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Abstract

Wound healing is a complex process, in which a sequence of interrelated

events at both the cell and tissue levels interact and contribute to the

reduction in wound size. For diabetic patients, many of these processes are

compromised, so that wound healing slows down and in some cases halts.

In this thesis we develop a series of increasingly detailed mathematical

models to describe and investigate healing of full thickness skin wounds.

We begin by developing a time-dependent ordinary differential equation

model. This phenomenological model focusses on the main processes con-

tributing to closure of a full thickness wound: proliferation in the epider-

mis and growth and contraction in the dermis. Model simulations suggest

that the relative contributions of growth and contraction to healing of the

dermis are altered in diabetic wounds.

We investigate further the balance between growth and contraction by

developing a more detailed, spatially-resolved model using continuum me-

chanics. Due to the initial large retraction of the wound edge upon in-

jury, we adopt a non-linear elastic framework. Morphoelasticity theory is

applied, with the total deformation of the material decomposed into an

addition of mass and an elastic response. We use the model to investi-

gate how interactions between growth and stress influence dermal wound

healing. The model reveals that contraction alone generates unrealistically

high tension in the dermal tissue and, hence, volumetric growth must con-

tribute to healing. We show that, in the simplified case of homogeneous

growth, the tissue must grow anisotropically in order to reduce the size

of the wound and we postulate mechanosensitive growth laws consistent

with this result. After closure the surrounding tissue remodels, returning



to its residually stressed state. We identify the steady state growth pro-

file associated with this remodelled state. The model is used to predict

the outcome of rewounding experiments as a method of quantifying the

amount of stress in the tissue and the application of pressure treatments

to control tissue synthesis.

The thesis concludes with an extension to the spatially-resolved mechani-

cal model to account for the effects of the biochemical environment. Par-

tial differential equations describing the dynamics of fibroblasts and a reg-

ulating growth factor are coupled to equations for the tissue mechanics,

described in the morphoelastic framework. By accounting for biomechan-

ical and biochemical stimuli the model allows us to formulate mechanistic

laws for growth and contraction. We explore how disruption of mechan-

ical and chemical feedback can lead to abnormal wound healing and use

the model to identify specific treatments for normalising healing in these

cases.
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Chapter 1

Introduction

1.1 Motivation

Wound healing is a complex process, which is not fully understood. In diabetic

wounds, intrinsic pathobiological abnormalities and extrinsic factors contribute to an

even more complex wound environment. Hallmarks of diabetes, such as higher risk of

macrovascular diseases, neuropathy and hyperglycaemia, can result in delayed healing

[American Diabetes Association, 2006] and, in extreme cases, lower limb amputations

[Adler et al., 1999]. In the UK, wound care costs the National Health Service £1

billion a year [Falanga, 2005]. The clinical demand for treatments that can enhance

wound healing, for example, in diabetic patients, is stimulating a vast amount of

biomedical research.

Advances in wound management will come from a greater understanding of the

mechanisms controlling wound healing. Collecting data is expensive and testing a

hypothesis can be very time consuming. Although much experimental research has

been carried out, progress is often slow: the involvement of theoretical approaches and

mathematical modelling represents an alternative strategy for accelerating progress.

Modelling can be used to test a biological hypothesis before it undergoes experimental
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testing. Models can also be used to improve the design of experiments by highlighting

areas where more measurements are needed to test a theory.

Model predictions require experimental verification. If predictions derived from

the models agree with experimental data then the model provides a possible expla-

nation for the biological behaviour. Equally, experimental data are needed to design

models: the more information we have about a process, the more accurately it can

be described during model development. As it is difficult to conduct in vivo inves-

tigations in a non-invasive manner, realistic mathematical models that are based on

known cell behaviours provide a useful framework for studying wound healing. As

well as mathematical models, reproducible animal models that recapitulate aspects of

impaired wound healing have an important role to play [Mart́ınez-Santamaŕıa et al.,

2013].

The theoretical work presented in this thesis was motivated by a collaboration

with an experimental group from the Alpert Medical School of Brown University.

Dr. Paul Liu and his group have developed a mouse model to study diabetic wound

healing. Data from their laboratory consist of time courses of averaged wound areas

from non-diabetic and diabetic mice. In Chapter 2 we will discuss these experimental

data as they are integral to the development of our first model of wound healing.

Fundamental difficulties in linking modelling and experimental efforts in wound

healing relate to over-parameterisation of the mathematical models and the technical

difficulty associated with obtaining suitable experimental data for model validation.

In this thesis we present a series of increasingly detailed mathematical models for the

healing of a full thickness wound. We focus on minimising complexity whilst retaining

the dominant features involved in the healing of full thickness circular wounds. The

models are used to investigate healing mechanisms and the causes and effects of

healing abnormalities.

In the current chapter we introduce the research problem. The biology of wound
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healing is described in Section 1.2 together with recent experimental advances in un-

derstanding wound healing mechanisms and pathologies. Following this, in Section 1.3

the relevant mathematical literature is reviewed. The use of morphoelasticity as our

main modelling framework is motivated in Section 1.4. Finally, in Section 1.5 we

summarise our thesis aims and outline the contents of the remaining chapters.

1.2 The biology of wound healing

The skin forms a barrier between the body and the external environment, offering

protection and regulation. Human skin is primarily divided into three layers (see

Figure 1.1). The outermost epidermal layer is made from densely packed epithelial

cells. The dermis is a thicker layer of collagenous elastic tissue, in which the main

cell type is the fibroblast. Beneath the dermis lies a fatty layer called the sub-dermis,

providing the body with insulation.

epidermis

dermis

sub-dermis
blood vessels

sweat gland

hair follicle

fibroblast cells

epithelial cells

Figure 1.1: Schematic of the skin. A cross-section through the three main layers
of the skin. The epidermis contains layers of tightly packed epithelial cells. The dermis
consists of fibroblasts, blood vessels, sweat glands and hair follicles, surrounded by
elastic tissue made primarily of collagen. The sub-dermis is a fatty tissue with a
network of blood vessels.

Surface (or superficial) wounds disrupt the epidermis and are a result of a graze

on thin-skinned areas of the body, such as knees and elbows. More problematic are

full thickness wounds that also damage the dermis. Arising from a surgical procedure

or traumatic accident, full thickness wounds undergo a more complex healing cascade
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as they require the repair and regeneration of the dermal and epidermal layers. The

dermis never fully closes as granulation tissue is formed in the wound space and, over

time, is remodelled into scar tissue. Scar tissue can be distinguished from healthy der-

mal tissue by its aligned collagen fibres and inferior mechanical properties. All dermal

wounds result in some degree of scarring with the exception of foetal wounds [Larson

et al., 2010] and wounds in certain animals, for example, geckos and salamanders

[Godwin and Rosenthal, 2014, Peacock et al., 2015].

1.2.1 Normal wound healing

Normal healing of full thickness wounds in mammalian adults involves the co-ordination

of a series of interrelated biochemical and biomechanical processes. It proceeds in four

distinct phases (see Figure 1.2), starting with haemostasis, followed by inflammation,

proliferation and, finally, remodelling. In practice, however, these processes overlap.

Immediately after wounding, the intrinsic tension in the surrounding tissue causes

the skin to recoil [Kiehart, 1999]. Haemostasis is an instantaneous response to wound-

ing. Damaged capillaries allow blood flow into the wound, causing platelets to aggre-

gate and form a temporary seal or clot in the opening. The clot is made primarily

from fibrin and is a source of the growth factors that are needed during the subsequent

healing phases [Wahl et al., 1989]. The growth factors in the wound space initiate

the inflammatory phase, which lasts for up to a week [Jeffcoate et al., 2004], dur-

ing which inflammatory cells, for example leukocytes, neutrophils and macrophages,

migrate into the wound. The inflammatory cells produce chemicals that stimulate

the proliferative phase, which entails angiogenesis, epithelialisation and fibroplasia.

Angiogenesis is the process by which new blood vessels sprout from existing damaged

vessels to increase local blood supply and involves the directed movement of endothe-

lial cells, via chemotaxis, up spatial gradients of growth factors that include vascular

endothelial growth factor (VEGF). Proliferation in the epidermal layer of the skin

4



Figure 1.2: Spatio-temporal spectrum of wound healing. Wound healing
processes span from minutes to months and from cell to system level. Haemostasis
takes place within the first few minutes, inflammation within hours, proliferation days
and remodelling weeks. Spatially the length scales vary from the cell (µm), tissue
(mm), organ (cm) to the system level (dm). Figure reproduced from Tepole and Kuhl
[2013].
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is termed epithelialisation and proceeds more quickly than dermal proliferation. A

combination of proliferation and migration of epithelial cells contributes to the re-

generation of the epidermis. In the dermis, the proliferative phase is described as

fibroplasia. During fibroplasia, fibroblasts resident in the surrounding dermal tissue

are stimulated to proliferate, synthesise and contract the tissue by a family of fibrob-

last growth factors (FGF) produced during the inflammatory phase [Clark, 1988].

Fibroblasts that remain in the dermal tissue contribute to tissue regeneration while

those that migrate into the wound space initiate the deposition of new extracellular

matrix (ECM) by producing collagen. Contraction begins approximately 2 to 5 days

post wounding. Contraction is the process by which the wound shrinks and is thought

to occur by a combination of contractile fibroblasts in the wound space [Monaco and

Lawrence, 2003] and migrating fibroblasts arranged around the wound edge. After

closure, cellular activity decreases and the collagen matrix and surrounding dermal

tissue is remodelled over a period of several months.

1.2.2 Diabetes associated impaired healing

Diabetes is a common, life-long health condition. Worldwide there are 285 million

adults with diabetes, with this number estimated to increase by 54% by 2030 [Shaw

et al., 2010]. Diabetes can be categorised into type I (∼ 10%) and type II (∼ 90%).

The former results from an inability to produce insulin, whereas the latter is an in-

ability to efficiently use the body’s insulin. In both cases, the conversion of glucose

into glycogen is inhibited, leading to high blood glucose levels, or hyperglycaemia.

Symptoms of hyperglycaemia, such as higher risk of macrovascular disease and neu-

ropathy, are associated with both types of diabetes [American Diabetes Association,

2006].

More than 100 physiological factors contribute to wound healing deficiencies in

diabetic individuals [Brem and Tomic-Canic, 2007]. As mentioned above, normal
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wound healing requires the coordinated integration of complex biological and molec-

ular events. In a diabetic wound these events may be disrupted by a combination of

intrinsic and extrinsic factors, resulting in delayed healing. Intrinsic factors include

the patient’s health condition and age, whereas extrinsic factors are associated with

external stimuli, such as temperature, pressure and infection.

Often in type I diabetes, macrovascular disease limits blood supply to the foot,

causing problems in diabetic foot ulcers. Microcirculatory deficiencies, which are an

early occurrence in diabetes, cause reduction in capillary size and thickening of the

basement membrane, a thin layer of fibres separating the epidermis from the dermis.

This can result in altered migration of leukocytes, contributing to infection [Falanga,

2005]. A common intrinsic factor associated with diabetics is neuropathy, a collection

of disorders affecting the nervous system. The associated loss of protective sensation

is a major risk factor for increased rates of unnoticed trauma to the wound.

Infection is a major cause of morbidity and hospitalisation and in many cases leads

to impaired healing and even amputation. Obesity is often a characteristic of type

II diabetes. As a consequence of being overweight, patients experience high loading

on their feet, increasing the chance of developing foot ulcers. Mechanical stress and

compressive forces have been shown to favour overgrowth of bacteria [Ctercteko et al.,

1981], leading to infection of foot wounds. Hyperglycaemia, hypoxia and metabolic

effects can cause decreased function of macrophages and neutrophils, and thereby

increased risk of infection [Jeffcoate et al., 2004].

High glucose levels have been known to induce resistance of fibroblasts to growth

factors, slowing down or inhibiting proliferation [Hehenberger et al., 1998]. Decreased

cell and growth factor response, diminished peripheral blood flow and decreased local

angiogenesis can result in slower re-epithelialisation rates. Less is known about other

factors which may compromise the mechanical properties of the skin. Insufficient

contraction may delay healing, increasing the risk of infection, whilst excessive con-
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traction often compromises the quality of repair and may cause substantial scarring

[Hinz, 2006].

1.2.3 The mechanism of wound contraction

Wound contraction is the process by which the wound margins move inwards, resulting

in a reduction in wound size. Full thickness wounds in adult humans heal partially

by wound contraction (approximately 20% [Catty, 1965]). In rodents, contraction

of the wound edges is the main healing mechanism contributing to approximately

80% of the reduction in wound size [McGrath and Simon, 1983]. The mechanisms

driving wound contraction are not fully understood. Early theories supposed that

the central granulation tissue shrinks due to loss of material, water or shortening

of collagen fibres [Loeb, 1920], although evidence of this is still lacking. Under this

theory, attachments between the shrinking granulation tissue and the surrounding

intact dermis cause the wound edges to be pulled inwards. A series of experiments

have challenged the assumptions that the reduction in volume of granulation tissue

is a result of dehydration of collagen fibres and concluded that cells were responsible

for generating a contractile force on the granulation tissue [Abercrombie et al., 1956,

Grillo et al., 1958]. Furthermore, in vitro experiments have shown that fibroblast cells

can contract a collagen lattice and hence reduce its size [Bell et al., 1979], supporting

the theory of cell-mediated contraction.

Watts et al. [1958] challenged the shrinking granulation hypothesis as the primary

mechanism for wound contraction. Experiments on guinea pigs showed that excising

only the central granulation tissue during healing did not affect contraction of the

wound. However, excising the dermal tissue at the wound edge caused the wound

to retract. This work led to the ‘picture-frame’ hypothesis, whereby fibroblast cells

arranged around the wound edge pull the dermal tissue inwards as they migrate

towards the wound centre. Further, the authors showed that movement of the dermal
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edges is not caused by pushing from peripheral tissue. They therefore concluded that

the contraction force is localised to a thin strip around the wound edge.

Much research has been done experimentally [Carlson and Longaker, 2004, Dal-

lon and Ehrlich, 2008] on the contraction and reorganisation of fibroblast populated

collagen lattices [Bell et al., 1979]. Mathematical models of the organisation of col-

lagen fibrils by fibroblasts [Dallon et al., 1999, Dallon, 2000, McDougall et al., 2006]

have also been developed to investigate causes and possible preventions of scar for-

mation. These in vitro and in silico studies have increased our understanding of the

role of granulation tissue and its components in the remodelling and mechanical or-

ganisation of subsequent scar tissue. Recently, in vivo investigations into cell types

and their function within granulation tissue have contributed to our understanding

of remodelling and scar related pathologies [Hinz et al., 2001, Hinz, 2007].

The work discussed above [Watts et al., 1958], and other similar studies [Gross

et al., 1995], show that the central granulation has little or no role in the active

‘pulling’ of the dermal edges inwards. Although the mechanism of contraction has

been localised to the wound edge, Gross et al. [1995] showed that disruption normal

to the wound edge does not alter the rate of wound closure, hence wound contraction

does not proceed by a ‘purse-string’ mechanism as observed in embryos [Martin and

Lewis, 1992]. These findings suggest that the dominant source of contraction is the

fibroblast cells, located at the wound edge. Contraction of the wound contents may

not directly cause inward movement of the dermal edges, but it has been shown to be

important in the later stages of scar remodelling [Nedelec et al., 2000]. A schematic

summarising the differences between the two mechanisms of wound contraction is

presented in Figure 1.3.

As we will discuss in Section 1.3, most mathematical models of dermal wound

healing consider the formation and remodelling of the granulation tissue into scar

tissue. In this thesis we are interested in the timescale over which the wound closes
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(a) Contraction (b) Remodelling

Figure 1.3: Differences between wound contraction and remodelling. An
annular region of dermal tissue surrounding a circular wound. a) The ‘picture-frame’
hypothesis for wound contraction: fibroblast cells arrange themselves at the wound
edge and pull the healthy dermal tissue inwards as they migrate towards the wound
centre. b) Remodelling of granulation tissue: fibroblast cells migrating through the
granulation tissue lay down and align collagen fibrils. Static myofibroblasts exert
contractile forces on the surrounding tissue increasing compaction and rigidity.

and therefore do not consider this process. The granulation tissue may offer stability

to the wound but its interaction with the moving dermal edge and influence on the

rate of dermal healing is not clear. For these reasons it is omitted from our modelling.

1.2.4 The role of the mechano-chemical environment in wound

healing

The adaptation of skin to changes in body shape and size has been observed in

many physiological circumstances. For example, the skin must expand to cover the

body during growth, pregnancy and obesity. Since healing requires the expansion of

skin to cover a defect, many of the processes that contribute to wound healing may

be influenced by mechanical forces. Therefore the application of forces provides a

potential method of controlling the speed and quality of wound closure. Cells involved

in wound healing, such as epithelial cells and fibroblasts, have been shown to respond

to a variety of mechanical stimuli such as compression, stretch and shear [Hinz et al.,

2001, Lumpkin and Caterina, 2007]. The cells convert the mechanical stimuli into

biological or chemical signals, via a process known as mechano-transduction.
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Successful wound healing requires a careful balance of chemical signals and me-

chanical stimuli. Recent experimental and theoretical work in wound healing has

focussed on TGFβ, fibroblasts (and their differentiated forms), the mechanical envi-

ronment and their interactions.

Fibroblasts are the main cell type involved in dermal wound healing. They are

activated by chemical signals in response to injury. The main growth factors involved

in fibroblast activity are platelet derived growth factor (PDGF) and transforming

growth factor (TGFβ) [Pierce et al., 1989, Cordeiro et al., 2000]. The chemically

driven migration and proliferation of fibroblasts results in high fibroblast density

close to the wound and lower ones far from the wound.

The fibroblast phenotype determines its role in collagen synthesis and wound con-

traction. A combination of chemical and mechanical factors stimulates changes in

fibroblast activity (see Figure 1.4). Firstly, quiescent fibroblasts develop a migratory

phenotype and generate small traction forces on the tissue. This change is regulated

by cytokines released locally by inflammatory cells. The migratory fibroblasts differ-

entiate into myofibroblasts in response to increased mechanical stress levels [Gabbiani,

2003, Hinz, 2007]. This phenotype change can be detected by an increase in α-smooth

muscle actin (α-SMA). Expression of α-SMA is controlled by TGFβ [Desmoulière

et al., 1993], ECM proteins and the mechanical environment [Hinz, 2007]. Myofi-

broblasts are the main cell type present in the wound space and are responsible for

remodelling of the granulation tissue into scar tissue, which occurs over a period of

several months to years [Gabbiani, 2003, Hinz, 2007]. It is the remodelling stage of

healing that can result in pathologies such as fibrosis (excessive fibroplasia and ECM

production). Release of tension from the tissue induces cell death [Hinz et al., 2001].

If tension is relieved too early, a wound may fail to contract and the scar tissue fail to

mature. Conversely, too much tension can result in increased scar formation [Meyer

and McGrouther, 1991].
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a) resident fibroblast b) active fibroblast c) myofibroblast

nucleus
small focal adhesions

large focal adhesions

cytoplasmic actins alpha smooth muscle actins

PDGF,  TGFβ TGFβ, tension 

Figure 1.4: Phenotypic changes in fibroblast cells. Upon injury, inflammatory
cells release growth factors, such as PDGF and TGFβ, stimulating resident fibrob-
lasts to migrate towards the wound, synthesise material and exert small traction
forces on the tissue. In response to TGFβ and mechanical tension, active fibroblasts
differentiate into contractile myofibroblasts, identified by an increased expression of
α-SMA.

1.2.5 Current treatments

Management of wounds remains a challenging issue. The development of effective

treatments will minimise pain and inconvenience for patients, especially those who

experience abnormal healing. Improved treatments could also have a substantial

economic impact on healthcare systems with limited budgets.

A traditional approach to treating wounds is through debridement, the removal

of dead tissue from the wound area. Methods include surgical removal, the use of

enzymes, maggots or dressings [Singh et al., 2013]. One of the major problems with

compromised wound healing is an imbalance in the levels of key growth factors and

cytokines. Consequently, correcting this imbalance has been a major goal of many

treatments. For example, hypoxia, a shortage of oxygen, appears not only to inhibit

wound healing by blocking fibroblast proliferation, collagen production, and capillary

angiogenesis but also to increase the risk of infection, in some cases causing the

development of chronic wounds. In such cases, treatment via hyperbaric oxygen

therapy (HBOT) has been shown to aid healing [Thackham et al., 2008]. Other

treatments that are under development include stem cell therapy, gene therapy and

the grafting of bioengineered skin [Bello et al., 2001]. In areas of the world where these

treatments are not available, inexpensive alternatives must be provided. Traditional
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treatment methods, such as the application of dressings and pressure bandages, need

to be re-assessed.

The vast amount of money spent on wound care and the repeated trauma expe-

rienced by patients highlight the need for better treatments which will improve the

quality of life of patients. As well as the development of new treatments, the aim,

for many clinicians, is to identify optimal protocols for the application of existing

and/or new treatments. By combining biological knowledge with the ability to test

treatments and protocols theoretically, mathematical modelling represents a powerful

tool for improving wound care development.

1.3 Review of current mathematical models of wound

healing

Mathematical modelling in biological and medical applications, such as wound heal-

ing, can provide mechanistic insight into the relative importance of processes that

are believed to contribute to healing, and has the potential to generate experimen-

tally testable predictions. Wound healing has been studied in a mathematical and

computational context for over 30 years (see Tepole and Kuhl [2013] for a recent re-

view). Models of wound healing have been developed using approaches that include:

agent-based models (ABM), ordinary differential equation models (ODE), partial dif-

ferential equation models (PDE) and hybrid models. A selection of mathematical

models are summarised in Table 1.1 with the most relevant being discussed in the

following sections.

Agent-based models are computational models that simulate discrete events, such

as interactions between individual cells, and are popular amongst biologists due to

their intuitive approach [Walker et al., 2004, Sun et al., 2009]. Simulation results

are visual, easy to interpret and relate to experiments such as scratch assays. Rules
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Table 1.1: Summary of methods used for mathematical models of wound healing. Models are categorised into their
modelling approach. Table adapted from Arciero and Swigon [2013].

Model Examples Phenomenon modelled Tissue type
ABM Walker et al. [2004] migration and proliferation epithelium

Mi et al. [2007] inflammation diabetic wound
Sun et al. [2009] migration and proliferation epidermis

ODE McGrath and Simon [1983] wound area dermis
Cukjati et al. [2000] wound area dermis
Waugh and Sherratt [2006, 2007] macrophage dynamics diabetic wound
Murphy et al. [2011] contraction dermis
Segal et al. [2012] collagen production dermis
Bianchi et al. [2015] lymphangeogenesis diabetic wound

PDE Sherratt and Murray [1990, 1992] migration and proliferation epidermis
(reaction-diffusion) Wearing and Sherratt [2000] keratinocyte growth factor signalling epidermis

Menon et al. [2012] keratinocyte-fibroblast interaction epidermis and dermis
PDE Tranquillo and Murray [1992] contraction dermis
(mechano-chemical) Tracqui et al. [1995] contraction dermis

Olsen et al. [1995] contraction dermis
Olsen et al. [1999] collagen alignment dermis
Xue et al. [2009] inflammation diabetic wound
Flegg et al. [2010] angiogenesis and HBOT chronic wound
Vermolen and Javierre [2012] wound closure epidermis and dermis
Yang et al. [2013] wound contraction dermis
Wu and Ben Amar [2015] circumferential buckling epidermis

Hybrid Dallon et al. [1999], Dallon [2000] collagen alignment dermal scar
McDougall et al. [2006] collagen alignment dermal scar
Cumming et al. [2010] collagen alignment dermal scar
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are based on cell behaviour and interactions. As each rule is derived individually,

this approach can readily incorporate more species and/or interactions. However, the

amount of data needed to determine cell and molecular level rules for an ABM on

the tissue level is vast. Furthermore, the number of cells involved in wound healing

is typically large enough to justify a continuum approach.

Ordinary differential equation models describe the time evolution of wound healing

but focus on spatially-averaged variables. Many models focus on the dynamics of

wound area and, as such, can be readily translated to a clinical setting where wounds

are often characterised according to the percentage of wound area remaining [McGrath

and Simon, 1983]. Other ODE models account for interactions between cells and

chemicals [Waugh and Sherratt, 2006]. Spatial effects are neglected by either assuming

a well mixed system, or by introducing compartments to represent different tissues.

ODE models represent a simple framework within which to integrate different physical

processes.

Partial differential equation models of wound healing can be divided into two

types: reaction-diffusion equations (RDE) and mechano-chemical models. RDEs are

formulated by considering interactions between the different components involved in

healing, with dependent variables representing the spatio-temporal evolution of cell

and chemical concentrations [Sherratt and Murray, 1990, 1992]. RDEs are particu-

larly suitable for studying epidermal healing, since the epidermis is made primarily

of cells whose behaviour is controlled mainly by growth factors.

Mechano-chemical models of wound healing are essentially formulated as RDEs.

Unlike RDE models, mechano-chemical models can be used to determine tissue dis-

placement, stress and strain and, as such, represent a natural framework within which

to account for the influence of contraction and mechano-transduction on wound heal-

ing [Tranquillo and Murray, 1992]. In order to describe these mechanical features of

the healing tissue an additional phenomenological equation is required, combining a
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constitutive law for the mechanical properties of the tissue, and the influence of the

cells on the tissue.

A more recent approach to modelling wound healing concerns hybrid models [Dal-

lon, 2000, McDougall et al., 2006, Cumming et al., 2010]. A hybrid framework can

integrate both discrete and continuous variables. Since wound healing spans several

spatial scales (e.g. chemical, cell and tissue), it is natural to consider a hybrid ap-

proach that accounts for cells as discrete entities and chemical species and ECM as

continua. This framework is used to model scarring and ECM remodelling in which

fibroblasts rearrange fibre directions within a collagen network.

In the remainder of this section we review the mathematical literature that has

contributed to our understanding of wound healing. Models that are particularly

relevant to the present work are described in more detail.

1.3.1 Models of epidermal healing

During epidermal healing, wound closure is thought to involve two processes: cell

division at the wound edge, and cell migration into the wound. These processes

are regulated by growth factors produced by cells in the wound and surrounding

tissue. For example, epidermal growth factor (EGF) is produced by macrophages

in the wound space. Models for epidermal healing investigate the influence of these

regulatory chemicals on mitotic and migratory cell rates.

Sherratt and Murray’s model for epidermal wound healing [Sherratt and Murray,

1990] was among the earliest of its type. It consists of two RDEs representing mass

conservation of cells and a mitosis-regulating chemical. Model solutions show how cell

density profiles evolve during healing of a radially symmetric wound. They compared

the impact on healing of growth factors that promote and inhibit mitosis. Model so-

lutions yielded rates of wound closure that were in good agreement with experimental

data.
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Many extensions and variations of Sherratt and Murray’s model have been de-

veloped. For example, in Sherratt and Murray [1992] the authors showed how, for

wounds of the same initial area, the initial shape of the wound affects its rate of

closure. These results could be used to guide the shape of surgical wounds, to ensure

that they heal as quickly as possible.

Although it is clear from a combination of theoretical and experimental results

that epidermal growth factors contribute largely to the regulation of cell mitosis,

more recent work has focussed on the effects of keratinocyte growth factor (KGF)

[Wearing and Sherratt, 2000]. Although KGF affects the growth of keratinocytes in

the epidermis and, therefore, plays a major role in epidermal healing, it is produced

in the dermis. Interaction between these two skin layers has not been studied in great

detail but models that consider both the epidermis and dermis could help to increase

our understanding of full thickness wound healing (see Chapter 2).

Wu and Ben Amar [2015] used an alternative, morphoelastic approach to study re-

epithelialisation of a circular wound, modelling the epidermal tissue as neo-Hookean.

This theoretical framework, which we discuss in Section 1.4, allows for the study of

growth in a non-linear elastic material. The authors assume homogeneous volumetric

growth in an annular region surrounding a circular wound. They show that certain

choices of initial wound size and tissue stiffness can destabilise the assumed circular

geometry.

1.3.2 Models of dermal healing

Dermal wound healing is much less well documented and understood, both experi-

mentally and mathematically, than epidermal healing. Most mathematical models for

dermal healing consider the final three wound healing phases: inflammation, prolif-

eration and remodelling. The models account for a small number of the interactions

involved, choices being based on the available data and the questions being addressed.
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Early models of dermal wound healing focussed on contraction. Tranquillo and

Murray [1992] specialised a general model for tissue biomechanics [Murray et al.,

1988] to describe the mechanical contraction of a wound during healing. Fibroblast

and ECM densities were formulated as RDEs subject to passive advection, with the

fibroblasts also subject to random migration and logistic growth. The cell-ECM

composite is viewed as an isotropic solid, with linear viscoelastic properties. The

additional mechanical equation, from which the tissue displacement, stress and strain

are calculated, combines terms for the elastic stress, viscous stress and tractional stress

exerted by the fibroblasts. Initially, fibroblasts occupy the surrounding dermal tissue,

so that traction forces cause a retraction of the wound boundary. As fibroblasts

reach a uniform distribution throughout the wound space and surrounding dermis

the wound boundary contracts back to its original position. This model showed that

without any biochemical stimuli wound contraction would not occur. By introducing a

chemical mediator Tranquillo and Murray [1992] showed that wound contraction could

be achieved in three different ways: chemically driven cell traction, proliferation or

migration. However, the assumption of linear viscoelasticity meant that the degree of

wound contraction observed in the model simulations was far less than that observed

experimentally [McGrath and Simon, 1983].

Olsen et al. [1995] discriminated between the roles of fibroblasts and myofibroblasts

in dermal healing. Fibroblasts are assumed to be motile, synthesise ECM and exert

small traction forces, whereas myofibroblasts are assumed to be static and enhance the

traction forces exerted on the ECM. The expression of cell phenotype and behaviour

is regulated by a growth factor diffusing outwards from the wound centre. Moreover,

in contrast to Tranquillo and Murray [1992], ECM turnover is considered. A steady

state analysis shows that the displacement is identically zero. However, in practice,

the healed wound is permanently contracted. The authors show that the tissue can

achieve a permanently contracted steady state if collagen kinetics are neglected, i.e.
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production and degradation of ECM are ignored. While this may be an appropriate

assumption for later stages of wound healing, at early times ECM production is much

greater than degradation.

In subsequent work, Olsen and co-workers view the ECM as an anisotropic ma-

terial [Olsen et al., 1999] and consider two types of fibre alignment: flux-induced

alignment, caused by traction forces exerted by migrating fibroblasts on the ECM;

and stress-induced alignment, caused by mechanical forces associated with wound

contraction. Only by combining these processes did their model agree with experi-

mental data. Alignment of collagen fibres is considered to be an important aspect of

wound healing, with the extent of anisotropy determining the mechanical integrity of

new tissue.

McDougall et al. [2006] adopted a hybrid approach, spanning two length scales:

fibroblasts at the cell-scale were modelled as discrete entities while ECM and growth

factors were modelled as continua at the tissue-scale. The effects on collagen align-

ment of growth factors such as TGFβ, which has been shown to influence scarring

[Shah et al., 1992, Gabbiani, 2003], were investigated. Their results suggested that de-

creasing the sensitivity of fibroblast orientation to growth factor gradients could be a

possible direction for anti-scarring treatments. A more random fibroblast orientation

would result in a lower degree of collagen alignment.

Cumming et al. [2010] developed a two-dimensional hybrid model of dermal heal-

ing that accounts for cells, chemicals and fibres acting across three different length

scales. As in McDougall et al. [2006], they investigated the effects of TGFβ on healing

and subsequent scarring. They found that reducing the number of TGFβ receptors

on macrophages and fibroblasts resulted in a smaller degree of alignment of collagen

fibres, interpreted as reduced scarring. This is because fibroblasts synthesise collagen

fibres in the direction of migration. Therefore, consistent with the results of Mc-

Dougall et al. [2006], less directed fibroblast migration results in more randomised
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collagen orientation.

More recently, Segal et al. [2012] focussed on the contribution that collagen accu-

mulation makes to the healing of a wound. Although most models of dermal healing

comprise a system of PDEs, Segal et al.’s model involves a system of time-dependent

ODEs and tracks changes in the levels of pathogens, inflammatory cells, collagen and

fibroblasts. In addition, fibroblasts are assumed to progress through phases of prolif-

eration, migration and activation. During the activation phase, fibroblasts produce

collagen. The model was validated against collagen accumulation experiments and

then used to investigate therapies, such as increased oxygen concentration and fibrob-

last proliferation. Although complexity was reduced by adopting an ODE framework,

the model contains 36 parameters that need to be determined experimentally. Addi-

tionally the model neglects the contribution of contraction to wound closure.

Murphy et al. [2011] also developed an ODE model of dermal wound closure, that

accounts for wound contraction. Morphoelasticity is used to describe growth in the

tissue and the mechanical properties and stresses involved. Spatial variations are ne-

glected and the domain is compartmentalised into the wound space and undamaged

tissue. The model accounts for fibroblasts, ECM and strain inside and outside the

wound and myofibroblasts and TGFβ inside the wound. The rate at which fibrob-

lasts switch to myofibroblasts is assumed to be controlled by TGFβ and mechanical

stress. The model reproduces behaviour comparable to experimental data from nor-

mal healing [McGrath and Simon, 1983] and is used to investigate the effects of the

duration of the inflammatory response (varied TGFβ decay rate) and the rate of

myofibroblast apoptosis on wound contraction. A longer inflammatory response or

reduced rate of apoptosis results in a higher number of myofibroblasts and, therefore,

greater contraction of the wound.
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1.3.3 Models of epidermal and dermal healing

Vermolen and Javierre [2012] have developed a mechano-chemical model of wound

healing that accounts for the epidermis and dermis. Their model comprises a system

of 8 parabolic PDEs and is solved using a finite element method so that healing

in complex geometries can be simulated. Their model includes equations for dermal

wound contraction based on work by Tranquillo and Murray [1992], a vascular network

of angiogenesis [Gaffney et al., 2002], and epidermal wound closure as an extension

of the original model for epidermal healing by Sherratt and Murray [1990]. The key

dependent variable linking epidermal and dermal healing is the oxygen concentration,

a nutrient vital for healthy healing that is supplied to both layers by the evolving

vascular network. Although the model is based on extensions to models developed

by other authors, it provides a more complete description of healing by considering

several overlapping processes in both the epidermis and dermis. It is also important

to note that the model contains 28 parameters, and that these were estimated from

a range of different experimental and theoretical papers.

1.3.4 Models of diabetic wound healing

As well as modelling normal healing, several models focus on healing pathologies,

the most prevalent being the diabetic wound. Many of the models discussed above

consider growth factor control as a method of treatment. Flegg et al. [2010] model

the response of chronic wounds to treatment via HBOT, aiming to identify optimal

protocols for its delivery.

Diabetic wounds are often characterised by a prolonged inflammation phase. This

has been modelled using an ODE framework [Waugh and Sherratt, 2006] by consider-

ing macrophages and TGFβ species. The authors distinguish between inflammatory

and repair macrophages and assume that the proportion of inflammatory macrophages

is greater in a diabetic than a normal wound. Simulations show that both populations
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decrease to almost zero in a normal wound, but persist in the diabetic wound. The

initial proportion of inflammatory to repair macrophages is the key parameter in the

persistence of inflammation.

The effects of the inflammatory response have also been studied in a PDE frame-

work that considers fibroblasts, macrophages, capillaries, wound nutrients and the

tissue mechanics [Xue et al., 2009]. The ECM is modelled as a viscoelastic material

with a stress-strain relationship similar to Tranquillo and Murray [1992]. Addition-

ally Xue et al. [2009] assume that the wound pressure is proportional the the ECM

density. By introducing pressure, the model could be used to investigate the effects

of applying external pressures to the healing wound, although the authors leave this

to future work.

1.4 Large deformations and morphoelasticity

With growth being fundamental to the normal development of biological tissues,

the interplay between growth and mechanics is of great importance. To develop and

expand clinical treatments and preventions, a primary objective is to understand how

growth processes are disrupted in pathology. In general, growth is a complex process

regulated by the biochemical and biomechanical environment. Depending on the

function and location of the tissue, growth can occur through different mechanisms.

For example, hard tissues, such as bone, nails, horns, antlers and seashells, undergo

surface growth, which can be described by accretion or removal of material on a tissue

surface. Since hard tissues undergo small deformations, they are usually modelled

using the theory of linear elasticity [Cowin and Firoozbakhsh, 1981, Hart, 1990]. In

soft tissues, growth is typically distributed throughout the material and is termed

volumetric growth.

Soft tissues are more easily deformable than hard tissues. As a result, finite defor-
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mation and elasticity theories are often needed to accurately describe their behaviour

[Humphrey, 2003]. The components of biological soft tissues ensure that mechanical

integrity, strength and flexibility are maintained [Fung, 1990]. Biological tissues are

geometrically and structurally complex. Constitutive assumptions are developed in

order to describe this complexity [Mooney, 1940, Rivlin, 1948a]. Fibres and cells

within a tissue are typically oriented anisotropically to facilitate functionality [Fung,

1990].

The mechanics of soft tissues are often best represented by hyperelastic materi-

als whose response to stress is characterised by a strain-energy function. Selecting

appropriate strain-energy functions for hyperelastic materials is an important area

of research that requires experimental observations [Fung, 1993]. Assuming a hy-

perelastic material in the framework of finite elasticity, growth can be modelled by

decomposing the deformation gradient into a growth tensor and an elastic tensor.

This decomposition is appropriate when the growth timescale is considered to be

slow in comparison to the elastic timescale. The growth tensor describes the local

addition of mass, and the elastic tensor describes the elastic reorganisation, ensur-

ing compatibility of the material. This separability hypothesis was first proposed by

Skalak et al. [1982] and then formulated for differential growth by Rodriguez et al.

[1994].

Continuum mechanics and non-linear elasticity not only offer a natural framework

for studying growth but they also provide information about the stresses experienced

by the material. The feedback between stress and growth is important in elastic

tissues. The growth of some soft tissues has been shown to be regulated by stress.

For example hypertrophy of the arterial wall under high loading [Fung, 1990] or the

growth of solid tumours [Ambrosi and Mollica, 2004]. Differential growth often results

in residual stress in the material. Residual stress can be defined as the stress that

remains in a tissue after external loads have been removed. The existence of residual
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stress suggests that the body is incompatible in a stress-free grown state and this

can be demonstrated experimentally by performing cuts in a tissue and observing its

deformation. Using this technique, evidence of residual stress in tissues such as blood

vessels [Vaishnav and Vossoughi, 1987, Liu and Fung, 1988], the heart [Omens and

Fung, 1990], the trachea [Han and Fung, 1991] and the brain [Xu et al., 2009] has

been found.

Morphoelasticity provides a mathematically tractable approach to study the con-

sequences of growth and remodelling. It has been applied to a number of biologi-

cal tissues, including arteries [Taber and Eggers, 1996, Rachev et al., 1998, Taber,

1998, 2001, Goriely and Vandiver, 2010], the heart [Lin and Taber, 1995], the trachea

[Moulton and Goriely, 2011], plant stems [Goriely et al., 2010], tumours [Ambrosi and

Mollica, 2004, Ciarletta et al., 2011] and the skin [Ciarletta and Ben Amar, 2012, Wu

and Ben Amar, 2015]. With few exceptions [Xu et al., 2009], most models restrict

attention to symmetrical geometries, providing a biologically reasonable simplifica-

tion and allowing for further analysis, such as the stability of the system [Goriely and

Vandiver, 2010, Moulton and Goriely, 2011, Wu and Ben Amar, 2015].

Despite its wide applicability, few mathematical models of wound healing incor-

porate non-linear elasticity. Yang et al. [2013] developed a biomechanical model of

wound healing that focussed on the formation and remodelling of scar tissue, which

has non-linear elastic properties. Wu and Ben Amar [2015] used the decomposition of

the deformation tensor to study the closure of a circular epidermal wound. Contrac-

tion of the non-linear elastic tissue was assumed to be generated by circumferential

resorption analogous to a model of embryonic wound healing [Taber, 2009].

Morphoelasticity offers a simple framework for understanding the responses of

the dermal tissue to growth processes and applied forces such as wound contraction.

Further information about morphoelasticity is included in Chapter 3 where we develop

the governing equations and present an example problem before using it to derive a
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model of dermal wound healing in Chapter 4.

1.5 Summary

In this chapter we have reviewed the biological and mathematical literature relevant

to wound healing. With the gold standard of wound care research aimed at scarless

healing, contraction of the granulation tissue and scar remodelling is a major theme

in models of dermal healing. However, the effects of wound contraction on the dermal

tissue surrounding the wound could also have a major influence on tissue growth and

the rate of wound closure. In this thesis we take an alternative approach and study the

tissue surrounding the wound. Motivated by our experimental collaboration and the

demand for better treatments for diabetic wounds, we consider the main processes

regulating the rate of wound closure and aim to identify factors that can disrupt

normal healing.

An optimal mathematical model for wound healing, as stated by Cukjati et al.

[2000], should satisfy the following criteria:

“ • It should have a minimum number of parameters.

• Variables described in the model should be measurable so that collection of

experimental data is possible.

• It should give a good fit to the experimental data.

• It should be capable of predicting the wound healing process with reasonable

accuracy.

• It should have a biophysical basis.

