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Abstract

Membrane filtration is used in a variety of industries, including water treatment and

the food industry. Membrane systems include microfiltration and reverse osmosis processes.

Membranes used in reverse osmosis are nonporous or pores at 0.2-2 A. This work will focus

on mechanical microfiltration. These filtration systems suffer from an accumulation of the

rejected material near the membrane surface. This causes additional resistance to the flow

through the membrane (flux), resulting in a decline in the performance of the system.

Sparging gas bubbles into the mixture has been shown to improve performance. The

flow field promotes the transport of material away from the membrane surface and into the

bulk. The goal is to predict the sparging that will achieve the maximum flux. Existing flux

prediction models often assume steady shear at the membrane surface but in bubbling regimes

the shear stresses are unsteady.

In this thesis a model is developed to calculate the flux based not solely on shear but on

the behaviour and resistance of suspended particles in a gas-liquid flow field. The bubble

shape and flow field is calculated using computation fluid dynamics (CFD). The flow around

a bubble in gap between two parallel flat sheet membranes is investigated. The calculated

bubble shape correlates well with the results seen in experiments. The bubble rise velocity

with respect to gap width is shown to transition between that expected in the literature for

extended flow for large gap widths and that for a two dimensional case for smaller gap widths.

The transitional region however, does not behave as may be expected. The rise velocity does

not monotonically decrease as the gap width is reduced.

The particle concentration is found by the solution of the convection-diffusion equation,

where the convection velocity terms are given by the results of the CFD calculation. The

permeate flux is then calculated using a resistance model giving the enhancement due to the

bubble. The model is also applied to single phase crossflow. As the shear stresses are steady

in this single-phase flow regime, established membrane shear linked mass-transfer coefficient

methods can be employed. Good agreement is found between the model and theory.

The flux results obtained when the model is applied to the flow around the bubble show a

peak in performance with respect to the gap between the membranes for a given bubble vol-

ume. The optimal flux enhancement is found to correlate well with the bubble size compared

to the flow area. The results show a bubble width of around 60% of the flow width provides

the best flux performance.
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1 Introduction

1.1 Membrane Bioreactors

One of the principal applications for membrane filtration is in the treatment of water using

Membrane Bioreactors (MBR). Wastewater treatment includes physical, chemical and bio-

logical methods. Physical methods include clarification (sedimentation), where gravitational

action on suspended solids causes the separation between clarified liquid and heavier solids,

and filtration where wastewater is passed through a separating medium. Biological methods

employ microorganisms (bacteria) which help convert the waste into useful end products. This

can occur aerobically or anaerobically. Aerobic systems have higher energy costs in adding

the gas, but aid bacterial growth rate. Membrane bioreactors combine biological methods

with physical (membrane filtration). This has the advantage of combining the benefits of the

microorganisms in the bioreactor with the separating membrane which can be more effective

than clarifiers. The aerobic membrane bioreactors bubbling has been shown to enhance the

filtration properties when the membrane is submerged in the bioreactor. The bubbling satis-

fies both aeration requirements and aids fouling reduction. However, control of this method

requires quantitative work to optimise the design to increase efficiency and save energy costs.

Membrane bioreactors suffer from a reduction in permeate flux due to the influence of the

separated material at the membrane surface [13, 14]. The are two mechanisms to consider,

concentration polarisation and fouling. Fouling is the process where the separated material

interferes with the filtration properties of the membrane, changing its charecteristics by, for

example, pore blocking which causes a reduction in flux. Concentration polarisation is the

difference in concentration between the permeate and feed side. In this work concentration

polarisation refers to the build up of the particle phase between the bulk and the membrane.

This causes an increase in resistance due to the drag the particle phase exerts on the flow

towards the membrane. To maintain a given flux therefore requires a higher applied pressure

across the membrane which increases the energy demand of the system. Gas-liquid two-

phase flow at the membrane surface has been shown to reduce the loss of flux due to these

impediments [15, 16]. The induced secondary flow disrupts the concentration polarisation

boundary layer and fouling. Other methods of fouling control include using spacers to promote

heat and mass transfer due to mixing as the liquid flows around them [17, 18]. Changing
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the direction of applied pressure by backwashing and pulsatile flow creates fluctuations which

disrupt the concentration polarisation, aiding flux.

Methods to explain the hydrodynamic effect of the bubbling include experimental, numer-

ical, and theoretical. Computational Fluid Dynamics (CFD) provides a rigorous numerical

top down method using the governing equations for the flow. This enables the collection of

quantitative data which informs the system design. The key properties to be measured from

the bubbling are the shear at the membrane surface and the flow field around the bubble.

Difficulties in using a shear based method include connecting the flow conditions to the flux

and correlating this with experimental data. The resultant wall shear calculated by this

method has been linked to the flux by use of the mass transfer to heat transfer analogy.

1.1.1 Membrane Types

Membranes can be classed by their geometry, operating method and the material they are

separating. The principal membrane shapes are flat-sheet plate and frame, and hollow fibre,

employing planar and cylindrical geometries respectively. Judd [19] compares flat sheet and

hollow fibre types of submerged membrane bioreactors. The hydrodynamic conditions are

less easily controlled in hollow fibre systems which leads to more fouling compared to flat

sheet membranes. The Kubota flat sheet membranes are more expensive and cannot be

backflushed, requiring low transmembrane pressure to stay below the critical flux [19]. The

backflushing of the hollow fibre membranes requires 25% of the product water. Flat sheets

can also be wound into cylindrical shapes creating spiral–wound membranes, but this type is

not used for waste water treatment.

Membranes are also classified by the size of material they are separating. Microfiltration

membranes are used to separate relatively large particles using pore sizes of 80–10,000 nm.

Nanofiltration membranes separate solutes of diameter 5–100 nm. These smaller particles

diffuse away from the membrane surface more slowly resulting in higher concentration build-

up at the wall, making these membranes more susceptible to concentration polarisation.

Unlike nanofiltration which only rejects multivalent ions, reverse osmosis membranes can

reject both mono-valent and mulitvalent ions. The applied TMP must exceed the osmotic

pressure resulting from the concentration imbalance [20, 3].
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Figure 1.1: Submerged (a) and sidestream (b) configuration of a membrane bioreactor. Taken

from Zhao [1].
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1.1.2 Submerged and Sidestream Comparison

Membranes are employed in unison with bioreactors to separate material more effectively

than the previously used clarifiers [21, 22] and they are essential if water is to be recycled

for potable use. Initial designs employed a sidestream allowing the membrane to be housed

outside the bioreactor. It was believed that the external housing of the membrane would help

to reduce fouling effects from the material inside the bioreactor. The pumping of the fluid out

also created a cross flow regime which enhances the filtration. However, considerable energy

costs are associated with this pumping.

Yamamoto et. al. [23] instead submerged the membrane within the bioreactor eliminat-

ing the additional loop, as shown in Figure 1.1. Submerged systems, where the membrane

is inside the bioreactor, remove the need for an energy consuming fluid recirculation loop.

However control of concentration polarisation and fouling affects becomes more difficult in

these systems [24]. Figure 1.2 shows the submerged flat sheet bioreactor by Kubota. The

driving pressure in the liquid in the planes between the flat sheet membrane results from

the gravitational head. Suction is applied to the membranes to create the transmembrane

pressure to remove the filtered liquid. The bubbling inside an aerobic bioreactor now also

acts as an anti-fouling mechanism [25] by disturbing the cake layer on the membrane surface.

Submerged hollow fibres are also shaken by the bubbling induced turbulence, aiding cake

removal [26].

1.1.3 Airlift

Airlift is the term used to describe the induced flow circulation caused by the addition of a

gas phase to liquid. Cui et. al. [27] describe the benefits for ultrafiltration of the airlift effect.

The airlift creates a crossflow regime across the membrane in addition to the other benefits of

bubbling. In the employed tubular membrane a 30% enhancement, compared to single phase

flow with the same liquid velocity, was found. The airlift effect also eliminates the need for a

liquid recirculation pump to create the single phase crossflow, reducing the energy demand.

Airlift efficiency is discussed in Morrison [28].

In the submerged system the flat sheets do not span the height of the bed. In this way

the liquid is not separated at the bottom of the bed allowing flow from one liquid plane to

another. If the separated planes have different gas volume fractions then the liquid pressures
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Figure 1.2: Kubota Submerged Flat Sheet Membrane Bioreactor with Gas Sparging [2].

at the base of the planes will also be different. If the gas volume fraction in planes 1 and 2 is

ε1 and ε2 respectively then the static pressure below a column of height h and density ρ will

be p1 = ρgh (1− ε1) and p2 = ρgh (1− ε2) respectively.

This will result in a pressure drop, ∆p = ρgh (ε1 − ε2). This is more significant where

selective sparging is used and one gas volume fraction is very small, e.g. ε2 = 0 giving

∆p = ρghε1. In this case the pressure drop will drive liquid from the second plane to the

first. Therefore, there will also be a non-negligible co-current liquid flow up the first plane

with the bubbles and an induced liqwuid downflow in the not aerated section. The water is

no longer stagnant. Figure 1.3 shows this effect.

1.2 Concentration Polarisation Model

Concentration polarisation is one of the principal causes of a reduction in flux through the

membrane, due to increased flow resistance and osmotic pressures. Figure 1.4 shows the build

up of retained solute particles at the membrane wall. At steady state particles deposited at

the wall by convective flux will equal those diffused away from the wall by Fick’s law, D dc
dz ,
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pressure drop

Figure 1.3: Flow induced between a sparged and non-sparged liquid plane.
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minus those which permeate the membrane, cp. Therefore, by mass balance, where D is the

diffusivity, c the concentration and J the total volumetric flux, we have

Jc−Ddc

dz
= Jcp. (1.1)

cb

cw

δ

cp

J

Membrane

Figure 1.4: Schematic of concentration polarization boundary layer. Adapted from Baker [3].

Integrating equation 1.1 subject to the bulk concentration, c = cb at z = 0, boundary

condition gives

c = (cb − cp) e
J
D
z + cp. (1.2)

Equation 1.2 gives the concentration profile within the boundary layer as a function of

position, 0 ≤ z ≤ δ. Applying the wall concentration, c = cw at z = δ, boundary condition

gives equation 1.3.
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cw − cp
cb − cp

= e
Jδ
D . (1.3)

If we assume total rejection, cp = 0, then equations 1.2 and 1.3 become equations 1.4

and 1.5 respectively.

c = cbe
J
D
z (1.4)

cw
cb

= e
Jδ
D (1.5)

Fundamental work has also been undertaken to model the relationship between the hy-

drodynamic and concentration boundary layers. Lee et. al. [29, 30] develop an iterative

method for solving the governing equations of the colloidal concentrations coupled with the

hydrodynamic conditions in 2D crossflow ultrafiltration. This requires linking the flux with

the concentration profile. The flux will affect the overall flow and the concentration profile

will affect the flux requiring an iterative method to satisfy the two conditions.

Similarly Davis et. al. [31] develop a set of relations for the flow of a particle layer along a

porous wall, applied in particular to larger particles as may be found in microfiltration mech-

anisms. They develop the concept of shear-induced hydrodynamic diffusion in a boundary

layer of particles away from the wall. At these larger particle volume fractions, it is believed

that when a boundary layer of particles is agitated there will be an average net force from

the higher concentration side due to collisions, resulting in a diffusion away from the higher

concentration side, or wall. This mechanism is distinct from the established Stokes-Einstein

diffusion relevant to much smaller particles found in ultrafiltration. Belfort [32] discusses

shear induced tubular pinch effect (see Segre et. al. [33]) where larger particles are moved

into the central bulk as an explanation of this ’flux paradox’(see Green et. al. [34]) where

much larger than expected fluxes are found for larger particles and colloids.

1.3 Permeate flux prediction in membrane separation

1.3.1 Mass transfer coefficient

Instead of modelling the physical flow, a mass transfer coefficient method based on the con-

centration profile is often employed. Equation 1.5 may be written as equation 1.6 or by

equation 1.7 where k ≡ D
δ is defined as the mass transfer coefficient [35].
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J =
D

δ
ln

(
cw
cb

)
(1.6)

J = k ln

(
cw
cb

)
(1.7)

An analogy between heat and mass transfer using the semi-empirical Sherwood correla-

tion [36] is given by equation 1.8. Where Sh, Re and Sc are the Sherwood, Reynolds and

Schmidt numbers respectively. a, b, c, and d are constants based on the flow regime. dh is

the hydraulic diameter and L is the length of the flow. The definitions of these dimensionless

numbers are given below, where v is the fluid velocity. Note this is structurally similar to the

Dittus-Boelter equation [37] for heat transfer, Nu = 0.023Re0.8Prn, where Nu, Re and Pr

are the Nusselt, Reynolds and Prandtl numbers respectively.

Sh = a.Reb.Scc.

(
dh
L

)d
(1.8)

Sh =
kdh
D

, Re =
ρvdh
µ

, Sc =
µ

Dρ
(1.9)

The hydraulic diameter is used for the length scale in calculating dimensionless numbers

within non-circular flow geometries. It may be defined as dh = 4A
U where A is the cross-

sectional area of the flow and U is the wetted perimeter. For the flow between two parallel

plates of channel thickness Z and width X we have dh = 4ZX
2X = 2Z, noting the width of Z

does not affect the wetted perimeter. Where the flow is considered to have a laminar velocity

boundary layer profile at the wall we have [35], a = 1.62 and b = c = d = 0.33 for equation 1.8

giving

k
dh
D

= 1.62

(
vd2

h

DL

)0.33

(1.10)

given dh = 2Z and 0.33 ≈ 1/3 we have

k = 1.62

(
vD2

2ZL

)0.33

(1.11)
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For laminar flow between two flat plates the shear at the wall is given by γ = 6v
Z , substi-

tuting this into equation 1.11 gives

k = 0.713

(
γ
D2

L

)0.33

(1.12)

Work by Taha et. al. [38, 39, 40, 41] attempts to link the mass transfer to slug flow

induced shear in tubular geometries using this method. They calculate the average shear in

the domain and employ relations analogous to equation 1.12. The mass transfer coefficient

responds very rapidly to hydrodynamic conditions [42], so it may be more rigorous to simply

integrate over the domain. In the above equation, this would involve using γ0.33 instead of

γ0.33. Vasan et. al. [43] discuss the limitations of methods based on defining the mass transfer

coefficient, k = D/δ, as this only holds when the flux is zero.

Ghosh [4] characterises the flow about the bubble into three regimes: falling film, wake

and liquid slug zones, as shown in Figure 1.5. These regimes are then assigned distinct mass

transfer coefficients based on the hydrodynamic conditions. Each region is assumed to have

uniform mass transfer. In the film region, this will be characterised by the shear generated

in the thin region between bubble and membrane. In the wake the mass transfer will be

promoted by the mixing effect of the recirculation.

1.3.2 Osmotic Pressure

Osmotic pressure describes the pressure drop driving flow across a semipermeable barrier

from a region of low concentration to a region of high concentration. In this way osmotic

pressure tries to balance the difference in concentrations either side of the membrane. Except

in the case of forward osmosis, osmotic pressure is often undesirable in membrane filtration

processes as it causes a reduction in the effective pressure gradient driving the flow. Typically

this is expressed by equation 1.13 where ∆Π = f (cw) is the osmotic pressure, a function of

wall concentration.

J =
∆p−∆Π

µRm
(1.13)
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Figure 1.5: Schematic of flow regimes about a slug bubble. In this image three distinct zones are

classified from top to bottom: falling film between the bubble and the membrane, wake just below

the bubble and liquid slug in the region between the bubbles. Taken from Ghosh [4].

