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Colorectal cancer (CRC) arises in part from the dysregulation of cellular prolifer-
ation, associated with the canonical Wnt pathway, and differentiation, effected by the
Notch signalling network. In this thesis, we develop a mathematical model of ordinary
differential equations (ODEs) for the coupled interaction of the Notch and Wnt path-
ways in cells of the human intestinal epithelium. Our central aim is to understand the
role of such crosstalk in the genesis and treatment of CRC.

An embedding of this model in cells of a simulated colonic tissue enables computa-
tional exploration of the cell fate response to spatially inhomogeneous growth cues in
the healthy intestinal epithelium. We also examine an alternative, rule-based model
from the literature, which employs a simple binary approach to pathway activity, in
which the Notch and Wnt pathways are constitutively on or off. Comparison of the
two models demonstrates the substantial advantages of the equation-based paradigm,
through its delivery of stable and robust cell fate patterning, and its versatility for
exploring the multiscale consequences of a variety of subcellular phenomena.

Extension of the ODE-based model to include mutant cells facilitates the study of
Notch-mediated therapeutic approaches to CRC. We find a marked synergy between
the application of γ-secretase inhibitors and Hath1 stabilisers in the treatment of early-
stage intestinal polyps. This combined treatment is an efficient means of inducing
mitotic arrest in the cell population of the intestinal epithelium through enforced
conversion to a secretory phenotype and is highlighted as a viable route for further
theoretical, experimental and clinical study.
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Introduction

Cells of the mammalian gut are endowed with an incredible ability to grow, divide and

organise themselves into coherent, functional structures. Remarkably, a single ‘stem

cell’ – an unspecialised cell with the potential to develop into any cell type – taken

from the intestinal lining (or epithelium) can, through its growth and division and that

of its progeny, recapitulate entire test-tube shaped structures, or crypts, characteristic

to the intestine. Furthermore, these artificially grown crypts contain the full range

of specialised cell types, and display a contractility reminiscent of in vivo peristalsis

around a fortnight after initial culturing. Over a relatively short time period, the

original stem cell generates a self-organising structure endowed with both form and

function [1, 2]. How does it achieve this? What processes are involved, and how do the

growing cells coordinate and respond to spatial cues in order to generate and maintain

such a structure?

Although the workings of de novo crypt generation are yet to be fully compre-

hended, much of our understanding rests on two major cellular processes: proliferation

or mitosis, the division of a cell to produce ‘daughter’ cells; and differentiation or cell

fate specification, the progressive specialisation a cell undergoes until it adopts a final,

fixed function and set of behaviours.

1
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However, the elegant coordination of proliferation and differentiation witnessed in

de novo cryptogenesis also possesses a more sinister side: that of colorectal cancer. One

of the most prevalent forms of cancer in the Western world, colorectal cancer (CRC)

affects the colon and rectum at the end of the digestive tract and presents in the form of

tiny outgrowths of the intestinal epithelium, the consequence of dysregulation of key

cellular functions including proliferation and differentiation. Left unchecked, these

polyps enter a phase of exponential growth and ultimately develop into aggressive

tumours which generate secondary cancers in other organs, typically the liver and

lungs. By this stage, the disease is invariably fatal [3, 4].

This presents a strong motivation for understanding the genesis of CRC through

its governing processes. Inevitably this also requires us to understand the behaviour of

healthy cells, and how these conditions can be perturbed into the aberrant behaviour

characteristic to cancer cells.

Key Themes and Questions

Throughout this thesis, our main aim is to gain an understanding of the interplay of

proliferation and differentiation in the cells of the intestinal epithelium, and ultimately

to gain insights into how this crosstalk contributes to the development and treatment

of CRC. We translate the underlying biology and biochemistry of the gut into a math-

ematical model which is then realised computationally. The resulting framework is

subsequently used to explore and predict the behaviour of the healthy intestine, early

stage cancerous development, and its response to proposed clinical treatments.

Development of such a framework requires an understanding of the function of

the gut at subcellular, cellular and tissue level. Which biochemical processes guide

mitosis and cell fate? The self-organisation witnessed in cryptogenesis experiments

hints at spatial cues within the tissue: how are these spatial cues generated, and how
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do cells of different types respond to these signals? How best can we represent these

processes mathematically, and what level of detail is appropriate? Finally, can these

mathematical and computational developments be employed to generate insights into,

and predictions about, the behaviour of the crypt in the face of cancerous perturbation?

Overview of Contents

The story of this thesis is presented in three parts.

Part A addresses current developments in the experimental and theoretical sciences

which influence and inspire the modelling work that follows in later Parts. There exists

a vast biological literature underpinning our current awareness of the structure and

function of intestinal tissue and its constituent cells; we provide an overview of the key

areas in the biological review of Chapter 1. In many cases, this work has influenced and

inspired investigation in the mathematical and computational modelling communities.

Our research in this thesis will require us to employ various techniques and software

discussed in the literature; we summarise these in Chapter 2, and survey current

achievements in the mathematical modelling of the biochemical pathways associated

with mitosis and cell fate selection.

Background influences addressed, we proceed to novel modelling work in Part B.

One of the major contributions of this work is the model for subcellular biochemistry

constructed in Chapter 3, which depicts the crosstalk between two cellular signalling

networks: the canonical Wnt pathway, associated with proliferation, and the Notch

pathway, a key effector of differentiation. This model is calibrated, parametrised and

explored for two-cell systems in Chapter 4. This simple scenario demonstrates the

main dynamical features of the model, illustrates the role of Notch-Wnt crosstalk in

shaping the cell fate response, and enables preliminary examination of the possible

consequences of the dysregulation of particular entities in the subcellular network.



4

Finally, Part C sees the application of our novel model to problems of computa-

tional and clinical relevance. In Chapter 5, we embed our model of the subcellular

biochemistry into individual cells of a simulated tissue, providing a computational

framework with which to explore the impact of subcellular perturbations upon higher

scales of function. The performance of this embedding is compared to a competing

model in the literature, namely that of Buske et al. [5], which uses a simple, rule-based

formulation to depict proliferative and cell fate processes. Chapter 6 uses our embed-

ding to explore the effects of two clinical treatments upon mutant cells in the crypt,

providing proof-of-concept for the use of our framework as a test-bed for a variety of

problems in the biological literature. Our findings are summarised in the Conclusions

of Chapter 7.

And so. . .

Let us now start by examining the accumulated knowledge in the field up to this point,

as we attempt to understand the interplay of proliferation and differentiation within

the setting of the human gut.



Part A

Literature and Methods
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1
Crypt Biology

Mathematical models are necessarily abstractions of the biological system; here we re-

view experimental observations from the published literature. These address both cell-

and tissue-level features of the intestinal epithelium, before progressing to a discussion

of the biochemistry of our two pathways of interest, namely Notch (associated with

cell fate selection) and Wnt (associated with control of proliferative processes).

Chapter Summary

An intricate landscape of geometry and function, the colonic epithelium forms

a highly invaginated tissue, endowed with glandular structures and mucus-secreting

goblet cells. It comprises millions of test-tube shaped structures called crypts, each

consisting of up to 700 cells in mice [6] and 2000 in humans [7]. These structures

feature in both the large and small intestine. Crypt size varies greatly according to

colonic site, with the longest crypts occurring in the transverse (middle) colon; here

murine crypts are typically 35 cells in height, compared to 19 cells in the ascending

(early) colon [8].

A description of this intricate tissue can be found in the renowned medical text of

1858, Gray’s Anatomy [9], detailing

“. . . minute tubular prolongations of the mucous membrane arranged
perpendicularly, side by side, over its entire surface; they are longer, more

6



CHAPTER 1. CRYPT BIOLOGY 7

numerous, and placed in much closer apposition than those of the small
intestine; and they open by minute rounded orifices upon the surface, giving
it a cribriform [sieve-like] appearance . . . ”

A schematic of a typical crypt is provided in Figure 1.1, which demonstrates the

arrangement of the epithelial lining into a finger-shaped projection extending into the

gut wall.

Figure 1.1: (L) Cross-section schematic of a crypt from the large intestine; image
adapted from Reizel et al. [10]. Arrows denote the general direction of cell migration.
Cells are coloured according to their type: red indicates a stem cell; purple indicates
a proliferative progenitor or transit cell; secretory goblet cells are shown in green, and
absorptive enterocytes are shown in blue. Full descriptions of these cell types are
provided in Sections 1.1 and 1.4.1. (R) Electron micrograph of crypts in the murine
intestine; the black arrow indicates the crypt orifice and the white arrow, the flat
surface of the colonic lumen. Reproduced from van der Wath et al. [11]. Both sources
originally published by PLoS and provided under a Creative Commons Attribution
Licence, CC-BY-2.5.

The structure and function of the intestinal epithelium has long been a subject

of interest to the biological community [12] and the attainment and maintenance of

homeostasis in this tissue reflects a nuanced coordination of cell birth, migration and
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death. This rich complexity raises many questions about the biochemical workings of

intestinal epithelial cells and their integration into a coherent physical structure which

unites form and function. It is this same epithelium that forms the site for colorectal

cancer (CRC), in which disruption to the genetic profile or subcellular function of

crypt cells can lead to polyp-like outgrowths of the intestinal tract, which develop

into larger tumours. Our understanding of how normal cell processes falter during

tumourigenesis is far from complete and thus invites further investigation, by both the

experimental biologist and the applied mathematician. A timeline of key papers from

the experimental and theoretical modelling communities is shown in Figure 1.2.

1.1 Crypt Homeostasis

The upward migration of cells known to occur in the crypt – Paneth cells excepted

– was first identified by Friedman [13] in irradiative studies of rat intestine. Later

experiments identified a population of putative stem cells in the lower regions of the

crypt, displaying elevated proliferation rates [14]. Division of the stem cells yields

transit-amplifying cells which occupy the middle regions, whose proliferative potential

reduces on ascending the crypt. Ultimately cells adopt a terminally differentiated

fate in the upper crypt, irreversibly specialised as either absorptive enterocytes or as

mucus-secreting goblet cells [15]. The uppermost third of the crypt is thus devoid of

mitotic activity [16]; here cells die and are sloughed into the gut lumen. Paneth cells

are a special type of differentiated cell; only present in the small intestine, they migrate

down to the crypt base and are thought to assist in crypt development and defence

against microbes [17]. Location and function consequently hold a close association in

intestinal tissue; an enumeration convention for cell location was therefore established

by Cairnie et al. [16]. Under this system, a cell is said to be in the ‘+n position’ if it
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sits atop n− 1 cells, counting columnwise from the crypt base1.

Mitosis

What induces the abrogation of mitosis in the upper crypt? What is meant by a ‘stem

cell’ and how is this subpopulation maintained? The ‘slow cut-off’ model suggests

that cells in the middle of the crypt experience a progressive decline in the probability

of producing proliferative cells, owing to a gradient of extracellular factors along the

length of the crypt, or an accumulation of intracellular components which arrests

mitosis above some threshold value [18]. This spatial formulation is closely related to

the idea of a stem cell niche, in which the local cell environment around the crypt

base supplies growth factors which induce stemlike behaviour [19]. Away from this

niche, cells have reduced exposure to such factors and do not show stemlike behaviour

[20]. Under the niche model, ‘stemness’ arises from external cues associated with cell

location.

Conversely, the ‘generational ’ or ‘pedigree’ model assumes that cells progress through

a strict hierarchy, such that stem cells give rise to transit cells endowed with a fixed

number of divisions, prior to terminal differentiation. This approach accompanies the

divisional model of stem cell proliferation, in which the size of the stem cell popu-

lation is maintained through asymmetric division (yielding one transit and one stem

cell) or symmetric division (yielding either two stem or two transit daughters with

equal probability) [21]. These alternative models of stem cell maintenance are an im-

portant feature of the mathematical modelling work described in Section 2.4, whether

niche-based [22, 5] or divisional [23, 24, 25].

1Longitudinal enumeration introduces greater uncertainty for later-numbered cells: the selection
of the crypt base as the region of interest influenced the counting direction in this case, permitting
more accurate assignment of location number in the proliferating regions.
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Stem Cells and Crypt Regeneration

Current definitions of stemness require an intestinal stem cell to exhibit pluripotency

(the potential to develop into several distinct cell types) and the capacity to sustain

epithelial regeneration in the crypt [26]. Barker et al. identified the putative stem cell

marker Lgr5 (also known as Gpr49 ) and observed actively cycling Lgr5 + cells near

the base of the colonic crypt, displaying a clonal capacity to populate the entire crypt

in lineage tracing experiments [26].

Successful in vitro crypt synthesis demonstrates the ability of Lgr5 + stem cells

to generate the full spectrum of crypt cell types [1, 2]. The progeny of the Lgr5 +

cells in these experiments spontaneously assemble into crypt geometries; furthermore,

the resulting spheroidal megacolonies display a contractility reminiscent of in vivo

peristalsis [2], apparently recapitulating crypt function as well as form. Much of

this work supports the stem cell niche hypothesis; colony growth responds well to

external proliferative cues. Sato et al. suggest that differential response to external

cues, rather than differential exposure, is more important in cell proliferation [1]. In

vitro crypt organoids may well prove useful for data assays in the future, as a test-

bed for generating quantified measurements which can then be used to parametrise

mathematical and computational models.

Although the Lgr5 marker seems a good candidate for stem cell identification, it

remains uncertain whether all such cells are functionally equivalent [27]. Studies point

to Bmi1 as an alternative marker in the small intestine [28], although it may delineate

a subpopulation of less potent stem cells near the +4 position, rather than those at

the crypt base. The over-expression of Bmi1 in CRC cells is well documented [29, 30].

Intestinal stem cells populate and sustain the crypt by a process of ‘Neutral Drift

Dynamics’ (NDD), in which a cell lineage exhibits randomised expansion or contraction

over a period of time up to a point of universal dominance (crypt monoclonality)

or extinction. If a stem cell dies, a neighbouring cell from the local population of
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equipotent stem cells will expand to compensate for this loss. Lopez-Garcia et al. [31]

identify NDD behaviour within intestinal crypts, outlining NDD and symmetric stem

cell division as the chief means of realising a stable, dynamic equilibrium across the

stem cell population. Snippert et al. corroborate this experimentally through striking

use of multicoloured Cre-reporter fate mapping of Lgr5 + stem cells [32], suggesting

that a stochastic mechanism of stem cell expansion can yield monoclonality in the long

term.

Cell Death Processes

Homeostasis owes its maintenance as much to cell death as it does to mitosis. Pro-

grammed cell death (apoptosis), in which the cytoplasm shrinks prior to disintegration

of the cell, is predominantly restricted to upper crypt regions in colonic tissue [33, 34].

However, apoptosis is seen to occur at positions +4 to +5 of the small intestine. This

is purported to act as a regulatory mechanism for the stem cell population and is

not observed in crypts of the large intestine [34]. A specific form of apoptosis known

as anoikis occurs in the uppermost regions of the crypt, when senescent cells detach

from the basement membrane [35, 36]. Resulting dead cells are thus sloughed from

the epithelium into the lumen of the gut. Anchoring of stem cells to the basement

membrane in vivo serves a vital purpose, since such cells have been shown to exhibit

particular susceptibility to anoikis in vitro [36].

Cell Migration

Migration also plays a role in homeostasis. Transit from crypt base to surface in the

murine colon takes approximately two days [37], prior to desquamation into the lu-

men of the gut. Cell velocity increases linearly with crypt height before levelling out

[16, 38, 39] and exhibits circadian variation [40]. Some theories suggest a coordinated

movement amongst the crypt cells, whereby cell-cell connections induce unified mi-
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gration of an epithelial layer [15]. Experiments measuring cell velocity have proven

crucial in the development of spatially resolved mathematical and computational ap-

proaches, by providing data which can be used to calibrate models (e.g. [39], used in

the computational study [41]).

Analysis of proliferative and migratory processes typically involves a cell labelling

procedure, followed by longitudinal sectioning of the crypt. The angling of crypts

within the tissue, along with the hexagonal packing arrangement of cells, can often

lead to overestimation of crypt height [21]. This angling is visible in the electron micro-

graph image on the right-hand side of Figure 1.1. Stathmokinetic (mitosis-inhibiting)

studies provide an insight into mitosis and migration in the intestinal epithelium,

whether through use of cytotoxic agents [42, 43, 44], irradiation [43, 45], or both [45].

Cell movement is still observed during mitotic arrest; the authors of [45] therefore

suggest that mitotic pressure may not be the sole cause of migration. Results from

application of the protein synthesis inhibitor puromycin suggest that active mecha-

nisms also contribute to cell movement up the crypt [42].

Cells of the intestinal crypt exhibit asynchronous cycling, with stochastic variation

in cycle length [14], although some patches of apparent synchrony have been observed

[46]. In healthy colonic tissue, stem cells reside at positions +1 to +2 [34]. At home-

ostasis the number of stemlike cells is thought to remain approximately constant; this

could be achieved via maintenance of asymmetric division by each individual stem

cell, or by a collective behaviour pattern across the population of stem cells [47].

1.2 Colorectal Cancer

Colorectal cancer has long been considered the canonical example of tumourigenesis

under the traditional model of sequential mutation [48]. Nowadays this theory has

largely been supplanted by the Cancer Stem Cell (CSC) hypothesis, in which the
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tumour is generated by a small group of malignant stem cells which account for as

little as 1% of the tumour mass [49]. It remains unclear whether such cells derive

from stem cell mutations, or whether genetic hits occur in progenitor cells which

subsequently regress to a stemlike phenotype. Nonetheless, CSCs seem to mirror the

capabilities of their healthy counterparts in originating, maintaining and in some cases

regenerating (in this case, cancerous) crypt tissue [50]. CSCs also show an improved

ability for correcting DNA errors and experience a longer cell cycle than normal stem

cells [49], even if cancer cells collectively exhibit a higher than average birth rate [51].

If the CSC hypothesis is valid, it holds considerable implications for the treatment

of colorectal cancer, requiring the eradication of malignant stem cells that have few

obvious morphological identifiers. Particular cell surface markers have, however, been

associated with specific aspects of tumourigenic behaviour; for example, Dalerba et al.

identify CD44+ CRC cells expressing the cell adhesion molecule EpCAMhigh [52] and

apoptotic resistance in colon cancer stem cells has been observed in vitro in CD133+

cell lines [53].

The CSC hypothesis offers an intriguing cellular perspective on CRC: however, we

are also interested in the maintenance of the entire tissue in CRC and the means by

which it evolves.

1.3 Dynamic Evolution of Crypt Tissue

Disruption to mitotic processes frequently signals the onset of oncogenesis. Such con-

siderations focus primarily on the cellular scale of interest; what can be said about

how the appearance of the tissue as a whole changes during abnormal development?

Just as the kinetic behaviour of epithelial cells varies throughout the healthy intes-

tine, so it does in abnormally proliferating tissue. Roncucci et al. observe considerable

site-dependent variation in the labelling index of crypt cells throughout the colon and
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rectum in human patients presenting with advanced polyp formation [54]. An increase

in cell proliferation is particularly evident in the left colon and the rectum, with gen-

eral expansion of the proliferative compartment featuring heavily in the adenomatous

tissue under study.

Mutability of the proliferative response is not solely confined to hyperprolifera-

tive tissue. Far from being a static structure, the intestinal epithelium behaves as a

dynamically evolving tissue [55]. Crypt production is maintained throughout life via

a process of crypt branching or fission, the frequency of such occurrences reducing

after birth and eventually falling to a low level in adulthood. Cairnie and Millen [56],

through irradiative studies of crypt fission in mice, propose a model in which crypt

size and number are maintained through feedback control and further support a spa-

tial approach in commenting that ‘every proliferating cell is a potential stem cell ’ (the

latter a development of the ideas of [57, 58]).

Crypt Fusion and Fission

It has been conjectured that intestinal polyps initiate from abnormal crypt fusion,

followed by a series of crypt fission events. This behaviour is captured by the striking

microscopy work of Araki et al. [59]. Heightened cell turnover in a polyp region appears

to be confined to individual crypts: a hyperplastic crypt does not necessarily populate

any neighbouring crypt structures. Such theories are consistent with observations of

crypt fission events in the murine small intestine [56] and rat colon [60].

Crypt fission is also considered a key mechanism in the formation and regeneration

of the intestinal epithelium. An elevated rate of crypt production has been observed

in tissue samples from patients with intestinal disorders such as Crohn’s disease, ulcer-

ative colitis or multiple polyposis [55] and the existence of a crypt cycle is suggested,

in which all healthy crypts (asynchronously) fissure every 9− 18 years. Control mech-

anisms such as chemical or electrical feedback from crypt cell gap junctions have been
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proposed as a means of inducing plasticity in the crypt cycle [61].

Tissue Visualisation

Owing to the geometrically intricate and dynamically changing nature of the intestinal

epithelium, accurate visualisation of crypt structures within the tissue has proved

challenging. Electron microscopes (owing to their capacity to resolve distances as

small as 10−10m) can generate clear images [59], as can stained tissue sections [62];

these studies also capture static snapshots of crypt fission processes.

Nonetheless, the majority of studies infer three dimensional structure from two

dimensional tissue sections: quite how representative such analysis can be is debatable.

Advances in multiphoton microscopy and tissue preparation techniques have begun

to address this, evincing the striking architecture of intestinal crypt structures and

enabling the simultaneous imaging of up to 50 intact crypts [63].

1.4 Intestinal Biochemistry

Our focus on intestinal structure and function has been upon the cellular and tissue

scales thus far. However, biochemical dysregulation is the first consequence of genetic

mutation, and the means by which these aberrations propagate to the cellular scale.

Indeed, Hanahan and Weinberg’s characterisation of the ‘Hallmarks of Cancer’ [64,

65] describes the programming of [tumourigenic] capabilities via intercellular circuitry

and an enabling characteristic, genome instability and mutation, as key aspects of

malignant tissue growth and development.

Fearon & Vogelstein’s so-called ‘linear model of carcinogenesis’ [48] dominated

thinking in the early 1990s, emphasising sequential mutation as the cause of tumour

development in the intestinal epithelium. Nowadays, the concept of a universal se-

quence of consecutive mutations is somewhat less popular. Distinctions have also
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been drawn between active, ‘driver’ mutations and coexisting ‘passenger’ mutations,

identified through extensive sequencing of cancer genomes [66].

In the interest of understanding the biochemistry of the intestinal epithelium and

the implications for the genesis and treatment of CRC, we now describe our two

pathways of interest: the Notch pathway, which is involved in cell fate selection, and

the canonical Wnt pathway, which governs cell proliferation.

1.4.1 The Notch Pathway

The Notch pathway regulates cell development in the trajectory from fully undifferen-

tiated to terminally differentiated cell and belongs to the class of juxtacrine signalling

networks [67]. Juxtacrine signals are initiated by contact-based processes, in which

two or more adjacent cells transfer a signal from one to the other via ligand binding

events at their cell surface membranes [68].

Juxtacrine signalling in the Notch pathway involves three types of transmembrane

protein: Delta ligand, Jagged ligand, and Notch receptor [69]. The extracellular por-

tion of each participates in ligand-receptor binding events with receptors on neigh-

bouring cells and is formed from a repeating series of epidermal growth factor (EGF)

units, as well as a variety of other protein components, such as ankyrin (in Notch) or a

cysteine-rich domain (in Delta and Jagged) [70]. Variation in the type and location of

non-EGF proteins within the structure yields a family of homologues in vertebrates:

three types of Delta, two types of Jagged and four types of Notch [71].

Initiation of a Notch cascade occurs when a Delta or Jagged ligand on a signalling

cell binds to a Notch receptor on the recipient cell. Delta and Jagged ligands exhibit

short-range action and only affect adjacent cells expressing the complementary Notch

receptor [72, 73]. The following progression occurs, as depicted in Figure 1.3 2:

2This should be considered as a simplified description of the network. Owing to the complexity of
the pathway, we delay full treatment and referencing until Chapter 3.
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Figure 1.3: Simplified schematic of the Notch pathway described in Subsection 1.4.1.
This depicts a ligand binding event at the cell membrane, passing a signal from the
primary cell (binding using a Delta or Jagged ligand) to the recipient cell, which
contributes a Notch ligand to the binding event. The cytoplasm is shown in green,
the nucleus in blue, and the intercellular space in grey. Transcriptional targets of the
pathway are listed in red.



CHAPTER 1. CRYPT BIOLOGY 19

1. Successful juxtacrine binding results in cleavage of Notch at three sites: S2

(located on the extracellular section of the molecule), S3 and S4 (intracellular

loci) [69];

2. Notch receptor releases an intracellular fragment into the recipient cell, known

as the Notch Intra-Cellular Domain (NICD) [74];

3. NICD translocates to the cell nucleus and binds to the transcription factor, CSL

[75, 71];

4. NICD recruits a series of nuclear proteins to CSL, instigating transcriptional

activation of Notch target genes [76, 71];

5. Transcriptional targets include: Hes (hairy enhancer of split) [77], itself involved

in negative modulation of differentiation effectors such as Ngn3 [78, 79]; and Waf,

a cell-cycle regulator which initiates terminal differentiation [80];

6. Ligand expression of Jagged and Delta may also be up- or down-regulated by

intermediate effectors such as Ngn3 [81, 82], according to whether lateral inhi-

bition or inductive signalling is operational (see Figure 1.4 for details).

Membrane-bound Notch acts as an extracellular receptor, whilst its intracellular

fragment is a transcriptional regulator in the nucleus. The Notch pathway therefore

functions as a signal transduction mechanism, allowing the cell to modulate its bio-

chemical activity in response to the behaviour of neighbouring cells. A typical Notch

cascade attains equilibrium within the timespan of the cell cycle [83].

Notch receptors were first isolated in Drosophila [84] and the pathway is conserved

across many different species [71]. Nonetheless, it is highly context-dependent and its

behaviour and transcriptional targets may vary according to the species and type of

biological tissue [85, 86, 69]. The Notch pathway’s diverse roles in cell fate selection
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include lateral inhibition [67], lineage specification [69] and inductive signalling [87, 88],

as illustrated in Figure 1.4.

Cell Fate Selection

There are four types of differentiated cell in the epithelium of the small intestine:

goblet, Paneth, and enteroendocrine, which are secretory; and enterocytes, which are

absorptive [89, 19]. Of these, only goblet cells and enterocytes feature in the large

intestine. The Notch pathway is instrumental in selecting which of these four (or two)

cell fates will be realised; this is achieved by the Notch target Hes1, and the protein

Hath1, which is normally suppressed by Hes1.

Expression of Hath1 (and conversely, suppression of Hes1 ) is associated with the

selection of secretory phenotypes [90], whilst high Hes1 expression is positively corre-

lated with an absorptive fate. In vivo studies on the small intestine of Hes1 -knockout

mice have been shown to generate substantial numbers of all three secretory cell types

[78]. Similarly, the inhibition of Notch signalling via γ-secretase yields an increased

population of goblet cells [91]. Gain- and loss-of-function studies by Fre et al. [92]

support this theory and suggest that Notch signalling via Hes1 is responsible for early-

stage cell fate selection.

Cellular transition towards terminal differentiation is brought about by an intricate

coordination of the Notch and Wnt pathways, as shown in the cell hierarchy for fate

specification in Figure 1.5. Notch is believed to select for absorptive/secretory function

at an early stage of specification, when cells are residing in or near the stem cell niche

and are actively dividing under high-Wnt conditions [19, 93]. As a cell travels up

the crypt and is exposed to reduced Wnt levels, other pathways and cell regulators

begin to act to coordinate a more refined selection of fate: for example, determining

a specific fate for a cell already selected for secretory function.
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Figure 1.4: Notch roles in cell fate selection, inspired by schematics presented in Bray
et al. [69].
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Figure 1.5: Hierarchy for cell fate selection in the intestinal epithelium, inspired by
schematics in Yeung et al. [19] and Nakamura et al. [93]. Wnt expression is highest
at the crypt base and diminishes on ascending the crypt.
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1.4.2 The Wnt Pathway

The Wnt pathway is crucial in the development and maintenance of biological tissues.

Its canonical form employs β-catenin to regulate transitions through the cell cycle [94]

and centres on a mechanism for the control of cytoplasmic β-catenin levels. Dysreg-

ulation of the canonical Wnt pathway, typically through mutation of its constituent

proteins, is strongly implicated in the development of colorectal cancer [95, 96, 94].

Mitotic disruption is a key feature of CRC, which displays a capacity for self-sufficiency

in growth signals, insensitivity to anti-growth signals, and limitless replicative potential

[64].

Non-canonical forms of Wnt signalling govern a variety of processes, including:

integrin-mediated intercellular adhesion; planar cell polarity, and Wnt/calcium sig-

nalling [97]. In this study, we focus solely on the canonical pathway. Discussion of

other modes of Wnt action can be found in the reviews [98, 99, 100, 101].

Origin of Wnt

Wnt proteins are a family of cysteine-modified growth factors, each approximately

40kDa in size [102]. Nineteen distinct Wnt genes are known to exist in the mam-

malian genome [103]. Lipid modifications to the Wnt molecular structure feature

throughout the family. These lipid components are vital for signalling [104] but also

cause hydrophobicity, which initially hindered attempts to characterise Wnt’s proper-

ties [105, 106].

Lipid modification of Wnt is believed to occur in the endoplasmic reticulum. As-

sisted by trafficking complexes, Wnt is subsequently transported inside vesicles to the

cell surface membrane, where it is secreted [103]. Although the Wnt pathway was

traditionally believed to influence cells by medium-range interactions via morphogen

gradients, recent findings are consistent with its involvement in short-range signalling

between cells in close proximity [103].
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Canonical Function

The canonical Wnt pathway is constitutively active in cells exposed to high levels of

Wnt, and inactive when the local Wnt concentration is low.

When the extracellular Wnt stimulus is too weak, a ‘destruction complex ’ formed

from – amongst others – APC, Axin and GSK3 binds to β-catenin and ubiquitinates

it [107, 108, 109], as shown on the left-hand side of Figure 1.6. This effectively la-

bels β-catenin for degradation by the proteasome [110], thus limiting the cytoplasmic

concentration of β-catenin and preventing its nuclear translocation.

Figure 1.6: Simplified schematic of the Wnt pathway: (L) Pathway in the OFF state,
when cell is subject to low extracellular Wnt; (R) Pathway in the ON state, when
cell is subject to high extracellular Wnt. The proteasome is shown in red, whilst
phosphorylated β-catenin is indicated by a tag. The nucleus is shown in blue, the
cytoplasm in green, and the intercellular space in grey.

Activation of the Wnt signal occurs when extracellular Wnt molecules bind to

Frizzled-LRP receptor complexes at the cell surface membrane, as on the right-hand

side of Figure 1.6. This inhibits β-catenin degradation3:

3As with the Notch pathway in Section 1.4.1, we present a minimal explanation of the canonical
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1. Signals from Frizzled receptors recruit cytoplasmic Dishevelled (Dsh) to the cell

membrane [111];

2. In the absence of the destruction complex, cytoplasmic β-catenin accumulates

and translocates to the nucleus, where it binds to the transcriptional activator,

LEF/TCF [112];

3. Upregulation of Wnt target genes occurs. These include: Lgr5, the stem cell

marker [26]; cyclin D, required in the cell cycle [113], Axin, involved in the

β-catenin destruction complex, and c-myc, a cell growth regulator [114];

4. Secondary effects of Wnt target genes include downregulation of Hath1, involved

in Notch signalling [115].

Recent observations by Li et al. [116] suggest that β-catenin binds with the destruction

complex during periods of Wnt activation, but is not ubiquitinated in this interaction.

Mitotic Regulation

A mitotically active cell proceeds through four main phases during the cell cycle: G1,

S, G2 and M , as shown in Figure 1.7. G1 and G2 are periods of growth; S is the

synthesis phase, during which the cell builds the proteins necessary for proliferation;

actively cycling cells undergo division during M , the mitotic phase [117]. Cell cycle

regulators c-myc and cyclin D1 are transcriptional targets of the Wnt pathway and

determine whether the cell transitions through G1 phase or exits the cell cycle into a

non-cycling, G0, phase [113, 114].

Downregulation of c-myc by disrupting β-catenin-TCF/LEF activity has been

shown to cause G1 arrest during in vitro studies on CRC cell lines [94]. Wnt’s prolif-

erative control can be artifically upregulated in vitro via the Wnt agonist R-Spondin1

Wnt pathway here and delay full discussion until Chapter 3.
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Figure 1.7: Partitioning of the cell cycle into four phases: M , G1, S, G2. Cells subject
to sufficient stimulus from the extracellular Wnt concentration remain as cycling cells
and divide during M phase. Cells exposed to a low-Wnt environment enter an arrested
G0 phase. Cells in the G0 phase do not divide but may recover their cycling behaviour
if their local Wnt concentration increases beyond a given threshold.
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to induce crypt hyperproliferation, as in the de novo synthesis experiments of Ootani

et al. [2].

Aberrant Wnt signalling in CRC presents in a variety of forms. The most com-

mon hereditary form of the disease arises from a mutated APC gene [118]. Loss of

functional APC impairs the function of the β-catenin destruction complex; the resul-

tant hyperproliferation of the intestinal epithelium produces polyps along the wall of

the gut, which can acquire additional spontaneous mutations and develop into ma-

lignant growths. Notably, the majority of sporadic forms of CRC also involve loss of

APC [119, 118]. Neoplastic cells frequently display ‘addiction’ to Wnt signalling [120]

and Lgr5 expression, the ‘stemness’ marker associated with Wnt pathway activity, is

upregulated in colorectal tumour tissue [121].

An intricate pattern of cellular control is emerging as understanding increases of

the interactions of the Wnt pathway with other networks, such as Notch [122] and

EGF [123]. Interaction between the Wnt and Notch pathways has been implicated in

colorectal cancer [124, 122] and a synergy between the two is believed to coordinate

proliferative and differential processes in the crypt [93]. We explore the interactions

with Notch in greater depth in Chapters 3 to 6.

1.5 Discussion

An understanding of the underlying biology is essential for the mathematical mod-

elling process to follow. The review of the experimental literature presented here will

prove invaluable in shaping decisions during the modelling and simulation process from

Chapter 3 onwards.

Before progressing to build our subcellular model for Notch-Wnt crosstalk though,

we first need to appraise the mathematical and computational literature. Existing

representations of these systems, which we explore in Chapter 2, provide crucial in-
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sights into the suitability of particular modelling approaches and help to summarise

the understanding we have already gained of their qualitative behaviour.



2
Methods and Models

Investigation of the pathways discussed in Chapter 1 requires the use of quantitative

methods. To this end, we summarize the relevant mathematical literature. This in-

cludes a synopsis of existing mathematical models for the Notch and Wnt pathways,

along with an outline of key constructions for the tissue models used in the studies

presented in later chapters.

Chapter Summary

Our review of the biological literature in Chapter 1 outlined the structure and

function of the intestinal epithelium at the tissue, cellular and subcellular scales. This

chapter aims to show how various features of the gut and its biochemistry can be

explored theoretically, using examples from the mathematical and computational lit-

erature.

In Sections 2.1 and 2.2, we evaluate models for the Wnt and Notch pathways, in

preparation for the subcellular modelling work of later chapters. In Section 2.3, we

discuss the computational and simulation software used in this thesis, while Section

2.4 contains an outline of cell-based modelling techniques.

29
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2.1 Notch Signalling

Mathematical models for the Notch pathway range from discrete models of ligand bind-

ing, to ODE models which account for subcellular activity and which may incorporate

gene regulation events.

We begin by looking at some of the simplest models for the Notch pathway, namely

those which address juxtacrine signalling. Such models account only for the ligand-

receptor interaction at the cell surface membrane and do not attempt to model the

subcellular biochemistry. Despite their apparent simplicity, juxtacrine models can offer

useful insights into both lateral inhibition and lateral induction.

2.1.1 The Model of Collier et al. (1996)

The canonical ODE model for Delta-Notch signalling at the receptor-ligand scale is

due to Collier et al. [125]. Its nondimensionalised form, in which time is scaled against

the rate constant for decay of Notch, is shown in Equations (2.1) and (2.2). Given a

cell P , the concentrations of Notch receptor, NP (τ), and Delta ligand, DP (τ), present

in the cell at a time τ evolve as follows:

dNP

dτ
=

D(τ)
k

a+D(τ)
k
−NP (τ), (2.1)

dDP

dτ
= ν

{
1

1 + bNP (τ)h
−DP (τ)

}
, (2.2)

where D(τ) represents the mean value of Delta across the immediate neighbours of

cell P ; the fixed parameters a, b, h, k are detailed in Table 2.1.

A ‘neighbour’ for juxtacrine signalling is defined to be any cell whose outer mem-

brane is in direct contact with that of cell P which, in a biological setting, would allow

the two cells to participate in ligand-receptor binding events at the cell surface. Notch

in cell P responds to the Delta levels of its neighbours, while the Delta levels of cell
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Parameter Purpose Standard Value

ν Ratio of Notch:Delta decay 1.0
a Hill dissociation constant 0.01
b Delta denominator constant 100
h Hill exponent for Notch synthesis 2.0
k Exponent for Delta synthesis 2.0

Table 2.1: Standard parameter set for the model of Collier et al., detailed in Equations
(2.1) and (2.2).

P adjust according to the cell’s own Notch levels.

A cell which actively inhibits its neighbours is termed the primary cell and is

associated with high Delta expression, while cells subject to inhibition are said to

adopt a secondary fate and have high Notch levels. The model of Collier et al. uses a

positive feedback construction to explain how a primary fate cell is initially selected

and why neighbours of this cell ultimately adopt the secondary, rather than primary,

fate. Mathematically, these fates correspond to different stable states in the ODE

system.

Model Dynamics

Since the model of Collier et al. forms one of the key influences on the development

of our own model in Chapter 3, we now outline its dynamics in greater detail, using

a two-cell embedding of the model as a simple case study. For brevity, we write the

Notch and Delta production rates in Equations (2.1) and (2.2) thus:

Y (D̄) ≡ D(τ)
k

a+D(τ)
k
, Z(N) ≡ 1

1 + bN(τ)h
. (2.3)

Homogeneity and heterogeneity: In the homogeneous or unpatterned steady state,

both cells have identical concentrations of Notch and identical concentrations of

Delta, as shown on the right-hand side of Figure 2.1. Some parameter regimes

also yield one or more pairs of heterogeneous or patterned steady states, in which
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Figure 2.1: Steady states in a two-cell embedding of the Collier Notch model. Colours
indicate Delta levels (dark blue indicates low Delta expression, dark red indicates high
Delta). Left: The heterogeneous state, which teams a high-Delta primary fate cell
with a low-Delta secondary fate cell. Right: The heterogeneous steady state, in which
both cells adopt identical, low-Delta fates. Associated evolution plots for these images
are shown in Figure 2.3.

one cell adopts a primary (high-Delta, low-Notch) fate, while the other settles

on a secondary (high-Notch, low-Delta) fate.

Attraction to the homogeneous state: The monotonicity of the increasing Hill

function Y and the decreasing term Z guarantees the existence of a single ho-

mogeneous steady state [125], whose stability depends on the parametrisation

of the system. Heterogeneity develops when the homogeneous state is unstable

[125, 126].

Role of positive feedback: Heterogeneous steady states in the model arise from a

positive feedback loop, formed by the motif

Delta→ Nbg. Notch( Nbg. Delta→ Notch( Delta , (2.4)

in which arrows (→) and circular endcaps (() represent upregulation and down-

regulation respectively, and Nbg. indicates a concentration in the neighbouring
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cell. The feedback loop yields heterogeneity by amplifying small differences in

ligand expression between neighbouring cells. Higher values of the exponents

h and k in Equation (2.3) strengthen each step in the motif (2.4) and, thus,

increase the overall feedback strength, providing a stronger propensity for pat-

terning. Indeed, the analysis presented in Collier et al. [125] confirms that

the stability of a given steady state (n∗, d∗) depends upon the strength of this

feedback. Denoting composition of functions by ◦ and the first-order derivative

with respect to time τ by ′, stable states can be shown to satisfy the inequality

(Y ◦ Z ◦ Y ◦ Z)′(n∗) < 1.