• It should improve the general understanding of wound healing. ”

These criteria underpin the research presented in this thesis.
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1.5.1 Problems addressed in this thesis

Although there is a vast literature dedicated to modelling wound healing, there are

still many open problems. In this thesis we address the following:

1. Development of simple models of wound healing easily comparable

with data: Many current mathematical models have a large number of pa-

rameters and are, hence, difficult to validate against available data. We aim

to develop a model consistent with the available data to enable for model val-

idation and comparisons between the data and model solutions. Within our

established experimental collaboration, the models should also generate predic-

tions that can subsequently be tested experimentally.

2. Differences in normal and diabetic healing: A main aim of this work is

to identify processes which may be compromised in diabetic healing and other

healing abnormalities. The differences between diabetic and normal healing are

vast. Consequently, it is difficult to find a generic treatment. Many biochemical

differences have been discovered but information about mechanical differences

is lacking. By formulating a mechanical model for wound healing we aim to

learn more about mechanical disruptions associated with diabetes.

3. The influence of the biomechanical environment on dermal wound

healing: Biological soft tissues typically undergo volumetric growth. As a

result, residual stresses can be present within the tissue. This is observed when

the dermal edges retract after injury. Stresses within the tissue can regulate

growth or tissue remodelling. During repair the dermal tissue is subject to

growth and contraction. By improving understanding of the effects that stress

has on growth and the rate of wound closure, we can suggest mechanically

motivated experiments and test possible treatments.
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4. Integration of the biochemical and biomechanical environment: Wound

closure proceeds by a combination of synthesis of new tissue and wound con-

traction. These processes are regulated by fibroblasts. The behaviour of fi-

broblasts is determined by chemical and mechanical stimuli. By developing a

mechanistic model of dermal wound healing accounting for the biomechanical

and biochemical environment we can investigate how the combination of these

stimuli influence dermal healing.

The objective of this work is to develop simple mathematical models of wound

healing that will help us to better understand the growth and contraction processes

and how pathologies can arise from a disruption or dysregulation of the biochemical

and/or biomechanical environment.

1.5.2 Thesis structure

In this chapter we have provided an overview of the biology of wound healing, re-

viewed some of the mathematical approaches and models in this area and introduced

a modelling framework which will be used in later chapters. The remainder of this

thesis is organised as follows:

In Chapter 2 we present a simple, phenomenological model that couples epidermal

and dermal healing of a full thickness circular wound. Motivated by the level of the

available data we develop a spatially-averaged model formulated as a system of time-

dependent ODEs with an aim to keep the number of parameters to a minimum. The

model focusses on what we consider to be the main processes contributing to closure

of a full thickness wound: proliferation in the epidermis and growth and contraction

in the dermis. The governing equations are derived by coupling mass balances for

the epidermal and dermal tissues to a phenomenological momentum balance for the

dermis in which friction, elastic recoil and contraction forces are assumed to be in

equilibrium. The time-dependent variables of the model are directly related to the
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experimental observables. This model is used to determine differences between normal

and diabetic healing and the application of a theoretical treatment is tested.

Driven by the conclusions and limitations of this first model we turn to a more

detailed spatially-resolved framework. Although most models of wound contraction

assume linear elasticity, the initial large retraction of the wound edge upon injury

[McGrath and Simon, 1983] suggests that a small strain approximation may not be

appropriate and, hence, we adopt a non-linear elastic framework. In Chapter 3 the

theory of morphoelasticity is introduced and the equations of motion are derived.

We demonstrate the use of this framework by presenting an example of growth in an

elastic cylinder.

In Chapter 4, the epidermis is neglected and the dermal tissue is viewed as a

hyperelastic cylinder that surrounds the wound and is subject to symmetric defor-

mations. We adopt a morphoelastic framework so that the total deformation of the

tissue can be decomposed into an addition of mass and an elastic response. This ap-

proach allows us to investigate how interactions between growth and stress influence

dermal wound healing. Contraction of the wound is governed by a phenomenological

law by which radial tension is imposed at the wound edge and growth is formulated

such that tension induces addition of material.

In Chapter 5 we compare the two modelling approaches. In order to compare

results and conclusions with the previous time-dependent ODE model, we simplify

the morphoelastic model by neglecting body forces and assuming growth is constant

and localised in a region close to the wound margin. The underlying mechanisms and

results of the two modelling approaches can then be directly contrasted.

Missing in these models however is a mechanistic description for growth and con-

traction. Although the full spatially-resolved morphoelastic model considers tissue

mechanics, it lacks biochemical stimuli for growth with contraction driven phenomeno-

logically. Hence, in Chapter 6, the biochemical environment is introduced by cou-
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pling the growth and mechanics of the dermal tissue, represented in the morphoelastic

framework, to partial differential equations describing the dynamics of fibroblasts, the

main cell type responsible for dermal healing and TGFβ, a regulating growth factor.

We perform numerical simulations of this model to understand how disruption of me-

chanical and chemical feedback can lead to abnormal (either excessive or insufficient)

wound healing.

Finally, in Chapter 7 we discuss our results and identify possible directions for

further investigation.

1.5.3 Publications

Some of the work presented in this thesis has been published in international peer

reviewed journals:

Chapter 2: LG Bowden, PK Maini, DE Moulton, JB Tang, XT Wang, PY Liu, HM

Byrne. An ordinary differential equation model for full thickness wounds and

the effects of diabetes. J. Theor. Biol., (361):87–100, 2014.

JB Tang, XT Wang and PY Liu designed and performed the experiments. LG

Bowden did the modelling and wrote the manuscript under the supervision of

HM Byrne, DE Moulton and PK Maini.

Chapter 4: LG Bowden, HM Byrne, PK Maini, DE Moulton. A morphoelastic

model for dermal wound closure. Biomech. Model. Mechanobiol., 10.1007/s10237-

015-0716-7, 2015.

LG Bowden did the work and wrote the manuscript under the supervision of

HM Byrne, DE Moulton and PK Maini.
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Chapter 2

An ordinary differential equation

model for epidermal and dermal

wound healing

2.1 Introduction

Existing models of wound healing have tended to focus on either epidermal or dermal

healing. Full thickness wounds injure the epidermis and the dermis, and therefore

require both layers to heal simultaneously. In healthy skin these layers interact both

chemically and mechanically. Reaction-diffusion models have been proposed to study

the influence of biochemical interactions between the two layers and shown to generate

spatial patterns [Cruywagen and Murray, 1992]. In terms of wound healing, however,

this coupling is sparsely documented. There are also few mathematical models; these

are discussed briefly below.

Mathematical models involving growth factor control of epidermal wound healing

have focussed on epidermal growth factor (EGF), which is produced in the epider-

mis. However, the activity of keratinocyte growth factor (KGF), which is produced by
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fibroblast cells, is restricted to epidermal cells and has been shown to be a stronger mi-

togen than EGF [Marchese et al., 1990]. Considering KGF as a mediator of epidermal-

dermal interactions, Wearing and Sherratt [2000] developed a biochemical model via a

system of PDEs, representing mass conservation of KGF, cell receptors and epithelial

cell density. They used their model to identify an optimal concentration of KGF for

the rate of re-epithelialisation and found that a concentration as high as that found

in the wound following injury can cause a decrease in the rate of healing. A simplified

submodel (by neglecting the cell density equation) was studied to predict the effects

of KGF concentration and epidermal-dermal interactions on the signalling range of

KGF. Although increasing both KGF concentration and the rate of interactions be-

tween receptors and the growth factor individually result in a larger signalling range,

the interaction rate had a much larger impact.

Menon et al. [2012] extended this work to include dermal healing. Although they

considered healing of the epidermis and the dermis, they focussed on biochemical

stimuli and ignored dermal contraction. They accounted for several growth factors

thought to be involved in crosstalk between fibroblasts and keratinocytes, such as

platelet-derived growth factor (PDGF) which is produced by the degrading clot, and

TGFβ, whose production is regulated by fibroblasts. Simulation results were ob-

tained for different cases, including normal healing, prolonged inflammation, hypoxic

conditions and application of treatments. The model predicted that prolonged in-

flammation can cause excessive collagen production, which may result in hypotrophic

scarring.

As discussed in Chapter 1, Vermolen and Javierre [2012] couple epidermal and

dermal healing through the supply of oxygen to the epidermis from a vascular network

in the dermis. Although the coupling is biochemical, they also account for dermal

contraction and develop a biomechanical model formulated as a system of PDEs.

Their main results relate to epidermal wound closure. Model simulations show that,
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in the early stages of healing, cells in the epidermis migrate towards the wound,

whereas at later stages, cells proliferate perpendicular to the surface of the skin.

These observations are in agreement with experiments with the model revealing that

qualitative changes in the oxygen profiles provide a possible explanation for this

behaviour. At early times, simulations show an oxygen gradient parallel to the skin

surface with no significant change in the perpendicular direction. However, for later

times, the gradient of the oxygen concentration becomes significant in the direction

perpendicular to the surface of the skin, stimulating cell movement and proliferation

upwards.

The models described above (and in Chapter 1) have increased our understanding

of the individual processes involved in wound healing. However, given that these

processes overlap and interact in both time and space, models that consider them in

combination may provide a more realistic description of wound healing. As well as

the need to consider how the different processes in healing interact, we note that it is

difficult to validate detailed mathematical models given the quality of data currently

available. Therefore, in this chapter we develop a simple model, formulated as a

system of time-dependent ODEs, in terms of variables that can be easily measured,

namely wound areas. At a gross level, wound closure occurs due to proliferation and

contraction, so these form the primary components of our model. By focussing on

the net effect of these processes, rather than on the underlying mechanistic details,

we develop an idealised model, containing a small number of parameters that can be

used to test hypotheses about how diabetes modifies proliferation and contraction.

We describe below the experiments and data that motivated this theoretical study.

2.1.1 The experimental data

In order to characterise differences in wound healing between non-diabetic and dia-

betic mice, our collaborators conducted a series of experiments on non-diabetic mice
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and mice in which type II diabetes was induced by deleting the leptin receptor gene

[Coleman, 1978]. Two full thickness wounds of radius 4 mm were inflicted on the

backs of the mice, bilateral to the spine, using surgical scissors. Three non-diabetic

and three diabetic mice were euthanised each day post wounding; thus six wounds

were harvested for each time point. This continued until wound closure, defined by

closure of the epidermal gap (day 21 in the non-diabetic group and day 33 in the

diabetic group). Histological samples were taken in order to measure the epidermal

and dermal gaps.

Figure 2.1: Histological slides. An example of the histological samples obtained
from a mouse wound. The invading fronts of the epidermis and dermis are identified
from staining, and the epidermal and dermal gaps are measured. Image provided by
our collaborators.

From the histological data (see Figure 2.1), invading fronts in both the epidermis

(due to epithelial cells growing over granulation tissue) and the dermis (due to con-

traction and new dermal tissue) were visible. Time courses obtained by averaging

the epidermal and dermal wound areas associated with the non-diabetic and diabetic

groups are presented in Figure 2.2. The data in Figure 2.2 support the view that

wound healing occurs over different timescales. For both the epidermal and dermal

curves we observe a rapid increase in wound area immediately after wounding.1 After

this initial recoil, the epidermal wound area gradually decreases until closure. As a

1In fact, in the non-diabetic case the wound initially contracts followed by a recoil. We do not
know what causes this behaviour, so for the purpose of this work we begin the modelling after this
contraction and before the recoil phase, given by the first data point in Figure 2.2(a).
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Figure 2.2: Wound areas from experimental data. Average wound areas for
the epidermis and the dermis in both non-diabetic and diabetic mice were recorded
over a time period of 21 and 33 days. The sample size for each day is six wounds, two
on each of the three mice. The initial wound radius was designed to be 4 mm and
the wounds remained approximately circular throughout the experiments. Figures
produced from data provided by our collaborators.

consequence of granulation tissue synthesis in the dermal gap (defined by the der-

mal wound space), the dermal wound never fully closes. By comparing the data in

Figures 2.2(a) and (b) we see that the diabetic epidermis closes 9 days later than

the non-diabetic epidermis, with the diabetic dermis healing even more slowly than

the non-diabetic dermis. These differences indicate that a larger dermal gap remains

when the diabetic wound closes, a feature which could result in a more prominent

scar. We observe that, for both non-diabetic and diabetic mice, the epidermis ad-

vances more rapidly into the wound space than the dermis, forming an overhang of

the epidermal layer, which grows on top of the granulation tissue synthesised in the

wound space. While it is evident from the data presented in Figure 2.2 that healing

in diabetic wounds is delayed, it is not clear which processes are responsible for the

compromised healing.
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2.1.2 Outline

In Figure 2.3 we present a schematic diagram which clarifies how the surface areas of

the wound space, the healing epidermis and dermis, are defined and inter-related. In

this diagram, the granulation tissue that is covered by new epidermis is the region of

re-epithelialisation. The granulation tissue in the epidermal gap is not measured in

the data presented and is therefore not discussed in this work.

epidermal growth

dermal
growth

sub-dermis

granulation

epidermal gap

dermal gap

contraction

(a) Definition of terms

epidermis

dermis

sub-dermis

(b) Radially symmetric interpretation

Figure 2.3: Schematic representation of the wound space. The data given
in Figure 2.2 show the epidermal layer healing more quickly than the dermal layer,
growing over the granulation tissue (given by the dotted area) and, hence, protruding
into the wound space. The schematic diagram shows the arrangement of the epidermal
and dermal tissues during healing, in preparation for introducing the mathematical
model and its dependent variables in the next section.

In this chapter, rather than developing a detailed model, we model in a sim-

plified manner the main processes that contribute to the closure of a full thickness

wound: proliferation and migration of epithelial cells in the epidermis; tissue growth

in the dermis; and contraction of the dermal tissue. Our experimental data detail

how the wound areas of the epidermis and the dermis change over time. Therefore,

in Section 2.2, we develop a model that comprises time-dependent ODEs, with the

epidermal and dermal wound areas as the dependent variables, and that can be com-

pared with the given data. In Section 2.3 we use asymptotic techniques to show how

our model can be analysed on different, well-defined timescales and how the processes

that drive healing change from one timescale to the next. In Section 2.4 we perform a

focussed parameter sensitivity analysis on our model, concentrating on those param-

eters that are thought to be compromised in diabetic healing. By fitting the model to
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the experimental data from non-diabetic and diabetic wounds, we are able to estimate

the system parameters and identify those which differ markedly between non-diabetic

and diabetic wounds. Finally, in Section 2.5 we summarise our results and explain

how they could be used to suggest strategies for improving wound healing for diabetic

patients.

2.2 Model development

Since the data presented in Figure 2.2 are spatially-averaged, we formulate our model

as a system of time-dependent ODEs, relating the changes in wound areas of the

epidermis and the dermis to the dominant processes driving wound closure. The

governing ODEs represent: conservation of mass of new epidermal tissue; conservation

of mass of new dermal tissue; and a phenomenological force balance for the dermis.

When developing our model we note that the experimental wounds were formed by

excising a circular region of tissue of radius 4 mm, with the depth of epidermal and

dermal tissues approximately 0.1 mm. For simplicity, and since the wound radii were

much greater than their depth, we view the wounds as two-dimensional, and focus on

how the area of the epidermis and dermis change during healing by supposing that the

wounds are radially symmetric, an assumption that is consistent with the histology

(see Figure 2.4). We will consider the time duration of healing to be from initial

injury until closure of the epidermis. During this time period we do not account for

remodelling of the dermis post closure or the synthesis of granulation tissue in the

wound space.

The schematic diagram presented in Figure 2.5 illustrates the wound geometry

that we consider and introduces the system variables. Due to retraction (recoil),

immediately following wounding, the wound increases in area from its initial value of

A0 to AR, both constant values determined from the data. The areas of the epidermal
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Figure 2.4: Photograph of the wounds. Two circular wounds were inflicted on
each mouse, one on each flank. The wounds were photographed with the dressing
on, after the day 0 measurement. We observe that the wounds remain approximately
circular. Image provided by our collaborators.

and dermal wounds at time t are denoted Ae(t) and Ad(t), respectively. In the dermis,

where we consider the combined effects of growth and contraction, it is convenient to

introduce an additional variable As(t) ∈ (Ad, AR) to characterise the dermal wound.

We suppose that the area of the dermal wound healed by new tissue is AR − As

and deduce that the amount of contraction experienced by the dermal tissue will

be proportional to As − Ad. We remark that both Ae(t) and Ad(t) can be directly

related to the epidermal and dermal data presented in Figure 2.2, whereas As(t) is

not discernible from the data.

2.2.1 Mass balance for new epidermal tissue

Following Clark [1988], we suppose that the epidermis heals by a combination of

cell migration and proliferation. Early work on cell proliferation in mouse epidermis

revealed that mitotic activity was abnormally high in an annulus of width 1 mm

surrounding the wound [Bullough and Laurence, 1960]. More recently, Usui et al.

[2008] showed that, in humans, epithelial cell migration occurs at the wound margin,

and that proliferation is upregulated in an area surrounding the wound, which can

be up to 1 cm from the wound edge. Such behaviour was found in both non-diabetic

and diabetic wounds. Upregulation of mitosis at this distance from the wound has

also been observed in rat corneal epithelial wounds of varying sizes [Sandvig et al.,
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{
AR - Ae(t)
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Figure 2.5: Definition of wound areas and system variables. A radially sym-
metric interpretation of the wound areas. (i) The initial wound area of the epidermal
and dermal layers is given by A0. (ii) Following wounding the tissues in both lay-
ers retract to an area AR > A0. Proliferation in both the epidermis and dermis is
assumed to be localised to a small annular region surrounding the recoiled wound.
(iii) The areas of the epidermal and dermal wounds are given by the time dependent
variables Ae(t) and Ad(t), respectively, and typically 0 ≤ Ae(t) ≤ Ad(t). (iv) As the
epidermal tissue proliferates, the area of new epidermal tissue is given by AR−Ae(t).
Similarly, the area of new dermal tissue is given by AR − As(t), where the time de-
pendent variable As(t) is the area of the relaxed dermal wound. The dermal wound is
also subject to contractile forces, with the amount of contraction at time t assumed
to be proportional to the area difference As −Ad.

2009]. Following Usui et al. [2008], we localise proliferation to the new epidermal

tissue and a small annulus surrounding the initial wound margin.2 Cells from the

wound margin are assumed to migrate towards the wound centre to assist in closing

the wound. We assume further that the net effect of these processes can be described

by a modified logistic growth law, in which the growth rate contains contributions

from proliferation in the newly synthesised tissue and an additional area surrounding

2We note that, qualitatively, our results are robust to this choice. In Appendix A.5 we compare
our results for the chosen form of epidermal growth rate with that which is proportional to the
wound circumference.
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the initial wound margin. By applying the principle of mass balance to the new

epidermal tissue, AR − Ae(t), we deduce that:

d

dt
(AR −Ae(t)) = r∗(AR −Ae(t))

(

1− AR −Ae(t)

A∗

)

, (2.1)

where A∗ is its carrying capacity and the growth rate r∗ has the form:

r∗ = r

(

1 +
νAR

AR − Ae(t)

)

. (2.2)

In Equation (2.2), the parameter r represents the assumed constant rate at which new

epidermal tissue grows, while the area-dependent term represents additional growth

from the annulus surrounding the initial wound margin, the parameter ν indicating

the proportion of the area, AR, which contributes to this effect. Epithelial cells

are known preferentially to migrate over a smooth, moist surface, such as the new

dermal tissue, rather than granulation tissue [Krawczyk, 1971, Martin, 1997]. A

possible reason for this is that the granulation tissue is filled with fibrin and cellular

debris, which the epithelial cells need to remove before advancing [Krawczyk, 1971].

We account for this by assuming that, in Equation (2.1), the carrying capacity A∗

depends on the dermal wound area. The maximum value for the carrying capacity of

new epidermal tissue is AR, corresponding to the dermis being fully healed (Ad = 0).

As the dermal wound area, Ad(t), decreases, the new dermal tissue offers a platform

for preferential growth and migration of epidermal tissue, and the carrying capacity

will increase. We therefore assume that the carrying capacity takes the following

form:

A∗ = AR − γAd(t), (2.3)

where the parameter γ ∈ [0, 1) measures the degree to which the carrying capacity

depends on the dermal wound area. We remark that if γ = 0, then the epidermis
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heals independently of the dermis, with a carrying capacity of AR.

Substituting Equations (2.2) and (2.3) into (2.1), we obtain the following ODE

for AR − Ae(t), the area of new epidermal tissue at time t:

d

dt
(AR − Ae(t)) = r(AR − Ae(t) + νAR)

(

1− AR −Ae(t)

AR − γAd(t)

)

. (2.4)

2.2.2 Mass balance for new dermal tissue

In the dermis we assume that contraction and growth drive healing. Both processes

are regulated by fibroblasts which accumulate close to the wound edge and in the

wound space following injury. When modelling proliferation in the dermis, we consider

two mechanisms. Firstly, there is a basal proliferation from the healthy skin, which is

localised close to the wound. Secondly, the growth rate of the new and surrounding

tissue is enhanced by the amount of stretch it experiences. Such mechanosensitive

behaviour is known to occur during dermal wound healing [Chiquet, 1999, Pietramag-

giori, 2007]. As for epidermal tissue, we assume that the growth of new dermal tissue

follows a modified logistic growth law. By applying the principle of mass balance to

the new dermal tissue, AR −As(t), we deduce that:

d

dt
(AR − As(t)) = k∗(AR − As(t))

(

1− AR − As(t)

AR

)

, (2.5)

where k∗ is the growth rate of the dermal tissue and AR is the carrying capacity. As

with the epidermal growth rate, we write:

k∗ = k

(

1 +
νAR

AR − As(t)

)

, (2.6)

where the first term represents the growth rate of the new dermal tissue and the

second term the contribution to growth from the annulus surrounding the initial

wound margin. For simplicity we assume that the areas of the annuli surrounding
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the wound that contribute to epidermal and dermal tissue are identical (ν is the

same in Equation (2.2) and (2.6)). We decompose the growth rate k into basal and

mechanosensitive contributions. In order to quantify the mechanosensitive contri-

bution, we introduce the normalised area of additional tissue due to contraction,

Ψ ∈ [0, 1):

Ψ =
area of stretched tissue − area of relaxed tissue

area of stretched tissue

=
(AR −Ad(t) + νAR)− (AR − As(t) + νAR)

AR − Ad(t) + νAR

=
As(t)− Ad(t)

AR −Ad(t) + νAR
, (2.7)

so that Ψ ∈ [0, 1) provides a measure of the stretch experienced by the dermal tissue

(Ψ = 0 if As = Ad). We assume that k is a linearly increasing function of Ψ so that

k = k0 + k1

(

As(t)−Ad(t)

AR − Ad(t) + νAR

)

, (2.8)

where k0 represents the assumed constant basal growth rate, and the constant of

proportionality k1 represents how mechanosensitive the dermal tissue is.

Substituting Equations (2.6) and (2.8) into (2.5) we obtain the following ODE for

AR − As(t), the area of new dermal tissue at time t:

d

dt
(AR − As(t)) =

(

k0 + k1

(

As(t)− Ad(t)

AR − Ad(t) + νAR

))

× (AR − As(t) + νAR)

(

1− AR −As(t)

AR

)

. (2.9)

2.2.3 Force balance for the dermis

In order to close the model, it remains to determine the evolution of Ad(t). In this

section we propose a phenomenological force balance to specify Ad(t). The schematic

in Figure 2.6 shows the forces we assume to be acting on the dermal tissue. Since the
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Figure 2.6: Forces acting on the dermis. The inner circle represents the dermal
wound area, Ad(t), and the outer dashed circle the relaxed dermal wound area, As(t).
The elastic response (FE) pulls the wound open to its relaxed state. Fibroblasts,
represented by black circles, arrange on the wound edge and infiltrate the granulation
tissue. The fibroblasts contract (FC) the surrounding tissue in order to decrease the
dermal wound area. Friction (FT ) due to tethering to the subdermal layer acts to
resist motion of the dermis.

timescale of interest is on the order of days, which is much longer than that associated

with inertial effects, we neglect inertial terms and assume that the forces due to the

elastic response, contraction and tethering are in equilibrium so that

0 = FE + FC + FT , (2.10)

where FE denotes the elastic restoring force, FC the contractile force and FT the

tethering resistance. We note that, under the assumption of radial symmetry, all

forces will act in the radial direction.

When the skin is injured, residual tension causes it to spring open to a relaxed state

[Kiehart, 1999]. Given that elastic fibres are distributed throughout the surrounding

tissue, we assume that the elastic restoring force, which causes the recoil of the

wound, is proportional to the annular area of stretched tissue surrounding the wound,
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As(t)− Ad(t). We write the radial component of the elastic restoring force as

FE = E(As(t)− Ad(t)), (2.11)

where E is the elastic restoring force per unit area.

In normal, healthy tissue contraction typically begins 2 to 5 days post wounding,

by which time fibroblasts have migrated towards the wound edge with some infil-

trating the wound space in response to chemical growth factors released during the

inflammatory phase [Stadelmann et al., 1998]. When defining the contractile force

we account for this delay by introducing the continuous switch function

H(t− tc) =
1

2

[

tanh

(

t− tc
θ

)

+ 1

]

, (2.12)

where tc is the time delay in days and θ is the gradient of the switch. Various

contraction mechanisms are thought to contribute to the reduction in wound size

[Watts et al., 1958, Ehrlich, 1988, Kolodney and Wysolmerski, 1992, Nedelec et al.,

2000]. Here we consider a combination of these mechanisms. Fibroblasts within

the wound space apply a contractile force causing the granulation tissue to shrink

[Ehrlich, 1988, Kolodney and Wysolmerski, 1992]. Due to attachments between the

granulation tissue and the healthy dermal tissue, this pulls the wound edge inwards,

decreasing the area of the dermal wound. Further, fibroblasts arranged around the

wound edge migrate into the wound pulling the surrounding tissue inwards. Since

the fibroblasts migrate into the wound and can occupy the dermal wound space, we

assume that the contractile force is proportional to the area of the dermal wound.3

3We note that an additional term proportional to the wound circumference could be considered
to separate the two contracting mechanisms, however in order to maintain simplicity we consider
only one term.
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We can now write the form of the radial component of the contractile force as

FC = cH(t− tc)Ad, (2.13)

where c is the contractile force per unit area.

Attachments between the dermal and subdermal layers resist the motion of the

dermis and we assume that this tethering force is proportional to the velocity of the

dermis, dAd/dt. Thus, when the wound area is increasing due to the elastic response,

dAd/dt > 0 and the tethering force resists this motion. Similarly, when the wound

area is decreasing due to contraction, dAd/dt < 0 and the tethering force resists the

contractile force. Guided by these observations we assume, for simplicity, that the

tethering force can be written as

FT = µ
dAd

dt
, (2.14)

where µ is the tethering coefficient.

Combining the above assumptions, we obtain the following ODE relating the

dermal wound area, Ad(t), to the relaxed dermal wound area, As(t):

0 = E(As − Ad)− cH(t− tc)Ad − µ
dAd

dt
. (2.15)

2.2.4 Initial conditions

Following excision at t = 0 of tissue of area A0, the wound retracts instantaneously,

exposing a larger region AR > A0. These observations, together with our assump-

tion that the epidermis is not under tension during healing, lead us to prescribe the

following initial conditions for the dependent variables:

Ae(0) = AR, As(0) = AR, Ad(0) = A0. (2.16)
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The conditions in Equation (2.16) close our phenomenological model of wound heal-

ing.

Equations (2.4), (2.9) and (2.15) constitute three coupled ODEs for the time

evolution of the wound areas Ae, As and Ad. Before presenting model solutions, it

is convenient to restate the governing equations, suitably rearranged to clarify their

interactions:

dAe

dt
= −r(AR(1 + ν)− Ae)

(

Ae − γAd

AR − γAd

)

, (2.17a)

dAs

dt
= −

(

k0 + k1

(

As − Ad

AR(1 + ν)− Ad

))

(AR(1 + ν)−As)
As

AR

, (2.17b)

µ
dAd

dt
= E(As − Ad)− cH(t− tc)Ad, (2.17c)

where H(t− tc) is defined in Equation (2.12) and the initial conditions satisfy Equa-

tion (2.16).

2.2.5 The non-dimensionalised equations

In practice, when constructing numerical and approximate analytical solutions we use

a dimensionless version of Equations (2.17). It is convenient to non-dimensionalise

the governing equations by introducing the following scalings for the dependent and

independent variables:

A∗

e =
Ae

AR

, A∗

s =
As

AR

, A∗

d =
Ad

AR

, t∗ =
t

T
,

where T is an appropriately chosen timescale. Dimensionless parameters are defined

as follows:

λ = rT, β0 = k0T, β1 = k1T, α =
c

E
, ǫ =

µ

ET
, t∗c =

tc
T
, θ∗ =

θ

T
.
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where the new parameters ǫ and α, respectively, represent the strength of the frictional

and contractile forces relative to the elastic force.

By omitting the asterisks we arrive at the following non-dimensionalised system

dAe

dt
= −λ(1 + ν −Ae)

(

Ae − γAd

1− γAd

)

, (2.18a)

dAs

dt
= −

(

β0 + β1

(

As − Ad

1 + ν − Ad

))

(1 + ν − As)As, (2.18b)

ǫ
dAd

dt
= As − Ad − αH(t− tc)Ad, (2.18c)

with initial conditions

Ae(0) = 1, As(0) = 1, Ad(0) =
A0

AR

≡ Kd. (2.18d)

The dimensionless parameters λ, β0, β1, ǫ, α, tc, θ and Kd are non-negative constants

whose physical interpretations are stated in Table 2.1.

2.3 Model behaviour

We anticipate that Equations (2.18) should reproduce the natural progression of heal-

ing, with an initial rapid recoil phase, followed by a period of cell proliferation and

tissue growth, with contraction contributing at later stages. The recoil phase occurs

within hours of healing. This rapid recoil suggests a large elastic restoring force rel-

ative to the resistant force associated with tethering of the dermis to the underlying

layers. We therefore expect that ǫ will be small in comparison to the other model

parameters. Since we are concerned with the time until wound closure, our timescale

of interest is on the order of days. With 0 < ǫ ≪ 1, we can apply the method of

matched asymptotic analysis to Equations (2.18) to verify that the model reproduces

the different phases of healing on the appropriate timescales.
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The natural timescales of interest are: wound recoil, which occurs for t = O(ǫ);

before contraction is switched on when t < tc; and, when contraction is activated for

t ≥ tc. In order for Equations (2.18) to be analytically tractable we approximate the

continuous switch function in Equation (2.12) by the Heaviside step function

H(t− tc) =















0 for t < tc

1 for t ≥ tc

, (2.19)

so that contraction is either on or off. We note that, in the limit as θ → 0, then

H(t − tc) → H(t − tc) and the numerical solution of Equations (2.18) tends to the

asymptotic solution. Exploiting the fact that ǫ is very small, we find asymptotic

expansions of the model solutions, Ae(t), As(t) and Ad(t).

2.3.1 Approximate solutions

We consider Equations (2.18) and replace the continuous contraction switch, H(t−tc),

with the Heaviside function, H(t− tc) in Equation (2.19), in order to clearly separate

the system dynamics for t < tc and t ≥ tc, and for analytical tractability. The system

we analyse is therefore,

dAe

dt
= −λ(1 + ν −Ae)

(

Ae − γAd

1− γAd

)

, (2.20a)

dAs

dt
= −

(

β0 + β1

(

As − Ad

1 + ν − Ad

))

(1 + ν − As)As, (2.20b)

ǫ
dAd

dt
= As − Ad − αH(t− tc)Ad, (2.20c)

where the initial conditions satisfy Equation (2.18d).

Since ǫ is small this system gives rise to a boundary layer for t = O(ǫ) in which

dAd/dt is large and, hence, the solution Ad(t) is rapidly evolving. We first seek the

solution on this fast timescale, which we call the inner solution (inside the boundary
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layer).

2.3.1.1 Inner solution: t = O(ǫ)

We rescale time such that t = ǫτ and introduce dependent variables Āe(ǫ, τ) = Ae(t),

Ās(ǫ, τ) = As(t) and Ād(ǫ, τ) = Ad(t). Since for small times (t = ǫτ ≪ tc) H(t− tc) =

0, Equations (2.20) transform on the fast timescale to give

dĀe

dτ
= −ǫλ(1 + ν − Āe)

(

Āe − γĀd

1− γĀd

)

, (2.21a)

dĀs

dτ
= −ǫ

(

β0 + β1

(

Ās − Ād

1 + ν − Ād

))

(1 + ν − Ās)Ās, (2.21b)

dĀd

dτ
= Ās − Ād, (2.21c)

where the initial conditions satisfy Equation (2.18d). We consider a power series

expansion in ǫ of the dependent variables of the form

Āe(ǫ, τ) = Āe0(τ) + ǫĀe1(τ) +O(ǫ2), (2.22)

with Ās(ǫ, τ) and Ād(ǫ, τ) formulated in the same manner. Substituting the power se-

ries expansions into Equations (2.21) and equating the coefficients of different powers

of ǫ it is possible to obtain the following asymptotic expansions,

Āe(ǫ, τ) =1− ǫνλτ +O(ǫ2), (2.23a)

Ās(ǫ, τ) =1− ǫ
[

νβ0τ − νβ1 log
(

(1−Kd)e
−τ + ν

)]

+O(ǫ2), (2.23b)

Ād(ǫ, τ) =1− (1−Kd)e
−τ − ǫ

[

νβ0

(

τ + e−τ − 1
)

− β1(1−Kd)e
−ττ

−β1

(

(1−Kd)e
−τ + ν

)

log
(

(1−Kd)e
−τ + ν

)

+β1e
−τ (1−Kd + ν) log(1−Kd + ν)

]

+O(ǫ2). (2.23c)
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On this timescale, we deduce that, at leading order, Ād increases exponentially, rep-

resenting the recoil of the wound, while Ās and Āe remain constant. The expansions

in Equations (2.23) break down at O(ǫ) for τ = O(ǫ−1), implying that for t = O(1)

the solutions depend upon additional processes, i.e. there will be a different dominant

balance. The dominant process here is retraction of the dermis.

2.3.1.2 Outer solution: t < tc

As τ → ∞ the inner solution breaks down and we revert to the original time variable,

t. On this timescale we introduce dependent variables Âe(ǫ, t) = Ae(t), Âs(ǫ, t) =

As(t) and Âd(ǫ, t) = Ad(t) and solve Equations (2.20) with H(t− tc) = 0 since t < tc.

For the initial conditions we consider the limit as τ → ∞ of the solutions in the

boundary layer before the expansion breaks down, i.e. to O(1), giving

Âe(ǫ, 0) = lim
τ→∞

Āe(ǫ, τ) = 1, (2.24a)

Âs(ǫ, 0) = lim
τ→∞

Ās(ǫ, τ) = 1, (2.24b)

Âd(ǫ, 0) = lim
τ→∞

Ād(ǫ, τ) = 1. (2.24c)

For our approximations we will take γ = 0 in order to obtain an analytical solution

for Âe. This assumption implies that the epidermis does not preferentially grow on

the dermis rather than the granulation tissue and, hence, the epidermal and dermal

equations decouple. We consider power series expansions of the form

Âe(ǫ, t) = Âe0(t) + ǫÂe1(t) +O(ǫ2), (2.25)

with Âs(ǫ, t) and Âd(ǫ, t) formulated in the same manner. Substituting the power
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series expansions into Equations (2.20) and equating powers of ǫ we obtain,

Âe(ǫ, t) ≈
1 + ν

1 + νeλ(1+ν)t
, (2.26a)

Âs(ǫ, t) =
1 + ν

1 + νeβ0(1+ν)t
+ ǫÂs1 +O(ǫ2), (2.26b)

Âd(ǫ, t) =
1 + ν

1 + νeβ0(1+ν)t
+ ǫÂd1 +O(ǫ2), (2.26c)

where,

Âs1(t) =
β1ν(1 + ν)2eβ0(1+ν)t

(1 + νeβ0(1+ν)t)2
log

(

(1 + ν)eβ0(1+ν)t

1 + νeβ0(1+ν)t

)

, (2.27a)

Âd1(t) =
ν(1 + ν)2eβ0(1+ν)t

(1 + νeβ0(1+ν)t)2

(

β0 + β1 log

(

(1 + ν)eβ0(1+ν)t

1 + νeβ0(1+ν)t

))

. (2.27b)

At leading order, on this timescale, Âe and Âs decrease logistically, representing a

proliferative phase in both the epidermis and the dermis. The rates are proportional

to 1+ν, which represents the area of the active region surrounding the wound. Here we

see only basal growth in the dermis since contraction is not yet active, and Âd0 = Âs0 .

However, to O(ǫ), Âd and Âs differ. The appearance of β1 in the expressions for Âs1

and Âd1 leads us to speculate that, for t > tc, mechanosensitive growth will contribute.

The dominant process here is basal growth.

2.3.1.3 Transition layer: t ≈ tc

As t → tc contraction becomes active. We note that for t ≈ tc, the change in H will

affect the solution Ad(t). We write power series expansions for As(t) = Ăs(ǫ, t) and

Ad(t) = Ăd(ǫ, t) of the form

Ăs(ǫ, t) = Ăs0(t) + ǫĂs1(t) +O(ǫ2), (2.28a)

Ăd(ǫ, t) = Ăd0(t) + ǫĂd1(t) +O(ǫ2). (2.28b)
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Substituting the power series expansions into Equation (2.20c) with H(t − tc) = 1

and equating powers of ǫ we obtain,

Ăe(ǫ, t) = Âe(ǫ, t), (2.29a)

Ăs(ǫ, t) = Âs(ǫ, t), (2.29b)

Ăd(ǫ, t) =
Âs0

1 + α
+ ǫ





Âs1 − 1
1+α

dÂs0

dt

1 + α



+O(ǫ2), (2.29c)

where

Âs0(t) =
1 + ν

1 + νeβ0(1+ν)t
, (2.30)

and Âs1(t) is given by Equation (2.27a). As contraction becomes active, the solutions

Ăe and Ăs remain the same as those for t < tc, whereas there is a jump in Ăd across

t = tc. We now observe a contribution to reduction in dermal wound size due to

contraction. Now that contraction is active we expect that the difference Ăs− Ăd will

stimulate mechanosensitive proliferation.

2.3.1.4 Outer solution: t > tc

Contraction is now activated as t > tc. We note that this will affect the solutions As

and Ad but since we have taken γ = 0 in order to obtain analytical solutions, there

will be no change in Ae. We write power series expansions in ǫ for As(t) = Ãs(ǫ, t)

and Ad(t) = Ãd(ǫ, t) given by

Ãs(ǫ, t) = Ãs0(t) + ǫÃs1(t) +O(ǫ2), (2.31a)

Ãd(ǫ, t) = Ãd0(t) + ǫÃd1(t) +O(ǫ2), (2.31b)
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and take initial conditions which satisfy the previous solutions for t = tc,

Ãs(ǫ, 0) = Ăs(ǫ, tc), (2.32a)

Ãd(ǫ, 0) = Ăd(ǫ, tc). (2.32b)

Substituting the power series expansions into Equations (2.20b) and (2.20c) and

equating powers of ǫ we obtain,

dÃs0

dt
= −

(

β0 + αβ1

(

Ãd0

1 + ν − Ãd0

))

(1 + ν − Ãs0)Ãs0, (2.33a)

Ãd0 =
Ãs0

1 + α
. (2.33b)

We observe that the equation for Ãs0 now depends on β1, indicating that, to O(1),

mechanosensitive proliferation is contributing to the reduction in dermal wound area.

2.3.2 Analytical results

In Figure 2.7 we compare the approximate solutions obtained from the asymptotic

analysis with numerical solutions (see Section 2.4) of the full model. On the appro-

priate timescale, the leading order asymptotic solutions are a good approximation to

the numerical solution of the full model. As expected, on timescales outside those

for which the asymptotic solutions are valid the agreement between the two solutions

decreases. We deduce that the leading order asymptotic solutions account for the

dominant processes occurring on the associated timescale.
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Figure 2.7: Comparison of approximate solutions with numerical solutions
of the full model. Leading order, approximate solutions for a) Ae(t), b) As(t) and c)
Ad(t) on each timescale are shown to be in good agreement, in the appropriate regions,
with numerical solutions to the full model given by Equations (2.18). Parameter
values: θ = 1, tc = 3, ǫ = 0.01, λ = 0.55274, β0 = 0.2950, β1 = 0.0124, α = 0.2144,
γ = 0.0027, ν = 0.0904.
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Our asymptotic analysis reveals that the physical mechanisms that dominate heal-

ing change over time in the following way:

1. Exponential recoil of the dermal wound area for t = O(ǫ) given by the leading

order term in Equation (2.23c).

2. Proliferation in the epidermis and basal proliferation in the dermis for t = O(1)

and t < tc detected by the appearance of λ and β0 in the leading order terms

of Equations (2.26).

3. Contraction and mechanosensitive proliferation in the dermis for t = O(1) and

t > tc detected by the appearance of α and β1 in the leading order terms of

Equations (2.33).

In the next section we solve Equations (2.18) numerically in order to establish

whether the model is in good qualitative agreement with wound healing data. By

fitting the model to non-dimensionalised experimental data we aim also to identify

those processes which differ markedly between non-diabetic and diabetic healing (in

mice).

2.4 Numerical Results

In this section we solve Equations (2.18) numerically using the stiff differential equa-

tion solver ode15s in Matlab. We also use a least squares fitting method to deter-

mine the best fits to the data presented in Figure 2.2. By comparing the parameters

associated with the best fits for the non-diabetic and diabetic cases we go on to

suggest a theoretical treatment that may enhance healing of diabetic wounds.
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2.4.1 Least squares analysis

We use the method of least squares (see Appendix A.3) to fit Equations (2.18) to the

non-dimensionalised data and, in this way, obtain estimates for the model parameters

{λ, β0, β1, α, γ, ν}. The data in Figure 2.2 are non-dimensionalised by scaling the area

by the maximum wound area (AR) and time by an appropriate timescale (T ) which

is taken to be 1 day (see Appendix A.1 for details). The dimensionless parameters

tc = 3, θ = 1 and ǫ = 0.01 are fixed, these values being justified by a numerical

parameter sensitivity analysis (for details see Appendix A.4).