11



1.3.3 Resistance in series model

The resistance in series model is used to describe flux decline in terms of additional resistance

terms. If the total pressure drop across the boundary layer, cake layer and membrane is ∆p

then we have

J =
∆p

µ (Rbl +Rcake +Rm +Rf )
(1.14)

using the resistance terms ,Rbl for the boundary layer resistance, Rcake for the cake layer

resistance and Rm, the membrane resistance. In this thesis the boundary layer resistance

is defined as the resistance to flux due to drag on the particles in the boundary layer. The

boundary layer is the region of increased particle concentration from the bulk concentration

up to the membrane wall.

The term Rf is also often employed to account for the resistance due to fouling of the

membrane. It may be preferable to incorporate this term within Rm, as the fouling is within

the membrane so cannot be considered in series with it. Employing this model over the shear

model requires a link between the hydrodynamic conditions and the resistance values.

Figure 1.6 shows a typical flux response with respect to to applied pressure. At low

pressures the increase in flux is linear with respect to pressure. Here there is negligible

osmotic pressure and the resistance to flow comes only from the membrane resistance, Rm.

The gradient of this line is 1/µRm. At p1 the curve starts to deflect, J1 is the critical flux.

In this region a concentration boundary layer forms resulting in high wall concentrations

and significant osmotic pressure. Boundary layer and fouling resistances may also become

significant. As a result resistance is increased and effective driving pressure is reduced.

Approaching p2 a cake layer will form. This cake will have fixed concentration at the wall

and further increases in pressure will result in little wall concentration increase. Additional

pressure increases are resisted by a thickening of the cake layer, resulting in little additional

flux.

At p2 the limiting flux J2 is reached. At this point increases in applied pressure do not

yield higher flux. In this region the cake layer will be the dominant resistance and will be

directly proportional to the applied pressure. Additional applied pressure will merely cause a

thickening of the cake layer and no increase in flux will be enjoyed. If ∆p2, Rcake,2 and δ2 are
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Flux, J

Applied Pressure, ∆pp1 p2

J1

J2

Figure 1.6: This figure shows the result of an increase in resistance with respect to transmembrane

pressure for dead-end filtration. In the low TMP region the flux is proportional to the applied

pressure, indicating membrane resistance only, with no significant additional resistance. As the

TMP is increased the flux does not increase proportionately indicating additional resistance. The

resistance is directly proportional to applied pressure as is the dominant resistance. The onset flux

at which significant additional resistance forms is the critical flux. At high pressure regions a cake

layer has formed which grows proportionately with the applied TMP. This results in no additional

flux in this regime. This is known as the limiting flux. Enhancement methods are concerned with

increasing this limiting flux.
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the applied pressure, resistance and cake layer thickness at incipient max flux respectively we

have,

lim
∆p→∞

J = lim
∆p→∞

∆p

µ (Rbl +Rcake +Rm +Rf )
=

∆p

µRcake
=

∆p2δ/δ2

µRcake,2δ/δ2
=

∆p2

µRcake,2
= J2

(1.15)

noting, ∆p
∆p2

= Rcake
Rcake,2

= δ
δ2

.

Given this limiting flux value, the energy consumed in increasing the applied pressure

above p2 will be wasted reducing the efficiency of the system. However, at higher applied

pressures gas sparging has been shown to increase this limiting flux, improving efficiency.

This work focuses on the reduction of reversible resistances external to the membrane by

gas sparging. Flux decline resulting from internal fouling is discussed by Field et. al. [44]. A

review of the different aspects of flux decline is given by Bacchin et. al. [45].

1.3.4 Resistance of suspended particles

When considering convective flow through a porous medium, Darcy’s law is often applied.

Darcy’s law states that the flow rate per unit area is proportional to the pressure gradient

driving the flow, q = κdpdz , when κ is determined by the conditions of the flow and the porous

medium. Carmen-Kozeny applied Darcy’s law by modelling the flow through suspended

particles as equivalent to the flow through many circular capillaries. The total flux is given

by the Poiseuille equation 1.16, where N is the number of capillaries per unit area, dt is the

diameter of the capillaries and µ is the liquid viscosity.

J = − πd4
t

128µ

dp

dx
N (1.16)

Conserving the liquid volume fraction of the flow and the particle surface area, equation 1.17

gives the pressure gradient in terms of material properties, where dp is the particle diameter,

and α = c
ρp

is the particle volume fraction.

−dp
dx

=
72µ

d2
p

J
α2

(1− α)3 (1.17)

Equation 1.17 assumes the flow travels through straight capillaries. However, the flow will

have to pass the particles leading to a tortuous path. As a result the flow will have to travel a

greater distance. The ratio between the actual length of flow and the straight line distance is

considered to be about 2.5. The greater flow length will result in an increase in viscous drag

14



from the particles giving equation 1.18, noting 72 ∗ 2.5 = 180. This is the Carmen-Kozeny

equation.

−dp
dx

=
180µ

d2
p

J
α2

(1− α)3 (1.18)

Therefore the total pressure drop in the boundary layer is given by equation 1.19, where

α = c
ρp

is given by c from equation 1.4. This pressure drop may be significant in the absence

of a high, fixed concentration cake layer at the membrane surface, or if this layer is small as

discussed later in section 2.9.

∆pbl =
180µ

d2
p

J

∫ δ

0

α(x)2

(1− α(x))3 dx (1.19)

If the flux is given by J = ∆p
µR , where R is the resistance to flow then Rbl = ∆pbl

µJ . Then

the resistance to flow in the boundary layer is

Rbl =
180

d2
p

∫ δ

0

α(x)2

(1− α(x))3 dx (1.20)

At increased applied pressures a cake layer of constant concentration forms at the mem-

brane wall. This layer contributes considerable resistance to flow. A point is reached where

additional applied pressure merely increases the cake layer thickness and no increase in flux

is seen. The concentration of this cake layer is the bulk concentration at which the flux falls

to zero, 60-70% for colloidal suspensions and 25-45% for protein solutions [35]. One notes the

cake concentration for colloidal suspensions is similar to that of close-packed spheres. As the

cake concentration is constant the resistance to flow Rcake is easily calculated. The resistance

is given by equation 1.21, where αcake = ccake
ρp

is the cake volume fraction and δcake is the

thickness of the cake layer.

Rcake =
180

d2
p

α2
cake

(1− αcake)3 δcake (1.21)

Under constant flux operating conditions the required transmembrane pressure (TMP)

increases with time to overcome the increased resistance due to fouling. Many researchers [46,

47, 5] have identified a TMP jump, where after a given time the required TMP increases

at a much greater rate. At high flux, compression of the cake layer, resulting in higher

concentrations, has been proposed to explain the TMP jump [48]. Equation 1.21 can be used
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to qualitatively investigate this. Equation 1.22 defines a dimensionless pressure drop, ∆p′,

across the cake layer where αp is the particle volume fraction.

∆p′ =
∆pd2

p

180µJδ
=
Rd2

p

180δ
=

α2
cake

(1− αcake)3 (1.22)

Figure 1.7 shows the increase in dimensionless pressure drop with respect to particle volume

fraction in the cake layer. The pressure drop is plotted up to a particle volume fraction of

80%. Given for close-packed spheres the maximum volume fraction is about 74%, we may

expect the maximum volume fraction to be less than this. Typical experimental data for the

increase in TMP at a given flux is shown in Figure 1.8 for comparison. We see how a small

increase in particle concentration can yield a large increase in resistance.
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Figure 1.7: The dimensionless pressure drop with respect to particle volume fraction in the cake

layer.

The cake layer compression model generates undesired positive feedback which will in-

crease the required TMP very rapidly once a critical point is reached. As the layer starts to

compress an increase in applied pressure will increase the compression of the cake layer. This

in turn will increase the resistance of the cake which will require a higher pressure creating a

vicous cycle until the rate of compression slows as the maximum volume fraction is neared.
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Figure 1.8: Experimental data [5] for fixed flux TMP with respect to time.

However, the TMP may have become intolerably high before this point is reached.

1.3.5 Fouling and Concentration Polarisation Control Methods

The methods employed to reduce flux decline from fouling and concentration polarisation

comprise those which allow the process to operate continuously and those which require

a pause in operation. Cleaning the membrane often requires the membrane to be out of

use for this period. Chemical cleaning can solve otherwise irreversible effects such as the

absorption of solutes onto the membrane which increase resistance and reduce flux [49, 50].

Intermittent backflushing, changing the direction of operation, removes foulants from the

membrane allowing higher fluxes [51], although the concentration polarisation boundary layer

will return in seconds. Aeration without suction [52] can achieve similar benefits and like

backflushing does not require removal of the membrane unit. These activities will need to be

repeated at a given frequency to have long term benefit to operation [53].

Incorporating secondary flow mechanisms into the system can allow the enhancement of

flux whilst maintaining continuous operation. The secondary flow disrupts the concentration

polarisation boundary layer, enhancing flux. These mechanisms include pressure variations
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resulting from pulsatile flow [54], turbulence generation by inserts [55, 56] and shear and

turbulence enhancement by the addition of a gas phase.

1.4 Gas–Liquid Two–Phase Flow

1.4.1 Bubble Behaviour in confined space

Gas–liquid two–phase flow is common in many processes including gas–liquid reactors, flu-

idised beds, membrane bioreactors and fermentation processes. Cui et. al. [7] provide a

review of the enhancement by bubbling of membrane processes. The majority of the lit-

erature concerns the enhancement of performance due to gas-sparging in tubular mem-

branes [57, 58, 59, 60]. In this case it has been shown that a slug flow regime provides

superior flux enhancement over, say, bubbly or annular flow. It is proposed that the enhance-

ment results from the dynamic nature of the conditions at the membrane wall, in particular

the pressure and wall shear stress fluctuations [16, 61, 62]. In addition, a turbulent bubble

wake is believed to disrupt the high concentration cake layer that forms at higher pressures

resulting in a thinning of this layer reducing the resistance to flow [3]. Figure 1.9 shows the

gas-liquid flow regimes in a pipe with respect to gas volume fraction, or voidage. At low

voidage many small spherical bubbles exist throughout the pipe. As the voidage is increased

large bubbles spanning the width of the pipe are seen. These bubbles are known as slugs or

Taylor bubbles. In this flow regime small bubbles are often found between the slug bubbles.

Fabre and Line [63] provide an overview of modelling methods for Taylor slugs in vertical

tubes. The effect of inclined tubes has also been considered. The velocities and behaviour of

bubbles in inclined tubes is discussed in Weber [64] and Spedding [65].

Within this slug flow regime it is of considerable importance, particularly with respect to

the energy consumption involved, to consider the effect of bubble size and frequency. Li [66]

found that the enhancement of permeate flux increases with respect to bubble frequency for

the range of their investigation. Enhancement was also found to be improved as bubble size is

increased until a plateau region is reached for larger slugs occupying the whole cross-section

of the membrane tube.

Li et. al.[67] investigate the enhancement due to gas sparging in flat sheet membranes.

However, their experiment was limited to the flow rate of the gas. The size and frequency

of the resultant bubbles was not specified. Experimental work is required to quantify the
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Figure 1.9: Flow regimes with respect to increasing gas volume fraction. Taken from Whalley [6].
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enhancement in flat sheet processes where the bubble size and frequency are well defined.

This will require greater control of the sparging mechanism than is necessary in a tubular

geometry as the bubble motion will not be laterally constrained in planes parallel to the flat

sheet.

The nature of the wake behind a bubble is of considerable importance when considering the

flux enhancement resultant from gas sparging in submerged membrane bioreactors. Davies

and Taylor [68] images showed a closed turbulent wake region behind spherical cap bubbles.

Coppus et. al. [69] discuss wakes in detail broadly classifying them into three distinct types:

closed turbulent, open turbulent and closed laminar. Closed laminar wakes have been well

described mathematically by Hills [70] using potential flow models. Hills found the wake

behind a bubble rising between two narrow plates was elliptical rather than circular. Bubbles

rising in a thin planar gap have cylindrical rather than spherical caps owing to the near

constant cross section of the bubble in the plane of the walls. Turbulent wakes are harder

to quantify owing to their non-linear behaviour. A more recent fundamental study is given

by Fan & Tsuchiya [71]. One method for obtaining effective imagery of the flow behaviour is

Particle Image Velocimetry (PIV) [72, 73, 74]. This employs seed particles which must well

match the properties of the fluid being investigated. As such they become entrained in the

flow and recording their movement with camera equipment over time provides insight into

flow paths velocities.

1.5 Computational Fluid Dynamics

Computational Fluid Dynamics (CFD) is the branch of science and engineering which focuses

on providing numerical solutions to the governing equations for a given flow. Typically the

governing equations for these flows will not have an analytical solution. A numerical approach

is the only alternative to experimental work. The CFD approach is particularly valuable for

investigating conditions which would be much more expensive to explore experimentally.

This allows for much more design and optimisation work to be done computationally without

having to build many experimental apparatus, reducing cost. To provide a numerical solution

using CFD requires the flow field to be broken into small cells using a grid of nodes. This

allows for the calculation of the local gradients for the governing equations within each cell.
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1.5.1 Eulerian Method

Ndinisa et. al. [75, 76] developed Eulerian CFD simulations of bubble swarms between two

flat plates. These were used to calculate the bubble behaviour and the resultant shear across

the plate. They also employed baffles to segregate the flow in an attempt to improve the

overall enhancement properties across the plate. The Eulerian method is limited by requiring

a constant bubble size for all bubbles. In addition, the grid mesh perpendicular to the

membrane surface wall was coarse rendering the calculated shear values questionable. As a

result the overall picture is somewhat qualitative.

1.5.2 Lagrangian Method

Krishna et. al. [12] employed computational fluid dynamics (CFD) [77] techniques to develop

semi-empirical relations for the rise velocity of single 2D planar bubbles in beds of powders

and liquids. They discuss the influence of bed width on the rise velocity. As the bed becomes

narrower the downward liquid film around the bubble exerts more drag on the bubble de-

creasing the rise velocity. A set of equations for different bed width conditions are presented.

For smaller bubbles, diameter less than 20mm, they also find the same techniques reveal the

lateral sinuous bubble motion seen in experiment [78].

Essemiani et al. [8] use similar methods to determine the rise velocity of single 2D planar

bubbles in liquid. The influence of grid size is discussed, the rise velocity as a function of grid

refinement is provided for a given bubble. In addition, they show that non physical break

up of bubbles occurs at coarse grid sizes due to inaccurate local curvature of the gas-liquid

interface. However, their claim that the oscillatory gyration of these bubbles well describes

the gyrations seen in experiment is questionable. These oscillations are not shown for bubbles

that do not break up. As a result, we may conclude that the oscillations found in the CFD

modelling were linked to the break up of the bubbles.

1.5.3 Turbulence Modelling

The advancement of computational fluid dynamics has developed the possibility to calcu-

late the highly non-linear turbulent effects at higher Reynolds numbers. Direct numerical

simulations (DNS) involve solving the Navier-Stokes equations directly. If sufficiently small

grid mesh and time steps are used then turbulent effects can be seen. However, as a re-
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sult this can require considerable computational resources. Specific turbulence models have

been developed in addition to the Navier-Stokes equations to try to capture turbulent effects

with less computational demand. The principle models can be grouped as Reynolds-averaged

Navier-Stokes equations (RANS) or Large-eddy Simulations (LES) [79]. RANS methods in-

volve adding a calculated time averaged velocity fluctuation component which reflects the

turbulent flow. LES models are more computationally demanding than RANS but provide

more detail. Larger length scale eddies are calculated directly, then additional equations are

employed to try to model the influence of smaller eddies on the overall flow. These models

can also be classified by the number of transport equations for turbulence characteristics they

employ.

