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Abstract

This thesis presents and develops two tools which can be used to work

with lower bounds of operators.

One tool in working with lower bounds is invertible extensions. They allow
one to turn a lower bound of an operator into the norm of an inverse
operator. Some results giving extensions are known for single operators and
certain other semigroup representations. Chapter [3| includes some positive
new results for operators on Hilbert space and also certain unbounded
operators. An example shows that a uniform lower bound for the powers
of an operator does not give an extension with power bounded inverse.
Variations are given for generators of Cy-semigroups, and for operators on
Hilbert space. A result by Read, which gives an extension with minimal
spectrum raises the question how the lower bounds of the original operator

are related to the resolvent bounds of the extension.

Another tool which is developed in this thesis is a reduction using semi-
norms. A seminorm can place a different emphasis on elements and even
neglect some. In this way, we can shape a Banach space to attain properties
that we impose. This idea is used to define mazimal parts in Chapter [4]
They are identified in the context of contractivity and expansiveness of
a bounded operator, and in the context of dissipativity and accretivity
for certain unbounded operators. Applications are an improvement of
a theorem by Batty and Tomilov which characterises embeddings into
hyperbolic Cj)-semigroups, and a generalisation of a theorem by Goldberg
and Smith leading to a characterisation of generators of Cy-semigroups

which have an extending group with bounded inverses.
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Chapter 1

Introduction

Similarity of operators is a simple concept which preserves spectral properties of
the operators. If two operators are similar, then they have the same spectrum and
comparable resolvent bounds, and we can relate their functional calculi, for example.
We say two operators T: X — X and S: Y — Y on Banach spaces X and Y are
similar if there is an invertible linear map U: X — Y such that T'= U~1SU. It is easy
to characterise similarity to a linear contraction on a Banach space. An operator T is
similar to a contraction S if and only if T" is power bounded. Indeed, if T is similar
to a contraction S then clearly || 77| < |[U~!|||U]| for all n > 1. Conversely, if T is
power bounded we can use an equivalent norm on X in which 7" becomes contractive,
and use 1" on the renormed space as the similar contraction.

A property which is related to contractivity is expansiveness. We say that an
operator T: X — X is expansive if ||Tz|| > ||z| for all z € X. Expansiveness is
related to contractivity in the following way, as has been shown by Arens in [Are58|.
If T is expansive, then it has an invertible extension S to a larger Banach space such
that S~! is contractive. Conversely, any restriction of such an operator S to a closed
invariant subspace is an expansive operator. We can use invertible extensions to
transfer results between invertible operators and operators which are bounded below.
This allows us to determine which operators T' are similar to expansive operators S.
We expect these operators T' to take the place of the power bounded operators above.
If T = U~'SU where S is an expansive operator, then 7" has a uniform lower bound

in the sense that
n _ 1
[T"]| > (0T 2l (2 e X,n>1).

We will see later (in Example [3.2.7) that such a uniform lower bound does not imply

similarity of 1" to an expansive operator. But there is a characterisation which makes



use of invertible extensions. Badea and Miiller found in [BMO05] an intrinsic condition
for the existence of an invertible extension S with sup,,>, [[S™"| < oo on a larger
Banach space Y. This implies that 7" is similar to an expansive operator. Indeed, the
expansive operator similar to 7" can then be obtained by renorming the extending
space Y to make S~! contractive and restricting this norm to X.

Consider a representation 7: & — B(X) of a semigroup & on a Banach space X.
For now, assume that 0 € G and define 7°(0) = I, if necessary. If 7" is bounded with
|T(s)|| < M for all s € & we can define an equivalent norm on X by taking

lzll] = sup [T(s)z| (= € X).
se6

In this norm, 7" is contractive, so we can use the norm |||-|[| on X to define a Banach
space Y. By equivalence of norms, the representation 7" on X is similar to the
contractive representation 7" on Y.

To study semigroup representations with lower bounds in a similar way to expansive
operators above, we need to make some restrictions. For some subsemigroups & C &
of abelian groups &, Batty and Yeates showed in [BY01] the following result which is
comparable to Arens’ result on expansive operators. If & = & U (—6) and if T is an

expansive representation such that
[T(s)z]| = Jlz]| (¢ € X,s€6),

then T has an extending representation S of the group & to some Banach space
Y O X with ||S(—s)| <1 for all s € &. More generally, if & = S — & then T has
such an extending representation S if T is super-expansive (we will define this in
Section [3.2). This motivated the work [BMO05] by Badea and Miiller. Their result also
applies to semigroup representations that were studied by Batty and Yeates. If we
state it for semigroup representations, it characterises when a representation 7' of &
has an extending group representation S with ||S(—s)|| < M for all s € &.

A special case of semigroup representations are Cy-semigroups. The above exten-
sions for Cy-semigroups in fact give Cp-groups. However, in this case we are also inter-
ested in characterising the similarity using the generator A of a Cy-semigroup T'. The
Lumer-Phillips theorem (Theorem or the Hille-Yosida theorem (Theorem
characterise generators of contractive semigroups, while the Feller-Miyadera-Phillips
theorem (Theorem , for example, characterises generators of bounded semigroups

— these are similar to contractive semigroups on Banach space as shown above. A

less well-known result by Goldberg and Smith (|[GS78|) characterises generators of



expansive semigroups. We will complement this by finding those generators which
generate Cy-semigroups similar to expansive ones (in Theorem . In addition, we
will show that the results giving invertible extensions for a single bounded operator
remain valid for generators of Cy-semigroups.

A further topic is similarity problems on Hilbert space. Let T: X — X and
S:Y — Y be similar operators on Hilbert spaces X and Y, and assume there is an
invertible operator U: X — Y such that T = U~'SU. Since X and Y are isomorphic
Hilbert spaces, they are also isometrically isomorphic and there is a unitary map
V.Y — X such that T and V. SV* are similar. Moreover, the operators S and V.SV*
are indistinguishable. So on Hilbert space, it suffices to study similarity between
operators on the same Hilbert space.

Let T be an operator on a Hilbert space X which is similar to a contraction. The
following hold for T

1. T is power bounded, that is, sup,,»; [|T"]] < oo.

2. T is polynomially bounded. There is K > 1 such that
Ip(T)]| < Kllplle = Ksup{lp(2)|: z € C,|z[ = 1}

for all polynomials p.

3. T is completely polynomially bounded. This is a C*-algebraic notion and means
that there is K > 1 such that

(@i (T < Kll(pig)ll = K sup {[[(pi; ()]l z € C, |2 < 1}

for all matrices of polynomials p; ;.

For any operator, 3 = 2 = 1, but the reverse implications may fail. Foguel gave an
example of an operator which is power bounded but not polynomially bounded ([Fog64]
and [Leb68]). Paulsen showed that completely polynomially bounded operators are
similar to contractions on Hilbert space ([Pau84]). Finally, Pisier gave an example
of a polynomially bounded operator which is not completely polynomially bounded
([Pis97]).

Switching to expansive operators, the above means that we can expect it to be
more difficult on Hilbert space to determine which operators are similar to expansive
operators. We will see that we cannot follow the same line of reasoning as in the Banach

space case. The situation is as follows. Let 1" be an expansive operator on a Hilbert



space X. The invertible extension by Arens in general does not yield an extension on
a Hilbert space, but we will find another (less natural) way of finding an invertible
extension S on a Hilbert space Y such that S has a contractive inverse (Theorem [3.1.7)).
Using Hilbert space renorming techniques, this implies that an operator T: X — X
which is similar to an expansive operator has an invertible extension S: Y — Y
such that S~! is similar to a contractive operator, which means S~! is completely
polynomially bounded. This is the only characterisation for similarity to an expansive
operator on Hilbert space that we know. This leaves open the problem of finding an
intrinsic characterisation for such a similarity.

Another concept that we will encounter in this thesis is continuous embeddings.
They are naturally related to seminorms. Let p: X — Y be a continuous map between
Banach spaces. By restricting Y to the closure of p(X) we can assume that p(X) is
dense in Y. Then ||p(-)|| defines a seminorm on X and ||p(z)|| < ||p||||z]| for all x € X.
Conversely, if |||-]|| is a seminorm on X and there exists C' > 0 such that |||z||| < C||z||
for all x € X, we get a continuous map p: X — Y where Y is the completion of X
modulo the null space of |||-|||, and ||p|]] < C. Another way to access the seminorm
corresponding to a map p: X — Y is by considering its dual map p’: Y — X’. Since

p has a dense image in Y, p’ is injective. By the Hahn-Banach theorem we have

o)l = sup{[(/'F)(@)]: f €Y' |fIl =1} (z € X)

and the seminorm is known when we identify the image of the unit ball of Y’ under
p'. We will look at continuous maps p which intertwine operators on X and Y in
Chapter 4] These correspond to seminorms with additional properties.

We shall give two examples here, which we will discuss in more detail in Section
Let p intertwine 7': X — X and some contractive S: Y — Y. Then T is contractive
in the seminorm ||p(-)||. We will see that there is a maximal seminorm with this
property, and that it corresponds to a continuous map p, a Banach space Y and
an operator S with a universal property. As another example, assume p intertwines
T: X — X and an invertible operator S: Y — Y, say with contractive inverse. In
general, S is not invertible on the closure of p(X). The property we can use instead
here is expansiveness of S. Remember that expansiveness also implies the existence
of an invertible extension by Arens’ theorem. So we see that the properties we can
consider for the seminorms are those which are invariant under restricting an operator
to a closed invariant subspace.

A last word about Hilbert spaces. Since the methods here use suprema over

some sets, it is not clear how they can be adapted to Hilbert spaces. Perhaps some



C*-algebra methods can be used to obtain results for Hilbert spaces similar to the

results we will see in Chapter [} but this remains open.

Structure The thesis is organised into three main chapters. Chapter [2] contains
preliminary information which should set the scene, that is, it should clarify the
notation used and present some results which are essential for the thesis. Chapter
presents results on invertible extensions, where new findings are tied in with previously
known results. Chapter [4]is about maximal parts, by which we mean continuous maps
to spaces with universal properties for a given setting. For each of these latter two

chapters, we now give an overview and a short outline.

1.1 Background to Chapter

Chapter |3| concerns invertible extensions of operators and operator families on Banach
and Hilbert space. The existence of an invertible extension was first studied in the
context of commutative Banach algebras by Arens. It is motivated by the study of an
equation

ar =2b

where a solution for x is sought for given a,b in a commutative Banach algebra A.
If @ is invertible, the solution is simply given by a~'b. In general, a is not invertible,
and the equation does not have a solution for all b or the solution is not unique. If no
solution exists, we can look for solutions of this equation in an algebra extension. For
this purpose, Arens characterised in [Areb8| the elements a € A that have an inverse
in some commutative Banach algebra B with A C B. For a € A there is an inverse in

some extension B if and only if
laz|| = c|[z]]  (z € A)

for some ¢ > 0. We call ¢ a lower bound of a. Concerning the bound of the inverse
a~!in B, given an element a with a lower bound ¢ there is an extension B containing
a ! and ||a7!||5 < ¢!, which also is the best bound we can expect for a™ .

This result can be transferred to bounded linear operators on Banach spaces, either
directly by adapting the proofs or by using a construction by Miiller [Mul8§|. To
specify what the extension is in this case, let X be a Banach space and T € B(X).

An invertible extension for 7" is given by a Banach space Y, an isometric embedding



X C Y, and an invertible operator S € B(Y') such that Sx = Tz for all z € X. Often,

we also get ||S|| = ||T||. Such an extension exists when there is ¢ > 0 such that
ITz]] = cll«]| - (z € X).

Again, S can be chosen so that its inverse has norm ||S7!|| < ¢™!. We should note
that, in general, not every operator U € B(X) needs to extend to Y. However, if U
commutes with 7" then this can be arranged. More specifically, we can choose Y such

that there is an isometric algebra homomorphism ¢ from the commutant of 7', the set
{TY ={U eB(X): UT =TU},

to B(Y) with ¢(T) = S. If we use the aforementioned construction by Miiller, we
can obtain such a homomorphism from a commutative subalgebra of B(X) but not
from the whole commutant. Throughout Chapter 3] we only work with unital algebra
homomorphisms, so we always have that ¢(I) = I. This implies that ¢ maps resolvent
operators of T' to resolvent operators of S = ¢(T), and that o(S) C o(T).

The next immediate question is to ask what happens in the case of two commuting

operators 11, T, € B(X). Assume for simplicity that
ITall 2 ol (z€ X, i=1,2).

By the above, we know that each of the T; has an invertible extension on some Banach
space Y; containing X. However, the spaces Y; can be different. If we let T'= T1T5
then ||Tz|| > ||z|| for all x € X. So there is an invertible extension S of T with
S]] < 1. Since the operators T' and T; commute, we can extend T} to some operator
S; using the algebra homomorphism . We then have S = 5155 = 5557 and we see
that each S; is invertible with inverse S; ' = S~15; (i # j), but now we only have the
norm estimate [|S; || < ||S;]|. Bollobas gave an example in [Bol73] which shows that,
in general, we do not get the bounds ||S;*|| < 1 and ||S; || < 1 at the same time. We
discuss next, when this is possible.

This brings us to semigroup representations. If two commuting operators Ty, T5 €
B(X) are given, they form a representation of the semigroup N x N given by the
map T': (m,n) — T{"Ta. Assume there are invertible extensions S, Sy € B(Y') for Ty
and T, on the same space Y. Then we can extend the representation of N x N to a
representation of Z x Z on Y by mapping S: (m,n) — S7*Sy. Using this formulation
we see that we have ||S;!|| < 1 for i = 1,2 if and only if ||S(—(m,n))| < 1 for all

(m,n) € N x N. In the following two citations, the authors work with semigroups &



which are subsemigroups of locally compact abelian groups . Batty and Greenfield
studied the problem of extending a semigroup representation to a group representation
on the same Banach space for isometric representations (|[BG94]) and Batty and Yeates
studied when a semigroup representation allows an extending group representation
with contractive inverses ([BYO01]), assuming that & = & — &. They identify the
semigroup representations 7: & — B(X) for which there is an extending group
representation U of & on a Banach space Y D X with |[U(—s)|| <1 for all s € & as

the super-erpansive representations. We say T' is super-expansive if
]l < flea]] 4 - - -+ [lall (1.1)

whenever n € N, t,t1,...,t, € GU{0} and x,xy,...,2, € X satisfy t —t;, € SU{0}
fori=1,...,n and
Tt)x =T(t1)ry + -+ T(tp)x,. (1.2)

It is easy to see that this is necessary. If T" were a representation of a group & such
that T'(—s) is contractive for all s € &, let ¢; and z; be elements that satisfy (1.2)); we
can simply apply 7'(—t) on both sides of to isolate x. The operators T'(t; —t) are
contractive and the triangle inequality gives . In the extension result by Batty
and Yeates, there is again an isometric homomorphism from {7'(s): s € G} to B(Y).

Let us apply what we have so far to Cy-semigroups. Let T be a Cy-semigroup on
a Banach space X such that ||T'(1)z| > ||z|| for all z € X. Apply Arens’ result to
T(1). Since the operators T'(t) for ¢ > 0 commute with 7(1), there are extensions
S(t) for each T'(t) on some Banach space Y and S(1) is invertible with ||S(1)™"|| < 1.
Since we extended the operator using a unital isometric algebra homomorphism, we
have that S(t1)S(t2) = S(t1 + t2) and ||S(¢)|| = ||T'(¢)] for all ¢,¢1,ts €> 0. Consider
the restriction of S to the maximal subspace of Y on which S is strongly continuous.
This subspace is closed, contains X and S(1) is invertible on it. So without loss
of generality we can assume that this subspace is equal to Y. Now, let t > 0 and
choose n € N such that n — 1 < ¢ < n. The operator S(1)""S(n — t) is an inverse
of S(t) and it is bounded by sup {||T(s)]|: 0 < s < 1}. So S is in fact a Cy-group
on Y. However, although ||S(t)|| is bounded for t < 0 we do not have that S(¢) is
contractive for all t < 0. For the operators S(t) for ¢ < 0 to be contractive we have to
assume that ||7(t)x| > ||z|| for all z € X and all £ > 0. If T" satisfies this we say that
T is expansive. In fact, for Cy-semigroups this is equivalent to super-expansiveness,
see [BYO01], Proposition 2.2]. So if T" is an expansive Cy-semigroup, the result by Batty
and Yeates gives us an extending Cy-group S with ||S(—t)|| < 1 for all ¢ > 0.



Super-expansiveness appears with a small variation in a more general result.
Instead of restricting our attention to contractive inverses or those that we obtain from
rescaling the representations, we can look at other growth rates for the inverse. In the
case of an operator 7" with a lower bound ¢ > 0 such that |[|Tz|| > ¢||z| for all z € X,
rescaling the operator to ¢ T only gives us an extension S of T" with an inverse
bounded by ||S7!| < ¢7!. For a Cy-semigroup T' and w € R, we would similarly
get an extending Co-group S with [|S(—t)|| < e ! for all t > 0 if we assume that
|T(t)z|| > e“*||z|| for all z € X and t > 0. Going back to an operator T, these results
do not tell us when we can have an invertible extension S with ||[S™"|| < ¢, (n > 1) for
a given sequence (c,). A sensible class for such (¢,) are sub-multiplicative sequences.
If S is invertible we have that [|S=("*™)|| < ||S~™|||S~™|| and we say that (c,) is
sub-multiplicative if ¢+, < ¢p¢, holds for all m,n > 1. Such bounds (c,) were
studied by Badea and Miiller in [BMO05|. Their results include the following. Let (c,)
be a sub-multiplicative sequence. A bounded operator 7" has an extension S with
1S7"| < ¢, for all n > 1 if

2]l < enllzoll + coallzall + - -+ + crllznl

whenever n > 1, and T"2z = xg + Txy + - -- + T" ‘2, for some z,z;, € X.

Outline of Chapter The chapter begins with a section on invertible extensions
for a single operator. After stating and proving Arens’ theorem for Banach space
operators |Areb8] and a similar statement with worse norm estimates for Hilbert space
operators by Badea and Miiller [BM05], we give a new construction for Hilbert space
operators (Theorem which allows improved bounds as in Arens’ theorem. The
next section contains a result by Batty and Yeates [BY01] and another one by Badea
and Miiller [BMO05], which are about extensions for semigroup representations and
give control of the norm of the inverses. A new example (Example shows that
it is not possible to control the norm using lower bounds of an operator alone. This
implies that an operator with a uniform lower bound is not equivalent to an expansive
operator. For Cy-semigroups on Hilbert space, we use a result by Zwart |[Zwal3] to
find an extending Cy-group on a Hilbert space (Theorem . Sections and
contain generalisations to unbounded operators of Arens’ theorem, our Hilbert space
extension, and Badea and Miiller’s growth control for the inverse. This will be done
mainly for generators of Cy-semigroups. For generators of integrated semigroups, we
can make similar statements, which only allow a continuous embedding. In Section |3.5

we consider dissipative operators and left inverses on Hilbert space. We can extend



the Cayley transform of a dissipative operator to a larger Hilbert space to find an
extending Cy-semigroup generator. Zwart showed that a left inverse of a Cy-semigroup
implies the existence of a left inverse Cyp-semigroup [Zwal3]. We show how the maximal
dissipative extension gives a bound for the left inverse Cy-semigroup if we assume
that the Cy-semigroup is expansive. This is also related to a result by Goldberg and
Smith |GS78]. Finally, Section 3.6 contains a result by Read [Rea88| which is related to
invertible extensions. It gives an extension with the smallest possible spectrum. Here,
we will show that this result also holds for generators of Cy-semigroups. However, in
this case we would be interested in a stronger, quantitative version which also gives

resolvent bounds — this remains an open problem.

1.2 Background to Chapter

Chapter [4] concerns a concept which we shall call maximal parts here. In a broad
sense, it describes quotient spaces with certain universal properties. The ideas in
this chapter are motivated by hyperbolic semigroups (see |[ENO0O, Section V.1 c]).
Before we introduce what we mean by a maximal part, let us first take a look at these
semigroups. A Cy-semigroup T on a Banach space X is hyperbolic if X = X & X,
for closed, T-invariant subspaces X and X, which we call the stable and unstable
part, respectively, such that, for some ¢ > 0, T'(¢) restricted to the unstable part X, is

invertible and
1
|T(t)x]| < §II$II (z € Xy),
_ 1
(T ()] x,) @l < Sl (@ € Xu).

This means that ||T(¢)z| decays exponentially as ¢ — oo and uniformly in z € X,
while ||T'(¢)x|| decays exponentially as t — —oo and uniformly in = € X,,. Here, if t < 0
and x € X, we mean (T (—t)] Xu)_lx when writing 7T'(¢t)z. These semigroups and their
generators have been studied extensively (|CL95,/CL99,|Kat70,Kat73,[Kat11,LS99]).
A spectral characterisation that should be mentioned here is that a Cy-semigroup T is
hyperbolic if and only if

TNno(T(1)) =0,

where T is the unit circle. If this spectral condition is met, the (Riesz) spectral
projection associated with {A € o(T'(1)): |A\| < 1} gives the required splitting of the
underlying Banach space into the stable and unstable part. The class of hyperbolic

operators is not closed under restriction of a semigroup to a closed invariant subspace



Y C X. On the level of the splitting this means that the subspace Y might lie
“diagonally” with respect to the splitting X = X, ® X,. In terms of the spectrum,
it might happen that o(7'(1)[y) € o(7(1)). However, for the approximate point

spectrum

oap(T(1)) :={ A€ C: (A\=T(1)) is not bounded below }

we have that 0,,(T(1)y) C 04p(7'(1)). The more general class of restrictions of
hyperbolic semigroups is called quasi-hyperbolic semigroups and has been studied by
Batty and Tomilov in [BT10]. Quasi-hyperbolic semigroups are characterised by the
spectral condition

oap(T(1))NT = 0.

Now, let Y be a closed subspace of X which is invariant under a hyperbolic semigroup
T. If P € B(X) is the projection onto X along X, we can define a seminorm on Y’
by

lylly =Pyl (y€Y).

With respect to this seminorm, the quasi-hyperbolic semigroup 7'[y- satisfies the same
uniform exponential decay as the hyperbolic semigroup on X;. Similarly, we can define
lyll, == ||({ = P)y|| for which T" has a lower bound that comes from the norm bound
on the inverse of T on X,,.

Our intention for defining the maximal parts for some property is to mimic the
seminorms ||-||, and ||-||, in a more general setting and to understand their roles. The
exponential type of the stable part of a hyperbolic semigroup is negative, but that is
all we can say about it. When we talk about the maximal seminorm for a range of
exponential decays, the range has to be closed for maximality to make sense. That is
why we will look at contractive parts of semigroups, corresponding to the exponential
type 0. Let T now be a general Cjy-semigroup on a Banach space X. The contractive

part of the semigroup will be determined by a seminorm ||-||, on X for which
7@l < [l (z € X,t>0).

We will see that we can give an abstract definition for the maximal seminorm with this
property, and a direct one using the semigroup 7' explicitly. From generation theorems
we know that a semigroup is contractive if and only if its generator A is dissipative.
Dissipativity can also be characterised using the norm, and we can define the maximal

dissipative part of an operator A using a seminorm |||-||| with the property

A = Azl = Ml (z € D(A), A > 0)

10



Again, there is an abstract definition and another one using A explicitly, but this time
it is not clear if the two agree.

The dissipative part and the contractive part are related as one would wish. If A
is the generator of a Cy-semigroup 7T then the contractive part of T' is generated by
the dissipative part of A. In the case when the corresponding seminorms are norms,
this brings us back to the generation theorem by Feller, Miyadera and Phillips which
extends the Hille-Yosida generation theorem for contraction semigroups. We will also
establish a similar connection between the expansive part of a semigroup and the
accretive part of its generator. This will make use of a result by Goldberg and Smith

from |GS78] which characterises generators of expansive semigroups.

Outline of Chapter In Section 4.1| we introduce maximal parts by looking at
the contractivity and expansiveness of a bounded operator. We then apply the same
strategy to dissipativity and accretivity of an unbounded operator where we reach
a satisfactory description for generators of Cy-semigroups. For this description, we
use ideas from invertible extensions in Chapter [3 In Sections [4.4] and [4.5] we find the
contractive and expansive part of a Cy-semigroup and relate it to the dissipative and
accretive part of the generator. After a short discussion of other examples of maximal
parts in Section [4.6, we apply the dissipative and accretive parts to quasi-hyperbolic

semigroups, and to generation theorems in Section [4.7]

11



Chapter 2

Preliminaries

Throughout the thesis, we will generally assume that (normed) vector spaces are
defined over the complex numbers and typically denote these spaces by X,Y and
Z. We denote the set of bounded linear operators on a normed vector space X by
B(X), and the operators usually by 7" and S, although sometimes we will use other
alphabetically nearby letters due to the presence of more than two operator. To
avoid confusion later on, note that we will also denote Cy-semigroups (and other
semigroup representations) by 7" and S. It should always be clear from the context
what the letters 7" and S refer to. We say that a linear map 7: X — Y intertwines
two operators T: X — X and S: Y — Y if 7T = S~.

We denote the real numbers by R and the complex numbers by C. The following
subsets of C will be used repeatedly:

D={zeC:|z|] <1} (the open unit disc),
T={zeC:|z|=1} (the unit circle).

The closure of a subset M of a topological space is denoted by M. We denote the
set of integers by Z and define the natural numbers as the non-negative integers
N ={0,1,...}. The characteristic function of a subset A C 2 is the map

1 z€ A
Q= R, = € 0).
XA Xa() {0 rd A (z )

Section on k-times integrated semigroups contains a discussion involving
quotient spaces which cannot be found in the literature in this way and to this extent.
The reason for this is that the nature of some results in Chapter [3| seems to depend

on quotient spaces.
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2.1 Unbounded operators and resolvents

An unbounded operator on a Banach space X is a linear map A: D(A) C X — X. The
linear subspace D(A) C X is the domain of A. We will denote unbounded operators
by A, B and C. We will use two types of spectra, the spectrum o(A) = C\ p(A) where

p(A) ={A € C: A — A has an inverse in B(X)}
is the resolvent set of A, and the approximate point spectrum
oap(A) = {A € C: A — A is not bounded below}.

The resolvent of an operator A is the map R(-, A): p(A) — B(X) where R(\, A) is

the (bounded) inverse of (A — A). A resolvent satisfies the resolvent equation

for all A\,u € p(A). Let A € C. A general map R: A — B(X) which satisfies
Equation (2.1]) for A, u € A is called a pseudo-resolvent. The following can be found
in [ABHNO1, Appendix B].

Proposition 2.1.1 (JABHNO1, Proposition B.6]). Let R: A — B(X) be a pseudo-

resolvent. Then
1. The kernel ker R(X\) and the image ran R(\) are independent of A € A.

2. There is an operator A on X such that R(A\) = R(X\, A) for all X\ € A if and only
if ker R(\) = {0}.

The spectrum of an operator is related to the spectrum of its resolvent in the

following way.

Lemma 2.1.2 (JABHNO1, Proposition B.2]). Let A be an operator with non-empty
resolvent set p(A) and let u € p(A). Let A € C,\ # . Then

1. X € p(A) if and only if (u—N)"" € p(R(p, A)),

2. X € a4y(A) if and only if (u— N)"" € oap(R(1, A)).

Let us introduce a few more notions for an operator A. We say that

o Ais closed if its graph G(A) = {(z, Az): © € D(A)} is closed in X x X.
e Ais densely defined if D(A) is dense in X.
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o Ais sectorial if (—o0,0) C p(A) and supy, [|AR(A, A)|| < oo.

If A has non-empty resolvent set p(A), then A is closed. For more information on
sectorial operators, see [Haa06]. Let A be a sectorial operator and x € D(A). Since
x = R(\ A) (A — A)x for X € p(A) we have that

|z — AR\, A)z|| < |RO A|[| Az = 0 as A — —oo (A< 0).  (2.2)

By uniform boundedness of the operators AR(\, A) (A < 0), the convergence in ([2.2))
holds for all € D(A). Conversely, assume that (—co,0) C p(A) and AR\, A)z —
as A — —oo (A < 0) for all z € X. Then A is densely defined and by the uniform
boundedness theorem, sup,_q [[AR(X, A)|| < co. Hence A is densely defined and
sectorial. We will use the convergence in in Section for densely defined
operators.

Let A be a densely defined operator with non-empty resolvent set. The inclusion
v: D(A™1') — D(A™) is continuous in the graph norm |z| ,» = |jz| + ||A"z| on
D(A™) for n > 0. Moreover, ¢ has dense range. This follows since each x € D(A™)
can be written as x = R(\, A)"y for some y € X and X € p(A), and any sequence
yr € D(A) with

ly —wykl] =0 ask — o0

gives a sequence x, = R(\, A)"y, € D(A™) with
|z — k)| 4n = 0 as k — oo.

This implies by the Mittag-Leffler Theorem (see [Run05, Theorem 2.4.14], for example)
that
D(A%) = (] D(A")
n>0
is dense in X.
If A is an operator on a Banach space X and Y C X is a subspace we define the

part of A in Y to be the operator

Ayy = Ay, D(Ay)={yeYND(A): Ay e Y }.

2.2 (-semigroups

Strongly continuous semigroups, or Cy-semigroups, are a central element in this thesis.

Two standard references are [EN0O| or [ABHNO1]. Consult these for more information.
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A Cy-semigroup T on a Banach space X is a strongly continuous representation of
R, = [0,00). That means, it is a map 7": R, — B(X) such that

T(s)T'(t)=T(s+t) (t,s>0)

and such that ¢t — T'(t)z is continuous for each z € X. We shall sometimes say
semigroup where we mean Cy-semigroup, without creating ambiguity. A semigroup 7T’
has a generator by which it is uniquely determined. Its generator is the operator A

given by

D(A) :={z € X: t — T(t)z is right-differentiable at t = 0},
o1
Az = ltli%l Z(T(t)x —x).
The generator of a Cy-semigroup is closed and densely defined. A Cy-semigroup T
satisfies the growth estimate || T(t)|| < Me** (t > 0) for some w € R, M > 1 and the
infimum of these w is the growth bound wy(T'). The resolvent R(A, A) of A is given by

the Laplace transform
RO\ A)z = LT2(\) = / eNTW)zdt (€ X,ReA > wo(T)).
0

The set D(A>) is a core for A, that is it is dense in D(A) in the graph norm ||| ,.
We say that an operator U commutes with a semigroup 7" if UT'(t) = T'(t)U for all

t > 0. For commuting operators, we have the following easy lemma.

Lemma 2.2.1. Let A be the generator of a Cy-semigroup T on a Banach space X.
An operator U € B(X) commutes with T if and only if it commutes with the resolvent

of A.

Proof. We have UT(t) = T'(t)U for all t > 0. Take the Laplace transform on both
sides of this equation to see that it holds if and only if UR(A, A) = R(\, A)U for
A > wo(T). From the resolvent identity it follows that

R(A, A) = (I + (1= MR, A) Ry, A)
for all A\, € p(A). If U commutes with R(A, A) we get that
(I + (p = MR ANUR(p, A) = (I + (1 = MR, A) R(p, A)U.

The first factors on both sides are equal and injective on D(A). Thus, we get
UR(u, A) = R(p, A)U for all € p(A). So an operator commutes with one resolvent

operator if and only if it commutes with all resolvent operators. n
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For a generator A, the following lemma expresses the density of D(A) in X in
terms of the operator norm. Note that ran R(\, A) = D(A) for A € p(A).

Lemma 2.2.2. Let T be a Cy-semigroup on X and let X > wo(T"). Let A be the
generator of T'. Then fort >0

le T ()R A) — RO, A)]| < / le T (s)]] ds (2.3)
and M) +T 1 [t
#R(A,A)Z—R(A,A)H < /0 (t—s)le T (s)|ds.  (2.4)

Proof. We can rescale the semigroup 7' and use e *T'(t) to assume that A = 0. Then
0 € p(A) and R(0,A) = —A~L. Let x € X. The derivative of T'(t)A™ x in ¢t is T'(t)x,

S0
t
/ T(s)xds
0

< / IT(s)]ds - [z

I(T(HA™ — A)a] :\

for all z € X and t > 0. This proves (2.3)). In the same way, we get

T(H)A- — A |
H( ®) ATt - A_1>a: = H—/ T(s)A 'zds — A 'w
t tJo
1 t
<4 [I@ea - aa)as
1 Ot S
< -/ </ ||T(u)x|\du) ds
t 0 0
1 t
— [ =T as
0
This shows ([2.4]). O

2.3 Dissipative and accretive operators

Dissipative operators are of interest in the theory of Cy-semigroups. We will give two
equivalent definitions, present a generation theorem for contractive Cy-semigroups
and introduce the Cayley transform of an operator. For more detailed information

see [ABHNO1] p.140] and [EN0OO, I1.3.23 and I11.2.7).
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Definition 2.3.1. An operator A on a Banach space X is dissipative if
(A = A)z|| = Alz]] (z € D(A), A > 0).
We say that A is accretive if —A is dissipative.

