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1 Introduction

This paper complements the study undertaken in [2] about quantifying the exact inter-
play between an extra information/uncertainty and arbitrage for quasi-left-continuous
models1. Similarly as in [2], we focus on the no-arbitrage concept of no-unbounded-
profit-with-bounded-risk (NUPBR hereafter), and the extra information is the time
of the occurrence of a random time. In the following section, we shall make pre-
cise the definition of NUPBR. It has been proved, in [11] , that for models violating
NUPBR, the numéraire portfolio does not exist and the maximisation utility problem
does not have a solution. This solution can not exist even locally and/or under another
equivalent probability measure and/or for very nice utilities. As a result, the utility
indifference pricing/valuation rule fails and the benchmark approach developed by
Platen in [23] can not be applicable. Thus, the market model violating the NUPBR is
worthless financially and mathematically.

1.1 What are the main goals and the related literature?

Throughout the paper, we consider given a stochastic basis (�,G,F, P), where F∞ := ∨t≥0Ft ⊆ G,
and the filtration F := (Ft )t≥0 satisfies the usual hypotheses (i.e., right continuity and
completeness) and models the “public” information that all agents receive through
time. On this basis, we suppose given a d-dimensional quasi-left-continuous semi-

martingale S which represents the discounted assets’ price process. Throughout the
paper, the triplet (S,F, P) will be called the initial market model. In addition to this
initial model, we consider a given random time (a non-negative random variable) de-
noted by τ . This random time can represent the death time of an insurer, the default
time of a firm, or any occurrence time of an influential event that can impact the market
somehow. In this setting, our aim lies in answering the following.

If (S,F) satisfies NUPBR, then what can be said about (S,F, τ )?

After modeling the new informational system, this question translates into whether
(S,G) fullfils NUPBR or not. Here G, that will be specified mathematically in the
next section, is the new information that incorporatesF and τ as soon as it occurs, and
makes τ a G-stopping time. Thanks to [24], see also [10] for the continuous case and
[21] for the one dimensional case, one can easily prove that (S,G) satisfies NUPBR
if and only if both models (Sτ ,G) 2 and (S − Sτ ,G) fulfill NUPBR. In [2] (see also
[1] and [4] for related results), the authors focused on (Sτ ,G), while the second part
(S − Sτ ,G) constitutes the main objective of the current paper.

As it will be mathematically specified later, NUPBR consists, roughly speak-
ing, of “controlling” the gain processes that are bounded below by a given constant.
Mathematically speaking, the gain processes are stochastic integrals with respect to
the assets’ price process in the Ito’s sense. Thus, due to the Bichteler-Dellacherie-
Mokobodski theorem, see [13, Théorème 80, Chapitre VIII], the first obstacle in

1 A quasi-left-continuous model is a model in which the assets’ price process does not jump on predictable
stopping times

2 Sτ means as usual the process S stopped at time τ
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investigating NUPBR for (S − Sτ ,G) lies in whether the process S − Sτ is an in-
tegrator for general “admissible” (not only buy-and-hold) financial strategies or not.
Or equivalently whether the model under consideration possesses the semimartingale
property or not. Thus, the honesty assumption on τ guarantees the preservation of
the semimartingale property after τ . It is known that (see [20, Théorème 4.14]), in
contrast to (Sτ ,G), the semimartingale property might fail for (S − Sτ ,G) when τ
is arbitrary general. Therefore, for the rest of the paper, τ is assumed to be honest, a
fact that will be mathematically defined in the next section. Recently, in [16] and [18],
it is proved that NUPBR fails for (S − Sτ ,G) when τ is honest and avoids stopping
times under Brownian filtration. For more works on this issue, we refer the reader to
[3] and the references therein. Thus, our first goal is to answer the following

Is there any τ for which NUPBR is preserved for some markets? (1.1)

In this paper, we answer this question positively, and we focus afterwards on
quantifying the interplay between τ and the initial market model that impacts NUPBR
after τ . This latter objective can be achieved by singling out the part of S, denoted by
T (S), that is truly relevant for NUPBR of (S − Sτ ,G). Or equivalently

(T (S),F) satisfies NUPBR if and only if (S − Sτ ,G) does. (1.2)

1.2 Our financial and mathematical achievements

Our first original contribution proposes a class of honest times for which there are
markets that preserve NUPBR after τ , and hence our aim described in (1.1) will
be reached. Our family of honest times includes all the F-stopping times as well as
many examples of non F-stopping times. By considering this subclass of honest times
throughout the paper, our second novelty resides in answering (1.2), and describing
as explicitly as possible the process T (S). As a result, if the honest time belongs to
our class and the assets’ price process S is continuous, then S−Sτ fulfills NUPBR(G).

This paper is organized as follows. In the following section (Sect. 2), we present
our main results, their immediate consequences, and/or their economic and financial
interpretations. In this section, we also develop many examples and show how the main
ideas come into play. Section 3 deals with the derivation of explicit local martingale
deflators for a class of processes. The last section (Sect. 4) focuses on proving the
main theorems and other related results. The paper contains also an appendix where
some of existing and/or new technical results are summarized.

2 The main results and their financial interpretations

This section contains three subsections. The first subsection gives the notation, the
definitions of NUPBR and honest times, and recalls their main properties. The second
subsection develops simple examples of informational markets and explains how some
ingredients of the main results play natural and important roles. The last subsection
announces the principal results, their applications, and gives their financial meaning
as well.
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2.1 Notation and preliminaries

As it is aforementioned, a filtered probability space (�,G,F, P) satisfying the usual
conditions is given.

In what follows, H denotes a filtration satisfying the usual hypotheses, and Q is
a probability measure. The set of H-martingales under Q is denoted by M(Q,H).
As usual, A+(Q,H) is the set of increasing, right-continuous, H-adapted and inte-
grable processes under Q. If C(Q,H) is a class of H-adapted processes, we denote
by Cloc(Q,H) the set of processes X such that there exists a sequence (Tn)n≥1 of
H-stopping times that increases to +∞ and the stopped processes X Tn belong to
C(Q,H). Throughout the paper, when the probability is not mentioned, this means
that we work under Q = P . Thus when Q = P , for simplicity, we write M(H),
A(H), or in general C(H) and Cloc(H).

For a process K with H-locally integrable variation, we denote by K o,H (respec-
tively K p,H) its dual optional (respectively dual predictable) projection. For a process
X , o,HX (respectively p,HX ) represents its optional (respectively predictable) projec-
tion with respect to H.

To emphasize the role of the effect of filtration, we will denote 〈., .〉F, or 〈., .〉G to
specify the sharp bracket (predictable covariation process) calculated in the filtration
F orG, if confusion may rise. We recall that, for general semimartingales X and Y , the
sharp bracket is (if it exists) the dual predictable projection of the covariation process
[X,Y ].

For a finite-dimensionalH-semimartingale X , the set L(X,H) is the set of H-pre-
dictable processes having the same dimension as X and being integrable with respect
to X and for H ∈ L(X,H), the resulting integral is the one-dimensional process
denoted by H • X t :=

∫ t

0 Hsd Xs . Throughout the paper, stochastic processes have

arbitrary finite dimension (in case it is not specified).
We recall the no-arbitrage notion that is addressed in this paper.

Definition 2.1 AnH-semimartingale X satisfies the no-unbounded-profit-with-bounded-

risk condition under (H, Q) if for all T ∈ (0,+∞), the set

KT (X) := {H • XT : H ∈ L(X,H), and H • X ≥ −1}

is bounded in probability under Q. Often, we abbreviate by saying X satisfies NUPBR(H, Q),
or the model (X,H, Q) satisfies NUPBR. When Q is equivalent to P , we suppress
the probability in order to simplify the notation.

For more details about this no-arbitrage condition and its relationship with the liter-
ature, we refer the reader to [2]. NUPBR is intimately related to the existence of a
σ -martingale density. Below, we recall the definitions of σ -martingale and σ -martin-
gale density for a process.

Definition 2.2 An H-adapted process X is called an (H, σ )-martingale if there exists
a real-valued H-predictable process φ such that

0 < φ ≤ 1, and φ • X is an H-martingale.
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A positiveH-local martingale L is called an (H, σ )-martingale density for anH-adapt-
ed process X (also called H-deflator for X) if the product L X is an (H, σ )-martingale.
The set of all H-deflators for X is denoted by

Lσ (X,H) := {L ∈ Mloc(H) : L > 0, L X is an (H, σ )-martingale}.

The equivalence between NUPBR for (X,H) and Lσ (X,H) 6= ∅ is established in [2,
Proposition 2.3] when the horizon may be infinite, and in [24] for the case of finite
horizon.

Beside the initial model (S,F, P) in which S is assumed to be a quasi-left-

continuous F-semimartingale, we consider a random time τ , i.e., random variable
with values in [0,+∞], to which we associate the process D and the filtration G

given by

D := I[[τ,+∞[[, G = (Gt )t≥0, Gt :=
⋂

s>t

(
Fs ∨ σ(Du , u ≤ s)

)
.

The filtration G is the smallest right-continuous filtration which contains F and makes
τ a stopping time. In the literature, G is called the progressive enlargement of F with
τ . In addition to G and D, we associate to τ two important F-supermartingales: the
F-optional projection of I[[0,τ [[ denoted by Z , and the F-optional projection of I[[0,τ ]],
denoted by Z̃ , which satisfy

Z t := P[τ > t | Ft ] and Z̃ t := P[τ ≥ t | Ft ].

The process Z is right-continuous with left limits, while Z̃ admits right and left limits.
An important F-martingale, denoted by m, is given by

m := Z + Do,F, (2.1)

where Do,F is the F-dual optional projection of D. Obviously, Z is bounded and Do,F

is nondecreasing and integrable.
For the reader’s convenience, we recall the definition of honest time.

Definition 2.3 A random time σ is called an F-honest time, if for any t , there exists
an Ft -measurable r.v. σt such that σ I{σ<t} = σt I{σ<t}.

We refer to Jeulin [20, Chapitre 5] and Barlow [9] for more information about honest
times. In this paper, we restrict our study to the following subclassH of random times:

H := {τ : τ is a finite F-honest time satisfying Zτ < 1, P-a.s.}

Due to Zτ I{τ<+∞} = 0, P-a.s. when τ is an F-stopping time, it is clear that all finite
F-stopping times belong to H, and hence H 6= ∅. In the case whereF is the completed
Brownian filtration, we can consider the F-stopping times

U ǫ
0 = V ǫ

0 = 0, U ǫ
n := inf{t ≥ V ǫ

n−1 : Bt = ǫ}, V ǫ
n := inf{t ≥ U ǫ

n : Bt = 0},

where 0 < ǫ < 1 and B is a one dimensional standard Brownian motion. Then

τ := sup{V ǫ
n : V ǫ

n ≤ T1},
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where T1 := inf{t ≥ 0 : Bt = 1}, is an honest time which is not a stopping time, and
belongs to H (see [6] for detailed proof). More examples of elements of H that are
not stopping times are given in the next subsection. Furthermore, our class H bears
the core idea behind the study in [5], where the authors show that H is very rich and
plays an important role in the decomposition of random times. Furthermore, in the
case of discrete time market models, the set H coincides with the whole set of finite
honest times.

