Two-frequency operation of a Paul trap to optimise confinement of two species of ions
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Abstract

We describe the operation of an electrodynamic ion trap in which the electric quadrupole field oscillates at two frequencies. This
mode of operation allows simultaneous tight confinement of ions with extremely different mass, e.g., singly ionised atomic ions
together with multiply charged nanoparticles. We derive the stability conditions for two-frequency operation from asymptotic
properties of the solutions of the Mathieu equation and give a general treatment of the effect of damping on parametric resonances.
We show that the two-frequency operation is very effective for a sufficiently large mass ratio between the two species and when the
charge of the heavier ions is at least an order of magnitude larger than that of the lighter ones. There is a wide range of conditions
for which this system behaves as two ‘overlapping’ Paul traps which confine ions close to the trap centres allowing both species to
interact with each other. This contrasts with existing experiments in single-frequency Paul traps where the more weakly confined
species tends to form a sheath around a central core of ions of the other species. We verify these ideas using numerical simulations

and by measuring the parametric heating induced in experiments by the additional driving frequency.
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The Paul trap [1, 2] confines charged particles using an os-
cillating quadrupole electric field to circumventing Earnshaw’s
theorem [3] for static fields. This highly versatile method of
electrodynamic confinement has found a multitude of applica-
tions spanning a wide range of charge-to-mass ratios (Q/M),
which may be broadly categorised by the drive frequency of
the trap. Guiding of electrons by microwave fields has re-
cently been achieved [4], but practical difficulties of confining
them in a Paul trap include driving frequencies of the order of
1 GHz. The majority of current experiments to confine atomic
ions (13¥Ba*, ¥°Ca*, etc.) use a quadrupole electric field oscil-
lating in the range of a few to tens of MHz. Commercial mass
spectrometers often have stages in which ions are guided along
linear quadrupole fields, operating at MHz frequencies for light
ions, down to tens of kHz for larger, heavy molecules with re-
duced Q/M. The even lower charge-to-mass ratios of micron-
sized particles allow these objects to be confined at atmospheric
pressure in electrodynamic balances operating at 50 Hz [5, 6].
The achievable Q/M typically decreases as the mass of the ion
increases, shifting optimal parameters towards lower drive fre-
quencies.

There are many combinations of two species for which the
driving frequencies required for trapping are widely separated
and applying them simultaneously leads to two separate, over-
lapping traps applications which in which two ion species with
greatly different Q/M ratio must be confined in the same trap-
ping structure. Employing standard Paul traps usually results in
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very weak trapping of the heavier species and spatial separation
of the to ion species in the trapping potential. As a result, the in-
teraction between the two species is weak resulting in reduced
detection efficiency of the heavier species as well as its reduced
sympathetic cooling by the lighter one.

Pioneering work on the simultaneous trapping of atomic
133Ba* and molecular ions with mass 410 Da was carried out
using a linear Paul trap operating at a single frequency [7]. A
major obstacle for these schemes is a spatial separation of the
constituents that occurs when dissimilar charge-to-mass ratio
ions, with mismatched spring constants, are confined in the
same trap. lons of the more weakly confined species were
pushed away from the trap centre by the Coulomb repulsion
from the strongly trapped ions, leading to a sheath of molec-
ular ions around a core of the more tightly confined '®Ba*.
These heavy ions were indirectly detected by their influence on
the spatial distribution of the lighter, fluorescing ions [8]. For
mixtures of less similar Q/M the increasing spatial separation
between species in a single frequency trap renders this scheme
unfeasible.

One aspect that has received little attention is the suggestion
by Dehmelt that charged particles with different Q/M can si-
multaneously be confined by using electric fields oscillating at
two suitably chosen frequencies; indeed this may seem coun-
terintuitive for a mass-selective trapping mechanism. Dehmelt
proposed the use of two frequencies in a one-page bulletin [9]
on confinement of antimatter, e.g., antiprotons and positrons,
and this idea has recently been explored further in [10]. In
this work, we show that a standard Paul trap for atomic ions
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can be adapted straightforwardly to confine charged particles
of higher mass (lower charge-to-mass ratio than atomic ions)
using two driving frequencies. The two-frequency trap exploits
the implicit link between Q/M of the charged particles and the
frequency for practical operation of a Paul trap.

Two-frequency operation of a Paul trap offers a significant
advantage when confining two species of different charge-to-
mass ratios [11], where the trapping potentials lead to a greater
proximity of the species. This in turn increases the interaction
between the otherwise well separated ion species and thus gives
more efficient sympathetic cooling. Here, we demonstrate that
this approach is straightforward when the charge-to-mass ratios
are widely separated. We solve the system of equations that de-
scribes the stability of charged particles in quadrupole electric
fields oscillating at two frequencies. This can be interpreted in
terms of the pseudopotential approximation that gives an intu-
itive picture in the single-frequency case. Our calculations of
the parametric resonances determine the frequency ratio neces-
sary for stable two-frequency operation with two species. The
higher order parametric resonances that lead to instability are
very sensitive to damping of the motion [5, 12, 13] and thus
can be easily suppressed by cooling (e.g. laser or buffer gas
cooling) as we experimentally demonstrate.

This paper is organised as follows. We start by reviewing
the theory of the Paul trap in Section 1 and consider the spring
constants for two trapped species. In Section 2 we develop the
theory of operation of the two-frequency trap. We discuss para-
metric resonances and explore the range of applicability of our
method. In Section 3 we present experimental results to demon-
strate the feasibility of two frequency trapping and compare the
results of parametric heating measurements with our theoret-
ical model. In Section 4 we present numerical results from
molecular dynamics (MD) simulations showing how the chang-
ing spring constant of the weakly trapped species is observable
through the deformation the ion cloud in the central core. Fi-
nally, we conclude with a discussion of potential applications
of our proposed method in Section 5.

