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Abstract

We define a complex of bimodules over the Iwahori–Hecke algebra associated to a finite C
group, calculate its cohomology and show that it induces a derived equivalence over its m
category extending the Morita equivalence given by a certain algebra automorphism. We show
that when tensored with the index representation this complex becomes isomorphic to the on
q-analogue of the Coxeter complex previously defined by V. Deodhar [On some geometric a
of Bruhat orderings. II. The parabolic analogue of Kazhdan–Lusztig polynomials, J. Algebra 1
(1987) 483–506] and A. Mathas [Aq-analogue of the Coxeter complex, J. Algebra 164 (3) (19
831–848].
 2005 Elsevier Inc. All rights reserved.

Let (W,S) be a finite Coxeter system, letR be a unitary commutative ring and l
q ∈ R×. LetH be theIwahori–Hecke algebra of (W,S) overR with parameterq; that is,
H is the freeR-module with basis{Tw | w ∈ W } and multiplication given by

TsTw =
{

Tsw if �(sw) > �(w),

qTsw + (q − 1)Tw if �(sw) < �(w)
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for s ∈ S, w ∈ W and where� is the usual length function onW . We fix a total order
S = {si | 1 � i � |S|} on the setS. For every subsetI ⊂ S let WI be the subgroup ofW
generated byI (with the conventionW∅ = 1) and letHI be the parabolic subalgebra ofH
having asR-basis the set{Tw | w ∈ WI }; this algebra is isomorphic in the obvious way
the Iwahori–Hecke algebra of(WI , I ) overR with parameterq. TheH-moduleR endowed
with the actionTw.λ = q�(w)λ for w ∈ W andλ ∈ R is called theindex representation of H.

Given anR-algebraA and an algebra automorphismα of A, we writeαA for theA-A-
bimodule with the regular right action given by multiplication inA and the left action given
by a.a′ = α(a)a′, for a, a′ ∈ A. We denote byA-mod the category of finitely generated le
A-modules and byD�(A-mod) the bounded derived category ofA-mod.

Definition. Let D be the cochain complex ofH-H-bimodules concentrated in degrees 0
|S| defined by setting

Dn =
⊕
I⊂S|I |=n

H⊗HI
H

for 0 � n � |S|, with differentialdn :Dn → Dn+1 given, for any integern such that 0�
n < |S|, by

dn =
∑
I⊂S|I |=n

∑
si∈S\I

(−1)iπI,I∪{si }

whereπI,J :H ⊗HI
H → H ⊗HJ

H is the canonical surjective homomorphism ofH-H-
bimodules, for any subsetsI , J of S such thatI ⊂ J .

Equivalently,D is the cochain complex associated with the coefficient system o
simplicial complex of subsets ofS sending a subsetI of S to H ⊗HI

H and the inclusion
I ⊂ J to the canonical mapπI,J . One checks easily thatdn+1 ◦ dn = 0. Note thatD0 =
H⊗R H andD|S| = H.

Theorem 1. Let α be the algebra automorphism of H sending Tw to (−q)�(w)(Tw−1)−1 for
all w ∈ W . The complex D has cohomology concentrated in degree zero, isomorphic to the
H-H-bimodule αH. In particular, the functor D ⊗H − :D�(H-mod) →D�(H-mod) is an
equivalence of categories which extends the Morita equivalence on H-mod given by the
automorphism α.

Corollary. For any H-module M the complex D ⊗H M has cohomology concentrated in
degree 0 isomorphic to αM .

An equivalent result to the above theorem has independently been obtained by P
and Scott [PS, 3.4]. Following [Iw, 5.4] the automorphismα of H has first been considere

by O. Goldmann.
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TensoringD by the index representation yields theq-analogueCq of the Coxeter com
plex defined by Deodhar in [Deo] and by Mathas in [Ma]:

Theorem 2. There is an isomorphism of complexes of left H-modules D ⊗H R ∼= Cq .