1.6 Control of Bubble Behaviour in Fluidised Beds

The conditions in a bed with multiple bubbles can be highly unstable with respect to time.

For example both the gas volume fraction and pressure at a point will change quickly when

a bubble leaves/enters the bed or passes the point leading to highly non-linear behaviour. In

the time domain the behaviour of the bed is very hard to quantify. However, analysis of the

data in the frequency domain by use of a Fourier transform can reveal the characteristics of

the bed. For example, to enhance mixing and heat transfer in the bed high frequency events

may be implemented. Lim et. al. [80, 81] and Croxford et. al. [82] have developed techniques

for the control of bubble distribution and pressure respectively in bubbling fluidised beds.

Their method involves determining the plant transfer functions for the response and applying

a negative feedback loop with use of a controller to meet some reference demand, as shown

in Figure 1.10. In this way specific conditions may be obtained for the behaviour of the bed.

1.7 Thesis Outline

In this thesis the goal is to provide a method to predict the permeate flux enhancement due to

the gas phase in a flat sheet membrane filtration set up. In Chapter 2, a fundamental model

is developed to allow the permeate flux to be calculated for any given flow field. This is based

on the simple principles of convection and diffusion governing the behaviour of a suspended

solute. This numerical method also includes an approach for dealing with the very different

hydrodynamic and particle boundary layer sizes. The generality of the solution method allows
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Figure 1.10: Frequency control method for bubbling conditions which have highly volatile responses

in the time domain.
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it to be applied to any hydrodynamic conditions. This model is tested against results for single

phase crossflow, where theory is well established, for the purpose of validation.

In Chapter 3 a computational fluid dynamics solution is developed to calculate the bubble

shape and its surrounding flow field between two parallel flat plates. This employs the volume

of fluid method which deals with multiphase flows and in particular the interface between

the phases to provide the bubble shape. Different bubble volumes are investigated against

different gap widths between the two plates. Whilst traditionally the flow geometry will be

constant and the gas volume varied, here the analysis will focus on the effects of changes

in flow geometry on a given gas volume. Methods are developed to analyse these results in

this constant gas volume approach. The bubble shape and rise velocity are validated against

known results.

The key elements for the flow model are shown in Figure 1.11. Gas is introduced in the

liquid-filled narrow channels between the flat sheet membranes. The permeate is drawn out

of these membranes. The gas-liquid flow between one pair of these flat sheet membranes is

to be modelled.

 

Figure 1.11: Submerged Flat Sheet Membrane Bioreactor with Gas Sparging schematic [7]. The

flow to be modelled is gas-liquid between the parallel membranes.

Chapter 4 brings together the two previous chapters to provide a general solution for flux
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enhancement for a gas bubble between two flat sheet membranes. The hydrodynamics are

taken from the CFD calculation and used as the input for the convection terms of the flux

model. The solutions for different gap widths and gas volumes are then compared to find the

optimal conditions for flux enhancement. A metric based on the bubble size is composed. To

be able to achieve the desired bubble size, shape correlations established in Chapter 3 are

used to provide a method for generating the desired bubble to maximise performance. Finally

Chapter 5 incorporates both the concluding remarks and offers suggestions for further work

to build upon the methods and analysis presented here.
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2 Development of Particle - Flux Models

2.1 Introduction

Modelling the particle and flux behaviour in membrane filtration systems encounters difficulty

due to the different length scales of the participant phases. In crossflow filtration, the hydro-

dynamic boundary layer of the liquid phase may be of the order of magnitude of millimetres

whereas the boundary layer size of the suspended particles is of the order of microns. The

length scales differ by a factor of one thousand. The cell size for the particle phase will need to

be much smaller than if only the liquid phase was being considered. Without refinement and

simplification this will lead to an excessive computational burden when solving numerically

on a mesh.

Traditionally this obstacle has been overcome using mass transfer correlations based on

the shear on the surface of the membrane, as discussed in the literature review. The actual

particle behaviour is not calculated. These correlations assume the particle boundary layer

size to determine the mass transfer coefficient, ’k’.

The model presented here makes no such assumption and calculates the particle behaviour

directly. To overcome the obstacle described above it is necessary to decouple the particle

and fluid behaviour. It is assumed that the particle concentration does not significantly

influence the fluid behaviour. The fluid flow governs the convection of the particles but the

particle concentration does not influence the fluid flow. The fluid velocities are determined

from literature for crossflow along a porous boundary and from CFD for more complicated

multiphase flow systems. These are then use to calculate the particle and flux behaviour.

In addition to the decoupling of the phases, another method is employed to deal with

the difference in length scales. The mesh which is used to calculate the particle behaviour

is refined in the direction of the membrane. As such the cell size in the bulk will be suited

for representing the liquid boundary layer and the cell size near the membrane will be much

smaller to represent the particle boundary layer. This is done by successively refining the

cells next to the membrane by a factor of two, until the cell size is of the order of less than

one micron. This requires more sophistication in setting up the numerical model as the cell

size is a function of displacement and many normal simplifications will not apply.
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2.2 Simplifications and Assumptions

The particle behaviour is assumed to obey the convection diffusion equation. This ignores

other particle interaction effects. The particles are assumed to be entrained in the liquid.

Hence the fluid velocity terms govern the convective behaviour of the suspended particles.

The diffusivity will result from a combination of both molecular diffusivity and shear induced

diffusivity.

The resistance to the permeate flux through the membrane from the particle phase is

assumed to be solely in the form of drag on the particle surface. Effects like pore blocking

are not considered. The decline in flux in such systems due to concentration polarisation is

assumed to be in the form of an increase of resistance from the particles.

2.3 Convection-Diffusion Equation

The particle concentration, c, in the system is found by the solution of the convection-

diffusion, equation 2.1.

∂c

∂t
+ u

∂c

∂x
+ v

∂c

∂y
+ w

∂c

∂z
= D

(
∂2c

∂x2
+
∂2c

∂y2
+
∂2c

∂z2

)
(2.1)

On the left is the time dependent term and the convection terms. The velocity matrices,

u, v, and w, are the flow terms for the hydrodynamics. The velocity matrix normal to the

membrane, w, has the flux through the membrane added to it.

2.4 Diffusivity

The Diffusivity is influenced by two different mechnisms, the molecular diffusion, which will be

dominant for smaller particle sizes (less than 0.1µm) and hydrodynamically induced behaviour

which is significant for larger particles as they have a greater influence on the flow. The Stokes-

Einstein equation 2.2 gives the diffusivity of a single spherical solute moving through a liquid,

where k is the Boltzmann constant, T is the temperature in Kelvin, a is the solute radius and

µ is the solution viscosity. n depends on the radii of the solutes. For larger solutes, greater

than 10Å, no slip may be assumed, giving n = 6 (drag on a sphere). However, for smaller

solutes the interaction becomes more complex and the no slip condition may no longer be

27



assumed. A loss in drag will result in higher diffusivities. Hence a smaller value for n is

required [83]. To represent both these mechanisms the diffusivity, D, is taken as the sum of

the Stokes-Einstein molecular diffusion and the shear induced diffusion [84].

D =
kT

nπaµ
(2.2)

The shear induced diffusion is given by equation 2.3, where, a, is the particle radius and,

γ, is the shear rate normal to the membrane.

D = 0.03a2γ (2.3)

Hence the total diffusion is given by equation 2.4, this is used isotropically.

D =
kT

nπaµ
+ 0.03a2γ (2.4)

2.5 Numerical Method

The convection-diffusion equation 2.1 is to be solved numerically using an explicit finite differ-

ences method. The first gradients for the convection terms are shown below. For convergence

backward differences are required when the velocity coefficient is positive, equation 2.5, and

forward differences are required when the velocity coefficient is negative, equation 2.6. The

other first gradients in the y direction are similarly found.

If ui,j,k > 0,

∂c

∂x
|i,j,k =

ci,j,k − ci−1,j,k

∆x
(2.5)

If ui,j,k < 0,

∂c

∂x
|i,j,k =

ci+1,j,k − ci,j,k
∆x

(2.6)

The second gradients for the the diffusion terms are found using Maclaurin and central

differencing. This is shown in equation 2.7, the second gradient in the y direction is found

similarly.

∂2c

∂x2
|i,j,k =

ci+1,j,k − 2ci,j,k + ci−1,j,k

∆x2
(2.7)
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2.5.1 Time Step Convergence

The unsteady term ∂c
∂t is given by the first order explicit equation 2.8. Where n is the time

counter and ∆t is the time step. An explicit scheme is used as for a 3-dimensional simulation

the required memory was too great. This scheme performed satisfactorily and is simpler to

implement, so a 4th order Runge-Kutta scheme was not used.

∂c

∂t
=
cn+1
i,j,k − c

n
i,j,k

∆t
(2.8)

The three dimensional convergence criteria for the time step is given by equation 2.9, taken

from Roache [77]. In order to satisfy convergence, the time step has to be sufficiently small

to ensure the magnitude of the growth term is less than 1. A time step of 0.4 milliseconds

was found to be satisfactory.

∆t ≤
[
|u|
∆x

+
|v|
∆y

+
|w|
∆z

+ 2D

(
1

(∆x)2
+

1

(∆y)2
+

1

(∆z)2

)]−1

(2.9)

2.5.2 Numerical Dispersion

In addition to stability and convergence, it is also important there is no significant distortion

by the numerical scheme of the wave propagation in the solution of the convection-diffusion

equation.

If u > 0 we have in the x-direction

cn+1
i − cni

∆t
+ |u|ci − ci−1

∆x
= D

ci+1,j,k − 2ci,j,k + ci−1,j,k

∆x2
(2.10)

cn+1
i = ci + ∆t

[
ci+1

(
D

∆x2

)
− ci

(
2D

∆x2
+
|u|
∆x

)
+ ci+1

(
D

∆x2
+
|u|
∆x

)]
(2.11)

substituting c = c̃ej(kx−ωt) where k is the wave number and ω the corresponding frequency

we get

e−jω∆t = 1 + ∆t

[
ejk∆x

(
D

∆x2

)
−
(

2D

∆x2
+
|u|
∆x

)
+ e−jk∆x

(
D

∆x2
+
|u|
∆x

)]
(2.12)

equating real terms
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cos(ω∆t) = 1 + (cos(k∆x))− 1)

(
2D∆t

∆x2
+
|u|∆t
∆x

)
(2.13)

given for small x, cos(x) ' 1− x2/2

w

k
=

√
2D

∆t
+
|u|∆x

∆t
(2.14)

therefore

∂w

∂k
=

√
2D

∆t
+
|u|∆x

∆t
(2.15)

Given the phase speed, Cp = w
k , and the group velocity, Cg = ∂w

∂k , are the same, the

system is non-dispersive. Similarly if u < 0

Cp = Cg =

√
2D

∆t
− |u|∆x

∆t
(2.16)

2.5.3 Mesh Refinement Near Membrane

In the direction normal to the membrane we are interested in the concentration very close to

the membrane, less than a micron order of magnitude. In order to solve the whole system

together a variable mesh is used in the z direction. For the z terms the grid size is variable,

decreasing nearer the membrane. If there are k nodes in the z direction there will be k − 1

cells in that direction. We will define the width of the kth cell as ∆zk. Therefore using the

same convergence conditions as above we have

If wi,j,k > 0,

∂c

∂z
|i,j,k =

ci,j,k − ci,j,k−1

∆zk−1
(2.17)

If wi,j,k < 0,

∂c

∂z
|i,j,k =

ci,j,k+1 − ci,j,k
∆zk

(2.18)

In the z direction where the mesh is variable the second gradients are more complicated

as fewer terms cancel out.

ci,j,k+1 = ci,j,k + ∆zk
∂c

∂z
|i,j,k +

∆z2
k

2!

∂2c

∂z2
|i,j,k +©

(
∆z3

k

)
(2.19)

ci,j,k−1 = ci,j,k −∆zk−1
∂c

∂z
|i,j,k +

∆z2
k−1

2!

∂2c

∂z2
|i,j,k +©

(
∆z3

k

)
(2.20)
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Adding the above equations and neglecting third order terms gives:

ci,j,k+1 + ci,j,k−1 = 2ci,j,k +
∂c

∂z
(∆zk −∆zk−1) +

∂2c

∂z2

∆z2
k + ∆z2

k−1

2
(2.21)

Rearranging:

∂2c

∂z2
=

2

∆z2
k + ∆z2

k−1

[
ci,j,k+1 − 2ci,j,k + ci,j,k−1 +

∂c

∂z
(∆zk−1 −∆zk)

]
(2.22)

Note how equation 2.22 reduces to the form of equation 2.7 when ∆zk = ∆zk−1.

2.5.4 General Solution

The complete finite differences solution of equation 2.1 is given by equation 2.23, where the

gradient terms are defined above. The particle concentration at a given point for the next

time step, cn+1
i,j,k , is found based on the previous concentration. The initial concentration is

uniform with value equal to the bulk concentration, cb. The solution to the finite differences

are found using code written in Matlab.

cn+1
i,j,k = cni,j,k−∆t

[
ui,j,k

∂c

∂x
|i,j,k + vi,j,k

∂c

∂y
|i,j,k + wi,j,k

∂c

∂z
|i,j,k −D

(
∂2c

∂x2
|i,j,k +

∂2c

∂y2
|i,j,k +

∂2c

∂z2
|i,j,k

)]
(2.23)

2.5.5 Boundary Conditions

The membrane wall flux boundary condition is given by equation 2.24, where J is the flux. It

is assumed the permeate concentration is zero. In the case of cake build up on the membrane

wall, strictly this equation applies at the edge of the cake layer. However, as the width of the

cake layer is negligible compared to the width between the membranes, this effect is ignored

and the results are found from the membrane wall, with an additional resistance term in the

flux calculation to represent the presence of the cake layer.

Jc−D ∂c

∂z
= 0 (2.24)

Equation 2.24 is solved using the following finite difference method. Noting there are P nodes

in the z direction, i.e. ci,j,P is the concentration on the membrane.

Ji,jci,j,P−1 =
Dz

∆zP−1
(ci,j,P − ci,j,P−1) (2.25)
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which yields

ci,j,P = ci,j,P−1

(
Ji,j∆zP−1

Dz
+ 1

)
(2.26)

Only a half the domain is modelled. Symmetry at the plane halfway between each membrane

wall is assumed to provide the boundary condition. At the top of the domain is the inlet for

the crossflow, the concentration here is fixed at the bulk concentration, cb. The crossflow is

from top to bottom in the Y direction, although gravitational acceleration is not included in

the single phase calculation. This is done to provide better comparison with the bubble case.

In the bubble case, gravity causes the rise of the bubble in the vertical Y direction which

induces a downward flow around the bubble. At the bottom, symmetry is also assumed, i.e.

the build up has reached equilibrium and will not develop over any greater length. Figure 2.2

illustrates this.

2.6 Flux Resistance Model

The resistance model is used to calculate the flux. A fixed trans-membrane pressure (TMP)

is used. The initial flux is found taking the clean water membrane resistance, Rm. Jinitial =

TMP
µRm

.

As particles are driven toward the membrane wall by convection, concentration polarisa-

tion occurs. The additional resistance in this boundary layer is modelled as Rf = Rbl+Rcake.

The flux is calculated at each point on the membrane surface, then averaged as below. The

subscripts i, j denotes the nodes in the x and y direction respectively.

Ji,j =
TMP

µ
(
Rm +Rf(i,j)

)
J = meanx,y [Ji,j ]

2.6.1 Carmen-Kozeny Equation

The resistance to flow due to the particle concentration is calculated using Carmen-Kozeny.

