
Entanglement Dynamics

and Exotic Phases of Matter

NISQ Era Simulations

Jovan Dragoljub Jovanović
Merton College

Rudolf Peierls Centre for Theoretical Physics
University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy

Trinity Term 2024

Abstract
Quantum many-body physics is often outside the scope of what we can model
using classical computers. Using variational algorithms, one can sometimes
sidestep this issue; however, the choice of the variational space always presumes
certain phenomenology, e.g. matrix product states cannot efficiently model certain
long-range correlations, etc. This is the reason why, in our search towards new
physics, we should consider programmable quantum devices in the study of
complex quantum systems. Coupled with the promised real-world application of
quantum computers, this has led to a series of rapid technological developments
in this field in recent years. In this thesis, I explore the capabilities of (current)
noisy intermediate-scale quantum (NISQ) simulators applied to problems in
many-body quantum physics. To that end, I provide three studies: one that deals
with scrambling and transport of quantum information in dynamical quantum
systems, providing a method for time-evolution channel tomography; one that
presents a practical experimental proposal to probe non-Abelian anyon physics,
with concrete circuits compiled and optimised; and, lastly, one that explores a
phase diagram of steady states of a certain monitored circuit based on the toric
code and its resilience to errors. In order to demonstrate the practicality of our
proposals, in the first two studies, we have run our proposed experiments either
on actual quantum devices or on noisy classical simulators, achieving acceptable
signal-to-noise ratios. I comment on the connecting thread between the three
studies, establishing non-local correlations and engagement in NISQ devices; and
offer near term extensions to all three avenues of research.
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Abstract

Quantum many-body physics is often outside the scope of what we can model
using classical computers. Using variational algorithms, one can sometimes sidestep
this issue; however, the choice of the variational space always presumes certain
phenomenology, e.g. matrix product states cannot efficiently model certain long-
range correlations, etc. This is the reason why, in our search towards new physics,
we should consider programmable quantum devices in the study of complex quantum
systems. Coupled with the promised real-world application of quantum computers,
this has led to a series of rapid technological developments in this field in recent
years. In this thesis, I explore the capabilities of (current) noisy intermediate-scale
quantum (NISQ) simulators applied to problems in many-body quantum physics.
To that end, I provide three studies: one that deals with scrambling and transport
of quantum information in dynamical quantum systems, providing a method for
time-evolution channel tomography; one that presents a practical experimental
proposal to probe non-Abelian anyon physics, with concrete circuits compiled and
optimised; and, lastly, one that explores a phase diagram of steady states of a certain
monitored circuit based on the toric code and its resilience to errors. In order to
demonstrate the practicality of our proposals, in the first two studies, we have run
our proposed experiments either on actual quantum devices or on noisy classical
simulators, achieving acceptable signal-to-noise ratios. I comment on the connecting
thread between the three studies, establishing non-local correlations and engagement
in NISQ devices; and offer near term extensions to all three avenues of research.
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So once you do know what the question actually is,
you’ll know what the answer means.

— from "The Hitchhiker’s Guide to the Galaxy" by
Douglas Adams

1
Introduction

It is without a doubt that analytical solutions to the equations of motion derived

from the laws of physics provide an unparallel insight into the inner workings of

our world. In fact, analytical solutions are, as I would argue, more important

than the laws themselves when it comes to understanding our observations. They

often predate the equations they are solving; for example, Kepler’s laws predate

Newtonian gravity by almost a century.

However, it is almost always extremely difficult to construct exact solutions

by starting from equations alone. The earliest exact solutions, in any field, are

usually highly symmetrical; think of Schwarzchild’s or cosmological solutions to

Einstein’s gravity. The problem with assuming high symmetry is that it constrains

the kinds of phenomena one can obtain from solving the equations; hence, one is

not really exploring the full scope of the problem.

From the inception of computers in the middle of the last century, physicists

have been using them to numerically solve various problems in classical dynamics,

an endeavour that has proved to be most useful. These machines provide a

controllable experimental platform on which we can execute numerical experiments

and by examining the results (like Kepler observing the night sky) infer possible

phenomenologies allowed by the equations without presumptions.

1
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From the motion of the celestial bodies to the thermodynamics of interacting

gasses, there is no field of classical physics that has not been revolutionised by

the development of classical computing. However, much of quantum many-body

physics is profoundly out of the reach of classical machines.

The reason for this is the mismatch of the spaces of possible states between

quantum systems and classical memory. Classical memory, just as any classical

system, has its states labelled by definite configurations of local degrees of freedom

(dofs), classical bit strings; with classical algorithms taking us between these

configurations in a predefined way. However, the states of a quantum system,

the wavefunctions, exist in a vector space, the Hilbert space HS of the system,

in which the states of the corresponding classical system merely label one of

many choices of basis.

If the classical system has qL possible states (where L measures the size of

the system and q the complexity of the local constituents), a pure state of the

quantum system is defined with (2qL − 1) real numbers. On a classical computer, in

which we can only represent some finitely many real numbers, say N of them;

this now results in

"|H|" ∼ O(N2qL−1)

states that we need to represent to perform a simulation of a quantum system

of size L at some precision ϵ ∼ 1/N .

This scaling is prohibitive1 for studying quantum many-body systems via classical

simulations, and as Feymann famously said[9], we need quantum computers to

simulate quantum systems.

In addition to the exponentially larger state space, quantum systems evolve via an

expanded set of operations; unitary rotations within the state-space and projective

measurements. With the expanded state-space and operation set, quantum systems

themselves have more computational power than classical systems [10]. This means

that they can perform certain computations in exponentially fewer steps and require
1Unless we employ variational methods, but the choice of the variational space itself, just as

imposed symmetries, limits the phenomenology that can be manifested by our solutions.
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exponentially fewer memory units, quantum bits, or qubits; as well as opening

up new communication protocols2.

This promise is the reason behind the push to develop quantum devices that

can perform useful algorithms. This thesis is a love letter to great technological

advancements in programmable quantum devices. Although in the current Noisy

Intermediate Scale Quantum (NISQ) era, these processors cannot be readily used

in algorithmic applications3, they are shaping to be a powerful tool in the study

of many-body quantum physics. A true Quantum Simulator will allow us to infer

new phenomenologies in quantum many-body systems, in the same manner that

classical simulators have done already.

Noise and decoherence in these current machines force us to make concessions.

Noise sets an upper limit on the complexity of operations we can perform and states

we can prepare directly. However, this adversity is a source of inspiration, and many

methods have been developed to work around it, allowing researchers to investigate

various aspects of quantum many-body physics: Hilbert space sampling[13], time-

crystalline order[14], protected edge modes[15], measurement-induced entanglement

transitions[16], and many more.

Overview of our Contributions. This thesis is a collection of seemingly

disparate works that are united by the common question. What can I use NISQ

devices for? Of course, more connections will become apparent as we go, but the

main idea is that the following chapters are concrete proposals that aim to showcase

some aspects of quantum many-body phenomenology on NISQ devices.

This is naturally a very broad question, and these examples do not in any

way form an exhaustive list. The first chapter deals with quantum information

scrambling and transport in quantum systems; the two topics are unified by the
2Precisely speaking, a subset of operations that is assumed to be realistically accessible in

various studies of quantum computing and communication protocols is called local operations and
classical communications (LOCC)[11]. Unitary rotations and projective measurements involve
a few dofs in close vicinity, while classical information (the results of measurements) can be
transmitted long distance, influencing the choice of local operations on distant patches of the
system. The quantum teleportation protocol is an excellent example of this operation set in
use[12].

3Algorithmic quantum computation requiring, just as its classical counterpart, fault-tolerance
and error-correction.
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introduction of entanglement measures on the time-evolution operator itself. The

second chapter deals with probing the properties of a certain class of topologically

ordered phases of matter on quantum devices. The last chapter will briefly report

on a new measurement-induced phase of matter that we have discovered in our

study of quantum codes.

In the next three sections, I will elaborate the motivation for each study sepa-

rately.

1.1 Entanglement Development; Scrambling and
Transport

The main measure that tells us how non-classical certain quantum states are is the

entanglement entropy. In both quantum states and classical ensembles of states,

the entanglement entropy captures the correlations between regions in our system.

Quantum correlations saturate bounds placed on the classical correlations.

For a toy example, take two spins s = 1/2, and take two states

ρ = (|↑↑⟩ ⟨↑↑| + |↓↓⟩ ⟨↓↓|)/2 and

|Φ±⟩ = (|↑↑⟩ ± |↓↓⟩)/
√

2.

They are, respectively, a classical ensemble consisting of two classical states,

represented by a density matrix, and an entangled quantum state4, a quantum

superposition of the same two classical states. In this context, a state is con-

sidered classical if it is not a superposition of multiple basis states labelled by

the classical configuration of local dofs, a special case of what is more broadly

called a product state.

Note that a lone classical state cannot have non-local correlations nor entangle-

ment, but classical statistical ensembles of them can, as we will see in a moment.

Although an ensemble of classical states may consist of exponentially many of

them, their properties are almost always computable classically by various sampling
4A EPR pair, the unit of entanglement in qubit systems.
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algorithms5; hence, they are often within the realm of classical computability,

unlike highly entangled quantum states.

Both the ensemble and the entangled quantum state have the same correlations

in the z-component of the spin, ⟨σz1σz2⟩cρ = ⟨σz1σz2⟩cΦ = 1 6 , while for the other

two components only the quantum state has established correlations, ⟨σx,y1 σx,y2 ⟩cρ =

0 and ⟨σx,y1 σx,y2 ⟩cΦ± = ±1. This difference is captured by the entanglement entropy

measure called the bipartite mutual information, defined later in the text, which

in the two states takes the values of Iρ(1 : 2) = 1 < IΦ±(1 : 2) = 2.

Note that the state ρ is as correlated as the ensemble of classical states can

be, and the maximally entangled quantum state Φ± is more correlated than ρ7.

Furthermore, no local unitary operator that acts separably on the two spins can

increase this entanglement, and measurements can only decrease it irreversibly

(or leave it unchanged), making it a precious resource in quantum computing and

communication, since it requires effort to build it up over long distances8.

Given this fact, it may be surprising that closed many-body quantum systems

out of equilibrium naturally build up entanglement over time. This is the reason why

their dynamics is outside the realm of classical computability. Furthermore, different

systems, starting from a product state, develop entanglement at different rates.

Most notably, this is a signature that differentiates Anderson-localised systems

and many-body-localised systems, which are both insulators throughout the energy

spectrum. That is, Anderson-localised systems do not develop entanglement, while

many-body-localised systems do so logarithmically slowly[19]. Whereas, generically,

in both integrable[20, 21] and thermalising[22, 23] systems, the entanglement

develops linearly with time9.

I will single out two features of quantum many-body time evolution that can

be related to entanglement development; scrambling, the loss of the initially local
5E.g. Monte-Carlo type algorithms[17, 18]. These sampling algorithms work well because

classical ensembles do not have the sign problem that generic highly entangled quantum states do.
6The statistical correlation between two observables being defined in the usual way ⟨··⟩c =

⟨··⟩ − ⟨·⟩⟨·⟩, and σs being the usual Pauli matrices.
7This additional entanglement is also referred to as distillable entanglement, see Section 2.1.1.
8Noise and decoherence erode this quantity in the same manner as measurements.
9Note that many more non-generic behaviours can be engineered[24, 25]
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information to increasingly non-local observables; and transport of conserved

densities, a semi-classical portion of the time evolution. In our work, we have

proposed a series of experiments, some of which we have also implemented, that

utilise entanglement entropy measures to probe these two aspects of quantum time

evolution on a NISQ device in a manner that is initial-state independent and efficient

in terms of quantum resources (number of qubits required).

The way in which we avoid dependence on the initial state is by considering

the entanglement growth properties of the time evolution operator itself. The

quantities we consider are related to the operator-space entanglement (OE or

OpEE), also known as entanglement in time[26–29]. While, as we saw, the usual

state-space entanglement captures quantum correlation at one given time slice, the

entanglement in time captures correlations across time, essential for studying

scrambling and transport.

Traditionally, to measure entanglement entropies (in contrast to measuring

expectation values of observables), the experimentalist needed to prepare multiple

(two in the case of the second Rényi entropy) copies of the system in the same state

and perform joint-state measurements[30–34]. This challenge was addressed by the

introduction of randomised measurement protocols[35, 36], finally formalised by

classical shadow tomography[37]. We generalise the classical shadow tomography to

be used on characterising quantum channels (e.g. time evolution channel) in order

to estimate various OpEE measures that we have related to the two aforementioned

properties of quantum many-body time evolution.

Scrambling. From the ultimate faith of the information falling into the black

hole[38–41] to the apparent mystery of unitary equilibration[42–45], scrambling

plays a central role in our understanding of many-body quantum dynamics. In

both cases, the seemingly paradoxical loss of information about the initial state in a

closed system is accounted for when considering increasingly non-local observables

that are practically inaccessible to an observer10.
10In terms of correlation across time, simple operators (involving a few dofs) at the initial time

are correlated almost exclusively with complex (involving many dofs) operators at the final time.
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One formal way to phrase the question is via Hayden-Preskill (many-body)

teleportation fidelity[38], see Figure 2.1b. This quantity measures how well I can

reconstruct a quantum state on a small patch of the system at the initial time,

while having access to observables on some other small patch of the system (and

additional resources, which I will define later) at some later time. If the fidelity is

high for any choice of the final patch, we say that scrambling occurred. Unitary

evolution cannot destroy initially local information, so this recoverability is crucial;

and the fact that we can recover the quantum information regardless of the choice

of the final patch confirms that the information has been as delocalised as it can be.

In fact, if this is the case, without the additional resources, one would need access

to all observables on the entire system to reconstruct initially local information[28].

This is not the only diagnostic tool; scrambling has been associated with the

decay of out-of-time-order correlators (OTOCs)[40, 46–48]. However, the decay

of OTOCs can be mimicked by the effects of noise and decoherence, making it

ill-suited as a probe of scrambling in NISQ devices; while the effects of noise

can only decrease the fidelity of the many-body teleportation, doing the opposite,

suppressing the observed effects of scrambling.

We introduce an OpEE measure which we relate to the fidelity of the many-

body teleportation, that is, we define a threshold which when exceeded by this

quantity the fidelity must be finite. By not measuring fidelity itself, which would

require us to decode the scrambled information, we have kept the experimental

overhead to a minimum11, an important factor when dealing with NISQ devices.

To demonstrate the practicality of our proposal, we execute it on the ibm_lagos

quantum processor, thus demonstrating that we have observed scrambling in addition

to other phenomena such as operator growth.

Transport. In the case where conservation laws forbid local relaxation via

scrambling, the information about the initial distribution of conserved densities is

lost via transport. The framework used in the study of transport in quantum many-

body systems is the same as in classical systems, that being hydrodynamics[50];
11Considerably less than some prior experiments on quantum information scrambling[49].
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hence, the relaxation of conserved density imbalances in the initial state represents

a semi-classical portion of the full quantum time evolution. The emergence of this

hydrodynamical picture in unitary evolution, a question closely related to closed

system thermalisation itself, is piquing a good deal of interest recently[51–53].

We introduce another OpEE measure related to the classical information capacity

of the channel, which is bounded by the decay of slow hydrodynamical modes.

This quantity can be estimated with the same protocols used in our experiment

on scrambling, and by doing so we are able to infer transport properties of our

system without the exact knowledge of the forms of conserved densities. The

experimental overhead in estimating this quantity is linear in system size, making

this protocol highly scalable.

However, this quantity decays with noise and decoherence, unless the noise is

charge preserving, a fact that one needs to have in mind when implementing it on

large qubit arrays. Instead, I present a selection of analytical and numerical results

on a set of toy models exhibiting a wide range of transport behaviours to showcase

the descriptive power of this measure in the study of transport.

The reader will find further information in Chapter 2.

1.2 Realisations of Topological Phases of Matter

Returning to the topic of non-local correlations and entanglement. Intrinsic

topological order is a peculiar kind of order that is invisible to local observables

while featuring rich phenomenology. From fault-tolerant quantum memories[54] to

modelling fundamental interactions (gauge field theories)[55], it is no surprise that

studying these models has captivated the community for almost half a century.

The most notable features of such models in (2+1) dimensions are the excitations

they host. They lie beyond the fermion-boson dichotomy of (3 + 1) dimensions.

Upon the exchange of these particles, the effects on the state (wavefunction) of

the system are highly non-trivial.

The theoretical study of these particles, called anyons[56], has mostly reached

completion. It was a long road from their first conceptualisation in 1977[57],
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(a) (b)

Figure 1.1: (a) The action of the full exchange of Abelian(left) and non-Abelian(right)
anyons. The Abelian action induces a phase shift in the wavefunction |ψ⟩, while the
non-Abelian action is a unitary rotation is some subspace spanned by {|ψi⟩}, allowing
the braiding of non-Abelian anyons to be non-commuative. (b) The braiding action of
anyons in Abelian quantum double model, the anyons are labelled by an irrep of group G
χ and a group element g.

through the discovery of the fractional quantum Hall effect[58] in 1982, the first

phase to have them as elementary excitation[59, 60], and the formal constructions

of various lattice models that realise them[61, 62] in the early 2000s, up until

modern category-theoretic approaches[63].

Experimentally, it is a different story. To understand this, we need to look at

the two main types of anyons: Abelian and non-Abelian, see Figure 1.1a. The

main difference is that exchanging Abelian anyons can only induce a phase shift in

the wavefunction12, |ψ⟩ → eiαab |ψ⟩, while exchanging non-Abelian anyon induces

a more general unitary transformation on the state, |ψi⟩ → Uab |ψi⟩.

Recent experiments have demonstrated Abelian anyon fractional statistics in

fractional quantum Hall systems via anyon interferometry[64–66], but convincing sig-

natures of non-Abelian statistics have not been found in quantum Hall systems yet13.

However, a different avenue for realising topologically ordered states has closed

that gap, that is, Quantum Simulators. Since the first demonstration of Abelian

anyon braiding on a NISQ device in 2021[68] it did not take long for the same group

(Google Quantum AI) to realise projective non-Abelian anyon braiding in 2022[69],

the finding being replicated shortly by other groups[70]. Unitary non-Abelian

anyon braiding followed soon in 2023[71]. It is in that landscape that our work,

contemporary to the last two papers mentioned, finds itself.
12Bosons and fermions are special cases of Abelian anyons with αbb = 0 and αff = 2π,

respectively.
13Closest probably being Ref. [67], but the data is unclear.
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Beyond pure phenomenological interests, anyons do offer a platform for fault-

tolerant quantum computation[61, 72], and it is with that in mind that I also

highlight the experimental realisation of a topological phase whose excitations form

a computationally universal anyon theory[73], Fibonacci string-net model[62]. The

topological phase we considered, the quantum double of a finite non-Abelian group,

can be made14 computationally universal with addition of measurement[74].

Ground state preparation. The ground states of topologically ordered

systems possess non-local correlations that need to be built up over the entire

systems, given that we start off from a product state. These non-local correlations

are exactly what encodes the anyon exchange statistics15; and since non-Abelian

anyons have more complicated exchange statistics, the ground state entanglement

structure is more complicated than that of Abelian topological order.

This is a challenge in a noisy device, the depth of a local quantum circuit

that would establish these correlations scales linearly with the system size[75].

This limits us to small and simple systems; while noting that there are protocols

developed, e.g. Ref. [76], to overcome this challenge by using adaptive circuits, i.e.

circuits that adapt based on the results of intermediate measurements, measure-

and-feedforward techniques16.

Group multiplication. Quantum double models have degrees of freedom

that take values in a finite group G, hence the action of group multiplication is

as natural as bit flips are in the case of qubits (which naturally encode G = Z2).

Once the map from group elements to qubits is performed, the encoding, the group

multiplication operator may be compiled in terms of available gates, and it is there

that the main difficultly lies. In the case we examine, G = D4
17, we require multiple

uses of a three qubit non-Clifford Toffoli gate, that when compiled in the native
14In case of non-nilpotent groups, i.e. S3.
15Just like in one-dimensional spin chains, when one wants to write down a fermionic operator on

bosonic dofs, the operator needs to be non-local in order to encode the anti-commuting property.
16The full power of the LOCC operation set can establish entanglement over a long distance

with local adaptive circuits of depths that scale no faster than the logarithm of the system size, in
the case of certain topologically ordered ground states, this is possible in constant depth.

17Symmetry group of the square, dihedral group of order 8 = 23, encoded on three qubits. See
our Paper [2] for analysis of G = S3 case.
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gate set of Google’s Sycamore chip (our benchmark for the state of the art NISQ

device) become depth-6 circuits. Overall, a general group multiplication unitary,

U : |g, h⟩ → |g, gh⟩, in the case of D4, are depth-50 circuits.

Several of our innovations used to get the overall circuit depth within feasibility

rely on the fact that when18 one of the inputs to the circuit is restricted to be

within a particular conjugacy class or a particular normal subgroup, the group

multiplication circuits are dramatically simpler. In the case of D4, the depth is

usually 4, with the maximum being 10.

Ribbon operators and charge measurements. These represent our biggest

contributions and can be used in conjunction with ground-state preparation pro-

tocols described in Ref. [76]. In particular, our charge measurement protocol, if

implemented, would offer the first direct detection of topological charge (a needed

resource in making these models computationally universal), allowing one to observe

non-unique fusion and non-Abelian braiding directly. This is in contrast with indirect

(while still unambiguous) observation of non-Abelian signatures, as in Refs. [69–71].

Quantum double models are based on discrete models of gauge field theories,

and the anyons they host are a reflection of that fact. The anyons come in

three kinds: pure charges (think electric charges in electromagnetism), pure

fluxes (local violations of the Gauss’ law by a given field configuration) and

the combination of the two.

Pure charges, just as in gauge field theory, are associated with irreducible

representations (irrep) of the (Gauge) group G, i.e. how does a charged state

transform under a local gauge transformation. Pure fluxes are, in turn, labelled

by the group elements themselves, conjugacy classes to be specific.

If the group G is Abelian, the classification ends there; all anyons are labelled

by an irrep and a group element (χ, g) that we can think of a χ−charge sitting

next to a g−flux, and the braiding action is determined by the interaction between

the charge of one and the flux of another anyon, eiα12 = χ1(g2)χ2(g1), see Figure

1.1b. The classification of the anyons in the non-Abelian quantum double models
18Group being solvable is a probable necessary prerequisite.
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Figure 1.2: (Left) The effects of the local g−valued action on the state charged with
irrep χ, in the Abelian case. (Left/Right) Charge measurement can be adapted to be a
non-destructive flux measurement using this correspondence.

as well as the braiding action is analogous but significantly more complicated;

they will be discussed in detail in Chapter 3. The anyon label (χ,C) is referred

to as the topological charge.

Ribbon operators are operators supported on a ribbon of finite thickness that

leave topological charges at each end of the ribbon while not disturbing the vacuum

(ground state) along their path - their endpoints are the elementary excitations

of the model, the anyons we discussed. They are labelled by the anyons they

create (χ,C). The group multiplication that is needed for their implementation

is restricted to the conjugacy class C, which makes its compilation very efficient.

We provide a general algorithm for any group G, with exact circuits for the case of

G = D4
19. This is an ancilla-based protocol, with post-selection necessary because

of the non-unitary nature of elementary ribbon operators themselves.

To infer the gauge charge part of the full topological charge, one needs to look at

how the state transforms under local G−action, see Figure 1.2 (Left). To compile a

circuit that implement this group action, one needs multiple group multiplication

circuits, which is highly non-feasible.

Instead of looking for full charge information, we consider how the state

transforms under a subgroup H−action, H ⊂ G. This gives us partial charge

information, i.e. it does not specify a single irrep, but a set of irreps compatible with

the measurement result. By repeating the experiment multiple times with different

subgroups, we can infer full charge information with minimal post-processing. This

is guaranteed by the partial orthogonality of character tables of the full group

and its normal subgroups.
19See Ref. [2] for G = S3 case.
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The group multiplications used to compile a subgroup action have their domain

limited to a subgroup, making them efficient to compile for the cost of having

to repeat the experiment multiple times; a usual resource tradeoff needed to be

considered when compiling an experiment for NISQ devices, circuit depth for

repetition with post-processing/post-selection.

We have compiled shallow circuits for the reduced charge measurement in the

case of G = D4, along with offering a general algorithm for any G.

For the flux content of the full topological charge, we can read out the states of

all dofs, getting a classical gauge field configuration and inferring the Gauss’ law

violations from it to get the flux information, which we do. However, this destroys

the quantum superposition of classical gauge field configurations. A non-destructive

way of measuring flux can be adapted from the reduced charge measurement by

considering the duality shown in Figure 1.2 (Left/Right). The meaning of the local

χ−action will become clear at the end of Chapter 3.

Probing non-Abelian signatures. To demonstrate the practicality of our

protocols, we numerically simulate a number of experiments demonstrating several

elements of the non-Abelian anyon phenomenology. The simulations were performed

with Google’s own realistic classical simulator, whose noise models were developed

based on the Sycamore chip[77]. The results are suggestive that current NISQ

devices running our protocols can observe: non-unique anyon fusion, non-Abelian

anyon braiding, as well as measure most of the topological data (linking and

twist matrix elements) in a phase-sensitive manner via our anyon interferometry

protocols. The most complicated of our experiments do distinctly go beyond what

the current devices are capable of.

The reader will find further information in Chapter 3.

1.3 Pauli Subsystem Codes

Another method for establishing long-range entanglement that I will touch upon is

local measurements or imposing local constraints on the quantum state. Encoding

quantum information into long-range entangled states that satisfy an extensive
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number of local constraints20, is the idea behind quantum error correction (QEC)

and QEC codes[78–80]. Local errors present in NISQ may change the state locally

(which we can correct), but the relevant information is left untouched. The most

well-known example of QEC codes are (topological) stabiliser codes.

They are defined in terms of an Abelian stabiliser group S of operators acting

on the Hilbert space H of some system. States that are left invariant (stabilised)

by all elements of the stabiliser group span a logical (or a code) subspace of

the full Hilbert space,

HL(S) = span{|ψ⟩ ∈ H | g |ψ⟩ = |ψ⟩ for all g ∈ S}. (1.1)

It is in that subspace that we encode the relevant quantum information, and in

good codes, operators that act in this space, the logical operators, cannot have

small local support in terms of original dofs. This is because we do not want local

errors to mimic the effect of logical operators corrupting the information encoded

in the logical subspace. This non-locality condition implies that the states in the

logical subspace must have non-local correlations. However, stabiliser states are a

class of quantum states that have properties within the realm of efficient classical

compatibility[10], a fact that we leverage in our (numerical) study.

A generating set (of operators) for the stabiliser group S, is also called a set of

checks, since if a state satisfies all checks, it is necessary in the logical subspace.

Furthermore, if the local dofs are qubits and the operators g ∈ S are Pauli strings,

i.e. of the form g = X1 ⊗ Y2 ⊗ I3 ⊗ Z4 (X, Y and Z being the Pauli matrices), the

resulting codes are known as Pauli stabiliser codes21.

If we relax the Abelian condition on the checks, we get Pauli subsystem codes[81,

82]. These are still codes, with a well-defined code space, defined by the states

stabilised by all operators in the maximal Abelian subgroup of the group spanned

by all check operators (the Gauge group)22. Since the checks do not commute, they
20A prominent example of which are precisely the topologically ordered states discussed in the

last section.
21Since the stabiliser group S is a commuting subgroup of the n−qubit Pauli group Pn

2 . Note:
Logical operators will form a (smaller) Pauli group[10], see Figure 1.3 (bottom) for an example.

22If the gauge group is Abelian, we get back a usual stabiliser code.



1. Introduction 15

Figure 1.3: Checks versus stabilisers:
(Top) Honeycomb model, the dofs are qubits situated at the vertices of a honeycomb
lattice and X,Y and Z are the Pauli matrices. In the subsystem code formulation of
the Kitaev honeycomb model, we can choose for our checks to be the two-qubit bond
operators, but the smallest stabiliser is a six-qubit plaquette operator.
(Bottom) Toric code model, the dofs are qubits situated at the edges of the square lattice.
The smallest stabiliser generators are four-qubit plaquette and vertex operators. A possible
choice for two out of four generators of all logical operators X̃2 and Z̃1; any deformation
of the loops results in the same logical operator with its support always being at least
O(linear system size). To get candidates for X̃1 and Z̃2 one can rotate the previous X̃2
and Z̃1, respectively, by 90o.

will act on the code space, but in good subsystem codes, their action factors the

logical space into two subsystems: the gauge subsystem and the logical subsystem.

Gauge operators act trivially within the logical subsystem, and it is there that

quantum information is stored. The reason why subsystem codes may be desirable

is that, in general, gauge generators can be chosen to be operators of small support,

smaller than the generators of the stabiliser group. Hence, the checks are easier to

implement as measurements than the stabilisers; see Figure 1.3 (top) for an example.

In recent years, there has been good effort in classifying topological Pauli

stabiliser and subsystem codes in terms of Abelian anyon theories[83, 84]. This
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categorisation was later used in the characterisation of intrinsically mixed-state

topological order (imTO)[85–88], density matrices with loop operator (1−form)

symmetries satisfying an algebra that is impossible to realise in pure states. These

mixed states arise when we decoherently proliferate locally correlated (i.e. not

mutually commuting) errors. Our approach is orthogonal to this line of work; we

ask: what if you measure these competing errors instead?

The (Pauli stabiliser) code we focus on is the toric code23, shown in Figure

1.3 (bottom) and covered in detail in Chapter 4; and the errors we proliferate by

measurements are the short strings that leave different kinds of defects at their

endpoints, the ribbon operators of the last section.