There are several reasons to think that the derived equivalence in Theorem 1
in fact be a homotopy equivalence. Forq = 1 the complexCq is isomorphic to the Cox
eter complexC of RW -modules, and the complexD is isomorphic to the “diagonally
induced” Coxeter complex ofRW -RW -bimodules IndW×W

�W (C) (see, e.g., [LS]), of which
it is known that it induces a homotopy equivalence (consequence of [Ri1, §8]). Fu
more, the complexD and the complexX inducing the Alvis–Curtis duality defined fo
example by M.Cabanes and J.Rickard in [CaRi] are shown in [Sch, 4.5.2] to be relat
the Schur functor. Since one expectsX to induce a homotopy equivalence [CaRi, 5.2] o
should certainly also expectD to induce a homotopy equivalence.

Conjecture. The functor D ⊗H − :K�(H-mod) → K�(H-mod) is an equivalence of cate-
gories.

ForJ a subset ofS, we denote byJ W the full set of left coset representatives ofW/WJ

given by allw in W such that for alls in J , �(ws) > �(w). In particular, the elements o
J W are the unique elements of minimal length in their coset. Therefore whenever we
for w ∈ W thatw = xv with x ∈ J W andv ∈ WJ then�(w) = �(x) + �(v). Let w0 be the
longest element inW . In order to prove Theorem 1 we need the following lemma.

Lemma. For any w ∈ W we have Tw0TwT −1
w0

= T
w0ww−1

0
; in particular the R-linear map

on HW sending Tw to T
w0ww−1

0
is an inner algebra automorphism of HW .

Proof. We will show thatTw0Tw = T
w0ww−1

0
Tw0 by induction over�(w). If s ∈ S then

Tw0Ts = qTw0s + (q − 1)Tw0 = qT
(w0sw

−1
0 )w0

+ (q − 1)Tw0 = T
w0sw

−1
0

Tw0. If w = w′s
with s ∈ S and �(w′) < �(w) then by the above calculation and by induction we
Tw0Tw = Tw0Tw′Ts = T

w0w
′w−1

0
Tw0Ts = T

w0w
′w−1

0
T

w0sw
−1
0

Tw0 = T
w0ww−1

0
Tw0. The last

equality holds since�(w0ww−1
0 ) = �(w0w

′w−1
0 ) + �(w0sw

−1
0 ). The result follows. �

Proof of Theorem 1. By shifting and renumbering the terms we view the augmen
Coxeter complexC associated to the finite Coxeter group(W,S) as a cochain comple
concentrated in degrees 0 to|S|. Therefore the degreen componentCn of C is equal to the
direct sum of the permutation modulesR[W/WI ], whereI runs over the set of subsets
S such that|I | = n (see, for example, [Hu, 1.15]). In particular, the degree 0 compone
C is the regularRW -moduleRW . It is well known thatC has cohomology concentrate
in degree 0, isomorphic to the sign representation ofW .

We denote byC̃ the subcomplex ofC, which in all positive degrees coincides withC,
and whose degree 0 term is theR-submodule ofRW with basisW − {w0}. ThenC̃ is an

acyclic complex ofR-modules.
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The complexC̃ is known to have a filtration by acyclic subcomplexesC̃(p) defined for
any positive integerp as follows: the degreen component ofC̃(p) is the direct sum, take
over all subsetsI ⊂ S such that|I | = n, of theR-submodule ofR[W/WI ] generated by
the cosetswWI such that�(w) � p.

Let I be a subset ofS, the set{xWI | x ∈ IW } is anR-basis ofR[W/WI ], and recall
that the set of tensors{Tx ⊗ Tw | x ∈ IW, w ∈ W } is anR-basis ofH ⊗HI

H. Thus there
is a unique isomorphism of rightH-modules

R[W/WI ] ⊗R H ∼= H⊗HI
H

sendingxWI ⊗ Tw to Tx ⊗ Tw, wherex ∈ IW andw ∈ W . Taking the direct sum ove
the set of subsets ofS of these isomorphisms yields an isomorphism of graded righH-
modules

η: C ⊗R H ∼= D.