The following proposition gives an alternative formulation for dissipative operators.

It makes use of norming functionals of a vector x € X which make up the set

J(x)={p e X" o) =|z|* = ¢l }.

Proposition 2.3.2 ([EN00, Proposition 11.3.23]). An operator A is dissipative if and
only if for each x € D(A) there is f € J(x) such that

Re f(Az) <0.

If A is the generator of a Cy-semigroup of contractions, this holds for all f € J(x).

This proposition shows that the generator a Cy-semigroup of contractions is
dissipative. With an additional assumption on a dissipative operator, the converse holds
as well. The following theorem is known as the Lumer-Phillips theorem, see [EN0O,
Theorem I1.3.15].

Theorem 2.3.3 (Lumer-Phillips). Let A be a densely defined operator on X. Then
A generates a Cy-semigroup of contractions on X if and only if A is dissipative and

(A=A)D(A) = X for some A > 0.

For an operator A for which (I — A) is injective, we can define the Cayley transform.

It is given by the linear fractional transformation
C=I+A)I—-A)"" D) =ran(I- A).

In particular, C' exists if A is dissipative. Moreover, if 1 € p(A) then C' is a bounded
operator with D(C) = X. For Cayley transforms, not much information can be found
in the books cited above. Instead refer to [EZ08] and |[Dav07, Section 10.4], which

contain also the following standard fact.

Proposition 2.3.4. Let A be an operator on a Banach space such that (I — A) is

injective. Then A is dissipative if and only if its Cayley transform C' is contractive.
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2.4 Generation theorems

We already saw one generation theorem for Cy-semigroups of contractions. There is
another one, kown as the Hille-Yosida theorem, which states the following (see for
example [EN00, Theorem I1.3.5]).

Theorem 2.4.1 (Hille-Yosida). An operator A is the generator of a Cy-semigroup of
contractions if and only if A is densely defined, (0,00) C p(A) and

IAR(N, A)| <1
for all A > 0.

The proof of this theorem is not relevant here. Instead we are more interested in
its relation to the next result. The Hille-Yosida theorem has the following consequence,
the proof being taken from [EN0O, Theorem II.3.8]. In Section 4.2.2 we will use the

idea of its proof in a new construction.

Theorem 2.4.2 (Feller-Miyadera-Phillips). An operator A is the generator of a
Co-semigroup with |T(t)|| < M for all t > 0 if and only if A is densely defined,
(0,00) C p(A) and

IN"R(A, A" < M (2.5)
for all X >0 andn > 1.

For this theorem, we only sketch the proof to show the important non-technical
steps. We shall only look at the statement that an operator A which satisfies the

resolvent bounds generates a bounded Cy-semigroup.

Sketch of Proof. Here, we shall only show that an operator A satisfying (2.5]) generates
a Cp-semigroup. Assume that A is an operator that satisfies || \"R(\, A)"|| < M for
all A > 0 and n > 1. For each p > 0, define the new norm

], = sup " R(p, A)"x|| - (2 € X).

These norms are equivalent with ||| < [|-|, < M[-[|. It can be shown that the
operators AR(A, A) are contractive in ||-|| , for 0 < A < p and the norms increase in ,

so [|lz][y < |lz[l, for 0 <A < pand z € X. The supremum
llzfll = sup [lz]],, (= € X)
>0

is equal to the limit lim,, o[z, and is a norm for which |[z|| < [[|z[|| < M|z and

IIARA, A)z||| < |l|z||| for all z € X, X\ > 0. So Theorem applies. O
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The Hille-Yosida theorem can also be used to characterise Cy-group generators.
An operator A generates a Cy-group if and only if A and —A generate a Cy-semigroup.
On Hilbert space, Zwart showed in [Zwa01] that it is sufficient to show that A is a
Co-semigroup generator and in addition a (weaker) resolvent estimate is satisfied. The

result says the following.

Theorem 2.4.3. Let A be the generator of a Cy-semigroup on a Hilbert space X. Then
A generates a Cy-group if and only if there is v < 0 such that {\: Re X <r} C p(A)
and for all o > 0 there is ro, < r such that

sup e*FA| RN A)| < 0.
ReA<rq

The following result is a theorem by Goldberg and Smith which describes generators

of Cy-semigroups which have a lower bound (|GS78]).

Theorem 2.4.4 (Goldberg-Smith). Let A be the generator of a Cy-semigroup T on a

Banach space X. The following are equivalent.
1. |T)x| > ||z|| for all x € X,t > 0.

2. |(N=A)z|| > =A||z]|| for all x € D(A), X <O0.

2.5 Integrated semigroups

Some of the results in Sections [3.3| and [3.4] are for generators of Cy-semigroups. The
statements in the results show no obvious reason why they should not hold for a
wider class of operators, such as operators with non-empty resolvent set. We try
to obtain these results for a class of operators which is more general than that of
Cy-semigroup generators, and choose to work with generators of integrated semigroups.
This class contains Cy-semigroup generators, and is contained in, for example, the
class of generators of distribution semigroups. The key to our results for semigroup
generators is Proposition which allows us to pass to a quotient space. We try to
substitute it by something similar. Although the results obtained here do not seem
to work in the proofs of Chapter |3 they demonstrate which difficulties have to be
overcome when trying to give a similar proof for this wider class.

An interesting result relating integrated semigroups with Cy-semigroups is the
sandwich theorem which is cited as Proposition below, and for which we verify
some additional properties here. It can be used in combination with results for

Cp-semigroups. The theorem itself gives a continuous embedding from an integrated
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semigroup to a Cy-semigroup. However, there is no obvious way of extracting the
integrated semigroup from the Cy-semigroup, say by fixing the space on which it
should be defined.

The motivation behind integrated semigroups is the following (see [ABHNO1,
Sections 3.1 and 3.2]). A Cy-semigroup solves the abstract Cauchy problem

{u’(t) = Au(t) (t>0)

and u(t) = T'(t)x is a weak solution for all € X, while integrated semigroups solve

the integrated version

¥WZM@+%@uzm

of the Cauchy problem, where £ > 1. If T" is a Cy-semigroup,
S(t)r = /t (= S>k_1T(3):c ds (zeX,t>0)
Jo (k—1)! T

defines a k-times integrated semigroup. However, there are k-times integrated
semigroups S for which there is no semigroup 7' such that this relation holds
(see [ABHNO1} Corollary 3.9.14]). A detailed discussion of k-times integrated semi-
groups and their properties can be found in [ABHNO1, Section 3.2]. Note that we also

allow the degenerate case in the definition here.

Definition 2.5.1. Let S: Ry — B(X) be a strongly continuous function such that

‘AE@MS

for some M > 1 and w > 0. Let £ > 1. We say S is a (degenerate) k-times integrated
semigroup if S(0) = 0 and

< Me*!||z]| (z € X,t>0) (2.6)

R(\)z = \F /OO e MS(Hxdt (re X, \>w) (2.7)

is a pseudo-resolvent. Moreover, the pseudo-resolvent is a resolvent of an operator A
if and only if S(¢)z = 0(¢ > 0) implies © = 0. In that case, S is non-degenerate and

A is its generator.

The next proposition is a helpful characterisation of integrated semigroups.
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Proposition 2.5.2 (JABHNO1, Proposition 3.2.4]). Let S: Ry — B(X) be strongly
continuous and such that (2.6)) holds for some M > 1 and w > 0. Let k > 1. Then S

1 a k-times integrated semigroups if and only if

S@S@%:%{Z)S@+¢—rfASWMr—1i@+¢—rfﬁS@Mr (2.8)

and it is non-degenerate if and only if S(t)x =0 for all t > 0 implies x = 0.

Remark 2.5.3. Some definitions of k-times integrated semigroups allow the case
k = 0. This only makes sense when we do not assume that S(0) = 0. Otherwise,
S(t) = 5(t)S(0) =0 (t > 0) as can be seen from the proof of [ABHNO1, Theorem 3.1.7].
On the other hand, if we only work with non-degenerate .S and assume that the function
R in Definition is the resolvent R(\, A) for some operator A and k > 1, then we
get S(0) = 0. This argument can be found in [ABHNO1|, Lemma 3.2.2].

Let us consider the following question. Let £ > 1 and let S be a non-degenerate
k-times integrated semigroup on a Banach space X. For which closed subspaces
Y C X is S defined by

St (z+Y):=SHz+Y (reX,t>0) (2.9)
a non-degenerate k-times integrated semigroup on X /Y? To have that S is well-
defined we need at least that Y is invariant under S(t) for all ¢ > 0. This is also
sufficient to obtain a degenerate k-times integrated semigroup on the quotient space,
but we require more to obtain a non-degenerate k-times integrated semigroup as we

will see in the next proposition. Here, ¢: X — X /Y is the quotient map.

Proposition 2.5.4. Let A be the generator of a k-times integrated semigroup S on a
Banach space X for some k > 1. Let Y C X be a closed subspace that is invariant
under S(t) for allt > 0. Assume further that S(t)x € Y (t > 0) implies x € Y.

Then the strongly continuous function S given by on the quotient X /Y is

again a k-times integrated semigroup and has generator A with flq(m) = q(Az) and

~

D(A) = qD(A).

Proof. Strong continuity of S on the quotient Z = X /Y follows from contractivity of

q. Indeed, for an element ¢(x) € Z in the quotient, we have

Sta(@) ~ $(s)a@)|| = la(SMa = S| < Stz = S(s)al - (t,5 > 0),
and S is known to be strongly continuous on X.
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To see that S is a k-times integrated semigroup on Z, the characterisation from
Proposition can be used. We have that S satisfies for some M > 1,w >0,
since S is an integrated semigroup. Now S satisfies . Since ¢ is contractive, S
satisfies the estimate HfJS‘(s) ds|| < Me** (t > 0) and S also satisfies (2-8). The
property that S(t)q(z) = 0 (t > 0) implies g(z) = 0 follows from the additional
assumption in the proposition. The last assertion about A follows from the integral
representation of its resolvent. O

We note the following about this proposition. If S is non-degenerate, we necessarily
get the implication S(t)z € Y (t > 0) = = € Y. For a Cy-semigroup 7', this is always
satisfied if the closed subspace Y is invariant under 7', since then x = lim;_,o T'(t)x € Y.
In the next example, we use Proposition to identify the relevant subspaces for

dual integrated semigroups of Cy-semigroups.

Example 2.5.5. Let X be a Banach space and X’ be its dual space. Let T be a
Co-semigroup on X with generator A. If X is reflexive, A’ is densely defined and
generates the Cyp-semigroup T'(t)" on X’. In general, we have that A’ generates the
once integrated semigroup S given by S(t)f = fot T'(s)fds (t > 0,f € X'). For a
closed subspace Y C X we have the isomorphisms Y/ ~ X’ /Y+ and (X /Y) ~ Y+
We find a similar relation between the invariant subspaces of S and T

We can relate the invariant subspaces for S and for T as follows. If a subspace
W C X' is invariant under S in the sense of Proposition then

W, ={zeX: f(x)=0forall feW}
is invariant under 7. On the other hand, the subspaces
Yi={feX: f(z)=0forallzcY}

are S-invariant in this sense if and only if Y C X is T-invariant. To see this, let
t>0,r€ X and f € X'. Then

/ ( / tT(s)wds) - / F(T(s)r) ds = / () F) () ds = (S(0)N)().

So if Y is invariant under 7', this shows that Y+ is invariant under S. Assume now that
x € W, and f € W for some S-invariant subspace W. Note that %fot T(s)xds — x
as t — 0. We see that
1 1 [t+s
0= s+ - sy = £ (5 [ TE)ear) - rr

as s — 0. This shows that W is invariant under 7. It is not known whether

W = (W.)" for all such invariant W.
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We saw in Proposition that we need more than just invariance of the subspace
under the integrated semigroup, in order to get a non-degenerate integrated semigroup
after taking the quotient with respect to that subspace. But we would still get a
degenerate integrated semigroup on the quotient if we just assume that the subspace is
invariant. Let us consider degenerate integrated semigroups. The degeneration space
is defined in |Thi90| as the subspace

N={xe X:S(t)xr=0forallt>0}.
Example 2.5.6 (degenerate integrated semigroups). Let k£ > 2 and define S as the

so=(y ) @=0

Then S(0) = 0. The function R(A) = M*(LS)()\) (Re X > 0) is the pseudo-resolvent

with entire extension

matrix valued function

RO\ = (8 k- 1)!> (A eQ).

Thus S is a degenerate k-times integrated semigroup. Its degeneration space is
N=C- ((1)) and S(t) = 0 on the (non-trivial) quotient space C2 / N. On C", we have

the following pseudo-resolvent with its degenerate twice integrated semigroup.

_p\n—1
0 A =A% - <_)‘)n_1 0t _g ((ntll)!
00 A A o0 i G
R.(\) = : | s.= 2
A t
oo 0 - 0 00 0

The integrated semigroup S, on the quotient C" / N is given by S, _; for n > 1.

This example shows that dividing out the degeneration space of a k-times integrated
semigroup does not give us a non-degenerate integrated semigroup if £ > 2. Nor does it
help if we repeat this procedure a (k-dependent) fixed number of times. However, the
space N can be (sensibly) divided out for once-integrated semigroups. The following
results show that Example summarizes well what is missing when k£ > 2.

Lemma 2.5.7. Let f: R, — C be a continuous function. Assume there is k > 1 such
that

/t 8(s+t—r)k1f(r)dr=/os (s+t—r)""fr)dr (2.10)

for allt,s > 0. Then f(t) = ct*=1 for some constant c € C.

23



Proof. The integrands in (2.10]) are continuous in (r, s) and differentiable in s, so we
can differentiate both sides with respect to s. For k > 2 this gives

(k—1) (/jﬂ (s+t—r)"2f(r)dr — /0 (s+t—r)""2f(r) dr) = t*71f(s).

In particular, f is continuously differentiable. The left hand side again has the form
of (2.10) and we can differentiate another k — 2-times with respect to s. This results

([ w0

= th 2 () 4 (k= D2 (o) o (k= 1) 382 (s) + (k — D)IEf(s).

Differentiating once more and rearranging the terms finally shows that f is a polynomial

of degree k — 1.

fls+) =t 1%”“%*“““ L if(s) + 1)

Using this with s = 0 we can write f(r) = Y¢ 0 a; with a; = 106), Inserting

1!
in (2.10) leads to

kol t+s k-1 s
@ / (s+t—r)lrtdr = Z a; / (s +t—r)Ftridr.
o 7t i=0 /0

7=

Substitute u =t + s to rewrite the equation as

Since this holds for all s € [0, u], the integrand has to be invariant under the substitution
r + u — r. This shows that a; = 0 for ¢ = 0,...,k — 2, and a,_; € C is arbitrary.

Hence, the result follows. O

The following Proposition gives insight into the nature of solutions with higher
regularity. If a function comes from the k-times integrated version of a Cy-semigroup,
then the first £k — 1 derivatives have to vanish at ¢ = 0. This is true for non-

degenerate semigroups in general as the following Proposition shows, and it motivates
Proposition [2.5.9]

Proposition 2.5.8. Let S be a non-degenerate k-times integrated semigroup on a
Banach space X for some k > 1. Let x € X be such that t — S(t)z is (k — 1)-times
differentiable. Then S™(0)x =0 forn =0,1,...,k— 1.
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Proof. Let A be the generator of S. By [ABHNO1, Lemma 3.2.2.d)] we have that
A fot S(s)rds = S(t)r — Z—k,x for all z € X. Using that A is closed we get that

tk—n
k—n)"

AST Y (H)z = S (t)x —
forn=1,2,...,k — 1. Evaluating at t = 0 gives
ASTD(0)z = S™(0)z.

Now we can use that S(0) = 0 by definition and get S™(0)z = 0 recursively. O

Proposition 2.5.9. Let S be a (degenerate) k-times integrated semigroup on a Banach
space X for some k > 1. Assume that S*~Y(0)z = 0 whenever t — S(t)x is (k —1)-
times continuously differentiable. Let N be the degeneration space of S. Then the
operators g(t) defined in form a non-degenerate k-times integrated semigroup on
X/N.

Proof. The operators S (t) clearly still satisfy the composition property of a
k-times integrated semigroup. So we only have to show that S(t)(z + N) = N for all
t > 0 implies x € N. Pick an x € X with S(t)x € N for all t > 0. This means that
S(t)S(s)x =0forall t,s > 0. From (2.8]) we see that f(S(-)x) satisfies the assumptions
of Lemmafor any f € X'. So we have f(S(t)x) = ¢;t*~! (¢ > 0, f € X) for some
c¢; € C which in turn gives S(t)z = t*~'y (¢ > 0) with y = S(1)x. The assumption
gives 0 = S*V(0)z = (k — 1)ly so that S(t)z =0 (t > 0), or x € N. O

Corollary 2.5.10. Let S be a once integrated semigroup on a Banach space X. Let N
be its degeneration space. Then S defined by (2.9)) is a non-degenerate once integrated
semigroup on X / N.

Proof. Since S(t)x is continuous for all z € X and S(0) = 0 by definition, the
assumptions of Proposition are satisfied. Hence S is non-degenerate. O

Let S be a non-degenerate once integrated semigroup on a Banach space X. If

Y C X is a closed, invariant subspace then S on X /Y is a degenerate once integrated
semigroup with degeneration space N. By Corollary [2.5.10, S on Z = (X/Y)/Nis

a non-degenerate once integrated semigroup. It would be interesting to know if we
can have that N = X /Y for some Y # X.

Finally, let us state some properties of the embedding from the Sandwich The-
orem |[ABHNO1, Theorem 3.10.4].
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Proposition 2.5.11. Let A be the generator of a (non-degenerate) k-times integrated
semigroup S on a Banach space X with ||S(t)|| < Me“* for some M > 1,w > 0. There

exists a Banach space Y and a Cy-semigroup generator B on'Y such that
1. D(BY) Cc X <Y,
2. R(\,B)X C X for some X\ € p(B),
3. A= Bx.

Further, we have p(B) D p(A). If A satisfies ||Az||y > c||lz|lx (z € D(A)) then
1Bylly = cllylly (y € D(B)).

Proof. Statements 1, 2, 3 are shown in [ABHNO1]. Define

k-1

T(t)x = S(t)A¥z + hAk_lx b tAT o

for x € D(AF) and t > 0. The space Y is the completion of X under the new norm

el = sup e T () Ry, A)'al| (€ X)

where p9 > b > w are fixed. The resolvent operators R(\, A) can be extended to
operators R(\) on the space Y since they are bounded in the new norm. This holds,
since for x € X,t > 0 and A € p(A),

e (1) Rio, A RO\ Ay < 1RO, Al e (1) Rlpo, A)2]).

Moreover, these operators form a pseudo-resolvent. It was shown in [ABHNO1,
Theorem 3.10.4] that (R(A)),., is the resolvent of B, so we must have p(A) C p(B).
Now assume that A has a lower bound ¢ > 0. For A € p(A) we have

c[|[ RN, A)z[| < [AR(A, A)z|| = [AR(N, A)z — zf| (2 € X)
and thus
c[|[R(A, B)zlly < |AR(A, B)x — z||y = | BR(A, B)zlly,  (z € X).

By density of X in Y this holds for all € Y. Since R(A, B) maps Y onto D(B) we
thus see
cllylly = el RX, B)(A = Blylly < |[Bylly (y € D(B)). O
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2.6 Sums, quotients and sequence spaces

Let us recall some elementary facts about operators on direct sums and quotients of
Banach spaces. For a closed subspace Y of a Banach space X, denote the quotient
map by ¢: X - X /Y.

Proposition 2.6.1. Let T' be a bounded operator on a Banach space X and assume
Y C X is a closed invariant subspace. Then Tq(z) := q(Tx) (x € X) is well-defined
on the quotient X /'Y and ||T|| < ||T).

This proposition does not generalise to all unbounded operators, however, we get
the following for generators of semigroups. We will need it in Sections [3.3] and [3.4]

Proposition 2.6.2 ([EN00, 1.5.13 and 11.2.4]). Let T be a Cy-semigroup on a Banach
space X with generator A. Assume Y C X is a closed, T-invariant subspace, that is
Y is invariant under each T(t) (t > 0). Then

T(t)q(z) == q(TM)r) (rcX,t>0)

is a Cy-semigroup on X | 'Y and its generator A is gien by Aq(z) = q(Az) with
qD(A) = D(A). In particular, R(\, A) = R(\, A) (X € p(A)) is a resolvent.

The next example illustrates that, in general, taking the quotient with respect
to a closed invariant subspace does not preserve resolvents. If we have a resolvent
on X and Y is a closed subspace invariant under the resolvent, we might only get a
pseudo-resolvent on X /Y. This happens for the resolvent of a bounded operator T,

for example, if Y is not invariant under 7.

Example 2.6.3. Let T be the right shift on X = ¢;(Z). Then T is invertible, its
inverse is given by the left shift 7! = L. The subspace Y = (1(Z¢) is invariant
under L but not under 7. The operator L on the quotient X /Y is isometrically
equivalent to the (left) shift on ¢;(N), thus it is not invertible. Moreover, the resolvent

of T becomes a pseudo-resolvent on X /Y with non-trivial (1-dimensional) kernel
ker L.

We use the shorthand notation ¢, = £,(N) and for a Banach space X we write
l,(X) =£,(N, X) for 1 <p < 0.

Proposition 2.6.4. Let A be an (unbounded) operator on a Banach space X. For
1 < p < o0, define B on (,(X) by B(x,) = (Az,) with domain D(B) = {(z,) €
lp(X): z, € D(A), (Azy,) € 0,(X)}. If D(A) is dense in X, D(B) is dense in £,(X).
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Proof. The space of finite sequences with values in D(A), coo(D(A)), is dense in £,(X).
Also, cgo(D(A)) is contained in D(B). Hence, D(B) is dense in £,(X). O

In some of the examples in later chapters, we will work with weighted shift operators
on sequence spaces. There are two common ways to introduce a weight to a shift on
l, (1 <p < o00). We can either multiply each coordinate by a weight w after shifting
it, or we can put a weight m into the norm. For a sequence of positive numbers (m,,)

we define the weighted /,-spaces

6(m) = {(@a): Y mblal” < oo},

neN

1/p
I2lly = (D= mtlanl?)

neN

for 1 <p < oo and

£ (m) = {(@a): SUp M|l < o0},
neN

1] o0 1 = SUP M| ].
neN

We will illustrate here for the right shift that both methods of introducing weights are
equivalent. Let

Sw(xo, 1,2, ... ) := (0, wozo, Wy, . ..)

on X = {, for a positive sequence (w,). We see that S, is bounded if and only if

sup,,ey Wy, < 00. Let

T (o, 1,29, ...) := (0,20, 21, . ..)

on Y = {,(m). Then T}, is bounded if and only if sup,,cy (%) < co. The map

n

m(zo, 21, T, . .. ) 1= (womy t,mymy . L)

is isometric from X onto Y and intertwines S,, and 7T, if w and m are related by

w, = ot (n € N).

Mmp

A similar correspondence holds between weighted shifts S,, on ¢,(Z) and shifts T},
on a weighted space ¢,(Z, m). Depending on the context, we will work with weighted
shifts, and with the shift on weighted spaces.

The spectrum for weighted shifts S,, on ¢,(Z) was first characterised for p = 2

in [Rid70]. The same characterisation has later been extended to the cases 1 < p < oc.
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We follow the presentation in [BT10, Example 2.4 and Proposition 2.5]. It is easier to
formulate the results using the isometrically equivalent right shift 7}, on a weighted

(,(Z,m) space. Define

1/n 1/n
i+ (T,) = lim (inf m”*’“) i (T,) = lim (inf M ) ,
n—oo \ k>0 1My n—oo \ k<0 Mg_p

(2.11)

r*(T,,) = lim (sup n+k> , r (Tn) = lim (Sup i ) :
n=oo N k>0 My N0 N\ k<0 Mk—n

Proposition 2.6.5. Let 1), be the right shift on the weighted space £,(Z,m), for some
1 <p<oo. Then

o(T) = {x € C: min{i*(T},),i (Tn)} < || < max{r™(T;,),r (T0n)}}.
If r=(T,,) < it (T,,) then
Oap(Tr) ={N€C:i (T) <N <7 (Tr) } U{N € C: i (T0,) < A < rH(Thn) }-

Otherwise,
Oap(Tn) = o(Ty).
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Chapter 3

Inverses of Extensions

Sections and contain previously known results about invertible extensions for
bounded operators and for semigroup representations. We also give a new result for
bounded operators on Hilbert spaces (Theorem . Example will show that
lower bounds are not sufficient to describe fully the growth of inverses in extensions. We
then transfer the results for bounded operators to unbounded operators in Sections
and [3.4] In Section [3.5] we look at dissipative operators and left inverse semigroups
on Hilbert spaces. Finally, we will state a related theorem by Read, which allows one
to reduce the spectrum of a bounded operator to the approximate point spectrum by

extending the operator. This result transfers to generators of Cy-semigroups.

3.1 The inverse of a bounded operator

Let us start by looking at a result by Arens, which is stated here for a bounded
operator T" on a Banach space X. It gives a sufficient condition for when there is an

invertible extension of T'. The proof is adapted from [Are58, Theorem 3.5].

Theorem 3.1.1 (see [Areb8|). Let T be a bounded operator on a Banach space X

and assume that
|Tz|| > cllz]| (= € X)

for some ¢ > 0. Then there exists a larger Banach space Y 2 X and a bounded
operator S € B(Y) with ||S|| = ||T|| which restricts on X to S|y =T and which has
a bounded inverse with ||S7!|| < ¢ 1.

Furthermore, there is a unital isometric algebra homomorphism
p: {T}Y = B(Y)
with o(T) = S.
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Proof. First replace T by ¢~ T, so that we can assume ¢ = 1. We will construct the
space Y as a quotient of ¢;(X) and use the right shift R on this space. Let J be the
closure of the subspace
{I-TR)f: f e t(X)},

Y :=/0,(X) /J and define p: X — Y by p(z) = xey+ J where e is the sequence
(1,0,0,...). We have that |[p(z)|| < ||z|| for all z € X.

To show that the map p: X — Y is an isometric embedding we need to show that
lp(@)]| = ||z]| (z € X). Let z € X and let f € ¢,(X) be a sequence of finite support.
Then

lzeo — (I = TR)f|| = llz = fO)| + Y _[lf(n) = T f(n = 1)

n>1
where the sum is finite. We use the triangle inequality and the lower bound of T" to
see that

[z < [lz = fO)[| + 1/ (0)]]
< lz = fO)I+ T F0)]-
Repeating this step now on 7'f(0) in place of z we get
[zl < [lz = FOI + T £0) = fFOI+ T FD)]-

Some further iterations of this step show ||z|| < ||zey — (I — TR)f]|. Since sequences

(3.1)

of finite support are dense in ¢,(X) and as (I — T'R) is bounded, the estimate
2]l < lzeo = (I = TR)f] (3.2)

holds for all f € ¢1(X). By definition of the norm on Y, it follows that ||p(z)| > ||z||
for all z € X. This gives that p is an isometric embedding.
Define S on Y by

S(f+J)=Tf(n),+J (f€b(X)),

so that it comes from the coordinatewise multiplication by 7" on ¢(X). It is clear
from this definition that S restricts to 1" on p(X), that is pT" = Sp. Since the closed
subspace J is invariant under the multiplicative action of 7', we see that S is well-
defined and ||S|| < ||T||. Since X is isometrically embedded in Y, we thus must have
ST =17l

We still have to show that S is invertible on Y. Define V on Y by V(f + J) :=
Rf + J. Since J is invariant under R, the operator V' is well-defined and bounded by
\VII < ||R|| = 1. For f € ¢;(X) we have that

f+J=(f-TRf)+TRf+J=TRf+J
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so that SV =V S =1. So S is invertible and S™! = V.
In order to define the homomorphism ¢, let U € {T'}’. Define

(Myf)(n) :=Uf(n) (f€h(X)).
Then My has the same norm as U and J is invariant under M. So the operator
eU)(f+J):=Muf+J (f€b(X))

is well-defined and has norm ||o(U)|| < ||U]|, since Y is equipped with the quotient
norm. Also, p intertwines U and ¢(U). Since the embedding p is isometric, we get that
¢ is isometric. Moreover, it follows from the definition that ¢(U1Usz) = o(Uy)p(Us)
for Uy, Us € {T}, that is, ¢ is a homomorphism. Moreover, ¢(I) = I. O

The theorem can be applied to the right shift 7' € B(¢,) for 1 < p < oo where
T(ZL‘(), T1,T2, ... ) = (O, Loy L1y.-- )

It is clear that T is isometric, so it satisfies ||T'z|| > ||z| for all z € ¢,. For these
operators T', we have an obvious candidate for the extending space Y and the invertible
operator S. We can take Y = (,(Z) and let S be the right shift on Y. The commutant
of shift operators on Banach spaces was studied by Crownover in [Cro72]. If T is the
shift on ¢; or £, then the commutant can be identified with ¢;. A sequence f € ¢,

defines an operator
Up(z) ==Y fm)T"z (f € X),
n=0

which clearly commutes with 7. Every U commuting with 7" is given by such an f € ¢;
by [Cro72|. If we go to the extending bilateral shift S on ¢,(Z) or £+ (Z), the sequence
still defines an operator Vy = 3>, f(n)S™ which commutes with S and restricts to
Uy. It is easy to see that | V|| = ||U¢|| = || f||. For the shift on ¢, (1 < p < c0), the
construction in the proof of Theorem gives in fact the bilateral shift on ¢,(Z).
However, the same construction applied to the shift on /., gives a strict subspace of

l(Z). Both is shown in the next example.

Example 3.1.2. Let T be an isometry on a Banach space X. Douglas showed that
an isometric representation of a commutative semigroup can be extended to yield
invertible isometries, and there is a minimal extension which is unique up to isometry
([Dou69|). Let us denote this extension by U. Another extension S on a Banach
space Y can be obtained from Theorem [3.1.1] (with ¢ = 1), which is also an invertible
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isometry. The subspaces S™"X form an increasing sequence (with respect to set

Jsx

n>1

inclusion). The subspace

is dense in the extending space Y which shows that S is a minimal extension of 7', too.
By uniqueness S and U must be equal up to an intertwining isometry. To compare the

extension directly, note that for an operator T' Douglas’ construction uses the space
Yo = {(zn): 3k > 0 with x4 = T"2; Vn € N} C Lo(X)

with the norm ||(x,)]| := lim,,o||®s]|. The extending space is the completion Y; of
the quotient
Yo / {(zn) € Yo: [|(zn)[| = 0}

and X is embedded via x +— (T"x),. The isometric map between the space Y with
S and Y, with U is given by the correspondence of U %z and S~*z, or by their
representatives (T"x), in Yy and z ey, in £1(X) (z € X,k > 0).

For the right shift on £,, an invertible isometric extension is given by the right
shift on ¢,(Z) if 1 < p < oco. This extension is minimal if 1 < p < oo, while for p = oo

the restriction onto the closed subspace {x € (o(Z): lim, , o, x, = 0} is minimal.

The next example shows that, in general, the extending space Y constructed in

the proof of Theorem [3.1.1]is not a Hilbert space if X is one.
Example 3.1.3. Let Tj be the right shift on ¢, and
T=2T,—1.

Then ||Tz| > 2||Tox| — ||| > ||z|| (x € ¢2) and T satisfies the assumption of
Theorem with ¢ = 1. There is an obvious invertible extension for 7" on ¢5(Z).
We also get this extension if we take the extension of the isometry T and use the
homomorphism ¢ to extend the commuting operator 1" (see the previous example).
However, when applying the construction in the proof of Theorem to T', we get
a different extension which is not on a Hilbert space. Let Y be the extending space
which is constructed as a quotient of ¢1(¢3). To see that Y is not a Hilbert space, we
exhibit two elements x,y € f5 such that the parallelogram law does not hold over
xeg+ J and ye; + J in Y. Let us calculate the norm of the sum of two such elements.
Firstly,

lweo +yer + J|| = inf (Hx +goll + lly + 91— Tgoll + D llgn — Tgn1||>
gn€L2 n>2 (33)

> inf (|l + gl + [ly — Tgl)).
g€l
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Here, we apply the estimate (3.2) to y — T'go, and we get equality in (3.3)) by choosing
gn =0 for n.> 1. Take y € ker T* = (ranT)* and z = 0. Since ||y — Tg|*> > ||y||* for
all g € £y (as (y,T'g) = 0 by choice of y) we get

lyer + 71| = inf (llgll + lly — Tgll) = llyll
For y =0 and z = (1,0,0,...) we get
|zeg + J[| = inf ([[z + g[[ + [ T'g[|) = [|].
g€ls
So for y € ker T* with |ly|| =1 and = (1,0,0,...) we have
2l|xeq + J||° + 2|lyeo + J|* = 4.
On the other hand, making use of the fact that y € (ranT )L we have

lzeo —yer + J|| = [lweo + yer + J]|

1/2

00 1/2 00
— inf ([T o+ D1tal?) T (Il + ol + D[t — 2t P)
n=1 n=1

(tn)Gfg

We can estimate this from above by choosing (¢,,) = (¢,0,0,...) which gives

|veg +yer + J|| < 1+t +1/1+5[t)* < 2

for —% < t < 0. Hence,
2|ze + J|° + 2||lyer + J||* # ||zeq + yer + J||* + ||xeq — yer + J||
and Y is not a Hilbert space.

