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Abstract

We define a complex of bimodules over the Iwahori—-Hecke algebra associated to a finite Coxeter
group, calculate its cohomology and show that it induces a derived equivalence over its module
category extending the Morita equivalence given by a certain algebra automorphism. We show further
that when tensored with the index representation this complex becomes isomorphic to the one-sided
g-analogue of the Coxeter complex previously defined by V. Deodhar [On some geometric aspects
of Bruhat orderings. Il. The parabolic analogue of Kazhdan—Lusztig polynomials, J. Algebra 111 (2)
(1987) 483-506] and A. Mathas [f-analogue of the Coxeter complex, J. Algebra 164 (3) (1994)
831-848].

0 2005 Elsevier Inc. All rights reserved.

Let (W, S) be a finite Coxeter system, I& be a unitary commutative ring and let
q € R*. Let’H be thelwahori—Hecke algebra of (W, §) over R with parametey; that is,
‘H is the freeR-module with basi§7T,, | w € W} and multiplication given by

Tsw if £(sw) > £(w),

IiTy = { .
4Ty + (g = DT, if Lisw) < E(w)
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for s € S, w € W and wheret is the usual length function oW . We fix a total order
S={s; | 1<i <|S|} on the setS. For every subset c S let W; be the subgroup oW
generated by (with the conventiorW; = 1) and letH; be the parabolic subalgebrahf
having asR-basis the se{T,, | w € W;}; this algebra is isomorphic in the obvious way to
the lwahori—Hecke algebra ¢W,, I) over R with parametey. The?H-moduleR endowed
with the actionT,,.A» = g™ for w € W anda € R is called théndex representation of .

Given anR-algebraA and an algebra automorphismof A, we write, A for the A-A-
bimodule with the regular right action given by multiplicationdrand the left action given
bya.a’ =a(a)a’,fora,a’ € A. We denote byl-mod the category of finitely generated left
A-modules and byp”(A-mod) the bounded derived category 4fmod.

Definition. Let D be the cochain complex @{-H-bimodules concentrated in degrees 0 to
|S| defined by setting

D"= P Hew, H

IcS
[I|=n

for 0 < n < |S|, with differentiald” : D* — D"+ given, for any integen such that 0<
n < |S|, by

d"= Z Z (=D 7r 104s1)

ICS sieS\I
1]

=n

wherer; ;. H ®%, H — H ®%, H is the canonical surjective homomorphismyefH-
bimodules, for any subsefs J of S such that/ c J.

Equivalently, D is the cochain complex associated with the coefficient system on the
simplicial complex of subsets ¢f sending a subsdtof S to H ®7¢, 7 and the inclusion
I C J to the canonical map;, ;. One checks easily that't1 o d" = 0. Note thatD° =
H®g HandD!S = H.

Theorem 1. Let « be the algebra automorphism of H sending 7, to (—q)*)(T,,-1)~* for
all w € W. The complex D has cohomology concentrated in degree zero, isomor phic to the
H-H-bimodule , . In particular, the functor D ®7; — : D" (H-mod) — D" (H-mod) isan
equivalence of categories which extends the Morita equivalence on H-mod given by the
automorphism .

Corollary. For any H-module M the complex D ®+; M has cohomology concentrated in
degree 0 isomorphic to , M.

An equivalent result to the above theorem has independently been obtained by Parshall
and Scott [PS, 3.4]. Following [lw, 5.4] the automorphigrof H has first been considered
by O. Goldmann.
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TensoringD by the index representation yields theanalogueC, of the Coxeter com-
plex defined by Deodhar in [Deo] and by Mathas in [Mal]:

Theorem 2. Thereisan isomorphism of complexes of left 7-modules D @3, R = C,,.

There are several reasons to think that the derived equivalence in Theorem 1 should
in fact be a homotopy equivalence. kpe= 1 the complexC, is isomorphic to the Cox-
eter complexC of RW-modules, and the comple® is isomorphic to the “diagonally
induced” Coxeter complex a® W-RW-bimodules Ind’;s" (C) (see, e.g., [LS]), of which
it is known that it induces a homotopy equivalence (consequence of [Ril, §8]). Further-
more, the complexD and the complexXX inducing the Alvis—Curtis duality defined for
example by M.Cabanes and J.Rickard in [CaRi] are shown in [Sch, 4.5.2] to be related via
the Schur functor. Since one expetso induce a homotopy equivalence [CaRi, 5.2] one
should certainly also expeé to induce a homotopy equivalence.

Conjecture. The functor D ®7 —: K’ (H-mod) — K" (H-mod) is an equivalence of cate-
gories.

For J a subset of, we denote by W the full set of left coset representativesigf W,
given by allw in W such that for alls in J, £(ws) > £(w). In particular, the elements of
/W are the unique elements of minimal length in their coset. Therefore whenever we have
for w € W thatw = xv with x € / W andv € W, thent(w) = £(x) + £(v). Let wg be the
longest element ifV. In order to prove Theorem 1 we need the following lemma.