1. Theory of the Paul trap

Newton’s equation of motion for a particle of mass M and
electric charge Q along the y-axis of a Paul trap is M(y + ['y) =
Q E (1), where I is a damping constant. The time-dependent
force equals the charge Q times the component of the elec-
tric field E, along this axis. The quadrupole field is E, () =
V) y/ rg, where r( characterises the electrodes spacing, and the
applied voltage is V(1) = Vi + V5 cos(Qf). A change of vari-
ables Qf = 27 transforms the equation of motion into the Math-
ieu equation [1, 14, 15, 16]

2

ay + [a - 2g cos(27)] y(T) = 0, (1
dr?

with a = (Q/MQ?) - 4V0/r(2) and ¢ = —(Q/MQ?) - 2Vmc/rg.

An approximate method that elucidates the behaviour of the

Paul trap for certain parameters shows that the motion can be

considered as an oscillation at a slow secular frequency plus

a fast, small-amplitude micromotion at the driving frequency:
y = Acos(wt)(1 + g/2cos(Qt)). The slow motion is that of a
particle in a harmonic pseudopotential with a secular frequency

w given by
Q 1
= — ~q2. 2
w 2\/a+2q ()

For a = 0 the motion is stable over the range 0 < ¢ < 0.91, as
shown in the Ince-Strutt plot of stability regions of the Mathieu
equation in Fig. 1. The requirement of stability in both x and y
axes is independent of the sign of both a and ¢, and hence the
sign of the charge Q. Anti-trapping by the static electric field
can be overcome by the pseudopotential, e.g., for g = 0.4 stable
solutions exist for —0.09 < a < 0.55. For the value g ~ 0.4
the stable region of a is largest and gives robust operation of a
Paul trap. We used this value in Section 2, although the results
do not depend on the exact value chosen. Practical considera-
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Figure 1: Ince-Strutt stability diagram for the Mathieu equation. The solutions
are stable and periodic in the coloured areas and diverging otherwise. Ion traps
normally operate in the stability region close to a = 0 which is widest for
q=04.

tions limit the attainable curvature V,, . = Vi / r(% for a given
trap. Realistic values are V,,. = 500V and ry = 0.5 mm giving
v =2 x10° V/m? which is comparable to the value used in

the measurements described in Section 3. This choice of V.
determines the driving frequency that gives g = 0.4.

1.1. Confinement of two species in a Paul trap

We consider two species A, B trapped in a Paul trap as
in [11]. Species A is atomic '**Ba* and B a heavy ion with
Mg = 14x10°Da and Qp = +33e. The spring constant
k = Mw? determines the extent of the ion cloud y. at tem-
perature T, and hence the overlap of the two species, since
by the equipartition theorem kT = ky?,.. Atlow T the ions
form Coulomb crystals whose spatial extent is determined by



electrostatic repulsion: equal and opposite trapping forces be-
tween two ions k4y4 = —kpyp result in similar displacements,
[val = |ygl, if the spring constants are similar k4 ~ k. In the
pseudopotential approximation the spring constant is given by

2
1 * (Vv
= Mw® ~ —M¢*Q? = =1, 3
k= Mem s ghd MQ? (mg) ©)

where w =~ ¢gQ/ V8 when a = 0. The proportionality to Q>/M
implies the ratio
kp(Q)  O3/Mp
a@ QM

where k4(Q), kg(Q) are both functions of Q. For the species
considered here (Q%/MB)/(Qi/MA) = 0.1, so species B is con-
fined less tightly, thus these ions float to the outside of the cloud
in a single-frequency trap. Also g o« Q/M for fixed €, therefore
g4 = 0.4 for species A implies gz = 0.001 so that species B is
only weakly trapped. The spring constant of a Paul trap oper-
ating at the optimal frequency depends on the charge only: « is
q/8 times the value for a dc quadrupole field with Vy = V. It
follows that this factor of ¢/8 also applies to the depth of a Paul
trap cf., a static quadrupole along one direction (the Dehmelt
approximation, Appendix D). In this hypothetical case there
would be very strong confinement of species B but species A
would be unstable.

“

2. Trapping with two frequencies

‘We can optimise the confinement of each species individually
by using different driving frequencies; a high frequency Qp for
the light ions and a low frequency Q; for the heavier ones. Us-
ing the values for the ion species from above as an example,
if for Qy/2n = 13MHz, g4 = (Qa/My) - 2V}, /(Q2) = 0.4,
then the same g parameter can be achieved for the same value
of V. at the lower frequency Q; /27 = 0.8 MHz. The ratio of
spring constants now becomes

[Kg(sm _ Mg (qBQL )2 _ O

} = — > 1. o)
Ka(QH) Jovertapping  Ma  \4aQnu Oa

In the calculation of these spring constants from the appropri-
ate oscillating quadrupole field we have assumed that the sec-
ond driving field is not present, i.e., independent operation of
the Paul traps, whereas we wish to find out what happens for
simultaneous operation with both species in the trap. Although
the full improvement between Eq. 4 and Eq. 5 cannot be at-
tained we show that two-frequency operation gives a great im-
provement over a single frequency as used in previous work [8].
The spring constants for the two species can be made equal (or
even be inverted) when two frequencies are applied simultane-
ously to the electrodes of a quadrupole trap.

2.1. Parametric resonance

The stability of mechanical structures against parametrically
excited vibrations is closely related to Coulomb crystals of ions
subjected to an oscillating potential. The system of two species

A and B subjected to two frequencies €2; and Qp has a hierar-
chy of frequencies: wp < Q; < wy < Qp as summarised in
Table 1.