Equation 1.20 is discretised by equation 2.27 to calculate the boundary layer resistance, where

α = c
ρp

is the particle volume fraction

Rbl(i,j) =
180

d2
p

P−1∑
k=1

α2
i,j,k

(1− αi,j,k)3 ∆z(k) (2.27)
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Figure 2.1: Illustration of the different particle resistance regimes near the membrane. From the

bulk region there is a concentration polarisation build up to the membrane, where a cake layer

of maximal concentration forms. The resistance of the boundary layer and the cake layer are

calculated as the change with time and are added to the membrane resistance.
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2.7 Cake Layer Resistance

The resistance due to the cake layer on the membrane, equation 1.21, is calculated at each

node by equation 2.28.

Rcake(i,j) =
180

d2
p

α2
cake

(1− αcake)3 δcake(i,j) (2.28)

The total resistance is therefore calculated as below.

Rf(i,j) = Rbl(i,j) +Rcake(i,j)

2.8 Converging The Solution

The flux and the particulate behaviour are interdependent. An increase in flux will increase

the transport of particles toward the membrane. This will increase the resistance, reducing

the flux. N.B. The velocity normal to the membrane, w, is, at the wall, equal to the flux, J .

1. Calculate the hydrodynamic flow.

2. Export the velocity terms.

3. Calculate the initial clean water flux.

4. Solve conv-diff equation for next time step using the calculated velocity terms and

the new flux.

5. If maximum concentration is reached at the membrane increase the cake thickness

to bring the membrane concentration back to the permitted maximum.

6. Calculate new resistance and update flux.

7. Repeat 4 to 6 until the convection toward the wall, for the given flux, is balanced

by the diffusion away from the membrane wall.
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2.9 Results - Single Phase Crossflow

Before introducing more complicated multi-phase flows the flux is calculated for the much

simpler case of single phase crossflow to validate the model. In the case of a simple, single

phase, steady, fully developed crossflow, the governing equations can be integrated analyti-

cally to provide solutions, as shown in the literature review. In these cases the method of

calculating the mass transfer coefficient from the shear at the membrane surface has been

shown to be valid. Here the model solutions will be compared to those results coming from

this theory. The flow field is calculated for both the model and theory solution. For the

theory only the shear at the membrane is required, whilst the model uses the entire field.

The two methods will be compared for using various different variable values to check the

model is robust.

For single phase flow the Sherwood correlation is well established. This is valid for steady

shear rates which are present in steady crossflow set ups which are two dimensional in char-

acter. The flux model is simplified to 2D form. The flux using this method is given by

equation 2.29 where, cw and cb, are the wall and bulk concentrations respectively. The mass

transfer coefficient is given by equation 1.12 where γ is the shear rate, D is the diffusion

ceofficient and L is the characteristic domain length, in this case the membrane height.

Jv = k ln

(
cw
cb

)
(2.29)

k = 0.713

(
γ
D2

L

)0.33

(2.30)

The laminar cross flow along a semi porous boundary is calculated using equation 2.31,

the flow perpendicular to the membrane is given by equation 2.32 taken from Berman [85],

where Re = wwallZρ/2µ is a Reynolds number, b = Y−y
Z and λ = 2z−Z

Z . The resulting

concentration build-up is illustrated in Figure 2.2.

v(y, λ) =
[
v̄(0)− wwall

b

] [3

2

(
1− λ2

)] [
1− Re

420

(
2− 7λ2 − 7λ4

)]
(2.31)

w(λ)

wwall
=
λ

2

(
3− λ2)

)
− Re

280
λ
(
2− 3λ2 + λ6

)
(2.32)
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Figure 2.2: This figure shows the build up in concentration from the inlet at the top.
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Figure 2.4 shows the comparison between the flux calculation method developed in this

thesis and the semi-empirical Sherwood correlation mass transfer method. The transmem-

brane pressure was fixed at 100kPa, the particle size was 0.1 microns with a bulk concentration

of 25g/L. The effect of the mean flow velocity is investigated. The domain height is 120mm

and the half-width between the membranes is 4mm. The cell size in the vertical y direction

is 1.7mm and in the z-direction the base cell size is 0.4mm for which the cell adjacent to the

membrane is refined (halved) downwards 12 times to 0.098 microns.

Transmembrane Pressure (TMP) ∆P 100 kPa

Temperature T 293 K

Particle diameter dp 0.1 µm

Bulk Concentration cb 25 g/L

Domain height Y 120mm

Gap width Z 8mm

Figure 2.3: Values used to obtain results, except where stated.

2.9.1 Crossflow Velocity

Figure 2.4 shows the increase in flux with respect to mean crossflow velocity. Higher crossflow

velocities will generate larger shear at the surface which will give higher values for k and

therefore flux as defined in equation 2.29.

2.9.2 Transmembrane Pressure

The flux for the model and the mass transfer shear method with respect to transmembrane

pressure is shown in Figure 2.5. The results capture three distinct resistance regimes. Initially

there is negligible resistance compared to the membrane resistance and the flux increases in a

straight line with gradient 1
µRm

. As the boundary layer develops with greater TMP, resistance

increases due to the increase in concentration towards the membrane. Note the comparison of

the model with the theory. Theory takes no account of the interaction between the boundary

layer and cake layer, merely that flux is constant once the maximal wall concentration is

reached. This results in a sudden transition from clean water resistance to significant cake
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Figure 2.4: The variation in flux with respect to the mean crossflow velocity is shown. The results

show the comparison between the two flux calculation methods. To attain steady state the model

is run until negligible changes in flux are seen, as shown in Figure 2.19
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layer resistance. The model, however, shows a gradual transition as the boundary layer

develops and the cake layer starts to form. In the higher flux regions the cake layer is

dominant, rendering the flux constant at its limit.

Figure 2.5: Flux with respect to transmembrane pressure for each method. The three regions of

constant membrane resistance only, critical flux onset and limiting flux are well captured.

Figure 2.6 shows the behaviour of the boundary layer with respect to transmembrane

pressure. Clearly in the lower flux regions the wall concentration is sub maximal and addi-

tional TMP increases the wall concentration. As the wall concentration is attained however

the boundary layer undergoes a thickening. This explains the interaction shown between the

boundary layer and cake layer resistance as seen in Figure 2.5

It is interesting to note the existence of a small peak in the flux performance which is not

present for the old theory. It is instructive to refer to the general equation used to calculate
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Figure 2.6: Concentration polarisation boundary layer with respect to transmembrane pressure.

The concentration is given as the particle volume fraction, the depth is in mm. When the trans-

membrane pressure exceeds 40kPa the change in the boundary layer is negligible, hence the curves

for these higher pressures appear overlaid and indistinct.
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the flux. Here for simplicity we will refer to the transmembrane pressure as, P, rather than

TMP and the total resistance as R.

J =
P

µR
(2.33)

If we differentiate the above equation with respect to P we have:

dJ

dP
=

1

µR2

(
R− P dR

dP

)
(2.34)

In the model the resistance comprises three components: the membrane, the cake layer

and the boundary layer. R = Rm +Rc +Rbl.

Now we may assume that the membrane resistance is independent of transmembrane

pressure, i.e. dRm
dP = 0. Therefore dR

dP = dRc
dP + dRbl

dP . So we have:

dJ

dP
=

1

µR2

(
R− P

(
dRc
dP

+
dRbl
dP

))
(2.35)

To find stationary points we also require dJ
dP = 0. So we have:

R = P

(
dRc
dP

+
dRbl
dP

)
(2.36)

The stationary pressure is found at solutions to the following equation:

P − R(
dRc
dP + dRbl

dP

) = 0 (2.37)

Figure 2.7 shows the resistance of the boundary layer with respect to TMP and Figure 2.8

its gradient. After some initial early settling at low TMP the resistance of the boundary layer

increases sharply until the maximum wall concentration is reached at 20 kPa, then the change

is more gentle as the boundary layer thickens slightly. At 40 kPa this process is completed

resulting in a constant resistance boundary layer resistance at higher fluxes.

Figure 2.9 shows the resistance of the cake layer with respect to TMP and Figure 2.10

its gradient. At low TMP no cake layer is present as the boundary layer is still forming

and the wall concentration is below maximum. At higher TMP once the wall concentration

reaches its maximum the cake layer starts to form, more slowly at first as the boundary layer

hasn’t finished developing. However as the TMP is increased further all additional resistance
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Figure 2.7: Boundary layer resistance with respect to transmembrane pressure.
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Figure 2.8: The resistance gradient of the boundary layer with respect to transmembrane pressure.

43



Figure 2.9: Cake layer resistance with respect to transmembrane pressure.
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Figure 2.10: The resistance gradient of the cake layer with respect to transmembrane pressure.
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is formed by a thickening of the cake layer, resulting in the proportional cake increase with

TMP.

The peak in resistance gradient in Figure 2.10 corresponds with the peak in flux seen in

Figure 2.5 as expected by equation 2.37. Figure 2.11 plots δJ
δ(TMP ) against TMP. The two

pressures at which δJ
δ(TMP ) is zero are the stationary points of equation 2.33 and therefore

satisfy equation 2.37, given 1
µR2 > 0.

Figure 2.11: Gradient of flux with respect to transmembrane pressure. Note the zeroes indicating

stationary points.

2.9.3 Concentration Polarisation

During the membrane separation process the rejected material accumulates near the mem-

brane. This results in a large concentration gradient from the feed side to the permeate
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side. A high concentration on the feed side and a low concentration on the permeate side.

This is known as concentration polarisation. Figure 2.12 shows the concentration polarisation

boundary layer up to a maximum particle volume fraction of 0.74. The bulk concentration

is 0.015. If one defines the boundary layer as starting at the point where the concentration

exceeds bulk concentration plus ten percent (0.0165) then the boundary layer thickness is

found to be 15 microns in this case. This definition is necessary as there will be a large region

where the concentration is marginally above the bulk, but is too insignificant to constitute

the origin of the boundary layer.

The size of the boundary layer is important in filtration theory.To calculate the mass

transfer coefficient, k = D
δ where D is the diffusivity, equation 1.6 requires a value for the

boundary layer width, δ. The boundary layer thickness is often arbitrarily chosen to be 20µm

for this purpose. In the present model, no such assumption is required. The boundary layer

width is calculated directly. Actual measurement of the boundary layer in experiment is very

difficult as the layer is so small.

When the calculation is run, the initial concentration is bulk throughout the domain.

As the simulation time elapses, the boundary layer will develop. Figure 2.13 illustrates this

effect. The boundary layer quickly forms in response to the convection of particles to the

membrane by the flux. Its rate of development slows towards its final profile as the resistance

of the layer increases, resisting the flux.

2.9.4 Particle Size

Figure 2.14 shows the relationship between particle size and flux. The model conforms well to

the theory for particle sizes less than 0.5 microns, with some divergence for larger particles.

The flux passes through a minimum at 0.1 microns. This correlates with the diffusivity given

in equation 2.4. The diffusivity goes through a minimum near 0.1 microns also. Differentiating

equation 2.4 with respect to particle radius gives:

δD

δa
= 0.06aγ − kT

nπa2µ
(2.38)

The stationary point is found at δD
δa = 0 giving equation 2.39. The second derivative

evaluated at this point is greater than zero, confirming it as a minimum point.
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Figure 2.12: This graph shows the steady state particle concentration increase towards the mem-

brane (depth 4mm), half way up the membrane. This illustrates the concentration polarisation.
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Figure 2.13: Boundary layer development with respect to the simulation time.
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amin = 2.55 3

√
kT

nπγµ
(2.39)

Given Boltzmann constant k, temperature T = 290K, drag on spheres constant n = 6,

shear rate γ = 100s−1, permeate viscosity µ = 0.001Pa.s, we find amin = 0.15µm. The

strong coupling of Diffusivity and flux is an inevitable result of the membrane wall boundary

conditions. Clearly for larger Diffusivity the transport of particles away from the membrane

will be greater, resulting in less resistance and higher fluxes.

Figure 2.14: Steady state flux variation with respect to particle size. Excellent correlation is found

in the ultrafiltration regime, deteriorating for larger particles.

At below the cake layer forming pressure, the variation of the boundary layer with particle

size can be analysed. Figure 2.15 shows the boundary layer for three different particle sizes

in the no cake layer regime. The larger particle size boundary layer has higher concentration.
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This is due to the result that larger particles have less surface area for a given volume than

smaller particles. As such there is less resistance due to drag on the surface which results in

the more fully developed boundary layer. Larger particles will therefore form cake layers at

lower pressures than smaller particles whose greater surface area makes the boundary layer

resistance more significant. Equation 1.20 shows that the resistance is inversely proportional

to the square of the particle diameter. So for a given particle volume a halving of the particle

diameter will result in an 4-fold increase in resistance.

Figure 2.15: Boundary layer development for different particle sizes, no cake layer development.

Figure 2.16 shows boundary layers where the maximum concentration has been reached

at the membrane surface and the cake layer has started to form. Here we see the effect of the

diffusivity’s relationship with particle size. As discussed above at dp = 0.2µm the diffusivity

is at a minimum. This will result in less particle transport away from the membrane resulting
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in lower concentration in the boundary layer and a steeper gradient at the membrane. As

found by the solution of equation 2.24. For the smaller particles the diffusivity is greater

resulting in fatter boundary layers and a shallower gradient at the membrane surface.

Figure 2.16: When the cake layer has formed the boundary layer development for different particle

diameters has a different nature. It undergoes a thickening after the max concentration has been

reached. It can be seen that the smaller particle sizes have a higher concentration in the boundary

layer.

Figure 2.17 illustrates the relative strength of the membrane, boundary layer, and cake

resistances. The membrane resistance is constant throughout by definition. The particle sizes

shown occupy the smaller particle size microfiltration and larger particle ultrafiltration. In

this region there is clear interplay between resistance types. At the larger particle sizes the

cake layer reisistance becomes dominant and the boundary layer resistance is insignificant,

at the smaller end the cake layer is not formed and the boundary layer is significant. The

boundary layer resistance is lower at 0.01 microns than 0.02 as the diffusivity is higher which

results in thinner boundary layers as discussed above. As the particle size increases to 0.02

microns the diffusivity increases resulting in larger boundary layer resistance, despite the lower

surface area for drag. The resistance of the boundary layer is maximal at the largest particle
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size for which the cake layer does not form, after this, the reduction in surface drag area and

the growth of the cake layer resisistance makes the boundary layer resistance relatively small.

Figure 2.17: Resistance of the membrane, the boundary and cake layers with respect to particle

size.

2.9.5 Convergence

Figure 2.18 compares the mesh against the calculated flux. The cell number is the inverse of

the cell width, and indicates the cell density and how refined the mesh is. For coarser mesh

sizes the flux is higher. As the mesh is refined however the flux starts to reduce and converge

asymptotically. It is important that the results are mesh independent. Therefore the mesh

must be sufficiently refined to ensure this. In these results the cell number is typically greater

than 40 where the influence of the mesh is negligible.
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Figure 2.18: The convergence of the results are checked against the mesh. As the cell size decreases

and the number of cells increases the flux converges to an asymptotic value.
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Figure 2.19 shows the flux convergence against time. As the flux convects particles to-

wards the membrane, concentration polarisation begins to occur and the flux decreases. We

see the flux decline develops very quickly. As discussed in the above section the boundary

layer develops quickly, hence the associated resistance and cake formation will also. As time

progresses the diffusion and increased resistance resulting from the particle build up toward

the membrane, will balance out the convection for a given flux and an equilibrium will oc-

cur. The time in which this equilibrium is established depends on the operating conditions.

Typically for higher flux set ups where there is more fouling control, the equilibrium will

occur more quickly. Whereas for lower flux conditions the balance can take longer to appear.

Naturally in such circumstance in which the bulk concentration is the same as the wall con-

centration the flux tend towards zeros, but as time tends to infinity so the balance may not

be established. In the flux calculations where the bubble is present the flux enhancement

will be used as this will typically achieve a steady state result in a reasonable time. The flux

enhancement is the increase in flux compared to the stagnant flow flux.