The best fits of the model to the non-diabetic and diabetic data are presented in

Figure 2.8 and reveal that the model fit to the non-diabetic data (mean squared error,

MSE = 0.0017) is slightly better than the fit to the diabetic data (MSE = 0.0067).

This is likely due to the greater amount of noise in the diabetic data.

The parameter values associated with the best fit curves are stated in Table 2.1.

By comparing the non-diabetic and diabetic parameter sets, we see that the epidermal

(λ) and dermal (β0 and β1) growth rates are lower in the diabetic wounds than in

the control wounds by 20%, 75% and 80%, respectively. Contraction (α) is also

compromised in diabetic healing but the decrease (25%) is less prominent than the

reduction in the dermal growth rate parameters. Regarding the influence of the dermis

on epidermal healing, we observe that the estimate of γ for diabetic wounds is much

greater than that for non-diabetic wounds, indicating that the diabetic epidermis is

more sensitive to new dermal tissue than the non-diabetic one. Equivalently, the

diabetic epidermis has a reduced affinity for the granulation tissue synthesised in the

wound space than the non-diabetic epidermis.

We note further that, in comparison to the other growth parameters, mechanosen-

sitive growth (β1) is small. By setting β1 = 0 in Equations (2.18), we investigate how

well the data can be described when mechanosensitive growth is neglected. The MSE

associated with the best fit curves in Figure 2.8 are compared with those obtained
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Figure 2.8: Wound areas for the best fits of the model to data. The numerical
solutions of Equations (2.18) are fit to the data given in Figure 2.2 by optimising the
parameter set Φ∗ = {λ, β0, β1, α, γ, ν} using a least squares analysis. The parameters
θ = 1, tc = 3 and ǫ = 0.01 are fixed. (a) Best fit to the non-diabetic data with
parameters λ = 0.5274, β0 = 0.2950, β1 = 0.0592, α = 0.2144, γ = 0.0027, ν =
0.0904. (b) Best fit to the diabetic data with parameters λ = 0.4258, β0 = 0.0715,
β1 = 0.0026, α = 0.1593, γ = 0.1868, ν = 0.1000.

Table 2.1: Dimensionless parameters associated with the best fits of the
model to data. The dimensionless parameter values associated with the best fits to
non-diabetic and diabetic data.

parameter physical interpretation non-diabetic diabetic

λ epidermal growth rate 0.5274 0.4258
β0 basal dermal growth rate 0.2950 0.0715
β1 mechanosensitive dermal growth rate 0.0124 0.0026
α contraction with respect to elastic response 0.2144 0.1593
γ epidermal dependence on dermis 0.0027 0.1868
ν proportion of proliferative region 0.0904 0.1000

with no mechanosensitive growth. The results are presented in Table 2.2 and indicate

that the best fit curves with β1 = 0 yield the same MSE as those for which β1 > 0.

In order to investigate whether mechanosensitive growth is small or whether the

data (or model) cannot distinguish between the two types of dermal growth, we
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Table 2.2: Comparison of mean square error between the different com-
binations of dermal growth. Table summarising how the MSE between the ex-
perimental data and the mathematical model depends on the processes that regulate
dermal growth. (i) β0 and β1 optimised, (ii) β1 = 0 and β0 optimised and (iii) β0 = 0
and β1 optimised. In each case the parameters λ, α, γ and ν are also estimated as
part of the fitting process.

MSE

type of growth non-diabetic diabetic

(i) basal and mechanosensitive (β0, β1 > 0) 0.0017 0.0067
(ii) basal only (β1 = 0 < β0) 0.0017 0.0067
(iii) mechanosensitive only (β0 = 0 < β1) 0.0084 0.0082

perform model simulations in which the basal growth rate of the dermis is negligible

(β0 = 0). The associated MSEs presented in Table 2.2 suggest that the model with

only mechanosensitive growth (β0 = 0 < β1) describes the data less well than that

with only basal growth (β1 = 0 < β0). These results suggest that the effect of

mechanosensitive growth is negligible. This is because the MSE for basal growth only

(β1 = 0 < β0) is the same as that with β0, β1 > 0.

When β1 = 0, β0 is the parameter which changes most significantly between

the best fits to the non-diabetic and diabetic data. Guided by this observation we

estimate the value of β0 (with β1 = 0) that gives the best fit to the diabetic data

whilst holding the parameters λ, α, γ and ν fixed at the values obtained from the

best fit to the non-diabetic data (see Table 2.1). This fit is presented in Figure 2.9

and yields an MSE = 0.0170. Although the MSE associated with this fit is greater

than that when all parameters are free, the resulting solution for the dermal healing

curve is qualitatively similar to that in Figure 2.8(b) and the higher MSE is likely to

be a result of qualitative differences in the epidermal curves. This suggests that the

dominant effect driving the delay in diabetic healing may be due to a lower rate of

basal growth in the dermis.
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Figure 2.9: The best fit to the diabetic data with lower basal dermal
growth only. The parameter set Φ = {λ, α, γ, ν} is fixed according to the best fit
to the non-diabetic data, given in Table 2.1, β1 = 0, θ = 1, tc = 3 and ǫ = 0.01 are
fixed. Only β0 is optimised in the least squares approximation yielding β0 = 0.0645.

2.4.2 Processes contributing to wound closure

The main factor that delays healing in diabetic wounds is closure of the dermis. From

the data in Figure 2.2, healing is tracked by movement of the dermal and epidermal

edges. Movement of the dermal edge is due to synthesis and contraction. However,

it is not possible to uniquely decompose these processes from the data. Plots of the

time evolution of As and Ad give an indication of the relative contributions of growth

and contraction to dermal healing. Figure 2.10 shows how the contributions of dermal

growth, contraction and re-epithelialisation to total healing can be calculated from

the model simulations. Figure 2.11 shows how the relative contributions of these

processes to healing change, over time, for the best fits in Figure 2.8.

Figure 2.11 can be used to estimate the net contribution of each process at wound

closure (day 14 in the non-diabetic wounds and day 33 in the diabetic wounds as de-

termined by the data). Our results suggest that re-epithelialisation contributes more

to healing in the diabetic wound than the non-diabetic wound (approximately 30% in
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Figure 2.10: Definition of the different processes contributing to healing
as functions of the model variables. The numerical solutions of Equations (2.18)
can be used to calculate the contribution of re-epithelialisation, contraction and der-
mal growth to healing. The area healed by re-epithelialisation (epidermis covering
granulation tissue) is given by Ad(t)−Ae(t). The area healed by contraction is given
by As(t)−Ad(t) and by dermal growth is 1−As(t).

comparison to 10%). The large amount of granulation tissue in the dermal gap could

cause severe scarring and, therefore, it would be beneficial for the dermis to close

more quickly, with greater contributions from contraction and tissue synthesis. Fig-

ure 2.11 also suggests the relative contributions from contraction and dermal growth

differ markedly between non-diabetic and diabetic healing, with more contraction in

the diabetic wounds. In Section 2.4 we found that the contraction parameter (α) was

lower in the diabetic wounds (see Table 2.1) and, hence, that the diabetic tissue is less

contractile than the non-diabetic tissue. However, the reduction in dermal growth in

the diabetic wounds is more marked than the reduction in contraction (see Table 2.1),

so that a greater proportion of the diabetic wounds is healed by contraction than in

the non-diabetic wounds (10% in comparison to 2%). Further, the proportion of the

diabetic wounds healed by dermal growth is only 60% whereas it is almost 90% in

the non-diabetic wounds.
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Figure 2.11: Contributions from re-epithelialisation, dermal growth and
dermal contraction predicted by best fits of the model to data. The nu-
merical solutions of Equations (2.18) are fit to the data given in Figure 2.2 and the
contributions to healing according to Figure 2.10 are plotted for each day until closure.

Combining the above results, we conclude that increasing basal growth in the

dermis is likely to have a significant effect on increasing the overall rate of healing

of diabetic wounds. In the next section we test this hypothesis by performing a

parameter sensitivity analysis in which the parameter for basal growth in the dermis,

β0, is varied.

2.4.3 Treatment intervention

In this section we use our mathematical model to investigate the efficacy of a (theo-

retical) treatment in which the basal growth rate in the dermis (i.e. the parameter β0)
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is increased. Non-diabetic wounds typically close by day 14 (Figure 2.8(a)), by which

time Ad = 0.05. All parameters are fixed according to the best fit of the model to

the diabetic data (see Table 2.1). By increasing only β0 we show how the time taken

until Ad = 0.05 changes when our theoretical treatment is applied. The parameter

β0 is fixed at its elevated value for t > 0 and results are presented in Figure 2.12.
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Figure 2.12: Increasing β0 as a treatment strategy. a) Parameter sensitivity
analysis showing how, for the diabetic tissue, the time at which the dermal curve
reaches Ad(t) = 0.05 decreases as β0 increases. The value of β0 as estimated by the
best fit of Equations (2.18) to the diabetic data in Figure 2.2 is 0.0715 (dash-dotted
black) and the target treatment value is β0 = 0.34 (dashed red). By increasing β0

to 0.34 the diabetic dermis will reach Ad = 0.05 by day 14, mimicking closure of
the non-diabetic wounds. All other parameters are fixed at the diabetic values in
Table 2.1. b) Comparison of the contributions to healing for (i) the diabetic case
(β0 = 0.0715) (ii) the diabetic case with β0 increased to the target value (β0 = 0.34)
and (iii) the non-diabetic case (β0 = 0.2950).

From Figure 2.8(a) we deduce that closure of non-diabetic wounds is achieved by

day 14. By increasing β0, as shown in Figure 2.12(a), from the estimated diabetic

value of β0 = 0.0715 to an enhanced value of β0 = 0.34, the model predicts that the

diabetic wounds will also close by day 14, normalising healing time. Figure 2.12(a)
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suggests that for increased values of β0 the time taken to heal plateaus at a minimum

value of about 10 days. Similar behaviour is seen in simulations of treatment to non-

diabetic wounds (results not shown). Figure 2.12(b) shows how increasing β0 from

0.0715 to 0.34 alters the contributions of contraction and growth to dermal healing in

the diabetic wound, making healing more closely resemble what is seen in non-diabetic

tissue.

Fitting the model to the data suggested that the contribution from mechanosensi-

tive proliferation in the dermis was much less than that from basal proliferation. We

compared the contribution to healing of contraction and dermal growth and found

that healing due to dermal growth is much lower for diabetic wounds than for non-

diabetic ones. This results in a higher proportion of the wound being healed by

contraction for the diabetic case. We investigated a treatment for increased basal

growth and showed that it is theoretically possible to mimic normal healing by in-

creasing just one of the parameters in our model (representing basal dermal growth).

Combining the above results, we suggest that increased dermal growth is the most ef-

fective target for treatment in order to speed up the rate of healing in diabetic wounds

and normalise the proportion of healing due to contraction and dermal growth.

2.5 Conclusion

Existing mathematical models of wound healing typically focus on epithelialisation

for epidermal healing, tissue growth in dermal healing or wound contraction. In

practice, wound healing involves a combination of these processes. The work in this

chapter represents a simple attempt to couple epithelialisation in the epidermis and

contraction and tissue growth in the dermis. We have developed a new mathematical

model which describes how the epidermal and dermal areas of a wound change over

time, in response to these key processes. By developing the model in tandem with
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experimental data, we were able to compare its dynamics directly with the data.

By fitting the model to the data we identified parameters which may differ markedly

between non-diabetic and diabetic healing in mice. Our results suggest that, in both

cases, the effects of mechano-transduction on tissue synthesis are negligible. More-

over, the dermal growth rate and contractile force were lower in the diabetic wounds,

a prediction which is consistent with the literature [Xu et al., 2013]. However, the re-

duction in the dermal growth rate in diabetic wounds (75% lower) is more prominent

than the reduction in contraction (25% lower), so that the contribution of contrac-

tion to healing is greater in diabetic wounds compared to non-diabetic wounds (10%

rather than 2%). This implies that, although both contraction and tissue growth

are compromised in diabetic healing, it is likely to be more beneficial to increase the

basal growth rate of new tissue in the dermis than to stimulate increased contraction

in order to normalise healing. These model predictions also highlight the need for

additional, more detailed experiments that can distinguish between contraction and

dermal growth during wound healing.

Our results suggest that the longer time taken for the diabetic wounds to close is

mainly due to a reduced rate of basal growth in the dermis. When β0 was increased

5-fold the model predicted healing of the diabetic wound more closely resembled non-

diabetic healing. There are many possible treatments that could yield an increase in

parameter β0. For example, supplemental arginine and vitamin C, have been shown to

accelerate wound healing by improving activation and stimulation of collagen synthe-

sis [Ringsdorf and Cheraskin, 1982, Barbul et al., 1990]. Well-established treatments,

such as the application of occlusive dressings, can increase the rate of dermal ep-

ithelialisation by providing a moist wound environment [Alvarez et al., 1983]. The

treatments mentioned here are inexpensive and therefore readily available for treating

diabetic wounds.

Through asymptotic analysis we showed that the model successfully reproduces
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the phases of healing in the sequence described in the literature. The asymptotic

analysis also reveals which biophysical processes are dominant during each healing

phase, information which could be used to guide the development of more effective

treatments for normalising aberrant wound healing.

In our model the epidermal growth rate is assumed to be proportional to the

combined area of newly synthesised epidermal tissue and an annulus surrounding the

initial wound. We compared these results with others for which the epidermal growth

rate was proportional to the circumference of the epidermal wound, an assumption

which is consistent with Bullough and Laurence [1960]. We found that the numerical

solutions of the epidermal healing curve were qualitatively similar (see Figure A.2

in Appendix A.5) although our choice of growth rate gave a better fit to the data.

Further, assuming the growth rate is proportional to the wound circumference, the

parameters obtained by fitting to the data did not change our results regarding dif-

ferences in the healing of non-diabetic and diabetic wounds.

Although the proposed model is simple, it is formulated at a level which is consis-

tent with the data available. Having determined that the most interesting behaviour

and healing abnormalities lie in the dermal layer of the skin, we focus on dermal

healing for the remainder of the thesis. It is clear that a careful balance between

growth and contraction is required for healing to proceed normally.

One of the main limitations of the current model is that is does not account for

spatial variation. This variation could be important in the growth of the tissue due

to spatially heterogeneous fibroblast density and stress profiles of the healing tissue.

For the remaining chapters we turn to a spatially-resolved framework in which we can

investigate, in more detail, the mechanical processes occurring during dermal healing.

In the next chapter we introduce a general formulation for volumetric growth in a

non-linear elastic material. This formulation is then used in Chapters 4 - 6 to develop

a mechanical model of dermal wound healing.

64



Chapter 3

General formulation of elastic

growth

3.1 Introduction

Continuum mechanics and non-linear elasticity provide a natural framework for study-

ing growth in elastic tissues. Soft biological tissues typically undergo volumetric

growth which often induces residual stress in the body. Further, biological tissues

such as the heart [Fung, 1990] and the skin [Kessler et al., 2001] have been shown

to experience stress induced growth. Understanding the feedback between stress and

growth in a healing tissue could provide valuable insight into biomechanical wound

pathologies.

The theory of morphoelasticity assumes that the timescale of growth is much

slower than that of elasticity. Therefore the total deformation of an elastic body can be

viewed as a combination of two separable processes; the addition of mass and an elastic

response [Rodriguez et al., 1994]. Since growth takes place locally, incompatibilities

in the material may arise. Integrity is restored through elastic reorganisation.

In this chapter the theory of morphoelasticity is outlined and the equations re-
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quired to solve such problems are derived and applied through a simple example of a

growing cylinder.

3.2 The geometric deformation tensor

Consider a continuous stress-free, elastic body B, initially occupying the region R0 ⊂

R
3. Then R0 denotes the reference configuration of the body and is defined by the

position vector X. Suppose, at time t, the body is deformed to a new configuration

Rt, referred to as the current configuration with position vector x = χ(X, t). The

map from the reference to the current configuration can be described by a geometric

deformation tensor [Spencer, 1980],

F =
dx

dX
. (3.1)

At any given time we expect the deformation F to be a continuous, one-to-one map.

Therefore the current position x of the body can be cast in terms of the independent

variable X and the deformation F or, alternatively, the original position X of the

body can be cast in terms of the independent variable x and the deformation F−1.

3.2.1 Decomposition of the deformation tensor

The deformation of an elastic body can be viewed as a combination of two processes

[Rodriguez et al., 1994]. Firstly, the addition or removal of material in the stress-free

state contributes to a change in mass of the body. The growth tensor describes local

addition of material and can thus introduce incompatibility. Secondly, to accommo-

date for this, the body may undergo an elastic deformation. The total deformation

can be decomposed as

F = A · G, (3.2)
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whereA is the elastic deformation tensor and G is the growth tensor. This composition

of mappings is represented schematically in Figure 3.1.

initial stress-free 
 configuration

current 
configuration

F

A

G

grown stress-free
configuration

Figure 3.1: The deformation of an elastic body. The deformation tensor F
can be decomposed into a growth tensor G, describing the local addition of material,
and an elastic tensor A, describing the elastic response of the body.

The decomposition of the deformation tensor is the fundamental assumption of

morphoelasticity. Growth is slow and hence a quasi-static process is assumed. For any

change in mass that occurs, the system is assumed to be in mechanical equilibrium.

We assume that, at any time t, the deformation F is well-defined and proceed in

deriving the equations of motion.

3.3 Conservation of momentum

Let an elastic body B with density ρ at point x be subject to body forces b and a

surface traction tn. By the balance of linear momentum

∫

B

ρ(x, t)b(x, t) dv +

∫

∂B

tn ds =

∫

B

ρ(x, t)ẍ(X, t) dv, (3.3)

where a dot represents a derivative with respect to time. The traction force is given

by tn = T · n, where n is the unit normal and T is the symmetric, Cauchy stress
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tensor. The Cauchy stress tensor defines the stress in the deformed configuration.

Substituting for tn in Equation (3.3) and applying the divergence theorem, we have

∇ ·T+ ρb = ρẍ, (3.4)

where the divergence of the Cauchy stress tensor is taken with respect to the current

position x.

If the body is in mechanical equilibrium, and in the absence of body forces, Equa-

tion (3.4) reduces to

∇ ·T = 0. (3.5)

Equation (3.5) is solved subject to suitable boundary conditions which can take vari-

ous forms. Most commonly either the normal components of the stress (dead-loading)

or the deformation (rigid-loading) are fixed on the boundary, ∂B.

3.4 Constitutive stress-strain relationship

Assuming that the body is hyperelastic, the response of the material to stress is

characterised by a strain-energy function, W = W (A). If the material is assumed

to be incompressible then the Cauchy stress, T, is related to the elastic deformation

tensor, A, by [Eringen, 1962]

T = A · ∂W
∂A − pI, (3.6)

where the hydrostatic pressure p ensures incompressibility and I is the identity tensor.
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3.4.1 Strain-energy function

Identifying suitable strain-energy functions for hyperelastic materials is an important

area of research and requires experimental observations [Fung, 1993]. Strain-energy

functions are cast in terms of the components of the elastic strain tensor, α1, α2 and

α3. Various strain-energy functions have been proposed for modelling the mechanical

behaviour of such tissues, and these can be categorised into two main families; power

law and limited chain extensibility models. Attention will be restricted to power law

strain-energy functions1 of which a general form is given by [Knowles, 1977]

W =
µ

2c

[(

1 +
c

n
(I1 − 3)

)n

− 1
]

, (3.7)

where I1 = α2
1 + α2

2 + α2
3 is the first invariant of the Cauchy-Green elastic tensor

(A · AT ), µ > 0 is the shear elastic modulus and c and n are positive material

constants. For soft tissues, the constant c typically lies between 3 and 20 [Goriely

et al., 2006]. For n = 1, we have the neo-Hookean strain-energy function

W =
µ

2
(I1 − 3). (3.8)

The neo-Hookean model is the natural generalisation of Hooke’s law for large defor-

mations [Rivlin, 1948a]. Equation (3.8) has been used to describe the mechanical

behaviour of many different biological tissues including the trachea [Moulton and

Goriely, 2011], elastin [Watton et al., 2009], cardiac tissue [Cherubini et al., 2008],

plant stems [Goriely et al., 2010] and the skin [Wu and Ben Amar, 2015].

Many soft tissues exhibit a hardening at large strain known as strain stiffening.

1For any finite deformation of an ideal rubber-like material, it is assumed that the components
of the elastic strain tensor can take values from 0 < αi < ∞. However, real rubber-like materials
can not be compressed or extended indefinitely and hence constitutive models have been developed
to characterise this limiting extensibility [Gent, 1996, Horgan and Saccomandi, 2002]. We do not
consider these models in this thesis. Instead we will consider model observables such as the stress in
order to characterise the behaviour of the tissue at large strain. For example, for sufficiently large
stress, the tissue would be expected to tear (see Chapter 4).
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This can be modelled by Equation (3.7) for n > 1. If n → ∞ in Equation (3.7) then

we arrive at the Fung strain-energy function [Fung, 1967]

W =
µ

2c
[exp(c(I1 − 3))− 1] . (3.9)

The Fung model approaches the neo-Hookean model in the limit c → 0.

Some biological tissues are better represented by anisotropic strain-energy func-

tions, which consider different forms of strain-energy function or parameter values in

different fibre directions of the tissue [Holzapfel et al., 1996, Holzapfel, 2001, Reza-

khaniha et al., 2011]. However, for simplicity, we restrict to isotropic materials in this

thesis.

3.5 Evolution of growth

The growth of an elastic body is described by a continuous time-dependent process,

where, for each time increment, the volume of the tissue is updated according to the

growth tensor G. The growth of the body can therefore be prescribed by a differential

equation of the form

dG
dt

= g(T,F ,G, β;X, t), (3.10)

where the function g may depend on the stress, the deformation, the growth or other

factors β such as chemical or nutrient concentration. T, G and β may also depend

on position and time. Typically G = I at t = 0, corresponding to no growth initially.

In the next section we will demonstrate how the equations of motion may be solved

by considering a simple example of a growing cylinder.
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3.6 A growing elastic cylinder

In this section we consider a growing cylinder. We introduce cylindrical coordinates,

(R,Θ, Z), so that the cylinder occupies the domain

A ≤ R ≤ B, 0 ≤ Θ ≤ 2π, 0 ≤ Z ≤ L.

The cylinder is subject to an axisymmetric deformation, (r, θ, z), given by

r = r(R, t), θ = Θ, z = λ(t)Z,

represented schematically in Figure 3.2.

F

AL

B

l

a

b

Figure 3.2: Relationship between the reference and current configurations.
In the reference configuration the cylinder occupies the domain A ≤ R ≤ B, 0 ≤ Θ ≤
2π and 0 ≤ Z ≤ L. After the deformation F , the cylinder is mapped to the current
configuration, occupying the region a ≤ r ≤ b, 0 ≤ θ ≤ 2π and 0 ≤ z ≤ l, at time t.

3.6.1 Deformation

In the axisymmetric cylindrical coordinate system, the deformation gradient tensor

is given by [Rivlin, 1948b]

F = diag

(

∂r

∂R
,
r

R
, λ

)

. (3.11)
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Decomposing the deformation gradient tensor such that F = A·G, the tensors A and

G are defined as follows,

A = diag(αr, αθ, αz) and G = diag(γr, γθ, γz), (3.12)

where αr, αθ and αz are the principle stretches in the radial, circumferential and

axial directions, respectively. The components of the growth tensor, γr, γθ and γz,

represent radial, circumferential and axial growth (or resorption) respectively. Note

that each γi can be a function of position R, such that γi > 1 (< 1) signifies a local

increase (decrease) in mass in the i direction. If the material is incompressible then

det(A) = 1 and det(F) = det(G) describes the change in volume due to growth only.

Setting F = A · G gives

∂r

∂R
= αrγr, (3.13a)

r

R
= αθγθ, (3.13b)

λ = αzγz. (3.13c)

Setting α = αθ and assuming incompressibility together with Equation (3.13c), it

is straightforward to show that the components of the elastic strain tensor can be

expressed in terms of the strain variables α and λ,

A = diag

(

γz
αλ

, α,
λ

γz

)

, where α =
r

γθR
. (3.14)

By eliminating α in Equations (3.13a) and (3.13b) we obtain a differential equation

for the map r(R, t)

∂r

∂R
= γrγθγz

R

λr
, (3.15)
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which can be integrated to give

r2(R, t) = a2(t) + 2

∫ R

A

γr(R̃, t)γθ(R̃, t)γz(R̃, t)R̃

λ(t)
dR̃. (3.16)

For given growth functions γi(R, t) where i = r, θ, z, the deformation is fully deter-

mined, at time t, once a(t) and λ(t) are known. These two time-dependent unknowns

are resolved by imposing appropriate boundary conditions (see Section 3.6.4).

3.6.2 Cauchy stress

The Cauchy stress tensor T = diag(Trr, Tθθ, Tzz) has radial, circumferential and axial

components. For plane stress, the only non-trivial component of Equation (3.5) is

∂Trr

∂r
+

1

r
(Trr − Tθθ) = 0. (3.17)

Given a strain-energy function W = W (αr, αθ, αz), and referring to Equation (3.6),

the stress-strain relationship for a hyperelastic material can be written in component

form as

Trr = αrW1 − p, (3.18a)

Tθθ = αθW2 − p, (3.18b)

Tzz = αzW3 − p, (3.18c)

where Wi (for i = 1, 2, 3) are the partial derivatives of W with respect to its ith

argument. Given that the elastic strain tensor can be written in terms of α and λ

(see Equation (3.14)), it is convenient to define the auxiliary strain-energy function

Ŵ (α, λ) = W

(

γz
αλ

, α,
λ

γz

)

. (3.19)
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Substituting Equations (3.18a), (3.18b) and (3.19) into (3.17) yields a partial differ-

ential equation for the radial component of the Cauchy stress tensor

∂Trr

∂r
=

αŴα

r
. (3.20)

By eliminating p in Equations (3.18), it is possible to show that the circumferential

and axial components of the stress satisfy

Tθθ = Trr + αŴα and Tzz = Trr + λŴλ. (3.21)

3.6.3 Governing equations

We note that there is a one-to-one map between the reference and current configu-

ration. Our convention is generally to view all spatially-dependent variables as func-

tions of the independent variable R and time t. So, for example, we write Trr(r, t)

as Trr(R, t) = Trr(r(R, t), t). Using Equation (3.15) the differential equation for the

radial stress in Equation (3.20) can be re-written in terms of the independent variable

R. Given suitable growth laws, the deformation and stress are determined, at time t,

by the following quasi-static equations

r2 = a2 + 2

∫ R

A

γrγθγzR̃

λ
dR̃, (3.22a)

∂Trr

∂R
=

γrγθγzR

λr2
αŴα, (3.22b)

Tθθ = Trr + αŴα, (3.22c)

Tzz = Trr + λŴλ, (3.22d)

where

Ŵ (α, λ) = W

(

γz
αλ

, α,
λ

γz

)

and α =
r

γθR
. (3.23)
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The mechanical description is completed by prescribing appropriate boundary condi-

tions.

3.6.4 Boundary conditions

In an open cylinder, there are three free surfaces: the inside, the outside, and the

top (without loss of generality, the bottom surface may be assumed to be fixed in

space). On each surface we can impose the deformation or the normal component

of the stress2, resulting in three boundary conditions to solve Equation (3.22b) and

determine the unknowns a and λ that appear in Equations (3.22). The possible

boundary conditions are therefore to specify:

1. On the inner surface: the deformation, a, or the radial stress, Trr|R=A.

2. On the outer surface: the deformation, b, or the radial stress, Trr|R=B.

3. On the top: the deformation, λ, or the axial load Nz.

The axial load applied to the cylinder is obtained by integrating the axial stress over

the annulus

Nz = 2π

∫ b

a

Tzzr dr. (3.24)

For a growing cylinder, unconstrained in the axial direction, Nz = 0.

For illustrative purposes, here we choose to close our model by imposing stress-free

boundary conditions and no axial deformations so that

Trr|R=A = 0, Trr|R=B = 0 and λ = 1. (3.25)

2We note that, due to incompressibility, the deformation can not be imposed on all three surfaces.
If the deformation is imposed on two of the surfaces, then the third is determined by Equation (3.22a).
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3.6.5 Constant growth

For simplicity, we neglect axial and circumferential growth and consider constant

growth in the radial direction. With G = diag(γ, 1, 1), Equations (3.22) can be solved

subject to Equations (3.25) to obtain

r =
√

a2 + γ(R2 − A2), (3.26a)

Trr =
µ

2γ

[

γ2 log

(

R2

A2

)

− log

(

r2

a2

)

+ (γA2 − a2)

(

1

r2
− 1

a2

)]

, (3.26b)

Tθθ = Trr + µ

(

r2

R2
− R2

r2

)

, (3.26c)

where the inner radius of the cylinder, r = a, is chosen so that Trr|R=B = 0. In Fig-

ure 3.3 the radial and circumferential components of the stress tensor are plotted as

functions of R, following a single time-independent growth step. In Figure 3.3(a) we

take γr = 1.2: this is the case for radial growth, which creates circumferential com-

pression on the inner boundary and tension on the outer boundary. In Figure 3.3(a)

we take γr = 0.8: this is the case for radial resorption, resulting in circumferential

tension at the inner boundary and compression at the outer boundary. In both cases,

the radial stress is subject to stress-free boundary conditions, with radial growth

causing compression in the bulk of the material and resorption causing tension.

3.7 Other forms of growth

The example in the previous section employs a simple form for the growth tensor. By

assuming constant growth the deformation can be integrated and analytical solutions

found. However, the use of this simplification is restricted in biological tissues. In

many tissues, growth is influenced by the location of the material, implying that the

growth tensor is a function of position. Further, growth may vary in response to local

stresses and strains. The form of the biomechanical growth law in Equation (3.10) is
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Figure 3.3: Radial and circumferential stresses for constant radial growth.
The radial (solid blue) and circumferential (dashed red) components of the stress ten-
sor, given by Equations (3.26b) and (3.26c), are plotted as functions of the reference
variable R. The cylinder, with A = 1, B = 2 and µ = 1, is subject to constant radial
(a) growth with γ = 1.2 and (b) resorption with γ = 0.8. The radial stress is zero
on the boundaries with the bulk of the material in compression due to growth and
tension due to resorption. Growth causes circumferential compression on the inner
edge and tension on the outer edge whereas resorption causes circumferential tension
on the inner edge and compression on the outer edge.

an unresolved issue but nevertheless implies that G can take non-trivial forms that

depend on physical variables such as the stress.

3.8 Conclusion

In this chapter we have introduced a theoretical framework for modelling growth in an

elastic tissue. In the next chapter we use this theory to develop a morphoelastic model

of dermal wound healing that accounts for contraction and mechanically induced

growth.
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Chapter 4

A morphoelastic model of dermal

wound healing

4.1 Introduction

In the previous chapter we introduced the theories of continuum mechanics and non-

linear elasticity. Morphoelasticity provides a framework which can be used to under-

stand the laws driving growth and contraction in biological tissues. It can be used

to determine the stress experienced by the tissue while also providing a mechanistic

approach for describing and determining the forces exerted on the tissue. As we per-

ceive stress-induced growth to be key in dermal wound healing and this could not be

adequately modelled using the spatially-averaged framework developed in Chapter 2,

in this chapter we use the theory of morphoelasticity to develop a new model of der-

mal wound healing. By proposing a spatially-resolved framework we benefit from the

possibilities of incorporating anisotropic and heterogeneous growth.

If mechanical effects are included in models of wound contraction this is typically

via linear elasticity (see Section 1.3 for a review). Several factors highlight the impor-

tance of the mechanical environment in healing and the value of a non-linear elastic
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modelling framework. When a circular wound is formed in mice, following injury

the skin retracts causing the wound to increase to 120% of its initial area [McGrath

and Simon, 1983]. The retraction suggests that residual tension is released when the

skin is cut, while the large degree of retraction points to a non-linear regime. It

is also known that growth can be stimulated by local changes in mechanical stress

[Fung, 1990, Hinz et al., 2001, Ambrosi and Mollica, 2004, Lumpkin and Caterina,

2007]. Such stress is generated in healing tissue by wound contraction, largely driven

by fibroblast activity at the wound edge. While models of wound contraction typi-

cally focus on the interior of the wound, e.g. the formation and remodelling of the

central granulation tissue into scar tissue [Cumming et al., 2010, Yang et al., 2013],

the ‘pulling’ of the fibroblasts on the surrounding dermal tissue directly impacts the

stress and growth in the tissue, which is crucial for the final size of the defect and the

potential for scarring.

The model developed in Chapter 2 suggested that diabetes mainly affected dermal

healing, in particular growth in the dermal tissue surrounding the wound. Guided

by these conclusions, and for simplicity, here we focus attention on dermal healing.

We do not explicitly model re-epithelialisation, incorporating only the effects of the

epidermis on the dermis. Recall our schematic of the skin from Figure 1.1, which we

have adapted here in Figure 4.1 to represent, in simple terms, the tissues involved in

the healing of a full thickness wound. While the skin is comprised of three layers, only

the dermis is considered in this chapter. The dermal layer is an elastic tissue subject

to both growth and contraction which can be modelled in the proposed framework. By

postulating mechanosensitive growth laws, we aim to understand how the mechanical

environment in the dermal tissue surrounding the wound impacts healing. We use

the model to gain mechanistic insights, to investigate the feedback between growth

and contraction in dermal closure, and to predict behaviours that can be tested

experimentally.
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epidermis

dermis

Figure 4.1: Model simplification. The schematic shows the epidermal, dermal
and subdermal layers. Our focus is on wounding that damages the epidermal and
dermal layers. Granulation tissue forms in the wound space as the dermal edge
advances inwards due to a combination of growth and contraction. The epidermis
grows atop the newly formed granulation tissue. We will consider only the dermal
layer of the skin in our model.

In the next section the model is developed by considering the wound geometry,

the tissue mechanics (balance of linear and angular momentum) and by prescribing

constitutive laws relating stress to strain, and for growth. The full model is stated

in Section 4.3. In Sections 4.4 and 4.5 we present typical results of wound healing

simulations. We show that the model can exhibit normal healing behaviour and

demonstrate the effect of key parameters on healing. In Section 4.6 we consider the

possibility of the tissue remodelling to a steady state after closure. In Section 4.7 the

model is used to predict the outcome of hypothetical rewounding experiments as a

method of determining the stress in the tissue and the effects of applying pressure to

control wound closure. Finally, in Section 4.8, we summarise and discuss the work in

this chapter.

4.2 Model development

In this next section we discuss the geometry of the dermal tissue and the mechanical

equations developed in Chapter 3 are defined for the current problem in Section 4.2.2.

By considering the recoil of a wound upon injury, we calculate the stress-free state and

the residual stress in the unwounded tissue in Section 4.2.3. An appropriate domain
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size and realistic range for the tissue stiffness are determined by simulating the me-

chanical equations in Sections 4.2.4 and 4.2.5, respectively. The presence of volumetric

growth is demonstrated by considering contraction of the wound (in Section 4.2.6)

and the form of mechanosensitive growth law is motivated by a simple analysis of

homogeneous growth (in Section 4.2.7). The growth laws are given in Section 4.2.8

with body forces and boundary conditions discussed in Sections 4.2.9 and 4.2.10,

respectively.

4.2.1 Geometry

In Figure 4.2 we present experimental data from our collaborators showing how the

thickness of the dermis changes over time. The data are averaged over six tissue

samples from healing wounds in non-diabetic and diabetic mice. Initially, we observe

an increase in thickness at the wound edge (solid curves) of approximately 40%. We

interpret this as accumulation of the skin as the wound edge recoils. Between days

1 and 4 the thickness of the wound edge continues to increase. This could be caused

by either a build up of granulation tissue or growth in the dermal tissue. Following

this, between days 4 and 10, the dermis thins, likely due to contraction causing

the dermis to be pulled in, towards the wound centre. After this phase the dermal

thickness increases, probably due to a reduction in contractile activity and continued

growth of the tissue. The trend is qualitatively similar for both the non-diabetic and

diabetic data. We observe that away from the wound edge (dashed curves) the dermal

thickness is different to that at the wound edge suggesting a non-uniform thickness

and deformation.

Given the evidence for temporal fluctuations in dermal thickness, we allow for

deformations in the axial direction. The thickness of the dermal tissue may be affected

by a combination of attachment to the epidermis restricting axial movement, growth

and mechanical forces such as contraction.
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Figure 4.2: Thickness of dermis in non-diabetic and diabetic mice. Time
course of averaged data for the thickness of the dermal layer collected at the wound
edge from day 0 (solid) and greater than 2 mm from the wound edge into the healthy
dermal tissue from day 1 (dashed). Data are averaged over six wounds for each time
point. Although the data are noisy we observe an increase in thickness at the wound
edge, consistent for both non-diabetic (blue) and diabetic (red) tissue samples. At
greater than 2 mm from the wound edge, the thickness of the non-diabetic dermis
remains approximately constant whereas the diabetic dermis thins over the first week
and then stays approximately constant.

In this chapter the dermal tissue is viewed as a cylindrical hyperelastic body

surrounding the wound such that the outer radius is far from the wound edge and

the effects of dermal tissue external to the cylinder can be approximated by imposing

a boundary condition at the outer edge. Mechanical testing has shown that the

skin is almost incompressible [North and Gibson, 1978] and, hence, we assume the

dermal cylinder is an incompressible material. Attention is restricted to symmetric

deformations, such that the radial and axial coordinates R0 and Z0 in the stress-free

reference configuration are deformed, at time t, to r and z in the current configuration,

respectively. The geometrical region associated with the reference configuration is

A0 ≤ R0 ≤ B0, 0 ≤ Θ ≤ 2π, 0 ≤ Z0 ≤ L0,
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where A0, B0 and L0 denote the wound radius, the outer radius of the modelling

domain and the initial thickness of the tissue in the stress-free configuration, respec-

tively. This region is deformed in the current configuration to

a ≤ r ≤ b, 0 ≤ θ ≤ 2π, 0 ≤ z ≤ l,

by the maps

r = r(R0, t), θ = Θ, z = λ(t)Z0,

where λ is the axial stretch.

The geometry is pictured schematically in Figure 4.3. In order to account for

residual tension in the skin, we identify four configurations. The pre-wounded tissue

is denoted by state S1 – this tissue is in a state of residual tension, which for a

finite cylinder can be assumed to arise from a pressure Tres applied by the external

skin. If excised, the residual tension is relieved and the tissue relaxes to a stress-free

configuration, denoted S0. We assume a wound of radius A is formed in the tissue at

time t = 0, at which point the stress on the inner surface is relieved and the wound

fully recoils to a radius aR by time tR – we refer to this configuration as state S2.

Contractile activity of the fibroblasts then creates a pressure fc at the inner edge,

so that at times t > tR the wound radius is a; this current state is referred to as

S3. The duration of wound recoil is on the order of hours and growth begins after

approximately a day [Ghosh et al., 2007], thus there is assumed to be no growth

between states S0, S1 and S2.
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S2: recoiled configuration

S3: current configration

S1: pre-stressed configuration

S0: stress-free reference configuration
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in vivo pre-wound: t = 0

post-wound: t = tR

post-wound: t > tR

A0 ≤ R0 ≤ B0 and 0 ≤ Z0 ≤ L0
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B0
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lR
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Nz

aR ≤ r ≤ bR and 0 ≤ z ≤ lR

bR

aRlR
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Nz

A ≤ R ≤ B and 0 ≤ Z ≤ L

A

B

L

l

Nz

Tres

a ≤ r ≤ b and 0 ≤ z ≤ l

a

b
fc

Figure 4.3: Schematic representation of the model geometry. Distance from
the wound centre in the stress-free configuration can be described by the independent
variable R0, where A0 ≤ R0 ≤ B0. The cylinder represents the dermal tissue and,
under some deformation F , the reference configuration of the tissue is mapped to the
current configuration. Distance from the wound centre in the current configuration
can be described by the dependent variable r = r(R0, t), where a ≤ r ≤ b, at time
t. In vivo the tissue is residually stressed with external radial pressure Tres MPa and
axial load Nz N. After wounding, tension is released on the wound edge causing the
wound to recoil, resulting in the recoiled configuration, where aR ≤ r ≤ bR. As the
wound heals it is subject to contraction modelled as a radial pressure, fc MPa, on
the wound edge. Far from the wound the tissue remains residually stressed.

4.2.2 Mechanical description

Following the theory of morphoelasticity outlined in Chapter 3 we write the symmet-

rical deformation of an incompressible cylinder as

∂r

∂R0
=

γrγθγzR0

λr
, (4.1)
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where γr, γθ and γz are the radial, circumferential and axial components of the growth

tensor.

The system mechanics are described by the balance of linear momentum

ρẍ−∇ ·T− ρb = 0, (4.2)

where the Cauchy stress tensor T is symmetric and diagonal with radial, circumfer-

ential and axial components denoted Trr, Tθθ and Tzz, respectively.