Table 1: The four relevant frequencies: wy is the secular frequency of ions of
species A in a Paul trap driven at Qp. Similarly wp for species B with €y, only.
When both driving frequencies are applied the field at Q7 can parametrically
excite species A but the quadrupole field oscillating at Qy only weakly affects
species B.

species\rf Qy Q;
A w4 parametric excit.
B weak trapping wp

The first and third inequality are well satisfied as a conse-
quence of the standard single-frequency operation of a Paul
trap; wp = q/\/g -Q; ~ 0.14Q; and wy = q/\/§~QH ~
0.14 Q. It is the middle inequality that is important for two-
frequency operation; €; must be significantly below wy to
avoid driving a parametric resonance which leads to heating of
species A. The multiple timescales of the system can be untan-
gled in the following way. First, we determine the appropriate
amplitude of the voltage oscillating at Qg for trapping species
A and choose Q; such that Q; < w4. Next, we calculate the
maximum voltage that can be applied at the lower frequency
without destabilising species A for a given damping, which oc-
curs when Q; drives a parametric resonance of w,4. This voltage
will be very small unless Q; is sufficiently low. Throughout this
paper the higher frequency is taken to be a harmonic Qy = nQy
of the lower driving frequency, to facilitate the application of
the mathematics of periodic systems. The assumption that 7 is
integer makes no difference in the pseudopotential approxima-
tion since the physical properties depend on the ratio w4 /Q;.

The voltage applied to the quadrupole trap electrodes is
V(1) = Vo+ Vi cos(Qrt)+V, cos(nQy ). To consider the stability
of species B, we rescale time such that Q; ¢ = 27 gives

dz)’B
dr?

where Vg = (Mp/Qp) - Q] r3 /4. The dimensionless coefficients
are expressed as voltage ratios. This has the form of a Hill
equation: y” + H(t)y = 0, where H(t) = H(t + «) is a pe-
riodic function'. The high frequency component oscillating at
Qp has little effect on the stability of species B, which remains
well described by a single-frequency trap operating at the low
frequency Q.

The same is not true for species A, as parametric resonances
lead to heating when m€Q; = 2w,, where the integer m is the
order of the resonance with m < n since wy ~ 0.14nQ;. This is
clearly seen by considering the equation of motion for species
A, rescaled such that ¥ = nQ;t/2 = nt

dyy  2Bdys 1

2F g
il = TN (Vo + V) cos (7) +V, COS(ZT))yA =0,
(N

1
+ A (Vo + Vicos(2T) + V, cos(2nt))yg =0, (6)
B

I'The Mathieu equation is an example of a Hill equation with only a single
periodic coefficient.



where V4 = (Ma/Q4) - nZQir§/4. Note the factor of n? com-
pared to the definition of Vp in Eq. 6. The scaled damping pa-
rameter 8 = I'4/Q; accounts for cooling of species A. For re-
alistic conditions, damping only has a significant effect on the
lighter species as can be seen from the appropriate scaling of
the equations. The simple mathematical treatment of damping
is described in Appendix A. Equations 6 and 7 are ordinary dif-
ferential equations with periodic coefficients and can be solved
in various ways [17]. We have used Floquet theory which con-
siders the mapping from the solution at time ¢ to that at time
t+ T where T is the period of the system [18]. The influence of
any dc field oc Vj, the Coulomb repulsion between ions and the
damping can be included analytically or by standard numerical
methods.
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Figure 2: Stability diagram for two-frequency operation given in terms of the
applied voltages for a = 0. Here Qp = 5Q;, leading to four parametric reso-
nances. The tongues of instability don’t extend all the way to the horizontal axis
due to the finite precision of the numerics. As such, the numerical precision im-
poses an effective cutoff to the minimum value of the damping parameter 3 that
can be included in the numerics.

Figure 2 shows the stability regions for an ion of species A
as a function of V,,/2V, and V, /V, obtained by numerical solu-
tion of Eq. 7 [11]. Parametric excitation by V; cos(€2.f) causes
n — 1 tongues of instability emanating from the horizontal axis
V1 = 0 which get wider as V; increases. The tongues of in-
stability, aka Arnold tongues [19], arise for many periodic sys-
tems including the Mathieu equation and their properties have
been studied extensively for the more general case of Hill equa-
tions [20, 21, 22]. For n 2 10 the stability regions show uni-
versal behaviour: a quadratic increase up to a maximum for
V./2V4 = 0.7 followed by an approximately linear decrease
to the point (V,,/2V4,Vi/V4) = (0.91,0). The critical curve
that traverses equal distances in the stable and unstable regions
[23, 20] is a quadratic curve of the form:

2
Vl Vn
21 , 8
Vi Q(sz) ®)

where o = 0.58 gives the best fit to the numerical calculations
of higher order stability diagrams over the range 0 < V,,/2V4 <
0.71. This can be explained in terms of the pseudopotential ap-
proximation by rewriting Eq. 7 so that it resembles the Mathieu
equation assuming Vo =8 =0
2

% + @ — 24 cos 27| y4 = 0, )
where —qf’ = V,/2V4 and @ = V;/V, resembles an a-
parameter arising from a dc field but varies in time. However
if we assume that the variation of @(7) is adiabatic then we can
use the condition for stability |a| < ¢*>/2. This corresponds to
Eq. 8 with o = 0.5, which is in reasonable agreement with the
numerically determined value of 0.58 given above. A more rig-
orous treatment based on properties of the Mathieu equation for
large a and q is given in Appendix A.

The tongues of instability become narrower below the crit-
ical line and higher-order resonances are too fine for the nu-
meric calculations to capture — the finite resolution of the nu-
merics acts as an effective damping cutoff. The endpoints of the
tongues, for a given damping, can be found from the asymptotic
properties of the Mathieu equation and they lie on the curve

(see Appendix C)
2 1/m
1% Vi T
_1=p0( ) (” A) , (10)

Va AR

with pg = 0.54. The integer m is the order of the parametric ex-
citation equal to the number of resonant tongues up to the given
value of V,/2V,. The dependence on I''/” is expected for the
threshold value for parametric excitation of a resonance [24].
The order number m at a resonance can be estimated as

m_2ﬂ~ni_i(v”) (11)
Qp \/E \/i AN

hence m ~ 0.28n for ¢ = 0.4. It has been shown that Eq. 10
gives realistic values for low-order resonances [25, 26]. The
width of the instability tongues decreases rapidly with increas-
ing order of the parametric resonance. For the Mathieu equa-
tion this width is proportional to g™ for the resonance em-
anating from (g,a) = (0,m*). Asymptotic approximations
work extremely well for narrow resonances as described in Ap-
pendix C, whereas numerical calculations would require a very
fine grid for such narrow features and hence long computation
times. Equations 8 and 10 are consistent as m — co, since
(nT4/Qp)Y™ =~ 1 for high values of m, and o = py.

