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Abstract

The counterintuitive properties of quantum mechanics have the potential

to produce revolutionary new technology. The applications of these de-

vices are both vital and diverse: the efficient generation of energy from

light, sensing and measuring with exquisite precision, and information

processing with unparalleled speed. In this thesis, I use the theory of

open quantum systems to investigate quantum technologies for enhanced

sensing and light absorption. In the first research chapter, we develop a

new method for describing qubit dynamics in the Rabi model. We obtain

a new expression for the ac Stark shift, which enables practical and pre-

cise qubit thermometry of an oscillator. In the second research chapter,

we demonstrate that it is possible to invert the phenomenon of Dicke Su-

perradiance using nanostructures and quantum control. This creates the

possibility of a new class of quantum light absorption technologies with a

super-linear scaling in the absorption rate. In the final research chapter,

we investigate another means of enhancing light absorption. We show

that phonon assisted transitions to ratchet states in rings allow absorbed

excitions to be protected from reemission.
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CHAPTER 1

Introduction

1.1 Motivation and Outline

The previous century of technological advancement has come from our ability to

manipulate matter on an ever smaller scale. This is not only true of electronics,

on which we are ever more dependent, but also of new materials such as carbon

nanotubes and graphene. This journey downward has now taken us beyond what

can be explained by classical physics alone. To continue on this path, we must learn

to engineer and control matter in the realm of quantum mechanics, with its counter

intuitive properties of coherence, superposition and entanglement.

Quantum mechanics offers challenges, but also huge opportunity for exploiting

effects made possible by these properties. Quantum computation is the most well

known of these technologies; it offers the power to tackle problems that are intractable

with our current computing paradigm. Quantum computing has been a goal of the

research community for several decades. This testifies to the difficultly of maintaining

and coordinating the large number of ‘qubits’ or quantum bits needed to be techno-

logically relevant. Although the goal is closer than ever, there is growing interest

in other quantum technologies, which have far more modest requirements, but have

the potential to revolutionise other areas of technology. Quantum communication

technologies made possible by entanglement offer the timely possibility of provably

secure communications. Quantum enhanced sensors can detect and measure single

molecules, with huge applications across physics, chemistry, biology and medicine.

Measuring extremely small magnetic and electric fields allows material surfaces to

be mapped in unprecedented detail. Enhanced light absorption has the potential to

improve a wide range of technologies from solar cells to cameras and scientific instru-

ments. These sensors also help explore the separation between quantum and classical
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physics, one of the most important unanswered questions in science and has serious

philosophical implications.

We are only just becoming able to engineer on the nano-scale, but nature has long

done so. The objectives are shared: improved sensors, more efficient use of energy

and faster processing of information. ‘Quantum biology’ was until recently considered

an oxymoron: the preservation and exploitation of coherent quantum states was

thought to be solely the domain of painstaking low temperature and low noise physics

experiments. The underlying physics of how quantum coherent energy transfer is

possible in a comparatively hot and chaotic environment is still debated. Complex

interactions between the system and its environment must allow its fragile coherence

to be maintained. This question is key to the emergent field of quantum biology

where distinctly quantum properties like superposition and entanglement are posited

to explain mysterious and powerful properties of organisms such as the avian compass,

the operation of ion channels, olfaction and most controversially consciousness itself.

1.2 Quantum Sensor Technologies

In this section I shall outline the proposed and realised applications of sensors en-

hanced by quantum effects, with a particular focus on nanoelectromechanical systems,

which are the subject of the first research chapter. Sensing and measurement are at

the heart of any scientific endeavour, therefore any increase in the precision of mea-

surements has a wide impact. Quantum sensing or quantum metrology has already

produced commercially available technology . Nitrogen vacancy centres in diamond

attached to atomic force microscope tips can produce exquisitely sensitive measure-

ments of electromagnetic fields [68, 217]. This enables both better understanding of

the structure of materials and molecules, but also the potential to study dynamic

effects in biology such as the signalling of neuronal networks. Atomic clocks [140]

and interferometers [221] enable time and distance measurements sensitive enough to

probe the predictions of relativity in unprecedented detail. They may be the key to

finally observing the gravitational waves predicated by Einstein. Such devices could

also make practical inertial sensors possible, allowing accurate navigation independent

of external systems like satellite networks.

Nanoelectromechanical systems are a union between nanoelectronic devices such

as single electron transistors, quantum dots, superconducting circuits and mechanical

structures such as nanometer scale beams or cantilevers crafted from semiconductors

[48, 14]. These devices could revolutionise sensor technology, offering mass sensitivity
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at the level of single molecules [181], which allows them to function as detectors for

chemistry [35] and biology [31]. It has even been suggested they could be used to

diagnose cancer [115, 210]. The ability of NEMS to store and manipulate quantum

states has lead to them being proposed as a potential quantum computing architecture

[49].

In addition to these direct applications NEMS can be used to explore fundamental

physics. They can be used to probe the transition between quantum and classical.

The collapse of the wavefunction is thought to be what creates this dichotomy, but its

method and meaning, though much discussed, remain one of the greatest open ques-

tions in physics [4]. Nanomechanical resonators can be manufactured at scale where

their behaviour is quantum mechanical yet they remain macroscopic objects. Quan-

tum mechanics dictates that the energy separation between the fundamental modes

of the resonator (oscillator) is discrete, therefore each excited state or ‘phonon’, is a

quantum state and superpositions of them are possible. This means that an object

comprising 1010 or more atoms can be put into a superposition state. Experiments

have even been proposed that would, in theory, be sensitive enough to differentiate

between different wavefunction collapse models [167, 212], such as Penrose’s grav-

itational collapse model [196] and potentially rule out macrorealism [152]. Results

from such experiments could profoundly change our understanding of physics and our

philosophical interpretation of the universe we inhabit.

1.2.1 Experiments

In this section I focus on the nanomechanical systems relevant to the first research

chapter. Experimental progress is being made toward attaining these goals. The

current state-of-the-art experiments comprise a Cooper-Pair-Box (CPB) coupled to a

nanomechanical resonator (NR), which was originally proposed in 2002 [9]. A CPB is

a device comprising a superconducting metal island into which Cooper pairs (bound

electron pairs [54]) can tunnel. The tunnelling is controlled via a gate voltage and the

magnetic flux through the tunnel junction. The gate voltage is chosen such that there

is a maximum of one Cooper pair in the box. In this way the CPB functions as a qubit,

with basis states of the presence and absence or a Cooper pair. The quantum state

of the CPB can be coherently controlled and read out using a microwave frequency

AC voltage [183, 255]. The CPB is well described by the Hamiltonian [163]:

ĤCPB =
1

2
(ECσz − EJσx), (1.1)
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where EC is the electrostatic energy difference between the two charge states and EJ

is the capacitance of the tunnel junction, σz and σx are Pauli spin operators that

count or transfer the charge state respectively. The nanomechanical resonator is a

typically a 10-100 nm long beam or cantilever fabricated from semiconductors using

lithographic techniques [50]. The basic operating principle of resonator sensors is that

when mass is added to the resonator its resonant frequency shifts. The sensitivity of

the resonator depends on its frequency, the higher the frequency and bigger the shift,

the more sensitive the system is. The resonant frequency of such a system is high

(MHz - GHz) and its mass minute (10−16), offering exquisite sensitivity. The other

important property of the resonator is its quality factor Q. This describes the rate

at which the resonator dissipates energy Q = ωτd, where ω is the frequency of the

resonator and τd is the energy decay constant. The quality factors of nanomechanical

resonators are unparalleled (103 − 104) [176] and this is essential to their ability

maintain quantum coherence. Although a NR is tiny, it is still a three dimensional

object. However, typically only the lowest flexural mode interacts with the CPB, so

it can be modelled as a single bosonic mode or quantum harmonic oscillator:

ĤNR = ωNR(a†a+
1

2
), (1.2)

where ωNR is the angular frequency of the oscillator, a† and a represent its creation

and annihilation operators, and the 1
2

accounts for the zero point energy. The CPB

and the resonator are coupled strongly, but in a controllable way, via electrostatic

forces [9]. The resonator is usually made from a piezoelectric material, which deforms

depending on the electric field. This allows the coupling between electronic and

mechanical degrees of freedom. In the absence of dissipation, this interaction can be

described by [126]:

ĤI = (ga† + g∗a )σz. (1.3)

There are of course huge experimental difficulties in fabricating and controlling NRs

in a way that preserves their quantum coherence, but they have been successfully

realised [147]. Temperature is a particular problem; an object of that size can still

decohere very rapidly, even when cooled cryogenically. A good bench mark for the

ability to exhibit quantum behaviour in such a system is:

~ωNR & kbT, (1.4)

where kb is the Boltzmann constant and T is the temperature in Kelvin. By using a

very high frequency resonator (6 GHz), the quantum ground state and single phonon

control of the resonator has been achieved using such a set-up.
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1.3 Light Absorption

The safe and efficient generation of energy is one of the most pressing problems

facing humanity. The disastrous consequences of our continued use of fossil fuels

are well known, but population growth and demand for energy show no signs of

abatement. It is imperative therefore to develop alternative sources of energy [160].

Sunlight is a plentiful and widely available source of energy. It provides the initial

energy input to the food chains, which support nearly all known living organisms.

Nuclear fusion offers the potential to generate huge amounts of energy with low

environmental impact [173]. However, commercial fusion remains elusive [270]. The

low setup cost and distributed nature of solar power make it particularly attractive for

developing countries as well in small stand-alone devices such as sensors and wearable

technology. In this section we will give some background on photovoltaics focusing

on the potential enhancements offered by quantum nanotechnologies. We shall focus

on light harvesting applications, but the discussion is equally relevant to other light

absorption technologies such as sensors.

Photovoltaic (PV) devices convert light into electrical current. This effect was

first observed by Edmund Bequerel in 1839 using platinum electrodes suspended in

acid. However it wasn’t until the 1950’s when semi-conductor electronics were devel-

oped that it began to be considered a viable source of power. There are three key

elements to the photovoltaic process. First, the absorption of photons and the gen-

eration of excitons (electron hole pairs). Second the transport and separation of the

electrons from the holes. Finally the electrons are passed through an external load in

a circuit, the work done against this load produces power. Doped silicon, forming a

p-n junction is the most widely material for creating solar cells, because it provides

both a suitable bandgap for carrier generation as well as an intrinsic electric field, for

carrier separation.

The efficiency of a solar cell is the proportion of the incident light energy it suc-

cessfully converts into electrical energy. In order to try to enhance the efficiency

of PV devices, we should understand the fundamental limits on their performance.

The ultimate limit on the efficiency of a conventional solar cell is the thermodynamic

Carnot efficiency [268]:

η =

(
1− TA

TS

)
≈ 95% (1.5)

where TS is the temperature of the sun 5800 K and TA is the ambient temperature

on earth 300K. However, this limit is attainable only in the limit where no current
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is extracted from the system. Of course, energy extraction is the very purpose of

any practical device. Therefore, a slightly more realistic upper bound is found by

calculating the efficiency at the point where maximum work can be extracted, which

for an infinite stack of monochromatic absorbers covering the solar spectrum is found

to be 86% [59]. The most practically relevant limit currently is the Shockley-Queisser

Limit (SQL) [234], which gives a maximum efficiency of 31% under these conditions:

• There is a single bandgap for absorption.

• Only photons with energy above the bandgap are absorbed.

• All photon energy in excess of the bandgap is lost as heat.

• A single exciton is generated for every photon absorbed.

• The incident sunlight is unconcentrated.

The SQL is an elegant theory that accounts for the primary loss mechanisms in PV

solar cells. It thus offers a benchmark for experimental implementations as well as

inspiration for more exotic approaches. State-of-the-art single crystal silicon cells

are approaching this efficiency limit of 26% [100]. Devices already exist that oper-

ate beyond the SQL, they do this by breaking the above assumptions. The most

conceptually straightforward is to concentrate the incoming light. This can either

be accomplished by marcoscopic optics such as lenses and mirrors, or via recently

developed nanostructures [145]. Using this approach sun light can be concentrated

up to over 400 times its original intensity [262], leading to efficiency gains of 5− 10%

[111].

Another approach is to combine multiple bandgap materials into a single device.

Monolithic stacks of varying bandgap p-n junctions are already used to similar effect,

such devices currently hold the world record for efficiency 44% [100]. Integrating

quantum dots into PV offer several potential advantages [139]. Their tuneable band

gaps allow them to be optimised to the spectrum of the incident light. So called dye-

sensitised solar cells, like natural light harvesters, separate out the role of absorbing

photons to an antenna with tailored properties [190, 99, 107]. Although yet to com-

pete for efficiency with crystalline Si solar cells, they can be made from much cheaper

materials and form flexible thin-films [47]. The problem with such approaches is to

maximise absorption from a thin layer, as well as provide carrier transfer and sepa-

ration, which is no longer intrinsic like it is in silicon. However, here novel quantum
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phenomena such as plasmons [108] and structures such as nanowires can help with

this [156].

Quantum dots can also bypass the SQL restriction of only producing one exciton

per photon. Multiple exciton generation, where excess photon energy is not lost

but used to generate multiple carrier from a single photon. This turns a source of

inefficiency into additional current [231]. They can also produce multiple absorption

path solar cells, where several sub-bandgap photons produce a single exciton [120].

So called ‘hot carrier’ approaches aim to extract excitons before thermalisation has

time to happen, leading to an increased voltage [213, 143, 79].

There are three main losses contributing to the SQL: spectral losses, thermali-

sation, and recombination. The previous examples have dealt with the two former

processes. Although spectral losses (sub-bandgap photons) account for the larger part

of the inefficiency in the SQL they are not a fundamental limitation. Similarly ther-

malisation losses are fundamentally the result of a missmatch between the bandgap

of the absorber and the frequency of the incident light. Incoming sunlight can be

filtered via prism like optics and directed toward cells optimised for absorption at

their particular wavelength. The loss mechanism that has so far been unaddressed is

recombination. Reemission is the time-reversed process of absorption that should be

present in any system, a fact that links to the reversibility of Carnot cycle.

It was therefore extremely surprising when in 2003 Scully showed that, by exploit-

ing quantum interference heat engines could operate beyond the Carnot efficiency

[230]. In later work he applied this theory to a quantum photocell, which is able to

absorb light without recombination [227] . This is possible by exploiting the recipro-

cal phenomenon of lasing without inversion [229, 165]. The essence of this effect is

that a three level V system (one lower state, two higher) is subject to an incoherent

optical field pumping the lower level upward, in addition a coherent microwave field

drives the two closely spaced upper levels. Depending on the phase of the coherent

field, optical photons excite superpositions of both the upper levels. However the two

decay pathways interfere with each other creating an overall one way absorption of

the optical photon.

Quantum nanostructure enabled light harvesters have the potential to produce

a new generation of solar cells, which operate closer to the theoretical limit, whilst

being composed of cheaper and more plentifully materials.
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1.4 Quantum Biology

Despite early consideration of the idea that quantum mechanics might play a role

in biology by Schrödinger, it was concluded that only ‘trivial’ quantum effects were

involved [223]. The quantisation energy determines the chemical structures underpin-

ning biology, but no theory or experiment supported the role of ‘non-trivial’ effects

such as coherence and entanglement. The greater understanding of environment in-

duced decoherence in the 1980’s further cemented the idea that such effects would

be impossible in biological systems, due their “hot and wet” nature. The decoher-

ence rate was known to increase significantly with temperature [271, 248, 33], and

with the strength and number of interactions (collisions) between a system and it’s

environment [90, 121]. Using these models vanishingly small coherence times were

predicted for biological systems [241], which were later discredited [216]. This idea

that quantum biology was impossible was indirectly reinforced by the great difficultly

experimentalists faced in cooling and isolating systems to preserve their fragile co-

herence for quantum information experiments, such as ion traps [185]. So it would

appear that biological environments are pessimal for quantum coherent behaviour.

However, this not a complete picture. Firstly, there is the tacit assumption that

biological systems are at thermal equilibrium, but in fact they consume energy to

maintain a state very far from equilibrium. They therefore have the potential to

maintain different thermodynamic environments within themselves and some theo-

retical work suggests the creation of extremely low effective temperatures (mK) on

certain molecular structures [169]. One would expect that by isolating individual

structures from the rest of the cell, decoherence times could be greatly extended.

Secondly, the structured nature of the cellular environment could help to suppress

decoherence [172]. Strong interactions with elements of the environment can, para-

doxically, lead to coherence preservation via quantum Zeno like effects [185, 1]. This

greater understanding of the subtleties of decoherence has lent credence to previously

ignored or rejected suggestions of a role for quantum mechanics in biology.

The sense of smell, or olfaction, was thought to be adequately explained by a lock

and key type mechanism [30]. However, some examples can be found that would

appear to contradict this, where molecules of near identical shape, but differing vi-

brational spectra can be distinguished [86]. This led to the revival of a proposed

alternative mechanism, which used phonon assisted electron tunnelling to detect the

vibrational spectra of molecules [246]. Quantum mechanics is essential to such a

mechanism and the physics of it was shown to be theoretically sound [27]. However,
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debate on this matter continues [117], particularly with regard to the mammalian

sense of smell.

The ability of birds to navigate across long distances is another remarkable natural

phenomenon that is not yet fully understood. The ‘avian compass’ in some birds, such

as the homing pigeon, was long thought to comprise the magnetic material in their

beaks [266, 233]. However, this has recently been called into question [244]. In other

species such as the European robin, a more complex system is needed to explain the

experimental evidence, whereby a photon creates a pair of free radicals in the bird’s

eye [211]. The spins of the free electrons in the pair experience different local fields as

well as interacting with the Earth’s magnetic field. This difference causes a quantum

coherent oscillation of the system, between a singlet and triplet state, dependant on

its orientation to the earth’s magnetic field [93]. The oscillation creates a difference

in the rate of production a chemical and hence its concentration, which the bird is

able to sense.

Ion channels are nanometer scale structures, which selectively conduct ions across

cell membranes with great speed and efficiency [119, 161]. Classical simulations do

not reproduce the observed level of ion selectivity and quantum models have been

proposed [254]. The speed with which the brain can process information has lead

some to suggest that it is employs quantum information processing and even further

that consciousness itself is quantum mechanical [110]. This should be regarded as

pure speculation and appears worryingly like an attempt to tie together two loose

ends in our understanding of nature. However, attempts to prove or disprove the idea

should foster fascinating new science.

1.4.1 Photosynthesis

The safe and efficient generation of energy is one of the most pressing problems facing

humanity. Photosynthetic structures in nature have undergone billions of years of

evolution to perfect them for this very purpose. Light entering such a structure

creates an exciton (electron-hole pair), which needs to be transferred to a reaction

centre before its energy can be chemically distributed to elsewhere in the organism.

There is now compelling experimental evidence that this electronic energy transfer

(EET) cannot be explained by classical physics alone and must make use of purely

quantum mechanical effects. This process is called quantum coherent energy transfer.

An explanation of the highly efficient way that plants harvest sunlight could lead to

new technologies for artificial energy generation.
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At this time coherent energy transfer in photosynthesis is the only quantum bi-

ological effect to have significant and precise experimental evidence to support it.

Photosynthesis is the means by which plants and bacteria generate energy from light.

The light used is photosynthesis is in the visible range 400-700 nm for most chloro-

phyll containing organisms, unsurprisingly this is centred around the peak of the solar

spectrum [16].

As one would expect there is great diversity of photosynthetic structures in nature,

but they have common features. The initial absorption of photons occurs in an

antenna complex, comprised of pigments, such as chlorophyll, and protein chains.

The absorption creates an excited state in the system. This exciton is then transferred

either directly or across other pigments to the reaction centre where charge separation

and subsequent chemistry occur. In conditions of low to medium light intensity

the quantum efficiency of photosynthesis is near unity [16]. It is this feature that

has lead to decades of theoretical and experimental research into energy transfer in

photosynthesis. The Fenna-Matthews-Olson complex (Fig.1.1), named after Fenna

and Matthews who characterised it and Olson who discovered it, has been the focus

of much of this work [189, 80]. It appears in green sulphur bacteria and is responsible

for conducting excitons from the antenna complex to the reaction centre [15]. It

is the simplest known pigment-protein complex found in nature and the first to be

characterised by X-ray spectroscopy. The fact that it is soluble in water, lent it itself

well to experiments and its simple structure yet complex dynamics make it ideal

for theoretical studies. The FMO contains a trimer of identical subunits, each of

which contains bacteriochlorophyll (BChl) molecules (pigments) wrapped in a protein

manifold. There were originally thought to be 7 BChl a in each subunit, however the
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Figure 1.2: Example experimental data from [193]. A-D) Show 2D Fourier electron
spectroscopy data with increasing temperature, where the white circle indicates the
local of an off diagonal peak ‘cross peak’. E) Shows the coherent oscillations of the
site population with time at different temperatures.

most recent data suggests the existence of an 8th [245]. However, almost all work has

focused on the 7 BChl system and continues to do so [114]. The excitonic properties of

the complex had been explored via pump-probe experiments [87] and theoretical work

[5]. From this it was known that the transfer between the BChl molecules occurred

on sub-picosecond timescales. However, it was thought that this transfer occurred in

a incoherent fashion i.e. the exciton classically hopped from one molecule to the next

until it reached the reaction centre [250].

1.4.2 Evidence of Quantum Effects in Photosynthesis

The coherent movement of excitations through the FMO complex was first demon-

strated in a seminal paper by Graham Fleming’s group in 2007 [77]. They employed

2D Fourier transform spectroscopy to reveal the electronic coupling strengths and

how coherences of the system evolve in time [215, 123, 26, 46, 219]. The technique

uses a sequence of three pulses. The first creates a superposition of ground and ex-

cited states (a coherence) which evolves for a time τ . Then a second pulse creates an
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excited state population, which evolves for time T . Finally, the third pulse creates a

coherence with opposite phase to the first, rephasing occurs and a signal pulse is emit-

ted. In Fourier space the ‘input’ coherence frequency is correlated with an ‘output’

rephasing frequency. The correlation between the two depends on the dynamics that

occurred during T , for instance if the BChl’s were uncoupled, the output frequency

would be the same as the input plus some noise. In the FMO off diagonal peaks are

observed, which indicate energy transfer has occurred (Fig.1.3A). By varying T the

time evolution of the transfer can be captured and coherent oscillations in the peaks

‘quantum beats’ can be seen (Fig.1.3E). The beats result from interference of the

frequency of the component two exciton states [41]. This demonstrates the quantum

coherent nature of the transfer and the coherence was found to persist for 660 fs: far

longer than expected.

The original experiment was conducted at cryogenic temperature (77 K), a follow

up showed that coherences were still present at physiological temperature (300K)

and were long enough (300 fs) to affect energy transfer efficiency [193]. Quantum

coherence has also been observed in other organisms, such as plants [34], purple

bacteria [150] and marine algae [52]. It should be noted that the experiments thus far

conducted do not prove that quantum coherence is responsible for the high efficiency of

EET. However, only theoretical models using that concept have been able to explain

it adequately. Similarly, these experiments only prove coherent transport occurs

when excited by coherent light. Sunlight is of course incoherent, but there has been

theoretical work suggesting this should not make a difference to the results [164, 131].