2.10 Summary

The model provides a method for calculation of flux performance in membrane filtration.

Given the decoupling of the liquid and particle phases and the refinement of the mesh the

model can allow for any particle size or flow field. The method of solving the convection-

diffusion equation also ensures time convergence when a suitable time step is chosen. The

only inputs the model requires are the flow field and the particle size, permeate viscosity and

temperature along with the membrane resistance and the size of the domain. Note in this

work the permeate viscosity and temperature are kept constant. The model is clear in using

well established fundamental principles in developing a solution for the flux.

This represents an advancement on previous models both analytical and numerical. Cor-

relation models rely on correlations and assumptions on the particle boundary layer size, to

determine the mass transfer coefficient. These models only use the shear at the surface to

determine the mass transfer coefficient. These models also require steady shear conditions at

the wall to allow for analytic integration of the convection diffusion balance, in particular that

the flux is constant in the domain. This requires a fully developed steady flow which in most

cases will not be present. Analytical models require the flow field to be sufficiently simple to
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Figure 2.19: The decline in flux with respect to time. Here the flux reaches steady state after

6 seconds with the flux settling at 19.4 LMH. Although for low flux high resistance calculations

the steady state flux is not found so quickly. Hence in the subsequent multiphase chapter the

flux enhancement is used as this describes both the increase in performance and converges more

readily.
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permit solution, which would not be suitable for more complicated multiphase systems which

we will introduce later. Numerical models using a resistance model have ignored analysis of

the boundary layer and do not cater for the different length scales by mesh refinement [29].

The flow field is assumed to be sufficiently small to allow for a reasonable mesh number to

calculate the particle effect too. The actual boundary layer size and affects are not calculated.

The model is shown to compare well with the theoretical results for different particle

variables and flow velocities and operating conditions of the system. The theory based on

shear at the membrane surface will only employ the concentration at the membrane. It does

not account for the development of the cake and boundary layer, which provides a more

detailed look at the flux. For example, we see how the old theories predicted flux flattens

out very sharply to the limiting flux when maximum wall concentration is reached. However,

the effect of the sharp changes in cake resistance with respect to transmembrane pressure

means this will occur more gradually. Previous work does not consider changes in shape of

the boundary layer after the maximum wall concentration is reached. It assumes that upon

this maximum being reached the boundary layer will be unchanged. In reality, of course, we

can expect a thickening of the boundary layer for a transitional period as the transmembrane

pressure is increased.
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3 CFD Modelling of Gas-Liquid Flow Between Two

Parallel Flat Plates

3.1 Introduction

Compared to slug flow in pipes, or Taylor bubbles, the gas-liquid hydrodynamics between

two flat plates has been the subject of much less research. The difficulties arise that unlike in

tubular flow where the bubble is constrained radially and is only free to move in the direction

of the pipe, the slug between two plates is free to move both vertically and horizontally so has

two degrees of freedom. Therefore, whilst the typical tubular set up permits the assumption

of axisymmetry, no such simplification is permitted here.

Instructive results about the behaviour of the bubble may be obtained by 2 dimensional

analysis in both the plane parallel to the flat sheets and the vertical plane perpendicular to

the flat sheets. The former can provide an insight to the movement of the bubble and the

latter to the hydrodynamics near the wall for the purposes of mass transfer. Analysis of these

methods are undertaken in the following chapter.

Shear resulting from the introduction of a gas phase into systems using membrane biore-

actors plays a key role in the enhancement of permeate flux due to the gas phase. The flow of

gas bubbles between two flat membrane modules is modelled. To calculate the shear across

the entire plane is not possible in 2-D as there is no velocity gradient parallel to the wall.

Instead the problem is approached taking a cross-section of the bubble in the plane perpen-

dicular to the wall. In this way the shear along a vertical line in the wall is calculated. The

cross-section is taken through the centre of the bubble where the flow through the plane will

be minimal due to symmetry and most apt for a 2-D analysis, as shown in Figure 3.1.

Of course both these methods are limited as they will not provide the full picture, resulting

in a somewhat qualitative behaviour. To get the complete hydrodynamics a 3 dimensional

model is required, this will provide both the bubble behaviour and the induced flow near the

wall for mass transfer analysis. However, with a full 3 dimensional analysis the computational

load becomes significant. This additional computational time reduces the number of results

that can be obtained in the available time.

Single bubbles slugged between two flat sheet membranes are to be investigated. This is

illustrated by Figure 3.2.The bubble is modelled using computational fluid dynamics (CFD).
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Figure 3.1: Schematic showing the modelled flows in 2D. The shear calculation on the left, which

is a plane through the centre of the bubble shown right which is used for the dynamics calculation.

The modelled domain is width x height, 12mm x 300mm and 100mm x 200mm, for the side and

front calculation respectively.
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Figure 3.2: Schematic of a single bubble slugged between two flat sheet membranes modelled in

3D. The permeate flux is indicated. Presence of particles shown for illustration purposes.
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The Volume of fluid (VOF) method is used to calculate the bubble shape and flow. The gas

phase is taken to be air and the liquid phase water at 20oC. The bubble is modelled as steady

by applying a downward liquid velocity component equal to the bubble’s rise velocity. In this

way, the bubble’s position is held stationary.

3.2 Governing Equations

Equation 3.1 is the general equation for the conservation of momentum, where ρ is the

fluid density, p is the pressure, τ is the stress tensor. D
Dt is the total derivative defined

by, D
Dt = ∂

∂t + (v.∇). This derivative groups the inertial forces, unsteady acceleration and

convective acceleration. The terms on the right of the equation are the static surface forces,

given by the pressure gradient, the dynamic surface forces, given by shear, and the body

forces respectively.

ρ
Dv

Dt
= −∇p+∇.τ + ρg (3.1)

The body forces employed here are limited to gravity. If x is the horizontal and y is the

vertical component, then for a tube at inclination θ to the vertical we have gx = g sin θ and

gy = −g cos θ where g is the magnitude of the gravitational acceleration. For vertical tubes

(θ = 0) this reduces to gx = 0 and gy = −g.

The conservation of mass is given by equation 3.2. The equation accounts for compress-

ibility effects, for incompressible flow this reduces to ∇.v = 0.

∂ρ

∂t
+∇. (ρv) = 0 (3.2)

In this form the above equations cannot be solved analytically. Computational fluid

dynamics solves these equations numerically by use of a sufficiently fine mesh. The relevant

gradients are assumed to be constant within each cell whose size is defined by the mesh, hence

a fine mesh is required for this to be valid. The governing equations are thus solved within

each small cell. The solution for the flow through a cell feed into its neighbouring cells, an

iterative method is required for the fluxes to match. At the edge of the overall flow boundary

conditions are required to provide closure.
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3.3 Multiphase Volume Of Fluid (VOF) Method

The commercial CFD package FLUENT is used to solve the governing equations [86]. The

volume of fluid (VOF) method is used to model the gas-liquid flow as the location of the

interface between the gas and liquid is not known. The VOF method calculates the properties

of the fluid based on the volume fraction of the phases within a cell. The volume fraction of

the gas and liquid phase in a particular cell is denoted by αG and αL respectively.

The VOF method is an effective Lagrangian method of calculating the interface between

two different phases, i.e. gas and liquid. However, this is limited to the case where number

of cells containing both phases is relatively small. As in the case of a single bubble. Where

multiple bubble swarms are considered and a large number of cells of both phases exist the

VOF method is not as effective due to the computational workload. In these cases Eulerian

simulations are likely to be more effective, although Eulerian methods will not provide the

same detailed interface tracking and rely on simplified bubble shape and size to provide more

homogeneous results.

The position of the interface between the gas and liquid phases is found by the solution

of a continuity equation for the volume fraction of one of the phases [87]. It is assumed that

individually both phases are incompressible. For the gas phase we have

∂αG
∂t

+ v.∇αG = 0, (3.3)

the liquid phase volume fraction is found by αG+αL = 1. The shape of the gas liquid interface

is calculated using the piecewise linear interface method (PLIC) by Youngs [88]. This allows a

linear approximation to the interface within the computational cell, which is not constrained

to be parallel to the grid. Like the earlier simple line interface calculation (SLIC) [89]. A

review of volume tracking reconstruction methods is given by Rider et. al. [90].

The fluid properties for those cells where both phases are present are estimated for density

and viscosity by equations 3.4 and 3.5 respectively.

ρ = αGρG + αLρL (3.4)

µ = αGµG + αLµL (3.5)
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A single momentum equation 3.6, derived from equation 3.1, is solved throughout the

domain and is dependent on the volume fraction of the phases. Each phase is considered

Newtonian with constant viscosity. The resulting velocity field is shared by both phases.

∂

∂t
(ρv) +∇. (ρv v) = −∇p+∇.

[
µ
(
∇v +∇vT

)]
+ ρg (3.6)

3.4 Surface Tension

Surface tension is modelled in Fluent using the continuum surface force model derived by

Brackbill et al. [91]. The pressure across the interface due to surface tension is found by,

p2 − p1 = σκ. (3.7)

where p1 and p2 are the pressures in each phase either side of the interface, σ is the surface

tension between the two phases and κ is the curvature of the interface.

The surface curvature is computed from local gradients in the surface normal at the

interface. The surface normal, n, is defined by

n = ∇αG. (3.8)

The curvature is defined by,

κ = ∇.n̂ =
1

|n|

[(
n

|n|
.∇
)
|n| − (∇.n)

]
, (3.9)

where the unit normal is given by

n̂ =
n

|n|
. (3.10)

3.5 Boundary Conditions

The no–slip condition is assumed at the walls. To improve convergence for the side view

shear calculation, the flow was analysed in a bubble steady state [92]. This is achieved by

applying a downward velocity condition to the top of the domain and the side walls [41]. It

is assumed the liquid phase without the bubble is stagnant. As a result, the velocity inlet

profile at the top is uniform across the domain width. The velocity is equal to the bubble

rise velocity rendering the bubble stationary. Whilst this affects the velocity of the liquid

about the bubble, the shear is unchanged. This is due to the velocity gradient at the wall

63



being unaffected, a constant velocity is added throughout the profile leaving the gradient

unchanged. In the moving bubble state, the central liquid above the bubble nose is pushed

upwards whilst the liquid near the wall is drawn downward into the film, conserving mass

flow.

The front view bubble dynamics calculation is done without the bubble held stationary

by a downward flow. As a result, no slip wall conditions are applied at the base and side

walls. A constant atmospheric pressure condition is applied at the top of the domain. The

rise of a single bubble in stagnant liquid is modelled.

3.6 Initial Conditions

The modelled flow is unsteady with respect to time, even in the bubble steady case. Initial

conditions are required for the calculation. The gas phase is patched into the domain. In the

side view shear calculation, the bubble shape is given by a rectangle topped by a semi-circle.

In the front view dynamics calculation, a semicircular initial shape is assumed. The initial

shapes are chosen to correspond to the expected bubble shape. Other initial shapes converge

to the same final shape, but more slowly. For the bubble dynamic calculation, stagnant liquid

is assumed so the default zero velocity for each phase is retained. In the shear calculation, the

liquid flows down past the bubble. In this case, the initial liquid phase velocity was chosen

to be equal to the inlet and wall velocities throughout.

3.7 2D Results – Bubble Dynamics

3.7.1 Bubble Shape and Rise Velocity

In order to design an effective system incorporating gas sparging in flat sheet submerged

membrane bioreactors, knowledge of the bubble motion and interactions are required. The

shear believed to enhance flux has been discussed in previous sections. It is desirable for the

bubble residency to span the bed to maximise the area enjoying the shear enhancement. The

bubble behaviour is simulated using the same methods described above applied to the new

geometry.

The rise behaviour of a single bubble with equivalent circular diameter of de = 14.14mm

is shown in Figure 3.3. The steady state bubble rise velocity was found to be ub = 0.196m/s.

Compare the simulated shape with the experimental result [8] single spherical cap bubble
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Figure 3.3: Motion of diameter, de = 14.1mm, bubble up the bed at time increments of 0.1 seconds.

As the bubble is accelerating vertically, its Reynolds number will increase; the associated transition

in bubble shape is well captured. The bubble has a steady state rise velocity of ub = 0.196m/s,

giving a Reynolds number of Re = 2772.
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Figure 3.4: Image of single spherical cap bubble moving in a narrow gap between two parallel

plates. Taken from Essemiani et. al. [8].

66



shown in Figure 3.4. The behaviour of bubbles rising through a surrounding fluid can be

characterised in terms of dimensionless numbers which relate the properties of the flow. These

are as follows. The Eotvos number relates the significance of surface tension to bouyancy

forces. The Morton number is independent of the bubble size and velocity and characterises

the two phase flow. The Reynolds number relates the significance of inertial to viscous

forces. The values of these numbers is given below, where ρl,g is the liquid and gas densities

respectively, σ is the surface tension and µl is the liquid viscosity.

Eo =
g (ρl − ρg) d2

e

σ
, Mo =

gµ4
l (ρl − ρg)
ρ2
l σ

3
, Re =

ρldeub
µl

(3.11)

For air-water flow, we have, ρl = 1000 kg/m3, ρg = 1.25 kg/m3, µl = 0.001Pa.s, σ =

0.072N/m. Given g = 9.81m/s2 and the bubble size and velocity given above we have,

Eo = 27.2, Mo = 2.625 ∗ 10−11 or log10Mo = −10.58, and Re = 2772. Figure 3.5 shows the

relationship between the dimensionless numbers and bubble behaviour for 3D bubbles rising

in sufficiently large volumes of surrounding fluid as to be unconstrained. We can see for a

given Eotvos number how the bubble shape may change with respect to Reynolds number

as it is accelerated up the bed by bouyancy forces. The bubble in Figure 3.3 reflects this

transition in bubble shape. An initial semicircular guess is adopted which becomes skirted

and finally spherical cap as it develops. Figure 3.5 can also be used to estimate the rise

velocity for a given bubble, as the Reynolds number is a function of the Morton and Eotvos

number, which can be calculated from the physical properties. The bubble size and fluid

properties are known which provide the Eotvos and Morton numbers. The Reynolds number

at which these two meet may then be determined graphically, which in turn will give the

bubble rise velocity. Given Eo = 27.2 and log10Mo = −10.58 we find Re = 103.46 = 2884

this compares well with the simulated Reynolds number, Re = 2772.

The method for determining the simulated rise velocity is shown in Figure 3.6 for a bubble

with an equivalent diameter, de = 33mm rising in a 100mm wide bed. When the bubble

appears to have attained its steady state rise velocity, the average gradient of the position

of the nose with respect to time is found. Here, the calculated simulated rise velocity gives

a Reynolds number, Re = 7067. The Clift chart graphical method gives a Reynolds number

for this bubble diameter of Re = 8171. The discrepancy likely results from the increased

influence of the no slip condition at the walls restricting flow. The larger bubble results in an
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Figure 3.5: Chart showing bubble characteristics with respect to the dimensionless Eotvos, Morton

and Reynolds numbers. Taken from Clift et. al. [9].
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increased bubble diameter to bed width ratio.

Figure 3.6: Method for determining the bubble rise velocity up the bed. Bubble equivalent diam-

eter, de = 33mm.

3.7.2 Bubble Interaction

The interaction between bubbles in one-dimensional flow, i.e. through axisymmetric pipes, is

well described by Wallis [93]. Here, we shall extend this to 2D planar flow. The interaction

between two inline bubbles of the same size is shown in Figure 3.8. The two bubbles develop

in a similar manner to the single bubble, but the trailing bubble is drawn into the wake of

the lead bubble. The low pressure wake of the lead bubble increases the rise velocity of the

trailing bubble. After 0.6 seconds, the bubbles start to coalesce. Surface tension forces will

drive the formation of a new single bubble. Surface tension will seek to minimise the surface

area of the interface between gas and liquid which is achieved by a single bubble formation.

