g are both in S, they induce
the same strict order on the simplices, and without loss of generality
we can assume that f1 ă ... ă f#K and g1 ă ... ă g#K. By Proposition
1.4.23, we can write PHp f q “ QpPpSq f q and PHpgq “ QpPpSqgq for a
fixed permutation matrix PpSq, which implies that:

@1 ď i ‰ j ď #K, @0 ď p ď d, p fi, f jq P PHpp f q ô pgi, gjq P PHppgq

(1.15)

@1 ď k ď #K, @0 ď p ď d, p fk, `8q P PHpp f q ô pgk, `8q P PHppgq

Let γ P ΓpPHp f q, PHpgqq be optimal. Consider the case where γ sends
an off-diagonal point pb, dq of PHp f q onto the diagonal ∆. As pb, dq is of

the form p fi, f jq (or p fi, `8q), this implies that cpγq ě
| fi´ f j|

2 ě d0p f q. In
addition, PHp f q and PHpgq have exactly the same number of bounded
and unbounded intervals in each degree, which implies that there exists
an off-diagonal interval pb1, d1q of PHpgq which has pre-image in the
diagonal ∆. Again, pb1, d1q must be of the form pgk, glq (or pgk, `8q), so
that cpγq ě

|gk´gl |
2 ě d0pgq. Therefore, cpγq ě maxpd0p f q, d0pgqq and we

are done.
We now treat the case where all off-diagonal intervals are sent to off-

diagonal intervals by γ. We denote by Op f , gq Ă ΓpPHp f q, PHpgqq the
set of multi-matchings that send off-diagonal intervals to off-diagonal
intervals. By the decomposition PHp f q “ QpPpSq f q (resp. PHpgq “

QpPpSqgq) and from the fact that no two values of f (resp. of g) are
equal, the bounded end-points of off-diagonal intervals of PHp f q (resp.
PHpgq) are in bijection with the set t f1, ..., f#Ku (resp. tg1, ..., g#Ku).
Therefore, any multi-matching ν P Op f , gq induces a permutation πpνq

of t1, ..., #Ku. Let us denote by cpπq :“ maxip| fi ´ gπpiq|q the cost of a
permutation π of t1, ..., #Ku. In this formulation, we have:

max
0ďpďd

d8pPHpp f q, PHppgqq “ cpγq “ min
νPOp f ,gq

cpνq “ min
νPOp f ,gq

cpπpνqq

(1.16)
Consider the following relaxed optimization problem, in which the
pairing of coordinates in (1.15) is ignored:

min
π permutation of t1,...,#Ku

cpπq (1.17)

From the fact that f1 ă ... ă f#K and g1 ă ... ă g#K, the monotonicity
of the optimal transport map12 for the 8-Wasserstein distance in R 12 Julien Rabin, Gabriel Peyré, Julie Delon,

and Marc Bernot. Wasserstein barycen-
ter and its application to texture mixing.
In International Conference on Scale Space
and Variational Methods in Computer Vision,
pages 435–446. Springer, 2011
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guarantees that π “ Id is a minimizer13 of (1.17). Therefore,

13 Indeed, for a permutation π, let invpπq

denote its number of inversions. Let π be
a minimizer (1.17) with minimal invpπq.
Assuming by contradiction that invpπq ą

0, there exist i ă j such that πpiq ą πpjq.
Let τ be the transposition that swaps
πpiq and πpjq. Since f1 ă ... ă f#K and
g1 ă ... ă g#K , a simple case analysis
shows that cpτ ˝ πq ď cpπq, thus raising
a contradiction with the minimality of
invpπq. Therefore π “ Id is a minimizer
of (1.17).

max
0ďpďd

d8pPHpp f q, PHppgqq “ min
νPOp f ,gq

cpνq ě min
π permutation

cpπq “ cpIdq “ } f ´ g}8

and we are done.
We now address the second part of the proposition. Let f P RK be a

filter function. By the stability Theorem 1.2.12, showing that Eq. (1.13)
holds amounts to showing that max0ďpďd d8pPHpp f q, PHppgqq ě } f ´

g}8. We denote by S the top dimensional stratum S that contains f , and
let g P RK be another filter such that } f ´ g}8 ď d0p f q. This implies
that g is also in the (closure of the) stratum S. We can then apply (1.12),
and since by assumption } f ´ g}8 ď d0p f q ď maxpd0p f q, d0pgqq, we
have the desired result.

Using similar arguments, we finally prove Eq. (1.14). Let f P RK

be a filter function in some top dimensional stratum S, and g, h P RK

be such that } f ´ g} ď
d0p f q

3 and } f ´ h} ď
d0p f q

3 . By the stability
Theorem 1.2.12, showing that Eq. (1.14) holds amounts to showing that
max0ďpďd d8pPHppgq, PHpphqq ě }g ´ h}8. For every i ‰ j P t1, ..., #Ku,

|gi ´ gj| “ |p fi ´ f jq ´ rp fi ´ giq ` pgj ´ f jqs| ě | fi ´ f j| ´ 2} f ´ g}8 ě 2d0p f q ´ 2} f ´ g}8 ě
4d0p f q

3
,

so that d0pgq ě
2d0p f q

3 . Similarly, d0phq ě
2d0p f q

3 . Meanwhile,

}g ´ h}8 ď } f ´ g}8 ` } f ´ h}8 ď
2d0p f q

3
.

Therefore, }g ´ h}8 ď maxpd0pgq, d0phqq, and since both g, h are in (the
closure of) S, we conclude by using Eq. (1.12).

1.5 Application to common simplicial filtrations

In this section we leverage Theorems 1.4.7 and 1.4.9 in the case of a few
important classes of parametrizations of filter functions on a simplicial
complex K of dimension d. In each case, we derive a characterization of
the parameter values where Bp is differentiable, and whenever possible
we provide an explicit differential of Bp using Proposition 1.4.14. In the
following we fix a homology degree 0 ď p ď d.

1.5.1 Lower star filtrations

Parametrizations of lower star filtrations are involved in most practical
scenarios [BGGSSG20a, CNBW19, GNDS20a, HGR`

20a, PSO18], here
we provide a common analysis of their differentiability.

Definition 1.5.1. Given a function f : K0 Ñ R defined on the vertices
of K, we extend it to each simplex σ of K by its highest value on the
vertices of σ. The sub-level sets of this function together form the
lower-star filtration of K induced by f .
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One interest of lower-star filtrations is that any parametrization
M Ñ RK0 on the vertex set of K induces a valid parametrization
M Ñ RK on K itself. Sufficient conditions for the differentiablity of
such parametrizations are easy to work out thanks to the following
observation:

Proposition 1.5.2. Let F0 : M Ñ RK0 be a Cr parametrization of filter
functions on the vertices of K. Then, the induced parametrization F : M Ñ

RK is Cr at each θ R SingpF0q, where SingpF0q is the boundary of the set:

tθ P M, Dpv, v1q P K0, F0pθqpvq “ F0pθqpv1qu.

Specifically, for every θ R SingpF0q, letting

v̄ : σ P K ÞÑ argmaxv vertex in σF0pθqpvq P K0

by breaking ties wherever necessary, there is an open neighborhood U of θ such
that Fpθ1qpσq “ F0pθ1qpv̄pσqq for every θ1 P U and σ P K, from which follows
that F is Cr at θ.

Proof. The continuity of F comes from the continuity of F0 and of the
max function. If θ P MzSingpF0q, then the pre-order on K0 induced
by F0p.q is constant in an open neighborhood U of θ. We want to
check that F is Cr at θ, i.e. that all maps θ1 ÞÑ Fpθ1qpσq are Cr at
θ, for a fixed simplex σ P K. For σ a vertex of K, this is true by
assumption because Fp.qpσq “ F0p.qpσq. For an arbitrary simplex σ,
Fp.qpσq “ maxv vertex in σ F0p.qpvq. Since the pre-order induced on K0 by
F0 is constant over U, the maximum above is attained at vertex v̄pσq,
and this fact holds for all θ1 in U. Thus, Fp.qpσq|U “ F0p.qpv̄pσqq|U , which
allows us to conclude.

Remark 1.5.3. Recall that SingpF0q is by definition the boundary of tθ P

M, Dpv, v1q P K0, F0pθqpvq “ F0pθqpv1qu, whose complement may not be
generic (in fact it may even be empty, e.g. when F0 “ 0). This shows
the interest of working with locally constant pre-orders on vertices,
and not just with locally injective parametrizations as in [BGGSSG20a,
CNBW19, GNDS20a, HGR`

20a, PSO18].

Defining SingpF0q and v̄ as in Proposition 1.5.2, and combining this
result with Proposition 1.4.14, we deduce the following result on the
differentiability of Bp, which only relies on the differentiability of F0:

Corollary 1.5.4. For any Cr parametrization F0 : M Ñ RK0 on the vertices
of K, the induced barcode valued map Bp : θ P M ÞÑ PHppFpθqq P Bar is r-
differentiable outside SingpF0q. Moreover, at θ P MzSingpF0q, for any barcode
template pPp, Upq of Fpθq and any choice of ordering pσ1, σ1

1q, ¨ ¨ ¨ , pσm, σ1
mq,

τ1, ¨ ¨ ¨ , τn of pPp, Upq, the map B̃p : M Ñ Rm ˆ Rn defined by:

B̃p : θ1 ÞÝÑ

”

pF0pθ1qpv̄pσiqq, F0pθ1qpv̄pσ1
i qqqm

i“1, pF0pθ1qpv̄pσ1
j qqqn

j“1

ı
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is a local Cr lift of Bp around θ. The corresponding differential for Bp at θ is:

dθ,B̃p
Bpp¨q “

”

pdθ F0p¨qpv̄pσiqq, dθ F0p¨qpv̄pσ1
i qqqm

i“1, pdθ F0p¨qpv̄pσ1
j qqqn

j“1

ı

.

Proof. For θ P MzSingpF0q, the pre-order on the vertices K0 induced by
F0 is constant in an open neighborhood U of θ. By Proposition 1.5.2,
each Fpθ1qpσq rewrites as F0pθ1qpv̄pσqq for θ1 P U, which implies that
the pre-order on the simplices of K induced by F is also constant
over U. The fact that Bp is r-differentiable at θ follows then from
Theorem 1.4.7, since F itself is Cr on an open neighborhood of θ (again
by Proposition 1.5.2, and by the fact that SingpF0q is closed). The rest of
the corollary is an immediate consequence of Proposition 1.4.14.

Example 1.5.5. Consider our running example of parametrization of
height filtrations F0pθq “ hθ : v P K0 ÞÑ xv, θy P R, where K is a
fixed geometric simplicial complex in Rd and θ P Sd´1. In this case,
we know from Example 1.4.11 that Bp is generically 8-differentiable.
Corollary 1.5.4 provides another proof of this fact: since F0 is C8, Bp

is 8-differentiable outside SingpF0q, which has generic complement
in Sd´1. Moreover, the components of the differential of Bp at θ P

Sd´1zSingpF0q are the dθ F0p¨qpvq, whose corresponding gradients (in the
tangent space TθSd´1 equipped with the Riemannian structure inherited
from Rd) are v ´ xv, θy θ.

1.5.2 Rips filtrations of point clouds

Given a finite point cloud P “ pp1, ¨ ¨ ¨ , pnq P Rnd, the Rips filtration
of P is a filtration of the total complex K :“ 2t1,¨¨¨ ,nuztHu with n :“ #P
vertices, where the time of appearance of a simplex σ Ď t1, ¨ ¨ ¨ , nu is
maxi,jPσ }pi ´ pj}2. [GHO16] optimize the positions of the points of P

Marcio Gameiro, Yasuaki Hiraoka, and
Ippei Obayashi. Continuation of point
clouds via persistence diagrams. Phys-
ica D: Nonlinear Phenomena, 334:118–132,
2016

in Rd so that the barcode of the Rips filtration reaches some target
barcode. Here we see Rnd as our parameter space M, and we consider
the parametrization

FpPqpσq :“ max
i,jPσ

}pi ´ pj}2.

The differentiability result of [GHO16] can be expressed as a result on
the differentiability of the barcode-valued map Bp “ PHp ˝ F using our
framework. We require that the points of P lie in general position as
defined hereafter:

Definition 1.5.6 ([GHO16]). P is in general position if the following two
conditions hold:

(i) @i ‰ j P t1, ..., nu, pi ‰ pj;

(ii) @ti, ju ‰ tk, lu, where i, j, k, l P t1, ..., nu, }pi ´ pj}2 ‰ }pk ´ pl}2.
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We denote by P̃ Ď Rnd the subspace of point clouds in general position.

Proposition 1.5.7. P̃ is generic in Rnd.

Proof. The set of point clouds P such that pi ‰ pj for all 1 ď i ‰ j ď n
is clearly generic in Rnd. Moreover, the maps P “ pp1, ..., pnq ÞÑ }pi ´

pj}
2
2 ´ }pk ´ pl}

2
2 are smooth everywhere and are submersions on a

generic subset of Rnd, therefore their 0-sets have generic complements,
whose (finite) intersection is also generic.

We next observe that the parametrization F is C8 at point clouds P
in general position.

Proposition 1.5.8. The parametrization F : Rnd Ñ RK is C8 over P̃ .
Specifically, given P P P̃ , letting tv̄pσq, w̄pσqu “ argmaxi,jPσ }pi ´ pj}2 for
every σ P K, there is an open neighborhood U of P such that FpP1qpσq “

}p1
v̄pσq

´ p1
w̄pσq

}2 for every P1 “ pp1
1, ¨ ¨ ¨ , p1

nq P U and σ P K, from which
follows that F is C8 at P.

Proof. The continuity of F follows from the continuity of the Euclidean
norm and max function. Assuming P is in general position, the dis-
tances }pi ´ pj}2, for i ‰ j ranging in t1, ¨ ¨ ¨ , nu, are strictly ordered. By
continuity of F, this order remains the same over an open neighborhood
U of P in Rnd. Therefore, every P1 “ pp1

1, ¨ ¨ ¨ , p1
nq P U is also in general

position, and FpP1qpσq “ }p1
v̄pσq

´ p1
w̄pσq

}2 for all σ P K. Now, the map
P1 ÞÑ }p1

v̄pσq
´ p1

w̄pσq
}2 is C8 at P for each σ because p1

v̄pσq
‰ p1

w̄pσq
. This

implies that F is C8 at P.

Defining v̄, w̄ as in Proposition 1.5.8, and combining this result with
Proposition 1.4.14, we deduce the following differential of Bp, which
only relies on derivatives of the Euclidean distance between points:

Corollary 1.5.9. The barcode valued map Bp : P P Rnd ÞÑ PHppFpPqq P Bar
is 8-differentiable in P̃ . Moreover, at P P P̃ , for any barcode template
pPp, Upq o FpPq and any choice of ordering pσ1, σ1

1q, ¨ ¨ ¨ , pσm, σ1
mq, τ1, ¨ ¨ ¨ , τn

of pPp, Upq, the map B̃p defined on a point cloud P1 “ pp1
1, ..., p1

nq by:

B̃ppP1q “

„

´

}p1
v̄pσiq

´ p1
w̄pσiq

}2, }p1
v̄pσ1

iq
´ p1

w̄pσ1
iq

}2

¯m

i“1
,
´

}p1
v̄pτ jq

´ p1
w̄pτjq

}2

¯n

j“1

ȷ

is a local C8 lift of Bp around P. The corresponding differential dP,B̃p
Bp :

Rnd Ñ R2m ˆ Rn is defined on a tangent vector u P Rnd by:

dP,B̃p
Bppuq “

„

´

xPv̄pσiq,w̄pσiq
, uy, xPv̄pσ1

i q,w̄pσ1
i q, uy

¯m

i“1
,
´

xPv̄pτjq,w̄pτjq
, uy

¯n

j“1

ȷ

,

where Pi,j denotes the vector with
pi´pj

}pi´pj}2
as i-th component (resp.

pj´pi
}pi´pj}2

as j-th component) and 0 as other components.



differential calculus on persistence barcodes 55

This result implies in particular that Bp is generically 8-differentiable,
since by Proposition 1.5.7 the set of point clouds in general position is
generic in Rnd.

Proof. By Proposition 1.5.8, F is C8 in P̃ , which is open by Proposi-
tion 1.5.7. Given P in general position, the distances }pi ´ pj}2, for
i ‰ j ranging in t1, ¨ ¨ ¨ , nu, are strictly ordered, and this order remains
the same over an open neighborhood U of P in Rnd by continuity. By
Proposition 1.5.8 again, we have FpP1qpσq “ }p1

v̄pσq
´ p1

w̄pσq
}2 for every

P1 “ pp1
1, ..., p1

nq P U and σ P K. Therefore, the pre-order induced
by F on the simplices of K is constant over U. Consequently, Bp is
8-differentiable at P by Theorem 1.4.7. The rest of the statement is an
immediate consequence of Proposition 1.4.14.

We conclude this section by considering a parametrization that
constraints the points p1, ..., pn to evolve along smooth submanifolds
M1, ...,Mn of Rd:

Proposition 1.5.10. Let M1, ...,Mn be smooth submanifolds of Rd. Denot-
ing by ι : M1 ˆ ... ˆ Mn ãÑ Rnd the inclusion map, the barcode valued map
Bp “ PHp ˝ F ˝ ι is generically 8-differentiable.

Proof. Let M :“ M1 ˆ ... ˆ Mn. The parametrization F ˝ ι is C8 at
parameters θ P M such that, locally, for all θ1 in a sufficiently small
open neighborhood around θ, the following quantities are constant:

(i) the indices of the points at distance 0 of each other in ιpθ1q, and

(ii) the pre-order on the pairwise distances in ιpθ1q.

Note that, in this case, the point clouds ιpθ1q are not necessarily in
general position, but the way they violate conditions (i) and (ii) of
Definition 1.5.6 is constant. Let U1 (resp. U) denote the set of points
in M where (i) (resp. (ii)) is satisfied. From the above, F ˝ ι is C8 over
U X U1. We now show that U X U1 is generic in M.

Calling Uijkl the quadric tP P Rnd | }pi ´ pj}2 “ }pk ´ pl}2u, and U1
ij

the hyperplane tP P Rnd | pi “ pju, for i, j, k, l ranging in t1, ¨ ¨ ¨ , nu, we
have:

U “
č

ti,ju‰tk,lu

MzBι´1pUijklq

U1 “
č

i‰j

MzBι´1pU1
ijq.

Indeed, for any ti, ju ‰ tk, lu, the order between }pi ´ pj}2 and }pk ´

pl}2 in ιpθq is strict when θ is in the (open) complement of ι´1pUijklq,
constantly an equality when θ is inside the (open) interior ι´1pUijklq

˝,
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and not locally constant when θ lies on the boundary Bι´1pUijklq. Hence
the formula for U. The formula for U1 follows from the same argument.

The sets Bι´1pUijklq and Bι´1pU1
ijq are boundaries of closed sets, and

thus their complements in M are generic. As finite intersections of
generic sets, U and U1 are themselves generic. Theorem 1.4.9 allows us
to conclude.

1.5.3 Rips filtrations of clouds of ellipsoids

As pointed out in [BKSW18], in some cases, growing isotropic balls
Paul Breiding, Sara Kališnik, Bernd

Sturmfels, and Madeleine Weinstein.
Learning algebraic varieties from sam-
ples. Revista Matemática Complutense,
31(3):545–593, 2018

around the points of P “ pp1, ..., pnq P Rnd may result in a loss of
geometric information. It is then advised to grow rather ellipsoids
with distinct covariance matrices around each point, to account for the
local anistropy of the problem. Formally, the Ellipsoid-Rips filtration of
P with respect to the vector of covariance matrices A “ pA1, ..., Anq P

pSd,`pRqqn is a filtration of the total complex K :“ 2t1,...,nuztHu with
n :“ #P vertices, in which the time of appearance of a simplex σ Ď

t1, ..., nu is given by:

max
i,jPσ

ri,jpAq where ri,jpAq :“

›

›

›

›

›

›

›

›

pi ´ pj

1
2

ˆc

qi

´

pi´pj
}pi´pj}2

¯

`

c

qj

´

pj´pi
}pi´pj}2

¯

˙

›

›

›

›

›

›

›

›

2

,

where the qi : x P Rd ÞÑ xAix, xy are the quadrics determined by the
positive definite matrices Ai.14 Here we see the space pSd,`pRqqn as our 14 The quantity ri,jpAq serves as a proxy

for the intersection of the two ellip-
soids with covariance matrices Ai and
Aj centered at pi and pj suggested
by [BKSW18], as the problem of comput-
ing intersections of quadrics is in general
NP-hard.

parameter space M, whose smooth structure is inherited from that of
´

R
dpd`1q

2

¯n
, and we consider the parametrization:

FpAqpσq :“ max
i,jPσ

ri,jpAq.

We are then interested in the differentiability of the barcode valued
map Bp “ PHp ˝ F. Inspired by the case of isotropic Rips filtrations,
we require that the covariance matrices in A lie in general position as
defined hereafter:

Definition 1.5.11. The pair pA, Pq is in general position if the two follow-
ing conditions hold:

• all points in P are distinct, i.e, pi ‰ pj whenever 1 ď i ‰ j ď n ;

• all pairwise "ellipsoidal" distances are distinct, i.e, ri,jpAq ‰ rk,lpAq

whenever ti, ju ‰ tk, lu Ď t1, ..., nu.

Proposition 1.5.12. Assume the points of P to be pairwise distinct. Then, the
set of vectors of covariance matrices A such that pA, Pq is in general position
is generic in Sd,`pRdqn.
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Proof. First, we claim that the sets Oijkl :“ tA P Sd,`pRdqn | ri,jpAq “

rk,lpAqu, for ti, ju ‰ tk, lu, are level-sets of some smooth real val-
ued functions on Sd,`pRdqn whose gradients are nowhere zero. To

prove this fact, we introduce the quantities C :“
}pi´pj}2
}pk´pl}2

and px, yq :“

p
pi´pj

}pi´pj}2
, pk´pl

}pk´pl}2
q. Then:

A “ pA1, ..., Anq P Oijkl ô ri,jpAq “ rk,lpAq

ô

a

qipxq `

b

qjpxq
a

qkpyq `
a

qlpyq
“ C

ô

?
ă Aix, x ą `

b

ă Ajx, x ą

a

ă Aky, y ą `
a

ă Aly, y ą
“ C.

Note that x, y are non zero because points in P are distinct. Therefore,

the map fijkl :“ A P Sd,`pRqd ÞÑ

?
ăAix,xą`

?
ăAjx,xą

?
ăAky,yą`

?
ăAly,yą

P R is well-

defined and smooth on Sd,`pRqn as the two inner products in the
denominator are always strictly positive. We want to compute ∇ fijkl “

p∇A1 fijkl , ...,∇An fijklq where ∇At fijkl is the gradient of fijkl with respect
to the t-th component of A. For t “ i:

∇Ai fijkl “
1

a

ă Aky, y ą `
a

ă Aly, y ą
ˆ

1
2
?

ă Aix, x ą
ˆ∇Ai ă Aix, x ą .

The first two factors are strictly positive scalars for any A P Sd,`pRqd.
The last factor is the gradient of a non-zero linear map, so it is non-zero.
As a consequence, the gradient ∇A fijkl is nowhere zero, which proves
our claim.

Then, by the constant rank theorem, each Oijkl is a smooth sub-
manifold of Sd,`pRdqn of dimension strictly lower than that of Sd,`pRdqn.
Taking their (finite) union allows us to conclude.

From this point, the same chain of arguments as in the isotropic
case allows us to show that the parametrization F is C8 at vectors of
covariance matrices A in general position, and to express the differential
of Bp at A. Assume the points of P to be pairwise distinct, and denote
by Ã Ď Sd,`pRdqn the subspace of covariance matrices A such that
pA, Pq is in general position.

Proposition 1.5.13. The parametrization F : Sd,`pRdqn Ñ RK is C8

over Ã. Specifically, given A P Ã, letting tv̄pσq, w̄pσqu “ argmaxi,jPσri,jpAq

for every σ P K, there is an open neighborhood U of A such that FpA1qpσq “

rv̄pσq,w̄pσqpA1q for every A1 “ pA1
1, ..., A1

nq P U and σ P K, from which follows
that F is C8 at A.

Proof. Let A P Ã. Then, the maps ri,j are C8 because the points of P are
pairwise distinct, and furthermore the quantities ri,jpAq, for i ‰ j rang-
ing in t1, ¨ ¨ ¨ , nu, are strictly ordered. By continuity, this order remains
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the same over an open neighborhood U of A in Sd,`pRdqn. Therefore,
for every A1 P U, for all σ P K, we have FpA1qpσq “ rv̄pσq,w̄pσqpA1q. This
implies that F is C8 at A.

Defining v̄, w̄ as in Proposition 1.5.13, and combining this result with
Proposition 1.4.14, we deduce the following formula for the differential
of Bp, which only rely on derivatives of the maps ri,j:

Corollary 1.5.14. The barcode valued map Bp : A P Sd,`pRdqn ÞÑ PHppFpAqq P

Bar is 8-differentiable over Ã. Moreover, at A P Ã, for any barcode template
pPp, Upq of FpAq and any choice of ordering pσ1, σ1

1q, ¨ ¨ ¨ , pσm, σ1
mq, τ1, ¨ ¨ ¨ , τn

of pPp, Upq, the map B̃p defined by:

A1 “ pA1
1, ..., A1

nq ÞÝÑ

„

´

rv̄pσiq,w̄pσiq
pA1q, rv̄pσ1

iq,w̄pσ1
iq

pA1q

¯m

i“1
,
´

rv̄pτ jq,w̄pτ jq
pA1q

¯n

j“1

ȷ

is a local C8 lift of Bp around P, whose differential provides a closed formula
for dA,B̃p

Bp.

This result implies in particular that Bp is generically 8-differentiable,
since by Proposition 1.5.12 the set of vectors of covariance matrices in
general position is generic in Sd,`pRdqn (provided the points of P are
pairwise distinct).

Proof. By Proposition 1.5.13, F is C8 in Ã, which is open by Propo-
sition 1.5.12. Given A P Ã, the quantities ri,jpAq, for i ‰ j ranging
in t1, ¨ ¨ ¨ , nu, are strictly ordered, and this order remains the same
over an open neighborhood U of A in Sd,`pRdqn by continuity. By
Proposition 1.5.13 again, we have FpA1qpσq “ rv̄pσq,w̄pσqpA1q for every
A1 “ pA1

1, ..., A1
nq P U and σ P K. Therefore, the pre-order induced

by F on the simplices of K is constant over U. Consequently, Bp is
8-differentiable at A by Theorem 1.4.7. The rest of the statement is an
immediate consequence of Proposition 1.4.14.

Remark 1.5.15. Corollaries 1.5.9 and 1.5.14 can be combined together to
generically differentiate the barcode valued map Bp with respect to both
the point positions and the covariance matrices. The corresponding
parameter space is Rnd ˆ Sd,`pRdqn.

1.5.4 Arbitrary filtrations of a simplicial complex

In certain scenarios, the optimization takes place in the entire space of
filter functions FiltpKq on a fixed simplicial complex K. For instance,
in the context of topological simplification of a filter function f0, as
described by [AGH`

09a, ELZ02], one looks for a filter function f P RK

Dominique Attali, Marc Glisse, Samuel
Hornus, Francis Lazarus, and Dmitriy
Morozov. Persistence-sensitive simpli-
cation of functions on surfaces in lin-
ear time. In Topological Methods in Data
Analysis and Visualization (TopoInVis 2009).
Springer, 2009; and Herbert Edelsbrun-
ner, David Letscher, and Afra Zomoro-
dian. Topological persistence and simpli-
fication. Discrete and Computational Geom-
etry, 28:511–533, 2002

which is ε-close to f0 in supremum norm and whose diagram PHpp f q

equals PHpp f0qz∆ϵ, where ∆ϵ is the set of intervals of PHpp f0q that
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are ε-close to the diagonal. One way to formalize this question is
as a soft-constrained optimization problem, whereby the bottleneck
distance to the simplified barcode is to be minimized in tandem with
the supremum-norm distance to the original function:

min
f PFiltpKq

d8pPHpp f q, PHpp f0qz∆ϵq ` λ } f ´ f0}8,

for some fixed mixing parameter λ. This optimization problem can be
tackled using a variational approach, for which it is more convenient
to work in the manifold RK containing FiltpKq. However, in order to
avoid leaving FiltpKq, we consider the parametrization of RK given by
the indicator function of FiltpKq:

F :“ 1FiltpKq : RK Ñ RK

f ÞÑ

#

f if f P FiltpKq

0 otherwise,

which is smooth generically. The optimisation becomes then:

min
f PRK

d8pPHppFp f qq, PHpp f0qz∆ϵq ` λ }Fp f q ´ f0}8. (1.18)

Implementing a variational approach such as gradient descent requires
both terms in (1.18) to be differentiable. The second term is generically
differentiable, as the parametrization F and the norm } ¨ }8 are. The
first term is the composition

f P RK // PHppFp f qq P Bar // d8pPHppFp f qq, PHpp f0qz∆ϵq P R̄,
(1.19)

which by the chain rule (Proposition 1.3.14) is differentiable as long
as both arrows are. Since F is generically differentiable, so is the first
arrow by Theorem 1.4.9. The second arrow is the bottleneck distance
to a fixed diagram and therefore also generically differentiable, as will
be argued in Section 1.7. There, we also view Eq. (1.18) as an instance
of semi-algebraic loss function, which can be minimised via Stochastic
Gradient Descent (SGD).

1.6 The case of barcode valued maps derived from real functions
on a manifold

In this section we consider barcode valued maps that factor through
the space RX of real functions on a fixed smooth compact d-manifold
X without boundary. Since we seek statements about the differentia-
bility of B, we restrict the focus to maps that factor through C8pX , Rq

equipped with the standard Whitney C8 topology:15 15 This topology coincides with all usual
topologies on C8pX , Rq because X is
compact.
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B : M F // C8pX , Rq
PH // Bard`1 .

Here, PH is the map that takes a function f P C8pX , Rq to the vector
of its barcodes pPHpp f qqd

p“0. It is well-defined on C8pX , Rq, as contin-
uous functions on triangulable spaces have well-defined persistence
diagrams16. However, as in the previous sections, we want to work only 16 Frédéric Chazal, Vin de Silva, Marc

Glisse, and Steve Oudot. The structure and
stability of persistence modules. Springer-
Briefs in Mathematics. Springer, 2016

with barcodes that have finitely many off-diagonal points, therefore we
further assume that F takes its values in the subset TamepX q of tame
C8 functions—note that TamepX q contains the generic subset of Morse
functions17 on X . Hence the factorization: 17 John Milnor. Morse theory. Prince-

ton University Press, Princeton, N.J., pages
vi+153, 1963B : M F // TamepX q

PH // Bard`1 .

As before, we call F the parametrization associated to B, and M the
parameter space, whose elements are generally refered to as θ. We also
denote Fpθq by fθ to emphasize the fact that F is valued in a function
space. The map PH takes fθ to the vector of its barcodes pPHpp fθqqd

p“0,
so we can take advantage of the bijective correspondence between the
critical points of fθ (provided fθ is Morse) and the interval endpoints
in this vector (Proposition 1.2.14).

As in the case of a parametrization valued in the space of filter
functions on a simplicial complex, we need F to be smooth in some
reasonable sense to ensure that the composite B is 8-differentiable.
For this, we define a curve c : R Ñ C8pX , Rq to be differentiable if the
limit limhÑ0

cpt`hq´cptq
h exists for all t P R. The limit can be viewed as

a curve, and when iterated limits exist, we say that c is a smooth curve.
We then say that the parametrization F is smooth18 if it sends every 18 This notion of smooth map is key in

the theory developped in [FK88, KM97]
for adapting the concepts of differential
geometry to a wide category of infinite-
dimensional vector spaces, including Ba-
nach and Fréchet spaces.

smooth curve θptq in M to a smooth curve Fpθptqq in C8pX , Rq. By
Corollary 11.9 in [Mic80]19, if F is smooth, then its uncurrified version

19 Peter W. Michor. Manifolds of differen-
tiable mappings. Shiva Mathematics Se-
ries, volume 3. Shiva Publishing Ltd.,
Nantwich, 1980

F̃ : pθ, xq P M ˆ X ÞÝÑ Fpθqpxq P R (1.20)

is a smooth map in the usual sense, to which we can therefore apply
standard results from differential calculus, typically the implicit func-
tion theorem. This will be instrumental in the proof of our main result
(Theorem 1.6.1).

1.6.1 Smoothness of the barcode valued map

Theorem 1.6.1 (Continuous smoothness). Let F : M Ñ C8pX , Rq be a
parametrization of class C8

c valued in TamepX q. Let θ P M be a parameter
such that fθ is Morse with critical values of multiplicity 1. Then, B is 8-
differentiable at θ.

Proof. Since fθ is a Morse function on a compact manifold, Critp fθq is
a finite set whose cardinality we denote by Nθ . We will proceed by
proving the following statements in sequence:
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(i) There exist an open neighborhood U of θ and smooth maps πl : U Ñ

X for 1 ď l ď Nθ that track the critical points, that is:

@θ1 P U, Critp fθ1 q “ tπlpθ1qu1ďlďNθ
(1.21)

(ii) Shrinking U if necessary, we further have that for any θ1 P U, fθ1 is
Morse with critical values of multiplicity 1.

(iii) Let θ1 P U and pb, dq P PHppX , fθ1 qz∆ for some homology degree p.
Then, either d “ `8, in which case there exists a unique 1 ď l ď Nθ

such that b “ fθ1 pπlpθ1qq, or d ă `8, in which case there exist unique
1 ď l ‰ l1 ď Nθ such that pb, dq “ p fθ1pπlpθ1qq, fθ1 pπl1 pθ1qqq.

(iv) For all θ1, θ2 P U, 1 ď l ‰ l1 ď Nθ , and 0 ď p ď d, we have:
p fθ1pπlpθ1qq, fθ1pπl1 pθ1qqq P PHpp fθ1q (resp. p fθ1pπlpθ1qq, `8q P PHpp fθ1q)
if and only if p fθ2 pπlpθ2qq, fθ2pπl1 pθ2qqq P PHpp fθ2q (resp. p fθ2pπlpθ2qq, `8q P

PHpp fθ2q).

(v) There exist smooth local coordinate systems for Bp at θ for every
0 ď p ď d. Therefore, by Proposition 1.3.8, the barcode valued map
B is 8-differentiable at θ.

The proofs of assertions (i) and (ii) use differential geometry: we
show that we can smoothly track the critical points of fθ1 as θ1 varies
in a neighborhood of θ. The proof of assertion (iii) simply exploits
the fact that the endpoints in the barcodes of a Morse function are
its critical values (Propostion 1.2.14). Assertion (iv) means that the
critical points do not exchange their contributions to the persistence
diagrams when the parameter is varying. This will be shown using
standard tools in persistence theory. Assertion (v) is obtained by re-
indexing the set t1, ..., Nθu such that, through this re-indexation, the
maps θ1 ÞÑ fθ1 pπlpθ1qq provide local coordinate systems as defined in
Definition 1.3.6.

Proof of assertion (i): The tangent bundle TX “
Ů

xPX txu ˆ TxX is a
smooth manifold of dimension 2d. Let x1, ..., xNθ

be the critical points
of fθ . Locally, in an open neighborhood V of these critical points,
the tangent bundle is parallelizable, i.e. we have a diffeomorphism
TV – V ˆ Rd and the projection onto the second component provides
a smooth map to Rd. Consider the map:

BF : pθ1, xq P M ˆ V ÞÑ ∇ fθ1 pxq P TxV – Rd,

which is smooth due to the smoothness of F̃, see Eq. (1.20). Then, at
the critical points we have BFpθ, xlq “ ∇ fθpxlq “ 0. Moreover, because
fθ is Morse, ∇xBFpθ, xlq “ ∇2 fθpxlq is invertible, where ∇xBF denotes
the first derivative of BF with respect to its second argument. We can
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then apply the implicit function theorem to BF: there exist an open
neighborhood Ul of θ, an open neighborhood Vl of xl (contained in V)
and a smooth diffeomorphism πl : Ul Ñ Vl such that

@pθ1, xq P Ul ˆ Vl , BFpθ1, xq “ 0 ðñ x “ πlpθ1q. (1.22)

Let U “
ŞNθ

l“1 Ul . After shrinking each Vl so that it equals πlpUq, we
obtain that (1.22) holds over U ˆ Vl for every 1 ď l ď Nθ . Now, by
definition of BF and the pðq of (1.22), we have

@θ1 P U, tπlpθ1qu1ďlďNθ
Ď Critp fθ1q.

We now show the converse inclusion. From the pñq in Equation (1.22),
it is sufficient to prove that no critical points of fθ1 can be found in the
compact set W :“ X zp

ŤNθ
l“1 Vlq when θ1 ranges over U. We equip X

with an arbitrary Riemannian metric g, and we consider the smooth
map:

BG : pθ1, xq P U ˆ X ÞÝÑ gp∇ fθ1 pxq,∇ fθ1 pxqq P R,

where ∇ fθ1 pxq P TxX . In particular, BGpθ1, xq is zero if and only if x is
a critical point of fθ1 . As a result, BG does not vanish on tθu ˆ W since
W includes no critical point of fθ1 . By the compactness of W and the
continuity of BG, there exists an open neighborhood U1 of θ such that
BG|U1ˆW does not vanish either. Assertion (i) follows after shrinking U
to U X U1.

Proof of assertion (ii): Let U be as in assertion (i). Since fθ is Morse,
∇xBFpθ, xlq “ ∇2 fθpxlq is invertible for each l P t1, ..., Nθu. BF is of
class C1 as it is of class C8, so we get open neighborhoods U1

l of θ

and V1
l of xl such that ∇xBF is invertible over U1

l ˆ V1
l . We shrink U

to U X p
ŞNθ

l“1 U1
l q and each Vl to Vl X V1

l , so that the critical points of
fθ1 are non-degenerate for θ1 P U. Shrinking U further if necessary, a
similar argument ensures that the critical values of fθ1 have multiplicity
1 for all θ1 P U. This concludes the proof of assertion (ii).

Proof of assertion (iii): Let θ1 P U. Let pb, dq P PHpp fθ1 qz∆ for some
homology degree 0 ď p ď d. We assume that d ă `8. From assertion
(ii), fθ1 is Morse with critical values of multiplicity 1. Therefore, by
Proposition 1.2.14, fθ1 induces a bijection between the multisets Critp fθ1 q

and Ep fθ1 q. Meanwhile, assertion (i) provides the equality Critp fθ1 q “

tπlpθ1qu1ďlďNθ
, so fθ1 induces a bijection tπlpθ1qu1ďlďNθ

Ñ Ep fθ1 q. By
taking pre-images of b and d which are in Ep fθ1 q, there exist some
unique indices 1 ď l ‰ l1 ď Nθ such that pb, dq “ p fθ1 pπlpθ1qq, fθ1 pπl1 pθ1qqq.
The case d “ `8 is proven the same way.
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Proof of assertion (iv): The maps pθ1, θ2q P U2 ÞÑ | fθ1pπlpθ1qq ´

fθ2pπl1 pθ2qq| P R`, for varying 1 ď l ‰ l1 ď Nθ , are continuous. They
are strictly positive at pθ, θq because fθ has critical values of multiplicity
1, so

inf
1ďl‰l1ďNθ

| fθpπlpθqq ´ fθpπl1 pθqq| ą 0.

By continuity, shrinking U further if necessary, we have

inf
1ďl‰l1ďNθ , pθ1,θ2qPU2

| fθ1pπlpθ1qq ´ fθ2pπl1pθ2qq| ą 0.

Let ε be a real number such that:

0 ă ε ă inf
1ďl‰l1ďNθ , pθ1,θ2qPU2

| fθ1pπlpθ1qq ´ fθ2pπl1 pθ2qq|. (1.23)

By continuity of F̃ and compactness of X , we can shrink U further20 20 This does not prevent our choice of ε
from satisfying (1.23), because shrinking
U increases the right-hand side of this
equation.

so that } fθ1 ´ fθ2}8 ď ε
2 for any θ1, θ2 P U. From the Stability Theo-

rem 1.2.12 we then have:

@θ1, θ2 P U, @0 ď p ď d, d8pPHpp fθ1q, PHpp fθ2qq ď
ε

2
. (1.24)

Let us fix two parameters θ1, θ2 P U and a homology degree p. Let 1 ď

l1 ‰ l1
1 ď Nθ be such that p fθ1pπl1pθ1qq, fθpπl1

1
pθ1qqq P PHpp fθ1q. From

Equation (1.24), there exists a matching γ : PHpp fθ1q Ñ PHpp fθ2q with
cost cpγq ď ε

2 . In particular, if we denote pb, dq :“ γp fθ1pπl1pθ1qq, fθ1pπl1
1
pθ1qqq P

R2, then

| fθ1pπl1pθ1qq ´ b| ď
ε

2
and | fθ1pπl1

1
pθ1qq ´ d| ď

ε

2
. (1.25)

Of course we cannot have d “ `8. Also, we cannot have pb, dq P

∆, i.e b “ d, because then the triangle inequality would imply that
| fθ1pπl1pθ1qq ´ fθ1pπl1

1
pθ1qq| ď ε

2 ` ε
2 “ ε, which contradicts (1.23). Thus,

pb, dq is a bounded off-diagonal point of PHpp fθ2q. By assertion (iii),
there exist indices 1 ď l2 ‰ l1

2 ď Nθ such that b “ fθ2pπl2pθ2qq and
d “ fθ2pπl1

2
pθ2qq. Equations (1.25) and (1.23) together force l2 “ l1

and l1
2 “ l1

1. Hence, p fθ2pπl1pθ2qq, fθ2pπl1
1
pθ2qqq “ pb, dq P PHpp fθ2q,

which proves the result. The case of an index 1 ď l ď Nθ such that
p fθ1pπlpθ1qq, `8q P PHpp fθ1q is treated in the same way.

Proof of assertion (v): For any homology degree 0 ď p ď d, by asser-
tion (iii), each bounded off-diagonal interval pb, dq in PHpp fθqz∆ can
be rewritten as p fθpπlb,p

pθqq, fθpπld,p
pθqqq for some indices lb,p ‰ ld,p.

Similarly, each interval pv, `8q can be rewritten as p fθpπlv,p pθqq, `8q

for some index lv,p. By assertion (iv), for any parameter θ1 P U, Bppθ1q

equals

␣

p fθ1 pπlb,p
pθ1qq, fθ1 pπld,p

pθ1qqq
(

pb,dqPPHpp fθqz∆ Y
␣

p fθ1 pπlv,p pθ1qq, `8q
(

pv,`8qPPHpp fθq
Y ∆8.
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This provides a smooth local coordinate system (see Definition 1.3.7)
for Bp at θ, therefore Bp is 8-differentiable at θ by Proposition 1.3.8.
Since this is true for every 0 ď p ď d, B itself is 8-differentiable at θ.

Remark 1.6.2 (Multiplicity one). The upcoming Figure 1.5 shows how
important the assumption that fθ has critical values of multiplicity 1

is for the conclusion of Theorem 1.6.1 to hold. Roughly speaking,
the assumption implies that the critical points do not exchange their
contributions to the persistence diagrams of fθ under perturbations
of θ. We proved this fact using the Stability Theorem for persistence
diagrams (see the proof of assertion (iv) above), however it is also a
consequence of the so-called structural stability theorem for dynamical
systems21. This result implies that the gradient vector field induced 21 Jacob Palis and Stephen Smale. Struc-

tural stability theorems. In Global Analysis
(Proc. Sympos. Pure Math., Vol. XIV, Berke-
ley, Calif., 1968), pages 223–231. Amer.
Math. Soc., Providence, R.I., 1970

by a Morse function fθ with distinct critical values is structurally stable,
and as an immediate consequence, that the Morse-Smale complex of fθ

does not change as we smoothly perturb fθ . The Morse-Smale complex
allows us to recover the persistence module completely and, in turn,
the barcode of fθ .

1.6.2 Discussion: generic differentiability

Theorem 1.6.1 guarantees that B is 8-differentiable at parameters θ that
produce Morse functions with critical values of multiplicity 1. The set
of such functions is a generic subspace of C8pX , Rq, see [GG73]. We

M. Golubitsky and V. Guillemin. Stable
mappings and their singularities. Springer-
Verlag, New York-Heidelberg, 1973.
Graduate Texts in Mathematics, Vol. 14

can also argue that, under some extra conditions on the parametrization
F, the set DpM,X q of parameters θ P M that produce Morse functions
fθ with critical values of multiplicity 1 is generic in M:

Liviu Nicolaescu. An invitation to Morse
theory. Universitext. Springer, New York,
second edition, 2011

Proposition 1.6.3 ([Nic11]). If F is smooth and generically large, i.e. for
generic x P X the map θ P M ÞÑ d fθpxq P TxX ˚ is a submersion, then
DpM,X q is generic in M.

There are important examples where this result applies, such as for
instance:

Example 1.6.4 ([Nic11]). Assume X is embedded in Rd and translated
so as not to contain the origin. Then, each of the following parametriza-
tions F is smooth and generically large:

v P Rd ÞÑ px P X ÞÑ xv, xy P Rq

p P Rd ÞÑ px P X ÞÑ |x ´ p|2 P Rq

A P S`pRdq ÞÑ px P X ÞÑ
1
2

xAx, xy P Rq

1.6.3 A simple example

Take the ground space X to be the torus S1 ˆ S1 embedded in R3, the
parameter space M to be the 2-sphere S2, and the parametrization F to
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be the family of height filtrations, i.e F : θ P S2 ÞÑ px P X ÞÑ xθ, xy P Rq.
For a generic direction θ P S2, the induced height function, which we
denote by hθ , will be Morse and no two critical points are in the same
level set. In this case we can track the critical points smoothly as we
vary θ, and the barcodes PHpphθq also evolve smoothly. An example of
this situation is given in Figure 1.2.

Figure 1.2: A torus filtered by a generic
height function. The blue arrow indi-
cates the direction θ. By the correspon-
dence of Proposition 1.2.14, the 4 critical
points (blue dots) correspond from bot-
tom to top to an infinite bar in degree
0, an infinite bar in degree 1, another
infinite bar in degree 1, and an infinite
bar in degree 2 of the resulting barcode
PHphθq. The implicit function theorem
applied to these critical points allows us
to track them smoothly when perturbing
the height function (purple arrow). The
correspondence to points in the barcode
remains unchanged.

Even in this elementary situation, the singular parameters θ P S2

can exhibit pathological behaviors. There are two specific heights, on
opposite sides of the sphere S2, that produce Morse-Bott functions. We
show one of them in Figure 1.3. At such a parameter θ, the critical sets
are codimension-1 submanifolds of X , and smooth perturbations of θ

may result in discontinuous changes in the critical set.

Figure 1.3: Horizontal torus filtered by
the vertical height function hθ . The crit-
ical sets are the two blue circles, one
of which corresponds to both a birth
of a connected component and a loop,
while the other corresponds to the births
of a loop and a 2-cycle. Observe that
any slight perturbation of θ results in
a valid Morse function with 4 critical
points, however, the locations of these
points do not vary smoothly, and not
even continuously, at θ.

There are other directions θ at which the assumptions of Theo-
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rem 1.6.1 are not met, yet the interval endpoints in the barcode can
still be tracked smoothly. Such a case is shown in Figure 1.4, where
the height function hθ is Morse but with a critical value of multiplicity
2. In this specific case, the implicit function theorem still applies to
both critical points and provides a smooth local coordinate system for
the barcode of hθ . However, in the general case, such a Morse

Figure 1.4: A height function hθ (blue
arrow) that is Morse with two critical
points (blue dots) in the same level set
(the hyperplane), producing two distinct
loops in the persistence diagram. The crit-
ical points can still be tracked smoothly
around θ, and no change in the pairing
occurs in the barcode PHphθq.

function with two critical points sitting in the same level-set can induce
a change in the correspondence with interval endpoints in the barcode,
potentially resulting in non-smooth behavior of the barcode valued
map B. An example is given in Figure 1.5.

1.7 The case of maps on barcodes derived from vectorizations
and loss functions

We continue on with examples of differentiable maps, this time focusing
on maps V : Bar Ñ N defined on barcodes and valued in a smooth
finite-dimensional manifold. There is a plethora of examples of such
maps V in the literature on topological data analysis [AEK`

17, Bub15,
COO15, CCO17, DFF15, Kal19]. Most of them take N to be a Euclidean
or Hilbert space, and they were designed to provide meaningful (e.g.
stable, discriminative) representations of barcodes that can be fed to
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Figure 1.5: A 2-torus filtered by two
infinitesimal perturbations of the verti-
cal height function, together with their
critical points and labels to indicate the
dimension of the homology group that
they affect. Paired critical points corre-
spond to bounded intervals in the associ-
ated barcodes. Here, the vertical height
function is Morse and the critical points
evolve smoothly. However, the pairing be-
tween critical points is not constant, nor
their homological dimensions. Therefore,
the barcode valued map is not smooth at
the vertical direction.

machine learning algorithms. A prototypical example of such a map is
the persistence image of [AEK`

17]22, which we study in Section 1.7.1. 22 Henry Adams, Tegan Emerson,
Michael Kirby, Rachel Neville, Chris
Peterson, Patrick Shipman, Sofya
Chepushtanova, Eric Hanson, Francis
Motta, and Lori Ziegelmeier. Persistence
images: A stable vector representation
of persistent homology. The Journal of
Machine Learning Research, 18(1):218–252,
2017

Other maps even have N “ R as codomain, and they are meant to
be used as loss terms in optimization tasks [CNBW19, BGGSSG20a,
HLSC19]. Many examples of such vectorizations and loss functions
are part of the wide class of linear representations, which we study in
Section 1.7.2. In Section 1.7.4, we study an important example of non-
linear loss, namely the bottleneck distance to a fixed barcode, which
we believe can be of interest in the context of inverse problems. The
machinery developed in this section is likely to be adaptable to other
examples of maps on barcodes, however the purpose of the section is
to provide a proof of concept rather than an exhaustive treatment.

1.7.1 The differentiability of persistence images

Recall that Bar is equipped with the bottleneck topology. Let Barn be
the subset of Bar containing the barcodes with n infinite intervals. In
particular, Bar0 is the set of barcodes whose intervals are bounded.

Proposition 1.7.1. The set of path connected components of Bar is enumerable.
More precisely, π0pBarq “ tBarnu

`8
n“0.

Proof. Since Bar “
Ů`8

n“0 Barn, we only need to prove that each Barn is a
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maximal connected subset of Bar. First note that Barn is path connected,
as we can always move n infinite intervals to n other ones continuously,
and similarly move the bounded off-diagonal intervals to the diagonal.
We now prove the maximality of Barn. Let A Ď BarzBarn be non-empty.
Any element in A has infinite bottleneck distance to any element in
Barn, since their numbers of infinite intervals are different. Therefore,
A Y Barn cannot be path-connected, and so Barn is maximal.

We view the persistence image as a map V : Bar0 Ñ Rn2
for some

discretization step n P N:

Definition 1.7.2. Let D P Bar0. We fix a weighting function ω : R Ñ R

that is zero at the origin. For pb, dq P R2, consider the Gaussian

gb,d : px, yq P R2 ÞÑ
1

2πσ2 e´rpx´bq2`py´pd´bqq2s{2σ2

for some fixed variance σ ą 0. The persistence surface associated to D is
the map

ρD : px, yq P R2 ÞÑ
ÿ

pb,dqPD

ωpd ´ bqgb,dpx, yq.

Given a square B Ă R2, we subdivide it into n2 regular squares Bk,l

for 1 ď k, l ď n. Then we define the persistence image of D to be the
histogram

VB,n : D P Bar0 ÞÑ

˜

ż

px,yqPBk,l

ρDpx, yqdxdy

¸

1ďk,lďn

P Rn2

Proposition 1.7.3. If ω is Cr over R2 for some integer r P N, then VB,n is
r-differentiable everywhere in Bar0.

Proof. The maps pb, dq P R2 ÞÑ
ş

px,yqPBk,l
gb,dpx, yqdxdy P R are C8 for

any fixed box Bk,l . For any space of ordered barcodes R2m ˆ R0 and
any D̃ “ pb1, d1, ..., bm, dmq P R2m ˆ R0,

VB,npQm,0pD̃qq “

˜

ÿ

1ďiďm

ωpdi ´ biq

ż

px,yqPBk,l

gbi ,di
px, yqdxdy

¸

1ďk,lďn

P Rn2
,

which is Cr at every D̃ P R2m ˆ R0.

In [AEK`
17], the weighting function ω is chosen to be the ramp

function ωt : R ÞÑ R defined as

ωtpuq “

$

’

’

’

&

’

’

’

%

0 if u ď 0
u
t

if 0 ď u ď t

1 if t ď u

(1.26)
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for some parameter t ą 0. Thus, the ramp function is differentiable ev-
erywhere except at 0 and t. This implies that the persistence image VB,n

is nowhere differentiable, as every neighborhood of a barcode always
contains some neighborhood of the diagonal ∆. Thanks to Proposi-
tion 1.7.3, this issue can be resolved by taking any Cr approximation of
the ramp function, which makes the persistence image r-differentiable
over Bar0.

1.7.2 Linear representations of barcodes

The analysis of persistence images in the previous section can be gener-
alized to the following wide class of vectorizations:

Definition 1.7.4. Let ϕ : R2 Ñ Rk, ψ : R Ñ Rk and ω : R Ñ R be
continuous maps such that ωp0q “ 0. The associated linear representation
is the map

V : D P Bar ÞÝÑ
ÿ

pb,dqPD bounded

ωpd ´ bqϕpb, dq `
ÿ

pv,`8qPD

ψpvq P Rk.

Properties of linear representations valued in Banach spaces such
as continuity, lipschitzness and stochastic convergence are analyzed
in [DC19, DL20]23. Many vectorizations in the litterature are lin- 23 Vincent Divol and Frédéric Chazal. The

density of expected persistence diagrams
and its kernel based estimation. Journal
of Computational Geometry, 10(2):127–153,
2019; and Vincent Divol and Théo La-
combe. Understanding the topology and
the geometry of the space of persistence
diagrams via optimal partial transport.
Journal of Applied and Computational Topol-
ogy, pages 1–53, 2020

ear representations, e.g. persistence images [AEK`
17] and its vari-

ations [CWRW15, KHF16, RHBK15], persistence silhouettes [CFL`
14]

and weighted Betti curves [Ume17].
When k “ 1, a linear representation may be viewed as a loss function

on persistence diagrams. The total persistence in Example 1.3.11, and
more generally the q-Wasserstein distance to the empty diagram, are
such loss functions. In addition, the structure elements of [HKN19,
Definition 9] form a wide class of parametrized linear losses and linear
representations that can be optimised.

In all these examples, the maps ϕ, ψ and ω are not necessarily smooth
by design, see e.g. the ramp function in Eq. (1.26) for persistence images,
but one can always replace them with smooth approximations. We then
get r-differentiable maps on barcodes, as expressed in the following
result.

Proposition 1.7.5. If the maps ϕ, ψ are Cr on generic subsets of R2 containing
the diagonal ∆, and if ω is Cr on a generic subset of R containing the
origin, then the associated linear representation V is generically r-differentiable.
Whenever ϕ, ψ and ω are in fact Cr everywhere, then V is r-differentiable
everywhere.

Proof. The subspace of barcodes whose intervals avoid the set of non-
differentiability of ϕ, ψ and ω is clearly generic in Bar. Let D be a
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barcode therein. For any space of ordered barcodes R2m ˆ Rn and
pre-image D̃ “ rpbi, diq

m
i“1, pvjq

n
j“1s P R2m ˆ Rn of D, we have

VpQm,npD̃qq “
ÿ

1ďiďm

ωpdi ´ biqϕpbi, diq `
ÿ

1ďjďn

ψpvjq,

which is Cr in a neighborhood of D̃.

Let us consider an everywhere r-differentiable linear representa-
tion V, and a barcode valued map B on a simplicial complex, which is
(generically) differentiable (Theorem 1.4.9). Using the chain rule 1.3.14,
the composition V ˝ B is then itself (generically) differentiable, hence
amenable to gradient descent based optimisation.

1.7.3 Semi-algebraic and subanalytic functions on barcodes

We consider another important class of examples arising from loss
functions on barcodes that restrict to semi-algebraic maps on the spaces
of ordered barcodes. The subanalytic and definable counterparts are
analogously defined and the results of this section are valid in these
situations as well. See also [CCG`

21] for a full treatment of semi-
Mathieu Carriere, Frédéric Chazal,

Marc Glisse, Yuichi Ike, Hariprasad Kan-
nan, and Yuhei Umeda. Optimizing per-
sistent homology based functions. In In-
ternational Conference on Machine Learning,
pages 1294–1303. PMLR, 2021

algebraic loss functions in persistence.

Definition 1.7.6. We say that a map V : Bar Ñ R is semi-algebraic if all
the precompositions V ˝ Qm,n : R2m ˆ Rn Ñ R are semi-algebraic.

A prototypical example of semi-algebraic loss on barcodes is the
distance to a target barcode D0:

dqpD0, .q : D P Bar ÞÑ dqpD0, Dq P R Y t`8u.

Here, dq is the q-th Wasserstein distance on barcodes for any q P R˚
` as

defined in Eq. (1.7), and d8 is the bottleneck distance.

Proposition 1.7.7. For any target barcode D0 and non-negative number q P

R˚
`, the map dqpD0, .q : Bar Ñ R is semi-algebraic.

Proof. We consider the case where q “ 8, as the same line of arguments
works for arbitrary Wasserstein metrics, and rewrite dqpD0, .q as dD0 for
simplicity. Let m, n P N. We assume that n is the number of infinite
intervals in D0, as otherwise the map dD0 ˝ Qm,n : R2m ˆ Rn Ñ R

takes infinite value everywhere. Then, dD0 ˝ Qm,n can be expressed
as a minimum of finitely many cost functions, min cpγm,nqp.q, each of
which is defined in terms of a fixed partial matching γm,n of coordinates
in R2m ˆ Rn with interval endpoints of D0. As a point-wise maximum
of finitely many absolute values, each cost function cpγm,nqp.q is semi-
algebraic, and so dD0 ˝ Qm,n is semi-algebraic.
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Semi-algebraic functions V on barcodes are particularly useful in
the context of optimisation when pre-composed with a semi-algebraic
parametrization of filter functions F : M Ñ RK on a fixed simplicial
complex K. Indeed, composition preserves semi-algebraicity, and so
from Remark 1.4.25 the loss function given by the composition

L : M F // RK PHp // Bar V // R (1.27)

is a semi-algebraic map. Then [DDKL20, Corollary 5.9]24 guarantees 24 Damek Davis, Dmitriy Drusvyatskiy,
Sham Kakade, and Jason D Lee. Stochas-
tic subgradient method converges on
tame functions. Foundations of Compu-
tational Mathematics, 20(1):119–154, 2020

that the well-known stochastic gradient descent (SGD) algorithm con-
verges almost surely to critical points of L.25

25 The loss L must also be locally Lip-
schitz for this result to hold. By the
Stability Theorem [CSEH07] , PHp is
Lipschitz continuous, hence this addi-
tional mild requirement is met when-
ever F and V are locally Lipschitz (for
instance when V “ dqpD0, .q is the dis-
tance to a fixed barcode).