1.5 Theoretical Background

1.5.1 Quantum Information

1.5.1.1 Pure states

One of the most remarkable features of quantum mechanics is that external observa-

tion of a system affects its physical behaviour. This is the idea encapsulated in the

world’s most famous thought experiment: Schrödinger’s cat [222]. The realisation

that ‘Information is physical’ [185] and the consequent union of classical information

theory and quantum mechanics created the field of quantum information. The fun-

damental unit of information, the bit, can have two possible values 0 or 1. Any piece

of information can be expressed in this form and it can have any physical manifesta-

tion, such as high and low voltages in an electrical circuit. If the physical object is
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governed by quantum mechanics, for instance the spin of an electron, then quantum

mechanical principle of superposition generalises the bit into a ‘qubit’. Superposition

allows the physical system to inhabit both states simultaneously [166]. The overall

state of a qubit is thus described by a vector in terms the two basis states (using

Dirac’s bra-ket notation) [65]:

|ψ〉 = α |0〉+ β |1〉 (1.6)

where |0〉 and |1〉 are the basis states and α and β are arbitrary complex numbers

whose squares sum to unity. A measurement of the state of qubit will find it to be

in one of the basis states with probability |α|2 or |β|2 respectively. The coherent

quantum state represented by |ψ〉 has collapsed into one of the two possible results.

This is critical because although a quantum system is not deterministic, it must give

a definite result to measurements, in order to reconcile it with the classical world we

perceive.

1.5.1.2 Mixed states

This mathematical description of a quantum state is fine for ‘pure’ states, however

in many physical scenarios the state is ‘mixed’. This means that the state can be

a range of different pure states with different probabilities. For instance imagine an

experiment, which aims to creates a particular pure state but for practical reasons

its efficiency is limited. With some (hopefully large) probability it will create the

desired state, but sometimes it will fail and create another state. The output of such

an experiment is a mixed state. To describe such states we use the density matrix

formalism [256, 18]:

ρ̂ =
∑
n

pn |ψn〉 〈ψn|, (1.7)

where each |ψn〉 is a pure state and pn is the probability of ρ being in that particular

state.

The density matrix formalism is particularly useful for describing systems inter-

acting with a wider environment and the resultant decoherence. Decoherence of a

quantum system is the decay of the coherent superposition between its states. Fig-

uratively speaking the ‘quantumness’ of the system is lost, and all that remains are

results with some classical probability. In this way it explains the behaviour observed

in macroscopic world despite the seemingly paradoxical and contradictory laws of

quantum mechanics [220]. A measurement can fully decohere a system instantly, but

the effect can also occur incrementally via interactions with the environment [136].
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Generally the larger a system is the greater the strength of its interaction with the

environment and the faster it decoheres, hence we do not observe superpositions of

everyday objects. Decoherence is the bane of any potential quantum technology, be-

cause the superposition is often the very resource they seek to exploit. This has been

particularly evident in the struggle to build a quantum computer [66].

1.5.1.3 Operators

The manipulation of the state in Quantum Mechanics is done via operators, which

for a qubit take the form of 2× 2 matrices:

σx =

(
0 1
1 0

)
, σy =

(
0 i
−i 0

)
, σz =

(
1 0
0 −1

)
. (1.8)

Originally defined by Pauli to describe a spin 1
2

particle in a magnetic field, they work

generally to describe manipulations of the state of a quantum two level system. It is

also useful to define direct transitions between the basis states:

σ+ =

(
0 0
1 0

)
, σ− =

(
0 1
0 0

)
. (1.9)

1.5.2 Open Quantum Systems

Early quantum mechanics focused on ‘closed’ systems; single atoms or field modes

completely isolated from their environment. This was sufficient to reveal a huge wealth

of new physics, from the precise spectra for atoms to the EPR paradox [75] and non-

locality [12]. However, in reality the isolated system is only ever an approximation.

The time evolution of a closed system is given by the Schrödinger equation [203]:

i~
d

dt
|ψ(t)〉 = Ĥ |ψ(t)〉 , (1.10)

where Ĥ is the Hamiltonian of the system and we have now explicitly given the states

time dependance, known as the ‘Schrödinger picture’ [203]. This evolution is referred

to as unitary dynamics and is reversible in time. However, all systems, both quantum

and classical, interact with their environment in a significant way. The environment

of a quantum system, also referred to as the ‘bath’ or ‘reservoir’, can be composed of

neighbouring particles or fields. The total Hamiltonian of a generic open system is:

ĤSE = ĤS + ĤE + ĤI , (1.11)

where the subscripts denote operators acting on the respective Hilbert spaces S sys-

tem, E environment and combined SE and ĤI is the Hamilton of the interaction
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between the system and bath. Its presence induces both dissipation (movement to-

ward energetic equilibrium) and dephasing, collectively referred to as decoherence

[135, 91]. The environment has a large (possibly infinite) number of degrees of free-

dom, compared to the system of interest. Thus equations governing the overall system

and bath would be hugely complex. However, we are by definition uninterested in the

precise behaviour of the environment, we only want to be able to accurately describe

its effect on the system of interest. The density matrix formalism allows us to do this

elegantly, by tracing out the environmental degrees of freedom:

ρ̂S(t) = TrE [ρ̂SE(t)], (1.12)

where the ρ̂S(t) is ‘reduced density matrix’ of the system, ρ̂SE(t) is the total system

and environment density matrix. To understand the dynamics of open quantum

systems we want to find the time evolution of the ρS . This evolution is given by

a ‘Quantum Master Equation’. The evolution will generally be non-unitary as the

interaction with the environment causes the system to journey toward a mixed state

in a non-reversible manner. Master equations are a critical tool for studying open

quantum systems and there are various species of them, which are best explained

through an outline of their derivation.

1.5.2.1 Master Equations

Starting from the Von Neumann equation, which is the equivalent of the Schrödinger

equation in density matrix notation [25]:

d

dt
ρ̂(t) = − i

~
[ĤI(t), ρ̂(t)], (1.13)

where ĤI(t) is the Hamiltonian in the ‘interaction picture’ and ~ is the reduced

Planck constant. The interaction picture is a transformation which treats ĤI as a

perturbation to the uncoupled system and environment (ĤS and ĤE) [267]. The

interaction picture corrisponds to the following unitary transformation:

H̃(t) = e−i(HS+HE)tHe−i(HS+HE)t (1.14)

The interaction Hamiltonian is time-dependent in the interaction picture. From here

on we shall adopt the standard convention of setting ~ = 1. First we formally integrate

(1.13) and insert the result back into the original equation, then we trace over the

environmental degrees of freedom:
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d

dt
ρ̃S(t) = −

∫ t

0

dt′TrE [H̃I(t), [H̃I(t
′), ρ̃SE(t

′)]]. (1.15)

The master equation at this point is exact, but implicit, due to the presence of ρ̃SE(t
′)

in the commutator, to make it explicit we make a series of approximations. The first

is known as the ‘Born Approximation’: the density matrix of the total system is

approximated by a product of the system density matrix and a time independent

bath density matrix:

d

dt
ρ̃S(t) = −

∫ t

0

dt′TrE [H̃I(t), [H̃I(t
′), ρ̃S(t′)⊗ ρ̃E ]]. (1.16)

This assumes that the coupling between the system and the environment is weak and

that the environment is large such that the interaction does not significantly affect

the state of the environment [25]. However, the system may still excite the bath and

it can become entangled with it, but only on a far shorter timescale than that of the

system dynamics [25]. This is because the approximation is only an assertion that the

effect of total system on the reduced system dynamics can be well approximated by

this product [267]. Equation (1.16) still contains reference to two points in time t and

t′, to simplify it further we want to make it time-local i.e. only dependent on t. To

achieve this we make the ‘Markov Approximation’, physically this is the assumption

that the bath has no ‘memory’ i.e. its interaction with the system depends only on

its current state. Any internal correlations within the bath die away much faster than

the timescale of significant changes to the system reduced density matrix [25]. To this

end we make the system density matrix ρ̃S(t′) only dependent on the current time

ρ̃S(t):

d

dt
ρ̃S(t) = −

∫ t

0

dt′TrE [H̃I(t), [H̃I(t
′), ρ̃S(t)⊗ ρ̃E ]]. (1.17)

This equation is called the Redfield equation [207], although the preceding step is

sometimes referred to as the Markov approximation [38], it is not yet complete because

it still refers to specific start time (t = 0). To complete the Markov approximation

we make the change of variables t = t− t′ and let the limit run to infinity:

d

dt
ρ̃S(t) = −

∫ ∞
0

dt′TrE [H̃I(t), [H̃I(t− t′), ρ̃S(t)⊗ ρ̃E ]]. (1.18)

This is known as the ’Born-Markov Master Equation’ and has had extensive use

in applications of open quantum systems theory. The approximations it uses are

particularly applicable to quantum optics [258], where relatively weak coupling to
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large environment is common such as a single atom or photon interacting with a EM

field. We will work through this example in Section 1.5.4. The Born-Markov Master

Equation is not yet guaranteed to give physical results, for instance the density matrix

may not preserve its trace. In order to obtain a guaranteed physical master equation

a further approximation must be made. Alternately refereed to as the secular or

rotating wave approximation (RWA), this corresponds to an averaging out of fast

rotating terms, relative the intrinsic timescale of the system dynamics. In order to

introduce this approximation we must study the form of the the interaction Hamilton,

before inserting it into the equation above. A general interaction in the Schrödinger

picture can be decomposed into pairs of operators acting on the system and on the

bath:

HI =
∑
α

Aα ⊗Bα , (1.19)

Before moving into the interaction picture, we first project the interaction Hamilto-

nian onto the the system eigenbasis:

Aα(ω) =
∑
ε′−ε=ω

Π(ε)Aα Π(ε′) , (1.20)

where Π(ε) is the projector on to the state |ε〉. Since the projectors have rotated the

system part of the interaction Hamiltonian into the system eigenbasis, it’s operators

are eigenoperators:

[HS, Aα(ω)] = ωAα(ω) , (1.21)

[HS, A
†
α(ω)] = −ωA†α(ω) . (1.22)

After this projection moving to the interaction picture is simple (1.14):

Ãα(t) = ei(HS+HE)tAα(ω)e−i(HS+HE)t = eiωtAα(ω) , (1.23)

Ã†α(t) = ei(HS+HE)tA†α(ω)e−i(HS+HE)t = e−iωtA†α(ω) , (1.24)

where the HE part of the operator is ignored, because it has no effect on the system

Hilbert space. The operators Aα(ω) have the property:

Aα(ω) = A†α(−ω) . (1.25)

If these operators are summed over all the energy differences the completeness relation

means that: ∑
ω

Aα(ω) =
∑
ω

A†α(ω) = Aα . (1.26)
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Transforming the bath operators yields:

B̃α(t) = eiHE tBα(ω)e−iHE t , (1.27)

B̃†α(t) = eiHE tB†α(ω)e−iHE t . (1.28)

We can now write the interaction Hamiltonian, in the interaction picture, in a con-

venient form:

H̃I(t) =
∑
α,ω

eiωtAα(ω)⊗Bα(t) . (1.29)

We are now ready to insert our interaction picture Hamiltonian into the master equa-

tion (1.18). First we expand out the commutator to yield:

d

dt
ρ̃S(t) =

∫ ∞
0

TrE [H̃I(t−t′)ρS(t)⊗ρEH̃I(t)−H̃I(t)H̃I(t−t′)ρS(t)⊗ρE ]+h.c. . (1.30)

Then we insert (1.29) into (1.30):

d

dt
ρ̃S(t) =

∑
ω,ω′

∑
α,β

ei(ω−ω
′)tΓα,β(ω)

(
Âβ(ω)ρS(t)Â†α(ω′)− Â†α(ω′)Âβ(ω)ρS(t)

)
+ h.c. .

(1.31)

When justifying the Markov approximation we stated that correlations in the bath

must decay on a time scale much faster than the intrinsic system timescale. Let us call

that timescale τs, this timescale will be given by the average value of τ ≈ 〈(ω−ω′)〉−1.

The other relevant timescale is the relaxation timescale τR, this is timescale of the

systems relaxation to equilibrium. If τS is large relative to τR, terms the fast rotating

terms ω − ω′, will average out their effect to zero over time it takes to significantly

alter ρS. Thus only the terms where ω = ω′ need to be retained:

d

dt
ρ̃S(t) =

∑
ω

∑
α,β

Γα,β(ω)
(
Âβ(ω)ρS(t)Â†α(ω)− Â†α(ω)Âβ(ω)ρS(t)

)
+ h.c. . (1.32)

We now turn our attention to the spectral correlation tensor defined by:

Γα,β(ω) =

∫ ∞
0

dt′eiωt
′
TrE [B

†
α(t)Bβ(t− t′)ρE] . (1.33)

The reservoir correlation function is defined Cα,β(t− t′) by :

Cα,β(t− t′) = TrE [B
†
α(t)Bβ(t− t′)ρE] = 〈B†α(t)Bβ(t− t′)〉 . (1.34)

As part of the Born approximation we have already assumed that the bath’s den-

sity matrix doesn’t evolve in time. Therefore, its correlation function is also time

independent:

Cα,β(t′) = 〈B†α(t′)Bβ(0)〉 , (1.35)
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which of course implies that the transition rates (1.33). This is only true in Born-

Markov case, non-Markovian processes can have time dependent rates. It is instruc-

tive to decompose the transition rates (1.33) in the following way:

Γα,β(ω) =
1

2
γα,β(ω) + iSα,β(ω) , (1.36)

where Sα,β(ω) is the coefficient of the Lamb shift and γα,β(ω) is given by:

γα,β(ω) = Γα,β(ω) + Γα,β(ω)∗ =

∫ ∞
−∞

dt′eiωt
′ 〈Bα(t′)Bβ(0)〉 , (1.37)

Combining these results allows us to write the master equation in the extremely

compact form:
d

dt
ρ̃S(t) = −i[HLS, ρS(t)] +D(ρ̃s(t)) . (1.38)

The Lamb shift term HLS commutes with the Hamiltonian and can be accounted for

by simply shifting the energies of the system.

HLS =
∑
ω

∑
α,β

Sα,β(ω)A†α(ω)Aβ(ω) . (1.39)

The Lamb shift is usually considered negligible [38], but it can have interesting con-

sequences, as we show in 3.4.1.1 it can describe field induced interactions between

atoms. The second term in (1.38) D(ρ̃s(t)) is called the dissipator and describes the

non-unitary evolution of the system:

D(ρ̃s(t)) =
∑
ω

∑
α,β

γα,β(ω)(Aβ(ω)ρSA
†
α(ω)− 1

2
{A†α(ω)Aβ(ω), ρS}) . (1.40)

The dissipator has a clear physical interpretation, the operators Aβ(ω) describe tran-

sitions between the system’s eigenstates. These transitions are mediated by the envi-

ronment. Each transition has a specific frequency at which it samples the environment

and the structure of the environment as well as the strength of coupling determines

the rate a which these transitions occur. By diagonalising the matrix γα,β(ω) (1.40)

and returning to the Schrödinger picture the master equation (1.38) can be cast into

Lindblad form [25]:

LρS = −i[H, ρS] +
∑
k

γk

(
LkρSL

†
k +

1

2
L†kLkρS +

1

2
ρSL

†
kLk

)
, (1.41)

where k is the index of the Lindblad operators and γk is the requisite transition rate.
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1.5.2.2 Non-Markovian Dynamics

Unfortunately the exotic effects in biology and nanotechnology that we are interested

are, in general, not manifest in this convenient regime. For example the interaction

of a superconducting qubit with its environment (typically charged defects in the

surrounding material) at low temperature [179, 158] and quantum dots interacting

with phonons are known to exhibit non-Markovian behaviour [20]. This is typically

identified by the characteristic non-exponential decay of density matrix elements [159,

146]. Biological systems are known to have coupling strengths comparable to energy

scale of the system, making the weak coupling condition questionable [232]. There

is also evidence that two way interaction with the environment can be integral to

EET; beats in the decay of site populations and a more efficient transfer relative to

a Markovian model occurs [127, 206].

There are a raft of non-Markovian techniques designed to approach these prob-

lems. However, this is a regime of great mathematical and physical complexity, where

few intuitive or satisfying solutions exist, even for toy models. Equations of the form

of (1.16) can in some cases be solved using Laplace transforms, though this is contin-

gent on the form of the correlation function [171]. For example Brandes has derived

equations of motion valid in the strong coupling limit by preforming a polaron trans-

form [162, 257], and subsequent Laplace transformation [22]. The Nakajima-Zwanzig

projection operator technique [182, 272] can be applied, but it also produces time

non-local equations that are analytically unwieldy, so it is more often employed as a

basis for approximations and numerical methods. A similar approach, but one which

yields time local equations is the ‘time-convolutionless projection operator technique’

[39, 214]. This methods is peturbative, but the parameter being expanded depends

on the system, and is not obvious, so careful consideration of its validity must be

made [24]. Futhermore Non-Markovian Quantum Jumps (NMQJ) [198] and Non-

Markovian Quantum State Diffusion (NMQSD) [63], are generally restricted to nu-

merical techniques and further approximations respectively. Finally the technique of

pseudomodes can be applied when the environment has a specific spectral density

[92]. This technique is linked to recent efforts to understand a non-Markovian bath

in terms of a memory part and dissipative part [172, 62], which has the potential

restore a physically intuitive understanding of the dynamics and to unify the diverse

and complex methods discussed here.
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1.5.2.3 Types of Environment

Although we are not concerned with the specific dynamics of the environment, it must

of course be an accurate representation of what we are trying to model. This appears

to be a huge problem: how can one find an appropriate ĤE to reflect anything from

a semiconductor substrate to the interior of a cell? Fortunately the entire spectrum

of physical environments can be mapped on to one of two models: the spin bath and

the oscillator bath. The spin bath is composed of an infinite number of two level

systems and deals with localised effects and strong coupling, which are dominant in

the solid state at low temperature [179]. The oscillator bath is an infinite number of

bosonic modes (photon, phonons etc.) and applies best to delocalised environments

[151, 263]. Perhaps surprisingly, it is universal in the weak coupling limit [81, 32] and

is therefore the most commonly used form.

The physical structure of the environment (given by the spectral density) dramat-

ically affects its behaviour. For instance an oscillator bath with flat spectral density

induces very different system dynamics to one with a few dominant modes (a struc-

tured bath). This may determine whether or not the system exhibits non-Marokivan

behaviour and the rate at which it decoheres [172, 95].

1.5.2.4 Modelling of Transport in Biomolecules

These extraordinary experimental results spurred theoretical efforts to explain how

quantum coherence could persist in such a structures and whether it is responsible for

their extremely high transfer efficiency. Photosynthetic structures such as the FMO

complex are difficult to model for several reasons. Firstly, they lie in an intermediate

coupling regime where the system’s coupling to its environment is of comparable

strength to the system’s parameters when isolated. This makes it difficult to apply

perturbative approaches to the system. Secondly, the dynamics are not well captured

by any of the typical simplifications, such as the Born-Markov approximation.

To describe the system, the interaction between pigments or ‘sites’, we employ the

Frenkel exciton model, which is suited to strongly coupled systems with delocalised

excitations [171]:

ĤS =
N∑
n=0

εn |n〉 〈n|+
∑
m<n

∆nm(|n〉 〈m|+ |m〉 〈n|), (1.42)

where the first term describes a series of N sites with energy splitting εn and the

second describes the coupling or tunnelling between sites n and m with rate ∆nm.
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This system interacts with a bosonic bath:

ĤE =
∞∑

j=−∞

ωj(a
†
jaj), (1.43)

ĤI =
∑
j,n

gjn(a†j + aj) |n〉 〈n|, (1.44)

where ωj is frequency of given bosonic mode, a†j and aj are its creation and anihilation

operators respectively and gjn is the coupling strength between a given mode and site.

This is an extended spin boson type model [151]. Förster theory has long been applied

to such systems across physics chemistry and biology [85]. It is valid in the limit of

strong system-bath coupling and low tunnelling (g > ∆) and describes and incoherent

hopping process between sites due to point like dipole interactions. In the opposite

limit, the case of weak coupling (g < ∆ ), the standard open quantum systems

techniques of Lindbald [25] and Redfield [207] master equations (ME) can be used.

However, perturbative approaches from either extreme breakdown in the intermediate

regime [128]. Non-Markovian effects have been identified in experimental data [208],

studied theoretically [209, 242] and found to be potentially important to the transfer

efficiency [232].

Master Equations, employing the polaron transform to extend their validity into

the strong coupling regime, have been used to produce both numerical [132] and

interesting analytical results [184] for a dimer system. Similarly, extensions of the

Redfield equations have been created with a greater area of applicability [36], but

these methods remain perturbative.

Non-perturbative models also face problems. The Haken-Reineker-Strobl ap-

proach [109, 37] models the environment as classical white noise, which induces de-

phasing of the system interactions. It correctly predicts long lived coherences but not

the relaxation process and results in an even distribution of population across the

sites. However, there has been a recent attempt to fix the model [259].

Numerical simulations in principle offer arbitrary precision results for particular

parameters, but are restricted by the available computational power due to the large

number of degrees of freedom involved in such systems. Hierarchal master equa-

tions have been particularly successful. Originally developed by Tanimura and Kubo

[240, 239], they were recently applied to the FMO [129, 130]. These methods have

been able to accurately reproduce the observed coherent oscillations in the FMO.

But they do not reveal the physics of the underlying processes. Other approximate
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simulations have been devised to reduce the computational cost. An interesting ex-

ample is [232], in which higher order correlations in the bath are removed resulting

in a non-Markovian, non-perturbative master equation, but the results only roughly

match those of [129]. The density matrix renormalisation group (DMRG), which an-

alytically maps system-bath structures into a linear chain, has also been suggested as

a method for efficiently simulating EET in biomolecules [200].

Accounting for the observed efficiency has also been problematic. It was originally

suggested that delocalisation of the exciton into a wave led to the exploration of all the

paths and the selection of the most efficient [77]. How such selection occurred was not

clear, this lead some to high profile claims that the structure was somehow employing

the quantum computing algorithm ‘Grover’s search’ [104] to find the optimal path

[77]. A more realistic proposal based on quantum walks [177] was also shown to be

wrong, as it did not offer speed up in the conditions under which photosynthetic EET

operates [122].

Just as there is an intermediate regime of two coupling strengths in photosynthetic

EET there is also an intermediate regime of two timescales: the timescale of the

transfer process between sites (J−1) and the timescale of the dephasing processes

induced by the system bath interaction (τd) [127]. If (τrn � J−1) the exciton will

have dephased before each transfer, making it equivalent to a classical hop. If (τrn �
J−1) the excitation will spread out across the sites coherently until collapsed. Fully

coherent transport is not optimal, and there is a consensus that the middle ground

of ‘noise assisted’ transport is superior [44].

The spectral density of the pigment protein complex is also thought to play a

role in the transport properties. Experiments have shown a complex environment

involving strong coupling to discrete modes in the FM0 [265, 205]. Similar peaked

spectral densities have been used in theoretical work [5], where they have been shown

to be important to the transfer efficiency [45, 43].

In conclusion, coherent EET in photosynthesis occurs due to a delicate interplay

between coherent and incoherent dynamics. Although much work has been done on

the field, many of the fundamental mechanisms remain unclear. For instance what

is the enabling feature for systems exhibiting this high transport efficiency: coher-

ent fluctuations of the site energy induced by the protein manifold, a non-markovian

interaction with a structured bath, orientation of the pigments and proteins? Nu-

merical methods have been effective in modelling the overall dynamics observed and

hinting at what aspects may be responsible. However, the individual processes and
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building blocks of such structures will need to be understood if we are to realise the

ultimate goal of the exploiting these properties in artificial systems.

1.5.3 Quantum Optics

The latter two research chapters deal with how light absorption might be enhanced, by

using quantum technologies. We shall therefore now cover the history and method-

ology of treating light as a quantum field. The results from this will be the basic

Hamiltonians that we use later to model our candidate absorption technologies.

1.5.3.1 History

The classical theory of light culminated in 1865 when James Clerk Maxwell unified

the myriad empirical laws of electricity and magnetism into a single coherent set [170].