We have studied this problem numerically, in the stabiliser state or Clifford

formalism[10], an efficient tool for classically computing properties of states definable

by eq. (1.1). We report a number of different behaviours (phases, if we may) in the

steady-state ensembles of these random measurement protocols. We characterise

these different steady-state ensembles not only by their entanglement properties,

where many studies of this kind conclude, but by also constructing an Edwards-

Anderson-like order parameter that quantifies how likely you are to find a correlated

defect-defect (anyon-anyon) pair separated by a long distance in the steady-state

ensemble, which we relate to anyon condensation.

The reader will find further information in Chapter 4.

23The G = Z2 quantum double model.
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Building on the motivation laid out in the first part of the Thesis Introduction,

I will now present our work on Operator Entanglement Entropies and Mutual

Information, often referred to as just OpEE in this chapter. The main idea is to

relate the OpEE measures to the power of a quantum channel (a circuit or a time

evolution operator) to scramble or transfer initially local classical and quantum

information. In addition to this, we also present how to obtain such measures in a

NISQ device with single-qubit control in a way that is quantum resource-efficient

(uses as few qubits as possible). This probing is based on the now well-known

technique of classical shadow tomography [37], but modified for the use of quantum

channel tomography, i.e. estimating OpEE measures.

Parts of this chapter are based on our published work:

McGinley, M., Leontica, S., Garratt, S.J., Jovanovic, J. and Simon,
S.H., 2022. Quantifying information scrambling via classical shadow
tomography on programmable quantum simulators. Physical Review A,
106(1), p.012441.

In this work, we have demonstrated that a given circuit has achieved quantum

information scrambling on a NISQ device by measuring various OpEE measures.

We show that if some OpEE measures, defined later, exceed a threshold value, then

the circuit has achieved quantum information scrambling in a manner defined

in the literature, most notably Ref. [38]. Put simply, the local information

is lost to local measurements, but is still accessible1 if we have access to the

entire output of the circuit.

I also supplement this chapter with unpublished work that relates an OpEE

measure similar to the ones we considered in our paper to the transport properties of

quantum systems. Having demonstrated that we can estimate the OpEE measures

on a NISQ device, I argued that we ought to utilise the relationships between classical

information transfer of a time evolution (captured by one of the OpEE measures) and

the transport properties of a quantum system. This would allow us to measure the

transport of local charges more exotic than the often-studied spin transport, we can
1Assumings a unitary evolution.
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access heat diffusion in chaotic Hamiltonian systems, observe quasiparticle modes,

or anything that has a potential to carry classical information around a system.

The chapter is structured as follows. In the next section, I will define all the

relevant OpEE measures and their relationships to quantum information scrambling

and transport properties of quantum systems. Following that, I will present our

variant of the classical shadows tomography that we use to characterise quantum

channels. Next, I will present the main results of our published work, before moving

on to a set of analytical and numerical results that provide the motivation for why one

ought to look at OpEE measures to characterise quantum transport experimentally.

I will conclude with a brief chapter summary, leaving the reader with a set of

appendices that provide some detailed calculations referred to in the main text.

2.1 Operator Entanglement Entropy

The question arises: Is there a way to quantify the entanglement development

during the evolution of a quantum system that is independent of the initial state?

A natural way to address this question is to define an entanglement entropy

measure for the time-evolution operator itself. A good candidate for this measure is

the Operator Entanglement Entropy (OpEE) [28]. In order to define this measure,

we can simply look at an appropriate state dual to an operator:

O =
∑
ij

Oij |i⟩ ⟨j| → |O⟩ =
∑
ij

Oij |i⟩ ⊗ |j⟩ . (2.1)

If the operator, O, is acting on states in a Hilbert space, HS, of some system S;

then the dual state, |O⟩, lives in the tensor product of two copies of HS, HS ⊗ HS′ ,

or in a Hilbert space of a doubled system, S ∪S ′. See Figure 2.1a for an illustration.

We can then simply use the usual entanglement measures (for a state) applied

to this state dual of an operator. The ones we chose to focus on are the Rényi

entanglement entropies and mutual information across various multipartitions of

the two copies of the system. From now on, I will focus on the case of OpEE

of time evolution unitaries, O = U(t).
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(a) (b)

(c)

Figure 2.1: (a) Illustration of the operator-state duality on the example of a time
evolution unitary, U(t). The state, |U(t)⟩, is defined on the doubled system, S ∪ S′,
which are further divided into regions, A(′), B(′), C and D. (b) The Hayden-Preskill
protocol [38]. The relevant quantum information, state |ψ⟩, to be scrambled is encoded in
subsystem A, while the rest of the system, subsystem B, is entangled with its copy, B′. If
U(t) is a perfect scrambler, the state |ψ⟩ can be distilled just from the copy, B′, and any
subsystem C of the same size as A. (c) The subdivision of the doubled system, S ∪ S′,
into four regions, A, B, C and D, used in defining various OpEE measures. We always
take that |A| = O(1) = |C| and |B| = O(N) = |D|.

The state dual to the time evolution unitary can be directly prepared on the

doubled system by applying the unitary to one half of a maximally entangled state

|U(t)⟩ = UI(t) |Φ+⟩I,II =
∑
i

UI(t) |i⟩I ⊗ |i⟩II , (2.2)

where i goes over some basis of the Hilbert space of the system, S.

The main multipartition we will use is shown in Figure 2.1c, S = A ∪ B and

S ′ = C ∪D. With this partitioning of the two copies of the system, we can define

the Operator Entanglement Entropy (OpEE) as:

S
(n)
OpEE(X) = 1

1 − n
logq TrρnX , for ρX = TrX̄ |U(t)⟩ ⟨U(t)| , (2.3)

with X being any union of the subsystems A, B, C and D and X̄ is the complement,

X ∪ X̄ = S ∪ S ′. Here n is the Rényi index and the base of the logarithm is always

the on-site Hilbert space dimension, q = 2 in the case of qubit arrays.
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Using different combinations of multipartitions we can define mutual Rényi infor-

mation:

I
(n)
2 (A : C) = S

(n)
OpEE(A) + S

(n)
OpEE(C) − S

(n)
OpEE(A ∪ C), (2.4)

and

I
(n)
3 (A : B : C) = I

(n)
2 (A : B) + I

(n)
2 (A : C) − I

(n)
2 (A : B ∪ C) =

S
(n)
OpEE(A) + S

(n)
OpEE(B) + S

(n)
OpEE(C) − S

(n)
OpEE(A ∪B)

− S
(n)
OpEE(A ∪ C) − S

(n)
OpEE(B ∪ C) + S

(n)
OpEE(A ∪B ∪ C). (2.5)

The first is the bipartite mutual information between A and C, and the second

is the tripartite mutual information between A, B and C. The first quantity we

will employ in our study of transport properties of quantum systems, while the

second quantity we have used in our study of scrambling properties of quantum

channels. Both of these quantities can be estimated using our variation [1] of the

classical shadows method [37]. However, the number of shots required to estimate

the two quantities via classical post-processing is vastly different.

The number of shots required scales exponentially with the size of all partitions

involved. In the case of tripartite mutual information, this is O(c|A|+|B|+|C|), while

in the case of bipartite mutual information it is O(c|A|+|B|)2, with |X| being the

size of (the number of sites in) the region X ∈ {A,B,C}. The constant c (c > 1),

is a O(1) constant that depends on the desired precision of the estimate.

Note that S = A ∪B (∪ will be omitted in further text, so I write AB), so the

number of shots required to estimate the tripartite mutual information is at least

exponentially large with respect to the size of the original system S. However, the

number of shots required to estimate the bipartite mutual information does not scale

with the size of the original system if regions A and C are not extensive. This allows

us to vary the position of the region C, which we will do in our study of transport

properties of quantum systems, totalling in a linear scaling for the entire experiment.
2See the discussion following eq. (2.22) in Section 2.2.



2. Entanglement Dynamics in Qubit Arrays 22

Note that, in the case of a state dual to a unitary (time-evolution) operator,

we can further simplify equations (2.4) and (2.5) by using:

S
(n)
OpEE(X) = |X|, (2.6)

for X supported solely on either input, S ′, or output, S, spaces. This is due to the

fact that the reduced density matrix, ρX , is maximally mixed, ρX = I/q|X|.

Also for pure states, we have:

S
(n)
OpEE(X) = S

(n)
OpEE(X̄), (2.7)

but given the actual time evolution is noisy, Nt(ρ) ̸= U(t)ρU †(t), I will not

use eq. (2.7).

Equations (2.4) and (2.5) now read:

I
(n)
2 (A : C) = |A| + |C| − S

(n)
OpEE(AC), (2.8)

and,

I
(n)
3 (A : B : C) = N + |C| − S

(n)
OpEE(AB)

− S
(n)
OpEE(AC) − S

(n)
OpEE(BC) + S

(n)
OpEE(ABC), (2.9)

with the last term being equal to |D| = N − |C|, when the evolution is unitary.

2.1.1 Tripartite OpEE and Scrambling

The tripartite OpEE (tOpEE), Rényi mutual information between regions A, B and

C connected by the time evolution operator, is one of the two quantities we have

looked at in our work on verifiable scrambling in quantum simulators[1]. The main

point of the paper is to demonstrate that we have achieved quantum information

scrambling on a programmable quantum simulator. We have implemented a circuit

corresponding to our time evolution (ideally) unitary U(t), more generally a noisy

channel Nt[X] ≈ U(t)XU †(t), which we show has the property of scrambling the

initially local quantum information.
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This is not the first[49] nor the last[89, 90] study of this kind. What sets our

work apart is that it is not as direct, the scrambled information is not directly

recovered, but rather we looked at the relevant OpEE measure to determine if

the information has been recoverably scrambled. To this end, I will dedicate this

section to explain the relation between verifiable scrambling and the tripartite

mutual information for a given unitary operator.

Hayden-Preskill Protocol. Scrambling in a quantum mechanical system aims to

capture the notion that initially localised information spreads to incredibly complex

and growing observables. The information is not lost, but becomes practically

inaccessible to an observer. This has been related to the black hole information

paradox, resulting in one formal way of defining quantum information scrambling;

the Hayden-Preskill (HP) protocol (thought experiment)[38]. The hypothetical

proposal deals with retrieving quantum information lost to the black hole, assuming

that the black hole event horizon is a fast scrambling unitary. The protocol is

illustrated in Figure 2.1b, to be precise, what is shown is an encoding channel

NA→B′C
t . The main idea is to decode the information lost to the black hole, state

on the subsystem A, by collecting some Hawking radiation, represented by the

subsystem C, from the evaporating black hole. The main resource to which an

observer has access is a system B′, which is entangled with the black hole, system B.

If a decoder channel is provided, one can ask about the fidelity of the combined

encoder-decoder process; this is known as the HP or many-body teleportation fidelity.

The quantum information capacity of the encoding channel is defined as this fidelity;

and in the case of perfect scramblers, this channel is perfect for any choice of

subsystem C as long as |C| ≥ |A|. More generally, if the capacity of the encoding

channel is non-zero, we can distil the state |ψ⟩A from B′C (to be defined soon); and

if that is the case for any choice of C (|C| ≥ |A|) the quantum information localised

in A is (verifiably) scrambled by definition. It is to this quantum information

capacity of an encoding channel that we have related the tOpEE.

In Ref. [28] it was also shown, in a manner similar to what I am about to argue,

that the lost information can only be distilled from the entirety of the output, the
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whole CD, if the information is perfectly scrambled, which echoes the fact that all

the Hawking radiation is needed to decode the information lost to the black hole.

The two approaches are related by the fact that in the case of unitary evolution

I(A : B : C) = I(A : D : C).

Distillable Entanglement. In the context of states, e.g. ρXY , if the bipartite

mutual information, I(X : Y ), is greater than the dimension of the smaller

subsystem, say I(X : Y ) = |X| + ϵX:Y with ϵX:Y > 0, and the reduced density

matrix, ρX , is maximally mixed, we can distill the entanglement3 from the state

ρXY . This is an example of a distillation criterion.

The Bell pair state between identical subsystems, |X| = |Y |, maximises the

bipartite mutual information between the two subsystems, ϵX:Y = |X|, and can be

regarded as a proper unit of quantum entanglement. With this in mind, we can

define the entanglement distillation procedure. Given a state, ρXY , with distillable

entanglement between subsystems X and Y , we can cast a product state ρ =⊗N
i=1 ρ

XY
i into a product state of a number (smaller than N) of Bell pairs between

subsystems4 X1X2 . . . XN and Y1Y2 . . . YN . See Appendix A of our paper[1] for the

full discussion and Refs. [91, 92] for concrete examples of distillation procedures.

The casting/distillation procedure is local on subsystems X1X2 . . . XN and

Y1Y2 . . . YN . Local in this context means LOCC (Local operations and classical

communication)[11], measurements and unitaries act separably on subsystems

X1X2 . . . XN and Y1Y2 . . . YN , but the unitaries applied to one subsystem may

depend on the outcome of the measurements performed on the other subsystem.

OpEE and HP Protocol. If we now recall the leg folding procedure in defining the

state dual to the time evolution operator, Figure 2.1a, we see that unfolding the legs

on a Bell pair state gives us the Identity channel. This means that the distillation

procedure, if it can be performed based on some distillation criterion, is exactly the
3Distillable entanglement is the (additional) entanglement characterising correlations beyond

those possible in classical ensembles!
4Each Bell pair carrier a quantised amount of distillable entanglement, ϵBell = 1, hence the

distillable entanglement of the product state ρ, ϵtotal = NϵX:Y , needs to be close to an integer for
that product state to be castable to the reduced Bell pair form.
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decoder of the encoding channel NA→B′C
t . In this way, we have a sufficient criterion

in terms of OpEE which we have related to the HP definition of scrambling. That is

If I(n)
2 (A : BC) > |A| for any choice of subsystem C in the output with

|C| = |A|, we can infer that the information localised in A is verifiably
scrambled according to the HP definition.

Why I insist on relating the tripartite OpEE, to the distillation of entanglement,

even though the criterion used the bipartite mutual information, I(n)
2 (A : BC) > |A|,

is that this bipartite mutual information is the only nontrivial contribution to the

full tripartite mutual information, eq. (2.5), since I(n)
2 (A : B) = 0 and I

(n)
2 (A : C)

(what I refer to as bipartite OpEE) is generally small for scrambling unitaries.

Later I will present our results, where we have used our variant of the Classical

Shadows Method to estimate the tripartite OpEE and show that for the circuits we

have implemented the criterion is met, for (almost) all choices of C, demonstrating

that the information is verifiably scrambled on our device.

2.1.2 Bipartite OpEE and Transport

In this section, I will argue for the physical significance of the bipartite OpEE

(bOpEE), Rényi mutual information between regions A and C connected by the

time evolution operator, by relating it to the transport properties of quantum

systems. In general, if we look at the second Rényi entropy:

2−S(2) = Trρ2 (2.10)

and look at it in the superstate formalism, where we treat operators as states in

a doubled Hilbert space, we can write it as:

2−S(2) = ⟨⟨ρ|ρ⟩⟩ =
∑
O

⟨⟨ρ|O⟩⟩⟨⟨O|ρ⟩⟩, (2.11)

where the norm of this operator vector state is just the Schmid trace norm,

⟨⟨P |Q⟩⟩ = TrP †Q. The sum goes over any orthonormal basis of the operator

vector space, {|O⟩⟩}.
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Figure 2.2: Graphical derivation of the equality used in equation (2.13), TrρtOAOC =
TrOA(t)OC .

In this expanded form, the second Rényi entropy can be written as:

2−S(2) =
∑
O

|TrρO|2. (2.12)

Focusing more specifically at the case at hand, the second Rényi mutual

information between regions A and C connected by the time evolution operator,

ρ = ρ(t) ≡ |U(t)⟩ ⟨U(t)|, and choosing a basis of operators that is factorisable in

regions A and C, i.e. O = OA⊗OC for all Os, we can rewrite the equation above as:

2−S(2)(AC) =
∑

OA,OC

|TrOA(t)OC |2. (2.13)

Refer to Figure 2.2 for a graphical derivation of this equation. Note that the sum

contains a number of terms exponentially large in the sizes of the subsystems A

and C. Both because of the experimental considerations and for the theoretical

usefulness of this quantity, the intention is to keep these regions small allowing

for the small number of relevant terms, described below, not to be obscured by

the vast majority of irrelevant terms.

From equation (2.13) we can already anticipate the relationship between this

OpEE measure and the presence of long-lived modes in our system, i.e. the

transport properties of the time evolution operator.

Namely, looking at the sum in equation (2.13), we can see that if there is a slow

mode in the system, that is, a local density conserved by the time evolution operator,
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and there is some operator OA, supported in the region A that has some operator

overlap with the local conserved density operator, the term |TrOA(t)OA|2 will

dominate at late times after all other operators overlaps have exponentially decayed

due to local relaxation. This is because that term can only decay algebraically,

as fast as the slow mode with which it overlaps.

A picture that excellently captures this point can be found in recent works [93,

94] on the classical computation of transport in quantum systems. The main point

of these works was to find a good variational space in which to evaluate a term like

TrOA(t)OA in. The reason for bringing it up is the hydrodynamical picture of said

operator overlap, TrOA(t)OA, which can be found in Ref. [93]’s equation (10):

o 0

o x

τ

ηxη0

(2.14)

schematically representing the overlap of time-evolved local operator o0 with the

local operator ox via the dominant slow mode, ηx. The dynamics of this slow mode

may fall into a number of different universality classes (diffusive, ballistic, etc.),

but in all cases the decay of this quantity in time will be at most algebraic due

to symmetry constraints on the time evolution.

The late-time behaviour of this OpEE measure will be determined by the slow

modes and, hence, measuring it can give us insight into the transport properties

of the time evolution operator.

2.2 Classical Shadows and OpEE

In the previous sections, I have argued for the physical significance of tripartite

and bipartite OpEE measures, Rényi mutual information. In this section, I will

focus on how to measure these quantities in digital quantum simulators with

single-qubit control.
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Classical Shadows. Given a quantum state described by its density matrix, ρ,

how can we estimate a large number of functions of ρ with a "small" number

of measurement shots?

The classical shadows protocol addresses this question and is a more systematic

version of randomised measurement protocols that came before, e.g. Ref. [36]. All

randomised measurement protocols leverage the correlation between the random

measurement bases via classical post-processing.

To illustrate this fact, it is best to explain the actual protocol:

Classical Shadows

1. Apply a random unitary to a state, ρ, of interest.

2. Read out the state in an available basis, i.e. computational basis
in the case of qubit arrays, and record the outcome, the quantum
measurement.

3. Repeat the process N times, resulting in a set of random unitaries {Ui}
and the corresponding measurement results {mi}.

4. Given these two sets, classical shadows, construct the appropriate
estimators for our target functions, the classical post-processing.

The last step of the protocol is the most involved, because it depends greatly

on the ensemble of random unitaries used in the first step and on the observ-

able of interest.

The expectation values of usual observable are linear functions in density matrix,

⟨O⟩ = TrρO, and hence their estimators will be different from Rényi entropies

which are non-linear functions in the density matrix, S(n) = 1
1−n logTrρn.

Linear functions. Let us focus on the case of estimating expectation values

of quantum observables.

Given a set of N random unitaries and corresponding measurement outcomes,

{Ui} and {mi}, we construct a following estimator for the density matrix, ρ:

ρ̂i = N (Ui |mi⟩ ⟨mi|U †
i ), (2.15)

ρ̂ = 1
N

∑
i

ρ̂i. (2.16)
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It is important to note that the estimator ρ̂, can only be used in linear functions

Trρ̂O = TrρO, where the averaging was done over different realisations of the

experiment. 5

The channel N , depends on the ensemble of random unitaries used in the

experiment. In the case where Ui are drawn from the uniform (Haar) measure of

random d × d unitary matrices, Ud, the correct channel producing an unbiased

estimator will be:

N (Ui |mi⟩ ⟨mi|U †
i ) = (d+ 1)Ui |mi⟩ ⟨mi|U †

i − 1, (2.17)

where d is the Hilbert space dimension of the system.

This is different from the common guess of N (X) = X, giving us the density

matrix of the state after the measurement, Ui |mi⟩ ⟨mi|U †
i . Each shadow, ρ̂i, is not

a valid density matrix (not positive definite), but the average is.

To see why this is correct, we look at what ρ̂ estimates:

ρ̂i =
∫
Ud

dU
∑

{mα}
⟨mα|UρU † |mα⟩

(
(d+ 1)U |mα⟩ ⟨mα|U † − 1

)
= ρ, (2.18)

where mα is the set of all possible measurement outcomes [37]. The term in front

of the parentheses is the probability of observing an outcome mα.

To get the last equality in the equation (2.18) one can use the well-documented

moments of the Haar measure, e.g. Ref. [95]. To get the average, ρ̂i, one needs

the second moment and to get the variance, varρ̂i, determining the number of

shots needed to achieve the desired precision, one needs the fourth moment of

the Haar measure.

In most practical cases, realising the Haar measure is not feasible with local

unitary circuits. Although local random unitary circuits in one or two dimensions

can approximate the Haar measure up to a given moment [96]6, the depth of

these circuits needs to be extensive in the system size, although there has been

great progress in this field [97].
5Repeating the experiment is not necessary because the estimator is a self-averaging quantity.
6Second moment (a Haar two-design) to give us the correct estimator and forth to give us the

favourable low variance in our estimator.
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This is why we focus on the on-site Haar ensemble, U(2)⊗n, where n is the

number of qubits in the system.

This ensemble now requires a new estimator which is just a tensor product

of the previous full Haar estimator on each qubit:

ρ̂i = N (Ui |mi⟩ ⟨mi|U †
i ) =

⊗
a

(
3Ua

i |ma
i ⟩ ⟨ma

i | (Ua
i )† − 1

)
, (2.19)

index a is going over the qubits, unitaries Ui decompose into their local parts

Ui = ∏
a U

a
i and the measurement outcomes are labels by the computational basis

states, mi = {ma
i } ∈ {0, 1}n.7

The on-site Haar ensemble can be realised exactly given that many quantum

simulators have individually accessible qubits, i.e. trapped ions platforms[98–101],

superconducting qubit arrays[14, 102–105] and Rydberg atom arrays[106–111].

Nonlinear functions. Polynomial functions of the density matrix, e.g. exponen-

tials of Rényi entropies, can also be estimated straightforwardly. The main idea

is to cast the degree m function of the density matrix as a linear function of the

density matrix of a repeated system, ρ⊗m. This is similar to the usual replica trick

used when studying entanglement in quantum systems [20, 112]. More relevantly

to experimentalists, this is the trick used in the first direct measurement of the

second Rényi entropy in a trapped ion quantum simulator [113].

However, that protocol required a second copy of a state, which requires double

the quantum resources (i.e. qubits). Randomised measurement protocols solve

precisely this problem via classical post-processing and correlation between random

measurement bases.

In the case of second Rényi entropy, the observable on the doubled system is

the SWAP operator SWAP = ∑
ij |i⟩1 |j⟩2 ⟨j|1 ⟨i|2, as expected. The expected value

of the SWAP operator is the state purity of the original non-doubled system,

Tr [(ρ⊗ ρ)SWAP] = Trρ2, (2.20)
7Furthermore, in this setting, partial traces are done simply by neglecting the qubits that are

traced out from the above tensor product.
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(a)

|â⟩Qin
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|â⟩Q U Nt V
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Figure 2.3: (a) Graphical proof of the following equality, Tr(ρ⊗ ρ)SWAP = Trρ2. (b)
Figure taken from our Paper [1]: Graphical representation of the OpEE variant of the
classical shadows protocol. The time evolution channel is labelled by Nt, which in the
unitary case reads as: Nt(ρ) = U(t)ρU †(t).

see Figure 2.3a for a graphical representation of this fact.

So in order to estimate the state purity, we just need to estimate the expectation

value of the SWAP operator on the doubled system, which is a linear function

of ρ2 = ρ ⊗ ρ.

The estimator of ρ2 is suggestively [37]:

ρ̂2 = 1
N(N − 1)

∑
i ̸=j

ρ̂i ⊗ ρ̂j, (2.21)

with ρ̂i having the same definition as in the linear case.

The average of the tensor product in eq. (2.21) is the tensor product of averages,

since we have removed the diagonal terms in the sum, hence the two shots are

independent, giving us the correct average value ρ̂2 = ρ ⊗ ρ.

Shadow Norm and Shot Variance. Theorem 1 in Ref. [37] determines the

performance of the classical shadows protocol and is also directly applicable

to our variant:

Theorem 1:The sample size of N shots allows us to estimate M linear functions

({TrρOi}) up to an additive error ϵ given

N > O(log(M) max
i

||Oi||2shadow/ϵ
2), (2.22)
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where ||Oi||shadow is an operator norm determined by the ensemble of randomising uni-

taries.

For example, if the ensemble is Haar random on the entire Hilbert space, the

shadow norm is ||Oi||2shadow ∝ TrO2
i [37]. However, more applicable to us is the on-site

Haar ensemble, where the shadow norm is ||Oi||2shadow ∝ 4k||Oi||∞, where k is the

number of qubits Oi acts on and ||Oi||∞[37] is the operator norm of Oi. This gives

us exponential scaling in the number of shots needed to estimate various OpEE. In

practice, in our paper [1], we have directly estimated the effect of this shot noise by

running an ideal simulation in addition to running the protocol on a quantum device.

Classical Post-Processing. Another important aspect of the classical shadows

protocol is the way classical post-processing is done. That is, constructing estimators

ρ̂i and storing them in memory is usually not efficient, given the exponential scaling

of the dimension of the Hilbert space.

In the case of separable ensembles, where Uis and Vis are tensor products of

small matrices (lowest bond-dimension in MPO language), and when the observable

is also a simple object, e.g. a local observable or the SWAP operator, it is more

efficient to construct the estimator for the functions and store them

1
N(N − 1)

∑
i ̸=j

{ ˆTrρ2}i,j = 1
N(N − 1)

∑
i ̸=j

Trρ̂iρ̂j, (2.23)

where the estimator ˆ{. . .}i,j of a quadratic function in ρ is formed by taking the

ithand the jthsample, see eq. (2.21).

OpEE Variant of the Classical Shadows. Having reviewed the traditional

version of the classical shadows protocol, I can now explain our variation of the

protocol that is tailored for estimating the OpEE measures.

The OpEE are usual entanglement measures when viewed on the doubled system,

the tensor product of the input and output Hilbert spaces. However, unlike related

experimental works [49, 89], we did not need to double the system to study the

state dual to an operator directly, but instead employed the power of randomised

protocols (one more time) to remove the need for doubling the system.

Hence, our protocol is a randomised initial state and measurement protocol:
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Classical Shadows (OpEE Variant)

1. Initialise the system in a random state, say labelled by |mi⟩.

2. Apply a random unitary, Ui, to this state.

3. Evolve the system with the time evolution operator U(t), or a unitary
circuit.

4. Apply the second layer of random unitaries, Vi, to the state at the
output of the time evolution operator.

5. Readout the state in an available basis, say the result is labelled by |ni⟩.

6. Repeat the process N times, resulting in a set of random unitaries {Ui}
and {Vi}, and a set of random initial and final states {mi} and {ni}.

7. Given these sets, classical shadows construct the appropriate estimators.

The logic follows in the same way as it did in traditional classical shadow

tomography. We construct our estimator for the density matrix of the state dual

to the time evolution operator, ρ(t) ≡ |U(t)⟩ ⟨U(t)|, as:

ρ̂i(t) =
⊗
a

(
3(Ua

i )T |ma
i ⟩ ⟨ma

i | (Ua
i )∗ − 1

)
⊗
⊗
b

(
3V b

i |nbi⟩ ⟨nbi | (V b
i )† − 1

)
,

(2.24)

assuming the readout is in the computational basis as well as the random

unitaries are on-site Haar random, Ui = ∏
a U

a
i and Vi = ∏

b V
b
i . See Figure 2.3b for

a graphical representation of the OpEE variant of the classical shadows protocol.

Partial traces are done simply by neglecting the qubits that are traced out from

the above tensor product. Note that similar protocols appeared in the literature

as we were finishing our work [114, 115].

2.3 Verifiable Scrambling

In this section, I will present the results we obtained in our study of scrambling

in programmable quantum simulators, demonstrated by measuring the OpEE
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Figure 2.4: Figure and caption taken from our Paper [1]: (a) Qubit layout and
connectivity of ibm_lagos. Dark purple circles represent the 5 qubits used for the
experiments detailed in the main text. (b) Circuit design for the chaotic unitary Nt, with
t = 4 timesteps shown. Each single qubit gate (coloured boxes) is independently sampled
from the four gates W1,...,4, see main text.

measures via our variant of Classical Shadows protocol, realised on an IBM Cloud

quantum device [1].

Setup. The experiment was run on IBM’s ibm_lagos 7−qubit device [116], see

Figure 2.4 for qubit layout. The figure also shows the brickwork circuit that we used

as the scrambler. The circuit was designed to use the native gates of the device,

hence the coupler is always a CNOT gate, while the random one-qubit unitaries

are taken from a discrete set of four gates W1,...,4. They are, in terms of native one

qubit gates8, W1 = Rπ/4
√
XR−π/4, W2 = Rπ/4XR−π/4, W3 =

√
XRπ/4

√
X, and

W4 =
√
XR−π/4

√
X, with Rθ = e−iθZ/2. Each timestep, t = 1, 2, . . ., each qubit is

subjected to one of the four gates, chosen independently and uniformly, then a layer

of CNOT gates is applied, (2j − 1, 2j) at odd timesteps and (2j, 2j + 1) at even

timesteps. The random unitaries indexed by timestep t and position j, Wcj,t
, are

drawn once and used throughout the study, the only unitaries "averaged over" are

the ones used in our version of Classical Shadow Tomography of OpEE. Hence, for

a given total time/depth, t, we have a definite (ideally unitary) channel, Nt.

