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closest friends I could ever have hoped for; thank you for everything you have done for me.

Molly, thank you for being there for me always. I would not be here without either one of

you. I am immensely grateful to you, the staff at Oslo Universitetssykehus, and every one

of my friends and family who supported me or reached out during my recovery.

4



Abstract

Fixed Field Accelerators, or FFAs, are accelerators that use time-independent magnetic

fields, permitting the orbit to move as the beam is accelerated. Spatially-dependent mag-

netic fields allow for the control of orbit geometry during acceleration and the control of

focussing strength along the orbit. Scaling FFAs represent the subset of fixed field accel-

erators in which the magnetic fields follow scaling laws that ensure geometric similarity

between closed orbits of different energies and energy-independent focussing behaviour.

Vertical-excursion FFAs (vFFAs) present a novel variant on the scaling FFA template where

higher-energy orbits are vertically translated copies of lower energy ones, introducing com-

plexities in optics and orbits due to coupled particle motion across the two transverse planes

and non-planar orbit behaviour. Because of this, previous design and study of vFFA rings

has depended entirely on numerical integration methods.

This study presents analytical methods for studying optics in both horizontal- and

vertical-excursion FFAs, deriving for the first time an analytic model of the vFFA. A mul-

tipole decomposition approach, termed ‘harmonic analysis,’ is developed to study vFFA

optics in cases where the analytic model has limitations. This technique is then further

used in the study of nonlinear (higher-order) effects in conventional FFAs beyond the ca-

pabilities of the linear analytic modelling. The nonlinear effects studies are additionally

benchmarked with experimental studies of amplitude-dependent tune shift, showing good

agreement. To demonstrate the strength of the newly-developed analytic techniques, the

vFFA as a muon accelerator stage for a muon collider is studied, where insights provided

by the analytic model enable an optimisation that was not previously possible.
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Chapter 1

Fixed Field Accelerators

Scaling Fixed Field Accelerators (FFAs) represent a class of circular accelerator in which

magnetic fields are constant over time, and energy scaling of bending and focussing fields

is achieved by allowing a spatial excursion of the orbit in a spatially-dependent field that

obeys a mathematically-derived scaling law. This type of operation holds a number of ad-

vantages over other machine types, allowing rapid acceleration from injection to top energy

without the need to ramp magnets and arbitrary pulse structures to be realised (which can-

not be achieved in a synchrotron), whilst surpassing energy and focussing strength limits

associated with machines such as classical isochronous cyclotrons.

In this chapter, we introduce a number of the formalisms and mathematical tools that

will be used throughout the thesis in developing methods to study FFAs; with a mathe-

matical basis established, we progress to a brief overview of the history of the FFA and

its relation to other accelerator types. We then derive scaling laws for horizontal- and

vertical-excursion machines, which set the conditions these machines must satisfy in order

for focussing behaviour to remain independent of the energy. We motivate a number of

reasons for the construction of these machines over other accelerator types, and explain the

need for further study of their properties.
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1.1 Theory of accelerating and focussing charged parti-
cles

A charged particle with charge q acts in a generalised electromagnetic field with electric

component E and magnetic component B according to the Lorentz force [1]:

dp

dt
= q(E+ v ×B), (1.1)

where p is the particle’s momentum, v is its velocity, and t represents time. The electric

component gives energy to the particle and therefore can be used to accelerate the parti-

cle. The electric force can also be used for controlling the particle’s direction; however,

as the particle’s velocity grows, the term from the magnetic field, which is proportional

to the magnitude of the particle’s velocity, increases - implying that at high energy, mag-

netic fields, rather than electric fields, are the most efficient means of influencing a particle.

However, the magnetic force always acts perpendicularly to the existing momentum of the

particle; magnetic fields cannot increase the energy of a particle as the dot product of the

force vector and the velocity vector will always be zero - they can only redirect its mo-

mentum. Most modern accelerators, then, use both electric and magnetic components; the

former is used to accelerate the beam in accelerating structures known as radiofrequency

(RF) cavities, whilst the latter is used to bend the beam along a desired trajectory - and to

focus the beam on this trajectory, so that particles with deviations from the ideal trajectory

can be transported without being lost.

Under a constant, spatially-invariant, time-independent dipole field, a charged particle

experiences a constant force perpendicular to its motion. This can be considered as the

centripetal force of circular motion; the required force to keep a particle travelling in a

circular arc of radius ρ. This force is given by

|F| = γm|v|2

ρ
, (1.2)
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for an object of rest massm and relativistic gamma factor γ = 1/
√

1− v2/c2. Substituting

in the magnitude of the Lorentz force and cancelling terms gives

γm|v|
ρ

=
|P|
ρ

= q|B|, (1.3)

in which |P| is the magnitude of the particle’s momentum. This equation is by convention

rearranged into the form

Bρ = P/q, (1.4)

the value of which is a parameter referred to as magnetic rigidity. This parameter effectively

quantifies the resistance of the beam to being redirected by a magnetic field, defining the ex-

pected radius of curvature for the beam when subject to a given magnetic field. Knowledge

of this enables the choice of appropriate field strengths for bending and focussing elements

to achieve the desired beam properties, and to direct it along our preferred trajectory.

1.1.1 Frenet-Serret Coordinates

To understand the behaviour of beams in accelerators where the trajectory curves, it is nec-

essary to establish some frameworks in which we can analyse the dynamics. Whilst in

principle the dynamics of the system are independent of our reference frame, the ability

to derive and solve the equations of motion is aided by a sensible choice of coordinates.

When analysing the focussing of a system, we need to understand the motion of particles

with respect to some idealised ‘reference’ trajectory; it becomes useful to think about the

system in terms of position along the reference trajectory, and displacements of individ-

ual particles with respect to the reference position that tracks along the trajectory. The

approach commonly taken in accelerator physics is to use Frenet-Serret coordinates [2].

In this coordinate system, positions are specified in terms of a distance s along the refer-

ence trajectory r0(s), and the transverse position orthogonal to the trajectory at the point

s. The locally-defined unit vector ŝ is then tangential to the reference orbit, whilst x and
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s

r0(s)

x̂(s)

ŝ(s)

ẑ(s)

x

z

r

Figure 1.1: A torsionless Frenet-Serret coordinate system.

z represent a pair of transverse coordinates defined with orthogonal unit vectors such that

x̂(s)× ŝ(s) = −ẑ(s). The Frenet-Serret formulae state that:

dŝ

ds
=

1

ρ
x̂ (1.5)

dx̂

ds
= −1

ρ
ŝ+ τ ẑ (1.6)

dẑ

ds
= −τ x̂ (1.7)

in which the scalar parameters ρ(s) and τ(s) parametrise the reference orbit in terms of a

radius of curvature and a torsion (the non-planar tendency of the curve). The dynamics of

a system can be simplified in the case where we can assume the torsion to be zero, and the

trajectory exists as a planar arc defined simply by its radius of curvature; in this case, Fig.

1.1 gives a diagrammatic representation of a Frenet-Serret coordinate system.
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In such a Frenet-Serret frame, an arbitrary point represented with coordinates (s, x, z)

corresponds to a Cartesian vector r as:

r(s) = r0(s) + xx̂+ zẑ. (1.8)

The relationship between the Cartesian coordinates (X, Y, Z) and the Frenet-Serret co-

ordinates (x, s, z), in the case that r0(s) describes a circular arc of constant radius ρ centred

on the origin, is then given by

X = (x+ ρ) cos

(
s

ρ

)
− ρ

Y = (x+ ρ) sin

(
s

ρ

)
Z = z

(1.9)

assuming the vector x̂ is collinear with X at s = 0.

The Frenet-Serret system gives a useful framework for parameterising motion of the

beam, and its response to focussing and defocussing forces induced by magnets.

1.1.2 Hamiltonian Dynamics

One of the most ubiquitous tools used in accelerator physics is Hamiltonian dynamics. The

Hamiltonian approach allows us to construct a system of coupled 2n first order differential

equations for 2n variables, given the kinetic and potential energy. A key advantage of the

Hamiltonian method is the ability to use canonical transformations to express the system

in the best possible phase space coordinate system, whilst preserving the invariants of the

system.

The Hamiltonian is defined as the Legendre transformation of the Lagrangian L,

H(pi, xi, t) =
∑

[ẋipi − L(xi, ẋi, t)], (1.10)

in which xi and ẋi are the position and velocity coordinates of the particle (dot notation

denoting the derivative with respect to the independent variable of the system, in this case

5



t), and pi is the canonical momentum - itself defined as follows:

pi ≡
∂L

∂q̇i
. (1.11)

The Lagrangian is expressed in terms of the kinetic energy T and the potential energy

V as

L = T − V, (1.12)

which, for a charged particle in a generalised electromagnetic field specified with a vector

potential A and a scalar potential ϕ is given as

L = −mc2
√
1− β2 − qϕ+ qv ·A, (1.13)

withm representing the mass of the particle, c the speed of light, e the charge of the particle,

and v its velocity, with β = v/c. The scalar and vector potentials are related to the magnetic

and electric fields via the following expressions:

B = ∇×A, (1.14)

E = −∇ϕ− ∂A

∂t
. (1.15)

The Hamiltonian for a charged particle in an electromagnetic field is then given as

H = qϕ+
√

(p− qA)2c2 +m2c4. (1.16)

Via the principle of least action, which acts to minimise the action of the system

W =

∫ t2

t1

[L(xi, ẋi, t)]dt, (1.17)

we obtain Hamilton’s equations

ẋi =
∂H

∂pi
, ṗi = −∂H

∂xi
, (1.18)

which characterise the equations of motion of the system.

Deriving practical equations of motion directly from Eq. (1.16) for non-trivial cases is

challenging, and making approximations to simplify this Hamiltonian is often convenient.
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For example, under the assumption that (p−qA)2 is small in comparison tom2c2, a Taylor

expansion [3] enables us to reduce the Hamiltonian to the form

H ≃ qϕ+
1

2m
(p− qA)2 . (1.19)

Applying Hamilton’s equations (Eq. (1.18)) gives firstly

dxi
dt

=
∂H

∂pi
= pi/m+ q

Ai

m
, (1.20)

and recalling that pi represents the canonical momenta of the system (in this case pi =

mvi +
q
c
Ai), this can be recognised as simply ẋi = vi. Secondly, using ṗi = −∂H

∂qi
,

ṗi = mẍi +
q

c
Ȧi =

(p− qA/c)

m
q
∂A

∂xi
− q

∂ϕ

∂xi

=qvj∇iAj − q∇iϕ,

(1.21)

then explicitly writing out the time-derivative of the vector potential

Ȧi =
∂Ai

∂t
+ vj∇jAi, (1.22)

to rewrite Eq. (1.21) as

mẍi = −q
(
∂Ai

∂t
+ vj∇jAi

)
+ qvj∇iAj − e∇iϕ, (1.23)

the identity v× (∇×A) = ∇(v ·A)− (v · ∇)A can be used together with the definitions

of the scalar and vector potentials (Eq. (1.14) and Eq. (1.15)) to obtain the familiar Lorentz

force law:

mẍ = q (E+ v ×B) . (1.24)

This result demonstrates the utility of the charged particle Hamiltonian to obtain useful

results, and the use of approximations to facilitate this. To employ such an approach, a

choice of coordinates must be made such that the dynamical variables remain small, and

thus that the Hamiltonian can be Taylor-expanded into a manageable form. For circular

accelerators, use of the Frenet-Serret coordinate system with an appropriate choice of ref-

erence trajectory is what enables this. However, a series of canonical transformations must
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first be employed to rewrite the relativistic charged particle Hamiltonian in the new basis.

A generating function of the third kind [4] can be used to define the transformation be-

tween the Cartesian coordinates and the Frenet-Serret coordinates: the equations relating

the Cartesian coordinates Xi and momenta Pi to the new Frenet-Serret variables (xi, pi) are

then

Xi = −∂F3

∂Pi

,

pi = −∂F3

∂xi
.

(1.25)

The transformation of the position variables is already known, as in Eq. (1.9), and this

enables us to derive an appropriate generating function F3:

F3 = −
(
(x+ ρ) cos

(
s

ρ

)
− ρ

)
PX − (x+ ρ) sin

(
s

ρ

)
− zPZ . (1.26)

The new momenta can then be computed as

px =PX cos

(
s

ρ

)
− PY sin

(
s

ρ

)
,

ps =PY cos

(
s

ρ

)
+ PZ sin

(
s

ρ

)
.

pz =PZ ,

(1.27)

A Hamiltonian transformed under a generating function of the third kind follows

H1 = H0 +
∂F3

∂t
, (1.28)

though F3 has no explicit time-dependence in the case described here. Writing the new

Hamiltonian, then, merely requires substitution of the new variables, and re-expressing the

Cartesian vector potential from the X, Y, Z-frame to the Frenet-Serret frame:

Ax =AX cos

(
s

ρ

)
− AY sin

(
s

ρ

)
,

As =AY cos

(
s

ρ

)
+ AX sin

(
s

ρ

)
,

Az =AZ .

(1.29)
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This gives

H1 = c

√(
ps

1 + x/ρ
− qAs

)2

+ (px − qAx)2 + (pz − qAz)2 +m2c2 + qϕ (1.30)

The Hamiltonian above describes the motion in terms of time t as the independent

variable, but the accelerator system is typically defined in terms of the positions of elements

along the reference trajectory; it is therefore convenient to make a switch of the independent

variable t to path length s instead, using a further canonical transformation. Using Eq.

(1.10) with the definition of the action (Eq. (1.17)), the action for 3-dimensional particle

motion in the Frenet-Serret coordinate system can be written as

W =

∫ t1

t0

[pxẋ+ psṡ+ pz ż −H]dt. (1.31)

The action can be written instead as

W =

∫ s1

s0

[pxx
′ + pzz

′ + ps −Ht′]ds, (1.32)

where q′ = dq
ds

. In the former definition, the conjugate variables are

(x, px), (z, pz), (s, ps) (1.33)

and by analogy, the conjugate variables for the latter can be recognised as:

(x, px), (z, pz), (H, t). (1.34)

In this case, ps becomes an invariant of the motion, and takes the place of the Hamiltonian in

the transformed system (i.e. Hs = ps). Expanding the Hamiltonian for relativistic particle

motion, Eq. (1.30), and rearranging for the new Hamiltonian pz, the following Hamiltonian

is derived:

Hs = ps = −
(
1 +

x

ρ

)√
(E − qϕ)2

c2
− m2c2

P0

− (px − qAx)2 − (pz − qAz)2

− q

(
1 +

x

ρ

)
As, (1.35)
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in which we have used the fact that Ht = T + V = E. By convention, we normalise the

Hamiltonian and momenta by a reference momentum P0 as follows:

H̃ =
H

P0

, p̃i =
p

P0

, (1.36)

giving

H̃ = p̃s = −
(
1 +

x

ρ

)√
(E − qϕ)2

P 2
0 c

2
−m2c2 − (p̃x −

q

P0

Ax)2 − (p̃z −
q

P0

Az)2

− q

P0

(
1 +

x

ρ

)
As (1.37)

as the final form of the accelerator Hamiltonian.

Additionally, this thesis concerns transverse dynamics only, and the longitudinal com-

ponents of this Hamiltonian are assumed to be constants, which can therefore be ignored.

However, a complete description of accelerator dynamics requires full consideration of

longitudinal motion in addition to transverse motion; whilst this thesis focusses on the

transverse stability and behaviour of the accelerator, understanding longitudinal motion

and coupling between transverse and longitudinal planes is vital to the development of

accelerators, and future studies may use the full 6D Hamiltonian.

1.1.3 Transfer Maps

A transfer map relates the dynamical variables of the accelerator at an arbitrary point s0 to

the dynamical variables at a second point s1:

x(s1) = M(x(s0)), (1.38)

where the 4-dimensional vector x = (x, p̃x, z, p̃z) denotes the transverse dynamical vari-

ables of the system, and M is some 4-dimensional vector with components that are func-

tions of these dynamical variables. In the case that the output variables can be said to

linearly depend on the input variables - which is sufficient to describe the behaviour asso-

ciated with small displacements from the reference trajectory, in many cases - then M can
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be expressed as a matrix product:

x(s1) = M(x(s0)) = Mx(s0). (1.39)

Transfer maps must be derived by solving the equations of motion for the region of space

between s0 and s1, and computing the integral over this distance. The simplest example of

a linear transfer map, or transfer matrix, is that of a drift space - i.e. a region of free space

where a particle is not affected by any external magnetic or electric fields. Beginning from

the Frenet-Serret Hamiltonian (Eq. (1.37)), we substitute in the corresponding vector and

scalar potentials (in this case, all components are zero) and take the limit ρ→ ∞ to obtain

Hs = −
√

(E − qϕ)2

c2
−m2c2 − p̃x

2 − p̃z
2. (1.40)

In order to find a set of linear equations of motion, we must expand this in terms of the

dynamical variables. Doing so we find

Hdrift ≃
p̃x

2

2
+
p̃z

2

2
, (1.41)

when we neglect constant terms (as the equations of motion depend only on the derivatives

of H). Applying Hamilton’s equations, we find for the horizontal coordinate

dx

ds
=
∂H

∂p̃x
= p̃x

dp̃x
ds

= −∂H
∂x

= 0.

(1.42)

The vertical equations of motion are identical in form (exchanging x for z). The above

equations are solved by solutions of the form

x(s) = sp̃x(s0) + C

p̃x(s) = 0 +D,
(1.43)

where C andD are constants to be found. Applying the boundary conditions that at s = s0,

x = x(s0) and p̃x = p̃x(s0) gives the exact solution to the equations of motion

x(s) = sp̃x(s0) + x(s0)

p̃x(s) = 0 + p̃x(s0),
(1.44)
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and doing the same for the z, pz plane enables us to write the full system as the 4D transfer

matrix for a drift of length L

Mdrift =


1 L 0 0
0 1 0 0
0 0 1 L
0 0 0 1

 . (1.45)

One consequence of deriving the map from the Hamiltonian in this manner is that it

guarantees symplecticity [4]. A symplectic matrix M with dimensions 2n× 2n is one that

satisfies the condition

MTSM = S, (1.46)

in which MT denotes the transpose of M, and S is a 2n×2n block diagonal square matrix

whose diagonals are S2:

S2

(
0 1
−1 0

)
. (1.47)

A symplectic matrix always has a determinant of 1, and the product of any two symplec-

tic matrices is itself symplectic. A symplectic transformation has an associated conserved

quantity that is always preserved; this gives rise to important results used in accelerator

physics, such as Liouville’s theorem, which states that the density of particles in phase

space is conserved for a Hamiltonian system [5].

1.1.4 Beam Optics in Periodic Systems

For a particle travelling multiple turns in an accelerator, the fields as seen by the reference

particle will necessarily be periodic on the scale of one turn: after one full revolution any

particle will once again see the same sequence of focussing elements in the same order.

However, circular accelerators (and even single-pass machines) are often periodic on a

smaller scale as well, being constructed from sequences of identical magnetic structures

termed ‘cells’. A cell refers to the smallest unit of periodicity of a lattice. By deriving

transfer matrices for each element of a cell, a first-order transfer map for the full period can
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be assembled by multiplying together each individual matrix:

MCell =
n−1∏
i=0

Mi, (1.48)

in which Mi represents the transfer matrix for the i-th element of the cell, and n is the

number of elements in the cell. Whilst this approach can be used to track individual parti-

cles, exploiting the property of periodicity in this map enables us to derive a description of

the dynamics of an entire beam - a more useful approach, when we consider the laborious

task of tracking every particle when real beams can comprise 1013 particles [6] or more. If

we assume decoupled motion (that the horizontal and vertical planes do not interact, and

the transfer matrix of the cell is a block diagonal), then we can consider the horizontal and

vertical motion separately using two separate 2 × 2 transfer matrices. Assuming periodic

motion, a horizontal 2×2 transfer matrix of the cell, Mx, can be written in terms of the pe-

riodic functions sin and cos and some phase advance µx that is a property of the focussing

structure, to give the matrix

Mx = I2 cosµx + S2A sinµx. (1.49)

In this, IN is the N × N identity matrix, and A is some matrix to be found. We can

place constraints on the elements of A from the requirement that Mx is symplectic. By

substituting Eq. (1.49) into Eq. (1.46), one finds that the off-diagonal elements of A must

be equal, enabling A to be written as

A =

(
γx αx

αx βx

)
, (1.50)

where α, β, and γ are known as the Courant-Snyder parameters [7]. The same substitution

also gives the constraint that βxγx−α2
x = 1. A consequence of the fact that this derivation is

independent of where in the cell we started our cell transfer matrix is that these parameters

can be calculated independently for any point in the cell, and can therefore be written as

functions of position s. βx(s) is often referred to as the beta-function. The horizontal cell
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transfer matrix can be expressed in terms of the Courant-Snyder parameters as

Mx =

(
cosµx + αx sinµx βx sinµx

−γx sinµx cosµx − αx sinµx,

)
(1.51)

a description that can be used to gain a number of insights into the behaviour of the beam.

The eigenvalues of this transfer matrix, λi are a conjugate pair given by

λ1,2 = cosµx ∓ sinµx

√
α2 − βγ

= cosµx ∓ i sinµx = e∓iµ

=
M11 +M22 ∓

√
M2

11 + 4M12M21 − 2M11M22 +M2
22

2
,

(1.52)

enabling the phase advance per cell to be calculated as

µx =

∣∣∣∣arctan [ Im(λi)

Re(λi)

]∣∣∣∣ . (1.53)

For stability, the phase advance µx must be real, and |λi| must be 1.

Normalising the phase advance µx by 2π gives a parameter which takes a value between

0 and 1/2. This can be related to a property known as the (horizontal) tune, qx, which refers

to the number of complete transverse oscillations made by a particle over one period; cell

tune refers to the number of oscillations over a cell, whilst ring tune (usually written with

a capital Qi) maps this over an entire revolution of the machine’s circumference. µx is

related to the fractional part of the tune by qx = µx/2π or qx = 1 − µx/2π depending on

whether the fractional tune is above or below 0.5.

When λi is real, the tune reaches zero; stable optics cannot be achieved in this case, as

this implies each particle returns exactly to the same position after one period (meaning that

any imperfections in the fields seen by the beam will add over the course of many turns).

For the opposite limiting case, where λi is entirely imaginary, we must take the limit

lim
λ→1

∣∣∣∣arctan [ Im(λ)

Re(λ)

]∣∣∣∣ /2π =
1

2
. (1.54)

This tells us that a particle will return to its original position after 2 periods. As a result, a

particle receiving a transverse kick will receive the same transverse kick after 2 turns, and
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the effect of any perturbations will again grow over time. The same logic in fact applies in

general for any case where

nQ = m, (1.55)

for integer n andm. This condition is known as a resonance, and the order of the resonance

is given by the value of |n|.

The tune can alternately be computed from the beta-function of a cell by integrating the

phase advance over one cell as

Qβ =
1

2π

∫ C

0

1

β(s)
ds, (1.56)

for a period of length C, and the fractional part can be taken by subtracting the integer

part of the tune to give 0 < qβ < 1. This is equivalent to the value of the fractional tune

calculated from normalising Eq. (1.53) by 2π for qβ < 1/2, but equivalent to 1−µx/2π for

qβ > 0.5. The fractional tune is computed using Eq. (1.53) throughout this thesis unless

otherwise noted.

If we record the position x and transverse velocity x′ = dx/ds of a particle at the same

point every cell as the particle travels through a periodic beamline, we find that (for a non-

integer tune) the particle traces an ellipse on the transverse x, x′ phase space plane (Fig.

1.2). The parameters of this ellipse are determined by the Courant-Snyder parameters at

the chosen point in the cell, as well as the amplitude of the individual particle, Jx (also

known as its action). The area of the ellipse, however, is a constant throughout the cell,

and is determined solely by the particle’s amplitude. We term the area of this ellipse the

single-particle emittance, ϵx (though it is also known as the Courant-Snyder invariant). The

emittance may be calculated as

ϵx
π

= γx2 + 2αxx′ + βx′2 = 2Jx. (1.57)

An emittance for a beam as an ensemble is then commonly defined by either taking the

root-mean-square single-particle emittance for all particles in the beam (called the r.m.s.
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Figure 1.2: Phase space ellipse for a single particle progressing through a linear, periodic
lattice. The geometry of the ellipse is given in terms of the Courant-Snyder parameters and
the emittance ϵ.

emittance) or taking the area of a fixed ellipse in phase space that contains a specified

fraction of the particles in the beam (termed the geometric emittance).

Under symplectic transformations, the area of the phase space ellipse is preserved, and

emittance is an invariant of the system.

1.2 History of Fixed Field Accelerators

Fixed-field accelerators – i.e. the class of machines whose magnetic fields are time-independent

– have a long history in accelerator physics, beginning with the development of the cy-

clotron in the 1930s.

Early cyclotrons were constructed of a pair of hollow D-shaped electrodes (termed

‘dees’), placed between the poles of an iron magnet [8] – an arrangement depicted in Fig.

1.3. With electrodes charged to opposite potentials, a charged particle with charge q cross-

ing the gap between them could gain energy proportional to the voltage difference between
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Figure 1.3: Diagram of an early cyclotron. [8]

the two ‘dees’ (which creates a corresponding electric field E). After crossing the gap, the

particle’s trajectory within the electrode would be bent in a circular fashion by the verti-

cally directed magnetic field B, according to the Lorentz force (Eq. (1.1)). After bending

through 180 degrees, a particle would once again encounter the gap. By engineering the

power supply such that the potential on the ‘dees’ would alternate with an RF frequency

that corresponded to the particle’s motion, it would then be possible to ensure that every

time the particle crossed the gap it would see an accelerating potential difference.

In the nonrelativistic case, the circular motion of a particle in a uniform magnetic field

is governed by the following relation:

mω = q|B|, (1.58)

where ω is the angular frequency of the motion, and m and q are the mass and charge of the

particle respectively. This shows that for a nonrelativistic particle in a uniform magnetic
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field, the frequency of revolution is constant and independent of the energy; i.e. the machine

is isochronous. Hence, the electrodes can be excited by a radiofrequency wave of constant

frequency.

These properties – a time-independent magnetic field, and constant RF frequency –

mean that the cyclotron is able to achieve incredibly energy-efficient operation (with beam

power in certain modern cyclotrons able to reach up to around 18% of the wall-plug power

[9]) and high beam current due to its ability to deliver a continuous beam. This mode of

operation is referred to as continuous wave (CW) operation. However, the isochronous

cyclotron as described above has a number of limitations. Firstly, when relativistic effects

can no longer be neglected, we must include a correction factor in the above relation (Eq.

(1.58)):

γmω = q|B|, (1.59)

where γ is the Lorentz factor. This implies that for isochronicity to be maintained (i.e.

for ω to remain constant) the B field must scale proportionally to γ. Hence, the B-field

must increase radially as the particle’s energy increases. Given that ω is constant, and ω is

defined as v/R, (v being the velocity of the particle and R the radius of its orbit), R must

be proportional to v. We can thus write

B(R) = γBc =
Bc√
1− β2

=
Bc√

1− (R/R∞)2
, (1.60)

in which two new quantities are defined: Bc (the [theoretical] magnetic field at the centre

of the machine, equal to mω/q), and R∞ = c/ω, the orbit radius for v = c.

However, vertical focussing must also be considered. To satisfy the requirement for

vertical focussing in an azimuthally-symmetric field, we find that there must be a radial

field component Br with magnitude proportional to the vertical displacement z from the

midplane, i.e.

Br = gz, (1.61)
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in which g is a scalar representing the gradient of the radial field. Consequently, from the

Lorentz force, we have

Fz = qvBr = qvgz, (1.62)

and we require the sign of g to be negative for stability in the vertical plane. From

Maxwell’s equations we have ∇×B = 0, and therefore we find that

∂Bz

∂r
=
∂Br

∂z
= g. (1.63)

The implication of this is that for g to be negative, and for vertical stability to be maintained,

Bz must too decrease with radius - a condition that is incompatible with the isochronicity

criterion, Eq. (1.60).

For this reason, isochronous cyclotrons with azimuthally-invariant field distributions

were limited in energy reach by relativistic effects; going to higher energies with such

machines would require breaking the isochronicity condition. This was initially seen as a

fundamental limitation of the cyclotron, with contemporary scientists predicting a maxi-

mum energy achievable with proton cyclotrons of the order of 12 MeV [10].

However, L. H. Thomas [11] proposed a solution: cyclotrons with azimuthally varying

fields (AVF cyclotrons) could be constructed. This configuration distorted the orbits from

being completely circular, and introduced azimuthal components into the magnetic field;

the interaction of radial components of the particle momenta with the azimuthal compo-

nents of the fields created an effect analogous to the edge focussing [7] discussed elsewhere

in accelerator physics. In many modern cases this azimuthal variation comes in the form of

dividing the cyclotron into a number of separated magnets, i.e. a so-called sector cyclotron,

in which case the vertical focussing can be considered directly as edge focussing. These

concepts are discussed in more detail in [12], and a discussion of isochronicity in these

machines may be found in [13].

Even so, isochronous cyclotrons are not without limitations. Looking at the isochronic-

ity condition, Eq. (1.60), as v approaches c, the required magnetic field grows asymptot-

ically. This places obvious practical constraints on the energy reach of the machine; for
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instance, the radial field gradient results in very small turn separation at the high energy ex-

treme, rendering extraction impractical. Even modern isochronous cyclotrons such as those

built at PSI [14] and TRIUMF [15] are designed for a maximum energy of only 500-600

MeV.

The only way to circumvent this limitation is to relax the isochronicity condition, mean-

ing that the angular frequency is no longer constant over the acceleration cycle. As a result,

the RF frequency must be ramped synchronously with the changing revolution frequency

as the particle is accelerated; this class of machine is known as a synchrocyclotron [16].