The stress-strain constitutive relationship for an incompressible and hyperelastic

material [Eringen, 1962] with strain-energy functionW = W (αr, αθ, αz) in component

form is

Trr = αrWr − p, Tθθ = αθWθ − p, Tzz = αzWz − p, (4.3)

where Wi = ∂W/∂αi (for i = r, θ, z) and αr, αθ and αz are the radial, circumferential

and axial components of the elastic strain tensor.

The mechanical description is completed by prescribing appropriate boundary

conditions. In this chapter we typically specify the radial stress Trr|r=a,b and the

axial load, Nz =
∫

Tzz dA, with integration over the top of the annulus.

We model the dermis as a neo-Hookean material [Rivlin, 1948a] with strain-energy

function

W (αr, αθ, αz) =
µ

2

(

α2
r + α2

θ + α2
z − 3

)

. (4.4)

We will consider the effects of our choice of strain-energy function on the healing

dermis in Section 4.4.2.

4.2.3 A residually stressed state

An assumption of morphoelasticity is that F describes a deformation from a stress-

free reference configuration. Since the skin is naturally residually stressed in vivo, we
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require a map from the observed residually stressed configuration, S1, to the unknown

stress-free configuration, S0. In this section we determine S0 and estimate the value

of Tres by considering the initial recoil upon wounding. The experimental data are

given as a time series of averaged wound areas with measured quantities including

the initial wound radius A, the recoiled wound radius aR, and the tissue thickness

L. Given these measurements, the reference geometry and the residual stress can be

calculated in the following way.

Let F1 and F2 denote, respectively, the deformations from the stress-free con-

figuration (S0) to the residually stressed (S1) and recoiled (S2) configurations. If a

material point in S0, S1 and S2 is given by X0, X and xR, respectively, then F1 =
∂X
∂X0

and F2 =
∂xR

∂X0
. The recoil phase occurs within hours, a much shorter time-frame than

that for tissue growth [Ghosh et al., 2007]. Therefore, it is reasonable to assume that

no growth occurs during recoil. Hence for the deformations F1 and F2 we take G = I.

Assuming no body forces and that the tissue is in mechanical equilibrium, the

balance of linear momentum supplies

∇ ·T = 0. (4.5)

For plane stress, the only non-trivial component of Equation (4.5) is

∂Trr

∂r
+

1

r
(Trr − Tθθ) = 0. (4.6)

In S1, the residual tension is assumed to be due to pressure at the external boundary,

so that Trr|R0=B0
= Tres. Upon injury the wound edge is relieved of tension, causing

it to retract to a size bigger than that of the initial wound. Therefore, in the recoiled

configuration S2, we have Trr|R0=A0
= 0. Far from the wound we expect the healthy

dermis to remain residually stressed so that Trr|R0=B0
= Tres in S2.

The deformation F1 is found by solving Equation (4.1) with G = I (no growth has
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occurred yet) and R being the current variable, yielding

R =
R0√
λ1

, (4.7)

where λ1, the axial stretch associated with the deformation F1, is determined by

imposing R|R0=B0
= B in Equation (4.7), resulting in

R =
B

B0

R0. (4.8)

The components of the elastic tensor are

αr = αθ =
B

B0
and αz =

B2
0

B2
. (4.9)

Since αr = αθ, Equations (4.3) and (4.4) give Trr = Tθθ. Imposing Trr|R0=B0
= Tres in

Equation (4.6) we deduce that Trr ≡ Tres is constant. From Equation (4.3), the axial

stress is also constant and can be determined from the boundary condition

Nz = 2π

∫ B

0

TzzR dR = πTzzB
2. (4.10)

Assuming no axial load in S1 (Nz = 0) it follows that Tzz = 0 in Equation (4.10).

Therefore, the residually stressed configuration is one of constant planar isotropic

stress with T∗ = diag(Tres, Tres, 0). For a neo-Hookean material with Nz = 0, Equa-

tions (4.3), (4.4) and (4.9) imply

Tres + µ

(

B4
0

B4
− B2

B2
0

)

= 0. (4.11)

For the deformation F2, Equation (4.1) with G = I and r|R0=A0
= aR gives

r2 =
R2

0 −A2
0

λ2

+ a2R, (4.12)
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where λ2 is the axial stretch associated with the deformation F2. The radial stress

is determined by substituting Equations (4.3) and (4.4) into Equation (4.6) and in-

tegrating subject to Trr|r=aR = 0 to obtain

Trr =
µ

2λ2

[

log

(

λ2(r
2 − a2R) + A2

0

A2
0

)

− log

(

r2

a2R

)

+

(

A2
0

λ2

− a2R

)(

1

r2
− 1

a2R

)]

. (4.13)

Imposing Trr|r=bR = Tres, Equations (4.11) and (4.13) can then be equated to eliminate

Tres, giving

1

2λ

[

log

(

B2

A2

)

+
(

A2
0 − λ2a

2
R

)

(

1

B2
0 − A2

0 + λ2a2R
− 1

λ2a2R

)

− log

(

B2
0 − A2

0 + λ2a
2
R

λ2a2R

)]

+

(

B4
0

B4
− B2

B2
0

)

= 0 (4.14)

where λ2 is found by assuming no axial load, that is,

2π

∫ bR

aR

Tzzr dr = 0. (4.15)

Given measurements of the initial (A) and recoiled (aR) wound radii, respectively,

the thickness of the tissue in vivo (L), the tissue stiffness (µ), and the outer radius

(B), Equations (4.14) and (4.15) can be solved simultaneously for B0 and λ2. The

stress-free reference geometry, {A0, B0, L0}, is then fully determined and the residual

stress, Tres, is given by Equation (4.11).

4.2.4 Domain size

From Equation (4.11), we note that the residual stress depends on the outer radius

B. However, we expect this to saturate with large B, thus we seek a domain size

sufficiently large such that Tres in Equation (4.11) is not affected by small changes

in the location of the outer radius. Before continuing, we note that there exists a

wide range of parameter values and wound sizes in the literature. This is partly due
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to measurements being taken from different species. Since most data available are

for wound healing in mice we choose our reference variables and parameter values ac-

cordingly. Following the experiments of McGrath and Simon [1983] (in which circular

wounds in mice retract to a radius approximately 110% of the initial cut), we take

an initial wound radius A = 4 mm that recoils to aR = 4.4 mm. For these values we

compute Tres in Equation (4.11) while varying B – the result is plotted in Figure 4.4

for three different choices of µ1. We observe that Tres asymptotes as B increases; thus,

for a wound of initial radius A = 4 mm, we assign the outer radius of the domain to

B = 20 mm.
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Figure 4.4: Residual stress as a function of the outer radius. The residual
stress is calculated from Equation (4.11) for a wound with A = 4 mm, aR = 4.4 mm
and L = 0.1 mm for increasing B. The shear elastic modulus is µ = 0.1 (solid blue),
µ = 0.3 (dashed red) and µ = 0.5 MPa (dash-dotted black). The calculated residual
stress increases as the shear elastic modulus increases. For sufficiently large modelling
domain Tres plateaus.

Note that we have assumed that the wound and surrounding tissue are planar.

Therefore, although a radius of 20 mm may be wider than the flank of the mouse,

1In fact, when scaling the stress tensor by the shear elastic modulus, the curves in Figure 4.4 are
identical.
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it is less than the dimensions of the full skin of the mouse, if the skin were to be

planar. As mice have low levels of resting stress [Aarabi et al., 2007], it is likely that

the residual stress in human skin is greater than that shown in Figure 4.4.

4.2.5 Shear elastic modulus

Measured values for the shear elastic modulus µ for dermal tissue may vary by a factor

of 3000 depending on the model and experimental apparatus used [Diridollou et al.,

2000]. A large range of residual stress in the skin has also been reported, between

0.005 and 0.1 MPa [Diridollou et al., 2000, Aarabi et al., 2007, Jacquet et al., 2008,

Flynn et al., 2011]. As the stress has linear dependence on µ, we can use the residual

stress calculation to estimate a physiological range for µ.

µ (MPa)
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

T
re

s (
M

P
a)

0

0.05

0.1

0.15

0.2

range for Tres

Figure 4.5: Residual stress as a function of the shear elastic modulus. The
residual stress is calculated according to Equation (4.11) for a wound with A = 4 mm,
aR = 4.4 mm and L = 0.1 mm for varying µ. For biologically realistic values of the
residual stress as stated in the literature, the shear elastic modulus must lie in the
range 0.02 < µ < 0.52 MPa.

In Figure 4.5 we plot Tres against µ. For 0.02 < µ < 0.52 MPa, the residual

stress lies within the previously reported range 0.005 < Tres < 0.1 MPa. Although
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the biological literature estimates that the shear stress can take values between 0.006

and 20 MPa, our model suggests that µ > 0.52 MPa yields unphysiological values of

the residual stress.

4.2.6 Contraction alone

The calculations of Section 4.2.3 have established the stress-free state and the residual

tension. We now turn to the healing of the wound. One of our modelling aims is to

explore the impact of mechanosensitive growth during dermal healing. This requires

the definition of an evolution law for the growth tensor G. As a starting point we

assume that no growth occurs and that wound closure is driven by contraction only.

We use the mechanical framework to quantify the degree of stress that would be

generated in the tissue in this scenario.

Wound contraction in adult dermal wounds is driven by fibroblasts that localise on

the wound edge and pull the tissue inwards [Ehrlich, 1988, Ehrlich and Rajaratnam,

1990]. The data presented in Figure 2.2 indicate that, after wound closure (defined

by closure of the epidermis), the non-diabetic dermal radius is reduced to approx-

imately 0.6 mm. If there is no growth, we can simply impose a deformation from

the post-wound state S2 to an equilibrium configuration in which the wound radius

has decreased by the appropriate amount. From Equations (4.3), (4.4) and (4.6) we

deduce that the radial stress at the inner boundary required to deform the wound

radius from its original size to its final contracted size ac, is given by

Trr|R0=A0
= Tres −

µ

2λ

[

log

(

B2
0

A2
0

)

− log

(

B2
0 −A2

0 + λa2c
λa2c

)

+
(

A2
0 − λa2c

)

(

1

B2
0 −A2

0 + λa2c
− 1

λa2c

)]

, (4.16)

where λ is determined by solving Equation (4.15) and the reference variables and

residual stress are as calculated in Section 4.2.3.
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Figure 4.6: Radial stress on the inner boundary required for dermal closure
with no growth. Equation (4.16) is solved for varied values of µ and Nz with
reference variables: A = 4 mm, aR = 4.4 mm, B = 20 mm, L = 0.1 mm and final
wound radius ac = 0.6 mm. For a wide range of parameter values, the radial stress
calculated is higher than the dermal tissue can physically withstand.

Mechanical testing reveals that, on average, mouse skin fails to withstand stresses

higher than 2 MPa [Bermudez et al., 2011] and samples of dermis from diabetic mice

tear at stresses as low as 0.5 MPa. In Figure 4.6 we plot the stress at the inner

edge as a function of µ. We find that, for a wide range of µ, the radial stress on the

wound edge is higher than 2 MPa. Further, for all realistic values of µ, determined

in Section 4.2.5, the radial stress exceeds 0.5 MPa. This suggests that if healing

occurs by contraction alone then stresses higher than the tissue can withstand will

be generated. Thus for a wound to reduce by the degree observed experimentally,

volumetric growth must contribute to closure, relieving the high tension generated by

contraction.

We further note that the circumferential stress at the wound edge can be computed

from Equations (4.3), (4.4) and (4.16) revealing a highly compressive circumferential

stress. This can be observed for the planar case (λ = 1) in Figure 4.7 where we plot
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the radial and circumferential stresses as functions of position for contraction only.

As well as a high radial tension and circumferential compression at the wound edge

we observe a rapid change in both stresses as functions of the reference configuration.

However, if the stresses were plotted as functions of the current configuration, this

gradient would be less pronounced.
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Figure 4.7: Radial and circumferential stress for dermal closure with no
growth. Equations (4.3), (4.4) and (4.6) are solved with Trr|R0=B0

= Tres. Parameter
values and reference variables: µ = 0.2 MPa, λ = 1, A = 4 mm, aR = 4.4 mm, B =
20 mm, L = 0.1 mm and ac = 0.6 mm. The radial (solid blue) and circumferential
(dashed red) stresses are plotted as functions of position.

4.2.7 Anisotropic homogeneous growth

Growth of the tissue is described by a continuous time-dependent process. In order

to gain intuition for a sensible growth law it is instructive to analyse the effect of

pure growth in a simple setting. We neglect all body forces and boundary loads, and

consider the effect of time-independent anisotropic but homogeneous planar growth on

an annulus of tissue. That is, we take γr and γθ as constants (with γz = 1 and λ = 1),

and consider the deformation and stress due to growth alone in the (γr, γθ) plane. We
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seek to gain a qualitative understanding of the impact of radial and circumferential

growth on the geometry of the tissue by looking for biologically realistic constraints

on the growth of the cylinder.

Under these simplifications the deformation and stress satisfy

∂r

∂R0
= γrγθ

R0

r
, (4.17a)

∂Trr

∂R0

=
µγrγθR0

r2

(

r2

γ2
θR

2
0

− γ2
θR

2
0

r2

)

. (4.17b)

Solving Equations (4.17) subject to stress-free boundary conditions, we obtain an

implicit equation for the current wound radius a in terms of γr, γθ and the reference

variables:

0 =
γr
2γθ

log

(

B2
0

A2
0

)

− γθ
2γr

log

(

γrγθ(B
2
0 − A2

0) + a2

a2

)

+
γθ
2γr

(

a2 − γrγθA
2
0

)

(

1

a2
− 1

γrγθ(B
2
0 − A2

0) + a2

)

. (4.18)

Similarly, we can obtain an implicit equation for the outer radius of the cylinder, b,

by using Equation (4.17a) to substitute for a in Equation (4.18),

0 =
γr
2γθ

log

(

B2
0

A2
0

)

− γθ
2γr

log

(

b2

b2 − γrγθ(B2
0 −A2

0)

)

+
γθ
2γr

(

b2 − γrγθB
2
0

)

(

1

b2 − γrγθ(B
2
0 −A2

0)
− 1

b2

)

. (4.19)

Equations (4.18) and (4.19) allow us to explore the effect of differential radial (γr)

and circumferential (γθ) growth on the cylinder.
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4.2.7.1 Regions of parameter space

We solve Equations (4.18) and (4.19) numerically2 to find the curves in (γr, γθ) space

on which a = A0 and b = B0, respectively. In Figure 4.8 we show how the (γr, γθ)

parameter space can be decomposed into distinct regions, each associated with a

different grown configuration. We anticipate, for normal healing, that growth in the

dermis will cause the inner radius, a, to decrease and fill the wound space. At the

same time, the outer radius, b, should not change markedly so that material is not

compressed or stretched far from the wound. This behaviour, with a < A0 and

b ≈ B0, corresponds to those parts of regions 5 or 6 in Figure 4.8 that are close to

the curve b = B0.

We observe that close to the curve b = B0, as γr increases, γθ decreases, indicating

that growth must be anisotropic. This is consistent with the modelling assumptions

of Wu and Ben Amar [2015]: they constrain γθ < 1 in order to obtain wound closure.

If growth were isotropic, i.e. γr = γθ, the configuration of the cylinder would lie in

region 4 (along the black dotted line) and growth would cause the wound to expand.

Hence isotropic growth is counterproductive for wound healing. We may also interpret

growth which yields a = A0 (or a > A0) as corresponding to the stalled healing we

might associate with untreated diabetic ulcers. We do not investigate this case in our

work as the diabetic wounds from the experimental data presented in Chapter 2 do

heal, although more slowly than the non-diabetic wounds.

We represent, schematically, the current configurations for each region in Fig-

ure 4.9. Although regions 1 and 6 are qualitatively the same, in region 1 material

2The implicit equations are solved numerically using a root-finding algorithm and an arc-length
continuation method. Details of these methods are given in Appendix B.1.1 and B.1.2. In order to
check that our numerical solutions are correct we perform asymptotic analysis on Equations (4.18)
and (4.19). This analysis further allows us to determine how the radial and circumferential growth
laws should be inter-related at extreme values of γr and γθ. We seek the limits of the curves a = A0

and b = B0 as γr → 0 and γr → ∞. By finding these limits we determine the points to which we
would expect our growth functions to tend for large times. Results of the asymptotic analysis are
given in Appendix B.2.
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Figure 4.8: Analysis of compatible growth laws. Equations (4.18) and (4.19)
are solved numerically to find the curves in (γr, γθ) space such that a = A0 (solid
blue) and b = B0 (dashed red). The dashed black line represents no growth, i.e.
γrγθ = 1 and the black dotted line represents isotropic growth, i.e. γr = γθ. Regions
1 to 6 represent different grown configurations of the dermal cylinder. For γr > γθ
growth causes radial compression, whereas for γθ > γr, growth causes radial tension.
Reference variables are A0 = 4 mm and B0 = 5 mm corresponding to a proliferative
band of width 1 mm surrounding the wound.

is removed whereas in region 6 it is synthesised. A similar difference distinguishes

regions 3 and 4.

We observe that addition of material creates a compressive stress, Trr < 0, (see

Figure 4.10) and hence conclude that growth serves to counteract the excessive tension

created by contraction. On the other hand, both growth and contraction create

a compressive circumferential stress near the wound edge. A highly compressive

circumferential stress can result in circumferential buckling (see Wu and Ben Amar

[2015] for example), which could mark the onset of scarring. The effect of contraction

and growth is counteracted by the fact that the circumferential stress is tensile in the

recoiled wound.
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Regions 1 and 6: a < A0 , b < B0

Region 2: a > A0 , b < B0

Regions 3 and 4: a > A0 , b > B0

Region 5: a < A0 , b > B0

Normal healing: a < A0 , b ≈ B0

Figure 4.9: Grown configurations of the dermal cylinder. The reference con-
figuration is compared with the current configuration after the deformation described
by Equation (4.17a) with a satisfying (4.18), b satisfying (4.19), A = 4 mm and
B = 5 mm. The inner radius (A0 → a) is shown in solid blue and the outer radius
(B0 → b) in dashed red.

4.2.7.2 On geometry

The above analysis highlights the interplay between geometry and mechanics in the

wound healing process. In essence, filling a wound in a circular geometry involves

a packing problem. In a circular geometry, in order to extend inward radially the

tissue must also vary in the orthogonal direction, undergoing circumferential resorp-

tion and/or being put in circumferential compression. In a one-dimensional Cartesian

geometry – a ‘slash wound’ – no such geometrical issues exist. The tissue can grow

in one Cartesian direction with no change in deformation or stress induced in the

orthogonal directions. Such issues, clearly visible at the tissue level, must be resolved

through coordinated activities at the cell level. From a tissue-scale modelling view-

point, such processes are manifest in feedback between mechanical stress and growth.

For this, we next turn to heterogeneous growth laws.

4.2.8 Mechanosensitive growth laws

In general, our growth laws comprise an evolution equation for the growth tensor

of the form discussed in Chapter 3. In the current chapter, we are interested in

mechanically stimulated growth and postulate the form Ġ = K(T − T∗)G, with K

a diagonal tensor so that stress in a given direction induces growth only in that
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Figure 4.10: Radial and circumferential stress for homogeneous planar
growth. Equations (4.17) are solved with stress-free boundary conditions and the
radial (solid blue) and circumferential (dashed red) stresses are plotted as functions
of position. We take µ = 0.2 MPa and λ = 1 with reference variables: A = 4 mm,
aR = 4.4 mm and B = 20 mm. The growth components are γr = 3 and γθ = 0.75
marked by • in Figure 4.8.

direction. In component form this is expressed as

∂γr
∂t

= k(Trr − Tres)γr, (4.20a)

∂γθ
∂t

= m(Tθθ − Tres)γθ, (4.20b)

∂γz
∂t

= nTzzγz. (4.20c)

In Equations (4.20) k, m and n are growth rate parameters and Tres is the resting

residual stress. We note that contraction leads to high radial tension ensuring that

Trr > 0 and close to the wound edge Tθθ < 0. This observation suggests that γr

and γθ will naturally evolve towards the ‘wound filling’ location of the phase space in

Figure 4.8 if k,m, and n are non-negative. Initially, no growth occurs so that G|t=0 =

I. Equations (4.20), with k,m, n > 0, imply that stress higher than the residual

stress T∗ stimulates growth, whereas stress lower than the residual stress causes
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resorption. This has been observed in wound healing where fibroblast proliferation

and collagen synthesis is enhanced in the presence of tension [Kessler et al., 2001]

and release of tension can induce fibroblast cell death [Grinnell et al., 1999, Chipev

and Simon, 2002]. Similar assumptions and growth laws have been used in other

biological applications such as embryonic wound closure [Taber, 2009] and remodelling

of arteries [Alford et al., 2008].

4.2.9 Timescales and recoil dynamics

As the dermis moves this causes friction against the underlying subdermis. Assuming

that there is a frictional body force resisting radial motion of the dermis, Equa-

tion (4.2) can be written as

ρẍ−∇ ·T+ qẋ = 0, (4.21)

where q the coefficient of friction. If the wound opens, ẋ > 0 and the drag term acts

towards the wound centre whereas if the wound closes ẋ < 0 and drag acts away from

the wound centre.

We now use dimensional arguments to justify whether the time-dependent terms

in Equation (4.21) are relevant during healing. Let χ denote a characteristic length

and te, td and tg the elastic, drag and growth timescales, respectively. From Equa-

tions (4.3) and (4.4), we deduce that the Cauchy stress tensor scales with the shear

elastic modulus, µ. The elastic timescale can be determined by balancing the first

two terms in Equation (4.21), giving te = (ρχ2/µ)1/2.

The healing of the wound occurs on the growth timescale, which is on the order of

days [Ghosh et al., 2007]. Typical values for the tissue density, 10−6 kg mm−3, shear

elastic modulus, 0.2 MPa (see Section 4.2.5), and characteristic length, 4 mm, reveal

that te ≈ O(10−4) seconds. Unsurprisingly, te ≪ tg and it is appropriate to neglect
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inertial terms in Equation (4.21).

Balancing the second and third terms in Equation (4.21) gives a drag timescale

of td = qχ2/µ. The drag timescale sets the time of wound recoil, which is on the

order of hours. This gives q ≈ O(10−3) MPa days mm−2. In Chapter 2 we found

that the friction coefficient was at least an order of magnitude smaller than the other

model parameters. Therefore the friction term has negligible effect on the system

unless ẋ is large. From wound healing experiments we anticipate that ẋ will be large

initially, as the wound recoils. Once the recoil is complete, the tissue velocity is much

slower, and the drag plays a negligible role, i.e the tissue is essentially in mechanical

equilibrium during the growth and contraction phase. The model behaviour with

respect to friction is investigated more thoroughly in Section 4.4.3. We further note

that, in practice, the dermal tissue is tethered to the underlying layers and although

this may have some effect on the movement of the dermis these interactions have not

been well studied. We therefore restrict the body force to a drag term only: based

on our experience in Chapter 2, we expect this will produce the desired behaviour.

4.2.10 Boundary conditions

The ‘pulling’ of the dermal edges is assumed to be caused by fibroblasts arranged

close to the wound edge. We therefore impose radial tension at R0 = A0 according

to a contraction function. Far from the wound the tissue is assumed to be residually

stressed. This translates to the following boundary conditions

Trr(A0, t) = fc and Trr(B0, t) = Tres, (4.22)

where fc is a contraction function acting on the wound edge and Tres is the uniform

planar residual stress of the unwounded dermis calculated in Section 4.2.3.

In Chapter 6 we will couple contraction to a mechanistic description of fibroblast
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activity. For now we approximate the contractile force that the fibroblasts exert by

a phenomenological function. In particular we assume that the total radial stress

exerted by the fibroblasts at the wound edge is proportional to its circumference. We

have chosen this law since we would expect the number of fibroblasts to be restricted

by space. We further assume that the stress exerted switches on at a given time

(t = tc > 0) post wounding, since it takes time for the fibroblasts to migrate to the

wound edge. For simplicity we represent the contractile activity of the fibroblasts as

fc(t) = fa(t)H(t; tc, tm), (4.23)

where f is the contraction coefficient, a is the wound radius and H is a linear switch

function, parametrised by tc and tm. For simplicity (to minimise the number of model

parameters) and to capture the time at which contraction begins and when it reaches

a maximum, we use a piecewise linear switch function of the form

H(t; tc, tm) =























0 for t < tc

t−tc
tm−tc

for tc < t < tm

1 for t > tm.

(4.24)

The switch function approximates the time taken for fibroblasts to migrate to the

wound edge and begin contracting the tissue. Contraction begins approximately 2

days post wounding and attains its maximal value approximately 5 − 14 days after

injury [Monaco and Lawrence, 2003]. In Equation (4.24), tc is the time at which

fibroblasts start to localise around the margin and tm is the time at which the fibrob-

lasts exert their maximum contractile effect. We use the linear form of the switch

function as opposed to the Heaviside approximation in Chapter 2 since we have bio-

logical ranges from the literature for the two parameters in Equation (4.24).
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The axial deformation, λ(t), is determined by imposing

Nz(t) =
2π

λ(t)

∫ B0

A0

γrγθγzTzzR0 dR0, (4.25)

where Nz is the load applied to the top of the dermal cylinder. In Equation (4.25)

we model the resistance of the epidermal layer to axial deformation of the dermis by

defining the axial load in the following way

Nz = η(1− λ), (4.26)

where η is a constant of proportionality, describing the dependence of the dermal

thickness on the axial load. Thickening of the dermis causes a negative load, pushing

the dermis back down and, similarly, thinning causes a positive load, pulling the

dermis back up.

4.3 The full model

For numerical purposes it is appropriate to compute the dependent variables in terms

of the reference configuration. For completeness, we now restate the full model in
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terms of the reference variable, R0,

∂r

∂R0
= γrγθγz

R0

λr
, (4.27a)

∂Trr

∂R0
=

γrγθγzR0

λr

[

αŴα

r
+ q

∂r

∂t

]

, (4.27b)

Tθθ = Trr + αŴα, (4.27c)

Tzz = Trr + λŴλ, (4.27d)

∂γr
∂t

=











0 for t ≤ tR

k(Trr − Tres)γr for t > tR

, (4.27e)

∂γθ
∂t

=











0 for t ≤ tR

m(Tθθ − Tres)γθ for t > tR

, (4.27f)

∂γz
∂t

=











0 for t ≤ tR

nTzzγz for t > tR

. (4.27g)

In Equations (4.27) t = tR is the time at which the wound has fully recoiled. The

recoil phase occurs on the order of hours, ending before growth and contraction begin

(tR < tc). The boundary conditions determining the deformation (a and λ) and the

radial stress are given by

Trr(A0, t) = fa(t)H(t; , tc, tm), (4.27h)

Trr(B0, t) = Tres, (4.27i)

Nz(t) =
2π

λ(t)

∫ B0

A0

γrγθγzTzzR0 dR0 ≡ η(1− λ(t)). (4.27j)

The initial conditions for the components of the growth tensor are given by

γr(R0, 0) = 1, γθ(R0, 0) = 1 and γz(R0, 0) = 1. (4.27k)
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Note that, under the assumption of incompressibility, Ŵ is an auxiliary strain-energy

function of only two variables. Unless specified otherwise, the tissue follows a neo-

Hookean strain-energy function, given by

Ŵ (α, λ) =
µ

2

(

γ2
z

α2λ2
+ α2 +

λ2

γ2
z

− 3

)

, where α =
r

γθR0

. (4.27l)

Since γr, γθ and γz depend on R0, Equations (4.27) are solved numerically in

Matlab. For each time increment, the growth in Equations (4.27e)-(4.27g) are

updated via a forward Euler scheme [Press et al., 1994]. The radial deformation and

radial stress in Equations (4.27a) and (4.27b) are then updated using the boundary

value problem solver bvp4c, subject to the boundary conditions in Equations (4.27h)-

(4.27j). Details of the numerical method are given in Appendix B.1.3.

4.4 Model behaviour

In this section we present typical model solutions, obtained using the parameter

values stated in Table 4.1. The parameter values are either taken from the biological

literature, estimated from model behaviour in the previous sections or chosen to give

good qualitative agreement with the wound healing data.

The plot of the dermal wound radius, a(t), presented in Figure 4.11, reveals three

distinct phases. During the first phase, which lasts for approximately 2 days, the

wound radius first retracts to 110% of the initial value due to residual tension in the

surrounding tissue and then plateaus before growth and contraction are activated.

During the second phase (2 < t < 14 days) the wound radius decreases rapidly due to

contraction at the wound edge and proliferation of the surrounding tissue. At later

times (t > 14 days), as the wound radius decreases, contraction slows down, since

it is proportional to the current wound radius. As a result of the mechanosensitive

properties of the tissue, growth also slows down and the wound radius begins to
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Table 4.1: Parameters for the morphoelastic model. Table summarising the parameters that appear in the mathematical
model in Equation (4.27) along with their physical interpretation, default values chosen for the model and supporting references
where appropriate.

parameter physical interpretation units physical range reference default

k radial growth MPa−1 days−1 k > 0 0.2
m circumferential growth MPa−1 days−1 m > 0 0.1
n axial growth MPa−1 days−1 n > 0 0.1
f contraction N mm−3 0 < f < 1.325 [Uhal et al., 1998, Wrobel et al., 2002] 0.2
tc contraction begins days 2− 5 [Monaco and Lawrence, 2003] 2
tm maximum contraction days 5− 14 [Monaco and Lawrence, 2003] 14
q friction MPa days mm−2 q = O(10−3) estimated in Section 4.2.9 0.002
µ shear elastic modulus MPa 0.02 < µ < 0.52 estimated in Section 4.2.5 0.2
Nz axial load N
η load coefficient N 10
A initial wound radius mm A > 0 [McGrath and Simon, 1983] 4
aR recoiled wound radius mm aR > A [McGrath and Simon, 1983] 4.4
B domain size mm B > aR estimated in Section 4.2.4 20
L tissue thickness mm L > 0 data in Figure 4.2 0.1
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plateau. We note that the healing curve is qualitatively similar to the experimental

data presented in Figure 2.2 and that of McGrath and Simon [1983].

0 5 10 15 20 25
0

1

2

3

4

Time (days)

a 
(m

m
)

phase I phase II phase III

Figure 4.11: Typical model solution with healing phases. Equations (4.27)
are solved numerically and the wound radius a(t) is plotted as a function of time.
Reference variables and parameters are specified using the default values in Table 4.1.
The healing curve can be separated into three distinct phases representing the initial
recoil, a proliferative and contracting phase and finally the rate of closure slows down
as contraction and growth decrease.

In Figure 4.12 we plot the growth and stress components as functions of radius

R0 at days 5, 10 and 25. As expected, since growth is mechanosensitive, with the

growth rates in Equations (4.20) depending linearly on the stress, the growth profiles

are qualitatively similar to the stress. Radial growth increases over time as the radial

stress increases due to contraction. The piecewise linear step function reaches a

maximum at day 14 and we observe that the radial stress at day 25 is less than that

on day 10. As expected, radial growth and stress are larger closer to the wound edge.

The dermis is in compression in the circumferential and axial directions and, as a

consequence, material is resorbed in these directions. With γθ < 1 < γr, we are in

a regime associated with normal healing as identified in Section 4.2.7, for which the

wound radius decreases whilst the outer radius remains approximately constant. We
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interpret the removal of tissue from the circumferential direction (γθ < 1) as tissue

remodelling – the actual change in volume is locally given by det(G) − 1, which is

positive.
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Figure 4.12: Typical model solution for the stress and growth. Equa-
tions (4.27) are solved numerically. (a) The radial stress Trr, (b) the circumferential
stress Tθθ, (c) the axial stress Tzz, (d) the radial growth γr, (e) the circumferential
growth γθ and (f) the axial growth γz are plotted as functions of position at 5 (solid
blue), 10 (dashed red) and 25 (dash-dotted black) days. Reference variables and pa-
rameters are specified using the default values in Table 4.1. The radial stress is higher
closer to the wound edge, resulting in higher radial growth there. The tissue is in
compression circumferentially and axially, resulting in resorption of material in these
directions.
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4.4.1 Characterisation of healing phases

In this section we calculate certain quantities to characterise the different phases of

healing depicted in Figure 4.11. These quantities are:

• The growth rate at a position x mm from the current wound edge

Gr(x, t) =
1

γ̄r(x, t)γ̄θ(x, t)γ̄z(x, t)

∂

∂t
(γ̄r(x, t)γ̄θ(x, t)γ̄z(x, t)),

where γ̄i(r(R0, t), t) = γi(R0, t) for i = r, θ, z.

• The average volumetric growth rate

Ḡ(t) =

∫ L0

0

∫ 2π

0

∫ B0

A0

1

γrγθγz

∂

∂t
(γrγθγz)R0 dR0dΘdZ0.

• The growth rate of a material point starting at a position X mm from the initial

wound edge

GR(X, t) =
1

γr(X, t)γθ(X, t)γz(X, t)

∂

∂t
(γr(X, t)γθ(X, t)γz(X, t)).

In Figure 4.13 we plot these growth measures for the simulation presented in

Figure 4.11, at days 1, 8 and 20 representing phases I, II and III, respectively. There

is no growth while the wound recoils (phase I). The growth rate is highest during phase

II, a conclusion that is consistent across the three growth measures. We observe that

the growth rate at a fixed material point decreases as that point moves away from

the wound edge in the current configuration (see Figure 4.13(c)). The radial stress as

a function of position, R0, is plotted for each of the three phases in Figure 4.13(d).

In phases II and III the tissue is in tension close to the wound edge. Away from the

wound edge the stress in phase III is lower than that in phase II, since contraction is

decreasing but growth continues due to the difference in current and resting stress.
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Figure 4.13: Different growth rate measures and the radial stress for each
healing phase. Equations (4.27) are solved numerically. Phase I, II and III are
represented by days 1, 8 and 20, respectively. (a) The growth rate at a fixed distance
from the wound edge (1 mm), (b) the average growth rate across the dermis and (c)
the growth rate at a fixed material point starting at 0.8 mm from the initial wound
edge, are compared for each of the three phases. (d) The radial stress as a function
of R0. Reference variables and parameters are specified using the default values in
Table 4.1. We observe the same qualitative behaviour for each growth measure; no
growth during the recoil phase, high growth during the contractile phase and lower
growth when contraction decreases.

4.4.2 Choice of strain-energy function

The model in Equations (4.27) depends on the strain-energy functionW = W (αr, αθ, αz),

which we have assumed to be neo-Hookean. In this section we compare the model be-

haviour for neo-Hookean and Fung strain-energy functions and Hooke’s law for linear

elasticity.

• Hooke’s law states that the stress tensor is linearly proportional to the strain
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tensor such that

E(αr − 1) = Trr −
1

2
(Tθθ + Tzz),

E(αθ − 1) = Tθθ −
1

2
(Trr + Tzz),

E(αz − 1) = Tzz −
1

2
(Trr + Tθθ),

where E is Young’s modulus of elasticity and is related to the shear elastic mod-

ulus by E = 3µ. This is the simplest law relating stress and strain [Slaughter,

2003]. Hooke’s law is valid for small strain.

• A common choice for a hyperelastic material is the neo-Hookean strain-energy

function

W (αr, αθ, αz) =
µ

2
(α2

r + α2
θ + α2

z − 3),

where µ is the shear modulus.

• The Fung strain-energy function exhibits strain-stiffening properties

W (αr, αθ, αz) =
µ

2c

[

ec(α
2
r+α2

θ+α2
z−3) − 1

]

,

where µ is the shear modulus and, for soft tissues, c is typically 3 < c < 20.

The calculation to determine the stress-free state from the recoil measurements in

Section 4.2.3 assumed a neo-Hookean strain-energy. For comparison, we calculate

the stress-free configuration for Hooke’s law and a Fung elastic material (details are

in Appendix B.3). We would expect that, since the Fung strain-energy encompasses

strain-stiffening, the residual stress required to deform the wound radius from the

initial to the recoiled measurement would be greater than when assuming a neo-

Hookean model. For Hooke’s law we would expect the residual stress to be lower

than the non-linear approximations.
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The calculated stress-free state and residual stress are presented in Table 4.2 for

the different choices of strain-energy. As anticipated, the value of the residual stress

required to cause the observed recoil is lower for the Hooke’s law model. This dis-

crepancy arises because the initial recoil of the wound constitutes a large deformation

(approximately 10% increase in wound radius) and hence Hooke’s law of linear elas-

ticity gives different results from the neo-Hookean law.

Table 4.2: Stress-free state and residual stress for different strain-energy
functions. Table summarising the calculated stress-free state and residual stress in
the dermal tissue when assuming a Hookean, neo-Hookean or Fung material. The
residually stressed state is A = 4 mm, B = 20 mm, L = 0.1 mm and the recoiled
wound radius is aR = 4.4 mm. The mechanical parameters are E = 0.6 MPa,
µ = 0.2 MPa and c = 3.

stress-free state Hooke neo-Hookean Fung

A0 3.8814 3.8728 3.8702
B0 19.4069 19.3638 19.3510
L0 0.1062 0.1067 0.1068
Tres 0.0351 0.0376 0.0399

Equations (4.27) are solved for neo-Hookean and Fung strain-energy functions

given in Equations (4.29) and the results are presented in Figure 4.14. When in-

corporating a strain-stiffening term, for example the Fung strain-energy function,

the healing curve and the growth profile change qualitatively and the radial stress

is much higher at the wound edge. For simplicity we shall henceforth focus on the

neo-Hookean model since it has fewer parameters than the Fung model whilst incor-

porating non-linear effects.

4.4.3 The effects of friction

In Section 4.2.9 we found that the timescale for recoil was given by td = qχ2/µ and es-

timated that if recoil occurs on a timescale of hours then q ≈ O(10−3) MPa days mm−2.

By comparison of the different timescales in healing, we postulated that friction would

have an effect on the recoil phase since ∂r/∂t ≫ 1, but for the remainder of healing
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Figure 4.14: Comparison of the model behaviour for different strain-energy
functions. (a) Stress-strain curves for neo-Hookean, Fung, and Hookean materials
are plotted. Equations (4.27) are solved numerically for neo-Hookean and Fung strain-
energy functions and (b) the wound radius and (c) the total volumetric growth are
plotted as functions of time. (d) The radial stress at day 25 is plotted as a function
of position. Reference variables are A = 4 mm and B = 20 mm. Parameter values
are k = 0.2 days−1, m = 0.1 days−1, n = 0.1 days−1, f = 0.4 N mm−3, tc = 2 days,
tm = 14 days, E = 0.6 MPa, µ = 0.2 MPa, c = 3, q = 0.002 N days mm−2, Nz = 0 N
and AR = 4.4 mm.

the drag term will be negligible. By simulating healing for different values of q, the

effects of friction on healing are investigated in this section.

In Figure 4.15(a) we show how the time taken for the wound to fully recoil changes

as we vary the friction coefficient q. We also show how changes in q affect the recoil

phase of the healing process (see Figure 4.15(b)) and the post-recoil phases of the

healing curve (see Figure 4.15(c)). For the simulations in Figure 4.15(b) contraction

and growth are neglected and the effects of friction on the recoil of the wound only

are considered. We observe that, for larger values of q, the recoil takes longer. In

Figure 4.15(c) we assume that the wound recoils immediately and switch friction on

for the remainder of the simulation. This allows us to study the effects of friction
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Figure 4.15: Effect of varying the friction coefficient, q. Equations (4.27) are
solved numerically. (a) The time taken for the wound to fully recoil as a function of
q, (b) evolution of the wound radius, a(t), during the recoil phase for q = 0 (solid
blue), q = 0.005 (dashed red), and q = 1 (dash-dotted black) and (c) evolution of the
wound radius, a(t), post recoil, for q = 0.001 (solid blue), q = 0.01 (dashed red), and
q = 0.1 (dash-dotted black). Reference variables and parameters are specified using
the default values in Table 4.1. Friction affects the recoil phase of healing but has a
negligible effect on healing at later times.

on healing, independent of the time taken for the wound to recoil. We observe that

values of q which have a large effect on the recoil phase have negligible effect on the

remainder of the healing curve (e.g. q = 0.01). To observe a significant change in

the later stages of healing, q must vary by approximately two orders of magnitude.

For larger values of q phase II of healing is slowed down. However by day 25, the

wound radius curve for different values of q converge, with the wound radius beginning

to plateau at approximately the same value. We have used different values of q in

Figure 4.15(b) and (c) because much larger values of q were needed to observe a

significant difference in the healing curve post recoil than in the recoil phase.
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Based on the results in Figure 4.15(a) we fix q = 0.002 since, for the chosen

parameter values, this ensures the recoil occurs within the first day. We conclude

that the inclusion of a drag term in the balance of linear momentum equation gives

the desired behaviour.

4.4.4 The effect of boundary conditions

There is uncertainty in the tissue behaviour far from the wound. In our model de-

velopment we have assumed that far from the wound the tissue is in a residually

stressed state and prescribed a boundary condition consistent with this physiological

assumption. In the absence of suitable experimental data other boundary conditions

should also be considered. In this section we consider three choices for the boundary

conditions and analyse their effect on the system behaviour. The three choices are:

1. Fixed stress: impose a boundary condition for the radial stress at the outer

edge and assign the axial load.

2. Fixed position: impose a boundary condition for the deformation at the outer

edge and assign the axial load.

3. Mixed: impose a boundary condition for the radial stress and the deformation

at the outer edge.

In each case, the boundary condition for the inner surface of the cylinder is determined

by the contraction function. That is, the radial stress at the wound edge is given by

Equation (4.27h).