Sampling. The sampling procedure we employed in this paper differs slightly

from the one described in the previous section because of the nature IBM’s Quantum

Cloud queuing. It is fast to run multiple instances of the same circuit. Our one

instance consists of a following setup:

8X and Z are the usual Pauli gates, and
√
X is any of the two gates that square to X.
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Classical Shadow Tomography modified for IBM’s Quantum Cloud

1. The full circuit consists of MS layers of our variant of Classical Shadows
tomography for quantum channels:

(a) Randomisation of bits: Apply Hadamard gates to all qubits and
read out the results, {mi} as per the notation in the previous
section,

(b) Apply a layer of random unitaries, {Ui},
(c) Apply the brickwork circuit to be examined, Nt,
(d) Apply second layer of random unitaries, {Vi},
(e) Measure the bits in the computational basis, {ni}.

2. Repeat the whole circuit MU times.

For each layer in a single run, randomising unitaries and measurement outcomes

are independently sampled, the ideal classic shadow tomography. In addition to

the number of shots coming from MS different layers, we also repeat the whole

circuit MU -times, in which case only the measurement outcomes are independently

sampled, since the same random unitaries are used for tomography.

Tomography. This allows us to generate more shots, in total MSMU . However,

care is needed when constructing the estimators for the doubled density matrix

needed to calculate the second Rényi entropy. To avoid bias induced by repeating

the unitaries, we simply expand the equivalence:

ρ̂2 = 1
MSMUMU(MS − 1)

∑
i ̸≡j

ρ̂i ⊗ ρ̂j, (2.25)

where the new equivalence, i ≡ j, associates shots in different runs that are

at the same depth within the run; i.e. those that use the same randomising

unitaries, {Ui} and {Vi}.

Randomising Unitaries. The randomising unitaries are also uniformly sampled

from a discrete set, Ui, Vi ∈ {I, HX , HY , X,HXX,HYX}, where HX and HY are

the Z to X and Y basis change (Hadamard) gates, respectively. Given that the

input and output states are also generically uniformly sampled upon randomisation

and final measurement, one can also just use the first half of the aforementioned
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discrete set, {I, HX , HY }. This ensemble is sufficiently random to result in the

same unbiased estimator as the full Haar radnom ensemble.

Number of Runs. The full shadow tomography protocol was executed on

ibm_lagos with MS = 8192 and MU = 900, for times varying from t = 0 to t = 15.

The values obtained from this dataset are affected by both the noise of the device

and the sampling error (statistical fluctuations). To isolate the effect of statistical

fluctuations, the ideal version of the circuit was also simulated. The two datasets

are labelled as ’simulation’ and ’ibm_lagos’ in the following figures. The readout

error of the device was mitigated by the methods described in Ref. [117], the error

in the single qubit randomising gates, Ui and Vi, was not mitigated, even though it

is possible [118], since the error is not expected to be significant, ibm_lagos can

perform single qubit gates with an error of the order of 10−4.

Quantities Measured: Tripartite OpEE. The main OpEE measure that we

used in this study is the second Rényi mutual information I(2)(A : BC). As

explained in Section 2.1.1, when this quantity is greater than |A| we are able, in the

Hayden-Preskill manner, to recover the quantum information in the subregion A,

and if that is the case for any choice of region C, as long as |C| ≥ |A|, we can say

that the information is scrambled by the channel Nt[38]. This criterion was used to

determine that the scrambling happened in our circuit. This condition is robust

to noise, since the inequality is a sufficient condition, while, e.g. the decay of the

bipartite mutual information, I(A : C) for any choice of small |C|, is a necessary

condition (easily mimicked by noise) that the information was scrambled.

Entanglement Negativity. Another measure we will use is the entanglement

negativity, a proper entanglement monotone that is a usual measure of entanglement

in a mixed state[119]. We consider it because if Nt is non-unitary the state dual will

be mixed. It is necessary to introduce this measure because the usual entanglement

entropy cannot distinguish between the mixedness of the reduced density matrix

due to entanglement or due to the inherent mixedness of the full density matrix.

The entanglement negativity is, in fact, a measure of separability of the full density
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matrix. Our particular negativity is defined in terms of the moments of the

partially transposed density matrix

pm,X:Y := Tr
[(
ρXY (t)TX

)m]
(2.26)

where TX denotes the partial transpose with respect to dofs in the region X, and

ρXY (t) is the reduced density matrix of the region XY , time t reminds us that

we are dealing with the state dual to the time evolution unitary. If the state

is separable, the partial transpose will result in another proper density matrix

(∑i piρ
X
i ⊗ ρYi )TX = ∑

i pi(ρXi )T ⊗ ρYi , it will remain positive definite9. However,

if we see that partial transpose has some negative eigenvalues (sufficient but not

necessary condition) the state has entanglement between the regions X and Y .

The regions considered in this part remained the same, A and BC.

The quantity we tomographed was

RA:BC :=
p2

2,A:BC

p3,A:BC
(2.27)

which can only exceed unity if the partial transpose has some negative eigenval-

ues[120]. Furthermore, we have argued, along the same line as presented in Section

2.1.1 , that this condition is a sufficient condition for the quantum communication

capacity of the channel NA→B′C
t (see Figure 2.1b) to be non-zero, for |A| = 1;

since the positivity (lack thereof) of the partial transpose is also a distillation

criterion[92], the Peres criterion[121].

Operator spreading. Lastly, we also looked at the operator spreading coefficients.

We may define a Pauli transfer matrix as follows:

cµν(t) = Tr
(
σνN †

t [σµ]
)
, (2.28)

where σα is a Pauli string, an operator that is a tensor product of Pauli operators

(identity included) over the qubits of the system, it is labelled by α ∈ {I, x, y, z}×N .

These coefficients, cµν(t) are just the expansion coefficients of the time evolved
9T is the usual matrix transpose.
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Pauli string, σµ(t) in the basis of Pauli strings. Trivially, we see that our (bipartite)

operator state purity, eq. (2.13), becomes:

2−S(2)(AC) = 1
2|A|+|C|

∑
ν∈A,µ∈C

|cµν(t)|2, (2.29)

where α ∈ X means the strings acts trivially on all sites outside of region X. We

can now define a measure of k-locality of σµ(t) as

Dµ
k (t) :=

∑
ν:|ν|=k

|cµν(t)|2, (2.30)

where |ν| counts the number of non-identity operators in the string. Upon averaging

over all non-zero strings, in say region C,

DC
k (t) := 1

4|C| − 1
∑
µ∈C

Dµ
k (t), (2.31)

we get the last quantity we measured in our experiment, DC
k (t), which measures

how operators localised in region C grow in complexity.

All of the above quantities are functions of an integer power of the operator state

density matrix I(2)(A : BC) = O(ρ(t)2), p2
2,A:BC = O(ρ(t)4), p3,A:BC = O(ρ(t)3),

and |cµν(t)|2 = O(ρ(t)2), hence they can be straightforwardly estimated via our

variant of the Classical Shadow Tomography of quantum channels.

Summary of Results. The Rényi mutual information, I(2)(A : BC), is shown

in Figure 2.5a. The regions A and C are both single qubits indexed by jA and jC ,

with jA = 1 fixed and jC varying, see Figure 2.4(a) for the full qubit layout. At

early times, the OpEE measure is above the distillation criterion only for jC = 1, at

late times the simulated value for all jC approach I∗ ≈ 1.1945, which is the average

value if we take our circuit to be a Haar random unitary on 5-qubits, the information

is successfully scrambled (for jC = 5 this value is reached for times just a bit later

than the plotted range). The approach to this value is governed by the causal light

cone, for a lower jC the value is reached earlier. The device data is consistent with

the simulation at early times. At late times, I(2)(A : BC) for all jC decays due to

device noise (which lowers the fidelity of the information transmission). For jC ≤ 3

the measured OpEE reached above the distillation (recoverability) criterion. Even
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though not all jC reach the threshold due to noise, the rise in the OpEE is a clear

indicator of information spreading to all qubits of the system.

The ratio of negativities, RA:BC , is shown in Figure 2.5b. The behaviour is similar

to the OpEE, initially it is only large for jC = 1, and at late times the value for all jC
approaches the same limiting value, obeying the same causal light-cone behaviour.

In the simulation, the threshold is reached sooner than in the OpEE case, suggesting

that this value offers a more sensitive criterion (remembering that these are all

sufficient conditions) for the information scrambling. However, the device data show

a larger suppression of the signal due to noise, suggesting a higher sensitivity to noise.

Lastly, the operator spreading, captured by the cumulative sum ∑k
l=0 D

C
l , is

shown in Figure 2.5c. Here we have fixed jC = 3, C is in the middle of the chain.

Unitarity requires that the cumulative sum is equal to 1, which the simulated

data is consistent with. At early times, the operator weight is concentrated in the

low-weight, low k, sector, and as time progresses, the weight increased as the local

operator develops larger support (causal structure is still visible in the data). After

the full scrambling time, the weight is well approximated by

DC
k =

3k
(
N
k

)
4N − 1 ,

which is consistent with the uniform spread of the operator throughout the operator

space. The device data shows a decrease in all the weights, due to noise, as can be

interpreted as the operator spreading to inaccessible environment degrees of freedom.

Conclusions. Without doubling the number of qubits, we have estimated

many relevant scrambling measures (most notably the tripartite OpEE) that verify

the fact that the initially local quantum information was indeed delocalised and

scrambled by our circuits.

2.4 Transport in Long Qubit Arrays

As mentioned in previous sections, the value of bipartite mutual information can

decay as not only the consequence of unitary evolution, but also due to the presence

of noise. That is, it does not differentiate between the two. However, the low
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ibm_lagos

(a)

ibm_lagos

(b)

ibm_lagos

(c)

Figure 2.5: Figures taken and captions adapted from our Paper, Ref. [1]. (a) Rényi
mutual information [Eq. (2.4) with I(2)(A : BC)], with A = {1}, C = {jC}. Top
panel: Dashed lines indicate the exact value without noise or sampling error, points
are estimations obtained using shadow post-processing methods on data from numerical
simulations of the full circuit (Fig. 2.4) without noise. The deviations between these two
values can be used to estimate the typical size of the sampling errors that arise from
the shadow tomography protocol. Bottom panel: results obtained from ibm_lagos; solid
lines are to guide the eye. The region above the threshold I(2)(A : BC) > 1, is shaded
green (see Section 2.1.1). (b) Logarithm of the ratio RA:BC = p2

2,A:BC/p3,A:BC , where
A = {1}, C = {jC}. Data presented as in Fig. 2.5a. The region above the threshold
logRA:BC > 0 is shaded green (see the main text and Section 2.1.1). (c) Evolution of the
k-locality of time-evolved operators, as quantified by DC

k [Eq. (2.31)]. Specifically, we
plot the cumulative weight

∑
l≤kD

C
l which measures the total weight of the time-evolved

operator acting non-trivially on at most k qubits, averaged over all non-trivial initial
operators with support on C. We fix C = {3}, the central qubit in Fig. 2.4(a). The
shaded areas and dashed lines indicate the exact values without sampling error or noise.
Markers indicate shadow tomographic estimates calculated from the datasets obtained
from noise-free simulations (top) and from the quantum device (bottom). The former are
affected by sampling error only, while the latter are affected by both sampling error and
noise.
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number of shots required to estimate it via the modified classical shadows protocol

still makes it a good quantity to probe in quantum simulators.

If we assume that the noise is negligible up to the times we are evolving, we can

estimate the bipartite mutual information, hence study the transport properties of

the time evolution operator, i.e. uncovering the long-lived modes. Note that this

quantity, I(A : C) as we define it, is related to the classical information carried

by a channel from region A to region C [122, 123]. This classical information

transport picture is suggestive of the fact that hydrodynamical transport of certain

local densities in a quantum system is a semiclassical portion of the full quantum

mechanical time evolution. Later, I will show some examples on a range of systems,

some integrable and some chaotic, to illustrate this fact.

This approach is, as mentioned, initial-state agnostic, but it is also agnostic to

the exact local density. It only reveals the presence of local conserved densities

and their late-time dynamics, leading order by leading order.

The usual way to study transport in both experimental [124] and numerical

studies [125] is to look at the melting of a domain wall. The initial state is one of

imbalance; the left half has a large positive uniform density of the local conserved

charge, while the right half has the opposite. As the system evolves, the domain wall

between the halves relaxes via the transport of said density, with the derivative of the

density profile in space being related to the density-density autocorrelation function.

To understand the reason for this approach in numerics, we need to look

at the domain wall state:

ρ(t = 0) ∝
⊗
i<0

(I + λqi) ⊗
⊗
i≥0

(I − λqi), (2.32)

the small parameter, λ, is tunable and qi’s are the local conserved charge operators.

The density matrix of the initial state is of low bond dimension, a product state.

The final state is also a product state, an infinite-temperature state. The two states

are close in an operator norm sense, hence it is a good intuition that the path the

time evolved state takes between the two endpoints will not take it outside the

low-bond-dimension subspace of density matrices. This is the reason why numerical



2. Entanglement Dynamics in Qubit Arrays 42

studies take this approach. It is a bit less obvious why the experimentalists

use this approach, given that they can directly access the infinite-temperature

autocorrelation function [126]. Note that in the experiment, the domain wall was

highly polarised, i.e., close to a pure state, with λ being close to 1.

It is not clear how to proceed with this setup if, for example, the local density

is not that local or is not accessible to the experimentalists, in terms of both initial

domain-wall state preparation or measurements of said local density profile in time.

What I argue is that by measuring the bipartite mutual information with our

variant of the classical shadows protocol, we can infer the transport class (diffusive,

ballistic etc.) and transport parameters without the need to access the local density

itself. In systems whose dynamics is not known, this measurement can also reveal

the presence of local conservation laws, long-lived modes, and whether the system

admits a hydrodynamical or a quasi-particle description.

The Model. The model I will study to showcase the descriptive power of

bipartite operator mutual information is a well known nearest-neighbour Heisenberg

model on a one-dimensional spin-1/2 chain with open boundary conditions in

presence of an external field. The Hamiltonian is:

H =
N∑
i=1

∑
α={x,y,z}

(
Jαασ

α
i σ

α
i+1 + hασ

α
i

)
, (2.33)

where σαi are the Pauli matrices, Jαα are the nearest neighbour coupling constants

and hα are the external field strengths. By varying these parameters, we can

access a plethora of different phenomenologies, from free fermions to Bethe ansatz

solvable models to chaotic systems.

Exact Results and Quasiparticle Picture. In the next section I will start with

the solvable limit of our model, the Transverse Field Ising Model (TFIM):

H = −Jxx
N∑
i=1

σxi σ
x
i+1 − hz

N∑
i=1

σzi , (2.34)

since in addition to the numerics we can also extract exact results for the bipartite

mutual information.
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Figure 2.6: Graphical representation of the quasiparticle picture for calculating the
bipartite mutual information. Each quasiparticle mode moving at a velocity v contributes
to the bipartite mutual information by a quantity proportional to the overlap of the region
C with the region At which is the region A translated by the said velocity.

This model is free fermion solvable and extracting the OpEE measures analyti-

cally is straightforward, see Appendix 2.A for the full calculation, accompanied by a

phenomenological picture in terms of elementary quasiparticles carrying the bipartite

information between the regions A and C, a la Calabrese-Cardy [20], see Figure 2.6.

I will not present the main result of the free-fermion calculation here, but I will

use it as a benchmark for the numerics in the next section.

2.4.1 Matrix Product State (MPS) Numerics

To go beyond our exact and phenomenological results, I employed a variation

of a Time-Evolving Block Decimation (TEBD) algorithm [127] to numerically

evaluate the bipartite mutual information. This variation was previously used

to numerically evaluate Out-of-Time-Ordered Correlators (OTOCs) in Ref. [128].

The definition of the OTOC is:

OTOCA:C(t) = 1
4|A|+|C|

∑
OA,OC

TrOA(t)OBOA(t)OB. (2.35)

The main idea of the algorithm, and how it avoids the late time entanglement

barrier, is that it focusses on evaluating the time evolved local operators (working

in Heisenberg picture), e.g. OA(t), rather than evolving quantum states.

The algorithm is simple:
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Modified TEBD Algorithm for calculating OpEE I

1. Start with the state dual to OA, |OA⟩.

2. Evolve the state with U(t) ⊗ U∗(t) via the usual TEBD algorithm.

3. Evaluate the overlap with the state dual to OC , ⟨OC |U(t) ⊗U∗(t) |OA⟩.

4. Average the modulus square of the overlap over OA and OC to get
the logarithm of operator state purity, the exponential of the bipartite
mutual information.

For a given bond dimension, χ10, the relevant overlap, ⟨OC |U(t) ⊗ U∗(t) |OA⟩,

can be evaluated without worrying about the truncation error for a specific set

of qubits supporting OC with respect to the position of OA, see Figure 2.7b for a

graphical representation of this fact. That is, if OC is supported near the edge of

the Lieb-Robinson cone of OA, the effects of the truncation error will be small [128].

This is because the bond dimension of the state dual to O(t) for a given cut

will grow exponentially slowly if that cut is outside the Lieb-Robinson light cone,

a consequence of the Lieb-Robinson bound[129]. Increasing the bond-dimension

cutoff will allow us to peer deeper into the region’s A light cone, but the absolute

time of the evolution is not a relevant factor in the correctness of my numerics.

Interestingly enough, what Xu and Swingle found in Ref. [128] is that for

OTOCs one can peer deep into the light cone while still getting what they claim

are sensible results. For my measure, which is closely related to the OTOC, see

Figure 2.7c, this is not what I observe.

One technical note, I have done the average of the operators in region C

explicitly, to avoid some unnecessary numerical computations:

∑
OA,OC

⟨OA|U †(t) ⊗ UT (t) |OC⟩ ⟨OC |U(t) ⊗ U∗(t) |OA⟩ =
∑
OA

⟨OA|U †(t) ⊗ UT (t)PC̄U(t) ⊗ U∗(t) |OA⟩ =
∑
OA

⟨OA(t)|PC̄ |OA(t)⟩ , (2.36)

10The main parameter governing the precision of all (variational) MPS based numerics; higher
the bond dimension higher the precision (variational states are closer to real states), but also
the time and memory requirements of a simulation. See Ref. [127] for a detailed review of MPS
methods.
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(a) (b)

(c)

Figure 2.7: Tensor diagrams related to the modified TEBD algorithm used to calculate
bipartite operator mutual information.
(a) Diagram of the overlap ⟨OC |OA(t)⟩ = ⟨OC |U(t) ⊗ U∗(t) |OA⟩.
(b) Unpacked tensor network diagram for the state |OA(t)⟩. Leveraging the unitarity of
U(t) we see that the state outside the Lieb-Robinson cone (yellow region) is still close to
a product state of Bell pairs (due to cancelling effects of the forwards and backwards time
evolutions), as well as the fact that the initial truncation error (red event) is also bound
to spread as fast as the Lieb-Robinson velocity (only the red region is corrupted). The
way TEBD is performed preserves the unitarity of the time evolution operator, even after
truncation error is induced; hence the truncation error from the forward time evolution
must cancel with the error from the backwards time evolution, U †

error(t)Uerror(t) = I. This
will not happen in the case of evaluating ⟨OC |OA(t)⟩ if OC is inserted inside the red
region, because the OC will interfere with the cancellation. Hence, between the yellow and
red regions we can expect a non-zero bipartite OpEE that is well estimated by a low-bond
dimension MPS numerics, and the size of this region increases with bond dimension by
pushing the red region further into the future/past.
(c) A tensor contraction diagram representing our operator state purity (exp of bOpEE)
compared to the tensor contraction diagram representing the average OTOC.
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where the terms in the last sum, the expectation value of a certain projector PC̄ , are

evaluated via TEBD and then averaged over. The projector PC̄ projects the qubit

pairs (remember that the system is doubled in this simulation) in the complement of

region C (i.e. region D) to the Bell pair states, while doing nothing to the qubit pairs

in region C, see the leg contractions in the middle of the diagram in Figure 2.7c.

Modified TEBD Algorithm for calculating OpEE II

1. Start with the state dual to OA, |OA⟩.

2. Evolve the state with U(t) ⊗ U∗(t) via the usual TEBD algorithm.

3. Evaluate the expectation value of projector PC̄ in the state,
⟨OA(t)|PC̄ |OA(t)⟩.

4. Average over OA to get the exponential of the bipartite mutual
information.

The OTOC has the same definition as the second half equation (2.36) just

with PC̄ replaced by PC , analogously defined.

A third variant of the algorithm can be worked out by also performing the

explicit average over the operators in the region A, however, I have seen that that

version requires a larger bond dimension to achieve the same level of convergence,

due to another doubling of the on-site bond dimension.

2.4.2 Results of the Numerics

In this section, I will present the results of the numerics described in the previous sec-

tion.

First, I will present the results of the MPS numerics compared to the free-

fermion solution, see Figure 2.8a. As we can see, the MPS numerics of low

bond dimension capture bOpEE perfectly everywhere, in addition to this, the

convergence with respect to bond dimension is remarkable, χ = 4, see Figure

2.8b for the convergence plots.

Mixed Field Ising Model (MFIM). Having ensured that our MPS numerics

agrees with the exact free-fermion solution, I will move on to main results for this
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(a)

(b)

Figure 2.8: The MPS numerics versus the free-fermion solution in the case of TFIM.
The numerical results are plotted with crosses over the exact solution in solid line:
(a) Comparison of the exact free fermion solution for the bipartite mutual information
with the MPS numerics. The geometric parameters are |A| = |C| = 2, with TFIM at
the critical point, hz = Jxx = 1. The MPS numerics of low bond dimension, χ = 4,
captures OpEE perfectly everywhere. The bOpEE is normalised by the largest possible
value bOpEE can take, |A| + |C| = 4. Time is measured in the units of the inverse of the
coupling Jxx.
(b) Remarkable convergence of the MPS-based estimate of bOpEE. The geometric
parameters are |A| = |C| ∈ {1, 2, 3} from left to right, with TFIM at the critical point,
hz = Jxx = 1. The convergence is remarkable, with the bond dimension χ = 4 capturing
the bOpEE perfectly. The bOpEE is normalised by the largest value reached. Time is
measured in the units of the inverse of the coupling Jxx and d = 4.
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model, tuning away from integrability to the MFIM.

Figure 2.9a shows the results of the MPS numerics for the MFIM, the geometric

parameters are |A| = |C| = 2, with the nearest-neighbour coupling Jxx = 1 and the

external fields (hz, hx) ∈ {(1.0, 0.0), (0.9, 0.1), (0.9, 0.8)}. The main takeaway is that

as we tune away from integrability, we see that there is a crossover time when the

classical information (bOpEE, I(2)
2 (A : C)) stops being transmitted via quasiparticle

modes and starts being carried by the diffusion of the local energy density.

We can infer that the diffusing charge is the local energy density because

the system has no other symmetries other than time-translation. From such a

measurement one can infer the heat diffusion constant of the system.

The convergence in the most chaotic case is showcased in Figure 2.9b.

XXZ Model. In the case of zero magnetic field and by turning on the other

two nearest-neighbour couplings we get a Bethe-solvable model, the XXZ model,

H = −J
∑
j

[
σxj σ

x
j+1 + σyjσ

y
j+1 + (1 + ∆)σzjσzj+1

]
, (2.37)

where ∆ is the anisotropy parameter. The results of the MPS numerics for this

model in three different transport regimes, depending on the anisotropy parameter,

are shown in Figure 2.9c.

The results are for three values of the anisotropy parameter, ∆ ∈ {−0.25, 0.0, 0.25},

corresponding to the three different spin transport regimes: ballistic, superdiffusive

and diffusive, respectively. All three results are qualitatively indicative of two compo-

nents contributing to bOpEE: a ballistic component coming from the energy density

transport, since the system is integrable, with the added spin transport component

changing from ballistic to diffusive as we increase the anisotropy parameter.

Even though, one could now look at the contours of equal bOpEE in order to

extract the dynamical scaling exponents, I stress that this is not a computational

tool; in order to access non-ballistic transport we need to look deep into the light

cone, where my MPS numerics are not reliable. This is an approach tailored for

programmable quantum simulators.
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Figure 2.9: The results of the MPS numerics. The subscripts OpEEχ, refer to bond
dimensions χ ∈ {128, 256} of the simulation:
(a) MFIM: the geometric parameters are |A| = |C| = 2, with the nearest-neighbour
coupling Jxx = 1 and the external fields (hz, hx) ∈ {(1.0, 0.0), (0.9, 0.1), (0.9, 0.8)} from
left to right.
(b) Convergence: the bond-dimensions are χ = 128 and χ = 256. External field is
(hz, hx) = (0.9, 0.8), i.e. the most chaotic case. Note the diffusive nature of the spread of
bOpEE. To determine this fact quantitatively, one needs access to bOpEE deep in the
light cone, where the numerics breaks down; hence the diffusive spread of the bOpEE is
only a qualitative statement. The convergence properties are what we expect from Ref.
[128], the error begins to develop at the origin and spreads no faster than the light cone.
(c) XXZ model: the geometrical parameters are |A| = |C| = 2, with the anisotropy
parameter ∆ ∈ {−0.25, 0.0, 0.25} from left to right. All three results are qualitatively
indicative of two components contributing to bOpEE: a ballistic component coming from
the energy density transport, since the system is integrable, with the added spin transport
component changing from ballistic to diffusive as we increase the anisotropy parameter.
The red areas represent regions where significant truncation error occured.
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XX Model. Although there is no remarkable convergence in the case of the XXZ

model in general, its free-fermion limit, ∆ = −1, the XX Model, does have that

property. Hence, I would conjecture that the remarkable convergence of the low-

bond-dimension MPS estimate of bOpEE is the property of free (fermion) theories.

Summary. Even though the question of remarkable convergence is still open and

is of great interest, I would like to reiterate that the main point of the numerics was

to showcase the physical significance of the bipartite operator mutual information,

as the measure of the classical information transfer between regions in the input

system and the output system, having already presented a protocol for measuring

it in programmable quantum simulators with single-qubit control.

The measure is sensitive to the presence of quasiparticle modes and to hydro-

dynamical transport more generally, and it can be used to infer the presence of

local conservation laws, and classes of transport, etc.

We also saw that this measure displays certain expected features in the integrable

case, such as the peaks in the mutual information at the light cone, indicating when

the fastest quasiparticles are arriving at the region C from the region A. This is

visualised in Figure 2.6. The peaks also algebraically decay in time/distance which is

also to be expected from the quasiparticle dispersion relation. The wave packets will

disperse over time, making them less and less contained in the region C of fixed size.

Of course, we need to be careful at early times, due to the contributions from

the non-conserved operator overlaps to the mutual information, eq. (2.13). One

can follow up this work with a study of bOpEE in a Haar Random Unitary Circuit

(i.e. with no conservation laws) to see what determines the decay of the mutual

information in the fully chaotic case, see the Appendix 2.B for an example of this.

In our non-integrable cases, we said that the mutual information holds infor-

mation about the diffusion of the local energy density, which would allow us to

infer the heat diffusion constant of the system. Unlike the cases of spin transport

measurements, this local density is not easily accessible to the experimentalists, i.e.

one could not prepare a domain wall state and then directly observe the domain

wall melting in an obvious manner.
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Comment on Finite Temperature and Local Quenches. Given the

Hamiltonian, H, that generates the time evolution operator, we can look at the

following quantity:

2S
(2)
OpEE(AC, β) =

∑
OA,OC

|TrU(t)
√
OAe

−βH
√
OAU

†(t)OC |2, (2.38)

β is the inverse temperature. This is a finite-temperature generalisation of our

bipartite OpEE; if we take β → 0 limit, we retrieve our previous bipartite OpEE.

Note, if we work in the Pauli string basis of OAs, operator
√
OA, a local operator

squaring to OA, can be chosen to be simply a string of square roots of Pauli operators,

e.g.
√
X1 ⊗ Z2 = H1S1H1 ⊗ S2, where S is the Pauli phase gate, S = diag(1, i),

and H is the Haddamard gate.

However, if we take the other limit, β → ∞, we can regard the problem as a

local quench above a (almost) ground state. In this regime, the object

U(t)
√
OAe

−βH
√
OAU

†(t)

is a density matrix of a state at some time t after a local quench above a proper

vacuum. Local quenches are perturbations that inject a small (non-extensive)

energy into the system, and hence the state after such a quench is a simple

object characterised by few elementary quasiparticles. This density matrix is

a low-bond-dimension object[130].

At high temperatures, as in the case of bOpEE, this is no longer true, because

the few injected quasiparticles interact with the high-temperature bath, a myriad

of other quasiparticles if the system is integrable.

However, the description is still simple if the theory is free, as in the TFIM

case where we saw remarkable convergence. The relevant quasiparticles that carry

information from region A to region C do not interact with the bath, and the

overlaps we care about are still captured by low-bond-dimension numerics; in

contrast to the interacting case.
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2.5 Chapter Summary

In this chapter, I have presented the work I have done on the topic of operator

entanglement entropy measures. In particular, I have singled out two OpEE

measures, I(2)
2 (A : C) and I(2)

3 (A : B : C), where the subsystems A and B are in the

input of the quantum channel we want to characterise (a unitary circuit or a time

evolution operator) and C is in the output. I have shown how we related the second

measure to verifiable quantum information scrambling, and how the first related to

the transport properties of a quantum system. I have also presented our variant of a

classical shadow tomography modified to be used to characterise quantum channels.