This is achieved by the pressure gradients in the presence of the interfacial curvature, as in

equation 3.7. Excessive curvature will cause a pressure gradient coalescing the two phases.
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de, [mm] ub,sim, [m/s] Resim Reexp

5 0.168 840 924

14.1 0.196 2772 2884

21.2 0.208 4412 4771

33 0.214 7067 8171

Figure 3.7: Comparison of simulated rise velocities with experimental results.

After 0.8 seconds, the new single bubble forms, again taking spherical cap shape. The new

bubble will behave as a single larger bubble, with gas volume roughly conserved. This would

lead to an equivalent diameter, de = 20mm. However, the bubble will be slightly smaller than

that due to the shedding of smaller bubbles from the main bubbles. It is argued that the shape

of the bubble governed by surface tension forces is unable to respond sufficiently quickly to

the viscous shear experienced on the cap of the rising bubble. This leads to ’bursting’ where

the skirts of gas are drawn down below the bubble encircling the wake region [94]. The

instability of this structure will lead to gas being shed in the form of smaller bubbles. The

results compare well with work on bubble interactions by Boulton–Stone et. al. [95].

With reference to Figure 3.5, this phenomena will be clearer for larger Eotvos number

bubbles. Figure 3.9 shows the CFD simulation of a bubble with Eotvos number, Eo = 61.2.

Smaller bubbles are torn off the main bubble by viscous shear. These bubbles encircle the

wake region below. Work with larger bubbles (Eo > 100) is required to see if stable skirts

can be simulated.

The coalescence of bubbles described above may be detrimental to the efficacy of the shear

profile along the membrane wall. The turbulent wake region is believed to play a key role in

the enhancement mechanism. However, the coalescence of bubbles will reduce the number of

wake regions and therefore the span of this property across the wall. To maintain an optimal

bubble residency will require further knowledge of bubble behaviour with respect to the gas

sparging conditions.

3.7.3 Sparging Frequency

The previous CFD work on bubble interactions has focused on the behaviour when a number

of fixed bubbles are placed in the bed at a fixed time spacing. Adding bubbles at a fixed
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Figure 3.8: The interaction of two vertically inline bubbles of equivalent diameter, de = 14.1mm.

The lower bubble is drawn into the low pressure wake behind the lead bubble, whereupon they

coalesce into one larger bubble.
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Figure 3.9: Smaller bubbles torn from main bubble with Eotvos number, Eo = 61.2. Note how

these bubbles encircle and describe the wake region below the main bubble.
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frequency, like a gas sparger, is developed here. A new bubble is regularly added after a fixed

amount of time. The positions of the nose and tail of multiple bubbles along the centre line

at a gas sparging frequency of 5 bubbles/second is shown in Figure 3.10 each bubble has an

initial equivalent diamter, de = 14.14mm.

Figure 3.10: The bubble nose and tail paths up the centre line of the bed are plotted at a sparging

frequency of 5 bubbles per second. The effects of the bubble interactions appear to reach a steady

state. The attraction of a given bubble to its lead bubble is matched by that bubbles own attraction

to its leader. The steady state bubble rise velocity exceeds the single bubble rise velocity.

We see the second bubble is quickly drawn into the first bubble. This increases the distance

between the second and third bubble reducing the strength of the interaction between the two.

As a result the third bubble does not meet the bubble formed from the first and second bubble

until the top of the bed. After this a steady state appears to be reached. The attraction
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of one bubble to the trailing bubble is matched by the bubbles own attraction to its lead

bubble. A higher average rise velocity in the later bubbles results. At a steady state position

(t = 1.3s) there are two substantial bubbles in the bed. They occupy about 12% of the centre

line region. If the wake region is assumed to be a few multiples of the bubble diameter then

the proportion of the bed centre line enjoying wake enhancement can also be calculated.

The effect of halving the bubbling frequency to 2.5 bubbles/second is shown in Figure 3.11.

We see the lower frequency results in weaker interactions between the bubble pairs. Also,

a smaller proportion of the bed is occupied by bubbles. To get a fuller picture of the be-

Figure 3.11: Bubble nose and tail positions with respect to time at a sparging frequency of 2.5

bubbles per second.

haviour with gas sparging, a bed of double the height is modelled, again at a frequency of

5 bubbles/second. The results are shown in Figure 3.12. The actual simulated bubbles are
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Figure 3.12: Bubble nose and tail positions with respect to time in a taller bed (400mm) at a

sparging frequency of 5 bubbles per second.
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shown in Figure 3.13. We see the increasing influence of the smaller shedded bubbles dis-

cussed above. As these coalesce and grow the bed behaviour becomes more unstable. This is

likely to hamper the quality of control of the conditions in the bed. To remedy this, a period

where no gas is added to the bed may be required. This will enable the bubbles to leave

the bed allowing more stable conditions for the sparging of future bubbles, leading to better

conditions for flux enhancement.

Figure 3.13: These images show the progress of bubbles at time steps of 0.1 seconds up a taller

(400mm) bed at a sparging frequency of 5 bubbles per second. The shedding of smaller bubbles

from the main bubbles leads to considerable instability in the phases. This is difficult to control

and might require a period where no gas is introduced to return the bed to stable conditions.

Figure 3.14 shows the behaviour of two horizontally aligned bubbles moving up the bed.

There is little interaction between the two as the low pressure wakes driving previous inter-

actions are aligned, leading to small pressure gradients. This independent behaviour may
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enhance the control of the bubbling if the bubble columns can be horizontally aligned in this

way by perhaps having simultaneous pulse injection.

Figure 3.14: Weak interaction between horizontally aligned bubbles.

3.8 2D Results – Induced Flow Against Membrane

3.8.1 Bubble Shape

Figure 3.15 shows the bubble profile for increasing gas volumes. The bubble lengths, lb,

are 15, 25, 45 and 85 mm respectively. Relative to the channel thickness, Z the lengths

are lb/Z =1.25, 2.08, 3.75 and 7.08 respectively. Each bubble shows a smooth nose leading

towards a film region. The film thickness reduces with bubble length until, for the longer

bubbles, a minimum is reached. The larger bubbles have broadly flat tails and shed smaller

bubbles in their wake. The smallest bubble has a slightly convex bubble tail due to the

increased significance of surface tension forces compared to inertial forces. The bubble rise

velocity was found to be 0.067 m/s for each gas volume. As in Taylor bubbles in tubes we can

expect the rise velocity to be dependent on the gap width alone [96, 97]. Collins [98] gives

ub = 0.23
√
gZ for a cylindrical cap bubble in a narrow channel. For the 12mm gap used this

gives a rise velocity of 0.078 m/s.

3.8.2 Wall Shear

Figure 3.17 shows the shear profiles along the bubble length for the different bubble sizes.

All bubbles share an increasing shear region in the liquid film. The restriction of flow due to

the bubbles accelerates the liquid film downwards creating increasing shear due to the no-slip

boundary condition at the wall. It is noticeable in particular for the larger bubbles that the

shear flattens off towards the bubble tail. This suggests the liquid film approaches a terminal
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Figure 3.15: Bubble shape for increasing gas volumes. The length of the bubbles relative to the

channel width (12mm) are 1.25, 2.08, 3.75 and 7.08 respectively.

velocity, where the shear at the wall balances the effects of the flow constriction due to the

bubble. As the film cannot accelerate, conservation of mass will prevent any further thinning

of the film. This also explains why the rise velocity of these bubbles, discussed above, is only

dependent on the gap width and not gas volume.

At the tail and below the shear stress is highly variable. At the end of the bubble, the liquid

film plunges into the wake region. The increased flow area will provide an average reduction

in velocity resulting in reduced shear. However, considerable local velocity fluctuations exist

providing oscillations in the shear profile. Figure 3.16 shows the pathlines the liquid follows

when introduced at the top of the domain. We notice all the wake regions exhibit considerable

asymmetry about the centreline of the domain. Small differences in the velocity, size and

location of the film at the tail result in large deviations in flow below the tail. A perfectly

symmetric flow below the tail may be regarded as a highly unstable equilibrium with respect

to the flow conditions above. This also shows that modelling the flow using half the domain

and a symmetry plane would be unsatisfactory.

The collapse of the liquid film into the wake and the subsequent oscillations in shear

provide an excellent mixing region. Note also the size of the length of the wake region

providing useful shear appears insensitive to the length of the bubble. The approach of

terminal velocity in the film with respect to bubble length means the velocity of the film
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Figure 3.16: The pathlines of the liquid entering the top of the domain are shown for each bubble

size at a given time.
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entering the wake does not increase proportionately with bubble length.

Assuming the bubbles are sufficiently separate they may be treated individually. This

provides the opportunity to build up an anticipated shear profile for bubble chains where the

bubbles are of the same size and far enough apart to be analysed independently. We note the

shear diminishes to zero away from the bubble tail. Clearly, in this region we may expect the

flow to behave as it would without the preceding bubble. However, the non-zero shear wake

region is significant with respect to bubble length and much of it is small compared to the

shear at the bubble tail. To enhance the overall shear we could neglect the region where the

shear has fallen to 10% of the maximum. The small shear region is replaced by the following

bubble, as shown in Figure 3.19.

However, the control of the bubble distribution to build up the shear profiles in this way

may pose considerable difficulties due to the strong interactions that occur. In particular, a

trailing bubble is drawn into the low pressure wake region of the leading bubble. In this way

slug bubbles tend to clump together and coalesce, which may provide less effective mixing

properties.

Ducom et. al. [99] attempt to link the shear at the wall to the flux enhancement resulting

from gas sparging. This employs the electrochemical method for determining shear indirectly,

given by Reiss et. al. [100] and Cognet et. al. [101]. Zhang [10] uses the electrochemical

method to determine the relative current enhancement, which can be correlated to shear

stress, at a point from a passing bubble. The result is shown in Figure 3.20. The response

shares the properties of the simulated shear results shown in Figure 3.17, with a steady

increase in the film region followed by a diminishing but highly oscillatory behaviour in the

wake region, providing good qualitative validation.
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Figure 3.17: Shear profiles for the different bubble lengths of 15, 25, 45 and 85 mm respectively.

In the main bubble region all profiles share a smooth increase in shear, directly corresponding

to the thinning of the film. In the wake region, the mean shear decreases in the absence of the

bubble. However, considerable local fluctuations in the flow yield oscillations in shear at much

higher frequency.
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Figure 3.18: Oscillations in the bubble tail shown at a 0.12 second time increment. Note how the

flow travels in a wave pattern down the domain. Also we see the alternation in which side of the

film penetrates the central region most, this results in the downward motion of a given wake peak.
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Figure 3.19: Shear profile as may been seen in a chain of bubbles with the same gas volume. If

the bubbles are considered to be acting independently the shear profile from one bubble may be

used to build up the complete picture.
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Figure 3.20: Measured response at a point to a passing bubble using the electrochemical method

for shear measurement. Taken from Zhang [10, 11].
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3.9 3D Results

In the 3 dimensional analysis, two principal factors are to be investigated the bubble volume,

V , and the gap between the two flat plates, Z. The multiphase system will comprise air and

water only, and the width and height of the flat plates will remain unchanged.

It is desired to analyse the effects of the gap width and bubble volume as these are key

components in the design of flat sheet bubbling membrane filtration. An understanding of

the hydrodynamics will later inform the flux under filtration.

Bubble volumes of, 3.075mL, 4.950mL, 7.032mL, 12.350mL, each in gaps, 6mm, 7mm,

8mm, 9mm, 10mm, 12mm, 16mm, 20mm, 28mm, 40mm, 80mm are calculated.

3.9.1 Convergence

It is necessary to ensure the results are mesh independent and that a sufficiently fine grid

is used to ensure convergence. However, the cell size must not be so small as to render the

computational time too great. To minimise computational time, the cell size used should be

the largest that ensures convergence of the result. To determine this, the model is run for

a 3.075 mL bubble with different cell sizes. For the 8mm gap width, the selected cell sizes

for this work are ∆x = 0.001m, ∆y = 0.0016m, ∆z = 0.0001m in the x,y and z directions

respectively. The different lengths of cell size reflect the size of the domain. There are 80

cells in the x direction, 75 in the y-direction and 80 in the z-direction. This cell density was

retained for the subsequent simulations at larger gap widths. Note a simple Cartesian system

of equal cell sizes in a given direction is employed, as this allows for subsequent incorporation

into the particle flux model. The bubble rise velocity is used as the metric for testing the grid

convergence. This is shown in Figure 3.21. The bubble rise velocity is plotted with respect to

the number of cells in the z direction, (10 20 40 80 160). After 80 cells, the change in bubble

rise velocity becomes small indicating satisfactory convergence.

3.9.2 Bubble Shape

Figure 3.22 shows the calculated shape both in the plane half way between the membranes

and the central vertical plane perpendicular to the membranes, for a volume of 3.075 mL and

gap of 8mm. The bubble nose was found to be held steady (at a height of yb = 94.5mm) with

an inlet downflow at the top of 0.264m/s, which is taken to be the bubble rise velocity.
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Figure 3.21: Grid convergence for the rise velocity of a 3.075 mL bubble. Domain widthX = 80mm,

height Y = 120mm and gap Z = 8mm.
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Figure 3.22: Bubble volume, V = 3.075mL. Membrane width X = 80mm, height Y = 120mm and

gap Z = 8mm.
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The bubble shows the typical spherical cap shape found in larger bubbles, note the mem-

brane is assumed to be hydrophilic, which ensures the membrane is always wetted and there

is always a liquid film between bubble and membrane.

The bubble shape can be described as spherical cap for larger Eotvos numbers greater

than 10 in an unconstrained flow area. As the bubble gap is reduced, the shape is better

described as a circular cap. To analyse the bubble shape for the results, a shape factor is

introduced. The simplest shapes with well defined geometry similar to the spherical and

circular caps are a hemisphere and hemicylinder respectively. The bubbles investigated are

defined by their volume, the volume of a hemisphere with respect to its diameter is V = π
12d

3

and for a hemicylinder V = π
8d

2Z, where the length of the hemicylinder is taken as the gap

width. Hence, for a given bubble volume and gap width, we can find the equivalent diameter

for each shape.

The actual calculated diameter is found from measuring the maximum width of the 50%

gas volume fraction contour of the bubble from the results. For each bubble and gap this

diameter is recorded and compared to the equivalent diameter. Figure 3.23 plots the ratio

of the equivalent diameter to the actual calculated diameter (shape factor) for each shape

against the ratio of the bubble depth to the gap depth ( bzZ ). For larger gap widths where

the bubble depth is small compared to the gap depth, the hemisphere provides a better

approximation of the bubble shape, as it has a closer shape factor to one (0.9), whilst the

hemicylinder approximation is much poorer with a shape factor of less than 0.5, indicating

a spherical cap shape. The shape factor is less than one, as the spherical cap is concave in

shape with less thickness than the hemisphere. The concave shape results in a wider span of

the bubble.

As the gap width is reduced, the depth of the bubble becomes more significant with respect

to the gap depth. This results in the hemisphere becoming a poorer shape approximation and

the hemicylinder becoming the more representative shape. This transition occurs once the

bubble depth exceeds 89 percent of the gap depth. Again, the bubble shape remains concave

in nature with a shape factor less than one until the gap depth is smaller than 8mm. For the

smallest gap depths, the shape factor actually exceeds one. This indicates a transition to a

convex shape. This is likely the result of surface tension effects which are more significant for

smaller gaps. Surface tension effects will promote a rounder bubble tail region, as is seen in

very small flow areas such as capillaries, hence the more convex shape.
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There is strong correlation between the ratio of the bubble depth to gap depth and the two

shape factors, irrespective of bubble volume. Clearly, for the range of volumes investigated,

the depth ratio is the governing influence on bubble shape.