David Cohen-Steiner, Herbert Edels-
brunner, and John Harer. Stability of
persistence diagrams. Discrete & Com-
putational Geometry, 37(1):103–120, 2007

This guarantee can be applied to various optimisation problems.
When choosing the Rips parametrization F of point clouds as in
Section 1.5.2, minimizing the loss L “ dqpD0, .q ˝ PHp ˝ F amounts
to solving the problem of point cloud inference originally proposed
in [GHO16]26, see [GNDS20a]27 for implementations. Besides, from

26 Marcio Gameiro, Yasuaki Hiraoka, and
Ippei Obayashi. Continuation of point
clouds via persistence diagrams. Phys-
ica D: Nonlinear Phenomena, 334:118–132,
2016

27 Rickard Brüel Gabrielsson, Bradley J
Nelson, Anjan Dwaraknath, and Primoz
Skraba. A topology layer for machine
learning. In International Conference on
Artificial Intelligence and Statistics, pages
1553–1563. PMLR, 2020

Section 1.5.4, for F the parametrization of all filter functions on a fixed
simplicial complex and an adequate target barcode D0, the minimi-
sation of L yields an approach to function simplification. However,
when F is not semi-algebraic, typically in the continuous setting de-
velopped in Section 1.6, and more generally for an arbitrary barcode
valued map B : M Ñ Bar, it is unclear how to perform full-fledged
continuous gradient descent to minimize

L : M B // Bar
dqpD0,.q

// R . (1.28)

While implementing a solution to this problem is beyond the scope
of this paper, it serves as a motivation for the next section where we
show that the bottleneck distance to D0 is generically 8-differentiable,
as then the chain rule of Proposition 1.3.14 enables the use of gradient
descent.

1.7.4 The bottleneck distance to a diagram

For simplicity, we denote the bottleneck distance to a fixed barcode D0

by:
dD0 : D P Bar ÞÝÑ d8pD, D0q P R.

For ease of exposition, we start with the special case where D0 “ ∆8

is the empty diagram (the diagonal ∆ with infinite multiplicity). We
then provide the details of the analysis for the general, technically more
involved case of an arbitrary fixed barcode D0.

Recall that d∆8pDq “ `8 for any diagram D P Bar with infinite bars.
Consequently, we consider the restriction of d∆8 to the subset Bar0

introduced in Section 1.7.1. This restriction is valued in the real line:
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d∆8 : Bar0 Ñ R. Consider the set Bar∆ of barcodes which admit a
unique point at maximal distance to the diagonal ∆:

Bar∆ :“
"

D P Bar0 | #argmaxpb,dqPD
|d ´ b|

2
“ 1

*

. (1.29)

For D P Bar∆, we let pb̄D, d̄Dq P D be the unique interval in the
set argmaxpb,dqPD

|d´b|

2 .

Proposition 1.7.8. Bar∆ is generic in Bar0. Moreover, given D P Bar∆,
for ε ą 0 small enough, any D1 at bottleneck distance less than ε from D

satisfies d∆8 pD1q “
|d̄D1 ´b̄D1 |

2 and }pb̄D1 , d̄D1 q ´ pb̄D, d̄Dq}8 ă ε.

Proof. Given D P Bar0, consider the set argmaxpb,dqPD
|d´b|

2 . If this set
is not a singleton, then we can move infinitesimally one of its elements
away from the diagonal, so as to get a diagram in Bar∆. Thus, Bar∆

is dense in Bar0. Let now D P Bar∆, and let δ be the second maximal
distance to the diagonal:

δ :“ max
pb,dqPDztpb̄D ,d̄Dqu

|d ´ b|

2

and α :“ |d̄D´b̄D|

2 ´ δ ą 0. Take ε P
`

0, α
4

˘

. If D1 is at bottleneck
distance less than ε from D, all the points of D1 are within distance
less than ε either from the diagonal or from an off-diagonal point
of D. As we have picked ε ă α

4 , there is a unique off-diagonal point
pb̄1, d̄1q of D1 that is within distance less than ε from pb̄D, d̄Dq, and it
must be the unique furthest point from ∆ in D1. So indeed D1 P Bar∆

and pb̄D1 , d̄D1 q “ pb̄1, d̄1q. Therefore, Bar∆ is open, which concludes the
proof.

Not surprisingly, d∆8 is smooth at every D P Bar∆, with partial

derivatives related to the ones of the map pb̄D, d̄Dq ÞÑ
|d̄D´b̄D|

2 .

Proposition 1.7.9. For any D P Bar∆,

(i) d∆8 is 8-differentiable at D, and

(ii) for any m P N and D̃ P R2m ˆ R0 such that Qm,0pD̃q “ D, there are
exactly two non-zero components in the gradient ∇D̃pd∆8 ˝ Qm,0q, one
with value 1

2 and the other with value ´ 1
2 .

Proof. Let m P N and D̃ P R2m ˆ R0 be such that Qm,0pD̃q “ D.
Without loss of generality, we can write D̃ “ pb̄D, d̄D, b2, d2, ..., bm, dmq

where pbi, diq is distinct from pb̄D, d̄Dq for all 2 ď i ď m. By Proposi-
tion 1.3.2, Qm,0 is continuous. Therefore, by Proposition 1.7.8, there is an
open neighborhood U of D̃, such that for any D̃1 “ pb̄D1 , d̄D1 , b1

2, d1
2, ..., b1

m, d1
mq P

U, Qm,0pD̃1q is in Bar∆ and d∆8pQm,0pD̃1qq “
|d̄D1 ´b̄D1 |

2 ą 0. Asser-
tions (i) and (ii) follow.
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Next we generalize Proposition 1.7.9, namely we show the generic
differentiability of the bottleneck distance dD0 : Bar Ñ R Y t`8u to an
arbitrary fixed diagram D0 P Bar.

Throughout, we denote by ∆ϵ the set of elements in R2 that are at
distance less than ϵ ą 0 to the diagonal ∆. We equip, for the rest of
this section only, the spaces of ordered barcodes with the supremum
norm }.}8 rather than the Euclidean norm. Note that (the proof of)
Proposition 1.3.2 ensures that the quotient maps Qm,n are 1-Lipchitz
with respect to the metrics in place. We denote by Bp., ˚q the ball
centered at . with radius ˚ with respect to the supremum norm or
bottleneck metric depending on the context.

Proposition 1.7.10. Let D0 P Bar and n be the number of infinite bars in D0.
For generic D P Barn, dD0 is 8-differentiable at D. Moreover, for any m P N

and D̃ P R2m ˆ Rn such that Qm,npD̃q “ D, exactly one of the following
possibilities holds:

(i) either the gradient ∇D̃pdD0 ˝ Qm,nq has exactly two non-zero components,
one with value 1

2 and the other with value ´ 1
2 ; or

(ii) the gradient ∇D̃pdD0 ˝ Qm,nq has a unique non-zero component with value
1 or ´1.

Proposition 1.7.10 states the generic smoothness of dD0 . We first
observe that all the compositions dD0 ˝ Qm,n are smooth on a generic
subset of R2m`n.

Lemma 1.7.11. For every m P N, the map

dD0 ˝ Qm,n : R2m`n Ñ R

is generically smooth, with gradients that are either 0 or as in piq or piiq of
Proposition 1.7.10.

Proof. Let m P N. Define an ordered matching γ̃ : R2m`n Ñ R2m`n

to be an affine map whose first m pairs of coordinate functions (resp.
last n coordinate functions) are of the form D̃ :“ rpbi, diq

m
i“1, pvjq

n
j“1s ÞÑ

pbi, diq ´ pb0,i, d0,iq where pb0,i, d0,iq is either an off-diagonal point in D0

or pb0,i, d0,iq “ p
bi`di

2 , bi`di
2 q is the orthogonal projection of pbi, diq onto ∆

(resp. are of the form D̃ ÞÑ vj ´ v0,j for some infinite interval pv0,j, `8q

in D0). We further require that the collection of intervals pb0,i, d0,iq (resp.
pv0,j, `8q) involved in this way are distinct elements in D0. We denote
by D0pγ̃q the set of bounded off-diagonal intervals pb0, d0q P D0 that are
not in the collection tb0,i, d0,iu

m
i“1.

Since the maximum of smooth functions over R2m`n is smooth28 on 28 This is the same argument as in the
proof of Proposition 1.4.9. Namely, the
set where at least two of the smooth func-
tions involved in the maximum are equal
is closed, and therefore the boundary of
this set has generic complement. On this
complement the maximum of the smooth
functions locally equals a unique smooth
function.

a generic subset of R2m`n, the map

c̃pγ̃q : D̃ P R2m`n ÞÑ maxp}γ̃pD̃q}8, t
|d0 ´ b0|

2
upb0,d0qPD0pγ̃qq P R (1.30)
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is itself C8 on a generic subset of R2m`n, with gradients either equal to
0 or as in piq or piiq of Proposition 1.7.10. Let Γ̃m be the set of ordered
matchings γ̃ : R2m`n Ñ R2m`n, which is non-empty and finite. Then
the map

d̃D0,m : D̃ P R2m`n ÞÑ min
γ̃PΓ̃m

c̃pγ̃qpD̃q P R

is C8 on a generic subset of R2m`n, with gradients either equal to 0 or
as in piq or piiq of Proposition 1.7.10.

We will be done if we can show that the two maps dD0 ˝ Qm,n and
d̃D0,m are equal over R2m`n. Fix an ordered barcode D̃ P R2m`n and let
D :“ Qm,npD̃q. Let γ̃ : R2m`n Ñ R2m`n be an ordered matching. The
components of γ̃ determine a matching γ between D and D0, sending
pbi, diq onto pb0,i, d0,iq and pvj, `8q onto pv0,j, `8q. By definition of the
cost of a matching 1.2.10 and Equation (1.30), we have cpγq “ c̃pγ̃qpD̃q.
This yields d̃D0,mpD̃q ě dD0pDq “ dD0 ˝ Qm,npD̃q. Conversely, among
the optimal matchings from D to D0, it is always possible to find one
that sends off-diagonal points of D (and D0) on the diagonal only by
orthogonal projection. This allows us to lift γ at the level of D̃ and to
define an ordered matching γ̃ such that c̃pγ̃qpD̃q “ cpγq. This yields
d̃D0,mpD̃q ď dD0pDq “ dD0 ˝ Qm,npD̃q and therefore dD0 ˝ Qm,n “ d̃D0,m

on R2m`n.

We cannot directly use Lemma 1.7.11 to prove Proposition 1.7.10.
As a matter of fact, by the definition of 8-differentiability (Defini-
tion 1.3.10), Proposition 1.7.10 is asking that for generic D P Barn all the
maps dD0 ˝ Qm,n, for varying m P N, should be smooth at pre-images of
D. However, Lemma 1.7.11 only guarantees that the maps dD0 ˝ Qm,n,
taken individually, are smooth over generic subsets of R2m`n, and it
is not clear a priori how to glue at the level of barcodes these generic
subsets lying in different spaces of ordered barcodes R2m`n. In order
to leverage Lemma 1.7.11, we devise intermediate results that infer
the smoothness of the maps dD0 ˝ Qm1,n from the knowledge of the
smoothness of a well-chosen map dD0 ˝ Qm,n. The high-level intuition
of each of these intermediate steps is as follows:

1. Infinitesimal perturbations of a given diagram D can be understood
as infinitesimal moves of the off-diagonal points of D, together with
appearances of small intervals from the diagonal. In Lemma 1.7.12,
we devise a generic condition on D ensuring that these new small
off-diagonal intervals appearing when perturbing D do not play any
role in the bottleneck distance to D0.

2. Given a barcode D, we take a pre-image D̃m P Q´1
m,npDq of D which

is minimal in the sense that its pairs of adjacent components are
not trivial, i.e not of the form pb, bq. In other words, D̃m is an
ordering of the endpoints of off-diagonal intervals appearing in D
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without extra pairs pb, bq lying on the diagonal. Up to an infinitesimal
perturbation of D̃m, Lemma 1.7.11 ensures that dD0 ˝ Qm,n is smooth
in an open neighborhood of D̃m. It is easy to observe that for any
other pre-image D̃m1 of D, the components of the ordered barcode
D̃m1 only differ with those of D̃m by the addition of trivial pairs of
the form pb, bq. According to the previous item, those trivial pairs
do not play any role when computing the bottleneck distance to D0.
Therefore, since dD0 ˝ Qm,n is smooth in a neighborhood of D̃m, the
map dD0 ˝ Qm1,n is itself smooth in an open neighborhood of D̃m1 .
We make these intuitions rigorous in Lemma 1.7.13.

3. The previous arguments allow us to construct open balls BpD̃m1 , ϵq

of the same radius ϵ ą 0 around all pre-images D̃m1 P R2m1`n of a
generic diagram D P Bar over which all maps dD0 ˝ Qm1,n are smooth.
To conclude that dD0 itself is 8-differentiable in a neighborhood of
D, we show in Lemma 1.7.14 that the ϵ-bottleneck ball around D is
covered by the union of the images of the balls BpD̃m1 , ϵq.

Let ˆBar be the set of barcodes D P Barn such that no intervals of D0 is at
distance d8pD, D0q to its diagonal projection. It is easy to check that ˆBar
is generic in Barn. When perturbing a given barcode D infinitesimally,
an arbitrary number of new off-diagonal points may appear from the
diagonal. We show that, for D P ˆBar, these new off-diagonal intervals
can be disregarded when computing the bottleneck distance to D0.

Lemma 1.7.12. Let D P ˆBar. There exists ϵ ą 0 such that for any barcode
D1 which is ϵ-close to D we have that d8pD1, D0q ą ϵ, and there exists an
optimal matching from D1 to D0 sending D1 X ∆ϵ (i.e. those points of D1 that
are ϵ-close to the diagonal), onto the diagonal ∆.

Proof. Let D P ˆBar. Denote by α the minimal gap |
|d0´b0|

2 ´ d8pD, D0q|

between the distance of off-diagonal intervals pb0, d0q of D0 from their
diagonal projections and d8pD, D0q. Since D P ˆBar, α is strictly positive.

We have d8pD, D0q ą 0 as otherwise d8pD, D0q “ 0 would imply
that D R ˆBar (as the distance from a diagonal element of D0 to its
diagonal projection would also be 0), so we can pick ϵ ą 0 such that

ϵ ă minp
d8pD, D0q

2
,

α

2
q.

We now prove that the conclusion of the Lemma holds in the bot-
tleneck ball BpD, ϵq. Let D1 P BpD, ϵq. Since ϵ ă

d8pD,D0q

2 , we have
d8pD1, D0q ą ϵ.We assume, seeking contradiction, that there is no op-
timal matching from D1 to D0 that sends all points of D1 X ∆ϵ onto
∆.

We restrict our attention to the set Γ˚pD1, D0q of optimal matchings
from D1 to D0 that are allowed to send off-diagonal points of D1 and
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D0 to the diagonal only by orthogonal projections. This set is finite and
non-empty. We define the ∆-degree of a matching γ P Γ˚pD1, D0q to be
the number of off-diagonal points of D1 and D0 that are sent to their
diagonal projections, and take γ with maximal ∆-degree. By assump-
tion, there exists an off-diagonal point pb1, d1q P D1 X ∆ϵ sent to some
off-diagonal point pb0, d0q P D0. Recall that |

|d0´b0|

2 ´ d8pD, D0q| ě α.

We divide the analysis into two cases: either |d0´b0|

2 ě d8pD, D0q ` α,

or |d0´b0|

2 ď d8pD, D0q ´ α.

In the case where |d0´b0|

2 ě d8pD, D0q ` α, we have:

}pb0, d0q ´ pb1, d1q}8 “ }rpb0, d0q ´ p
b1 ` d1

2
,

b1 ` d1

2
qs ´ rpb1, d1q ´ p

b1 ` d1

2
,

b1 ` d1

2
qs}8

ě }pb0, d0q ´ p
b1 ` d1

2
,

b1 ` d1

2
q}8 ´ }pb1, d1q ´ p

b1 ` d1

2
,

b1 ` d1

2
q}8

ě
|d0 ´ b0|

2
´

|d1 ´ b1|

2
ě d8pD, D0q ` α ´ ϵ

ě d8pD1, D0q ` α ´ 2ϵ

ą d8pD1, D0q

where the first inequality holds by the triangle inequality, the second
from the fact that a minimizer of the distance from pb0, d0q to the
diagonal is the orthogonal projection of pb0, d0q onto ∆, the third by
assumption on pb0, d0q and pb1, d1q, the fourth by the triangle inequality
and the last one by ϵ ă α

2 . This yields a contradiction as γ is optimal
and its cost may not exceed d8pD1, D0q.

Consider now the case where |d0´b0|

2 ď d8pD, D0q ´ α. On the one
hand, by the triangle inequality and by the fact that ϵ ă α:

|d0 ´ b0|

2
ď d8pD, D0q ´ α ď d8pD1, D0q ` ϵ ´ α ă d8pD1, D0q

On the other hand, since ϵ ă
d8pD,D0q

2 ,

|d1 ´ b1|

2
ď ϵ ă

d8pD, D0q

2
ď

d8pD1, D0q ` ϵ

2
ă d8pD1, D0q,

where the last inequality comes from the fact that ϵ ă d8pD1, D0q

because ϵ ă
d8pD1,D0q`ϵ

2 . To sum up, both quantities |d0´b0|

2 and |d1´b1|

2
are upper-bounded by d8pD1, D0q. Modifying γ by sending pb0, d0q and
pb1, d1q to their diagonal projections, we obtain a matching in Γ˚pD1, D0q

with ∆-degree strictly higher than that of γ, which contradicts the
maximality of the ∆-degree of γ.

We say that an ordered barcode D̃m “ rpbi, diq
m
i“1, pvjq

n
j“1s P R2m`n is

minimal if bi ‰ di for 1 ď i ď m. This terminology is justified by the fact
that the image D :“ Qm,npD̃mq P Barn contains exactly m bounded-off
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diagonal intervals and n unbounded ones, and therefore any other
pre-image D̃m1 P R2m1`n of D must lie in a space of ordered barcodes
of dimension at least 2m ` n (i.e. m1 ě m). We show that under suitable
assumptions, the differentiability of all the maps dD0 ˝ Qm1,n at pre-
images D̃m1 of D can be inferred from the differentiability of dD0 ˝ Qm,n

at the minimal pre-image D̃m.

Lemma 1.7.13. For every m P N, the set of minimal ordered barcodes
in R2m`n is open. Moreover, given a minimal D̃m P R2m`n with D :“
Qm,npD̃mq P ˆBar, if dD0 ˝ Qm,n is C8 in an open neighborhood of D̃m,
then there is an ϵ ą 0 such that for all other pre-images D̃m1 of D, the
map dD0 ˝ Qm1,n is C8 in BpD̃m1 , ϵq, with gradients as in piq or piiq of
Proposition 1.7.10.

Proof. Is is clear that the set of minimal ordered barcodes in R2m`n is
open. We address the second part of the Lemma. Let D̃m P R2m`n be a
minimal ordered barcode such that D :“ Qm,npD̃mq P ˆBar, and assume
there is an open neighborhood U of D̃m within which dD0 ˝ Qm,n is C8.
By continuity of the quotient map and from the fact that ˆBar is open,
we can assume without loss of generality that Qm,npUq is contained in

ˆBar.
For any other pre-image D̃m1 P R2m1`n of D, i.e. an ordered barcode

such that Qm1,npD̃m1 q “ D “ Qm,npD̃mq, the first m1 adjacent pairs of
components of D̃m1 must describe in an arbitrary order the m bounded
off-diagonal points of D together with m1 ´ m trivial pairs of the form
pb, bq. The last n components of D̃m1 must be in correspondance with
the left endpoints of infinite intervals in D. In other words, the first 2m1

components of D̃m1 consist of a re-ordering of the first 2m components
of D̃m, together with m1 ´ m trivial pairs of the form pb, bq. The last n
components of D̃m1 consist of a re-ordering of those of D̃m.

To every pre-image D̃m1 of D as above, we associate the linear projec-
tion Lm1,m : R2m1`n Ñ R2m`n that sends D̃m1 to D̃m by re-arranging the
m non trivial pairs of components and the n last components, and forget-
ting the m1 ´ m trivial pairs. Since D P ˆBar, Lemma 1.7.12 provides an
ϵ ą 0 such that for any D1 P BpD, ϵq, the points of D1 that are in ∆ϵ may
be sent onto the diagonal when computing the bottleneck distance from
D1 to D0, and furthermore they can be disregarded when computing
d8pD1, D0q. Therefore, using that the quotient map Qm1,n is 1-Lipschitz,
we know that for any pre-image D̃m1 of D and D̃1

m1 P BpD̃m1 , ϵq, the
m1 ´ m pairs of components D̃1

m1 with persistence less than ϵ can be
disregarded when computing dD0 ˝ Qm1,npD̃1

m1 q. Formally, for every
m1 P N,

@D̃m1 P Q´1
m1,npDq, @D̃1

m1 P BpD̃m1 , ϵq, dD0 ˝ Qm1,npD̃1
m1q “ dD0 ˝ Qm,n ˝ Lm1,mpD̃1

m1 q.
(1.31)
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Note that the maps Lm1,m are 1-Lipschitz. Therefore, we can reduce
ϵ in order to ensure that Lm1,mpBpD̃m1 , ϵqq Ă U for every pre-image
D̃m1 of D. Applying the chain rule on dD0 ˝ Qm,n and Lm1,m —which
is an affine map hence C8— in Equation (1.31), we obtain that all
the maps dD0 ˝ Qm1,n are C8 in BpD̃m1 , ϵq. Also by the chain rule,
by definition of Lm1,m, the components of the gradients of the maps
dD0 ˝ Qm1,n are a re-ordering of the components of the gradient of
dD0 ˝ Qm,n. By Lemma 1.7.11, the gradient of the latter is either 0 or as
in piq or piiq of Proposition 1.7.10. However, the gradient of dD0 ˝ Qm,n

being 0 at some elements D̃1
m P U would mean that the bottleneck

distance d8pQm1,npD̃1
mq, D0q equals the distance of some off-diagonal

interval pb0, d0q to its diagonal projection, which is impossible since
Qm1,npD̃1

mq P ˆBar.

By means of Lemma 1.7.13, we can deduce at once the differentiabil-
ity of all the maps dD0 ˝ Qm1,n over balls of the same radius. We need a
last result that connects these balls to an actual open neighborhood of
D in Barn.

Lemma 1.7.14. For any D P Barn, there exists an ϵ ą 0 such that for every
m1 P N,

Q´1
m1,npBpD, ϵqq Ď

ď

D̃m1 PR2m1`n ,Qm1 ,npD̃m1 q“D

BpD̃m1 , ϵq.

Proof. Let D P Barn, and η ą 0 be less than all the pairwise distances
between geometrically distinct off-diagonal points in D, and less than
all the distances from off-diagonal points in D to the diagonal. We take
ϵ ą 0 such that ϵ ă

η
2 . Let D1 P BpD, ϵq. Then, for every off-diagonal

point pb, dq of D, the number of (off-diagonal) points of D1 lying in
Bppb, dq, ϵq equals the multiplicity of pb, dq in D. Let us say that these
points in D1 are of type (a). The points of D1 that are not in the balls
Bppb, dq, ϵq, for pb, dq ranging over off-diagonal intervals of D, must
be ϵ-close to the diagonal, and we say that these points are of type
(b). Note that we can accordingly characterize the components of a
pre-image D̃1

m1 P Q´1
m1,npD1q: the pairs of components in D̃1

m1 must either
be trivial (i.e of the form pb, bq), or equal to some off-diagonal point of
type (a) or (b). All off-diagonal points of D1, of type (a) or (b), counted
with multiplicity, must appear as a pair in D̃1

m1 .
Given such a pre-image D̃1

m1 P Q´1
m1,npBpD, ϵqq of D1, we construct

another ordered barcode D̃m1 P R2m1`n by modifying the components
of D̃1

m1 at cost less than ϵ (i.e such that }D̃1
m1 ´ D̃m1}8 ă ϵ) as follows:

• The last n components of D̃1
m1 parametrize the left endpoints of

infinite intervals in D1. We change them at cost less than ϵ into the
left endpoints of infinite intervals in D.
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• If a pair pb1, d1q among the first m1 pairs of components of D̃1
m1 is of

type (a), it is ϵ-close to a unique off-diagonal point pb, dq of D. We
change it into pb, dq.

• If a pair pb1, d1q among the first m1 pairs of components of D̃1
m1

is of type (b), it is ϵ-close to the diagonal. We transform it into
p b1`d1

2 , b1`d1

2 q.

• The remaining pairs in the first m1 pairs of components of D̃1
m1 must

be trivial, and we leave them unchanged.

In this way, we have constructed an ordered barcode D̃m1 such that
D̃1

m1 P BpD̃m1 , ϵq and also, by construction, D̃m1 is a pre-image of D, i.e
Qm1,npD̃m1q “ D.

We are now ready to prove Proposition 1.7.10.

Proof of Proposition 1.7.10. Consider the set of barcodes D P Barn that
admit an open neighborhood within which dD0 is 8-differentiable. By
definition, this set is open in Barn, and we are left to show that it is
also dense. Given an arbitrary D P Barn, we will perform a series of
infinitesimal perturbations of D, so that there exists a (small) open
neighborhood U of D over which dD0 is 8-differentiable.

Since ˆBar is generic in Barn, up to an infinitesimal perturbation, we
can assume that D lies in ˆBar. Let D̃m P R2m`n be a minimal pre-image
of D. By Lemma 1.7.13, the set of minimal ordered barcodes in R2m`n

is open. Moreover, dD0 ˝ Qm,n is smooth on a generic subset of R2m`n

by Lemma 1.7.11. Therefore, up to an infinitesimal perturbation of
D̃m (which results in an infinitesimal perturbation of D by continuity
of Qm,n), we can further assume that dD0 ˝ Qm,n is smooth on a ball
BpD̃m, ϵq for some ϵ ą 0, while D̃m remains minimal and D stays in ˆBar.

Reducing ϵ if necessary, by Lemma 1.7.13 all the maps dD0 ˝ Qm1,n

are smooth over BpD̃m1 , ϵq, with gradients as in piq or piiq of Propo-
sition 1.7.10, where D̃m1 ranges over the pre-images of D. Reducing
ϵ further if necessary, we conclude that dD0 is 8-differentiable over
BpD, ϵq by Lemma 1.7.14.

1.8 Questions

Our goal in this paper was to deepen our understanding of the differ-
ential properties of maps factorizing through the space of barcodes Bar.
Generalizing the lifting argument present implicitly in [GHO16], we de-

Marcio Gameiro, Yasuaki Hiraoka, and
Ippei Obayashi. Continuation of point
clouds via persistence diagrams. Phys-
ica D: Nonlinear Phenomena, 334:118–132,
2016

fined differentiability for maps from and to Bar via lifts and pre-images
in spaces of ordered barcodes, and we showed that this approach is,
in essence, connected to the theory of diffeological spaces. We then
worked out sufficient conditions on a parametrization of filter functions,
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for its induced barcode-valued map to be differentiable on a generic
subset of the parameter space, and we also studied the behavior of
the barcode-valued map at singularities (in the case where the domain
of the filter functions is a simplicial complex). Then, we leveraged
our results to recover the differentiability properties derived in earlier
work in a principled way. Note that our analysis was carried out on
barcodes of ordinary persistence, and that it can be adapted to extended
persistence and zigzags in a fairly straightforward way.

This account is but a first step towards laying down the foundations
of differential calculus on barcodes, and many important questions
remain open, such as:

• In the case of filter functions on a compact smooth manifold X
(Section 1.6), we do not have a clear understanding of the behavior
of the barcode-valued map B at its singular points. We would like to
mimick the analysis of the discrete setting (proposition 1.4.19), which
would involve analyzing the behavior of critical points in Whitney
neighborhoods of functions that are not Morse. Cerf theory29 seems 29 Jean Cerf. La stratification naturelle

des espaces de fonctions différentiables
réelles et le théorème de la pseudo-
isotopie. Inst. Hautes Études Sci. Publ.
Math., (39):5–173, 1970

to be the appropriate tool for this.

• So far, our filter functions have been defined on a fixed domain,
we do not know what happens if we allow for smooth variations
of this domain. As an analogy with continuity considerations, the
Stability Theorem as recorded here is about variations of the filter
function, but there are also versions about variations (in the Gromov-
Hausdorff distance) of the domain30. To make sense of what smooth 30 Frédéric Chazal, David Cohen-Steiner,

Marc Glisse, Leonidas J Guibas, and Steve
Oudot. Proximity of persistence modules
and their diagrams. In Proceedings of the
twenty-fifth annual Symposium on Compu-
tational Geometry, pages 237–246. ACM,
2009

variations of the domain could be, one can for instance consider the
space of embeddings between given manifolds.

• The Stability Theorem and its converse 31 yield an isometry between

31 Michael Lesnick. The theory of the in-
terleaving distance on multidimensional
persistence modules. Foundations of
Computational Mathematics, 15(3):613–650,
2015

the spaces of persistence modules and of barcodes. This isometry
can be leveraged to extend our framework to the space of persistence
modules. In multi-persistence however, no such isometry (and even
no notion of barcode) exists in general. It would be desirable to have
an intrinsic version of our framework, defining differentiability from
and to the space of persistence modules.



2
Optimisation of Spectral Wavelets for Persistence-based
Graph Classification

Abstract

A graph’s spectral wavelet signature determines a filtration, and conse-
quently an associated set of extended persistence diagrams. We propose
a framework that optimises the choice of wavelet for a dataset of graphs,
such that their associated persistence diagrams capture features of the
graphs that are best suited to a given data science problem. Since the
spectral wavelet signature of a graph is derived from its Laplacian, our
framework encodes geometric properties of graphs in their associated
persistence diagrams and can be applied to graphs without a priori
node attributes. We apply our framework to graph classification prob-
lems and obtain performances competitive with other persistence-based
architectures. To provide the underlying theoretical foundations, we
extend the differentiability result for ordinary persistent homology to
extended persistent homology.
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2.1 Introduction

2.1.1 Background

Graph classification is a challenging problem in machine learning. Un-
like data represented in Euclidean space, there is no easily computable
notion of distance or similarity between graphs. As such, graph classifi-
cation requires techniques that lie beyond mainstream machine learning
techniques focused on Euclidean data. Much research has been con-
ducted on methods such as graph neural networks (GNNs) [XSC`

19]
and graph kernels [VSKB10, SVP`

09] that embed graphs in Euclidean
space in a consistent manner.

Recently, persistent homology [ZC05, EH08] has been applied as a fea-
ture map that explicitly represents topological and geometric features of
a graph as a set of persistence diagrams (a.k.a. barcodes). In the context of
our discussion, the persistent homology of a graph G “ pV, Eq depends
on a vertex function f : V Ñ R. In the case where a vertex function
is not given with the data, several schemes have been proposed in
the literature to assign vertex functions to graphs in a consistent way.
For example, vertex functions can be constructed using local geomet-
ric descriptions of vertex neighbourhoods, such as discrete curvature
[ZW19], heat kernel signatures [CCI`

20] and Weisfeiler–Lehman graph
kernels [RBB19].

However, it is often difficult to know a priori whether a heuristic
vertex assignment scheme will perform well in addressing different
data science problems. For a single graph, we can optimise the vertex
function over |V| many degrees of freedom in RV . In recent years,
there have been many other examples of persistence optimisation in
data science applications. The first two examples of persistence op-
timisation are the computation of Fréchet mean of barcodes using
gradients on Alexandrov spaces [TMMH14], and that of point cloud
inference [GHO16], where a point cloud is optimised so that its bar-
code fits a target fixed barcode. The latter is an instance of topological
inverse problems (see [OS20a] for a recent overview of such). Another
inverse problem is that of surface reconstruction [BGGSSG20b]. Besides,
in the context of shape matching [PSO18], persistence optimisation is
used in order to learn an adequate function between shapes. Finally,
there are also many recent applications of persistence optimisation in
Machine Learning, such as the incorporation of topological information
in Generative Modelling [MHRB20a, HKND19, GNDS20b] or in Im-
age Segmentation [HLSC19, COB`

19], the design of topological losses
for Regularization in supervised learning [CNBW19] or for dimension
reduction [Kac20].

Each of these applications can be thought of as minimising a certain
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loss function over a manifold M of parameters:

minθPM Lpθq,

where L : M Ñ BarN Ñ R factors through the space BarN of N-tuples
of barcodes. The aim is to find the parameter θ that best fits the applica-
tion at hand. Gradient descent is a very popular approach in minimisa-
tion, but it requires the ability to differentiate the loss function. In fact,
[LOT21] provide notions of differentiability for maps in and out Bar
that are compatible with smooth calculus, and show that the loss func-
tions L corresponding the applications cited in the above paragraph
are generically differentiable. The use of (stochastic) gradient descent
is further legitimated by [CCG`

21], where convergence guarantees on
persistence optimisation problems are devised, using a recent study
of stratified non-smooth optimisation problems [DDKL20]. In practice,
the minimisation of L can be unstable due to its non-convexity and
partial non-differentiability. Some research has been conducted in order
to smooth and regularise the optimisation procedure [SWB21, CD20].

In a supervised learning setting, we want to optimise our vertex
function assignment scheme over many individual graphs in a dataset.
Since graphs may not share the same vertex set and come in different
sizes, optimising over the |V| degrees of freedom of any one graph is
not conducive to learning a vertex function assignment scheme that can
generalise to another graph. The degrees of freedom in any practical
vertex assignment scheme should be independent of the number of
vertices of a graph. However, a framework for parametrising and opti-
mising the vertex functions of many graphs over a common parameter
space M is not immediately apparent.

The first instance of a graph persistence optimisation framework
(GFL) [HGR`

20b] uses a one layer graph isomorphism network (GIN)
[XSC`

19] to parametrise vertex functions. The GIN learns a vertex
function by exploiting the local topology around each vertex. In this
paper, we propose a different framework for assigning and parametris-
ing vertex functions, based on a graph’s Laplacian operator.

2.1.2 Outline and Contributions

We address the issue of vertex function parametrisation and optimisa-
tion using wavelet signatures. Wavelet signatures are vertex functions
derived from the eigenvalues and eigenvectors of the graph Laplacian
and encode multiscale geometric information about the graph [LH13].
The wavelet signature of a graph is dependent on a choice of wavelet
g : R Ñ R, a function on the eigenvalues of the graph’s Laplacian
matrix. We can thus obtain a parametrisation of vertex functions for
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any graph F : M Ñ RV by parametrising g. Consequently, the extended
persistence of a graph – which has only four non-trivial persistence
diagrams – can be varied over the parameter space M. If we have
a function Out : Bar4 Ñ R on persistence diagrams that we wish to
minimise, we can optimise over M to minimise the loss function

L : M RV Bar4 R.F EPH Out (2.1)

If L is generically differentiable, we can optimise the wavelet signature
parameters θ P M using gradient descent methods. We illustrate
an application of this framework to a graph classification problem
in fig. 2.1, where the loss function L is the classification error of a
graph classification prediction model based on the graph’s extended
persistence diagrams.

0 1 2
1

0

1
wavelet g( )

EPHext0 EPHord0

EPHrel1 EPHext1

Figure 2.1: Given a wavelet g : R Ñ R,
we can equip any graph with a non-
trivial vertex function. This allows us
to compute the extended persistence dia-
grams of a graph and use the diagrams
as features of the graph to predict a
graph’s classification in some real world
setting. The wavelet g can be optimised
to improve the classification accuracy of
a graph classification pipeline based on
the extended persistence diagrams of a
graph’s vertex function.

In section 2.2, we describe the assignment of vertex functions F :
M Ñ RV by reviewing the definition of wavelet signatures. While
spectral wavelets have been used in graph neural network architectures
that predict vertex features [XSC`

19] and compress vertex functions
[RG19], they have not been considered in a persistent homology frame-
work for graph classification. We describe several ways to parametrise
wavelets. We also show in Proposition 2.2.2 that wavelet signatures are
independent of the choice of eigenbasis of the graph Laplacian from
which it is derived, ensuring that it is well-defined.

In section 2.3, we describe the theoretical basis for optimising the ex-
tended persistent homology of a vertex function EPH : RV Ñ Bar4 and
elucidate what it means for L to be differentiable. In Proposition 2.3.3,
we generalise the differentiability formalism of ordinary persistence1 1 Jacob Leygonie, Steve Oudot, and Ulrike

Tillmann. A framework for differential
calculus on persistence barcodes. Founda-
tions of Computational Mathematics, pages
1–63, 2021

to extended persistence. We prove this result in Proposition 2.3.3
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Finally, in section 2.4, we apply our framework to graph classification
problems on several benchmark datasets. We show that our model is
competitive with state-of-the-art persistence-based models. In particu-
lar, optimising the vertex function appreciably improves the prediction
accuracy on some datasets.

2.2 Filter Function Parametrization

We describe our recipe for assigning vertex functions to any simplicial
graph G “ pV, Eq based on a parametrised spectral wavelet, the first
part F of the loss function

L : M RV Bar4 R
F EPH Out . ((2.1) recalled)

Our recipe is based on a graph’s wavelet signature, a vertex function de-
rived from the graph’s Laplacian. The wavelet signature also depends
on a so-called ‘wavelet function’ in g : R Ñ R, which is independent of
the graph. By modulating the wavelet, we can jointly vary the wavelet
signature across many graphs. We parametrise the wavelet using a
finite linear combination of basis functions, such that the wavelet sig-
nature can be manipulated in a computationally tractable way. In the
following section, we define the wavelet signature and describe our
linear approach to wavelet parametrisation.

2.2.1 Wavelet Signatures

The wavelet signature is a vertex function initially derived from wavelet
transforms of vertex functions on graphs [HVG11], a generalisation of
wavelet transforms for square integrable functions on Euclidean space
[Gra95, Chu16] for signal analysis [AHHH01]. Wavelet signatures
for graphs have been applied to encode geometric information about
meshes of 3D shapes [AHHH01, LH13]. Special cases of wavelets
signatures, such as the heat kernel signature [SOG09] and wave kernel
signature [ASC11], have also been applied to describe graphs and 3D
shapes [BK10, HRG14].

The wavelet signature of a graph is constructed from the graph’s
Laplacian operator. A graph’s normalised Laplacian L P RVˆV is a
symmetric positive semi-definite matrix, whose entries are given by

Luv “

$

’

’

&

’

’

%

1 u “ v

´ 1?
kukv

pu, vq P E

0 otherwise

(2.2)

where ku is the degree of vertex u. The Laplacian’s eigenvalues λ and
eigenvectors ϕ are known to encode various topological and geomet-
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ric information about the graph2; for example, the number of zero 2 Fan RK Chung and Fan Chung Graham.
Spectral graph theory. Number 92. Ameri-
can Mathematical Soc., 1997; and Türker
Biyikoglu, Josef Leydold, and Peter F
Stadler. Laplacian eigenvectors of graphs:
Perron-Frobenius and Faber-Krahn type theo-
rems. Springer, 2007

eigenvalues corresponds to the number of connected components of
the graph. The spectrum of the normalised Laplacian have real eigen-
values3 in r0, 2s. As such, any function g : R Ñ R evaluated on the

3 Fan RK Chung and Fan Chung Graham.
Spectral graph theory. Number 92. Ameri-
can Mathematical Soc., 1997

eigenvalues need only be defined on r0, 2s. Moreover, functions on a
compact domain are easily parametrised using convenient bases.

Definition 2.2.1. [Wavelet Signature4] Let L P RVˆV be the normalised
4 Chunyuan Li and A Ben Hamza. A mul-
tiresolution descriptor for deformable 3d
shape retrieval. The Visual Computer, 29(6-
8):513–524, 2013

Laplacian of a simplical graph G “ pV, Eq. Let ϕ1, . . . , ϕ|V| be an
orthonormal eigenbasis for L and λ1, . . . , λ|V| be their corresponding
eigenvalues. The wavelet signature W : Rr0,2s Ñ RV maps a function
g : r0, 2s Ñ R, which we refer to as a wavelet, to a vertex function
Wpgq P RV linearly, where the value of Wpgq on vertex v is given by

Wpgqv “

|V|
ÿ

i“1

gpλiq
`

ϕi
˘2

v, (2.3)

and
`

ϕi
˘

v denotes the component of eigenvector ϕi corresponding to
vertex v.

If the eigenvalues of L have geometric multiplicity one (i.e. their
eigenspaces are one dimensional), then the orthonormal eigenvectors
are uniquely defined up to a choice of sign. It is then apparent from
2.3 that the wavelet signature is independent of the choice of sign.
However, if some eigenvalues have geometric multiplicity greater than
one, then the orthonormal eigenvectors of L are uniquely defined up to
orthonormal transformations in the individual eigenspaces. However
we show that the wavelet signature is well-defined even when the
multiplicities of eigenvalues are greater than one.

Proposition 2.2.2. The wavelet signature of a graph is independent of the
choice of orthonormal eigenbasis for the Laplacian.

Remark 2.2.3. In addition to the traditional view of wavelets from a
spectral signal processing perspective5, we can also relate the wavelet 5 David K Hammond, Pierre Van-

dergheynst, and Rémi Gribonval.
Wavelets on graphs via spectral graph
theory. Applied and Computational
Harmonic Analysis, 30(2):129–150, 2011

signature of a vertex v to the degrees of vertices in some neighbourhood
of v prescribed by g. Consider a wavelet g : r0, 2s Ñ R. On a finite
graph G, the normalised Laplacian L has at most |V| many distinct
eigenvalues. As such, there exists a polynomial ĝpxq “

řp
n“0 anxn

of finite order that interpolates g at the eigenvalues gpλiq “ ĝpλiq.
Therefore, Wpgq “ Wpĝq. Moreover, the vertex values assigned by Wpĝq

are the diagonal entries of the matrix polynomial ĝpLq:

ĝpLqvv “

p
ÿ

n“0

anpLnqvv “

|V|
ÿ

i“1

ĝpλiq
`

ϕi
˘2

v “

|V|
ÿ

i“1

gpλiq
`

ϕi
˘2

v “ Wpgqvv.

(2.4)
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Furthermore, we can also write the matrix polynomial ĝpLq as a matrix
polynomial in A “ I ´ L, the normalised adjacency matrix. From the
definition of L, we can compute the diagonal entry of a monomial Ar

corresponding to vertex v as an inverse degree weighted count of paths6 6 Here a path refers to a sequences of
vertices that are connected to the next
vertex in the sequence by an edge.

rv0, v1, . . . , vrs on the graph which begin and end on vertex v “ v0 “ vr,
see [New18]7:

7 Mark Newman. Networks. Oxford uni-
versity press, 2018

pArqvv “
1
kv

ÿ

rv,v1,...,vr´1,vs

˜

r´1
ź

l“1

1
kvl

¸

. (2.5)

By expressing the wavelet signature as a matrix polynomial in A, we
see that g controls how information at different length scales of the
graph contribute to the wavelet signature. For instance, if g were an
order p polynomial, then Wpgqv only takes the degrees of vertices that
are tp{2u away from v into account. As a corollary, since Wpgq can be
specified by replacing g with a polynomial ĝ of order at most |V| ´ 1,
the wavelet signature at a vertex is only dependent on the subgraph of
G that is within t|V| ´ 1u{2 steps away from v.

Proof. Let SpecpLq Ă R denote the spectrum of L and ϕ1, . . . ϕ|V| be a
set of orthonormal eigenvectors of L. Let us denote Φpλq to be a |V|ˆ m
matrix where m corresponds to the geometric multiplicity of λ, and
the m column vectors of Φpλq correspond to eigenvectors ϕi1 , . . . , ϕim
with eigenvalue λ. Then we can rewrite the wavelet signature eq. (2.3)
as

Wpgqv “

|V|
ÿ

i“1

gpλiq
`

ϕi
˘2

v “
ÿ

λPSpecpLq

gpλqpΦpλqΦpλq⊺qvv (2.6)

Suppose we have another choice of eigenbasis of L. Without loss
of generality for λ P SpecpLq, the new basis ϕ1

i1
, . . . , ϕ1

im for eigpλq

is related to the previous eigenbasis ϕi1 , . . . , ϕim by an orthonormal
transformation transformation Upλq P Rmˆm on Φpλq:

Φ1pλq “
“

ϕ1
1 ¨ ¨ ¨ ϕ1

m
‰

“ ΦpλqUpλq.

As Upλq is an orthonormal transformation with UpλqUpλq⊺ “ 1,

Φ1pλqΦ1pλq⊺ “ ΦpλqUpλqpΦpλqUpλqq
⊺

“ ΦpλqUpλqUpλq⊺Φpλq⊺

“ ΦpλqΦpλq⊺.

Since the V ˆ V matrix ΦpλqΦpλq⊺ is independent of the choice of
eigenbasis, the wavelet signature given on the right hand side of eq. (2.6)
must also be independent of the choice of eigenbasis.
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2.2.2 Parametrising the Wavelet

We see from remark 2.2.3 that the choice of wavelet g determines
how the topology and geometry of the graph is reflected in the vertex
function. Though the space of wavelets is potentially infinite dimen-
sional, here we only consider wavelets gθpxq that are parametrised by
parameters θ in a finite dimensional manifold, so that we can easily
optimise them using computational methods. In particular, we fo-
cus on wavelets written as a linear combination of m basis functions
h1, . . . , hm : r0, 2s Ñ R

gθpxq :“
m
ÿ

j“1

θjhjpxq (2.7)

This parametrisation of wavelets in turn defines a parametrisation of
vertex functions F : Rm Ñ RV for our optimisation pipeline in (2.1)

F : θ P Rm ÞÝÑ Fpθq :“ Wpgθq P RV . (2.8)

Since Wpgq is a linear function of the wavelet g, F is a linear transfor-
mation:

Fpθq “ W

¨

˝

m
ÿ

j“1

θjhjpxq

˛

‚“

m
ÿ

j“1

θjW
`

hj
˘

. (2.9)

We can write F as a |V| ˆ m matrix acting on a vector rθ1, . . . θms
⊺

P Rm,
whose columns are the vertex functions W

`

hj
˘

.

Example 2.2.4 (Chebyshev Polynomials). Any Lipschitz continuous
function on an interval can be well approximated by truncating its
Chebyshev series at some finite order.8 The Chebyshev polynomials 8 Lloyd N Trefethen and David Bau III.

Numerical linear algebra, volume 50. Siam,
1997

Tn : r´1, 1s Ñ R

Tnpxq “ cospn arccospxqq n P Ně0. (2.10)

form an orthonormal set of functions. We can thus consider hjpλq “

Tjpλ ´ 1q, j “ 0, 2, . . . , m as a naïve basis for wavelets. We exclude
T1pxq “ x in the linear combination as WpT1p1 ´ xqq “ 0 for graphs
without self loops.

Example 2.2.5 (Radial Basis Functions). In the machine learning com-
munity, a radial function refers loosely to a continuous monotonically
decreasing function ρ : Rě0 Ñ Rě0. There are many possible choices
for ρ, for example, the inverse multiquadric

ρprq “

ˆ

´ r
ϵ

¯2
` 1

˙´ 1
2

(2.11)

where ϵ ‰ 0 is a width parameter. We can obtain a naïve wavelet basis
hjpxq “ ρ

`
∥∥x ´ xj

∥∥˘ using copies of ρ offset by a collection of centroids
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xj P R along R. In general, the centroids are parameters that could
be optimised, but we fix them in this study. This parametrisation can
be considered as a radial basis function neural network. RBNNs are well-
studied in function approximation and subsequently machine learning;
we refer readers to [CCG91, PS91] for further details.

Sheng Chen, Colin FN Cowan, and Pe-
ter M Grant. Orthogonal least squares
learning algorithm for radial basis func-
tion networks. IEEE Transactions on
neural networks, 2(2):302–309, 1991; and
Jooyoung Park and Irwin W Sandberg.
Universal approximation using radial-
basis-function networks. Neural compu-
tation, 3(2):246–257, 1991

2.2.3 The Choice of Wavelet Basis

The choice of basis functions determines the space of wavelet signa-
tures and also the numerical stability of the basis function coefficients
which serve as the wavelet signature parameters. The stability of the
parametrisation depends on the graphs as much as the choice of wavelet
basis h1, . . . , hm. We can analyse the stability of a parametrisation F by
its the singular value decomposition

F “

r
ÿ

k“1

σkukv⊺
k (2.12)

where σ1, . . . , σr are the non-zero singular values of the matrix, and uk P

R|V| and vk P Rm are orthonormal sets of vectors respectively. If the
distribution of singular values span many orders of magnitude, we say
the parametrisation is ill-conditioned. An ill-conditioned parametrisation
interferes with the convergence of gradient descent algorithms on a loss
function evaluated on wavelet signatures. We discuss the relationship
between the conditioning of F and the stability of gradient descent in
detail in remark 2.2.7.

We empirically observe that the coefficients of a naïve choice of basis
functions, such as Chebyshev polynomials or radial basis functions,
are numerically ill-conditioned. In figure 2.2, we can see that the
singular values of radial basis function and Chebyshev polynomial
parametrisations respectively are distributed across a large range on
the logarithmic scale for some datasets of graphs in machine learning.
We address this problem by picking out a new wavelet basis

h1
kpxq “

1
σk

m
ÿ

j“1

pvkqjhjpxq, k “ 1, . . . , r, (2.13)

where σk are the singular values of F and vk are the associated vectors
in Rm from the singular value decomposition of matrix F in (2.12).
Then the parametrisation F1 : Rr Ñ RV

F1pθ1q “

r
ÿ

k“1

θ1
kWph1

kq. (2.14)

have singular values equal to one, since this is a linear combination of
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orthonormal vectors uk P RV :

Wph1
kq “

m
ÿ

j“1

1
σk

pvkqjWphjq “
1
σk

Fvk “ uk. (2.15)

As an example, we plot the new wavelet basis h1
k derived from a twelve

parameter radial basis function parametrisation for the MUTAG dataset
in fig. 2.3.

Remark 2.2.6 (Learning a Wavelet Basis for Wavelet Signatures on
Multiple Graphs). In the case where the wavelet coefficients parametrise
the wavelet signatures over graphs G1, . . . , GN , we can view the maps
F1, . . . , FN that map wavelet basis coefficients to vertex functions of
graphs G1, . . . , GN respectively as a parametrisation for the disjoint
union

Ů

i Gi:

f “

»

—

—

–

f1
...

fN

fi

ffi

ffi

fl

“

»

—

—

–

F1
...

FN

fi

ffi

ffi

fl

θ “: Fθ. (2.16)

We can then perform a singular value decomposition of the parametri-
sation F on

Ů

i Gi and derive a new, well-conditioned basis.

Remark 2.2.7 (Why the Conditioning of F Matters). Let us optimise a
loss function L on the parameter space of wavelet coefficients θ using a
gradient descent algorithm. In a gradient descent step of step size s, the
wavelet coefficients are updated to θ ÞÑ θ ´ s∇θL. Using the singular
value decomposition of F ((2.12)), we can write

∇θL “ ∇θ f ⊺∇ fL “ F⊺∇ fL “

r
ÿ

k“1

σk

A

∇ fL, uk

E

vk. (2.17)

The change in the vertex function is simply the matrix F applied to the
change in wavelet parameters. Hence the vertex function is updated
to f ÞÑ f ´ sF∇θL, where

F∇θL “

r
ÿ

k“1

σk

A

∇ fL, uk

E

Fvk “

r
ÿ

k“1

σ2
k

A

∇ fL, uk

E

uk. (2.18)

If the loss function L has large second derivatives– for example, due to
nonlinearities in the function on persistence diagrams Out : Bar4 Ñ R

– the projections
A

∇ fL, uk

E

in (2.17) and (2.18) may change dramat-
ically from one gradient descent update to another. If the smallest
singular value is much smaller than the largest, then updates to the
wavelet signature can be especially unstable throughout the optimisa-
tion process. This source of instability can be removed if we choose a
parametrisation with uniform singular values σk “ 1. In this case, the
update to f is simply the projection of ∇ fL onto the space of wavelet
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signatures spanned by u1, . . . , ur, without any distortion introduced by
non-uniform singular values:

f ÞÑ f ´ s
r
ÿ

k“1

A

uk,∇ fL
E

uk. (2.19)

10−5 10−3 10−1

σ/σmax

MUTAG

COX2

DHFR

NCI1

PROTEINS

IMDB-B

Radial Basis Function

10−10 10−7 10−4 10−1

σ/σmax

Chebyshev Polynomial

Figure 2.2: We consider the parametri-
sations of wavelet signatures on some
datasets of graphs in machine learn-
ing, namely MUTAG, COX2, DHFR, NCI1,
PROTEINS and IMDB-B, using coefficients
of 12 radial basis functions (see eq. (2.30))
and a degree 13 Chebyshev polynomial
respectively. For each dataset, we plot
the distribution of the singular values σ
of the map F in eq. (2.16) from the ba-
sis function coefficients θ P R12 to the
wavelet signature on the whole dataset of
graphs, as a fraction of the largest singu-
lar value σmax of F. We can observe that
for both parametrisations, the singular
values span many orders of magnitudes
across different datasets. Note that the
singular values of F not only depend on
the choice of basis but also on the dataset
of graphs.

0

h′1 σ1 = 80 h′2 σ2 = 9.2 h′3 σ3 = 5 h′4 σ4 = 1.4

0

h′5 σ5 = 0.92 h′6 σ6 = 0.71 h′7 σ7 = 0.31 h′8 σ8 = 0.28

0 2
λ

0

h′9 σ9 = 0.099

0 2
λ

h′10 σ10 = 0.068

0 2
λ

h′11 σ11 = 0.0076

0 2
λ

h′12 σ12 = 0.0011

Figure 2.3: The functions shown are
the new, stable wavelet basis h1

1, . . . , h1
12

(eq. (2.13)) for the MUTAG dataset, de-
rived from an initial numerically un-
stable parametrisation using twelve in-
verse multiquadric radial basis functions
(eq. (2.30)). We parametrise the wavelet
as a linear combination of these basis
functions.

2.3 Extended Persistent Homology

The homology of a given graph is a computable vector space whose
dimension counts the number of connected components or cycles in
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the graph. Finer information can be retained by filtering the graph
and analysing the evolution of the homology throughout the filtration.
This evolution is described by a set of extended persistence diagrams
(a.k.a. extended barcodes), a multiset of points xb, dy that record the
birth b and death of homological features in the filtration. In this
section, we begin by summarising these constructions. We refer the
reader to [ZC05, EH08, CSEH07] for full treatments of the theory of

Afra Zomorodian and Gunnar Carlsson.
Computing persistent homology. Dis-
crete & Computational Geometry, 33(2):249–
274, 2005; Herbert Edelsbrunner and John
Harer. Persistent homology-a survey.
Contemporary mathematics, 453:257–282,
2008; and David Cohen-Steiner, Herbert
Edelsbrunner, and John Harer. Stability
of persistence diagrams. Discrete & Com-
putational Geometry, 37(1):103–120, 2007

Persistence.
Compared to ordinary persistence, extended persistence is a more

informative and convenient feature map for graphs. Extended persis-
tence encodes strictly more information than ordinary persistence. For
instance, the cycles of a graph are represented as points with d “ 8 in
ordinary persistence. Thus, only the birth coordinate b of such points
contain useful information about the cycles. In contrast, the correspond-
ing points in extended persistence are each endowed with a finite death
time d, thus associating extra information to the cycles. The points at
infinity in ordinary persistence also introduce obstacles to vectorisation
procedures, as often arbitrary finite cutoffs are needed to ‘tame’ the
persistence diagrams before vectorisation.

2.3.1 Extended Persistent Homology

Let G “ pV, Eq be a finite graph without double edges and self-loops.
For the purposes of this paper, the associated extended persistent homology
is a map

EPH : RV Ñ Bar4

from functions f P RV on its vertices to the space of four persistence
diagrams or barcodes, which we define below. The map arises from a
filtration of the graph, a sequential attachment of vertices and edges
in ascending or descending order of f . We extend f on each edge e “

pv, v1q by the maximal value of f over the vertices v and v1, and we then
let Gt Ă G be the sub graph induced by vertices taking value less than t.
Then we have the following sequence of inclusions:

H ¨ ¨ ¨ Gs Gt ¨ ¨ ¨ G.sďt (2.20)

Similarly, the sub graphs Gt Ă G induced by vertices taking value
greater than t assemble into a sequence of inclusions:

G ¨ ¨ ¨ Gs Gt ¨ ¨ ¨ H
sďt . (2.21)

The changes in the topology of the graph along the filtration in
ascending and descending order of f can be detected by its extended
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persistence module, indexed over the poset R Y t8u Y Rrops:

Vpp f q :

0 “ HppHq ¨ ¨ ¨ HppGsq HppGtq ¨ ¨ ¨ HppGq

0 “ HppG, Gq ¨ ¨ ¨ HppG, Gsq HppG, Gtq ¨ ¨ ¨ HppG, Hq

sďt

–

sďt

,

(2.22)
where Hp is the singular (relative) homology functor in degre p P 0, 1
with coefficients in a fixed field, chosen to be Z{2Z in pratice. In general
terms, the modules V0p f q and V1p f q together capture the evolution of
the connected components and loops in the sub graphs of G induced
by the function f .

Each module Vpp f q is completely characterised by a finite multi-
set EPHpp f q of pairs of real numbers xb, dy called intervals representing
the birth and death of homological features. Following [CSEH09], the

David Cohen-Steiner, Herbert Edels-
brunner, and John Harer. Extending per-
sistence using poincaré and lefschetz du-
ality. Foundations of Computational Mathe-
matics, 9(1):79–103, 2009

intervals in EPHpp f q are further partitioned according to the type of
homological feature they represent:

EPHpp f q “ txb, dy | b ă d ă 8u
loooooooooooomoooooooooooon

“EPHord
p p f q

\ txb, dy | b ă 8 ă du
loooooooooooomoooooooooooon

“EPHext
p p f q

\ txb, dy | 8 ă b ă du
loooooooooooomoooooooooooon

“EPHrel
p p f q

.

