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Abstract

In March of 2018, the National Kidney Foundation, in collaboration with the US
Food and Drug Administration (FDA) and the European Medicines Agency (EMA),
sponsored a workshop in which surrogate endpoints other than currently established
event-time endpoints for clinical trials in chronic kidney disease (CKD) were pre-
sented and discussed. One such endpoint is a slope-based parameter describing the
rate of decline in the estimated glomerular filtration rate (eGFR) over time. There
are a number of challenges that can complicate such slope-based analyses in CKD
trials. These include the possibility of an early but short-term acute treatment effect
on the slope, both within-subject and between-subject heteroscedasticity, and infor-
mative censoring resulting from patient dropout due to death or onset of end-stage
kidney disease (ESKD). To address these issues, we first consider a class of mixed-
effects models for eGFR that are linear in the parameters describing the mean eGFR
trajectory but which are intrinsically nonlinear when a power-of-mean (POM) vari-
ance structure is used to model within-subject heteroscedasticity. We then combine
the model for eGFR with a model for time to dropout to form a class of shared param-
eter (SP) models which, under the right specification of shared random effects, can
minimize bias due to informative censoring. The models and methods of analysis are
described and illustrated using data from two CKD studies one of which was one of
56 studies made available to the workshop analytical team. Lastly, methodology and
accompanying software for prospectively determining sample size/power estimates
are presented.

KEYWORDS:
Linear spline mixed-effects models; power-of-mean; acute and chronic slopes; informative censoring;
shared parameter models.

1 INTRODUCTION

A two-day workshop sponsored by the National Kidney Foundation, in collaboration with the US Food and Drug Administration
(FDA) and the European Medicines Agency (EMA), was held on March 15-16, 2018 in Silver Springs, MD USA to examine
and discuss the use of changes over time in albuminuria and glomerular filtration rate (GFR) as endpoints for clinical trials in
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early stages of chronic kidney disease (CKD). Currently, the accepted endpoints for clinical trials of CKD are the event-time
outcomes of end-stage kidney disease (ESKD) and/or a designated decline in estimated glomerular filtration rate (eGFR in
mL/min/1.73m2) such as occurs with a doubling of serum creatinine which is equivalent to 57% decline in eGFR. An analysis
of these endpoints is carried out using standard event-time survival models like the Cox proportional hazards model. As such,
clinical trials are powered on the basis of the number of clinical events required to detect some pre-specified reduction in the
hazard ratio (HR) for the designated events below the null hypothesis of 1.00 between treated and control subjects. In many
cases, this may result in a prohibitively long and expensive trial particularly when targeting patients who are in the earlier stages
of CKD. To illustrate, under a 1:1 sampling ratio of treated to control patients and assuming a two-sided test with type I error of
0.05, the total number of events required to detect a 20% reduction in the HR (treated vs. control) compared to a null HR of 1.00
would be (𝑍𝛽 +𝑍𝛼∕2)2∕[ln(0.80)]2 = 631 events with 80% power and 845 events with 90% power1. At earlier stages of disease,
these events often do not occur until after 10 or more years. It is not surprising, then, that there would be so much interest on the
part of both industry and the regulatory agencies in exploring the use of alternative endpoints for use in clinical trials of CKD.
Since a decline in eGFR is a necessary intermediate in the progression to kidney failure, a reasonable alternative endpoint would
be the rate of decline in eGFR as measured by slope-based parameters from a linear mixed-effects model. Because such slope-
based endpoints can be assessed over a shorter time frame, clinical trials could be conducted among patients in the early stages
of CKD. From a patient’s perspective, this could lead to interventions that allow for treatment earlier in the disease course.

In this paper, we present various mixed-effects modeling strategies that were developed for and presented during the workshop
for the purpose of characterizing and comparing longitudinal trends in the rate of decline in eGFR among individuals with
CKD. The models considered are extensions of previous models used to describe and compare rates of decline in eGFR based
on both randomized controlled clinical trials and simulation studies.2-5 The eGFR models considered range in complexity from
linear spline mixed-effects models that allow for both acute (short-term) and chronic (long-term) slope effects per treatment
group to simple linear mixed-effects models with a single slope parameter per treatment group. Within this class of models,
consideration must also be given to different variance-covariance structures required to explain observed patterns of within-
subject and between-subject heteroscedasticity. One set of assumptions would be to assume homogeneity for both within-subject
and between-subject variability. A second set of assumptions would allow for within-subject heteroscedasticity by assuming an
intra-subject power-of-mean (POM) variance structure and between-subject homogeneity assuming a uniform treatment effect
on the random slope effects. A third set of assumptions would allow for within-subject homogeneity assuming a constant variance
and between-subject heteroscedasticity assuming some form of a treatment-dependent effect on the random slope effects that
would induce different random-effects covariance structures between treatment groups. Finally, a fourth set of assumptions
would allow for both within-subject heteroscedasticity via a POM variance structure and between-subject heteroscedasticity via
a treatment-dependent effect on the random slope effects.

Under the assumptions that the underlying mixed-effects model is correctly specified and that missing values of eGFR are
missing at random (MAR), valid statistical inference based on all observed data is possible using likelihood-based methods.
However, the assumption that missing data are MAR is often untenable in CKD trials requiring 2 or more years of follow-up.
This is especially true for trials involving patients in the later stages of CKD (stages 3a, 3b and 4) as opposed to early stages of
CKD (stages 1 and 2) as there is a greater likelihood that some of these patients will die while others will transition into end-
stage kidney disease (ESKD) requiring dialysis or transplantation. This leads to the possibility of informative censoring (i.e.,
non-ignorable dropout) which, in turn, renders standard likelihood-based inference invalid. As has been noted by some authors,
patient withdrawal from a trial due to terminal events like death or dialysis renders many of the concepts and methods associated
with standard missing data terminology questionable.6-8 For example, standard missing data terminology would portray each
patient as having a vector of complete-data that would occur in the absence of missing data due to dropout. However, this is
not plausible in late stage CKD trials where many patients who dropout do so because they develop ESKD requiring dialysis.
Once on dialysis, eGFR is no longer an accurate reflection of a patient’s GFR as it also reflects dialysis clearance which affects
remaining renal function.9-10 A better conceptual framework for CKD trials is to define the underlying model for eGFR as
referring to change in eGFR from the time of randomization until time-to-dropout due to death or ESKD. In this case, the period
over which changes in eGFR occur, i.e., the time-to-dropout, is itself a patient-specific random variable. If time-to-dropout is
related to the true but unobserved patient-specific eGFR slope or to some other unobserved characteristic of eGFR prior to
dropout, then standard likelihood inference that ignores time-to-dropout will suffer from the same set of biases as would occur
under the standard missing data formulation. Consequently, one needs to develop an analysis strategy that addresses concerns
over possible informative censoring. One such strategy would be to adopt the use of so-called shared-parameter (SP) models.6-8,11
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In the CKD setting, shared parameter (SP) models involve jointly modeling trends (i.e., slopes) in eGFR over time together
with potentially non-ignorable censoring events (e.g., death, dialysis or transplantation). This consists of jointly fitting a mixed-
effects model for eGFR and an event-time model for the censoring events using a set of shared random effects. Estimated
parameters associated with the shared random effects determine to what extent, if any, changes in eGFR over time are associated
with potentially non-ignorable censoring events. When the association is significant (i.e., informative), a SP model can reduce
bias in the estimated eGFR slopes resulting from informative censoring, at least to the extent that the event-time portion of the
SP model approximates the true underlying dropout mechanism. As such, several SP models may be fit in a series of sensitivity
analyses as a means for assessing what impact potential informative censoring may or may not have on the estimation and
comparison of rates of decline in eGFR. This, in turn, will help when evaluating the agreement of treatment effects on endpoints
based on eGFR slopes (acute, chronic, and total) with established clinical endpoints across a broad range of CKD clinical trials.

We start in Section 2 by presenting a class of linear spline mixed-effects models for eGFR that allow for 1) the presence of
both an acute (short-term) and chronic (long-term) slope, 2) within-subject heteroscedasticity over time and 3) between-subject
heteroscedasticity defined by a treatment-dependent effect on the random slope effects. A model within this class may serve as the
primary analysis model in a CKD trial provided the analysis is carried out using maximum likelihood procedures together with
the assumption that missing data are MAR. In Section 3, we extend this class of models to a class of shared parameter (SP) models
by including an event-time model for patient dropout due to death or ESKD (dialysis or transplantation). Sensitivity analyses
under alternative non-ignorable dropout mechanisms may be carried out by jointly modeling eGFR and patient dropout under
different shared random effect specifications. Section 4 briefly describes estimation and inference based on maximum likelihood
methodology. The models and methods are illustrated in Section 5 using data from the Irbesartan Diabetic Nephropathy Trial
(IDNT) as provided to the workshop analytical team and described previously2-5,12-13 as well as to the Modification of Diet in
Renal Disease study B (MDRD-B) which had been analyzed previously.7-8 Section 6 describes and illustrates an approach to
sample size/power calculations for CKD clinical trials which one can implement using a SAS macro program made available
through the repository Figshare.

2 MIXED-EFFECTS MODELS FOR GFR SLOPES

Serial trends in eGFR can be modeled using either a two-slope linear spline mixed-effects model in which an acute and chronic
slope are defined by a fixed knot or change point; or a simple linear mixed-effects model with a single common slope per
treatment intervention. As the latter is a special case of the former, we need only consider a class of two-slope linear spline
mixed-effects models. While models within this class are characterized by two slopes, there are actually four different slope-
based parameters that describe the overall rate of decline in eGFR over time: an acute slope, a chronic slope, a change or delta
slope and a time-dependent total slope. These parameters each describe different aspects of the overall eGFR trajectory that
individuals experience over time. In contrast, under a simple linear mixed-effects model, there is a single slope per treatment
intervention that describe the rate of decline in eGFR.

2.1 A two-slope linear spline mixed-effects models for eGFR
Often in CKD trials, hemodynamic and other effects associated with various treatment interventions may result in an initial acute
effect on eGFR shortly after the treatment is initiated (e.g., the first 3 to 12 months) that differs from the long-term treatment
effect. When this occurs, the rate of decline in eGFR over time may be characterized by two slopes: an acute slope and chronic
slope. To evaluate whether treatment interventions have such an acute effect, one can chose to fit a piecewise linear spline mixed-
effects model to the eGFR measurements with a fixed knot or change point starting somewhere between 3 to 12 months. Ideally,
the possible presence of an acute effect and where that effect ends and a more stable long-term effect starts would be determined
in advance based on analyses from a phase 2 trial. In cases where this is not possible, one would need to perform preliminary
analyses of the phase 3 data that would include some simple plots that are suggestive of where a fixed knot might be placed.
Alternatively, assuming homogeneous within- and between-subject variability, one can fit a series of simple linear spline mixed-
effects models with fixed knots varying between say 3 to 12 months and choose the knot corresponding to the model with the
best fit as determined by Akaike’s information criterion, AIC.