This removes the limit on the machine energy faced by the conventional isochronous cy-

clotron. However, it forces the machine into pulsed operation and, as a result, the maxi-

mum achievable beam current is drastically reduced. A more in-depth discussion of types

of cyclotrons and their associated dynamics may be found in [13]. Beam current and en-

ergy efficiency were some of the key advantages of the cyclotron, but these could not be

maintained at higher energies. Because of this, synchrocyclotron-type designs became un-

favourable compared to synchrotron alternatives – machines in which magnetic fields are

also increased in proportion to the beam energy. In synchrotrons, the beam can be con-

fined to a single closed orbit for all energies, reducing not only the footprint but also the

complexity and cost of the magnets. This would also simplify the optics of the machine

substantially, with tunes now able to be fixed such that they remain approximately constant

over the acceleration cycle, reducing any risks associated with resonance crossing.

Cyclotrons and early synchrotrons also faced limits associated with the focusing strength

of the optical systems, leading to large beam apertures and limiting the maximum energy

reach of machines.

In the early 1950s, physicists at Brookhaven National Laboratory recognised that an

array of magnetic quadrupoles with alternating polarities could be used to achieve stronger

focussing in both planes [17] - a principle that is now known as alternating gradient fo-

cussing. A quadrupole that is able to focus the beam in the horizontal plane induces a
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Figure 1.4: Diagram of the FODO structure in the horizontal and vertical planes: the lenses
labelled F represent the focussing magnets, whilst those with the label D represent the
defocussing magnets in the respective planes. The blue, green, and orange solid lines show
example trajectories through the FODO lattice, as projected onto the horizontal and vertical
planes, whilst the dotted black curve shows the overall envelope of the beam.

horizontal deflection towards the axis proportional to a particle’s horizontal displacement

from the axis; but simultaneously acts to defocus the beam in the vertical plane by inducing

a vertical deflection away from the axis proportional to the particle’s vertical displacement

from the axis; likewise, a vertically focussing quadrupole behaves as a horizontally defo-

cussing quadrupole.

These properties could be exploited by installing a horizontally focussing (F) quadrupole

to focus the profile of the beam to a minimum in the horizontal plane, and then installing

a vertically focussing (horizontally defocussing, or D) quadrupole at this beam ‘waist’. In

this manner, the defocussing effect of the vertical focussing quadrupole is minimised due

to the small displacement of particles from the axis at this point. A further horizontally fo-

cussing (F) quadrupole is installed as the beam grows again, and by these means a periodic

‘lattice’ of alternating gradient magnets is constructed (see Fig. 1.4).

This simple form of lattice, consisting of alternating F and D magnets with equal drift
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spaces between them, is known as a FODO lattice. This manner of focussing could easily

be introduced into synchrotrons, where the beam could pass directly through the middle of

the quadrupole magnets and the orbit would remain at a fixed position for all energies. This

led to synchrotron-type machines becoming the dominant solution for most high-energy

applications.

However, implementing alternating gradient focussing to cyclotron-type machines with

a nonzero beam excursion over the accelerating cycle was more complicated. This is be-

cause a beam passing through a quadrupole off-axis will experience a dipole (bending)

effect proportional to the displacement from the axis; this means that for a machine con-

structed of alternating quadrupoles, the direction of the bend will also alternate in sign. As

a consequence, the machine has to contain an element of reverse bending magnets within

the cell to achieve strong focussing.

Moreover, as machines reach progressively higher energies, emittance growth due to

resonance behaviour becomes an issue of increasing concern – especially in hadron ma-

chines (as in electron machines, radiation damping [18] is able to mitigate the beam growth

caused by resonance crossing). Previously, this had been a less critical issue, as the loss of

efficiency due to the resultant beam losses could easily be compensated by the CW opera-

tion of the machine, and at lower energies the impact of particles colliding with accelerator

components is much less damaging. In the synchrotron, focusing fields could be ramped

synchronously with beam energy to maintain constant tune and choose the working point

to avoid resonances, hence avoiding these effects at any energy. The idea to replicate this

property in a fixed-field machine led to the development of the scaling fixed field acceler-

ator (FFA) at MURA in the 1960s [19] (an idea also independently created by Ohkawa in

Japan [20], and Kolomensky in Russia [21]).
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Figure 1.5: Plan view of an example scaling FFA ring. Shaded regions show the magnet
positions, with the darker grey shade representing the reverse bend magnets.
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1.3 Scaling Horizontal-Excursion Fixed-Field Accelerators

It was realised that careful engineering of spatially-dependent magnetic fields could yield

the same constant-tune result in a fixed-field machine as achieved by scaling elements in

time in a synchrotron. This required two criteria to be satisfied. Firstly, an orbit for a given

energy would have to be geometrically similar to an orbit for any other given energy – i.e.

orbits could expand radially with increasing momentum p, but could not change shape (as

depicted in Fig. 1.5. This criterion is stated by Kolomensky as

∂

∂p

ρ(p)

ρ0(p)
= 0, (1.64)

in which ρ is the local radius of curvature of the orbit, and ρ0(p) is the mean radius of

curvature of the orbit at a given momentum. Simultaneously, the gradient must increase

radially such that each orbit sees the same focussing effect. The geometrical field index k

is defined as follows:

k = − r

Bz

∂Bz

∂r
, (1.65)

using Bz to denote the vertical magnetic field.

Since the field index must be a constant of the acceleration cycle, this leads to the

second requirement:
∂k

∂p
= 0 (1.66)

These criteria can be fulfilled by fields that follow the scaling law given below:

Bz(r) = B0

(
r

r0

)k

(1.67)

The local field gradient at some point (θ, r) is then given by kB0(θ)
(

r
r0

)k−1

. The k-value

is fixed, and r is always positive, so, to achieve alternating gradient focussing around a ring,

the sign of B0 must change with azimuthal position θ. Alternating the sign of B0 causes

not only an alternating gradient, however, but also an alternating dipole field, meaning that

an FFA requires reverse bends to realise alternating gradient focussing.
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A machine constructed to these specifications has the advantages of synchrotron-like

fixed tune and strong focusing, whilst maintaining the cyclotron’s advantages of time-

independent magnetic fields. The need to ramp the magnetic fields for the synchrotron

severely limits the synchrotron in a number of aspects: firstly, the repetition rate of the

machine is restricted by the rate at which the magnets can be ramped (many times slower

than for instance the ramping of the RF frequency), and, secondly, the ramping magnets are

much less energy-efficient than time-independent counterparts. DC magnets are addition-

ally much more suited to the application of superconducting technologies, which would

increase the energy efficiency of a machine. Pulsed operation of magnets, additionally, is

a common cause of failure in synchrotron machines: 17% of downtime of the ISIS syn-

chrotron between 2013 and 2017 could be attributed to failures of AC magnets and their

power supplies [22], compared to just 2% of downtime hours being ascribed to issues with

DC magnets and their power supplies. A fixed-field machine is thus able to eliminate one of

the principal sources of machine failure, leading to comparatively more reliable operation.

Moreover, the removal of the need for synchronously pulsed magnets relaxes the con-

straints on achievable pulse structures, enabling schemes such as beam stacking [23] to

be implemented. Beam stacking is a mode of operation in which a first beam is injected,

accelerated to some extraction energy E, and then allowed to debunch and coast while a

second beam is injected, accelerated to an energyE−dE and debunched [24]. This process

may be repeated indefinitely to accumulate coasting beams at close to top energy, where

they can all be captured and rebunched before extraction to form a single high-intensity

beam. By doing this, it becomes possible to increase the intensity of an extracted beam in a

machine where the intensity at injection is already restricted by space-charge forces (which

are more predominantly repulsive at lower energies [25]).

However, the FFA as described above is still limited in certain aspects. The scaling law

not only dictates that multipoles at all orders must be present, but also fixes their values as

a function of the k-value. This has implications for higher-order properties of the machine
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optics such as amplitude-dependent tune shifts, limiting the dynamic aperture (the area

of transverse phase space in which a particle can survive for a large number of turns).

Additionally, reverse bending cannot be eliminated (leading to an increased ring size over

what could be achieved without the need for reverse bending for the same energy), and the

need for synchronous RF means that CW operation is impossible.

To address the matter of the reverse bending requirement, which increases the minimum

footprint required for an FFA machine, the spiral-sector magnet was proposed [26]. These

magnets take advantage of edge focussing effects [7] in order to focus beams in the vertical

plane, eliminating the need for reverse-bend magnets. A requirement of maintaining the

scaling is that the edge angle (the angle of the magnet end plane with respect to the direction

of the beam) must remain constant as a function of the momentum – and therefore must

remain constant as a function of the radius. This constraint forces a modification of the

scaling law to include a term that accounts for the relationship between the radial coordinate

and the azimuthal dependence needed to maintain this property:

Bz(r, θ) = B0

(
r

r0

)k [
1 + sin

(
Nθ −N tan ζ log

r

r0

)]
. (1.68)

Here, N is the periodicity of the ring (i.e. the number of cells), θ is the azimuthal coordi-

nate, and ζ is a parameter defining the spiral angle. This idea was later generalised with

the development of the FD or DF spiral concepts [27], which proposed lattices incorpo-

rating some element of spiral angle as well as a reverse bend, occupying a middle ground

between the original radial-sector designs and the full spiral-sector reverse-bend-free ma-

chines. Figure 1.6 shows an example of a spiral-sector FFA lattice based on the FD-spiral

concept, and how altering the spiral angle affects its geometry. Due to the scaling law,

introducing a spiral angle affects not only the focussing strength at linear order, but also

the strength of higher-order multipole effects. This can negatively impact the machine’s

dynamic aperture, and understanding of these effects is therefore critical to choosing the

design parameters of any new ring.
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Figure 1.6: Plan view of FD-spiral FFA rings for different values of ζ .
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1.4 The Vertical-Excursion Fixed Field Accelerator

It is not in fact a requirement for an FFA that higher energy orbits must expand radially;

for instance fields could be constructed such that stable orbits for all energies could exist

as vertically translated copies of each other, and an accelerated particle could adiabati-

cally track between these orbits as its energy increases – a concept now known as the

Vertical-Excursion Fixed Field Alternating Gradient Accelerator (vFFA). This concept was

originally proposed by Ohkawa [28] , who referred to it as the electron cyclotron, and was

further studied by Leleux [29] and Teichman [30]. In recent years, the concept was inde-

pendently rediscovered by Brooks [31], and studied using modern numerical techniques

and tracking codes by a number of groups [32, 33, 34].

The vertical translation of successive orbits satisfies Eq. (1.64) by default, but a new

relation is required to describe the vertical scaling of the fields. As an equivalent to the

field index for the horizontal excursion FFA (henceforth referred to as an hFFA), a vFFA

normalised field gradient m can be defined as:

m =
1

Bz(z)

∂Bz

∂z
(1.69)

To ensure scaling (i.e. constant focusing strength as a function of energy), this m must not

depend on the momentum of the orbit – i.e.:

∂m

∂p
= 0, (1.70)

and hence
∂

∂z

(
1

Bz

∂Bz

∂z

)
= 0, (1.71)

implying (
∂Bz

∂z

)2

−Bz
∂2Bz

∂z2
= 0, (1.72)

which can only be satisfied by

Bz(z) = B0e
mz. (1.73)
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Figure 1.7: 3D view of an example scaling vFFA ring. Shaded volumes show the magnet
geometry, with the darker grey shade representing the reverse bend magnets.
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By adhering to this scaling law, it becomes possible to construct a machine with constant

tunes over the acceleration cycle where higher energy orbits are vertically stacked above

lower energy orbits (illustrated in Fig. 1.7). In this configuration, the advantages of the

scaling hFFA are maintained, but all orbits share the same path length. This fact means

that, for a relativistic particle (v ≃ c), the machine can be operated isochronously.

The vFFA represents a machine that is, in principle, capable of cyclotron-level power

efficiency and reliability, synchrotron focussing strength and energy reach, and arbitrary

repetition rates and pulse structures. This renders it an ideal candidate for machines on the

intensity frontier (e.g. spallation source proton drivers), or machines where rapid acceler-

ation from injection to top energy is a priority (e.g. muon accelerator rings). Its dynamics

and behaviour, and the process of optimising vFFA lattices, however, have seen little study,

and current understanding relies purely on extensive numerical simulation. In order to re-

fine the understanding of the machine, and to develop efficient lattice design processes,

new formalism and investigative techniques must be developed.

1.5 Acceleration in FFAs

As discussed in Section 1.1, magnetic fields alone cannot induce an energy gain in a par-

ticle. The beam’s energy may only be increased by passing through an electric field com-

ponent aligned with the momentum of the beam. In multi-pass machines, this requires an

alternating electric potential.

In the case of the classical cyclotron, this was achieved using electrodes (dees) charged

using an alternating radiofrequency (RF) voltage. However, this approach became limited

at higher frequencies, where the wavelength of the RF is similar to the dimensions of the

resonant circuit that creates the alternating field [35]; in this case, the power radiated from

the system begins to become significant and efficient acceleration is no longer possible. It

is this factor that led to the development of the cavity resonator for accelerators.
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Particle beam
Cavity axis

Figure 1.8: Schematic representation of an RF cavity. The electric field lines are depicted
as blue lines between the cavity walls (solid black lines).

A cavity resonator (usually referred to as an RF cavity in accelerator physics, due to

the frequencies used) is a hollow structure comprised of a thin conducting shell. A source

of electromagnetic waves with frequency corresponding to a resonant frequency of the

cavity is able to induce standing wave modes within the cavity, as illustrated in Figure 1.8.

By engineering the geometry of a cavity such that it resonates in a mode with longitudinal

electric field components along the axis (oscillating at a frequency that is an integer multiple

of a beam’s revolution frequency), the cavity can be used to accelerate a beam. The ability

of a cavity to accelerate a beam is often expressed in terms of its gradient, written in units

of voltage per metre, which is the accelerating voltage seen by the beam divided by the

longitudinal dimension of the cavity.

In FFAs, due to the excursion of the beam during the acceleration cycle, it is necessary

to construct cavities with wide transverse apertures and wide ‘good field regions’ - i.e. min-

imising transverse field components across the width of the region occupied by the beam

during acceleration. Depending on the properties of the machine, and the energy ranges in

which it operates, it may also be necessary to adjust the frequency of the accelerating field

during the acceleration. An example of an FFA cavity with tunable resonant frequency is

discussed in [36].

These accelerating cavities are inserted in drifts between the magnets (Fig. 1.9 shows
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Figure 1.9: Layout of the KEK 150 MeV facility, showing the position of the RF cavity in
the ring. Reproduced from [36].

the layout of an FFA including an accelerating cavity) at one or more locations around the

ring. When a cavity imparts energy to the beam, this results in an effective translation of

the equilibrium orbit for the beam, and this is what causes the excursion of the beam from

injection to extraction.

1.6 Applications of FFAs

Fixed Field Accelerator technology is well-suited to a wide range of different use-cases, of

which some examples are listed below.

The capacity for robust, reliable, and efficient operation combined with high repetition

rate acceleration profiles makes FFAs a good candidate as a driver accelerator for Accel-

erator Driven Subcritical Reactors (ADSR) [37]. ADSR machines are a class of nuclear

reactor which is operated below the critical limit for a self-sustaining nuclear chain re-

action; the reaction is instead sustained by externally-produced neutrons originating from

the impingement of a proton beam on a target. The most immediately obvious advantage
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of such a machine would be superior safety characteristics in comparison to conventional

reactor types, as failures would not be able to result in uncontrolled criticality incidents.

However, this is not the only application of the ADS technology: ADSR reactors would

be capable of transmuting (and use as fuel) minor actinide and long-lived fission products

found in nuclear waste from conventional reactors, giving a safe and effective way to reduce

the negative impacts associated with nuclear power.

An accelerator designed for the operation of this type of reactor needs to be able to con-

tinuously provide a beam with minimal downtime and maximum power efficiency (in order

to optimise the facility’s power output), rendering an FFA an ideal choice as a candidate

proton driver for ADSR facilities. This synergy was tested with experiments at the Kyoto

University Critical Assembly [38], a research reactor which was driven by the KURNS

main ring FFA [39].

The ability for high repetition rate operation, in combination with the delivery of arbi-

trary pulse structures, would also be a key advantage for a future neutron spallation source

such as ISIS 2 [40]. Spallation sources accelerate a high-intensity proton beam to an en-

ergy on the GeV scale before colliding the beam with a target. This causes the excitation

of nuclei in the target, promoting the ejection of neutrons, which are directed towards ex-

periment stations. Here, the neutron pulses are used in techniques such as neutron diffrac-

tion for imaging atomic and magnetic structure (which has applications across a variety of

fields, from materials science to biomedical research). The ISIS facility [41] additionally

has the ability to produce muon beams (via the impact of the proton beam on a graphite

target, causing the production of pions which decay to muons).

An FFA in this context gives the potential for operation at a similar repetition rate to the

Rapid Cycling Synchrotron (RCS) spallation facilities currently in operation [41, 42], but

with enhanced power efficiency (due to reduction in eddy current losses during ramping

of magnets, and the possibility to operate entirely with superconducting magnets). At the

same time, intensity limits that affect synchrotrons of comparable injection energies can be
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surpassed via the use of the beam stacking technique discussed previously. Additionally,

flexibility in pulse structure would grant increased versatility in meeting the demand of

users at the facility.

Removing the constraint of keeping acceleration in line with the ramp rates of mag-

nets also enables more rapid acceleration to high energies than might be achieved with

conventional synchrotrons. Acceleration to top energy within a minimal time interval is a

critical requirement for the acceleration of short-lived particles, such as muons, which have

a lifetime of 2.2µs [43] in their rest frame. The ability to rapidly accelerate muons would

render feasible the construction of a muon collider for high energy physics. The choice

to accelerate muons over electrons gives a means to circumvent the energy limits faced

by circular electron colliders (imposed by synchrotron radiation [44]), whilst avoiding the

disadvantages associated with colliding hadrons (which are compound particles, leading to

a smaller fraction of the total energy being available to each parton in a collision, and intro-

ducing additional uncertainties into collisions due to the momentum distribution of partons

within the proton). As such, a muon collider is a promising candidate for a future energy-

frontier physics experiment, and the application of FFA technology in this context would

serve to facilitate rapid muon acceleration with a high survival rate to collision energy. The

potential power savings of an FFA over an equivalent pulsed-magnet design are also a key

advantage for this application.

An additional potential application for FFA technology is in the medical field, where

accelerators (often cyclotrons) are used for the treatment of tumours in hadron therapy

[45]. Here, cheap operating costs and high reliability are critical to maximising patient

throughput and positive treatment outcomes. FFAs have the potential to deliver this type

of performance for proton and ion therapy in applications currently served by synchrotrons

[46] where a range of different treatment energies are desired (without the use of the energy

degraders typically required to vary the energy of the output beam in cyclotrons [47]).

The application of FFA technology to this use case has been explored in design studies
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including the RACCAM project [48], which proposed a spiral-sector scaling FFA with

variable extraction energy for proton therapy, and the PAMELA collaboration [49], which

explored the use of a non-scaling FFA ring for charged particle therapy. Recent studies

have also revealed the prospect of more effective cancer treatment with high-intensity dose

delivery, which has been named FLASH therapy [50]. FFAs would be able to access these

intensity regimes, enabling further clinical testing of this effect and, ultimately, treatments

using FLASH dose rates, pending positive results from clinical trials.

Moreover, FFA principles may be applied to beam transport and delivery systems to

facilitate transport of multiple energies without alteration of magnet settings, enabling rapid

energy switching and thereby facilitating more advanced treatment and increasing patient

throughput [47].

1.7 Thesis Outline

The structure of this thesis is as follows.

Chapter 2 discusses methods of determining analytically appropriate reference orbits

for both hFFAs and, for the first time, vFFAs, together with the limitations of these meth-

ods. In Chapter 3, the Hamiltonian formalism is used to derive linear transfer maps for ac-

celerator elements in both types of machines. These are then used in combination with the

orbit models from Chapter 2 to develop complete optical models of h- and vFFAs. Lastly,

Chapter 3 also contains a short discussion of the regions in which the assumptions used

to derive the analytic models break down, and introduces a numerical method, ‘Harmonic

Analysis’ for studying the optics of vFFAs in these cases.

Chapter 4 is concerned primarily with nonlinear effects in hFFAs, examining the sources

of tune shift using the harmonic analysis methodology, and employing simulations to check

this work. This chapter additionally contains experimental methods and data analysis for

an experiment used to achieve the first measurements of amplitude-dependent tune shifts in

a radial-sector DFD triplet hFFA, which confirms the findings of the harmonic analysis and
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computational studies. The harmonic analysis technique is then applied to a novel lattice

and used to probe the effects of spiral angle on amplitude-dependent tune shift in hFFAs.

Lastly, Chapter 5 uses the analytic model of the vFFA to examine in detail one possible

use-case for the vFFA technology in the context of a muon collider complex. The analytic

model is first used to give insight into optimisational procedures given an existing lattice

as a starting point, and then employed to design new lattices to target different sets of

parameters.

Conclusions and recommendations for further work are summarised in Chapter 6.
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Chapter 2

Closed Orbits in Fixed Field
Accelerators

The development of new particle accelerators depends on our ability to predict their be-

haviour prior to construction. Resources may only be invested into the construction of a

machine given that we are able to predict its eventual performance, and that we are certain

that it will behave as expected and produce results for the end user. To this end, a num-

ber of tools are employed, from the linear optics formalisms developed by Courant and

Snyder [51] to modern numerical optimisation routines and particle tracking codes. Whilst

the latter may offer the most complete picture of the behaviour of a beam given a spec-

ified arrangement of magnets, each configuration must be evaluated separately, which is

computationally intensive and time-consuming, ultimately offering limited understanding

of the effect of varying any individual parameter on the machine’s behaviour. This point is

once again critical when it comes to the operation of a machine following its construction:

an operator must understand the effect of each input on the beam, and which to change to

achieve the desired effect. The existence of a refined model and a detailed understanding

therefrom, then, is crucial to the implementation and operation of any accelerator type.

These models are especially important for scaling FFAs, where all orders of the magnetic

field are dictated by scaling laws, causing an complex interdependence of orbit and optics

parameters. Of particular importance is the development of modelling techniques for the

vFFA.
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Modelling of particle accelerators first requires the determination of an appropriate ref-

erence orbit. In synchrotrons and linear accelerators (linacs), typically a desired trajectory

is determined, dipole elements are placed to achieve this trajectory, and focussing elements

(quadrupoles and higher order correctors) are then positioned about this specified orbit. For

periodic lattices, it is a requirement that this trajectory be a closed orbit - i.e. that the trajec-

tory returns to an identical position in terms of the local coordinate system after one cell. In

contrast to synchrotrons and linacs, modelling of an FFA is complicated by the requirement

that the accelerator must support a continuum of closed orbits as a function of energy, and

that each closed orbit must be determined by the configuration of the lattice - the closed

orbit cannot be set a priori. This chapter explores methods of determining closed orbits in

FFA-type machines, deriving analytic results for a number of different lattice geometries,

and benchmarking these against results from numerical simulations.

These models offer insight into the behaviour of the FFA system, compared to the more

‘black-box’ approaches of numerical simulation; an analytic solution for the closed orbit

system reveals precisely how a desired variable (e.g. on-beam magnetic field strength) may

be affected by changing a given set of input parameters. Moreover, establishing a lattice

with a closed orbit at a new point in parameter space can be challenging in a pure numerical

approach, particularly with a complicated multidimensional parameter space such as that

required for the vFFA; the derivation of an analytic model solves this issue, and can be

used to inform numerical simulations when more detail is required than the analytic model

can provide in itself. Numerical simulations are also computationally intensive, and require

many CPU-hours to completely explore a parameter space. By contrast, the analytic models

developed here provide solutions for a given input effectively instantaneously, and are well-

suited to the exploration of multidimensional parameter spaces. However, analytic models

of closed orbits need to rely on a number of approximations to allow for exact solutions,

and to verify the models’ accuracy it is necessary to test their predictions against numerical

tracking models in which these approximations have been relaxed.

38



This chapter reviews approaches to determining closed orbits in hFFA FODO and

triplet rings, and derives for the first time equivalent solutions for vFFA lattices based on a

straight-line FODO geometry as well as triplet and FODO ring geometries. Results from

each model are then tested for a range of inputs, and compared with equivalent numerical

simulations, to understand the behaviour and limitations of these closed orbit models. The

effect of fringe fields on closed orbits in vFFA lattices is then discussed in more detail at

the end of the chapter.

2.1 Closed orbits in hFFA FODO Lattices

A FODO lattice is here defined as a lattice with two elements per cell - one horizontal

focussing (normal bend) element and one horizontal defocussing (reverse bend) element.

The midpoints of these are spaced evenly (such that, if the cell is defined from the midpoint

of the F-magnet, the centre of the cell is the midpoint of the D-magnet, and the cell is

symmetric about this point). A half cell (i.e. from the midpoint of the F-magnet to the

midpoint of the D-magnet) of an hFFA FODO lattice is shown in Fig. 2.1.

2.1.1 Analytic model

As a first step towards the lattice design of an hFFA, we begin by developing an analytic

model for a closed orbit based on a number of assumptions: firstly, that the field is zero out-

side of the magnets (i.e. fringe fields can be neglected); secondly that the field is constant

along the closed orbit trajectory within the magnets; and lastly that the closed orbit lies on

the horizontal magnet midplane (given that there is zero horizontal field on the midplane).

Under these approximations, a 2D closed orbit model can be constructed from circular arcs

of constant radius and straight lines joining these arcs (Fig. 2.1) [52].

The geometry of the system is then parameterised in terms of the number of cells in the

ring (N ), the opening angle of the F and D magnets from the machine centre (respectively

βF and βD), the radius of the orbit at the centre of the F-magnet (r0), and the bending
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Figure 2.1: 2D geometry of a closed orbit
(red) through a half-cell of an hFFA FODO
lattice, beginning at the midpoint of the F-
magnet and finishing at the midpoint of the
D-magnet. The diagram shows the projec-
tion on the horizontal plane, with O denot-
ing the machine centre, and the green and
blue shaded regions depicting the horizontal
F and D magnets respectively. The geom-
etry is symmetric about the centre of the F
and D magnets, so the properties of the half-
cell completely determine the geometry of
the whole cell.

Parameter Definition
βF ∠AOB
βD ∠COE
π
N

∠AOE
r0 OA
θF ∠AFB

Variable Definition
θD ∠CDE
ρF AF = BF
ρD CD = ED
r1 OB
r2 OC
r3 OE
Ls BC

Table 2.1: Definitions of all input parameters
and output variables that completely specify
the geometry of an hFFA FODO closed or-
bit in terms of Fig. 2.1. Note that whilst the
figure depicts radial sector magnets, the prop-
erties of the closed orbit geometry, and the
definitions above are identical for spiral sec-
tor magnets.
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angle in the F-magnet (θF ). These parameters uniquely determine the geometry of the

closed orbit. There are a number of remaining variables in the geometry that set important

lattice properties, and these can be evaluated as a function of the input parameters: the

bending angle in the D-magnet (θD); the radii of curvature in F and D magnets (ρF and

ρD respectively); the radii of the orbit with respect to machine centre at the edge of the F

magnet (r1), edge of the D-magnet (r2), and centre of the D-magnet (r3); and the length of

the path travelled between the two magnets, Ls. The parameters and variables listed here

are defined geometrically in Fig. 2.1 and Table 2.1.

First, ρF can be set using the relationship

ρF (sin θF + [1− cos θF ] tan βF ) =
r0 sin βF
sin θF

, (2.1)

which is derived from computing the length AG. r1 is then determined from evaluating the

length HB:

ρF sin θF = r1 sin βF . (2.2)

r2 can be computed by considering the length OJ , leading to the relation

r2 (cos [π/N − βD] + sin [π/N − βD] tan θF ) = r1 (cos βF + sin βF tan θF ) . (2.3)

The normal bend of the F magnet and the reverse bend of the D magnet must sum to

the total bending angle of the cell, and as a result we find

θF − θD =
π

N
. (2.4)

ρD may then be determined from r2, βF and θD using

r2 sin βD = ρD sin θD, (2.5)

by analogy to Eq. (2.2). r3 can be computed with

r3 = r2 cos βD − ρD(1− cos θD), (2.6)
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and finally the drift length Ls may be calculated using the equation

Ls = r2 sin(π/Nc− βF − βD)/ cos(θF − βF ). (2.7)

The equations above give a complete set of geometrical parameters needed to evaluate an

hFFA FODO lattice.

2.1.2 Numerical Benchmarking

The analytic model relies on the set of approximations described at the beginning of the

previous section, and does not fully account for every aspect of the machine that may affect

the closed orbit (e.g. soft edges of magnetic fields, fringe field effects, and transverse field

gradients). To check its performance, an alternative approach is needed, making use of a

more complete description of the magnetic fields. This is done using the numerical integra-

tion code FIXFIELD [53], discussed in Appendix A. FIXFIELD uses a 4th order Runge-

Kutta method [54, 55, 56] to track a charged particle with given momentum numerically

through an arbitrary superposition of magnetic fields using a fixed step size (in this case

0.01m). To find a closed orbit for a given cell, the particle is initiated on the azimuthal cell

boundary with a given set of 4D transverse coordinates (radial position, vertical position,

and the corresponding momenta). Tracking is then applied until the particle encounters

the opposite cell boundary, and the transverse coordinates at this point are recorded using

an interpolative method. The 4D transverse displacement between initial and final coor-

dinates is computed, and a numerical optimisation method (e.g. the Nelder-Mead simplex

[57]) is used to pick a new set of initial coordinates. The process is then iterated until the

displacement between initial and final coordinates is smaller than a chosen threshold value.