In summary, we chose the voltage V, and frequency Qy =
n€; to give good confinement of species A and avoid paramet-
ric excitation. Thus Eq. 10 can be considered as a constraint
on the three parameters Vi, n and I'y noting the implicit depen-
dence of m on n in Eq. 11. Once the values of V| and n that
are compatible with the stability of species A for a given [’y
are known, the calculation of the parameters for species B is
straightforward. The higher frequency term in Eq. 6, only has a
small effect in situations relevant to two-frequency operation; if
there was strong confinement with a single frequency then we
would not need to consider using two frequencies.




2.2. Range of applicability

In the example described in the previous section we started
with a set of parameters suitable for trapping species A namely
values of (V,,, Q) that give g4 ~ 0.4 in the appropriate Mathieu
equation and then determined the voltage V that can be used to
confine species B for given values of n = Qg /Q; and I'4. We
chose the ‘design criterion’ that kg > x4 which is somewhat
arbitrary since it applies to a hypothetical case of one ion of
each species in an isotropic trap which is not the case for a
linear Paul trap (see Appendix D). Nevertheless balancing the
spring constants provides physical insight and guidance in the
choice of realistic starting values for MD simulations. Using
the criterion kg > k4, Eq. 5 implies that

2 2
_ ks _ L/Ms >( i ) (12)

f KA - Qi/MA - nV1

We get the ratio of the voltages V,/V, from Eq. 10 as

Vi pof Vu\[ala t/m 1 1
_ = —_— = = m N 13
V.~ 2 (2VA)( Q, ) 50044 (73) (13)

where m is the order number and 8 = I'4/Q;. The function
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Figure 3: The minimum value &y, of the ratio of 0?/M as defined in Eq. 14, is
shown against n for various values of 8. The intersections of these curves with
the horizontal axis correspond to the minimum value ny;, for each value of 3,
where &min = 1. The two-frequency scheme is useful in the regions bounded by
1 > ¢ > &min. Single-frequency trapping works well for & > 1.

(77,8)1/ "™ — 1 as m increases, and varies slowly for large m; val-
ues for which h(8,m) = 1/2 are given in Table 2. For larger
values of m the function lies in the range 0.5 < & < 1. It fol-
lows from Eq. 13 that V;/V, — poga/2 =~ 1/9.3 asm — oo,
since V,,/(2V4) = g4 = 0.4. Hence Eq. 12 becomes

03/Mp
Q3 /My

9.3

n

2
2 &min = ( ) B, (14)
assuming the approximate relation m = n/3.57 from Eq. 11
with g4 = 0.4. Figure 3 shows &, as a function of n for various
values of 8. For ¢ < &min two-frequency operation can still

Table 2: The order number m and damping parameter § for which h(B,m) =
1/2 are given by m = —(log 8 + log )/ log 2. Lower order resonances require
increasingly larger damping to be supressed effectively.

B 1072 107% 10°% 10® 10710
m 50 11.6 183 249 316

104
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Figure 4: The minimum ratio of the charges Qp/(Q4 against n for various values
of B, where [Qp/Qalmin = 9.3 (n,B)‘”m from Eq. 19 with order number m =~
n/3.6 estimated from Eq. 11. The ratio converges to a constant as the order of
the resonance approaches infinity.

improve the confinement of the heavier species as in the case
of antiprotons and positrons discussed in [9]. The condition
gp < 0.4 must also hold where

Vi ViV, V
qs A (15)

The maximum value of V; in Eq. 10 determines the confinement
of species B through the parameter

Vi Va po ([ Va 2 (Al "
qp= 7" =5 " = —_— ) (16)
2Vg Vg 2 \2Vy4 Q
where v M
Va _ Ma/Qa . n? A7)

Vs Mg/Qp

Here V,,/2V,4 = qf] and we assume qg’ = qf} = 0.4 for opti-
mum confinement, thus these factors of g cancel out in Eq. 15
and using Eq. 17 yields

QB/MB — Vn

Oa/My  n2Vy’
Combining this result with Eq. 14 and Eq. 12 gives the mini-
mum ratio of the charges

Qs

A

(18)

> 9.3 (np) 2", (19)

and masses Mg/M, = n®. The ratio of the charges is shown in
Fig. 4 for various values of 3.
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Figure 5: The linear ion trap apparatus used for measuring the parametric res-
onances. The figure shows a cut through the trapping structure to expose the
details of the rf and endcap electrodes. The trapped ions are imaged using a
microscope lens and a EMCCD camera at an imaging direction perpendicular
to the axis of the trap. A typical image of an ion crystal is shown in the inset.

The limit [Qp/Qalmin — 9.3 as n — oo agrees with the
pseudopotential approximation a < ¢?/2 which implies that,
for species A,

a Vi q

2%V, < 1- 0.1, (20)
hence Op > 10Q4. Thus, we have found a lower limit for the
mass ratio Mg > nIanM 4, but more importantly there is no up-
per limit other than the practicalities of electrodynamic trap-
ping.

The two-frequency scheme works better as the two species
become more different in their masses and charge-to-mass ra-
tios. Consider a system of two species with masses in the ratio
Mpg/M4 = 10* and a ratio of frequencies Qy/Q; = n =100 =
\Mg/M,. The parametric resonance is order m = 28 and hence
for B = 107 the function in Eq. 13 has the numerical value
(7B)'™ = 0.64. Equation 19 gives Qp/Q4 = 15. If species A is
138Ba* then charged particles of mass Mp = 1.4 x 10° Da and
charge Op = +15e can be confined with the same spring con-
stant by simultaneously applying two frequencies to the elec-
trodes of a Paul trap. Keeping the mass the same but increas-
ing the charge to Op = +33e, we find kg =~ S5k4. Rework-
ing this calculation for a system with an even higher mass ratio
Mpg/My = 10% and Qy/Q; = n = 1000 = VMg/M, we find
h(m,B) = h(280,107%) = 0.94 and Q/Q4 =~ 10. Thus for
this case, and even larger mass and frequency ratios parametric
resonances, have little influence which is to be expected since
resonances of order m >> 10 are normally weak.

