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Abstract

The standard model of a lithium-ion battery, the Doyle-Fuller-Newman (DFN) model,
is computationally expensive to solve. Typically, simpler models, such as the single particle
model (SPM), are used to provide insight. Recently, there has been a move to extend the SPM
to include electrolyte effects to increase the accuracy and range of applicability. However,
these extended models are derived in an ad-hoc manner, which leaves open the possibility
that important terms may have been neglected so that these models are not as accurate as
possible. In this paper, we provide a systematic asymptotic derivation of both the SPM and a
correction term that accounts for the electrolyte behavior. Firstly, this allows us to quantify
the error in the reduced model in terms of ratios of key parameters, from which the range of
applicable operating conditions can be determined. Secondly, by comparing our model with
ad-hoc models from the literature, we show that existing models neglect a key set of terms. In
particular, we make the crucial distinction between writing the terminal voltage in pointwise
and electrode-averaged form, which allows us to gain additional accuracy over existing models

whilst maintaining the same degree of computational complexity.

1 Introduction

1.1 Background

Lithium-ion batteries are used extensively in consumer electronics and industry, and as a result,

understanding the physical processes occurring in such systems is key. Mathematical models
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are an essential tool for the design and management of battery systems. The standard math-
ematical model of a lithium-ion battery is the Doyle-Fuller-Newman (DFN) model, which was
developed by John Newman and collaborators [1, 2, 3]. This model is sometimes referred to as
the pseudo-two-dimensional (P2D) model or simply the Newman model. The model consists of a
set of highly-coupled nonlinear parabolic and elliptic partial differential equations (PDEs). In the
literature, this system of equations has been solved using a variety of different numerical meth-
ods including finite-difference methods, control volumes, finite-element methods, and orthogonal
collocation, among others [1, 4, 5, 6, 7, 8, 9]. However, even when employing sophisticated nu-
merical techniques, the DFN model remains too computationally complex for some applications.
For instance, battery management systems (BMS) adopt equivalent circuit models, which consist
of only a handful of ordinary differential equations (ODEs) and are favoured over the DFN model
due to a combination of factors such as speed, memory requirements, and numerical convergence.
Additionally, in the study of coupled systems of battery cells (e.g. thermal effects in a battery
pack), spending computational resources (both RAM and CPU) on a model as detailed as the
DFN model is often unnecessary. For these applications and others, physics-based models that are
simpler than the DFN model are desired. The simplest of these, the SPM, has been employed in
several settings in recent years [10, 11, 12, 13, 31]. There has also been a number of papers that
provide justification for the SPM and suggest correction terms that may increase the accuracy
of the predicted voltage [14, 15, 16, 17, 18, 19]. However, these approaches generally rely on a
number of ad-hoc assumptions. In this work, we provide a systematic mathematical derivation of
the SPM and an additional correction for the electrolyte by applying asymptotic methods to the
DFN model. Asymptotic methods are widely applied within many subdisciplines of mathematics,
but they are still relatively underutilized in battery modelling [20, 21]. However, they have been
successfully applied in the derivation of the DFN model (by means of asymptotic homogenization)
and in the derivation of reduced-order lead-acid battery models [22, 23]. Asymptotic methods
have also been applied to the reduction of lithium-ion battery models that neglect the effects of
the particles [24].

In our approach we consider approximations that can be found by exploiting two physically-
relevant limits: i) that the electrical conductivity is large in the electrodes and electrolyte (such
that the typical potential drop in each material is small relative to the thermal voltage), and ii) that
the timescale of lithium-ion migration in the electrolyte is small relative to the typical timescale
for a discharge. The validity of applying both of these limits is determined directly from the
input parameter values which allows for the errors in the reduced models to be estimated a-priori.

By comparison, in [10] for example, six assumptions that can only be validated a-posteriori by



comparison with the full DFN model are required (e.g. that the current profile assumes a specific
form). A key result of this work is the derivation of a single additional partial differential equation
(PDE) and algebraic correction to the terminal voltage that accounts for nonuniform effects in
the electrolyte and greatly improves the accuracy of the predictions when compared to the SPM.
Additionally, we identify a key step overlooked in the ad-hoc derivations and show, through direct
numerical comparison, that performing this step allows our reduced model to outperform the other
ad-hoc models in the literature whilst retaining the same level of computational complexity.

After completion of the work in this paper, we became aware of another in-progress paper that
employs asymptotic methods to simplify the DFN model [25]. In [25], the asymptotic limit of
large changes in the open-circuit voltage (OCV) relative to the thermal voltage is taken; this is a
different (and in fact complementary) limit to that taken here. Their limit recovers a variant of
the SPM at leading order because the reaction overpotentials are small. In contrast, in our limit
the small gradients in the electrolyte concentration, electrolyte potential, and electrode potentials
give rise to the homogeneous behavior of electrode particles and hence the SPM. Whilst both
limits recover a variant of SPM at leading order, the correction terms are different, for example
[25] requires a second-order ODE for the electrolyte potential to be solved numerically. This
results in a model that is slightly more computationally expensive than the model presented here
but is significantly less computationally expensive than the DFN model. Therefore, if the model
parameters for a particular case are not appropriate for the limit considered here, we encourage
the reader to consider the reduced model in [25].

We begin by providing a brief overview of the DFN model, after which we nondimensionalize the
model by introducing typical scalings. At this stage, we re-write the terminal voltage in electrode-
averaged form, which is essential in the derivation of our reduced models. We then identify key
dimensionless parameters and perform a systematic asymptotic reduction in the distinguished limit
in which the electrical conductivities are of a comparable size to the ratio of the typical discharge
timescale to the lithium-ion migration timescale. We make a uniform asymptotic expansion and,
at leading order, recover the SPM. By extending the asymptotic expansion to first order, we
obtain an additional PDE for the concentration of lithium ions in the electrolyte and an additional
algebraic correction to the terminal voltage. We summarize our reduced model and compare its
computational complexity and accuracy with the DFN model when the finite-volume discretization
method is applied to both models. We also discuss the reduced computational complexity of our
reduced model when alternative discretization methods are employed. Following our discussion
on computational complexity, we compare our model with a selection of ad-hoc models from the

literature, showing that our model best recovers the predictions of the DFN model. Finally, we



provide a summary of the dimensional version of our model in Section 7, alongside a set of conditions

which are to be satisfied for our model to be applicable and a set of a-priori error estimates.

2 Doyle-Fuller-Newman (DFN) model

Lithium-ion batteries consist of two electrodes, a porous separator, an electrolyte, and two current
collectors, as displayed in Figure 1. Each electrode consists of active material particles within which
lithium can be stored, and a binder (not shown) which holds the electrode together and maintains

an electrical connection between the active material particles and the current collectors.
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Figure 1: Schematic of a lithium-ion battery. Active material particles are shaded cross-stitch and
diagonally for the negative and positive active materials, respectively.

Upon discharge, lithium intercalated in the negative electrode particles diffuses to the surface
of the particles where an electrochemical reaction occurs. This electrochemical reaction produces a
lithium ion free to move through the electrolyte and an electron free to move through the electrode.
The electron travels through the electrode, into the current collector, through an external wire,
and towards the positive electrode. Meanwhile, the lithium ion migrates through the electrolyte
towards the positive electrode. At the surface of the positive electrode particles, the lithium ion and
the electron combine through another electrochemical reaction to form a lithium atom intercalated
in the positive electrode particle. To charge the battery, a voltage is applied across the cell and
the whole process occurs in reverse.

Here, we summarize the DFN model, which is the standard model of a lithium-ion battery

[1, 2, 3]. The model is derived either by volume averaging [3] or the method of multiple scales



[22]. Throughout, we use a superscript ‘«’ to indicate dimensional quantities. As indicated in
Figure 1, the thicknesses of the negative electrode, separator, and positive electrode are L}, L},
and Ly, respectively. We denote the distance between the negative and positive current collectors
by L* = Ly + Ly + L;. The active material particles in the negative and positive electrodes
are assumed to be spheres with radii R; and R}, respectively. Additionally, we assume that the
behavior within each particle is spherically symmetric. We use the spatial coordinate x* € [0, L*|
to indicate the location through the thickness of the battery and the spatial coordinate 7* € [0, R}],
k € {n, p} to indicate the location within each particle of active material. We define the following
regions of the battery,
Qn=1[0,Ly], Q=I[L,,L" L], Qy=I[L"~—L} L,

which correspond to the negative electrode, separator, and positive electrode regions, respectively.
We denote electric potentials by ¢*, current densities by ¢*, lithium concentrations by ¢* (in the
electrolyte ¢* refers to lithium-ion concentrations), and molar fluxes by N*. To indicate the region
within which each variable is defined, we include a subscript k € {n, s, p} which corresponds

to QF, Q

S

and (2, respectively. To distinguish variables in the electrolyte from those in the
solid phase of the electrode, we employ an additional subscript ‘e’ for electrolyte variables and an
additional subscript ‘s’ for solid-phase variables. For clarity, the variables in the model and their

corresponding regions are

Pins Pons Comr fems N T € €,
Brar Chgr fngr NIyt e Qf,
¢:7P’ ¢Z,p’ CZ,pv i:,p’Ne*,p : ¥ e Q;‘),
Cin: r*e[0,R)], z"e€Qr,
Cop* rt e [0, Ry], x" € Q.