Figure 3.23: The shape factor indicates how similar the bubble shape is to a hemisphere or hemi-

cylcinder. It is the ratio of the diameter of a perfect hemisphere or hemicylinder to the calculated

bubble diameter. Where the ratio of bubble depth to gap depth is small, the shape is similar to

a hemisphere. When the bubble depth is greater than 0.9 of the gap depth, a hemicylinder is a

much better approximation of the shape.

Figure 3.24 shows the aspect ratio of the calculated bubble width, bx, with respect to the

bubble depth, bz. As the gap depth reduces, the bubble width increases, as is expected. The

results are characterised by the asymptotic nature of the film thickness between the bubble

and membrane for smaller gap widths. As the membrane is assumed to be hydrophilic, the
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ratio of the bubble depth to gap depth is always less than one. For the results plotted, the

largest gas fraction in the gap width (z) direction is 96.2 percent. Large increases in gas

volume or reductions on gap width appear to have little impact on this maximum.

Note again the strong correlation between the aspect ratio and the bubble depth to gap

depth ratio. Given this correlation, we can deduce that a bubble of higher volume in a larger

gap width is geometrically similar to a smaller bubble in a smaller gap, where the ratio of

the bubble depth to the gap depth is the same. This is to be expected, as the bubbles for the

range of volumes and gap depths analysed will have similar Eotvos and Reynolds numbers

on a log10 scale. Namely, 1.64 < log10Eo < 2.05 and 3.6 < log10Re < 3.9.

Figure 3.24: This figure indicates the strong correlation between the width and depth of the bubble

(the aspect ratio) against the bubble depth to gap depth ratio.

Figures 3.25, 3.26, 3.27 shows the bubble shape in the plane of the flat sheets for the
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3.075mL and 7.032mL bubbles in each plane.

Figure 3.25: Bubble shape in x-y plane by gap depth for gas volumes of 3.075mL and 7.032 mL.

Figure 3.27 shows the top view (x-z plane) of a 3.075mL and 7.032 mL bubble for gap

widths, 8mm, 9mm, 10mm, 12mm, 16mm, 20mm, 28mm, 40mm, 80mm. The transition

between a spherical cap shape for the larger gap widths to a cylindrical cap shape is shown.

3.9.3 Wall Shear

Figure 3.28 shows the mean shear magnitude generated against the membrane wall by the

bubble. Clearly, for very large gap widths, the shear is small as the effect on the liquid flow by

the bubble is restricted to the center. As the gap is reduced, clearly the flow at the membrane

surface starts to be more influenced by the bubble, resulting in higher mean shear values.

91



Figure 3.26: Bubble shape in y-z plane by gap depth for gas volumes of 3.075mL and 7.032 mL.

The influence of gap width on bubble shape for a given gas volume. From left to right the gap

widths are, 80mm, 40mm, 28mm, 20mm, 16mm, 12mm, 10mm, 9mm, 8mm respectively. Note the

limiting minimum of the liquid film between the membrane and the bubble.

Figure 3.27: Bubble shape in x-z plane by gap width for gas volumes of 3.075mL and 7.032 mL.
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Figure 3.28: The mean shear magnitude increasing with the reduction of the gap. The mean shear

magnitude is plotted, instead of maximum shear, as this is more representative of the predicted

flux enhancement using shear based methods.
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Figure 3.29: The flow of the liquid phase around the 3.075 mL bubble in a 8mm gap, the black

line shows the position of the bubble. The boundary condition at the top is an inlet defined at

the velocity found to hold the bubble stationary (the bubble rise velocity). This is in the central

plane parallel to the membrane. There are regions of upward flow in the recirculatory regions of

the bubble and the wake. However, the main feature is the acceleration of the flow to the side of

the bubble caused by the constriction of flow area by the bubble.

94



Figure 3.30: The shear on the membrane due to the 3.075 mL bubble in a 8mm gap, the black

line shows the position of the bubble. There are high shear regions adjacent to the bubble caused

by the small film between bubble and wall. There is also increased shear in the wake region below

the bubble.
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3.9.4 Bubble Rise Velocity

The rise velocity of bubbles in extended liquids and in two dimensional planar set ups is well

researched. However, the response of the bubble velocity as its flow geometry transitions

from one extreme to the other is not. Figure 3.31 shows the bubble rise velocity with respect

to gap. At the larger (80mm) gap the bubble is unconstrained by the walls. This allows the

liquid phase to pass more easily around the bubble, permitting a higher bubble rise velocity.

As the gap is reduced towards the free width of the bubble, the liquid around the bubble

is subject to greater shear by the walls, reducing the ease with which it can flow past the

bubble, resulting in a lower rise velocity. This will be termed the z dominant region, the

ratio of bubble width in z to gap being the key factor. However as the gap is reduced further

the shape of the bubble is significantly affected by the walls. The constriction results in

the bubble assuming a more streamline shape. In particular the frontal area past which the

liquid must flow is reduced, resulting in less drag on the bubble. This allows a higher bubble

rise velocity. This will be termed the transitional region. As the gap is further reduced,

however, the width of the bubble in the x-direction becomes significant and velocity starts to

be reduced due to drag in that direction. This will be termed the x dominant region.

Figure 3.32 compares the rise velocity in dimensionless form with respect to z, ub√
gZ

, and

the aspect ratio of the flow geometry. It shows good correlation for each bubble volume.

Where aspect ratio is greater than 0.2 this would provide a reliable method of determining

the bubble rise velocity. However, as the ratio is more skewed with smaller gaps Z the data

is more spread giving a less reliable indicator of bubble rise velocity. This is a result of the

increased influence of the bubble width in the x direction.

Unlike the usual analysis which varies the gas volume for a given flow geometry, this

analysis is based on the effect of changes in the gap depth for a given volume of gas. The

method to obtain a meaningful dimensionless velocity in the x direction is developed here.

The rise velocity of bubbles in extended liquid where the boundaries are sufficiently large

to not be a factor in the rise velocity is given by equation 3.12 [6], where de =
(

6V
π

) 1
3 is the

equivalent diameter, assuming a spherical volume, V .

ub = 0.71
√
gde (3.12)

The equivalent diameter defined above is independent of gap depth, so will be constant
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Figure 3.31: The bubble rise velocity for each bubble volume for a given gap depth. Each bubble

shares three flow types. For larger gaps the bubble is largely unconstrained by the walls so has a

higher velocity. As the gap is reduced the drag on the walls creates a reduction in the rise velocity.

However, as the film region is formed and is largely constant there appears an increase in bubble

velocity. The shape of the bubble is streamlined by the constriction. Further gap reduction brings

a decrease in velocity as the width of the bubble becomes significant to the side walls resulting in

additional drag as the flow is no longer free in that direction.
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Figure 3.32: The bubble rise velocity is given dimensionless form for the gap depth Z. There is

good correlation between this and the aspect ratio of the flow area. The value Z/X = 1 represents

a square flow region. For the flow regions with small depth, Z, the correlation is less clear as in

this region the size of the bubble in the x direction becomes more significant.
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for each bubble. This neglects the changes in conditions that will inevitably occur as the gap

is varied. To account for this, a new equivalent diameter for the width of the bubble in the

x-direction, dx, is introduced. This assumes the gas volume is in the form of a cylinder whose

axis is perpendicular to the membrane and whose length is equal to the gap depth, z.

dx =

(
4V

zπ

) 1
2

(3.13)

Equation 3.12 is now rewritten in terms of dx, giving, ub = 0.71
√

de
dx

√
gdx. Hence the

equivalent dimensionless rise velocity is given by equation 3.14 whoch accounts for both gap

and bubble volume.

ub√
gdx

= 0.71

√
de
dx

= 0.68
( π
V

) 1
6
Z

1
4 (3.14)

Figure 3.33 compares the dimensionless rise velocity with theories for both the case of

bubbles rising in extended liquid and bubbles rising in a plane. The curves above the data

points are the dimensionless rise velocity for a bubble in an extended fluid, 0.71
√

de
dx

. The

curve below the data points is the correlation established experimentally for flow in a narrow

gap between two flat sheets and numerically for 2d CFD calculation, 0.2
√

X
dx

, by Krishna et

al [12].

For the larger gaps the bubble rise velocity is closer to the extended flow theory case,

as the walls have less influence. As the gap is reduced and the influence of drag on the

walls increases, the bubble rise velocity decreases and approaches the 2d theory case. An

exception to this general rule occurs after the bubble undergoes significant size reduction in

the z direction as the gap becomes smaller. In this region the bubble rise velocity increases.

It has been argued that the bubble shape becomes more streamlined as the projected area

decreases [102]. This is only valid while the bubble width in the x direction permits free flow

in that direction. The small flow in the film between the bubble and the wall is less significant

than the flow between the bubble and side walls in the X-direction.

Figure 3.34 compares the dimensionless rise velocity in x, ub√
gbx

, with the sphericity of the

bubble shape. It shows how the respective velocity regions share bubble shape, Z dominant

for sphericity ratios less than 1.6, transitional between 1.6 and 1.75 and X dominant for ratios

greater than 1.75.
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Figure 3.33: The top lines are the unconstrained dimensionless rise velocities for each bubble vol-

ume. The bottom line is the dimensionless rise velocity for a 2-dimensional simulation [12]. The

data shows the transition between the two flow regimes and which is more significant. When the

width of the bubble is small compared to the domain width, the velocity is similar to the incon-

strained case. However, as the relative bubble width increases the 2 dimensional approximation is

more representative.
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Figure 3.34: The dimensionless velocity compared to the sphericity of the bubble shape. This

indicates the correlation between bubble shape and the region where the bubble has a peak in

velocity, in the region where the ratio is around 1.7.
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3.10 Summary

The CFD method provides a simulation of single gas bubbles between two flat parallel plates.

The gap between the plates was smaller than the free width of the bubble, generating a

constriction of the bubble and a film region between bubble and membrane. This generates

additional shear on the surface beneficial to membrane filtration.

The 2 dimensional models provided insight into the bubble motion behaviour in one plane

and the secondary flow generated near the membrane surface in the other plane. In the 2

dimensional simulation in the plane of the plates, the bubble shape and rise velocity com-

pared well with the literature. Multiple bubble situations were also investigated showing the

interaction between them. As expected, vertically aligned bubbles show strong interaction

due to the low pressure wake region behind them which attracts the following bubble, whilst

horizontally aligned bubbles show weaker interaction. In the plane perpendicular to the mem-

brane, we saw the effect of the constriction due to the membranes. In a bubble steady frame

of reference, the liquid film is accelerated down past the bubble. This causes a steady increase

in shear until the base of the bubble is reached, whereupon the behaviour of the wake leads

to a more turbulence influenced shear profile with higher frequency fluctuations.

The 3 dimensional model was able to simulate the bubble shape, motion and the sec-

ondary flow near the wall. The factors affecting the bubble rise velocity where shown to vary

depending on the gaps. As the gaps start to decrease and the size of the bubble in this direc-

tion becomes significant, it is this length which is significant however, as further reductions

in gap occur the width of the bubble in the x direction compared to the domain becomes the

significant factor. In between these regions, there is a transitional region where the bubble

rise velocity increases due to streamlining in z and the width in x is still not significant.

The model can also be applied to different membrane geometries. For example where

hollow fibre membranes are used. In this case the governing equations for the concentra-

tion (convection-diffusion) and hydrodynamics (Navier-Stokes) would have to be restated in

cylindrical form. The Matlab code would then have to be rewritten to solve the cylindrical

form of the convection-diffusion equation and cyclindrical grids would have to be formed for

the CFD solution of the Navier-Stokes equation. The physical principles of the model would

remain unchanged.
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4 Flux Enhancement for Bubbling Membrane Fil-

tration

4.1 Introduction

In the previous sections, a method has been developed to calculate the flux performance of

membrane filtration systems in the presence of a gas phase. This is now used to determine

the most efficient MBR design. The filtration system is influenced by numerous design con-

siderations. In this section, the effect of changes in the design is considered. It is desired to

determine the optimal conditions for the enhancement of filtration flux by the bubble.

When considering the set up of two parallel flat plates, one of the principal design factors is

the gap between the two flat sheet membranes. One can expect variations in the rise velocity,

and induced shear on the membrane as the gap is varied. Another significant consideration

will be the size of the bubble or the gas volume fraction (voidage). Again, for a given gap,

changes in gas volume will result in changes in the bubble rise velocity and induced shear.

The effect these changes have on the resultant flux will govern the efficiency of the design.

One should bear in mind the energy costs of introducing the gas phase. For example,

one may obtain good flux enhancement by the introduction of a vigorous sparging of gas.

However, the associated cost of this would undermine the overall benefit of the gain in flux.

By knowledge of the effect of bubble size and gap, one can gain the greatest benefit when the

flux enhancement is compared to the energy cost (amount of gas).

The multiphase particle flux behaviour will be calculated for each of the bubble hydro-

dynamical conditions investigated in the CFD analysis. This is done by taking the velocity

matrices from the CFD calculation as the convection terms in the convection-diffusion equa-

tion. Investigating the large number of variables discussed in the 2 dimensional single phase

section is not carried out, as the computational burden is too great to allow for useful results

in a reasonable time. Control variables are defined and are present in each calculation, un-

less otherwise stated. These are, TMP = 100kPa, particle diameter dp = 0.2µm, particle

density ρp = 2000kg/m3. Clean water resistance Rm = 2.5x1012m−1. Bulk concentration

cb = 15g/L. Permeate viscosity, µ = 0.001Pa.s.

Although the CFD model was appled to the whole domain with no symmetry boundary

conditions, the particle flux model is calculated for one half of the domain on the width X.
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This is done to save computing time and reduce redundancy. Symmetry is assumed about

x = X/2, hence only the width in x from 0 to 40mm is shown.

4.2 Particle Concentration

Figure 4.1 shows the particle concentration on the membrane wall. The influence of the bubble

can be seen. At the bubble itself the concentration is lower. This is due to the increased shear

region against the membrane resulting from the thin film of liquid accelerated downwards by

the contraction in flow area. Directly below the bubble, the wake area also enjoys a region of

lower concentration polarisation. We can see a region of increase particle build up below the

left edge of the bubble. Particles are pushed away from the centre to the edge by the flow

around the bubble. This leaves the trail shown as the bubble has moved up the domain and

deposited the particles there.

Figure 4.2 shows the concentration polarisation more clearly in the central plane perpen-

dicular to the membrane. The concentration only within 10 microns is shown. Again, we see

reduced concentration polarisation in the region where the liquid film between bubble and

membrane is present and again lower down in the wake region. The reduction in the thickness

of the high concentration region will result in a lower resistance allowing higher fluxes.

4.3 Flux

Figure 4.3 shows the flux through the membrane. The correlation between the bubble dynam-

ics and particle concentration are clear. In the lower concentration regions near the bubble

and in the wake, the flux is higher. The region to the side where the particles are redeposited

by the rising bubble suffers from lower flux.

Figure 4.4 shows the flux enhancement for the 3.075mL bubble in a 8 mm gap. The

ratio of the fluxes settles to reveal the increase due to the presence of the bubble. Figure 4.5

shows the flux enhancement with respect to gap for bubbles of volume, 3.075mL, 4.950mL,

7.032mL,12.350mL. For the three larger bubbles there is a peak in the flux enhancement.