3. Experimental measurements

We have carried out experimental measurements with “°Ca*
ions confined in a linear Paul trap to test the effect of parametric

resonances on the stability of the atomic ions. Our Paul trap has
a standard configuration of four parallel rod electrodes creating
the quadrupole field operating with a single frequency Q. Fig-
ure 5 shows he details of the apparatus. The rf electrodes are
4mm long with an ion-electrode separation of 0.46 mm. The
axial confinement is provided by two endcap electrodes sym-
metrically placed around the trap center by 2.5 mm along the
trap axis. To provide axial optical access, the electrodes have a
hole in their center. The trap is driven asymmetrically, by apply-
ing the rf voltage to two opposing electrodes while connecting
the other two electrodes to rf ground (see Figure 6). Using the
trap electrodes as a capacitance of a resonance circuit, the rf
drive voltage is provided by supplying a low-voltage rf drive to
a tap of a transformer coil. To allow the application of dc volt-
ages to the 1f electrodes for compensating static electric fields,
the rf drive is supplied through a capacitor, decoupling the rf
drive circuit from the dc voltages. The compensation voltage is
supplied through a 1 MQ resistor which decouples the dc sup-
ply from the rf drive without deteriorating the Q-factor (Q = 50)
of the rf circuit.

E imQ iMQ E
——— 6.7 nF
6.7 nF 2 S 1
1 4 Trap drive
~37 MHz
Q@ — ] | [oor
iMQ ] l
iMQ
6.7 nF
Additional drive L
0-200kHz —l_~100 pF
i

Figure 6: Circuit for two frequency operation of the ion trap. Two of the rf
electrodes are driven at a high frequency whereas the second electrode pair is
used for the low frequency drive. The dc and rf drives are decoupled using a
series of capacitors.

The radial secular oscillation frequency of the *’Ca* ions is
wa/2r = 1.35MHz corresponding to ¢ = 0.1. The axial sec-
ular frequency is 0.483 MHz corresponding to a = 3.2 x 107*
for a static voltage of 600 V on the end-cap electrodes. The am-
plitude of the applied voltage at Qy /27 = 37.49 MHz deduced
from the value of ¢ and an ion-electrode distance of 0.46 mm
is V,5c = 250 V. Two-frequency trapping is achieved by apply-
ing a low frequency, low voltage drive to the rf ground elec-
trodes. Using a 100 pF capacitor across the low frequency drive
provides a low impedance ground connection for the high fre-
quency trap drive.

Our experiments started with loading a single *°Ca* ion into
the ion trap. The measurements consisted of imaging the ion
onto an EMCCD camera by capturing the fluorescent photons
emitted when we excited the resonance transition with laser ra-
diation at a wavelength of 397 nm. Throughout the measure-
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Figure 7: Measured values of the threshold voltage vs the excitation frequency.
Twelve distinct resonances can be seen, labeled by their respective order num-
berm = {14, 16, 18, 20, ..., 34}, corresponding to even orders. The higher order
resonances, at lower frequencies, fade into the background noise. The solid dots
are the line centres of the parametric resonances and the red line is a curve fit of
Voy'/™ to the threshold voltage of the resonances. The best-fit parameters are
Vo = 9.3V for 8 = 10~ however the the maximum recorded threshold is 7.7 V
as f — 0.

ments the ion was laser cooled close to the Doppler temperature
when there was no parametric excitation. We applied the lower
frequency field and increased its amplitude until the Gaussian
width of the fluorescent image of the ion increased to five pix-
els on the camera due to the ion’s motion; a single pixel cor-
responded to a displacement of the ion by 1.32 um; the cut-off
width of five pixels was chosen to be well above the background
fluctuations of the ion’s position. This way we were able to
take measurements without expelling the ion from the trap each
time. For each amplitude, we took two images and averaged
their fitted widths along the x and y directions.

The maximum voltage V; corresponding to the cut-off width
is shown in Fig. 7 for the range Q; /27 = 40 — 200 kHz. There
are twelve distinct resonances in this range, that correspond to
even orders m = {14, 16,...,34}. The threshold for paramet-
ric excitation with the applied voltage V, increases as €1 de-
creases. We used Eq. 13 to fit the peaks of the resonances and
determine values of V; and y. The theoretical limiting volt-
age Vopasm — oo is Vy = 0.27g4V, = 7V for g4 = 0.1 and
V, = 250V. This is close to the maximum threshold that was
measured 7.7 V but less than the best fit value of Vy = 9.3 V.
We have not made any corrections for the effect of the finite
value of a arising from the dc voltage applied to the end-cap
electrodes. These measurements show that a voltage sufficient
to confine the heavy ions can be applied in this Q; range for
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Figure 8: A series of MD simulations shows how the heavy ions are pulled to-
wards the centre of the trap as the voltage of the low-frequency drive increases.
The top two panels show the spring constants for the two species and their mean
cloud radius. The bottom panel shows the density distribution of the fluorescing
light species that develops a hole as the more massive ion displaces the lighter
ones.

Ve <TV.

Figure 7 al so shows that parametric resonances can be
avoided by a suitable choice of €, although the secular os-
cillation frequencies of species A may be shifted by the pres-
ence of species B. For higher values of m, the resonances are
so weak that their influence becomes comparable with the non-
resonant effect of an additional dc voltage. Thus, atomic ions
are confined stably in a Paul trap while another quadrupole field
oscillating at a lower frequency is applied.