We note that ¢, and c{ , depend on the macroscopic spatial variable, z*, the microscopic spatial
variable, r*, and time, t*, whereas all other variables depend on x* and t* only. When stating the
governing equations, we take the region in which an equation holds to be implicitly defined by the

subscript, k € {n, s, p}, of the variables. With this in mind, the DFN model is summarized as:



Governing equations

Charge conservation:

o |aiji, k=n,p, )
L €11, s, s
or* { p}
0, k =s,
0P R*T* 0O
kb kg x ek + *
in. = €enka(c — +2(1—1¢ log(c , k € {n, s, p},
o= dmitet) (-t 2 - )T flog(eca) ) n.5.p)
09k .
I —if ) = —of =25, k € {n, p}.
ek Ly { p}
Molar conservation:
Octyc  ONG |1 0igy
€ = = : —, k € {n, s, p},
Kot ox* F* Ox* { P}
oc* T
b e,k .
o = Dz (g ) ppe + ﬁz;‘,k, k € {n, s, p},
oct . 1 &8 oct
Ko *\2 1y* s,k
o W% ((7” )" D3y o ) ) k € {n, p}.
Flectrochemical reactions:
F*n*
i = j& . sinh k) k € {n, p},
Jx = Jok (2R*T*> {n, p}
. x/ % \1/2 * \1/2 1/2
Jox = micles ) / (€1 max — Co ) / (cox) / k € {n, p},
e = ok = O = VR (o) ke {n, p}.
Boundary conditions
Current:
<k % _
emlgemg = leplyraps = 0;
¢Z7n x*:L;*] = ¢Z,s 32*=L:7 Z:’n $*=L; = i:,s x*:L;‘] = I*7
* _ * -k I _ *
Pe.s wr=L*—Ly Pe.p w*=L*—L3 7”375|:L’:L*7Lg T leplor=pe—rz T I



Concentration in electrolyte:

* _ * _
emlgrzo =00 Neplpeop =0, (1m)
* % * _ *
ce,n|x*:L,ﬁ - ce,s x*=L%> Ne,n zF=L% Ne,s x*=L%’ (11’1)
* o * * _ *
Coslor=rr—1y = Coplar=rr—1z:  Neg wr=L*—L3 Nep wr=L*—L%" (o)
Concentration in the electrode active material:
oct c* j*
s,k o * s,k _ Jx
= =0, —Di5> =2 k€ {n, p}. (1p)
r*=0 r*=Ry
Reference potential
* —
¢s,n =0 0. (lq)
Initial conditions
* * * *
Cs’k(.’);‘ )T ,0) = C5x,00 ke {n7 p}7 (11“)
* * %
ce7k(:v ,0) = Co typ k € {n, s, p}. (1s)

The functional forms for Uy (¢ ), Ug(cs

“ ), and D?(c}), which are the open-circuit potentials
S,p e \Le

(OCPs) in the negative and positive electrodes and the lithium-ion diffusivity in the electrolyte,
respectively, are taken from Newman’s DUALFOIL code [26]. A full list of parameters and their
values is provided in Table 1. The values in this table are taken from Scott Moura’s fast DFN code
[27], which are in turn adapted from the parameter values used in Newman’s DUALFOIL code
[26]. These functions and parameters correspond to a cell with a graphite negative electrode, a
LiPFg in EC:DMC electrolyte, and a lithium-cobalt-oxide positive electrode. In (1c¢), (1j), and
(1k) the actual current density I* is distinct from the typical current density If,, in Table 1. We
make this distinction to easily accommodate non-constant currents within the dimensionless form

of our reduced models.



3 Asymptotic reduction of DFN model

3.1 Dimensionless form of DFN model

In the following, we will use asymptotic methods to systematically reduce the DFN model to
simpler forms. In order to do this, we first nondimensionalize the DFN model by making the

following scalings:

Global: vt =Lz, t"=r714t, D;=D;,,De,
* 0k * _ T*
Ko = Kotyple 17 =IgpI
* Tk * Tk
_— R*T _— N N R*T
¢s,n - > ¢s,n7 ¢s,p - ( p,ref — n,ref) + F* ¢P7k7
* * * *
For k € {H, p} : Tx = erlﬂ Cs,k = Cs,k,maxCSJﬂ
I I
-k typ . -k typ . * *
= S72Jks Jok = 0,k my =m mg
Jx aﬁL*j ) 0,k a}tL*j ) k k,typ ) (2)
R*T* R*T™
* * *
N = F* Tk Uk - Uk,rcf + F* Uk'
. £
For k € {n, p}: ig = Liypis k-
D! . _ct
- . * * __ _etypTeityp
For k € {n, s, p}: coy =l iypCeks, Nox = I Nex,

R*T™
* * N
¢e,k - _Un,ref + I+ ¢e7k» Ze7k - Ityple;k'

We then identify the key timescales in the model, which are presented in Table 2. We also identify
a set of dimensionless parameters, which we define in terms of the dimensional variables together
with their physical meaning and calculated values in Table 3.

Substituting the scalings (2) into the dimensional model (1), we obtain the dimensionless version

of the DFN model which is summarized as:

Governing equations



Charge conservation:

6ie,k _ =10, D,
or
.  Ofe 0
fox = €pReke(Cok) ; +2(1 - t+)% (log(cex)) | »
. a(bsk
I-— ek = — ’ )
fek Tk ox

Molar conservation:

6Ce 8Ne aie
Cotitegy - = Ve gy +Cogat
Oc Cet™
Ne,k = _GEDe(Ce,k) a;k + ;e le,k>y
aCS’k 1 0 acsk
Ck 6 = 5 .
t i Oy K Oy

Flectrochemical reactions:

Jk = Jjo,k sinh (&) ;
2
. _ 1/2 1/2 1/2
doae = gl = e e,

Me = sk — b — Uk(cs |

’l“kl

Boundary conditions

Current:

ZCvn|;c=0 = 0’ ZC*ch:l = 0’

(z)e,n‘I:Ln = ¢e,s‘z:Ln7 Ze,n’m:Ln = 'Le,s|z:Ln =1,

¢e1s|x=1—Lp = ¢evp|x:1—Lp’ Zevs’x:l—Lp = Ze>p|x:1—LP =

k € {n, s, p},

k € {n, s, p},

k € {n, p}.

k e {n7 S’ p})

k € {n, s, p},

k € {n, p}.

k € {n, p},

k € {n, p},

k € {n, p}.



Concentration in electrolyte:

Ne,n|$:0 = 07 Ne,p|w:1 = 0, (4d)
ce,n|x:Ln = Ce,Sl:l):an J\/ve,n|z.:Ln = Ne,s|z:Ln7 (46)
Ce,s|x=1—Lp = Ce,p|x=1—Lpa Ne,sb:lpr = Ne,p|$:1,Lp- (4f)

Concentration in the electrode active material:

805 k axYk 6cs k .
: =0, -— . =7Jx, ke{n,p}. 4

o |, G Orl, " {n, p} (4g)
Reference potenital:

¢s,n|w:O =0. (4h)
Initial conditions

cs,k(x; T, O) = Cs,k,07 k S {Il, p}a (41)

Ce,k(gjvo) = 15 ke {Il, S, p} (4])

Before proceeding with model reduction, we note some helpful relations. The terminal voltage
is given by

V= (bs’p’z:l - ¢S7n’x:O' (5)

We can re-write this in a more useful form by considering a particular path that the current follows
through the cell. We consider the current entering through the negative current collector at x = 0
and travelling through the solid phase of the negative electrode to a point x, € [0, L,]. At this
point, an electrochemical reaction occurs so that the current is transferred into the electrolyte.
The current then travels through the electrolyte until it reaches a point z, € [1 — Ly, 1] where
another electrochemical reaction occurs transferring the current into the solid phase of the positive
electrode. Finally, the current travels through the positive electrode until it reaches the positive

current collector. The terminal voltage can be written in terms of the potential drops associated

10



with each section of this path as

V= ¢s,n‘mzzn - ¢s,n}mzo (Negative electrode)

+ ¢e,n‘$:w - gf)s,n’ (Negative electrochemical reaction)

T=Tn

+ ¢e,p‘z:$p - ¢e,n‘ (Electrolyte) (6)

T=Ty

+ Gsp|,_. — bepl (Positive electrochemical reaction)
T=Tp

T=Tp

+ bspl,_y — ¢57P|x:mp (Positive electrode).