This new method allows us to measure the entanglement properties of a state

dual to a quantum channel without the need to double the quantum resources to

represent it directly. These types of techniques also remove the need to prepare

simultaneous copies of a state in order to measure nonlinear functions in the density

matrix, such as the aforementioned entanglement entropies.

The method requires a number of shots that is exponential in the number

of qubits in the system, in the case of tripartite OpEE, and exponential in the

number of qubits in subsystems A and C, in the case of bipartite OpEE (O(1) in

system size). Hence, when considering large qubit arrays, we can only access the

bipartite OpEE measure, which has been shown to relate to the classical information

transport properties of a quantum system, most notably the bounds it imposes

on the transport of local conserved charges, which we can use to experimentally

access the transport properties of quantum systems.

Our published work deals with verifying whether a given circuit run on an

actual NISQ device has managed to verifyingly scramble local quantum information.

To that end, we have used the methods we developed to, among other things,

measure the tripartite OpEE and see if it exceeds thresholds that we relate to

already existing criteria for quantum information scrambling. In addition to that,

we have also measured a relevant entanglement negativity as well as operator

spreading coefficients. Although noise in the device suppressed the signal below

the threshold, meaning that we cannot reconstruct the full information initially
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present in region A from just any region C in the output (a definition of verifiable

scrambling), the overall increase in OpEE measures, as well as the negativity

through the entire system, definitively suggests that the circuit has managed to

scramble the information initially localised in A.

On the side of bipartite OpEE and transport, I have presented a set of analytical

and numerical results in the case of the Heisenberg model in the external field in

various regimes in order to argue for the relevance of this OpEE measure (which

can also be estimated as per the methods we have presented). In particular, the

data suggest a clear signal when the system is integrable, with bipartite mutual

information between regions A and C peaking as the fastest quasiparticles reach

between the two regions, with these peaks displaying algebraic (in time) broadening

due to dispersion. In the thermalising case, we see that at late times bipartite

OpEE measures show a diffusive behaviour, with the conserved transfer of the local

energy density preventing its full decay. These methods allow experimentalists

to probe this behaviour even though they have no direct access to the local

energy density operator.

2.A Jordan-Wigner Solution

The model in eq (2.34) is free fermion solvable via the Jordan-Wigner transformation:

σzj = iγ
(1)
j γ

(2)
j , σxj =

∏
k<j

(iγ(1)
k γ

(2)
k )

 γ(1)
j , (2.39)

where γ(1)
j and γ

(2)
j are the (real) Majorana fermion operators, two per site:

{γ(α)
j , γ

(β)
j } = 2δαβδjk. (2.40)

The Hamiltonian in the Majorana fermion basis is:

H = − i

2

N∑
j=1

(
hzγ

(1)
j γ

(2)
j + Jxxγ

(2)
j γ

(1)
j+1

)
= − i

2ΥThΥ, (2.41)

where Υ = (γ(1)
1 , . . . , γ

(2)
N )T is a vector of Majorana operators and h is a real

antisymmetric matrix, representing the first quantised Hamiltonian.
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The time evolution, given by this (free) quadratic (in Majorana fermions)

Hamiltonian, maps single Majorana fermion operators into linear combination of

single Majorana fermion operators, the "n-bodyness" of an operator is preserved:

Υ(t) = Û(t)†ΥÛ(t) = L(t) [Υ] , (2.42)

where the linear map, 2N by 2N complex matrix, L(t), is defined by the first

quantised Hamiltonian h, L(t) = e−ht.

This also implies that the time evolution operator maps Gaussian states into

Gaussian states:

ρ = eΥTWΥ/4

Z(W )
U(t)−−→ ρ(t) = eΥTW (t)Υ/4

Z(W (t)) , (2.43)

where W and W (t) = L(t)TWL(t) are some antisymmetric matrices that define the

state and Z(W ) = eΥTWΥ/4 is the normalisation factor, partition function.

Our maximally entangled initial state between the system and its copy is

a Gaussian state, hence we can solve for the bipartite mutual information via

this machinery.

Namely, our initial state can be written as:

|Ψ(0)⟩ =
⊗
i

1√
2

(|0⟩i |1⟩i′ + |1⟩i |0⟩i′) =
∏
i

1√
2

(σxi + σxi′) |0 . . . 0⟩ , (2.44)

where i goes over the sites of the system and i′ over corresponding sites of the

copy. This is not a unique choice for a maximally entangled state, but it is one

that makes further calculations easier.

In order to continue with the JW transformation, we need to decide on the

ordering of the sites of the system and its copy; we chose the following ordering:

(jAr , jAr − 1, . . . , 1)S′ , (1, 2, . . . , N)S, (N,N − 1, . . . , jAr + 1), (2.45)

where jAr is the rightmost site of the region A, see Figure 2.10 for a graphical

representation of this ordering. The regions A and C include the sites between jAl

and jAr inclusive and between jCl and jCr inclusive, respectively. In this language,

the separation is d = jCl − jAr , region C is to the right of region A and is not

overlapping, i.e. jAl ≤ jAr < jCl ≤ jCr .
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Figure 2.10: Graphical representation of the ordering of the sites of the system and
its copy used in the JW transformation. In this example, the total number of sites in
the system is N = 7, |A| = 2, |C| = 1, d = 3 and the region A ends with the site jAr = 4
(jAl = 3 and jCl = jCr = 6). I also show the entanglement structure of initial the state, i.e.
what sites are in Bell pair states.

In terms of Majorana fermions, the initial state becomes:

|Ψ(0)⟩ = 1
2N/2

 ∏
k≤jA

r

[γ(1)
k′ + (−1)k+1γ

(1)
k ]
 ∏

k>jA
r

[γ(1)
k′ + (−1)N−kγ

(1)
k ]
 |VAC⟩

= 1
2N/2

∏
k

[γ(1)
k′ + νkγ

(1)
k ] |VAC⟩ , (2.46)

again, the primed and non-primed indices refer to corresponding sites of the copy

and the original system. The νk coefficients come from commuting the parity strings,∏
k<j(iγ

(1)
k γ

(2)
k ), through the Majorana fermions further to the right in the product

and annihilating the vacuum state defined as

iγ
(1)
k γ

(2)
k |VAC⟩ = |VAC⟩ ,

for all sites k or k′, i.e. just the z-polarised state |0 . . . 0⟩.

Only the original system is subject to the time evolution:

γαk
U(t)−−→

∑
l,β

Lαβkl (t)γβl , (2.47)

γαk′
U(t)−−→ γαk′ , (2.48)

which allows us to simply evolve the state with by evolving the Majorana fermion

operators with unprimed indices.

Reduced Density Matrix. In order to calculate the bipartite mutual infor-

mation, we need to calculate the reduced density matrix of the region A′C:

ρA′C = TrB′D |Ψ(t)⟩ ⟨Ψ(t)| . (2.49)
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Now, we need to be careful; what was local in spins is no longer local in fermions.

This is an issue because the region A′C is not a contiguous region, however, Ref.

[131] showed that the reduced spin density matrix is unitarily equivalent to a

certain fermionic density matrix:

ρA′C = 1
2|A|+|C|

 ∑
OA′ ,OC even

⟨OA′OC⟩tO†
A′OC +

∑
OA′ ,OC odd

⟨OA′PMOC⟩tO†
A′OC

 ,
(2.50)

where PM is the Majorana parity operator on the region M between A′ and C,

PM =
∏

jA
r

′<k<jC
l

iγ
(1)
k γ

(2)
k .

The expectation value is taken in the state |Ψ(t)⟩, the Hilbert Schmidt scalar product

is a trace over the region A′C which combined with the trace in the definition of

the reduced density matrix gives the full expectation value. Noting again that

the operators OA′ and OC are fermion local.

We can lift the time dependence from the state to the operators, OC → OC(t),

work in the Heisenberg picture.

This is desirable given the simple structure of the initial state, i.e. if we trace

out the copy completely, we get the maximally mixed state of the system. With

that aim, we leverage another useful property of the initial state,

γ
(1,2)
k′ |Ψ(0)⟩ = ±iνkγ(2,1)

k |Ψ(0)⟩ ,

in order to cast operators supported on the copy into the operators supported

on the original,

OA′ |Ψ(0)⟩ = ÕA |Ψ(0)⟩ ,

tilde denoting the Majorana fermion swap defined at the top of the paragraph.

The coefficients in the operator basis expansion paired up with the odd parity

terms, i.e. the appropriate expectation values, now read:

⟨OA′PMOC⟩t = Tr (|Ψ(0)⟩ ⟨Ψ(0)|OA′(0)PL′(0)PR(t)OC(t))

= 1
2N Tr

(
ÕA(0)P̃L(0)PR(t)OC(t)

)
= 0, (2.51)
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where we have used the fact that upon tracing the copy out, we are left with the

maximally mixed state. In addition, the region M is split into regions L′ supported

on the copy and R supported on the original.

This is the infinite-temperature dynamical correlation function, between op-

erators OAPL and PROC , the free fermion integrability of the model implies that

the number of Majorana fermions in each operator is fixed by the time evolution

and given the fact that if the regions do not overlap, the second operator will have

strictly more Majorana fermions than the first, the correlation function will be zero.

Finally, the reduced density matrix in spins is equivalent to a fermionic density

matrix of this form:

ρA′C = 1
2|A|+|C|

∑
OA′OC

even

⟨OA′ , OC⟩tO†
A′OC . (2.52)

Operators in this sum, the Majorana parity even operators, are precisely those

that are local in both spins and Majorana fermions.

Lastly, we need to cast this in terms of proper fermionic reduced density matrices,

ρfA′C = 1
2|A|+|C|

∑
OA′ ,OC

even or odd

⟨OA′OC⟩tO†
A′OC = eΥTWA′C(t)Υ/4

Z(WA′C(t)) ,

which will be that of Gaussian states. The subscript A′C denotes the truncation

of the full defining matrix, W (t), to the (2|A′| + 2|C|) by (2|A′| + 2|C|) block

corresponding to the Majorana fermions in the region A′C, another useful property

of Gaussian states[131].

We can remove the odd term by summing two density matrices,

ρA′C = ρfA′C + pA′ρfA′CpA′

2 = ρfA′C + ρ̄fA′C

2 , (2.53)

where pA′ is the fermion parity operator on the region A′. In this sum the odd

terms cancel out, thus, the reduced density matrix for the spins in region A′C

is given in terms of the sum of two fermionic Gaussian density matrices, defined

by WA′C(t) and W̄A′C(t) = pAWA′C(t)pA.
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Gaussian Correlation Matrix. To finish off this calculation, we need to

introduce one more object, the Gaussian correlation matrix

Γαβmn = i
[
⟨γαmγβn⟩ − δmnδ

αβ
]
, (2.54)

here m and n go over all the sites in the two copies of the system, while α and β go

over the two Majorana flavours. The matrix is evidently antisymmetric and is related

to the defining antisymmetric matrix of the Gaussian state, W , via the relation [131]:

Γ = i tanh(W2 ). (2.55)

For the initial Bell pair state, we directly verify that the only non-zero elements

of the correlation matrix are:

Γ(1)(2)
k′k = −Γ(2)(1)

k′k = Γ(1)(2)
kk′ = −Γ(2)(1)

kk′ = −νk, (2.56)

for k only going over the original system sites.

The time evolution of these elements is given by the linear map L(t) as

Γ(1,2),β
k′j (t) = ±νk[L(t)T ](2,1),β

kj , for β = {(1), (2)}. (2.57)

Reduction to the subsystem A′C, getting ΓA′C , is done by taking the (2|A′|+2|C|)

by (2|A′| + 2|C|) block of the correlation matrix, same as for the Gaussian state’s

defining matrix W .

The action of the parity operation on the copy of the system on the initial

correlation matrix is simple, given the only non-zero terms pair one Majorana from

the copy with one from the original, Γ(0) is odd under this operation. Moreover,

since U(t) is trivial on Majorana fermions in the copy of the system, it commutes

with the parity operator. These two facts imply pS′Γ(t)pS′ = −Γ(t) and, via

eq.(2.55), W̄ (t) = pS′W (t)pS′ = −W (t), for all times t. The same holds, naturally,

for the blocks after truncation.

The reduced density matrix of the spins in the region A′C is then given by:

ρA′C = eΥTWA′C(t)Υ/4 + e−ΥTWA′C(t)Υ/4

2Z(WA′C(t)) , (2.58)
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using Z(W ) = Z(−W ). The purity now reads:

Trρ2
A′C = 1

2
2|A|+|C| + Z(2WA′C(t))

Z(WA′C(t))2 , (2.59)

Finishing off this calculation is the standard results [131] for the partition function

of a Gaussian state in terms of its defining (and also correlation) matrix:

Z(W ) =
∏
λ>0

2 cosh(λ/2), (2.60)

noting that eigenvalues of W appear in pairs, ±λ. Square rooting the determinate

of the squared matrix takes care of this bookkeeping.

The correlation matrix, Γ, according to eq.(2.55), has eigenvalues ±i tanh(λ/2),

which alongside some hyperbolic trigonometry identities, gives us the final result

for the purity:

Trρ2
A′C = 1

2

[
2|A|+|C|

Z(WA′C(t))2 + Z(2WA′C(t))
Z(WA′C(t))2

]
= 1

2


√√√√∣∣∣∣∣1 + Γ2

A′C(t)
2

∣∣∣∣∣+
√√√√∣∣∣∣∣1 − Γ2

A′C(t)
2

∣∣∣∣∣
 ,

(2.61)

where |M | is the determinant of the matrix M and ΓA′C(t) is the truncated time

evolved correlation matrix, given by eq.(2.57).

We just need to cast this expression in terms of the time evolution map, L(t),

which is done by noting that a similarity transformation Γ̃A′C(t) = ΛΓA′C(t)ΛT ,

where

Λ =
⊕
j∈A′

iνkσy

⊕ I2|C|,

puts the correlation matrix into a very convenient form

Γ̃A′C(t) =
(

0 −LAC(t)
LTAC(t) 0

)
, (2.62)

where LAC(t) is a 2|A| by 2|C| matrix obtained by truncation of the time evolution

map L(t) to rows corresponding to region A and columns corresponding to region C.

The matrix Γ̃2
A′C(t) is diagonal block, and hence the expression for the pu-

rity becomes11:

Trρ2
A′C = 1

2|A|+|C|
|I2|A| +M | + |I2|A| −M |

2 , (2.63)

11It is noteworthy how classical this result looks like. Namely, the sign structure of the initial
state, νk, does not factor in.
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where M = LAC(t)LTAC(t).

Results. One could make further analytical progress by diagonalising the first

quantised Hamiltonian, h, but this is not necessary since we can easily exponentiate

it to obtain the time evolution map, L(t), and hence the correlation matrix, Γ(t).

XX Model The exact solution in the free limit of the XXZ model, ∆ = −1,

is obtained from eq. (2.63) results just by setting h to be that of the XX model

after Jordan Wigner transformation

H = − i

2

N∑
j=1

(
γ

(2)
j γ

(1)
j − γ

(1)
j γ

(2)
j

)
= − i

2ΥThXXΥ, (2.64)

since it is a general result for free fermion models.

2.A.1 Phenomenological Picture

A very simple but powerful phenomenological approach to entanglement dynamics

in integrable systems was proposed by Calabrese and Cardy in Ref. [20], the

famous quasiparticle picture.

This approach was originally used in the study of entanglement developlment

follwoing a quench from a model whose ground state is of low entanglement to

an integrable model. In the new model the initial state can be characterised by a

finite density of quasiparticle pairs which upon time evolution spread out, always

remaining entangled with each other.

In our problem, we are interested in entanglement between two regions separated

in time. The appropriate quasiparticle approach looks at the quasiparticles that

connect the region A to a future region C. This applies in the scaling limit,

|A|, |C|, d, t ≫ 1, for simplicity I will take |A| = |C|.

With that setup in mind, we look at a given quasiparticle mode travelling with

some velocity v. That motion translated region A to region At whose overlap with

region C is (|C| − min(|C|, |d− vt|)) which is proportional to the contribution of

that mode to the bipartite mutual information, see Figure 2.6.

Taking into account all the modes we get:

SA′C =
∫ vmax

vmin

dvmin(|C|, |d− vt|)
∣∣∣∣∣∂2ϵ

∂q2

∣∣∣∣∣
−1

s(v), (2.65)
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Figure 2.11: Comparison of the exact free fermion solution for the bipartite mutual
information with the quasiparticle picture in the scaling limit. The Quasiparticle result is
plotted in solid lines and is scaled down by a factor of 1.06, to better match the exact
solution plotted in crosses. The layout parameters were, |A| = |C| = 20, with TFIM at
the critical point, hz = Jxx = 1. The Quasiparticle solution captures the early to late
time crossover, but fails to capture late time behaivour.

assuming we only have one mode with a dispersion relation ϵ(q), the partial derivative

part is proportional to the density of state at a given group velocity, while s(v)

is the entropy density carried by each mode, assumed to be a constant and fixed

by the fully mixed condition, SA′C = |A| + |C| if e.g. t = 0 and d > NC , no

classical communication could have occurred:
∫ vmax

vmin

dv

∣∣∣∣∣∂2ϵ

∂q2

∣∣∣∣∣
−1

s0 = 2|C|. (2.66)

In the case of the critical TFIM, ϵ(q) ∝ | sin(q)|, we get:

SA′C = 4
π

∫ 1

0

dv√
1 − v2

min(|C|, |d− vt|). (2.67)

Results. I will now present the exact free-fermion solution in the scaling limit

compared to the quasiparticle picture. See Figure 2.11 for the results. Here we

see that the quasiparticle picture captures the early to late time crossover, but

fails to capture the late time behaviour. Some universal features that we see is

the causal structure of the bipartite mutual information, the quasiparticle modes

need time to travel the separation, upon which we see a linear rise followed by an
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algebraic decay. At smaller sizes of the regions A and C we see oscillations in the

exact solution, which cannot be captured by the quasiparticle picture.

2.B Random Unitary Circuit: Exact Results

In this appendix, I will present a calculation of the bipartite mutual information in

the case where the time evolution unitary is a brickwork ciruit where each two qubit

gate (brick) is independently sampled from the Haar measure of q2-dimensional

unitary matrices, Uq2 , in terms of the onside space dimension, q. The quantity being

calculated is the logarithm of the operator state purity averaged over this ensemble

of unitaries, Ī(2)
2 (A : B) = logq⟨Trρ2

AC(t)⟩Uq2 . See Figure 2.12 for the visualisation

of this setup, including the tensor network contraction diagram for the operator

state purity (a), the result for q = 2 (b), the stacked time evolution operator to be

averaged over (c), and the brickwork structure of the time evolution operator (d).

The calculation details continue in Figure 2.13, where I also present the effects of

Haar averaging on the single brick in the circuit (a), which results in a classical

partition function whose value is equal to the Haar averaged operator state purity,

via the rules for the interaction between different contractions (b). The way the

partition sum is carried out is in terms of a sum over a random walks of domain

walls between different contraction at the initial and final time, see (c) and (d).

The last line in Figure 2.13 (c) shows how to carry out the partition sum

systematically. We start at the initial time and advance. The rules suggest treating

the domain walls at the initial time slice as random annihilating random walkers,

each step costing the term in the partition sum a weight λ = ( 2q
q2+1)2. Given

that the weight of the walk is determined by the position of the domain walls

only, we can systematically do the partition sum in terms of the (non-normalised)

probability density of the domain wall location.

The (non-normalised) probability density for the location of the two domain
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Figure 2.12: a) Tensor contraction diagram for the operator state purity Trρ2
AC(t), same

as in Figure 2.7c. Green and red legs, represent two kinds of index contractions. Each
line refers to an on-site Hilbert space of dimension q.
b) The result for q = 2, NA = NC = 4. The Haar averaged bipartite mutual information
is plotted against time and separation. Causal structure is evident with vLR = 2, due to
the fact that I chose to set the time unit as two layers of the circuit. Within the light
cone, the structure seems to be very suggestive of the form Ī

(2)
2 (A : B) ∼ 2−(t2v2

LR+x2)1/2
.

c) The quadrupled, stacked, time evolution operator, U ⊗U∗ ⊗U ⊗U∗, Figure (a) looked
from the front. Each line refers to a tensor product of four on-site Hilbert spaces, and
each coloured dot to one of the two contractions on this quadrupled space.
d) Brickwork stricture of the time evolution operator, each unitary gate in the set
{U (τ)

j,j+1} is a random unitary matrix independently sampled from the Haar measure of
q2-dimensional unitary matrices; correlations only exist between the corresponding gates
in the four replicas of the time evolution unitary.
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Figure 2.13: a) The effects of the Haar averaging on the single brick in the circuit. With
the contraction rules (b), we can define a statistical partition function that gives us the
Haar averaged operator state purity. The last line in particular suggest us that we can
evaluate the partition function evolving from the initial to the final time with the two
domain walls between the two kinds of contractions performing a random walk, with each
step of the walk costing the weight by a factor of 2q

d+1 , where the walls may annihilate.
b) Interaction between two contractions on the quadrupled on-site space. If the contraction
match the resulting expression is the square of the trace over identity q2, if they do not
match the resulting expression is just one trace over identity q.
c) Systematic way of doing the partition sum: the effects of averaging suggest we should
to sum in layers from initial time to final time, resulting in a random walk process of
domain walls (last line), with each step of the walkers costing the term in the sum a factor
of ( 2q

d+1)2.
d) Two kinds of paths of the random walking domain walls, (c), that are present in the
partition function. The first kind is where the walls annihilate at some time t∗ which
contribute to the partition function with a weight ∼ ( 2q

d+1)2t∗q−|NC |, while the second is
when the A domain survives up to the final time tf , contributing ∼ ( 2q

d+1)2tf q−∆(Atf
,C),

where ∆(Atf , C) measures number of mismatched sites between final region Atf and
region C (6 in the case illustrated).
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walls follow a simple difference equation:

p(t, x, y) = 1
4(p(t− 1, x+ 1, y + 1) + p(t− 1, x− 1, y − 1)+

p(t− 1, x+ 1, y − 1) + p(t− 1, x− 1, y + 1)), for x > y, (2.68)

with the absorption condition p(t, x, y = x) = 0 and the initial condition p(0, x, y) =

δx,0δy,NA
, naturally t ≥ 0, the position of the left domain wall is x and the right

domain wall is y.

The (non-normalised) probability density allows us to define the survival

probability of the domain walls, Ps(t) = ∑
x,y p(t, x, y), which is the probability

that two domain walls will not be annihilated by the time t. This further allows

us to define the probability density of the domain wall annihilating at time t,

pa(t) = Ps(t) − Ps(t + 1).

See Figure 2.13 (d) for two kinds of contribution to the partition function. The

first kind is when the domain walls annihilate at some time t∗, which contribute

to the partition function with a weight ∼ ( 2q
q2+1)2t∗q−|NC |, while the second is when

the A domain survives until the final time tf , contributing ∼ ( 2q
q2+1)2tf q−∆(Atf

,C),

where ∆(Atf , C) measures the number of sites mismatched between the final region

Atf and the region C (6 in the case illustrated), see Figure 2.13 (b) for the reason

for this dependence on the domain wall mismatch.

The final result can be cast to this from:

⟨Trρ2
AC(t)⟩Uq2 =

t−1∑
ti=0

pa(ti)
(

2q
q2 + 1

)2ti
q−|NC | +

∑
x,y

p(t, x, y)
(

2q
q2 + 1

)2t

q−∆(Axy ,C),

(2.69)

the two contributions coming from the aforementioned two kinds of domain wall
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paths12. The overlap function ∆(Axy, C) is straightforwardly defined as:

∆(Axy, C) =



NA +NC for y ≤ d

d− x+ d+NC − y for x ≤ d and y ≤ d+NC

NA −NC for x ≤ d and y > d+NC

NC −NA for x > d and y ≤ d+NC

x− d+ y − d−NC for x > d and y > d+NC

NA +NC for x > d+NC

. (2.70)

Taking the scaling limit would most likely allow one to exact closed-form

expressions. However, I have not done this, opting instead, for this preliminary

study, to solve the difference equation up to some final time, as well as evaluating

the partition function, eq. (2.69), on a computer. The results for the case of

a qubit chain, q = 2, are shown in Figure 2.12 (b), with NA = NC = 4. The

results show a clear causal structure naturally enforced by the brickwork structure

of the time evolution operator, with the Lieb-Robinson velocity vLR = 2, due to

the fact that I chose to set the time unit as two layers of the circuit. Within

the light cone, the structure seems to be very suggestive of the form: Ī
(2)
2 (A :

B) ∼ 2−(t2v2
LR+x2)1/2 , a result that may be a generic property of time evolution

without conservation laws. This sets the minimal time we need to wait for non-

conserved contribution to the mutual information to attenuate before we can see

the effects of the conserved quantities.

12The t → ∞ limit of this expression implies the following closed form for the annihilation time
probability density p(NA)

a (t) = 1
t!

dt

dxt
xNA/2

(1+
√

1+x)NA
|x=0.



When Alexander came to Gordium, he had a very
strong desire to go up to the acropolis, where the
palace of Gordius and his son Midas was, to see
Gordius’ wagon and the knot on the yoke of the
wagon.

— from "Anabasis of Alexander" by Arrian of
Nicomedia
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Building on the motivation laid out in the second part of the Thesis Introduction,

I will now present our published work on the feasibility of observing non-Abelian

anyon braiding on a NISQ simulator:

Jovanović, J., Wille, C., Timmers, D., and Simon, S. H., 2024. A proposal
to demonstrate non-abelian anyons on a NISQ device. Quantum, 8, 1408.

In particular, the anyons we consider are the excitations of the Kitaev quantum

double model[54]. One of the defining inputs to the model is the gauge group

G and if that group is non-abelian, then the resulting model hosts non-abelian

anyons. Implementation of this model on a NISQ simulator has been argued

to be unfeasible at the current level of fidelity[132, 133]. The difficulty lies

primarily in the preparation of the ground state, which can be overcome using

measurement-feedforward approaches[76]. Measurement-feedforward techniques

employ adaptive circuits, where the gates are chosen depending on the outcome

of the measurements distributed throughout the circuit; the circuit adapts based

on the outcome of intermediate measurements. We did not consider quantum

devices with this capability, hence we did not focus on the ground-state preparation,

instead developing a number of techniques that drastically reduce the depth of

conventional circuits that manipulate anyons and measure the topological charge,

without relying on feedforward techniques.

Our protocols are generic for quantum double models, but we have tested the

proposed experiments in the case of quantum double of the dihedral group G = D4,

since the number of group elements is |D4| = 8 = 23 making them easy to encode

on 3 qubits1. The tests were performed via classical noisy simulation of Google’s

Sycamore chip[77]. The simulation and noise data are implemented in Google

Quantum’s own cirq and cirq_google packages, see our Repository [6]. The

results of our numerical studies suggest that many elements of the non-abelian anyon

phenomenology; non-unique fusion and non-abelian braiding, can be clearly observed.

Furthermore, much of the anyon theory data; linking and twist matrix elements, can

also be estimated (amplitude and phase) via our anyon interferometry protocols.
1For an additional example of G = S3 I direct the reader to Section 6 of our Paper [2]
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The chapter is structured as follows. The next section is a general review of

quantum double models, introducing the notation used throughout the chapter and

explaining the anyon content of this type of models, by the end of the section I

also present the two main protocols; one for anyon manipulation and another for

topological charge measurement. Section 3.2 adapts the general protocols presented

for the case of G = D4, it lays down the relevant circuits and defines the experiments

that we will benchmark with classical noisy simulation. The numerical results are

presented, analysed, and discussed in Section 3.3. Finally, the whole chapter is

briefly summarised. The appendices mostly complete the data (additional circuits,

anyon data, etc.) presented in the main text, except for Appendix 3.D which deals

with computation of F− and R−matrix elements for quantum double models.

3.1 Quantum double models

In this section, we will discuss Kitaev’s quantum double models [54]. While we

assume that our readers are largely familiar with quantum double models, we

nevertheless include this review to set notations and conventions, which vary

throughout the literature. In addition to that, the last two parts of this section

include additional material crucial for our implementation. In particular, we discucss

the concrete protocol for applying ribbon operators and a non-standard protocol

to infer anyonic charge via a so-called partial charge measurement.

Kitaev’s quantum double models are (2+1d) Hamiltonian formulations of lattice

gauge theory for finite gauge groups. Gauss’ law is enforced energetically at each

vertex by a Hamiltonian term and the model is at the deconfinement fixed point,

where there are no electric field terms. The Hamiltonian, therefore, has two

sets of terms – the gauge-invariant plaquette terms and the Gauss’ law vertex

terms [54, 134].

Quantum double models can also be understood as a subclass of the more

general string-net models [62], which describe all non-chiral (2+1d) topological

phases of matter, or as a generalisation of Kitaev’s toric code [54] for which the

gauge group Z2 is generalised to an arbitrary discrete group G. While all quantum
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double models have anyonic excitations, the anyons for models with abelian gauge

group are themselves abelian. In order to obtain non-abelian anyons, it is necessary

to consider non-abelian gauge groups G. While the models for the latter are

conceptually still very similar to the toric code, their definitions require slightly

more care and notation, which we will introduce in the following.