This graded map is not in general compatible with the differentials, so this is not an is
phism of complexes, in general. But if we setD̃ = η(C̃ ⊗R H) andD̃(p) = η(C̃(p) ⊗R H),
it is nevertheless obvious that̃D and D̃(p) are subcomplexes of rightH-modules ofD.
Thenη induces graded isomorphisms between subsequent quotients on both sides,

(
C̃(p) ⊗R H

)
/
(
C̃(p−1) ⊗R H

) ∼= D̃(p)/D̃(p−1) (1)

for any positive integerp. The crucial point here is to observe that this is actually now
isomorphism of complexes. To see the compatibility with the differentials of the quo
complexes, we apply exactly the argument Mathas used in formula (2.3) in [Ma] com
with Remark 2.8 in that paper: consider subsetsI ⊂ J ⊂ S such that|I | + 1 = |J |. Let
x ∈ IW such that�(x) = p and letw ∈ W . We distinguish then two cases: ifx ∈ J W then
the isomorphism in (1) commutes with the induced differentials because in this ca
elementTx ⊗ Tw is also a basis element ofH ⊗HJ

H. If x is not in J W thenx = yv for
somey ∈ J W and somev ∈ WJ , which implies that�(y) < �(x) = p. ThusxWI ⊗ Tw

belongs to the subcomplex̃C(p−1) ⊗R H, and similarly, the image ofxWI ⊗ Tw in H⊗HI

H belongs to the subcomplex̃D(p−1).
This means that̃D is filtered by subcomplexes such that subsequent quotients o

filtration are acyclic. By a standard long exact cohomology sequence argument it fo
that the complexD̃ is acyclic.

The quotient complexD/D̃ is concentrated in degree 0, its degree 0 term isR-free and
has as a basis the set{Tw0 ⊗Tw | w ∈ W } and thus is isomorphic toH as a rightH-module.
Therefore, the cohomology ofD is concentrated in degree 0 and is isomorphic toH as a
right H-module.

In order to calculate theH-H-bimodule structure ofH 0(D), let ϕ :H → H 0(D) be the
isomorphism of rightH-modules such that

ϕ(Tw) = Tw0 ⊗ Tw +
∑

Tx ⊗ hx(w)
x∈W1
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for some uniquely determined elementshx(w) ∈ H, whereWi is the subset ofW of all
elementsx such that�(x) � �(w0) − i for 0 � i � �(w0). We can rewriteϕ(Tw) in terms
of w0, S andW2:

ϕ(Tw) = Tw0 ⊗ Tw +
∑
s∈S

Tw0s ⊗ hw0s(w) +
∑
x∈W2

Tx ⊗ hx(w). (2)

Since the complexD is concentrated in degrees 0 to|S| and the cohomology ofD is
concentrated in degree 0,ϕ(Tw) is in the kernel of the differentiald0. Fors ∈ S, denote by
ds the component ofd0 whose image is inH⊗H{s} H. We observe next that for allw ∈ W ,
we have

hw0s(w) = −TsTw. (3)

Indeed, ifx ∈ W andh ∈H, we write the image ofTx ⊗h in the direct sum decompositio

H⊗Hs
H =

⊕
y∈{s}W

Ty ⊗H

asTx ⊗ h if x ∈ {s}W and asTxs ⊗ Tsh otherwise. Then

ds

(
ϕ(Tw)

) = Tw0s ⊗ TsTw + Tw0s ⊗ hw0s(w) +
∑

t∈S, t �=s

Tw0ts ⊗ Tshw0t (w)

+
∑

x∈W2∩{s}W
Tx ⊗ hx(w) +

∑
x∈W2\{s}W

Txs ⊗ Tshx(w)

sincew0ts ∈ {s}W whent �= s in S. Equation (3) is then a consequence of the direct
decomposition above and the fact that forx in W2 \ {s}W the elementxs is in W3.

In order to calculate the left action ofH on H 0(D) we make further use of the iso
morphismϕ. Let t ∈ S and w ∈ W . We denote the left action of an elementTt on an
elementϕ(Tw) of H 0(D) by Tt .ϕ(Tw). More precisely, since we would like to calcula
the left action ofH on H 0(D) we have to considerϕ−1(Tt .ϕ(Tw)). Thus if Tt .ϕ(Tw) =∑

w∈W Tw ⊗ hw we only consider the value ofhw0 corresponding toTw0. Using the de-
composition in (2) we must calculate the different terms of

Tt .ϕ(Tw) = Tt .Tw0 ⊗ Tw +
∑
s∈S

Tt .Tw0s ⊗ hw0s(w) +
∑
x∈W2

Tt .Tx ⊗ hx(w). (4)

By definition of the multiplication inH we have
Tt .Tw0 ⊗ Tw = qTtw0 ⊗ Tw + (q − 1)Tw0 ⊗ Tw
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and only the term(q − 1)Tw0 ⊗ Tw is going to contribute. For the middle term of Eq. (
we obtain fors ∈ S