We define the pointwise OCV to be

Ueq|acn,xp = Up(cs’p|r=1)’x=xp o Un(csvn|r=1)|a:=:cn’ (7)
and the pointwise solid-phase Ohmic losses to be

Adgaig

TnyTp <¢S7p|x:1 - ¢Sap‘z:xp) + <¢S7n|x:zn - ¢Svn|x:0) : (8)

Then, using the definition of the reaction overpotential given in (3i), equation (6) becomes

V = Ugq

Tn,Tp +p z=x, nn‘x:xn + ¢e’p|x=mp - ¢evn|w=xn + ACI)SOhd|xn,xp' (9)

Equation (9) provides the voltage in terms the internal pointwise OCV, Ohmic losses, and over-
potentials for a particular current path through the cell. However, we can also express the voltage
in terms of the average (across all paths) OCV, Ohmic losses, and overpotentials by averaging (9)
over each electrode. This is done by integrating (9) with respect to z,, € [0, L,] and dividing by the
negative electrode thickness, L,, and then integrating with respect to x, € [1 — Ly, 1] and dividing

by the positive electrode thickness, L. The result is that we can express the terminal voltage as
V= Ueq + ﬁp =My + ae,p - Ee,n + ESOlid' (10)

where we use an overbar to represent the operation

i 1 1-L, 1 L,

It is this electrode-averaged form of the voltage expression which will play a central role in our
extension of the SPM. Without this electrode-averaged form, the extended model would need to

be more complex than the model we present in order to obtain the same degree of accuracy.

11



Another useful property can be found by integrating (3d) with respect to = over €y for each
k € {n, s, p}, applying the boundary conditions (4a), (4b), (4c), (4d), (4e), (4f), and applying the

initial condition (4j), to obtain

Ln 1-L, 1
/ Con dT + / Cos dr + / Cepdr = 1. (12)
0 L 1-L

n P

Equation (12) is a statement of the conservation of lithium ion the total number of lithium ions in

the electrolyte.

3.2 The limit C, — 0

We consider the limit of high electrical conductivity in the electrodes and electrolyte (such that the
typical potential drop in each material is small relative to the thermal voltage) and the timescale
for the migration of lithium ions in the electrolyte is small relative to the typical timescale of a
discharge. This corresponds to the limit C, — 0, where C, is the ratio of the typical timescale for
lithium-ion migration to the typical discharge timescale, o — 0o, where oy is ratio of the thermal
voltage to the typical Ohmic drop in the solid, and 4, — 00, where &, is the ratio of the thermal
voltage to the typical Ohmic drop in the electrolyte. We take the distinguished limit in which oyC,

and #¢Ce both tend to a constant as C. — 0, ox — o0, and ke — oo by setting

/

o= ol =0(1). ke {np}.
ol

Ro= 55 KL=0(1)

We then expand all variables in powers of C, in the form
Cs k ~ cgk + Ccc;k + Cgcg,k +...,

etc.

3.2.1 Leading-order model

At leading order in Ce, (3d) and (3e) are

0 0
8‘N'e,k e

ox

oc
=0, Ngk = —elb(De(cg’k) k ke {n, s, p}. (13)

oz’

12



Upon application of the leading-order boundary conditions (4d), (4e), (4f), the leading-order initial

condition (4j), and the leading-order component of the condition (12), equation (13) yields
N =0, =1, ke{n, s p} (14)

Thus there is no depletion of the electrolyte at leading order. Equations (3b) and (3c), at leading

order in C,, are then
o0 ool
or ' Ox

0. (15)

Since ¢y, #0, and @2 are all independent of z and ¢ is initially independent of z, it follows
from the leading-order components of (3g), (3h), and (3i), that jY, j§, and 7y do not depend on
x. Therefore, we integrate (3a) with respect to x over Qy for k = n, p and apply (4a), (4b), (4c),

to obtain

0o _ 0o _ 0 _
Ze,n - Ln, Ze,s - 5 ’Le,p - Lp ) (16)
I I
-0 0
= — = - 17
W= T (17)

From the leading-order component of (3g), we then have

I I

0 . —1 0 . —1

1, = 2sinh - , 1M, = —2sinh - . 18
(]8,111111) P ]g,pLP ( )

Employing (15) in conjunction with the leading-order interior boundary conditions (4b) and (4c),

we obtain

¢g,p - g,n =0, (19)

so that, to leading order, there is no potential drop in the electrolyte (for both the pointwise and
electrode-averaged cases). Furthre, (15) implies that there are no solid-phase Ohmic losses (for
both the pointwise and electrode-averaged cases) at leading order.

We are now in position to summarize the leading-order model. The leading-order description

of lithium in the electrode particles is given by taking the leading-order component of (3f) and

13



inserting (17) into the leading-order component of (4g) to obtain

ocP 1 0 ocP
C s,k _ - Y 2 Y%s.k Kk 20
Kot 2 Ory "k ore |’ € {n, p}, (20a)
OcP ocY L k =n,
-t =0, Ok ek =" k € {n, p}, (20b)
Orx =0 G Ik re=1 I
7[17])7 k =D,
Cg,k(Tk,O) = Csk,0, k € {n, p}. (20c)

Since cg,k is independent of x, the leading-order electrode-averaged OCV is simply

—0
Ueq = UP(Cg,p|Tp:1) - UH(Cg,n

) (20d)

Additionally, the leading-order electrode-averaged reaction overpotentials are just 770 = n2. There-

fore, the leading-order voltage is given by

I I
VO=U (L )| _ —Ua(L)]. _, —2sinh™* | - —2ginh™* | - , (20e)
p P ‘rp_l s |7n_1 .787pr ]87nLn
ocv Reaction overpotentials

where the leading-order component of the exchange-current density, as given by (3h), is

: g
Joae = g ()21 = )2, (206)

We identify (20) as the dimensionless form of the SPM [15, 28]. The name refers to the
requirement to only solve a diffusion equation for one particle in each electrode, rather than solving
a PDE for a particle at each macroscopic point as in the DFN model. This model should not be
interpreted as replacing the many particles in an electrode by a single particle. Instead, in this
limit all the particles in an electrode behave in exactly the same way and it is therefore sufficient

to solve for just one representative particle.

14



3.2.2 First-order correction

We now proceed to calculate the O(C,) corrections terms, which will extend the range of applica-

bility of the reduced-order model to higher C-rates. At O(C,), (3d) and (3e) become

ONgy 1 0,
0r v Ox

k € {n, p}, (21)

34% t+
K i k e {n, p}. (22)

b
Nel,k = _ekDe(Cg,k) o ~
e

Integrating (21) with respect to = over Qy for each k € {n, s, p} and applying the O(C.) components
of the boundary conditions (4d), (4e), and (4f), we obtain
Iz 1 I(1—x)

Nep = , Nes=—, Nep=—". (23)
e e,s e,p 'YeLp

We substitute (23) into (22) and then integrate with respect to x over Qy for each k € {n, s, p} using
the O(Ce) components of the continuity boundary conditions (4e) (4f) and lithium-ion conservation
condition (12) to determine the constants of integration. From this, we get

1 (1 — t+)‘[ LIQ) L121 3LS 3 2 2
Ceﬁn—m 2 g_a +?(1+LP—LH)+€2TH(LH_(E ) s (24&)

v @=th)r Ly L3 372 g2
Cc,p = m 2 g — 67 + :S(Ln — Lp + 1 — Q:U) 5 (24b)

L (=HI L 12\ 3L,
=—— 2| — — — L, - Ln -1
Ce,p 6veDe (1) Elf, + (Lp )+

3
b Lyeb

(z —1)% - L§)> . (24c)
At O(Ce), (3b) becomes
P} ocl
id ) = enfinkie(1) (—a;k +2(1— t+);‘;k> . (25)

We substitute (16) into (25), integrate with respect to x over y for each k € {n, s, p} and
determine two of the three constants of integration by applying the O(C.) components of the

interior boundary conditions (4b) and (4f) to obtain

~ 1 2?2 —L2 L
L= e +2(1—tH)el — L 2
e,n d) + ( )Ce,n f%leﬁ;e(l) 26%[111 + GI; ) ( 63’)
Ix
1 _ —+\ .1
Pon = 0o 2100 = Dy 200
- I r(2—z)+L2—-1 1-1L
1 = 2(1 —th)el  — L D 26
¢e,n (Z)e + ( )ce,p /%éﬂe(l) QGng + 6157 ’ ( C)

15



where g?)e is a constant, the form of which is provided in Appendix A.