A model of an hFFA FODO cell is assembled in FIXFIELD according to the parame-

ters shown in Table 2.2, which are based on the parameters of the FETS-FFA demonstrator

ring [58] - in this case the azimuthal spacing of the magnets has been adjusted to match the

FODO geometry (i.e. evenly spaced F- and D- magnets). The magnets are modelled with a

field falloff governed by an Enge function [59], with the c1 coefficient given in the table as
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Parameter Value
N 16
βF 2.25°
βD 1.15°
r0 4m
θF 19°
k 8.0095
c1 0.07m

Table 2.2: Default parameters of the example hFFA FODO lattice used to generate Fig.
2.2. The field index k and the Enge c1 coefficient are used to inform the numerical model,
and do not affect the analytic model.
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F = 14.32
F = 16.62
F = 18.91
F = 21.20
F = 23.49

Figure 2.2: Closed orbit for a range of different θF values in an example hFFA FODO
lattice; solid lines show the analytic prediction of the closed orbit, whilst the dashed lines
represent the closed orbit from the numerical evaluation. The grey shaded regions show the
positions of the F and D magnets, and the grey lines indicate the position of the origin. θF
is varied whilst all other parameters are kept at the nominal values described in Table 2.2.
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an effective fringe field length. The fields of the two magnets in FIXFIELD are computed

from the bending radii of the F and D magnets, accounting for the magnetic rigidity of the

test particle (see Eq. (1.4)). Figure 2.2 shows the effect of changing the bending angle of

the F-magnet on the closed orbit in both analytic and numerical models. As θF increases,

the difference between r0 and r1 increases. Consequently, the field gradient of the magnet

begins to have a greater effect, weakening the approximation of a constant radius arc of cir-

cle. Figure 2.3 shows a comparison between the vertical dipole field in the analytic model

and the numerical simulation, showing an increased azimuthal variation in field strength

over the length of the magnet as θF is increased. This causes a discrepancy between the

dipole components of the two models that grows with θF , leading to a proportional increase

in the difference between the analytic and numerically simulated closed orbits (Fig. 2.4).

Nonetheless, for the range of values tested, the difference between the analytic prediction

and the numerical simulation remains small, with a maximum radial difference between

the two models of 0.02% (recorded at the centre of the D-magnet).

2.2 Closed orbits in hFFA triplet Lattices

A triplet lattice is defined as a lattice with three magnets per cell - two identical magnets

symmetrically positioned about a magnet of opposite polarity (Fig. 2.5). As such, the

cell can be configured as either an DFD or FDF triplet, depending on whether the central

magnet is a normal or reverse bend magnet; whilst the diagram and the equations that

follow are defined in terms of a DFD configuration, exchanging the sign of θF and making

some corresponding sign changes in the following equations makes it possible to switch to

an FDF configuration. This chapter considers only the case where the internal drift length

between the external magnets and the central magnet is small compared to the lengths of

the magnets and the external drift.
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Figure 2.3: Vertical magnetic field Bz on the closed orbit for the example hFFA FODO
lattice; solid lines show the analytic value, whilst the dashed lines represent the field mea-
sured in the numerical simulation.
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Figure 2.4: The first subplot displays the vertical B field in the F- and D-magnets of the
example hFFA FODO lattice as θF is varied, with the solid lines displaying the value pre-
dicted by the analytic model, and the dotted line corresponding to a value measured from
the numerical simulation averaged over the length of the magnet (to account for the az-
imuthal variation. The lower subplot displays the mean displacement of the analytic closed
orbit from the numerical closed orbit as a function of θF .
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Figure 2.5: 2D geometry of a closed orbit
(red) through a half-cell of an hFFA triplet
lattice, beginning at the midpoint of the F-
magnet and finishing at the midpoint of the
drift. The diagram shows the projection
on the horizontal plane, with O denoting
the machine centre, and the green and blue
shaded regions depicting the horizontal F
and D magnets respectively. The geometry
is symmetric about the centre of the F mag-
net and about the centre of the drift, so the
properties of the half-cell completely deter-
mine the geometry of the whole cell.

Parameter Definition
βF ∠AOB
βD ∠BOC
π
N

∠AOE
r0 OA
θF ∠AFB

Variable Definition
θD ∠BDC
ρF AF = BF
ρD BD = CD
r1 OB
r2 OC
r3 OE
Ls CE

Table 2.3: Definitions of all input parameters
and output variables that completely specify
the geometry of an hFFA triplet closed orbit
in terms of Fig. 2.5. As in the previous sec-
tion the figure depicts radial sector magnets,
though the properties of the closed orbit ge-
ometry, and the definitions above are identi-
cal for spiral sector magnets.
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2.2.1 Analytic model

Applying the same approximations used in Section 2.1.1, it is possible to construct a model

of the geometry of the closed orbit through an hFFA triplet lattice. The input parameters

and output variables are defined in Table 2.3. Many of the constraints in Section 2.1.1

remain the same: Eq. (2.1-2.4) can be used to determine ρF , r1, and θD respectively. Then,

ρD can be computed from known parameters by evaluating the length BK (Fig. 2.5):

ρD (sin (θF − π/N)− (1− cos(θD)) tan (π/N − βF − βD)) =

r1 (sin(π/N − βF )− cos(π/N − βF ) tan(π/N − βF − βD)) .
(2.8)

Next, deriving an expression for the length OM enables r2 to be calculated:

r2 cos(βF + βD) = (r1 cos(βF )− ρD sin(θD) sin(π/N)− ρD(1− cos(θD)) cos(π/N)),

(2.9)

and r3 can then be found through simple trigonometry as

r3 = r2 cos(π/N − βF − βD). (2.10)

Lastly, the drift length is simply given by

Ls = r2 sin(π/N − βF − βD). (2.11)

2.2.2 Numerical Benchmarking

A simulated model of a triplet lattice is generated based on magnet positions and magnetic

fields computed from the results of the analytic model (with input parameters listed in Table

2.4).

Figure 2.6 shows closed orbits through a number of different triplet lattices with dif-

ferent θF . It is evident here that the error is more sensitive to the value of θF than in the

previously simulated FODO case. This is due to the short length of the D-magnet for this

lattice causing fringe-field effects to become more dominant - as the D-magnet is 32cm in

length at the reference radius r0, and the characteristic length of the fringe fields on each
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Parameter Value
N 12
βF 5.40°
βD 3.43°
r0 5.4m
θF 45°
k 7.6
c1 0.07m

Table 2.4: Default parameters of the example hFFA triplet lattice used to generate Fig.
2.6. These parameters are based on the DFD triplet lattice operated at the Institute for
Integrated Radiation and Nuclear Science (KURNS) [39]. The field index k and the Enge
c1 coefficient are used to inform the numerical model, and do not affect the analytic model.
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F = 14.32
F = 18.91
F = 23.49

Figure 2.6: Closed orbit for a range of different θF values in an example triplet lattice
based on the parameters of the KURNS FFA ring; solid lines show the analytic prediction
of the closed orbit, whilst the dashed lines represent the closed orbit from the numerical
evaluation. The light grey shaded region shows the position of the F magnet, whilst the
D magnet is shown in dark grey. θF is varied whilst all other parameters are kept at the
nominal values described in Table 2.4.
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end is 7cm, this means that there is a large degree of variation from the nominal constant

dipole field over the length of the magnet.

In this section we have shown that, for the hFFA, the use of an analytic model based on

the geometry of the accelerator enables the determination of the closed orbit from input pa-

rameters; the same input parameters can be used in numerical simulations to obtain closed

orbits that closely follow the predictions of the analytic model, even when factors such as

fringe field effects and magnet gradients are considered.

2.3 Closed orbits in vFFA FODO Lattices

Whilst analytic models for hFFA design and operation have existed for a number of years,

modelling of the vFFA closed orbit so far has relied entirely on computational studies

using tracking codes. The practicality of the vFFA as a feasible machine for real-world

applications depends on the ability to make ready estimates of beam behaviour. Opera-

tion of a machine requires knowledge of its response to changes in input, and having an

online model available for use in a control room can be of vital importance in achieving

operational goals. An analytical model also gives a sense of intuitive understanding of the

behaviour of such a machine, which at present is a disadvantage of the concept compared

to existing synchrotrons, cyclotrons or even hFFAs - despite the potential advantages (as

discussed in Chapter 1).

As for the hFFA, a FODO cell is defined as a two element cell with evenly spaced

normal bend and reverse bend magnets. Figure 2.8 illustrates the geometry of an example

vFFA FODO half cell. Importantly, the closed orbit here can exhibit curvature both hori-

zontally and vertically, a phenomenon first studied using numerical integration codes [32].

Understanding the properties of this nonplanar orbit is critical to correctly modelling the

dynamics of the vFFA machine.
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Figure 2.7: Closed orbit of a straight vFFA FODO half cell (i.e. zero net bending angle).
The closed orbit is shown in red, whilst the F-magnet and D-magnet are drawn in green
and blue respectively. z denotes the vertical axis, x the horizontal, and y the longitudinal.
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Figure 2.8: Closed orbit of a vFFA FODO half-cell with a nonzero net bending angle. The
closed orbit is shown in red, whilst the F-magnet and D-magnet are drawn in green and blue
respectively. The z-axis is positioned at the machine centre, and r is the radial direction.
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2.3.1 Analytic model

To develop a model of closed orbit behaviour in the vFFA, it is first necessary to come up

with a set of approximations that simplify the system, and a set of constraints that, together

with the approximations, enable a complete description of the system. For the hFFA it was

seen that the geometry could be parameterised in terms of circular arcs and straight line

segments under a small set of specific approximations. As a first-pass analytic approach

to the vFFA, the same approach is possible, beginning from a similar set of assumptions.

First, it is assumed that outside of the magnet boundaries the field is zero, and the closed

orbit is straight. Second, it is assumed that the magnetic field is constant along the orbit

inside the magnets; hence, the orbit follows a plane circular arc within the magnet. In

contrast to the hFFA, tracking studies [32] have shown that the orbit cannot be assumed to

lie in the horizontal plane; instead, different constraints must be imposed.

From symmetry, the orbit must be perpendicular to the boundaries of the half-cell (Figs.

2.7 and 2.8) when it crosses these points. The boundaries exist within the magnets, and

hence the orbit at the boundary must exist as a section of a plane circular arc. To achieve

a vertical deviation of the orbit that matches the behaviour observed in tracking, the planes

of curvature must be transformed such that they are no longer purely coplanar with the

horizontal plane. The only valid transformations that preserve the perpendicularity con-

straint at the boundary are rotations of the plane of curvature about an axis perpendicular

to the cell boundary; the angle of this transformation, or the inclination, is denoted γ. This

can be seen in its simplest case in Fig. 2.9, which illustrates a cell of a straight-line vFFA

FODO lattice: in this case, the inclination angles for each magnet are defined as ∠AFB

and ∠HDE respectively. Inclination is specific to each magnet, and may not necessarily

be the same between different magnets in the same lattice.

It is important to relate this geometry to the magnetic fields of the vFFA, and thereby

to justify the approach of approximating the orbit as an inclined planar arc. Maintaining

the assumption that the field is constant over the length of the magnet, and using a set
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Figure 2.9: 3D geometry of a closed orbit through a half-cell of a vFFA FODO lattice with
zero net bending, beginning at the midpoint of the F-magnet and finishing at the midpoint
of the D-magnet.

Parameter Definition
LF GJ
LD KH
Lc GM
θF ∠AFB
γF ∠AFG

Variable Definition
θD ∠CDE
ρF AF = BF
ρD CD = ED
Ls BC
γD ∠HDE

Table 2.5: Definitions of all input parameters and output variables that completely specify
the geometry of closed orbit through a vFFA FODO lattice with zero bending angle per
cell. Definitions are given in terms of Fig. 2.9.
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of Cartesian coordinates X, Y, Z to describe position relative to the axis of the magnet

(Y representing the longitudinal coordinate, X representing horizontal with the midplane

positioned atX = 0, and Z being the vertical axis), we express the fields within the magnet

as follows:

BX = B0e
mZf (X) ,

BY = B0e
mZg (X) ,

BZ = B0e
mZh (X) ,

(2.12)

where f (X) , g (X) , and h (X) are functions to be determined. Note that within the mag-

net body, the assumption is made that the field does not depend on the longitudinal coordi-

nate Y .

Writing Maxwell’s equation ∇×B = 0 out in terms of its Cartesian components, we

obtain

∂BZ

∂Y
− ∂BY

∂Z
= 0,

∂BX

∂Z
− ∂BZ

∂X
= 0,

∂BY

∂X
− ∂BX

∂Y
= 0,

(2.13)

into which we substitute our ansatz for the fields (Eq. (2.12)) to give

0− ∂BY

∂Z
= 0,

memZf (X)− emZ dh (X)

dX
= 0,

∂BY

∂X
− 0 = 0.

(2.14)

It can be seen here that BY must be zero as a consequence of the field being constant with

respect to the longitudinal coordinate. Equation (2.14) requires that

dh (X)

dX
= mf (X) (2.15)

Taking Maxwell’s equation for the divergence of the magnetic field ∇ · B = 0, and

writing it once again in terms of its Cartesian components,

∂BX

∂X
+
∂BY

∂Y
+
∂BZ

∂Z
= 0 (2.16)
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gives the constraint
df (X)

dX
= −mh (X) (2.17)

Combining Eq. (2.15) and Eq. (2.17), we find that h (X) must take the form C cosmX +

D sinmX , where C and D are constants to be found from boundary conditions (likewise,

f (X) is expressed as C sinmX + D cosmX). Defining the vFFA magnet midplane at

X = 0 as the plane in which the horizontal field is zero and the vertical field is at its

maximum, C and D are fixed at 1 and 0 respectively, and therefore the fields within the

magnet body can be written as follows:

BX = −B0e
mZ sinmX,

BY = 0,

BZ = B0e
mZ cosmX.

(2.18)

From the Lorentz force (Eq. (1.1)), the plane of curvature of the orbit must be per-

pendicular to the magnetic field. This means that the inclination angle γ of the plane of

curvature with respect to the horizontal plane is equal to the angle between the total mag-

netic field and the vertical unit vector Ẑ:

B · Ẑ
|B|

= cos γ. (2.19)

Substitution of Eq. (2.18) gives

cos γ = cosmX, (2.20)

and hence the inclination can be equated to the horizontal offset of the closed orbit from

the vertical magnet midplane multiplied by the normalised field gradient m.

The simultaneous horizontal and vertical variation of orbit position in the vFFA can

seem non-intuitive at first, but with a simple assumption (a constant dipole field within the

magnet) and the constraint of perpendicularity to the boundary of the half-cell, we have

now shown how it can be explained as a consequence of the horizontal displacement of

the closed orbit from the magnet midplane. This displacement results in a rotation of the

plane of curvature through an angle proportional to the value of the displacement and the
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normalised field gradient m. With this knowledge in place, the closed orbit for a vFFA

FODO lattice can be constructed.

2.3.1.1 Straight line solution

As a simple first exercise, a model of a vFFA lattice is constructed with a total bending angle

per cell of zero (Fig. 2.9, Table 2.5) - i.e. a ‘straight’ vFFA beamline. The lattice is specified

in terms of the length of the cell Lc, the length of each magnet, LF and LD, the bending

angle in the F-magnet, θF , and the inclination angle in the F-magnet γF . The bending radii

in each magnet (ρF , ρD), the bending and inclination angles in the D-magnet (θD, γD), and

the length of the drift (LS) must then be determined from geometric constraints. For the

horizontal and vertical components of the bending in each magnet to cancel each other, this

implies that

γF = γD. (2.21)

This means that the closed orbit can be expressed in a single plane, and therefore we also

find that

θF = θD. (2.22)

Radii of curvature are then expressed in terms of the lengths of the magnets:

LF = ρF sin θF , (2.23)

LD = ρD sin θD, (2.24)

and then the length of the drift is simply given by

LS =
(Lc − LF − LD)

cos θF
. (2.25)

This completely parametrises the geometry of the simplest possible vFFA configura-

tion. As Eq. (2.21) shows that the inclination in each magnet is equal, the orbit solution

here describes planar motion in a plane rotated at angle γF with respect to the horizontal.

In the limiting case that γF = 90◦, the motion is purely vertical. Comparing this limit to
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Parameter Definition
βF ∠SO3P
βD ∠DO2F
π
N

∠AO0B
r0 O5K
θF ∠HJK
γF ∠SJK

Variable Definition
θD ∠CDE
ρF HJ = JK
ρD CD = ED
r1 O4H
r2 O1E
r3 O0C
Ls EH
γD ∠CDM

Table 2.6: Definitions of all input parameters and output variables that completely specify
the geometry of a vFFA FODO closed orbit in terms of Fig. 2.10.

the straight-line hFFA closed orbit solution [60], which describes purely horizontal motion

with an associated exponential scaling law for the horizontal plane (B(X) = B0e
mx), we

can recognise that these systems are identical aside from a 90◦ rotation of the coordinate

system. That is to say, the closed orbit behaviour of a straight vFFA beamline with an incli-

nation of 90◦ is equivalent to that of a straight hFFA beamline rotated about its longitudinal

axis.

2.3.1.2 Ring solution

A ring geometry, consisting of plane circular arcs joined by straight lines, is defined with a

number of input parameters: the number of cells in the ring (N ), the opening angle of the

F and D magnets from the machine centre (respectively βF and βD – defined in terms of

the intersection of the closed orbit with the magnet end planes), the radius of the orbit at

the centre of the F-magnet (r0), and the bending angle in the F-magnet (θF ), as well as the

inclination angle for the F-magnet, γF . Figure 2.10 and Table 2.6 show the definition of

each input parameter, as well as the remaining variables that characterise the lattice – the

bending and inclination angles of the D-magnet θD and γD, the radii of curvature ρF and

ρD for each respective magnet, and the radii of the orbit with respect to machine centre at

the edge of the F magnet (r1), edge of the D-magnet (r2), and centre of the D-magnet (r3).

As for the hFFA FODO or straight line vFFA FODO examples, the geometry of the
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Figure 2.10: 3D geometry of a closed orbit through a half-cell of a vFFA FODO lattice,
beginning at the midpoint of the F-magnet and finishing at the midpoint of the D-magnet.
The Oi points all lie on the central axis of the machine, and the geometry is symmetric
about the radial axes passing through the centre of the F and D magnets.

system (Fig. 2.10) can be used to derive a number of relations that determine all the unre-

solved lattice variables (Table 2.6). In analogy to Eq. (2.4) we find that the angles made by

projecting ∠HJK (θF ) and ∠CDE (θD) onto the horizontal plane must satisfy

(∠HJK)h − (∠CDE)h =
π

N
, (2.26)

in which the subscript h denotes the projection onto the horizontal plane.

Consider a right angle triangle defined with angle θ and a hypotenuse of unit length.

This triangle is rotated through an angle γ to the horizontal about the adjacent side (Fig.

2.11). Its projection onto the horizontal plane is also a right angle triangle, with angle θh

between adjacent and hypotenuse, and hypotenuse length l. The adjacent side is common

to both triangles, and has length cos θ = l cos θh, whilst the opposite side length of the

projected triangle is given by sin θ cos γ = l sin θh. Taking the ratio of these two equations

gives the relation tan θh = tan θ cos γ. Using this result along with trigonometric addition
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Figure 2.11: Diagram showing the projection of an inclined triangle onto the horizontal
plane.

formulae to take the tangent of both sides of Eq. (2.26) we obtain

tan θF cos γF − tan θD cos γD
1 + tan θF cos γF tan θD cos γD

= tan
( π
N

)
. (2.27)

As this equation contains two unknown variables, an additional constraint is needed for a

unique solution. This is found by expressing the vertical displacement travelled across the

drift length in terms of the bending and inclination angles for each magnet:

sin θF sin γF = sin θD sin γD. (2.28)

Solving Eqs. (2.27) and (2.28) simultaneously gives the following equation for θD:

θD = arctan

i
√

(tan π
N
− cos γF tan θF )2 + sin2 γF sin2 θF (tan

π
N
cos γF tan θF + 1)2√

sin2 γF sin2 θF − 1(tan π
N
cos γF tan θF + 1)

 ,

(2.29)

from which the result can be substituted into Eq. (2.28) to set γD. An equation to set ρF

can be found from computing the length PS as

ρF [sin θF + (1− cos θF ) cos γF tan βF ] = r0 tan βF , (2.30)
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and computing the length GJ gives

r1 sin βF = ρF sin θF . (2.31)

Generating an expression for the length O2L gives

r1[cos βF + tan θF cos γF sin βF ] = r2[cos
( π
N

− βD

)
+ tan θF cos γF sin

( π
N

− βD

)
],

(2.32)

with which r2 can be determined. Finally, r2 can be related to ρD by deriving an expression

for the length DF as follows

r2 sin βD = ρD sin θD, (2.33)

and r3 is computed as

r3 = r2 cos βD − ρD(1− cos θD cos γD). (2.34)

Equations (2.27–2.34) then completely specify the geometry of the vFFA FODO lattice

(under the approximations outlined at the beginning of the section). When γF is set to 0,

γD becomes 0, and the system reduces to a planar solution identical to the hFFA FODO

case.

2.3.2 Numerical Benchmarking

As with the hFFA, we wish to compare the results of the analytic model to those produced

by a more detailed and computationally intensive simulation software, FIXFIELD. A lat-

tice model was constructed using the analytic formulae above according to the parameters

shown in Table 2.7. An equivalent lattice model was then simulated in the FIXFIELD

code, using rectangular magnets with midplanes positioned according to the γF and γD

values used in the analytic model (see Eq. 2.20). The strengths of these magnets were

computed from the bending radii used in the analytic model, compensated for the change

in the orbit’s altitude between magnets (according to the scaling law). Initially, the FIX-

FIELD model used hard-edge magnets (i.e. fringe fields were not considered, and the field
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Figure 2.12: Radial and vertical positions of the closed orbits through an example vFFA
FODO lattice as a function of different input γF . The solid lines denote the analytic pre-
dictions, whilst the dashed lines represent results from numerical simulation. Note that the
radial position of the orbit in the analytic model is independent of the sign of γF , so the
horizontal projections for both positive and negative γF are directly overlaid on top of each
other.
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Parameter Value
N 16
βF 2.25°
βD 1.15°
r0 4m
θF 45°
m 1m−1

c1 0.05m

Table 2.7: Default parameters of the example vFFA FODO lattice used to generate Figs.
2.12 (in which the fringe length Lf is not used) and 2.16. These parameters are based
on those used in the previous section for the hFFA FODO studies. The normalised field
gradient m and the Enge c1 coefficient are used to inform the numerical model, and do not
affect the analytic model; the value of c1 is chosen based on the fringe model used in the
FETS VFFA design study [32].

changes instantaneously from zero to the nominal value at the edge of the magnet); Figure

2.12 shows the agreement between numerical and analytic predictions for the closed orbit

as γF is varied in the input. It can be seen that for the values of γF ≥ 0 that were tested, the

radial agreement remains close - within 1.5% - and the vertical discrepancy remains below

3%. This represents a comparable level of performance to the established analytic model

for the hFFA described in an earlier section.

The displacement between the analytic and numerical predictions grows as a function

of |γF |. The reason for the divergence of the analytic and numerical results is that the radius

of curvature in the D-magnet ρD becomes smaller with increasing |γF |, and therefore there

is a greater variation in the transverse position of the orbit with respect to the D-magnet

midplane within the magnet. Due to the transverse gradient of the fields, this weakens the

assumption of a constant radius of curvature within the magnet.

We find additionally a faster divergence between numerical and analytic results for

the case of negative γF - this is theorised to be explained by the fact that the numerical

modelling shows a smaller average radius for the closed orbit across all cases than that

predicted by the analytic model. Negative γF implies a positive radial displacement of the

magnet midplane, whilst positive γF implies a negative radial displacement of the magnet
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midplane. This means that when simulating a lattice with a negative value of γF , the

magnitude of displacement of the closed orbit from the magnet midplane is greater than for

an equivalent positive value of γF . FIXFIELD uses a finite-order expansion of off-midplane

fields, and hence a greater magnitude of displacement from the midplane introduces an

increased discrepancy between the analytic model and the numerical model. A priority

of future study should be cross-referencing this behaviour against predictions from other

codes.

2.4 vFFA Triplet Lattices

A triplet lattice comprises three magnets per cell. These may be in an FDF configuration

(as illustrated in the half-cell diagram shown in Fig. 2.13) - i.e. a reverse bend magnet

sandwiched between two normal bend magnets - or a DFD configuration (i.e. two reverse

bend magnets surrounding a normal bend).

2.4.1 Analytic model

Using the same approximations as Section 2.3.1, a simplified model of the geometry for a

vFFA triplet lattice was constructed (presented in Fig. 2.10). The inclination of the plane

of curvature in the D-magnet, γD, is defined as a rotation about an axis perpendicular to the

cell boundary. The geometry is approximated with zero drift length within the triplet (i.e.

the cell, if defined between midpoints of the central magnets of successive triplets, contains

only one drift length) to simplify the model.

Beginning from the same approach of projecting the bending angles in F and D magnets

onto the horizontal plane detailed in Section 2.3.1, an expression for the projection of the

angle θF onto the horizontal can be found as

∠HMJ = arctan (tan θF cos γF ). (2.35)

The projection of θD onto the horizontal plane, ∠KGH , can be expressed using

64



z

r

Figure 2.13: Closed orbit of a vFFA triplet half cell in an FDF configuration. The closed
orbit is shown in red, whilst the F-magnet and D-magnet are drawn in green and blue
respectively. The z-axis is positioned at the machine centre, and r is the radial direction.

Parameter Definition
βF ∠COD
βD ∠AOB
π
N

∠AOD
r0 OL
θF ∠HML
γF ∠JML

Variable Definition
θD ∠FGH
ρD FG = GH
ρF HM =ML
r1 OH
r2 OF
r3 OE
Ls EF
γD ∠FGK

Table 2.8: Definitions of all input parameters and output variables that completely specify
the geometry of a vFFA triplet closed orbit in terms of Fig. 2.14.
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Figure 2.14: 3D geometry of a closed orbit through a half-cell of a vFFA triplet lattice,
beginning at the midpoint of the drift and finishing at the midpoint of the F-magnet. The
Oi points all lie on the central axis of the machine. This diagram shows a DFD triplet.
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tan (∠KGH + (π/N − βF − βD)) = tan

(
θD + arctan

(
tanπ/N − βF − βD

cos γD

))
cos γD,

(2.36)

tan (∠KGH) =
tan2 (π/N − βF − βD) + cos2 γD

sec2 (π/N − βF − βD) cos γD cot θD − tan (π/N − βF − βD) sin
2 γD

.

(2.37)

The equivalent of Eq. (2.27) for the vFFA triplet then becomes

tan θF cos γF + tan (∠KGH)

1− tan θF tan (∠KGH) cos γF
= π/N. (2.38)

With this relation and Eq. (2.28), it becomes possible to solve the system for θD and γD.

Under the assumption that the value of arctan
(

tanπ/N−βF−βD

cos γD

)
is small compared to

θD, the result from the previous section (Eq. (2.29)) can be used to evaluate θD. As before,

γD is then computed from Eq. (2.28).

Computing length JP gives the following relation

ρF [sin θF + (1− cos θF ) cos γF tan βF ] = r0 tan βF , (2.39)

which can be used to determine ρF . r1 is then calculated using Eq. (2.30).

ρD must be computed by considering the length HQ, giving the expression

ρD =
r1 (sin [π/N − βF ]− cos [π/N − βF ] tan [π/N − βF − βD])

sin θD − (1− cos(θD)) cos γD tan [π/N − βF − βD]
. (2.40)

Deriving a relation for the length OS we obtain

r2 cos [βF + βD] = r1 cos βF − ρD

(
sin θD sin

π

N
+ (1− cos θD) cos γD cos

π

N

)
, (2.41)

giving r2, from which r3 can be computed via projection onto the radial axis at the centre

of the drift:

r3 = r2 cos
[ π
N

− βF − βD

]
. (2.42)
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Following this procedure, all variables associated with the vFFA triplet geometry de-

picted in Fig. 2.14 can be evaluated from the input parameters listed in Table 2.8. Once

again, setting γF to 0 forces a planar solution, in which case we retrieve the hFFA triplet

result shown in [52]. An additional note is that the definitions used and the equations de-

rived above are given in terms of a DFD triplet; exchanging the sign of θF and making

appropriate sign changes in Eqs. (2.39–2.42) we find the corresponding solution for the

FDF triplet configuration.

2.4.2 Numerical Benchmarking

As in Section 2.3.2, model lattices were constructed in the FIXFIELD code using param-

eters derived from the analytic model based on Table 2.7. Magnets were simulated in

FIXFIELD using a hard-edge model. The predictions for the closed orbit from the analytic

model were then compared to the results from numerical simulation. The results shown

in Fig. 2.15 show a maximum radial discrepancy of 1.0% between analytic and simulated

orbits, whilst the vertical displacement between the predicted analytic closed orbit and sim-

ulated numerical closed orbit reaches a maximum of 0.3mm. Once again, this is consistent

with the precision of the established model for hFFAs.

This demonstrates the successful development of analytic modelling techniques for the

vFFA in a number of different configurations, showing how the non-planar nature of the

closed orbits arises from the off-midplane fields of the vFFA magnet bodies, and how this

effect can be modelled via the introduction of new parameters to describe the rotation of

the planes of curvature. The results were found to agree with numerical simulations in the

absence of fringe fields, and the closed orbit models can now be employed in developing

an understanding of the optics of vFFA designs.
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Figure 2.15: Radial and vertical coordinates of the closed orbits through example vFFA
triplet latticeas as a function of different input γF . The solid lines denote the analytic
predictions, whilst the dashed lines represent results from numerical simulation. Note that
the horizontal position of the orbit in the analytic model is independent of the sign of γF ,
so the horizontal projections for both positive and negative γF are directly overlaid on top
of each other.
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2.5 Effect of fringe fields in the vFFA

In contrast to the hFFA, the introduction of fringe fields has a much greater effect on the

closed orbits due to the presence of longitudinal magnetic field components. When the

beam crosses this longitudinal field at an angle, a dipole effect is induced. The dipole

order effects of longitudinal fringe fields are not accounted for in this analytic model, and

therefore the use of this approach may be more limited in smaller rings, especially those

with rectangular magnets, (i.e. large edge angles) and for rings with low values of m. To

assess the magnitude of the longitudinal field effect on closed orbits quantitatively, it is

necessary to evaluate the integrated contribution of the longitudinal field at dipole order in

comparison to the main dipole field of the magnet body. Maxwell’s equation ∇ × B = 0

allows us to write
∂BZ

∂Y
=
∂BY

∂Z
, (2.43)

which we integrate along the longitudinal axis to find

[BZ ]
a
b =

∫ a

b

∂BY

∂Z
dY. (2.44)

in which a and b denote arbitrary points along the longitudinal axis of the magnet. From

the scaling law, we have
∂BY

∂Z
= mBY , (2.45)

and hence

[BZ ]
a
b = m

∫ a

b

BY dY. (2.46)

Therefore, considering the integration over the length of the fringe field from the point at

which BZ = 0 to the point at which BZ achieves its nominal value in the magnet body, we

can see that the integral of the longitudinal field is proportional to the magnet body field

strength BZ0 divided by the m-value. A beam crossing through this field at angle α will

then see a dipole kick proportional to the longitudinal field integral multiplied by sinα.
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Parameter Value
N 771
βF 0.07782°
βD 0.07782°
r0 4297m
θF 0.3502°
m 1m−1

c1 0.05m

Table 2.9: Default parameters of a large-ring vFFA FODO lattice, used to generate data
for Fig. 2.16. These parameters are loosely based on preliminary designs for a muon
accelerator ring for the LHC tunnel [61].