4.4.4.1 Fixed stress

The healthy tissue far from the wound is in a pre-stressed state. Before wounding

the dermis is residually stressed. Upon wounding a stress gradient is formed from the
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stress-free inner boundary to the residually stressed outer boundary. From the bound-

ary condition in Equation (4.27h), the stress on the outer boundary is maintained at

a fixed value

Trr(B0, t) = Tres. (4.30)

The mechanosensitive growth laws, notably Equation (4.27e), ensure that there is no

radial growth far from the wound. However, by fixing the radial stress at the outer

boundary the unfixed deformation allows for movement of the dermis far from the

wound.

4.4.4.2 Fixed position

If we assume that far from the wound there is no movement of the skin, then instead

of prescribing a fixed stress, we fix the position of the outer boundary. Accordingly

we calculate the stress required for the initial recoil (see Section 4.2.3) and then fix

the position of the outer boundary to that of the recoiled configuration

r(B0, t) = bR where bR =

√

B2
0 − A2

0

λ2
+ a2R. (4.31)

Since the radial stress is not fixed, this may cause stress to accumulate at the outer

boundary stimulating growth. In practice, we anticipate that, sufficiently far from the

wound, the skin should not move and would remain in its pre-stressed state, hence

both conditions should hold.

4.4.4.3 Mixed condition

Due to incompressibility, Equations (4.30) and (4.31) may be satisfied if λ is chosen

such that r(B0, t) = bR. Solving Equation (4.27a) and imposing b = bR gives

λ(t) =
2

b2R − a(t)2

∫ B0

A0

γrγθγzR0 dR0. (4.32)
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Although imposing Equations (4.30) and (4.31) would enable for both a fixed position

and fixed radial stress at the external boundary, the axial load can no longer be

prescribed via Equation (4.27j), since λ is determined by Equation (4.32).

4.4.4.4 Conclusions

In Figure 4.16 we compare the effects of each of the boundary conditions on the time

evolution of the wound radius, the dermal thickness, the total growth at the outer

boundary and the radial stress at the outer boundary. The results suggest that the

choice of boundary condition does not affect the healing curve. When a fixed stress

is prescribed the trend in the axial deformation is counter to what we might expect.

Although immediately after wounding the dermis thickens, the dermal thickness then

decreases until approximately day 3. By contrast, the data in Figure 4.2 show an

increase in the dermal thickness at the wound edge after the first few days. We argue

that the accumulation of tissue at the wound edge observed in the data could be due

to granulation tissue and not the surrounding healthy dermis. Both the fixed position

and mixed boundary conditions ensure that the dermal thickness continues to increase

over the first 3 days. At later times the mixed boundary condition causes the dermis

to become thinner. This could be due to material resorption far from the wound,

which we observe in Figure 4.16(c). For a fixed position at the external boundary, the

dermis thickens for later times due to an increase in volume (see Figure 4.16(c)). Since

deformations are symmetric, the axial deformation is uniform across the cylinder,

representing an averaged change in the thickness of the dermis. Therefore, although

the data in Figure 4.2 show a significant increase in dermal thickness at the wound

edge, in fact, at a distance 2 mm from the wound, the thickness is approximately

unchanged. In the absence of data on the axial deformation further from the wound

edge, we cannot discriminate between the trends depicted in Figure 4.16(b).

We note that, since all three choices of boundary conditions give identical healing
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Figure 4.16: Model observables for different external boundary conditions.
Equations (4.27) are solved numerically with different boundary conditions. (a) The
wound radius, a(t), (b) the dermal thickness, l(t), (c) the growth at R0 = B0 and (d)
the radial stress at R0 = B0 are plotted as functions of time. Reference variables and
parameters are specified using the default values in Table 4.1.

curves, the experimental data are insufficient to predict what is happening far from

the wound. The model has shown that the choice of boundary condition influences

other model observables. In order to discriminate between these conditions we require

more experimental data, such as measures of the stress far from the wound or a fixed

distance from the wound and whether these remain constant in time.

Although none of the given boundary conditions perform as we would expect

for all model solutions, we choose the fixed stress boundary condition since, given

the model observables, model behaviour under these conditions is closest to what we

might expect whilst still allowing us to prescribe an axial load to model the behaviour

of the epidermis or pressure treatments. In the remainder of this chapter we fix the

radial stress on the outer boundary using Equation (4.27i).
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4.5 Numerical parameter sensitivity analysis

Ultimately, we are interested in the time to closure and the quality and mechanical

properties of the healed tissue. In Figure 4.17 we show how the wound radius at day 25

changes as we vary the default model parameters by ±10%, one parameter at a time.

We observe that increasing the radial growth sensitivity k causes the wound radius to

decrease. Increasing the rate of circumferential resorption (since the circumferential

stress is negative) accelerates wound closure in a manner similar to that seen by

increasing the contraction coefficient. Interestingly, circumferential resorption has

previously been used as a contractile mechanism in a model of epidermal wound

closure [Wu and Ben Amar, 2015] and embryonic wound closure [Taber, 2009]. The

effect of axial growth on the wound radius is negligible and, as expected, increasing

tissue stiffness has a detrimental effect on wound closure: a stiffer tissue will deform

less when subject to a given force.
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Figure 4.17: Effect of model parameters on the final wound radius and
dermal thickness. Equations (4.27) are solved numerically. Each model parame-
ter is varied by ±10% of its default value. (a) The wound radius and (b) the dermal
thickness, at day 25 are recorded. The dashed lines indicate the wound radius/dermal
thickness when all parameters are fixed at their default values. All reference variables
and parameters are specified using the default values in Table 4.1. Increasing the
radial and circumferential growth parameters, k and m, and the contraction coeffi-
cient, f , decreases the wound radius and increases the dermal thickness at day 25.
Increasing the axial growth parameter, n, has negligible effect on both the wound
radius and dermal thickness at day 25. Increasing the tissue stiffness, µ, decreases
the wound radius and increases the dermal thickness at day 25.
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We also tested the sensitivity of the axial deformation to parameter variation

and found that this is negligible for all system parameters (see Figure 4.17(b)): the

fluctuations in the dermal thickness at day 25 are less than 1% of the total thickness.

4.5.1 Addition or removal of material

We hypothesised that growth of the dermal tissue is mechanosensitive and linearly

proportional to the stress, with constants of proportionality k, m and n in the radial,

circumferential and axial directions, respectively. From our discussion of contraction

in Section 4.2.6 we concluded that growth acts to reduce the radial tension caused by

contraction. For the growth laws in Equations (4.20) the constants k, m and n are

non-negative. We note that, if det(G) > 1, then there is a net gain of material (and

a net loss if det(G) < 1).

In order to determine whether different growth laws give rise to a net gain or loss

of material we introduce the following function which computes the total volume of

the cylinder:

M(t) = 2πL

∫ B0

A0

γr(R0, t)γθ(R0, t)γz(R0, t)R0 dR0, (4.33)

and note that a positive (negative) gradient for M(t) at time t corresponds to the

addition (removal) of material.

Numerical simulations show that for certain choices of the growth parameters

the system loses material. Further, as illustrated in Figure 4.18, different parame-

ter choices may produce similar healing curves but different profiles for M(t). Fig-

ure 4.18(b) shows the mass function in Equation (4.33), which is monotonically in-

creasing for k = 0.4, m = 0.1, but monotonically decreasing for k = 0.1, m = 0.2.

Although the healing curves are indistinguishable (see Figure 4.18(a)), in one regime

there is a net gain of material and in the other a net loss. As a result of loss of
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material, the outer boundary of the dermal cylinder shrinks, effectively pulling in

tissue from the surrounding areas (results not shown). In Figure 4.18(c) we observe

that, for healing to proceed in this manner, the tissue far from the wound edge is in

greater tension than when there is addition of mass. For example, at day 25, where

R0 ≈ 5 mm the radial stress for a net loss of material is approximately double that

for a net gain of material.
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Figure 4.18: Effect of a net gain and loss of material on model observables.
Equations (4.27) are solved numerically. (a) The wound radius and (b) the volume
of tissue, given in Equation (4.33), are plotted as functions of time. (c) The radial
stress, Trr, at day 25 is plotted as a function of position. For a net gain of material
(solid blue) the growth parameters are k = 0.4, m = 0.1, n = 0 and for a net loss of
material (dashed red) the growth parameters are k = 0.1, m = 0.3, n = 0. All other
reference variables and parameters are specified using the default values in Table 4.1.

In view of the above we must be careful when choosing growth parameters to

ensure that we obtain realistic behaviour and not a net loss in material which may

be biologically unrealistic. By evaluating the mass function in Equation (4.33) we

can reject model simulations which may not be biologically realistic. In order for the
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wound to heal with a net gain in material, we require a higher radial than circumfer-

ential (k > m) growth rate. Such anisotropy in the growth rates requires cells to sense

the radial direction. Given that fibroblasts migrate radially in response to chemical

growth factor gradients [Pierce et al., 1989, Chung et al., 2001] such directional bias

for growth is feasible.

4.6 Remodelling after closure

We anticipate that after the wound has closed, the dermal tissue remodels to its natu-

ral state of residual stress. Due to granulation tissue and scar formation in the wound

space, the dermis is prevented from closing completely. Therefore eventually the der-

mal edge stalls. The mechanism by which the dermal edge halts is not known but

could involve a combination of contraction ceasing (due to inactivation of fibroblasts),

the radial stress reaching a threshold value or the granulation tissue in the wound

space acting as a physical barrier, preventing further inward movement of the dermis.

The questions we consider are whether the halted tissue will reach an equilibrium

state, returning to the base residual stress and, if so, how long the remodelling will

take.

We simulate the remodelling period of the dermal tissue by halting the wound

edge at some point t = T . We choose T = 25 days as a representative time by which

the granulation tissue fills the wound space but note that the stimulus that halts

movement of the dermal edge could easily be modified to account for other effects.

We solve Equations (4.27) for 0 ≤ t ≤ T . For t > T we switch the boundary condi-

tions from the fixed load specified in Equations (4.27h)-(4.27j) to a fixed displacement

so that

r(A0, t) = a(T ), r(B0, t) = b(T ), λ(t) = λ(T ). (4.34)

This fixes the deformation, preventing the wound from closing further. Due to in-
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compressibility and a fixed deformation, there can be no net change in material so

that ∂
∂t
(det(G)) = 0. We therefore have the following system for t > T (= 25 days):

∂γr
∂t

= k(Trr − Tres)γr, (4.35a)

∂γθ
∂t

= m(Tθθ − Tres)γθ, (4.35b)

∂γz
∂t

= nTzzγz, (4.35c)

Tθθ = Trr + αŴα, (4.35d)

Tzz = Trr + λŴλ, (4.35e)

∂

∂t
(γrγθγz) = 0. (4.35f)

Combining Equations (4.35a)-(4.35c) and (4.35f) yields a relationship for the stress

in terms of the growth and the strain

Trr =
(k +m)Tres − (mαŴα + nλŴλ)

k +m+ n
, (4.36)

where Ŵ is defined in Equation (4.27l). The components of the growth tensor and

the circumferential and axial stress satisfy Equations (4.35a)-(4.35e) and the radial

stress is updated according to Equation (4.36).

In Figures 4.19(a)-(c) we plot the components of the stress tensor at days 25,

50 and 100. At day 25, we observe a large radial tension at the wound edge, with

circumferential and axial compression of similar magnitude. Over the remodelling

period these profiles relax to a steady state, with the stress returning to the resid-

ually stressed state (Trr = Tθθ = Tres and Tzz = 0). In Figures 4.19(d) and (e) the

components of the stress and growth tensors are plotted as functions of position at

day 200, after the system has reached steady state. Figure 4.19(f) shows how the

spatial average of the components of the growth tensor evolve over time. We find

that growth has slowed down by day 50 and that by day 100 the remodelling phase
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Figure 4.19: Remodelling of the dermal tissue. Equations (4.27) are solved
numerically for 0 < t < 25. At t = 25 the position of the wound edge is fixed
by switching the boundary condition from a fixed load (Equations (4.27h)-(4.27j))
to a fixed displacement specified by Equation (4.34). (a) The radial stress Trr, (b)
the circumferential stress Tθθ and (c) the axial stress Tzz are plotted as functions of
position at t = 25, 50 and 100 days. (d) The radial, circumferential and axial growth
and (e) stress are plotted as functions of position at 200 days. (f) The average radial,
circumferential and axial growth are plotted as functions of time. Reference variables
and parameters are specified using the default values in Table 4.1. The growth reaches
a steady state by approximately day 100 and the stress returns to the isotropic planar
stress T∗.
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is essentially complete.

4.6.1 Sensitivity of remodelling time to model parameters

We now simulate the remodelling scenario for healing while varying the growth rate

and tissue stiffness parameters. The results are given as a bar graph of the time taken

for the tissue to reach a steady state in Figure 4.20. Steady state is defined as3

∂γr
∂t

=
∂γθ
∂t

=
∂γz
∂t

= 0. (4.37)

In order to make a reliable comparison, the model parameters are not changed for the

first 25 days of healing. After day 25, when the tissue begins to remodel, each model

parameter is varied by ±10% of its default value. We observe that the tissue stiffness

(µ) has the greatest effect on the remodelling time, such that as µ is increased by

10%, the time taken for the tissue to reach steady state is reduced by approximately

10 days. For the remaining model parameters tested, the remodelling time is between

120 and 150 days. Comparing the sensitivity of the remodelling time to the model

parameters with that of the final wound radius we observe some significant differences.

In Figure 4.17(a) the radial and circumferential growth parameters had a similar effect

on the final wound radius, however in Figure 4.20 circumferential growth has a much

greater effect than radial growth. This may be due to the degree of radial versus

circumferential stress the tissue needs to recover. We observe in Figures 4.19(a)

and (b) that at day 25 the radial and circumferential stresses at the wound edge are

0.2451 and −0.2621 MPa, respectively. With a positive resting stress (Tres = 0.0376

MPa) the growth rates in Equations (4.20) imply that the circumferential growth rate

dominates the radial growth rate. Surprisingly, varying the axial growth rate, which

had negligible effect on the healing curve, has a significant effect on the remodelling

3Numerically we define steady state to be such that each ∂γi

∂t
is below a positive threshold value

close to zero. For the simulations in Figure 4.20 the threshold was taken to be 10−5.
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time. We postulate that this is due to the fixed axial deformation and therefore axial

growth has a much greater effect on the system4.
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Figure 4.20: Effect of model parameters on remodelling time. Equa-
tions (4.27) are solved numerically for 0 < t < 25. At t = 25 the position of the
wound edge is fixed by switching the boundary condition from a fixed load (Equa-
tions (4.27h)-(4.27j)) to a fixed displacement specified by Equation (4.34). During
the remodelling phase, each model parameter is varied by ±10% of its default value
and the time taken to reach steady state is recorded. The dashed line indicates the
remodelling time when all parameters are fixed at their default values. Reference
variables and parameters are specified using the default values in Table 4.1.

4.6.2 Steady state solution

Figure 4.19 shows that, for the parameter values in Table 4.1, the stress reaches a

steady state for which T = T∗. The growth laws in Equations (4.20) ensure that this

is the only steady state solution. A natural question is whether the growth profile

(for example, that shown in Figure 4.19(d)) needed to reach this state is unique. At

4To test this we ran simulations where the axial deformation was not fixed according to λ(t) =
λ(T ) but instead satisfied the spring condition in Equation (4.27j). Results are shown in Figure B.2
in Appendix B.5. In this case, the sensitivity of the remodelling time to the axial growth parameter
was significantly lower than that presented in Figure 4.20.
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steady state we have

∂r

∂R0
=

γθγrγzR0

λr
, (4.38a)

Tθθ = Trr + αŴα, (4.38b)

Tzz = Trr + λŴλ. (4.38c)

For a fixed deformation with T = T∗, solving Equations (4.38) for the components

of the growth tensor gives

γθ =

√

λ

γz

r

R0
, (4.39a)

γr =

√

λ

γz

∂r

∂R0

, (4.39b)

(γz
λ

)3

− Tres

µ

(γz
λ

)2

− 1 = 0. (4.39c)

Since λ, µ > 0, Equation (4.39c) has only one real root for Tres > −
(

27
4

) 1

3 µ given by

γz =

(

C

6µ
+

2T 2
res

3µC
+

Tres

3µ

)

λ, (4.40)

where C =

[

12µ2

√

12T 3
res + 81µ3

µ
+ 8T 3

res + 108µ3

]

1

3

,

and three distinct real roots for Tres < −
(

27
4

)
1

3 µ. That is, if the residual stress is

negative (i.e. the skin is in compression before wounding) and large enough, there are

three possible choices for γz at steady state. Therefore, the roots of Equation (4.39c)

depend on the residual stress where there is always one positive root. For Tres <

−
(

27
4

)
1

3 µ there is a fold bifurcation with two extra roots, however these are both

negative. The qualitative behaviour of this bifurcation does not change for different

values of µ and λ.
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Since the growth profiles of γr and γθ depend on γz and we require γz > 0 in

Equations (4.39) for physiologically real solutions we conclude that the steady state

profiles of the growth components in Figure 4.19(d), associated with T = T∗ are

unique.

4.7 Model experiments

The model we have developed provides a framework for investigating wound healing

from a mechanical point of view. This can have particular value in the context of

experiments in which the mechanical environment is explicitly altered. In this section

we consider two such scenarios: rewounding and the application of pressure during

healing.

4.7.1 Rewounding

The mechanical model predicts the stress state in the tissue at any point in space

and time. In practice it is difficult to determine the stress profile experimentally, but

the effect of stress can be apparent when it is relieved. Rewounding, i.e. recutting a

wound in the same location, provides one means of accessing the mechanical state. In

the same manner in which the degree of recoil upon initial wounding can be used to

measure the residual tension in the healthy skin, measuring the degree of recoil upon

rewounding gives a measure of the stress state in the skin during the healing process.

Similar experiments have previously been used to determine whether the embryonic

‘purse-string’ mechanism is in tension [Davidson et al., 2002].

A hypothetical rewounding experiment also provides a means of calibrating our

model. We have found that different balances of growth and contraction can generate

similar healing profiles. Currently, most experimental data comprise time series of

averaged wound areas. With such data it is not possible to distinguish between

127



different balances: additional information about the stress during healing is needed

to calibrate the model and compare alternative hypotheses. In theory, a rewounding

experiment could be repeated at regular intervals during healing to give a time series

of spatially-averaged stress measurements.

Here, we simulate rewounding, using the model to predict the retraction of a

wound in response to a second injury. By varying the radial growth and contraction

coefficients, k and f , we compare two cases: (a) healing with high growth and low

contraction and (b) healing with low growth and high contraction. While the evolu-

tion of the wound radius in each case is similar (see Figure 4.21), the stress generated

in the tissue differs markedly. When the rate of contraction is high, the stress at the

wound edge is much greater than when the contraction rate is low. In the absence of

measurements of the stress profile, making a new wound and recording the retracted

area would enable us to estimate the tension in the skin and to determine whether

contraction or growth dominate healing. The retraction of the second injury in Fig-

ure 4.21(b), when the dermal tissue is subject to low growth and high contraction, is

much greater than that in Figure 4.21(a) where the dermal tissue is subject to higher

growth and lower contraction.
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Figure 4.21: Predicted outcome of rewounding experiments. Equa-
tions (4.27) are solved numerically and at t = 25 days a wound of radius 1 mm
is cut (dashed red). The wound radius is plotted as a function of time (solid blue)
for (a) high growth and low contraction (k = 0.8, f = 0.3) and (b) low growth and
high contraction (k = 0.1, f = 0.5). All other reference variables and parameters are
specified using the default values in Table 4.1.
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4.7.2 Pressure treatments

Pressure therapy involves the application of pressure to control wound healing. The

most common application of pressure therapy for the management of hypertrophic

scars is via pressure bandages [Kischer, 1975]. Despite their widespread use, the

mechanism by which pressure bandages improve healing is not fully understood and

the clinical effectiveness of this non-invasive therapy remains to be scientifically proven

[Anzarut et al., 2009]. It has been suggested that mechanical pressure induces a

hypoxic atmosphere resulting in death of fibroblasts and therefore reduced tissue

synthesis [Kischer, 1975]. Alternatively mechanical pressure may inhibit the activity

of fibroblasts by reducing the rate at which they secrete TGFβ, a growth factor which

stimulates fibroblasts to contract and produce tissue [Martin, 1997].

As well as the application of pressure to retard the proliferative activity of fibrob-

lasts during healing, negative pressure wound therapy (NPWT), or vacuum assisted

closure (VAC), is used to stimulate tissue regeneration in non-healing wounds. NPWT

and VAC have been shown to increase blood flow and granulation tissue formation,

to decrease bacteria, and to stimulate tissue synthesis through increased mechanical

tension [Mendez-Eastman, 2001, Huang et al., 2014].

The pressure needed for effective treatment is unknown, although values in the

range 9-90 mm Hg (0.001-0.01 MPa) have been reported [Giele et al., 1997]. Alter-

natively NPWT tends to generate up to 125 mm Hg of suction in the wound area

(approximately 0.017 MPa). In this section we use our mechanical model to investi-

gate the effects of applying pressure to the surrounding dermal tissue during healing.

Using Equation (4.27j) with a modelling domain of radius 20 mm, the pressures dis-

cussed here can be approximated by axial loads ranging from −12.5 to 21.5 N.

We simulate treatment for a period of 15 days. The wound begins to heal load-free

(Nz = 0 N). On day 5 pressure is applied by assigning a non-zero axial load (Nz = 10

or Nz = −10 N). Pressure is released on day 20 and the wound continues to heal
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Figure 4.22: Effect of axial load on the healing dermis. Equations (4.27) are
solved numerically. From day 5 to 20 and axial load is assigned for NPWT (Nz = 10 N,
solid blue), control (Nz = 0 N, dashed red) and pressure bandage (Nz = −10 N, dash-
dotted black). (a) The wound radius a(t), (b) the total tissue volume and (c) the
tissue thickness l(t) are plotted as functions of time. (d) The axial stress, Tzz, at
day 25 is plotted as a function of position. Reference variables and parameters are
specified using the default values in Table 4.1.

load-free until day 25.

The results presented in Figure 4.22(a) show that the effect of axial load on the

wound radius is negligible. However Figure 4.22(b) reveals that the tissue volume

is greatly affected by applying a constant axial load. When the load is positive,

for example corresponding to NPWT, the tissue mass added during the treatment

period is three times greater than in the control case and could therefore be effective

for slowly healing wounds. When the load is negative, for example in the application

of a pressure bandage, there is a loss in total tissue volume, suggesting a use for

reduced scarring. The plots in Figure 4.22(c) show that, although the changes in

volume do not affect the wound radius, they contribute to the thickness of the tissue.
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We also observe that when the load is released the thickness of the dermal tissue

returns to a value closer to the control case but there is still a noticeable difference

between the treated and untreated wounds. This discrepancy in dermal thickness is

most likely due to the differences in tissue volume observed in Figure 4.22(b). The

plot in Figure 4.22(d) shows the axial stress at day 25 as a function of position. We

observe a lower axial stress profile (higher compression) when a higher pressure is

applied to the tissue. These results suggest that although applying an axial load has

negligible affect on the healing curve it could be used to control the total amount of

tissue produced in the surrounding dermis during healing.

4.8 Conclusions

In this chapter we have developed a mechanical model of dermal wound healing in

which closure is driven by contraction of the wound edge and mechanically induced

volumetric growth in the surrounding tissue. Our first step was to establish the

degree of residual tension in the pre-wounded tissue by analysing the recoil that

is observed after circular punch biopsies are taken from mice. Volumetric tissue

growth was motivated by the unrealistically high stresses that would be generated in

the tissue surrounding the wound area if healing were to occur through contraction

alone. A simple analysis of homogeneous growth revealed that normal healing should

be characterised by anisotropic growth, with the addition of material in the radial

direction and removal of material in the circumferential direction. In the full model,

we have postulated simple mechanosensitive growth laws that enable us to isolate the

effects of such anisotropy during healing simulations.

Typical solutions of the model revealed three distinct phases of healing. The

wound quickly retracts and the radius plateaus in the absence of growth and active

contraction at the wond margin (up to 2 days). The wound radius then decreases over
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a period of approximately 14 days as a result of contraction and mechanosensitive

growth. Finally, contraction and mechanosensitive growth slow down. Over a longer

time period the dermal tissue remodels, and returns to its homoeostatic resting stress.

We showed that there is only one steady state for the stress, corresponding to T = T∗,

with one associated non-negative steady state growth profile. We estimated that the

system takes approximately 120-150 days to remodel, depending on the choice of

model parameters.

While our modelling framework neglects many features of the wound healing pro-

cess, such as an explicit description of fibroblast activity, it has the advantage of

characterising the wound healing of a non-linear elastic tissue in a simple manner and

with a small number of parameters. We have shown that the model captures well the

qualitative and dynamic features of healing curves obtained in mice. However, even

while varying only four free parameters, we can identify multiple parameter sets con-

sistent with the available data. For instance, we find that if one is only tracking the

wound radius over time, two different parameter regimes – one with high growth and

low contraction, and one with low growth and high contraction – can both produce

the same healing curve for the wound radius. These results suggest that having access

to only wound radius data will not uniquely determine the model parameters and,

hence, the relative contributions of growth and contraction in healing. Fortunately,

such cases can be distinguished if additional mechanical information is available. We

have simulated rewounding experiments, in which the wound is recut before it is fully

healed. The degree of recoil can be used to distinguish between alternative cases

and to calibrate the model. Such experiments could provide useful information about

the mechanical state of the healing tissue and the mechanosensitivity of the growing

tissue.

Our framework is well suited to investigate pressure treatments. By applying an

axial load to the healing dermis we observed that loads reported in the literature
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do not change the behaviour of the healing curve but can have a significant effect

on the total volume of tissue produced during healing. Therefore if the dermis is

hyper-proliferative during healing, applying pressure to the area can normalise the

overall tissue volume. Similarly, if the dermis in under-proliferative, applying suction

can normalise the volume of tissue produced.

In order to focus on the mechanical environment in the tissue, we have restricted

our study to mechanically stimulated growth, such that stress greater (less) than

the residual stress results in addition (removal) of material. With the growth laws

formulated in this manner, growth will not occur unless contraction is active. It

is quite likely that basal or chemically stimulated growth occurs in the absence of

contraction. Our sensitivity analysis in Section 4.5.1 showed that, to achieve a net

gain in material, mechanosensitive growth should have a radial bias. This could be

achieved with a growth factor gradient in the radial direction. A natural next step is

to couple a mathematical description of fibroblast and growth factor activity to the

contraction function and the evolution of growth laws providing a more mechanistic

approach to the main processes driving dermal closure.

In Chapter 6 we will adapt the model presented in this chapter to account for

such mechanistic behaviour. A more mechanistic approach will allow us to use the

model to test clinically relevant pathologies and treatments, for example abnormally

low fibroblast density in the dermal tissue and low detection of growth factors such as

TGFβ. The aim is to describe both the chemical and mechanical tissue environment

and to investigate their effects on dermal closure whilst maintaining our simplistic

approach of a minimal number of unknown parameters.

Before extending our morphoelastic model, it is important to first validate its

behaviour. We validated our model in Chapter 2 by comparing it with experimental

data. We have shown, in this chapter, that the morphoelastic model reproduces

normal healing behaviour similar to that observed in the wound healing data. Another
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way in which we can validate the current model is to compare its behaviour with that

of the ordinary differential equation model of wound healing from Chapter 2. Further

by comparing the two models we can test the robustness of the conclusions of the

phenomenological model. In the next chapter we simplify the morphoelastic model

developed in this chapter so that it is directly comparable to the ordinary differential

equation model of Chapter 2. We investigate the behaviour of the simplified model,

fit it to the experimental data and compare the results with our conclusions from

Chapter 2.
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Chapter 5

A comparison of the two modelling

approaches

5.1 Introduction

When developing a new mathematical model it is important to validate its behaviour

and predictions. Often this is done by comparing results with experimental data.

In Chapter 2 we compared our ordinary differential equation model of wound heal-

ing with wound healing data from our experimental collaborators. In developing our

morphoelastic model in Chapter 4, we showed that our model can generate simi-

lar healing curves under different parameter regimes and, hence, comparing model

behaviour with only wound radius data may be insufficient to identify well-defined

parameter values. We therefore choose to test the robustness of our conclusions from

the phenomenological model from Chapter 2 against the mechanistic model from

Chapter 4. In this chapter we do this by first simplifying the morphoelastic model so

that it is directly comparable to the ordinary differential equation one. In particular

we assume that growth is homogeneous in a region close to the wound and comprises

basal and mechanosensitive terms. By simplifying the model in this way we determine
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a one-to-one map between the parameters of the two models.

5.2 Model simplifications

In this section we simplify our morphoelastic model of dermal wound healing. We

consider the geometry of the dermal tissue, the balance of linear momentum and a

spatially-averaged evolution law for the growth tensor.

5.2.1 Model geometry

Consistent with the model development in Chapter 2, we localise synthesis of new

dermal tissue to a small proliferative annulus surrounding the wound. In this region

we assume that growth is spatially homogeneous. Outside the proliferative region the

tissue is assumed inactive but to be in mechanical contact with the growing region of

the dermis. These assumptions have previously been used in a morphoelastic model

of epidermal wound healing [Wu and Ben Amar, 2015].

We restrict the dermal tissue to ‘in-plane’ deformations so that the axial stretch

and growth satisfy λ = γz = 1, and the tissue can be described as an annulus

surrounding the wound, subject to radially symmetric deformations. The radial co-

ordinate R in the stress-free reference configuration is deformed at time t to r(R, t)

in the current configuration.

In the reference configuration, the growing region occupies A ≤ R ≤ B, where

R = A is the initial wound radius, and the buffer region occupies B ≤ R ≤ C. In the

current configuration, the growing region occupies a ≤ r ≤ b and the buffer occupies

b ≤ r ≤ c (see Figure 5.1).
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Figure 5.1: Proliferative region embedded in a non-growing buffer. The
system comprises two attached tissues with the same mechanical properties. Distance
from the wound centre is described by the independent variable R. Growth is localised
to the region A ≤ R ≤ B which is embedded in a non-growing buffer region B ≤
R ≤ C. Under the deformation F , the reference configuration is mapped to the
current configuration. The distance for the wound centre in the current configuration
is described by the dependent variable r(R, t). In the growing region of the dermis
occupies a ≤ r ≤ b and the buffer occupies b ≤ r ≤ c.

5.2.2 Tissue mechanics

Neglecting all body forces and viewing the tissue as incompressible, hyperelastic and

neo-Hookean, the system mechanics can be described by the following equations:

∂r

∂R
= γrγθ

R

r
, (5.1a)

∂Trr

∂r
=

αŴα

r
, (5.1b)

Tθθ = Trr + αŴα, (5.1c)

where

Ŵ (α) =
µ

2

(

1

α2
+ α2 − 2

)

and α =
r

γθR
. (5.2)

It remains to provide an evolution law for the growth (i.e. to specify γr and γθ) and

appropriate boundary conditions for Equations (5.1).

137



5.2.3 Stress-free state and residual stress

In Chapter 4 we determined the residual stress of the dermis and its stress-free state

by considering wound recoil measurements. A simplification of the model in this

chapter is the assumption that there are no axial deformations, i.e. λ = 1. From

our calculations in Section 4.2.3, assigning λ = 1 implies that the stress-free state

(defined by R0) is equivalent to the residually stressed state (defined by R) and the

residual stress is given by the following equation

Tres =
µ

2

[

log

(

C2

A2

)

− log

(

C2 − A2 + a2R
a2R

)

+
(

A2 − a2R
)

(

1

C2 − A2 + a2R
− 1

a2R

)]

, (5.3)

where aR is the radius of the recoiled wound.

5.2.4 A spatially-averaged growth law

In this section we develop a spatially-averaged growth law for the proliferative re-

gion of the dermis. We assume that growth occurs in the radial and circumferential

directions so that the growth tensor is given by G = diag(γr, γθ, 1).

In Section 4.2.7 we determined a relationship between radial and circumferential

growth that is compatible with normal wound closure in the absence of boundary

loads. We found that γθ < 1 < γr, corresponding to addition of material in the

radial direction and removal from the circumferential direction. For simplicity we

will prescribe an evolution law for γr and choose γθ such that this relationship is

satisfied.

Motivated by the functional form of dermal growth considered in Chapter 2, we

consider a growth law consisting of basal and mechanosensitive growth. We assume

that the mechanosensitive growth term is proportional to the mean radial stress over

the active region of the dermis. This translates to an evolution equation for the radial
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growth of the following form:

dγr
dt

=
[

k0 + k1
(

T̄rr − Tres

)]

γr, (5.4)

where k0 and k1 are the basal and mechanosensitive growth rate constants, respec-

tively, which we take to be non-negative, and T̄rr is the mean radial stress over the

proliferative zone of the dermal annulus, given by

T̄rr =
2

b2 − a2

∫ b

a

Trrr dr. (5.5)

The second term on the right hand side of Equation (5.4) represents mechanosensitive

growth, so that T̄rr > Tres results in addition of material in the radial direction

and T̄rr < Tres results in resorption. Circumferential growth is chosen such that, in

the absence of boundary loads, the outer boundary of the annulus does not move

(represented by points in (γr, γθ) space which lie on the dashed red line in Figure 4.8

and given by Equation (B.8) in Appendix B.2), therefore the system follows the

constraints determined for normal healing. In the buffer region we assign γr = γθ = 1.

Initially no growth occurs so that γr = γθ = 1 at t = 0.

5.2.5 Boundary and initial conditions

In order to close the system we must prescribe boundary conditions. We assume that

the two tissues, representing the growing region of the dermis and the buffer region,

are in perfect contact, that is, the radial stress and deformation are continuous at

their common interface. Far from the wound, the dermis is in its residually stressed

state and the wound edge is under tension caused by contraction. These biological
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assumptions translate to the following boundary conditions

r|R=B−
= r|R=B+

, Trr|R=B−
= Trr|R=B+

,

Trr|R=C = Tres, Trr|R=A = faH(t− tc), (5.6)

where B− and B+ are the positions as R approaches the interface R = B from the

left and right, respectively, and H is given by

H(t− tc) =
1

2

[

tanh

(

t− tc
θ

)

+ 1

]

, (5.7)

with time delay tc and switch gradient θ. We have assumed that the switch function

approximating fibroblast activity is the continuous switch function used in Chapter 2

rather than the piecewise linear switch from Chapter 4. This choice facilitates our

comparison between the two models later in this chapter.

5.3 A spatially-averaged morphoelastic model

In this section we state the full model. We present typical simulations and investigate

the model behaviour by determining the sensitivity of the wound radius at steady state

to model parameters. We fit the model to non-diabetic and diabetic data in the next

section and then compare results with the model developed in Chapter 2.

We re-state the simplified system here for completeness in terms of the reference

140



variable R:

∂r

∂R
=











γrγθ
R
r

for A ≤ R ≤ B

R
r

for B < R ≤ C
, (5.8a)

∂Trr

∂R
=











µγrγθR
r2

[

r2

γ2
θR

2 − γ2
θR

2

r2

]

for A ≤ R ≤ B

µR
r2

[

r2

R2 − R2

r2

]

for B < R ≤ C
, (5.8b)

Tθθ =











Trr + µ
[

r2

γ2
θR

2 − γ2
θR

2

r2

]

for A ≤ R ≤ B

Trr + µ
[

r2

R2 − R2

r2

]

for B < R ≤ C
, (5.8c)

dγr
dt

=
[

k0 + k1(T̄rr − Tres)
]

γr, (5.8d)

where T̄rr is given by

T̄rr =
2γrγθ

B2 − A2

∫ B

A

TrrR dR, (5.8e)

and (from Equation (B.8) in Appendix B.2) γθ satisfies

(

γr
γθ

)2

=
1

log
(

B2

A2

)

[

log

(

B2

B2 − γrγθ(B2 − A2)

)

+
(γrγθ − 1)γrγθ(B

2 − A2)

B2 − γrγθ(B2 −A2)

]

. (5.8f)

The deformation and radial stress are subject to the following continuity and bound-

ary conditions:

r(B−, t) = r(B+, t), Trr(B−, t) = Trr(B+, t),

Trr(C, t) = Tres, Trr(A, t) = faH(t− tc), (5.8g)

with the following initial condition for the radial growth:

γr(0) = 1. (5.8h)
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5.3.1 Typical simulations

Equations (5.8) are solved numerically (details are given in Appendix C.1), however,

we note that the deformation and the stress can be solved analytically and expressed

in terms of the current wound radius a, which is determined by imposing the boundary

condition at the wound edge (Trr(A, t) in Equations (5.8g)).

0 5 10 15 20 25
0

1

2

3

4

5

Time (days)

a 
(m

m
)

(a) Wound radius

0 5 10 15 20 25
0

1

2

3

4

Time (days)

G
ro

w
th

 

 
γ
r

γθ

det(G)

(b) Growth components

R (mm)
4 5 6 7 8

T
rr
 (

M
P

a)

-0.2

0

0.2

t=5
t=10
t=25

(c) Radial stress

R (mm)
4 4.5 5 5.5 6

T
θ
θ
 (

M
P

a)

-0.5

0

0.5

(d) Circumferential stress

Figure 5.2: Results for constant growth. Equations (5.8) are solved numerically.
Reference variables are A = 4 mm, B = 5.4 mm and C = 20 mm with parameter
values k0 = 0.1 days−1, k1 = 0.5 MPa−1 days−1, f = 0.05 N mm−3, tc = 3 days, θ = 1,
µ = 0.2 MPa and AR = 4.4 mm. See Appendix C.2 for the choice of parameters and
reference variables.

In Figure 5.2 we plot the time evolution of the wound radius and growth compo-

nents and the spatial profiles of the components of the stress tensor at days 5, 10 and

25. In Figure 5.2(a) we observe that the wound retracts immediately (in the first time

step of the numerical method), and then the wound radius decreases between days

1 and 5. We remark that friction is neglected in this simplified model: with friction

included, we would expect to see a more gradual retraction of the wound. The rate
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of healing decreases between days 5 and 20 and eventually plateaus as the growth

reaches a constant value around day 20. From Figure 5.2(b) we see that the growth

components satisfy γθ < 1 < γr, the relationship determined in Section 4.2.7, and the

system gains mass (i.e. det(G) > 1). From the radial stress profiles in Figure 5.2(c)

we observe that at t = 5 days the tissue is in radial tension due to contraction. As

growth is activated in the proliferative region, radial tension decreases and the stress

becomes compressive (see, for example, day 25). We would expect the dermal tissue

to remain in tension to stimulate mechanosensitive growth. The compressive radial

stress in the region close to the wound edge could be a result of prescribing constant

growth in a fixed region and choosing circumferential growth such that the position

R = B does not move markedly. With little or no movement of the common interface

the buffer does not act to absorb the newly synthesised material from the proliferative

region.

In the next section we investigate the equilibrium points of the system before using

the simplified model to compare normal and diabetic healing and test our conclusions

from Chapter 2.

5.3.2 Steady states of the wound radius

Figure 5.2(a) shows that at long times the wound radius plateaus at a finite value and,

hence, reaches an equilibrium. In Figure 5.2(b) we observe that the components of

the growth tensor, γr and γθ, also reach an equilibrium. In this section we investigate

how this equilibrium state depends on model parameters.

We are interested in the point at which the dermis stops growing, corresponding

to

γ̇r = γ̇θ = 0. (5.9)

Since γθ is related to γr by Equation (5.8f), it follows that Equation (5.9) is satisfied
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by considering the steady state of Equation (5.8d), given by

k0 + k1(T̄rr − Tres) = 0. (5.10)

Recall from Equation (5.8e) that T̄rr is the mean stress over the growing region of

the dermis and is a function of A, B and γr (γθ can be eliminated using Equa-

tion (5.8f)). By integrating Equation (5.8b) and imposing the boundary conditions

in Equation (5.8g) we can eliminate γr in the expression for T̄rr. In doing this, the

unknown a and parameter f are introduced via Trr(A, t) = fa (we note, from Fig-

ure 5.2, that the equilibrium state is approached at late times, e.g. after day 20, by

which time the contraction switch is turned on and therefore we take H(t− tc) = 1).

The wound radius, a, at equilibrium can therefore be expressed as a function of the

model parameters only (k0, k1, f and µ). In Figure 5.3 we show how the equilibrium

value of a changes as we vary the model parameters.

From Figure 5.3 we observe that, for the parameter values chosen, the model

parameters that have the most influence on the steady state of the wound radius are

f and µ. Increasing basal growth (k0) has the least significant effect and varying

mechanosensitive growth only has an effect at small values (for 0 < k1 < 0.2).

This analysis is important for our understanding of how the model parameters

affect the final wound radius of the dermis. Since the analysis was performed at

steady state it does not yield information about the rate of wound closure. In the

next section we will use our model to investigate the differences between normal and

diabetic healing.

5.4 Diabetic wound healing

We use a least squares method (see Appendix A.3) to fit the wound radius from

Equations (5.8) to the data for non-diabetic and diabetic healing. To compare be-
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Figure 5.3: The steady state of the wound radius as a function of the
model parameters. Equations (5.8b), (5.8e), (5.8f) and (5.10) and are solved si-
multaneously to find the steady state of the wound radius. The steady state of a(t)
is plotted as a function of (a) basal growth, k0, (b) mechanosensitive growth, k1, (c)
contraction, f and (d) shear elastic modulus, µ. Reference variables are A = 4 mm,
B = 5 mm and C = 20 mm. When not being varied, the model parameters are fixed
at k0 = 0.1 days−1, k1 = 0.5 MPa−1 days−1, f = 0.1 N mm−3 and µ = 0.2 MPa. See
Appendix C.2 for the choice of parameters and reference variables.

tween the two data sets we non-dimensionalise by the maximum wound radius1 (see

Appendix C.2 for the choice of scaling and other parameter values used in the model).