At O(Ce), (3c) is
1
s,k

.0
I*Zek ka )

k € {n, p}, (27)

which upon using (16) and integrating with respect to x, gives

Iz
1 =05 n’x =0 + /L (2L ) (28&)
I(x—l)(l—QL — )
1 P
., = Qg . 2
¢b,P (b ’P’zzl + 201/an ( Sb)
At O(C.), (3a), (4a), (4b), and (4c) give
0il
8(;1( =i, k € {n, p}, (29a)
ié7n|w:0,Ln = Z‘é,p|1pr71 =0. (29b)

Here we approach a key step in our derivation. Integrating (29a) with respect to z over €y for

k € {n, p} and applying (29b) gives the conditions

Ly 1
/ jldx =0, and / jpda =0. (30)
0 1-1,

Thus the electrode-averaged corrections to the reaction currents j, and j, are zero. This means
that after averaging the O(C.) components of (3f) and (4g) in = over (Y for each k € {n, p} and

using (30), we get

oel, 1 0 80 K
St 5 k 1
Ck (9t ’f‘l% (97"1( 8rk € {Il, p}7 (3 a’)
et et =0, k € {n, p} (31b)
n? )
87“k pe—" 87“k re=1 P
E;’k(rk, 0) =0, k € {n, p}. (31c)

Crucially, there is no average flux on the surface rx = 1 in (31). The solution to (31) is therefore
simply
cl,=0, . =0. (32)

J
=
—
L]
~—
al
w =
=
—
S~—"
L
Il
o

(33)
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The O(C.) components of (3g), (3i), and (3h) are

0 0 1 0
Ji = Jjb sinh (2‘) + JO’;nk cosh(@‘), (34a)

Me = GLy — bax — Ullc(cg,k)c;k’m:p (34b)

-0 1 1
jl _ jO,k Cs,k Cs,k + Cl
0,k — 0 0 e,k
2 Cox 1— Cox

) (34c)

’I“k:1

where 7Y and j87k are given by (18) and (20f), respectively. Averaging (34a) over electrode €,

gives )
T = —Co ) tanh (?) = L (35)
(Jg k) + 12

We can also easily obtain aik and aik by electrode-averaging (26) and (28). The expressions for
these can be found in Appendix B.

We now have all the components necessary to obtain the first-order correction to the voltage.
Inserting (33), (35), and the electrode-averaged potential expressions in Appendix B into (10), we
obtain

Ce I Ce I
‘71 sP »11

+2(1—t) (e, —2l,)

P e,n

+
\/(jg,pr)2 +I? \/(jg,nLH)2 + 12 (36)
I L, Ly L,\ I(L, Ly
‘w(weg%eg)‘z(a—p*&n)'

This is a purely algebraic expression and is therefore obtained without the numerical solution of
any additional PDEs. As a result, no additional states need to be stored at each time step, which
is beneficial for microcontrollers where RAM is limited. Further, the additional computational cost
compound to the SPM (20) is evaluating this algebraic expression and is therefore negligible. The
first term of (36) corresponds to corrections to the reaction overpotentials due to concentration
variations in the electrolyte, the second to the concentration overpotential, the third to electrolyte

Ohmic losses, and the fourth to solid-phase Ohmic losses.

3.3 Combined voltage expression

To write an expression for the combined leading- and first-order voltage, V = V0 +C. V!, we define

the electrode-averaged exchange-current densities to be

1 b

Jom = [ ()21 = Q)21+ Cocl ) du, (37a)
s Ln 0 Cr,n s s s
- 1 ! Y,
oo =1 | ) A ) (1 Cucd ) P (370)
pJ1-L, brp
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and use the fact that

I I el I
—2sinh ™! [ = = —2sinh ™! | +Ce ek +0(c?).
JoxLx Joa L M/ (G0 Li)? + 12

The combined voltage accurate to O (C2) is then

V= ch + 7, + T + APgiec + APsolia, (38)

with the combined leading- and first-order electrode-averaged components of the voltage expression

given by
Ueq = Up(cg,p‘rpzl) - Uﬂ (cg7n|rn:1)7 (393‘)
I I
7, = —2sinh ™! | = — 2sinh™* <> , (39h)
ijn jnLn

Ne = 2Ce(1 - t+) (Eelz,p - Eé,n) ) (39C)

_— I L L L

AlPglee = ——— [ -+ =+ 2, 39d
ol Refio(1) (36,{’1 * €? * 36%) (39d)

— —1

A¢Solid = 7Ce(¢i7p - ¢s,n)' (396)

We refer to this model that includes the first-order correction to the terminal voltage as the
SPMe(S). That is, the single particle model with electrolyte with the (S) referring to the fact that
this formulation considers the electrolyte to be in steady state.

Before proceeding, we would like to draw further attention to what we view as the key step in the
derivation of the SPMe(S), namely the electrode-averaging step. Electrode averaging is essential as
it provides us with a well-defined problem: given the electrode-averaged current, find the electrode-
averaged potential differences. If instead we try to evaluate the pointwise voltage expression, we
must determine both the current (since we only know the electrode-averaged current) and potential
difference at a particular point. To get around this issue, it is typical for ad-hoc models in the
literature, which use a pointwise voltage expression, to implicitly assume that the current at a
particular point is equal to the electrode-averaged current. This is not in general true, since it
implies that the concentrations in every particle of the DFN model would be the same across all
operating conditions. Of course, this is not a bad first assumption to make in the limit we have been
considering, and it is indeed valid for very low currents; this is the reason the SPM is a reasonable
approximation. However, we have shown systematically in our asymptotic expansion that this

assumption is only true at leading order and not at first order. Electrode averaging removes the
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requirement for this assumption, and ensures our expressions are also valid at first order, so we

gain additional accuracy over the ad-hoc models for negligible additional computational cost.

4 Canonical SPMe

The SPMe(S) holds for cases where the electrolyte can be taken to be in quasi-steady state (e.g.
when the current varies over a longer timescale than the electrolyte diffusion timescale). However,
for many applications transient effects in the electrolyte are important, particularly after a step
change in current. These transient effects occur on the timescale of migration of lithium ions in
the electrolyte. To include these effects it is therefore natural to scale time with the timescale for
migration of lithium ions, t* = 7.f. On this short migration-timescale, at leading and first order
the concentrations in the electrode particles remain constant and the terms describing exchange of
lithium within the electrolyte equation are negligible. We do not present the corresponding sys-
tematic asymptotic analysis for this diffusion-timescale problem here but instead simply state the
composite model which produces the correct result on both the diffusion and discharge timescales.
The main difference between this model and the SPMe(S) is that we must now solve a PDE to
obtain the first-order correction for the electrolyte concentration, c;k. We shall take this model to

be the canonical SPMe and therefore simply refer to it as the SPMe. The SPMe is summarized as:

Governing equations

o, 1 9 o
C S, __ - Y 2 S, k s s 40
= ). € {n, b (400)
Lin, k =n,
dc! ON!
Ce€rVe ael;k = e a;k +40, k=s, k € {n, s, p}, (40b)
_Lip7 k= b,
I
::Ln’ k =n,
1 b Ocg
Nl = —e2Do(1) =22 4+ { th1 k—=s ke {n,s, p}. (40c)
? 8&3 Ye ’
1—a)ttT
( %L)p ; k=p,

19



Boundary conditions

0 0 L
dcg ) - aryk 95 ) La
=0, - =
8?"1( =0 Ck 87’k =1 I
Lp
1 _ 1 _
Ne’n =0 O’ Nexp‘zzl - O’
1 _ 1 1 _ 1
Cc,n|I:Ln - Cc,s|I:Lna Nc,n =L, " '&Slz=L,’

1 _ 1 1 _ L
Ce,s|w:1—Lp - Ce7p|$:1—Lp’ Ne,S‘z:pr - Nem’x:kLp'

Initial conditions

C(S),k(rk’ 0) = Ck,0,

ci)k(ac, 0) =0,

Terminal voltage

where

V =Ueq+ 7, + 7, + APg1ec + Agolia,

Ueq = Up(c0

SvP) ‘rpzl o

Un(c?