This contraction of theories revealed that light propagates as an electromagnetic wave.

The original 20 equations were then brought into their modern form by eccentric

English electrical engineer Oliver Heaviside [116]. The quantum theory of light began

in 1901 with Max Planck reluctantly postulating the quantisation of the harmonic

oscillator, which allowed him to explain the widely observed spectrum of blackbody

radiation [199]. Einstein was the first to propose that light quanta or photons were

‘real’ (as opposed to mathematical trick) and were essential to the photoelectric effect

[73]. In the 1920’s Paul Dirac developed a full theory of light as a quantum field using

what became the canonical quantisation procedure [64].

1.5.3.2 Maxwell’s Equations & Classical Light

In this section we first show that a classical treatment of light starting from Maxwell’s

equations can be cast in a form that allows a direct correspondence between quantum

and classical. Of course, classical degrees of freedom are generally continuous in

contrast to quantum ones, which are principly discrete. However, considering light

confined in a volume of free space imposes boundary conditions, which discretise

the modes of classical light by only allowing certain frequencies to be present. This

leads to a formal equivalence between to individual light modes and simple harmonic

oscillators. Arriving at this result allows the field to be quantised in straight forward

way, by transforming the mode amplitudes to quantum operators.
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Maxwell’s equations, in vector calculus form, are:

∇×E = −δB
δt

, (1.45)

µ−1
0 ∇×B = ε0

δE

δt
+ J , (1.46)

ε0∇ ·E = σ , (1.47)

∇ ·B = 0 . (1.48)

where ε0 and µ0 are the permittivity and permeability of free space respectively. For

the quantisation procedure it more convenient to express E and B in terms of a

scalar potential ∇φ and vector potential A. Defining the potentials such that they

satisfy Equations (1.45, 1.48) yield:

E = −∇φ− δA

δt
, (1.49)

B =∇×A . (1.50)

The solutions to the remaining two Maxwell equations are gauge invariant. We are

therefore free to choose the Coulomb gauge where:

∇ ·A = 0 , (1.51)

∇φ = 0 . (1.52)

Further assuming that the field is in free space (σ = 0,J = 0), Equations (1.49, 1.50)

simplify to:

E = −1

c

δA

δt
, (1.53)

B =∇×A , (1.54)

and Equations (1.46, 1.47) yield:

−∇2A+
1

c2

δ2A

δt2
= 0 , (1.55)

which has the familiar form of a wave equation. This equation is linear and separable,

we therefore express our potential as a Fourier series of traveling waves:

A =
1√
V

∑
k,λ

Ak,λεk,λe
ik·r−iωt + A∗k,λε

∗
k,λe

−ik·r+iωt . (1.56)

Each wave has a polarisation, which describes its motion in the plane perpendicular

to k. This polarisation is defined by εk,λ, where an index λ denoting the two basis
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vectors in this plane (εk,λ · k = 0). The following properties of the polarisation will

be useful in later calculations and stem directly from the orthogonality requirements:

εk,λ · εk′,λ′ = δλ,λ′ , (1.57)∑
λ=1,2

εik,λε
j
k,λ = δi,j −

kikj

|k|2
, (1.58)

where i, j = x, y, z. We now consider a cubic box of free space with volume V and

length L. The box imposes periodic boundary conditions on the the waves, giving

the following allowed values of for the components of the wavevector k:

kx =
2πnx
L

, ky =
2πny
L

, kz =
2πnz
L

, (1.59)

where nv ∈ Z. Since the different components all independently satisfy (1.55) it is

easy to that:

ωk = c|k| , (1.60)

where ωk is the angular frequency of the wave with wavevector k, and c is the speed

of light. By combining Eqns. (1.53, 1.54, 1.56) we can express the electromagnetic

field in the box as:

E(r, t) = i
∑
k,λ

ωk(Ak,λεk,λe
ik·r−iωt + A∗k,λε

∗
k,λe

−ik·r+iωt) , (1.61)

B(r, t) = i
∑
k,λ

k × (Ak,λεk,λe
ik·r−iωt + A∗k,λε

∗
k,λe

−ik·r+iωt) . (1.62)

To make plain the formal analogy between our confined field and a set of harmonic

oscillators it’s helpful to study the total energy of the system. The energy of the

electromagnetic field in a volume is given by [154]:

U =
1

8π

∫
V

(
ε0E

2 + µ−1
0 B

2
)
dV . (1.63)

By using our expressions for the electromagnetic field, in conjunction with the fol-

lowing property stemming from the orthogonality of the plane waves [226, 154] in the

box: ∫
V

dreik·re−ik
′·r = V δk,k′ (1.64)

and noticing that Ak,λ = A∗−k,λ:∫
V

drε0|E|2 =

∫
V

drµ−1
0 |B|

2 = 2ε0V
∑
k,λ

ω2
k

c2
(Ak,λA

∗
k,λ + A∗k,λAk,λ) , (1.65)
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which by normalising the Fourier components appropriately (Ak,λ =
√

2π~
2ε0V ωk

αk,λ)

yields the total energy:

U =
1

2

∑
k,λ

ωk(α
∗
k,λαk,λ + αk,λα

∗
k,λ) , (1.66)

U =
∑
k,λ

~ωknk,λ , (1.67)

where nk,λ = α∗k,λαk,λ counts the number of excitons in a particular mode.

1.5.3.3 Canonical Quantisation

We have demonstrated that a light field in a volume of free space is formally analogous

to a set of harmonic oscillators. The harmonic oscillator is one of the very few

systems for which the Schrödinger equation can be solved exactly. Quantisation of

the harmonic oscillator is the canonical example of the correspondence principle: fields

become operators and the total energy is given by the Hamiltonian. For now let us

consider a single mode and drop the k and λ indices. Defining the quantum versions

of the Fourier components α and α∗

α∗ → a† , (1.68)

α→ a . (1.69)

Since photons are bosons a and a†, obey bosonic commutation relations:

[a†, a] = 1 , (1.70)

and are normalised such that:

a |n〉 =
√
n |n− 1〉 , a† |n〉 =

√
n+ 1 |n+ 1〉 , (1.71)

where a and a† are the creation and annihilation operators respectively. They create

and destroy quanta of energy in the mode, in the case of the EM field this corresponds

to the creation and annihilation of photons. Rewriting our equation for the energy of

classical light modes (1.66) using these quantum operators yields:

Ĥ =
1

2
~ω
(
a†a+ aa†

)
, (1.72)

Ĥ = ~ω
(
a†a+

1

2

)
. (1.73)

The commutation relation has introduced a zero point energy to the equation. In

contrast to the classical harmonic oscillator the lowest energy state is not zero, but
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half a quantum ~ω. This is necessary to satisfy the uncertainty relation for the ground

state: its position and momentum would otherwise be absolutely defined. However,

for our purposes this term can safely be dropped, because we shall be dealing with

interacting systems, for which only energy differences are important. The Hilbert

space defined by (1.73) is called a Fock space as is generated by the eignstates of the

number operator n̂ = a†a:

n̂ |n〉 = n |n〉 n = 0, 1, 2, 3...∞ . (1.74)

1.5.3.4 Generalisation to many modes

Returning to our general field composed many of normal modes:

Ĥ =
∑
k,λ

~ωkn̂k,λ , (1.75)

The orthogonality of the modes means each has independent operators a†k,λ and ak,λ,

e.g.:

n̂k,λ |n〉k,λ = nk,λ |n〉k,λ . (1.76)

Each with there own Fock space. The total Hilbert space is composed of tensor

products of the individual Fock spaces:

|{nk,λ}〉 =
∣∣n1
k,λ

〉
⊗
∣∣n2
k,λ

〉
⊗
∣∣n3
k,λ

〉
... (1.77)

We can now write the equations for the quantised EM field by straightforward

replacement of our classical field modes (1.53, 1.54) by quantum operators:

E(r, t) = i
∑
k,λ

√
2π~ωk
V

(âk,λεk,λe
ik·r−iωt + â†k,λε

∗
k,λe

−ik·r+iωt) , (1.78)

B(r, t) = i
∑
k,λ

1

k

√
2π~ωk
V

(k × εk,λ) âk,λe
ik·r−iωt + (k × ε∗k,λ)â†k,λe

−ik·r+iωt ., (1.79)

1.5.4 The Quantum Optical Master Equation

To provide a practical example linking together the theory of quantum optics and

open quantum systems we shall now derive the canonical quantum optical master

equation. The quantum optical master equation describes the interaction between an

‘atom’ or two level system and an electromagnetic field:
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H = HS +HE +HI . (1.80)

The atom is a two level system with a ground state |g〉 and an excited state |e〉
separated by a energy ~ωA:

HS =
ωA
2

(|e〉〈e| − |g〉〈g|) =
ωA
2
σZ . (1.81)

The EM field has the following form, which we derived in the previous section:

HE =
∑
k,λ

ωkâ
†
k,λâk,λ . (1.82)

The interaction between the two is given by:

ĤI = −D̂ · Ê , (1.83)

ĤI = (σ̂− d+ σ̂+d
∗) · Ê , (1.84)

where σ̂+ = |e〉〈g| and σ̂− = |g〉〈e| describe the excitation and de-excitation of the

atom respectively, and d is the atomic dipole vector. The electric field operator is

given by:

Ê = i
∑
k,λ

√
2πωk
V

εk,λ

(
âk,λ − â†k,λ

)
, (1.85)

We want to find the dynamics of the atom, when coupled to the field. We therefore

need to calculate the dissipator (1.40) for the system. Following the procedure in

Section (1.5.2.1), we first project the system and bath operators in (1.82) on to the

system eigenbasis and then apply the unitary operator (1.14). For the field operator:

Ê(t) = −i
∑
k,λ

√
2πωk
V

εk,λ

(
âk,λe

−iωkt − â†k,λe
iωkt
)
. (1.86)

This is the same as the result we derived in the previous section (1.78), but ignoring

the spatial variable r, because we define our atom to be at the origin. For the the

dipole operator we have:

A(t) =
∑
ω

A(ω) = A(ωA) + A(−ωA) , (1.87)

A(t) = eiωAtσ̂+ + e−iωAtσ̂− . (1.88)

Combing (1.86) and (1.87) gives us the interaction Hamiltonian in the interaction

picture:
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H̃I = (σ̂− d+ σ̂+d
∗)
∑
k,λ

√
2πωk
V

εk,λ

(
âk,λe

−iωkt − â†k,λe
iωkt
)
. (1.89)

The rotating wave approximation could be made at the level of the interaction Hamil-

tonian, by retaining only the terms σ̂−a
† and σ̂+a. However, this leads to an incorrect

Lamb shift term.

The system operator A(t) describe the excitation and de-excitation of the atom.

Similarly, the bath operators E(t) describe the creation and annihilation of photons

in the bath. We now have the operator A(t), which causes transitions between the

system’s eigenstates, next we need to calculate the rates at which these transitions oc-

cur. As we saw in Section (1.5.2.1) the rates are derived from the spectral correlation

tensor (1.33):

Γα,β(ω) =

∫ ∞
0

dt′eiωt
′
TrE [E

†
α(t)Eβ(t− t′)ρE] . (1.90)

Substituting (1.86) into this expression and collating the exponents yields:

Γα,β(ω) =
2π

V

∑
k,k′

∑
λ,λ′

√
ωkωk′(ε

α
k,λ · ε

β
k′,λ′)

∫ ∞
0

dt′
(
〈âk,λâ†k′,λ′〉Ee

+i(ωk′−ωk)t−i(ωk′−ωk)t′

+ 〈â†k,λâk′,λ′〉Ee
−i(ωk′−ωk)t+i(ωk′+ωk)t′

− 〈â†k,λâk′,λ′〉Ee
−i(ωk′+ωk)t+i(ωk′+ωk)t′

− 〈â†k,λâk′,λ′〉Ee
+i(ωk′+ωk)t−i(ωk′−ωk)t′

)
.

(1.91)

To proceed we must give ρE a specific form. In the derivation of the master equation

we have assumed the the environment is large and that its state in unchanged by

its interaction with the system. A logical and common choice is to assume that the

environment is at thermal equilibrium. This means that population in its density

matrix is distributed as it is in the canonical ensemble:

ρE =
e−HE/kBT

TrE [e−HE/kBT ]
, (1.92)

where kB is the Boltzmann constant and where T is the temperature. This corre-

sponds to a diagonal matrix with level populations determined by Boltzmann factors.

It follows that:

〈âk,λâk′,λ′〉E = 0 , (1.93)

〈â†k,λâ
†
k′,λ′〉E = 0 , (1.94)

〈âk,λâ†k′,λ′〉E = δkk′δλ̂λ̂′ (1 + n(ωk)) , (1.95)

〈â†k,λâk′,λ′〉E = δkk′δλ̂λ̂′ n(ωk) , (1.96)
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where n(ωk) is the bosonic occupation number of the mode with frequency ωk:

n(ωk) =
1

eωk/kBT − 1
. (1.97)

To simplify the summations over wave vectors k and k′ we move to the continuum

limit:

1

V

∑
k

→ 1

(2π)3c3

∫ ∞
0

dωk κ(ωk)ω
2
k

∫
dΩ , (1.98)

where κ(ω) is the spectral density given by the density of states weighted by the

coupling strength, κ(ω) =
∑

k |gk|
2δ(ω−ωk) ≡ χ(ω)|g(ω)|2. In this case we’ll assume

that the spectral density is flat. The solid angle integration is carried out with the

help of polarisation completeness property (1.58)∫
dΩ

(
δα,β −

kαkβ

|k|2

)
=

8π

3
δα,β , (1.99)

which follows from kα and kα being the Cartesian components of the wave vector.

Collecting these results greatly simplifies the spectral correlation tensor (1.90):

Γα,β(ω) =
2

3π~c3
δα,β

∫ ∞
0

dωk ω
3
k

[
(n(ωk) + 1)

∫ ∞
0

dt′e−i(ωk−ω)t′ (1.100)

+n(ωk)

∫ ∞
0

dt′e+i(ωk+ω)t′
]
. (1.101)

We can simiplify further by using the following identity:∫ ∞
0

dt′e−iεt
′
= πδ(ε)− iP 1

ε
, (1.102)

where P is the Cauchy Principle value. This breaks apart the dissipator and Lamb

Shift terms, as we’ve seen previously (1.36):

Γα,β(ω) = δα,β

(
1

2
γ(ω) + iS(ω)

)
. (1.103)

This splits the master equation into two parts. The real part forms the dissipator

and produces non-unitary system dynamics. The imaginary part contributes extra

unitary evolution known as the Lamb shift [149], by analogy with atom physics. For

clarity we will deal with each of these parts in a separate section before recombining

them.
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1.5.4.1 Lamb and ac Stark Shift

We now turn to the imaginary part S(ω) of the spectral correlation tensor, which

will be responsible for shift the energy of the eignestates in the Hamiltonian, thus

detuning the transition frequencies. This is given by (1.39):

S(ω) =
2

3π~c3
P

∫ ∞
0

dωk ω
3
k

(
1 + n(ωk)

ω − ωk
+

n(ωk)

ωk + ω

)
. (1.104)

Inserting this into the expression for the Lamb shift:

HLS =
∑

ω∈±ωA

S(ω)A†(ω)A(ω) (1.105)

Expanding out the summation yields:

HLS = (S(ωA)− S(−ωA)) (σ̂+σ̂− − σ̂−σ̂+) , (1.106)

HLS =
1

2
(S(ωA)− S(−ωA)) σ̂z . (1.107)

The total shift ∆T is given by:

∆T = S(ωA)− S(−ωA) , (1.108)

∆T =
2|d|2

3π~c3
P

∫ ∞
0

dωk ω
3
k ,

(
1

ω − ωk
+

1

ωk + ω

)
(1 + 2n(ωk)) . (1.109)

This can be separated into a temperature dependent and temperature independent

part, known as the Lamb shift (∆L) and ac Stark shift (∆S) respectively:

∆T = ∆L + 2∆S , (1.110)

∆L(ωA) =
2|d|2

3π~c3
P

∫ ∞
0

dωk ω
3
k

(
1

ωA − ωk
+

1

ωk + ωA

)
, (1.111)

∆S(ωA) =
2|d|2

3π~c3
P

∫ ∞
0

dωk ω
3
k

(
1

ωA − ωk
+

1

ωk + ωA

)
n(ωk) . (1.112)

Had we made the rotating wave approximation at the Hamiltonian level, rather than

the later as the secular approximation, the (ωk + ωA)−1 terms would be missing [6].

1.5.4.2 Dissipation

Now considering the real part of equation (1.103):

<(Γα,β(ω)) =
2

3~c3
δα,β

∫ ∞
0

dωk ω
3
k

[
(n(ωk)+1)δ(ωk−ω)+ n(ωk)δ(−ωk−ω)

]
. (1.113)
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Figure 1.3: Dynamics of the Quantum optical master equation. The two level system
emits light at rate ΓE and absorbs it a ΓA, transitioning between its ground and
excited state as it does so. The free atom decay rate is the combination of constants

γ = 4ω3|d|2
3~c3 .

The second term cancels out, because the integral only runs over positive values of

ωk leaving:

<(Γα,β(ω)) =
2ω3

k

3π~c3
(n(ω) + 1)δα,β . (1.114)

Therefore using the definition (1.103) yields:

γ(ω) =
4ω3

3π~c3
(n(ω) + 1) . (1.115)

Substituting this into the generic dissipator (1.40) yields:

D(ρ̃s(t)) =
∑

ω∈±ωA

4ω3

3~c3
(1 + n(ω))

(
A(ω)ρSA

†(ω)− 1

2
{A†(ω)A(ω), ρS}

)
. (1.116)

The delta function δα,β has removed the α and β dependence from γ(ω), making the

matrix diagonal, therefore the dissipator will already in Lindblad form. Substituting

in (1.88) and using frequency selectivity of the A(ω) decomposition (1.87) we obtain:

D(ρ̃s(t)) =
4ω3|d|2

3c3
(1 + n(ωA))

(
σ̂−ρ̃sσ̂+ −

1

2
{σ̂+σ̂−, ρ̃s}

)
+

4ω3|d|2

3c3
n(ωA)

(
σ̂+ρ̃sσ̂− −

1

2
{σ̂−σ̂+, ρ̃s}

)
, (1.117)

where we made use of the n(−ω) = −(1+n(ω)) property of Bose-Einstein distribution.

This is now the canonical quantum optical master equation in Lindblad form, with

The Lindblad operators are

L+ =

√
4ω3|d|2

3c3
(1 + n(ωA))σ̂− , L− =

√
4ω3|d|2

3c3
n(ωA)σ̂+ . (1.118)
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Returning to the Schrödinger picture we obtain:

ρ̇s(t) = −i[HS +HLS] +D(ρs(t)) . (1.119)

Substituting in (1.117) and (1.106) gives:

ρ̇s(t) = −iω′A[σ̂Z , ρs(t)] + γ(1 + n(ωA))

(
σ̂−ρsσ̂+ −

1

2
{σ̂+σ̂−, ρs}

)
+ γn(ωA)

(
σ̂+ρsσ̂− −

1

2
{σ̂−σ̂+, ρs}

)
(1.120)

where ω′A =
(~ωA

2
+ ∆T

)
and where we have defined the free atom decay rate as:

γ =
4ω3

A|d|
2

3~c3
. (1.121)

The dissipator (1.117) describes quantum jumps from the atom’s ground state to

the excited state and visa versa. These occur while absorbing ~ωA of energy from the

field or emitting ~ωA into the field. These transitions are depicted in Fig. 1.3. The

rates at which these transitions occur are identical to the famous Einstein A and B

coefficients and those derived by Wigner and Weisskopf [264]. The emission rate has

an extra term (1 +n(ωA)) relative to absorption n(ωA). This extra term accounts for

spontaneous emission. In the vacuum field limit (n(ωA) = 0) no absorption should

occur, but the excited state of the atom can still decay.

A number of approximations have gone into the derivation of (1.120). It is there-

fore worth considering the validity of these in the regime of quantum optics. Most

of these appeal to the idea of timescales, which being sufficiently different from one

another allow terms to be neglected or simplified. The Born-Markov approximation

required that bath correlation timescale τB ≈ ω−1 be greater than the relaxation

time scale, which we have now found to be γ (1.121). This amounts to a requirement

of weak coupling, which is well met for optical systems. For the RWA to be valid

we require τS ≈ 〈ω′ − ω〉−1 . In the case of the single atom this constitues to the

same condition. However, in more complex multi-site systems care must be taken to

make sure this is appropriate for all transitions. The RWA allows individual Lindblad

operators to be assigned to a given transition between eigenstates, so it may not be

valid when collective mechanisms are important.

34



CHAPTER 2

The Rabi model

2.1 Synopsis

In this chapter we discuss the Rabi model: a quantum two level system coupled to a

harmonic oscillator, which is a ubiquitous physical system. New experiments in circuit

QED and nano-electromechanical systems (NEMS) achieve unprecedented coupling

strength at large detuning between qubit and oscillator, thus requiring a theoretical

treatment beyond the Jaynes Cummings model. Here we present a new method

for describing the qubit dynamics in this regime, based on an oscillator correlation

function expansion of a non-Markovian master equation in the polaron frame. Our

technique yields a new numerical method as well as a succinct approximate expression

for the qubit dynamics. These expressions are valid in the experimentally interesting

regime of strong coupling at low temperature. We obtain a new expression for the ac

Stark shift and show that this enables practical and precise qubit thermometry of an

oscillator.

2.2 Introduction

The qubit-oscillator model has gone by many names in many fields, owing its tenacity

to the breadth of its applicability: It is the simplest non-trivial model of the interac-

tion between light and matter. At its inception it was used to describe the interaction

of an atom with a magnetic field [202], and referred to thereafter as the Rabi model.

In the subsequent decades it has been extensively studied in quantum optics [235] and

cavity QED [204]. Physical chemists have used a ‘vibration-dimer’ model to study the

spectra of molecules [89]. Applying the rotating wave approximation (RWA) to the

Rabi model yields the Jaynes Cummings model (JCM) [133], which is valid when the

detuning between the qubit transition frequency Ω and the resonator frequency ω is
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negligible (Ω ≈ ω) and the coupling between the qubit and oscillator is weak (g < ω)

[142]. This is an excellent approximation in the case of cavity QED where typical

coupling strengths are of order g/ω ≈ 10−6. The JCM can be extended to incorporate

tunnelling, and has provided an adequate description of experiments for decades, but

a new era of experiments are pushing beyond its boundaries in terms of both cou-

pling and detuning. Circuit QED experiments couple superconducting qubits to LC

and waveguide resonators, allowing coupling strengths up to g/ω ≈ 10−1, recently

enabling demonstrations of the breakdown of the JCM [186, 84]. Superconducting

qubits coupled to nanomechanical resonators (NR) generally have more modest cou-

pling strengths [147, 188], but combined with large detuning they could also operate

outside the validity of the JCM [125].

The Hamiltonian for the Rabi model can be decomposed into three parts:

Ĥ = ĤQ + ĤO + ĤI . (2.1)

The qubit, atom or two level system is described by:

ĤQ =
ε

2
σz +

∆

2
σx, (2.2)

where σz and σx are the Pauli spin operators. They describe a two level system

with an energy splitting ε and a spontaneous tunnelling between the states at a rate

∆. In isolation such a system would undergo Rabi oscillations with a frequency

Ωr =
√
ε2 + ∆2. The Hamiltonian of the oscillator is:

ĤO = ωa†a, (2.3)

where ω is the frequency of the oscillator and a† and a are its creation and anni-

hilation operators respectively. Note we have neglected the zero point energy. The

Hamiltonian for the interaction between the two is:

ĤI = g(a+ a†)σz, (2.4)

where g is the coupling strength between the qubit and oscillator.