Remark 2.4 (a) If τ avoids F-stopping times, then Zτ = 1.
(b) If τ is honest and avoids F stopping times, and if there exists a continuous

F-martingale S that enjoys predictable representation property, then Zτ = 1, and
S − Sτ fails NUPBR (see [16, Proposition 6.3]).

We now recall a lemma obtained in [2, Lemma 2.6].

Lemma 2.5 Let X be an H-predictable process with finite variation. Then X satisfies

NUPBR(H) if and only if X ≡ X0 (i.e., the process X is constant).

We end this section with the following lemma which gives the G-semimartingale
decomposition of an F-martingale.

Lemma 2.6 The following assertions hold.

(a) Let M be an F-local martingale, and τ be an honest time. Then the process M̂,

defined as

M̂ := M − Mτ + (1 − Z−)
−1 I]]τ,+∞[[ • 〈M,m〉F, (2.2)

is a G-local martingale.

(b) If τ is an honest time such that Zτ I{τ<+∞} P-a.s. (a fortiori if τ ∈ H), then the

G-predictable process (1 − Z−)
−1 I]]τ,+∞[[ is G-locally bounded.

Proof Assertion (a) is a standard result on progressive enlargement of filtration with
honest times. For details, we refer the reader to [20, Théorème (5,10)], [9] and [14,
Chapter XX, Sect. 79].
Herein we prove assertion (b). It is known, see [14, Chapter XX, Sect. 79], that Z = Z̃

on ]]τ,+∞[[, and

]]τ,+∞[[⊂ {Z− < 1} ∩ {Z̃ < 1} ⊂ {Z− < 1} ∩ {Z < 1}.

Due to Zτ I{τ<+∞} P-a.s., we have [[τ,+∞[[⊂ {Z < 1}, and hence the process

X := (1 − Z)−1 I[[τ,+∞[[

is càdlàg, G-adapted and takes values in [0,+∞).
Combining these with ]]τ,+∞[[⊂ {Z− < 1}, we can easily prove that

Tn := inf{t ≥ 0 : X t ≥ n} ↑ +∞ and max(X Tn−, X
Tn
− ) ≤ n, P-a.s.,

where X Tn− = X I[[0,Tn [[ + XTn− I[[Tn ,∞[[. Thus, X− = (1 − Z−)
−1 I]]τ,+∞[[ is locally

bounded, and the proof of the lemma is completed. ⊓⊔
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2.2 Particular cases and examples

In this subsection, by analysing particular cases and examples, we obtain some results
that are vital for understanding the exact interplay between the features of the initial
market and the honest time under consideration. The following simple lemma plays a
key role in this analysis.

Theorem 2.7 Suppose that τ ∈ H. If S is continuous and satisfies NUPBR(F), then

S − Sτ satisfies NUPBR(G).

Proof Let S = (S1, . . . , Sd )be a d-dimensional continuous process satisfying NUPBR(F).
Then there exists a positiveF-local martingale L such that LS is an (F, σ )-martingale.
Since S is continuous and L is a local martingale, we deduce that the increasing process
supu≤. |Su | supu≤. |1Lu | is locally integrable.

Thus, thanks to [7, Proposition 3.3] and

d∑

i=1

1(LSi ) =

d∑

i=1

Si1L ≥ −d sup
u≤.

|Su | sup
u≤.

|1Lu |,

we conclude that LS is an F-local martingale. We consider a sequence of F-stopping
times (Tn)n≥1 that increases to infinity such that both LTn and LTn STn are martingales,
and put Qn := (LTn/L0)·P which is equivalent to P . Then on the one hand S(n) := STn

is an (F, Qn)-martingale. On the other hand, in virtue of Proposition A.4, S − Sτ

satisfies NUPBR(G) if and only if S(n) − (S(n))τ = (S − Sτ )Tn satisfies NUPBR(G)
under Qn , for all n ≥ 1. This shows that, without loss of generality, one only needs
to prove the theorem when S is an F-martingale.

Therefore, for the rest of the proof, we assume that S is an F-martingale. Thanks
to Lemma 2.6, the process YG := E((1 − Z−)

−1 I]]τ,+∞[[ • m̂c) is a well-defined
continuous real-valued and positive G-local martingale, where mc is the continuous
F-local martingale part of m, and m̂c is defined as in (2.2). Thanks to the continuity
of S and (2.2) applied to S, we get

S − Sτ +
[

S − Sτ ,
I]]τ,+∞[[

1 − Z−

• m̂c
]

= S − Sτ + (1 − Z−)
−1 I]]τ,+∞[[ • 〈S,m〉F

= Ŝ ∈ Mloc(G).

Therefore, a combination of this and integration by parts formula applied to (S − Sτ )YG,
we conclude that this latter process is a G-local martingale. This proves NUPBR(G)
for S − Sτ , and the proof of the theorem is achieved. ⊓⊔

Remark 2.8 Theorem 2.7 follows also from one of our principal results stated in the
next subsection. However, due to the simplicity of the proof of this theorem, we have
opted for detailing this proof above.

Theorem 2.7 asserts clearly that, when τ ∈ H, the model (S − Sτ ,G) might fail
NUPBR only if S jumps. Thus, the following natural question arises:

Does the condition {1S 6= 0} ∩ [[τ ]] = ∅ impact NUPBR(G)? (2.3)
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Example 2.9 Suppose that F is generated by a Poisson process N with intensity equal
to 1. Consider two real numbers a > 0 and µ > 1, and set

τ := sup{t ≥ 0 : Yt := µt − Nt ≤ a}, and Mt := Nt − t . (2.4)

It can be proved easily, see [6, Proposition 4], that τ ∈ H, and the associated processes
Z and Z̃ are given by

Z = 9(Y − a)I{Y≥a} + I{Y<a} and Z̃ = 9(Y − a)I{Y>a} + I{Y≤a}.

Here 9(u) := P[supt≥0 Yt > u] is the ruin probability associated to the process Y .
As a result we have

1 − Z− =
(
1 −9(Y− − a)

)
I{Y−>a}, (2.5)

and we can prove that m = m0 + φ • M , where

φ : =
(
9(Y− − a − 1)− 9(Y− − a)

)
I{Y−>1+a} +

(
1 −9(Y− − a)

)
I{a<Y−≤1+a}.

We define S := I{a≤Y−<a+1} • M . Thanks to Lemma 2.6 and Itô’s lemma, and by
putting Vt = t and letting Ŝ be the G-local martingale part of S − Sτ , we derive

[Ŝ, Ŝ] = I]]τ,+∞[[ • [S] = I]]τ,+∞[[ • S + I{a<Y−<a+1} I]]τ,+∞[[ • V

= Ŝ + I{a<Y−<a+1} I]]τ,+∞[[

(
1 −

φ

1 − Z−

)
• V , (2.6)

= Ŝ is a G-local martingale.

The last equality is due to φ ≡ 1 − Z− on {a < Y− < a + 1}. This proves that Ŝ ≡ 0,
and hence S − Sτ is G-predictable with finite variation. Thus, in virtue of Lemma 2.5,
the process S − Sτ (which is not null) violates NUPBR(G). Therefore (S,F) satisfies
NUPBR, while (S − Sτ ,G) violates it.

Example 2.10 Consider the same setting and notation as in Example 2.9, except for
S that we suppose having the form S = I{Y−>a+1} • M instead. By combining Lemma
2.6, Itô’s lemma and similar calculation as in (2.6), we deduce that both YG := E(ξ • Ŝ)

and YG(S − Sτ ) are G-local martingales and YG > 0. Here ξ is given by

ξ :=
9(Y− − a − 1)−9(Y− − a)

1 −9(Y− − a − 1)
I{Y−>a+1} I]]τ,+∞[[,

and as usual E(X) denotes the Doléans-Dade exponential of a semimartingale X . This
proves that both models (S,F) and (S − Sτ ,G) satisfy NUPBR.

Examples 2.9 and 2.10 can be encountered in the following financial context: The
random time given by (2.4) represents the last time the cash reserve of a firm does not
exceed the level a. Then Example 2.9 (respectively Example 2.10) corresponds to the
case when the security asset’s price process lives on {a ≤ Y− < 1+a} (respectively on
{Y− > 1 + a}). Remark that, in both Examples 2.9 and 2.10, the graph of the random
time τ is included in a countable union of graphs of predictable stopping times. Hence,
due to the quasi-left-continuity of S, we immediately conclude that {1S 6= 0} ∩ [[τ ]]

is evanescent for both examples. This gives a negative answer to (2.3).
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2.3 Main results and their applications

Our first main result requires the following easy and interesting lemma.

Lemma 2.11 Suppose that τ ∈ H. Then the F-adapted process

V F :=
∑

I{Z̃=1>Z−} (2.7)

is càdlàg with finite values, and hence is F-locally integrable.

Proof Thanks to Proposition B.1-(b), there exists a sequence of F-stopping times,
(σn)n≥1 that increases to infinity almost surely and 1 ≤ n2(1−Z t−)

2 on {Z t− < 1} ∩ {t ≤ σn}.
Thus, for any nonnegative and bounded F-optional process H , we have

(H • V F)σn ≤ n2
(∑

H (1 − Z−)
2 I{Z̃=1>Z−}

)σn

= n2
(∑

H (1m)2 I{Z̃=1>Z−}

)σn

≤ n2(H • [m,m])σn .

Therefore, the proof of the lemma follows immediately by combining the above in-
equality and the fact that [m,m] ∈ A

+
loc(F). ⊓⊔

In the following theorem, we announce our first main result, which is based on the
following aforementioned transformation (see (1.2))

T (S) := S − [S, V F] = S −
∑

I{Z̃=1>Z−}1S. (2.8)

Theorem 2.12 Suppose that S is an F-quasi-left-continuous semimartingale, and

τ ∈ H. Then the following are equivalent.

(a) S − Sτ satisfies NUPBR(G).

(b) (1 − Z−) • T (S) satisfies NUPBR(F).

(c) I{Z−<1} • T (S) satisfies NUPBR(F).

Thanks to Proposition A.4, by considering φ := 1 − Z− + I{Z−=1} (which is
F-predictable and satisfies 0 < φ ≤ 1), we deduce the following fact: for any
F-semimartingale X , I{Z−<1} • X satisfies NUPBR(F) if and only if (1 − Z−) • X

does. Therefore, the proof of (b) ⇐⇒ (c) follows immediately from this fact. The
implication (b) =⇒ (a) of the theorem can be stated in a more general form. Thus, the
proof of this implication will be given, as a direct consequence of Corollary 3.5, at
the end of Sect. 3. The implication (a) =⇒ (b) is the most technical and difficult part
of the theorem. Thus, its proof is delegated to Subsection 4.2.