S,n) |Tn:1,

I I
N, = —2 sinh ™! [ = —2sinh ™! | =
jO,pr ]O,HLn

Ne = 2Ce(1 - t+) (E;,p - Eé,n) ’

_ 1 [y
’ Ln 0 Cr,n ’ ’ ’
_ 1 [t
oo =1 | ) L) A+ Gl ) R,
Ly Jior, Crp
_ I L L L
A¢ ec - N 711 75 7p b)
Bl Reke(1) (36?1 + el + 36%)

_ I /L, L,
ADgoliq = — 3 (p + ) .

3\op On

)

k € {n, p},

k € {n, p},

k € {n, s, p},

(40d)

(40e)
(40f)

(40g)

(40h)

(401)

(40k)

(401)

(40m)

(40n)

(400)

(40p)

(40q)

Here the overbar terms are electrode-averaged quantities. The SPMe (40) consist of two in-

dependent linear PDE problems that describe the concentration of lithium in the negative and

positive particles and an independent linear PDE problem that describes the concentration of

lithium ions in the three regions of the electrolyte. The terminal voltage is obtained post-solution

through a simple and easily interpreted algebraic expression. Since all three PDE problems are
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independent, the problem has a naturally parallel structure. The linearity of the PDEs is also
advantageous for the application of numerical methods and the determination of simpler/analytic

solutions in special cases (e.g. the SPMe(S)).

5 Model comparisons

5.1 Finite-volume implementation

In this section, we compare the DFN model (1), SPM (20), and the SPMe (40). We implement
the DFN model by discretizing the spatial dimension using the finite-volume method to convert
the system of PDEs into a system of differential algebraic equations (DAEs) of index one. Before
solving this system, a set of consistent initial conditions for the potentials are found numerically
using Newton’s method. The time evolution of the system is then performed using the SUNDI-
ALs DAE solvers interfaced though PyBaMM (Python Battery Mathematical Modelling) [29, 30].
PyBaMM is a battery modelling software implemented in python which is designed to facilitate
the comparison of battery models by providing a common interface to discretization methods and
numerical solvers. Similarly, we use the finite-volume method to discretize the spatial dimensions
of the SPM and SPMe and again use SUNDIALSs for the time evolution. We use the same mesh to
discretize the SPM, SPMe, and DFN model. In the z-direction, we use 30 points in the negative
electrode, 20 points in the separator, and 30 points in the positive electrode. In the r-direction, we
use 15 points. Numerical errors associated with the spatial discretization, are therefore of order
10~2. However, we have limited their influence upon the comparison by applying the same numer-
ical method to each model. Since we aim to compare models and not numerical methods, we only
concern ourselves with the relative reduction in computational complexity obtained by using the
SPMe instead of the DFN model, whilst retaining the same numerical method. Here, we use the
finite-volume method, but of course alternative methods could be applied to both models to further
increase speed and/or reduce memory requirements of each. Computational complexity consists of
space complexity (memory) and time complexity. To demonstrate the reduction in space complex-
ity, we consider our finite-volume implementation with 30 points in the electrodes, 20 points in the
separator, and 15 points in the particles. In this case, the DFN model requires 2 x (30 x 15) = 900
states for the concentration of lithium in the particles, 80 states for the concentration of lithium
ions in the electrolyte, 80 states for the electrolyte potential, and 60 states for the electrode poten-
tials. This leads to a total of 1120 internal states, which are to be stored at each time step. On the
other hand, the SPMe requires only 30 states for the concentration of lithium in the particles and

80 states for the concentration of lithium ions in the electrolyte. Therefore, for this discretization
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the SPMe requires just over 10% of the memory required by the DFN model. With regards to time
complexity, the DFN model is limited in two respects. Firstly, it is limited by the large number of
states which must be computed at every time step and secondly it is limited by the stiff nature of
the system, which arises from the discretization of the mixed parabolic and elliptic PDEs resulting
in a system of DAEs. As previously discussed, the SPMe addresses the first of these limitations,
however, it also addresses the second limitation because the model consists of only three linear
parabolic PDEs, which upon discretization lead to a well-conditioned system of ODEs amenable
to taking larger time steps than the stiff DAE system of the DFN model. Furthermore, being a
system of DAEs the DFN model suffers from convergence issues if inconsistent initial conditions
are provided or if there is a large change in current, for example, in switching between charging
and discharging. This is an inherent issue with DAE based algorithms and efforts have been made
to limit the range of inconsistent initial conditions [7]. However, this robustness problem persists

and convergence of the DFN model cannot always be ensured for non-constant currents.

5.2 Voltage comparison

We compare the SPM, SPMe, and DFN model by considering the case of a single constant-current
discharge over a range of C-rates. The initial stoichiometries of the negative and positive electrodes
are 0.8 and 0.6, respectively, and we terminate the discharge when the terminal voltage reaches
3.2 V. For this cell a C-rate of 1C corresponds to a discharge current density of 24 A/m?. As
provided in Table 3, we have C. = 5.1 x 1073C where C is the C-rate. The predicted terminal

voltage of each model is presented in Figure 2.

Voltage (V)

3.2
0

2 4 6 § 10 12 14 16 18 20 22 24
Discharge Capacity (Ah/m?)
Figure 2: Constant-current discharge comparison of DFN model (1), SPM (20), and SPMe (40)

over a range of typical C-rates. The root mean square (RMS) voltage error for the reduced models
with respect to the DFN model is provided in Table 4.
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At low C-rates, all three models match well with a RMS voltage error of just 1.72mV for the
SPM at 0.1 C, as expected. However, at higher C-rates we observe that the SPM prediction deviates
from the DFN, producing a RMS voltage error of 19.86 mV at 1 C and 62.78 mV at 3 C. The SPMe
greatly improves upon this, with a RMS voltage error of just 3.04mV at 1 C and 13.34mV at 3C.
Unfortunately, there is a discrepancy in the voltage curves near then end of the discharge at 3 C.
To investigate the source of this discrepancy, we plot the error in each component of the voltage

during a 3 C discharge in Figure 3.
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Figure 3: Overpotential errors between the SPMe and DFN.

We observe that for the majority of the discharge all components of the SPMe voltage agree
well with the voltage predicted by the DFN model. However, near the end of the discharge, there
is a large increase in the error of our solution, as observed in Figure 2. Around 60-70% of this
error is due to a poor estimation of the electrode-averaged OCV. This error occurs when the OCV
becomes highly nonlinear. If we extend our asymptotic expansion of the OCP, Ux(cx) to second
order, we obtain the term CZUY/(c2,)(ct)?/2. Hence, when the OCV is highly nonlinear, Uy (0, )
becomes large and the higher-order terms neglected by the SPMe become significant. To account

for this behavior, we can consider the distinguished limit in which
Ui (c2,) ~ O(CTH). (41)

In this limit, we cannot avoid solving for the concentrations in all the particles in each electrode
and therefore lose a large portion of the computational simplicity of the SPM and SPMe. We have
developed and implemented a numerical scheme for this limit and found that it does indeed correct
the voltage discrepancy. However, because of the increased computational complexity, we do not

discuss it in detail within this paper.
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5.3 Grid dependence and computation time

In Figure 4, we compare the solutions of the SPMe and DFN model with 5, 10, 20 and 30 points in
each domain (negative electrode, separator, positive electrode, negative particle, positive particle)
across a range of C-rates. Here, we measure the RMS voltage error with respect to the DFN model
solution with 30 points in each domain. It is important here to only focus upon the relative timings
of the models and not absolute times. Of course, a pure C++ (instead of Python) implementation
of the models with a more sophisticated numerical method would increase speed of both models,
but that has not been our focus. It should also be noted that this comparison is for a constant-
current discharge; the non-constant case has been reported to give rise to even longer computation
times for the DFN model [4]. The key observation to make from Figure 4 is that for a relatively
small increase in RMS voltage error, particularly at low C-rates, an order of magnitude decrease
in computation time is achieved by using the SPMe instead of the DFN model. Achieving such
large decreases in computation time is consistent across all C-rates and numbers of grid points
used. Further, we can observe that the SPMe generally increases the accuracy of the SPM by an
order of magnitude for a particular C-rate whilst maintaining a similar computation time. When
a small number of grid points (e.g. 10 points) are used, and a current with a C-rate above 0.5 C is
applied, the SPMe produces a solution that is not limited by the discretization error; we discuss
the limiting asymptotic errors in Section 7. Therefore, to achieve the asymptotic accuracy of the
SPMe, a coarser spatial discretization is often sufficient, which could also allow for further increases

in speed and savings in memory.