Attraction to the heterogeneous state: A dynamically changing phase plane, in

which the nullclines for Delta and Notch rotate in opposite senses, causes an

initial attraction to the homogeneous state until the nullclines coincide. As this

continues and the nullclines move apart again, the system is pulled towards the

heterogeneous state. Sketches of the rotating nullclines are shown in Figure 2.2.

Movement towards the homogeneous state at the outset of simulation is clearly

visible in the upper plot of Figure 2.3, before attraction to the patterned state

begins to dominate.

The model of Collier et al. provides a simple, concise representation of the lat-

eral inhibition process and has proven capacity for pattern generation. Nonetheless,

the model is far from being the sole representation of juxtacrine signalling processes;

consequently we now summarise some other examples.

2.1.2 Other Models of Juxtacrine Signalling

Owen et al. [127, 128] explore the role of lateral induction in pattern formation by

following the changing totals of free ligand, free receptor, and bound ligand-receptor

complex. The bound complex is assumed to have a saturating effect in upregulating
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Figure 2.2: Rotation of nullclines in the dynamically changing phase plane of the
model of Collier et al., inspired by a sketch in the original paper [125]. (x, y) is a small
perturbation about a homogeneous steady state, (n∗, d∗). (L) At the outset of simu-
lation, attraction to the homogeneous steady state dominates. (R) As the nullclines
rotate in the plane and eventually cross, the direction of attraction is reversed, and
the system is pulled out towards one or other of the patterned, heterogeneous steady
states.
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Figure 2.3: Time evolution of steady states for the cell pairs shown in Figure 2.1, using
the nondimensional model of Equations (2.1) and (2.2) and parameters as in Table
2.1. The upper plot reaches a heterogeneous state, while the lower plot attains the
homogeneous state. The two cells in the lower plot each start from the same initial
conditions and evolve identically. Upper Plot : Patterned state arising from initial
conditions (0.9, 0.5), (0.19, 0.5). Lower Plot : Unpatterned state arising from initial
conditions (0.9, 0.5), (0.9, 0.5).
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both ligand and receptor.

Lateral induction is a highly versatile pattern generator and the model of Owen

et al. can exhibit spatially uniform behaviour, patterning or uncontrolled feedback.

This appears to be a direct consequence of positive feedback, which can yield fast-

growing modes at higher wavenumbers and hence generate longer scale patterns than

a corresponding inhibitory model [129]. Embeddings of the model in a square lattice

of non-dividing cells demonstrate a robust capacity for pattern generation of both

spots and stripes [128]; comparison against a hexagonal array suggests that the square

lattice provides the more robust patterning geometry [130]. Bifurcation analyses for

the square case have since demonstrated that a wide variety of stable patterns exists

for a given parameter set [131]. Notably, conditions have been derived under which

the models of Collier et al. and Owen et al. exhibit the same homogeneous and

heterogeneous steady states [130]. Equivalence occurs when receptor expression is

held constant and low affinity binding is assumed.

Simulations on two-dimensional domains suggest that the model can generate pat-

terning signals with arbitrarily large half-life [132] and control the size of cell clusters

in a dynamic setting [133]. Inhomogeneity in the receptor and ligand distributions

across the cell surface contribute to the propagation of long-range patterns [134].

An alternative model for ligand-receptor interaction has been developed by Sprin-

zak et al. [135]. This distinguishes between cis-Delta (Delta on a given cell) and

trans-Delta on neighbouring cells, and similarly for Notch. Interactions between cis-

Notch and trans-Delta generate an NICD signal in the recipient cell, which is used as

a measure of cell fate, whilst binding between cis-Delta and cis-Notch causes mutual

inactivation. The combination of cis-inhibition and trans-activation contributes to

strong switch-like behaviour, in which a cell becomes either a signalling or receiving

partner. This is shown to generate sharp pattern boundaries when embedded in a

hexagonal cell lattice.
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2.1.3 Discrete & Rule-Based Models

Inspired by a neural network model [136], Ghosh & Tomlin [137, 138] employ discrete

states in a cellular automaton to capture Delta-Notch interactions. Each cell may

take one of four states: Delta-expressing; Notch-expressing; expressing both; or nei-

ther. Transitions between these states occur according to an averaging process over

neighbouring cells. Simulations on a hexagonal cell array develop a regular pattern

with minor defects, similar to that of Collier et al., but prove computationally quicker

to implement.

Buske et al. [5] eschew explicit subcellular modelling in favour of a simpler, rule-

based approach. In this model, a cell’s Notch activity is either high or low and is

influenced by neighbouring cell states; Wnt activity varies with the local curvature

of the basement membrane. High Wnt and Notch levels maintain an undifferentiated

phenotype; cells differentiate into either a secretory or an absorptive cell on attaining

a low-Wnt state, with cell fate determined by a cell’s Notch status at that instant.

This approach generates the correct proportions of cell types but does not produce

the ‘salt-and-pepper’ spatial arrangement characteristic to upper crypt regions in the

intestinal epithelium.

Similarly, crypt embeddings performed by Pin et al. [139] determine Wnt and

Notch activity using a rule-based approach, which averages over the behaviour of

neighbouring cells. Although the crypt is modelled as a coiled, spiral string of cells

and therefore differs from that of Buske et al., the rule-based approach again fails to

yield adequate dispersal of primary fate cells in the upper regions of the crypt.

The work of Buske et al. [5] is discussed further in Chapter 5, where its performance

is compared against that of a framework which embeds an explicit biochemical model

into each cell.
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2.1.4 Models of Hes1 Oscillation

The role of negative feedback motifs in oscillatory gene networks was first characterised

by Goodwin in 1965 [140]. The Goodwin model employs ordinary differential equations

and augments a system of mRNA and protein with an unspecified intermediate in order

to generate sustained oscillations [141]. Hirata et al. [142] propose a simple ODE

model of Goodwin form to represent Hes1 oscillations and achieve an experimentally-

validated, two hour oscillation period.

Such oscillations are now known to arise from delays in gene regulatory processes,

such as transcription and protein folding. In light of this, Monk reformulates Good-

win’s model using delay differential equations [143]. The transcriptional delay is of

considerable functional importance, since the resulting two-equation model for Hes1

mRNA and protein generates oscillations without the need for any intermediate and

the mRNA half-life strongly influences the period of oscillation. Extension of this

model to include Hes1 dimerisation [144] increases the oscillatory amplitude of Hes1

protein, bringing it closer in line with experimental data.

Momiji and Monk subsequently couple two oscillating Hes1 systems, enabling the

investigation of in-phase and out-of-phase oscillations within lateral inhibition net-

works [145]. The authors explore the role of negative and positive feedback motifs

in shaping the oscillatory dynamics of a two-cell system, ranging from a single cell

subject to an autorepression loop, to two cells with trans-inactivating Hes1 and Ngn3.

Mutual inactivation is found to be important in generating oscillations, whilst the

autorepression of Hes1 aids the tunability of oscillations and dominates the system

dynamics.

A similar approach to Monk [143] is adopted by Lewis [146], who uses two-cell sys-

tems to model mRNA-protein interactions in zebrafish somitogenesis, the generation

of segments along an anatomical structure. Somitogenesis has inspired other studies

of oscillation in the Notch pathway. For instance, the model of Goldbeter et al. [147]
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couples simple representations of the Notch, Wnt and FGF pathways. However this

model unites Wnt and Notch activity via the action of GSK upon NICD; current

developments in the biochemical literature, discussed in Section 3.2, now appear to

favour a β-catenin crosstalk hub. Murray et al. [148, 149] present a generalised model

for coupled oscillations of gene expression in one-dimensional cell chains, using a PDE

to characterise the spatial variation in oscillation phase. This framework explores the

“clock and wavefront” model, in which a travelling wavefront along the cell chain de-

termines the spatial location of particular development events, while a somitogenesis

clock determines the periodicity with which these events occur. Coupling between cells

serves to reduce the speed at which the travelling wavefront moves along the chain.

Few multicellular studies of the role of Hes1 oscillations in cell fate exist at the

present time. Oscillations of Hes1 are thought to assist in the maintenance of cell-

cycle processes as well as maintaining the flexibility of cell fate decisions within a cell

population [150]. Two- and three-dimensional tissue embeddings of oscillatory models

would serve as a valuable tool for exploring these hypotheses further.

2.1.5 Continuous Subcellular Models

The oscillating models described in Section 2.1.4 focus primarily on Hes1 and its

autoregulation, rather than the broader implications for Notch signalling. Agrawal

et al. [151] and Kiparissides et al. [152] remedy this through the development of

detailed subcellular models for the Notch pathway, incorporating Notch, Hes1 and

a CSL analogue. Both approaches include mRNA entities, enabling the generation

of transcriptionally-driven oscillations without the need for a delay formulation. A

compartmental approach allows for translocation between the cytoplasm and nucleus.

Variation in the transcriptional repression of Hes1 enables the model of Agrawal

et al. to transition between oscillation and bistable switching, suggesting that the

cell regulates its behaviour by tuning the response of Hes1 -associated processes [151].
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Kiparissides et al. include terms for Mash1 (a Hath1 analogue) and NICD to facilitate

the study of differentiation processes. Damped oscillations in the model capture typical

biological patterns of early cell-fate selection, but it is suggested that crosstalk with

another pathway would be required to derive a terminally differentiated state [152].

A generalised model for Notch-Wnt interaction has also been explored [153, 154].

However, this provides an abstraction of cell fate entities and does not include a

Hes1 autoregulation motif. Coupling with Wnt via membrane-bound Notch allows

inhibition of Wnt signalling to drive terminal differentiation in the cell.

2.2 Wnt Signalling

Mathematical modelling of the Wnt signalling pathway has generated a variety of

interpretations in the literature. Some of these examine non-canonical forms of the

Wnt pathway, such as its role in cadherin binding and cell-cell adhesion [155, 156, 157],

or crosstalk with pathways other than Notch [158, 123]. Though interesting, these lie

beyond the scope of this work and we shall restrict our attention to representations

of the canonical pathway in this summary. Extensive reviews of the canonical and

non-canonical Wnt modelling canon can be found in [159, 160].

2.2.1 Lee et al. (2003) and Associated Literature

The ODE system of Lee et al. [161] provided the first quantitative model of the

Wnt pathway and has since been explored widely within the literature. Comprising

fifteen coupled equations, the model includes a stepwise cycle for the phosphorylation

and degradation of β-catenin and explicitly depicts the association and dissociation

of elements in the β-catenin destruction complex, as shown in Figure 2.4. Use of

ODEs is justified on the grounds that the majority of signal control occurs within

the cytoplasm, which is assumed to be well-mixed: this contrasts with the shuttling
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Figure 2.4: Network diagram for the model of Lee et al. [161], originally published
by PLOS Biology and provided under a Creative Commons Attribution Licence, CC-
BY-2.5. Protein complexes are enclosed in parentheses and labelled according to their
component parts; phosphorylated agents are denoted with an asterisk. Arrows indicate
the direction of reaction.

and/or compartmental approaches favoured by other models of the pathway [155].

Extracellular Wnt stimuli induce cytoplasmic signalling in Lee et al.’s model via Dsh,

which is assumed to exist in both active and inactive forms.

The inherent difficulties in obtaining many biological parameters demand estima-

tion of much of the parameter set. In vitro experiments on Xenopus oocytes provide

values for six concentrations and three parameters; the remaining thirty-one parame-

ters are either estimated from existing results in the biological literature, or adjusted

to calibrate the model’s numerical output against experimentally measured fluxes.

However, a recent recalibration of the Lee et al. model for several human and canine

cell lines [162] suggests that higher Axin and lower APC concentrations are required

when applying the model in a mammalian context.

Numerical simulations of the Lee et al. model suggest that Axin, present in Xeno-

pus at a substantially lower concentration than other components of the destruction
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complex, acts as a rate-limiter in β-catenin degradation [161]. As such, it has been

thought to provide a robust and effective means of regulating the strength of Wnt

signalling within a cell [161]. Consistently low Axin levels may also serve to regulate

crosstalk between Wnt and other pathways, by stabilising the levels of other members

of the destruction complex such as APC and GSK3β, which might otherwise interact

with other networks [163, 161].

A computational evaluation of the Xenopus-parametrised model of Lee et al., per-

formed by Goentoro et al. [164], has found the fold-change in β-catenin to be the

most robust feature to parameter perturbations, given a fixed Wnt stimulus. By con-

trast, the absolute expression of β-catenin varies markedly in response to parameter

perturbations. Robustness in fold-change may act as a means of overcoming biolog-

ical noise, buffering the pathway’s response against small fluctuations in rates and

concentrations. Goentoro et al. also confirm these findings experimentally in human

colorectal cell lines, which demonstrate a fold-change sensitivity to the synthesis rate

of β-catenin [164].

Several systematic analyses of the Lee et al. model have yielded reductions to

smaller ODE systems. Kruger and Heinrich [165] employ a series of conservation

equations and fast equilibrium approximations to reduce the system to seven vari-

ables. The concentration of the β-catenin-TCF complex is found to be sensitive to

fluctuations in the system parameters; this may result in the Wnt pathway becoming

transcriptionally active even in the absence of extracellular stimulation. More recently,

the asymptotic analyses of Mirams et al. [166] have separated the Lee et al. model into

short, medium and long-term timescales. This has revealed conditions under which

the model may be reduced to a single equation for β-catenin, capturing the long-term

dynamics of the system. Nonetheless, Lloyd-Lewis et al. [160] highlight a conflict

between the Mirams et al. estimate of ∼ 45h for this long-term timescale and that

of Hernandez et al. [167], in which the half-life of active β-catenin is experimentally



CHAPTER 2. METHODS AND MODELS 43

measured at ∼ 16 min.

Modifications to Lee et al. have captured other known properties of the biochem-

ical network. Wawra et al. [168] formulate the model as a system of delay differential

equations. Inspired by other model extensions which depict Axin as both a transcrip-

tional target and inhibitor of the Wnt pathway [169, 158], two Wnt targets are added

to the network, both inhibitors of Wnt signalling: Axin, and a hypothetical regulator

which inhibits the action of Dsh. The resultant negative feedback loops generate os-

cillations in β-catenin, with period ranging from 2.5 to 6 hours according to the Axin

and β-catenin flux through the system. The existence of oscillatory regimes in the

Wnt system may provide a means of temporal coordination for its crosstalk with the

Notch pathway, which also has a capacity for oscillation.

2.2.2 Alternative Biochemical Models

Mazemondet et al. [170] formulate a model involving only Wnt, Axin (phosphory-

lated and unphosphorylated) and β-catenin (nuclear and cytoplasmic). Stochastic

and deterministic versions of the model explore the phenomenon of surges in Wnt

expression after the differentiation process is complete. A compartmental approach

is also employed by Schmitz et al. [171] to show that shuttling of the destruction

complex between cytoplasm and nucleus may extend the persistence of the β-catenin-

TCF complex and hence increase the strength of Wnt signalling on its transcriptional

targets.

The thirteen-ODE system of Kogan et al. [172] focuses on the bound and free forms

of the membrane-bound receptors Frizzled and LRP, in order to explore the influence

of the pathway inhibitors Dkk and sFRP. Simulations indicate that combinations of

the two inhibitors can produce a synergistic effect in reducing β-catenin accumulation,

a finding which may have therapeutic implications for the treatment of CRC.

Other ODE models for Wnt biochemistry include Benary et al. [173], who compare
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a ‘minimal’ model with a gene-expression augmented version under Wnt and APC

gradients, and Song et al. [174], who examine the effects of mutations to APC and

β-catenin.

2.2.3 Crypt Embeddings

Wnt signalling models have also been embedded into geometric models of the colorectal

crypt, allowing the influence of spatial variation in the local tissue environment to be

explored computationally.

van Leeuwen et al. [175] use a cell-based model of the crypt to carry out virtual

microdissection and labelling experiments, studying problems such as niche succession.

Cell type is defined on the basis of spatial location in the crypt, via an imposed gradient

of the extracellular factor Wnt.

Mirams et al. [176] extend these simulations to study how the adhesion and location

of mutant cells affect the capacity of a rogue progeny to dominate the crypt. Spatial

proliferation cues are assumed via a Wnt gradient up the crypt; cells are endowed

with a simple, stochastic cell cycle model; and mutant cells have a reduced adhesion

and cell-cycle time, implemented through a variable threshold for proliferative cut-off.

Results indicate that an ancestor cell need not remain in the crypt for monoclonal

conversion to occur. Another extension of the van Leeuwen et al. framework has

been used to show that the spatial ‘stem cell niche’ hypothesis is more likely than

a stochastic generational model of stem cell division [177]. Spatially-determined cell

fate selection significantly reduces the time taken to attain a monoclonal state and

extension of the model’s geometry to incorporate a rounded crypt base brings this

time closer to experimentally observed values.

The continuum model of Murray et al. [22] explores the influence of spatially vary-

ing morphogen gradients upon cell density in the colorectal crypt. A one-dimensional

partial differential equation (PDE) for cell density incorporates a 1D continuum ap-
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proximation of the spring based mechanical model from [175] to describe cell movement

up the crypt. An external Wnt gradient is defined which decays exponentially up the

crypt axis, and is coupled to the cellular proliferative response by incorporating a

single-equation reduction of Lee et al. [166] into the PDE. The model can predict

the likely β-catenin distribution up the crypt from a given external Wnt gradient,

by tracking the rate of change of local β−catenin. Under this model, cells prolifer-

ate if their local Wnt concentration exceeds a threshold and if the local cell density

is sufficiently low. Mutations are simulated through parameter modification in the

underlying Wnt model, allowing mutants to proliferate in lower Wnt conditions than

healthy cells. Density tracking of mutant and healthy cells predicts colonisation of

neighbouring crypts when the mutant population has both a proliferative advantage

and an ability to evade apoptosis. A proliferative advantage alone is not enough, as

mutant cells cannot achieve a sufficiently high velocity to invade neighbouring crypts.

A continuum approach to modelling the crypt is also adopted by Zhang et al.

[178], who find that the scales of Wnt activation and inhibition may result in a Turing

pattern [179] which could determine the dispersal of cell types in the crypt.

2.3 Tools and Software

The simulation of cell-based tissues with embedded biochemical models requires several

software resources. All software used in this thesis is listed below, along with details

of the algorithms employed. This leads naturally into the details of implementation

at the cell and tissue scales, which are discussed in Section 2.4.

Chaste

Chaste (Cancer, Heart and Soft Tissue Environment) is an open-source software library

and set of test suites for computational biologists, developed for the design and running
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of multicellular tissue simulations [180]. These simulations may include user-defined

specifics at the level of: subcellular reactions; whole-cell behaviour; cell-cell interaction

or tissue-level function. Chaste is written in C++ and has a modularised, object-

oriented structure.

Ordinary differential equations governing subcellular function are solved using a

multistep solver from the external library CVODE [181]. Owing to the stiff system

involved in our Notch-Wnt model, we implement Backward Differentation Formulas in

fixed-leading coefficient form. Each integration step is solved using Newton iteration.

Implementation specifics of tissue-scale processes in Chaste are detailed in Section 2.4.

We use Chaste in Chapters 5 and 6 and Appendix B to: explore a full crypt

embedding of our model with an alternative model developed by Buske et al. [5];

simulate multicellular embeddings of our own subcellular model; to develop point

dispersal metrics; and to construct multicellular embeddings of the Collier model.

Matlab and the Systems Biology Toolbox

Matlab is a commercial software package for numerical computation, written in C

but providing a high-level Matlab language at the user front-end. All Matlab

calculations are performed using version R2013a of the software. These include: all

two-cell studies (Ch. 4; Ch. 6; Appx. B), numerical studies of ordinary differential

equations (Ch. 4; Appx. B) and data postprocessing for line and surface graphs (Chs.

4 – 6; Appx. B).

Numerical solution of ordinary differential equations in Matlab uses the software’s

own suite of solvers. This includes algorithms for the solution of stiff ODEs, in which

the presence of components varying over slow and fast timescales can cause numerical

artefacts when using a regular solver. Consequently:

• Nonstiff problems are solved using the ode45 solver, which implements an explicit

Runge-Kutta (4, 5) formula [182]. ode45 uses the solution at y(tn−1) to calculate
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estimates at four increments within the stepsize interval. A weighted average of

these values yields the value of y(tn);

• We employ the solver ode15s on stiff problems. This is a multistep, variable

order solver: that is, it uses solutions from more than one previous timepoint

to calculate the solution at the current time. Its algorithm is based upon the

numerical differentiation formulas [182].

The Systems Biology Toolbox (SBT) is an add-on module for Matlab [183] and

is used for parameter sensitivity analyses in Chapter 4. Its methods for calculating

parameter sensitivities for either oscillatory or fixed steady-state systems are described

in Appendix A.

Chemical Reaction Network Toolbox

The Chemical Reaction Network Toolbox is a computational package for analysing the

stability properties of chemical reaction networks, indicating whether a given network

is capable of multiple stable states, or only one [184]. Chemical network representations

differ from biological ones, which depict up- and down-regulation events but do not

explicitly detail the chemical interactions involved.

The toolbox requires the user to specify the details of each reaction in the network

of interest. Each inclusion takes the form A + B
E−−→ 2 C + D, where A and B are the

reactants, C and D are the products, and E is either an inhibitor or a promoter of the

reaction. The user has to provide stoichiometry information; for instance, specifying

2 C rather than just C as a product in the above example. However, the kinetics of

each reaction do not need to be specified. Once the user has supplied details of all the

reactions, the toolbox performs a sign-checking operation on two quantities derived

from the network’s stoichiometry [185] and then classifies the network according to its

ability to exhibit multistationarity if allied with particular types of kinetics.
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The toolbox is used in Chapter 4 to explore the stability of subgraphs in the Notch-

Wnt reaction network; we therefore defer our explanation of the theory which supports

this toolbox until Section 4.2. A detailed exposition of the algorithms underpinning

the toolbox can be found in [185].

2.4 Tissue Scale Modelling

Armitage and Doll presented one of the earliest mathematical studies of cancer in the

1950s, with a statistical analysis of the age distribution of mutations in different organ

systems [186, 187]. Ultimately this led to the linear model of carcinogenesis, involving

sequential acquisition of mutations over an extended time period (discussed further

in Section 1.4). These statistical approaches yielded estimates for the mutation rates

in CRC, but could not explain its propagation throughout the colonic epithelium,

owing to the absence of biophysical mechanisms. This created a demand for models

of healthy crypt tissue, which could then be manipulated to address the problem of

tumourigenesis.

Mathematical crypt models can be classified into one of three types.

Compartment models examine the behaviour of interdependent cell populations

in the crypt but do not anchor these in a spatial domain [25]. Examples in-

clude Tomlinson and Bodmer’s three-compartment model [188], which decom-

poses the crypt into stem, transit and differentiated compartments, each with

fixed rates of death, differentiation and renewal. Extensions to this model have

added stochastic fluctuations of renewal parameters [189], looked at the role of

feedback between compartments in propagating mutations [190], and provided

separate compartments for each cell generation in order to study cell cycle phase

transitions [191].

Continuum models typically use systems of partial differential equations to charac-
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terise the quantities of interest at all points in the tissue region, although some

one-dimensional examples use ODEs [192]. Continuum models for the intestinal

crypt have: developed means of studying the path of malignant cell clusters in

the crypt [193]; examined compressibility and buckling of the epithelial cell layer

[194] and compared their outputs against discrete analogues [195, 196].

Discrete models rely upon the representation of individual cells: this assumes that

the dynamics of cell movement can be adequately described by a finite number

of forces, protein concentrations and other quantities evaluated at a set of points

in the domain. This class of model can be divided into two sub-types:

• Lattice-based models, in which cells are constrained to move on a fixed lat-

tice. These include cellular automata (CA) and the cellular Potts model

(CPM). CA represent each cell by a single lattice point and the rules for

lattice updating may include such considerations as defining a cell’s neigh-

bourhood – and hence the nearby sites into which a cell can move – and

defining a cell’s probability of dividing or moving in a certain direction. CA

have been studied in one [197, 198, 199] and two dimensions [200, 24, 201].

In a progression from the pointwise approach of CA, cells in the CPM are

comprised of multiple, usually clustered, lattice points on a grid. Wong et

al. [41] apply the CPM to the crypt, but the model proves highly sensitive

to its starting configuration.

• Off-lattice models, which do not restrict cells to a predefined lattice and

which may also allow the shape or position of the cell boundaries to evolve

over time. This subclass of model is discussed further in Section 2.4.1.

Distinct modelling approaches may also yield different insights: not every model is

appropriate for a given scenario. A full discussion of these issues is provided in the re-

views [202, 203]. Our interest in cell fate selection in response to spatial cues naturally
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Figure 2.5: L-to-R: Cell-centre tessellation model, with cells formed from a Delaunay
triangulation (red) and Voronoi tessellation (black); Cell-centre node-based model,
with cells formed from overlapping spheres; Vertex dynamic model, in which cells are
formed from a polygonal tessellation with moving vertices (orange).

leads us to use discrete, cell-based models. Moreover, the off-lattice models provide

a more realistic representation of the packing and movement of cells within the crypt

geometry. Consequently we restrict our attention to the three off-lattice approaches

provided in Chaste, which we now describe.

2.4.1 Tissue Modelling in Chaste

All Chaste simulations in this thesis use one of three tissue-level models: cell-centre

tessellation based, cell-centre node based, or vertex based. In each case, growth processes

are modelled over a series of piecewise continuous timesteps, via an explicitly defined

cell cycle model (CCM). This CCM may take the form of a discretised ‘clock’ or a

more sophisticated series of continuous differential equations; we describe our CCM

implementation fully in Chapter 5.
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Cell-Centre Tessellation Model

In cell-centre dynamic models, the centrepoint of the cell entirely determines its lo-

cation, as, for example, in Meineke et al. [204]. Cells move on a lattice-free surface

and it is assumed that the motion of each cell can be adequately described by a finite

number of forces, which arise from the interaction between a cell and its immediate

neighbours.

Connectivity between cells is determined by forming a Delaunay triangulation com-

prising the lines between cell centres. This triangulation is then used to generate the

cell boundaries by means of a Voronoi tessellation. The resulting polygonal lattice

therefore defines the shape of the cell, as well as the location of its geometric centre.

Elastic and adhesive interactions between cells are modelled by springs connecting

the centres of adjacent cells; such an approach permits explicit mechanical control

of cell motion. The cell-centre tessellation approach has led to several crypt-specific

computational studies of note [175, 204, 195].

Implementation of the cell-centre method in Chaste updates each cell’s position

at a given timestep using the triangulation and tessellation methods described above.

The total force, Fi, on a cell, i, at time t, is calculated from the individual forces

arising from connections with its neighbours, j ∈ Si:

Fi(t) =
∑
j∈Si

kij(|ri − rj | − sij(t))
(rj − ri)

|rj − ri|
, i = 1, . . . , n, (2.5)

where all quantities are defined in Table 2.2. The assumption of strong frictional

forces between neighbouring cells implies that viscous forces dominate, allowing inertial

influences to be neglected. The effective displacement of a cell over a small time
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interval, ∆t, is therefore an overdamped motion, governed by the drag coefficient, µi:

ri(t+ ∆t) = ri(t) +
1

µi
Fi(t)∆t ,

µi(ri(t+ ∆t)− ri(t))

∆t
= Fi(t) . (2.6)

As ∆t→ 0 in (2.6), and substituting (2.5) for Fi(t), we obtain:

µi
dri
dt

=
∑
j∈Si

kij(|ri − rj | − sij(t))
(rj − ri)

|rj − ri|
, i = 1, . . . , n. (2.7)

A typical cell representation for this cell-centre model is depicted on the left-hand side

of Figure 2.5.

Parameter Specified Property

ri Spatial location of cell centre i
n Total number of cells in the domain
kij Strength of spring connecting cells i and j
sij(t) Natural length of the spring connecting cells i and j
µi Drag coefficient for cell i (dependent upon cell type)
t Time
Si Set of cells neighbouring cell i

Table 2.2: A reference summary of the parameters for the off-lattice cell-centre model
presented in [204].

Node-Based Model

The cell-centre node-based model uses the same force formulation as that of the cell-

centre tessellation framework in Equation (2.7), but relies on an overlapping spheres

method to determine cell connectivity, rather than the triangulation method of the

cell-centre tessellation model [205]. This removes the requirement for regenerating the

spatial mesh at each timestep and reduces the time required for simulation.

In this approach, cells are considered to interact if they lie sufficiently close, ac-

cording to some predefined distance. In practice this is determined by the overlap, δij ,
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of the cell radii:

δij = Ri +Rj− ‖ ri − rj ‖,

for Ri, Rj the predefined ‘natural’ radii of the two cells and ‖ ri−rj ‖ their separation

distance at the current timestep.

A typical cell representation for the node-based model is shown at the centre of

Figure 2.5.

Vertex-Dynamic Model

In the vertex-dynamic model, a cell is defined by a series of moving points on its

boundary and the free energy at these vertices is quantified through terms for defor-

mation, surface tension and intercellular adhesion. Vertex models have been applied

to crypt structures to a lesser extent than cell centre models, although some cases

exist in the literature [195]. Polygonal tessellations generated by the vertex approach

aim to replicate the packing arrangement of the intestinal crypt.

Our implementation of the vertex-dynamic model in Chaste employs the Nagai-

Honda model [206], in which vertex movement is determined by

ηi
dri
dt

= −∇i
n∑
j=1

(U jD + U jS + U jA),

= −∇i
n∑
j=1

(
α(Aj −AT,j)2 + β(Ck − CT,j)2 +

Mj∑
m=1

γmLj,m

)
,

where all parameters are as stated in Table 2.3. A typical cell construction for this

model is shown in the right-hand image of Figure 2.5. Alternatives to the Nagai-Honda

model exist and are also provided within Chaste; these are discussed extensively in

Fletcher et al. [207].
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Parameter Specified Property

ri Spatial location of vertex i
ηi Drag associated with vertex i
∇i Gradient w.r.t. ri
n Total number of cells in the domain

U jD Deformation energy for cell j

U jS Membrane surface tension energy for cell j

U jA Cell-cell adhesion energy for cell j

Aj 2D area of cell j
AT,j Target area of cell j
Cj Perimeter of cell j
CT,j Target perimeter of cell j
Mj Number of vertices on cell j
Li,j Straight-line distance between vertices i and j
α, β Weighting constants for contributing energy terms
γm Positive constant determined by site of external boundaries

Table 2.3: A reference summary of the parameters for the off-lattice, vertex-dynamic
cell model presented in Nagai and Honda [206] and Osborne et al. [195].

2.5 Discussion

The extent to which the intestinal epithelium and the Notch and Wnt pathways have

been explored in the experimental literature is apparent from the breadth of studies

presented in Chapter 1. That these efforts have been matched by considerable interest

from the mathematical and computational communities suggests that an investigation

of Notch-Wnt crosstalk is not only timely but also scientifically relevant.

Furthermore, the majority of studies discussed in the review of Chapter 2 rely

on rule-based representations of the Notch and Wnt pathways, or implement them

as uncoupled subcellular models. Often, the resultant distribution of cell types fails

to capture the true dispersal seen in the intestine [5, 139]. The development of a

coupled model for Notch-Wnt interaction will allow us to assess whether such non-

representative dispersal is a direct consequence of an oversimplified model of cell fate,

and should provide insights into modelling approaches for differentiation processes.

Sections 2.3 and 2.4 have introduced the software used in this thesis and outlined
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the modelling techniques they use in representing cell-based tissues. These techniques

will be implemented from Chapter 4 onwards in exploring problems of biological rele-

vance.

With these foundations now in place, we turn our attention to developing an ODE

model of Notch-Wnt interaction in Chapter 3.
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Model Development
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3
A Coupled Model of Notch-Wnt Interaction

Using key results from the experimental literature, we develop a novel system of twelve

ordinary differential equations (ODEs) to characterise the interaction between the

Notch and Wnt networks.

Chapter Summary

Although the Collier model [125] discussed in Chapter 2 provides a useful depiction

of the Notch feedback mechanisms arising from juxtacrine signalling at the cell surface,

it cannot provide insights into crosstalk events between the Notch and Wnt pathways,

since these occur inside the cell. An extended model depicting subcellular Notch and

Wnt reactants is therefore required if we are to examine this interplay.

Our own ODE model, which we develop over the course of this chapter, unites

diverse experimental results, some of which are being represented mathematically for

the first time. We start in Section 3.1 by detailing the molecular entities involved; a

diagram of the biological network is shown in Figure 3.1. Section 3.2 sees each path

in the network justified with reference to the experimental literature, before these are

realised as a dimensional system of twelve ordinary differential equations in Section

3.3. This system will be used in later chapters to study proliferation and cell fate

specification in tissue-scale simulations.

57
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Figure 3.1: Network representation for our model of Notch-Wnt interaction: numbered
steps are justified in the text in Section 3.2. Major steps in Notch function are shown
in blue; those of the Wnt pathway in black; those involving the β-catenin crosstalk
hub in red; Wnt-dependent steps in orange. Black AND gates signify the formation
of intermediate complexes from two molecular partners. Circular end caps indicate
inhibition steps; gene regulation events are indicated by DNA symbols.
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3.1 Model Entities

The molecular entities in the model, depicted in Figure 3.1, are listed below; letters in

parentheses indicate the variable name as it appears in our ODE model as presented

in Section 3.3. Experimental evidence for the roles of these reactants is provided in

Section 3.2.

Notch (N) refers to the Notch receptor, a long molecule anchored in the cell mem-

brane and comprising a long section of EGF repeats extending outward from the

membrane, linked to a shorter section which lies inside the cell [69]. In a depar-

ture from the model of Collier et al. [125], which deliberately avoided classifying

Notch as being membrane bound or cytoplasmic, we here take N to represent

the membrane-bound receptor only.

NICD (F ) is a molecular fragment called the Notch Intra-Cellular Domain and is

formed during cleavage of the Notch receptor, when the internal section of the

receptor is released into the cytoplasm.

I1 (I1) represents a molecular intermediate, formed from a complex of NICD and

β-catenin.

Hes1 (H1) is the Hairy Enhancer of Split, a name deriving from its association with

bristle development in the Drosophila fruit fly [208] and body segmentation in

insects and mammals [209]. Hes1 exhibits diverse patterns of expression in many

different tissues and its incorporation in a model requires careful attention to the

literature. For example, differences are apparent even between cell types in the

nervous system, where boundary cells have persistent, high Hes1 expression,

compared to a more variable production in compartmental cells [210]. Hes1 is

considered to be a major target of Notch signalling and has a key role in cell fate

specification, with Hes1-null tissue containing fewer absorptive enterocytes [92].
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Ngn3 (P ) is part of the Neurogenin family of proteins, associated with differentiation

processes and, in some contexts, neural development, hence the term ‘proneural

protein’ in reference to neurogenins [211].

Delta ligand (D) is a complementary binding partner for Notch and similarly takes

the form of an extracellular transmembrane protein [69]. As with our definition

of N , all instances of D in our coupled model refer specifically to membrane-

bound ligand.

Hath1 (H2) is the human variant of a protein known as Atoh1 or Math1 in other

organisms, and is confined to the lower gastrointestinal tract in humans [115].

Hath1 is strongly associated with control of differentiation processes [212]; in-

deed, high Hath1 levels have been shown to inhibit production of cyclin D1, thus

pushing the cell into G0 phase [93]. High Hath1 expression is associated with

a secretory cell phenotype, resulting in mucus-secreting goblet cells [115, 213].

Malignant colon tissue, in which Hath1 is suppressed, features fewer goblet cells

than its healthy counterparts [115]. Application of γ-secretase inhibitors, which

block cleavage of the Notch receptor and reduce Notch signalling, can enforce

differentiation of proliferative crypt cells into goblet types [214]. Hath1 expres-

sion varies along the gut; human colonic tissue exhibits higher levels of Hath1

mRNA than tissue taken from earlier stages of the intestinal tract, such as the

jejunum or ileum [213].

β-catenin (B) is a key effector of the canonical Wnt pathway and actively regulates

the transcription of cell cycle proteins such as cyclin D [113]. As such, β-catenin

is closely associated with proliferation events although, as the discussion of Sec-

tion 3.2 will show, it also acts as a major crosstalk hub with other networks such

as Notch.

GSK3β (G) is a protein kinase involved in the canonical Wnt pathway.
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Destruction Complex (C) is formed under low-Wnt conditions, when cytoplasmic

GSK3β binds with the proteins Axin2 and APC (in the interest of simplicity,

the latter is not represented explicitly in our model). This destruction complex

ubiquitinates β-catenin, ultimately leading to its proteasomal degradation [215].

Axin2 (A) is a gene target of the Wnt pathway; its transcription is upregulated by

β-catenin, yet it also has a role in the degradation of β-catenin by acting as a

scaffold protein for the β-catenin destruction complex [216, 97].

I2 (I2) represents a molecular intermediate, formed from a complex of β-catenin and

GSK3β when the cell is subject to a low degree of Wnt stimulation.

Having outlined the function of the main reactants in our model, we shall now justify

our inclusion of the fourteen interactions depicted in Figure 3.1 with reference to the

experimental literature.

3.2 Experimental Evidence

Our coupled model for Notch-Wnt interaction draws on a great deal of experimental

work from current scientific literature. We now present the references which form the

foundations of our model development. Each step in Figure 3.1 has been enumerated

for clarity.

1 Neighbouring Delta binds to Notch: A membrane-bound Delta ligand on

a signalling cell can bind with a Notch receptor on a neighbouring cell [84],

initiating a series of reactions in the latter cell which constitute a Notch signalling

cascade [67]. Multiple forms of Delta have been identified, although it is not yet

clear how their functions differ [69]. A further class of ligands, Jagged (Serrate

in non-human mammals), is also complementary for Notch [217] and, like Delta,

consists of a series of EGF repeats and a terminal DSL domain which mediates
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binding [218]. For simplicity, we consider only Delta as the binding partner in

our model; nor do we distinguish between the three distinct types of Delta ligand

known to exist in mammals [69].

2 Fragmentation of the Notch ligand: Ligand-receptor binding between Delta

and Notch induces three cleavage events in the Notch ligand, known as S2, S3

and S4 [218]. These cleavages at the cell membrane are in part mediated by

an enzyme complex, γ-secretase, and cause the internal NICD fragment to be

released into the cytoplasm [91]. These three cleavages are treated as a single

event in our model.

3 NICD forms a complex with β-catenin: Direct binding of NICD with β-

catenin is a key point of Notch-Wnt crosstalk. This interaction has been iden-

tified in vascular progenitor cells via reporter gene and immunoprecipitation

studies, in which expression of NICD and/or β-catenin were activated [219].

NICD-β-catenin binding has also been demonstrated in vitro in human kidney

cells [220]. NICD-mediated sequestering of β-catenin may provide a switching

mechanism in the canonical Wnt pathway by diverting β-catenin from regulating

Wnt target genes [220].

4 Transcriptional regulation of Hes1: Following on from the evidence for Step

3 , the study by Yamamizu et al. [219] demonstrates a synergy between NICD

and β-catenin which amplifies the effect on the Hes1 promoter. A threefold

increase in Hes1 promoter activity is observed in cells expressing both NICD

and β-catenin, compared to those expressing NICD alone [219]. This upregula-

tion has also been observed in human kidney cells [221], human colon cells [77]

and murine fibroblasts [220]. In vitro studies of hamster ovarian cells identify

Dishevelled as a key effector of Notch regulation at this point in the network,

by measuring changes in Notch response when either Wnt, Dsh or β-catenin
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production is induced [222]. Expression of either Wnt or Dsh results in a 0.4−

to 0.5−fold change in Notch activity, yet expression of β-catenin results in a

1.2−fold change. Immunoprecipitation studies on the same cell line have con-

firmed the direct binding of Dsh to RBP-Jκ complexed with NICD. The same

study also showed that blocking the Dsh signal allows human neuroblastoma

lines to avoid Notch downregulation in the face of a Wnt stimulus [222].