In the simplest-case of a FODO lattice with rectangular magnets, this crossing angle α is

equal to the bending angle within the magnet θ.

The dipole contribution from the fringe field can then be compared to the integrated

dipole field within the magnet body, which is given by the magnet length L multiplied by

the nominal field value. The ratio of these contributions can be taken to be a dimensionless

parameter that approximately quantifies the effect of fringe fields on the closed orbits:

Dipole contribution ratio ≃ sin θF
mL

. (2.47)

This definition can be used assuming a FODO lattice with a similar D-magnet and

F-magnet length (relations for other types of lattices could be derived and would be ex-

pected to follow similar forms) to express the expected order of discrepancy between the

analytic model and a more complete numerical simulation for a given set of input param-

eters. It does not completely quantify all factors involved, however, as it does not account

for transverse field gradients or the fact that a small dipole order effect from longitudinal

fringe components is ultimately unavoidable in the vFFA. The latter is a consequence of

the fringe field containing some nonzero transverse dipole components, meaning that it is

impossible for a trajectory to remain collinear with the longitudinal fields even if its initial

crossing angle is zero.

To test this computationally, a numerical model was generated following the same steps
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as the previous sections on the vFFA; however, fringe fields are now included in the model.

The fringe falloff function used here is the same as in [32] - i.e. an arctangent function.

Two FODO accelerator geometries were then simulated: one, a small ring based on the

parameters listed in Table 2.7, in which the fringe field length is similar to the magnet

length; the other a large ring based on a proposal for a vFFA-based muon accelerator ring

for the Large Hadron Collider tunnel, with parameters listed in Table 2.9 – in which case

the fringe field length is much smaller than the magnet length. A number of lattices based

on each geometry are generated for a range of m-values to test the impact of fringe fields

on the accuracy of the analytic model; Figure 2.16 shows the maximum 2-d transverse

displacement between the analytic and numerical closed orbit models for two different

lattices as a function of the dipole ratio. This shows that as the fringe fields become more

significant and the dipole ratio increases, the discrepancy between the models increases;

however, at low values of the dipole ratio the curves for each lattice flatten, implying that

the longitudinal fields in the fringe field are no longer the dominant sources of error at

higher m-values. Below m = 12 for the small ring case, closed orbits were not found

in numerical simulation; the closed orbit deviates significantly from the magnet midplane

at the ends of the magnets, at which point the field expansion used to compute the fringe

fields in simulation displays asymptotic behaviour. Physically, in a machine built with

rectangular magnets of the type designed in e.g. [62] the orbit would be crossing outside

of the good field region. Similarly, the numerical optimiser routine used to find the closed

orbit fails to converge for the large ring model at m < 0.06. All results were simulated at

γF = 0 such that the magnet position is independent of m.

The results of this study demonstrate that the analytic model is most immediately ap-

plicable to the study of large-ring vFFA lattices with a low value of the dipole contribution

ratio, with the model’s predictions becoming more limited as the scale of the lattice de-

creases (increasing the value of θF and decreasing the value of L, thereby increasing the

value of the dipole contribution ratio).
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Figure 2.16: Maximum 2-d displacement between numerical and analytic models as a
function of the dipole ratio. The small ring model follows the parameters shown in Table
2.7, whilst the large ring model is based on a vFFA muon accelerator ring for the Large
Hadron Collider tunnel, and its parameters are displayed in Table 2.9. The fringe lengths
in either case are equivalent.
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2.6 Chapter summary

In this chapter, methods of defining analytic closed orbits were derived, reviewing both

existing solutions for hFFAs as well as developing novel solutions for vFFAs by introducing

the inclination parameter γ. hFFA solutions may be retrieved from the vFFA solutions

by choosing γ = 0. Analytic models of hFFA and vFFA rings were then benchmarked

against more complete numerical solutions, showing high levels of agreement. For the

cases in which fringe fields could be ignored, it was shown that the new models of the vFFA

closed orbits showed equivalent levels of performance to the established hFFA models

across a range of parameters. However, when lattices with significant fringe fields are

studied, or in cases where the radius of curvature is small compared to the radius of the

machine, the predictive accuracy of the vFFA closed orbit model is limited. This means

that studies in these regimes will need to rely more heavily on approaches based upon

numerical simulations. A metric termed the ‘dipole ratio’ was derived to help quantify the

domain in which the closed orbit models derived in this chapter are applicable.
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Chapter 3

Linear Optics of Fixed Field
Accelerators

Once the closed orbit for the system has been found using the techniques in Chapter 2, the

linear beam dynamics may be understood in terms of optics expanded locally about this

closed orbit.

In this chapter, we use the Frenet-Serret Hamiltonian and the hFFA scaling law explored

in Chapter 1 to derive a complete set of transfer matrices for the hFFA, which can then be

combined with the closed orbit modelling of Chapter 2 to obtain a complete optical model

for the scaling hFFA. The predictions of this model for tune and lattice stability are then

benchmarked against numerical simulation to demonstrate the validity of this approach.

This lays the groundwork for exploration of the optical properties of the vFFA using

similar techniques, and this chapter derives transfer matrices for the magnet bodies and

fringe fields of vFFA lattices. These are once again integrated with a closed orbit model to

explore the optics of the vFFA as a function of input parameters, testing the accuracy of the

analytic tune against computations based on numerical tracking studies. The limitations

of the vFFA model are then discussed, showing regimes where the approximations used in

developing the vFFA model begin to fail. For these cases, a new numerical methodology

termed harmonic analysis is implemented for the purpose of gaining additional insight into

the focussing behaviour where the applicability of the analytic model is limited.
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3.1 Linear Optics in hFFAs

3.1.1 Linear Transfer Map for a Scaling hFFA Magnet Body Element

Within the body of a magnet for a scaling hFFA, we assume that the radius of curvature re-

mains constant (as in Chapter 2), and that the magnetic field is constant along the trajectory

(i.e. that the magnetic fields are constant as a function of the independent variable). The

field in this region is then governed solely by the scaling law, Eq. (1.67). The scaling law

can be locally expanded in terms of a horizontal coordinate x (defined as x = (r − r0) in

which r0 is the reference orbit position) to give the following:

Bz (x) = B0

[
1 +

kx

r0
+O

(
x2
)]

(3.1)

Where B0 is the reference magnetic field at r = r0. For off-midplane fields, we use

Maxwell’s equation for the curl of the magnetic field in free space ∇×B = 0 to obtain

∂Bx

∂z
=

k

r0
B0 +O

(
x3
)
, (3.2)

and hence

Bx (z) = B0

[
kz

r0
+O

(
z2
)]
, (3.3)

using the fact that there is zero horizontal field at z = 0. At linear order, the magnetic

fields in this case can be interpreted as behaving (locally) as a superimposed dipole and

quadrupole field of strengths B0 and k
r0
B0 respectively. An appropriate vector potential

that satisfies ∇× A = B can be found as [7]:

Ax = 0,

Az = 0,

As = −B0

[(
x− x2

2ρ+ x

)
+
k

r0

(
1

2

(
x2 − z2

))]
,

(3.4)

in which ρ is the radius of curvature of the coordinate system. This vector potential can then

be substituted into the Frenet-Serret Hamiltonian (Eq. (1.37)) and expanded, discarding all
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terms at greater than second order (such that the equations of motion are linear in the

dynamical variables), to obtain the following Hamiltonian:

H =
1

2
p̃x

2 +
1

2
p̃z

2 +

[
q

P0

B0 −
1

ρ

]
x +

1

2

q

P0

B0

(
1

ρ
+
k

r0

)
x2 − k

2r0

q

P0

B0z
2. (3.5)

In order for the map described by this Hamiltonian to be a linear map, it must map the zero

vector to itself. This implies that we must choose a Frenet-Serret reference trajectory such

that

ρ =
P0

qB0

(3.6)

so that there exist no constant terms in the equations of motion. This leads to the linearised

Frenet-Serret Hamiltonian

H =
1

2
p̃x

2 +
1

2
p̃z

2 +
1

2ρ

(
1

ρ
+
k

r0

)
x2 − k

2ρr0
z2, (3.7)

from which equations of motion can be derived using Hamilton’s equations:

dx

ds
= p̃x,

dp̃x
ds

= −1

ρ

(
1

ρ
+
k

r0

)
x,

dz

ds
= p̃z,

dp̃z
ds

=
1

ρ

k

r0
z.

(3.8)

These equations of motion can be solved separately for the uncoupled x, p̃x and z, p̃z phase

space planes. In the horizontal plane the equations of motion can be expressed as the

homogeneous second order linear differential equation

d2x

ds2
= −1

ρ

(
1

ρ
+
k

r0

)
x = −ω2

xx, (3.9)

which has a general solution of the form

x (s) = Cxe
iωxs +Dxe

−iωxs, (3.10)

where Cx and Dx are constants to be found. Applying Eq. (3.8), we find

p̃x (s) = iωxCxe
ωxs − iωxDxe

−ωxs. (3.11)
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Likewise, the motion in the vertical plane can be written as

d2z

ds2
=

1

ρ

k

r0
z = −ω2

zz, (3.12)

noting that ω2
z is defined with the opposite sign. Solutions for z (s) once again take the

form of Eq. (3.10), whilst p̃z (s) is once again found by differentiation. To find the exact

solution to the equations of motion, and hence a transfer map for the element, it is necessary

to implement boundary conditions. At s = 0, the map must be equal to the identity: this

means that x (s = 0) = x0 and p̃x (s = 0) = p̃x0 (where the subscript 0 denotes the starting

coordinate). Immediately, Eq. (3.10) then gives the constraint that C +D = x0; Eq. (3.11)

requires that ω (Cx −Dx) = p̃x0. We can therefore deduce thatCx =
(
x0 + i p̃x0

ω

)
/2, Dx =(

x0 − i p̃x0
ω

)
/2. The same logic can be applied in the vertical plane, and the 4 × 4 transfer

matrix for transport through an element of length L obtained:
x
p̃x
z
p̃z

 = M


x0
p̃x0
z0
p̃z0

 , (3.13)

M =


cosωxL

sinωxL
ωx

0 0

−ωx sinωxL cosωxL 0 0
0 0 cosωzL − sinωzL

ωz

0 0 ωz sinωzL cosωzL

 , (3.14)

ωx =

√
1

ρ

(
1

ρ
+
k

r0

)
, ωz =

√
−1

ρ

k

r0
. (3.15)

This transfer matrix can be interpreted as a quadrupole with extra focussing strength in the

horizontal plane coming from the geometric properties of the curved orbit. In the normal

bend (F-magnet) ρ takes a positive sign and the matrix represents focussing in the horizontal

plane, with defocussing occurring in the vertical plane; conversely, in the reverse bend (D-

magnet) ρ is given a negative sign and the vertical plane gains focussing behaviour. A

defocussing contribution of order 1/ρ is seen for negative ρ from the quadrupole-like k
r0ρ

term of the expansion, but the geometric effect still acts as a focussing contribution (of

order 1/ρ2).
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Figure 3.1: Illustration of edge and fringe effects relating to the crossing angle α.

3.1.2 Linear Transfer Map for the Edge of a Scaling hFFA magnet

An additional focussing effect is seen by the beam when it crosses the end plane of a

magnet at an angle α; this can be understood in terms of a particle travelling extra distance

within the element as a function of the particle’s transverse horizontal displacement from

the reference trajectory (illustrated in Fig. 3.1a). This effect is not unique to hFFA magnets,

and is seen also in dipoles; in many cases, it is discussed as a compound effect together

with the effect of the fringe field (derived here in the following subsection) and both effects

are referred to collectively as edge focussing. In this case, we treat them separately, as

they arise from different sources, and this treatment leads to two separate thin lens transfer

matrices with a smaller number of terms. When this approach is later paralleled for the

vFFA, this enables the resulting 4D transfer matrices to be written in a more simplified

form than would otherwise be possible.
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The extra distance travelled by a particle can be expressed as

δL = x tanα, (3.16)

and from the Lorentz force (Eq. (1.1)) we can consider this to apply a thin lens focussing

kick such that

δx = 0,

δp̃x = δLBz
q

P0

= xBz
q

P0

tanα,

δz = 0,

δp̃z = −δLBx
q

P0

= −xBx
q

P0

tanα.

(3.17)

Substituting in Eqs. (3.1) and (3.3) and the definition of ρ (Eq. (3.6)) leaves

δx = 0,

δp̃x =
1

ρ

[
x+O

(
x2
)]

tanα,

δz = 0,

δp̃z =
1

ρ
[O (zx)] tanα,

(3.18)

rewritten in transfer matrix form as:

Medge =


1 0 0 0

tanα
ρ

1 0 0

0 0 1 0
0 0 0 1

 . (3.19)

We find that the reference trajectory crossing the end plane of a magnet at an angle α, then,

produces a defocussing effect in the horizontal plane.

3.1.3 Linear Transfer Map for the Fringe of a Scaling hFFA magnet

At the boundary of a magnet, the field cannot instantaneously transition from zero to the

nominal strength within the magnet body – it must continuously change over a defined

distance Lf . We therefore define the vertical and horizontal magnetic fields in the fringe
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region according to

Bx (s) =
f (s)

ρ

kz

r0
, (3.20)

Bz (s) =
f (s)

ρ

[
1 +

kx

r0
+O

(
x2
)]
, (3.21)

in which ρ denotes the radius of curvature within the magnet (and therefore in the above

characterises the nominal dipole strength), and f (s) is an arbitrary field falloff function

that satisfies

f (0) = 0, f (Lf ) = 1, (3.22)

with the magnet entrance face situated at s = Lf . Whilst f (s) should ultimately reflect

the parameters of the chosen magnet design, as a first approximation a linear function is

assumed:

f (s) =


0 s ≤ 0,

s/Lf 0 < s ≤ Lf ,

1 s > Lf .

(3.23)

To satisfy Maxwell’s equation ∇× B = 0, we find that Eqs. (3.20) and (3.21) require

a longitudinal field component:

By (s) =
1

Lfρ

(
z +

kzx

r0

)
, (3.24)

noting that the latter term inside the parentheses is second order and can be ignored for the

purpose of the linear dynamics.

Introducing once again a crossing angle α with respect to the normal of the magnet end

plane (Fig. 3.1b), two effects become apparent. The extent of the fringe field along the

reference trajectory is modified by a factor 1/ cosα; we redefine the element length L in

the rotated reference frame as L = Lf/ cosα. Simultaneously, the fields defined by Eqs.

(3.20) and (3.24) must be transformed to reflect the crossing angle (note that, as the rotation
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is about the z-axis, Bz is independent of the crossing angle). This gives (at first order)

Bx (s) =
skz

ρr0Lf

cosα− sz

Lfρ
sinα =

skz

ρr0L
− sz

Lρ
tanα, (3.25)

By (s) =
sz

Lfρ
cosα +

skz

ρr0Lf

sinα =
sz

Lρ
+

skz

r0Lρ
tanα, (3.26)

Bz (s) =
s

ρLf cosα

[
1 +

kx

r0

]
=

s

ρL

[
1 +

kx

r0

]
, (3.27)

for the domain 0 < s < L. Applying the same thin-lens Lorentz force treatment as in

Section 3.1.2, we integrate the fields above between s = 0 and s = L to get the total

magnetic fields in 3 dimensions seen by a particle traversing the fringe field, and apply a

total kick for the length of the fringe field. In this manner, the following transfer matrix can

be derived for the fringe field of an hFFA magnet:

Mfringe =


1 0 0 0

−1
2
kL
r0ρ

1 0 0

0 0 1 0
0 0 1

2
kL
r0ρ

− 1
ρ
tanα 1

 (3.28)

One point of note is that the longitudinal By does not contribute to the transfer matrix

derived above. This is because, via the Lorentz force (Eq. (1.1)), the momentum kick

received from a longitudinal field is dependent on the transverse momenta. The longitudinal

field described by Eq. (3.27) is a linear function of the transverse z-coordinate, so the

change in momentum from the longitudinal field is consequently a second-order effect.

The effect of passing through the fringe field at an angle, in the short-L limit, can be

seen to be a focussing effect in the vertical plane proportional to the tangent of the crossing

angle α.

3.1.4 Properties of hFFA Lattices

A full model of an hFFA lattice can now be assembled using the transfer matrix results from

the previous section (Eqs. (3.14), (3.19), and (3.28) alongside the drift space transfer matrix

from Chapter 1, Eq. 1.45), using the parameters based on the geometry derived in Chapter

2. Transfer matrices corresponding to drifts of the appropriate length are also included.
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Figure 3.2 shows the region of parameter space for which stable optics can be found as

a function of the input values of θF and k in a sample FODO lattice (with parameters

based on Table 2.2). Stability is evaluated in the analytic model by assembling a transfer

matrix model based on the geometry determined from the input parameters and checking

if the eigenvalues of the cell transfer matrix are all complex. Edge angles for the F and

D-magnets are computed as

αF = θF − βF

αD = θD + βD,
(3.29)

and the fringe lengths are not accounted for in the analytic model (i.e. a hard-edge approx-

imation is assumed).

The predictions for tunes and stability of this analytic model are cross-checked against

results from the numerical tracking code FIXFIELD, which evaluates tunes from a transfer

matrix that is computed numerically by tracking particles with small deviations from the

closed orbit.

The result in Fig. 3.2 shows that a fully analytic approach based on the transfer ma-

trices derived above as well as the geometry derived in Chapter 2 can accurately predict

the stability of a given lattice configuration when compared to simulated results, though

agreement appears worse for higher values of θF .

We see this in more detail in Figure 3.3, which displays the variation of horizontal and

vertical tune with input parameters, showing that the vertical tune increases faster with θF

in the analytic model, though the overall numerical agreement is close. The discrepancy for

increasing theta can be explained because the finite length of the magnet fringe transition

simulated in the numerical model reduces the effective focussing from the edge angle in the

vertical plane, compared to the hard-edge approximation of the analytic model. This effect

reduces the gradient of the slope of the vertical tune as a function of θF for the numerical

model, and hence explains why the upper bound of the stability region is reached slower in

the numerical model than in the analytic case.
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Figure 3.2: Necktie diagram for a scaling hFFA FODO lattice in which θF and k are varied
whilst all other parameters are kept at the nominal values described in Table 2.2.

84



10 15 20 25
F [degrees]

0

0.1

0.2

0.3

0.4

0.5
Tu

ne

k = 7.54

Horizontal tune [analytic]
Vertical tune [analytic]
Horizontal tune [numerical]
Vertical tune [numerical]

0 5 10 15
k

0

0.1

0.2

0.3

0.4

0.5

Tu
ne

F = 14.01

Horizontal tune [analytic]
Vertical tune [analytic]
Horizontal tune [numerical]
Vertical tune [numerical]

Figure 3.3: Dependence of tune on θF and k when all other parameters are kept fixed.

For the modelling of FFAs, the need to determine a closed orbit based on the geometry

of the fields, and the dependence of optical properties on the closed orbit renders achieving

equivalent result across different models a challenge even between comparable numerical

codes. Agreement between these codes and the results of real experiments is a further dif-

ficulty [63]; in this context, the close agreement of the analytic model with the FIXFIELD

evaluation across the parameter space demonstrates the utility of the analytic approach to

the design and modelling of FFA machines.
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3.2 Linear Optics in vFFAs

3.2.1 vFFA magnet body

Beginning with the fields outlined in Eq. (2.18), a vector potential A that satisfies the

definition ∇×A = B is as follows:

AX = 0,

AY =
B0

m
emZ sinmX,

AZ = 0,

(3.30)

in which a gauge choice is made such that the transverse components of A are zero.

The next step is to substitute this potential into a Frenet-Serret Hamiltonian (Eq. (1.37)).

One important subtlety is that usually, when transforming to Frenet-Serret coordinates, the

transverse coordinates of the Hamiltonian are defined as equivalent to the normal and bi-

normal coordinates of the Frenet-Serret system. In a Frenet-Serret coordinate system, the

local radius of curvature is collinear with the normal vector; in the torsionless planar system

considered elsewhere in accelerator physics (e.g. employed in textbooks such as [5, 7]), the

unit normal vector can be considered equivalent to the horizontal normal vector x. How-

ever, in the case of the vFFA (even under the assumption that the fields are independent of

position along the trajectory, which implies zero torsion), the plane of curvature exists at an

angle γ with respect to the horizontal. Here, a choice is made to transform the Hamiltonian

such that the horizontal unit vector x remains horizontal whilst the Frenet-Serret normal

vector and the radius of curvature are at an angle with respect to x. This gives the modified

Frenet-Serret Hamiltonian for transverse dynamics

H̃ =

(
1 +

x cos γ + z sin γ

ρ

)√
1 + (p̃x −

q

P0

Ax)2 + (p̃z −
q

P0

Az)2

− q

P0

(
1 +

x cos γ + z sin γ

ρ

)
As. (3.31)

A further coordinate transformation is made to account for the horizontal offset of the

closed orbit from the magnet midplane x0, and the resulting Hamiltonian is written in terms
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of transverse coordinates x = X − x0, z = Z and inclination angle γ = mx0 (see Section

2.3.1.1) as follows:

H =

(
1 +

1

ρ
[x cos γ + z sin γ]

)√
1 + p̃x

2 + p̃z
2

−
(
1 +

1

ρ
[x cos γ + z sin γ]

)
B0q

mP0

emz sinm (x+ x0), (3.32)

which can be expressed via trigonometric addition formulae in the form

H =

(
1 +

1

ρ
[x cos γ + z sin γ]

)√
1 + p̃x

2 + p̃z
2

−
(
1 +

1

ρ
[x cos γ + z sin γ]

)
B0q

mP0

emz (cos γ sinmx+ cosmx sin γ) . (3.33)

Expanding around x = z = p̃x = p̃z = 0 to second order and dropping constant terms (as

these have no effect on the dynamics) leaves

H ≃ p̃x
2

2
+
p̃z

2

2
+

[
1

ρ
− B0q

P0

(
1 +

sin γ

mρ

)]
(x cos γ + z sin γ)

− B0q

P0

cos γ

(
m+

2 sin γ

ρ

)
xz +

B0q

2P0

m
(
x2 − z2

)
sin γ

− B0q

P0ρ
x2 cos2 γ − B0q

P0ρ
z2 sin2 γ. (3.34)

Once again, first order terms must be removed from the Hamiltonian to make a linear map

when Hamilton’s equations are applied. This requires the choice that

ρ =
P0

B0q
− sin γ

m
,

1

ρ+ sin γ
m

=
B0q

P0

.
(3.35)

Noting thatB0 is defined on the magnet midplane, at which point γ = 0, the additional sin γ
m

term can be thought of as an adjustment factor to compensate for the horizontal offset of

the closed orbit from the midplane. From here, the Hamiltonian can be written as follows:
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H ≃ p̃x
2

2
+
p̃z

2

2

− 1

ρ+ sin γ
m

[
cos γ

(
m+

2 sin γ

ρ

)
xz − 1

2
m

(
x2 − z2

)
sin γ

]
− 1

ρ
(
ρ+ sin γ

m

) (x2 cos2 γ + z2 sin2 γ
)
. (3.36)

The focussing terms can be considered as a skew quadrupole-like xz term (which dom-

inates on the midplane) and a quadrupole-like x2 − z2 term that increases in magnitude

away from the midplane - effectively rotating the focussing planes as γ increases - as well

as geometric focussing quadratic terms acting in the plane of curvature. In the case that

γ = 90◦, the system acts as a combined function quadrupole plus skew dipole magnet,

equivalent to a 90-degree rotation of a straight hFFA magnet [60] - together with the result

from Section 2.3.1.1, this shows that a straight vFFA with γ = 90◦ is completely equivalent

to a straight scaling hFFA.

Equations of motion for the vFFA magnet body can now be derived by following Hamil-

ton’s equations to give

∂x

∂s
= p̃x,

∂p̃x
∂s

=
1

ρ+ sin γ
m

[(
cos γ

(
m+

2 sin γ

ρ

))
z +

(
2 cos2 γ

ρ
−m sin γ

)
x

]
∂z

∂s
= p̃z,

∂p̃z
∂s

=
1

ρ+ sin γ
m

[(
cos γ

(
m+

2 sin γ

ρ

))
x+

(
2 sin2 γ

ρ
+m sin γ

)
z

]
.

(3.37)

We solve the system of differential equations to obtain a general solution; hence, an

exact solution is found by imposing the boundary condition that at s = 0, x (s = 0) = x0,

p̃x (s = 0) = p̃x0, z (s = 0) = z0, and p̃z (s = 0) = p̃z0 (analogous to the process used for

the hFFA magnet body equations of motion in Section 3.1.1, though both planes of motion

must be considered simultaneously for the vFFA case). The solutions then lead to a thick
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lens transfer matrix for the vFFA magnet body:

Mv-body =


M11 M12 M13 M14

M21 M22 M23 M24

M31 M32 M33 M34

M41 M42 M43 M44

 , .

M11 =M22 =
(A+ C + ψ) cosh (sω1)− (A+ C − ψ) cosh (sω2)

2ψ
,

M12 =
1

2ψ

(
(A+ C + ψ) sinh (sω1)

ω1

− (A+ C − ψ) sinh (sω2)

ω2

)
,

M13 =M24 =M31 =M42 =
B (cosh (sω2)− cosh (sω1))

ψ
,

M14 =M32 =
B

ψ

(
sinh (sω2)

ω2

− sinh (sω1)

ω1

)
,

M21 =
1

2ψ

(
sinh (sω2) (A(A+ C − ψ) + 2B2)

ω2

− sinh (sω1) (A(A+ C + ψ) + 2B2)

ω1

)
,

M23 =M41 =
B (ω2 sinh (sω2)− ω1 sinh (sω1))

ψ
,

M33 =M44 =
(A+ C + ψ) cosh (sω2)− (A+ C − ψ) cosh (sω1)

2ψ
,

M34 =
1

2ψ

(
(A+ C + ψ) sinh (sω2)

ω2

− (A+ C − ψ) sinh (sω1)

ω1

)
,

M43 =
1

2ψ

(
sinh (sω2) (C(A+ C + ψ) + 2B2)

ω2

− sinh (sω1) (C(A+ C − ψ) + 2B2)

ω1

)
,

ψ =
√

(A+ C)2 + 4B2,

ω2
1 =

−A+ C − ψ

2
,

ω2
2 =

−A+ C + ψ

2
,

A =
m (mρ sin(γ)− 2 cos2(γ))

ρ(sin(γ) +mρ)
,

B =
m cos(γ)(2 sin(γ) +mρ)

ρ(sin(γ) +mρ)
,

C =
m sin(γ)(2 sin(γ) +mρ)

ρ(sin(γ) +mρ)
.

(3.38)

The motion is apparent as a system with two distinct frequencies of oscillation, ω1 and

ω2. These correspond to the normal modes of the coupled system. A transfer matrix for the
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thin lens limit can be derived directly from the equations of motion (Eq. (3.37)) as follows:

Mv-body ≃


1 0 0 0

L

ρ+ sin γ
m

(
2 cos2 γ

ρ
−m sin γ

)
1 L

ρ+ sin γ
m

(
cos γ

(
m+ 2 sin γ

ρ

))
0

0 0 1 0
L

ρ+ sin γ
m

(
cos γ

(
m+ 2 sin γ

ρ

))
0 L

ρ+ sin γ
m

(
(

2 sin2 γ
ρ

−m sin γ
)

1

 .

(3.39)

This result can be further simplified for large ρ, in which case terms proportional to 1/ρ2

(i.e. the geometric focussing terms) can be ignored, giving the matrix

Mv-body ≃


1 0 0 0

− mL

ρ+ sin γ
m

sin γ 1 mL

ρ+ sin γ
m

cos γ 0

0 0 1 0
mL

ρ+ sin γ
m

cos γ 0 − mL

ρ+ sin γ
m

sin γ 1

 . (3.40)

This can be intuitively recognised as superimposed thin lens quadrupole and skew quadrupole

matrices of strengths m sin γ/
(
ρ+ sin γ

m

)
and m cos γ/

(
ρ+ sin γ

m

)
respectively.

3.2.2 vFFA edge focussing

As for the hFFA edge focussing effect detailed in Section 3.1.2, when the beam crosses the

edge of a magnet at an angle, a particle with a nonzero transverse displacement from the

reference trajectory will travel an extra length within the magnet, proportional to the par-

ticle’s displacement. However, for the vFFA, the reference trajectory will not necessarily

be horizontal at the point it crosses the end plane of the magnet. As such, the edge effects

must be characterised in terms of two angles: α, the angle about the vertical axis between

the orbit and the normal vector of the magnet end plane, and γ, the angle through which the

orbit is rotated about the magnet end plane normal (Fig. 3.4) with respect to the horizontal.