(2.23)
Each of the three finite multiset EPHk

pp f q, for k P tord, ext, relu, is an
element in the space Bar of so-called barcodes or persistence diagrams.
However, EPHrel

0 p f q and EPHord
1 p f q being trivial for graphs, we refer to

the collection of four remaining persistence diagrams

EPHp f q “

”

EPHord
0 p f q, EPHext

0 p f q, EPHext
1 p f q, EPHrel

1 p f q

ı

P Bar4

(2.24)
as the extended barcode or extended persistence diagram of f . We have

thus defined the extended persistence map

EPH : RV Ñ Bar4.

Remark 2.3.1. If we only apply homology to the filtration of Eq. (2.20),
we get an ordinary persistence module indexed over the real line, which is
essentially the first row in Eq. (2.22). This module is characterised by a
unique barcode PHpp f q P Bar. We refer to the map

PH : f P RV ÞÝÑ rPH0p f q, PH1p f qs P Bar2 (2.25)

as the ordinary persistence map.

2.3.2 Differentiability of Extended Persistence

The extended persistence map can be shown to be locally Lipschitz
by the Stability theorem9. The Rademacher theorem states that any 9 David Cohen-Steiner, Herbert Edels-

brunner, and John Harer. Extending per-
sistence using poincaré and lefschetz du-
ality. Foundations of Computational Mathe-
matics, 9(1):79–103, 2009
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real-valued function that is locally Lipschitz is differentiable on a full
measure set. Thus, so is our loss function

L : M RV Bar4 R
F EPH Out . ((2.1) recalled)

as long as Out and F are smooth or locally Lipschitz.10 If a loss 10 In practice, a locally Lipschitz Out can
be constructed out of Lipschitz stable vec-
torisation methods, such as Persistence
Landscapes [Bub15] and Persistence Im-
ages [AEK`

17].

function L is locally Lipschitz, we can use stochastic gradient descent
as a paradigm for optimisation. Nonetheless, the theorem above does
not rule out dense sets of non differentiability in general.

In this section, we show that the set where EPH is not differentiable
is not pathological. Namely, we show that EPH is generically differ-
entiable, i.e. differentiable on an open dense subset. This property
guarantees that local gradients yield reliable descent directions in a
neighbourhood of the current iterate. We recall from [LOT21]11 the 11 Jacob Leygonie, Steve Oudot, and Ul-

rike Tillmann. A framework for differ-
ential calculus on persistence barcodes.
Foundations of Computational Mathematics,
pages 1–63, 2021

definition of differentiability for maps to barcodes.
We call a map F : M Ñ RV a parametrisation, as it corresponds to

a selection of filter functions over G parametrised by the manifold M.
Then B :“ EPH ˝ F is the barcode valued map whose differentiability
properties are of interest in applications.

Definition 2.3.2. A map B : M Ñ Bar on a smooth manifold M is said
to be differentiable at θ P M if for some neighbourhood U of θ, there
exists a finite collection of differentiable maps12 bi, di : U Ñ R Y t8u, 12 By convention, a differentiable map

that takes the value 8 is constant.called a local coordinate system for B at θ, such that

@θ1 P U, Bpθ1q “
␣@

bipθ1q, dipθ1q
D

| bipθ1q ‰ dipθ1q
(

.

For N P N, we say that a map B : M Ñ BarN is differentiable at θ if
all its components are so.

In [LOT21] it is proven that the composition PH ˝ F is generically
differentiable as long as F is so. It is possible to show that EPH ˝

F is generically differentiable along the same lines, but we rather
provide an alternative argument in the next section. Namely, we rely
on the fact that the extended persistence of G can be decoded from the
ordinary persistence of the cone complex CpGq, a connection first noted
in [CSEH09]13 for computational purposes. 13 David Cohen-Steiner, Herbert Edels-

brunner, and John Harer. Extending per-
sistence using poincaré and lefschetz du-
ality. Foundations of Computational Mathe-
matics, 9(1):79–103, 2009

Proposition 2.3.3. Let F : M Ñ RV be a generically differentiable parametri-
sation. Then the composition EPH ˝ F is generically differentiable.

For completeness, the proof is provided in the next section and treats
the general case of a finite simplicial complex K of arbitrary dimension.

2.3.3 Differentiability of the extended persistence map

Let K be a finite simplicial complex with vertex set V and dimension d P

N. A vertex function f P RV extends to the whole complex via f pσq :“
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maxvPσ f pvq. Filtrations, persistence modules and barcodes are then
defined analogously to the case of a graph. The extended barcode of a
function f now consists of 3pd ` 1q barcodes:

EPHp f q “

”

tEPHk
pp f qukPtord,ext,relu

ıd

p“0
P Bar3pd`1q. (2.26)

We then have the extended persistence map

EPH : RV Ñ Bar3pd`1q,

and the ordinary persistence map as in remark 2.3.1

PH : f P RK ÞÝÑ
“

PHpp f q
‰d

p“0 P Bard`1.

Proposition 2.3.4. Let K be a finite simplicial complex, and let F : M Ñ RV

be a generically differentiable parametrisation. Then the composition EPH ˝ F
is generically differentiable.

In particular, taking the parameter space M to be the space RV of
vertex functions, we obtain the generic differentiablility of the extended
persistence map EPH itself. Note that, however, we could not have
directly deduced the generic differentiability of any composition of the
form EPH ˝ F from the generic differentiability of EPH. This is due
to the fact that the image of a parametrisation F might lie in the set
where EPH is not differentiable.

The idea of our proof is to view the extended persistence of a vertex
function f P RV as the ordinary persistence of an extension of f
over the cone complex CpKq. We note that this point of view has
proven to be particularly useful for computing extended persistence
in practice [CSEH09]. The relationship between EPH and PH can be

David Cohen-Steiner, Herbert Edels-
brunner, and John Harer. Extending per-
sistence using poincaré and lefschetz du-
ality. Foundations of Computational Mathe-
matics, 9(1):79–103, 2009

described by a commutative diagram:

RV

RCpKq

Bar3

Bar

EPH

PH

whose vertical maps are differentiable. Thus, we can deduce the dif-
ferentiability of the extended persistence map EPH from the results
of[LOT21] about the ordinary persistence map PH.

Jacob Leygonie, Steve Oudot, and Ul-
rike Tillmann. A framework for differ-
ential calculus on persistence barcodes.
Foundations of Computational Mathematics,
pages 1–63, 2021

Proof of Proposition 2.3.4. Let f P RV be a vertex function. Let Kt (resp.
Kt) be the maximal sub complexes of K induced by vertices taking
values greater (resp less) than t. For 0 ď p ď d, the associated p-th
extended persistent homology module Vpp f q is:
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0 “ HppHq ¨ ¨ ¨ HppKsq HppKtq ¨ ¨ ¨ HppKq

0 “ HppK, Kq ¨ ¨ ¨ HppK, Ksq HppK, Ktq ¨ ¨ ¨ HppK, Hq

sďt

–

sďt

.

(2.27)
As such, Vpp f q is a module indexed over the extended real line R \

t8u \ Rop. We construct an equivalent module Vp,Rp f q over the simpler,
compact poset r´R; 3Rs, where R ą 0 is a large enough constant chosen
hereafter. For this, we consider the poset map that collapses R \ t8u \

Rop onto r´R; 3Rs as in fig. 2.4. Formally, the poset map is defined
on R as the canonical retraction onto r´R; Rs, on Rop as the symmetry
t ÞÑ 2R ´ t followed by the canonical retraction onto r´R; Rs, and sends
the point 8 to R.

Figure 2.4: Collapsing the dotted part of
the left poset yields the compact poset on
the right.

If we choose R ą supσ | f pσq|, then no new simplex enters the subcom-
plexes Kt or Kt for t R rR; Rs and t R rR; Rsop. Hence, the module Vpp f q

is locally constant outside of rR; Rs and rR; Rsop. By applying the (in-
verse of the) poset map described above, we thus get a r´R; 3Rs-indexed
module Vp,Rp f q:

0 “ HppK´Rq ¨ ¨ ¨ HppKsq HppKtq ¨ ¨ ¨ HppKRq

0 “ HppK, K´Rq ¨ ¨ ¨ HppK, K2R´tq HppK, K2R´sq ¨ ¨ ¨ HppK; KRq

sďt

–

těs

.

(2.28)
The extended module module Vpp f q is essentially equivalent to

the ordinary module Vp,Rp f q, since we can retrieve the extended bar-
code EPHpp f q of Vpp f q from the barcode of Vp,Rp f q as follows:

• Each interval xb, dy in the barcode of Vp,Rp f q such that b ď d ă R
yields an interval xb, dy in EPHord

p p f q;

• Each interval xb, dy in the barcode of Vp,Rp f q such that b ă R ă d
yields an interval xb, 2R ´ dy in EPHext

p p f q;

• Each interval xb, dy in the barcode of Vp,Rp f q such that R ă b ď d
yields an interval x2R ´ b, 2R ´ dy in EPHrel

p p f q.
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We denote this decoding map by DecR : Bar Ñ Bar3. We next take
advantage of working with the ordinary module Vp,Rp f q by viewing it
as the sub level set persistent homology module of a function defined
on the cone CpKq.

Note that the relative homology groups of Vp,Rp f q in the second
row of Eq. (2.28) may be replaced with ordinary (reduced) homology
groups of the cones C

`

K2R´t˘ using the functorial isomorphism:

HppK, K2R´tq – H̃ppK{K2R´tq – H̃ppK Y C
´

K2R´t
¯

q.

We denote by ω the distinguished vertex of such cones. It is then clear
that Vp,Rp f q equals the ordinary p-th sub level set persistent (reduced)
homology module of the function f̂R : CpKq Ñ R defined by

f̂Rpσq :“ f pσq and f̂Rpσ \ tωuq :“ 2R ´ min
v vertex in σ

f pvq

for any simplex σ P K, and f̂Rpωq :“ ´R by convention. Plugging these
constructions together, we connect the ordinary and extended maps in
the commmutative diagram:14 14 Strictly speaking, the decoding map

should furthermore forget the unique
unbounded interval xb, `8y in the bar-
code PH

´

f̂R

¯

, since the ordinary persis-
tence map PH computes the barcode of a
module made of non-reduced homology
groups.

RV

RCpKq

Bar3

Bar

DecR

EPH

PH

f

f̂R

M

F

θ

ˆFpθqR
(2.29)

Note that this diagram only makes sense for parameters θ such that ˆFpθqR

is a function whose sub level sets are sub complexes of CpKq, as PH
´

ˆFpθqR

¯

is undefined otherwise. This requirement is satisfied whenever the in-
equality supσ |Fpθqpσq| ă R holds. For simplicity, we assume that R can
be chosen large enough for the inequality to hold for all parameters θ,
hence the diagram (2.29) makes sense globally on M. One can always
avoid this restriction by working locally on compact neighbourhoods
in M.

From Theorem 4.9 in [LOT21], the subset M1 Ď M where the
Jacob Leygonie, Steve Oudot, and Ul-

rike Tillmann. A framework for differ-
ential calculus on persistence barcodes.
Foundations of Computational Mathematics,
pages 1–63, 2021

parametrisation F is differentiable and induces a locally constant pre-
order on simplices of K is a generic sub manifold. In turn, all the maps
θ ÞÑ minvPσ Fpθqpvq and θ ÞÑ maxvPσ Fpθqpvq, for σ P K a simplex, are
differentiable over M1. Therefore F̂R : M Ñ RCpKq is differentiable over
the generic submanifold M1.

Since F̂R is generically differentiable, so is PH ˝ F̂R [LOT21, The-
orem 4.9], i.e. we generically have local coordinate systems as in
Def. 2.3.2 . Since the decoding map DecR in diagram (2.29) merely
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applies an affine transformation to the local coordinate systems and
then splits them into three parts (the splitting is constant), we obtain
local coordinate systems for EPH ˝ F. Therefore, EPH ˝ F is generically
differentiable.

2.4 Binary graph classification

We investigate whether optimising the extended persistence of wavelet
signatures can be usefully applied to graph classification problems,
where persistence diagrams are used as features to predict discrete, real
life attributes of networks. In this setting, we aim to learn θ P M that
minimise the classification error of graphs over a training dataset.

We apply our wavelet optimisation framework to classification prob-
lems on the graph datasets MUTAG [DLdCD`

91, KM12], COX2 [SOW03],
DHFR [SOW03], NCI1 [WWK08, SSVL`

11], PROTEINS [BOS`
05, DD03]

and IMDB-B [YV15]. The former five datasets are biochemical molecules
and IMDB-B is a collection of social ego networks. In our models, we
use persistence images 15 as a fixed vectorisation method and use a 15 Henry Adams, Tegan Emerson,

Michael Kirby, Rachel Neville, Chris
Peterson, Patrick Shipman, Sofya
Chepushtanova, Eric Hanson, Francis
Motta, and Lori Ziegelmeier. Persistence
images: A stable vector representation
of persistent homology. The Journal of
Machine Learning Research, 18(1):218–252,
2017

feed forward neural network to map the persistence images to classifi-
cation labels. We also include the eigenvalues of the graph Laplacian
as additional features; model particulars are described in the sections
below.

To illustrate the effect of wavelet optimisation on different classifica-
tion problems, we also perform a set of control experiments where for
the same model architecture, we fix the wavelet and only optimise the
parameters of the neural network. The control experiment functions as
a baseline against which we assess the efficacy of wavelet optimisation.

We benchmark our results with two existing persistence based ar-
chitectures, PersLay16 and GFL17. Perslay optimises the vectorisation 16 Mathieu Carrière, Frédéric Chazal,

Yuichi Ike, Théo Lacombe, Martin Royer,
and Yuhei Umeda. Perslay: A neural
network layer for persistence diagrams
and new graph topological signatures.
In International Conference on Artificial In-
telligence and Statistics, pages 2786–2796.
PMLR, 2020

17 Christoph Hofer, Florian Graf, Bastian
Rieck, Marc Niethammer, and Roland
Kwitt. Graph filtration learning. In In-
ternational Conference on Machine Learning,
pages 4314–4323. PMLR, 2020

parameters and use two heat kernel signatures as fixed rather than
optimisable vertex functions for computing extended persistence. GFL
optimises and parametrises vertex functions using a graph isomor-
phism network18, and computes ordinary sublevel and superlevel set

18 Bingbing Xu, Huawei Shen, Qi Cao,
Yunqi Qiu, and Xueqi Cheng. Graph
wavelet neural network. arXiv preprint
arXiv:1904.07785, 2019

persistence instead of extended persistence.

2.4.1 Model Architecture

We give a high level description of our model and relegate details
and hyperparameter choices of the vectorisation method and neural
network architecture to subsection 2.4.4. In our setting, the extended
persistence diagrams of the optimisable wavelet signatures for each
graph are vectorised as persistence images. We also include the static
persistence images of a fixed heat kernel signature, Wpe´0.1xq, as an ad-
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ditional set of features, alongside some non-persistence features. Both
the optimised and static persistence diagrams are transformed into the
persistence images using identical hyperparameters. We feed the opti-
misable and static persistence images into two separate convolutional
neural networks (CNNs) with the same architecture. Similarly, we feed
the non-persistence features as a vector into a separate multilayer per-
ceptron. The outputs of the CNNs are concatenated with the outputs
of the multi-layer perceptron. Finally, an affine transformation sends
the concatenated vector to a real number whose sign determines the
binary classification.

Wavelet Parametrisation We choose a space of wavelets spanned by 12

inverse multiquadric radial basis functions

hjpxq “

˜

ˆ

x ´ xj

ϵ

˙2
` 1

¸´ 1
2

(2.30)

whose centroids xj are located at xj “ 2pj ´ 1q{9, j “ 0, . . . , 11. The
width parameter is chosen to be the distance between the centroids,
ϵ “ 2{9. On each dataset, we derive a numerically stable parametri-
sation using the procedure described in section 2.2.2; the parameters
we optimise are the coefficients of the new basis given by (2.13). We
initialise the parameters by fitting them via least squares to the heat
kernel signature Wpe´10xq on the whole dataset of graphs.

Non-Persistence Features We also incorporate the eigenvalues of the
normalised Laplacian as additional, fixed features of the graph. Since
the number of eigenvalues for a given graph is equal to the number
of vertices, it differs between graphs in the same dataset. To encode
the information represented in the eigenvalues as a fixed length vector,
we first sort the eigenvalues into a time-series; we then compute the
log path signature of the time series up to level four, which is a fixed
length vector in R8. The log-signature captures the geometric features
of the path; we refer readers to [CK16] for details about path signatures.

Ilya Chevyrev and Andrey Kormil-
itzin. A primer on the signature method
in machine learning. arXiv preprint
arXiv:1603.03788, 2016

For IMDB-B in particular, we also include the maxima and minima of
the heat kernel signatures Wpe´10xq and Wpe´0.1xq respectively of each
graph.

2.4.2 Experimental set up

We employ a 10 ten-fold test-train split scheme on each dataset to
measure the accuracy of our model. Each ten-fold is a set of ten
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experiments, corresponding to a random partition of the dataset into
ten portions. In each experiment, a different portion is selected as
the test set while the model is trained on the remaining nine portions.
We perform 10 ten-folds to obtain a total of 10 ˆ 10 experiments, and
report the accuracy of the classifier as the average accuracy over 100

such experiments. The epochs at which the accuracies were measured
are specified in table 2.3.

Across all experiments, we use binary cross entropy as the loss
function. We use the Adam optimiser19 with learning rate lr = 1e-3 19 Diederik P Kingma and Jimmy Ba.

Adam: A method for stochastic optimiza-
tion. arXiv preprint arXiv:1412.6980, 2014

to optimise the parameters of the neural network. The wavelet pa-
rameters are updated using stochastic gradient descent with learning
rate lr = 1e-2, for all datasets except for IMDB-B, where the learning
rate is set to lr = 1e-1. The batch sizes for each experiment are shown
in table 2.4. In all experiments, we stop the optimisation of wavelet
parameters at epoch 50 while the neural network parameters continue
to be optimised.

We use the GUDHI library to compute persistence, and make use of
the optimisation and machine learning library PyTorch for the construc-
tion of the graph classifications models.

2.4.3 Results and Discussion

In table 2.2, we present the classification accuracies of our model. For
each dataset, we perform four experiments using our model, varying
whether the wavelet parameter is optimised and whether additional fea-
tures are included. In 2.1, we show the test accuracy of our model along-
side two persistence-based graph classification architectures, Perslay
and GFL, as well as other state-of-the-art graph classification architec-
tures.

We first compare the performances of our model between cases
where we optimise and fix the wavelets. In table 2.2, we see that on
MUTAG and DHFR, optimising the wavelet improves the classification ac-
curacy regardless of whether extra features are included. On NCI1,
wavelet optimisation improves the classification accuracy only persis-
tence features are included. When we include non-persistence features
in the model, the performances of the optimised and control models
are statistically indistinguishable for NCI1, suggesting that the non-
persistence features play a more significant role in the classification. As
for COX2, PROTEINS, and IMDB-B, optimising the wavelet coefficients do
not bring about statistically significant improvements. This indicates
that the initial wavelet signature – the heat kernel signature Wpe´10xq –
is a locally optimal choice of wavelet for our neural network classifier.

We now compare our architecture to other persistence based architec-

https://gudhi.inria.fr
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tures, Perslay and GFL, where node attributes are excluded from their
vertex function models. Except on PROTEINS, our wavelet optimised
model matches or exceeds Perslay. While our model architecture and
choice of wavelet initialisation is similar to that of Perslay, we differ
in two important respects. Perslay fixes the vertex functions but opti-
mises the weights assigned to points on the persistence diagrams, as
well as the parameters of the persistence images. Our improvements
on Perslay for MUTAG, DHFR, and IMDB-B indicate that vertex function
optimisation yields improvements that cannot be obtained through
vectorisation optimisation alone on some datasets of graphs.

Compared to GFL (without node attributes), both Perslay and our
architecture achieves similar or higher classification accuracies on
PROTEINS and NCI1. This supports wavelet signatures being viable
models for vertex functions on those datasets. On the other hand, both
Perslay and our model lag behind GFL on IMDB-B. We attribute this to
the fact that IMDB-B, unlike the other bionformatics datasets, consists of
densely connected graphs. The graphs in IMDB-B have diameter at most
two and 14% of the graphs are cliques. This fact has two consequences.
First, we expect the one-layer GIN used in GFL – a local topology sum-
mary – to be highly effective in optimising for the salient features of a
graph with small diameter. Second, the extended persistence modules
for cliques have zero persistence, since all vertices are assigned the
same function value due to symmetry. In contrast, ordinary persistence
used in GFL is able to capture the cycles in a complete graph as points
with infinite persistence.

Compared to non-persistence state-of-the-art architectures in ta-
ble 2.2, our model achieves competitive accuracies on MUTAG, COX2,
and DHFR. For NCI1 and PROTEINS, all persistence architectures listed
that exclude additional node attributes perform poorly in comparison,
though PWL was able to achieve leading results with node attributes.

All in all, we observe that wavelet signatures can be an effective
parametrisation of vertex functions when we use extended persistence
as features for graph classification. In particular, on some bioinfor-
matics datasets, we show that optimising the wavelet signature can
lead to improvements in classification accuracy. The wavelet signature
approach is complementary to the GFL approach to vertex function
parametrisation as they show strengths on different datasets.

2.4.4 Experimental Details

Persistence Images Parameters We vectorised each of the three persis-
tence diagrams EPH0, EPHrel

1 and EPHext
1 as a persistence image. Prior

to vectorising the persistence diagrams, we apply a fixed and identical
affine transformation to the values of the vertex functions across all
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graphs in the dataset concerned, such that the maximum and minimum
values taken across all graphs in the dataset of the initial vertex function
prior to optimisation are scaled to 1 and 0 respectively. The persistence
image is sampled on a 20 ˆ 20 grid, whose grid points are equidistantly
placed σ “ 1{17 apart on the square r´σ, 1 ` σs2 of the persistence
diagrams, where σ is the width of the Gaussian. The Gaussian centred
on the birth and persistence coordinates xb, py of each point is weighted
according to its persistence

ωppq “ sin2
´π

2
min

´ p
σ

, 1
¯¯

.

Points with persistence p ě σ are assigned a uniform weight ω “ 1,
else assigned a weight that diminishes to zero as p Ñ 0.

Convolutional Neural Network Architecture for Persistence Images We feed
each set of three persistence images belonging to either the optimis-
able or static persistence diagrams as a three channel image into the
following convolutional neural network to obtain a 22ˆ22 image:

CNN : R3ˆ20ˆ20 R20ˆ21ˆ21 R22ˆ22.ReLU ˝ Conv ˝ BN2D ReLU ˝ Conv ˝ DO ˝ BN2D

(2.31)
The function Conv denotes a convolutional layer with kernel size 2,
stride 1, padding 1; BN2D denotes a 2D batch normalisation layer; and
DO denotes a dropout layer with dropout probability p “ 0.5.

Multilayer Perceptron for Non-Persistence Features We feed non-persistence
features as a vector of length n “ #features into the following multilayer
perceptron:

MLP : Rn RnBN ˝ ReLU ˝ Aff ˝ BN (2.32)

where Aff : Rn Ñ Rn denotes an affine transformation, and BN denotes
a batch normalisation layer.

Path Encoding of Laplacian Eigenvalues For MUTAG, COX2, DHFR, and NCI1,
we sort the Laplacian eigenvalues in ascending order and transform
the one-dimensional sequence into a two-dimensional time series via a
delay embedding

”

λ1 λ2 ¨ ¨ ¨ λN´1 λN

ı

ÞÑ

««

λ1

λ2

ff «

λ2

λ3

ff

¨ ¨ ¨

«

λN´2

λN´1

ff «

λN´1

λN

ffff

.

(2.33)
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For IMDB-B, we incorporate a fictitious time coordinate tj “ 2pj ´

1q{pN ´ 1q for j “ 1, . . . N as the second coordinate instead of a ‘delayed’
eigenvalue:

”

λ1 λ2 ¨ ¨ ¨ λN´1 λN

ı

ÞÑ

««

λ1

t1

ff «

λ2

t2

ff

¨ ¨ ¨

«

λN´1

tN´1

ff «

λN

tN

ffff

.

(2.34)

Non-Persistence State-of-the-Art Persistence Based

P-SAN RetGK GIN FGSD PWL GFL Perslay Control Wavelet Opt.

[NAK16] [ZWX`
18] [XSC`

19] [VZ17] [RBB19] [HGR`
20b] [CCI`20] This paper

Node attr. Yes No Yes No

MUTAG 92.6 90.3 89.4 92.1 90.5 – – 89.8 89.0˘0.6 90.4˘1.3

COX2 – 80.1 – – – – – 80.9 80.8˘0.4 80.8˘1.0

DHFR – 81.5 – – – – – 80.3 80.0˘0.4 81.0˘0.9

NCI1 78.6 84.5 82.7 79.8 85.6 77.2 71.2 73.5 74.3˘0.3 74.4˘0.3

PROTEINS 75.9 75.8 76.2 73.4 75.9 73.4 74.1 74.8 74.5˘0.4 74.6˘0.6

IMDB-B 71.0 71.9 75.1 73.6 73.0 – 74.5 71.2 71.6˘0.9 72.0˘0.7

# Ten-folds 10 10 1 1 10 1 1 10 10 10

Table 2.1: Binary classification accuracy
on datasets of graphs. The performance
of our model is reported in the column
Wavelet Opt. on the right hand side. The
accuracies of the control model, where
the wavelet parameters are fixed to the
initial values, are shown in the column
Control. Both these models use addi-
tional features (see 2.4.1). The accura-
cies of our model are the means over 10

ten-folds, recorded at epochs reported
in table 2.3. We also provide standard
deviations of the 10 mean accuracies of
each ten-fold. For other architectures, we
indicate whether their accuracies were re-
ported as averages over 1 ten-fold or 10

ten-fold in the bottom row of the table.

Persistence Only Non-Persistence Features incl.

Control Wavelet Opt. Control Wavelet Opt.

MUTAG 89.2˘0.6 89.8˘0.8 89.0˘0.6 90.4˘0.4

COX2 79.6˘1.0 79.4˘0.7 80.8˘1.0 80.8˘1.0

DHFR 79.9˘0.4 80.4˘0.4 80.3˘0.9 81.0˘0.9

NCI1 73.7˘0.2 74.3˘0.5 74.3˘0.3 74.4˘0.3

PROTEINS 72.9˘0.3 73.0˘0.4 74.5˘0.4 74.6˘0.6

IMDB-B 68.3˘0.5 68.6˘0.7 71.6˘0.9 72.0˘0.7

Table 2.2: Binary classification accuracy
of our model where we vary whether
non-Persistence features are included
and whether the wavelet is optimised.
The reported accuracies are the mean
over 10 ten-folds, recorded at epochs re-
ported in table 2.3. We also provide stan-
dard deviations of the 10 mean accuracies
of each ten-fold. See section 2.4.1 for the
particulars about the non-persistence fea-
tures.

Persistence Only Non-Persistencee Features incl.

Control Wavelet Opt. Control Wavelet Opt.

MUTAG 25 125 25 75

COX2 50 50 25 25

DHFR 125 250 125 45

NCI1 270 270 500 370

PROTEINS 50 50 125 125

IMDB-B 100 25 75 50

Table 2.3: Epochs at which accuracies in
table 2.2 are recorded.

2.5 Conclusion

We have presented a framework for equipping any graph G with a set of
extended persistence diagrams EPH ˝ F : M Ñ Bar4 parametrised over
a manifold M, a parameter space for the graph’s wavelet signature. We
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MUTAG COX2 DHFR NCI1 IMDB-B

# graphs 188 467 756 4110 1000

batch size 10 9 11 20 50

Table 2.4: Batch sizes in the graph classifi-
cation experiments for different datasets
described in 2.4.

described how wavelet signatures can be parametrised and interpreted.
Given a function on extended persistence diagrams Out : Bar4 Ñ R

that is differentiable, we have shown how a loss function L “ Out ˝

EPH ˝ F can be generically differentiable with respect to θ P M as L.
Thus, we can apply gradient descent methods to optimise the extended
persistence diagrams of a graph to minimise L.

We applied this framework to a graph classification architecture
where the wavelet signature is optimised for classification accuracy. We
are able to demonstrate an increase in accuracy on several benchmark
datasets where the wavelet is optimised, and perform competitively
with state-of-the-art persistence based graph classification architec-
tures.



3
A Gradient Sampling Algorithm for Stratified Maps with
Applications to Topological Data Analysis

Abstract

We introduce a novel gradient descent algorithm extending the well-
known Gradient Sampling methodology to the class of stratifiably
smooth objective functions, which are defined as locally Lipschitz func-
tions that are smooth on some regular pieces—called the strata—of the
ambient Euclidean space. For this class of functions, our algorithm
achieves a sub-linear convergence rate. We then apply our method to
objective functions based on the (extended) persistent homology map
computed over lower-star filters, which is a central tool of Topological
Data Analysis. For this, we propose an efficient exploration of the corre-
sponding stratification by using the Cayley graph of the permutation
group. Finally, we provide benchmark and novel topological optimiza-
tion problems, in order to demonstrate the utility and applicability of
our framework.
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3.1 Introduction

In its most general instance nonsmooth, non convex, optimization seek
to minimize a locally Lipschitz objective or loss function f : Rn Ñ

R. Without further regularity assumptions on f , most algorithms—
such as the usual Gradient Descent with learning rate decay, or the
Gradient Sampling method—are only guaranteed to produce iterates
whose subsequences are asymptotically stationary, without explicit
convergence rates. Meanwhile, when restricted to the class of min-max
functions (like the maximum of finitely many smooth maps), stronger
guarantees such as convergence rates can be obtained [HSS17]. This
illustrates the common paradigm in nonsmooth optimization: the richer
the structure in the irregularities of f , the better the guarantees we can
expect from an optimization algorithm. Note that there are algorithms
specifically tailored to deal with min-max functions, e.g. [Ber75].

Another example are bundle methods [FGG04a, FGG04b, HMM07].
They consist, roughly, in constructing successive linear approxima-
tions of f as a proxy for minimization. Their convergence guaran-
tees are strong, especially with an additional semi-smoothness property
of f [Bih84, Mif77]. Other types of methods, like the variable metric
ones, can also benefit from the semi-smoothness hypothesis [VL01].
We observe that it is not merely the structure on f that impacts the
convergence properties in the algorithm, but also the amount of in-
formation about f that we assume to be accessible in practical com-
putations. For instance, the bundle method [LV98] assumes that the
Hessian matrix, when defined locally, can be computed. For great
accounts of the theory and practice in non smooth optimization, we
refer to [BKM14, Kiw06, Sho12].

The ability to cut Rn in well-behaved pieces where f is regular, is
another type of important structure. Examples, in increasing order
of generality, are semi-algebraic, (sub)analytic, definable and tame
(w.r.t. an o-minimal structure), and Whitney stratified maps. For
such objective functions, the traditional gradient descent (GD), or a
stochastic version of it, converges to stationary points [DDKL20]. In
order to obtain further theoretical guarantees such as convergence rates,
it is natural to design optimization algorithms specifically taylored to
regular maps. Indeed, they have strong properties, e.g. tame maps
are semi-smooth [Iof09], and the generalized gradients of Whitney
stratified maps are closely related to (restricted) gradients of f along
strata [BDLS07]. Besides, strong convergence guarantees under (mainly)
the Kurdyka–Łojasiewicz assumption [ABS13, Nol14] exist, including
the class of semi-algebraic maps. Our method is related to this line of
work, in that we exploit the strata of Rn in which f is smooth.

The motivation of this work stems from Topological Data Analysis
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(TDA), where geometric objects such as graphs are described by means
of computable and topological descriptors. Persistent Homology is
one such descriptor, and has been successfully applied in various data
science problems. Persistent Homology describes graphs and more
generally simplicial complexes over n nodes by means of a signature
called the barcode/persistence diagram PHpxq. Here x is a function on
the nodes, which we view as a vector in Rn. Loosely speaking, PHpxq

is a finite multi-set of points in the half-plane tpb, dq P R2, d ě bu that
encode topological and geometrical information about the graph and
the function x.

Barcodes form a metric space Bar when equipped with the standard
metrics of TDA, the so-called bottleneck and Wasserstein distances, and
the persistence map PH : Rn Ñ Bar is locally Lipschitz [CSEH07,
CSEHM10]. However Bar is not Euclidean nor a smooth manifold, thus
hindering the use of these topological descriptors in standard statistical
or machine learning pipelines. Still, there exist natural notions of
differentiability for maps in and out of Bar [LOT21]. In particular,
the persistence map PH : Rn Ñ Bar restricts to a locally Lipschitz,
smooth map on a stratification of Rn by polyhedra. If we compose the
persistence map with a smooth and Lipschitz map V : Bar Ñ R, the
resulting objective (or loss) function

f : Rn PH // Bar V // R

is itself Lipschitz and smooth on the various strata. From [DDKL20],
and as recalled in [CCG`

21], classical (Stochastic) Gradient Descent
on f asymptotically converges to stationary points. Similarly, the
Gradient Sampling (GS) method asymptotically converges. See [SWB21]
for an application of GS to topological optimization.

Nonetheless, we want to design algorithms that take advantage
of the structure in the irregularities of the persistence PH, in order
to get better theoretical guarantees. For instance, it is possible to lo-
cally integrate gradients of PH—whenever defined—to stabilise the
iterates [SWB21], or to add a regularization term to f acting as a smooth-
ing operator [CD20]. In this work, we rather exploit the stratification
of Rn induced by PH, as it is very easy to manipulate. Indeed, we can
efficiently access elements x1 in neighboring strata as well as estimate
the distance to these strata.

For this reason, we believe that persistence based objective func-
tions f form a rich playground for non smooth optimisation. How-
ever, it is also per se an emerging field in TDA with applications in
point cloud inference [GHO16], surface reconstruction [BGGSSG20b],
shape matching [PSO18], graph classification [HGR`

20b, YL21], topo-
logical regularisation for Generative Modelling [MHRB20b, HKND19,
GNDS20b], Image Segmentation [HLSC19, COB`

19], supervised learn-
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ing [CNBW19] and dimension reduction [Kac20] to name a few.
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Figure 3.1: A proof-of-concept compar-
ison between different gradient descent
techniques. The objective function f :
pz1, z2q P R2 Ñ 10 logp1 ` |z1|q ` z2

2 P R

(blue surface) attains its minimum at
x˚ “ p0, 0q and is not smooth along the
line tz1 “ 0u. In particular }∇ f } ą 1
around x˚, thus the gradient norm can-
not be used as a stopping criterion. The
traditional GD, for which updates are
given by xk`1 “ xk ´

λ0
k`1∇ f pxkq, oscil-

lates around tz1 “ 0u due to the non-
smoothness of f and asymptotically con-
verges toward x˚ because of the decay-
ing learning rate λ0

k`1 . In the meantime,
non-smooth optimisation methods that
sample points around xk to produce re-
liable descent directions converge in fi-
nite time. Namely, the classical Gra-
dient Sampling method randomly sam-
ples 3 points and manages to reach an
pϵ, ηq-stationary point of f in „ 20.6 ˘

3.9 iterations (averaged over 100 exper-
iments), while our stratified approach
improves on this by leveraging the fact
that we explicitly have access to the two
strata tz1 ă 0u and tz1 ą 0u where f is
differentiable. In particular, we only sam-
ple additional points when xk is ϵ-near
the line tz1 “ 0u, and reach an pϵ, ηq-
stationary point in 18 iterations. Right
plots showcase the evolution of the ob-
jective value f pxkq and the distance to
the minimum }xk ´ x˚} across iterations.
Parameters: x0 “ p0.8, 0.8q, λ0 “ 10´1,
ϵ “ 10´1, η “ 10´2.

3.1.1 Contributions and outline of contents

Our new method, called Stratified Gradient Sampling (SGS), is a variation
of the established GS algorithm, whose main steps for updating the
current iterate xk P Rn we recall in alg. 1 below. In the closing remarks

Algorithm 1 An update step with the Gradient Sampling algorithm

1: Sample m ě n ` 1 points x1
k , ¨ ¨ ¨ , xm

k in a ball Bpxk, ϵq

2: Compute approximate subgradient Gk :“
t∇ f pxkq,∇ f px1

kq, ¨ ¨ ¨ ,∇ f pxm
k qu

3: Compute descent direction gk :“
argmint|g|2, g in convex hull of Gku

4: Find step size tk ě 0 so that f pxk ´ tkgkq ď f pxkq ´ βtk|gk|2 (β P p0, 1q

hyperparameter)
5: Ensure that f is differentiable at xk`1 :“ xk ´ tkgk by small pertur-

bations

of a recent overview of the GS methodology [BCLO19], the authors
suggest that the GS theory and practice could be enhanced assuming
some extra structure on the non differentiability of f .

In this work, we deal with stratifiably smooth maps, for which the
non differentiability is organized around smooth submanifolds that
together form a stratification of Rn. In section 3.2, we review some
background material in nonsmooth analysis and define stratifiably
smooth maps f : Rn Ñ R, a variant of the Whitney stratifiable functions
from [BDLS07] for which we do not impose any Whitney regularity
on the gluing between adjacent strata of Rn, but rather enforce that
there exist local C2-extensions of the restrictions of f to top-dimensional
strata.

In order to update the current iterate xk when minimizing a strati-
fiably smooth objective function f , we introduce a new descent direc-
tion gk. As in GS, gk is obtained in our new SGS algorithm by collecting
the gradients of samples around xk in an approximate subgradient Gk,
and then by taking the element with minimal norm in the convex set
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generated by Gk. A key difference with GS is that we only need to
sample as many points around xk as there are distinct strata close by,
compare with the m ě n ` 1 samples of alg. 1. In section 3.2.7, we show
that we indeed obtain a descent direction, i.e., that we have the descent
criterion f pxk ´ tkgkq ď f pxkq ´ βtk}gk}2 (as in Line 4 of alg. 1) for a
suitable choice of step size tk.

Our SGS algorithm is detailed in section 3.3.1 and its analysis in
section 3.3.2. The convergence of the original GS methodology crucially
relies on the sample size m ě n ` 1 in order to apply the Carathéodory
Theorem to subgradients. Differently, our convergence analysis relies
on the fact that the gradients of f , when restricted to neighboring strata,
are locally Lipschitz. Hence, our proof of asymptotic convergence to
stationary points (Theorem 3.3.3) is substantially different. In Theo-
rem 3.3.5, we determine a convergence rate of our algorithm that holds
for any proper stratifiably smooth map, which is an improvement over
the guarantees of GS for general locally Lipschitz maps. Finally, in
section 3.3.3, we adapt our method and results to the case where only
estimated distances to nearby strata are available.

In section 3.4, we introduce the persistence map PH over a simplicial
complex K, which gives rise to a wide class of stratifiably smooth
objective functions with rich applications in TDA. We characterize
strata around the current iterate (i.e., filter function) xk by means of
the permutation group over n elements, where n is the number of
vertices in K. Then, the Cayley graph associated to the permutation
group allows us to efficiently explore the set of neighboring strata by
increasing order of distances to xk, that are needed to compute descent
directions.

Section 3.5 is devoted to the implementation of the SGS algorithm
for the optimization of persistent homology-based objective functions f .
In 3.5.1, we provide empirical evidence that SGS behaves better than
GD and GS with a simple experiment about minimization of total
persistence. In 3.5.3 and 3.5.2, we consider two novel topological
optimization problems which we believe are of interest in real-world
applications. On the one hand, the Topological Template Registration of
a filter function x defined on a complex K, is the task of finding a
filter function x1 over a smaller complex K1 that preserves the barcode
of x. On the other hand, given a Mapper graph G, which is a standard
visualization tool for arbitrary data sets 1, we can bootstrap the data set 1 Gurjeet Singh, Facundo Mémoli, and

Gunnar Carlsson. Topological methods
for the analysis of high dimensional data
sets and 3D object recognition. In 4th
Eurographics Symposium on Point-Based
Graphics (SPBG 2007), pages 91–100. The
Eurographics Association, 2007

in order to produce multiple bootstrapped graphs Gi. The Topological
Mean is then the task of finding a new graph G˚ whose barcode is as
close as possible to the mean of the barcodes associated to the graphs Gi.
As a result we obtain a smoothed version G˚ of the Mapper graph G in
which spurious and non-relevant graph attributes are removed.



110 differential & fiber of persistent homology

3.2 A direction of descent for stratifiably smooth maps

In this section we define the class of stratifiably smooth maps whose
optimisation is at stake in this work. For such maps we can define an
approximate sub gradient and the resulting descent direction, which is
the key ingredient of our algorithm. We first collect some useful back-
ground in nonsmooth analysis, essentially from [Cla90]. Throughout,

Frank H Clarke. Optimization and nons-
mooth analysis. SIAM, 1990

f : Rn Ñ R is a locally Lipschitz (non necessary smooth, nor convex)
and proper (i.e., compact sublevel sets) function, which we want to
minimize.

3.2.1 Nonsmooth Analysis

First-order information of f at x P Rn in a direction v P Rn is captured
by its generalized directional derivative:

f ˝px; vq “ lim sup
yÑx,t�0`

f py ` tvq ´ f pyq

t
, (3.1)

Besides, the generalized gradient is the following set of linear subapprox-
imations:

B f pxq :“
␣

ζ P Rn, f ˝px; vq ě xζ, vy for all v P Rn(. (3.2)

Given an arbitrary set S Ă Rn of Lebesgue measure 0 around x, we
have an alternative description of the generalized gradient in terms of
limits of surrounding gradients, whenever defined:

B f pxq “ co
␣

lim∇ f pxiq | xi Ñ x, ∇ f pxiq is defined, lim∇ f pxiq exists, xi R S
(

,
(3.3)

where co is the operation of taking the closure of the convex hull.2 The 2 Here the equality holds as well (by some
compactness argument), when taking the
convex hull without closure. As we take
closed convex hulls later on, we chose
not to introduce this subtlety explicitly.

duality between generalized directional derivatives and gradients is
captured by the equality:

f ˝px; vq “ maxtxζ, vy, ζ P B f pxqu. (3.4)

The Goldstein subgradient 3 is an ϵ-relaxation of the generalized gradient: 3 AA Goldstein. Optimization of lipschitz
continuous functions. Mathematical Pro-
gramming, 13(1):14–22, 1977Bϵ f pxq “ co

␣

lim∇ f pxiq | xi Ñ x1, ∇ f pxiq is defined , lim∇ f pxiq exists , |x ´ x1| ď ϵ
(

.
(3.5)

Given x P Rn, we say that:

x is a stationary point (for f ) if 0 P B f pxq.

Any local minimum is stationary, and conversely if f is convex. We
also have weaker notions. Namely, given ϵ, η ą 0,

x is ϵ-stationary if 0 P Bϵ f pxq; and
x is pϵ, ηq-stationary if dp0, Bϵ f pxqq ď η.
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3.2.2 Stratifiably smooth maps

Desirable properties for an optimization algorithm is that it produces
iterates pxkqk that either converge to an pϵ, ηq-stationary point in finitely
many steps, or whose subsequences (or some of them) converge to
an ϵ-stationary point. For this, we work in the setting of objective
functions that are smooth when restricted to submanifolds, that together
partition Rn.

Definition 3.2.1. A stratification X “ tXiuiPI of a closed subset X Ď Rn

is a locally finite partition of X by smooth submanifolds Xi -called
strata- such that for i ‰ j P I:

Xi X Xj ‰ H ñ Xj Ď XizXi.

This makes pX,X q into a stratified space.

Note that we do not impose any (usually needed) gluing conditions
between adjacent strata, as we do not require them in the analysis.
In particular, semi-algebraic, subanalytic, or definable subsets of Rn,
together with Whitney stratified sets are stratified in the above weak
sense. We next define the class of maps f with smooth restrictions f|Xi

to strata Xi of some stratification X , inspired by the Whitney stratifiable
maps of [BDLS07] (there X is required to be Whitney) and the stratifiable

Jérôme Bolte, Aris Daniilidis, Adrian
Lewis, and Masahiro Shiota. Clarke sub-
gradients of stratifiable functions. SIAM
Journal on Optimization, 18(2):556–572,
2007

functions of [DIL15], however we further require that the restrictions f|Xi

Dmitriy Drusvyatskiy, Alexander D
Ioffe, and Adrian S Lewis. Clarke subgra-
dients for directionally lipschitzian strati-
fiable functions. Mathematics of Operations
Research, 40(2):328–349, 2015

admit local extensions of class C2.

Definition 3.2.2. The map f : Rn Ñ R is stratifiably smooth if there exists
a stratification X of Rn, such that for each top-dimensional stratum
Xi P X , the restriction f|Xi

admits an extension fi of class C2 in a
neighborhood of Xi.

Remark 3.2.3. The slightly weaker assumption that the extension fi is
continuously differentiable with locally Lipschitz gradient would have
also been sufficient for our purpose.

We denote by Xx the stratum containing x, and by Xx Ď X the set
of strata containing x in their closures. More generally, for ϵ ą 0, we let
Xx,ϵ Ď X be the set of strata Xi such that the closure of the ball Bpx, ϵq

has non-empty intersection with the closure of Xi. Local finiteness in
the definition of a stratification implies that Xx,ϵ (and Xx) is finite.

If f is stratifiably smooth and Xi P Xx is a top-dimensional stratum,
there is a well-defined limit gradient ∇Xi f pxq, which is the unique limit
of the gradients ∇ f|Xi

pxnq where xn P Xi is any sequence converging
to x. Indeed, this limit exists and does not depend on the choice of
sequence since f|Xi

admits a local C2 extension fi. The following result
states that the generalized gradient at x can be retrieved from these
finitely many limit gradients along the various adjacent top-dimensional
strata.
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Proposition 3.2.4. If f is stratifiably smooth, then for any x P Rn we have:

B f pxq “ co
␣

∇Xi f pxq, Xi P Xx is of dimension n
(

.

More generally, for ϵ ą 0:

Bϵ f pxq “ co
␣

∇Xi f px1q | |x1 ´ x| ď ϵ, Xi P Xx1 Ď Xx,ϵ is of dimension n
(

.

Proof. We show the first equality only, as the second can be proven
along the same lines. We use the description of B f pxq in terms of
limiting gradients from (3.3), which clearly implies the inclusion of the
right-hand side in B f pxq. Conversely, let S be the union of strata in Xx

with positive codimension, which is of measure 0. Let xi be a sequence
avoiding S, converging to x, such that ∇ f pxiq converges as well. Since
Xx is finite, up to extracting a subsequence, we can assume that all xi

are in the same top-dimensional stratum Xi P Xx. Consequently, ∇ f pxiq

converges to ∇Xi f pxq.

3.2.3 Direction of descent

Thinking of x as a current position, we look for a direction of (steepest)
descent, in the sense that a perturbation of x in this direction produces
a (maximal) decrease of f . Given ϵ ě 0, we let gpx, ϵq be the projection
of the origin on the convex set Bϵ f pxq. Equivalently, gpx, ϵq solves the
minimization problem:

gpx, ϵq “ argmin
␣

}g}, g P Bϵ f pxq
(

. (3.6)

Introduced in [Gol77], the direction ´gpx, ϵq is a good candidate of
AA Goldstein. Optimization of lips-

chitz continuous functions. Mathematical
Programming, 13(1):14–22, 1977

direction for descent, as we explain now. Since gpx, ϵq is the projection
of the origin on the convex closed set Bϵ f pxq, we have the classical
inequality xgpx, ϵq, gpx, ϵq ´ gy ď 0 that holds for any g in the Goldstein
subgradient at x. Equivalently,

@g P Bϵ f pxq, x´gpx, ϵq, gy ď ´}gpx, ϵq}2. (3.7)

Informally, if we think of a small perturbation x ´ tgpx, ϵq of x along
this direction, for t ą 0 small enough, then f px ´ tgpx, ϵqq « f pxq ´

tx∇ f pxq, gpx, ϵqy. Using (3.7), since ∇ f pxq P Bϵ f pxq, we deduce that
f px ´ tgpx, ϵqq ď f pxq ´ t}gpx, ϵq}2. So f locally decreases at linear rate
in the direction ´gpx, ϵq. This intuition relies on the fact that ∇ f pxq is
well-defined so as to provide a first order approximation of f around x,
and that t is chosen small enough. In order to make this reasoning
completely rigorous, we need the following well-known result (see for
instance [Cla90]):

Frank H Clarke. Optimization and nons-
mooth analysis. SIAM, 1990Theorem 3.2.5 (Lebourg Mean value Theorem). Let x, x1 P Rn. Then

there exists some y P rx, x1s and some w P B f pyq such that:

f px1q ´ f pxq “ xw, x1 ´ xy.
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Let t ą 0 be lesser than ϵ
}gpx,ϵq}

, in order to ensure that x1 :“
x ´ tgpx, ϵq is ϵ-close to x. Then by the mean value theorem (and
Proposition 3.2.4), we have that

f px ´ tgpx, ϵqq ´ f pxq “ ´txw, gpx, ϵqy

for some w P Bϵ f pxq. (3.7) yields

@t ď
ϵ

}gpx, ϵq}
, f px ´ tgpx, ϵqq ď f pxq ´ t}gpx, ϵq}2, (3.8)

as desired.
In practical scenarios however, it is unlikely that the exact descent

direction ´gpx, ϵq could be determined. Indeed, from (3.6), it would
require the knowledge of the set Bϵ f pxq, which consists of infinitely
many (limits of) gradients in an ϵ-neighborhood of x. We now build,
provided f is stratifiably smooth, a faithful approximation B̃ϵ f pxq of
Bϵ f pxq, by collecting gradient information in the strata that are ϵ-close
to x.

For each top-dimensional stratum Xi P Xx,ϵ, let xi be an arbitrary
point in Xi X Bpx, ϵq. Define

B̃ϵ f pxq :“ co
␣

∇Xi f pxiq, Xi P Xx,ϵ
(

. (3.9)

Of course, B̃ϵ f pxq depends on the choice of each xi P Xi. But this will
not matter for the rest of the analysis, as we will only rely on the
following approximation result which holds for arbitrary choices of
points xi:

Proposition 3.2.6. Let x P Rn and ϵ ą 0. Assume that f is stratifiably
smooth. Let L be a Lipschitz constant of the gradients ∇ fi restricted to
Bpx, ϵq X Xi, where fi is some local C2 extension of f|Xi

, and Xi P Xx,ϵ is top
dimensional. Then we have:

B̃ϵ f pxq Ď Bϵ f pxq Ď B̃ϵ f pxq ` Bp0, 2Lϵq.

In particular, dHpB̃ϵ f pxq, Bϵ f pxqq ď 2Lϵ.

Note that, since the fi are of class C2, their gradients are locally
Lipschitz, hence by compactness of Bpx, ϵq, the existence of the Lipschitz
constant L above is always guaranteed.

Proof. From Proposition 3.2.4, we have

Bϵ f pxq “ co
␣

∇X f px1q | |x1 ´ x| ď ϵ, X P Xx1 Ď Xx,ϵ is of dimension n
(

.

This yields the inclusion B̃ϵ f pxq Ď Bϵ f pxq. Now, let x1 P Rn, |x1 ´ x| ď

ϵ, and let Xi P Xx1 Ď Xx,ϵ be a top-dimensional stratum touching
x1. Based on how xi is defined in (3.9), we have that x1 and xi both
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belong to Bpx, ϵq, and they both belong to the stratum Xi. Therefore,
|∇Xi f px1q ´ ∇Xi f pxiq| ď 2Lϵ, and so ∇Xi f px1q P B̃ϵ f pxq ` Bp0, 2Lϵq.
The result follows from the fact that B̃ϵ f pxq ` Bp0, 2Lϵq is convex and
closed.

Recall from (3.8) that the (opposite to the) descent direction ´gpx, ϵq

is built as the projection of the origin onto Bϵ f pxq. Similarly, we define
our approximate descent direction as ´g̃px, ϵq, where g̃px, ϵq is the
projection of the origin onto the convex closed set B̃ϵ f pxq:

g̃px, ϵq “ argmin
␣

}g̃}, g̃ P B̃ϵ f pxq
(

. (3.10)

We show that this choice yields a direction of decrease of f , in a sense
similar to (3.8).

Proposition 3.2.7. Let f be stratifiably smooth, and let x be a non-stationary
point. Let 0 ă β ă 1, and ϵ0 ą 0. Denote by L a Lipschitz constant for all
gradients of the restrictions fi to the ball Bpx, ϵ0q (as in Proposition 3.2.6).
Then:

(i) For 0 ă ϵ ď ϵ0 small enough we have ϵ ď
1´β
2L }g̃px, ϵq}; and

(ii) For such ϵ, we have @t ď ϵ
}g̃px,ϵq}

, f px ´ tg̃px, ϵqq ď f pxq ´ βt}g̃px, ϵq}2.

Proof. Saying that x is non-stationary is equivalent to the inequality
}gpx, 0q} ą 0. We show that the map ϵ P R` ÞÑ }gpx, ϵq} P R`, which is
non-increasing, is continuous at 0`. Let ϵ be small enough such that
the sets of strata incident to x are the same that meet with the ϵ-ball
around x, i.e., Xx,ϵ “ Xx. Such an ϵ exists since there are finitely many
strata that meet with a sufficiently small neighborhood of x. Of course,
all smaller values of ϵ enjoy the same property. By Proposition 3.2.4,
we then have the nesting

B f pxq Ď Bϵ f pxq Ď B f pxq ` Bp0, 2Lϵq,

where L is a Lipschitz constant for the gradients in neighboring strata.
In turn, 0 ď }gpx, 0q} ´ }gpx, ϵq} ď 2Lϵ. In particular, }gpx, ϵq} Ñ

}gpx, 0q} ą 0 as ϵ goes to 0, hence ϵ “ op}gpx, ϵq}q. Besides, the inclusion
B̃ϵ f pxq Ď Bϵ f pxq (Proposition 3.2.6) implies that }g̃px, ϵq} ě }gpx, ϵq} ą 0.
This yields ϵ “ op}g̃px, ϵq}q and so item (i) is proved.

We now assume that ϵ satisfies the inequality of item (i), and let 0 ď

t ď ϵ
}g̃px,ϵq}

. By the Lebourg mean value theorem, there exists a y P

rx, x ´ tg̃px, ϵqs and some w P B f pyq such that:

f px ´ tg̃px, ϵqq ´ f pxq “ txw, ´g̃px, ϵqy.

Since t ď ϵ
}g̃px,ϵq}

, y is at distance no greater than ϵ from x. In particular,
w belongs to Bϵ f pxq. From Proposition 3.2.6, there exists some w̃ P

B̃ϵ f pxq at distance no greater than 2Lϵ from w. We then rewrite:

f px ´ tg̃px, ϵqq ´ f pxq “ txw ´ w̃, ´g̃px, ϵqy ` txw̃, ´g̃px, ϵqy. (3.11)



a gradient sampling algorithm for stratified maps with applications to topological data

analysis 115

On the one hand, by the Cauchy-Schwarz inequality:

xw ´ w̃, ´g̃px, ϵqy ď |w ´ w̃| ¨ }g̃px, ϵq} ď 2Lϵ}g̃px, ϵq} ď p1 ´ βq}g̃px, ϵq}2,
(3.12)

where the last inequality relies on the assumption that ϵ ď
1´β
2L }g̃px, ϵq}.

On the other hand, since g̃px, ϵq is the projection of the origin onto
B̃ϵ f pxq, we obtain xg̃px, ϵq ´ w̃, g̃px, ϵqy ď 0, or equivalently:

xw̃, ´g̃px, ϵqy ď ´}g̃px, ϵq}2. (3.13)

Plugging the inequalities of eqs. (3.12) and (3.13) into eq. (3.11) proves
item (ii).

3.3 Stratified Gradient Sampling (SGS)

In this section we develop a gradient descent algorithm for the optimi-
sation of stratifiably smooth functions and then detail its convergence
properties. We require that the objective function f : Rn Ñ R has the
following properties:

• (Proper): f has compact sublevel sets.

• (Stratifiably smooth): f is stratifiably smooth, and for each iterate x
and ϵ ě 0 we have an oracle Samplepx, ϵq that samples one ϵ-close
element x1 in each ϵ-close top-dimensional stratum X1.

• (Differentiability check) We have an oracle DiffOraclepxq checking
whether an iterate x P Rn belongs to the set D Ă Rn over which f is
differentiable.

3.3.1 The algorithm

That f is a proper map is also needed in the original GS algorithm4, 4 James V Burke, Adrian S Lewis, and
Michael L Overton. A robust gradient
sampling algorithm for nonsmooth, non-
convex optimization. SIAM Journal on
Optimization, 15(3):751–779, 2005

but is a condition that can be omitted 5 to allow the values f pxkq to

5 Krzysztof C Kiwiel. Convergence of the
gradient sampling algorithm for nons-
mooth nonconvex optimization. SIAM
Journal on Optimization, 18(2):379–388,
2007

decrease to ´8. In our case we stick to this assumption because we
need the gradient of f (whenever defined) to be Lipschitz on sub-level
sets.

Similarly, the ability to check that an iterate xk belongs to D is stan-
dard in the GS methodology. We use it to make sure that f is differen-
tiable at each iterate xk. For this we call a subroutine MakeDifferentiable
which slightly perturbs the iterate xk to achieve differentiability and
maintain a descent condition. Note that these considerations are mainly
theoretical because generically the iterates xk are points of differentia-
bility, hence MakeDifferentiable is unlikely to do anything.

Finally, the requirement that f is stratifiably smooth replaces the
classical weaker assumption used in the GS algorithm that f is locally
Lipschitz and that the set D where f is differentiable is open and
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dense. There are many possible ways to design the oracle Samplepx, ϵq:
for instance the sampling could depend upon arbitrary probability
measures on each stratum, or it could be set by deterministic rules
depending on the input px, ϵq as will be the case for the persistence map
in section 3.4. However our algorithm and its convergence properties
are oblivious to these degrees of freedom, as from section 3.2.3 any
sampling allows us to approximate the Goldstein subgradient Bϵ f pxkq

using finitely many neighbouring points to compute B̃ϵ f pxkq. In turn
we have an approximate descent direction gk which can be used to
produce the subsequent iterate xk`1 :“ xk ´ tkgk as in the classical
smooth gradient descent.

The details of the main algorithm SGS are given in alg. 2.
The algorithm SGS calls the method UpdateStep of 3 as a subrou-

tine to compute the right descent direction gk and the right step size tk.
Essentially this method progressively reduces the exploration radius ϵk

of the ball where we compute the descent direction gk :“ g̃pxk, ϵkq until
the criteria of 3.2.7 ensuring that the loss sufficiently decreases along gk

are met.
Given the iterate xk and the radius ϵk, the calculation of gk :“

g̃pxk, ϵkq is done by the subroutine ApproxGradient in 4: points x1

in neighboring strata that intersect the ball Bpxk, ϵkq are sampled us-
ing Samplepxk, ϵkq to compute the approximate Goldstein gradient and
in turn the descent direction gk.