Tt .Tw0s ⊗ hw0s(w) =
{

Ttw0s ⊗ hw0s(w) if �(tw0s) > �(w0s),

(qTtw0s + (q − 1)Tw0s) ⊗ hw0s(w) if �(tw0s) < �(w0s),

but �(tw0s) > �(w0s) implies thattw0s = w0 and thereforeTtw0s = Tw0. Thus the only
term we need to consider is the termTt .Tw0t

′ ⊗ hw0t
′(w) wheret ′ is the unique element i

S such thatw−1
0 tw0 = t ′. Thereforet ′ is the image oft by the automorphism ofW given

by conjugation withw0. It now follows by the preceding paragraph that

Tt .Tw0s ⊗ hw0s(w) = Tw0 ⊗ h
w0(w0tw

−1
0 )

(w) = −Tw0 ⊗ T
w0tw

−1
0

Tw.

The elements of the formTt .Tx ⊗ hx(w) with x ∈ W2 of the third term in Eq. (4) are no
going to contribute to theH-H-bimodule structure, since for allt ∈ S, w0 /∈ tW2.

Finally we have obtained

ϕ−1(Tt .ϕ(Tw)
) = (

(q − 1)T1 − T
w0tw

−1
0

)
Tw

and sinceα(Tt ) = −q(Tt )
−1 = (q − 1)T1 − Tt it follows from the lemma that

ϕ−1(Tt .ϕ(Tw)
) = Tw0α(Tt )(Tw0)

−1Tw.

That is,H 0(D) ∼= βH asH-H-bimodule, whereβ is the algebra automorphism obtain
by composingα with the inner automorphism given by conjugation byTw0. ThusβH ∼= αH
and finallyH 0(D) ∼= αH.

We are now able to prove the last part of the theorem: sinceH is a symmetric algebr
and all the terms ofD are finitely generated and projective as left and rightH-modules,
by [Ri2] all we need to show is that

D ⊗H D∨ ∼= H and D∨ ⊗H D ∼= H

in the derived category ofH-H-bimodules, whereD∨ denotes theR-linear dual ofD.
However, since the cohomology ofD is concentrated in degree 0, where it is isomorp
toH, D is exact in every positive degree. Since the differentiald |S|−1 is surjective ontoH,
its image is projective as a rightH-module. Therefore the short exact sequences of r
H-modules

0→ Ker
(
dk

) → Dk → Im
(
dk

) → 0

are split for all k > 0. Thus the cyclesZ∗(D) and the boundariesB∗(D) are pro-
jective as rightH-modules. Therefore by the Künneth formulaH ∗(D ⊗H D∨) ∼=
H ∗(D) ⊗H H ∗(D∨). SinceH 0(D) ∼= αH andH ∗(D∨) = H 0(D∨) ∼= (αH)∨ ∼= Hα we

obtain H ∗(D) ⊗H H ∗(D∨) ∼= αH ⊗H Hα

∼= αHα . This implies the first isomorphism
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sinceαHα
∼= H asH-H-bimodules. The second isomorphism is obtained in the same

by considering left instead of rightH-modules. �
Proof of Theorem 2. Let

G = − ⊗H R : (H⊗R H◦)-mod→H-mod

be the functor induced by tensoring with the index representation ofH. Since forI ⊂ S the
terms ofD are direct sums of theH-H-bimodulesH⊗HI

H and the terms ofCq are direct
sums ofH-modules of the formH⊗HI

R, the terms of the complexG(D) = D ⊗H R are
isomorphic as leftH-modules to the terms ofCq .

In order to show that the differentials coincide we have to show that forI ⊂ J ⊂ S the
mapsG(πI,J ) induce the differential ofCq . But if Tx ⊗ Ty ∈ H⊗HI

H then its canonica
image inH ⊗HI

R is equal toTx ⊗ q�(y) and similarly the canonical image ofπI,J (Tx ⊗
Ty) = Tx ⊗ Ty ∈ H⊗HJ

H in H⊗HJ
R is equal toG(πI,J )(Tx ⊗ q�(y)) = Tx ⊗ q�(y) and

thusG(πI,J ) clearly induces the differential ofCq . �
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