Corollary 2.13 Suppose that S is F-quasi-left-continuous, and τ ∈ H. Then the fol-

lowing assertions hold:

(a) If the pair (S,
∑

I{Z̃=1>Z−}1S) satisfies NUPBR(F), then S−Sτ satisfies NUPBR(G).

(b) If S satisfies NUPBR(F) and {1S 6= 0}∩{Z̃ = 1 > Z−} = ∅, then S− Sτ satisfies

NUPBR(G).
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Proof The assertion (a) follows by combining Theorem 2.12 and the equality

(1 − Z−) • T (S) =
(
1 − Z−,−(1 − Z−)

)
•

(
S,
∑

I{Z̃=1>Z−}1S
)
.

Due to {1S 6= 0} ∩ {Z̃ = 1 > Z−} = ∅, assertion (b) follows immediately from
assertion (a), and the proof of the corollary is completed. ⊓⊔

Remark 2.14 To illustrate Theorem 2.12 in the setting of Examples 2.9 and 2.10, we
need to calculate {Z̃ = 1 > Z−}. Due to (2.5) and the equation that precedes it, we
remark that {Z̃ = 1 > Z−} = {a < Y− ≤ a + 1} ∩ {1N 6= 0}.

For the model (S,F) of Example 2.9, we derive

I{Z̃=1>Z−}1S = I{a≤Y−<a+1} I{a<Y−≤a+1}1N = I{a<Y−<a+1}1N.

This implies that, for this model,

T (S) = S −
∑

I{Z̃=1>Z−}1S = I{Y−=a} • M −

∫ ·

0
I{a<Ys−<a+1}ds.

It is clear that T (S) has no σ -martingale density since the drift part of T (S) is not
absolutely continuous -as a measure of time- with respect to 〈T (S)〉F. Hence, a fortiori,
I{Z−<1} • T (S) = −

∫ ·

0 I{a<Ys−<a+1}ds violates NUPBR(F).
For the case of Example 2.10, we easily derive

I{Z̃=1>Z−}1S = I{Y−>a+1} I{a<Y−≤a+1}1N ≡ 0.

Thus, this example falls into the case of Corollary 2.13-(b), and T (S) ≡ S satisfies
NUPBR(F).

As application of Theorem 2.12 to Lévy models, we state the following

Theorem 2.15 Suppose that τ belongs to H, and S is F-quasi-left-continuous. Let µ

be the optional random measure associated to the jumps of S, and νF (respectively

νG) be the F-compensator (respectively the G compensator) of µ (respectively of

I]]τ,+∞[[ ⋆ µ). If S satisfies NUPBR(F) and

I]]τ,+∞[[ ⋆ ν
F is equivalent to νGP-a.s., (2.9)

then S − Sτ satisfies NUPBR(G).

The proof of this theorem follows from Theorem 2.12 as long as we prove that,
under (2.9), if S satisfies NUPBR(F), then T (S) satisfies NUPBR(F). This proof is
technical, and thus it is delegated to Sect. 4.

Remark 2.16 Remark that the absolute continuity νG ≪ I]]τ,+∞[[ ⋆ ν
F, P-a.s. holds.

This follows from the fact that νG is absolutely continuous with respect to νF and it
lives on ]]τ,+∞[[ only.

The Lévy case: If S is a Lévy process and F(dx) is its Lévy measure under F,
then νF(dt, dx) = F(dx)dt and νG(dt, dx) = I{t>τ } FG

t (dx)dt , where FG
t (dx) is

its Lévy measure under G. Thus, Theorem 2.15 asserts that if P ⊗ λ almost every
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(ω, t) (λ(dt) = dt), FG
t (ω, dx) = f (t, x, ω)F(dx) for some real-valued and positive

functional f (t, x, ω), then S − Sτ satisfies NUPBR(G). For more examples of Lévy
framework, we refer the reader to [15].

Examples 2.9–2.10 versus Theorem 2.15: In the context of Example 2.9, we
easily calculate νF(dt, dx) = I{a<Yt−≤a+1}δ1(dx)dt and establish that

νG(dt, dx) = I{t>τ } I{a<Yt−≤a+1}

(
1 − φt/(1 − Z t−)

)
δ1(dx)dt ≡ 0

which is not equivalent to I]]τ,+∞[[ ⋆ν
F. This example shows that (2.9) can be violated.

Therefore, in those circumstances, we can not conclude whether S − Sτ satisfies
NUPBR(G) or not directly from Theorem 2.15.

For the case of Example 2.10, we have νF(dt, dx) = I{Yt−>a+1}δ1(dx)dt and
νG(dt, dx) = I{t>τ } I{Yt−>a+1}(1 − φt/(1 − Z t−))δ1(dx)dt which is equivalent to
I]]τ,+∞[[ ⋆ ν

F since {Y− > a + 1} ⊂ {φ < 1 − Z−} P ⊗ dt-a.e. Thus, Theorem 2.15
allows us to conclude that S − Sτ fulfills NUPBR(G).

The rest of this subsection describes models of τ that do not affect NUPBR.

Theorem 2.17 Suppose τ ∈ H. Then the following assertions are equivalent.

(a) The set {Z̃ = 1 > Z−} is accessible (i.e., it is contained in a countable union of

graphs of F-predictable stopping times).

(b) For every (bounded) F-quasi-left-continuous martingale X, the process X − X τ

satisfies NUPBR(G).

(b’) For any probability Q equivalent to P and every (bounded)F-quasi-left-continuous

X ∈ M(Q,F), the process X − X τ satisfies NUPBR(G).

(c) For every (bounded)F-quasi-left-continuous process X satisfying NUPBR(F), the

process X − X τ satisfies NUPBR(G).

Proof The proof of the theorem is organized in three parts, where we prove (a) ⇐⇒ (b),
(b) ⇐⇒ (b’) and (b’) ⇐⇒ (c) respectively.
Part 1: We start by proving that (a) implies (b). Suppose that the thin set {Z̃ = 1 > Z−}

is accessible. Then for anyF-quasi-left-continuous martingale X , we have {1X 6= 0} ∩ {Z̃ = 1 > Z−} = ∅.
Thanks to Corollary 2.13–(b), we deduce that X − X τ satisfies NUPBR(G). This
completes the proof of (a) ⇒ (b). To prove the reverse, assuming that assertion (b)
holds, we consider a sequence of stopping times (Tn)n≥1 that exhausts the thin set
{Z̃ = 1 > Z−}, i.e., {Z̃ = 1 > Z−} =

⋃+∞
n=1[[Tn]]. Then, each Tn – that we denote

by T for the sake of simplicity– can be decomposed into a totally inaccessible part
T i and an accessible part T a as T = T i ∧ T a . Consider the quasi-left-continuous
F-martingale

M := V − V p,F =: V − Ṽ ,

where V := I[[T i ,+∞[[. Then, since {T i < +∞} ⊂ {Z̃T i = 1}, we deduce that
{T i < +∞} ⊂ {τ ≥ T i } and

M − Mτ = I]]τ,+∞[[ • M = −I]]τ,+∞[[ • Ṽ is G-predictable.

The finite variation and G-predictable process, I]]τ,+∞[[ • M , satisfies NUPBR(G).
Hence, it is null, or equivalently

0 = E[I]]τ,+∞[[ • Ṽ∞] = E

[ ∫ ∞

0
(1 − Zs−)dṼs

]
= E[(1 − ZT i−)I{T i<+∞}].
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Therefore, we conclude that T i = +∞, P-a.s., and the stopping time T = T a is
accessible. This ends the proof of the equivalence between (a) and (b).
Part 2: It is easy to see that the implication (b’) =⇒ (b) follows by taking Q = P .
To prove the reverse sense, we suppose that a probability measure Q equivalent to P

and an F-quasi-left-continuous X ∈ M(Q,F) are given. Put

ZF
t := E

[
d Q

d P
|Ft

]
=: Et (N), Y :=

(
E(N (qc))X

E(N (qc))

)
and N (qc) := N − I⋃

n [[σn]]
• N,

where (σn)n is a sequence of F-predictable stopping times that exhausts all the pre-
dictable jumps of N . In other words, N (qc) is the F-quasi-left-continuous local mar-
tingale part of N , see [17, Theorem 7.25, Chapter VII] about local martingale decom-
position. Then due to the quasi-left-continuity of X , simple calculations show that Y

is an F-quasi-left-continuous martingale. Therefore, by applying directly assertion (b)
to Y , we conclude that

Y − Y τ =

(
E(N (qc))(X − X τ )+ X τ (E(N (qc))− E(N (qc))τ )

E(N (qc))− E(N (qc))τ

)

satisfies NUPBR(G). Then, there exists a real-valued positive G-local martingale ZG

such that ZGE(N (qc))(X − X τ ) and ZGE(N (qc))/E(N (qc))τ are both σ -martingales
under (G, P). Since the process ZGE(N (qc))/E(N (qc))τ is positive and thanks to
Proposition 3.3 and Corollary 3.5 of [7] (which states that a non-negativeσ -martingale
is a local martingale), we deduce that ZGE(N (qc))/E(N (qc))τ is a real-valued positive
element ofMloc(G) such that ZGE(N (qc))(X−X τ ) (or equivalently ZGE(N (qc))(X − X τ )/E(N (qc))τ )
is a σ -martingale. This proves that X − X τ satisfies NUPBR(G), and the proof of (b)
⇐⇒ (b’) is completed.
Part 3: Remark that (c) =⇒ (b’) is obvious, and hence we focus on proving the reverse.
Suppose that assertion (b’) holds, and consider an F-quasi-left-continuous process X

satisfying NUPBR(F). Then there exists a real-valued and positiveF-local martingale
Y , and a real-valued and F-predictable process φ such that

0 < φ ≤ 1 and Y (φ • X) is an F-martingale.

Let (Tn) be a sequence of F-stopping times that increases to infinity (almost surely)
such that Y Tn is a martingale, and set

X := φ • X, Qn := YTn/Y0 � P.

By applying assertion (b’) to X
Tn (since X

Tn is an F-quasi-left-continuous element
of M(Qn,F)) and using the fact that Qn is equivalent to P , we conclude that (φ •

(X − X τ ))Tn = X
Tn

− (X
Tn
)τ satisfies NUPBR(G). Hence, thanks to Proposition

A.4, NUPBR(G) for X − X τ follows immediately. This ends the proof of (b) ⇐⇒ (c),
and that of the proposition as well. ⊓⊔
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Remark 2.18 Thanks to [12, Théorème 51, Chapitre III] (see also [17, Theorem 4.26]),
if F is a quasi-left-continuous filtration, then any accessible F-stopping time is pre-
dictable and any F-optional process is quasi-left-continuous. Therefore, if we fur-
thermore assume that F is quasi-left-continuous, then Theorem 2.17 remains valid by
substituting assertion (a) by the following assertion

(a’) The thin set {Z̃ = 1 > Z−} is evanescent.

The equivalence between assertion (a’) and assertion (b) of Theorem 2.17 remains also
valid when we relax the quasi-left-continuous assumption on the filtration F itself and
on F-martingales. This general case, that can be found in [6] and [15], requires more
technical arguments.