The example shows that Theorem does not preserve Hilbert space structure.
The construction in Theorem |3.1.1| can be adapted to Hilbert space operators, as
shown by Badea and Miiller (see [BMO05, Corollary 4.8] — their proof gives weaker
estimates than Theorem on the bounds of the extensions). They noticed that
the same construction can be made using the X-valued /¢s-sequences. We give the

proof here for illustration.

Theorem 3.1.4 (see [BM05, Corollary 4.8]). Let T' be a bounded operator on a Hilbert
space X and assume that
[Tz| = cll=]] (2 € X)
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for some ¢ > 0. Then there exists a Hilbert space Y O X and a bounded invertible
operator S on'Y such that Sx = Tx for all v € X and ||S7F|| < ¢ *2*+D/2 for qll
k>1.

Furthermore, there is a unital homomorphism
p: {T} — B(Y)
with o(T) = S and ||e(U)|| < V2||U|| for all U € {TY}'.

Proof. Replace T by ¢~'T if necessary to assume that ¢ = 1. We will give a construction
similar to the one for Theorem [3.1.1] but this time on ¢5(X). Let J be the closure of

{(I-V2TR)f: f € t:(X)},

and let Y be the quotient space lo(X) / J.
Consider the embedding p: X — Y and let z € X. Note that (a + b)* < 2(a®+ b?)
for all real numbers a,b. Using this and (3.1)) we have

l2]1* < 2llz = FO)I° + V2T F(0)],
where f is a sequence with values in X. Repeating the argument yields
lz[* < 2llz = FO)II* + 2[[V2T£(0) = F(VII* + V2T £ (1]
Iterating further shows that

=] < 2[le = FO)I* + D2l f(n) = V2T f(n = 1)||* = 2||zvey — f + TV2Rf|*
n>1
for all sequences f € ¢5(X) of finite support.

Since the norm on Y is the quotient norm with respect to the subspace J, this
shows that [|z]| < v2||p(z)|. It is clear that the inequality ||p(z)| < |/z| holds.
So the embedding p is isomorphic. The operators S((z,) + J) := (Tx,), + J and
V(f+J):=(V2Rf,), + J, are well-defined and satisfy ||S|| < ||| and ||V]| < V2.
Again, we have that SV = V.S = [ as can be verified by a simple calculation.

To get an isometric embedding, we have to renorm the space Y. This is easily
achieved, as the closed subspace p(X) has an orthogonal complement in Y. We can

use the Hilbert norm

(e X,y e pX)h).

lp(z) +y| = (lllx + llvlly)
This satisfies ||y|| < |y| < V2||y|| for y € Y and |p(x)| = ||z| 4 for z € X.
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For an operator U € B(Y) we have
Uyl < V2lUy < V2|UllIyl (y€Y)

so that |V*| < 2*+1/2 for the operator norm of V* with respect to the norm |-|.

Finally, note that each U € {T'}' defines an operator
p(U)((xn) +J) = (Uzn) + . ((xn) € b2)

with p(U)p = pU, and |p(U)] < V2]e(U)] < V2|U]. B

The difference between Theorem [3.1.4]and Theorem [3.1.1] apart from them treating
different types of spaces, is quite evidently in the norm estimates on the homomorphism
¢ and on the inverse S™!. The next theorem, Theorem [3.1.5, gives the optimal bound
for the extension S and its inverse while still preserving the Hilbert space structure.
However, the extension of commuting operators is no longer guaranteed, that is we do
not obtain the homomorphism ¢ for commuting operators. The idea we will use in the
proof resembles a construction for some subnormal operators, namely a construction
that gives a normal extension for quasinormal operators (see |Con81, Chapter III,
Proposition 1.7] for example).

The proof of the next theorem makes use of the polar decomposition of an operator
T on a Hilbert space X. It allows us to write an operator T" as the product T'= UP
of a partial isometry U and a positive operator P. We give a brief description of
how the polar decomposition is obtained for a closed, densely defined operator T
(see |[Kat76, Chapter VI, Section 2.7]). Let P = (T*T)% be the positive square root
of T*T with D(P) = D(T). The map ran P — ranT given by Px — Tx is isometric,
since ||Pz||* = (P?z,x) = (T*Tx,z) = ||Tz|” for « in the dense set 2 € D(P?). So
the map can be extended to an isometry U between the closures of the ranges. Extend
U on (ran P)l by 0, then U is a partial isometry. The operators T" and P have the
same domain and T = UP.

Although the following theorem does not include an isometric homomorphism

from the commutant of the operator as Theorems |3.1.1| and [3.1.4] do, we still have

a weaker property. Note that if a (unitary) homomorphism ¢ maps ¢(T') = S then
©(R(A\,T)) = R(\,S) for A € p(T), and in particular o(S) C o(7T). This spectral

inclusion still holds in the next theorem.

Theorem 3.1.5. Let T be a bounded linear operator on a Hilbert space X. Assume
that
[Tz]| = cflz  (z € X)
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for some ¢ > 0. Then there exists a Hilbert space Y O X and an invertible operator
S € B(Y) such that Sx = Tx for allx € X, ||S|| = ||T|| and ||S7}|| < ¢™'. Moreover,
we have that o(S) C o(T).

Proof. 1t T is invertible, the statement becomes trivial. So let us assume that 7T is
not invertible. Substitute T" by ¢ 1T so we can further assume that ¢ = 1.

Let T = UP be the polar decomposition of T into a partial isometry U and a
positive operator P. Let us show that U is an isometry and that P is invertible. Since

T is expansive we have
2 * *
l2)” < (T"T'w, z) < [T Tfl[Jx]| (2 € X).

The first inequality implies that 7*T has dense range. From the inequality ||z| <
|T*Tx|| we see that T*T is injective and has closed range. So T*T must be invertible
and P is invertible, too. The partial isometry U has kernel ker U = (ran P)" = {0}
which shows that U is an isometry.

Take the /5-direct sum Y = X & X and let

g . v 1-uvu*\ (pP 0\ (T I-UU"
~\0 U 0o 1) \O U
Since U is an isometric operator, the first matrix is a unitary operator, and we note

that the unitary dilation of U is the restriction of this matrix to a subspace of Y. The
image of the orthogonal projection I — UU* is (ranT)" = (ranU)" so that

I1S@ I* =Tz ” + (L = TUl* + |UUI* = ITz]” + yll*  (2,y € X)

which is bounded from below by ||(z, y)||* and bounded from above by ||T||*||(x,v)||*.

The following operator is an inverse of S.

g1 _ P10 U* 0\ [ P'U* 0
~\o0o I1)\u-vuvruv) \UI-UU* U
We get that ||S71|| < 1 since ||S(x,v)|| > ||(z,y)]]. So S is an invertible operator with
IS|l = |7 and |S7Y| < 1.
Let us now deal with the spectral inclusion. Let us first show the inclusion
o(U*) C o(T). We will do this by showing that o(U*) C D C o(T) where D is the
closed unit disk. Since ||U*|| < 1, its spectrum is contained in . On the other hand,

0 € o(T) since T is not invertible. Since

(T = Nazf| > [ T] = [Alle] = (1 = [ADll=] - (z € X;A € C),
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it is clear that o,,(T") C {\ € C: |A| > 1}. The boundary of the spectrum is included
in the approximate point spectrum of an operator, and since 0 € ¢(7") by assumption,
we have D C (7). Consequently, if A € p(T) then A € p(U*) and the matrix

ROLT) ROLT)(I — UUSR(N U”)
R(A,5) = ( 0 RO\ U) )

is an inverse to A — .S so that A € p(S). O

In Theorem we constructed an extending space which in fact is minimal. This
follows since the elements xe, for x € X and n > 0 are dense in the quotient space
which acts as the extending space in the proof of Theorem [3.1.1] For the extension
S on Y from Theorem [3.1.5) we can find the minimal extending space Z, that is

the smallest closed subspace Z C Y which contains X and on which S is invertible.

Jsmx.

n>0

Clearly, Z is the closure of

We can give a more explicit description of Z in terms of the isometry U from the polar

decomposition T'= UP. We have
7 =X @span{U"(I —UU"x: v € X,k > 0},

or

k=0

where Zj, := ran (U*(I — UU*)) (k > 0). The subspaces Z, are pairwise orthogonal
and also orthogonal to X x{0} C Y. In this decomposition, STy = T, S maps Z
isometrically onto (ranT)* in X, and Zj, onto Z;_; for k > 1. Note that for invertible
T, U is unitary and (I — UU*) = 0 so that Z = X as expected.

Suppose there is another extension of 7' given by S on a Hilbert space
=X @ 7
k=0

where the Zj, are pairwise orthogonal subspaces. Suppose further that S| x =1 and
that S maps ZO expansively onto ran 7+ and Zk onto Zk_l. It can be shown that the

map 7: Z — Z defined by
r(S™"z) =Sz (n >0,z € X)

intertwines S and S and that 7 is contractive. The fact that such an intertwining map

7 exists for all pairs (5’ Z ) as described above can be seen as a universal property
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of the pair (S, 7). If S'[Zk is not only expansive for k£ > 0 but isometric, then 7 is
unitary. So S is uniquely determined by the decomposition of Z and by acting as an
isometry when restricted to the subspaces Zj.

Any extension S (with S| 7, expansive) has a polar decomposition and it can be

shown that in matrix form, they can be expressed as

(0 5) (0 o)

Here, T = UP is the polar decomposition of T, (¥ 4) is unitary, @ is positive and
Qlz, 1s an expansive isomorphism of Z,, for each k > 0.

We have seen two results which allow us to find an invertible extension S on a
Hilbert space Y for a given operator 7" on a Hilbert space X. In Theorem
the extension allows a unital homomorphism ¢ by which we can extend operators
commuting with 7. Unlike in Theorem |3.1.1} ¢ is not isometric and the norm estimates
on S and S~! are not optimal. That is, we do not have ||S|| = ||T]| and ||S7!|| <1
when we assume that ||7z|| > ||z|| for all z € X. On the other hand, in Theorem [3.1.5]
we do get the optimal bounds ||S|| = ||T'|| and ||S™!|| < 1, but we possibly do not have
1S™| < [|T|| for n > 2. Also, we do not have a unital homomorphism ¢ defined on
the commutant of T'. This leaves a gap between the two results. We can ask whether

a result similar to Theorem [B.1.1] exists.

Open Question 3.1.6. For which operators 7" on a Hilbert space X with || Tz|| > ||z||
for all x € X exist an invertible extension S of 7" on a Hilbert space Y containing

X isometrically and an isometric unital homomorphism ¢: {T'} — B(Y') such that
p(T) = 57

This is trivially possible for invertible operators 7', and by Douglas also for isometric
operators T' (see Example . No example is known where the answer is negative.

Let us consider operators which are similar to expansive operators on Hilbert space.
Let T € B(X) be an operator on a Hilbert space X and assume there is an equivalent
Hilbert norm ||-||" such that |Tx||" > ||z for all # € X. We can apply Theoremm
to T on (X, ||-|') and get an invertible extension S on a Hilbert space (Y, ||-||3) such
that ||S~1|' < 1. Let P be the ||-||;-orthogonal projection onto X and renorm Y by

2
lylls- = I1Pyll* + 17 = Pyylly” (€Y.

This gives an isometric embedding of (X, ||-||) in the Hilbert space (Y, ||-]|y-) and we

see that S is an extension of 7. Moreover, S~ on (Y, ||-||y) is similar to a contraction.
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If we assume that 7" has an extension S such that S~! is similar to a contraction, we

see that T is similar to an expansive operator. Similarity to contractive operators on

Hilbert space is characterised by complete polynomial boundedness (see [Pau84]). So

an operator T on a Hilbert space is similar to an expansive operator if and only if it

has an invertible extension S such that S~! is completely polynomially bounded.
Let us look at the weighted shift on /5,

T(SL’Q,JIl,IQ, .. ) = (O,woxo,wlxl, .. )

where w: N — (0, 00) is the weight of T. Since we want 7" to be bounded we require
that sup {w,: n € N} < oo. Also, we assume that w, > 1 for all n € N which is
equivalent to ||Tx|| > ||z|| for all x € 5. In the case of the (unweighted) unilateral shift
we would have w, =1 for all n € N, and the extension S on the space Y constructed
in the proof of Theorem is isometrically isomorphic to the (unweighted) bilateral
shift on ¢5(Z). If the weight w is different and we were looking for an invertible
extension amongst the weighted shifts on ¢5(Z), there is no longer a natural choice for
the weight of the extending shift. In this case, Theorem gives a weighted shift
on ¢5(Z) and it simply extends the weight w of the fo-shift T' to the negative integers
by w, =1 for n < 0.

Since the idea used for the construction of the extension in Theorem [3.1.5]leans on
the construction of normal extensions for quasinormal operators, one might wonder
whether the extension S of T"is subnormal, for example, if 7" is a subnormal operator
on a Hilbert space X such that ||Tx| > ||z| for all z € X. The following example

shows that the extension S need not be subnormal when 7T is.

Example 3.1.7. Let T be the weighted shift on ¢ with weight w: N — (0,00). We
saw that T satisfies the assumptions of Theorem [3.1.5| with ¢ = 1 if there is M > 1
such that 1 < w, < M for all n € N. In fact,

|T|| = sup w,,.
n>0

The extension S of T is given by the weighted bilateral shift on ¢5(Z) with weight

B(n) = {w(n) neN

1 otherwise.

If T is subnormal, it must be hyponormal which means that T*T > TT™. For the shift
T this is the case if and only if the weight w is increasing (see |Con81, Chapter III,
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Propositions 4.2 and 8.6]). Not all increasing, bounded weights w give subnormal

operators, as can be seen from [Con81|, Chapter III, Proposition 8.18].
Take
1 =0
wn) =4, "
2 n>1.
This gives a subnormal weighted shift (see [Con81, Chapter III, Example 11.4]). The

invertible extension S from Theorem [3.1.5|is the shift with weight

1 n<0

w(n) = {2 n>1.

We can show that S is not subnormal. We will use condition (e) from [Con81}
Chapter III, Theorem 1.9]. It says that S is subnormal if and only if

n

> (SR ST R > 0

5,k=0
for all n > 0 and fy, ..., f, € f5. We can rewrite this sum as
DD L)) i+ + k=17 = (A F(r), f(r) g
J.k r€Z reZ

where A(r) is the (n+1) x (n + 1) matrix (a;x);,_, with
ajp=wr) . wr+j+k—-17% (k=0,...,n),

and f(r) is the vector (fi(r));_,- So if we can show that for some n and r the matrix
A(r) is not positive semi-definite, we get that S is not subnormal. For n =2 and
r=—1 we get

1

4

6

and we see that this matrix has a negative eigenvalue. In fact, its characteristic

1
A== |1
1

IS
—_

polynomial is 2° — 1822 + 152 + 9, a continuous function which tends to —oo as
xr — —oo and takes a positive value at x = 0. So S is not subnormal.

For this example, the minimal normal extension N of T is identified in [JJS13,
Remark 4.3] as a shift on the directed tree Z U {w } where w ¢ Z is a single point
that branches off at 0. So N has a one-dimensional kernel (the functions that are

supported on w) and cannot have an invertible extension.
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3.2 The inverse of a semigroup representation

The results in the previous section give an invertible extension for a single operator T
on a Banach space or a Hilbert space X. When we try to find the inverses to a family
of operators, this brings us to semigroup representations. The simplest example is
the extension of two commuting operators 7} and 75. They define a representation of
N2 by (m,n) — T/Ta. If there are invertible commuting extensions S; and S, on a
Banach space Y then they extend the representation of N? on X to a representation of
72 on Y. Similarly, one can look at more general abstract semigroup representations.
We assume that G is a semigroup contained in a locally compact abelian group &
such that & = & — &. This setting was studied in [BYO01]. To state an extension

result, we need the following definition.

Definition 3.2.1. Let T be a representation of a semigroup & on a Banach space X.

We say that 7' is super-expansive if
]l < lall + - -+ [l

whenever
Tt)x =Tt + -+ T(ty)z,

with ¢, ¢, € & U {0} such that t —t; € U {0} and z,z; € X.

Theorem 3.2.2 ([BY01} Theorem 3.3]). Let T' be a representation of a semigroup & on
a Banach space X. Assume that T is super-expansive. Then there is a representation
U of & on a Banach space Y D X such that U(t)x = T(t)x for allx € Xt € &
and |[U(=t)|| < 1 for allt € &. Moreover, there is a unital isometric algebra

homomorphism
p: {T} — B(Y)

such that for every V€ {T(t): t € &} we have o(V)x =V for allz € X.

For semigroups & with & = & U (—6), super-expansiveness is equivalent to
expansiveness ([BY01, Proposition 2.2]). For example, a representation of N given
by n +— T™ is super-expansive if ||Tz| > ||z| for all z € X, or a Cy-semigroup T is
super-expansive if ||T'(¢t)x| > ||z for all z € X, ¢ > 0.

Motivated by the construction used in the proof of Theorem in [BYO1],
Badea and Miiller found a way to describe the existence of invertible extensions for
operators 7' such that the powers of the inverse S satisfy ||S7"| < ¢, (n > 1) for

some sequence (c¢,) (see [BMO05]). We assume the sequence (¢,) is submultiplicative,
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that is, it satisfies ¢pin < ¢me, (m,n > 1). In [BMO5], extensions S which allow an
isomorphic embedding of the Banach space are considered. We state the following

variant of their main result for isometric embeddigs.

Theorem 3.2.3 (variant of [BMO5, Theorem 3.1 (ii)]). Let (cn),>, be a positive,
submultiplicative sequence. Let T' be a bounded linear operator on a Banach space X

and suppose that whenever
Tz =xg+Tx1+ - +T" o,y

we have that

2]l < eallzoll + cnallzall + - - + erllzn |-

Then there is an invertible bounded operator S on a Banach space Y DX such that
Sx =Tz forallz € X, ||S|| = ||T|| and ||S™"| < ¢, for alln > 1.

Moreover, there is a unital isometric algebra homomorphism
{1} — B(Y)
which maps T to S.

This statement also generalises to representations of abelian semigroups &, as
in Theorem [3.2.2l We will only need the following version for Cy-semigroups later
in Section [£.7] Similarly to submultiplicative sequences, we say that a funcion
c: Ry — (0,00) is submultiplicative if ¢(t1t2) < ¢(t1)c(ts) for all 1,5 > 0.

Theorem 3.2.4 (|[BMO05, Remarks 3.2.(iv)]). Let ¢: Ry — (0,00) be a submultiplicat-

we function. Let T be a Cy-semigroup on a Banach space X such that
]l < e(tn)llzoll + c(tn-a)lzall + - 4 cta) |

whenever T'(t)x = T(t))xy+ -+ T(ty)r, and 0 < t; <ty <--- <t, <t. Then there
is an isometric embedding X C'Y and a Cy-group S on'Y with S(t)x = T (t)x and
|1S(=t)|| < c(t) for allz € X,t > 0.

Simple examples of multiplicative sequences are constant sequences (¢,) with
¢, =M (n > 0) for some M > 1. For representations of N, that is the powers of an
operator T', we saw the following in Theorem [3.1.1] An operator T" has an invertible
extension S with ||S7!|| < 1 if and only if | Tz| > ||z| for all z € X. If T has an
extension S with ||[S7"|| < M for all n > 0 then T satisfies |[T"z|| > 1;||z| for all
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z € X,n > 0. Example [3.2.7, which is based on the next example, shows that an

operator 1" can satisfy
[T"z|| = cllz]|  (z € X,n=>0)

for some ¢ > 0 without having an extension S with power bounded inverse.

In the following example, we use the shift operator on a weighted L., space over a
specially chosen (directed) tree to construct an operator with a lower bound ¢, but for
which no invertible extension has power bound smaller than ¢! for some chosen € < c.
In the construction, we aim to violate the condition from Theorem to say that
no such invertible extension exists. We achieve this by taking a function f which is
supported on the root of the tree. The shift will ‘split’ the function at those vertices,
where the tree has two branches. This allows us to rewrite an image of the function
f under the shift in terms of functions f,, with connected support. We can choose
the functions f, in such a way that the norm condition of Theorem is violated

1

for the submultiplicative sequence ¢, = ¢~ where ¢ is the lower bound of the shift

operator.

Example 3.2.5. Let M, c, € be such that M > 1 > ¢ > € > 0. We find an operator T’
such that
IT"x|| > c||z| (x€ X,n>0)

and ||7']] < M, and if S is any invertible extension of 7" then
sup [[S7|| > et >t
n>1
Find a positive integer k such that ¢ < 5 and M k% > lﬂ_c and find some €' such
that § < %e’ < e—c* Then M*¢ > 1. Let
Q={(m,n)eN*n=0ork|m}

and let X be the weighted ¢..-space (or co-space) on this set with the norm

11} = sup {wmnl fmnl: (m,n) € 2}

clm/kl n =0,
Wm,n =
' Mne ™k > 0.

where
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So X consists of all functions f:  — C such that || f|| < oo (or of the norm closure
of the finitely supported functions for the separable co-space). Define T on X by

0 m=mn=10
(Tf)(m,n)=4q f(m,n—1) n>0
f(m —1,0) otherwise.
This definition gives a bounded operator T'. To get the bound of T', we have to estimate
Tl = sup {wmn|(Tf)(m,n)|} in terms of || f]|. So it is sufficient to estimate each
term w,, ,|(7'f)(m, n)| separately. For (m,n) # (0,0) we get
Wm,0

Wi (T f) (m,m)| = { 10

wm-10/f(m —1,0)] n=0,

Winpn—1|f(m,n—1)| n>0.
wm,nfl
So the norm of 7" is bounded by (and in fact equal to) the supremum of the fractions

w Wm0 .
TR < M and —==— < 1, that is
Wm,n—1 Wm—1,0

1T < M.

Let us show that ||T"f|| > ¢||f]| for all f € X and i > 1. Let f € X and i > 1. To

calculate the lower bound, we can estimate || f|| in terms of ||T° f||. We first find that

0 m+n <1
(T'f)(m,n) = { f(m,n — 1) n>i
f(m+(n —1i),0) otherwise.

The values of T'f at two different points can be defined by the same value f(m,n).

We can make suitable choices and rearrange these equations to get

(T f)(m,n +1) n>0
f(m,n) = ¢ (T"f)(m +1,0) n=0,i<k+d
(Tif)(m+di—d) n=0,i>Fk+d

where d = k[m/k] —m is such that m + d is the least multiple of k& which is at least

as big as m. Multiply this by w,,,, and estimate the following fractions:

Wiy MnCLm/kj ¢ o1 0
Winnti - Mnrticlm/k]e — n>4u,
Lm/k]
Wm0 - c —1 o .
Wmio = Tt 0/A] <c n=0,i<k+d,
lm/k]
Wm0 ¢ <! n=0,i>k+d

Wintd,i—d = Mi—declimtd k] =
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This shows that
IfIl<cHT I (f € X0 > 1),

Now we will estimate the power bound for the inverse of an invertible extension S
of T from below. Denote by e,,,, the function which is supported on (m,n) and has
the value 1 at this point. Note that

k k
k241 o _ k(k—i
T" Tegp = ep2q10 + E €Lik(k—i)+1 = €k241,0 T E T )e/m',1
i=0 i=0

and

k k M
leweeroll + D llewiall = ¢ + D Mec' < +é— <
i=0 =0

Let S be any extension of T. If we had ||S™"|| < ¢! for all n > 0 then
1= [leooll = [[$7F 71T eg]| < 1

and we see that this cannot be true. So T' has the stated properties.
Remark 3.2.6. In the example, we could also arrange that 7" is power bounded. For
this we would have to change the weight, say to

clm/k] n =20,

Wi = 8 MPec™F 0 <n <k,

MFE ek | <.
We note that the power bound is M*, which can be chosen close to ﬁ by varying
M.

Given M > 1> ¢ > 0, we can find an example of an operator T with
[T"x]| = cllz]]  (z € X,n>0)

such that for any invertible extension S of 7', S~! is not power bounded. One way of
doing this is to vary Example by introducing a dependence of ¢ in the definition
of Wy, , on the coordinate m to make € decreasing in m. This also has the effect
of making k depend on m. We choose an alternative way and take a direct sum of

operators from the previous example for different values of e.

Example 3.2.7. Let M > 1> ¢ > 0. Forn > ¢!, let ¢ = 1 and let T, be the
operator from Example [3.2.5, on a Banach space X,,. For n > ¢!, we have

1Tl < M,
1Tzl > cllzll (k> 0,2 € X,)
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and if S, is an invertible extension of T}, then sup,sq ||S,*|| > n. Define T on the (o
direct sum X =@, .1+ X,, by T(z,,) = (T, z,,). Then T is bounded, as

n>c

1T ()|l = sup [|Tozall < Ml|(za)ll ((z0) € X)

n>c-

and T has the uniform lower bound
IT" ()| > cll(zn)]| (k> 0, (z,) € X).

If S is an invertible extension of 7', then S is also an invertible extension of each T;,.

Thus supysg ||| > n for every n > ¢! so that S~! cannot be power-bounded.

Remark 3.2.8. In this example, we can use the power bounded version of Example|3.2.5
which was mentioned in Remark [3.2.6, We could then construct 7' in Example [3.2.7]
such that ||T"|| grows less than exponentially fast in [ > 0. That is, given a > 1, we
would have sup;s o'||T"|| < oo. For this, we should fix ¢ > 0, and choose decreasing
bounds M, say M,, = ./\411/2n7 to find T, (we still assume ¢ = =).

We can adapt Example to Cp-semigroups by changing from the discrete

domain €2 to a continuous domain.

Example 3.2.9. Let M > 1> ¢ > ¢ > 0 be given. Find & > 0 such that ¢* < € and
MFeE > Me qnd ¢ such that S < 2L ¢ < e—cF. Then M > M*1(1-¢)<= > c.
Let

Q= {(z,y) eR:z=0o0ry € kN}
and define maps T'(t) by

flx—t,y) t<z
(T (@,y) =4 fOy—t+a) z<t<z+y
£(0,0) otherwise

for ¢ > 0 and for functions f: Q — C. The operators satisfy T'(s)T'(t) = T'(s + t) for
t,s > 0. Let u denote the one-dimensional Lebesgue measure, which we can use on ).

For a weight w: 2 — (0, 00) we can define the weighted L, norms

(Jo [fIPw? du)t? 1< p < o0,

esssup | f|w p = 0.
0

1A, =

We will work with the oco-norm. Before we specify the space on which we are working,
let us define a weight w. Define
1 r=y=0,
w(z,y) = cVk=1 2 =0y>0
dRMEE x> 0.
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Let X be the Banach space
X={f:Q-C: [ f]lso,0r < 00, f is continuous }
and let X be the closed subspace
X={feX:f(0,0=0,f(z,y) = 0as (z,y) — o0 }.

Continuous functions on €2 with compact support are dense in X. Moreover, the
operators T'(t) are bounded on X for ¢ > 0. Indeed, observe that

w(z +t,y) < Mw(z,y)

w(0,y +1t) <w(0,y) IS SE=

which implies that [|T'(¢)|] < M* for all t > 0. It is clear that X is invariant under
T(t) (t > 0). Strong continuity of T" follows easily for continuous functions with
compact support, as T" acts as a translation. Since these functions are dense in X,
and since ||T'(¢)|| < M for 0 <t <1, we have ||T(t)f — f|| = 0ast — 0 for all f € X.

Hence, T is a Cp-semigroup. We show next that
[T@ Il = cllfIl (f e X, t=0).

Let f € X and ¢t > 0. We shall show that ||f|| < ¢7!||T'(¢) f]|. We can do this pointwise.
If (z,y) € Q with > 0 then clearly

w(z,y)|f(z,y)| S w(z+t,y)f(z,y)| = wz+L,y)[T)f(z+ 1t y)] (3.4)
If # = 0 choose n = [y/k]. Then either 0 < ¢ < (nk —y) + k and
w(0,y)|£(0,9)] < ¢ w(0,y + )T () f(0,y + 1), (3.5)
ort > (nk—y)+k and
w(0,y)[f(0,9)] < ¢ Mw(t — (nk —y),nk)|T () f(t — (nk —y),nk)|.  (3.6)

The terms on the right hand side in (3.4)), (3.5 and (3.6) are bounded by ¢||T'(¢) f]|.
We can take the supremum over (z,y) in (3.4)-(3.6) to get that ¢||f|| < ||T°(¢) f|.

Next, we will show that for any extending group S of 7" we have

sup [|S(—t)| = €.
>0
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Let 0 < 0 < k and take a continuous function ¢: R — [0, 1] with support in (0,4) and

=0,y 20,
R

Then f € X and ||f|| = 1. For i > 1, let

fil,ik) = {w(m) y = ik,

0 otherwise.

sup,cr () = 1. Let

Then f; € X and ||fi|| < M°ci~1¢. Finally, let

CJely—k) =0
g(z,y) = {0 v >0,

so that g € X and [|g|| = ¢*. We have

k

TR f =g+ Y T(k(k—i)f;

i=1

and

k
1
lgll + D Ifl < &+ E/M(S:
=1
< r(e—-cM<e

If S is an extending group of T" then

L= [IS(=K)T (&) f]| < [IS(=k*)] <||9|| +Z||fi||> < sup[|S(—t)lle.

i=1
We see that sup, [|S(—t)|| > ¢~ must hold.
Remark 3.2.10. The generator of T in Example is the operator Af = —f’ with

maximal domain
D(A) ={f € X: [ is differentiable and f' € X }.

Example 3.2.11. We can repeat the direct sum construction from Example

this time for Cy-semigroups 7, from Example [3.2.91 What we get is the following. Let

M > 1> ¢ > 0. There exists a Cy-semigroup T on a Banach space X such that
[Tl <M

(x € X,t>0),
[T@)z| = c|=|

and if S is any extending Cy-group of 7', then sup,- ||S(t)|| = co. Note that this in

particular implies that 7" is not similar to an expansive Cy-semigroup.
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Let us now turn to Cy-semigroups on Hilbert spaces.

Example 3.2.12. We can use the shift operator from Example 3.2.9 on the Hilbert
space X = Lo(Q, w, 1) with norm

12 = / P d

It is easy to see that T'(t) is bounded for ¢ > 0 and that 7" is a Cy-semigroup on X.
Indeed, we can estimate ||T'(¢)]| by

1T f|I” = /|T(t)f|2w2 du
Q
< 2M2t/w2du (feX,0<t<k).
N Q
= 2M| f|”

This implies | T'(¢)|| < v2M?* for 0 < t < k. Hence, we get the trivial estimate
1/k t
Il < v2(v2" M) (=),

Let us verify the inequality
[T@ Il = cllfIl (f € X, t=0).

For this, let f € X, (z,y) € Q and t > 0. In (3.4)-(3.6|) in Example [3.2.9, we found

w(z +t,y)|T) f(z+1t,y)] x>0,
w(z, y) f(z,y) < Sw(0,y+6)[T(E)f(0,y + 1) r=0,t<k—-y, (37
w(t+y,nk)| T f(t+y,nk)] z=0,t>k—1v,

where ¢/ = y —nk and n = [y/k]. To calculate ||f|, integrate |T(t)f|*w?® over
(x,y) € Q. Split the integral into contributions from the disjoint subsets

{(xy):z>0} {0y):t<k—y+[y/kl}, {(0,y):t>k—-y+[y//k]}.

We can estimate each contribution pointwise by . Now take the sum of these
inequalities and use the triangle inequality to get || f|| < ¢ Y|T(t)f].

To see that no extending group S of T' can be bounded by e}, we can use the same
method as in Example . This time, we can choose ¢ > 0 with supp¢ C (0,0)

and [, p(z)*dz = 1.
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Consider a Cy-semigroup 7" on a Hilbert space X. We shall try to find an extending
Cy-group on a Hilbert space. The results we obtain do not resemble Theorem [3.2.2] or
Theorem [3.2.4 Remember that in Theorem [3.1.4] we get an invertible extension for
a single operator on a Hilbert space. We can use the extending homomorphism to

obtain the following result for Cy-semigroups on Hilbert space.

Proposition 3.2.13. Let T be a Cy-semigroup on a Hilbert space X . Assume that
[T ()] = cllz]| (z € X,t>0).

for some ¢ > 0. For each w > 0, there exist M > 1, a Hilbert space Y D X and a
Co-group S on'Y such that S(t)x = T(t)x and ||S(—t)|| < Me*! for all x € X,t > 0.