5.4 Comparison of internal states

To further confirm the accuracy of the SPMe, we compare the internal states predicted by the
SPMe and DFN model. These are presented for a 1 C constant current discharge in Figure 5. We
observe good agreement between the two sets of model predictions. However, two key discrepancies
can be observed: the first in the negative electrode stoichiometry and the second in the electrolyte
concentration at late times. We note that the apparent discrepancy in the negative electrode
potential is only due to the scale employed in Figure 5. This discrepancy is in fact O(C2).

The discrepancy in the negative electrode stoichiometry is a result of the SPMe using only
the leading-order equations in C, within the electrode particles; this is equivalent to considering
only the electrode-averaged concentration in the particles. This is the same approximation as
employed by the SPM and the SPMe is therefore only accurate to O(C.) for the concentration in

the particles. It is possible to additionally solve for the first-order correction in the particles, but

24



100 4 1 L1l 1 L1l 1 1 111111:
1/m0.1C m05C m1C m2C m3C |[mDFN [E
:’OBpts O10pts A20pts ¢30pts ‘ OSPMe ¢
S 10-! o B SPM ||
5 ] am :
2 1 @& 0 -
2 1072 5 b 3
s 1 o F
S ] Wy $: :
w0 1 = B
E 10’3-5 a | 3

] N i

4 % . L

10_4 T T T T TTTTI] T T T T TTTTI] T T T T TTTT
1071 10° 101 102

Time (s)

Figure 4: RMS voltage error relative to the DFN model with 30 z-grid points in each of the
domains: negative electrode, separator, and positive electrode; as well as 30 r-grid points in the
particles. This reference model with 30 points in each domain has an average (across C-rates) run
time of 120s. Here, ‘n pts’ refers to n points in each of the domains: negative electrode, separator,
and positive electrode as well as n points in each of the particles.

this requires solving a diffusion equation in each particle instead of a single diffusion equation in
the electrode-averaged particle. This increases the computational complexity of the model and has
therefore been omitted from this paper.

The discrepancy in the electrolyte concentration at late times is fundamentally connected to
the discrepancy in the voltage curves observed in Figure 2. As already discussed, this is due
to nonlinear nature of the OCV and the term U}’ (cg,k) becoming large. We must then consider
the distinguished limit in which (41) holds. In this limit, we consider a heterogeneous interfacial
current density, and so the electrode-averaged current density source/sink terms in (40b) and (40c)
are replaced by heterogeneous versions. We have implemented a numerical scheme for this limit
and can confirm that this discrepancy is accounted for in this way. However, this limit requires one
to solve for the concentration in each of the particles and is therefore much more computationally
expensive than the models of concern in this paper.

In Figure 6, we compare the internal states of the SPMe and DFN model across a range of
C-rates. Here, we display the lithium concentration in the x-averaged particle to demonstrate the
ability of our model to capture the concentration profile inside particles as well as the surface
concentration. As before, we observe good agreement of the internal states, with the exception
of the electrolyte concentrations at and the electrolyte potentials at large C-rates. Both of these

discrepancies are a result of the the nonlinearity of the OCV, as discussed previously.
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Figure 5: Comparison of DFN model and SPMe internal states during a 1C constant current
discharge. The DFN model solution is given by the solid lines and the SPMe solution by the
closest black dashed line. Note that some of the black dashed lines lie upon others so it appears
that there are fewer black dashed lines than solid lines.

5.5 Alternative numerical methods

In the previous section, we only discussed the benefits of the SPMe compared to the DFN model
when both models were implemented using the finite-volume method. However, there are other
more sophisticated methods that have been applied to the DFN model which we can also be applied
to the SPMe (e.g. [9]). The approach implemented in [9] involves volume averaging the PDEs in
the particles and employing a polynomial approximation to obtain the surface concentration. As a
result, in their formulation of the DFN model (Table IV of [9]), there are 4 PDEs, and 1 algebraic
equation in each electrode along with 2 PDEs in the separator to be solved. Upon applying their
orthogonal collocation discretization procedure, 5(N, + 1) + 2(Ns + 1) 4+ 5(N, + 1) DAEs are
obtained (see just after equation (26) of [9] for more details), where Ny is the number of cosine
basis functions used in each domain. If we were to reformulate the governing equations in the
particles in the SPMe using their polynomial approximation approach, we would have 1 PDE for
the electrolyte concentration and 1 ODE for the r-averaged lithium concentration in the average
particle in each electrode (note that the algebraic constraint for the surface concentration can now
be solved analytically) and 1 PDE for the electrolyte concentration in the separator. Therefore,

upon application of their discretization, we obtain ((N, +1)+1)+ (Ns+1)+ ((N, +1)+1) ODEs.
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Figure 6: Comparison of internal state across multiple C-rates at a discharge capacity of 15 Ah/m?.
The DFN model solution is given by the solid lines and the SPMe solution by the closest black
dashed line. Note that we plot the x-averaged particle concentration here instead of the surface
concentration plotted in Figure 5.

Using a single cosine in each domain results in 8 ODEs for the SPMe compared to 24 DAEs for
the DFN model. Alternatively, using N, =7, Ny = 3, and N, = 7 produces a system of 88 DAEs
for the DFN model but only 22 ODEs for the SPMe. Therefore, applying this discretization to the
SPMe instead of the DFN model can result in the memory requirements being reduced to below
a third. This is a step towards employing a practical implementation of a physics-based model in
a BMS where RAM is limited. Alternatively, a system of battery packs consisting of more than
three times as many cells can be solved with similar RAM requirements using the SPMe instead
of the DFN model. In addition, it is also typically faster to solve fewer ODEs (two of which
are independent of the others) than a greater number of highly-coupled DAEs. Furthermore, the
convergence issues related to DAE systems are not an issue for the ODE system produced by
discretizing the SPMe. These types of benefits will be consistent across different discretization
approaches.

To provide an example of the benefits of using the SPMe with the discretization in [9] instead
of the DFN model, we consider the case where there is a memory limit such that only 24 states
can be stored at each time step. In this case, the DFN model is restricted to employing just

one cosine basis function in each domain, whereas the SPMe can make use of N, = 7, Ny = 3,
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Np = 7 basis functions. The RMS voltage error for a 1 C discharge for the DFN model using a
single cosine function in each domain relative to a full finite difference implementation (with 50
points in each electrode and 35 points in the separator) is 17.84 mV, as reported in [9]. In [9],
using N, =7, Ny = 3, N, = 7 basis functions, the RMS voltage error for the DFN model is just
0.91mV. If we assume that this numerical error carries across to an SPMe implementation (this
appears to be the case in Figure 4, for example for 0.1 C with 5 pts), then the main source of error
will be modelling error. For a 1 C discharge, the SPMe produces an error of just 3.04mV in the
finite-volume implementation, see Table 4 (this RMS voltage error also holds for 50 points in the
electrodes and 35 points in the separator). Assuming that this error is entirely modelling error,
then we expect the RMS voltage error of a N, =7, Ny = 3, N, = 7 discretization of the SPMe to
be approximately 3.04 mV. Therefore, with the same memory budget employing the SPMe instead

of the DFN model can improve the accuracy of the voltage prediction by an order of magnitude.

6 Critical assessment of variations on the SPMe in the lit-

erature

6.1 Overview of models

There are a number of alternative models in the literature that extend the SPM in an ad-hoc
manner to account for electrolyte effects [14, 15, 16, 17, 18, 19]. In this section, we highlight the
key differences between these models and the canonical SPMe (40) presented here. We have chosen
to compare a subset of the models which cover the variety of ad-hoc models available. To do this,
we have converted the models to dimensionless form using the scalings in (2). In some papers the
model is discretized during development. We view the choice of discretization to be a numerical
method instead of a feature of the model itself. Therefore, we have converted each model into
continuum form so as to only highlight the differences in the underlying models. We do not aim
to study the benefits and drawbacks of different numerical methods.