The enlargement of filtration considered in [8] might appear more general than
our current paper. In [8] , the authors restrict their attention to the case where S is a
continuous H-semimartingale which can be decomposed as

St = Mt +

∫ t

0
ηsd〈M〉Hs , with E[

∫ T

0
η2

s d〈M〉Hs ] < ∞, (2.10)

where M is an H-local martingale and η is an H-predictable process. Based on the
continuity assumption of S, we see from [10] that the condition (2.10) is very restrictive
compared to NUPBR for (S,H). This is mainly due to the fact that NUPBR for
continuous models requires that

∫ T

0 η2
s d〈M〉Hs is finite (almost surely) only, while this

random variable is not integrable for many models satisfying NUPBR such as those of
[22]. Moreover, for continuous S, our current paper presents a very simple approach
(see Theorem 2.7), and the true innovation of our work lies in the general case when
S has jumps. Note that the condition (2.10) fails for many models. To illustrate this
point, we consider a slightly modified example of [10].

Example 2.19 Consider a Poisson process, N , with intensity equal to 1, and a positive
real function, f , defined on [0, 1] that belongs to L1[0, 1] \ L2[0, 1]. Let9,µ, a and
Y be those of Example 2.9. Then put Mt := Nt − t and

St := S0 + I{Y−>1+a} • Mt −

∫ t∨t0

t0

es f (s − t0)I{Ys−>1+a}ds, 0 ≤ t ≤ T,

where T := t0 + 1 and t0 := (1 + a)/µ > 0.

Thus, one can prove that both models (S,F) and (S − Sτ ,G) fail the condition (2.10).
Therefore, this concept can not evaluate the impact of τ on NUPBR for this context
that one can encounter frequently in insurance. Since our results (Theorem 2.12 for
instance) are able to deal with any quasi-left-continuous context and any progressive
enlargement with an element of H, we conclude that [8] does not cover our results.
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3 Explicit deflators for a class of F-local martingales

This section proposes an explicit construction ofG-deflator for M−Mτ , when M spans
the class of F-quasi-left-continuous local martingales orthogonal to V F − (V F)p,F,
where V F is defined in (2.7). The key mathematical idea behind this achievement
lies in the exact relationship between the G-compensator and the F-compensator of a
process with finite variation when both exist. This is the aim of the first subsection,
while the second subsection states results about deflators.

3.1 Compensators and projections under G and F

In the following, we start our study by writing the G-compensators/projections in
terms of F-compensators/projections respectively. Although the proofs of the results
of this subsection are easy and not technical at all, we opt for delegating them to the
Appendix for the reader’s convenience.

Lemma 3.1 Suppose that τ ∈ H. Then the following assertions hold.

(a) For any F-adapted process V with locally integrable variation, one has

I]]τ,+∞[[ • V p,G = I]]τ,+∞[[(1 − Z−)
−1

•

(
(1 − Z̃) • V

)p,F
, (3.1)

and on ]]τ,+∞[[

p,G (1V ) = (1 − Z−)
−1 p,F

(
(1 − Z̃)1V

)
. (3.2)

(b) For any F-local martingale M, one has, on ]]τ,+∞[[

p,G

(
1M

1 − Z̃

)
=

p,F(1M I{Z̃<1})

1 − Z−

, and p,G

(
1

1 − Z̃

)
=

p,F(I{Z̃<1})

1 − Z−

. (3.3)

(c) For any quasi-left-continuous F-local martingale M, one has

p,G
(
(1M)(1 − Z̃)−1 I]]τ,+∞[[

)
= 0. (3.4)

The next lemma focuses on the integrability of the process (1− Z̃)−1 I]]τ,+∞[[ with
respect to any process with F-locally integrable variation. As a result, we complete
our comparison of G and F-compensators.

Lemma 3.2 Let τ be an honest time and V be a càdlàg and F-adapted process with

finite variation. Then the following assertions hold.

(a) The process

U := (1 − Z̃)−1 I]]τ,+∞[[ • V

is a well-defined process, i.e., it is G-adapted, càdlàg and has finite variation.

(b) If V belongs to Aloc(F) (respectively to A(F)), then U ∈ Aloc(G) (respectively

U ∈ A(G)) and

U p,G = I]]τ,+∞[[(1 − Z−)
−1

• (I{Z̃<1}
• V )p,F. (3.5)
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(c) If τ is a finite honest time, then I]]τ,+∞[[ • V ∈ Aloc(G) if and only if (1 − Z̃) • V

belongs to Aloc(F).

(d) If τ ∈ H and V is a nondecreasing and F-predictable process, then for any non-

negative F-predictable process ϕ, one has ϕ I]]τ,+∞[[ • V ∈ A
+
loc(G) if and only if

(1 − Z−)ϕ • V ∈ A
+
loc(F), or equivalently if ϕ I{Z−<1} • V ∈ A

+
loc(F).

3.2 Construction of deflators

Herein, we start by introducing a candidate for a deflator as follows.

Proposition 3.3 Suppose that τ ∈ H and consider the G-local martingale

m̂ := I]]τ,+∞[[ • m + (1 − Z−)
−1 I]]τ,+∞[[ • 〈m〉F,

and the process

WG :=
(
(1 − Z−)(1 − Z̃)

)−1
I]]τ,+∞[[ • [m,m],

where m is given in (2.1). Then the following assertions hold.

(a) The nondecreasing and G-optional process WG belongs to A
+
loc(G).

(b) The G-local martingale

LG := (1 − Z−)
−1 I]]τ,+∞[[ • m̂ + WG − (WG)p,G, (3.6)

satisfies the following properties:

(b’) E(LG) > 0 (or equivalently 1 +1LG > 0) and I]]0,τ ]] • LG = 0.
(b”) For any quasi-left-continuous F-local martingale M, we have

[LG, M̂] ∈ Aloc(G) (i.e., 〈LG, M̂〉G exists),

where M̂ is defined via (2.2).

Proof Thanks to Lemma 2.6-(b), (1 − Z−)
−1 I]]τ,+∞[[ is G-locally bounded. Thus,

by combining this fact with [m,m] ∈ A
+
loc(F) and Lemma 3.2-(b), we conclude that

WG ∈ A
+
loc(G), and subsequently assertion (a) holds. Thus, the process LG is a

well-defined G-local martingale.
The rest of the proof focuses on proving assertions (b’) and (b”). By combining

Lemma 3.1-(b), the fact that 1(V p,H) = p,H(1V ) for any process V with locally
integrable variation and any filtrationH, and1m = Z̃−Z− on ]]τ,+∞[[, we calculate,
using (3.2) for the third equality,

1LG = (1 − Z−)
−11m̂ +1WG −1(WG)p,G

=
1m

1 − Z−

+
1〈m〉F

(1 − Z−)2
+

(1m)2

(1 − Z̃)(1 − Z−)
− p,G

(
(1m)2

(1 − Z̃)(1 − Z−)

)

=
1m

1 − Z̃
+

1〈m〉F

(1 − Z−)2
−

p,F((1m)2 I{Z̃<1})

(1 − Z−)2
= −1 +

1 − Z−

1 − Z̃
+ p,F(I{Z̃=1})
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Therefore, 1+1LG = I]]τ,+∞[[((1− Z−)/(1− Z̃)+ p,F(I{Z̃=1}))+ I[[0,τ ]] > 0. This
proves property (b’).

In order to prove property (b”), we consider a quasi-left-continuous F-local mar-
tingale M . This quasi-left-continuous assumption implies that 〈m,M〉F is continuous
and [X,M] ≡ 0 for any G-predictable process with finite variation X . As a result, we
derive

[LG, M̂] = [LG,M − Mτ ] = (1 − Z−)
−1 I]]τ,+∞[[ • [m,M] + [WG,M]

=
1

1 − Z−

I]]τ,+∞[[ • [m,M] +
1m

(1 − Z−)(1 − Z̃)
I]]τ,+∞[[ • [m,M]

=
(
1 − Z̃

)−1
I]]τ,+∞[[ • [m,M]. (3.7)

Therefore, since [m,M] ∈ Aloc(F), property (b”) follows from combining the above
equality and Lemma 3.2-(b). This ends the proof of the proposition. ⊓⊔

Below, we elaborate our main results about deflator for “the part-after-τ”.

Theorem 3.4 Let τ ∈ H, and V F and LG be defined by (2.7) and (3.6) respectively.

If M is a quasi-left-continuousF-local martingale that is orthogonal to V F−(V F)p,F

(i.e.,
∑

I{Z̃=1>Z−}1M is also an F-local martingale), then E(LG)(M − Mτ ) is a

G-local martingale.

Proof Suppose that the process V :=
∑

I{Z̃=1>Z−}1M is an F-local martingale
where M is an F-quasi-left-continuous local martingale. Then,

0 =
(
(1 − Z−) • V

)p,F
= (I{Z̃=1>Z−}

• [m,M])p,F.

Therefore, by combining this equation, (3.7) and Lemma 3.2-(b), we obtain

M − Mτ + 〈LG,M − Mτ 〉G = M − Mτ +

(
I]]τ,+∞[[

1 − Z̃
• [m,M]

)p,G

= M − Mτ +
I]]τ,+∞[[

1 − Z−

• 〈m,M〉F −
I]]τ,+∞[[

1 − Z−

• (I{Z̃=1}
• [m,M])p,F

= M − Mτ + (1 − Z−)
−1 I]]τ,+∞[[ • 〈m,M〉F = M̂ ∈ Mloc(G).

Thus, the theorem follows immediately from this latter equality combined with inte-
gration by parts formula applied to (M − Mτ )E(LG). ⊓⊔

As a consequence of this theorem, we describe a class of F-quasi-left-continuous
processes for which NUPBR is preserved for the “part-after-τ”.

Corollary 3.5 Suppose that τ ∈ H, S is F-quasi-left-continuous, and LG is given by

(3.6). Then the following assertions hold.

(a) E(LG)(M − Mτ ) is a G-local martingale, for any F-quasi-left-continuousF-local

martingale, M, such that {Z̃ = 1 > Z−} ∩ {1M 6= 0} is evanescent.

(b) If (S,
∑

I{Z̃=1>Z−}1S) satisfies NUPBR(F), then S − Sτ satisfies NUPBR(G).
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Proof Assertion (a) follows obviously from Theorem 3.4. The proof of assertion (b)
follows immediately from a combination of Theorem 3.4, Proposition A.4 and the fact
that for any probability measure Q equivalent to P ,

Z = 1 > Z−} = {Z̃ Q = 1 > Z
Q
− }

where Z̃ Q and Z Q are the F-optional projection under Q of I[[0,τ ]] and I[[0,τ [[ respec-
tively. This last fact is an immediate application of [13, Theorem 86] by taking on
the one hand X = I{Z̃=0} and Y = I{Z̃ Q=0}, and on the other hand X = I{Z−=0} and
Y = I

{Z
Q
− =0}

. This ends the proof of the corollary. ⊓⊔

We end this section by proving the implication (b) =⇒ (a) of Theorem 2.12. To
this end, we remark that we always have

S − Sτ = T (S)− (T (S))τ and {1T (S) 6= 0} ∩ {Z̃ = 1 > Z−} = ∅.