Lemma. For any w € W we have TonwTuTol =T _1; in particular the R-linear map
0

woww,
on Hy sending T, to Two wgt isan inner algebra automor phism of Hyy .

w

Proof. We will show thatT,,,T,, = TwowwalTwO by induction overt(w). If s € S then
Tons = quos +(q — l)Two =qT, + (g — 1)Two =T

(woswg Hwo woswg
with s € § and ¢£(w’) < £(w) then by the above calculation and by induction we get

TuwoTw = TuoTuw Ty = T 1Ty =T 1T gt Two = Tyt Tuo- The last

wow' wy wow'wy ~ T woswy woww,

1Ty, If w=w's

equality holds sincé(wowwg ) = £(wow'wy ) + L(woswy 1) The result follows. o

Proof of Theorem 1. By shifting and renumbering the terms we view the augmented
Coxeter complexC associated to the finite Coxeter gro(§y, S) as a cochain complex
concentrated in degrees 0|f). Therefore the degreecomponentC” of C is equal to the
direct sum of the permutation modul®@§W/W;], wherel runs over the set of subsets of
S such that/| = n (see, for example, [Hu, 1.15]). In particular, the degree 0 component of
C is the regularR W-module RW. It is well known thatC has cohomology concentrated
in degree 0, isomorphic to the sign representatioiof

We denote byC the subcomplex of, which in all positive degrees coincides with
and whose degree 0 term is tResubmodule ofRW with basisW — {wg}. ThenC is an
acyclic complex ofR-modules.
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The complexC is known to have a filtration by acyclic subcompleié@) defined for
any positive integep as follows: the degree component of‘(p) is the direct sum, taken
over all subsetg c S such thati/| = n, of the R-submodule ofR[W/W,] generated by
the cosetsw W; such thatt(w) < p.

Let I be a subset of, the setixW; | x € W} is an R-basis of R[W/W;], and recall
that the set of tensofd, ® Ty, | x € /W, w € W} is an R-basis ofH ®n, H. Thus there
is a unigue isomorphism of right{-modules

RIW/ W ®r H=H @y, H

sendingxW; ® T, to Ty ® Ty, Wherex € /W andw € W. Taking the direct sum over
the set of subsets df of these isomorphisms yields an isomorphism of graded fight
modules

n: C®rH=D.

This graded map is not in general compatible with the differentials, so this is not an isomor-
phism of complexes, in general. But if we $@t=(C ® H) and D, = n(C(,) ®r H),

it is nevertheless obvious th@ and D, are subcomplexes of righit-modules ofD.
Thenn induces graded isomorphisms between subsequent quotients on both sides,

(Cipy ®r H)/(Cp—1) ®r H) = D)/ Dp-1 (1)

for any positive integep. The crucial point here is to observe that this is actually now an
isomorphism of complexes. To see the compatibility with the differentials of the quotient
complexes, we apply exactly the argument Mathas used in formula (2.3) in [Ma] combined
with Remark 2.8 in that paper: consider subsets J C § such that/| + 1= |J|. Let

x € 'W such that(x) = p and letw € W. We distinguish then two casesuife / W then

the isomorphism in (1) commutes with the induced differentials because in this case the
elementl, ® T, is also a basis element &f ®4;, H. If x is not in JW thenx = yv for
somey € /W and somev € W, which implies that’(y) < £(x) = p. ThusxW; @ T,
belongs to the subcompleﬁq,,_b ®r H, and similarly, the image of W; @ T, in H ®7,

H belongs to the subcompleX,—1).

This means thaD is filtered by subcomplexes such that subsequent quotients of this
filtration are acyclic. By a standard long exact cohomology sequence argument it follows
that the complexD is acyclic.

The quotient comple® /D is concentrated in degree 0, its degree O ter®-fsee and
has as a basis the 46%,, ® T\, | w € W} and thus is isomorphic t& as a right/{-module.
Therefore, the cohomology db is concentrated in degree 0 and is isomorphié{tas a
right H-module.

In order to calculate thé(--bimodule structure oH°(D), letg : H — H°(D) be the
isomorphism of righ#{-modules such that

O(T) =Tug® Ty + Y Tx ® hy(w)

xeWqp
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for some uniquely determined elementsw) € H, whereW; is the subset of¥ of all
elementsc such that(x) < £(wg) — i for 0 <i < £(wp). We can rewritep(Ty,) in terms
of wo, S and Wy:

O0(Ty) =Ty @ Ty + Z Twgs @ hugs (W) + Z T; ® hy(w). (2

seS xeW;

Since the complexD is concentrated in degrees 0|t} and the cohomology ob is
concentrated in degree @(T,,) is in the kernel of the differential®. Fors € S, denote by
dy the component of® whose image is ift{ ®%, H. We observe next that for alt € W,
we have

hwos (w) = —=T;Ty. (3
Indeed, ifx € W andh € H, we write the image of; ® & in the direct sum decomposition

HeyH= @ Ty®H
yelslw

asT, ® h if x e YW and asT}, ® T,k otherwise. Then

dy(9(T)) = Tugs ® Ts Ty + Tugs ® hugs (W) + Y Tugrs @ Tohugr (w)
tes, t#s

+ ) Te®@hw)+ Y T ®Tih(w)
xeWo,Nstw xeWo\lw

sincewots € ¥'W whent # s in S. Equation (3) is then a consequence of the direct sum
decomposition above and the fact thatfan W \ )W the elemenks is in W3.