A common theme in the models from the literature is to replace the electrode-averaged con-
centration overpotential and electrode-averaged electrolyte Ohmic losses with pointwise versions.
It is also common to neglect the solid-phase Ohmic losses (this is a reasonable assumption since
we have already observed these to be small). The general form of the terminal voltage expression

used in the literature is then:

V= Ueq + 7 e £a=0,z,=1 + A(I)EleC’

,Tp Tn=0,z,=1
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This expression consists of a combination of both electrode-averaged and pointwise terms, and
therefore an accuracy of O(C2) cannot be ensured.
We begin by considering the model proposed by Perez et. al. in [15]. Firstly, the electrolyte

flux (40c) is replaced by the expression (after converting to our notation)

zttI
~. L. k =1,
Hel YeLn
Nel’k = —€elD.(1 +Cecé’k) azk n ,5:%7 k=g, forke {n, s, p}. (43)
o)t
%a k =b

Due to the the presence of the nonlinear diffusion coefficient, the electrolyte problem is nonlinear,
while that for the SPMe (40) is linear. Since the other terms are unchanged, this nonlinear form is
also accurate up to O(C2). Equation (43) includes some (but not all) higher-order terms, which in
practice may increase accuracy but this cannot be ensured (there is also a chance it could reduce
accuracy). Secondly, the electrode-averaged concentration overpotential (40m) and the electrode-

averaged electrolyte Ohmic losses (40p) are replaced by their pointwise versions:

1+ Cocl |
=92(1 —+tM)1 _ ~ePla=1 ; 44
e ’zn:(),a:pzl ( ) o <1 + CeCé7P|z:0 ( )
A®gpice|, o, 1 = T (Lo +2Ls + Ly) , (45)

respectively (note that to get (45) we have corrected the sign of the expression in [15]). Here &S is

the dimensionless effective conductivity averaged across the entire cell, with the effective conduc-
tivity defined by k¢ (cex) = €lke(cex). The terminal voltage is then given by (42). Additionally,
(45) requires that xST(cey) ~ ®T throughout the cell. With this assumption, O(C2) accuracy
cannot be ensured for all values of €, €, and €,. Finally, solid-phase Ohmic losses are neglected
and Ohmic losses due to the presence of SEI are included; we shall neglect the SEI terms in our
comparisons, noting that (40) can be easily extended to include them.

The model presented by Prada et. al. [16] also employs (44) for the concentration overpotential.
However, the electrolyte Ohmic losses are taken to be

I ( L, L, L
——< +2 + "), (46)

2 =0,zp=1 2ke \ EFen €lRes efﬁe,p

A(I)Elec
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where

Ly
Ren = / Ke (1 + Cecé,n) dz,
0

1-L,
Kes = / Re (1 + Cec}a,s) dz, (47)
L

n

1
Rep = /17L Ke (1 + Cec;p) dz.

P

~ eff

Whilst (46) does not rely upon the assumption that x¢¥(ce ) ~ &S, its form is still a result of
considering the pointwise electrolyte potential difference instead of the electrode-averaged differ-
ence. In addition to these differences, Prada et. al. [16] take the exchange-current densities 307n
and 30,10 to be constant. In terms of accurately reproducing the results of the DFN model, this
simplification has a clear disadvantage as the reaction overpotentials are strong functions of the
lithium and lithium-ion concentrations.

The model developed by Han et. al [17] is the same as that presented by Prada et. al. [16]
without the additional assumption of constant exchange-current densities. That is, Han et. al. [17]
employ (44) and (46), which are the pointwise concentration overpotential, and electrolyte Ohmic
losses, respectively. Han et. al. [17] note the tendency for their model to over-correct the voltage
when accounting for electrolyte effects. We suspect the use of pointwise terms is the cause.

The model presented by Kemper et. al. [14] is somewhat different to the others we have
discussed. Firstly, the model is presented as a set of ODEs instead of PDEs. These ODEs are
derived by spatially discretizing the underlying PDEs. Whilst this particular discretization may
be useful, we consider this to be a numerical method and not a feature of the model itself. Since
we aim to compare the underlying simplified models directly, we have converted these ODEs back
into PDEs. The resulting PDEs that describe the concentrations in the electrode particles and the
electrolyte, are equivalent to those used in our model. However, the expression for the terminal
voltage is very different and it is not easy to prescribe meaning to each of the individual components;
we have however attempted this. We have converted the voltage from [14] into dimensionless form
and provided details in Appendix C to be clear about the exact model we are comparing. It was
unclear if the components of the voltage correspond to electrode-averaged or pointwise quantities

so we have left this unstated.

6.2 Model comparison

We compare the variations of the SPMe in the literature and our canonical SPMe. For this
section, we use a finite-volume implementation of each of the models implemented in MATLAB

with ODE15s being used for the time integration. We consider a range of constant-current discharge
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rates and then consider the RMS voltage error of each model relative to the DFN model. For each
model, we discretize using 30 points in each electrode, 20 in the separator, and 15 in each particle.
Our results are presented in Figure 7, where we compare the models in [15, 17, 14]. Each version of
the SPMe consists of three parabolic PDESs, one in the negative particle, one in the positive particle,
and one in the electrolyte alongside an algebraic expression for the voltage. As a result, each SPMe
must store 2x 15+ (30+20+30) = 120 states at each time step. Therefore, the memory requirements
of each model are similar. Upon evaluation, each version of the model takes on average 0.07s (the
ODE15s implementation is currently faster than the ScikitsODEs-SUNDIALSs implementation).
We observe that across all discharge rates, our canonical SPMe outperforms the other models
from the literature. In particular, our canonical SPMe is consistently an order of magnitude more
accurate than the models in Perez et. al. [15] and Kemper et. al [14]. Furthermore, at higher
C-rates, the RMS voltage errors in the models from the literature approach being of the order of
0.1V whereas the RMS voltage errors of our SPMe only reach the order of 0.01 V. Additionally, as
we would expect, our model converges to the DFN model solution at a faster rate than the other
models. We attribute the main gains of our model to the consistent electrode-averaged OCPs,

overpotentials, and Ohmic losses in our terminal voltage expression.

1 1 1 1 1

1071 F ~§ | Canonical

= F — _ 3 =3 Perez et. al.
5 , - - M |[iml| 7 |== Hanet. al.
= 107 ¢ M M . J | Kemper et. al.
) F ]
o F ]
E r ]
s 1070
n F ]

107* F |_| 3

I

0.1C 0.5C 1C 2C 3C

Figure 7: Comparison of versions of the SPMe: Canonical (40), Perez et. al. [15], Han et. al. [17],
and Kemper et. al. [14]. The models are compared by considering the RMS voltage error of the
simplified model voltage prediction vs the DFN model (1).

7 Dimensional model summary and conditions for applica-
tion

We now present a summary of our dimensional SPMe alongside the conditions that should be met
for the model to be valid. The purpose of this section is to serve as a reference, which is easily

accessible to those not interested in the full details of the model derivation. For the purpose of this
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section, we will drop the superscript notation, which was used to indicated the asymptotic order of
a variable. Also, to be consistent with the rest of the paper, we employ a superscript * to denote
dimensional quantities. By reapplying our scalings in (2) to (40) and combining the leading- and

first-order equations for the electrolyte concentration, we obtain:

Governing Equations

oct . 1 0 2w o O
T = e (PPN GE) L ke ), (480)
I
FLr° k=n,
oct ONZ
k3 = " g 0, k=s, KkE€ {n, s, p}, (48b)
I* _
I K=D,
gt .
’EF*L* 9 k - n7
*x b ks * 68:,1( tHr*
ek — _EkDe (Ce,typ) or + o k = S, ke {n7 S, p} (48C)
(L*—z*)tT 1~ _
=1, k=D,
Boundary Conditions
oct L 0cky W’;L*; k=n,
aé; =0, - s,k(cs,k) 85;‘ = e ke {nv p}7 (48d)
| e—o [ *
k —_—— k = p
FrarL%) )
enlpizo =05 Neplypeop- =0, (48e)
Cz,n|m*:L,’§ - c:,s|1*:L;‘,7 N:,n a*=Lx - :,s a*=Lx’ (48f)
Coslar=t--Ly = Coplar=r—rys  Neslpeope_ps = Neploeope_ .- (48g)
Initial Conditions
C:,k(r*’ 0) = Clt,o’ ke {nv p}a (48}1)
cZ)k(x*, 0)= Cotypr KE {n, s, p}. (481)
Terminal Voltage
V= ch + 77: + ﬁ: + EElcc + ESolida (48.])
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where

Usa = U (¢hplreens) = Un (il ) - (43K)
2R*T™ I* 2R*T™ I*
= — sinh ™! — — sinh ™' [ ——— |, (481)
B apjopLly £ azjonls
2R*T™
M= (1=t (E, —Cn)s (48m)
F Ce,typ ( P 5 )
- 1 I
jO,n = ﬂ/o mrl(c:,n)l/Q(c;n,max - c:,n)l/Q(C:,n)l/Q dl‘*, (481’1)
L
3* — i m*(c* )1/2(6* —c )1/2(6* )1/2 dz* (480)
0,p L; e p. PSP s,p,max s,p e,p ’
J— I* Lx Lx LY
A = LU R - 48
e =~z (3 6 ) el
——x /Ly L}
Adg)iq = 3 (US + J*> . (48q)
P n

We have provided the conditions that ensure the validity of (48) in Table 6.