Thus, the proof of (b) =⇒ (a) of Theorem 2.12 follows immediately from combining
these with Corollary 3.5, Lemma 2.6-(b) and Proposition A.4.

4 Proof of Theorems 2.12 and 2.15

This section focuses on the proofs of Theorems 2.12 and 2.15. Both proofs are based
essentially on the predictable characteristics of S underF andG. This section is divided
into three subsections. The first subsection recalls the definition of the predictable
characteristics, and proposes afterwards a functionalψ , which is intimately related to
the set {Z̃ = 1 > Z−}. The functionalψ quantifies the part contained in the latter set
which is responsible for the violation of NUPBR(G). The second and third subsections
are devoted to the proofs of Theorems 2.12 and 2.15 respectively.

4.1 Predictable characteristics of S and definition of the functional ψ

To the process S, we associate µ(dt, dx) :=
∑

u>0 I{1Su 6=0}δ(u,1Su)(dt, dx)which is
the random measure of its jumps. For any nonnegative product-measurable functional
H (t, ω, x), we define the process H ⋆µ and a σ -finite measure M P

µ on the measurable

space (�× R+ × Rd ,F∞ ⊗ B(R+)⊗ B(Rd)) by

H ⋆ µt :=

∫ t

0

∫

Rd

H (u, x)µ(du, dx) and M P
µ [H ] := E [H ⋆ µ∞] .

Throughout the rest of the paper, for any filtration H, we denote

Õ(H) := O(H)⊗ B(Rd), P̃(H) := P(H)⊗ B(Rd),

and M P
µ [W |P̃(H)], for a nonnegative or bounded functional W , is the unique P̃(H)-measurable

functional Y satisfying M P
µ [Y U ] = M P

µ [WU ] for any bounded and P̃(H)-mea-
surable functional U . The random measure ν(dt, dx) is the unique F-predictable



18 Anna Aksamit et al.

random measure satisfying (H ⋆ µ)p,F = H ⋆ ν, for any P̃(F)-measurable and non-
negative H . There is a version of ν taking the form of ν(dt, dx) = Ft (dx)d At where
A is nondecreasing and F-predictable, and F(dx) is an F-predictable kernel. Then the
canonical decomposition of S is

S = S0 + Sc + h ⋆ (µ− ν)+ b • A + (x − h) ⋆ µ,

where h(x) := x I{|x |≤1}, Sc is the continuous F-local martingale part of S, b is an
F-predictable process, h ⋆ (µ − ν) is the unique pure jump F-local martingale with
jumps given by h(1S)I{1S 6=0}, and there exists an F-predictable matrix process, c,
such that 〈Sc, Sc〉F = c • A. Then, the quadruplet (b, c, F, A) is the F- predictable
characteristics of S.

These characteristics parameterize the model (S,F, P), and will be used frequently
throughout the remaining part of the paper. For more details, we refer to [19, Chapter
II] and [17, Chapter XI].

The following identifies explicitly the source of the violation of NUPBR(G) for
S − Sτ denoted by the functional ψ , and gives some of its properties.

Lemma 4.1 Consider

fm := M P
µ [1m|P̃(F)], and ψ := M P

µ [I{Z̃<1}| P̃(F)]. (4.1)

Then the following hold.

(a) The process ( fm)
2 ⋆ µ belongs to A

+
loc(F), and there exist βm ∈ L(Sc,F), i.e.,

(βm)
trcβm • A ∈ A

+
loc(F), and m⊥ ∈ Mloc(F) such that [Sc,m⊥] ≡ 0 and

m = m0 + βm • Sc + m⊥.

(b) We have {ψ = 0} = {Z− + fm = 1} ⊂ {Z̃ = 1}, M P
µ -a.e. or equivalently

{ψ = 0} = {Z− + fm = 1} ⊂ {Z̃ = 1} on {1S 6= 0}.

(c) The nondecreasing process I{ψ=0, Z−<1} ⋆ µ is càdlàg and F-locally integrable

under any probability measure Q.

Proof Assertion (a) is proved in [2, Lemma 5.1]. Thus, the remaining proof addresses
assertions (b) and (c) in two parts.
Part 1: proof of assertion (b): For any non-negativeand Õ(F)-measurable functional
W , we have E[W⋆µ∞] = E[M P

µ [W |P̃(F)]⋆ν∞]. Thus, since M P
µ [Z̃ |P̃(F)] = Z− + fm

and 1 − Z̃ ≤ I{Z̃<1}, we derive

0 ≤ 1 − Z− − fm ≤ ψ M P
µ -a.e. and

E[(1 − Z̃)I{Z−+ fm=1} ⋆ µ∞] = E[(1 − Z− − fm)I{Z−+ fm=1} ⋆ µ∞] = 0.

These clearly prove that, on the one hand, we have

{ψ = 0} ⊂ {Z− + fm = 1} ⊂ {Z̃ = 1}, M P
µ -a.e.

On the other hand, we derive

E[I{Z−+ fm=1}ψ ⋆ µ∞] = E[I{Z−+ fm=1} I{Z̃<1} ⋆ µ∞] = 0.
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This proves that {Z− + fm = 1} ⊂ {ψ = 0}, M P
µ -a.e., and the proof of assertion (b)

is completed.
Part 2: proof of assertion (c): It follows immediately from combining Lemma 2.11
and the following inequality

H I{ψ=0, Z−<1} ⋆ µ ≤ H I{Z̃=1>Z−} ⋆ µ ≤
∑

H I{Z̃=1>Z−} =: H • V F,

for H nonnegative and bounded. This ends the proof of the lemma. ⊓⊔

We now compute the G-predictable characteristics of S − Sτ . Throughout the
rest of the paper, we define µG(dt, dx) := I{t>τ }µ(dt, dx), and deduce that νG –its
G-compensator– is given by

νG(dt, dx) := I{t>τ }
(
1 − fm(x, t)(1 − Z t−)

−1)ν(dt, dx). (4.2)

Furthermore, the G-canonical decomposition of S − Sτ is given by

S − Sτ = Ŝc + h ⋆ (µG − νG)+ bI]]τ,+∞[[ • A −
cβm

1 − Z−
I]]τ,+∞[[ • A

−h
fm

1 − Z−

I]]τ,+∞[[ ⋆ ν + (x − h) ⋆ µG,

where Ŝc is defined from Sc via (2.2). This decomposition states clearly that the
G-predictable characteristics of S − Sτ , (bG, cG, FG, AG), are given by

bG := b −

(∫
h(x) fm(x)F(dx)+ cβm

)
(1 − Z−)

−1 I{Z−<1}, cG := c

FG(dx) :=

(
1 −

fm(x)

1 − Z−

)
I{Z−<1}F(dx), AG := A − Aτ . (4.3)

4.2 Proof of the implication (a) =⇒ (b) of Theorem 2.12

This section proves this implication, which is the most difficult and technical part of
Theorem 2.12. This proof, done in three steps, relies essentially on applying Theorem
A.3 adequately and repeatedly. The first step is concerned with translating NUPBR(G)
of S − Sτ into the existence of a pair of F-predictable functionals, (βF, f F), fulfilling
a set of conditions. This is the aim of Lemma 4.2. However, as it will be explained
right after the proof of this lemma, this step is not sufficient to conclude NUPBR
of (T (S),F). Thus, the second step, that consists of finding a model (S(1),F) for
which NUPBR holds if an only if NUPBR of (T (S),F) holds also, naturally imposes
itself. The core idea and result of this step is stated in Proposition 4.3, where a model
(S(1),F) is chosen such that its fulfillment of NUPBR is intimately related to the pair
(βF, f F) and its set of conditions obtained in step 1. This fact is proved in step 3 in
which the proof of Theorem 2.12 is completed.
Step 1: Herein, we provide an equivalent characterisation for NUPBR of (S − Sτ ,G),
in the spirit of Theorem A.3, but using the filtration F only.



20 Anna Aksamit et al.

Lemma 4.2 Let us define for any f ∈ P̃(F) and α > 0, the map 8α as

8α( f ) := ( f − 1)2 I{| f −1|≤α} + | f − 1|I{| f −1|>α}. (4.4)

Then S − Sτ satisfies NUPBR(G) if and only if there exists a pair, (βF, f F), of an

F-predictable process βF and a P̃(F)-predictable functional f F, such that f F > 0,

M P
µ -a.e.,

(βF)trcβF I{Z−<1} • A +8α( f F)(1 − Z− − fm)I{Z−<1} ⋆ µ ∈ A
+
loc(F), (4.5)

and P ⊗ A-a.e. on {Z− < 1},

∫
|x f F(x)

(
1 −

fm(x)

1 − Z−

)
− h(x)|F(dx) < +∞, (4.6)

b + c

(
βF −

βm

1 − Z−

)
+

∫ (
x f F(x)

(
1 −

fm(x)

1 − Z−

)
− h(x)

)
F(dx) ≡ 0. (4.7)

Proof In virtue of Theorem A.3, by using the G-predictable characteristics of S − Sτ ,
given in (4.3), we deduce that S − Sτ satisfies NUPBR(G) iff there exists a pair of
G-predictable functionals (βG, f G) such that f G > 0,

(βG)trcβG I]]τ,+∞[[ • A +

√
( f G − 1)2 I]]τ,+∞[[ ⋆ µ ∈ A

+
loc(G), (4.8)

and P ⊗ A-a.e. on ]]τ,+∞[[,
∫

|x f G(x)− h(x)|(1 − Z− − fm)F(dx) < +∞, and (4.9)

0 ≡ b + c

(
βG −

βm

1 − Z−

)
+

∫ (
x f G(x)

(
1 −

fm(x)

1 − Z−

)
− h(x)

)
F(dx). (4.10)

Furthermore, given this pair (βG, f G), Proposition A.5 guarantees the existence of a
pair of F-predictable functionals (βF, f F) such that f F > 0 and

(βG, f G) = (βF, f F) on ]]τ,+∞[[. (4.11)

Therefore, by inserting (4.11) in the three conditions, (4.8), (4.9) and (4.10), and using
afterwards Lemma 3.2–(d) and Proposition B.3 (precisely assertions (b), (c) and (d)),
the proof of the lemma follows immediately. ⊓⊔

In virtue of Theorem A.3, NUPBR for the model (S(0),F), where

S(0) := I{Z−<1} • T (S), (4.12)

follows from the existence of a pair (β(0), f (0)) that satisfies (A.3)—(A.5). Thus,
the first step to prove NUPBR for (S(0),F) from NUPBR of (S − Sτ ,G) resides in
guessing (β(0), f (0)) from the pair (βF, f F) of Lemma 4.2.