Note that these coordinates are defined with respect to the magnet end plane, so for sector

magnets or magnets with tilted end planes, the γ angle used here may not be equal to the γ

used in the magnet body.

The extra length travelled within the magnet can then be expressed as

∆L = x tanα cos γ + y tanα sin γ. (3.41)
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Figure 3.4: Illustration of reference orbit (red) crossing vFFA magnet boundary. The angle
between the magnet end plane normal y and the reference orbit is denoted α, whilst the
bank angle between the horizontal plane and the plane in which α lies is labelled γ.
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Expanded to first order around x0 (where, as previously, x0 represents the horizontal offset

from the magnet midplane) the magnetic fields can be written as

Bx = −B0(1 +mz) (mx cosmx0 + sinmx0) ,

By = 0,

Bz = B0(1 +mz) (cosmx0 −mx sinmx0) .

(3.42)

The same Lorentz force treatment employed in Section 3.1.2 can be once again utilised to

find the change in momenta as a consequence of a thin lens kick:

δx = 0,

δp̃x = δLBz
q

P0

= (x cos γ + y sin γ)Bz tanα,

δz = 0,

δp̃z = −δLBx
q

P0

= − (x cos γ + y sin γ)Bx tanα.

(3.43)

Substituting in the fields, Eq. (3.42), and truncating the resulting expression at the first

order leaves
δx = 0,

δp̃x = (x cos γ + y sin γ)
qB0

P0

(cosmx0) tanα,

δz = 0,

δp̃z = (x cos γ + y sin γ)
qB0

P0

(sinmx0) tanα,

(3.44)

which can be written in transfer matrix form as

Mv-edge =


1 0 0 0

qB0

P0
cos γ tanα cosmx0 1 qB0

P0
sin γ tanα cosmx0 0

0 0 1 0
qB0

P0
cos γ tanα sinmx0 0 − qB0

P0
sin γ tanα sinmx0 1

 . (3.45)

In the special case where the magnets are rectangular and the change in transverse position

of the orbit with respect to the midplane is small, the γ used to characterise the edge angle

effects is equal to the inclination angle γ in the magnet body, and hence the transfer matrix

reduces to

Mv-edge-rect =


1 0 0 0

qB0

P0
cos2 γ tanα 1 qB0

P0
cos γ sin γ tanα 0

0 0 1 0
qB0

P0
cos γ sin γ tanα 0 − qB0

P0
sin2 γ tanα 1

 . (3.46)
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3.2.3 vFFA fringe fields

Finally, the effect of the magnet fringe fields must be considered. At the edge of the magnet,

the field must continuously vary over a finite length, such that it is zero far away from the

magnet, and has the nominal strength in the magnet (see the treatment of this in the hFFA,

Section 3.1.3). Once again, as a first approximation, we assume a linear falloff over a length

Lf such that:

Bz =


0 Y ≤ 0,

B0e
mZF (X)Y/Lf 0 < Y ≤ Lf ,

B0e
mZ Y > Lf .

(3.47)

where F(X) is a function to be found. Examining the region 0 < Y ≤ Lf , the remaining

components of the field are assumed to take the form

Bx = B0e
mZG(X)g(Y )

By = B0e
mZH(X)h(Y ),

(3.48)

in which G(X), g(Y ), H(X), and h(Y ) are all arbitrary functions to be determined. Ap-

plying Maxwell’s equation ∇×B = 0 in this region, we find

(∇×B)X = B0e
mZ

(
F (X)

Lf

−mH(X)h(Y )

)
= 0,

(∇×B)Y = B0e
mZ

(
mG(X)g(y)− Y F ′(X)

Lf

)
= 0,

(∇×B)Z = B0e
mZ (H ′(X)h(y)−G(X)g′(Y )) = 0,

(3.49)

all of which can be satisfied if H(X) = F (X), h(Y ) = 1
mLf

, g(Y ) = Y
Lf
, and G(X) =

F ′(X)
m

. Finally, substituting all of this into Maxwell’s equation ∇ ·B = 0 gives

B0e
mZG′(X)g(Y ) +B0e

mZH(X)h′(Y ) +mB0e
mZF (X)Y/Lf = 0, (3.50)

B0e
mZF ′′(X)Y

mLf

+ 0 +mB0e
mZF (X)Y/Lf = 0. (3.51)

Solving this differential equation in F (X) with the same boundary conditions as in Section

2.3.1.1 leads to the following expression for the magnetic fields in the fringe region of a
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vFFA magnet:

BX = −B0e
mZ sinmX

Y

Lf

,

BY =
B0

mLf

emZ cosmX,

BZ = B0e
mZ cosmX

Y

Lf

.

(3.52)

To obtain a transfer matrix for the fringe field of a vFFA from these fields, we ap-

proximate the change in position and momentum coordinates as a thin lens Lorentz kick

proportional to the integral of the fields over the fringe field length as seen by a given

particle. In order to do this, we define a new local orthogonal coordinate system x, y, z,

in which the y axis is aligned with the trajectory through the fringe. The transformation

between the X, Y, Z coordinates and the new x, y, z coordinates is computed as a rotation

through a roll angle γ about the Y -axis (which is not necessarily equal to the inclination

γ of the magnet body, depending on the geometry of the magnet) followed by a rotation

through a yaw angle α about the Z-axis; we also include a horizontal translation in this step

to account for the offset of the beam centroid (X0) with respect to the magnet midplane:xy
z

 =

cosα − sinα 0
sinα cosα 0
0 0 1

 cos γ 0 sin γ
0 1 0

− sin γ 0 cos γ

X −X0

Y
Z

 = R

X −X0

Y
Z

 .

(3.53)

As we are approximating the fringe field effect as a thin lens, we are able to neglect the

change in transverse position over the length of the fringe (assuming also that α is small).

This means that we can integrate the field based on the original coordinates from Y = 0

to Y = Lf/ cosα, and then transform the integrals to the x, y, z frame. We then Taylor-

expand in the dynamical variable, collect first order terms and normalise by the magnetic

rigidity to obtain the elements of the linear map. Fields collinear with the reference tra-

jectory only interact through the transverse momentum of the particle, so we keep the 0-th

order component of By only.
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This gives a thin lens transfer matrix for the vFFA fringe field as:

Mv-fringe-xyz =


1 0 0 0
Kzx 1 Kzz −Ky

0 0 1 0
−Kxx Ky −Kxz 1

 (3.54)

Kxx = − 1

2ρ
(− cos(α + γ −mX0) + cos(α− γ +mX0) + Lfm cos(2γ −mX0)),

Kxz = − 1

2ρ
sec(α)(sin(α + γ −mX0) + sin(α− γ +mX0)− Lfm sin(2γ −mX0)),

Ky =
(2 cos(mX0) + Lfm tan(α) sec(α) sin(γ −mX0))

2mρ
,

Kzx =
1

2ρ
Lfm sec(α) sin(2γ −mX0),

Kzz =
1

2ρ
Lfm sec2(α) cos(2γ −mX0),

(3.55)

in which we have used the definition of the magnetic rigidity. To transform back into the

original Frenet-Serret coordinates, we apply a roll transformation to the 4D phase space to

obtain our final transfer matrix as

Mv-fringe = RT
4Mv-fringe-xyzR4, (3.56)

R4(γ) =


cos γ 0 sin γ 0
0 cos γ 0 sin γ

− sin γ 0 cos γ 0
0 − sin γ 0 cos γ

 . (3.57)

One of the most immediate effects of the vFFA fringe fields can be seen in the inclusion of

longitudinal fields (the Ky terms in the transfer matrix, Eq. (3.54)). We see that there exists

a longitudinal field component that couples the p̃x and p̃z momenta, and that the strength

of this component in the transfer matrix depends only on the m-value, being unaffected by

the length of the fringe field. This component is additionally independent of the form of

the fringe field falloff (assuming that the trajectory can be considered a straight line), as

shown using an alternative derivation in Section 2.5. For rectangular magnets in a FODO

configuration, where γ = mX0 (i.e. the inclination in the magnet body is equal to the roll

angle of the coordinate system through the fringe), we find additionally that the longitudinal

fields vanish in the limiting case of a 90◦ inclination.

95



3.2.4 Properties of vFFA lattices

Using the transfer matrices derived in the previous section, and the closed orbit models

from Chapter 2, complete optical models of vFFAs can be assembled. A transfer matrix for

a cell, M is assembled by multiplying matrices corresponding to each element in the cell

with parameters set based on the closed orbits. One important distinction between hFFA

and vFFA optics is the presence of coupling between the transverse dimensions for the

vFFA. In the case of the hFFA, the cell transfer matrix can be considered a block diagonal

matrix (as matrices for all individual lattice components are also block diagonals), with

the upper left 2 × 2 block fully characterising the horizontal motion, and the lower right

block describing the vertical dynamics. The elements of off-diagonal blocks are all zero,

and therefore there is no effect from the position in horizontal phase space on the motion

in vertical phase space, and vice versa. This is not the case for the vFFA, where the magnet

body and fringe field elements can have non-zero off-diagonal blocks. As a consequence

of this, the cell transfer matrix for a vFFA cell will not necessarily be in block diagonal

form, and the motion in horizontal and vertical phase spaces cannot be separated.

A number of linear decoupling procedures exist, with well-known examples being

found in the work of Edwards and Teng [64], and Parzen [65]. These methods, when

applied to a system with two degrees of freedom, block diagonalise the 4D coupled matrix

describing the periodic motion such that it can be considered as two systems oscillating in

two decoupled planes (usually denoted as u and v, leading to the nomenclature uv-space

for the combined 4D phase space describing the decoupled motion). It can be shown that

the eigenvalues of a matrix M that can be block diagonalised to the matrix B are equal to

the eigenvalues of B. If P is the decoupling transformation, we have

B = P−1MP , (3.58)

then if v is an eigenvalue of M with eigenvalue λ such that Mv = λv, we can write

PBP−1v = λv, (3.59)
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Parameter Value
N 720
βF 0.085714°
βD 0.085714°
r0 4010.651232m
θF 0.875°
γF −25°
m 4m−1

c1 0.05m

Table 3.1: Default parameters of the test vFFA FODO lattice, used to benchmark the ana-
lytic model of the closed orbits and optics against numerical predictions. These parameters
are loosely based on preliminary designs for a muon accelerator ring for the LHC tunnel
[61].

B
(
P−1v

)
= λ

(
P−1v

)
, (3.60)

showing that P−1v is indeed an eigenvalue of B with the same eigenvalue λ. Therefore,

if the decoupled tunes in uv-space are given by the argument of the eigenvalues of each

block of the matrix B normalised by 2π, these same tunes can be computed directly from

the eigenvalues of M. Decoupled tunes for vFFA lattices are computed in this manner for

the purposes of the following analyses.

The predictions of the analytic model are once again benchmarked against tune calcu-

lations from FIXFIELD, which computes decoupled u− and v− tunes using the Parzen

decoupling routine. A test lattice with parameters listed in Table 3.1 is constructed in the

analytic model, and the closed orbit calculations are used to assemble an equivalent FIX-

FIELD model. This lattice is chosen as it has a small dipole ratio, so the closed orbit is ex-

pected to be determined mostly by the magnet body behaviour rather than the fringe fields.

The length of fringe fields is small when compared to the magnet lengths, and therefore

the thin lens approximations used in deriving the fringe field transfer matrices are expected

to hold well. In fact, comparing the cumulative integrals of magnetic fields throughout the

cell (Fig. 3.5), it is reasonable to expect that the optics of this system should be dominated

by the magnet body behaviour.

The model is able to accurately predict the range of stable θF values for this large-ring
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Figure 3.5: a). Fields through one cell of the test lattice, with parameters listed in Table
3.1.
b). Cumulative integral of the transverse and longitudinal fields along the closed orbits.
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FODO lattice, when compared with numerical simulation, as demonstrated in Figure 3.6.

The figure shows the behaviour of the two decoupled tunes as a function of the bending

angle in the F-magnet. The tune dependence of the analytic model matches the behaviour

of the numerical model, and the largest discrepancy in tune for the points evaluated is of

order 10%.

Similarly, the prediction of the decoupled tunes as a function of the m-value shows

good agreement for values of m greater than approximately 3/m: Figure 3.7 shows the

dependence of the tunes on the chosenm-value. However, below this point, the analytic and

numerical predictions diverge for the v-tune, with the numerical simulation tune decreasing

more gradually compared to the analytic tune before a rapid decline towards 0. Whilst the

result shown here implies good agreement for larger values of m, and the difference in the

predicted minimum stable values of m is small (approximately 2.24/m in the numerical

model compared to 2.62 for the analytic), the behaviour of the tune for lower m implies the

existence of an effect not accounted for by the analytic model.

The missing effect is likely to be a consequence of a fringe field effect: we know that

the integrated longitudinal field effect is proportional to 1m−1, so this will be strongest at

low m values. Section 2.5 discussed the influence of fringe fields on the closed orbit, and

how the predicted closed orbit of the analytic model diverges from the numerically simu-

lated closed orbit. On top of this, the thin-lens fringe field model derived above is unable

to include the effect of Larmor rotation [66], an effective rotation of the optical planes that

occurs in regions with longitudinal fields. Moreover, the modelling above assumed a linear

fringe field function, which implied that the longitudinal field value must change instanta-

neously from zero to a constant value at the beginning of the fringe and back again at the

end. This means that the fields are discontinuous, and are not technically Maxwellian. If

the axial field distribution is defined by some smoothly varying continuous function B(y),

then there exists a radial component of the magnetic field as

Br = −|r|
2

dB(z)

dy
, (3.61)
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in which r denotes a transverse radial coordinate r = x+ z [66].

The effects of radial field components cannot be accounted for in a single thin lens

transfer matrix. The elements of the matrix corresponding to the radial field would be

given by the integral of the longitudinal field over the length of the fringe; as we know that

the longitudinal field is zero before the fringe region and zero afterwards, the integral of its

longitudinal derivative over this length must always be zero. As a consequence, a single

thin lens would not be able to account for the radial field effects in the fringe field of a

magnet.

These problems are exacerbated at low m-values: because the longitudinal field is pro-

portional to 1m−1, its derivatives, and thereby the radial field strengths, must also be pro-

portional to 1m−1, whilst the quadrupole-like and skew-quadrupole-like focussing terms

in the magnet body Hamiltonian are proportional to m. This implies that as the m-value

decreases the relative effect of the magnet body decreases, whilst the effects of the fringes

increase. Therefore, at low m-values, we expect that the approximations made to derive

the optical model begin to weaken, and alternative methods of analysis must be developed.

3.2.5 vFFA harmonic analysis

The model of the optics developed above has a number of limitations. Firstly, as dis-

cussed in Section 2.5, when the dipole ratio becomes large, the analytic model is no longer

accurately able to predict the closed orbit. Moreover, when the length of the fringe field be-

comes similar to the length of the magnets, the thin lens approximation used for the fringe

fields is no longer applicable. To understand the focussing structures of these lattices, and

to characterise their behaviour, a numerical technique based on multipole decomposition is

introduced. We term this technique harmonic analysis. This analysis uses a step-by-step

process as follows:

1. Identify closed orbit via tracking (as in Section 2.1.2).

2. Record position and momentum at each integration step along the closed orbit.
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3. Generate a unit vector â perpendicular to the vertical unit vector ẑ and the unit vector

tangential to the closed orbit û at a point on closed orbit.

4. Generate a second unit vector b̂ perpendicular to both â and û. â and b̂ then form a

basis orthogonal to the closed orbit.

5. Draw a circle at radius dr in the â, b̂ plane.

6. Record Cartesian magnetic fields at N points along the circumference of this circle.

These points are defined in terms of an angle θ, which is an integer multiple of 2π/N .

θ characterises the angle between a radius vector r of length dr and the basis vector

â.

7. Re-express Cartesian fields in terms of the radial field component perpendicular to

the circumference of the circle, i.e.

Br(θ) = B · r = drB ·
(
â cos θ + b̂ sin θ

)
. (3.62)

8. Take the Fast Fourier Transform (FFT) [67] of Br(θ). The resulting complex Fourier

Series gives the field on the circle as a series of circular harmonics.

9. Map the Fourier Series coefficients to the coefficients of an arbitrary-order magnetic

multipole. By comparing the Fourier Series to the standard form of the multipole

expansion in polar coordinates [7]

Ba + iBb = Bref

∞∑
n=1

(bn + ian)

(
reiθ

Rref

)n−1

(3.63)

we can see that the normal and skew multipole coefficients bn and an are equal to the

real and imaginary coefficients of this Fourier series normalised by dividing by drn−1

(note: the Fourier series starts at n = 0, whilst the multipole expansion is valid from

n = 1). This means that the n = 1 element of the Fourier series measured about a

point on the closed orbit describes the dipole field at that point, the n = 2 element

103



describes the quadrupole and skew quadrupole coefficients, and so on. The n = 0

entry of the Fourier series describes the zero-frequency (i.e. constant) component

of the field. For this particular case, this means that the zeroth component of the

Fourier series describes the local 2D monopole radial component of the field. Note

that as this is a 2D projection of a 3D field, this radial field can be nonzero, and is in

fact proportional to dBy

dy
[66]. It is also important to measure the local longitudinal

magnetic field (i.e. the field immediately parallel to the closed orbit) and to record

this.

10. Iterate process for each integration step along the closed orbit, giving a multipole

decomposition along the closed orbit.

11. Reconstruct the optics of the system by applying a series of thin lens multipole kicks

at each integration step using the measured coefficients followed by a drift of length

ds corresponding to the distance travelled over a single integration step.

By applying this procedure, the optics of a system can be understood in terms of multi-

pole components at each step along the closed orbit, enabling us to analyse the contribution

of different regions of the lattice and different orders of the multipole contributions.

The reconstruction process involves deriving thin lens kicks corresponding to each field

component. These are listed in the following paragraphs (note that the effect of thin lens

kicks is independent of the order in which they are applied).

We first apply kicks corresponding to the zeroth order components - i.e. the effects of

longitudinal and radial fields. The effect of longitudinal field can generally be understood in

terms of the concept of Larmor rotation [66], where the coupling between transverse planes

can be removed by transforming to a reference frame that rotates at a Larmor frequency

determined by the strength of the field and the magnetic rigidity. By transforming to this

frame, we see that the longitudinal field acts to rotate the optical system.
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A thin lens kick corresponding to a longitudinal field of normalised strength ksol =
qBy

P0

can be written as

Msol =


1 0 0 0
0 1 0 ksolds
0 0 1 0
0 −ksolds 0 1

 . (3.64)

Similarly, the effects of a monopole radial field with normalised radial field gradient krad =

qBr

P0dr
can be expressed using the following transfer matrix

Msol =


1 0 0 0
0 1 −kradds 0
0 0 1 0

kradds 0 0 1

 , (3.65)

i.e. angular momentum is imparted to the beam, proportional to the off-axis radial displace-

ment of a particle.

To account for the curvature of the system, a further focussing kick corresponding to

the curvature term in the Frenet-Serret Hamiltonian must be included. This focussing kick

strength is proportional to the overall dipole field measured from the multipole decomposi-

tion, i.e kdipole =
√
B2

x +B2
z , and it acts in a plane at angle γdipole = arctan (Bz/Bx) . The

corresponding thin lens kick transfer matrix is then given by

Mdipole = R4(γdipole)


1 0 0 0

−k2dipoleDs 1 0 0
0 0 1 0
0 0 0 1

RT
4 (γdipole), (3.66)

in which R4 denotes the rotation matrix given in Eq. (3.57).

The final contribution at linear-order comes from the normal and skew quadrupole terms

of the harmonic decomposition. In terms of the multipole expansion, these are the coef-

ficients b2 and a2 respectively. We normalise these conventionally as k1n = q
P0

Bref
Rref
b2 and

k1s =
q
P0

Bref
Rref
a2, giving the transfer matrix

Mquad =


1 0 0 0

−k1nds 1 0 k1sds
0 0 1 0

k1sds 0 k1nds 1.

 (3.67)
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The transfer matrices corresponding to each measured contribution are multiplied before a

drift matrix of length ds is applied.

By constructing a cell matrix from the series of drifts and transfer matrix kicks mea-

sured from the numerical integration, the properties of the lattice can be reconstructed.

3.2.5.1 Harmonic Analysis in Large-Ring vFFA Regimes

Table 3.2 shows an example of the FIXFIELD tune compared to the harmonic analysis

reconstructed tune for the m = 4/m lattice and the m = 2.25/m lattices plotted on Fig.

3.7. Notably, the latter case was one in which the analytic model was not able to predict

the stability of the lattice; the harmonic analysis method is able to match the simulated

tune to 2 decimal places, enabling an analysis of the focussing structure. Figure 3.8 shows

a comparison of the closed orbits for these lattices, showing that the differences of closed

orbit behaviour between the analytic model, them = 4/m simulation, and them = 2.25/m

simulation are all small; Figure 3.9 shows the multipole decomposition along the cell for

the two different m-values, showing that there appear large spikes of each field component

at the end of the magnets for the low-m lattice. Returning to Table 3.2, we see the results

of disabling certain elements in the optical reconstruction.

Critically, the low-m lattice is unstable when either longitudinal fields or radial fields

are disabled. This explains the disparity between the stability of the analytic model and

the numerical simulation at low values of m, showing that a simple thin lens fringe field

model cannot replicate the focussing behaviour for these cases. The study performed here

demonstrates the utility of the harmonic analysis approach in regions of parameter space

where the assumptions necessary to construct the analytic model cannot be applied.
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FIXFIELD Reconstruction Longitudinal Fields Off Radial Fields Off
m = 4.0/m

qu 0.3217 0.3214 0.3213 0.3214
qv 0.1429 0.1430 0.1432 0.1431

m = 2.25/m
qu 0.1960 0.1959 0.1919 0.1930
qv 0.0344 0.0349 N/A N/A

Table 3.2: Cell tunes for the test vFFA FODO lattice when the optics are reconstructed
using the harmonic analysis technique. The ”Longitudinal Fields Off” and ”Radial Fields
Off” columns correspond to the calculated tunes when either longitudinal or radial field
contributions are excluded from the transfer matrix reconstruction. N/A is written to denote
an unstable plane of motion.
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Figure 3.8: A comparison of closed orbits in a vFFA test lattice at differentm-values, along
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Figure 3.9: Multipole components along the closed orbit in the test vFFA FODO lattice at m = 2.25 and m = 4. All coefficients
are given in terms of the respective transfer matrix elements to form a basis for understanding their comparative contributions to the
focussing behaviour of the cell.
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Parameter Value
Cell Length 2.8m

LF 0.5m
LD 0.5m
B0F -1T
B0D 2T
∆Y 0.04m
m 4.0m−1

c1 0.15m
Integration step size 0.001m

Table 3.3: Default parameters of a straight-line vFFA triplet, based on [32]. ∆Y represents
the horizontal displacement between F and D-magnet midplanes.

3.2.5.2 Harmonic Analysis in Small-Ring vFFA Regimes

The same harmonic analysis approach can be used to analyse small-ring vFFA lattices

where the closed orbits are more strongly affected by the fringe fields, and the magnet

lengths are similar to the fringe lengths. To verify the validity of the harmonic analysis

multipole decomposition approach for a small-ring lattice, and to demonstrate the robust-

ness of the method across parameter space, a comparison was generated between the tune

as computed from this optical reconstruction procedure and the tune computed from the

full FIXFIELD numerical simulation, for a version of the baseline FDF triplet FETS-vFFA

lattice [32] (parameters displayed in table 3.3) modified to have zero net bending angle per

cell. The results of this comparison are displayed in Fig. 3.10. It can be seen that the tune

agrees across the full range of m-values tested.

With the effectiveness of this procedure demonstrated, it becomes possible to use the

multipole decomposition to evaluate the focussing structures of the cell. Figure 3.11 dis-

plays the multipole coefficients plotted throughout the cell, along with the closed orbit. It

can be seen that all components have peaks of similar magnitude, and contribute at simi-

lar orders to the optics of the cell: table 3.4 shows the tune when contributions from each

element are ’switched on’ in the matrix reconstruction. The results displayed in this table

show how critical the effects of each aspect are to understanding the optics of the system –
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Figure 3.10: Tune dependence onm-value in a sample vFFA triplet lattice, with parameters
listed in Table 3.3, showing the accuracy of the harmonic analysis method when compared
with the full numerical tracking approach.

particularly the effects of longitudinal and radial fields, which contribute very little to the

tune in most accelerators.

In order to characterise the significance of each focussing contribution across the pa-

rameter space, the strength of each coefficient is perturbed by a small amount (in this case

10% and the change in tune with respect to the unperturbed case is recorded. This pro-

cedure is repeated for a number of different test lattices with different m-values, and the

results are shown in Fig. 3.12. We can see from this that the quadrupole-type effects

dominate in both planes for high m-values (m > 4.5/m), but the v-tune is predominantly

determined by longitudinal effects below this point. Likewise, the u-tune is affected more

by the longitudinal field effects below an m-value of approximately 3 per metre. Though

Table 3.4 shows that each multipole element is necessary to model the cell tunes correctly,

the result shown in Fig. 3.12 indicates that across the range tested the individual u and

v-tunes are not sensitive to small changes in the radial fields.
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Figure 3.11: Multipole focussing coefficients throughout a sample vFFA triplet cell (Table
3.3). All coefficients are given in terms of the respective transfer matrix elements to form
a basis for understanding their comparative contributions to the focussing behaviour of the
cell.
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Figure 3.12: Change in tune for a small change in strength of multipole components at
different m-values.
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Combination qu qv

Quadrupole term only 0.137 0.124
Geometric term only 0.173 0.026

Longitudinal term only N/A N/A
Radial term only 0.006 0.006

Quadrupole + geometric 0.229 0.129
Quadrupole + longitudinal 0.095 0.156

Quadrupole + radial 0.079 0.079
Geometric + longitudinal 0.172 0.018

Geometric + radial 0.137 N/A
Longitudinal + radial 0.102 0.102

Quadrupole + geometric + longitudinal 0.211 0.154
Quadrupole + geometric + radial 0.196 0.079

Quadrupole + longitudinal + radial 0.141 0.192
Geometric + longitudinal + radial 0.203 0.104

Quadrupole + geometric + longitudinal + radial 0.247 0.182
Full numerical tracking 0.247 0.182

Table 3.4: Cell tunes of a straight-line vFFA triplet when the optics are reconstructed using
the multipole kick decomposition. The combination column lists which focussing contri-
butions that have been included in the optical reconstruction, and the qu and qv columns
show the corresponding decoupled tunes.

3.3 Chapter Summary

In this chapter, modelling techniques for the linear optics of scaling hFFAs were reviewed.

A Hamiltonian dynamics approach was used to derive transfer matrices for optical elements

in an hFFA, and the transfer matrices were combined with the closed orbit modelling from

Section 2 to assemble fully integrated models of hFFA lattices. The prediction of the cell

tune as a function of input parameters was then benchmarked against a FIXFIELD simu-

lation, and the analytic and simulated stability footprints were compared. We found close

agreement for the stability region in the θF , k parameter space, with tunes diverging slightly

for large values of θF due to fringe field effects.

Knowledge of these techniques was then applied in developing an equivalent approach

for the vFFA, deriving for the first time a thick lens vFFA magnet body transfer matrix

from the Frenet-Serret Hamiltonian, as well as thin lens edge focussing and fringe-field
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matrices. These were then integrated together with the closed orbit models derived in

Section 2 to obtain a full model of a vFFA, which was tested in a large-ring regime where

the approximations of the modelling approach were expected to hold well. The results

were found to agree with simulation, predicting accurate tunes as a function of θF and m,

though the model was found to be limited at low m-values. A method based on multipole

decomposition was then derived for study of the focussing structures in areas where the

assumptions of the analytic model break down. Using this, we found that radial field effects

were required for stability of the large-ring lattice at low m-values, though otherwise the

tunes are well-predicted by the quadrupole and skew-quadrupole-like behaviour modelled

by the magnet body transfer matrices.

In contrast, the multipole decomposition study identified that in a short-magnet regime

(studied using a test lattice based on the FETS-vFFA triplet lattice), all focussing elements

contributed much more significantly across the range ofm-values tested, with full inclusion

of all elements required to retrieve a tune accurate to within 2 decimal places. Whilst

at high m-values the quadrupole and skew quadrupole elements became the predominant

determining factor in the tune for these lattices, longitudinal fields were dominant for m-

values below 4 per metre.

The successful development of an analytic model for the optics of a vFFA enables the

study of the design and optics of novel vFFA lattices in regimes where the approximations

used to derive the model hold, rendering possible the effective design of new vFFA rings for

practical purposes. Meanwhile, the creation of a numerical tool for optical reconstruction

lends itself to the analysis of optical properties where complete analytic models are unable

to describe systems.
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Chapter 4

Non-linear Dynamics of Fixed Field
Accelerators

Whilst a first-order understanding of beam dynamics for a given lattice can be obtained

from the analysis of linear effects (i.e. analyses in which we have applied linear approxi-

mations to the equations of motion to allow for exact solutions), higher-order terms in the

equations of motion lead to additional nonlinear effects that have important consequences

for machine design and operation. An example of such an effect is amplitude-dependent

tune shift, which is a change in the tune for an individual particle as a function of the

amplitudes of its motion in phase space.

Amplitude-dependent tune shift can place an effective limit on dynamic aperture (DA)

by restricting the maximum amplitude of particles in stable motion; whilst an accelerator

may be designed such that the nominal tune is away from resonance, the presence of a tune

shift with amplitude means that particles oscillating with a large amplitude may encounter

resonances, causing beam loss. Ensuring a large dynamic aperture is critical when it comes

to minimising losses in a machine, and therefore is an especially salient consideration when

it comes to the design of high-power accelerators (where beam losses reduce the potential

maximum current, as well as carrying the risks of incurring damage to and irradiating

machine components). Understanding of the tune shift becomes, as a result, a key element

of machine design and is essential to the selection of nominal transverse tunes in such

machines.
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Scaling FFAs contain intrinsic higher order multipoles that cannot be eliminated, as can

be seen from performing Taylor expansions of the scaling laws (as done in, for example, Eq.