Proof. Let a > 0. We can apply Theorem to T'(«) to find an extending group S
of T on a Hilbert space Y D X. To find S, we can define it by

S(t) = @(Tt) (t=0),

where ¢ is the homomorphism defined on the commutant of 7'(a). Since ||| < v/2,
the Cp-semigroup S has the same exponential growth as 7. Moreover, S(a) = ¢(T(a))
is invertible. Restricting to the largest subspace on which S is strongly continuous, if
necessary, we can assume that S is strongly continuous on Y. Hence, S is a Cy-group
on Y and S extends T'. For the powers of S(a)™!, Theorem m gives the estimate

\/§TL+1

CTL

[S(=an)|| <

(n>1).

This implies
IS(=t)Il < Me* (¢t > 0)

where w = W%: and M > 1 is chosen suitably. So for any given w > 0 we can
choose a = log\/g——logc > 0 to get an extension S such that wy(S~) < w, where S~ is
the semigroup S~ (t) = S(—t) (t > 0). O

There is another construction of an extending Cp-group on a Hilbert space, which
is based on work by Zwart (see [Zwal3, Theorem 3]). In this result, an estimate on
the norm of ||S(t)]| for ¢ € R is not immediate. That is, we do not know how ||S(t)||
and || T(t)|| can be related for ¢ > 0. Also, if we assume further that ||7(¢)z| > ||z||
for t > 0, for example, the theorem does not say anything about ||.S(—t)|| for ¢ > 0.
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Theorem 3.2.14. Let T be a Cy-semigroup on a Hilbert space X. Assume that
[T@)z]| = c@)|z] (z € X,t>0)

for some c(t) > 0. There exist a Hilbert space Y D X and a Cy-group S on'Y such
that S(t)x = T (t)x for allt > 0,2 € X.

Proof. Let A be the generator of T'. By [Zwal3, Theorem 3], there exist a bounded
operator () and an equivalent Hilbert space norm ||-||" on X such that A+ (Q generates
an isometric semigroup T.

As an isometric semigroup, T has a unitary extension S to some Hilbert space YV
with a norm ||-||3. We now renorm the space Y. Let P be the orthogonal projection

in Y onto X, orthogonal with respect to |-/}, and let

2
lylls = IPyll* + I = Pyylly” (e Y).

This defines a Hilbert space norm on Y which is equivalent to ||| and is equal to
||| on X. Let B be the generator of S and let S be the Cy-group generated by the
bounded perturbation B = B — QP. Then B extends A and S extends 7. O]

3.3 The inverse of an unbounded operator

The results presented in Sections and applied only to bounded operators.
We can also try to find an extension with a bounded inverse for an unbounded
operator. The technique used in Theorems |3.1.1| was originally formulated for Banach
algebras and could be easily reformulated for bounded operators. But the results
from Section cannot be directly generalised to unbounded operators. However,
we will find some positive results for generators of Cy-semigroups. In the case of
Theorem [3.1.5] remember that the proof relies on the polar decomposition of the
operator 1" in question. The polar decomposition exists if T is closed and has dense
domain. Indeed, we will find that the statement of Theorem holds for those
operators.

The following result is a version of Theorem for generators of Cy-semigroups.

Theorem 3.3.1. Let A be the generator of a Cy-semigroup on a Banach space X.
Assume that
[Az[| = cllz| (z € D(A))

52



for some ¢ > 0. Then there exist a Banach space Y O X and an operator B on'Y

which is the generator of a Cy-semigroup, has a bounded inverse with |B7!| < ¢!

and satisfies D(A) = D(B) N X and Bx = Ax for all x € D(A).

Furthermore, there is a unital isometric algebra homomorphism
p: {R(NA): A€ p(A)} — B(Y)
such that p(U)x = Uz (x € X) and p(R(\, A)) = R(\, B) whenever A € p(A).

Proof. By rescaling we can assume without loss of generality that ¢ = 1. Let T" be the
Co-semigroup generated by A. As in Proposition [2.6.4] define operators

T(t)(n) = (TM)zn)  ((2n) € £2(X), T > 0)

on ¢;(X). Then T is a Cy-semigroup on {1 (X ) and its generator C' is given by
C(z,) = (Az,) with domain

D(C) ={(z,) € L(X): z, € D(A)(n € N), (Az,) € (1(X)}.
The resolvent of C' is given by
R(A, C)(xn) = (RN, A)zn) (X € p(A), (2a) € ((X)).

Let J be the closure of {f — CRf: f € D(C)} in ¢,(X), where R denotes the right
shift on ¢1(X). Then J is invariant under 7' and R.

Let Y = ¢;(X) / J and embed X in Y using the inclusion p(z) = xey + J. By
definition of the quotient norm, it is clear that ||p(x)|| < ||z|| for all z € X. Using the
triangle inequality and the lower bound of A repeatedly (see ), we get for v € X
and finite sequences f = (z,,) with z,, € D(A)

[zl < fle = oll + | Azoll < [z = wol| + [lz1 = Awol| + [[ Az |

(0.9}
<l = woll + 3 lln — Azl

n=1
Note that the series converges since it is in fact a finite sum. Such sequences f are in

D(C) and the inequality reads as
2]l < [lreo — (1 = CR)f]]. (3.8)

Let f € D(C). Define ¢g* by

= € N).
In {0 > (n €N)



Then ¢g* € D(C) and holds with f replaced by ¢*. We show that ¢* — f as
k — oo in the graph norm of C. It is clear that ||g* — f|| — 0 as kK — oco. Since
(Cf)n = AgF when n < k we also get ||Cg* — Cf|| — 0 as k — oo. This means
lg* — fllo — 0 as k — oo. So we can take the limit in

]| < [lweo — (1 = CR)g"||

as k — oo and see that f satisfies (3.8). Hence ||z|| < ||p(z)|| for all z € X and p is
isometric.
Let 7: £,(X) — Y be the quotient map 7(f) = f + J. On Y, define operators

SOr(f) =7(T{t)f) (f €(X),t>0)

as in Proposition [2.6.2l Then S is a Cy-semigroup and it has a generator B with
domain D(B) = 7D(C'). We have that

SHp(x) = p(T(t)x) (v e X,t>0),

so that p(z) € D(B) and Bp(z) = p(Ax) for all z € D(A). Since p is an isometry onto
its image, we see that if p(x) € D(B) then x € D(A). This shows D(A) = D(B) N X.
We will show next that B has a bounded inverse. Define V' on Y by

Va(f) =n(Rf) (f € L(X)).

Since J is invariant under R, the operator V is well-defined and bounded with
V|| < ||R|| = 1. To see that V' is the inverse of B, let y € D(B) and choose f € D(C)
with y = 7(f). Then

BVy = n(CRf) = n(RCf) = VBy

and

BVy =n(CRf) =7(f) —n(f —CRf) =vy.

This shows that VBy = y for all y € D(B) and BVy = y for all y € Y, since B is
closed, V' is bounded and D(B) is dense in Y.

Now, assume that U € B(X) commutes with R(\, A) for some (or equivalently all)
A € p(A). The operator

p(U)r(f) :==7((Ufn) (f € t(X))
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is well-defined and satisfies ||p(U)|| < [|U]|. It is clear that ¢ is a unital algebra
homomorphism and for U = R(\, A) this implies that {@(R(\, A)): A € p(A)} is a
pseudo-resolvent. For all f € ¢1(X) we have that

PR, A (f) = n((R(A, A) fn)) = 7(R(A, C)f) = R(A, B)(f)-
So o(R(X, A)) = R(\, B) holds for all A € p(A). O

Remark 3.3.2. It seems plausible that Theorem holds for operators A with
non-empty resolvent set, or at least for such A which are densely defined. We can try
to proceed as in the proof, given an operator A with non-empty resolvent set p(A). It

is possible to define an operator C' on ¢ (X) with domain
D(C) ={(zn) € L(X): (Az,,) € (1(X)}

and p(C) = p(A) (see Proposition [2.6.4)). We can define a closed subspace J as in the
proof of Theorem [3.3.5, which is invariant under R(\, C) (A € p(C)). However, the
operators

Bam(f) == m(RA,C) ) (f € (X)), A € p(C))

on the quotient space ¢1(X) / J are only a pseudo-resolvent and possibly not injective.
We have to analyse J further to see if R, is injective and thus the resolvent of an

operator B on ¢1(X) / J.

The same construction allows us to get a weaker result for generators of once integ-

rated semigroups where the embedding is no longer isometric but merely continuous.

Proposition 3.3.3. Let A be the generator of a once integrated semigroup on a

Banach space X. Assume that
[Az]| = cllz]  (x € D(A))

for some ¢ > 0. Then there exist a Banach space Y, a continuous embeddingn: X — Y
and an operator B on'Y which is the generator of a once integrated semigroup and
has a bounded inverse. Furthermore, |B7Y|| < ¢! and 7 satisfies n(D(A)) C D(B)
and Br(z) = w(Ax) for all x € D(A).

Proof. Without loss of generality, assume that ¢ = 1. Let T' be the once integrated
semigroup generated by A with

’ /0 CT(s)zds

< Me*'|lz| (z€X,t>0)
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for some w > 0 and M > 1. Pass to the quotient Y = ¢,(X) /.J. The embedding of
X into Y is still isometric by the same argument as in the proof of Theorem |3.3.1]

On Y, there is a degenerate once integrated semigroup given by

SO ((@n) +J) = ((TO)zn) +J)  ((xn) € ((X),t = 0).
By Corollary [2.5.10| we can pass to a quotient space Y = Y / N where N is the

degeneration space of S. We get a non-degenerate once integrated semigroup S on Y.
The composition 7: X — Y of the quotient maps intertwines 7" and S. It remains to
show that 7 is injective and the generator B of S is invertible with || B7!|| < 1.

Note that the map p: X — ¢(X) / J with p(z) = xeg + J is isometric (see
the proof of Theorem . To see that 7 is injective, it is sufficient to show that
p(x) € N implies x = 0. Let x € X such that p(z) € N. By definition of N, we
have S(t)p(x) = 0 for all + > 0. Since p is injective and intertwines 7 and S, we have
T(t)x =0 for all t > 0. But T is non-degenerate so this implies x = 0, as required.

Let T be the non-degenerate once integrated semigroup
T(t)(z) = (T(H)z) ((20) € L(X), 8 20)
on ¢1(X) with generator C. Let V((f + J) + N) := (Rf + J) + N so that ||V] < 1.
Let y € D(B) C Y. Then
y=R(\ B)z = )\/Ooo e MS(t)zdt
for some z € Y and A > w. Take g € ¢,(X) such that z = (¢ + J) + N and let
f=R(\C)g. Theny=(f+J)+ N and
VBy=(RCf+J)+ N=(f+J)+ N =uy.
We conclude that B~! =V as in the proof of Theorem m O
Open Question 3.3.4. Does Proposition hold for generators of k-times integ-

rated semigroups?
We get the following analogue of Theorem for unbounded operators.

Theorem 3.3.5. Let A be a closed, densely defined operator on a Hilbert space X.

Assume that
|Az[| > c[|z]] (2 € D(A))

for some ¢ > 0. Then X embeds isometrically into a Hilbert space Y and there is an
invertible, densely defined operator B on'Y such that D(A) = D(B) N X, Ax = Bz
for all x € D(A) and ||B7Y|| < ¢™!. Moreover, we have that o(B) C o(A).

Moreover, if A generates a Cy-semigroup, then so does B.
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Proof. Without loss of generality we assume that ¢ = 1 and that A is not invertible.
The operator has a polar decomposition A = UP where P = (A*A)% has domain
D(P) = D(A). The operator A*A has dense range so that U is an isometry from X
onto the closed subspace ran A. The construction of Y and B works as in the proof of
Theorem [3.1.5] where B takes the role of S. So we take Y = X @& X and define B as

the operator
B A 0 n 0 I-UU*
~\0 U* 0 0 '

with domain D(B) = D(A) x X. Invertibility of B with ||B~!|| and the inclusion
o(B) C o(A) follow also as in the proof of Theorem [3.1.5
If A generates a Cy-semigroup 7', we see that B is a bounded perturbation of the

generator of the Cy-semigroup

(T(()t> 6Xp?tU*)> (t>0).

Thus B itself generates a Cy-semigroup. m

In the proof of the theorem, we saw that the extension B of A generates a Cy-
semigroup if A generates one. Let T be the Cy-semigroup generated by A. The
bounded perturbation in the definition of B acts like a shift operator. We can give an
explicit description of the Cy-semigroup S generated by B on a dense subset of the
minimal part of Y. The minimal part of Y is the closure Z of the set

B x.
n>0
It is given by
Z =X @span{U"(I —UU")zx: x € X,n > 0},
as in the case of a bounded operator. To describe the Cy-semigroup S generated by
B on Z, we will use the Dyson-Phillips variation of parameters formula (see [ENOO,
Corollary I11.3.15]). The Cy-semigroup S satisfies

S(t)z = (T(()t) exp ?tU*)) :
T / "s(s) (8 (- OUU*)) (mo— 5) ot S)U*)> 2ds

for z € ZN(D(A) x X) and t > 0. We can solve this equation and find
T(t) YL —UU*)exp ((t —s)U*)ds
0 exp (tU*)
o (t>0), (39
T(t) 2pZo Skn () —UUT)(U”)
0 exp(tU™)
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where the integral and the series exist in the strong operator topology, and where
t (t _ S)k—l
Sp(t)x = | ———T(s)zds (xe X, k>1)
o (E—=1)
is the k-times integrated semigroup of 7. To check that this formula defines the
Cp-semigroup generated by B we show that it satisfies the semigroup property and

that its right-derivative at 0 is the operator B. For the semigroup property, we first
note that

s+t Y
T(s)Sks1(t)x = / WT(M:C du (xe X, t,s>0)
and
" 'S t"(s—uk" S((s+1t) —u)"
;;Sﬂl n ZL‘—/ nz: il = T(u )xdu:/0 TT(u)xdu
(3.10)
for x € X and ¢, s > 0. The top right corner in the product S(s)S(t) is
Z St () (I = UUS U + Z Sper1(8)(I — UUS(U*)F exp (tU*)
00 e m
= " T(s) Sk ()1 = UUU + Y Sk (s)(] - UU*)(U*)k+m
k=0 km=0 "

Mg

< Sk+1 —|— Z _Sk+1 ) I— UU*)<U*)k7

which is equal to the top right corner of the matrix representation of S(s+t).
The remaining entries of S(s)S(t) and S(s + t) trivially agree. This shows that
S(s)S(t) = S(s+t) for all s,t > 0. We can calculate the derivative of S formally,
noting that $+S;(t)z — 0 as t — 0 for 2 € X when k > 1, and

i

0

%Sl(t)x:%/o T(uw)rdu — x (z € X)

as t — 0. Using this in (3.9) shows that S is generated by B.

3.4 Growth rates for the inverse of an unbounded
operator

Let us now turn to invertible extensions of an unbounded operator which allow control
of the growth of the inverse. The next proposition is a version of Theorem for

generators of Cp-semigroups.
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Proposition 3.4.1. Let A be the generator of a Cy-semigroup and let (¢,) be a positive
submultiplicative sequence. Let D C D(A™) be a core of A. Assume that

“'IH S ConOH + Cn—lelH + -+ 01”1‘”_1”

whenever x,x; € D and A"x = xo + Az + -+ + A" 'x,, 1. Then there is a generator
B of a Cy-semigroup on a Banach space Y DX such that D(A) = D(B)NX, Bx = Az
for all x € D(A) and B has a bounded inverse which satisfies ||B™"| < ¢, for all

n > 1. Moreover, there is an isometric algebra homomorphism
[RO\A): X € p(A)}Y = B(Y)
which maps R(A\, A) to R(\, B) whenever A € p(A).

Proof. The proof again uses a quotient of ¢1(X). This time we use a weighted ¢;-norm.
Let w: N — R be the weight defined by

The norms of the powers of the right shift R on ¢;(X,w) are

wk4n) s, (3.11)

w(k)  ~

Let T be the semigroup generated by A. Similarly to Proposition [2.6.4] the operators

17" = sup
T(t)(xn) = (T(D)z) ((20) € G(X,w), 1 20)
form a semigroup on ¢; (X, w) which has a generator C. The resolvent of C' is given by
R(A, O)(@n) = (R(A, A)zn) - ((wn) € L(X, w), A € p(A)),
and the domain of C' is
D(C) ={(x,) € t1(X,w): x, € D(A) for all n >0, (Ax,,) € {1(X,w)}.
Let J be the closure of the subspace
{f-CRf: feD(C)}

in ¢1(X,w). The subspace J is invariant under the semigroup T and under the right
shift R. Let Y = (1(X,w) / J.
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Define the embedding p: X — Y as p(x) = x ey + J. We want to show that p is
isometric. We get an inequality in one direction by ||p(x)| < ||zeo|| = ||z||. For the

reverse inequality, let (yk)z;é be a finite sequence in D. We can write
Ay = (Ayn1) + A(AYn—2 = yn1) + -+ A" (Ayo — m1)

which by assumption gives |lyol] < > op_; ckllAyk—1 — yxll if we set y, = 0. If we
combine this with the triangle inequality ||z|| < ||z — yol| + ||vo|| we get

lzll < llz = yoll + > cull s — il
k=1

for all finite sequences (yk)z;(l] in D. In other words
z]] < llp(z) + f = CRf]], (3.12)

where f € ¢1(X,w) is a finitely supported sequence with values in D. Finite sequences
with values in D are dense in D(C') in the graph norm of C' (see the proof of
Theorem [3.3.1). So holds for all f € D(C). This shows that ||z] < ||p(z)]].
Thus p is an isometric embedding.

The remainder of the proof is as in the proof of Theorem |3.3.1} the only difference
being the estimate ||R"|| < ¢, (n > 1) in (3.11]). O

In this proof, we again used a quotient construction as in Theorem [3.1.1] This
allows us to define the unbounded extension in a natural way, since the Cy-semigroup
generated by A enables us to apply standard constructions for bounded operators. As
the proof shows, the property that is used for obtaining an isometric embedding is

that, for a finite sequence of elements y; € D(A), we have

lyoll < chHAykfl — Yl[-

k=1

This was the condition used in [BMO05, Theorem 2.1], in a formulation for Banach
algebras.
Finally, we give a result for exponentially bounded k-times integrated semigroups,

which is a consequence of Proposition [3.4.1

Corollary 3.4.2. Let A be a densely defined generator of a k-times integrated semi-
group S on a Banach space X for some k > 1. Assume that ||S(t)|| < Me** (t > 0)

for some M > 1,w > 0. Let (c,) be a positive submultiplicative sequence. Assume that
||'IH < CTLHJ:O” + Cn—lelH + -+ Clen—lH
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whenever A"x = xg + Axy + -+ + A" la,y for x,x; € D(A®). Then X embeds
continuously into a Banach space Y on which A has an extending Cy-semigroup

generator B which has an inverse B~ with |B™"|| < ¢, (n > 1).

Proof. Let ||-||y; be the norm from the Sandwich Theorem (see Proposition [2.5.11]),
that is
llly = sup le™T(#) R(no, Azl (2 € X)

for some Re jig > b > w so that ug € p(A), and
tk*l
T(t)z = S(t)A*z + WA’Hx ++tAr+z (z € X,t>0).
Recall that on the completion Y of X under this norm, the resolvent of A extends
to the resolvent of a Cy-semigroup generator C'. We will show that C' satisfies the
assumptions of Proposition [3.4.1]

First, let us show that D(A>) is a core of D(C') and contained in D(C*°). Since
R(\, C) extends R(A, A) for X € p(A), it is clear that D(A>) C D(C). Since D(A*)
is dense in X, X is dense in Y, and X is continuously embedded in Y, we get that
D(A>) is dense in Y. Let z € D(C) and let (z,) be a sequence in D(A>) such that

|z, — (A= C)z|ly = 0 as n — oco. Then

HR<)‘7 C)'Tn - Z”Y — 0, and
”(A - O>R()‘7C)mn - <)\ - O)Z”Y — 0 asn — oo.

So R(\, C)x,, converges to z in the graph norm of C, and R(\, C)z, = R(\, A)z,, €
D(A>) for all n > 0. This shows that D(A>) is a core of D(C).

Let y,5 € D(A®) with C"y = 327" C'y;. Then e T(t)R(po, A)*z € D(A®)
for z = y,y;, since D(A*) is invariant under R(uo, A) and S(t) (by |[ABHNOI,
Lemma 3.2.2.b)], for example) and thus also under 7'(t) (¢t > 0). So

n—1
Cre ™ T()R(po, A)'y = ) C'e ™" T(H)R (o, A)'y
1=0
for every ¢ > 0. Since C'y = A by the Sandwich Theorem, we get by assumption
n—1
le™ T Rpo, Ayl < 3 enille™ T () Rk, A)"uil
=0

and thus
n—1
ylly < casillyilly-
i=0

We can now apply Proposition and get the required space Y and operator B. [J
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3.5 Left inverses and dissipative extensions on Hil-
bert space

So far we have been discussing extensions of operators on larger Banach (or Hilbert)
spaces. Often, one sees extensions of (typically unbounded) operators which are
defined on the same space. This is, for example, the case for dissipative operators
on Hilbert space (see [Dav07, Section 10.4]). A densely defined dissipative operator
A on a Hilbert space X always has an extension to a maximal dissipative operator
B on the same Hilbert space X. Here, we say that B extends A if D(A) C D(B)
and Ax = Bx for all x € D(A). The extension B generates a Cy-semigroup on X
([Dav07, Theorem 10.4.2]). We can obtain a maximal dissipative extension B of a

dissipative operator A on a Hilbert space using the Cayley transform. If

C=I+A)IT-4A)7"", D) =ran(I —A)
then C' is a contractive operator. Let P be the orthogonal projection of X onto the
closure of ran (I — A). Then the product C' = C'P is a contractive operator and C' is
the Cayley transform of a maximal dissipative operator B. We demonstrate this in

the following example.
Example 3.5.1. Let C' be the operator
(O,xl,x2,. . ) — (I‘l,l’g,. )

on ly. Clearly, C is contractive and its domain is not dense. Let us show that
ran (I + C) is dense. Let z = (2;) € ran (I + C’)L
for n > 1. Then

and take the standard sequence e,

0=(z,(I+C)ey) =2p1+2, (n>1).

So 2z, = (—1)"zp for n > 1, and
2 2
[EREDWEN
n=0

and thus z, = 0 for all n > 0. Hence ran (I + é’)L — {0} and ran (I + C) is dense.
The operator C' is the Cayley transform of the operator A = (C' — I)(I + C)~!
with domain D(A) = ran (I + C) on £5. An explicit formula for A is

(Ig,xhl’g,...) = (20,21,22,...)
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where

k—1
=1 —2» (-1)"z, (k>0). (3.13)
n=0
A bounded extension C' of C, defined on all of ¢s, is the operator

(Io,xl,Q?Q, .. ) — (.TI,ZEQ,ZUg, .. )

This operator is clearly contractive, and I + C' has dense range since it is an extension

of I + C. Moreover, C' is the Cayley transform of the operator B which satisfies

(.To,ml,.’ll'Q,...) —> (Zo,Zl,ZQ,...)

where

s=—zp+2) (=) zp, (k20). (3.14)
n=1

For (z,) € D(A) =ran (I + C), (3.13) and (3.14) give the same value of z,. So B is

an extension of A on /5.

We can also find a dissipative extension on a larger Hilbert space. We use
Theorem for this. We first need the following lemma.

Lemma 3.5.2. Let C' € B(X) be an expansive operator on a Hilbert space. Let
D be the (minimal) invertible extension of C' obtained from Theorem [3.1.5, Then
ran (I + D) is dense in Y if ran (I + C) is dense in X and ker (I + D) = {0} if
ker (1 + C) = {0}.

Proof. As in Theorem [3.1.5] let C' = UP be the polar decomposition of C' into an
isometry U and a positive, invertible operator P. The minimal extension D of C,

constructed after the proof of Theorem [3.1.5] was defined by the matrix

c 1-UU
p=(0 )

on a subspace Y of X & X and satisfies ||[D~'|| < 1. Here, Y is the closed linear span
of
X x {UMI - UU"z: v € X,k € N}.

The images of the operators U*(I — UU*) are pairwise orthogonal in X for k > 0. We
show first that I + D is injective if I + C' is injective. Let (z,z) € ker (I + D). Then

0= ((I+C)x+(I—UUz (I +U"):2) (3.15)
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which implies that 2 = —U*2. Since z is in the closed linear span of ran (U*(I — UU*)),
and U is an isometry which is completely non-unitary, we find that z = 0. To see this,
let y € span{U*(I — UU*)x: z € X}. There exist z;, € X such that

y=>Y UMI-UU")x.
k=0
The operator U*(I — UU*)(U*)¥ is a projection onto ran (U*(I — UU*)). We see that
UR(I — UU*)(U*)ky = U*(I — UU*)xy, for all k > 0. Hence,

y=>» UMI-UU")U""y. (3.16)

k=0

We apply this to z with z = —U*z. Let zy = (I — UU*)z. Then
2= (=D = UU U 2 (k>0)

and thus -
Z = Z Uk(—l)kZO
k=0

Since ran (I — UU*) L ranU and since U preserves orthogonality, we have

o0
2 2
211" = llzoll
k=0

so that we must have z = 0. Now, Equation reduces to (/+C)z =0 and if I +C
is injective we get (z, z) = 0. This shows that ker (I + D) = {0} if ker (I + C') = {0}.

Assume that ran (I + C') is dense in X. Let (x,y) € Y with x € X and y €
span{U*(I — UU*)x: x € X}. We want to find (u,v) € Y such that

I(x,y) = (I + D)(u,v)|| <e
for a given € > 0. First, let

v = Y (=1)7TFUMI - UU) (U

0<k<i<n
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for n € N. Using that U*U = I and U*(I — UU*) = 0 we get

I+ U o= Y (—)7FUI - UU*)(U")'y

0<k<i<n
+ Y (—)TRUUR I - U (U)y
0<k<i<n
= ) ()T - UUn) Uy
0<k<i<n
0<k<i<n
= UNI - UU)(U")*y.
k=0

Since (3.16) holds for y, we see that [|[({ + U*)v, — y|| — 0 as n — oo. So we can
assume that ||y — (I + U*)v,|| < €/2 by choosing n large enough. By density of
ran (I + C) in X, there is some u € X such that ||z — (I —UU*)v, — (I + C)u|| < €/2.
So

I(z,y) = (I + D) (w,v)|* = (& = (I + Cyu = (I = UU v,y = (I + U")w,) |
=llz = (I + C)u— (I = UU )va|* + lly = (I + U )vn”
< €. O]
Theorem 3.5.3. Assume that A is a densely defined, dissipative operator with non-
empty resolvent set on a Hilbert space X . Then there exist a Hilbert space Y D X and

a generator B of a Cy-semigroup of contractions such that D(A) = D(B) N X and
Bx = Ax for all x € D(A).

Proof. Since A is dissipative, it satisfies
Re (Az,z) <0 (z € D(A)).

Substitute A by aA + ib for some a > 0,b € R, if necessary, to assume that 1 € p(A)
or —1 € p(A). If 1 € p(A) then A generates a semigroup of contractions by the
Lumer-Phillips theorem (Theorem and we can choose Y = X, so in the following
we will assume that —1 € p(A). Define

C:=I—-A)I+A)"", DC)=ran(I+ A= X.

Then C'is a bounded operator such that I +C' = 2(I + A)™" is injective and has dense

range D(A). Moreover, we can recover A from C' as
A={I-C)I+C)

65



To see that C' is expansive take y = (I + A)~lz in
17 = Ayll* = I + A)yl* = —4Re(Ay,y) >0 (y € D(A)).

We can extend C' to a bounded invertible operator D with ||[D~!|| < 1 on some Hilbert
space Y D X using Theorem |3.1.5, and by Lemma [3.5.2] we see that the operator

B=(I-D)I+D)", D(B)=ran(I+ D)
is well-defined and densely defined. We have
(I+B)=2I(I+D)", (I-B)=2D(I+D)"

so that —1,1 € p(B) and
(I-B)(I+B)'=D.

Furthermore, B is dissipative since its Cayley transform D~! is contractive (see
Proposition . So B generates a Cy-semigroup of contractions by the Lumer-
Phillips theorem (Theorem [2.3.3)).

It remains to show that B restricts to A on X. Let (x,0) € D(B). By definition,
there is (y,z) € Y such that

(,0)=UI+D)(y,2)=(U+Cly+ (I -UU")z,{ +U")2).

So z = —U*z which implies z = 0, as in the proof of Lemma [3.5.2l Thus z =
(I +C)y e D(A) and

B(x,0) = (I — D)(y,0) = (I — C)(I + C)'z,0) = (Az,0).

On the other hand, let z € D(A), so z = (I + C)y for some y € X. Then (z,0) =
(I + D)(y,0) € D(B) and again B(z,0) = (Az,0). O

Remark 3.5.4. Let A be a dissipative operator such that —A is the generator of a
Cy-semigroup T on a Hilbert space X. Then A has an extension B on a Hilbert space
Y D X which generates a Cp-semigroup of contractions, by Theorem [3.5.3] We could
ask whether —B is again the generator of a Cy-semigroup S. Since the theorem states
that B generates a Cy-semigroup, S would then be a Cy-group on a Hilbert space
Y D X such that S(—t) is contractive and S(t)z = T'(t)z for all z € X and t > 0.
This would give us the bound which we failed to obtain in Theorem [3.2.14]

Since we already have that B generates a semigroup on Y, we can try to apply
Theorem to show that B generates a group on Y. This means, we only have

66



to find out whether the resolvent of B exists on a left half plane and has less than
exponential growth in the real part. We will find the resolvent of B. Using the

definitions from the proof of Theorem |3.5.3| we have

A—B=MNI+D)—(D-1)I+D)"'=1-NE2_D)YI+D)"" (AeCQ).

1-X

So A € p(B) \ {1} if and only if 122 € p(D), and then

Similarly, we get

1

if A € p(A)\ {1}. Using the formula from the proof of Theorem for the resolvent
of D, that is

R(u, D) = (R(%’ C) Ru, O)UR ZMU ((]J**))R(u, U*))

for p € p(C), we get

R(A\A) (RN A)+ 25)(I — UUR(IE2, U7
R(A, B) = ( 0 TSI+ UHR(R, U*) ) '

This holds for all A € p(A) with A # 1. If —A generates a Cy-semigroup, this
holds in particular for Re A\ < —1 after rescaling A suitably. In order to apply
Theorem we would have to show that for each o > 0 there is some r < 0 such
that supge y<, €| R(A, B)]| is finite. It is not clear if this holds in general.

Let T be a Cy-semigroup on a Hilbert space X. We say that T is left invertible
if there are L(t) € B(X) such that L(t)T(t) =1 (t > 0). If T(¢) is left invertible for
some t > 0 then T'(t) is left invertible for all ¢ > 0. Zwart showed that the left inverses

can be chosen to form a Cy-semigroup. The following result is from [Zwal3].

Theorem 3.5.5 (|Zwal3, Theorem 2]). Let A be the generator of a Cy-semigroup T
on a Hilbert space X. Then T is left invertible if and only if —A can be extended to

the generator of a Cy-semigroup on X.

We will extend the operator —A in Proposition below in the case where —A
is dissipative.

First, let us see how left inverses are related to families of projections onto
ranT'(t) (t > 0). Assume that L and T" are Cp-semigroups such that L(¢)7T'(t) = I for
all t > 0. Then

P(t) :=T(t)L(t) (t>0)
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is strongly continuous, P(t) is a projection onto ran7'(t) for each ¢t > 0, and
PN < IT@OIILE] (= 0).
Moreover, the product of P with itself is given by
P(s)P(t) = P(max{s,t}) (s,t>0)
and the product of T" and P satisfies
P(t—s)T(t) =T(t) (t > s) (3.17)

and
T(t)P(s) = P(t+s)T(t) (t,s>0). (3.18)

Assume now that T is a left invertible Cly-semigroup and that P is a strongly continuous
family of projections P(t) onto ranT'(t) (¢t > 0) satisfying (3.17) and (3.18)). Let

L(t):=T@t)'P(t) (t>0).

Then L satisfies the semigroup property and it is strongly continuous. So L is a

Co-semigroup, and we have L(t)T'(t) = I for all ¢ > 0. If we assume that
7))l = cllzl] (x e X,t=0) (3.19)
for some ¢ > 0, we get the norm estimate
ILOI < cHIP@)I (= 0).

It would be ideal if P(t) were just the orthogonal projection onto ranT'(t) as we would
then have || L(t)|| < ¢! (¢t > 0). But this is not always the case (see Example [3.2.12).