Once a fixed knot or change point has been determined, one can formulate a two-slope linear spline mixed-effects model as
follows. Let 𝑡∗ denote a fixed knot or change point and let max{𝑡𝑖𝑗 − 𝑡∗, 0} be the truncated line function where 𝑡𝑖𝑗 are the time
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points at which eGFR is measured for the 𝑖th subject across 𝑝𝑖 occasions (𝑗 = 1,… , 𝑝𝑖). Let 𝑌𝑖𝑗 denote the response variable,
eGFR, for the 𝑖th subject on the 𝑗 th occasion and let 𝑋𝑖 be a treatment group indicator variable with 𝑋𝑖 = 0 if the 𝑖th subject is
randomized to a placebo control group and 𝑋𝑖 = 1 if randomized to an active treatment group. Conceptually, the model may be
written using a two-stage random coefficient regression formulation as

Stage 1: 𝑌𝑖𝑗 = 𝛽0𝑖 + 𝛽1𝑖𝑡𝑖𝑗 + 𝛽2𝑖max{𝑡𝑖𝑗 − 𝑡∗, 0} + 𝜖𝑖𝑗 ; (𝑖 = 1,… , 𝑛; 𝑗 = 1,… , 𝑝𝑖)

=

{
𝛽0𝑖 + 𝛽1𝑖𝑡𝑖𝑗 + 𝜖𝑖𝑗 when 𝑡𝑖𝑗 < 𝑡∗

(𝛽0𝑖 − 𝛽2𝑖𝑡∗) + (𝛽1𝑖 + 𝛽2𝑖)𝑡𝑖𝑗 + 𝜖𝑖𝑗 when 𝑡𝑖𝑗 ≥ 𝑡∗

Stage 2:
⎛⎜⎜⎝
𝛽0𝑖
𝛽1𝑖
𝛽2𝑖

⎞⎟⎟⎠ =
⎛⎜⎜⎝
𝛽0𝑐
𝛽1𝑐
𝛽2𝑐

⎞⎟⎟⎠ (1 −𝑋𝑖) +
⎛⎜⎜⎝
𝛽0𝑡
𝛽1𝑡
𝛽2𝑡

⎞⎟⎟⎠𝑋𝑖 +
⎛⎜⎜⎝
𝑏0𝑖
𝑏1𝑖
𝑏2𝑖

⎞⎟⎟⎠ ; (𝑖 = 1,… , 𝑛)

(1)

where Stage 1 consists of 𝑛 separate within-subject linear spline regression models with subject-specific (SS) regression param-
eters 𝜷′

𝑖 =
(
𝛽0𝑖 𝛽1𝑖 𝛽2𝑖

)
for each subject and within-subject residuals 𝜖𝑖𝑗 , while Stage 2 consists of a marginal multivariate linear

regression model with population-average (PA) regression parameters, 𝜷𝑐 =
(
𝛽0𝑐 𝛽1𝑐 𝛽2𝑐

)′ and 𝜷 𝑡 =
(
𝛽0𝑡 𝛽1𝑡 𝛽2𝑡

)′, for the con-
trol and treatment groups respectively, and between-subject random effects 𝒃𝑖 =

(
𝑏0𝑖 𝑏1𝑖 𝑏2𝑖

)′. By combining Stage 1 and 2, we
end up with the linear spline mixed-effects model

𝑌𝑖𝑗 =
(
𝛽0𝑐 + 𝛽1𝑐𝑡𝑖𝑗 + 𝛽2𝑐 max{𝑡𝑖𝑗 − 𝑡∗, 0}

)
(1 −𝑋𝑖) +

(
𝛽0𝑡 + 𝛽1𝑡𝑡𝑖𝑗 + 𝛽2𝑡max{𝑡𝑖𝑗 − 𝑡∗, 0}

)
𝑋𝑖+

𝑏0𝑖 + 𝑏1𝑖𝑡𝑖𝑗 + 𝑏2𝑖max{𝑡𝑖𝑗 − 𝑡∗, 0} + 𝜖𝑖𝑗.

(2)

To complete the model specifications, the following assumptions are made.

(A.1) The (𝜖𝑖𝑗|𝒃𝑖) are conditionally independent normally distributed random variables with 0 means and within-subject
variances 𝜎2𝑖𝑗 that reflect either a common variance across time or a variance that varies with the mean over time.

(A.2) The SS random effects 𝒃𝑖 are independent multivariate normal random vectors with 0 mean components and a 3×3
variance-covariance matrix 𝚿𝑘 for the 𝑘th treatment group (𝑘 = 𝑐 for the control group and 𝑘 = 𝑡 for the treatment
group) that reflects either a uniform treatment effect (i.e., a common unstructured covariance matrix, 𝚿, between treatment
groups) or a treatment-dependent effect (i.e., a covariance matrix that differs between treatment groups most notably with
respect to the variances and covariances of the random slope effects).

Although the model as formulated here assumes just two treatment groups, one can easily extend the model to include three
or more treatment groups as well as other baseline covariates in Stage 2 of the two-stage formulation (1). Under Stage 1 of
formulation (1), 𝛽0𝑖 represents the 𝑖th subject’s intercept, 𝛽1𝑖 is the subject’s initial or acute slope up through but excluding time
𝑡∗, and 𝛽2𝑖 is the subject’s directional change in slope starting at time 𝑡∗. A second regression line is then formed for the 𝑖th subject
starting at time 𝑡∗ with the term (𝛽0𝑖−𝛽2𝑖𝑡∗) representing an extrapolated intercept back to time 0 while the term 𝛽3𝑖 = (𝛽1𝑖+𝛽2𝑖)
represents a chronic or projected long-term slope. The change slope (or delta slope) 𝛽2𝑖 is then seen simply as the difference
between the chronic slope 𝛽3𝑖 and the acute slope 𝛽1𝑖. In addition to the acute, chronic and change slopes, one can also define a
time-dependent total slope at a specified time point 𝑡 > 𝑡∗ (e.g., 𝑡 =the total study time) as

𝛽4𝑖(𝑡) = {[𝛽0𝑖 + 𝛽1𝑖𝑡 + 𝛽2𝑖(max(𝑡 − 𝑡∗, 0)] − 𝛽0𝑖}∕𝑡
= 𝛽3𝑖 − 𝛽2𝑖(𝑡∗∕𝑡).

(3)

This is simply the 𝑖th subject’s total rate of change in eGFR from time 0 to time 𝑡 (i.e., the subject-specific mean change from
baseline divided by 𝑡). As so defined, a subject’s total slope converges to the chronic slope as 𝑡 → ∞ or as the change or delta
slope 𝛽2𝑖 → 0. The regression parameters in Stage 2 of formulation (1) will have the same interpretation as the SS regression
parameters of Stage 1 except that they represent the marginal or population-average (PA) intercept, acute slope, change slope,
chronic slope and total slope.

The linear spline mixed-effects model defined by either (1) or (2) together with assumptions (A.1)-(A.2) forms a rather
rich class of mixed-effects models from which to choose when evaluating slope-based endpoints in clinical trials of CKD.
For example, one can assume homogeneity both within- and between-subjects by assuming the within-subject errors satisfy
Var(𝜖𝑖𝑗) = 𝜎2𝑖𝑗 = 𝜎2 for all (𝑖, 𝑗) and the between-subject covariance structure satisfies Cov(𝒃𝑖) = 𝚿 for all 𝑖. In this case, one can
fit the linear spline mixed-effects model using standard linear mixed models software (e.g., MIXED procedures in SAS or SPSS,
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the lme package in R). Alternatively, one may wish to model within-subject heteroscedasticity over time assuming a subject-
specfic power-of-mean (SS-POM) structure with Var(𝜖𝑖𝑗) = 𝜎2𝑖𝑗 = 𝜎2(𝜇2

𝑖𝑗(𝜷 𝑖))
𝜃 where 𝜇𝑖𝑗(𝜷 𝑖)= 𝐸(𝑌𝑖𝑗|𝒃𝑖) is the conditional mean

as defined in Stage 1 of the two-stage model (1). Now, however, the model no longer fits within the class of linear mixed models
one commonly encounters with commercial software as the SS regression parameters appear in both the mean and covariance
structure. Consequently, one must then resort to the use of nonlinear mixed-effects software (e.g., NLMIXED in SAS or the
nlme package in R).

Shown in Table 1 are candidate structures for 𝜎2𝑖𝑗 and 𝚿𝑘 that allow for within- and between-subject homogeneity and/or
heteroscedasticity, respectively. The most general form of the two-slope linear spline mixed-effects model would be one in
which the 𝚿𝑘 are possibly different but unstructured covariance matrices resulting in 12 variance-covariance parameters (6 per
treatment group) one would need to estimate. To reduce the number of covariance parameters, we elected to model between-
subject heteroscedasticity assuming a uniform treatment effect on the random intercept effect 𝑏0𝑖 (as would be expected for
randomized clinical trials) and a common proportional treatment effect on the random slope effects 𝑏1𝑖 and 𝑏2𝑖, respectively.
This is accomplished by modifying the random-effects structure of the Stage 2 formulation in (1) by writing 𝒃𝑖 as

𝒃𝑖 = 𝒁 𝑖(𝜅)𝒖𝑖 =
⎛⎜⎜⎝
1 0 0
0 (1 +𝑋𝑖𝜅) 0
0 0 (1 +𝑋𝑖𝜅)

⎞⎟⎟⎠
⎛⎜⎜⎝
𝑢0𝑖
𝑢1𝑖
𝑢2𝑖

⎞⎟⎟⎠ =
⎛⎜⎜⎝

𝑢0𝑖
(1 +𝑋𝑖𝜅)𝑢1𝑖
(1 +𝑋𝑖𝜅)𝑢2𝑖

⎞⎟⎟⎠ . (4)

where the 𝒖𝑖 are independent identically distributed𝑁(𝟎,𝚿) random effects. The parameter 𝜅 is a treatment-related proportion-
ality constant in that it defines the heterogeneous between-subject covariance structure 𝚿𝑘 in Table 1. Specifically, 𝜙𝑘 = 1 when
𝑘 = 𝑐 (corresponding to the control group) and 𝜙𝑘 = (1 + 𝜅) when 𝑘 = 𝑡 (corresponding to the treatment group). By testing
the hypothesis H0: 𝜅 = 0 versus HA: 𝜅 ≠ 0, one can directly test whether there is a proportional treatment effect on the random
slope effects or not. Under this specification, the active treatment group (𝑘 = 𝑡) will have lower variability with respect to the
random slope effects (𝑏1𝑖, 𝑏2𝑖) compared with the control group (𝑘 = 𝑐) whenever −2 < 𝜅 < 0 as these values result in values
of 𝜙2

𝑘 in the range of 0 ≤ 𝜙2
𝑘 < 1 with 0 occurring only when 𝜅 = −1 (in which case there is only a random intercept effect 𝑏0𝑖

with common variance 𝜓11 for both treatment groups). It should be noted that by simply setting both 𝜃 and 𝜅 equal to 0, this
model reduces to a piecewise linear spline mixed-effects model with homogenous within- and between-subject variability.