5 Autoinhibition of Hes1: Hes1 protein is known to dimerise and bind to its own

promoter, thereby negatively regulating its own expression [223, 224, 225]. This

motif is highly conserved between species, borne out by molecular analyses, in

vitro and in vivo studies in mice [223, 226, 142], rats [227, 142] and Drosophila

[223], amongst others. This autoinhibition causes oscillations in the levels of

Hes1 mRNA and protein and has been addressed by Hirata et al. [142], who

identify an oscillation period of around two hours in a variety of cell lines and

estimate the half-lives of the mRNA and protein to be around 24.1 and 22.3

minutes respectively.

6 Hes1 destabilises Hath1: Gene expression analyses on the gut tissue of Hes1-

knockout mice have identified downregulation of Math1 by Hes1 [78, 214, 92,

228]. Tissue samples from the knockouts show elevated numbers of secretory

cells, typically associated with Hath1 expression [78, 214]. Conversely, activation

of Notch signalling (and hence Hes1 expression) in the murine gut [92] and in

human CRC cell lines [229] represses the transcription of Math1/Hath1 and

impairs the formation of goblet cell types. Whether this behaviour is more

apparent in the early digestive tract [78] or prevalent throughout the gut [214]

remains uncertain.

7 Hes1 downregulates Ngn3: Hes1 binds directly to the Ngn3 promoter, thereby

blocking its activity [78], although a destabilisation action of Hes1 on Ngn3 has
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also been postulated [79]. This downregulation has been observed in vitro in

mouse fibroblasts [230], in vivo in the murine gut [78, 230, 92], and has been fur-

ther confirmed through sequence analyses of the Ngn3 promoter in humans and

mice [230]. Hes1-mutant mice embryos have been shown to exhibit premature

neuronal differentation, associated with increased expression of the Neurogenin

protein family [231]; conversely, Ngn3-null mice exhibit diminished differentia-

tion capacity in their intestinal cells [232]. Hes1-knockout, adult mice show an

elevated expression of Ngn3 in the gut [228]. Experiments on human liver cells

estimate the half-life of Ngn3 to be around 30 minutes [79].

8 Ngn3 upregulates Delta: Upregulation of the Delta gene, Dll1, by Ngn3

has been demonstrated in the mouse pancreas, through microarray analysis of

Ngn3-inducible cell lines [81, 82] and coexpression studies [79]. This pattern of

action also appears to be highly conserved in non-mammalian species including

Xenopus [211].

Steps 7 and 8 together link the strength of the Notch signal inversely with

that of Delta expression. Cells of the murine intestine which test null for Hes1

also have high Delta expression [78]; similarly, Math1(+/+) mice have low Hes1

levels and express more Delta [90].

9 Delta binds to neighbouring Notch ligand: This step is justified on the

same grounds as Step 1 above; however, we note that the reaction cascade

running from Notch to Delta via Hes1 in a given cell serves to downregulate

Delta when a cell is expressing high levels of Notch. For this reason we would

generally expect either Step 1 or Step 9 to dominate in any one cell, in cases

where the cascade is driving lateral inhibition or cell type segregation.

10 Axin2 upregulated by Wnt signalling: Axin2 is a scaffold protein and has

a role in the action of the destruction complex on β-catenin [216, 97]. It is
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also transcriptionally upregulated by β-catenin and as such forms a negative

feedback loop, serving to regulate the Wnt pathway [216]. Induction of Axin2

in response to Wnt exposure has been documented in cell lines from mice [216],

rats [233, 216] and human colon cancer [233].

11 Destruction complex binds to β-catenin: Under low Wnt levels, GSK3β

is present in complexed, rather than free, form, and (along with the proteins

Axin2 and APC) is a key component of a destruction complex that binds to

β-catenin and labels it for degradation [96, 234]. For the purposes of our model,

we only represent a general “destruction complex” rather than accounting for

its composite parts, and model the transition of GSK3β between the complexed

and non-complexed states as a reversible reaction, G 
 C. This may be an

oversimplification, given assertions in the literature that the concentration of

Axin2 within the complex may have a central role in regulating the rate of this

step in Xenopus oocytes [161]; however, in vitro experiments suggest that this

is not the case for mammalian cell lines [162]. Although vesicular shuttling of

GSK3β is believed to play an important role in the coordination of Wnt signalling

[235], our ODE model is non-compartmental and therefore does not distinguish

between the various sequestered forms of GSK3β.

12 Ubiquitination of β-catenin and subsequent degradation: This process

of β-catenin regulation is well described in the literature. Once β-catenin is

bound to the destruction complex, its serine and threonine residues are phos-

phorylated [234], which ultimately leads to its ubiquitination and destruction by

the proteasome [236].

13 Destruction complex formation: GSK3β aggregates with other proteins un-

der low Wnt levels, forming a destruction complex that binds to β-catenin and

labels it for degradation [96, 234]. Under high Wnt levels, this complex is largely
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disaggregated, yielding an increase in cytoplasmic β-catenin. Consequently, the

ratio of the forward reaction G → C to that of the reverse reaction C → G is

higher when the Wnt stimulus is low, and lower when the Wnt stimulus is high.

14 β-catenin directly upregulates Hes1: Peignon et al. [77] have identified

complementary binding sites on the β-catenin molecule and Hes1 promoter and

infer direct regulation of Hes1 levels by β-catenin. This occurs independently of

the Notch-dependent mechanism described in reaction 4 above.

3.2.1 Further Comments

The experimental findings detailed in Section 3.2 address Wnt-mediated control of

Notch signalling via both β-catenin and Dishevelled. Examples of Notch regulating

Wnt have been observed in Drosophila, such that activation of Notch near a com-

partment boundary induces expression of Wnt signalling molecules [237]; however, the

complexity of the network in Figure 3.1, and our chosen focus on the mammalian gut,

lead us to omit this interaction for now. Given that Wnt-Notch crosstalk occurs in

both the upstream and downstream sections of each pathway, modification of down-

stream processes may offer a useful approach to treating CRC. Stabilisation of Hath1

might be advisable [77], in addition to the upstream γ-secretase inhibition typical of

many existing clinical treatments. Exploration of this hypothesis remains a long-term

goal of this work.

β-catenin is also involved in the direct upregulation of the ligand Jagged1; other

ligands are also upregulated, but through secondary processes rather than active bind-

ing to a promoter [77]. In the interest of clarity, we shall consider only the Delta ligand

in this model.

Finally, autoregulation appears to be a feature of both the Notch and Wnt path-

ways, whether through the transcriptional autoinhibition of Hes1, the negative feed-

back loop containing Axin2, or the extended positive feedback loop from Notch (ul-
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timately) onto itself. These motifs could potentially generate oscillations or act as

bistable switches; it is intended that our network model will be able to provide some

insights into how and when these motifs influence the crosstalk between Notch and

Wnt.

3.3 Dimensional System

We now present our dimensional system of ODEs for the Notch-Wnt interaction net-

work, starting with the Notch pathway, allied with a simple model of Wnt signalling.

We adopt a slight abuse of notation in these equations, such that the letter denoting

reactant X is also used to signify “the concentration of reactant X”, which would more

conventionally be written as [X].

The system comprises twelve equations: six for the Notch pathway, four for the Wnt

pathway, and two intermediate complexes which either mediate interactions between

the two pathways (I1) or which respond to the strength of extracellular Wnt signalling

to regulate the level of active β-catenin in the cell (I2). Listings for the variables can

be found in Table 3.1, while the parameters are listed in Table 3.2.

Throughout this model, we represent the extracellular Wnt stimulus by a time-

dependent, nondimensional quantity, W (t). For now we refrain from specifying the

form of W (e.g. constant, pulsatile/oscillatory).

Labelling Conventions

Our ODE model for Notch-Wnt interaction adopts the following labelling conventions

for variables and parameters:

• Time is written as either t (dimensional) or τ (nondimensional);

• Exponents are indicated by the lower-case Arabic letters, m and n;
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Variable Description Units Scaling

t Time min τ = µN t

N Membrane-bound Notch receptor nM N = θ1
µN
N ′

F Notch Intracellular Domain (NICD) nM F = θ1
µF
F ′

H1 Hes1 nM H1 = ξ2
µH1

H ′1

P Ngn3 nM P = ξ3
µP
P ′

D Delta ligand nM D = θ4
µD
D′

H2 Hath1 nM H2 = ξ5
µH2

H ′2

G GSK3β nM G = θ1
µG
G′

C Destruction complex nM C = θ1
µC
C ′

B Active β-catenin nM B = θ1
µN
B′

A Axin2 nM A = θ6
µA
A′

I1 Intermediate 1 (NICD/β-catenin) nM I1 = θ1
µI1
I ′1

I2 Intermediate 2 (GSK3β/β-catenin) nM I2 = θ1
µI2
I ′2

Table 3.1: Variable listings for our coupled Notch-Wnt model as described in Sec-
tion 3.3. The independent variable, time, is presented first, followed by the twelve
dependent variables representing the reactants in the network.

• Variables are written as upper-case Arabic letters (e.g. A,B,C);

• Functions are written using upper-case Greek letters (e.g. Ψ,Φ,Θ);

• Parameters are represented in the lower-case Greek alphabet (e.g. µ, θ, ξ).

Nondimensional variables and parameters are indicated by the dash notation ′, except

where specified otherwise.

Intermediate formation

The pathway diagram of Figure 3.1 incorporates two AND gates, each representing

complexes between protein entities in the reaction network. In each case we have as-

sumed a 1-1 stoichiometry, in the absence of evidence to the contrary in the literature:
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• Binding of β-catenin and NICD to form I1: B + F 
 BF (= I1) ;

• Binding of the destruction complex to β-catenin to form I2: B+C 
 BC (= I2) .

Equilibrial constants for these reactions are not available in the literature; however,

given the strong experimental evidence for such binding, we make the simplifying

assumption of dominant fast forward kinetics and reduce the reaction schemes to

B + F → I1 and B + C → I2. A first-order mass action law is then used to derive

the reaction rates for intermediate formation, namely α1B · F and α3B · C. The

subsequent dissociation of these intermediates adopts a simple linear form, with decay

rate constants µI1 and µI2 respectively.

Wnt- and Axin2-Dependence

Several rates within our model depend on the strength of the extracellular Wnt stim-

ulus, W (t) and/or the cellular Axin2 levels, A(t).

In particular, β-catenin destruction regulated by the canonical Wnt pathway relies

upon the state of equilibrium of G
 C. Owing to its dependence upon the local Wnt

stimulus and the cellular Axin2 levels, we abbreviate the rate function for the forward

reaction to ΨW,A.

The functional form of ΨW,A has been informed by steady-state analyses on the

decoupled, Wnt-only system, outlined in Section 4.1.2. The approach has been to

select the simplest function which ensures agreement with known properties of the

biochemical system at steady-state (for example, the response of particular reactant

concentrations to Wnt stimulation). Values for the exponents and multiplying pa-

rameter have been determined by matching the Wnt response of the system to the

experimental data of Hernández et al. [167], as described in Section 4.3.

We therefore suppose the forward reaction to be Wnt- and Axin2-dependent, of
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rate

ΨW,A = Ψ(W (t), A(t)) ≡ 1.4A(t)2

1 + (1 +W (t))4
. (3.1)

That is, the rate increases with Axin2 levels and decreases with Wnt stimulus. The

reverse reaction C → G is assumed to occur at constant rate µC .

As discussed in Section 3.2, the transcription of Hes1 is inhibited by Dishevelled.

For simplicity we do not represent Dsh explicitly. Given that Dsh activity is high

when the Wnt stimulus is high, we simply scale the transcription of Hes1 according

to a Wnt-dependent function, which we denote ΨW :

ΨW = Ψ(W (t)) ≡ σK
σK +W (t)

, (3.2)

where σK is an inhibition constant to be specified. ΨW attenuates the expression of

Hes1 in response to a strong extracellular Wnt stimulus.

3.3.1 Notch Pathway Submodel

The use of Hill-type and hyperbolic functional forms in this model has been influenced

by a four-component, non-delay model by Shepherd [238], which is itself an adaptation

of a delay model due to Momiji and Monk [145], discussed in Section 2.1.4. The model

by Shepherd is capable of generating oscillations from a non-delay formulation and

can be solved numerically without recourse to more complicated delay solvers.

Production of Notch receptor, N , incorporates a similar Hill-form production term

to that suggested by Shepherd [238] and Collier et al. [125]. The linear decay term

represents the fragmentation of Notch to release NICD:

dN

dt
= −µNN +

θ1D̄
m1

κm1
1 + D̄m1︸ ︷︷ ︸

Steps 1 and 9

, (3.3)
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where D̄ is the mean Delta level expressed by neighbouring cells and µN the rate

constant of ligand fragmentation. The Hill function has dissociation constant κ1,

maximal rate θ1 and Hill coefficient m1.

The Notch Intracellular Domain (NICD) is a fragment, F , of the original membrane-

bound Notch ligand, N ; its production is assumed to scale with the rate of Notch

fragmentation, as αfragµNN . The nondimensional constant αfrag represents the pro-

portion of Notch which results in generation of NICD; it is determined in Chapter 4

via parameter fitting against experimental data. αfrag < 1 acknowledges that loss of

Notch in Equation (3.3) is due to natural decay as well as to the NICD fragmentation

process. The rate of removal of NICD is assumed to depend on the rate at which it

binds with β-catenin, as described in Section 3.3, along with a small decay component:

dF

dt
= −µFF + αfragµNN︸ ︷︷ ︸

Step 2

−α1B · F︸ ︷︷ ︸
Step 3

, (3.4)

where µF , α1 are rate constants for NICD decay and β-catenin/NICD binding respec-

tively.

NICD forms an intermediate, I1, with β-catenin; its formation requires the presence

of both entities. We therefore model the production rate using the first-order law of

mass action and assume linear decay. Both of these steps are justified in Section 3.3:

dI1
dt

= −µI1I1 + α1B · F︸ ︷︷ ︸
Step 3

, (3.5)

where µI1 is the rate constant for dissociation of the intermediate.

Hes1, H1, is subject to three separate sources of transcriptional regulation, namely

β-catenin, I1, and H1, as depicted in Figure 3.1. Transcription of Hes1 is assumed

to have a maximal rate, ξ2. β-catenin and I1 each upregulate Hes1 transcription

and their respective actions on the Hes1 promoter are modelled as Hill functions in
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Equation (3.6). These two entities are assumed to have an additive effect upon the

promoter1. The relative contributions of I1 and B to the upregulation are described by

the non-negative, nondimensional constants θ2, θ7 and the sum of the two Hill functions

is constrained to lie in the range [0, 1], by imposing the restriction θ2 + θ7 = 1.0.

Hes1 transcription is also modulated by Hes1 autorepression, which is modelled by

a hyperbola in H1, with exponent n2 and inhibition constant σ2. Combining these

assumptions with linear decay of Hes1, we derive the following ODE for evolution of

Hes1:

dH1

dt
= −µH1H1 + ΨW

(
θ2I

m2
1

κm2
2 + Im2

1︸ ︷︷ ︸
Step 4

+
θ7B

m7

κm7
7 +Bm7︸ ︷︷ ︸
Step 14

)
ξ2σ

n2
2

σn2
2 +Hn2

1︸ ︷︷ ︸
Step 5

, (3.6)

where µH1 is the rate constant of Hes1 decay. The Hill functions decribing the actions

of B and I1 on the Hes1 promoter have exponents m2,m7 and Hill coefficients κ2, κ7.

Proneural protein, P , is transcriptionally inhibited by Hes1. Its synthesis is there-

fore modelled by a hyperbola in H1, with maximal rate ξ3, exponent n3 and inhibition

constant σ3. Linear decay of Ngn3 is also assumed. This yields the following equation

for evolution of proneural protein:

dP

dt
= −µPP +

ξ3σ
n3
3

σn3
3 +Hn3

1︸ ︷︷ ︸
Step 7

, (3.7)

where µP is the rate constant of Ngn decay.

The rate of change of Delta ligand, D, is modified from the analogous Collier et

al. [125] expression, akin to the approach of the Shepherd model [238], such that the

production term depends upon the proneural protein, P . Synthesis of Delta is modelled

1The decision to combine the two upregulation effects by an additive law is the result of extensive
discussion with experimental collaborators, and is further supported by the separate promoter binding
sites known to exist for I1 and β-catenin [77].
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by a Hill form in P , with maximal rate θ4, Hill coefficient m4 and dissociation constant

κ4.

dD

dt
= −µDD +

θ4P
m4

κm4
4 + Pm4︸ ︷︷ ︸
Step 8

, (3.8)

where µD is the rate of linear decay of Delta.

We consider Hath1 to be downstream of Hes1 and therefore label it H2. Hath1

production is inhibited by Hes1, yielding a fractional synthesis term with maximal

rate ξ5, exponent n5 and inhibition constant σ5. Linear decay of Hath1 is assumed,

with rate constant µH2 :

dH2

dt
= −µH2H2 +

ξ5σ
n5
5

σn5
5 +Hn5

1︸ ︷︷ ︸
Step 6

. (3.9)

H2 decouples from the rest of the system; we retain Equation (3.9) nonetheless, as it

will be required in later work to specify cell fate once the ODE model is embedded in

a cell population.

3.3.2 Wnt Pathway Submodel

First we present the equation for GSK3β. Loss of GSK3β arises partly from linear

decay and partly from transfer to the β-catenin destruction complex, C. Growth

terms are associated with Wnt-dependent production and freeing of GSK3β from the

destruction complex.

dG

dt
= −µGG+ (1 +W (t))α2 + µCC − α5ΨW,AG︸ ︷︷ ︸

Step 13

, (3.10)
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where µG is the rate constant of decay of G, µC the rate of dissociation of the destruc-

tion complex C and α5 the rate constant for GSK3β incorporation into the destruction

complex. The term (1 + W (t))α2 represents the Wnt-dependent rate of GSK3β pro-

duction2.

The destruction complex, C, is also dependent on rates ΨW,A and µC , but in the

reverse manner to that of Equation (3.10). The latter two terms in Equation (3.11)

represent: the release of C from the intermediate complex, I2; and a mass-action rate

for binding with β-catenin:

dC

dt
= −µCC + α5ΨW,AG︸ ︷︷ ︸

Step 13

+µI2I2 − α3B · C︸ ︷︷ ︸
Step 11

, (3.11)

where α3 is the rate constant of B − C binding and µI2 the rate constant of decay of

I2.

The regulation of β-catenin, B, is subject to the two binding reactions that form

the intermediates I1, I2, yielding the evolution equation

dB

dt
= −µBB + (1 +W (t))α4 − α1B · F︸ ︷︷ ︸

Step 3

−α3B · C︸ ︷︷ ︸
Step 14

, (3.12)

where (1+W (t))α4 represents a background production rate of β-catenin3. The latter

two terms relate to the respective rates of formation of the intermediate complexes

outlined in Section 3.3. β-catenin is also assumed to undergo linear decay, with rate

constant µB.

As with the other intermediate, the rate of formation of I2 is assumed to follow

2The functional form of (1 + W )α2 has been determined using steady-state analyses of the de-
coupled, Wnt-only system, detailed in Section 4.1.2. This reflects the simplest function which yields
characteristic, qualitative steady-state behaviour for GSK3β.

3Just as for the background rate of production of GSK3β, the background rate of β-catenin produc-
tion has been suggested by steady-state analysis of the decoupled Wnt system, choosing the simplest
function which yields realistic steady-state behaviour.
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first-order mass action kinetics, whilst its decay rate is linear, with rate constant µI2 .

That is,

dI2
dt

= −µI2I2 + α3B · C︸ ︷︷ ︸
Step 11

. (3.13)

Our final reactant is Axin2, A. Synthesis of Axin2 is assumed to exhibit a Hill

function dependence upon B, with maximal rate θ6, Hill coefficient m6 and dissociation

constant κ6, while its decay is assumed to be linear, with rate constant µA:

dA

dt
= −µAA+

θ6B
m6

κm6
6 +Bm6︸ ︷︷ ︸
Step 10

. (3.14)

Although phosphorylated β-catenin is formed during the dissociation of I2, its evo-

lution is assumed to have no bearing on the rest of the system, as the phosphorylated

form is subsequently degraded by the proteasome, without participating in any other

reactions. Consequently our model does not explicitly account for the evolution of

phosphorylated β-catenin.

3.3.3 Network Motifs

Network motifs can often aid us in understanding the function or likely outcomes of

a system of reactants. In our Notch model, for example, the path leading from Notch

to Hes1 and back to Notch via activity in neighbouring cells provides an extended

positive feedback loop, allowing Notch to stimulate its own upregulation in the long

term. Such behaviour typically yields a sigmoidal response curve and can also drive

bimodal variation in a population [239]. As such, it is a suitable mechanism for cell

fate selection.

Motifs can also provide insights into our representation of Wnt and Notch crosstalk.
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For example, β-catenin upregulates Hes1 via two different routes. The first of these is

a direct upregulation on the Hes1 promoter, while the action mediated via I1 provides

an indirect activation. This structure serves as a coherent type 1 feed-forward loop

[240], in which both branches of the loop achieve activation, but through different

effectors. Such a motif commonly acts as a persistence detector, which could enable

Hes1 transcription to be briefly maintained if the signal from β-catenin were stopped

[239].

3.4 Nondimensionalised System

Our initial ODE system given by Equations (3.3) - (3.14) was presented in dimensional

form; we shall now nondimensionalise it. Nondimensionalisation is routinely performed

to reduce the number of parameters in the system and to facilitate estimation of the

relative importance of the different reactions within the network. Table 3.2 lists the

parameters in our ODE model, along with their units and the scalings applied in the

nondimensionalisation.

In Section 3.3, we observed that Equation (3.9) for Hath1 decouples from the

rest of the system. Nonetheless, the concentration of Hath1 will later be required to

determine cell fate in tissue embeddings of the model and so we retain Equation (3.9)

in the following rescaling.

Time is scaled against µ−1N , the timescale for decay of the Notch receptor; we define

a nondimensional time, τ , such that τ = µN t. Over the course of nondimensionali-

sation, we also introduce a group of parameters labelled νX , for X a given reactant.

These represent decay ratios with Notch; that is, νX = µX
µN

. Nondimensionalised

equivalents for the dependent variables can be found in Table 3.1.



CHAPTER 3. A COUPLED NOTCH-WNT MODEL 77

Parameter Units Scaling

Dissociation Constants

κ1 nM κ1 = θ4
µD
κ′1

κ2 nM κ2 = θ1
µI1

κ′2

κ4 nM κ4 = ξ3
µP
κ′4

κ6 nM κ6 = θ1
µN
κ′6

κ7 nM κ7 = θ1
µN
κ′7

Inhibition Constants

σ2 nM σ2 = ξ2
µH1

σ′2

σ3 nM σ3 = ξ2
µH1

σ′3

σ5 nM σ5 = ξ2
µH1

σ′5

σK dim’less -

Decay Constants General µX min−1 -

Decay Ratios General νX = µX
µN

dim’less -

Maximal Rates

θi, i = 1, 4, 6 nM min−1 -

θi, i = 2, 7 dim’less -

ξi, i = 2, 3, 5 nM min−1 -

Other Rate Constants

α1 nM−1min−1 α1 =
µ2N
θ1
α′1

α2 nM min−1 α2 = θ1α
′
2

α3 nM−1 min−1 α3 =
µ2N
θ1
α′3

α4 nM min−1 α4 = θ1α
′
4

α5 nM−1 min−1 α5 = µGµA
θ6

α′5

αfrag dim’less -

Exponents
mi, i = 1, 2, 4, 6, 7 dim’less -

ni, i = 2, 3, 5 dim’less -

Table 3.2: Parameters for the coupled Notch-Wnt ODE model presented in Section
3.3.
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dN ′

dτ
= −N ′ + D̄′

m1

κ′m1
1 + D̄′

m1
, (3.15)

dF ′

dτ
= νF

{
− F ′ + αfragN

′ − α′1
νF
B′ · F ′

}
, (3.16)

dI ′1
dτ

= νI1

{
− I ′1 +

α′1
νF
B′ · F ′

}
, (3.17)

dH ′1
dτ

= νH1

{
−H ′1 + ΨW

(
θ2I
′m2
1

κ′m2
2 + I ′m2

1

+
θ7B

′m7

κ′m7
7 +B′m7

)
σ′n2
2

σ′n2
2 +H ′n2

1

}
, (3.18)

dP ′

dτ
= νP

{
− P ′ + σ′n3

3

σ′n3
3 +H ′n3

1

}
, (3.19)

dD′

dτ
= νD

{
−D′ + P ′m4

κ′m4
4 + P ′m4

}
, (3.20)

dH ′2
dτ

= νH2

{
−H ′2 +

σ′n5
5

σ′n5
5 +H ′n5

1

}
, (3.21)

dG′

dτ
= νG

{
−G′ + C ′ + (1 +W (τ))α′2 − α′5ΨW,A′G

′

}
, (3.22)

dC ′

dτ
= νC

{
− C ′ + I ′2 + α′5ΨW,A′G

′ − α′3
νC
B′ · C ′

}
, (3.23)

dB′

dτ
= νB

{
−B′ + (1 +W (τ))α′4 −

α′1
νF
B′ · F ′ − α′3

νC
B′ · C ′

}
, (3.24)

dI ′2
dτ

= νI2

{
− I ′2 +

α′3
νC
B′ · C ′

}
, (3.25)

dA′

dτ
= νA

{
−A′ + B′m6

κ′m6
6 +B′m6

}
. (3.26)



CHAPTER 3. A COUPLED NOTCH-WNT MODEL 79

For brevity, we hereafter drop the dash notation from our nondimensional variables.

For the meantime, all representations of variables and parameters are assumed to refer

to the nondimensional version unless otherwise stated.

3.5 Concluding Remarks

Equations (3.15)–(3.26) form our nondimensional ODE system for modelling the in-

teraction between the Notch and Wnt pathways. This chapter has focused on the

construction of, and justification for, each element of the reaction network and ODE

model, and for this reason we have avoided discussion of the numerical values for pa-

rameters and concentrations. Similarly, we defer the definition of Delta averaging –

D̄ in Equation (3.3) or D̄′ in Equation (3.15) – until later, when we address two-cell

simulations of the model in Chapter 4, and multicellular embeddings in Chapter 5.

Before the system can be applied in a multicellular setting, it first needs to be

analysed, parametrised and calibrated against experimental data. All of these tasks

will be performed in Chapter 4. In the meantime, full parameter and concentration

listings for our Notch-Wnt ODE model, as well as suggested initial conditions, can be

found in Tables A.1 to A.5 of Appendix A.

In the next chapter, the Notch and Wnt components will be decoupled and analysed

separately in two-cell simulations. This enables us to confirm the behaviour of each

pathway and to ascertain the effects of crosstalk once the system is again considered

as a whole.



4
Analysis of the Notch-Wnt Model

Mathematical analysis of the model presented in Chapter 3 demonstrates a good qual-

itative match with known features of the corresponding biological system. Compari-

son of the numerical output against experimental results facilitates estimation of the

model’s parameters, allowing us to perform preliminary investigations of its behaviour

in a two-cell system.

Chapter Summary

If the effects of Notch-Wnt crosstalk in our system are to be fully comprehended,

we must first examine the two pathways separately. To this end, the Notch and

Wnt modules of the ODE system described by Equations (3.15) – (3.25) will now be

decoupled for separate analysis.

4.1 Dynamical Analyses

4.1.1 Notch-Only System

Decoupling Notch from Wnt leaves the coloured components of Figure 4.1, represented

by the ODEs (4.1) – (4.7). For clarity, we abbreviate the Hill functions and hyperbolas

80
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as follows:

Φi(X) =
Xmi

κmi
i +Xmi

, Θi(X) =
σni
i

σni
i +Xni

,

where all parameters are defined as in Table 3.2 and X ≡ X(τ) is a reactant concen-

tration in the system at time τ . Since Φ is monotonic increasing and Θ monotonic

decreasing on R+, it follows that Θ′(X) < 0 < Φ′(X), ∀X ∈ R+, where ′ denotes

the derivative with respect to X. To simplify analysis further, we initially restrict

attention to the homogeneous case, for which the cell population evolves in a uniform

state. Consequently the Delta average D̄ over neighbouring cells can be replaced with

D in Equation (4.1).

Although the Notch module defined below has been decoupled from the Wnt sys-

tem, β-catenin still features at points where crosstalk would usually occur. B is there-

fore treated as an input parameter throughout the Notch-only analysis. Under these

assumptions, the nondimensional, homogeneous sub-system can be expressed as:

dN

dτ
= −N + Φ1(D), (4.1)

dF

dτ
= νF

{
− F + αfragN −

α1

νF
B · F

}
, (4.2)

dI1
dτ

= νI1

{
− I1 +

α1

νF
B · F

}
, (4.3)

dH1

dτ
= νH1

{
−H1 + ΨW

(
θ2Φ2(I1) + θ7Φ7(B)

)
Θ2(H1)

}
, (4.4)

dP

dτ
= νP

{
− P + Θ3(H1)

}
, (4.5)

dD

dτ
= νD

{
−D + Φ4(P )

}
, (4.6)
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dH2

dτ
= νH2

{
−H2 + Θ5(H1)

}
. (4.7)

The complexity of Equations (4.1) – (4.7) prohibits their systematic analysis.

Equation (4.7) for the evolution of Hath1 readily decouples from the other Notch

entities and will be temporarily omitted until Section 4.2.

Reduction to Four Equations

Assuming B to be a constant input parameter yields linearity in the steady states of

(4.2) and (4.3). This guides us to suppose that νF , νI1 � 1, such that F and I1 can

be assumed linearly proportional to N1. That is, F = γN and I1 = ωF = ηN , where

γ, ω, η ∈ R+. Under this assumption, the Notch-only model reduces to four ODEs:

dN

dτ
= −N + Φ1(D), (4.8)

dH1

dτ
= νH1

{
−H1 + ΨW

(
θ2Φ2(ηN) + θ7Φ7(B)

)
Θ2(H1)

}
, (4.9)

dP

dτ
= νP

{
− P + Θ3(H1)

}
, (4.10)

dD

dτ
= νD

{
−D + Φ4(P )

}
. (4.11)

The system (4.8) - (4.11) represents an extended version of Momiji et al.’s network

[145], but without the positive feedback on P . However, the Momiji et al. framework

involves only two components (analogous to H1 and P ), as its main objective is to

examine the role of feedback loops in lateral inhibition.

Although our model utilises similar feedback motifs, its objectives are different:

1This reduction is performed to facilitate analysis of the system dynamics. This approach is
suggested by the structure of Equations (4.2) and (4.3), which do not involve the functions Φ,Θ and
can hence be solved at steady state to yield I1 in terms of N .
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Figure 4.1: Schematic of the reactions involved in the Notch-only system of Equations
(4.1) – (4.7). The reactions involved are the same as described in Chapter 3; however,
DNA events have been removed from the depiction to aid clarity.
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additional components are required in our model to study the intervention of β-catenin

and Wnt at distinct points between the initiation of a Notch cascade at the cell surface

and the transcriptional regulation of Hes1 in the nucleus. The emphasis which our

model places on the ratio of Notch to Wnt intervention in regulating Hes1 transcription

represents a key development with regard to the literature.

Steady State Analysis

Steady states of the system (4.8) - (4.11) are obtained by setting d
dτ = 0 in each

evolution equation; this enables us to eliminate N,P and D and obtain the following

implicit expression for the steady state concentration of Hes1, H1 = H∗ say:

H∗ = ΨW

(
θ2Φ2(ηΦ1 ◦ Φ4 ◦Θ3(H

∗)) + θ7Φ7(B)
)

Θ2(H
∗) . (4.12)

Since Φi is an increasing and Θi a decreasing function for H∗ ∈ R+,∀i, the composition

Φ2(ηΦ1 ◦ Φ4 ◦Θ3(H
∗)) is decreasing in R+. The right-hand side of (4.12) is therefore

a decreasing, positive-valued function of H∗ on R+, because Φ(x),Θ(x) > 0 for x > 0.

Equality with the left-hand side, which is trivially increasing in H∗, guarantees the

existence of a unique biologically realistic steady state for Hes1.

Linear Stability Analysis

Linear stability analysis can be used to explore the dynamical response of the four-

component Notch system to small perturbations. Taking the system (4.8) – (4.11), we

construct its Jacobian matrix J =
[
∂ai
∂bj

]
, in which the (i, j)th component is the partial

derivative of the ith evolution equation, ai, with respect to the jth variable, bj .

Eigenvalues λ of the linearised system are the solutions to |J − λI| = 0, for I the
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identity matrix. This yields the following characteristic polynomial in λ:

|J − λI| = λ4 + J3λ
3 + J2λ

2 + J1λ+ J0 , (4.13)

where

J3 =
{

1 + νHy + νP + νD

}
,

J2 =
{
νP νD + νP + νD + (νD + νP + 1)νHy

}
,

J1 =
{
νDνP + (νDνP + νD + νP )νHy

}
,

J0 =νDνP νHy − νHνP νDΨWΦ′1(D)Φ′2(ηN)Θ2(H)Θ′3(H)Φ′4(P ) ,

and where

y = (1−ΨW (θ2Φ2(ηN) + θ7Φ7(B))Θ′2(H)) .

Given that θ7 = 1 − θ2, θ2 encapsulates the ratio of B : I1-mediated action upon

the Hes1 promoter and features heavily in the eigenvalue equation (4.13). Figure 4.2

shows the influence of θ2 upon the eigenvalues λ.

The system has four eigenvalues. Observation of these in a non-negative range, as

shown in Figure 4.2, suggests the existence of two negative reals, and a pair of complex

conjugates with negative real part. Negativity of the real parts of all four eigenvalues

generates stable steady states in the system.

The complex conjugate eigenvalues arise from a supercritical Hopf bifurcation in θ2,

visible on the lower-right plot of Figure 4.2. That this occurs for θ2 = 0 suggests that

the action of β-catenin upon the Hes1 promoter serves to stabilise Notch and dampen

oscillations. Figure 4.3 shows the steady state values for Hes1 in the nondimensional
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system. At lower levels of B, Hes1 steady states increase with the amount of Notch-

mediated transcriptional control (i.e. high θ2 values). Sufficiently high β-catenin

expression forces Hes1 into a lower steady state and can overcome the strength of

Notch-mediated Hes1 promotion.

Figure 4.2: Dependence of the eigenvalues λ from Equation (4.13) upon θ2, separated
into real (upper plots) and imaginary (lower plots) components. Complex conjugate
eigenvalues are depicted with dashed lines and we have νH = νP = νD = 1.0; ΨW =
1.0; η = 0.5. All exponents mi, ni = 3; κi = 0.5 for i = 1, 2, 4; σ2 = 0.5; σ3 = 0.1; and
N,H,P,D = 0.75.
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Figure 4.3: Surface plot showing variation in the Hes1 steady state in the nondimen-
sional system (4.8) - (4.11), in response to changes in θ2 and β-catenin.
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4.1.2 Wnt-Only Analysis

Retaining the notation of Section 4.1.1, we proceed to an analysis of the decoupled

Wnt system, described by the following equations:

dG

dτ
= νG

{
−G+ C + (1 +W (τ))α2 − α5ΨW,AG

}
, (4.14)

dC

dτ
= νC

{
− C + I2 + α5ΨW,AG−

α3

νC
B · C

}
, (4.15)

dB

dτ
= νB

{
−B + (1 +W (τ))α4 −

α1

νF
B · F − α3

νC
B · C

}
, (4.16)

dA

dτ
= νA

{
−A+ Φ6(B)

}
, (4.17)

dI2
dτ

= νI2

{
− I2 +

α3

νC
B · C

}
. (4.18)

Concentration of the Notch entity NICD (F ), which interacts with β-catenin, is as-

sumed to take a constant value for the purpose of these analyses, and is treated as a

parameter of the system.

Steady State Analysis

Given a constant Wnt stimulus, W , and setting d
dτ = 0 as in Section 4.1.1, the decou-

pled Wnt system (4.14) – (4.18) yields the following steady states, expressed in terms
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Figure 4.4: Schematic of the reactions involved in the Wnt-only system of Equations
(4.14) – (4.18). The reactions involved are the same as described in Chapter 3; however,
DNA events have been removed from the depiction to aid clarity.
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of equilibrial β-catenin, B = B∗:

G∗ =(1 +W )α2, A∗ = Φ6(B
∗),

C∗ =1.4α2α5
1 +W

1 + (1 +W )4
Φ6(B

∗)2,

I∗2 =
1.4α2α3α5

νC

1 +W

1 + (1 +W )4
B∗Φ6(B

∗)2,

along with an implicit equation for B∗,

α4

B∗
=

1

1 +W

(
1 +

α1

νF
F

)
+

1.4α2α3α5

νC

1

1 + (1 +W )4
Φ6(B

∗)2. (4.19)

The left-hand side of (4.19) is decreasing in B∗, whilst the right-hand side is increasing

in B∗, owing to the Hill function Φ6(B
∗). This produces exactly one biologically

realistic (i.e. in R+) solution for B∗. This is clear from the graph sketch of Figure

4.5, which shows the single intersection of the left- and right-hand side functions in

the first quadrant.

Inspection of (4.19) and Figure 4.5 confirms that B∗ exhibits qualitatively appro-

priate behaviour within the Wnt system. For example, the steady state value B∗ will

be increased by:

• increasing the Wnt stimulus, W (τ);

• increasing α4, the production rate of β-catenin;

• decreasing α5, the rate constant for formation of the destruction complex, C;

• decreasing α3, the rate at which C binds with β-catenin ;

• decreasing the interaction of β-catenin with the Notch system (involving elements

of the group α1
νC
F ).

Strong interaction with NICD attenuates the response of β-catenin to variation in

Wnt levels, as shown in Figure 4.6. As the quantity α1F increases, the gradient with
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Figure 4.5: Steady state solution of β-catenin in the decoupled Wnt system. Sketches
of the left- and right-hand sides of Equation (4.19) are plotted; their intersection yields
one steady state in the biologically realistic regime.

respect to Wnt stimulus tends to zero. Indeed on the sketch of Figure 4.5, a high value

of α1F gives the RHS function a high y-intercept, bringing the intersection of the two

graphs into a regime where the asymptotic behaviour of α4
B near B = 0 dominates.

When the crosstalk with Notch is reduced, B∗ increases with the Wnt signal.

4.1.3 Summary

Our studies of the decoupled Notch and Wnt systems in Sections 4.1.1 and 4.1.2 have

confirmed the existence of biologically realistic steady states and, in the case of Notch,

parameter regimes which yield damped oscillations.

We now turn to chemical reaction network theory to gain a broader perspective on

the impact of Notch-Wnt coupling upon the stability properties of the system.



CHAPTER 4. MODEL ANALYSIS 92

Figure 4.6: Response of B∗ to variation in Wnt signal and strength of the Notch
interaction, α1F . Numerical solutions of (4.19) were generated from parameter values
α2 = α3 = α4 = 1.0, α5 = 0.4 and νF = νC = 1.0.

4.2 Chemical Reaction Network Theory

The complexity of our Notch-Wnt system makes extensive dynamical analysis difficult,

owing to the sizable parameter space (involving 41 parameters, as listed in Table 3.2)

and the number of reactants. Chemical reaction network theory (CRNT) provides a

means of determining the multistationarity properties of the network without speci-

fying parameter values or explicit dynamical laws and without recourse to the system

reduction employed in Section 4.1.1.
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4.2.1 A Formal Framework for CRNT

Due to the extensive notation in this field, we present a minimal list below and refer

readers to Shinar and Feinberg [241] for a full treatment of the subject. Except where

stated otherwise, the wording of our definitions and propositions is adopted from

Shinar and Feinberg [241].

A biochemical network consists of two aspects: a network structure {S,C,R},

where:

• S is the set of all chemical species in the network;

• C is the set of combinations2. C comprises reactant or product expressions which

express the stoichiometric linking of elements of S, such as F +B, N , and B+C

– i.e., any expression which forms the entire right- or left-hand side of a reaction

equation;

• R ⊂ C × C is the set of reactions. Reactions satisfy two properties: first, that

(y, y) 6∈ R for any y ∈ C; secondly, that for each y ∈ C, there exists y′ ∈ C such

that (y, y′) ∈ R or (y′, y) ∈ R;

and a kinetics, K, which assigns a functional form to each of the reaction rates asso-

ciated with elements of R.