Hamiltonian. For a given group G we can define its quantum double model

on any arbitrary cellulation2 of a surface without boundary. To consistently define

the model, the edges (1-cells) need to be oriented as will be explained in more

detail below. The local degrees of freedom are |G|-dimensional and assigned to

the edges. The basis of their local Hilbert space is labeled by the group elements,

i.e., we think of edges as being labeled by elements g ∈ G. The Hamiltonian

is given by a sum of mutually commuting terms that act on vertices (0-cells) V

and plaquettes (2-cells) P , respectively

H = −
∑
v∈V

Bv −
∑
p∈P

Ap . (3.1)

Note, that we will here use a formulation of the theory on the dual lattice compared

to the lattice of the original work in Ref. [54]. We will now discuss these terms in

more detail. As mentioned above, the vertex term enforces Gauss’ law. To achieve

this we first introduce a general vertex operator Bv(h) for every vertex v. This

operator projects onto all states for which the group elements assigned to the edges

adjacent to the vertex multiply to h. To make the product unambiguous we need

to order the edges. This ordering has to fulfil additional constraints to be specified

momentarily. In addition, a group element g assigned to an incoming (outgoing)

edge enters as g (g−1). E.g., for the trivalent vertex depicted in Fig. 3.1a we have

Bv(h)|g1, g2, g3⟩ = δg1g2g3,h|g1, g2, g3⟩ . (3.2)

Gauss’ law is then enforced by choosing Bv = Bv(e), where e denotes the identity

element of the group. To ensure that the vertex projector commutes with the

plaquette projector introduced below, the ordering of the edges needs to be consistent
2A planar graph representing a discretisation of the surface, e.g. triangulation.
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(a) (b)

Figure 3.1: (a) Vertex operator. The vertices are oriented in accordance with the
plaquettes (counter-clockwise) and have a starting edge to make the group multiplication
assignment unambiguous. (b) Plaquette operator. The orientation of the plaquettes
determines pre-multiplication or post-multiplication with the inverse and is chosen in
agreement with the orientation of the vertices (counter-clockwise).

with the orientation of the latter. This can be done by endowing both with a counter-

clockwise orientation. The ordering is then obtained by additionally specifying

a starting edge for each vertex.

The plaquette term Ap = 1
|G|
∑
g∈GAp(g) is defined in terms of operators Ap(g)

which shift the labels of the edges forming the plaquette by g. As alluded to

previously, the plaquettes have an orientation. If the edge direction is aligned

(anti-aligned) with this orientation, the shift acts as gi → ggi (gi → gig
−1). E.g.,

for the plaquette shown in Fig. 3.1b, we have

Ap(g) |g1, g2, . . .⟩ = |gg1, g2g
−1, . . .⟩ . (3.3)

Ground state. It is not hard to verify that all terms in the Hamiltonian

commute. Hence we can diagonalise it term by term. One can show that the

leftover degeneracy depends only on the genus of the surface the graph is embedded

in [54, 134]. We will work on a sphere-topology, for which the ground state is

unique. For most quantum computing architectures, interactions need to be local,

which limits the accessible topologies. However, a disk or sphere topology (a disk

closed off by one large plaquette) is accessible.

All terms in the Hamiltonian are also projectors. Hence, one way to construct

the ground state is to apply all projectors onto a state that has non-zero overlap

with the ground state. In particular, we can start with the state |{e}⟩, where

every edge is labelled by the identity element. This state trivially obeys all vertex
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projectors, so we just need to apply all plaquette projectors

|ψ⟩ =
∏
p∈P

Ap |{e}⟩ . (3.4)

This state is the unique ground state and corresponds to the equal weight super-

position of all states respecting Gauss’ law.

3.1.1 Anyon content

In the following, we will discuss the anyonic excitations in quantum double models

and the algebra describing them.

The algebra D(G). The ground state is stabilised3 by the projectors in

Eq. (3.1). Together with the property Ap(g1)Ap(g2) = Ap(g1g2) this implies the

stronger condition

Ap(g) |ψ⟩ = |ψ⟩ ,

Bv(e) |ψ⟩ = |ψ⟩ ,
(3.5)

for all v ∈ V , p ∈ P and g ∈ G. Therefore, the elementary excitation above the

ground state will violate one or more of the equations above and are characterised

by how the operators Bv(h) and Ap(g) act on them. More precisely, these operators

form an algebra [54, 134] (the quantum double algebra D(G)), which contains

the full information about the anyonic excitations. In particular its irreducible

representations (irreps) label the anyons.

For the toric code model, the A and B operators always commute and their

algebras can be investigated independently. One finds the well-known e and m

particles associated to vertex and plaquette violations, respectively, and their

combination, the fermionic (e,m)-particle. However, for non-abelian gauge-groups

the operators Ap(g) and Bv(g) no longer commute, if the vertex v intersects the

plaquette p. To discuss their joint algebra, we consider sites si = (vi, pi) of

adjacent vertices and plaquettes.
3Meaning, it is the +1 eigenstate.
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On the same site we have the following algebraic relations

As(g)As(h) = As(gh),

Bs(g)Bs(h) = δg,hBs(h),

As(g)Bs(h) = Bs(ghg−1)As(g).

(3.6)

This is the on-site representation of the quantum double algebra D(G) [54, 134].

We will now discuss its irreducible representations. However, we will refrain

from providing any derivations (see e.g. Ref. [135]) and just state the results.

The irreducible representations are labelled by two objects, a conjugacy class C

of the group G and an irreducible representation χ of the centraliser Z(r) of the

class representative r ∈ C. The vector space on which (C, χ) acts is spanned by

a basis |µ⟩ = |c, i⟩, where c ∈ C and i ∈ {1, 2, . . . , dimχ}, i.e., the first index goes

over the conjugacy class elements while the second goes over the vector indices

of the irreducible representation χ.

Note, that in the case of abelian groups, in particular the toric code, the

conjugacy classes are trivial and identical to the group elements themselves. Their

center is G, which has |G| one-dimensional representations isomorphic to G itself.

Hence, the irreducible representations are given by |G|2 tuples (g, ρi), where any

group element g is paired with any irreducible representation ρi, i = 1, . . . , |G|.

In the general, non-abelian case the irreducible representations do not factorise

as can be seen from the action of the algebra generators on the vector space

spanned by |µ⟩ = |c, i⟩

Bµµ′(h) = ⟨c, i|B(h) |c′, i′⟩ = δc,hδc,c′δi,i′ ,

Aµµ′(g) = ⟨c, i|A(g) |c′, i′⟩ = δc,gc′g−1Γχc,ii′(g).
(3.7)

Here, Γχc is a map from the entire group, G, onto the χ-representation matri-

ces defined by composing the representation matrices Γχ themselves and a map

G → Z(r) defined by g 7→ q−1
c gqc′ , where qc is a group element that satisfies

qccq
−1
c = r and c′ = g−1cg.

To get a better understanding of the meaning behind these expressions, we con-

sider three simple examples. Let us start with the vacuum (or trivial) representation,
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labelled by ({e},1). This representation is one-dimensional and spanned by |e, 0⟩

B(h) |e, 0⟩ = δh,e |e, 0⟩ ,

A(g) |e, 0⟩ = |e, 0⟩ .
(3.8)

Hence, Eq. (3.5) implies that for the ground state every site hosts the trivial

representation.

Other important examples are pure charges and pure fluxes. A pure flux is

labelled by a conjugacy class and the trivial representation of its centre, (C,1).

Its basis vectors are |c, 0⟩ for c ∈ C, with

Bµµ′(h) = ⟨c, 0|B(h) |c′, 0⟩ = δc,hδc,c′ ,

Aµµ′(g) = ⟨c, 0|A(g) |c′, 0⟩ = δc,gc′g−1 .
(3.9)

Pure flux excitations only violate the vertex term, the B-term.

Pure charge excitations are labelled by the group identity and a representation of

the group G itself, ({e}, χ). Its basis vectors are |e, i⟩ for i ∈ {1, 2, . . . , dimχ}, with

Bµµ′(h) = ⟨e, i|B(h) |e, i′⟩ = δe,h,

Aµµ′(g) = ⟨e, i|A(g) |e, i′⟩ = Γχii′(g).
(3.10)

Pure charge excitations only violate the plaquette term, the A-term.

In particular, if we have a gauge field state, |χ, p; i⟩, where each site hosts a

trivial representation except for one, (v, p), which is occupied by a pure charge

({e}, χ)4, this state satisfies all the constraints in Eq. (3.5) except for

Ap(g) |χ, p; i⟩ =
∑
i′

Γχii′(g) |χ, p; i′⟩ , (3.11)

where i and i′ are the internal degrees of freedom of the charge5. This is the way a

charged state transforms under gauge transformations in gauge field theory. Hence,

we say that the plaquette terms generate gauge transformations.

All other excitations which are neither pure charge nor pure flux are called

dyons. They violate vertex and plaquette terms simultaneously, meaning they

have a flux component associated with a vertex of the site (v, p) and a charge
4Note, that such a configuration is impossible on a sphere, but may occur on manifolds of

genus g > 0.
5Note that the charge can be vector valued for non-abelian symmetry groups.
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component associated with its plaquette, but unlike the toric code fermion they

cannot generally be broken down to a combination of pure charge and pure flux

sitting next to one another.

Non-abelian anyons. To understand the distinction between abelian and

non-abelian anyons we will focus on the physical meaning of the dimension d =

dim(C, χ) = |C|dim(χ) of the irreducible representations.

If we have a gauge field state with an anyon of type (C, χ) at a site s, the

plaquette and vertex terms of that site will transform this state in accordance with

that d-dimensional algebra representation. This implies that specifying the type

and location of this anyon does not uniquely fix the gauge field state. Instead,

there is a d-dimensional subspace Hs(C, χ) of the total Hilbert space associated

with this anyon occupying this site. This d-fold degeneracy can be interpreted as

a spin-like internal degree of freedom of the anyon.

Generalising this, we find that for a state with specified charge content {(Cs, χs)}s
on all (non-overlapping) sites s the subspace associated to this configuration is

H{s} =
⊗
s

Hs(Cs, χs). (3.12)

A more powerful alternative to this local description can be derived, if we notice

that there is an algebra associated with the tensor product of representations,

analogous to the Clebsch-Gordan (CG) decomposition of tensor products of linear

representations of a group into the direct sum of irreducible representations.

In particular, if we have two charges a and b the associated Hilbert space can be

written as a direct sum of the Hilbert space associated to charges c. We write this as

a⊗ b =
⊕
c

N c
abc, (3.13)

with a, b and c going over a set of anyon labels (C, χ) and N c
ab being inte-

ger coefficients.

How this manifests physically is that if we have two anyons a and b in some

region and measure the topological charge associated to that region we may get

any label c for which N c
ab ≠ 0. This process is referred to as anyon fusion.
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The general expression for N c
ab is cumbersome. For pure charge anyons ({e}, χi)

it readily reduces to the well-known decomposition of a tensor product of group

irreps into the direct sums of irreps χi ⊗ χj = ⊕
k n

k
ijχk.

If the gauge group is abelian, all algebra representations are one-dimensional

and there is no degeneracy once the charge content of a gauge field is specified.

The fusion is unambiguous. We can see this by looking at the dimensions of the

LHS and RHS of Eq. (3.13). For every a and b there is only one c for which

N c
ab = 1 and it is zero for all other c.

The Hilbert space associated with the presence of multiple non-abelian anyons is

the stage on which all striking phenomena of non-abelianess are played out. Besides

the possibility of multiple fusion outcomes discussed above, also moving anyons

around one another (braiding) acts non-trivially on this space and corresponds

to a unitary operation. In such a braiding process the order of exchanges matter

as in general the unitary matrices associated to the individual exchanges do not

commute. The full theory that describes the braiding and fusion of anyons is a

so-called unitary modular tensor category (UMTC) [54].

3.1.2 Ribbon operators

In the following, we will explain how to create and move anyons. Anyons can always

be created in pairs from the vacuum and for any anyon type, (C, χ), and for any

path on the graph between two sites, see Figure 3.2, there is a ribbon operator

that creates a pair of said anyons at the end sites.

If the ribbons are closed and contractable, the associated ribbon operators

leave the ground state unchanged. Moreover, they span the loop operator algebra

that leave the ground state invariant. It is in that way that the quantum double

ground state knows about the anyon spectrum.

We will not explain the derivation of the ribbon operators themselves, see

Ref. [54, 134], just how to apply them to a state. The ribbon operators are not

unitary in general. If the anyons have a dimension larger than one, the operators
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that create and manipulate them are non-local projectors. To simulate them on a

digital quantum computer requires ancillas and measurements [75].

Ref. [69] overcame this issue by means of unitary lattice deformations6, unitarily

transforming from a state with a set of non-abelian defects on one graph to another

state with the same defect content but defined on a different graph, hence they

were able to move the non-abelian Majorana defects unitarily. However, these

are extrinsic and static lattice defects on top of a theory that is an abelian Z2

gauge theory, hence, the nature of their non-abelian anyons is different from

intrinsic gauge field excitations.

As we mentioned, a pair of d-dimensional non-abelian anyons defines a degenerate

subspace of the gauge field Hilbert space that encodes the outcomes of their fusion.

This encoding is increasingly non-local as we separate the anyons. However, we

require accessing this information locally to move the anyons. To this end, we keep

one d-dimensional ancilla qudit per end of the ribbon.

Every ribbon (cf. Fig. 3.2) is made up from two types of elementary triangles

I) A triangle consisting of two vertices and one plaquette center of the underlying

graph. One side of the triangle coincides with an edge of the graph.

II) a triangle consisting of two plaquette centers and one vertex of the underlying

graph. One of the triangle’s sides crosses an edge of the graph.

Moving anyons means appending elementary triangles onto a ribbon. Each triangle

type corresponds to a specific operator, the details of which also depend on the

orientations of the edges and whether the triangle is attached to the back or front

end of the ribbon. A detailed list is provided in Fig. 3.15 in Appendix 3.A.

The algorithm that creates two anyons of type (C, χ) along a ribbon path

in the internal state |α; β⟩ = |c′, i′; c, i⟩ is the following

6Which are, in principle, possible for quantum double models, but are, in practice, impractical
for non-Abelian gauge groups G[134].
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An example of a ribbon, R =
{t1, t2, . . . , t7}, between site s1 and s2.
The black lines are the edges of the
graph. The ribbon is made up from
four type I elementary triangles and
three type II elementary triangles.

Figure 3.2

Ribbon Operator Application Protocol

1. Initialise two (|C| × dimχ-dimensional) ancilla qudits in the states
|α; β⟩ = |c′, i′; c, i⟩. We will think of the first qudit as the ribbon’s back
end and the second as its front end.

2. For each triangle in the ribbon path, depending on the triangle type
(and the edge orientations), sequentially apply one of the following
unitaries acting on ancilla qudits |c, i⟩ and qudits encoding the group
element g associated to the edge of the lattice |g⟩phys

I) Multiply on the coinciding edge
|c, i⟩ |g⟩phys → |c, i⟩ |cg⟩phys.

II) Generalised-conjugate by the crossed edge
|c, i⟩ |h⟩phys → |hch−1⟩ Γχc (h) |i⟩ |h⟩phys.

3. To complete the application of the ribbon operator project the ancilla
qudits to the Bell state ⟨Φ+| = 1√

d

∑
ν ⟨ν; ν|. The projection is done by

measurement and post-selection.

For the other variants of Step 2 (for different edge orientations etc.) consult

Figure 3.15 in Appendix 3.A.

In the way presented above, we have started building up the ribbon from start-to-

finish using only forward-type elementary triangles. Similarly, we could have started

in the middle and extended in parallel both forward and backwards with appropriate

types of elementary triangles, see Appendix 3.A. Backwards-type elementary

triangles, analogously to Step 2. stated above, act on the backwards ancilla qudit.

As we can see, the operation is sequential so at best the depth of a circuit
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implementing this is O(|R|), with the best depth achieved by starting at the

middle and growing it both ways.

We can make this constant depth by separating the main ribbon into |R| smaller

ribbons which however requires |R| pairs of qudits. To merge these ribbons, we

also need to work with 2R ancillas (one pair for each cut of the circuit) and |R|

Bell-pair projections. As these are done via measurement and post-selection this

requires an exponential in |R| number of repetitions for a O(1) number of successful

projections. Note, that this procedure is independent of quantum double models

and can be applied to any sequential circuit.

In the variant of the protocol we proposed, the post-selection will necessarily

raise concerns about the scaling of the number of total runs needed to build up

an adequate number of successful runs. In fact, the protocol for applying an open

ribbon operator onto the ground state succeeds with a probability of 1/d2 (neglecting

the effect of noise). However, if the ribbon is closed, due to the no-flux condition of

the ground state, the protocol succeeds with certainty. The number of runs needed

scales exponentially with the number of open ribbon operators in the braiding

protocol, which, in the cases we consider, is either one or two.

To interpret what we have here, let us look at the quantum resources. We have

qudits representing the matter Hmatter and ancilla qubits representing the internal

state of the anyons, or the fusion space, Hancillas ≡ Hfusion which is already embedded

non-locally in Hmatter. The two types of triangles couple the two spaces in two

different ways. For type I the Hancillas controls an action on Hmatter and for type II

it is the other way around. After the measurement that disentangles the redundant

copy of Hfusion, Hmatter is left in a state with the ribbon operator imprinted on it

as signalled by the topological charge, braiding amplitude and phase.

3.1.3 Charge measurements

In this section, we will explain how we measure the topological charge, i.e., the

anyon label. This is the last element of our toolkit for probing topological order.
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An ideal charge measurement would differentiate any type of excitation on any site,

such measurement is associated with the following set of projectors [134]

P (C,χ)
s = χ(e)

|Z(r)|
∑
c∈C

∑
z∈Z(r)

χ̄(z)Bs(c)As(qczq−1
c ), (3.14)

for each irreducible representation of D(G), χ̄(z) is the complex conjugate of χ(z).

Since we work in a basis where projectors onto a given G-valued flux through

a vertex v, Bv(h), are diagonal, we can just do a full projective measurement of

the gauge field degrees of freedom in that basis. The result of such a measurement

is a labelling of all edges by group elements from which we can compute the

flux at any vertex.

However, in order to measure the charge component on a plaquette, one needs to

implement a controlled As(g) operator which needs a controlled group multiplication

applied to all edges of s’s plaquette, i.e. |g⟩ |gi⟩ → |g⟩ |ggi⟩ for all |gi⟩ around the

plaquette. This requires circuits which, in the case of non-abelian groups such as

D4 which we will study in more detail, are prohibitively expensive.

The main idea to circumvent this problem is to instead use partial charge

measurements that have a substantially reduced circuit depth. Such partial

measurements do not determine the charge completely. However, when we combine

a set of different partial measurements we are able to deduce the full charge content

from the measurement outcomes.7

The key idea behind the partial measurement protocol is that controlled As(g)

becomes significantly simpler to perform once we restrict ourselves to a proper

subgroup of the full group, i.e. g ∈ H ⊂ G.

With Eq. (3.11) in mind, we propose the following algorithm for the H-partial

charge measurement on a plaquette p

7Note, that these measurements are destructive, meaning we need to prepare the state again for
the next measurement. However, if we only need to use a small number of different subgroups (in
the case of D(D4) considered here at most three different subgroups are sufficient), this trade-off
is acceptable.
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Partial Charge Measurement Protocol

1. Prepare an ancilla qudit, a, encoding the elements of H ⊂ G, in an
equal superposition over all elements, so that the joint total state of the
system is

1√
|H|

∑
h∈H

|h⟩a |ψ⟩phys ,

where |ψ⟩phys is the physical system.

2. Apply an a-controlled A-multiplication onto the edges of the plaquette
p

1√
|H|

∑
h∈H

|h⟩a |ψ⟩phys →

1√
|H|

∑
h∈H

|h⟩aAp(h) |ψ⟩phys .

3. Apply a unitary

Ua =
∑
χH

∑
i,j

∑
h∈H

√
dχH

|H|
Γ̄χH
ij (h) |χH ; i, j⟩a ⟨h|a

onto the ancilla qudit a. Here χH labels the irreducible representations
of H ⊂ G and ΓχH (h′) are the representation matrices, with i and
j being the vector indices for a given representation χH . The state
|χH ; i, j⟩ should be understood as one of the basis states of a ∑χH

d2
χH

-
dimensional vector space which simply enumerate the irreps and their
corresponding vector spaces. When H is Abelian, this reduces to a∑
χH

= |H| dimensional space, labeled by the irreps alone. A concrete
qubit encoding for H = Z4 and H = Z2 ×Z2 is presented in Eqs. (3.23)
and (3.24).

4. Measure the ancilla qudit a.

To see how this protocol works, let us examine the case of a gauge field with

well-defined pure charge on a plaquette |ψ⟩phys = |χ; i⟩. Using Eq. (3.11) we can

write the joint state after Step 2 as

1√
|H|

∑
h∈H,j

|h⟩a Γχij(h) |χ; j⟩ . (3.15)
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If H = G, the state after Step 3 becomes

1√
|G|

∑
h∈G,j

Ua |h⟩a Γχij(h) |χ; j⟩ =

1
|G|

∑
h,χ′,i′,j′,j

√
dχΓ̄χ

′

i′j′(h)Γχij(h) |χ′; i′, j′⟩a |χ; j⟩ =

∑
j

1√
dχ

|χ; i, j⟩a |χ; j⟩

(3.16)

The decoupling we see in the last line after summing over h is guaranteed by

Schur’s orthogonality lemma.

In the case above, the result of the measurement in Step 4 is a label (χ, i, j),

representing the charge, the internal state before the measurement and the internal

state after the measurement.

If we, however, take H ⊂ G, then the charge information is partial. By partial

charge information, we mean that the result of the measurement in the last step,

the label (χH , i, j) is no longer compatible with only one charge χ but instead is

compatible with a set of possible charges, i.e., the charge is not fully determined.

We may repeat the procedure using different subgroups H ∈ G to gather further

partial information on the charge in the hope that we will be able to deduce the

charge fully. In the considered examples, choosing different subgroups proves to

be sufficient. This relies on the partial orthogonality of character tables of a group

and its subgroup, and is demonstrated for the example of the group D4 below.

Beyond pure charges. The partial charge measurement scheme is exact, i.e.,

unambiguous, when the chosen subgroup coincides with the centre of the conjugacy

class of an anyon (C, χ), i.e., H = Z(r) for r ∈ C. The label χH in fact is the label

of the irreducible representation of the Z(r) labelling the dyon.

The full measurement protocol, in general, then consist of performing a H-partial

charge measurement and then reading-off the flux f on the same site. We then

compute the center of the measured flux Z(f) and consider the following three cases.

If H = Z(f), the protocol is complete. The measurement outcome corre-

sponds to (Cf , χH).
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If H ⊂ Z(f), we need to perform partial charge measurements for other

subgroups of G that are also subgroups of Z(f). We then combine these results

to determine the charge label uniquely. This requires partial orthogonality of the

character tables, see Section 3.1.4 for an example.

If H ̸⊂ Z(f) the measurement is discarded in post-selection and we switch

to a different subgroup H.

3.1.4 Quantum double of D4

Throughout the rest of the chapter, we will focus on the group D4 and its lattice

gauge theory. Hence in this section, we will describe the group structure of D4, its

quantum double algebra, as well as the representation theory of both.

The dihedral group of order 8 is the symmetry group of a square. It is generated

by a π/2-rotation r and a reflection m along a diagonal. The group law is defined

by the following identities

r4 = e, m2 = e, mr = r3m. (3.17)

This group is solvable and all of its proper subgroups are abelian. It can

be decomposed as D4 = Zm2 ⋉ Zr4. This decomposition is not unique, D4 =

Zm2 ⋉ (Zr2
2 × Zmr2 ) is also a valid decomposition.8

The conjugacy classes of D4 alongside their centres are listed in Figure 3.3a.

There are five conjugacy classes, which implies that there are also five irreducible

representations. Their dimensions are (1, 1, 1, 1, 2). The characters, i.e., the traces

of the representation matrices, are given in Figure 3.3b.

When labelling the representations of the algebra D(D4), we will also need the

irreducible representations of the centres of the conjugacy classes. The centres

of the three non-trivial conjugacy classes are abelian and have four elements.

Hence, they have four one-dimensional irreducible representations. Their character

tables are shown in Figure 3.3c.
8The superscripts in Zx

n label the group generator.
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C Z(r), r ∈ C
Ce = {e} D4

Cr2 = {r2} D4
Cr = {r, r3} Zr4 ≡ Hr

Cm = {m,mr2} Zm2 × Zr2
2 ≡ Hm

Cmr = {mr,mr3} Zmr2 × Zr2
2 ≡ Hmr

(a)

D4 Ce Cr2 Cr Cm Cmr
1 1 1 1 1 1
αr 1 1 1 -1 -1
αm 1 1 -1 1 -1
αmr 1 1 -1 -1 1
ϵ 2 -2 0 0 0

(b)

Hr e r r2 r3

1 1 1 1 1
i 1 i −1 −i

−1 1 −1 1 −1
−i 1 −i −1 i

Hm(Hmr) e m(mr) r2 mr2(mr3)
(1, 1) 1 1 1 1

(1,−1) 1 −1 1 −1
(−1, 1) 1 1 −1 −1

(−1,−1) 1 −1 −1 1
(c)

⟨χHr , χ⟩ 1 αr αm αmr αϵ
1 4 4 0 0 0

−1 0 0 4 4 0
i 0 0 0 0 4

−i 0 0 0 0 4

⟨χHm , χ⟩ 1 αr αm αmr αϵ
(1, 1) 4 0 4 0 0

(1,−1) 0 4 0 4 0
(−1, 1) 0 0 0 0 4

(−1,−1) 0 0 0 0 4

⟨χHmr , χ⟩ 1 αr αm αmr αϵ
(1, 1) 4 0 0 4 0

(1,−1) 0 4 4 0 0
(−1, 1) 0 0 0 0 4

(−1,−1) 0 0 0 0 4
(d)

Figure 3.3: (a) The conjugacy classes of D4 alongside their centres. (b) Character
table of D4. (c) Character tables of relevant subgroups of D4. The groups Hm and Hmr

are isomorphic. (d) Partial orthogonality of D4 with respect to its three four-element
subgroups.

Anyon content of D(D4). The task of listing all irreducible representations

of D(D4) and their dimensions from this data is straightforward. There are 2 ×

5 + 3 × 4 = 22 irreducible representations, i.e., types of anyons in the D4 quantum

double model (i.e. 2 conjugacy classes with 5 centraliser irrep and 3 classes with 4).

Eight of these irreps are one-dimensional, i.e. abelian, while the rest are two-

dimensional. Other than the vacuum, four of them are pure charges and four are

pure fluxes. For dyons with the Cr2 flux component we say that they have a trivial

flux even though it is not the vacuum flux. The flux can be factored out, just like

in the case of the toric code fermion. This comes from the fact that r2 commutes

with all group elements, just like the identity.
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We label the vacuum and the trivial flux as 0 ≡ (Ce, 1) and 0̃ ≡ (Cr2 , 1),

respectively. Likewise, the pure charges and dyons with vacuum and trivial flux

are labelled as Σχ ≡ (Ce, χ) and Σ̃χ ≡ (Cr2 , χ), with χ being one of the nontrivial

irreducible representations of D4. Nontrivial pure fluxes are labelled Ψx = (Cx, 1),

with Cx being one of the nontrivial conjugacy classes of D4. The rest of the dyons

have less informative labels such as {Ψ̃x,Φx, Φ̃x} and can be found in Appendix

3.B, where we also provide the quantum dimensions and the topological twists

together with the fusion rules.

Charge measurements reprise. Let us review the partial charge measure-

ments for D(D4). We choose the subgroups {Hr, Hm, Hmr} for the measurement

protocol. All the irreducible representations of these subgroups, χHx , are one

dimensional. This means that the measurement outcome of the partial charge

measurement is just the irrep label (χHx). Looking at their character tables, we

find a partial orthogonality with the characters of the irreps of G. Concretely,

we compute ⟨χHx , χ⟩ = ∑
h∈Hx

χ∗
Hx

(h)χ(h) for the five different charges and list

the results in Figure 3.3d.

For example, imagine we performed a Hm-partial charge measurement on a

plaquette p and obtained the measurement outcome (1, 1). This label has a non-

vanishing overlap with the trivial charge 1 and charge αm. Hence, both 0 and

Σαm can be anyons present on the plaquette.

Now imagine we have performed all three measurement and obtained the set

of labels {−1, (1, 1), (1,−1)}. This set is only compatible with the charge αm and

hence Σm must be on a plaquette p.

Beyond pure charges. The four main subgroups we consider in the partial

charge measurement are also the centralisers of the respective conjugacy classes,

Hx = Z(x). Hence, as mentioned in the last section, if we read-off the flux whose

centre is the subgroup we used in the partial charge measurement, the result

uniquely determines the dyon label.

It is only for dyons of trivial flux, {e, r2}, that we need to use the repeated partial

charge measurements with different subgroups alongside partial orthogonality of
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the character tables of D4 and its four-element subgroups to uniquely determine

the topological charge.

3.2 Probing non-abelian anyons

In this section, we will present a set of protocols that allow us to demonstrate

the non-abelian character of the anyons of D(D4) on realistic to-date quantum

hardware. The main obstacle to overcome here is the noise which limits the depth of

the circuits. We will show how low circuit depths can be achieved for all protocols.

A benchmark of the proposed experiments is presented in the next section showing

numerical simulation results for a realistic noise model.