In Figure 5.4 we plot the best fits of the model to the non-diabetic and diabetic

dermal data. We observe that the model captures both data sets well (Figures 5.4(a)

and (b)). The model suggests that there is more growth in the non-diabetic dermis

and, as a consequence, the tissue is in compression in the proliferative region. This

may be due to the fact that we have prescribed constant growth in a fixed region.

Comparing the model parameters k0, k1 and f in Table 5.3 we observe that the

basal growth, mechanosensitive growth and contraction parameters are lower in the

1Note that scaling r and R by the characteristic length does not affect Equations (5.8).
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Figure 5.4: Best fits of the spatially-averaged morphoelastic model to data.
Equations (5.8) are fit to the dermal wound data. Reference variables are A = 0.9404
(A = 0.9542 for diabetic), B = 1/x and C = 20/x, where x is the maximum wound
radius. Fixed parameter values are µ = 0.2 MPa, tc = 3 days, θ = 1 and aR = 1.
Parameters optimised by the least squares fitting are displayed in Table 5.3. See
Appendix C.2 for the choice of parameters and reference variables.

diabetic dermis (by approximately 75%, 70% and 25%, respectively) in comparison

to the non-diabetic dermis. In Section 5.5 we discuss these conclusions together with

those from the ordinary differential equation model developed in Chapter 2.
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5.4.1 Mechanical properties of diabetic skin

It has been shown that mouse and human diabetic skin is biomechanically inferior to

non-diabetic skin [Bermudez et al., 2011]. For example, skin samples from mice and

humans with diabetes have a much lower maximum stress until failure than control

samples.

It has also been observed, experimentally, that diabetic skin has a higher modulus

of elasticity [Reihsner et al., 2000]. This means that the skin is stiffer and has a

higher resistance to elastic deformation. Here we consider changing the mechanical

properties in our model to see whether we are able to capture diabetic healing by

varying the tissue stiffness only. In Figure 5.5 we plot the best fit of the wound radius

to the non-diabetic data (solid blue). The parameters associated with this best fit are

then fixed and the shear elastic modulus is optimised to give the best fit to the diabetic

data, yielding µ = 9.1577 MPa. Recall that a realistic range for µ was determined in

Section 4.2.5, with values above µ = 0.52 MPa generating unrealistic residual stresses

when simulating wound recoil. For the degree of recoil observed in the diabetic data,

µ = 9.1577 MPa produces a residual stress of approximately 0.8 MPa. Stresses this

high have been shown to tear tissue samples from diabetic mouse skin [Bermudez

et al., 2011]. We plot the wound radius for µ = 0.5 MPa (dash dotted green), a value

within the determined biological range and observe that, although the final wound

radius is larger than that for µ = 0.2 MPa, the increase is not enough to describe

the diabetic data. We conclude that increasing µ alone is not sufficient to capture

the observed difference between the non-diabetic and diabetic healing curves. This

suggests that other healing processes may be compromised in diabetic healing.
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Figure 5.5: The effect of increasing the tissue stiffness on the healing curve.
The dermal wound radius for the non-diabetic (×) and diabetic (◦) data are scaled
by the maximum wound radius and plotted as functions of time. The parameters
associated with the best fit of Equations (5.8) to the non-diabetic data (solid blue)
are fixed. Equations (5.8) are then fitted to the diabetic data, allowing only the shear
elastic modulus, µ, to vary and yielding µ = 9.1577 MPa (dashed red). The wound
radius for a realistic value of µ = 0.5 MPa is plotted (dash-dotted green) showing that
increasing the tissue stiffness within the realistic range is not sufficient to describe
the diabetic data.

5.5 Comparison with the model from Chapter 2

We have developed a mechanical model that accounts for the contributions of growth

and contraction to dermal healing. In Chapter 2 we developed a spatially-averaged

ordinary differential equation model for healing of the epidermis and dermis and

compared it to the experimental data. In this section we consider the strengths and

limitations of each model, compare conclusions obtained by fitting the two models to

the non-diabetic and diabetic data and discuss how the model variables and param-

eters may be used to compare with experimentally observed quantities.

For convenience, we will refer to the ODE model from Chapter 2 as Model A,

and the simplified version of the morphoelastic model presented in this chapter as
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Model B.

Recall the dermal healing equations from Model A, restated here for convenience,

in dimensional form:

dAs

dt
= −

(

k̂0 + k̂1

(

As − Ad

ÂR(1 + ν̂)−Ad

))

(ÂR(1 + ν̂)− As)
As

Ad

, (5.11a)

q̂
dAd

dt
= Ê(As − Ad)− ĉH(t− tc)Ad, (5.11b)

with the following initial conditions

As(0) = ÂR and Ad(0) = Â0. (5.11c)

In Equations (5.11) we have used ˆ to denote the parameters of Model A. The equa-

tion describing the change in epidermal wound area has been omitted as it decouples

from the dermal equations and epidermal healing is not considered in this chapter.

Equation (5.11a) describes the change in the dermal wound area due to growth only

and has basal (k̂0) and mechanosensitive (k̂1) contributions. Equation (5.11b) rep-

resents a force balance on the dermal tissue accounting for drag, elastic recoil and

contraction. It describes the change in dermal wound area, Ad, in relation to As.

Model B is given by Equations (5.8). The physical interpretations of the model

parameters are summarised in Table 5.1. We note that, except for the friction term

in Model A, there is a one-to-one mapping of the model parameters between the

two systems. From our parameter estimation and sensitivity analysis of the friction

coefficient in Chapters 2 and 4 we found that it was small in comparison to the

other model parameters and that it only affects the initial recoil phase of the healing

curve. We therefore proceed with our comparison despite having neglected friction in

Model B.
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Table 5.1: Parameters for the two models. The physical interpretation of each
parameter for both Model A and B are presented. We state whether the parameter is
estimated by fitting to the data using a least squares analysis, or fixed from observed
experimental values and model behaviour (see Appendix C.2).

physical interpretation Model A dimension Model B dimension est./fix

basal growth k̂0
[

1
time

]

k0
[

1
time

]

estimate

mechanosensitive growth k̂1
[

1
time

]

k1

[

area
force·time

]

estimate

contraction ĉ
[

force
area

]

f
[

force
volume

]

estimate

friction q̂
[

force·time
area

]

fix
proliferative region ν̂ [area] B − aR [length] fix
contraction delay tc [time] tc [time] fix
contraction gradient θ [time] θ [time] fix

Young’s/shear modulus Ê [force
area

] µ [force
area

] fix

recoiled area/radius ÂR [area] aR [length] fix

initial area/radius Â0 [area] A [length] fix

5.5.1 Representation of healing processes

In this section we generate synthetic data sets from Model A by individually varying

the parameters for basal growth, mechanosensitive growth and contraction. We then

fit Model B to each of the synthetic data sets to observe whether the correct enhanced

or impaired process is detected.

A control data set is generated using the parameters found from the best fit of

Model A to the non-diabetic data (β0 = 0.2950, β1 = 0.0124 and α = 0.2144 in

the non-dimensionalised version of Model A). In the first test, in order to simulate

enhanced healing processes, we double each parameter, one at a time, and fit Model B

to the resulting synthetic data curve using a least squares method. The estimated

parameter values are presented in Table 5.2, where we have highlighted the parameter

with the highest percentage increase from the control parameter set. We observe

that Model B identifies correctly the process that has been enhanced in the case

of basal growth and contraction. However, Model B fails to capture the increase

in mechanosensitive growth. We note that the mechanosensitive growth term in

Model B accounts for resorption of material when the tissue is in compression as
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Table 5.2: Parameters associated with the best fits of Model B to synthetic
data generated by Model A. (a) Individual processes in Model A are enhanced,
one at a time, by doubling the associated parameter. The parameter with the highest
percentage increase from fitting Model B to the synthetic data is highlighted in red.
(b) Individual processes in Model A are impaired, one at a time, by halving the
associated parameter. The parameter with the highest percentage decrease from
fitting Model B to the synthetic data is highlighted in red. All MSEs are of order
10−4 or less except for enhanced basal growth which is 0.0037.

(a) Enhanced processes

sensitivity test k0 k1 f

base values 0.1762 0.0758 0.0566
basal growth 0.3750 (+112%) 0.1114 (+47%) 0.1051 (+86%)
mechanosensitive growth 0.1773 (+0.6%) 0.0759 (+0.1%) 0.0571 (+0.8%)
contraction 0.1802 (+2%) 0.0712 (−6%) 0.1085 (+92%)

(b) Impaired processes

sensitivity test k0 k1 f

base values 0.1762 0.0758 0.0566
basal growth 0.0883 (−50%) 0.3039 (+300%) 0.0385 (−32%)
mechanosensitive growth 0.1757 (−0.3%) 0.0757 (−0.2%) 0.0562 (−0.8%)
contraction 0.1749 (−0.8%) 0.0775 (+2%) 0.0336 (−41%)

well as addition of material when the tissue is in tension. This additional process,

not accounted for in Model A, could explain the difference in the parameter ratios.

Further, the sensitivity of the solutions of Model A to the mechanosensitive growth

parameter was found to be very low and hence multiplying it by two does not change

the data curve by much.

We perform the same analysis but half the test parameter: the same conclu-

sions hold. We observe a low sensitivity of the solutions to the mechanosensitive

growth parameter: the best fit parameters in Model B changed by less than 1% when

mechanosensitive growth was enhanced or impaired in the synthetic data generated

by Model A.
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We conclude that, apart from mechanosensitive growth, the models are consistent

in their representations of the healing processes. In the next section we compare the

parameter values associated with diabetic and non-diabetic healing across the two

models.

5.5.2 Best fits to the non-diabetic and diabetic data

In Section 5.4 we fitted the model to dermal data for non-diabetic and diabetic

wounds. We now compare the estimates of the model parameters with those found

from fitting Model A to the same data. In Table 5.3 we present results of the best

fits. We note from Table 5.1 that while many of the model parameters are of the

same dimensions, there are some that are not consistent between the two models.

Therefore, rather than comparing the exact parameter values across the two models,

we compare the percentage decrease, for each parameter, between the non-diabetic

and diabetic value obtained from the best fits to the data.

Table 5.3: Parameters associated with the best fits of each model to the
data. Best fit parameters for (a) Model A and (b) Model B to the non-diabetic
and diabetic data. The percentage decreases between the non-diabetic and diabetic
parameter values are presented. Mean squared errors are given in Table 5.4.

(a) Model A parameter estimates

physical interpretation parameter non-diabetic diabetic decrease

basal growth rate β0 0.2950 0.0715 76%
mechanosensitive growth rate β1 0.0124 0.0026 79%
contraction α 0.2144 0.1593 26%

(b) Model B parameter estimates

physical interpretation parameter non-diabetic diabetic decrease

basal growth rate k0 0.1866 0.0462 75%
mechanosensitive growth rate k1 0.1701 0.0930 45%
contraction f 0.0339 0.0256 24%
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The percentage decreases from non-diabetic to diabetic parameter values for basal

growth and contraction are similar for the best fits of both models to the experimental

data (approximately 75% and 25%, respectively). However, the mechanosensitive

growth parameter is decreased by 79% in Model A and only 45% in Model B. Again,

this may be due to the mechanosensitive growth term in Model B accounting for

resorption as well as addition of material.

5.5.3 Sensitivity of healing curve to growth parameters

From our sensitivity analysis of Model A in Chapter 2, we found that fitting the model

to the non-diabetic data with mechanosensitive growth neglected (β1 = 0), gave the

same mean squared error as that with β1 > 0. Further, by neglecting mechanosensitive

growth, the model also showed the same qualitative healing behaviour when fit to the

diabetic data.

In Table 5.4 we compare the mean squared errors for fitting Model B to the data

with different combinations of the growth parameters. We find that Model B does not

describe non-diabetic healing very well in the absence of basal growth (see Table 5.4)

or in the absence of mechanosensitive growth. When fitting Model B to the diabetic

data we observe that diabetic healing can be described equally well with either growth

term neglected.

Table 5.4: Comparison of error when fitting Model B to the data with
different growth terms active. The mean squared error is calculated from the
best fit curves to the non-diabetic and diabetic data with either both k0 and k1
optimised, k1 = 0 and k0 optimised or k0 = 0 and k1 optimised. The parameter f is
included in the optimisation.

MSE
type of growth non-diabetic diabetic

basal and mechanosensitive (k0, k1 > 0) 0.0011 0.0021
basal only (k1 = 0 < k0) 0.0370 0.0021
mechanosensitive only (k0 = 0 < k1) 0.0211 0.0021
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We showed in Chapter 2 that the diabetic dermal healing curve could be described

accurately by fixing the parameters found for the best fit to the non-diabetic data and

decreasing only the basal growth parameter. In Figure 5.6 we present results obtained

by fitting Model B in Equations (5.8) to the dermal data for diabetic wounds. We fix

the parameters found for the best fit to the non-diabetic data and allow only the basal

growth rate (k0) to vary. In Figure 5.6 we observe a good fit to the diabetic data.

We therefore conclude, as we did in Chapter 2, that the delay in diabetic healing can

be mainly ascribed to a lower basal growth rate.
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Figure 5.6: Best fit of Model B to the diabetic data described by lower
basal growth only. The parameters are chosen for the best fit of Equations (5.8)
to the data for non-diabetic wounds given in Table 5.3. Equations (5.8) are fit to the
diabetic data by optimising k0 only. A least squares optimisation gives k0 = 0.0422
with MSE=0.0021.

5.5.4 Processes contributing to dermal healing

In Chapter 2 we used our model to decompose dermal healing into two processes:

growth and contraction. To calculate the degree of healing experienced by the dermis

due to growth alone in Model B we take γr(t) and γθ(t) and calculate the deformation

of the dermal annulus due to growth only. By construction, γr and γθ are such that

b = B in the absence of boundary loads, therefore we can solve Equation (5.8a)

together with the boundary condition r(B, t) = B to obtain

ag(t) =
√

B2 − γr(t)γθ(t)(B2 −A2), (5.12)
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where ag(t) is an approximation of the wound radius, at time t, due to dermal growth

only. In Figure 5.7 we plot the proportion of the wound healed by growth and

contraction as calculated by each model from the best fits to the non-diabetic and

diabetic data. We plot only the proportion at the closure times (wound closure is

defined by closure of the epidermis given in the data as day 14 in the non-diabetic

wounds and day 33 in the diabetic wounds).
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Figure 5.7: Contribution of growth and contraction to dermal healing at
wound closure. The contributions of growth and contraction to dermal healing are
calculated by the model at wound closure. Wound closure is defined by closure of
the epidermis from the data, given by day 14 in the non-diabetic wounds and day
33 in the diabetic wounds. Contribution to closure from Model A is converted to
percentage radius for comparison with Model B.

In Figure 5.7 we observe the same qualitative behaviour for both models. Although

the estimated parameters are such that dermal growth and contraction are lower in

the diabetic wounds (see Table 5.3), both models suggest that the percentage of the

wound healed by contraction is greater in the diabetic wounds. This is because the

decrease in basal growth is more marked than the decrease in contraction. Although

we have only presented the proportion of growth and contraction to healing at wound
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closure, the wound radius due to growth alone, ag(t), is a continuous, time-dependent

function and therefore, at any time t, we can calculate the contribution of growth to

dermal healing. In the previous chapter we discussed rewounding experiments that

could help determine the breakdown of growth and contraction. These experiments

could provide a validation of our predictions of diabetic healing and the relative

contributions of each process.

5.5.5 Treatment intervention

We have suggested that the difference in the non-diabetic and diabetic data can be

described by changing only the basal growth parameter. In Chapter 2, Model A was

used to stage a treatment intervention in which basal growth was increased to observe

the effects on the time to wound closure. In Figure 5.8 we present an analogous

analysis of the treatment intervention using Model B. A characteristic of this model

is that the dermal healing curve plateaus. Hence, rather than taking a specific value

of the dermal wound radius as our marker, the time taken for the dermal gap to stop

decreasing2 and the radius of the dermal wound at this time point are recorded.

The model predicts that the dermal edge of the diabetic wounds will continue

to advance into the wound space until day 86, by which time the intact dermis will

have covered approximately 70% of the original wound radius. By increasing the

basal growth rate from k0 = 0.0462, as predicted by the best fit of the model to the

diabetic data, to k0 = 0.108, the dermal gap will stop decreasing at day 43 (half of

the time taken without treatment), with the intact dermis covering approximately

80% of the original wound radius, the same as for the control wounds. Further, the

proportions of growth and contraction contributing to dermal healing are normalised

by this increased value of basal growth (see Figure 5.8(c)).

2Numerically this is calculated by choosing the time point for which the gradient of the healing
curve is less than some threshold. We take the smallest t such that d

dt
(a(t)) < 10−5.
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Figure 5.8: Increasing the basal growth rate in Model B as a treatment
strategy. The basal growth parameter, k0, is held at its elevated value for t > 0 with
all other parameters fixed according to the best fit to the diabetic data. (a) Parameter
sensitivity showing how, for the diabetic tissue, the time for the dermal curve to
plateau decreases as k0 increases (solid blue). (b) Parameter sensitivity showing the
final dermal wound radius as a function of k0 (solid blue). As k0 increases, the final
wound radius decreases. The value of k0 as estimated by the best fit of Equations (5.8)
to the diabetic data is 0.0462 (dash-dotted black) and the target treatment value is
k0 = 0.108 (dashed red). By increasing k0 to 0.108 the diabetic dermis is predicted
to plateau by day 43 to the same wound radius as that observed in the non-diabetic
data. (c) Comparison of the contributions to healing at the time of dermal closure
(defined by the dermal curve reaching a plateau) for (i) the diabetic case, (ii) the
diabetic case with elevated k0 to the target value, and (iii) the non-diabetic case.
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5.5.6 A mechanistic approach

The model developed in Chapter 4 and simplified in this chapter provides a more

mechanistic description than the phenomenological model from Chapter 2. Therefore

many of the model parameters represent experimentally measurable values such as

the residual stress and shear elastic modulus. Further, the model solution encom-

passes the heterogeneous radial stress experienced by the healing dermis, allowing

us to compare model predictions with realistic stresses experienced by dermal tissue

in vivo. In our model development we made a constitutive assumption about the

mechanical properties of the material. We assumed that the tissue is incompressible

and hyperelastic and chose a neo-Hookean strain-energy function. If more detailed

stress-strain information were available, then the model could be adapted to more

accurately represent dermal tissue from different species, such as mouse or human, or

different pathological conditions, such as diabetes [Reihsner et al., 2000].

We note that the steady states of Model A are As = Ad = 0, corresponding

to the dermis completely closing and being relieved of all tension. However, from

experimental observations the dermis never fully closes. In Chapter 4 we showed

that the morphoelastic model, with mechanosensitive growth laws, predicted that the

tissue returns to its residually stressed state. Therefore the morphoelastic approach

is better suited to investigate dermal closure, under what conditions the dermis stops

advancing into the wound, and the stresses experienced by the dermis during healing.

5.6 Conclusions

In this chapter we assumed that, close to the wound, growth was constant and that

elsewhere it was negligible. Under these assumptions the governing equations were

analytically tractable. We proposed a growth law for the radial component of the

growth tensor that includes a basal growth term and a spatially-averaged, stress-
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induced, growth term. We specified circumferential growth such that it satisfied the

wound filling region of Figure 4.8 determined by our growth analysis in Section 4.2.7.

Contraction was modelled by imposing a radial tension at the wound boundary with

the temporal behaviour of the fibroblasts approximated by a switch function. To

facilitate comparison, we used the continuous switch function introduced in Chapter 2.

In practice, tissue growth is localised close to the wound edge [Bullough and Lau-

rence, 1960]. By restricting growth to a small region it was reasonable to assume

constant growth within this area. By adopting an isotropic, but spatially homoge-

neous growth law, addition of mass in the active dermal region caused a build up

of material, creating a compressive stress. We would expect growth to be higher in

regions of high stress and growth factor concentration, that is, close to the wound

edge. We observed this behaviour in the spatially-resolved morphoelastic model in

Chapter 4 where growth depended on the local mechanical environment. However,

we would also expect growth to be stimulated by biochemical stimuli.

With the exception of friction (which was neglected in the simplified model so that

analytical solutions could be constructed), we noted that there was a one-to-one map-

ping of model parameters between the two systems which facilitated their comparison.

Basal growth and contraction parameters obtained from the best fits of the two mod-

els to the data showed similar percentage decreases between the non-diabetic and

diabetic estimates. Although the mechanosensitive growth parameter was also lower

in the diabetic case, the percentage decrease was not consistent across both models.

We speculated that this discrepancy could be the result of mechanosensitive growth in

Model B also accounting for resorption of material, concluding that mechanosensitive

growth was not necessarily directly comparable across the two models.

The main focus of the model comparison in this chapter was to test the robustness

of the conclusions of Model A. The ODEmodel, together with the data, suggested that

mechanosensitive growth is negligible. This was not the case when fitting Model B
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to the data where we found that both basal and mechanosensitive terms contributed

significantly to healing. Further, the growth laws for the spatially-averaged mor-

phoelastic model in Chapter 4 were entirely stress dependent and yielded solutions

qualitatively similar to wound healing curves in rodents (see McGrath and Simon

[1983] and Figure 2.2). These results suggest that our phenomenological model from

Chapter 2 may not be appropriate for incorporating mechanically induced growth.

In this chapter the epidermis was neglected since our conclusions from Chapter 2

implied that dermal healing was most compromised in diabetic wounds. Although re-

epithelialisation may not be greatly affected by diabetes, the epidermis may influence

dermal healing (and vice versa). These interactions may be mediated by growth

factors that allow communication between the two layers [Werner et al., 2007] or

mechanical interactions, such as the spring load assumed in Chapter 4.

In Chapters 2 and 4 we found that the friction term had negligible effect after the

recoil phase of healing. In our spatially-averaged morphoelastic model we neglected

friction so that analytical solutions for the deformation and stress could be obtained.

With explicit analytical solutions, the process of fitting the model to the data was

more efficient than fitting the spatially-resolved morphoelastic model.

In Section 5.5.6 we noted that the parameters of the morphoelastic model represent

biomechanical quantities that can be determined experimentally and therefore the

morphoelastic approach is better suited to modelling dermal healing. Models A and B,

together with the data, suggested that the most compromised process in diabetic

healing is dermal growth. Therefore, in the next chapter we extend the spatially-

resolved morphoelastic model to include a more mechanistic description of growth.

Growth and contraction are regulated by fibroblasts which in turn are regulated by

growth factors released from the wound. To incorporate such activity we introduce

fibroblast and growth factor species, coupling their activity to growth and contraction

of the dermal tissue, these processes being described in the morphoelastic framework.

160



Chapter 6

A morpho-mechano-chemical

model

6.1 Introduction

Thus far we have developed two distinct forms of wound healing models. In Chapter 2,

a simple, time-dependent, ordinary differential equation model described changes in

the epidermal and dermal wound areas. Growth was assumed to follow a modified

logistic growth law in both the epidermis and dermis, with growth in the dermis

enhanced by ‘stretch’ of the tissue. A phenomenological force balance assumed the

elastic, contractile and frictional forces acting on the dermis to be in equilibrium

yielding the dermal wound area. In Chapter 4 we used morphoelasticity theory to

develop a mechanical model of dermal wound healing. This approach allowed for

position-dependent and stress-induced growth. The morphoelastic model provides a

theoretical framework with which to investigate possible growth laws and devise me-

chanically motivated experiments. However, our growth laws depended only on stress,

and contraction was modelled phenomenologically, with the migratory and contractile

behaviour of fibroblasts being represented by a time-dependent switch function. The
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switch function was characterised by a time delay for fibroblast migration and a time

for maximal fibroblast contraction. In practice, we expect growth to be influenced

by biochemical and mechanical stimuli [Roberts et al., 1992, Murata et al., 1997,

Kessler et al., 2001]. Furthermore, for a more mechanistic approach to both growth

and contraction we must consider explicitly the activity of the cells and chemicals

that regulate these processes.

In this chapter we develop a novel mechano-chemical model of dermal wound

healing. Our model in Chapter 4 comprised two components: growth and mechanics.

Here we introduce an extra component by coupling advection-diffusion equations

for fibroblast cells and a diffusible growth factor to the morphoelastic model. This

third component enables us explicitly to introduce physical regulators of growth and

contraction. We must revisit how evolution of growth and wound contraction are

formulated so that the phenomenological laws can be replaced by mechanistic ones.

A review of previous mechano-chemical models for dermal wound healing was in-

cluded in Chapter 1. Typically such models consist of advection-diffusion equations

for mass conservation of cells, growth factors and/or ECM and a phenomenological

momentum balance combined with a constitutive assumption about the mechanical

properties of the ECM enabling for the ECM displacement, stress and strain to be

determined. Most models assume linear elasticity and are, therefore, unable to re-

produce the large degree of wound contraction observed experimentally [Catty, 1965,

McGrath and Simon, 1983]. We have developed a morphoelastic framework for mod-

elling dermal wound healing which accounts for the non-linear elastic properties of

the dermis and position-dependent, mechanically influenced tissue growth.

By explicitly accounting for the fibroblast cells and a regulating growth factor, we

can ask questions about specific wound healing pathologies. For example, diabetic

wounds are known to have a lower fibroblast density than non-diabetic wounds [Desta

et al., 2010]. Could this be due to lower rates of cell proliferation or higher rates of
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cell death? Further, as cell proliferation is regulated by growth factors, could changes

in proliferation rates be due to lower rates of growth factor production or reduced cell

sensitivity to the growth factor? By investigating the behaviour of the mathematical

model, we aim to determine possible explanations for different healing pathologies.

The remainder of this chapter is organised as follows. In Section 6.2 we develop

mass conservation equations for the growth factor and fibroblast species. We assume

that the growth factor diffuses from the wound space where it is produced and under-

goes natural decay within the normal dermal tissue, while the fibroblasts migrate and

proliferate in response to the growth factor. Both species are passively advected by

the moving dermal tissue. We pay particular attention to the advection term in La-

grangian coordinates. By construction of the PDEs in a fixed reference configuration,

the typical advection terms due to material velocities are absent. However, growth of

the tissue introduces growth advection. In Section 6.3 we propose an evolution law for

the growth of the dermal tissue. The growth rate is assumed to depend on fibroblast

density, with new material being distributed in the direction of greatest tension (see,

for example, Araujo and McElwain [2004]). Following Chapters 3 - 5, the dermal

tissue is viewed as a hyperelastic cylinder surrounding the wound. In Section 6.4

the tissue mechanics are described in the morphoelastic framework together with our

proposed mechanistic approach for contraction of the wound edge. We present the

full model in Section 6.5 where we also non-dimensionalise by considering realistic

parameter values from the biological literature. Typical model behaviour and a con-

sideration of different healing pathologies are the focus of Section 6.6. Finally, in

Section 6.7 we summarise our results, leaving a discussion of our ideas for future

work to Chapter 7.
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6.2 Mass conservation equations

In this section we develop equations for the fibroblasts and a regulating growth factor,

TGFβ, a key growth factor in dermal healing influencing cell behaviour in processes

such as angiogenesis, granulation tissue formation, collagen synthesis, wound contrac-

tion and remodelling [Roberts et al., 1992, Desmoulière et al., 1993, Murata et al.,

1997, Rhett et al., 2008]. TGFβ is present across many of the wound healing phases.

Platelets and macrophages, present in the wound space, are the primary source of

TGFβ synthesis [Barrientos et al., 2008]. We therefore consider a source of TGFβ

diffusing from the wound space into the surrounding tissue. Fibroblasts are present

at low density in unwounded dermal tissue [Randolph and Simon, 1998, Miller et al.,

2003]. Upon injury, growth factors stimulate proliferation and directed migration

of fibroblasts towards the wound [Cordeiro et al., 2000]. The spatial distribution of

fibroblasts influences the locally defined tissue growth and contraction of the wound

edge.

To describe the spatio-temporal evolution of the growth factor and fibroblast

populations we appeal to mass conservation laws. In general, the conservation of a

cellular or chemical species q = q(x, t), defined in the current (Eulerian) configuration,

can be written

∂q

∂t
+∇ · Jq = Sq, (6.1)

where Jq is the net flux of species q, Sq its net rate of production and ∇ denotes

the gradient operator with respect to x. For example, on a moving domain, one may

write Jq = vq − D∇q, where v = dx
dt

is the velocity of a material point x. The

first term represents the flux of the species due to advection of the material and the

second term the flux due to diffusion, where D denotes the diffusion coefficient, which

is assumed to be constant and non-negative.

When using morphoelasticity, it is computationally convenient (as we have done
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in Chapters 3 - 5) to write all dependent variables in terms of the reference variable

X. We explain how this is done in the following section for the general species q(x, t),

before developing our equations for TGFβ and fibroblasts.

6.2.1 Transformation to Lagrangian coordinates

We define Q(X, t) = q(x(X, t), t) and let ‘Grad’ and ‘Div’ define the gradient and

divergence in the reference configuration (with respect to X) and ‘grad’ and ‘div’ in

the current configuration (with respect to x). To facilitate mapping from the current

to the reference configuration, the following relationships will be useful (see Ogden

[1997] for details):

grad q = F−TGradQ and divu =
1

det(F)
Div(det(F)F−1u), (6.2)

where q is a scalar, u a vector and F the deformation gradient tensor. We note that

F is non-singular and, hence, its inverse exists.

Equation (6.1), with advective and diffusive fluxes included, can be written as

∂q

∂t
+ grad q · v + qdivv = div(Dgrad q) + Sq. (6.3)

Differentiating Q with respect to time and using the chain rule for partial derivatives

we obtain the material derivative:

∂Q

∂t
=

∂q

∂t
+ grad q · v. (6.4)

Substituting Equation (6.4) into (6.3) and using the relationships in Equation (6.2)

gives

∂Q

∂t
+Qdivv =

1

det(F)
Div(D det(F)F−1F−TGradQ) + SQ. (6.5)
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In Equation (6.5), which is defined in Lagrangian variables, we retain a growth ad-

vection term. It remains to find a relationship between material growth and divv.

Consider a tissue, with density ρ and velocity v. The growth rate function γ̂,

describes position-dependent volumetric growth of the tissue. Under the slow growth

assumption of morphoelasticity, material fluxes through the boundary are assumed

to be negligible and conservation of tissue mass supplies [Goriely and Moulton, 2011]

∂ρ

∂t
+ ρdivv = γ̂. (6.6)

In Equation (6.6) we have assumed that both cells and growth factor occupy negligible

volume. For a material with constant density, Equation (6.6) simplifies to

divv =
γ̂

ρ
. (6.7)

It can be shown that the growth rate function, γ̂, is related to the growth tensor, G,

by the following relationship [Goriely and Moulton, 2011],

γ̂ = ρtr(G−1Ġ), (6.8)

where the dot represents differentiation with respect to time. Equations (6.7) and (6.8)

can be combined to give

divv = tr(G−1Ġ), (6.9)

where specification of the form of the growth tensor, G, will be given in Section 6.3.

For notational simplicity, we introduce the tensor C = det(F)F−1F−T for substi-

tution into Equation (6.5) and ∇ will be used, from now on, to denote differentiation

with respect to the Lagrangian coordinate, X.

166



6.2.2 Growth factor concentration

We consider a single growth factor, such as TGFβ, whose concentration at position

X and time t is denoted β(X, t). The growth factor is produced in the wound space

and regulates fibroblast activity.

The growth factor is assumed to diffuse from the wound space into the surrounding

dermal tissue with linear diffusion coefficient Dβ so that the total flux has advective

and diffusive terms. The growth factor is removed at a rate linearly proportional to the

growth factor concentration, with rate d. By considering the Lagrangian advection-

diffusion equation in Equation (6.5), the concentration of growth factor in the dermal

tissue can be written

∂β

∂t
+ βtr(G−1Ġ) = Dβ

det(F)
∇ · (C∇β)− dβ. (6.10)

Assuming, as in previous chapters, a cylindrical geometry of the dermal tissue

and restricting attention to symmetrical deformations, we express the growth factor

concentration as a function of the independent variables R0 and t. The gradient and

divergence are defined in the one-dimensional polar coordinate system and, hence,

only the radial component of C (C1, say) appears in Equation (6.10). Here, we allow

for axial deformations and, thus, the growth factor concentration at a point R0 in

the reference configuration will be diluted, or concentrated, according to the current

dermal thickness. In particular, the concentration of TGFβ, when the tissue has been

subject to axial deformation, is given by β/λ, where λ is the axial stretch.

6.2.2.1 Boundary and initial conditions

We assume that initially, there is no TGFβ present in the unwounded dermis. Upon

injury, growth factor is released by platelets located in the wound space. During

healing, other sources within the wound, such as macrophages, also produce growth
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factor. We assume that the main source of TGFβ is the wound space and, hence,

prescribe the concentration of TGFβ on the wound margin, R0 = A0, taking it to

be proportional to the wound area. From there, it diffuses into the surrounding

tissue. The domain is taken to be sufficiently large that far from the wound we can

assume that the growth factor concentration is zero. For a dermal cylinder occupying

A0 ≤ R0 ≤ B0 (in the reference configuration) the initial and boundary conditions

for the TGFβ concentration are given by

β(R0, 0) = 0 (6.11a)

β(A0, t) = β0a
2(t) (6.11b)

β(B0, t) = 0, (6.11c)

where β0 is a non-negative constant of proportionality for the concentration of growth

factor at the wound boundary and a(t) is the wound radius at time t.

6.2.3 Fibroblast population

We consider a single population of fibroblasts, with density φ(X, t), whose activ-

ity is determined by the local mechano-chemical environment. Since fibroblasts are

motile cells that are chemotactically attracted to the growth factor [Pierce et al.,

1989, Cordeiro et al., 2000], we consider the total flux to have advective, diffusive and

chemotactic terms, with non-negative constant coefficients of diffusion and chemo-

taxis, Dφ and χ, respectively. Assuming that, in normal conditions, the rate of cell

proliferation and cell death balance, we write the enhanced proliferation term as

Sφ = k̂φ

(

1− φ

φmax

)

, (6.12)

168



where φmax is the maximal fibroblast density and k̂ = k̂(β) is the enhanced prolifer-

ation rate. Cell proliferation is enhanced in the presence of TGFβ [Cordeiro et al.,

2000, Kessler et al., 2001] and, hence, we consider the proliferation rate to be an

increasing function of growth factor concentration such that

k̂(β) = k





(

β
β∗

)sβ

(

β
β∗

)sβ
+ 1



 , (6.13)

where k is the proliferation coefficient, β∗ is the value of growth factor such that

proliferation is half-maximal and sβ is the sensitivity of the fibroblasts to the growth

factor concentration.

In the axisymmetric cylindrical geometry, the fibroblast density is a function of

the independent variables R0 and t, and the Lagrangian advection-diffusion equation

in Equation (6.5) can be written as

∂φ

∂t
+ φtr(G−1Ġ) = 1

det(F)
∇ · [C1(Dφ∇φ− χφ∇β)]

+ k





(

β
β∗

)sβ

(

β
β∗

)sβ
+ 1



φ

(

1− φ

φmax

)

. (6.14)

Since the dermal cylinder experiences axial deformations, the fibroblast density at a

given point R0 is φ/λ.

6.2.3.1 Boundary and initial conditions

The initial fibroblast density is assumed to be uniform across the unwounded dermal

tissue. As we do not model the central granulation tissue we assume that fibroblasts

migrating towards the wound stop at the wound edge. The domain is taken to be

sufficiently large that we can neglect fibroblast movement at the outer boundary. We

therefore assume zero flux of fibroblasts at R0 = A0 and R0 = B0. The initial and
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boundary conditions for the fibroblast density are written as

φ(R0, 0) = φ0, (6.15a)

Dφ∇φ(A0, t)− χφ(A0, t)∇β(A0, t) = 0, (6.15b)

Dφ∇φ(B0, t)− χφ(B0, t)∇β(B0, t) = 0, (6.15c)

where φ0 is the fibroblast density in the unwounded tissue with 0 < φ0 < φmax.

Taken together, Equations (6.10), (6.11), (6.14) and (6.15) define the spatio-

temporal evolution of the growth factor and fibroblast species. In the next section we

consider growth of the dermal tissue by postulating a form for the evolution of the

growth tensor.

6.3 Growth of the dermal tissue

In Chapter 4, growth of the dermal tissue was formulated such that stress higher

(lower) than the residual stress induced growth (resorption). We found that, due to

the circular wound geometry, anisotropic growth was needed to reproduce the ob-

served healing behaviour. Our sensitivity analysis also revealed that axial growth

had a negligible effect on the model solutions. Therefore, in this chapter, we ne-

glect growth in the axial direction and consider anisotropic growth such that G =

diag(γr, γθ, 1). In this section we formulate an evolution law for the total growth of

the dermis, which locally defines the net addition or loss of material. This growth

is then distributed in the radial and circumferential directions according to the local

mechanical environment.
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6.3.1 Locally defined net growth

Net growth is defined point-wise and depends on the synthesis and degradation of

collagen by fibroblasts. We assume that, in normal conditions, i.e. φ = φ0, produc-

tion and degradation of collagen balance. The total net growth is described by the

determinant of the growth tensor

det(G) = current tissue volume

initial tissue volume

=
initial tissue volume + volume of new cell-derived material

initial tissue volume

= 1 +

∫ t

0

Vc

λ
(φ− φ0) dt, (6.16)

where Vc is the volume of material synthesised per cell. We note also that the rate of

tissue synthesis is scaled by 1/λ since the fibroblast density depends on the current

thickness of the dermis.

6.3.2 Isotropic growth

Following the form of the growth evolution in Chapters 4 and 5, we assume that, in

the case of isotropic growth (γr = γθ = γ), growth satisfies

∂γ

∂t
= nγ, (6.17)

where the growth rate n may be a function of fibroblast density, growth factor concen-

tration and/or stress. Our aim in this section is to determine the form of the isotropic

growth rate, n, given Equations (6.16) and (6.17). Since we consider growth to be

anisotropic in wound healing, we then map the isotropic growth rate to anisotropic

rates according to the mechanical stress.

At any point in space, the total growth is given by the determinant of the growth
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tensor

det(G) = γ2. (6.18)

Differentiating Equation (6.18) with respect to time gives

∂

∂t
det(G) = 2γ

∂γ

∂t
= 2nγ2 = 2n det(G). (6.19)

Rearranging Equation (6.19) yields an expression for the isotropic growth rate

n =
1

2 det(G)
∂

∂t
det(G). (6.20)

For anisotropic growth, the total growth must be distributed between the radial

and circumferential directions appropriately.

6.3.3 Anisotropic radial and circumferential growth

We return now to anisotropic growth (G = diag(γr, γθ, 1)) and seek evolution laws for

radial and circumferential growth in the form

∂γr
∂t

= nrγr, (6.21a)

∂γθ
∂t

= nθγθ, (6.21b)

where nr and nθ are the radial and circumferential growth rates, respectively. The

total growth is given by the determinant of the growth tensor:

det(G) = γrγθ. (6.22)

It remains to relate nr and nθ to the isotropic growth rate, n.

Taking the time derivative of Equation (6.22), and following the same argument
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as for isotropic growth, we have

∂

∂t
det(G) = (nr + nθ) det(G). (6.23)

By equating Equations (6.19) and (6.23), we obtain

nr + nθ = 2n. (6.24)

We must now determine how to distribute the total growth between its radial and

circumferential components. Following Araujo and McElwain [2004], we assume that

the highest addition of material will occur in the direction of highest tension and

that resorption of material will occur in the direction of highest compression. Letting

nr = 2nυr and nθ = 2nυθ, Equation (6.24) can be written

υr + υθ = 1, (6.25)

where υr and υθ are the radial and circumferential strain multipliers, respectively.

Since the position-dependent net growth in Equation (6.16) accounts for both addition

of material due to collagen synthesis and removal of material due to degradation,

the strain multipliers will take different forms depending on whether net growth is

positive or negative. Supposing that material will be added and removed according

to the relative sizes and signs of the radial and circumferential stresses, we introduce

the stress difference T̂ = Trr−Tθθ and propose the following form for the radial strain

multiplier

υr =
1

2

[

1 + 3sgn(n) tanh(sT T̂ )
]

, (6.26)

where sgn(n) = 1 for n > 0 and sgn(n) = −1 for n < 0 and sT characterises the

sensitivity of growth direction to the stress. In Figure 6.1 we plot the radial strain

multiplier as a function of the stress difference measure T̂ .
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Figure 6.1: Functional form for the radial strain multiplier. The radial strain
multiplier is plotted as a function of T̂ = Trr−Tθθ, according to Equation (6.26), with
sensitivity parameter sT = 6. For a positive volumetric growth rate (n > 0), material
is distributed preferentially in the direction of greatest tension (solid blue). For
example, if radial stress is greater than circumferential stress (T̂ > 0) then υr > 0.5 >
υθ and more material is distributed in the radial than the circumferential direction.
For a negative volumetric growth rate (n < 0), material is removed preferentially
from the direction of highest compression (dashed red). For example, if radial stress
is greater than circumferential stress (T̂ > 0) then υr < 0.5 < υθ and more material
is removed from the circumferential than the radial direction.