Much like the classical GS algorithm, our method behaves like the
well-known smooth gradient descent where the gradient is replaced
with a descent direction computed from gradients in neighboring strata.
A key difference however is that, in order to find the right explo-
ration radius ϵk and step size tk, the UpdateStep needs to maintain
a constant Ck to approximate the ratio 1´β

2L of Proposition 3.2.7, as no
Lipschitz constant L may be explicitly available.

To this effect, UpdateStep maintains a relative balance between
the exploration radius ϵk and the norm of the descent direction gk,
controlled by Ck, i.e., ϵk » Ck}gk}. As we further maintain Ck »

1´β
2L ,

we know that the convergence properties of ϵk and gk are closely related.
Thus, the utility of this controlling constant is mainly theoretical, to
ensure convergence of the iterates xk towards stationary points in
Theorem 3.3.3. In practice, we start with a large initial constant C0, and
decrease it on line 11 of alg. 3 whenever it violates a property of the
target constant 1´β

2L given by Proposition 3.2.7.

Remark 3.3.1. Assume that we know a common Lipschitz constant L for
all gradients ∇ fi in the ϵ-neighborhood of the current iterate xk, recall
that fi is any C2 extension of the restriction f|Xi

to the neighboring top-
dimensional stratum Xi P Xx,ϵ. Then we can simplify alg. 3 by decreas-
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Algorithm 2 SGSp f , x0, ϵ, η, C0, β, γq

Require: Loss function f , initial iterate x0 P D, exploration radius
ϵ ą 0, initial constant C0 ą 0 controlling exploration radius, critical
distance to origin η ě 0, descent rate 0 ă β ă 1, step size decay
rate 0 ă γ ă 1

1: k Ð 0
2: repeat
3: ptk, gk, Ck`1q Ð UpdateStepp f , xk, ϵ, η, Ck, β, γq via alg. 3

4: xk`1 Ð xk ´ tkgk

5: xk`1 Ð MakeDifferentiablepxk`1, xk, tk, gkq

6: k Ð k ` 1
7: until }gk} ď η

8: return xk

Algorithm 3 UpdateStepp f , xk, ϵ, η, Ck, β, γq

1: ϵk Ð ϵ and Ck`1 Ð Ck

2: repeat
3: gk Ð ApproxGradientpxk, ϵkq via alg. 4

4: if }gk} ď η then
5: Break, return tk “ 0, gk and Ck`1 # Set η “ 0 to reach an ϵ-stationary

point
6: end if
7: tk Ð

ϵk
}gk}

# Candidate of update step

8: while f pxk ´ tkgkq ą f pxkq ´ βtk}gk}2 and ϵk ď Ck`1}gk} do
9: Ck`1 Ð γCk`1 # Once Ck`1 ď

1´β
2L , this loop never occurs by (ii) of

Proposition 3.2.7
10: end while
11: if f pxk ´ tkgkq ą f pxkq ´ βtk}gk}2 or ϵk ą Ck`1}gk} then
12: ϵk Ð γϵk # Reduce ϵk to satisfy criterion (i) of Proposition 3.2.7
13: end if
14: until f pxk ´ tkgkq ă f pxkq ´ βtk}gk}2 and ϵk ă Ck`1}gk}

15: return tk, gk and Ck`1
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Algorithm 4 ApproxGradientpxk, ϵkq

1: Gk Ð t∇ f pxkqu # Eventually Gk will be some approximate Goldstein subgradi-
ent B̃ fϵk pxkq

2: tx1
k , ¨ ¨ ¨ , xm

k u Ð Samplepxk, ϵkq # ϵ-close samples from ϵ-close top dim strata

3: for 1 ď l ď m do
4: Gk Ð Gk Y t∇ f pxl

kqu # Add gradients from remote strata
5: end for
6: Solve the quadratic minimization problem gk “ argmint}g}2, g P

copGkqu

7: return gk # gk “ g̃pxk, ϵkq is the approximate steepest descent direction

Algorithm 5 MakeDifferentiablepxk`1, xk, tk, gkq

1: r Ð tk}gk}

2: while xk`1 R D or f pxk`1q ą f pxkq ´ βtk}gk}2 do
3: Replace xk`1 with a sample in Bpxk ´ tkgk, rq

4: r Ð r
2

5: end while
6: return xk`1

ing the exploration radius ϵk progressively until ϵk ď
p1´βq

2L }g̃pxk, ϵkq}

as done in alg. 6: This ensures by Proposition 3.2.7 that the result-
ing update step satisfies the descent criterion f pxk ´ tk g̃pxk, ϵkqq ă

f pxkq ´ βtk}g̃pxk, ϵkq}2. In particular the parameter Ck is no longer
needed, and the theoretical guarantees of the simplified algorithm are
unchanged. Note that for objective functions from TDA (see section 3.4),
the stability theorems (e.g. from [CSEH07]) often provide global Lips-

David Cohen-Steiner, Herbert Edels-
brunner, and John Harer. Stability of
persistence diagrams. Discrete & Com-
putational Geometry, 37(1):103–120, 2007

chitz constants, enabling the use of the simplified update step described
in alg. 6.

Algorithm 6 SimpleUpdateStepp f , xk, ϵ, η, β, γq

1: ϵk Ð ϵ and gk Ð ApproxGradientpxk, ϵkq via alg. 4

2: repeat
3: if }gk} ď η then
4: Break, return tk “ 0 and gk # Set η “ 0 to reach

an ϵ-stationary point
5: end if
6: ϵk Ð γϵk and gk Ð ApproxGradientpxk, ϵkq via alg. 4

7: until ϵk ď
1´β
2L }gk}

8: return tk :“ ϵk
}gk}

and gk

Remark 3.3.2. In the situation of Remark 3.3.1, let us further as-
sume that ϵ P R` ÞÑ }g̃px, ϵq} P R` is non-increasing. This mono-
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tonicity property mimics the fact that ϵ P R` ÞÑ }gpx, ϵq} P R`

is non-increasing, since increasing ϵ grows the Goldstein general-
ized gradient Bϵ f pxq, of which gpx, ϵq is the element with minimal
norm. If the initial exploration radius ϵ does not satisfy the termi-
nation criterion (Line 8), ϵ ď

1´β
2L }g̃pxk, ϵq}, then one can set ϵk :“

1´β
2L }g̃pxk, ϵq} ď ϵ, yielding ϵk ď

1´β
2L }g̃pxk, ϵkq}. This way alg. 6 is fur-

ther simplified: in constant time we find a ϵk that yields the descent
criterion f pxk ´ tk g̃pxk, ϵkqq ă f pxkq ´ βtk}g̃pxk, ϵkq}2, and the parame-
ter γ is no longer needed. A careful reading of the proofs provided in
the following section yields that the convergence rate (Theorem 3.3.5)
of the resulting algorithm is unchanged, however the asymptotic con-
vergence (Theorem 3.3.3), case pbq, needs to be weakened: converging
subsequences converge to ϵ-stationary points instead of stationary
points. We omit details for the sake of concision.

3.3.2 Convergence

We show convergence of the algorithm towards stationary points in
3.3.3. Finally, 3.3.5 provides a non-asymptotic sub linear convergence
rate, which is by no mean tight yet gives a first estimate of the number
of iterations required in order to reach an approximate stationary point.

Theorem 3.3.3. If η “ 0, then almost surely the algorithm either paq con-
verges in finitely many iterations to an ϵ-stationary point, or pbq produces a
bounded sequence of iterates pxkqk whose converging subsequences all converge
to stationary points.

As an intermediate result, we first show that the update step com-
puted in 3 is obtained after finitely many iterations and estimate its
magnitude relatively to the norm of the descent direction.

Lemma 3.3.4. UpdateStepp f , xk, ϵ, η, Ck, β, γq terminates in finitely many
iterations. In addition, let L be a Lipschitz constant for the restricted gra-
dients ∇ fi (as in Proposition 3.2.6) in the ϵ-neighborhood of xk. Assume
that 1´β

2L ď Ck. If xk is not an pϵ, ηq-stationary point, then the returned
exploration radius ϵk satisfies:

min
ˆ

γ2p1 ´ βq

2L
}g̃pxk,

1
γ

ϵkq}, ϵ

˙

ď ϵk ď minpCk}g̃pxk, ϵkq}, ϵq.

Moreover the returned controlling constant Ck`1 satisfies:

Ck`1 ě
γp1 ´ βq

2L
.

Proof. If xk is a stationary point, then ApproxGradient returns a triv-
ial descent direction gk “ 0 because the approximate gradient Gk

contains ∇ f pxkq (Line 1). In turn, UpdateStep terminates at Line 4.
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Henceforth we assume that xk is not a stationary point and that the
breaking condition of Line 4 in alg. 3 is never reached (otherwise the
algorithm terminates). Therefore, at each iteration of the main loop,
either Ck`1 is replaced by γCk`1 (line 9), or ϵk is replaced by γϵk (line
12), until both the following inequalities hold (line 14):

(A) ϵk ă Ck`1}g̃pxk, ϵkq| and

(B) f pxk ´ tk g̃pxk, ϵkqq ă f pxkq ´ βtk}g̃pxk, ϵkq}2.

Once Ck`1 becomes lower than 1´β
2L , inequality (A) implies inequal-

ity (B) by Proposition 3.2.7 piiq. It then takes finitely many replace-
ments ϵk Ð γϵk to reach inequality (A), by Proposition 3.2.7 (i). At that
point (or sooner), alg. 3 terminates. This concludes the first part of the
statement, namely UpdateStep terminates in finitely many iterations.

Next we assume that xk is not an pϵ, ηq-stationary point, which en-
sures that the main loop of UpdateStep cannot break at Line 5. We
have the invariant Ck`1 ě γ

1´β
2L : this is true at initialization (Ck`1 “ Ck)

by assumption, and in later iterations Ck`1 is only replaced by γCk`1

whenever (A) holds but not (B), which forces Ck`1 ě
1´β
2L by Proposi-

tion 3.2.7 (ii).
At the end of the algorithm, ϵk ď Ck`1}g̃pxk, ϵkq} by inequality (A),

and so we deduce the right inequality ϵk ď minpCk}g̃pxk, ϵkq}, ϵq.
Besides, if both (A) and (B) hold when entering the main loop (line

11) for the first time, then ϵk “ ϵ. Otherwise, let us consider the penulti-
mate iteration of the main loop for which the update step is 1

γ ϵk. Then,

either condition (A) does not hold, namely 1
γ ϵk ą Ck`1}g̃pxk, 1

γ ϵkq} ě

γ
1´β
2L }g̃pxk, 1

γ ϵkq}, or condition (B) does not hold, which by the asser-

tion (ii) of Proposition 3.2.7 implies 1
γ ϵk ě

1´β
2L }g̃pxk, 1

γ ϵkq}. In any case,
we deduce that

ϵk ě min
ˆ

γ2p1 ´ βq

2L

›

›

›

›

g̃
ˆ

xk,
1
γ

ϵk

˙
›

›

›

›

, ϵ

˙

.

Proof of Theorem 3.3.3. We assume that alternative paq does not happen.
By Lemma 3.3.4, alg. 3 terminates in finitely many iteration and by
Line 14 we have the guarantee:

@k ě 0, f pxk ´ tk g̃pxk, ϵkqq ă f pxkq ´ βtk}g̃pxk, ϵkq}2. (3.14)

The subsequent iterate xk`1 is initialized at xk ´ tk g̃pxk, ϵkq by MakeDifferentiable
(see alg. 5) and replaced by a sample in a progressively shrinking
ball Bpxk ´ tk g̃pxk, ϵkq, rq until two conditions are reached. The first con-
dition is that f is differentiable at xk`1, and since D has full measure
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by Rademacher’s Theorem, this requirement is almost surely satisfied
in finitely many iterations. The second condition is that

@k ě 0, f pxk`1q ă f pxkq ´ βtk}g̃pxk, ϵkq}2, (3.15)

which by (3.14) and continuity of f is satisfied in finitely many iterations
as well. Therefore MakeDifferentiable terminates in finitely many
iterations almost surely. In particular, the sequence of iterates pxkqk is
infinite.

By (3.15) the sequence of iterates’ values p f pxkqqk is decreasing and it
must converge by compactness of the sublevel sets below f . Using (3.15),
we obtain:

ϵk}g̃pxk, ϵkq} “ tk}g̃pxk, ϵkq}2 ď
1
β

p f pxkq ´ f pxk`1qq ÝÑ 0`, (3.16)

Let also L be Lipschitz constant for the restricted gradients ∇ fi (as in
Proposition 3.2.6) in the ϵ-offset of the sublevel set tx, f pxq ď f px0qu.
Up to taking L large enough, there is another Lipschitz constant L1 ă L
ensuring that

1
γ

1 ´ β

2L
ď

1 ´ β

2L1
ď C0.

By theorem 3.3.4, upon termination of algorithm 3, C1 ě γ
1´β
2L1 ě

1´β
2L .

If C1 ď
1´β
2L1 , the (ii) of Proposition 3.2.7 prevents Line 9 in alg. 3

from ever occurring again, i.e., Ck “ C1 is constant in later iterations.
Otherwise, C1 satisfies C1 ě

1´β
2L1 just like C0. A quick induction then

yields:

@k ě 0, Ck ě
1 ´ β

2L
.

Therefore, by Lemma 3.3.4:

@k ě 0, min
ˆ

γ2p1 ´ βq

2L

›

›

›

›

g̃
ˆ

xk,
1
γ

ϵk

˙
›

›

›

›

, ϵ

˙

ď ϵk ď minpC0}g̃pxk, ϵkq}, ϵq.

(3.17)
In particular, using the rightmost inequality and (3.16), we get ϵk Ñ 0`.
In turn, using the leftmost inequality, we get that

›

›

›

›

g̃
ˆ

xk,
1
γ

ϵk

˙›

›

›

›

Ñ 0`. (3.18)

The sequence of iterates pxkqk is bounded; up to extracting a converging
subsequence, we assume that it converges to some x˚. Let ϵ1 ą 0. We
claim that 0 P Bϵ1 f px˚q, that is x˚ is ϵ1-stationary. As xk Ñ x˚ and
ϵk Ñ 0, we have that for k large enough Bpxk, 1

γ ϵkq Ď Bpx˚, ϵ1q, which
implies that:

B 1
γ ϵk

f pxkq Ď Bϵ1 f px˚q.
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Besides, from Proposition 3.2.6, we have B̃ 1
γ ϵk

f pxkq Ď B 1
γ ϵk

f pxkq, so that

g̃pxk, 1
γ ϵkq P B 1

γ ϵk
f pxkq. Hence g̃pxk, 1

γ ϵkq P Bϵ1 f px˚q. In the limit, (3.18)

implies 0 P Bϵ1 f px˚q, as desired.
Following [BLO05], the intersection of the Goldstein subgradients

James V Burke, Adrian S Lewis, and
Michael L Overton. A robust gradient
sampling algorithm for nonsmooth, non-
convex optimization. SIAM Journal on
Optimization, 15(3):751–779, 2005

Bϵ1 f px˚q, over ϵ1 ą 0, yields B f px˚q. Hence, 0 P B f px˚q and x˚ is a
stationary point.

Theorem 3.3.5. If η ą 0, then alg. 2 produces an pϵ, ηq-stationary point
using at most O

´

1
η minpη,ϵq

¯

iterations.

Proof. Assume that alg. 2 has run over k iterations without producing
an pϵ, ηq-stationary point. From alg. 3 (line 14), alg. 5 (Line 2) and the
choice tj “

ϵj
}g̃pxj ,ϵjq}

of update step for j ď k, it holds that βϵj}g̃pxj, ϵjq} ď

f pxjq ´ f pxj`1q, and in turn

k´1
ÿ

j“0

ϵj}g̃pxj, ϵjq} ď
f0 ´ f ˚

β
,

where f0 :“ f px0q and f ˚ is a minimal value of f . Besides, using

Lemma 3.3.4, ϵj is either bigger than γ2p1´βq

2L

›

›

›
g̃
´

xj, 1
γ ϵj

¯
›

›

›
or than ϵ,

hence

k´1
ÿ

j“0

ϵj}g̃pxj, ϵjq} ě k min
jăk

}g̃pxj, ϵjq} ˆ min
jăk

ϵj ą k ˆ η ˆ min
ˆ

ϵ,
γ2p1 ´ βq

2L
η

˙

.

The two equations cannot simultaneously hold whenever

k ě
f0 ´ f ˚

β
ˆ

1

η min
´

ϵ, γ2p1´βq

2L η
¯ ,

which allows us to conclude.

3.3.3 Approximate distance to strata

The algorithm and its convergence assume that strata X that are ϵ-close
to an iterate x can be detected by the oracle Samplepx, ϵq. However
in practice computing distances dpx, Xq to sub manifolds may be ex-
pansive or even impossible. Instead we can hope for approximate
distances d̂px, Xq. Typically when we have an assignment

px, Xq P Rn ˆX ÞÝÑ x̃X P X Ď Rn, at our disposal, we can define d̂px, Xq :“ dpx, x̃Xq,

and replace the accurate oracle Samplepx, ϵq with the following ap-
proximate oracle:

ApproxSamplepx, ϵq :“
␣

x̃X | X P X , dpx, x̃Xq ď ϵ
(

“
␣

x̃X | X P X , d̂px, Xq ď ϵ
(

.
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Therefore for the purpose of this section we make the following as-
sumption: To every iterate x P Rn and stratum X we can associate an
element x̃X that belongs to X, in particular we have the corresponding ora-
cle ApproxSample. Moreover there exists a constant a ě 1 such that the
resulting approximate distance to strata d̂px, Xq :“ dpx, x̃Xq satisfies:

@x P Rn, @X P X , d̂px, Xq ď adpx, Xq.

Note that we always have a reverse inequality d̂px, Xq ě dpx, Xq

since x̃X P X. In the case of the persistence map this will specialize
to dpx, Xq ď d̂px, Xq ď 2dpx, Xq, that is a “ 2, see Proposition 3.4.6.

We then replace the approximate Goldstein subgradient B̃ϵ f pxq

with B̂ϵ f pxq, defined in the exact same way except that it is computed
from strata satisfying d̂px, Xq ď ϵ, that is, B̂ϵ f pxq contains ∇ f px̃Xq for
each such stratum. The proof of Proposition 3.2.6 adapts straightfor-
wardly to the following statement:

Proposition 3.3.6. Let x P Rn and ϵ ą 0. Assume that f is stratifiably
smooth. Let L be a Lipschitz constant of the gradients ∇ fi restricted to
Bpx, aϵq X Xi, where fi is some local C2 extension of f|Xi

, and Xi P Xx,ϵ is
top dimensional. Then we have:

B̂ϵ f pxq Ď Bϵ f pxq and Bϵ f pxq Ď B̂aϵ f pxq ` Bp0, pa ` 1qLϵq.

Proof. The inclusion B̂ϵ f pxq Ď Bϵ f pxq is clear. Conversely, let ∇X f px1q P

Bϵ f pxq, where X is a top-dimensional stratum incident to x1 and |x1 ´

x| ď ϵ. We then have d̂px, Xq ď aϵ and hence x̃X is a point in B̂aϵ f pxq

which is pa ` 1qϵ-close to x1. Therefore ∇X f px1q P B̂aϵ f pxq ` Bp0, pa `

1qLϵq. The rest of the proof is then conducted as in 3.2.6.

The vector ĝpx, ϵq with minimal norm in B̂ϵ f pxq can then serve as a
new descent direction in place of g̃px, ϵq:

Proposition 3.3.7. Let f be stratifiably smooth, and x be a non strationnary
point. Let 0 ă β ă 1, and ϵ0 ą 0. Denote by L a Lipschitz constant for all
gradients of the restriction fi in the ball Bpx, aϵ0q (as in Proposition 3.3.6).

(i) For 0 ă ϵ ď ϵ0 small enough we have ϵ ď
1´β
2L |ĝpx, ϵq|; and

(ii) For such ϵ, we have @t ď ϵ
a|ĝpx,ϵq|

, f px ´ tĝpx, ϵqq ď f pxq ´ βt|ĝpx, ϵq|2.

Proof. The proof of Proposition 3.2.7 can be replicated by replacing ϵ

with ϵ
a and using Proposition 3.3.6 instead of Proposition 3.2.6.

In light of this result, we can use gk “ ĝpxk, ϵkq as a descent di-
rection, which in practice simply amounts to replace the accurate ora-
cle Samplepxk, ϵkq in alg. 4 with the approximate oracle ApproxSamplepxk, ϵkq.
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The only difference is that the assignment of update step in alg. 3

(Line 7) should take the constant a into account, namely:

(Line 7’) tk Ð
ϵ

a}gk}
.

The convergence analysis of section 3.3.2 holds as well for this algorithm,
and the proofs of Theorem 3.3.3 and Theorem 3.3.5 are unchanged.

3.4 Application to Topological Data Analysis

1

1

1 3

2

2 1

1

(b)(a) (c) (d) (e) (f ) (g)

Figure 3.2: Sublevel sets and superlevel
sets filtrations illustrated on graphs. paq

Input graph (V,E) along with the values
of a function x : V Ñ R (blue). pb, c, dq

Sublevel sets for t = 1,2,3 respectively.
pe, f , gq Superlevel sets for t = 3,2,1 re-
spectively.

In this section, we define the persistence map PH : Rn Ñ Bar which
is a central descriptor in TDA that gives rise to prototypical stratifiably
smooth objective functions f in this work. We refer the reader to [EH08,
Oud15, ZC05] for full treatments of the theory of Persistence. We then
introduce the stratification that makes PH a stratifiably smooth map, by
means of the permutation group. Using the associated Cayley graph we
give a way to implement the oracle Samplepx, ϵq that samples points
in nearby top dimensional strata, which is the key ingredient of alg. 4

for computing descent directions.

Persistent Homology and Barcodes Let n P N, and let tv1, . . . , vnu be a
(finite) set of vertices. A simplicial complex K is a subset of the power
set Pptv1, . . . , vnuq whose elements are called simplices, and which is
closed under inclusion: if σ P K is a simplex and σ1 Ď σ, then σ1 P K.
The dimension of the complex is the maximal cardinality of its simplices
minus one. In particular a 1-dimensional simplicial complex is simply
an undirected graph.

A filter function is a function on the vertices of K, which we equiv-
alently view as a vector x P Rn. Given t P R, we have the sub com-
plexes Kďt “ tσ P K, @v P σ, xpvq ď tu. This yields a nested sequence
of sub complexes called the sublevel sets filtration of K by x:

H ¨ ¨ ¨ Kďs Kďt ¨ ¨ ¨ K,sďt (3.19)

See Fig. 3.2 for an illustration on graphs. The (Ordinary) Persistent
Homology of x in degree p P t0, ¨ ¨ ¨ , dim Ku records topological changes
in (3.19) by means of points pb, dq P R2, here b ă d, called intervals. For
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instance, in degree p “ 0, an interval pb, dq corresponds to a connected
component that appears in Kďb and that is merged with an older
component in Kďd. In degree p “ 1 and p “ 2, intervals track loops and
cavities respectively, and more generally an interval pb, dq in degree p
tracks a p-dimensional sphere that appears in Kďb and persists up
to Kďd.

Note that there are possibly infinite intervals pb, 8q for p-dimensional
cycles that persist forever in the filtration (3.19). Such intervals are
not easy to handle in applications, and it is common to consider the
(Extended) Persistent Homology of x, for which they do not occur, i.e. we
append the following sequence of pairs involving superlevel sets Kět :“
tσ P K| @v P σ, xpvq ě tu to (3.19):

K – pK, Hq ¨ ¨ ¨ pK, Kěsq pK, Kětq ¨ ¨ ¨ pK, Kq.sět

(3.20)
Together intervals pb, dq form the (extended) barcode PHppxq of x in
degree p, which we simply denote by PHpxq when the degree is clear
from the context.

Definition 3.4.1. A barcode is a finite multi-set of pairs pb, dq P R2

called intervals, with b ď d. Two barcodes differing by intervals of the
form pb, bq are identified. We denote by Bar the set of barcodes.

The set Bar of barcodes can be made into a metric space as follows.
Given two barcodes D :“ tpb, dqu and D1 :“ tpb1, d1qu, a partial match-
ing γ : D Ñ D1 is a bijective map from some subset A Ď D to some
B Ď D1. For q ě 1 the q-th diagram distance WqpD, D1q is the following
cost of transferring intervals pb, dq to intervals pb1, d1q, minimized over
partial matchings γ between D and D1:

WqpD, D1q :“ inf
γ

ˆ

ÿ

pb,dqPA

}γpb, dq ´ pb, dq}
q
2

`
ÿ

pb,dqPDzA

ˆ

d ´ b
?

2

˙q
`

ÿ

pb1,d1qPD1zB

ˆ

d1 ´ b1

?
2

˙q ˙ 1
q
.

(3.21)
In particular the intervals that are not in the domain A and image B of γ

contribute to the total cost relative to their distances to the diagonal tb “

du Ă R2.
The Stability Theorem6 implies that the map PH : Rn Ñ Bar, which 6 David Cohen-Steiner, Herbert Edels-

brunner, and John Harer. Stability of
persistence diagrams. Discrete & Computa-
tional Geometry, 37(1):103–120, 2007; and
David Cohen-Steiner, Herbert Edelsbrun-
ner, John Harer, and Yuriy Mileyko. Lips-
chitz functions have l p-stable persistence.
Foundations of Computational Mathematics,
10(2):127–139, 2010

we refer to as the persistence map in what follows, is Lipschitz continu-
ous.

Differentiability of Persistent Homology Next we recall from [LOT21]

Jacob Leygonie, Steve Oudot, and Ul-
rike Tillmann. A framework for differ-
ential calculus on persistence barcodes.
Foundations of Computational Mathematics,
pages 1–63, 2021

the notions of differentiability for maps in and out of Bar and the
differentiability properties of PH. Note that the results of [LOT21] focus



126 differential & fiber of persistent homology

on ordinary persistence, yet they easily adapt to extended persistence,
see e.g. [YL21].

Ka Man Yim and Jacob Leygonie.
Optimization of spectral wavelets for
persistence-based graph classification.
Frontiers in Applied Mathematics and Statis-
tics, 7:16, 2021

Given r P N, we define a local Cr-coordinate system as a collection of Cr

real-valued maps coming in pairs bi, di : U Ñ R defined on some open
Euclidean set U Ď Rn, indexed by a finite set I, and satisfying bipxq ď

dipxq for all x P U and i P I. A local Cr-coordinate system is thus
equally represented as a map valued in barcodes

B̃ : x P U ÞÑ
␣

bipxq, dipxq
(

iPI P Bar,

where each interval pbipxq, dipxqq is identified and tracked in a Cr man-
ner.

Definition 3.4.2. A map B : Rn Ñ Bar is r-differentiable at x P Rn

if B|U “ B̃|U for some local Cr-coordinate system B̃ defined in a neigh-
borhood U of x.

Similarly,

Definition 3.4.3. A map V : Bar Ñ Rm is r-differentiable at D P Bar
if V ˝ B̃ : Rn Ñ Rm is of class Cr in a neighborhood of the origin for
all n P N and local Cr-coordinate system B̃ defined around the origin
such that B̃p0q “ D.

These notions compose together via the chain rule, so for instance
an objective function f “ V ˝ B : Rn Ñ Rm is differentiable in the usual
sense as soon as B and V are so.

We now define the stratification X of Rn such that the persistence
map B “ PH is r-differentiable (for any r) over each stratum. Denote
by Σ the group of permutations on t1, ¨ ¨ ¨ , nu. Each permutation π P Σ
gives rise to a closed polyhedron

Sπ :“
"

x P Rn | @1 ď i ă n, xπpiq ď xπpi`1q

*

, (3.22)

which is a cell in the sense that its (relative) interior is a top-dimensional
stratum of our stratification X . The (relative) interiors of the various
faces of the cells Sπ form the lower dimensional strata. In terms of
filter functions, a stratum is simply a maximal subset whose functions
induce the same pre-order on vertices of K. We then have that any
persistence based loss is stratifiably smooth w.r.t. this stratification.

Proposition 3.4.4. Let V : Bar Ñ R be a 2-differentiable map. Then the
objective function f :“ V ˝ PH is stratifiably smooth for the stratification X
induced by the permutation group Σ.

Proof. From Proposition 4.23 and Corollary 4.24 in [LOT21], on each
cell Sπ we can define a local C2 coordinate system adapted to PH that
consists of linear maps bi, di : Sπ Ñ R, in particular it admits a C2
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extension on a neighborhood of Sπ . Since V is globally 2-differentiable,
by the chain rule, we incidentally obtain a local C2 extension fi of f|Sπ

“

pV ˝ PHq|Sπ
.

Remark 3.4.5. Note that the condition that f “ V ˝ PH is a proper
map, as required for the analysis of alg. 2, sometimes fails because PH
may not have compact level-sets. The intuitive reason for this is that
a filter function x can have an arbitrarily large value on two distinct
entries—one simplex creates a homological cycle that the other destroys
immediately—that may not be reflected in the barcode PHpxq. Hence
the fiber of PH is not bounded. However, when the simplicial com-
plex K is (homeomorphic to) a compact oriented manifold, any filter
function must reach its maximum at the simplex that generates the
fundamental class of the manifold (or one of its components), hence PH
has compact level-sets in this case. Finally, we note that it is always pos-
sible to turn a loss function f based on PH into a proper map by adding
a regularization term that controls the norm of the filter function x.

3.4.1 Exploring the space of strata

In the setting of Proposition 3.4.4, the objective function f “ V ˝ PH :
Rn Ñ R is a stratifiably smooth map, where the stratification involved
is induced by the group Σ of permutations on t1, ¨ ¨ ¨ , nu, with cells Sπ

as in (3.22). In order to calculate the approximate subgradient Bϵ f pxq,
we need to compute the set Xx,ϵ of cells Sπ that are at Euclidean
distance no greater than ϵ from x:

d2
2px,Sπq :“ min

pPSπ

}x ´ p}2
2 ď ϵ2. (3.23)

Estimating distances to strata In practice however, solving the quadratic
problem of (3.23) to compute d2px,Sπq can be done in Opn log nq time
using solvers for isotonic regression 7. Since we want to approximate 7 Michael J Best and Nilotpal Chakravarti.

Active set algorithms for isotonic regres-
sion; a unifying framework. Mathematical
Programming, 47(1):425–439, 1990

many such distances to neighboring cells, we rather propose the fol-
lowing estimate which boils down to Op1q computations to estimate
d2px,Sπq. For any π P Σ, we consider the mirror of x in Sπ , denoted
by xπ P Rn and obtained by permuting the coordinates of x according
to π:

@1 ď i ď n, xπ
πpiq :“ xi. (3.24)

In the rest of this section, we assume that the point x is fixed and has
increasing coordinates, xi ď xi`1, which can always be achieved after
a suitable re-ordering of these coordinates. The proxy d2px, xπq then
yields a good estimate of d2px,Sπq, as expressed by the following result.

Proposition 3.4.6. For any permutation π P Σ, we have:

d2px,Sπq ď d2px, xπq ď 2d2px,Sπq.
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Proof. The left inequality is clear from the fact that xπ belongs to the
cell Sπ . To derive the right inequality, let x̂π be the projection of x
onto Sπ . It is a well-known fact in the discrete optimal transport
literature, or alternatively a consequence of Lemma 3.4.9 below, that

d2pxπ , x̂πq “ min
τPΣ

d2pxτ , x̂πq,

so that in particular d2pxπ , x̂πq ď d2px, x̂πq. Consequently,

d2px, xπq ď d2px, x̂πq ` d2pxπ , x̂πq ď 2d2px, x̂πq “ 2d2px,Sπq.

Our approximate oracle for estimating the Goldstein subgradient,
see section 3.3.3, computes the set of mirrors xπ that are at most ϵ-away
from the current iterate x :“ xk, that is:

ApproxSamplepx, ϵq :“
␣

xπ | d2px, xπq ď ϵ, π P Σ
(

.

Remark 3.4.7. Recall that the oracle is called several times in alg. 3

when updating the current iterate xk with a decreasing exploration
radius ϵk. However, for the oracle above we have

ApproxSamplepx, ϵ1q Ď ApproxSamplepx, ϵq whenever ϵ1 ď ϵ,

so that once we have computed ApproxSamplepxk, ϵkq for an initial
value ϵk and the current xk, we can retrieve ApproxSamplepxk, ϵ1q

for any ϵ1 ă ϵk in a straightforward way, avoiding re-sampling neigh-
boring points around xk and computing the corresponding gradient
each time ϵk decreases, saving an important amount of computational
resources.

Sampling in nearby strata In order to implement the oracle ApproxSamplepx, ϵq,
we consider the Cayley graph with permutations Σ as vertices and
edges between permutations that differ by elementary transpositions
(those that swap consecutive elements). In other words, the Cayley
graph is dual to the stratification of filter functions: a node corresponds
uniquely to a cell Sπ and an edge corresponds to a pair of cells sharing
a common pn ´ 1q-dimensional face.

We explore this graph by maintaining a list V of visited nodes and a
list N of nodes to visit next. Initially, V reduces to the source node, the
identity permutation, and N consists of its immediate neighbors, the
elementary transpositions. At each step of the exploration procedure,
we add a node that has not yet been visited, i.e. a permutation π P N , to
the list of V of visited nodes. If d2px, xπq ď ϵ, then we record the mirror
point xπ in ApproxSamplepx, ϵq, and we add in N all the neighbors π1

of π that are not yet in V Y N . Note that by storing xπ and d2px, xπq,
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we will later be able to retrieve xπ1
and d2px, xπ1

q in Op1q time for any
neighbor π1. The following result entails that this exploration procedure
indeed computes the set ApproxSamplepx, ϵq of all mirrors xπ that
satisfy d2px, xπq ď ϵ.

Proposition 3.4.8. Let π1 P Σ be a permutation such that d2px, xπ1
q ď ϵ.

Then there exists a path in the Cayley graph from the identity to π1 whose
nodes π also satisfy d2px, xπq ď ϵ.

Proof. In fact, from the well-known Lemma 3.4.9 below, any shortest
path from the identity to π1 does the job, because along such a path the
set invpπq of inversions, i.e. pairs pi, jq satisfying pj ´ iqpπpjq ´ πpiqq ă 0,
grows incrementally.

Lemma 3.4.9. Let x, y P Rn be two vectors whose coordinates are sorted in
the same order, namely xi ď xj ô yi ď yj. Given π P Σ a permutation,
let invpπq be the set of inversions, i.e. pairs pi, jq satisfying pj ´ iqpπpjq ´

πpiqq ă 0. Then

invpπq Ď invpπ1q ñ
ÿ

pxi ´ yπpiqq2 ď
ÿ

pxi ´ yπ1piqq2.

Remark 3.4.10. For an arbitrary filter function x, the computation of
the barcode PHpxq has complexity Op#K3q, here #K is the number of
vertices and edges in the graph K (or the number of simplices if K is a
simplicial complex). In the SGS algorithm we need to compute PHpxπq

for each cell Sπ near the current iterate xk, which can quickly become
too expansive. Below we describe two heuristics that we implemented
in some of our experiments (see section 3.5.3) to reduce time complexity.

The first method bounds the number of strata that can be explored
with a hyper-parameter N P N, enabling a precise control of the
memory footprint of the algorithm. In this case exploring the Cayley
graph of Σ using Dijkstra’s algorithm is desirable, since it allows to
retrieve the N strata that are the closest to the current iterate xk. Note
that in the original Dijkstra’s algorithm for computing shortest-path
distances to a source node, each node is reinserted in the priority queue
each time one of its neighbors is visited. However in our case we know
the exact distances dpx, xπq to the source each time we encounter a
new node, permutation π, so we can simplify Dijkstra’s algorithm by
treating each node of the graph at most once. The second approach
is memoization: inside a cell Sπ , all the filter functions induce the
same pre-order on the n vertices of K, hence the knowledge of the
barcode PHpxπq of one of its filter functions allows to compute PHpx1

πq

for any other x1
π P Sπ in Op#Kq time. We can take advantage of this

fact by recording the cells Sπ (and the barcode PHpxπq of one filter
function xπ therein) that are met by the SGS (or GS) algorithm during
the optimization, thereby avoiding redundant computations whenever
the cell Sπ is met for a second time.
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3.5 Experiments

In this section we apply our approach to the optimisation of objective
functions based on the persistence map PH, and compare it with other
methods. There are two natural classes of objective functions that we
can build on top of the barcode PHpxq. One consists in turning PHpxq

into a vector using one of the many existing vectorisation techniques
for barcodes [Bub15, AEK`

17, CL19, CCI`
20] and then to apply any

standard objective function defined on Euclidean vector space. In this
work we focus on the second type of objective functions which are based
on direct comparisons of barcodes by means of metrics Wq on Bar as
introduced in section 3.4.

We consider three experimental settings in increasing level of com-
plexity. Section 3.5.1 is dedicated to the optimization of an elementary
objective function in TDA that allows for explicit comparisons of SGS
with other optimization techniques. Section 3.5.2 and 3.5.3 introduce
two novel topological optimization tasks: that of topological registration
for translating filter functions between two distinct simplicial com-
plexes, and that of topological Fréchet mean for smoothing the Mapper
graphs built on top of a data set.

Implementation Our implementation is done in Python 3 and relies
on TensorFlow8 for automatic-differentiation, Gudhi9 for TDA-related

8 Martín Abadi, Paul Barham, Jianmin
Chen, Zhifeng Chen, Andy Davis, Jeffrey
Dean, Matthieu Devin, Sanjay Ghemawat,
Geoffrey Irving, Michael Isard, et al. Ten-
sorflow: A system for large-scale machine
learning. In 12th tUSENIXu symposium on
operating systems design and implementation
(tOSDIu 16), pages 265–283, 2016

9 Clément Maria, Jean-Daniel Boisson-
nat, Marc Glisse, and Mariette Yvinec.
The gudhi library: Simplicial complexes
and persistent homology. In International
congress on mathematical software, pages
167–174. Springer, 2014

computations (barcodes, distances Wq, Mapper graphs), cvxpy10 for

10 Steven Diamond and Stephen Boyd.
Cvxpy: A python-embedded modeling
language for convex optimization. The
Journal of Machine Learning Research,
17(1):2909–2913, 2016

solving the quadratic minimization problem involved in alg. 4. Our
implementation handles both ordinary and extended persistence, com-
plexes of arbitrary dimension, and can easily be tuned to enable
general objective functions (assuming those are provided in an au-
tomatic differentiation framework). Our code is publicly available at
https://github.com/tlacombe/topt.

3.5.1 Proof-of-concept: Minimising total extended persistence

Figure 3.3: Comparison of vanilla Gradi-
ent Descent (GD), Gradient Descent with
decay (GDwD), Gradient Sampling (GS)
and our Stratified Gradient Sampling
(SGS) on a toy example. (a) Evolution of
filter functions pxkqk as the total extended
persistence Pers is minimised with the
SGS method. Purple arrows indicate de-
scent direction at k “ 0. As expected, the
minimization tends to make pxkqk topo-
logically as trivial as possible, that is flat
in this framework (b) Barcodes PHpxkq,
represented as persistence diagrams ex-
tended with the point pminpxq, maxpxqq.
(c) Objective function’s value Perspxkq

across iterations k. (d) Corresponding
gradient norms p}gk}qk. Only GS and
SGS reach the stopping criterion }gk} ă η
(slightly faster for SGS than GS).
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The goal of this experiment is to provide a simple yet instructive

https://github.com/tlacombe/topt
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framework where one can clearly compare different optimization meth-
ods. Here we consider the vanilla Gradient Descent (GD), its variant
with learning-rate Decay (GDwD), the Gradient Sampling (GS) method-
ology and our Stratified Gradient Sampling (SGS) approach. Recall
that GD is very well-suited to smooth optimization problems, while
GS deals with objective functions that are merely locally Lipschitz with
a dense subset of differentiability. To some extent, SGS is specifically
tailored to functions with an intermediate degree of regularity since
their restrictions to strata are assumed to be smooth, and this type of
functions arise naturally in TDA.

We consider the elementary example of filter functions x on the graph
obtained from subdividing the unit interval with n vertices and the
associated (extended) barcodes PHpxq “ PH0pxq in degree 0.11 When 11 In this setting the extended barcode can

be derived from the ordinary barcode by
adding the interval pminpxq, maxpxqq.

the target diagram is empty, D “ H, the objective x ÞÑ W1pPHpxq, Hq

to minimize is also known in the TDA literature as the total extended
persistence of PHpxq:

Pers : x P Rn ÞÝÑ
ÿ

pb,dqPPHpxq

|d ´ b| P R.

Throughout the minimization, the sublevel sets of x are simplified until
they become topologically trivial: Perspxq is minimal if and only if
x is constant. This elementary optimization problem enables a clear
comparison of the GD, GS and SGS methods.

For each mode P tGD, GDwD, GS, SGSu we get a gradient gmode
k and

thus build a sequence of iterates

xk`1 :“ xk ´ ϵkgmode
k , k ě 0.

For GD, the update step ϵk “ ϵ is constant, for GDwD it is set to be
ϵk “ ϵ{p1 ` kq, and for mode P tGS, SGSu it is reduced until Perspxk ´

ϵkgmode
k q ă Perspxkq ´ βϵk}gmode

k }2 (and in addition ϵk ă Ck}gSGS
k } for

SGS). In each case the condition }gmode
k } ď η is used as a stopping

criterion.
For the experiments, the graph consists of n “ 5 vertices, x0 “

p0.4, 0.72, 0, 0.3, 0.14q, ϵ “ η “ 0.01, and we also have the hyper-parameters
γ “ 0.5 and β “ 0.5 for the GS and SGS algorithm. The results are
illustrated in Fig. 3.3.

Whenever differentiable, the objective Pers has gradient norm greater
than 1, so in particular it is not differentiable at its minima, which con-
sists of constant functions. Therefore GD oscillates around its optimal
value: the stopping criterion }gGD

k } ď η is never met which prevents
from detecting convergence. Setting ϵk to decay at each iteration in
GDwD theoretically ensures the convergence of the sequence pxkqk, but
comes at the expense of a dramatic decrease of the convergence rate.

In contrast, the GS and SGS methods use a fixed step-size ϵk yet they
converge since they compute a descent direction by minimizing }g}
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over the convex hull of the surrounding gradients
t∇Perspxkq,∇Perspxp1qq, . . . ,∇Perspxpmqqu, as described in alg. 1 and
alg. 4. Here xp1q, . . . , xpmq are either sampled randomly around the cur-
rent iterate xk (with m “ n ` 1) for GS or in the strata around xk (if any)
for SGS. We observe that it takes less iterations for SGS to converge: 137
iterations versus „ 165 iterations for GS (averaged over 10 runs). This is
because in GS the convex hull of the random sampling txp1q, . . . , xpmqu

may be far from the actual generalized gradient Bϵ f , incidentally pro-
ducing sub-optimal descent directions and missing local minima, while
in SGS the sampling takes all nearby strata into account which guaran-
tees a reliable direction (as in Proposition 3.2.7), and in fact since the
objective Pers restricts to a linear map on each stratum the approximate
gradient B̃ϵ f pxkq equals Bϵ f pxkq.

Another difference is that GS samples n ` 1 “ 6 nearby points at
each iteration k, while SGS samples as many points as there are nearby
strata, and for early iterations there is just one such stratum. In practice,
this results in a total running time of „ 2.7s for GS vs. 2.4s for SGS to
reach convergence.12 12 Experiment run on a Intel(R)

Core(TM) i5-8350U @ 1.70GHz CPU

3.5.2 Topological Registration

0.2
0.4
0.6
0.8
1.0

(a)

Target

0.2
0.4
0.6
0.8
1.0

(b)

Init
Final

0.2
0.4
0.6
0.8
1.0

(c)

Init
Final

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

(d)

Final dgm (N=4)
Init dgm (N=4)
Final dgm (N=15)
Init dgm (N=15)
Target dgm

0 20 40 60 80 100 120
Iteration k

0.0

0.1

0.2

0.3

0.4

0.5

Ob
je

ct
iv

e 
va

lu
e

(e)
N=4
N=15

0 20 40 60 80 100 120
Iteration k

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

Gr
ad

ie
nt

 n
or

m

(f)
N=4
N=15

Figure 3.4: Illustration of topological
registration (a) The target function de-
fined on a (circular) simplicial complex
of which we want to reproduce the topol-
ogy. (b) The registration obtained when
using a template with N “ 4 vertices.
Purple arrows indicate descent direction
at k “ 0. (c) The registration obtained
when using a template with N “ 15 ver-
tices. (d) The target persistence diagram
(blue triangles) along with the diagram
trajectories through iterations for both
cases. (green and brown, respectively).
(e) The objective function’s value through
iteration. Using a larger template natu-
rally allows to retrieve a better (lower)
objective value. (f) Corresponding gra-
dient norms, both reaching the stopping
criterion }gk} ď η.

We now present the more sophisticated optimization task of topologi-
cal registration. This problem takes inspiration from registration experi-
ments in shapes and medical images analysis [JM00, DGS01, DFP`

11],
where we want to translate noisy real-world data (e.g. MRI images of a
brain) into a simpler and unified format (e.g. a given template of the
brain).
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Problem formulation In a topological analog of this problem the obser-
vation consists of a filter function F defined on a simplicial complex K
which may have, for instance, a large number of vertices, and the tem-
plate consists of a simplicial complex K1 simpler than K (e.g. with
fewer vertices). The goal is then to find a filter function x on K1 such
that pK1, xq faithfully recovers the topology of the observation pK, Fq.
Formally we minimise the q-th distance (q P r1, `8s) between their
barcodes

x ÞÑ WqpPHpx, K1q, PHpF, Kqq, (3.25)

where we include the complexes in the notations PHpF, Kq of the bar-
codes to make a clear distinction between filter functions defined on K
and K1.

Experiment We minimise (3.25) using our SGS approach. The observed
simplicial complex K is taken to be the subdivision of the unit cir-
cle with 120 vertices, see Fig. 3.4. Let F “ F0 ` ζ where F0 P R120

is a piecewise linear map satisfying F0r0s “ 0, F0r30s “ 1, F0r45s “

0.05, F0r60s “ 0.35, F0r75s “ 0.1, F0r90s “ 0.8 and ζ is a uniform random
noise in r0, 0.1s120. The (extended) barcode of F0 consists of two long
intervals p0, 1q, p0.05, 0.9q and one smaller interval p0.1, 0.35q that corre-
sponds to the small variation of F0 (Fig. 3.4 (a, left of the plot)). The
stability of persistent homology implies that the barcode of F, which
is a noisy version of F0, contains a perturbation of these three inter-
vals along with a collection of small intervals of the form pb, dq with
pd ´ bq ă 0.2, since 0.1 is the amplitude of the noise ζ. The persistence
diagram representation of this barcode can be seen on Fig. 3.4 (d, blue
triangles): the three intervals are represented by the points away from
the diagonal tx “ yu Ă R2 and the topological noise is accounted by
the points close to the diagonal.

We propose to compute a topological registration x of pK, Fq for two
simpler circular complexes with n “ 4 and n “ 15 vertices respectively
(Fig. 3.4, (b,c)). We initialize the vertex values x0 randomly (uniformly in
r0, 1sn), and minimize (3.25) via SGS. We use q “ 2, and the parameters
of alg. 4 are set to ϵ “ 0.01, η “ 0.01, β “ 0.5, γ “ 0.5.

With n “ 4 vertices, the final filter function x returned by alg. 4

reproduces the two main peaks of F that correspond to the long in-
tervals p0, 1q, p0.05, 0.9q, but it fails to reproduce the small bump corre-
sponding to p0.1, 0.35q as it lacks the degrees of freedom to do so. A
fortiori the noise appearing in F is completely absent in x, as observed
in Fig. 3.4 (d) where the two points appearing in the barcode of x0

are pushed towards the two points of the target barcode of F as it is
the best way to reduce the distance Wq. Using n “ 15 vertices the
barcode PHpxq retrieves the third interval p0.1, 0.35q as well and thus
the final filter function x reaches a lower objective value. However x
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also fits some of the noise, as one of the interval in the diagram of xk is
pushed toward a noisy interval close to the diagonal (see Fig. 3.4 (d)).

3.5.3 Topological Mean of Mapper graphs

In our last experiment, we provide an application of our SGS algorithm
to the Mapper data visualization technique13. Intuitively, given a data 13 Gurjeet Singh, Facundo Mémoli, and

Gunnar Carlsson. Topological methods
for the analysis of high dimensional data
sets and 3D object recognition. In 4th
Eurographics Symposium on Point-Based
Graphics (SPBG 2007), pages 91–100. The
Eurographics Association, 2007

set X, Mapper produces a graph MappXq, whose attributes, such as its
connected components and loops, reflect similar structures in X. For
instance, the branches of the Mapper graph in [RCK`

17] correspond to
the differentiation of stem cells into specialized cells. Besides its poten-
tial for applications, Mapper enjoys strong statistical and topological
properties [BBMW21, CO17, CMO18, CM19, MW16, BBBN20]. In this
last experiment, we propose an optimization problem to overcome one
of the main Mapper limitations, i.e., the fact that Mapper sometimes
contains irrelevant features, and solve it with the SGS algorithm. We
refer the reader to the last paragraph of this section for a more detailed
introduction to Mapper and its parameters.

Problem formulation It is a well-known fact that the Mapper graph is not
robust to certain changes of parameters14 which may introduce artificial 14 More details about these parameters

are given in the last paragraph of this
section

graph attributes, see [AGH`
09b] for an approach to curate MappXq

Dominique Attali, Marc Glisse, Samuel
Hornus, Francis Lazarus, and Dmitriy
Morozov. Persistence-sensitive simpli-
cation of functions on surfaces in lin-
ear time. In Topological Methods in Data
Analysis and Visualization (TopoInVis 2009).
Springer, 2009

from its irrelevant attributes. In our case we assume that MappXq is
a graph embedded in some Euclidean space Rd (d “ 2 in our experi-
ments), which is typically the case when the data set X is itself in Rd,
and we modify the embedding of the nodes in order to cancel geometric
outliers. For notational clarity we distinguish between the embedded
graph MappXq Ď Rd and its underlying abstract graph K. Let n be the
number of vertices of K.

We propose an elementary scheme inspired from [CMO18] in order
Mathieu Carrière, Bertrand Michel, and

Steve Oudot. Statistical analysis and pa-
rameter selection for Mapper. Journal
of Machine Learning Research, 19(12):1–39,
2018

to produce a simplified embedding of MappXq. For this, we consider a
family of bootstrapped data sets X̂1, . . . , X̂k obtained by sampling the
data set cardpXq times with replacements, from which we derive new
mapper graphs K1, ¨ ¨ ¨ , Kk, whose embeddings MappX̂1q, . . . , MappX̂kq

in Rd are fixed during the experiment. In particular, given a fixed unit
vector e in Rd, the projection Fe onto the line parametrized by e induces
filter functions for each Ki, hence barcodes PHpFe, Kiq.

We minimize the following objective over filter functions F̃e P Rn:

F̃e P Rn ÞÑ

k
ÿ

i“1

W2pPHpF̃e, Kq, PHpFe, Kiqq2 P R. (3.26)

By viewing the optimized filter function F̃e as the coordinates of the
vertices of K along the e-axis, we obtain a novel embedding of the
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mapper graph MappXq in Rd that is the topological barycenter of the
family pFe, MappX̂iqq.

To further improve the embedding MappXq, we jointly optimize
Eq. (3.26) over a family tejuj of directions. Intuitively, irrelevant graph
attributes do not appear in most of the subgraphs MappX̂iq and thus
are removed in the optimized embedding of MappXq.

Remark 3.5.1. In some sense, the minimization (3.26) corresponds to
pulling back to filter functions the well-known minimization prob-
lem Bar Q D ÞÑ

řk
i“1 W2pD, Diq

2 that defines the barycenter or Fréchet
mean15 of barcodes D1, . . . , Dk. Indeed, a topological mean of a set of 15 Katharine Turner, Yuriy Mileyko, Sayan

Mukherjee, and John Harer. Fréchet
means for distributions of persistence dia-
grams. Discrete & Computational Geometry,
52(1):44–70, 2014

filter functions x1, . . . , xk on simplicial complexes K1, . . . , Kk can be de-
fined as a minimizer of x P Rn ÞÑ

ř

W2pPHpx, Kq, PHpxi, Kiqq2. In our
experiment, x is interpreted as a radial projection onto the e-axis, and in
fact when considering several directions tejuj the mean resulting from
the optimization is actually that of the so-called Persistent Homology
Transform16. 16 Katharine Turner, Sayan Mukherjee,

and Doug M. Boyer. Persistent homol-
ogy transform for modeling shapes and
surfaces. Information and Inference: A Jour-
nal of the IMA, 3(4):310–344, 2014

Experiment To illustrate this new method for Mapper, we consider a
data set X of single cells characterized by chromatin folding17. Each

17 Takashi Nagano, Yaniv Lubling, Csilla
Várnai, Carmel Dudley, Wing Leung, Yael
Baran, Netta Mendelson-Cohen, Steven
Wingett, Peter Fraser, and Amos Tanay.
Cell-cycle dynamics of chromosomal or-
ganization at single-cell resolution. Na-
ture, 547:61–67, 2017

cell is encoded by the squared distance matrix M of its DNA frag-
ments. This data set was previously studied in [CR20], in which it was
shown that the Mapper graph could successfully capture the cell cycle,
represented as a big loop in the graph. However, this attribute could
only be observed by carefully tuning the parameters. Here we start
with a Mapper graph computed out of arbitrary parameters, and then
curate the graph using bootstrap iterates as explained in the previous
paragraphs.

Specifically, we processed the data set X with the stratum-adjusted
correlation coefficient (SCC)18, with 500kb and convolution parameter 18 Tao Yang, Feipeng Zhang, Galip

Yardımcı, Fan Song, Ross Hardison,
William Noble, Feng Yue, and Qunhua
Li. HiCRep: assessing the reproducibil-
ity of Hi-C data using a stratum-adjusted
correlation coefficient. Genome Research,
27(11):1939–1949, 2017

h “ 1 on all chromosomes. Then, we run a kernel PCA on the SCC
matrix to obtain two lenses. From these lenses we construct a Mapper
graph, with a fixed set of parameters for the Mapper algorithm (resolu-
tion 15, gain 0.4 on both lenses, and hierarchical clustering with thresh-
old 2 on Euclidean distance). The resulting Mapper graph MappXq

displayed in fig. 3.5 (upper left) contains the expected main loop as-
sociated to the cell cycle, but it also contains many spurious branches.
However computing the Mapper graph with same parameters on a
bootstrap iterate results in less branches but also in a coarser version of
the graph (fig. 3.5, upper middle).

After using the SGS algorithm capped at 150 strata (see Remark 3.4.10),
ϵ “ 0.01, η “ 0.01, β “ 0.5, γ “ 0.5, initialized with MappXq, and with
loss computed out of 10 bootstrap iterates and 4 directions with an-
gles t0, π{2, π{4, ´π{4u, the resulting Mapper, shown in fig. 3.5 (upper
right), offers a good compromise: its resolution remains high and it is
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curated from irrelevant and artifactual attributes.

Figure 3.5: Different Mapper graphs
colored with the first kernel PCA com-
ponent. (Top row) Left: original Map-
per graph computed with a set of ar-
bitrary parameters with many spurious
branches. Middle: Mapper graph ob-
tained from bootstrap with very low res-
olution. Right: curated Mapper graph
obtained as the Fréchet mean of the boot-
strap iterates. (Bottom row) Left: visual-
ization of the data set with kernel PCA.
Right: the evolution of the loss (3.26).

A brief review of Mapper and its parameters Mapper is a visualization
tool that allows to represent any data set X equipped with a metric and
a continuous function f : X Ñ R with a graph. It is based on the Nerve
Theorem, which essentially states that, under certain conditions, the
nerve of a cover of a space has the same topology of the original space,
where a cover is a family of subspaces whose union is the space itself,
and the (1-skeleton of a) nerve is a graph whose nodes are the cover
elements and whose edges are determined by the intersections of cover
elements. The whole idea of Mapper is that since covering a space is
not always simple, an easier way is to cover the image of a continuous
function defined on the space with regular intervals, and then pull back
this cover to obtain a cover of the original space.

More formally, Mapper has three parameters: the resolution r P N˚,
the gain g P r0, 1s, and a clustering method C. Essentially, the Mapper
is defined as MappXq “ N pCp f ´1pIpr, gqqqq, where Ipr, gq stands for
a cover of imp f q with r intervals with g% overlap, and N stands for
the nerve operation, which is applied on the cover Cp f ´1pIpr, gqqq of X.
This cover is made of the connected components (assessed by C) of the
subspaces f ´1pIq, I P Ipr, gq. See Figure 3.6.

The influence of the parameters r, g, C, f on the Mapper shape is
still an active research area. For instance, the number of Mapper
nodes increases with the resolution, and the number of edges increases
with the gain, but these parameters, as well as the function f and the
clustering method C, can also have more subtle effects on the Mapper
shape. We refer the interested reader to the references mentioned in
this article for a more detailed introduction to Mapper.
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Figure 3.6: Example of Mapper computa-
tion on a double torus with height func-
tion covered by 4 intervals. Each inter-
val is pulled back in the original space
through f ´1 and then separated into its
connected components using C. For ex-
ample, the cover element obtained with
the pre-image of the green interval is
separated into its two connected compo-
nents. The nerve of this cover is then
computed to obtain the Mapper.
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4
The Fiber of Persistent Homology for Simplicial Complexes

Abstract

We study the inverse problem for persistent homology: For a fixed
simplicial complex K, we analyse the fiber of the continuous map PH
on the space of filters that assigns to a filter f : K Ñ R the total barcode
of its associated sublevel set filtration of K. We find that PH is best
understood as a map of stratified spaces. Over each stratum of the
barcode space the map PH restricts to a (trivial) fiber bundle with
fiber a polyhedral complex. Amongst other we derive a bound for the
dimension of the fiber depending on the number of distinct endpoints
in the barcode. Furthermore, taking the inverse image PH´1 can be
extended to a monodromy functor on the (entrance path) category of
barcodes. We demonstrate our theory on the example of the simplicial
triangle giving a complete description of all fibers and monodromy
maps. This example is rich enough to have a Möbius band as one of its
fibers.
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4.1 Introduction

Topological Data Analysis (TDA) is a rapidly expanding, new area
[CZ09, EH10b, Oud15] which has been applied to a large variety of data
science problems. Its best-known tool, persistent homology, provides a
non-linear dimension reduction method which is computable [OPT`

17,
ZC05] and robust with respect to small perturbations of the underlying
data [CSEH07]. A growing number of vectorisation methods [AEK`

17,
Bub15] enable statistical studies of the outcome of persistent homology
and combining it with machine learning methods.