The main experiments showcasing the non-abelian nature of the excitations

we propose are the following.

i) Anyon fusion. Here, the non-abelian nature is signalled by non-unique fusion

outcomes.

ii) Non-abelian braiding. The order of the braids does not commute.

iii) S- and T-matrix measurements. This data describes the amplitudes of links

and twists and almost uniquely9 characterises the full anyon theory.

3.2.1 Achieving low circuit depth

In this section, we will discuss how to achieve low circuit depths for creating and

moving the anyons of D(D4). We will present the encoding of group elements

into qubits, and show how short circuits for the elementary triangles of the ribbon

operators discussed in Section 3.1.2 can be obtained.

Encoding. The order of D4 is 8, hence we need three qubits to encode a

group element. We chose the following map

|g⟩ ≡ |a⟩m |b⟩r |c⟩r2 ⇐⇒ g = marb(r2)c, (3.18)
9There are some exceptions, where the anyon theory, i.e., the UMTC is not determined uniquely

by the S-and T -matrices alone [136]. The smallest known example where this is the case has 49
particle types.
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where a, b, c ∈ {0, 1}, r is the 90o rotation and m is the reflection.

When encoding the internal space of the anyon, which we need for the ribbon

operator protocol, we note that the basis |ν⟩ = |c, i⟩, contains a group element

c ∈ C restricted to a conjugacy class. All the non-trivial conjugacy classes contain

just two elements and can be encoded with only one qubit. Since the centralisers of

these conjugacy classes are abelian and their representations are one-dimensional,

we can encode the full internal space of the anyon with just one qubit. For anyons

with m-flux, (Cm, χ), we have

|c, 0⟩ ≡ |a⟩a ⇐⇒ c = m1r0(r2)a ∈ {m,mr2}, (3.19)

for anyons with mr-flux, (Cmr, χ), we have

|c, 0⟩ ≡ |a⟩a ⇐⇒ c = m1r1(r2)a ∈ {mr,mr3}, (3.20)

and for anyons with r-flux, (Cr, χ), we have

|c, 0⟩ ≡ |a⟩a ⇐⇒ c = m0r1(r2)a ∈ {r, r3}. (3.21)

Similarly the subgroups are encoded with two qubits. For example for h ∈ Hr we

use

|h⟩ ≡ |a⟩r |b⟩r2 ⇐⇒ h = m0ra(r2)b. (3.22)

To encode the four different representations of the subgroups χH for Hm

and Hmr we use

|(−1)a, (−1)b⟩ ≡ |a⟩a |b⟩b , (3.23)

where (a, b) corresponds to the representation label used in Table 3.3c, and for Hr we

use

|i2a+b⟩ ≡ |a⟩a |b⟩b , (3.24)

where i2a+b corresponds to the representation label used in Table 3.3c.

Circuits. To implement the anyon protocols we need circuits for the fol-

lowing operations.
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Elementary circuits

1. Controlled group multiplication |g, h⟩ → |g, gh⟩

(a) full domain variant (g ∈ G), used for ground state preparation,
(b) restricted domain variant (g ∈ C), used in ribbon operators,
(c) restricted domain variant (g ∈ H), used for partial charge

measurements.

2. Controlled generalised conjugation
|c⟩ |i⟩ |g⟩ → |gcg−1⟩ Γχc |i⟩ |g⟩.

3. Decoupling unitary of the partial charge measurement

Ua =
∑

χH ,i′,j′,h′∈H

√
dχH

|H|
Γ̄χH
i′j′(h′) |χH ; i′, j′⟩a ⟨h′|a .

We will focus on a set of examples illustrating the expected circuit depths. The

full domain group multiplication (see Fig. 3.4a) consists of three Toffoli and 2 CNOT

gates. Note, that on most hardwares a 3-qubit Toffoli gate must be decomposed

into 2-qubit gates. Hence, each Toffoli gate should be seen as a depth-6 circuit in

itself10. With this in mind, the circuit depth for a single group multiplication is

22. Current noise levels limit the circuit depth to about 100 gates. Therefore, a

naive protocol based on full domain group multiplication is doomed to fail.

We now contrast this with the reduced domain multiplication, where the control

qubits are restricted to a certain conjugacy class. A representative example is shown

in Fig. 3.4a. The circuit is reduced to a depth-1 circuit with only one CNOT gate.

We can appreciate a dramatic reduction of circuit depth achieved by restricting

the domain of the controlled multiplication circuit.

This is one of the main facts that allows us to greatly simplify many circuits

related to ribbon operators and partial charge measurements. However, the direct

ground state preparation does not benefit from these simplifications. We will discuss

the ground state preparation separately in the next section.

10If the coupling gates are restricted to act on neighbouring qubits, additional swaps may be
needed which increase the depth to up to 12.
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Let us move on to the generalised conjugation. The circuit depth for this heavily

depends on the type of anyon. For a pure flux the representation matrix Γ is trivial

and the generalised conjugation simplifies to a conventional conjugation which can

be implemented by a circuit of depth one or two (see Fig. 3.4b for an example). In

contrast, for a dyon with a one-dimensional but non-trivial irrep of the center, the

circuit is more involved. Since the irrep is one dimensional, it corresponds to a phase

factor and does not need to be encoded in an additional vector space. I.e., we can

still use |c⟩ instead of |c, i⟩. However, the conjugation of c has to be accompanied

by appropriate phase factors implementing the action of Γχc (g). A circuit showing

such a generalised conjugation for the m-dyon Φ̃m ≡ (Cm, (−1,−1)) is shown in

Fig. 3.4b. We note, that there is still no need for Toffoli gates, however, the

circuit is more complex than for pure fluxes. The full list of circuits for generalised

conjugations is given in Appendix 3.B.

We note that there are adaptive constant-depth circuits (measurement-based

schemes) for applying ribbon operators that have better scaling for solvable gauge

groups [137] (such as D4), but the measurement overhead makes them less preferable

for small systems.

Lastly, we look at the decoupling unitaries for partial charge measurements.

The unitaries for subgroups H ⊂ G are shown in Figure 3.4c.

Geometry and ground state preparation. Our proposal for ground state

preparation does not use any feed-forward protocols. Therefore, it is suitable for an

experimental set-up, where measurements terminate the circuit. We also note, that

so far known feed-forward protocols for ground state preparation only cover quantum

double models for solvable groups excluding more complex quantum double models

and the more general string-net models based on fusion categories beyond groups.

Not using a feed-forward protocol, however, comes at the cost of limiting the

lattice geometry to either small two-dimensional graphs or quasi one-dimensional

graphs in order to keep the circuit depth short.

For the majority of our result, we will focus on a quasi one-dimensional graph,

that we call braiding ladder. This geometry is shown in Figure 3.5.
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Figure 3.4: (a) Circuits for controlled group multiplication |g, h⟩ → |g, gh⟩. Left: Both
g (first three qubits) and h (last three qubits) are unrestricted, i.e., g, h ∈ G. Center:
g ∈ Hm is encoded by just the first two qubits. Right: g ∈ Cm is encoded by just the
first qubit a (cf. Eq. (3.19)).
(b) Circuits for generalised conjugation. The first three qubits encode the physical,
group valued, gauge field |g⟩. The last qubit encodes the ancilla qubit representing the
internal state of the (two-dimensional) anyon |c⟩. Left: The conjugation unitary for a
pure flux Ψm |c⟩ |g⟩ → |gcg−1⟩ |g⟩. Right: The generalised conjugation unitary for the
dyon Φ̃m: |c⟩ |g⟩ → Γ(g) |gcg−1⟩ |g⟩, where the representation ’matrix’ Γ(g) ∈ U(1) and
S = diag(1, i).
(c) The decoupling unitary map used in partial charge measurements for subgroups of
D4. Left: Hm, Hmr ≃ Z2 × Z2. Right: Hr ≃ Z4. In the circuits above H denotes the
Hadamard gate.
(d) Controlled multiply circuits of an elementary triangle of a ribbon operator conditioned
on a control qubit c (first qubit) acting on a physical edge (middle three qubits) and
a ribbon ancilla qubit (last qubit). Left: Implementing a Ψm-elementary triangle vs
vacuum, represented as 0 ⊕ 0. Right: Implementing an Ψm-elementary triangle vs 0 ⊕ 0̃.
Used for flavour conditioning defined later in Section 3.2.3.
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Figure 3.5: Quasi one-dimensional lattice allowing for shallow ground state preparation
of the quantum double model D(D4). Left: Yellow bars denote individual spins associated
to edges, which are composed of three qubits each. Edge orientations are needed to define
the vertex- and plaquette operators of the corresponding Hamiltonian. The lattice is
embedded into a sphere, meaning in addition to the 2-gons, there is one large ’outer’
plaquette. Right: Circuit for groundstate preparation per loop.

The ground state on this geometry can be prepared with a constant-depth

circuit, i.e., it does not scale with the system size. The ground state on an

n-segment ladder is given by

|GS⟩ =
∑

g1,g2,...,gn

|g1, g1, g2, g2, . . . , gn, gn⟩ . (3.25)

This state has no long-range entanglement and factorises into a sequence of qudit

Bell-pairs. However, entanglement is built up once one introduces anyons via ribbon

operators. In fact, this geometry is sufficient to correctly show the braiding statistics

of the anyons. The only requirement for correctly reproducing the braiding statistics

is that the ribbon paths only touch, but do not intersect and is fulfilled here.

The shallow circuit preparing this state is shown in Figure 3.5.

We also examine fusion on a small two-dimensional graph, as shown in Figure

3.6a.

3.2.2 Elemental protocols

Anyon fusion is the first and most basic protocol that can demonstrate non-

abelianness.

After preparing the ground state, we apply two ribbon operators. One between

sites s1 and s2, and the other between sites s2 and s3. This creates two pairs of

anyons and fuses them on site s2. We then perform a partial charge measurement
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Figure 3.6: (a) A small two-dimensional graph. Top: Yellow bars denote individual
spins associated to edges, which are composed of three qubits each. Edge orientations are
needed to define the vertex- and plaquette operators of the corresponding Hamiltonian.
Bottom: The ground state on this small two-dimensional graph. The circuit needed for
its preparation is discussed in Section 3.3.1.
(b) The two braiding protocols, differing only in the order of exchanging the two anyons.
C stands for creation, M for measurements. The protocol on the left will have 4 fusion
outcomes, while the protocol on the right can only produce vacuum.

and flux readout for this site. This experiment can be performed on both the

braiding ladder and the small two-dimensional graph.

We can do this experiment for any anyon types. Here, we will give an example

for the case of fusing the pure flux Ψm with itself. In contrast to the abelian case,

this fusion is not restricted to yield vacuum. Instead we have

Ψm × Ψm = 0 + 0̃ + Σm + Σ̃m,

where 0 is the vacuum, 0̃ is the abelian flux corresponding to the other element of

the centre of D4, r2, and the other two anyons are a pure charge associated with

the αm representation of D4 and the dyon of this pure charge and the abelian flux.

All four of these outcomes can be differentiated by reading out the flux and

performing the partial charge measurement using Hr or Hmr. For concreteness,

we choose Hmr for which we expect to only observe the measurement outcomes

(1, 1) and (1,−1), corresponding to no charge and αm, respectively. A discussion

of this protocol implemented on a realistic hardware device and a corresponding

numerical simulation are shown in Section 3.3.1.
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Anyon braiding. The second phenomenon that gives the non-abelian anyons

their name is the fact that the image of the braid group, as represented by physically

braiding these anyons, is non-abelian. This means that the order of interchanges

matter, i.e. σ12σ23 ≠ σ23σ12, where σi(i+1) is the clockwise interchange of particle

i and i + 1, the generator of the braid group.

The braiding procedures we want to implement to show this fact are shown

in Figure 3.6b. We create two pairs of anyons from the vacuum, perform two

interchanges σ12σ23, and then fuse pairwise. Then we repeat the same protocol

with the inverted order of the interchanges, i.e., σ23σ12. For concreteness, we

again consider pairs of pure fluxes Ψm.

In the second protocol, we annihilate the pairs that have a fixed fusion channel.

Given that they are created from the vacuum they will fuse to the vacuum. In

the first protocol, we annihilate the pairs whose fusion channel is not fixed, hence

all four fusion outcomes are expected. We see that the two braidings indeed

produce two different states.

For further discussion of a concrete implementation and numerical results,

see Section 3.3.1.

3.2.3 Anyon interferometry

In order to measure the relative phase between different braiding processes, we

need to devise an interference protocol. This is done by setting up a control qubit

c, whose state is entangled with different braiding protocols

|ψ⟩c |GS⟩ → |0⟩c |Ψ0⟩ + |1⟩c |Ψ1⟩ , (3.26)

where Ψi are the two wave functions of the matter degrees of freedom after two

different braiding operations.

If the charge content of the two states is the same |Ψ0⟩ and |Ψ1⟩ may only

differ by a constant. Hence we can write

|0⟩c |Ψ0⟩ + |1⟩c |Ψ1⟩ = (|0⟩c + C01 |1⟩c) |Ψ0⟩ , (3.27)
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and by the means of tomography on the control qubit c we can extract the

relative constant C01.

For a suitable choice of the two braiding protocols, this constant reveals elements

of the S- and T-matrix as we will see next.

S-matrix elements. To measure the S-matrix elements, we create a superposi-

tion of two states by conditioning an equal time (closed) ribbon operator shown

in blue in Fig. 3.7 on the control qubit .

Note that the S-matrix appearing in Figure 3.7 is normalised

S̃(a, b) = D
dadb

S(a, b), (3.28)

where D =
√∑

i d
2
i = |G| is the total quantum dimension, which makes |S̃(a, b)| ≤ 1.

To see that note that [61] Sab = 1
D
∑
cN

c
ab

θc

θaθb
dc and |θx| = 1. We also know that∑

cN
c
abdc = dadb, so it follows that |Sab| ≤ 1

Ddadb.

The conceptually simplest interferometry scheme is shown in Figure 3.7b. Here

we apply a ribbon of flavour a, then, depending on the state of the controlling qubit,

either thread a second ribbon of flavour b around the first ribbon or do nothing.

This is very similar to the ideal scheme shown in Figure 3.7a.11

However, in this protocol every single qubit gate of the b-ribbon operator becomes

a two qubit gate (since the ribbon is conditioned on the control c) and every two

qubit gate becomes a three qubit gate (unitarily similar to a Toffoli gate). Hence,

the number of entangling gates grows quickly with the ribbon length.

A smarter alternative is to condition the ribbon type instead (see Figure 3.7c).

In this case we identify where the ribbon operators for the two anyon types differ,

and condition only those operations. The circuit for this can be much shorter, see

Fig. 3.4d for an example. In particular, for the case of D(D4), it turns out, that,

if b has a non-trivial flux content, it is easier to compare the linking of anyons

a and b to the linking of anyons a and a reducible charge 0 ⊕ 0̃. (Note, that

this is not a valid anyon label since the representation is reducible.) Thus, we

condition whether we apply the ribbon b or the ribbon corresponding to 0 ⊕ 0̃.
11Compared to Fig.3.7a, Fig. 3.7b is only missing a measurement checking that applying a

closed ribbon b on it’s own doesn’t introduce any phase, which it doesn’t.
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The ribbon operator protocol defined for irreducible representations carries over for

reducible ones. Note that the representations 0 ⊕ 0 and 0 ⊕ 0̃ are two-dimensional

and hence distinct from 0 and 0̃ respectively.

However, this protocol requires additional knowledge of the theory. Concretely,

if we are interested in the S-matrix element Sab, we need the additional knowledge

of S(a, 0) and S(a, 0̃). In fact, both can be measured easily by the protocol

in Figure 3.7b since anyons 0 and 0̃ are abelian and their ribbon operator only

have single qubit gates. A similar protocol was used to measure the S-matrix

in the case of the toric code [68].

If S̃(a, 0) = S̃(a, 0̃) = 1, we can just read off S̃(a, b) after tomographing the

control qubit. In the case of S̃(a, 0̃) = −1, there is a two qubit gate we need to

apply between the controlling qubit and one of the ribbon ancillas before we can

simply read off S̃(a, b) via tomography.12 The exact method of tomography will

be presented alongside the numerical results in Section 3.3.2.

T-matrix elements. In this section, we will describe the interference protocol

for measuring the matrix elements of the diagonal T-matrix, or the spin of the

anyons. Here we note that ribbon operators are in-fact ribbons in space-time,

hence they can acquire a twist. Each twist of anyon a contributes a phase factor

to the wave function, Taa = eiθa .

The protocol is illustrated in Figure 3.8a. We identify where the twisted and

untwisted paths of a ribbon operator associated with some anyon a differ and

apply a controlled circuit of the form illustrated in Figure 3.8b accordingly. If for

the untwisted (twisted) version, we need to apply the unitary U (V ), the circuit

implementing is straight-forward and shown in Figure 3.8b.

The endpoint of the two ribbons are on the same site, hence the charge content

is the same and we can factor out the gauge field wave function. The control

qubit is in a pure state (assuming there is no noise) so we can tomograph and

read off the twisting phase.
12See Appendix 3.C.
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(a) The ideal interferometry scheme for mea-
suring the S-matrix elements. The two differ-
ent braids are entangled with the controlling
qubit c.

(b) Conditioning the existence of the b-ribbon.
The b-ribbon is only applied, if the state of
the control qubit is |1⟩c. Equivalently, we say
that we condition whether to apply b or the
reducible representation 0 ⊕ 0.

(c) Conditioning the type of the b-ribbon. If
the state of the control qubit is |1⟩c, apply
ribbon b. If it is |0⟩c, apply the ribbon for the
reducible representation 0 ⊕ 0̃.

Figure 3.7: The interference protocols used for phase sensitive measurement of the
(normalised) S-matrix elements S̃(a, b) = |D4|

dadb
S(a, b).

(a) Interference protocol for measuring the
phase of the T-matrix elements. Note: |Taa| =
1 for all anyons a. The inference is done
between two paths that differ by only one twist.
We have restored the two-dimensionality of
the ribbons in our representation in order to
showcase the extra twist.

c • X • X

anc
U V

GF

(b) A circuit that, depending on the state of
the control qubit c, either applies a unitary
U or V onto the joint gauge field (GF ) and
ancilla (anc) degrees of freedom.

Figure 3.8: The interferometry scheme to measure the phase difference between two
paths alongside with a circuit diagram implementing the difference of the two paths.
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3.3 Numerical experiments

In this section, we provide numerical evidence for the feasibility of our proposal

on state of the art NISQ devices. We performed simulations using Google’s

cirq_google python package on Google’s cloud computing platform Google Colab.

This package executes the quantum trajectory simulation of the circuit using the

Kraus operators obtained from the direct Pauli transfer matrix tomography on

various single and two qubit gates on the Sycamore chip [138]. This is a conjecture,

given that the details of the package are Google’s trade secrets, but we assume

each shot performs a pure state evolution (trajectory) with gates sampled from

ensembles corresponding to the ideal gates of a circuit we want to simulate; these

ensembles would be obtained by the gate tomography of the target gates on the

actual device. This chip comes with two principal constraints. First, we can only

perform two-qubit gates between adjacent qubits. Second, there is a limited set

of elementary gates that can be implemented.

Knowing the characteristics of the single and two-qubit gates, and single- and

multi-qubit readout performances of the chip [138] we have chosen a suitable part

of the chip for our simulations. A similar setup would be suitable for an actual

experiment on the Sycamore chip. However, the optimal allocation of resources

will be chip-dependent. The layout we used is shown in Figure 3.9a.

The number of qubits we could simulate classically using this software is limited

to 30, which is less than the number of qubits currently available on an actual

machine. To see how this comes about, let us note that even though in our protocols

there are only a few non-Clifford gates, we can not exploit the advantage of Clifford

simulators because we simulate noisy circuits.

3.3.1 Elemental protocols

In this section, we present the simulation results for the fusion and braiding experi-

ments.
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Circuit characteristics. Before we present the results, we report on the

qubit layout used for the fusion and braiding experiments, as well as circuit depths

achieved, in order to put the noise observed in a useful context.

Ground state. As mentioned, we prepare the ground state directly. On the

braiding ladder that procedure is depth 2 (see Fig. 3.5). We prepare the qubits

on all the bottom edges in an equal superposition via Hadamard gates and then

CNOT the qubits above controlled by the one below.

On the planar graph in Figure 3.6a this process is more complicated. Repeating

the process as for the braiding ladder gives us the following state

|Ψ⟩ =
∑

g12,g34

|g12, g12, g34, g34⟩ .

We then apply the full controlled multiply circuit from qubits of the second edge onto

the qubits of the third edge. This procedure gives us the state defined in Figure 3.6a.

Fusion. The exact ribbon operators and the layout of the qubits on the Sycamore

chip used in the fusion experiment are shown in Fig. 3.9a.

Using the circuits listed in Sec. 3.2.1 to implement the ribbon operators defined

in Sec. 3.1.2 generates a circuit that is not directly implementable on the Sycamore

chip due to the constraints mentioned above. We first need to implement swap

gates such that all the multi-qubit gates appearing in the original circuit are acting

on adjacent qubits. In addition, we need to compile multi-qubit gates into native

single- and two-qubit coupler gates. In our case we chose the CZ gate as the coupler

(two-qubit) gate. The single qubit gates are unrestricted.

The additional swaps make up a considerable portion of all coupling gates used

in the numerical experiments and hence the positioning of qubits is one of the

key factors in minimising the circuit depth.

It is also worth noting that not all anyons are equal in complexity. The r-dyon

ribbon operator require considerably deeper circuits since the group multiplication

controlled by the elements of the Cr conjugacy class always involves at least one

Toffoli gate. Let us recall that the Toffoli gate needs to be compiled into a circuit of at

least depth 6 using the CZ as the two qubit coupler, however this neglects any swaps
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Figure 3.9: (a) Ribbon operators and qubit layout for the fusion of two Ψm anyons on the
braiding ladder (left) and a small planar graph (right). Note, that the lattice is embedded
into a sphere, so the outside plaquette that we labelled twice in the braiding ladder
diagram should be identified. Red and blue shadings denote the two ribbon operators,
respectively. Purple circles mark the plaquette on which we perform the Hmr-partial
charge measurement. Red circles mark the vertex on which we measure the flux.
(b) Ribbon operators for the two braiding experiments. On the last step we also draw a
circle around the plaquette where we perform the Hmr-partial charge measurement. Note,
that the lattice is embedded into a sphere, so the outside plaquette that we labelled twice
for clarity should be identified.
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needed to place the qubits acted on by the CZ gates adjacent to one another. Hence,

reducing the number of Toffoli gates is the main goal when designing the experiments.

For the fusion of Ψm-fluxes on the small planar graph, we obtained a device-

ready circuit of depth 70. This circuit prepares the ground state, implements the

ribbon operators and performs a partial charge measurement. On the braiding

ladder the same protocol leads to a much shorter circuit of depth 37. This is due

to a significantly simpler ground state preparation.

Braiding. The ribbon operators for the two braiding protocols are shown in

Fig. 3.9b. The qubit layout on the Sycamore chip is the same as for the fusion

protocol on the ladder geometry (see Fig. 3.9a).

The circuit depths achieved for braiding the Ψm fluxes are 60 and 68 for the

cases of σ23σ12 and σ12σ23, respectively. We performed these experiments on the

double braiding ladder. This is due to constraints of the simulation. Adding

6 extra qubits needed for a triple-ladder, dramatically slows down the classical

simulation run times to the point of impracticality. On a real quantum device

this problem would not occur.

Results. The results of the fusion experiments on the ladder and the planar

graph, as well as the braiding on the ladder are shown in Figure 3.10.

Fusion. On both lattices we measure the charge after fusion via a partial

Hmr-measurement and see the signatures of four fusion outcomes

Ψm ⊗ Ψm = 0 ⊕ 0̃ ⊕ Σm ⊕ Σ̃m,

corresponding to measuring no flux or r2 flux combined with no charge ((1, 1)-

outcome) or a non-trivial charge ((1,−1)-outcome) identified as αm. In the case

of the small planar graph we see a significantly increased background noise due

the deeper circuit used in the ground state preparation.

The number of runs for the fusion on the braiding ladder was 16000. The

expected post-selection probability for the projection of the two ribbon ancilla pairs

is 1/42 = 0.0625, while the actual rate of success was 0.113, due to the circuit

noise and measurement readout bias. The four main bins corresponding to the
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(a) The partial charge-flux measurement after
fusing two Ψm pure fluxes on the site of
fusion. The partial charge measurement was
done with Hmr subgroup, and the geometry
was that of the braiding ladder, Figure 3.5.
The theoretical prediction is that the four
measurement outcomes O, Õ,ΣmΣ̃m are the
only possible outcomes and occur with equal
probability.

(b) The partial charge-flux measurement after
fusing two Ψm pure fluxes on the site of
fusion. The partial charge was done with
Hmr subgroup, and the geometry was that
of the small two-dimensional graph, Figure
3.6a. The theoretical prediction is that the
four measurement outcomes O, Õ,ΣmΣ̃m are
the only possible outcomes and occur with
equal probability.

(c) The braiding on a braiding ladder: the
partial charge-flux measurement after perform-
ing the braiding protocol in σ12σ23 order,
Figure 3.6b (left), where σii+1 is a braid group
generator. The anyons used are the pure fluxes
Ψm. The partial charge measurement was done
with respect to Hmr subgroup. The theoret-
ical prediction is that the four measurement
outcomes O, Õ,ΣmΣ̃m are the only possible
outcomes and occur with equal probability.

(d) The braiding on a braiding ladder: the par-
tial charge-flux measurement after performing
the braiding protocol in σ23σ12 order, Figure
3.6b (right), where σii+1 is a braid group
generator. The anyons used are the pure fluxes
Ψm. The partial charge measurement was done
with respect to Hmr subgroup. The theoretical
prediction is that the measurement outcome
O is the only possible outcome.

Figure 3.10: The partial topological charge measurements for the fusion and braiding
protocols.
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expected topological charges count 270 ± 5 while the largest noise peak is 77 leaving

us with a signal to noise ratio of approximately 3.5.

The number of runs for the fusion on the small planar graph was 64000. The

expected post-selection probability for projection of the two ribbon ancilla pairs

is again 0.0625, while the actual number of successes was 0.0826. The four main

bins count 450 ± 7 with the biggest noise peak being 242 leaving us with a signal

to noise ratio of approximately 1.9.

Braiding. Looking at the results of the charge measurement for the two braiding

protocols we clearly see what we expected. The first braiding protocol results

in multiple fusion outcomes while for the second braiding protocol the resulting

fusion outcome is only vacuum.

The number of runs for both protocols was 16000. The expected post-selection

probabilities for the two protocols are 0.0625 for σ12σ23 and 0.25 for σ23σ12, while

the actual rates of successes were 0.123 for σ12σ23 and 0.315 for σ23σ12, respectively.

In the case of the first braiding we see the four main peaks corresponding to the

expected topological charges counting 255 ± 5 with the biggest peak coming from

the noise counting 109 and resulting in a signal to noise ratio of about 2.3. In the

second case the peak corresponding to the vacuum counts 1890. The largest peak

coming from the noise counts 450 giving a signal to noise ratio of about 4.2.

Supplementary measurements. In the analysis above we relied on the

knowledge of the fusion outcomes to match the observed measurement outcomes

of the Hmr-partial charge measurement with the corresponding charges.

However, we can still determine what charges the outcomes correspond to even

if we do not rely on the knowledge of the fusion rules. This is done by repeating the

partial charge measurements for another subgroup, as explained in Section 3.1.3.

Repeating the protocol with a Hm-partial charge measurement we see only two

peaks corresponding to the charge measurement outcome (1, 1) combined with no

or r2 flux. This is due to the fact that all anyons that emerge from the fusion

carry either no charge or αm charge, which both correspond to the measurement

outcome (1, 1) for the Hm subgroup. Given that we observed the outcomes (1, 1)
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Figure 3.11: (a) (Left) The ribbon operators applied in the simulation of the S-matrix
protocol. The existence or the type of the blue (equal-time) ribbon is conditioned on the
state of the control qubit. (Right) The qubit layout for the interference protocols.
(b) The two ribbon paths between same sites that differ by one twist used in our path
interference protocol.

and (1,−1) for Hmr, we can conclude that the charges present are the trivial and

the αm charge (data shown in Appendix D of our Paper [2]).

3.3.2 Linking and twist matrices

In this section, we present the results of simulating the interference protocols for

measuring the magnitude and the phase of the S- and T -matrix elements.

Circuit characteristics. Figure 3.11a depicts the qubit layout and the exact

ribbon operators used for the S-matrix protocol.

The application or the flavour of the blue (equal-time) ribbon is conditioned

on the state of the control qubit. The layout on the chip is chosen such as to

reduce the number of two-qubit gates acting on the control qubit, avoiding an
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accumulation of errors. This turned out to be more relevant for obtaining reliable

estimates than the overall circuit depth.

For the T -matrix experiment we chose the same layout as for the S-matrix

experiment and the concrete form of the ribbon is shown in Fig. 3.11b.

The depths of the circuits for the S-matrix protocol heavily depend on the

anyons involved. In the following, we present in detail the circuits and results for

the exemplary S-matrix elements S̃(Ψm,Ψm) = 1, S̃(Ψm, Ψ̃m) = −1 and S̃(Ψm,Ψr)

which are of intermediate depth. For conditioning the ribbon type we have 58

for S(Ψm,Ψm) and S(Ψm, Ψ̃m) and 64 for S(Ψm,Ψr), while for conditioning the

existence of the ribbon we find 84 and 90, respectively. We will return to a

more detailed discussion of the circuit depths and results for all other S-matrix

elements at the end of this section.