By Lemma A.1, the F-predictable characteristics of S(0) are

b(0) := b +

∫
h(x)

(
ψ(x)− 1

)
F(dx), c(0) := c

F (0)(dx) := ψ(x)F(dx), A(0) := I{Z−<1} • A. (4.13)
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Thus, the pair (β(0), f (0)) associated to NUPBR of (S(0),F) should satisfy (A.3),
(A.4) and –after simplifications using (4.13)–

b + cβ(0) +

∫ (
x f (0)(x)ψ(x)− h(x)

)
F(dx) ≡ 0.

Therefore, by comparing this equation to (4.7), we conclude that (β(0), f (0)) and
(βF, f F) are related as follows.

β(0) :=

(
βF −

βm

1 − Z−

)
I{Z−<1}, f (0) := f F(x)

(
1 −

fm(x)

1 − Z−

)
ψ−1 I{ψ>0, Z−<1}.

This (apparently) unique choice for the pair (β(0), f (0)), that can be derived directly
from (βF, f F) of Lemma 4.2, leads to a major obstacle when checking the conditions
(A.3) and (A.4) for (β(0), f (0)). Indeed, we have no information regarding the inte-
grability of ψ−1 I{ψ>0}.
Step 2: In this step, we define an “equivalent” model that will allow us to control this
difficult integrability problem. This is the aim of the following.

Proposition 4.3 Let T (S) be defined in (2.8) and consider

m(1) := I{ψ=0, Z−<1} ⋆ (µ− ν) and S(1) := I{Z−<1} • S − [S,m(1)].

Then, S(0) = I{Z−<1}•T (S) satisfies NUPBR(F) if and only if S(1) satisfies NUPBR(F).

Proof The proof relies essentially on an adequate application(s) of Theorem A.3. To
this end, we consider

Z (ψ) := E(N (ψ)) where N (ψ) := (ψ − 1)I{ψ>0} ⋆ (µ− ν).

Remark that Z (ψ) is a positive F-local martingale and let (Tn) be a sequence of F-
stopping times that increases to infinity such that (Z (ψ))Tn is a u.i. martingale. Define
Qn := (Z (ψ))Tn · P . Hence, in virtue of Proposition A.4, S(1) (resp. S(0)) satisfied
NUPBR(F) if and only if ((S(1))Tn , Qn) (resp. (S(0))Tn ) satisfies NUPBR(F) for all
n ≥ 1. Therefore, there is no loss of generality in assuming that Z (ψ) is a uniformly
integrable martingale, and hence Q := Z

ψ
∞ · P is an equivalent probability measure.

Thus, the rest of the proof applies Theorem A.3 to both models (S(1), Q,F) and
(S(0) := I{Z−<1} • T (S),F), and compares the conditions (A.3)–(A.5) associated to
these models.
Thanks to Lemma A.2-(b), the (Q,F)-predictable characteristics of S(1) are

b(1,Q) := b −

∫
h(x)

(
ψ(x)− 1

)
F(dx), c(1,Q) := c,

F (1,Q)(dx) := ψ(x)F(dx), A(1,Q) := I{Z−<1} • A.

By comparing the above quadruplet to the quadruplet of (S(0),F) given by (4.13), we
conclude that both models (S(1), Q,F) and (S(0),F) have the same predictable charac-
teristics. Hence, the proof of the proposition follows immediately from applying Theo-
rem A.3 and using the same pair ofF-predictable functionals (i.e., (β(0), f (0)) = (β(1,Q), f (1,Q))),
as the conditions (A.3)–(A.5) are exactly the same for both models. ⊓⊔
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Step 3: Herein, we prove that NUPBR for (S − Sτ ,G) implies NUPBR of (S(1),F),
defined in Proposition 4.3, and resume the proof of the implication (a) =⇒ (b) of
Theorem 2.12.
Suppose that S−Sτ satisfies NUPBR(G). Then Lemma 4.2 allows us to deduce the ex-
istence of (βF, f F) satisfying f F > 0, (4.5), (4.6) and (4.7). Consider61 := {Z− < 1 and ψ > 0},
�̃ := �× [0,+∞),

β(1) :=

(
βF −

βm

1 − Z−

)
I{Z−<1},

f (1)(x) := f F(x)

(
1 −

fm(x)

1 − Z−

)
I61 + I�̃\61

. (4.14)

It is obvious that f (1) > 0. By lemma A.2-(a), the (P,F)-predictable characteristics
of S(1) are:

b(1) := b −

∫
h(x)I{ψ(x)=0}F(dx), c(1) := c,

F (1)(dx) := I{ψ(t,x)>0}F(dx), A(1) := I{Z−<1} • A. (4.15)

It is clear that, by plugging (4.14) and (4.15) into (4.6) and (4.7), we get
∫

|x f (1)(x)− h(x)|F (1)(dx) < +∞ P ⊗ A(1)-a.e. and

b(1) + cβ(1) +

∫ (
x f (1)(x)− h(x)

)
F (1)(dx) ≡ 0, P ⊗ A(1)-a.e.

Thus, in the rest of this proof, we focus on proving the integrability condition (A.3)
for the pair (β(1), f (1)). Thanks to Proposition B.1-(b), the F-locally boundedness
of (1 − Z−)

−2 I{Z−<1} is guaranteed, and thanks to Lemma 4.1 and (4.5), we have
(βm)

trcβm • A + (βF)trcβF • A(1) ∈ A
+
loc(F). Thus, by combining these two facts,

we deduce that (β(1))trcβ(1) • A(1) ∈ A
+
loc(F). Therefore, now we focus on proving√

( f (1) − 1)2 ⋆ µ(1) ∈ A
+
loc(F). To this end, we write

f (1)− 1 = ( f F − 1)

(
1 −

fm(x)

1 − Z−

)
I61 −

fm(x)

1 − Z−

I61 , 61 := {ψ > 0, Z− < 1}.

As a result, since 0 ≤ 1 − Z− − fm ≤ 1, we obtain

(
( f (1) − 1)2 ⋆ µ(1)

) 1
2 ≤

(
( f F − 1)2(1 − Z− − fm)

2

(1 − Z−)2
⋆ µ(1)

) 1
2

+

(
f 2
m

(1 − Z−)2
⋆ µ(1)

) 1
2

and the right hand side term of the above inequality is smaller than

8α( f F)

1 − Z−

(1 − Z− − fm)I{Z−<1} ⋆ µ+

(
8α( f F)

(1 − Z−)2
(1 − Z− − fm)I{Z−<1} ⋆ µ

)1/2

+

(
f 2
m

(1 − Z−)2
I{Z−<1} ⋆ µ

)1/2
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where8α(.) is defined in (4.4). Thus, a combination of this with the local boundedness
of (1−Z−)

−2 I{Z−<1} (guaranteed by Proposition B.1-(b)), (4.5), and f 2
m ⋆ µ ∈ A

+
loc(F)

(due to Lemma 4.1)), we conclude that the proof of
√
( f (1) − 1)2 ⋆ µ(1) =

√
( f (1) − 1)2 I{ψ>0, Z−<1} ⋆ µ ∈ A

+
loc(F)

is completed. This proves that (S(1),F) satisfies NUPBR. Hence by combining this
with Proposition 4.3, the proof of (a) =⇒ (b) of Theorem 2.12 follows immediately.
This ends the proof of the theorem. ⊓⊔

4.3 Proof of Theorem 2.15

In virtue of (4.2) and ]]τ,+∞[[⊂ {Z− < 1}, the assumption (2.9) holds iff

0 = E[(1 − Z−)
−1 I{Z−+ fm=1>Z−} I]]τ,+∞[[ ⋆ ν∞]

= E[I{Z−+ fm=1>Z−} ⋆ ν∞] = E[I{Z−+ fm=1>Z−} ⋆ µ∞].

This implies that I{Z−+ fm=1>Z−} ⋆ν and I{Z−+ fm=1>Z−} ⋆µ are null. Thus, we deduce
that m(1) = I{Z−+ fm=1>Z−} ⋆ µ− fm I{Z−+ fm=1>Z−} ⋆ ν is also null. Then the proof
of the theorem follows immediately from combining this with Proposition 4.3 and
Corollary 2.13–(b). ⊓⊔

A Predictable characteristics and deflators

This section conatisn two lemmas, two propositions and a theorem. The two lemmas
are new, while most of the rest of the results of this section are elaborated in [2], and
we refer the reader to the appendix of that paper for details. Herein, we consider a
probability Q, a filtration H, and an (H, Q)-quasi-left-continuous semimartingale X .
To this process, we associate the random measure of its jumps, denoted byµX , and its
(H, Q)-compensator is denoted by νX . We suppose that X has the following canonical
decomposition

X = X0 + Xc + h ⋆ (µX − νX )+ (x − h) ⋆ µX + b • A.

Here h(x) := x I{|x |≤1} and h⋆(µX −νX ) represents the unique pure jump (H, Q)-local
martingale with jumps taking the form of h(1S)I{1S 6=0}. We suppose νX (dt, dx) = Ft (dx)d At ,
and c the matrix such that 〈Xc〉H = c • A. The quadruplet (b, c, F, A) is the predictable
characteristics of X under (H, Q).

Lemma A.1 The F-predictable characteristics of S(0) defined in (4.12) are

b(0) := b +

∫
h(x)(ψ(x)− 1)F(dx), c(0) := c

F (0)(dx) := ψ(x)F(dx), A(0) := I{Z−<1} • A,

where ψ is defined in (4.1).



24 Anna Aksamit et al.

Proof For the ease of the reader, we recall the canonical decomposition of S under
(F, P)

S = S0 + Sc + h ⋆ (µ− ν)+ b • A + (x − h) ⋆ µ. (A.1)

Remark that the random measure associated to the jumps of S(0) and itsF-compensator
are given by

µ(0)(dt, dx) = I{Z̃t<1,Zt−<1}µ(dt, dx), ν(0)(dt, dx) = ψ(x)I{Zt−<1}ν(dt, dx).

Then, it is clear that

I{Z−<1}h ⋆ (µ− ν) = h ⋆ (µ(0) − ν(0))+ I{Z−<1=Z̃}h ⋆ µ+ (ψ − 1)h I{Z−<1} ⋆ ν.

Therefore, by using the above equation and (A.1), we derive

S(0) = I{Z−<1} • S − x I{Z−<1=Z̃} ⋆ µ

= I{Z−<1} • Sc + h I{Z−<1} ⋆ (µ− ν)+ (x − h − x I{Z̃=1})I{Z−<1} ⋆ µ

+I{Z−<1}b • A

= I{Z−<1} • Sc + h ⋆ (µ(0) − ν(0))+ (x − h) ⋆ µ(0)

+I{Z−<1}

(
b +

∫
h(x)(ψ(x)− 1)F(dx)

)
• A.

As a result, the lemma follows immediately from the above canonical decomposition
of (S(0),F). ⊓⊔

Lemma A.2 Let S(1) be given in Proposition (4.3). Suppose that the process Z (ψ) := E((ψ − 1)I{ψ>0} ⋆ (µ− ν))

is a uniformly integrable martingale and define Q := Z
(ψ)
∞ · P. Then the following

assertions hold.