It is thus natural to ask how much information can be recovered
from persistent homology: Given a particular instance of a persis-
tence module, what can we say about the data set it has been derived
from? Any qualitative or quantitative understanding of the informa-
tion loss would be of great value for future applications, and sev-
eral approaches to variations of this question have recently appeared
[Cur18, CMT18, CMW20, TMB14b]. We refer to [OS20b] for a survey
of inverse problems for persistent homology.

In this paper we analyse this foundational problem in a general
form: For a fixed simplicial complex K, we study the persistent homol-
ogy map PH (and its inverse) from the real-valued functions on K to
the space of barcodes. We are naturally led to study PH as a map of
stratified spaces and to extend PH´1 to a functor defined on a natural
category of barcodes. This rich structure we expect may also be of inter-
est outside the data science community. Indeed, persistent homology
has attracted much recent interest from other branches of mathemat-
ics, in particular symplectic topology, stemming from its connection to
Morse theory and its close cousin Floer homology [Bar94a, PS16, UZ16],
and may yet find uses in other areas, see for example [MM20].

4.1.1 Content and results

Given a fixed finite simplical complex K, let FiltK be the space of its
filters. By definition these are functions f : K Ñ I “ r0, 1s Ă R that are
monotonic with respect to face inclusions,

σ Ď σ1 ñ f pσq ď f pσ1q for all σ, σ1 P K.

Thus each sublevel set f ´1pp´8, tsq defines a simplicial subcomplex
of K and every f gives rise to a filtration. Persistent homology then
defines a continuous map

PH : FiltK ÝÑ Bar8,

where Bar8 is the space of total barcodes and PH assigns the union
of barcodes in all homological degrees. As K is fixed we restrict our
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attention to the image

BarK :“ PHpFiltKq.

In this notation, to understand the information loss of persistent homol-
ogy is to understand the fiber PH´1pDq at a barcode D P BarK. This
naturally leads us to a closer analysis of the spaces FiltK and BarK them-
selves. We will endow them with monoid actions and stratifications,
and show that PH is compatible with these extra structures.

Let EndpI, ďq be the monoid of order preserving continuous maps
of the unit interval I that fix the endpoints, and let AutpI, ďq be its sub-
group of homeomorphisms. The monoid EndpI, ďq and hence AutpI, ďq

act continuously on FiltK by post-composition and on BarK by moving
the endpoints of the bars. As the endpoints of the bars in PHp f q are a
subset of the values of f , the map PH is readily seen to be equivariant
with respect to these actions (Lemma 4.2.5).

For our further analysis it is important that both FiltK and BarK have
a natural stratification where each i-dimensional stratum is identified
with an open simplex

∆̊i “
␣

px1, ¨ ¨ ¨ , xiq | 0 ă x1 ă ¨ ¨ ¨ ă xi ă 1
(

such that the coordinates are given by the distinct values in the image
of f , and respectively, the distinct endpoints of the bars in D. We
identify each such stratum as an AutpI, ďq-orbit, and thus PH, by its
equivariance, is a strongly stratified map taking a stratum of filters
surjectively onto a stratum of barcodes (Proposition 4.2.15). In partic-
ular, the inverse image PH´1pBq of any barcode stratum B is a finite
union of filter strata. We then show that PH over a stratum B is a fiber
bundle with fiber a polyhedral complex (Theorem 4.3.2), and derive
some general properties of this fiber. Thus, for example, we show that
the dimension of the fiber over a barcode D is bounded by half the
difference between the number 7K of simplices and the number 7D of
endpoints in the barcode (Proposition 4.3.5):

dim PH´1pDq ď
7K ´ 7D

2
.

Unlike FiltK, BarK is not (the realisation of) a simplical complex: On
the boundary of a barcode stratum, viewed as an open simplex, the 1-
dimensional subspaces corresponding to bars pxj, xjq of length zero are
collapsed. Nevertheless, we are able to describe the attaching (or mon-
odromy) maps of the fiber over B to the fiber of a lower dimensional
stratum B1 Ď B̄ in its closure. These attaching maps are homotopic
to maps of polyhedra but are not in general homotopic to each other
(Proposition 4.4.12). We find that this structure is most naturally de-
scribed in terms of the category BarK: Its objects are the barcodes
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in BarK and its space of morphisms from D to D1 is the subspace of
maps ϕ P EndpI, ďq that send the endpoints of the bars in D surjec-
tively to those of D1. Each of these morphism spaces is discrete up to
homotopy (Theorem 4.4.2). Taking the inverse image then extends to a
functor from BarK to the category of topological spaces and continuous
maps

PH´1 : BarK ÝÑ Top

taking a morphism ϕ P BarKpD, D1q to the continuous map Lϕ : f P

PH´1pDq ÞÝÑ ϕ ˝ f P PH´1pD1q, which is indeed well-defined by the
equivariance of PH under the action of EndpI, ďq.

The category BarK, which we were naturally led to consider, is
closely related to the entrance path category EntpBarKq of the space BarK

which we prove to be homotopically stratified (Proposition 4.5.4) in the
sense of Quinn.1 Indeed, we show that descending to the homotopy 1 Frank Quinn. Homotopically stratified

sets. Journal of the American Mathematical
Society, 1(2):441–499, 1988

category, i.e. replacing morphism spaces with the set of their connected
components, induces an isomorphism of categories (Proposition 4.5.7)

hBarK » EntpBarKq.

Recall that the entrance path category is the analogue for stratified
spaces of the fundamental groupoid, and that functors from the en-
trance category to the category of sets are in correspondence with
branched covers. Taking this analogy one step further by replacing the
category of sets with the homotopy category of spaces hTop, we may
most naturally think of PH as a stratified fiber bundle with polyhedral
fibers:

PH´1 : EntpBarKq ÝÑ hTop.

Finally we remark in section 4.6.1 that there is no loss of generality
by restricting to filters that take value in the bounded interval I Ă R.
We also note in section 4.6.2 that a similar analysis as above holds if
instead of all filter functions we consider only lower star filters. Indeed,
the space LowK of lower star filters is a union of strata in FiltK. Thus
the fiber of PH restricted to the lower star filters is again a polyhedral
complex.

In Section 4.7, illustrating our theory, we describe in complete detail
the case when K is a triangle (with 6 simplices). For each of the 34
barcode strata in BarK we describe the fiber with the action of the
symmetry group of K and their monodromy maps. While most fibers
consist of a set of discrete points, three fibers are homeomorphic to
a circle, one is homeomorphic to two copies of the circle, and one is
homeomorphic to the Möbius band. As far as we are aware this is
the first non-contractible simplicial complex for which the fibers of PH
have been studied and also the first example where the fibers are not
homotopy discrete.
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4.1.2 Related previous work

Our set-up here is most closely related to that in the work of Cyranka,
Mischaikow and Weibel [CMW20] where the authors consider lower
star filters on the n-fold subdivided interval and show that the fibers
of PH are homotopy discrete. Previously, Curry in [Cur18] considers
the interval with the set of continuous maps. In particular he bounds
the connected components of the fiber in terms of the nestings of the
intervals in the barcode. Curry with coauthors also studies the higher
dimensional example of a sphere in [CCF`

20] with the set of functions
that arise as compositions of an embedding of S2 into R3 followed by a
projection onto the last coordinate. To the best of our knowledge, these
are all the examples where the fibers of persistent homology have been
analysed.

In general, the persistent homology associated to a single filter
cannot determine the underlying simplicial complex or its homotopy
type, no more than homology can determine the homotopy type of
the underlying space. However, under some conditions a family of
such functions might suffice. To understand this question Turner,
Mukherjee and Boyer introduced the persistent homology transform
(PHT) [TMB14b], and proved that indeed under certain circumstances
PHT is injective on shapes embedded in R3, see also [CP16, GLM18]
for a generalisation to higher dimensions. It has even been possible to
find algorithmically a left inverse for PHT for some specific classes of
sets [BFM`

20, Bet18, FMM`
19, Mic20].

There are other persistence based invariants of spaces. One such
(stable and computable) invariant for metric graphs has been proposed
by Dey, Shi, and Wang [DSW15]. In [OS17] Oudot and Solomon show
that the fiber of this intrinsic transform is generically globally and
always locally injective.

4.2 Stratifications of the spaces of filters and barcodes

We first recall some background theory and define the persistence
map PH the fibers of which are the object of interest. In section 4.2.2,
we introduce the topological monoid EndpI, ďq of non-decreasing maps
of the interval which provides essential structure: it acts continuously
on the spaces of filters and barcodes, and the persistence map PH is
equivariant with respect to this action. In section 4.2.3, we show further-
more that the orbits of the subgroup of homeomorphisms, AutpI, ďq,
provide stratifications for the space of filters and the space of barcodes
and that, due to its equivariance, PH is a strongly stratified map be-
tween them. It follows now easily that the fibers over barcodes from
the same stratum are pairwise homeomorphic, thus turning the identi-
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fication of the fiber into a finite problem. In section 1.4 we also show
that the image BarK of the space of filters under PH has the quotient
topology.

4.2.1 The definition of the persistence map

Let SCpx denote the category of finite (abstract) simplicial complexes
and inclusions, and let K P SCpx be an arbitrary simplicial complex of
dimension d P N, which is fixed throughout the paper. We consider K
as a subset of the power set on its vertices. Recall, if σ P K then all its
non-empty subsets σ1 Ă σ, i.e. its faces, are also in K. We write 7K for
the total number of simplices in the complex K.

We denote by I :“ r0, 1s the closed unit interval. A typical function
on K valued in I is denoted by f P IK.

Definition 4.2.1. A filter function, or filter for short, on K is a map f :
K Ñ I that is monotonic with respect to face inclusions: For all sim-
plices σ1, σ P K

σ1 Ď σ ñ f pσ1q ď f pσq.

The set of all filters on K is denoted by FiltK.

The monotonicity condition on filters is equivalent to the property
that their sublevel sets are simplicial subcomplexes of K. Thus a filter f
gives rise to a filtration Kp f q “ t f ´1pp´8, tsqutPR, of K which we may
think of as a functor from R (as an ordered set) to the category of
simplicial complexes

Kp f q : pR, ďq ÝÑ SCpx.

We can then compose this with the functor Hp which takes a simplicial
complex to its p-th simplicial homology with coefficients in a fixed
field k. This defines the pth persistent homology functor

HppKp f qq : pR, ďq ÝÑ Vectk,

which is an instance of a one-parameter, pointwise finite dimensional,
finite persistence module, or persistence module for short. We denote
by Pers the category of such persistence modules and natural transfor-
mations between them.

Given an interval J Ď R, the associated interval module IJ P Pers has
copies of the field k over J and zero elsewhere, the copies of k being
connected by identity maps. Given a persistence module V P Pers,
by the Decomposition Theorem2, there exists a unique finite set J of 2 William Crawley-Boevey. Decomposi-

tion of pointwise finite-dimensional per-
sistence modules. Journal of Algebra and
its Applications, 14(05):1550066, 2015

intervals such that we have an isomorphism:

V –
à

JPJ
IJ .
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The finite multiset BarpVq of pairs pinf J, sup Jq P pR \ t´8uq ˆ pR \

t8uq for intervals J P J appearing in the above decomposition is the
so-called barcode of the module V. If V “ HppKp f qq is a persistent
homology module, then the intervals that occur are all half-open inter-
vals of the form J “ rb, dq with restricted values pb, dq P I ˆ pI \ t8uq.
Consequently, we formally define barcodes as follows.

Definition 4.2.2. A barcode D is a finite multi-set of pairs pb, dq in I ˆ

pI \ t8uq, with b ă d, called the intervals or bars of D. An interval pb, dq

is bounded (resp. infinite) if d ă 8 (resp. d “ 8). The multiplicity of an
interval pb, dq P D is denoted by Dpb, dq P N. The set of all barcodes is
denoted by Bar.

We can now define the degree p persistence map as the composition

PHp :“ BarpHp ˝ Kp.qq : FiltK ÝÑ Bar

and the (total) persistence map as the product

PH :“ pPH0, . . . , PHdq : FiltK ÝÑ Bard`1.

We will refer to elements D “ pD0, . . . , Ddq P Bard`1 simply as barcodes.
We will mainly be interested in barcodes in the image of PH:

BarK :“ PHpFiltKq Ď Bard`1.

The set of filters FiltK is naturally topologised as a subset of the finite
dimensional Euclidean space RK.

The standard topology on Bar, and hence on BarK, is induced by
an (extended) metric which we now recall. A matching γ between two
barcodes D, D1 P Bar is a partial injective map γ from intervals of D
to those of D1. The cost cpγq of a matching is the maximum of the
following three quantities: (i) the maximum }pb, dq ´ γpb, dq}8 over
intervals pb, dq P D where γ is defined, (ii) the maximal length d´b

2
over intervals pb, dq P D where γ is not defined, and (iii) the maximal
length d1´b1

2 over intervals pb1, d1q P D1 that are not in the image of γ.
Here we allow 8 as a possible value for d, d1, and hence also for the
maxima; and }.}8 denotes the (extended) supremum norm on R ˆ

pR Y t8uq. The bottleneck distance, db, between D and D1 is then defined
as:

dbpD, D1q :“ inf
γ matching

cpγq.

Since our barcodes are finite multisets, db defines a true (extended)
metric on Bar. We endow Bar with the induced bottleneck topology.

We thus have the following instance of the Stability Theorem3 in our 3 Ulrich Bauer and Michael Lesnick. In-
duced matchings and the algebraic sta-
bility of persistence barcodes. Journal
of Computational Geometry, 6(1):162–191,
2015; Frédéric Chazal, Vin de Silva, Marc
Glisse, and Steve Oudot. The structure and
stability of persistence modules. Springer-
Briefs in Mathematics. Springer, 2016;
and David Cohen-Steiner, Herbert Edels-
brunner, and John Harer. Stability of per-
sistence diagrams. Discrete & Computa-
tional Geometry, 37(1):103–120, 2007

context.

Theorem 4.2.3. The degree p persistence map PHp is Lipschitz continuous,
and thus so is the persistence map PH.
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For later reference, we record the following elementary fact.

Proposition 4.2.4. Let D P Bard`1 be a non-empty barcode. Then for small
enough ϵ, another barcode D1 is ϵ-close to D if and only if its intervals satisfy
the following:

• for each integer 0 ď p ď d and interval pb, dq P Dp, the intervals pb1, d1q

in D1
p satisfying }pb1, d1q ´ pb, dq}8 ă ϵ have multiplicities summing up

to Dppb, dq, the multiplicity of pb, dq in Dp;

• the other intervals pb1, d1q P D1, that is those that are not ϵ-close to intervals
in D, are ϵ-small, i.e. |d1 ´ b1| ă ϵ.

Proof. Take ϵ ď α
2 where α is the minimum of (a) the lengths d ´ b of

intervals pb, dq P D and (b) all pairwise distances }pb, dq ´ pb, dq}8 for
any two geometrically distinct intervals pb, dq and pb, dq in D. Note
that α ą 0 as by definition all our barcodes are finite, i.e. D has finite
support.

4.2.2 Actions on filters and barcodes, and equivariance of the persis-
tence map

Let AutpI, ďq be the space of orientation preserving homeomorphisms
of I, and EndpI, ďq be the space of continuous non-decreasing maps
that fix the boundary points 0 and 1. We consider them as subspaces of
the space of all continuous maps of I to itself with the compact open
(or equivalently ||.||8-metric) topology. In this topology EndpI, ďq is
the closure of AutpI, ďq. For future reference we note that the straight
line interpolation

ϕt :“ p1 ´ tqϕ ` tϕ1

between maps ϕ, ϕ1 P EndpI, ďq defines a continuous path in EndpI, ďq.
Since the boundary points are fixed by elements in AutpI, ďq and EndpI, ď

q, they extend by the identity to automorphisms and endomorphisms of
the real line R and the extended real line R Y t˘8u. When the context
requires it, we will tacitly extend our maps without changing notation.

The monoid EndpI, ďq acts from the left on FiltK by post-composition:

ϕ. f :“ ϕ ˝ f .

It also acts from the left on Bar, and hence diagonally on Bard`1, by
applying ϕ to all the endpoints of the bars in D with the convention
that ϕp8q “ 8 and bars of length zero are suppressed:

ϕ.D :“ ϕpDq “ tpϕpbq, ϕpdqq | pb, dq P D and ϕpbq ‰ ϕpdqu.

Thus ϕpDq contains (with multiplicities) an interval pϕpbq, ϕpdqq for each
interval pb, dq P D as long as ϕpbq ‰ ϕpdq, and an interval pϕpbq, 8q for
each interval pb, 8q P D.
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A key result used in this work is that the persistence map is equiv-
ariant with respect to these actions.

Lemma 4.2.5 (Equivariance). The persistence map PH is EndpI, ďq-equivariant:
For all ϕ P EndpI, ďq and f P FiltK

PHpϕ ˝ f q “ ϕpPHp f qq.

Proof. We fix a filter f P FiltK and a map ϕ P EndpI, ďq.
Recall that PHp f q is the union of PHpp f q for p “ 0, . . . , d, and PHpp f q

is given by the composition BarpHp ˝ Kp f qq. By definition of Kpϕ ˝ f q,
for t P R we have

Kpϕ ˝ f qptq “ pϕ ˝ f q´1`p´8; ts
˘

“ f ´1`p´8; maxpϕ´1pttuqqs
˘

“ Kp f q
`

maxpϕ´1pttuqq
˘

.

Note that ϕ is non-decreasing and continuous. Thus the inverse im-
age ϕ´1pttuq of the point t is a closed, bounded interval and hence
contains its maximum. On composition with the singular homology
functor Hp this yields

Hp ˝ Kpϕ ˝ f qptq “ Hp ˝ Kp f q
`

maxpϕ´1pttuqq
˘

.

Hence the barcode PHppϕ ˝ f q is the barcode of the persistence mod-
ule t ÞÑ Hp ˝ Kp f q

`

maxpϕ´1pttuqq
˘

, which rewrites uniquely as a sum
of interval modules:

Hp ˝ Kp f q
`

maxpϕ´1pttuqq
˘

»
“

à

pb,dqPPHpp f q

Irb,dq

‰`

maxpϕ´1pttuqq
˘

“
à

pb,dqPPHpp f q

Irb,dq

`

maxpϕ´1pttuqq
˘

“
à

pb,dqPPHpp f q

Irϕpbq,ϕpdqqptq.

The first equality follows from the definition of the barcode PHpp f q,
i.e. Hp ˝ Kp f q decomposes as

À

pb,dqPPHpp f q Irb,dq. The second equality

holds because pre-composition by the map t ÞÑ maxpϕ´1pttuqq induces
an additive endofunctor on persistence modules. The third one is a
consequence of ϕ being non-decreasing, as then max ϕ´1pttuq P rb, dq is
equivalent to t P rϕpbq, ϕpdqq.

This yields PHppϕ ˝ f q “ ϕpPHpp f qq, and hence PHpϕ ˝ f q “ ϕpPHp f qq.

Remark 4.2.6. In the above proof we indirectly made use of the follow-
ing more general categorical framework where both Kp f q and Hp ˝ Kp f q

are considered as functors from the category pR, ďq of ordered real
numbers defining concrete instances of filtrations and persistence mod-
ules, that is functors

F : pR, ďq ÝÑ SCpx and V : pR, ďq ÝÑ Vectk.
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Precomposition with any endofunctor α of pR, ďq defines a right action
both on filtrations and on persistence modules. Furthermore, composi-
tion by any functor L : SCpx Ñ Vectk defines a map from filtrations to
persistence modules, and we have the following general equivariance
result due to associativity for composition of functors:

LpF.αq “ L ˝ pF ˝ αq “ pL ˝ Fq ˝ α “ LpFq.α.

The endofunctors of pR, ďq are the (weakly) order preserving maps
of R, that is maps α satisfying: t1 ă t ñ αpt1q ď αptq. Note that α does
not have to be continuous.

For the proof of Lemma 4.2.5 we have used the functor L “ Hp and
the fact that an element ϕ P EndpI, ďq gives rise to an endofunctor α :“
max ϕ´1 defined by t ÞÑ max ϕ´1pttuq. We furthermore used that
Kpϕ ˝ f q “ Kp f q ˝ max ϕ´1 and Irϕpbq,ϕpdqq “ Irb,dq ˝ max ϕ´1 to translate
the given action on the space of filters and barcodes into the functorial
setting.

It is an easy exercise to show that the action of EndpI, ďq on filters
is continuous. We next show that the action is also continuous on
barcodes.

Proposition 4.2.7. EndpI, ďq acts continuously on Bar, i.e. it is induced by
a continous map

EndpI, ďq ˆ Bar Ñ Bar.

Proof. We show that the map EndpI, ďq ˆ Bar Ñ Bar is sequentially
continuous. Let pϕn, Dnq P EndpI, ďq ˆ Bar be a sequence converging to
some pϕ, Dq. Let ϵ ą 0 be small enough such that the intervals of any
barcode that is ϵ-close to D satisfy the alternative of Proposition 4.2.4.
As I is compact, ϕ is uniformly continuous and there exists η ą 0
such that |ϕpdq ´ ϕpbq| ă ϵ whenever b, d P I satisfy |d ´ b| ă η. Let n
be large enough such that Dn is minpϵ, ηq-close to D, and moreover
}ϕn ´ ϕ}8 ă ϵ.

If pbn, dnq P Dn is a small interval, i.e. dn ´ bn ă minpϵ, ηq, then:

|ϕnpdnq ´ ϕnpbnq| ă |ϕnpdnq ´ ϕpdnq| ` |ϕpdnq ´ ϕpbnq| ` |ϕpbnq ´ ϕnpbnq| ă 3ϵ.

Therefore pϕnpbnq, ϕnpdnqq is a 3ϵ-small interval in ϕnpDnq.
Else, pbn, dnq is minpϵ, ηq-close to a unique interval pb, dq of D, and

then

}pϕnpbnq, ϕnpdnqq ´ pϕpbq, ϕpdqq}8 ď }pϕnpbnq, ϕnpdnqq ´ pϕpbnq, ϕpdnqq}8

` }pϕpbnq, ϕpdnqq ´ pϕpbq, ϕpdqq}8 ă 2ϵ.

This yields a canonical matching from ϕnpDnq to ϕpDq with cost less
than 3ϵ.
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4.2.3 Stratifications of the spaces of filters and barcodes

We introduce a weak notion of stratification in the sense that we will
not require (for now) any conditions on how strata are glued together.
We will return to this in Section 4.5.1.

Definition 4.2.8. A stratification of a topological space X is a filtration
H “ X´1 Ď X0 Ď X1 Ď ¨ ¨ ¨ by a (possibly infinite) sequence of closed
subspaces Xi, i P N, where the sets XizXi´1 are topological manifolds
of dimension i. The path connected components of XizXi´1 are called
i-strata, or strata of dimension i. A stratified map between two stratified
spaces X and X1 is a continuous, filtration preserving map of the
underlying spaces. A strongly stratified map is a stratified map that maps
any stratum of X surjectively to a stratum of X1.

We will show that FiltK and BarK are stratified spaces with strata
given by the AutpI, ďq-orbits, each homeomorphic to an open standard
simplex for some i,

∆̊i :“
␣

px1, ¨ ¨ ¨ , xiq | 0 ă x1 ă ¨ ¨ ¨ ă xi ă 1
(

Ă Ri.

Recall that AutpI, ďq acts continuously on the space of filters FiltK by
post-composition. For f P FiltK, we denote the associated orbit by

S “ S f :“ tϕ. f | ϕ P AutpI, ďqu.

Two filters are in the same orbit if they induce the same pre-order on
the simplices of K: σ ď σ1 ðñ f pσq ď f pσ1q. Inside a given orbit a
filter is uniquely determined by the sequence of its values that are not
equal to 0 or 1 sorted in increasing order. Varying f by an element
in AutpI, ďq varies this sequence over the whole open standard simplex.
Thus for each orbit S the map

S –
ÝÑ ∆̊dimS , dimS :“ 7pImp f q X p0, 1qq

that sends a filter to the increasing sequence of its distinct values that
are not equal to 0 or 1 defines an affine homeomorphism. The inverse
map µ is a coordinate chart for the stratum S which in fact extends to
the closure,

µ : ∆dimS –
ÝÑ S , (4.1)

and S is the orbit of EndpI, ďq. We record that the orbits define a
stratification.

Proposition 4.2.9. For each i ě 0, let Fi be the union of AutpI, ďq-orbits S
with dimS ď i. This defines a stratification of FiltK. The i-strata are given
by the orbits of dimension i.
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Remark 4.2.10. A stratum is simply an equivalence class of filters,
where filters are declared equivalent if they induce the same pre-order
on simplices. This point of view was already adopted in [LOT21] in the

Jacob Leygonie, Steve Oudot, and Ul-
rike Tillmann. A framework for differ-
ential calculus on persistence barcodes.
Foundations of Computational Mathematics,
pages 1–63, 2021

context of persistence differentiation. Equivalently, the stratification is
the hyperplane arrangement generated by the equalities f pσq “ f pσ1q.
It is well-known to be a Whitney stratification, but we will not make
use of this richer structure here.

Similarly we construct a stratification of barcodes Bard`1. For D P

Bard`1, we consider the associated AutpI, ďq-orbit

B “ BD :“ tϕ.D | ϕ P AutpI, ďqu.

The orbits partition the space of barcodes Bard`1. Within such an orbit,
the multiplicities and the nestings of bars are constant, and it is only
the consecutive values of the interval endpoints that can vary. Thus for
each orbit B the map

B –
ÝÑ ∆̊dimB , dimB “ dimBD “ dim D :“ 7 distinct endpoints of D that are in p0, 1q

that sends a barcode to the increasing sequence of its distinct values
of interval endpoints that are not equal to 0, 1 or 8 defines a home-
omorphism. The inverse map ν is then a coordinate chart for the
stratum:

ν : ∆̊dimB –
ÝÑ B. (4.2)

Remark 4.2.11. In fact ν is even a local isometry when B is equipped
with the bottleneck distance and ∆̊dimB with the }.}8-metric: This
is because in a fixed stratum barcodes have a constant number and
nestings of bars; hence endpoints can be matched (in an increasing
order) and the }.}8-metric gives us the cost of the induced matching,
which will be optimal when the barcodes are close enough.

Proposition 4.2.12. For each i ě 0, let Bi be the union of the AutpI, ďq-
orbits B with dimB ď i. This defines a stratification of Bard`1. The i-strata
are the orbits of dimension i.

Proof. As orbits provide a partition, the sets Bi for i P N form a filtration
of Bard`1. Each of the Bi is also closed as the complement is open:
barcodes close to a given barcode D have the same number of bars with
endpoints in p0, 1q or more as can be deduced from Proposition 4.2.4.

Furthermore, the complements BizBi´1 are by definition the union of
finitely many (disjoint) orbits B1, . . . ,Bli , each homeomorphic to ∆̊i. The
lemma below implies that the closure of each Bj does not intersect any
of the Bk for k ‰ j. Thus a path Dt of diagrams in BizBi´1 with D0 P Bj

cannot leave the orbit Bj. On the other hand, each stratum Bj is path
connected since D0 can be connected to any other diagram D1 P Bj
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by a linear path Dt :“ ptϕ ` p1 ´ tqIdq.D0 where ϕ P AutpI, ďq is such
that D1 “ ϕpD0q. Hence the path connected components of BizBi´1 are
the orbits of dimension i, and BizBi´1 is a manifold of dimension i.

Lemma 4.2.13. Let D, D1 P Bard`1 be two barcodes. Then the following are
equivalent:

(1) There exists a non-decreasing map ϕ P EndpI, ďq such that D1 “ ϕ.D;

(2) BD1 Ď BD, i.e. the stratum containing D1 is in the closure of that contain-
ing D.

Proof. Assume (1) and let ϕ P EndpI, ďq be such that D1 “ ϕ.D. Con-
sider the paths

ϕt :“ p1 ´ tqId ` tϕ and Dt :“ ϕt.D.

For t P r0, 1q, ϕt P AutpI, ďq and hence Dt P BD. By continuity of the
monoid action, Proposition 4.2.7, the path of barcodes Dt is continuous
in t on the whole interval r0, 1s. Consequently, in the limit, D1 “ D1 P

BD. If D2 P BD1 is another barcode from the orbit defined by D1

then there exists a β P AutpI, ďq with D2 “ β.D1. Consider β.Dt “

pβ ˝ ϕtq.D. By the same argument as above, this is a continuous path of
barcodes from D to D2 that is contained entirely in BD with the possible
exception when t “ 1. Hence D2 P BD, and more generally BD1 Ď BD

which is (2).
Conversely, assume (2). If D1 P BD then by definition of BD there

exists a ϕ P AutpI, ďq with D1 “ ϕ.D and (1) is satisfied. So we may as-
sume D1 R BD (and hence the entire orbit BD1 is contained in the bound-
ary BDzBD). Let Dn, n ě 0, be a sequence in BD converging to D1, and
let ϕn P AutpI, ďq such that Dn “ ϕn.D. Then, by the characterisation of
the local neighborhoods in Bar, Proposition 4.2.4 for small enough ϵ

and large enough n, the bars in D1 can be matched up (one-to-one) with
bars in Dn that are ϵ-close, and furthermore any additional bar in Dn

is of length less ϵ. Let γ be an optimal matching from Dn to D1 which
collapses the small bars. The number of intervals in Dn is the same as
in D, in particular finite, so for ϵ small enough relative to the distances
between consecutive endpoints xi, xi`1 of D1, the union of the ϵ-small
intervals in Dn do not cover any segment rxi, xi`1s. In this case we can
use γ to construct a non-decreasing map ϕ1 P EndpI, ďq with ϕ1.Dn “ D1.
Hence, D1 “ ϕ1.Dn “ pϕ1 ˝ ϕnq.D “ ϕ.D with ϕ :“ ϕ1 ˝ ϕn. This
gives (1).

Remark 4.2.14. The monoid EndpI, ďq acts coordinate-wise on any
simplex ∆i, and under this action the orbit of any point in the interior ∆̊i

is the closed simplex ∆i. As both µ and ν are compatible with the action
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restricted to AutpI, ďq, they can be extended to equivariant maps from
the closed simplex:

ν : ∆dimB ÝÑ B, with νpϕ.xq :“ ϕ.νpxq. (4.3)

This is easily seen to be well-defined, i.e. given x, x1 P ∆̊dimB and ϕ, ϕ1 P

EndpI, ďq such that ϕ.x “ ϕ1.x1 we have ϕ.νpxq “ ϕ1.νpx1q. From the
above lemma B is the monoid orbit of EndpI, ďq, therefore the exten-
sion ν is surjective. Hence B (as a set) can be identified as a quotient
of the closed standard simplex. Indeed, ν is a strongly stratified map
where the stratification on the standard simplex is the usual one and B
is considered a sub-stratified space of Bard`1. In general ν is not
injective on the boundary, see Example 4.2.19.

With both the stratifications of FiltK and Bard`1 in place, the persis-
tence map PH : FiltK Ñ Bard`1 is then a map of stratified spaces in the
following strong way:

Proposition 4.2.15. The persistence map is a strongly stratified map. Namely,
let S be an i-stratum in the space of filters. Then there exists a j-stratum B
with j ď i and PHpSq “ B.

Proof. Strata in the spaces of filters and barcodes are the AutpI, ďq-
orbits with respect to which PH is equivariant by Lemma 4.2.5. We
thus have for all f P FiltK and associated stratum S f

PHpS f q “ tPHpϕ. f q “ ϕ.PHp f q | ϕ P AutpI, ďqu “ BPHp f q.

Furthermore, over a fixed stratum in BarK the fibers are all homeo-
morphic.

Proposition 4.2.16. Let B Ď BarK be a barcode stratum. The pre-images of
PH over elements in B are pairwise homeomorphic.

Proof. Let D, D1 P B so that D1 “ ϕ.D for some ϕ P AutpI, ďq. By the
equivariance of PH, Lemma 4.2.5, the action (by post-composition) of ϕ

on FiltK restricts to a map from PH´1pDq to PH´1pD1q “ PH´1pϕ.Dq “

ϕ.PH´1pDq.

Therefore BarK is a stratified subspace of Bard`1 consisting of the
union of strata PHpSq, where S Ď FiltK varies over the set of strata of
the space of filters. In particular BarK is a finite union of strata, finite
dimensional and compact, unlike Bard`1 which has infinitely many
strata of arbitrarily large dimensions.

4.2.4 The space BarK as a quotient space

We will now show that as a topological space BarK is the quotient of
the space of filters FiltK induced by the persistence map.
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Proposition 4.2.17. The quotient topology on BarK “ PHpFiltKq induced
by PH agrees with the bottleneck topology, that is we have a homeomorphism
from the quotient

PH : pFiltK { „q
–

ÝÑ BarK,

where „ is defined by f „ f 1 ô PHp f q “ PHp f 1q.

Proof. By Theorem 4.2.3, PH : FiltK Ñ BarK is continuous, and hence,
by the universal property of the quotient, it induces a continuous bijec-
tion PH. It remains to prove that the inverse PH´1 is also continuous,
or equivalently that PH is open.

Let U be an open set in pFiltK { „q and let D P U. Then by defini-
tion of the quotient topology PH´1pUq is open and contains PH´1pDq.
Since PH is continuous, PH´1pDq is closed, and being a subset of IK

it is in fact compact. Thus for some η ą 0 we have that the η-offset
of PH´1pDq lies in PH´1pUq:

PH´1pDqη :“
␣

f P FiltK, Dg P PH´1pDq, } f ´ g}8 ă η
(

Ď PH´1pUq.

We will show that PH´1pD1q Ď PH´1pDqη for D1 close enough to D
in the bottleneck metric. By the above this implies that PH´1pD1q Ď

PH´1pUq, which amounts to D1 P U, and hence U is an open set
in BarK.

By Proposition 4.2.4, for ϵ small enough, bars pb1, d1q P D1 that are
not ϵ-small are matched up with bars of D that are ϵ-close. We consider
the following equivalence relation on interval endpoints b1, d1 of D1.
First, we deem equivalent all endpoints that are ϵ-close to the same
endpoint xi of D. Then, we deem equivalent two ϵ-small intervals that
overlap: rb1, d1s X rb2, d2s ‰ H and take the transitive closure of that
relation. Since there are at most 7K endpoints in D1, the endpoints in
the same equivalence class span a range of size at most 7K ˆ ϵ. Thus
if ϵ has been chosen small enough to start with, then it is impossible to
find in the same equivalence class two endpoints of D1 that are ϵ-close
to distinct endpoints xi ‰ xj of D.

This allows constructing a map ϕ : I Ñ I such that ϕpD1q “ D
as follows: Over the span of an equivalence class of endpoints we
define ϕ as the constant map with value xi in the case where there is an
endpoint b1 or d1 which is ϵ-close to the endpoint xi of D, and with an
arbitrary value in the span in the case where there is no such endpoint
in the equivalence class. We extend ϕ linearly on I. By design ϕ differs
from the identity map by at most 7K ˆ ϵ, because the span of each
equivalence class has diameter bounded by 7K ˆ ϵ. Hence if we take
an arbitrary f P PH´1pD1q, then g :“ ϕ ˝ f belongs to PH´1pDq by
equivariance of PH, and g is p7K ˆ ϵq-close to f . Up to shrinking ϵ

so that 7K ˆ ϵ ă η, we have f P PH´1pDqη . Therefore PH´1pD1q Ď

PH´1pDqη .
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The top dimensional strata of FiltK consists of the injective filters f :
K Ñ I that do not take the values 0 or 1. Hence the dimension of the
top strata is 7K. The interval endpoints of a barcode D “ PHp f q form
a subset of the values of f and in general dimBD ď dimS f . However,
when f is injective, each simplex enters the next sublevel set of the
filtration by itself and hence induces a change in homology. Thus in
particular we see that the dimension of the top dimensional barcode
strata in BarK is again 7K. Let

Bartop
K :“

ď

dimB“7K

B “ tPHp f q | f P FiltK is injective and does not take the values 0 or 1
(

.

Proposition 4.2.18. The barcode space BarK is the closure of its top dimen-
sional strata, i.e.

BarK “ Bartop
K .

Proof. Let D “ PHp f q be a barcode in the image. We can always factor f
as f “ ϕ ˝ g for some injective filter g P FiltK and a non-decreasing
map ϕ P EndpI, ďq. By the equivariance of PH (Lemma 4.2.5), we
have D “ ϕpPHpgqq. Up to an arbitrarily small perturbation, g does
not take the values 0 and 1, and hence PHpgq is an element in a top
dimensional stratum. The result then follows from Lemma 4.2.13.

The space BarK can thus be built as a quotient of a finite collection of
(closed) simplices corresponding to the top dimensional barcode strata
where some of the faces may be identified to each other and where
i-dimensional faces may be reduced to a j-dimensional simplex through
collapsing pi ´ jq-dimensional affine subspaces (corresponding to bars
of length zero). The following example illustrates this.

Example 4.2.19. Let K represent the unit interval with vertices a, b and
1-simplex σ. The space of filters consists of two 3-dimensional strata
corresponding to the induced orderings a ă b ă σ and b ă a ă σ,
which are mapped to each other via the action on K given by the invo-
lution pa, bq on its set of vertices. All faces are included in FiltK and the
two simplices are glued together along their common face correspond-
ing to a “ b ď σ. Under the map PH the two 3-simplices are identi-
fied to one 3-simplex giving a unique top dimensional stratum Btop

in the space of barcodes BarK parametrising barcodes of the form
tpx1, 8q, px2, x3qu with 0 ă x1 ă x2 ă x3 ă 1. The barcode space BarK

can then be identified with the quotient space of the closed 3-simplex
where the 2-dimensional face corresponding to 0 ď x1 ă x2 “ x3 ď 1 is
collapsed to the line segment 0 ď x1 “ x2 “ x3 ď 1, i.e. we identify:

px1, x2, x3q „ px1
1, x1

2, x1
3q whenever x2 “ x3 and x1

2 “ x1
3.

See Figure 4.1. We thus see that the fiber PH´1pDq of a barcode
D “ tpx1, 8q, px2, x3qu P BarK consists of two points if x1 ă x2 ă x3, of
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one point if x1 “ x2 ă x3, and of an interval (consisting of two intervals
glued together) if x1 ă x2 “ x3.

Figure 4.1: When K is the simplicial inter-
val, the space BarK is the quotient space
of the closed 3-simplex with each dotted
line on the back face collapsed to one
point.

4.3 The persistence map as a polyhedral stratified fiber bundle

Although the persistence map PH is globally not a fibration, we show
in section 4.3.1 that it is a trivial fibration over each barcode stratum
with a polyhedral complex as fiber. Using this structure in section 4.3.2,
we derive topological properties of the fiber.

4.3.1 Polyhedral structure on the fiber

We strengthen Propositions 4.2.15 and 4.2.16, showing that, over each
barcode stratum in the image BarK “ PHpFiltKq, the persistence map is
a trivial fiber bundle with a polyhedral complex as fiber. The intuition
behind this result is that PH can be viewed as a piecewise linear
projection as follows. Given a filter stratum S Ď FiltK and the barcode
stratum B “ PHpSq, the restriction PH|S can also be described as a

map πB
S : ∆̊dimS Ñ ∆̊dimB via the coordinate charts µ : ∆̊dimS –

ÝÑ S
and ν : ∆̊dimB –

ÝÑ B given by Eq. (4.1) and Eq. (4.2):

∆̊dimS

∆̊dimB

S

B

πB
S PH

µ

ν
(4.4)

The map πB
S is the linear projection from RdimS to RdimB that records

the values of a filter f which are bounded interval endpoints in the
associated barcode PHp f q. That PH can be described by this diagram
follows from the following two elementary observations: (i) πB

S is
AutpI, ďq-equivariant since µ and ν are equivariant, where AutpI, ďq

acts on ∆̊dimS and ∆̊dimB coordinate-wise; and (ii) the set of bounded
interval endpoints in the barcode PH is a subset of the values of f .

The fiber of such a projection map, restricted to the polyhedron ∆̊dimS –

S , is itself a polyhedron. In this section, we glue the polyhedra obtained
in this way over the various filter strata S in order to describe the whole
fiber of PH over a barcode stratum as a complex of polyhedra.

Recall that a (bounded) polyhedron is a bounded, finite intersection of
closed half-spaces in a Euclidean space. The dimension of a polyhedron
is the dimension of its affine hull. A face of a polyhedron P is the
intersection of P with a supporting hyperplane, and is itself a polyhe-
dron. In particular, a polyhedron P is a bounded convex Euclidean
set. For such sets, we have the notions of relative interior and relative
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boundary, which offer the advantage not to depend on the ambient
Euclidean space, and with a slight abuse of notations we denote them
by P̊ and BP respectively.

Definition 4.3.1. A polyhedral complex is a finite set Π of polyhedra in
some Euclidean space Rn, such that (i) if F is a face of P P Π, then
F P Π, and (ii) for all P ,P 1 P Π, the intersection P X P 1 is either empty
or is a face of both P and P 1. By convention, the empty set is in Π. The
support of Π is

Ť

PPΠ P Ď Rn. The dimension of a polyhedral complex
is the maximal dimension of its polyhedra.

A map of polyhedral complexes, or polyhedral map, is a map that
sends a polyhedron of the domain to a polyhedron of the co-domain
surjectively, and whose restriction to each polyhedron P of the domain
is affine (i.e. can be extended to an affine map to the ambient space
of P). In the case where the polyhedra are simplicial complexes, the
notion of polyhedral map coïncides with that of simplicial map, in that
it is induced by a map defined on the abstract simplicial complexes.
More generally, polyhedral complexes can be thought of as geometric
realisations of simplicial complexes. In fact, it is a standard fact that
a polyhedral complex admits a finite triangulation on the same set
of vertices. For the proof of this result and more about polyhedral
geometry, we refer the reader to [GB09].

Joseph Gubeladze and Winfried Bruns.
Polytopes, rings, and K-theory. Springer,
2009

Theorem 4.3.2. Let B Ď BarK be a barcode stratum in the image of PH, and
D P B be any barcode. For each filter stratum S Ď FiltK X PH´1pBq, let

PH´1
|S pDq “ PH´1pDq X S Ď RK

be the (closure of the) restriction to the stratum S of the fiber of the persistence
map over D. Then:

(a) Each PH´1
|S pDq is a polyhedron in RK of dimension dimS ´ dimB, and

is affinely isomorphic to the product of dimB ` 1 standard simplices (of
various dimensions):

∆0 ˆ ∆1 ˆ ∆2 ˆ ¨ ¨ ¨ ˆ ∆dimB´1 ˆ ∆dimB .

Moreover, the relative interior of PH´1
|S pDq is PH´1

|S pDq;

(b) The fiber PH´1pDq is the support of the polyhedral complex

"

PH´1
|S pDq |S filter stratum

*

;
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(c) There is a homeomorphism Φ giving the following commutative diagram:

B

B ˆ PH´1pDq PH´1pBq
Φ

π1 PH

(4.5)

where π1 denotes the projection onto the first factor. Additionally, for any
barcode D1 P B and filter stratum S , the restricted map ΦpD1, .q|S is an
affine isomorphism between PH´1

|S pDq and PH´1
|S pD1q. In particular, the

polyhedral structure of PH´1pDq is the same for all barcodes in B.

The situation of assertion (a) is depicted in Fig. 4.2.

Figure 4.2: The filter f (green) on the
complex obtained from subdividing the
unit interval with five vertices yields
the 2-dimensional barcode D (purple).
The stratum S of f contains those fil-
ters which assign values in strictly in-
creasing order to the vertices v1, v2, v4, v3
and v5 and whose values over edges
pvi , vi`1q are the maxima of their values
over the endpoints vi and vi`1. The fil-

ters in the restricted fiber PH´1
|S pDq must

fix the equalities f pv1q “ 0, f pv3q “ x2
and f pv4q “ x1, but we may vary f pv2q P

r0, x1s and f pv5q P rx1, x2s. These two de-
grees of freedom correspond to the two
simplices ∆0 and ∆2, which are in this
case of dimension 1, whereas ∆1 is a sin-
gleton as no value of f lies in px1, x2q.
We thus get the affine isomorphism be-

tween PH´1
|S pDq and the product ∆0 ˆ

∆1 ˆ ∆2 of Theorem 4.3.2.

Proof. Recall from Eq. (4.4) how the persistence map rewrites as a
projection map πB

S : RdimS Ñ RdimB onto the dimB consecutive filter
values that modify the homology groups of the sublevel sets. So the
fiber of πB

S over the element px1, ¨ ¨ ¨ , xdim Dq :“ ν´1pDq is automatically
affinely isomorphic to the product

PH´1pDq X S – pπB
S q´1px1, ¨ ¨ ¨ , xdim Dq

– ∆̊0 ˆ ∆̊1 ˆ ∆̊2 ˆ ¨ ¨ ¨ ˆ ∆̊dimB´1 ˆ ∆̊dimB (4.6)

of open simplices ∆̊i whose dimensions sum up to dimS ´ dimB,
where the open simplex ∆̊i corresponds to values in-between xi and xi`1,
the i-th and i ` 1-th endpoint values in D (recall the convention that x0 “

0 and xdim D`1 “ 1). The linear isomorphism µ extends to a stratified
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linear isomorphism between the closed simplex ∆dimS and S . There-
fore, the homeomorphism in Eq. (4.6) extends to the closure and yields
the affine homeomorphism:

PH´1pDq X S – ∆0 ˆ ∆1 ˆ ∆2 ˆ ¨ ¨ ¨ ˆ ∆dimB´1 ˆ ∆dimB . (4.7)

This proves assertion (a). We can also deduce from the previous argu-
ments that if S 1 Ď BS is a boundary stratum, then

PH´1
|S 1 pDq Ď BPH´1

|S pDq. (4.8)

To see this, let us fix f P S X PH´1pDq and let f 1 be an arbitrary fil-

ter in PH´1
|S 1 pDq. Then the respective coordinates µ´1p f q and µ´1p f 1q

are in the fiber of πB
S over ν´1pDq, therefore so is the straight line

rµ´1p f q; µ´1p f 1qs by linearity of the projection. Since µprµ´1p f q; µ´1p f 1qqq Ď

S , we have µprµ´1p f q; µ´1p f 1qqq Ď PH´1
|S pDq and we deduce that f 1 P

PH´1
|S pDq, and consequently PH´1

|S 1 pDq Ď PH´1
|S pDq. Since S 1 Ď BS , the

polyhedron PH´1
|S 1 pDq in fact lies in the relative boundary of PH´1

|S pDq.

We now show assertion (b), namely that the set of polyhedra PH´1
|S pDq

is a polyhedral complex. So we first show that if PH´1
|S pDq is a polyhe-

dron and F Ă PH´1
|S pDq is one of its face, then F is of the form PH´1

|S 1 pDq.

We assume that F is a proper face, i.e. has codimension 1 in PH´1
|S pDq.

The general case follows by induction on the codimension.
The restriction of the affine homeomorphism of Eq. (4.7) to the face

F implies that F is affinely isomorphic to the product

F – ∆0 ˆ ∆1 ˆ ∆2 ˆ ¨ ¨ ¨ ˆ ∆1
i ˆ ¨ ¨ ¨ ˆ ∆dimB´1 ˆ ∆dimB , (4.9)

where ∆1
i is a proper face of ∆i. Note that ∆1

i is obtained by replacing
one inequality between consecutive coordinates in ∆i with an equality.
This uniquely defines a stratum S 1 Ď BS of codimension 1 in S such

that F̊ Ď S 1. Since F Ď PH´1pDq, we have F Ď PH´1
|S 1 pDq. However,

by Eq. (4.8), the polyhedron PH´1
|S 1 pDq lies inside the relative boundary

of PH´1
|S pDq, and in fact by convexity, inside a proper face of PH´1

|S pDq.

Since F Ď PH´1
|S 1 pDq is itself a proper face, we deduce that F “ PH´1

|S 1 pDq,
as desired.

We now show that a non-empty intersection PH´1
|S pDq X PH´1

|S 1 pDq of

two polyhedra in the fiber is a common face of PH´1
|S pDq and PH´1

|S 1 pDq.
If S “ S 1 there is nothing to prove. Otherwise, S X S 1 “ H so that
PH´1

|S pDq X PH´1
|S 1 pDq “ H. We consider two cases:

1. Either S 1 Ď BS , and then PH´1
|S 1 pDq lies in a proper face PH´1

|S2 pDq
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of PH´1
|S pDq, and we must have S 1 Ď BS2. Thus we are done by an

induction on the codimension of S 1 in S . Similarly if S Ď BS 1;

2. Or PH´1
|S pDq and PH´1

|S 1 pDq intersect only at their relative bound-
aries. In this case, by convexity of the two polyhedra, their intersec-

tion is the intersection PH´1
|S2

pDq X PH´1
|S 1

2
pDq of some proper faces

PH´1
|S2

pDq Ď PH´1
|S pDq and PH´1

|S 1
2
pDq Ď PH´1

|S 1 pDq. We are then left
with the initial problem with polyhedra of smaller dimensions. We
then conclude via an induction on the dimension of the polyhedra.

We now address the proof of assertion (c). Given a barcode D1 P B,
define ϕD1 : I Ñ I to be the unique piecewise linear interpolation of
the increasing map that takes the (bounded) endpoints of D1 to the
(bounded) endpoints of D, further fixing 0 and 1. Clearly, ϕD1 is an
orientation preserving homeomorphism. From the homeomorphism ν :
∆̊dimB –

ÝÑ B, the intervals’ endpoints in a barcode D1 vary continuously
with D1 P B. Therefore D1 ÞÑ ϕD1 is continuous, and in turn the map

Φ : pD1, f q P B ˆ PH´1pDq ÞÑ ϕ´1
D1 ˝ f P PH´1pBq (4.10)

is continuous. Similarly, its inverse given by Φ´1p f 1q “ pPHp f 1q, ϕPHp f 1q ˝

f 1q is continuous, so that Φ is a homeomorphism. Using Lemma 4.2.5,
we have PH ˝ Φ “ π1, i.e. the diagram in Eq. (4.5) commutes.

Let S Ď PH´1pBq be a filter stratum in the fiber. For D1 P B,
ΦpD1, .q “ ϕ´1

D1 ˝ _ is the post-composition by ϕ´1
D1 P AutpI, ďq, see

Eq (4.10), so by Lemma 4.2.5, the previous homeomorphism restricts to:

B

B ˆ PH´1
|S pDq S

Φ

π1 PH

To finish the proof, we show that the homeomorphism ΦpD1, .q :
PH´1pDq X S Ñ PH´1pD1q X S is the restriction of an affine endo-
morphism of RK, for any barcode D1 P B. Equivalently, we describe
the coordinate functions ΦpD1, .qσ : f ÞÑ ΦpD1, f qpσq as affine forms,
for each simplex σ P K. Let px1

1, ¨ ¨ ¨ , x1
dimBq :“ ν´1pD1q, and let x1

0 “ 0
and x1

dimB`1 “ 1 by convention. Given σ P K and f P PH´1pD1q X S ,
there is an index 0 ď i ď dimB such that x1

i ď f pσq ď x1
i`1. If f 1 P

PH´1pD1q X S is another filter in the fiber, we have f 1 “ ϕ ˝ f for
some ϕ P AutpI, ďq, and ϕpD1q “ D1 by the equivariance Lemma 4.2.5,
so that x1

i ď f 1pσq ď x1
i`1 as well. Since ϕ´1

D1 is affine over rx1
i ; x1

i`1s, we
conclude that ΦpD1, .qσ is the restriction of an affine map, as desired.



160 differential & fiber of persistent homology

4.3.2 Topology of the fiber

In this section, we collect a few results that restrict the topology of the
fiber of PH over a barcode D in the image BarK “ PHpFiltKq. We make
use of the previous sections, and in particular we derive a bound for
the dimension of the polyhedra in the fiber PH´1pDq.

With our first result we obtain finer control on the type of strata
arising in BarK. Denote by

rkpBpq :“ dim ImpBp : CppK,kq Ñ Cp´1pK,kqq

the rank of the boundary map in the simplicial chain complex, and by
βppKq :“ dim HppK,kq the p-th Betti of K.

Proposition 4.3.3. Let D “ pD0, . . . , Ddq P BarK. Then, for any homology
degree 0 ď p ď d:

(i) The number of infinite intervals in Dp equals βppKq; and

(ii) The number of bounded intervals in Dp is smaller than or equal to rkpBp`1q.

Proof. Item (i) follows from the fact that infinite bars in D correspond
to the homology of K, and item (ii) is a consequence of the fact that
the introduction of a pp ` 1q-simplex in a complex either increases the
dimension of the pp ` 1q-th homology or reduces the dimension of the
p-th homology by one.

Next we determine a bound for the dimension of the polyhedral
complex PH´1pDq. Recall that barcode strata in BarK have maximal di-
mension 7K. Therefore by the (a) of Theorem 4.3.2 we have the obvious
bound dim PH´1pDq ď codimpBq, where we define the codimension of
a barcode stratum B as:

codimpBq :“ 7K ´ dimpBq ě 0.

To improve this bound, we introduce the following quantity, which can
be thought of as the number of missing bounded intervals in the target
barcode D.

Definition 4.3.4. Let 7K be the number of simplices in K, and 7D be
the number of interval endpoints in D with finite value (counted with
multiplicities). The bounded deficit of D is the quantity:

7K ´ 7D
2

ě 0.

Note that the bounded deficit is the same for all barcodes inside a
given stratum.

Proposition 4.3.5. For any barcode D P BarK, the dimension of the fiber
of PH over D is less than or equal to the bounded deficit:

dim PH´1pDq ď
7K ´ 7D

2
ď codimpDq.
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It follows in particular that HppPH´1pDqq “ 0 for p ą
7K´7D

2 . We
apply Proposition 4.3.5 to various fibers in the case where K is a tri-
angle in Section 4.7. For these fibers, the bounded deficit is almost
systematically a tight upper-bound on the dimension of the fiber.

Proof. The inequality 7K´7D
2 ď codimpDq follows directly from the two

inequalities dim D ď 7K and dim D ď 7D. So we now investigate the
left inequality dim PH´1pDq ď

7K´7D
2 .

Let S be a filter stratum and let px1, ¨ ¨ ¨ , xdim Dq :“ ν´1pDq P ∆̊dim D,
with x0 :“ 0 and xdim D`1 :“ 1. We set tDu :“ txiu

dim D`1
i“0 . Let σ P K be

a simplex. By the equivariance Lemma 4.2.5, a filter f P PH´1pDq X S
satisfy f pσq P tDu if and only if all filters f P PH´1pDq X S satisfy
f pσq P tDu. There are at least 7D such simplices, since each interval
endpoint in the barcode D must correspond to at least one simplex
entering the filtration.

Meanwhile, there are exactly dimS ´ dim D distinct values x “ f pσq

that are not in tDu for all filters f P PH´1pDq X S . Each such value x
is attained by at least 2 simplices, as otherwise f ´1pxq would be a
singleton hence would have non-zero Euler characteristic and we would
have x P tDu. We obtain

2 ˆ pdimS ´ dim Dq ` 7D ď 7K.

From the item (a) of Theorem 4.3.2, the polyhedron PH´1
|S pDq has dimen-

sion dimS ´ dim D, and the above inequality yields dim PH´1pDq ď
7K´7D

2 .

When D is the image of an injective filter f , then 7K “ dim D “ 7D
and hence, by Proposition 4.3.5, the dimension of the fiber above is
zero. We thus have the following immediate consequence.

Corollary 4.3.6. If f P FiltK is injective, then the fiber PH´1pPHp f qq is a
finite set.

Barcodes corresponding to injective filters are of maximal dimension.
At the other extreme we have barcodes of dimension 1, i.e. barcodes D
consisting simply of an infinite interval px, 8q, possibly with multi-
plicity. The constant filter with value x gives rise to such a barcode.
Although the fiber PH´1pDq does not reduce to this constant filter, we
nevertheless show that it retracts to it.

Proposition 4.3.7. A barcode of dimension 1 in BarK has contractible fiber.

Proof. Let x be the unique endpoint value in D. By assumption, there
exists a filter f in PH´1pDq. Note that we must have min f “ x. We
show that the straight line homotopy p1 ´ tq f ` tx lies in PH´1pDq.
For t ă 1, the filters p1 ´ tq f ` tx and f induce the same pre-order on
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simplices of K, hence lie in a common stratum S . By Proposition 4.2.15,
PHpSq “ B where B is the stratum containing D, which consist in
barcodes D1 obtained from D by moving the unique endpoint value x
to any other value x1. Hence PHpp1 ´ tq f ` txq is such a barcode, and
must equal D since x1 “ minp1 ´ tq f ` tx “ min f “ x. By continuity,
at t “ 1, we further get that the constant filter x is in the fiber. Then
PH´1pDq is star-shaped around x.

Remark 4.3.8. The dimension dim PH´1pDq being upper-bounded, we
can ask if conversely the star of every polyhedron in the fiber has dimen-
sion dim PH´1pDq. The example section 4.7, suggests that this property
holds true in the case where the complex K is a manifold. In general
however, two distinct filters in the fiber may have neighborhoods of
distinct dimensions, see for instance the barcode D of Fig. 4.3.

Figure 4.3: A barcode D where each end-
point value is given a different color. In
Fig. 4.4 we draw the simplicial complex
(left) and two components in the fiber
with distinct dimension.

Figure 4.4: The simplicial complex (left)
with two filters (middle and right) in
the fiber PH´1pDq over the barcode of
Fig. 4.3, whose values on simplices are in-
dicated by the colors. The filter f on the
right has unspecified values on vertices
and edges v, v1, e, e1 (colored in black),
which means that whatever these val-
ues are, we can modify them as long
as f pvq “ f peq and f pv1q “ f pe1q and still
get a filter whose barcode is D. There-
fore, the star of f is 2-dimensional. How-
ever, the filter in the middle is alone in its
neighborhood: all its values are fixed to
endpoints of D and infinitesimal changes
of any of these values yield filters out
of PH´1pDq.

4.4 The barcode category and the fiber functor

In section 4.4.1, we define morphisms between barcodes. This makes
the image of the persistence map into a topological category, which is
homotopy discrete (Theorem 4.4.2). We further show that morphisms of
barcodes can be deformed into particularly nice morphisms which we
refer to as simplicial morphisms (Proposition 4.4.7). Such morphisms can
always be described as finite compositions of morphisms between codi-
mension 1 barcodes (Proposition 4.4.8). In section 4.4.2, morphisms of
barcodes are pulled-back to provide maps of fibers, that are furthermore
maps of polyhedral complexes up to homotopy (Proposition 4.4.12).



the fiber of persistent homology for simplicial complexes 163

4.4.1 The barcode category is homotopy discrete

In this section we make the image BarK of the persistence map into a
category, so that in the next section we view the fiber PH´1 as a functor.