3 SHARED PARAMETER MODELS

For clinical trials in diseases like CKD and idiopathic pulmonary fibrosis (IPF) where slope-based endpoints may serve as
primary or key secondary endpoints, shared parameter (SP) models provide a valuable analytical tool for performing sensitivity
analyses in the presence of informative censoring.6-8,11,14 Briefly, a shared parameter model is a random-effects dependent
selection model in that it entails factoring the joint distribution of repeated measurements on a response variable of interest, say
𝑌 , and event times for dropout, say 𝑇 , assuming these two outcome variables are conditionally independent given a set of shared
random effects (i.e., the so-called shared parameters). Specifically, the shared parameter model corresponds to the factorization

𝜋(𝒀 𝑖, 𝑇𝑖) = ∫
𝒃

𝜋(𝒀 𝑖, 𝑇𝑖|𝒃𝑖)𝜋(𝒃𝑖)𝑑𝒃𝑖 = ∫
𝒃

𝜋(𝒀 𝑖|𝒃𝑖)𝜋(𝑇𝑖|𝒃𝑖)𝜋(𝒃𝑖)𝑑𝒃𝑖 (5)

where 𝜋(⋅) denotes a density function, 𝒀 𝑖 = (𝑌𝑖1,… , 𝑌𝑖𝑝𝑖)
′ is the intended but possibly unbalanced vector of repeated measure-

ments (e.g., eGFR) on the 𝑖th subject taken at times 𝑡1,… , 𝑡𝑝𝑖 , 𝑇𝑖 is the event time of interest (e.g., time to dropout due to death
or ESKD), and 𝒃𝑖 is a vector of latent random effects. Possible correlation (association) between the repeated measurements
and event times is induced through the shared random effects. Under any given specification of this joint model, dropout may
be classified as ignorable provided there is evidence that 𝜋(𝑇𝑖|𝒃𝑖) = 𝜋(𝑇𝑖) since 𝒀 𝑖 and 𝑇𝑖 are then independently distributed.
Of course this only applies under the unverifiable assumption that the components of the joint model have all been correctly
specified and that 𝜋(𝑇𝑖|𝒃𝑖) corresponds to the actual dropout mechanism.

In the CKD setting, SP models involve jointly modeling serial trends (i.e., slopes) in eGFR together with event times for
censoring events like death, dialysis or transplantation. This entails jointly fitting a longitudinal component model, 𝜋(𝒀 𝑖|𝒃𝑖), for
eGFR and a survival component model, 𝜋(𝑇𝑖|𝒃𝑖), for the censoring event times using a set of shared random effects across the
two models. Estimated parameters linked to the shared random effects determine to what degree, if any, changes in eGFR over
time are associated with the potentially non-ignorable censoring events. When the association is significant (i.e., informative),
a SP model can reduce bias in the estimated eGFR slopes due to informative censoring - at least to the extent that the specified
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event-time survival model approximates the true underlying dropout mechanism. As such, several SP models may be used in
a sensitivity analysis as a means for assessing what impact potential informative censoring may have on the estimation and
comparison of eGFR slopes.

Here the longitudinal component model 𝜋(𝒀 𝑖|𝒃𝑖) for eGFR is the linear spline mixed-effects model (2). Time to dropout
due to death or ESKD (dialysis or transplantation) is modeled using a proportional hazards (PH) survival model defined by an
underlying baseline hazard function and a set of SP covariates used to assess the presence or absence of informative censoring.
Two common choices for the survival component model 𝜋(𝑇𝑖|𝒃𝑖) are a fully parametric Weibull survival model and a semipara-
metric piecewise exponential (PE) survival model both of which may be classified as PH models.7-8 An example in which both
survival models have been used in combination with a simple linear mixed-effects regression model for GFR (as measured by
renal clearance of [125I]iothalamate) has been presented previously based on the MDRD-B study.7

3.1 Piecewise Exponential Survival Model
For the applications presented here, we chose to use the semiparametric piecewise exponential (PE) model as the survival
component model for each of the SP models considered.7-8,15-16 Let 𝑇𝑖 be the event time to death or ESKD, whichever occurs first.
Events other than death or ESKD such as administrative censoring due to staggered entry or study completion as well as subject
withdrawal for reasons unrelated to death or ESKD are assumed to be random censoring events independent of death or ESKD.
Let 𝐶𝑖 be the time to such independent censoring events and let 𝑇 o

𝑖 = min(𝑇𝑖, 𝐶𝑖). We observe (𝑇 o
𝑖 , 𝛿𝑖) where 𝛿𝑖 = 𝐼(𝑇𝑖 ≤ 𝐶𝑖) is

the event indicator variable defined to be 1 if 𝑇 o
𝑖 = 𝑇𝑖 and 0 if 𝑇 o

𝑖 = 𝐶𝑖. Under a PE survival model, the time scale is partitioned
into a sequence of 𝑚 disjoint intervals, (0, 𝑡1], (𝑡1, 𝑡2],… , (𝑡𝑚−1, 𝑡𝑚] over which the baseline hazard function, 𝜆0(𝑡), is allowed to
vary from interval to interval but which is assumed constant within an interval according to

𝜆0(𝑡) =
𝑚∑
ℎ=1

𝜆0ℎ𝐼(𝑡 ∈ (𝑡ℎ−1, 𝑡ℎ]) (6)

where 𝜆0ℎ = exp(𝜂0ℎ). The baseline hazard function (6) closely approximates that of the counting process style of the extended
Cox PH model with the exception that the latter allows for an arbitrary baseline hazard rate.16-17 An advantage of the PE survival
model is that it is semiparametric and, unlike the rank-ordered partial likelihood approach of a Cox model, is easily programmable
under a SP model scenario.

By including the treatment covariate, 𝑋𝑖, along with say 𝑙 baseline covariates, 𝑈1𝑖, 𝑈2𝑖,…𝑈𝑙𝑖, the overall PE hazard function
in combination with the proportional hazards assumption may be written as

𝜆(𝑡) = 𝜆0(𝑡) exp{𝜂0𝑋𝑖 + 𝜂1𝑈1𝑖 +…+ 𝜂𝑙𝑈𝑙𝑖}. (7)

One can easily extend the PE hazard function to include one or more time-dependent covariates by simply defining updated
values for each time-dependent covariate at the start of a new interval and holding that value fixed for the duration of the
interval. Therein lies one of the major advantages associated with using the PE survival model; namely the ability to model
time-dependent covariates. Other advantages include the fact that 1) the PE survival model will very often result in HR estimates
and standard errors similar to those obtained using the extended Cox PH model especially when the same intervals are used
for both models; and 2) the PE survival model can be adapted to model baseline covariates that do not satisfy the proportional
hazards assumption. For example, if the HR for two treatment groups does not satisfy the proportional hazards assumption, one
can model a non-proportional hazards function by simply replacing the treatment group as a single covariate having a common
HR across intervals with a treatment group by interval interaction term with time varying HR’s across intervals.

3.2 Shared Parameter Covariates
For sensitivity analyses, one can formulate a set of SP “covariates” for the survival component model 𝜋(𝑇𝑖|𝒃𝑖) that, as functions
of the random effects, can be used to assess what impact, if any, censoring events may have on the eGFR slope estimates. For
example, in addition to the treatment indicator variable 𝑋𝑖, one might include the random intercept effect 𝑏0𝑖, the random acute
slope effect 𝑏1𝑖, and the random change slope effect 𝑏2𝑖 as time-independent latent “covariates” or predictors of dropout due to
death or ESKD. Since 𝑏3𝑖 = 𝑏1𝑖 + 𝑏2𝑖 is a linear combination of 𝑏1𝑖 and 𝑏2𝑖, one could just as easily replace 𝑏2𝑖 with 𝑏3𝑖 without
changing the value of the overall likelihood function nor of the values of the linear spline mixed-effects model parameters. We
elected to use 𝑏3𝑖 as it provides greater insight into how subject-specific deviations from the treatment group chronic slope may
be predictive of dropout.
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Listed in Table 2 are the PE model components of four possible SP models. Excluding the treatment group indicator, each
of the other covariates represents some latent patient-specific aspect of the longitudinal trend in eGFR under model (2). Strictly
speaking, SP Model 1 with its lone covariate 𝑋𝑖 is not a SP model as the survival component model 𝜋(𝑇𝑖|𝑋𝑖) does not depend
on any of the latent random effect parameters. It does, however, allow one to compare eGFR slopes under the assumption of
ignorable dropout (i.e., under SP model 1, 𝜋(𝒀 𝑖, 𝑇𝑖) = 𝜋(𝒀 𝑖)𝜋(𝑇𝑖) implying dropout is completely independent of eGFR) to the
eGFR slopes under several non-ignorable dropout mechanisms. For example, the time-dependent covariate 𝜇𝑖ℎ(𝑡ℎ−1) under SP
model 3 is the 𝑖th subject’s mean predicted eGFR at the start of the ℎth interval of follow-up. It represents a subject’s true but
unobserved time-dependent eGFR measured without error. If the HR associated with this eGFR is found to be significantly less
than 1.0 then this would be evidence of non-ignorable dropout in that subjects with higher but unobserved (missing) values of
eGFR will be less likely to dropout compared with those with lower values. Similarly, evidence for non-ignorable dropout would
occur if the HR associated with the chronic random slope effect 𝑏3𝑖 is significantly less than 1.0 as subjects with higher values
of 𝑏3𝑖 (e.g., values > 0) will have a lower long-term rate of decline in eGFR compared with those with lower values of 𝑏3𝑖 (e.g.,
values < 0).

4 ESTIMATION AND INFERENCE

Under the linear spline mixed-effects model (2) and its assumptions (A.1)-(A.2) together with the SP model factorization (5)
and PE survival model with baseline hazard function (6), maximum likelihood (ML) estimation is achieved by maximizing the
integrated log-likelihood function

𝐿(𝜷, 𝝉 , 𝜼; 𝒚,𝑻 ) =
𝑛∑
𝑖=1

log∫
𝒃

𝜋(𝒚𝑖|𝒃𝑖)𝜋(𝑇 o
𝑖 |𝒃𝑖)𝛿𝑖 exp[−Λ(𝑇 o

𝑖 |𝒃𝑖)]1−𝛿𝑖𝜋(𝒃𝑖)𝑑𝒃𝑖 (8)

where 𝒚 is the column vector of observed values (𝒚1,… , 𝒚n) of (𝒀 1,… , 𝒀 n), 𝑻 is the vector of observed event times (𝑇 o
1 ,… , 𝑇 o

𝑛 ),
𝜷 is the column vector of regression parameters (𝜷𝑐 , 𝜷 𝑡) and 𝝉 = (𝜎2, 𝜃,Vech(𝚿), 𝜅) the vector of variance-covariance parameters
under (2), and Λ(𝑇 o

𝑖 |𝒃𝑖) is the conditional cumulative hazard function under the PE survival model. Maximizing (8) may be
carried out using a second-order Newton-Raphson algorithm with ridging combined with an integral approximation like adaptive
Gaussian quadrature (AGQ) to approximate the integral. For our particular class of models, we elected to use the Laplace
approximation to perform numerical integration. We did so for the following reasons:

1) it significantly reduces the computation time that one would otherwise encounter with more computer-intensive
numerical integration techniques (e.g., Gaussian quadrature with 10 quadrature points);

2) since the mean structure for the class of mixed-effects models (2) used to model eGFR is strictly linear in the random
effects, it is anticipated that no more than a single quadrature point (i.e., the Laplace approximation) would be needed to
provide an accurate approximation to the integrated log-likelihood function - a result which we confirmed by applying
both the Laplace approximation and AGQ to the same SP model with exactly the same result;

3) under suitable regularity conditions, the use of Laplace’s approximation yields estimates that are consistent upon order
𝑂p{max[𝑛−1∕2,min(𝑝𝑖)−1]};18

4) limited simulations suggest the Laplace approximation compares quite favorably with AGQ even for discrete logistic
mixed-effects models where one faces greater challenges given the highly discrete nature of the data.8