Equations (6.25) and (6.26) imply that when the radial and circumferential stresses

are equal, the distribution of material will be isotropic. At a given position and time,

if material is added (n > 0), it will be distributed preferentially in the direction of

highest tension. For example, if Trr > Tθθ, then υr > υθ, and new material will

be biased in the radial direction. If the fibroblast density drops below the normal

density, then there will be net loss of material due to higher rates of degradation than

production. In this case, n < 0, and more material is removed from the direction of

highest compression. We note that Equations (6.25) and (6.26) allow for remodelling

of material from one direction to another if the stress difference is high enough.
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6.3.4 Growth evolution equations

Defining Y = det(G) and combining Equations (6.16), (6.20), (6.21) and (6.24)-(6.26),

the growth evolves according to the following equations

∂Y

∂t
=

Vc

λ
(φ− φ0), (6.27a)

∂γr
∂t

=
1

Y

∂Y

∂t
υrγr, (6.27b)

∂γθ
∂t

=
1

Y

∂Y

∂t
υθγθ, (6.27c)

where

υr =
1

2

[

1 + 3sgn(φ− φ0) tanh(sT T̂ )
]

and υθ = 1− υr. (6.28)

In Equations (6.28), sgn(φ−φ0) = 1 for φ ≥ φ0 and sgn(φ−φ0) = −1 for φ < φ0 and

the stress measure T̂ is defined as T̂ = Trr − Tθθ. We assume that no growth occurs

initially so that

γr(R0, 0) = γθ(R0, 0) = Y (R0, 0) = 1. (6.29)

Remark (Growth advection). Recall from Section 6.2.1 that divv = tr(G−1Ġ). With

G = diag(γr, γθ, 1), we note from Equations (6.27) that

divv = tr(G−1Ġ) = γ̇r
γr

+
γ̇θ
γθ

=
1

Y

∂Y

∂t
. (6.30)

6.4 Tissue mechanics

We next turn to the mechanical description of the tissue. The mechanical framework

proceeds as in Equations (4.27) from Chapter 4, but with one change. We found that

the friction term in the balance of linear momentum affected only the recoil phase of

the healing curve, hence in this chapter we neglect friction and assume that the tissue
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is in mechanical equilibrium. Neglecting all body forces and assuming that the tissue

is incompressible, hyperelastic and can be described by a neo-Hookean strain-energy

function, we deduce that the system mechanics can be described by the following

equations:

∂r

∂R0
=

γrγθR0

λr
, (6.31a)

∂Trr

∂r
=

αŴα

r
, (6.31b)

Tθθ = Trr + αŴα, (6.31c)

Tzz = Trr + λŴλ, (6.31d)

where

Ŵ (α, λ) =
µ

2

(

1

α2λ2
+ α2 + λ2 − 3

)

and α =
r

γθR 0

. (6.32)

In Equation (6.32), Ŵα and Ŵλ are the partial derivatives of the auxiliary strain-

energy function with respect to the strain α and axial stretch λ, respectively.

Remark (Lagrangian conversion factor). In Equations (6.10) and (6.14) the term C =

det(F)F−1F−T appears as a result of a transformation to the Lagrangian coordinate

system. Since F = diag( ∂r
∂R0

, r
R0
, λ) is symmetric, and the tissue is incompressible, it

follows that F−T = F−1 and det(F) = det(G). Considering Equation (6.31a), C can

be written as follows:

C = γrγθ diag

(

(

λr

γrγθR0

)2

,
R2

0

r2
,
1

λ2

)

.

Since β and φ are functions of R0 and t, only the radial component of C is required,

which can be simplified to

C1 =
1

det(G)

(

λr

R0

)2

.
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6.4.1 Contraction

In Chapters 4 and 5, contraction was defined by imposing the radial stress at the

wound edge, i.e.

Trr(A0, t) = fc.

In the absence of explicit fibroblast and growth factor behaviours we have previously

defined the contraction function to be

fc = fa(t)H(t; tc, tm), (6.33)

where f is the contraction coefficient, a is the current wound radius and H(t; tc, tm) is

a linear switch function, characterised by a delay, tc, representing the time at which

the switch turns on, and tm, the time at which the fibroblasts exert their maximum

contractile effect. Typically, tc is approximately 2-5 days post wounding and tm is

approximately 2 weeks after contraction begins.

With the additional biochemical components we now consider a more mechanistic

approach, by taking the magnitude of contraction to be proportional to the density

of fibroblasts on the wound edge. Since φ(A0, t)/λ is the density of fibroblasts at the

wound edge and the wound circumference is proportional to a(t), we now write

fc = fa(t)
φ(A0, t)

λ
, (6.34)

where f is the contraction coefficient with dimensions N cell−1.

6.4.2 Boundary conditions

As before, far from the wound the tissue remains residually stressed. At the wound

edge the radial stress is assigned according to the contraction function in Equa-

tion (6.34). In Chapter 4 we simulated mechanical experiments in which the axial
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load was varied. Although our results showed that varying the axial load, Nz, had a

significant effect on the total volumetric growth in the tissue, here we are interested

in perturbing the biochemical environment and will therefore take Nz = 0 so that the

dermis is assumed to be unloaded in the axial direction. The boundary conditions

that close Equations (6.31) can be written as follows

Trr(A0, t) = fa(t)
φ(A0, t)

λ
, (6.35a)

Trr(B0, t) = Tres, (6.35b)

2π

λ(t)

∫ B0

A0

γrγθTzzR0 dR0 = 0. (6.35c)

6.5 The full model

The full morpho-mechano-chemical model is determined by considering the growth

factor and fibroblast species in Equations (6.10) and (6.14), the growth evolution

of the dermal tissue in Equations (6.27) and the deformation and stress in Equa-

tions (6.31). Here we state all the equations, in terms of the reference variable R0
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and time t:

∂β

∂t
+

β

Y

∂Y

∂t
=

1

Y
∇ ·
[

1

Y

(

λr

R0

)2

Dβ∇β

]

− dβ, (6.36a)

∂φ

∂t
+

φ

Y

∂Y

∂t
=

1

Y
∇ ·
[

1

Y

(

λr

R0

)2

(Dφ∇φ− χφ∇β)

]

+ k





(

β
β∗

)sβ

(

β
β∗

)sβ
+ 1



φ

(

1− φ

φmax

)

, (6.36b)

∂r

∂R0
= γrγθ

R0

λr
, (6.36c)

∂Trr

∂R0
=

γrγθR0

λr2
αŴα, (6.36d)

Tθθ = Trr + αŴα, (6.36e)

Tzz = Trr + λŴλ, (6.36f)

∂Y

∂t
=

Vc

λ
(φ− φ0), (6.36g)

∂γr
∂t

=
1

Y

∂Y

∂t
υrγr, (6.36h)

∂γθ
∂t

=
1

Y

∂Y

∂t
υθγθ, (6.36i)

where

Ŵ (α, λ) =
µ

2

(

1

λ2α2
+ α2 + λ2 − 3

)

, α =
r

γθR0
, (6.37a)

υr =
1

2
[1 + 3sgn(φ− φ0) tanh(sT (Trr − Tθθ))] and υθ = 1− υr. (6.37b)
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Equations (6.36) are closed by imposing the boundary and initial conditions given by

Equations (6.11), (6.15), (6.29) and (6.35),

β(A0, t) = β0 a2(t) and β(B0, t) = 0, (6.38a)

Dφ∇φ− χφ∇β = 0 at R0 = A0 and R0 = B0, (6.38b)

Trr(A0, t) = fa(t)
φ(A0, t)

λ
and Trr(B0, t) = Tres, (6.38c)

2π

λ(t)

∫ B0

A0

γrγθTzzR0 dR0 = 0, (6.38d)

β(R0, 0) = 0, φ(R0, 0) = φ0, γr(R0, 0) = γθ(R0, 0) = Y (R0, 0) = 1. (6.38e)

6.5.1 Dimensional analysis

In this section we non-dimensionalise Equations (6.36). We are interested in the

system dynamics on the timescale of tissue growth and, hence, by considering the

growth rate of the dermal tissue in Equation (6.36g), we introduce the following

scalings for the model variables

t′ = Vcφmaxt, R′

0 =
R0

[r]
, r′ =

r

[r]
, β ′ =

β

β∗
, φ′ =

φ

φmax
and T′ =

T

µ
, (6.39)

where [r] is a typical length scale. Details of the choice of scalings are discussed in

Appendix D.2. Substituting the scaled variables from Equation (6.39) into Equa-

tions (6.36)-(6.38) and omitting the primes for notational simplicity, we arrive at the
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following dimensionless system

∂β

∂t
+

β

Y

∂Y

∂t
=

1

Y
∇ ·
[

D̄β

Y

(

λr

R0

)2

∇β

]

− d̄β, (6.40a)

∂φ

∂t
+

φ

Y

∂Y

∂t
=

1

Y
∇ ·
[

1

Y

(

λr

R0

)2
(

D̄φ∇φ− χ̄φ∇β
)

]

+ k̄

[

βsβ

βsβ + 1

]

φ(1− φ), (6.40b)

∂r

∂R0
= γrγθ

R0

λr
, (6.40c)

∂Trr

∂R0

=
γrγθR0

λr2
αW̄α, (6.40d)

Tθθ = Trr + αW̄α, (6.40e)

Tzz = Trr + λW̄λ, (6.40f)

∂Y

∂t
=

φ− φ∗

λ
, (6.40g)

∂γr
∂t

=
1

Y

∂Y

∂t
υrγr, (6.40h)

∂γθ
∂t

=
1

Y

∂Y

∂t
υθγθ, (6.40i)

where

W̄ (α, λ) =
1

2

(

1

λ2α2
+ α2 + λ2 − 3

)

, α =
r

γθR0
, (6.41a)

υr =
1

2
[1 + 3sgn(φ− φ∗) tanh(sT (Trr − Tθθ))] and υθ = 1− υr. (6.41b)
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Equations (6.40) are subject to the following boundary and initial conditions

β(A0, t) = β̄0 a2(t) and β(B0, t) = 0, (6.42a)

D̄φ∇φ− χ̄φ∇β = 0 at R0 = A0 and R0 = B0, (6.42b)

Trr(A0, t) = f̄a(t)
φ(A0, t)

λ
and Trr(B0, t) = T ∗, (6.42c)

2π

λ(t)

∫ B0

A0

γrγθTzzR0 dR0 = 0, (6.42d)

β(R0, 0) = 0, φ(R0, 0) = φ∗, γr(R0, 0) = γθ(R0, 0) = Y (R0, 0) = 1. (6.42e)

In Equations (6.40)-(6.42) we have introduced the following dimensionless parameter

groupings

D̄β =
Dβ

[r]2Vcφmax
, d̄ =

d

Vcφmax
, D̄φ =

Dφ

[r]2Vcφmax
, χ̄ =

χβ∗

[r]2Vcφmax
,

k̄ =
k

Vcφmax
, β̄0 =

[r]2β0

β∗
, f̄ =

fφmax[r]

µ
, φ∗ =

φ0

φmax
, T ∗ =

Tres

µ
.

6.6 Numerical results

In this section we present results obtained by solving Equations (6.40)-(6.42) for

parameter values associated with normal healing. We validate the model behaviour

by comparing these solutions to our previous results. We then perform a parameter

sensitivity analysis, focussing on parameters associated with processes thought to

be compromised in diabetic healing and other healing pathologies. For example,

decreased collagen synthesis and abnormal production of TGFβ.

6.6.1 Numerical computation

The dependent variables in Equations (6.40) are functions of the stress-free state, R0.

However, the known measurements are taken from the observed, residually stressed
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state, R. The stress-free state, R0, and the residual stress, Tres, are calculated as

in Section 4.2.3 by solving Equations (4.11), (4.14) and (4.15). The inputs are the

known measurements A, B, L and aR, returning the stress-free state, {A0, B0, L0},

and the residual stress, Tres.

The numerical method outlined below is implemented in Matlab. All dependent

variables are stored as functions of R0, with spatial discretisation dx = 0.05. Equa-

tions (6.40g), (6.40h) and (6.40i) are discretised in time subject to Equations (6.42e)

using a forward Euler approximation. For each time increment (dt = 0.05), the

variable quantities in Equations (6.40) are updated in the following order:

1. The TGFβ and fibroblast species (β and φ) are updated by solving Equa-

tions (6.40a) and (6.40b) using the function pdepe with the boundary and initial

conditions specified by Equations (6.42a), (6.42b) and (6.42e).

2. The total, radial and circumferential growth (Y , γr and γθ) are updated by solv-

ing the forward Euler approximations to Equations (6.40g), (6.40h) and (6.40i)

subject to Equations (6.42e).

3. The deformation and radial stress (r and Trr) are updated by solving Equa-

tions (6.40c) and (6.40d) together with the boundary conditions in Equations (6.42c)

and (6.42d) using the function bvp4c.

4. The circumferential and axial stress (Tθθ and Tzz) are evaluated via Equa-

tions (6.40e) and (6.40f).

5. All dependent variables are stored as functions of R0.

Full details of the numerical method are provided in Appendix D.3. The numerical

method was validated by comparing simulations with pseudo-analytical solutions of

a simplified version of the model obtained by neglecting the TGFβ dependence in the

fibroblast equation (χ̄ = β∗ = 0 in Equation (6.40b)) and assuming isotropic growth
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(sT = 0 in Equation (6.41b)). Simplifying the model in this way allows the deforma-

tion and radial stress in Equations (6.40c) and (6.40d) to be solved analytically while

the fibroblasts in Equation (6.40b) are updated via a forward Euler method. Details

of this comparison are presented in Appendix D.3.1.

6.6.2 Typical simulations and model behaviour

In this section we present results of a typical simulation of Equations (6.40)-(6.42) (see

Figure 6.2). Parameter values are chosen to be representative of normal healing and,

where possible, taken from the literature. A list of dimensionless model parameters

is given in Table 6.1. Justification for these parameter values and their dimensional

counterparts is provided in Appendix D.1.

Table 6.1: List of normalised parameters for the morpho-mechano-
chemical model. The table lists the parameters of the non-dimensionalised model
in Equations (6.40) and their physical interpretation. We state the approximate range
for each parameter, calculated from the experimental literature (see Appendix D.1)
and the default value used in model simulations.

parameter physical interpretation range default value

β̄0 TGFβ supply O(1) 1
D̄β TGFβ diffusion O(10) 50
d̄ TGFβ decay O(103) 1000
D̄φ fibroblast diffusion O(1) 2
χ̄ fibroblast chemotaxis unknown 0.1
k̄ fibroblast proliferation O(1) 3
sβ sensitivity to TGFβ unknown 5
φ∗ normal to max fibroblast ratio O(10−2) 0.01
f̄ contraction coefficient f < 8 0.5
sT growth directional sensitivity unknown 1
A initial wound radius 4
B initial external radius 20
L initial dermal thickness 0.1
aR recoiled wound radius 4.4

The time dynamics of the wound radius, a(t), are plotted in Figure 6.2(a). We

observe an immediate recoil of the wound, followed by a reduction in wound radius
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and, at later times, the radius plateaus. This behaviour is similar to our simulations

from Chapter 4 (see Figure 4.11). However, we do not observe a delay in the onset of

healing in the current model. This is because TGFβ is released from t = 0, stimulating

fibroblast activity and, hence, growth and contraction. In the previous model, only

mechanosensitive growth was considered, with contraction switching on at day 2.

The radial stress at the wound edge, Trr(A0, t), is plotted in Figure 6.2(b) for

two choices of contraction function: the one introduced in this chapter (see Equa-

tion (6.42c)), depending on the fibroblast density at the wound edge (solid blue); and

the phenomenological contraction function used in Chapter 4 (see Equation (6.33)),

where the behaviour of the fibroblasts is approximated by the piecewise linear switch

function, H(t; tc, tm) (dashed green). The latter is plotted for comparison only, while

all other results in Figure 6.2 correspond to the former. Explicitly including the

growth factor and fibroblasts in the extended model enables us to reproduce the qual-

itative behaviour associated with the phenomenological contraction switch. These

results suggest that the extended model, with the new, physically-based contraction

function (Equation (6.34)), can reproduce the expected healing behaviour. Further-

more, the agreement in Figure 6.2(b) validates the choice of switch functions used in

the previous chapters.

Plots showing how the spatial distributions of the growth factor, β, and fibrob-

last species, φ, evolve over time are presented in Figures 6.2(c) and (d), respectively.

TGFβ diffuses from the wound space and decreases monotonically with distance from

the wound edge. Due to a high rate of decay, TGFβ is only present in a band of ap-

proximately 1 mm from the wound (in the current configuration). As a result, TGFβ

stimulated fibroblast proliferation is concentrated close to the wound edge, resulting

in high cell numbers there. At a distance of more than 10 mm from the wound, the

fibroblast density falls to values more representative of the initial, unwounded value.

Plots showing how the spatial distributions of the radial and circumferential com-

185



Time
0 5 10 15 20

a

0

2

4

(a) Wound radius

Time
0 2 4 6 8 10

T
rr
(A

0
,t
)

0

0.2

0.4

0.6

f̄aφ/λ

f̂aH

(b) Comparison of contraction functions

R
0

4 4.5 5

T
G

Fβ

0

5

10 t=2
t=4
t=8

(c) TGFβ

R
0

4 6 8 10

φ

0

0.2

0.4

(d) Fibroblasts

R
0

4 6 8 10 12 14

T
rr

0

0.2

0.4

0.6

(e) Radial stress

R
0

4 6 8 10 12 14

T
θ
θ

-0.2

0

0.2

0.4

(f) Circumferential stress

R
0

4 4.5 5 5.5 6

γ
r

2

4

6

(g) Radial growth

R
0

4 4.5 5 5.5 6

γ
θ

0.6

0.8

1

1.2

(h) Circumferential growth

Figure 6.2: Numerical results for normal healing behaviour. Continued on
the following page.
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Figure 6.2: Numerical results for normal healing behaviour. Equa-
tions (6.40)-(6.42) are solved numerically. (a) The wound radius, a(t), is plotted
as a function of time. (b) The radial stress at the wound edge, Trr(A0, t), deter-
mined by the boundary condition in Equation (6.42c) is compared with the radial
stress with the phenomenological contraction function in Equation (6.33) is used. (c)
TGFβ, β(R0, t), (d) the fibroblasts, φ(R0, t), (e) radial stress, Trr(R0, t), (f) circum-
ferential stress, Tθθ(R0, t), (g) radial growth, γr(R0, t), and (h) circumferential growth,
γθ(R0, t), are plotted as functions of position, R0, at t = 2, 4 and 8. Parameter val-
ues: see Table 6.1. Parameters for the phenomenological contraction switch: f̂ = 0.2,
tc =

2
3
and tm = 14

3
, consistent with values used in Chapter 4. A dimensionless unit

of time corresponds to approximately 3 days.

ponents of the stress and growth tensors evolve over time are presented in Fig-

ures 6.2(e)-(h). We note that the radial and circumferential stresses have the same

qualitative behaviour as those presented in Chapter 4 (see Figures 4.12(a) and (b)).

Consequently, the distribution of growth close to the wound edge is such that mate-

rial is added in the radial direction and removed from the circumferential direction,

behaviour which is consistent with the growth analysis in Section 4.2.7 and numer-

ical simulations in Chapter 4 (see Figures 4.12(d) and (e)). These results suggest

that assuming growth is distributed in the direction of greatest tension (see Equa-

tions (6.40g)-(6.40h) and (6.41b)) yields behaviour that is consistent with normal

healing.

Having established the basic model behaviour, in the next section we consider

perturbations from ‘normal’ healing by varying parameters that are thought to be

affected in wound healing pathologies.

6.6.3 Pathological healing

In this section we perform a parameter sensitivity analysis focussing on parameters

which may be altered in pathology. Typically, when diagnosing a pathological wound,

the measurement most easily accessible to clinicians is the size of the wound. In this

section we determine how the wound radius changes in response to different simulated
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pathologies. We consider abnormal values of TGFβ supply and decay rate, fibroblast

proliferation and collagen synthesis rates and the force exerted by fibroblasts.

Equations (6.40)-(6.42) are solved numerically and each parameter is varied in-

dividually by ±50% of its default value while all other parameters are held fixed at

the values specified in Table 6.1. The wound radius, a(t), is recorded at t = 20,

which is equivalent to approximately 60 days post wounding. In Figure 6.3 we show

how a(t = 20) changes as specific model parameters are varied. We observe that the

wound radius is smaller for increased TGFβ supply, β̄0, fibroblast proliferation rate,

k̄, and contraction coefficient, f̄ and increasing the TGFβ decay rate, d̄, results in

larger wound radius than in the control case. These results are as we might expect.

However, the sensitivity of a(t = 20) to the rate of material synthesis, Vc, is very

small, suggesting that tissue growth has little influence on the wound radius.

Parameter associated with the pathology

a
(t
=

20
)

1

1.5

2

2.5

3

β̄0 δ̄ k̄ f̄ Vc

-50%
+50%

Figure 6.3: Effect of pathologies on the wound radius. Equations (6.40)-
(6.42) are solved numerically. Each model parameter is varied by ±50% of its default
value and the wound radius, a, is recorded at t = 20. The dashed lines indicate
the wound radius/dermal thickness when all parameters are fixed at their default
values. All reference variables and parameters are specified using the default values in
Table 6.1. Increasing the TGFβ supply, β̄0, fibroblast proliferation rate, k̄, contraction
coefficient, f̄ , and material synthesis rate, Vc, decrease the wound radius. Increasing
the TGFβ decay rate, d̄, increases the wound radius.
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6.6.4 Treatment intervention

In Chapters 2 and 5 our modelling, together with wound healing data, suggested that

the rate of closure of diabetic wounds could be normalised by increasing the basal

growth rate. This theoretical treatment was carried out on spatially-averaged models

of wound healing by increasing the dermal growth parameter. In the current model,

TGFβ stimulates migration and proliferation of fibroblasts which, in turn, influence

dermal growth and contraction. Reduced dermal growth could arise from a variety

of pathologies, which can be discriminated in the extended biochemical model.

In this section we investigate whether treatment with a single application of TGFβ

into the wound space can correct for any of the pathologies discussed in the previous

section. When administering the theoretical treatment, we consider the dosage and

the duration of treatment. For simplicity, we fix the time of application, assuming that

if treatment were administered it would be given as soon as possible after diagnosis.

To apply TGFβ into the wound space we assign an elevated value of TGFβ at the

wound edge

β(A0, t) =































β̄0 a2(t) for 0 ≤ t < t1

β̄0 a2(t) + βdose for t1 ≤ t ≤ t2

β̄0 a2(t) for t > t2

, (6.43)

where βdose is the amount of TGFβ applied, t1 is the time of treatment and t2 − t1 is

the treatment duration. We take t1 = 5 (corresponding to approximately day 15 post

wounding). The TGFβ concentration satisfies Equation (6.40a) with the boundary

condition on the wound edge replaced by Equation (6.43).

We will first consider a wound with low TGFβ production and determine a suitable

treatment duration and dose for normalising healing in this case. We then test this

treatment on the remaining healing pathologies discussed in the previous section.
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6.6.4.1 Decreased production of TGFβ

Low TGFβ production is simulated by taking β̄0 = 0.5. We observe in Figure 6.3

that this causes a larger wound radius than the control case. To simulate treatment,

Equations (6.40)-(6.42) are solved numerically with the boundary condition for β at

the wound edge replaced by Equation (6.43).

In Figure 6.4 we plot the time evolution of the wound radius for a control wound,

an untreated pathological wound, and a pathological wound for which the treatment

has been applied continuously from t1 = 5 until t2 = 15 at a dose of βdose = 5. We

observe a sharp decrease in the wound radius at the time of application. The wound

radius then decreases at a faster rate than the normal wound. When the treatment

is removed, the wound radius increases slightly and plateaus at a value similar to the

normal wound.

Time
0 2 4 6 8 10 12 14 16 18 20

a

0

1

2

3

4

5

t1 t2

normal wound
untreated pathological wound
treated pathological woundtreatment applied

treatment removed

Figure 6.4: The effect of treatment on the time evolution of the wound ra-
dius. Equations (6.40)-(6.42) are solved numerically with the boundary condition for
β at the wound edge replaced by Equation (6.43). Treatment is applied continuously
from t1 = 5 to t2 = 15 at a dose of βdose = 5. The evolution of the wound radius,
a(t), is plotted for a normal wound corresponding to the parameters in Table 6.1
(solid blue), an untreated pathological wound for which β̄0 = 0.5 (dashed red) and a
pathological wound with treatment (dash-dotted black).

190



As well as the rate of closure, we are interested in the quality of the healed tissue.

In the previous chapters this has been characterised by the relative contributions

of growth and contraction to healing. To determine a suitable treatment we need

to consider the effects that different durations and doses have on the growth of the

tissue and the stress caused by contraction. An imbalance of these two processes

could result in mechanically inferior healed tissue.

In Figure 6.5 we present bar charts for (a) the wound radius at t = 20, (b) the total

volume increase of tissue at t = 20 and (c) the maximum radial stress experienced

by the tissue during healing. Results are given for different treatment durations and

doses.

In Figure 6.5(b) we observe that the behaviour for the total tissue volume as

a function of the dose is non-monotonic. From Equations (6.40b) and (6.40g), we

would expect that more TGFβ results in higher fibroblast densities and, therefore,

more collagen synthesis. However, when the concentration of TGFβ in the wound

space is very high, the chemotaxis term in Equation (6.40b) is large. This causes

the region of high fibroblast density surrounding the wound to decrease in size and,

hence, volumetric growth is reduced. We further note that our assumption of linear

chemotaxis implies that, for very large concentration gradients, the model is invalid.

We observe in Figure 6.5(c) that for a fixed dose, the maximum radial stress

during healing is very similar for different treatment durations. This is because the

maximum radial stress occurs very close to the time of application (t1 = 5), therefore

the duration has no significant effect on the maximum radial stress. The stress for

a discrete application (treatment is only applied for one time step of the numerical

method) is lower than for longer durations because the fibroblasts do not have enough

time to respond to the elevated value of TGFβ.

With the exception of the maximum radial stress, a discrete application of TGFβ

into the wound space, for example a single injection, has negligible effect on healing.
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Figure 6.5: The effects of different treatment protocols on healing out-
comes. Equations (6.40)-(6.42) are solved numerically with the wound edge bound-
ary condition for β replaced by Equation (6.43). The treatment duration and dose
are varied and bar graphs for (a) the wound radius, a, at t = 20, (b) the total volume
increase at t = 20 and (c) the maximum radial stress over the duration of healing are
presented. Values for a normal wound corresponding to the parameters in Table 6.1
(dashed black) and an untreated pathological wound for which β̄0 = 0.5 (dash-dotted
red) are plotted. All treated wounds are such that β̄0 = 0.5. Treatment is applied
continuously from t1 = 5 until t2, where the duration is given by t2 − t1.
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Similarly, a duration of t2 − t1 = 1 (1 dimensionless time unit, corresponding to

approximately 3 days) has no significant effect on the wound radius or total tissue

growth. Some treatments that perform well for the wound radius perform less well

for normalising the total tissue growth and vice versa.

In order to characterise the effects of the treatment on all three model observables,

we define the following measure which captures the error between a normal wound

and a treated pathological wound

measure =

∣

∣

∣

∣

anormal − atreated
anormal

∣

∣

∣

∣

+

∣

∣

∣

∣

GV
normal −GV

treated

GV
normal

∣

∣

∣

∣

+

∣

∣

∣

∣

Tmax
normal − Tmax

treated

Tmax
normal

∣

∣

∣

∣

, (6.44)

where anormal and atreated are the wound radii of the normal and treated wounds at

t = 20, respectively, GV
normal and GV

treated denote the total volume increases at t = 20

and Tmax
normal and Tmax

treated the maximum radial stress over the duration of healing.

Equation (6.44) is evaluated for each of the treatments presented in Figure 6.5.

We choose the protocol which minimises Equation (6.44), yielding a time duration of

10 (corresponding to approximately 30 days) and a dose of βdose = 5 (corresponding

to approximately 250 pg mm−3). In the next section we test how this treatment

protocol performs when applied to the other pathologies presented in Figure 6.3.

6.6.4.2 One treatment multiple pathologies

Identifying a single treatment that is effective for multiple pathologies would be ex-

tremely valuable from an economic and healthcare point of view. In this section we

test how the most suitable treatment combination, determined in the previous sec-

tion, affects other healing abnormalities. TGFβ is applied to different pathological

wounds from t1 = 5 to t2 = 15, with a dose of βdose = 5. Figure 6.6 shows how this

treatment affects (a) the wound radius at t = 20, (b) total volume increase of the

dermal tissue at t = 20 and (c) the maximum radial stress at the wound edge for each
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pathology.

We observe that the treatment improves all three measures for only impaired

TGFβ supply, β̄0, and impaired fibroblast proliferation rate, k̄. For decreased con-

traction, f̄ , treatment normalises the wound area and increases the stress lifting it

closer to the value in the normal wound, however, the total tissue volume is increased,

resulting in a value that is even further from normal. Treatment applied to a wound

with reduced collagen synthesis, Vc, has negligible effect on the maximum radial stress

and only a slight increase in tissue volume. These results suggest that no single treat-

ment is likely to correct all of the pathologies simulated in this chapter.

6.7 Conclusions

In this chapter we have extended the morphoelastic model developed in Chapter 4

to include a more physically-based description of tissue growth and contraction. We

included separate equations for TGFβ, a potent growth factor, and fibroblasts, the

main cell type in the dermis. The resulting PDEs were constructed in the Lagrangian

configuration so that all dependent variables could be described as functions of the

reference variable R0, and time t. Since the tissue experiences growth, this led to

the appearance of an advection term in the reference frame. We related this ad-

vection term to the growth tensor by considering conservation of tissue mass (see

Equation (6.9)). Growth in the dermis was assumed to be directly proportional to

the fibroblast density and distributed in the direction of highest tension. We adapted

the distribution laws of Araujo and McElwain [2004] to allow for ‘remodelling’ of ma-

terial in the case where the difference between the radial and circumferential stresses

was very large. Wound contraction was modelled by imposing a radial tension at the

wound edge proportional to the density of fibroblasts there; this boundary condition

replaced the phenomenological switch used in previous chapters.
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Figure 6.6: The effect treatment on different pathologies. Equations (6.40)-
(6.42) are solved numerically with the boundary condition for β at the wound edge
replaced by Equation (6.43) with t1 = 5, t2 = 15 and βdose = 5. (a) The wound
radius, a, at t = 20, (b) the total volume increase at t = 20 and (c) the maximum
radial stress over the duration of healing are presented for each untreated and treated
pathology. Values for a normal wound corresponding to the parameters in Table 6.1
are plotted (dashed black). The pathologies correspond to individually varying each
parameter. When varied the parameter of interest takes the following value: β̄0 = 0.5,
d̄ = 1500, k̄ = 1.5, f̄ = 0.25 and collagen production, Vc, is halved.
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Typical model simulations showed that the spatial distributions of the components

of the stress and growth tensors were qualitatively similar to the results from Chap-

ter 4, suggesting that distributing material in the direction of highest tension during

wound healing is a feasible mechanism for growth. However, the wound healing curve

is no longer subject to a delay immediately after the recoil, a feature of our previous

results. We concluded that this was because, in the new model, TGFβ is released

from t = 0, stimulating growth and contraction from the outset. By explicitly ac-

counting for TGFβ and fibroblasts, and assuming dependence of wound contraction

on the fibroblast density, the model was able to reproduce the qualitative behaviour

of the phenomenological contraction switch, suggesting that our formulation of the

growth factor, fibroblasts and wound edge boundary condition are reasonable.

We simulated wound healing pathologies and showed how the wound radius at

t = 20 (corresponding to approximately 60 days post wounding) changed as we var-

ied specific model parameters. In Chapters 2 and 5 the rate of closure and growth in

diabetic wounds was normalised by increasing the basal growth rate. We hypothesised

that by adding TGFβ to the wound the simulated pathologies could be corrected. We

showed that this was the case for low TGFβ supply if treatment lasted for approx-

imately 30 days with a dose of 250 pg mm−3. When this treatment was applied to

other simulated pathologies, it improved healing for impaired fibroblast proliferation.

However, our results suggest that different protocols are needed to normalise other

healing abnormalities. Indeed it is possible that application of TGFβ into the wound

space of any duration or dose can not correct for certain pathologies.

Our model represents a first attempt to incorporate biochemical realism into our

morphoelastic framework. As such, several interactions were neglected that could be

included in future models. In the next chapter we will discuss the limitations of the

current model and provide possible future directions and extensions.
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Chapter 7

Discussion and future work

7.1 Introduction

Normal wound healing requires the careful synchronisation of a range of biochemi-

cal and biomechanical processes. For some patients underlying pathologies or other

factors can result in the wound failing to heal in an orderly and timely manner. For

example, diabetes can have a significant effect on wound healing [Brem and Tomic-

Canic, 2007]. It is one of the main causes of lower limb amputations world-wide

[Unwin, 2000]. The reduced quality of life for wound patients and the alarming im-

pact that wound care has on the economy highlight the need for improved treatments

and methods of application. Only by understanding the mechanisms that underpin

wound healing and the impact of disrupting those mechanisms will we make signifi-

cant advances in wound care development. Mathematical modelling offers a powerful

tool for accelerating progress in many biological applications.

In this thesis we developed a series of mathematical models that were used to

investigate the mechanisms driving the healing of a full thickness circular wound. The

current theoretical literature focusses mainly on remodelling of the central granulation

tissue and scar formation. However, during healing, wound contraction influences the
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surrounding dermal tissue which is subject to mechanical forces and growth. The

primary aims of this thesis were to:

1. Develop simple models of wound healing easily comparable with data.

2. Determine major differences between normal and diabetic healing.

3. Determine the influence of the biomechanical and biochemical environment on

dermal wound healing.

In this chapter we draw together the important results generated in the thesis,

comparing the results of our mathematical models with the current biological and

mathematical literature. We highlight the limitations of our work and provide possible

directions for its continuation.

7.2 Conclusions

We began, in Chapter 2, by developing a simple ordinary differential equation model

of wound healing. The choice of framework was motivated by data provided by our

experimental collaborators. The data comprised time courses of averaged wound

areas for the epidermis and dermis in both non-diabetic and diabetic mouse wounds.

Given that the initial wounds created were circular, remained approximately circular

during healing and the measurements were spatially-averaged, it was appropriate to

restrict our modelling to a radially symmetric geometry. This simplistic model was

developed with a view to addressing the first two of the primary aims stated above.

Asymptotic analysis of the model revealed which processes are dominant during

each healing phase and how each phase progressed over time. By perturbing certain

model parameters, this analysis could be used to guide the development of more

effective treatments for normalising aberrant wound healing.
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Numerical results, obtained by fitting the model to the data, suggested that both

the dermal growth rate and contractile force were lower in the diabetic wounds. The

model was used to determine the relative contributions of growth and contraction

to dermal healing, revealing that the percentage of the wound healed by contraction

is greater in diabetic than non-diabetic wounds. This is because the reduction in

dermal growth rate is more pronounced than the reduction in contraction, resulting

in significantly lower growth in the diabetic than the non-diabetic dermis. Based on

this conclusion we staged a treatment intervention by increasing dermal growth in the

diabetic wounds. The corresponding numerical simulations showed that the healing

time and proportions healed by growth and contraction in the diabetic wound could

be normalised by this theoretical treatment. Our model predictions highlight the need

for additional, more detailed experiments that can distinguish between contraction

and dermal growth during wound healing.

The simple ODE model further suggested that mechanosensitive growth in the

dermis is negligible. However, it has been shown that cells are stimulated to prolif-

erate and synthesise material at higher rates under mechanical stress [Kessler et al.,

2001]. We therefore turned to a more mechanically sophisticated framework in order

to describe this phenomenon, the relevant theoretical background being outlined in

Chapter 3.

In Chapter 4 we developed a mechanical model of dermal wound healing using

morphoelasticity. Results from Chapter 2 suggested that there were no significant dif-

ferences in epidermal healing between non-diabetic and diabetic wounds and, there-

fore, the epidermis was omitted from this model. By using a continuum mechanics

framework we were able to establish the degree of residual tension in the pre-wounded

tissue. The model was used to quantify the amount of stress experienced by the tissue

when closure is driven by contraction only. Unrealistically high radial stresses were

generated in this scenario, motivating the need for volumetric growth. We explored
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possible growth laws and showed that for a circular wound to shrink, material must

be added in the radial direction and removed from the circumferential direction, i.e.

growth must be anisotropic. We restricted attention to mechanically induced, but

inhomogeneous growth, with simulations yielding results qualitatively similar to the

healing curves obtained in mice. These results suggest that mechanosensitive growth

could play an important role in wound healing, contrary to our conclusions from

Chapter 2.

The morphoelastic framework generated predictions beyond the scope of the pre-

vious model. Knowledge of the stresses experienced by the dermal tissue allowed for

investigations on mechanical interventions, such as pressure treatments. We found

that treatment via pressure bandages or vacuum assisted closure had no significant

impact on the rate of wound closure but did influence the volume of tissue synthesised.

We designed rewounding experiments that could be used to determine the balance of

contraction and growth in healing, a feature that the model from Chapter 2 recognised

as important for correcting diabetic healing.

Given that the two models disagree in terms of the significance of mechanically

induced growth we chose to test the robustness of our other conclusions from Chap-

ter 2 using the morphoelastic model. In order to make a reliable and fair comparison

between the two modelling frameworks we first simplified the morphoelastic model.

By restricting attention to homogeneous growth in an annulus close to the wound

edge and formulating a growth law comprising basal and mechanosensitive parts, we

identified a one-to-one map for parameters associated with the two models. By fitting

the spatially-averaged morphoelastic model to the wound healing data, our conclu-

sions regarding non-diabetic and diabetic healing were found to be consistent with

the time-dependent ODE model.

Returning to the spatially-resolved morphoelastic model, there are certain fea-

tures that are missing. In order to focus on the mechanical environment in the tissue,
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we restricted attention to mechanically stimulated growth. With the growth laws

formulated in this manner, growth will not occur unless contraction is active. Of

course, growth is also stimulated by the biochemical environment. Wound healing

is orchestrated by fibroblasts; their behaviour determined by the combined effects of

biomechanical and biochemical stimuli. Thus, in Chapter 6 we extended the morphoe-

lastic framework to explicity include fibroblasts and a potent growth factor, TGFβ.

We restricted attention to TGFβ induced cell proliferation, with growth of the tissue

directly proportional to the fibroblast density. The newly synthesised material was

distributed according to the local stress, with more material deposited in the direction

of greatest tension. When constructing the PDEs for the growth factor and fibrob-

last species in the Lagrangian configuration we obtained a growth advection term,

relating it to the growth tensor by considering conservation of tissue mass. While the

model extensions proposed introduced more parameters, many of these were related

to measurable quantities found in the experimental literature.

Typical simulations revealed similar qualitative behaviour to the mechanical model.

However, accounting for the biochemistry allowed for a more biophysical description

of growth and contraction and the opportunity to investigate realistic healing patholo-

gies. As in Chapters 2 and 5 we considered the effects of treatment on the wound

radius, tissue growth and stress in the tissue. Identifying a specific treatment for

various pathologies could have a substantial impact on the cost of wound care and,

hence, we aimed to find one treatment to correct multiple pathologies. We showed

that the application of TGFβ could improve healing in a wound with lower than

normal TGFβ supply and fibroblast proliferation rate. However, we found that this

treatment was not sufficient for the other pathologies simulated.
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7.3 Future work

7.3.1 Comparison with the classical mechano-chemical mod-

els

Our morpho-mechano-chemical model in Chapter 6 includes the biochemical and the

biomechanical environment. The are two main differences between our model and

previous mechano-chemical models of wound healing [Tranquillo and Murray, 1992].

The first is that we focussed on the dermal tissue surrounding the wound rather

than synthesis and remodelling of the wound contents. The second is that we have

modelled the tissue as a non-linear hyperelastic material. Most previous mechano-

chemical models assume linear viscoelasticity. We have argued that the large recoil

observed upon wounding merits a non-linear elastic framework and the assumption of

linear elasticity fails to reproduce the degree of wound contraction observed in murine

or human wounds.

However, there are many similarities between the two modelling frameworks. Both

approaches formulate the biochemical environment by explicitly accounting for cell

and chemical species using PDEs. It would be interesting in future work to compare

the two mechanical approaches by considering the same equations for the cell and

chemical species.

7.3.2 Extensions to the morpho-mechano-chemical model

We have extended a mechanical model of dermal wound healing, described in a mor-

phoelastic framework, to account for biochemical stimuli. In doing so, many interac-

tions were neglected: these could be incorporated into future models. For example,

we assumed the growth factor supply, diffusing from the wound space into the dermal

tissue, was proportional to the wound area. Time series data for the concentration

of TGFβ in the wound space, although out-dated and noisy, have been measured by
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Cromack et al. [1987] and Yang et al. [1999]. These data could be used to determine a

realistic functional form for the source of TGFβ on the wound boundary. Equally, fi-

broblast proliferation and migration have been shown to exhibit biphasic dependence

on TGFβ levels [Cordeiro et al., 2000]: a more realistic model might assume that

both the chemotaxis coefficient and fibroblast proliferation rates are non-monotonic

functions of TGFβ levels. Finally, the growth law for the dermal tissue could be

superseded by one which depends on local levels of TGFβ and stress to reflect their

impact on the rate at which fibroblasts synthesise collagen [Cordeiro et al., 2000,

Kessler et al., 2001].

The current formulation of the fibroblast equation requires further consideration.

A limitation is that only net proliferation of fibroblasts is considered. Therefore,

after wound closure, the fibroblast density does not return to its initial distribution

or reach a biologically realistic steady state. Thus, in its current form, the model is

only valid on the timescale of wound closure. By introducing a fibroblast death term

or allowing for cell movement into the granulation tissue, we could ensure that the

fibroblast distribution eventually returns to its initial, unwounded state.