(3.1)). This means that all scaling FFAs have unavoidable nonlinear terms in the equations

of motion, leading to higher-order effects including amplitude-dependent tune shift that

ultimately limit the DA of a given ring. However, understanding of the nonlinear properties

of FFAs is complicated by the dependence of closed orbits on input parameters and the

presence of edge-angle effects (exploited by design in many FFA lattice configurations,

especially in spiral-sector designs such as the FD spiral design chosen for the FETS-hFFA

prototype ring).

This chapter begins with the theoretical background of amplitude-dependent tune shift,

before detailing the first experimental measurements of amplitude-dependent tune shift in

a scaling FFA, and demonstrating the validity of simulation-based studies of this prop-

erty. Following this, we introduce numerical studies of the amplitude-dependent tune shift

based on the harmonic analysis methodology outlined in Section 3.2.5, with an aim to un-

derstanding the sources of amplitude-dependent tune shift in hFFAs, and thereby enable

the development of design strategies that may be employed to mitigate tune shift and max-

imise DA in fixed field machines. We give an example of the application of this method to

the design of a spiral-sector FFA, and show the utility of the harmonic analysis as a quick

method of estimating amplitude dependent tune shift coefficients for a given lattice, thereby

giving a surrogate metric for dynamic aperture that is computationally cheaper to evaluate

and may be able to be employed in future lattice optimisation routines.

4.1 Amplitude-Dependent Tune Shift

For an accelerator comprised of purely linear focussing elements, a particle with any dis-

placement from the closed orbit will experience a transverse kick that is directly propor-

tional to its displacement; this means that the focussing, and therefore the tune, is indepen-

dent of the amplitude of the motion. However, when nonlinear elements are introduced,
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this situation becomes more complicated. Consider a system with one degree of freedom

described by the Hamiltonian [68]

H(x, p̃x, s) =
1

2
p̃x

2 +
1

2
K(s)x2 −

∫ x

0

f(x′, s)dx′ (4.1)

in which x and p̃x are the transverse position and conjugate momentum, K(s) a linear

focussing term, and f(x, s) some nonlinear perturbation. x′ is a dummy variable of the

integration. This Hamiltonian has the equation of motion

d2x

ds2
+K(s)x = f(x, s). (4.2)

If f(x, s) = 0, this is simply Hill’s equation [69]. The term
∫ x

0
f(x′, s)dx′ in the

Hamiltonian can be recognised as simply a potential

V (x, s) = −
∫ x

0

f(x′, s)dx′. (4.3)

H can then be written as

H(x, p̃x, s) =
1

2
p̃x

2 +
1

2
K(s)x2 + V (x, s). (4.4)

Via a canonical transformation, the Hamiltonian can be rewritten in terms of the action-

angle variables J and ϕ that parametrise the solutions to Eq. (4.2) in the absence of a

perturbation:

x =
√
2Jxβx cosϕ,

p̃x =

√
2Jx
βx

cosϕ,
(4.5)

H(ϕ, J, θ) = qJ + V (J, ϕ, θ), (4.6)

in which a new independent variable θ is defined as θ = 1
q

∫ s

0
ds′

β(s)
(q being the unperturbed

tune of the system, and β(s) being the unperturbed beta function). Taking the derivative of

the Hamiltonian with respect to J we find

dϕ

dθ
= q +

dV

dJ
. (4.7)
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dϕ
dθ

can be considered as the effective tune of the perturbed system; without a perturbation,

we once again retrieve q, but for an amplitude-dependent perturbation the value of dϕ
dθ

must

change. For a perturbation with a linear dependence on the amplitude (e.g. a quadrupole

perturbation), this manifests simply as a fixed change in the tune. However, perturbations

that are a nonlinear function of J will have J-dependent terms in their derivatives, giving

rise to an amplitude-dependent tune shift.

This tells us that for any machine that is not perfectly linear, particles with greater am-

plitudes will have tunes that are increasingly distant from the design tune. The ultimate

consequence of this is that particles with sufficient amplitudes will begin to encounter res-

onances and be lost, even if the design tune is chosen far away from resonances. This limits

the dynamic aperture of the accelerator, as the change in tune puts an effective maximum

on the phase space displacement of particles that will survive for a large number of turns.

This determines the acceptance of the machine – i.e. the range of transverse positions and

momenta that can safely be injected. Furthermore, the presence of space-charge effects in-

troduces additional sources of tune shift, with strength proportional to the beam’s intensity.

For example, the 2d potential induced by self-field forces at the longitudinal centre of a

Gaussian bunched beam is given by [70]

Vsc(Jx, Jz) =
r0Nb

β2γ3
√
2πσs

∫ ∞

0

−1 + e
− 2Jxβx

(2σ2
x+t)

2Jzβz
(2σ2

z+t)√
(2σ2

x + t)(2σ2
z + t)

dt, (4.8)

where r0 is the classical particle radius, Nb the intensity of the bunch, β and γ are the

relativistic factors, and σs,x,z are the longitudinal, horizontal, and vertical beam sizes re-

spectively. βx and βz denote the transverse beta functions. Tune shifts induced by space

charge reduce the safe margins away from resonances for high-intensity machines, mak-

ing amplitude-dependent tune shift an especially significant consideration (more complete

discussions of space-charge effects and mitigation may be found in other works such as

[71, 25].

Accordingly, understanding of the nature of amplitude-dependent tune shift is of critical
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importance; not only from the perspective of minimising its presence, but also as knowl-

edge of the magnitude and direction of amplitude-dependent tune shift must inform the

choice of a machine’s operational tune to optimise its dynamic aperture.

4.1.1 Sources of Amplitude-Dependent Tune Shift

Starting from the Hamiltonian of a system with a perturbation potential, Eq. (4.6), under

the assumption of a weak perturbation away from resonances, we assume that J and dϕ
dθ

are

approximate constants of the motion as they vary slowly compared to the angular variables

ϕ and θ. This enables the use of the so-called smooth approximation, where the Hamil-

tonian may be averaged over ϕ and θ to give an effective Hamiltonian that describes the

perturbed behaviour of the system.

H(ϕ, J, θ) ≃ qJ +
1

4π2

∫ 2π

0

dϕ′
∫ 2π

0

V dθ. (4.9)

The change in tune then becomes

δq =
1

4π2

∫ 2π

0

dϕ′
∫ 2π

0

∂V

∂J
dθ. (4.10)

The lowest order tune shift under this approximation comes from the octupole term of the

system. Considering an octupole perturbation of strength k3(θ) in one dimension with the

corresponding potential

Voct(θ) =
k3(θ)

4
x4 = J2k3(θ)β

2(θ) cos4 ϕ. (4.11)

The tune shift caused by this potential is thus

∆q = J
3

8π

∫ 2π

0

β2(θ)k3(θ)dθ. (4.12)

Sextupoles do not contribute to amplitude-dependent tune shifts under the smooth ap-

proximation, as integrating an odd power of cosϕ over a full period evaluates to zero. The

tune shift for a sextupole perturbation of strength k2(s) in decoupled motion, defined by

the Hamiltonian

H(x, p̃x, s) =
1

2
p̃x

2 +
1

2
K(s)x2 +

k2(s)

6
x3, (4.13)
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is a second order effect, and can be derived from 1D canonical perturbation theory, as in

[72]:

∆q = − J

64π

∫ C

0

[
β(s)3/2k2(s)

∫ s+C

s

β(s′)3/2k2(s
′)A(q, s, s′)ds′

]
ds (4.14)

where C is the length of one periodic cell. A is defined as follows:

A(q, s, s′) =
3 cos (ϕ(s′)− ϕ(s)− πq)

sin (πq)
+

cos (3(ϕ(s′)− ϕ(s)− πq))s

sin (3πq)
, (4.15)

where ϕ(s) =
∫ s

0
ds′

β(s′)
.

We see that in the case that 3q is close to an integer, the second term in A grows asymp-

totically. This implies that when the tune is close to the third-integer resonance, sextupole

components in the lattice will become the dominant source of amplitude-dependent tune

shift.

4.2 Experimental observation of Amplitude-Dependent Tune
Shift

4.2.1 Principle of Tune Measurement

In order to measure the transverse tunes of an accelerator, a coherent transverse oscilla-

tion must be excited in the desired plane. The frequency of this transverse oscillation in a

co-moving Frenet-Serret system is the transverse tune of the beam. The excitation process

must be short in time, such that it does not induce a persistent focussing effect that would

affect the tune of the accelerator. Transverse oscillations must then be measured over time

using beam position monitors (BPMs). By transforming this data from the time domain to

the frequency domain using a method such as the Fast Fourier Transform (FFT), the fre-

quency of transverse oscillations in the plane measured by the BPM can be extracted [73].

The transverse oscillations are apparent in the frequency spectrum as sidebands around

harmonics of the revolution frequency frev, with frequencies corresponding to

(fsideband − nfrev)

nfrev
= q/n (4.16)
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where n ≥ 1 is the order of the harmonic and q is the fractional tune.

4.2.2 The KURNS FFA

Experimental studies of the amplitude-dependent tune shift in scaling hFFAs were car-

ried out at the Kyoto University institute for integrated Radiation and Nuclear Science

(KURNS) facility, which houses a 150 MeV FFA ring [39].

The accelerator complex at this site was designed to deliver proton beams for the Kyoto

University Critical Assembly (KUCA) [38], a proof-of-principle nuclear reactor based on

the Accelerator-Driven Subcritical Reactor (ADSR) concept [37], and commenced opera-

tion in 2009. Originally, beams were accelerated through two FFA rings (called ION-BETA

and the BOOSTER ring) before being injected into the main ring, a 150 MeV FFA whose

extracted beam goes directly to the reactor. The original injector system has since been

replaced by an 11MeV H- linac that feeds directly into the main ring, a setup depicted in

Fig. 4.1. The main ring itself is a DFD triplet design, with a periodicity of 12 and an injec-

tion radius of 4.8 m; an image of the ring is displayed in Fig. 4.2, and its nominal design

parameters are listed in Table 4.1. Scaling is achieved in the magnets through shaping of

the pole gap to produce the desired on-midplane dipole fields. The magnets of the triplet

are constructed using the ‘return-yoke-free’ magnet design [74], in which the D-magnet

acts as an effective return yoke for the flux from the main normal-bend F-magnet. This

enables the F-magnet to be built with an open-gap configuration, such that the gap between

the upper and lower poles of the magnet is accessible from the inner and outer edges of the

magnet (this can be seen in Fig. 4.2). This construction allows injection and extraction to

be routed directly through the azimuthal centre of the F-magnet (as illustrated in Fig. 4.1

for the injection line, whilst the extraction line is again visible in Figure 4.2).

Injection from the 11 MeV linac is performed using charge-exchange injection, where

the beam of H- ions hits a thin carbon foil after being bent by the F-magnet field, losing

electrons and generating a proton beam that can be circulated through the ring and accel-
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Figure 4.1: Plan view of the KURNS main ring accelerator, taken from [75], showing the
positions of the magnets, RF cavity, and extraction kickers. The horizontal beam position
monitor (BPM) is positioned at the location marked S11.

Parameter Value
Reference radius r0 [m] 5.4

k 7.6
B0F [T] -1.6
B0D [T] 1.168

Number of cells 12
Angular separation between F-magnet and D-magnet centres [Degrees] 8.535

Opening angle of half F-magnet βF [Degrees] 5.12
Opening angle of D-magnet βD [Degrees] 3.43

Table 4.1: Nominal parameters of the KURNS main ring FFA
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Figure 4.2: Photograph of the KURNS main ring FFA [76]. This displays the return-yoke-
free magnet design, where the gap of the F-magnet can be seen and accessed from the outer
and inner sides of the magnets. The extraction line is visible towards the left-hand side of
the picture, where it can be seen exiting the azimuthal centre of one of the F-magnets.
The central smaller ring is the BOOSTER ring, which was originally used as part of the
injection system, but is no longer operated.

123



erated to top energy. Conventionally, the KURNS main ring uses a combined kicker and

septum system for extraction, where the beam is shifted from its circulating orbit to the

far side of a septum by the use of a fast-firing kicker magnet; however, the beam is not

extracted for the experiment series described here.

The tune of the accelerator over the acceleration cycle is displayed in Fig. 4.3, taken

from measurements completed in 2016 [75]. The horizontal tune varies by approximately

0.2 over the acceleration cycle, and the vertical tune by 0.1; this means that the KURNS

main ring is not able to be considered an ideal scaling FFA. The tune variation must be

accounted for when modelling the machine; its nature and sources are discussed in detail

in [77]. It was found that within the F-magnet there was a variation of the measured k-

value between 7.44 and 7.76 across the acceleration cycle. The variation in the k-value

observed in the D magnet was shown to be more significant, decreasing from 10.49 to 7.49

as a function of the radius. The main sources of these scaling imperfections were measured

to originate from the interaction region between the F- and D-magnets, and were most

significant towards the inner radius of the D-magnet.

4.2.3 Experimental Procedure

The aim of the experiment was to induce oscillations of varying amplitudes in circulating

beams, measuring the frequency of the corresponding horizontal oscillations picked up on

a beam position monitor (BPM). In order to do this, the beam was accelerated to a fixed

energy below the extraction energy of the typical operation cycle, and kept circulating at

this energy by reducing the synchronous phase of the RF system to zero. This left a cir-

culating bunched beam with a constant energy. This process of accelerating a beam to a

fixed energy (or, in terms of the revolution frequency and the RF cycle, a fixed frequency),

is referred to as a flat-top acceleration cycle. The extraction kicker magnet (shown in Fig.

4.4) was positioned radially to be in line with the flat-top orbit selected for the experiment.

This setup enabled the beam to be kicked horizontally, with an amplitude dependent on the
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Figure 4.3: Transverse tunes of the KURNS main ring over acceleration from 11MeV to
150MeV, and nearby resonance lines, taken from the 2016 study [75]. The triangle markers
show the approximate timings of beam loss identified in the study.
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voltage applied across the kicker coil. Reducing the experimental energy to an energy be-

low the nominal extraction energy of the machine was done to decrease the orbit radius. As

the orbit radius at the lower energy is much smaller than the radius of the beam pipe, large

amplitude horizontal kicks could be applied non-destructively (i.e. most of the circulating

beam would be preserved) – as opposed to performing the experiment at the extraction en-

ergy, where horizontal kicks would cause the beam to collide with the outer walls of the

beam pipe.

Horizontal oscillations were then recorded by recording data from the triangle BPM.

This BPM, of which a plan view is shown in Fig. 4.5, consists of pairs of parallel plate

electrodes placed above and below the beam position. A charge distribution in proximity

to a conductive plate induces an image charge on the plate [1], which can be measured as a

voltage. Considering a plate of finite length, and a line distribution of charge, the amount of

charge seen by the plate is proportional to the length of the plate, and therefore the induced

charge on the plate is also proportional to its length. Analogously, then, the charge induced

in a triangular plate (such as those displayed in Fig. 4.5) by a line distribution of charge is

proportional to the length of this line exposed to the plate, and therefore the induced charge

is dependent on the radial position of the beam.

4.2.3.1 Preliminaries

A preliminary investigation was performed to optimise the choice of flat-top frequency and

the choice of kicker position. For the preliminary, voltage on the electrodes of the hori-

zontal BPM was recorded over time. Fast Fourier Transforms (FFTs) were computed from

this data with a rolling window (i.e. taking data from time intervals of fixed length but

advancing the start time of the window through the dataset) to obtain the frequency spectra

of the system as a function of the time since injection. During the preliminary experiment,

the beam was accelerated using the RF programme for normal operation, which ramps the

energy and frequency of the beam continuously from injection to the nominal extraction
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Figure 4.4: Schematic of the extraction kicker magnet for the KURNS main ring. The
black lines show the path of the copper coils.

energy. The kicker was then activated once per acceleration cycle with an input voltage

of 50 kV. The kicker timing was adjusted to maximise the magnitude of oscillation side-

bands around the revolution frequency. When beam loss was observed (apparent as a large

decrease in the amplitude of the revolution frequency peak following the activation of the

kicker magnet), the kicker was repositioned at a smaller radius. The experiment was re-

peated until a kicker activation that caused distinct sidebands to be present in the signal was

achieved with minimal reduction in height of the revolution frequency peak (comparing be-

fore and after the kicker activation). The timing of the kicker activation that produced this

result was then correlated to the frequency ramp script to select the flat-top frequency of

the radiofrequency programme to be used for the main series of experiments.

An RF programme was developed to capture the beam, accelerate it with a constant

synchronous phase, and linearly ramp this synchronous phase to zero such that the final
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Figure 4.5: Plan view of the triangle BPM used to measure the horizontal tune. The five
hatched triangles are the identical metal electrodes of the BPM. The numbered electrodes
denote the three electrodes from which data was recorded in the experiment.

revolution frequency of the beam was 3.846 MHz, the frequency as selected from the results

of the preliminary investigation. This frequency corresponds to a kinetic energy Ekin of

approximately 103.4 MeV. This was computed from the relation

f =
pc/(Etotal)

2πrref(p/Pref)1/(k+1)
, (4.17)

in which momentum can be substituted as p =
√
E2

total −m2, and Etotal is the kinetic

energy of the particle plus its rest energy. The frequency relation derives from computing

the average radius of an orbit from the scaling law, Eq. (1.67), given a reference momentum

Pref and a reference radius rref. In this case, the reference momentum is calculated from the

extraction energy of 150 MeV, and the reference radius is the extraction radius, 5.37 m. For

the purposes of this calculation, the k-value for the ring is taken to be 7.6, as in Table 4.1.

With the new RF programme in place, the frequency spectrum behaviour of the voltages

recorded on the BPM electrodes was measured whilst the kicker was operated, but with no

circulating beam. This was necessary to enable interference effects to be distinguished

from the true behaviour of the beam. Figure 4.6 shows the voltage profile of the kicker at a

40 kV activation alongside the recorded voltages from the BPM electrodes. The frequency

spectra of the kicker current (measured using a current transformer (CT)) and BPM signals

are also shown. We can see that, even without a circulating beam, a peak at approximately

400 kHz was present in the frequency spectrum of the BPM signals. This peak represents
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ringing effects from the firing of the kicker magnet. This frequency is an order lower than

the revolution frequency of the beam, meaning that interference from the kicker can easily

be distinguished from transverse oscillations of the beam if analysis is done around the first

harmonic of the revolution frequency.

The data additionally shows some low-amplitude broad-spectrum noise around 3.85MHz.

3.846MHz is the frequency at which the RF cavities were operated during the flat-top part

of the cycle, so this can be attributed to interference from the RF cavity. Higher harmonics

of the RF frequency can additionally be seen as defined peaks in the frequency spectrum

(in particular, the second harmonic peak is apparent in Fig. 4.6 at 7.7MHz). The amplitude

of these peaks is approximately a factor of 10 lower than those in the equivalent spectra

when beam is present (Fig. 4.7), and no sidebands or other features can be distinguished in

the spectrum of the beam-off dataset. The same observations were made across all tested

kicker voltages, showing that additional structures in the frequency spectra measured with

a circulating beam must be caused by real beam effects, rather than interference from other

elements of the setup. The decay time of the kicker CT signal was measured from this data

(3µs), so that the start time of the frequency analysis window could be selected such that

any field in the kicker would be negligible.

4.2.3.2 Measurements

With this baseline measurement series complete, the beam was switched on again and the

accelerator was operated whilst the kicker was fired at a range of input voltages from 0

to 55kV in 5kV increments. Voltage data was recorded from 3 adjacent electrodes of the

triangle BPM (labelled 1, 2, and 3 in Fig. 4.5) to ensure the entirety of large-amplitude

oscillations would be detected (in the case that the change in radial position of the beam

during such oscillations caused it to cross over the boundary between two BPM electrodes).

The FFT of the voltage signals was then taken for each set of recorded data over a 26µs

window beginning 3µs after the kicker activation. The length of this window corresponds
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Figure 4.6: a) Voltage profile of the kicker CT and BPM electrode response during kicker
activation at 40kV nominal voltage, with no circulating beam. Vertical black lines denote
the beginning and end of the window used to compute the FFT. The BPM data is recorded
from electrode 2 (according to the labelling scheme in Fig. 4.5). b) Frequency spectrum of
the voltage data from the kicker CT and the BPM.
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to 100 revolutions of the beam.

A preliminary analysis was done using a 55 kV kicker activation (the maximum volt-

age possible) to see which signals contained frequency data corresponding to transverse

oscillations of the beam (which would manifest as a peak at the revolution frequency with

sidebands at an interval corresponding to the transverse fractional tune multiplied by the

revolution frequency peak); such signals were observed in the spectra of the outer two

electrodes (electrodes 2 and 3), but not the inner one (electrode 1), implying that the beam

when circulating at the selected 3.846MHz frequency was positioned towards the outside of

electrode 2, and, at the maximum kicker amplitude, oscillations were large enough to cross

the boundary between this electrode and electrode 3 – but did not bridge the full width of

the central electrode. This means that the data from the outer electrodes can be combined,

and we find that taking the difference of the two voltages produces the most well-defined

structure in the frequency spectra (of which an example can be seen in Fig. 4.7). For

small-amplitude kicks, the expected frequency components corresponding to transverse

oscillations of the beam were present only in the data recorded from electrode 2.

4.2.4 Results and Analysis

Figure 4.8 shows the amplitude of the sideband peak in the frequency spectrum as a func-

tion of time by computing the FFT with a rolling window after a 40 kV kicker activation;

this shows the rapid decay of the signal due to decoherence of the transverse oscillations

of the beam. A consequence of this decay is that the length of the window from which

to take data should be minimised, so that the coherent response of the beam to the kick

with a defined amplitude can be accurately measured. However, the theoretical maximum

frequency resolution of the FFT is given by the sampling frequency over the number of

samples taken [78]. This places a fixed uncertainty αf on any measured frequency f . If

the tune is calculated from the first harmonic of the revolution frequency frev and a corre-

sponding sideband at frequency f1 using Eq. (4.16), the uncertainty in the calculated tune

131



0 1 2 3 4
t [s] ×10 5

0.6

0.5

0.4

0.3

0.2

0.1

0

0.1

V 
[a

rb
.]

 a) Inner electrode
Outer electrode

0 0.2 0.4 0.6 0.8 1
f [Hz] ×107

0

0.00002

0.00004

0.00006

0.00008

0.0001

V 
[a

rb
.]

 b) Difference spectrum
Sum spectrum

Figure 4.7: a) Voltage profile of the central and outer BPM electrodes response (referred to
in terms of the radial position of the three electrodes from which data was recorded) during
kicker firing at a 40kV nominal voltage, with a circulating beam at 3.846MHz. Vertical
black lines denote the beginning and end of the window used to compute the FFT. b) Fre-
quency spectrum of the voltage data from the two BPM electrodes, showing a comparison
of the signal from the sum of the voltages from each electrode to the signal measured when
the difference is taken.
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Figure 4.8: Height of the sideband peak in the frequency spectrum of the BPM data over
time during a 40kV kicker activation, calculated using a rolling 100-turn FFT window.
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from this is then given by

αq = q

√(
α2
f1
+ α2

frev

(f1 − frev)2

)
+

(
αfrev

frev

)2

, (4.18)

having applied error propagation techniques as found in [79].

For a 100-turn FFT window (i.e. the length of time used to take the data is 100 times

the revolution frequency) the uncertainty in the measured tune from the first sideband for

the 40kV kick is ±0.03. This is insufficient to perceive the difference in tune between a

number of the different amplitudes tested, and drawing conclusions with this high amount

of uncertainty would be challenging. However, increasing the length of the FFT window

will introduce effects from the decoherence of the transverse oscillations.

For high-resolution estimation of the frequency of periodic components in time-domain

data, the Numerical Analysis of Fundamental Frequencies (NAFF) method [80] may be

used. For a real signal z(t) that can be written as a combination of an infinite number of

orthonormal functions, in the form,

z(t) =

∫ ∞

−∞
ϕ(f)e2πiftdf (4.19)

its Fourier transform ϕ(f) is then written as

ϕ(f) =
1

T

∫ T

0

z(t)e−2πiftdt. (4.20)

The main frequency of z(t) is the value of f at which ϕ(f) is maximised. For discretely-

sampled data, the function z(t) is defined only where t is a multiple of the sampling period

(i.e. t = n/fs for integer n and sampling frequency fs). In this case the integrals in Eqs.

(4.19) and (4.20) are replaced with finite sums, leading to the following expression for the

Fourier transform of the discretely-sampled signal [81]:

ϕ(f) =
1

N

N∑
n=0

z(n/fs)e
−2πifn/fs , (4.21)

where N = T/fs is the number of samples. The value of f that maximises ϕ(f) is then

found numerically using a root-finding method such as the Newton-Raphson method [82].
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As f is a continuous variable, the NAFF technique allows for a greater precision in deter-

mining the main frequency of the signal than the FFT, for which frequencies are divided

into discrete bins of finite width. However, the NAFF method is affected by noise [83]; a

method for estimating its uncertainty in the presence of noise is outlined in Appendix B.

For data with many unwanted frequency components, including large-amplitude un-

wanted frequency components (for instance, when measuring sideband frequencies, we

are uninterested in the harmonics of the revolution frequency), such as the data taken for

this experiment, the efficiency of the NAFF method may be improved by applying a band-

pass filter around the frequency of the peak that we want to measure. The width of the

band-pass filter should be chosen as wide as possible, to avoid any bias of the frequency

measurement caused by the shape of the band-pass filter. Figure 4.9 shows FFT spectra

for the 40kV kicker activation before and after band-pass filters with a width of 200kHz

are applied around the revolution frequency peak and one of the two sideband peaks. It is

apparent from this data that the shape of the peak in the FFT spectrum is unchanged by

the application of the band-pass filter, implying that the frequency selected by the NAFF

algorithm should be unaffected by the imposition of the band-pass filter.

A method of estimating the uncertainty in a frequency measurement from the NAFF

algorithm in the presence of noise is found in Appendix B. This analysis is performed for

all measured frequencies to obtain an estimate for the error in each frequency measurement.

These uncertainties can then be converted into the uncertainty of a measured tune using Eq.

(4.18).

As a measure of the amplitude of the beam oscillations, we calculate the expected kick

induced by the kicker magnet. The current in the kicker magnet coils is given by the input

voltage divided by the impedance of the transmission line (25Ω). From here, we approx-

imate the kicker magnet as two planar rectangular coils with dimensions as illustrated in

Fig. 4.4, and apply the Biot-Savart law [1] to compute the on-beam field at the centre of

the magnet. The total kick seen by the beam is then approximated as the estimated central
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Figure 4.9: FFT spectra before and after the application of bandpass filters of width 200kHz
centred alternately on the revolution frequency peak and the lower-frequency sideband
peak.
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B-field of the kicker magnet multiplied by the length of the magnet. This can be interpreted

as a transverse kick (i.e. an instantaneous change in the momentum coordinate) by divid-

ing this by the magnetic rigidity of the beam at the selected energy. The value of magnetic

rigidity used is 1.510 Tm, computed from the estimated energy of 104.3 MeV.

Comparing the magnitude of the horizontal kick to the definition of the action-angle

coodinates, Eq. (4.5) we find that the action J can be correlated to the value of this kick

through the equation

βxp̃x
2

2
= Jx, (4.22)

in which βX is the value of the horizontal β-function at the position of the kick, and we have

used the fact that αx = 0 at the centre of the drift (where the kicker is positioned). The local

β-function is computed based on a FIXFIELD simulation, and evaluated at βx = 0.828m.

Table 4.2 shows the computed field strengths and kick amplitudes for the different kicker

amplitudes, alongside the corresponding tunes and their uncertainties as computed using

Eq. (4.18) and the uncertainties in the frequencies given by the method of Appendix B.

The tune uncertainties are smaller at larger kick amplitudes as larger kicks increase the

amplitude of the sideband peaks, and the uncertainty of the NAFF method is dependent

on the signal-to-noise ratio (Appendix B). Variation in the uncertainties aside from this is

caused by fluctuations in beam intensity.

4.2.5 Comparison with simulation

A lattice was generated in the FIXFIELD simulation code to match the geometry of the

KURNS lattice (given in Table 4.1). To account for the tune variation over the acceleration

cycle (Fig. 4.3) and the field imperfections noted in [77], the parameters of the lattice were

modified to match the measured tune at the operating point of the experiment. To estimate

the zero-amplitude tune of the lattice, a weighted least-squares fit (with weights according

to the reciprocal of the tune uncertainty) was made for the experimental data. The intercept
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V [kV] I [A] B [T] δp̃x Amplitude [m] Qx

5 200 0.0024 1.374E-03 1.106E-06 3.804± 0.013
10 400 0.0047 2.749E-03 4.424E-06 3.8054± 0.0055
15 600 0.0071 4.123E-03 9.953E-06 3.8051± 0.0055
20 800 0.0094 5.497E-03 1.769E-05 3.8067± 0.0035
25 1000 0.0118 6.872E-03 2.765E-05 3.809± 0.023
30 1200 0.0141 8.246E-03 3.981E-05 3.8073± 0.0019
35 1400 0.0165 9.621E-03 5.419E-05 3.8083± 0.0014
40 1600 0.0189 1.099E-02 7.078E-05 3.8085± 0.0019
45 1800 0.0212 1.237E-02 8.958E-05 3.8105± 0.0007
50 2000 0.0236 1.374E-02 1.106E-04 3.8115± 0.0012
55 2200 0.0259 1.512E-02 1.338E-04 3.8129± 0.0012

Table 4.2: Kicker input voltages, calculated amplitudes, and measured tunes at 103.4MeV
in the KURNS main ring FFA.

with the vertical axis of the least-squares fit is taken as 3.8051. The point with the horizontal

tune of 3.8051 is identified on the tune diagram (Fig. 4.3) and the corresponding vertical

tune of this point is taken (approximately 1.41). A numerical optimisation routine is then

used to adjust the k-value, B0F , and B0D of the lattice to match this tune, keeping the

geometric parameters at their nominal values - thereby effectively computing an average

field index k for the orbit radius used in the experiment. The adjusted k-value after tune

optimisation was 7.711, and the B0 field values for the F and D-magnets respectively were

-1.632T and 1.176T.