4. Molecular dynamics simulations

We have carried out extensive numerical simulations to con-
firm the stability of multiple ions in the two-frequency trap in
all three dimensions. Using the previous single-ion analysis as
a guide we simulated the full dynamics of the equations of mo-
tion for N ions. The equation of motion is

Hoy

(xj — x;)? @l

N

= (Ecx- . 1

M%; = (E(XJ’ nH+ EL) Qj+ l; 870
it

for ion j, where E(x;;1) is the electric field arising from the
two-frequency potential V(¢) = Vy + Vi cosQpt + V), cos Qpt,
E is an optional transverse electric field and ¢ is the permit-
tivity of vacuum. The cutoff range for the included Coulomb
potential is much larger than the size of the system so that all



ions interact with each other. Damping and finite temperature
effects are included by coupling the ions to a Langevin bath,
analogous to buffer gas cooling, thereby reducing the energy of
each particle by a given faction at every time-step [27]. The
software tools that we have developed can be used to investi-
gate electrodynamic trapping of multiple species in many dif-
ferent situations even when the timescales for the motion of
two species are very different. They provide a light wrapper
around LAMMPS [28] 2, exposing only the relevant subset of
its capabilities concerning the simulation of ion trap dynam-
ics [29]. For these MD simulations we modelled the prepara-
tion of mixed-species Coulomb crystals starting from thermal
clouds well above the transition temperature since it is not suf-
ficient to consider just the final state of the system.

The specific example used in Section 2 shows that applying
two frequencies is useful for the particular cases of '*Ba* co-
trapped with much heavier ions of species B. Applying a field
at the lower frequency pulls the heavier ions into the cloud of
lighter ions. This overlap is achievable only for certain values
of (QOp, Mp) since the strength of the confinement arising from
the field produced by the applied voltage V; cos(€2.¢) is limited
by the condition that there is no parametric heating of species
A as given by Eq. 10. The crystallisation behaviour of ions in
this configuration depends on the spring constants for the two
species for motion along the axis k4 g, = Q{A,B}V({)Z} /z%. The
maximum value of V| in Eq. 10 determines the confinement of
species B through the parameter g. Using Eq. 5 we find a range
of voltages V| where the two-frequency trap is stable but the
ratio of the spring constants is dramatically different as shown
in Fig. 8. For a modest voltage of 50 V the mean position of the
heavy ion is very close to that of the lighter ones and at least
an order of magnitude smaller than when V| = 0. The presence
of the heavy ion inside a cloud of lighter ones can be directly
detected by the hole the appears in the fluorescence images.

5. Conclusions and outlook

The idea of applying a voltage oscillating at two frequencies
to the electrodes of a Paul trap has been known by cognoscenti
for many years but its application to the simultaneous trap-
ping of two species of charged particles has not yet been re-
alised. Our approach provides a guide to finding suitable oper-
ating conditions within the multidimensional parameter space.
We have verified the predicted stability of the atomic ions ex-
perimentally and carried out numeric simulations of the two-
frequency, two-species system. We have shown that the appli-
cation of a second (lower) frequency to the electrodes of a Paul
trap, or ion guide, can easily be implemented on an existing
apparatus and the method has very general applicability. This
unexploited mode of electrodynamic trapping with quadrupole
fields oscillating at two, or more, frequencies greatly extends
the capabilities of the Paul trap.

2LAMMPS is a classical molecular dynamics code developed by Sandia
Labs and distributed as open-source software.

Electrodynamic confinement has many uses ranging from
mass spectrometry of small molecules to the control of parti-
cles of dimensions hundreds of micrometres. We consider two
broad categories of prospective applications: detection of heavy
ions via their effect on fluorescing atomic ions, and reactions of
cold molecular ions in cold (bio-)chemistry.

The use of a cloud of fluorescing atomic ions to detect a
heavy ion is illustrated in Fig. 8§ where the hole created by the
‘dark ion’ is clearly observable. The detection of ions via their
effect on atomic ions being excited with laser light is widely
used for dark ions such as molecules, or atomic ions with tran-
sitions at inconvenient wavelengths. Our results show how
to extend this detection technique to massive ions with lower
charge-to-mass ratios than atomic ions. This can be used in
mass spectrometry for the non-destructive detection of indi-
vidual molecular ions at a low count rate. Moreover, an in-
trinsic part of mass spectrometry is fragmentation, i.e., ob-
serving the breaking apart of a large biological complex, and
the two-frequency scheme enables such investigation of sin-
gle biomolecular complexes without ensemble averaging. The
efficient non-destructive detection of biomolecular ions could
be followed by controlled deposition of mass-selected particles
on a surface for further analysis by other techniques. It has
also been suggested that a chain of atomic and molecular ions
can act as a conveyor belt to carry the dark molecular ions into
the focus of an x-ray laser for destructive measurements [30].
That proposal was demonstrated by experiments using Mg* and
MgH™" which have similar charge-to-mass ratios. Our scheme
opens the way to working with much heavier biomolecular ions
that are of great current interest for single-shot x-ray diffraction
experiments.

Paul traps are used to investigate chemical reactions of ions
at low temperatures and two-frequency operation allows much
heavier species to be used. This application is closely related
to the use of two frequencies for the confinement of antimatter
where the creation of overlapping clouds of positrons and anti-
protons leads to the formation of anti-hydrogen atoms; work
towards this is technically challenging goal is ongoing [10];
sympathetic cooling of positrons by Be* ions has been demon-
strated experimentally in a Penning trap [31]. Sympathetic
cooling of biomolecular ions by '¥Ba* in a Paul trap was
demonstrated [7] and heavier ions can be used by applying two
frequencies. The transfer of energy between ions is less ef-
ficient if the oscillation frequencies are dissimilar. However
there is coupling between axial modes of species A and radial
modes of species of species B in a linear Paul trap which has
a large difference in the frequencies of oscillations in these di-
rections. The extension of the techniques developed for laser-
cooled atomic ions to species with much higher M/Z presents
new ground for future investigation. Flakes of graphite and
graphene have also been confined in a Paul trap [32]. More-
over, the confinement of DNA in a Paul trap has been pro-
posed and numerically simulated in which the long chain-like
biomolecules lying along the axis of a quadrupole in aqueous
solution rather than the usual vacuum environment [33].
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Appendix A. The mathematical treatment of damping