Assume that T' is a Cp-semigroup which satisfies , and L is a left inverse Cy-
semigroup for 7. We can first define the projections P and then get the Cy-semigroup
L' = L back from T and P, via L'(t) = T'(t)"*P(t) (¢t > 0). This leaves us with the

rather bad estimate
IL'(8)|| < ¢ HTOIIL®] (t>0). (3.20)

We will estimate the norm of a particular left inverse that was found by Zwart. The
estimate we will find shares with the estimate that the left inverse is of at least
the same exponential type as the semigroup 7. The left inverse we will look at is that
of Theorem for a Cy-semigroup satisfying . The extension is a special case
of [Zwal3, Theorem 3].
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Theorem 3.5.6. Let A be the generator of a Cy-semigroup T on a Hilbert space X .

The following are equivalent.

1. T(t) is left invertible for some/all t > 0.

2. There exists a Cy-semigroup L on X such that L(t)T(t) = I for allt > 0.

Assume that T is a Cy-semigroup on a Hilbert space X such that
[T(t)x]| = clle]| (z € X, 12 0)

for some 1 >c¢ > 0. We want to esimate || L(¢)|| (¢ > 0), where L is the left inverse

Cy-semigroup from Theorem Zwart constructs the Cy-semigroup L as follows.
Let
Wo > W1 > WO(T), ws > (J.J()(T),

so [|[T(t)]] < M,,e“* (t >0,i=1,2,3). Define an inner product and an operator @ by

(21, 22) = (21, Qa) = /0 2 T (1), T(O)a) At (21,22 € X)),

Then Q is positive and invertible. We get bounds on () and Q! via

2

2 X ot 2112 c 2
Joll* = [ el = el (@€ X)
0

and
2

12 X ot g2 2wt 2 M 2
— w
ol < [ ez el = s el (€ X),
0

The operator Q 1A*Q — 2wl + Q! generates the Cy-semigroup L which is a left

inverse of T'. Now,

L@ < 1QIIQ M T (#)le =l

M2 2w,
2(wy —wy) 2
1wy M2, M,
@ (wy — wy)

IN

2wy
ot — 2924
7‘ [ 3eUJ3t€ QUJQte 2

IN

(t > 0).

€(UJ3+(C%72)OJ2))5

This seems to be a very bad estimate, since the exponential type in this estimate is

w3 + (c% — 2wy > wo(T)
as ¢ < 1 and wy > wo(T') > 0.

We can use the maximal dissipative extension to obtain an equivalence similar to
that of Theorem [3.5.6, The next Proposition discusses the special case where the left
inverse Cy-semigroup L is contractive. The equivalence between conditions 1 and 2 in
Proposition was first established by Goldberg and Smith ([GS78|) and it also

holds on Banach space (see Theorem [2.4.4]). We present a new proof.
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Proposition 3.5.7. Let A be the generator of a Cy-semigroup T on a Hilbert space

X. The following are equivalent.
1. T is expansive: ||T(t)z| > ||z|| (x € X,t > 0).
2. A is accretive: ||(A — A)z|| > (=N)||z]| (x € D(A),\ < 0).

3. There exists a Cy-semigroup L of contractions on X such that L(t)T(t) =1 (t >
0).

Proof. Assume that T is expansive. By Theorem [3.2.2] there is an extending Cy-group
S of T on a Banach space Y D X such that ||S(—t)|| <1 for all ¢ > 0. Let B be the
generator of S. Since S(—t)T'(t)x = x for all z € X, we have

(S(=0)T(t)z)

(—t)AT(t)x — BS(—t)T'(t)r (z € D(A),t>0).

(=0)(A = B)T(t)x

This shows Bx = Ax for x € D(A). Since ||S(—t)|| < 1 for ¢ > 0, we have that —B is

dissipative. Hence — A is dissipative, or in other words, A is accretive.

S
S

Assume that A is accretive. Then — A is dissipative. Let B be a maximal dissipative

extension of —A. Then B generates a Cy-semigroup L of contractions on X. Moreover,

(LT (t)z) = L)AT () + BLHT(t)x

(t > 0) (3.21)
— L) AT (t)x + L) BT(t)z = 0

for x € D(A), since B extends —A. This shows that L(¢)T(t)x = x forallt > 0,z € X.
Let L be a Cy-semigroup of contractions such that L(¢)T'(t) = I for all ¢ > 0. Then

[zl = LT @)l < NT@)z| (z € Xt =0).
So T' is expansive. O]

The result by Goldberg and Smith, that is the equivalence between conditions 1
and 2 in Proposition [3.5.7] holds on Banach space and not only on Hilbert space. The
proof in [GS78| works differently. The extension for a dissipative operator generating
a Cy-semigroup (from Theorem cannot be obtained for Banach space in the
same way as for Hilbert space. This is because on Banach space, contractivity of
the Cayley transform of A neither implies nor is implied by dissipativity of A. The

Cayley transforms of generators of Cy-semigroups on Banach space are characterised
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as follows. In [EZ08|, the Cayley transform V of an operator A with 1 € p(A) was
defined as
Vi=A+)A-1)"

They give the following result for operators on Banach space.

Theorem 3.5.8 ([EZ08, Theorem 2.2]). Let V € B(X) and M > 1. The following

are equivalent.
1. 'V is the Cayley transform of the generator of a Cy-semigroup of contractions.

2. V. — 1 is injective and has dense range, (1,00) C p(A) and

(L = V)R(p, V)| < (n>1).

(1+p)

In the proof of Theorem [3.1.5] which is employed in Theorem [3.5.3] we have an
operator C' on a Hilbert space which is expansive and which can be extended to
an operator D with contractive inverse, and D~! is the Cayley transform of some
a Cp-semigroup generator. If we want to follow this construction on Banach space,
we would seek a bounded extension C with inverse V = C~! which satisfies the
assumptions of Theorem |3.5.8] The extension results we have available do not give us
an estimate on |[( — V)R(u, V)| for p > 1.

Let us go back to Hilbert spaces. There is not yet a generalisation of Propos-
ition which discusses the following cases. We would like to characterise the

following three properties:
(i) T is uniformly bounded below: [|T(¢)z|| > c||z|| (x € X,t > 0) for some ¢ > 0.
(ii) A satisfies ||(A — A)"z|| > c(=N)"||z|| (n > 1,2 € D(A™), A < 0) for some ¢ > 0.

(iii) There exists a bounded Cy-semigroup L with ||L(t)|| < M and L(t)T'(t) = I for
all t > 0.

It is easy to see that (iii) implies (i), with ¢ = -;. We will see that (iii) also implies
(ii) (this is shown in last paragraph of this section). A possible guess is that (i) and
(iii) are related as in the case where M = ¢ = 1. The next example shows that (i)

does not imply (iii) when ¢ < 1.
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Example 3.5.9. Let M > 1> ¢ > 0. For n > ¢!, let T}, be the Cy-semigroup from
Example |3.2.12| on a Hilbert space X,,. So

1Tz = cllzll, N1T@] < V2AKM)' (z€X,t>0)

for some K > 1, and if S, is any extending Cy-group of 7,, on an extending Banach

space then sup,s ||Sn(—t)|| > n. Define operators

T(t)= €P Tu(t) (t>0)
n>c1
on the infinite ly-direct sum X = @, . 1 X,. Then ||T(t)| < V2(KM)" and
|T(t)z|| > c||z|| for all z € X and ¢t > 0. If S is a Cy-group extending T on a
Banach space Y D X then sup,s [|S(—1)|| = oco. We show that 1" does not have a
bounded left inverse Cy-semigroup. Let T'(t)x = T'(t1)x; + - -+ + T(t,)z, for some
rpe€Xand 0<t; <---<t, <tandlet L be a left inverse Cy-semigroup. Then

[zl = [ILOT @)zl < 1L =t [zl + -+ [LE = t)ll[[zall-

If L were bounded, say by C' > 0, this would verify the assumptions of Theorem [3.2.4]
for the constant submultiplicative function ¢(-) = C, so an extending group S with
|1S(—=t)|| < C (t > 0) would exist on some Banach space Y D X. This is not the case,

so T does not have a bounded left inverse Cy-semigroup.

A special case of (iii) is when the Cy-semigroup L is similar to a Cy-semigroup
of contractions. We know by Proposition that if T is expansive then there is a
contractive left inverse Cy-semigroup L. It is not difficult to see that if T is similar
to an expansive Cy-semigroup, then there is a left inverse Cy-semigroup L which is
similar to a contractive Cy-semigroup (and thus L is bounded). There are bounded
Cy-semigroups which are not equivalent to a contractive Cy-semigroup. Chernoff found
a bounded Cj-semigroup S which is not similar to a Cy-semigroup of contractions
and which has a bounded generator A ([Che76]). If we let T(t) := e~ (t > 0), we
see that T has S as its bounded left inverse Cy-semigroup. But T is not similar to an
expansive Cy-semigroup.

We now show that (iii) implies (i), with ¢ = 7;. Assume that there is a left inverse
Co-semigroup L for T, and that ||L(t)|| < M (t > 0). The generator of L extends —A,
and by Theorem we have that A satisfies (ii). It is not known if the lower bound
(ii) implies the existence of a left inverse Cy-semigroup. But it is more likely that (ii)
and (i) are equivalent. This would generalise the equivalence given in Theorem m,

which also holds on Banach space. We formulate this as an open question.
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Open Question 3.5.10. Let T be a Cy-semigroup with generator A on a Banach

space X. Let ¢ > 0 and consider the following inequalities.

1T (@)l = el (z € X,t>0),
AT\ — A)z]| > ez (n > 1,2 € D(A™),\ < 0).

Are these bounds equivalent, at least on Hilbert space?

3.6 Reducing the spectrum

Let us go back to inverses of bounded operators and take a different view on them.
Recall that for an operator T' € B(X), the approximate point spectrum is defined as
the set

0ap(T) ={A € C: (A —T) is not bounded below}.

Soif A € C\ 04p(T), the operator A —T' is either invertible and A € p(T") or A — T has
an invertible extension U by Theorem [3.1.1] In that case, we can define an extension
S =X —U for T and find that A\ € p(S), p(T) C p(S) and ||R(),S)| < ¢! where
¢ > 0 is such that |[(A = T)z| > ¢||z| (xr € X). Of course, one can try to find an
extension S of an operator 7" such that o,,(7") = o(S). This is possible as was shown
by Read in [Rea88| (see |[Rea84] for an earlier result on Banach algebras, and [Miil8§]

for how to use the Banach algebra result to infer the operator case).

Theorem 3.6.1 (|[Rea88|). Let X be a Banach space and T € B(X). Then there
is a Banach space Y D X and a unital isometric homomorphism ¢: {T} — B(Y)
such that o(V)x = Va for allx € X and V € {T} and for S = o(T) we have
a(S) = gap(T).

Read’s proof is not based on shift operators but it uses multiplication operators. A
good presentation of the proof can be found in [Miil03, Section 1.4]. We will give the
proof for a partial result in Section [3.6.3] Here, we only sketch the idea to illustrate
the connection to the proof by Arens.

In Arens’ proof, we looked at vector-valued sequences and used the right shift R
on (1(X). Let f € ¢,(X) be such a sequence. We can define a function f: D — X as

the Fourier transform of this sequence, namely

fz) =3 fm)e" (=€ D).

neN
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This function f is bounded and holomorphic on the open unit disc D and it extends
continuously to the closure D. The Fourier transform intertwines the shift operator R

on ¢1(X) with the multiplication operator M., that is

Rf(2) = 2f(2) = (M.f)(2) (z€D).

For T € B(X) we see that f\f(z) — T'f(2). In Theorem , we were interested in a
subspace {(I — TR)f} which identifies with {(I — T'M.)f} on the Fourier transforms.
Here, the operator T is such that ||[Tz| > ||z|| for all x € X, which implies that
DN o.p(T) = 0. An idea of Read was to use instead functions on an (almost)
complimentary domain U C C. Rather than using some U with U N o,,(T)# 0, we
work with open sets U such that o,,(7") C U, such as

Uc={z € C: dist(z,0,(T)) < €}.

On the space H*(U, X) of bounded holomorphic functions f: U — X, we can use
a quotient construction using the set {(M, — T')f}, so T will be identified with M,.
The multiplication operators for the functions (A — z)~" are bounded on H* (U, X)
if A ¢ U and they serve as the resolvent for 7" on the quotient. Finally, a limit
construction (for a sequence U, letting e — 0) allows an inverse for every A ¢ o,,(T).

Consider unbounded operators. Unlike in Arens’ Theorem, the proof of Read’s
Theorem does not seem to allow a change that would make it work for unbounded
operators, not even for Cy-semigroup generators. We will explore this in Section [3.6.3
for a preliminary result of Read’s theorem. However, it is possible to obtain Read’s
theorem for generators of Cp-semigroups. We will use the isometric homomorphism ¢
from Theoren B3.6.1] for this.

Theorem 3.6.2. Let A be the generator of a Cy-semigroup T on a Banach space X.
Then there is a generator B of a Cy-semigroup on a Banach space Y O X such that
0(B) = 04p(A), D(A) = D(B)N X and Ax = Bx for all v € D(A). Moreover, there

exists a unital isometric homomorphism
p: {R(N,A): A € p(A)} — B(Y)
with p(R(A\, A)) = R(\, B) for all X € p(A).

Proof. Let us note first that the spectrum of A and the spectrum of R(u, A) for
i € p(A) are related by in Lemma [2.1.2l Let T" be the Cy-semigroup generated by
A. Fix g > wo(T) and apply Theorem to the operator R(u, A). We get a
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Banach space Z D X, a unital isometric homomorphism ¢: {R(u, A)} — B(Z) and
o0(R,) = oap(R(pt, A)) where R, = ¢(R(i, A)). We want to show that R, = R(u, B)
for a suitable B.

The operators Ry = @(R(\, A)) (A € p(A)) still satisfy the resolvent identity. So
they form a pseudo-resolvent and we have to show that they are injective. For this,
we will use a Cp-semigroup on a subspace of Z. Let Y be the closure of ran ?,,. Note
that if U commutes with R(u, A), then Y is invariant under ¢(U). In particular, we
can define S(t) = p(T(t))[y for t > 0. We show that S is strongly continuous on Y.
Since ¢ is isometric, we have that ||[S(t)|| = [|T(¢)]] (¢ > 0) and

1(S(t) = DR, = |(T(t) = DR(u, A)|| =0 ast—0

(see Lemma [2.2.2)). This implies that S is a Cy-semigroup on Y. We can now show
that R,[y = R(u, B), where B is the generator of S on Y. By Lemma we have

= 3500~ )R R,

“w

- %(T(t) — D)R( A = R, A)| 0 as t 0,

This shows that R, = (u — B)R> on Z. Hence R, [y = R(u, B). Since the operators
{Rxly: A € p(A)} form a pseudo-resolvent, we also have R,[,, = R(\, B) for all
A€ p(A).

It remains to show that o(R,) = o(R(u, B)), since all assertions other than
0(B) = 04p(A) clearly hold. Assume that A € p(R,,) and that A — R, has a bounded
inverse W on Z. Then WR, = R,V and hence the subspace Y is invariant under
W. This implies that A € p(R(u, B)), and o(R(i, B)) C 0(R,,). Equality then follows
from

oup(R(11, A)) C (R, B)) € 0(Ry) = oap (R, A).
By Lemma we get 0,p(A) = o(B). O

The problem with Theorems [3.6.1f and [3.6.2] is that they do not give any estimate
on the resolvent for the extension. In Theorem [3.6.1} for example, we do not have
estimates on ||R(\, 9)|| for values A € p(S) \ p(T"). We can show that bounds of one

form or another do exist, using a standard argument. We shall be interested in the

case of a bounded operator 7" on a Banach space X such that

A =T)x| > c||z]] (x € X,AeT) (3.22)
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for some ¢ > 0. We want to find an extension S of 7" with T C p(.S) and give a bound
supyer [|R(A, S)|| < K. We show now that there is a bound K which depends only on
| T and c.

For contradiction, let M > 1 and ¢ > 0. Assume that for each n € N, there is
an operator 7T;, on a Banach space X,, such that ||7,|| < M and holds, and if
Sy is any extension of 7T}, then supycp [[R(A, Sy,)|| > n. Define T'= @, -, T,, on the
loo-direct sum X = P, o, Xp. Then ||T']| < M and .

I = T)(@a)ll = sup [[(A = Tl

= supcl|zn| = cll(@a)ll - ((za) € X, A €T).

By Theorem there is an extension S of 7" with T C p(S). Since T is compact
this implies that {||R(),S)||: A € T} is bounded, say by K. Using the (isometric)
inclusion of X,, in X, we see that the extension S of T is also an extension of T;,.
Hence n < [|[R(\,S)|| < K for every n > 1. This is a contradiction. So for each
T which satisfies there is an extension S with an upper bound K > 0 for
{IIR(X, S)||: A € T}, and K depends only on ¢ and ||T||.

Open Question 3.6.3. Find K = K(c, ||T||) such that the following holds. If T is a
bounded operator which satisfies (3.22), there is an extension S of T' with [|S|| = ||T],
T C p(S) and

sup [ R(A, S)|| < K{(c, [|T1]).

AeT

We will consider weighted shift operators T, on ¢;(Z) which satisfy (3.22)) in
Section and obtain an extension S and a norm bound for ||(A — S)7!|| (A € T).
For generators of Cy-semigroups, it would be interesting to have a positive answer

to the following open question.

Open Question 3.6.4. Let A be the generator of a Cy-semigroup. Assume that
(A —is)x| > cl|z] (r € D(A),s € R). (3.23)

for some ¢ > 0. Does A have an extension B which is the generator of a Cy-semigroup
and such that iR C p(B) and

sup | R(is, B)|| < oo?
seR
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Assume that A generates a Cy-semigroup 7' on a Hilbert space. Then is
equivalent to the Cyp-semigroup 7" being quasi-hyperbolic (see Section . This was
shown in [BT10]. There is a Hilbert space version of Read’s result (|[Rea87]) which can
be applied to the Cy-semigroup 7' to show that, in this case, there is such an extension
B on a Hilbert space. Let us investigate in Sections [3.6.2| and [3.6.3| the difficulties to

be overcome in order to construct such an extension using the method from Read’s

extension.

3.6.1 An extension of a weighted shift

We consider extensions of a weighted shift
Twen = Wn€n+1 (TL € Z)

on X = (1(Z). We are interested in the case when o,,(7,) # o(1,). Ridge’s
characterisation of the spectrum of a shift operator (Proposition gives that
0ap(Th) consists of two (possibly degenerate) annuli, and we are particularly interested
in cases where the unit circle lies between the two annuli. By Proposition [2.6.5] this
is the case when 0 < r~(T,,) < 1 < i*(T,) where r~(T,,) and i"(T,,) are defined
by in Section . If that is the case, T, satisfies

|Twr — x| > c||z]] (x € X,AeT)

for some ¢ > 0. It is sufficient to look at the value A = 1 for this lower bound, since
we have that ||T,x — A\z|| = [|Twy — y|| where y, = A"z, (n € Z), and ||y|| = ||z||.

We make a further restriction on the weight w and assume that

wy > 1 (n>0),
w, <1 (n <0),
0 <1 (Ty) <1<it(Ty).

We will also assume that T, is bounded so w,, < ||Ty]|| (n € Z). We will proceed in

the following order.

1. Find an isomorphic embedding j: X — Y where jT,, = Sj and S is a direct

sum of two shifts with simple annuli as their spectra.

2. Find a bound on ||(S — I)7!|| by considering both summands of S separately.
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A model for the extension Ridge’s characterisation of the spectrum for shift
operators shows that the approximate point spectrum consists of two annuli. The
outer radius r~(7,) of the inner annulus is determined by an expression involving
the numbers w,, for negative n, while the inner radius i*(7,,) is determined by w,, for
positive n. We shall seek an extension S of T;, which is of the form S =T, ® T on
a space (1(Z) @ ¢,(Z) for some weights a, 5. Here, T, will have the spectral bound
max{r~(7,), 1}, and o(T}3) will have the inner radius min{i*(7,), 2}.
Consider
Y =0(Z x{0,1}) ~ 01(Z) & (,(Z)

and take the standard double basis (fV), (f!). Define
St =B, St =t (n€Z).

for some weights (a,), (8,). So S is the sum of two weighted shifts, and ,,(.5), o(5)

are the union of the two corresponding spectra. Let

.. -an_l

g4 00O (s g
o= o By o
Ao "0lp0 g1 (<),

Note go = £ + f] in both cases. Then

Sgn _ {6ngn+1 (TL 2 0)

Angnt1  (n <0).

Given a weight w, we choose the weights o and [ in the following way. They shall

satisfy
[ 20,
a, (n<0),
= (=0
an =5 (n=0),
Bn=2 (n<0)
The map

J:l(Z) =Y, e, gn
intertwines T,, with S = (T, ® T3), or Sj = jT,,. We find that j is an isomorphism,

but 7 is not isometric. We have

1
L<llgnll <1+ 55 (n€Z)
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so that [|(x,)] < ||7(zn)| < 2||(z,)|| for all (x,) € X. Also, we have that ||g,|| — 1 as
n — oo and as n — —oo.
Recall that T, satisfies the inequality

(A =Tw)zl| = cflz]]  (z € X,AeT) (3.24)
for some ¢ > 0. By choice of the weights o and 3, we clearly have that
o(T,) CD, o(Tz) c C\D.

Hence, T,, and T} also satisfy an inequality of the form (3.24)), for possibly different
values of ¢. We shall relate ¢, the lower bound of T;,, and the lower bounds of T,, and
Tjs.

An estimate for 7,. Let us find an estimate for
IA=T)7 M (A eT).
For k <0 and n > 0 with £ +n <0 let
T = €pq1 + Wit1€42 + -+ + Wit1 * * * Whtn—1€k+n-

Then

| Tz — || L+ Weyt -+ Whan < 2

c < )
HxH Tl wppr e Wepr o Whgne1 T MWE 1 W1

This shows that

2
Wy Whgn—1 < —
cn

foralln >1and k <Owithk+n<0.Ifk>0andn>1then
1

Oék"'ak+n—1§2—<

M|H

Finally, if £ > 1 and n > 1 then
< 2 1 < 2
w_ ---w_a -.-an_ _——_—.
g o Y= ck2r T oen+ k)

Since 0 < ¢ < 1, this shows that

2
Qe Qpyna < — (k€Z,n>1).
cn
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This implies ||T]| < = for alln > 1. For z € X,
(= [TZ DIl < T3z — x|
= I+ Tot -+ T3 ) (Toz — )|
< n||T,z — z|.
So [Tz — z|| > £(1 — 2)||z|. Let n = |2]. Thenn > 4 and n > 2 — 1 so that
2 <1+ 1 <2 Hence

c 5 c
T,x — > —(1—=)> —
[Tar =2 = S0 -9 2 5

- (z € X). (3.25)

An estimate for 7T3. We want to estimate
IA=T9) " (A eT).
For k> 0 and n € N, let
T =€+ Wgeky1 + -+ (wk - ‘wk+n—2)ek+n—1'

Since we have that w, > 1 for n > 0, we get that

N DR E T e
> ”xH 1—|—wk+"'+(wk"'wk+”_2) (k:ZO’neN). (3_26)
L+ wg - Wegn—1
<
n

Let 7 = inf{Bx -+ Benr: k € Z} s that [Tja] > ylle]| for all z € 4,(Z). To get
“22 we complement (3:26) by

1427
<t (n>1),
n

an estimate for

c<1

and by
Bk BaBor Buor+1 =2 wg - wpy +1
> 2F 1)+ (wo - wp_y +1) (k,n>1)
> c(k+n).

So we have . .
o< + M

- n
and we can combine this with the estimate

(n=>1),

(v = Dzl < T3z — ]
<N +Ts+T5+---+T5 ) (Tpx — )|
[ T]]" — 1

Tsx — z||.
S
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Thus
Tl -1

| Tz — z|| > ¢u||z|| where ¢, = — vy —1). (3.27)
[l

We optimize over n and choose n = Lm + 2 +1]. Then

1 N 2 s n> 1 n 2
e — — = n = e — —
log [ T3]~ ¢ log [[T5]] ¢
so that
"1 1
(’)/Z—l)an—anc—QZ—,
n log || 75|

1 1 1/log||Tgl 1
S -0 5 Ly —asere.
o> ) I

Thus, by (3.27) and ¢ < ||T3|| — 1, we find that

| > c 1
T
log || 75|l (3||T5||2/C+1

[Tz — Izl (z € 6(2)). (3.28)
Now, we can combine the inequalities (3.25)) and (3.28)) to obtain an estimate for
|(I —S)~!|. The dominant expression is the one in (3.28)), so we get that

log ||'T;
10— 9" < BTl e

Finally, note that || 73| = max{2, ||T,,||}, and we have a bound for ||[(I — S)™!|| in

terms of ||T,]|| and the lower bound c.

Remark 3.6.5. We defined an isomorphic embedding j: ¢1(X) — ¢1(X) & ¢,(X) with
(@)l < |l7(xn)]] < 2||(z,)] for all (x,) € ¢1(X). We can use j to define an isometric

embedding 7 by
9n

~ lgall

J(en) : (n€Z).

We would then find that

3 Gn1ll -
Silen) = ””;ﬁ i Tuensa).

Note that asymptotically, we have ”ﬂ"g—:ﬁ” — 1lasn — oo and as n — —o0.
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3.6.2 Lower bounds of unbounded operators

In Theorem [3.6.2] we constructed an extension for a Cy-semigroup generator A by
applying Theorem to the resolvent of A, and then showing that the extension of
the resolvent is again the resolvent of an operator. Let us see how lower bounds of
the form for A are related to lower bounds for its resolvent.

If u € p(A) then

A= A= (u=N) (=N = Ru.A) (- 4) (A€Q).
So (3.23) holds for A with ¢ > 0 if and only if
= Al (e =N = R(p, A)) || > el|[R(p, A)z|| (2 € X).

As we mentioned in Section [3.6 and as we will see in Section [3.6.3] the extension in
Theorem uses a quotient of a space H>°(U, X) of bounded holomorphic X-valued
functions. The open set U contains the approximate point spectrum of the operator in
question. We now see how this approach, applied to an unbounded operator, relates
to the construction for one of its resolvent operators.

Let A be the generator of a Cy-semigroup 7" with wy(7') > 0 and assume that A
satisfies for some ¢ > 0. By Theorem [2.4.2] there is some 7 > wo(T') such that
|R(X, A)|| < 2 for all A € C with ReX > 7. The open set

U={z€C: Rez<—§or§<Rez<wo(T)+n}

contains the approximate point spectrum of A and (A — A) is uniformly bounded
below for A ¢ U, that is

HO—AMHEQMH(wGDM»

Taking the transformation f(z) := uiz (z € C) for some i € p(A), we get an open

set V' = f(U) which includes o,,(R(p, A)) \ {0}. There is a bijection 7: H>*(V, X) —
H>(U, X) defined by

w02 = g(f(z) (€ U)
with inverse
o)) = g(f ) = glu— ) (we FO))

If A is unbounded, we have that 0 € o,,(R(i, A)). If we were to take an open
neighbourhood V for o,,(R(i1, A)) and map it to a set containing o,,(A) using ',
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we would get a set U = f~*(V) with bounded complement. We could instead try
to work with the set U directly, perhaps by introducing further constraints on the
functions g € H*(U, X) that we use, such as continuity at co. This makes sense,
since for these functions we have that m(g) is continuous at 0 which is true for any
function which is holomorphic on some set V' containing o,,(R(u, A)) 3 0. This seems
to be a sensible constraint. Moreover, this defines a closed subspace of H>*(U, X) as
we work with the supremum norm.

We might also consider using another restriction on the functions g € H*(U, X)
that we want to work with. In the proof of Theorem for a generator A of a Cy-
semigroup 7', we had to restrict to a subspace on which the Cy-semigroup induced by 7'
is strongly continuous. So we could consider only those g such that ||T°(t)g — g|, — 0
as t = 0. We will see which parts of the proof of Read’s theorem we can adapt to

Cy-semigroup generators in Section [3.6.3

3.6.3 Adapting Read’s proof

We can try to adapt the proof of Read’s theorem to Cy-semigroup generators, as we suc-
cessfully did for various other proofs including that of Arens’ theorem (Theorem .
With operators satisfying the inequality in mind, we work towards an interme-
diate result which is a weaker statement than Theorem The proposition for

bounded operators is as follows.

Proposition 3.6.6 (see [Mul03]). Let T' be a bounded operator on a Banach space
X and let U be an open neighbourhood of c.,(T). Then there exists an isometric
embedding X C Y and an isometric homomorphism ¢: {T} — B(Y) such that
e =1V, o V)Ix =V for all V € {TY}, and for the extension S = p(T) we
have o(S) C U.

We will see at the end of this section that we also get an estimate on the resolvent,

of the form
IR(A,S)|| < Kdist(A\,U)™" (A€ o(T)\U)

for some K > 0. In the context of an (unbounded) operator A satisfying (3.23)) for

some ¢ > (0, we would want to choose an open set
c c
UCC\{ZGC: —§§Rez§§}.

We would hope to get an extension B of A such that the vertical strip is contained in
the resolvent set of B, and ||R(is, B)|| < 2£ (s € R) for some K > 0.
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The idea of the proof of Proposition [3.6.6] was already outlined at the beginning
of Section [3.6| after the statement of Theorem [3.6.1, What it essentially comes down
to is taking a quotient space of H*(U, X) to identify M, and the operator T, so
that M _.)-1 are the required resolvent operators for A ¢ U. The problematic
part is showing that the inclusion of the space X into the quotient is isomorphic
(renorming then gives an isometric embedding). This proof was split into several steps
in [Mul03, Chapter I, Section 4], which we take as an orientation. The result giving
the isomorphic embedding is Lemma below.

First, we have to introduce some notation. For an operator A, let
d(A) :=inf {||Az||: x € D(A), ||z| = 1}

be its lower bound. For a fixed operator, the lower bound gives a function d(- — A) on

C which is continuous by the inequality
Iz = A)zf| = [[(z2 = A)z|l] < [z1 = 2ofllzl] (21,22 € C,z € D(A)).
Note that the approximate point spectrum is the preimage of {0} under this map.

Lemma 3.6.7. Let A be an operator on a Banach space X with non-empty resolvent
set p(A). Let G be an open connected subset of C\ 0,,(A) and let U be a non-empty
open subset of G. Suppose that f: G — X and g: U — D(A) C X are analytic

functions which satisfy

F(z) = (A= 2)g(z) (z€U). (3.29)

Then it is possible to extend g analytically to G and the extension satisfies (3.29) for
all z € G.

Proof. By Gy we denote the largest open domain U C Gg C G to which g can be
analytically extended and on which it satisfies the equation. We show that Gy = G
by using the connectedness of G.

Let A € G and take a continuous path ¢: [0,1] — G with ¢(0) € U and (1) = \.
Let Z be the (closed) image of ¢ and choose some r > 0 such that dist(Z,C\ G) > r
and infycpo 1 d(A — @(t)) > 7. Let

M = max{||f(2)||: dist(z,Z) <r}
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and let 4 € GoN Z. On some neighbourhood U; C G of u, f and g are defined and
satisfy (3.29)) for z € U;. Both f and g have a Taylor series

fz) = Zﬁ(z — )’

g(z) = Z gi(z — p)’

for z near p with coefficients f; € X, g; € D(A) (i > 0). Then by the Cauchy integral
formula we have || f;|| < % (i > 0). Comparing coefficients in (3.29) gives

fo= (A~ p)go, (A=—pwgi =g+ fi (i>1).

So we can estimate the norm of the g; by ||gol| < d(A — )7 foll < r~'M and
lgsll < (i 4+ 1)Mr=0+D . This shows the convergence of the Taylor series of g for
|z — p| < r, hence these z belong to Gy. Since we chose r independently of the point
w € Z NGy, we see that the intersection Z N Gy is both open and closed in Z. By

connectedness of Z it is all of Z. As the choice of ) is arbitrary, we see Go = G. [

Lemma 3.6.8. Let A be an operator on a Banach space X with non-empty resolvent
set. Let U be a neighbourhood of ,,(A) such that the operators A — A have a uniform
lower bound ¢ > 0 for A € C\U. Let g: U — D(A) C X be a bounded analytic
function satisfying x = (A — 2)g(z) for z € U. Then x = 0.

Proof. For each connected component G of C \ 0,,(A) the intersection U N G is

non-empty. So by Lemma [3.6.7] we can extend ¢ to an entire function satisfying
r=(A-2)g9(z) (z€C).

The function g is assumed to be bounded on U and for A € C\ U we calculate
e lgM)I < [[(A—=A)g(N)|| = ||=]|. So g is constant by Liouville’s theorem. Use
distinct values 21, 20 € C to get z = 0. O

Remark 3.6.9. Let T € B(X) and let U D 0,,(T") be an open set. Since {A € C: |A| <
2||T||} \ U is compact, the continuous function d(- — T) attains its lower bound on
this set. For A € C with |A| > 2||T"|| we have ||(A — T)z|| > ||T||||z| for all z € X. So
(A = T') has a uniform lower bound for A € C\ U for any such U.