Conventions and Definitions

We begin by establishing formal definitions for the influence specification, I, and stoi-

chiometric subspace, E, of a reaction network, and for the properties of injectivity and

concordance. All definitions adopt the following conventions of notation:

• RI , where I is a set, denotes the vector space of real-valued functions with

2In CRNT, C is actually called a complex. Here we call it a combination to avoid confusion with
the true biochemical complexes we discussed in Chapter 3.
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domain I. This removes the restriction of enumerating vector entries as in RN

(for N ∈ N); instead vector entries are indexed over the elements of I;

• Those vector functions which take only positive values form the subset RI+ ⊂ RI ;

those which take non-negative values are indicated by the set RI+ ⊂ RI ;

• The support of x ∈ RI , supp(x), is the set of indices i ∈ I for which xi 6= 0;

• For y ∈ R, sgn(y) denotes the sign of y; for y ∈ RI , sgn(y) indicates the function

such that (sgn(y))i := sgn(yi) ,∀i ∈ I.

Having established these notation conventions, we may proceed to some formal

definitions. Key definitions are demonstrated for two simple networks in Figures 4.7

and 4.8.

Definition 4.2.1. An influence specification I for a reaction network {S,C,R} is

an assignment to each reaction y → y′ of a function Iy→y′ : S→ {1, 0,−1} such

that

• Iy→y′(s) = 1, ∀s ∈ supp(y),

• if Iy→y′(s) = 1 [resp. −1], then species s is an inducer [inhibitor] of reaction

y → y′;

• if Iy→y′(s) = 0, then species s has no influence on the rate of the reaction

y → y′.

The influence specification therefore assigns each species a 1, 0 or −1 for every

reaction in a network, according to whether the species is an inducer, neutral or an

inhibitor of a given reaction. This construct permits the study of networks involving
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autoregulatory components and allows reactions to be modulated by species other

than their products or reactants.

Definition 4.2.2. The stoichiometric subspace E of a reaction network {S,C,R}

is the linear subspace of RS defined by

E := span{y′ − y ∈ RS| y → y′ ∈ R}.

Two vectors c, c∗ ∈ RS
+ are said to be stoichiometrically compatible if c∗ − c ∈ E.

It is clear from Definition 4.2.2 that elements of E are summations of the linear

expressions which arise from rearranging reaction expressions to the form (products−

reactants). We also define a linear map L : RR → E by

Lγ :=
∑

y→y′∈R
γy→y′(y

′ − y) , (4.20)

for γy→y′ ∈ R the entries of γ. The map L is used in Definition 4.2.5 to outline

concordance. The kernel of L is the set kerL = {x ∈ RR : L(x) = 0}.

All elements of E can be expressed in the form (4.20). However, the standard

approach is to write σ ∈ E as a vector in RS.

Definition 4.2.3. A kinetics K for a reaction network {S,C,R} is weakly mono-

tonic with respect to influence specification I if, for every pair of elements c∗, c∗∗ ∈

RS
+, the following implications hold for each reaction y → y′ ∈ R such that

supp(y) ⊂ supp(c∗) and supp(y) ⊂ supp(c∗∗):

• Ky→y′(c
∗∗) > Ky→y′(c

∗) =⇒ ∃ species s such that

sgn(c∗∗s − c∗s) = Iy→y′(s) 6= 0 ,
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• Ky→y′(c
∗∗) = Ky→y′(c

∗) =⇒ either:

(a) c∗∗s = c∗s ∀s ∈ supp(y), or:

(b) ∃ species s, s′ with sgn(c∗∗s − c∗s) = Iy→y′(s) 6= 0

and sgn(c∗∗s′ − c∗s′) = −Iy→y′(s′) 6= 0.

Weakly monotonic kinetics therefore admit - amongst others - Hill kinetics, mass-

action kinetics and hyperbola functions. Our Notch-Wnt ODE model satisfies the

conditions for weakly monotonic kinetics subject to its influence specification I.

Definition 4.2.4. A kinetic system K is injective if, for each pair of distinct, sto-

ichiometrically compatible elements c∗, c∗∗ ∈ RS
+, at least one of which is positive,

∑
y→y′∈R

Ky→y′(c
∗∗)(y′ − y) 6=

∑
y→y′∈R

Ky→y′(c
∗)(y′ − y).

Remark 4.2.1. An injective kinetic system cannot admit two distinct, stoichiometri-

cally compatible equilibria, at least one of which is positive. That is, injectivity may

be equated with monostability.

The following definition of concordance relies upon the linear mapping L, detailed

in Equation (4.20).

Definition 4.2.5. A reaction network {S,C,R} with stoichiometric subspace E is

concordant with respect to influence specification I if there do not exist γ ∈ kerL

and a non-zero σ ∈ E having the following properties:
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• For each y → y′ such that γy→y′ > 0, there exists a species s for which

sgn(σs) = Iy→y′(s) 6= 0;

• For each y → y′ such that γy→y′ < 0, there exists a species s for which

sgn(σs) = −Iy→y′(s) 6= 0;

• For each y → y′ such that γy→y′ = 0, either:

(a) σs = 0 ∀s ∈ supp(y), or:

(b) ∃ species s, s′ for which sgn(σs) = Iy→y′(s) 6= 0 and

sgn(σ′s) = −Iy→y′(s′) 6= 0;

Figures 4.7 and 4.8 depict two simple networks and derive expressions for E and

kerL. The example in Figure 4.7 has trivial kernel and is therefore concordant accord-

ing to Definition 4.2.5. However, the network in Figure 4.8 has a non-trivial kernel

and a case can be found of a non-zero σ ∈ E and γ ∈ kerL which satisfy the conditions

listed in Definition 4.2.5. The network shown in Figure 4.8 is therefore discordant.

Neither example need be allied with specific reaction rates during this analysis; con-

cordance is a property of the underlying network {S,C,R} and is independent of the

kinetics K.

Our definitions now established, we turn to the main theoretical result of interest.

Concordant Networks with Weakly Monotonic Kinetics

The following proposition provides us with a means of determining when our Notch

and Wnt networks (or indeed the full coupled system) are monostable.

Proposition 4.2.1. A kinetic system {S,C,R,K} is injective whenever there ex-

ists an influence specification I such that:
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Figure 4.7: A simple example of a concordant network, indicating the sets S,C,R, I
and E. In this case, the linear mapping L has trivial kernel and there does not exist
a suitable σ ∈ E to satisfy the properties listed in Definition 4.2.5. Consequently this
network is concordant.
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Figure 4.8: A simple example of a discordant network, indicating the sets S,C,R, I and
E; regulators of a given reaction are indicated in red. In this case, the linear mapping
L has non-trivial kernel and it is possible to find a γ ∈ kerL and σ ∈ E to satisfy the
properties listed in Definition 4.2.5. Consequently this network is discordant.
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• The kinetics K is weakly monotonic with respect to I;

• The underlying network {S,C,R} is concordant with respect to I.

Our Notch-Wnt system has a valid influence specification according to Definition

4.2.1 and satisfies Definition 4.2.3 of weakly monotonic kinetics. Proposition 4.2.1

and Remark 4.2.1 together imply that any concordant network or sub-network in our

model should be injective and hence monostable. Conversely, a discordant network or

sub-network will exhibit more than one steady state and may be capable of switch-like

behaviour or other interesting dynamics.

The associated reaction network in our case is large and complex; a concordance

assessment of our Notch-Wnt network will therefore require automated analysis.

4.2.2 Network Analysis

The Chemical Reaction Network Toolbox described in Section 2.3 calculates whether

or not a network is concordant. This requires us to supply the species and network

connectivity of the (non-reduced) Notch-only, Wnt-only and fully coupled networks,

along with the influence specification for up- or down-regulation of each interaction.

Owing to the bifurcation behaviour detected in the Notch system in Section 4.1.1, we

supply two versions of the Notch-only and whole network: the first containing both

Hes1 regulation actions ( 14 via B and 4 via I1) and the second involving only the

I1-mediated step.

It is not possible to analyse states of the heterogeneous system, owing to the

excessively large computation time for a system of this complexity; consequently, all

our CRNT results relate to a homogeneous Notch pathway, in which we assumeD = D̄.

Crosstalk species B and F in the decoupled systems are represented as full reactants

with their own inflows and outflows. Results from the chemical network analysis are
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shown in Table 4.1.

Model Active Coupling Points Wnt ON Wnt OFF

Notch Only
4 , 14 4 4

4 only 4 8

Wnt Only N/A 4 4

Full System
4 , 14 4 4

4 only 8 8

Table 4.1: Concordance results for decoupled and whole networks in a homogeneous
(D = D̄) system, analysed using the CRN Toolbox. A tick indicates a concordant
network and a cross, a discordant network. The second column indicates which β-
catenin crosstalk points were included in each network. β-catenin is not used up in
interaction 14 and so the comparison of the two coupling points does not apply to the
Wnt-only system.

Discussion of CRNT Results

Comparisons between the decoupled and full systems provide valuable insights into

the origins of the behaviour of the coupled Notch-Wnt network:

β-catenin acts as a stabilising force: Action of β-catenin upon the Hes1 promoter

(networks involving 14 ) always yields an injective, and hence monostable, net-

work. This reinforces our impression of β-catenin as a stabilising force in the

Notch system and echoes the findings of Section 4.1.

Discordance arising from Wnt response: In the absence of the stabilising influ-

ence of β-catenin and in the presence of a Wnt stimulus, the full network gen-

erates multistationarity from two monostable subnetworks. Harrington et al.

[242] demonstrate that in such cases, the rate of shuttling of crosstalk species

determines the region of parameter space in which multistability occurs.
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Multistability in Notch influences the full system: Sub-networks can transmit

discordance to the full network, as shown by Shiu [243]. Some of the discordance

in the full Notch-Wnt network ( 4 only, Wnt off) can be attributed to the

equivalent discordance in the Notch system.

The stability properties of the full system therefore depend not just on the presence

or absence of a Wnt stimulus, but also on the mechanisms governing transcription of

Hes1. This motivates particular focus upon the parameter θ2 and the Wnt stimulus

W in Section 4.4.

4.3 Parametrisation

The parameter set for the dimensional model of Equations (3.3) – (3.14) includes

decay rates, maximal transcription rates and exponents as well as binding and dis-

sociation rates for complexes and intermediates. Some of these quantities, such as

decay rates, are readily amenable to experimental measurement, whilst others, such

as binding rates, are not. Consequently, experimental estimates are not available for

every parameter in our model at the present time.

The following priority ordering was employed when selecting parameter estimates:

1. Estimates derived from human cell lines, in particular intestinal epithelial lines,

have been used wherever possible;

2. In the absence of data for human cell lines, values from mammalian lines have

been employed;

3. Otherwise, non-mammalian readings or values from published mathematical

models have been used as initial estimates for parameter fitting studies, as de-

scribed in sections 4.3.2 and 4.3.3.
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Here the principal focus is on the qualitative features of the model within bio-

logically sensible regimes, rather than aiming to deliver high-precision matching with

experimental data. Global parameter analysis therefore lies beyond the scope of the

present work; one might hope that qualitative predictions from our model could pro-

vide the stimulus for an experimental estimation of its parameters within a single,

human intestinal cell line.

All in vitro experiments cited here take readings over a population of cells; the

resulting estimates therefore represent a population average. Furthermore, the non-

compartmental structure of our model assumes that the cytoplasm is ‘well-stirred’,

with reactant species present at a uniform concentration throughout the cell.

Decoupled Notch and Wnt models are used during the parametrisation process of

Sections 4.3.2 and 4.3.3. The recoupled, full system is used to explore the emergent

properties of the model in the two-cell simulations of Section 4.4.

4.3.1 Decay Rates

All degradation reactions in our system take the form X → ∅, for X a chemical

species. Application of a first-order mass action law yields a decay rate of µXX, for

µX the corresponding rate constant.

Experimental literature specifies the half-life of a species. The half-life, t1/2, of

species X is defined as the period of time, measuring from t = 0, for the concentration

of X to fall to half its initial value, X0. Assuming exponential decay in all cases yields:

X0

2
= X0e

−µX t1/2

=⇒ µX =
ln2

t1/2
≈ 0.693

t1/2
.

Once the half-life t1/2 is known, the decay rate constant can be calculated directly.

Parameter values in the final column of Table A.1 were derived using this approach.
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4.3.2 Notch Model

Our objective in parametrising the Notch system defined by Equations (3.3) – (3.9)

is to approximate the period of oscillations obtained by Hirata et al. [142]. Initial

parameter fitting was performed by solving for the homogeneous state of a two-cell

system, in which both cells adopt a uniform state.

Exponents mi, ni for the Hill functions and hyperbolas are set at mi = 3, for

i = 1, 2, 4, 6, 7 and ni = 3, for i = 2, 3, 5. This reflects the strength of feedback

required to generate oscillations in the absence of a delay-driven formulation.

Hirata et al. (2002)

The experiments of Hirata et al. [142] characterise the oscillation period, Hes1 decay

rate, and several qualitative features of the Notch pathway. The authors demonstrate

that stimulation of murine myoblast cells with a Hes1 inducer yields three to six cycles

of oscillation in both Hes1 mRNA and protein. These decaying oscillations persist

over a six to twelve hour timespan and have a mean period of around two hours. This

behaviour is also observed when the myoblasts are exposed to Delta-expressing cells.

Although a quantified oscillation period does not in itself yield parameters directly,

it provides an excellent target measurement for use in parameter fitting, which we

describe below.

Fitting Procedure

Parameters which could not be estimated from the literature were approximated by

the following method.

An oscillatory regime was located within the nondimensionalised form of the de-

coupled Notch model3, described by Equations (4.1) – (4.7). The parametrisation for

3Nondimensional simulations on a similar, four-component system by Shepherd [238] provided
useful information regarding possible parameters to use as a starting point in this investigation.
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this oscillatory regime was redimensionalised, applying the scaling detailed in Table

3.2 and using the biological estimate for the Notch decay rate, µN = 0.017 min−1

from Logeat et al. [244]. The resulting values were used as initial values for missing

parameters in the parameter fitting exercise. Initial conditions were chosen to be of

the same order as in the model of Agrawal et al., and were set to 0.5nM .

1. Sensitivity analysis: A sensitivity analysis was performed on the Notch param-

eter set to determine the influence of each parameter upon the length of the

Hes1 oscillation period. This analysis was carried out using the Systems Biology

Toolbox in Matlab and involves increasing each parameter in turn and mea-

suring the resulting change in the Hes1 oscillation period. Expressions for the

normalised oscillation period sensitivity are discussed in Appendix A, Section

A.1.

2. Fitting order: Results from the sensitivity analysis were used to create a priori-

tised parameter sequence, in which parameters were listed in decreasing order of

oscillation period sensitivity. This ordering allows the most sensitive parameters

to be fitted first, before the less sensitive ones. The priority ordering is listed in

Section A.1 of Appendix A and can also be seen in the ordering of parameters

on Figure A.1.

3. Test range: Parameter fitting was performed using Matlab. Each parameter

in turn was modified over a ±100% tolerance; the ODE model was simulated

for 1000 evenly spaced values within this parameter range and the resulting

mean period of the oscillations was measured for 12 hours after stimulation.

For the purpose of the fitting algorithm, the oscillation period was defined as

the difference between two successive oscillatory peaks, which can be located

by identifying local maxima on the Hes1 timeseries vector. In each case, the

parameter was revised to the value which provided the closest match to the two



CHAPTER 4. MODEL ANALYSIS 106

hour oscillation period observed by Hirata et al. [142]. This revised value was

accepted into the parameter set and the fitting algorithm moves on to the next

parameter in the priority set.

4. Repeat iteration: Several complete cycles of modification were employed to im-

prove the parameter approximations. The stopping point of the iterations was

reached when the difference between the oscillation period at two successive

iterations fell below a given tolerance.

Although this unsophisticated method does not necessarily locate the globally op-

timal parameter set, it provides a quick means of approximating unknown parameters

in a context such as ours where qualitative behaviour, rather than high-precision quan-

titative matching, is the overall goal. Parameter estimates have been taken from the

biological literature wherever possible. Furthermore, all the numerically fitted param-

eters remain close to the literature approximations used as initial values in the fitting,

and indeed are of the same order of magnitude.

Nonetheless, the parametrisation of our Notch-Wnt model would undoubtedly ben-

efit from further investigation, whether by recourse to new experimental work or by

improving the numerical methods used in the parameter fitting process – or, indeed,

a combination of both. Such work lies beyond the scope of the present study however,

and we defer its discussion until the outline of future work detailed in Chapter 7,

Section 7.2.

Application of Fitted Parameters to a Heterogeneous System

The homogeneity restriction was then relaxed and the fitted parameter set tested in

a heterogeneous, two-cell system to examine the variation in oscillation period with

initial conditions. Initial conditions in each cell were varied independently over the

range [0.0, 1.0]. The surface plot in Figure 4.9 depicts the resulting variation in the
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oscillation period of the first cell; non-oscillating results show up as a period of zero.

Where oscillations occur, the period generally lies in the 2 − 4 hour range. This

offers a reasonable match to the estimate of Hirata et al. but with a slight tendency

to overestimate the period. Slight overestimation is to be expected for a non-delay

model of this kind; the inclusion of Hes1 mRNA and dimerisation processes has been

shown to assist in matching oscillations to the experimental data [143, 144]. Such

modifications might provide the basis for more extensive investigation in the future

but lie outside the scope of the present work.

4.3.3 Wnt Model

Data for parameter fitting in the Wnt model described by Equations (3.10) – (3.14)

were drawn from Hernández et al. [167], which supplies a β-catenin timecourse for

RKO cells, a human colon cell line.

Hernández et al. (2012)

Hernández et al. [167] perform in vitro experiments on the human colon carcinoma

cell line, RKO, measuring the phosphorylated and unphosphorylated concentrations

of β-catenin following stimulation with 100 ng/ml Wnt. Membrane-bound β-catenin

involved in intercellular adhesion is removed from these measurements through the

use of trapping beads and subsequent centrifugation.

Our ODE model for the Wnt pathway does not include phosphorylated β-catenin,

owing to the assumption that its removal from the system is instantaneous following

ubiquitination by the destruction complex. Nonetheless, Hernández et al. find that

“[almost] all β-catenin is unphosphorylated”. In light of these findings, we believe that

the resulting timecourse for total β-catenin provides good target data for the β-catenin

timecourse of our ODE model.

The Hernández et al. timecourse is characterised by a transient accumulation
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Figure 4.9: Response of oscillation period to variations in initial conditions in a two-
cell system. Owing to the symmetry of the problem, only the oscillations in Cell
1 were measured; results for Cell 2 correspond to a reflection of this surface in the
line y = x. An amplitude filter was applied during generation of the plot, so as to
disregard any small-amplitude oscillations (< 0.001) arising from the computational
solution process, rather than true oscillations of the ODE model.
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phase during the first two hours after Wnt stimulation, followed by a plateau over

the next four hours. During this time, the concentration of the destruction complex

changes relatively little and can be assumed constant for the purpose of calculating

initial estimates for parameters α3 and α4. The concentration of NICD is treated as

an input parameter.

Applying a steady-state assumption to Equation (3.12), the time-dependent evo-

lution for β-catenin, we generate simultaneous equations for α3 and α4:

Ḃ = (1 +W )α4 −B(α1 · F + α3 · C + µB) ,

0 = 2α4 − 54(40α3 + 0.007) , (4.21)

0.5 = 2α4 − 9(40α3 + 0.007) . (4.22)

Here, W = 1 because we derive estimates for α3, α4 from the data of Hernández

et al. [167], which we interpret as the reference state for the Wnt concentration.

The substitution α1F = 0.007min−1 is based upon typical values from the decoupled

Notch system at steady state. The steady-state concentration of C is estimated using

data from Tan et al. [162]. The solution of Equations (4.21) and (4.22) yields initial

estimates of α3 = 1.028× 10−4 and α4 = 0.3 for use in parameter fitting.

Lee et al. (2003) and Tan et al. (2012)

Initial estimates for the remaining parameters were approximated using the mathe-

matical model of Lee et al. [161], whose rate parameters are derived from experiments

on Xenopus oocytes. As this is non-mammalian data, these estimates were used as ini-

tial values for parameter fitting, rather than being adopted wholesale into the model.

Parameters µC , µI2 , θ6 and α5 were approximated in this way.

Initial conditions for β-catenin were matched to those in the Hernández et al.
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data [167]. The experimental findings of Tan et al. [162] allow us to approximate

the initial concentrations for the remaining species. Tan et al. provide volume-scaled

measurements of the concentration of Wnt pathway components in three human cell

lines from the intestinal epithelium. Measurements for each cell line are similar and we

take the species mean across the three cell lines as a guideline for the initial conditions

in our Wnt system.

Concentrations of G and A are available directly from the data; we equate the de-

struction complex, C, with the concentration of APC. The concentration of destruction

complex bound to β-catenin is not measured, but we assume its initial conditions to

be similar to those of G and C. A list of initial conditions can be found in Table A.5.

Fitting Procedure

All Wnt stimuli have been nondimensionalised against a reference value of 100 ng/ml.

The unstimulated state, W = 0 in our model, equates to 0 ng/ml; the reference value

represents W = 1. All other values scale linearly with this, with values W > 1

representing a hyperstimulated state.

Simulations of the dimensional, decoupled Wnt system were run to obtain 3-hour

timecourses for β-catenin, in order to compare against the data of Hernández et al..

The mean squared error (MSE) of the model’s performance, X̂, against the experi-

mental data, X, was calculated in each case:

MSE =
1

n

n∑
1

(X̂ −X)2 , (4.23)

where n = 6, the total number of observations.

The parameter fitting procedure for the Wnt system was almost identical to the

method described for the Notch system in Section 4.3.2, as follows:

1. Sensitivity analysis: As with the Notch fitting procedure, a sensitivity analysis
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was performed using the Systems Biology Toolbox in Matlab. However, the

Wnt system does not display oscillatory behaviour and so the sensitivity analysis

measures each parameter’s impact upon the stable steady state of β-catenin

within the system, rather than using an oscillation period. The equations for

this calculation are discussed at length in Section A.1, Appendix A.

2. Fitting order: The same priority ordering concept was used as for the Notch

system. The parameter ordering for the Wnt system is listed in Section A.1 of

Appendix A and can also be seen on Figure A.2.

3. Test range: Parameter fitting was performed in Matlab. Each parameter in

the Wnt-only model was varied in turn over 1000 evenly-spaced values within a

±100% tolerance of the initial guess, before being corrected to the value which

minimised the mean-squared error (4.23).

4. Repeat iteration: Several complete cycles of modification were employed to im-

prove the parameter approximations. The stopping point of the iterations was

reached when the MSE fell below a given tolerance.

The resulting fit of our model against the β-catenin timecourse of Hernández et al.

[167] is shown in Figure 4.10. A full parameter list of the fitted values is provided in

Tables A.1 - A.4 of Appendix A.

4.3.4 Parametrisation Findings

The β-catenin evolution of our model, shown in the upper plot of Figure 4.10, provides

a close fit to the data of Hernández et al. [167].

Comparisons of our decoupled models against experimental data indicate that they

capture the qualitative features of the Notch and Wnt systems and do so within a

biologically sound regime. This enables us to apply the full, coupled model to problems

of biological and biochemical interest.
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Figure 4.10: Timecourse for β-catenin evolution in the dimensional, decoupled Wnt
model (line graph), compared against the experimental readings of Hernández et al.
[167] (point data).

4.4 Two-Cell Studies

The remaining simulations in this chapter remove the restriction of homogeneity and

focus on the dynamics of two coupled cells.

All cells start from the standard Wnt conditions detailed in Table A.5. For the

healthy cell pairs of Section 4.4.1, the first cell of the pair adopts conditions of 0.5nM

for all its Notch components, whilst the Notch entities of the second cell start from

0.51nM . This difference permits the emergence of heterogeneous states. Initial con-

ditions for mutant cell simulations are stated in the relevant sections.
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4.4.1 Timecourses of Hes1 and β-catenin

Figure 4.11 demonstrates the effect of increasing Wnt levels upon the expression of

both Hes1 and β-catenin in each member of the cell pair.

The second cell, which starts from slightly higher initial Notch conditions, has the

higher Hes1 expression at all Wnt stimuli. Although the difference between the two

cells’ β-catenin levels is slight, higher Hes1 levels correlate with a marginally lower

β-catenin expression for the cases W = 0 and W = 1.

The stronger the Wnt stimulus, the more β-catenin is expressed, but the qualitative

form of the timecourse remains the same. Hyperstimulated Wnt conditions (W = 2)

serve to dampen oscillations in Hes1 and promote homogeneity in Hes1 expression.

4.4.2 Transcriptional Control of Hes1

Transcription of Hes1 is promoted through two different routes: the first occurs via

the intermediate I1 and is primarily Notch-mediated; the second is Wnt-mediated and

involves β-catenin binding directly to the Hes1 promoter. In our model, the ratio

of Notch- to Wnt-mediated control is encapsulated in the parameter θ2. θ2 = 1.0

indicates that all upregulation is performed by I1; when θ2 = 0.0, all regulation occurs

via β-catenin; and 0 < θ2 < 1 denotes a combination of the two.

Analysis of our network in Sections 4.1 and 4.2 indicated that the regulatory mech-

anisms of Hes1 play a major role in shaping the dynamics of the Notch system. Figures

4.12 and 4.13 show the response of Hes1 to changes in θ2, for Wnt stimulus present and

absent. These simulations employ standard initial conditions and parametrisations in

both cells and were run at W = 0.0 and W = 1.0, for a range of values θ2 ∈ [0.0, 1.0].

Oscillations are associated with values θ2 > 0.5, where the majority of Hes1 tran-

scription is regulated by I1. Substantial involvement of β-catenin at lower values of θ2

dampens oscillations and forces the cells to settle rapidly on a constant steady state.

Comparison between Figures 4.12 and 4.13 indicates that a higher Wnt stimulus
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reduces the overall expression of Hes1, as well as reducing the amplitude of any os-

cillations. The overall steady state of β-catenin is unaffected by the interaction with

the Notch pathway, although some simulations at low-Wnt, high-θ2 develop small-

amplitude oscillations about the steady state in response to the oscillations in the

Notch system.

These results support the idea that Notch signalling maintains flexibility in cell fate

decisions [150]. Cells could regulate this by preserving a Notch-mediated monopoly

over the transcriptional regulation of Hes1, until a β-catenin intervention at a specified

time.

4.4.3 Mutant Transformation

Thus far, we have examined the behaviour of healthy cells. However, our original

motivation was to understand cell fate selection in the context of colorectal cancer.

An APC Mutant

We begin by examining a mutant phenotype originally discussed in Section 1.4.2, that

of an APC mutant in which the function of the β-catenin destruction complex is

either partially or wholly impaired. We discuss the implementation of this phenotype

in detail in Chapter 6; for now it suffices to note that we modify the term α5ΨW,AG for

formation of the destruction complex, scaling this value by 0.5 to represent a single-hit

mutation, and removing it altogether to depict a two-hit mutant.

Results for two-cell simulations of these mutant cells are shown in Figures 4.14 and

4.15. Both cells are healthy at t = 0h and are set off from homogeneous conditions.

The second cell acquires a single APC mutation at t = 8h and a second hit at t = 16h,

indicated by the vertical gridlines.

The first hit causes separation of the previously identical trajectories for the two

cells and these differences are magnified still further once the second hit appears. As
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Figure 4.14: Timecourses for a cell pair, started from homogeneous initial conditions.
Both cells are initially healthy; the second cell mutates over the course of the simula-
tion, acquiring its first APC knockout at t = 8h and its second at t = 16h.
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is clear from Figure 4.15, the acquisition of APC mutation(s) reduces the destruction

of β-catenin, thereby increasing its expression within the cell. Impairment of the

destruction complex allows the mutant phenotype to express higher levels of Hes1,

associated with prolonged mitotic activity, and reduced levels of Hath1, associated

with cell-cycle exit, as shown in Figure 4.14. This is due to the interaction between

the Notch and Wnt pathways around the β-catenin/Hes1 crosstalk hub. Elevated

levels of β-catenin serve to upregulate Hes1, both through the direct binding of Step

14 and the indirect, NICD-mediated route of Step 4 . This also causes damping of

Notch oscillations, forcing the system to settle on a constant steady state.

Hyperstimulated Response to Extracellular Wnt

We now examine the consequences of mutations which confer a hyperstimulated Wnt

state. This approach is based upon suggestions in the literature that differential re-

sponse to Wnt stimuli, rather than differential exposure, is a major influence upon cell

proliferation [1]. Figure 4.16 shows the outcome of mutation events in a cell pair; the

lower plot in each case is devoid of Wnt stimulus (W = 0.0), whilst the upper plot

evolves under a stimulus W = 1.0. Using standard initial conditions and parameters,

simulations are run for 12 hours (720 min) with healthy cells. Thereafter, the second

cell mutates to a hyperstimulated Wnt state, behaving as if W = 2.0, and the two-cell

system is allowed to evolve for a further twelve hours.

Irrespective of whether the background Wnt stimulus is on or off, the healthy Hes1

timecourse in Figure 4.16 oscillates and demonstrates mild divergence by the twelve

hour mark. At this point, the second cell has the higher Hes1 expression. Once this

cell mutates, there is an abrupt change in the pattern of Hes1 expression; Hes1 levels

in the mutant cell fall sharply, while the healthy cell increases its Hes1 expression.

Oscillations do not occur post-mutation; the Hes1 timecourses intersect and the cells

settle on a constant steady state, with a high-Hes1 healthy cell and a low-Hes1 mutant.
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Figure 4.15: Expression of (top) Delta and Notch and (bottom) β-catenin in a two-cell
system where the second cell acquires two successive APC mutations: a single APC
mutation at t = 8h and a second hit at t = 16h, indicated by the vertical gridlines.
The homogeneous initial conditions are as for Figure 4.14.
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Hyperstimulation of the Wnt pathway in the mutant cell enables it to invert the cell

fate decision of its neighbour, forcing it from a primary to a secondary fate. Although

this pattern of behaviour is evident in both the Wnt-on and Wnt-off scenarios, the

transitions post-mutation are more pronounced and occur over shorter times in the

low-Wnt scenario. This reversal of roles affects the entire Notch pathway, as confirmed

by Figure 4.16, which shows the Delta and Notch expression of the healthy and mutant

cells. Crossing of the timecourses for the two cells occurs as a result of the mutation

event and the mutant cell begins to express high levels of Delta.

Given that Hes1 expression is associated with maintaining a proliferative pheno-

type, the ability of a mutant cell to invert cell fate decisions might stimulate surround-

ing cells to continue in a mitotically active state for longer. The elevated β-catenin

expression of hyperstimulated mutants is also believed to help maintain active cycling.

Consequently, mutation events might generate mitotically active clusters which are

only partly composed of aberrant cells.

4.4.4 Insights From Reduced and Full Systems

The reduced systems presented in Sections 4.1.1 and 4.1.2 identify oscillatory regimes

for the homogeneous steady state of the Notch subnetwork, governed by the relative

strengths of β-catenin- and Notch-mediated Hes1 transcription. These are also ob-

served in the whole system and the two-cell embedding. Indeed, CRNT analysis of the

whole model in Section 4.2 suggests that the direct action of β-catenin upon the Hes1

promoter can confer monostability upon the system, while the two-cell embedding

demonstrates the damping of Hes1 oscillations by the action of β-catenin.

Nonetheless, the CRNT results indicate that the reduced Notch system is not a

good predictor of the stability of the whole system when all Hes1 transcription is

Notch-mediated, in the presence of a Wnt stimulus. The nuanced interactions of β-

catenin and Dishevelled with the Hes1 promoter play an important part in shaping the
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Figure 4.16: (Top) Hes1 and (Bottom) Delta-Notch timecourses for a coupled cell pair.
Both cells remain healthy for the first 12 hours; at this point, the second cell (dashed
line) mutates to a hyperstimulated Wnt cell and behaves as if W = 2.0.
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dynamics of the biochemical cell fate selection mechanism, and justify our approach

of studying Notch and Wnt as interacting systems, rather than disjoint networks.

Some features of the simple analyses carry through to the two-cell scenario: for

example, the APC mutant phenotype displays elevated β-catenin expression owing

to a reduced rate of formation of the destruction complex; this damps Hes1 oscilla-

tions more rapidly. However, the focus of the reduced models upon the homogeneous

steady state precludes exploration of the cell-fate switching imposed by the Wnt-

hyperstimulated phenotype upon a cell pair. This motivates the use of multicellular

embeddings to capture the dynamics of cell fate selection at the tissue scale.

4.5 Conclusions

Several independent analyses in this chapter have confirmed that our model for Notch-

Wnt interaction reproduces the main qualitative features of each pathway, such as the

Notch pathway’s capacity for damped oscillations, and provides good agreement with

the available experimental data. The following principal findings have emerged:

Wnt acts upstream of Notch: Side-by-side timecourses for Hes1 and β-catenin show

significant qualitative variation in Hes1, but little change in the expression pat-

tern of β-catenin. This supports the idea of the Wnt pathway acting as an

upstream regulator of Notch.

Wnt stabilises Notch: Direct action of β-catenin on the Hes1 promoter confers a

single steady state on a homogeneous Notch-Wnt network. Increasing concen-

trations of β-catenin also reduce the final steady state of Hes1 via this direct

transcriptional control. β-catenin crosstalk seems primarily to stabilise the out-

put of the Notch pathway and to reduce the flexibility of fate decision which

would otherwise be conferred by oscillations.
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Actions on the Hes1 promoter shape Notch dynamics: Simulations in this chap-

ter indicate that the presence or absence of oscillations is associated with control

of the Hes1 promoter. Regulation of Hes1 transcription via the Notch interme-

diate I1 helps to maintain oscillations, while Wnt-mediated regulation via direct

β-catenin binding dampens them and induces the cell to settle on a constant

steady state. Cells might regulate the relative contribution of these two tran-

scription routes in order to coordinate the timing of cell fate selection.

Wnt hyperstimulation determines the fate of neighbouring cells: The muta-

tion scenarios explored here suggest that cellular transformation to a hyperstim-

ulated Wnt state drives neighbouring cells to adopt a secondary, low-Delta fate.

This might enable the mutant cell to maintain neighbouring healthy cells in a

mitotically active state and could have some relevance to the Cancer Stem Cell

Hypothesis discussed in Section 1.2.

Analytic work in Section 4.1 suggests that a high binding rate between NICD

and β-catenin could attenuate the response of the Wnt pathway to extracellular Wnt

stimuli. Analysis of NICD timecourses from later simulations suggests that NICD

attains equilibrium quickly and has a relatively small value at steady state. This may

be an interesting line of enquiry for therapeutic interventions in hyperstimulated cells.

We shall explore the consequences of mutation at the tissue scale in Chapter 6. In

anticipation of this, we begin by embedding our Notch-Wnt ODE model in a dynamic,

cell-based crypt in Chapter 5.
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5
Comparison With Buske et al. (2011)

In this chapter, we develop a multiscale, crypt-based embedding of our ODE model

for Notch-Wnt crosstalk, endowing each cell in the simulated tissue with a set of con-

tinuous differential equations which govern the processes of proliferation and cell fate

specification. Simulations of this embedding are compared with those of an alterna-

tive, rule-based approach proposed by Buske et al. [5]; both models predict the same

spacing of secretory cells in the upper crypt, but the ODE-based approach is found to

offer more robust pattern generation in the mid-crypt region.

Chapter Summary

5.1 Introduction

The opening discussion of this thesis asked how the processes of proliferation and

cell fate selection interact within the environment of the intestinal epithelium. From

the perspective of computational science, how should one reconcile the coupling of

the relevant subcellular biochemistry – embodied by our ODE system for Notch-Wnt

interaction presented in Chapter 3 – with events at higher spatiotemporal scales, such

as the tissue-scale cell fate patterning of the crypt? Are certain modelling approaches

preferable as regards their suitability for depicting the balance of cell division and fate

determinance in the gut?

126
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If we are to gain an understanding of the origins and treatment of CRC via com-

putational modelling, then it is essential that we first understand the strengths and

limitations of the modelling framework we are using, and compare its performance

with that of alternative approaches in the modelling canon. Consequently, this chap-

ter focuses upon modelling homeostasis in a healthy intestinal crypt.

A Modelling Comparison

Our own model for proliferation and cell fate selection in the crypt (hereafter referred

to as the Notch-Wnt ODE-based model, or NWODE model for brevity) adopts the

parameterised, dimensional system of ODEs formed by Equations (3.3) – (3.14), de-

veloped during Chapters 3 and 4. This system is embedded into individual cells of

a cell-based tissue representing the intestinal crypt epithelium, which is described in

Sections 5.2 and 5.3. The attendant issues of coupling the subcellular equations to

higher-level processes are described and discussed in Section 5.4.

Not all approaches to crypt modelling require embedded equations: in particular,

the rule-based representation of Buske et al. [5] (hereafter referred to as the Buske

model for brevity) avoids the use of subcellular equations in favour of considering

discrete states for each cell, in which the Wnt and Notch pathways are either consti-

tutively active, or not. Implementation of this model is discussed in Section 5.5.

The computational studies of Sections 5.8 and 5.9 contrast the performance of

the NWODE and Buske models. The rule-based formulation of the Buske model,

being computationally simpler, provides an interesting counterpoint to the more com-

plex ODE construction involved in the NWODE model. Comparison between these

two models should inform us as to which method is preferable for a given modelling

scenario. We subject the Buske and NWODE models to closer scrutiny in Sections

5.10 and 5.11, by examining their response to variation in their respective cell fate

parameters for determining conversion to the secretory phenotype.
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We now outline the tissue and cell cycle models used in the simulations to follow.

5.2 A Tissue-Level Model for the Crypt

All crypt simulations are carried out using a cell-centre tessellation tissue model in

Chaste, as described in Section 2.4.1. The crypt epithelium is modelled as the two-

dimensional surface of a cylinder in three-dimensional space, with laterally periodic

boundary conditions. A zero-flux boundary condition is implemented at the crypt base,

such that any cells moving below the boundary are pushed back into the crypt, thus

preventing movement through the bottom of the domain. Cells which move beyond a

given upper height are removed from the simulation, mimicking the sloughing processes

which occur in vivo. Each crypt measures 22 cell diameters in height at the start of

simulation, with a circumference of 10 cell diameters [195, 175].

A fixed linear gradient of the extracellular factor Wnt is imposed on the domain.

Wnt is assumed to be at its highest concentration at the crypt base, where it adopts the

(nondimensional) value W = 1.0, and declines up the crypt, to a value of W = 0.0 at

the top. This decreasing, vertical Wnt gradient is consistent with current experimental

observations [245]. Vasculature is not represented in the tissue model; instead the

crypt environment is assumed to be nutrient-rich. This approach is similar to existing

modelling work in the computational literature [195, 175].

All simulations in this chapter assume the crypt to be comprised only of healthy

cells, of either transit, absorptive or secretory phenotype. Since we are modelling

the colorectal epithelium, rather than earlier parts of the intestinal tract, we do not

include Paneth cells in our representation. We also note that the model presented in

Buske et al. employs a curved crypt base; we omit this here in favour of a simple, flat

truncation to the cylinder, in the interest of focusing upon the cell fate mechanisms,

but consider it a worthwhile area for extended studies in the future.
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5.3 Cell Cycle Model

Both the Buske and NWODE embeddings utilise the same basic cell cycle model

described in Figure 1.7, in which the lengths of the M , G2 and S phases are fixed,

totalling 14 hours, and the G1 phase length is assigned at the point of cell birth,

varying stochastically with a mean of approximately 2 hours. Cells can divide if

they are mitotically active and have completed their cell cycle; this latter condition is

determined by the age of the cell. Whether or not a cell is mitotically active depends

upon the constraints of the individual model; we defer this detail until Section 5.4.

To facilitate fair comparison of the Buske and NWODE models, the cell cycles of

both embeddings generate theirG1 phase lengths from the normal distributionN(2, 1),

truncated to exclude negative or very small values (those less than 0.01 hours). This

yields a mean cell cycle time of approximately 16 hours.