Definition 4.4.1. We denote by BarK the Top-enriched category of
barcodes with D P BarK as objects and non-decreasing continuous
maps ϕ P EndpI, ďq such that ϕpDq “ D1 as space of morphisms be-
tween D and D1, BarKpD, D1q. Two morphisms ϕ0, ϕ1 P BarKpD, D1q

are homotopic as morphisms if they belong to the same path connected
component of BarKpD, D1q.

The first main result of this section is that the spaces of morphisms
in BarK are made of contractible components.

Theorem 4.4.2. For any two barcodes D, D1 in BarK, the space of mor-
phisms BarKpD, D1q has finitely many path connected components each of
which is contractible. In particular, the category BarK is homotopy discrete,
i.e. BarKpD, D1q » hBarKpD, D1q.

When D and D1 belong to the same stratum, BarKpD, D1q is con-
tractible. Indeed, a morphism ϕ from D to D1 is then simply a non-
decreasing map that sends the i-th endpoint of D to the i-th endpoint
of D1. Hence, given an arbitrary ϕ0 P BarKpD, D1q, the straight line ho-
motopy pt, ϕq ÞÑ p1 ´ tqϕ ` tϕ0 is a deformation retract of BarKpD, D1q

onto the point ϕ0. In general, however, there may be more than one
connected component as we will see.

As before, we use the coordinate charts ν : ∆̊dim D –
ÝÑ BD of Eq. (4.2)

in order to define the consecutive endpoint values px1, ¨ ¨ ¨ , xdim Dq “

ν´1pDq and px1
1, ¨ ¨ ¨ , x1

dim D1 q “ ν´1pD1q. By convention, we also set x0 “

x1
0 “ 0 and xdim D`1 “ xdim D1`1 “ 1. In order to prove Theorem 4.4.2,

we first associate to a morphism ϕ P BarKpD, D1q the induced partial
map from the endpoints of D to the endpoints of D1.

Definition 4.4.3. Let ϕ P BarKpD, D1q. The index of ϕ is the induced
partial map Φ : tx1, ¨ ¨ ¨ , xdim Du Ñ t0, x1

1, ¨ ¨ ¨ , x1
dim D1 , 1u. Equivalently,

the index is the collection of pre-images Φ :“ tΦpjqu
dim D1`1
j“0 , where

Φpjq :“ Φ´1px1
jq “

␣

xi | ϕpxiq “ x1
j, 1 ď i ď dim D

(

Given ϕ0, ϕ1 P BarKpD, D1q, we write ϕ0 Õ ϕ1 whenever ϕ1 is an
extension of ϕ0:

@0 ď j ď dim D1 ` 1, Φ0pjq Ď Φ1pjq.

Lemma 4.4.4. Let ϕ0, ϕ1 P BarKpD, D1q. Then the following are equivalent:

(i) The two morphisms are homotopic, i.e. ϕ0 „ ϕ1 as morphisms.
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Figure 4.5: The map ϕ : D Ñ D1 has
index Φ consisting of Φp0q “ H, Φp1q “

tx1, x2u, Φp2q “ tx5u, Φp3q “ tx8u and
Φp4q “ tx9, x10u.

(ii) For all pb, dq P D and pb1, d1q P D1, we have pϕ0pbq, ϕ0pdqq “ pb1, d1q if
and only if pϕ1pbq, ϕ1pdqq “ pb1, d1q.

(iii) The straight line interpolation t ÞÑ tϕ0 ` p1 ´ tqϕ1 is a path in BarKpD, D1q.

(iv) There is some ϕ P BarKpD, D1q such that ϕ Õ ϕ0 and ϕ Õ ϕ1.

In particular, if ϕ0 Õ ϕ1, then ϕ0 and ϕ1 are homotopic.

Proof. rpiq ñ piiqs: Let ϕt be a path in BarKpD, D1q joining ϕ0 and ϕ1.
Given pb, dq P D and pb1, d1q P D1, let

Ib1,d1

b,d :“
␣

t P I, ϕtpb, dq “ pϕtpbq, ϕtpdqq “ pb1, d1q
(

Ď I.

The sets Ib1,d1

b,d are closed in I. There are also open since the map
ř

rpb,dq,pb1,d1qsPDˆD1 1
Ib1 ,d1

b,d
: I Ñ N is constant and equals the number

of intervals in D1. Therefore, Ib1,d1

b,d “ I or Ib1,d1

b,d “ H.
rpiiq ñ piiiqs: For t P I, ϕt :“ tϕ0 ` p1 ´ tqϕ1 is non-decreasing.

Then, ϕtpb, dq equals a non-trivial interval pb1, d1q P D1 if and only if
ϕ0pb, dq “ ϕ1pb, dq “ pb1, d1q. All the other intervals pb, dq P D must then
be trivialized, i.e. ϕ0pbq “ ϕ0pdq and ϕ1pbq “ ϕ1pdq, so that ϕtpbq “ ϕtpdq.
This ensures that ϕt P BarKpD, D1q since for instance ϕ0 P BarKpD, D1q.

rpiiiq ñ piqs: This implication is immediate. From now on, we have
piq ô piiq ô piiiq.

rpiiiq ñ pivqs: Let ϕt be the straight line interpolation between ϕ0

and ϕ1. Let 0 ď j ď dim D1 ` 1. Let 1 ď i ď dim D be such that xi R

Φ0pjq. Without loss of generality, we assume that ϕ0pxiq ă x1
j. Since x1

j
is the endpoint of a non-trivial interval of D1 and ϕ0pDq “ D1, there
must exist an endpoint xi1 , with i1 ą i, of an interval in D such that
ϕ0pxi1 q “ x1

j. By the item piiq, we also have ϕ1pxi1 q “ x1
j. In turn,

ϕ1pxiq ď x1
j as ϕ1 is non-decreasing. Therefore ϕ 1

2
pxiq ă x1

j, and in
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particular xi R Φ 1
2
pjq. We have therefore proved that Φ 1

2
pjq Ď Φ0pjq, so

that ϕ 1
2

Õ ϕ0. Similarly, ϕ 1
2

Õ ϕ1.
rpivq ñ piqs: It is enough to show that if ϕ Õ ϕ0, then ϕ and ϕ0

are homotopic, as we then show in the exact same way that ϕ „ ϕ1,
which implies ϕ0 „ ϕ1. Let pb, dq P D be a bounded interval (the case
where d “ d1 “ 8 is dealt with similarly) such that ϕpb, dq “ pb1, d1q for
some pb1, d1q P D1. Then there are indices i ă i1 and j ă j1 such that
pb, dq “ pxi, xi1 q and pb1, d1q “ px1

j, x1
j1 q. Since Φpjq Ď Φ0pjq and Φpj1q Ď

Φ0pj1q, we have ϕ0pb, dq “ pb1, d1q as well. Therefore, the images ϕ0pb, dq

of intervals pb, dq such that ϕpb, dq P D1 cover all the intervals in D1.
Hence, any other interval in D is trivialized by ϕ0, which guarantees
that the assertion piiq holds. We are done since piiq ñ piiiq ñ piq.

Remark 4.4.5. Two morphisms ϕ0, ϕ1 P BarKpD, D1q with the same
index are homotopic. In the case where D and D1 belong to strata that
differ by one dimension, the converse is true as well so that in this case
the index is a (complete) homotopy invariant. To see this, observe that
the index Φ associated to a morphism ϕ in the case dim D ´ dim D1 “ 1
cover the endpoints of D and must consist of singletons Φpjq except
for a unique Φpkq which is the unique pair txi, xi`1u of consecutive
endpoints of D collapsed by ϕ. Therefore, if ϕ0, ϕ1 P BarKpD, D1q are
homotopic, by Lemma 4.4.4 there is a third morphism ϕ P BarKpD, D1q

such that ϕ Õ ϕ0 and ϕ Õ ϕ1. By the above restriction on the index
of morphisms in BarKpD, D1q, this immediately implies that ϕ0 and ϕ1

have the same index.

We are now ready to prove the theorem.

Proof of Theorem 4.4.2. Let D, D1 P BarK. By the assertion pivq of Lemma 4.4.4,
if ϕ0, ϕ1 P BarKpD, D1q are two morphisms such that ϕ0 Õ ϕ1, then ϕ0

and ϕ1 belong to the same path connected component of BarKpD, D1q.
Since there are finitely many possible indices, BarKpD, D1q has finitely
many path connected components.

Let Ω be a path connected component of BarKpD, D1q. By finite-
ness of all possible indices Φ, we can find a minimal ψ in Ω for the
pre-order Õ, i.e. if ϕ P BarKpD, D1q is any another morphism sat-
isfying ϕ Õ ψ, then ψ Õ ϕ as well. In fact, the minimality of ψ

together with the assertion pivq of Lemma 4.4.4 implies that for any
morphism ϕ P Ω, we have ψ Õ ϕ. We then have a deformation retrac-
tion

pt, ϕq P r0; 1s ˆ Ω ÞÝÑ tψ ` p1 ´ tqϕ P Ω

of Ω onto tψu, which is well-defined by the assertion piiiq of Lemma 4.4.4.
Consequently, Ω is contractible.

We denote by IpDq the simplicial complex obtained from subdividing
the unit interval by the dim D endpoints 0 ă x1 ă ¨ ¨ ¨ ă xdim D ă 1. The
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morphisms from D to D1 that send endpoints to endpoints piecewise
linearly are of particular interest to us.

Definition 4.4.6. A morphism ϕ P BarKpD, D1q is simplicial if it is
induced from the geometric realisation of a simplicial map from IpDq

to IpD1q.

Proposition 4.4.7. For any two barcodes D, D1 P BarK, each connected
component of BarKpD, D1q contains at least one simplicial map.

Proof. Let Ω be a path connected component of BarKpD, D1q and ϕ P

Ω. Denote by Φ the associated index. We can modify ϕ by sending
each xi R Φ to the unique endpoint x1

j satisfying x1
j ď ϕpxiq ă x1

j`1.4 4 Note that the morphism ϕ is then a max-
imal element for the pre-order Õ.The morphism ϕ is then simplicial.

Therefore, a morphism of barcodes is (up to homotopy) a simplicial
map over the unit interval. We next show that simplicial morphisms
are finite compositions of simplicial morphisms between barcodes that
differ by one dimension. Note that this implies that the morphisms
in hBarK are generated by morphisms between barcodes that differ by
one dimension.

Proposition 4.4.8. Let ϕ P BarKpD, D1q be a simplicial morphism. There
exists a finite sequence of barcodes

D “: D1, D2, ¨ ¨ ¨ , Dk :“ D1

satisfying 0 ď dim Di ´ dim Di`1 ď 1 for 1 ď i ď k ´ 1, together with
simplicial morphisms ϕi P BarKpDi, Di`1q between them, such that

ϕ “ ϕk ˝ ϕk´1 ˝ ¨ ¨ ¨ ˝ ϕ2 ˝ ϕ1.

Proof. We proceed by induction on dim D ´ dim D1. If dim D ´ dim D1 P

t0, 1u, the statement is trivial. So we assume that dim D ´ dim D1 ě 2.
We first treat the case where Φp0q ‰ H, which means that ϕ sends
the first endpoint x1 of D to 0. Then, we may write ϕ as a compo-
sition ϕ1 ˝ ϕ1 where ϕ1 is the map that collapses the interval r0; x1s

to 0 and sends rx1; 1s to r0; 1s linearly. Clearly then, D1 :“ ϕ1pDq satis-
fies dim D ´ dim D1 “ 1, and the morphisms ϕ1 P BarKpD, D1q and ϕ1 P

BarKpD1, D1q are simplicial. The symmetric case where Φpxdim D1`1q ‰

H is dealt with similarly.
Therefore, we may assume that Φp0q “ Φpdim D1 ` 1q “ H. The

morphism ϕ being simplicial, there is an index 1 ď j ď dim D1 such
that |Φpjq| ě 2, i.e. the pre-image by ϕ of the endpoint x1

j is a se-
quence of at least two consecutive endpoints xi of D. We choose an
endpoint xi P Φpjq for which there exists a non-trivial interval pxi, dq

(or pb, xiq) in D such that ϕpdq ‰ x1
j (or ϕpbq ‰ x1

j). Such an endpoint
must exist because x1

j is the endpoint of a non-trivial interval in D1,
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which is the image by ϕ of an interval in D. We may assume that xi`1 P

Φpjq, as otherwise xi´1 P Φpjq and the rest of the proof can be conducted
similarly. So ϕpxiq “ ϕpxi`1q “ x1

j, and in fact ϕprxi, xi`1sq “ x1
j since ϕ

is non-decreasing. We may thus factor ϕ as ϕ1 ˝ ϕ1, where ϕ1 P EndpI, ďq

is the map that collapses the interval rxi; xi`1s onto x1
j, extended lin-

early on I. The image D1 :“ ϕ1pDq then satisfies dim D ´ dim D1 “ 1,
since ϕ1ppxi, dqq “ px1

j, ϕpdqq is a non-trivial interval in D1 and ϕ acts
injectively on the endpoints xk, for k R ti, i ` 1u. Finally, the mor-
phisms ϕ1 P BarKpD, D1q and ϕ1 P BarKpD1, D1q are simplicial, which
concludes the proof.

4.4.2 Monodromies and polyhedral maps of fibers

We now analyse how fibers relate to each other as we cross barcode
strata. We associate to each map of barcodes a map between the
corresponding fibers as follows.

Definition 4.4.9. Let D P Bard`1 and ϕ P EndpI, ďq. The monodromy Lϕ

associated to ϕ is the map between fibers:

Lϕ : f P PH´1pDq ÞÝÑ ϕ ˝ f P PH´1pϕpDqq.

Note that the monodromy is well-defined since PH is EndpI, ďq-
equivariant by Lemma 4.2.5,

PHpϕ ˝ f q “ ϕpPHp f qq,

and hence ϕ ˝ f P PH´1pϕpDqq. Furthermore, given another ϕ1 P

EndpI, ďq by definition

Lϕ1˝ϕ “ Lϕ1 ˝ Lϕ,

and in particular, if ϕ is invertible then Lϕ is a homeomorphism. Fur-
thermore, the monodromy assignment ϕ ÞÑ Lϕ is continuous. We thus
see that monodromies turn the inverse image PH´1 into a functor as
follows.

Definition 4.4.10. The fiber functor is a functor of Top-enriched cate-
gories

PH´1 : BarK ÝÑ Top

that sends a barcode D to the fiber PH´1pDq and a morphism ϕ P

BarKpD, D1q to the monodromy Lϕ.

Remark 4.4.11. By definition, the sets of morphisms in such a Top-
enriched category come equipped with a topology, and so taking con-
nected components yields the associated homotopy category. In our case,
PH´1 descends to define a functor of homotopy categories:

PH´1 : hBarK ÝÑ hTop.
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When ϕ is not simplicial (Definition 4.4.6), it may send a bounded
interval pb, dq of D "to the middle of nowhere", i.e. ϕpbq “ ϕpdq may
not equal an interval endpoint in D1. In turn, if this is the case, the
monodromy Lϕ is not a polyhedral map; see Fig. 4.6 below. How-

Figure 4.6: The barcode D has dimen-
sion 3. By Theorem 4.3.2, the polyhedral
complex PH´1pDq is made of polyhedra
that are products ∆D,1 ˆ ∆D,2 ˆ ∆D,3 of
3 standard simplices. Each simplex ∆D,i
corresponds to the values of the filters in
the fiber that are in-between the i-th end-
point xi and pi ` 1q-th endpoint xi`1 of D.
Likewise, a polyhedron in PH´1pD1q is
simply a unique standard simplex ∆D1 .
The map ϕ collapses x2 and x3 strictly
in-between x1

1 and 1. In turn, the mon-
odromy Lϕ collapses the second stan-
dard simplex ∆D,2 of any polyhedron
in PH´1pDq in the interior of ∆D1 , and
so is not a polyhedral map.

ever, simplicial maps induce polyhedral monodromies, as stated in the
following result.

Proposition 4.4.12. Let D, D1 P BarK and ϕ P BarKpD, D1q. If ϕ is
simplicial, then the monodromy Lϕ : PH´1pDq Ñ PH´1pD1q is a polyhedral
map. In particular, for any ϕ P BarKpD, D1q, the monodromy Lϕ is homotopic
to a polyhedral map.

Given a barcode D, we denote by AutpI, ďqD the stabilizer of D, i.e.
the group of homeomorphisms of the real line that fix the endpoints of
D and hence act trivially on D. The proof of Proposition 4.4.12 mainly
relies on the following lemma.

Lemma 4.4.13. Let ϕ P BarKpD, D1q be a simplicial morphism. Then there
exists a group homomorphism

ϕpost : AutpI, ďqD ÞÝÑ AutpI, ďqD1 ,

such that for all α P AutpI, ďqD, ϕ ˝ α “ ϕpostpαq ˝ ϕ. Similarly, there exists
a group homomorphism

ϕpre : AutpI, ďqD1 ÞÝÑ AutpI, ďqD,

such that for all β P AutpI, ďqD1 , ϕ ˝ ϕprepβq “ β ˝ ϕ.

Proof. Let α P AutpI, ďq such that αpDq “ D. Note that, since ϕ is
simplicial, for any index 0 ď i ď dim D, the following alternative holds:

(a) Either ϕprxi, xi`1sq “ x1
j for some index 0 ď j ď dim D1 ` 1;

(b) Or ϕ|rxi ,xi`1s is a linear bijection onto rx1
j, x1

j`1s for some index 0 ď

j ď dim D1.

According to this alternative, we define β :“ ϕpostpαq on each ϕprxi, xi`1sq

as follows:
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(a) Either ϕprxi, xi`1sq “ x1
j, in which case we set βpx1

jq :“ x1
j;

(b) Or ϕ|rxi ,xi`1s is a linear bijection onto rx1
j, x1

j`1s, in which case we set

β|rx1
j ,x

1
j`1s :“ ϕ ˝ α ˝ ϕ´1

|rxj ,xj`1s
.

Note that in case (b), β is well-defined since αpDq “ D implies that α

restricts to a homeomorphism of each line segment rxi; xi`1s. Moreover,
β is defined on the whole unit interval I since ϕ is surjective. It is then
clear that we have β ˝ ϕ ˝ α “ ϕ on each rxi; xi`1s, so that the equality
holds on I as desired. Note that β P AutpI, ďqD1 since

βpD1q “ βpϕ ˝ αpDqq “ ϕpDq “ D1.

By construction, the association ϕpost : α ÞÑ β is a group homomor-
phism. Conversely, if we are rather given a map β P AutpI, ďq such
that βpD1q “ D1, then we can construct the map α :“ ϕprepβq satisfying
ϕ ˝ α “ β ˝ ϕ as follows:

(a) Either ϕprxi, xi`1sq “ x1
j, in which case we set αprxi, xi`1sq :“ Id|rxi ,xi`1s;

(b) Or ϕ|rxi ,xi`1s is a linear bijection onto rx1
j, x1

j`1s, in which case we set

α|rxi ,xi`1s :“ ϕ´1
|rxi ,xi`1s

˝ β ˝ ϕ.

This construction also yields a group homomorphism ϕpre : β ÞÑ α.

Proof of Proposition 4.4.12. The second part of the statement follows
directly from Proposition 4.4.7, which states that any morphism of
barcodes is homotopic to a simplicial map. Henceforth, we fix a sim-
plicial morphism ϕ P BarKpD, D1q and show that the monodromy Lϕ

is a polyhedral map, i.e. it is affine on each polyhedron and sends
polyhedra to polyhedra surjectively.

Let S Ď FiltK be a filter stratum. We have PH´1
|S pDq – ∆0 ˆ

¨ ¨ ¨ ˆ ∆dim D, where the standard simplex ∆i corresponds to filter val-
ues that are in-between the endpoints xi and xi`1 of D. Since ϕ is

affine over rxi, xi`1s, each coordinate function Lϕ,σ : f P PH´1
|S pDq ÞÑ

Lϕp f qpσq P R, for σ P K, is affine as well. So the restriction of Lϕ to

PH´1
|S pDq is an affine map, as desired.

It remains to show that the image LϕpPH´1
|S pDqq equals a polyhedron

PH´1
|S 1 pD1q. We fix a filter f P PH´1

|S pDq and denote by S 1 the stratum
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containing ϕ ˝ f . Note that, if g P FiltK is a filter, then:

g P LϕpPH´1
|S pDqq ðñ D f 1 P PH´1

|S pDq, g “ ϕ ˝ f 1

ðñ Dα P AutpI, ďqD, g “ ϕ ˝ pα ˝ f q

by the equivariance Lemma 4.2.5

ðñ Dβ P AutpI, ďqD1 , g “ β ˝ pϕ ˝ f q

by Lemma 4.4.13

ðñ g P PH´1
S 1 pD1q.
by the equivariance Lemma 4.2.5

Therefore, LϕpPH´1
|S pDqq equals PH´1

|S 1 pD1q and in fact LϕpPH´1
|S pDqq

equals PH´1
|S 1 pD1q since the image of a closed polyhedron via an affine

map is again a closed polyhedron.

The following is a consequence of the Propositions 4.4.7, 4.4.8 and 4.4.12:

Corollary 4.4.14. For any ϕ P BarKpD, D1q, the monodromy Lϕ is homo-
topic to a polyhedral map. This polyhedral map may further be chosen as a
composition

Lϕk˝¨¨¨˝ϕ1 “ Lϕk ˝ ¨ ¨ ¨ ˝ Lϕ1

of monodromies Lϕk that are polyhedral maps between fibers over barcodes
that differ by one dimension.

Remark 4.4.15. The monodromy associated to a simplicial morphism ϕ

acts as a projection map on each polyhedron PH´1
|S pDq of the fiber.

Indeed, recalling that PH´1
|S pDq is (isomorphic to) a product ∆0 ˆ ¨ ¨ ¨ ˆ

∆dim D of standard simplices, we have the commutative diagram

LϕpPH´1
|S pDqq

∆0 ˆ ¨ ¨ ¨ ˆ ∆dim D ∆0 ˆ ¨ ¨ ¨ ˆ ∆dim D{
ś

ϕpxiq“ϕpxi`1q ∆i

PH´1
|S pDq

π

Lϕ

––

where π is the projection map. In other words, the product of sim-

plices describing the image polyhedron LϕpPH´1
|S pDqq is obtained from

the product describing PH´1
|S pDq by collapsing standard simplices ∆i

whenever ϕ collapses the i-th and i ` 1-th endpoint of D.

4.5 The space of barcodes is homotopically stratified

In this section, we take a closer look at the stratification of barcodes and
show that BarK is homotopically stratified. This naturally leads us to
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introducing the entrance path category of barcodes. We observe that the
entrance path category is isomorphic to the homotopy category, hBarK,
of barcodes. Recall from Theorem 4.4.2 that BarK is homotopy dis-
crete. Similarly, we find that the space of entrance paths between fixed
barcodes is contractible.

4.5.1 Regularity of the stratification of barcodes

The notion of stratification used so far (Definition 4.2.8) is a very weak
one, as it does not impose restrictions on the neighborhoods of strata.
Although the space of filters FiltK is Whitney stratified, the regularity of
the stratification of BarK is less apparent. We show that the space BarK

of barcodes in the image of the persistence map is homotopically
stratified in the sense of Quinn.5 Stratified coverings over homotopically 5 Frank Quinn. Homotopically stratified

sets. Journal of the American Mathematical
Society, 1(2):441–499, 1988

stratified spaces are classified by the entrance path category, which we
introduce and analyse in the next section in the case of barcodes.

The local neighborhoods in a homotopically stratified space X are
defined in terms of paths that cross strata in decreasing order of dimen-
sion:

Definition 4.5.1. Let X be a stratified space. A continuous path γ P X I

is an entrance path if for any 0 ď t ď t1 ď 1, the stratum containing γptq
has greater or equal dimension than that containing γpt1q.

Definition 4.5.2. Let X be a stratified space. An entrance path γ is
elementary if it stays in a unique stratum until the very last moment, that
is if γpr0; 1qq belongs to a fixed stratum. Given two strata Xi and X j,
j ă i, the homotopy link HolinkpXi, X jq is the space of elementary paths
starting in Xi and ending in X j with the compact open topology.

Definition 4.5.3. A stratified space X is homotopically stratified if it
satisfies the following conditions for any pair of strata Xi and X j,
where j ă i:

1. The inclusion X j ãÑ Xi Y X j is tame, which means that there is a
strong deformation retraction of a neighborhood of X j in Xi Y X j

onto X j such that points remain in the same stratum until the very
last moment during the deformation;

2. The evaluation at time t “ 1

ev1 : γ P HolinkpXi, X jq ÞÝÑ γp1q P X j

is a fibration.

Note that, in the original formulation of homotopically stratified
spaces [Qui88], the strata are not necessarily topological manifolds, and
so we should really refer to the spaces of Definition 4.5.3 as manifold
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stratified spaces, as done in [Wei94] for instance. However, this distinc-
Shmuel Weinberger. The topological clas-

sification of stratified spaces. University of
Chicago Press, 1994

tion is irrelevant for our purposes, since the strata in BarK “ PHpFiltKq

are manifolds.

Proposition 4.5.4. The filtered space BarK is homotopically stratified.

Proof. Let B and B1 be two barcode strata with B1 Ď B̄. Recall that
the coordinate chart ν extends to a continuous, surjective, stratum-
preserving map ν : ∆dimB Ñ B̄; see Eq. (4.3). Then, the inverse
image ν´1pB1q of B1 is a union of faces in ∆dimB , and so the inclu-
sion ν´1pB1q ãÑ ν´1pB1q Y ∆̊dimB is tame, and a neighborhood defor-
mation retracts onto ν´1pB1q. Composing with ν, we get a deformation
retraction of a neighborhood of B YB1 onto B1. Therefore, the inclusion
B1 ãÑ B Y B1 is tame.

To check that the evaluation map ev1 : γ P HolinkpB,B1q ÞÑ γp1q P B1

is a fibration, it is enough to find a section for the map:6 6 Witold Hurewicz. On the concept of
fiber space. Proceedings of the National
Academy of Sciences of the United States of
America, 41(11):956, 1955

γ̃h P HolinkpB,B1qr0;1s ÞÝÑ pev1 ˝ γ̃h, γ̃0q P B1r0;1s ˆB1 HolinkpB,B1q,

where B1r0;1s ˆB1 HolinkpB,B1q is the fiber product

B1r0;1s ˆB1 HolinkpB,B1q :“
␣

pγ, γ̃q P B1r0;1s ˆ HolinkpB,B1q | γp0q “ γ̃p1q
(

.

Using the coordinate chart ν : ∆̊dimB1 –
ÝÑ B1, we may view a path γ :

h P r0; 1s ÞÑ γphq P B1 via its coordinates 0 ă xγ
1 phq ă ¨ ¨ ¨ ă xγ

dimB1phq ă

1. Given 0 ď h ď 1, let ϕ
γ
h P AutpI, ďq be the map that sends the

endpoint values xγ
i p0q to xγ

i phq, and is extended linearly on each line
segment rxγ

i p0q, xγ
i`1p0qs. Clearly, the association pγ, hq ÞÑ ϕ

γ
h is continu-

ous, and we have γphq “ ϕ
γ
h pγp0qq. Then, the map

pγ, γ̃q P B1r0;1s ˆB1 HolinkpB,B1q ÞÝÑ γ̃hptq :“ ϕ
γ
h pγ̃ptqq P HolinkpB,B1qr0;1s

is the desired section.

4.5.2 The entrance path category of barcodes

The entrance path category is the suitable generalisation of the funda-
mental groupoïd for stratified spaces where ordinary paths are replaced
by entrance paths between points; see [Tre09] for the original construc-

David Treumann. Exit paths and con-
structible stacks. Compositio Mathematica,
145(6):1504–1532, 2009

tions.

Definition 4.5.5. Let X be a stratified space. The entrance path category
of X is EntpXq :“ hPathďpXq, where PathďpXq is the topologically
enriched category with X as the set of objects and spaces of entrance
paths equipped with the compact open topology as morphisms. In
other words, EntpXq has the points of X as objects and the homotopy
classes of entrance paths as morphisms.
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Remark 4.5.6. In order to make PathďpXq into a category where concate-
nation of paths defines a strictly associative composition of morphisms,
paths of all positive lengths need to be allowed. This is analogous to re-
placing loop spaces by Moore loop spaces and the resulting morphism
spaces are homotopy equivalent. In particular the definition of EntpXq

is not affected. We will ignore this subtlety in what follows.

Let ϕ in BarK be a morphism between barcodes D and D1. Define
the path:

γϕptq :“ ptϕ ` p1 ´ tqIdqpDq.

For times t ă 1, tϕ ` p1 ´ tqId is a homeomorphism of the unit interval
and so γϕptq stays in the stratum containing D. Hence, γϕptq is in fact
an elementary entrance path. It is then clear that the association

ϕ P BarKpD, D1q ÞÝÑ γϕ P PathďpBarKqpD, D1q

is continuous.

Proposition 4.5.7. The association rϕs ÞÑ rγϕs is functorial and induces an
isomorphism of categories:

hBarK – EntpBarKq.

Before proving this, we first characterize when elementary entrance
paths are homotopic, in a similar fashion to Lemma 4.4.4 for morphisms
of barcodes. Recall that an entrance path γ from D to D1 is elementary
if it stays in a unique stratum until the very last moment, that is
if γpr0; 1qq belongs to the stratum BD. Using the coordinate chart ν :
∆̊dim D –

ÝÑ BD, we may view γ|r0;1q via its coordinates 0 ă xγ
1 ptq ă

¨ ¨ ¨ ă xγ
dim Dptq ă 1, 0 ď t ă 1. Alternatively, for each interval pb, dq P D,

there is a continuously evolving interval pbγptq, dγptqq starting at pb, dq,
0 ď t ă 1, and together the intervals pbγptq, dγptqq form the barcode γptq.

Lemma 4.5.8. Let γ0, γ1 P PathďpBarKqpD, D1q be elementary entrance
paths. Then the following are equivalent:

(i) The two entrance paths are homotopic through elementary entrance paths.

(ii) For all pb, dq P D and pb1, d1q P D1, we have limtÑ1´pbγ0ptq, dγ0ptqq “

pb1, d1q if and only if limtÑ1´pbγ1ptq, dγ1ptqq “ pb1, d1q.

(iii) For all pb, dq P D and pb1, d1q P D1, we have limtÑ1´pdγ0ptq ´ bγ0ptqq “ 0
if and only if limtÑ1´ pdγ1ptq ´ bγ1ptqq “ 0.

Proof. rpiq ñ piiq and piiiqs: Let γh be a homotopy between γ0 and γ1

through entrance paths, and let h P r0; 1s. Using Proposition 4.2.4, we
can partition the intervals in D into sets Dγh

paq
and Dγh

pbq
as follows:
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(a) For each interval pb1, d1q P D1, there is a unique pb, dq P D for which
limtÑ1´pbγh ptq, dγh ptqq “ pb1, d1q;

(b) For all other intervals pb, dq P D, we have limtÑ1´pbγh ptq ´ dγh ptqq “

0.

By continuity, the classification remains constant along the homo-
topy h ÞÑ γh, i.e. Dγh

paq
and Dγh

pbq
are the same for all 0 ď h ď 1.

rpiiq ñ piiiqs: By assumption Dγ0
paq

“ Dγ1
paq

, hence Dγ0
pbq

“ Dγ1
pbq

.

rpiiiq ñ piiqs: By assumption Dγ0
pbq

“ Dγ1
pbq

, hence Dγ0
paq

“ Dγ1
paq

“: Dpaq.
Then, γ0 and γ1 induce bijections from Dpaq to the set of intervals in D1.
Since γ0 and γ1 are entrance paths, these bijections are monotonic with
respect to the endpoint values. So they are in fact the same bijections.

rpiiq and piiiq ñ piqs: We define a homotopy h ÞÑ γh between the
restrictions of γ0 and γ1 to r0; 1q by interpolating the coordinates:

@0 ď t ă 1, @1 ď i ď dim D, xγh
i ptq :“ hxγ1

i ptq ` p1 ´ hqxγ0
i ptq.

For each interval pb, dq P D, we then have

@0 ď t ă 1, pbγh ptq, dγh ptqq “ phbγ1ptq ` p1 ´ hqbγ0ptq, hdγ1ptq ` p1 ´ hqdγ0ptqq.

Since Dγ0
pbq

“ Dγ1
pbq

and Dγ0
paq

“ Dγ1
paq

, we have limtÑ1´pbγh ptq, dγh ptqq “

pb1, d1q (resp. limtÑ1´ dγh ptq ´ bγh ptq “ 0) if and only if limtÑ1´pbγ0ptq, dγ0ptqq “

pb1, d1q (resp. limtÑ1´ dγ0ptq ´ bγ0ptq “ 0). Therefore,

@h P r0; 1s, lim
tÑ1´

γhptq “ D1,

hence the homotopy h ÞÑ γh extends to a homotopy between γ0 and γ1

on the whole unit interval.

Proof of Proposition 4.5.7. The functoriality of rϕs ÞÑ rγϕs amounts to
showing that if ϕ P BarKpD, D1q and ψ P BarKpD1, D2q are two mor-
phisms, then the entrance paths γψ˝ϕ and γψ.γϕ are homotopic. For t P

r0; 1s, let ϕt denote the interpolated map p1 ´ tqId ` tϕ, so that γϕptq “

ϕtpDq, γψptq “ ψtpD1q and γψ˝ϕptq “ pψ ˝ ϕqtpDq. Besides, the con-
catenated path γψ.γϕptq equals ϕ2tpDq for t ď 1

2 and ψ2t´1pD1q “

ψ2t´1pϕpDqq for t ě 1
2 . A homotopy between γψ˝ϕ and γψ.γϕ can

then be defined as:

Hph, tq :“ rhϕ2t ` p1 ´ hqpψ ˝ ϕqtspDq for t ď
1
2

,

and
Hph, tq :“ rhψ2t´1 ˝ ϕ ` p1 ´ hqpψ ˝ ϕqtspDq for t ě

1
2

.

Hence, we obtain a functor from hBarK to EntpBarKq, which is the
identity on objects. Given barcodes D, D1, we show that this functor
gives a bijection hBarKpD, D1q

–
ÝÑ EntpBarKqpD, D1q.
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Let γ be an elementary entrance path from D to D1. We con-
struct a morphism ϕ from D to D1 using the classification of the
maps pbγptq, dγptqq:

(a) For each interval pb1, d1q P D1, there is a unique pb, dq P D for which
limtÑ1´pbγptq, dγptqq “ pb1, d1q. We then set ϕpbq :“ b1 and ϕpdq :“ d1;

(b) For all other intervals pb, dq P D, we have limtÑ1´pbγptq ´ dγptqq “ 0.
We then set ϕpbq “ ϕpdq to be an arbitrary value such that ϕ remains
non-decreasing.

We extend ϕ to a non-decreasing map of the unit interval arbitrarily.
Since γp1q “ D1, we have ϕpDq “ D1 by construction. Besides, the
interpolated path γϕptq “ rtϕ ` p1 ´ tqIdspDq is an elementary entrance
path beween D and D1, which satisfies the (i) and (ii) of Lemma 4.5.8
with respect to γ, hence is homotopic to γ. More generally, an arbitrary
entrance path γ from D to D1 is homotopic to a finite concatenation
of elementary paths. In turn, γ is homotopic to an interpolated mor-
phism γϕ by applying the previous argument to each elementary path.
Therefore, the map rϕs P hBarKpD, D1q ÞÑ rγϕs P EntpBarKq is surjec-
tive.

Besides, comparing the (ii) of Lemma 4.4.4 with the (ii) of Lemma 4.5.8,
we see that if two morphisms between D and D1 induce interpolated
paths that are homotopic, then they must be homotopic. Consequently,
the map rϕs P hBarKpD, D1q ÞÑ rγϕs P EntpBarKq is injective.

Remark 4.5.9. It is well-known that coverings over a topological space X
satisfying mild properties are classified by the fundamental groupoïd
of X. When X is stratified, it is natural to consider stratified coverings,
i.e. maps restricting to coverings over each individual stratum. If X
is homotopically stratified with locally simply connected and locally
connected strata, the stratified coverings which are either local homeo-
morphisms or branched covers are classified by the entrance path cate-
gory of X.7 That is, functors from EntpXq to Set functorially give rise 7 Jonathan Woolf. The fundamental cate-

gory of a stratified space. arXiv preprint
arXiv:0811.2580, 2008

to such stratified coverings, in fact also to constructible cosheaves, and
conversely.8 Although in the case of barcodes the inverse image PH´1

8 See [CP16] for similar classifications of
functors over EntpXq when X is coni-
cally stratified, and [Tre09] for some 2-
categorical equivalences.

is valued in hTop, we have a natural set valued functor:

EntpBarKq
PH´1

// hTop
π0 // Set.

We next prove an analogue of Theorem 4.4.2 for entrance paths.

Proposition 4.5.10. For any two barcodes D, D1 in BarK, the space of mor-
phisms PathďpBarKqpD, D1q has finitely many path connected components
each of which is contractible. In other words, the category PathďpBarKq is
homotopy discrete, i.e. PathďpBarKqpD, D1q » hPathďpBarKqpD, D1q.
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Proof. Let D and D1 be two barcodes, and let HolinkpD, D1q be the space
of elementary entrance paths from D to D1. For homotopically stratified
metric spaces, the space of entrance paths and that of elementary
entrance paths are homotopy equivalent [Mil06, Theorem 4.9]9, from 9 David A Miller. Popaths and holinks.

Journal of Homotopy and Related Structures,
1(1):1–9, 2006

which we deduce that:

PathďpBarKqpD, D1q » HolinkpD, D1q.

The proof of the statement then follows from Lemma 4.5.8. In more
detail, let Ω be a path connected component in HolinkpD, D1q, and
let γ0 P Ω. Recall that we can partition the intervals in D into sets Dγ0

paq

and Dγ0
pbq

as follows:

(a) For each interval pb1, d1q P D1, there is a unique pb, dq P D for which
limtÑ1´pbγ0ptq, dγ0ptqq “ pb1, d1q;

(b) For all other intervals pb, dq P D, we have limtÑ1´pbγ0ptq ´ dγ0ptqq “

0.

From Lemma 4.5.8, any other path γ P Ω satisfies Dγ
paq

“ Dγ0
paq

and Dγ
pbq

“

Dγ0
pbq

. Define r : Ω ˆ r0; 1s ˆ r0; 1q Ñ BarK by:

r : pγ, h, tq P Ω ˆ r0; 1s ˆ r0; 1q ÞÝÑ
␣

pp1 ´ hqbγptq ` hbγ0ptq, p1 ´ hqdγptq ` hdγ0ptqq
(

pb,dqPD P BD Ď BarK.

We can continuously extend r at time t “ 1 by rpγ, h, 1q :“ D1. We then
get a deformation retraction

R : pγ, hq P Ω ˆ r0; 1s ÞÝÑ rpγ, h, .q P Ω

of Ω onto tγ0u.

Combining Proposition 4.5.7 and 4.5.10 we can summarise our results
in this section with the following.

Corollary 4.5.11. For any two barcodes D, D1 P BarK we have

PathďpBarKqpD, D1q » hPathďpBarKqpD, D1q “ EntpBarKqpD, D1q – hBarKpD, D1q » BarKpD, D1q,

and hence the natural weak equivalences of categories

PathďpBarKq
»

ÝÑ hPathďpBarKq “ EntpBarKq
–

ÐÝ hBarK
»

ÐÝ BarK.

4.6 Variations of the fiber problem

We adapt our analysis to two further situations of interest, namely
when we remove the constraint that filters and barcodes take value in
the unit interval, and when we restrict PH to the subspace of filters
determined by their values on vertices. Finally, we point out that the
action of the symmetries of K on the filters restricts to the fibers.
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4.6.1 The case of unbounded filters and barcodes

In the previous sections, the values of filters and the interval endpoints
of barcodes were constrained to lie in the unit interval. Here we
briefly outline how our analysis can be adapted when we consider
the unbounded case and replace the interval I by the real line R. We
denote by FiltpRqK the filter functions with unrestricted real values and
by BarpRq the space of finite barcodes with unrestricted endpoints. As
before, persistent homology defines a map

PH : FiltpRqK ÝÑ BarpRq.

Let AutpR, ďq be the group of continuous automorphisms of the or-
dered real line that are the identity outside a compact set. Similarly
let EndpR, ďq be the monoid of continuous order preserving maps of
the real line that are the identity outside a compact set. Both spaces
then act on the extended spaces of filters and barcodes. The proof of
Lemma 4.2.5 generalises to show that the persistence map above is
equivariant with respect to these extended actions. The actions are con-
tinuous as in Proposition 4.2.7 when we equip AutpR, ďq and EndpR, ďq

with the L8 topology. Using the action of AutpR, ďq one can construct
stratifications of filter and barcode spaces such that the AutpR, ďq-orbits
are the strata and the analogues of Propositions 4.2.9 and 4.2.12 hold.

Indeed, most of the results and their proofs can easily be adapted
with the caveat that fibers no longer have to be compact. Thus, item (a)
of Theorem 4.3.2 needs to be reinterpreted: The polyhedron in the fiber
are not necessarily products of closed standard simplices but instead
we have

PH´1
|S pDq – ∆1 ˆ ¨ ¨ ¨ ˆ ∆dimB´1 ˆ ∆1

dimB ,

where the last term may be a simplex missing its last face, i.e. ∆1
dimB

may be the closed i-simplex ∆i or of the form:

∆i
8 :“ t0 ď x1 ď ¨ ¨ ¨ ď xi ă 8u.

Modulo this subtlety, Theorems 4.3.2 and Proposition 4.4.12 hold also in
the unbounded case we consider here, and PH is again a stratified fiber
bundle whose fibers are (possibly unbounded) polyhedra. The proofs
of these results in the unbounded situation do not present additional
difficulties.

Next we provide a necessary and sufficient criterion for the simplicial
complex K that ensures that all the fibers of PH are bounded.

Definition 4.6.1. A subset L Ď K is -removable, or simply removable,
if KzL is a subcomplex of K and the inclusion KzL ãÑ K induces an
isomorphism on (standard) homology with -coefficients. K is said to be
-essential, or simply essential, if it has no removable subsets.
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For instance, any pair pσ, σ1q where σ1 has σ as its only co-face pro-
vides an example of a removable subset for any . This is an elementary
collapse familiar from simple homotopy theory. More elaborate exam-
ples include the wedge product K _ A of two simplicial complexes K
and A, where A is -acyclic, i.e. A has trivial reduced (ordinary) homol-
ogy with coefficients. Then L “ Azt˚u is removable. A rich source of
such A are the classifying spaces of perfect groups, or the classifying
spaces of finite groups when is of characteristic zero.

Proposition 4.6.2. The fibers of the persistence map PH are all compact if
and only if the complex K is essential.

Proof. If K is not essential, it has a removable subset L Ď K. Given a
partial filter f : KzL Ñ R and a real value x with x ě maxσPKzL f pσq, f
can be extended to a filter fx on all of K by assigning the common
value x to all the simplices in L. Thus the fiber of D “ PHp fxq con-
tains the open half line t fx | x P rmaxσPKzL f pσq; 8qu and is hence not
compact.

Conversely, if PH has a non-compact fiber over some barcode D,
it means there exists an f P PH´1pDq attaining values higher than
the largest (bounded) endpoint maxpDq of D. Therefore the set L of
simplices on which f takes value larger than maxpDq is removable.

Next we will exhibit a family of simplicial complexes that are essen-
tial. We say that K is a triangulated (oriented) manifold if its geometric
realisation |K| is homeomorphic to a closed (orientable) manifold. Note
that this manifold will necessarily be compact since K is finite.

Proposition 4.6.3. Let K be a triangulated manifold. If either the field of
coefficients k is of characteristic 2 or K is oriented, then K is essential.

Proof. Without loss of generality, we may assume that K is connected
and of dimension d. Then any filter f attains its maximum value on a
top dimensional simplex, since all lower-dimensional simplices have
co-faces. By our assumptions, we have HdpKq – k and a generator of
this top dimensional homology class is the sum of all top dimensional
simplices of K (with appropriate signs). At the level of barcodes, this
means that there is an infinite interval in homological degree d starting
at maxσPK f pσq. Therefore the fiber of the persistence map over any
barcode D is bounded, and since it is closed by continuity of PH, it is
also compact and hence essential by the previous result.

The converse of Proposition 4.6.3 is false as can be seen from the
following simple counterexample.

Example 4.6.4. Let K be the wedge product of two triangles. So K has
five vertices and six 1-simplices. Its first homology group is of rank 2
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but any subcomplex will have at most rank 1. Thus K is essential, but K
is not a manifold.

The point-set topology is a little delicate when working with the
unbounded real line R instead of the compact interval I. This is part of
the reason why we chose to work with I for the main part of our paper.
For example, Proposition 4.2.17 cannot be adapted to the unbounded
situation: If the fibers of PH are not compact then the bottleneck
topology and the quotient topology induced by PH do not necessarily
agree on the image BarKpRq as Example 4.6.5 below shows.

Example 4.6.5. Let us consider again the Example 4.2.19 of the com-
plex K representing the unit interval with vertices a, b and 1-simplex σ.
As a set BarKpRq can be identified (as in Example 4.2.19) with the
3-simplex ∆1

3 “ tpx1, x2, x3q, ´8 ă x1 ď x2 ď x3 ă 8u with two miss-
ing faces, where in addition the 2-dimensional face corresponding
to ´8 ă x1 ă x2 “ x3 ă 8 is collapsed to the line segment ´8 ă x1 “

x2 “ x3 ă 8. Consider the set

U :“
␣

px1, x2, x3q | x3 ´ x2 ă e´x2
(

Ď BarKpRq

of barcodes whose unique bounded bar px2, x3q has length less than e´x2 .
We then have

PH´1pUq :“
␣

f P FiltKpRq | f pσq ´ maxp f paq, f pbqq ă e´ maxp f paq, f pbqq
(

Ď FiltKpRq Ď R3,

which is open in FiltKpRq for the usual topology induced by the }.}8-
metric. Therefore U is an open set in the quotient topology. However
it does not contain any bottleneck ball, hence is not an open set in the
bottleneck topology.

Furthermore, the choice of topology on EndpR, ďq and AutpR, ďq

matters in the unbounded situation: Replacing the L8 topology by the
compact open topology results in the actions not being (sequentially)
continuous as can be seen in the following example.

Example 4.6.6. Consider the sequence of barcodes Dn containing a
single interval pn, n ` 2´nq. The sequence Dn converges to the empty
diagram DH in the bottleneck topology. In addition, let ϕn : R Ñ R

be the map such that ϕnpnq “ n, ϕnpn ` 2´nq “ n ` 1, ϕn|rn;n`2´ns

and ϕn|rn`2´n ;n`2s are linear, and outside rn; n ` 2s ϕn is the iden-
tity. Then the sequence ϕn converges to the identity map of the real
line in the compact open topology. If the action were continuous in
both variables, the sequence ϕnpDnq would converge to the empty dia-
gram IdpDHq “ DH. However, each of the barcodes ϕnpDnq contains a
unique interval pn, n ` 1q, and the sequence does therefore not converge
in the bottleneck topology.
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However, in our analysis, we have never needed to make full use
of the continuity of the action of EndpI, ďq. Instead, it is enough to
ensure that the action is continuous w.r.t. the choice of ϕ. Namely,
fixing D P Bar, the map ϕ P EndpI, ďq ÞÑ ϕpDq P Bar is continuous. In
the current unbounded situation, it can also be proven that the map
ϕ P EndpR, ďq ÞÑ ϕpDq P BarpRq is continuous, where we consider the
compact open topology on EndpR, ďq. This is precisely what is needed
to carry the analysis through in a similar fashion.

Finally, if we do not impose that maps in EndpR, ďq and AutpR, ďq

equal the identity outside a compact set, then the analysis breaks down
in the L8 topology. For instance, straight line interpolations on which
our results rely, would not always give continuous paths.

4.6.2 The case of lower star filters

The lower star filtration form an interesting subspace of the space of all
filters on K and one might want to restrict one’s attention to these as
for example in [CMW20]. We summarise briefly how our analysis can

Jacek Cyranka, Konstantin Mischaikow,
and Charles Weibel. Contractibility of a
persistence map preimage. Journal of Ap-
plied and Computational Topology, 4(4):509–
523, 2020

be adapted and compared to this case.
Let K be a finite simplicial complex with vertex set V. A lower star

filter on K is a filter f P FiltK such that for any simplex σ P K:

f pσq “ max
vPσ

f pvq.

Being determined by their values on vertices, such filters offer many
advantages in practice. Any function f : V Ñ I can be extended
uniquely to a lower star filter. Hence, the subspace LowK Ď FiltK of
lower star filters is canonically isomorphic to IV. We denote its image
under the persistence map PH by BarLow

K .
The actions of AutpI, ďq and EndpI, ďq by post-composition restrict

to IV and, by the equivariance of PH, also to BarLow
K . As the strata

are given by AutpI, ďq-orbits, we see that both LowK and BarLow
K are

sub-stratified spaces, each consisting of a subcollection of full strata
from FiltK and BarK respectively. Thus PH restricts to a strongly strati-
fied map

PH|Low : LowK ÝÑ BarLow
K

and hence satisfies similar properties as PH. In particular, the fiber PH´1
LowpDq

has again the structure of a polyhedral complex and the analogue of
Theorem 4.3.2 holds.

The space BarLow
K also gives rise to a subcategory BarK

Low of BarK.
We note that this is a full subcategory. Thus Theorem 4.4.2 and Propo-
sition 4.4.12 also hold for this subcategory. In particular, BarK

Low is ho-
motopy discrete. As before, we can associate to morphisms in BarK

Low

monodromies between fibers, turning the inverse image into a functor

PH´1
|Low : BarK

Low ÝÑ Top.
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Up to homotopy, the monodromies between fibers are again polyhedral
maps.

Remark 4.6.7. Vice-versa, we may also consider the space of filters
on K as a subspace of the space of lower star filters on its barycentric
subdivision K̂. Recall that the vertices of K̂ are the simplices of K.
Thus f P FiltK uniquely gives rise to f̂ P LowK̂ via

f̂ pσ̂q :“ f pσq,

where σ̂ is the vertex of K̂ corresponding to the simplex σ in K. This
way, we get a nested sequence of spaces:

LowK Ă FiltK Ă LowK̂.

It is a straightforward exercise to show that PHp f q “ PHp f̂ q. Thus we
also have a nested sequence of barcode spaces:

BarLow
K Ă BarK Ă BarLow

K̂ .

All these inclusions are also EndpI, ďq-equivariant and PH defines an
equivariant map between these nested sequences. Thus, by similar
arguments as before, PH and the inclusions are compatible with the
stratifications in the strongest sense giving rise to a sequence of full,
homotopy discrete subcategories

BarK
Low Ă BarK Ă BarK̂

Low.

It would be interesting to analyse how the fibers of PH, or more gener-
ally the fiber functors on these three categories are related.

4.6.3 Symmetries restricted to fibers

In this brief section we examine how symmetries of the simplicial
complex restrict to the fibers of the persistence map. For simplicity we
return to filters and barcodes in the unit interval I, but the analysis can
be carried out in the unbounded situation or when restricting to lower
star filters in the same way.

Let GpKq be the group of isomorphisms of the simplicial complex K.
Then GpKq can be identified as the subgroup of the group of symmetries
SympK0q of the vertices K0 which consists of all those s that map a
subset σ P K to a subset spσq P K. Pre-composition with the inverse
induces a left action of GpKq on the space FiltK of filters via

s. f :“ f ˝ s´1.

Thus f and s. f take the same values and furthermore, if S Ď FiltK

is a filter stratum then s.S is another stratum of the same dimension,
dim s.S “ dimS , and s maps S to spSq via an affine isomorphism.
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Proposition 4.6.8. For all f P FiltK and all s P GpKq we have

PHp f q “ PHps. f q.

Equivalently, the action of GpKq on FiltK restricts to the fiber PH´1pDq for
every D P BarK. Furthermore, GpKq acts through maps of polyhedra on
PH´1pDq.

Proof. The symmetry s maps the sublevel-set filtration of f isomorphi-
cally to that of s. f . Thus the associated persistence modules are isomor-
phic and so the two resulting barcodes in BarK are the same. Hence,
f and s. f are in the same fiber. Since s defines an affine isomorphism
from a stratum S to the stratum s.S and preserves fibers, it restricts to
an affine isomorphism from PH´1pDq X S to PH´1pDq X spSq for any
barcode D P BarK.

Proposition 4.6.9. Given two barcodes D, D1 and a morphism ϕ P BarKpD, D1q,
the monodromy Lϕ : PH´1pDq Ñ PH´1pD1q is GpKq-equivariant.

Proof. Let f P PH´1pDq, s P GpKq and σ P K. Then the statement of the
proposition follows from

Lϕps. f qpσq “ pϕ ˝ s. f qpσq “ ϕp f ps´1pσqqq “ Lϕp f qps´1pσqq “ s.Lϕp f qpσq.

4.7 A detailed example: the fiber of the persistence map over the
triangle

In this section we illustrate our theory developed so far on an example.
The simplest non-contractible simplicial complex K is a triangle. We
denote its vertices by a, b, c and its edges by ab, ac, bc.

a b

c

ab

ac bc

In this simple case, a filter is any map f : K Ñ I such that its value
on an edge is greater (or equal) than the value on the endpoints of this
edge. By the elder rule and since K is connected, minp f paq, f pbq, f pcqq

is the left endpoint of the unique infinite interval in PH0p f q. For
similar reasons, PH1p f q contains a unique unbounded interval with left
endpoint given by maxp f pabq, f pbcq, f pacqq.

In addition, the example of the triangle has interesting symmetries.
The symmetries of the triangle GpKq “ D3 is the dihedral group which
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can also be identified with the symmetric group Σ3, the set of bijections
of the set ta, b, cu of vertices of K.

Our goal in this section is to determine all the barcode strata and the
corresponding fibers, see Figure 4.7; describe the action of GpKq » D3

on the fibers, and compute the monodromies between the non-discrete
fibers.

Summary of the results:

1. In section 4.7.1 we compute all 34 barcode strata in the image BarK “

PHpFiltKq;

2. In section 4.7.2 we compute the fibers of PH over the distinct barcode
strata. We find only five strata with fibers that are not discrete.
By Theorem 4.3.2, these fibers are polyhedral complexes, and we
exhibit the polyhedra in RK making up the complexes. The results in
section 4.6.3 guarantee that GpKq acts on each fiber, and we describe
this action on the fibers for these five barcode strata;

3. Finally, by the results in section 4.4.2, the closure containment re-
lations between barcode strata yield monodromies between fibers,
which up to homotopy are polyhedral maps. We describe the mon-
odromies between non-discrete fibers in section 4.7.3.

This simple example of the triangle shows that the fibers of the persis-
tence map can be topologically distinct from each other. Furthermore,
the topology of the fibers can also be more complex than that of the
underlying simplicial complex K, especially for low dimensional strata
in the space of barcodes. Similar observations hold when restricting
the fibers to the subspace LowK of lower star filters, as we detail in sec-
tion 4.7.4. We contrast this with the case studied in [CMW20] where K

Jacek Cyranka, Konstantin Mischaikow,
and Charles Weibel. Contractibility of a
persistence map preimage. Journal of Ap-
plied and Computational Topology, 4(4):509–
523, 2020

is a triangulation of the interval r0, 1s and lower star filters are con-
sidered. In that case the fibers of the persistence map are all disjoint
unions of contractible sets. In particular, our example of the triangle
shows that the fiber of the persistence map does not have to be a union
of contractible sets.

4.7.1 Computation of BarK and its strata

For notational convenience, we replace the unit interval with a bigger
interval, I :“ r´10; 10s. This allows considering barcodes with only
integer valued endpoints. In addition, we restrict ourselves to strata
of barcodes with endpoints strictly in p´10, 10q, since they completely
determine strata (and their fibers) where the endpoints ´10 and 10 are
allowed.

The top dimensional filter strata of the space of filters FiltK corre-
spond to injective filters and can equivalently be thought of as orderings
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Figure 4.7: The list of all barcode strata
in BarK and the associated fibers when K
is the simplicial triangle.
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of the simplices in the triangle, where an edge must appear after its
vertices. This allows us to count these top dimensional strata. Namely,
considering the case where the vertices of the triangle appear before all
the edges, and separately the case where one edge appears before the
last vertex, we get the following count of possible orderings and hence

36 ` 12 “ 48 top dimensional filter strata.

The top dimensional barcode strata in the image BarK “ PHpFiltKq,
by Proposition 4.2.18, are given by the image of the top dimensional
filter strata. We argue that there are precisely three: From section 4.6.3,
the persistence map is GpKq-equivariant, so we may restrict ourselves
to those filter strata, viewed as orderings, for which the vertex a is first,
f paq “ 0, followed by b, f pbq “ 1. The following simplex must either
be ab or c. In the first case, f pabq “ 2, all filters satisfying this yield
the same barcode rtp0, 8q, p1, 2q, p3, 4qu, tp5, 8qus. We denote by B1

0 the
corresponding codimension 0 barcode stratum. In the second case,
f pcq “ 2, we get two other barcodes depending on whether ab is the
next simplex in the ordering or not, rtp0, 8q, p1, 3q, p2, 4qu, tp5, 8qus and
rtp0, 8q, p1, 4q, p2, 3qu, tp5, 8qus. We denote the corresponding barcode
strata by B2

0 and B3
0 .

The list of all barcode strata in BarK, by Proposition 4.2.18, can be
derived from the three top dimensional barcode strata B1

0 , B2
0 and B3

0
by collapsing their interval endpoints. We draw all the 34 resulting
strata in Figure 4.7, sorted by codimension, and give them labels that
are used in the rest of the section.

4.7.2 Computation of fibers and the action of GpKq

The fibers over the various barcode strata in the image of the persistence
map, whose computations are detailed in this section, are summarised
in Figure 4.7 (in green in the top right corner of each box). More
precisely, each stratum is represented by one of its barcodes, where the
blue interval is the one corresponding to the degree 1 homology of the
triangle and the others correspond to degree 0 homology. Strata come
with a label, for instance B2

0 , whose subscript gives the codimension
and the superscript allows to enumerate strata of a given codimension.
The homeomorphism type of the fiber of PH over each stratum is given
in green. For instance, the fiber PH´1pB2

1q is finite and consists of 12
distinct filters. The blue boxes highlight the five strata with non-discrete
fibers.