Once a lattice with the desired horizontal and vertical tunes has been found, a closed

orbit is identified. Particles are then initialised at coordinates perturbed from the closed

orbit at chosen amplitudes (varying the amplitude J and displacing the particles according

to Eq. (4.5). Tracking data is then saved over several turns, corresponding to the parti-

cles’ positions at each integration step. The displacement between the closed orbit and the

perturbed particle is measured using this saved data, which is then passed to a frequency

analysis routine. Where the frequency components and amplitudes remain unchanged over

a large number of turns, it is appropriate to use the Fast Fourier Transform (FFT); however,

the symplectic condition is not fully satisfied in the RK4 integrator [84] and the amplitudes
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of oscillations can change over the course of the large number of turns needed to measure

tune using the FFT method (hence affecting measurements of amplitude-dependent tune).

This effect (the severity of which is dependent on the step size of the simulation) was

noted in preliminary simulations of amplitude-dependent tune shift in the ring. To avoid a

computationally-expensive simulation of a large number of terms using a small integration

step size, the NAFF method can once again be employed to reduce the number of turns

required to determine the frequencies to a given precision.

Figure 4.10 shows a comparison between the tunes calculated using this method and

those measured experimentally. The simulation tunes do not pass through all the error bars

of the experimental data, when using the zero-amplitude tune computed from the least-

squares fit. However, a zero-amplitude tune of 3.806 (an increase of 0.026% over the value

computed from the least-squares fit) is still within the range of possible zero-amplitude

tunes supported by the experimental data, and a modified simulation optimised for this

tune produces results in complete agreement with the experimental data.

The close agreement for the data shows the validity of the numerical modelling in the

FIXFIELD simulation, and the application of the FIXFIELD modelling to making predic-

tions about the behaviour of scaling FFA rings, even in the presence of field imperfections

(as long as these are accounted for by making small adjustments to the model). This demon-

strates additionally that tune shift and nonlinear effects are still governed by the scaling law

for this machine, despite the presence of field imperfections.

4.2.6 Sources of tune shift in the KURNS Main Ring

The Harmonic Analysis methodology employed to analyse the focussing structure of vF-

FAs in Section 3.2.5 can be expanded to include multipole decompositions up to arbitrary

order. Closed orbits are found for individual lattices using the combination of numerical

integration and root-finding methods, and the multipole decomposition about this orbit is

then evaluated according to the procedure detailed in Section 3.2.5.
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Eqs. (4.12) and (4.14) shows the tune shift with amplitude as a function of the local

multipole coefficients along the closed orbit, and the Courant-Snyder parameters at each

position. β-functions are evaluated by deriving a cell matrix using the infinitesimal linear

transfer matrices corresponding to the linear part of the multipole decomposition (as in

Section 3.2.5); this is done for each integration step in the cell by iterating through one-cell

transport matrices derived from cyclic permutations of the list of infinitesimal transfer ma-

trices and computing Courant-Snyder parameters for each one. These, along with sextupole

and octupole coefficents measured from the multipole decomposition, are then substituted

in to Eqs. (4.12) and (4.14) to evaluate tune shifts.

The sextupole and octupole distributions throughout a cell for the model of the KURNS

ring assembled in Section 4.2.5 are displayed in Fig. 4.11. From these, we compute the

expected tune shift due to the sextupole and octupole contributions as dQx,sext/dJx =

62.93/m, dQx,oct/dJx = 1.460/m. This compares to a total tune shift with amplitude

coefficient measured from the full simulation (by computing a linear fit using the method

of least squares minimisation) of 65.19/m. The result confirms that the dominant source of

amplitude-dependent tune shift for the KURNS main ring is indeed the sextupole compo-

nent (as the cell tune for KURNS is 0.317, which is close to the third-integer resonance at

0.333̇).

4.3 Amplitude-dependent tune shift in FD Spiral Scaling
hFFA rings

The spiral-sector hFFA design was originally proposed in 1960 [26] as a concept wherein

stability in the vertical plane would be provided entirely by edge focussing effects; this

removed the need for reverse-bend magnets, leading to a more compact ring. This concept

was realised in a low-energy electron ring, with an extraction energy on the order of 100s

of keV. However, when we scale the FFA concept to higher energies, the number of cells

in the ring has to increase to maintain magnets with achievable field strengths and realistic
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Figure 4.11: Calculated sextupole coefficient, octupole coefficient, and beta function for
one cell of the KURNS lattice as simulated in FIXFIELD. The positions of the D- and F-
magnets are indicated with the orange and teal shaded areas respectively.
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lengths. The overall bending angle of the cell then becomes smaller, leading to a decrease

in the edge focussing (if spiral angle is kept constant). This must be compensated for by

increasing the edge focussing added to the ring by the spiral angle. Increasing the spiral an-

gle of the magnets increases their engineering complexity, and, moreover, the introduction

of extreme edge angles in the presence of the nonlinear fields leads to increased fringe-field

multipole components [85].

With an aim to mitigate these factors, the FD-spiral concept has since been devised,

in which a ring is constructed with a combination of normal and reverse-bend spiral mag-

nets [27]. By including an element of vertical focussing from a reverse bend magnet,

the requirement for an extreme spiral angle may be reduced, mitigating the engineering

complexity of the machine and increasing its dynamic aperture (by reducing the edge an-

gles and therefore the magnitude of fringe-field multipole components). In recent years,

spiral-sector FFAs (including FD-spiral machines) have been proposed for a number of

applications [48, 86, 87].

In such a design, the choice of spiral angle becomes an essential optimisation param-

eter; increasing the spiral angle decreases the need for reverse bend, minimising the size

of the ring, but at the same time increasing the magnitude of multipolar components in the

fringe field - in turn leading to adverse effects on dynamic aperture. The negative effects

of spiral angle were identified in [27]; we now present a study of an FD-spiral lattice and

an analysis of the sources of tune shift in this lattice, and an outline of how these factors

can be used to select an optimised ring design in the context of the FETS-FFA design study

[58].

4.3.1 Harmonic Analysis of FD Spiral FFAs

To examine the tune shifts of spiral-sector FFAs, and thereby begin to understand the lim-

iting factors on their dynamic apertures, a 16-cell FD-spiral FFA lattice was simulated

according to the parameters listed in Table 2.2. Figure 4.12 shows the horizontal and ver-
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∂qx/∂Jx [1/m] ∂qz/∂Jz [1/m]
FIXFIELD 1.40 60.12
Harmonic analysis

Octupole (first-order) -13.88 61.19
Sextupole (second-order) 5.48 5.53

Total -8.40 66.72

Table 4.3: A comparison of tune shift coefficients as computed from a linear least-squares
fit to the FIXFIELD data, and as calculated using the combination of harmonic analysis
and perturbation theory.

tical cell tune as a function of horizontal and vertical amplitude respectively in this lattice

(computed using the method outlined in Section 4.2.5). Using the same closed orbit, we

apply the harmonic analysis approach to compute the tune shift coefficient from the oc-

tupole, and compare this to the measured tune shift coefficient from the simulation (which

includes all orders of nonlinearities). A comparison of the tune shift coefficients between

the two approaches is shown in Table 4.3.

This result confirms that the vertical tune shift is dominated by the octupole components

in the lattice. The total vertical tune shift coefficient calculated from the harmonic analysis

method is approximately 10% higher than the FIXFIELD calculation, which indicates that

the perturbation theory at first order (octupole effects) and second order (sextupole effects)

does not give a complete description of the system (though a cross-check of this result

with other simulation codes would be a priority of further study). The tune shift for the

horizontal plane is much smaller than that for the vertical plane in both the full simulation

and the harmonic analysis, demonstrating that the predominant source of tune shift (and

therefore the expected limiting factor on the dynamic aperture) comes from the vertical

tune plane. However, the magnitude and direction of the horizontal tune shift is different in

the full FIXFIELD simulation to the predictions from harmonic analysis, indicating that the

combined first-order and second-order tune shifts developed from the perturbation theories

discussed in this chapter are insufficient to completely describe the system.

To understand how the tune shift factors into the choice of spiral angle, the harmonic
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analysis study is repeated across a range of spiral angles ζ . In each case, the value of the

reverse bend field and the k-value are adjusted to keep the same horizontal and vertical

tunes. Figure 4.13a shows the variation in B0D and k lattice parameters as a function of the

spiral angle when the horizontal and vertical tunes are kept constant. Figure 4.14a shows

the octupole component along the ring for the different values of ζ , whilst Fig. 4.14b and c

show the horizontal and vertical beta functions respectively for each lattice.

Considering the positive values of ζ we find that the magnitude of the octupole compo-

nents in the F-magnet increases with spiral angle, with this effect being most apparent at

the entrance and exit. This is a consequence of the increased edge angles. The behaviour

in the D-magnet is similar, with octupole components increasing in magnitude with spiral

angle until spiral angle exceeds 45°, at which point the decrease in B0D outweighs the ef-

fect of increasing edge angle. Whilst both the magnitudes of positive and negative octupole

components increase with spiral angle in the F-magnet, we see that the magnitude of the

positive peak is greater at all positive spiral angles, leading to a net positive vertical tune

shift that increases with spiral angle. The effect of this on the ultimate tune shift is further

exacerbated by the growth in β-function at the position of the positive octupole coefficient

peak.

At negative spiral angles, the overall effect is similar, though the position of the posi-

tive and negative peaks of the octupole function are exchanged. Nonetheless, we still see

octupole coefficients that increase with |ζ|, and an increasing beta function at the position

of the maximum of the octupole coefficients.

By applying Eq. (4.12), the octupole tune shifts for each case can be computed; the

result is shown in Fig. 4.13b.

From Fig. 4.13 we can see that a spiral angle of 45 degrees is sufficient to reduce the

required field strength of the D-magnet to 59% of that required for the ζ = 0◦ radial sector

lattice. However, when the spiral angle is increased beyond 45◦, the amplitude-dependent

tune shift rises sharply as a consequence of the coincidentally increased octupole and beta
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b). Horizontal and vertical amplitude-dependent tune shifts in the FETS-FFA lattice as a
function of the spiral angle.

147



0 2.5 5 7.5 10 12.5 15 17.5 20 22.5
Azimuthal position (adjusted for spiral angle)[degrees]

1000

500

0

500

1000

1500

2000

k 3
B

 [T
/m

3 ]

a)  = -55.0°
 = -45.0°
 = -30.0°
 = -15.0°
 = 0.0°
 = 15.0°
 = 30.0°
 = 45.0°
 = 55.0°

0 2.5 5 7.5 10 12.5 15 17.5 20 22.5
Azimuthal position (adjusted for spiral angle)[degrees]

0

0.5

1

1.5

2

x[m
]

b)

0 2.5 5 7.5 10 12.5 15 17.5 20 22.5
Azimuthal position (adjusted for spiral angle)[degrees]

0

0.5

1

1.5

2

z[m
]

c)

Figure 4.14: a). Octupole field components along the closed orbit for different spiral angles.
b). Horizontal beta function along closed orbit at different spiral angles.
c). Vertical beta function along closed orbit at different spiral angles.
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function at the entrance of the F-magnet (Fig. 4.14). This is a contributing factor to the

reduction in dynamic aperture for large spiral angle as observed in tracking studies for the

FETS ring [88]. Comparing positive to negative spiral angles, we find that at ζ = −45◦ the

required D-magnet strength is reduced further to 34% of the value from the radial sector

lattice; however, the vertical tune shift in this lattice is approximately 31% larger than the

ζ = 45◦ equivalent.

The horizontal tune shift, by contrast, appears more stable as a function of the spiral

angle across both positive and negative values. An explanation for this can be seen when

we compare the beta function for the horizontal plane (Fig. 4.14b) to the previous plot

of the octupole coefficient (Fig. 4.14a). As spiral angle is increased to 45 degrees, the

horizontal beta function becomes larger at the position of the negative octupole component

at the right-hand side of the F-magnet as it is drawn in the figure. When the beta function

and the octupole coefficients are multiplied, the negative octupole at the right-hand side

of the F-magnet is able to cancel the positive tune shift that would otherwise be induced

by the positive octupole component at the F-magnet’s left-hand side. As the spiral angle

is increased beyond 30 degrees, the drop in beta function at the location of the positive

octupole causes the negative tune shift to become dominant, and hence the total horizontal

amplitude-dependent tune shift becomes negative for large spiral angles.

4.4 Conclusion

We presented the first measurements of amplitude-dependent tune shift in a scaling hFFA,

and used this result to benchmark the use of numerical simulation codes to study amplitude-

dependent tune shift. The same simulation was then applied to the study of a novel FFA

accelerator to measure the expected amplitude dependent tune shift. We developed a tech-

nique based on multipole decomposition to identify the principal sources of amplitude-

dependent tune shift in FFA rings, and used it to show that the sources of the tune shift

are different depending on the optics of the machine; in the KURNS machine, the primary
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source of the tune shift was identified as the second-order effect from the sextupole compo-

nents in the horizontal plane, due to the proximity of the horizontal tune to the third-integer

resonance. Conversely, at the working point of the proposed FETS-FFA FD spiral lattice,

the dominant source of tune shift was found to be the first-order effects from the octupole in

the vertical plane. We then explored how input parameters of the FETS-FFA lattice affected

the octupole components, β-functions, and the resulting tune shifts to find the dependence

of tune shift on spiral angle. This showed how the harmonic analysis methodology might

be employed in the optimisation of new designs; implementation of this form of analysis

into future study and optimisation procedures could enable an increased understanding of

a machine and a more efficient design procedure. For example, the octupole and beta func-

tion product integral employed here can be used for a quick computation of the expected

amplitude-dependent tune shift. This could be used to choose an optimal working point

for the ring to avoid resonances, or to give a rapid estimate of DA for a given tune (by

computing the maximum allowed amplitudes before problematic resonances would be en-

countered), which could be inserted into a numerical optimisation procedure and used to

identify the best set of lattice parameters to maximise DA. In this application, this metric

would be able to replace computationally intense particle survival simulations, enabling

more streamlined optimisation processes and aiding in the design and study of future ma-

chines.
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Chapter 5

Design of vFFA Lattices

This chapter outlines the context for one possible application of a vFFA as part of a high-

energy muon collider complex. Here, the vFFA offers the potential for quasi-isochronous

zero-chromatic acceleration without the ramp time constraints associated with rapid cycling

synchrotron alternatives.

We introduce first the concept of the muon collider in terms of its advantages over

alternative collider proposals for the energy frontier, and discuss the engineering challenges

associated with fast acceleration within the lifetime of the muon. We discuss the current

baseline design for the acceleration phase of the muon collider complex, which is based

on the novel ‘hybrid RCS’ concept, and how the difficulties with muon acceleration and

the drawbacks of the baseline design might be addressed with a vFFA. With this basis

established, we present new designs for muon acceleration based on the vFFA concept,

comparing these to the existing baselines developed by the muon collider collaboration.

We show how the analytic formalism may be applied to an existing vFFA design for the

purpose of optimisation, and develop further proof-of-concept muon accelerator designs

to prove its viability as an alternative candidate to the hybrid RCS for muon acceleration

stages.
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5.1 Muon Accelerators

5.1.1 Background

The search for new high energy physics in the post-LHC era will require the construction

of new multi-TeV colliders. A number of proposals to this end have already been made,

including the FCC-hh [89] concept based on a large-ring synchrotron design, as well as

linear collider schemes such as CLIC [90] and the ILC [91]; however, each of these is faced

with a number of limiting factors. A novel alternative for a new energy-frontier collider is

present in the muon collider concept, which offers ways of mitigating these limiting factors

- though in itself raising a number of new challenges in accelerator physics.

The challenges faced by new energy-frontier machines stem from a number of different

factors.

The top energy of a linear collider scheme is ultimately determined by the gradient of

the cavities, the available space for the tunnel, and the power budget available to the facility.

An example proposal is given by the CLIC collaboration [90], which in its ultimate form

suggests construction of a machine with cavity gradients on the order of 100 MV/m [92]

and a length of 50.1 km to achieve a maximum collision energy of 3 TeV, with an expected

input power to the cavities alone of 130 MW.

In circular (and other recirculating) machines, some of these limitations may be over-

come through multi-pass operation; by using each cavity many times over the acceleration

cycle, a higher energy may in principle be achieved for the same number of cavities and

the same accelerating gradient. This enhances not only the power efficiency of a machine,

but also renders it more compact and theoretically less expensive to construct. A further

advantage of a recirculating machine is that beams intersect at each interaction point many

times over the course of a run, meaning that requirements on the final focus system can be

relaxed to achieve the same luminosity as a linear collider at the same energy.

These factors would, taken in isolation, seem to imply that a circular, multi-pass ma-
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chine is the obvious choice for an energy-frontier collider. However, circular machines are

not without their own drawbacks when scaled to higher centre-of-mass energies. A charged

particle undergoing an acceleration perpendicular to its velocity emits synchrotron radia-

tion, a phenomenon first observed visually in an accelerator at the General Electric 70MeV

synchrotron [93]. The instantaneous power lost to this radiation for a particle in circular

motion is given by the formula [44]

P =
2

3

q2

4πϵ0

β4γ4

ρ2
, (5.1)

In which ϵ0 is the permittivity of free space, β is the ratio of the particle’s velocity to the

speed of light (v/c), γ is the Lorentz factor, q is charge, and ρ is the local radius of curvature.

Notably, power lost to synchrotron radiation scales with the 4th power of the beam energy

(as E = γE0 for a particle with rest energy E0), and therefore increases dramatically as

we try to increase the energy of the collider. This ultimately places an upper bound on the

energy of a collider, when the power lost due to synchrotron radiation per turn exceeds that

which can be given to the beam with accelerating cavities. For the LEP, the power lost at

its top energy of 100GeV was 18 MW [94] at a total beam intensity of 6mA – more than

10% of the entire power budget of 120 MW for the entire ring [95].

It can be seen from Eq. (5.1) that the power loss to synchrotron radiation is inversely

proportional to the bending radius, so one means of achieving a higher maximum energy

in an electron collider is to increase the radius of the ring; however, as the energy loss is

proportional to the 4th power of the beam energy the required increase in radius to mitigate

the increased radiated power at higher energies becomes very large. As such, modern

proposals for circular electron machines limit themselves to relatively modest top energies:

the proposed FCC-ee concept, a 100 km-circumference electron-positron collider, has a

planned top centre-of-mass energy of 185.5 GeV, and is designed instead to produce results

on the precision frontier (as opposed to the energy frontier). The operation parameters
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for this machine were selected based on a chosen limit of synchrotron radiation power of

100 MW [95].

An alternative method of circumventing synchrotron power losses is found in increas-

ing the mass of the accelerated particles. Equation (5.1) implies that, for a given energy

E = γE0, the radiated power will be inversely proportional to the 4th power of the particle

rest energy E0. This solution has been used in previous high-energy machines such as the

Large Hadron Collider [96] and the Tevatron [97], which accelerated protons (alongside, in

the latter case, antiprotons). With protons having approximately 2000 times the mass of the

electron, this choice results in a 1013 reduction in radiative losses for the same beam energy

compared to an equivalent electron beam. The reduced synchrotron losses enable the prac-

tical construction of energy-frontier hadron colliders on scales where electron machines

would be untenable. However, hadrons are composite particles, meaning that each collid-

ing parton only carries a fraction of the nominal collision energy – reducing the effective

centre-of-mass energy for each collision and introducing uncertainties into collisions due

to the momentum distribution of the parton structure (in contrast to the ‘clean’ collisions

provided by point-like lepton-lepton interactions).

The concept of a muon collider is to take a best-of-both-worlds approach; providing

point-like leptonic collisions, whilst keeping synchrotron losses small enough to reach

multi-TeV energies on a practical scale. Muons have a greater mass than electrons by a

factor of 200, reducing the radiated synchrotron power by order 109 compared to an equiv-

alent electron beam and enabling operation at energy scales comparable to hadron machines

whilst maintaining a more compact footprint. As leptons, muons are still fundamental par-

ticles, and do not suffer from the issues caused by the composite nature of hadrons – most

interactions will occur at the full collision energy. This means that a muon collider with a

given centre-of-mass energy can access an equivalent physics potential to a proton-proton

collider at ten times the centre-of-mass energy [98].

A number of additional challenges must be overcome to realise a muon collider with
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the required luminosity for a large-scale high-energy physics experiment. Foremost among

these are the difficulties associated with producing a low-emittance muon beam, and en-

suring the survival of muons throughout their acceleration cycle, due to the short lifetime

of the muon (τ = 2.2µs in the rest frame of the muon). Recent breakthroughs have be-

gun to address the former point, with the MICE collaboration demonstrating the world-first

4-dimensional cooling of a muon beam [99] using the ionisation cooling technique. The

decay of the muon beam is a critical consideration in the design of any muon accelerator

complex: the muon population will decay rapidly at rest, but time dilation at higher ener-

gies increases the muon lifetime as measured in the lab frame. Consequently, for a linearly

increasing energy acceleration cycle of duration tramp, the survival rate of a muon beam is

given by [100]

Next

Ninj

= exp[−
∫ tramp

0

dt

γ(t)τµ
] =

(
γext
γinj

) tramp

(γinj−γext)τµ
, (5.2)

in which Next and Ninj denote the numbers of muons at extraction and injection respec-

tively, with γinj and γext the corresponding Lorentz factors at those points. For a muon

survival rate of Next

Ninj
> 50% from 63 GeV up to 5 TeV, this means that the acceleration

cycle must be completed in a maximum time of millisecond order.

This represents a significant engineering challenge for a conventional Rapid-Cycling

Synchrotron (RCS). The current fastest-accelerating RCS is the ISIS proton synchrotron,

which ramps from 70MeV to 800MeV over the course of approximately 20ms [101] using

normal-conducting (NC) magnet technology. The maximum field that can be achieved with

NC magnets is approximately 2 T [102]. The minimum circumference of a 5 TeV muon

ring with a peak field of 2 T would be 52 km, without accounting for the space needed for

focussing structures, drift lengths, RF cavities, and any other insertions. In the context of

rapid acceleration, large amounts of high-gradient RF would need to be distributed around

this large ring. As such, it is desirable to minimise the ring footprint as much as possible

to maximise the number of times each cavity is used over the accelerating cycle. The 2 T
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magnetic field limit associated with NC magnets limit is overcome in existing synchrotrons

through the use of superconducting (SC) magnets; these are, however, limited to extremely

slow ramp rates when compared to normal-conducting counterparts.

The combination of the limited ramp rate of SC magnets and the limited field strength

achievable with NC magnets places limits on the applications of conventional RCS schemes

to rapid muon acceleration. One proposal, considered as the baseline for the acceleration

stage by the International Muon Collider Collaboration [103], circumvents these limits

via the construction of an RCS chain, using a conventional RCS for the initial acceleration

stage, but switching to a novel ‘hybrid’ RCS design for later acceleration stages (which uses

interleaved ramped NC magnets and fixed-field SC magnets). This concept is discussed in

more detail below.

The issue of ramp rate could also be avoided in a fixed-field machine, which would en-

tirely remove this constraint on the speed of acceleration – in which case the only limit on

acceleration rate would be the amount and gradient of the RF cavities that could be incorpo-

rated into the ring. A number of additional advantages may also be gained in switching to a

fixed-field machine (in particular, a vertical-excursion design), which are further explored

in the following sections.

5.1.2 RCS Chain Baseline

The baseline parameters for the RCS chain studied by the muon collider collaboration [104]

are displayed in Table 5.1. The first accelerator is specified as a conventional RCS based

on normal-conducting magnets, taking the beam from an injection energy of 63 GeV to a

300 GeV extraction energy, whilst the later stages (up to 5 TeV) are designed as so-called

hybrid RCS machines.

In a hybrid RCS, cells consist of a single ramped NC dipole sandwiched between two

strong fixed superconducting dipoles. The ramped magnet goes between a 1.8 T reverse

bend field at injection to a 1.8 T normal bend field at extraction to ensure the correct net

156



Parameter Symbol Unit RCS1 RCS2 RCS3 RCS4
Hybrid RCS - - No Yes Yes Yes
Repetition rate frep Hz 5 5 5 5
Circumference C m 5990 5990 10700 35000
Injection energy Einj GeV 63 314 750 1500
Extraction energy Eext GeV 314 750 1500 5000
Energy ratio Eext/Einj - 4.98 2.39 2 3.33
Assumed survival rate Next/Ninj - 0.9 0.9 0.9 0.9
Acceleration time τacc ms 0.343 1.097 2.37 6.37
Revolution period Trev µs 20 20 36 117
Number of turns nturn - 17 55 66 55
Required energy gain per turn ∆E GeV 14.8 7.9 11.4 63.6
Average accel. Gradient Gavg MV/m 2.44 1.33 1.06 1.83
Number of bunches/species - - 1 1 1 1
Bunch population at injection Ninj 1012 2.7 2.4 2.2 2
Bunch population at extraction Next 1012 2.4 2.2 2 1.8
Max. NC dipole field BNC T 1.8 1.8 1.8 1.8
Max. SC dipole field BSC T - 10 10 16
Ramp rate B T/s 4200 3282 1519 565
Main RF frequency fRF MHz 1300 1300 1300 1300
Max RF voltage VRF GV 20.9 11.2 16.1 90.

Table 5.1: Baseline parameters of the RCS chain developed for the muon collider study,
retrieved from [104]
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Figure 5.1: Closed orbits at different energies through one cell of the hybrid RCS2 design,
retrieved from [105]. Note that x and y here represent cartesian coordinates in the horizon-
tal plane, which differs from the convention used throughout this thesis.

bending for each beam energy (see Figure 5.1).

A consequence of this is a changing path length with energy, giving a variation in

time-of-flight over the acceleration cycle. RCS2, with the parameters given in [105], has

a 9.1 mm path length difference over its acceleration. The consequence of this is that the

hybrid RCS cannot be operated at a fixed RF frequency, requiring a change in revolution

frequency of approximately 2 kHz over the acceleration cycle. This is further complicated

by the profile of the path length variation over time, displayed in Fig. 5.2, which shows that

the minimum and maximum path length (and therefore minimum and maximum required

RF frequencies) are only approximately 0.4 ms apart [106]. This results in a required

frequency tuning speed on the order of 10 MHz/s, which will require the development of

novel tuning systems for this purpose [107].
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Figure 5.2: Path length variation as a function of time over the acceleration cycle of the
RCS2 design [106].

5.1.3 vFFAs for Muon Acceleration

A fixed-field accelerator would be able to circumvent many of the issues associated with the

RCS and hybrid RCS designs. Firstly, the removal of the requirement for ramped magnets

removes the associated constraints on the acceleration rate of the machine. Secondly, the

whole ring may be constructed with fixed-field superconducting magnets, reducing power

consumption: not only from the lack of resistance in SC magnets reducing ohmic losses

but also considering eddy current losses through the ramp cycle – which are likely to be

significant. The gains in power efficiency are anticipated to be an increasingly major advan-

tage, when the rising costs of energy and the need for sustainability in the face of climate

adversity are considered.

When compared to the hybrid RCS, the quasi-isochronous nature of the vFFA becomes

a particularly salient advantage. Isochronicity enables the use of on-crest acceleration (i.e.

the choice of ϕs such that particles encounter the maximum of the sine waves). This is not

possible in a synchrotron, where ϕs must be chosen away from the voltage peak to maintain

phase stability. This means that a vFFA-based accelerator would be able to access increased

accelerating voltage for an equivalent cavity design, an advantage that could be used to

increase muon survival rates for the acceleration cycle by decreasing the overall time taken,
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Figure 5.3: Diagram of the initial FODO lattice for muon acceleration taken from [108].
Here, the left block represents the reverse bend D-magnet, whilst the right block is the
normal bend F-magnet. The solid red lines are the 3D paths corresponding to orbits at
different momenta; the 2D projection of these on the horizontal and vertical planes are
shown with dashed red lines.

or alternatively to relax demands on the RF voltage if the survival rate were kept fixed

instead. Moreover, the hybrid RCS designs have a nonzero path length difference between

injection and extraction, and a corresponding change in revolution frequency, requiring fast

tunable RF. This would not be required for a vFFA, relaxing the need for development of

new RF tuner technology.

5.2 vFFA Optimisation

An initial design based on a FODO lattice structure (according to the geometry depicted in

Figure 5.3) was developed in 2019 [61, 108] to accelerate muons from 50 GeV to 1.5 TeV

– with parameters listed in Table 5.2. This showed the feasibility of the vFFA concept for
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2019 Lattice Optimisation
Circumference [m] 28350 25200
Number of Cells 810 720
Injection Energy [TeV] 0.05 0.05
Extraction Energy [TeV] 1.5 1.5
F-magnet length [m] 12.00 14.14
D-magnet length [m] 12.00 9.25
Drift length [m] 5.5 5.8
Peak Dipole Field [T] 8.7 7.7
m-value [1/m] 6.8 7.00
Excursion [m] 0.50 0.49
Tune (0.40,0.086) (0.44, 0.098)

Table 5.2: vFFA muon accelerator lattice parameters from an initial 2019 design exercise
[61], and an optimisation of the same design using the analytic formula to reduce the peak
B-fields, the excursion, and the circumference whilst maintaining the same drift lengths.

muon acceleration, though a number of optimisation targets were identified: firstly, the ring

circumference is 28 km, larger than the LHC tunnel, and secondly the peak field on-beam

is 8.7 T, a challenge from a magnet engineering perspective. The overall excursion is also

large (0.5 m), which would require large-aperture magnets and RF systems to be developed

for the machine; though it should be noted that this preliminary design had an energy factor

of 30, having been designed as a single ring to occupy the same roles as RCS stages 1, 2,

and 3. The design of this vFFA was derived from an approach based solely on manual

trial-and-error optimisation of numerical simulations.