For the T -matrix elements we chose to measure T (Φr,Φr) = i, which together

with T (Φ̃r, Φ̃r) = −i is the most non-trivial entry corresponding to the two semions

(all other anyons have topological spin ±1). The circuit depth of 89 for this

protocol is larger than for all other T -matrix elements and leads to reasonable

results. Hence, we did not investigate the other T -matrix entries as they seem

to be less challenging to measure.

Interference and tomography. In Section 3.2.3, we proposed an interference

scheme that entangles an ancilla qubit with the space-time history of the gauge field

excitations in such a way that by the end of the protocol the qubit and the field are

disentangled and the qubit is left in a state that depends only on the topological

properties of the spacetime history of the anyons – the S- and T -matrix elements.

The fact that the qubit is meant to be disentangled from the gauge field and

any additional ancillas implies that the qubit is ideally left in a pure state. Hence,

it is easy to tomograph and to extract the aforementioned topological properties.

The noise in the system alters the situation. For conceptual clarity, we will thus

first discuss the ideal case and subsequently comment on the effect of the noise.
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The final pure state of the ancilla qubit after the ideal protocol is

|ψ⟩c = 1√
1 + |S̃ab|2

(|0⟩c + S̃ab |1⟩c),

ρc = 1
1 + |S̃ab|2

(
1 S̃∗

ab

S̃ab |S̃ab|2

)
.

(3.29)

We write this density matrix in its Pauli basis

ρc = I + r⃗ · σ⃗
2 , (3.30)

where ri = Tr(σiρc) is the Bloch vector and σ⃗ = (σx, σy, σz) is the vector of

Pauli matrices and find

r⃗ =
(

2ReS̃ab
1 + |S̃ab|2

,
2ImS̃ab

1 + |S̃ab|2
,
1 − |S̃ab|2

1 + |S̃ab|2

)
. (3.31)

Note that |r⃗| = 1 as expected for a pure state. The phase and the magnitude of S̃ab
can be read off from the orientation of the Bloch vector only and the magnitude

of r⃗ is not needed to determine S̃ab. The magnitude is strongly affected by the

noise in the system as we explain in the following.

The noise in the gates will cause entanglement between the control ancilla qubit

c and the gauge field. Hence, when we tomograph the control qubit, we probe a

mixed state whose Bloch vector is |r⃗| < 1. We will assume, that the noise only

shortens this Bloch vector, i.e. it acts uniformly across all channels. Under this

assumption, we can still read off the S-matrix elements as they only depend on

the direction of the Bloch vector. Note, that this assumption is rather strong

given that the generic dephasing process usually pulls the Bloch vector towards

the z-axis. Nevertheless, the assumption is used in order to make the problem

tractable without additional machine specific information. In an actual experiment,

more elaborate error mitigation techniques and data about the noise bias could

be used to replace this simple model.

Tomography. In order to determine the orientation of the Bloch vector we

measure in a set of different bases. Each basis is parametrised by a vector s⃗i with

σsi
= s⃗i · σ⃗ being the associated Hermitian operator.
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Given a basis s⃗i and a Bloch vector of a mixed state r⃗, the quantum mechanical

probabilities for the two measurement outcomes are

pQM(1|s⃗i, r⃗) = 1
2(1 + r⃗ · s⃗i) ,

pQM(0|s⃗i, r⃗) = 1
2(1 − r⃗ · s⃗i) .

(3.32)

This probability is, however, modulate by the readout bias

p(b|s⃗i, r⃗) = (1 − ϵb)pQM(b|s⃗i, r⃗) + ϵb̄pQM(b̄|s⃗i, r⃗), (3.33)

where ϵb is the probability to measure the qubit in state b̄ (≡ 1 − b) even though

it is in the state b.

We perform the measurement N = n0 + n1 times and record the measurement

outcomes (n0, n1) and define the estimator

P (s⃗i) = n1 − n0

N
, (3.34)

which we call polarisation. Introducing ϵ̄ = (ϵ1 + ϵ0)/2,∆ϵ = ϵ1 − ϵ0 and using that

p(b|s⃗i, r⃗) = lim
N→∞

nb
N
,

we find

lim
N→∞

P (s⃗i) = (1 − 2ϵ̄)s⃗i · r⃗ + ∆ϵ. (3.35)

Performing a sequence of measurements for different bases s⃗i allows us to extract

r⃗, up to a multiplicative constant, i.e., we determine its direction.

For the sake of concreteness we chose the following sets of measurements bases

1. Equatorial Scan. Fixing the value of the polar angle to θ = π/2, we vary the

azimuthal angle ϕ ∈ [0, 2π). From this scan we extract ϕmax which has the

largest polarisation.

2. Meridian Scan. Fixing the value of the azimuthal angle to ϕ = ϕmax, we scan

the polar angle θ ∈ [0, 2π)13 From this scan we extract θmax which has the

largest polarisation.
13The domain is extended on purpose.
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The extraction of the relevant angles is done by fitting Eq. (3.35). The two angles

then fix the value of S̃ab via

S̃ab =
√

1 − cos θmax

1 + cos θmax
eiϕmax .

The other two parameters, the amplitude and the offset of the polarisation, do

not convey any physical information. The offset determines the difference of the

effective readout biases, ∆ϵ, and the amplitude determines the product of the mean

readout bias and the length of the Bloch vector, (1 − 2ϵ̄)|r⃗|.

In the discussion above, we have neglected the fact that in addition to the

measurement of the control qubit, we measure the ribbon ancillas and post-select

on their biased measurement outcomes. This causes an increased observed effective

readout bias ∆ϵ, obtained from the fitting procedure described in the last section,

which exceeds the ∆ϵ estimate from calibration data. A more detailed discussion

of this issue is given in Appendix E of our Paper [2].

For the T -matrix protocol the Bloch vector of the control qubit after performing

the ideal circuit reads

r⃗ = (ReTaa, ImTaa, 0) . (3.36)

We perform the same type of tomography to estimate r⃗ and calculate the magnitude

and phase of Taa via the equation above.

Results. The numerical results for the interference protocols determining Sab
with a = Ψm and b = Ψm, Ψ̃m,Ψr are shown in Fig. 3.12. The first three panels show

the results of the protocol in which the type of the second ribbon is conditioned to

be Ψb or 0 ⊕ 0̃ (cf. Fig. 3.7c), while the last one shows the results for conditioning

the existence of the ribbon (cf. Fig. 3.7b). In both cases we note a systematic drift

of the Bloch vector towards the z-axis. The magnitude of the S-matrix element is

dictated by the angle of the Bloch vector with the z-axis and hence this drift leads

to an underestimation of |S̃ab|. The systematic drift is significantly less dramatic in

the case of the first protocol, i.e., conditioning on Ψb or 0 ⊕ 0̃. Hence, the estimate

of the magnitudes of the S-matrix elements is much closer to the theoretical value.
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(a) S̃(Ψm,Ψm) = 0.89(1)eiπ0.004(4) measured, S̃(Ψm,Ψm) = 1 predicted.

(b) S̃(Ψm, Ψ̃m) = 0.88(1)eiπ0.998(5) measured, S̃(Ψm, Ψ̃m) = −1 predicted.

(c) S̃(Ψm,Ψr) = 0.02(2) measured, S̃(Ψm,Ψr) = 0 predicted. ϕ-scan omitted, since θ = π.

(d) S̃(Ψm, Ψ̃m) = 0.58(1)eiπ1.002(8) measured, S̃(Ψm, Ψ̃m) = 1 predicted.

Figure 3.12: Numerical results of the control qubit tomography for the S-matrix
interference protocol (a)-(c) conditioning the type of the equal time ribbon (cf. Figure
3.7c) and (d) conditioning its existence (cf. Figure 3.7b). The measurement basis was
scanned across two planes, see the Bloch sphere diagram (blue dotted circles). The
polarisation P was estimated from these measurements by fitting Eq. (3.35). It yields the
Bloch vector of ρc (green arrow) and S̃ab.
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Figure 3.13: Numerical results of the control qubit tomography for the T-matrix
interference protocol where the paths of the ribbon was conditioned (cf. Figure 3.8a).
Tomography performed as for the S-matrix (cf. Fig.3.12). T (Φ̃r, Φ̃r) = 1.04(1)eiπ1.496(4)

measured, T (Φ̃r, Φ̃r) = −i predicted.

This is due to the fact that the circuit implementing this protocol is much shallower

due to the simpler forms of the conditional ribbon operators, one Toffoli gate less in

the conditional multiplication circuit, cf. Figure 3.4d. The phases of all measured

S̃ab are estimated well and agree with the theoretically predicted values.

The result for the T-matrix element T (ϕ̃r, ϕ̃r) determined by the path con-

ditioning protocol in Figure 3.8a is shown in Figure 3.13 and agrees with the

theoretical value.

Uncertainty. In the experiment we used 1000 shots per measurement basis

for the S-matrix measurements and 5000 for the T-matrix measurements. See

Appendix E of our Paper [2], to see how we estimated the final uncertainties

in the measured braiding amplitudes, i.e., S- and T -matrix elements, as well as

for each datapoint in our plots.

We expected a post selection probability of 1/4 for all T-matrix protocols and

S-matrix protocols with measured |S| ≠ 0. For the case of measured |S| = 0 the prob-

ability drops to 1/8. These probabilities were observed in the numerical experiment.

Other S-Matrix elements. As stated above some anyon ribbons are harder

to compile than others. The bottleneck of this anyon interference protocol is the

difficulty of the conditioned ribbon.

We can divide the S-matrix protocols into six different difficulty classes measured

by the depth of the required circuits. The biggest factor determining those is

whether for the anyon in question, (C, χ) obeys χ(r2) = χ(e). If this is not the

case, the representation A(g) is faithful. This means that all group elements
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must be included in the circuit which requires many SWAP gates and increases

the circuit depth significantly.

The second factor to consider is the number of Toffoli gates in the controlled

multiplication and generalised conjugation circuits. The semions Φr, Φ̃r are difficult

in both regards.

In Fig. 3.14 we show the S-matrix with all its entries color coded according to

the difficulty class. In the list below we present the circuit depths and numerical

simulation results for the diagonal S-matrix elements for representative cases of all

six difficulty classes. For all protocols, except for 1. and 4., we chose to condition

the ribbon b vs 0 ⊕ 0̃ rather than ribbon b vs 0 ⊕ 0.

Summary of the S-matrix results

1. Conditioning an abelian anyon: S̃(Σm,Σm) = 0.969(6)eiπ0.004(2), theo-
retical prediction S̃(Σm,Σm) = 1. The total compiled circuit depth is
23 with 0 Toffoli gates corresponding to the difficulty class shaded in
green in Fig. 3.14.

2. Conditioning a m- or mr-dyon with χ(r2) = 1: S̃(Ψm,Ψm) =
0.89(1)eiπ0.004(4), theoretical prediction S̃(Ψm,Ψm) = 1. The total
compiled circuit depth is 58 with 2 Toffoli gates corresponding to the
difficulty class shaded in light green in Fig. 3.14.

3. Conditioning a r-dyon with χ(r2) = 1: S̃(Ψr,Ψr) = 0.82(1)eiπ0.001(4),
theoretical prediction S̃(Ψr,Ψr) = 1. The total compiled circuit depth
is 77 with 4 Toffoli gates corresponding to the difficulty class shaded in
yellow in Fig. 3.14.

4. Conditioning a non-abelian charge: S̃(Σϵ,Σϵ) = 0.123(8)eiπ0.01(2),
theoretical prediction S̃(Σϵ,Σϵ) = 1. The total compiled circuit depth
is 125 with 4 Toffoli gates corresponding to the difficulty class shaded
in light orange in Fig. 3.14.

5. Conditioning a m- or mr-dyon with χ(r2) = −1: S̃(Φm,Φm) =
0.19(2)eiπ0.04(4), theoretical prediction S̃(Φm,Φm) = 1. The total
compiled circuit depth is 133 with 4 Toffoli gates corresponding to
the difficulty class shaded in orange in Fig. 3.14.

6. Conditioning a r-dyon with χ(r2) = −1 (semions): S̃(Φr,Φr) =
0.06(1)eiπ1.0(3), theoretical prediction S̃(Φr,Φr) = −1. The total
compiled circuit depth is 171 with 6 Toffoli gates corresponding to
the difficulty class shaded in red in Fig. 3.14.
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Figure 3.14: The S-matrix of the D(D4) theory. The color shading represents the
difficulty to observe the values experimentally, where green to red denotes increasing
difficulty. For the entries highlighted in bold face and blue we numerically obtained the
values by simulating the phase-sentitive measurement protocols.

We assume that the first element is conditioned and largely determines the

circuit depth while the specific choice of the other, unconditioned ribbon operator

only mildly influences the depth. This means that the difficulty is set by the row of

the S-matrix and one can use the symmetry of the S-matrix to pick the better of

the two interference procedures. For example for measuring S(Φr,Σm) one would

condition the Σm ribbon and not the semion Φr.

We observe that the magnitude of the S-matrix in the simulation results decays

strongly with the circuit depth. This is due to accumulating errors on the control

qubit. We speculate that the main error channel responsible for the drift of the

estimated angle θmax, and hence the braiding amplitude, is dephasing. Dephasing

reduces the rx and ry components of the Bloch vector, while keeping rz fixed, so

any error in estimating this angle due to any small offset δrz ̸= 0 will be amplified.

On the upside, this error channel does not change the ratio between rx and ry and

hence the braiding phase estimates are well within the theoretical values.



3. Non-Abelian Anyons on NISQ Devices 112

3.4 Chapter Summary

In this chapter, I have presented the work I have done on the topic of quantum

simulation of non-abelian anyon braiding. In particular, I would emphasise the two

main technical developments; protocols for anyon braiding and charge measurement.

These protocols do not require feedforward techniques, something that most

NISQ devices at the time of writing did not have, one of the first examples

being Quantinuum’s trapped ion device[71]. Nevertheless, even as new devices

are introduced with the feedforward capability, not relying on them extensively

is good for the performance, given the general overhead of the qubit read-out.

Of course, our reliance on the limited amount of post-selection can be alleviated

by feedforward techniques, and hence we are positioned complementary and not

antagonistically to these new developments. This is especially true for ground state

preparation, preparing the ground state via measure-feedforward methods[76] and

then performing experiments using our protocols is a natural way to synergise.

We also propose anyon interference experiments that are more advance than the

current state of the literature, with our numerics demonstrating that we have access

to much of the anyon theory modular data. In general, our numerics makes us

optimistic about observing non-abelian anyon phenomenology on NISQ simulators;

and this is without any type of error mitigation and gate optimisation techniques

that are readily used in experiments such as these[14–16, 68–70].

What I call further attention to is the topological charge measurement. We

presented a feasible (according to our numerics) protocol for the first direct

measurement of the topological charge, not to be confused with ground state checks

of Ref. [71]. This is an important ingredient for making quantum computation

with quantum double excitations universal[74]14. I believe that this positions our

work well in the exciting and thriving field of realising topological quantum orders

on NISQ devices[68–71, 73, 139].

14However, not in our exemplar case of G = D4, but G = S3 would be universal.
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3.A Ribbon types

In this appendix, we present all variants of the elementary triangles that constitute

the ribbon operators introduced in Section 3.1.2. Apart from the main distinction

into type I and type II triangles which correspond to controlled group multiplication

and controlled generalised conjugation, respectively, there are different variants of

the concrete operation which depend on how exactly we couple the ancilla qudit

with the gauge field degrees of freedom.

In the main text we have chose one particular case to keep the description of

the algorithm readable. In this section, we provide an exhaustive list of all sixteen

variants (8 per type). All triangles can be freely rotated and we chose to rotate

them such that the lattice edge of type I triangles is the bottom edge, and such that

type II triangles stand on their tip. The triangles are then further distinguished by

whether the triangle is appended to the front end or the back end of the ribbon,

i.e., involving the ancilla qubit af or ab, by the orientation of the lattice edge and

by the direction of extension (being aligned or anti-aligned with the lattice edge

orientation). All operators are shown explicitly in Figure 3.15.

The controlled group multiplication UCM of type I triangles is given by –

depending on these specifications – right or left multiplication with the group

element c encoded by the forward or backward ancilla af or ab or its inverse c−1.

For type II triangles we need to apply different variants of generalised conjugation

UGC . In the main text in Section 3.1.2 we defined the generalised conjugation as

U
(C,χ)
GC : |c, i⟩ |h⟩phys → |hch−1⟩ Γχc (h) |i⟩ |h⟩phys, where Γχc (g) are matrices defined

by the representation of the algebra (C, χ) spanned by basis vectors |c, i⟩. In this

form it is obvious why we call this operation generalised conjugation, however,

this operator is more conveniently defined by the (C, χ)-representation matrices

A(h) defined in Section 3.1.1. To make the connection between the two, we unify

the two indices of the (C, χ)-representation into one multi index |c, i⟩ ≡ |µ⟩ and

identify |c, i⟩ → |hch−1⟩ Γχc (h) |i⟩ with |µ⟩ → A(C,χ)(h) |µ⟩. The superscript (C, χ)

is dropped, if no confusion arises. The different type II triangle variants then

implement A(h) or A(h−1) or their transpose to the ancilla qubits af or ab.
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UCM |c′, i′⟩ab
|c, i⟩af

|gi⟩phys =

|c′, i′⟩ab
|c, i⟩af

|cgi⟩phys |c′, i′⟩ab
|c, i⟩af

|gic−1⟩phys

|c′, i′⟩ab
|c, i⟩af

|c−1gi⟩phys |c′, i′⟩ab
|c, i⟩af

|gic⟩phys

|c′, i′⟩ab
|c, i⟩af

|c′gi⟩phys |c′, i′⟩ab
|c, i⟩af

|gic′−1⟩phys

|c′, i′⟩ab
|c, i⟩af

|c′−1gi⟩phys |c′, i′⟩ab
|c, i⟩af

|gic′⟩phys

UGC |α′⟩ab
|α⟩af

|hi⟩phys =

|α′⟩ab
AT (hi) |α⟩af

|hi⟩phys |α′⟩ab
AT (h−1

i ) |α⟩af
|hi⟩phys

|α′⟩ab
AT (h−1

i ) |α⟩af
|hi⟩phys |α′⟩ab

AT (hi) |α⟩af
|hi⟩phys

A(hi) |α′⟩ab
|α⟩af

|hi⟩phys A(h−1
i ) |α′⟩ab

|α⟩af
|hi⟩phys

A(h−1
i ) |α′⟩ab

|α⟩af
|hi⟩phys A(hi) |α′⟩ab

|α⟩af
|hi⟩phys

Figure 3.15: The 16 variants of the elementary triangles of type I (top) and type II
(bottom).
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3.B Representation theory of D(D4)

In this appendix, we cover the representation theory, viz. the anyon content, of the

quantum double algebra of D4. Figure 3.16a below shows the naming convention

of the anyons and Figure 3.16b lists the corresponding representation matrices

used for the generalised conjugation.

The (abelian) fusion algebra of the excitations of this theory is highly symmetrical

and can be broken down into a set of rules listed below. For writing down these

rules we introduce the function ⌊⌋ : G → {e,m, r,mr} ≡ G/Z(G) that divides

out r2 and use the notation Σe ≡ 0.

Fusion rules of D(D4)

1. Fusion with the vacuum: 0 ⊗ a = a.

2. Fusion with the trivial flux 0̃:

(a) 0̃ ⊗ 0̃ = 0,
(b) 0̃ ⊗ Σx = Σ̃x, x ∈ {m, r,mr, ϵ},
(c) 0̃ ⊗ Ψx = Ψx and 0̃ ⊗ Φx = Φ̃x, x ∈ {m, r,mr}.

3. Fusion with abelian charges Σx, x ∈ {m, r,mr}:

(a) Σx ⊗ Σy = Σ⌊xy⌋, y ∈ {m, r,mr},
(b) Σx ⊗ Σϵ = Σϵ,
(c) Σx ⊗ Ψy = δxyΨy ⊕ (1 − δxy)Ψ̃y,
(d) Σx ⊗ Φy = δxyΦy ⊕ (1 − δxy)Φ̃y,

4. Fusion with non-abelian charge Σϵ:

(a) Σϵ ⊗ Σϵ = 0 ⊕ Σm ⊕ Σr ⊕ Σmr,
(b) Σϵ ⊗ Ψx = Φx ⊕ Φ̃x and Σϵ ⊗ Φx = Ψx ⊕ Ψ̃x, for x ∈ {m, r,mr}.

5. Fusion with dyons of nontrivial flux x ∈ {m, r,mr}:

(a) Ψx⊗Ψx = Ψ̃x⊗Ψ̃x = 0⊕0̃⊕Σx⊕Σ̃x and Ψx⊗Ψ̃x = ⊕
y∈{m,r,mr}(1−

δxy)Σy ⊕ Σ̃y,
(b) Ψx ⊗ Φx = Σϵ ⊕ Σ̃ϵ,
(c) Φx ⊗ Φx = 0 ⊕ Σx ⊕ (⊕y∈{m,r,mr}(1 − δxy)Σ̃y),
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(d) Ψx ⊗ Ψy = Ψ⌊xy⌋ ⊕ Ψ̃⌊xy⌋ and Ψx ⊗ Φy = Φ⌊xy⌋ ⊕ Φ̃⌊xy⌋, for x ̸= y
and y ∈ {m, r,mr},

(e) Φx ⊗ Φy = Ψ⌊xy⌋ ⊕ Ψ̃⌊xy⌋, for x ̸= y and y ∈ {m, r,mr}.

In the fusion rules stated so far, we have omitted several rules where one or both

of the anyons carry a tilde symbol. Note, that while for the pure charges, the tilde

symbol is meaningful and distinguishes between the two conjugacy classes defined

for the two elements of the centralizer Ce and Cr2 , the convention of naming the

four dyons for the other conjugacy classes as Ψ, Ψ̃,Φ, Φ̃ is somewhat arbitrary (cf.

Figure 3.16a). Nevertheless, the additional fusion rules involving the tilde anyons

can be derived from the ones above by (multiple) application of a simple rule. To

state this rule, we note that for any anyon X the anyon X̃ can be read off from

Figure 3.16a. For convenience, we also define ˜̃X = X. The rule can then be given

as follows. Pick one anyon X on the LHS (⊗-side) and replace X by X̃. For all

elements Xi in the direct sum ⊕iXi on the RHS, replace Xi by X̃i.

Note that this prescription is only suitable to derive the rules not explicitly

stated above. In particular, it is not a symmetry (or a Z2-grading) of the algebra

and is not true for pairs involving Ψx and Ψ̃x, for x ∈ {m, r,mr}, as can be

seen from 5(a) above.

3.C Elementary circuits for the case of D(D4)

In Appendix 3.A, we have presented all the elementary operations associated with

the application of the ribbon operators and in Section 3.1, the other elementary

operations used for charge measurements and ground state preparation. In Sec-

tion 3.1.4 we have spelled out some of the above mentioned operations for the actual

group element-to-qubit encoding used in our simulations of the protocols. In this

Appendix, we present the concrete circuit elements for all relevant operations.
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D(D4) O Σr Σmr Σm Σϵ Õ Σ̃r Σ̃mr Σ̃m Σ̃ϵ

C Ce Cr2

χ 1 αr αmr αm ϵ 1 αr αmr αm ϵ
T 1 1 1 1 1 1 1 1 1 -1
dim d 1 1 1 1 2 1 1 1 1 2

D(D4) Ψm Ψ̃m Φm Φ̃m Ψmr Ψ̃mr Φmr Φ̃mr

C Cm Cmr
χ (1, 1) (1,−1) (−1, 1) (−1,−1) (1, 1) (1,−1) (−1, 1) (−1,−1)
T 1 -1 1 -1 1 -1 1 -1
dim d 2 2 2 2 2 2 2 2

D(D4) Ψr Φr Ψ̃r Φ̃r

C Cr
χ 1 i −1 −i
T 1 i −1 −i
dim d 2 2 2 2

(a)

A(g) e r r2 r3 m mr mr2 mr3

O 1 1 1 1 1 1 1 1
Õ 1 1 1 1 1 1 1 1
Σr 1 1 1 1 -1 -1 -1 -1
Σmr 1 -1 1 -1 -1 1 -1 1
Σm 1 -1 1 -1 1 -1 1 -1
Σ̃r 1 1 1 1 -1 -1 -1 -1
Σ̃mr 1 -1 1 -1 -1 1 -1 1
Σ̃m 1 -1 1 -1 1 -1 1 -1
Σϵ 1 −iσy −1 iσy σz −σx −σz σx
Σ̃ϵ 1 −iσy −1 iσy σz −σx −σz σx
Ψr 1 1 1 1 σx σx σx σx
Φr 1 iσz −1 −iσz σx σy −σx −σy
Ψ̃r 1 −1 1 −1 σx −σx σx −σx
Φ̃r 1 −iσz −1 iσz σx −σy −σx σy
Ψm 1 σx 1 σx 1 σx 1 σx
Ψ̃m 1 σx 1 σx −1 −σx −1 −σx
Φm 1 iσy −1 −iσy σz σx −σz −σx
Φ̃m 1 iσy −1 −iσy −σz −σx σz σx
Ψmr 1 σx 1 σx σx 1 σx 1

Ψ̃mr 1 σx 1 σx −σx −1 −σx −1
Φmr 1 iσy −1 −iσy −σx σz σx −σz
Φ̃mr 1 iσy −1 −iσy σx −σz −σx σz

(b)

Figure 3.16: (a) Anyon content of D(D4) defined by flux-charge pairs (C, χ), listing the
topological spin as given by the (diagonal) T -matrix entry and the quantum dimension d.
(b) Ag matrices for every representation of D(D4).
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Controlled multiplication. There are four kinds of controlled multiplications

that appear in all of our elementary protocols

U
(1)
CM : |g, h⟩ → |g, gh⟩ , U

(2)
CM : |g, h⟩ → |g, hg⟩ ,

U
(3)
CM : |g, h⟩ → |g, g−1h⟩ , U

(4)
CM : |g, h⟩ → |g, hg−1⟩ . (3.37)

Depending on the context in which it appears, i.e., weather the controlled multi-

plication is a part of the ground state preparation, the partial charge measurement

or the ribbon operator application, the controlling group element g is unrestricted

g ∈ G or is restricted to one of the subgroups {Hm, Hr, Hmr} or one of the conjugacy

classes {Cm, Cr, Cmr}. As mentioned in the main text, the circuits for the latter

two cases are drastically simplified compared to the unrestricted case. The circuits

for all cases above are shown in Figure 3.17.

Generalised conjugation. Another building block of our circuits is the

generalised conjugation, UGC |g⟩ |α⟩ai
= |g⟩AT (g) |α⟩ai

. The A-matrices for D(D4),

are shown in Appendix 3.B. In Appendix 3.A we see that we need four variants of the

map: A(g), A(g−1), AT (g), AT (g−1). Figure 3.18 shows the corresponding circuits

which are to be supplemented by the appropriate unitaries from Figure 3.16b.
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G : m •
r • • •
r2 •
m •
r •
r2

U
(1)
CM

m • •
r • •
r2 •
m

r • •
r2

U
(2)
CM

m • •
r • • • •
r2 •
m •
r •
r2

U
(3)
CM

m • •
r • • • •
r2 •
m •
r •
r2

U
(4)
CM

Hm : m •
r2 •
m

r

r2

U
(1)
CM = U

(3)
CM

m • •
r2 •
m

r •
r2

U
(2)
CM = U

(4)
CM

Hmr : mr • • • •
r2 •
m •
r •
r2

U
(1)
CM = U

(3)
CM

mr • •
r2 •
m

r

r2

U
(2)
CM = U

(4)
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Figure 3.17: The circuits implementing the controlled group multiplications UCM defined
in Eq. (3.37) for g ∈ G (unrestricted), g restricted to subgroups H and g restricted to
conjugacy classes C.



3. Non-Abelian Anyons on NISQ Devices 120

m •

r •

r2 •

ai AT (m) AT (r) AT (r2)

m •

r •

r2 •

ai A∗(r2) A∗(r) A∗(m)

m •

r •

r2 •

ai A†(m) A†(r) A†(r2)

m •

r •

r2 •

ai A(r2) A(r) A(m)

Figure 3.18: The four variants (AT (g), AT (g−1), A(g−1) and A(g), left to right top
to bottom, respectively) of the generalised conjugation circuits. Depending on the label
(C,χ) of the ribbon operator the appropriate single qubit unitaries from Table 3.16b are
inserted.

3.D F− and R−Symbols in Quantum Double Mod-
els

In this appendix, I aim to supplement the literature on the quantum double

algebras by providing my explicit calculations of the F- and R-symbols for the

representations of quantum double algebras, since I have not found any complete

account in ’my time of need’.

To remind the reader of the definitions introduced in Section 3.1.1, irreducible

representations of the quantum double algebra of a finite group G, D(G), are

labelled by pairs {(C, χ)}, where C is a conjugacy class of G and χ is an irreducible

representation of the centraliser of an arbitrary representative element r of C, Z(r).