Equations of motion with damping proportional to veloc-
ity, or any second-order differential equation in which the first
and second derivatives have constant coefficients, can be writ-
ten in the general form ¥ + I'y + H(f)y = 0. The substitution
y = yexp(-I't/2) eliminates the term with the first derivative
to give y + H(t)y = 0, where H(f) = H(f) - I'?>/4. Second-
order equations with linear damping have an associated equa-
tion without damping [REF] which is a Hill equation when
H(1) is a periodic function and can be written as the sum of
its Fourier components. An illustrative example is the damped
simple harmonic oscillator with a parametric driving term

d’ F’
d_tg +@iy = M

cos (Q1) y, (A1)

where F’ is a constant and the secular oscillation frequency is
modified to &)[2‘ = wi —T2/4. This is the usual shift of the res-
onance frequency that occurs in damped simple harmonic mo-
tion. Note however, that the integrating factor exp(—I'#/2) elim-
inates y for any value of the constant I" and is used in numeri-
cal calculations of the stability regions of the Mathieu equation
with strong damping [5, 12].

Appendix B. Interpretation in terms of the Mathieu equa-
tion

To relate the behaviour of ions in a quadrupole electric field
oscillating at two frequencies (including a dc term) to famil-
iar properties of a single-frequency Paul trap we consider Eq. 7
with V| = 0 which reduces to a Mathieu equation with parame-

ter
7 Ln QA 4vy/
{7} n
= = = —, B.1
4 2&,4 My (I’ZQ)Z ( )

where V) = V,/ r(% is the curvature of the oscillating electric po-
tential. We drop the minus sign since the steady-state behaviour
does not depend on the sign of g. We take qf} = 0.4 as arealis-
tic value for operation of a Paul trap since for higher values the
ions are susceptible to heating and loss from nonlinear mixing
and parametric excitation even for single frequency operation.

The quadrupole field proportional to V, cos n€¢ leads to a
pseudopotential with a secular oscillation frequency ws =
qf]nQ/ V8 so ions of species A undergo simple harmonic mo-
tion described by ji+w/24y = 0 where 7 is real time. We introduce
a voltage V) cos Qf that produces a driving term proportional to
F' = QAVl/rS in Eq. A.1. Using the rescaling Qt = 27 as in
Eq. 6 gives

d? d
4y + 2,8d—3}_ + (aeﬂ‘ - 2qLT} cos 2‘r)y =0,

e (B.2)

where 8 =I'4/Q and

2wx | nV, LN ( {%1)2
ae = — = — = —\n
=1 a 2\2v, ) T2 \Ma
is the effective value of a static potential equivalent to the pseu-
dopotential (with V, = 0), and

(B.3)

(r} _ V1n2
9 = 2y,

B.4)

is completely independent from qf}. For q{Aﬂ =0.4andn =100
we find that a.¢ = 800. This is far greater than is usually con-
sidered in the theory of Paul traps but the asymptotic proper-
ties of the Mathieu equation are known in literature [34, 23].
For a,q > 1 the critical line between predominantly stable
and unstable regions is @ = 2¢q. This passes through the point
(g,a) = (400, 800) in this example. From a.gx = 2|qLT} |, and
Equations B.3, B.4, we recover Eq. 8 with the same value
o = 0.5 as the simplified argument given previously. Damp-
ing modifies a.x however this is not a significant effect for
I'/(2wya) < 0.1 and is neglected in this paper.

Appendix C. Theory of parametric excitation with linear
damping

The parametric excitation of ions is a standard Paul trap was
investigated experimentally and theoretically in [25, 26]. We
extend their results to high order resonances using asymptotic
properties of the instability tongues of the Mathieu equation.
The threshold voltage above which an applied field at Q excites
a resonance of order m is

Vi 2Mw§c (r )”’”
"g th_ 0 "\w 7

with M = My, Q = Q4 and I' = I'4 here. This corresponds to
Eq. 10 with py = (2/e)* ~ 0.54 for

(C.1)

2 : 1/m
Cn = (;) (rm)™ '™, (C2)
This formula for C,, is derived below by relating the damping
to the width of tongues of instability. Razvi et al. estimated the
coefficient to be C,, ~ 2 from numerical calculations of the first
few resonances. Zhao etal. find the values {C;,C,,...C¢} =
{2,1.414,...0.887} whereas Eq. C.2 gives {1.7,1.36,...0.887}.
Thus our general formula is a good approximation for the width
of resonances except for m = 1. Importantly it gives an analytic
expression for the high orders m > 10 relevant to our two-
frequency scheme.

The following derivation uses notation similar to Zhao et al.
to highlight similarities and differences. The damping constant
B = I'/Q can be eliminated from Eq. B.2 by the substitution
y = yexp(—B7) to give the Mathieu equation

a*y

) + (Eleff - ZqLT] cos 27’))7 =0,

(C.3)



where deg = (de — [32) hence

2 2 2.. 2
et = (%) 1=y = (%) ,

withy = T/Qws) < 1 and @4 = wa /1 —y2. We neglect the
slight frequency shift (w4 — @,) because y*> < 1. Using Eq. 11

(C.4)

we find 5
2QV1 2(1)A
{r} _ — — 2
q, = MréQz = E(H) =em (C.5)
is unaffected by damping, and we have defined
%
= % (C.6)
2Mrywy

Floquet’s theorem states that equations with periodic coefli-
cients have solutions of the form j = ¢*"u(7r) where u is a peri-
odic function; in this case u(7) = u(r + ) to match the period of
cos 27. The solution of Eq. C.3 is a linear combination of two
such independent functions. Hence the solutions in real time ¢
have the form

y = Cre“ D2y (1) + Coe™ W D2y, (p). (C.7)
Instability arises if 4 > I'/Q = y m. The stability of the solution
can be determined from the relationship between the character-
istic exponent u and the width of the instability tongues [REF].
Considering the shape of the tip of the tongues gives