Nonetheless, the original published version of the Buske model assumed a Gamma-

distributed phase length. Appendix C presents results from a series of Buske simula-

tions in which the G1 phase lengths are drawn from the distribution Gamma(4, 0.5),

again truncated to exclude negative or very small values, to see whether the model

yields the same behaviour. The graphs shown in Figures C.1 and C.2 show negli-

gible difference between the outcomes when using Gamma- or normally-distributed

G1 phase lengths: the timecourses for patterning behaviour in each case are indis-

tinguishable, and the pattern metrics on ascending the crypt at dynamic equilibrium

are almost identical. This provides sufficient grounds for adopting a truncated normal

distribution throughout the comparisons in this chapter.

Cell growth during M phase is modelled by increasing the rest length of the springs

between a cell, i, and its neighbours, j, in the underlying tissue model. This involves

a change from sij = 0.1 to sij = 1.0 during the final hour of a cell’s cycle, for the

force summation shown in Equation (2.5). Outside this time window, a cell’s spring
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rest lengths are all set to sij = 1.0. After mitosis, the resulting daughter cell is placed

0.1 cell diameters away from cell i, in a randomly chosen direction. This approach is

consistent with existing studies in the literature [195].

5.4 A Crypt Embedding of the NWODE Model

A crypt embedding of the system of ODEs described in Chapter 3 requires us to con-

sider: how the behaviour of the Wnt system will be coupled to the cell cycle; how

the pathway components will be inherited by daughter cells; and how the underlying

Notch model should perform cell fate selection. Details of proliferative zones, inher-

itance and cell fate selection rules for the NWODE model are summarised in Figure

5.1 and Table 5.1, alongside those of the Buske model for comparison.

Wnt and Notch Signalling

Signalling and crosstalk for the Wnt and Notch pathways are modelled by the dimen-

sional ODE system described by Equations (3.3) – (3.14). The value of the nondimen-

sional Wnt stimulus, W , is taken directly from the local extracellular Wnt stimulus

at the cell’s location in the domain. For the purpose of calculating D̄, the mean Delta

concentration of neighbouring cells, a neighbouring cell is defined as one which shares

a spring connection with a given cell, according to the construction of the underlying

cell-centre tessellation tissue model. This is discussed at length in Section B.2.4 of

Appendix B.

The Wnt system components of the model adopt initial conditions close to their

steady state values at W = 1, listed in Table A.5 of Appendix A. Except where stated

otherwise, the Notch components adopt randomised initial conditions drawn from the

uniform interval [0.475, 0.525]nM .
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Cell Phenotypes and Mitotic Activity

Proliferation and cell fate specification in the NWODE embedding are governed by

two key thresholds of β-catenin expression: a transit cell threshold btr = 125.0nM ,

and a terminal differentiation threshold, btd = 115.0nM . Whether or not a cell is

mitotically active therefore depends upon its β-catenin concentration, B.

Cells in the lowest region of the crypt attain a state B ≥ btr and are mitotically

active transit cells. The Wnt concentration, and hence the β-catenin state of cells,

falls on ascending the crypt. The middle region of the crypt is characterised by con-

centrations btr > B ≥ btd and is referred to as the priming region. The process of cell

fate selection is assumed to begin here but these decisions remain flexible whilst cells

remain within the priming region.

The NWODE model follows the biological tenet that Hes1 expression is associated

with the formation of absorptive enterocytes [92] and Hath1 with the genesis of se-

cretory goblet cells [91]. Given the reciprocal relationship between Hes1 and Hath1

[19], we use Hath1 expression to determine cell fate; once a cell is in the priming

region, H2 ≥ 17.0 selects a cell for the secretory fate1. Otherwise, the cell adopts an

absorptive type. Absorptive cells are assumed to be mitotically active, but secretory

cells exit the cell cycle and are mitotically inactive. This agrees with the results of

Hes1 knock-out studies in the literature, in which murine crypts devoid of Hes1 expe-

rience a significant increase in goblet cell numbers and a reduction in the size of the

proliferative compartment [91].

The uppermost region of the crypt is exposed to the lowest Wnt stimulus and the

β-catenin states adjust accordingly, such that B < btd; this adjustment can be seen

in the homogeneous, two-cell simulation in the lower graph of Figure 5.2. Beyond

this threshold, cells become terminally differentiated as either secretory or absorptive

1This value was selected following inspection of the Hath1 concentration range in an NWODE
crypt over 300 hours of simulation.
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types, and are mitotically inactive. Proliferation is thus restricted to the lower regions

of the crypt and cells become progressively more specialised on ascending the crypt,

in line with experimental observations [13].

The values of the thresholds btr and btd are determined from simulations of a

homogeneous implementation of the ODE system (3.3) – (3.14). The upper plot

of Figure 5.2 shows the variation in the β-catenin steady state with the local Wnt

stimulus. These steady-state results are used to calibrate the thresholds to bring the

crypt proportions into agreement with the biological findings discussed in Chapter 1.

Inheritance

Daughter cells inherit the Wnt pathway concentrations of the parent cell at the point

of cell division and sample the Wnt concentration of their local environment prior to

further solution of their associated ODE systems; as far as we are aware, there is no

evidence at the present time to indicate asymmetric inheritance in the Wnt pathway.

Notch pathway components from the parent are shared asymmetrically between the

daughter cells, in agreement with observations in the experimental literature [69].

Asymmetric inheritance is determined by a ‘skewness factor’ s ∼ U [−1, 1], gener-

ated anew for each division event. The two daughter cells inherit multiples (1 + s)

and (1− s) respectively, of the concentrations of Notch components in the parent cell.

This ensures conservation of Notch during each division event. The spatial location

of either daughter does not influence which receives higher or lower concentrations of

Notch components from the parent cell.

5.5 A Crypt Embedding of the Buske Model

The Buske model adopts a far simpler approach to modelling Notch and Wnt activity.

Rather than using embedded ODEs, Buske et al. endow each cell with two binary fate



CHAPTER 5. COMPARISON WITH BUSKE ET AL. (2011) 134

Figure 5.2: Behaviour of the β-catenin homogeneous steady state in the Notch-Wnt
ODE model: (Top) Variation of the β-catenin steady state with the external Wnt
stimulus; (Bottom) Demonstration of β-catenin adjustment within a cell in response
to stepped decreases in Wnt stimulus. Initially the cell is subject to a W = 1.0
stimulus; this falls to W = 0.65 at t = 16h, W = 0.35 at t = 32h and W = 0.0 at
t = 48h. Initial conditions are a homogeneous version of the crypt values stated in
Table A.5 of Appendix A, i.e. using non-randomised Notch conditions.
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statuses: one for Notch, and one for Wnt. Pathway activity is therefore either ON or

OFF in each case; there are no intermediate states or explicit Notch-Wnt crosstalk.

Although this approach in its current form precludes explicit study of subcellular

pathway interactions, the studies of Section 5.6 aim to determine whether or not

this simpler, rule-based approach may prove advantageous in particular modelling

scenarios. Table 5.1 summarises the differences between the Buske and NWODE

approaches and a schematic of the two models is shown in Figure 5.1. Except where

otherwise stated, we adopt the parameter values described in Buske et al. [5] to

maintain continuity with the literature.

Wnt and Notch Signalling

The absence of an embedded ODE representation from the Buske model yields a

simpler representation of Notch and Wnt signalling. The Wnt activity status of a cell

is determined by the strength of the local Wnt stimulus, W , in relation to the priming

threshold, wtr and the terminal differentiation threshold, wtd. Wnt activity status

is drawn directly from the spatial location of the cell and does not account for local

variability in the Wnt activity of individual cells at a given height up the crypt.

Notch behaviour in a given cell is determined by a contact-based analysis which

examines the phenotype of neighbouring cells. That is, the Notch activity level of a

cell i is determined by

Notchi =
∑
j∈J

Statusj , (5.1)

for Statusj ∈ {0, 1},Notchi ∈ N.

where J is the set of cells neighbouring cell i (defined, as before, according to cell-cell

connections in the associated tissue model) and Statusj depends upon the phenotype
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of cell j: Statusj = 1.0 for secretory cells and 0.0 for transit and absorptive cell types.

Cell Phenotypes and Mitotic Activity

Partitioning of the crypt into active transit, priming and terminally differentiated

regions is similar to that of the NWODE model, but with thresholds determined

directly by the local Wnt stimulus. Whether or not a cell is mitotically active therefore

depends upon a priming threshold, wtr and a terminal differentiation threshold, wtd.

Crypt base: Cells for which W ≥ wtr are mitotically active transit cells.

Priming region: The priming region is bounded by the thresholds wtr > W ≥ wtd.

Absorptive cells in this region are assumed to be mitotically active, while secre-

tory cells exit the cell cycle;

Upper crypt: All cells for which W < wtd are terminally differentiated as either

secretory or absorptive types, and are mitotically inactive.

For comparison with the NWODE model, the thresholds wtr and wtd are set to the

Wnt values which yield the homogeneous β-catenin steady state thresholds btr, btd

implemented in the NWODE model.

Cell type updating in the Buske model is determined by the summation rule of

Equation (5.1). If Notchi ≥ 1.0, cell i becomes an absorptive cell at the next timestep;

otherwise it becomes a secretory cell. Consequently, any cell which neighbours a

secretory cell will always become absorptive in the priming region; conversely, trans-

formation to a secretory cell can only occur where a cell has no secretory neighbours.

Except where stated otherwise, initial conditions for the Buske model set cells

below W = wtr to be of transit type. Cells above this height are randomly assigned

either secretory or absorptive phenotypes, such that a cell has probability 0.2 of being

a secretory cell, in line with the proportions reported in Buske et al. [5].
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Inheritance

Owing to the absence of embedded ODEs, daughter cells in the Buske model inherit

their parent’s cell type directly. This is always either a transit or an absorptive type,

since these are the only two mitotically active phenotypes. Cell types are updated at

every timestep, according to the summation rule stated in Equation (5.1).

5.6 Data Generation

Implementation of both the Buske and NWODE models relies upon random number

generation, whether to determine an initial distribution of cell types (as in the Buske

model) or to specify randomised initial conditions for an underlying ODE system

(for the NWODE model). Both models also utilise random numbers throughout the

simulation process in order to generate G1 phase lengths. Consequently, all simulations

are performed for 100 random number seedings; this enables settling of the means and

standard deviations, whilst remaining computationally feasible. Results reflect the

mean/standard deviation of these 100 outcomes, except where stated otherwise.

Output Metrics

Our comparison between the Buske and NWODE models focuses upon their cell fate

selection mechanisms: how many of each cell type are produced, and how are the dif-

ferentiated cells distributed? Consequently this chapter examines three main metrics:

total counts for each cell phenotype; mean spacing between secretory cells, expressed

in terms of mean cell diameters; and the Ripley H-Value for dispersal of secretory

cells. These outputs enable not just the tracking of the proportions of the various cell

types, but also of the spatial distribution of primary fate cells generated by the Buske

and NWODE models.

The Ripley H-Value [246] is a statistical measure used to measure point dispersal in
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2D space, or on a 2D surface as in our crypt simulations. Ripley’s H-Value lies on the

interval [−1, 1]; −1 represents perfect dispersal and 1 perfect clustering, while a value

of zero indicates purely random scattering commensurate with a Poisson distribution.

This measure is discussed in full in Appendix B and is demonstrated for a simple crypt

embedding of the model of Collier et al. [125] in Figures B.10 and B.11. An evaluation

of its performance on cell-centre tessellation, node-based and vertex dynamic tissue

models is provided in Section B.3.1.

Partitioning of the Crypt

We partition the crypt surface into distinct zones in order to provide a more fine-

grained Ripley analysis of the domain. These zones are shown in Figure 5.3; each

is of equal area and its bounds remain fixed throughout simulation. The first four

zones are used for the Ripley timecourses of Figures 5.8, 5.14 and 5.15; however, the

graphical summaries of behaviour at dynamic equilibrium, shown in Figures 5.9 and

5.16, use results from all seven zones, in order to provide a more detailed impression

of the variation in Ripley value on ascending the crypt.

5.7 Runtime

Crypt embeddings of the Buske and NWODE models are established and run until

dynamic equilibrium is attained. Runtime is determined by measuring the number

of processor seconds required to run a crypt at dynamic equilibrium for 200 hours of

crypt time. Timings reflect the outcome when running as a single-threaded program

on an Intel Core 2 Quad CPU 8300, 2.5GHz processor.

This assessment includes mechanical updates to the underlying tissue mesh, cell

birth, death and fate selection processes, and – where relevant – solution of equations

by external solver libraries. No output metrics (e.g. Ripley analysis, cell counts) are
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Figure 5.3: Subdomain partitioning for Ripley analysis of the crypt domain. The 2D
cylindrical surface (shown here rolled out into a rectangle) is split into four main zones,
numbered 1− 4 low-to-high, and the H-Value is assessed for each zone. Three further
subdomains, numbered 5− 7, are of equal height to Zones 1− 4 but are staggered to
start and end at the midpoints of the first four zones. This provides seven distinct
zones for pattern analysis up the crypt.

performed during the runtime analysis.

The NWODE model takes 2353 seconds (39.2 minutes) to simulate 200 hours of

crypt time. The Buske model is over three times faster, taking 707 seconds (11.8

minutes), as its reliance on rule-based cell fate selection does not require calls to an

ODE solver. The computational simplicity of the Buske formulation therefore offers

significant advantages with regard to runtime.
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5.8 Robustness of Pattern Generation

First, we test the robustness of pattern generation using a simple case study: a crypt

with unpatterned initial conditions. Both the Buske and NWODE crypts are estab-

lished as described in Section 5.2. Instead of providing randomised initial conditions to

the ODEs of the NWODE model, all equations are set off from a homogeneous state2,

in which the expression of Hath1 is uniformly low. An analogous setup is employed

for the Buske model, such that all cells in the priming and differentiated regions are

defined to be absorptive cells.

For the purposes of investigating the pattern generation properties, cell totals and

Ripley analyses are output for every timestep of the simulation (equivalent to 18

seconds of crypt time), as opposed to the simulations of Section 5.9, in which metrics

are read out one per half hour of crypt time. This requires a long runtime (several

days to simulate 200 crypt hours) and so we present results for a single, representative

simulation here.

Snapshots of crypt evolution at consecutive timesteps are shown in Figure 5.4, while

Figure 5.5 shows the resulting dynamic equilibrium. Figure 5.6 depicts timecourses

for the totals of secretory, absorptive and transit phenotypes for both the NWODE

and Buske models.

Comments on the Buske Model

The upper row of screenshots shown in Figure 5.4 depicts the Buske model at consec-

utive timesteps, early in the equilibration phase. Cells in the priming region oscillate

en masse between absorptive and secretory phenotypes at consecutive timesteps (each

equivalent to 18 seconds of crypt time).

This artefact is not discussed in Buske et al. [5] and could be due to the choice

of output timestep for their data collection. Block oscillations occur over consecu-

2i.e., using non-randomised versions of the initial conditions stated in Table A.5 of Appendix A.



CHAPTER 5. COMPARISON WITH BUSKE ET AL. (2011) 142

Figure 5.4: Screenshots of the Buske and NWODE models at successive timesteps
during the equilibration phase, using unpatterned initial conditions. The Buske em-
bedding displays block oscillations in which the priming region alternates between
absorptive (peach) and secretory (red) phenotypes; transit cells are shown in blue.
Such oscillation is an artefact of the rule-based approach to cell fate selection de-
scribed by Equation (5.1). By contrast, the NWODE embedding is not susceptible to
this behaviour, owing to its use of an ODE model to determine cell fate.
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Figure 5.5: Crypts at dynamic equilibrium in the (L) Buske and (R) NWODE models,
generated from unpatterned initial conditions. The Buske crypt still displays block
oscillation of the priming region at this stage, and is shown for the absorptive phase
of oscillation in this snapshot.

tive simulation timesteps in the Buske model, so if the simulation and data output

timesteps do not coincide, the block oscillations cannot be detected. Our own simu-

lations of the Buske model in Section 5.9 do not detect this behaviour for the same

reason, because they employ a longer output timestep which always observes the crypt

in the same phase of oscillation.

Oscillation of the priming region is a consequence of the discrete Notch summation

described by Equation (5.1) and the secretory conversion threshold Notchi ≥ 1.0:

any cell which has even one secretory neighbour will become an absorptive cell at

the next timestep. Use of unpatterned initial conditions therefore predisposes the

priming zone to alternate between absorptive and secretory phenotypes. The role of

cell fate parameters in Equation (5.1) merits further study and we shall evaluate the

influence of the secretory conversion parameter, Statusj , on cell fate patterning in

Section 5.10. Buske et al. also explore alternative parametrisations and find that
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Figure 5.6: Cell totals for the different cell types over the course of a single simulation
run, started from unpatterned initial conditions. (Upper) Cell totals for the Buske
model; lines for the absorptive and secretory cell types appear densely packed, owing to
block oscillations occurring in the priming region, as illustrated in Figure 5.4. (Lower)
Cell totals for the NWODE model. Transient oscillations at the start of simulation
are due to spatiotemporal oscillations in the underlying Notch system as the domain
equilibrates.
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increasing the secretory conversion threshold for Notchi increases the secretory cell

count and reduces the number of undifferentiated and absorptive cells.

Block oscillation of the priming zone does not impede the development of pat-

terning in the differentiated region, as shown by the dynamic equilibrium image of

Figure 5.5. The fixed upper regions of the crypt display a dispersed pattern of secre-

tory phenotypes, because individual cells are gradually pushed up into the terminally

differentiated region by the mitotic pressure generated from cell division in the lower

crypt regions. A given cell may cross the threshold wtd in either the absorptive or

secretory phase of oscillation and its fate is fixed thereafter. If such a cell has adopted

a secretory type, it induces Notch activation in neighbouring cells which are still in the

priming region; these cease oscillating, and later become absorptive cells when they

are pushed out of the priming region. Transit cells do not contribute to the Notch

status of neighbouring cells and so the Buske model has no prepatterning facility in

the lower crypt when used to model the crypt epithelium of the large intestine, since

there are no Paneth cells to induce Notch activation.

Simulation of the Buske model from unpatterned initial conditions does not pre-

serve a strict size ordering of the three phenotype populations: a Buske crypt may

contain more secretory cells than transit cells, or vice versa, depending on the phase

of oscillation at a given timestep. Experimentally observed samples of intestinal tissue

do not report this level of variation [201, 214, 122]. However, current laboratory tech-

niques do not permit the observation of crypt tissue in continuous time and so it is

difficult to obtain accurate biological approximations of cell total timecourses against

which to compare these results.

Comments on the NWODE Model

Homogeneous initial conditions represent an unstable steady state of the NWODE

model, as for the model of Collier et al. [125] discussed in Section 2.1.1. Asymmetric
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inheritance of Notch components at mitosis is a vital driver of cell fate selection in

this tissue-level embedding, by perturbing the NWODE model from the homogeneous

state to facilitate the emergence of heterogeneity. A distributed pattern of secretory

cells within the priming region has already developed in the snapshots shown in Fig-

ure 5.4 and propagates up the crypt to achieve patterning of both the priming and

differentiated regions at dynamic equilibrium, as in Figure 5.5.

The continuous3 ODEs provided by the NWODE model allow for nuanced changes

to a group of neighbouring cells, over a series of timesteps. This permits gradual

progression towards a patterned state; the stills shown in Figure 5.4 show no cell

type changes over three timesteps, which represent 36 seconds of crypt time. This is

consistent with observations of Notch pathway equilibration timescales in vitro [83].

Some transient oscillations occur during the first ten hours of simulation, as can

be seen from Figure 5.6, arising from equilibration of the Notch pathway. They are

the multicellular analogue of the oscillations seen in the two-cell simulations of Figure

4.12 and have a wavelength of many, rather than consecutive, timesteps. Once the

system has attained dynamic equilibrium, these oscillations cease and small hetero-

geneities across the priming region permit the emergence of a fully patterned state.

The NWODE model maintains a strict ordering of the population size of the different

cell phenotypes: absorptive cells are the most numerous, followed by transit cells, with

secretory cells fewest in number.

Inspection of Hath1 and Hes1 concentrations in movies of NWODE crypt simula-

tions indicate that the use of ODEs to implement cell fate decisions generates subcel-

lular heterogeneity in the transit region of the crypt. Although the mitotic activity

of this region prevents a full prepattern from emerging, Hath1 concentrations of cells

and their neighbours begin to diverge prior to entering the priming region. This may

assist the development of priming region patterning in the NWODE crypt embedding.

3That is, piecewise continuous, viewed from a computational perspective.
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5.9 Simulation From Heterogeneous Initial Conditions

All the remaining simulation results reflect the outcome of crypts started from het-

erogeneous initial conditions. Runtime considerations induce us to write out metric

data once per half hour of crypt time. Block oscillations of the Buske model still occur

throughout these simulations but are not apparent in Figures 5.7 – 5.10, as the output

timestep observes the priming region in the same oscillatory phase on each occasion.

Figure 5.7: Evolution timecourses for (top) the Buske model, and (bottom) the
NWODE model, showing the progression through the equilibration process until a
dynamic equilibrium is attained around t = 50h. Transit cells are shown in blue; ab-
sorptive cells are peach and secretory cells are red. The Buske model has to be directly
set up with secretory and absorptive phenotypes already specified. The NWODE
model bases its cell fate decisions on the concentration of Hath1 in its subcellular
ODEs; consequently all cells are initially labelled as transits and the cell type is up-
dated in the first simulation timestep, immediately following the initial snapshots at
t = 0.
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Features of the Secretory Cell Distribution

Both the rule-based and ODE methods produce a similar mean spacing of secretory

cells in the upper crypt regions of Zones 3 and 4, as shown by Figure 5.8. In particular,

they both predict a secretory cell pattern of approximately 2.2 cell diameters, with an

associated Ripley H-value of H = −0.4, indicating dispersal. Zone 1 consists solely of

transit cells and therefore returns a zero Ripley value throughout the simulations.

This is an interesting result and suggests that a more sophisticated ODE approach

is not essential for generating the specific secretory cell distribution seen here. The

observed pattern lengthscale may arise from the method of determining the “nearest

neighbours” with which a given cell interacts; the contact-based nature of Notch pro-

cesses may therefore be instrumental in regulating the extent of secretory cell dispersal.

Dependence of patterning on neighbour selection has already been demonstrated for

the juxtacrine signalling model of Webb and Owen [134] on regular and irregular

hexagonal and square lattices of cells4; similar analysis of the Buske and NWODE

models could prove a useful area for further study.

Substantial differences between the models arise in Zone 2; this is a mitotically

active region, and the one in which initial cell fate selection occurs. The Ripley H-

values shown in Figure 5.8 indicate clustering of the secretory cells in Zone 2 of the

Buske model (Ripley’s H-Value > 0). This distribution is also visible in the priming

region of the Buske snapshots in Figure 5.7. Such clustering deviates significantly from

qualitative expectation, as the biological literature only reports dispersed patterns of

secretory cells [201, 214, 122]. The NWODE model consistently produces a dispersed

pattern of around two cell diameters in the same region.

The line graphs of Figure 5.9 summarise the secretory cell spacing and associated

Ripley H-Values for the Buske and NWODE models at dynamic equilibrium. Both

4Webb and Owen find that a hexagonal array has a smaller region of parameter space for which
patterning is possible. Irregularities of the underlying mesh can drive the development of defects
within the dominant patterning regime.
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Figure 5.8: Distribution of secretory (goblet) cells within four height bands of the
crypt, numbered from lowest (Zone 1) to highest (Zone 4); results for the Buske model
are shown on the upper plots, and those for the NWODE model on the lower. Left-
hand plots depict Ripley H-Values for each of the zones, whilst those on the right
provide timecourses for the mean pattern radius of secretory cells. Pattern radius
readings for Zone 1 always remain at zero, as this is the transit zone and does not
contain secretory cells.
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Figure 5.9: (Upper) Mean pattern radius and (Lower) Mean Ripley H-Values on as-
cending the crypt, for both the Buske and NWODE crypt models at dynamic equilib-
rium. Data have been drawn from all seven assessment zones shown in Figure 5.3.
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models return a positive, clustered Ripley H-Value for Zone 5 (about a quarter of the

way up the crypt) because this zone lies on the divide between the unpatterned transit

region and the priming region, where initial cell fate selection occurs.

The pattern lengthscales for both models increase through the middle region of

the crypt; some secretory cells are eliminated at this stage, producing a slightly longer

pattern length in the upper crypt. The NWODE model attains its final spacing further

down the crypt than the Buske model, as a result of the former’s robust patterning in

the priming region.

Features of the Cell Totals

Timecourses for cell totals of secretory, transit and absorptive phenotypes are shown

in Figure 5.10. Ideally, additional experimental work should be carried out to esti-

mate parameters accurately for both the Buske and NWODE models, if a rigorous

quantitative analysis is to be performed. Consequently this discussion focuses on a

qualitative comparison of the results.

Both cell fate models demonstrated long-wavelength oscillations in the cell popu-

lations of Figure 5.6; this is still evident in the heterogeneous case shown in Figure

5.10. This effect is stronger in the NWODE than the Buske model and is also more

pronounced in the mitotically active phenotypes; it is a consequence of the initial

conditions and may be more pronounced in the NWODE model owing to its use of a

biochemical cut-off to determine the transit and priming regions, rather than the fixed

spatial bound used in the Buske model. These oscillations are substantially reduced

by averaging over larger numbers of simulations and additional runs should eradicate

them altogether.

Cell totals for the NWODE model display a small standard deviation, suggesting

relatively weak dependence on initial conditions. This is consistent with the high

degree of patterning robustness observed in Section 5.8 and seen in similar models
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Figure 5.10: Cell totals for each of the main cell types over the course of a simulation.
Solid lines represent mean values taken over 100 simulations; dotted lines indicate
standard deviations for each cell type.
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in the literature, such as that of Collier et al. [125, 126]. For the NWODE model

to be extensively deployed as a model for the colorectal crypt, further experimental

investigation would need to confirm that existing observations of cell fate [201, 214, 122]

are consistently representative of subpopulation proportions in the biological setting,

and provide suitable data for accurate calibration of the model parameters to match

against this regime.

Discussion of pattern robustness for the Buske model in Section 5.8 suggested

that cell fate in the priming region of the crypt is strongly dependent on the initial

conditions. This is certainly borne out by the absorptive and secretory cell totals of

Figure 5.10, which yield a larger standard deviation than their NWODE counterparts.

If further experimental investigations were to suggest a larger degree of variation in

crypt cell counts, it might be possible to adapt the Buske model to suitably model

this, given further investigation of its dependence on initial conditions.

The ODE-based crypt model contains more transit cells at dynamic equilibrium

than the rule-based framework. The Buske model derives mitotic activity status di-

rectly from the local Wnt stimulus. This produces a clear horizontal boundary between

the transit and priming regions, which is visible in the simulation snapshots of Figure

5.7. By contrast, the NWODE model uses β-catenin to determine the proliferation

cutoff. Although the β-catenin concentration of a cell is influenced by the local Wnt

stimulus, it is also subject to local variation in Notch activity, due to the crosstalk

between the two pathways. This results in a more graduated transition between the

transit and priming zones; indeed, isolated blue transit cells can be seen above the

main transit-priming divide in Figure 5.7. This may explain why the NWODE model

yields more transit cells at dynamic equilibrium.
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5.10 Cell Fate Parameters in the Buske Model

Simulations presented in Sections 5.8 and 5.9 reflect the behaviour of the Buske model

when using the parameter set of Buske et al. [5]. We now extend the study to examine

the impact of the cell fate selection parameter, Statussec. This parameter is involved

in the Notch activity summation expressed by Equation (5.1), in which the Notch

activity status of the current cell is determined by its number of secretory neighbours.

The published parametrisation of the Buske model assigns a value Statussec = 1.0

to a secretory cell, and Statusnon−sec = 0.0 to non-secretory types. Summation of the

neighbour statuses yields the Notch activity status, Notchi; Notchi ≥ 1.0 induces the

cell to become absorptive at the next timestep, otherwise it becomes secretory. That

is, a cell becomes secretory only if it has no secretory neighbours, as detailed in the

schematic of Figure 5.1.

It is therefore the relative, rather than absolute, values of the parameter Statussec

and the threshold for Notchi which determine the cell fate behaviour of the Buske

model. We now present additional simulations of the Buske model, which retain the

secretory conversion threshold Notchi ≥ 1.0 but adopt Statussec = 1.0, 0.5, 0.34 or

0.25. Cells in these simulations will become secretory if they have no, at most one,

at most two or at most three secretory neighbours respectively. All simulations adopt

the conditions described in Sections 5.2 – 5.6.

Ideally we would compare the performance of both the Buske and NWODE models

as their cell fate parameters are varied. However, the two models adopt very different

approaches to cell fate selection and it is not possible to form a meaningful equiva-

lence between their respective parameter sets. Consequently we focus solely on the

Buske model in this section and address the NWODE secretory threshold separately

in Section 5.11.
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Figure 5.11: Snapshots of crypt evolution for four different instances of the Buske
model, each for a different value of Statussec. Transit cells are shown in blue, absorp-
tive cells are peach and secretory cells are red. Differences between the t = 0 snapshots
are the result of the first round of cell type updating; all cases have been run using
identical initial conditions and the same random number seeding.
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Figure 5.12: Cell totals for each of the main cell types over the course of a simulation,
shown for the parametrisations Statussec = 1.0 and Statussec = 0.5. Solid lines repre-
sent mean values taken over 100 simulations; dotted lines indicate standard deviations
for each cell type.
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Figure 5.13: Cell totals for each of the main cell types over the course of a simula-
tion, shown for the parametrisations Statussec = 0.34 and Statussec = 0.25. Solid
lines represent mean values taken over 100 simulations; dotted lines indicate standard
deviations for each cell type.
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Figure 5.14: Distribution of secretory (goblet) cells within four height bands of the
crypt, numbered from lowest (Zone 1) to highest (Zone 4), shown for the parametrisa-
tions Statussec = 1.0 and Statussec = 0.5. Left-hand plots depict Ripley H-Values for
each of the zones, whilst those on the right provide timecourses for the mean pattern
radius of secretory cells.
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Figure 5.15: Distribution of secretory (goblet) cells within four height bands of the
crypt, numbered from lowest (Zone 1) to highest (Zone 4), shown for the parametrisa-
tions Statussec = 0.34 and Statussec = 0.25. Left-hand plots depict Ripley H-Values
for each of the zones, whilst those on the right provide timecourses for the mean
pattern radius of secretory cells.
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Figure 5.16: (Upper) Mean pattern radius and (Lower) Mean Ripley H-Values on
ascending the crypt, for four parametrisations of the Buske crypt model, shown at
dynamic equilibrium. Data have been drawn from all seven assessment zones shown
in Figure 5.3.
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Screenshots of Domain Evolution

Figure 5.11 presents a series of snapshots of Buske crypts for the four tested values of

Statussec, shown for a series of times during the equilibration process. All cases have

been run using the same random number seeding and initial conditions.

Decreasing the value of Statussec increases the production of secretory cells, re-

sulting in a highly clustered pattern in the upper, terminally differentiated region of

the crypt. However, the priming zone remains largely or completely unpatterned in

all cases, as a result of the high dependence on initial conditions in the Buske model:

the discrete construction of the Notch summation of Equation (5.1) either tends to

remove all patterning from the priming region (as in the case Statussec = 0.5), or to

drive the region towards a block pattern (as in the case Statussec = 1.0). Only for

very specific starting configurations does a distributed pattern appear to be retained:

for example, some secretory cells are retained at the lower end of the priming region

in the case Statussec = 0.25.

Cell Totals

Supplementary simulations by Buske et al. [5] vary the threshold for Notchi in a

manner analogous to our variation of Statussec, and find that increasing the threshold

for secretory cell conversion (equivalent to reducing Statussec) increases the secretory

cell count and reduces the absorptive cell count. Parameter variation in the Buske

summation only produces demonstrable changes beyond particular thresholds, owing

to the discrete construction of the summation in Equation (5.1).

Our simulations agree with these findings: a reduction in Statussec increases the

number of secretory cells (from around 60 to 100 in the graphs of Figures 5.12 and

5.13) and decreases the number of absorptive cells (from around 175 to 140). The

transit cell count is trivially unaffected by the parameter change.

There is also a substantial reduction in the standard deviation of the absorptive and
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secretory cell counts for lower values of Statussec; this is not discussed in Buske et al.

[5]. As for our earlier studies, more experimental data would be required to determine

how these results relate quantitatively to the variation seen in the biological scenario.

Ripley Analysis

Timecourses of pattern lengthscale and Ripley H-Value are shown in Figures 5.14 and

5.15. Zone 1 remains unpatterned throughout the simulations, because it contains only

transit cells. Zones 3 and 4 in the upper crypt develop clear patterning; decreasing

the value of Statussec decreases the pattern lengthscale, and produces a less negative

Ripley H-Value, indicating a less dispersed, more random appearance to the pattern

of secretory cells. Zone 2 includes the cutoff between the transit and priming regions.

Ripley analysis of this zone indicates clustered patterning for Statussec = 1.0 and

minimal or no patterning for the other values.

Analyses for the secretory cell distribution at dynamic equilibrium are shown in

Figure 5.16. Each of the four cases display established patterning in the upper half

of the crypt, although the pattern lengthscale decreases with Statussec, in agreement

with the t = 100 screenshots shown in Figure 5.11. The lowest values of Statussec

have a mean lengthscale close to zero, suggesting that each cell in the terminally

differentiated region neighbours a secretory cell.

Ripley H-Values for these zones indicate a transition from a more dispersed pattern

to a less dispersed one as Statussec is reduced. The cases Statussec = 0.5, 0.34, 0.25

exhibit little or no patterning in the priming zone. This is evident from the positive

Ripley H-Value in the mid-crypt, where the transition between the priming and differ-

entiated zones occurs, and the lack thereof at the boundary between the transit and

priming zones. By contrast, the Statussec = 1.0 case has a positive Ripley value at

the transit-priming boundary, indicating patterning within the priming region, but no

such peak on the priming-differentiated boundary.
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Certainly the appearance of the differentiated region in the case Statussec = 1.0

seems more consistent – qualitatively speaking – with experimentally-captured images

of cell fate spacing in the gut epithelium [201, 214, 122]; substantial clustering of

primary fate cells has not been reported in the literature to date. This would seem to

support the use of Statussec = 1.0 in the Buske model, in agreement with Buske et

al. [5], as opposed to smaller parameter values. Nevertheless, it would seem expedient

to explore possible functional alternatives to the Notch summation used in the Buske

model, to see whether patterning could be extended across the priming region of the

Buske model for a wider range of initial conditions.

5.11 Cell Fate Parameters in the NWODE Model

Simulations presented in Sections 5.8 and 5.9 reflect the behaviour of the NWODE

model when using a fixed parameter set. We now examine the impact of the secretory

selection threshold for Hath1, H2. Cells in the priming region adopt a specialised

phenotype according to their subcellular concentration of Hath1: if this expression

is below the given threshold, they become absorptive cells; otherwise they become

secretory cells, as shown in the crypt schematic of Figure 5.1. H2 is a continuous,

real-valued variable; we restrict ourselves to cases in the range [12.0, 30.0]nM , in the

region of the 17.0nM ‘standard’ value stated in Section 5.4.

The NWODE model relies on a subcellular ODE embedding of the Notch-Wnt

model presented in Chapter 3. Studies of cell pairs in Chapter 4 indicate the presence

of a homogeneous steady state and one or more pairs of heterogeneous steady states,

in which one cell adopts a high, and the other a low, concentration of Hath1. This is

consistent with the behaviour of other Notch pathway models which employ similar

motifs and functional forms, such as those of Collier et al. [125] and Shepherd [238].
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Figure 5.17: Snapshots of crypt evolution for three different instances of the NWODE
model, for the secretory thresholds H2 > 12.0nM (‘low’), H2 > 17.0nM (‘standard’)
and H2 > 28.0nM (‘high’). Transit cells are shown in blue, absorptive cells are peach
and secretory cells are red. All cases have been run using identical initial conditions
and the same random number seeding.
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Figure 5.18: Cell population counts over the course of a simulation, shown for the
NWODE thresholds H2 > 12.0nM , H2 > 17.0nM and H2 > 28.0nM. Solid lines
represent mean values; dotted lines indicate standard deviations.
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Screenshots of Domain Evolution

Figure 5.17 presents a series of snapshots of NWODE crypts for three values of the

secretory threshold, shown for a series of times during the equilibration process.

Small changes to the Hath1 threshold (of the order of ±1 − 2nM) do not change

the patterning substantially. If the threshold is increased beyond the maximum range

of the underlying ODE model (as in the H2 > 28.0nM case), all cells above the transit

zone adopt an absorptive phenotype. On the other hand, if the threshold is reduced

sufficiently (as in the H2 > 12.0nM case), more secretory cells are produced, disrupting

the dispersed pattern seen in the H2 > 17.0nM case.

Cell Totals

The long-term behaviour of the NWODE model preserves the relative ordering of its

cell type populations over the tested range of Hath1 thresholds: the secretory cell

population is smallest, followed by transit cells, and finally absorptives.

Nonetheless, if the Hath1 threshold is reduced to 12.0nM, the crypt initially pro-

duces more secretory cells but does not sustain this to dynamic equilibrium, as can

be seen from the upper plot of Figure 5.18. Even so, the low-threshold case generates

fewer absorptive cells than the standard H2 > 17.0nM case (180 vs. 200). By contrast,

the high-threshold case H2 > 28.0nM does not produce any secretory cells at all, as

the ODE system does not surpass this value in a healthy crypt.

Ripley Analysis

The NWODE model displays very little variation in its patterning behaviour for small

changes to the Hath1 threshold (of the order of ±1.0nM), owing to its reliance on an

embedded ODE system with robust patterning involving high-Hath1/low-Hath1 pairs

of stable states. A more substantial change is required to alter the cell fate outcome.
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Timecourses for the high, standard and low cases are shown in Figure 5.19. The

low-threshold and standard-threshold cases generate similar Ripley timecourses, indi-

cating similar patterning at dynamic equilibrium, but the low-threshold case demon-

strates greater variation in its pattern lengthscale. This suggests that the low-threshold

case exhibits greater pattern variation over its 100 simulations. The high-threshold

case is noticeably different; the lack of secretory cells prevents patterning, producing

zero Ripley values. This is also borne out by Figure 5.20, showing the pattern ra-

dius and Ripley values up the crypt at dynamic equilibrium, for six different values

of the Hath1 threshold. The low- and medium-range values show very little difference

in the differentiated region of the crypt, although the H2 > 12.0nM case exhibits a

slightly closer pattern; reduction of the threshold beyond this point is likely to produce

substantially more secretory cells.

The two-cell studies of Chapter 4 show a separation of fates in the heterogeneous

steady state: one cell becomes high-Hath1 (and low-Notch), and the other, low-Hath1

(high-Notch). Although this scenario cannot provide quantitative insight into the

steady state values of the multicellular crypt setting, the qualitative separation of

Hath1 concentrations still applies. Small variations in the Hath1 selection threshold

are unlikely to cause significant changes to the resulting pattern. If the threshold

were substantially reduced below the typical “low-Hath1” state (below 12.0nM), the

majority of cells would adopt a secretory phenotype; alternatively, if the threshold

exceeds the typical “high-Hath1” state (e.g. 28.0nM), cells retain an absorptive type.

Thresholds between these transition values generate varying degrees of pattern.