All estimation was carried out using the NLMIXED procedure in SAS 9.4. While there are a number of popular and flexible
software packages for fitting SP models in both R and SAS19-21, these do not, to the best of our knowledge, readily allow for the
within-subject and between-subject heteroscedasticity assumptions as specified for the linear spline mixed-effects model portion
of our SP models. Inference under the SP model was carried out using large sample theory consistent with maximum likelihood
methodology. To assess whether inference might be affected by possible model misspecification with respect to the assumed
variance-covariance structure for eGFR, inference was carried out using both model-based and robust standard errors the latter
of which is computed using the empirical covariance matrix of parameter estimates. A default degrees of freedom of 𝑛− 𝑣 was
used for computing p values and confidence limits where 𝑛 is the number of subjects and 𝑣 is the number of random effects.
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4.1 Starting values and other computational issues
Since nonlinear mixed-effects regression is required to fit the SP models, it is crucial that one have good starting values of
the model parameters. For the linear spline mixed-effects model (2), one can start by assuming within- and between-subject
homogeneity and use parameter estimates from say PROC MIXED as starting values for 𝜷𝑐 , 𝜷 𝑡, 𝜎2 and𝚿. One might then simply
amend to these starting estimates a simple grid of possible starting values around 0 for 𝜃 and 𝜅. Reasonably good starting values
of 𝜷𝑐 , 𝜷 𝑡, 𝜎2, 𝚿 and 𝜃 can also be obtained by outputting the predicted SS means 𝜇𝑖𝑗 from PROC MIXED, forming the weights
𝑤𝑖𝑗 = ln(𝜇2

𝑖𝑗) and running PROC MIXED a second time using the LOCAL Power-of-X option of the REPEATED statement.
Doing so will yield method-of-moment estimates of 𝜎2 and 𝜃 based on the variance function 𝜎2 exp(𝜃𝑤𝑖𝑗) = 𝜎2(𝜇2

𝑖𝑗)
𝜃 .

When determining starting values for the parameters of the PE survival model, one must first determine what the appropriate
number of intervals, 𝑚, should be and what the width of each interval should be. Such a determination is data-dependent in
that choosing the number of intervals and width of each interval will depend on the number of events and maximum length of
follow-up for a given trial. We adopted the following guidelines to determine the number of partitioned PE intervals to be used
for any given clinical trial. Following the work of Vittinghoff and McCulloch22, a general but conservative rule of thumb is that
5-10 events per predictor variable (EPV) is required to minimize bias and provide adequate confidence interval coverage when
fitting a Cox PH model. When we apply this rule to the estimation of the baseline piecewise constant hazard rates 𝜆0ℎ = exp(𝜂0ℎ)
across ℎ = 1,… , 𝑚 intervals, it would suggest that we use no more than𝑚0 intervals where𝑚0 is the smallest integer greater than
𝑛𝑒∕10 with 𝑛𝑒 =

∑𝑛
𝑖=1 𝛿𝑖 being the total number of events. By using this as a starting point along with restricting the maximum

width of any interval and further restricting the number of intervals to be no more than 𝑚1 = min(𝑚0, 9), the following 4 steps
were used to determine the number intervals and the width of each interval for a given CKD trial.

1. Restrict the maximum length of any interval to 𝑊max = 6 months,

2. Compute the maximum event time 𝑇max (censored or uncensored) and let𝑚2 is the smallest integer greater than 𝑇max∕𝑊max,

3. Compute the number of intervals 𝑚 = min(𝑚1, 𝑚2)

4. Compute the interval widths such that each interval will have approximately the same number of events.

The last step can be accomplished in SAS, for example, by fitting a Cox PH model to the event time data with treatment group
as the sole covariate and using the BAYES statement of the PHREG procedure. Once the intervals have been determined, one
can then fit the PE survival model using interval Poisson regression to get starting values for the baseline constant hazard rates
𝜆0ℎ and a log hazard ratio for the treatment effect.15 A grid search of plausible starting values centered around 0 may then be
used to get starting values for any of the SP covariates listed in Table 2.

In addition to having good starting values, one must also be concerned with an appropriate scaling of the model parameters.
When the scaling of parameters varies by several orders of magnitude, one risks the problem of introducing numerical instability
into the numerical optimization of the integrated log-likelihood function (8). This is turn can result in floating-point errors,
overflows and eventual termination of the procedure. We have found that the initial starting value for 𝜎2 obtained either by a grid
search or by using the method-of-moment estimates of 𝜎2 and 𝜃 as described above will result in values of 𝜎2 that are 3-4 orders
of magnitude lower than the variance 𝜓11 of the random intercept effect. As this led to computational issues in many cases, we
elected to fit the model in NLMIXED by rescaling 𝜎2 = 𝜎2 × 102 and defining the intra-subject POM variance structure within
NLMIXED to be Var(𝜖𝑖𝑗) =

𝜎2

100
(𝜇2
𝑖𝑗(𝜷 𝑖))

𝜃 . The resulting estimate of 𝜎2 obtained from NLMIXED and summarized in this paper
will therefore be 2 orders of magnitude higher than what it would be if scaled according to the eGFR unit of measurement.

Finally, for studies with very few events, say 15-30, the Weibull survival model may be preferred to the PE survival model as
we have found in our experience with having fit these SP models to 56 studies, the latter will often fail to converge. For studies
with fewer than 15 events, one should avoid using SP models due to possible numerical instability resulting in problems with
convergence and/or problems with bias and lack of precision in the parameter estimates.

5 EXAMPLES

To illustrate the use of the linear spline mixed-effects model (2) together with sensitivity analyses based on SP models in CKD
trials, we fit the four SP models listed in Table 2 to data from the Irbesartan Diabetic Nephropathy Trial (IDNT) as provided to
the workshop analytical team.2-5,12-13 We also fit SP models 1 and 2 to the MDRD-B study which had been analyzed previously
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using SP models but with eGFR measured based on the renal clearance of [125I]iothalamate and modeled assuming a simple
linear mixed-effects model for eGFR.7-8

5.1 The IDNT Study
The IDNT study was an international prospective randomized double-blind placebo-controlled trial in hypertensive patients
with diabetic nephropathy due to type II diabetes mellitus. Patients were randomized into one of three treatment arms: a) those
randomized to receive the angiotensin II receptor blocker (ARB) irbesartan; b) those randomized to receive the calcium channel
blocker (CCB) amlodpine and c) those randomized to receive placebo control, with each group receiving additional antihyper-
tensive agents as needed excluding the use of ACE inhibitors, ARB’s or CCB’s. Details of the study protocol including study
design and baseline patient characteristics have been published previously.12 For the purposes of illustration, we restricted our
analyses to estimating and comparing eGFR slopes for the placebo control group and the irbesartan treatment group only.

The primary outcome in the IDNT study was time to a composite endpoint consisting of: i) doubling of baseline serum
creatinine (equivalent to a 57% reduction in eGFR); ii) ESKD (as indicated by initiation of dialysis, transplantation or a serum
creatinine of 6.0 mg/dL) and iii) death (all-cause mortality). A number of secondary endpoints were also evaluated including
serum creatinine levels from which measures of eGFR were obtained at baseline (month 0), month 3, month 6, and approximately
every 6 months thereafter. Shown in Table 3 are baseline eGFR values along with a summary of the number and percentage of
patients who dropped out due to death or ESKD as a composite event. It should be noted that since eGFR is a direct function
of serum creatinine, we confined our definition of ESKD to dialysis or transplantation as the inclusion of an observed serum
creatinine of 6.0 mg/dL would not constitute an informative censoring event.

The first step in our analysis was to determine an appropriate knot to use when fitting the linear spline mixed-effects model
(2). We did so by initially fitting a simple linear-spline mixed-effects model using PROC MIXED in SAS with a knot fixed
at values ranging from 3 to 12 months. We did so assuming a constant within-subject variance 𝜎2 and a constant between-
subject covariance matrix 𝚿. We then output the SS predicted means 𝜇𝑖𝑗 , computed weights 𝑤𝑖𝑗 = ln(𝜇2

𝑖𝑗), and re-ran the
mixed-effects model using the LOCAL Power-of-X option of the REPEATED statement corresponding to the variance function
𝜎2 exp(𝜃𝑤𝑖𝑗) = 𝜎2(𝜇2

𝑖𝑗)
𝜃 so as to evaluate the fit of each knot using a one-time iterative estimate of the POM variance structure.

The results based on rank ordered values of Akaike’s information criterion, AIC, indicate a knot at 4 months provides the best
fit (Table 4). Fixing the knot at 4 months, we then proceeded to fit the four SP models listed in Table 2 using starting values
based on the methods described in Section 4.1. Shown in Table 5 are the model parameter estimates and their standard errors
for the linear spline mixed-effects model (2) as well as the log hazard ratios for the PE survival model covariates (Table 2) under
each of the four SP models. Included are -2 log likelihood values and AIC values for each of the SP models as well as formal
likelihood ratio (LR) test p-values for comparing the full SP model 4 against each of the reduced SP models 1-3. Both SP models
1 and 3 show a significant lack of fit compared with SP model 4 while SP model 2 shows a comparable fit. Moreover, SP model
1 shows a significant lack of fit when compared to each one of the SP models 2-4 (p-values < 0.0001) providing reasonably
strong evidence that dropout is non-ignorable. In terms of impact on the model parameters, we see from Table 5 that the acute
and chronic slopes are all steeper under SP models 2-4 when compared against SP model 1. For example, the chronic slopes
under SP model 2 are 9.5% and 17.3% lower for the control and treated groups, respectively, compared with those under SP
model 1. We also observe that there is little evidence of a treatment-dependent effect on the random slope effects as estimates
of 𝜅 are not significantly different for 0.

The adjusted downward slopes under SP models 2 and 4 result in an attenuation of the treatment effects (treated-control) on
the change slopes, chronic slopes and total slopes at 3 and 4 years as shown in Table 6. While the treatment differences in the
chronic slope remain significant under all four SP models, the total slope differences at 3 and 4 years lose their significance under
SP models 2 and 4 reflecting the impact the acute effect has in combination with dropout due to death or ESKD. While the total
slope differences are trending in the right direction (i.e., towards significance with increasing follow-up time), their attenuation
under SP models 2 and 4 closely mirrors the attenuation seen in the chronic slope differences. In turn, the attenuation of a
treatment effect on the chronic slopes may be explained by the significant increase in the rate of dropout due to death or ESKD
associated with higher rates of decline in eGFR as measured by subjects with greater deviations (i.e., 𝑏3𝑖) below the population-
averaged chronic slopes. In particular, we find under SP model 2 that for every 1.0 mL/min/1.73m2/year increase in 𝑏3𝑖 there is
an associated 32.5% reduction (= 100%×(1 − exp(−4.725∕12)) in the rate of dropout due to death or ESKD or, conversely, for
every 1.0 mL/min/1.73m2/year decrease in 𝑏3𝑖 there is an associated 48.3% increase in the rate of dropout due to death or ESKD.
This association is clearly in evidence when one plots and compares the empirical Bayes estimates of 𝑏3𝑖 versus time to dropout
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𝑇𝑖 under SP models 1 and 2 as shown in Figure 1. Under SP model 1 there is no discernable correlation between 𝑏̂3𝑖 and 𝑇𝑖 among
patients who dropped out due to death or ESKD (𝑅2 = 0.007). This is consistent with its underlying assumption that dropout is
independent of any trends in eGFR. In contrast, under SP model 2 wherein this assumption is relaxed, 46% of the variation in
𝑏̂3𝑖 among patients who dropped out due to death or ESKD may be explained by its linear relationship to 𝑇𝑖 (𝑅2 = 0.462).