Recent experimental progress has sparked a renewed theoretical interest in ex-

tending solutions of (2.1) beyond the RWA. For instance, a change of basis prior to

applying the RWA leads to a generalised RWA with validity extending beyond the

very weak coupling limit [124]. However, this is limited to the case of ε = 0. As an al-

ternative approach, Van Vleck perturbation theory [253] has been used to investigate

the dynamics in the ultra strong (g/ω > 1) coupling regime [112, 113]. This approach
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contains the splitting and tunnelling elements, but it is perturbative in the latter and

fails to recover the JCM in the weak coupling limit. This approach is therefore more

applicable to circuit QED, rather than the more modest couplings achieved in Cooper

pair box (CPB) coupled to NR systems.

An analytic expression for the eigenspectrum of the full Rabi model was recently

found by Braak [21], a surprising and significant result for such a long standing

problem. In addition to solving the model Braak proved that it is non-integrable

i.e. the time-dependence of important properties cannot be found in closed form.

T Braak’s work was followed by others who have reformulated it to provide a more

direct derivation[40, 269], but the eigenenergies are still the solution to transcendental

functions. There is therefore still a need for approximate results governing areas of

particular experimental interest. There is therefore still a need for concise analytic

forms for the dynamics in particular parameter regimes.

2.3 Method

In order to simplify the expression and extend the validity of the approximations

that we will subsequently describe into the strong coupling regime, we first perform a

‘polaron’ transformation [257, 162]. This unitary Hamiltonian transformation (H ′ =

esHe−s) is equivalent to dressing qubit excitations with the vibrational modes to form

quasi-particles called polarons. With s = α/2(a† − a)σz and α/2 = g/ω we obtain

H ′ =
ε

2
σz + ωa†a+

∆

2
(D(α)|0〉〈1|+D(−α)|1〉〈0|) , (2.5)

where D(ξ) = exp(ξa†− ξ∗a) is the displacement operator. We have neglected a term

proportional to the identity g2/ω 1, which does not influence the dynamics. The first

two terms involve the qubit and oscillator individually and so can be removed by

going to the interaction picture. We insert the resulting Hamiltonian into the von

Neumann equation and then derive equations of motion for the qubit [23, 22]). First

we move into the interaction picture:

ρ̃00(t) = ρ00, ρ̃11(t) = ρ11, (2.6)

ρ̃01(t) = ρ01e
iεtDt, ρ̃10(t) = ρ10e

−iεtD†t , (2.7)

where Dt and D†t are the time dependent versions of the displacement operators intro-

duced by the polaron transform. In the interaction picture the polaron transformed

interaction is given by:

H̃I (t) =
∆

2
(ρ01(t) + ρ10(t)) . (2.8)
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Starting from the Von Neumann equation:

d

dt
ρ̃(t) = −i

[
H̃I(t), ρ̃(t)

]
, (2.9)

we have

ρ̃(t) = ρ0 − i
∫ t

0

dt′[H̃I(t
′), ρ̃(t′)]. (2.10)

To study the dynamics we need the time dependent expectation values of the density

matrix elements [23, 22]. These are given by:

〈O〉t = Tr[ρ(t)O] = Tr[ρ̃(t)Õt]. (2.11)

Substituting in (2.10) we obtain:

〈O〉t − 〈O〉0 = −i
∫ t

0

dt′Tr[[H̃I(t
′), ρ̃(t′)]Õt], (2.12)

By xxploiting the cyclic property of traces we obtain:

〈O〉t − 〈O〉0 = −i
∫ t

0

dt′Tr[ρ̃(t′)[Õt, H̃I(t
′)]]. (2.13)

Substituting O for the relevant operator eg. ρ̃00(t), evaluating the commutator, and

tracing over the qubit degrees of freedom yields:

〈ρ00(t)〉 − 〈ρ00(0)〉 = −i∆
2

∫ t
0
dt′(〈ρ10(t′)〉 − 〈ρ01(t′)〉), (2.14)

〈ρ11(t)〉 − 〈ρ11(0)〉 = i∆
2

∫ t
0
dt′(〈ρ10(t′)〉 − 〈ρ01(t′)〉), (2.15)

〈ρ01(t)〉 − 〈ρ01(0)〉 = −i∆
2

∫ t
0
dt′eiε(t−t

′)(〈ρ00(t′)DtD
†
t′〉 − 〈ρ11(t′)D†t′Dt〉), (2.16)

〈ρ10(t)〉 − 〈ρ10(0)〉 = i∆
2

∫ t
0
dt′e−iε(t−t

′)(〈ρ00(t′)Dt′D
†
t 〉 − 〈ρ11(t′)D†tDt′〉). (2.17)

At this point we make the Born approximation (assuming the density matrix of system

and bath are factorable)

〈ρ00(t′)Dt(α)Dt′(α)〉t′ ≈ 〈ρ00(t′)〉〈Dt(α)Dt′(α)〉. (2.18)

T The bosonic correlation function is defined as C(t− t′):

C(t− t′) = 〈Dt(α)D†t′(α)〉 = TrB[ρBDt(α)D†t′(α)], (2.19)

where the subscript B represents the bosonic degrees of freedom. We substitute this

into (2.14) and by assuming there is no initial coherence in the system we obtain:

d
dt
ρ00(t) = −i∆

2
(ρ10(t)− ρ01(t))), (2.20)

d
dt
ρ11(t) = i

∆

2
(ρ10(t)− ρ01(t))), (2.21)
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where ρ00(t) and ρ11(t) are the time dependant population elements of the qubit’s

reduced density matrix. The coherences are given by:

ρ01(t) = i∆
2

∫ t
0

dt′e−iετ [ρ00(t′)C∗(τ)− ρ11(t′)C(τ)] , (2.22)

ρ10(t) = −i∆
2

∫ t
0

dt′eiετ [ρ00(t′)C(τ)− ρ11(t′)C∗(τ)] , (2.23)

where τ = t− t′ and C(τ) and C∗(τ) are the correlation function of the oscillator and

its complex conjugate respectively. In deriving these equations, we have employed

the Born approximation, i.e. we have assumed that the vibrational mode and the

qubit states can be factored at all times. Physically, this corresponds to an oscillator

that thermalises on a timescale faster than that characteristic of the qubit dynamics.

The equations of motion take the form of a system of integro-differential equations

involving the bosonic correlation function and its complex conjugate. Laplace trans-

forming the equations of motion yields a set of simultaneous equations that can be

solved algebraically [23, 22]:

R00(s) =
sρ0 +

(
∆
2

)2 [
C ′+ + C ′′−

]
s2 + s

(
∆
2

)2
[C ′− + C ′′− + C ′+ + C ′′+]

(2.24)

R10(s) = −i∆
2

[
(C ′− + C ′′−)R00(s)− 1

s
C ′′−

]
(2.25)

where s is our Laplace space variable, R00(s) and R10(s) are the Laplace transforms of

ρ00(t) and ρ10(t), ρ0 is the initial population of the ground state and C ′± = C ′(s± iε)
and C ′′± are the Laplace transforms of the correlation function and its conjugate

respectively. It is sufficient to solve these two equations alone because from their

solutions the behaviour of the other density matrix elements can be trivially derived.

To obtain expressions for the dynamics of Eqns (2.24) and (2.25) in the time

domain we need to find the Laplace transform of the bosonic correlation and its

conjugate, solve and then take the inverse Laplace transform of the equations. The

correlation function is defined as

C(τ) = 〈Dt(α)D†t′(α)〉 = TrB

[
ρBDt(α)D†t′(α)

]
(2.26)

The bosonic correlation function (2.26) for an oscillator with a single mode in a

thermal state is defined as:

C(t− t′) = TrB[ρBDt(α)D†t′(α)], (2.27)

where:

ρB =
exp(−βωa†a)

TrB[exp(−βωa†a)
=

1

Z
exp(−βωa†a). (2.28)

39



This can be evaluated in different ways, one of which is presented below. Starting

from the time dependence of the displacement operator in the interaction picture we

obtain:

Dt(ξ) = eiH0tD(ξ)e−iH0t = eiωa
†atD(ξ)e−iωa

†at, (2.29)

or, alternatively, through the time dependence of creation and annihilation operators:

Dt(ξ) = eξa
†eiωt−ξ∗ae−iωt = D(ξeiωt). (2.30)

In order to perform the trace TrB in the number state basis, we need to know the

action of eξa
†a and D(ξ) on a number state |n〉. The first simply evaluates to eξn and

the latter gives the so-called displaced number state |ξ, n〉. The displaced number

state can be expanded in the number state basis

|ξ, n〉 =
∞∑
m=0

Cnm |m〉 , Cnm = 〈m|D(ξ) |n〉 , (2.31)

with (see, e.g., Oliviera et al [58] or M. Crisp [57])

Cnm =

√
n!

m!
e−

1
2
|ξ|2ξm−nLm−nn (|ξ|2), (2.32)

where Lm−nn (|ξ|2) is an associated Laguerre polynomial. This is only valid for m > n,

but for m < n the displacement operator, or rather its Hermitian conjugate, can be

made to act on 〈m| instead of on |n〉. We use Eq. (2.30) for the displacement operator

and the property D(x)D(y) = exp[(xy∗ − yx∗)/2]D(x + y) to evaluate Eq. (2.28).

This leads to a series of the following form

C(t− t′) =
1

Z
e−|α|

2[1−e−iω(t−t′)]
∞∑
n=0

e−βωnLn[2|α|2(1− cos[ω(t− t′)])]. (2.33)

By virtue of the property
∑∞

n=0 Ln(y)zn = (1 − z)−1 exp[yz/(z − 1)] and with N =

(eβω − 1)−1 and Z = (1− e−βω)−1 we finally arrive at the result:

C(t− t′) = e−i|α|
2 sinω(t−t′)e−2|α|2(1−cosω(t−t′))(N+1/2). (2.34)

Note that this expression agrees with Mahan’s result for a single mode (Ref [162],

section 4.3). Mahan derives this in a similar fashion but without using Eqs. (2.31,

2.32). Instead, he uses the ‘Feynman disentanglement of operators’ to arrive at an

equivalent infinite series of Laguerre polynomials:

C(τ) = e−|α|
2((1−cos (ωτ)) coth βω

2
+i sin (ωτ)). (2.35)
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Unfortunately, it is not straightforward to Laplace transform this expression directly,

so we employ the Jacobi-Anger series expansion:

ez cos θ =
∞∑

n=−∞

In(z)einθ, (2.36)

where z is an arbitrary complex number and In(z) is the modified Bessel function

of order n and argument z. By exploiting an angle addition identity we can rewrite

(2.35) as:

C(τ) = e−|α|
2 coth (βω

2
)ez cos (ωτ+x), (2.37)

where x = iβω/2 and z = 2|α|2
√
N(N + 1). Using Eqn (2.36) this gives:

C(τ) = e−|α|
2(2N+1)

∞∑
n=−∞

In(z)ein(ωτ+x); (2.38)

where N = (eβω − 1)−1 is the average oscillator occupation number. In this form the

correlation function can be Laplace transformed trivially. The physical interpretation

of this series expansion is that the nth term describes processes, which create (n > 0)

or annihilate (n < 0) n phonons in the oscillator [162]. The n = 0 term describes

interactions with no net change in phonon number, this is called the zero-phonon

line. For experimentally relevant parameters (i.e. low temperatures and moderate to

strong coupling), we would expect this n = 0 term to be the most significant[2].

Retaining only interactions that conserve the total phonon number in the oscil-

lator complements the underlying Born Approximation, which assumes the oscillator

remains in thermal equilibrium. Including only the dominant zeroth term in the series

allows the equations (2.24) and (2.25) to be inverse Laplace transformed:

ρ00(t) =
ρ0ε

2 + 1
2
e−b∆2I0(z) ((2ρ0 − 1) cos(tΩ) + 1)

Ω2
, (2.39)

ρ10(t) = −e
−b∆ (2ρ0 − 1) I0(z)(ε cos(tΩ) + iΩ sin(tΩ)− ε)

2Ω2
, (2.40)

Ω =
√

∆2e−bI0(z) + ε2, (2.41)

where b = |α|2(2N + 1). From Eqn (2.41) we can see that the presence of the

oscillator alters the tunnelling rate by a factor I0(z)e−b, essentially corresponding

to a temperature dependent ac Stark shift on the qubit due to the presence of the

single oscillator mode [126, 224]. In contrast to previous work our expression is not

confined to the weak coupling or large detuning limit, rather our results are valid

in the experimentally less restrictive regime of low temperature and strong coupling.

Nonetheless, our expression still takes a surprisingly simple closed form.
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Figure 2.1: Comparison of the single term approximation (red) and a numerically
exact approach (blue) for different coupling strengths. Uncoupled Rabi oscillations
are also shown as a reference (green). Left: the population ρ00(t) in the time-domain.
Right: the same data in the frequency domain. The full numerical solution was
Fourier transformed using Matlab’s FFT algorithm. Other parameters are ω = 1
GHz, ε = ∆ = 100 MHz and T = 10 mK.
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2.4 Results

Figure 2.1 shows a comparison of the dynamics predicted using these expressions

and a numerically exact approach. The latter are obtained by imposing a truncation

of the oscillator Hilbert space at a point where the dynamics have converged and

any higher modes have an extremely low occupation probability. Our zeroth order

approximation proves to be unexpectedly powerful, giving accurate dynamics well

into the strong coupling regime (g/ω = 0.25) and even beyond this it still captures

the dominant oscillatory behaviour, see Figure 2.1. Stronger coupling increases the

numerical weight of higher frequency terms in the series, causing a modulation of the

dynamics. The approximation starts to break down at (g/ω = 0.5). The equations

(2.39) and (2.40) are obviously unable to capture the higher frequency modulations

to the dynamics or any potential long time phenomena like collapse and revival, but

these are unlikely to be resolvable in near future experiments in any case. Nonetheless,

it is worth pointing out that even in this strong coupling case the base frequency of

the qubit dynamics is still adequately captured by our single term approximation.

Our methodology can be used to predict dynamics of nanomechanical resonators

connected to either quantum dots or superconducting qubits. The criterion for the

single term approximation to be valid is readily met by current experiments such as

those presented in Refs. [147, 188] and their parameters yield near perfect agreement

between numerical and analytic results. Most experiments operate in a regime where

the qubit dynamics are not greatly perturbed by the presence of the oscillator, which

has a much lower frequency (ε ≈ ∆ ≈ 10 GHz, ω = 1 GHz). In Figure 2.1, we chose

ε ≈ ∆ ≈ 100 MHz, because this better demonstrates the effect of the oscillator on

the qubit. These parameters can be achieved experimentally using the same qubit

design but with an oscillating voltage applied to the CPB bias gate [125]. However,

we stress the accuracy of our method is not restricted to this regime.

Including extra terms in the series expansion (2.38) makes the time dependence of

the qubit dynamics analytically unwieldy, because the rational function form of the

series leads to a complex interdepence of the positions of the poles in (2.24). However,

if the values of the parameters are known the series can truncated at (±NMAX) to

give an efficient numerical method to obtain more accurate dynamics, extending the

applicability of our approach beyond low temperatures and moderate to strong cou-

pling. This is demonstrated in Fig. 2.2, where the dynamics are clearly dominated by

two frequencies – an effect that could obviously never be captured by a single term

approximation. There is a qualitative agreement between the many terms expansion
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Figure 2.3: Demonstration of qubit thermometry: Tin is the temperature supplied
to the numerical simulation of the system and Tout is the temperature that would be
predicted by fitting oscillations with frequency (2.41) to it. The blue line is the data
and red line shows the effect of a 10kHz error in the frequency measurement; the grey
dashed line serves as a guide to the eye. The lower inset shows the variation of the
qubit frequency Ω with temperature. The upper inset shows the dependence of the
absolute error in the prediction against the signal length (see text). Other parameters
are: ω = 1 GHz, g = 0.01 GHz, ε = 0, ∆ = 100 MHz.

and full numerical solution, particularly at short times. We would not expect a par-

ticularly good agreement in this case because the simulations are of the dynamics in

the high tunnelling regime (∆ = 0.5), and the polaron transform makes the master

equation perturbative in this parameter. For large tunnelling the traditional numeri-

cal approach of oscillator Hilbert space truncation would be more suitable. However,

for more moderate tunnelling the rapid convergence of the series is shown in the lower

right panel of Fig. 2.2; NMAX = 5− 10 is sufficient to calculate ρ00(t) and ρ10(t) with

an accuracy only limited by the underlying Born Approximation. The asymmetry of

the amplitudes of the terms in the series expansion of (2.38) is due to the exponential

functions in the series.
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2.5 Quantum Thermometry

We now discuss the application of our model system to the measurement of the tem-

perature of an oscillator by observing the coupled qubit. We picture a situation in

which the qubit oscillation frequency Ω is the measured quantity. The tunnelling,

coupling strength and energy splitting are usually within the control of the experi-

mentalist (or are at least known constants), and this yields the possibility of using

the measured Ω to estimate the temperature. A related idea was recently used in

the calibration of a seminal resonator experiment [188] to verify that the oscillator

was in its ground state (a critical part of the work). In that case, the authors used

a comparison of numerical results for different occupation numbers N with the mea-

sured population in the excited state of the qubit after a certain interaction time. A

theoretical study of the same approach was preformed in [28], where the system was

described by the JCM without a tunnelling term. They also recently extended their

more abstract quantum estimation theory approach to other forms of coupling [29].

In contrast, we here propose a practical implementation that uses our simple ana-

lytic expressions for the qubit dynamics, which are valid beyond the weak coupling

regime, to directly measure the temperature and hence N of the oscillator, simply by

observing the effective qubit Rabi frequency Ω.

Figure 2.3 demonstrates this idea, showing that by measuring Ω and fitting it to

our expression (2.41), we can obtain submilli-Kelvin precision in the experimentally

relevant regime of 20-55 mK. At low temperatures the single term frequency plateaus,

causing the accuracy to break down. In the higher temperature limit, we also see a

deviation from the diagonal, this is to be expected, as we leave the regime where we

safely assume the accuracy of the approximation. Naturally accuracy in this region

could be improved by retaining higher order terms in (2.38), but this would become a

more numeric than analytic approach. The upper inset shows the dependence of the

accuracy of the prediction on the number of points (at a separation of 1ns) sampled

from the dynamics. The accuracy increases initially as more points improve the fitted

value of Ω, however after a certain length the accuracy is diminished by long term

envelope effects in the dynamics not captured by the single term approximation. We

note that the corresponding analysis in the frequency domain would not be equally

affected by the long time envelope, however a large number of points in the FFT is

then required in order to obtain the desired accuracy. The lower inset of Figure 2.3

shows the direct dependence of Ω on the temperature. The temperature range with

steepest gradient and hence greatest frequency dependence on temperature varies
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with the coupling strength; thus the device could be specifically designed to have a

maximal sensitivity in the temperature range of the most interest.

2.6 Further Work

In this chapter we have developed a novel way to treat the bath correlation functions in

a non-Markovian master equation. We applied this theory to the problem of quantum

thermometry, but it could have other interesting applications. In particular using this

formalism to study transport properties, since theses are evaluated at infinite time

they can easily be calculated in Laplace space. This would mean the truncation of

the series was unnecessary. For instance if we use the Rabi model to describe two to

two level systems (sites) in the single exciton subspace. We can then use the model

to study the efficiency of transport in the presence of the mode η:

η = 2γT

∫ ∞
0

〈trap|ρ(t) |trap〉 , (2.42)

η = 2γT 〈trap|R(s = 0) |trap〉 , (2.43)

where γT the rate of exciton extraction. Of course for efficiency to be meaningful we

must introduce some loss into the system for example by recombination. The could

be done by adding the following term to the master equation (2.10):

Lloss = −γloss({|0〉〈0|, ρ(t)}+ {|1〉〈1|ρ(t)})− γT{|1〉〈1|ρ(t)} (2.44)

As we discussed in the Section 1.5.2.4, strong coupling to discrete environmental

modes is thought to have an important role in EET. This model could potential elu-

cidate the effect of such modes. Another extensions of the work could be generalising

to multi-site and multi-mode systems. In the case of many modes additional analytic

progress might be possible for specific spectral densities; offering dynamics as well as

steady state properties.

2.7 Conclusion

In this chapter, we have developed and explored a new approach to the Rabi model,

which yields succinct expressions for the qubit dynamics. In contrast to previous

theoretical approaches, our expressions are valid in the stronger coupling regime that

is rapidly gaining experimental relevance. We have further proposed an application of

our model enabling precise temperature measurements of the oscillator mode. This
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could be used either as part of the calibration of an oscillator experiment or as a

tuned, standalone device.
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CHAPTER 3

Superabsorption of Light

3.1 Synopsis

Light absorption underpins a huge range of technologies from cameras to scientific

instruments and solar cells. Therefore, any enhancement of the process that can be

offered by quantum mechanics would have diverse and important applications. In this

research chapter, which is based on [118], we show that a collective enhancement effect

know as ‘superradiance’ can be inverted to produce an non-linear scaling in the rate

of light absorption. Structures that superradiate must also have enhanced absorp-

tion, but the former always dominates in natural systems. However, we demonstrate

that this restriction can be overcome by combining several well-established quan-

tum control techniques. In this chapter we explain the origin of superradiance and

present analytical and numerical calculations to show that superabsorption can be

achieved and sustained in certain simple nanostructures, by trapping the system in

a highly excited state through transition rate engineering. We conclude by detailing

the potential experimental implementations and technological applications.