Some local variation in Hath1 concentrations is to be expected, due to Notch-

Wnt crosstalk effects and the asymmetry of Notch inheritance at mitosis. This might

permit fate change of a small number of cells in response to slight variation in the

Hath1 threshold, but is unlikely to significantly change the large-scale behaviour of

patterning throughout the crypt.
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Figure 5.19: Ripley timecourses for zones 1 − 4 of the crypt, generated from 100
simulations of the NWODE model using a secretory selection threshold of (top) H2 >
12.0nM , (middle) H2 > 17.0nM and (bottom) H2 > 28.0nM .
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Figure 5.20: (Bottom) Ripley and (Top) pattern length analyses for NWODE crypts
at dynamic equilibrium, shown for simulations using a range of secretory selection
thresholds from H2 > 12.0nM to H2 > 30.0nM . Crypt subregions used to generate
these results are as shown in Figure 5.3.
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5.12 Conclusions

Existing crypt models in the literature either involve simple ODE embeddings of Delta-

Notch signalling, without deriving cell fate directly from these concentrations [247] or

use a less complex, rule-based approach to modelling Notch activity [5, 139]. The

NWODE model presented here is, to the best of our knowledge, the first case of a

detailed system of subcellular ODEs being used to model coupled Notch-Wnt inter-

action in the crypt and to derive cell fate directly from this information; it represents

a substantial advance on the current literature and offers a wealth of possibilities for

further study and development.

Simulations in this chapter have characterised the cell fate behaviour of the Buske

and NWODE models in a cylindrical crypt and have established a computational

framework for quantifying the spatial output of such models, using the Ripley H-

Value to assess cell dispersal. This simple geometry is a necessary starting point

for preliminary comparison; a natural extension would be to employ a dynamically

changing crypt geometry with a spherical base cap, akin to a deformable test-tube,

of the kind employed by Mirams et al. [247], Fletcher et al. [177] or Buske et al.

[5], amongst others. This may mitigate compression effects associated with having a

rectangular region of transit cells in the cylindrical geometry, reported by Osborne et

al. [195].

A key area for further work is to obtain additional experimental data relating to

the number and distribution of different cell types in the colorectal epithelium, against

which the performance of the Buske and NWODE models can be compared. Such data

would need to include multiple stills of individual crypts, with clear staining of goblet

cells to determine their number and distribution.
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5.12.1 Insights into ODE- and Rule-Based Paradigms

Comparison of cell patterning capabilities in the Buske and NWODE models have pro-

vided a number of insights into the use of rule-based and ODE embedding approaches.

Robustness of Pattern Generation

Robustness of the pattern generating capacity is one of the key differences between

the rule-based and ODE-based approaches. The NWODE model is less dependent on

the initial conditions and exhibits a pattern robustness commensurate with similarly-

structured Notch models in the literature [125]. The Buske model is capable of a

greater range of patterning behaviours in the priming region and exhibits a greater

dependence on the starting conditions. A capacity to generate subcellular heterogene-

ity at mitosis is an important factor in pattern development for the NWODE model,

as shown by the snapshots of Figure 5.6.

Existing observations in the biological literature suggest that a dispersed pattern

of secretory cells in the upper half of the intestinal crypt is the accepted behaviour for

this tissue [201, 214, 122]. Certainly the NWODE model is more consistent at mod-

elling dispersal of secretory fate cells throughout the specialised regions of the crypt,

but further investigations would be required to determine how closely this robustness

reflects the biological setting. Additional mathematical investigation may be required

to determine whether the Buske and NWODE models can be suitably parametrised

or adapted to match quantified dispersal measurements from biological tissue.

Influence of Neighbour Selection and Mesh Geometry

Remarkably, both the Buske and NWODE models predict the same pattern lengthscale

of 2.2 cell diameters for secretory cells in the upper crypt, despite their differences in

behaviour in the priming region. This suggests that an ODE approach is not essential

for capturing cell fate expression in the terminally differentiated region. The juxtacrine
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nature of Notch signalling is intrinsically reliant upon the definition of the ‘nearest

neighbours’ with which a cell makes contact and it is possible that this, coupled with

any bistable switching mechanism, will at least approximate this lengthscale in a crypt

embedding, irrespective of the method used to generate subcellular heterogeneity, given

suitable parametrisation5.

Additional computational studies might extend analyses in the literature. Work

by Webb and Owen [134] has already examined the patterns arising from juxtacrine

signalling on fixed lattices, in both square and hexagonal, regular and irregular ge-

ometries. All the crypt studies in this chapter model a dynamically growing cell-based

tissue, in which the number of cell neighbours varies across the population, as well as

for any given cell over time. These involve an irregular, dynamically changing polygo-

nal mesh; a formal analysis would require extension of these existing static studies for

specific polygonal geometries.

Moreover, the Buske model in its current form does not adjust its calculation of

Notch stimulus (defined in Equation (5.1)) to account for dynamic changes to cell

neighbour counts. Computational exploration of neighbour selection processes may

lead us to modify the Buske Notch calculation by using an averaging process, rather

than direct summation alone.

Timescales

The block oscillations characteristic of the Buske model have not been observed exper-

imentally; they should be considered a model artefact as they occur over consecutive

simulation timesteps. Cell fate in vivo is known to evolve over much longer timescales

than the 18 second windows represented by successive timesteps in the crypt simula-

tions. Typical timescales for gradual equilibration of the NWODE model from homo-

5We note that the Buske parameter studies of Section 5.10 demonstrate a much-reduced spacing
of secretory fate cells in the upper crypt, in response to changes in the secretory cell contribution
parameter, Statussec.
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geneous conditions (of the order of several hours) are consistent with observations of

recovery from cell fate disruption treatments described in the biological literature [83].

5.12.2 Applicability to Other Biological Scenarios

Crosstalk between the Notch and Wnt pathways in the NWODE model creates a grad-

ual transition between the transit and priming regions, because Notch-Wnt interaction

modulates the level of β-catenin within a cell, thus varying the height at which cells

become primed for a given fate. Local variation in Notch activity in the population is

therefore transmitted to the Wnt pathway too. This could prove useful in exploring

the progression of a single cancer cell in a given tissue, since the modulation of Wnt

behaviour by the Notch pathway might exert some influence upon the mitotic activity

of the rogue cell, or alternatively upon its healthy neighbours.

The Buske model offers a faster means of simulating the crypt epithelium and

exhibits a larger variance in its numbers of specialised cell types, suggesting a broader

range of patterning than the NWODE model. Nonetheless, its strong dependence on

initial conditions and its block oscillations in the priming region need to be addressed

prior to its use in scenarios where stable, robust patterning is a required feature. For

example, in its current form it is unlikely to prove successful in modelling the de novo

cryptogenesis experiments of Sato et al. and Ootani et al. [1, 2], in which colony

growth is initiated from a single stem cell.

The suitability of the Buske and NWODE models for simulating a variety of dif-

ferent situations is summarised in Table 5.2 and reflects the current capabilities of

the models. Some of the shortcomings highlighted here could be remedied by further

development. For instance, introduction of additional binary activity states into the

Buske model, representing biochemical entities such as Hes1 and Hath1, could be used

to create a subcellular network with associated update rules. This would facilitate

investigation of subcellular dysregulation. Refinement of the Notch-Wnt ODE system
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associated with the NWODE model might employ saturating feedback terms similar

to those used by Owen et al. [127, 128] to increase the growth of higher-lengthscale

patterning modes and hence extend the range of patterns which can be generated.

Buske Model Modelling Scenario NWODE Model

8 Subcellular dysregulation 4

4 Fast simulation required 8

8 Local variation in 4

Notch-Wnt interaction

8 Target pattern not known 4

8 Growth from a single cell 4

4 Flexibility of patterning required 8

Table 5.2: Applicabilty of the Buske and NWODE models for particular modelling
situations, based upon the implementations explored in this chapter.

5.12.3 Final Comments

This chapter has focused on modelling homeostasis in a healthy crypt. However,

colorectal cancer disrupts the dynamic equilibrium of the crypt epithelium and is

associated with rewiring of subcellular biochemistry [64, 65].

The embedded ODEs of the NWODE model already provide the necessary bio-

chemical detail for the exploration of subcellular knockouts in mutant phenotypes

and for modelling therapeutic interventions at the biochemical scale; the Buske model

would require further development to model such situations. We therefore continue

using the NWODE model for studies of subcellular disruption and treatment, and

equip it for studying a cancerous crypt environment in Chapter 6.



6
In Silico Modelling of Clinical Treatments

Does the Notch pathway offer a viable route for the treatment of CRC? Here we extend

the NWODE crypt framework developed in Chapter 5, explore the tissue-level effects

of introducing mutation to the Wnt pathway, and compare the performance of two

proposed Notch-targeted treatments for a mutant phenotype: the first reduces Notch

fragmentation at the cell surface, and the other stabilises Hath1. Our results suggest

a synergy between the two approaches and highlight the role of the β-catenin/Hes1

crosstalk hub in shaping the tissue response to CRC therapies.

Chapter Summary

6.1 Introduction

The dysregulation of Wnt signalling in intestinal tumourigenesis has proven a major

focus for clinical and biological research over the past two decades. We saw in the

biological review of Chapter 1 how disruption of the canonical Wnt pathway in CRC

leads to accumulation of nuclear β-catenin and ultimately to hyperproliferation of

the cell. Despite this, clinical efforts targeting the Wnt pathway have not proven

successful, largely because the section of the pathway downstream of the β-catenin

destruction complex is driven by protein-protein interactions, which are more difficult

to intercept therapeutically [91].

175
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By contrast, the Notch pathway is not wholly reliant upon protein-protein in-

teraction. Furthermore, it is frequently co-activated with Wnt in CRC [91] and – as

described in the construction of our ODE model in Chapter 3 – is involved in crosstalk

with the Wnt pathway. Given the role of Notch in cell fate selection, is it possible to

reduce the proliferation of Wnt-aberrant tumour cells by targeting the Notch pathway

instead?

Setting and Outline

Such a proposition provides an excellent subject for investigation using the NWODE

model developed in Chapter 5. The subcellular equations of this model detail the

function and crosstalk of the Notch and Wnt pathways; these can be modified to

mimic the effects of mutation and/or clinical treatment in individual cells, allowing

us to observe how these changes impact upon tissue-scale function. As discussed in

Chapter 5, the Buske model would require considerable extension for application to

problems involving subcellular dysregulation; we therefore retain the NWODE model

for all simulations in this chapter.

We begin by outlining a specific mutant phenotype in Section 6.2 and characterise

its behaviour in the NWODE crypt model for patches of mutant cells (Section 6.3.1)

and entirely mutant crypts (Section 6.3.2). These studies lead into a discussion of

clinical treatments in Section 6.4, where we introduce two clinical therapies: one

targets the ligand binding capacity of the Notch pathway; the other stabilises the cell

fate specifier, Hath1. Results of the clinical scenario tests are presented for mutant

cells with regular and elevated adhesion levels (Sections 6.7 and 6.8 respectively).

The simulations in this chapter may be considered as a proof-of-concept study,

demonstrating the power of our crypt model for exploring clinically relevant questions.

Indeed, our chosen study represents only one of a vast number of questions which could

be addressed with this framework.
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6.2 Defining A Mutant Phenotype

Mutations to the components of the β-catenin destruction complex are commonly

implicated in oncogenic transformation; a malformed destruction complex offers a

reduced binding affinity for β-catenin. In particular, mutations to the APC subunit

of the destruction complex are observed in around 85% of spontaneous and familial

colorectal tumours [119]. APC is coded for genetically by two alleles, each of which is

either healthy or mutated; the majority of CRC tumours display inactivation of both

APC alleles [248]. The prevalence of this mutation justifies its incorporation into the

‘mutant phenotype’ of our study.

APC is not represented explicitly in the model described in Chapter 3; its presence

is implicit in the formation of the destruction complex C. We therefore emulate APC

mutation by reducing the rate of formation of the destruction complex, through use

of a multiplier ρAPC ∈ [0, 1], which modifies Equations (3.10) and (3.11) for G and C

as follows:

dG

dt
= −µGG+ (1 +W (t))α2 + µCC − ρAPCα5ΨW,AG ,

dC

dt
= −µCC + ρAPCα5ΨW,AG+ µI2I2 − α3B · C .

Healthy cells possess two normal copies of the APC allele and therefore have

ρAPC = 1.0. A single-hit APC mutation, in which one allele is mutated, is modelled

by taking ρAPC = 0.5, whilst a two-hit mutation completely removes the capacity to

generate a functional destruction complex and sets ρAPC = 0.0.

This mutation has already been studied for a two-cell system in Figures 4.14 and

4.15 of Chapter 4. The two-cell studies indicate that APC mutants express more Hes1

and less Hath1 than their healthy counterparts, thereby assisting the maintenance of

the mutant in a mitotically active state by retaining high Notch activation alongside
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elevated levels of β-catenin. These behaviours become more pronounced as a cell

progresses from a single-hit to a two-hit mutant state.

β-Catenin Expression

Transition to the crypt appears to attenuate the β-catenin response in mutant cells.

Figure 6.1 depicts the response of a cell pair initialised at a homogeneous equlibrium

with a W = 0 or W = 1 stimulus. The second cell acquires a two-hit APC mutation

at t = 8h; results from a healthy cell pair are shown in red for comparison. Although

the mutant cells still overexpress β-catenin, the difference in expression between the

healthy and mutant cases is substantially smaller than in the studies of Chapter 4.

This behaviour may indicate a need for a more detailed parameter analysis of

the Notch-Wnt model in future. Alternatively, the attenuated response could be an

artefact of the minimal approach to representing the Wnt pathway, since the formation

of the destruction complex is currently subsumed into the function ΨW,A. A more

nuanced representation of the processes involved, perhaps by introducing the subunits

of the destruction complex into the Wnt submodel, might enable the Notch-Wnt model

to better encapsulate the behaviour of an aggressive cancerous phenotype.

Focus on the Two-Hit APC Mutant

Our clinically-relevant studies in the later sections of this chapter focus on the efficacy

of two treatments for CRC; the first of these, γ-secretase inhibition, interferes with the

ligand binding activity of the Notch pathway. In anticipation of this, and given the

assertion of Peignon et al. [77] that γ-secretase inhibitors may fail for more aggressive

mutants, we focus on the two-hit rather than single-hit APC mutant throughout this

chapter.
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Figure 6.1: Attenuation of the β-catenin response to APC mutation, shown for (top)
W = 1.0 and (bottom) W = 0.0, for two cell pairs: a test pair (shown in black), the
second cell of which mutates at t = 8h to acquire two APC knockouts; and a healthy
pair (shown in red). Cell pairs are initialised at a homogeneous state derived from
the crypt conditions of Appendix A, Table A.5, for the given Wnt stimulus. Although
the mutant cell expresses higher levels of β-catenin, this increase on the healthy state
is substantially smaller than in the two-cell studies of Figures 4.14 and 4.15, which
employ initial conditions from Hernández et al. [167].
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6.3 Mutant Behaviour in a Crypt Setting

It now remains to define the tissue-level behaviour of the mutant phenotype. Mutant

cells typically display altered adhesion properties compared to healthy cells [52]. Some

models of the Wnt pathway, such as that of van Leeuwen et al. [155], explicitly repre-

sent the cadherin-binding arm of the pathway commonly associated with intercellular

adhesion. Such a model can be used in a crypt embedding to derive variation in ad-

hesion levels directly from cellular Wnt activity [175]. By contrast, our Wnt model

represents the canonical form of the pathway only and does not offer as broad a scope

for direct coupling to the cellular drag parameters of the underlying tissue framework.

We therefore adopt a simpler approach in this chapter: cells with an APC mutant

phenotype may be assigned a drag coefficient ten times that of their healthy counter-

parts. This is implemented by increasing the parameter µi in Equation (2.6), which

characterises the forces governing the spring connection between neighbouring cells in

the underlying tissue model. Mutant cells with this modification consequently have

increased drag and offer a greater resistance to forces imposed upon them by neigh-

bouring healthy cells; this is consistent with the magnitude of drag variation observed

in vivo [155] and computational implementations in the literature [195].

We mirror the approach of Osborne et al. [195] and Mirams et al. [176] in decou-

pling the adhesive and proliferative processes in our crypt model; however, we differ

from these studies in deriving mitotic activity from embedded ODEs, rather than a

simple proliferative height threshold. Mutant cells in the NWODE framework have an

altered biochemistry, but are still subject to the same local concentration of Wnt as

healthy cells at the same height and their proliferative power may therefore reduce on

ascending the crypt. By contrast, tumour cells in Mirams et al. and Osborne et al.

are assumed to remain mitotically active throughout the crypt, in contrast to healthy

phenotypes, which only proliferate in the bottom 30% of the domain.
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Some simulations in this chapter examine a mutant phenotype with the same

adhesion parameter as healthy cells, in order to determine the effects arising solely

from the altered biochemistry of the mutant cells. Others employ the ‘elevated adhe-

sion’ behaviour described above, in line with existing computational work in the field

[195, 175, 176]; this also provides a more accurate depiction of the associated biology.

Whether regular or adhesive mutant cells are employed is clearly stated alongside the

simulations and discussion in each case. Aside from these considerations, all other

aspects of implementation are as described for the NWODE model in Chapter 5.

6.3.1 Observations of Mutant Cell Patches

Our first case study is that of a patch of mutant cells within the crypt. Healthy

instances of the NWODE crypt are established and run for 100 crypt hours to ensure

attainment of dynamic equilibrium. A mutant patch is then introduced into the crypt,

by spontaneously assigning a two-hit phenotype to all cells within 3.0 distance units

of a given location. This establishes a roughly circular mass of around 15− 16 mutant

cells about the specified point. Crypts are allowed to evolve for a further 40 hours.

Computational studies by Osborne et al. [195] and Mirams et al. [176] demonstrate

the influence of the initial location and relative adhesion level of a mutant cell, or patch

of mutants, upon its tendency to fixate within the crypt. In particular, the probability

of a mutation eventually dominating the crypt increases with its relative adhesion level

[176] and with a lower initial position in the crypt [195, 176].

We therefore examine two different locations for the mutant region: a ‘low patch’

scenario, generated around the point with Cartesian coordinate (5.0, 5.0), and a ‘high

patch’ scenario, which starts from the point (5.0, 10.0). The low patch is therefore

placed near the boundary between the transit and priming regions of the crypt, while

the ‘high patch’ lies in the mid-crypt, near to the priming-differentiated divide. Each

of these cases is run for mutants with either regular or elevated adhesion; results
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presented in this section represent the mean of 100 simulation runs.

Mutant Transit Up the Crypt

The screenshots of Figure 6.2 depict the typical journey of a mutant patch through

the crypt, for each of the four main cases (patch high or low; mutants with regular or

elevated adhesion). Each of the cases has been run using the same random number

seeding and therefore differences between them can be attributed to either the initial

location of the mutant patch or its cells’ drag coefficient.

These examples suggest that higher patches are flushed out of the crypt sooner,

and that patches formed from more adhesive mutants are able to persist for longer. For

instance, comparison between the high patch cases (1) and (2) indicates that a tenfold

increase in the drag coefficient increases the exit time of the mutant patch from around

25 hours to around 50 hours. Comparison of (2) and (4) suggests that initiation of

a low, rather than high, region of mutants with elevated adhesion enables the rogue

progeny to extend across the transit, priming and differentiated regions at the 75

hour mark, rather than being flushed out at around 50 hours. Such observations are

corroborated by the timecourses of Figure 6.3 and are consistent with similar studies

in the literature [195, 176].

Increased adhesion levels enable the mutant cells to move more slowly and persist

for longer in the crypt, by allowing the mutants to better resist the proliferative force

exerted on them by healthy cells below [195]. A tenfold increase in adhesion levels is not

sufficient to prevent a mutant patch from being pushed up the crypt by mitotic pressure

from below, but does at least reduce the vertical velocity of the patch. Osborne et al.

[195] report that a fourteen-fold increase in relative adhesion is necessary for mutant

patches to exhibit downward invasion; we would therefore expect upwards movement

only for the scenarios explored here, and this is indeed the case.

High patches do not generate the same extent of vertical spread throughout the
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Figure 6.2: Temporal evolution of mutant cell patches: (1) High patch with regular
adhesion; (2) High patch with elevated adhesion; (3) Low patch with regular adhesion;
(4) Low patch with elevated adhesion. Healthy cells are shown in dark blue (transits),
red (secretory) and peach (absorptive), and mutant cells in pale blue. Apparent ‘tri-
angular cells’ in cases 2 and 4 are visualisation artefacts, arising from compression in
and around the mutant patch: these are actually small cells of higher-polygonal form.
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Figure 6.4: Mean path of the centroid of mutant cell patches in the NWODE crypt,
averaged over 100 simulations. Colours indicate the time of the given position, ranging
from dark blue (t = 0h) to dark red (t = 40h). Clustering of dark red points in the plot
for the high patch with regular adhesion indicates the patch having been completely
flushed from the crypt.
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crypt, possibly because they have less time to remain in the crypt and expand by

proliferation. Although reduced exposure to extracellular Wnt in the upper crypt

may also be a factor, Mirams et al. [176] suggest that this ‘proliferative ceiling’ has

only a weak influence on the tenacity of mutant cells. Vertical movement dominates

the journey of the mutant region up the crypt, as in the mean centroid courses of Figure

6.4. There appears to be almost no lateral movement, except when the mutants are

sloughed from the crypt mouth (e.g. high patch with regular adhesion).

Patches with regular adhesion produce longer traces over the 40-hour assessment

period than those with elevated adhesion: the low patch with regular adhesion moves

further than the high patch with elevated adhesion. Relative adhesion therefore has a

stronger influence on the vertical velocity than the initial height of the mutant patch,

in accordance with the ‘proliferative ceiling’ discussion of Mirams et al. [176].

Biochemical Impact of Mutant Cells

The screenshots of Figure 6.2 offer a vignette of typical cell behaviour in each of the four

mutant patch cases. Although these are only individual examples, they suggest little

change to the number and distribution of secretory cells when a mutant region with

regular adhesion levels is introduced into the crypt. However, the scenarios with more

adhesive mutants demonstrate a marked reduction in the number of secretory cells.

Here, compression may effect a biochemical shift in the cells by increasing the number

of cell neighbours in the compressed regions; these areas of tissue are then driven to

a lower stable state, or even homogeneity, associated with lower Hath1 expression.

Reduced expression of Hath1 in turn reduces the number of secretory cells. Similar

behaviour has also been observed for the Delta-Notch model of Collier et al. [125] in

the dynamic crypt studies of Appendix B, Section B.4.3.

Figure 6.5 depicts the mean concentrations of β-catenin and Hath1 in wild-type

cells, mutant cells and wild-types neighbouring a mutant cell, for each of the four main
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zones of the crypt (according to the partition diagram of Figure 5.3). Although it is

possible to calculate these readouts for all the mutant patch scenarios, we focus only

on the low patch with elevated adhesion here, in order to further explore the behaviour

noted for Case 4 of the screenshots in Figure 6.2.

Perhaps surprisingly, the presence of mutant cells does not have a discernible effect

on the mean subcellular concentrations of wild-type cells, or even on the mutant

neighbours. The only obvious difference between the plots for each of the three cell

classes is the phasing in and out of concentrations for the mutant and neighbour

classes, as the mutant patch journeys up the crypt.

It is possible that the attenuation of β-catenin overexpression in mutant cells on

going from the two-cell to the crypt-based scenario, as described in Section 6.2, reduces

the biochemical impact of the mutants in the crypt setting. Alternatively this could

be the result of the robustness of the underlying ODE system, which may compensate

for small perturbations inflicted by the mutant cells on the rest of the population.

Although the screenshots of Figure 6.2 suggest that the presence of mutants can

cause changes in the cell fate pattern, further studies might examine how much more

aggressive a mutant must be to effect noticeable biochemical changes in the surround-

ing cells in a majority of cases. It would also be informative to explore the cell fate

outcome if the NWODE model were extended to include contact inhibition of prolif-

eration.

6.3.2 Differences Between Healthy and Mutant Crypts

We now examine crypts which are comprised entirely of: healthy cells; mutant cells

with regular levels of adhesion; and mutant cells with elevated adhesion. Simulation

results for the first two cases reflect the mean of 100 simulation runs for each scenario

and are shown from the start of simulation, including the equilibration phase. However,

compression effects associated with elevated adhesion cause significant lengthening of
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Figure 6.5: Expression timecourses of (upper) Hath1 and (lower) β-catenin, for a crypt
with a low mutant patch with elevated adhesion levels. Separate plots are provided
for wild-type cells, mutant cells and mutant neighbours. Zone partitions of the crypt
are as shown in Figure 5.3.
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the runtime, requiring over a week to simulate 100 hours of crypt time for a single

random number seeding. This extent of compression is not physiologically realistic

and is an artefact of the model; future work might remedy this via the inclusion of

contact inhibition of proliferation in the underlying tissue framework. Results for this

case represent the mean over four simulation runs.

Response of Cell Totals

The upper plots of Figure 6.6, representing the healthy and mutant crypts with regular

adhesion levels, are almost identical and reach dynamic equilibrium after 25 crypt

hours. The aberrant biochemistry of mutant cells does not cause substantial changes

in the cell type composition of the intestinal crypt epithelium.

As for the mutant patch experiments, cellular compression caused by the elevated

adhesion of mutant cells imposes a considerable effect on the cell fate outcome. The

lower plot of Figure 6.6, showing cell totals for the more adhesive mutants, does not

attain equilibrium within the first 100 crypt hours. Proliferative cell types – namely the

transit and absorptive cells – are still in an exponential growth phase after this time.

Uniformly elevated adhesion levels cause cells to resist the mitotic pressure from lower

regions; the absence of contact inhibition from the model allows the cells to compress

but continue to divide. Increased cell type totals are therefore a consequence of the

mechanical constraints imposed by the increased drag coefficient, and do not arise

from the altered biochemistry of the mutant cells.

Response of Cell Fate Patterning

The Ripley analyses shown in Figure 6.7 indicate similar patterning for the healthy

and regular mutant cases, except for a slightly longer pattern length in the mid-crypt

for the regular mutants. This may indicate a slight tendency to favour an absorptive

fate over a secretory one, but only involving the elimination of a small number of



CHAPTER 6. CLINICAL TREATMENTS 190

Figure 6.6: Timecourses of the cell totals for crypts comprised entirely of (top) healthy
cells; (bottom) mutant cells with regular adhesion levels.
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Figure 6.7: Ripley H-Values and pattern length analysis for crypts comprised entirely
of healthy cells, or entirely of tumour cells with either regular or elevated adhesion.
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secretory cells compared to the normal case. By contrast, the adhesive mutant crypt

does not pattern. Example screenshots shown in Figure 6.8 agree with this; cells in

the priming zone of the adhesive mutant crypt do not exceed the Hath1 threshold.

Figure 6.8: Screenshots at t = 100h for crypts composed of (L-to-R): normal cells;
mutant cells with regular adhesion; mutant cells with elevated adhesion. These images
show the concentration of Hath1 rather than cell type. Colour scaling ranges from
17.0nM to 25.0nM to aid identification of cells expressing sufficient Hath1 to surpass
the secretory conversion threshold; cells shown in dark green lie below this threshold.

6.3.3 Comments

The crypt setting attenuates the biochemical response of mutant cells, producing less

aggressive behaviour than for the two-cell studies of Chapter 4. Although the Wnt

activity of neighbouring cells is not directly coupled, it is subject to a secondary form of

coupling owing to the subcellular crosstalk with the Notch pathway, which participates

in juxtacrine communication. Notch-Wnt crosstalk may therefore serve as a regulatory

mechanism in the crypt, in which the local averaging processes characteristic to the

Notch pathway serve to guard against perturbations to the Wnt system.



CHAPTER 6. CLINICAL TREATMENTS 193

It would be interesting to see whether this behaviour persists after enhancement

of the Wnt submodel. The novelty of our Notch-Wnt crosstalk model (using only 5

components in the Wnt system) demanded a simpler approach in Chapter 3; however,

it may be that this level of reduction misses some of the subtleties required to produce

a more aggressive mutant phenotype in a multicellular setting. Several more detailed

models of the Wnt signalling pathway already exist, including those of Lee et al. [161]

(15 components), van Leeuwen et al. [155] (11 components) and Kogan et al. [172]

(13 components), some of which have been used in crypt embeddings [175]. It would

be informative to couple these Wnt models to our Notch submodel to see whether the

attenuation effects persist.

Having explored the behaviour of mutant cells in our NWODE model, we now

progress to a study of CRC treatments, and examine the performance of two competing

therapies proposed for cell fate conversion in the colorectal epithelium.

6.4 Exploring Clinical Treatments

Notch-targeted therapies for CRC employ the pathway’s role in cell fate selection to

induce cell-cycle exit. This strategy aims to regain control of Wnt-aberrant cells by

inducing differentiation into mitotically inactive, secretory phenotypes, but achieves

this by modulating the activity of the Notch, rather than the dysregulated Wnt,

pathway. Although enforced differentiation does not kill the mutant cells, it inhibits

their propagation through the surrounding tissue, enabling containment of the tumour

and facilitating its eradication through either surgery or targeted radiotherapy.

High levels of Notch activity are associated with the maintenance of a mitotically

active state; conversely, the expression of Hath1 in a low-Notch state induces cell-cycle

exit and commitment to the secretory lineage. Possible strategies for forced selection of

a secretory phenotype include a reduction in the strength of the Notch signal through
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the cell, or an increase in the longevity of Hath1. Two clinical treatments have been

proposed to perform this forced selection:

• γ-secretase inhibitors reduce the activity of γ-secretase at the cell surface mem-

brane. Under normal conditions, γ-secretase performs a vital cleavage of the

Notch receptor, enabling its fragmentation and the transduction of the Notch

signal into the recipient cell by means of the NICD fragment. In the presence

of an inhibitor, γ-secretase cannot perform the cleavage and the Notch signal is

substantially reduced;

• Hath1 stabilisers reduce the decay rate of Hath1, thereby facilitating its accu-

mulation within the cell.

γ-secretase inhibitors have been shown to deliver substantial conversion of crypt

cells into secretory goblet phenotypes in the intestinal epithelia of mice carrying an

APC knockout [91]. Further studies of intestinal tumours in both mice and humans

suggest that γ-secretase inhibition is only effective for treating less aggressive tumours

and propose stabilisation of Hath1 as a more viable route for CRC therapy, because

this is downstream of the interactions between the Notch and Wnt pathways. [77].

Comparison of these two approaches in a computational setting should provide

timely and relevant insights into the clinical treatment of CRC. Our examination of

potential therapies in this chapter encompasses four distinct treatment strategies:

A No treatment;

B Application of Hath1 stabilisers;

C Application of γ-secretase inhibitors;

D Combined treatment: simultaneous application of B and C.
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Modification of Equations

Given the interference of γ-secretase inhibitors with the fragmentation of the Notch

receptor, we represent the effects of γ-secretase treatment through use of a multiplier

ρGSI ∈ [0, 1], applied to the evolution equations for N and F . Stabilisation of Hath1

is effected via the modifier ρHath ∈ [0, 1], applied to the Hath1 decay term in the

equation for Hath1 evolution.

These two treatments result in the following modifications to the Notch system

ODEs:

dN

dt
= −ρGSIµNN +

θ1D̄
m1

κm1
1 + D̄m1

,

dF

dt
= −µFF + ρGSIαfragµNN − α1B · F ,

dH2

dt
= −ρHathµH2H2 +

ξ5σ
n5
5

σn5
5 +Hn5

1

.

Discussion of these approaches in the literature focuses on their qualitative effects

upon crypt tissue, rather than a quantitative assessment of the extent to which the

associated reaction rates are altered. We adopt the expediency of selecting the largest

possible values for ρHath and ρGSI which still yield noticeable effects in the two-cell

systems of Figure 6.9 for separately-dosed therapies. This is analogous to a clinical

approach of dosing the patient with the smallest amount of drug that will deliver the

required effect, given the desire to minimise side effects in the patient [249].

Consequently we use the values ρHath = 0.5, ρGSI = 0.9 during our simulations to

implement dosing of Hath1 stabilisers or γ-secretase inhibitors respectively. Both val-

ues are adopted when representing a dual-treatment scenario, and we set ρHath = 1.0,

ρGSI = 1.0 when no treatment is being administered.

We apply some simplifying assumptions, namely that: the effects of dosing oc-

cur instantaneously on application of a treatment; that these effects remain constant
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throughout the dosing window; and that the dosing parameters return immediately to

their normal, non-dosing values on removal of the treatment. Although the pattern

of treatment could take many different forms – including intermittent dosing, alter-

nation of treatments and variation in the length of the dosing and recovery windows

– we focus only on the constant case here. The more complicated regimes would be

more useful in a clinical setting, but the simple, single-dosing window scenario is a

necessary starting point for our investigations, and provides the foundation for more

sophisticated extensions in the future.

6.5 Two-Cell Studies

Before studying the effects of γ-secretase inhibition and Hath1 stabilisation within the

crypt environment, we present some two-cell studies in which the first cell of the pair

is healthy and the second is either healthy, a single-hit mutant or a two-hit mutant

according to the phenotypes outlined in Section 6.2.

In each case, the ODEs for the cell pair are solved for the first 16 hours without

any treatment; treatment is applied continuously for the next 8 hours; and the cellular

response is monitored after the end of the treatment window for a further 16 hours.

Results for the therapies B, C and D are shown in Figure 6.9. Each cell pair in these

simulations starts from typical crypt concentrations at W = 0.5, and is set off from a

homogeneous state. We note the following observations:

Mutant cells are less susceptible to treatment: Expression of Hath1 is always

higher in the healthy cell; elevated concentrations of β-catenin in the mutants

enable them to upregulate Hes1 and suppress Hath1. This biochemical rewiring

renders the mutant cells less susceptible to the effects of the treatments than their

healthy counterparts. One would anticipate crypt-wide dosing to have profound

effects on the healthy cells in the intestinal epithelium.
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Figure 6.9: Investigation of clinical treatments in a two-cell pair, shown for W = 0.5.
The top graph set shows the effects of Hath1 stabilisation; the middle set depicts the
response to γ-secretase inhibitors; and the lower set is for a combination of the two.
Simulations start from homogeneous crypt initial conditions, as listed in Table A.5.
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Downstream intervention is more effective: Dosing with Hath1 stabilisers ap-

pears to maintain the elevation of Hath1 expression throughout the dosing win-

dow; however, γ-secretase inhibitors prove more effective at the start of treatment

than towards the end. This may be due to the crosstalk between the Notch and

Wnt pathways, which occurs downstream from the point of action of γ-secretase

inhibitors. Reduced production of NICD lowers the amount of binding between

β-catenin and NICD, thereby leaving more β-catenin available for direct binding

with the Hes1 promoter.

Combination therapy has a synergistic effect: Combination of the

treatments yields a synergy, and proves the most effective way to force differ-

entiation of the mutant cell. Combined treatment induces a significant increase

in the Hath1 expression of the mutant and healthy cells, and although there is

some fall-off in expression towards the end of the dosing window, the absolute

Hath1 concentrations in the mutant cell represent a two-and-a-half- to three-fold

increase during the dosing window, compared to the effects of either of the single

treatments.

The observations for the two-cell case are encouraging as regards the apparent syn-

ergy between Hath1 stabilisation and γ-secretase inhibition. It remains to investigate

whether cells in the crypt environment display a similar response.

6.6 Crypt Implementation

The NWODE framework presented in Chapter 5 was shown to offer a means of sim-

ulating robust patterning and consistent cell proportions in a healthy crypt. We have

seen in Sections 6.2 and 6.3 how the framework can be extended to accommodate mu-

tant cells. However, studying the effects of clinical treatments introduces new ranges

of cellular behaviour, which necessitate minor extensions to the model.
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Hath1 thresholding: The secretory conversion threshold H2 = 17.0nM is retained

for the priming region of the crypt. However, treatments B–D induce higher

expression of Hath1 than in a healthy crypt and so we impose forced differen-

tiation to the secretory phenotype for any cell in the transit or priming regions

whose Hath1 concentration satisfies H2 > 28.0nM1.

Dosing windows: All crypts are initially run for 100 hours of simulation time to

ensure attainment of dynamic equilibrium; this period is not recorded in the

results. Data collection begins after this point, which we term t = 0h, when a

region of mutant cells is introduced into the crypt. The system evolves sponta-

neously for 16 hours, during which time all mitotically active cells in the crypt

divide once on average. Treatment commences at t = 16h and continues until

t = 24h. Each simulation progresses through a post-dosing ‘recovery period’ af-

ter the treatment is removed, until the end of simulation at t = 40h. The use of

an eight-hour dosing window is compatible with known half-lives for γ-secretase

inhibitors, which range from t1/2 = 0.6hrs to t1/2 = 15hrs [250, 249].

All other features of the crypt implementation remain as described in Chapter 5. The

basic pattern of equilibration – mutant growth window – dosing window – recovery

window described in Section 6.3 is applied to all simulations in this study. All results

presented here represent mean values taken over all 100 simulations in a given class.

Assessment Criteria

As discussed in Section 6.4, the objective of these treatments is to halt the progress

of, rather than kill, the tumour cells. Our assessment of which treatment is ‘best’ is

therefore measured according to the following criteria:

• How successful is the treatment at converting tumour cells to a secretory fate?

1This value has been selected following the NWODE threshold variation results from Section 5.11.
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• To what extent do cells retain this cell fate conversion?

• How does the therapy affect the progression of tumour cells through the crypt?

We assess these criteria by tracking the relative numbers of transit, secretory and

absorptive cells in the healthy and mutant populations at each stage of the treatment

process, and also gather data pertaining to the height and spread of tumour cells

through the crypt. Where appropriate, these metrics are also compared against the

outcomes in a healthy crypt. Our criteria thus established, we now evaluate our results

and identify the main features of crypt behaviour in response to the four treatments.

6.7 Mutant Phenotype with Regular Adhesion

Simulations of mutant patches and whole-crypt mutation in Section 6.3 have pro-

vided valuable insights into the movement of tumour cells through the crypt. Models

involving elevated adhesion provide a closer approximation to the biological reality;

however, models endowing tumour cells with normal levels of adhesion allow us to

observe the cell fate response arising purely from altered biochemistry. Our initial

clinical simulations therefore focus on this approach.

The spatial location of tumour cells within the crypt at the start of dosing strongly

influences the interpretation of results. In particular, the NWODE model assumes

fixed cell fate within the differentiated region; only cells in the transit and priming

regions are susceptible to cell fate conversion. Observations of the crypt response fall

into one of two categories: first, the direct effect of the clinical treatments on mutant

cells; secondly, indirect effects on the mutant patch arising from cell fate response of

healthy cells, which affects the mitotic pressure exerted by lower crypt regions.

The screenshots of Figure 6.10 show the response of a low patch with regular

adhesion, to treatments A – D; the mean height of the centroid and vertical bounds of

the patch in both high and low cases are shown in Figure 6.11. The lower half of the low
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Figure 6.10: Screenshots of the cell type response to treatments A – D, for the low
patch case with regular adhesion. Colours represent transit cells (dark blue), ab-
sorptive cells (peach) and secretory cells (red), with mutant cells shown in pale blue.
Mutants can undergo cell fate switching in response to clinical treatment: their phe-
notypes are not depicted but are discussed in the graphs of Figures 6.13 and 6.14.
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Figure 6.11: Mean transit of regular mutant patches through the crypt during the
pre-dosing (0− 16h), dosing (16− 24h) and recovery (24− 40h) windows. Solid lines
indicate the position of the highest and lowest mutant cells; the dotted line indicates
the height of the centroid of the mutant population.
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patch lies within the priming region at t = 16h, whereas the high patch is completely

in the differentiated zone. Results for the high patch are therefore more indicative of

the response of healthy, rather than tumour, cells to the clinical treatments.

Inhibition of the Notch Signal Yields Short-Term Effects

γ-secretase inhibition delivers only short-term cell fate conversion. The graphs of

Figure 6.12 show a faster initial response to dosing with γ-secretase inhibitors than

with Hath1 stabilisers; however, this response is short-lived and the extent of secretory

conversion falls sharply before the end of the dosing window.

This may be due to the feed-forward loop upstream of the β-catenin-Hes1 crosstalk

hub. β-catenin can upregulate Hes1 directly, by binding to the promoter in Step

14 of Figure 3.1, or indirectly, by forming an intermediate with NICD in step 3 .

Impairment of the Notch signal reduces the formation of NICD; this reduces β-catenin-

mediated regulation by the indirect route and yields a short-term reduction in the

transcription of Hes1, resulting in cells’ temporary conversion to a secretory phenotype.