Not surprisingly, then, when the increased risk of dropout associated with higher subject-specific rates of decline in eGFR
is ignored, ML estimates of the population-average rates of decline in eGFR will be biased upward leading to what appears to
be a more favorable response profile as shown in Figure 2. Here we find the predicted mean eGFR profile under SP model 2 is
attenuated slightly downward for both treatment arms as a result of providing greater weight to those individuals who dropout
due to death or ESKD. In summary, SP model 2 provides greater weight to those who dropout due to death or ESKD than would
otherwise be the case under the ignorable dropout assumptions imposed under SP model 1.

In terms of other modeling assumptions, we examined how robust our results are to model misspecification with respect to the
covariance structure using a goodness-of-fit variance-covariance concordance correlation coefficient and a maximum likelihood
(ML) discrepancy function similar to those implemented in the SAS procedure GLIMMIX.8,23-25 Letting 𝛀̂ and 𝛀̂𝑅 denote,
respectively, the model-based and robust (empirical) variance-covariance matrices of the 𝑠 × 1 vector of estimated regression
parameters 𝜷 (𝑠 = 6) under model (2), the variance-covariance concordance correlation is given by

𝑟(𝝎̂) = 1 −
‖(𝝎̂ − 𝒊)‖2‖𝝎̂‖2 + ‖𝒊‖2 (9)

where 𝝎̂ =Vech(𝛀̂
−1∕2

𝛀̂𝑅𝛀̂
−1∕2

) and 𝒊 =Vech(𝑰𝑝). It has the property that 𝑟(𝝎̂) = 1 if and only if 𝛀̂ = 𝛀̂𝑅 while 𝑟(𝝎̂) = 0 if
and only if the components of 𝝎̂ are orthogonal to those of 𝒊. The ML discrepancy function,

𝑑 = {ln |𝛀̂|− ln |𝛀̂𝑅|+trace(𝛀̂𝑅𝛀̂
−1
) − 𝑠}, (10)

is a measure of closeness between 𝛀̂ and 𝛀̂𝑅 with the property that 𝑑 will converge in probability to 0 given the variance-
covariance structure under the linear spline mixed-effects model (2) is correctly specified. Values of these two statistics were
𝑟(𝝎̂) = 0.994 and 𝑑 = 0.037 under SP model 1 and 𝑟(𝝎̂) = 0.992 and 𝑑 = 0.049 under SP model 2 which, when combined with
both model-based and robust standard error estimates and p-values for the treatment slopes and their differences shown in Table
7, suggest the assumed covariance structure under (2) is not unreasonable. Finally the assumptions of normality with respect
to the distribution of eGFR and conditional independence of 𝑌𝑖𝑗|𝒃𝑖 and 𝑇𝑖|𝒃𝑖 also appear to be reasonable based on plots of the
scaled conditional residuals shown in Figures 3-4.

In terms of the mean structure under model (2), marginal and conditional𝑅2 values as well a marginal and conditional concor-
dance correlation coefficients, 𝑟𝑐 , have been proposed as a means for assessing the goodness-of-fit of mixed-effects models.24-26

When the fixed-effects are known and specified in advance such as occurs in randomized controlled trials (RCT’s), the conditional
𝑅2 and 𝑟𝑐 values are preferred measures as they take into account the adequacy of fit of both the random and fixed-effects.24-26

As with the case for marginal linear models, conditional 𝑅2 and 𝑟𝑐 values close to one provide users with an intuitive measure
of how well the overall mixed-effects model fits the observed data. Conversely, the marginal 𝑅2 and 𝑟𝑐 values, while preferred
in settings where the goal is to perform fixed-effects variable selection, should be avoided in a RCT setting as they tend to be
undervalued due to the exclusion of explained variation associated with SS random effects.25-26 The conditional 𝑅2 and 𝑟𝑐 val-
ues for the IDNT study were 𝑅2 = 0.9198 and 𝑟𝑐 = 0.9566 for SP model 2 suggesting the linear spline mixed-effects model
provides a reasonably good fit to the data at both the population level and subject-specific level as shown in Figures 5-6 for the
control and treated groups, respectively.

5.2 The MDRD-B Study
The MDRD-B study was a multi-centre study of diet and blood pressure control on progression of CKD among late stage CKD
patients. A description of the study design and original results have been presented previously27-28 as have subsequent analyses
utilizing both SP models and pattern mixture models.7-8,29. Both the original and subsequent analyses were carried out under the
assumption of a simple linear mixed-effects model for eGFR with a single slope parameter per treatment group and homogeneous
within- and between-subject variability.7-8,28-29 Here we re-analyze the data assuming the more general linear spline mixed-
effects model (2) but restricted to comparing the two blood pressure treatment groups; the normal (control) blood pressure group
and the low (treated) blood pressure group. A preliminary analysis similar to that performed for the IDNT study suggests that



AUTHOR ONE ET AL 11

an acute effect occurs over the first 6 months after which the rate of decline in eGFR stabilizes. Based on this, we fixed a knot
at 6 months and fit SP models 1 and 2 to the data using the same algorithms and code used to analyze the IDNT study.

The results, as summarized in Table 8, show that there is a significant lack of fit when comparing SP model 1 to SP model
2 (likelihood ratio test chi-square=183.99, DF=3, p-value< 0.0001). This may be explained by the significantly lower risk of
dropout due to death or ESKD associated with patients having latent random intercept (𝑏0𝑖) and slope (𝑏1𝑖, 𝑏3𝑖) effects that fall
above 0 (i.e., patients having higher starting eGFR values and lower rates of decline in eGFR over time). These associations, in
turn, account for the notably different estimates we obtain for the chronic slopes under the non-ignorable dropout mechanism
of SP model 2 compared with the ignorable dropout mechanism of SP model 1. Specifically, the chronic slopes are 17% steeper
under SP model 2 versus SP model 1 for both the control group (-0.650 mL/min/1.73m2/year lower under SP model 2) and
treated group (-0.653 mL/min/1.73m2/year lower under SP model 2). Unlike with the IDNT study where the percent change in
the estimated chronic slopes between SP models 1 and 2 differ according to treatment group leading to an attenuation of the
treatment effects on the slopes, here the percent change is uniform across the two treatment groups such that the treatment effects
on the chronic slope remain unchanged. Also unlike the IDNT study, here we find a significant treatment-dependent effect on
the slope random effects. Specifically, the estimated proportionality parameter 𝜅 is significantly less than 0 resulting in lower
standard errors for the treated group slopes compared with that of the control group slopes.

6 SAMPLE SIZE AND POWER

Following a suggestion from a reviewer, a SAS macro program, %GFR_Slope_Power, was developed specifically for the pur-
pose of determining sample size/power estimates for comparing slopes between two treatment groups based on the linear spline
mixed-effects model (2). The program uses calculations based on an approximation to the power of an 𝐹 -test for linear mixed-
effects models described by Littell et al. (Chapter 12) and references therein.30 The approximation, which can also be used for
marginal linear models, entails the use of an “observed” 𝐹 -statistic together with its numerator degrees of freedom to compute
the noncentrality parameter needed for sample size/power calculations. To adapt their approach to the CKD clinical trial setting,
we start by assuming a balanced study design with 𝑁 subjects per treatment group (𝑛 = 2𝑁 subjects in total) with eGFR mea-
surements obtained at 𝑝 specified measurement occasions or times 𝑡1, 𝑡2,… , 𝑡𝑝. Under these assumptions, it will be convenient
to write model (2) as 𝒀 = 𝑿𝜷 + 𝒁𝒃 + 𝝐 where 𝒀 is the 𝑛𝑝 × 1 vector of eGFR measurements, 𝑿 is the 𝑛𝑝 × 6 fixed-effects
design matrix, 𝜷 is the 6 × 1 vector of regression parameters, 𝒁 is the 𝑛𝑝 × 𝑛𝑣 random-effects design matrix (𝑣 = 3), 𝒃 is the
𝑛𝑣 × 1 random-effects vector and 𝝐 is the 𝑛𝑝 × 1 vector of within-subject residuals.

Using this framework and following Littell et al.30, one can approximate power for testing a null hypothesis 𝐻0:𝑳′𝜷 = 𝟎
versus the alternative 𝐻1:𝑳′𝜷 ≠ 𝟎, by first creating a single “dummy” dataset with the hypothesized mean response profile,
𝐸(𝒀 ) = 𝑿𝜷, taking the place of actual values of 𝒀 . One would then “fit” the model to the “dummy” data using PROC MIXED
and test the null hypothesis with CONTRAST or ESTIMATE statements. Based on the output, one would then estimate power as

Power = Pr(𝐹{NDF,DDF, 𝛿} > 𝐹{NDF,DDF, 0, 𝛼}) (11)

where 𝐹{NDF,DDF, 𝛿} is the distribution of the 𝐹 -statistic, NDF=rank(𝑳) is the numerator degrees of freedom, DDF is the denom-
inator degrees of freedom, 𝛿 = (𝑳′𝜷)′{𝑳′(𝑿′𝚺−1𝑿)−1𝑳}(𝑳′𝜷) is the noncentrality parameter computed from the “observed”
F-test statistic, 𝚺 is the marginal covariance matrix and 𝐹{NDF,DDF, 0, 𝛼} is the critical 𝐹 value for testing the null hypothesis
𝐻0:𝑳′𝜷 = 𝟎 at a type I error of 𝛼. The marginal covariance matrix is given by Cov(𝒀 ) = 𝚺 = 𝒁𝑮𝒁 ′ + 𝑹 where 𝑮 is an
𝑛𝑣× 𝑛𝑣 block diagonal matrix with 𝑣× 𝑣 matrices 𝚿𝑘 along the diagonal, and 𝑹 is an 𝑛𝑝× 𝑛𝑝 block diagonal matrix with 𝑝× 𝑝
marginal within-subject matrices, 𝑹𝑖, along the diagonal. The values of 𝚿𝑘 and 𝑹𝑖 will depend on what assumptions one is
willing to make (see Table 1). Under the assumptions of homogeneity, 𝚿𝑘 = 𝚿 and 𝑹𝑖 = 𝜎2𝑰𝑝, while under the assumptions
of heterogeneity, 𝚿𝑘 will depend on the treatment group and 𝜅, and 𝑹𝑖 will be a 𝑝 × 𝑝 diagonal matrix with expected values
of the SS-POM variances 𝜎2(𝜇2

𝑖𝑗(𝜷 𝑖))
𝜃 along the diagonal, i.e., 𝜎2𝐸𝒃{(𝜇2

𝑖𝑗(𝜷 𝑖))
𝜃}. The program is setup to always run under

the assumptions of heterogeneity for both the within-subject and between-subject variances and covariances since the cases of
homogeneity can be achieved by simply setting one or both of the parameters, 𝜃 and 𝜅, to 0.