Strata with discrete fibers. Most of the barcode strata have finite fibers.
For instance, the unique lowest-dimensional stratum is the one labelled
by B5: there only the two essential homological features are present,
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and appear at the same time. This implies that all the simplices of the
triangle must appear at a given time, and therefore the fiber of PH
over B5 consists of a unique constant function. This agrees with the
prediction of Proposition 4.3.7 that the fiber is contractible.

The barcode strata with maximal number of bounded intervals,
that is 2 such intervals, have zero bounded deficit (Def. 4.2.2). There
are 28 such strata. By Proposition 4.3.5, their fibers are discrete. For
instance, a simple counting argument gives discrete fibers for the top
dimensional barcode strata B1

0 , B2
0 and B3

0 , with 12, 12, and 24 points in
their fibers respectively. More generally, Proposition 4.3.5 upper-bounds
the dimension of the fibers over arbitrary strata by their bounded
deficit. In this example, note that the bounded deficit in fact equals the
dimension of the fiber in all cases, except in the degenerate case of the
stratum B5. In the remainder of this section we compute explicitly the
fibers over the five barcode strata that have fibers of dimension greater
than 0.

Stratum B1
2 . We take a representative barcode D :“ rtpb1, 8q, pb2, d2qu, tpb3, 8qus P

Bar2, where b1 ă b2 ă d2 ă b3, of the codimension 2 stratum B1
2 .

Without loss of generality, pb1, b2, d2, b3q “ p0, 1, 2, 3q. We use the
identification of a filter f with the vector p f paq, f pbq, f pcq, f pabq, f pacq, f pbcqq P

I6. If f yields barcode D, then:

• There is a vertex v (resp. an edge e) at which f attains its minimum
(resp. maximum) value, equal to 0 (resp. 3).

• There is another vertex v1 and edge e1 such that f pv1q, f pe1q “ 1, 2.

• The remaining vertex and incident edge have same value 0 ď t ď 3.

Let us assume that the vertex a should create the first connected
component, while the vertex c should create the second one. Then the
vertex b must appear at the same time as an edge connecting b to either
a or c. If b appears at the same time as ab, and if we wish that bc is
the edge closing the loop, we get a 1-simplex tp0, t, 1, t, 2, 3qu0ďtď3 in
the fiber, which we break into three 1-simplices that lie in (the closures
of) different filter strata: tp0, t, 1, t, 2, 3qu0ďtď1, tp0, t, 1, t, 2, 3qu1ďtď2 and
tp0, t, 1, t, 2, 3qu2ďtď3. If rather the edge ac closes the loop of the triangle,
we get the two sets tp0, t, 1, t, 3, 2qu1ďtď2 and tp0, t, 1, t, 3, 2qu0ďtď1 in the
fiber. Now, let us assume that b appears at the same time as bc, which
imposes that b appears after time 1. Then if ab closes the loop of the tri-
angle, we get the two sets tp0, t, 1, 3, 2, tqu1ďtď2 and tp0, t, 1, 3, 2, tqu2ďtď3

in the fiber, while if we wish that the edge ac closes this loop, we get
the unique set tp0, t, 1, 2, 3, tqu1ďtď2 in the fiber. All in all, we have
gathered 8 embeddings of the standard 1-simplex in I6. By symmetry,
if we vary the choice of two vertices that create the first two connected
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components, we get 6 analogous collections of 8 embeddings of the
standard 1-simplex described above, which together cover the fiber.
This provides a description of the fiber in terms of a graph, whose
incidence structure is explicited in Fig. 4.10. In particular, the fiber of
PH over D is homeomorphic to S1 \ S1.

We further depict the action of GpKq on PH´1pDq in Fig. 4.10. We
consider the cyclic map pa, b, cq ÞÑ pb, c, aq and the elementary trans-
position pa, b, cq ÞÑ pb, a, cq as generators. We see that the cyclic map
preserves the two connected components of the fiber S1 \ S1, whereas
the elementary transposition swaps them. More generally, even permu-
tations g P GpKq preserve the connected components of the fiber, while
odd permutations exchange them.

Stratum B2
3 . Fixing two endpoints via d2 “ b3 in the stratum B1

2 , we
get the stratum B2

3 represented below.
As a representative of this stratum, we consider the barcode D “

rtp0, 8q, p1, 2qu, tp2, 8qus P Bar2. The fiber of D can be obtained simi-
larly as in the previous case, that is by providing a cover of the fiber
by embeddings of the 1-simplex in I6. Imposing that vertices a and
then c should be responsible for the appearance of the first two com-
ponents, we get the sets tp0, t, 1, t, 2, 2qu0ďtď1, tp0, t, 1, t, 2, 2qu1ďtď2 and
tp0, t, 1, 2, 2, tqu1ďtď2 in the fiber. By symmetry in the choice of these two
vertices, we get a total of 6 ˆ 3 embeddings of the standard 1-simplex
that together cover the fiber. This decomposition describes the fiber as
a graph, which is described in Fig 4.11 and is homeomorphic to S1. The
action of the symmetries on the circle is described in the figure as well.

Stratum B1
3 . A representative of the stratum B1

3 is D :“ rtp0, 8q, p0, 1qu, tp2, 8qus P

Bar2.
We describe the fiber with an explicit cover by embeddings of the

1-simplex in I6. Imposing that vertices a and c should be responsible
for the appearance of the first two components, we get the following
embeddings:

• tp0, t, 0, 1, 2, tqu0ďtď1, tp0, t, 0, 2, 1, tqu0ďtď1, tp0, t, 0, t, 1, 2qu0ďtď1, tp0, t, 0, t, 2, 1qu0ďtď1,
tp0, t, 0, t, 1, 2qu1ďtď2 and tp0, t, 0, 2, 1, tqu1ďtď2.

By symmetry in the choice of these two vertices, we get a total of 3 ˆ 6
embeddings of the standard 1-simplex that together cover the fiber. By
inspecting adjacency relations, this decomposition describes the fiber
as a graph isomorphic to the graph of the fiber over B2

3 . In particular,
the fiber is homeomorphic to S1.

Stratum B1
4 . Let D “ rtpb1, 8qu, tpb2, 8qus P Bar2 (where b1 ă b2) be a

barcode in the stratum B1
4 .
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We may set b1 “ 0 and b2 “ 1 for simplicity. If a filter f : K Ñ I
yields the barcode D, then there are two pairs pvi, eiqi“1,2 of vertices and
edges such that 0 ď f peiq “ f pviq “: ti ď 1 and the remaining vertex v0

and edge e0 realize the minimum 0 and maximum 1 of f respectively.
For a fixed choice of pvi, eiqi“0,1,2 as above, the two parameters t1 ď t2

describe a 2-simplex. This 2-simplex corresponds to one of the top
dimensional polyhedron in the fiber of PH over D, which we know is a
polyhedral complex from Theorem 4.3.2. To count and describe these 2-
simplices, fix v0, say v0 “ a. Then we distinguish between the two cases:
(i) where e0 contains v0 and (ii) where e0 does not contain v0. In case
(i), if we choose e0 “ ac, then b and ab simultaneously appear at time t1

and finally c and bc appear at time t2. The resulting simplex in the fiber
is denoted by S :“ tp0, t1, t2, t1, 1, t2qu0ďt1ďt2ď1. In case (ii), there is only
one choice for e0, i.e. e0 “ bc. The other vertex-edge pairs have to be
the pairs pb, abq and pc, acq. If we decide that the pair pb, abq appears
before pc, acq, we obtain the simplex S̄ :“ tp0, t1, t2, t1, t2, 1qu0ďt1ďt2ď1.
All the other simplices in the fiber may be derived from the action
of GpKq on S and S̄. More precisely, letting τ : pa, b, cq ÞÑ pb, a, cq

be the elementary transposition and c : pa, b, cq ÞÑ pb, c, aq the cyclic
permutation, we obtain all the 2-simplices in the fiber:

(i) S “ tp0, t1, t2, t1, 1, t2qu, τ.S “ tpt1, 0, t2, t1, t2, 1qu0ďt1ďt2ď1, c.S “

tpt2, 0, t1, 1, t2, t1qu0ďt1ďt2ď1, c2.S “ tpt1, t2, 0, t2, t1, 1qu0ďt1ďt2ď1, τc.S “

tp0, t2, t1, 1, t1, t2qu0ďt1ďt2ď1, τc2.S “ tpt2, t1, 0, t2, 1, t1qu0ďt1ďt2ď1;

(ii) S̄ “ tp0, t1, t2, t1, t2, 1qu0ďt1ďt2ď1, τ.S̄ “ tpt1, 0, t2, t1, 1, t2qu0ďt1ďt2ď1,
c.S̄ “ tpt2, 0, t1, t2, 1, t1qu0ďt1ďt2ď1, c2.S̄ “ tpt1, t2, 0, 1, t1, t2qu0ďt1ďt2ď1,
τc.S̄ “ tp0, t2, t1, t2, t1, 1qu0ďt1ďt2ď1, τc2.S̄ “ tpt2, t1, 0, 1, t2, t1qu0ďt1ďt2ď1.

All the 12 sets are embeddings of the 2-simplex ∆2 in I6, where we
represent the simplex ∆2 in R2 conveniently for our purpose as in
Fig 4.8.

Figure 4.8: An embedding of the stan-
dard simplex ∆2, with faces in red, green
and blue.

The 2-simplices in the orbit of S̄ meet with 3 distinct other 2-simplices
at its 3 faces (obtained by setting t1 “ 0, t2 “ 1 or t1 “ t2). The 2-
simplices in the orbit of S only meet with two other simplices. Glued
together, these simplices form a Möbius band embedded in R6, as
explicited in Figure 4.12. Therefore the fiber of the persistence map over
the barcodes in the stratum B1

4 is isomorphic, as a simplicial complex,
to the Möbius band.

We again consider how the symmetry group Σ3 of the triangle acts on
the fiber. Note that the action on the fiber must preserve the orientations
and colors described in Fig. 4.12. The elementary transposition simply
rotates the Möbius band by an angle of π. The action of the cyclic
permutation is slightly more involved as it reverses and translates the
Möbius band.
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Stratum B2
4 . The last stratum of barcodes whose fiber we explicitely

compute has representative D :“ rtp0, 8qu, tp0, 1q, p1, 8qus:
In this case, the fiber is the union of the segments:

• tp0, t, 0, t, 1, 1qu0ďtď1, tp0, t, 0, 1, 1, tqu0ďtď1, tp0, 0, t, 1, 1, tqu0ďtď1, tp0, 0, t, 1, t, 1qu0ďtď1,
tpt, 0, 0, 1, t, 1qu0ďtď1, tpt, 0, 0, t, 1, 1qu0ďtď1;

which assemble into a regular hexagon, and therefore the fiber of PH
over the stratum B2

4 is homeomorphic to S1.

4.7.3 Computation of monodromies between fibers

We describe the monodromies between non-discrete fibers. We focus on
pairs of barcode strata that differ by one dimension, since a monodromy
between an arbitrary pair of strata is a composition of such elementary
monodromies by Corollary 4.4.14.

Monodromy from B1
2 to B1

3 and B2
3 . From the previous section, the

fibers over B1
3 and B2

3 are isomorphic cyclic graphs. We only de-
scribe monodromies from PH´1pB1

2q to PH´1pB2
3q since monodromies

from PH´1pB1
2q to PH´1pB1

3q are identical. The stratum B1
2 contains

the stratum B2
3 in its closure. From Lemma 4.2.13, this ensures that

the set of morphisms BarKpD2, D2
3q is non-empty for any representa-

tives pD2, D2
3q P B1

2 ˆ B2
3 . For clarity, we take as representatives the bar-

codes from the previous section, that is D2 “ rtp0, 8q, p1, 2qu, tp3, 8qus

and D2
3 “ rtp0, 8q, p1, 2qu, tp2, 8qus.

From section 4.4.2, the number of different homotopy classes of
monodromies from PH´1pD2q to PH´1pD2

3q is upper-bounded by the
cardinality of π0pBarKpD2, D2

3qq. Moreover, the homotopy type of an
element ϕ P BarKpD2, D2

3q is completely characterized by its index
by Remark 4.4.5. In the current situation, any map ϕ from D2 to D2

3
must collapse the third and fourth endpoint of D2. This means that
up to homotopy, there is a unique monodromy map from PH´1pD2q

to PH´1pD2
3q to describe. It is then natural to choose ϕ to be any linear

extension of the map:

ϕ : t0, 1, 2, 3u ÞÑ t0, 1, 2, 2u.

The resulting monodromy Lϕ, from Proposition 4.4.12, is a simplicial
map between fibers. To visualize Lϕ, it is convenient to see how the
fiber PH´1pD2q is progressively deformed into a subset of PH´1pD2

3q

under the path t ÞÑ tLϕ ` p1 ´ tqId. As depicted in Fig. 4.9, this
transformation has the effect to collapse some edges and to identify
some edges and nodes.

In the same figure, we see that the monodromy is a surjection
onto the fiber PH´1pD2

3q. By Proposition 4.6.9, the equivariance of the
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monodromy w.r.t. the GpKq “ Σ3 action on the fibers predicts that
the image, through the monodromy, of the action on PH´1pD2q must
equal the action on PH´1pD2

3q. Let us for instance consider the cyclic
permutation pa, b, cq ÞÑ pb, c, aq of the triangle, which acts on the two
hexagons constituting PH´1pD2q by rotation of an angle of 2π

3 . The
monodromy identifies the two hexagons in the fiber, hence the induced
action of g on PH´1pD2

3q is the rotation by the same angle, which agrees
with the direct computation of the action of g on PH´1pD2

3q in Fig. 4.11.
The same observation can be made about the elementary transposition
τ : pa, b, cq ÞÑ pb, a, cq of the triangle.

Figure 4.9: Starting with the two irregu-
lar hexagons describing the fiber of the
barcode rtp0, 8q, p1, 2qu, tp3, 8qus of stra-
tum B1

2 (see Fig. 4.10), the arrows de-
scribe the process of continuously track-
ing the fiber as the interval p3, 8q gets
closer to the interval p2, 8q, thus ending
to the barcode rtp0, 8q, p1, 2qu, tp2, 8qus

of stratum B2
3 . Plain arrows show edges

of the fiber that are collapsed during this
process. Meanwhile, the two hexagons
merge into the regular hexagon depicted
in Fig. 4.11. This merging happens by
identifying edges of the two components,
of the same color and orientation, follow-
ing the dotted arrows.

Monodromy from B1
3 and B2

3 to B1
4 . The stratum B2

3 contains the stra-
tum B1

4 in its closure. We let D2
3 :“ rtp0, 8q, p1, 2qu, tp2, 8qus be the

representative barcode of the stratum B2
3 , and D1

4 :“ rtp0, 8qu, tp1, 8qus

be that of B1
4 , both as in the previous section. The set of morphisms

BarKpD2
3 , D1

4q is non-empty, and in fact contains a unique homotopy
class by Remark 4.4.5, since all maps ϕ P BarKpD2

3, D1
4q must collapse

the interval p1, 2q. It is then natural to choose ϕ to be any linear exten-
sion of the map:

ϕ : t0, 1, 2u ÞÑ t0, 1, 1u.
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From Proposition 4.4.12, the resulting monodromy Lϕ : PH´1pD2
3q Ñ

PH´1pD1
4q is a map of polyhedral complexes. Recall that the fiber PH´1pD2

3q

is a polyhedral complex described in Fig. 4.11. The monodromy map Lϕ

collapses 12 out of the 18 edges in PH´1pD2
3q. The remaining 6 edges

form a regular hexagon which is mapped onto the green circle of the
Möbius strip describing the fiber of B1

4 , see Fig 4.12. Likewise, the
monodromy from the fiber of (a representative of) the stratum B1

3 to
the fiber over B1

4 is unique up to homotopy, and collapses 12 out of
the 18 edges in the fiber over B1

3 , sending the remaining 6 edges onto
the red circle of the Möbius strip describing the fiber of B1

4 .

Monodromy from B1
3 and B2

3 to B2
4 . Recall that the fiber over B2

3 is a cyclic
graph with 18 edges depicted in Figure 4.11, while the fiber over B2

4
is a regular hexagon. There is again a unique (up to homotopy) mon-
odromy Lϕ between these fibers. The simplicial map Lϕ collapses 12
out of the 18 edges in PH´1pD2

3q. The remaining 6 edges (one for each
color in Figure 4.11) form the regular hexagon PH´1pB2

4q. In particu-
lar, Lϕ is a fibration. The monodromy from PH´1pD1

3q to PH´1pB2
4q

can be described in the same way.

4.7.4 Lower star filters

If we consider the restriction of PH to the subspace LowK Ď FiltK of
lower star filters, there are only 2 barcode strata in the image: B1

4 and B5.
The reason for this is that edges enter the sublevel set filtration of a
lower star filter at the same time as one of their vertices, hence there
are no bounded intervals in the resulting barcode. The fibers of the
restricted persistence map over the two strata can be derived from the
general case. Namely, the fiber over B5 is the constant filter, while the
fiber over B1

4 is a hexagon which embeds into the Möbius strip as the
green zig-zag in Fig. 4.12.
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Figure 4.10: The fiber of the barcode in
stratum B1

2 . We observe two connected
components. Each edge represents an
embedding of the standard 1-simplex in
the fiber, oriented with an arrow toward
increasing values of the parameter t. The
six colors correspond to the six possible
choices of two vertices responsible for
the appearance of the first two connected
components. If a and c (resp. a and b, b
and a, b and c, c and a, c and b) create
these components, we color the edge in
green (resp. red, black, blue, purple and
brown). The cyclic symmetry pa, b, cq ÞÑ

pb, c, aq acts on the fiber by rotating each
connected component by an angle of 2π

3 ,
as depicted by the dotted arrows. The
transposition pa, b, cq ÞÑ pb, a, cq acts by
swapping the connected components by
reflecting along the horizontal axis.
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Figure 4.11: The fiber of the barcode in
stratum B2

3 . Each edge represents an em-
bedding of the standard 1-simplex in the
fiber, oriented toward increasing values
of the parameter t. The six colors corre-
spond to the six possible choices of two
vertices responsible for the appearance
of the first two connected components
in the barcode. The coloring convention
is the same as in case B1

2 , Fig 4.10. The
cyclic permutation of the triangle acts
as a rotation by an angle of 2π

3 oriented
counter-clockwise, while the elementary
transposition acts as the horizontal sym-
metry of the hexagon.

Figure 4.12: The 2-simplices in the fiber
of the stratum B1

4 glued together in a
Möbius strip. Blue (resp. red and green)
edges correspond to setting t1 “ t2
(resp. t1 “ 0 and t2 “ 1) in their co-
faces. The left and right extreme blue
oriented edges are identified. The action
of the transposition pa, b, cq ÞÑ pb, a, cq

on the fiber can be described as a ro-
tation of the Möbius strip by an angle
of π. The action of the cyclic permuta-
tion pa, b, cq ÞÑ pb, c, aq on the fiber can
be described as the composition of (i) the
symmetry of the Möbius strip around its
middle horizontal line, followed by (ii) a
unit translation on the left of each sim-
plex.



5
Algorithmic Reconstruction of the Fiber of Persistent Ho-
mology on Cell Complexes

Abstract

Let K be a finite simplicial, cubical, delta or CW complex. The persis-
tence map PH takes a filter f : K Ñ R as input and returns the bar-
codes PHp f q of the associated sublevel set persistent homology modules.
We address the inverse problem: given a target barcode D, computing
the fiber PH´1pDq. For this, we use the fact that PH´1pDq decomposes
as complex of polyhedra when K is a simplicial complex, and we gener-
alise this result to arbitrary based chain complexes. We then design and
implement a depth first search algorithm that recovers the polyhedra
forming the fiber PH´1pDq. As an application, we solve a corpus of 120

sample problems, providing a first insight into the statistical structure
of these fibers, for general CW complexes.
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5.1 Introduction

Persistent Homology (PH) is a computable descriptor1 for data science 1 Herbert Edelsbrunner and John Harer.
Persistent homology-a survey. Contempo-
rary mathematics, 453:257–282, 2008; and
Afra Zomorodian and Gunnar Carlsson.
Computing persistent homology. Discrete
& Computational Geometry, 33(2):249–274,
2005

problems where topology is prominent, e.g. for analysing graphs and
simplicial complexes K. Given a function f : K Ñ R, one assembles
the homology groups of the sub complexes f ´1pp´8, tsq into a module
which is faithfully represented by a so-called barcode D “ PHp f q.
Using vectorisation methods2 the topological information of the barcode 2 Henry Adams, Tegan Emerson, Michael

Kirby, Rachel Neville, Chris Peterson,
Patrick Shipman, Sofya Chepushtanova,
Eric Hanson, Francis Motta, and Lori
Ziegelmeier. Persistence images: A sta-
ble vector representation of persistent ho-
mology. The Journal of Machine Learn-
ing Research, 18(1):218–252, 2017; and
Peter Bubenik. Statistical topological data
analysis using persistence landscapes.
The Journal of Machine Learning Research,
16(1):77–102, 2015

can then be used in statistical studies and machine learning problems.
To gain an a priori understanding of the problems where PH is

applied, it is key to know about the invariance of PH, i.e. the context
in which it is a discriminating descriptor. Hence the general inverse
problem: what are the different functions f giving rise to the same
barcode D “ PHp f q? Equivalently we are interested in the proper-
ties of the fiber PH´1pDq over a target barcode D. Prior work3 has

3 Jacob Leygonie and Ulrike Tillmann.
The fiber of persistent homology for
simplicial complexes. arXiv preprint
arXiv:2104.01372, 2021

shown the fiber to be the geometric realization of a polyhedral complex;
each polyhedron represents the restriction of the fiber to strata of the
space of filters. Similarly the space of barcodes is given a stratifica-
tion, and PH´1pDq is piecewise-affinely isomorphic to PH´1pD1q for
any D, D1 that belong to the same barcode stratum. Furthermore, if D1

lies in the closure of the stratum containing D, then there is a natu-
ral map PH´1pDq Ñ PH´1pD1q that respect the polyhedral structure
of PH´1pDq and PH´1pD1q.

However, understanding the fiber PH´1pDq remains a challenge, in
general. If the underlying simplicial complex K is a subdivision of
the unit interval or of the circle, then the fiber PH´1pDq is a disjoint
union of contractible sets4 and circles5, respectively. Outside these and 4 Jacek Cyranka, Konstantin Mischaikow,

and Charles Weibel. Contractibility of a
persistence map preimage. Journal of Ap-
plied and Computational Topology, 4(4):509–
523, 2020

5 Konstantin Mischaikow and Charles
Weibel. Persistent homology with non-
contractible preimages. arXiv preprint
arXiv:2105.08130, 2021

a few other 1-dimensional examples, however, little is known. Even
establishing that PH´1pDq ‰ H can be difficult, as we shall see in
section 5.7.6

6 For certain types of barcode D, we show
that PH´1pDq “ H iff K is collapsible.

Algorithm development represents an important step toward ad-
dressing this challenge. Computerized calculations offer a range of
new examples (intractable by hand) with which to test hypotheses and
search for patterns, thus contributing to the growth of theory. They
also represent an essential prerequisite to many scientific applications.

In this paper we propose an algorithmic approach to compute the
fiber of the persistence map PH, for an arbitrary finite simplicial com-
plex K, over an arbitrary barcode D. We then generalize this approach
to include finite CW complexes.

Outline of contributions After introducing elementary material from
Persistence theory (section 5.2), we define in section 5.3 the key data
structures used in our method. The algorithm, presented in section 5.4,
computes the list of polyhedra in the fiber PH´1pDq. For this, we
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adopt an inductive approach that constructs filtrations of K simplex by
simplex, and simultaneously, an associated barcode via the standard
reduction algorithm for computing persistent homology. Through this
incremental construction, we ensure that the filtrations remain compati-
ble with the target barcode D. The resulting collection of polyhedra is
the polyhedral complex that characterises the homeomorphism type
of PH´1pDq.

That the fiber PH´1pDq is a polyhedral complex is generalised to
arbitrary based chain complexes in section 5.5, in particular including
CW complexes, delta complexes, cubical complexes, on which we can
take arbitrary filter functions, or the sub spaces of lower-star and lower-
edge filter functions. In turn our algorithm adapts to these situations.

In a section 5.6 dedicated to experiments, we apply the algorithm
to multiple complexes and barcodes, and report statistics about the
fiber PH´1pDq, such as its number of polyhedra and its Betti num-
bers. Sometimes unexpectedly, most of the properties observed for the
1-dimensional complexes studied in [CMW20, LT21, MW21]7 do not 7 Jacek Cyranka, Konstantin Mischaikow,

and Charles Weibel. Contractibility
of a persistence map preimage. Jour-
nal of Applied and Computational Topol-
ogy, 4(4):509–523, 2020; Jacob Leygonie
and Ulrike Tillmann. The fiber of per-
sistent homology for simplicial com-
plexes. arXiv preprint arXiv:2104.01372,
2021; and Konstantin Mischaikow and
Charles Weibel. Persistent homology
with non-contractible preimages. arXiv
preprint arXiv:2105.08130, 2021

hold for more general complexes. For instance, already for a triangu-
lated 2-sphere the fiber PH´1pDq over some barcodes D has non-trivial
homology in degree 3, unlike all the existing examples of graphs, for
which PH´1pDq has vanishing homology in dimension greater than 1.
We also find CW complexes, for example the real projective plane, that
are topological manifolds whose fibers are not necessarily manifolds.

By contrast, the algorithm allows us to observe novel trends that hold
consistently across examples: for instance to each simplicial complex K
we associate a specific barcode DK such that the fiber PH´1pDKq and K
have the same Betti numbers (see conjecture 5.6.1). Our code is publicly
available at [JHP22]8. 8 Leygonie Jacob and Gregory

Henselman-Petrusek. Software
Companion to Algorithmic Recon-
struction of the Fiber of Persistent
Homology on Cell Complexes.
https://github.com/Eetion/phfibre,
2022

Related works Finally we note that for related inverse problems algo-
rithmic approaches to reconstruct the fiber have been designed. For
instance instead of taking a single function the Persistent Homology
Transform (PHT) of [TMB14b]9 computes the barcodes of a family of 9 Katharine Turner, Sayan Mukherjee, and

Doug M Boyer. Persistent homology
transform for modeling shapes and sur-
faces. Information and Inference: A Journal
of the IMA, 3(4):310–344, 2014

functions over a fixed shape in R3, which is enough to completely char-
acterise this shape, see [CMT18, GLM18]10 for generalisations to higher

10 Justin Curry, Sayan Mukherjee, and
Katharine Turner. How many directions
determine a shape and other sufficiency
results for two topological transforms.
arXiv preprint arXiv:1805.09782, 2018; and
Robert Ghrist, Rachel Levanger, and Huy
Mai. Persistent homology and euler in-
tegral transforms. Journal of Applied and
Computational Topology, 2(1-2):55–60, 2018

dimensions. These sorts of results motivated the design of algorithms
to reconstruct the complex K from the associated family of barcodes.11

11 Leo M Betthauser. Topological Recon-
struction of Grayscale Images. PhD the-
sis, University of Florida, 2018; and
Brittany Terese Fasy, Samuel Micka,
David L Millman, Anna Schenfisch, and
Lucia Williams. Persistence diagrams for
efficient simplicial complex reconstruc-
tion. arXiv preprint arXiv:1912.12759, 2019

5.2 Background

We fix a finite simplicial complex K of dimension dimK and with
7K many simplices. Throughout, (simplicial) homology is taken with
coefficients in a fixed field k. A filter over K is a map f : K Ñ I valued in
the interval I :“ r1; 7Ks Ă R, whose sublevel sets are subcomplexes of K.

https://github.com/Eetion/phfibre
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If we regard K as a poset partially ordered by face inclusions σ Ď σ1,
then f can be regarded, equivalently, as an order-preserving function
into I. The set of filters is a polyhedron contained in the Euclidean
space RK.

For each homology degree 0 ď p ď dimK, we have a (finite) per-
sistent homology module arising from the sub-level sets of f . The
isomorphism type of each module of this form is uniquely determined
by the associated barcode PHpp f q; concretely, the barcode is a finite
multi-set of pairs pb, dq, called intervals, each of which characterizes the
appearance and annihilation of a class of p-cycles in the filtration. For
further details, see [ZC05, EH10a]. We denote the set of all barcodes
by Bar.

The persistence map PH takes a filter f and returns the dimK ` 1
barcodes of interest:

PH : f P FiltpKq ÞÝÑ
`

PH0p f q, PH1p f q, ¨ ¨ ¨ , PHdimKp f q
˘

P BardimK`1.

Our goal is to compute the fiber PH´1pDq over some pd ` 1q-tuple of
barcodes D “ pD0, D1, ¨ ¨ ¨ , DdimKq P BardimK`1, from now on called
barcode for simplicity.

There is another, equivalent formulation of D which is sometimes
better suited to formal arguments. In this approach, we replace the
sequence of multisets D with a single, bona fide set X. We regard X
as a set of indices x, with one index for each interval in the barcode,
and write birthpxq, deathpxq, and dimpxq for the birth time, death time,
and dimension, respectively, of the corresponding interval. Thus Dp

is the multiset tpbirthpxq, deathpxqq : x P X, dimpxq “ pu. The set X is
especially useful for algorithms, e.g. when writing for-loops, however
it is nonstandard as a convention.

By way of compromise, we will identify D with X. When we refer
to fixing pb, dq P D, we mean fixing x P X such that birthpxq “ b
and deathpxq “ d. By dimpb, dq, we then mean dimpxq.

We also abuse notation and write pb, dq P D whenever pb, dq P Dp for
some 0 ď p ď dimK.

Given a barcode D, let EndpI, ďqpDq denote the set of all endpoints
of intervals in D,

tb : pb, dq P D for some du Y td : pb, dq P D for some bu Ď R \ t`8u

Set EndpI, ďq˚pDq “ EndpI, ďqpDqzt8u and write dim D “ |EndpI, ď

q˚pDq| for the number of finite endpoints. In particular, dim D ď 7K. By
normalizing, we may assume without loss of generality that EndpI, ď

q˚pDq has form t1, . . . , dim Du. For instance, the barcode D with 4
intervals (in possibly different homology degrees) p1, 2q, p1, 3q, p2, 3q

and p2, `8q has dimension 3, since the endpoints values form the
set t1, 2, 3u.
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Fix the barcode D. For any pair of filters f , g : K Ñ I, let us define
the relation f „ g by either of the following two equivalent axioms:

(A1) There exists a non-decreasing map ψ : I Ñ I such that ψpiq “ i for
each i P t1, . . . , dim Du, and g “ ψ ˝ f .

(A2) The function g satisfies

f peq P EndpI, ďq˚pDq ùñ gpeq “ f peq, f peq ď f pe1q ùñ gpeq ď gpe1q.
(5.1)

Note that „ is reflexive and transitive but not symmetric. Given a
filter f we write ηi :“ f pEq X pi, i ` 1q and

Pp f q :“ tg P IK : f „ gu Ď IK.

Theorems 5.2.1 and 5.2.2 below are proved in [LT21, Theorem 2.2]12. 12 Jacob Leygonie and Ulrike Tillmann.
The fiber of persistent homology for
simplicial complexes. arXiv preprint
arXiv:2104.01372, 2021

Recall that a finite set P of polyhedra in RK is a polyhedral complex if
for each polyhedron X P P , the faces of X belong to P as well, and if,
furthermore, any two polyhedra X, X1 P P intersect at a common face.
The underlying space of P is |P | “

Ť

XPP X.

Theorem 5.2.1. Let f P PH´1pDq be a filter in the fiber. Then Pp f q Ď

PH´1pDq, and Pp f q is a polyhedron which is affinely isomorphic to the
product ∆#η1 ˆ ¨ ¨ ¨ ˆ ∆#ηdim D , where ∆k stands for the standard geometric
simplex of dimension k.

The polyhedra Pp f q then assemble into a polyhedral complex with
underlying space the fiber PH´1pDq:

Theorem 5.2.2. The set
␣

Pp f q | f P PH´1pDq
(

is a polyhedral complex.

In section 5.5 we extend Theorems 5.2.1 and 5.2.2 to CW complexes
and more generally to based chain complexes.

5.3 Data structures

5.3.1 Classifications of simplices compatible with a barcode

Let us fix a finite simplicial complex K and a barcode D.
An important part of our strategy will be to introduce the concept

of D-compatible factorization. This object allows one to define clean
correspondences between simplices in K and interval endpoints. This,
in turn, allows one to define equivalence classes of simplices according
to whether or not they contribute to the barcode D – a major benefit, in
terms of overall organization.

Let f P PH´1pDq be given. Then EndpI, ďq˚pDq “ t1, ¨ ¨ ¨ , dim Du Ď

Imp f q. Note that containment may be proper because f can take non-
integer values, in general. However, we claim t1, ¨ ¨ ¨ , dim Du “ Imp f q
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when f is injective; in this case simplices appear “one at a time” in the
corresponding filtration, and a simple counting argument allows one
to infer that dim D “ #K “ #Imp f q as a result. We make use of this
property in the general case.

Figure 5.1: Given an injective filter f , the
finite endpoints in the barcode PHp f q are
canonically identified with simplices in K.
Here, K is the triangle with vertices de-
noted by a, b and c. The values (in dark
blue) of the bijection f : K Ñ t1, ¨ ¨ ¨ , 6u

are displayed along the simplices of K.
No two distinct intervals in the resulting
barcode (all homology degrees included)
share a common end value, and these
endpoints are annotated with the corre-
sponding simplex

Definition 5.3.1. Let f be an injective filter valued in t1, ¨ ¨ ¨ , 7Ku. The
associated total order is the unique total order on simplices σ1 ă ¨ ¨ ¨ ă

σ7K such that f pσkq “ k for each k. If there exists a non-decreasing
continuous map ϕ : R ÞÑ I such that PHpϕ ˝ f q “ D, we say that p f , ϕq

is a D-compatible factorization.

Remark 5.3.2. Given a non-decreasing continuous map ϕ and an ar-
bitrary barcode D1 “ rD1

0, . . . , D1
#Ks, let ϕpD1q be the barcode such

that ϕpD1qp contains one interval of form pϕpb1q, ϕpd1qq for each inter-
val pb1, d1q in D1

p that satisfies ϕpb1q ‰ ϕpd1q. Here, by convention, we
define ϕp8q “ 8. Then the persistence map is equivariant with re-
spect to this action, in the sense that PHpϕ ˝ f q “ ϕpPHp f qq; see for
instance [LT21, Lemma 1.5]13. This gives another perspective on the 13 Jacob Leygonie and Ulrike Tillmann.

The fiber of persistent homology for
simplicial complexes. arXiv preprint
arXiv:2104.01372, 2021

idea of D-compatibility: The barcode PHp f q has endpoints in bijection
with the simplices of K, and ϕ ‘contracts’ this barcode into D. See
Fig. 5.2 for illustration.

We now describe how a D-compatible factorization p f , ϕq allows
one to disambiguate the homological roles of each simplex. Let σ P K
be a given. By injectivity of f , there exists a unique σ1 P K such
that p f pσq, f pσ1qq or p f pσ1q, f pσqq lies in the barcode PHp f q. We write
rσ, σ1s f for this pairing; where context leaves no room for confusion,
we simply write rσ, σ1s. There is also the case where σ is unpaired,
i.e. when it corresponds to an infinite interval p f pσq, 8q. We then
write rσ, 8s. Then p f , ϕq gives rise to the following classification of
pairs of simplices rσ, σ1s (with the possibility that σ1 “ 8) according to
whether or not pϕ ˝ f pσq, ϕ ˝ f pσ1qq is an interval in the barcode D:
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Critical pϕ ˝ f pσq, ϕ ˝ f pσ1qq “ pb, dq for some non-trivial interval pb, dq P

D; We say that rσ, σ1s is p f , ϕq-critical for pb, dq and record this associ-
ation via π`pb, dq :“ σ and π´pb, dq :“ σ1;

Non-Critical Otherwise ϕ cancels the interval p f pσq, f pσ1qq, i.e. ϕ ˝

f pσq “ ϕ ˝ f pσ1q; We say that rσ, σ1s is p f , ϕq-non-critical.

In particular we have a well-defined bijection of intervals in D with
critical pairs:

π : D Ñ K ˆ pK \ t8uq, pb, dq ÞÝÑ rπ`pb, dq, π´pb, dqs.

By abuse of terminology we say that a simplex σ is critical if it is part
of a critical pair, and that it is non-critical otherwise. Note that an
unpaired simplex is necessarily critical for some pb, 8q P D. In Fig. 5.2,
we provide an example of D-compatible p f , ϕq and the resulting critical
and non-critical simplices.

There are uncountably infinitely many D-compatible factorizations.
In the two following definitions we compress the necessary information
into finitely many equivalence classes of D-compatible factorizations.

Definition 5.3.3. A classification K of simplices of K relative to D, or
classification for short, consists of:

(i) A bijective filter f : K Ñ t1, ¨ ¨ ¨ , 7Ku, or equivalently a total order-
ing σ1 ă ¨ ¨ ¨ ă σ7K;

(ii) A partition of simplices into consecutive ordered sets Φ1, ¨ ¨ ¨ , Φm,
which we refer to as classes:

σ1 ă σ2 ă ¨ ¨ ¨ ă σ7Φ1
loooooooooooomoooooooooooon

Φ1

ă ¨ ¨ ¨ ă ¨ ¨ ¨ ă ¨ ¨ ¨
looooooomooooooon

Φ2,¨¨¨ ,Φm´1

ă σp7K´7Φm`1q ă ¨ ¨ ¨ ă σ7K
looooooooooooooomooooooooooooooon

Φm

;

(iii) For each interval endpoint j, a class Φij , with j ÞÝÑ ij a non-
decreasing assignment.

Definition 5.3.4. A D-compatible classification K is a classification
induced by a D-compatible factorization p f , ϕq as follows:

(i) f : K Ñ t1, ¨ ¨ ¨ , 7Ku equals the bijective filter of K inducing the
order σ1 ă ¨ ¨ ¨ ă σ7K;

(ii) The image of ϕ ˝ f has cardinality m, i.e. we can write Impϕ ˝ f q “

tt1 ă ¨ ¨ ¨ ă tmu, and the associated sequence of pre-images equal the
classes of K:

pϕ ˝ f q´1pt1q “ Φ1, ¨ ¨ ¨ , pϕ ˝ f q´1ptmq “ Φm.

(iii) For each interval endpoint j P EndpI, ďq˚pDq, we have pϕ ˝ f q´1pjq “

Φij .
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Figure 5.2: With a simplicial complex K
and an injective filter f in the back-
ground, ϕ maps the barcode PHp f q to D
via the arrows going up, so that p f , ϕq

is D-compatible. In the correspond-
ing D-compatible classification, there
are 4 distinct equivalence classes Φi of
simplices, and they are distinguished
by the use of different colors. Critical
simplices are grayed and correspond to
intervals via the upward solid arrows:
Here πpb1, d1q “ rσ1, σ8s, πpb2, d2q “

rσ6, σ9s and πpb3, 8q “ rσ11, 8s,
hence the critical simplices form the
set tσ1, σ6, σ8, σ9, σ11u. The other
simplices are non-critical and can-
celled in pairs by the dotted ar-
rows: tσ2, σ3, σ4, σ5, σ7, σ10u.

We depict all this data in Fig 5.2. Note that given a classification K
the filter f induces pairings rσ, σ1s.

Proposition 5.3.5. A classification K is the D-compatible classification in-
duced by some D-compatible factorization if and only if the following two rules
are satisfied:

Critical rule: For any 1 ď j ă j1 ď dim D and 0 ď p ď 7K, there are as
many pairs rσj, σj1 s f with σj P Φij and σj1 P Φij1

, here dim σj “ p, as there
are copies of the interval pj, j1q in Dp;

Non-critical rule: For any remaining pair rσ, σ1s, both σ and σ1 belong to the
same class Φi.

Proof. Indeed, when these two rules are satisfied, we can define ϕ

directly on the classes Φ1, ¨ ¨ ¨ , Φm as any order-preserving map send-
ing f pΦij q to j.

It is natural to group D-compatible factorizations p f , ϕq according to
the classification K they induce: it is clear that whenever factorizations
induce the same classification, then they induce the same pairs rσ, σs of
simplices, the same critical and non-critical pairs (and simplices) and
the same bijection π from intervals in D to critical pairs. Therefore these
concepts are defined as well given a D-compatible classification K.

5.3.2 Relations to the fiber

We explain how to retrieve the polyhedra that compose the fiber PH´1pDq

(see Theorem 5.2.2) from the set of D-compatible classifications K. Note
that if two D-compatible factorizations p f , ϕq and p f 1, ϕ1q induce the
same classification K, then by Axiom (A2), they determine the same
polyhedron, Ppϕ ˝ f q “ Ppϕ1 ˝ f 1q. Thus the following definition is
unambiguous:

PpKq :“ Ppϕ ˝ f q.
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Moreover, PpKq Ď PH´1pDq by Theorem 5.2.1, because p f , ϕq is D-
compatible. Conversely, a filter g P PH´1pDq can always be written
as g “ ϕ ˝ f for some injective filter f and non-decreasing map ϕ : I Ñ I,
so that Ppgq “ Ppϕ ˝ f q. Therefore we have the following result:

Theorem 5.3.6. The set
␣

PpKq | K is a D-compatible classification
(

is the
polyhedral complex underlying PH´1pDq.

The upshot is that it is enough to compute the D-compatible classifi-
cations K in order to cover the fiber PH´1pDq.

5.4 Algorithm

We now propose an algorithm to retrieve the fiber PH´1pDq, i.e. that
computes all the D-compatible classifications K of the previous section.
Our implementation is simple in spirit: Algorithm 8 builds these clas-
sifications from scratch, simplex by simplex, and tries all the possible
ways to do so. Along the way the algorithm manipulates partial D-
compatible classifications, which can be thought of as the result of
cutting a D-compatible classification K at a given step (see Fig. 5.3).

Given an integer 1 ď j ď dim D ` 1, let Dăj “ pDăj
0 , ¨ ¨ ¨ , Dăj

dimKq be
the truncated version of D such that

Dăj
p :“

"

pb, dq P Dp : d ă j
*

Y

"

pb, 8q P Dp : pb, dq P Dp, b ă j ď d
*

.

for each 0 ď p ď dimK.

Definition 5.4.1. A partial classification is a tuple

F “
`

Kin, j, Φcur, Icur, Φn.c.
cur q

where Kin is a Dăj-compatible classification, and the set Φcur is a
linearly ordered subset of KzKin called the current class. We say that
the current class Φcur is incomplete under either of the following two
non-exclusive conditions:

(Critical rule violation) Icur ‰ H; and (Non-critical rule
violation) Φn.c.

cur ‰ H.

Otherwise Φcur is complete. The (Critical rule violation) occurs when
the current class Φcur is a truncated version of the critical class Φij

containing the simplices critical for the interval endpoint j, and there
are still intervals pb, jq or pj, dq that are unpaired with simplices of K.
These missing intervals are stored in Icur. Meanwhile, the (Non-critical
rule violation) indicates that some non-critical birth simplices τ P Φcur

are not yet paired with a death non-critical simplex, i.e. τ creates a
dim τ-cycle which must be destroyed in the same class. These unpaired
non-critical simplices are stored in Φn.c.

cur .
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Figure 5.3: We consider the barcode D
(top) of Fig. 5.2 and cut the D-compatible
classification at σ8 to get a partial classifi-
cation. The first three classes Φ1, Φ2, Φ3
are fully present in the resulting partial
classification F . So here Kin is a Dăj-
compatible classification where Dăj (bot-
tom) is the barcode spanned by the inter-
val endpoints 1 and 2. The next endpoint
value to consider is then j “ 3. The cur-
rent class Φcur “ tσ7, σ8u is incomplete
for two reasons. On the one hand Critical
rule is violated: The current class Φcur
is intended to contain critical simplices
for the endpoint j “ 3, as already it con-
tains the critical simplex σ8 “ π´pb1, d1q,
but the intervals pb2, d2q and pb3, 8q

(in red) also have the endpoint j “

3 and are yet unmatched: so Icur “

tpb2, d2q, pb3, 8qu. Hence we should de-
fine the simplex π´pb2, d2q that destroys
the cycle generated by σ6 “ π`pb2, d2q,
and a simplex π´pb3, 8q that creates
a dimpb3, 8q-cycle, before completion of
the class. On the other hand Non-critical
rule is violated: here Φn.c.

cur “ tσ7u con-
tains the unpaired simplex σ7 which gen-
erates an unexpected (dotted red) inter-
val, which shall be destroyed by another
simplex before completion of the class.

Algorithm 8 builds all the partial classifications starting with the
empty one:

F “
`

Kin, j, Φcur, Icur, Φn.c.
cur q :“ pH, 1, H, Dă2, Hq,

and records complete D-compatible classifications in a list Results.
Note that the set Icur of intervals is initialised with intervals starting at
the first endpoint 1 of D, since it is necessary that the first simplex to
enter the filtration will be critical for such an interval. To check that K
is complete is done at line 1 of Algorithm 8, and means that all the
simplices of K have entered the filtration and that the target barcode D
has been reached.

If the partial classification F is not complete but the current class Φcur

is complete, i.e. the algorithm checks that Critical rule and Non-critical
rule are satisfied (line 3), then Φcur is added to the classification (line
4), and the algorithm prepares the next class to build according to the
following alternative. Either the next class will be the class Φcur “

Φij that will contain all simplices critical for intervals that have the
endpoint j (lines 6 to 9), or the next class will contain only non-critical
simplices (line 10). In practice either we fill Icur with all intervals pb, jq
and pj, dq in D that have j as endpoint, or we set Icur “ H.

The remainder of the algorithm enumerates all ways to extend the
partial classification (which is provided by the user as input) by adding
one simplex to the current class Φcur. There are four possible types of
extensions, which we explain and illustrate with the example depicted
in Fig. 5.4.

Figure 5.4: We consider the part of the
partial classification from Fig. 5.3 that is
relevant to the current class Φcur only.
For Φcur to be completed we must at
least find critical simplices π`pb3, 8q

and π´pb2, d2q to account for the red
intervals pb2, d2q, pb3, 8q, and pair the
non-critical simplex σ7 with another non-
critical simplex to destroy the unexpected
dotted red interval.

• (Lines 14 to 19) The first type of extension consists in adding a
simplex π`pj, dq critical for the birth of an interval pj, dq P Icur as in
Fig. 5.5.

Figure 5.5: Adding a birth sim-
plex π`pb3, 8q generating a dimpb3, 8q-
cycle, to be critical for the inter-
val pb3, 8q.

• (Lines 20 to 26) The second type of extension consists in adding a



204 differential & fiber of persistent homology

critical simplex π´pb, jq to account for the death of an interval pb, jq P

Icur as in Fig. 5.6.

Figure 5.6: Adding a death
simplex π´pb2, d2q destroying
the dimpb2, d2q-cycle generated
by π`pb2, d2q, to be critical for the
interval pb2, d2q.

• (Lines 27 to 31) The third type of extension consists in adding a
simplex σ to pair with a non-critical unpaired simplex σ1 P Φn.c.

cur as
in Fig. 5.7.

Figure 5.7: Finding a simplex σ to destroy
the cycle generated by an unpaired non-
critical simplex σ7 P Φn.c.

cur , resulting in the
removal of σ7 in Φn.c.

cur .

• (Lines 31 to 36) The fourth type of extension consists in adding a
non-critical simplex σ to Φn.c.

cur as in Fig. 5.8, i.e. a simplex that creates
a dim σ-cycle that shall later be destroyed.

Figure 5.8: Finding a non-critical sim-
plex σ generating a new cycle, resulting
in the addition of σ in Φn.c.

cur .

To figure out which simplices σ R Kin Y Φcur can extend the partial D-
compatible classifications F through the algorithm, we maintain a
matrix δ which is derived from the boundary matrix B via elementary
row and column operations. The range of possible extensions can be
deduced from the sparsity pattern of δ as follows; see [CSEM06]14 and

14 David Cohen-Steiner, Herbert Edels-
brunner, and Dmitriy Morozov. Vines
and vineyards by updating persistence in
linear time. In Proceedings of the twenty-
second annual Symposium on Computational
Geometry, pages 119–126. ACM, 2006

Remark 5.4.4 for full details on the construction and interpretation of
this matrix.

• Simplex σ can be added as a (critical or non-critical) simplex to Φcur if
and only if δσ “ 0 or the lowest non-zero entry of column associated
to σ corresponds to another simplex σ1 that already belongs to the
partial classification: σ1 P Kin Y Φcur . We then write lowpδσq :“ σ1;

• If a simplex σ such that δσ “ 0 is added to Φcur, then it is a birth
simplex and creates a new pair rσ, 8s;

• If a simplex σ such that lowpδσq “ σ1 P Kin Y Φcur is added to Φcur,
then it is a death simplex, which has the effect to replace a pair rσ1, 8s

in F with a new pair rσ1, σs.

Given a complete D-compatible classification, recall that we have a
correspondence π of intervals in D with critical pairs. When F is a (non-
complete) partial D-compatible classification, the correspondence is not
necessarily defined for all intervals in D: For instance there are no birth
and death critical simplices for pb, dq in F , for any interval pb, dq P D
such that j ă b ă d. In this case we only have a partially defined
correspondence, which we indicate by the conventions π`pb, dq :“ H

and π´pb, dq :“ H. Note that it is also possible to have πpb, dq “ pσ, Hq

whenever we already have a birth critical simplex σ “ π`pb, dq in F
that is not yet associated with a death critical simplex. In the algorithm,
we store and update the partially defined correspondence π as we
incrementally construct the partial classification F .

Finally, to improve the time-efficiency of our algorithm, we main-
tain an array M P NdimK`1 of integers that constrain the non-critical
simplices that can be added to the classification in each dimension.
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In the array M “ pM0, ¨ ¨ ¨ , MdimKq, each Mp is the number of non-
critical positive p-simplices that remain to be added in the classifica-
tion. Since non-critical simplices come in pairs, Mp is also the number
of non-critical negative pp ` 1q-simplices that remain to be added in
the classification: At initialization this is the rank rankpBp`1q of the
boundary matrix restricted to pp ` 1q-simplices, minus the number of
bounded bars pb, dq P D in degree p (because those bars are in 1-1
correspondence with negative critical pp ` 1q-simplices). By conven-
tion M´1 “ MdimK`1 “ 0.

In practice we call the main algorithm ComputeFiltrationspK, Dq

(see Alg 7) to build the initial partial classification and then call the ex-
ploration (see Alg. 8) as a subroutine ExtendFiltrationpF , Results, δ, π, Mq.

Algorithm 7 ComputeFiltrationspK, Dq

Require: Finite simplicial complex K and target barcode D
Ensure: List Results of all D-compatible classifications

1: F “
`

Kin, j, Φcur, Icur, Φn.c.
cur q Ð pH, H, 1, H, Dă2, Hq

2: Initialise δ as the boundary matrix of K
3: Initialise correspondence πpb, dq :“ rH, Hs for bounded pb, dq P D and πpb, 8q :“ rH, 8s for infi-

nite pb, 8q P D
4: Mp Ð rankpBp`1q ´ 7

␣

pb, dq P D | dimpb, dq “ p ` 1, d ă 8
(

, for 0 ď p ď dimK
5: return ExtendFiltrationpF , Results, δ, π, Mq

Theorem 5.4.2. Algorithm ComputeFiltrationspK, Dq returns the list of
all D-compatible classifications.

Proof. From Line 1 of Alg. 8, the output consists in the D-compatible
classifications Kin extracted from complete partial classifications F that
are encountered by the algorithm. Thus it suffices to show that any
given partial classification F is explored by the algorithm. We proceed
by induction on the number m of classes Φ1, ¨ ¨ ¨ , Φm forming Kin, and
on the number of simplices in Φ1 \ ¨ ¨ ¨ \ Φm \ Φcur. Note that the
empty partial classification is visited at the beginning of the algorithm,
so we may assume that Φ1 \ ¨ ¨ ¨ \ Φm \ Φcur ‰ H. If Φcur “ H, we
have m ě 1 and Φm ‰ H. We can then form the partial classification F 1

with K1
in :“ Φ1 \ ¨ ¨ ¨ \ Φm´1, Φ1

cur :“ Φm, I 1
cur :“ H, pΦn.c.

cur q1 :“ H,
and j1 :“ j ´ 1 or j1 :“ j depending on whether Φm “ Φij´1 or not.
Clearly then, by Lines 3 ´ 10 of Alg. 8, if F 1 is explored by the algorithm,
then so is F . Otherwise, Φcur ‰ H has a last simplex σ. We can then
form F 1 by removing σ, i.e. Φ1

cur :“ Φcurztσu, with K1
in :“ Kin and j1 “ j

unchanged, and with the obvious changes in I 1
cur if σ were a critical

simplex, or in pΦn.c.
cur q1 if it were non-critical. Then F is one of the

four incremental extensions of F 1 depicted in Fig. 5.4, therefore by
Lines 14 ´ 37 of Alg. 8, if F 1 is explored by the algorithm, then so
is F .
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Algorithm 8 ExtendFiltrationpF , Results, δ, π, Mq

Require: Partial classification F , list Results, matrix δ, pairing π, integers M P Nd`1

1: if |Kin| “ 7K and Dăj “ D and Φcur “ H then
2: return Results Y tKinu

3: else if Φcur ‰ H and Icur “ H and Φn.c.
cur “ H then

4: K1
in Ð Kin Y Φcur

5: if Φcur contains critical simplices for the endpoint j then j1 Ð j ` 1 else j1 Ð j
6: if Dăj1 ‰ D then
7: I 1

cur Ð tpb, dq P D| b “ j1 or d “ j1u
8: F 1 Ð pK1

in, j1, H, H, I 1
curq and Results Ð ExtendFiltrationpF 1, Results, δ, π, Mq

9: end if
10: F 1 Ð pK1

in, j1, H, H, Hq

11: return ExtendFiltrationpF 1, Results, δ, π, Mq

12: else
13: for interval pb, dq in Icur do
14: if b “ j then
15: for simplex σ R Kin Y Φcur such that δσ “ 0 and dim σ “ dimpb, dq do
16: Φ1

cur Ð Φcur Y tσu and I 1
cur Ð Icurztpb, dqu and F 1 Ð pKin, j, Φ1

cur, I 1
cur, Φn.c.

cur q

17: π1 Ð π where π1 agrees with π on all inputs, except that π1
`pb, dq :“ σ instead of H

18: Results Ð ExtendFiltrationpF 1, Results, δ, π1, Mq

19: end for
20: else if d “ j then
21: for simplex σ R Kin Y Φcur such that lowpδσq “ π`pb, dq and dim σ “ dimpb, dq ` 1 do
22: Φ1

cur Ð Φcur Y tσu and I 1
cur Ð Icurztpb, dqu and F 1 Ð pKin, j, Φ1

cur, I 1
cur, Φn.c.

cur q

23: δ1 Ð reduce δ with respect to σ, c.f. Remark 5.4.4.
24: π1 Ð π, where π1 agrees with π on all inputs, except that π1

´pb, dq :“ σ1 instead of H

25: Results Ð ExtendFiltrationpF 1, Results, δ1, π1, Mq

26: end for
27: end if
28: end for
29: for simplex τ P Φn.c.

cur do
30: for simplex σ R Kin Y Φcur such that lowpδσq “ τ and dim σ “ dim τ ` 1 do
31: F 1 Ð pKin, j, Φcur Y tσu, Icur, Φn.c.

cur ztτuq and δ1 Ð reduce δ with respect to σ, c.f. Remark 5.4.4
32: Results Ð ExtendFiltrationpF 1, Results, δ1, π, Mq

33: end for
34: end for
35: for simplex σ R Kin Y Φcur such that δσ “ 0 do
36: if Mdim σ ą 0 then
37: Mdim σ Ð Mdim σ ´ 1 and F 1 Ð pKin, j, Φcur Y tσu, Icur, Φn.c.

cur Y tσuq

38: Results Ð ExtendFiltrationpF 1, Results, δ, π, Mq

39: end if
40: end for
41: return List Results enriched with D-compatible classifications that extend the classification Kin

42: end if
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Remark 5.4.3. The exploration of Algorithm 8 is equivalently viewed
as a Depth-First Search (DFS) on the tree of partial D-compatible classifica-
tions: each node is a partial classification, whose children differ by the
addition of a single simplex according to the four types of extension
depicted in Fig. 5.4. The algorithm records the subset of leaves that
correspond to D-compatible classifications. It would also have been
possible to design a Breadth-First-Search (BFS) algorithm. However
the BFS approach requires more storage, because we can forget the
information stored in a node (e.g. the boundary matrix of a partial clas-
sification) only when all its children are treated. Hence in a BFS version
of the algorithm we would eventually need to store the information of
the entire tree, while in the DFS version at most one branch is stored at
a time.

Remark 5.4.4. We implicitly maintain a matrix factorization δ “ BV
at each step of the algorithm, where B P kKˆK is the total boundary
matrix of K and δ, V P kKˆK are square. This factorization must satisfy
two conditions, each of which is stated in terms of a sequence of form
ξ “ pσ1, . . . , σp, τ1, . . . , τq, υ1, . . . , υrq, where σ1 ă ¨ ¨ ¨ ă σp is the linear
order on Kin and υ1 ă . . . ă υq is the linear order on Φcur. We write B̂

for the matrix obtained by permuting rows and columns of B such that
simplex ξk indexes the kth row and column of B̂, for each k. Matrices δ̂,
and V̂ are defined similarly, by permuting rows and columns to ensure
that ξk indexes the kth row and column of each matrix. Our two
conditions can now be stated as follows:

• Matrix V̂ must be upper unitriangular.

• Matrix δ̂ must be partially reduced in the following sense. For each
birth-death pair rτ, τ1s in Kin Y Φcur (including non-critical pairs and
excluding pairs of form rτ, 8s), the entry δ̂pτ, τ1q must be nonzero,
and each entry that lies either directly below δ̂pτ, τ1q in column τ1

(respectively, each entry to the right of δ̂pτ, τ1q in row τ) must equal
zero.

It can be shown that the low function of δ̂ agrees with the low function
of any R “ DV decomposition ofB̂ (when restricting each of these
functions to the subset Kin Y Φcur; their values may differ for τ R

Kin Y Φcur), c.f. [CSEM06]15. 15 David Cohen-Steiner, Herbert Edels-
brunner, and Dmitriy Morozov. Vines
and vineyards by updating persistence in
linear time. In Proceedings of the twenty-
second annual Symposium on Computational
Geometry, pages 119–126. ACM, 2006

To obtain such a factorization after we have added σ to Φcur, first
fix a compatible sequence ξ and permute the columns of δ accordingly;
then perform one further swap to ensure that the column indexed
by σ appears directly to the right of the last column indexed by Kin,
keeping the location of all columns indexed by Kin fixed. Perform
the same permutation on rows. Then add multiples of column σ to
columns on its right as necessary to ensure that the unique nonzero
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entry in row lowpδσq appears in column σ. A routine exercise shows
that the resulting matrix δ̂1, fits into a matrix factorization δ̂1 “ B̂V̂ of
the appropriate form.