We assumed that the fibroblasts do not occupy significant volume. Under certain

conditions, for example large chemotactic or proliferative terms, the fibroblast density

at the wound edge is very high. Therefore, the volume that the fibroblasts occupy

may become significant, warranting their inclusion in the growth evolution equations.

7.3.3 Symmetry breaking

In many of our simulations of wound healing, when contraction is high in comparison

to tissue growth, we observe a highly compressive circumferential stress at the wound

edge. A high compressive circumferential stress can induce instabilities in the circular

geometry [Moulton and Goriely, 2011, Wu and Ben Amar, 2015]. The balance between

growth and contraction in the context of instabilities would be an interesting addition
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to our morphoelastic models of dermal wound healing.

7.3.4 A model of human wound healing

It is important to note the differences between healing in mice and humans. Mice

have thinner, looser skin, whereas human skin is thick, relatively stiff and adherent

to the underlying tissues [Wong et al., 2011]. As a consequence of a muscular layer

underneath the skin, which is absent in humans, murine wounds heal mainly by

contraction. Although contraction contributes to human healing, re-epithelialisation

is believed to be the dominant process. Despite these differences, mouse models have

contributed greatly to our understanding of wound healing. Further, our awareness

of the differences will allow us to better evaluate the data and make predictions about

human healing.

Due to the lack of wound healing data in adult humans, the work presented in

this thesis focussed on data from wound healing in mice. However, the ultimate aim

would be to develop a model of human wound healing that could be used to test

treatments for wound healing patients.

In this thesis we have assumed that the tissue is mechanically homogeneous and

isotropic, following a neo-Hookean strain-energy function. This is a good first approx-

imation in the absence of more detailed information about the stress-strain character-

istics of the material. Assuming an isotropic tissue in the simplified geometry yields a

model with fewer degrees of freedom and therefore we could infer more through com-

paring our results with experimental data. However, there is experimental evidence

that skin is anisotropic and inhomogeneous. For example, the skin is more deformable

along certain axis known as Langer’s lines [Langer, 1978, Reihsner et al., 2000]. Con-

stitutive laws for human dermal tissue have been developed and would provide a more

accurate description of the mechanical properties of the dermis [Annaidh et al., 2012,

Yang et al., 2013].
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7.3.5 Experimental work

Experimental work that could validate some of our model predictions would be es-

sential. We discuss some possibilities in the following sections.

7.3.5.1 Rewounding experiments

More detailed experimental data are required to distinguish between growth and con-

traction processes in dermal wound healing. In Chapter 4 we simulated experiments

to demonstrate how this could be done. Using our proposed method, initial exper-

imental work from our collaborators suggests a large contribution from contraction.

However, data have only been collected from wounds in diabetic mice. To deter-

mine whether our predictions about the difference in relative contributions of growth

and contraction between the non-diabetic and diabetic wounds, data from wounds in

non-diabetic mice would also be required. Alternatively, if a non-invasive method of

determining stress levels were available, this could prove useful.

7.3.5.2 Pressure treatments

The clinical effectiveness of the application of pressure to control healing remains to be

scientifically proven [Anzarut et al., 2009]. Our results from Chapter 4 suggested that

varying the axial load (to simulate different pressure treatments) had no significant

effect on the rate of wound closure. However, the net change in volume of tissue

could be controlled. Experiments demonstrating the effects of pressure on the tissue

surrounding a wound would be valuable in testing our model predictions.

7.3.5.3 Treatment strategies

Throughout this thesis we have shown that increasing dermal growth could normalise

healing in diabetic mouse wounds. We determined strategies for correcting the imbal-

ance between growth and contraction in aberrant wounds. Of considerable interest
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would be testing these predictions, in particular the results from Chapter 6, by ap-

plying TGFβ into the wound space. Further, it would be interesting to compare our

treatment results from the mechano-chemical model with those of an extended ver-

sion accounting for the interactions discussed in Section 7.3.2. The effects of applying

TGFβ would not be trivial with more complicated feedback between TGFβ, stress

and fibroblast activity.

7.3.6 Final words

We have developed a series of mathematical models with increased complexity for

healing of full thickness circular wounds. Our initial focus on developing a model

comparable to the data revealed that, even with a simple model, more detailed data

are needed to test our predictions. We have demonstrated that the balance between

growth and contraction in dermal healing is key. Our morphoelastic approach offers a

sophisticated framework for investigating these processes and how they are influenced

by a combination of biochemical and biomechanical stimuli.
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Appendix A

The ODE model

In this appendix we discuss the parameter values and numerical methods used in

Chapter 2.

A.1 Parameter estimation

In this section we explain how we estimate AR, T and the dimensionless parameters

which are held fixed during the least squares analysis in Section 2.4.1. The value

AR is the maximum area of the wound, which, from the data, is 47.6816 mm2 in the

non-diabetic and 59.0705 mm2 in the diabetic wounds. The typical time scale, T , is

taken to be 1 day, which is approximately the doubling time for both epithelial cells

and fibroblasts [Shi and King, 2005, Ghosh et al., 2007].

The dimensionless parameter ǫ represents the relative importance of the frictional

and elastic responses of the dermal tissue. We assume that the elastic response is

much faster than the timescale of friction, so that the wound rapidly springs open

to its relaxed size and, hence, ǫ ≪ 1. The recoil data presented in Figure 2.2 are

limited to time points at days 0 and 1 only, hence an accurate estimate of ǫ can not

be obtained. Accordingly, we fix ǫ = 0.01 (corresponding to recoil occurring within

hours) and note that this choice of ǫ does not affect our analysis, influencing the
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speed of recoil only. For a more accurate value, finer resolved temporal data between

days 0 and 1 would be needed. The delay for contraction has been estimated to

be approximately 2 to 5 days post wounding [Monaco and Lawrence, 2003]. The

parameter tc represents the time (in days) at which H(t − tc) = 0.5. We therefore

assume that tc = 3 and fix θ as follows. We consider the gradient of the contraction

switch and assign θ = 1 such that the continuous switch represents a period of 4 days

from which contraction begins to activate until it has reached close to its maximum.

This 4 day period (day 1 to 5) represents the time taken for the fibroblasts to reach

the wound edge.

A.2 Numerical solution

In order to numerically solve the non-linear system defined by Equations (2.18) we

use Matlab’s stiff ODE solver ode15s [Shampine and Reichelt, 1997]. The solver

implements a backward difference scheme of order k, where k represents the number

of previous solutions needed to compute the solution at the (k + 1)th step. The

method chooses the time-step, h, to be the largest h for which the truncation error is

less than a given tolerance. For each step, the backward difference scheme generates

non-linear equations which are solved by Newton’s method.

A.3 Least squares method

Given the model solutions Ae(t; Φ) and Ad(t; Φ), where Φ is the set of model param-

eters, and the data sets xe(ti) and xd(ti), we aim to find Φ∗ ⊆ Φ that minimises the

sum of errors squared (MSE),

MSE = min
Φ∗

[

1

k

k
∑

i=1

( |xe(ti)− Ae(ti,Φ)|+ |xd(ti)− Ad(ti,Φ)| )2
]

, (A.1)
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where k is the number of time points in the data. This least squares method is im-

plemented using the lsqnonlin function in Matlab and requires an initial estimate

of the parameters, Φ0.

A.4 Numerical parameter sensitivity analysis

Given Equations (2.18), with parameter set Φ = {φ1, φ2, ..., φn}, we define the sensi-

tivity S(t, φj), of the solution A(t,Φ), with respect to the parameter φj by,

S(t, φj) =

∣

∣

∣

∣

normalised change in A(t; Φ)

normalised change in φj

∣

∣

∣

∣

=

∣

∣

∣

∣

∆A(t; Φ)

∆φj

φj

A(t; Φ)

∣

∣

∣

∣

. (A.2)

If φj is varied between φ+
j and φ−

j then ∆φj = φ+
j −φ−

j and ∆A(t; Φ) = A(t; Φ, φ+
j )−

A(t; Φ, φ−

j ).

Since we have obtained numerical solutions, Equation (A.2) is a discretised ana-

logue of the expression often used in parameter sensitivity analysis [Dickinson and

Gelinas, 1976], where partial derivatives of the solutions with respect to the param-

eters are calculated. In Figure A.1 we present the average (over time) sensitivity of

Ae and Ad to each of the parameters,

S̄(φj) =
1

k

i=k
∑

i=0

S(ti, φj), (A.3)

where k is the number of time points in the solution.

We are interested in model parameters which represent proliferation in the epi-

dermis (λ) and growth (β0, β1) and contraction (α) in the dermis. We therefore fix

θ = 1, tc = 3 and ǫ = 0.01, since they have a low sensitivity in comparison to the other

parameters (see Appendix A.1). Given the relatively high sensitivity of the solutions

to γ and ν, these parameters are included in the least squares analysis. The parameter

set optimised in the least squares analysis is therefore Φ∗ = {λ, β0, β1, α, γ, ν}.
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Figure A.1: Average sensitivity of the solutions to the model parame-
ters. Numerical parameter sensitivity to the solutions Ae(t) and Ad(t) of Equa-
tion (2.18) are averaged using Equations (A.2) and (A.3) for the parameter set
Φ = {λ, β0, β1, α, γ, θ, tc, ǫ, ν} = {0.5, 0.2, 0.1, 0.2, 0.1, 1, 3, 0.01, 0.1}. Each parame-
ter, φj, is varied by ±60%.

A.5 Comparison of epidermal growth rates

When developing the mass conservation equation for the epidermis in Section 2.2.1

we discusses two different functional forms which could be used for the growth rate.

Results were presented for a growth rate proportional to the area of new epidermal

tissue, a functional form consistent with experimental observations by Usui et al.

[2008]. However, Bullough and Laurence [1960] found that mitotic activity was high

in a region of width 1 mm surrounding the wound suggesting that the epidermal

growth rate could, instead, be proportional to the wound circumference. In this

section we consider these two choices for the epidermal growth rate and see how well

each of them describes the experimental data.

Assuming that the growth rate is proportional to the circumference of the wound
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we write the change in epidermal wound area as

dAe

dt
= −λ

√

Ae

AR

(

Ae − γAd

1− γAd

)

, (A.4)

where λ is the growth rate coefficient and γ is the dependence of epidermal growth on

the dermis. The equations for the change in dermal wound areas (As and Ad) remain

unchanged and are given in Equations (2.18) along with the change in epidermal

wound area for which the growth rate is proportional to the area of new tissue.

In Figure A.2(a) we present the best fits of Ae(t) to the epidermal data for non-

diabetic wounds. We observe that Equation (2.18a) describes the data better than

Equation (A.4). By fitting to the diabetic data, both models also predict that the

epidermal growth rate is lower in the diabetic wounds (see Figure A.2). We conclude

that changing the form of the growth rate has no impact on our results and conclusions

for normal and diabetic healing.
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Figure A.2: Comparison of different epidermal growth rates. Equa-
tions (2.18) are fit to the data in Figure 2.2 by optimising the parameter set
Φ∗ = {λ, β0, β1, α, γ, ν} using a least squares analysis. The parameters θ = 1, tc = 3
and ǫ = 0.01 are fixed. (a) The epidermal healing curves are compared for: (i) the
experimental data (×); (ii) the best fit of Equation (2.18a) to the data (solid blue)
– the growth rate is proportional to the area of new tissue; and (iii) the best fit of
Equation (A.4) to the data (dashed red) – the growth rate is proportional to the
wound circumference. Best fit parameters for (ii) are given in Table 2.1 and for (iii)
are λ = 0.3083, β0 = 0.3480, β1 = 0.2767, α = 0.1961, γ = 0.0023 and ν = 0.0372.
(b) The parameter, λ, associated with the best fits to the non-diabetic and diabetic
data are compared for the two functional forms of epidermal growth rate.
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Appendix B

The morphoelastic model

In this appendix we present details of the numerical methods for solving the mor-

phoelastic model in Chapter 4. We also present asymptotic analysis of an annulus

subject to homogeneous growth from Section 4.2.7, details of how the residual stress is

calculated for variations of the model (different strain-energy functions and external

boundary conditions) and discussion of the value of the contraction parameter used

in the model simulations.

B.1 Numerical methods

B.1.1 Root-finding algorithm

In Section 4.2.7 we determined implicit equations for the current wound radius a and

outer radius of the annulus b. These are plotted in Figure 4.8 for a = A0 and b = B0

in Equations (4.18) and (4.19), respectively.

The curve a = A0 is solved in Matlab using the built-in function fsolve. This

function takes the following inputs: a vector of values for γr and an initial guess for

the associated values of γθ. The function outputs the values of γθ which satisfies

Equation (4.18) with a = A0 for the given γr. We take the initial guess for γθ to be
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γr.

The function fsolve uses a trust region reflective algorithm. This method is

based on the interior reflective Newton method [Coleman and Li, 2006]. Each itera-

tion involves the approximate solution of a large linear system using preconditioned

conjugate gradients.

B.1.2 Arc length continuation method

If the initial guess is not sufficiently accurate, fsolve can return the wrong root or

fall into a minimum, failing to return any root. This is the case for Equation (4.19)

with b = B0. In order to supply a more accurate initial guess for γθ we implement

an arc length continuation method. A more accurate initial guess for γθ increases the

chances of the root-finding algorithm returning the correct root.

Equation (4.19), with b = B0, is a curve f(γr, γθ) = 0 which defines a path in

(γr, γθ) space. Given two points on the curve f0 = (γ0
r , γ

0
θ) and f1 = (γ1

r , γ
1
θ), we define

the tangent vector t and a small step size ds. For the next point we take a step of size

ds in the tangent direction and a corrector step of size ds in the orthogonal direction.

The new point is the updated initial guess for γθ, which is an input of the function

fsolve.

B.1.3 Numerical solution to the full model

The stress-free state, R0, and the residual stress, Tres, are calculated as in Section 4.2.3

by solving Equations (4.11), (4.14) and (4.15). The inputs are the known measure-

ments A, B, L and aR, returning the stress-free state, {A0, B0, L0}, and the residual

stress, Tres.

Equations (4.27) are solved numerically in Matlab. All dependent variables

are stored as functions of R0 with spatial discretisation dx = 0.1. The growth in

Equations (4.27e)-(4.27g) are discretised in time using a forward Euler approximation
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[Press et al., 1994]. The integral boundary condition in Equation (4.27j) is re-written

as a differential equation by letting

∂I

∂R0
= γrγθγzTzzR0, (B.1a)

with

I(B0) =
Nz

2π
and I(A0) = 0. (B.1b)

For each time increment (dt = 0.05 days), the variable quantities in Equations (4.27)

are updated in the following order:

1. The growth is updated by solving the forward Euler approximations to Equa-

tions (4.27e)-(4.27g) subject to the initial conditions in Equation (4.27k).

2. The deformation and the radial stress are updated using the boundary value

problem solver bvp4c for a system of three differential equations given by

Equations (4.27a), (4.27b) and (B.1a) subject to boundary conditions in Equa-

tions (4.27h), (4.27i) and (B.1b). The unknowns a and λ are included in the

boundary value problem solver as free parameters.

3. The circumferential and axial stress are updated according the Equations (4.27c)

and (4.27d).

The function bvp4c in Matlab is a boundary value problem solver. It numeri-

cally integrates a system of first order ordinary differential equations using Simpson’s

method, subject to two boundary conditions. The approximate solution is discretised

on a chosen mesh such that it is a cubic polynomial on each interval, satisfying the

differential equation at both ends and the middle of the interval. If there are unknown

parameters in the system then for every parameter an additional boundary condition

must be specified. Since boundary value problems can have multiple solutions, bvp4c
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requires an initial guess for the mesh and solution so that the method returns the

desired solution.

B.2 Asymptotic analysis

In Section 4.2.7 we found implicit equations for the current configuration of an un-

loaded annulus subject to homogeneous growth in terms of the reference configura-

tion and the growth components. The equations were solved numerically using a

root-finding algorithm as described in Appendix B.1.3.

Asymptotics provides a check on our numerical calculations and can yield infor-

mation on how the radial and circumferential growth laws should be inter-related at

extreme values of γrγθ. We seek the limits of the curves a = A0 and b = B0 as γr → 0

and γr → ∞. By finding these limits we will determine the points to which we would

expect our growth functions to tend for large times.

B.2.1 Stalled healing: a = A0

We first investigate the limits of γr and γθ along the curve a = A0 in Figure 4.8, given

by Equation (4.18). We let a = A0 in Equation (4.18) and rearrange to obtain

(

γr
γθ

)2

=
1

log
(

B2
0

A2
0

)

[

log

(

1 + γrγθ

(

B2
0

A2
0

− 1

))

+ (γrγθ − 1)



1− 1

1 + γrγθ

(

B2
0

A2
0

− 1
)







 . (B.2)

From Equation (B.2) we deduce that γr and γθ appear in two combinations: γrγθ

and γr/γθ. Motivated by Figure 4.8 we perform an asymptotic expansion for γr/γθ

in terms of γrγθ.
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B.2.1.1 (i) Limit as γr → 0

Guided by Figure 4.8, we anticipate that as γr → 0 along the curve a = A0, γθ

remains finite. Accordingly we fix γrγθ = ǫ ≪ 1 in Equation (B.2) and perform an

asymptotic expansion for γr/γθ in powers of ǫ to obtain

(

γr
γθ

)2

=

(

B4
0

A4
0

− 1
)

2 log
(

B2
0

A2
0

)ǫ2 +O(ǫ3). (B.3)

Combining Equation (B.3) with γrγθ = ǫ we deduce that, in the limit as γr → 0,

γr ≈





B4
0

A4
0

− 1

2 log
(

B2
0

A2
0

)





1

4

ǫ and γθ ≈





B4
0

A4
0

− 1

2 log
(

B2
0

A2
0

)





−
1

4

. (B.4)

We plot γθ from Equation (B.4) for γr → 0 along the curve a = A0 in Figure B.1

and observe that the asymptotic approximation is in agreement with the limit of the

numerical solution.

B.2.1.2 (ii) Limit as γr → ∞

From Figure 4.8 we anticipate that along the curve a = A0, γθ → ∞ as γr → ∞, and

so we set γrγθ = 1/ǫ ≫ 1 in Equation (B.2) to obtain,

(

γr
γθ

)2

=
1

log
(

B2
0

A2
0

)



log

(

1 +
1

ǫ

(

B2
0

A2
0

− 1

))

+

(

1

ǫ
− 1

)



1− 1

1 + 1
ǫ

(

B2
0

A2
0

− 1
)







 .

(B.5)

In Equation (B.5) the dominant term on the right hand side is O(1/ǫ), leading to

(

γr
γθ

)2

≈ 1

log
(

B2
0

A2
0

)

1

ǫ
. (B.6)
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Combining Equation (B.6) with γrγθ = 1/ǫ we deduce

γr ≈
(

log

(

B2
0

A2
0

))−
1

4

ǫ−
3

4 and γθ ≈
(

log

(

B2
0

A2
0

))
1

4

ǫ−
1

4 . (B.7)

B.2.2 Normal healing: b = B0

Similar to the case for which a = A0, to determine the behaviour of γr and γθ along

the curve b = B0, we rearrange Equation (4.19) to obtain

(

γr
γθ

)2

=
1

log
(

B2
0

A2
0

)



log





1

1− γrγθ

(

1− A2
0

B2
0

)





+ (1− γrγθ)



1− 1

1− γrγθ

(

1− A2
0

B2
0

)







 . (B.8)

We perform an asymptotic expansion for γr/γθ in terms of γrγθ.

B.2.2.1 (i) Limit as γr → 0

Guided by Figure 4.8, we anticipate that as γr → 0 along the curve b = B0, γθ remains

finite. Accordingly we fix γrγθ = ǫ ≪ 1 in Equation (B.8) and perform an asymptotic

expansion for γr/γθ in powers of ǫ to obtain

(

γr
γθ

)2

=

(

1− A4
0

B4
0

)

2 log
(

B2
0

A2
0

)ǫ2 +O(ǫ3). (B.9)

Combining Equation (B.9) with γrγθ = ǫ we deduce that, as γr → 0,

γr ≈





1− A4
0

B4
0

2 log
(

B2
0

A2
0

)





1

4

ǫ and γθ ≈





1− A4
0

B4
0

2 log
(

B2
0

A2
0

)





−
1

4

. (B.10)
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We plot γθ from Equation (B.10) for γr → 0 along the curve b = B0 in Figure B.1

and observe that the asymptotic approximation is in agreement with the limit of the

numerical solution.

B.2.2.2 (ii) Limit as γr → ∞

We anticipate that as γr → ∞ along the curve b = B0, γθ remains finite. We choose

the ansatz γrγθ = (1 − ǫ)/β, where β = (1 − A2/B2) and 0 < β < 1 since B0 > A0.

Substituting this into Equation (B.8) gives,

(

γr
γθ

)2

=
1

log
(

B2
0

A2
0

)

[

log

(

1

1− (1− ǫ)

)

+

(

1− (1− ǫ)

β

)(

1− 1

1− (1− ǫ)

)]

. (B.11)

The dominant term on the right hand side is O(1/ǫ), therefore

(

γr
γθ

)2

≈ 1

log
(

B2
0

A2
0

)

(

1

β
− 1

)

1

ǫ
. (B.12)

Combining Equation (B.12) with γrγθ = (1− ǫ)/β we obtain, to leading order in ǫ,

γr ≈







A2
0

B2
0

(

1− A2
0

B2
0

)2

log
(

B2
0

A2
0

)







1

4

ǫ−
1

4 and γθ ≈







log
(

B2
0

A2
0

)

(

1− A2
0

B2
0

)2
A2

0

B2
0







1

4

ǫ
1

4 . (B.13)

We note that, if we require the dermal wound to fully heal, i.e. a = 0, along b = B0,

then from b2 = a2 + γrγθ(B
2
0 − A2

0) we have that γrγθ = 1/β. Therefore the dermal

wound will only fully heal along b = B0 in the limit as γr → ∞.
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Figure B.1: Asymptotic analysis of compatible growth laws and numerical
approximation. Equations (4.18) and (4.19) are solved numerically to find the
curves in (γr, γθ)-space such that a = A0 (solid blue) and b = B0 (dashed red). The
asymptotic values of γθ as γr → 0 are plotted for a = A0 (filled blue circle) from
Equation (B.4) and b = B0 (red circle) from Equation (B.10). Reference variables
are A0 = 4 mm and B0 = 5 mm corresponding to a proliferative band of width 1 mm
surrounding the wound.

B.2.3 Conclusion

By performing asymptotic expansions we found the limits of the curves a = A0 and

b = B0 as γr → 0 and γr → ∞. We can use these to check that the growth laws we

prescribe to the system behave as we would expect and that the numerical solutions

are accurate.

B.3 Calculation of the stress-free state

Analogous to Section 4.2.3 we calculate the stress-free state under the assumptions of

Hooke’s law, a Fung elastic material and for the comparison of boundary conditions
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in Section 4.4.4. The deformation F1 is given by

R =
B

B0
R0, (B.14)

and F2 by

r2 =
R2

0 −A2
0

λ2
+ a2R, (B.15)

where A0 and B0 are, respectively, the inner and outer radii of the stress-free state, aR

is the recoiled wound radius and λ is the axial stretch associated with the deformation

F2. The balance of linear momentum gives

∂Trr

∂r
=

1

r
(Tθθ − Trr), (B.16)

and the axial boundary condition is

Nz = 2π

∫ b

a

Tzzr dr. (B.17)

In the following sections we calculate the stress-free state {A0, B0, L0} and the residual

stress for a Hookean solid and a Fung elastic material.

B.3.1 A Hookean solid

The stress-strain relationship for an incompressible Hookean solid is given by

err =
1

E

(

Trr −
1

2
(Tθθ + Tzz)

)

, (B.18a)

eθθ =
1

E

(

Tθθ −
1

2
(Trr + Tzz)

)

, (B.18b)

ezz =
1

E

(

Tzz −
1

2
(Trr + Tθθ)

)

, (B.18c)
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where E = 3µ is Young’s modulus and E = diag(err, eθθ, ezz) is the stretch, related to

the deformation by E = F − I.

Substituting Equations (B.18) into (B.16), integrating and imposing Trr|R0=B0
=

Tres gives Trr = Tθθ = Tres. Therefore

Tres = E

(

1− B2
0

B2

)

. (B.19)

Substituting Equations (B.15) and (B.18) into (B.16) and solving subject to Trr|R0=A0
=

0 and Trr|R0=B0
= Tres gives

Tres =
2E

3λ

(

B0
√

λ(B2
0 − A2

0) + a2R
− A0

aR

)

. (B.20)

Equations (B.17), (B.19) and (B.20) are solved simultaneously to find Tres, B0 and λ.

B.3.2 A Fung elastic solid

The strain-energy function for a Fung material is given by

W (αr, αθ, αz) =
µ

2c

(

expc(α2
r+α2

θ+α2
z−3) −1

)

, (B.21)

and the components of the Cauchy stress tensor are

Trr = αrWr − p, Tθθ = αθWθ − p and Tzz = αzWz − p. (B.22)

Substituting Equations (B.22) into (B.16), integrating and imposing Trr|R0=B0
= Tres

gives Trr = Tθθ = Tres. By imposing the axial boundary condition in Equation (B.17)

with Nz = 0 we find that Tzz = 0 and therefore

0 = Tres + µ exp

[

c

(

2
B2

B2
0

+
B4

0

B4
− 3

)](

B4
0

B4
− B2

B2
0

)

. (B.23)

222



Substituting Equations (B.15) and (B.22) into (B.16) and solving subject to Trr|r=AR
=

0 and Trr|r=bR = Tres gives

Tres =

∫ bR

aR

µ

(

r

λ(r2 − a2R) + A2
0

− λ(r2 − a2R) + A2
0

λ2r3

)

× exp

[

c

(

r

λ(r2 − a2R) + A2
0

+
λ(r2 − a2R) + A2

0

λ2r3
+ λ2 − 3

)]

dr. (B.24)

Equations (B.17), (B.23) and (B.24) are solved simultaneously to find Tres, B0 and λ.

B.3.3 Different external boundary conditions

To calculate the stress-free state for different external boundary conditions with a

neo-Hookean strain-energy function we substitute Equations (4.3) and (4.4) and into

(B.16). Solving with Trr|R0=B0
= Tres gives Trr = Tθθ = Tres. By imposing the

axial boundary condition in Equation (B.17) with Nz = 0 we find that Tzz = 0 and

therefore

0 = Tres + µ

(

B4
0

B4
+

B2

B2
0

)

. (B.25)

Imposing r|R0=B0
= B in Equation (B.15) determines the axial stretch

λ =
B2

0 −A2
0

B2 − a2R
. (B.26)

Substituting Equations (4.3), (4.4) and (B.15) into (B.16) and solving subject to

Trr|r=AR
= 0 gives

Trr =
µ

2λ

[

log

(

λ(r2 − a2R) + A2
0

A2
0

)

− log

(

r2

a2R

)

+

(

A2
0

λ
− a2R

)(

1

r2
− 1

a2R

)]

. (B.27)

For fixed position boundary condition, B0 is determined by solving Equation (B.17)

with integration over r ∈ [aR, B].
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For both fixed position and fixed stress, B0 is determined by imposing Trr|R0=B0
=

Tres in Equation (B.27) and equating with (B.25).

B.4 Estimation of the contraction coefficient

The contraction force is phenomenological: we use Equation (4.27h) to prescribe the

radial stress at the wound edge. Since contraction of the dermis causes tension at the

wound edge we expect the contraction parameter, f , to be positive. In this section

we derive an upper bound on f based on published information about fibroblast cells.

The range of forces exerted by fibroblasts varies from 0.138µN to 2.65µN per cell,

with the discrepancy due to different techniques used to measure the force exerted

by a fibroblast.

Given that the volume of a fibroblast is approximately 2000µm3 [Uhal et al., 1998],

as an upper bound we approximate the dermal tissue at the wound edge as a fully

confluent population of fibroblasts. From Table 4.1, f is a force per volume, hence

maximum force

cell volume
=

2.65µN

2000µm3
,

force

tissue volume
≤ 1.325

N

mm3
,

=⇒ f ≤ 1.325
N

mm3
.

This calculation imposes an upper bound on the contraction parameter f , where we

have used the maximum force exerted by a single fibroblast cell found in the literature

and assumed that the wound edge consists entirely of fibroblasts. The inequality

appears since the maximum volume of fibroblasts is bounded by the volume of dermal

tissue.
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B.5 Sensitivity of remodelling time to parameters

In Section 4.6.1 we presented a numerical sensitivity of the time taken for the tissue

to reach a steady state as the model parameters were varied. Results showed that the

sensitivity to the axial growth parameter was larger than expected. We postulated

that this was because the axial deformation was fixed during the remodelling period

and hence small changes in axial growth had a big effect on the time taken to reach

steady state. To test this we present an analogous sensitivity analysis where the axial

deformation satisfies the spring condition in Equation (4.27j). Results are given in

Figure B.2 and we observe that the sensitivity of remodelling time to the axial growth

parameter is much lower in this case in comparison to in Figure 4.20.
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Figure B.2: Effect of model parameters on remodelling time. Equa-
tions (4.27) are solved numerically for 0 < t < 25. At t = 25 the position of the
wound edge is fixed by switching the boundary condition from a fixed load (Equa-
tions (4.27h)-(4.27j)) to a fixed radial displacement specified by Equation (4.34) with
λ satisfying Equation (4.27j). During the remodelling phase, each model parameter
is varied by ±10% of its default value and the time taken to reach steady state is
recorded. The dashed line indicates the remodelling time when all parameters are
fixed at their default values. Reference variables and parameters are specified using
the default values in Table 4.1.
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Appendix C

The model comparison

In this appendix we present the numerical method used to solve the simplified mor-

phoelastic model in Equations (5.8) and discuss the parameters used in our compar-

ison of the spatially-averaged morphoelastic model with the time-dependent ODE

model in Equations (2.18).

C.1 Numerical method for constant growth

Equations (5.8) are solved numerically inMatlab. All dependent variables are stored

as functions of R with spatial discretisation dx = 0.01. For each time increment

(dt = 0.1 days) Equations (5.8) are updated in the following order:

1. The residual stress is calculated according to Equation (5.3).

2. Equation (5.8e) is integrated numerically using the trapz function to find the

mean radial stress.

3. Equation (5.8d) is solved using a forward Euler method to find the radial growth

γr subject to γr(0) = 1.

4. Equation (5.8f) is solved using the fsolve function to find the circumferential
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growth γθ.

5. Equations (5.8a) and (5.8b) are integrated exactly subject to the boundary

conditions in Equation (5.8g).

6. The unknown, a, is found be imposing the boundary condition Trr|R=A =

faH(t− tc) and using the fsolve function.

7. The circumferential stress is given by Equation (5.8c).

C.2 Parameter estimation

In this section we discuss the estimation of the parameters that are fixed for the least

squares analysis. The reference variable A is the initial wound radius which, unless

specified otherwise, is given by the experimental data (3.664 mm for non-diabetic and

4.1373 mm for diabetic). The recoiled wound radius aR is also taken from the data

(3.896 mm for non-diabetic and 4.2262 mm for diabetic). The reference variable B is

chosen to be aR+ν where ν is the radius of the proliferative region of the dermis. We

take ν = 1 mm [Bullough and Laurence, 1960] and when comparing with Model A

we take ν to be consistent with the area of the proliferative region found from fitting

Model A to the data (non-diabetic ν = 0.1723 mm, diabetic ν = 0.2169 mm). The

reference variable C is fixed at 20 mm and is estimated in Section 4.2.4.

Other parameters which are fixed in the least squares optimisation are the shear

stress, µ, the delay for contraction, tc, and the gradient of the contraction switch,

θ. We set µ = 0.2 MPa, consistent with Annaidh et al. [2012] and discussed in

Section 4.2.5. Following our discussion of parameters in Appendix A.1 we take tc =

3 days and θ = 1.
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Appendix D

The morpho-mechano-chemical

model

In this appendix we discuss the choice of model parameters and typical scalings

used in the non-dimensionalisation and the numerical method implemented to solve

Equations (6.40).

D.1 Dimensional model parameters

The dimensional model parameters are discussed below and summarised in Tables D.1-

D.3:

• The diffusion rate of a growth factor through a fibrin gel is approximately 1.59×

10−6 cm2 s−1 [Nauman et al., 2007]. We therefore take Dβ = 14 mm2 days−1.

• The half-life of active TGFβ, which we will denote t1/2, is 2−3 minutes [Wake-

field et al., 1990]. The decay rate is related to the half-life by d = log(2)
t1/2

. We

therefore take the TGFβ decay rate to be d = 330− 495 days−1.

• The half-maximal proliferation threshold value of TGFβ should be positive. We

choose a default value of β∗ = 50 pg mm−3.
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• Data for TGFβ concentration in the wound gives values on the order of 100

[Yang et al., 1999]. We take β0 = 50 pg mm−3 with β(A0, t) = β0a
2(t), where

a(t = 0) = 4 mm.

• The fibroblast diffusion coefficient is 2× 10−2 cm2 days−1 [Ghosh et al., 2007].

We therefore take Dφ = 2 mm2 day−1.

• The fibroblast proliferation rate is k = 0.832 days−1 [Ghosh et al., 2007].

• The maximum fibroblast density in the dermis has been shown to be 105 cells mm−3.

The physical capacity of the tissue can be calculated using the volume of a fi-

broblast cell resulting in 5 × 105 cells mm−3, where the volume of a human

fibroblast cell is approximately 2260 µm3 [Mitsui and Schneider, 1976]. We

therefore take φmax = 105 cells mm−3.

• The fibroblast density in unwounded dermal tissue is φ0 = 103 cells mm−3 found

from experimental data [Randolph and Simon, 1998, Miller et al., 2003].

• The maximum volume of cell-derived material produced per cell per day is

Vcol = 3.6× 10−6 mm3 cell−1 day−1 [Mitsui and Schneider, 1976].

• The maximum force exerted by a single fibroblast cell has been shown to be

2.65 µN [Fray et al., 1998, Wrobel et al., 2002]. Assuming that the force exerted

on the tissue is proportional to the circumference of the wound it follows that

f ≤ 2.65× 10−6π = 1.665× 10−5 N cell−1.

• The shear elastic modulus was estimated in Section 4.2.5 giving µ = 0.2 MPa.

• The observed, in vivo, dimensions of the tissue are taken from data [McGrath

and Simon, 1983], with A = 4 mm, aR = 4.4 mm, L = 0.1 mm and the outer

radius was estimated in Section 4.2.4 giving B = 20 mm.
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Table D.1: Model parameters for transforming growth factor β. The dimen-
sional parameters for Equations (6.36a) and (6.38a) are presented. The approximate
values are discussed in Section D.1.

parameter physical interpretation units approximate value

Dβ diffusion coefficient mm2 days−1 14
d decay rate days−1 330− 495
β∗ threshold concentration pg mm−3 50
sβ cell sensitivity to TGFβ unknown

Table D.2: Model parameters for the fibroblasts. The dimensional parameters
for Equations (6.36b), (6.36g) and (6.38b) are presented. The approximate values are
discussed in Section D.1.

parameter physical interpretation units approximate value

Dφ diffusion coefficient mm2 days−1 2
χ chemotaxis coefficient mm5 days−1 pg−1 unknown
k maximum proliferation rate days−1 0.832
Vc cell derived material mm3 cell−1 day−1 3.6× 10−6

φ0 initial density cells mm−3 103

φmax maximum density cells mm−3 105

Table D.3: Model parameters for the dermal tissue. The dimensional pa-
rameters for Equations (6.36d)-(6.36f), (6.37) and (6.38c) and the residually stressed
state are presented. The approximate values are discussed in Section D.1.

parameter physical interpretation units approximate value

sT growth distribution sensitivity unknown
f contraction N cell−1 f < 1.665× 10−5

µ shear elastic modulus MPa 0.2
A initial wound radius mm 4
aR recoiled wound radius mm 4.4
B domain size mm 20
L tissue thickness mm 0.1
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D.2 Non-dimensionalisation

Typical scalings used in the non-dimensionalisation are

• Length: The wound radius is measured in mm hence we take the typical length

scale to be [r] = 1 mm.

• Time: The healing of the wound occurs on the timescale of tissue growth so

we take the typical timescale to be the rate of growth in the dermis, given by

1
Vcolφmax

.

• TGFβ: The half-maximal proliferation threshold concentration of TGFβ is β∗ =

50 pg mm−3 [Yang et al., 1999].

• Fibroblasts: The maximum fibroblast density in the dermis is φmax = 105 cells mm−3.

• Stress: From the strain-energy function, the Cauchy stress tensor scales with

the shear elastic modulus µ.

The parameters of the non-dimensionalised model are summarised in Table 6.1.

D.3 Numerical method

In this section we detail the numerical method employed to solve Equations (6.40).

The method is implemented in Matlab. The stress free state, R0, and the residual

stress, Tres, are calculated as in Section 4.2.3 by solving Equations (4.11), (4.14) and

(4.15). The inputs are the known measurements A, B, L and aR, returning the

stress-free state, {A0, B0, L0}, and the residual stress, Tres. All dependent vari-

ables are stored as functions of R0 with spatial discretisation dx = 0.05. Equa-

tions (6.40g), (6.40h) and (6.40i) are discretised in time using a forward Euler ap-

proximation.
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For each time increment (dt = 0.05), the variable quantities in Equations (6.40)

are updated in the following order:

1. The TGFβ and fibroblast species are updated by solving Equations (6.40a) and

(6.40b) using the function pdepe. The boundary and initial conditions specified

in Equations (6.42a), (6.42b) and (6.42e) are supplied via function handles.

Function inputs are the dimensions (radial symmetry), a mesh for R0, time

points for the solution to be specified, β, φ, Y and r from the previous time

step and the model parameters. Function outputs are current values of β and

φ, on the chosen mesh and at the specified time points.

2. The growth of the tissue is updated by solving the forward Euler approximations

to Equations (6.40g), (6.40h) and (6.40i).

3. The deformation and radial stress are updated by solving Equations (6.40c) and

(6.40d) together with the boundary conditions in Equations (6.42c) and (6.42d)

using the function bvp4c. The two unknowns a and λ are included as un-

known parameters. Equation (6.42d) is dealt with in the same manner as in

Appendix B.1.3.

4. The circumferential and axial stresses in Equations (6.40e)-(6.40f) are evaluated.

5. All dependent variables are stored as functions of R0.

The function pdepe inMatlab is an initial-boundary value problem solver dealing

with systems of parabolic and elliptic PDEs. The PDEs are discretised in space

and the resulting ODEs are solved using ode15s to obtain approximate solutions at

the times specified by the user. The initial conditions and boundary conditions are

specified via function handles. The function selects its own time step when solving

the system of ODEs, whereas the spatial mesh is defined by the user. The function

ode15s is detailed in Appendix A.2.
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D.3.1 Testing the numerical method

To test our numerical method we simplify the model so that analytical progress can

be made and we can compare analytical solutions with the numerical solutions. We

make the following simplifications:

1. Assume the fibroblasts have no growth factor dependence by setting χ̄ = sβ = 0

in Equation (6.40b).

2. Assume that growth is distributed isotropically by setting sT = 0 in Equa-

tion (6.41b).

These simplifications result in spatially homogeneous fibroblast and growth distribu-

tions so that the deformation and radial stress can be integrated exactly to obtain

analytical expressions. Since growth is isotropic we let γ = γr = γθ and Equa-

tions (6.40) reduce to

dφ

dt
=

k̄

2
φ(1− φ)− φ

γ2

(

φ− φ∗

λ

)

, (D.1a)

dγ

dt
=

1

γ

(

φ− φ∗

2λ

)

, (D.1b)

r2 = a2 +
γ2

λ
(R2

0 − A2
0), (D.1c)

Trr =
f̄aφ

λ
+

1

2λ

[

log

(

R2
0

A2
0

)

− log

(

γ2(R2
0 − A2

0) + λa2

λa2

)

+(γ2A2
0 − λa2)

(

1

γ2(R2
0 −A2

0) + λa2
− 1

λa2

)]

, (D.1d)

Tθθ = Trr +
γ2R2

0

r2
− γ2R2

0

λ2r2
, (D.1e)

Tzz = Trr + λ2 − γ2R2
0

λ2r2
, (D.1f)

where a and λ are determined by evaluating

Trr(B0, t) = Tres and 0 =

∫ B0

A0

TzzR0 dR0. (D.1g)
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Equations (D.1) are solved by updating φ and γ in Equations (D.1a) and (D.1b)

via a forward Euler method, solving for a and λ using a root-finding algorithm and

then evaluating Equations (D.1c)-(D.1f) for the deformation and stress. Although

there are numerical approximations required to solve this simplified version of the

model, they are methods that have been used in previous chapters and can be used

to compare with the full numerical method.

In Figure D.1 we plot the wound radius, fibroblast density and isotropic growth

as functions of time, and the radial stress at t = 8 as a function of position, R0. We

observe that, for the chosen parameter values, there is good agreement between the

two different methods.
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Figure D.1: Comparison of numerical and pseudo-analytical solutions.
Equations (6.40) are solved numerically (solid blue) and compared to the solutions of
Equations (D.1) (dashed red). (a) The wound radius, a, (b) the fibroblasts, φ, and (c)
the isotropic growth, γ, are plotted as a functions of time. (d) The radial stress, Trr,
is plotted as a function of position, R0, at t = 8. The TGFβ dependence is turned off
and growth is isotropic by setting χ̄ = sβ = sT = 0. All other parameters are given
in Table 6.1. We observe that the two methods agree.
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