3.2 Introduction

3.3 Superradiance

“For want of a better term, a gas which is radiating strongly because of coherence will

be called superradiant.” Dicke 1954 [60]

Almost 60 years ago Dicke introduced the term superradiance to describe a sig-

nature quantum effect: N atoms can collectively emit light at a rate proportional to

N2. Superradiance occurs when N individual atoms interact with the surrounding
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Figure 3.1: The Dicke ladder & Superradiance. Left) The ladder of Dicke states
and their transition rates. The red arrows denote the cascade downward for a system
initialised in the fully excited state. Right) The plot shows the rate of photon
emission in time, for a group of initially excited atoms. In the collective case they emit
light as a superradiant pulse. When the atoms are well separated (the independent
case) they decay exponentially.

electromagnetic field [60], whose wavelength is much larger that the separation be-

tween the atoms. Following an initial excitation of all atoms, dipole-allowed decay

down a series of symmetrical ‘Dicke ladder’ states leads to an enhanced light-matter

coupling that, when the system reaches the state half way down the ladder, depends

on the square of the atomic transition dipole [60, 103, 22]. Thus when N dipoles

add coherently, light can be emitted at an enhanced rate proportional to N2. Even

for moderate N this represents a significant increase over the prediction of classical

physics. The Dicke ladder and the resulting superradiant pulse of light emission are

depicted in Fig. 3.1

Although originally studied in context of atomic gases, superradiance can also

occur in any system with a discrete dipole-allowed transition, including semiconduc-

tor quantum dots [218], crystal defects, and molecules [260]. The effect has found

applications ranging from probing exciton delocalisation in biological systems [178],

to developing a new class of laser [19], and may even lead to observable effects in

astrophysics [252].
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The Hamiltonian of an ensemble of N identical atoms is (~ = 1):

ĤS =
ωA
2

N∑
i=1

(
1i − σ̂iz

)
= ωA

N∑
i=1

σ̂i+σ̂
i
− , (3.1)

where ωA is the bare atomic transition frequency and we are using the usual Pauli

operators (1.8) defined with respect to the ith atom’s ground, |g〉i, and optically

excited state, |e〉i. Since the wavelength of light λ is much larger than all interatomic

distances rij, the atoms become indistinguishable and light interacts with the system

collectively. The dynamics are therefore best described by collective operators:

Ĵ± =
N∑
i=1

σ̂i± , (3.2)

Ĵz =
N∑
i=1

σ̂iz , (3.3)

Ĵ2 =
N∑
i=1

(
σ̂ixσ̂

i
x + σ̂iyσ̂

i
y + σ̂izσ̂

i
z

)
, (3.4)

which generate transitions between the eigenstates of the Hamiltonian (3.1) and obey

SU(2) commutation relations. These operators behave in the same way as those

describing angular momentum in Quantum Mechanics [203]. Using these operators

we can move from the ‘site’ basis, which best describes localised excitations, to the

‘Dicke’ basis, which is one of collective states of the ensemble of atoms. The Dicke

basis is defined by the eigenvalues J and M of Ĵ2 and Ĵz, respectively:

Ĵz |J,M〉 = M |J,M〉 , Ĵ2 |J,M〉 = J |J,M〉 , (3.5)

where J characterises the total angular momentum and M the degree of inversion

(the number of atoms excited). Using the collective operators (3.2) we can succinctly

express the light matter interaction Hamiltonian as:

ĤL = −Ê d
(
Ĵ+ + Ĵ−

)
, (3.6)

where Ê is the light field operator and d is the atomic dipole matrix element. In

the absence of interactions between the atoms, Ĵ2 commutes with ĤS + ĤL and thus

its eigenvalue N
2

(
N
2

+ 1
)

is a conserved quantity. The Hamiltonian (3.6) causes the

system to move along a ladder of optically accessible states called the ‘Dicke’ or

‘bright’ states. The rest of the 2N states in the Hilbert space are decoupled and the

system will not evolve into them unless some other interactions (such as dephasing)
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are added. The Dicke ladder runs from
∣∣J,−N

2

〉
to
∣∣J, N

2

〉
shown in Fig. 3.1; the N+1

rungs correspond to the fully symmetric superpositions of N/2 + M excited atoms

for each value of M . For example the lowest two bright states in a system written in

the site basis are:

|J,−N/2〉 = |0, 0, 0...0〉 , (3.7)

|J,−N/2 + 1〉 =
1√
N
|1, 1, 1, ...1〉 . (3.8)

The collective excitation operators explore this ladder of states, with matrix elements

given by Clebsch-Gordan coefficients :

Ĵ+ |J,M〉 =
√

(J −M)(J +M + 1) |J,M + 1〉 (3.9)

Ĵ− |J,M〉 =
√

(J −M + 1)(J +M) |J,M − 1〉 (3.10)

and the transition rates between adjacent Dicke ladder states are then readily calcu-

lated:

ΓM→M±1 = γ

(
N

2
±M + 1

)(
N

2
∓M

)
, (3.11)

where γ = 8π2d2/ (3ε0~λ3) is the free atom decay rate.

If the system is initialised in the fully excited state
∣∣J, N

2

〉
and there are no photons

to absorb, then the system cascades down the ladder, as shown by the red arrows in

Fig. 3.1. Upon reaching the midway point (M = 0) its emission rate exceeds the rate

γN expected of N uncorrelated atoms for N > 2. For a larger number of atoms the

peak transition rate of Eq. (3.11) follows a quadratic dependence on N and is well

approximated by

ΓM→M−1 ≈ γ

(
N

2

)2

. (3.12)

This is the essence of superradiance: constructive interference between the differ-

ent possible decay paths greatly enhances the emission rate, producing a high intensity

pulse. The enhancement is the result of simple combinatorics: near the middle of the

ladder, |J, 0〉, there are a large number of possible configurations of excited atoms

that contribute to each respective Dicke state. Superradiance is not an intrinsically

transient effect: steady state operation can occur through repumping [106], or in

cavities [175, 10], and recently a superradiant laser with potential for extraordinary

stability and narrow linewidth has been demonstrated [19].
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Figure 3.2: One potential realisation of superabsorption. Photons absorbed by the
ring give rise to delocalised excitons; ideally the ring maintains a specific exciton
population to achieve enhanced absorption. Combined with a suitable charge sensor
(e.g. a quantum point contact) this enables photon sensing. We also model an
application for photon harvesting, where newly created excitons are transferred from
the ring to a central core absorber, followed by an irreversible process (e.g. one-way
transfer down a strongly coupled chain) to a centre converting the exciton into stored
energy.

3.4 Superabsorption

Time-reversal symmetry of quantum mechanics implies that systems with enhanced

emission rates will also have enhanced absorption rates. Naturally emission dominates

if an excited state of the collective emits into a vacuum, since there are no photons

to absorb. Even in an intense light field where absorption and emission are closely

balanced, a given transition remains more likely to emit than to absorb. These will

always perform an (often strongly) biased random walk down the ladder of accessible

states, being attracted by the bottom most rung. Strongly enhanced absorption near

the middle of the Dicke ladder is thus an improbable process and can only last for

a vanishingly short time. Thus it might seem that the inverse of superradiance is

intrinsically ephemeral.

The crucial ingredient for achieving superabsorption is to engineer the transition

rates in a way that primarily confines the dynamics to an effective two-level system
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Figure 3.3: Engineering the Dicke Ladder. A) The ladder of Dicke states of an N
atom system, with emission (red) and absorption (blue) processes. In the presence
of interactions Ω 6= 0, the frequency shift of each transition is given by ωA + δM .
B) The Effective Two-Level System (E2LS) picture with optional trapping process
for energy extraction in the dashed box. C) A scheme for using the environment to
confine the ladder of states into an effective two level system either by tailoring the
spectral density κ(ω) or the mode occupation n(ω).

(E2LS) around the M = 0 transition (see Fig. 3.4b), which exhibits the required

quadratic absorption rate. In order to ensure that most transitions take place within

the E2LS we must either suppress the total loss rate from the E2LS or enhance

the probability of transitions within it. This becomes possible if the frequency of

the E2LS transition is distinct from that of other transitions, and in particular the

one immediately below the targeted transition within the E2LS. This will never be

the case for a non-interacting set of atoms, which must have a degenerate set of

ladder transition energies, but it can occur once suitable interactions are included.

Dicke physics requires that the atoms remain indistinguishable, but interactions are

still permissible in certain symmetric geometries such as rings [51, 103], and these

structures will continue to exhibit superradiance, and are therefore also capable of

superabsorption. In the theory of superradiance this effect is called ’chirping’ since

each rung of the ladder has a unique frequency Fig. 3.4a), the frequency of the emitted

light changes over the course of the superradiant pulse.

The required interactions are in fact the ever present field meditated dipole-dipole

interactions, which are usually ignored, because they are usually small and have

little effect on the dynamics. In general dipole-dipole interactions are deleterious

to superradiance, as they tend to give each atom a unique environment which in

turn makes the light they emit distinguishable. However, if the atoms are in a ring
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structure that is strikingly reminiscent of the photosynthetic light harvesting complex

LH1 [16, 69] (see Fig. 3.2) they retain Dicke physics.

3.4.1 Interactions

3.4.1.1 Field Induced Interactions

We shall now derive a master equation for the candidate superabsorber depicted

in Fig. 3.2. We assume the interactions act between adjacent atoms only and are

due to Förster type coupling. Following the general procedure of Section 1.5.2.1

and Ref. [103], we generalise from a vacuum environment to one with a population

distribution and structured spectral density. This allows for the presence of the

superabsorption term and introduces some additional complexities.

We consider the interaction picture with respect to ĤS (3.1) and the free Hamilto-

nian of the electromagnetic field (1.75). After performing the standard Born-Markov

approximation and tracing over the environment E , the starting point for our deriva-

tion is [25] (~ = 1):

d

dt
ρ̃S(t) = −

∫ ∞
0

dt′TrE [H̃L(t), [H̃L(t− t′), ρ̃S(t)⊗ ρ̃E ] , (3.13)

where ρ̃S(t) is the reduced interaction picture density matrix and H̃L(t) denotes the

interaction picture representation of the system-light-interaction Hamiltonian:

ĤL = −
N∑
i=1

σ̂i− d · Ê(ri) + σ̂i+d
∗ · Ê(ri) , (3.14)

where d is the atomic dipole vector and the electric field operator is given by:

Ê(ri) = i
N∑
i=1

∑
k,λ

√
2ωk
V
eλ(k)

(
b̂λ(k)eik·ri − b̂†λ(k)e−ik·ri

)
, (3.15)

where eλ(k) and b̂
(†)
λ (k) are the polarisation vector of the field and its annihilation

(creation) operator, respectively. The system dynamics is then generically determined

by the following master equation [25]:

d

dt
ρS(t) = −i[ĤS + ĤI , ρS(t)] +

∑
ω

∑
i,j

[
Γi,j(ω)(ÂjρS(t)Â†i − Â

†
i ÂjρS(t)) + h.c.

]
,

(3.16)

where h.c. denotes the Hermitian conjugate. The Âi are the Lindblad operators

given by σ̂i− and σ̂i+, and Γi,j =
∫∞

0
ds eiωs〈d∗ · Ê(ri, s)d · Ê(rj, 0)〉 is the spectral
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correlation tensor, which will be calculated in the following. We start by considering

the expression

〈d∗ · Ê(ri, s)d · Ê(rj, 0)〉 = TrE [d
∗ · Ê(ri, s)d · Ê(rj, 0)ρE ] , (3.17)

where ρE is taken as the thermal state of the environment, though allowing filtered

thermal light later will not change the form of the result [194, 3]. Generally, for a

thermalised environment it is well known that [25]

〈b̂λ(k)b̂λ′(k
′)〉 = 〈(b̂†λ(k)b̂†λ′(k

′)〉 = 0 , (3.18)

〈b̂λ(k)b̂†λ′(k
′)〉 = δkk′δλ̂λ̂′ = (1 + n(ωk)) , (3.19)

〈b̂†λ(k)b̂λ′(k
′)〉 = δkk′δλ̂λ̂′ = n(ωk) . (3.20)

Using these, the spectral correlation tensor can written as:

Γi,j =
2π

V

∑
k,λ

(d · eλ(k))2ωk

(
(1 + n(ωk))e

ik·rij
∫ ∞

0

ds e−i(ωk−ω)s

+ e−ik·rijn(ωk)

∫ ∞
0

ds ei(ωk+ω)s

)
, (3.21)

where ri,j is the vector connecting atoms i and j. Converting the sum over k to an

integral (ωk = c|k|) yields

1

V

∑
k

→ 1

(2π)3c3

∫ ∞
0

dωk κ(ωk)ω
2
k

∫
dΩ , (3.22)

where κ(ω) is the spectral density given by the density of states weighted by the

coupling strength, κ(ω) =
∑

k |gk|
2δ(ω − ωk) ≡ χ(ω)|g(ω)|2. Considering for the

moment only the angular part of the integration. We need to evaluate terms such as:

∫ (
d · d∗ +

(k · d∗)(k · d)

|k|2

)
eik·rijdΩ =

∫ 2π

0

∫ π

0

sin θ eik·rij dθdφ (3.23)

Without loss of generality we can define ri,j as along the z axis such that (|k| · rij =

k cos θ). Then collating the results of the angular integration gives a diffraction-type

function:

F (ω rij) =
8π

3

(
j0(ω |rij|) +

1

2

(
3 cos2(θdrij)− 1

)
j2(ω |rij|)

)
, (3.24)

where jn(x) is the nth spherical Bessel function and the angle θdrij between the atomic

dipoles and pairwise connection vectors is

cos2 θdrij =
|d · r 2

ij|
|d2||rij 2|

. (3.25)
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Considering the geometry in Fig. 3.2. we assume that all dipoles are parallel, and

perpendicular to the plane defined by the ring. In this case, and for only nearest

neighbour interactions, θdrij is independent of i and j. Thus Eq. (3.21) becomes

Γi,j =
|d|2

(2π)2c3

∫ ∞
0

dωk κ(ωk)ω
3
k F (ωkrij)

(
(1 + n(ωk))

∫ ∞
0

dse−i(ωk−ω)s

+ n(ωk)

∫ ∞
0

dsei(ωk+ω)s

)
, (3.26)

which we separate into its real and imaginary parts Γi,j = 1
2
γi,j(ω) + iS(ω) with the

help of the identity ∫ ∞
0

ds e±iεs = πδ(ε)± iP 1

ε
. (3.27)

The real terms γi,j(ω) derive from the δ-functions and give rise to the dissipative dy-

namics; optical transitions in this case. In the remaining term, F (ωk rij) is evaluated

at ωk = ±ω. We are working in the small sample limit, where the wavelength of light

is far longer than the size of our nanostructure (ω rij ≈ 0), and so F (ω rij) ≈ 8π/3.

Hence γi,j is independent of the atomic indices to a good approximation:

γi,j(ω) ≈ γ(ω) =
4ω3|d|2

3c3
κ(ω)(1 + n(ω)) . (3.28)

The Planck distribution has the property that n(−ω) = −(1 + n(ω)). Thus we can

combine the terms arising from δ(ωk ± ω) and only run the sum over positive values.

The second term on the righthand side of Eq. (3.16) thus becomes

D[ρ̇] =
∑
ω>0

∑
i,j

4ω3|d|2

3c3
κ(ω)

(
(1 + n(ω))(σ̂j−ρσ̂

i
+ −

1

2

{
σ̂i+σ̂

j
−, ρ
}

)

+ n(ω)(σ̂j+ρσ̂
i
− −

1

2

{
σ̂i−σ̂

j
+, ρ
}

)

)
. (3.29)

By simply assuming all transitions have the same frequency splitting (ω = ωA), a vac-

uum environment state n(ω) = 0 and switching to the collective operators to express

the sums Ĵ− =
∑

i σ̂
i
−, we reproduce the ordinary superradiance master equation dis-

sipator:

D[ρ̇] = −Γ

2
({Ĵ+Ĵ−, ρ} − 2Ĵ−ρĴ+) (3.30)

We now turn to the imaginary part S(ω) of the spectral correlation tensor, which will

be responsible for providing the detuning between different transitions; this is given

by:

S(ω) =
|d|2

(2π)2c3
P

∫ ∞
0

dωk κ(ωk)ω
3
k F (ωk rij)

(
1 + n(ωk)

ω − ωk
+

n(ωk)

ωk + ω

)
. (3.31)
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The i = j terms, for which F (0) = 8π/3, correspond to the ordinary Lamb shift of

individual atom transitions; these can be accounted for by a renormalisation of the

bare atomic frequency ωA. By contrast, the i 6= j terms correspond to the dipole-

dipole interaction induced by the EM field. Evaluating this integral requires us to

choose a specific form for the spectral density κ(ω). Here we consider two cases: first

a flat spectral density, and second one that features a ‘stop band’ in the spectrum.

We begin with the former case. We first separate out the term that is independent

of n(ω), the Lamb shift SL, and evaluate it. In the small sample limit (ωrij � 1) we

find

SL =
d2

4πε0r3
ij

[
1− 3 cos2(θdr)

]
. (3.32)

After separating out the Lamb shift, we are left with the divergent integral corre-

sponding to the Stark shift:

Ss(ω) =
|d|2

(2π)2c3
P

∫ ∞
0

dωk κ(ωk)ω
3
k F (ωkrij)

(
n(ωk)

ω − ωk
+

n(ωk)

ω + ωk

)
. (3.33)

This is seldom evaluated in the literature and is usually assumed negligible. Here

we are primarily concerned with controlling n(ω) so that it is only significant for one

mode, which has frequency ωg. In this case we set n(ωk) = δ(ωk − ωg) and take the

small sample limit:

Ss(ω) = lim
rωg→0

4πω

r3(ω − ωg)(ω + ωg)

(
sin(rωg)(cos(2θdr)(3− r2ω2

g) + r2ω2
g + 1)

− rωg(3 cos(2θdr) + 1) cos(rωg))

)
= 0

(3.34)

Hence we can neglect the Stark shift and only retain the Lamb shift. Returning

to the other spectral density we consider, that with the stop band, we can express

the stop band with the following, simplistic spectral density:

κ(ω) = 1− T (ωb, σ) , (3.35)

where T (ωb, σ) is the ‘top hat’ function centred on ωb with a width σ. The factor

of one produces the same result as for the flat spectral density Ss(ω). The top hat

handles the effect of the gap Sgap(ω):

S(ω) = Ss(ω)− Sgap(ω) . (3.36)
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The top hat has the effect of confining the integral to a window around ωb:

Sgap(ω) =
|d|2

(2π)2c3
P

∫ ωb+σ

ωb−σ
dωk ω

3
k F (ωkrij)

(
1 + n(ωk)

ω − ωk
+

n(ωk)

ωk + ω

)
. (3.37)

This can be evaluated to yield a lengthly, but straightforward expression. For an

ideal gap (σ → 0), Sgap(ω) = 0 and hence can be neglected. Collating these results,

we are left with a familiar expression for the strength of the interaction between two

dipoles (3.32) multiplied by a hopping term introduced via the EM field:

ĤI = Ωi,j

N∑
i 6=j

(
σ̂i+σ̂

j
− + σ̂i−σ̂

j
+

)
, (3.38)

which describes energy conserving ‘hopping’ of excitons between sites mediated by

virtual photon exchange. The hopping interaction strength SL = Ωi,j is given by:

Ω(i, j) =
d2

4πε0r3
ij

[
1− 3(ε̂a · rij)2

r2
ij

]
≈ d2

4πε0r3
ij

(3.39)

with ε̂a being a unit vector parallel to the direction of the dipoles. For a circular

geometry with dipoles perpendicular to rij and retaining only nearest neighbour

interactions [a good approximation for larger rings since Ω(i, j) ∝ r−3
ij ], Ω := Ω(i, i+1)

is a constant. Owing to the high degree of symmetry of the ring geometry, to first order

ĤI does not mix the |JM〉 eigenstates, only shifting their energies [103] according to

δEM = 〈J,M |ĤI |J,M〉 = Ω
J2 −M2

J − 1
2

. (3.40)

The shift of the transition frequencies is given by the difference of two adjacent levels

EM − EM−1:

ωM→M−1 = ωA − 4Ω
M − 1

2

N − 1
. (3.41)

These altered frequencies break the degeneracy in the Dicke ladder where each tran-

sition now has a unique frequency. For example the transition frequency from the

ground state to the first Dicke state is ω−N/2+1→−N/2 = ωA−2Ω. Crucially, the Dicke

states still still represent a very good approximation of the eigenbasis of the system,

yet each transition in the ladder now samples both κ(ω) and n(ω) at its own unique

frequency. The highly symmetric geometry of our system means that the hopping

interaction (3.38) does not cause mixing of Dicke levels, but only shifts their energies.

Thus an effective Hamiltonian for the subspace consisting of only the fully symmetric

states of the Dicke ladder can be written as :

ĤS + ĤI =
EM
2

J∑
M=−J

|J,M〉〈J,M | , (3.42)
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where EM is the energy of the |J,M〉 state now including the shift defined in Eq.

3.40. Instead of having a generic ladder operator Ĵ± that moves any state |J,M〉 →
|J,M ± 1〉, with emission or absorption at ωA, we now have to break up this operator,

because the Dicke transitions are no longer degenerate in energy. The generic ladder

operators are thus replaced by a sum over operators, which take us between specific

Dicke states, sampling the spectral density at the requisite frequency ωβ:

L̂M = |J,M − 1〉〈J,M | , (3.43)

which yields the result:

ρ̇ = −i[ĤS + ĤI , ρ]− γ
∑
β

κ(ωβ)
(

(n(ωβ) + 1)D[L̂β]ρ+ n(ωβ)D[L̂†β]ρ
)
. (3.44)

3.4.1.2 Explicit Interactions

In the previous section the hopping interaction emerged from the derivation of the

master equation, as a direct consequence of embedding the absorbers into a common

electromagnetic environment. Alternatively, we could add an interaction directly to

the system Hamiltonian, which may either be mediated by virtual photon exchange

or have some other physical origin. The initial Hamiltonian then reads:

ĤS = ωA

N∑
m=1

σ̂m+ σ̂
m
− + Ω

N∑
i,j

(σ̂i+σ̂
j
− + σ̂j−σ̂

i
+) . (3.45)

Such a Hamiltonian is a diagonalised using the Jordan-Wigner transformation [13].

For example, a four atom system has eigenvalues:{
0, ωA − 2Ω, 2ωA − 2

√
2Ω, 3ωA − 2Ω, 4ωA

}
, (3.46)

resulting in the following transition frequencies:

ω =
{
ωA − 2Ω, ωA − 2Ω

(
1 +
√

2
)
, ωA + 2Ω

(
−1 +

√
2
)
, ωA + 2Ω

}
. (3.47)

These differ slightly from those derived using the approach in the earlier. Crucially,

however, the degeneracy of the transition frequencies is broken in a similar way as

before. For small length scale linear systems it has been noted that superradiance

dynamics are not significantly altered [13], when compared to the traditional field

mediated interaction approach [103].
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3.4.1.3 Resolution of Frequency Shifts

The enhanced absorption and emission rate in the middle of the Dicke ladder im-

plies an increased lifetime broadening. One might thus worry whether the detunings

obtained courtesy of the hopping interaction are then still sufficient to completely

resolve adjacent transitions. A simple analysis shows that this is indeed the case

[103], and the natural width (N2γ around M = 0) remains smaller than the shift

δω provided the wavelength of the light is much greater than the size of the system.

To see this, we shall assume that the transition is indeed well resolved, N2γ < δω,

and show that is essentially equivalent to the ‘small sample’ condition, r � λ, which

underlies the phenomenon of superradiance in the first place.

Using the definition of γ from as the free atom decay rate, the greatest broadening

and smallest energy shift at M = 0 are, respectively,

N2γ =
8N2π2d2

3ε0~λ3
, (3.48)

δω = 4
Ω

N − 1
≈ d2

4π~ε0r3
. (3.49)

Substituting Eqs. (3.48) and (3.49), the inequality N2γ < δω becomes

2N3π2d2

3ε0~λ3
<

d2

4π~ε0r3
⇐⇒ 2Nπr < λ , (3.50)

where the righthand side follows after cancellation of several variables followed by

taking the qubic root. This is equivalent to r � λ, up to moderate numerical factor

(when N is not too large), accounted for by relaxing ‘�’ to ‘<’. For the present

discussion, r is understood to be the nearest neighbour distance, having assumed

energy shifts appropriate for only nearest neighbour interactions (for other interaction

models, the detunings would be larger). We note that distinct shifted lines have also

already been observed — and resolved — experimentally [260].

3.4.1.4 Interactions beyond the nearest neighbour limit

Earlier we assumed only nearest neighbour interactions are significant. For a symmet-

ric ring geometry relaxing this condition leads to the same qualitative behaviour, but

results in slightly larger detunings between adjacent transitions in the Dicke ladder.

First, let us consider the opposite limit to the nearest neighbour case and allow all

pairwise interactions with equal strength:

〈J,M |ĤH |J,M〉 = 〈J,M |Ω
∑
i 6=j

(σ̂i+σ̂
j
− + σ̂i−σ̂

j
+) |J,M〉 , (3.51)

61



δEm = Ω〈J,M |
∑
i 6=j

(σ̂i+σ̂
j
− + σ̂i−σ̂

j
+) |J,M〉 , (3.52)

which can be rewritten using the collective operators as follows

δEm = Ω〈J,M |Ĵ+Ĵ− + Ĵ−Ĵ+ −
∑
i

(σ̂i+σ̂
i
− + σ̂i−σ̂

i
+) |J,M〉 . (3.53)

The final two terms are added to remove the i = j terms implicit in the Ĵ+Ĵ− terms,

which count the number of excited and unexcited atoms, respectively. Hence,

δEm = Ω(〈J,M |Ĵ+Ĵ− + Ĵ−Ĵ+ |J,M〉 − 2J) . (3.54)

The remaining two terms are easily calculated using (3.9), yielding:

δEm = 2Ω(J2 −M2) . (3.55)

Thus the energy shifts are the same as in the nearest neighbour case Eq. (10) but lack

the factor(J − 1/2)−1. Therefore, unlike in the nearest neighbour limit, increasing

the number of atoms does not reduce the size of the frequency shift, which could help

in blocking the transition at ωbad and ensuring frequency selectivity of a trapping

mechanism.