To estimate power using the SAS macro, the user provides input values for 𝑁 and the 𝑝 measurement occasions along with
hypothesized values of the parameters (𝜷, 𝚿, 𝜅, 𝜎2, 𝜃) from model (2) as well as other input variables including study accrual
and follow-up periods, an annual dropout rate (assumed to be non-informative) and an option to include informative censoring
when a subject’s predicted mean eGFR falls below 15 mL/min.1.73m2. The program provides the user with two options for
approximating the marginal within-subject covariance matrix 𝑹. Both options are predicated on the need to use a WEIGHT
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statement with PROC MIXED in order to specify an approximation to 𝑹. In particular, one can write the 𝑖th subject’s 𝑝 × 𝑝
within-subject diagonal covariance matrix as 𝑹𝑖(𝒃𝑖) = 𝜎2𝑾 𝑖(𝒃𝑖)−1 where 𝑾 𝑖(𝒃𝑖) is a diagonal matrix of SS “weights”𝑤𝑖𝑗(𝒃𝑖) =
1∕(𝜇2

𝑖𝑗(𝜷 𝑖))
𝜃 . By replacing 𝑾 𝑖(𝒃𝑖) with a diagonal matrix 𝑾 𝑖 of weights 𝑤𝑖𝑗 that do not depend on 𝒃𝑖 and which provide a

reasonable approximation to 𝐸𝒃{(𝜇2
𝑖𝑗(𝜷 𝑖))

𝜃} one can approximate power based on 𝑹𝑖 = 𝜎2𝑾 −1
𝑖 . One option would be to use

a first-order Taylor series approximation to 𝑹𝑖(𝒃𝑖) by expanding the SS-POM function (𝜇2
𝑖𝑗(𝜷 𝑖))

𝜃 about 𝒃𝑖 = 𝟎 and replacing
the SS “weights” with the PA “weights” 𝑤𝑖𝑗 = 1∕(𝜇2

𝑖𝑗(𝜷))
𝜃 where 𝜇𝑖𝑗(𝜷) is the marginal or population-averaged mean response

under model (2). In this case, power based on 𝑹𝑖 = 𝜎2𝑾 −1
𝑖 = 𝜎2Diag{(𝜇2

𝑖𝑗(𝜷))
𝜃} may be interpreted as the power required

to detect differences in the 𝜷’s for an average or typical subject (i.e., a subject with 𝒃𝑖 = 𝐸𝒃(𝒃𝑖) = 𝟎). As this approximation
ignores subject-to-subject variation in the POM variances, the approximate power will tend to overestimate the true power with
the degree of overestimation depending on the magnitude of 𝚿𝑘 (with bias→ 0 as 𝚿𝑘 → 𝟎).

A second more conservative option would be to estimate the marginal covariance matrix 𝑹𝑖 empirically based on a randomly
generated sample of 𝑀 random effects, 𝒃𝑚𝑘, within each treatment group (𝑚 = 1,… ,𝑀 ; 𝑘 = 𝑐, 𝑡 for the control and treated
groups) where the 𝒃𝑚𝑘 are generated from a multivariate normal distribution with mean 𝟎 and covariance 𝚿𝑘. For a sufficiently
large 𝑀 and writing 𝜷 𝑖 = [𝜷c + 𝒃𝑖](1 − 𝑋𝑖) + [𝜷 𝑡 + 𝒃𝑖]𝑋𝑖, one can estimate the marginal weights, 𝑤𝑖𝑗 = 1∕𝐸𝒃{(𝜇2

𝑖𝑗(𝜷 𝑖))
𝜃},

empirically as

𝑤𝑖𝑗 = 1∕
{ 1
𝑀

𝑀∑
𝑚=1

(
𝜇2
𝑖𝑗([𝜷c + 𝒃𝑚𝑐](1 −𝑋𝑖) + [𝜷 𝑡 + 𝒃𝑚𝑡]𝑋𝑖])

)𝜃}
. (12)

In either case, power calculations would be based on 𝑹𝑖 = 𝜎2𝑾 −1
𝑖 depending on which approximation to 𝑤𝑖𝑗 one chooses. We

will refer to the PA “weights”𝑤𝑖𝑗 = 1∕(𝜇2
𝑖𝑗(𝜷))

𝜃 as population-averaged power-of-mean (PA-POM) weights and the empirically
estimated weights given by (12) as the estimated marginal power-of-mean (EM-POM) weights.

A full description of the SAS macro and examples of its use are provided in Web Appendix A of the supplementary material.
To illustrate, we used estimates of 𝛽1𝑐 , 𝛽1𝑡, 𝛽2𝑐 ,𝚿, 𝜅, 𝜃, and the rescaled variance 𝜎2 = 𝜎2/100, from the IDNT study (Table 5) as
input to calculate power associated with incremental differences, 𝛽3𝑡−𝛽3𝑐 , between the chronic slope parameters of the treatment
group versus control group holding the treated and control group acute slope parameters and their difference fixed as well as the
delta (change) slope parameter and chronic slope parameter for the control group. The chronic slope differences, 𝛽3𝑡 − 𝛽3𝑐 , were
varied from 0.75 to 1.50 mL/min/1.73m2/year in increments of 0.25 mL/min/1.73m2/year. Given these specifications, incre-
mental differences in the delta (change) and total slopes between the treated and control groups are automatically determined.
Moreover, in terms of clinical relevance, these slopes and their incremental differences can also be used to predict the average
extended time to ESKD for patients receiving treatment. For example, assuming a mean eGFR of 15 mL/min/1.73m2 is an indi-
cation of ESKD and that it occurs after the acute phase (something one can easily determine based on the input parameters),
then the mean time to ESKD based on the population-average parameters from (2) would be

𝐸(𝑇𝑐) =
(𝛽0𝑐 − 𝛽2𝑐𝑡∗) − 15

−𝛽3𝑐
, for the control group

𝐸(𝑇𝑡) =
(𝛽0𝑡 − 𝛽2𝑡𝑡∗) − 15

−𝛽3𝑡
, for the treated group

. (13)

The extended time to ESKD due to treatment for the average or typical patient would then simply be 𝐸(𝑇𝑡) − 𝐸(𝑇𝑐).
Power estimates based on incremental differences in the chronic slopes were computed for sample sizes of 300, 400, 500 and

600 subjects per group assuming a uniform accrual rate over a 36 month period with a minimum 24 month follow-up. Using the
estimated parameters from SP model 2 of Table 5 as input along with EM-POM weights𝑤𝑖𝑗 for the overall marginal covariance
matrix 𝑹 and allowing for a 5% annual dropout rate together with informative censoring of subjects once their predicted mean
eGFR falls below 15 mL/min/1.73m2, it is estimated that a sample of 400 subjects per group would provide 76% power to detect
a 1.00 mL/min/1.73m2/year difference in the population chronic slopes in favor of the treatment group (see Table A.7 of Web
Appendix A). The power increases to 91% to detect a 1.25 mL/min/1.73m2/year difference between treated vs. control chronic
slopes (Table A.7). Based on these differences the extended time to ESKD due to treatment for the average or typical patient
would be 1.075 and 1.466 years, respectively, provided one is willing to extrapolate the assumed linear trajectories during the
period of study into the future.

Alternatively, if one were seeking to power the study on the basis of the total slope given a chronic slope treatment effect of
1.25 mL/min/1.73m2/year, a sample of 500 patients per group would be required to detect a total slope treatment difference at
4 years of 0.957 mL/min/1.73m2/year with 83% power (see Table A.7). To demonstrate what impact the acute treatment effect
has on power calculations for the total slope, we repeated the power calculations but with the treatment group’s acute slope
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reduced from -14.724 mL/min/1.73m2/year to -13.596 mL/min/1.73m2/year which corresponds to a 50% reduction in the acute
treatment effect at 4 months (i.e., the mean difference in eGFR at 4 months between the treated and control patients goes from
-0.756 mL/min/1.73m2 to -0.38 mL/min/1.73m2). Under this alternative lower acute treatment effect, one would only require a
sample of 400 patients per group to detect a total slope treatment effect through 4 years of 1.051 mL/min/1.73m2/year with 81%
power or a total slope treatment effect through 3 years of 0.984 mL/min/1.73m2/year with 72% power (see Table A.8 of Web
Appendix A). The lower sample size required to detect differences in total slopes based on a lower acute treatment effect reflects
the need for conducting a phase 2 trial designed to estimate the magnitude and timing of a possible acute treatment effect prior
to planning and conducting a phase 3 trial.

To illustrate what impact possible misspecification of the knot might have on study power for a given set of hypothesized
parameters, we computed the power to detect a 1.00 to 1.25 mL/min/1.73m2/year difference in the chronic slopes based on a
fixed sample of 400 subjects per treatment group with values of the knot ranging from 3 to 6 months. We used as input the
same estimates of 𝛽1𝑐 , 𝛽1𝑡, 𝛽2𝑐 ,𝚿, 𝜅, 𝜃, and 𝜎2/100 from the IDNT study used above to generate the results in Table A.7 of Web
Appendix A but with a different starting seed for generating random effects. Also included for comparison are power estimates
based on both the PA-POM and EM-POM approximations to the marginal weights 𝑤𝑖𝑗 used to specify the covariance matrix
𝑹. As shown in Table 9, the power to detect differences in the chronic slope decreases slightly as one increases the assumed
value of the knot from 3 to 6 months. This is not unexpected given the likely decreased number of observations one would
have available for estimating and comparing chronic slopes during a shortened chronic phase. Also not unexpected are the more
conservative estimates of power achieved by using the estimated marginal power-of-mean (EM-POM) weights to approximate
the marginal variance matrix, 𝑹, as these weights directly account for variation in the SS-POM variances. Finally, based on this
limited exercise, it would appear that misspecifying the knot by as much as 3 months will have little impact on the estimated
power with which to compare hypothesized values of the chronic slopes.

7 DISCUSSION

In this paper we have described a class of mixed-effects models that may used to evaluate treatment efficacy in clinical trials
of CKD on the basis of slope-based surrogate endpoints as opposed to more traditional clinical event time endpoints. Treating
the rate of decline in eGFR as an intermediary surrogate endpoint, a two-slope linear spline mixed-effects model for eGFR is
proposed as a means for dealing with short-term acute treatment effects on the rate of decline as have been reported in a number
of CKD trials.2-5 Although the model is parameterized in terms of two slope parameters, there are actually four slope parameters
in total which describe different aspects of the rate of decline in eGFR over time: an acute slope, a change slope, a chronic
slope and a time-dependent total slope. The model includes a subject-specific power-of-mean (SS-POM) variance structure to
model within-subject heteroscedasticity and a proportionality parameter for the random slope effects to model between-subject
heteroscedasticity. Finally, to address concerns over informative censoring resulting from dropout due to death or ESKD, we
extend the model to a class of SP models by introducing a piecewise exponential survival model that, through the sharing of
latent random effects, allows one to model eGFR adjusted for various non-ignorable dropout mechanisms.