Remark 5.4.5. From Theorem 5.3.6 the polyhedra PpKq induced by
the D-compatible classifications K describe the fiber PH´1pDq as a
polyhedral complex. In applications where it is desirable to dispose
of a simplicial complex structure for PH´1pDq, we can simply form
the nerve of the cover associated to the polyhedra PpKq, which by the
Nerve theorem for Euclidean closed convex sets is homotopy equivalent
to PH´1pDq (see e.g. [Wei52]16). In practice, computing the nerve 16 André Weil. Sur les théoremes de de

rham. Comment. Math. Helv, 26(1):119–
145, 1952

amounts to finding non-empty intersections
Şn

l“1 PpKlq, which in a
polyhedral complex boils down to intersecting vertex sets:

V

˜

n
č

l“1

PpKlq

¸

“

n
č

l“1

VpPpKlqq.

We include the construction of this simplicial complex for describ-
ing PH´1pDq in our implementation.

Remark 5.4.6. Since the polyhedral decomposition of the fiber realizes
a regular CW complex, computing the Z2 linear boundary operator
of this object reduces to enumerating the codimension-1 faces of each
polyhedron. These may be computed from the standard formula for
the boundary of a product of copies of standard geometric simplices:

Bpσ1 ˆ ¨ ¨ ¨ σmq “
Ť

krσ1 ˆ ¨ ¨ ¨ ˆ Bpσkq ˆ ¨ ¨ ¨ ˆ σms

Computing the coefficients of the Z-linear boundary matrix is slightly
more involved, due to orientation. We deffer this problem to later work.

Remark 5.4.7 (Generalization to barcodes for persistent (relative) (co)homology).
The discussion this far has focused exclusively on barcodes of the homo-
logical persistence module (obtained by applying the homology functor
to a nested sequence of cell complexes). However, there are several
other formulae for generating persistence modules from a filtered cell
complex. While each construction has distinct and useful algebraic
properties, their barcodes are completely determined by that of the
homological barcode17. Thus the procedure to compute fiber of PH 17 Vin De Silva, Dmitriy Morozov, and

Mikael Vejdemo-Johansson. Dualities in
persistent (co) homology. Inverse Problems,
27(12):124003, 2011

also serves to compute the persistence fiber of these other constructions.
For a detailed discussion, see section 5.8.

5.5 Generalisation to based chain complexes

We generalise the fact that the fiber of the persistence map PH is a
polyhedral complex to filters defined directly at the level of based
chain complexes. These include filters on simplicial complexes, cubical
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complexes, delta complexes and CW complexes. In turn our approach
for computing PH´1pDq adapts to these situations as well.

Definition 5.5.1. A based, finite-dimensional, k-linear chain complex
is a pair pC, Eq such that

ř

i dimpCiq ă 8 and E is a union of bases Ei

of Ci for all i. A filter on pC, Eq is a real-valued function f : E Ñ I such
that the linear span of te P E : f peq ď tu forms a linear subcomplex of
C, for each t P I.

Here are some examples of pC, Eq induced by combinatorial com-
plexes:

1. Simplicial Complexes. Basis E is the collection of simplices in a
simplicial complex K. We recover the standard setting of filters
over K.

2. Cubical complexes. Basis E is the collection of cubes in a cubical
complex.

3. Delta and CW Complexes. Basis E is the collection of cells in a delta
complex or CW complex K.

These variations are of interest in practice: For instance with delta
and CW complexes we can decompose topological spaces with much
fewer simplices, while cubical complexes appear naturally e.g. in image
analysis. The main result of this section, Theorem 5.5.14, generalizes
the structure theorem for simplicial complexes (Theorem 5.2.2) to these
important variants. In particular, Theorem 5.5.14 implies each of the
following results.

Theorem 5.5.2. Let K be a simplicial, cubical, delta or CW complex and let D
be a barcode. Then the fiber PH´1pDq is the underlying space of a polyhedral
complex whose polyhedra are products of standard simplices.

Theorem 5.5.3. Theorem 5.5.2 remains true if we restrict to lower-star
filtrations or Vietoris-Rips filtrations.

5.5.1 Polyhedral decomposition of the ambient cube

Let E be a finite set, and let Γ “ tγ0 ă ¨ ¨ ¨ ă γmu be a finite subset of the
interval I, where γ0 “ 1 and γm ď 7K. For any pair of functions f , g :
E Ñ I, let us define the relation f „Γ g by either of the following two
equivalent axioms:

Item 1 There exists an order-preserving map ψ : I Ñ I such that ψpγiq “ γi

for each i, and g “ ψ ˝ f .

Item 2 The function g satisfies

f peq P Γ ùñ gpeq “ f peq f peq ď f pe1q ùñ gpeq ď gpe1q. (5.2)
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Note that the relation „Γ is reflexive and transitive but not symmetric.
We write

PΓp f q :“ tg P IE : f „Γ gu.

Lemma 5.5.4. The set PΓp f q is a compact polyhedron.

Proof. Axiom Item 2 represents a family of logical conditions, each of
which determines either a hyperplane, i.e. tg : gpeq “ cu, or a closed
half-space, i.e. tg : gpe1q ´ gpeq ě 0u. The intersection of these sets,
PΓp f q, is a bounded polyhedron.

Lemma 5.5.5. If g P PΓp f q then PΓpgq Ď PΓp f q.

Proof. Relation „Γ is transitive.

Proposition 5.5.6. The set of convex polyhedra PΓ “ tPΓp f q : f : E Ñ Iu is
a polyhedral complex; the underlying space is |PΓ| “ IE.

Proof. Follows from Lemmas 5.5.4 and 5.5.5.

Next we provide the description of each polyhedron PΓp f q in the
complex as a product of standard simplices. For convenience let
γm`1 :“ 8, and for each i P t1, . . . , mu, let ηi “ f pEq X pγi, γi`1q.

Lemma 5.5.7. PΓp f q is affinely isomorphic to ∆#η0 ˆ ¨ ¨ ¨ ˆ ∆#ηm , where ∆k

stands for the standard geometric simplex of dimension k.

Proof. Follows from Axiom Item 1.

5.5.2 Polyhedral decomposition of PH´1pDq for based chain complexes

Let pC, Eq be a based, finite-dimensional, k-linear chain complex.

Lemma 5.5.8. Let f be a filter on pC, Eq; D be the associated (total) barcode;
and Γ :“ EndpI, ďq˚pDq be the set of finite endpoints of intervals in D. Then
each element of PΓp f q is a bona fide filter on pC, Eq with barcode D.

Proof. The persistence map is equivariant in the sense that PHpψ ˝ f q “

ψ.PHp f q for ψ : I Ñ I a non-decreasing map, as can be proven e.g.
following [LT21, Lemma 1.5]18. Here ψ acts point-wise on inter- 18 Jacob Leygonie and Ulrike Tillmann.

The fiber of persistent homology for
simplicial complexes. arXiv preprint
arXiv:2104.01372, 2021

vals of PHp f q, i.e. each interval pb, dq P PHp f q produces an inter-
val pψpbq, ψpdqq in ψ.PHp f q whenever ψpbq ‰ ψpdq. The result follows
from Axiom Item 1.

Given S a union of polyhedra in a polyhedral complex P , then the
subcomplex induced by S is defined as

PrSs “ tX P P : X Ď Su. (5.3)
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Theorem 5.5.9. Let pC, Eq be a point-wise finite dimensional based chain
complex; D be a barcode; Γ :“ EndpI, ďq˚pDq; and PH´1pDq be the set of
filters on pC, Eq with barcode D. Then PH´1pDq is a union of polyhedra
in PΓ, hence there exists a well-defined polyhedral subcomplex

PΓrPH´1pDqs Ď PΓ

with underlying space |PΓrPH´1pDqs| “ PH´1pDq.

Proof. Lemma 5.5.8 implies that PH´1pDq is a union of the polyhedra
in tPΓp f q : f P PH´1pDqu, and by continuity it is a closed subset of
the polyhedral complex PΓ “ tPΓp f q : f : E Ñ Iu (Proposition 5.5.6).
Therefore PH´1pDq is a sub-polyhedral complex.

5.5.3 Polyhedral decomposition of PH´1pDq for CW complexes

The polyhedral decomposition of PH´1pDq for based chain complexes
(Theorem 5.5.9) does not carry over directly to arbitrary CW complexes
because given a CW complex K, there may exist filters on the associated
based chain complex pC, Eq that do not correspond to valid filters of K.
Here the notion of filter on a CW complex (respectively, delta or cubical
complex) naturally generalises the simplicial situation: it qualifies
any function f : K Ñ I whose sub-level sets are sub-CW complexes
(respectively, sub-delta or sub-cubical complexes).

Example 5.5.10. Let K “ tv, eu be the CW decomposition of S1 with one
vertex, v, and one edge, e. Since all boundary maps are 0, the filtration
teu Ď tv, eu is perfectly valid for pC, Eq, but not for K.

Fortunately this problem is simple to address. Lemma 5.5.11 repre-
sents the only technical observation needed to extend our polyhedral
characterization of the persistence fiber from regular finite CW com-
plexes to arbitrary finite CW complexes. The proof is vacuous.

Lemma 5.5.11. Suppose that a function P : IE Ñ tTrue, Falseu satisfies the
condition that

Pp f q “ True ùñ P evaluates to True on each element of PΓp f q. (5.4)

Then P´1pTrueq is a union of polyhedra in PΓ, hence PΓrP´1pTrueqs is a
polyhedral subcomplex.

Theorem 5.5.12. Let K be a simplicial, cubical, delta or CW complex. Let D
be a barcode, and let pC, Eq be the induced based chain complex. Then the
fiber PH´1pDq is a polyhedral complex whose polyhedra are products of
standard simplices.

Proof. Let K be a finite CW complex, and let Pp f q “ True iff f ´1p´8, ts
is a CW subcomplex of K for each t P I. Then Pp f q ùñ Ppgq for each
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g such that f „Γ g, by Axiom Item 1. Lemma 5.5.11 therefore implies
that PH´1pDq is the underlying space of a polyhedral complex. The
polyhedra in this complex are isomorphic to products of simplices, by
Lemma 5.5.7.

In practice, it is simple to adapt the ExtendFiltration algorithm
to compute PH´1pDq for a CW complex. One must simply add the
condition that Kin Y tσu be a bona fide subcomplex to each of the lists
of criteria found on lines 15, 21, 28, and 32.

5.5.4 Polyhedral decomposition of PH´1pDq X S, for a restricted fam-
ily S

It is common in practice to restrict one’s attention to a restricted family
of filters, S. A noteworthy family of examples come from the lower-p
filtrations. Given a CW complex K with associated based chain complex
pC, Eq, we define the space of lower-p filtrations on K as

LowppKq “ t f : E Ñ I : for each cell τ P E, one has f pτq “ maxt f pσq : σ Ď clpτq, dimpσq ď puu

Examples include

1. The space of lower-star filtration, Low0pKq.

2. The space of lower-edge filtrations, Low1pKq. These include the so-
called Vietoris-Rips filtrations of a combinatorial simplicial complex.

The important fact about these spaces is that they are unions of
polyhedra in the polyhedral decomposition of the ambient cube:

Lemma 5.5.13. For each p and each finite subset Γ Ă I, the space LowppKq

is a union of polyhedra in PΓ.

Proof. Fix f P LowppKq, and suppose that f „Γ g for some g. Then it
follows from Axiom Item 1 that g P LowppKq. In particular, if LowppKq

contains an element of a polyhedron in PΓ, then it contains the entire
polyhedron.

Then we have the following.

Theorem 5.5.14. Suppose that pC, Eq is the based chain complex associated
with a finite simplicial complex, a delta complex or a CW complex K. Let D
be a barcode and Γ “ EndpI, ďq˚pDq be the associated set of finite endpoints.
Then

S “ PH´1pDq X LowppKq

is a union of polyhedra in PΓ. Consequently there is a nested sequence of
polyhedral subcomplexes

PΓrSs Ď PΓrPH´1pDqs Ď PΓ. (5.5)
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When p “ 0, the set S is the space of lower-star filters with barcode D. When
p “ 1, the set S is the space of lower-edge filters with barcode D.

Proof. Follows from Lemma 5.5.13.

Remark 5.5.15 (Adapting the ExtendFiltration algorithm). If we wish
only to compute a polyhedral decomposition of D-compatible lower-
p filters, then the exploration of Alg. 8 can be considerably reduced.
For this we maintain a list L of simplices σ R Kin whose faces τ with
dimpτq ď p satisfy τ P Kin; we deem the current class Φcur incomplete
as long as L is non-empty. In practice this simply amounts to modifying
Line 3 to:

(Line 3’) else if L “ H and Φcur ‰ H and Icur “ H and Φn.c.
cur “ H then

In addition we need to update the list L each time we add a new vertex τ

in the classification (which can happen at lines 16, 22, 29 and 35) simply
by adding the following line:

Add to list L all simplices σ such that Kin Y Φcur Y tτu contains the k-dimensional faces of σ for each k ď p.

5.6 Experiments

Using our algorithm we compute the number of polyhedra in PH´1pDq,
binned by dimension, and the non-zero Betti numbers βppPH´1pDqq.
We also record the special cases where the facets, i.e. polyhedra
in PH´1pDq that are maximal w.r.t. inclusions, do not consist only
in the top-dimensional polyhedra.

Implementation Algorithm 3.3.1 was implemented in the program-
ming language Rust, and is publicly available 19. This implementation 19 Leygonie Jacob and Gregory

Henselman-Petrusek. Software
Companion to Algorithmic Recon-
struction of the Fiber of Persistent
Homology on Cell Complexes.
https://github.com/Eetion/phfibre,
2022

accommodates user-defined coefficient fields, based complexes, and
restricted families of filters, e.g. lower-star. The implementation uses
several dependencies from the ExHACT library20 for low-level func-

20 Haibin Hang and Gregory Henselman-
Petrusek. Exact homological algebra
for computational topology (ExHACT).
https://github.com/ExHACT, 2021

tions, including reduction of boundary matrices and implementation of
common coefficient fields.

Reading the results The outputs of the algorithm are reported in figures.
Each figure corresponds to a specific simplicial, or CW complex and
provides statistics about the fiber PH´1pDq for various barcodes in a
table. By convention, black intervals in the target barcode D are of
dimension 0, blue intervals are of dimension 1, while green intervals
are of dimension 2. In all cases the number of polyhedra in PH´1pDq is
binned by dimension in the form of an array, and the Betti numbers are
computed with coefficients in Z2. Unless explicitly stated otherwise:

https://github.com/Eetion/phfibre
https://github.com/ExHACT
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• The facets are the top dimensional polyhedra. Otherwise, we explic-
itly report in red the facets binned by dimension in an array;

• The persistence modules associated to barcodes D are computed
with coefficients in Z2. Otherwise, in special cases where we also
compute persistence modules with coefficients in Q, the coefficient
field is indicated in blue by a specific mention;

• The fiber is computed inside the space of all filters. Otherwise, we
provide as many columns for statistics about PH´1pDq as there are
categories of filters to consider.

5.6.1 Simplicial Complexes

In all the examples of this section K is a simplicial complex. When K
is a tree (Figure 5.9), we report these statistics both when the domain
of PH consists of all filters and when it is restricted to lower star filters.
For lower star filters on the interval the fiber is shown by [CMW20]21 21 Jacek Cyranka, Konstantin Mischaikow,

and Charles Weibel. Contractibility of a
persistence map preimage. Journal of Ap-
plied and Computational Topology, 4(4):509–
523, 2020

to consist of contractible components. Our computations indicate that
this property holds as well for general filters on the interval, however
it breaks for other trees where the fiber has loops as indicated by
non-trivial Betti numbers β1.

Figure 5.9: Some statistics about
fibers PH´1pDq when K is a tree.

For lower star filters on arbitrary subdivisions of the circle it is
proven in [MW21]22 that the fiber is made of circular components. Our 22 Konstantin Mischaikow and Charles

Weibel. Persistent homology with non-
contractible preimages. arXiv preprint
arXiv:2105.08130, 2021

computations (Figure 5.10) suggest that this property holds as well
when allowing general filters and adding dangling edges to the circle.

When K is homotopy equivalent to a bouquet of two circles (Fig-
ure 5.11), the fiber itself has trivial homology in degree higher than 1
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Figure 5.10: Some statistics about
fibers PH´1pDq when K is homotopy
equivalent to a circle.and we observe cases (indicated in red) where some facets are not

top-dimensional polyhedra.
In light of all the previous calculations, we can conjecture that

when K is a graph the fiber PH´1pDq has trivial homology in de-
grees higher than 1. However, when K is the 2-skeleton of the 3-simplex
(Figure 5.12), for some barcodes D the fiber has non-trivial degree 3
homology. Therefore in general the fiber PH´1pDq may have higher
non-trivial homologies than the base complex K.

Let K be an arbitrary connected simplicial complex, and let DK be
the barcode with one infinite bar p0, `8q in degree 0, with no finite
bars, followed by infinite bars p1, `8q of multiplicity βppKq in each
degree p ě 1. In all the examples computed with Z2 coefficients by our
algorithm, the fiber PH´1pDKq and the base complex K have the same
Betti numbers (with coefficients in Z2). This motivates the following
conjecture.
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Figure 5.11: Some statistics about
fibers PH´1pDq when K is homotopy
equivalent to a bouquet of two circles.Conjecture. Let K be a simplicial complex. Then the fiber PH´1pDKq and K

have the same Betti numbers.

5.6.2 CW Complexes

In this section K is a surface with a CW structure: the torus (Fig. 5.13),
the Klein bottle (Fig. 5.14), the real projective plane (Fig.5.16), the
Möbius strip (Fig. 5.17), the cylinder (Fig.5.18) and the Dunce Hat
(Fig. 5.19). Indeed from section 5.5 our algorithm adapts to CW com-
plexes and more generally to based chain complexes. This is a precious
feature since simplicial triangulations of our surfaces have many sim-
plices, hence our algorithm struggles to compute the associated fibers,
while it handles cellular decompositions which are much smaller.

For cellular triangulations that are too small (e.g. the first two
decompositions of the torus in Fig. 5.13), fibers are not interesting. This
is why we consider cellular decompositions that are not minimal and
have sufficiently many simplices for the fibers to be interesting. For
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Figure 5.12: Some statistics about
fibers PH´1pDq when K is homotopy
equivalent to a 2-sphere.such fibers, the remarks of section 5.6.1 about simplicial complexes

apply as well. In particular, the fiber PH´1pDKq and the base complex K
have the same Betti numbers.

We also find novel behaviours:

• For some CW complexes that are topological manifolds, such as
the real projective plane and the Klein bottle, there are fibers whose
facets do not consist only in top-dimensional polyhedra. In particular
these fibers are not manifolds.

• For some CW complexes that are topological manifolds, such as the
real projective plane, there are fibers whose connected components
don’t have the same homotopy type. This situation is detected
whenever β0pPH´1pDqq ě 2 and βppPH´1pDqq “ 1 for some p ě 1.

• For some spaces like the Klein bottle and the real projective plane
whose homology with coefficients in Z2 differ from that with co-
efficients in Q, the fibers PH´1pDq strongly depend on the choice
field. Namely, the number of polyhedra in the fibers, the dimensions
of the facets and the Betti numbers are not the same whether the
persistence module associated to D is computed with coefficients
in Z2 or Q.
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• The dunce hat is contractible but some fibers have non-trivial 2-
dimensional homology.

5.7 Connection with Simple Homotopy Theory

In this section we show that collapsibility of a complex K, which is
a combinatorial and stronger notion of contractibility, is equivalent
to the fiber PH´1pDq over a well-chosen barcode D being non-empty.
In particular we can use our algorithm for computing PH´1pDq to
determine whether K is collapsible.

Given τ, σ two simplices, τ Ď σ and dim σ “ dim τ ` 1, such that σ

is a maximal face of K and no other simplex contains τ, we say that τ

is a free face. The operation of removing τ, σ is called an elementary
collapse, and if L :“ Kztτ Ď σu is the resulting complex we write K Œ L.
Finally K is said to be collapsible if there is a sequence of elementary
collapses from K to one of its vertices:

K “ Ln Œ Ln´1 Œ Ln´2 Œ ¨ ¨ ¨ Œ L1 Œ L0 “ tvu.

Collapsibility implies contractibility but the reverse is false: the dunce
hat and the house with two rooms are instances of contractible 2-
complexes that are not collapsible. However we have the following
well-known Zeeman’s conjecture, appropriately phrased in [AB17]23 23 Karim A Adiprasito and Bruno

Benedetti. Subdivisions, shellability, and
collapsibility of products. Combinatorica,
37(1):1–30, 2017

for simplicial complexes:

Conjecture (Zeeman in [Zee63]). Let K be a contractible 2-complex. Then
after taking finitely many barycentric subdivisions the product K ˆ I is col-
lapsible.

This conjecture remains open and implies the 3-dimensional conjec-
ture24. 24 E Christopher Zeeman. On the dunce

hat. Topology, 2(4):341–358, 1963Next we bridge the question of the collapsibility of a complex K
to the fiber of PH over barcodes D that are elementary: those have 1
infinite bar pb0, 8q in dimension 0 followed by 7K´1

2 non-overlapping
intervals pbi, diq, that is:

b0 ă b1 ă d1 ă b2 ă d2 ă ¨ ¨ ¨ ă bi ă di ă ¨ ¨ ¨ ă b 7K´1
2

ă d 7K´1
2

Proposition 5.7.1. Let K be a contractible complex. Then K is collapsible
if and only if there exists an elementary barcode D with nonempty fiber,
i.e. PH´1pDq ‰ H.

Proof. If K is collapsible let K “ Ln Œ Ln´1 Œ Ln´2 Œ ¨ ¨ ¨ Œ

L1 Œ L0 “ tvu be a sequence of elementary collapses, with nota-
tions n “

7K´1
2 and Li`1 “ Li Y tτi Ď σiu, and define a filter f

by f pvq :“ 0, f pτiq :“ 2i ` 1 and f pσiq :“ 2i ` 2. Then the barcode
of f is clearly elementary by definition of an elementary collapse.
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Conversely, let D “ tpb0, 8qu Y tpbi, diqu1ďiď 7K´1
2

be an elementary

barcode and f a filter in the fiber, i.e. PHp f q “ D. Since D has ex-
actly 7K distinct endpoint values, f establishes a bijection v ÞÑ b0,
pτi, σiq ÞÑ pbi, diq, from simplices of K to these endpoints. In partic-
ular τn and then σn are the last two simplices to enter the sub-level
set filtration of f , so that σn is a maximal face and no other simplex
can contain τn. However σn itself contains τn because the dim τn “

dim σn ´ 1 “ dimpbn, dnq-cycle created by τn becomes a boundary when
adding σn in the filtration. Thus removing τn and σn defines an elemen-
tary collapse, and we conclude by induction.

5.8 Adaptation for persistent (relative) (co)homology

In addition to the homology functor, the relative homology, cohomol-
ogy, and relative cohomology functors engender distinct persistence
modules of their own, each of which determines a barcode and thus
a new persistence map. We claim that the procedure described to
compute the fiber of the persistent homology map in this work also
suffices to compute the fibers of these other maps.

Let pC, Eq be a based, finite-dimensional, k-linear chain complex
equipped with a filter f : E Ñ I that surjects onto a finite subset of
the unit interval I, denoted Γ “ tγ0 ă ¨ ¨ ¨ ă γmu, where γ0 “ 0 and
γm ă 1. Write Lt for the linear span of te P E : f peq ď tu, which forms a
subcomplex of C by hypothesis.

From these data we can construct four distinct sequences of vector
spaces and homomorphisms, induced by either inclusion or quotient:

H˚pLq : H˚pLγ0q // ¨ ¨ ¨ // H˚pLγm q // H˚pL1q

H˚pLq : H˚pLγ0q ¨ ¨ ¨oo H˚pLγm qoo H˚pL1qoo

H˚pL1, Lq : H˚pL1q // H˚pL1, Lγ0q // ¨ ¨ ¨ // H˚pL1, Lγm q

H˚pL1, Lq : H˚pL1q H˚pL1, Lγ0qoo ¨ ¨ ¨oo H˚pL1, Lγm qoo

We refer to these as the homology, cohomology, relative homology,
and relative cohomology persistence modules, respectively.

A classic result of [DSMVJ11]25 states that the barcode for H˚pLq 25 Vin De Silva, Dmitriy Morozov, and
Mikael Vejdemo-Johansson. Dualities in
persistent (co) homology. Inverse Problems,
27(12):124003, 2011

uniquely determines the barcodes for H˚pLq, H˚pL1, Lq, and H˚pL1, Lq.
To compute the fiber of one of these other maps, therefore, one must

simply convert the barcode to the associated PH barcode and apply any
algorithm that is specialized to compute fibers for H˚pLq. Barcodes in
persistent homology can be converted into barcodes for the other three
standard persistence modules as follows26 26 For full details see [DSMVJ11]. The au-

thors of that work stipulate that pC, Eq be
the chain complex of a filtered CW com-
plex, equipped with the standard basis of
cells; however no proofs make use of this
added restriction on pC, Eq, and the re-
sults are easily seen to hold for arbitrary
based filtered complexes.

1. H˚pLq from H˚pLq: no change
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2. H˚pLq from H˚pL1, Lq or H˚pL1, Lq: subtract 1 from the homology
degree of each finite bar; replace each infinite bar of form p´8, aq

with ra, 8q, leaving degree unchanged

Figure 5.13: Some statistics about
fibers PH´1pDq when K is a CW decom-
position of the torus.
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Figure 5.14: Some statistics about
fibers PH´1pDq when K is a CW decom-
position of the Klein bottle, and when
persistence modules are computed with
coefficients in the field Q or Z2.

Figure 5.15: Some statistics about
fibers PH´1pDq when K is a CW decom-
position of the real projective plane, and
when persistence modules are computed
with coefficients in the field Z2.
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Figure 5.16: Some statistics about
fibers PH´1pDq when K is a CW decom-
position of the real projective plane, and
when persistence modules are computed
with coefficients in the field Q.

Figure 5.17: Some statistics about
fibers PH´1pDq when K is a CW decom-
position of the Möbius strip.

Figure 5.18: Some statistics about
fibers PH´1pDq when K is a CW decom-
position of the cylinder.
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Figure 5.19: Some statistics about
fibers PH´1pDq when K is a CW decom-
position of the Dunce Hat.



6
Fiber of Persistent Homology on Morse functions

Abstract

Let f be a Morse function on a smooth compact manifold M with bound-
ary. The path component PH´1

f pDq containing f of the space of Morse
functions giving rise to the same Persistent Homology D “ PHp f q is
shown to be the same as the orbit of f under pre-composition ϕ ÞÑ f ˝ ϕ

by diffeomorphisms of M which are isotopic to the identity. Con-
sequently we derive topological properties of the fiber PH´1

f pDq: In
particular we compute its homotopy type for many compact surfaces M.
In the 1-dimensional settings where M is the unit interval or the circle
we extend the analysis to continuous functions and show that the fibers
are made of contractible and circular components respectively.
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6.1 Introduction

Persistent Homology is a central and computable descriptor in Topolog-
ical Data Analysis (TDA) which has been applied to a large variety of
data science problems. Namely the persistence map PH associates to a
real-valued function f on a topological space X a so-called barcode that
captures the topological variations of its sub level-sets 1. It is natural to 1 Herbert Edelsbrunner and John Harer.

Persistent homology-a survey. Contempo-
rary mathematics, 453:257–282, 2008; and
Afra Zomorodian and Gunnar Carlsson.
Computing persistent homology. Discrete
& Computational Geometry, 33(2):249–274,
2005

ask how much information can be recovered from persistent homology:
Given a barcode D what can we say about the fiber PH´1pDq?

In this note X “ M is an arbitrary smooth (finite-dimensional)
compact manifold with boundary BM and f : M Ñ R is a Morse
function, i.e. f has a prescribed constant value aj on each boundary
component of BMj and has isolated critical points none of which belong
to BM. Denote by D :“ PHp f q the associated barcode. Pre-composing f
with isotopies ϕ ÞÑ f ˝ ϕ, we get an orbit OIdp f q inside the space of
Morse functions. Our core contribution (Theorem 6.3.1) is the equality
between this orbit and the the path connected component PH´1

f pDq

containing f in the fiber of PH over D:

PH´1
f pDq “ OIdp f q.

This result crucially relies on Mather’s fibration theorem for smooth
mappings 2, which we slightly adapt to the case of Morse functions 2 John N Mather. Stability of C8 map-

pings: II. infinitesimal stability implies
stability. Annals of Mathematics, pages 254–
291, 1969

with equal critical values using results of Cerf 3.

3 Jean Cerf. La stratification naturelle
des espaces de fonctions différentiables
réelles et le théorème de la pseudo-
isotopie. Inst. Hautes Études Sci. Publ.
Math., (39):5–173, 1970

We can then put at work the abundant literature about the homo-
topy type of the orbit OIdp f q, especially the work of Maksymenko 4:

4 Sergiy Maksymenko. Homotopy types
of stabilizers and orbits of Morse func-
tions on surfaces. Annals of Global Analy-
sis and Geometry, 29(3):241–285, 2006

the mapping ϕ ÞÑ f ˝ ϕ in fact defines a locally trivial fibration from
isotopies DIdpMq to the orbit OIdp f q, with fiber SIdp f q the isotopies
stabilising f , i.e. f ˝ ϕ “ f . Hence a long exact sequence links the
fiber PH´1

f pDq “ OIdp f q to the well-studied diffeomorphism groups
of the manifold M. In particular for any compact surface M, we com-
pute πnpPH´1

f pDqq for n ě 2 (Proposition 6.4.5), and if furthermore D
has distinct interval endpoints we derive the complete homotopy type
of the fiber PH´1

f pDq (Propositions 6.4.7 and 6.4.8).
Variations of this setting have already been addressed. In the discrete

setting where X “ K is a finite simplicial complex and f is compatible
with face inclusions, the fiber PH´1pDq is a complex of polyhedra 5. 5 Jacob Leygonie and Ulrike Tillmann.

The fiber of persistent homology for
simplicial complexes. arXiv preprint
arXiv:2104.01372, 2021

In the restricted case where K is a line complex, each path connected
component of PH´1pDq is contractible 6, and it is homeomorphic to a

6 Jacek Cyranka, Konstantin Mischaikow,
and Charles Weibel. Contractibility of a
persistence map preimage. Journal of Ap-
plied and Computational Topology, 4(4):509–
523, 2020

circle in the case where K is a subdivision of the unit circle 7.

7 Konstantin Mischaikow and Charles
Weibel. Persistent homology with non-
contractible preimages. arXiv preprint
arXiv:2105.08130, 2021

In the analogous, continuous 1-dimensional setting where X is the
interval or the circle and f is continuous, each component in the fiber is
contractible and circular respectively as we show in the appendix. For
the unit interval it is possible to count the number of path connected
components in PH´1pDq by means of the combinatorics of the barcode 8.

8 Justin Curry. The fiber of the persistence
map for functions on the interval. Journal
of Applied and Computational Topology, 2(3-
4):301–321, 2018



226 differential & fiber of persistent homology

For higher dimensional X analyzing the fiber is a challenging problem:
already for Morse functions on the 2-sphere X “ S2 new tools have been
designed to describe the fiber PH´1pDq, and allowed for conjectures
on the number of path connected components 9. However the higher 9 Michael J Catanzaro, Justin M Curry,

Brittany Terese Fasy, Jānis Lazovskis,
Greg Malen, Hans Riess, Bei Wang, and
Matthew Zabka. Moduli spaces of Morse
functions for persistence. Journal of Ap-
plied and Computational Topology, pages
1–33, 2020

dimensional homotopy groups of PH´1pDq remain unknown, from
which stems the motivation of this work.

6.2 Stability of Morse functions

We fix a d-dimensional compact smooth manifold M with boundary BM,
whose path connected components are denoted by BMj. Given another
smooth manifold N , we denote by C8pM,N q the space of smooth maps
from M to N equipped with the C8 Whitney topology. We denote
by DpMq Ď C8pM, Mq the diffeomorphisms of M, and by DIdpMq its
subspace of isotopies, i.e. the path connected component of the identity
map on M.

Given real values aj, a smooth map f belongs to the space MorsepMq Ď

C8pM, Rq of Morse functions on M if:

• The Hessian of f is non-degenerate at critical points, all of which
belong to MzBM; and

• The restrictions f|BMj
to each boundary component BMj are constant

with prescribed value aj.

Then DpMq acts on C8pM, Rq by pre-composition and we denote
by Op f q Ď MorsepMq the orbit of f , and by OIdp f q Ď Op f q the or-
bit of f under the restricted action of isotopies. Next we adapt Mather’s
stability of smooth mappings [Mat69]10 to the case of Morse functions 10 John N Mather. Stability of C8 map-

pings: II. infinitesimal stability implies
stability. Annals of Mathematics, pages 254–
291, 1969

with equal critical points by combining results of Cerf:

Proposition 6.2.1. Let f P MorsepMq and Morse f pMq be the subspace
of Morse functions with the same critical values as f . Then there exists a
neighborhood U Ď Morse f pMq of f contained in the orbit OIdp f q, that is:

@g P U , Dϕ P DIdpMq, g “ f ˝ ϕ. (6.1)

Proof. From [Cer70, Appendix, § 1, Proposition 1] the statement holds
Jean Cerf. La stratification naturelle

des espaces de fonctions différentiables
réelles et le théorème de la pseudo-
isotopie. Inst. Hautes Études Sci. Publ.
Math., (39):5–173, 1970

for a neighborhood U f of f in the subspace Morse f pM; Critp f q, BMq Ď

Morse f pMq of functions with the same critical points p1, ¨ ¨ ¨ , pn as f and
derivatives B f k

|BM of any order k equal those of f on the boundary BM:

@g P U f , Dϕg P DIdpMq, g “ f ˝ ϕg. (6.2)

For the general case where critical points and derivatives on the bound-
ary are allowed to vary we simply find a diffeomorphism sending them
back to p1, ¨ ¨ ¨ , pn and B f k

|BM and apply the above result.
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Namely, from [Cer61, Theorem 5] the action of isotopies on em-
beddings defines a locally trivial fibration over the space of orbits: in
particular we can find disjoint neighborhoods U1, ¨ ¨ ¨ , Un of p1, ¨ ¨ ¨ , pn

and continuously associate to pp1
1, ¨ ¨ ¨ , p1

nq P U1 ˆ ¨ ¨ ¨ ˆ Un a diffeomor-
phism ψpp1

1,¨¨¨ ,p1
nq P DIdpMq such that ψpp1,¨¨¨ ,pnq “ Id and:

@pp1
1, ¨ ¨ ¨ , p1

nq P U1 ˆ ¨ ¨ ¨ ˆ Un, @1 ď i ď n, ψpp1
1,¨¨¨ ,p1

nqppiq “ p1
i.

Let U Ď Morse f pMq be a neighborhood of f for which any g P U has
critical points Critpgq in U1, ¨ ¨ ¨ , Un. In particular in this case g ˝ ψCritpgq

has the same critical points p1, ¨ ¨ ¨ , pn as f , so it remains to deal with
the boundary BM.

Let BMj be a boundary component. By flowing along the normal-
ized gradient of f (or its inverse) from the boundary BMj we get a col-
lar Vj – BMj ˆ r0, αq that is adapted to f in the sense that f px, tq “ aj ˘ t,
w.l.o.g. f px, tq “ aj ` t. For g in a small neighborhood V Ď Morse f pMq

of f , the derivative of g is non-zero in the normal direction over Vj,
and we have gpBMj ˆ r0, α

2 qq Ď raj, aj ` αq. Therefore we can contin-
uously associate to g P V the embedding ιg : px, tq P BMj ˆ r0, α

2 q ÞÑ

px, gpx, tq ´ ajq P Vj that preserves BMj, is transverse to BMj and sat-
isfies g “ f ˝ ιg on BMj ˆ r0, α

2 q. Therefore by using again the local
triviality of embeddings that preserve and are transverse to the bound-
ary (see [Cer61, Theorem 5]), up to shrinking V , we can extend ιg to

Jean Cerf. Topologie de certains espaces
de plongements. Bulletin de la Société
Mathématique de France, 89:227–380, 1961

a diffeomorphism χg. Moreover the extensions χg can be assumed
to induce the identity outside Vj. By repeating this process for each
boundary component BMj, we can continuously associate to g P V a dif-
feomorphism χg such that g and f ˝ χg agrees on a collar neighborhood
of the boundary.

By reducing the neighorhoods Ui and Vj to avoid overlaps, we have
that for any g in U X V the Morse function g ˝ ψCritpgq ˝ χ´1

g˝ψCritpgq
has

the same critical points as f and agrees with f on a neighborhood of
the boundary BM, in particular it belongs to Morse f pM; Critp f q, BMq.
Hence by Eq. (6.2), up to shrinking U X V , we conclude that:

@g P U X V , g “ pg ˝ ψCritpgq ˝ χ´1
g˝ψCritpgq

q ˝ χg˝ψCritpgq
˝ ψ´1

Critpgq

“ f ˝ ϕg˝ψCritpgq˝χ´1
g˝ψCritpgq

˝ χg˝ψCritpgq
˝ ψ´1

Critpgq
.

6.3 Covering the fiber with isotopies

Given f P MorsepMq, we get a nested sequence of sub level-sets f ´1pp´8, xsq.
In turn, by applying homology in degree 0 ď k ď d with coefficients
in an arbitrary field, we get the persistent homology module of f : the se-
quence of vector spaces Hkp f ´1p´8, xsq with linear maps between them
induced by inclusions, in other words a functor from the poset pR, ďq



228 differential & fiber of persistent homology

to finite dimensional vector spaces. The barcode of f in degree k is
the isomorphism class of this functor up to natural isomorphism.
From [CB15] any such functor uniquely decomposes as a direct sum

William Crawley-Boevey. Decomposi-
tion of pointwise finite-dimensional per-
sistence modules. Journal of Algebra and
its Applications, 14(05):1550066, 2015

of functors
À

pb,dqPD Irb,dq, with rb, dq Ď R an interval closed on the left
and open on the right (hence possibly d “ `8): each Irb,dq consists
of 1-dimensional vector spaces linked with identity maps on rb, dq,
and it is the zero vector space everywhere outside of rb, dq. Therefore
the barcode of f , denoted by PHkp f q, can be equivalently described
as the multi-set D of pairs pb, dq indexing this decomposition, and
will be described in this way in the rest of this document. By abuse
of terminology we refer to pairs pb, dq as intervals or bars of the bar-
code D “ PHkp f q. Intuitively pb, dq corresponds to the appeareance
of a k-cycle in f ´1pp´8, bsq that is further cancelled in f ´1pp´8, dsq

(or persists forever if d “ 8). We refer to [EH08, ZC05] for extensive
Herbert Edelsbrunner and John Harer.

Persistent homology-a survey. Contempo-
rary mathematics, 453:257–282, 2008; and
Afra Zomorodian and Gunnar Carlsson.
Computing persistent homology. Discrete
& Computational Geometry, 33(2):249–274,
2005

treatments of the theory of Persistence.
In this work the persistence map is defined on Morse functions and

returns the d ` 1 barcodes of interest:

PH : f P MorsepMq ÞÝÑ rPH0p f q, ¨ ¨ ¨ , PHdp f qs P Bard`1.

We assume that Bar is equipped with its natural bottleneck metric which
turns PH into a continuous map by the Stability Theorem 11. Given a 11 David Cohen-Steiner, Herbert Edels-

brunner, and John Harer. Stability of
persistence diagrams. Discrete & Com-
putational Geometry, 37(1):103–120, 2007

barcode D and a Morse function f P MorsepMq such that PHp f q “

D, we denote by PH´1
f pDq the path connected component of the

fiber PH´1pDq Ď MorsepMq containing f .

Theorem 6.3.1. Let D be a barcode and f P PH´1pDq. Then PH´1
f pDq “

OIdp f q.

Proof. Let pϕtq0ďtď1 be a path in DIdpMq. Each ϕt restricts to a homeo-
morphism between the sub level-sets of f ˝ ϕt and f , hence it induces
an isomorphism between the associated persistent homology mod-
ules. In turn PHp f ˝ ϕtq “ PHp f q, so that p f ˝ ϕtq0ďtď1 is a path in the
fiber PH´1

f pDq, which implies OIdp f q Ď PH´1
f pDq.

Conversely let g P PH´1
f pDq and let p ftq0ďtď1 be a path in the

fiber PH´1
f pDq joining f to g, thus PHp ftq “ D for each t. As is

well-known, when M has no boundary there is a one-to-one correspon-
dence between the set D of (bounded) interval endpoints in the barcode
and the set C of critical values (counted with multiplicity) for Morse
functions, e.g. because the associated persistent homology module and
Morse-Smale complex are isomorphic 12. 12 Serguei Barannikov. The framed Morse

complex and its invariants. American
Mathematical Society Translations, Series 2,
1994

When M has a boundary the correspondence adapts by adding in C
the value aj with multiplicity

ř

i βipBMjq for each boundary compo-
nent BMj that is a local minimum. Note that a Morse function is
constant on BMj and has no critical points there, so either it has BMj as
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a local minimum or as a local maximum, and this choice is fixed inside
a path connected component of MorsepMq.

Therefore each ft has the same critical values as f , because the
barcode PHp ftq “ D is constant. By Proposition 6.2.1, each t P r0; 1s

has a neighborhood It Ď r0, 1s such that fh can be written fh “ ft ˝ ϕh

whenever h P It. By compactness r0; 1s is covered by finitely many such
intervals. Therefore g “ f1 equals f ˝ ϕ, here ϕ is a finite composition
of isotopies hence is itself an isotopy. Consequently PH´1

f pDq Ď OIdp f q.

6.4 Topological properties of the fiber

We derive direct consequences of Theorem 6.3.1 combined with the
extensive study of OIdp f q by Maksymenko13. Denote by SIdp f q the 13 Sergiy Maksymenko. Homotopy types

of stabilizers and orbits of Morse func-
tions on surfaces. Annals of Global Analy-
sis and Geometry, 29(3):241–285, 2006

subspace of isotopies ϕ preserving a Morse function f , i.e. f ˝ ϕ “ f .14

14 In [Mak06] the notation SIdp f q rather
stands for the space of diffeomor-
phisms ϕ preserving f that are isotopic
to IdM though maps preserving f , thus it
is the path connected component of IdM
in our SIdp f q.

Proposition 6.4.1. Assume that M is connected. Let D be a barcode
and f P PH´1pDq. Then the action of DIdpMq on PH´1

f pDq defines a
principal SIdp f q-bundle, in particular a locally trivial fibration. Hence a
homotopy long exact sequence:

¨ ¨ ¨ Ñ πnpSIdp f qq Ñ πnpDIdpMqqÑ πnpPH´1
f pDqq Ñ πn´1pSIdp f qq Ñ ¨ ¨ ¨ Ñ π0pDIdpMqq.

Proof. From [Mak06, Theorem 2.1] the action of DIdpMq on OIdp f q

defines a principal SIdp f q-bundle, and the fiber PH´1
f pDq equals the

orbit OIdp f q by Theorem 6.3.1.

Consequently for M “ S1 the path components of the fiber PH´1pDq

are homotopy equivalent to a circle:

Proposition 6.4.2. Assume M “ S1. Let D be a barcode and f P PH´1pDq.
Then PH´1

f pDq is homotopy equivalent to S1.

Proof. From Proposition 6.4.1 PH´1
f pDq is homeomorphic to DIdpS1q{SIdp f q.

Let n be the number of minima of f , which is then also the number of
maxima of f because χpS1q “ 0. Without loss of generality we assume
that the associated 2n critical points of f are evenly spaced on S1. The
space DIdpS1q of isotopies of the circle deformation retracts to S1, i.e.
the rotations of the circle. The subgroup SIdp f q of isotopies ϕ preserv-
ing f , that is f ˝ ϕ “ f , is then (isomorphic to) the subgroup of rotations
consisting of the 2n-th roots of unity that preserve the sequence of
extremal values of f . The result follows since the quotient of S1 by a
finite subgroup is again S1.

When M “ r0, 1s recall that Morse functions have prescribed val-
ues a0 and a1 on the boundary points 0 and 1.
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Proposition 6.4.3. Assume M “ r0, 1s. Let D be a barcode and f P

PH´1pDq. Then PH´1
f pDq is contractible.

Proof. From Proposition 6.4.1 PH´1
f pDq is homeomorphic to DIdpr0, 1sq{SIdp f q.

However DIdpr0, 1sq deformation retracts on the identity diffeomor-
phism Idr0,1s by straight-line interpolations, and SIdp f q “ tIdr0,1su.

Note that we could easily derive a similar statement for Morse func-
tions on r0, 1s without boundary conditions. In the appendix we prove
the analogues of Propositions 6.4.2 and 6.4.3 for continuous functions.
The analogues for lower-star filtrations on the subdivided interval and
circle have been proved in [CMW20] and [MW21] respectively.

Jacek Cyranka, Konstantin Mischaikow,
and Charles Weibel. Contractibility of a
persistence map preimage. Journal of Ap-
plied and Computational Topology, 4(4):509–
523, 2020; and Konstantin Mischaikow
and Charles Weibel. Persistent homology
with non-contractible preimages. arXiv
preprint arXiv:2105.08130, 2021

Remark 6.4.4. When M “ M1 \ M2 has more than one connected
component, the path component PH´1

f pDq in the fiber over D “

PHp f q can be retrieved as the product of the path components of
the fibers over D1 :“ PHp f|M1

q and D2 :“ PHp f|M2
q containing the

restrictions f|M1
and f|M2

respectively:

PH´1
f pDq “ PH´1

f|M1
pD1q ˆ PH´1

f|M2
pD2q.

For this reason we focus our analysis to the interesting case where M is
connected.

For the rest of the section we fix a compact connected surface M
and a function f in the fiber over D, whose number of critical points of
index 1 is denoted by c1. We make use of the analysis of the orbit OIdp f q

from [Mak06].

Proposition 6.4.5. Assume that c1 ą 0. Then πnpPH´1
f pDqq “ πnpMq

for n ě 3 and π2pPH´1
f pDqq “ 0.

Proof. PH´1
f pDq “ OIdp f q by Theorem 6.3.1, and by [Mak06, (2), The-

orem 1.5] we have πnpOIdp f qq “ πnpMq for n ě 3 and π2pOIdp f qq “

0.

Remark 6.4.6. From [Mak06, (2), Theorem 1.5] we can also derive a
short exact sequence 0 Ñ π1pDIdpMqq ‘ Zk f Ñ π1pPH´1

f pDqq Ñ G Ñ 0
where G is a finite group and the integer k f ě 0 depends on the
component PH´1

f pDq in the fiber, on the number c1 of saddles and the
surface M.

Proposition 6.4.7. Assume that c1 “ 0. Then the homotopy type of the
fiber PH´1

f pDq is classified as follows:

Surface M S2 S1 ˆ I D2

Fiber PH´1
f pDq S2 t˚u t˚u
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Proof. PH´1
f pDq “ OIdp f q by Theorem 6.3.1, and the homotopy type

of OIdp f q is computed in [Mak06, Theorem 1.9].

For instance the case where f : S2 Ñ R has no saddle pc1 “ 0q

can be interpreted as follows: The fiber sequence SIdp f q Ñ DIdpS2q Ñ

PH´1
f pDq of Proposition 6.4.1 can be identified up to homotopy with

the standard fiber sequence S1 Ñ SOp3q Ñ S2. This is because DIdpS2q

deformation retracts to SOp3q by [Sma59], and if without loss of gen-
Stephen Smale. Diffeomorphisms of

the 2-sphere. Proceedings of the American
Mathematical Society, 10(4):621–626, 1959

erality we assume that f is the standard height function then SIdp f q

consists of those rotations fixing the poles, so that it is fixed through
the deformation retraction and SIdp f q „ S1.

Proposition 6.4.8. Assume that D has pairwise distinct bounded interval
endpoints, and that c1 ą 0. Then we have the following homotopy types for
the fiber PH´1

f pDq:

Surface M S2 Projective Plane Torus S1 ˆ I D2

Fiber PH´1
f pDq SOp3q ˆ pS1qc1´1 SOp3q ˆ pS1q

c1´1
pS1qc1`1 pS1qc1 pS1qc1

When M is obtained from the surfaces in the above tables by removing
finitely many 2-disks, then PH´1

f pDq „ pS1qc1´1. If M is the Möbius strip,

then PH´1
f pDq „ pS1qc1 . For other orientable surfaces M, we have PH´1

f pDq „

pS1qc1`χpMq. For the remaining non-orientable surfaces, we have PH´1
f pDq „

pS1q
k f for some integer k f ď c1 ` χpMq, unless M is the Klein bottle in which

case k f ď c1 ` 1.

Proof. PH´1
f pDq “ OIdp f q by Theorem 6.3.1. Since D has distinct

bounded interval endpoints, f has distinct critical points, and then the
homotopy type of OIdp f q is computed in [Mak06, (2)&(3), Theorem 1.5].

Remark 6.4.9. When M has no boundary, BM “ H, the number c1

of saddles of Morse functions f in the fiber PH´1pDq can be directly
inferred from the barcode D. Namely, if we denote by kD the num-
ber of intervals in D, then the quantity kD ´ β0 ´ β2 counts (i) all
the intervals pb, dq of D in degree 1, which correspond by their birth
value b to saddle points of f whose attaching handle increases the 1-
dimensional homology of the sub level-set f ´1pp´8, bsq, and (ii) all
the bounded intervals pb, dq of D in degree 0, which correspond by
their death value d ă 8 to saddle points of f whose attaching handle
decreases the 0-dimensional homology of the sub level-set f ´1pp´8, dsq.
Hence c1 “ kD ´ β0 ´ β2. When BM “

Ů

j BMj ‰ H, we can partition
the boundary components BMj into the sets BMmin (resp. BMmax) of
components BMj that are local minimum (resp. maximum) of one
(hence any) function f in the component of PH´1pDq at stake. Since M
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is a surface each BMj is a circle, therefore if BMj Ď BMmin, then it
corresponds in the barcode D to the births of one interval in degree 0
and one interval in degree 1. Otherwise BMj Ď BMmax induces no topo-
logical change when entering the sub level-sets of f . Consequently the
correspondence between critical points and interval endpoints adapts
and yields c1 “ kD ´ β0 ´ β2 ´ #BMmin.

6.5 Fiber of Persistent Homology for continuous maps on the
circle and on the interval

In this section the domain of the persistence map consists of continuous
maps on the circle:

PH : C0pS1, Rq ÝÑ Bar2.

Note that in the codomain we record the two barcodes with non-trivial
homology, those in degree 0 and 1. In fact the second barcode contains
a unique unbounded interval starting at the maximum of the function
on the circle.

We fix a barcode D with finitely many intervals. When f “ cst is
constant it forms the fiber by itself over the trivial barcode D “ PHp f q

with only two infinite bars pcst, `8q, one in each degree 0 and 1. Other
barcodes such that PH´1pDq ‰ H have one infinite interval pb0, `8q

in degree 0, one infinite interval pb1, `8q with b0 ă b1 in degree 1,
finitely many bounded intervals in degree 0 with endpoints in rb0, b1s,
and not other intervals. In the rest of this section we assume that D
is non-trivial and denote by pn ´ 1q, for some n ě 1, its number of
bounded intervals in degree 0.

Let AutďpS1q be the space of orientation-preserving homeomor-
phisms of the circle, and EndďpS1q “ AutďpS1q be its closure in C0pS1, Rq

in the compact-open topology. Given f P C0pS1, Rq we have the
pre-composition map ϕ P EndďpS1q ÞÑ f ˝ ϕ P C0pS1, Rq; we denote
by SIdp f q the stabiliser of f and by OIdp f q its orbit.

Proposition 6.5.1. The fiber PH´1pDq has finitely many path connected
components. In each such component ΩpDq there exists some fΩpDq : S1 Ñ R

such that:
ΩpDq “ OIdp fΩpDqq,

and then ΩpDq is homeomorphic to the quotient EndďpS1q{SIdp fΩpDqq, and
in particular is homotopy equivalent to S1.

Unlike the smooth case the component ΩpDq Ď PH´1pDq in the fiber
equals the orbit of a function only for a careful choice of function fΩpDq:
the requirement will be that fΩpDq is injective between its consecutive
extrema. Nevertheless the fact that the pre-composition map induces
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a homeomorphism from EndďpS1q{SIdp fΩpDqq to the orbit OIdp fΩpDqq

is reminiscent of the smooth case, and in fact with slightly more work
it can be shown that it defines a SIdp fΩpDqq-principal bundle. We
state without proof the analogous and simpler result for the unit inter-
val r0, 1s, which works with or without fixed values on the boundary
points 0 and 1.

Proposition 6.5.2. For any barcode D the fiber PH´1pDq Ď C0pr0, 1s, Rq

has finitely many path connected components, each of which is contractible.

Using a fixed orientation on S1 and going around starting from
the north pole we can order the n minima and n maxima of a non-
constant f P C0pS1, Rq into a sequence Valp f q which we view as an
element in R2n:

Valp f q :“ m1p f q ă M1p f q ą ¨ ¨ ¨ ą mnp f q ă Mnp f q.

Associated to this sequence we have the sequence of critical sets of f :

Seqp f q : c1p f q, d1p f q, ¨ ¨ ¨ , cnp f q, dnp f q.

Explicitly, each cip f q (resp. dip f q) is a connected component of f ´1pmip f qq

(resp. of f ´1pMip f qq).

Proposition 6.5.3. Let f P PH´1pDq. Then f has 2n extrema, i.e. Valp f q P

R2n. In addition, let Γn be the group of cyclic permutations on n elements,
which acts on R2n by cyclically permuting the n pairs of entries. Then the
connected component ΩpDq in the fiber containing f is made of functions g
whose sequence of extrema is the same as that of f up to a different ordering,
that is:

ΩpDq “
␣

g P C0pS1, Rq | Valpgq P Γn.Valp f q
(

(6.3)

We omit the proof of this elementary statement. So if ΩpDq is a
component in the fiber, we can pick the following simple function fΩpDq

in ΩpDq, whose critical sets and extrema are denoted by ci, di, mi, Mi

for simplicity: the critical sets ci and di are singletons arranged on the
regular 2n-gon in S1 and on each circular arc rci, dis, fΩpDq restricts to
the linear homeomorphism to rmi, Mis.

Proposition 6.5.4. Let ΩpDq Ď PH´1pDq be a path component in the fiber.
Then the pre-composition map ϕ ÞÑ fΩpDq ˝ ϕ induces a homeomorphism
from EndďpS1q{SIdp fΩpDqq to ΩpDq.

Proof. The map ϕ P EndďpS1q ÞÑ fΩpDq ˝ ϕ P ΩpDq is well-defined,
i.e. PHp f ˝ ϕq “ PHp f q “ D. This is because a homeomorphism ϕ P

AutďpS1q restricts to a homeomorphism between the sub level-sets
of fΩpDq ˝ ϕ and those of fΩpDq, hence it induces an isomorphism of
persistent homology modules and the equality of barcodes PHp fΩpDq ˝
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ϕq “ PHp fΩpDqq, which holds as well for any ϕ P EndďpS1q “ AutďpS1q

by continuity of PH.
Let f P ΩpDq. From Proposition 6.5.3 there are cyclic permuta-

tions π P Γn such that Valp f q “ π.Valp fΩpDqq. For each such permu-
tation π there is a unique map ϕ f ,π satisfying both fΩpDq ˝ ϕ f ,π “ f
and ϕ f ,πpcip f qq “ cπpiq (and ϕ f ,πpdip f qq “ dπpiq): It is defined on each
circular arc rcip f q, dip f qs by

ϕ
f ,π
|rcip f q,dip f qs

:“ rp fΩpDqq|rcπpiq,dπpiqss
´1 ˝ f|rcip f q,dip f qs, (6.4)

and similarly on circular arcs rdi´1p f q, cip f qs. In particular for f “

fΩpDq the set of such ϕ f ,π equals the group SIdp fΩpDqq of stabilis-
ers. Therefore ϕ ÞÑ fΩpDq ˝ ϕ descends to a continuous bijection
from EndďpS1q{SIdp fΩpDqq to ΩpDq.

Finally we show that the inverse is continuous. Let f P ΩpDq

and ϕ f ,π as in (6.4). Up to pre-composing f by a suitable homeomor-
phism the north pole does not belong to any extremal set cip f q, dip f q.
Consequently, for g in a small neighborhood U Ď ΩpDq around f , we
also have Valpgq “ π.Valp fΩpDqq, hence we can define ϕg,π P EndďpS1q

like in Eq. (6.4) and then fΩpDq ˝ ϕg,π “ g. Hence the map g P U ÞÝÑ

ϕg,π P EndďpS1q is a local section, whose continuity is a consequence of
the fact that on each circular arc rci, dis the linear restriction p fΩpDqq|rci ,dis

and its inverse are Lipschitz, and of the fact that the maximal distance
from points in the critical sets cipgq, dipgq to the critical sets cip f q, dip f q

of f can be continuously tracked in a sufficiently small neighborhood U
of f , see Fig. 6.1. The technical details are omitted.

mi

Ui

Mi

Vi

cip f q dip f q Figure 6.1: A piece of a continuous func-
tion f : S1 Ñ R and a small neigh-
borhood U indicated by dashed curves.
Any function in PH´1pDq between the
dashed curves must have a critical value
in each Ui and Vi , provided the band be-
tween the dashed curves is thin enough
to separate critical values. If g is such a
function then these must be the only crit-
ical values. Then the critical value of g
in Ui must be mi , in Vi must be Mi , and
so on.

Proof of Proposition 6.5.1. From Proposition 6.5.4 the pre-composition
map ϕ ÞÑ fΩpDq ˝ ϕ induces a homeomorphism from EndďpS1q{SIdp fΩpDqq

to the path connected component ΩpDq. Besides it is well-known
that EndďpS1q deformation retracts to the group SOp2q – S1 of orien-
tation preserving rotations.15 Recall that fΩpDq is a piece-wise linear 15 For instance the deformation retract

of AutďpS1q in [H`
74, Theorem 1.1.2]

extends to EndďpS1q.
interpolation between extremal values arranged on a regular 2n-gon,
therefore its stabiliser SIdp fΩpDqq is a finite subgroup of SOp2q which is
preserved under the deformation retraction. Hence ΩpDq is homotopy
equivalent to the quotient of SOp2q – S1 by a finite subgroup, so it is in
fact homotopy equivalent to S1.
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