However, reduced β-catenin-NICD binding increases the levels of β-catenin available

for direct upregulation of Hes1; the feed-forward motif therefore serves to counteract

small perturbations in the Notch signal. Future studies might examine whether the

Hes1 autoinhibition motif (Step 5 of Figure 3.1) also contributes to this response.

Such behaviour is also visible on the screenshots of Figure 6.10; series C for γ-

secretase inhibition converts most cells in the priming region by the middle of the

dosing window, but these revert to absorptive type before the end of dosing. By

contrast, series B for Hath1 stabilisation demonstrates scattered conversion across the

transit and priming regions throughout the dosing window, although this conversion

is reversed upon removal of treatment. Hath1 is downstream of the crosstalk hub, so

interference at this point is less susceptible to effects from the feed-forward loop.

Although these results pertain largely to healthy cells, the same behaviour is also



CHAPTER 6. CLINICAL TREATMENTS 204

Figure 6.12: Mean timecourses for the number of secretory cells in the crypt pop-
ulation, shown for (upper) a low-placed, and (lower) a high-placed mutant patch;
both produce near-identical profiles. Mutant cells have regular adhesion levels in both
cases. Results are shown for the four treatment strategies A–D over the course of the
pre-dosing (0− 16h), dosing (16− 24h) and recovery (24− 40h) windows.
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Figure 6.15: Mean total of mutant cells in the crypt population over the course of the
pre-dosing (0− 16h), dosing (16− 24h) and recovery (24− 40h) windows.
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evident for small numbers (20 − 25) of tumour cells in the low patch, as can be seen

from the bar graphs of Figure 6.13. Mutant conversion does not occur in the high

patch case (Figure 6.14), owing to its location in the crypt at the time of dosing.

Hes1 Activity Shapes the Recovery Dynamics

The upstream nature of γ-secretase inhibition is also responsible for the oscillations

of the number of secretory cells during the recovery period, in treatments C and D

(see Figure 6.12). These are due to the increase in, and subsequent equilibration of,

the Notch signal after the γ-secretase inhibitors are removed. These oscillations are

similar to those depicted in Figures 4.12 and 4.13 of Chapter 4, and are produced by

the autoregulation of Hes1. Hath1 stabilisation does not interfere with Hes1 regulation

and so does not produce similar post-dosing oscillations.

Synergy Between γ-secretase Inhibition and Hath1 Stabilisation

Combination treatment inhibits the fall-off of γ-secretase inhibition during the dosing

window; the graphs of Figure 6.12 suggest that secretory conversion persists for longer

following the combined treatment. Indeed the mutant cell totals for the ‘low patch’

results of Figure 6.15 suggest that, although each of treatments B, C and D slows

mutant population growth compared to the untreated case A, only the combined

treatment induces complete mitotic arrest of tumour cells throughout dosing.

Combined Treatment Converts Both the Transit and Priming Regions

Observations of the pattern radius estimates (data not shown) at the end of the dos-

ing window indicate a small lengthscale (< 0.5 cell diameters) for the secretory cell

distribution in the lower crypt when using the combined treatment, suggesting sub-

stantial conversion of the transit and priming regions. By comparison, the estimate

for treatment B lies at around 1.0−1.5 cell diameters, suggesting a less comprehensive
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conversion.

Combined Treatment Increases Mutant Retention

One caveat for the combined treatment is the greater retention of mutant cells in the

crypt, owing to the mitotic arrest of both healthy and mutant cells. Indeed, the final

bar graph of Figure 6.13 indicates the presence of tumour cells in the transit region of

the crypt at the end of the recovery window for treatment D. This is not the case for

any of the other therapies.

This outcome is due to the efficiency of the combined treatment at forcing secretory

conversion, and hence cell-cycle exit. Wholesale conversion of healthy cells in the

transit and priming regions completely removes the mitotic pressure which usually

forces cells up the crypt. This enhances the retention of aberrant cells within the crypt,

which continue to propagate after the effects of the dosing have subsided. Careful

management of the post-dosing period would be required, either by removal of the

tumour cells while still in the secretory state, or use of repeat dosing to maintain their

mitotic inactivity.

Certainly this finding motivates future work on the length and nature of the dos-

ing window, and suggests that the investigation of mutants with increased adhesion

presented below is a useful next step in exploring the efficacy of clinical therapies.

6.8 Mutant Phenotype with Elevated Adhesion

We now incorporate mutant cells with increased adhesion levels into an otherwise

healthy crypt2. Case studies using regular adhesion offer insights into the behaviour

of healthy cells and also of mutants in the priming region; however, the increased

fixation associated with more adhesive tumour cells allows us to examine the response

2We retain the approach of Section 6.3 and adjust the drag parameter, µi, of mutant cells to ten
times its value in healthy cells.
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Figure 6.16: Screenshots of the cell fate response to treatments A – D, for a low patch
case with elevated adhesion. Colours represent transit cells (dark blue), absorptive
cells (peach) and secretory cells (red), with mutant cells shown in pale blue. Mutant
cells may also undergo cell fate switching as a result of the clinical treatment: mutant
phenotypes are not depicted but are discussed in the graphs of Figures 6.19 and 6.20.
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Figure 6.17: Mean transit of adhesive mutant patches through the crypt during the
pre-dosing (0− 16h), dosing (16− 24h) and recovery (24− 40h) windows. Solid lines
indicate the position of the highest and lowest mutant cells; the dotted line indicates
the height of the centroid of the mutant population.
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of mutants in the transit region of the crypt. The screenshots of Figure 6.16 depict

crypt evolution for clinical treatments A – D, for a low mutant patch with elevated

adhesion. These, and the centroid plots of Figure 6.17, confirm that this case spans

the transit, priming and differentiated regions at the start of the dosing window.

Therapeutic Intervention is More Effective Downstream of the Notch-Wnt

Crosstalk Hub

Adhesive mutants experience a similar recovery from interventions upstream of the

β-catenin-Hes1 crosstalk hub, as for their less adhesive counterparts: γ-secretase in-

hibition does not deliver lasting secretory conversion throughout the dosing window.

This is apparent in the secretory cell totals of Figure 6.18, in which γ-secretase inhi-

bition initially converts cells more quickly than the Hath1 stabilisation, before falling

sharply to a level not much above that of the untreated case.

Our finding that therapeutic intervention is more effective downstream of the prin-

cipal Notch-Wnt crosstalk hub also corroborates the experimental findings of Peignon

et al. [77], who question the use of γ-secretase inhibitors in isolation, owing to the

counter-effect of β-catenin-mediated regulation of Hes1.

Combined Therapy Enables Mutant Conversion in the Transit Region

Inspection of the mutant demographic for each stage of the four ‘low patch’ treatments

– summarised in the bar graphs of Figure 6.19 – demonstrates complete conversion

of all transit mutants throughout the dosing phase for the combined treatment. The

spatial summaries provided by Figures 6.16 and 6.17 confirm that the acquisition of

secretory cells at this point is the result of biochemical adjustment from the clinical

treatments, rather than the departure of mutants from the transit region. The high

patch cases summarised in Figure 6.20 cannot demonstrate this effect, owing to the

placement of the patch above the transit region at the start of dosing.
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Figure 6.18: Mean timecourses for the number of secretory cells in the crypt popula-
tion, shown for (upper) a low-placed, and (lower) a high-placed mutant patch; mutant
cells have elevated adhesion levels in both cases. Results are shown for the four treat-
ment strategies A–D over the course of the pre-dosing (0 − 16h), dosing (16 − 24h)
and recovery (24− 40h) windows.
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Figure 6.21: Total number of mutant cells in the crypt population over the course of
the pre-dosing (0− 16h), dosing (16− 24h) and recovery (24− 40h) windows.
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By contrast, the single-therapy treatments for the low-patch case do not convert

all transit mutants. This agrees with the regular adhesion case as regards the sustain-

ability of conversion: treatment B maintains a constant conversion throughout dosing,

but does not sustain this in the recovery window, while treatment C demonstrates an

initial surge in secretory conversion, which has already been curtailed by the end of

the dosing window. The elevated adhesion case confirms the synergy between the two

treatments initially observed in Section 6.7.

Combined Treatment Restricts Growth of the Tumour Cell Population

The strong mitotic arrest associated with the combined treatment completely halts

mutant proliferation (see the upper timecourses of Figure 6.21). Although the single

treatments deliver some reduction in the number of mutant cells compared to the

untreated case, the total number of tumour cells continues to rise throughout the

dosing period. The combined treatment, on the other hand, prevents any increase

in the mutant cell total throughout this window. Furthermore, the induced halt in

mutant cell proliferation has additional effects upon the recovery phase: crypts for the

combined treatment contain 35 − 40 fewer mutant cells at t = 40h on average than

crypts treated with individual therapies.

6.9 Conclusions

Development of the NWODE model to incorporate mutant cells, in some cases with

elevated adhesion levels, has enabled us to investigate the interplay between mechanical

and biochemical effects associated with the formative stages of colorectal cancer.
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6.9.1 Mutant Behaviour in the NWODE Model

Our assessment of mutant cell transit through the crypt is consistent with existing

studies [195, 176, 175] as regards the fixation of tumour cells within the crypt. Both

the relative adhesion and initial location of the mutant cells are important factors in

determining their persistence within the tissue. However, extension of the NWODE

model to include contact inhibition of proliferation would facilitate the modelling of

mutant cells with a high relative adhesion. Notably, the use of a coupled Notch-Wnt

ODE model in the subcellular embedding of the NWODE framework has allowed us

to extend the current literature, by examining the impact of mutation upon the inter-

play between proliferation and cell fate specification within the colorectal epithelium,

deriving cell types directly from the underlying biochemistry. Key findings include:

• Cell fate is subject to both biochemical and mechanical influences:

Cellular compression increases the number of cell neighbours; averaging processes

within the Notch system thus favour a low-Hath state and absorptive, rather than

secretory, cell types;

• Mutant cells can effect small-scale conversion of neighbours to an ab-

sorptive phenotype: Observations of mutant patch studies and whole-crypt

mutation indicate a weak tendency towards the formation of mitotically active,

absorptive cell types;

• The multicellular setting damps perturbations in Wnt: Biochemical

effects associated with mutant cells are less pronounced in the crypt than the

two-cell scenario. We hypothesise that the juxtacrine signalling of the Notch

pathway employs crosstalk to stabilise small perturbations in the Wnt system.

This may guard against less aggressive, low-level mutations in the Wnt pathway.

Refinement of the Wnt ODE submodel would be a useful extension and would allow

further exploration of the ‘biochemical regulation’ hypothesis described above.
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6.9.2 Evaluation of Clinical Therapies

The later studies of this chapter have exploited the subcellular detail of the NWODE

model to pursue clinically relevant, open hypotheses in the biological literature, as-

sessing the viability of two biochemical interventions in the Notch system as CRC

therapies. Our findings suggest cause for optimism as regards the prospects for treat-

ing CRC via the Notch, rather than the Wnt, pathway, but highlight the location of

intervention as a key factor in the extent and maintenance of the cell fate response.

Crosstalk between the Notch and Wnt pathways is instrumental in shaping the

tissue-level dynamics of the treatment response. Of particular note is the β-catenin/Hes1

crosstalk hub, the chief point of interaction between the two networks. The existence

of a feed-forward loop surrounding the hub, in which β-catenin can upregulate Hes1 ei-

ther directly or indirectly, allows the system to compensate for upstream interventions

and steer the biochemistry back to its prior state. This is consistent with theoretical

analyses of such motifs in the literature [239, 240]. Our key findings include:

• Downstream intervention is more effective: γ-secretase inhibitors reduce

the strength of the Notch signal upstream of the hub, by impairing fragmen-

tation of the Notch receptor. This temporarily reduces the Notch signal, but

β-catenin acts downstream to restore expression of Notch targets and so any

cell fate conversion is short-lived. By contrast, Hath1 stabilisers force secretory

conversion of the cell by enabling the accumulation of Hath1 downstream of the

crosstalk hub. The resulting cell fate conversion lasts for the duration of dosing;

• γ-secretase inhibitors and Hath1 stabilisers produce a synergistic ef-

fect: Combined application of both treatments delivers wholesale conversion of

the transit and priming regions of the crypt. This synergy completely halts ex-

pansion of the mutant population during dosing and reduces the growth of the

mutant population even after treatment has finished;
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• Combined treatment may aid retention of tumour cells: The efficacy of

the combined treatment at halting cell division, and hence removing the mitotic

pressure from the lower crypt, may assist the retention of tumour cells. This

localises malignancies but a suitable dosing regimen would need to be identified

in order to avoid further spread of the tumour cells after treatment is removed.

We have restricted our attention to patches of mutant cells in the treatment sce-

narios explored in Section 6.4, as these enable us to study the effects on the transit

of tumour cells, as well as any changes to their cell fate. Nonetheless, future work

may wish to apply the same treatments to individual crypts composed entirely of mu-

tant cells, such as those detailed in Section 6.3.2, or even to groups of interconnected

crypts, some of which are healthy, and some mutant: such clusters have already been

implemented computationally by Mirams et al. [247]. Such extensions would provide

a closer approximation to the polyp formation stage of CRC, in which the tumour

propagates via the fission of monoclonal, mutant crypts [62].

Our assertion that downstream intervention is more effective supports the hypoth-

esis of Peignon et al. [77] that any Notch-targeted CRC therapies need to consider the

location of the crosstalk hub, rather than just a reduction in the strength of the Notch

signal. To our knowledge, the synergy between the two treatments explored here has

not been reported to date in the literature, and therefore offers valuable possibilities

for further computational and experimental study in the future.



7
Conclusions

With the chief theoretical and computational studies now complete, we return to the

original, guiding questions of our thesis. How is the interplay between proliferation and

cell fate selection employed in the maintenance of a healthy crypt, and what role does

this crosstalk adopt during the process of CRC? We summarise the main contributions

of this work to the field, and outline potential avenues for further study, encompassing

mathematical, computational and biological disciplines.

Chapter Summary

Our Introduction asked whether the interaction between the pathways for prolif-

eration and cell fate selection could be employed to gain insights into the workings of

the attainment and maintenance of the healthy intestinal epithelium, and how such a

model might be used to identify targeted therapies for treating colorectal cancer.

The ODE realisation of the Notch and Wnt pathways presented in Chapter 3 offers

the capacity to study such questions, and has been applied successfully to both two-

cell scenarios and cell-based crypt environments in Chapters 4 – 6. It now remains

to summarise our key findings and predictions, and to outline the directions in which

this work could be extended through further experimental or theoretical endeavour.

221
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7.1 Findings and Insights

Theoretical and computational investigation of our ODE model in Chapters 4 – 6 has

identified some recurring themes relating to the interplay of Notch and Wnt processes.

Subcellular Behaviour

Wnt is largely an upstream regulator of Notch and exerts a stabilising influence upon

the Notch system, serving to dampen its characteristic oscillations. This behaviour

is borne out by chemical reaction network analyses, bifurcation analyses and two-cell

simulations. Discussion of the supporting evidence for our model in Chapter 3 also

highlighted the role of Hes1 as a key liaison between the two pathways: it is subject

to direct and indirect regulation by β-catenin and this facet equips the cell with a

means of self-regulation in response to chemical perturbation, as observed in the crypt

response to γ-secretase inhibitors in Chapter 6.

Indeed, any approach to treating CRC via forced differentiation methods should

consider the crosstalk between the Notch and Wnt pathways, and target interventions

at points downstream of the major β-catenin/Hes1 crosstalk hub. Once the down-

stream targets are guaranteed, addition of upstream targets can be used to improve

the efficacy of conversion.

Tissue-Level Modelling

We have also gained insights into how Notch and Wnt processes can be modelled at

the tissue scale: the ODE embedding provided by the NWODE model offers robust

pattern generation and is less sensitively dependent upon the initial conditions of

simulation. Without further extension, the rule-based model of Buske et al. [5] lacks

the capacity for detailed biochemical studies and is prone to clustering of primary fate

cells in the mid-crypt, which is an artefact of the summation of discrete activity states
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employed by the framework.

Prediction Challenges

The range of insights yielded by our model has generated some testable predictions

for exploration by the biological community. These indicate how the ODE model and

its associated crypt embedding could be used to guide future experimental work.

TESTABLE PREDICTIONS

• Chapter 4: Blocking the direct binding site for NICD on the Hes1 promoter

should eradicate oscillations in the Notch system;

• Chapter 4: Stronger binding between β-catenin and NICD should attentuate

the response of the Wnt system to extracellular stimuli;

• Chapter 5: Secretory goblet cells in the intestinal epithelium should appear

approximately 2.2 cell diameters apart and yield a dispersed Ripley H-Value

of −0.4 in the upper crypt;

• Chapter 6: Treatment of CRC in a crypt with a combination of Hath1 sta-

bilisers and γ-secretase inhibitors should induce cell-cycle arrest throughout

the crypt and effect 60− 70% conversion to a secretory phenotype.

7.2 Future Work

Our work in this thesis poses many questions and challenges in areas biological, math-

ematical and computational. We summarise the main points here as proposed avenues

for future work.
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7.2.1 Biological Extensions

The testable predictions stated in Section 7.1 already provide excellent subjects for

further biological work. Nonetheless, one of the main problems for a computational

biologist is the relative paucity of data with which to parametrise and validate math-

ematical models. This motivates the following ideas for further experimental study:

Parameter Estimation

We would hope that the potential demonstrated by our Notch-Wnt model and sub-

sequent crypt embedding could provide the stimulus for a thorough investigation of

its parameters in a single, human intestinal, cell line. Nonetheless, there are inherent

difficulties associated with this, because cell lines from healthy human intestinal tissue

do not typically yield stable cultures in vitro. At present, our Notch-Wnt model relies

upon data drawn from human, murine, rat and frog cell lines. Further experimental

work should seek to reduce the number of parameter estimates taken from non-human

or non-intestinal cell lines, and to minimise the use of data fitting procedures to esti-

mate unknown parameters.

Crypt Imaging

The comparative study presented in Chapter 5 provides an assessment of the spacing

of secretory goblet cells in the crypt. Although the Ripley metric enables a comparison

between computational models, it is difficult to assess how well these outputs capture

the spacing observed in vivo. Existing sources in the biological literature focus on a

qualitative, rather than quantitative, assessment of the cell distribution.

If good-quality stills of crypts could be obtained, the images could be sharpened and

the coordinates of individual goblet cells determined using image processing software,

e.g. Matlab’s Image Processing Toolbox. These coordinates could then be used to

estimate the Ripley H-Value for secretory cell distribution, thus providing a benchmark
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against which the performance of the computational representations could be assessed.

Such imaging work would require the use of mucin staining to detect the goblet

cells, with light microscopy used to produce the stills. Careful staining and fixing would

be required, to avoid distortion of the crypt and to ensure that the stained secretory

cells lie in the same tissue plane. In vitro crypt organoids, of the kind cultured by

Ootani et al. [2] and Sato et al. [1], may prove a viable means of obtaining such data

from individual crypts and would reduce the tissue preparation artefacts associated

with samples obtained in vivo.

7.2.2 Mathematical and Computational Extensions

Although our Notch-Wnt ODE model in its present form has a good capacity for

exploring crosstalk of the two pathways, extensions of either submodel could extend

this capacity still further.

Notch Model Development

The prominence of the β-catenin/Hes1 crosstalk hub in shaping the system dynamics

may justify further refinement of this area of the model. A great deal of the literature

discussed in Section 2.1.4 could provide inspiration for this. For example, the addition

of Hes1 mRNA and Hes1 dimerisation could enable closer matching of the amplitude

and timescale of oscillation against the data of Hirata et al. [142] and permit more

detailed studies of activity around the Hes1 promoter. Alternatively the system could

be realised as a series of delay differential equations, as in Monk [143].

Wnt Model Development

Reappraisal of the Wnt model would bring two major benefits: first, a reduction in

the reliance upon data fitting to obtain the form of ΨW,A; secondly, an increase in the

versatility of the ODE system by expanding the range of mutants and therapies which
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it can represent. The attenuation within the crypt setting of the β-catenin response

of APC mutants in Figure 6.1 may be partly a consequence of the minimality of our

Wnt model. The inclusion of more nuanced interactions between the components of

the destruction complex may be needed to model a more aggressive phenotype.

The model of Lee et al. [161] includes details of the APC, Axin and GSK subunits

as well as their phosphorylation states; extension of our Wnt model to include some of

these elements might inform as to which are vital parts of the tumourigenic response.

Alternatively, our Wnt submodel could be extended to address non-canonical branches

of the pathway, such as the cadherin-binding arm associated with intercellular adhesion

(as, for example, in the ODE model of van Leeuwen et al. [155]); such extensions could

also facilitate the modelling of contact inhibition within the NWODE crypt framework.

Parameter Investigation

An in-depth analysis of parameter space would prove beneficial, either with or without

the above refinements to the Notch-Wnt ODE system. Examples of possible methods

to consider for exploring or sampling the response across global parameter space in-

clude Gaussian process modelling [251, 252], or Latin hypercube sampling allied with a

correlation coefficient [253]. These refinements of the parametrisation approach would

represent considerable improvements on the methods described in Chapter 4.

7.2.3 Further Studies

Application of our model to two-cell studies in Chapters 4 and 6 and to a multicellular

crypt setting in Chapters 5 and 6 has also raised many interesting questions about the

underlying biology our model aims to capture:
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Dosing Strategies for Combined Therapy

Simultaneous dosing of Hath1 stabilisers and γ-secretase inhibitors proved the most

effective method for enforcing secretory conversion of APC-mutant crypt cells in the

studies of Chapter 6. However, its efficacy at the fate conversion of both healthy

and mutant cells removes mitotic pressure from the crypt and may therefore aid the

retention of tumour cells after the dosing period. These studies could be extended to

determine the effects of alternative dosing patterns – such as intermittent or prolonged

dosing – upon the localisation of tumour cells within the crypt.

Cancer Stem Cell Hypothesis

The two-cell experiments depicted in Figure 4.16 examine the behaviour of a mutant

cell with a ‘hyperstimulated’ Wnt phenotype. This mutant cell produces a more

exaggerated response to local Wnt levels than a corresponding healthy cell. This

mutant phenotype displays an ability in two-cell simulations to force elevated Hes1

expression in a neighbouring healthy cell, which would typically maintain the healthy

cell in a mitotically active state. This merits further attention through multicellular

studies, as it may indicate that the Cancer Stem Cell Hypothesis is an emergent feature

of our ODE model.

Control of the Hes1 Promoter

Chemical network analysis, along with the two-cell studies of Chapter 4 and the crypt

experiments of Chapter 6, has highlighted activity around the Hes1 promoter and

the β-catenin/Hes1 crosstalk hub as a key influence upon the dynamics of subcellular

processes and tissue-level behaviour. In particular, the relative strengths of Steps

4 and 14 upon the Hes1 promoter have been shown to determine the driving or

damping of oscillations in the Notch system. Given that the proof-of-concept study

of Chapter 6 has made the case for the utility of our embedded Notch-Wnt crypt
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model as a testbed for biological and clinical questions, a study of the crypt-wide

effects of manipulating Hes1 promoter activity is feasible and could provide insights

into how spatial constraints in the crypt influence Notch-Wnt crosstalk. In addition,

the simulated application of Wnt inhibitors could yield some valuable insights into the

role of spatial variation of Wnt upon Wnt- or β-catenin-mediated regulation of the

Hes1 promoter.

7.3 Closing Remarks

The research presented in this thesis offers several new developments in intestinal crypt

modelling and the study of colorectal cancer:

First, by its coupled representation of two major cell processes. Historically, math-

ematical models for the Notch and Wnt pathways have largely focused on either one

network or the other, examining typical ‘Notch function’ or typical ‘Wnt function’,

rather than a combination of the two. By contrast, our ODE model of Chapter 3

has been developed specifically to examine the effects of pathway crosstalk and so

delivers a joint perspective on proliferation and cell fate specification. It could there-

fore be applied to a broad range of situations in both oncogenesis and developmental

biology, from studies of tumour cells in intestinal tissue to the modelling of de novo

cryptogenesis [1, 2].

Secondly, by its approach to quantifying cell dispersal. Notch-driven cell fate

selection is a highly spatial process, yet the metrics of existing studies fail to take this

into account. Our use of statistical measures such as the Ripley H-Value represents

an advance in accurately measuring the spatial output of models for cell fate selection

and should facilitate experimental validation of cell fate models in the future.

Thirdly, through its creation of a computational test-bed for exploring multiscale

effects of the Notch and Wnt pathways in the intestinal crypt. At present the main
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example of Notch-Wnt enabled crypt framework in the computational literature is

that of Buske et al. [5], with its simple, rule-based representation of pathway activity.

Our ODE-based crypt embedding permits the study of subcellular scale phenomena in

crypt tissue and hence enables the study of a broader range of biological questions. It

has also been shown in Chapter 5 to possess a more consistent patterning mechanism,

less dependent upon initial conditions than that of Buske et al.

Finally, in its exploration of clinically relevant hypotheses. The mechanisms of

Notch-Wnt crosstalk have raised many questions in the experimental literature about

therapeutic Notch-Wnt control in oncogenesis. The putative CRC treatments explored

in Chapter 6 have corroborated current lines of biological thought [77] and identified

potential routes – and challenges – for development of successful CRC therapies.

And Finally

It must of course be remembered that the Notch and Wnt pathways are but two parts

of a highly intricate biochemical network within the cell. The models presented here

aim to capture what we believe to be the salient points as regards the depiction of

cellular proliferation and differentiation.

Further adaptation of our model and crypt framework offers the potential to guide

experimental direction for countless other unanswered questions, and to open up ex-

citing new avenues of thought in the future, as we attempt to comprehend the nuanced

roles of proliferation and cell fate selection in an organic system of such formidable

complexity.
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A
Model Parameters

We present a full list of parameter values for the ODE model of Chapter 3, along with

further details of the sensitivity analysis used in Chapter 4.

Appendix Summary

In Chapter 3, we presented a new ODE model for studying Notch-Wnt crosstalk.

Dimensional values for all parameters, along with the references used as data sources,

are shown in the following tables:

• Half-lives and decay rates: Table A.1;

• Hill parameters: Table A.2;

• Hyperbola parameters: Table A.3;

• Other parameters: Table A.4;

• Initial conditions: Table A.5.

Suitable experimental data are not currently available for all of the rate constants

in our model. Where appropriate data were lacking, a parameter estimation was per-

formed as described in Sections 4.3.2 and 4.3.3; numerically fitted values are indicated

by a ‘PF ’.
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Variable Description Two-cell ICs Crypt ICs

(nM) (nM)

N Membrane-bound Notch receptor 0.5 0.5 (r)

F Notch Intracellular Domain (NICD) 0.5 0.5 (r)

H1 Hes1 0.5 0.5 (r)

P Ngn3 0.5 0.5 (r)

D Delta ligand 0.5 0.5 (r)

H2 Hath1 0.5 0.5 (r)

G GSK3β 30.0 49.84

C Destruction complex 25.0 0.67

B Active β-catenin 9.0 140.17

A Axin 27.0 1.29

I1 Intermediate 1 (NICD/β-catenin) 0.5 0.5 (r)

I2 Intermediate 2 (GSK3β/β-catenin) 30.0 0.0033

Table A.5: Initial conditions (ICs) for the variables in the dimensional Notch-Wnt
ODE model of Chapter 3. Except where stated otherwise, all two-cell simulations
start from the concentrations in the penultimate column. Motivation for these values
is described in Section 4.3. Crypt simulations adopt the concentrations of the final
column; these are based upon original observations of the Wnt-system steady state in
a crypt setting, for Wnt stimulus W = 1. An (r) indicates randomisation around the
stated value, within a tolerance of ±5%

A.1 Parameter Sensitivity Analysis

The parameter sensitivity analyses of Chapter 4 were performed using the Systems

Biology Toolbox, an add-on kit for Matlab. Results from the preliminary sensitivity

analyses, which were used to create a priority ordering of the parameters for the

fitting procedure, are shown in Figures A.1 and A.2. The information provided here is

intended to supplement the descriptions provided in the main text; sensitivity analysis

is discussed within the context of the parameter fitting as a whole in Sections 4.3.2

and 4.3.3.
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Sensitivity Equations for Hes1 Oscillation Analysis

Parameter fitting for the Notch system uses the two-hour Hes1 oscillation period,

measured experimentally by Hirata et al. [142], as the target data. The parameter

analysis for the Notch system therefore calculates the sensitivity of this oscillation

period to changes in each of the parameters. The sensitivities shown in Figure A.1

have been generated using the dimensional Notch submodel, defined by Equations

(3.3) – (3.9).

The sensitivity, Sp, for the Hes1 oscillation period with respect to an individual

parameter p is calculated using the following formula:

Sp =
|T (p+ δp)− T (p)|

δp

where δp is the incremental change in the parameter p and T (p) is the Hes1 oscillation

period for the given parameter set using parameter p. This is converted into the

normalised sensitivity index, NSp, by

NSp =
p

T (p)
× Sp

Normalised sensitivity indices for the Notch model are shown in Figure A.1.

Sensitivity analysis of the Hes1 oscillation period yields the following parameter

ordering, with parameters listed in order of decreasing oscillation period sensitivity:

κ7, θ1, αfrag, ξ3, θ4, µH1 , ξ2, µN , α1, κ4, µP , ξ5, µF , σ5, µH2 , σ2, µI1, µD, κ1, σ3, κ2.

Sensitivity Equations for β-catenin Steady-State Analysis

In contrast to the Notch system, the Wnt model does not exhibit oscillations and so

its parameter analysis measures the sensitivity of the β-catenin steady state value,

B∗, to changes in each of the parameters. Datapoints from the β-catenin timeseries of
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Hernandez et al. [167] are used as the target data. The sensitivities shown in Figure

A.2 have been generated using the dimensional Wnt submodel, defined by Equations

(3.10) – (3.14).

The sensitivity, Sp, of the β-catenin steady state B∗ to a given parameter p is

defined by:

Sp =
|B∗(p+ δp)−B∗(p)|

δp

where δp is the incremental change in the parameter p. This is converted into the

normalised sensitivity index, NSp, by

NSp =
p

B∗(p)
× Sp

Normalised sensitivity indices for the Wnt model are shown in Figure A.2.

Sensitivity analysis of the β-catenin steady state yields the following parame-

ter ordering, with parameters listed in order of decreasing steady-state sensitivity:

α4,W, µB, µA, µG, µC , κ6, µI2 , α3, α2, α5, θ6.
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B
Point Dispersal Measures

The study of cell fate patterns in biological tissues requires us to observe the number

and spatial distribution of a range of cell types. Here we explore two methods for

measuring point dispersal on two-dimensional cell monolayers: Ripley’s H-statistic and

an O-measure pair correlation function. The runtime and accuracy of these methods is

compared over three different cell-based tissue models, and the metric outputs analysed

for static (non-dividing) and dynamic (mitotically active) scenarios.

Appendix Summary

Full characterisation of cell fate dispersal within a biological tissue requires two

pieces of information: first, the total count of each cell type; secondly, the distribution

of each cell type throughout the region of interest. The first of these is generally trivial

to ascertain in computational simulations; however, the second is a more complicated

statistic, requiring knowledge of the spatial location of cells of a given type and their

relative positions to one another.

Point dispersal analyses are required in Chapters 5 and 6 in order to quantify

the effects of Notch-Wnt crosstalk upon cell type distributions in a tissue domain.

In anticipation of this, we now develop and analyse methods for measuring cell fate

distributions in two-dimensional cell monolayers. Section B.2 introduces two candi-

date metrics, namely the Ripley measure and the pair correlation function (PCF). A

241
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performance analysis on static monolayers in Section B.2.4 yields insights into the rel-

ative merits of each method, provides experience in the interpretation of each metric

in the context of a simulated tissue and explores their runtime on a variety of types

of tissue model. Our study of point dispersal measures culminates in simulations of a

dynamically growing, cylindrical crypt in Section B.4, which enables us to show how

the output of the Ripley measure can provide valuable information about the changing

lengthscale and character of cellular patterning over the course of a simulation.

B.1 Subcellular Model

Throughout this Appendix, we represent cellular Notch activity using the model of

Collier et al. [125], which provides a simple ODE representation of lateral inhibition

in Delta-Notch signalling. This ‘Collier model ’, described in Section 2.1.1, provides a

robust mechanism for cell fate selection which is easy to implement for the purpose of

testing our point dispersal metrics.

Equations (2.1) and (2.2), along with a simple, stochastic depiction of proliferation,

therefore constitute our model for Notch and Wnt activity throughout this chapter.

Here, these two ‘pathways’ (inasmuch as this simple representation of proliferation

can be so considered) are biochemically decoupled. Except where stated otherwise, all

simulations use the standard parameters listed in Table 2.1.

The cell cycle model employs a simple, phase based framework provided in Chaste,

the SimpleWntCellCycleModel. In this representation, the cell cycle is partitioned

into four phases: M , G1, S and G2, as shown in Figure 1.7. During Chaste simula-

tions, the cell cycle model is initialised and its phase lengths assigned to an individual

cell at its point of birth. The M , G2 and S phases are given predetermined, con-

stant values (1, 4 and 5 hours respectively), while the G1 phase length is variable,

being determined by a random number generator on the normal distribution N(2, 1),



APPENDIX B. POINT DISPERSAL MEASURES 243

truncated to exclude negative and very small values.

In this simple model, cells are assumed to lie in a predefined chemical gradient

of the extracellular factor Wnt and can detect the local concentration to which they

are subjected. If the local Wnt concentration exceeds a certain threshold, cells can

cycle and proliferate; otherwise they adopt a differentiated phenotype and do not

undergo mitosis. Individual molecular entities in the intercellular Wnt pathway are

not depicted in this model. Specific parameters governing the Wnt concentration are

specified in Section B.4.1 when outlining conditions for the dynamic simulations.

B.2 Point Dispersal Metrics in Two Dimensions

Qualitative assessment of cell patterning has been well studied in the mathematical

literature, including the juxtacrine signalling mechanisms exhibited by Notch [125,

131, 134]. Analytic methods usually identify the dominant patterning mode(s) of

such systems [131] and assess their stability [126]. Deviations from the global pattern

remain difficult to analyse however, and their study demands statistical, rather than

mathematical, analysis.

Suppose we have a series of cells lying in a tissue domain Ω, each cell expressing

a certain amount of protein, p, which induces differentiation into cell type T when

p ≥ pthreshold. If we are interested in how cells of type T are distributed within Ω, we

need to identify the ‘threshold cells’ for which p > pthreshold and provide a numerical

assessment of their spatial dispersal or clustering.

The quantification of local defects in a pattern rests on the measurement of spa-

tial correlations of point dispersal and/or clustering. This requires so-called second

order statistics, which assess the distribution across the tissue domain (or a subsec-

tion thereof) of distances between pairs of threshold cells. The two main statistical

techniques of this kind are the pair correlation functions (PCFs) [259] and Ripley’s



APPENDIX B. POINT DISPERSAL MEASURES 244

measures [246], which we shall describe in Sections B.2.1 and B.2.2. An example of

pattern length detection using these methods is depicted in Figure B.1, along with

images of the cellular pattern at different stages along the timecourse.

The advantages and disadvantages of Ripley measures and PCFs are discussed at

length in the review by Wiegand et al.[260], along with suggestions for their numerical

implementation. In the interests of selecting an appropriate method for use in our

own studies, we now proceed to a comparison between the two methods. For clarity

we describe only the two-dimensional version of these methods here.

B.2.1 Ripley’s Values

Ripley’s K-value is a statistical estimator which analyses the locations of events in

two-dimensional space and contrasts this with the dispersal associated with a fully

random (Poisson) distribution [246]. Ripley’s K-value is defined as

K(r) =
A

N

∑
i

∑
j 6=i

w(i, j)I(dij < r)

N
, (B.1)

where A is the area of the study region Ω, N is the observed number of threshold

points (cells) and both summations are taken over the set of threshold cells in Ω (the

summation over j excepting the cell of interest, i). I represents an indicator function,

denoting whether the distance dij between points i and j is less than the Ripley radius

r. Finally, w(i, j) is a weighting function: given a circle C with centre i and radius

dij , w is the reciprocal of the proportion of the circumference of C that lies within the

domain of interest Ω. An example of this construction is shown on the left-hand side

of Figure B.2. This weighting serves to mitigate edge effects in the calculation and is

described in full in Section B.2.3. K has been shown to be an unbiased estimator of

point dispersal [246].

The construction of the Ripley K-Value as a comparison against a Poisson process,
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Figure B.1: Evolution of the pattern radius estimate on a node-based monolayer; cells
are coloured on a scale of dark blue to dark red, low-to-high according to their Delta
concentration. The four images depict the development of a pattern of primary fate
cells, from random initial conditions. Initially, primary fate cells have yet to form and
so the pattern radius is zero. By 40h some primary fate cells have formed and the
radial assessment jumps from zero to 1.8, where it remains as the pattern continues
to develop.
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along with its circular weighting topology, intuitively yields an expected value of πr2.

Linearisation of the K-Value produces the Ripley L-Value, defined as

L(r) =
√
K(r)/π . (B.2)

This transformation serves to remove the dependence upon the scale of the domain,

whilst also stabilising the variance [260, 261]. Normalisation of the L-Value yields the

Ripley H-Value, with expected value zero:

H(r) = L(r)− r. (B.3)

Consequently, H(r) ∈ [−1, 1], where positive values of H(r) indicate point cluster-

ing over spatial scale r: that is, there are more points in the locality than would

be expected from a random pattern. Negative values, on the other hand, represent

dispersal : fewer such points than might be expected.

Ripley Catchment Zone

Use of a circular topology for the Ripley catchment zones can cause the measure to

confound small- and large-scale effects [262, 263]. Ripley’s values are therefore recom-

mended for use in studying small-distance phenomena, where this accumulation effect

is reduced [260]. The Ripley H-Value provides a measure of clustering or dispersal,

and consequently does not directly yield a pattern length scale.

Much attention has been given to translating the behaviour of Ripley H-Values of

a range of r into a conclusion about the characteristic pattern radius across a domain

[260, 264]. Several studies take the maximum value of H(r) over a given range of Ripley

radii as the characteristic radius [265, 266, 267]. The accuracy of using the radius rmax

which yields the maximum Ripley value has been disputed, owing to the accumulative

effects associated with the measure. Kiskowski et al. [262] instead use the derivative
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of H(r) to determine the Ripley radius at which the point density estimate suddenly

falls. Under this approach, the first radius r > rmax for which H ′(r) ≤ −1 is taken to

be the pattern length scale.

Figure B.2: Examples of weighting constructions for our 2D point dispersal measures,
assessing the distribution of the red primary fate cells. (L) Ripley catchment: when
weighting for cell C’s neighbours, the cell pair C-B is assessed by drawing a circle cen-
tred on C and passing through B. This lies completely inside the domain, so contributes
a weighting of 1.0 to the summation of w(i, j) in equation (B.1). The circle from cell
pair A-B only lies partly in the domain and yields a ‘partial’ weighting w > 1.0. (R)
Annular zone for the PCF: this entails a count of the number of threshold cells (in
this case six) lying in an annular region centred on cell X, bounded by the inner and
outer circles shown. Weighting for the annulus is based on the proportion of the outer
radius lying within the domain.

B.2.2 Pair Correlation Functions

Pair correlation functions (PCFs) are an alternative means of assessing point dispersal

in two dimensions and have been used to assess the dispersal of multiple cell types

and to quantify cell patterning [259]. The PCF, a(rk), at radius rk is defined to be:

a(rk) =
∑
i

∑
j 6=i

w(i, rk)I(rk−1 ≤ dij < rk)

N
, (B.4)
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where w(i, rk) is the weighting function described in Section B.2.1, but implemented

for the annulus centred on i with outer radius rk; an example of this is shown on the

right-hand side of Figure B.2. I(rk−1 ≤ dij < rk) is an indicator function, in which

rk−1 is the inner radius of the annulus and dij is the distance between the centres of

cells i and j; it equals 1 when cell j lies within the annular catchment, and 0 otherwise.

a(rk) is typically normalised over the area of the annulus as

P (r) =
A

N

a(r)

π(r2k − r2k−1)
, (B.5)

for A the area of the domain. Weighting functions w(i, rk) for annular regions are

discussed further in Section B.2.3.