While the class of models described here offer a relatively robust modeling approach to assessing treatment effects on the rate
of decline in eGFR, there are a number of challenging factors that can impact one’s ability to successfully fit these models. The
first challenge stems from the fact the eGFR model alone is nonlinear in both the fixed and random effects when one assumes an
intra-subject POM variance structure. Hence ML estimation will require the use of a nonlinear optimization routine combined
with an integral approximation in order to maximize the integrated log-likelihood function. For some trials, especially trials
with smaller patient sizes or trials with fewer and more widely dispersed measurements over time per subject, we found that
convergence could not always be achieved with this model. This was due almost exclusively to modeling intra-subject variability
via the SS-POM variance structure. To overcome this, we have found that one can replace the SS-POM structure with a power-of-
time structure wherein within-subject heteroscedasticity is modeled assuming Var(𝜖𝑖𝑗) = 𝜎2 exp(𝜃𝑡). Under this power-of-time
structure, the first- and second-order moments of eGFR are completely orthogonal to one another resulting in a strictly linear
mixed-effects model having a within-subject variance structure that very often mimics the POM structure.30

In cases where convergence is still an issue, one might consider two variants of the two-slope linear spline mixed-effects
model (2). One variant would involve simplifying model (2) by setting 𝑏𝑖2 = 0 resulting in a single random slope effect. The
variance of this single random slope effect would account for subject-to-subject variation in both the acute and chronic slopes -
an assumption which may or may not be reasonable. In the second variant, one would assume an acute effect occurs within say
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the first 3 months of follow-up. In this case, one can fit a modified one-slope linear mixed-effects model by simply excluding
eGFR measurements occurring before 3 months. To improve power, one would include centered baseline eGFR values and their
interaction with time as additional covariates in the model. Under this variant, one can estimate and compare chronic slopes
between the two treatment groups based on a simple one-slope regression model. The model can also be used estimate an acute
treatment effect at 3 months by simply comparing the 3-month predicted mean eGFR values between the two treatment groups.

Another challenge with slope-based endpoints in CKD trials is determining whether the primary endpoint should be the
chronic slope or the total slope based on a planned length of follow-up. Such a determination can be problematic especially in
the presence of a relatively large acute effect as this is could lead to different conclusions depending on the length of follow-
up. Ideally, this is an issue that would be clarified in a phase 2 trial so that one can be confident that a phase 3 trial will be
adequately designed (e.g., timing of eGFR measurements) and powered for either endpoint. One way to accomplish this would
be to perform a 1 or 2 year phase 2 trial with monthly eGFR measurements on a smaller but reasonable number of patients. Such
a trial would provide fairly precise within-subject trends for determining the magnitude and timing of any acute effects as well
as providing estimates of the model parameters which can then be used to estimate sample size and power for a phase 3 trial.

The possibility of informative censoring raises a somewhat paradoxical challenge related to the use of SP models - namely that
the effectiveness of a SP model is somewhat dependent on the number of events that occur within a clinical trial. If a study results
in a relatively low number of events, fitting a SP model becomes problematic both at the inferential level and at the computational
level. Too few events means there is very low power and precision with which to estimate hazard ratios associated with SP
covariates. In that case fitting a SP model is unlikely to have any real impact on the estimation and comparison of eGFR related
treatment effects such as differences in estimated total slopes. Moreover, too few events can lead to computational problems
such as non-convergence or convergence to unstable estimates resulting from a non-positive definite Hessian matrix or a Hessian
matrix with one or more negative eigenvalues (thus violating second-order optimality conditions). The paradox, of course, is
that trials having a relatively high number of events leading to dropout are more susceptible to informative censoring which, in
turn, requires greater scrutiny in the form of sensitivity analyses (such as the use of SP models) when assessing treatment effects.

Finally, sensitivity analyses other than those based on SP models might also be considered when assessing treatment effects
in the presence of informative censoring. These include the use of pattern-mixture models and conditional linear mixed
models.6,8,29,31-33 One approach would be to adopt a tipping point sensitivity analysis based on some form of a pattern-mixture
model such as occurs, for example, when fitting a repeated measures ANCOVA model to select outcomes.8 However, some care
is needed when undertaking these alternative analyses. For example, one may attempt a sensitivity analysis by imputing missing
values following dropout under some form of non-ignorable missing data mechanism. If, however, dropout is the result of some
terminal event like death, one must question whether this makes sense since outcomes following a terminal event are no longer
possible.8

SOFTWARE CODE AND DATA ACCESSIBILITY

Access to the primary SAS code used to fit the models for the MDRD-B study including instructions for accessing the MDRD-B
dataset are available through the repository Figshare. This is the same code used to fit the models for the IDNT study using the
same basic dataset structure. Also inclued in Figshare is the SAS macro code for %GFR_Slope_Power and examples illustrating
its use.
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Source of Variability Description Structure Variances and Covariances
Within-Subject

𝜎2𝑖𝑗
Homogeneity Constant 𝜎2𝑖𝑗 = 𝜎2

Heterogeneity Power-of-mean
(POM) 𝜎2𝑖𝑗 = 𝜎2(𝜇2

𝑖𝑗(𝜷 𝑖))
𝜃 †

Between-Subject
𝚿𝑘

Homogeneity Uniform Treatment
Effect 𝚿𝑘 = 𝚿 =

⎛⎜⎜⎝
𝜓11 𝜓12 𝜓13
𝜓21 𝜓22 𝜓23
𝜓31 𝜓32 𝜓33

⎞⎟⎟⎠
Heterogeneity Proportional Treatment

Effect on Random Slope Effects 𝚿𝑘 =
⎛⎜⎜⎝
𝜓11 𝜙𝑘𝜓12 𝜙𝑘𝜓13
𝜙𝑘𝜓21 𝜙2

𝑘𝜓22 𝜙2
𝑘𝜓23

𝜙𝑘𝜓31 𝜙2
𝑘𝜓32 𝜙2

𝑘𝜓33

⎞⎟⎟⎠
††

† 𝜇𝑖𝑗(𝜷 𝑖) = 𝐸(𝑌𝑖𝑗|𝒃𝑖) = 𝛽0𝑖 + 𝛽1𝑖𝑡𝑖𝑗 + 𝛽2𝑖max{𝑡𝑖𝑗 − 𝑡∗, 0}

††𝜙𝑘 =

{
1 for 𝑘 = 𝑐 (control group)
(1 + 𝜅) for 𝑘 = 𝑡 (treatment group)

is a proportional treatment effect on the random slope effects.

TABLE 1 Possible variance-covariance structures.

Dropout Mechanism SP Model SP Covariates PE Hazard Function
Ignorable dropout 1 𝑋𝑖 𝜆0(𝑡) exp{𝜂0𝑋𝑖}

Non-ignorable dropout 2 𝑋𝑖, 𝑏0𝑖, 𝑏1𝑖, 𝑏3𝑖 𝜆0(𝑡) exp{𝜂0𝑋𝑖 + 𝜂1𝑏0𝑖 + 𝜂2𝑏1𝑖 + 𝜂3𝑏3𝑖}
3 𝑋𝑖, 𝜇𝑖ℎ(𝑡ℎ−1)† 𝜆0(𝑡) exp{𝜂0𝑋𝑖 + 𝜂4𝜇𝑖ℎ(𝑡ℎ−1)}
4 𝑋𝑖, 𝑏0𝑖, 𝑏1𝑖, 𝑏3𝑖, 𝜇𝑖ℎ(𝑡ℎ−1)† 𝜆0(𝑡) exp{𝜂0𝑋𝑖 + 𝜂1𝑏0𝑖 + 𝜂2𝑏1𝑖 + 𝜂3𝑏3𝑖 + 𝜂4𝜇𝑖ℎ(𝑡ℎ−1)}

† 𝜇𝑖ℎ(𝑡ℎ−1) = 𝛽0𝑖 + 𝛽1𝑖𝑡ℎ−1 + 𝛽2𝑖max{𝑡ℎ−1 − 𝑡∗, 0}

TABLE 2 Piecewise exponential model components of four SP models.

Control Group (n=563) Treatment Group (n=572)
Outcome Mean±SD (𝑛𝑒,%)† Mean±SD (𝑛𝑒,%)

Baseline eGFR mL/min/1.73m2 50.55±20.01 49.83±18.98
Censoring Events of Death or ESKD 134 (24%) 116 (20%)
Time to Event = 𝑇 0

𝑖 = min(𝑇𝑖, 𝐶𝑖) 30.80±12.66 31.78±13.26

† 𝑛𝑒 =number of events, %=percentage of subjects with an event

TABLE 3 Baseline eGFR and percentage of subjects with censoring events in the IDNT study. SD=standard devaition.
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Fixed Knot (Month) AIC Rank
3 47903.6 7
4 47878.7 1
5 47879.8 2
6 47890.9 6
7 47882.5 4
8 47880.6 3
9 47889.3 5
10 47904.6 8
11 47923.1 9
12 47940.7 10

TABLE 4 Rank order selection of fixed knots based on preliminary analysis of the IDNT study.

Dropout Mechanism and SP Model
Ignorable Non-ignorable

Model
Component

Parameter 1 2 3 4

𝜋(𝒚𝑖|𝒃𝑖) 𝜎2 3.501 (0.718) 3.355 (0.676) 3.198 (0.668) 3.214 (0.653)
𝜃 0.917 (0.027) 0.922 (0.027) 0.928 (0.027) 0.927 (0.027)
𝜓11 325.825 (15.849) 327.977 (15.932) 325.050 (15.878) 326.968 (15.891)
𝜓21 2.260 (1.454) 1.831 (1.373) 2.056 (1.533) 1.936 (1.400)
𝜓22 1.088 (0.239) 1.034 (0.215) 1.194 (0.268) 1.084 (0.223)
𝜓31 -3.032 (1.514) -2.265 (1.425) -2.758 (1.595) -2.391 (1.456)
𝜓32 -0.935 (0.242) -0.863 (0.214) -1.039 (0.274) -0.912 (0.223)
𝜓33 0.876 (0.253) 0.794 (0.221) 0.984 (0.286) 0.845 (0.232)
𝜅 -0.061 (0.070) 0.028 (0.074) -0.070 (0.069) -0.019 (0.077)

𝛽0𝑐 (mL/min/1.73m2) 50.609 (0.812) 50.642 (0.814) 50.609 (0.811) 50.629 (0.813)
𝛽0𝑡 (mL/min/1.73m2) 49.741 (0.802) 49.734 (0.805) 49.701 (0.801) 49.709 (0.803)

𝛽1𝑐 (mL/min/1.73m2/month) -1.012 (0.102) -1.038 (0.100) -1.015 (0.103) -1.025 (0.101)
𝛽1𝑡 (mL/min/1.73m2/month) -1.213 (0.096) -1.227 (0.098) -1.214 (0.097) -1.215 (0.097)
𝛽2𝑐 (mL/min/1.73m2/month) 0.593 (0.107) 0.579 (0.105) 0.583 (0.108) 0.565 (0.106)
𝛽2𝑡 (mL/min/1.73m2/month) 0.878 (0.100) 0.834 (0.101) 0.868 (0.101) 0.830 (0.101)
𝛽3𝑐 (mL/min/1.73m2/month) -0.419 (0.020) -0.459 (0.020) -0.433 (0.020) -0.460 (0.021)
𝛽3𝑡 (mL/min/1.73m2/month) -0.335 (0.018) -0.393 (0.020) -0.346 (0.018) -0.384 (0.021)

𝜋(𝑇 o
𝑖 |𝒃𝑖) 𝜂0 (Trt effect) -0.202 (0.127) -0.186 (0.198) -0.207 (0.128) -0.200 (0.156)

𝜂1 (𝑏0𝑖 effect) -0.087 (0.008) -0.023 (0.037)
𝜂2 (𝑏1𝑖 effect) -0.308 (0.181) -0.149 (0.188)
𝜂3 (𝑏3𝑖 effect) -4.725 (0.698) -3.264 (0.962)

𝜂4 (𝜇𝑖ℎ(𝑡ℎ−1) effect) -0.079 (0.006) -0.065 (0.038)
Model Fit -2 Log Likelihood 50801.53 50466.50 50542.31 50464.06

LR test p-value† < 0.0001 0.11783 < 0.0001 -
AIC†† 50851.53 50522.50 50594.31 50522.06