The parameters listed in Table 5.2 are given in terms of the magnet positions, and

relative strengths of the magnets specified as the FD ratio – the ratio between the midplane

dipole field of the F-magnet to the midplane dipole field of the D-magnet. The optimum

magnet positioning and selection of the appropriate FD ratio is not immediately intuitive

from this approach. Consequently, optimisation of this design proved challenging due to

the multidimensional parameter space and the sensitivity of the closed orbit to changes in

the inputs. For instance, a change in the FD ratio while keeping the horizontal offset of

the magnets constant requires changes not only the horizontal bending of the closed orbit

but also the bending in the vertical plane. Similarly, changing the m-value and keeping all
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other parameters constant would cause changes to both the horizontal position and vertical

profile of the closed orbit, unless the FD ratio was chosen such that the inclination in each

magnet was zero.

In order to gain insight into the system, the analytic model derived in Chapters 2 and

3 was applied. The preliminary design was replicated in the analytic formalism by using a

curve-fitting approach to select appropriate values of γF and θF that could be used as input

in Eqs. (2.27-2.34) to produce a closed-orbit that matched the simulated closed orbit of the

original lattice. These new input parameters were then used as a starting point from which

knowledge of the analytic model could be employed to achieve the optimisation targets,

whilst maintaining constraints from the original lattice (e.g. keeping the minimum allowed

length of the drift the same to maximise space for cryostatic components, diagnostics, RF

cavities, and other ancillaries). Transfer matrices for lattices were computed from input

parameters by evaluating Eqs. (2.27 - 2.34) and substituting the results for the magnet

parameters and drift lengths into the element transfer matrices (Eqs. (1.45), (3.38), (3.45),

and (3.56)). The tunes were calculated by computing the arguments of the eigenvalues for

the transfer matrices.

Reducing θF (as long as θF > π/N ) reduces the amount of excess bending in the

cell, and correspondingly acts to reduce θD; minimising the bending reduces the dipole

field requirements and helps to reduce the demands on magnet strength. The relationship

between the magnetic field in the F-magnet of a given lattice and its input parameters can

be computed by substituting ρF in Eq. (2.30) for the definition of magnetic rigidity, Eq.

(1.4), and rearranging the result to obtain

P0

q

sin θF + (1− cos θF ) cos γF tan βF
r0 tan βF

= BF . (5.3)

The same can be done for Eq. (2.33) to obtain BD, substituting in Eqs. (2.27-2.32) before-

hand. Figure 5.4 shows the relationship between θF in this lattice and the required dipole

fields (as seen by a particle on the closed orbit).
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Figure 5.4: The dipole field experienced by a particle on the closed orbit as a function of
the bending angle of the F-magnet (when all other parameters are kept fixed).
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Figure 5.5: Stability region as a function of θF and m-value. The colour denotes the lower
of the two decoupled tunes in cases where both planes are stable. The intersection of the
red line shows the parameters of the preliminary lattice.
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Figure 5.5 shows the effect of choosing different values of θF and m-value in the origi-

nal 810-cell design. Reducing θF , while beneficial in terms of the dipole fields required for

the magnets, acts to decrease the focussing strength in both planes: writing Eq. (2.30) in

terms of a small angle approximation in θF we find that ρF is inversely proportional to θF ;

ρF ≃ r0 tan βF
θF

. (5.4)

Equation (2.27) shows that decreasing θF (where θF > π/N ) also decreases θD, meaning

that according to Eq. (2.33) ρD also decreases. Assuming r2 is approximately constant as

a function of θF , which is valid in the case that r0 >> ρF,D, we find that Eq. (2.33) can be

once again approximated as an inverse relationship between θD and ρD according to

ρD ≃ r2 sin βD
sin θD

. (5.5)

If we examine the Hamiltonian of the vFFA magnet body, Eq. (3.36), we find that

the quadrupole-like focussing terms are inversely proportional to the radius of curvature

associated with the dipole component of the magnet. This means that a reduction in the

magnitude of θF leads in turn to a decrease in focussing strength in both planes, affecting

the tunes and stability of the lattice. The effect can be compensated by increasing the m-

value to increase the strength of quadrupole components in the magnet bodies, indicated

once again in Eq. (3.36).

This analysis serves to illustrate how the analytic model is able to explain the underlying

physics of the system; it now becomes possible to apply these insights to the design of the

machine by taking parameters from the analytic model and using these to position magnets

and set their strengths. Figure 5.5 shows that the θF of the preliminary lattice is not at the

minimum possible value for stability, and could be decreased further if the m-value were

allowed to increase. This demonstrates that there is room to optimise this lattice.

To apply this knowledge to the 2019 vFFA lattice, the following procedure was used.

First, the number of cells was reduced whilst maintaining the same cell length to achieve a

machine circumference of 25.2 km. This value was chosen based on the circumference of
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Figure 5.6: Stability region as a function of θF and m-value in the reduced-circumference
lattice. The colour denotes the lower of the two decoupled tunes in cases where both planes
are stable. The intersection of the red line shows the parameters of the preliminary lattice.
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the LHC ring (26.7 km) with an allowance of 1.5 km for extra components to be inserted

(e.g. straights for injection or extraction). A 2D slice of the new parameter space for this

ring size is shown in Figure 5.6. This adjustment meant that the original choices of θF and

m-value no longer produced stable optics. From here, θF and m-value were then reduced

to restore lattice stability with both tunes satisfying 0.05 < q < 0.45. Further optimisation

was then achieved by increasing the lengths of the F- and D-magnets, reducing the dipole

fields required to achieve the same overall bending; however, this also acts on the tune

and decreases the space available for the drift. Figure 5.7 shows the dependence of the

maximum required dipole field on the opening angles βF and βD of the F- and D- magnets,

whilst the effect on the minimum of the two tunes is displayed in Figure 5.8.

The combination of these dependencies shows that for an optimal lattice it is necessary

to reduce θF as much as possible whilst increasing the opening angles of magnets, and

increasing the m-value until the drift is at its minimum viable length and the lattice is at the

upper limit for m-value in terms of its stability.

Optimising by tweaking these parameters with the constraint of keeping a 5.5 m drift

length through an iterative multi-dimensional gradient descent approach led to the set of pa-

rameters shown in the right column of Table 5.2. This represents a nearly 3 km decrease in

the circumference of the machine – which is critical, as it would then fit in the LHC tunnel

whilst leaving space for straight sections to use for injection, extraction, or high-gradient

RF – concurrent with a reduction in the peak field of 1.0 T. At the same time, the drift

length is increased by 30 cm, and the m-value is slightly increased, reducing the excursion

by a small factor. The tunes of this lattice were verified numerically using the FIXFIELD

tracking software to create a new equivalent lattice based on the input parameters of the

analytic model: the numerically computed tunes were evaluated at (0.41, 0.094), which is

within 10% of the quoted value from the analytic model.

167



0 0.05 0.1 0.15 0.2 0.25
F[degrees]

0

0.05

0.1

0.15

0.2

0.25

D
 [d

eg
re

es
]

1.5

3.0

4.5

6.0

7.5

9.0

10.5

12.0

13.5

B m
ax

Figure 5.7: Maximum required dipole field as a function of βF and βD when other param-
eters are fixed. Points where βF + βD > π/N are discarded as this would imply a negative
drift length. Additionally, the fields for small values of βF,D are not displayed for visu-
alisation reasons, as the asymptotic tendency of the required B-fields at low βF,D values
would cause detail in the central region to be lost; however the scale is kept the same for
consistency with Figure 5.8.
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Figure 5.8: Minimum tune as a function of βF and βD when all other lattice parameters
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Stage 1 vFFA Stage 4 vFFA
Circumference [m] 5990 35000
Number of Cells 810 1000
Injection Energy [TeV] 0.06 1.5
Extraction Energy [TeV] 0.3 5
F-magnet length [m] 6.36 18.76
D-magnet length [m] 4.24 13.12
Drift length [m] 1.05 1.56
Peak Dipole Field [T] 7.14 14.8
m-value [1/m] 30 10.44
Excursion [m] 0.048 0.12
Tune (0.39, 0.13) (0.41, 0.070).

Table 5.3: vFFA designs for equivalent ring sizes and energy ranges to the stage 1 and stage
4 RCS concepts

5.3 vFFA Design

Whilst the lattice above demonstrates a possible option for construction of a muon acceler-

ation stage, it is not immediately comparable to the RCS designs (having been developed

to a different specification, with a top energy equivalent to RCS3 but an injection energy

equivalent to RCS1, and being designed with a larger circumference). In order to provide

a more accurate basis for comparison, to demonstrate the capability of the vFFA to match

the performance associated with RCS designs at similar input parameters, we propose two

additional proof-of-concept vFFA muon accelerator lattices, designed to match the specifi-

cations of RCS1 and RCS4. With the efficacy of the analytic model proven in this regime of

operation (large radii of curvature, comparatively short fringe fields), the design process for

these rings is able to begin purely from the analytic model. The design targets selected are

to match the circumferences of the RCS designs, whilst minimizing the maximum B-fields

required, and keeping the excursion from injection to extraction at a minimum. Simulta-

neously, reasonable drift lengths (> 1m) must be maintained to accommodate diagnostics

and magnet components. Table 5.3 shows the parameters of these designs.

This demonstrates not only the use of the analytic model to design new rings to different

specifications, but also the viability of the vFFA as an alternative to an RCS for muon
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acceleration. These do not represent finalised accelerator designs, however: a detailed

parameter study could find room for further optimisation by adjusting the energy ranges of

the accelerator stages from the values selected for the RCS project to values specifically

tailored to exploit the vFFA’s advantages.

A principal question in the development of this concept into a full facility design would

concern the distribution of the accelerating cavities around the ring. The act of adding

energy to the beam can be considered to cause an effective vertical shift of the equilibrium

orbit. This means that if the accelerating cavities are not distributed around the ring, the

beam will gain a large amount of energy at once with no change in transverse position,

resulting in the beam being at a large displacement from the equilibrium orbit for the new

energy. The vertical dispersion D in a vFFA is given by the relation

D =
1

m∆P/P0

ln

(
P0 +∆P

P0

)
, (5.6)

in which ∆P is the difference in the particle’s momentum from the reference momentum

P0. This effect of nonzero dispersion combined with momentum gain at cavities would in-

duce coherent oscillations, or for sufficiently large amplitudes, beam loss due to exceeding

the dynamic aperture of the machine. By distributing the RF cavities into a number nRF

of cavities around the ring, the value of ∆E and therefore the magnitude of any individual

kick can be made smaller. However, increasing the number of RF stations increases the

requirements for distributed power, the number of required cryomodules, and the cost of

the ring. It would be necessary to consider whether sufficient RF could be placed in the

drifts of the FODO structures, or whether the acceleration requirements would be better

served by RF included in potential straight sections (possibly with dispersion suppressors

included in these straights to reduce the transverse oscillations caused by energy gain).

The requirement for distributed RF is not however unique to the vFFA; for example, [109]

discusses the need for distributed RF in the RCS due to synchrotron tune effects. Studies

would also need to consider the design of the cavities themselves to achieve high-gradient,

large-aperture cavities.
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Lastly, design for a muon collider would need an in-depth study of magnet design to

realise high-field superconducting magnets with a large vertical aperture. This would need

to include an assessment of the effects of the neutrino flux from decaying muons on these

magnets, and ensure their resilience in this high radiation environment. The radiated neu-

trino flux outside of the accelerator would also need to be studied for an assessment of the

radiobiological impact of the machine’s construction; as the vFFA design includes reverse

bend and up-and-down vertical bending elements, the neutrino flux would be dissipated

over a larger area than in RCS designs, which would reduce its peak intensity on the sur-

face.

5.4 Conclusion

The analytic formalism for the vFFA was deployed to optimise an existing design, demon-

strating its utility in application to accelerator parameter choices. It was then used to derive

two novel designs to show the competitiveness of the vFFA concept for muon acceleration

for similar parameter ranges to RCS baseline designs. This shows the use of the analytic

model both in the context of existing designs, as well as for deriving new ones. The fea-

sibility of vFFAs for muon acceleration is also displayed, with vFFA lattices designed to

the specifications of the RCS chain baseline able to achieve the same energy ranges in the

same footprint without exceeding dipole field constraints.
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Chapter 6

Conclusions and Further Work

Scaling Fixed-Field Accelerators are a compelling option for future accelerator facilities,

granting many of the advantages associated with synchrotron machines (multi-pass accel-

eration with a fixed tune and alternating gradient focussing) whilst providing the ability

for flexible pulse structures, high repetition rates, and high-efficiency operation. The latter

point, stemming from the use of time-independent fields (minimising eddy current losses

in magnets and facilitating more widespread use of superconducting technologies), is be-

coming increasingly significant as a consideration in the design of new accelerators due to

the rising costs of energy and the need for sustainability. A novel variation on the Fixed

Field Accelerator, the vertical-excursion Fixed Field Accelerator (vFFA) was also recently

proposed, wherein successive higher-energy orbits would be stacked vertically on top of

lower-energy orbits. This adds the advantage of a fixed path length, which is not possible

in a horizontal-excursion scaling FFA.

Both horizontal and vertical excursion FFAs have complexities in their modelling; each

must support a continuum of closed orbits determined by geometric constraints, and each

has a scaling law that mandates the existence of high-order multipoles throughout the lat-

tice. The vFFA is additionally complicated by the presence of midplane longitudinal fields

and skew-quadrupole components that introduce unavoidable coupling behaviour. Track-

ing studies also identified the non-planar nature of the closed orbits in many vFFA lattice

designs.
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This thesis reviewed methods of analytically determining closed orbits for FFAs, deriv-

ing new analytic models of closed orbits in three different classes of vFFA lattice (straight-

cell FODO lattices, FODO ring cells, and DFD/FDF triplet ring cells). Performance of an-

alytic models for closed orbits was benchmarked against the FIXFIELD integration code,

and the predictions were found to agree closely. However, analytic models of the vFFA

closed orbits based on the assumptions made in Chapter 2 are not able to account for fringe

field components affecting closed orbits; this was found to be a significant factor in the

closed orbit geometry found in tracking studies for low m-values at larger bending angles.

A model of linear optics for hFFAs was then derived using a Hamiltonian approach

and shown to be able to predict the tunes and stability of hFFA lattices, when integrated

with the closed orbit modelling from the previous chapter. The same techniques were also

employed to model the linear optics of vFFA lattices, combining the Hamiltonian approach

with the geometrical models of closed orbits to obtain a full analytic model of the vFFA.

The predictions of this model were shown to agree well with simulation when the bending

angle per cell is small (on the order of 1 degree or smaller) which is the case for a large ring

such as those proposed for muon acceleration. The agreement became worse, however, for

lower m-values.

A multipole decomposition technique was developed and then employed to identify the

source of this discrepancy, which was significantly affected by the presence of monopole

radial fields in the fringes of the magnets. This was an element that could not be accounted

for in the analytic model using a single thin lens element to approximate a fringe field.

The same multipole decomposition technique was then used to analyse the behaviour of

small-ring lattices (i.e. of the order of tens of degrees bending angle per cell), where the

approximations used to derive the analytic model become weak. This showed that, for

the triplet lattice studied as part of the FETS-FFA design study for ISIS-2, modelling of

quadrupole and skew quadrupole-type focussing alone was not sufficient to understand the

optical behaviour of the lattice, and to understand its properties it was necessary to consider
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additionally the effects of radial fields, geometric focussing, and Larmor rotation. Longi-

tudinal fields were shown to become increasingly dominant at low m-values, having much

greater effect on the tune than quadrupole components for these lattices. These present

significant steps towards the understanding of the vertical FFA, which will be crucial to its

development as a realistic option for new accelerators.

Designing FFAs for practical applications requires knowledge of their nonlinear proper-

ties; the presence of multipole components gives rise to effects such as amplitude-dependent

tune shifts, which cause particles at large amplitudes to encounter resonances and therefore

be lost. This ultimately limits the dynamic aperture of the machine, which is undesirable in

high-power machines where the reduction of beam loss is a primary concern. Understand-

ing nonlinear effects can be particularly challenging in FFAs, due to the distributed nature

of multipole components, the reliance on edge-angle focussing, and the complicated nature

of closed orbits.

We studied the effect of amplitude-dependent tune shift in the horizontal plane for hF-

FAs with an experiment at the KURNS main ring, comparing experimental results to pre-

dictions based on simulation. The simulation was shown to be able to predict the real

tune shifts of the ring, given an adjustment of input parameters to match the same zero-

amplitude tune observed from experimental data. With the simulation effectively bench-

marked against experimental studies, the multipole decomposition technique used for anal-

ysis of the linear optics in vFFAs was deployed for the study of sources of tune shift in

hFFA rings, and we were able to positively identify the primary source of tune shift in

the KURNS ring as the second-order effect of the sextupole components. We then ap-

plied simulation-based techniques to study amplitude-dependent tune shifts in the context

of optimising the dynamic aperture of an FD-spiral hFFA lattice, identifying the octupolar

component of the fringe field as the primary source of amplitude-dependent tune shift in

these lattices. These studies demonstrated that the optimal spiral angle for the 16-cell lat-

tice tested was 45 degrees (which minimised reverse bending without a large increase in
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the amplitude-dependent tune shift coefficient).

Finally, the analytic model of the vFFA was employed to study the prospect of a vFFA

ring for muon acceleration. An initial FODO design based on a 2019 design study was

taken and replicated in the analytic model, and the insights of the analytic model were

used to reduce the peak B-fields as well as the ring’s circumference whilst maintaining the

same drift lengths. This study resulted in a reduction of ring circumference of 3.15 kilo-

metres (from 28.35 km to 25.20 km) whilst simultaneously reducing the peak dipole fields

required by 1.0T (down to 7.7 T from 8.7 T). Designs were also presented based purely

on the analytic model to show the feasibility of the vFFA concept as an alternative option

for rapid muon acceleration; it was shown that vFFA rings could be designed with equiva-

lent footprints and peak dipole strengths to the RCS baseline designs for the same energy

ranges. This demonstrates the possibility of fixed-field isochronous muon acceleration for

a high-efficiency high-energy future collider.

6.1 Further Work

The work outlined in Chapters 2 and 3 laid the foundations for analytic study of the vFFA

and benchmarked analytic predictions against simulations from the tracking code FIX-

FIELD; future studies would develop this research with further benchmarking against other

tracking codes, and would develop numerical studies to test its predictions against other

variations on the vFFA design. In particular, all results were benchmarked against simula-

tions of rectangular magnet designs. Constructing a ring with sector magnets, as proposed

in [110], would mitigate the effects of longitudinal fields on the closed orbits by decreasing

the dipole contribution ratio discussed in Section 2.5. This fact could decrease the limits on

the domain of applicability for the analytic model for sector magnet machines. Developing

a simulation of a sector magnet vFFA would enable the testing of this concept. Further-

more, the work of Brooks [31] proposed the construction of a ‘tilted’ vFFA, where the

end planes of vFFA magnets would be skewed to provide additional edge focussing effects
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(and thereby enable the reduction of reverse-bending requirements - an effective equivalent

to the spiral sector magnet of the hFFA). Testing the analytic model’s ability to approxi-

mate the effects of this would be a worthwhile investigation, as it would introduce another

parameter that could be optimised to achieve desired machine properties for a given appli-

cation, and study of the tilted vFFA concept may enable the construction of more compact

vFFA rings.

The fringe field modelling approach for the vFFA as outlined in Chapter 3 was addition-

ally found to be lacking at smaller values of m due to the effects of radial and longitudinal

fields. The effect of monopole radial fields in the fringe field of a magnet could not be

approximated using a single thin-lens transfer matrix; a future investigation could test the

possibility of developing an analytic model of a vFFA fringe consisting of multiple ele-

ments (for instance, a radial field transfer matrix at the entrance of a fringe, a combined

Larmor rotation and drift matrix of the length of the fringe field, and a second thin lens

radial field transfer matrix with the opposite sign to the original), or a full thick-lens model

based on a chosen axial field distribution function F (Y ) (such that B(Y ) = B0e
mzF (Y ).

In study of the nonlinear properties of FFAs, the harmonic analysis approach was ap-

plied only to the study of the hFFA. The same arbitrary-order multipole decomposition

could be applied to the vFFA; however, understanding the effects of multipoles on the

properties of the beam is substantially complicated by the presence of coupling. Multipole

coefficients are easily understood in terms of their impacts on the x and z transverse planes

in which they act, but understanding of the action of an individual multipole component on

the decoupled u and v planes becomes substantially harder. Such a study would require an

advanced implementation of linear decoupling techniques, but could go a long way towards

advancing knowledge of vFFA properties. Numerical studies [34, 111] have begun to test

the dynamic aperture of the vFFA and to identify regions of parameter space that maximise

vFFA dynamic aperture, but understanding of the reasons for favourable properties in these

areas of parameter space is as yet limited. Reparametrising the lattices identified by these
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studies in terms of the geometry of the closed orbit modelling instead of the properties

of the magnets used to generate them may also grant some degree of insight (analogous to

how, when designing the vFFA muon accelerator ring, optimisation of the ratio of strengths

of the magnets was unintuitive, but once the lattices were expressed in terms of the bending

angles of the closed orbit, optimisation became much more trivial).

Finally, an integrated design of a muon accelerator facility containing one or more vFFA

rings would be necessary to truly prove the viability of the vFFA as a candidate for muon

acceleration. The parameters shown in Section 5.3 were based on those selected for the

rapid cycling synchrotron chain; as the vFFA has differing strengths and weaknesses to the

RCS and hybrid RCS counterparts, choosing different energy ranges and geometries for

vFFA rings could optimise a facility design further. For instance, adjusting a vFFA to have

a smaller energy range (thereby reducing its excursion) but a faster rate of acceleration (as

it would not be limited by the ramp rate of magnets as in an equivalent RCS design) could

achieve a higher muon survival rate for delivery to the next accelerator.

Detailed design of acceleration, injection, and extraction systems would also be a vital

part of vFFA design. Section 5.3 outlined some considerations for this, as to whether RF

would be included in dispersive drifts throughout the ring or whether acceleration would

be best served by a smaller number of RF cavities contained in dedicated straights (poten-

tially in dispersion-suppressed regions). A future study of a muon accelerator vFFA would

combine all of these elements to propose a full facility design.

Furthermore, detailed study of the longitudinal motion in FFAs is necessary for the

full understanding of the 6D behaviour of the systems. In particular, study of longitudinal

dynamics of a vFFA will be of vital importance to the realisation of the vFFA concept and to

designing effective acceleration schemes for these machines - both for applications in muon

acceleration and in other fields. Future studies will investigate the longitudinal dynamics of

vFFAs both at sub-relativistic momenta and in the relativistic quasi-isochronous regimes.
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Appendix A

The FIXFIELD Tracking Code

Throughout this work, numerical results are provided by simulations carried out using the

FIXFIELD code [53]. FIXFIELD is a particle tracking code tailored specifically for simu-

lation of scaling FFAs (though other types of magnets are also included).

The FIXFIELD tracking code, developed in C, is based on an implementation of a

4th-order Runge-Kutta integrator [56] in a Frenet-Serret coordinate system. Particles are

tracked cell-by-cell via integration of the equations of motion through the magnetic fields

associated with the magnets in the lattice.

Once a cell is established in the FIXFIELD simulation, closed orbits are found by track-

ing a test particle with given starting coordinates, and computing the displacement between

its initial transverse coordinates on the cell boundary and its final transverse coordinates on

the opposing cell boundary; this displacement is minimised using an iterative search of 4D

initial coordinates (with the option of employing a number of different minimisation algo-

rithms, such as the Nelder-Mead simplex algorithm [57], or more brute-force 4D scans).

Transfer matrices and Courant-Snyder functions are computed by tracking particles with

small deviations from the reference orbit, and tunes may either been computed directly

from these transfer matrices or by frequency analysis methods such as the FFT [67].

Early studies using FIXFIELD included the simulation of a straight scaling FFA cell,

and the performance of its tracking in this case was later confirmed with experimental

results [60]. Further to this, FIXFIELD was used in the development of the NUSTORM
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FFAG concept [112], in which study the results of the FIXFIELD tracking were checked

against simulations based on the Zgoubi tracking code [113].

At the point at which research for this thesis began in 2019, FIXFIELD was one of

the very few codes that contained an implementation of vFFA magnetic fields, and hence

presented an obvious choice for the study of vFFA beam dynamics. Other vFFA imple-

mentations at the time known to the author included the FORTRAN-based SCODE [114],

and the MUON1 code [115], the latter of which is not publicly distributed. FIXFIELD was

chosen over SCODE as the primary simulation tool in this thesis due to the author’s famil-

iarity with C and relative lack of FORTRAN experience. Since 2019, implementations of

vFFAs have now been added to numerous other codes, including OPAL [116] and Zgoubi

[117].

The agreement of these simulations has since been cross-checked, and an example

benchmarking of vFFA simulation results from FIXFIELD, SCODE, and OPAL can be

found in [32] (Appendix A). Agreement is close across all three codes, differing by a max-

imum of 1% in the calculated tunes. This benchmarking was later extended to include a

result from Zgoubi [117], which shows a convergence of the Zgoubi simulation on a tune

value in both planes close to that computed by the FIXFIELD simulation.

This gives a high degree of confidence in the validity of FIXFIELD simulations for

making predictions about the behaviour of scaling FFAs, and in the utility of FIXFIELD

simulation as a crosscheck for theoretical modelling.
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Appendix B

Uncertainty Estimation for the
Numerical Analysis of Fundamental
Frequencies

The uncertainty in a frequency measurement as obtained using the Numerical Analysis of

Fundamental Frequencies [80] (NAFF) is often quoted as being proportional to 1/N2 for a

number of samples N . A derivation of the uncertainty for a NAFF measurement is found

in Appendix C of [81] for a simplified signal z(t) of the form

z(t) = e2πifat + b0e
2πifbt, (B.1)

comprised of a sinusoidal component of unit amplitude at the desired frequency fa with a

superimposed sinusoidal perturbation at a different frequency fb and an amplitude |b0| ≪ 1.

This signal is then discretely sampled N times at regular intervals of 1/fs.

The Fourier transform of the sampled signal is then given by

ϕ(f) = ϕa(f) + ϕb(f) =
sin [π(fa − f)N ]

π(fa − f)N
+ b0

sin [π(fb − f)N ]

π(fb − f)N
. (B.2)

The maximum of this function would be the measured frequency from the NAFF method.

By taking the derivative and setting equal to zero, we are able to derive an expression for

the maximum of the Fourier transform for the combined signal:

dϕ

df
(f) = 0 = ϕ′

b(fa) + (f − fa)(ϕ
′′
a(fa) + ϕ′′

b (fb)) +O(f − fa)
2. (B.3)
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The resulting measured frequency estimate fM is then

fM = fa − fs
ϕ′
b(fa)

ϕ′′
a(fa) + ϕ′′

b (fa)
= fa − fs

ϕ′
b(fa)

π2N2/3− ϕ′′(fa)
. (B.4)

Expanding in powers of N−1 gives an estimate for the uncertainty as

αfM = fs

(
3b0
π2N2

sin(π(fb − fa)N) + πN(fa − fb) cos (π(fb − fa)N)

π(fb − fa)2N

)
. (B.5)

This result for the uncertainty confirms the 1/N2 dependence. However, computing the

absolute uncertainty in the measured frequency fM using this relation requires knowledge

of the relative amplitude of the perturbation b0 and its frequency fb. Additionally, the

validity of approximating the signal observed in the experimental data taken for Chapter 4

as a superposition of two sine waves is not guaranteed.

Further to this, results such as [83] indicate that the uncertainty of the NAFF method

is sensitive to the presence of more broad-spectrum noise, with the uncertainty in the tune

measurement being measured in this paper as proportional to 1/N1.5 for a waveform with

Gaussian noise at 5% of the amplitude of the signal. In order to estimate uncertainties for

the NAFF frequency measurements of the experiment described in Chapter 4 of this thesis,

the performance of a NAFF algorithm was tested on artificially-generated noisy data.

Firstly, a set of 26 signals were generated consisting of sinusoidal oscillations with

superimposed Gaussian noise.

z(t) = A sin(2πftestt) +B ∗ Noise (B.6)

The amplitude of the sinusoidal oscillation A was chosen to match the measured ampli-

tude of the sideband peak in the FFT spectrum for a given data series from the experiment.

The amplitude B of the added Gaussian noise was chosen such that, when the FFT of

the artificial signal was taken, the mean FFT amplitude measured across a large number

of frequency bins (away from spectral peaks) as the same as an equivalent measurement

performed on the real dataset. The frequencies of the artificial signals were then normally
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Figure B.1: Comparison of artificially generated test data to experimental data for a 5kV
kicker activation.

distributed about the measured sideband frequency from the experimental data with a stan-

dard deviation of 300kHz. An example of an artificially generated signal compared to its

equivalent from the experimental data is displayed in Figure B.1 for the 5 kV kicker acti-

vation (in this case the frequency is selected to be equal to the frequency of the sideband).

The NAFF algorithm was then used to compute frequencies from the artificial data. The

frequencies measured using the NAFF fNAFF were then compared to the input frequencies

ftest, and the standard deviation of the measured frequency minus the input frequency ftest−

fNAFF was taken as an estimate of the error in the presence of random noise.

This process was repeated for all kick amplitudes to measure the standard deviation

of the NAFF frequency measurement at different signal-to-noise ratios. The same routine

was also used to estimate the frequency uncertainty in the for the revolution frequency

peaks. Whilst the revolution frequency peak should in principle be the same for all kick

amplitudes, fluctuations in beam intensity cause variations in the height of the revolution
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frequency peak, and as a result the uncertainties in the position of the revolution frequency

peak are individual to each measurement.

The method outlined here for estimating the uncertainty in the frequency is limited

in that it only considers the effect of random noise on the frequency measurement; the

presence of other periodic signals could introduce more uncertainty. A future experiment

would be able to carry out a large number of repeat measurements at each kick amplitude

and thereby estimate uncertainties directly from the standard deviation of measured data.
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