In order to calculate the left action f on H%(D) we make further use of the iso-
morphismg. Let r € § andw € W. We denote the left action of an elemehton an
elementy(T,) of H(D) by T,.¢(T,,). More precisely, since we would like to calculate
the left action ofH on H%(D) we have to considep=1(7;.¢(T},)). Thus if T,.¢(Ty) =
Y wew Tw ® hy, we only consider the value d@f,, corresponding td,,. Using the de-
composition in (2) we must calculate the different terms of

T 9(Tw) =Ty Tug ® Ty + Y Ti-Tugs ® hugs(w) + Y T.Te ®he(w).  (4)

ses xeWs

By definition of the multiplication irf{ we have

Tl~ng T, :thwo ®Ty+ (g — 1)Two Ty
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and only the termig — 1)T,,,, ® T, is going to contribute. For the middle term of Eq. (4),
we obtain fors € S

Ttwos ® hwos(w) if £(twos) > £(wos),
Tt~Twos (24 hwos(w) = .

(quwos + (g — 1)Twos) 02y hwos (w) if £(twos) < £(wos),
but £(rwos) > £(wos) implies thatrwos = wo and thereforel;,,,s = Tyyo. Thus the only
term we need to consider is the tefinT,,» ® h,,, (w) wheret’ is the unique element in
S such thatwaltwo =t'. Thereforet’ is the image of by the automorphism o given
by conjugation withwg. It now follows by the preceding paragraph that

Ty Tgs ® hugs (W) = Ty ® h (W)= =Ty ®T, 1Ty

wo(wolwy wotwg

The elements of the for;.T, ® h,(w) with x € W» of the third term in Eq. (4) are not
going to contribute to thg{-H-bimodule structure, since for allke S, wo ¢ t W>.
Finally we have obtained

¢ Tp(Tw) = (@ = DT =T, 1) T
and sincex(T;) = —q(T;) "1 = (¢ — 1)T1 — T; it follows from the lemma that
¢ HT1-0(Tw)) = Tuo (T;) (Tug) Ty

That is, HO(D) = sH asH-H-bimodule, wheres is the algebra automorphism obtained
by composingy with the inner automorphism given by conjugation®yy,. Thusg’H = ,H
and finally HO(D) = ,H.

We are now able to prove the last part of the theorem: shidée a symmetric algebra
and all the terms oD are finitely generated and projective as left and righodules,
by [Ri2] all we need to show is that

Dy D'=H and DY®y D=H

in the derived category df{-H-bimodules, whereD" denotes theR-linear dual of D.
However, since the cohomology @f is concentrated in degree 0, where it is isomorphic
to H, D is exact in every positive degree. Since the differentiél 1 is surjective ontd+,

its image is projective as a rigii{-module. Therefore the short exact sequences of right
‘H-modules

0— Ker(d*) — D¥ — Im(d*) — 0

are split for allk > 0. Thus the cyclesZz*(D) and the boundarie®*(D) are pro-
jective as rightH-modules. Therefore by the Kinneth formuld*(D ®4 DY) =
H*(D) ®y H*(DY). Since HO(D) = ,H and H*(DV) = HO(DY) = (H)" = H, we
obtain H*(D) @ H*(DY) = 4 H ®1 He = «'He. This implies the first isomorphism
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since, Hy = H asH-H-bimodules. The second isomorphism is obtained in the same way
by considering left instead of rigfi{-modules. O

Proof of Theorem 2. Let
G=—Q® R:(H®r H*)-mod— H-mod

be the functor induced by tensoring with the index representatigh &ince for/ c S the
terms ofD are direct sums of th&-H-bimodulesH ®7, H and the terms of , are direct
sums ofH{-modules of the fornH ®3, R, the terms of the comple& (D) = D ® R are
isomorphic as left{-modules to the terms af,,.

In order to show that the differentials coincide we have to show that for/ C S the
mapsG (mr;, ;) induce the differential o€, . But if T, ® T, € H ®7¢, H then its canonical
image inH ®7, R is equal toT, ® g™ and similarly the canonical image of_; (7, ®
Ty) =T, ® Ty € H®, H N H®7, Risequal toG(; ))(Ty ® ¢*P) =T, ® ¢*® and
thusG (zr;, ;) clearly induces the differential @f,. O
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