(a) The (P,F)-predictable characteristics of S(1) are

b(1) := b −

∫
h(x)I{ψ(x)=0}F(dx), c(1) := c,

F (1)(dx) := I{ψ(t,x)>0}F(dx), A(1) := I{Z−<1} • A.

(b) The (Q,F) predictable characteristics of S(1) are

b(1,Q) := b −

∫
h(x)(ψ(x)− 1)F(dx), c(1,Q) := c,

F (1,Q)(dx) := ψ(x)F(dx), A(1,Q) := I{Z−<1} • A.

Proof The proof will be achieved in two steps, where we prove assertions (a) and (b)
respectively.
Step 1: The random measure of S(1) and its F-compensator are given by

µ(1) = I{ψ>0,Z−<1} ⋆ µ, ν(1) = I{ψ>0,Z−<1} ⋆ ν.

Due to

h I{Z−<1} ⋆ (µ− ν) = h ⋆ (µ(1) − ν(1))+ h I{ψ=0,Z−<1} ⋆ (µ− ν)
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and (A.1), we derive

S(1) = I{Z−<1} • S − x I{ψ=0,Z−<1} ⋆ µ

= I{Z−<1} • Sc + I{Z−<1}h ⋆ (µ− ν)+ I{Z−<1}(x − h) ⋆ µ

+I{Z−<1}b • A − x I{ψ=0,Z−<1} ⋆ µ

= I{Z−<1} • Sc + h ⋆ (µ(1) − ν(1))+ h I{ψ=0,Z−<1} ⋆ (µ− ν)

+I{Z−<1}(x − h) ⋆ µ+ I{Z−<1}b • A − x I{ψ=0,Z−<1} ⋆ µ.

After simplifications, we obtain

S(1) = I{Z−<1} • Sc + h ⋆ (µ(1) − ν(1))+ (x − h) ⋆ µ(1)

+I{Z−<1}

(
b −

∫
h(x)I{ψ=0} F(dx)

)
• A. (A.2)

Thus, from the above canonical decomposition of (S(1),F), the proof of assertion (a)
follows immediately.
Step 2: Since µ(1) = I{ψ>0,Z−<1} ⋆ µ (see step 1) for any H , P̃(F)-measurable we
calculate the (Q,F)-compensator of H ⋆ µ(1) as follows

(H ⋆ µ(1))p,Q,F =
(
(1 +1N (ψ)) • (H ⋆ µ(1))

)p,F

=
((

1 + (ψ − 1)I{ψ>0}

)
H ⋆ µ(1)

)p,F
= ψH I{Z−<1} ⋆ ν,

where N (ψ) := (ψ − 1)I{ψ>0} ⋆ (µ− ν). We deduce that the (Q,F)-compensator of
the random measure µ(1) is given by

ν(1,Q) = ψ I{Z−<1} ⋆ ν = ψ ⋆ ν(1).

We now remark that

h ⋆ (µ(1) − ν(1)) = h ⋆ (µ(1) − ν(1,Q))+ h(ψ − 1) ⋆ ν(1).

By inserting this in (A.2), we derive

S(0) = I{Z−<1} • Sc + h ⋆ (µ(1) − ν(1,Q))+ (x − h) ⋆ µ(1)

+

(
b −

∫
h(x)I{ψ(x)=0}F(dx)+

∫
h(x)

(
ψ(x)− 1

)
I{ψ>0} F(dx)

)
I{Z−<1} • A

= I{Z−<1} • Sc + h ⋆ (µ(1) − ν(1,Q))+ (x − h) ⋆ µ(1)

+

(
b +

∫
h(x)(ψ(x)− 1)F(dx)

)
I{Z−<1} • A.

This is the canonical decomposition of S(1) under (Q,F), since Sc coincide with Sc,Q ,
the continuous local martingale part of S under Q. Therefore, the proof of assertion
(b) is achieved and that of the theorem as well. ⊓⊔
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Theorem A.3 Let (X, Q,H) be a quasi-left-continuous model, and (b, c, F, A) be its

predictable characteristics under (H, Q). Then X satisfies NUPBR(H, Q) if and only

if there exists a pair (β, f ) of an H-predictable process β and an P̃(H)-measurable

functional f , such that

f > 0, β trcβ • A +

√
( f − 1)2 ⋆ µX ∈ A

+
loc(H, Q), (A.3)

∫
|x f (x)− h(x)|F(dx) < +∞, Q ⊗ A-a.e. (A.4)

b + cβ +

∫ (
x f (x)− h(x)

)
F(dx) = 0, Q ⊗ A-a.e. (A.5)

See [2, Theorem A.1] for the proof.

Proposition A.4 Let X be an H-semimartingale. Then the following assertions are

equivalent.

(a) There exists a sequence (Tn)n≥1 of H-stopping times that increases to +∞, such

that for each n ≥ 1, there exists a probability Qn on (�,HTn ) such that Qn is

equivalent to P and X Tn satisfies NUPBR(H) under Qn .

(b) X satisfies NUPBR(H).

(c) There exists an H-predictable process φ, such that 0 < φ ≤ 1 and (φ • X) satisfies

NUPBR(H).

The proof of this proposition can be found in [2, Proposition 2.5].

Proposition A.5 Suppose that τ is an honest time, and let HG be a P̃(G)-measurable

functional. Then the following assertions hold.

(a) There exist two P̃(F)-measurable functionals HF and K F such that

HG(ω, t, x) = HF(ω, t, x)I[[0,τ ]] + K F(ω, t, x)I]]τ,+∞[[ . (A.6)

(b) If furthermore HG > 0 (respectively HG ≤ 1), then we can choose K F > 0
(respectively K F ≤ 1) in (A.6).

Proof The proofs of assertions (a) and (b) follow from mimicking Jeulin’s proof [20,
Proposition 5,3], and will be omitted herein. ⊓⊔

B G-local integrability versus F-local integrability

This subsection connects the G-localisation and the F-localisation for the part after
τ . This completes the analysis of [2] regarding the issue of local integrability under F
and G, where the part up to τ is fully discussed. There is a major difference between
the current results and those of [2], which lies in the fact that for the case up to τ
we loose information after an F-stopping when we pass from G to F. However, for
the part after τ , as long as τ is finite, we pass from G-localisation to F-localisation
without any loss of information.
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Proposition B.1 The following assertions hold.

(a) If τ is a finite honest time and (σG
n )n≥1 is a sequence of finiteG-stopping times that

increases to infinity, then there exists a sequence of finite F-stopping times, (σF
n )n≥1,

that increases to infinity as well and

max(σG
n , τ ) = max(σF

n , τ ), P-a.s. (B.1)

(b) If τ ∈ H, then there exists a sequence of F-stopping times, (σn)n≥1, that increases

to infinity and

{Z− < 1} ∩ [[0, σn]] ⊂

{
1 − Z− ≥

1

n

}
,∀ n ≥ 1. (B.2)

Or equivalently, (1 − Z−)
−1 I{Z−<1} is F-locally bounded when τ ∈ H.

Proof The proof of this proposition is given in two parts where we prove assertions
(a) and (b) respectively.
Part 1: The proof of assertion (a) boils down to the following fact:

for any G-stopping time, σG, there exists an F-stopping time, σF such that

σG ∨ τ = σF ∨ τ P-a.s. (B.3)

Indeed, if this fact holds, then there exists F-stopping times, (σn)n≥1 such that for
any n ≥ 1, the pair (σG

n , σn) satisfies (B.1). Since σG
n increases with n, by putting

σF
n := sup1≤k≤n σk , we can easily prove that the pair (σG

n , σ
F
n ) satisfies (B.1) as well

(this is due to max1≤i≤n(xi ∨ y) = (max1≤i≤n xi ) ∨ y for any nonnegative numbers
xi , y). Then assertion (a) follows immediately by taking the limit in (B.1) and making
use of τ < +∞ P-a.s. which implies that supn≥1 σn = limn→+∞ σF

n = +∞ P-a.s.
This shows that the proof of assertion (a) is achieved as long as we prove (B.3). This
is the main focus of the rest of this part 1).

By applying Proposition B.2-(c) (given at the end of this proof and is fully due
to Barlow [9]) to the process YG := I[[σG∨τ,+∞[[, we obtain the existence of an
F-progressively measurable process K F such that

YG = K F I[[τ,+∞[[ .

Then put σ := inf{t ≥ 0 : K F
t = 1}. This is an F-stopping time, and due to

[[σG ∨ τ,+∞[[⊂ {K F = 1}, we get

σ ≤ τ ∨ σGP-a.s. (B.4)

By applying Proposition B.2, we deduce the existence of two double sequences of
F-stopping times (αnm)n,m≥1 and (βnm)n,m≥1 satisfying the four assertions of Propo-
sition B.2. As a result, we get

{τ < σG} ⊂
⋃

n,m≥1

{τ < αnm ≤ σG < βnm}. (B.5)

Thanks to Proposition B.2-(ii), for n,m ≥ 1 on {αnm ≤ σG < βnm}, K F is càdlàg
and K F ≡ 0 on [[τ, αnm [[. This implies that

{τ < αnm ≤ σG < βnm} ⊂ {τ < αnm ≤ σ ≤ σG < βnm}.
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By combining this with the fact that [[σ, σ + ǫ[[∩{K F = 1} 6= ∅ for all ǫ > 0, we
deduce that

{τ < αnm ≤ σG < βnm} ⊂ {τ < αnm ≤ σ = σG < βnm} ⊂ {σ = σG}.

A combination of this with (B.5) leads to

{τ < σG} ⊂ {σ = σG}.

Therefore, thanks to this latter inclusion and (B.4), we derive

τ ∨ σG = (τ ∨ σG)I{σG≤τ } + (τ ∨ σG)I{τ<σG} = τ I{σG≤τ } + (τ ∨ σ)I{τ<σG}

= (τ ∨ σ)I{σG≤τ } + (τ ∨ σ)I{τ<σG} = τ ∨ σ.

This proves (B.3), and the proof of assertion (a) is completed.
Part 2: Here, we prove assertion (b). Since τ ∈ H, then (1 − Z−)

−1 I]]τ,+∞[[ is
G-locally bounded due to Lemma 2.6-(b). Thus, on the one hand, there exists a se-
quence of G-stopping times, (σG

n )n≥1 that increases to infinity and

]]τ,+∞[[ ∩ [[0, σG
n ]] ⊂ {1 − Z− ≥ 1/n}. (B.6)

On the other hand, thanks to assertion (a), there exists a sequence of F-stopping times,
(σn)n≥1 that increases to infinity and satisfies (B.1). Then by inserting this in (B.6),
we get

]]τ,+∞[[ ∩ [[0, σn]] ⊂ {1 − Z− ≥ 1/n}.

By taking the F-predictable projection on both sides, we get

0 ≤ (1 − Z−)I[[0,σn ]] ≤ I{1−Z−≥1/n}.