Remember that H>*(U, X) denotes the set of bounded holomorphic X-valued
functions on U. Denote the supremum norm over U by ||-||;. The following lemma
will allow us to define a quotient norm on this vector space for which the embedding

X — H*(U, X) by constant functions is an isomorphism, and which identifies 7" and
M.,.
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Lemma 3.6.10. Let T' be a bounded operator on a Banach space X and U be an open
neighbourhood of oap(T). Then there exists a constant K > 0 such that ||z|| < K||g||,;
whenever x € X, f,g € H®(U,X) and x = g(2) + (T'— 2)f(2) (z € U).

Proof. By the inclusion H>*(V, X) C H*(U, X) for U C V via restrictions of functions,
which is continuous for the supremum norm, and as 0,,(7") is bounded, we may assume
that U is bounded. For proof by contradiction we assume there are x,, € X, f,,, g, €
H>(U, X) such that z,, = g, (2)+(T'—2) fu(2) for z € U and ||z, || = 1, and ||g, ||, — 0
as n — 0o.

First note that the operator T induces an operator to the quotient Q(X) =
07°(X) / ¢o(X) since ¢o(X) is invariant under T'. Here, we use the pointwise application
T(uy,) = (Tu,). Take the element z = (x,) + co(X) € Q(X) with norm |jz| =
limsup,,_,.||z.|| = 1 and the function g(z) := (g,(2)) with values in ¢y(X). On the
set

Z ={z e U: dist(z,04,(T)) > 1 dist(0ap(T),C\ U)}

1
2
the function d(- — 7T') has a lower bound r > 0. By the maximum modulus principle

we have

sup || fu(2) Iy =sup [ fa(2)ll ; < 77 sup [T = 2) fu(2)ll 2
n>0 n>0 n>0
=r~'sup ||z, — ga(2)[l; < 00
n>0
so there is a bounded function f: U — Q(X) given by f(z) = (fu(2)) + co(X). We

show that f is holomorphic. Let A € U,0 < s < dist(A,C\U), M = sup,,» || fal/, and
let

fulz) = Z Fai(z = A" (Jz = A < dist(A\,C\ U)).

On the coefficients we have the norm estimates || f, ;|| < 2f so for each i the coefficients
(frni)n are in £°(X) and f € H>®(U,¢*(X)). Let us pass to the quotient Q(X). As

the approximate point spectrum for 7" on Q(X) is the same as on X, the equation
( +co(X)) = (T' = 2)(f(2) + (X)) (2 €U)
and Lemma imply = € ¢o(X) which contradicts ||z|| = 1. O

Let us try to find a statement similar to Lemma |3.6.10| for an unbounded operator

A in place of the bounded operator T'. Since we cannot assume that U is bounded,
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we assume instead that A — A is uniformly bounded below for A ¢ U. Assume there
exist x,, € X,
frsgn € {f € H®(U,X): f is continuous at co}

such that z,, = g,(2) + (A — 2) fu(2) for z € U, ||z,|| =1 and ||g,||, = 0 as n — oo.
Then f,(c0) = 0 for n > 0. We want to show that sup, || fall;, < oo, using the
uniform lower bound of A — z near the boundary of U. Assume d(A — A) > 2r for
A€ C\U and let

Z ={zeU: dist(z,0U) < r},

where OU denotes the boundary of U. For A € Z we have ||(A — A)z|| > r||z|| for all
x € D(A). Since f is continuous at oo, the maximum modulus principle shows that
| fully = |l frll ; for all n € N. So

sup | fn(2)]ly = sup 1fa(2)ll, <77t Sup (A= 2)fu(2)ll 5

=rLlsup |z — gn(2)||, < 0.
n>0

Hence f(2) := (fu(2)) is bounded on U. The map, f: U — £ (X) is holomorphic
by the same reasoning as in the proof of Lemma Moreover, the function
((A=2) fn(2))+co(X) with values in the quotient £ (X) /co(X) is equal to (z,)+co(X).
We want to conclude that x = 0 using Lemma [3.6.8] To that end, we would want to
have an operator A on the quotient /. (X) /co(X) and be able to write (x,,) 4 co(X) =
(A —2)(fn(2)) + co(X). However, we cannot write

(A= 2)(fu(2)) + co(X) = ((A = 2) fu(2)) + co(X)

since we do not have that the operator
A(z,) = (Ax,), D(A) = {(z,) € loo(X): &, € D(A), (Az,,) € (X))}

is well defined on the quotient £, (X) / co(X). This means we cannot use this strategy
for unbounded operators.

We now state a proof for Proposition [3.6.6|

Proof of Proposition[3.6.0. Take the Banach space H*(U, X) and the closure J of
the subspace {(T' — 2)f(z): f € H®(U, X)}. We can define an embedding p: X — Y
into the quotient Y = H*(U, X)) / J by using the constant functions. The embedding
p satisfies ||p(z)[ly < [|z]|x (z € X). By Lemma [3.6.10] there is a K > 0 such that

lo@ly = ,_inf e = (T = flg 2 Ko (@ € X),
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S0 p is an isomorphism.

Every operator V' commuting with 7" extends to an operator Y, using pointwise
multiplication on H* and observing invariance of J. This extension of V' is bounded
by ||V||. We denote the extension of T by S.

For A € C\U the function (A—2z)~!isin H>®(U,C). So we define the multiplication
operator R: f(z) — (A—2)"!f(2)+ J for f € H*(U, X) and observe

RA=9)f(z)+J=(A=2)"((A=2)+ (2= 9))f(2) = f(2) + J.

Similarly (A — S)Rf(z) + J = f(z) + J. Hence A — S is invertible on the quotient Y
and A ¢ o(S5).

We have to change the norm on Y to get an isometric embedding. We can choose
the norm

[yl = inf {[lz]l x + Klly — p(2)[ly = € X}

This norm is equivalent to [-||,, with min{1, K'}||y[l, < [ly|| < K||y|ly for all y € Y.

For x € X, we have

lzllx <lyllx + 1z =yllx <llvllx +Elelz =»lly (v € X)
which implies ||z||y < |[p(x)]|, and we have
o)l = nf{llyllx +kllp(z —y)ll: v € X}
< [lzllx + K0l < [l

by choosing y = x. So X is isometrically embedded in Y. For y € Y, we can bound
1Syl by
1Syl = inf {[|lz]l x + klISy — p(2)]ly : © € X}
< inf {| 7], + k[ISy — Sp(a)]l, : = € X}
< |IT[Jinf {{lz]lx + klly — p(z)lly: v € X}
= TNl

The isometric embedding gives the last required inequality, ||S|| > ||| O]

Remark 3.6.11. In the proof of Proposition [3.6.6, we can bound the resolvent operators
for the extension S in the following way. Let y € Y and remember that the resolvent
R(A, S) for X ¢ U was defined by M(,_,)-1. Using the two norms ||-|| and |-||,, on Y,
we find

[A=2)"yll < KNl(A=2)""ylly < Kdist(\, U) " lylly < K dist(\U) "yl (y € Y).
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Chapter 4

Maximal Parts

In this chapter we introduce the concept of maximal parts. The idea of maximal
parts is to use seminorms to describe continuous embeddings of Banach spaces, with
respect to some properties of an operator or a family of operators. The properties
we will consider are contractivity, expansiveness, dissipativity and accretivity. In the
definition of the seminorms, we will find the same formulations and ideas that are used
for invertible extensions. Moreover, we will find that we need invertible extensions to

prove maximality of some seminorms, such as the expansive seminorm in Section

The results in this section are all new, apart from Theorems [4.7.2] and [4.7.3] The main
results of this chapter are Theorem [4.2.6]on a dissipative seminorm, Proposition
on the universal property of this seminorm, and the two applications of this result.
The first application to quasi-hyperbolic semigroup leads to Theorem which is a

characterisation for the existence of a continuous embedding into a quasi-hyperbolic

semigroup. This result relates to the work in [BT10|. The second application in
Theorem is a generation theorem which stands in relation to the generation
theorem by Goldberg and Smith ([GS78|) as the Feller-Miyadera-Phillips theorem
stands in relation to the Hille-Yosida theorem (see Theorems [2.4.1| and [2.4.2)).

4.1 Contractive and expansive parts of a bounded
operator

To understand what a certain maximal part of an operator is, we look at the simplest
case first. We will define the maximal contractive part of a bounded operator. This is
very prototypical and the arguments in the following sections will follow the same line
of reasoning, although in Section some properties such as maximality, for example,

will be less obvious than they are in the contractive case.
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Let T' be a bounded operator on a Banach space X with norm ||-||. There are

seminorms ||-||" on X such that
L ||lz|| < ||z for all z € X,
2. |Tx||" < ||z for all x € X.

If a seminorm ||-||" satisfies 1 and 2, we say that it is a contractive seminorm for 7.

There is clearly a largest seminorm amongst those ||-||', which is given by
sup {||lz[|": ||-|" satisfies 1 and 2} (z € X).

It turns out that the largest of these seminorms is given by
||x||T:inf{Z||xi||: nZO,x:ZTixi} (z € X). (4.1)
i=0 =0

It is fairly easy to check that |||, is a seminorm, and since z = Tz we see that
|z||; < ||z|| for all z € X. To show that T is contractive in ||-||,, let z € X and

assume that

T = i T ;. (4.2)
1=0

Multiply (@&2) by T to see that Ta = >."* TPz, 1 holds. So ||Tz|, < ||, for all
r € X. Now, we want to show that indeed every other contractive seminorm |||’ for

T is dominated by |||, So let ||| be a seminorm which satisfies 1 and 2, let z € X
and assume that (4.2]) holds. Then

n n n
2l < D Tl < Dl < )l
=0 =0 =0

So we have that [|z|" < ||z| .
Note that any operator U commuting with 7" is bounded in ||-||;. More precisely,
we have

1Uzlly < Ulllzlly (2 € X), (4.3)

where ||U]| is the usual operator norm of U in B(X). This can be seen from the
definition of ||-||;. In particular, holds for the resolvent of T.

We now use |[|-|| to find a contractive map 7: X — X to a Banach space X such
that 7 intertwines T' and a contractive operator 7. We will find that p(T") C p(T).
Let

N ={zeX: oy =0}
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be the (norm closed) null space of ||-||» and let X7 be the completion of the quotient
space X / N in the norm induced by ||-||; (for which we will use the same notation).

Since N is invariant under 7', the operator

T(x+N)=Tz+N (zeX)
is well-defined on X / N, and it is contractive since ||Tz|; < ||z]l;. So T extends
continuously to a contractive operator 7 € B(Xr). Similarly, for any operator
U € B(X) commuting with 7" we get an operator U € B(Xr) with [|U|| < [|U|| by (£.3),
and the map U — U is a contractive algebra homomorphism. Let 7: X — X7 be the
natural map which is induced by the quotient map from X to X / N. It is clear that
7 is contractive and has dense range. Moreover, it satisfies 7U = U for the operators
U and their associated operators U, and in particular 77" = 7. This also implies
that o(7) C o(T) and 7R(N\,T) = R(\, T)w for A € p(T).

Definition 4.1.1. The triple (X7, T, ) is called the contractive part of T.

We say that a triple (Y, 5, p) is an intertwining triple if Y is a Banach space,
p: X — Y is a contractive linear map, S € B(Y') is contractive and Sp = pT'. For an

intertwining triple (Y, .5, p) we can define a seminorm on X by
Ilz]I" = llp(2)]| (= € X).
We have that [l2] < [|p] 2] < |lz]) and

IT2|" = llp(T2)|| = [Sp@)ll < llp(2)]| = [l

for all z € X. So ||| is a contractive seminorm for 7" and thus ||z’ < ||z, (z € X).
This inequality corresponds to a universal property of the triple (Xz, 7, 7), which is

stated in the next proposition.

Proposition 4.1.2. Let (Xr,T,m) be the contractive part of an operator T € B(X).
Let (Y, S, p) be an intertwining triple. Then there is a unique contractive map o: Xp —
Y such that p = om and oT = So.

Moreover, if some intertwining triple (Y, S, p) has this universal property, there is a

unique isometry o: Xp — Y intertwining T and S.

Proof. Since ||p(-)|| defines a contractive seminorm for T, we see that ||p(z)| < ||z||,
for + € X by maximality of ||z|,. Hence if we define o: 7(z) — p(z) for z € X,

then o is well-defined and contractive on a dense subset of X7r. We want to extend o
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to Xp. Since o is contractive, it extends uniquely to Xr. Also, we have om = p by

construction. Moreover,
oTn=o0nl =pl =Sp=Sorn

which proves that o7 = So on the dense subset X / N C Xp. Continuity of o7 and
So implies that the equality holds on X7. This proves the universal property of the
contractive part of T

Assume that (Y, S, p) is another triple with this universal property. Then there
are contractive maps o: Xy — Y and ¢’: Y — X which intertwine 7 and S. Since
o'om = o'p =7, we see that 0'c = Iy, by density of ran7 in Xr. But ¢ and ¢’ are
contractive, so ¢ must be isometric. Hence X7 is isometrically embedded in Y. If Y
is minimal in the sense that for no non-trivial closed subspace Z with p(X) C Z C Y

the triple (Z, ST,,0) has the universal property, then we even get that Y = o Xp. [

Consider the dual map 7’: X7' — X'. Since 7 has dense range, we get that 7’ is
injective. This means, we can identify X7" with a subspace of X’. Let us show that

this subspace is given by
Wi {oe X5 sup )l <o
Let £ € X7 and n > 0. Then
(1) 7'& ()| = [E(x T )| < [Tzl < NNzl (z € X).

This shows that 7' € W and sup,,5 [|[(T")"7'¢[| < ||€]|. On the other hand, if ¢ € W,
reXandx=> " Tz, then

|p(2)] < Z\w(Tixi)\ < ZH(T’)’KOHII%H-

This shows that [p(x)| < (sup,so(T")"¢l)||z|; (x € X). This means that ¢ defined
by &(mz) = p(z) (xr € X) is a well-defined functional on X / N which extends
continuously to X7. In particular, we have ¢ = ' and [|£]| < sup,,5¢ [[(T")"||. This
shows that W = ran (') and

€]l = sup [|(Z)" 7€} (€ € Xr').

Using the Hahn-Banach theorem, we get the following proposition.
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Proposition 4.1.3. Let T € B(X). The seminorm ||| is given by

ol =sup { (@)l o € X' sup [TVl =1} @eX). (@)

To see some effects of this renorming, let us look at two basic examples. The first
one is a multiplication operator T' = M) which multiplies functions from the space
X =L,(Q,pn) (1 <p<oo)byabounded measurable function h: Q — C. If f € X is
supported on {|h| > ¢} for some ¢ > 1 then hin eX, f= T”hin and thus || f]|; < HCL,LH
for all n > 1. So for general f € X and ¢ > 1 we get

I fllr < W xgni<alle + 1 xqrzalle < I xgni<all-

Thus,
1fllr < Hm ([ fxqn<all (f € X). (4.5)
c—1+

Since T is contractive in the seminorm lim. i+ || fxqn<ey]| (f € X), and since this
seminorm is dominated by ||-||, we have equality in (4.5). For 1 < p < oo, we can

apply the dominated convergence theorem to simplify this to

1z =17 xqu<ny |l (f € X).

But on Lo(1,2) with h(xz) = z, for example, we get ||f||; # 0 = || fxqn<1y] if we
take, say, f(x) =1 for all x € (1,2).

The other standard example is shift operators. Let T' be the right shift on the
weighted space £ (w) with norm ||-||, , (see Section . The contractive norm |||,

is again a weighted ¢;-norm for the weight
v(n) = min{w(k): k <n} (neN).

Indeed, we can use the maximality property of |-||; to see this as follows. A simple
calculation shows that ||-||;- attains the values ||e,||; = v(n) on the basic sequences e,

for n € N. Since [|-||; has to satisfy the triangle inequality we have

I@)lr < Y lzallleallr = I(@a)ll,  (2a) € Gi(w))

neN

and hence [|-[|;, is dominated by the norm ||-||, ,. On the other hand, the weight v is
decreasing so the shift 1" satisfies || Tz, , < =], (z € X) and ||-||, , is dominated by
the norm |||, . Since the norm ||-||; is maximal with these two properties, it must
be equal to |-, .

For shifts on weighted £, spaces for 1 < p < oo, however, the norm |-|| is no longer

of such a simple form. We will now look at shifts on finite dimensional ¢,.-spaces.
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Example 4.1.4 (Two-dimensional shift). Let X be the vector space C? equipped

with the norm

[(cv; B)|| = max{|al, w|B]} ((a, B) € X)
for some w > 1. Let T be the right shift

T(a,8) = (0,a) ((, B) € X).
Let x = (a, 8) € X. To calculate ||z|,, we want to minimise
1] + lz2f] (21,22 € X, =21 + Txp).

So we can take 1 = (a,t) and 25 = (8 —t,0) for some t € C. We now seek to

minimise the function
f(t) == max(|af,w[t]) +[8 —t] (t€C).

Clearly, we can assume that a, 5 > 0 and 0 < ¢t < . The derivative in ¢ > 0 is then

f'(t):{_l wt < «

w—1>0 wt>a.

given by

So for a > w/f we minimise f(¢) by choosing t = 8. Otherwise, f(¢) is smallest when
wt = a. We thus see that

w—1 .
S lal=——+18] if|a] <|Blw
ol =4 w |
|| if [af > |Blw

+18] }-

w—1

= max { Jal, o] =

In the following example, we show that for a shift 7" on an n-dimensional weighted
(~-space, the contractive norm ||z ||, is again given as a maximum over a finite number
of functionals evaluated at |z|. Here, |z| is the (possibly finite) sequence (|zy|) if
x = (z1). The following argument is of a geometric nature. We show that for a shift
operator, the unit ball of the contractive norm on the first & coordinates is determined
by the original norm on the first k& coordinates only, and can hence be calculated

recursively.

Example 4.1.5 (n-dimensional shift). Let X be the vector space C" equipped with
the norm

|z|| = max{w;|z;|: i =1,...,n} (x€C")
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for some w; > 0 (i =1,...,n). Let T be the shift operator
T(.’L‘l, To, ... 7"17n) = (O,Il, S ,.an,l).

Then the contractive norm |-|| of the shift 7" can be calculated recursively over
elements of the form

x=(x1,...,7x,0,...,0)

since for such an z, ||z||, only depends on the first k& values of w. We show this now
by using the definition of ||-|[;. Note that we can fix the variable n in and
assume it is equal the dimension of the space, since T = 0 for i > n.

If £ =1 then the definition shows that

(21,0, ...0) Iy = [[(21,0, ..., 0)[| = wi|zy].

For 2 < k < n, the norm ||z||; is given by the minimum of

ZHyz” (vi € X, ZTiyZ- = x).
=0 i=0

Among the minimising tuples (y;), there is one for which the j-th coordinate of y; is 0
when j > k — i and thus y; = 0 if ¢ > k. Indeed, for any minimising tuple (;), we can
obtain another minimising tuple (y;) by setting these coordinates equal to 0. Now, let

(y;) be such a minimising tuple and let

k
y= Z Ty
i—1

We then have x = yo + Ty. Since at most the first £ — 1 coordinates of y are non-zero,
we can assume that we already know ||y||, for which we know |[|y||, < Zle lys||. This

shows that ||z, is given by

[(z1,....2%,0,...,0)lp = min {||z — Ty[| + [|yll;: v = (1, -, Ys-1,0,...,0)}

which depends on wy, ..., wy only, as ||y||; can be calculated from wy, ..., w,_; only.
Let us find a geometric description of the unit ball of the norm ||-||, using that it

is recursive in the dimension n. Let B be the closed unit ball of ||-||,

Bn—l = {y e C": Yy = (yla o ayn—1a0)7 HyHT < 1} (46)

and define C' as the convex hull of BU B,,_; UTB,,_;. We will show that C' is the
closed unit ball of ||-||;. For this, we first show that C' is the unit ball of a norm on

Cn.
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For C' to be the unit ball of a norm, it has to be convex, balanced (AC' C C' for
|A] < 1) and it has to satisfy | J,-, kC = C". It is clear that C' is convex. To show
that C' is balanced, it suffices to consider \ € C with IA|=1. Let [A|=1,1let ue C
and write u as the convex combination of elements z € B, 1,y € TB,,_1 and z € B.

So there are numbers «, 5,7 > 0 with
u=ar+PBy+yz (a+p+~v=1). (4.7)

Since B and B,,_; are balanced sets, Au € C. Finally, B C C we have that

Jrc o JrB=C"
k>1 k>1
So C'is indeed the unit ball of a norm ||-||.

Let us show next that ||Tz||, < ||z||, for x € X, that is u € C implies Tw € C'.
Let u € C and write u as a convex combination as in (4.7). It is trivial that
Tx € TB,_1, since x € B,_1. To deal with Ty for y € TB,,_1, write y = Ty’ where
v = (y1,---,Yn-1,0) and |||l < 1. We want to show that Ty = T?y € TB,,_;. Let
P; be the projection onto the first i coordinates (i > 1). Clearly, ||P;]| < 1 and also
PTI =TP,_;. So

T%) = P, T%/ =T*P,_»y

and it is sufficient to show that TP, oy € B,_;. But if y = Y "  T"v; for some
v; € X then
TP, oy = Z Py T
i=0
and thus |TP,—2¥|l; < Y|l < 1. Hence TP, 2y’ € B,y and Ty = T?P, 2y €
TB,_1. To handle z € B, let 2/ = (0,...,0,2,) so that Tz = 0. Since

z—2 =(21,...,2,-1,0)

and by definition of the norm ||z—2'||, < |[z—2/|| < ||z|| < 1 we have that z—2" € B,,_;.
So again, Tz € TB,_1. Thus, Tu is a convex combination of elements in T'B,,_; and
by convexity of T'B,,_1, Tu € TB,_1; C C. This is what we wanted to show. Hence
|Tz||, < |z|| for all z € X.

We can now show that C'is the unit ball of ||-||.. Note first that we have [|-||, < ||[|1
by maximality of ||-||. So we only have to show that the unit ball of |-|| contains C.
The unit ball of ||| must contain B since ||| < ||-||, and it certainly contains B,,_;
and T'B,,_y. So C' is contained in the unit ball of |||, and we get that ||-[|, = ||-||;
and that C' is the closed unit ball of |-|| ;.
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We can use the description of C' to show that for all dimensions n € N the norm
||| is given by
|zl = max{ L(|z]): Le F'} (z€ X) (4.8)

where F' is a finite set of linear functionals L: X — C. Note that this is equivalent
to showing that C' = {z € C": L(|z|) <1 for all L € F'}. Since z € C' if and only if
|z| € C, what we are really interested in is real convex sets. Following |Gru67, pp. 31—
32|, we say that K is a convex polytope if K C R™ is a compact convex set with a
finite number of extreme points. It was shown in |Grii67] that this is equivalent to K
being the intersection of a finite family of halfspaces { x € R™: L(z) < c¢}. We will
apply this to the set
Ciy={lz]:z€C} CR".

First of all, note that the set B,,_; in is equal to the embedded unit ball of
the contractive norm of the shift on C*"~! with weights wy, ..., w,_;. Thus, we will
use induction on the dimension n. For n = 1, the shift is the zero operator and thus
trivially contractive. So ||-||; = ||-|| and our claim holds. Assume that the contractive
norm for the shift on weighted n — 1 dimensional space is given by . Then B,
and its image T'B,,_; have only a finite number of extreme points by the induction
hypothesis, and so does B. Since C, the unit ball of ||-||,, is the convex hull of the
union of these sets, its extreme points are contained among those of B,,_1,TB,,_1 and

B. In particular, the set
Ciy={zecC:z>0}={|z]:z€C}

of positive elements of (', has a finite number of extreme points. So there is a finite

set I of pairs (L, c) where L is a functional and ¢ € R such that

Cy = ﬂ {x eR": L(z) <c}.

(L,c)eF"

After reducing F” to a minimal set, let
F={c'L:(Lic)e F',c#0}.
We will show that
Cy={2x>0: Lxz)<1lforal L€ F}. (4.9)

To see that C is included in the set on the right hand side of (4.9), let x € C'y and
(L,c) € F'. Since 0 € Cy we get that 0 = L(0) < ¢. Thus, if ¢ > 0 we have that
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¢ 1L(z) < 1. Now let = be in the set on the right hand side of , that is x > 0
and L(z) < 1forall L € F. Let (L,c) € F'. If ¢ # 0 then ¢ 'L € F so that L(z) < c.
If ¢ = 0, note that for some small t > 0 we have tz € C. This follows since = = |z|
and since C' contains an e-ball around 0. Thus, tL(z) = L(tx) < 0 and thus L(z) < 0.
So either way, L(z) < ¢ and thus x € C,. Hence holds. Since x € C if and only
if |z| € C we find that indeed

|zl =max{ L(|z]): Le F'} (z€X).

Remark 4.1.6. Let T be the shift operator on C" and ||-|| some norm on C". The

geometric description for the unit ball of ||-||; is still given by the convex hull of
BUB,UTB,
where B is the closed unit ball of ||-|| and

anl = {y cC": Y= (y17 SR 7yn*170)7 HyHT < 1}

The arguments in Example are still valid since they only depend on T being a

shift operator.

Example 4.1.7 (n-dimensional operator). We can use the formula in Propositionm
to calculate the contractive norm for general linear transformations on n-dimensional
space. Let X be a finite dimensional normed space and T" a linear map on X. Let 7"
be the dual map. By , the contractive norm of 7T is given by

2]l = sup § lp(2)]: ¢ € X', sup[|(T") ol =1p (v € X).
k>0

Choose a basis of X’ to write 7" in Jordan normal form with Jordan blocks Jy, for
some \; € C. The power (T)* is a block diagonal matrix with entries J¥ . Let Jy
be one such Jordan block matrix of size m > 1, and vy, ..., v, be the corresponding
vectors for which the block takes the Jordan form. We have

k , k
(T’)kvi = <7, _ 1) >\kil+1?}1 + -+ (0> )\k’Ui (Z = 1, e k’)

Since the v; are linearly independent, we have for ¢ = 1,...,m that {|[(T")*v]|: k > 1}

is bounded if and only if the coefficients {(jfl) [AF=IFL]: k> 1} are bounded. This
implies that |A| < 1 or that |[A\| = 1 and ¢ = 1. This describes the subspace of

functionals which we have to use to determine ||-||.
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We now turn to expansive operators. An operator T € B(X) is expansive if
[Tl| = [lzfl - (2 € X).

If T is invertible then T is expansive if and only if 7! is contractive. But in general,
an expansive operator is not surjective. We will define the expansive part of an
operator in a similar way as we did at the beginning of this section for the contractive
part. The first step is to find the largest seminorm on X which is dominated by ||-||

and in which a fixed operator is expansive. For 7" € B(X), this seminorm is given by

|zl = inf { S llzll: n > 0,7 = ZT’@} (z € X). (4.10)
i=0 i=0
Again, it is easy to verify that ||-||; is a seminorm which is dominated by |[-|| and that

T is expansive in this seminorm. To see that ||-||; is the largest such seminorm, we
need the following lemma which is similar to |[BY01, Proposition 2.2]. Recall that

T € B(X) is super-expansive if whenever 7"z = "  T"z; for some x,z; € X then

] <Dl
i=0
Lemma 4.1.8. Let T € B(X) and ||-|| be a seminorm on X. Then
[Tz]| = [lz]| (2 € X)
if and only if T is super-expansive in ||-||.

Proof. Assume that T is expansive in -] and let z € X. If Tz = >""" T"x; then

n—1
laoll = |72 = ) = 3" T,
i=1
n—1
> T Yo —x,) — ZTi_lxi
i=1
n—1
> T”_l(a: —x,) — T || — Il ]]
i=2
>
> || T(x = zo)|| = llwnall = = [zl
> ||z =zl = |Tnall = -+ = [J2]],

so we see that
2| < llz =zl + Jznll < llzoll + Jz2f] + -+ + (|20 ]l
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Hence T is super-expansive in ||-||.
On the other hand, if 7" is super-expansive in ||-|| let z € X. Then T'(z) =
T(0) + (Tx) implies ||z|] < ||Tx| and T is expansive in |[|-]|. O

Let us use this lemma to show that ||-||; is the maximal expansive seminorm
subject to being dominated by the norm ||-|| on X. If ||-||" is another such seminorm
and if 7"z = Y1 T'x; for some z,x; € X then by Lemma we get

]l < lloll + -+ + ]l < llwoll + -+ + llzall-

Hence ||z|" < ||z||; for all z € X.
Next, we construct a triple (X5, 7, m) which will serve as the expansive part. We

follow the construction of the contractive part. Let
N={zeX:|z|;=0}

and let X be the completion of X / N in the norm ||-||;. Let 7: X — X be the
map induced by the quotient map. Again, 7 is contractive, has dense range and 7
intertwines 7" and an expansive operator T € B(X7 ™) with ||7| < ||T|.

We can also use the triple (X7, 7, 7) to establish maximality of the seminorm
I]l7- If [|-]|" is another seminorm dominated by |-|| and such that ||Tx|" > ||z for
all ¥ € X, we can repeat the quotient construction for the seminorm |[-||" and get
a triple (Y, S, p) consisting of a Banach space Y, an expansive operator S € B(Y)
and a contractive map p: X — Y which intertwines 7" and S. Moreover, we have
1" = Ilp(-)]|. By Theorem , S has an invertible extension S with contractive
inverse S~! on a Banach space containing Y. Assume that 7"z = T"z; holds on
X. Then

" = 15" pT ]| < Y 1S pall <D Jlaill.
i=0 i=0
This shows again that ||z||' < ||z, for all z € X.
Definition 4.1.9. The triple (X4, 7, 7) is called the expansive part of 7.

The universal property of the maximal expansive part can be shown in the same
way as for the maximal contractive part, so we omit the proof. Here, we say that
(Y, S, p) is an intertwining triple if S is expansive, p: X — Y is contractive and

intertwines 7" and S.
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Proposition 4.1.10. Let (X, T,7) be the expansive part of an operator T € B(X).
Let (Y, S, p) be an intertwining triple. The there is a unique contractive map o: X —
Y such that p = om and cT = So.

Moreover, if some intertwining triple (Y, S, p) has this universal property, there is a

unique isometry o: X, — Y intertwining T and S.

We now identify the image of the dual map of 7: X — Xr~. Let T € B(X) and
let
W:={pe X" n(p) < oo}

where
n(p) = inf { supll@nll: (@n)ns0 C X', 0 = @o, pn = T"opy1 for all n > 0}
n>0

if the set of (y,,) is non-empty, and n(¢) = oo otherwise. Let us show that W = ran 7’
and that ||z|| = n(rz) for all z € X,. Let £ € (X7~ )". Define & on TXr~ by

§(Ta) :=&(x)  (veXp)

Then [&(Tx)|] < €|zl < €T x| for all x € X,. Extend & using the Hahn-
Banach theorem to & € (X7~)', so that &€ = 77& and ||&]| < ||€]|. Iterating the
construction of functionals in this way, we get a sequence (§,) with &, = T'§,41 and
1€nll < ||| for all n > 1. Hence #'(§) € W and n(7’E) < [[£]|.

Now let ¢ € W with a corresponding sequence (p,,). We want to find £ € (X77)’
such that ¢ = 7/(§). In other words, we have to find an M > 0 such that |p(z)| <
M||z|| 7 for all z € X. The required £ is then the unique continuous extension of
E(ma) == ¢(x) (v € X). Let © € X and assume that 7"z =Y T"z;. Then

(@) = len(T"2) < 3 llpnilllledl < (supligell) 3l
i=0 = =0

which shows that |¢(z)| < n(p)||z||; for all z € X. Hence the functional £ defined by
E(mx) = p(z) (z € X) lies in (X7), ¢ = 7' and ||£]| < n(¢). In summary, we have
W =rann’ and ||€]| = n(«€) for all € € (X77)". Consequently, we have the following

proposition.

Proposition 4.1.11. Let T' € B(X). The seminorm ||-||; is given by

[zl = sup {lp(x)]: ¢ € X',n(p) =1} (z € X).
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4.2 The dissipative part of an operator

In Section we defined the contractive part and the expansive part of an operator.
We will proceed here in a similar manner, to introduce the dissipative part of an
operator. To start with, we again consider seminorms. Let A be a closed operator
with domain D(A) C X. Recall that A is dissipative if

A = A)z]| = Allz|

for all z € D(A) and A > 0. Assume that ||-||" is a seminorm on X which is dominated
by |||l and such that
1A = A)z|” > |l

for all z € D(A) and A > 0. We say that A is ||-||-dissipative. Let
N={reX:|z|'=0}

be the null space of the seminorm ||-||" and let Y be the ||-||"-completion of the quotient

space X / N. If we assume that the operator
B(x+ N):=Ax+ N, DB)={x+N:ze D(A)}

is well-defined and closable on Y then the contractive quotient map p: X — Y has
dense range and intertwines A and B. Moreover, B is dissipative on Y. It is an open
problem, for which operators A the operator B is well-defined.