The actual ring geometry with all pairwise dipole interactions included will fall

somewhere in between these two limits, depending on ring size. The operators in-

volved in the interaction remain the same, but their weights are altered as the size of

the ring changes. The symmetry of the ring dictates that each atom will be subject

to the same set of interactions with the rest of the ring. The condition of interchange-

ability of atoms is thus met regardless of the specific interaction model (i.e. nearest

neighbour, next nearest neighbour etc.). For all cases, the hopping interaction only

causes shifts of a variable size between the two limits we have discussed above; the

size of the shifts given a particular ring size and interaction model is readily obtained

numerically.

3.4.1.5 Summary

In the previous sections we’ve developed a model for our candidate superaborber,

which corresponds to a Dicke ladder of non-degenerate transitions whose dynamics

are found from a collective quantum optical master equation:

ρ̇ = −i[ĤS + ĤI , ρ] (3.56)

− γ
∑
β∈ω

κ(ωβ)
(

(n(ωβ) + 1)D[L̂β]ρ+ n(ωβ)D[L̂†β]ρ
)
.
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Figure 3.4: Enhanced absorption probability. A) the probability of absorbing a
photon within the lifetime Γ−1

loss(N) of the superabsorbing E2LS comprising N atoms,
compared to that of N individual atoms over the same duration. The relative ad-
vantage is linear in N as expected, and the coloured shading indicates the quantum
advantage. B) lifetime of the E2LS for growing N relative to the four atoms case
Γ−1

loss(N)/Γ−1
loss(N = 4). Note that the decrease in lifetime corresponds to an increasing

time resolution of a superabsorbing photon detector: after initialisation the system
is receptive to a photon of the requisite frequency only during this time window.
C) absorption rate at the midpoint of the Dicke ladder (blue) and for N individual
absorbers (red). The clearly visible N2 scaling that is typical of superradiant pulses
also applies to the absorption rate.

κ(ω) =
∑

k |gk|
2δ(ω − ωk) = χ(ω)|g(ω)|2 is the spectral density at frequency ω;

n(ωβ) is the occupation number of the ωβ mode, and D[L̂β]ρ is the Lindbladian

dissipator L̂βρL̂
†
β− 1

2
{L̂†βL̂β, ρ}. L

†
β moves the system up a Dicke ladder transition with

frequency ωβ. Eq. (3.56) also features unitary dynamics due to the field interaction

that comprises two components: the Lamb shift, accounted for by renormalising ωA

in the system Hamiltonian ĤS, and the field induced dipole-dipole interaction

3.4.2 Quantum Control

Our objective is to enhance transition rates at the frequency of the E2LS, which

we shall call the ‘good’ frequency (ω0→−1 =: ωgood) and suppress those for transitions

directly out of the E2LS at the ‘bad’ frequency (ω−1→−2 =: ωbad). The required type of

control of the environment is known as reservoir engineering [195]; in principle we have

a choice between tailoring κ(ω), n(ω), or both. Tailoring the spectral density has the

advantage that it can, in theory, completely eliminate the rate of loss from our E2LS

when there is no mode of the right frequency present to allow decay. This requires
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Figure 3.5: A superabsorption cycle. Superabsorption of the effective two level
system indicated in Fig. 3.4. The green shading indicates the superabsorption region,
the red when the extraction rate is below what could be extracted from uncorrelated
atoms; both are for a system of twenty atoms and mode occupancy n(ωgood) = 10.
The maximum extraction possible from independent atoms (Γind = n(ωgood)Nγ) is
used for comparison.

placing the device inside a suitably designed cavity or a photonic bandgap (PBG)

crystal with a stop band at ωbad (see Fig. 3.4c), where the required dimensionality of

the PBG depends on the orientation of the optical dipoles. Suppression of emission

rates by several orders of magnitude is then achievable with state-of-the-art systems

[261, 187, 153, 88]. Photonic crystal cavities can offer both enhancement of a resonant

transition (ωgood) and suppression of a off-resonant one (ωbad) [78], making them ideal

for the type of control required.

Control of n(ω) is technically easier to achieve, e.g. by using filtered thermal or

pseudothermal [168, 97] light. However, this approach has the limitation that even

in the optimal control regime, where n(ω) = 0 everywhere except in a narrow region

around ωgood, spontaneous emission will still cause loss from the E2LS.

Since both environmental control approaches rely on frequency selectivity, a suffi-

ciently large detuning between adjacent Dicke transitions will be critical for achieving

effective containment within the E2LS. Fortunately, this detuning is already within

the frequency selectivity of current experimental controls for moderately sized rings,

of say N ∼ 10 see Section 3.5. In practice the environmental control will never be

quite perfect and our system will, over long times, inevitably evolve away from the
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E2LS. For example, one may only have control over n(ω) but not κ(ω), or an imper-

fect PBG with κ(ωbad) > 0, and both cases lead to an exponential decay of E2LS

population with the lifetime Γ−1
loss. Dephasing processes will also lead to leakage out

of the fully symmetric subspace and thus shorten the effective lifetime of the E2LS.

However, these imperfections need not dominate the behaviour and destroy the effect.

We shall discuss the issue of sustained operation in the Reinitialisation Section 3.4.4.

Let us now consider the properties of the system immediately following initial-

isation: Fig. 3.4 shows the increased photon absorption rate of the superabsorbing

E2LS compared to N uncorrelated systems, Γ−1→0/N . Clearly, the probability of

absorbing a photon within a given time window (up to the E2LS lifetime) is much

higher in the superabsorbing configuration, providing an opportunity for photon dec-

tection with improved sensitivity. The inset of Fig. 3.4 shows the lifetime of the E2LS,

Γ−1
loss = (γΓ−1→−2κ(ωbad))−1, as a function of N , here assumed to be limited by an

imperfect PBG with κ(ωbad)/κ(ωgood) = 1/100. For photon sensing, the reduction of

the operational window with increasing N may even be a desirable attribute (offering

time resolved detection). Generally, the system we have so far described can function

as a sensor as long as the temporary presence of an additional exciton can be regis-

tered, for example through continuously monitoring the system’s charge state with a

quantum point contact [105, 96, 76, 197].

3.4.3 Trapping

We have detailed how to create a photon sensor using superabsorption. We can also

employ the superabsorption phenomenon in the context of energy harvesting if we

can meet a further requirement: a non-radiative channel to extract excitons from the

upper of these two levels, turning them into useful work as depicted in the dashed

box of Fig. 3.4b. Specifically, we require an irreversible trapping process that extracts

only the excitons that are absorbed by the E2LS, and does not extract excitons from

levels below the E2LS. Moreover, the trapping process competes with the re-emission

of the photons at a rate proportional to n(ωgood) + 1, so that ideally it is much faster

than that. Note that in this limit saturation is not an issue since absorbed photons

are quickly transferred and converted, leaving the system free to absorb the next

photon.

The excitons are delocalised across the ring and need to be extracted collectively

to preserve the symmetry of the Dicke states. In designing this process we take

inspiration from natural light harvesting systems: A ‘trap’ atom is located at the

centre of the ring and symmetrically coupled via a resonant hopping interaction to
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all the other atoms (see Fig. 3.2). In this case the interaction is mediated by the

electromagnetic field as described in the previous section, but it could have other

physical origins depending on the system of interest. Once an exciton has moved to the

trap site we assume that it is then removed into the wider environment by a process

which irreversibly absorbs its energy. We note that more exotic and potentially

more efficient trapping implementations can be envisioned, such as e.g. a reservoir of

excitons with an effective ‘Fermi level’ capable of accepting an excitons only above

the energy level E−1. However, at present our aim is to focus on the simplest system

capable of exhibiting enhanced photon energy harvesting by superabsorption.

3.4.3.1 Phenomenological Model

The above trapping process can be described phenomenologically as collective exciton

extraction from the mid point (M = 0) by adding the dissipator D[L̂trap]ρ to the

righthand side of Eq. (3.56) with L̂trap =
√

Γtrap |J,−1〉 〈J, 0|, and where Γtrap is the

rate of the trapping process. The rate of exciton extraction Itrap is then simply given

by the population of the trapping level multiplied by the trapping rate:

Itrap(t) = Γtrap Tr [|J, 0〉〈J, 0|ρ(t)] . (3.57)

Consider an ideal E2LS realised by a PBG completely blocking ωbad, i.e. a van-

ishing Γloss := κ(ωbad)(n(ωbad)+1)Γ−1→−2. Assuming a faster trapping than emission

rate, Γtrap � Γemit := κ(ωgood)(n(ωgood) + 1)Γ0→−1, our figure of merit Itrap matches

the absorption rate Γabsorb := κ(ωgood)n(ωgood)Γ−1→0 for all t:

Itrap(t) = Imax ≈ Γabsorb ≈ µ

(
N

2
+
N2

4

)
, (3.58)

where µ = γκ(ωgood)n(ωgood). It is clear from this equation that under these

conditions we achieve a superlinear scaling of the exciton current flowing out of the

superabsorber. Trapping processes like the one described here have been demon-

strated experimentally and meet the requirement Γtrap � Γemit see Section 3.5 .

The inevitable loss out of the E2LS entails an exponential decay of Itrap(t) with

the lifetime Γ−1
loss, as shown in Fig. 3.5. The initial net superabsorption rate far exceeds

that possible from uncorrelated atoms, however it is only a transient effect and the

system needs to be reinitialised periodically to maintain its advantage. This aspect

will be discussed in the next section.

We have detailed the case where a PBG is used to increase the lifetime of the

E2LS. If instead intense filtered thermal light is used to ensure n(ωgood) � 1, then
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Figure 3.6: Comparison between the full trapping model discussed and the effective
two level system model with adjusted rates. Parameters are: d = 0.1, γ = 10−4, g = 1,
and Γtrap = 4g. In the phenomenological case Γtrap takes the same value, whereas the
effective Γloss rate was increased by a factor of five to account for additional leakage
out of the E2LS due to detuned exciton extraction processes (see Fig. 3.7). Note
that the shape of the E2LS curve can be made to look more similar to the full model
by adjusting its Γtrap and Γloss rates, but here we have chosen values giving rise to
a similar peak height and enhancement area, indicative of a comparable collective
advantage over one superabsorption lifetime cycle.

many absorption-trapping cycles can take place before a spontaneous emission event

happens. This set-up would enable quantum enhanced light-based power transmis-

sion, where a large number of photons need to be harvested quickly in a confined

area.

3.4.3.2 Full Model

In the previous section we describe the trapping process using a Lindblad operator,

which takes the system from the state |J, 0〉 → |J,−1〉 by irreversibly removing one

exciton from the system. Numerous microscopic mechanisms can be conceived of that

would produce this effect; all will have to involve a collective coupling of the atoms

of the ring, followed by a process (through coupling to a wider external environment)

which prevents the return of exciton to the primary system, or at least renders it very

unlikely.

Here, we give an account of the simplest scenario one can envision: all atoms of

the ring are coupled to a ‘trap’ atom at the centre, whose role is to first localise the

energy and then irreversibly remove it. This simple trapping model is schematically

depicted in Fig. 3.7: The trap atom possesses a transition frequency ωtrap ≈ ωgood
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Figure 3.7: A trap site is connected to the Dicke ladder. The trap’s transition
frequency ideally matches that of the ‘good’ transition ωtrap ≈ ωgood, and it is coupled
to the Dicke transitions via a flip-flop interaction of strength g. This gives rise to
‘see-saw’ like oscillations between Dicke and trap transitions, but only the desired
transition is resonant, all others are detuned and thus suppressed. To ensure that
excitons hopping to the trap site are irreversibly removed instead of ‘see-sawing’ back
and forth indefinitely, the trap is incoherently emptied at a rate Γtrap. As long as
Γtrap is not so large that the trap transition experiences significant lifetime broadening
approaching |ωgood−ωbad|, and also assuming |ωgood−ωbad| > g, the exciton extraction
from the ‘bad’ transition in particular can be suppressed. The blue double-headed
arrows indicate the (enhanced) optical emission and absorption processes.

and is coupled to the ring by a field mediated hopping interaction of strength g

(i.e. the same type of interaction which couples the ring’s atoms to each other). The

Hamiltonian for such a setup is:

ĤT = g(Ĵ+σ̂
T
− + Ĵ−σ̂

T
+) + ωtrapσ̂

T
+σ̂

T
− , (3.59)

where the superscript T denotes the trap site, g is the strength of the coupling between

the ring and the trap, and ωtrap is the trap’s transition frequency, which ideally

matches ωgood. An exciton ‘hopping’ onto the trap site is subjected to an irreversible

decay with rate Γtrap, e.g. by being linked to a chain of exciton sites acting as a wire

or lead. In natural light harvesting systems the trap would be the reaction centre

and the decay a photochemical process.

When the trapping rate Γtrap is sufficiently fast only negligible population exists in

the 2LS forming the trap, hence its effect can, to a good approximation, be considered

that of a Lindblad operator acting on the main system, as in the previous section.

For a slower rate Γtrap a decaying Rabi oscillation may take place, moving the exciton

back and forth between trap and ring. However, the presence or absence of these

oscillations does not significantly affect the superabsorption process.
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This simplistic trapping model introduces an extra contribution to the rate of loss

from the E2LS: the finite lifetime 1/Γtrap means the energy of the trap is not perfectly

sharply defined, reducing the trap’s frequency selectivity. Thus, it will occasionally

also accept energy from the ‘bad’ transition ωbad, which increases the effective loss

rate Γloss. However, one can optimise the parameters (Γtrap , g, ωtrap) to minimise this

undesirable side effect, whilst still meeting the condition that Γtrap > Γemit. With

the addition of the trapping terms (3.59) the master equation is solved numerically.

We compare this against the analytical expression for the trapping rate that can be

derived for the E2LS model:

ρM=0(t) =
Γabsorb√

Γ2
total − 4Γloss(Γemit + Γtrap)

(
e−

1
2
t(Γtotal−

√
Γ2
total−4ΓL(Γemit+Γtrap)) (3.60)

− e−
1
2
t(Γtotal+

√
Γ2
total−4ΓL(Γemit+Γtrap))

)
,

Itrap(t) =Γtrap ρM=0(t), (3.61)

where Γtotal = Γabsorb + Γemit + Γloss + Γtrap and with Γtrap referring to the effective

rate of a trapping Lindblad operator, which is related, but generally not necessarily

equal to the decay rate of the trap site in the full model. This is due to the effect

additional parameters such as the coupling strength g. By accounting for this and the

additional contribution to Γloss described above, we can compare the trap site model

against the E2LS. Fig. 3.6 shows the results of this comparison. The analytical results

for the E2LS can thus provide an adequate and simple qualitative description of the

dynamics that is brought about by a more complex and realistic trapping model.

3.4.4 Reinitialisation

Reinitialisation could be achieved by exploiting a chirped pulse of laser light to re-

excite the system, or through a temporary reversal of the trapping process. In practice

there will be an energy cost associated with reinitialisation but, as we show below,

in all but the most severe cases this cost is more than offset by the faster photon to

exciton conversion rate during the transient superabsorption periods. Furthermore,

the frequency with which one has to reinitialise does not have a fundamental lower

bound, it is limited only by the quality of the control one can apply.

Perhaps the most elegant way of implementing the reinitialisation step (short

of self-initialisation, see below) would make use of quantum feedback control [267]:

The superabsorption enhancement is derived from coherence between states that all
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Figure 3.8: Superlinear exciton absorption. The total number of excitons absorbed
within the common reference time Γ−1

loss(N = 4) as function of the number of atoms
N . The coloured curves represent the reinitialisation cost models and the red line
shows the maximum extracted from independent atoms for comparison. The scaling
is superlinear in all coupled atom cases, approximately following the ideal N2 law
(green), except for large N in the pessimistic cost model of full reinitialisation (blue).
If quantum feedback control enables the replacement of a single exciton as soon as
a loss event has happened, then the nearly quadratic scaling persists up to arbitrary
numbers of atoms (olive).
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possess the same number of excitons. Therefore, the number of excitons could be

continually monitored (e.g. by a quantum point contact or by monitoring fluores-

cence of a probe field tuned to a level or two below the desired manifold) without

destroying the desired effect. A suitably designed feedback system could then feed in

an excitation only when a loss event had occurred, providing optimal efficiency

Itrap = Γabsorb − Γloss = (µ− σ)

(
N

2
+
N2

4

)
+ 2σ , (3.62)

where σ = γκ(ωbad)(1 + n(ωbad)). Provided µ > σ superabsorption will occur, and

for σ = 0 we recover the theoretical maximum of the idealised case in Eq. (3.58).

A far simpler reinitialisation scheme would only require periodic reinitialisation

following a fixed time interval, and does away with the need for feedback control.

In order to account for the relative cost of such reinitialisation, we need to quantify

the total number of excitons absorbed in a given time. Let us fix the time at which

reinitialisation is performed to the natural lifetime of the E2LS, Γ−1
loss. Integrating the

trapping rate Itrap(t) over one lifetime and subtracting the reinitialisation cost gives

a fair measure of the number of excitons the system has absorbed within the given

time. We can then consider the extreme limits of the reinitialization cost, from simply

replacing a single lost exciton, to having to replace all of the N/2 excitons that make

up the superabsorbing state. A larger system requires more frequent reinitialisations,

since its loss rate is also enhanced by the system size. However, the bias in favour

of absorption created by the environmental control is sufficient to ensure this does

not negate the superabsorption process. Fig. 3.8 shows how the number of excitons

absorbed in a given time scales with the number of atoms, and for all cost models we

find a superlinear scaling.

3.5 Experimental Realisations

3.5.1 System

In this section we consider the parameters for various physical systems that could

potentially demonstrate the superabsorption effect. In Table I we summarise key

materials parameters for this system. Note that we use wavelength rather than fre-

quency to characterise the good and bad transitions here, since these are more often

quoted; ω = 2πc/nλ, with n the material refractive index.

Quantum dots are a good candidate for their large transition dipole moments, con-

tinually improving spectral uniformity (low σ) and the recent progress in synthesising
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highly ordered rings and arrays [55]. The main challenge facing this implementation

is the relatively weak dipole-dipole interactions (Ω) that have thus far been observed

(≈ 0.01 meV), although an order of magnitude improvement in this should be easily

obtainable [247]. Furthermore, the interaction need not be of the field-induced char-

acter we focus on, chosen largely for the sake of simplicity. Any physical mechanism

leading to an exciton number dependent shift of the Dicke states would suffice. For

instance, in quantum dots the Coulomb interaction is known to be stronger (∼ 10

meV) [155]. In general, engineering the strength and the scalability of dot to dot

interactions is a key focus for the field, particularly for implementations of quantum

information processing tasks. Progress in this area therefore seems very likely in the

near future.

Molecular rings have the obvious advantage of possessing the required symmetry

and the very close separation between sites, leading to large Ω. The values in the

table correspond to the natural photosynthetic ring structure B850. It should be

noted that lower disorder would be expected from artificially synthesised rings lacking

the protein manifold found in natural systems. Furthermore, the dipole alignment of

B850 (in plane) is least favourable for interactions with the field (B850 plays a storage

and transfer role in photosynthesis) and therefore could be expected to increase by a

factor of two if the dipoles were optimally oriented. Artificial porphyrin rings could

alleviate both of these problems [191].

J-aggregates constitute a particularly promising candidate, having both highly

delocalised excitations and very strong interactions between monomers [141]. Their

interactions are sufficiently strong to overcome the typical values for disorder [11].

Collective effects such as superradiance and line narrowing have long been demon-

strated in these systems. It is also possible to control geometry of J-aggregates chem-

ically and deposit them on surfaces [138]. Integrating these structures with quantum

control such as photonic bandgap crystals and optical microcavities is a new and

developing area at the confluence of several fields. The objective of this effort is pri-

marily the the study of exciton transport in photosynthesis, but at the same time,

these systems provide an extremely promising platform for demonstrating superab-

sorption.

3.5.2 Control

We’ve described three different proposals for implementing the required environmen-

tal control over the system: optical cavities, photonic bandgap crystals and filtered
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light. In Table 3.1 we gather the relevant material parameters from the literature,

again using wavelength rather than frequency units; note that ∆ω/ω = ∆λ/λ.

The particular figures of merit are Γ∗absorb and Γ∗loss, which describe the relative sup-

pression or enhancement of the ‘good’ and ‘bad’ transitions, respectively. In the case

of cavities these are given by the Purcell factor [201], which describes enhancement

of the rate of emission caused by coupling to a resonant cavity mode:

PF =
3

4π2

(
λc
n

)3
Q

Vm
, (3.63)

where λc is the wavelength of the cavity, n is its refractive index, Q = ωc/∆ω its

quality factor, and Vm its mode volume. For the results in the earlier in this section

we allowed either a tenfold enhancement or suppression of Γabsorb or Γloss, respec-

tively. Table 3.1 shows that current experimental systems can easily surpass these

requirements, assuming a typical separation of λgood − λbad > 10 nm. Crucially, the

structures listed here also remain large enough to accommodate our proposed ab-

sorber. For instance, a molecular ring with N = 15 would have a diameter of only

∼ 5 nm. It is interesting to note that 2D and 3D photonic crystal cavities offer both

enhancement of a resonant transition Γabsorb and suppression of a non-resonant one

Γloss [78], making them ideal for the type of control required.

3.5.3 Trapping

The trapping process is key for the application of superabsorption to light harvesting.

Here the requirement is that the extraction process is fast enough to beat the rival

emission process Γemit, which itself may be enhanced. Researchers concerned with

creating new paradigms for solar cells by connecting quantum dots and J-aggregates

(with their favourable and flexible absorption properties) to nanowires and bulk semi-

conductor have already been successful in realising fast and irreversible exciton ex-

traction [157, 156]. The primary mechanism used for this purpose is Förster transfer,

which is well known in both natural molecular structures like photosynthetic antennae

and also artificial systems such as quantum dots. Förster transfer causes extremely

fast exciton transitions (fs-ps) between monomers separated by nanometer distances.

This mechanism for exciton extraction has been studied both theoretically and veri-

fied experimentally. Encouragingly, it has been shown to be capable of exceeding the

reemission rate by up to three orders of magnitude [7, 72].
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3.6 Imperfections

Any real physical system used to demonstrate superabsorption, or indeed superradi-

ance, will have imperfections such as slightly varying frequencies for each atom, or

a deviation away from perfect ring symmetry. In essence all such imperfections in

superradiance are alike; they diminish the collective effect because they lead to the

emission of distinguishable photons. It might therefore be a concern that these col-

lective effects could only be realised in the ideal case. However, superradiant effects

of molecular aggregates with a spatial extent smaller than the wavelength of light are

known to possess a certain degree of robustness against inhomogenous broadening

[237], dephasing processes [98], and exciton phonon coupling [236]. This is because

the increased transition rates produced by superradiance serve to counterbalance the

effect of disorder: the faster rate broadens the natural linewidth of the transitions,

effectively masking the distinguishably introduced by the disorder. Intuitively, we

expect a superabsorption advantage to be achievable whenever an imperfect system

is still capable of displaying superradiant behaviour (of course with the additional

requirement that the energy shifts of adjacent decay process are resolvable). In this

section we model realistic imperfections by considering static energy disorder and

show that superabsorption can still be realised in the presence of disorder.