This implies (B.2). Hence, the proof of assertion (b) is achieved and that of the propo-
sition as well. ⊓⊔

Proposition B.2 Suppose that τ is an honest time. Then the following hold.

(a) There exist two double sequences ofF-stopping times (αn,m)n,m≥1 and (βn,m)n,m≥1

such that αn,m ≤ βn,m P-a.s. for all n,m ≥ 1, and

]]τ,+∞[[⊂ {Z < 1} ⊂
⋃

n,m≥1

[[αn,m, βn,m [[.

(b) For any n,m ≥ 1, {τ ≥ αnm} ⊂ {τ ≥ βnm} P-a.s.

(c) For anyG-optional process YG, there exists anF-progressively measurable process

K F such that

YG I[[τ,+∞[[ = K F I[[τ,+∞[[. (B.7)

(d)For anyG-optional càdlàg process YG such that YG = 0 on [[0, αn,m[[ and constant

on [[βn,m,+∞[[, there exists anF-progressively measurable process K F that is càdlàg

and satisfies (B.7).

Proof For the proof we refer the reader to [9]. In fact, assertion (a) is exactly Lemma
4.1-(iv) in [9], while assertion (b) is a combination of Proposition 4.3 and Lemma
4.4-(ii) of the same paper. ⊓⊔
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The next result addresses the G-local integrability involving the random measures
that is vital for the proof of Theorem 2.12.

Proposition B.3 Suppose that τ ∈ H. Let8α(.) (for α > 0) be defined in (4.4). Then

the following properties hold.

(a) Let f be a real-valued and P̃(H)-measurable functional. Then√
( f − 1)2 ⋆ µ belongs to A

+
loc(H) if and only if 8α( f ) ⋆ µ ∈ A

+
loc(H).

(b) Let f be a real-valued and P̃(H)-measurable functional. Then√
( f − 1)2 I]]τ,+∞[[ ⋆ µ ∈ A

+
loc(G) iff 8α( f )(1 − Z− − fm)I{Z−<1} ⋆ µ ∈ A

+
loc(F).

(c) Let φ be nonnegative and F-predictable process. Then P ⊗ A-a.e.

]]τ,+∞[[⊂ {φ < +∞} if and only if {Z− < 1} ⊂ {φ < +∞}.

(d) Let θ be an F-predictable process. Then P ⊗ A-a.e. ]]τ,+∞[[⊂ {θ = 0}

if and only if {Z− < 1} ⊂ {θ = 0}.

Proof (a) Assertion (a) is borrowed from [2] (see Proposition C.3–(a)).
(b) Thanks to assertion (a), we deduce that

√
( f − 1)2 I]]τ,+∞[[ ⋆ µ ∈ A

+
loc(G) iff

8α( f ) ⋆ µG ∈ A
+
loc(G) iff

8α( f )

(
1 −

fm

1 − Z−

)
I]]τ,+∞[[ ⋆ ν = 8α( f ) ⋆ νG ∈ A

+
loc(G).

Then by directly applying Lemma 3.2–(d) to the pair

(ϕ, V ) :=
(
(1 − fm(1 − Z−)

−1)I{Z−<1}, 8α( f ) ⋆ ν
)
,

the proof of assertion (b) follows immediately.
(c) Suppose that P ⊗ A-a.e. that ]]τ,+∞[[⊂ {φ < +∞}. This is equivalent to
I]]τ,+∞[[ ≤ I{φ<+∞} P ⊗ A-a.e.. Then by taking the F-predictable projection on
both sides, we get 1 − Z− ≤ I{φ<+∞} P ⊗ A-a.e.. This obviously proves that
]]τ,+∞[[⊂ {φ < +∞} implies {Z− < 1} ⊂ {φ < +∞}. The reverse sense fol-
lows from ]]τ,+∞[[⊂ {Z− < 1}. This ends the proof of assertion (c).
(d) The proof of assertion (d) mimics the proof of assertion (c), and will be omitted.
This ends the proof of the proposition. ⊓⊔

C Proofs for Lemmas 3.1 and 3.2 of Sect. 3.1

Proof of Lemma 3.1 The proof of the lemma will be achieved in three steps.
First step: proof of assertion (a). From Lemma 2.6, the process

I]]τ,+∞[[ • V − I]]τ,+∞[[ • V p,F + I]]τ,+∞[[(1 − Z−)
−1

• 〈V ,m〉F

is a G-local martingale, hence

(
I]]τ,+∞[[ • V

)p,G
= I]]τ,+∞[[ • V p,F − I]]τ,+∞[[(1 − Z−)

−1
• 〈V ,m〉F

= I]]τ,+∞[[ • V p,F − I]]τ,+∞[[(1 − Z−)
−1

• (1m • V )p,F

= I]]τ,+∞[[(1 − Z−)
−1

•

(
(1 − Z− −1m) • V

)p,F
,
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where the second equality follows from Yoeurp’s lemma. This ends the proof of (3.1).
The equality (3.2) follows immediately from (3.1) by taking the jumps on both sides,
and using1(K p,H) = p,H(1K ) when both terms exist.
Step 2: proof of assertion (b). By applying (3.2) for Vǫ,δ given by

Vǫ,δ :=
∑

(1M)(1 − Z̃)−1 I{|1M |≥ǫ, 1−Z̃≥δ} ∈ Aloc(F),

we get, on ]]τ,+∞[[,

p,G
(
1M(1 − Z̃)−1 I{|1M |≥ǫ, 1−Z̃≥δ}

)
= (1 − Z−)

−1 p,F(I{|1M |≥ǫ, 1−Z̃≥δ}1M).

Then the first equality in (3.3) follows by letting ǫ and δ go to zero, and we get on
]]τ,+∞[[

p,G

(
1M

1 − Z̃

)
= (1 − Z−)

−1 p,F(1M I{1−Z̃>0}) = (1 − Z−)
−1 p,F(1M I{Z̃<1}).

To prove the second equality in (3.3), on ]]τ,+∞[[ we calculate that,

p,G

(
1

1 − Z̃

)
= (1 − Z−)

−1 + (1 − Z−)
−1 p,G

(
1m

1 − Z̃

)

= (1 − Z−)
−1 + (1 − Z−)

−2 p,F(1mI{1−Z̃>0})

= (1 − Z−)
−1 p,F(I{Z̃<1}).

The second equality is due to (3.2), and the third equality follows from combining
p,F(1m) = 0, and 1m = Z̃ − Z−. This proves assertion (b).
Step 3: proof of assertion (c). The proof of (3.4) follows immediately from assertion
(b) and the fact that the thin process p,F(I{Z̃<1}1M ) may take nonzero values on
countably many predictable stopping times only, on which 1M already vanishes.
This completes the proof of the lemma. ⊓⊔

Proof Lemma 3.2 The proof of this lemma is given in three parts. In the first part we
prove both assertions (a) and (b), while in the second and the third parts we focus on
assertions (c) and (d) respectively.
Part 1: Let V be an F-adapted process with finite variation, and denote by Var(V ) its
variation. Then we obtain

Var(U) = (1 − Z̃)−1 I]]τ,+∞[[ • Var(V ).

Therefore, since 1 − Z̃ t = P[τ < t|Ft ] ≤ 1 − Z t , for any bounded nonnegative and
F-optional process φ such that φ • Var(V ) ∈ A+(F), we obtain

E
[(
φ • Var(U)

)
∞

]
= E

[∫ ∞

0

φt I{t>τ }

1 − Z t

dVar(V )t

]

= E

[∫ ∞

0

φt P[τ < t|Ft ]

1 − Z t

I{Zt<1}dVar(V )t

]
≤ E

[(
φ • Var(V )

)
∞

]
. (C.1)

As a result, by taking φ = I[[0,σ [[ in (C.1), for an F-stopping time σ such that
Var(V )σ− ∈ A+(F), we get E[Var(U)σ−] ≤ E[V ar(V )σ−]. This proves that the
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process U has a finite variation and hence is well defined as well. It is clear that U is
G-adapted, while being càdlàg follows immediately from (C.1). This ends the proof
of assertion (a).

To prove assertion (b), we assume that V ∈ Aloc(F) and consider (ϑn)n≥1, a
sequence of F-stopping times that increases to +∞ such that Var(V )ϑn belongs to
A+(F). Then by choosingφ = I[[0,ϑn ]] in (C.1), we conclude that U belongs toAloc(G)

whenever V does under F. For the case when V ∈ A(G), it is enough to take φ = 1
in (C.1), and conclude that U ∈ A(G). To prove (3.5), for any n ≥ 1, we put

Un := (1 − Z̃)−1 I]]τ,+∞[[ I{Z̃≤1− 1
n }

• V , n ≥ 1.

Then thanks to (3.1), we derive

U p,G = lim
n−→+∞

(Un)
p,G = lim

n−→+∞
(1 − Z−)

−1 I]]τ,+∞[[ • (I{Z̃≤1− 1
n
}

• V )p,F.

This clearly implies (3.5).
Part 2: It is enough to prove the assertion for the case when V is nondecreasing.
Thus, suppose that V is nondecreasing. It follows that (1 − Z̃) • V ∈ A

+
loc(F) implies

I]]τ,+∞[[ •V ∈ A
+
loc(G). Hence, for the rest of this part, we focus on proving the reverse.

Suppose I]]τ,+∞[[ • V ∈ A
+
loc(G). Then there exists a sequence G-stopping times (σG

n )

that increases to infinity and (I]]τ,+∞[[ • V )σ
G
n ∈ A+(G). Thanks to Proposition B.1-

(a), we obtain a sequence of F-stopping times, (σF
n )n≥1, that increases to infinity and

σG
n ∨ τ = τ ∨ σF

n . Therefore, we get (I]]τ,+∞[[ • V )σ
G
n ≡ (I]]τ,+∞[[ • V )σ

F
n and hence

E[(1 − Z̃) • VσFn
] = E[I]]τ,+∞[[ • VσFn

] = E[I]]τ,+∞[[ • VσGn
] < +∞. (C.2)

This proves that the process (1 − Z̃) • V belongs to A
+
loc(F), and the proof of assertion

(c) is achieved.
Part 3: The proof of assertion (d) follows all the steps of the proof of assertion (c),
except (C.2) takes the form of

E[(1 − Z−)ϕ • VσFn
] = E[I]]τ,+∞[[ϕ • VσFn

] = E[I]]τ,+∞[[ϕ • VσGn
] < +∞

instead due to the predictability of V . This proves that I]]τ,+∞[[ϕ • V ∈ A
+
loc(G) if and

only if (1 − Z−)ϕ • V ∈ A
+
loc(F), while the equivalence (1 − Z−)ϕ • V ∈ A

+
loc(F)

if and only if I{Z−<1}ϕ • V ∈ A
+
loc(F) follows from the F-locally boundedness of

(1 − Z−)
p I{Z−<1} for any real number p (see Proposition B.1-(b) for details). This

ends the proof of assertion (d) and the proof of the lemma as well. ⊓⊔
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