If we are instead given a contractive map p: X — Y and a dissipative operator B
on Y, we can define a seminorm ||z||" = ||p(z)|| on X. If p intertwines A and B we
get that A is ||-||'-dissipative. Among these spaces Y we want to find the largest one
in an appropriate sense, which we expect to correspond to the maximal dissipative
seminorm on X . Again, it is easy to see that there is a maximal seminorm |||-|||. Define
Il by

llell = sup {Jlall} (€ X)

where the supremum is taken over all seminorms |[|-||" such that
L ||lz|| < ||z for all z € X,

2. [[(A = A)z||" > N|z| for all x € D(A) and X > 0.
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This clearly defines a seminorm and it is indeed maximal with respect to these
properties. We can rephrase dissipativity of A by saying that the operators A™'(\A — A)
are expansive for all A > 0. For p > 0, let ||| ., be the maximal seminorm which is

dominated by ||| and for which p='(u — A) is expansive. Then
AT = A) e, = I =t = Az,

i N—p (4.11)
> B, ~ Py, =,
for 0 < A < p and z € D(A). So the limit
lim ], (v € X) (4.12)

H—00
defines a seminorm in which A is dissipative. Moreover, (4.12)) is the maximal seminorm
in which A is dissipative.
Assume that A generates a Cy-semigroup 7. It is not clear whether the Cp-

semigroup is bounded in the maximal norm |||-|||. If we had
7@l < Ml (= € X)

for some ¢t > 0, M; > 0, then the null space N for the seminorm |||-||| would be invariant
under 7'(t). However, it is not clear whether this always holds.

In Section [£.2.1] we define a seminorm |||-||| , for an operator A with non-empty
resolvent set. The seminorm is dominated by the original norm ||-|| of X, and A is
dissipative for |||-||| ;. In addition, any operator U which commutes with the resolvent
of A satisfies

Uz[ll, < Ul (2 € X),

where ||U]| is the norm of U in B(X). This will be shown in Theorem {4.2.6 We will
verify additional properties of ||-||| , in Section [4.2.2] which include certain maximality

results (Proposition [4.2.14] and 4.2.16)) in the case when A is the generator of a
semigroup.

4.2.1 A dissipative seminorm

Let A be an operator on a Banach space X with non-empty resolvent set p(A), and
let z,z; € X, n >0 and u € C. We say that P(x,z;, u,n) holds if there is a € p(A)
such that

(= AV (@ = )= (= A) (- A) (4.13)

It is clear that P(x,x;, u,n) holds for all 4 € C,n > 0, when z,, = z and z; = 0 for

1< n.
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Lemma 4.2.1. Equation (4.13)) is independent of o € p(A).

Proof. Given «, 8 € p(A), apply the bounded operator (o — A)" (5 — A)™" to (4.13)).
]

Definition 4.2.2. Let A be an operator on a Banach space X with non-empty
resolvent set p(A).

1. For > 0, define [[|-[[ , ,: X — R by
[|z]][ o, = inf { ZH:UZH n>0,z; € X and P(z,z;, u,n) holds} (x € X).
i=0

2. Define a map |||-||| ,: X — R by
llllly = inf {2lll4,: 1> 0} (2 € X).

We will first present some properties of the maps |[|-[|| , , and use these to establish

some properties of |||[|| 4

Lemma 4.2.3. Let p € C. The map ||| 4, is a seminorm and it is dominated by
I-1]-

Proof. To show that |[||-||| , is dominated by ||-||, let z € X. Take n € N, x,, = = and
z; = 0 for i <n where a € p(A). Then P(z,x;, u,n) holds and |[z|], , < [|z].

To show that |||-||| , is a seminorm, we have to verify the triangle inequality. Let
z,y € X and wz;,y; € X such that P(z,x;, u,n) and P(y,y;, 1, m) hold for some
m,n € N. Multiplying by p*(u — A)*(a — A)7F for k = m gives that
P(z, 2}, t,n +m) holds for

o Ticm T2>M
! 0 otherwise

and similarly P(y,y., u,n +m) holds for
;Y 120
vi 0 otherwise.

Then simply adding the resulting equations shows that P(z + y, 2} + v}, u,n + m)
holds. Now,

n+m n m

Dol il < Y el + )Nyl

i=0 i=0 i=0
and thus [|lz+ylll , < 24, +lyllla,- To see that [[-[|| , , is absolutely homogeneous,
multiply both sides in (4.13]) by some A € C. Then P(Az, Ax;, 1, n) holds and thus
Az = A2 - -
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Lemma 4.2.4. Let 0 < A < u. Then
AT = Az, = el 4, (4.14)
for all x € D(A).

Proof. Consider the case when A = p first. If P(u~'(u — A)x, z;, i, n) holds for some
x € D(A), multiply the corresponding equation of the form by (« — A)~!. Then
P(z,z;, p,n + 1) holds with z,+1 = 0. So by definition of |[-[||, holds for
A = pu. Now, let 0 < A < p. Then by the reverse triangle inequality we have for

x € D(A) as in (4.11) that
AT = Azl = Nl -
Lemma 4.2.5. Let 0 < A < u. Then
il < Mzl g
forallz € X.

Proof. Let x € X and assume that P(x,z;, A\,n) holds. We will show that

2l < D Nl (4.15)
1=0

using induction on n > 0. Note that for the base case n = 0. So (4.13]) reduces to

x = xy and Lemma gives (4.15)).
For the inductive step let k € N and assume that (4.15)) holds for n = k& whenever

P(x,z;, A\, k) holds. Let z,x; be such that P(x,z;, A\, k + 1) holds. First, note that
r — x341 € D(A). In fact, rearranging (4.13) and using that (A — A)(a — A)™! =
(A —a)(a— A)~' + I commutes with (o — A)~" shows that

AED O - A)EHD(q — AR D (g ) = (a— A) Ty (4.16)
where y = 3% A7\ — A)i(a — A)"*x,. This shows that
-1 k+1
(A=a)(a=A)""+1)"" (z — 2p1) € D(A).
Now, if (A —a)(a — A)™' + 1)u = (a — A)~'v for some u,v € X then

u=(a— A" (v—(\—a)u) € D(A).
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This shows recursively that (A — A)(a— A)) (z — x341) € D(A) for i = k,k—1,...,0.
Thus (4.16) becomes

ATHA = A (a = AP = A)) (@ - arga) = v

This shows that P(A™'(A — A)(z — zp41), 75, A, k) holds. By the induction hypothesis
we get that

k
AT = A) (& = @)l < DNl
=0

Combining this with the estimate (4.14) from Lemma and the fact that [||-]] , ,
is dominated by ||-|| shows that

k+1
el aye < e = zaealllay, + lznsllla, < D llzall
1=0

completing the proof. O]

Theorem 4.2.6. Let A be an operator on a Banach space X with non-empty resolvent

set p(A). Then |||-||| 4 s a seminorm dominated by ||| such that
A = A)zfll 4 = Alll]].

for all X > 0 and x € D(A). Furthermore, any bounded operator U that commutes
with the resolvent of A satisfies ||Uz||| 4 < ||U]||||z|l| 4 for all z € X.

Proof. 1t is clear that |[|z]]|, < ||z|| for all z € X. By Lemma we can write
2]l 4 = limy oozl 4 ,- As the limit of seminorms, |||-[|[ ; is itself a seminorm. Let
A > 0 and take limits in (4.14]) as 4 — oo, u > A. This shows that A is dissipative for

11114
Let U be an operator which commutes with the resolvent of A, and assume

that P(x,z;, pu,n) holds. Multiply (4.13) by U to see that P(Ux,Ux;, u,n) holds.
Thus, (Ul < 101 7ollaill and we see that indeed [|Usll, < U]zl for al
reX. O

Example 4.2.7. Let (€2, 1) be a measure space and let h: £ — C be a measurable
function. Let A = M), be the multiplication operator on L,(€2, u) for some 1 < p < oo.
The spectrum of A is the closure of the essential range of h and D(A) is dense if (€2, u)
is o-finite. Assume that p(A) is non-empty. Then

AL =115 xoll, (4.17)
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for f € L,(Q, ) where D ={x € Q: Reh(zx) <0}. To show this, let
N(Aq) ={z € Q:|h(z) = A[ <qA}

for0<g<land A>0. Fix A >0and 0 < g < 1andlet f € L,(, 1) vanish outside
N(A, q). Then A™™"(A\ — h)"f € L,(£2, ) which implies f € D(A") for all n € N. Pick

some « € p(A) and write
ATPTA=A) (a—A) " f=(a—A)T" N (A= A)"f.
By definition of |||-|||, we get

AL < TAT A = A)" f]
<A A =h)" xvoa I /1
< q"[lfl

Since this holds for all n € N we get that ||| f|||, = 0 if f vanishes outside N (A, q).

Now consider arbitrary f € L,(€, ). Then [|fxnoglll4 = 0 by the above. If
x € Q\ D then Reh(x) > 0 and h(x) is contained in circles {z € C: |z — A\| < A} for
all large A > 0. Also, h(z) is contained in {z € C: |z — A] < A — 1} for possibly larger
A>0. Sox € N\ A— A1) for some A > 1 and the complement Q \ D is equal to
the union J,.; N(A,A = A71). So

Il xenollle = Jim [l Fxngaa-blls =0

by the dominated convergence theorem.

For f € L,(S, ), assume that P(fxp, gi, A,n) holds with A > 0. Let f; = ¢g;xp-
Then P(fxp, fi, A,n) holds and || f;|| < ||g:|| fori = 0,1,...,n. The function A~*(A—h)
has the inverse A(A—h) ! on the set D C ©, and |[A\(A—h)™'| < 1on D. Equation (4.13)
shows that

I xpl <D I =m A< I
i=0 i=0
which implies that |||fxplll4 = || fxpll- Finally,

1 xolla = I xewnlla <AL < W x4+ 11 xrnllLa

holds for f € L,(€2, 1) which proves (4.17)).
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4.2.2 The maximal dissipative part

Let A be an operator on a Banach space X with non-empty resolvent set. We saw in
Theorem that the map |[|-||| , from Definition is a seminorm with respect
to which A is dissipative. The beginning of Section explained how a seminorm
can be used to get a new Banach space. Here, we will consider the new Banach space
obtained from the seminorm |||-||| , and show that the quotient map intertwines A with

a dissipative operator. Let
N:={zeX:|z||l,=0}.
Define
Xa=X/N

as the completion of the quotient space X / N in the norm induced by [||-|| ,. We
denote the norm on X4 also by |||-[| ;- On the quotient space X / N, define

Ry(z+N) =R\ Az+N (z€X,\e p(A)). (4.18)

These operators are well-defined and bounded in |||-||| , by Theorem So we can

extend them continuously to the completion X 4. We want the family

{Rx: Aep(A)}

to be the resolvent of an operator. It is certainly a pseudo-resolvent. We need to show
that R, is injective (see Section [2.1). Motivated by a property of sectorial operators,

we restrict our attention to quast sectorial operators which we define as follows.

Definition 4.2.8. An operator A on a Banach space X is quasi sectorial if A is
densely defined and there exist M > 0, 6 € T and a > 0 such that é(a, 00) C p(A) and

IAR(A, A)|| < M
for all A € 6(a, 00).

Remark 4.2.9. Clearly, any sectorial operator A is quasi sectorial, as can be seen by
choosing 6 = 1 and a = 0. Assume B is quasi sectorial for some numbers 6 € T and
a>0. Then A =a — § !B is sectorial.

If A is quasi sectorial for some values d,a, M as in Definition [.2.8] we can
approximate the identity operator using the resolvent of A, as follows. For = € D(A)
and A € p(A) we have
M

IARA, A)z — 2| < [[R(A, A)z|[| Az < o

[ Az]
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which tends to 0 as A — oo for A € §(a,00). Since D(A) is dense in X and the operators
AR()A, A) are uniformly bounded, this proves strong convergence AR(A\, A)z — z as
A — oo for z € X. As an example for such operators take 0 A where A generates a
Co-semigroup and 0 € C.

What is most important for us is that A turns into a dissipative operator on X4,

as shown in the next Proposition.

Proposition 4.2.10. Let A be a quasi sectorial operator on a Banach space X and let
m: X — X4 be the natural contractive map. There is a dissipative operator A on X4

such that tA C An. Moreover, there is a unital contractive algebra homomorphism
e: {R\,A): A€ p(A)} — B(Xa)

such that o(U)m = wU for all U commuting with the resolvent of A. Moreover, each
o(U) is uniquely determined by this equation and we have that p(R(X\, A)) is the

resolvent of A.

Proof. For A € p(A), let Ry € B(X4) be the operator defined in (4.18). We show first
that Ry: p(A) — B(X,) is the resolvent of an operator. We have already seen that it
is a pseudo-resolvent. So it is sufficient to show that ker Ry = {0} for some X\ € p(A).

Since A is quasi sectorial, there are 6 € T, a > 0 such that
IARAT (2) — 7 (2)[l| 4 < [[AR(A, A)z —zf| =0 (z € X)

as A = 00, A € d(a,00). The operators Ry are uniformly bounded in |||-[| , by quasi-
sectoriality of A and by Theorem [4.2.6, Uniform boundedness of {ARy: A € d(a,00)}
and density of 7(X) in X4 imply that

ARy —ylla =0 (y € Xa), (4.19)

Now let y € ker Ry, for some A € p(A). Since the kernel of R, is independent of A (see
Section we get from that y = 0. So Ry = R(\,.A) for some operator A on
X4 for all A € p(A) and A has dense domain D(A) = ran Ry. To show that Tt ACAm,
let z € D(A), A € p(A) and y = (A — A)z. Then

m(z) =z + N =R\ Ay+ N = Ry\(y+ N) € D(A)
and Arn(x) = m(Ax). To see that A is dissipative, notice that

A = A)m (@)l 4 = 1A = Azl 4 = A= (@)[ll, (A >0) (4.20)
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for x € D(A). We can use that m(D(A)) is a core of A to get (4.20)) for all z € D(A).
Indeed, for z = Ryy € D(A) = ran R, use density of 7(X) in X4 to find y, € X
with ||7(y.) — yl|4 = 0 as n — oco. Then z,, := 1(R(X, A)y,) € mD(A) and

llzn = /[, = 0 and [[Az, — Az[|, = 0

as n — oo. Hence A is dissipative.

Assume that U commutes with the resolvent of A. By Theorem [1.2.6] [[|Uz|]|, <
|UJ[|||]|| , for all z € X. So the subspace N is invariant under U and the operator
o(U)(x+ N) =Uz+ N is well-defined on X/ N with norm ||o(U)|| < ||U||. It extends
continuously to X 4.

It is clear that ¢(U) is unique with ¢(U)r = wU since w(X) is dense in X4.
Uniqueness shows that ¢(Uy)p(Usz)m = nU Uy = (U Us)w if Uy, Uy € B(X) commute
with the resolvent of A. Moreover, it is clear that ¢(R(X, A)) = R(\,A) for A € p(A)
by construction of A. ]

Definition 4.2.11. Let A be quasi sectorial. Define the dissipative part of A as the
triple (X4, A, 7).

Proposition 4.2.12. Let A be a quasi sectorial operator such that w € p(A) for some

w > 0. Then A generates a Cy-semigroup T of contractions on X 4.

Proof. By definition of A, we have that w € p(A) C p(A). Moreover, A is densely
defined and dissipative on X4 by Proposition [4.2.10, By the Lumer-Phillips theorem
(Theorem [2.3.3)), A generates a Cy-semigroup of contractions. ]

Proposition 4.2.13. Let § € T and A be an operator such that 6A generates a
Co-semigroup T. Let ¢ be the homomorphism from Proposition [4.2.10 Then §.A
generates the Cy-semigroup S defined by

S(t) == (T(t) (t=0).

Proof. Since 6 A generates a Cy-semigroup, A is quasi sectorial and Proposition
applies. Since T'(t) commutes with the resolvent of A, S(t) is defined. To see that S

is strongly continuous, let x € X. We have
IS (x) = S(s)m(e)l[4 < NT ()2 = T(s)xll (5,62 0)

which gives strong continuity of S on X / N, a dense subset of X4. The operators
satisfy ||S(¢)|| < ||T(t)]] (¢ > 0). So S is strongly continuous on X4 and it is easy to
see that 0.4 is the generator of S, for example by using the Laplace transform. O
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Proposition 4.2.14. Let A be a quasi sectorial operator on a Banach space X and
let M > 1. Assume there is a bounded linear map p: X — Y into a Banach space Y
and a Cy-semigroup S on Y with ||S(t)|| < M for ally € Y,t > 0 with a generator B
such that there is o € p(A) N p(B) with pR(c, A) = R(c, B)p.

Then [|p(x)]| < Mlpllllxlll.4 for all z € X.

Proof. Let z € X, u > 0, n > 0 and x; € X such that P(z,z;, u,n) holds. Let
a € p(A)Np(B). Since p intertwines R(«, A) and R(«a, B), applying p to (4.13)) yields

i (w= B)'(a = B)"plw) = 3 p(p— B)'(a = B)"p(w:).

Since B is the generator of the bounded semigroup S on Y, the operators p*(u — B)~™*
exist and satisfy ||pu*(u — B)7*|| < M for p > 0 and k > 1 by the Feller-Miyadera-
Phillips theorem. We thus get

lp(e = A)" 2| = [[(a = B)"p(x)|

<D Ml = B (o = B) ()|

=0

< MZH(@ — B) " p(w)|]

< Mlipll Yl = A) .
1=0

We can replace x and x; by the elements (o — A)"(f — A) "z and (a« — A)" (6 — A) "x;
for 5 € p(A). After multiplying by 8", this shows that

lp(8(8 = A)"0)l| < Mllpll DI (8 = A)~"il

for all B € p(A). Since A is quasi sectorial, we can take a limit as  — oo in some

direction to obtain

o)l < Mllpl Y llill-
=0
Thus, we have that ||p(z)|| < M||p|||||x]||, for all z € X. O

Remark 4.2.15. In Proposition 4.2.14] we considered triples (Y, S, p) where YV is a
Banach space and p: X — Y a continuous map which intertwines 7" and a Cj-
semigroup S on Y. We can restrict the semigroup S to the closed invariant subspace

p(X) of Y. This subspace is isometrically isomorphic to the completion of the quotient
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space X / N’ where N’ = {zx € X: ||p(x)|| = 0} with the induced norm ||p(-)||. The
semigroup 71" induces a Cp-semigroup S on the quotient. This shows that we effectively
look at a special class of seminorms in Proposition [£.2.14 We look at those seminorms
|-|I" on X such that

1. There exists K > 0 such that ||z||' < K||z| for all z € X,
2. There exists M > 0 such that ||T(¢)||' < M||z|’ for all t > 0 and x € X.

We can use Proposition [4.2.14] to find a universal property of the triple (Xa, 74, )
which we will state in Proposition [4.2.16|

Let A be the generator of a Cy-semigroup 7. We have a triple (X4, T4, ) where
m: X — X4 is the quotient map with dense image (see Proposition . We
can compare it with other intertwining triples (Y, S, p) where Y is a Banach space,
p: X — Y is a continuous linear map, S is a Cy-semigroup of contractions on Y and
pT'(t) = S(t)p for all t > 0. So (X4, T, ) is an intertwining triple which moreover
is contractive (||7] < 1) and minimal (X4 = 7(X)). Given any intertwining triple
(Y, S, p), one can obtain a contractive minimal intertwining triple by replacing p by
lpl ™' p and Y by p(X).

Proposition 4.2.16. Let A be the generator of a Cy-semigroup T on a Banach space
X. The triple (T'a, Xa,m) has the following universal property.

If (Y, S, p) is an intertwining triple for T on X where S is a Cy-semigroup of
contractions, then there is a unique bounded linear map o: X — Y such that om = p.
Moreover, S(t)o = oTx(t) for allt >0 and ||lo|| = ||p||-

Proof. Define 0: X / N — Y by o(rx) = p(z) for € X. We have to show
that o is well-defined and bounded with respect to the norm |||-|||, on X / N. By
Proposition [£.2.14] the kernel N of 7 is contained in ker p. Thus, o is well-defined.

Moreover,
lo(mz)l| = llozl] < llolllzll, = llolllmz) (=€ X)

so that ||o]| < ||p]]. We can extend o to the closure of X / N which is X 4. Uniqueness
of o is clear.

Moreover, we see ||p|| = |lox|| < |lo||llx]] = ||lo|| by contractivity of =, giving
lofl = lloll. Also,

oTy(t)mr = onT(t) = pT'(t) = S(t)p=S(t)om (t>0)
which implies 6T (t) = S(t)o for all t > 0 by density of ran7 in X4. O
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The universal property in Proposition 4.2.16 implies uniqueness of (X4, T4, ) in

the following sense.

Proposition 4.2.17. Let (Y, S, p) be a contractive intertwining triple with the univer-
sal property of Proposition[{.2.16. Then there is an isometric embedding o: X4 —Y
such that p = om and S(t)o = oTa(t) fort > 0. If (Y, S, p) is minimal, then o is

surjective.

Proof. By the universal property from Proposition [£.2.16] there are contractive maps
0: X4 — Y and 7:' Y — X4 such that p = om and ®# = 7p. This implies that
p = (o71)p and m = (7o)m. By density of ran7 in X4, we have that 70 = I.

To see that the embedding o: X4 — Y is isometric, it suffices to show that

|lo(mz)|| = |7z for all z € X. This follows from the estimates
lo(mz)|| < [lofllwz]] (z € X)

and
[7(2)]| = [lro(rz)|| < [[7|lo(rz)]| (z € X).

Finally, Y is minimal if and only if it is equal to the closed subspace o X 4. If this

is the case, the isometry o is surjective. O

Remark 4.2.18. From the proof of Proposition [£.2.17], it is easy to see that a triple
(Y, S, p) with the universal property is minimal if and only if the map o: X4 — Y is

an isometric isomorphism.

Let A be an operator with non-empty resolvent set. Let |||-||| be the maximal
dissipative seminorm for A, which was defined as a supremum over seminorms at
the beginning of Section [4.2| It is not clear whether the resolvent operators of A
are bounded in ||-|||. For the seminorm ||-|||,, we know that this is the case by
Theorem [4.2.6, To see how the seminorms compare, note that certainly |||-||| , < |II-]lI-
Let N be the null space of |||-||| and N4 be the null space of |||-|[|,. Then N C Ny.
There are two ways in which |[||-||| and [||-|[|, could possibly differ. We could have

N # Ny, and we could have that the seminorms induce different norms on X / Ny.

Open Question 4.2.19. Assume that A generates a Cy-semigroup, and |[||-]|| is a
seminorm which is dominated by ||-|| and such that ||[(A — A)z||| > Al||z||| for all
x € D(A),A > 0. Do we have that [||z]|| < |||z|||, for all z € X7
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Example 4.2.20. Recall from Example that the seminorm [||-||| , for a multi-
plication operator A = M}, on the space L,(€2, ) for 1 < p < oo with non-empty

resolvent set is given by

I Ls = [ X ren<apll - (f € Lp(S2, 1))-

So the quotient X / N is complete under |||-|||, and isometrically isomorphic to
LP(Y, pulgr) where ' = {x € Q: Reh(z) <0} and A = My,;,. Note that A is possibly

not the generator of a Cy-semigroup here, but A does generate a Cp-semigroup.

Example 4.2.21. Let A be the generator of the right shift semigroup 7" on X =

L,(Ry,w) with the norm
oo 1/p
_ Puw(t) d
Il (Arﬂmuw>0

where 1 < p < oo and w: Ry — (0,00) is a continuous weight such that 7" is a

Co-semigroup. Define the new weight
v(t) ==inf{w(s): 0<s <t} (t>0).

and let ||-|| be the norm defined by

nﬂrz(lmuwwwww0”5

Then clearly ||-||" < ||| since v < w, and v is decreasing so the right shift Cy-semigroup

on L,(R,,v) is contractive. Proposition 4.2.14| gives ||| f|ll, > || f||" for all f € X.
Let p = 1. We will show that [||-[|| , = ||]|"- Let x; be the indicator function of a

bounded interval I C R,. The function w is uniformly continuous on the compact set
[0, sup I] so for each € > 0 there is 6 > 0 such that

s —t] <dand 0 < s,t <supl = |w(t) —w(s)| < e.

Split the interval I into n disjoint subintervals [;, each of length | < §. We can write

X1 = iy Xz, and have

A

xzllla < D llixe,
i=1

Since T4 is a contractive Cp-semigroup, we have that |||7°(¢)gll| 4 < [llglll 4 < |lg]| for all
t>0and g € X. For g = xy,_ where I; —t = {x —t: x € I; }, this shows that

xzllla < Izl
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Let i € {1,2,...,n}, choose s € [0,inf ;] such that w(s) = v(inf [;), and let ¢t =
A < lIxnll" +2e-1. So

inf I; — s. Since [; has length less than §, we get ||x,

"+ 2eln < ||xz|I' +2sup ! - ¢,

Il < Dl

i=0
where we use that || f + gl = [|f]|' + |lg||" if f, g have disjoint support, and In < sup I.
Since £ > 0 can be chosen arbitrarily, we see that ||xs|[| , = ||xz||" holds. Let f be a

simple function, so f = Y"1 a;xz, for some disjoint intervals I;. Then

n

s < > lealliellly = Y leallixall = 11"
=0 =0
This inequality requires that p = 1. By density of simple functions in X, this shows
that |||f|ll, = |If|l' for all f € X. A similar proof works for the right shift on
Co(Ry,w) C Lo(Ry, w) which has dissipative part Co(R,,v).

It may happen that the dissipative part of a Cy-semigroup generator A is iso-
morphic to the space X on which A is defined. This is precisely the case when A
generates a bounded Cj-semigroup. In fact, we can use the seminorm ||-|| , to infer
the Feller-Miyadera-Phillips theorem (Theorem from the Hille-Yosida theorem
(Theorem [2.4.1)). This will be shown in Section 4.7,

4.2.3 A dual formulation of the dissipative seminorm

Let A be the generator of a Cy-semigroup and let ||-[|| , be its dissipative seminorm

which gives the dissipative part (X4, .A, 7). We will use the dual map of 7 to find a

formula for |||-||| , which is similar to those in Propositions 4.1.3|and [4.1.11] Since A is

dissipative on X4, the dual operators (A — A’) are surjective for A > 0. Moreover, for
any £ € X/, there is & € X/, with [|¢'|| < [[¢]| and A1\ — A')¢' = €. We prove this
below and use it to identify 7'(X’) C X'. For ¢ € X', let

n(p) = inf { sup ||enll: (pn) € X' with po = ¢, @, € D(A™) and
n>0
N> 08t o, = AT A=Ay (n > 0)},
n(p) = oo if the set is empty, and let

W = {gp € ﬂ ran (A — A)": n(p) is ﬁnite}.

n>0,1>0
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We want to show that W = 7/(X’). Let ¢ € W and M = n(p). If z € X and
P(z,x;, u,n) holds for some p > 0 then there is (¢,) C X’ such that

p((a—A)"r) = pp(p"(p— A)"(a— A)"z) = Z Pn—i(a — A) ")
and thus
lp(a”(a = A)"x)| < MZI!@”(@ —A) "zl (€ p(A)).

Since A is the generator of a Cp-semigroup, we can take the limit as « — 00, & > w(T)
and get
lp(@)] < Mllzll,  (z e X).

This means that we can define £ on X4 by &(mx) := ¢(x) (r € X) and have £ € X}
with ||€|| < n(p). For this £, we have 7/(§) = ¢.

Now, let £ € X/, and let A > 0. We have to find & € X/; such that £ = A"} (A—A");.
Define & (A1 (A — A)z) := &(x) for z € D(A). Then

AT = A)2)| = [§@)] < llglllllll, < IENIAT = Azl

so that & has an extension in X’y with ||| < ||€|| by the Hahn-Banach theorem (we
denote the extension by &;, too). By definition of the adjoint operator, & € D(A")
and A7H(\ — A& = £ We can continue in this way to find &, with [|&,] < ||€]]
and &, = AY(\ — A&, for all n € N. Since A > 0 was arbitrary, 7/¢ € W and
n(7’) < [[£]|. So we see that W = 7/(Xy) and [|£]| = n(7'€) for all £ € X’;. We thus

get the following proposition.

Proposition 4.2.22. Let A be the generator of a Cy-semigroup on a Banach space
X. Then

llalll, =sup {le(@)]: ¢ € X',n(0) =1} (2 € X).

4.3 The accretive part of an operator

Recall that an operator A is accretive if —A is dissipative, that is if

A = A)z]| = (=N)[«] (4.21)
for all # € D(A) and A < 0. We thus consider seminorms ||-|| such that the
inequality (4.21)) holds with ||-||" in place of [|-]|. Clearly, this holds if and only
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if —A is ||-]|-dissipative. Hence if A has non-empty resolvent set p(A), we can use
the seminorm ||-|[|_, defined for —A in Definition 4.2.2, Since —A is dissipative for
-l 45 A is accretive for |||-]||_,. As mentioned in Open Question [4.2.19] it is not

clear if the seminorm |||-|||_, is maximal among the seminorms ||-||" for which
L ||lz||" < ||z| for all z € X,
2. [[(A = A)z||" > (=N)||z||" for all z € D(A) and X < 0.

Remark 4.3.1. In the introduction to this chapter (Section we mentioned hyperbolic
semigroups. A generator A of such a Cy-semigroup splits into the generator of the
stable part on X and the generator of the unstable part on X, where X = X & X,,.
On these parts, the maximal dissipative and maximal accretive norms, respectively,
are equivalent to the original norm restricted to the subspaces.

We can write the splitting of X as a (splitting) exact sequence
0> X, - X —>X.—0

of contractive maps. If we let X4 be the dissipative part of A, we have a contractive
map X — X4 which has a dense image but which might not be surjective. On the
other hand, if we let X_4 be the accretive part of A which we will define below, we
do not have a continuous map X_, — X. If we were trying to imitate or generalise
this sequence, we would have to somehow find an outer accretive part. But even then,
we would not expect exactness of the sequence at X. A closed subspace on which
A generates an isometric Cy-semigroup should be contained in both the dissipative

and the accretive part of A since A restricted to this subspace is both accretive and

dissipative.
Let A be an operator with non-empty resolvent set. Let |[||-||| _, be the dissip-
ative seminorm for —A from Definition m Then A is accretive in |||-|||_,. By

Theorem , we know that [||-|||_, is dominated by ||-|| and that any operator U
commuting with R(X, A) for some A € p(A) satisfies ||Ux|]|_, < ||U||||=]| _4 for all
reX.

Let A be a quasi sectorial operator. Then —A is quasi sectorial and we can define
X_4 as in Section [£.2.2] We can apply Proposition and find that there is an
accretive operator A on X_ 4, and that the map m: X — X_4 satisfies TA C Ar, and
there is a homomorphism ¢: {R(A, A): A € p(A)} — B(X_a).

In Proposition we found a Cy-semigroup T_ 4 under the assumption that
w € p(—A), or equivalently that —w € p(A), for some w > 0. If we assume instead
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that A generates a Cy-semigroup, Proposition [4.2.13] shows that A generates a Cy-
semigroup 71, on X, := X_4. Moreover, since A is accretive on X, we know that
T, is expansive by Theorem m

Definition 4.3.2. Let A be a quasi sectorial operator. Define the accretive part of A
as the triple (X, A, 7).

We now want to find a universal property of (X, T, ,7) similar to that in Pro-
position [£.2.16] Let us start by finding a result analoguous to Proposition [£.2.14]

Proposition 4.3.3. Let A be a quasi sectorial operator on a Banach space X . Assume
that there is a bounded map p: X =Y, a Cy-semigroup S on'Y with ||S(t)z| > ||z||
for allx € X and t > 0, and that the generator B of S is such that there exists
A € p(A) N p(B) with pR(A, A) = R(X, B)p. Then ||p(x)[| < ||pll[|l|_4 for all z € X.

Proof. Since the Cy-semigroup S is expansive, there is an extending Cy-group U on
some Banach space Z DY with ||U(—t)|| < 1 for all ¢ > 0, by Theorem [3.2.2] Let
C be the generator of U. Since the operators commuting with U extend to Z by a
homomorphism, R(\, A) extends to R(A, C') and we find that A € p(C). Let us verify
the assumptions of Proposition [4.2.14] We have that R(—\,—C)p = R(—\,—B) =
pR(—=\,—A) and —\ € p(—=C) N p(—A). Moreover, —C' generates the Cy-semigroup
t — U(—t) which is a Cyp-semigroup of contractions. So Proposition yields
o)l < liplllllll -4 for all z € X. a

Assume that A generates a Cy-semigroup 7. In this section, we call a triple (Y, S, p)

intertwining, if the Cp-semigroup S is expansive and p: X — Y intertwines T and S.