PCF Catchment Zone

In contrast to Ripley’s measure, the PCF readily yields a measure of pattern radius.

This is due to the use of annular rather than circular catchment zones when calculating

the PCF, which avoids the accumulative effects associated with the Ripley measure.

The width of the catchment annulus must be carefully chosen however; a too-broad

band will fail to accurately detect the pattern length, whilst a too-narrow band will

not catch a sufficient number of points to allow the extent of dispersal to be detected

[260]. In light of this, our simulations with the PCF metric in Section B.3 take the

annular thickness to be the same value as the stepsize between successive catchment

zones.

Figure B.4 demonstrates the difference between Ripley and PCF measures on the

same cell domain. In practice, P (r) is measured over a range of r and the pattern

length is taken to be the radius r = MAX(P (r)).



APPENDIX B. POINT DISPERSAL MEASURES 249

B.2.3 Weighting at Domain Edges

Weighting functions w(i, j) attempt to mitigate edge effects in dispersal calculations,

in cases where a portion of the catchment zone falls outside the domain. Point dispersal

measures such as Ripley and the PCF base their comparisons of totals of point events

against the randomised event count associated with a Poisson distribution over the

same area. Catchment areas at the edge of a domain cannot draw point counts from

a full circle or annulus and must have their totals scaled accordingly. Methods for

mitigation of edge effects are discussed extensively in [268, 269, 270].

In the case of a circular catchment zone, an approximation for the ratio of the

viable zone to that of the full circle area is given by

Area(Major segment XOY )

Area(Full circle)
=

1
2r

2θ

πr2
=

θ

2π
,

where θ is the angle formed by the two radii extending from the centre of cell i to the

contact points X and Y with the edge of the domain, as shown in Figure B.3. This

does not account for the shaded zone Z shown in Figure B.3, but has been shown

by Ripley [246] to provide an unbiased estimate of point dispersal. Consequently, the

accepted practice for Ripley calculations is to take the reciprocal value

w(i, j) =
2π

θ
(B.6)

as the weighting function, using the circle centred on cell i and whose radius passes

through the centre of cell j. w(i, j) is in fact the ratio of the circumference of C to the

major arclength XY .

A similar expression can be derived for the annular catchment zone used by the

PCF, starting from area calculations on the annulus, as shown on the right-hand side

of Figure B.3. An approximation for the ratio of the viable zone to the full annulus is
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Figure B.3: Derivation of the weighting functions w(i, j) used in the point dispersal
calculations to mitigate edge effects at boundaries. (Top) Circular assessment zone
for the Ripley measure. (Bottom) Annular zone used in PCF calculations; the zone Z
is formed from the portions of the green area that lie within the annulus.



APPENDIX B. POINT DISPERSAL MEASURES 251

given by

Area(Major section bounded by P1R1 and R2Q2)

Area(Full annulus)
=

1
2r

2
φφ−

1
2r

2
θφ

π(r2φ − r2θ)
=

φ

2π
,

where φ is the angle spanned by the major arclength P1OQ2 and rφ, rθ are, respectively,

the outer and inner radii of the annulus. The weighting function is therefore taken to

be

w(i, rk) =
2π

φ
, (B.7)

for the annulus centred on cell i with inner and outer radii rk−1, rk. As with the

Ripley weighting (B.6), the PCF weighting (B.7) does not account for the shaded zone

Z (as shown in Figure B.3). Nonetheless, the weighting w(i, rk) is only intended as an

approximation and provides an appropriate correction where the stepsize rk−rk−1 for

successive annular radii is taken to be sufficiently small, particularly on large domains

where few catchment zones intersect with the domain boundary.

Edge effect compensations in Ripley and PCF calculations will always produce

heavier weightings for border cells. To reduce the number of such approximations

required during point dispersal calculations, the condition r < MIN(Ωl,Ωw) is applied,

where r is the radius of the catchment zone and Ωl, Ωw are the length and width of Ω

respectively.

Typical output from the Ripley and PCF metrics is shown in Figure B.4, which

demonstrates the variation in raw Ripley and PCF values over a range of catchment

zone radii.

B.2.4 Implementation

Studies from the existing literature discussed in Section 2.1 have shown how the defi-

nition of a ‘neighbouring cell’ in a tissue framework exerts significant influence on the
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Figure B.4: Pattern assessment measures for the cell-centre, tessellation-based tissue
depicted on the left-hand side of Figure B.2. (Upper) Ripley H-Values over a range of
Ripley radii. The H-Value increases once the Ripley zone is large enough to capture
threshold cells which are pairwise close, thereafter falling once the radius significantly
exceeds the pattern radius of the domain. (Lower) PCF assessment for the same
domain over a range of annular radii. The PCF histogram spikes at particular cellular
length scales, falling to zero in between these values when no cells lie within the annular
catchment zone.
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patterning of a juxtacrine signalling model such as the Collier model, in which the rate

of change of one or more species depends on an averaging process taken over nearby

cells. The nuances of neighbour selection, cell spacing and force representation in a

computational tissue model may each affect the outcome of spatial statistical analysis.

Point dispersal measures must therefore be carefully interpreted in the context of the

underlying tissue model if they are to lead to valid conclusions.

Our objective in this chapter is to select an appropriate point dispersal measure for

our later studies and to understand its interpretation in the context of a given tissue

modelling framework. To this end, we now carry out a comparison of the Ripley and

PCF metrics across several different tissue models. The tissue modelling frameworks

of interest are: cell-centre, vertex-based and node-based models, all of which were

described in Section 2.4.1. This comparison requires us to consider several aspects of

implementation, which we now describe.

Threshold Cells

We define ‘threshold cells’ to be those cells expressing a Delta level greater than 0.9.

A value of this magnitude provides sufficient separation between the high-Notch and

high-Delta cells for us to adequately identify the primary fate cells.

Neighbour Selection

The definition of a ‘neighbouring cell’ affects the Delta averaging processes of the

Collier system (D̄ in Equation (2.1)) and can have a significant impact on the pattern

and number of threshold cells obtained1. The three tissue models we initially explore

in this study, all described in Section 2.4, differ in their neighbour selection methods,

as follows:

1For example, the lattice-based simulations of Webb et al. [134], described in Section 2.1, demon-
strate that increasing perturbations from a regularised placement of cell neighbours give rise to in-
creasingly irregular patterning on a hexagonal mesh.
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1. Cell-centre tessellation models are arranged around a mesh-based Voronoi tes-

sellation. Neighbours are therefore defined by the cells which share an attached

spring according to the geometry of the underlying tessellation.

2. Vertex-based models are similarly space-filling and a cell’s neighbours can be

accessed from its associated vertex mesh. The boundary-dynamic nature of the

vertex method means that neighbouring cells are defined as those which share a

perimeter element.

3. By contrast, node-based frameworks are not associated with an underlying mesh:

a pair of cells neighbour one another if the sum of their assigned cell radii exceeds

the Euclidean distance between the two points which denote the cell locations

(that is, the circular zones swept out by the cell radii overlap).

Chaste implementations of these three methods differ in their treatment of neigh-

bour selection at the edge of the tissue domain, as shown in Figure B.5. Both the

vertex- and node-based methods adopt the arrangement shown in the lower image,

while the cell-centre method adopts the upper arrangement. Some modifications to

the implementation of the cell-centre mesh in Chaste are therefore required to bring

the neighbour selection processes in line with this; we refer to this altered version as

a “modified cell-centre mesh”. In Section B.3, we present results for both the original

and modified versions of the cell-centre mesh, to demonstrate the difference that neigh-

bour selection can make upon the resulting pattern. This also enables us to establish

how a difference in patterning translates into variation in PCF or Ripley values.

Standardisation Process

Absolute cell spacing is not the same for all models in a Chaste implementation and

varies over the course of a simulation if cells are allowed to move and divide. This does

not affect the output from static monolayers in Section B.3, since cells are spatially
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Figure B.5: Neighbour selection using (top) the original Chaste cell-centre mesh, in
which cell X has three neighbours, Y four and Z five, against (bottom) the modified
version in line with the Vertex and Node implementations, in which cells X, Y and Z
have two, three and three neighbours respectively.
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fixed and arrested in G0 phase, hence an equal spacing at the outset remains fixed

throughout. However, it does need to be addressed in the dynamic experiments of

Section B.4.

When calculating point dispersal metrics in dynamic simulations, the mean cell

spacing is calculated for the entire cell population (or, where appropriate, for the cell

population of a subdomain) and used to standardise the characteristic radius with

respect to the underlying tissue framework. This yields a dispersal measure in terms

of mean cell lengths, rather than absolute distance. Mean cell spacing is calculated

according to the formula

Mean cell spacing =

√
A

Ntotal
, (B.8)

where A is the area of the domain and Ntotal is the total number of cells (threshold and

non-threshold). This construction accounts for domain periodicity within our dynamic

scenarios.

Estimation of Pattern Radius

The formulation of the Ripley metric as a measure of clustering or dispersal does

not yield a pattern radius directly. Furthermore, artefacts arising from the circular

topology of its catchment zone (see Section B.2.1) make it difficult to ascertain the

radius of maximal aggregation from the maximum of H(r) alone. Here we adopt the

approach of Kiskowski et al. [262] and employ a numerical method to estimate the

derivative H ′(r). Using a five-point approximation for the derivative, we take the

pattern radius to be the first value r for which the derivative H ′(r) = −1.

By contrast, the annular structure of the PCF catchment zone encapsulates how

the count of local threshold cells varies with distance from a specified cell. The outer

radius at the maximum value of P (r) is therefore used to estimate the pattern radius
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from the PCF.

B.3 Static Monolayers

In static monolayers, all cells are arrested in the non-dividingG0 phase and the removal

of intercellular forces in the underlying tissue model constrains cells to remain spatially

fixed. This provides an excellent test scenario for the Ripley and PCF metrics, allowing

for the investigation of runtime, metric stepsize and metric catchment zone without

the added concerns of coordinating the ODE system with the phases of the cell cycle.

Studies in this section will inform us as to the advantages and disadvantages of each

method and indicate which is most suitable for analysing our own model of Notch-Wnt

interaction, in Chapters 5 and 6.

Test Conditions

All static simulations employ an 8×8 grid of cells, set up in Chaste using one of the four

main tissue models discussed in Section B.2.4. Simulations to evaluate CPU time and

metric stepsize all use a flat monolayer, owing to its straightforward implementation.

The equilibration time studies of Section B.3.2 use a vertex-based toroidal mesh in

order to circumvent the need for boundary conditions.

Notch activity is modelled using a cellular embedding of the model of Collier et

al., using the conditions detailed in Section B.1; all cells are assigned a differentiated

phenotype, so that they do not cycle or divide. Initial conditions for the Collier system

vary between the simulations, whether due to the use of randomised values across a

cell population, or to testing a scenario over a series of fixed values. Initial conditions

are therefore stated alongside simulations, either in the figure captions or in the main

text.
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B.3.1 CPU Time and Metric Stepsize

Sections B.2.1 and B.2.2 described how the radius of the catchment zone of a point

dispersal metric is successively increased and the dispersal measure calculated at each

of these radii in order to determine the lengthscale of the cell pattern. The difference

between successive radii is the metric stepsize; a smaller stepsize should produce more

accurate lengthscale estimates but usually requires a longer runtime, because a smaller

stepsize will require calls to the metric calculation function at a greater number of radii.

To evaluate the trade-off between accuracy and computational time, a runtime

assessment is performed on the two functions which carry out the PCF calculation,

CalculateAnnularPatternRadius(), and the Ripley calculation,

CalculateCircularPatternRadius(). Simulations are established using standard

conditions on each of the four tissue types for stepsizes ranging from 0.1 to 0.01.

These are run for 70 simulation hours to ensure each domain has patterned; then a

single call is made to each of the pattern analysis functions and the CPU time and

numerical outputs are recorded. Results from these simulations are depicted in Figures

B.6 and B.7.

Discussion

It is clear from the CPU times shown in Figure B.6 that the PCF is the faster method

on all the tissue models tested. Although the exact ratio of Ripley:PCF CPU time

varies between the tissue models and stepsizes, the PCF generally requires around

60 − 75% of the runtime of the Ripley function. Much of this improvement is due

to the PCF yielding a pattern estimate directly, whereas the Ripley measure must

employ numerical differentiation to determine its radial estimate.

Both metrics have a longer runtime on the vertex based model, as a result of the cell

IDs being accessed via a different method to those of cell-centre or node populations.

When operating on a vertex mesh, each metric must make two function calls to the
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underlying cell population, rather than one, in order to identify the threshold cells.

Stepsizes in the range [0.01, 0.075] yield accurate pattern detection, with the preci-

sion largely limited by the magnitude of the stepsize, as shown on Figure B.7. However,

the Ripley metric fails to produce a good estimate at the larger stepsize 0.1, possibly

because the stepsize is too large to yield a good approximation of the derivative H ′(r)

at a given radius. Figure B.7 also confirms that the circular topology of the Ripley

measure tends to overestimate slightly the pattern lengthscale: its estimates converge

from above as the stepsize is decreased. This effect is substantially reduced when a

smaller catchment zone stepsize is used.

Examining the results of Figures B.6 and B.7, the 0.05 stepsize between successive

catchment zones delivers a suitable compromise between accuracy and runtime. PCF

runtime for calculation of a lengthscale estimate at the 0.05 stepsize is ≤ 0.25 seconds,

while for the Ripley measure it is ≤ 0.4 seconds.

Notably, the non-modified cell-centre model yields the same lengthscale estimate

as the other models, as it only carries a single pattern defect, which is not sufficient

to affect the pattern length estimate. In such cases, the presence of defects becomes

apparent on examining the raw totals for each metric, listed for the 0.05 stepsize in

Table B.1. The raw PCF and Ripley values are significantly lower for the cell-centre

population than for the ideal, flawless domains produced by the other models. Indeed,

these statistics could be used as comparison data for any static studies on an 8 × 8

domain. Subtraction of a simulation’s raw dispersal metrics from these ‘canonical’

values for node, modified cell-centre and vertex-based tissues would yield a measure

of the pattern deviation from a perfectly patterned domain.

Moreover, the Ripley H-Value provides further information by charaterising the

degree of clustering or dispersal in the domain. As discussed in Section B.2.1, H(r) ∈

[−1, 1], such that positive values represent clustering, negative values represent dis-

persal and a score of zero indicates a completely random pattern. The Ripley values
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Figure B.6: CPU time for a single call to the Ripley and PCF metrics over five different
catchment zone stepsizes, run in Chaste on the four different tissue models detailed in
Section B.2.4. Machine specifications: Intel Core 2 Quad CPU 8300 @ 250 GHz×4.
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Figure B.7: Pattern length estimates from the PCF and Ripley measures at five dif-
ferent stepsizes over the range [0.01, 0.1]. Each of the four tissue models yields the
same pattern length estimate and so the graph only displays a single set of bars for
each stepsize.
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in Table B.1 indicate an H-Value of 0.211226 for the original cell-centre model, whilst

the modified equivalent yields an H-Value of 0.348976. The lower H-Value for the

original model indicates that this pattern is closer to a random distribution than that

generated by the modified cell-centre model. This suggests the presence of one or more

defects in the pattern associated with the original cell-centre model, as is indeed the

case.

Although the raw PCF values for these simulations also differ, these cannot provide

the insight into clustering, dispersal or randomness that the Ripley H-Value is able to.

Raw values from the Ripley metric therefore provide finer-grained detail of patterning

behaviour than a simple lengthscale estimate can supply.

Metric Cell-Centre Node Vertex Modified

Cell-Centre

Ripley H-Value 0.211226 0.348976 0.327826 0.348976

PCF 26.5788 29.2562 29.2562 29.2562

Table B.1: Raw output of Ripley and PCF values from the pattern analysis functions,
run with a stepsize of 0.05. The cell-centre model operates with a different neighbour
selection rule from the other models and exhibits a pattern defect. This results in
substantially different raw PCF and Ripley values, compared to the remaining three
models. The slightly lower Ripley value for the vertex mesh is due to this model having
slightly different absolute spacing between cells than the node and cell-centre models.

If an overall pattern length is the key feature of interest, the PCF would be the

best metric to use, owing to its significantly shorter runtime. If, on the other hand, a

more nuanced assessment of the pattern defects is required, then the Ripley measure

would prove the better option, as it characterises the degree of dispersal or clustering

of the threshold cells. In such circumstances, this extra information justifies the longer

runtime required to implement the Ripley measure.
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B.3.2 Application to a Static Cell-Based Monolayer

Section B.3.1 assessed basic properties of the two point dispersal metrics, such as run-

time and dependence upon the catchment zone stepsize. We now progress to studying

the metric outputs over the course of a series of cell simulations, in order to demon-

strate how these outputs can be used to illustrate the temporal evolution of patterning

on a cell-based monolayer.

One of the main quantities of interest in this section is the equilibration time of the

Notch system: that is, the time (in simulation hours) required for the cell population to

settle on a stable, patterned state. Variation in equilibration time becomes important

when working with dynamic systems in Section B.4, as patterning may not occur if

cells do not attain heterogeneous equilibrium within the timescale of one cell cycle.

Variation with Decay Ratio, ν

Patterning in a cell-based domain is indicated by a nonzero estimate for the pattern

lengthscale. Postprocessing of timeseries for the point dispersal metrics readily yields

the equilibration time, by detecting the time at which the metric values settle on a

constant state. We now demonstrate this through a series of simulations which vary

the decay ratio, ν, and examine its effect upon the equilibration time.

Figure B.8 shows the variation in equilibration time as the decay ratio, ν, is varied

over the range (0, 1]. All simulations are run for 500 simulation hours to give ample

chance for a global pattern to emerge. Initial conditions iinit for Notch and Delta

are randomised around each of [0.0, 0.25, 0.5, 0.75, 1.0] in turn, within a tolerance of

±0.05. Owing to the randomisation of the initial conditions, ten different random

number seedings are run for each pair of values (ν, iinit) and used to calculate a mean

value for the equilibration time. A periodic, toroidal vertex mesh is used, in order to

eliminate dependence on boundary conditions.

There is a nonlinear decrease in equilibration time with an increase in ν. A lower
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value of ν reduces the rate of change of Delta, thus weakening the positive feedback

loop which provides the patterning mechanism. ν = 0 would give Delta a zero rate of

change, locking the Delta values and preventing any pattern from developing.

Figure B.8: Variation in equilibration time over a range of decay ratios ν. Each data
point is a mean value taken over ten separate simulations, each performed with a
different random number seeding.

Timecourses for the raw Ripley and PCF metrics are depicted in Figure B.9, for

the specific example of ν = 0.8. A clear contrast is evident between a completely

unpatterned state at the very beginning (zero values), followed by a patterning phase

involving a progressive increase in the raw metric values, before the system settles on

its equilibrial state. These features hold true for both metrics and indeed follow a sim-

ilar pattern, although the Ripley metric provides a specific assessment of randomised

spread within the domain. Ripley’s H-Value provides more detailed information about

the pattern evolution, for example indicating that the iinit = 0 and iinit = 0.5 cases

peak at the same degree of dispersal.
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Figure B.9: Evolution of raw PCF and Ripley values for ν = 0.8, with initial conditions
for Notch and Delta randomised about 0.0, 0.5, 1.0. These timecourses are averaged
over ten separate simulations, each performed with a different random number seeding.

Discussion

Lower values of ν would be unlikely to yield patterning within the timescale of a

typical cell cycle, if these simulations were being run within a dynamic setting. Initial

conditions clearly have some influence upon the equilibration time, but the decay ratio

provides the stronger control over the timescale of pattern development, as a result of

the latter’s role in determining the strength of the positive feedback loop within the

Notch system (as discussed in Section 2.1.1).

Raw Ripley values provide a useful measure of the pattern development within the
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domain, beyond that provided by simple estimates of the dominant pattern length. For

example, the Collier model simulations depicted in Figure B.9 show less randomised

point dispersal as the domain approaches its equilibrial configuration. Timecourses

of raw metric values might be employed in tracking pattern evolution within several

subregions of a given domain, which could prove particularly useful in dynamic simu-

lations for measuring cellular response to spatially varying stimuli. Consequently, we

focus solely on the Ripley measure for our dynamic crypt simulations in Section B.4.

B.4 Dynamic Simulations

Focus on static monolayers has provided valuable insights into the implementation and

interpretation of point dispersal metrics in two dimensions. Nonetheless, our overall

objective in this work is to understand the interplay of proliferation and cell fate

selection in dynamically evolving crypts. This section sees the application of point

dispersal metrics to banded sections of the domain, to observe the effects of a spatially

varying Wnt stimulus upon the cell fate pattern.

B.4.1 Crypt Simulation Conditions

All simulations in this section model the crypt as a two-dimensional, cylindrical sur-

face, with a circumference of 10 cells and a height of 20. This is represented using a

cell-centre tessellation, mesh-based model in Chaste, owing to the quicker runtime of

this model and its ease of implementation. Each simulation is run for 300 crypt hours.

As with the static simulations of Section B.3, we implement the decoupled model

of Notch and cell-cycle activity outlined in Section B.1. Initial conditions of Delta

are set at 0.5 for all cells; Notch conditions are randomised over the range 0.5± 0.05

using a random number generator on a uniform distribution. Inheritance of Notch and

Delta at mitosis is implemented asymmetrically, using a random number generator to
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determine the amounts received by the two daughter cells.

An external Wnt stimulus is supplied to the domain; its strength and spatial extent

are determined by two parameters: the Wnt concentration parameter, and the Wnt

cut-off. The stimulus takes its specified maximum at the crypt base, and declines

linearly up the crypt until reaching zero at the cut-off, according to the formula

Local Wnt stimulus = 1.0− current height

concentration parameter× cut-off
. (B.9)

Any point lying above the cut-off is subject to a Wnt stimulus of zero. Cells are mi-

totically active if they are subject to a Wnt stimulus of 0.65 and become differentiated

when the stimulus is below this threshold. Cell division therefore occurs at the crypt

base; cells are pushed upwards into a reduced Wnt concentration and eventually be-

come differentiated. Sloughing is modelled by the removal of cells beyond a height of

20.0 units.

Ripley analyses for all crypt simulations are presented in terms of zones, numbered

1 − 7 as shown in Figure 5.3 of the main text. Zones 1 − 4 are formed from a direct

partition of the crypt domain into horizontal, rectangular bands of equal height. Zones

5 − 7 are the same height as 1 − 4, but sit within the overlap between the midpoints

of zones 1− 4. This enables us to see how the pattern length and Ripley H-Value vary

on ascending the crypt, as shown in Figure B.12.

B.4.2 Graded Wnt Concentration

Here we examine four crypt scenarios, each with different Wnt parameters. The case

studies are detailed in Table B.2.

Each of these cases adopts the conditions described in Section B.4.1. To mitigate

influence from randomised aspects of the initial conditions and Notch inheritance,

each case is run over 100 different random number seedings and these results used to
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Case Study Cut-off Concentration Mitotic

Parameter threshold

A 5.0 1.0 1.75

B 5.0 0.5 0.875

C 10.0 1.0 3.5

D 10.0 0.5 1.75

Table B.2: Wnt parameters for the studies of dynamic crypt cylinders described in
Section B.4.2. The second and third columns indicate assigned parameters, whilst the
final column indicates the resulting height at which cell division ceases; this is calcu-
lated using Equation (B.9). Case studies A and D generate identical Wnt stimulus
profiles but are included to demonstrate matching of the point dispersal outputs.

calculate mean values for the pattern lengthscale estimates and the Ripley H-Values.

Inspection of Equation (B.9) and Table B.2 indicates that case studies A and D

deliver the same Wnt profile; both these cases are included as a demonstration of how

the Ripley measure can identify this similarity, in contrast to cases B and C.

As with the static simulations depicted in Figure B.9, we include Ripley readouts

from the beginning of the simulation, rather than just the dynamic equilibrium. This

serves to illustrate the capacity of point dispersal metrics for tracking pattern evolution

over time, and to show how distinct regions of the tissue domain can influence one

another. Results from case studies A and B are shown in Figure B.10; those from case

studies C and D are shown in Figure B.11.

B.4.3 Results and Discussion

Cases A and B, depicted on Figure B.10, and the case D, shown as the lower plots of

Figure B.11, develop a patterned state in their dynamic equilibrium. The correspon-

dence between the graphs of cases A and D is immediately apparent, and the pattern

length readings and Ripley values of all three cases share certain features.
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Figure B.10: Trans-domain variation in patterning, subject to a graded Wnt concen-
tration. (Top) Case study A; (Bottom) Case study B. The right-hand plots show
the pattern lengthscale estimate, normalised over the mean cell spacing; the left-hand
graphs indicate the raw Ripley H-Values. Separate timecourses are shown for each of
the four zones of assessment.
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Figure B.11: Trans-domain variation in patterning, subject to a graded Wnt concen-
tration. (Top) Case study C; (Bottom) Case study D. The right-hand plots show
the pattern lengthscale estimate, normalised over the mean cell spacing; the left-hand
graphs indicate the raw Ripley H-Values. Separate timecourses are shown for each of
the four zones of assessment.
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Figure B.12: (Bottom) Ripley and (Top) pattern length analyses for the Collier crypt
embedding at dynamic equilibrium, showing the variation in these metrics on ascending
the crypt. Graph lines for cases A and D coincide.
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Initial patterning: All simulations initially yield an arc of positive H-Values on the

Ripley graph. This is due to the randomised initial conditions giving rise to

small islands of patterning, which the Ripley measure identifies as point clusters.

Juxtacrine signalling then causes the pattern to spread out, creating a more even

pattern which is characterised as dispersal. Although pattern length outputs can

be used to identify when the pattern forms, the subtle details of its development

are only apparent from examining the Ripley H-Values.

Very little patterning in Zone 1: A non-zero pattern length estimate in all three

cases suggests that Zone 1 contains some primary fate cells. However, the corre-

sponding Ripley value remains close to zero, indicating a random distribution of

primary fate cells. Zone 1 is the mitotically active region and frequent division

events regularly change each cell’s network of neighbours. In many cases, this

keeps the cells close to the homogeneous state. As the cells move into the upper

part of the zone, fewer cells divide and patterning can develop.

Patterning in the upper crypt: With the exception of some lower-placed cells in

Zone 2, the cells in Zones 2 to 4 lie above the mitotically active region and behave

as terminally differentiated cells. The identity and number of cell neighbours do

not change dramatically, allowing time for the trajectories of the Collier model

described in Figures 2.2 and 2.3 to emerge from the homogeneous state and settle

upon the patterned state.

Upwards propagation of pattern: The equilibration process in the crypt is driven

by cell division in Zone 1 and sloughing at the top of Zone 4. As the crypt

equilibrates from its starting configuration, we observe an upwards propagation

of patterning; cells leave Zone 1, become differentiated in Zone 2 and move

upwards due to displacement by the cells being produced in Zone 1. In keeping

with this, the graphs for pattern length and Ripley measure indicate that Zone
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2 equilibrates first, followed by Zone 3, and finally Zone 4.

The remaining case, C, shown as the top two plots on Figure B.11, displays sub-

stantially different features. Of all four case studies, it involves the strongest Wnt

stimulus at the crypt base (1.0) and the highest cut-off for Wnt (10.0 units). Like the

other cases, it has an upwards propagation of the dynamic equilibrium; however, its

other features are as follows:

No pattern in Zone 1: The mean pattern length from Zone 1 remains close to zero

in the early part of the timecourse, before settling on a constant zero from around

t = 130. This indicates a lack of patterning and is due to the presence of many

dividing cells (a consequence of the high Wnt cut-off and high maximum Wnt

stimulus). This is effectively a more extreme version of the lack of patterning in

the other three cases.

Successive loss of primary fate cells in Zones 2 to 4: Ultimately, the pattern

length estimates and Ripley H-Values for each of Zones 2 to 4 fall to zero, creating

a crypt with no primary fate cells. This is again due to the large number of cell

divisions in this scenario. Prolific mitosis leads to cell compression, increases

the mean number of cell neighbours and locks the Collier dynamics into the

homogeneous state. As with the other three experiments, the lower the zone

(and hence the closer it is to the mitotically active region), the earlier it attains

its dynamic equilibrium.

The contrast between patterned and unpatterned cases is evident in Figure B.13.

The image on the left shows a patterned dynamic equilibrium from case study A, in

which the non-dividing regions adopt the heterogeneous state. By contrast, the image

on the right, from case study C, is almost devoid of patterning. Excessive cell division

in the lower half of the crypt leads to compression and loss of patterning. Ultimately

the primary fate cells in the uppermost region will be sloughed off and the crypt will
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attain an unpatterned dynamic equilibrium. Pattern analysis via metrics such as the

Ripley H-Value and PCF measure highlights the discrepancy between the patterned

cases A, B and D and the unpatterned case C and motivates use of these metrics in

future for identifying non-physical parameter regimes in a simulation.

These findings are reiterated by the results of Figure B.12, which shows the varia-

tion in the Ripley H-Value and pattern length estimate on ascending the crypt, for the

four case studies. Case C settles on a pattern length and H-Value of zero throughout

the crypt, the result of complete loss of primary fate cells. By contrast, the other cases

feature zero Ripley values at the very base of the crypt, where mitosis prevents cell

patterning from occurring, before attaining fairly constant pattern lengths (around 2

cell diameters) above this region. The lower Wnt cut-off and concentration parameter

in Case B ensures patterning lower down the crypt than for Cases A and D.

Figure B.13: Screenshots of two dynamic crypt cylinders, at time t = 300. (L) Case
study A: Max Wnt 1.0, cut-off 5.0. Sufficient balance between cell division at the base
and sloughing at the crypt mouth enables clear patterning to emerge in the dynamic
equilibrium. (R) Case study C: Max wnt 1.0, cut-off 10.0. Here, the higher Wnt
cut-off leads to higher numbers of dividing cells; more cells are born per timestep than
are sloughed at the crypt mouth. This leads to compression in lower crypt regions and
patterning is lost in the equilibrial state.
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Estimates of the pattern lengthscale are therefore useful in characterising many

key features of primary fate cell dispersal. The Ripley H-Value allows for more subtle

interpretation of this information and can be used in tandem with lengthscale estimates

to successfully characterise the cell fate distribution within a dynamically evolving

tissue.

B.5 Discussion and Conclusions

The simulations in this appendix, both static and dynamic, have proved successful in

using point dispersal measures to analyse the temporal evolution of cellular patterning

and its spatial variation across a tissue domain.

The PCF is somewhat quicker to calculate than the Ripley measure and its annular

measurement of point-to-point distances readily yields the length scale of a pattern,

simply the radial value at which the PCF is maximised. However, the pattern length

estimate fails to capture the fine-grained detail of the dispersal of threshold cells.

For example, two domains may yield the same pattern length estimate without being

identically patterned, or having the same number of pattern defects, as was shown in

Section B.3.1.

The Ripley measure is better equipped to address this. Although its runtime is

longer than that of the PCF, the raw Ripley H-Value explicitly characterises the degree

of clustering or dispersal in the domain. Pattern defects create irregular gaps between

threshold cells, altering the degree of dispersal or clustering and hence the raw H-

Value. In circumstances where finer-grained detail is required, the useful, additional

information provided by the Ripley metric should outweigh the drawback of its longer

runtime.

Simulations on dynamically evolving crypts in Section B.4 demonstrated how pat-

tern lengthscale estimates can be used in tandem with the Ripley H-Value to track
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changes to the cellular composition of, and its distribution within, a biological tissue.

Insights from the unpatterned crypt scenario (case study C in Table B.2) also indicate

the need to balance the processes of cell division and sloughing for a given crypt size,

if a biologically realistic crypt (i.e. containing both primary and secondary fate cells)

is to be obtained. This should be taken into consideration when calibrating the crypt

embedding of our own model for Notch-Wnt interaction, in Chapter 6.

Fine-grained details of patterning are valuable when exploring the crypt embedding

of our ODE model for Notch-Wnt interaction in Chapters 5 and 6. Since early-stage

CRC is the main biological motivation for this thesis, we need to explore the behaviour

of small groups of mutant cells, or even individual cells, as they move and proliferate

within the colorectal crypt. A nuanced measure of clustering and dispersal is therefore

more suitable for analysing the spread of mutant cells. The findings of this chapter

therefore suggest that the Ripley measure, rather than the PCF, be used in the simula-

tions of the later chapters of this thesis, and that it be implemented with a catchment

zone stepsize of 0.05.



C
Additional Simulations of the Buske and NWODE Models

Comparison of the Buske and NWODE models in Chapter 5 required use of normally-

distributed phase lengths. This approach differs from the Gamma-distributed lengths

used in Buske et al. [5] and we present additional simulations using this distribution

to demonstrate its minimal influence on the results obtained.

Appendix Summary

C.1 Buske Model with Gamma-Distributed G1 Phases

Comparison between the Buske and NWODE models in Chapter 5 required a unified

approach to the modelling of the cell-cycle phase lengths, to ensure a fair comparison

of the two different models for cell fate selection. Our decision to generate G1 phase

lengths from the normal distribution N(2, 1), truncated to discard negative or very

small values, represent a departure from the approach of Buske et al. [5], in which the

G1 phase lengths are drawn from a Gamma distribution.

To determine whether this change may have affected the performance of the Buske

model, we now run simulations of the model using G1 phase lengths drawn from the

distribution Gamma(4, 0.5), which has the same mean and variance as the N(2, 1)

distribution. As in Section 5.3, the distribution is truncated to discard any negative

or very small phase lengths.

277
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This new batch of simulations is established and conducted using identical condi-

tions to those described in Sections 5.2, 5.3 and 5.5, save for the implementation of

G1 phase lengths. As with the simulations of Chapter 5, the Gamma-distributed case

is run for 100 separate simulations, each at a different random number seeding. All

timecourses and states shown in this Appendix reflect the mean of these aggregated

results.

C.1.1 Results and Discussion

The results from Ripley analysis of these simulations are shown in Figure C.1, which

provides timeseries for zones 1 − 4 of the crypt. The upper results, arising from a

system with normally distributed phase lengths, are almost indistinguishable from the

lower plots, which are from a Buske model using Gamma-distributed phase lengths.

A seven-zone assessment of the pattern radius and Ripley values up the crypt

at dynamic equilibrium are shown in Figure C.2. Although some slight variation is

apparent, there is very little difference between the two outcomes.

Given the minimal differences between the patterning obtained when deriving G1

phase lengths from a truncated Gamma or truncated normal distribution, we conclude

that the use of normal values does not compromise the behaviour of the Buske model,

and that the comparison of Chapter 5 presents a fair assessment of the Buske and

NWODE modelling frameworks.
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Figure C.1: Ripley timecourses for zones 1 − 4 of the crypt, generated from 100
simulations of the Buske model using (top) normally distributed G1 phase lengths
and (bottom) Gamma-distributed phase lengths.
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Figure C.2: (Bottom) Ripley and (Top) pattern length analyses for the Buske crypts
at dynamic equilibrium, shown for simulations run with either Gamma- or normally-
distributed G1 phase lengths. Crypt subregions used to generate these results are as
shown in Figure 5.3.
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[84] Vässin, H., Bremer, K., Knust, E., Campos-Ortega, J. The neurogenic

gene Delta of Drosophila melanogaster is expressed in neurogenic territories and

encodes a putative transmembrane protein with EGF-like repeats. The EMBO

Journal 1987;6(11):3431–3440.

[85] Louvi, A., Artavanis-Tsakonas, S. Notch signalling in vertebrate neural devel-

opment. Nat. Rev. Neurosci. 2006;7(2):93–102.

[86] Lowell, S., Benchoua, A., Heavey, B., Smith, A.G. Notch promotes neural

lineage entry by pluripotent embryonic stem cells. PLoS Biol. 2006;4(5):e121.

[87] De Celis, J., Bray, S. Feed-back mechanisms affecting Notch activation at the

dorsoventral boundary in the Drosophila wing. Development 1997;124(17):3241–

3251.

[88] Lewis, J. Notch signalling and the control of cell fate choices in vertebrates

In: Semin. Cell Dev. Biol.; vol. 9. London: Academic Press, c1996-; 1998, p.

583–590.

[89] Bjerknes, M., Cheng, H. Clonal analysis of mouse intestinal epithelial progen-

itors. Gastroenterology 1999;116(1):7–14.

[90] Yang, Q., Bermingham, N., Finegold, M., Zoghbi, H. Requirement of

Math1 for secretory cell lineage commitment in the mouse intestine. Science

2001;294(5549):2155–2158.

[91] van Es, J., Clevers, H. Notch and Wnt inhibitors as potential new drugs for

intestinal neoplastic disease. Trends Mol. Med. 2005;11(11):496–502.



BIBLIOGRAPHY 290

[92] Fre, S., Huyghe, M., Mourikis, P., Robine, S., Louvard, D., Artavanis-

Tsakonas, S. Notch signals control the fate of immature progenitor cells in the

intestine. Nature 2005;435(7044):964–968.

[93] Nakamura, T., Tsuchiya, K., Watanabe, M. Crosstalk between Wnt and

Notch signaling in intestinal epithelial cell fate decision. J. Gastroenterol.

2007;42(9):705–710.

[94] van de Wetering, M., Sancho, E., Verweij, C., de Lau, W., Oving, I.,

Hurlstone, A., van der Horn, K., Batlle, E., Coudreuse, D., Haramis, A. The

β-catenin/TCF-4 complex imposes a crypt progenitor phenotype on colorectal

cancer cells. Cell 2002;111(2):241–250.

[95] Behrens, J., Lustig, B. The Wnt connection to tumorigenesis. Int. J. Dev.

Biol. 2004;48:477–488.

[96] Bienz, M., Clevers, H. Linking colorectal cancer to Wnt signaling: a review.

Cell 2000;103:311–320.

[97] Lustig, B., Behrens, J. The Wnt signaling pathway and its role in tumor

development. J. Cancer Res. Clin. Oncol. 2003;129(4):199–221.

[98] van Amerongen, R. Alternative Wnt pathways and receptors. Cold Spring

Harbor Perspect. Biol. 2012;4(10):a007914.

[99] Korswagen, H.C. Canonical and non-canonical Wnt signaling pathways in

Caenorhabditis elegans: variations on a common signaling theme. Bioessays

2002;24(9):801–810.

[100] Strutt, D. Frizzled signalling and cell polarisation in Drosophila and vertebrates.

Development 2003;130(19):4501–4513.

[101] Veeman, M.T., Axelrod, J.D., Moon, R.T. A second canon: functions and

mechanisms of β-catenin-independent Wnt signaling. Dev. Cell 2003;5(3):367–

377.

[102] Tanaka, K., Kitagawa, Y., Kadowaki, T. Drosophila segment polarity gene

product porcupine stimulates the posttranslational N-glycosylation of wingless

in the endoplasmic reticulum. J. Biol. Chem. 2002;277(15):12816–12823.



BIBLIOGRAPHY 291

[103] Clevers, H., Nusse, R. Wnt/β-catenin signaling and disease. Cell

2012;149(6):1192–1205.

[104] Franch-Marro, X., Wendler, F., Griffith, J., Maurice, M.M., Vincent, J.P. In

vivo role of lipid adducts on Wingless. J. Cell Sci. 2008;121(10):1587–1592.

[105] Willert, K., Brown, J.D., Danenberg, E., Duncan, A.W., Weissman, I.L.,

Reya, T., Yates, J.R., Nusse, R. Wnt proteins are lipid-modified and can act

as stem cell growth factors. Nature 2003;423(6938):448–452.

[106] Logan, C., Nusse, R. The Wnt signaling pathway in development and disease.

Annu. Rev. Cell Dev. Biol. 2004;20(1):781–810.

[107] Zeng, L., Fagotto, F., Zhang, T., Hsu, W., Vasicek, T.J., Perry I, W.L.,

Lee, J.J., Tilghman, S.M., Gumbiner, B.M., Costantini, F. The mouse fused

locus encodes Axin, an inhibitor of the Wnt signaling pathway that regulates

embryonic axis formation. Cell 1997;90(1):181–192.

[108] Behrens, J., Jerchow, B.A., Würtele, M., Grimm, J., Asbrand, C.,
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