† LR tests comparing SP models 1-3 to the full SP model 4, †† Akaike’s information criterion, AIC

TABLE 5 Parameter estimates (standard errors) from the IDNT study for the SP models under ignorable and non-ignorable
dropout mechanisms. LR=Likelihood Ratio, SP=Shared Parameter.
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Dropout Mechanism and SP Model
Ignorable Non-ignorable

Slope Δ mL/min/1.73m2/year 1 2 3 4
Acute 𝛽1𝑡 − 𝛽1𝑐 -2.42 (-5.54, 0.70) -2.27 (-5.37, 0.82) -2.39 (-5.55, 0.77) -2.28 (-5.38, 0.82)

Change 𝛽2𝑡 − 𝛽2𝑐 3.42 (0.17, 6.68) 3.06 (-0.15, 6.27) 3.43 (0.14, 6.72) 3.18 (-0.05, 6.41)
Chronic 𝛽3𝑡 − 𝛽3𝑐 1.01 (0.38, 1.63) 0.79 (0.14, 1.44) 1.04 (0.40, 1.68) 0.90 (0.23, 1.57)

Total (3 years) 𝛽4𝑡(3) − 𝛽4𝑐(3) 0.63 (0.01, 1.25) 0.45 (-0.20, 1.10) 0.66 (0.03, 1.29) 0.55 (-0.11, 1.21)
Total (4 years) 𝛽4𝑡(4) − 𝛽4𝑐(4) 0.72 (0.12, 1.32) 0.53 (-0.10, 1.16) 0.76 (0.14, 1.37) 0.64 (-0.01, 1.28)
SP Covariates Comparison

Treatment Group HR(Treated:Control) 0.82 (0.64, 1.05) 0.83 (0.56, 1.23) 0.81 (0.63, 1.04) 0.82 (0.60, 1.11)
𝑏0𝑖 † HR (𝑏0𝑖) per unit ↑ 0.92 (0.90, 0.93) 0.98 (0.91, 1.05)
𝑏1𝑖 ‡ HR (𝑏1𝑖) per unit ↑ 0.97 (0.95, 1.00) 0.99 (0.96, 1.02)
𝑏3𝑖 ‡ HR (𝑏3𝑖) per unit ↑ 0.67 (0.60, 0.76) 0.76 (0.65, 0.89)

𝜇𝑖ℎ(𝑡ℎ − 1) † HR(𝜇𝑖ℎ(𝑡ℎ−1) per unit ↑ 0.92 (0.91, 0.94) 0.94 (0.87, 1.01)
† unit of measure = mL/min/1.73m2; ‡ unit of measure = mL/min/1.73m2/year

TABLE 6 Treatment differences in slopes (Δ=Treated-Control, 95% CI’s) and hazard ratios (HR, 95% CI’s) from the IDNT
study for SP covariates under ignorable and non-ignorable dropout mechanisms. SP=Shared Parameters, CI=Confidence
Interval, HR=Hazard Ratio.

Dropout Mechanism and SP Model
Unit of measure Ignorable (SP Model 1) Non-ignorable (SP Model 2)

Slope mL/min/1.73m2/year Estimate Model-based
SE (p-value)

Robust
SE (p-value)

Estimate Model-based
SE (p-value)

Robust
SE (p-value)

Acute 𝛽1𝑐 -12.14 1.224 1.258 -12.45 1.203 1.240
𝛽1𝑡 -14.56 1.154 1.124 -14.72 1.171 1.148

𝛽1𝑡 − 𝛽1𝑐 -2.42 1.591 (0.1290) 1.597 (0.1304) -2.27 1.580 (0.1501) 1.575 (0.1490)
Change 𝛽2𝑐 7.11 1.281 1.336 6.94 1.255 1.306

𝛽2𝑡 10.54 1.199 1.175 10.01 1.213 1.196
𝛽2𝑡 − 𝛽2𝑐 3.42 1.658 (0.0392) 1.684 (0.0422) 3.06 1.637 (0.0616) 1.642 (0.0624)

Chronic 𝛽3𝑐 -5.03 0.238 0.262 -5.51 0.242 0.269
𝛽3𝑡 -4.02 0.217 0.227 -4.72 0.242 0.259

𝛽3𝑡 − 𝛽3𝑐 1.01 0.319 (0.0016) 0.341 (0.0032) 0.79 0.331 (0.0175) 0.358 (0.0278)

TABLE 7 Robust inference on treatment slopes (SE’s) and their differences (SE’s and p-values) from the IDNT study under
ignorable and non-ignorable dropout mechanisms. SE=Standard Error, SP=Shared Parameter.



AUTHOR ONE ET AL 21

Dropout Mechanism and SP Model
Ignorable (SP Model 1) Non-ignorable (SP Model 2)

Slopes mL/min/1.73m2/year Estimate SE (p-value) Estimate SE (p-value)
Acute 𝛽1𝑐 -5.524 0.753 -5.453 0.739

𝛽1𝑡 -5.568 0.622 -5.377 0.625
𝛽1𝑡 − 𝛽1𝑐 -0.044 0.971 (0.9635) 0.076 0.960 (0.9371)

Change 𝛽2𝑐 2.401 0.838 1.680 0.809
𝛽2𝑡 2.999 0.704 2.146 0.707

𝛽2𝑡 − 𝛽2𝑐 0.589 1.087 (0.5885) 0.466 1.056 (0.6595)
Chronic 𝛽3𝑐 -3.123 0.357 -3.773 0.368

𝛽3𝑡 -2.578 0.266 -3.231 0.295
𝛽3𝑡 − 𝛽3𝑐 0.545 0.443 (0.2197) 0.542 0.461 (0.2404)

Source of Variability Parameter Estimate SE (p-value) Estimate SE (p-value)
Within-Subject 𝜎2 3.495 1.112 3.153 0.998

𝜃 0.847 0.056 (< 0.0001) 0.862 0.056 (< 0.0001)
Between-Subject 𝜅 -0.264 0.077 (0.0007) -0.234 0.078 (0.0028)

𝜓11 16.951 1.853 17.040 1.857
𝜓21 0.464 0.209 0.423 0.203
𝜓22 0.245 0.056 0.238 0.052
𝜓31 -0.505 0.233 -0.356 0.224
𝜓32 -0.211 0.057 -0.187 0.052
𝜓33 0.246 0.066 0.221 0.059

SP Covariates Comparison Estimate 95% CI Estimate 95% CI
Treatment Group HR(Treated:Control) 0.95 (0.65, 1.41) 0.94 (0.43, 2.04)

𝑏0𝑖 † HR (𝑏0𝑖) per unit ↑ 0.77 (0.71, 0.84)
𝑏1𝑖 ‡ HR (𝑏1𝑖) per unit ↑ 0.87 (0.81, 0.93)
𝑏3𝑖 ‡ HR (𝑏3𝑖) per unit ↑ 0.55 (0.47, 0.65)

Information Criteria -2 Log Likelihood 10935.21 10751.22
AIC 10981.21 10803.22

† unit of measure = mL/min/1.73m2; ‡ unit of measure = mL/min/1.73m2/year

TABLE 8 Summary statistics from the MDRD-B study on treatment slopes and their differences, variance-covariance param-
eters, hazard ratios with respect to SP covariates and likelihood-based information criteria under ignorable and non-ignorable
dropout mechanisms. SP=Shared Parameters, SE=Standard Error, HR=Hazard Ratio, CI=Confidence Interval, AIC=Akaike’s
information criterion.

PA-POM Weights EM-POM Weights
Knot Δ = 1.00 Δ = 1.25 Δ = 1.00 Δ = 1.25

3 0.815 0.947 0.784 0.930
4 0.794 0.936 0.760 0.916
5 0.783 0.929 0.745 0.906
6 0.776 0.925 0.736 0.900

TABLE 9 Estimated power to detect a 1.00 to 1.25 mL/min/1.73m2/year difference, Δ = (𝛽3𝑡 − 𝛽3𝑐), in the chronic slopes for a
sample of 400 subjects per treatment group assuming different knots and different approximations to the marginal POM weights,
𝑤𝑖𝑗 . PA-POM=Population-Average Power-of-Mean, EM-POM=Estimated Marginal Power-of-Mean.
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SP Model = 2

Dropout Event = Censored
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SP Model = 1

Dropout Event = Censored
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FIGURE 1 Chronic slope random effects 𝑏̂3𝑖 versus time to dropout 𝑇𝑖 by event status and SP model for the IDNT study. The
slope and R-square values are crude measures of association corresponding to a simple linear regression of 𝑏̂3𝑖 versus 𝑇𝑖. The
vertical reference line at 24 months corresponds to the minimum planned follow-up time for all patients following the end of
recruitment with administrative censoring occuring on December 31, 2000.
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FIGURE 2 Observed mean eGFR values from the IDNT study according to what stage of CKD patients are in at baseline
and what their dropout status is compared to the overall predicted mean eGFR profle by treatment group. The circle, square,
diamond, and triangle are observed means for CKD Stages 1-2, 3a, 3b and 4, respectively. The filled (open) symbols are the
observed means for subjects with (without) the composite dropout event of death or ESKD. The solid lines are the predicted
mean eGFR profiles from the linear spline mixed-effects portion of the respective SP models.
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FIGURE 3 Histogram of the scaled conditional Pearson residuals, {𝑦𝑖𝑗 − 𝜇(𝜷 𝑖)}∕𝜎𝑖𝑗 , under SP model 2 of the IDNT study.
Superimposed are the estimated Gaussian (solid curve) and Kernel (dashed curve) probability density curves suggesting the
assumption of normality is not unreasonable. There are 3 outlying values below 5 standard deviations of the assumed conditional
mean of 0 but given this plot is based on 6,628 observations, such extreme values are not unexpected.



AUTHOR ONE ET AL 25

0 10 20 30 40 50

Time-to-dropout (months)

-7.5

-5.0

-2.5

0.0

2.5

5.0

S
c

a
le

d
 P

e
a

rs
o

n
 C

o
n

d
it
io

n
a

l 
R

e
s

d
id

u
a

ls

FIGURE 4 Scaled conditional Pearson residuals, {𝑦𝑖𝑗−𝜇(𝜷 𝑖)}∕𝜎𝑖𝑗 , versus time to dropout under SP model 2 of the IDNT study.
There is no graphical evidence to suggest the assumption of conditional independence between 𝑌𝑖𝑗|𝒃𝑖 and 𝑇𝑖|𝒃𝑖 is violated.
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FIGURE 5 Subject-specific mean eGFR profiles and observed eGFR values under the IDNT study for 15 randomly selected
subjects from the control group under SP model 2. The observed eGFR values are displayed according to the randomly assigned
subject ID values which are labeled 1-15. The boxed numbers allign with the subject-specific predicted mean eGFR profiles. The
dotted vertical line marks the linear spline knot at 4 months while the bold dashed line marks the population-average predicted
mean eGFR profile.
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FIGURE 6 Subject-specific mean eGFR profiles and observed eGFR values under the IDNT study for 15 randomly selected
subjects from the treated group under SP model 2. The observed eGFR values are displayed according to the randomly assigned
subject ID values which are labeled 1-15. The boxed numbers allign with the subject-specific predicted mean eGFR profiles. The
dotted vertical line marks the linear spline knot at 4 months while the bold dashed line marks the population-average predicted
mean eGFR profile.