Proposition 4.3.4. Let A be the generator of a Cy-semigroup T on a Banach space
X. The triple (T'y, X4, ™) has the following universal property.

Let (Y, S,p) be an intertwining triple. Then there is a unique bounded linear
map o: X, — Y such that ow = p. Moreover, S(t)o = o1, (t) for allt > 0 and

loll = {loll-

Proof. Define o on w(X) by o(mx) = p(x) for x € X where 7: X — X_4 is induced
by the quotient map. We want to extend o to X ;. By Proposition we have

lom (@)l = o) < lolllzll-s = llollllx @) (=€ X).

Hence o is well-defined and we can extend o uniquely to X, with [|o]| < ||p||. By

construction, we have that om = p.
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Moreover, we have ||p|| = ||on|| < ||o] since ||7|| = 1. Hence ||o|| = ||p]|. To see
that o intertwines 7'y and S, note that for x € X and ¢ > 0

0T (t)n(z) = on(T(t)z) = p(T(t)2) = S(E)p(x) = S(t)ow(x).
By density of 7(X) in X, this gives 0T, (t) = S(t)o. O

We also have that (T_4, X_4) is unique with respect to the universal property
from the last proposition (see also Proposition [4.2.17)).

Proposition 4.3.5. Let A be the generator of a Cy-semigroup T on a Banach space X .
Let (Y, S, p) be an intertwining triple which has the universal property of (Ty, X4, p)
in Proposition |4.3.4] Then there is an isometric embedding o: X, — Y such that

p=o0T.

Proof. By the universal property for (7y, X, 7) there is a map o: X, — Y and by
the universal property for (Y, S, p) there is a map 7: Y — X, and these maps satisfy
p=omand ™ = 7p. So we get that p = (07)p and m = (70)mw. Since 7 has dense

range, this shows that 7o = I and we also get
2]l = lIro ()| < llo(@)] (= € X)
which together with ||o(x)|| < ||z|| shows that o is isometric. O

Example 4.3.6. Similarly to Example [4.2.20] we can find the accretive part of a
multiplication operator A = M, on X = L,(€, ). For 1 <p < oo it is given by the
restriction to " = {Reh > 0}. That is, X = L,(Q, ulq) and A = M,,,,. Note
that for such an operator A, the subspace of functions supported on {Reh = 0} is

isometrically contained in both the dissipative and the accretive part of A.

Example 4.3.7. In Example 4.2.21| we calculated the dissipative seminorm of the
generator of the shift semigroup on a weighted L,(R,w) space. For a continuous
weight w, we can show that the accretive seminorm of the generator A of the shift
semigroup on L,(R,,w) is given by the generator of the right shift semigroup on
L,(Ry,v) where

v(t) =inf{w(s): s >t} (t>0).
We can do the same for the generator of the shift on L,(R,w). This show that we can

have |||l 4 = [II/l_4 = 0, for example by taking a weight w which satisfies w(t) — 0
as t — —oo and w(t) — 0 as ¢ — oo, such as



4.4 The contractive part of a Cj-semigroup

In a similar way to how we defined the maximal contractive seminorm for an operator

in Section we can define a (maximal) seminorm [||-||| for a Cy-semigroup 7" in such
a way that 7" becomes contractive. That is, |||-||| is maximal among the seminorms
||| with

L ||lz||" < ||z| for all z € X,
2. |IT@)z|" < ||z||' for all z € X and ¢ > 0.

We can also define a seminorm ||-||, in terms of 7" only. This definition, given below,
resembles the definition of the contractive norm for an operator in (4.1]) in Section
This seminorm is maximal and thus equal to ||||||.

Let A be the generator of the Cp-semigroup 7. We know that 7' is contractive if and
only if A is dissipative, for example by the Lumer-Phillips theorem (see Theorem .
This time, dissipativity and contractivity are used in their traditional sense and thus
refer to the norm ||-|| of the Banach space on which 7" is defined. We will use this to

infer that |||-||| , = |||l when A is the generator of T'.

Definition 4.4.1. Let T: Ry — B(X) be a Cy-semigroup. Define
|zl = in { S aill: > 0,2 € X and Q(z, i) holds} (z € X).
i=0
where we say that Q(x,x;,n) holds for T if there are t,, > --- > t; >ty = 0 such that

z =i T(ti)x:.

The following proposition states properties of ||-|| which are easy to prove. The

proof is omitted.

Proposition 4.4.2. Let T' be a Cy-semigroup. Then ||-||; is a seminorm which is

dominated by ||-|| and
IT@ ]y < llzlly (zeX,t>0).

Let
N={zeX:|ally =0}

and let X7 be the completion of the quotient space X / N under the norm induced
by ||I|l;- The map p: X — Xy induced by the quotient map is contractive, since
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|z||; < ||z|| for all z € X. Furthermore, the subspace N is invariant under 7'(¢) for
each t > 0. So
St)(z+N)=Tt)r+N (reX,t>0) (4.22)

is well-defined on a dense subset of X7. Moreover, the operators S(t) are contractive
and strongly continuous in ¢ on X / N. Since the operators S(t) are contractive, they
extend continuously to X7 and S is strongly continuous on X7. Moreover, they satisfy
S(t)p = pT(t) for all t > 0 by definition. We will show that X4 = Xr and S = T\,

for which we need the following lemma.

Lemma 4.4.3. Let T be a Cy-semigroup on a Banach space X and let |||-||| be a
seminorm such that ||z||| < ||z|| and |||T(t)x|| < ||z|| for all x € X,t > 0. Then
izl < llzlly for all z € X.

Proof. Let |||-||| be a seminorm as stated in the Lemma. Let 2 € X and assume that
t; > 0,2, € X satisty x = > T(t;)z;. From the properties of [||-||| we see that

lllll < Y NT Dl < llll. a
=0 =0

Theorem 4.4.4. Let T be a Cy-semigroup with generator A. Then
llzll, = llzllz (= € X).

Proof. Apply Proposition [4.2.16/ to A with Y = Xp and the semigroup S from (4.22)
on Y. The semigroup S is contractive and the map p: X — Y is contractive and

intertwines 7" and S, so the assumptions of Proposition are satisfied. We get a

contractive map o: X4 — Xp which intertwines S and 7T)4. This shows that

[zllz = o)z < lolllm@)lla = [z, (= X).

For the reverse inequality we use Lemma [4.4.3] The seminorm |||-[||, satisfies the
requirements. Indeed, the generator of T4 on X 4 is dissipative so that T4 is contractive,

and 7: X — X4 intertwines T and T)4. This means that
T (@)lll4 = Ta@) (@) 4 < [l7(@)ll4 = [llls (z€ X, t=0).

Hence |[|-||| 4 < ||| and the two seminorms are equal. O
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4.5 The expansive part of a (jy-semigroup

For the expansive part of a Cy-semigroup 7' we consider seminorms |[|-||" such that
L |lz]| < ||z for all z € X,
2. [|[T(t)z|" > ||z||' for all z € X and ¢ > 0.

Assume that T is a Cy-group. Let T~ (t) = T'(—t). Then T~ is a Cy-semigroup, and

[l satisfies [|-[|;— < ||-[| and
[zllp- =TT @)zllp- < NT@)zlp- (£20).

Moreover, the generator A of T is such that —A generates 7~ and by Theorem [4.4.4]
we have that [|-|||_, = ||-||;7-. Without assuming that 7" is a Cy-group, we will define

a seminorm ||-||7 which satisfies 1 and 2 above, and we will show that |||-|]| _, = [|||7-

Definition 4.5.1. Let T: R, — B(X) be a Cy-semigroup. We say that Q~ (x,z;,n)
holds for T' if there are t,, > --- > t; > tqg = 0 such that

T(t)r = > T(t:)x;.
=0
Define

|z||; = inf { ZHxZH n>0,2;,€ X and Q (z,z;,n) holds} (x € X).
i=0
The map ||-||; has the following properties, which can be easily proved. We omit
the proof.

Proposition 4.5.2. Let T' be a Cy-semigroup on a Banach space X. Then ||-||; is a

seminorm which is dominated by ||| and such that
IT@) ]y = ||zl (z € X,t=>0).

We can again repeat the quotient construction with respect to the null space N of
the seminorm ||-||;. This gives us a Banach space X7~ and an expansive Cy-semigroup

S. The next lemma shows that ||| is maximal.

Lemma 4.5.3. Let T be a Cy-semigroup on a Banach space X and let |||-||| be a
seminorm such that ||z||| < ||z|| and |||T(t)x|| > ||z|]| for all x € X,t > 0. Then
llzlll < [lzllz for all z € X.
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Proof. Let |||-||| be a seminorm as described in the Proposition. Let z € X and assume
that t; > 0,x; € X satisty ¢; <t, and T(t,)x = >, T(t;)x;. We need to show that

llzlll < Dl (4.23)
=0

As in Lemma we have that 7' is super-expansive in |||-]||, so (4.23) follows from
the fact that |||-]|| < |||I O

Theorem 4.5.4. Let T be a Cy-semigroup with generator A. Then ||z|||_, = ||z|;
forallz € X.

Proof. Apply Proposition to A with Y = X5 and the Cp-semigroup S on Y.
The Cy-semigroup S on X7~ is expansive and the map p: X — Y is contractive and
intertwines 7" and S, so the assumptions of the Proposition are satisfied. We get a

contractive map o: X, — X¢ which intertwines S and 7', . This shows that

lzllz = o)l < llollllm(@)l g = ll2ll_y  (z € X).

For the reverse inequality, use Lemma m The seminorm |||-||| _, satisfies the assump-
tions. Indeed, the generator of Ty is accretive and T’y is expansive by Theorem [2.4.4)
and m: X — X, intertwines T" and 7, . This implies that

7@l s = ITx @Om @) a2l @) g = ]l

for all x € X,t > 0. Hence |||-|||_4 < ||-]|7 and the two seminorms are equal. O

4.6 Generalisations

So far we have considered contractive and expansive parts only for a single operator
and for Cy-semigroups. As in Section [3.2] we can work with representations of abelian
semigroups. Here, talking about contractivity still makes sense, and expansiveness can
be replaced by super-expansiveness. The methods are the same as for Cij-semigroups.

Going back to Cy-semigroups, we can replace contractivity by a different growth
characterisation, namely boundedness and the corresponding notion for their generators.
Since bounded Cy-semigroups are similar to contractive Cy-semigroups (on Banach

space), the seminorms which arise are equivalent to the contractive seminorms.
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4.6.1 Contractive and super-expansive parts of semigroup
representations

Sections and discuss the contractive and expansive parts only in the context of
Cp-semigroups. Contractivity is a notion which also makes sense for general semigroup
representations, and expansiveness takes the more general form of super-expansiveness
which complements contractivity as seen in Section 3.2l Here, we consider again
representations of subsemigroups & of a locally compact abelian group & such that
® = G — G, the semigroup representations that also have been studied in [BY01].

As a reminder, we say that a representation 7" of a semigroup & is super-expansive
if T(t,)x = S0 T(t;)x; implies ||z]] < 320 ||2|| where t; € SU{0} and t,, — t; €
S u{0}.

Definition 4.6.1. Let T be a representation of a semigroup &. We say that Q(x, z;,n)
holds if there are to, 1, . . ., t,_1 such that t; € GU{0} and z = 31" T'(t;)a;. Similarly,
we say that Q~(z, z;,n) holds if instead T'(t,)x = Y1~y T(t;)x; for some t; € & U {0}
with t,, —t; € & U {0}. Define

n—1

|zl = inf{ ZH%H n>0,z; € X and Q(z,z;,n) holds} (x € X)
i=0

and

n—1
|z||7 = inf{ Z||$Z|| n>0,x; € X and Q (z,x;,n) holds} (x € X).

=0

Remark 4.6.2. For Cy-semigroups, this definition agrees with Definitions4.4.1{and |4.5.1|

For an operator T' € B(.X), the definitions (4.1]) of ||-||~ and (4.10) of ||-|| in Section
agree with the ones in Defintion for the representation of N given by n +— 1.

Proposition 4.6.3. Let T' be a representation of a semigroup & on a Banach space X .
The maps in Definition are seminorms which are dominated by ||-||. Moreover,

we have that
1Tzl < ||z|p forallz € X, t € &,
2. T is super-expansive for ||| 7.

Proof. Let us start by showing that the maps are seminorms. If Q(z,z;,n) and
Q(y,yi,m) hold then there exist t;, € & U {0} and s; € & U {0} such that z =
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S T(t)a and y = Y7 T(s;)y;. This implies that Q(x + y, z;,m + n) holds

i=0 §=0
where
T; 1< n
zZp = .
Yien N1 <m—+n
and

t; 1<n
U; =
Sien N <1< m-+n.
If we assume instead that Q= (x,z;,n) and @~ (y,y;, m) hold then there exist ¢; €
S U {0} and s; € U {0} with ¢, —t; € SU{0} and s,, —s; € & U {0} such that

n—1 m—1
Tlt)e =S T(t)e, Ty =3 Ty
i=0 =0

This implies that @~ (x + y, z;, m + n) holds where

€ 1<n
Zj = .
Yien N <m+n
if we choose u; € G U {0} by

ti + Sm 1< n
Uy = .
tn+3i—n HSZ,

as (t, +sm) —u; € SU{0} for 0 < i < m+n. This implies that the triangle inequality
holds for ||-||; and for ||-||;. Positive homogeneity is easy to check. The seminorms
are dominated by [|-|| since we have that x = T'(0)x and T'(t)z = T'(t)z (t € S U{0})
hold for all x € X, which directly gives

[l <l llelly < =l (= € X).

Next, we show contractivity of 7" with respect to [|-||;. Let 2 € X and t € &.
Assume that Q(x,z;,n) holds for some ¢; € & U {0}. Then Q(T'(t)x,x;,n) holds with
ti=t+t;, € SU{0}. This proves that

n—1
Tl <Yl
=0

and [|T ()| <[]/

For super-expansiveness of 7" in the seminorm ||-|| -, assume that



where t —t; € GU{0}. Now, if T(s;)x; = Sy T(tix)zix holds for each i with some
values s;,t; € & such that s; —t;, € G U {0} then

—_
3

n— i—l
T(t —+ 8)1’ = T(tl +s5—35;+ ti,k)mi,k
=0

Il
o
e

i

where s = S ' s; and we have (s+1) — (t;+s—s;+t; 1) = (t—t;)+(si—t:) € SU{0}.
This implies
1 i
]z < Z ZH%’,kH-
i=0 k=0

Take the infimum over all such z;; depending on the z; to get ||| < > "1, ||:pz||T

That is, T is super-expansive in ||-|| ;. O

Proposition 4.6.4. Let T be a representation of a semigroup &. Then ||-|| is the
mazimal contractive seminorm for T which is dominated by ||-||, and ||-||; is the

mazimal super-expansive seminorm for T which is dominated by ||-||.

Proof. Assume there is another contractive seminorm ||-||" for the semigroup repres-
entation T and assume that ||z|" < ||z|| for all # € X. Let € X and assume that
Q(x,z;,n) holds. Then

Joll' = HZT Zuxzu < anu

so that ||z|" < ||lz||,. This shows that ||-||, is maximal.

To prove that ||||; is maximal, let ||| be a super-expansive seminorm for 7' such
that ||z| < ||z|| for all 2 € X. Assume that T(t,)z = Y1) T(t;)x; where t; € &,
t, —t; € 6U{0}. Then

n—1 n—1
)" <Y llill” <> flall
=0 =0

So we see that ||z’ < ||z||, for all x € X. O

4.6.2 Bounded parts for (Cj)-semigroups

Let T be a Cy-semigroup on a Banach space X. Assume that T is bounded, say by

M > 1. Then T is contractive in the equivalent norm

sup||T(t)z]| (v € X).

t>0
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This implies that, up to a linear isomorphism, the bounded part and the contractive
part of a semigroup are the same. It is easy to define a seminorm in which a semigroup
is bounded by a given bound M > 1. For the Cp-semigroup 7', let |-||,, be the

supremum of all seminorms [|-||" such that
L ||lz||" < ||z| for all z € X.
2. |T()z| < M||z| for all z € X,t > 0.

We can repeat the renorming construction above and get a seminorm sup;~o||T'()(-)|| .,

in which T is contractive and which satisfies
StggllT(t)wllM < Mllz|| (z € X).

Hence ||-||,; < M]|-||; where ||| is the maximal contractive seminorm for 7. On the
other hand, we also have ||| < ||-||,; by choice of [|-||,,. So the two seminorms are

equivalent. Let us turn to the formulation of the seminorm ||-||,, in terms of 7" and
|-||- Define

/|70 = 1nf{||x0|| + MZHle n>0z € X,Q(x,x;n) holds}.

where @ is as in Definition [4.4.1} If ||-||" is a seminorm dominated by ||-|| and such
that [|T(t)z]| < M||z|' for all z € X,t > 0 and z = Y., T(t;)x; for some ¢; > 0 and
to = 0 then

]l < ZIIT )zl < |l +MZH%H

so that ||z]" < |]l 7,5, This shows that [|-[| ,, is maximal with these properties.

We saw in Theorem [£.4.4] that the maximal contractive norm for T is equal to
the dissipative norm |||-||| , for the generator A of T'. In the Feller-Miyadera-Phillips
theorem, the property of A corresponding to T" being bounded by M is

—n n 1
AT (A = A)"af| = 7|l (4.24)

forall A >0, n > 1 and all x € D(A™). So an immediate guess is that the maximal
seminorm in which (4.24) holds is equal to ||-||; ,, if A generates the semigroup 7. We
can show this in the same way as for Theorem 4.4.4} that is, by passing to quotient

spaces.
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For an explicit description of the seminorm for (4.24)), assume that A has non-empty
resolvent. For yi >0, let [||-[[ , , be the seminorm from Definition and let

n—1
N2l = inf {llzll + MY a2 Pl i, ) |
i=0 (x € X)
= inf {lyll + Mllz = ylllo,: v X}
for ;1 > 0 where P is defined by (4.13) in Section 4.2.1} It is clear that |H-|HA7M7M is

a seminorm such that [[z(|,, < ll2ll4, < Mll|z[l,, for all z € X. We can see

that (4.24]) holds for 0 < A < p and all n > 1, since

-n n —-n n 1
AT X = )@l g arye 2 AT = Al 2 Mlllay 2 72l 00,

by Lemma [4.2.4 By Lemma [4.2.5] we get for 0 < A < p that

1yl + Il =yl

and hence |[[|[|[ 5 57, < 2l 4,55 for all z € X. Therefore,

ap Syl +llz =ylllan (29 € X)
el apr o= Mol pr, (2 € X)

is a seminorm which is dominated by ||-|| and satisfies (4.24)). For the generator A of

a Cp-semigroup, we also get maximality results as in Propositions 4.2.14] and |4.2.16]

We omit them here. They leads to the following proposition.

Proposition 4.6.5. Let A be the generator of a Cy-semigroup T and let M > 1.
Then

T @)l a0r < M2l 4,00
forallt >0 and z € X.

Consequently, we have that [[z[[| , 5, = [[2||7,, for all z € X, M > 1.

4.7 Applications

We will see how the maximal parts and the corresponding seminorms apply to two
different topics. Ome of them is quasi-hyperbolic semigroups which were in fact
a motivation in defining maximal parts. We will show in Theorem that the
seminorms can be used to characterise a continuous embedding of a Cy-semigroup
into a quasi-hyperbolic semigroup. The other topic is generation theorems. We can
use the dissipative seminorm to recover the Feller-Miyadera-Phillips Theorem from
the Hille-Yosida theorem (see Theorem . A slightly greater effort is required to
obtain a generalisation to a result by Goldberg and Smith. We will use the accretive

seminorm to find the generalisation Theorem [4.7.4
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4.7.1 Quasi-hyperbolic semigroups

Recall that a quasi-hyperbolic semigroup is a restriction of a hyperbolic semigroup to
a closed invariant subspace, and that a semigroup S is hyperbolic if the underlying
space Y splits as a direct sum of a stable part Y, and an unstable part Y, such that

there is t > 0 with

ISOLI <5 150K <5
Let P be the projection onto the stable part Y; along the unstable part Y, (that is
P(x+y) =x for x € Yy and y € Y,). By the above, there exists some M > 0 such that
the estimate ||S(s)P| < Me=*/t™2 holds for all s > 0. Moreover for o = In2/t > 0

the map

sup ||[e**S(s)Pz| (z € X)

s>0
is a seminorm on Y which is equivalent to the norm |-|| on Y;. Furthermore, the
semigroup e**S(s)P is contractive for this seminorm. Similarly, we get that
_ -1
sup [|(e™**S5(s)ly,) (I = Pz (v € X)
s>
is a seminorm on Y which is equivalent to ||-|| on Y, and e~**S(s) is expansive in

this seminorm. Let T" be a restriction of S to an invariant subspace X, so that T’

is a quasi-hyperbolic semigroup. Let |||, be the maximal contractive seminorm for

e*'S(t) and let ||-||_,, be the maximal expansive seminorm for e=*S(t). Since
o+ 1 -a
is equivalent to [|-|| on Y, it is also equivalent to ||-|| on X. Moreover, we get that T’

has a uniform exponential decay and growth, respectively, in these seminorms, namely
1Tzl < el

and
1Ttz o > ezl _,

forallz € X and ¢t > 0.

We can also reverse the arguments. Assume that 7" is a semigroup on X such that

o+ 11—

is equivalent to the norm ||-|| on X for some o > 0. Here, the seminorms ||-||, and

||| _,, are the maximal contractive and maximal expansive seminorms for e*7T'(t) and
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e~ T (t), respectively. Since our aim is to find properties of A which imply that

|-, + [l _,, is a norm, we should note that

Flle = -aga and 1o = NIl - ata

by Theorems [4.4.4] and 4.5.4] Let X, and X_, be the completions of the quotients of

X with respect to the null spaces of the respective seminorms ||-||,, ||-||_,, (that is, we

pass to the maximal parts; we denote the Cy-semigroup on these spaces still by T').
It is quite evident that the Cyp-semigroup (7'(t), T'(t)) on the direct sum X, & X_, is
hyperbolic. Using the diagonal embedding

m(x) = (ma(2), 7o (7))

where my,: X — X, are the quotient maps, we get an isomorphic embedding of X
into X, ® X_, and thus 7T is similar to a quasi-hyperbolic semigroup and thus 7" is
itself quasi-hyperbolic.

A more direct approach is to use the following equivalent formulation (see [BT10]).

A semigroup T is quasi-hyperbolic if and only if there exists ¢ > 0 such that
max {||T'(2t)x ||, |=]|} = 2([T()z]| (x € X).
By our assumption, there exists ¢ > 0 such that
cllo]| < max {{|zl,, [lz]|_o } <[]
for all x € X. Hence

2|7 ()|l < 27" max {|T(t)z,, T ()], }
< 2c e max {|z,. [T(2t)=]|_, }
< 2c¢™'e " max {||z||, |T'(2t)z |}

and for t > % this shows that 71" is quasi-hyperbolic. Note that this discussion
does not give a method of testing which values of a and ¢ work for a given Cy-semigroup
T.

Seminorms very similar to |||, and ||-||_, were already introduced in the context of
quasi-hyperbolic operators (and not only Cy-semigroups) in [BT10, Section 2]. Given
an operator T € B(X), the motivation was to find a continuous embedding X — Y
and a (quasi-) hyperbolic operator S on Y such that STy = T. We can do the same
thing for Cy-semigroups using ||-||,, and ||-]|_,. We should note that the seminorms

introduced in [BT10] are equal to the contractive and expansive seminorms for an
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operator T' from Section 4.1 up to rescaling, assuming that 7" is a surjection. For
a > 1, they were defined in [BT10] as

n

Pat (1) = inf{iqai(xr): n>1lx € X x= Zmr}

r=1 r=1

where

|
ey = f
tosle) = 55

, qa(x):inf{@:yEX,nEN,T”y:x}.
a

So we see that p,. is the maximal seminorm for which a~!7T is expansive, and p,_ is

the maximal seminorm for which a7 is contractive (assuming 7" is surjective). We

summarise this in a statement similar to [BT10, Theorem 2.7], but formulated here in

a more general form and for Cyp-semigroups.

Theorem 4.7.1. Let T be a Cy-semigroup on a Banach space X. The following are

equivalent.
1. There exists o > 0 such that ||-||, + ||-||_, s @ norm on X.

2. There exist a Banach space Y and a quasi-hyperbolic semigroup S on'Y such
that X is continuously embedded in'Y and T(t) = S(t)[x for all t > 0.

3. There exist a Banach space Z and a hyperbolic semigroup U on Z such that X
is continuously embedded in Z and T'(t) = U(t)[x for allt > 0.

On Hilbert space, a Cy-semigroup generator A generates a quasi-hyperbolic semi-

group if and only if there is ¢ > 0 such that
(A —is)x| > c||z] (s e R,z € D(A)). (4.25)

This was shown in [BT10, Corollary 3.10]. It is not true on Banach space (see [BT10,
Example 3.3]). An open question which was formulated in [BT10} Section 4] is related
to Theorem Let A be the generator of a Cy-semigroup 7T'. Assume there exists
¢ > 0 such that holds. Is there a Banach space Y, a quasi-hyperbolic semigroup
S on Y and a continuous injection 7: X — Y such that 77(t) = S(¢)7 for all ¢t > 07
The results in [BT10] show that |||, + [|||_, is @ norm if @ = 0 and 7" is surjective,
but we require this to be true for some positive a for the question to have a positive

answer.
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4.7.2 Generation theorems

It is well known that Cy-semigroups are uniquely determined by their generators.
There are different theorems that describe generators of Cy-semigroups of a certain
type. Often, information about the spectrum and resolvent of the generator is sufficient
to infer properties and the behaviour of the Cy-semigroup. The most basic of these
theorems are the Lumer-Phillips theorem and the Hille-Yosida theorem (Theorems
and . Both theorems discuss dissipative operators, and when they generate a Cp-
semigroup of contractions. A generalisation of the Hille-Yosida theorem characterises
generators of bounded Cy-semigroups. We will use the dissipative seminorm to
infer the bounded case from the contractive case. The proof given for example
in [EN0OO, Theorem II.3.8] very much motivated the construction of the dissipative
seminorm. There, given a resolvent bound for the generator of a Cy-semigroup, an
equivalent norm is constructed in which the generator becomes dissipative. Here is a

different proof, following the same idea.

Theorem 4.7.2. Let M > 1 and let A be a densely defined operator on a Banach
space X. Then A generates a Cy-semigroup T with

1T <M (t=0)

if and only if
IN"RNA)Y | <M (A>0,n>1). (4.26)

The new part in the following proof is assuming that the resolvent of A satisfies
the bounds in the theorem, A generates a bounded Cy-semigroup. The proof for the

other implication is included for completeness, and can be found in [ENOO].

Proof. Let us assume that T is a Cy-semigroup with [|7(¢)|| < M for all ¢ > 0. It has

a generator A with a resolvent given by the Laplace transform
R\, A)x —/ e MT(t)x dt
0

for all A > 0 and = € X. Using the resolvent equation, we see that the powers of
R(A, A) can be expressed in terms of its derivatives, and after differentiating under

the integral sign we see that
1 oo
R\, A"z = —/ t" e MT () dt (x € X, A >0,n>1).
(n =1 Jo
The integral can be estimated using the bound on 7" (see [EN0O, Corollary I1.1.11]).
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Now assume that the resolvent of A satisfies the norm bound ([.26)). Let |||-[|| , be
the dissipative seminorm from Definition [£.2.2l We will show that it is equivalent to
the norm ||-||. Assume that P(x,x;, u,n) holds for some p > 0. Since p € p(A) for
p > 0 by assumption, it follows that z = Y"1 ; u"*(n — A)""z; and

lzll < Y e (= Al
1=0

n
<MY lzill.
i=0

From this, we see that ||| < ||, < [I[. We have that [|[AR(X, A)|| < M for
A > 0, so A is quasi sectorial. Since A € p(A) for A > 0, we see that A generates a
Co-semigroup T of contractions on (X, |||-||| ,) by Proposition We can estimate
the bound of 7" in the norm ||-|| by

1Tzl < MIT ()], < Ml2lll, < Mllz]| (x € X, >0).
Hence ||T(t)|| < M, as required. O

In this result we used the dissipative seminorm in a situation where it was equivalent
to the norm on the Banach space that we started with. Since we also have an accretive
seminorm, let us see what we know for C)-semigroup generators that are accretive.
The next result is due to Goldberg and Smith ([GS78|, see Theorem [2.4.4). We already

encountered this theorem in the Hilbert space setting as Proposition [3.5.

Theorem 4.7.3. Let A be the generator of a Cy-semigroup T' on a Banach space X .

The following are equivalent.
1|\ T@)z|| > ||z| for allx € X,t > 0.
2. ||(A = A)z|| > =A||z|| for all x € D(A),\ < 0.

The second condition of this theorem is precisely accretivity of the generator A.
So if we use the accretive seminorm for a generator A, we can look for a result where
the second condition is replaced by one for which the accretive seminorm for A is
equivalent to the original norm ||-||. We should note the following. Assume that T’
satisfies condition 1 from Theorem with respect to a norm ||-||" and let ||-|| be an

equivalent norm. Then for some ¢ > 0 and m > 0,

IT@®)z]| = m|T@)2 > mllzl]" > cllz] (¢ >0,z € X).
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However, if | T'(t)z| > ¢||z| (z € X,t > 0) for some ¢ > 0 it is not always true that
there is an equivalent norm ||-||" in which || 7(t)x||" > ||z||" for all ¢ > 0 and z € X (see

Example [3.2.11f). So we cannot proceed as in Theorem to obtain a version of
Theorem {4.7.3| with expansiveness of T' replaced by

7)) = ell=l] (t= 0,2 € X).

However expansiveness also appears in Theorem which states that it is equivalent
to the existence of an extending Cy-group S on a larger Banach space with ||S(—t)|| <1
for all ¢ > 0. The existence of an equivalent norm can be combined with this result
and the more general version of Badea and Miiller (Theorem to get the following
version of Theorem m Recall that D(A>) = 1,5, D(A").

Theorem 4.7.4. Let A be the generator of a Cy-semigroup T on a Banach space X,
and M> 1. The following are equivalent.

1. There is an isometric embedding X C Y and a Cy-group S on Y such that
S(t)x = T(t)x for allt > 0 and z € X, ||S@)|| = ||T@)| for all t > 0 and
IS(=t)|| < M for allt > 0.

2. We have that

n—1
]| < M | (4.27)
i=0
whenever ,
P = At = T (n— A)'a; (4.28)
i=0

for some < 0,n>1 and z,z; € D(A™®).

Proof. Assume that T" has an extension S as described in 1. Let B be the generator
of S which contains (—oo,0) in its resolvent set and satisfies | A\"R(X, B)"| < M for
A < 0. If there are elements z,z; € D(A*) and p < 0 such that (4.28) holds, we get

n—1

]l = Nl B BY 1" (= A)"l| < Dl Rip, BY" | |

=0

which shows that 2 holds.
Now assume that 2 holds. Let |||-[[|_, be the accretive seminorm for A from
Definition [4.2.2, We will show first that (4.27)) implies the equivalence of |||-|||_, and

the norm |[-||. In the definition of |||z|||_,, we take an infimum over sums > ||z;||
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for elements x; € X which satisfy P(x,x;, u,n) from page when formulated for
—A. Note that this is the same as saying P(x,z;, —p, n) holds for A.
For x € X, assume such z; are given. The following can be found in [Dav80, pp. 28—

29]. For f € C°(0,00), define

Trx = /OOO fOT)xdt (ze€ X).

Then Tz € D(A*), Ty commutes with R(A, A) and A and there are f; as above such
that Ty, — x as k — oo for all x € X. If we take yy = Ty x and y; = Ty x; we get

by our assumption that
lyell < M llyill.
=0

Taking the limit for & — oo in this inequality gives

n
] < MYl
i=0

which shows that ||z|| < M|||z]|_,. This and Theorem m show that
izl < 2l < Mllzfl] 4

for all x € X, and that A is [||-|||_ 4,-accretive.
By equivalence of the norms, A also generates 7" on (X, ||| _,). From The-

orem [4.7.3| we see that the Cy-semigroup 71" generated by A satisfies
IT@ll_y = llll_y (€ X, 2 0).

So T satisfies the assumptions of Theorem [3.2.2] and we have an isometric em-
bedding of (X, ||-]||_,) into some Banach space Y. On Y, there is a Cy-group S
with

IS(=)| <1 (t>0).
We will use this to show that T satisfies the assumptions of Theorem [3.2.4] Assume
that T'(t,)x =Y 0 T(ti)x; for 0 <ty <t; <--- <t, and z,z; € X. Then

]l < Ml 4
= MI[S(=tn)T(tn)x[|5

< MY NS = ta)llllzill_ g

=1

n
<MY ]
i=1
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since S (t) is contractive for negative t. We can apply Theorem with the same
constant M and get an extending Cyp-group S on a Banach space Y which satisfies

the required properties. O
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