+ _
Ay — Ay,

4m?

y=—= ; (C.8)

m
where a(¢) and a;,(g) are the values at the upper and lower
boundary of the m th tongue. The width of the undamped res-
onance is Aa,, = a;, — a,, = Anq™. From Eq. C.5 we find the
excitation threshold as

4m2 1/m ,yl/m |
(= _ /m
[E]m—(Am) =G (C9)
This is equivalent to Eq. C.1, with
1 (4m?\""
.= — . C.10
m2 ( Am ) ( )
Using the asymptotic formula for A,, given in [35]
A 2
e C.11
4m?  22n[m!]? ( )
and Sterling’s formula for m!
4 2m
Ap=- (i) (C.12)
m\2m

leads to Eq. C.2.

We can now use this to examine the validity of the approxi-
mations. Resonances occur for a,, = m” hence their spacing is
approximately a,,+1 — a, =~ 2m for large m. Thus the condition
that width of the tongues is small compared to their spacing is
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Apng™ < 2m which implies ¢ <« (mm/2)' " (2m/e)?. This is
satisfied if 2¢ < a = m® which corresponds to the expectations
that the approximation is valid well away from the critical line
where the tongues of instability are narrow. The formula for the
width Aa,, = a},—a,, = A,¢" is not restricted to small values of
q. Equation 8 is a limiting form of Eq. 10 assuming py =~ p. For
higher damping, I' > 0.1, other approximations may be useful,
or in such cases it is straightforward to carry out numerical cal-
culations since the tongues of instability have rounded ends so
that computing their boundary does not require an excessively
fine computational grid. In contrast the stability regions reach-
ing into the region 2qg > a are cusped even for strong damping
[REF] but these are not relevant here.

Appendix D. Two species in a linear Paul trap

A linear Paul trap has four electrodes aligned parallel to the
z-axis arranged on the corners of a square in the xy-plane, with
adjacent electrodes having opposite polarity in a quadrupole
configuration. The oscillating electric field has no component
of the electric field along z and E, = V], .y then E, = =V x
where V7. = Vog/ rg is the curvature. It is assumed that the
trap is operated at the maximum voltage in a given apparatus
to give the strongest confinement but this might not be opti-
mal, e.g., for very large clouds of ions. Thus in the Mathieu
equations describing the motion in the x and y directions re-
spectively a, = —a,. If g = O then Eq. 1 simplifies to simple
harmonic motion y”’ = —ay at angular frequency +/a for a > 0,
and for a < 0 the motion is unstable. Thus the central axis of
the four electrodes is a line of saddle points of the electrostatic
potential energy of charged particles commonly referred to as
the rf-null line. There can be stable motion when an oscillating
voltage is applied to these electrodes. This can be shown using
the pseudopotential approximation, valid for small a and ¢ in
Mathieu equation, by substituting a trial solution of the form
y = Ccos(wt)(1 + Dcos(Qt)), where ¢t is real time. Equating
terms with the same time dependence leads to Eq. 2. The pseu-
dopotential has an effective depth of ¢V, /8; this is called the
Dehmelt approximation [36]. The discussion of radial confine-
ment in the main text can be summarized by expressions for the
potential energy of ions along the y-axis:

U = (ka(0) + k4 (Q)) ¥ /2, (D.1)
Ug = (kp(0) + kp(Qr) + kp(Qu)) ¥*/2,
Us = (kp(0) + kp(QL)) y*/2. (D.2)

The last line follows because «z(€2;) > «kp(Qy) in two-
frequency operation.

In the main text we considered that the dc terms are neg-
ligible: «g(0) ~ 0 k4(0). In a linear Paul trap, however,
there is an static radial field as a consequence of the axial con-
finement. An axially symmetric voltage satisfying VE = 0
has the form V = V({)Z}[z2 - 1 + y)1/(223) hence the ax-
ial confinement necessarily acts oppositely in the radial direc-
tions, e.g kg(0) = kp,(0) = —«p./2. The static spring con-
stant kg ; = Op V({f} / zg depends only on the charge, and similarly

~



Kaz = Oa V('f}/ zg, which is very different to the dependence on
Q?/M for an ac field. The anti-trapping arising from the ra-
dial component of the static field is of particular concern for
species B which is only weakly confined by a single-frequency
ac field, as the following calculation illustrates. Consider a Paul
trap with an aspect ratio 4 = w4 /wa ; this ratio of radial to ax-
ial oscillation frequencies for species A gives the ratio of the
length to radius of the elongated cigar-shaped cloud of A-ions
in thermal equilibrium k4(Qp) = A%ka . The requirement that
kg(Qy) > kp./2 gives a stability condition for species B in a
single-frequency linear trap

Op . 1 Q4

—_— > D3

Mp ~ 222 My (D-3)
where we used Eq. 4. For two species with
(QB/Mp)/(Qa/My) = 3.3 - 1073 this gives 1 > 12.3.

Hence this large aspect ratio is required to reach the edge of
the stability region, indicating the difficulty of confining two
species of widely different Q/M with a standard Paul trap. Also
this underestimates the problem since a cloud of atomic ions of
species A collectively exert a stronger repelling force on an ion
of species B. The collective effect of many ions of species A
should also be taken into account in two-frequency operation
since it acts to drive species B out of the trap. Another factor
for a linear Paul trap is that there is the weaker confinement
along the z-axis than radially x4, < ks, ~ ka. and therefore
the criterion for species B to lie on the axis is kg, > k4. The
heavier ion(s) can displace species A along the z-axis more
easily than radially as shown in Fig. 8. Thus, as stated in the
main text, the criterion kg > x4 which considers only the radial
direction(s) is a simplification. These approximate calculations
provide useful physical insight; the various competing effects
can be studied using MD simulations.
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