This is due to the competing effects of shear and gas volume fraction. As the gap is reduced,

the shear increases which promotes greater flux. The size of the bubble relative to the flow

area also increases which leads to a reduction of space for the particles to mix resulting in

particle build up reducing flux.
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Figure 4.1: Particle volume fraction on the membrane in the presence a 3.075mL bubble in a 8mm

gap, the black line shows the position of the bubble. Transmembrane pressure, TMP = 100kPa.

Particle diameter dp = 0.2µm. Clean water resistance Rm = 2.5x1012m−1. Bulk concentration

cb = 15g/L
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Figure 4.2: Particle volume fraction perpendicular to membrane within 10 microns in the pres-

ence a 3.075mL bubble in a 8mm gap, the black line shows the position of the bubble. Trans-

membrane pressure, TMP = 100kPa. Particle diameter dp = 0.2µm. Clean water resistance

Rm = 2.5x1012m−1. Bulk concentration cb = 15g/L
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Figure 4.3: The flux through the membrane. Transmembrane pressure, TMP = 100kPa. Particle

diameter dp = 0.2µm. Clean water resistance Rm = 2.5x1012m−1. Bulk concentration cb = 15g/L.

High flux regions include the bubble film and wake, whilst the region where particles are deposited

to the side as they pass the bubble suffers from low flux as a result.
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Figure 4.4: Convergence of the flux enhancement for the 3.075mL bubble in a 8 mm gap.
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Figure 4.5: The flux enhancement for each bubble volume with respect to gap. The three larger

bubbles suffer a reduction in flux as the bubble size compared to the flow area becomes too large

and causes flow constriction and particle build up. When the bubble size is smaller the flux

increases with shear as would be expected.
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The flux for a given bubble when the gap is varied is now calculated. Figure 4.5 shows

the influence on the flux performance. The enhancement is calculated compared to the case

where no bubble is present. We see how as the gap is reduced the performance increases as the

bubble has greater influence on the membrane surface. The enhancement is not significant

until the gap is reduced to 10mm. The bubble shapes depicted in Figure 3.26 show that the

bubble length, for the 3.075 mL volume, is largely constant down to the 12mm gap. For the

10,9,8mm gaps however the bubbles are elongated by the constraint of the gap generating a

significant liquid film region between the bubble and membrane. The length of this region

allows for an acceleration of the downward film generating increased shear and mass transport

away from the membrane.

As the bubble volume increases and takes up more space in the domain, a reduction in the

flux enhancement can occur. Figure 4.7 shows the particle concentration at the membrane

surface with a 12mm gap. Figure 4.6 shows the particle concentration at the membrane

surface with a 8mm gap. As the gap reduces to 8mm, the bubble will require more space in

the plane parallel to the membrane to maintain its gas volume. This results in an extra build

up in concentration to the side of the bubble. The particles are pushed to the side by the

bubble, but there is not sufficient space for them to disperse resulting in a large concentration

build up and less flux.

Figure 4.8 shows the correlation between flux and shear. At lower gas volume fractions, the

correlation is strong, indicating that the shear is the significant influence on the performance.

However, in the high shear and high gas volume fraction region, the correlation deteriorates

as other influences become more significant. The restriction to particle flow caused by the

bubble size becomes the significant factor.

Figures 4.9 & 4.10 show the particle concentration on the membrane surface with respect

to gap for the bubble volumes 3.075mL and 7.032mL respectively. The smaller bubble enjoys a

continuous decrease in concentration with decreasing gap. However, the larger bubble clearly

suffers from an increase in concentration after 12mm, due to the constriction of particle flow

space between the bubble and the side walls. This is also shown in the results for flux shown

in Figures 4.11 & 4.12.
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Figure 4.6: Particle concentration at the membrane surface with a 8mm gap in the presence a

7.035mL bubble, the black line shows the position of the bubble. Note the extra build up of

particles by the side wall due to the constriction of the bubble, resulting in reduced flux.
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Figure 4.7: Particle concentration at the membrane surface with a 12mm gap in the presence a

7.035mL bubble, the black line shows the position of the bubble.
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Figure 4.8: In the low shear region, where the bubble width is sufficiently small compare to the

flow width, there is strong correlation with flux. However, in the higher mean shear region, the

flow constriction become more significant and there is no correlation.
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Figure 4.9: The particle concentration on the membrane for a 3.075 mL bubble by gap depth.
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Figure 4.10: The particle concentration on the membrane for a 7.032 mL bubble by gap depth.
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Figure 4.11: The flux enhancement (%) through the membrane for a 3.075 mL bubble by gap

depth.
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Figure 4.12: The flux enhancement (%) through the membrane for a 7.032 mL bubble by gap

depth.
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4.4 Flux Optimisation Design

For different bubble sizes, the peak in flux occurs at different gaps. Figure 4.13 compares

the fraction of bubble width to domain width, in x, with the flux enhancement. The peaks

in flux all occur in the region where the width of the bubble is between 58% and 65% of the

domain width.

Figure 4.13: For each bubble volume, the peak in flux enhancement is grouped around the region

where the bubble width is 60% of the flow width (bx/X). Experimental results for flat sheet

filtration focus on bubble volume and sparging frequency without recording the bubble width. As

such no experimental confirmation of this result currently exists.
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Figure 4.14 shows the influence of the fraction of bubble depth in z direction on flux

enhancement. Here the data is less clear, as the higher flux regions are all in the region where

the bubble depth is greater than 90%.

Figure 4.14: Notable flux enhancement only occurs, for each bubble volume, after the depth of the

bubble exceeds 85% of the gap (bz/z).

Figure 4.15 combines the above two approaches by comparing the ratio of the product

of bubble width by depth to flow area. As in the case of the bubble width in x, there is a

clear agglomeration of peak performance where the fraction is around 60%. It is important to

note that this is for bubble which are slugged in the z direction, i.e. occupy over 90% of the

gap in z. For the domain sizes and bubble volumes investigated the it is clearly desirable to

ensure the system will run in this region. This proportion appears to be the optimum for the

balancing of flux and flow considerations. The domain width in this work is 80mm. Wider
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systems would likely benefit from multiple gas sparging locations along its base. Indeed it

may be that for this domain would also benefit from mulitple smaller bubbles, but this work

is restricted to single bubble analysis only.

Given the weak horizontal interaction shown in the above section on CFD, it is considered

that one may scale up these results to larger systems. For example a system with a width

of 160mm would be well served with two sparging points evenly separating bubbles whose

width occupies 30% of the membrane width each. In addition the height of the membrane

is chosen to be sufficient to allow the exit flow to be largely independent of the bubble but

not so large as to mask the effect of the bubble, one may scale up to taller membranes in a

similar way.

Figure 4.15: A strong correlation occurs between the peaks in flux and the region where the product

of the relative bubble depths and widths, bxbz
XZ

, is 55%.
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To ensure the bubble width is around the desirable 60% of the membrane width, the

designer can refer to the earlier figures showing the bubble shape compared to a hemisphere

and hemicylinder. For a given gap, the resultant bubble width can be calculated for a given

bubble volume. This will require some iteration to find the optimal volume as no analytical

solution is apparent. First estimate the volume, V , of the desired bubble then convert this to

the equivalent diameter for a hemisphere, dx. Then divide this by the desired bubble width,

bx = 0.6X, to get the shape factor. Then read off the fraction of the bubble depth to gap,

bz/Z, from Figure 3.23, this will give the bubble depth, bz, and aspect ratio, bx/bz. If this

conforms to the results in Figure 3.24 then the bubble volume will give the desired result. In

the likelihood that the first estimate will be incorrect, adjust the initial estimate then check

again until the desired bubble geometry is achieved. The method for designing the desired

bubble width (60%) is detailed below.

1. Estimate the desired bubble volume, V .

2. Calculate the equivalent hemisphere diameter, dx = (12V/π)1/3

3. Calculate the shape factor, SF = dx/bx = dx/(0.6X).

4. Read off the fraction of the bubble depth to gap, bz/Z, from Figure 3.23.

5. Calculate bz and hence bx/bz from result of 4.

6. If bz and bx/bz match the results given in Figure 3.24 then V is correct. If not

adjust initial guess for V and repeat process.
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5 Conclusions and Future Work

5.1 Conclusions

5.1.1 Particle and Flux Model

In this work, a flux model was developed based on particle behaviour that can calculate the

beneficial effects of bubbling in membrane filtration. The flux-convection-diffusion model was

first tested against single phase crossflow to provide validation with known theory. Strong

correlation was found with respect to crossflow velocity. The model’s close attention to the

interaction between the boundary layer and cake layer provides a more sophisticated view of

the particle behaviour. In established theory, when the particle concentration at the mem-

brane reaches maximum the flux will be independant of transmembrane pressure. However,

the model has shown that the concentration polarisation boundary layer is not constant for

all transmembrane pressures when the maximum concentration has been obtained. Once

the max concentration has been reached, further pressure increases result in a thickening

of the boundary layer. This retards the growth of the cake layer resulting in a more even

distribution of the particle concentration. This is significant as an even distribution has a

lower resistance than one where the particle concentration is more densely packed, as the

relationship between resistance and concentration is non-linear. This results in a higher flux

in the transitional region between negligible resistance and cake dominated resistance. As the

pressure is increased further however, the boundary layer reaches a maximum and actually

reduces slightly in size. This promotes growth of the cake layer and the flux reduces to that

predicted using old theory. When the particle size is varied the significance of the boundary

layer is strongly affected. For the smaller particle sizes, the boundary layer resistance becomes

more significant as there is greater surface area per volume contributing to the resistive drag.

Smaller particle sizes actually promote a thicker boundary layer as the development of the

cake layer is retarded, as shown in Figure 2.16.

5.1.2 Gas-Liquid Flow Between Two Parallel Flat Sheets

The shape and rise velocity of the bubbles between two flat sheets was calculated using the

volume of fluid method. The bubble shape predicted showed good correlation with that seen

from experiment between two bubbles of a similar Eotvos number. The overall shape of the
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bubble was evaluated by comparing the calculated bubble width with the width of a perfect

hemisphere and hemicylinder of the same volume. For the large gap widths where the depth

of the bubble in z was relatively small, less than 80% of the total depth, Z, the correlation

between the bubble width and the hemisphere width was strong. Likewise the correlation

between the hemicylinder and the bubble was strong when the depth of the bubble in z

exceeded 90% of the gap width Z . The bubble width was typically higher than both the

hemisphere and hemicylinder indicating a more concave shape. However, for small values of

Z, less than 8mm, the width was less indicating the bubble shape had become convex. This is

a result of the increased significance of surface tension effect which occurs for smaller length

scales. Compare, for example, the spherical bubble for very small gas volumes, where surface

tension is dominant.

The bubble rise velocity was described in three regions. For larger gap widths the bubble

rise velocity was highest as it is unconstrained and drag on the walls in insignificant. A

reduction in gap width in this region causes a reduction in the bubble rise velocity due to the

increased influence of drag on the walls. However, as the gap width continues to decrease the

bubble rise velocity moves into another characteristic region. Once the film width between

bubble and wall is largely steady the shape of the bubble undergoes significant change. The

result is a more streamlined shape which actually causes an increase in the bubble rise velocity

as the liqud phase can flow around the bubble more easily. From this region further gap

constriction results in the bubble width becoming significant in the x direction compared

to the width of the flat sheets. This moves the velocity into a the third region where the

bubble rise velocity starts to decrease again with reduction in gap width. This is due to the

drag now exerted by the side walls containing the flow in the x-direction. The rise velocity is

now characterised by the width of the bubble in the x-direction not the z-direction as before.

For the larger gap widths the results conform well to experimental results for unconstrained

flow and similarly for small gap widths they conform well to results for 2D or very narrow

gap results. In between there is a general shift between the two results as the gap width is

decreased. However, this is not continuous as the streamlining effect increases the velocity

when the reduction in gap width would indicate a reduction in velocity due to the greater

restriction in x. Given the analysis was done for a given bubble volume and varying gap

widths in z, it was useful to define the dimensionless diameter based on a cylinder of depth

equal to Z.
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5.1.3 Flux Enhancement for Bubbling Membrane Filtration

The particle - flux model and the CFD calculation work is combined to find the flux en-

hancement due to the presence of the bubble between two flat sheet membranes. The particle

concentration near the membrane is a result of the hydrodynamics of the gas-liquid flow. In

the film between the slugged bubble and the membrane there is a low concentration due to the

higher shear in this region. Likewise the wake region also enjoys low particle concentration.

The downward flow around the bubble results in a high concentration region below the outer

edge of the bubble. The particles must move around the bubble and are channelled into this

region. The flux enhancement is highest in the region of low concentration.

As the gap width is reduced the associated increase in shear results in higher flux enhance-

ment. However, for a given bubble size if the gap is reduced too small then the enhancement

starts to decrease. When the width of the bubble becomes too significant compared to the

width of the domain there is little room for the particles to flow around the side of the bubble.

As a result high concentrations build up by the side walls and into the bulk. This decreases

the flux enhancement. For each bubble volume the flux enhancement was shown to deterio-

rate when the bubble width exceeded 60% of the membrane width. This clearly shows the

limitation of relying solely on the induced shear to calculate the flux enhancement. Only

when the bubble width is sufficiently small is their strong correlation between shear and flux.

A design method is proposed to ensure the optimal flux for a given gap and geometry.

Correlations for bubble sphericity and aspect ratio found in the CFD calculation are used.

These correlations can be employed to find the bubble volume that will give the desired

bubble characteristics and maximise flux performance.

5.2 Future Work

The results here suggest that bubble sizes beyond the scope of this investigation may achieve

even better flux enhancement. In particular, smaller bubble volumes in smaller bubble widths.

Further work to calculate the hydrodynamics and resulting flux using the same techniques

would provide greater insight into the potential benefits to flux enhancement. When calcu-

lating the flux this work uses a Lagrangian method for a single bubble. Difficulties arise when

multiple bubbles are calculated in the CFD method. This is due to their interaction which

will prevent a steady state being formed until they have coalesced or no longer interact. To
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consider transient effects for multiple bubble systems a time averaged approach may prove

revealing. For a given frequency of bubbling the period could be found, and the average flux

taken over that time calculated. These calculations for bubble interaction are performed in

this work two dimensionally but no flux calculation can be obtained as there can be no mass

transfer in the direction of the flux as this dimension is not included. To perform a fully three

dimensional transient multi-bubble system could be done using the techniques developed here

providing greater insight. However, this would be exceptionally demanding computationally

and would require significant time and resources.

If however the multiple bubble CFD calculations were carried out using an Eulerian

method this would allow for much quicker computation time. This however relies on simpli-

fications to the bubble type and geometry. For example the bubble diameters are fixed and

no interface calculations are undertaken to investigate bubble shape. This approach has been

attempted by Ndnisa [75]. The resulting flow field could then be used for calculating the

flux in a system with many bubbles, the bubble size would necessarily be much smaller. In

the literature review examples of using control theory in the frequency domain for bubbling

systems are given [80]. The sparger introducing the gas was controlled this way to match

some desired pressure requirement. Again this would be very expensive to use a Lagrangian

system but a eulerian approach would be possible. The shear at the membrane surface can

be measured for a given bubbling system and then analysed in the frequency domain to find

the transfer function. A controller transfer function for the gas input can then be employed

to achieve a desired shear response, although the energy cost of this control system would

have to be taken into account.

More experimental work to link bubble behaviour and flux in flat sheet membrane systems

is required. Current results either focus on bubble behaviour and the flow it induces but not

the flux [10], or calculates flux but only for a given gas flow rate not the bubble size [67, 8].

The energy cost associated with the bubbling should also be recorded to determine whether

the benefit to flux from the gas sparging is achieved at a lower energy cost than alternative

methods of increasing flux.
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