If the conditions in Table 6 are met then the model error at a particular time is of size

) (52) (mmere)
max I , " (U*)// (49)
<(DethPF*Crﬁ,max De,typ F* R*T* | k |

where the term |(Uy)”| is the absolute value of the second derivative of the OCP in electrode k.

This term is responsible for the decrease in accuracy when the OCP is significantly nonlinear, as
discussed in Section 5. In situations where transient effects are not important (for example when
the current varies on timescales longer than the electrolyte diffusion timescale), the same degree of
accuracy can be achieved by employing the dimensional equivalent to the SPMe(S); this is achieved

by neglecting the time derivative term in the electrolyte equation (48b).

8 Summary and further work

We have systematically derived simplified mathematical models from the standard DFN model
through the use of asymptotic methods. The leading-order model, the SPM (20) is commonly used
in the control community. By considering higher-order effects, we have extended this model to
develop a canonical SPMe that is more accurate and applicable over a larger range of operating
conditions. The canonical SPMe has been shown to give good agreement with the DFN model
whilst providing dramatic decreases in computational complexity in the form of both reduced
memory requirements and reduced computation time, both of which are highly desirable features

for BMS, parameter estimation, and optimization. We have also shown our version of the SPMe
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be more accurate than the other reduced models of similar computational complexity available
in the literature. A key result of this paper is to identify the requirement of writing the output
voltage expression in terms of the electrode-averaged OCV, overpotentials, and Ohmic losses. This
step has been overlooked in previous literature. Finally, our systematic approach has allowed us
to identify the reasons for discrepancies in the predictions of the SPMe and identify the minimal
extensions required for them to be corrected.

There are a number of possible additional physical mechanisms that are of interest to incor-
porate into a battery model. These include mechanical effects, thermal effects, and degradation
mechanisms. One approach would be to simply introduce these effects in an ad-hoc manner to
existing simple models without consideration of their interactions within the context of a more
complicated model such as the DFN model. However, as demonstrated here, it is important to
derive reduced-order models in a systematic fashion; not doing so can lead to inconsistent terms
and unnecessary loss of accuracy. The approach in this paper can be applied to models that in-
clude additional physical effects, ensuring that the resulting reduced-order models retain the most
important terms to faithfully represent the underlying physics. Further, by conducting asymptotic
analysis, the error introduced in developing simplified models can be properly quantified in terms

of parameter groupings, allowing for the applicability of a model to be determined a-priori.

A Electrolyte constants of integration

0
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B Electrode-averaged quantities
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C Dimensionless voltage from [14]

Although the form of the voltage in [14] is not given explicitly, we assume that it is given by
¢s(0F,t) — (07, ¢) (in their notation), which is the potential difference between the solid-phase
potential evaluated at the positive and negative current collectors. We also note that in [14] current
has been defined in the direction of flow of positive charge (opposite of the convention used here)

so we account for the sign change here. The model in [14] is then taken to be:

\%4 :Ueq + N + Ne + A(I)Eleca (59)
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D Tables

Parameter Units Description Qr QF Qn
€x - Electrolyte volume fraction 0.3 1 0.3
Cf max mol/m? Maximum lithium concentration 2.4983 x 10* - 5.1218 x 10%
oy S/m Solid conductivity 100 - 10
Dgy m?/s Electrode diffusivity 3.9x 10714 - 1x 10713
Ry pm Particle radius 10 - 10
ay pm—t Electrode surface area density 0.18 - 0.15
my (A/m?)(m®/mol)!>  Reaction rate 2x107° - 6 x 1077
L nm Thickness 100 25 100
Ui ver \Y Reference OCP 0.18 - 3.94
o typ mol/m? Typical lithium-ion concentration in electrolyte 1x 10
e typ m?/s Typical electrolyte diffusivity 5.34 x 10710
K typ S/m Typical electrolyte conductivity 1.1
F* C/mol Faraday’s constant 96485
R* J/(mol K) Universal gas constant 8.314472
T K Temperature 298.15
b - Bruggeman coefficient 1.5
t+ - Transference number 0.4
Iy, A/m? Typical current density 24 (1C)

Table 1: Dimensional model parameters with values taken from [27].

Symbol Expression Interpretation Value [s]
T* F*¢h max L /I3, Discharge timescale 2.2598 x 10%/C
o (R;)?/D;, Diffusion timescale in the negative electrode particle  2.5641 x 103
0 (R%)?/D:, Diffusion timescale in the positive electrode particle 1x10°
T (L*)?/D% iy Diffusion timescale in the electrolyte 94.803
T F*/(mfla;’;(c:’typ)lp) Reaction timescale in the negative electrode 847.534
(9 F*/(mbar(ctyp)*/?)  Reaction timescale in the positive electrode 3.3901 x 10%

Table 2: Timescales associated with the physical processes occurring within the battery model.
Here, C is the C-rate.
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Parameter Expression Interpretation n S p

Ly Ly/L* Ratio of region thickness to cell thickness 0.4444 0.1111 0.4444

Cx o /Td Ratio of solid diffusion and discharge 0.1134 C - 0.0442 C
timescales

Crx %/ Ta Ratio of reaction and discharge timescales 0.0375 C - 15¢C

ok (R*T*/F*) (I, L* [o%)) Ratio of thermal voltage and typical Ohmic 475.791/C - 47.5791/C
drop in the solid

ax ay Ry, Product of particle radius and surface area 1.8 - 1.5
density

Vi Cht max/ Ch,max Ratio of maximum lithium concentrations in 1 - 2.0501
solid

Ce T /TE Ratio of electrolyte transport and discharge 419 x1073¢C
timescales

Ye Cotyp/ Chmax Ratio of maximum lithium concentration in 0.04
the negative electrode solid and typical elec-
trolyte concentration

Re (R*T*/F*) | (I}, L*/K%.yp))  Ratio of thermal voltage to the typical Ohmic 5.2337/C
drop in the electrolyte

Ci,0 Ci,o / Clt max Ratio of initial lithium concentration to max- 0.8 - 0.6

imum lithium concentration in solid

Table 3: Typical dimensionless parameter values. Here C = I*/(24 Am~2) is the C-Rate where we
have taken a 1C rate to correspond to a typical z-direction current density of 24 Am~—2. This is for
a cell with an initial stoichiometry of 0.8 in the negative electrode and 0.6 in the positive electrode
with a voltage cutoff of 3.2 V.

0.1C

05C 1C 2C

3C

SPM 1.72mV 9.62mV
SPMe 0.17mV

19.86mV  40.67mV  62.78mV
1.34mV  3.04mV  7.36mV

13.34mV

Table 4: RMS voltage error between the reduced models and the DFN model for the finite-volume
implementation with 30 points in each domain, as discussed in Section 5.

5pts 10 pts 20 pts 30 pts

SPM
SPMe
DFN

024s 025s 034s 041s
0.50s 0.58s 0.56s 0.39s
3.34s 5.10s 1851s 61.36s

Table 5: Average computation time across C-rates (0.1 C, 0.5 C, 1 C, 2 C, 3 C) for the SPM (20),
SPMe (40), and DFN model (1). Here,'n pts’ refers to n points in each domain.
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Parameter combination Required size Interpretation

Co= I3, L* (D} iy p B Chomax) <1 Lithium-ion migration timescale
is small relative to typical dis-
charge timescale

R*T*oy [(F* I3, L) >1 Thermal voltage is large relative
to the typical potential drop in
electrode k
L*) >1 Thermal voltage is large relative

e,typ typ . . .
to the typical potential drop in
the electrolyte

(Ri)20 o/ (DE F ey naxL*) < 1/Ce Solid diffusion occurs on a
shorter or similar timescale to a
discharge

Lo/ (M ai (ch iy )20 max L) < 1/Ce Reactions occur on a shorter or

similar timescale to a discharge

Table 6: The key conditions to be satisfied for the application of (48). In addition, it is required
that Cc < Ly /L* < 1/Ce, Ce K Cpmax/Cnymax K 1/Ce, and Ce < Ce typ/Cnmax < 1/Ce, which are
true in practical situations.
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