Once the representatives are fixed, another set of useful group elements are qc
for each c ∈ C defined by qcrq̄c = c, where ḡ is the shorthand15 for the inverse

(g−1). One basis for the (C, χ)-representation is given by the vectors {|µ⟩ = |c, i⟩},
15A bar over a C-number represents complex conjugation.
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where c ∈ C and i are the vector index of the representation χ, i = 1, . . . , χ(e),

the dimension of the representation is hence |C|χ(e). In terms of this basis, the

representation matrices of the quantum double algebra are given by:

Bµµ′(h) = ⟨c, i|B(h) |c′, i′⟩ = δc,hδc,c′δi,i′ ,

Aµµ′(g) = ⟨c, i|A(g) |c′, i′⟩ = δc,gc′ḡΓχ(q̄cgqc′),
(3.38)

where B(h) and A(g) are the generators of the quantum double algebra, and Γχ

are the χ-representation matrices.

The results often mentioned are [134]:

1. The S-matrix elements given by

Sab = 1
|G|

∑
ca∈Ca,cb∈Ca
cacb=cbca

χa(q̄acbqa)χb(q̄bcaqb),

where a = (Ca, χa) and b = (Cb, χb) are two irreducible representations of the

quantum double algebra.

2. The fusion rules (Verlinde formula) given by

N c
ab =

∑
l

SalSblS
∗
cl

dl
,

where dl = χl(e)|Cl| = dimχl
|Cl| is the dimension of the l-representation.

However, exact expressions for the F− and R−symbols are not as readily available.

In the following, I will derive these expressions.

Tensor Product. We start with the expression for the projector P (C,χ)
s onto

the irreducible (C, χ)-representation of the quantum double algebra from some

other representation s [134]:

P (C,χ)
s = χ(e)

|Z(r)|
∑
c∈C

∑
z∈Z(r)

χ̄(z)Bs(c)As(qczq̄c). (3.39)

The representation s is a tensor product of two representations a and b, s =

a⊗ b ≡ ab. Using the co-multiplication function of the quantum double algebra[134]

∆(B(h)A(g)) =
∑
k∈G

B(k)A(g) ⊗B(k̄h)A(g),
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we can rewrite the projector in terms of the representations a and b:

P x
ab = χ(e)

|Z(r)|
∑
c∈C

∑
z∈Z(r)

∑
h∈G

χ̄(z)Ba(h)Aa(qczq̄c) ⊗Bb(h̄c)Ab(qczq̄c), (3.40)

with x = (C, χ). Note that the rank of this projector is related to the fusion

multiplicity by dxNx
ab. The reason why co-multiplication is included in the definition

of the quantum double algebras is precisely to allow for tensor multiplication

of representations.

Vertex Map. We now reduce the projection domain to one basis vector,

|c, i⟩, of the c-representation:

P x
ab(c, i) = χ(e)

|Z(r)|
∑

z∈Z(r)

∑
h∈G

Γ̄ii(z)Ba(h)Aa(qczq̄c) ⊗Bb(h̄c)Ab(qczq̄c). (3.41)

P x
ab(c, i) ≡ |c, i⟩ab ⟨c, i|ab (3.42)

Note that these reduced projectors are indeed projectors of rank one and that sum-

ming over them recovers the full projector. This allows us to define a new linear map:

ϕabx : Hx → Ha ⊗ Hb

by its action on the basis vectors |c, i⟩ ∈ Hx:

ϕabx (|c, i⟩) = |c, i⟩ab ∈ ImP x
ab(c, i).

It returns the (normalised) non-degenerate eigenvector of the matrix on the RHS

of eq. (3.41). I will refer to this object as the vertex map.

This definition has a local gauge freedom: |c, i⟩ab → eiψ
ab
x (c,i) |c, i⟩ab which needs

to be fixed by requiring

Aab(g) ◦ ϕabx ◦ Ax(ḡ) = ϕabx

for all g ∈ G, i.e. the group action must commute with the vertex map. The phases,

ψabx (c, i), must be chosen such that this system of equations is fulfilled for all g ∈ G:

⟨c′, i′|abAa(g) ⊗ Ab(g) |c, i⟩ab = [Ax(g)](c
′,i′)

(c,i) ,
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Figure 3.19: The diagrammatic representation of the (Left) F−symbol and (Right)
R−symbol, with their corresponding expressions. The dashed gray line represents the
vector space in which the main calculation, Tra/c, is done, Hb⊗Hc⊗Hd for the F−symbol
and Ha ⊗ Hb for the R−symbol.

for all (c, i) and (c′, i′) spanning Hx. The possibility of this tast is, I conjecture,

guaranteed by the structure of the algebra.

This operation removes the local gauge freedom, uniquely defining the vertex

map up to a global gauge freedom, ϕabx → eiψ
ab
x ϕabx , which is the usual gauge freedom

of the F− and R− symbols themselves.

Results. With this map, we can now evaluate the diagrams in Figure 3.19 for

the F− and R−symbols, respectively. The results of these calculations are

(F bcd
a )xy =

∑
c,i

(ϕcdy ◦ ϕbya (|c, i⟩))†ϕbcx ◦ ϕxda (|c, i⟩), (3.43)

Rab
c =

∑
c,i

(ϕbac (|c, i⟩))†Bab(ϕabc (|c, i⟩)). (3.44)

Comments. The latter expression being supplemented by the defining action

of the braiding operator Bab : Ha ⊗ Hb → Hb ⊗ Ha[134]:

Bab = Flip ◦ (
∑
g

Aag ⊗Bb
g), (3.45)

where Flip just flips the two tensor factors. The way that nested vertex maps

act is as follows:

ϕcdy ◦ ϕbya (|α⟩a) = ϕcdy (
∑
βγ

|β⟩b |γ⟩y) =
∑
βγ

|β⟩b ϕ
cd
y (|γ⟩y). (3.46)

The braided tensor category data for the irreducible representations of the quantum

double algebra is now complete, for examples of these calculations see our repository

[5].



I shall be telling this with a sigh
Somewhere ages and ages hence:
Two roads diverged in a wood, and I—
I took the one less traveled by,
And that has made all the difference.

— from "The Road Not Taken" by Robert Frost
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Building on the motivation laid out in the last part of the Thesis Introduction, I

will now present our work on the measurement induced phases in the monitored

toric code, as an exemplar topological stabiliser code. The background of our study

are the recent results on intrinsically mixed-state topological order (imTO)[85, 86]

and topological subsystem codes [84]. An imTO state can be obtained by letting

anyonic errors proliferate in a decoherent manner by passing a topologically ordered

state through a decoherence channel whose jump operators, once acted on this

state, create anyonic excitations. We ask a complementary question: What if we

proliferate the errors by measurement instead?

This chapter is based on our unpublished work:

Jovanović, J., Placke, B., Parameswaran, S. and Simon, S.H., 2024.
Fermionic String-Glass Order in a Monitored Toric Code. To Be
Submitted.

In this work, our aim is to demonstrate a rich phase diagram of the steady

states of stochastic processes composed of only measurements. In the next section,

I will present a short primer on stabiliser methods[10] before defining the model.

Afterwards, I will present the usual entanglement entropy data that one may

expect in a study such as this[140–143], with the following section describing

our main innovation: an (Edwards-Anderson-like) string-glass order parameter;

how we define it, calculate it, and the results. Lastly, a brief summary of our

findings will conclude this chapter.

4.1 The Model

Stabiliser Techniques. The N−qubit Pauli strings, e.g. operators of the form

eiϕX1 ⊗Y2 ⊗ I3 for N = 3, form a group PN
2 known as the N−qubit Pauli group; the

subscript denotes the dimension of local dofs and X, Y and Z are the Pauli matrices.

The stabiliser group Sρ that defines a pure or mixed state, ρ, in the N−qubit Hilbert

space HN
2 , is the Abelian subgroup of the Pauli group which leaves the state invariant

gρ = ρg = ρ, for all g ∈ Sρ. (4.1)
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Note that this implies that eiϕI ∈ Sρ iff eiϕ = 1

The dimension of the stabiliser group is the number of generators or in terms

of the size of the group dimSρ = log2 |Sρ|, since each generator may either be

included or not. Each generator represents an independent binary constraint on

the state, and if the number of independent constraints is equal to the number of

qubits, the state is uniquely defined, and hence pure. If the state is not uniquely

defined, then the stabiliser group represents an equal mixture of states made up

of all states that satisfy given constraints; this implies a formula for the von

Neumann entropy of a stabiliser state

SvN(ρ) = N − dimSρ.

In both pure and mixed states, given a stabiliser group, we can derive the

density matrix and vice versa

ρ = 1
2N

∑
g∈S

g. (4.2)

This density matrix represents a uniform ensemble of some orthogonal basis states

that span the code space of the stabiliser group, a maximally mixed state within

the code space. To remind the reader of eq. (1.1), the code space is defined as:

HSρ = span{|ψ⟩ ∈ HN
2 | g |ψ⟩ = |ψ⟩ for all g ∈ Sρ}.

The effects of partial traces follow directly from eq. (4.2), the partial trace over

a region Ā removes all operators that act non-trivially on Ā from the stabiliser

group to generate the stabiliser group of the reduced density matrix ρA, SρA
.

Lastly, I describe the effects of Pauli measurements1. Performing a full projective

measurement of a Pauli operator g ∈ PN will project the state to one that is

stabilised by sg, depending on the outcome of the measurement s ∈ {−1,+1}. If

the operator sg is already in the stabiliser group, the result is always the same s

and the state/stabiliser group is unchanged. Otherwise, the effect of this projection

on the stabiliser group generated by a set {g1, g2, g3, . . . , gm} is to add this new
1A reader may check Ref. [10] for the classical simulations of Clifford circuits (unitary maps

that take Pauli strings to Pauli strings), which is the main use of stabiliser techniques.
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generator, sg, while removing those which do not commute with it, if there are

any. Measurement can either increase the dimension of the stabiliser group or

leave it unchanged. This is because the generators can always be chosen such

that only one does not commute with the new generator, since Pauli operators

either commute or anti-commute. For example, say {g1, g2, g3} all anti-commute

with sg, the new set of generators is simply {sg, g1g2, g1g3}. Measurements cannot

increase the von Neumann entropy, and if the state is pure, it remains pure

with an altered stabiliser group.

Monitored Toric Code. The toric code (TC) is the paradigmatic toy model

of topological order, it is defined on a graph, a square lattice in this case, with

the degrees of freedom located on the edges. Its ground state in the stabiliser

formalism is defined by a stabiliser group, STC, generated by the star and plaquette

operators, shown in Figure 4.1 (a)2.

Concretely, the star and plaquette operators are respectively:

gsn =
∏
i∈ns

Xi and gpn =
∏
i∈np

Zi. (4.3)

The index n refers to the sites/vertices in the square lattice, while the index i

refers to edges hosting the qubit dofs; the set ns is the set of edges that meet at a

site/vertex n and the set np is the set of edges that form a plaquette that touches

the site/vertex n to the northeast of it. I will refer to these generators collectively

as gTC
i ∈ STC, unless I need to specify the type. The state defined by this stabiliser

group is a uniform mixture of the four degenerate ground states of this model on a

torus; square lattice of size L × L with periodic boundary condition.

The logical operators acting non-trivially in this four-dimensional code/logical

space are defined on the non-contractible loops of the torus. They can be defined as:

Z̃1 =
∏
i∈lv

Zi, Z̃2 =
∏
i∈lh

Zi, X̃2 =
∏
i∈l̄v

Xi and X̃1 =
∏
i∈l̄h

Xi. (4.4)

The sets l(v/h) are sets of edges along an arbitrary path on a direct lattice (from

vertex to vertex) looping vertically/horizontally around the torus/lattice; while
2Same as the terms in the Z2 quantum double model Hamiltonian from the last chapter.
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Figure 4.1: a) Generators of the toric code stabiliser group STC, the plaquette defect
stabiliser group Se and the fermion defect gauge group Gf . In the case of Se, dashed line
connects two plaquettes violated by the action of the generator; and in the case of Gf
arrows show two fermion defects created by the generator.
b) Examples of long string operators that may proliferate in the steady state, (top) bosonic
and (bottom) fermionic.
c) An example of a time-step of the measurement-only dynamics. Four layers of
measurements are performed, in each layer a single generator is measured. In this
example, the 3rdand the 4thmeasurements do not commute with one another, and nor
do the 1stand 4th. Blue circles are Pauli-X operators, while the red are Pauli-Z.The
measurements are chosen randomly, and the (pure) states are sampled from the steady
state ensemble of these stochastic circuits.
d) A proposed phase diagram of the steady states. In each time step, we perform a
number of measurements equal to the number of qubits (edges)N , with on average pbN
and pfN of them being measurement of short bosonic and fermionic strings, respectively;
all other being toric code stabilisers. The phase diagram is overlaid over observed values of
tripartite mutual information, for the regions defined in Ref. [144], which are topological
(2 in the case of toric code) if the states are area law entangled.
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l̄(v/h) are sets of edges crossed by an arbitrary path on a dual lattice (from plaquette

to plaquette) looping vertically/horizontally around the torus/lattice. The logical

space is that of two logical qubits, and including any two mutually commuting

products of the four operators above into the stabiliser group results in a stabiliser

group of a pure state. These are closed ribbon operators in the language of the

previous chapter, closed over the non-contractible loops. They are labelled by the

excitations they leave at their endpoints, if they are open, once they act on the

ground state; see Figure 4.1(b) for examples of long open ribbon operators in the

cases of plaquette violations (m anyons, above) and combined plaquette-vertex

violation (toric code fermions, below).

The long anyon strings are generated by short anyon strings, shown in Figure

4.1 (a), which span the Se and Gf groups. The generators of Se, gei = Xi for any

edge i, create plaquette violations at the plaquettes on each side of the edge i; that

is, the state g |G.S.⟩ for some |G.S.⟩ ∈ HST C has these two plaquettes violated, and

measuring gpn on the two plaquettes gives the result −1 instead of +1. Similarly,

generators of Gf , gfi = ZiXi↑→
for any edge i and the edge northeast of it i↑→, create

neighbouring TC fermion excitations (touching-vertex-plaquette violations).

The short anyon strings model the local errors in our devices; if they are allowed

to proliferate and generate a long-string that loops around the torus then they

can corrupt the information encoded in the logical space; however, that takes

at least O(L) local errors; up until that point we can correct their effects via

measurement and error correction.

The effect of measuring the short anyon strings also violates the vertex and

plaquette operators, but in a different way. Instead of applying the error operator,

we project onto it, ((I + sg)/2) |G.S.⟩ and not just g |G.S.⟩. The resulting state is

a superposition of a state with no violations and a state with two violations on

neighbouring plaquettes; anyon pairing between sites. In this framework, errors can

still proliferate, giving us states that in some sense have long-range anyon-anyon

correlations. Later I will specify how we quantify this, but first I describe the

process that generates such states, our stochastic monitored circuit.
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Stochastic monitored circuit. We start from the ground state of the toric code,

and at each time step we pick a random Pauli string to measure; see Figure 4.1(c).

The measurements are picked from three different sets, shown in Figure 4.1(a):

1. Plaquette defect generators gei , creating a pair of plaquette violations.

2. Fermionic defect generators gfi , creating a pair of fermionic violations.

3. Toric code stabilisers gTC
i , correcting these errors.

The operators are chosen from these sets with probabilities (pb, pf , 1 − pb − pf),

respectively, while within the set the probability of picking any operator is uniform,

pi = 1/2L2. Each long-time realisation of these stochastic circuits, Figure 4.1(c),

samples some steady-state ensemble of pure states (stabiliser groups) defined by

probabilities (pb, pf)3.

These short anyonic errors may proliferate, resulting in long anyonic strings

appearing readily in our steady-state ensembles of stabiliser groups; see Figure

4.1(b) for an example of a bosonic and a fermionic long string. Figure 4.1(d) shows

the proposed (pb, pf) phase diagram for these steady-state ensembles, with four

distinct regions: volume law phase, where long fermion strings proliferate; trivial

area law phase, where long bosonic string proliferate; topologically ordered phase,

where no strings proliferate; and a critical line characterised by its entanglement

scaling. More detail will follow in the next two sections.

4.2 Entanglement measures

In studies of measurement-induced phases and transitions, entanglement entropy

is often a very useful tool in diagnosing different regimes[16, 140–143, 145–147].

It is no different in our case, the entanglement entropy is a good tool for telling

apart our three phases. We focus on two main entanglement entropy measures;
3Given that the circuits are observed to be ergodic, one can also sample in-time, taking the

first sample after the initial relaxation and making sure subsequent samples are spaced further
than the autocorrelation time. Relaxation and autocorrelation times can be inferred by looking
at, for example, the half-system entropy as a function of time.
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Figure 4.2: Entanglement characteristics of states on a torus:
a) Scaling collapses for the entanglement entropy for an annular region of length x on the
torus of linear size L. Data is averages over states in steady state ensembles on the critical
line (A), in the volume law phase (B) and in the trivial phase (C). Critical contribution
was subtracted from the volume law data before doing the collapse. The critical data was
fitted by the scaling function form found in Ref. [140].
b) Tripartite mutual information, topological entanglement entropy, averaged over the
steady-state ensembles. The main data used to infer the proposed phase diagram. Linear
size of the torus is L = 30.
c) Half system entropy (S(x = L/2) = S1/2) and the tripartite (topological) mutual
information (I(A : B : C) = I3) for a path taken around the parameter space. Path
passes through all the transitions. Linear size of the torus is L = 30.
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the finite-size entanglement entropy scaling, see Figure 4.2(a), and the topological

entanglement entropy, Figure 4.2(b).

The entanglement scaling data clearly suggest three regimes:

1. the trivial area law, characteristic of the topologically ordered and trivial

phases,

2. the critical line, whose entanglement scaling is well-fitted by the 2d Conformal

Field Theory[112] or 2d Fermi Surface[148] functional forms, and

3. the structured volume law, similar to the one found recently in the monitored

Kitaev honeycomb model[140]. The "structured" refers to the sub-leading

critical contribution.

It is important to note that the critical entanglement scaling on the critical line

does not necessarily suggest that the states on the line are captured by Conformal

Field Theories (CFTs), given that the fit parameters vary along the line and, in

particular, the one corresponding to what would be the central charge of a CFT

does not necessarily match those of any known CFT along the line.

The topological entanglement entropy further splits the area law phases into

topological (I(A : B : C) = 2)4 and trivial (I(A : B : C) = 0). This measure

diagnoses long-range entanglement; hence, it diverges in the volume law phase.

On the critical line (pb = 0, pf ≥ pcf ≈ 0.4), the topological entanglement entropy

fluctuates (within the ensemble) around its value in the topological phase, with the

onset of large fluctuations a sign that we have entered this regime.

Figure 4.2(c) shows the main two entanglement measures, the entanglement

entropy of the half system and the topological entanglement entropy, for a path

taken in the parameter space that passes through all transitions.

4.3 String-Glass Order Parameter

In order to go beyond the entanglement measures, we define order parameters

for these phases. We call them string-glass order parameters, due to the way
4To remind the reader, I(A : B : C) = SA +SB +SC −SAB −SBC −SAC +SABC . The regions

A,B and C are shown in Figure 4.2(b).
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Figure 4.3: String-glass order parameter (SGOP), on a torus of linear size L = 30:
a) Bosonic and fermionic two-point function versus the taxi-cab separation of the two
points. The data is averaged over states in steady state ensembles on the critical line (A),
in the volume law phase (B), topologically ordered phase (C) and the trivial phase (D).
All phases have a finite correlation length, with only difference being the long-distance
asymptotic value Gb(f)(∞), which we call the bosonic(fermionic) SGOP. Volume law
phase and the critical line acquire a non-zero fermionic SGOP, while the trivial acquire a
non-zero bosonic SGOP. The topologically ordered phase correspond to the symmetry
unbroken phase.
b) Two SGOPs for a path taken around the parameter space. Path passes through all the
transitions. The peak in the fermionic SGOP correspond to the peak in the half-system
entanglement entropy in Figure 4.2 (b), while the peak in the bosonic SGOP correspond
to the minima in the half-system entanglement entropy.
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in which they acquire values upon phase transition being comparable to spin-

glass transitions[149, 150].

The definition is as follows. We identify two sites, r1 and r2, and ask if there is a

string (fermionic or bosonic) in the stabiliser group that connects them. If there is

such a string operator5, it has a definite expectation value of ±1 or 1 when squared.

Gb(f)(r1, r2) = max
O∈Sb(f)(r1,r2)

⟨ψ|O |ψ⟩2, (4.5)

where the overline means the ensemble average over states |ψ⟩ and Sb(f)(r1, r2) is

the set of all Pauli operators that create a pair of bosonic (fermionic) defects

between sites r1 and r2.

Operationally, how this is calculated is:

Gb(f)(r1, r2) = dim
[
⟨Rb(f)(r1, r2), Gd⟩ ∩ Sψ

]
− dim [Gd ∩ Sψ], (4.6)

where ∩ represents the intersection of two Pauli subroups, Rb(f)(r1, r2) is any string

operator that creates bosonic(fermionic) defects between two sites, and lastly Gd

is the group of all closed loops; all the ways in which Rb(f) can be deformed while

still having the same effect on the ground state of the toric code.

Angle brackets represent a group generated by all elements between brackets.

The exact form for Gd is ⟨STC, X̃1, X̃2, Z̃1, Z̃2⟩, where the last four are the logical

operators of the toric code, defined on the noncontractable loops around the torus.

The RHS of the eq. (4.6) under the overline is 1 or 0 depending on whether there

is an appropriate ribbon operator in the stabiliser group Sψ or not, respectively.

We call this string-glass order parameter (SGOP) or the Zassenhaus correlator,

since the dimensions of the group overlaps were calculated via the Zassenhaus

algorithm[151].

The results are shown in Figure 4.3. The order parameter characterises the

phases remarkably well, the volume law phase (critical line included) is diagnosed

by a non-zero fermionic SGOP and the trivial phase by a non-zero bosonic SGOP;

in the topological phase both are zero.
5Ribbon operator in the language of the previous chapter.
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fSGOP bSGOP TEE EE
Topological 0 0 2 Area Law

Trivial 0 non-zero 0 Area Law
Volume Law non-zero 0 undefined Volume Law
Critical Line non-zero 0 ≈ 2 Critical

Figure 4.4: Characteristics of the various phases observed in the numerical experiments.

4.4 Chapter Summary

The summary of our findings is shown in Table 4.4. In the monitored toric code,

where we perform competing measurements of toric code stabilisers, short bosonic

and short fermionic strings; we have uncovered a complex phase diagram of steady-

state ensembles of such stochastic circuits. The main parameters of the phase

diagram are the relative rates of bosonic and fermionic measurements. In addition

to the usual entanglement measures, which diagnose different phases well, we have

constructed string-glass order parameter that correspond to long-range anyon-anyon

correlations in the steady-state ensembles. The string-glass-order parameter data

agrees with the entropy data when considering categorisation of phases.

As we bring the work closer to publication, we hope to offer a deeper conceptual

description of the volume law phase (critical line included)6; what we call the

fermionic string-glass order, possibly relating it more closely to anyon condensation

and other theoretical frameworks.

6Topological and trivial (paramagnet) phase are already well understood.



Je n’ai fait celle-ci plus longue que parce que je n’ai
pas eu le loisir de la faire plus courte.

— from "Lettres Provinciales" by Blaise Pascal

5
Conclusions and Outlooks

Given the independent nature of the three pieces of work presented, I will offer

three separte comments before my closding remarks.

Entanglement dynamics. We have introduced a number of Operator Entan-

glement Entropy (OpEE) measures that characterise the entanglement development

and information transport capabilities of a quantum time evolution operator/channel.

Two in particular have been singled out, the tripartite OpEE (tOpEE) which has

been related to the scrambling properties of time evolution by connecting it to the

fidelity of many-body teleportation[38]; and the bipartite OpEE (bOpEE) which

has been related to the transport of conserved densities.

The tOpEE is a noise-resistant probe of scrambling, unlike out-of-time order

correlators (OTOCs) whose decay is not a consequence unique to scrambling, but

also noise and mismatch in the device implementation of forward and backward

time evolution[152, 153].

In addition to defining these quantities and their relation to features of quantum

dynamics, we proposed a modified classical shadows protocol[37] that can be used

to tomograph quantum channels and estimate these OpEE quantities, among others;

in a manner that is quantum recourse efficient, requires no additional ancilla qubits

and no deep circuits apart from the time evolution channel itself. The only downside,

136
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in the case of tOpEE only, is the exponential scaling (in the system size) of the

number of shots required for a fixed precision.

In the case of tOpEE and a predefined time evolution that we wish to characterise,

we could distill the entanglement from the large region B into a smaller region B′

and tomograph the smaller combined region AB′C; hence, reducing the number

of shots required1. The extreme case of this procedure is a full decoder for many-

body teleportation (for example, Ref. [154]), |B′C| = |A|. However, for large

systems, the decoders are extensively deep circuits, and therefore in a noisy setting,

careful consideration needs to be made.

Bipartite OpEE does not suffer from this scaling, but, like OTOCs 2 it decays

in the presence of noise and scrambling. However, unlike OTOCs, they are easy

to measure in NISQ devices via our protocol. Their relation to the transport of

conserved charges, i.e. the lower bound on their decay being determined by the

slowly decaying modes, makes them an ideal probe of transport in the case where

the form of the transported charge is unknown or hard to access (measure); since

in addition to the probe being initial state independent, it is also charge agnostic.

To demonstrate the practicality of our proposal, we have run an experiment on

the IBM’s cloud device, demonstrating that we have achieved scrambling in our

sampled circuit; and in order to show the descriptive power of the bOpEE I have

presented a series of calculations in various systems exhibiting a myriad of transport

regimes, with each of them contributing distinct features to the bOpEE.

It is worth mentioning previous works that use measures similar to bOpEE to

quantify various features of quantum dynamics, e.g. in Refs. [155, 156], and how

our work differs. Namely, they look at the entanglement structures of the state dual

to a Heisenberg-time-evolved local operator |Ox(t)⟩, in order to probe the growth

of the operator, without relating it back to transport.

A natural way to extend this research is to perform bOpEE measurement

experiments in long qubit arrays to demonstrate the feasibility of this protocol. In
1This, however, is not possible if we want to characterise an unknown or a random time

evolution channel.
2They are closely related, see Figure 2.7c
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addition, the question of remarkable convergence of the MPS based numerics in

the case of free-fermion systems3 is also an interesting direction for future work.

Beyond quantum chaos and (one-dimensional) transport, it would be of interest to

explore the use of these techniques in other setting such as; entanglement phase

transitions in monitored circuits[157], quantised chiral information propagation in

anomalous Floquet topological phases[158], etc4.

Non-Abelian anyon braiding. In this work, we have examined the feasibility

of probing non-Abelian anyon signatures in the quantum double D(D4) model,

which included deriving simplified circuits for anyon manipulation and topological

charge measurement protocols, partly by utilising the group structure of D4 and

partly by the depth versus repetition and post-selection tradeoff (reduced charge

measurement needs to be repeated with different subgroups for full diagnosis). Our

protocols would need to be supplemented with the measure and feedforward ground

state preparation protocols in order to be run on larger systems.

In the case of quasi-one-dimensional and small two-dimensional systems, where

we can afford a direct ground state preparation, we have demonstrated via real-

istic noisy classical simulations that even without any error mitigation or noise

reduction (e.g. dynamical decoupling) we can observe non-Abelian anyon fusion

and braiding, as well as measure much of the modular data for D(D4) with our

anyon interferometry protocols.

Our work contributes to the currently thriving research on this topic, especially

with our topological charge measurement protocol, which is a necessary tool to

make certain quantum double model, e.g. D(S3) computationally universal.

In terms of future work, while writing this thesis, an experimental group

is working on implementing this proposal. On the theoretical side, it is an

interesting question to try and adapt the classical shadow (another example of

depth versus repetition tradeoff) tomography to measure topological charge by
3With an observation that the TEBD truncation error itself seems to be spreading no faster

than transport, see Figure 2.9c.
4As of completion of our paper[1] Refs. [114, 115] appeared with similar channel tomography

proposals.
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designing appropriate randomising unitaries in order to extract that information

in a short efficient manner; perhaps inspired by our group-theory-based reduced

charge measurement protocol. This is in addition to systematically eliminating

the need for ancillas in the ribbon operator protocol.

Fermionic string-glass order. The data from the numerical experiments

suggest that in our monitored toric code we have a setting that realises a rich

assortment of phases. We characterise these different regimes not only by their

entanglement structure, a place where many studies of this kind end, but by also pro-

viding a good order parameter that uncovers complicated stabiliser structures in the

states themselves that may be responsible for the observed entanglement structure.

Much of our theoretical understanding of these results is incomplete, especially

our understanding of the observed phase, which we call fermionic string-glass

order. In particular, we need to relate the onset of this phase to the established

mechanism of phase transitions in similar models, such as anyon condensation

in Hamiltonian systems and decoherent anyon proliferation in imTO. Afterwards,

we can generalise our search for steady-state phases of monitored Pauli codes on

qudits (S ⊂ PN
d ), where the imTO classification is significantly richer than in

the case of qubit Pauli codes[84]. In addition, it is worth devising experimental

protocols to probe this phase diagram.

Closing Remarks. The three studies may appear unrelated, but it would be

unwise to ignore the links between them: the LOCC’s role in distilling entanglement

and decoding quantum information, and its power to prepare topologically entangled

states; the classical shadows tomography and the reduced charge measurement, both

being examples of depth versus repetition tradeoff often needed to be considered

in designing NISQ experiment; and finally, the monitored toric code itself being

a perturbation of the simplest quantum double model, where the entanglement

entropy played a crucial role in uncovering its phase diagram. However, what I

hope these three studies have left the reader with is an appreciation of what NISQ

is capable of in the context of quantum many-body physics and maybe a little bit

of cautiously realistic optimism for the field of quantum simulation as a whole.
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