In this Section we shall verify the analytical results of the previous sections using

numerical approaches. As a first step, we investigate the validity of the master equa-

tion framework described previously. This is achieved with a Monte Carlo approach

which allows the system to explore the entire Dicke ladder. In order to study disorder

in the system Hamiltonian, we also present results from a completely independent

model, which only builds on the physical Hamiltonian and makes no assumptions

about the Dicke model being a good description of the system.

3.6.1 Monte Carlo

The Effective Two Level System (E2LS) model allowed us to reduce the complexity

of the problem dramatically and made it analytically tractable. In order to verify

this approach we here compare it to an independent numerical model: Figure 3.9

shows excellent agreement between the E2LS model and Monte Carlo simulations of

the master equation (3.44) using QuTip [134]. Monte Carlo simulations of quantum

systems use a time/memory tradeoff to allow large systems to be simulated. They do

this by only storing and propagating the state vector rather than the entire density

matrix, by averaging over many trajectories the results converge toward the dynamics
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Figure 3.9: Numerical verification of the Effective Two Level System (E2LS). Com-
parison of the E2LS model with numerical results from Monte Carlo simulations done
using the Quantum Optics Toolbox in Python (QuTip) [134]. Parameters: N = 8,
N(ωgood) = 10, ΓT = 10 ΓE ,γ = 1, trajectories 100,000.

that would have been obtained by numerical integrating the master equation as in

the previous section. The numerical model uses a phenomenological trapping. The

agreement with the E2LS can be made arbitrarily close with increasing numbers of

trajectories. The same agreement was also seen for systems with larger numbers of

atoms.

3.6.2 Numerical integration of Master Equation

We proceed by exploring the effect of disorder on both superradiance and superab-

sorption. To capture these effects we must use a more general, but less analytically

informative approach to deriving the master equation than the one presented previ-

ously.

Starting with the implicit interaction model, we now allow the site energies to

vary. We aim to simulate the effect of static energy disorder, which – to some extent

– will be present in all physical implementations of superabsorption. To do this we

draw the site frequencies ωm from a Gaussian distribution with a mean given by the

atomic frequency ωA and a standard deviation given by σ. The system Hamiltonian

is:
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Figure 3.10: Disorder and Superadiance Left: The effect of increasing disorder
(modelled as a Gaussian distribution with standard deviation σ) on a superradiant
system without interactions (Ω = 0). Right: The effect of increasing disorder (σ) on a
superradiant system with hopping interaction strength Ω = −1. Shared parameters:
ωA = 10, d = 1, γ = 0.01, N = 4. Without interactions, the relevant energy scale
characterising the transition from collective to independent emission is given by σ/γ.
By contrast, when interactions are included the system eigenstates are intrinsically
delocalised and the relevant energy scale becomes σ/Ω, leading to a significant increase
in robustness against disorder.

Figure 3.11: This figure shows that modest amounts of disorder will not significantly
the superabsorption effect. Parameters: ωA = 10, d=1, γ = 0.01, N=4, N(ωgood) = 1,
κ(ωbad) = 0.1γ.
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ĤS =
N∑
m=1

ωmσ̂
m
+ σ̂

m
− + Ω

N∑
i,j

(σ̂i+σ̂
j
− + σ̂j−σ̂

i
+) . (3.64)

If the full trap model is to be used the extra terms are added. The Hamiltonian is

then diagonalised numerically and the eigenoperators determined which project the

dipole operator on the eigenspace of ĤS:

Â(ω) =
∑
e,e′

δ(ω = e− e′)|e〉〈e|(Ĵ− + Ĵ+)|e′〉〈e′| , (3.65)

where |e〉〈e| is a projector onto the a given eigenstate of the Hamiltonian (3.45).

Âα(ω) is therefore an eigenoperator of ĤS, which causes a transition between two

eigenstates of ĤS sampling the environment at frequency ω. We construct the new

master equation analogously to Eq. (3.13):

d

dt
ρ̃S(t) = −i

∫ ∞
0

dt′TrE [H̃I(t), [H̃I(t− t′), ρ̃S(t)⊗ ρ̃E ] , (3.66)

and the standard procedure [25] straightforwardly yields

d

dt
ρS(t) =

∑
ω,ω′

∑
α,β

ei(ω−ω
′)tΓα,β(ω)(Âβ(ω)ρS(t)Â†α(ω′)− Â†α(ω′)Âβ(ω)ρS(t)) + h.c. .

(3.67)

Equation (3.67) could directly be solved numerically, but this is extremely computa-

tionally expensive even for small disordered systems, due the pathological scaling in

the number of terms arising from the summation over ω, ω′, α and β. To overcome

this difficulty, (3.67) is traditionally simplified using the rotating wave approximation

(RWA). This means neglecting the non-secular terms (where ω 6= ω′), leading to the

canonical ’quantum optical master equation’:

d

dt
ρS(t) =

∑
ω

∑
α,β

Γα,β(ω)(Âβ(ω)ρS(t)Â†α(ω)− Â†α(ω)Âβ(ω)ρS(t)) + h.c. . (3.68)

In the case of ordinary superradiance, with no dipole-dipole interaction and con-

sequent shifts, this step is unproblematic because there is in fact only one transition

frequency (ωA). However, for all other cases, care must be taken to apply the ap-

proximation selectively only where it is strictly justified. The RWA assumes that

the fast oscillating terms ei(ω−ω
′)t effectively average to out to zero over the timescale

relevant to the system dynamics τR. The fastest system dynamics timescale is given

by the reciprocal of the lowest non-zero transition frequency ω−1
min. However, there is
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some subtlety to applying the RWA to collective transitions in disordered systems:

Neglecting all non-secular terms instantly imposes the independent exponential decay

type behaviour on the system. Applying no restriction is extremely computationally

expensive, given that disorder calculation must be repeated many times and aver-

aged to produce meaningful results. Removing too many non-secular terms causes

an overestimation of the debilitating effect of disorder on the system: the dynamics

to abruptly change from collective to independent behaviour with even the smallest

amount of disorder. This is true of the commonly used order of magnitude separation

between τR and ω−1
min. Instead the criterion should made steadily more stringent until

convergence is attained. By retaining these terms our model can smoothly interpolate

between the limits of collective behaviour (superradiance/superabsorption) and inde-

pendent exponential decay, which must emerge for strongly disordered systems. The

resulting equation is then integrated numerically using the QuTip package [134]. The

numerical calculation is then repeated many times in order to obtain the an ensemble

average over different instances of disorder and smooth out the random oscillations

introduced by any given instance.

Fig. 3.10 shows the effect of disorder on superradiance. As expected both plots

show a certain robustness to disorder. This is because the increased transition rates

produced by superradiance serve to counterbalance the effect of disorder: the faster

rate broadens the natural linewidth of the transitions, effectively removing the dis-

tinguishability of atoms introduced by the disorder. The model with dipole-dipole

interactions shows greater robustness, as might be expected because its eigenstates

are intrinsically delocalised, whereas with no interactions there is less of a barrier to

the localisation introduced by σ. Fig. 3.11 shows the effect of disorder on superab-

sorption. As expected from the argument above superabsorption also shows excellent

robustness to disorder. It is slightly less robust than superradiance, because it relies

on the Dicke ladder shifts not being too heavily altered by the level of static disorder

characterised by σ. The ratio of static disorder to interaction strength needed for

superabsorption, is well met by current experimental systems..

3.7 Discussion

We have shown that the absorptive analogue of quantum superradiance can be en-

gineered in structures with suitably symmetric interactions. We have provided an

intuitive explanation of this many-body light-matter effect by introducing an effec-

tive two-level system. Despite its simplicity this analytic model can provide highly
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accurate predictions, as we have validated through the extensive exact numerical cal-

culations. As we have already discussed, absorbing light beyond the limits of classical

physics raises prospects for at least two new types of technology, and such superab-

sorption could be realised in a broad range of candidate systems.

The foremost application of the phenomenon may be in the context of optical or

microwave sensors, either in future cameras or for scientific instruments. In addition

to the obvious merits of being sensitive to low light levels, the frequency specificity of

the superabsorber may be a desirable attribute. The small size of the ring structure

and collective ‘antenna array’ could lead to high spatial and angular resolution, and

the fact that the superabsorber is (re)initialised into its fully receptive state by an

excitation pulse allows detection events to be confined into a narrowly defined time

window. Note that for sensing applications the cost of (re)initialisation is likely

unimportant, and a trapping mechanism is not required if the number of excitons in

the system can be monitored differently, e.g. with a quantum point contact.

Light harvesting technologies represent another potential application, and indeed

our Fig. 3.8 indicates that one can obtain a net increase in the number of exctions

absorbed compared to conventional systems even allowing for the energy cost of sus-

taining the superabsorbing state. The technique would be particularly suited to

wireless power transfer using narrowband light, e.g. for remote sensor or biologically

implanted devices, where wired electrical power is impractical. For solar light har-

vesting a given superabsorber can only achieve optimal performance for a specific

frequency range; however, one could engineer a range of different systems to jointly

cover the solar spectrum.

There are multiple candidate systems for engineering the above applications.

Molecular rings have the advantage of featuring a natural symmetry and intrinsi-

cally low levels of disorder. Taking Ω = 350 cm−1 as appropriate for a B850 ring

[251] with eight atoms produces transition wavelength shifts exceeding 6 nm, and

a wavelength selectivity on the scale of nanometers is readily available with current

laser and cavity linewidths. Of course, the dipole alignment of the B850 ring is not op-

timised for this purpose. However, complex ring structures can be designed and syn-

thesised artificially (for example, porphyrin rings [191]) and this route should enable

far superior properties. Self-assembly into much larger molecular J or H aggregates

with established superradiant properties [174, 138] may provide further opportuni-

ties. Alternatively, superradiance, long-range interactions, and optical control have

been demonstrated in quantum dots [218, 247], and there has been recent progress

in synthesising ring like clusters with high spectral and spatial order [55]. Further,
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suppression of the local density of optical states by two orders of magnitude at specific

frequencies has been demonstrated in an appropriate semiconductor photonic crystal

environment [261]. For typical parameters of those systems that would be consistent

with the requirements for superabsorption.

To demonstrate the effect of superabsorption (i.e. sustained confinement into an

E2LS with enhanced absorption and emission rates) as an instance of an engineered

physical phenomenon, several additional possibilities present themselves. For exam-

ple, circuit QED experiments possess long coherence times and have already demon-

strated sub- and superradiant effects [83, 82] as well as tuneable cross Lamb shifts

[148], and recent 3D structures [192] provide further flexibility. Bose Einstein Con-

densates offer similar properties but with much larger numbers of atoms [53, 180].

Dissipative Dicke model studies with nonlinear atom-photon interaction can enable

a steady-state at the mid-point of the Dicke ladder (M = 0) [61, 102], which may

provide a route to self-initialising superabsorbing systems.
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CHAPTER 4

Enhanced Absorption Using Ratchet States

4.1 Summary

In the previous chapter we introduced one method of enhancing light absorption: by

using a collective effect increase the matrix elements of optical transitions. In this

chapter we will discuss an alternative approach that is instead based on the idea of

removing a fundamental source of inefficiency: radiative recombination. Once again

we take inspiration from the ring structures found in natural light harvesters. There

is evidence that photosynthetic ring structures use a process of excitation followed by

very rapid transfer into a long lived ‘dark state’, from which energy is then extracted

[101]. In this chapter we develop a theoretical model of this process. In doing so

we find that ring structures exhibit dark state protection, but instead of having fully

dark states, they have what we term ‘ratchet’ states: excited states that can absorb

light, but do not emit it. An absorber using a dark state has the disadvantage that

any time spent in the dark state is dead time with respect to absorbing more photons.

Thus if two photons arrive in quick succession the second will be lost. We generalise

the previous studies of dark state protection from in dimers [56] to many sites and in

so doing realise the potential advantages of these ratchet states to enhance current

and power produced by a ring photocell. Of course the collective enhancement effects

detailed in the previous chapter will still be present and integrating the two, would

result in a quantum absorber effective at both low and high light intensity. The

transfer into ratchet states is a decoherence assisted process, where naturally present

dephasing and dissipation caused by a wider environment enhance the efficiency of

the absorber. Our work therefore fits into a growing area of quantum technologies

research, which uses biologically inspired designs and also harness decoherence to

positive effect. We show that enhancements upwards of 200% in current and power
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are possible for ring photocells under ambient conditions. Further enhancements may

be possible in more exotic parameter regimes.

4.2 Introduction

Efficient absorption of energy for light is critical to both natural processes like pho-

tosynthesis as well as artificial technologies like photovoltaics. The revelation of

quantum effects in photosynthesis, spurred research into biologically inspired sys-

tems, making use of proposed natural phenomena to enhance artificial photovoltaics

[17]. There is also long standing research into alternative solar cell paradigms, which

more closely mimic Nature’s antenna and exciton transport model rarther than the

p-n junctions at the heart of conventional solar cells [156].

As we discussed in Section 1.3 there are many causes for inefficiency in such pro-

cesses, but few are as fundamental and apparently insurmountable as loss via radiative

recombination. This is because any absorption process must have a companion emis-

sion process, which allows excitons to leave the absorber without producing useful

work. The inherent inefficiency produced by such a process is referred to as ‘detailed

balance’ and is makes a key contribution to the famous Shockley-Quiesser Limit [234]

on the efficiency of solar cells. Pioneering work by Scully [227] showed that it is pos-

sible to break detailed balance by blocking reemission using the inverse phenomenon

of lasing without inversion. This approach requires an external driving field to create

coherence in the system. Although it can be shown that the enhancement persists

once the energy of creating this field is accounted for [70], the requirement is clearly

undesirable. It has been suggested that the same effect could be mediated by a Fano

interference produced by coupling to an incoherent bath rather than a coherent field

[71], but the validity of this has been questioned [56].

An alternative approach, which dispenses with this requirement, is to block re-

mission via a transition into an optical dark state [56]. Since molecular dark state

can have a lower energy than the bright state, a passive decay process will drive

these transitions without the need for externally created coherence. Furthermore, the

energy separation between these states in molecular systems is very low in compari-

son to the exciton energy. Thus dissipation can mediate transfer into states that do

not decay, without much loss in total energy. This was demonstrated theoretically

to create enhanced current and power output from such photocells [56]. However,

dark states have the disadvantage that any time spent in them is ‘dead time’ with

respect to absorbing further photons. The arrival times of photons at the absorber
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are governed by a Poisson distribution. This means that even at low light intensity

there will always be some incident photons lost due to near simultaneous arrival.

It is therefore important to minimise the amount of time spent in such a state.

However, in natural light harvesters and organic semiconductor the time needed to

extract the exciton and turn it into useful energy is often orders of magnitude slower

than the optical processes [16]. This means loosing many more incident photons

if the light is intense. This is particularly problematic if the incident sunlight is

concentrated using optics prior to exposure to the photocell [268]. Both Refs. [56]

and [227] make use of highly concentrated light (n(ωA) = 60, 000 relative to ambient

sunlight (n(ωA) ≈ 0.03) for ωA = 1.8 eV) although this is not required in the later

case as the effect is not dependent on the absolute magnitude of the photon transition

rates. The ratchet states approach thus offers two regimes of enhancement: for low

intensity light the suppression of reemission, and for high intensity light the ability

of these states to further absorb.

4.3 Model

4.3.1 System

Our system consists of a ring of sites connected via a dipole-dipole hopping interaction.

The Hamiltonian is given by (with a periodic boundary condition (σN+1 = σ1):

HS = ε
N∑
i=1

σ+
i σ
−
i + S

N∑
i=1

(σ+
i σ
−
i+1 + σ+

i+1σ
−
i ) , (4.1)

where ε is the site energy splitting and S is the hopping strength. The Hamiltonian of

a chain with free ends can be diagonalised by the successive application of the Jordan-

Wigner and Fourier transforms. The Jordan-Wigner transform maps the Paul spin

system on to a ‘hard-core’ boson model [137]. This gives the feature that collective

excitons behave bosonicly, but maintains the exclusion principle that forbids double

excitation of a single site. The transformation is defined by:

c†l = σ+
l e

iπ
∑l−1
j=1 σ

†
jσj , (4.2)

cl = e−iπ
∑l−1
j=1 σ

†
jσjσ−l . (4.3)

Here the eiπ
∑n−1

1 σ†jσj factors are known as “strings” and are necessary to produce the

anti-commutation of fermions:

{cα, c†β} = δα,β , (4.4)

{c†α, c
†
β} = {cα, cβ} = 0 (4.5)
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Figure 4.1: Schematic of the ring and energy level diagram with optical (red) and
phononic (blue) transitions indicated. The upper half of the energy level diagram is
symmetric to the lower.

The ring introduces the additional complexity of an alternating periodic or anti-

periodic boundary condition. After performing the transform (4.2) the Hamiltonian

is given by:

HS = ωn̂− S
N∑
j=1

(c†jcj+1 + c†j+1cj) + S(eiπn̂ + 1)(c†Nc1 + c†1cN) (4.6)

where n̂ = i
∑N

j c
†
jcj counts the number excitons. The final term handles the alter-

nating boundary condition. This is an elegant form of the Hamiltonian, although it

double counts for (N=2), but this is not the case that concerns us. The operator

eiπn̂ commutes with the Hamiltonian, making the eigenvalues of eiπn̂ a good quantum

number. The system can thus be broken into two parity subspaces of even and odd

exciton number (n) and solved separately. We complete the diagonalisation using the

Fourier transform:

c†k = 1√
N

∑N
j=1 e

ikjc†j (4.7)

ck = 1√
N

∑N
j=1 e

−ikjcj , (4.8)

where:

ki = 2π
N
i (n odd) (4.9)

ki = π(2i+1)
N

(n even) . (4.10)
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The possible k values S = {ki}{i=0,1,..,N−1} correspond to the single exciton states of

the system. The eigenstates of the full multi-excitonic system are given by combi-

nations of these states. The eigenstates are thus defined by sets K whose elements

are k’s. The size of K is equal to the number of excitons in the state (|K| = n).

The Pauli exclusion principle manifests itself by allowing only different single exciton

states to combine and form a multiple exciton state. The eigenvalues are then given

by

λK =
∑
k∈K

(ω − 2S cos k) (4.11)

and the eigenstates

|εK〉 = c†K1
...c†Kn |0〉 , (4.12)

where |0〉 is the ground state . Equation (4.12) yields an eigenstate with n excitations.

Each band contains N !
n!(N−n)!

states, generated by (4.12). In its diagonalised form the

Hamiltonian is given by

HS =
∑
K

λK |εK〉 〈εK | . (4.13)

4.3.2 Ratchet States

We have obtained analytical expressions for the eigenvalues and eigenvectors of the

system. We can now evaluate the optical properties of these states by thier matrix

elements with respect to the optical transition operator:

Ĵ± =
N∑
i=1

σ̂i± , (4.14)

ΓK,K′ = |〈εK′|J+ |εK〉|2 . (4.15)

The transition optical transition rate between two arbitrary eigenstates can be derived

using slater determinants [243, 236] :

ΓK,K′ =

∣∣∣∣2nN (−n+ 1
2

)δ

(∑
j

k′j,
∑
i

ki

)
Πi>i′(e

iki + eiki′ )Πj>j′(e
−ik′j + e

−ik′
j′ )

Πn
i=1Πn+1

j=1 (1− ei(k′j−kj))

∣∣∣∣2 (4.16)

where δ(x, y) is 1 if x = y + 2πm for integer m, zero otherwise. Using equation

(4.16) we can trivially compute the transfer rate between two eigenstates. The optical

transitions connect eigenstates that differ by one exciton. Evaluating (4.16) for N = 4

reveals the first exciton band contains three states with a zero downward (emission)

matrix element, but a finite upward (absorption) matrix element, see Fig. 4.1. These

are the states with energy ωA, ωA and ωA − 2S, respectively. Each has an absorption
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matrix element of
√

2. In general, the N-1 states below the highest energy state in the

first band ωA + 2S will be ratchet states, since the ground state can only be excited

into the optical active bright state at the top of the band, none of the lower states

have decay pathways back to the ground state.

4.4 Dynamics

4.4.1 Optical

As in the previous chapter we use the standard light matter interaction Hamiltonian

(3.6) to describe the coupling of our ring of two level systems to a light field. The

optical processes lead to a dissipator of the form:

Dopt = −γ
(

(N(ωa) + 1)D[Ĵ−]ρ+N(ωa)D[Ĵ+]ρ
)
. (4.17)

where N(ω) is the occupation number of the ω mode, and D[L̂]ρ is the Lindbladian

dissipator L̂ρL̂†− 1
2
{L̂†L̂, ρ}. This equation describes the collective optical transitions,

which primarily cause interband transitions.

4.4.2 Phononic

We imagine that the system transitions into its ratchet states via coupling to a local

bath of phonons:

Ĥs−ph = gphonon
∑
k

N∑
i=1

σ̂iz(âk + â†k) (4.18)

Clearly this type of coupling conserves the number of excitons in the system. There-

fore it must only mediate transitions within the exciton bands:

Âi(ω) =
∑
e,e′

δ(ω=e−e′)|e〉〈e|σ̂iz|e′〉〈e′|, (4.19)

where |e〉〈e| is a projector onto the a given eigenstate of the Hamiltonian, Âα(ω) is

therefore an eigenoperator of ĤS, which causes a transition between two eigenstates of

ĤS sampling the environment at frequency ω. We construct the new master equation

analogously to Eq. (3.13):

Dpho = γph
∑
ω

∑
α,β

npho(ω)

(
Âβ(ω)ρS(t)Â†α(ω)− Â†α(ω)Âβ(ω)ρS(t)

)
+ h.c. . (4.20)
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where ε and ε′ are two eigenstates from the band n, N(ω) = (eωβ − 1)−1, and β =

(kbT )−1. Every state in the band is coupled to every other (non-degenerate) state

with a temperature dependent rate. Such a model is phenomenological, although well

founded: experimentalists often ignore the existence of all but the lowest energy state

in the band because all others are so rapidly damped into it. We improve on this

accounting for the fully band of states and their energy and temperature dependent

transition rates, however further work is needed to move towards a microscopic model

of the phonon processes. Phonon relaxation processes are known to proceed far faster

than optical transitions, allowing the population to move to the bottom of the band

before there is time to reemit. To account for this difference in timescales we set

the phonon transition rates to be several orders of magnitude higher than the optical

γpho = 1000γ, where γ is the free atom decay rate.

4.4.3 Exciton Extraction

We have explained how absorbed excitons are transferred into ratchet states through

the phonon assisted relaxation, which offer both dark state protection and subsequent

absorption. In this section we detail how these absorbed excitons can be extracted to

produce current. In this Section we develop two methods for exciton extraction, the

first uses a simple Lindblad operator, the second expands the system to have an extra

‘trap site’, from which excitons are extracted. This allows us to differentiate between

the enhancement effects offered by the ring structure and ratchet states alone and

those effects arising purely due to the coupling to a coherent trap.

4.4.3.1 Lindblad Extraction

The Lindblad extraction mechanism offers an idealised case where population is ex-

tracted directly from a target level and only this level. As we saw in the previous

chapter targeted coupling to particular states can be engineered, by the positioning

of the extraction site. In the superabsorption case we wanted to extract from a sym-

metric state, so the trap site was placed at the centre of the ring and equally coupled

to all. For the more complex anti-symmetric ratchet states it is difficult to see how

such a targeted spatial coupling could be achieved. For the dimer case having a dif-

ferent sign on the interaction to the alternate sites gives such a coupling [56], but it

is unclear how this could be generalised.

The Lindblad extraction mechanism does not have an explicit level structure, so it

does not involve expanding the Hilbert space or extra unitary dynamics. Instead an
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additional dissipator is used to move population from the ratchet state to the ground

state:

DT [ρS] = γT

(
L̂ρSL̂

† +
1

2
L̂†L̂ρS +

1

2
ρSL̂

†L̂

)
(4.21)

where L̂ = L̂r/b. The level from which excitons are extracted depends on the specifics

of the model. In the no dephasing / no phonons case, where γpho = 0 excitons are

extracted from the first Dicke or bright state of the ring. In the general case γpho 6= 0

they are extracted from the ratchet state at the bottom of the first exciton band

Fig 4.1. The extraction process is implemented as a Lindblad operator, which moves

population from the relevant level to the ground state:

Lr = |ground〉〈ratchet| or Lb = |ground〉〈bright| , (4.22)

where |ground〉 denotes the system ground state. Current and voltage are then cal-

culated from the steady state population of these levels using the results of Section

4.4.4.

4.4.3.2 Coherent

Unlike in the previous chapter , in order to model the extraction of excitons from the

system we couple only one of the site to an external trap site as depicted in Fig. 4.1.

We couple the trap to an arbitrary site yielding the Hamiltonian:

ĤT = gtrap(σ̂
0
+σ̂

T
− + σ̂0

−σ̂
T
+) + ωtrapσ̂

T
+σ̂

T
− , (4.23)

where the superscript T denotes the trap site, gtrap is the strength of the coupling

between the ring and the trap, and ωtrap is the trap’s transition frequency. Excitons on

the trap site under go charge separation at rate ΓT . We model this as an irreversible

decay process mediated by L̂T = σ̂T−, which takes population from the trap excited

state to its ground state. In the next section we will develop a formalism for assessing

the voltage, current and power that can be extracted from such a photocell. The trap

site energy ωtrap is made resonant with the target level for extraction. In the phonon

assisted case (γpho 6= 0) the trap energy level is resonant with the lowest state in the

first exciton band ωA − 2S, in the γpho = 0 case it is resonant with the bright state

ωA + 2S.
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Parameter Symbol Typical value E (eV)

Atomic transition frequency ωA 1.8
Hopping interaction strength S 0.02

Trap coupling strength g S/10
Free decay rate γ 10−6

Trapping rate γT 10−7

Table 4.1: Table of parameters default parameters for the model [56]

4.4.4 Quantum Heat Engine

The field of quantum optics, like much of physics, has deep connections to thermo-

dynamics. The relevance to Planck’s work is very clear, but Einstein was also able

to derive the spontaneous emission rate of an atom by using the thermodynamic

principles a decade before Dirac arrived at the same result from a purely quantum

treatment [74, 64]. In the 1960’s it was first shown that treating lasers and masers

as quantum heat engines allowed their maximal efficiency to be easily calculated

[225, 94]. This approach has had a recent revival in the area of solar cell physics,

where Quantum Heat Engine (QHE) theory is used to assess the power and efficiency

of various candidate technologies [228, 56, 71].

QHE theory uses the analogy between a quantum absorber and a three or four

level laser to give the expressions for current and voltage output for such a device.

The current is given by the population of the trap excited state multiplied by the

trapping rate:

I = eΓT 〈ρα〉ss (4.24)

where e is the charge of an electron and ΓT is the extraction or trapping rate and

〈ρα〉ss is the steady state population of the trap site. The trap site is connected to a

load, by passing electrons from the upper excited state to the lower ground state |β〉
useful work is extracted from the system. The system is thus performing a Carnot

cycle between two heat baths, one the incidence solar photons and the other the local

ambient bath of phonons. The voltage produced by the system is [71, 56]:

eV = Eα − Eβ + kbTa ln

(
〈ρα〉ss
〈ρβ〉ss

)
, (4.25)

where Eα and Eβ are the energy of the excited and ground state of the trap, kb is the

Boltzmann constant and Ta is the ambient temperature. We since we do not have

direct control over the voltage, so in order to study the relationship between current

91



and voltage, we vary the trapping rate ΓT . There are two limits to the behaviour of

the system and sweeping ΓT moves between them. One is the ‘open circuit’ regime:

ΓT → 0 , I → 0 , eV → Etrap

(
1− TA

TS

)
≈ Etrap (4.26)

where TS is the temperature of the photon bath and TA is the temperature of the

phonon bath. The second is the short circuit regime:

ΓT →∞ , V → 0 (4.27)

The power is naturally given by:

P = IV (4.28)

4.5 Results

In order to evaluate the performance of the ratchet based absorber we need to find

the state state of the following master equation incorporating both optical dissipator,

phononic dissipator, and trap:

ρ̇S = −i[HS +HT , ρS]−Dopt[ρS]−Dpho[ρS]−DT [ρS] . (4.29)

To elucidate the effect of the ratchets we shall compare the full model (4.29) with

two specific cases. One in which phonon process removed (γph = 0). In this case the

system undergoes optical transitions along the Dicke ladder of bright states discussed

in the previous chapter. The other case, has the ratchet states artificially prevented

from absorbing light to make them behave as fully dark states. This case shall be

referred to as ‘forced dark’. All the results in this section are based on calculating

the steady state of the system using an iterative numerical method starting from the

ground state of the system. The simulation of the system was done in QuTip [134].

These results all use the full coherent trap model and the default parameters given

in Table 4.4.3.2 unless otherwise stated.

Figures 4.2, 4.3 and 4.4 demonstrate the effect of the ratchet states on the steady

state exciton population of the system without trapping. The steady state population

is a function of the optical Topt and phononic bath temperatures Tpho, where Topt is

given in units of the solar temperature KS = 5800 K. As expected the ratchet en-

hancement is greatest in the hot photons, cold phonons regime, where the forced dark

states are unable to absorb any further light, making their steady state population
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Figure 4.2: Contour and 3D plot of the steady state exciton population of ring of
four sites with ratcheting. Parameters S = 0.02 eV and γpho = 1000γ.

Figure 4.3: Contour and 3D plot of the steady state exciton population of ring of
four sites, with forced dark states. Parameters S = 0.02 eV and γpho = 1000γ.

plateau at 1. In contrast, the ratchet states keep absorbing and the steady state

population rises toward the infinite temperature limit of 〈nex〉 = 2.

Figures 4.5, 4.6 and 4.7 compare the current output from the system when using

the ratchet approach, to having no phonon processes. As expected the current has a

similar behaviour to the steady state because of their close interdependence (4.24).
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Figure 4.4: Contour and 3D plot showing the relative enhancement in steady state
exciton population for ratcheting vs forced dark states. Parameters S = 0.02 eV and
γpho = 1000γ.

With no phonon processes the steady state of the system with no trapping is a Boltz-

mann distribution across the ladder of bright states. In the presences of slow trapping

the γpho = 0 results are not significantly altered and are naturally independent of the

phonon temperature 4.6. Figure 4.7 shows that transitioning into ratchet states is

always beneficial to absorption, at least in the relevant limit of extraction rate being a

limitation γT = γ/10. The enhancement is greatest in the cold phonon regime where

transitions away from the bright state, which is vulnerable to recombination, become

essentially one way. The point where this transition into directional behaviour occurs

depends not only on the phonon temperature, but also the strength of the hopping

interaction S:

npho(S) =
1

e−S/(kBTpho) − 1
. (4.30)

As S gets larger or TA falls npho(S) → 0 and the difference between the phonon

emission rate ≈ γpho(1 + npho(S)) and the absorption rate ≈ γphonpho(S) grows until

the transitions are effectively unidirectional.

The enhancement offered by the ratchet approach is contingent on the exciton

extraction rate being a limiting factor. In the case where γT can take any value it

can simply be made high enough that any absorbed exciton will be extracted far

faster than the deleterious reemission process can effect it. Figure 4.8 demonstrates

94



Figure 4.5: Contour and 3D plot of the current from ring of four sites with ratcheting.
Parameters: S = 0.02 eV, g = S/2, γpho = 1000γ , coherent trap site extraction with
γT = γ/10.

Figure 4.6: Contour and 3D plot of the current from ring of four sites with no
phonon processes (γpho = 0). Parameters: S = 0.02 eV, g = S/2, coherent trap site
extraction with γT = γ/10.
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Figure 4.7: Contour and 3D plot of the relative current enhancement produced by
ratchet states relative to no phonons. Parameters: S = 0.02 eV, g = S/10, coherent
trap site extraction with γT = γ/10.

this effect, as γT is made an increasingly large fraction of the free decay rate γ, the

relative enhancement offered by the phonon processes is diminished.

In figures 4.9 and 4.10 compare the power, current and voltage of Lindblad extrac-

tion with the full coherent model as a function of the hopping strength S. In figure

4.9 we use ambient conditions of room temperature phonons and unconcentrated sun-

light n(ωA) = 0.03. Both the trapping models produce an increasing current and thus

power, as S is increased. This is due the directional argument presented above popu-

lation is channeled toward the bottom of the band. The coherent trap produces higher

current than the Lindblad extraction because it can extract excitons from many dif-

ferent states, not only the targeted lowest band state. The difference between the two

levels off as all population ends up in the target state for both models. The γpho = 0

results are unaffected by changing S, with the coherent current slightly higher, for

the same reason as above. The voltages for diverge for the two different cases: this

is because the trap site energy is tuned to ωA − 2S for ratcheting and ωA + 2S for

γpho = 0. The trap energy has a major contribution to the voltage see Eqn. (4.25),

hence the divergence. The power is given by the product of these two results, which

yields an initial peak for the ratcheting, which is later diminished by the decreasing

voltage.

Figure 4.10 is the same system, but with concentrated incident light n(ωA) = 10.
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Figure 4.8: The effect of the trapping rate on the relative current enhancement for
ratcheting vs. no phonons. Parameters: S = 0.02 eV, g = S/2, Tpho = 300K and
coherent trap site extraction.

Again the ratchet approach with a coherent trap offers the highest current and power.

The main difference between these and the previous plots is that the ratcheting ap-

proach with Lindblad extraction is now producing less current than the γpho = 0 case.

This is because the bright state has a higher population due to the increased light

intensity, therefore extracting from it directly is more efficient than spreading popu-

lation across the many non-bright states and extracting from only one. In any case

the Lindblad approach is intended only as a benchmark, so its potential limitations

are not a concern.

Figure 4.11 shows an IV curve for the the ratchet states approach compared to

γpho = 0 case. The voltage defined in Equation (4.25) can not be varied directly;

the IV curve is generated by using a range of different trapping rates γT , which

produce a different ratio of level population. As we have discussed earlier if the

trapping rate takes very large values there is no difference between the ratcheting

and the no phonon approach. This is not the case that interests us, we therefore

have to introduce an extra rate limiting step, which we call the transfer to trap rate

γT−T . This is the rate at which population is incoherently moved from the ring to

an uncoupled external trap site, using a Lindblad operator. The transfer to trap

time does not need to be particularly restrictive, in fact the value used is 100 times

the spontaneous emission rate. However, an extra process of some kind is needed to

prevent the extraction rate completely saturating the rate of photon absorption. As
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expected the ratcheting approach attains higher current maximum current, due to the

avoidance of reemission. However the higher energy of the trap site in the γpho = 0

case allows it to draw current at higher voltages. Despite this the ratchet approach

yields a higher maximum power output, because the higher current outweighs the the

lower maximum voltage.

The IV curve for the coherent trap case is not presented, because in order to span

a meaningful range of V the trapping rate must be made many orders of magnitude

higher than any other rate in the system. This removes the trap’s energy selectivity

and renders the model questionable. In any case, the limit of large trapping is not

one in which we would expect the ratcheting approach to be useful.

4.6 Conclusion

In this chapter we have investigated the absorption properties of a ring of sites in-

teracting via an exciton hopping process, such as the molecular rings that serve an

antennae in photosynthesis. By coupling to a phonon bath as well as to an optical

field the system dynamics explore the full Hilbert space rather than just the Dicke

ladder of allowed optical transitions. These off ladder states have interesting proper-

ties, which effect the current and voltage produced when coupling the ring to a trap

site. In the first exciton band these states exhibit dark state protection, but they

also still absorb light, making them one way or ratchet states. This means that the

phononic transitions into such states create enhancement both when the photon flux

is high and when its low. When the system is limited to extraction rates slower than

the photon absorption rate, it is always advantageous to make use of these states. We

demonstrated that an idealised Lindblad operator extraction method is in fact less

efficient than coherently coupling a single site to a trap. This goes against what one

might naively expect. Instead the coherent extraction is enhanced by its coupling to

many different excited states. Future work could develop a more realistic model of

the phonon processes, such as incorporating an appropriate spectral density. Further

study of incoherent extraction and a comparison to coherent methods is needed to

elucidate the optimal method of exciton extraction from ring structures. The long

term goal would be to combine the suppression of reemission using dark states with

superabsorption to create an ultimate quantum absorber.
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Figure 4.9: Comparison of Current, voltage and power as a function of the hopping
interaction strength S for the lindblad trapping model and the coherent extraction
model. Unconcentrated sunlight nωA = 0.03. Parameters: S = 0.02 eV, g = S/10,
N = 4,Tpho = 300K, nωA = 0.03 and γT = γ/10.
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[10] A. Auffèves, D. Gerace, S. Portolan, A. Drezet, and M. F. Santos. Few emitters

in a cavity: from cooperative emission to individualization. New Journal of

Physics, 13(9):093020, 2011.

103



[11] G. Bassani and V. Agranovich. Electronic Excitations in Organic Based Nanos-

tructures. Thin Films and Nanostructures. Elsevier Science, 2003.

[12] J. Bell. On the einstein-podolsky-rosen paradox. Physics, 1:195–200, 1964.

[13] M. G. Benedict. Super-radiance: Multiatomic coherent emission. Taylor &

Francis, 1996.

[14] B. Bhushan, editor. Springer Handbook of Nanotechnology. Springer, 3rd edi-

tion, 2010.

[15] R. Blankenship, J. Olson, and M. Miller. Antenna complexes from green pho-

tosynthetic bacteria. In R. Blankenship, M. Madigan, and C. Bauer, editors,

Anoxygenic Photosynthetic Bacteria, volume 2 of Advances in Photosynthesis

and Respiration, pages 399–435. Springer Netherlands, 2004. 10.1007/0-306-

47954-0-20.

[16] R. E. Blankenship. Molecular Mechanisms of Photosynthesis. Blackwell Science,

1st edition, 2002.

[17] R. E. Blankenship, D. M. Tiede, J. Barber, G. W. Brudvig, G. Fleming, M. Ghi-

rardi, M. R. Gunner, W. Junge, D. M. Kramer, A. Melis, T. A. Moore, C. C.

Moser, D. G. Nocera, A. J. Nozik, D. R. Ort, W. W. Parson, R. C. Prince,

and R. T. Sayre. Comparing photosynthetic and photovoltaic efficiencies and

recognizing the potential for improvement. Science, 332(6031):805–809, 2011.

[18] K. Blum. Density Matrix Theory and Applications. Springer, 2nd edition, 1996.

[19] J. G. Bohnet, Z. Chen, J. M. Weiner, D. Meiser, M. J. Holland, and J. K.

Thompson. A steady-state superradiant laser with less than one intracavity

photon. Nature, 484(7392):78–81, 04 2012.

[20] P. Borri, W. Langbein, S. Schneider, U. Woggon, R. L. Sellin, D. Ouyang, and

D. Bimberg. Ultralong dephasing time in ingaas quantum dots. Physical Review

Letters, 87:157401, Sep 2001.

[21] D. Braak. Integrability of the rabi model. Physical Review Letters, 107:100401,

Aug 2011.

[22] T. Brandes. Coherent and collective quantum optical effects in mesoscopic

systems. Physics Reports, 408(5-6):315–474, 2005.

104



[23] T. Brandes and N. Lambert. Steering of a bosonic mode with a double quantum

dot. Physical Review B, 67(12):125323, Mar 2003.

[24] H.-P. Breuer, B. Kappler, and F. Petruccione. The time-convolutionless projec-

tion operator technique in the quantum theory of dissipation and decoherence.

Annals of Physics, 291(1):36 – 70, 2001.

[25] H. P. Breuer and F. Petruccione. The Theory of Open Quantum Systems. Oxford

University, 2002.
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[108] C. Hägglund, M. Zäch, and B. Kasemo. Enhanced charge carrier generation

in dye sensitized solar cells by nanoparticle plasmons. Applied Physics Letters,

92(1):013113, 2008.

[109] H. Haken and G. Strobl. An exactly solvable model for coherent and incoherent

exciton motion. Zeitschrift fr Physik A Hadrons and Nuclei, 262:135–148, 1973.

10.1007/BF01399723.

[110] S. Hameroff and R. Penrose. Orchestrated reduction of quantum coherence in

brain microtubules: A model for consciousness. Mathematics and Computers

in Simulation, 40(3-4):453 – 480, 1996.

[111] M. C. Hanna, M. C. Beard, and A. J. Nozik. Effect of solar concentration on the

thermodynamic power conversion efficiency of quantum-dot solar cells exhibit-

ing multiple exciton generation. The Journal of Physical Chemistry Letters,

3(19):2857–2862, 2012.

[112] J. Hausinger and M. Grifoni. Qubit-oscillator system: An analytical treatment

of the ultrastrong coupling regime. Physical Review A, 82(6):062320, Dec 2010.

[113] J. Hausinger and M. Grifoni. Qubit-oscillator system under ultrastrong coupling

and extreme driving. Physical Review A, 83(3):030301, Mar 2011.

[114] D. Hayes and G. Engel. Extracting the excitonic hamiltonian of the fenna-

matthews-olson complex using three-dimensional third-order electronic spec-

troscopy. Biophysical journal, 100(8):2043–2052, 04 2011.

[115] J. R. Heath and M. E. Davis. Nanotechnology and cancer. Annual Review of

Medicine, 59(1):251–265, 2008.

[116] O. Heaviside. On the forces, stresses, and fiuxes of energy in the electromagnetic

field. Philosophical Transactions of the Royal Society of London. A, pages 423–

480, 1892.

112



[117] T. P. Hettinger. Olfaction is a chemical sense, not a spectral sense. Proceedings

of the National Academy of Sciences, 108(31):E349, 2011.

[118] K. D. B. Higgins, S. C. Benjamin, T. M. Stace, G. J. Milburn, B. W. Lovett,

and E. M. Gauger. Superabsorption of light via quantum engineering. Nat

Commun, 5, 08 2014.

[119] B. Hille. Ion Channels of Excitable Membranes,. Sinauer Associates, 3rd edition,

2001.

[120] C. B. Honsberg, A. M. Barnett, and D. Kirkpatrick. Nanostructured solar

cells for high efficiency photovoltaics. In Photovoltaic Energy Conversion, Con-

ference Record of the 2006 IEEE 4th World Conference on, volume 2, pages

2565–2568. IEEE, 2006.

[121] K. Hornberger and J. E. Sipe. Collisional decoherence reexamined. Physical

Review A, 68:012105, Jul 2003.

[122] S. Hoyer, M. Sarovar, and K. B. Whaley. Limits of quantum speedup in pho-

tosynthetic light harvesting. New Journal of Physics, 12(6):065041, 2010.

[123] J. D. Hybl, A. A. Ferro, and D. M. Jonas. Two-dimensional fourier transform

electronic spectroscopy. The Journal of Chemical Physics, 115(14):6606–6622,

2001.

[124] E. K. Irish. Generalized rotating-wave approximation for arbitrarily large cou-

pling. Physical Review Letters, 99:173601, Oct 2007.

[125] E. K. Irish, J. Gea-Banacloche, I. Martin, and K. C. Schwab. Dynamics of

a two-level system strongly coupled to a high-frequency quantum oscillator.

Physical Review B, 72:195410, Nov 2005.

[126] E. K. Irish and K. Schwab. Quantum measurement of a coupled nanomechanical

resonator˘cooper-pair box system. Physical Review B, 68:155311, Oct 2003.

[127] A. Ishizaki, T. R. Calhoun, G. S. Schlau-Cohen, and G. R. Fleming. Quan-

tum coherence and its interplay with protein environments in photosynthetic

electronic energy transfer. Phys. Chem. Chem. Phys., 12:7319–7337, 2010.

[128] A. Ishizaki and G. R. Fleming. On the adequacy of the redfield equation and

related approaches to the study of quantum dynamics in electronic energy trans-

fer. The Journal of Chemical Physics, 130(23):234110, 2009.

113



[129] A. Ishizaki and G. R. Fleming. Theoretical examination of quantum coherence

in a photosynthetic system at physiological temperature. Proceedings of the

National Academy of Sciences, 106(41):17255–17260, 2009.

[130] A. Ishizaki and G. R. Fleming. Unified treatment of quantum coherent and

incoherent hopping dynamics in electronic energy transfer: Reduced hierarchy

equation approach. The Journal of Chemical Physics, 130(23):234111, 2009.

[131] A. Ishizaki and G. R. Fleming. On the interpretation of quantum coherent

beats observed in two-dimensional electronic spectra of photosynthetic light

harvesting complexes. The Journal of Physical Chemistry B, 115(19):6227–

6233, 2011.

[132] S. Jang, Y.-C. Cheng, D. R. Reichman, and J. D. Eaves. Theory of coherent

resonance energy transfer. The Journal of Chemical Physics, 129(10):101104,

2008.

[133] E. Jaynes and F. Cummings. Comparison of quantum and semiclassical radi-

ation theories with application to the beam maser. Proceedings of the IEEE,

51(1):89 – 109, 1963.

[134] J. Johansson, P. Nation, and F. Nori. Qutip 2: A python framework for

the dynamics of open quantum systems. Computer Physics Communications,

184(4):1234 – 1240, 2013.

[135] E. Joos and H. D. Zeh. The emergence of classical properties through interaction

with the environment. Zeitschrift für Physik B Condensed Matter, 59:223–243,

1985. 10.1007/BF01725541.

[136] E. Joos, H. D. Zeh, C. Kiefer, D. J. W. Giulini, J. Kupsch, and I.-O. Stamatescu.

Decoherence and the Appearance of the Classical World in Quantum Theory.

Springer, 1996.

[137] P. Jordan and E. P. Wigner. About the Pauli exclusion principle. Z.Phys.,

47:631–651, 1928.

[138] S. S. K., E. Alexander, V. Stéphanie, and A.-G. Alán. Photonics meets exci-

tonics: natural and artificial molecular aggregates. Nanophotonics, 2:21, 2014-

02-04T12:26:03.95+01:00 2013.

114



[139] P. V. Kamat. Quantum dot solar cells. semiconductor nanocrystals as light

harvesters. The Journal of Physical Chemistry C, 112(48):18737–18753, 2008.

[140] H. Katori. Optical lattice clocks and quantum metrology. Nat Photon, 5(4):203–

210, 04 2011.

[141] T. Kobayashi. J-Aggregates. Number v. 2 in J-aggregates. World Scientific,

2012.

[142] P. Kok and B. Lovett. Optical Quantum Information Processing. Cambridge

University Press, 2010.

[143] D. König, K. Casalenuovo, Y. Takeda, G. Conibeer, J. Guillemoles, R. Patter-

son, L. Huang, and M. Green. Hot carrier solar cells: Principles, materials and

design. Physica E: Low-dimensional Systems and Nanostructures, 42(10):2862 –

2866, 2010. 14th International Conference on Modulated Semiconductor Struc-

tures.

[144] A. Kress, F. Hofbauer, N. Reinelt, M. Kaniber, H. Krenner, R. Meyer, G. Böhm,
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